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" Abstract

- We study excited states of a nucleus that are unstable
against nucleon decay. An expression is derived for the
wave function of ‘such an excited nucleus, using the continuum
shell-model theory. The bound and résonant states of the
shell-model Hamiltonian are treated on an equal footing. The
resonant part of this wave function is substituted into thé
DWBA transition amplitude for stripping reactions. Simple
expressions are obtained for the energy spectrum and angular
distribution of the uncaptured nucleon(s). ‘Comparison with
the corresponding elastic scattering cross section is madé
and the extraction of'spectroscopic information is discussed.
Angular distributions and excitation fuhctions for a number
of projectile—tafget systems are calculated. We aiso suggest
nucleon induced inelastic scattering as an alternative direct
reaction mechanism with which these excited states may be

studied.
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1. Introduction

In recent years there has been some interest in the
study of nucleon unstable excited states of nuclei which
have been formed during direct nuclear reactions. Becausé
these direct reactions affect only a small number of internal
degrees of freedom of the colliding systems, they are ideally
suited for studying the structure of such simple excitations.
For instance in one-nucleon transfer reactions, the majority
of nucleons reﬁain passive during the intéréctions, i.e..
occupy the same configuration in the initial and final nucleus.

These passive nucleons form an inert core to which particles
- can be added. The validity of this picture is measured, in
an éctual transfer'reaction, by the spectroscopic factor.
The value of this spectroscopic factor is to be comvared with
the value calculated from an appropriate nuclear model.

' One such nuclear model is the shell model.  Since we'
are interésﬁed in excited states that lie ébove the nucleon
threshold energy, an attempt must be made to treat both bound
and continuum states consistently within tﬁe framework of the

'shell model [1-3]. A problem in these theories is the treat-
ment of the single particle resonances of the shell-model
Hamiltonian. A resonance is in many ways similar to a bound
state, the main difference being that the resondnce state has
- a finite lifetime. If the potential well would be somewhat
deeper the resonance would be transferred into a bound state.
Indeed in the simplest versions of the shell model andvthe

R-matrix theories, the wave function of the resonance is



approximated by a linear superposition of bound states. Mbre
elaborate theories [4-7] take into account the effecﬁs of the
coupling of the bound states to the continuum. In the wérk
of Mahaux and Saruis [5] the wave function of a resonahce is
obtained, inside the nucleus as a linear superposition of
shell model bound and resonant states (evaluated at the real
‘energy of the resonance) with complex configuration-mixing
coefficients (square roots of the spectroscopic factoré).

It is also shown that these resonaht states are populated with
a>Breit—Wigner probability distribution. |

Several authors [8-13] have advocated the use of complex
enerdgy eigenstates (Gambw states) as the most natural definition
of a potential resonance state. ~We use these Gamow states
'together with the bound states and non-resonant continuum states
'1:of the shell model Hamiltonian to construct, wiﬁhin the frame~
work of the'continuum shéll—model theory, expressions similar
to those in ref.[5] for the wave function at resonance.

As has been mentioned above, ope—nucleon'stripping
‘reactions populating particle unstable states may be used to
study the various theoretical descriptions of the resonating
system. In the experiments the decayed particle is usually
not observed, and.background contributions to the créss-secion
are subtracted away during data analysis:K In this way a
cross-section very similar to the one in stripping to bound
states is measured. ‘The theoretical expression.for the
differential‘cross-section is usually evaluated in distorted-
wave Born approximation (DWBA) [14,15]. The evaluation of
the‘resulting radial integrals causes various convergence

problems depending on the description used for the resonating



system. If the scattering radial wave function, evaluated

at the (real) energy of the resonance, is used, the convergence
of the integrals is slow [w %). To speed up the convergence,
the "convergence factor metho&“ (14] or the “contour'integration
method" [16] is usually empioyed. These two methods may also
be used when the resonant state is described by a Gamow function
[10,13,17]. For this latter case, we shall give a physical
interpfetation of the convergence pf;cedure.

In stripping to bound states, the normalization of the
singlé—particle angulaf'distribution to the experimental angular
distribution, yieldé the spectroscopic factor [18]. There has
been some controversy as to what exactly this normalization
procedure measures in stripping to unbound states. Vincent
and Fortune [16] and Baur and Trautmann [19] conclude that it
measuresvthe factor by which the single particle width must be
multiplied in order to give the actual width of the resonance.
Coker and Hoffmann [13] on the othéf hand take it to measure
the spectroscopic factor.

Since these particle unstable states are above nucleon
threshold, they may also be populated ' via the appropriate
elastic scattering experiment. A comparison between stripping
and elastic scattering to unstable states has been made by
Fuchs et al. [20,21]. The observed similarities and differences
have been explained by Lipperheide and M&hring [22-24], by
" Barz et al; [25] and by Baur and Trautmann [19] . Lipperheide
and MBhring use stripping reactions to unbound states to study
the off-the-energy~shell behaviour of the elastic transition
amplitude. The intension oﬁ their work is thus somehwat

different to ours.



Other kinds of direct reactioﬁs can also be used to investigate
nuéledn unstable states. For instance a high energy nucleon
may knock out an inner shell nucleon, leaving the reéidual
nucleus in a highly excited state. ‘'This nucleus may deexéite
by emiﬁting a further nucleon [26-36]. Another example is of
a high energy projectile nucleon which may excite a single
target nucleon into a low-lying resonating state. The results
of this inelastic scattering to unstable states may be compared
with stripping and elastic scattering to the same states.
Experiments with this intension have, to the author'’s knowledge,
not be performed.

In chapter 2 we derive expressions for thé resonance
behaviour of the eigenstate of, firstly, the shell-model
‘Hamiltonian and then: the full Hamiltonian. In chapter 3
simple expressions for the energy spectrum and angular distri-
bution of the uncaptured outgoing nucleon(s) are derived in the
DWBA. Anéular distributions and energy spectra are calculated
for a number of projeqtile target systems. We suggest experi-
ments and derive relevant formulae for a stﬁdy of inelastic
scattéring leéding to unstable states inlchapter 4, Chapter
5 contains a summary and a brief discussion of the results.

In Appendix A we recall some of the properties of Gamow states
while in Appendix B we give the 6rthogonality and completeness
relations resulting from including the Gamow states with the
bound and real energy scattering states. In Appendix C we
discuss the problem of evaluating the background phase shift
and wavé function. Appendix D is devoted to the derivation
of the scattering matrix for ;he full Hamiltonian and a sum
rule for the widths. Details of the angular distributioh.and

excitation function calculations are given in Appendix E.



2. The Wave Function at Resonance

In this chapter we study;in the frame of the cohtinu@m
Ashell?model theory, the bhehaviour of the many-particle scatter-
ing wave function in the vicinity of a resonance. In the
definition of the various quantities and in the derivation we
have képt as close ‘as possible to the notation used in Mahaux
and Weidenmliller's book [3].

In section 2.1 the Hamiltonian of the many-particle system
is decomposed into an unperturbed Hamiltonian and a perturbing
potential. The eigenfunctions of the unperturbed Hamiltonian
are given in section 2.2. These consist of eigenfunctions in
whiéh all the nucleons of the system are in bbund orbitals and
_eigenfunctions in which one nucleon is in the continuum. The
.resonance behaviour of the latter set of eigenfunctions is
discussed in section 2.3. An expression for the wave function
of the total Hamiltonian is obtained in section 2.4 in terms
of the eigenstates of the unperturbed Hamiltonian and the
perturbing potential.  Certain features of the result are
also discussed in this sectibn. We conclude, in section 2.5,

with a comparison with other work of a similar nature.

2.1 The Decomposition of the Hamiltonian

A system of A nucleons is characterized by a Hamiltonian
Hy = H(1,...,A). The numbers 1,...,A give the space, spin

and isospin coordinates of the A nucleons. We write H

as a
A



sum of two terms
HA = HoJA +Va o ‘ _ (2.1.1)

The "unperturbe&”Hamiltonian Hy a is further split into two
7

parts
Ho,A = Ha, + R, (D ‘ | (2.1.2)

The first part is the exact (to be qualified in subsection 2.2.a
below) Hamiltonian of the (A-1l) nucleon system., The second
part consists of the kinetic energy operator t(A) and the shell-

model potential VO(A) of the Ath nucleon, -

Rothy = £(A) + n (A | (2.1.3)

‘The perturbation VA is the difference between the exact and the
shell-model potentials acting between nucleon A and the other _
A-1 nucléons

A-1

Va - 2, v(,AY — v, (A) . (2.1.4)
i=1 ‘ :
In order to solve the eigenvalue problem for the (A-1)
nucleon system, HA-l is also decomposed into a shell-model
Hamiltonian H - and' a residual interaction V, _

0,A~1 A-1

HA" = HO,A". + VA" ) (2.1.5)



with
N : A-i
Hoa- = LZ=. [ty « V“o(_'b)] , | (2.1.6)
and -
A-l A= v
Vi) =‘:L: v{(¢,4) -—Z () (2.1.7)
L j:l L=

The above decomposition of the Hamiltonian HA

different from the one in ref. [3], in that the residual inter-

is slightly

action between the A-1 nucleons is included in Ho,A both when
the Ath nucleon is in a bound or scattering state. This choice
is justified since we have in mind the study of single=-particle
.states produced by, for instance, dropping a nucelon onto a
target_systemlof (A-1) nucleons in a stripping experiment.

In the following section we construct the eigenstates of

the Hamiltonian Ho,A .

2.2 The Eigenfuctions of H
o,A

Since a basic restfiction of the continuum shell-model
theory is that only one nucleon (the Ath nucleon) is allowed
to be in a scattering state, the states of the (A-1) nucieon
System must contain only those configurations in which all
(A=-1l) nucleons are in bound orbits-. We construct’in turn the

eigenstates of Hy 1 v ho(A) and Ho,A -



2.2.a Eigenstates of N

Because the Hamiltonian H of egn. (2.1.6) is a.

0 ,A-1
sum of single particle operators, its eigenfunction can

easily be found. In'order to ensure that all these eigén-
functions correspond to bound states, the shell-model potentiéls
Vo(i) may be made infinitelj deep. In principle this gives
rise to an infinite number of bound states, and in a particular
calculation, a finite number of these must be chosen. Alterna-

tively, if the potentials Vo(i) are taken to be of finite depth,

only those configurations in which all- (A~1l) nucleons are in

bound orbitals are to be retained. There will be a finite
number of such configurations. Then, if w, are-the eigen-
states Of-Ho,A-l.’ we have

Hoa wi =& wy (wilwgd = &y . (2.2.1)

Each functi.on‘wi is an antisymmetrized linear combination of
products of single-particle wave functions, EduPled to a
definite total spin I with projection yu.

The eigenstates of HA—l with spin I and projection ﬁ

are expanded into a set of shell-model states

D A =ZL-'OL W, - (2.2.2)

HA-! (P't,A—l = Et CP-t,A—l ' (2.2.3)

The subscript t stands for the set of gquantum numbers {Iua}



where o denotes any further gquantum numbers necessary to

specify(Pt,A_l completely. The eigenvalues ¢, are obtained

t
by solving the determinant

d.zt[(é ) S + Vbs-} | (2.2.4)
where

VL:]' = <o~t‘¢j\/A-1!w‘<l'> ) (2.2.5)

The coefficients Oti are then determined from the set of

coupled equations

2 [ (¢ Sij + Vil Oy = o (2.2.6)

2.2.b Eigenstates of hO(A)

The wave function for the Ath nucleon satisfies the

equation
KO(A)\L(f) = [t(A) +u-°(A)]UrLg) = £ 1'-(;‘,') . (2.2.7)
This wave function may be written in the form

WLr) 2: CBJM jﬂ (r) ; uwf(r k) ) ' | (2.2.8)
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where we have denoted the eigenfunctions 6f'2?,j2 and jz by
™ "F i , A . M"A . - .
{ng‘(?) = 9 ;(ﬁ%km—/\'lzjm) Yg(e)cb) @}E , (2.2.9)

‘and the radial wave function and épin function by uzj(r,k) 
andC}Z—A respectively.

If the energy eigenvalue ¢ ié negative, then the Ath
nucleon is in a boundvstate and its radial wave function is
denoted by wfj . These functions are chosen to be :eal and

are normalized according to
o0
J\ b 1 b 2]
odf’ W£ﬂ (r)ﬁ’m) w;l:)- ‘.T’, 'ﬂ'w) = Sm,\, . (2.2.10)

The complex quantities,ﬁﬁJ -, are the wave numbers correspond-

ing to the bound state energies eﬁj

2; * £y,2 - 4 :
&3=‘£;(&n) , (lmmk:>o) N (2.2.11)

- where m is the reduced mass Qf the nucleon.
For positive energies, the Ath nucleon is in a scatter-

ing state and the radiai wave function is denoted by u

L3
These are made to‘éatisfy the normalization condéition
(<] .
j dr s O k) wps (r k') = S(E"El) ‘ (2.2.12)
0 1 ’ 1 ) }
with
w2 z .
€ = 7 K (2.2.13)
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%3 is real and normalized according to

eqn. (2.2.12) we have

From the fact that u

( ~ )’/L[ SRR

A
weg Gy k) = wizTk 12 INCAN]
< ’
_ C Oy (K)
3 Oﬁi(")k)]) C(2.2.14)
where I,. and O,. correspond asymptotically to incoming and

L3 L3

outgoing waves and §, . (k) is the potential scattering phase

23
shift.
For later purposes we also introduce the functions

() T4 8p5(k) | N
ug; (k) = 2 wgy(nk) . (2.2.15)

2.2.¢c Eigenstates of Ho,A

We now construct the eigenstates of HO using the
r

A
eigenstates of H,_, and of h_(A). Firstly we define the
channel surface function:
X BN | .
CPC = 7 24 (1 1 m/ule) '\jlﬂ (r) Cpt)A-l . (2.2.16)

The index c stands for the set of gquantum numbers {2jIJMo} .
When the Ath nucleon is in a bound single particle orbital,

the eigenstate of H, with total angular momentum J and

/A

projection M is denoted by R



- 12 -

év\ = AA{ U\)le (!‘)/&:5) éPc. )I

(2.2.17)

Here,\féA denotes the antisymmetiriatibn with respect to the

target nucleons and the Ath nucleon. The states @n are

sometimes referred to as bound states embedded in the continuum

(BSEC) or quasi-bound states.

When the Ath nucleon is in a scattering state, we denote

by xg the eigenstates of Ho,A with total angular momentum J

and projection M:

C

X’E = ‘@A { UL,p_j(T,k) (Pc}

(2.2.18)

The unperturbed Hamiltonian HO A is defined by its matrix
’ .

elements

i
™
?
)
3

(dém { Ho,A l @»)

, (2.2.19)

<@“l Ho)A,%;\}

i
O

) (2.2.20)

<X; [ Hoal X,;} = £ S S(E-E") (2.2.21)

We also have

(2.2.22)

(2.2.235
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We introduce the notation

c )

¢t '
ﬁA { ey (f‘)k) (Pc} . (2.2.24)

(£)
%3

()

2.3 The Behaviour of u and xc ‘Near a Single Particle

Resonance

The potential scattering phase shift sz(k) appearing in
egn. (2.2.14) may display an increase by ﬁ over a narrow energy
range. This is called a single particle resonance (SPR).. In
the neighbourhood of such a SPR, the scattering radial wave
_funcﬁioﬁ s increaSes‘drastically as a function of r within

the range of the nuclear potential. Inside the potential

well u,, resembles the bound state radial wave function

ng . In this section we aim to separate out the resonance
behaviour of u)Qj from its behaviour far from resonance.
Consider the function u( )(r &) in the complex L-plane.+

Using egn. (2.2.14) we have

» m Al 06, (R) | |
= 0F) [ - 90,0 »] s

A SPR of the Hamiltonian ho(A) may be associated with a pole

) seript letters Ak and § denote complex wave numbers and
energies while k and ¢ are reserved for the corresponding

real qualities.
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of the scattering function

LBk
(k) = o 4%

(2.3.2)

in theAcomplex k-plane. We will be interested in poles at

‘ _ b 23 . 23 3 3 “n %3

A —iin w1th<Reﬁn # o, Imytn < o and |Reﬁn]| > lIm&njl .
As a function of complex energy, 8 ;, the scattering

function defined by egn. (2.3.2) has the approximate form

e kg . rﬂﬂi
ZLEI\. L n
S;i((g)z 2 Ll - E,"ifﬁ-&—"‘-lﬂfi ]

% (2.3.3)

where

"’; L L' n 4
et 5= (R)) , (2.3.4)

and Eﬁj is the background (non-resonant) phase shift. Near

a pole of u(f) we can write, using eqns (2.3.1) - (2.3.3), .
' 23 \ , _

® 5 @ NR
we; (&) = We;  (rR)

. Q.j : L. ‘/L . R (2-3.5)
SR ¢ 1S I JO
S . 9 ) n B
E—gliskls 770

In this equation, the first term on the RHS gives the non-

resonant part of the radial wave function. This term is
regular at the pole [eﬁj - % Pﬁj] 'y and is given by
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™m

) NR S K
Uz (r_)k):-f(ur.&) [l,ed'(r,k)
t -
2i5,°(k) - | |
T & Oﬁq‘(ﬂmj . (2.3.6)

The numerator of the second term is the residue of ué;)'at
the complex pole. We have used the Mahaux-Weidenmiiller
definition [3] of the wave function at resonance (Gamow

function)

4 cx i
s " (”LPZT)% L3 (e gl | ,
Wy (00) = Uk A A ) (2.3.7)

(see Appendix A for further details).

For real values of the energy e‘(or the wave number k)
near the complex'resonance energy (or wave number), the |
scattering radial wave function, eqn. (2.3.5), takes the
form

) ) ) NR
wyy (LK) = uy  (5k)

e ka i L h L |

"S»\ (_1:17?' " e ,qu

_.‘e ————..—:)—‘T "‘32,‘ (T') n ) . (2.3.8)
E-fes 24

We have thus isolated the violent energy dependence of u(+)

3
" near a SPR.  Further, inside the potential well thé'function
ué;)NR is negligibly small, provided the angular momentum

barrier in the neighbourhood of the resonance energy is high.
Outside the well, the function wi?s r as it stands, has no
physical significance. It has however been shown by Berggren

[91, Romo [12] and Gyarmati and Vertse [17] how the Gamow

function may be normalized. ' We try to attach a physical
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significance to these regularization procedurés in Appendix A.
If the residue of ué;) at a resonance is evaluated not at the
complex wave number,ﬁ,ﬁj ; but at its corresponding real paft,
the RHS of egn. (2.3.8) is defined for all r. This form for
the resonance wave function has been used by Baur and Trautmann
[19]. Inside the potential well the Gamow function is similar
'_whether evaluated at the complex wave.number or at the corres-
ponding real wave number [10] .

In principle, for a particular orbital éngular'momentum
£, there are several resonances chresponding to increasing
principal qﬁantum number n. Thus in egn. (2.3.8), the
resonance term should also contain a sum over these resonances.
However, in'practice, these resqnanées are well separated in
energy and, apart from the lowest lying of these, they are
broad ([Reﬁ,ﬁjl < |Imﬁ1ijl). In the following, therefore,
we retain only the narrow resonance in a particular channel.

We give a procedure for determining the background wave
function, uﬁ? r in Appendix C, while in Appendix B we discuss
some of the orthonormality and completeness relations ariéing

from the form of egn. (2.3.8).

The form of X§(+) (egqn. (2.2.23)) near a SPR is easily
constructed. Using eqgns. (2.2.3) and (2.3.8) we obtain
; W .
[ANED] c{+) NR ‘-EC (—‘L"P) .
_ =3 ’X: — Z —'—-———""l.[i C. (2-309)
Xe j E-besnt Voo )

We have replaced the indices n, 2 and'j in the quantities

Fﬁj and gij in egn. (2.3.8) by the single subscript ¢, used
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the relation

E.=¢,+&° | (2.3.10)

and introduced the many-body Gamow state

We = Ha {@::(r) k5) épc,i , (2.3.11)

The wave function x§(~) ,» satisfying incoming boundary

conditions is given by

Xc ) 'X;(-)NR ~L§c (t):‘ﬁr‘c)% \,:/
X . =Y. — 2 —Ln- <l
E E-E-s Ve o, (2.3.12)
with
~ _ A N ~£.
W, = fa { wpy (r, R Qe } ) (2.3.13)

(see Appendix 4).

2.4 The Eigenstates of HA

Suppose the eigenstates of the Hamiltonian Hy defined in
eqn..(2.l.l), in which the A nucleons are coupled to total
angular momentum J and component M, are denoted by wg . In
the shell-model approach to nuclear reactions these states
are written as linear superpositions of the eigenstates of

Ho,A :
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= BB

n=i

rn

A o .
+CZ=;L?IE'1X§-><PC§)\};} . (2.4.1)

We assume here that there are M bound states and A channels
of Ho,A which couple to J and M. The enerqgy ec,denotes the.
threshold energy in channel c¢' .

The wave function wg with outgoing boundary conditions

satisfies the Lippmann-Schwinger equation

™
@ “) [ . >< Pl L€
<+ C N Z L—_ A qu: |

u’e = X¢ = ~Ea
Zﬁ‘, ZE' lx;,'xng)\/A Ufm | (2.4.2)
&2 g E¥ -E’ S
c (+)

The explicit solution of w may be obtained provided the

Born expression of the resolvent of the kernel

A 0

Z j\dE( ‘X/E'><XL‘iV

ey Ve E*-E' A (2.4.3)
converges. . This will not be the case if there are SPR in

1
. the eigenstates x;._ of the shell-model Hamiltonian Hya *
- 14

Suppose there are SPR in the channels denoted by cé(: 1,...,0,).

In these channels we use a separable approximation for the

Green's function

No o

SN .
Z‘ s.dE Er_ g , S (2.4.4)

co=l €o
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which was derived by Romo [12] (see also end of Appendix A).
This uses the many-body Gamow states Wc' (see egn. (2.3.11))
- O ’
with complex energies E , = I P We have for egn.
o 2 "¢ ,

- (2.4.3)

A oo, e

7 [ gp BeXXely, o

tay £ E+~El A v -
Ao o~ ' - (2.4.5)
Z ~('-\r\/cz' ><WCQI \/A ¥ K‘*)VA
. t"E(‘f*'"z‘:‘ e .)

where

Il MW | " (2.4.6)

no longer contains SPR and may be expanded in

(+)V
A

The kernel K

a Born series.
If the channel c in egn. (2.4.2) is one of the channels

C, + we also employ eén. (2.3;9) to separate out the resonance
behaviour in x§(+):

. ' b ' |
< W c @ NR L\Sc (.._L [_l )
X X e . 10 W) %o . (2.4.7)

E'Er."";ir‘c

—

m
[
W

If there are no SPR in the channels, we have from egqns. (2.3.2)

and (2.3.3) that the phése shifts'dc and Ec are identical and

< e NR . .
= B : (2.4.8)

E £
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Substituting egns. (2.4.5) and (2.4.7) into-the Lippmann—'

Schwinger equation we obtain

c® G

£ = X
| Mtho ~ - : ‘
+{Z l%é%ﬂ*“KM}%Vém (2.4.9)
Mtho v,
',f?, zusxéﬁ'_—%_) B Suco e, ¢

We have introduced the notation

én , E-\ | NéM .

"
m
X

1

Ox , (2.4.10)
cl Ec;,_frc‘é a >M

The factor Gacéc ¢ ensures that the last term appears only
o O : '

if there is'a SPR of the shell-model Hamiltonian in the *

channel ¢ = Co-

On defining the quantity a;:) by

~ e B3 h
@ CAAL 7 Lo (*‘L ) :
£ -2 NIMT e ° )
Que = T E g, E-Eu  e0GC (2.4.11)

egn. (2.4.9) can be written as

. M+tAy
L) <<+ NR (S}
\!/E = xE . + Z Gx C"uc
o=y

(2.4.12)

cy

+ K (+) Va u’g
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Rearranging the above equation,

Mt Ay
e + ~t € $INR + .
V., = (1- KV) {x; F 20 Bk Cae } (2.4.13)
. o=
Substituting egn. (2.4.13) into egqn. (2.4.11l) gives
Mt Ao | CCHAR
e = 2 (€ e B (-1,
oy
3 4 : .
-2 K(j;r P«) gugggc} ; (2.4.14)
with |
' . ~ -l ’ | :
Caw = (E-E) bag = (B lVa(1-K™) 18) . (2.4.15)
Combining egn. (2.4.14) and (2.4.12) we have
<) - HINR & - . '
Yo = (1= K"Va) ')(- Z(‘*K“VA ) 185 (¢ ) (2.4.16)

8!

{{e.,u;vA(z |<‘*’vA) 1S “E"G“ ") SiecSe, c} .

(+y )=! is expanded in a Born series:

The quantity (1-K A

. -~ @ ) ' -
(-KVA) = 1+ KPN + (K®V,) + . (2.4.17)

which is substituted into egn. (2.4.16). Neglecting channel-

channel coupling terms BXEC NR] Valxg Ry = o) we obtain

c®

Yoo= X e D (KD (¢
&l

. (2.4.18)

{(emv,,;x”’"" G Sxeosc‘,c})
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Cokog’=‘ (E" Eo()go(a"<é'a(|\l,\led'>‘ <§dj\/,:\ K(“\/AIG.,(') ) (2.4.19)

Suppose Ota are the elements of the complex orthogonal matrix

O which diagonalises the matrix C , i.e.
). O.. Cuc (O Nyt = (E-Ep+$T1) S . (2.4.20)
oo’

It is understood that the quantities O ;, E

ta t
smoothly with the energy E. Introducing the“definition

and Pt vary

M+A,

Pea = Zﬂ Oy 0« , | © (2.4.21)

eqn. (2.4.18) becomes

P e CEINR
e = X
: (2.4.22)
_f‘Z (4K Pp ——2— |
m AJTEA E'Et+%ﬂh )
with
N h o < NR
Gee = O, GRle) 8 — <P, IVaIX, > . (2.4.23)

The complete wave function for the nucleus A is obtained by
summing over all open channels c¢ that can couple to JM:
T, M

M C ) l .
’\*E,A =L e . (2.4.24)

clopen) ’
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Egn. (2.4.22) is a generalization of egqn. (2.3.9) to
the many channel case. 'As a function of energy it contains.

a'smoothly varying'background term and a Breit-Wigner shaped

resonance term. The quantity (1 + K(+)VA)¢ describes
. t,A
N\
the state into which the incident wave function XEJR decays.

This state consists of the function@t A which is a linear
: , :
superposition of the bound and Gamow states of the shell-model

Hamiltonian. Due to the residual interaction VA , there is

1
. a leakage into all the channels Xg NR (¢c' =1,...,0) describked

by the term‘K(+)VNQt A Both the bound.and the Gamow states
. 4 .

have large amplitudes inside the nucleus whereas, for large
WR '
angular momentum barriers, Xg are zero inside the nucleus.
The decay into the stéte(Pt'A is described by (neglecting
: , ,

channel~-channel coupling) the quantity G If a SPR of

tc °
the shell-model Hamiltonian is present in the channel ¢ = Coy 7
then aecay from that channel is caused either by the residual

interaction VA , Or by the natural width of the Gamow state

WC . Because this latter width is multiplied by the admixture
o
coefficient Otc it need not bhe larger than the width due to
o . : '
Va -

The decay amplitude G is in general a complex quantity

tc
because of the presénce of the Gamow states incpt A and the-

7
admixture coefficients Otu . However the imaginary component
of Gtc will be small for narrow resonances. The finite range

of V, ensures that only the real parts of the Gamow states

[xg’NR? . In the case

contrlbgte to the amplitude <¢E,A1VA
of narrow resonances, a real matrix O will almost diagonalize
the matrix C with elements given by egn. (2.4.19).

Because of the presence of the Gamow states in<pt A
° 4
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eqn. (2.4.22) is defined only inside the nucleus. An

c(+)
E

by evaluating the Gamow states at the real energy of the SPR

expression for y valid outside the nucleus may be obtained

c(+)
E

required in Appendix D where we construct the S-matrix.

(see sec (2.3)). The aéymptotic form of the ¢ will be
We now mention a number-of limiting cases that eqn.

(2.4.22) reduces to:

(i) When the physical stateS(Pt,A'aré well separated in
energy, only one term in the summation over t will
contribute at a particular energy. Further, if we

_are intefested only in the resoﬁance contribution tor

¢§(+) , the background term may be omitted. Then

Gec

— ¢ v
E- tt*’%—lt

() o Lgc

Ve o -2 (KA Qn

(2.4.25)

(ii) When the (A-1l) nucleon system is a.doubly closed nucleus,

the residuél interaction VA will be negligible. In

this cése the physical state ¢t a will be identical to
. o o [

the shell-model state W . We have further that
(o]
Otox = gtu ' (°‘=C°) 5
(2.4.26)
Ee = Ec, 5 (L = R, 5.

and egn. (2.4.22) reads

. Y
o wem g (ant

Ve o= Xe o - (2.4.27)

~which is identical to egn. (2.3.9).



- 25 -

(1iii) When the depth of the shell-niodel potential vo(A) tends

to infinity, we recover the bound state wave function

for the A nucleon system. Under this condition, the
threshold energies € > (e =1,...,A), the SPR become
bound states (I, + o, ¢_ = l,..,A ) and the violent -

energy behaviour in the quantity

_ G
E-g, +£M > (2.4.28)

is restricted to a narrow energy region around Et'

Egqn. (2.4.23) becomes

, ¢4y

\FE = Cpﬁ,/\ = 2; Otn @»\, ) (2f4.29)~

and the coefficients Otn are real.

2.5 Comparison with Other Work

In this section we review, very’briefly, work by other
authors that is relavaht to egn. (2.4.22).

The resonance behaviour of the continuum function x§(+)
near an isolated SPR has been madg explicit in a way'similar
‘to ours.in the work of Bang and Zimdnyi [10], Coker and
Hoffmann [13] and Baur and Trautmann [19]. The main advantage
of the present fqrmulation is that the normalization of the
Gamow state (egqn. (2.3.7)) follows naturally from the normali-
zation of ulj adopted in eqn. (2.2.14), and from the form of

the scdtterihg function near resonance (eqn. (2.3.3)). The

[
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treatments of the SPR in refs. [10,13,19] and others will be
dealt with in section 3.4 when discussing the varibus theories
of stripping té resonant states.

Returning to the many channel~casé (eqn. (2.4.22))) the
other versions aléo use the method of the contihuum shell-
modél theory. However they differ with the preSent_work and
with each other in the way in which the SPR of the shell-model
iHamiltonian are included with the bound and non—resonanﬁ |
continuum states. .We-therefore deal only with this aspect
of‘theée papers. |

(i) Levin [15] does not make explicit the resonant behaviour

c (+)

the Hamiltonian HA has been somehow diagonalized in the

of the continuum function ¥ He does assume that

space of the continuum functions. The energy dependence

c(+)

- will therefore be explicitly displayed'only

of ¥
for those decaying states which do not have a large
overlap with the SPR of the shell-model Hamiltonian.
(ii) Huby [6] ensufes that no SPR occur.in.the eigenstates of
‘Ho,A by inqluding the poténtial respénsible for the SPR
in the perturbation. Nevertheléss the effects of the
SPR are exéctly determined by writing the main part of’
the perturbing potential in a separablé‘form.
(iii) Mahaux and Saruis [5] use the Wong-Shakin prescription
for the SPR [32] . The resonances are projectea out
of the continuum states XE ‘and added to the bound states

o . ‘The model Hamiltonian HO is modified so as to

n /A

have as eigenstates the new (non-resonant) continuum

states and (extended set of) bound states. The perturb-
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‘ing potential VA is correspondingly altered.
In contrast to the methods in (ii) and (iii) we do not

alter the shell-model Hamiltonian when including explicitly

the effects of the SPR. Our treatment is in many ways

similar to that of Unger [33] . We do not however review

his work because his theory is rather different from ours.



3. Stripping to Unstable States

We compare some of the features of particle unstable
~states, discussed in the previous chapter, with experiment.
The unstable states are formed during single-nucleon transfer
reactions. The angular distribution of the outéoing un-
“captured nucléon (or nucleons) is analysed using the distorted-
wave Born approximation (DWBA). Since these decaying states

lie above the nucleon threshold energy, théy may also- be

o

populated via the appropriate elastic scattering experiment.

- Certain featureé emerge when the stripping and elastic scatter-
ing experiments are compared. These features are also .
accounted for.

A survey of some relevant experiments is given in section

"3.1. General formulae for the DWBA transition amplitude and
cross—section are recalled in section 3.2. A number of
simplifications are made to these formulae. In the following

section the extraction of spectroscopic information and the
connection with total elastic scattering is discussed. We
| end this sectioh with an'application of the formulae to a
simple example. In section 3.4 the present approach is'
compared with certéin of the numerous other treatments of‘

- stripping to unstable'statés. Finally, in section 3.5, we
present nunerical results for a number of typical stripping

reactions leading to nucleon unstable states.
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3.1 A Brief Survey of Some Experiments

Many experimehts haveibeen performed which study
stripping to reéonant states [20,21,34445] . .The widths of
these states range from tens of keV up to about 0.5 MeV and
their energies occur up to several MeV above the single
particle threshold. These reactions should be describable
in terms of a direct reaction model because of the similarity
of the angular distributions to those for stripping to bound
states. Most of these angular distributidns are forward
‘peaked, and the peak cross-sections are'of the same order.
of magnitude as those for sﬁripping to the ground and low-
lying states. Thus in most cases it should be possible to
assign 2-values and spectroscopic factors in analogy with
stripping to bound states. We should like to mention in
particular the following angular distribution measurements
for which calculations will be performed in section 3.5.

(1) '%0(d,p) 70 populating the 5.08 MeV, d®/, SPR in
170 '[42,43]. The angular distributions are forward
peaked and very similar in shape and magnitude to the

. angular distributions of the ds/z grouhd State.

(ii) !°N(d,n)'%0 leading to unbound negative parity states of
180 [45]. Spectroscopic factors extracted from a fit
té the angular distributions may be compared withv
theoretical calculations which treat these states as
1p-1h stétesQ | |

(iii) ?2Mo (%He,d) °3Tc reaction, forming a number of unstable
states in °3Tc [41]. ?heée data have been analysed in

a way similar to our method.
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A very instructive comparison has been performed between

" stripping reactions and elastic scattering rééctions popula-
ting the same unstable states. The energy distribution of
the proton in the reaction !5 N(d,p)!®N has been measured by
Fuchs et al. [ 20,211 The proton spectra display patterns
very similar to the energy dependence of the corresponding
n-15N total elestic cross-—-section, including interferénce
phenomena between resonances and continuum. These authors
also find that the ratio of intensity in (d,p) to that in

(n,n) strongly increases with the angular momentum transfer

2.

3.2 The Transition Amplitude and the Cross-section

We study the transition amplitude and the cross-section

for the stripping reaction
d + (A-1) = tj+/\’It — g+ x + (A-1) (3.2.1)

where d is the projectile; (A~1) represents the target
consisting of (A-l) nucleons; A* is the exéited nucleus
formed by the transfer of a nucleon x from d to (a=-1) and y
is the other nucleon (or nucleons) making up the projectile.
The transition amplitude for the feaction (3.2.1) may

be written in the distorted wave approximation as [46,47] :

) - @  Lar
T(d,‘j)"- = D%;Y(‘)- (%5/1 (\"51\] ‘.\PE)A IL (V‘Kg

(€2

+ QVyar P [ P Pact Xyaeilka) ) (3.2.2)
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The transfer of n from the deuteron to the target is described
by the interaction ny ; Which leaves the target unaffected,
plus the interaction QVyA—lP’ which excites the target nucleus.
The projection operators P and Q project respectively onto

the ground and excited states of the target nucleus (aA-1).

The distorted waves Xézll and x;;) describe the elastié
scattering of d hy (A-1l) and y by A réspectiveiy. The function
@4 <represents:the internal motion of the projectile and 4’A—l
the ground state of the target.. The target plus stripped

( )

nucleon system is described by w . This wave function

may be written as a sum over all spin states J :

{=) J)

A %:~VQA. ) (3.2.3)

=
m
3
I

‘where wg(;) is given by egn. (2.4.23) of the previous chapter.
14

Eqn. (3.2.3) may therefore be written as a sum of two terms:

(3.2.4)

. ct i
- Q:‘i = E‘: — [1+ K" VA]cPtA
Jtc

The transition amplitude in eqgn. (3.2.2) may also be written
as a sum of two terms: the first term describes the non-
resonant breakup of the projectile while the second term gives
‘the resonant contribution.

The convergence factor e”® in the transition ampliﬁude
ensures that the radial integrals converge. In the case of
stripping to a bouﬁd state@ this factor satisfies the condition

imposed on a convergence factor and may thus be omitted.
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Because of the normalization adopted in éqn. (2.2.14),

the cross-section for the reaction (3.2.1) reads

2 ; o |
do | amy kg XK Loxt | Gz
C“’(u)dE 2Tx")" Ky (ZJA. D2sa+1) D

‘where M3 and my are the reducéd masses of d and vy, T(d,y)x'

is the matrix element of .egn. (3.2;2) and the summation is

-over the magnetic quantum.numbers.
There are two basic conditions that must be fulfilled

if the akove formulae are to apply: |

(1) In the non-resonant breakup pa:t of the transition-
amplitude, we have written the wave function for x and
y in produét'form. This will be valid provided there
are no final state interactions between x and y. A
sufficient condition for this is tﬁat the relative x-y
energy be large. Since we are primarily interested in
low lying resonant states, fhis cbndition should be |
well met. | |

(ii) The second condition affects the resonant part of the
transition amplitude, but.is not unrelated to the‘first
condition.'l The unstable nucleus, A, must be long ehough
lived that the nucleon(s) y does not affect its subsequ-.
ent decay. As meﬂtioned by Levin [15] this puts an
upper limit on the width of the unsﬁable states that
can be studiedrwithin this framework.

The form of egn. (3.2.4) suggests that violent interference

effects may arise in the cross-section, eqn. (3.2.5).  Such
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interferenee effects may occur in two different ways:

(i)-‘The background term in egqn. (3.2.4) becomes comparable -

| in magni;ude with a resonance term, within tne range‘
of the nuclear forces. This is'likely to occur in the
case of a SPR with low'orbital anguiar momentum,_lying" |
fairly far above the particle threshold; i.e. when the

‘single particle width, Pcb r 1s large. | |
‘(ii).There are‘overlapping resonances in the energy regionvof

interest; f‘ConditiQns will be especially.favourabie

when one of the resonances is a SPR' (large width) while

the others are much narrower compound. nucleus resonances.
Baur and Trautmann [19] and Linerheide and M8hring [23,24]
have invoked interference between breakup and resonance in the
same channel, while Barz et al. [25] used interference between.
different resonances to account for the observed interference
patterns [20,21] .

. The general cross-section formula given.by eqns. (3.2.2)-
(3.2.5) 1is rather complicated. . -Howe&er.great simplifications
occur if certain approximations are made. These approximé—'
tions are well met in most experimental situations ef_interest.
‘They are
(a) Only one term in the summation over.J in egqn. (3.2.3)
| fis important at a particular energy. | |
(b) The resonances withAa particular J are all well separated

in energy. | |
(c) Background terms may be neglected. -

(d) Only the zero order term in V, is retained in eqn. (3.2.4).

|
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The above four approximations lead to the following form for

(e)

(£)

(9)

the wave function describing the state A

&) ,'E g ~ |
\}E,A = "Z e.L : Gtcg—\ (Ptl\. (3.2.6)

c(opem

In the functions WCO and ¢ occurring ln(Pt,A and
Gtc of egn. "(3.2.6), the wave function of the transferred
nucleon x, is not antisymmetrized with the wave functions

of the target nucleons. These quantities are theh given

by (see egns. (2.2.17) and (2.3.11))

b [ﬂ_ . . .
é“ = ‘*),atj(r)’ﬁn )(Pc ) (3.2.7)
s z ' g
We, =we (A @ ~(3.2.8)

The target nucleus is assumed to remain in its ground
state during the transfer process. The transfer is

then caused only by the interaction ny .

The function(Pt a is approximated by (see egns. (2.4.21)
r

and (2.4.10))

| (el
(Pt,A = Oto( Bu = Op,j Wo;  Pa-t . : (3.2.9)
b

The notation w£§es

of the nucleon X is either a bound state or a Gamow state

} denotes that the radial wave function

wave function. The functiond, ; (= @ ) contains the

ground state wave function of the target.
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(h) Finally, ny is approximated_by a.zero-range force and
spin-orbit coupling is.neglected.

We may then use the result of Levin [15] to evaluate the cross-

section, eqn. (3.2.5). In the notation of Satchler [48] we |

have

N = c(open . ==
dl&jdE LE'Et)z*"Z‘LFZ lg dk‘g S ) (3'2'10)

sl

-

The single particle.cross—section { ] is defined by
: s.p.

2

(de) - it m(zv‘w) D,
dky sp R ky 15,41/ (25x¢1)
(3.2.11)
o 2
;}ﬁ'[X(Btj‘}Sd)l
where
b G b0) = o Jo o
. Ngi( 2% |
- ,' Wey (1, '
Yya Ky, 1) YA(*) XdAl(“d AN (3.2.12)
‘ Ma- ' . .
(xl = "~ 1zl - (3.2.13)

and the 1ntegra1 over the projectile coordinates is denoted
by D .
n X " e res .
The "convergence problem" arising when ng occurs in

eqn. (3.2.12) is discussed by several authors. Of relevance
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to the present formulation are the works of Bang and Ziményi
[10] and Coker and Hoffmann [13] (see also appendix A).

.In the following section we derive an expression for the
angular distribution, dc/dﬁy » and discuss the problem of
‘extracting structure information. We also rela@e eqn.

(3.2.10) to the total elastic cross-section.

3.3 Structure Information from Stripping to Unstable States

and Relation to Elastic Scattering

3.3.a Angular Distrihutions and Extraction of Spectroscopic

Factor

The angular distribution of y may be obtained frdm eqn.
(3.2.10) By integrating over the energy of the resonance state
- in the system A. This ;ntegral'may bé performed explicitly
if_the'quantities Ft and Gy Vafy slowly with the energy.

Using the result .

_ | 2T ' S |
jdt — = ' | | (3.3.1)

the angular distribution is

_‘.i_g | ;-7|' z l Gee llz : [do .
d'f(\% - cLopFln) !OM) (dl’iﬂ )S'?‘ ) (3.3.2)
t

We observe that
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dy 2 1 de :
dley [0y (ET;)SqL , . (3.3.3)

:as is the case in the theory of stripping to bound states [181],
since the following sum rule is shown to be valid for isolated

resonances in Appendix D.

-r: = 2T z: i Gtclz

) (3.3.4)
clopeny .
The quantity G, i1s given by eqn. (2.4.23) viz.
p M+A, C.NR | ' A
L + ’
Gtc - Ot‘co(u‘- rc\o) gcoc "“'«Z: Ot“<eo‘[\//\!%£t > . (3-3.5)
=i

Egn. (3.3.4) is a generaiizétion of the sum rule for isolated
.resonances deriVed in ref. [31]. ‘Thelquantity Gtc contaiﬁs
not only the decay amplitudés'of the states @n but also those
of the SPR. These SPR have a "natural" decay width caused by

the unperturbed Hamiltonian and a width due -to the pérturbation

VA . . The natural width can only occur in the channel cd
containing the SPR, while the width due to VA may be detected

in all channels ¢ which can couple to the channel Cye
In general, the natural width is larger than the width

However this does not imply that the first term

due to Vv, .
- in eqn. (3.3.5) is the dominant one. The dominant term on the

RHS of egn. (3.3.5) is determined by the product of the admixture’
coefficient and the decay.amplitude. - If the admixture coeffi-

cient Otc and the width Pco are of such a magnitude that the

. (o] . .
first term in eqgn. (3.3.5) dominates the total decay’ amplitude
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Cre then egn. (3.3.4) yields

10l =0/, . ~ (3.3.6)

.It-may also happeh that there are no SPR in any of the'chaﬁnels
¢ into whichc{)t’A is allowed to decay, or that the width and
admixture of a state @n is such>that egns. (3.3.5) and (3.3.4)
¢ may be‘approximated to give |

I* G

!-O"tn‘ .2 r‘;/xu

_ where

Y, = 11 L, I'l@J\/AlXE’:R)fL . (3.3.8)
clopen) : | -
Egns. (3.3.6) and (.3.3.7) give the spectroscopic facﬁor as the
ratio of the actual and the single particle widths. A‘relétion
between the spectroscopic factor and the widths has also been
discussed bf @uby [61] andvbé Bunakov et al. [49,25].

It has been suggested [49,25] that the~spectroscopic
faétor for the ﬁnstablé étate ﬁay be measured in tWo ways;
It is given as the ratio of the experimenfal and single particle
cross—sections,(eqn. (3.2.35. In obtaining the single particle
cross-section the physical state of the unsfable nucleus is
replaced.byAthe shell model state with the largest admixture
coefficient. . Alternatively eqn. (3.3.6) or egn. (3.3.7) may
be.used,"provided the width Pt is measured. Thése two equa-

tions are obtained by calculating the products~bf the admixture
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coefficients and the corresponding decay amplitudes and éeeing
' wﬁich product gives the largest contribution to the RHS of

eqn. (3.3.5). The above results suggest that the ratio of
experimental-to—singlé—particle-cross—section'procedure gives
spectroscopic information about the'dominanﬁ mode of formation,
whilé the ratio-of-widths procedure measures the dominant mode
of decay of the unstable nucleus. Only if these two modes
are the same, have we two ways at our disposal for determining
the spectroscopic factor.

Eqgn. (3.3.3) for the angular distribgtion is a generaliza-~-
: tion of the éxpression for stripping to bound states. The
bound states radial wave function is normalized accordihg_to
egqn. (2.2.10), while the Gamow state radial wave funCtion'.
normalization ié given by egn. (2.3.7).

When the target nucleus is allowed to become excited’
during the transfer process, the largest admixture to the
physical statezpt;A , may come from a shell-model configuration
®n whose energy is above the single nucleon threshold even
though all the nucleons are in bound orbitals. The cross=-
section for this "rearrangement stripping" is expected ﬁo be
small [46]. Further, since these states are fairly high in
the continuum, many channels will be available for decay, so
that the width due to these states should be large. Then the
asSumption that‘the nucleQn y does not interfere with the

decay of the nucleﬁs A may no longer be fulfilled.
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3.3.b Similarity Between Deuteron Stripping and Total Elastic

Cross-section

The cross-section given by eqn. (3.2.10) may be written
as a product of the total elastic scattering cross-section of
'x on (A-1) and a "stripping enhancement factor".

Using the sum rule, eqgn. (3.3.4), egn. (3.2.10) reads

de - &I "; d
10,41 ( )s? (3.3.9)

Near resonance, the total elastic cross-section of the nucleon

X by the nucleus (A-1) is

L 2 2
T (29a1) [Qg; 1 I¢ E
O = ki @Ia+0(2sa+)  (E-E )+ 5T . S (3.3.10)

‘Hence eqn. (3.3.9) may be written as

d’o

P

di,dE T i e (3.3.11)

wheré the "stripping enhancement factor" is defined by

(2 50+ )(2Tasr1) Kx (d()‘ ) (3.3.12)
S.P

F = (ZTA +0) PR S

It will be noticed that the stripping enhancement factor is

inversely proportional to the width Pt . Because of barfier
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 penetration effects, these widths increase with increasihg
angularemomentum % of the transferred nucleon X.  Thus the'
vmagnitude of the stripping cross%section»inereases relative
to the total elastic cross-section with increasing 2. ‘
Eéns. (3.3.10) and (3.3.9) show that the tetal (x,x)
cross- section and the correspondlng portlon of the y spectra
from (d,y)x have a very similar resonance structure. - Eqns.
.'(3 3.12) and (3. 3 11) demonstrate that the ratio of 1ntens1ty
. in (d,y)x to that in (x,x) increases with the angular momentum R
“transfer. Both these effects have been .observed in a compari- »
" son of the reactions 15N (n, nilSN and !5N (4, p)lsN* [20 211. A
's1m11ar 1nterpretatlon of these effects has been glven ln

refs. [19] and [25] .

3.3.c_Physical Interpretation of Results

We now give an ihterpretation of the formulae derived

above. We consider the reaction
5 I - ) E
N(d,~n) O (3.3.13)

leading,to unstable states of '®0. It is assumed thatfthe
target ground state canAbe deseribed as a hole state in the
1p!/, shell.. We also.includevin the discussion an excited
state of 15N which can be descrlbed as a hole state in the
1p3/, shell. The transferred proton can drop into the 1d /2,
2s!/, and lda/z'single particle levels. The energies of the

hole and the partiele'states relative to the ground state of
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180 may be obtained from the experimentally observed ground
and excited states of '®°N and !’F. The 1lp-lh shell-model
states of 0 are shown.in fig. 3.3.1.  Only the proton
configurations which can couple to.J1T = 17 are.indicated.
In a structure calculation the residual interaction between

these bound, resonant and continuum states is switched on and

(p3/2)"1's/,

(p*/2)"}a%/, /////////////7
7///////////

(p*/2)7'a%/2 l ////////////
erzanl V)
pt/2) " s/, ////////////////////// ///

xﬂ\"

‘ — [ - MeV
NN q m ® w
(@] = 1=y @ W D ~J
w W w v ;- n
13.1 ' 17.3

Fig.3.3.1. The lp-lh shell-model proton states of '°0
which can couple .tovJ1T = 1-. The energy
plotted is the excitation energy in !'°0. The
bound and resonant states are indicated by"
vertical lines, whiié the continuum states are

~indicated by the shaded area. Arrows_show‘

some of the physical states of !'°®0.

a matrix with elements given by eqn. (2.4.19) is diagonalized.

The resulting energies should correspond to some of the
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observed excited states of '®0. " One such ékperimental state
Pt of %0 occurs at 13.1 MeV. It is interpreted [31] as -

existing predominantly in the
.l' -f : . .
b =) sh ) ‘ (3.3.14)

configuration. . Therefore in the single particle cross-

section (dcy/dﬁy)'s.p of egqn. (3.2.11) the bound state wave
function wg%' appears, and is evaluated at 0.1l MeV binding
enerqgy. The residual interaction causes the energy shiﬁt to
13.1 MeV and the decay. The state ¢¥ can decay into two
'channels with cohfigurations given by

2

Xg = (ph) d¥2 (3.3.15)

i

X = (ph) sk

There is a SPR of width 0.9 MeV at 16.43 MeV in the channel

xé . ~ The various quantities which enter in the expression

tc
Macdonald [3.27]

for G (egn. (2.4.23))  have been calculated by Beres and
. ' \ . 2 ‘ |
2 (K@ IVl X5 X = 0.122 MeV
' | | 2 2
i l<q0tl\/,;) xn,,), = 0.0 Me\/

(Op)' 1 = (0.55%107)«0.9= 0437210 MeV

Hence the decay is essentially into the channel xé .

The authors also give the admixture of ¢, inq)t as
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S, = 0.9496 . ~ . (3.3.16)
Hence the decay of TN into the channel Xé is

. Lnl@,l\/falx,;ﬂlz = Q.123 MeV

Experimentally, the 13.1 MeV resonance is observed to have a

width [501]

i = 0.7l MeV
Hence relation (3.3.2) for the Spectroscopic factor gives
Ser = 0.90 ,
in fair agreement with egn. (3.3.16).

In the above we have used the "effective-binding-energy
prescription" (EBEP) [51] in obtaining spectroscopic informa-
tion from stripping reactions. The eigenenergy of,&i?s}
is determined from the binding energyvof the shell-model
single-particle level. More frequently employed is the
"separation-energy prescription" (SEP) [52] . The eigen-~
energy of wi?s is determined from the Q—vaiue of the
reaction. In bound state stripping analyses the spcctroscopic
information tends to be more reliable from the former method;.
These two methods are compared for unbound stripping in
section 3.5. One consequence of using the SEP is that all
decaying states can be treated as SPR. | A survey of the
literature reveals that this is indeed the most common method

of description.
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3.4 Comparison with Other Work

Many differenf theoreﬁical methods have been developed
for describing étripping to unstable stétes [16,13-16,19,
22-25,49,53-61] . Below we mention only those which are of
relevance to the present work {10,13,19,16,54,60,61] . In
nearly all these formulations, the simplest possible form of
the wave function at resonance has been taken. In our: |
formulation this is given by egn. (2.3.9).

The Gamow function is used for the resonant state by
Coker and Hoffmann [13] and by Bang and'Ziményi {1071 . The

former authors write (in effect) for the resonant state

” () A%, G
- " - Wy (T - .4.
E‘E£d+*§r1f1 ﬂq J h)C H )

and replace in the bound state stripping cross—-section, the
bound state form factor by the quantity WE§2~H'The sbectro—
scopic factor is obtained by renormalizing this single
particle an;ular distribution to the experimentally observed
one, Our more general fofmulation confirms the conclusions

~of this more intuitive approach.
Béng and zimanyi [10] use the foliowing form for the

resonant state

' e by ¢
1<) %, —t ]":"

-MS( Qia‘ )
E-EG. i Nk )a-z . (3.4.2)
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They adopt the Berggren normalization for the Gamow state fQ]
which is shown in Appendix A to correspond to our normalizatidn
up to zéro order in (Imﬁéj/Re&ij). Egn. (3.4.2) diffefs from
egqns. (3.4.1) and (2.3.8) by the factor [121 T 3} . Their
angular distribution formula differs from ours and from that
of ref. [13] by the correspbnding factor.

Baur and Trautmann [l9j do not use wave functions corres-

ponding to a complex energy. They take .the wave function at

resonance to be,of the form :

L m b T RNy A S
g ‘g(mkz,) EERLrs ¢ Oxylnkd) | Gl

The corresponding cross-section becomes, after evaluating the

energy integral,

= (3.4.4)

do (z Ff’ﬁ) (&2 ) |
where the single particle cross-section is given by eqn. (3.2.11)

with

Bax (Ky k) = r'-———' IZLM fdre,
(—)* Or ("k ) ] “’
x% (k.j r)[ oz Y (%) XdA-t(lf,A;f:)
(3.4.5)
'They then allow F&j to become a free parameter, and normalize

the cross=-section of egn. (3.4.4) to the experimental value
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(é(j (z dor

dﬁ'j )“"P = K‘kisj (df( )5.?’ ) (3.4.6)
The quantity‘(mrt/ﬁzkﬁj)' corresponds to the quantity sz %3
occurring in stripping to bound states formulae, sz being thé
normalization of the bound state wave function and Szj the
spectroscopic factor. In the case of stripping to unbound

states (see eqn. (2.3.7))

2 MI—',’\%
Ng‘;,“_“ I’\TE\: , (3.4.7)
ana therefore
Sg = T /R - | (3.4.8’)‘
This is the same result as in eqn.l(3.3.6)." However in thisyl

formulation it is.not obvious that the quantity Ft measures
the actualvwidth of the resonant state.

The approach of Vincent and Fortunéé[lG] is in many ways
similar to that of Baur and Trautmahn's. However, asymptoti=
cally, the resohating part of the radial wave functlon, uéj) P
is written as a sum of incoming and outgoing waves. We
believe that this is incorrect. In section 2.3, we have
shown that the violent energy behaviour of u( ) occurs,
asymptotically, only in the outgoing wave.’ vThe complete
radial wave functlon u(J) , does ofléourse behave, for.large
r, as a superpositlon of incoming and‘outgoing waves.

Other methods, Wthh make use of the properties of the

wave function near resonance are given in refs. [s541,[60] and

\
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[e61]. The radial wave function function of a particular %

'is made to resonate at the observed energy-of the resonance.

- This wave function ‘is then modified by cutting it off smoothly

in thé region of the first node outside the nucleus. It is
then normalized to unity and substituted as wi?s into the
bWBA transition m;trix'element. This method differs from
ours in the;normalizaﬁion procedure adopted for wi?s .

Levin [15] deals mainly with stripping to doorway states
of the shell—model Hamiltonian. In such states.éll nucleons
are in bound orbiﬁalslalthough the energy of thé'system is
above the single nucléon‘threshold. However such doorway
states correspond to fairly complicéted ﬁany—particle resonances
of the compound nucleus. . Indeed in the example of subsection

3.3.c, the doorway states (/)"

d®/, and (p%/2)"' s!'/2 , can
only be populated by exciting the target during the transfer' .
process. As we have argued at the end of subsection 3.3.9,

the cross-section for p0pulating such states should be small.

3.5 Calculations

3.5.a Angular distributions

In this subsection we compare the angular distribution

predicted by eqn. (3.3.3) with the results of experiments for

a variety of projeétile~target systems. In particular we

investigate the following:
(i) The validity of an approximation to the Gamow function

based on physical grounds.




~at the required energy Eﬁj . The width, Fn

- {ii) The extraction of spectroscopic information using the

"effective-bihding—energy" and the "separation—energy""

prescriptions (see end of section 3.3).
' eSS
23

(rpﬁij), evaluated - .-
at complex,ﬁ,iJ and with purely'outgoing asymptotics, have been

Calculations using the Gamow state,

performed by Coker and Hoffmann [13] . ~ We compare our angular

distribution resulting from an approximate'evaluation of WZ?S

with their results. The depth of the central potential is
adjusted uhtil the potential phase shift, Szj ’ équals w/2

43 s taken from

a phase shift analysis to bethe distance.between.the-éne:gies,'

‘  such that

Sin 1:5£4(E)] =L A (3.5.1)

The radial wave function wi?s is evaluated at the (real)
. eneigy Ei]- . Provided the. resonance width is small, the form
- res i 23, 23 _ i &3 |

of ng | whether ejaluated at En or at En > Fn is

the same inside the potential well [10] . Also, with this
.appfoximatién the'functién WE?S is real. It has been-

res

demonstrated by Mahaux and Weidenmiiller [3] that Wos

~corresponding to a complex energy, is almost real within the

range of the nuclear potential provided the resonance is narrow.
For a narrow resonance, the resonating part of the scatter-

ing radial wave function has ‘a large amplitude inside the

‘nucleus, this‘amplitude'being greatly reduced outside the ndcleus.

We use this fact to set the wave function equal to zero

. after the first node outside the nuclear radius. A similar

procedure has been‘ﬁséd in refs. [54,60,61] . However we do

\
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Fig. 3,5,1; Data (points) for the °2Mo(%He,d)®’Tc reaction

| leadiﬁg to the unbbund statevat 8.41 MeV Eél]'. '
together with DWBA calculations using various
descriptions for fhe resbnating state. Dashed
curve is from ref; [13]'.' ' Our approximation
to the Gamow state is shown by the solid line,
while ﬁhe result_of using a slightiy bound state

is indicated by the dashed-dot curve.
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Fig.

3.5.2.

The radial depéndence of the bound (dashed) and

resonant (solid) single-particle wave functions

for the 2d%/, state of %2Mo + p at 4,317 MeV

(lab) . The quantity R, indicates the radius of
the absorptive potential. " Also shown is the

phase~shift near the SPR.
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TABLE 3.5.2 Potential parameters used in the analysis of

160 (d,p) 170

Channel . \'2 W r ' r a a r

. (o} [o] ov ow ov ow oC
160 + @  85.29  12.75°  1.25  0.958  0.606  1.578 1.25
170 + p 59.99 5.729°  1.25 1.517 0.501  0.494 1.25
160 4+ n . 40.90 ° - 1.325 - 0.5 - -

+Gives a resonance eneigy of'0.99 MeV (lab) and s.p. width of
0.115 MeV (c.m.)

v volume absorption

resulting from the bound and the Gamow state descriptions of
the SPR are normalized to have a spectroscopic factor of unity.
The difference in magnitude%between these latter two angular
distributions is again attributed to the.difference in magnitude
. between the respective radial wave functions describing thé SPR _
(see fig. 3.5.4). The radial'integrals are sensitive to the
form of the wave fupctions, wﬁj 'and wi?s [ for r > 3.9 fermi.
The phase shift analysis gives a single-particle width of
0.115 MeV compared with 0.09 MeV obtained from neutron scatter-
ing experiments.

In order to simplify their calculation, Vincent and
‘Fortune have faétored the energy dépendence out qf the fqrm

factor. We have indicated in section 3.4 that. their method

of doing this seems to be conceptually incorrect. The fact
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|0° l I I ‘ l

° 0o o O (deq) @
Fig. 3.5.3. Data (points) for the '°0(d,p)!70 reaction leading

to the unbound state at 0.99 MeV [42,43] , to-
gether with DWBA calculations using various descri-
ptions for the resonating state. Dashed curve is
from ref. [16] . Our approximation to the Gamow
state is shown by the solid line, while the result
of using;a slightly bound state is indicated by the

dashed~dot curve,

i
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Fig. 3.5.4. The bound (dashed) and resonant (solid) single-

particle wave functions for the 43/, state of
'®0 + n at 0.99 MeV (lab). The absorptive poten-
tial radius is denoted by Rw . Also shdwn is the

pehaviour of the:phase shift near the SPR.

that they find it necessary to multiply their results by the
factor 0.78 may be dﬁe to this. ' |

The results of the foregoing calculations indicate that the
main features of the Gamow . state are contained in the simplifiéd
form we have adopted for it.

Bohne et al. [45] have investigated the reaction !°N(d,n)!®0
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leading to unstable states of !€0, 'Theirnanalysis of the

negative parity states gave spectroscopic factors that were

much lower than the ones obtained from shell-model calculations.

Aepossible source of discrepancy may be due to the way in which

they obtain the form factors for the resonating single particle

states.

We analyse the angular distfibutions obtained from popu- -
lating the 12.967 MeV, 13.129 MeV and 13.358 MeV states of
156 [45]in the following two ways:

(i) The form factors are obtained by evaluating the radial
wave functions for the transferred proton using the bihding
energies of the shell model siﬁgle particle levels

(effective binding energy prescription, EBEP). The

dominant shell-model configurations for all these states

- is thought to be (p'/,)~'d%/, with a binding energy of

| O.6-MeV;

(ii) The form factofs were obtained by evaluating the radial
~wave functions for the?transferred proton at the observed
'energies of the resonances (separetion energy. prescription,
SEP). The Gamow states are evaluated using the approxi-

'vmations mentioned on pages 49?50. | .

The form factors resultihg from these two methods of _
‘calculation are compared in fig. 3.5.8 for the 15.129 MeV level.
Angularldistributions for stripping to the,three.unbound etates
are shown in figs;'3.5.5 - 3.5.7. The optical model parameters-
[45] are listed ih table 3.5.3, while the potential parameters
~for the 15N +p system are given in table 3.5.4 together w1th

the energy p031t10n and w1dth of the ds/z level.
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Optical potential parameters used in the

analysis of !SN(d,n)!%0 [45]

Channel

v W r r a a r
o .0 ov . OW oV ow ocC
15 v .
N +4d 72.0 8.0 1.4 1.35 0.7 0.8 1.3
%0 + n  49.3-0.33E_ 23.0° 1.25 1.25 0.65 0.7 1.3

v volume absorption

TABLE 3.5.4.

s - surface absorption

Potential parameters for the system '°N + p

Level EBEP E_s I'.s
da°/. a>/,
(MeV) or (MeV) (MeV) Vo rov aov roc
SEP
- 12,967 EBEP ~-0.,60 - 58.89
1.25 0.65 1.3
SEP 0.892 . 0.0110 55.75
N
13.129  EBEP -0.60 - 58.89 .
: : 1.25 0.65 1.3
SEP '1.069 . .0.0094 55,40 '
13,258 :EBEP  -0.60 - 58.89 _
‘ ' : 1.25 0.65. 1.3
~ SEP 0.0128 54.90

1.205
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0 ‘ _ ' —

dr
dql
(mb]sr)

|0° l ! l ) ] l |
. ) ec_,q, (de%')

Fig. 3.5.5. Data (points) for the !5N(d,n)!®0 reaction leading
to the J;v='2- r E, = 12.96f MeV state in 150,
together with_DWBA calculations using the EBEP‘
(dashed line) and the SEP (solid line) for the

resonating state.

| |
i

For all three levels in !'°®0, the spectroscopic informatioh
deduced from the SEPiand the EBEP is the same (unity) and agrees
with the predictions of shell-model calculations. The shape  of
the angular distributions at forward angles ié better reproduced
by the SEP, - The data are expected to be most accurate'at forward
angles.‘ The radial integrals are éensitive to the form factors
from the nuclear surface outwards. In the EBEP the behaviour
of the form féctors in this region are incorrect.

We have also attempted £o caléulate the angular distribu-
tion for the E, - 13.093 Mev level in 160 whose configuration is

(pl/zl'lsl/z . However the & = o phase shift analysis gave a
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10 ;/ . 7
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Fig. 3.5.6. Same as in fig. 3.5.5 except for the J; = 37

[4

E, =13.129 MeV state.

60

(mblsr)]

o° L 1 l S |

0o 20 4o Oca. (deg)

Fig. 3.5.7. Same as in fig. 3.5.5 except for the J; = 3"

14

Ex = 13.258 MeV state.

60
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Fig. 3.5.8. Bound (EB = 0.6 MeV) (dashed) and resonant

(ER = 1,069 MeV) (solid) single particle wave
functions for the 1d%/, proton in 16O(J;{T =3,
E, = 13.129 Mev). The absorptive potential

radius is denoted by R, * Also shown is the

behaviour of the phase shift near the SPR.
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broad width at the resonance energy in contrast with the
narrow experimental [50] and theoretical [31] widths. oOur
approximate method for evalﬁating the Gamow state for s-waves
is not expected £o be accurate becausevtﬁe wavé function has

equally large amplitudes inside and outside the nucleus.

3.5.b Energy Spectra

A simplified expression for the excitation functioh may
be derived as follows. We assume that the target nucleus
remains in its ground state during‘the transfer process.
Then the sum over J in eqn. (3.2.3) is replaced by the sum-
over £ and j for the transferred nucleon. Levin has shown
[iS] that different %,j contribute incoherently to the cross-
section. Therefore, in order £o4investigate the resonanée
behaviour of the energy spectrum, we need only retain the
channel (£,3) in_which the transferréd nucleon resonates.
Then the following expression for the energy spectfum, which
includes implicitly the effecﬁs of the background and the
resonance in the channel (2,j) may be derived (cf. eqn. (3.2.10))

d'e m Ky [27a¢! D i ‘ o
S = Jdmy 0§ [Laf! o -
dhydE ~ @TRE Ky (LL*') TR Zx: [Boy (ky , k)] N (3.5.2)

~where

it f 3 —ar

Ba(ky, k)= i 2 d're
. , (3.2.3)
Sihd w (nkd o* A P ‘
XrgA' (Eg,g') ’""LFJ_—'- sz (%) Xan (!fd, £)



and uég) is given by eqns.(2}2¢l4) and (2.2.15).

We have used egn. (3.5.2) to calculate the e#citation
function for the reaction '°N(d,n)!®0 in the'neighbourhood of
the 13.129 MeV resonance (fig. (3.5.9)). The radial integrals
in egqn. (3.5.3) have been evaluated out to 30 fermi. Beyond
this distance the integrand of the radial integrals will

.oscillate. Thus the major contribution to the cross-section
Will come from the nuclear inferior; Similar results are ob-
tained for the other two resonances at 12.967 MeV and 13.258
MeV. Because these resonances are well below the & = 2

angula: momentum barrier the widths are narrow (I‘R/ER = 1072)
and the background wave function is sméll inside the nucleﬁs.
Hence no interference patterns are seen. - The shape of the
resonance as a function of scattéring angle is unaltered. This
is also a consequénée of the fact that the background wave func-
tion is small inside the nucléﬁs;i ~Equation (3.2.10) shows.
that, on neglecting background terms, the dependence of the

- energy spectrum on the scattering angle and the energy)factors.“
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Fig. 3.5.9. Theoretical excitation functions for the

reaction 15N(d,n) !®0 populating the 13.139
Merlevel in 1°¢0. The -angular momentum
transfer is % = 2. The centre-of-mass
angles are 200 (full line), 40° (dashed-
dot line) and 60° (dashed line). The

position of the resonance energy is denoted

by ER .
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4. Inelastic Scattering to Unstable States

. In this chépter we suggest an alternative direcf reaction
proceés with which particle unstable nuclei may be studied.
Nucleon induced inelastic scattering at Low energies excites
predominantly collective modes of exéitation. At higher
energies the probability that the projectile nucleon interécts
" strongly with just one target nucleon increases. In this way
the same nucleon unstable states may be populated as with
stripping reactions. A comparison between these two quite
different direct reaction mechanisms can be made.

In section 4.1 we indicate in some detail the kind of‘
inelastic experiments required to produce particle unstable
states. We also mention quasi-free scéttering experiment
‘results where unstable hole-states are produced. Formulae
for the transition amplitude and the cross-section are derived
in the following section. These results are compared with
those of stripping reactions leading to unstable states. The

-wave function for a hole~state is discussed in section 4.3.

4.1 The Experimental Situationv

An inelastic reaction in which a particle unstable nucleus

is formed may be wriEten,symbolically as

4 + A — '“—jl -+ A)*E - ‘ji +x +‘(A-!) . (4.1.1)

,
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In order that the projectile nucleon y have.a large probability
to interact with just one nucleon, x, of the target nucleus A,
the energy of y must be high. This 1is in contrast with the
stripping reaction, where relatively low energy projectiles
ére sufficient to populate unstable states. An advantage.bf
using reaction (4.1.1) is that "inner nucleons" may be excited.
In this way fairly high iying unstable states of A may bé
studied. For instance, in the reaction IGO(p,p')IGO* , a
p?/. proton may be excited, . thus forming excited stétes in
180 with predominantly (p3/.)~'s!/, or (ps/zs‘?ds/z configura-
tions (see fig. (3.3.1)). Such states are expected not to be
strongly populated in the cérresponding15 N(d,n) reaction
because the target must be excited during the transfer process;
" An example of an inelastic process pobulating an essentially
single particle resonance state is 17O(p,p)170* ; leading to
-the da/z state in '70. The low energy p;rticle, X, in
- reaction (4.1.1) need not be observed. The corresponding
particle is usually not observed in stripping experimenﬁs'to
unbound states. |
Experimenté with the above intention have, to the author's
knowledge, notbeen performed. There seems to be only one
instance in the literature where the reaction mechanism of
egqn. (4.1.1) is invoked to explain the experimental data [62].
It is suggested that in the reaction !®0(p,2p)!°N at an incidenﬁ
proton energy of 45 MeV and with final proton energies of about
16 Mev [63] , a collective state in '®0 at about 29 MeV.exci-_
tation energy is populated. Since this state is well above
. the proton threshold of about 12 MeV, the 160 deexcites by

emitting a proton.
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Much more numerous are quasi~free (p,2p) experiments
:with incident proton energies above 200 MeV. ‘Such reactions
havé been reviewed recently by Tyren et al. [64] , Jackson
[65] and by Jacob and Maris [66]. Experiments deal almost
exclusively with situations where the two protons in the exit
channel have equal (high) energies. Of special interest to
the present work are situations where a deeplying proton is
dislodged by the incident proton. In this way thé residual
hucleus may be left in an excited state (hole state) whose
energy is greater than the particle threshold energy. This
nucleus will therefore deexcite by emitting a further nucleon
[26-30,67,68] . _

An example of this is the reaction !'2C(p,2p) studied by
Tyrén et al. [64] with 460 MeV protons in a coplanar symmetfic
geometry. The broad peak of width 10 MeV in the separation
energy spectrum at 36 MeV is attributed to the knockout of a
1s!/, proton from !2C. The highly excited !!B nucleus decays

- rapidly by emitting a further low energy nucleon [26-30].

|
I

4.2 Theory of Inelastic Scattering to Low Lying Unstable States

4.2.a Formulae for Transition Amplitude and Cross=—-Section

The distorted wave transition amplitude for the reaction
(4.1.1) in which a projectile nucleon y excites a particle

unstable state of a target nucleus A is

' AL e, - |
T(Eb‘jibc = 0/‘&38 <xg‘A(lig).q'E)A | 2 VEIA {CPA (k.5> . (4.2.1)
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(+) (=)

The distorted waves XyA and Xy'A describe the elastic

scattering of y by A in the entrance and exit channels

reépectively. ‘The function @A is the ground state wave
function of the ﬁarget, whi;e wé:g denotes the ((A-1) + x)
nucleon system. This latter function is given by egns.
(3.2.3) ‘and (3.2.4). The excitation is caused by the inter-

action VyA , which is the difference between the exact and
optical model potentials acting between the projectile_and
target. The convergence factor e Or enéures that all radial

integrals converge.

The cross-section for the reaction is

do _ my)” k' .
dkydE  @TRDY (m’)(zwoz1 Ty SEII (4.2.2)

Egn. (4.2.1) for the transition amplitude will be valid
provided the energy difference between.x and y' is large and
provided the unstable state is long enough lived for y' not.
to interfere with its decay.

As in the case of?stripping td decaying states, interfer-
ence effects may occur in the above cross-section. The

conditions for this to happen are either that the background

(=)
E,A '

A , is comparable in magnitude with the resonance term or that

term in vy describing the non-resonant knockout of x from
there are several overlapping resonances in the energy region
E.

In order to simplify further discussion we make the

< following approximations in eqn. (4.2.1):
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(a)b The projectile y interacts with just one target nucleon
. X, Then the potential VyA may be replaced by Vyx .

(b) The interaction Vyx is of zero range and of stréngth
Vo . At sufficiently high projectile energies,'the
struck nucleon may be regarded as essentially-freé, SO
'that the two body interaction, VXy ; may be summed to
all orders and repléced by the free £wo-body t-matrix.
If it is assumed that this t-matrix is a function of
momentum transfer q only, then in the subsequent equations
Vo is to be replaced by the tfmatrix t(qg).

-(c) Spin orbit coupling is neglected.

(d) It is physically meaningful to write the target ground
state wave function(PA as .a product of a wave function
for the nucleon x in the shell model orbit with angular
momenta Qo’ jo and a wave function for_the other (A-~1l)
nucleons

. b b, |
CPA = Oto"’a bdloao (1°) ,&'%’1 ) (PA-—4 . (4.2.3)

(e) The same assumptions are made about the wave function for

(=)

the unstable nucleus, Vg A
4

as in section 3.2 of chapter
3.

‘ Eqn. (4.2.2) may then be written as

’(‘iz— - c%en) l Gtcr {OE-‘L (—-—f\z) (4’2'4)
dkydE e 3 \dky Jsp - |
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The single-particle cross-section‘(dd/dﬁy.)s D is defined.
by '
(_c_i__g ) Rt /1 \u Ky '(H"““A*H «_\/Ozlotonblz
dRg by~ @TH)" Ky \2Tart ) T(Zoge))
7 By, k)l
N F))’“‘ s BPRAS )
' (4.2.5)
where
| S ~F ,qu*
ﬁz)‘( V\1 ) J‘i’i}_—" &&_)"3 A-r VA .‘jA (k‘j T)
{b% ) ( ﬂao
i (\ W v "o \
[ Y ()J[ Lm \ (Zak(] qA(k ))
(4.2.6)
and .
Ma-
}fﬁ = NA lr, . (4.2.7)

Provided the quantities Gtc and Pt are independent of

energy, the angular distribution of y' may be written as

ag ) (4.2.8)
‘J- k‘jl sl?. ’ )

The above results are very similar to the corresponding
results for stripping to unstable states. The quantity D;
‘appearing in eqn. (3.2.11) is replaced by the quantity

2
) VO[O

2 s B .
tonol in eqn. (4.2.5). The spectroscopic factor
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|o |2 gives the probability that the nucleon x in the

tono

physical ground state, to’ of the target is in a shell model
. ' &

state ng - It may be obtained either from a structure
calculation or from a study of direct knockout reations in'
the energy region where no unstable states occur [65].

The integrand in eqn. (4.2.6) converges withdut thé
convergence factor when‘the Gamow function wi?s is used,
provided the binding energy of the nucleon x in the ground
state of the target is greater than the resonance_width of X

in the SPR state. This condition is expected to be satisfied

.in most cases of interest.

4.2.b Comparison with Results for Stripping Reactions

"Eqn. (4.2.8) shows that the ratio

(35) ] (8)r. = 104" |
dl’\.,“ dﬁ‘,j‘ S.P. - IOQ,II ,‘ (4.2.9)
as in stripping reaction leading to unstable states since

(see Appendix D)

mo= oo ) 1GelT . (4.2.10)
clopen) - : ,
As a further parallel with the stripping reaction;_eqn.
(4.2.4) demonstrates that the energy spectrum may élso_bé
~written as a pfoduct of the total elastic scattering crosé-
section of the nucleon x by the nucleus (A-1) and an "inelastic

< scattering enhancement factor".  This enhancement factor is
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also proportional to the inverse of the width Ft . 'There-v
fore it is expected that the ratio of intensity in (y,y')x
to that in (x,x) should increase with angular momentum transfer.'

Further, at the resonance energy, E_ , the ratio .of intensity

t
in (d,y)x to that in (y,y')x should be roughly equal to

(Zfil'% )S.P. Legn (3.2:0] /(3%«' )S,P' [egnttzs)] . 4.2.11)

In this respect it would be interesting to compare the energy
*
_spectra of neutrons and protons from !°N(d,n)!'®0 and

‘IGO(p,p)IGO* .

4,3 The Wave Function for a Hole State

We return to the !2C(p,2p) reaction [64] mentioned in
‘section 4.1 and indicate how the highly excited !!B nucleus
may be described in our formalism. Since it is assumed that
a ls‘/z proton has been knocked out of !2C it is natﬁral to
describe the physical statecpt of ''B as being essentially
composed of the BSEC, @n , with a proﬁon hole in the lsl/z
orbital. This stéte may decay into channels ¢ in which

there are two holes in the 1lp3%/, orbital and one nucleon in

the continuum, The unstable !!B state may be written as
: - " |
J (+) i 4.~§\~_ - -— .
Yo =) e (25 8] ¢, ~ (4.3.1)

- clopen) E-Ee+%03

< Where
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Ev = Eu v (BulVal) + jac‘@——‘-\—%&—-

2 (4.3.2)
.["tr_ _7_7{'2;(;&2.“!\/1\‘%;7 "‘Z.ZSM.

Egqns. (4.3.1) and (4.3.2) lead to the autoionization process
~ discussed by Pittel and Austern [30] . Lipperheide et al.
[29] obtain a similar result except that they include se&eral
o in the description of !1!B.

We have neglected the background term in egn. (4.3.1)
for wJ(+). Its inclusion would describe the simultaneous
knockout of a fast proton and a slower nucleon from the 1p3/,
shell. Thus this term describes the "double-excitation
process" of Pittel and Austern (30].

~As an alternative to ghe above description, we mention
ﬁhe work of Berscovitz et al. [67,68] , Shanta [69] and Berggren
and Ohlén [70] . ‘The cross-section for the (p,2p) process
is proportional to the square'ofAthe overlap integral, which

may bewritten symbolically as
{ @a-t | Pa) - (4.3.3)

where<1‘f)A is the initial target stgte and @Arl - is the final
‘unstable state. This overlap integral is approximated by a
single hucleon shell model wave function which describes the
motion Qf the knocked out ﬁucleon in the target nucleus before
the reaction has taken place. In order to account for the
decaylng nature of the flnal state, the single partlcle wave

function is evaluated at a pole of the S-function in the
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complex momentum plane. Such a pole is situated in the
upper half k-plane to ensure that the wave function decreases

exponentially for large r. This is also the asymptotic

behaviour of eqn. (4.3.1).



5. Summary and Conclusions

We have studied within the framework of the continuum
shell-model théory nuclear excitationg that are unstable
against nucleon emission. An expressidn has been derived
for the wave function of a nucleus in the neighbourhood of
such an excited state. As a function of‘eﬁergy this wavé
function consists of a smoothly varying background term and
a Breit-Wigner shaped resonance term. As a function of dis-
placement, the backgrouhd term is, for a sufficiently high
-angular momentum barrier, zero'inside the nucleus. On the
other hand, the resonance term, which consists of a linear
superposition of shell-model bouﬁd and resonant (Gamow) states,
has a large amplitude inside the nucleus. The decay of the
state is caused by the natural widths of the shell-model
resonant stétes and by the residual interaction (difference
between the exact ana the shell-model Hamiltonians). |

The validity of this description is investigated by an .
analysis of nucleon transfer reactions pdpulating unstable
tstates.4 In the DWBA expression for the transition amplitude,
the usual bound state wave function.-describing the target-plus-
captured-nucleon system is replaced by the resonating part of
the wave function for this %ystem;, Simple expressions are
obtained for the energy spéctrum and £he angular distribution
of the uncaptured, outgoing nucleon (or nucleons). In thése
expréssions the form factor is given by the radial wave function
-for the captured nucleon. Becéuse of absbrption in’the entra-

nce and exit channels, the transition amplitude is sensitive’

0
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to the erm of this wave function only in the region outside
the nuclear interior. The "stripping to bound states"

method for extracting spectroscopic factors from the anguiar
distribution is shown to apply also to stripping reactions leading

to unstable states. The energy spectrum is related to the
total elastic cross-—section pqpulating the same unsfable,state.
Angular distributions have been calculated for a variety'of.

projectile'and>target systems. The Gamow state has been

.evaluated in an approximation which has been shown to be valid

for narrow resonances. The inclusion’of'spin-orbit coupling,
finite range and hon10cality effects should affect the angular
distributions only slightly. More important from our point
of view is the approximation of the form factor by the radial
single-particle wave function. This is correct only for
stripping by a closed shell target nucleus. In general it

is necessary to determine the form factor by calculating ﬁhe
overlap between the target ground state wave fuﬁction and the

target-plus-stripped-nucleon wave function from nuclear

_ structure theories..

We have also suggested another direct reaction mechanism -

‘nucleon induced inelastic scattering at high energies (3 100

MeV) - with which these unstable states may be studied.

~Similarities between this reaction, the stripping reaction and

b,

elastic scattering, all populating the same varticle unstable

states, are pointed out.
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Appendix A E Properties of the Gamow Function

i

We recall here the form of the wave function of a single
particle resonance, and. discuss its normalization.

It is shown by Romo [12] and by Mahaux and Weidenmiller

(+)
23 (r,r';:R)

factorizes in r and r' in the V1c1n1ty of a SPR (see also end

(3] that the residue of the Green function g
of this Appendix):

ﬂs !- . .
| (+)( ; /&) (‘)Q:L( "',/PLAQ) “)2";5(_’.«)’&:\(0)
(}ZJ .7 - € - éiﬁ + _z.r'fg .

{(A.1)

In this equationﬁ.ﬁJ is the position of the resonance in the
complexk ~plane

23 | |

k=K omik, (ki>ka>0) (.2)

23 _
n 2

2]

P is the corresponding complex energy.

and ¢

The function WE?S defined by

., F
™S5 Mr‘\fj)}i LE

u&j(r)&fﬂ = (Kﬂhé C&ﬁ(r,kij) (A.3)

is a solution of the one-body Schrddinger equation with complex

23 i.23

energy € - = érn and with purely outgoing boundary conditions.

It is called a Gamow function. The function wzj(r,ﬁij),

" satisfies the same Schrddinger equation with purely in-going

. = % e
asymptotics provided,&ﬁq = fﬁﬁj and wi?s r, 343

res(r,&“) [97 :
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o WS
w;d

: hoo_ ¥4 '
120 -5 g ¥ '
(4‘) \,\)'-_-(K,_E‘id Z Iﬂé(f)ﬁk.\ ) ' (A.4)

To zeroth order in (k, /k ) the gquantity [mrij/(h%ﬁij)]%
reduces to /2k, - the normalization of Berggren [9].
Because of its asympototic form, the Gamow function -
cannot bé normalized in the usual way. Berggren [9] shows
that the Gamow function describing resonances with (Imﬁij

< Reﬁij) may be ortho-normalized in the following sense

2

. ~or s Z L1 4 : .
>y 0 :
To prove this he shows that
0 L _
0 ar 2ikEy L _,
Lon | dr o2 2 = 2L 8 , (A.6)
&>c O ‘ _
and
. 24 o
‘ e R 1 ( I _)l
Loon J‘o(r,e_ T~ o ={2; K1 (A.7)

CX»0 0

To regularize the Gamow function, Romo [12] evaluates the
. . 1 23 T S
:1ntegral for poles situated at.ﬁn and @m in the upper

half,Q-plane and then performs an analytic continuation to

. the resonance poles;&iJ and]iij in the lower halfﬂﬁ—plane:

[5.¢]
Y
. g YN = { b
for Jdr Wiy LAY wg e K'Y = b (8.8)
&Iii) /g_f’) o 3 2! ? '
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Gyarmati and Vertse [17] demonstrate that the-reguléri—
zation procedures of (A.5) and (A.8) are identical by perform-
ing the integrals (A.6) and (A.7) in the complex r-plane.

We should like to attach a physical meaning to these
regularization procedures. The divergence of the Gamow state
~is only apparent because we are treating an inherently time--
dependent problem in a time-independent formalism [71] .

.ITt was shown by Rosenfeld [72] that in a time-dependent
treatment, the wave function at resonance increases exponen-
tially with r up to the distance travelled by the wave packet
in a time t. vFor r-values larger than this distance, the
wave funétion is zero. (In most situations matrix elements
which contain a Gamgw‘function have an r-cutoff in the form of
a nuclear potential and/or a bound state wave function.)
More exactly, the time dependent asymptotic form of the Gamow

function is proportional to
z. [ b 4 o
E/)(P L k,f "'(En /’K)t] +kz"’_ (‘ n/Zf\)t ) : (A.g)

For resonances with_ki > k2 > o0, Rosenfeld gives the following

relation between the time t and the distance r

" t _
T=c¢ (Eﬂ( k.—kz> , . © (A.10)
where ¢ is a constant greater than unity. Using egn. (A.10)
23

and the relation I'’° .= (Zﬁklkz)/m ; the real part of the

n

exponent in egn. (A.9) beches

- ' ]K‘k—"_ " )
Koo = \Ke = ¢ 00)" C (A.11)



which is less than zero‘for all (asymptotic):r. Thus the
inclusion of the time development of the Gaméw state is
‘effectively to ensure that the complex pole always occurs on
the upper halffﬂ—plane. Relation.(AZG) may be obtained by
replaciné_ﬁij in the integrand by Zﬁj

...é" _— . :
B = k- ke . (k>0 k<o) . (A.12)

2 ' .
-or .
The convergence factor, e , may be omitted, and we have

@ s - -
Xdr . ko (20 k%) , (A.13)
0

We now take the "time-independent limit", c¢+o , and obtain
the desired result; Eqn.:(A.8) may be evaluated similarly.
We may alsq give the donvergence factor e O appearing
» in egns. (3.2.12) and (4.2.6) a physical meaning by associating
o with the quantity (ck,k,)/(k,~k,) of egn. (A.11). The con-
vergence factor method is really useful only4when.the radial
integral can be evaluated in closed.form..  This is the case
in nucleon transfer between'heavy ions when the incident
energieé are below the Coulomb barrier [73,19] and when the
strong absorption model is applicable [74-76,57] . However,
- 80 far no experimental results of‘heavy'ion transfer reactions
leading to unbound states have been reported. The‘contbur
intégratién method seems’to be most apéropriate when-the
radial integral is solved numerically [16]1 (see héwever the
method of Coker and Hoffmann [13] .  When the Gamow state
is nof used to describe the SPR (e.g. [lG]),_the convergence

procedure cannot be given a physical interpretation.



,

- 81 =~

Finally, we should like to show, using eqn. (2.3.8),

- that near a narrow SPR, the Green's function

@ | faz‘ i kY ug sk
%Lic‘"""ik) = f_';'; TR b (A.14)

may be approximately written in a separable form inside the

(+)

nucleus. For a narrow resonance uzj takes on the approxi-

.mate form

o . R4 iy A . .
u(\t)ir k) B_LEH GLEIMQ wus(";&-lt) (A.15)
£y &5 = . T o Wiy YT ) A.l5
g0 ) 1 )
inside the nucleus. Using eqn. (A.1l5) the Green's function,

eqn. (A.l4), reads

S - 24 i
g (ryrl KY) = ) A (Il?rr':o)jdg

. n>0 _ .
. . : (A.l6)
wee Cr, R Wi, RS

(LB LB e-tein)(e-EI- £ )

.We evaluate the integral in the upper half e'-plane using

the Cauchy integral formula. The poles occur at e'.= ¢ + in
S % R T % ' '
and at e' = g,° * 2Fn ’ and we have
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. s By RS
W | : (-L Li){_ w-tis( R WG (R
Gu (nry k) = 2T GEt e )T (- S R e -2

s I LI £
L‘)E’i (,—/’u‘": ) wi'& ( r) ,PLV‘)) }
)

TS (g-e Bt )

(A9 I s N
Wej Cr Ad) Wy (D)

= P ﬂ\ . ,("S
=&l +3 1)

(A.17)

This is the result given by Romo!)[lZ] and by Mahaux and

‘Weidenmiiller [3].
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Appendix B : Completeness and Orthonormality Relations

Completeness and orthonormality relations fesulting from
the inclusion of Gamow states with the bound and real energy
scattering states have been derived by Berggren [9] and Romo
(127 . We discuss these relations using eqn. (2.3.8) for
the real energy scattering states.. The discussion is.re-,
stricted to bne channel (£,3),and we shall drop these two
suffixes. it is understood that all radial integrals
cohtaining Gamow states are evaluated'using one of the methods
mentioned in Appendix A. Egn. (2.3.8) reads, on including

resonances with increasing principal quantum number n,

7

/3

) ONR 5. (=) s

W) > w k) = e —"‘“‘E(_Z"gp w k) (B.1)
~ ~tzh. .

The completeness relation for the bound and real energy

scattering state radial wave functions is

- ‘
. #*
Z wb(r,ﬂm)wb(r’)f’zml + j;df am(r) k) [u.m(r-; k)] = &(r-t") . (B.2)

"
In the above equation, we substitute egn. (B.l) for u(+). If

(+)

the resonances of u are well separated - -in energy, we obtain

for the completeness relation (B.2),
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. & )
HINR o NR a¥
“‘j;df_ w [y, k)'LL‘L () R)‘}

NR l. . . (.Bc3) .

' ©0
_ b : w ¥
_ « (L 2 +$ { (f’)K)
| z,(zn r:\) {w Ce, fz.\odf PR IR

n

w5 k)

00
R
+w (r‘)}-z.ﬁjodf- é“E,\—giﬂ,,} = 8(1-41-')
The energy integrals in the last term on the left hand side

of egn. (B.3) may be evaluated approximately; We replace

'ﬁNR(r,k)vby its value at the resonance enérgy viz. uNR(f;kn).

Then we have for the last term

L

I~ \% res N S . . ¥ )
L (2r) {w (r)h.\\wR(w*,k..)~wﬂ(r,k,\)w“('r,m) } . (B.4)

If in egn. (B.l), the sum over n contains only the narrow
resonances, uNR(r,kn) will be negligibly small inside the
nucleus. Hence for r and r' inside the nucleus, the complete-

ness relation becomes

C {:‘){ . {Nl:sjﬁ * N i * .
Z w k) w (r',/Q{P)*-j;Jiuf R(—r-,k\[u. 'Z,—‘m} =&(r-r') . (B.5)

)
P

This result is similar to Berggren's [9]. Here, however, the

~energy integral is along the real e-axis. Contributions to

this integral come from upward of a sufficiently high energy
in order that uNR(r,k) and uNR(r“,k) be non-vanishing inside
the nucleus. When studying low-lying states, the contribution

from virtual excitations-high' into the continuum is expected

to be small. Therefore the low lying physical states consist
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{1Bs!
essentially of the states W oS

The wave functions wb(r,km), wh

es(r,kn) and u(r,k) are
all eigenstates.qf the same Hamiltonian. Romo shows [12]

that the foilowing orthonormality relations hold among these

functions
REA T P |
<w (f}}')lp)’ w (r)&’,')> = E)PP ,(P‘Pa-.-m)n) (B.6)
s
(& (k)] wlrnik)) =0 o | (B.7)
Cutn Yl wir k)= S(E-8) . (B.8)

The non-resonant radial wave function uNR(r,k) is not an

eigenstate of the above mentioned Hamiltonian. We may use

(+)

egqns. (B.6) - (B.8) and egn. (B.l) for u (r,k) to derive

the following relations

b NR : )
(w'tr k)lu (k)Y =0 , (B.9)
, FEPRYA
~T NR (An’n) _
O k)W k)Y = ot cir ) (B.10)
Calee k0] LMy = Sleg) (B.11)
(HNR ) NR N\ ' 7 Lo
] - e i e S T .
qn (kY[ (rk)s = 6(t'-e)+Z(a-e“+{n)(£’-t“—%r;) . (B.12)
N
Egns. (B.9) - (B.1l2) reduce to egns. (B.7) and (B.8) far from
resonance (uNR zZu). In the limit when the SPR becomes a
bound étate (sn < o, rn = o), eqn.fB.lO) reduces to eqn. (B.9)

and egn. (B.1l2) reduces to egn. (B.8).



- 86 -

Appendix C : Determination of the Background Term in eqn. (2.3.8)

In the application of the wave function at resonance to
a study of direct reactions, we did not require to know the

background phase shift, Eij , and the background wave function,

(+)NR
L3 !

of angular distributions we were only interested in the contri-
igdd
n

bution of the resonance, and the phase factor, e , appear-

appearing in egns. (2.3.7) and (2.3.8). In a study

ing in the definition of the Gamow function went out when the
modulus of the transition amplitude was taken. When we

investigated the interference effects in the energy spectrum

we used the function ué;) , and did not separate out the back-
ground and resonance contributions. However if we are to

perform the structure calculation implied in section 2.4

(i.e. diagonalize the matrix C in eqn. (2.4.19)) we need to

L3 (+)NR
know both En and uzj
The Gamow function, WSS , may be determined up to the -

23

23 | _
1en” by the method of Coker and Hoffmann_£l3].

phase factor e

They solve the equation

- _{\: si_:_ ‘fLS 21 _ b N . I NS E'; :
. L" Zm ot* + v‘z{(.’(")] U"',LJ (‘ﬂ/&n ) = (E.,.’--fr',.‘) wﬂ," (T);&.\) , ' (C_.l)

where the effective potential is given by

A5 LD : . '
Ve (r) = om — FE +‘rccv..“), + Uzens (P & 00 (1) Kig ) (c.2) -
— (240 y -i:or ’j =A% o,
K, = ' ' (C.3)

+2’ . 'Fﬂf‘ :‘]:24'}’?. )
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The full scattering radial wave function ulj(r,kl satisfied

the equation

e 1

% d 7 _ ' '
[” Im odrt T qu(r)] Ueilnk) = & wg; (k) ) - (C.4)

| In egqn. (C.4), we replace ulﬁ(r,k) by.

. y .
NR (5% Ff’. L‘ s 34
TN (r)k) - F- £f\i+:£r'h Wy, (r, 4, ) L (C.5)

Using eqns. (C.l), (C.4) and (C.5), we obtain

L . NPy
[— f\; a_;z. + V'}_ﬁ,(")] Mti(",k) _

(C.6)
N 3 l/,_ (213

{ i
= wgy (k) - (/) Wy (r)ﬁi)

‘The most general regular solution of egn. (C.6) may be

written as
NE I3 ® s TR
wzy (r kY = Al ug (£, k) +(=T) Idr'ggi(vr)r';k)wz,'(r')ﬁ,f) R

where the Green function gzj(r,r';k) is a solution of the

equation
T K4l . -
[i T oam it T U0 jgpln k)= Str-ry (C.8)

(+)
23

near k zJ{ﬁJ and the normalization property of the Gamow

Indeed, if we use the separable approximation for g valid
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function, egn. (C.7) reduces to egn. (2.3.8) with
_ . _ A3
agk) = et =67

A practical method for obtaining gﬁj and ui? is the

res
27
and Fij while the solution’

following; The solution of egn. (C.1l) gives w
151 23
the phase factor e™7"n ), e

(up to

of éqn. (C.4) gives uzj(r,k). By performing a phase shift
analysis we obtain the phase'shift 62j(e§3) at the energy
Eij . Then the difference

é)p_ﬁ' (Eij) - T/2 ) : | | (C.v9)

gives the backgtound phase shift Eij . From eqn. (2.3.8)

we have A ‘
o 2;
T R YT R e |
ug; (r k) = 2 wpj, k)
. o c.1l
(.217? “}23)5’1 rs ’&25 ( 0)
T-emgrn Wi nd)
. .. ¢cNR
Using egn. (2.2.20) we obtain XE as
< NR - NA Y ,
X’E = lﬁ)A { bL,::" (i') k) CPc.S o, o (C.11)
: : CNR ,_ ., I
The above procedure gives Xg inside the nucleus. In a

structure calculation, because the background wave function

XENR appears only in matrix elements of VA ,vthis is the only

tegion of r-space that is required.
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Appenxix D : Determination of the Scattering Matrix from egn

S (2.4.22)

We may obtain an expression for the scattering matrix
by looking at-ﬁhe asymptotic form of egn. (2.4.22). As we
have noted in section 2.4, in order for the wave function, w§(+)
to have a meaning for large distanées,'the Gamow states in
‘pt,A must be evaluated at the real energies of the SPR. From

egns. (C.11), (2.3.6) and (2.2.15) we find

Cw NK h )
I {cp 0, A EFE) p(EIA™
¥y 00 1-700

7 (D.1)

x[xz,y_jo(ﬂ'.‘gc)l_ﬁd ({)k) -— r:»);PfLE;) Oﬂd(i‘}k)}i

In an open channel c¢', the asymptotic behaviour of the Green
P ym

function
K =fdt: Ix'fc'wfé),ﬁ;m! E (0.2)
is [3]
bin K3 = 2mi L {Que ) () AT
0 | e
« Oy (}, k') expl(c Ec-)XZf(_l,’,.. .)A')'S . (D.3)

If there is a SPR in the channel c¢' (= cé), the asymptotic

- contribution from the functioncpt a is, using eqgns. (2.4.21),
14

(2.3.11) and (2.3.7),
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‘ L )
vm, Cﬂ__“ = 27 ¢ me ilgaco(l )R (-z;lrbk’) A %

f%w 3%

[ G e (0 50) Oy e O]

(D.4)

In eqn. (D.4) we have replaced the complex wave numberﬁi:jI
by the real wave numbér in its neighbourhood.

Substituting eqns. (D.l), (D.3) and (D.4) into eqn.
- (2.4.22) we obtain for an isolated resonance, in an open

channel ¢' and for r -» «,

¢ () . ’»
KPE ~ CP (.. f}t_(sz A
(D.5)
x[&‘U IL'/}' (r) k') - Sca‘ O[j'(.i‘) k’):‘
where ' ‘
l ' Gtc' Gtc
S = QMP(L§¢+LEC«)[5§(C - 2T EE i1y __l N (D.6)
and.
N i ™ K‘ R
‘Gtc = Ot,co(f;f"co) 8cc° - <CP¢-,AJVAIXECN ) \ (D.7)

Since in obtaining the quantities O _  (a =1l,..., M, ceeahy)
. CNR A .
and <4% A[VAI >, the Gamow functlons are needed only
inside the nucleus, eqgn.-(D.7) is almost identical with egn.
(2.4.23).

Equation (D.6) is consistent with the unitarity of the

Scattering matrix provided the amplitudes Gtc are real and

satisfy
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= zwz G; , (D.8)
- c{open) '
This is the sum rule that must be satisfied if the ratio of
fhe‘experimental‘and the single-particle cross-sections are
to measure the spectroscopic factor in stripping and inelastic
' scattering to decaying states (egns. (3.3.4) and (4.2.10)).

Finally, we note that egn. (D.6) reduces, in the single

particle limit, to the form

'Z_LEC[. J‘-___q
Scczé ’“LE_:"FC

+ =

c*% (D.9)

(c.f. egn. (2.3.3)).
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Appendix E ~ : ~ Details of the Calculation

We evaluate the quantity in egn. (3.2.12) viz.

o ___‘:—_-E.__ ,C| jdl —ar
Yﬂ,\(_‘f},k_d) W O(“;?’
im}

=y * i') (r /pz\'\

Xﬁ/\ (k\j ¥ )

Y%A(T)7( Nq(kd )

(E.1)

A
Choosing the coordinate. system such that kd defines the z-axis

(+) . (=)

and Ed X ﬁy thely—axis, we expand Xga-1 and XyA in partial
anes
< F ‘ - . ) E :
X g Cled 1) =Y %\/2“’ L8 gk, ) Yy, (F) . L (E.2)
\—)* ' oL : |
w2 = g 1 e i, r)wa Vw0 . @)

2"x:l

In egns. (E.2) and (E.3), ug, and‘uQ" are the distorted

radial wave functions. Asymptotically they behave as
L iCpf— i .
e = 5 e [T, 000) -6, 0 n] -

~where Oy is the Coulomb phase shift, S2 is the S-function for

elastic scattering in a complex potential and 02 and I’Q are

the Coulomb-distorted outgoing and incoming solutions.
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Substitution of eqgns. (E.2) and (E.3) into eqn. (E.l)aﬁ
and integration over the angle r yields
ﬂ‘— _NIA - .—‘ a L‘— ﬂ”‘z ' ” l' ’
Ban iy, ka) = kgky Man } ° J2e'i (EodojLo)
_ N .
[ i, 7 . £
(RUA L -N120) Yy (8,0) Ry (ky k) (E.5)
where
_ . -
| N EIAT /AN S 1 A
Y (6,9 '[“’T' wbpl| e les®) (E-6),
and
2 . 3 ey Lh R ,
Ry (Ky,ka) = Lom d+ & ucuak‘j,’#){ = %uf(ku,r) - (E.T)
’ %30 Y, .

We have used the programs developed by Dr. S.M. Perez

to evaluate the following quantities:

(1)  The Clebsch-Gordan coefficients (L;X;8,A,]%3%;)

(ii) The associated Legendre functions P2 X(cose)

14

(1iii) The distorted radial wave functions‘uz(k,r)

(iv) The bound state radial wave functions wi(r, i)
(v) | The scattering state radial wave function wzes(r,ki),
for real potential and giving a phase shift of % at

the wave number ki .

When the function ng is present in eQn. E€.7), the

convergence factor is not needed. In our approximated

res

evaluation of the Gamow state, le , the convergence factor

is again not needed. The integration in egn. (E.7) is
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performed using the Simpson 3-point formula. The integration

is Stopped at r = R such that

b 0
W CryRRY <o S

or at r = R such that

2 . L:‘)
L 3 (R, Ky ) =0 , R> Ruarear
The summation over &' and 2" in'eqn6 (E.5) is stopped
after the moduli of the elastic scattering functions Sl‘ and

S have become unity.

2{"
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