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SPLINES AND LOCAL APPROXIMATION OF THE EARTH'S GRAVITY FIELD

Herman ?an Gysen
Department of Surveying and Mapping
University of Natal
King George V Avghue

Durban, 4001, South Africa
ABSTRACT

The Hilbert spacé spline theory of Delvos and Schempp, and the repro-
ducing.kernel'theory of L. Schwartz, provide the conceptual foundation
and fhe construction procedure for rotation;invariant‘splines on
Euclidean spaces, splines on the circle, and splines on the sphere and

harmonic outside the sphere.

Sﬁherical splines and surface splines such as multi-conic functionms,
Hardy's multidﬁadric functions, pseudo-cubic splines, and thin-plate
splines, are shown to be largely as effective as least squares colloca-
tion in representing geoid heights or gravity anomalies. A pseudo-cubic
spline geoid for southern Africa is given, interpolating Doppler-derived
geoid heights and astro-geodetic deflections of the vertical. Quadra?
ture rules are derived for the thin-plate spline approximétion (over a
circular disk, and to‘a planar apprpximation) of Stokes's formula, the

. formulae of Venipg Meinesz, and the L1_vertica1 gradient operétor in

the analytical continuation series solution of Molodensky's problem.
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" 'GUIDE TO NOTATION

2 INTRINSIC SPLINE THEORY

F Obsgrvation mapping, epimorphisﬁ X+Z;
JX’JY canonic:l duality*isomorphisms bétween
X and X ,‘Y and Y ;
P spline projector in X, ll‘”x, (2.20);
Py ~ spline projector in Y, (2.13);
P*,PU* transpose mappings to PP
S smoothing mapping, epimorphism X+W,(2.8);
U co-observation mapping,Aepimorphism X*>Y;
v isomorphism between Y,Y*, (2.27);
W, ‘.IW' product space YxZ, with norm derived from (2.7);
X, || spline ground space with given horm;
X, ]| X spline ground space with "initial' norm, (2.18);
X*,Y* ~ dual spaces of X,H']lx;‘Y; '|Y;
| Y, °| ¥ energy space, range space of U;
Z,l'l 7 observation sﬁace, raﬁge'space of F.

3 CONSTRUCTIVE SPLINE THEORY

GX Dirag measure at the point_xé:Q;

Q a domain, an open bounded set;

] Riesz mapping H'+H, (3.4) or (3.7);

A operator associated with the Sard system (X,Y,Z;U,F);
B bilinear form on E'xE' induced by H;



xi

E,E' locally convex topologicél'vector space over IR,

quasi-complete; its dual;

G ‘Green function of A, (3.20);
H : kernel associated with H;
H a Hilbert sub-space of E, or a semi-Hilbert

sub-space of E;
Hilb(E) set of all Hilbert Sub-épaces of E;
J,J ~ inclusion map of M into E; its transpose;
K repfoduéing kernel Qx> R, (3.12); '

L (E',E) space of positive continuous linear mappings

from E' to E;

M,M° linear span of the functionals making up F;

its orthogonal in E;

.N,N° nullspace of the semi-Hilbert sub—spaée H;

its orthogonal in E%
Q . positive quadratic form on E' induced by H;

R ‘space of all real-valued functions on { given

the topology of pointwise convergence;
restriction of U to XO; its adjoint;

X KerF, Section 3.6.

4 NATURAL ROTATION-INVARIANT SPLINES ON R’

a, |al multi-index, o€ (ZZ+)n; order of o

B multi-index, Ben™;

Q a domain in an;

$ 3 =0(-y), (4.9);

o) space of rapidly decreasing functions on ]R_n,

Schwartz space;



x11

s,pace' of tempered distributions;

shift operator, (4.9);

kernel associated with D-mﬁs(IRn)‘, m'—-g-'< s <R

2’
(4.57);
kernel associated with Pm—l’ (4.89);
kernel, 60 =0 -ep’ (4.90);

space of complex-valued continuous functions

on {3
continuous functions on R" that vanish at
infinity;
complex-valued functions on £ with continuous
derivatives of every order;
m - - ‘ )
C -functions on ) with compact support;
. , n '

normalised Lebesgue measure on R, (4.19);

' no. .
measure on IR given by (4.36);

‘|°‘|n°‘, (4.33);

differential operator (i)

D "H® (R") distributions u with D ue H (RD, |a] =m;

D "H°(R") distributions u with D*ueHS(R™), |a| =m, (4.50);

D)

D' (Q)

e
t

B3 (R™)

S, n
HK(IR).

1°(Q)

s (@)

C:(Q) given the canonical Schwartz topology,

the space of test functions on

dual space of D(RQ), space of distributions on

"character function, .(4.22);

Sobolev space (4.37), seR;

‘distributions in HS(IRn) with support in K, a

. ) a -
closed set i1n R ;

. . . . . s
restrictions to ) of distributions inm H (IRn),

. . n
2 an open set in IR ;

dual of H (Q);

b



xiil

s n, .. . . n . .
Hloc(]R) distributions on IR° whose restrictions to a

bounded open set § are in HS(Q);

-3 n s n
Hcomp(]R ) dual of Hloc(]R )

1 (R™) Sobolev space (4.42), s<521-;'

. . . . B . ~G n
K2m+25—n kernel function assoc1aFed w1§h D "H (R, (4.‘62),
K2m+23—n regularised kernel function, Section 4.12;
Ko reproducing kernel function, (4.91);

]Lp(]Rn)'- Lebesgue space, 1<p <, with norm (4.20);

ﬁj element ‘of‘ orthonormal dual basis to IPH‘I_l, (4.87);
P‘ » poiynomial in n variables, Section 4:4; |
Pf pseudo-function or 'partie finie';

m—l space of polynomials on R of degree m-1 or less;-
z* non-negative integers.

5 PERIODIC, SPHERICAL AND HARMONIC SPLINES

Ve surface gradient operator, (5.23);

A* Laplace-Beltrami operator, (5.24);

Q unit sphere;

I " unit circle;

6 ‘ vkernel associated with ll-lm(l'[), (5.10), or with

(), (5.34);
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CHAPTER 1

INTRODUCTION

1.1 The Global Gravity Field

The external gravity fiéld of the earth has long been an object of
scientific and practical geodetic interest. The gravity field is
inextricably part of all geodetic surveying measurements. This was
true of the methods of the great age of geodetic triangulation; it is
even more so of modern surveying techniques. Satellite altimgtry, and
satellite methods of geodetic positioning, for example, require inform-
‘ation about the global gravity figld - S0 tﬁat satellite orbits can be
predicted - and at the other éxt:eme, as has'béenrmade clear fAr.us by
Engelis et al (1984), Kearsley (1984), and Schmafz et al (198 ), very
local gravity field information is reﬁuired if orthometric height

differences are to be obtained from differential GPS positioning.

The gravity field is also of interest in itself, for the information it
contains about the shape, and internal structure of fhe earth., At a
global level tﬁe flattening of the earth places constraints on its
internal strength. At a regional 1evei it is possible to infer some-
thing of the structure of the crust, and possibly sométhing of the
inhomogeneitiés of the upper mantle. Locally the gravity field réspondé
to nearby, shallower featufes. _Information about the Aynamic behaviour
of the earth - plate kinematics, post-glacial isostatic uplift, or the
tidal response of the Eafth, for example - can also be sought in the

gravity field.



Until recently, me-a‘surement-s from which the gravity field could be

inferred:were restricted to astro-geodetic methods, gravimetry and

gravity gradiometry (using torsion balances). Each has in common that
it is a point measurement responding very much to the local behaviour
of the gravify field. Moreover, these measurements require for fheir
utilisation additioﬁalvgeodetic data on position or elevation. It is
difficult to establish a dense, world-wide system of measurementé, all

within a single, well-defined reference  system.

From the point of view of global gravity field determination it is
important, therefofé, that satellite methods - Both those alreédy in
use, and especially those ndw beingbplanned: ranging to satellites,
satellite radar altimetry (over ocean areas), satellife—to—satellite
tracking, satellite grévity gradiometfy - give preéise, uniformvdata‘
from which "the global characterisfics of the gravity fie}d can bé
obtained. The most impdrtant limiting factor in satellite methods
is their inability to resolve thelfinér details of the gravity field,
‘ The limiting resolution of NASA's Geopotential Research Mission, for
example; will be 100 km (Murphy, 1983), although there is promiée of
both finer resolution and greater precision with a satellite gravity

gradiometer mission (Rapp, 1986).

The succeés'of satellite'methodé for global sélutidns; and their
inabilities at short wavelengths, 1eaves.locai gravity field determina-
tion as a natural, distinct field of'enquiry. Here too, there is a |
possibility fo:'rapid, precise and-consistent meésurement ~ through

airborne gravity gfadiometry (Jeke® , 1983). This possibilty apart,



it seems to be most apprbpriate for local gravity field de;ermination
to consider methods that can accommodate a wide rahge of point gravity
measurements: geopotential differences, deflections of the vertical,
gravity anomalies, gravity gradients - as well as other sources of
gravity information: topographic elevations, rock densities and known
geophysical constraints; but which could alsé accept as data other than
point observations, e.g. mean.gravity anomalies, or data profiles in
the form of a continuous function. These data would be used pﬁrely for.
the purpose of obtaining local, detailed representations of the gravity
field, i.e. of fhe geopotential or any of its functionals (in practice,
the disturbing potential, its gradient vector, or gravity anomalies).
Datum considerations, with'respect’to the zero aﬁd'first degree spherical

harmonics of the gravity field, and with respect to supplementary

geodetic information, would play a reduced role.

The achievements of satellite methods for global gravity field determina-
tion thus ieavés local gravity field‘determination as a'pursuit worthy

in itself (and conversely, it is perhaps no longer appropriate to use
local terrestrial measurements to try to obtain global gravity informa-
tion). In the next section the fepresentation methods appropriate to

this pursuit will be introduced.

1.2 The Local Gravity Field

By 'gravity field' will in the main be meant the disturbing potential -
obtained by removing from the external gravitational potential of the
earth a reference field made up of low order solid spherical harmonics,

and the rotational potential - or its gradient, the disturbance vector,



or the gravity anomaly.

By 'representation' of the gravity field, some authors mean any numerical
procedure capable of computing an épproiimation to the disturbing potential,
or an approximation to some functional of the disturbing potential. We
shall be a bit more restrictive, and call a 'represen;ation' a finite
linear combination of indepéndent functions, approximating the grayity
field, chosen‘either to interpolate, or smodth, or approximate in some
sense,vthe given data, and satisfying some optimality criterion. The
_choice.of suitible intefpolating or smoothing functions is to be a central
concern in the following chapters. We will not resfriét oﬁrselves ex-
clusively to harmonic functions, and where we do work in spaces of harmonic
funCtions, ;hese will (on thé whole) be functionsvharmqnic in the exterior
spéce of a sphere qon;aiﬁed wholly within the earth - the Bjerhammer
sphere. Wheﬁ c0nsid¢ring functions harmonic outside a sphere, we ‘appeal

- to .the Runge-Krarup theorém:'any harmonic function regular outside the
earth's surface may be uniformly approximatéd by harmonic functions

regular outside any sphere inside the earth (Moritz, 1980, p 69).

The meaning of 'local' and 'global' representations of the gravity field
perhaps also needs to be madé clearer.. Schwarz (1984) divides the gravity

field spectrum into four frequency ranges:

1  2<n<3  low

2 36 <n <360 medium

3 360 < n £ 3600 high

4 3600 < n very high,

where n is spherical harmonic degree.



Global solutions seek to determine the long wavelength, low and medium
frequency componénts of the gravity field. Safellite‘solutions are most
important in the low range,'and will become increasingly impdrtaﬁt for

" the medium frequéncies as well.

Local representations seek to reéolve-the remaining fréquencies, with
the 'very high' part of the spectrum becoming increasingly important in
future. The word 'local' can have two senses. Firstly, it could indi-
cate a solution for an area of limited extent (and 'regionai' indicating
-a larger area). Alternatively, the word coﬁld be used ﬁo mean that little
consideration is given to the datum prbblém, i.e. to constraining
corréctly tﬁe zefo.ahd first degree harmonics - to determihing correct1y
the'earth'é centré; its rotation axis, and_its.ﬁass -_tﬁbugh'Tséherning
. stresses on several occasions (é.g,'Tscherning, 1985) the need not to
neglect these datum constraints'entireiy (not léast to ensure that data
from diffgrene sources are compatibie, e.g. terrestrial gravity'anomalies,
against anomalies derived from satellite altimetry). We shall use 'local'

in both senses.

When'coﬁsidering'possible‘methOds for obtaining gravity field representa-
tionéi Tscherning's (1981) reView.providés'a uséful starﬁing point. The
‘methods that Tscherning has grduped'under the 'model appréach' - e.g.
integral formulae representing solutions of spherical boundary value
problems ~ are not of direct congern; except ih:so far as the numerical

" integration implies some repfesentation.of theléravity field . functional
being iﬁtegfatéd; Of interest ére the methods grouped as‘being part of
the 'operational approach', where the underlying philosophy is to attempt

to make optimal use of all available observations, with minimal a priori




Lelgemann (1979, 1980), Moritz (1980, pp 169 et seq.), and Freeden (1981a)

describe this analytic.collocation.

0f special significance is the choice of the disturbing potential
covariance function as reproducing kernel function, for then one can
appeal to the theory of stochéstic processes to show tﬁe collocation
solution is an optimal estimate, one that minimises the error variance
between the disturbing potential and its representation (Kimeldorf and
Wahba, 1970; Lauritzen, 1973). The theoretical problem of the estima-
bility of the covatiance function will not concern us; it has not
detracted from the praétical significance and.efficacy of least squares
" collocation.. To the contrary, least équares collocation has become an
almost universal geodetic tool. Entry points to the vast literature on

the topic are Moritz (1980), and Tscherning (1984).

The class of approximétion methods minimising norms in reproducing

kernel Hilbert spaces can be extended conSidérably by including methods
that minimise semi-norms in reproducing kernel semi-Hilbert spaces. A

set of 'nmatural' constraints can be adjoined to fill out'the nullspace

of the semi-norm. In this way we obtain representafions by natural spline
functions - thié is the real subject of the preseﬁt wqu. Collocation

is a.special instance of a sﬁ1ine represéntation,'as is ﬁade clear by
Freeden (1981&); and by Sunkel (1984a). Freeden calls the collocation

N

solution a 'représentation by collocating spline functions'.

Interpolating spline functions: in semi-Hilbert spaces have several
attractive features, e.g. minimum semi-norm among all interpolating

non-splines, and best approximation among all nén—interpolatingf_



splines. The next chapter will bring these properties clearly to light.
As with collocation, there is a ready extension to repreaentations that
- smooth the data, to least squares approximation to the data, and to the
approximation of linear functionals. Not the least attraction is t#e
possiblity of characterising explicitly the semi-norm being minimised
"as the norm in the range space of a linear operator measuring curvature
or gradient in some general sense. It thus possible to supplement the
dictum 'the smoother the function, the better' (Tscheming, 1985) by an

exact statement of the sense in which the spline representation is

smoothest.

1.3 Guide to Contents

One-dimensional splines have a well-developed theory; and ndt_surprising-
ly, have found wide application; see, for example, Bmaer (1?74), de Boor
:(1978), or Schumaker (1981). One nataral way of extending these to more
dimensioﬁs ia by taking tenaof products. The bicubic saline is an example
of a popular multivariate.spline arising in this way (e.g. Hayes and
Halliday, 1974); Dierckz (1984) describes spherical tensor-product
splines. A disadvantage of these functions is that they are not rotation-

-

invariant - they depend on the choice of co-ordinate system.

In looking for multivariate splines that minimise rofation—invariant

norms? we face the question of:what general properties a claas of functions
is to have to be regarded as spline functions; In the next chapter we
‘consider the .abstract pfoperties intrinsic to the notion of 'spline
function'. For this purpose we use Atteia's (1965a, 1965b) 'generalised
splines', also Sard's theory of optimal approximation (Sard, 1967), and

the work of Delvos and Schempp (1970, 1975, 1976) on abstract spline



systems. Although it makes sense to consider splines within a wider
setting, we only consider spline functions within the context of Hilbert

spaces.

The theory of Chapter 2 is intrinsic; it tells us what constitutes a
spline function, and the circumstances in which spline functions can be
found; it gives no prescription for finding a solution, although tﬁere
are clear indications that use shouid be made of orthogonal pfojectiqns.
Chapter 3 can be said:to deal with the sysfematic construction of
prqjectors; alternatively, it deals with the explicit construction of
the Rieéz map between a Hilbert space and its dual. For this purpose

we use reproducing kernel functions in Hilbert spaces, and semi-Hilbert
spaceé, through the‘reproducing kernel theory of Schwartz (1964), and its

~ application to spline functions by Schempp and Tippenhauer (1974).

Thé title of Chapter 3 is 'Constructive spline theory'. In a sense
this‘is the subject of the remaining chapters as well. Chapter 4 deals
with natural éplines in'ﬂfl; among which are rotation-invariant general-
isations of the familiar polynomial splines of a single variable. The
Fourier transfofm of spaceé of ;empered distributions will be a basic
‘tool for constructing the kernel functions. Here we rely heavily on

" Duchon (1977), although Meinguet (1979a, 1979b, 1979c, 1979d, 1983) also
provides important inéights.- We see that the multiquadric functions
'introduced by Hardy (1971), when subjected to a slight modification,

are examples of multivariate polynomial spliﬁes. In fact, fhey provide
‘a multivariate generalisation of linear interpolation - so their success
for many surféce interpolation problems is hardly surprising. We also

look at thin-plate splines, and pseudo-cubic splines, and give a spline
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interpretation to modelling with point masses.

The fifth chapter starts with a brief treatment of natqral spline
interpolation and approximation on the unit sphere. We take our cue
from Sunkel (1984), but’ instead of using'Green's functions as construc-
tion tool, pontinue to use Fourier transforms to exhibit reproducing
‘kernels aséociated with plausible.smpothing}opérators.‘ The chapter
continues with spline functions bﬁ the unit sphere, and 5p1inés harmonic
outside-the sphere; here one musf fake cognisance of Freeden's (1981a,

1982) contribution to the topic.

Chapter 6 is given over to a number of“numeriéal applications. In the
first place we éompare geoid interpolation usihg the spling functions
.from Chapter 4, and one spherical spline from Chapter 5, and least
squares collocation, to show thaf with good data the differént techniques
give very similar results.. In a second example the efficacy 6f auxiliary
gravity anomaly daté in improving the interpolgtion of geoid heights is
assessed using multiquadric functions, spherical splines, and least
squares collocation.

The third application points to the value of twd-dimensional pseudo-cubic
splines in representing the astro-geodetic geoid, taking as example a
geoid for soufhern Africa interpolating both Doppler-derived geoid

heights, and astro-geodetic deflections of the vertical.

Finally, we derive quadrature formulae, based on a thin-plate spline
representation, for the numerical evaluation of geodetic integrals, when

working to a planar approximation, and concerning ourselves only with
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the innermost zone about the computation”poinf. Example are given for
Stpkes's formula, for Vehing—Meinesz's formula, for the analytic contin-
uation integral that appears in the recursive formulation of Molodensky's
solution of the geodetic boundary value problem, and for the formula

for gravimetric terrain corrections.

The final cﬁapter contains a brief summary,‘and attempts to draw a few
conclusions. What I hope will have been achieved is some indication of
;he considerable unity underlying diverse methods of gravity field

- approximation, and thét the 1anguage_of spline approximation is adequate
to describe interpolation and smoothing by collocation (in its vatious
forms), by point masses and multipoles, by harmonic splinés, by thin-
'plate spiines; and by mu1tiquadric functions. To this end, the presen-
tation will be largely theoretiéal, dealing mofe with underlying
structures than with the difficulties in solving real pfoblems. Where
we do'touch on'actﬁal applications,_the approach is somewhat direét,

and the geodetic modelling possibly somewhat simplistic.

Many major areas of .inquiry have been almost entirely neglected, such

as the quéstions of érror estimates or error bounds; of the degrée of
approximation, of convergence, of numeripal stability, etc., On thé
question of convergencevwe draw some comfoft that‘;here ére both some
very general results, as givén by Delvos et al (1976), for example,.on
the convergence of abstraét'splines, and séveral very particular results,
as for example, Freeden (1984) on the convergence of spherical splines.
There-is certainly much more to be said on the subject of spline
representationslof the earth's gravity field than I have attempted to

tackle in this study.



CHAPTER 2 .

INTRINSIC SPLINE THEORY

2.1 Introduction

This chapter outlines an abstract theory of interpolation and smoothing
by generalised spline functions. 'Spline interpolétion is a process of
orthogonal projection' (de Boor and Lyneh, 1966), thus stress will be

laid on the properties of splines obtained by projection.

2.2 Interpolating and Smoothing Splines

We formulate the problems of spline interpolation and smoothing as the

solution of extremal problems.

Let X, Y, Z be real separable Hilbert spaées, and let

UeL(X,Y)

FeL(X,Z)

be epimorphisms, i.e. U and F are continuous linear mappings that are

open and onto.

X—P—-—Y = ImU = X/KerU

\
Z = ImF = X/KerF.

Further, let

KerU +KerF be closed in X, (2.1)

KerUNKerF = {0}. (2.2)

KerU and KerF are the nullspaces of U and F, respectively; likewise ImU

12
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and ImF are the images of X under U and F.  (2.2) implies that U and F

are collectively injectiVe, i.e. collectively one-to-one.

‘Definition: s€X is an interpolating spline for z € Z when

Fs = 2z (2.3)
(interpolating property), and
Hus Il < [fuxlly, xex, Fx=2 s

(minimum property).

Remark: is the norm on Y induced by the inner product (33')Y; it

Y

could equally well be regarded as a semi-norm on X.
Definition: Let 0>0. TeX is a smoothing spline for zeZ if

ot 12+ ol Fr-2 |I2 < lloxll2 + of| Fx-2ll2, xeXk (2.5)

75

(dnselone and Laurent, 1968). This problem could also be reformulated

as follows (BShmer, 1974, p 90): the space W=YxZ with inner product

(Wl’wz)w = (yl,yz)Y + O(Zl,zz)z, W) = (yl,zl) > Wy = (y,,2,) €W,

(2.6)
and corresponding norm
Weli2 = liy 12 +ollzli?, w=Grew @)
is a Hibert space;.moreoﬁer, S: X+W defined by
Sx =.(Ux,Fx) (2..8)~

is a continuous linear mapping. Let p=(0,z) €eW; then
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2 2 2
| oxl[g+ oll Fx -zl = [l sx~pll, (2.9)
and T€X is a smoothing spline for zeZ if
I ST—p”w < || Sx—pl[w, xeX. (2.10)

The situation (fdr spline interpolation) can be pictured as follows
(cf. Figure 2.1): let XOE:X; the only knoyledge we have of X is its
image z =Fx, in Z. (F is the 'observation mapping', and z the 'observa-
tion'). Any\eiement in the linear variety xo-EKerF interpolates z, i.e.
Fx=12 for-xi-:xvo +KerF. The optimal interpolant - the interpolant we
call the interpolating spline - has minimum norm in Y. We shall_see in
a moment that, in conseduence of»(2.1), such an interpolating element

' é does exist, that (2.2) ensures that s is unique, and that Us is the
orthogonal projection on (Ukerff' of thg image of xO-FKerF in Y.
Moreover, the space X can be given a Hilbert space structure with
induced norm equivalent to that of the original spacé, in which the

" spline element s is the orthogonal projection of the linear variety
xO-FKerF on (KerF)"; cf. Figure 2.2.

Figﬁre 2.3 shows in somewha; simplified form how spline smoothing can be

pictured.

The space X is called the spline ground space. U is a mapping chosen to
indicate the variability of xe£X. For example, U could measure gradient,
or curvature, or the forces to which x is subject. The norm in Y would

measure total curvature, or total energy. Spline elements minimise
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N : '
X- KerF Ixg+KerF Y- ukerf| |, 1U(xo+KerF)
. xo* / Uxo
| fu
t
Us=R .U
s u | U™
! |
KerU = I
_ 0
F
z2=Fxo=Fs
Figﬁre 2.1: Spliné interpolation as projection in the
' energy space Y.
' . 1Xo+KerF ] _u {Ulxo+KerF)
X: : Y: UKerF| %~
Uxq
(UKerF)* R

ImP=(KérF)*

N

F
2:Fxqo=Fs

Figure 2.2: Spline interpqlation as projection in the

ground space X.
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W=Y><Z: Y=UX A

S7,

0 o Z2=FX
p=(0,2)

Figure 2.3: Spline smoothing as projection in Hilbert

space W. The angle o depends on the choice

of O.

curvature subject to interpolating (or smoothing) 'boundary’' conditionms.
The 'boundary constraints' are given by the observation mapping F.
Often this will be a mapping onto R" consisting of the cartesian pro-

duct of n bounded linear functionals on X:

= . n
F=2x8%... x4 : X*R

*

Fioxo (5,007, <X,05%, cov 5 <K,83), L0,80,.0. 8 EX

. ) * ;
(<*,*> duality pairing between X and X ).  However, the theory is not
restricted to finite observations (to observation operators with finite
range); the operator F could, for example, take sections of a multi-

variate function.

2.3 Existence and Uniqueness

The assumption (2.1) that KerU+KerF is closed (in X) is equivalent to
assuming UKerF closed in Y, and that the image of the linear variety of

interpolants x0-+KerF is also closed. By the projection theorem the

t
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5y = StXy, X € KerUNKerF

0 0

also interpolates z, and moreover also satisfies (2.12), and is thus

also a spline interpolating z.
Similarly, let T be a spline smoothing z, and let

Ta = T+x0, xoeKerUﬂKerF,

0

then ST0=ST-, and T, is also a smoothing spline.

0
KerUNKerF = {0} is thus a necessary condition for the uniqueness of

interpolating and émoothing splines.

We shall see in a moment that the condition KerUMKerF = {0} means that
X can. be turned into a Hilbert space (with norm equivalent to the
original norm on X), in which splines can be obtained by projection in

X, rather than by projection in Y.

2.4 Minimum Properties

Let xeX, Sy the spline that interpolates Fx, and Tx the spline smooth-

Fx. Let p_= (0,Fx) in W. It is a consequence of (2.12) and (2.14) that

foxllZ = lus 112+ lv-s) 12, @as)

| 2 2 - 2
” Sx—px ”W = ” STX -px ”W + ” S(X_Tx) ”w‘ (2‘16)

This is thesecond minimum property, also known as the first integral



19

relation. The first minimum property is also the consequence of pro-

jection in Y: let x€X, and Sy its interpolating spline; then
1l U(x-sx)'llY < |lux-9) HY, Us € (URerF)* . (2.17)

Among all splines, i.e. among all {seX: Us € (UKerF)*}, the interpola-

. ting spline best approximates X.
Theorem: The space X with inner product
(Xl’XZ)X = (le‘,sz)Y + (Fxl,?xz)z, xl,XZE:X (2.18)

is a Hilbert space. The norm induced by (°,')X is equivalent to the

original norm | on X, i.e. there are constants Bl,B2>>0, such that

-

Bl x 1l ¢ =il g lelr_cn, x € X.
Proof: ',')X is clearly bilinear;
2 ' 2 2
T2 = oy = lox 2+ lEx il 2 o,

and equals zero if (and only if) x € KerUMNKerF. It remains to show

" that X is complete with respect to the norm H‘llx. Let {Xn}n=l 2

be a sequence in X, Cauchy with respect to Il‘” ; then {Ux }._
X n' n=1,2,.

and {Fxn} are Cauchy sequences in Y and Z, respectively.

n=1,2,...
Lim lim . . .
n*nUXn==y’ say, and n_NmFxn==z. Slqce both U and F are surjective, there

exists xl,xze:X, such that
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In fact

U(xl+KerU) = y; F(x2+KerF) = z.

x, +KerU is a translate of KerU; x, +KerF is a translate of KerF;

1 2
(xl +KerU) N (x2 +KerF) is a translate of KerU[KerF = {0}, and thus

contains a single element x € X. {xn} converges (in the norm

n=1,2,...

|'“X) to xeX.

The two norms on X are equivalent: by the continuity of U and F,

Mxlig s Muxlly + el < 8,0 =l
S:X-+W, xb (Ux,Fx) is a continuous 1inear'map. KerS =KerUKerF = {0}.
SX is a closed linear subspace of W. S is a homeomorphism between X

and SX, and S_l, when restricted- to SX, is therefore also continuous.

Put 0=1; there is a constant C>0 such that

Il x 12

A

c2|| Sx Hé, xeX

2 n2 2
c“(lux |G + Il Fx 1)

2l x |12

=C

" Thus, with B, =1/C,

1

B llxl < llxlly xex.

Corollary: U and F are continuous with respect to |[|* lX'
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Corollary: There is a constant C such that
2 2 2 ; 2
=] cc™Crux Ig + [ Bx ), xexX (2.19)

Sard (1967), and Delvos and Schempp (1975) assume (2.19) at the outset,
rather than KerU[KerF = {0}, as we have done. Either assumption en-

sures that U and F are collectively injective (see also Aubin, 1979,

\

p 99).

Let P be the orthogonal projector in X with nullspace KerF and range
(KerF)* - orthogonal with respect to the inner product (2.18). Let

PU be the orthogonal projector we have used already, with nullspace

UKerF and range (UKerF)". Let xoex. As we have seen, the interpola-

ting spline Sy is the unique element in x0+KerF satisfying
0o :

(Us ,U;c)Y = 0, x €KerF.
0 :

In fact

UsXO = PUU?CO.

(since x, - Px0 € KerF), moreover

P
Bqt X 0

also interpolates Fx

0 0

0 = (Pxo,x)X = (UPXO’UX)Y’ x € KerF.

Thus Px0 = sx0, and UsXO = UPx0 = PUUxo. ~So

UPx = PUUx,_ x € X. : (2.20)
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The following commutative diagram thus holds:

U

(I

(RerFyt—» (URerF)*

One consequence is that the approximation property (2.17) can also be
written as

min

syl UGy =0 Il (2.21)

llU(xo-Pxo) “Y =
In the abstract spline theory developed by Delvos and Schempp (1970,
,1972)’ the projector P plays a central role. .In their terminology
X, p, U, Y)
is a spline system. Delvos and Schempp (1975, 1976) extend their

. treatment to encompass Sard's theory of optimal interpolation (Sard,

1967); they call
X, Y, 2, U, F)

a Sard system. The orthogonal projector P is called the spline pro-

jector, and for x,€X, Px, is called the spline approximation of X

Remarks: 1. When'xoe:(KerF)‘, the spline approximation is exaet:

s =Px_=x., and the representation error
X 0 "0

-

|| U(Ax0 - sxo) ||Y= 0.

In particular, for xOE:KerU, the spline approximation is exact, since
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KerUc(KerF)*.

2. Smoothing splines also belong to ImP = (KerF)* : these splines minimise

|l sx-p ”W’ x€X, but

. 2 2 2
|| sex-p |l = Il UPx || + o FPx-p ||

A

2 m2
Lok |12 + of Fx-p |2

llsx-pll2

(bearing in mind that x -Px €KerF).

3. Connection with generalised operator inverses. Let X have

inner product (2.18). Let ze€Z. We would like an optimal solution of

Fx = z - (2.22)

Since F is surjective, F_l{z} {xeX: Fx=2z} is non-empty. Let

xeF L{z}, then
-1
F {z} = x+KerF.

We have seen that x+KerF contains a unique element Sy of minimum norm:

where P is the orthogonal projector onto (KerF)*. The map

F: Z+X; z»PF-l{z} +(2.23)
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is the right orthogonal inverse of F, the type of inverse also sought
in least squares estimation by the method of condition equations. In
the 1éast squares method of parameters, to the contrary, one looks for
left orthégOnaZ‘inverses. ‘There is more than a formal correspondence
between tﬁe familiar normal“equétions.solution of thelleast squares

problem, and (2.26) in the next sectionm,
4. TFor the applications we have in mind
dim(KerlU) = q < ®. | (2.24)

Should the observation mapping be a finite-rank operator - have finite-

dimensional range -
dim(Z) = dim(ImF) = n < », : (2.25)

and since (KerF?*v;Inmy &im(KerF)‘ =n. For a finite—rank;observatioh
mapping thus, the space (Kng)“ from which spline approximations are
 drawn is finite-dimensional. This suggests that interpolating (and
smoothing) splines be obtained as finite linear combinations of

suitable base elements in (KerF)*.

2.5 Approximation of Linear Functionals

Let X have the inner product (2.18). The spline approximation to

xOE:X is Pxo.' The purpose of this section is to obtain a corresponding
v x *

result in the dual space X : let ZOE:X , then orthogonal projection

onto (KerF)° provides the best approximation toﬂlo, exact on (KerF)*.
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%
((KerF)°® is the orthogonal of KerF in X - it consists of continuous

linear functionals on X annihilating KerF).

* %
Let X , Y be the duals of X, Y; let Jx, JY be the canonical duality

v * % _ : £ x %k
isomorphisms between X, Y and X , Y , respectively; and let U , P , PU
be the transposed mappings to U, P, PU. We show that the spline
projection structure of the last section can be transposed to the dual

spaces, i.e. that the mappings shown by solid lines in the diagram

below are commutative.

*
(KerF) 4_-_—__-_-..5_]-.-:_:;(UKerF)°
vV
P* P*
v U
* * ) *
X "._l_—-———-——»—'-—-[—]-———-‘Y
Vv
-1 ' -1
JX JX JY JY
X v »Y
P PU
- U

(KerF)r—m—————» (U'KerF)"'
*
U is injective (being the transpose of an epimorphism); its image
* . ' * *
ImU = (KerU)° is closed in X (closed graph theorem). U thus has a
left orthogonal inverse:
1

* - -1 % -1 -
wH = (UJX]'U ) hus (2.26)
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(Aubin, 1979, p 89). Define

<
]

2 ko~
loil® s
then |
v = guit (2.27)
Y X° )
-1 * -1 . . . *

since (UJX Uu) -, like JY’ is an isomorphism between Y and Y , differing
B ' ) *

only in norm by 1/|HJ“2. Thus the images of U,V in Y,Y are isomorphic

under JY.

P and P also have closed images ((KerF)* and (UKerF)*), thus

U
* y °
 ImP = (KerP)° = (KerF)°,
*
= ° = o .
ImPU (KerPU) (UKerF)°.
* % . .
In fact P ,PU are orthogonal projections onto (KerF)° and (UKerF)®,

respectively: from

*
P =JPJ ;P =JPJ (2.28)

(P,PU are self-adjoint), and the fact that JX’JY preserve inner products,
it is easily seen that P*,P; are idempotent, and symmetric with respect
to the inner producté on X*,Y* transported by JX,JY. In consequence
e = JYUJ;(]'JXPJ;I
= JYPUUJ;(1
= JYJ;zlP;JYJ;lVJxJ;('l
= P*V.

U
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' We thus havé:

_ , * *
Theorem: Let SLOE:X . There is a unique 2€X satisfying the

exactness condition

<x,0> = <x,80%, x¢e (KerF)*, (2.29)
. |

which minimises the functional || V(*) HY*.

Proof: The set 20-+(KerF)‘° satisfies the exactness condition. By the
_ ' . *
correspondences that have been set up it can be seen that P 20 satisfies

the conditions of the theorem,

Remark: Frequenﬁly a simpler problem is posed. Instead of the.initial

assumptions (2.1), (2.2), it is assumed at the outset that
"KerU is closed; KerU = (KerFj)".

The approximation found by applying the theorem will then be exact for

x €KerU, i.e. exact in the semse of Sard.



CHAPTER 3

CONSTRUCTIVE SPLINE THEORY

3.1 Introduction

The last chapter outlined the requirements for the existence and
uniqueness of spline approximations in Hilbert space, and the attractive
minimum properties obtained by orthogonal projection, but there was no
hint as to how spline elements may be got in practice. In the present
chapter we take a fixst step in that direction, with the aim of using
kernel mappings as a systematic constructive tool. In Section 3.2 we
introduce reproducing kernels in the context of L. Schwartz'z theory

of kernel mappings (Schwartz, 1964, 1973; Schempp and Tippenhauer, 1974).
In the following section the spline interpolation problem is solved
using kernels associated with semi-Hilbert sub-spaces, with a section
looking briefly at the approximation of linear functionals. Section

3.5 is devoted to the reproducing kernel functions so widely used in
geodetic approximation, and the final section gives brief consideration

to Green's functions as an alternative constructive tool.

In several places reference will be made to topological notions, with-
out the concepts being defined or elaborated; Jarchow (1981) is a
general reference to the topological content of this chapter, and Aubin

(1979) .an elegant guide to much of the functional analytic background.

3.2 Hilbert Sub-Spaces and their Associated Kernels

Let E be a locally convex topological vector space over R (which we

will assume at the outset to be at least quasi-complete); H is a

28
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Hilbert sub-space of E if
(1) H is a linear sub-spéce of the vector space E;
(ii) ™ is equipped with a Hilbert space structure; and
(iii) the canonical injection of H into E (the inclusion map)
is continuous.

The set of all Hilbért sub-spaces of E is denoted Hilb(E).

We can define on Hilb(E) a structure of multiplication by non-negative
real scalars: let He Hilb(E); if A =0, put AH= {0}, otherwise if

A >0, define the innmer product on AH as

_ 1. . . '
(h,k)MH = )\(h’k)]ﬂ’ h,k € H, | (3.1)
then '

1 _
||_h||)dH = ;—1/2||h]|m, he H. (3.2)

Hilb(E) can also be made closed under addition: if ]Hl, ]Hze Hilb(E),

their linear sum H. + H

1 9 is certainly a linear sub-space of E, and it

is easily verified that

. 2 .2 .1/2

| | = dnf (b I3+ lIn, )l ) (3.3)

H)+H, po4h 17 H, 2'H,
170y

hlelHl,hZE]Hz

is a norm on ]Hl+ ]Hz. Schwartz (1973, 331) shows this norm arises from

a Hilbert structhre on ]Hl+ ]Hz.

Lastly, it is possible to define an order relation on Hilb(E): let

]Hl, H,c Hilb(E); we say H

5 < H, if

1 2
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(1) H.CH

1 & Hy3 and

(ii) the inclusion map ]Hl+ le has norm at most 1, i.e..

lnlly <lihllgy » heH.
]HZ— | ]Hl’ 1

If \HS M, then

.1
”hll]H < Hh”)\]ﬂ =—)\_l/2“h”]H’

i.e. A< 1. Also, H, H, + H,, for if h eH,
. 2 2 .1/2 :
gy og = fmf Cleg 2+ gl M2 < lingly
U2 T 1 2 =0,
2™
ki eH), k,eH,

since 'h1+0 is one of the combinations kl+k2 competing for the infinum.

The scalar multiplicative and additiire structure given to Hilb(E) turns
it into a convex cone, and more particularly, into a salient (sharp)
and regular convex cone, for Hilb(E) satisfies the following axioms of
a convex cone: let ]Hl, ]HZ’ ]1-13 12
(1) addlt;on is associative: ]H1+ (]1-12+ ]HB) = ‘(]Hl+ ]HZ) + HB;

€ Hilb(E), and A )\2 >0, then -

(ii) addition is commutative: ]Hl+ ]H2= ]H2+ ]Hl; _'

(iii) Hilb(E) contains a zero element: 0+]Hl= ]Hl;
(iv) OlHl= )\10=0;

. (v) 1]Hl= ]Hl;
(vi) ()\1)\2)]Hl= )\1()\211-11)";

(vi) O +A)H = A H + A H;
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(viii) )\1(]Hl+]1-12) =)\1]H1+ )\11112. |
Hilb(E) is salient since it can be shown that I-Il+ ]1-12= 0 implies
]H1= ]I-12=0= {0}, i.e. the only sub-space of Hilb(E) is thé trivial one
containing only the zero element, and Hilb(E) is regular since if
H;+H, = H,+H,, then H,= H, (Schwartz, .1973, p 338).
Let He Hilb(E), and H' its dual; the Riesz mapping 6: H'~+> H defined

by

(h,0k') = <h,k'>, heH, k'eH', (3.4)

is an isomorphism between H' and H (6 is the inverse of the duality
isomorphism introduced on p 25). We will now extend this to a map from
E' (the dual of E) to E: using some of the notation from section 2.5
for a new purpose, let J: H-> E be thé inclusion map of H vinto E, and
J*: E'+H' its transpose; J* is also a continuous linear mép. Define

H: E'>E by
* T
H=J6J : E'>H' »H >E. (3.5)

H is called the kernel associated with H. It is a positive map in the

sense that, for e'eE",

: * .
1 |> = < | |>
<He se JeJ e ,e (E,E')

K %
<6J e',J e'>

(H, H")
* ] * )
(6J e',6T e )]1-1

I+

| VvV
o

Moreover, H is the only map from E' to H such that
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(h,He')]H = <h,e'>, heH,e'eE". , _ (3.6)

H is an element of ]L+(E',E) , the space of positive continuous linear

mappings from E' to.E - H is called a positive kermel relative to E.

The correspondence (3.5) between H and H establishes a bijection

between Hilb(E) and 1L+(E',E) (Schwartz, 1973, p 337), one moreover,

that preserves the convex cone and order structure on both these sets:

(i) If He Hilb(E) and H is its associated kernel, then for

A >0, the kernel associated with AH is AH:
(h,M*Ie')MH = }\(h,He')MH = (h,He')]H = <h,e'>, he H,e' €E"'.

(ii) 1If M., H,e Hilb(E), and H,, H, are their associated

1’2 1° 2

kernels, then H1+I*I2 is the kernel associated with ]Hl+ ]H2

(Schuartz, 1964, p 160).

(iii) If ]Hl, ]HZE Hilb(E), and Hl, HZ' are their associated

kernels, then H, < H, is equivalent to H, <H, (ibid.).

2 1

Thus the map H »H implied by (3.5) is an isomorphism for the convex

cone structure on Hilb(E) and 1L+(E' ,E), and also an isomorphism for

the order structure on these sets.

The kernel H: E'+>E induces a bilinear form on E' xE' through

B(e',f') = <He',f'>,

and in turn, a positive quadratic form on E' given by

Qe' = B(e",e') = <He',e'> = || He' II?H-
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Conversely, it is also true that if Q is a positive quadratic form on

E' such that the bilinear form on E' xE'
\ ] 1 1 \] [} 1 4 1
B(e',f') ={5 Q(e' +£') ~Qe' -Qf'}

is separately continuous, then there is an He Hilb(E) such that Q is

induced by the kernel associated with M (Schwartz, 1973, p 339).

Thé notions. of Hilbert suB—spaces and their associai:ed kémels can

- readily be extended to semi-Hilbert sub-spaces. ' As before, let E be a
locally convex topological vector space, and E' its &ual; let N be a
finite—dimensional s'ub'—sp‘ace of E, and N° its orthogonal in E' (see

(3.8) below). A linear sub-space H of E is a semi-Hilbert sub-space

of E with nullspace N if H is .equ'ipped with a semi-norm | H (with
nullspace N) deriving from a semi-inner vproduct (',')]H on. H such

that H/N with the natural norm || x+N || =|| X “]H is a Hilbert_

H/N
sub-space of E/N.

A unique positive kernel relative to E/N can be associated with H/N,

i.e. the linear mapping H: (E/N)'->E/N satisfying
(h,He')]H- = <h+N,e'>, he H,e'c (E/N)'.
Since (E/N)'=N°, we may. instead consider the map

(h,ee')]H = <h,e'>, he H, e' e N°, (3.7)
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and call 6 the kermel associated with the semi-Hilbert space H.

A final remark that is required in the preparation for the next éection,
is that He Hilb(E) needs be dense in E if.J*, transpose of the inclusion
map of H in E, is to be injective (Kdthe,' 1979, p 84), and E' to bé
contained in H'. (E' is then dense in H', and J* restricts elements

of E' to H).

3.3 Solution of the Spline Interpolation Problem

In this section kernels associated with semi-Hilbert sub-spaces are put

to use to solve the spline interpolation problem.

Let (X, Y, Z, U, F) be a Sard system as defined in Section 2.4. The

mapping U: X->Y produces a semi-inner product on X:
(xl,xz)X = (le’UXZ)Y’ X%,y € X.

The semi-norm induced by (',°)X has nullspace N =KerU, which we assume

to have finite dimension. The natural epimorphism.associated with "||x
maps X onto X/N which is isomorphic to Y=ImU. It is thus not necessary
to specify the 'co-observation' mapping U, as was done in Chapter 2, but

épecify only a semi-inner pfoduct on X. The properties of the interpo-

lating (or smoothing) spline then derive from this semi-inner produét.

Let E be a locally convex topological vector space, and X a semi-Hilbert .

sub-space with nullspace N. Let N° be the orthogonal of N in E, i.e.
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N° = {e'€E": <x,e'>=0, VxeN/}. (3.8)
Although the theory of Chapter 2 is sufficiently general to accommodate-
'observations' other than (real) scalar or vector quantities, we will
henceforth consider only scalar observations, and then only a finite
number of observations. The 'observation' mapping thus has the form
F = Q,lx 'Q'ZX"' x,Qm, ,Q,iEE', i=1,.. ,m.

Let M be the linear span of {21,2 ,Qm}, then dimM<m, and M is a

grree
closed linear sub-space of E'. Put
M° = {x€E: <x,e'>=0, ¥e'eM}. (3.9)

The range of F is ]Rm; an inner product can be defined through

m
(W’V)IRm = ¥ WV, w,ve]Rm.
i=1
Thus, for x,ye X,
m
(Fx,Fy)IRm = I <x,2i><y,£i>.
i=1

The condition on U and F for the existence of interpolating (and
smoothing) splines, viz. KerU+KerF closed in X, now expresses itself
as N+M°X closed in X. We assume further, that X is dense in E;
then N° = (E/N)'C(X/N)', and N+M°(X closed in X is equivalent to
N°M closed in (X/N)', for which the finite-dimensionality of M is

sufficient.
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The requirement for a unique solution was KerUMKerF = {o}; this now
becomes N(M° ={0}, i.e. if x€N and <x,e'>=0 for all e' €M, then

x=0,.

It was shown in Chapter 2 how under these conditions a unique interpola-
ting spline exists. This result is also obtained directly in the
theorem below, and in the following theorem this spline is characferised

using the kernel map 6 defined in 3.7).

Theorem: (Duchon, 1977). Let E, X, N, M be as above; let x € X, then

there is a unique s €X satisfying the interpolatory conditions
<s,e'> = <x,e'>, e'eM,
and having minimum semi-norm.

Proof: x+M°(X is the linear variety of interpblants to x on M.
x+M°(X+N is a closed linear variety in the Hilbert space X/N.

X/N wlith norm || x+N ”X/N= | x ]]X) . It thus contains a unique element
of minimum nom-_s+N. s+N in turn, contains a unique eiement_ in

x+M°MX (since NM° = {0}), which is s.
Figure 3.1 helps vis,uaiise the situation.

Theorem: (Duchon, 1977). Let E, X, N, M be as above, and lét 0 be the
- kernel associated with X as a semi-Hilbert sub-space of E. Let x€X;
then the interpol-ating spline s coincides with the dn_ly £e€ O6(MMNN°) +N

satisfying
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x+M°NX

N° &
M°NX

N°NM

Figure 3.1: Spline interpolation in the semi-Hilbert
ground space X. '(For the purposes of

illustration, X' has been identified with X).
<E,e'> = <x,e'>, e'eM.

Proof: The interpolants .of x are x+M°NX. s+N as given by the
_previous theorem is the projection of 0 (in X/N) onto x+M°MX+N, and
is therefore the only element of x +M°NX+N belonging to the orthogonal
of M°MNX+N (orthogonal in X/N). The orthogonal of M°MX+N is the
image of (M’ X+N)° (orthbgonal in (X/N)') by the canonical isometry
between (X/N)' and X/N. But MNN° is closed in (X/N)', therefore

M°NX+N)°=MNN°. Its image in X/N is (M IN°) +N.

The interpolating spline therefore, is the unique interpolant of the



38

form O6(MIN)°® +N; it is a linear combination of bésis elements of the
nullspace N, and basis elements of M under the kernel mapping 6, subject
to the condition that these annihilate N. In a cafry-over of the
language of single variable splines, this last condition is referred to

as the 'natural spline end condition'.

3.4 Approximation of Linear Functionals

In this section we take the problem of Section 2.5 a step further, to —
find a best approximation to a given linear functional, satisfying the

condition of exactness for all spline elements.

Let (X, Y, Z, U, F) be a Sard system, X with inner-product (2.18) a
dense Hilbert sub-space of the top_ological vector space E. As in the
last section we will instead consider X as a semi-Hilbert sub-space of

E, with nullspace N =KerU. F=21x2, Xeos x,Q;m as before, and M is the

2
linear span of these 'Q'i' We suppose the conditions hold for the unique

solution of the spline interpolation problem.

Theorem: Let QOEX'; there is a unique 2€M satisfying the exactness

condition (2.29)

<X A> = <x,2,0>, x € (KerF)*",

with minimum semi-norm ||° ”X' (with nullspace (X/N)°).

Proof: The set 2,0+ (KerF)*° satisfies the exactness condition (ortho-

gonal here with respect to the innerproduct (2.18)). Spline elements
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|4+ (6MONOYPAN®

(O(MAN®))°PAN° 1%

Figure 3.2: ‘Best approximation of linear functionals

in the dual space X'.

are elements of (KerF)*; spline elements are equally elements of

8(MMNN°) +N, thus the exactness is also satisfied by 2,0+(6(MﬂN°) +N)°
2,0+((6(MﬂN°) +N)° + (X/N)°

is a closed linear variety in the Hilbert space (X/N)' - (X/N)'=(6(N°))° -

and thus contains a unique element of minimum quotient norm, £+ (X/N)°

say, which in turn contains a single element £ satisfying the exactness

condition, since

X/N)°AN°NBMNN°))° = {0}.
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Figure 3.2 shows the geometry of best approximation in the dual

space X'.

The best approximation to a given bounded linear functional 20 can thus
be found as a linear combination of basis elements of M, which are
exact on N, and exact on elements of 6(M) satisfying the natural spliﬁe
end conditions. These requirements give rise to a system of linear
equations identical in form to equations (6.38) of Freeden (1981a),

p 234 - as will become clear in Section 4.9.

3.5 Reproducing Kernel Functions

The last two sections give potent reason to continue the étudy of
kernel mappihgs. This section pqints to correspéndences between these
mappings and reproducing kernel functions, as treated by Mbschkowéki
(1962) and Aronszajn k1950), and which have had a fruitful-impéct on

geodetic estimation techniques.

It has been indicated that to every He Hilb(E) there is an associated
kernel HE:I%(E',E), and a positive bilinear form B(e',f') on E' xE'.
In the case that E is a space of functions on some domain 2, we can

rgo furfher, and associate with each He Hilb(E) a postive function on
Q2xQ called a reproducing kernel function. The treatment here follows
.Schwartz (1964), 89, a brief sﬁmmary of which appears in §2 of Sbhémpp

and Tippenhauer (1974).

Let ) be a domain, a non-empty open set. Let E==]]RS2 be the space of

all real-valued functions on §, and let E be given the topology of
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pointwise convergence. The dual E' consists of measures with finite

support on £, i.e. measures of the form

u= ZQCXGX, (3.10)
X€

where Gxis the Dirac measure at the point x, and at most a finite
number of the real coefficients ¢, -are non-zero. The duality between

feE= ]RQ and L €E' is expressed through

<fu> = I c £(x). ' . ' (3.11)
xX€ 0

Let He ]L+(E',E) be a positive kernel relative to E; it defines a

reproducing kernel K: QxQ+ R via

K(x,y) = <H6y,<5x>, X,y Q. (3.12)

Conversely, if K is a postive function on IRQXQ, then for yu, VEE' with

u= % c 6., v= I d6 ,
ye

H: E' +E' can be defined by

<HU,W> = % c_d K(x,y). ' (3.13)
Xy
X,y €S '

Hu takes x to I d_K(x,y); in particular,
yeq 7 |

Hay = K("Y), (3.14)
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thus
<H(5y,6x> = K(x,y), x,y€fl.

This one-to-one correspondence between ]L+(E' »E), and positive functions
on R xQ (suitably topologised) extends to an isomorphism between these
sets, and thus an isomorphism also between Hilb(]RQ) and reproducing

kernel functions (Schwartz, 1973, p 339).

- Let He Hilb(ﬂgh, and let K be the uﬁique_reproducing kernel function
associated with ‘]_H; let he H, and xef, then by (3.14) H6x'=l((",x),
and (3.6):

(h’K(.’x)-]H = <H,<5x> = h(x). ' (3.15)

In particular,

K30 KC,0) 0 = K(x,3),

K (12 = kG,

|h(x) | g‘ | b HK(x,X)l/Z,

and

K(x,y) = B(Gy_,éx)-

In (3.15) can be seen the reproducing property that gives reproducing
kernel functions their name. Because they relate evaluation to the
inner product of the Hilbert space, and thereby to the geometry of

Hilbert space projection, reproducing kernels have played an important
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<g,c§X >=0, i=1,.;. ,ri, then g=0, i.e. the condition for a unique
i : '

spline solution holds. Let K be the reproducing kernel associated with
X as Hilbert sub-space of E. Let feX; the interpolating spline s is

the unique interpolant orthogonal. to KerF - it is given by

n
[
[ ng R¥=]

aiK(',xi) R (3.16)

i=1

where the coefficients ai are obtained from the solution of the n linear

- equations

n .
iElaiK(xj,xi) = f(xj), .j=1,... JTe . (3.17)

From (3.11) and (3.6) it can be seen that, if 6X , i=1,... ,n, are
. i
linearly independent, then K(",xi) are independent too, and the Gram

matrix with elements

]

<<K(','),6X >’6x.> (K(°,xj),K(°,x]._))X

K(x':j ,xi)

is non-singular; thus (3.17) can be solved for a i=1l,... ,n, and

i’
(3.16) does interpolate f at xj:

. n.
s(xj) = izlai<K(',xi),5xj>
n
T a,K(x,,x,) = £(x.),
=2+ 3t

and, most important, if g€ KerF, then (s,g):x=0, for
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. n n
('z aiK_(.’xi) ,g)x = E

a,g(x,) =0,
i=1 j=1 1 1

and so (3.16) does indeed represent an interpolating spline for the

Sard system (X, Y, IRn,U, F).

A reproducing kernel for X (with inner product (2.18)) can be construct-
ed from the sum of thé reprod&éing kernels for KerU and (KerU)* in the

~way shown by Schempp and Tippenhauer (1974), and used by Freeden (1981a)
(for harmonic splines). Here the .topic of reproducing kernel functions
will not be taken further; in the following two chaptérs we shall build

instead on the results of Section 3.3.

3.6 Green's Functions

An explicit construétiOn for the kernel mapping Q associated.witﬁ a
;emi—Hilbert sub—space.will be given in Chapter 4, and also in Chapter 5,
for a number of spaces of interest for gravity field representation,

and the theorem of Section 3.3 used tdAderive practical computational
formulae fof spline interpolation. These‘kgrnel mappings turn out . to

be simpler than their corresponding reproducing kernel functions.

The attraction of Green's functions is that they too, are simpler than
reproducing kernel functions. It is for this reason, and also because
rGréen's functions arise natdrally in the solution of boundary value
problems (in which light spline interpolation, or smoothiqg, can also

be viewed), that some authors have adopted Green's funcfions'in construct-
ing spline representations, for example, Freeden (1981b, 1982), and

Sinkel, 1984), in constructing spherical splines and harmonic splines.
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This section gives a brief outline of the connection between Green's
functions, reproducing kernel functions, and the spline theory developed
thus far. The material of this section is based largely on Delvos and

Schempp (1976).

Let (X, Y, Z, U, F) be a Sard system, where the spaces X, Y, Z and
méppings U, F are as defined in Section 2.2, and let P be the splinei
projector corresponding to this spline sYstgm. P is the orthogonal

projector on X (with inner product (2.18)), with
KerP = KerF; ImP = (KerF)*.

At'this stage two furtﬁer assumptiéns aré made:

(1) X is a sub-space of Y, and the inclusion map X~>Y

‘is qontinuousg |

(ii) X0=KerF is densé in Y.
Under these assumptions Delvos and Schempp (1974) call (X, Y, Z, U, F)
an extended Sard systém (pr,.in the 1aqguage oﬁldifferentiai equations,
h(k,Y,Z,U,F) possésses the trace property (Aubﬁn; 1979, p 390)).
be the restriction of U to.XO; since X

Let U is dense in Y, it makes

0

"sense to consider

0

. ,
A= UOUO’ v | ‘ (3.18)
* ' _ .
where U, is the adjoint of U Since U, is closed in Y (as can easily

0 0’ 0

‘be shown, Delvos and Schempp, 1976), A is a self-adjoint positive
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operator on Y (Riesz and Sz-Nagy, 1955, p 312); moreover, A is postive-

definite: DomACXO; let x € DomA,
(Ax,x), = (Ux,UX)Y = (x,%)¢ 2 C(x,x)Y,

for some C>0. By the Friederichs extension theorem (Riesz and Sz-Nagy,

*
1955, p 330) A=UgU,

operator satisfying DomACX0 and

is the unique self-adjoint, positive-definite

(AX,Y)Y = (Ux,Uy)Y = (x,y)x, xi-:DomA,-y€X0=KerF.
(3.19)

Delvos and Schempp (1976) thus call A the operator assoctated with the

Sard system (X, Y, Z, U, F).

Now suppose E=]RQ, and let K: QxQ~>R be the reproducing kernel
associated with X as a Hilbert s_ub—space of E (X Hilbert space with
inner product (°,° X given by (2.18)). The reproducing property is
given by (3.15): for xeX, te€ Q

x(t) = (K,K(*,)) 40

Define

G(*,t) = K(*,t) -PR(*,t), tef. (3.20)
Thus G(*,t) éXO, since X0=KerF, and ImP = (KerF)*. For x€DomA, tefl

x(t) = (x,K(*,t))y : (continued)
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(x,G6(*,t)) (x g KerF)

X
(Ux,U6(+, £))

= (4x,G(*,£)) -

Thus

x(t) (Ax,G(',-t))Y, x € DomA, teQ.

Because of this result G(*,*) is called the Green function of A
dssociated with the Sard system (X,Y,2,U,F). G(*,*) is the reproducing
‘kernel function of the space XO. Thus the results (3.16) and (3.17) of
Section 3.5 can be directly transposed to the present context, to

- obtain spline approximations to functions xE:XO.



- CHAPTER 4

NATURAL ROTATION-INVARIANT SPLINES ON R"

4.1 Introduction

Polynomial splines are‘well known for their efficacy in appfoximating
functions of_a single variable; the properties that make these splines
éo useful should also Be present in multivariate splines. On the other
hana; surface spline interpolétion techniques based on linear coﬁbina-A
tions of radial functions - and, in geodetic and surveying applicatioms,
especially Hardy's multiquadric functions - have long been known to be
efficieht and easy to use. In the sections that follow we introduce
spline functions'thaﬁ are mﬁltivariate generalisations of familiar
single-variable splines. Iﬁ turns out that thesevare linear combinations
of simple radial functions, and include multi-conic functions (the
simplest of Hardy's multiquadfics). They minimise rotation-invariant
semi—normé on Bfl, and thus uﬂlike:multiVariate splines constructed
thrdugh ﬁensor products of one-dimensional one's, are not restricted to
rectangﬁlar regions andvmeshes, nor ﬁse ' somewhat unnatural’ function |

spaces and norms (Meinguet, 1979c).

The differenﬁlsplines to be encountered will be constructed by choosing
specific semi—Hilbert sub-spaces, and then finding the specific form of
the kernel mapping 6? N°-+H, where N is the nullspace of the semi-Hilbert
space H. _FWithin the family of splines constructed in this way will be
~multi-conic splineé (seen to be a natural muitivariate generalisation of.
linear interpolation), pseudo-cubic s?lines (a multivariate generalisa-
tion of cubic splines), thin-plate splines, and subject to some limita-

tions,'point mass splines as well.

49
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Splines solve a variational problem, and the semi-norms tﬁat'arise most
naturally are those induced by differential operatofs. It is thus.not
surprising that the theory in its most general form needs to be developed
in spaces of distributions (or generalised functions), nor that Fourier
vfransforms play an important role. The first few sections that follow
summarise the theory of distributions and their Fourier transforms;

.the reason for including this material is that I was hitherto unfamiliar
with distributions. Sections 4.5 and 4.6 introduce Sébolev spaces and
Beppo-Levi spaces, respectively - these are spages naturally associated
with differential operators - and in Section 4.7, where I draw heavily
on Duchon (1977); kernel méppiﬁgs are constructed for the semi-Hilbert
Beppo-Levi spaces. These mappings are of fundamental practical import-
aﬁce for thé construction of interpolating spliﬁeé (Section 4.8), con-
crete examples of which follow in Section 4.9. In Section 4.10 repro-
'ducing kernei functions are obtained from the kernel mappings, andian
allusion made to their significancé for stable nuﬁerical computations.
Whereas most of this chapter deals with ihterpolatipg splines, the next
section shows how the results are readily transposed to the case of

smoothing splines as well.

v'Sﬁoothing splines 'smooth; the data; an alternative form of smébthing

is to 'smooth' (or regularise) the interpoiating spline functions

" themselves, making them less vafiable. Regularisatioh is essential when.
the desired spline functions are of themselves insﬁfficiently continuous,
as happens with point mass splines, for example, at the mass points.
Section 4.12 deals with the regularisation qf splines on ]fl, thdugh it
falls éhort of a comprehensive and general theory of regularisation.

A final short section on the approximation of linear functionals
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completes the chapter.

4.2 Distributions

The purpose of this section is to give a brief overview of the theory
of distributions; the material presented here is based largely on Rudin

(1973).

~—

+

A multi-index is a vector in (Z+)n (Z': non-negative integers)ﬁ

+.n
ae(Z') ;o= (0L1,0L2,_... ,an).

The order of a is |a|==al-ka24-... -+an. The differential operator Da‘

(on some domain in HJ5 is
o 3 .0 3 O : :
D = (ax) 1(5;{—‘) 2 ... (&—) n.
1 . 2
 The monomial x>, xe R", is

o ., o ol

X = x11x22... X n.

Let ) be domain (a non-empty, open, connected set) in R, A complex-
valued function (of a real vector variable) f on Q is in Cw(Q);_if it

. PR . . (¢ o )
has. continuous derivatives of every order, i.e. if D feC () for every

milti-index o.

C;(Q) is the sub-space of Cw(Q) consisting of ¢’ -functions on § with
compact support. There is a standard way of making CE(Q) a complete,

A}
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locally convex topological space - see Rudin (1973), p 136. COS(Q)
when given this canonical Schwartz topology is denoted D(Q) and

called the space of test functions. The topology on D(R) is character-
ised by the following form of uniform convergence: if a sequence of
functions d>i i=1,2,... in D(Q2) converges to ¢ (in the topology of
D(Q) ), then there is a compact set K in Q such that the support
supp(d)i)'c:K., i=1,2... , and DOLd)i converges. to Da(b, uniformly on K, for

every multi-index a.

Every differential operator % is a continuous mapping of D(R) to

itself.

The space of continuous linear functionals on ID(R) is denoted D'(Q);
it is called the space of distributions on , and given ‘the weak-*

topology - the topology of pointwise convergence a sequence {%,}

i 1-1 92 4en
converges to £ in D'(Q) if (and only if)
lim '
i_Molicb = Lo | (4.1)

for all ¢eD(). Le D'(R) if (and only if) for each compact KCQ

there is me N and a constant c¢ <« such that

2] celloll | (4.2)

for all ¢ € D(R) whose support lies in K, i.e. for all ¢¢ ]D(Q)K, and

where

Noll SUP 10%(x) | . %.3)

]0L| <m X€Q
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Four examples are given of distributions:

4(i) If x€{l, the linear functional Gx on D(2) defined by
S0 = ¢(x) - C(4.4)

is, in view of what has just been éaid in characterising D'(22), indeed
"an'element of D'(R) - m can be taken as 0. The Dirac measures on RS

therefore define distributions.

(ii)-Localiy integrable functions are distributions: suppose fEILiOC(Q),

i.e. £ is Lebesgue measurable, and

[ f&) |dn(x) < =
K

for every compact set K in © (and dm(x) is Lebesgue measure). Put

29 = [ £®)o(x)dm(x), ¢ D), (4.5)
A \

then, for K cbmpact in Q,

201 < ([ 1£]anC)ll 0 1lg, o€ Dys
thus Qfsﬁm'(Q). f is identified with Qf.

(iii) 1If 2 is a distribution, then all its derivatives are also distri-

butions: let LeD'(Q), and let o be a multi-index; define

0*26 = -1/ 2%), e DCO). (4.6)
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This definition for the distributional derivative requires some motiva-
‘tion - see Rudin (1973), p 136, or Adams (1975), p 20. 1t clearly
defines a linear functional, and we check that it defines a bounded
linear functional. Let 2eD'(Q); for K compacf in @, there is an me N

such that
120 < clloll,

for all ¢ D then

K;
|©™0] = (20| < cll D% Il < cll 0 ll pyyq)s

i.e. DED' ().
(iv) Distributions multiplied by smooth functions are again distributions:

let LeD'(Q) and £€C (). Define fL by

(£2)¢ = 2(£6), ¢ € D(R). . (4.7)

The proof that f2 is also a distribution by this definition is based on
Leibniz's formula for repeated differentiation of a product - see Rudin

(1973), p 144.

_The fact that distributions may be partially differentiated as often as
one may wish is an important paft of the theory, as is the converse
result: every distribution is{locally the distributional derivative of a
continuous function, i.e. let 2e D'(Q), K compact in {; then there is

feC(Q), and a multi-index o such that
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o lel o e
26 = (-1 D ¢(x)dn(x), ¢ Dy, - (4.8)
Q
(Budin, 1973, p 152).

Distributions with compact support: The continuity of distributions
on  with compact support has an even simpler characterisation. Let

L£eD'(Q) with

supp(Q) = {de D), 29 #0}

L4

compact in D(2); then there is an me N, and a .constant c <« such that

0] < ell ¢ Il

for all ¢€fD(Q). More importantly, % has a unique extension to a

0
continuous linear functional on C ().

Convolutions: Finally, as preparation for the next section on Fourier
transforms, it is necessary to say a few words about convolutions - the -
convolution of a distribution and a test function, and the convolution

of two distributions.

First, translation and reflection operators are defined on BDCRP). If

e D(R™) and xe R®, define (Rudin, 1973, p 155):
%

Tx¢ () = ¢(y -x%)

(4.9)

o(y) = ¢(-y), yeR"™
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If ¢¢ ID(]Rn) and u e I_D'(]Rn) , the convolution of u and ¢ is defined

be

u*d(x) = u(rxcb, x€ R™,

(When u is locally integrable this definition cdrrésponds to the

familiar definition of cpnvolution:

ukp(x) = [ u(x)¢(x-y)dn(y) ).
‘ R

If uE_ID'(]Rn'), its translate by x, x¢ IRn, is defined to be-

(Tu)¢ = u(t_¢), ¢eD(R).

Within the calculus of distributions we. have the following results

(weD! (R™; ¢,)eD®M):

T (u*¢) = (T u)*¢ - u* (T 9), xeR';
D%(utp) = (D*w*¢ = wx(d%$), ac (ZHD;
uk(PRY) = (ukd)*P.
In particular.
8, 40() = 8 (1 = $x-y) = dy-x),
or
dx*¢_= Tx¢.

Convolution is a émoothing or spreading oberatibn: u*¢E:CCRn);

to

(4.10)

(4.11)

(4.12)
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e n . . . '
moreover, for a given uegD'(R ), convolution defines a continuous

linear mapping Lu: ]D(]Rn) +C°°(I{n) through

L ¢ = u*, ¢ e D(RY), . (4.13)

and further, Lu commutes with translation:
n
TL =LT, xR, (4.14)
X u'x

If u has compact support, it has a unique extension to a continuous
s : ‘®.n e . ) . . '
linear functional on C (R"), so if u .is such a distribution, and.
© _n. . : . ' . '
¢eC (R'), one can define the convolution

(W ) (x) = u(r ), xeR", o (415)

in the same ‘way as before. Further, if_ ue D' (]Rn) with compact support,
$e Coo(]Rn) and y € ]D(]Rn) » then the three quuations (»4.12) hold, and in
particular u*¢ ¢ ID(]Rn). It thus makes sense to define convolution of
two diétributions, provided one of the two has compact support: let
u,ve ID'(]Rn) , and let at least one of u and v have compact support;.

define
(ukv)*G = uk(vk¢), ¢eC (R, (4.16)
for if v has compact support, v*¢e ID(]Rn) and u*(v*}) is defined, and

if u has compact support, v*¢ e Coo(]Rn) and u*(v*$) is again defined.

Extending the calculus of distributions to include convolutions of
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. , n
distributions, we have, for u,v ¢eID'(R), and at least one of u,v with

" compact support:

u¥v = v¥u;
D(urv) = O*uw)*v = ur(d™), (@hH?® o 6.

p%u = (Daé)*u;

where § is the Dirac measure at 0, §¢ =¢(0). In particular this means

u = §*u,

and, more generally that

T u= 4 %u, x€]Rn, . (4.18)

pls pls :
since L

*u)*d = & *(u*
(6x u) *¢ Gx (u*¢)
= %
Tx(u $)

(T,u)*¢, ¢eD(R".

4.3 Thé,Fourier Transform and Rapidly Decreasing Functions

This section introduces the Fourier transform, and the Schwartz space
of rapidly decreasing functions on which the Fourier transform is a
homeomorphism. The material presented here can .be found in many texts;

1 have followed Rudin (1973), Chapter 7, rather closely.

The notation is simplified by using normalised Lebesgue measure onimn,
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-n/2

dmn(x) = (2m) dm(x), (4.19)

as a means of norming the Lebesgue spaces ]Lp(]Rn) (1§p <oo)':
Nel =4 |£&|Pam 0P, £feLP®Y.  (4.20)
P R® n

. . n '
The convolution of two functions on IR now becomes

frg(x) = [ fx-y)g(ydn (), (4.21)
R ~ _
provided the integral exists.

The introduction of the character function (Dym and McKean, 1972, p 205)
also helps to simplify the notation. For t e]Rn, the character e is

- the function defined by

et(x) = elt.x, X€ ]Rn, (4.22)

n
where t*x= I t.x.. The character function satisfies
i=1 . S

et(x+y) = et(x)et(}’) s

and e is thus a homomorphism of R" (given its additive group structure)

onto the multiplicative group {ze @: |z| =1}.

The Fourier transform of fe L'(R™) is the function f defined by
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n

£(t) = fRnf(y)e_t(y)dmn(y), te R™. (4.23)

Thus

£(t) = f*e (0) (4.24)

(since et(—y) =e_t(y)) . Translation can be defined as before, (4.'9) :

if f is a function on ]Rn, and erR'n,
R - . n
Tt = fx-y), yeR.

Calculus of Fourier transforms of integrable functions: let f,ge'ILl-(Rn),

and x,t€ R"; we have the following identities: -

(Txf) = e_xf;
(exf) = Txf; (4.25)
(f*g) " = fg.

Moreover, if A>0, and h(x) = f(x/A), then ﬁ(t) =}\nf(}\t).

The Fourier transform is a mapv.Isz ]Ll(]Rn) +C0(1Rn) to the épace of
complex-valued continuous functions oh ]Rn, that vanish at infinity.

Furthermore

WEl, < Melly,

where

lglle= 5 gnle®], secy(®M.
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Rapidly decreasing functions: These are fe Coo(]Rn) .such -that

i LYCEIEE R ICTIRE R L
for all me Z+. RapidlyA decreasiné functions form a linear vector space -
@n (called thg Scehwartz space), for which the‘countable collection of
norms (4.2§) defines a locally. convex topology. With this topology <I>n
can be shown to be a Frechet space, i.e. there is a complete translation-
invariant metric inducing the locally convex topology on <I>n (Rudin, 1973,

p 168).

ID(]Rn) is dense in <I>'n; the canonical iﬁjection of ]D(]Rn) intb <I>n is

continuous (Budin, 1973, p 173), .and <I>n,_ in turn, is dense in ]Ll(]Rn),
~as also in ]Lz(]Rn)b. Arrapidly decreasing function, when multipliedv by
a pol};nomial, Vremains'rapidly decreasing. On (Dn the Foﬁrier_tra’nsform

is invertible, for if ge@n, then

g(x) = fmng(y)ex(y)dmn(y)- (4.27)
(hence g(x) =g(-x)). The Fourier transform is a continuous linear one-
to-one mapping of <I>n onto <I>n, with an inverse that is also continuous -
the Fourier transform is thus a homeomorphism on <I>n (Rudin, 1973, p 170,
Weidman, 1980, p 291).

Convolution on <I>n: If f,ge@n, then f*ge@n, and

(fg)” = £%8; ' ' (continued)
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8 = (£xg)~. (4.28)

A classical result is that the Fourier transform is an isometry of

EZ(RP) onto itself.

4.4 Tempered Distributions

The previOus'sections_proVide the backgfound necessary for the intro-
duction of tempered distributions. Let i:iD(If5-+®n be the canonical
injection of'D(If5 into @n; it is continuous. Let % be a continuous

linear functional on ¢ , and put

n’
u, = 21, : . (4.29)

then uy is also continuous, wifﬁ uKEJD'(RP).. Sinéé'D(IfB is denée
in @n, uy has a uniqﬁe continuous extension to a linear functional on
@n. (4.29) thus eﬁpresses a vector space isomorphisﬁ between @; and a
sub—space.of'D'(Rp), the space of tempered distributions made up of
those distributioné in B)'CRP) with continuous extensions to @n.v If u,
is identified with %, we can say @; is the space of tempered distribu- '
tions. | |
Examples of tempered distributions: i
(i) Every distribﬁtion with compact Supﬁort is tempered.

(ii) Let 1<p<wx and N};O, and suppose gvis a measurable function on

Bfl such that

[ la+ 2 N [Pan (x) < o, (4.30)
n n
R . , _
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then g is a tempered distribution (Rudin, 1973, p 175).

(iii) In consequence of (ii), every geILP(BF); 1<p<», is a tempered
distribution.

(iv) Every polynomiai is a tempered distribution.

() If ae (ZZ+)n, g€ <I>n and u €<I>r'l, then the distributions Du andv gd
are also tempered, whefe

%) £ = (1) |°‘|u(n°‘f);

(4.31)

(gu)f = u(gf), fE:@n.
(vi) A distribution each of whose derivatives is tempered, is itself

tempered: from (4.26) it can be seen that a c’-function on R™ each of
whose derivatives is rapidly decreasing, is itself rapidly decreasing,

and the same is thus true also for distribgtions with tempered derivativeé,

The Fourier transform of a tempered distribution: Let uE:@&, and define
G = ud, peo . | (4.32)

With this definition, the Fourier transform ié a homeomorpﬁism of @; on

@;. "The following results gn Fourier transforms of differential opera-

tors on tempered distributions are needed for future reference. (I

continue to use Rudin (1973), Chapter'7). If o is a multi-index, define

_v-lole o L3 a 15 .a
D, = (1 oo - G axi) L. (F3¢0 0 (4,'33)

Let P be a polynomial in n variables, with complex coefficients, thus
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P(E) = anEa = féaglal... Enan,
and define the differential Qperators P(D) and P(-D) to be
P(D) = Ze D:; P(-D) = Z(—l)la]c D .
o o . o Qo
If e is a character, (4.22), then

Daet =t e.s and P(D)et P(t)et.

A result required later is that, if uE:@A, and P is a polynomial, then

(P@Du)” = Pd
(Rudin, 1973, p 176), and in particular
(Dau)A =t 4,
or

%~ = (1)1,

4.5 Sobolev Spaces

(4.34)

(4.35)

We now come a step closer to describing the spaces in which solutions

to the spline interpolation and approximation problems are to be sought.

The notation in this section will be further simplified by introducing,

. e n v »
for s ¢ R, a positive measure on IR through )

m%@)= ﬂ+|ﬂ2fﬁg$w, yeR".

.(4.36)
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If felL2 (RY), i.e. if
M :

2,
f]Rn|f<x)| du_(x) <=,

then f is a tempefed distribution, and hence the Fourier transfofm of.
a tempered distribution, f={; the vector space of all tempered distri-
butions u arising in this way is the (fractional order) Sobolev space
1% (R™) :

)

HO(RY = tued': [ @+ [y[)%8m | am (») <=} (4.37)
| R®

(Lions and Magenes, 1972, p 30). H_S(IRn) is thus the space of inverse
Fourier transforms of measurable functions in ]L}z1 (]Rn). By Plancherel's
: s

" theorem (the Fourier transform is an ]Lz(]Rn)_—'isorhetry), HO(IRn) = jLz(]Rn).

For r<s, HS(an)CHr(an), and the inclusion is continuous.

Hs(]Rn) is a Hilbert space with inner product

(U, V) s Ry = fmnﬁ(y)w?(y)dus(y), u,ve B2 (R™), (4.38)

and norm
| u st a, = / vlﬁ( )I'Zdu () eHS(R™).. (4 39)'
H (]R ) Rn y s y)s u . . |

Hs(]Rn) is thus isometrically isomorphic to ]1'121 (]Rn), and indeed a
_ v s
Hilbert space. Br s>0, the dual of'HS(]Rn) is identified with H_s(]Rn),

thus
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@ @®m") ' =1 %(mh , (4.40)

(Lions and Magenes, 1972, p 31). For s€Z+, i.e. a non-negative

integer, the definition of a Sobolev spa;e' (4.37) is equivalent to
ES(RY = fue LZRY : D%ue L2(®Y), |af <sb. (4.41)

We denote by D_m(HS(IRn)) (m€22+) the distributions u€j<I>r'l such that
»DauSHs(IRn) for |a| =m. Por K a closed set in _IRn, H;(IRn) is the set
of distributions in H-s(]Rn) whose support is. c'ontained. in K (The
definition of support implied here is that given Ey Rudin (1973), p 149).
H;(]Rn), is a closed lineér’ sub—spacel of Hs(]Rn). | If @ is an open set

in ]Rn, we denote by H°(Q) the set of restrictions to 2 of distributions
in B°(R"). ®°(Q) is isomorphic to gs(ni“) /g o (RY) (Lions and
Magenes, 1972, p 40), and hence also a Hilbert si:ace. ‘The dual of HS(Q) A

can be identified with H'Q—S(m“).

If some condition is placed on Q, e.g. if Q is ]Rn, or a half-space in

‘ ]Rn, or  is bounded with a sufficiently regular boundary (circumstances

- made more explicit by Adams (1975), p 66, p 214), the functions u in

HS(Q), for s non-negative and non-integral, are those satisfying

p%ue L@, lo| <[ s]

and o o 2
|D™u(x) =D u(y)|

n+2(s=[s])

5
ol =l sV 0

dm(x)dm(y) < <,
|x -y

where [[s] is the integral part of s. . For integral s >0, we have
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p2u e ]LZ(Q), lof <s.

u° (IR_n) is the set of distributions on R" (whether tempered or not)

loc
whose restrictions to a bounded open set { is in HS(Q). Locally,
p @Sy =8 (Rudin, 1973, p 201). CN(RMC Hioc'(mn) for k>s. The

converse result, for s>k+-r2l, Hioc(an)C Ck(IRn), with the inclusion

being continuous, is part of Sobolev's embeddfng theorem (Lions and

Magenes, 1972, p 45; Adams, 1975, p 217). As Duchon (1977), p 88,

s
1

. PP . - n ' . .
dual be identified with Hccs)mp(]R ), restrictions to compact sets.

. . n . , .
indicates, H oc(IR ) can be given a Frechet space structure, and its

The spaces ﬁs(Rn), s<% (Duchon, 1977, p 89): Put

ﬁs(]Rn) = {uEv(D;l: f]Rnl

2610 2 ’
y| “*18() | “dm (y) < o} (4.42)
(in contrast to HS(IRn) which was defined to be, (4.37)
S, n ' 2,8 A 2
(R =tued': [ 1+]y[D7[E [ (v) < =}).
. R , n .
ﬁS(Rn) can be normed by

I| |'|I%s(mn) . fRnl}’]25|ﬁ(y)|2dmn(y). B (4.43)

We shall see that ﬁs(mn) is a Hilbert space (always with s <%), but

note for the moment that it is clear from (4.42), that for

s >0: ﬁS(IRn)C HS(IRn‘) 3 (continue_d)
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s=0: HO(]Rn) = ﬁO(IRn) = le(an);

s<0: ES(RMcHS(RY.

In general, HS(IRn) # ﬁs(an), since it can be seen from the definitions
(4.37), (4.42) that for s >0, HS(]Rn) C]Lz(]Rn) , but ﬁS(IRn) is not con-
tained in ]Lz(]Rn). But it can be shown that on bounded sets the two

spaces coincide:

Theorem: (Duchon, 1977, p 89). I~{S(1Rn) is a Hilbert space if (and only

if) s<£21-; moreover, ﬁs(mn) is a Hilbert sub-space of @;1 (and hence also

of D'(RY)).

Proof: Let fe]Lz(]Rn), and let K be a bounded set in R".

[ Iy lElan o) < 1vl725 e Pan o002,
K K K

|y|>"is locally integrable iff X > -n; therefore |y| “f(y) is locally
integfable, hence a distribution, and in fact a tempered distribution
(by (4.30)) iff 's<-rzl. Now consider the mapping from ]Lz(]Rn) onto ﬁS(IRn)
def:ined by |

£ (ly| 70", | o (b.4b)

2 - 212
{121y 2260 Tam ()

- 2
Il Gyl %6 || %8, n
H (R R

2 2 _
fRn|f(—y)l dn (y) = || £ “]LZ(]Rn).

Therefore the map f'->([y|-sf)’\ is an isometry, and ﬁs(]Rn) a Hilbert
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space.

It will now be shown that HS(]Rn) is a Hilbert sub-space of ®;, i.e.
that the inclusion map in &' is continuous; let {f, }._ be a

n - j j=1,2,...
sequence in ]Lz(]Rn) with fj +0 (in ]_Lz(]Rn)) . Under the mapping (4.44)
Eijlyl_sfj(—y) and lyl-sfj-+0 in B°(R™). We show it does the same in
v@; by showing

- V S — | >
2,0 = fRnly_l £,(-")9()dn_(y) > 0

for all ¢€<I>ﬁ. Now

12501 5 ([ 13| <y>>”2<f y1 %160 | 2am_(0)/?
!—ZS
: 1/2
- XS;‘I;{ {<1+1y|2 N|¢<y>|}>
= ”f H]L (]R).B.C+O’
whére N is chosen so large that
|y~ o o =82 <
m y @y

and where (cf. (4.26))

¢ = PR aryH o] < o

As preparation for the theorem to come on the equality of HS(Q) and
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and ﬁS(Q), there is the following lemma giving a characterisation for

distributions in H (R™).
Lemma: Let ut:HS(If5, with s >0, then u can be represented as

u =y + u, : ‘ (4.45)

with u € 55 (R™, and u, € cC(RY).

Proof: Let B1={x€]Rn: |x| <1} be the unit ball in R". If ye R,

y¢ B, we have

2.s 2
@+1y|H% g 20y

(4.46)
S, n S 2,.n ~ s '
Let u€H (R7), then |y| GeL°(R"), and 4 is a Lebesgue measurable

function. Put

where v2==ﬁ almost everywhere on B, and is zero elsewhere. We can say

of ﬁl that

[ a+iyHPlvm ) e o

[ a+ly1H%v, o 2 ()
n L o R"/B,

R

2s 2 |
|7y | ()

kA

anBly
1

A

2f _1y1%%1aw 2am ) < =,
R , :
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which means that the inverse Pourier transform of vy is in HS(]Rn), i.e.

if Gl=v1, then u € HS(IRn). On the other hand Vy has compact support.

Its Fourier transform (or inverse Fourier traﬁsform) is a function in
Coo(]Rn) - the Paley-Wiener theorem (Rudin, 1973, p 180). Thus

B (®H S @™ + ¢ (RD.
Corollary: Let s<0, and let u E‘HS(IRn), then u can be represented as

u=u, +u (4.47)

1 .72

where ui Eﬁs(]Rn) , and u, £ COO(IRn) .

Proof: The inequality (4.46) is reversed; for the rest the proof

follows the same lines as the lemma.

n

Theorem: (Duchon, 1973, p 89). Let -3

< $< 121-, and let {2 be an open

bounded set in IRn; then
5@ = 8°@). (4.48)

Proof: For the case s>0: it has already been remarked that

S

loc(IRn), i.e. COO(Q)CHS(Q). On the other hand we have just

(RN CH
seen in the lemma that ﬁS(Q)CHS(Q) +C°°(Q) , therefore ﬁS(Q) =HS(Q).

" The case s <0 will follow in a similar fashion, using the corollary to
IZS

. Ay o | s .n_ n
the lemma, if C (R )CHIOC(]R ). TFor 5 <=7, ly

The functions ]D(Rn) are continuous and have compact support. Thus

is locally integrable.

]D(]Rn)CHS(IRn), which is the same as saying



72
foe) ~
Cy(RY) CH (R
and from which we infer that

00 n ~S n
¢*(RY) CHy (R,

Finally, since HS(]Rn)CHS(]Rn), for s>0, with continuous inclusion
(and HS(]Rn) CHS(]Rn) for s <0, also with continuous inclusion), the two
Hilbert space structures on HS(Q) =HS(Q) are comparable, and therefore

' equivalent (Pryce, 1973, p 145).

4.6 Beppo-Levi Spaces

" The spaces to be looked at in this section are spaces of distributions
P .- .
all of whose m'th derivatives are in H (]Rn), s <%; these are the semi-

Hilbert sub-spaces in which spline solutions will soon be obtained.

It will be convenient to extend the index notation beyond the multi-index

notation introduced in Section 4.2. Eor non-negative .integers m; let

B = (ilsizs"' 9im)' . o

be an m-vector taking values in {1,2,... ,n}. The number of such m-

m ‘ .
vectors is n . For xt—:]Rn, X = (xl,xz,... ,xn), ‘let

B

x~ is thus a monomial of degree m (as was ‘xa, la] =m). x" is defined
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to be the»nm-tuple of all monomials xB, with

2 2 2
%" =Bzm|x3| - %",
€n.

(4.49)

whereas
o 2m
oo x] g IxT
. qs . . . . . . m m
Multiplication is carried out co-ordinatewise, treating X 'as an n -

vector. Differential operators are similarly defined:

B . 39 ) d
axi axi ce Bxi
1 2 m

Thus D™ is the n"-tuple of derivatives DBu, and

= I IDBu 2,
m

Ren

In the notation just introduced the gradient and Laplacian are, for

example

V =D1 = ac + at:. + ... +—ea M
ox,—1 9xX,—2 ox —’
1 2 ‘ n
2 2 2
V2=D1-D1= 9 + 9 + ... + 9
o 2 o 2 9 2
X, »x2 xn

Let m be a non-negative infeger; put
DHES(RY) = {ueD'(RM: DueAS(RY, |o|=m}. (4.50)

Since a distribution whose derivatives are tempered is itself tempered,
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D-mﬁs(ﬂfb is a linear sub-space of @;; it ‘is given the semi-norm
_ 2 25| . m a2 '
P llpmgs gy = /ol 71 @) Fam . (4.51)

The nullspace of this semi-norm is‘Emrl, the'space of polynomials on
R" of degree m-1, and less. The semi-norm (4.51) is translation in-
variant, and because of the way D" is defined, also rotation invariant;
further, should scale be changed from»x to Ax, A>0, and should u(Ax) =
v(x), then Q(t) = Anﬁ(kt), and (4.51) changes by a constant factor.

These are attractive attributes.

The spaces D_mﬁs(lfb and D'mﬁscmﬁ)/mm_l (given its natural quotient

norm) are called Beppo-Levi spaces.
-mys , N N
DH(RD /B OB,

and reasoning similar to that used on page 69 shows that the inclusion
. . -ms, o0 . ., .
is continuous, and hence that D Ty (R )ﬁPm_l is a Hilbert sub-space of

@;ﬁEm_l, or Dfmﬁs(ﬂf5 is a semi-Hilbert sub-space of @;.

The next significant result that requires to be proven, is that on

iy

bounded sets, (D_mﬁs)(ﬂ) =H OE

Theorem: (Duchon, 1977, p 91) Let § be a bounded domain in R", and let

_m_-_E,<S<E

2 L then

o 55 @) = @), ' (4.52)
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Proof: Let ueH () ; u extends to an element Pu (prolongation of u)
in Hm+S(IRn) with compact support. Recall (4.35), for a a multi-index
of order m,

0w = (171 eg~,

Pu compact means (Pu)” € Coo(]Rn); thus

2 A 2 . 2 S A~
[l 100 e, ) = [ 15171 eue) | %an_(5)

2s+2m
[ iyl
Rn

HA

[ Pam (), (4.53)

2s+2m

since. Iyal < |y|2ﬂl Now, |y| is locally integrable for 2s+2m> -n

(or, s>-m —’%)', and

2s+2 2. mt+
TS <2+ | ™S

outside a large enough ball in R®. Thus from (4.53)

[ 19171 0%u) " e () <o
R

for all a, |0L| =m, and PueD_mHS(IRn). Thus every element of Hm+s(§2)
extends to an element of D—mﬁS(IRn) from which the inference follows that
HwS(Q)C(D-mﬁS) (), the restrictions to 2 of elements of D_mﬁs(]Rn).

Conversely

o "85 @cr @t @)cr " Et @),
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since ES(Q) CH?(Q) for s <_r2_1_. On the other hand, it has been noted that

D—m(HS(Q)) =Hm+s (R), and so the result follows.

Corollary: D*mﬁs_(mn) is a dense semi-Hilbert sub-space of HT:(S:(]Rn).

Proof: It follows from the theOrem that D "HS(RM) C Ht{’;z.(]Rn), and

hence tﬁat
D R (R /B CH C@®H/E L,

and by application of the closed graph theorem (in the same way as on
page 72) the inclusion can be seen to be continuous, and dense, since
any cont1nuous linear functlonal on H (]R ) that annihilates D S (]R )

also annihilates H (IR ).

Finally, sincef(D_mﬁS) (Q)/IPm_l and HHH-S(Q)/IPm_l are equal, and since:
both are Hilbert sub-spaces of ]D'(Q)_/]Pm_l,

tion between these two sub-spaces, making them topologically isomorphic.

there is a continuous bijec-

Hence we can say that H— (]R YN P° a1 (wvhich is the dual space of .

™S(@)/®__) is closed in (D (RN /B__ )" (Duchon, 1977, p 91).

It is in the Beppo-Levi' spaces introduced in this section that solutions
will be sought to the spline interpolation and smoothing problems. A
step that still needs to be taken is to construct the kernel mappings

between these spaces and their duals.
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4.7 Kernel Mappings on Beppo-Levi Spaces

In this section we will make use of the two theorems of Sectiom 3.3 to
solve the spline problem through an explicit construction of the kernel
mapping. Throughout this section —m-%< s<%, so that we are able to
draw upon the results of the last section. For the space X (in the
' . -mys , 0 . . . .
theorems of Section 3.3) D ™ (R") will be used, with semi-norm (4.51),
' : . X DU ,
and nullspace IPm—l' As has just been seen, D_mH (R) is a der_lse semi-
Hilbert sub-space of Hlll_r:i(]Rn), which is a Frechet space, and thus a
complete locally convex topological vector space; its dual is H:;;;(]Rn).
Theorem: (Duchon, 1977, p 93). Let Q be a bounded domain in ]Rn_. Let
M be a finite-dimensional (and therefore closed) linear sub-space of
:m—s(]Rn) such that, if p€ IPm and

Hy -1

<p,u>, ms -m-s, = 0
' (Hloc’Hcomp)

for all peM, then p=0. Let £ eHm+S(S2). There exists a unique

fM eD "H® (IRn) satisfying
<M = <,

) . . . M
for all peM with minimum seml-norm £ | D-mHs(]Rn). Moreover, let ©
be the kernel associated with D—m_ﬁs(]Rn); then the only g of the form

fu+p with pue MﬂIP;’l_, s-atisfying <g,u>=<f,u> for peM,

1 and p€ IPm_

1

is precisely fM.

Proof: This is a restatement of the theorems of Section 3.3, with
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m+s
loc

x=D S (RY, E=

(R"), and N =P ;- M finite-dimensional means
that MﬂIP;l_l is closed in (0 "5 (R™) /Pm_l) '. M can be made finite-
dimensional since this is the situation most likely in practice; however,

the theorem still holds if M is not finite—diménsional, but closed in

H—S'im’vs(m“) (Duchon, 1977,-p 93).

The task that remains is to determine 8, the kernel associated with the

semi-Hilbert sub-space D_mﬁs(]Rn), alternatively the kernel L associated

with D_mﬁs(]Rn) /]Pm_ as a Hilbert sub- space of H (]R )/]Pm 1° the
positive continuous linear,mapplng
-m-S ,,n o . IS n

L: Hcomp(]R N ]Pm-l ~ I-Iloc(]R )
satisfying (cf. (3.6))

(w,Lu)D-mﬁs(]Rn)/P = <w,W>

m~-1
for weD "H (RM/P__,, weH o (lR)ﬂIP ,» and
- L | 2s Aoy e (NI N A '
L pmgs ety p = oIy [T O () (0T N (9 du (3)
m~-1 R '
(4.55)

=/ Iy 128~ JON ) (ydm ().
R

. In preparation for the theorem to come three lemmas are needed:

2 A -
1285 = |y| g,

Lemma 1: |y (4.56)

where uelLy (LU is an equivalgnce- class modulo IPm_l).
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Proof: s> —m-Ezl- implies @nCD_n)I{?(Rn), for ¢¢ CI>n means $ is integrable,

any polynomial times $ is integrable (cf. Section 4.3), and s >—m—%

means |y|2$+2m is locally integrable, and thus that

"1 2s8+2mp
{ Iyl
r®

¢(y)dm (y) < o,

Thus (4.55) may be applied with w=$, de 1D(]Rn) (CCI>n), and using (4.32),

-

[ Iy o 6" H () = b = <o,
IR

for all ¢¢ D(]Rn) ,.and so

2 ~ ' .
ly] “Sy™e (y"0) (}’) u(y) almost everywhere,
i.e.
v (y ) (y) = |y|_zsﬁ(y) almost everywhere,
or
-1 2mA -2s5A
[yl T uw = |yl "0

as distributions.

Lemma 2: Let ueID'(]Rn) have compact support, and suppose M annihilates

-2m-2s

then the distribution yaﬂPf|y| € 1oc(1R ), |oi —m, i.e. is

IE,m—l ’
locally integrablé.

Pf stands for pseudo-function, or 'partie finie', and refers to the .
manner in which |y'|>\, A e @, has been regularised, to make it a regular

(locally integrable) distribution (Schwartz, 1950, p 38; Constantinescu,
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1980, p 69).

I-;Zm-Zs is lo-

Proof: 'It is enough to show that the function yaﬁ(}’) IY _
cally integrable. U has compact suppdrt; it thus has a unique exten-

. s . . ® 1 A @ _n
sion to a continuous linear functional on.C (RR"). Further, peC (R).

Suppose IOLI <m, then

i = 0714 6% w = @71 e am o).

At x=0,

uya = {Rnyau(y)dmn(y)

expresses |l as a linear functional on yOLE:Cm(]Rn), and is zero by hypo-
.thesis. Thus Daﬁ has vanishing derivatives of order |a| <m at 0, which

in turn means that
MOI

in a neighbourhood of the origin (c some constant), and that (|a| =m

now)

~ -2m-2 -2
Iy [yl 75" < ely 78

in the same neighbourhood, and C°° elsewhere. Since s <% (-2s > -n)

ar, | -2m-2s 1 n
vy U |yl e L (R).

Lemma 3: - Let fE:<I>;l, and suppose
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and

on 1

1oc(BD, o] =m,

then fe P .
. m-1

Proof: |y|2m vanishes only for y=0, so the only support /f\Acan have is
{0}, and the only support ya'f\ can have is also {0}, but yaf is locally

integrable, so ya%=0, D =0 for all la =m, i.e. fE:IPm_l.

We are now in a position to tackle the main result of this section:

Theorem: (Duchon, 1977, p 94) As before, -m——;-<s<£21-.

e,: H;m_S(IRn) N ]P;,_l N D_mﬁS(IRn);

comp
" (4.57)
—2 —28 ~
0: wb wx(PEy| T 0
is the kernel of D_mﬁS(AIRn) as a semi—Hil_bert sub—spéce of HT:(S:(IRn).

-2m-2s, A

Proof: Let v=u*(Pf|y] )", then ¥ ={pg|y| 7™28,

SO

2 m-2s ~ -2s
ulyl "7,

. 2m~ -2
ly] <™ = |y “™irf]|y] =

since |y|2mPf|y|-2m-ZS= Iyl-zs. By Lemma 2, y_OLGE:-]L;lLOC(]Rn) for all

|a| =m. On the other hand, if ueLy, Lemma 1 shows (4.56), |y|2mﬁ='

N -2 A A A
A1y 72%; thus |y|°™6-9) =0 and y*(6 -9 emioc(m“) for |a| =m. Thus
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Lemma 3 shows u-ve ]Pm—l’ i.e. velLy, or

-2m-28, A
we(REly| T+ R,

Lu

alternatively, that

=2m-2s, ~
we(PE|y| T 0)

ou

is indeed the kernel associated with D—mﬁs(IRn) as semi-Hilbert sub-space

ms ,_n
of Hloc(]R ).

In consequence we need to know the Fourier transforms of pseudo-functions
Pflylx. Three cases need to be distinguished (Schwartz, 1951, p 114;

Jones, 1982, pp 251 et seq.; Constantinescu, 1980, p 90):

(i) TFor A=2k, k€Z+:

2%k A | ~
(217 = (-nkaks, (4.58)
(ii) For A= -n -2k, k€Z+:

‘(Pf|x|_n-2k)A - c1|£r2k10g61g| + c2|g|2k, (4.59)

where the constants c, and ¢y are given, for example, by Jones (1982),-

p 630.

(1ii) For all other A:



83

®elx M = e pelg| ™7,  (4.60)
with
%+KI%A+n)
3
ey =2 —-
r(-2

If m+8>0, the first case is excluded (and in a moment we shall go

‘ n , ’ m
further and make m+s >+ in order to ensure H

S, o0y .
2 loc(IR ) 1is a space of

. . : n
continuous functions). Thus, 0<m+s<m +7,

2mt2 5~ 2m+2s—
ey 81T 5 M 10g_[E] + oy €17
r 1 e 2
if 2m2s-n is even and non-negative;
(pe]x[ 228~ = ) | D)
Ny c3_|g|21n-l-23—n otherwise.

and 2m+2s - n is even and non-negative, then

Fhr\th_er, if ue P;—l’

2 -
u*|£| IIH‘ZS n e ]Pm—l’

m+2s-n

S )
for 2m+2s -n <2m, Y reduces || by degree m, and what remains

is in the nullspace of the semi-inner product (4.55).
So, by putting

le)\loge|x|; A even, non-negative,
Ky (x) = (4.62)

| x| A otherwise,

the map

*
M Uy 2s-n
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" is proportional to the kernel associated with D_mﬁS(EJB.

n mts . .
When m+s >3, Hloc(HJB is a space of continuous functions, and more
generally, if
m+ >%+k,

then

mts ,_n k,.n

Hloc(IR YcCc ' (RY)
By the Sobolev embedding theorem (Lions and Magenes, 1972, p 45). By
. appropriate choice of m it is possible to findvspline;functions that

are at least k times differentiable.

How to compute interpolating natural spline functiohs from given point

data is made clear in the next section.

4.8 Interpolating Rotation-Invariant Splines on R"

A requirement of the fundamental spline theorem of the previous section
is that, if p is a polynomial of degree'at most m-1, and <p,u>=0 for
all | in the 'observational' sub-space M, then p=0. This is equivalent
vtb sayipg tha; 0 is ;he only element common to bofh'Pm_l_aﬁd M®, the
orthogonal in HTZE(HJ5 of M.. This is the 'natyral end qondition' seen
earlier, for the unique solution of thé spline in;erpolation problem.
m+n-1
n

'Em 1 is a linear vector space of dimension q= (

be a basis for P

). Let {pj}j=1,. .q

and let {ui}i= be linearly independent

m-1’ l,... ,N

observation functionals in Hém-s(IRn),Q bounded. M is the span of’{ui}.

The condition <p,u>=0 for all peM means p=0, becomes
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< ;
( P1,u1> ese <pq,ul>\ .

(column) rank = q =-dim ]Pm-l’

<Pl ee <PLWT
d q,N

which is to say that {ui}i=l,... N are ]Pm_l-w'nsolvent. The 11near_

independence of the observation functionals ui means.that the matrix

r<u1*K>\’“1> s SNy

<u1*KA,uN> e <uN*KX’uN>
: N,N

has rank N.

Theorem: vLet {ui}i=1,... N be a set of ]Pm_l- unisolvent linearly
independent bounded linear functionals in H:g;:(IRn); let ft—:Huﬂ's(Q),

then there is a unique st—:D—mﬁs(IRn) of the form

s = v*K2m+ZSLn + p, (4.63)

>

! o = : .
where \)t—:Mﬂ]Pm_l, M span({ui}), pi—:_]Pm_.l, and KZnﬂ-Zs-n is given by

(4.61), satisfying

<s,ui> = <f,ui>, i=1l,... ,N, (4.64)

with minimum semi-norm || s ]|D-m.[‘_"ls(mn).
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Proof: This is a restatement of the theorem with which the previous
section started out, with the kernel associated with D-mﬁs(ﬂfw given

its explicit form.
Por brevity, put A =2m+2s -n; the requirements of the theorem put two
conditions on

N q
= *
s L

b.p.; 4.65
2 iP5 (4.65)

3=1

firstly, that s interpolates f at My

* ' " _
3 U K H> F e AR LU F DRl e

+.bq<pq,ui> = <f,u.>, (4.66)

for i=1,... ,N, and secondly, that s satisfies the end conditions for

a natural spline, that vV be in the orthogonal to Pmrl’ hamely that
al<pj,ul> + ... + a’N<pj’uN> =0, j=1,... ,9 - (4.67)
or, expressing (4,66)'and (4.67) in matrix notation,

Aa + Btb = c,

. , (4.68)
Ba = 0,
where

)

U FKy Uy e Uy Ky sy

A=
<UL *K, LU > .. ST, SRR TR
P it
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1< >
| ProHy” e Pty |
B =
< > .. < > |
A <Py -
t N

a=(a1,... ,a.N) e R,

o
I

t
= (bysee- ,bq) e RY,

t N
c = (cl,... ,cN) e R,

and

c, = <f,u.>, mks _-m-s,.
* * (Hloc’ comp)

Since the matfices A and B have full rank, the equation system (4.68)

can be solved

a= A_lc —_A-]'Btb,
= o185 teale.

o
I

In the special case where ui are evaluation functionals, i.e. ui=6

’aienP, i=1,... , N,

or
* = -0

.60’-1 Kk(x) Kk(x OLi), _ (4.70)

and the solution of the spline interpolation problem is even simpler.

The N pointsIOLi need only be distinct for 60!. to be linearly independent,

: i
and need not to lie in a hyperplane of ]Pm—l to be ]Pm'_l'- unisolvent.
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<t ' :
Theorem: Let (cl,... ,cN) EIRN, and A =2m+2s -n. Then there is only

one function of the form

N
“s(x) = -Z ai,KA(x—OLi) + p(x), _ (4.71)
i=1 .
with pt—:]Pm_.l, and
N
L a,q(a,) =0
je1 303

_ for all qe P__
m

-1° and satisfying

s(OLi) =cs i=1,... ,N..
Moreover, if f is another function in D_mﬁs(mn) interpolating cv, then
. - ~ : < : - '~ .
|| s ”D 111HS<1RI'1) - “ f “D mHS<]Rn)

4.9 Examples of Splines on R"

The long preparation of the last sections now pays off - several
concrete examples can now be given of rotation-invariant natural splines

on R". Throughout this section {ai}i"l N will be a set of distinct
Al g e ’

. . . n ‘ .
P -unisolvent points in R, and {ci}i—l an arbitrary vector

m-l AL ge e ,N
in ]RN. Except when discussing point mass splines, the condition
-m-7<s <3 will hold.

4.9.1 Thin-plate splines: Suppose n=2; for s=0 the kernel function

(4.61) is logarithmic. Thus for m=2 spline functions (4.71) take on
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the form

N
2
s(x) = .Z ailx-ai[ 1oge[x-—ai| + by + bex, (4.72)
: i=1
5
where b,x,ai-E]R , with
N N 9
Ya, =0 ad I a.a, =0 (in R").
i'i :
i=1 i=1

The semi-norm minimised is

2. 2., a2
£ 115250 w2y IRZI(D £())"]“am_(5)

{R2|D2f<y>¥2dmn<y)

2 ' 2 2 :

_ T 1\2 9T N2, 0 2.
- {Rp{<ay2f<y)) * 25 gyt DT+ At Fam_(y).
o T Gy
The Laplacian of (4.72) is
2 N
Vis(x) = iEll}'ai(1+1og'e|x—0Li|),_

which is harmonic (except at oci-), and s(x) is therefore biharmonic; it
is a fundamental solution of

@0+ 2p%7% 4 p%"%e = 6.

Interpolating thin-plate splines can be interpreted as giving the shapes
of infinite elastic membranes deformed by vertical point loads (or sup-

ports) at oLi, i=1,... ,N, constraining the membrane to pass through
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\

(OLi,ci) in IR3. (4.73) can be interpreted as the bending energy of the

membrane. Thin-plate splines are thus ]R2 analogues of cubic splines’
interpreted as the shapes of physical splines (thin elastic beams) con-
strained to pass through given ‘points in ]Rz. Thin-plate splines thus
have an attractive physical meaning, are easy to combute; but have not
been widely applied >to geodetiq problems; one application has>been by

Sandwell (1987), to interpolate satellite altimeter geoid heights.

4.9.2 Polynomial splines: When s =223

21,_ A=2m+2s-n=2m~1, and there

is precisely one function of the form

D ©2m-1
s(x) = Ialx-a, + p(x) (4.74)
c4 1 i
i=1
N .
satisfying I a, q(OL ) 0 for all qe P -1 and interpolating c. Any
i=1 '

other. function 1nterpolat1ng c has greater norm. Duchon (1977) calls
these pseudo-polynomial splines; they are gemeralisations to R" of

classical polynomial splines on TR.

For m=1 the splines take on the form

N
s(x) = I a |x -a, | +b, - (4.75)
1-1
. N n
where b is a constant, and Z ’ai=0. seC(R"), and minimises
i=1
e “D H2 (R™) 'f e dmn(y).

 The functions (4.75) are called multi-conic functions. Similér :

functions have found wide acceptance in geodetic and surveying
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applications, and we turn to these in a moment, but note here, that for

n=3

2 N 1
Vis(x) = iilaim_i—l’ {4.76)

and hence that s is biharmonic (except at OLi).

in

Lo . . . . min
For n=1, s is a piecewise linear function, constant for x < i OLi, and

max . . . .
x> i OLi. The semi-norm minimised is

- 2 - _ _8_ 2
N E 130 gy = fmlayfw)l dm_ (), (4.77)

so that s is the continuous function, of least overall slope, that inter-

polates the given data.:

Br m=2, interpolating splines are of the form

N ' n '
. 3

s(x) = I a/x-a,]  +b,+ Ib.x, (4.78)
=1 1 1 0 41 3

(with x= (xl,... ,xn)t), subjéct to

N Co- " N
Za, =0, and L a,o, =0
i=1 * i=1 *

~ (with the pbints {ai“}-i= not confined to a hyperplane in rY).

1,... ,N

(4.78) represents pseudo-cubic splines; the semi-norm minimised ‘is

2 - - A
£ 022350 oy = [ lsIP 7 0P Pam ). (4. 79)

R
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For n=1 we get the familiar cubic spline

s(x) = .Z ai'lx_ai| + b

+ b x. (4. 80)
i=1

0
s is a polynomial of degree 3 on the intervals between successive

"knots' oci, is twice differentiable at the knots, and, in consequence
n

of the natural end conditions, is a polynomial of degree 1 for x~§m1 o,

- max_ - . .
and x> i ai. The semi-norm minimised is

2 o2 2 |
I Ellp250my = [ I=ZEG) [ Tdm (), (4.81)
. R 3y

so that the cubic spline can be interpreted, lodsely speaking, as

minimising curvature overall.

Polynomial splines in one dimension have long been popﬁlar devicésrfor
interpolation, smoothing and approximation of linear functionals - in
geodetic cdntexts as»ﬁell, for example, in representing empirical

covariance functions. A systematic development of polynomial splines

sui generis may be found in De Boor and Lynch (1966), or Bohmer (1974).

It has been noted that for sA=r_l ;1 and m=2, HTZE(IR“)'CCI(IRn), i.e.
that (4.78) has continuous derivatives. It is‘thus possible to construct
interpolating.pseﬁdo-eubie'splines subject to Hermite conditions, i.e.
satisfyingvprescribed point values, and prescriBed gradients at these
points. In one dimension this corresponds to piecewise cubic Hermite

interpolation (described, for example, by Bohmer (1974), p 111). Thus

for n=2, m=2 and s=£,2m+23—n=3,
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D wxﬂyl) = 3(x-y) |x-y]

for |a|==1, i.e. aa=(1,0) or (0,1), and the Hermite interpolating

. pseudo-cubic spline takes the form : -

N | 3 n . N :
s(x) = % a,x=0,/"+b,+ Ibx +3Lc(x-a Yx=-a |, (4.82)
1=1 * * 0 4133 gk K K

subject to the natural conditions ' ‘ ‘

A geodetic application for splines subject to gradieﬁﬁ intérpolatory
conditions isrthe construction of an-astro-geodétic geoid fitting
irregularly spaced astro-geodetic deflecﬁions of the verti@al,'or,-of
greater tbpical intgrest, in the construction of a‘geoid'interpolating
both sateliite—derived.geoid heights, and astro-geodetic deflections.
Chapter 6 seés such an application, to the calculation of a combined

Doppler and astro-geodetic geoid for southern Africa.

4,9.3 Hardy's multiquadric functions: The mﬁlti—conic éplines (4.75)

are special cases of Hardy's multiquadric functions

N
s(x) = I ai{|x-0Li|2 + 23172, (4.83)
1=1

" where €2'is an empirically derived smoothing parameter, whose purpose

is to achieve a regularisation of the discontinuities multi-conic

splines have in their derivatives at the observation points, or 'knots'.
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The question of the regularisation of the splines found in tﬁis chapter
will be taken up briefly-in Section 4.12, but this may be the appropriate

place to say a few more words about Hardy's functions.

Since R.L. Hardy introduced his multiquadric teéhnique in 1971 (Hardy,

_1971); it hgs found wide acéeptance for-taské requiring éurface—fitting
to irregﬁlarly spaced data, both in geodetic applicétions (for example,

" in modelling the geopotent&al; Hardy and Nelsom (1986), and in the
computation of gravimetric terraiﬁvcofrections, Krohn (1976)), and
velsewhere (for example, here invSouth Africa, fof rainfall aﬁalysis,
Adamson. (1978)). The efficacy of multidyadric interpolation vis a vis
other techniqueé has been convincingly demonstrated by comparative
numerical investigations of the type conducted by Heiﬁ and Lenze (1979).
Hardy sﬁppérted the intréduction of multiquadric functions on heuristic

_ : /
grounds. We have seen that in the simplest case, of multi-conic functions;
the techniqué is WellAfounded, and corresponds to‘a mulfivariate general-
isation 6f the simple method of piecewisé linear intefpolation. It has

only recently been established that the multiquadric technique in

,general is also well poéed (Micchelli, 1986).

Hardy (1977) investigated the relation betweeﬁ his multiquadric kernel
function and the covariance functions used in the theory of stochastic
processes. This is an appropriate thing to do, for covariance functions
are reproducing kernel functions, and minimum variance unbiased éredic-v
tion yields spline functions - Kimeldorf and Wahba (1970) point to the |
close connexion between spline theofy and the theory of stochastic

processes. Hardy came to the conclusion that the multi-conic kernel
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function - the distance function |x| in ]Rn_— is not a covariance func-
tion, i.e. not a rebroducin_g kernel function. Indeed it is not; it is
a kernel mapping (a linear map between a dual space E' and a topological
vector space E, in a sense made precise in Section 3.2), rather than a
reproducing kernel function (a positive bilinear form on E xE). It is
not -difficult to obtain a reproducing kernel function for multi-conic
. _ . -131/2,_2 - .
splines; for example, for n=2, i.e. for D 'H (R )/]PO. Anticipating

a result of Section 4.10, it is

Kfx,y) = “{x-y| - |x-a] - |y-all,. : (4.92)

2 ' ' f R ] .
x,y€R", o any 'node' or 'knot’ in {ai}i=1,--- N

4.9.4 Point-mass splines: Here we choose n=3, s=1 ‘and m=0, so that

n

m+ s> 79

but m+s )‘%. A=2m+2s -n=-1.

1 3
Kx(x) = m, xeR”,

is a fundamental solution of Ae=4, and S * L is the Newtonian poten-
- o x| :
1

tial due to a point mass placed at o€ ]R3; with U€H;0

(IR3) a finite
_ mp
mass distribution, u*l_’]-;T is the corresponding potential (cf. Zadro,
1984). ﬁl(IR3) _is the space of Wewtonian potentials of finite energy

described by Schwartz (1964), p 233, with norm
2 | 2 M2
£ 13 g3y = fm3lyl | £~ “dm_(9),

alternatively, with norm
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2 . - 1 2
£ 1550 r3y = f]R3lD £(y)| “dm_(5)

(bearing in mind that a constant harmonic function is zero), so that
point-mass splines may be interpreted as minimising overall, the

gradient of the potential. But G*T%H_¢ ﬁl(IR3), for

_1
—7
Iyl

P12y rag L yap2 _
Iyl l@’_‘m)l

is not integrable overims. Ihus point evaluation functionals (and_

. evaluation of derivativeé) cannot be admitted as observations in the
construction of splines minimising the norm ||°Hﬁ1(]R3): the mass poipts
cannot coincide with the positions of point observations, and some forﬁ
6f,regularisation is. necessary, for gxample; byv'burying' the mass
points or 'knots'. - One possibie form of regularisation is introduced

in Section 4.12; another possibility is to replace the kernel mapping

I B |
o o |x| [x-al

by the mapping

L1 1
ko | x| 1x-kal?

§ » §
.o

where the constant k, 0<k<1, is an appropriately chosen 'shrinking'
or regularising parameter. (One could conceivably go even further, and
partition thg observations among a number of ki taken from the interval
]0,1{ and chosenbto corfespond with known levels of density contrasts

within the earth). Point-mass representations derived from measurement
1
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of potential will be of the form

N

s(x) = I a-—2t

. iTx—ka 1’ (4.84)
i=1 i

and representations of the disturbing potential as derived from gravity

anomalies will be of the form

N ‘ IX|2"X.ka. )
s(x) = I a.{ = -

. : } (4.85)
i=1 * |x_||x-‘k0ti|3 x| % -ka|

(where the usuai spherical approximation has been made in dealing with
the disturbing potential, cf. Reilly and Hebrechtsmeier, 1978). TFor

the solution of (4.84) or (4.85) it is enough that the observation points
a,, i=1,... ,N, be distinct in each case (cf. -Stromeyer and Ballani

1

(1984) on this point).

There is a close relation between spherical harmonics and point masses;
the relation
1 R |j] n Xy
ERH I L T
n=0 |x| |x||y]

for x,yeims, and with Pn(t) Legendre polynomials, carries with it the
suggestion that the following chapter is an apprdpriate place to continue

- the discussion on point-mass splines.

In IR2 the logarithmic potential plays the same role as the potential of

a point mass in ]R3.

4.9.5 Summary: The table that follows summarises the spline functions
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encountered in the the last few pages.

Table 4.1l: Summary of the more significant spline

functions on Hfh for n=1,2,3.

Name m s Pf|_x|_2m—zs KA sub-space con;iéuity
R': 1linear 1 0 |x|—2' ClE| p~ 10 ?
cubic 2 0 |x] % g3 20 ct
quintic 3 0 [x|-6 |E|5 p-3g° C2
R logarithmic 0 1 |x|—2 log|&| gt -
thin-plate 2 0 | |x|-4 ]ElzlogIEI 020 | CQ
multi-conic - 1 %b |x|_3 |E] D—lﬁ% c?
pseudo-cubic | 27 1} |x|_5 , [EIB D—zﬁ% .Cl
pseudo-quintic 3 4 '|x|_7‘ IEIS D—Bﬁ% C2
R point-mass 0 1 ]x|—2 |E|_l gt -
multi-conic 2 0 [xl_4 |€| D_zﬁo c?
pseudo-cubic 2 1 |x[-6 IEIB %t ct
'pseudo-quintié 3 1 [x'—8 ]E[S o3t c?

4.10 Reproducing Kernels

It was noted that multi-conic splines in IR3, and thin-plate splines
- in IR2, were biharmonic (except at the knots). More generally, for

kezﬂ
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~
v

(—i)kcl|X|2k-nldge|x|, g-and'n even;

e(x) = ' (4.86)

k 2k-n
| x|

(-1) cy s otherwise

(x#0) is the fundamental solution of the k-iterated distributignal
| Laplacian Ak,in R, i.e. Ake==6 (Meinguet, 1983). Meinguet (1979c,
1983) uses (4.86) as the starting point.for fhe development of the theory
of interﬁblating spline functioﬁs, which he calls surface splines, and
in which reproducing kerqel funcﬁions-play.an iﬁportant part, in contrast
to the path followed by Duchon (1977), fhrough a direct construction of
the kernel mapping using Pourier transforms aﬁd cpnvolution. The contents
of this section tie in witﬁ the work of Meinguet (1979a,‘1979b, 19790,
1979d, 1981, 1983), and also with Schempp dnd Tippenhauer (1974).

In requiring the observation functionals {ui}i=l to be‘]Pm

g e e ’N -l- unl—
- v : m+n-1
- solvent, we require that a subset of 31ze_q==( ) can be chosen -
call these {u.}. ., - such that
: i‘i=1,... ,q
<Pl,u1> cee <pq,ul>,
rank . | | =q = dim»]Pm_l-,
< > ... o< >
Pl’uq pq’uq
\
_ where {pi}i=l,.;. ,q form a basis for Pmrl’ i.e. it ig possible to find
a unique interpolant in Pmrl to the functionals {ui}i=l,... . Thus

in particular, there is a unique BjeiPm solving the interpolation

-1

problem

<5j,ui>(Htf:§’H—m—s) =68,., i,3=1,... ,q o (4.87)
comp ,
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where §,, is the Kronecker symbol. {p.}. are linearly inde-
| ] J=l,... s q
pendent and form an orthonormal dual basis to {ui.}i-_l q Let
: Tlyeee .
feHm-'-S(Q) , 8 bounded. Its IPm_l- interpolant on {ui}i=l ' is given

by the interpolation formula (in Légrange form)

q
Pg = .Z <f,ui>pi. (4.88)
i=1

The spline solution is the unique element in D—mﬁs(]Rn), interpolating
f on M with minimum norm, and is of the form Bu +p, neMnN P;—l and

PE IPm_l.

-m~S n, ;~S n
DTE (R =D H(RD/B__ + P,

where the first space is a Hilbert space, ‘and a Hilbert sub-space of

. Hloi(]Rn). For m+s >E it is a space of continuous functions, and as

was shown in Section 3.4, a reproducing kernel function can be asso-
ciated with D_mHS(]Rn). We will now work towards an explicit identifi-

cation ofbthe reproducing kernel.
Lemma: The map

6 : 2" S(RY) + P
P m

Q ~1

through
q L , :
: ind : .
Gp u i£1<pi,u>pi | | (4.89)

is a kernel mapping for ]Pm-l (with inner product deriving from the

dual orthonormal basis {13]._}.1:1 q) as a Hilbert sub-space of HI]I:;?:(]RH).
’ e e 0
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-Proof: Indeed

and

(p.sp.) = (6 u,,p,
P; pJ P, U .pJ)

(which also confirms that the Lagrange pdlynomials 51 do form an ortho-

\ g -m-s,_n _
norm}al basls for ]Pm_l). Let uE:Hcomp(IR ) and p€ ]Pm-l’ then
0 ( 3 < T p.)
(6_u,p) = (X <p,,W>p,, L <p,u.>p.
L T TV B
q - .
= .‘Z <Pi,11><Pslli>
i=1
q o
= <‘Z <P’ui>pi’u>
, 1=l~ :
= <p,u> m+s | -m-S ’
/ ) (Hloc’Hcomp)
so that 6 is indeed a kernel for P .
p m-1
q | —pes..D0 .
In consequence Uk u- I <p.,U>u, is a projection of H T °(R) onto P° _,
i=1 1 1 : comp . m-1
and we have v
Theorem: ‘FbrVUEH‘-"m-S(]Rn) define
comp
60 = (e_ep)u,. . | (4.90)

whe‘re 0 is the kernel given by (4.57), then 8j is a kernel for
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D HS(RM) /,]Pm-l' Thus the map (A=2m+2s-n)

q
* - o *

with ¢ the appropriate constant from (4.61), is a kernel for the Hilbert

sub-space D_mﬁs(]Rn)/]Pm_l. Associated with it is a reproducing kernel

function; if ui=6

Q.
1
KO(X’Y) = <606y:6x>
: (21 p. (MK, ( ),6 (21” (x)§
= <cK,(*-y) - ¢ P, (MK, (*-0a,),0 = p.(x >
A , i=1 i A i’ 7x j=1 j o,
' q q
= cfR, (x-y) - f pj(y)K}\(x—aj) - E p; (0K, (@, -¥)
j=1 i=1
(21 g p.(x)P. (y) )} 4.91)
+ , (MK (a, -} .91
i=1 j=1p1(x PR (

Example: A reproducing kernel for Dflﬁl/z(mz)/]Po, the space of multi-

' 2 . .
conic functions on R : ]P0 contains only constant functions; the

Lagrange basis is the constant function p, =1. By (4.60)

N
r(-3)
¢ =272 32 = -1.
1"(7)
Thus from (4.91)
RoGe,y) = ={[x-y] - |x-a| - '|a1'-y|} (4.92)

is a reproducing kernel for D-lﬁl/z(]Rn)/]PO. We confirm, that for
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fed 1H1/2( RY)

£(x)

£Qop) + (Ro(x,*),£())-151/2 2.

(RoGery) £ = [, ly] 0 Geay) "D E(5) "dm (3)
R

oI Roe i o).

Now
[x=y]% = (G lyD" = e [y]" = -e —=,
|y
thus
A 1
K.(x,y) = -e - |x-a |1 +e
(I 3 1 3°
v T Ayl
so with _
L oo 0 + ey EDMan ) = 260 - £,
.and

LN
lx=a [ ,lyI"TE(dn, () =
R
the result follows. It should be noted that Ko(al,al) =0

Using reproducing kernel functions, spline functions are represented as

N-q
s(x) = Zcp (x) + Za<K (x, ),u> ' - (4.93)
j=1 33 i=1
where the first q functionals are chosen from {ui}i—l N to form a
- ,I.' ’

dual basis for IPm_l. The coefficients cj, jA=1,... ,q are simply the
observation values c:i =<f,uj> (cf. (4.88)); the remaining coefficients
a;s i=1l,... ,N-q, are obtained by solving the linear equations arising

from the remaining observations:
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CN- :
iijai<<K0(’,‘),ui>,uj> = cJ. - iglci<§i,ui>, i=1,... ,N-q.
(4.94)
The coefficient matrix made up of the e;lements <<K0(°,° ,ui>,uj>,
i,j=1,... ,N-q, corping from the N - q independent functionals ui, is
a Gram matrix (made up of innerA products), and thus symmetric and posi-
tive-definite. There are efficient and numerically stable computation
techniques for such linear systems; Meinguet (1983) makes a plea for
using the Cholesky decomposition. On the other hand, in the'equations
(4.68)‘the diagonal elements are zero, and so the coefficient matrix is
not positive-definite. (It is conditionally positive—definité with
respect to B, i.e. EatAa>0 if Ba=0, with a¥0, where € is either +1
or -1, Dyn et al (1986)). ’I‘_hé numerical difficulties in solving these
_ equations have been the concefn of Dyn cm‘d Levin (1983), and Dyn et al

(1986).

4.11 Smoothing Splines

The results of the previous sections for natural rotation-invariant
interpolating splines extend readily to natural smoothing splines. As

before, © is a bounded domain, and —m—%< s <%.

sees SN

unisolvent set in H;:;;(Rn). Let £ EHm+S(Q). There is a unique

s eD_mﬁs(IRn) of the form u*K

Theorem: Let €>0; let {ui}i=1 be a linearly independent P_ -

-1

| ° =
omb2s—n TP with peMN L (and M spanui)

minimising the quadratic form

N
2 2
Il s ||D—mﬁs(mn) +el |<s—f,ui>| . (4.95)
i=1 ,
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The required function is of the form

N q :
s = .Z aiui*Kx + .Z bipi (4.96)
i=1 i=1

m+n-1

. ‘(where q=(C | ) =dimP _,, and {pi}i=l,... .1s a basis for IPm_l),

’

and is obtained by solving the linear equations

- ) .
< * > =g
Loa;<Hy*Ky,u> +ga, +

=1 Py Pyl T <My I b ol

i=l (4.97)

subject to the natural spline conditions

or, in matrix notation (cf. (4.68))

]
[g]
.

(A + %i)a + 3%
| | (4.98)

L]
o

Ba

(here 1/€ plays the role of the 'ridging parameter’' described by

Marquardt (1970)).

Proof: Suppose S0 is a solution to the homogenous equation system

corresponding to (4.98), i.e. ¢=0,

1
< =
SO ’ui> + Eai 0, N
S0 '
' N LN |
> = < > =
I <sgau> o Loag<sgaiy> =0,

i=1 i=1
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N 2 1 N N
Z<so,u> +—<Zau*K)‘,Zyau>—0
i=1 = i=1 =131
or
1 2
< _ -m™ =
]El so,ui + &:“ Sg ”D s (R 0. (4.99)
_ : N
Here we have made use of the fact that I a, <p ui>=0, and that IPm 1
' i=1 * ) B

is in the nullspace of the semi-norm. We infer from (4.99) that so&:
]Pm—l’ and that <so,ui>=0, i=1l,... ,N, i.e. 3050; The homogeﬁops
equations corresponding to (4.98) admit only the trivial solution; in

consequence (4.98) has a unique solution.

If s is a smoothing spline, it satisfies (2.14), which equation here

takes the form ‘

(s,x)D—mﬁs(mn) + e X <s-x,ui><x,ui> = 0, (4.100)
i=1 - )

for all x&:D'-m[TIS(IRn). We use this fact to check that the solution to
(4.98) minimises (4.95). If s is the solutien to (4.98), and g is any

other element of D InI-IS(]R ), then (with g=s- (s-g))

2 ' N 2 2 N 2
| gllpmys gy + €% <s-gM> = | sl +e%<s-f,u>
i=1 ‘ .

2 N 2
+”S_g” +€Z<S‘8,Ui> -Z(S,S—g)

N
- 2¢ .Z <g - f,ui><s - g,ui>.
i=1

The last two terms are zero by (4.100), and thus

N : N
2 2 2 2
Hell? + ez <s-tup?sllall®+el<s-gup?,
i=1 i=1
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What this regularisation achieves is the replacement of the kernel

|2 2,1/2

funétion'Kk= F(le) as given by (4.62) by f(}\=F((lx +c ).

The best known example is -

which forms the basis of Hardy's multiquadric technique. This form of
regularisation can be called Hardy regularisation, as the functions

E& have come to be referred to as Hardy-type functigns (Dyn et al, 1986).
These are C°° functions; they have proven to be most suitablé functions
for interpolation and approximation (ibid.), but the well-posedness of

interpolation with Hardy-type functions has only recently been establish-

ed, by Micchelli (1986).

2
The Fourier transform of {lx{2-+€ }B, B neither an integer nor of the

form '-fz‘é—k, keZ', is
_B._E
cIEI 2 KB+%(el€l) - (4100

(Jones (1982), p 339; Gel'fand and Shilov (1964), p 288, where expressions
may also be found for the comstant c). KB-FE- is the modified Bessel
. 2 ,

function of third kind (Abromowitz and Segun, 1965, p 444).

' The kernel function and the Fourier transform from which it derives of
multi-conic splines in ]R2 are |xl and |€|_3, respectively (vide Table
- 4.1). TFor multiquadric functions the fegularised analogues are

{lx|2-+é2}1/2 and [£|_3/2K3/2(e|£|). Figure 4.1 shows the relative
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{I‘xlz+~ez}1/2 : 11
14
Ix|
16
'5'3/2'.‘3/2('5')
100 T : 1l 166 T - . m
0.1 | 1 |x|10 0.1 1 » |£|1O
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@ | - (b)

Figure 4.1: (a) Rernel function, and (b) its Fourier
| transform (up to a constant coefficient)
for multi-conic and multiquadric splines
on ‘]Rz, with € =1.. (Values for K3/2|£|
‘taken from Abramowitz and Stegun (1965),
Tables 10.8 and 10.10). |

behaviour of‘the multi;conic kernel function and its Hafdy-type equi-
valenti It can be seen from the figure that the effect of the regular-
isation is to make the FOﬁrier transform of thé kernel function fall off
considerably more rapidly. It can also'be seen that, as é increases,
the Fourier transform falls off even more rapidly, or conversely; that
the spline representafion becomes smoother. Dyn et aZA(1986) point to
the effect of this type of regularisation as 'of the type of a low-pass
filﬁer', leading to surfacevinferpolation by radial basis functions

containing only the smooth components of the surface splines (4.74).

The question that remains open is what are the general properties of

the spaces to which these regularised splines belong, i.e. the pfoperties
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of the spaces (cf. (4.37))
. | 2. Rint A 2
{uezén: {RF{(l.FIY|-)B} [G(y) | dmn(Y) < o},

For the spaces Hs(Bf5 themselves there is a ready answer: as Micchelli

(1986) indicates, c|El B ZKB*_n(IEI) - being the Fourier transform of

B

(|x|2+ 1) - is a kernel function for the Sobolev space u° (E{) of (4.37),

in the same way as K, (4.62), is a kernel for the Beppo-Levi

m+2s-n’
space D-mﬁs(nfs of (4.50); but (4.101) is unattractive as a basis

function for surface interpolation.

4,13 Approximation of Linear Functionals

In this section a spline approximation satisfying the exactness
condition (2.29) is éought within the framework set up earlier in
Sections 4.7 and 4.8 for spline interpolation on R". As in. those

. n_ n , . n
sections - <m+s <5+ mj Q is a bounded domain in IR {ul}l_

2 1,.. ,N
are'Pm_l—unisolvent linearly independent bounded>1inear functionals
. =M=S_ N , . - ' .
in HQ (R"), and they span a linear sub-space M., {pk}k=1,... ,q is

m+n-1

a basis for'P -1 (of dimension q = ( ));'IPm_1 is the nullspace

of DHS(RY).

Theorem: Let R,EH.m_S(HJB. There is a unique element

Q

a.u (4.102)

in M satisfying the exactness condition

<s,> = <s,8>
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for any sg:e(MrYP;_l)+-Pm_l, where 6 is the kernel mapping (4.57).

. Proof: The approximation is to be exact on ]Pm—l’ i.e. it must satisfy

N ' . : .
.Z ai<Pksui> = <pk92>: k=1,... ,q, - (4.103)
i=1 . .
. . . o ~
and it must also be made exact on G(Mr]Pm_l)- Let {uk}k=l,..- ,q_be

a Lagrange dual basis in M of {pk}k=1 q spanningiPm_l, i.e.
se s

1,5=1,... ,q (4.104)

-~ a dual version of (4.87), and possible for the same reason: the

Pm_l-un}solvency of.the.uk. Let
. . q o B .
= - < > j= “o e H .
Uj Uj kil Pk,uj Uk, j=1, sN; | (4 105)
* - N : *
then u, eMNP° .. Z a, u is to be exact on each 6Bu,, i.e.
J m-1 i=1 -
. o QI
r a <U *KA’U > - ¥ I.a <“k*KA’“ ><pk’u >
1-1 k=1i=1
(4.106)
= <M, *K)\’2’> - 2<Uk*K>\,2><Pk,U ) j=_1"'- sN, |

k=1

with Kx_the kernel function (4.62). Putting (4.103) and (4.106)
together, the equations to be satisfied if the exactness condition is

to hold, are

N q .
L a, <u *K »Hy >+ I b <p ,u > = *K HA>, j=1l,... N
i=1 A k=1 K K] A
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N - : '
L ai<pk’ui> = <pk’£’>9 k=1"-' s4q, ‘ (4'107)
i=1 - :

where the bk are the (as yet undetermined) coefficients

‘N
b=-:-}:

1. * . *K. : '
" 1_1ai<uk Kk’ui> + <uk KA’£>' (4.108)

(4.107) can be written in matrix form as

I
(g

Aa + Bb
: ‘ - (4.109)
Ba =d

where A,B,a,b are precisely as on pp 86,87 for the interpolation

problem, and

" c ='<uj*Kx,£>f j=1l,... ,N;

[= 1
]

<pk,,Q,>, " k=1,... ,q.

Since (4.68), the épline interpolation analogue to (4.109), has a
unique solution, so too does (4.109), yielding the unique approximation

in M satisfying the exactness condition.

Freeden (1981a) argues along differént lines to obtain the equivaleﬁt
result for harmonic splines. His treatmént of the minimum properties -
U has smaller semi;nofm_than.ény e#abt non-element of M, and best
approximates £ among non-exact elements of M - can 5e transposed to the

preseht case without much difficulty.
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If the reproducing kernel functions of Section 4.10 are applied to the
~situation here the coefficients bk would not appear in (4.107), since
ﬁk’ k=1,... ,q, Wﬁuld be known explicitly, and the first N equations
will reduce to N-gq equations involving ohly linear combinations of

% s -1 - e . . )
uj'Kl’ j=k,... ,N 45 with the uj spanning MrkPm_i.

' Chapter 6 sees an application of the approximation technique of this

section, in the thin-plate quadrature of geodetic integrals,



CHAPTER 5

PERIODIC, SPHERICAL AND HARMONIC SPLINES

5.1 Introduction

It is not only the generalised spline theory of Chapters 2 and 3 that
will be useful in looking at the geodetically significant cases of
splines on the circle, on the sphere, and splines harmonic outside the
sphere; the same arguments thet were used in the previous chapter for
splines on R, to find specific kernel mappings from the dual space to
which the observations belong to the space in which the interpolating/
smoothing spline function is sought, are readily transpesed to the new

contexts of the present chapter.

Periodic splines are considered since the theory is easily developed
and pre-figures much of the spherical spline theory, which is the
subject of Section 5.4, following Section 5.3, where some basic facts
about spherical harmonics are recalled. Section 5.5 shows how spheri-
cal splines readily extend to splines harmonic outside a sphere. It is
important for geodetic applications that these harmonic splines may be
regularised, by 'burying' the knots, so that the continuity of the
splines at the observation points is unimpaired. This tecﬁnique-of
regularisation is the Bjerhammar regularisation familiar in other geo-
detic situations. By comparing the spectra of different spherical
splines it is possible to recommend splines most likely to be effective

for gravity field approximation.

This chapter places the work of Freeden (198l1a, 1981b, 1984) and Wahba

114
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(1981, 1984) in the setting of the general spline theory adopted in

earlier chapters.

5.2 Periodic Splines

Since the treatment of periodic splines serves mainly to set the scene

for spherical splines,‘only splines on the unit circle I will‘be con-
sidered and splines on tori ™ will be neglected for n>1. The weight- -
ing function used in Section 4.5 Qill also Be neglected, i.e. s=0.

We will thus be looking at periodic analogues of univariate polynomial
splines of the kinds coﬁéidered by Schoenberg (1964) and Simkel (1984a,

1984b).

Let D([) be the space of functions ¢ on II whose 2m-periodic extensions
to R are in Cm(IR), ‘and suppose ]D‘(H). is given the Schwartz topology,

i.e. the Frechet topology deriving from the norms

alen nem | OB @I, (5.1)

for all m€Z+, wh'ere~$ is the periodic extension of ¢, cf. (4.26)
" (BRudin, 1973, p 190/. D' (l) the space of continuous linear function-
als on D(MI), is the space of distributions on II. All such distribu-

tions are tempered. The Fourier transform on D'(Il)’ is defined as

before:
4 = up, ¢e D). (5.2)

Since ¢ is periodic, i.e. T_2ﬂ¢==$, we have $’?e2ﬂ$, and the support of
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A 2T|" A
¢ is contained in the zeroes of e i& -1, i.e. the support of ¢ is
Z

= {0,%1,+2,... }, and
27

8 = ¢, = %0 e_, ()6 (x)dm(x) (5.3)

are the Fourier coefficients of ¢. The Fourier coefficients of {i are

k) = ue_, . (5.4)
The inverse Purier transform of (5.3) is
¢(x) = L c,e (x), (5.5)
, ke Z kk
- and the inverse transform of (5.4) is
(5.6)

u= 12X ﬁ(k)ek'
ke Z

e, are eigenfunétions of the differential operator D", corresponding to

eigenvalues k2 :

It can be seen from (5.3) that”

66 = $(0) = ¢ = 3f ¢dm = 109

for all ¢ in ID(II), that §=1, and thus (formally)
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i(x) = 8(x) =1+ 2 I coskx.
k=1

The space ]H_O(IT)_ is de:fined to be

2

B = 12 = {ueD'M): —2]-:’-T-fn|u(x)|2dt_n(x)'=

It is a Hilbert space with inner product

1 27
(u,v)H = =—f u(x)v(x)dm(x).

2m 0

]Hm(H) is the space

M = {ueD' M: DueHM};

it is a semi-Hilbert space with semi-norm

27w :
2 1 2 -
I u ”H,m = 2_'"0 |Dmu(x)| dm(x) .

(5.7

L Jutk)|? <.
(5.8)

keZ

(5.9) |

Its nullspace is IPO, ‘the space of constant fﬁnctidns. Further, ]HO(II)

is a dense Hilbert sub-space of D'(Il), and ]Hm(II) is a dense semi-

Hilbert sub-space. Sobolev's embedding theofem applies eqﬁally to the .

present case: ]Hm(II)C Ck(H) for m<k+1/2.
" Theorem: The map 6:(11)')'01?6 + D' through

8: u+ u*(lkl-—Zm)A

(5.10)

is a kernel mapping of ‘]Hm(H) as a semi-Hilbert sub-space of D'(Il).
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is the kernel associated with ]Hm(II). For m=1, sz is continuous; for
m=2 it has continuous derivatives, etc.

Example: The kernel mapping (5.10) is used to verify that <w,6> =w(0),
for we ]Hm(II) :

w,8> = (u, 8%, )y = I 1|20 |k 7™ = 2 6k = w(0).

keZ keZ
It is possible to obtain closed expressions for sz(x). We have

(Spiegel, 1968, p 135)
1 1 1 |
KZ(}_{_) = —6-'IT - X + X (5.12)

‘and it is clear from (5.11) that sz is orthogonal to IPO, that Dsz is

. . 2: . .
likewise orthogonal, and that D sz = —sz__z. Hence .K ,m=2,3,... ,

2m
can be found by repeated integration, using the orthbgonality condition

to determine the constant of integration. In this way, for example,

3_

K3(x) = X 5—1-113& = %‘-frrzx - %Trxz + 1-151{ 5 ' (5.13)
k=1 k
_mcoskx_ 14,122 1 3 1 4
L S S VA PR S
- (5.14)

Interpolation by periodic splines: Let {ul,uz,.. . ,UN} be a set of
- independent bounded linear functioﬁal-s on D'{ll) which resolve constant

functions. Let f e ID'(ll); there exists a unique s¢ HU(I) of the form

= U*
s UK2m+pO,
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where V€ span({ui})ﬂ]P° » pEP,, satisfying

<s,ui> = <f,ui>, i=1,... ,N,

1

T o -2
=7 [D7s(x) | “dm(x).
0 -

with minimum semi-norm || s ”ﬁ o
. ’

The required spline is the function

N

= *
s X aiu. K

+p
i=1 i 2m

0 (5.15)

. _satisfying the interpolatory conditions

N R
< *
Ioa <u*K

>+ b<lu> = <f,u.>
Z Mg> + DL, M

2m’

for j=1,... ,N, and the natural end condition -

N
.Z ai<l,ui> = 0,
i=1

and whose coefficients are obtained by solving the linear equations

Aa + BtB

L]
(o]

Ba‘ =0

as in (4.68).
A reproducing kernel function corresponding to sz(x) is

Ry, 0(Xs¥) = Ky (x=y) = Ky (x-0y) - Ky (y-ay), (5.16)
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where we have taken u1==6a . This can be verified by direct computation,
1
by checking that, for £ e H"(I),

E() = £(0) + oy o(&,3), £ L.

First note that for g a periodic function, g(y-—x)=?e1(x)g(y); thus
considering sz’o a functlon‘of Y,
1

Ry, 0(*s3) () = {el(X)k%m' - Rpplx-opl - e )5

and
Ry oEIEGN = T {e)(EW) - e (aDE)} = £ - (o).
: _ ke Z :
Trigonometric splines: The periodic splines above come from differential
operators'Dm inducing semi-norms with nullspace'Po in each case. Trigo-
nometric splines are obtained from differential operatbrs of degree m,
and having nullspace trigonometric polynomials of degree m-1 or less.
Por example, the operator
m-1 |2

A =DTI |D2+i
m .

=@+ @2+4)... O +@-1% .17
i=1 _ .

is associated with the kernel mapping

e
B: u px ¥ —E( I —~§i:;§—§?coskx, (5.18)

k=m k= j=1 (k )

for which a closed expression can also be found (Schoenberg, 1964;

Sumkel, 1984a).

Much more can be said about periodic and trigonometric splines;
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besides the references cited above, Schumaker (1981) gives an extensive
treatment. Periodic splines share many features with Spherical_éplines;

it is to these that we now turn.

5.3 Spherical Harmonics

In considering spherical harmonics, attention will be restricted to
. e s . . 3 .
the practically significant case of harmonics in IR™, and spherical

harmonics in Euclidean spaces of higher dimension will be ignored.

Let @ be the unit sphere in.]R3, with its centre.at the origin, and
let E be the unbounded region exterior to . A Laplace spherical har-
monic of degree n is the resfriétion sn==Hn|Q to @ of an harmbnicA.
homogenous polynomial Hn of degree n; we have

H#(x) = |x|_(n+1)sn(€)_ ‘ : (5.19)
| for foE; x==|x|£, £eq. Sn’ the space of spherical harmonics of degree
n, is a linear space of dimension 2n+1 (Stein and Weiss, 1971, p 139;
Jones, 1985, p 2). Spherical harmonics of different degfee are ortho-
gonal with respect to Fhe LZ(Q) inner Product, i.e. for snE:Sn, smE:Sm,

n#m,
(sn,sm)Q = 'fQ sn(E)sm(E)dw(E) = 0. (5.20)

ntain: ' ' .o t i
Sn co ?s a basis set {Sn,l’sn,Z’ ’sn,2n+1} orthonormal with

2 . .
respect to the L™ (Q) inner product. The orthogonal direct sum

[+

®#S =S _&S_ & ...
=0 ® 0 1
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is uniformly dense in C({2), the space of continuous functions on §, and
. ; 2 . . v
dense in the Hilbert space L () of Lebesgue square-integrable functions

on Q (Stein and Weiss, 1971, p 141). Hence the set {s ,} “0,1,
=1,2,

is a complete orthonormal family in LZ(Q) any feL () may be approx1-—

,2n+l

mated (in the mean) by its Fourier representation,

1.' N 2n+1
Mg~ I (f,s

= o. (5.21)
N>* " n=03=1

0,305, § g

The addition theorem of spherical harmoniés is also required: for 'E,_n £Q

2n+l .
, j__fll S, (&) Sn,j(n)

2n+1

P(EW), (5.22)

where Pn is the Legendfe polynomial of degree n, and &°n ié the Euclidean
inner product in ]R3 (Miller, 1966, p 10). (5.22) is a reproducing

m . :
ke_rnel ‘function for the space‘Sn. The space ]Pm= @ Sn of spherical

{4

harmonics of degree m or less, has dimension (m+1)

In the same way as was done in defining distributions on R" and period-
" ic distributions, M(R) is the space .of infinitely differentiable func-
tions on‘.Q given the canoniéai Schwartz topolpgy, and D' (Q) the space
of>c:lis.t.ributio.ns on 9, i.e. the space of continuous linear functionals

on D (Freeden, 1984).

As differential operator we use the surface gradient

—§— l —a——'

2636 * AsinB oA ° (5.23)

v, =



124

ex -0

9.2 =09, =4 = = =(sinbzx) + —5 . (5.24)

This, the restriction to { of the Laplace operator in ]R3, is the

Laplace-Beltrami operator. .Spherical harmonics s_ . of degree n are
o . , , R

R * ’ -
eigenfunctions of A", corresponding to the eigenvalue ln==n(n+l),

A¥s = -a(n+1)s
n

Hm(Q) is defined to be
Q) = {ut—:]D'(Q):'_-W*mul eLZ(Q)}, P(5.25)
where, fdr m even,
v*m = Am/2*’

and for m odd,
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m ;2 3 m-1l .2, 1 9 m-1 ,,2
17,7617 = g 0+ G T WY

(Wahba, 1981, 1984), in conformity with the convention of Secﬁion 4.6.

‘

H'(Q) is a semi-Hilbert space with semi-norm
2 m 2 |
Nullg n= J;z |V, ul“dw. (5.26)

In the same way aé was the case for periodic distribﬁfions, mﬁch of the
preparation of Chapter 4 - translafionx(in the present'coptext, rotation),
convolution, MPurier t?ansform -becomes much simpler on the sphere. tet

- $eC(Q), ue D'(Q), then their Fourier transforms - spheriéal harmonic

coefficients - are

¢(n’J) = an,j = (¢’Sn,J)Q,
(5.27)
G(n,j) = L (u,sn’J)Q
.~ (with I a_ . convergent), and
. ]
n,j
¢ = a_ .S_ ., :
n,j "rd "ed (5.28)
u= L .S .
’ n’j n’J n’J
(where L ==Zn=0 1... ) In particular, for the Dirac distribu-
. I I . _
_ ™ 4=1,2,.. ,2n+l
tion,
(S(n’J) = Sn,j(O)‘,
(5.29)

(Sg(n’J) = Sn’j(g)’ EEVQ’



126

and
§ = 2 S ,(O)S' s
. 2] n,
n,j
(5.30)
% 7 o030,y
'Also
T (n) = Sg*o(n) = 9(n-8),
(5.31)
Tt T GE#U = : bn,jsn,j(g)

n,j

(E,ne) in conformity with the results of Section 4.2. Here the defi-

. nition of spherical convolution has been anticipated:

u*¢(g) = 9(§g*¢? = n%jan,jbn,jsn,j(g)’ (5-32)

which when u is integrable, coincides with the usual definition

u*¢ (&)

[ u(M)(E - nydw(n)

ﬁz(n?jbﬁ’jsn’j(n)(n?ja“’jsn’j(g)s“’j(n))dw(n)'

A final point: from the relation

* .
s . =-{n(a+D}" .
m n,j n,j

it follows that

(Am*u)“(n,j) = ~{n(+1)}%i(n,q). (5.33)
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5.4 Spherical Splines

We are now in a position to apply the fundamental theorem of Section 4.7
to the present situation of finding spline functions that interpolate

(or smooth) data on a sphere. Throughout Fhis section }\n=n(n+l).
Theoren.xz The map 9: (]D') N ]PE’J + D' through

0: u.» u*{A;m}" ' | k5.34)
is a kernel mapping ot Hm(Q) as a ;emi—Hilbert sub-space of ID'(Q).
Proof: Let v=u*(}\;m) , then \'}='ﬁ>\;m. Suppose u € Ly, Whevre

L: .(m')-'r\‘.]'Pa > ]1)'/]P0

is the kernel associated with Hm/]PO, then

<¢,1> = T A "6, 5)(n, 1)
n,j ’

for all ¢ D, and so ﬁ=Anmﬁ, and

. m .
i.e. A, w=0, or we P hence ve Ly as was required.

0’

Thus we need the function having }\;m as its Fourier transform:
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2n+l

K& = B ATs (@sy y0 < B

AP _(Em)  (5.35)
(E,nefl) has the required Fourier transform.

When m=0, K, is called the Szego kernel, more on which below.

The continuity of Km’ and hence also of the splines that are combina-
tions of Km, depends on m. For m=0, or 1, Km(t) is not continuous at
t=1; it is continuous for m=2, has continuous derivatives for m=3,

and more generally, has continuous derivatives of order m-2.

The realistic approximation of the earth's gravity field places a
considerable constraint on the choice of m. The degree variances of the

gravity field

k = % a ., ' (5.36)

Figure 5.2 (following page): (a) Disturbing potential
degree variances, neglecting a constant
variance factor, for
1. Tscherning and Rapp's 1974 degree
variance model, k_ "{(n-l)(n—Z)(n+24)}

2. Schwarz's (1984) model in mountainous
areas, kn==(nf1)—2n—1’67;
3. Schwarz's (1984) model in ordinary
terrain, kn==(n—1)_2n_2’06.
(b) Spherical spline degree variances,

K 2“+1{n( 0+1)} ™ for m=1,2,3.

n,m
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where a 3 are the (normalised) spherical harmonic coefficients of the
disturbing potential (Heiskanen and Moritz, 1967, p 259), fall off
asymptotically as n_3 according to Tscherning and Rapp's widely

used model, and fall of as n_4 according to Kaula's Rule, for which
Selwarz- (1984) finds support also in the medium frequency range (n=200
to 1000). This restricts choice of m to m=2 (with perhaps also m=3),
and thus restricts the degree of continuity that can be expected of the
spline representation, as also the data types that can contribute to

the representation - no gravity anomalies, for example, if m=2,
Prtunately the process of Bjerkammar regularisation provides a ready
means of overcoming this difficulty, and allows a more flexible choice
of kernel function. This is the subject of the next section; for the

moment the discussion of spherical splines is continued by showing how

interpolating spherical splines may be constructed.
Let {ul,... ,uN} be a set of independent bounded linear functionals on
Hm(Q), and which resolve constant functions. Let feD'; there is
exactly one element sE:Hm(Q), of the form
= V¥ '
s = VA + P
where V€ span({ui})ﬂ P2, Po € P> satisfying

<S,1-li> = <f,1ii>, i=1,... ,N,

with minimum semi-norm || s ”é==f [V*ms(E)|2dm(E). " The required spline
Q

is the function
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N . .
= *
s iilaiui K +p, (5.37)

satisfying the interpolatory conditions

N . .
iElai<ui*1<m,uj> + b<1,uj> = <f,1.%, j=1,... ,N,(5.38)

‘and the natural spline orthogonality condition

N -
Ia<lu> =0, . (5.39)
i=1 :

and whose coefficients a_, i=1,... ,N, and b are obtainedvby solving

i’
the linear equations .
A2 +B'b=c
(5.40)
Ba =0
as in (4.68).
A reproducing kernel function corresponding to'Km(E°n) is
] K, 06 = K (E*n) - K (E:0)) - K (n°0,), (5.41)

a.. 1

where we have taken ul==6. , . €Q. This can be verified by checking,
1 .

that for £feH" (),

£(8) = f(al) + (Km’o(«i,n),f(n))g,m'

Taking Km 0(E,n) as a function in n,
?
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1 A a1
“m 5,38 - K (a1 - N Sn

n n

K o(Em) " (m,9) =

o, N ’j(al),

so that

I g, s, S(B) - £n,Ds ()
n,j ¢ ’ |

= £ - £y,

(B, o(EmHEMg

since the constant function 1 is in the nullspaée of the semi-inner
product.

_ N
All the splines above - linear combinations of the isotropic functions
Km(€°n) - share EQ) as the null-space of the spline space inner product.
.Freeden (1981a, 1981b) derives a class of spherical splines with null-

space'Pm, and kernel functions

2nt+l 1

z
4 __ 2
1 {(AO-ln)(ll-—ln)..1 (Am;-ln)}

n=m+

Pn(Efn),

where )\n=n(n+1) as before. ®r m=0, we have the kernel function Kz;
‘for m=1 the degree variances fall off eventﬁaliy és n—7, rather too
fast for gravity field approximation. . 'Covariance' functions corres—
ponding to these splines imply an unrealistic degfee'of correlation

within the gravity fiéld.

Wahba (1984) has used the splines above to derive Vector splines, and
used these for wind field modelling. A geodetic application would be

for modelling horizontal gravity.gradients or deflections of the vertical.
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5.5 Spherical Harmonic Splines

The -spherical splines on the unit sphere extend readily to a sphere of

radius R; the same kermel (5.35) can be used, and the semi-norm that is

minimised is
2 2 m ;2
IMHmm=R%W*ddm (5.42)

Spherical harmonic splines are obtained by applying the definition
(5.19) to the kernel formula (5.35): for'xl=r1€, X, =T,N; T, = |x1|,

r,= |x2|; r ,T, 2R £, €9,

R2 n+l

2o A B e (gem). (5.43)

K (x.,x,) = L (
m 1’72 n=1 4m n rlr2

Sometimes the data are given on a sphere, rl*—'rz =R, so that

K_(E°n) = 2122;1 A\ (Eem) . (5.44)
n= .

For m=0,1, Km(t) is not continuous for t=1, i.e. for Yy=0 - the splines
(5.37) can not.be used for point evaluations; for m=2, derivatives are
not continuous at the knots -~ (5.37) can not then be used for derivative
data, e.g. gravity anomalies or deflections of the vertical when approxi-
mating the disturbing potential. This difficulty can be overcome by
Bjerhammar vegularisation; by introducing a Bjerhammar sphere of radius
R.B<R, (5.44) becomes (Moritz, 1980, p 181)

® 2n+l ,-m FB, 2042

-m
K p(E) = IS AT R s (5.45)
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Figure 5.3: Spherical distance on the unit sphere;

cosY=t=E°n.,

similarly (5.43) becomes

2
® 20+l .-m, NB .ntl
a0 %) = T ATC™ e @ (5.46)

both these are uniformly convergent for all values of m. The semi-norm
remains (5.42). By this device discontinuities at the knots have been
placed on the sphere R,Q, at a depth R-Ry below the data points on the
sphere R(; alternatively the Knots have been buried at a depth ri--RB
below .the data points X These splines, being harmonic outside RBQ,

have derivatives of all orders on R.

Some care must be taken in choosing an appropriate radius for the
Bjerhammar sphere. This will depend on the choice of spline, i.e. on
m, on the data types used for the spline interpolation (or smoothing),
and on the spatial distribution of these data. The numerical examples
given by Lelgemann (1981 ) show quite graphically how interpolatory

behaviour depends on choice of RB: make it too close to R, and the
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interpolant tends to 'local support"at the'kﬁots only; make it too
small, and Km,B becomes almost a Eonstant function, and linear combi-
nations of splines find it increasingly difficult to accommodate the
data, i.e. the linear equations (5.40) become increasingly ill condi-
tioned. TFor reasonable results in approximating the gravity field
the degree variances of (5.45) (or (5.46))

_ 2n+1 A—m(§§)2n+2

kn,B T T4m "a
should conform somewhat with the degree variances of the gravity field

as contained within the data. For local gravity field approximation,
with data spaced at intervals of a few minutes of arc over an area a

few degrees square - when medium and high frequency features of the
gravity field are being modelled - the degree variances of the disturbing

potential fall off roughly as the third or fourth power of n (Schwars,

1984). Among kernel functions (5.44), m=2 is an appropriate choice.

Figure 5.4(a) shows degree variances for m=0, and 7{<=0,97; 0,99;
0,995 and 0,999. Their relative behaviour should be compared with
Figure 5.2(a); none seems to be suited for approximating the disturbing

potential. In Figure 5.4(b), showing degree variances for m=1 with
R
B

= =0,99; 0,995 and 0,999, ratios intermediate to 0,995 and 0,999

appear reasonable. The regularised splines best suited to the gravity

field seem to be spherical splines m=2, with x close to 0,9999.

Figure 5.4(c) shows the degree variances for these splines with

%8

1§ﬂ=0,995; 0,999 and 0,9999.
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Figure 5.4:

Lelgemann's (1981)

choosing the ratio

Degree variances of regularised spherical
splines for (a) m=0; (following page) (b)
m=1; (c) m=2, for a variety of ratios
RB/R. Suitable ratios give slopes approxi-
mating those of Figure 5.2(a). The shaded
area indichfes the approximate spectral
range of interest for local gravity field

approximation.

investigation led to an empirical formula for

R

| o(k.)
%= 1 - 2+,

where o(kn) is the order of increase of the degree variances kn, and



10

(b)
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Table 5.1: Ratios RB/R of radius of Bjerhammar sphere
to radius of spherical earth as given by
Lelgemann's (1981) formula, for m=0,1,2,

and mean spacing wm between data points

30', 15', 5'.
m o(kn) 30' 15" 5'
0 1 0,978 0,989 0,996
1 -1 0,987 0,994 0,998
2 -3 0,996 0,998 0,9993

wm is the mean distance between data points. Table 5.1 gives a selec-
tion of results using this formula for the splines above; there seems

to be good agreement with ratios inferred from Figure 5.4,

The Szegd kermel is obtained when m=0 in (5.43)or (5.46). The infinite

series can be expressed in.closed form (Lelgemann, 1979)

2 rzr2 R4
2ntl, RT \ntl 12
K. (x;,%,) = Z (=) P _(&*n) = 55—, (5.47)
0172 4ﬂ rlr2 n R2L3
or, on Introducing a Bjerhammar sphere of radius RB’
2 2 4
K () = L2 B i (5.48)
. O,B 1°%2 R§L3 ’ .
e rzrz 2r.r
= L2 L2 + 1 (5.49)

S
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in the case of observations on a sphere of radius R

R4 .—Rg :
L B(E'n) = =53 > ' (5.50)
’ 'R'BL
4 2 '
L2 - R_4_ _ 2%(*5'.”) + 1. - ' (5.51)

B

Point-mass splineé: There are other choiées of degree variances also
giving kernels tﬁat can be expressed in closed fdrm - these are the
kernel functions of analytical collocation (Moritz, 1980; Lelgemann,
1979, 1980, 1981),' Tscherning, 1986). Onlf'one example will be

considered here; with

2
kn " 2n+l
the Krarup kernel is obtained
(x,,x,) = & | (5.52)
Kk,3*1°%) = 1 » - :

with L givén by (5;51) for data on a spherical earth, or more generally

by (5.49).  Further, since

) 4
4 4
12 SR 2 Beogy 4 By SR g2
G T2 Y "R
B R R K
or . ’ 2 2
2 2 2 4
2 _nf 2%“ Ve RB)=rlr22'2
L= s cos¥+ 77 4 "
RB 1°2 rlr2

the distance % (as shown in Figure 5.5) in the second case is the

, ‘ 2
~ distance to a point mass proportional to r2/RB,buried relatively
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Figure 5.5: Position of mass sources for point-mass
splines (a) on a spherical earth; and (b)

in the general case.

R%/ri below the observation point X, (cf. Tscherning, 1986, p 17); in
the first case all point masses are buried relatively RB/R below the
Bjerhammar sphere, or (RB/R)2 below the surface of a spherical earth.

It is thus appropriate to refer to (5.52) as point-mass splines.



CHAPTER 6

' SPLINE'APPROXIMATION'OF'THE'LOCALfGRAVITY'FIELD‘

6.1 Introduction

The application of the theory of spline approximation to the problem

. of finding local approximationsvto the earth's gravity field is now
relatively straightforward, at least for the simplé; essentially tﬁo-
dimensional models to be considered in this chapter. Computationally,
little more is involved than the solution of a set of linear equafions}
Splines on IRZ, and the spherical splines of the previous chapter, will
be seen to give re§u1ts very much the same as for least squares

collocation.

Among the applications to be looked at is geoid interpolatién. The
need-to determine orthometric height différences from GPS~derived
ellipsoidal heights has made local geoid determination a topical
problem. Relative‘geoid heights may be‘obtained-from gravity anomalies
(Kearsley, 1986; Schwarz et al, 1987), but theére is also scope for
interpolation, either directly, or with supplementary gravity data, of
geoid heights determined from comparison of GPS ellipsoidal heights,
and sﬁirit-levelled orthométric or normal heights, in the ﬁay suggested
by King et al (1985), p 96. Direct interpolation is the subjéct of the
following section, éomparingvthe efficacy for geoid interpolation of a
number of spline techniques. Section 6.4 shows that the inclusion of
relatively few gravity anomalies may improve materially the interpola-
tion of geoid heights. Séction.6.3 is given over to the more tradition-

al task of interpolating free-air gravity anomalies; since gravity
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anomalies show more variation, this may be .a more .demanding test.

The study area for these interpolation tests is an area 2°x2° in

extent in norfhern Natai, south-eastern Transvaal and Swaziland

(Figure 6.1(a)). In the west the area straddles the southern African
escarpmént,»and along its eastern edge are the Lebombo moumtains.

This mountain range, running éloﬁg'the Swaziland-Mozambique border,
though no higher than 700m, is gravimetrically very sharply defined
(Figure 6.1(c)). The area between, in the Lowveld of Swaziland and
eastern Transvaal, is a complex mix of volcanic rocks and metamorphosed
sediments of the Precambriaﬁ and Mesozoic periods, with éravity anoma-
lies little corrélated with elevation, and somewhat difficult to model

(Merry, 1980).

The‘geoiﬂ heights for this area are those of thé UCT86 geoid (van Gysen
and‘Mérry; 1987). This geoid combines the 0SU81l geopotential model

and frée—air'gravity anomalies .for southern Africa using a spectral
weighting technique, with.an a priori spéctral weighting function.

The known medium-wavelength errorslin the geoid (Merry and van Gyéen,
1987) should not much impair the’use of the éeoid heights shown in

Figure 6.1(b).

Section 6.5 deals with geoid interpolation of a‘different kind; a
pseudo—cubic geoid for southérn Africa is given, which interpolates
" both Doppler-derived geoid»heights and astro-geodetic deflections of

the vertical.
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The final case study looks at spline approximation of linear function-
als - at the thin-plate spline quadrature of several geodetic integrals.
The contribution, to a planar approximation, of a dircular innermost
zone, is evaluated for Stokes's formulé,‘for‘the'formulae of Vening
. . . ' dAg . '
Meinesz, and the gravity anomaly gradient used in Molodensky's

dh

solution of the geodetic boundary value pfoblem.

!
!
|
: MOZAMBIQUE

:rOIATIMT

m

»,
Q.
.I

%

(a) ke ) :

Figure 6.1: (a) Locélity of the 2°x2° étudy area
for the geoid and gravity anomély
interpolation of SectiOns 6.2-6.4;
(®b) (overleéf) quasi-geoid heights in
the study area (contour interval 1m);
(c) free-air gravity anomalies in the

study area (contour interval 10 milligal).
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In this first test different spline interpolants of the geoid are
compared with least squares collocation. For rotation-invariant splines
on Fuclidean spaces — those taken from Chapter 4 - the interpolation

takes place in ]R2, with a plate earree projection of geodetic positions,
x = (x,%,) = (R$,RAcosd) (6.1)

(where ¢0 is an average 1atitude, and R the radius of a spherical earth).

Geoid heights are supposed given at N points o, = (ocli,OLZi).
The following splines are considered:
(i) Multi-conic. splines, of the form

N
s(x) = I ailx-a.l +b (4.75)
i=1 *

interpolating the given geoid heights, subject to the end condition
-¥% a, = 0.

(ii) Hardy's multi-quadric functions, of the form

N )
) a’i{lx—ai|2+ez}1/2, (4.83)

s{x) =
: i=1

2 .
with € =0,086, a value loosely based on the recommendation of

Hardy (1977). The results turn out to be relatively insensitive to
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the exact choice of €.
(iii) Thin-plate splines,

s(x) = .Z ai|x-—ai| logelx ail + ?

+ bex, . (4.72)
i=1 . v

0

satisfying the interpolatory constraints, and the end conditions

(iv) Pseudo-cubic splines, of the form

B 3
Zaﬂx-ai[ + b

+ bex, (4.78)
i=1 -

s(#) = 0

interpolating the data, and satisfying the same end conditions as the

_thin-plate splines, since both have EH_ as nullspace.
(v) Pseudo-quintic splines, of the form

N .

- 5 2 2
s(x) = I ai‘lx 0|7 + by + byx; + byx, + baxy + bXy + box Xy,
=1 ' (6.2)

with end conditions
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"N

Z a.o =0,
i=1 i2

N

z a,aii = 0,
i=1 *

N .

z a.agi = 0,
i=1 *

N

L 20550, =0,
i=1

or

N

La,=0,

i=1 1

-

z a,a, = 0,
i=1

N

z a.aiocti: = 0.
.=l 1

(vi) Spherical splines, m=2,
s(x) = 1213 K2 B(E‘ni) +b (6.3)

(x = RE, o, =Rn,) derived from (5.37), with

-2 RB 2042,

2““{ (0 + 1)) P(En),  (6.4)

K, g(Em,) = :
n=2

and subject to

The ratio RB/R was chosen as 0,9999 on the basis of the discusssion
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in Section 5.5

(vii) Leaet squares collocating splines,

g N ,
s(x) =‘i§1aigcol,3(g.ni)’ » | (6.5)
wich .
K (E*n,) = T (¢ “1)(a-2)( +24)}'1(§)2“+29 (En,), (6.6)
col,Br> Ny T 2 AR ) (n+24)F T (g LEM), (6.

where the degree variances are proportional to the values of
Tscherning and Rapp's 1974 model for global geopotential degree
variances (Moritz, 1980, p 190), but with RB/R=0,9'999 rather than

0,9996.

Given geoid'heignts (on a 5'x5' grid) in thé'érea of Figure 6.1 were
unifcrmly randomly sampled fcr N=2, 16, 36, 64 and 100, wirh the
sanpling'being done using the NAG routine GOSEJE (Numerical AZgori#hms
vGroup,_1983). For each sample the spline representation was found By
solving the linear equations (4.68) or (5.40) (using the NAG Crout
factorisation routine FO4ARE), rather than the positive-definite
equations (4.94) consequent to nsing a reproducing kernel function

(4.91) or (5.41).

The fidelity of the representation ic measured 5y the root-mean-square
(rms) discrepancy against all 5' gecid heights in the 2°x2° sampling
area. Figure-6.2(a) shows the rms error (in metres) for each of the
six snlines (1) to (vi) above, against the corresponding TMS error

for least squares collocaﬁion (vii) (shown by a dashed line). Shown



149
in the figure for N=0 is the rms variation of the geoid.

Eaéh technique compares favourablf witﬁ the collocation solution, the
more so as the sample size increasés. For N=4 there is no pseﬁdOe
qﬁintic solution as the nullspace alone requires six coefficients.

For N =100 the spherical spiine begins to diverge; indicating perhaps,
the incipient instability in the linear equations (5.40) Dyn et al

(1986) warn againsﬁ,.and aggravated by the interpolation of K2'B in

(6.4) from a look-up table (with the interpolation being done with a

-

forward difference formula, rather than using a cubic spline,.:say -

contrary to the spirit of the rest of my work).

Figure 6.2: (following pages) (a) Rms error (in metres)
in.representihg geoid heights in the area
of Figure 6.1, for (i) multi-conic splines,
(ii) multi-quadric functions, (iii) thin-
plate splines, (iv) pseudo-cubic splines,
W) pseudo-quinfic splines, and (vi) sphericai
splines, m=2. The dashed lines indicate the
corresponding rms errors for least squares '
collocétion. Figures in italics give the
relative representation error (relative to
the closest interpolation point) in parts per
million; '
(b) predicfive power for the same splines, of
geoid heights (solid lines), and of least
squares predicted heﬂghts (daéhed lines).

" Figures in italics give percentage error

correlation between spline and least squares

representations.
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Figure 6.2(a) also gives an aVerage value for the representation error
(error in geoid height felative to distance to the closest interpola—
tion'pointj expressed in parts per million, indicating that all
representations seem to converge at a fate,that is approgimately linear

in relation to the distance between data points.

The suggestion that various splines may be as effective overall as a
least squares collocating spline is pursued further in Figure 6.2(b).
The solid lines indicate the 'power of prediction' for each téchnique,
i.e. the ratio, expressed as a percentage, between the rms variation
in the signai (geoid heighfs), and the rms error in prediction. Each
technique does faifiy well. The dasﬁed lines show.the power with
which each spline predicts least squares collocated heights. It is
interesting to see that, with the exceptioﬁ:of pseudo-quintic splines,
each Spline represents tﬁe least squares prédicted geoid better than
the actual geoid, with the m=2 épherical spiines doing'bést (éxcept
for N =100), and thin-plate splines also doiﬁg well. The figures in
italics give the percentage correlation between errors in spline geoid
heights and corresponding errors in coliocated heights, again pointing
to close agreement between each spline technique and least squares

collocation (with pseudo-quintic splines excepted).

The reason for this agreement ié not far to.seekm The geopotential
degreé variances (6.6) fall off in the main as n-3 (and eventually
ever faster as the term (RB/R)2n+2 comes .to dominate), as do the
‘spherical spline degree variances (6.4). Schwarz (1984) indicates a

fall-off closer to-n-4, and in areas of little topography the
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‘ geopotential degree variances fall off even faster, e.g. as n—s’6 in
southern Ohio (Arabelos and Tziavos, 1987). It can‘be seen from
Table 4.1 (p 98) that, in JRZ, tﬁe Fourier transform of the multi-
conic kérnel mapping is prqpoftional to |x|_3, for ;hin—plate splines
it is le_a, for pseudo-cubic splines.|x|_5, and for pseudo—quinfic
splines |x|_7{ The efficacy4of thin-plate splines in fepresenting the
geoid is thus not surpriéing, nor that multi-conic (and hence also
mulfi—quadric functions) and pseudo-~cubic splines are not much less

effective.

6.3 Spline Interpolation of FreeéAir'GfavitY'AnOmalies

The free-air gravity anomalies of Figure 6.1(c) reflect the»compléx
geology of the region. They are little correlated with elevation, for
the rms variation of the anomalies is 30,6 milligal, and the rms error
in predicting gravity from linear correlation with'elevation i; 24,5
milligal. This is thus not an area in which thevgravity anomaly

- field is easily modelled; with a sample of 144 andﬁalies, gravity
anomalies can belmodelled with an rms error little better than 7,5
milligal. 'Repreéentation‘of this highly variable data should be a

good indicator of the relative performance of different splines.

As in the previous section,; the interpolation by‘the splines of
Chapter 4 takes place in the plane. The usual technique is followed
of remoﬁing the topography to get Bouguer gravity anomalies, interpo- -
lating these aﬁom;lies, and restoring the topography (despite the weak.

60% correlation of gravity anomalies with elevation).
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The following splines are used, interpolating given gravity anomalies

. ' 2
at N points OLi = (ali,azi) eR™:

(1) multi-conic splines (4.75);

(i1) multi-quadric fumetions (4.83), with the same regularising

value &:2 =0,086 as in the previous section;
(iii) thin-plate splines (4.72);
(iv) pseudo-cubic splines (4.78);

(v) spherical splines, with m=1, now with o, € Q, i=1,... LN, and

x =RE, ai= Rni,

. N
s(x) = .Z aiKl’B(E’ni) + b. (6.7)
i=1
The kernel function is
R @y = 52 B (6.8)
- 71,B i 4w R n i’ *

n=2

If degree variances of the diéturbing potential fall off as n_3,' those
for the correspéﬁdirig gravity anomalies fall off as n_l, hence the
choice of m=1, whereas in the previous section m=2 (and hence also
the need for regularisation). The Bjerhammar sphere that seems to
work best is at a relative depth RB/R=0,99, in conformity with what

Lelgemann's (1981) rule would suggest.
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If m=2 spherical splines show some numerical insfabiliiy with

"increasing numbers of déta, this is even more likely for spherical
splings with m=1, since the funcﬁioﬁ Kl,B is more sharply peaked.
A small degree of smoothing is thus inﬁroduced, with the 'ridging’

parameter of Section 4.11 given the value %ﬂ=0,005.

(vi) Least squares collocating splines (6.5), with degree variances

K . (Emy = £o_(@=D) BB, 2042
col, 3 ) T @-2)(+24) R

P (Em)), (6.9)
and RB/R==0,§9, as in (v).

Pseudo-quintic splines ére not included; they perfbrm appreciably
more poorly in relation to other spline fﬁnctions than for geoid‘
interpolation; The procedure of the last section - randomly samplingv
from a 5'x5' data field - is again folloved, with N=4, 9, 16, 36, 64,
100 and 144. Figure 6.3 shows how the results compare. With some
fluctuations for small samples at N=4 and 9, the different spline

techniques seem to give very similar results. The improvement as the

Figure 6.3: (following page) Predictive power
v (eipressed as a percentage) for the

indicated spline functions, of free-air
gravity anomalies (solid lines), and of
least squares predicted anomalies
(dashed lines). The figures in italics
give the percentage error correlation
between spline and least squares

representations.
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number of data points increases is slower than with geoid heights.

In each case spline interpolation agrees better withvthe least

squares predicted anomalies than with the actual anomalies. This is
especially evident with the multi-conic and spherical splines. The
figures in italics in the figure giving percentage error correlation
between spline and least squares errors in representation further
strengthen the conclusion that the splines (i) to (v) above interpolate
gravity anomalies in very much thé same wéy as least squares

collocation.

6.4 Spline Geoid Interpolation with Gravity Anomalies

Spline functions need not interpolate data of one type only. 1In geoid
interpolation - for example, interpolating geoid heights determined
from comparison of GPS-derived ellipsoidal and spirit-levelled ortho-
metric or normal heights - gravity énomalies may éopfribute signifi-
cantly to-improving the repfeéentation. This will be indicated at the
hand of three examples, involving multiquadric and -spherical splines,
and least squares collocation.

(1) Multiquadric functions: As in Section 6.2, x==(x1,x2) e]RZ;

geoid heights Ni are givey at points di =(a1i,a2i), i=l,... ,N. A
further M gravity anomalies Agj are given at the points Bj==(81j,82j).
The_two-dimensional approach of the.previous sections is continued:

in representing the geoid as

N 1 Mo .
E aide(x’ai) + ;‘Z bj{ede(x,B

y -»—z-de(x,B.)}, (6.10)
i=1 ° j=1 J

L ®s

s(x) =




Figure 6.4:

159

20ppm

Rms errors (in metres) in multiquadric
representatiohs.bf the geoid in Figufe
6.1(b), intérpolating N geoid heighté
and smoothing M gravity anomaliés.
Figures in italics give the relative
representation'error (relative to the

closest interpolation point).
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were drawn from a wider area; these are thus uniformly sampléd’from

a 4°x%4° area centred on the 2°x2° oné.. A small degree of smoothing

is necessary to obviate the type of diﬁergence seen in Figure 6.2.
Only gravity anomalies are smobthed, with the 'ridging' parametef %
given a value of 0,05.. Chaﬁging-this value by several hundred percent
leads to little change in the numerical results. The results are more'
sensitive to the value of the regularising paraméter - a:value of €
corresponding to RB/RA=O,998 seems to work best, although the results

do not'change much for a 50% variation in €.

Adding gravity anomalies leads to a modest improvement in the repre-
.sentation of the geoid, and more so for small numbers of given geoid
heights (N =4 and 8). That there should be any improvément at all is
surprising. When introducing observétioﬁs other than function evalua-
tions,? in this case; introducihg grévity.anomaly évaluations as well -
it becomes apparent that multiquadric funptions (as also the splinés

in Table 4.1) are not the most natural building blocks for geodetic
models. Moreover, it is only through regularisation that gravity
anomalies are allowed as data at all. In this regard spherical splines
are better suited for representing the geoid using geoid and gravity

anomaly data.

(ii) Spherical splines: The m=2 spline interpolating both geoid

heights at points aif=Rn niEEL i=1,... ,N, on a spherical earth of

i’
' radius.R,.and gravity anomalies at points Bj==RCj, Cj e, j=1,... ,M,

has the form, for x=RE,
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N M
s(x) = I akK, _(E*n.) + ———Z b A K &*z,) + c,, (6.14)
4=1 1 2,B i 'YRBJ =1 3 2,B i 0
where
Agkn,B = (n-1)kn’B, n=1,2,... (6.15)

relates (except for the otherwise usual factor R) ghe 'degree variances'
for the spherical spline representation of the disturbing potential to
the 'degree cross—covariances' between disturbing potential and

gravity anomalies. The coefficients of (6.14) are found from the data

by solving the linear equations

N M
Z a (n,* ) + ——-Z b A K (n ) +c¢c,. =N,
4=1 & 2 B k YRBJ _1 3 . 2,B k 0 k
' k=1,... ,N, ‘
(6.16)
1 ¥ \ 1 )
_Yi-ilaiAng’B(.%.ni) * YZRRBJilb{AgKZ B(Cz C ) e 23 - WCO By
_ C8=1,... ,M, ‘
subject to the end condition
N 2 M
z a; =~ TR Ib,=0
i=1 Y j=1 J

' Representétions of the geoid in Figure 6.1(b), with rms érrqrs_as
given in Figure 6.5, are obtained in the saﬁe-Way as for multiquadric
functions, with N geoid heights‘sampled from the 2°x2° sfudy area, and
M gravity anomalies from a larger 4°x4° afea The gravity anomalies
are smoothed with the ridge parameter set to 0,3, though there is a

50% latitude in choosing this figure in which range results change only
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LOW

Figure 6.5: Rms errors (in metres) in m=2 spherical

| spline representations of the geoid in
Figure 6.1(b), interpolating N geoid
‘heights and smoothing M gravity anomalies.
(Ry/R=0,995, 1/0=0,3). Figures in
italics give the relative representation .

error (in parts per millionmn).
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slightly. The ratio R.B/R was set to 0,995.

Including gravity anomaly data leads to an improved spherical spline
representation of the geoid, particularly for small numbers of givén
geoid heights; for larger numbers the improvement is small. Spherical

splines perform almost as well as least squares collocation:

(iii) Least squares collocation: Here the representation is

N M

s(x) = I ak (E:n) PR bJA K

jop 1 col,B7 " VRgyoy (E'Cj), (6.17)

col,B

with K B given by (6.6), and A as in (6.15). The coefficients of

ol,

the representation are obtained from

N M
¥ akK . +-—=—71 b.A =N
i=1a1 col, B(nk N3 )_ YRBJ =1 i'g col B(nk J) k’
' k=1,... ,N,
(6.18)
1Y 1 M 2
Y RRBJ—l

,Q,'=1,... »M.

In interpolating the geoid of Figure 6.1(b) - in the same way as for
spherical splines above - theldepth of the Bjerhammar sphere was set
at RB/R=O’995’ and the ridge parameter, smoothing gravity anomalies
only, at %=052' Figgre 6.6 shows the rms errors in representing the
geoid. There is a substantial improvement when N is small, and the

relative improvement (not surprisingly) is less as N increases.
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0,6 -

0,4

0,2

Figure 6.6: Rms errors (iﬁ metres) in least squares
collocation representations of the geoid
in Figure 6.1(b), interpolating N geoid
heights and smoothing M gravity anomalies.
(R, /R =0,995, 1/ =0,2). Figures in
italics give the relative representation

error (in parts per million).
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To suﬁmarise: the inclusion of a small number of gravity anomalies may
contribute significantly to the interpolatien of geoid heights. Multi-
quadric functions were able to represent the geoid in the study area
with a relative accuracy of about 2 cm per kilometre from the nearest
interpolation point, irrespective of the number of geoid points. Least
squares collecation does twice as well, at about 1 cm per kilometre,

and spherical splines with m=2 only slightly worse.

6.5 Combined Doppler and Astro-Geodetic Geoid for-Southern Africa

Using the splines of Chaéter 4 for interpolating mixed data is on

firmer grOund’when the data afe essentially geometrical. This is the
case fef geoid representetions with date in the form of geoid heights
and astro-geodetic deflections of the vertical. This section describes
a geoid interpolating these twe data types. The geoid heights are
obﬁained as differences between eIliﬁsoidai heights.derived from-Doppler
co-ordinates and levelled orthometric‘heights, and astfo-geodetic
deflections of the verticel are used as measures of geoid gradient.

Pseudo=-cubic splines are used to interpolate these data, for they are

sufficiently continuous to be able to accommodate derivatives.

As in the previous sections we continue to work in the plane, with
x==(x1,x2) =(R¢,RXcos¢0), (6.1). This introduces no error, other than
that the semi-norm (4.79) measuring overall smoothness refers to the

plane projection, rather than to a spherical earth.

Geoid gradients in north-south and east-west directions are related to

the components &,n of the deflection of the vertical By-(Heiskanen and
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Morita, 1967, p 112)

aN 1dN _ . _
G5, " Rap T O-9,

b (6.19)
dy 1 dN _ __ ' :
ds)\ Rcosp dA n (A -2)cosé.

In the projection plane the geoid gradients are
= -dﬁ = d—N —(-i—i(b = _E‘
L™ ds ydx ’
ds (6.20)
v = dN _ dN-""A _ __cos
dy dsxdy cos¢07

‘The geoid heights N=h -H remain unchanged in the projection..
. L. . _ : 2

Let geoid heights Ni bé given at N points ai-—(uli,uZi) 613 s

~and pairs of geoid gradients (uj,vj) be given at M pointS'Qj= (Blj,sz).

The pseudo~-cubic spline interpolating'these data has the form (with

x=_(x1,x2))
N 3 M M.
s(x) = iilailx-o‘;il + j§13bj(x1—81j.)lx—8j.|-+ j§13cj(x2 —sz)le8j|

r

+ do + dlxl + d2x2’ o (6.21)

where the coefficients {ai}i?l,... N° {(bj’cj)}j=1,... M dgs 4y, d,

are obtained by solving the linear equations

(following pagé)
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. N . M
, 3
s(,) = Zaloa-a|”+ I3 (. -B)a -B8]+
k j=1 I ki jo1 3 1k "1k j
M - |
+ I 3ey(0y -8y o ~By ]+ dy + djagy + dyuy, = N,
j=1 , ( _
k=1,... ,N,
; N |
5;'8(82) =_.E Bai(Bll'_qli)lBQ'_ai'
1 i=1
o 2 35028, ~8. )2+ (B —8 )2}]8, -8.] ]
3=1 R £ & 2% 723 27"
M _ -1
# j£13cj(812-81j)(822-sz)le—BjI +d = Uy,
. L= 1,... M, (6.22)
) N |
3_xz-s(82) = I 33, (Byg ~0;) 8y -]
i=1 .
-1
+ j§13bj(em =By (Byg By ) 1By - 8,1
2 30, ((8,, -8 )2 42(8,, -8 >.2}|e 8 e a =y
+j:1 ¢ 1 Prg = P15 20~ P23 8Py 2= Ve

subject to the natural spline end conditions

N

ra, =0,

=1 T

N M

I a0 + .E b, = 0,



The southern African data available for the construction of a pseudo-
cubic spline geoid of the form (6.21) are shown in Figure 6.7. The
data comprise |

(i) 92.pairs of vertical deflection components throughout South
Africa observed since 1965 by the Chiéf Di;ectorate of Surveys
and Mapping in éupport of their geodeticvtraversing programme
(D.P.M. Rousseau, personal . éomnication)';

(ii) 9 pairs of deflection dompoﬁents along the South African section:
of the 30°E meridién arc (_Umlon of 'Souf;ﬁ' Africa, 1954);

(iii) 47 pairs of deflection components along the parallel 30°S
observed in the years 1960 fo 1969 by B.M. Joneg and P;V. Angus~
Leppan (Jones, 1970); o

(iv) Five Doppier points in South Africa and one in Namibia that are

| South Africa's part of the ADOS'Afriéan Doppler Survey;

(v) a further 21 points in South Africa and the southern pért of
Namibia determinea by Doppler translocation, and tied to the
South African ADOS points A(D. P.M. Rousseau, personal commumnication);

(vi) 9 ADOS Dopplef points in Botswana, 4 in Swaziland, and 6 in
Zimbabwe (Kumar, 1983). Though“thg pointsiiﬁ Zimbabwe and<foﬁr
of the points in Botswana fall outside the study area, they have
neverthelessAbeen included in the solution since théré are few
data along the northern margin. The five ADOS points in Lesotho
are not included since (trigonometrica11§ levelléd) elevations

there are inconsonant by 1,5-3,0 m with those in South Africa.:
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Figure 6.7: Distribution of (a) Doppler-derived
\ geoid heights, and (b) astro-geodetic
deflections of the vertical, contributing
to the pseudo-cubic spline geoid shown

in Figure 6.8.

The astro-éeqdetic deflections in (6.19) refer to the geoid, while the
astronomic latitude and longitude ®,A are observed,af ground 1e§e1,

and should be reduced to the geoid.' In the absence of real information
about plumbline curvature, and in view of the conveﬁtibnal ellipsoidal

corrections being of little value (Heiskanen and Moritz, 1967, p 196),
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this reduction is neglected.

Further, the deflections £,n in (6.19) refer to the geodeti¢ datum
used for the horizontal geodetic network; this is.the Cape Datum, 1i.e.
the Modified Clarke 1880 Ellipsoid (a=6 378249,145 m, £=1/293,466)
whose position and orientation is defined at the datum point Buffels-
fontein. The Doppler co-ordinates refer to the NSWC 92-2 reference
'system, and were transformed to the Cape Datum using the transforma-

tion parameters recommended by Merry (1985):

XO = -133,4 m,
YO = -108,8 m,
' : (6.22)
Z0 = -297,9 m,
— 11
ez_— 0,8.

One further ﬁoint to note is that published;élevations in SOutthfrica,
though nominélly 'heights above sea level', are not properly orthometric
heights, but conform more closely to a system of normal heights.
Consequently the geoid heights calculated-as N=h-H are closer to

being height anomalies or quasi—geoid heights.

Figure 6.8 shows the pseudo-cubic spline interpolating the given geoid

‘heights and astro-geodetic deflections of the vertical.

The value of this geoid can be assessed by comparing it with an inde-
pendent gravimetric solution. Figure 6.9 shows the UCT86 geoid (van

Gysen and Merry, 1987) transformed to the Cape Datum, and Figure 6.10
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Figure 6.8: Pseudo—cubic spline geoid (on the Cape

Datum) interpolating Doppler-derived
geoid heights and astro-geodetic deflections

of the vertical. Contour interval 1 m.
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Figure 6.9: UCT86 geoid for southern Africa,
transformed to the Cape Datum.

Contour interval 1 m.
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Figure 6.10: Error in the pseudo—-cubic spline
Doppler/astro-geodetic geoid relative

to the UCT86 geoid. Contour interval

1 m.
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the difference between tﬁe two_solufions. Thére are significant

disérepancies between the Doppler/astro-geodetic and.graVimetric

geoids. The differences could be due to

(1) errors in the gravimetric geoid;

(ii) errors in the Doppler co-ordinates, and in the levelled heights
of the Doppler stations;

(iii) errors in the observed astro-geodetic deflections;

(iv) shortcomings in the model, e.g. in usiﬁgftopographic rather
than réduced deflections, and iﬁ not accounting for the local
variability of the verfical deflections; and

v) shortcomings in the distribution of data.

The consequences of errors in the deflectioﬁs, and shortcomings in
modelling these, are moderated somewhat by the Doppler-derived geoid
heights counteracting the introduction of erroneous tilts. There is
little that éaﬁ be done about the distribution of the data available.
Where there are no data, or where the data are inadequate for modelling
the geoid, there is little success, as in Mozambique and in the
Transvaal Lowveld. Nonetheless these areas cannot entirely account

for the rms discrepancy between the two solufions of 2,2 m. The
gravimetric geoid has a precision considered to be somewhaf better thaﬁ
1,0 m; much of this error is at medium wavelengths (Merry and van Gysen,
1987). The Doppler co-ordinates also have a precision better than 1,0 m.
The rms error between gravimetric and Doppler-derived geoid heights at
the Doﬁpler points themselves is almost 2,0 m. So, apart from errors
-at thg Doppler points (and due, in considerable measure it would appear,

to uncertainty in the elevations of the Doppler stations),; the rms
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error in the spline geoid is close to 1,0 m.

The ratio between the rms discrepancy between the two solutions, and
the rms variation in the geoid itself, is 60%; discounting errors at
the Doppler points; the power of the spline solution is 277Z. Thé
spline solution is thus modestly successful. Where there are abundant
data, as in the central parts of South Africa straddling 30°S, the
spline representation is good; it is inadequateFWhere there are few

data, as in the north-eastern and eastern Transvaal.

The splin; technique caﬁ be used for ﬁore than finding functions that
interpolate or smooth data. As is ipdicated in Section.4.13 splines

may aléo be put to'use in the approximation of linear functionals.
Amongvthe functionals of geodetic interest are Stokes's integrél and

the formulae of Vening Meinész (Heiskanen and Moritz, 1967, p 96, p 113),

and the vertical derivative operator L. that appears in the solution

1
of Molodensky's problem by analytical continuation (Moritz, 1980, pp
377-388). Thi# section presents thin-plate spline quadrature rules

for the nume:ical evaluation of these integrals, to a planar approxima-
tioﬁ, énd within a circular innermdst.zone (in which the integrals are
most sensitive to the-data). The spline approximations are exact

(within the planar approximation) for constant and linear functions,

and for thin-plate splines interpolating the data.

The three integrals to be considered are given to the planar

approximation as follows (Heiskanen and Moritz, 1967, p’121; Sideris
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and Schwarz, 1986):

(i) Stokes's formula: With x= (Xl’XZ) £ ]Rz, y= (yl’y2) £ ]Rz, the

n'th term in the Molodensky series for the height anomaly is

g, )

21
g (x) = Yoff zT——-—r dm, (y) (6.23)

where dmz(y) = i%ﬂm(y), (4.19); Yo is an average value of gravity;
g0==Ag, and gn, n=1,2,... are the gravity anomaly correction terms

in the Molodensky series, given by (6.26) and (6.27).

(ii) Formulae of Vening Meinesz: The n'th terms in Molodensky's
solution for the components of the deflection of the vertical at

ground level are

E_(x) g, (v) [%; -7
? fJ' I v an (), (6.24)
nn(X) [X YI 2-}’2

(iii) LZ operator: Provided f is continuous at xeimz,

LG = [f Mdm oy (6.25)
R. [x y :

Ll is applied recursively in calculating the terms g (Moritz, 1980,

p 386):

-

Ln = 5 Lan—l’ (6.26)
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n .
g, (0 = -izliH(y)-H(X)}lLign_i(y) | (6.27)

where H is normal height.

The contribution to each integral of a circular disk of radius r

0’
centred on x € ]RZ, is
ff g, (¥) (
(x) = dm,, V), (6.28)
n I x—y|<1 X - y|
£ (%) g (x.-y
ms 1 = $iff —2— ' " Han,m, (6.29)
I(x) 0 lx-y[éll'x—yl X,"Y,
L, (f&) = L fﬂ £ -£(x) m, (¥) - (6.30)

x-y[<1 |x- y|3

The second subscript I indicates 'contribution of innermost zome'.
This is the area in which each integral is most sensitive to the data.

The linear scale has been changed to give the disk unit radius.

Let OLi=(0L11,0LZi), i=1,... ,N, be.distinct"points in ]Rz, not all
along a single straight line,. at which are given the data in the form
of function evéluations Ga., i.e.. gravity anomalies Ag are given, or
the quantity g derived fr;m these anomalies. The Oy need not fall
within the disk, but if the quadrature is to-reflect realistically the
sensitivity of each integral to the data, many of the data points

should haVé lai-x|§1. It will be assumed below, in (6.40), (6.45) and

(6.51), that all |di—x|§1.
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Quadrature rules approximéting the integrals (6.28)-(6.30) are weighted

sums of function evaluations at the nodal points a,:

r. N

__0 o
Cn,I,s(X) = YOizlaign(qi), ‘ (6.31)
£ (x) N [(b,.). :
n,1,s = ) 14 g (@), (6.32)
n (x) Yoi=1lp . | ™ 1
n,I,s ~ 21
'Ll,I,sf(x) = ;6i£1ci{f(ai) -f(x)}. | (6.33)

The additional subscript s indicates 'spline approximation'. The
approximation is to be exact for constant and linear functions within
the nullspace of the semi-norm (4.73), and exact for thin-plate splines

(4.72) interpolating the data.

Section 4.13 éhows how the coefficients of such approximations may be
found, as the solutions of linear equatio;s of thé form (4.109). The
coefficient matrices A ahd B are precisely those of the thin-plate |
spline inferpolation problem. Only the right-hand sides of (4.109)

need still to be determined. The elements still required are

= * i =
4 <<sOle Ky»®>, §=1,... LN, (6.34)

(where K2==|y|210gely|, and £ is the desired integral) ensuring the

approximation is exact for interpolating splines; and

e, = <1,2>,
(continued)
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) = <y1-x1,,Q,>, (6.35)

]
I

3 = YpEpR”,

ensuring the approximation is exact on the nullspaceiml.

As in (4.109) the coefficients'{ai}, i=1,... ,N of the approximation
of (6.31), for example, and {hk}’ k=1,2,3, of the spline nullspace,

are obtained from the solution of

Aa + Bth

]
(=N

(6.36)
Ba - =e '

with

( 0

6.6.1 Stokes's formula:

2
o, =0, | “1og_Jo, 0, |

. .2.
\|aN—al| 1oge|aN—all

d; (0 = [f

2
Ialﬂle 1oge[a14x2|

0

5
IaN-azl 1oge|aN—a2'

} 3,N

2
lY..aj[_loge|y-aj|

. o |210g |a, =0
tte 1% ‘e' "1l TN

tx-y|<1

[x -yl

dmz(y);

' 2
|a2—aN| 1oge|a2—aN]

(6.37)

Here £ is the integral (6.28), and

(6.38)

B

N,N
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Figure 6.11: Relation on the unit disk, between
spline knot aj and integration

variable y.

Putting r==|x-y|, and.rj"=|x-aji, as shown ‘in Figure 6.11, we have

2 2 2
-0, =r +r, - 2rr,cos
|y ;! 5 je089,

™ 9 9 9 loger ‘ r,2 _
— |y-—a,| log [y-—a.'d¢ = (r" *r.7) + J (6.39)
2m i e i b 2
0 log r, T
e’
r2r, _
for 1| (Spiegel, 1968, equations (15.106) and (14.288)), and
r<r,
J

consequently that
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Tioo2 2 2
' dj(g) = [ H(x 4-rj‘)1ogerj-+r Ydr

0 .
1 ' .
' 2 2 2 1 4 3
+ {(r +r, Jlog r+r, r = -=+ =r.7. - 6.40
fr' ( ! ) 8, r:I r 5 ng (6.40)
J
In addition,
e, (x) = [f — dm, (y) = 1,
1 Ix_ylgl X-y 2
7% . |
e,(x) = H — dm, (y) = 0, (6.41)
2 lx-Ylgllx—y A

YZ_X ’

(x) = 2 -
‘e3(x) _fflx-Yl_s:L'lx—_-_-}—rT dmz(y) = 0,

All the elements for the solution of (6.36) are in place. The distri-
" bution of the data evaluation points on the disk may be quite arbitrary;
they need only be'Pl—uniSOIVent. However, in the numerical examples

to follow, data will be presumed on a uniform rectangular gfid - in

practice the most likely situation.

Figure -6.12(a) shows the qﬁadrature weights a; i==1;... »5, for a
gri& spacing of 1, Figure 6.12(b) the 13 coefficients for a spacing of
1/2, and Figure 6;12(c) the 29 coefficients for a spacing of 1/3. bIn
each case the result is still to be multiplied by rO/YO (leaving to the

user the choice of units for g, and YO).

It is a consequence of the first end condition in (6.41) that the sum
of the weights is 1 for each quadrature rule. This satisfies the result

of approximating the innermost zone by a constant function (Heiskanen
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Quadrature weights for the thin-plate

spline approximation [ of Stokes's

n,Il,s
integral Cn,I over a unit disk, for
(a) grid interval 1 (m=1, N=5),

(b) grid interval 1/2 (m=2, N=13),
(¢) grid interval 1/3 (m=3, N=29).
The weights need to be multiplied by

rO/‘YO.
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and Moritz, 1967, p 122). Tor the three examples given in Figure 6.12
the quadrature coefficients are positive, which is a satisfactory

feature.

How well do the quadrature rules (6.31) approximate the integral (6.28)?
Three simple examples will give some idea of the effectiveness of
thin-plate spline quadrature of Stokes's integral; r==[x-—y|, and the

factor rO/Y0 is neglected.

(1) - g, () =135 T, 1™ = 33

1 1

I‘—Z‘ I‘gz . 9

(ii) g (y) = for | - 3 T (%) = 353 (6.42)
’ n 0 r<l/4 n,I 32

r2 y 2
(iii) .gn(y) = v, %, 2; En,I(x) = ;5/2.

(2-+———;?——).

Table 6.1 shéws the results of approximating (6.42) with different
numbers of knots; m in the table is the number of intervals into which
thé unit radius is divided; and N is the number of knotsﬂ Splinev
quadrature appears quite effective fo;;the numerical evaluation of the

innermost zone of Stokes's integral.

6.6.2 Fbrmulée of Vening Meinesz: The first formula of the pair (6.29),

for the north-south deflection component &, will be considered here.
Quadrature rules for the east-west component 1 may be obtained by
rotating the results for & by 90°. The Vening Meinesz integral

applied as & to the thin-plate kernel function gives, for (6.34),



Table 6.1: Thin-plate spline approximations
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n,I,s
to the three sample integrals in
(6.42).
m N Cn,I Cn,I,s relati;e error
(i) 1 5 0,3333 | 0,4275 28,24
2 13 0,3331 0,07
3 29 0,3336 0,09
4 49 0,3326 0,21
6 113 0,3332 0,04
8 197 0,3332 0,05
(11) 1 5 |. 0,2813 © 0,3206 14,00
2 13 0,2945 4,73
3 29 0,2849 1,31
4 49 0,2777 1,28
6 113 0,2809 0,11
8 197 0,2809 0,11
(iii) 1 5 0,1283 - 0,1722 34,20
2 13 0,1294 0,82
3 29 0,1286 0,24
4 49 0,1281 0,13
6 113 0,1282 0,04
8 197 0,1282 ‘ 0;05
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2
Iy—.OL.| log |y—0L.|
d.(x) = [f ] =

_ 3
] Ed S |x -y|

(xL -y )dm2 (yv). (6.43)

Putting r= |x—y| and rj= lx-ajl, and with wj as shown in Figure 6.11,

(x.1 -y.)
""T??:Eﬁ' = cos (9+V,) = cos¢cosd, - sindsiny,.

Now
27
1 2 .
2, |y -a41"10g, |y -0, sinddd
—'l_ZTT‘ 41,0 -2 os¢) Lo (r2+ 2 _2rr cos¢) sinddg
= 4’”0 (r rj rrjc ] ge rj i ¢
= 0’
and
2T
1- 2.
&1 1y -y 108, |y - |costas
3
log r r, /r
o e R R (6.44)
A 2773 4| 3
.‘.Og r. r /r.
e J
r>r, ‘
for J

<y (with the help of Spiegel (1968), equations (14.285) and
' 3
(14.288)). Thus

rj 1 lr2
dj (x) = f() {-rjlogerj - Erj - Zr—.fcoslpjdr
1 ’ 1 1 r.3
+ f {—rjloger i Z_LZ Icosledr
r, T
J
1. 42 1.3
= { 2rj + 3rj ZrJ }cosle. (6.45)
Further
: X, -y '
1 1 .
e = ff 4dm, (3) = 0,
|x-y]<l |x -y

{(continued)
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|
—
“ﬁ

e3(x) 3 dmz(y) =0, (6.46)

]

|
—
"ﬁ

ez(X)

The solution for the-quadrature coefficiénts {bii}’ i=1,... ,N, in
(6.32) may now be obtained from (6.36). Figure 6.13(a) shows these
coefficients for a grid‘spacing of 1, and Figure 6.13(b) for a spacing
of 1/2. The coefficienﬁs satisfy the linear function approximatién

for the innermost zone given by Heiskanen and Moritz (1967), p 122.

The sign change fpf the coefficients at the points a=(1,0) and

o= (-1,0) means the:nodes for the,13—point rule in Figure 6.13(b) are
‘not chosen satisfactorily. Eﬁr(a given‘number of knots_it may be |
better to select more grid points cldser to the computation point x.
One possibility is to choose the knbts as |

- .y = (832 (%2 _
@ = (a,0,) = (375,339, k,2=0,... ,m, Ja] <1, (6.47)
Figure 6.14 shows the quadrature weights for this form of 'quadratic

sampling' from a more dense grid, with m=2 (and N=13).

Figure 6.13: (Following page). Quadrature weights

for the thin-plate spline approximation

gn,I,s
g over a unit disk, for
n,I : .

of Vening Meinesz's formula for

(a) a grid interval of 1 (m=1, N=5), and
(b) a grid interval of 1/2 (m=2, N=13).
The weights need to be multiplied by l/YO.
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.f-o, 1728 l—o,aela

.'0,/725

® 0,0 ‘&0 ‘0,0

0,i725 _0,3213 _0,1725
. £ 4 . ? . ]

Figure 6.14: Quadrature weights for the thin-plate

spline approximation & of Vening
n,I,s

Meinesz's formula for § over a unit
n,I

disk, for a grid interval of 1/4 with

*quadratic sampling' (m=2, N= 13).
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Thin-plate spline quadrature of Vening Meinesz's formula, with
quadratic sampling from a more closely spaced data grid, is tested on

three simple examples:

W g = Gyl lx-yl®h g @0 =3
W g = G-y lxoylTh g = g (6.48)
1 -1 :
(x, -y ) QA -Flx-y| ) .
(119) g (» = | 1 P4 ;£ G = S+ilog T

0

lx -y| >1/4

for "1y -yj<1/4

Table 6.2 shows that the quadrature is effective for approximating

these integrals.

6.6.3 Ll qperator:v The integral (6.30) is a linear functional on the

difference f(y) - £(x). Constant functions are excluded from the
integrands f(y) - £(x) of (6.30), and from the spline approximation of
(6.30) as well. Since censtant functions fall within the nullspace of
thin-plate splines, the technique of Section 4f10 may be used to
exclude any constant function from linear combinations of the kernel
|y|210ge|y]. (4.91) gives the projection removing any dependence on
constant functions. Under this projection, with a constant zero
evaluated at x=§0, the kernel funcfion |y-—ai[210ge|y-ai! is trans-

formed to something proportional to

2 2 L
ly"ail 1°8e|Y"ai|—|y—xl logeIy—x[-Iai—x|loge[ai—x|. (6.49)
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"Thin-plate spline approximations &

. n,I,s
to the three sample integrals in
(6.48), with the quadrature nodes
;elected as in (6.47)."
m ‘ﬁ | En,I En,I,s relati;e error
(i) 1 -5 0,3333 | 0,0000 | 100,00
2 13 0,3015 | 9,54
329 ©0,3304 0,89
5 85 0,3334 0,01
7 169 0,3342 0,25
(id) 1 5 0,1875 0,5000 166,67
| 2 13 0,2375 26,68
3 29 0,2002 6,76
5 85 10,1886 0,57
7 169 0,1877 0,11
(iii) 1 5 0,2017 0,3750 85,91
2 13 0,1757 12,91
3 29 0,2080 3,13
5 85 0,2029 0,61
7 169 0,2022 0,24
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. . 3 1"(2) ‘
The proportionality constant, c= 1..( =3L can be neglected, and (6.49)
used as kernel function in forming the linear equations (6.36). The
nullspace of this kernel mapping now containé only functions linear in
Y1 =% and Yy "%y The right-hand side of (6.36) requires
ly - - o, | log, ly -a, |-|y—xllog ly-x1-]a, —xllog la. —x |

d.(x) = [[ . & dn, (v).
] flx-y|§1 x-yl? "2

(6.50)

It follows from (6.39) that, with r=|x-y|, rj= |x—0Lj|,

T .
1 ; 2 2 2
z—ﬁfo {ly -OLj| 1oge[y —aj | -r log,r - T logerj }do

. 2
log r T,
(r2+r ) € + 3 ]- rzlog r - r,zlo T,
2 e 3 Ee 3j
| log r, T
) e ] '
r<r and consequently that
r 1 2 r 2 2
d.(x) = [ J{log T - log, r+1}dr + f {—llog r——log T +—l Ydr
I 0 T, r r r
J
2 2
= 4 . = 2 . + 1 . 6'51
A I, T T 08,1, . | ( )
In addition,
5 ~x,
e,(x) = [/ dmz(y) =0,
}x-YI<1 |x - yl
(6.52)
Vo =X,
2 2.
e3(x) = ff ‘ —-—f———3dm2(y) = 0,
|x=y{<l |x -]

and ey does not appear.
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(a) | o 0,4809

-0,/1882

0,1485
[ }

-0,1882 ‘l 3975 -0, /88i

0,485
°

(b)
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0,2198 12,6464 0,2/98
° 3 °

2,646'4L 2,6464 0,0468
o —— —

0,2198 2,6964 0,298
[ [ [

Figure 6.16: Qﬁadrature weights for the thin-plate
spline approximation Ll,I,s of the L1
gradient operator, over a unit' disk,
for a grid interval of 1/4 with

'quadratic sampling' (m=2, N=12).
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2
(iii) f(y) = lx-vy_'l' 3 Ly (= —2'3/2'
@+ 22 >

Table 6.3 shows the results for the quadrature of these integrals.

Gravimetrie terrain corrections: The terrain correction, also to a

planar approximation, is given by

v 2
B {h(x) -h :
cey = By @ hOF (6.54)
. 277 2 3 2 :
R" |x-y|”
where B =2mKp is the Bouguer gradient (K is the gravitational constant,
and ¢ the uniform density of the topographic masses). The contribution
to C of the topography over .a unit disk of radius Ty centred on X € ]RZ;

- is

2 .
CI(X) _ B H' {h(x) —h(é’)} dmz(y). (6.55)
0 |x-yls1  [x-y

The quadrature weights for tle Ll operator may be used for the terrain

correction C, also, provided evaluation at the quadrature’ nodes is

I
{h(e) -'h(x)}z, and the result is multiplied by B/2r0.
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Table 6.3: Thin-plate spline.approximations L 1.s
1 1

to the three sample integrals in

(6.52), with the quadrature nodes-

selected as in (6.47).

m N Ll,I - Ll,I,s relati;e error
(1) 1 4 0,6667 . 0,0000 100,00
2 12 ' . 0,7164 7,47
3 28 ~ 0,6251 6,23
5 8 0,6649 0,27
7 168 0,6683 0,25
(1) 1 4 0,6363 11,4427 126,73
2 12 0,2315 . 63,61
3 28 ” ©0,5961 6,31
5 84 0,6534 2,68
7 168 0,6357 0,10
(i1i) i 4 0,3849 0,7748 . 101,29
2o 0,3823 0,68
’3 28 0,3947 2,55
5 84 | 0,3866 0,43
7 168 | *0,3854 0,12




CHAPTER 7

CONCLUSION

7.1 Summary

Orthogonal projection ‘in Hilbert space forms the basis ofimény
techniques of approximation. In the épline method the projection
takes place in a Hilbert space with the 'initial' inner product,
(2.18), deriving from an observation mapping F and a 'co-observation'
mapping U. Figure 2.2 illustrates the geometry of the projection.
Relations between F and U determine the existence ana uniqueness of
interpolating splines, (2.3) with (2.4), and smoothing splines, (2.5);
the requirement of F and U is that they have closed nullspaces and be

collectively injective.

If Chapter 2, characterising spline interpolation as orthogonal
.projection, deals with the geometry of spline approximation, the
following chapter can be said to déalnwith the algebra. There the
first steps are taken towards constructing spline elements by drawiné
on the other important feature of Hilbert spaces, the Riesz mapping‘
associating elements of the Hilbert space with elements of its dual
space, (3.4) et seq. The concepts taken from Séhwartz (1964, 1973)
relating to the kernel associated with a Hilbert sub-space of a
larger locally convex topological vector space, are readily extended
to kerneis associated with semi-Hilbert sub-spaces, (3.7). Once the
associated kernel is identified, the spline interpolation problem may
be solved in the way shown by Duchon (1977), here Section 3.3.

Chapter 3 is rounded out by a brief treatment of the problem of

198
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spline approximation of 1igeaf functionals, of reproducing kernel
functions (in contrast to the work of Meinguet (1979a, 1979d, 1981)

on surface splines, and of Freeden (198l1a, 1984a) on spherical splines,
these aré not central to the approach I have adopted), and, very

 briefly indeed, of the connections with Green's functions.

The purpose of Chapter 4 is to-identify kernel mappings associated
with spaces of distributions on R". I was unfamiliar with the theory
of distribufions énd with the theory of Sobolev spaces, and hence the
introductory sections to the‘chapter setting outmconcepts and defini—'
tions. The Sobolev spaces mostréommonly encountered in the theory of
differential equations are HSéH{B; -ssim, (4.37), which are Hilbert

spaces with norm
NollZsegny = [ ,a+191)%80) | 2an o). C (4.39)
R o

The spaces more relevant to our purposes are ﬁs(ﬂg5, for s'<%3 (4.42),

which are also Hilbert spaces, with norm

2 .
lollge ey = [alv1*100) %m0 (4.43)

I have relied on Duchon (1977) in showing that ﬁs(ﬂf5 is a Hilbert
sub-space of the space ¢;fof tempered distributions on Hgn and that

n n
for -5 <s<s=

5 k and Q.an open bounded set in ﬂfﬂ

5@ - 15@). (4.48)
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Section 4.6 introduces the Beppo-Levi spaces D-mﬁs(nfB, all whose

m'th derivatives are in ﬁs(nﬁb,- s<<%; (4.50). These are the semi-

Hilbert sub-spaces (with semi-norm (4.51)) in which spline solutions
n n

will eventually be found. On bounded sets (I, with —m-2'<s~<2, we

have the equality S
o5 @ = @, | (4.52)

making D-mﬁs(ﬂf5 a dense semi-Hilbert sub-space of the Frechet space
m+s ,n I V , .

Hloc(nt). This is the result required in Section 4.7 for the
construction of the kernel mapping associated with the Beppo-Levi

space D "H°(R"). The theorem taken from Duchon (1977) giving the

kernel as

0: H"°Npe > p "B (RY),

" Tcomp m-1

(4.57)
- * i |

Ot WUy 42gn

where
A ,
Fx| 1oge|x|, A even, non-negative,
KA(X) = ' ' (4.62)

|x|x otherwise,

is the most important outcome of the whole chapter. The Fourier

transform plays a Significant part in obtaining this result.

The rest of Chapter 4 is relatively straightforward. = Section 4.8

shows how the interpolating rdtatioﬁ—invariant 'surface splines'
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. ips . P n . .
semi~Hilbert sub-spaces of distributions on R - is extended to splines
on the circle and on the sphere, there are immediate savings, since
the Fourier transform of a periodic or spherical dustribution takes on

é particularly simple form (equations (5.3) and (5.27), :espectively).

Simkel (1984a, 1984b) has given a nice explanation of periodic splines.
I have done little more than show that the kernel associated with
Hm(H), distributions on the unit circle Tl whose m'th derivatives are

square integrabie, is the mapping

8: (D'(M)'NBY » D' (M),

(5.10)
9:_ U UK,
with
Ky () = 3 5¥§§§§. (5.11)

k=1 k

In the same way, there is no more comprehensive treatment of spherical

and harmonic splines than the work of Freeden (198la, 1981b, 1982, 1984).
I have merely indicated that the kernel associated with Hm(Q), the

space of distributioﬁs oﬁ the unit sphere 2 whose m'th surface

gradients V are'square’integrable, is the mapping

6: (D'(M)'NPG > D'(D),

(5.34)
. > 1%
8: u U Km,

with

Km(cosw) = nilgﬁil{n(n+l)}—mPn(COSW). (5.35)
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For the rest, Chapter 5 places in a spline context the choice of
'degree variances' (5.36), regﬁlarisation by introducing a Bjerhammar
sphere, and the_SzegB and Krarup kernels from the theory of analytical
collocation. Analytical collocation is the same as spline interpola-
tion using a kernel associated with a Hilbert (as opposed to semi-

A

Hilbert) sub-space.

Chapter 6 gives some numerical examples of the use of spline functions
for gravity field approximation. - For straightforward interpolation

of a single data type, e.g. geoid heights or gravity anomalies, there
is little to choose between many surface splines, or spherical'splines,
and least squarés collocation. Spline interpolants lie close to

least squares interpolants. When it comes to interpolating different
data types, with observation functionals other than point evéluatioﬁ,
surface splines do appreciably worse, at least on the evidence of
multiquadric interpolation of geoid heights and gravity anomalies in

| Section 6.4. It is surprising this interpolation worked at all, for
the multiquadric functions have little to do with any geodetic reality.
Splines are better suited to representations:based on mixed data, when
the data are related geometrically, as in Section 6.5 giving the
example of a pseudo-cubic gepid for southern Africa interpolating
Doppler-derived geoid heights and astro-geodetic deflections of the

vertical.

The final numerical study shows how thin-plate spline approximations
may be found for three standard geodetic integrals: Stokes's and

Vening Meinesz's formulae, and the L., vertical gradient operator

1
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that appears in the series solution of Molodensky's problem. These
spline-based quadrature rules take the numerical evaluation of geodetic
integrals.away,from the strait-jacket of.data on a fixed rectangular
or circular grid, in contrast, éay, to recént work by Wang (1987) dn

the bicubic spline evaluation of the L. gradient operator, where data

1

are still restricted to a grid.

7.2 Splines and Gravity Field Approximétion

Tscherning (1981) compares different techniques for obtaining
detailed'representations of the earﬁh's gravity field. The spline
technique ié part.of the 'operational appfdach' to gravity field
approximation. A change in solution space is required, away from the
disturbing potential T harmonic outside the surface of the earth (and
regular at infinity), to a space of functions harmo;ic outside a
‘sphere contained within ;he-earth, ér to a spacé from whichfthe
disturbing potential is even further rembved in the case of surface

splines.

The quadrature formulae of Section 6.6 may be regarded as a contribu-

tion to the alternative 'model approach'.

Interpolating splines are‘part>of the technique of ipure collocation'
or 'exact collocation', and smoothing splines part of 'minimum norm
collocation'. On the other hand, collocation is usually thought of as
involving spherical kérnel functiéns (such as (5.43) or (5.46)), so

apart from spherical splines, splines may also form part of the

technique of least squares approximation, albeit with as many
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coefficients as observations. The close relation of the data points

to the spline knots is an important feature of spline theory.

Tscherning (ibid.) assesses features of different techniques under a

number of headings; the same headings are used here:’

Theoretical properties:

(D)

Representation of the disturbing potential is harmonic and
regular at infinity: Spherical splines are harmonic outside
the sphere with radius RB; regularity, the absence of the first

degree harmonic, may be achieved by omitting the n =2 term from

>(5.43), and from its derivatives, (5.44) - (5.46). This is done

(i)

(iii)

(iv)

(v)

(vi)

in (6.4) and (6.8).

Set of harmonicity correct: No.

Parameter estimation possible: Yes, but this is not something

I have considered.
Regularity at infinity not needed: Yes.

Spherical approximatiOn not needed: Yes, this is possible, but

a spherical approximation has been used throughout.

Ultimate precision possible (i.e. convergence to the 'true'
disturbing potential T): This can be made possible, but not

without estimating improved observation point positions, thus
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not with the two-dimensional approach of Chapter 6.

(vii) Reduced data not needed: Again, this need not be necessary,

but I have used throughout data reduced to the plane or sphere.

Flexibility and reliability:

(viii) ALl functiomals of the disturbing potential can be evaluated:
Yes, in the case of three-dimensional spline représentations.
In the case of two-dimensional splines, the types of functionals

that may be evaluated is limited.

(ix) ALl data types may be used: Yes, in the case of three-dimension-
al splines. In two dimensions the data need to be reduced to
the plane or sphere; moreover, we see in Section 6.4 that not

all data types need be accommodated equally comfortably. .

(x) Data quality may be taken into account: Yes, the simple
'ridging' technique of data smoothing may be extended to

reflect observation variances.

(xi) Error estimates computable: Itlshould be possible to derive
in;efnal,estimates of the error of representation'on the baéis
of data type and data distribution (though one difficulty cbnse-
quent to changing solution space is to obtain some estiméte for’
[l T|/). . I have done no work in this direction, relying in

Chapter 6 on external comparisons.
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(xii) Global data coverage not required:; Yes, as is true for all

operational methods.

(xiii) Stable in clusters: vExperience shows that the tendency to
numerical instability in the linear equations (4.68), and the
analogous equations for spherical splines, is exacerbated by
data clustering. This may 5e an incentive to make more use of
reproducing kernel functions, so that the equation system to be

solved is at least positive-definite.

(xiv) New data introduced easily: Yes, the solution of the linear
equations (4.68) can be adapted to accommodate additional data
without having to solve the augmentgd equationé de novo. When
the vaiues of existing data are chaﬁged, a technique such as
Crout factorisation requires no more than a fresh back-substitu-

tion through the reduced equations.

(xv) Behaviour at data holes known: Yes. Splines are meant to be
smooth; they minimise gradient overall (in the case of multi-conic
and m=1 spherical splines), or curvature overall (in the case of
thin-plate splines in two dimensions), or something analogous to
these. Thus, where there are no data, as in data holes or beyond
the limits of the data, the overall behaviour is known. (Outsidé
the limits of the data the natural spline end conditions come
into play, directing the representation eventuélly into a poly-
nomial belonging to the spline nullspace, and making thg gradient

or curvature eventually zero). This does not mean all splines
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The spline method is a very general appfoximation technique with many
ereas of application. It is not an e#clusiﬁely geodetic technique;
even so, its theoretical properfies in relation to gravity field
modelling ((i)-(?ii) above) mirror those of other operational methods
of approximation falling under Fhe headings leasf squares approximation
or ﬁinimum norm collocation that have found application in geodetic
problems. Minimum norm collocation is a special case of spline

smoothing in which the 'co-observation' mapping U is one-to-one.

Spherical splines come closer to representing geodetic ieality than
the surface sélines of Chapter 4, but as can be seen in Sections 6.2 -
6.5, this does not detract from the efficacy of these functions in
two-dimensional representations of the gravity field in the form of

geoid heights or gravity anomalies.

In pfoperties of flexibility and reliaBility ((viii)=(xv) above) the.
spline method again shows itself very much part of the operational
approach. It shares with other operational techniques the advantages
that all or most functionals of the disturbing petential can be
evaluated, that all data types'can be permitted, and it is possible to
take data quality into account, solutions may be up-dated when new
.data are introduced, and éhere is good behaviour where there are gaps

in the data or beyond the limits of the data. A disadvantage is a

tendency to numerical instability at close clusters of data.

An example of the spline evaluation of a disturbing potentiaf

 functional is the thin-plate spline approximation of geodetic integrals.
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In computational properties ((xﬁi)-(xxii) abo&e) the spline method
shares the best features of both least squares approximation and
minimum norm collocation techniques: it can be easily and automatically
implemented, with an automatic selection of base.functions. There 1is
one base function ui*K for each observation functiomal pi, where.K is
the kernel function approﬁriate to the type of spline. To these base
functions mﬁsf be added a basis for the spline nullépace, and the base
functions between them must satisfy the natural spline end conditions

A disadvantage shared with all operational methddé is that the coeffi-
.cients of . the representation can only be obtained by solving a system

of linear equations.

In summary, splines are pért of»the.operational approach to gravity
field approximation; particularly attractive are their computational
propertiés in easy and automatic implementation. A further‘attraétion,
not shared with all operational methods, is that the semi-norm being
minimised is explicitly given. These are semi-norms that have a clear
intuitive appeal, minimising curvature or gradient or something
similar. There may be some arbitrériness in selecting smoothing or
regularising parameters,.though the results are not particularly

sensitive to the precise way these are chosen.

7.3 Final Remarks

The distinctive features of a spline theory in a Hilbert space setting
are that spline interpolation and smoothing is a process of orthogoﬁél
projection (for which I have used the theory of Delvos and Sehempp

(1970, 1972)), and.that the Riesz theorem makes it possible to identify
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elements of the Hilbert space with elements of the duﬁl space. For

the construction of the Riesz mapping i ha#e used the kernel theory of
Schwartz (1964, 1973). Duchon (1977) shows how to construct kerneIS'
associated with semi-Hilbert spaces of distribUtioﬁs on R". I have
followed his éonstruction, and.show how the same construction yields
kernels associated with.spaces of periodic and épherical distributions,
and in turn, the periodic Splings of Siinkel (1984a;.1984b),.and
spherical splines of Freeden (198la, 1981b). | |

All these splines share the same pleasing featufes: they are rotation-
invariant, tfanslation-invariant and scale-invariant (for splines on
R” this last property follows from the remark on p 60) . Iﬁ consequence,
unlike bicubic splines or the tensor-product spherical splineé of
Dierckz (i984), none of the splines I have considered depends>on the
location, orientation or scalevof the Euclidean or spherical co-ordi-

nate system in which the data points are placed.

Duchon's (1977) construction yields whole families of spline functionms:
multi—cbnic, pseudo-cubic, thin-plate, point-mass, etc. It is especially
gratifying to see that Hardy's multiquadric functions, so widely used
without being fully elucidated, are nothing else than regularised
multi-conic splines and that.these are a multivariéte generali;ation

of linear interpolation. There‘need be little wonder that Hardy's

technique has proved itself so effective.

Turning to numerical applications, it is not.surprising that a smooth

surface such as the geoid may be effectively interpolated with spline
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spline functions. Surface'and_spherical splines. are equally capable
of interpolating geoid heights in the 2°x2f study area with a relative
precision of 2cm per kilometre to the nearest interpolation point.
Adding gravity data reduces this to about icm per kilometre for least
squares interpolation with Tscherning and Rapp's 1974 degree variances,
or to 1,4cm per kilometre for m=2 spherical splines, irrespective of
the number of geoid height points. Relative precisions of this kind
may be sufficient for some less demanding applications of orthometric

levelling with GPS.

With highiy variable data, as gravity anomalies are in the study area,,

splines do no better and no worse than least squares interpolation.

A further attraction of many splines is the particularly simple form
of the kernel function. This makes certain splines espeéially suited
to particular applications involving mixed data, or approximation of
functionals. I have shown how pseudo-cubic splines may be used to
interpolate both geoid heights aﬁd geoid gradieﬁts. I show that
thin—plaﬁe splines may be used to approximate the innermost zone
v_contribution to Stokes's and Veﬁing Meinesz's formulae, and the L1
gradient operatof;b The approximations are exact for interpolating
splines in the area where the results are most sensitive to the data;
these data may be arbitrarily distributed. The technique nicely
complementsvother'circular evaluation techniques such as the ring
integration of Kearsley (1986). A disadvantage as always, is repeated
solution of sets of linear equations (unless the data aré in a regular

pattern), although the equation 'systems are easy to set up.
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What I hope to have achieved is to show that a single approach,
giving the kernel mapping associated with each type of spline,
demonstrates the common construction of sblines as.diverse as thin-
plate, multi-conic, pseudo-cubic, spherical or point-mass splines,
and that there is sufficient choice to select splines suitable for
any application in gravity field modelling ranging from various
styles of geoid interpolation to the'approxiﬁation éf geodetic

integrals.
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