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1.

INTRODUCTION,

Inductive systems and inductive limits have by now become
fairly well established in the general theory of topological
vector spaces., It is a branch of Functional Analysis which
is receiving a reasonable amount of attention by modern
mathematicians. It ig of course a very interesting subject
of its own accord, but is also useful in solving problems
and proving theorems which one does not suspect are intimately
related to it. As an example we can consider the proof of
the non-existence of a countably infinite dimensional metris-

able barrelled space.

In section II the basic definitions and elementary results
will be given which are necessary for the development.of thé
theory which follows. It contains no new results although I
have had to prove most of the statements without the help of

existing literature in order that they fit in the given expo-

sition,

C-convergence is defined and developed in the third section.
It is ﬁrobably the most self-contained section after the defi-
nitions. The theory of this section is not reguired for the
latter work. Since the definition of C-convergence is original
here, so is the subsequent theory., Chapter IV follows with a
basic important theorem concerning the inductive l1limit in a

barrelled or quasi-barrelled space.

Section V is the most important of the thesis., Theorem 5.3,
which is original, was inspired by the two unproved theorems

stated by Makarov [14]. A well known theorem (theorem 5.4)



2

1

then follows as an easy corollary to this but the proof of
theorem 5.3 is not a generaiization of the usual proof of
theorem 5.4. In fact the restriction of the general proof
to the special case is more elegant and shorter than the
convéntionai one. PFollowing the theorem; an example is
given showing that certain conditions in the statement in
the fofgging theorem cannot be dropped. The section is con-

cluded with a few interesting obsevations.

Bennett and Cooper state some interesfing results on the
weak topology in [3] without proofs.. Section VI is concerned
with proving some of. these, and investigating an inductive

system which arises naturally from the existing one,

In the paperyon generalized inductive limits by Garling
[7], it is found that theorem 5.3 of this thesis is almost
sufficient to prove one of his basic results., 1In fact an
independent proof to that involving theorem 5.3 is also
given, as the original appears to have many gaps and some
steps which seem almost unjustifiable. The sets he con-

structs appear not to fulfill their required purpose.

Chapter VIII is involved with proving an improvement
of a theorem by Amemiya and Komura [1], which is followed
by several interesting corollaries, The next seétion in-
vestigates a few particular inductive limits which are
proved to be sequentially retractive, a concept defined by

Floret [6].

1

In the final section, two inductive systems are in-
vestigated, and their equivalence is considered. The ex-

ample is of particular intecrest here as it uses many of the



results developed in the thesis,

I should like to take this opportunity to thank my
supervisor Dr. J.H,Webb without whose constant encourage-
ment and invaluable help at all times this project would

never have materialised,



L
DEFINITIONS AND NOTATION.

The basic terminology is roughly that of Robertson, A.P.

and W, [17] or Kelley, J.L. and Namioka, I. [9].

Consider a linear space B as the union of an increasing
sequence of locally convex linear topological spaces En

with topologies t_. Suppose that the injection maps

are continuous, i.e. that ¢n+l'En< T

Definition 2,1 The above will be called an inductive system.

Definition 2.2 Two inductive systems E=VE, and PR, will
be called equivalent if, given an n, there
exists an m such that EncFm and the inclu-~
sion map is continuous and, given any p,
there exists a g such that FpCEq with the

inclusion map being continuous,

Definition 2.3 The inductive limit topology « on L is the
finest locally convex tdpology making each

injection jn: En + E continuous.

In other words 1 is the finest locally convex topology

such that T'E < 7, for each n. We will often refer to
n

E[t] as the inductive limit of the En[rn] and we will write

E[t] = lim. ind. En['rn]

It follows directly from the above definitions that equiv-



alent inductive systems yield the same inductive limit,

The set of all absolutely convex subsets V of E such
that VNE is a in—neighbcurhood-for each n clearly forms
a neighbourhood base of 0 for a locally convex topology

© (say). We therefore have the injection
3.+ 8 [ ]~ B[]

being continuoﬁs for each n. Conversely, if each jn is
continuous for some topology T then, for each T—neighbour—
hood U, UhEn must be a Tnoneighbourhood. Thus, if we let
T be generated by all such U, 7 ié the finest locally
convex topology making the injections continuous. This
proves the existence of the inductive limit topology and
gives us a frequently used characterization of its neigh-

bourhoods.

We call an inductive system strict if Tn+llﬂ . A

n =T
Lun n
strict inductive limit is then the inductive limit topology
of a strict inductivc system. We now establish that the
relativisation to En of a strict inductive limit topology

is exactly Tn'

We neced first the fbllowing:

Remark, Let ¥ be a linear topological space and F a sub-
space. Let U Dbe an'absolutely convex neighbour-
hood in F (with the relative‘topology). Then
there Qxists an absolutely convex neighbourhood

V in E such that Vn"F C U, Let W = I'(UOU¥) (the
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absolutely convex hull of U and V), Clearly U C

WNE',

Conversely, 1let x € WnF., Thercfore
X = oy + (l-a)z  wherey €V, 2z € U,

If « = O then x =z € U, If a4 O, then

1 1-gq,
y:—.ax CLZ
%x.e F since it is a subspace and similarly,
l-a:

—E—z € F since UCPF, Hencey €F, thus y €
FNV C U, Hence x € U and we have U = WNF.,

We therefore have, for any locally convex linear
tppological space E with subspace F, any abso-
lutely convex neighbourhood U in F is exactly the
restriction of an absolutely convex neighbourhood
in B to F., We require this property in the follow-

ing proof,

We know that Tn>T[E « We therecfore need only show the
n

reverse inclusion to prove our carlier assertion.

Let Un be any absolutely convex neighbourhood in En

under Ty o We prove that there is a wneighbourhood U in
E such that UﬂEnz Un’ The result then follows by the charac-
terization given of an inductive 1limit topology to prove its

existence,

ince = i 38 T : - i
Since Al induces ., on En, there exists, Dby our
previous remark, an absolutely convex ?n+l—neighbourhood

Uy, With Un+lnEn='Un. Continuing in this way, we can



define for each r, an absolutely convex ¥ -neighbourhood

n+e

¥ = g g 'Y i
Un+r such that Un+ﬂqﬂn+s‘ Un+S for QO<s<r The existence of

the Un is a consequence of the preceding remark.

4+

0 .
Let U =ﬂﬁoUn+r. U is clearly absolutely convex., Also,

by our construction, UnEn+r= U a neighbourhood of

n4r’
En+r for r>0 and UnEm= UnﬂEm-whlch is a neighbourhood of Em
- for ms<n. Hence U is a neighbourhood in & and we have proved

our assertion,

The following is a uscful charactcrization of the induc-
tive 1limit topology . < is the coarsest locally convex
’topology on F such that every linear mapﬁing T from E into
an arbitrary locally convex space F is céntinuous when the

restriction T[E » P is continuous, for cach n.
n

We first show that this property is satisficd by the
inductive 1limit topology. Let V be any neighbourhood in
F. Suppose each restriction Tn of T to En is continuous.
Hence TBI(V) is a neighbourhood in E_, that is, T—l(V)ﬂEn
is a neighbourhood in En for cach n. Hence, by a previous
reémark, T_l(V) is a neighbourhood and T is therefore con-

tinuous.

To show that T is the coarsest topology with the given
property, let ©' be any other topology such that, for any
¥, amap T:E » F is continuous if each of its restrictions
is continuous. In particular then, we can take F to be
E[t]. Let T be the identity map: E[t'] » E[t]. Its restric-
tions arc clearly just the injections which are continuous

by our definition of the inductive limit topology. Hence



T is continuous and thercfore T<T', Thus T is the coarscst

topology with the given propefty.

| Common in the theory are abbreviations such as (LB)-
and (LF)-spaces denoting the countable inductive limit of
Banach (complete normed) and Frechet (complete metrisable)
spaces respectively.

’

Definition 2.4 A space E[t] will be called retractively

bounded if, given any sequence {x } in
E, thecre exists a sequence of scalars
xn> 0 such that xnxne 0. It is equivalent

to require that {ann} be bounded.

Mackey [13], on page 182, defines his first count-
ability property. If, for every sequence of bounded sets
{Bn} in E, there exists a sequence xn> 0 such that anBn
is bounded, then E has the first contability property. If
% has the first countability property then clearly, E is

retractively bounded

In the same paper Mackey uses the expression ''rctractively
boundcd' to mean something rather different from the above.

His notation does not scem however to be standard,

Theorem 2,5 A metrisable topological vector space is re-

tractively bounded,

Proof. By theorem 1,6.1 of Schaefer [19], there exists a

function x » Ix! on E into R (the reals) such that



(1) I*l < 1 implies [Ax] < Ix| for all x in E.
(2) Ix4yl < 1x] + Iyl
(3) Ixl =0 if and only if x = Q.

(L) The metric (x,y) = Ix-y! gencrates the topol-

ogy T
For any integer n > 0, Wwe have

INX] = IX4X4X oo +x | n times

/AN

IxI + IXl + ... + IXI n times, by (2)

N

nlxl,

Hence for any M > O we have A = k + u where k is a positive

integer and 0 € 4 < 1., Now

IAx| = lkx + pxl
< 1kx!| + lpxl by (2)
< kix! 4 plxl - by above and (2)

< 7\le.0

Suppose §x_} is any given sequence. Let

n

 S— if Ix,1 £ 0O

i T oilx,l i
i
= 1 if X;= 0

Then IVox € ML IXLT € £ for cach i

i"i i1 T 1 : *
Hence Xixi 30 since | | defines a neighbourhood base

at 0 for the topology 7.

We remark here that this theorem does not hold for
’
general mctrisable spaces which are vector spaces but whose

topology is not necessarily compatible with the vector space
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structure. Consider any vecctor space with the discrete

topology ©. The metric d defined by

1}
[

a(x,y) if x &y

=0 ifx =y

defines the topology. Hence T is metrisable, However a
sequence {Xn} cannot converge to O with respect to T un-
less x = 0 for all n greater than some fixed k, and the

same can therefore be said of ann for Rn> O.

Qéfinition 2.6 A space B[t] is said to satisfy Mackey's

condition of convergence if every conver-

- gent sequence converges in the span of
a bounded absolutely convex subset with

its gaugce.

Let xn3 O. Then {xn} C B (a pounded absolutcly convex
set). Let Ey= span B and py be the semi-norm on Ep with B
as unit ball, Then if E satisfices Mackey's condition'of

convergence,
pg(x,) = 0
Kothe [12] refers to the above as "local convergence'.
We say E has strict Mackey convergence if for every
bounded absolutcly convex set A{ there exists a boundea
absolutely convex set B such that Tp= pBIA (pB being the

semi-norm with unit ball B). If E has strict Mackey con-

vergence then E satisfics Mackey's condition of convergence
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sinece we can take for A the absolutely convex hull of the
scquence {Xn} which is bounded since X, is convcrgent aﬁd

E is a locally convex space.

It will be shown in the final chepter that if bounded

scts are metrisable, the two properties coincide,

Proposition 2.7 A space E{7] satisfics Mackey's condition

of convergence if and only if, given any
convergent segquence X 0, there exists
a'sequence of scalars Kn> 0 tending to

infinity, such that ann* O.

Proof, Suppose; given any convergent sequence > g 0, there
exists a sequence Kn> 0 with Xn* o Such that
A x> 0. Lot A
nn
B = F{hnxn} the closed absolutely con~
vex hull of fxnxn},

Then

{Xn} C Eg.

We also have pB(Xn) < %h » 0. Hence 7 satisfies Mackey's

condition of convergencec.

Now supposc T satisfics Mackey's condition of conver-

gencee., Hence there exists a B such that

pg(x ) » 0
Let 1 _
'}\.n;— W . if pB(Xn) £ 0

=1 if pB(Xn) =0
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(A x,) > 0,

Then PB n*n

hence A%, > 05  since pg > TIEB.

Proposition 2,8 Every metrisable linear topological space

satisfies Mackcy's condition of convergence,

Proof, As in the proof of theorem 2,5, consider the
function x » I|x]| of E into R, If x> 0, then

lxn! > 0O, Let

Moo= TR if Ix_ | > 0

Clearly then, Xn+ e But again, as in the proof of
thcorem 2.5,
Inx 1< WTx
- 0.

Hence hnxn converges to 0.

The converse statement is false. Mackcey's condition of
convergence is satisfied by ¢[u{¢,w)] which is not metris-
ablé. (Hcre ¢ represents the set of all sequences with only
a finite number of non-zero térms, w the sct of all secqu-~-
cnces and " the Mackey topology.) We can in fact consider
any strict (ILF)-space F - UF;. If F.C Fi+l with proper
inclusion for infinitely many i's, F is not metrisable
as is shown at the end of sgction III. However, since

F is sequentially retractive (see dcfinition 2;9 and propo-
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osition 9,1) any convergent sequence {xn} is contained in.
and converges in one of the Fi's. Hence, since Fi is
metrisable we can find ki» « such that kixi* 0 and F there~

forc satisfies Mackey's condition of convergence,

Definition 2,9 An inductive limit B = UB; is called

sequentially retractive if cach convergent

sequence X = 0 is contained in some En

and converges to O with respect to Tn‘
This definition was originally given in Floret [6].

Definition 2,10 We say that E[v] has a fundamental sequence

- of bounded scts {B;} (i=1,2,...) if the
Bi arc bounded and cofinal (ordering sub-~
sets by inclusion) for the class of all

bounded scts.

The following definitions are wecll known but are insert-

e¢d here for completeness.

Definition 2,11 A linear topological space E is called

(guasi-) barrelled if every (bornivorous-)

barrel is a neighbourhood,

Rccall that a barrel is a closed absolutcly convex ab-
sorbent set and that a bornivorous sct is one which absorbs
bounded sets. Clearly thercefore, every barrelled space

is quasi-barrelled.,
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Definition 2,12 A linear topological space E is borno-

logical if every absolutely convex borniv-

orous set is a neighbourhood of O,

Every bornological space is clearly quasi-barrelled.
It is not true that every barrelled space is bornological
and hence also, that every quasi-barrelled space is borno-
logical. One does however have relations such as & mefri—
sable and E'[B(E',B)] (thc strong topology) being barrelled
implying that E'[B(E',E)] is bornological. Also, every
sequentially complete qguasi-barrellecd space is barrelled.

{

The reader will note that for two topologies T and p

on a space B, the notation p < * implies that < is finer

than u but that © is not mecessarily strictly finer than

He
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C-CONVERGENCE,

Given some arbitrary topology 7~ on a space E, we know
there is a natural way in which to define a notion of con-

vergence, The converse problem is not as straight forward.

In other words, what conditions must be imposed on
sequences which we will call C-convergent (say) in order
that they be the only and all the convergent scquences of
some topology C (say). Kisyhski [10] showed that the foll-

owing properties Kl-4 were sufficient.

Kl: If X, =X for each n, then xng-x.

g

K2: If Xn x then Xn S Xa

k
K3: IT xng x and xng»y then x = y.

Kh: If cach subseguence {x } of the sequence {Xn;
k
has a subsubsequence {xn1 } such that x % Xy
) K. <.
J d

C
then xn* XO.

We now consider a convergence in a strict inductive
limit & = VB, . We can in fact consider strict generalized
inductivg limits, This is discussed in more detail in
section VII but briefly, it is the following., Given
absolutely convex scts En whosc union is thc space © and
whose topology “h is the restriction of a locally convex
topology on span(En), the generalized inductive limit top-
ology * is the finest locally convex topology making the
injections of En inte E continuous. TFor the generalized
inductive limit to be of interest in functional analysis,

the En must satisfy the following conditionse.
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(1) 2B, CE,

(11) “n=“”n+llEn’

Let xng 0 if there exists an m such that {x,} CE_ and

x,* 0 in E , that is, with respect to Em[T!EmJ'

This convergence clearly satisfies Kl-li., If 1 is the
inductive 1limit topology we have C-convergence implying
T-convergence., If the En are fundamental for the bounded
sets, that is, if every T-bounded set is contained in

some En’ we have the reverse implication.

Definition 3,1 The topology C will consist of the open

sets U such that Xﬁg xoe U implies xn€ U

for all n greater than some m,

Proposition 3.2 The inductive 1limit topology is weaker

than C.

Proof. Let U be %-open (where ¢ is the inductive limit

topology). Let

xng X € U,

then
xni'x € U,

hence there exists an N such that nyN implies
xne U.

Thus U € C by the definition of C.

The ébove inclus%on is in general strict. .Note that
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T is always locally convex and a linear topology neither of

Which C need be, For a counter example, see Dudley, R.M.

[5].

3

- Now that this C-convergence notion has been established
we could consider properties such as C-boundedness, C-

compactness ete,

Definition 3,3 We call a set B C-bounded if , given any

sequence of scalars Xn converging to O,

C
and {x } € B, A x 3O,

Note that in a topological vector space this is equiv-

“alent to the usual definition of boundedness.

Proposition 3.4 Every C-bounded subset of 1 is contained

in some En.

Proof, We may assume Without loss of generality that
QEnC En+l' (This can be done by creating a new
inductive system by omitting some of the En's

thus having an equivalent inductive system.) Assume B

is bounded but that there does not exist an m such that

B C Em' We can therefore fiﬁd a sequence xme B such that

o~n

(set theoretic subtraction.) Let A=

Xme Em-l-l- Emo .
Thus

G
knxn 0

Hence there exists an m such that

knxne Em v for all n.
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therefore x € 2nEm for all n.
- 2 ‘ ’
Hence Xon€ 2 nEm= upgm for all n.
In particular then, when n=m,

x2m€ L"mEmC E2m

which is a contradiction.

Definition 3.5 A sequence {xn} is C-Cauchy if for each
pair of inereasing sequences of integers

k K n, My,

T
If ixn} is C-convergent, f{x_ } C E_ and xn*mo (rm=¢[

. Ve
n m Em

Hence given any n,

{andml, xn-xe Em+landx -

X
< x Tk Dy Ty

% 0 (since t is a linear topology), thus

- g . _
xnk me 0, hence_fxn} is Cauchy.

Proposition 3.6 Every C-Cauchy sequence is C-bouded,

Proof’, Suppose the C~Cauchy segquence {xnI is not contained
in any En. Suppose also that 2En§ En+l for each n.

Then, without loss of generality, we may assume that

xn€ En+l' En. Let
nkz k+2
and mkz k.
Then xnk— ka: xk+2° xke Em for all k and

for some fixed m, by our definition of C-convergence,

Hence
Xn42€ Em+ X
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Take n»m, then
xn+2€ En+l*'En+lC En+2 which is a contra-

diction,

Hence {xn} C E, for some m., Thus {Xn} is t-Cauchy (by
the definition of C-convergence). It is therefore -
bounded since * is a linear topology, hence it is C-

bounded (by the definition of C-boundedness),

It is clear that if cach En is sequentially complete,
the same is true of E with the topology C. In what foilows
the word "sequentially" will be omitted in such notions
as "sequentially complete’, as it is obvious we are
only interested in results derived from séquences in any

CcCasc.,.

Definition 3.7 We call B C~compact if for each sequence

{xn} in B, there exists a subsequence

{x_ } such that x S x_¢ B..
. n, O

Definition 3,8 A 'set A is Ofgrccompqct,if for any secquence

&xh} in A, there exists a subsequence

~

fx_ } which is C~-Cauchy.
Dy

It is clear by a previous remark that C-compactness

implies C-prccompactness,

Proposition 3.9 Bvery C-precompact set is C-bounded.

Proof's Suppose A is C-precompact. If there does not
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exist an m such that A C Em one can, without loss of general-

ity f£ind a sequence {xn} in A such that
Xn € En- En“‘l .

We may assume that 2En_1C En for each n, If any sub-

sequence {xn ! were C-Cauchy, we would have for:any My
k

and lk

X, — % €E : for some fixed p.

Let 1k> p and m> lk+l

Hence xmké Elk+l
thus x €E, +E
My lk lk
and therefore xmk€ xlk+.Ep.
Thus X =X ¢ E._ which is a contradiction.
Ty lk jo)

Hence A C Em for some m, Therefore A is precompact
in Em[Tm]. Hencec it is tbounded (since < is a linear

topology and 1JE :TIm)‘and therefore C-bounded by definition.
: m

Corollary 3,10 Every C~compact set is C-bounded.

Proof, C-compactness implies C-precompactness which implies

C-boundedness.

Definition 3,11 Denote by 2° the C-closure of A defined

by A°= [x:3 x,€ Az xng x}.

We must bear in mind that we are omitting the adjective
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"sequential™ in this section merely for convenience,

Remark, The C~closure of a set need not be closed.

let B = UEn where each En is metrisable and properly

tai in E
contained in En+1.

E ™ -z - g 3 n o
Let x € E 1~ Ep» and Yy 0 w1th {yn} - El and yn* 0.
Suppose

‘ A = {yn+.%xn: for all n and kj

Now yne % since %xng 0 as k tends to infinity since En
is metrisable, and yng 0. But 0 £ KS otherwise we could

find a subsequence

L G
Y + > X O 'S
nr kI' nI‘

Hence there exists a p such that

f

vy +£x ] CE
ong, kr n, P

contradicting our choice of x .

This type of construction can be found ih [20], in
the discussion of almost closed sets. From this remark it
follows that E is not metrisable and in particular, that

a strict (LF)-space is not metrisable,

Note that the C-topology and the inductive limit top-
ology do not necessarily coincide but they do contain the
same convergent sequences. Hence if a strict (LF)-space
were metrisable we could not find a set whose sequential
closurce was not sequentially closed and hence the seame

coudd be said for the OG~topology.
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BARRELLED AND QUASI-BARRELLED SPACES,

Many of the topological vector spaces one comes across
are quasi«barrelled»dr even barrelled. It is for this

reason that the following theorem is so useful,

It is proved in more generality by De Wilde, M. and
Houet, C. [4] and also by Valdivia, M. [22]. The proof

given here is due to my supervisor Dr. Webb.

Theorem L.l Let E[x] be a guasi-barrelled space and suppose
E =UE with E _,C E . Supposec further that
the En are fundamental for the bounded sects,

Then E[t] = lim.ind.{E_[~|., ]:nén}.
n En

Proof, Let W be any absolutely convex subset of E such

that WUEn is a'rfE -neighbourhood for each n.
n

There exists a t-neighbourhood Un in B such that
WNE, > U NE

We can in fact choose absolutely convex Un's.
Let

— TAE T
V= B + 0.

Then Vn is an absolutely convex closed neighbourhood in E.

We have

N
=

P
Vnc ‘Nr\En-l- 2Un+
= \NﬂEn + Un

(since U, is dbsolutely convex). Therefore

V(B C 2WNE, .. (1)
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— : vt °f N o
[Ifr x € VB then x =y + 2z where y € WnE_, and z € U_.

Therefore z = x-y € B . Hence z € U NE C WﬂEn.] Now let

V is closed and absolutely convex since each Vn is. We

nmust show that V is bornivorous.

Let B be an arbitrary bouhded set in E., Then, since
the En are fundamental for the bounded sets, there exists

an m such that B C Em'

Now WNE ~1is bornivorous in E , hence there exists a-
A>0 such that
8 WNE
AB C WNE - NﬂEm{k

Vv
n C Vﬁ+k'

~ Hence \B C Vn for all n > m., Choose O<x0<k such that

rBCVy _ for 1l<i<m-1,
Hence
rBCV

and therefore V is a bornivorous barrel.

Thus V is a neighbourhood of O in E[<%], since E is

quaéi—barrelled.

But by (i) V € 2W, hence W is a néighbourhood in E.
Thus <t is the inductive limit topology determined by the
E [Tl-v; ]. | N

nt "B
The proof of the following theorem is identical with

the above if we replace the bounded set B by a single point



2L,

X¥. It is clear then that we do not reguire the En to be

fundamental for the bounded sets.

Theorem L,2 Let E[t] be a barrclled space and suppose
E ='gEn.with E.C En+l’ Then
E(<] = 1im.ind.{En[mlEn]}.

It is not difficult to see that with only minor alter-
ations to the proof, the theorem holds for the case where
the E_ are not subspaces but absolutely convex subsets of

E. It then turns out to be a generalized inductive. limit,

(Seec section VII.)

It will be shown in section VII by a counter example,
that we cannot drop the requirement that the E, be funda-

mental for the bounded sets in the statement of theorem L.l.



25

BOUNDED SETS - REGULARITY.

In this section we are primarily interested in whether
or not an inductive 1limit E = UEn is regular. By regular
is meant, that the En are fundamental for the bounded sets,
Theorem 5.4 is the best known in the theory but is rather

restricted, It follows as a direct corollary from theorem

5.3,

Let & be the inductive 1limit of the subspaces En whose
union is E. Let A be an absolutely convex closed neigh-~

bourhood of O in E_ and suppose that A V. C Vo (kn;O).
Consider the following properties:
Fl: Each Vi is closed in E and Vl'contains a
non~trivial subspace of E,

F2: Bach absolutely convex neighbourhood W, of

0 in En’ such that WnC Vn, ig closed in Enal‘

Makarov [13] states, without proof, the following

results, assuming one of Fl or F2 is satisfied.

Theorem 5,1 If each En is separable, then E is separable,

and each boundecd set in E is contained in

some En'

Theorem 5.2 If each E, is normed, then each set which is

bounded in E is contained in and bounded in

some En.
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In an attempt to prove one of these theorems, the

following theorem was discovered and proved.

Theorem 5,3 Let E be the strict inductive limit of sub-
spaces En. Suppose Vn is a balanced subset of
En absorbing Enland such that VnC Vn+l and Vo,

is closed in V Then every bounded set B

n+l*

is contained in some En'

Proof, If B C En for each n, choose xn€ B with X, in

B, ..~ E, (by toking a subsequence of the En's if

n+l

Necessary).

Note: We know that the inductive limit. is not altered if
a subsequence of the En's is taken., It remains to
show that the property of Vn being closed in Vn;l-

is preserved., If A is closed in B, and B is closed

in ¢, 1is A closed in C?

I
.

A closed in B == ANB =

B closed in C == BNC

N

AN(CNB) since ACB

ANB

Therefore ANC

i

1}

A == A closed in C.

11

Choose hhf 0 such that Y= M¥p€ Vn+l' Since B is

bounded, yn* O.

-
Qilkvn= En. Since Vn is
closed in nel’ there exists a Wn closed in E such that

Now yn¢ kv, for each k since

thvn+l= Vn for each n. Suppose Yn€ kWn for some k and n.

Since y € KV 4 (vecause Vo1 1s balanced), we would have
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yne thC En, a contradiction, hence yn¢ kWn for each n
and k, Furthermore kWn is closed in E, hence we can find,

for each n and k, a neighbourhood Un of O such that

s K

yh ¢ kWn+ Un,k

hence
Tn ¢ kVn+ Un,k'
Let
U =0y U [BVp+ U ]
We have N
[--} (-]
OB, = [0 0y (BVp+ T o) 1B
P e '

1

nD1 Eil(kvn+ Un,k)nEp
since Vn is absorbent.

Thus UnEp is a neighbourhood of 0 in Ep since kVn+ Un,k
is a neighbourhood of 0, Hence U is a neighbourhood of 0

for the strict inductive limit topology.

But yn¢ U for each n., Hence y, does not converge to
. J -
zero which is a contradiction. ' Hence B is contained in
some En.

From this follows

Theorcm 5.4 Let En[rn] be a strict inductive system with

EnC En*l and‘En T l—closed in B Let

n+ n+1*

E = UEn and T the inductive limit topology.
If B is T-bounded in E, then there exists
an n such that B C En, and clearly then, B

is bounded in En.
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Proof. In the previous theorem toke V = E .

Note that if we adapt the proof of theorem 5.3 for the
more restricted casc of theorem 5.4 we obtain a proof
which is completely different from, and in fact more

elegant, than the usual one for theorem 5.L.

The following cxample shows that the condition that
En be closed in En;l cannot be dropped. The example con-
structed here is of a strict inductive limit E = 1im.ind.En
in which a bounded set need not be contained in any of the
Eh's. Makerov [15] gives an example of an (LB)-space with
the éame property. It is not difficult to show that this
inductive limit cannot be strict.

Suppose set of all sequences,

€
it

set of all scquences with only a

S
i

finite number of non-zero terms.

If o, 4 and P represent the weak, Mackey and strong
topdlogies respectively then, o(@,¢) = H(w,0) = B(wyq)
since w[c(w,@)]'is barrelled., It is in fact metrisable,
[sec the discussion of the inductive limit of weak topol-
ogies in section VI],

Clearly ¢ is properly contained in w, Let'xi be chosen
inductively such that |
x5 b0
X5 ¢ SPan{X]_’(P}
X ¢ SPan{Xn_l)Xn_Q:“”:xlﬂP}

where xie We
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Since ¢ is countable dimensiénal and w ‘has uncountable
dimension, this is possible. The Xy thus choéen are ob-
viously linearly independent. We can make {xn} bounded by
multiplying by suitable scalars if necessary since wlo(w,e)]

is metrisable and in view of theorem 2.5.

Let F denote the span of {x j. Hence F C w and
FNe = {0}. Let'E be a complement of F, that is B + F = o,
(the direct sum) such that ¢ € E. (See note.) Suppose

E = span{F,X,,X5,...+yX }. (We cannot have E_ closed in

‘

En+1 sincc ¢ is dense in w, therefore ¢ = E and since

¢ C B CE, Ehz E for each n,)
Since w is barrelled
='11m.1nd.En.

Clearly {x ! ¢ E, for any P although {xn} is bounded.,
(x P+1¢ E since Ap+1€ F. Hence xp+1¢ span{BE, xl,xz,...xp}

thus xp+1¢ Ep.

Note: We show the existence of a suifable complement E,
Let X be the class of all subspaces E, of ® such
‘that ¢ C B, and E,F = {0}, Note that X is non-
void since ¢ € X, Order X by inclusion. If Y is a
chain in X, then UY is clearly an upper bound,
hence by Zorn's lemma,. there exists a maximal
element E in X. Suppose E+F # w, then there exists
an x in w with x § E+F. . |

Consider the space E,= span{E,x}, then E)F =

{0}, for otherwise there exists an f € F such

that there exists an ¢ € E and O*%\N € X with £ =
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e + Mx, hcnce x = %[f—e] €EB + P, a contradiction,
Clearly ¢ C B, hence E;€ X and E,D> E with proper
inclusion which contradicts the maximality of E.

Hence EfF = We

A few results are now stated which are a direct conse-

quchce of the previous theorcms,

Theorem 5,5 Let E = UEn be barrelled and supposc that the
En are an expanding sequence of subspaces.
Theh, if B is bounded in E, therec cxists an
n such that BCE .
Proof, Clearly E = UE_ . By theorem L.2 E = lim.ind.E ,
| where each En has the relative topology. This is
then obviously a strict inductive limit. Thus we satisfy

the conditions of theorem 5.4 and hence B Cvﬁn for some n,

Definition 5.6 A set B is total if, for each f € E'

(the continuous lincar funtionals on E),
f # 0, there exists an x in B such that

£(x) #* O,

Proposition 5.7 A set B being total is eguivalent to its

span being dense in E,

Proof, Suppose spanB = 8 (say) is not dense in E. Then
there exists an x € E and a neighbourhood U of 0

such that (x0+ U)NS = ¢. Since E is locally convex we can
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find a convex open ncighbourhood V C U, Hence (xo+ VNS
is empty and Xt V is open and we can thercfore apply . the
Hahn-Banach theorem [sec Treves [21], page 181] to obtain
a closed hypcrplane H containing\s and not intersccting
x,* V. Let £ be a non-zero coﬁtinuous linear functional
whose null space is H, For each x € H, £(x) = 0. Hence

for each x in B, f(x) = O which shows that B is not total.

Conversely, suppose that B is not total., Hence we
can find a continuous non-zero linear functional f such
that £(x) = O for each x in B. ILet N = {x|f(x) = 0}. Now
N #E since £ # 0 and N is ciosed sihce f is continuous,
Also B € N and hence span(B) € N (since N is a subspace).

Thus span(B) € N and hence span(B) is not dense in E.

Corollary 5.8 (to theorem 5.5) If E = UE, is barrelled,

and B is a bounded total set in E, then

there cexists an n such that En= E.

Corollary 5.9 A barrelled space E which contains a bounded

total set is not the union of a strictly

expanding scquence of closed subspaces.

This is reminiscent of the Baire category theoremn,
Note that a Baire space is barrelled but that the converse

is not nccessarily truc (e.g. ¢[p(e,e)]),

0f interest in the context of fundémental scquences
for bounded sets arc the following theorems, We need first

a lenma,
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Lemma 5,10 (Banach-Schauder) Let E and F be Frechet

spaces and T a continuous map T: E-F, If

T(E) = F and T(E) is not meagre, then T(E)=F,

Proof., See Kothe [12], page 170 theorems 12,1 and 12.2,

N

Theorem 5,11 (Grothendieck) Let T be a continuous mapping

of a Fréchet space E into an (LF)-space
F = UFi. Then there exists an m such that

T™(E) C F, and T: E°F_ is continuous.

?roof; . Let H,= {(x,Tx): X€E and Txan}.
Then
Hp= {(x,Tx): x€E{N(EXF ).
But {(x,Tx): x€E} is closed since T is continuous, hence
Hn is closed in EXFn, so is complete since EXFn is a

Frechet space.
Define Pn: Hn+ E by
Pn(x,Tx) = X.

Then Pn(Hn) = {X€EE: TXEFn} and UP (H ) =E. Since E is
Frechet, for some m, Pm(Hm) is not meagre, and the

interior of PmZHms is not empty.

Hence
PmZHmS = B, thus by lemma 5,10
Pm(Hm) = T,

Hence Tx € Fm for each x in E. Now Hm is elosed in

EXFm. But Hm.is the graph of T. Hence, by the closed
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graph theorem, T is continuous.,

We conclude this section with the following observations.

Theorem 5,12 Let T be a bounded map of a space E into a

space F = UFn. Suppose that E is retractively

bounded and F is the strict inductive 1limit

of Fn and Fn is closed in F Then there

n+l1’

exists an m such that

‘T(E) - Fm.

Proof, Suppose, contrary to the statement, that there
exists no m such that T(E) C F_ . Then we can

find a sequence {x } C E such that

T(Xn) € Fre1™ Fp

(by taking a subsequence of the F 's if necessary). Since

E is retractively bounded, there exist Xn> 0 such that

')\_ ->
nxn O.

Hence such that {thn} is bounded. Thus T({xnxn}) is

bounded since T is and therefore, by theorem 5.4 we have

T(xnxn) € Fp for some m and all n.

Hence in particular when n = m,
T(xmxm) € F
and since T is linear and Fm a linear space,

T(xn) € ¥ for n=m contrary to the choice

of x .
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Corollary 5.13 Suppose T is a bounded map of a metrisable
space © into a strict (LF)-space F = UF, ,
Then there exists an n such that

T(E) C F e
Proof, By theorem 5,12 and theorem 2.5.

This corollary is in fact a weak form of theorcm 5.11

since strictness cannot be omitted for this method of proof.
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In this section, the weak topologies on an (LF)-space
and its generating subspaces are examined and we find that
they form an inductive system. It is shown that the induc-
tive limit topology of the generating subspaces with the
weak topologies is npt necessarily the weak topology of the
original (LF)-space. To show that the weak topologies on
the generatiﬁg subspaces forms an inductive system, we prove

the following.

Theorem 6,1 If E = VE_  1is a strict (LF)~spa¢e, where ecach

En is a Frechet space, then

m(E,E')IE = G(En,Eﬁ).
‘n

This property and the following one are stated with-~
out proof in a paper by Bennett, G. and Cooper, J.B. [13],
In fact the proof given here is for an arbitrary strict

inductive 1limit which is regular.

Proof, ILet U be basic neighbourhood of 0 in E[c(E,E')].

Hence .
U = {yl,yz,...,yn}°' the polar of { |}
where y,€ E'.
.Thus
UﬂEp = {XEB: I<k,yi>l<1 for each lsisn}nEp

i

{xﬁEp: I<X,y;>I<1 for each ki<p}

where i articular € B! si = .
in p ar, yi€ B, since 7 TIEP
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Hence UNE, = {yl,y2,...,yn}, for y,€ EP and

the polar taken in Ep. Thus

o(E,B' )lE < O'(En’E;l) .
n

Given any basic neighbourhood U of O in.En with the
topology G(En,Eg), we must find a neighbourhood W of O
in E[0(E,E')] such that U = WnE .

Let -

U = {yl,yz,...,ypio where y,€ E] and
the polar is taken in En.

= {x€E_: I<x,y;>I<1 for each 1<i<p}.

By the Hahn-Banach theorem we can find, for each i,

a yie E' such that yi: y; on E . Therefore

i

U = {xEEn: l<x,yi>l<l for each I<igpl

i}

{XE: I<x,y{>I<1 for each lgigp}nEn

1}

WﬂEn

where W is a basic o(E,E')-neighbourhood of 0. The theorem

is therefore proved,

Theorem 6,2 Let E and the E be as in the statement of
theorem 6.1, If x,> O with respect to o(B,E')
then there exists an m such that {x ] € B
and x> O with respect to G(Em,EI'n).'

Proof, If x,* O with respect to (E,E'), then {ng is
o(E,E')-bounded and hence t-bounded. Hence, by
theorem 5.l, {xk} is contained in some E_ . Therefore by

theorem 6,1, x> O with respect to o (B »Br ).
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By theorem 6.1, the injection maps

En—l[G(En—l’E'—l)] -> En[G(EnyEﬁ)]
are continuous and hence form an inductive system., Let
To be the associated inductive limit topology. Then clearly
T o> o(E,E'). The following example shows we can have a

strict inequality.

Iet E = ¢ = set of infinite sequences with only a
finite number of non-zoro terms.
e = {0,05054451,0,... } with the 1 occupying the
n'th coordinate,

En': Spa.n{el,e2,... .,en} .

Hence E, 1is finite dimensional., Lét E'= @ = set of
all sequences. We can consider EB'[oc(E}E)] (i.e. wlo(wse)])
as the countable product of copies of R (the reals). Since
R is complete and metriééble which are productive proper-
ties (i.e. inherited by products), E'[c(E',E)] is complete
and metrisable end hence barrelled. Bounded sets of R
are relatively compact and hence by Tychonoff's theorem,
the same is true of E'[¢(E',E)] and fhus it is semi-
refiexive. Hence E'[c(B',E)] is reflexive'which implies

that BE[p(B,E')] is rceflexive and therefore barrelled,

]

- Hence, since E UEn, by theorem 4.2,

Ele(B,E')]

: ] o
llm.ind.En[p(E,E )lEn].

However, on a finite dimensional space, all linear

topologies coincide, hence
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o(B,E' ). = u(E,E" ). .
En En
But

E[P(EsE' )]

1im.ind.En[u(E,E')|En]

H

C ) X
1im,. 1nd.En[0'(JJ ’E ) lEn]

1im.ind.En[G(En,E£)]

il

:To.

But u(E,B') * o(E,E'). To show this, consider the
following. Since E[u(E,E')] is barrelled, we have

P(E’E') = B(E,n’ )-

Let B = {ei} C E'., Then B is clearly o(E',E) bounded.
Hence B° is a B(E,E') neighbourhood, If B® werc a o(E,E')

neighbourhood we would have

B°D> {al,az,...,anlo where a,€ B!,
Hence
Ty - p°°
C {al,az,...,anloo
= f{al,az,...,an}.
Thus

B C ?{al,aQ,...,an}.

But the right hand side is clearly finite dimensional
which B certainly is not. Hence we have a contradiction

and o(E,B') * u(BE,E").

This therefore shows that the inductive limit of a
scquence of spaces with the weak topologies need not yield

a weak topology.
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GENERALIZED INDUCTIVE LIMITS,

In this chapter we are concerned primarily in simpli-
fying and reproving some of the theory given in a paper
on "Generalized inductive limits™ by Garling, D.J.H. [7].
His proofs are incomplete and there are certain steps

which I'm afraid I am unable to justify,

Recall that if we have a space E as the union of locally
convex spaces En[mn], the inductive limit topology T is
the finest locally convex topology on E making the injec-

tions i ¢ B > B continuous, hence ¢|E < Tn for each n.

This situation can easily be generalizgd as follows.,
Consider & and E  as ebove and let Sn be subsets of En.

The generalized inductive 1limit topology ©' on E is the
finest locally convex topology on E making each restriction
Jnt S, E of i (to Sn) continuous. Although the notation
here appears to be considerably simpler than in Garling [7],

no generality is in fact lost. Let Bp= Tn‘S .
n

The conditions Garling imposés on the Sn for the theory

to be of intercst and value are as follows:

(i) span(USn) = B

(ii) 28, C 8,7 for each n.

(iii). o> “n+llsn for cach n.

(iv) each 8, is ebsolutely convex.
From thesc it follows that'

(V) USn.-. E
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(vi) Given a>0 and neN, there exists an meN

such that SnCaSm.

The rcason we can simplify the notation is that Garling
states that, without loss of generality, we may assune

that his injections ia are 1-1,

Let F_= 1in.Span(Sn). Let Tﬁ be the'finest locally
convex topology on F, making the injections iﬂ: s> F,
continuous. Garling shows that the usual inductive limit
of Fn[T£] is in fact the same as the generalized inductive
1imit of sn[un], (sec proposition2.2)., From this it
scems reasonable to assume that we can restrict the pre-

vious conditions to include span(Sn) =& . We are now in

n
a position to prove theorem 2 of Garling's third section

in two stages.

Theorem 7.1 If t is the generalized inductive limit

topology induced by {(En,Tn,in,Sn)} (n=1,2,..)5

and if for cach n, ¢ then

n= “n*l'Sn’

TIS = Hpe
n

Proof. We can supposc, by condition (ii), that 3§.C §

. n+l°
It is only necessary to show that, 1if W is a

neighbourhood of 0 in SO, in the topology induced by %y
(i.€. “o)’ then there is a t-neighbourhood U of 0 such
that UnS = W (since it makes no difference to the topol-

ogy if a finite number of the sets §; are ignored).

Since %o is a locally convex topology, we can find

an absolutely convex To-neighbourhood VO say, in Eo such
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that VOHSOC We

Since, by hypothesis, up_| =u_ -, the same holds
n'S,_;° "n-i
for the restrictions to “Sn—l since By is the restriction
of a linear topology The Hence there is an absolutely

convex Tl—neighbourhood of 0 in El, V1 say, such that

v,N(38,) < (£ In(38,).

Hence, for cach n>0, we can inductively find abso-
lutely convex-rn—heighbourhoods of 0 in B, V,  say, such
that

VoN(38,_1) € (V) 1)n(38, 7).

(Hence in particular, Vnn(2sn—l) C (%Vn_l)n(?sn_l) by

intersecting both sides by 2Sn_1.) Now let

i
But

1 -,
2VnﬂSn C UF\Sn for cach n.

Since V. is a T _-neighbourhood, %Vhﬂsn is a p -neigh-
bourhood and hence, Unsn is a'un—neighbourhood for each n.
Thus U is a neighbourhood in the generalized inductive

limit, We also have

[
1
UCU;= iiof(zvi)nsi)

and it will be shown that UlnSOC W
Suppose that z = z ¢ Zqt e + z.€ Ulnso, where

1 P - ' -
z,€ (§V;)N8;. Then, if y,.= 2.+ Z, 1+ «..+ Z;, We have

Yp= 2 - (zo+ Zyt  eee * Zr-l) € S+ S+ Sy+ een Sr—lf
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Since Sj+13 BSj, it follows that yre er-l“ In particular,

: 1
since zn€ th; Vn,
_ 1
zn_‘ynE v.n2s < (FV,_)N28 ..
We now show by induction that

yPE VP

' Ju
yr€ (2Vr_1)028r_1.

This induction starts at n and descends. Assume the above

two cquations hold for r=k, then

L

Vg1 Ze-1t i

Hence

_1_ 4
V-1% 2Vg-1* 2Vp

(the second term arising from the induction hypothesis).

Hence

Yie-1€ V-1
But

Y-1€ 8y 5
Thus

1-
V1€ Vie1028y oS (V) _0)N28) 5

by our choice of V, ., This then completes the induction.

. - i iv - -
Then z = z ¢t y1€ 2Vo+ 2Vo* V_ so that z € VoﬂSoC w,

o
and so Uyn§ C W, whence UnS C W which shows that TISO= By

sinece in any case TIS < Mo
o
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Theorem 7.2 If the conditions of theorem 7.1 are satisfied
| " and if further, for each n Sn is closed in

S a set B in B is t~bounded if and only

n+l 2
if therc exists an n such that B C Sn’ and

B is Tn—bounded in En.

Proof, Suppose B is T-bounded but not contained in any

Si’ Then therc exists a scquence {xi} of points of
B such that, for each i, xi¢ 82.3i. Since B is bounded,
B-ixi converges to O in the topology . Also since 38;C

) 3—lxi¢ SBi’ so that the sequence {3—lxi} is not

i+1?

contained in any one Si'

Tt is therefore sufficient to show that, if {xkf is
a scquence of points of B, not contained in any one Si’

then x, does not converge to 0 in the topology .

pis

It may be supposcd, by choosing a subseguencc of the

{x, } and a subsequence of the 5, if necessary, that

')
%, € 8, and xk¢ S,._1- Note that the condition that S be

closed 1n Sn+1

is preserved when passing to a subsequence

as is proved in the proof of thcorem 5.3.

Since Sk—l is closed in Sk’ there is an absolutely
convex neighbourhood of O in EP’ Wk say, such that

[(x+ W, IS, InS, _; is empty. In other words x, & 8+ W,.

We now choose inductively, for each p, an absolutely
convex ncighbourhood of O in EP, Vp say, 1in such a way
that the following conditions are satisfied. To begin

the induction, we can put Vo= %Wo.
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! ' N N .
I VN38,_1C (37, 4)N38, 4

Wi 1w

II V?_IHZSP_IC Wpﬂfjp_l

Condition I is the same as in the proof of theorem 7.1

and is possible for the same recasons as given there, Con-
dition II is possible since Wp-l is a neighbourhood in

Y A NI g YA 3 i i B
Ep-l and thereforc hpﬂng_l is a neighbourhood in Ep—l

(since uP|E ,lz pp_i).

-

1 _ \
Let Uy= igl[(zvi)nsi] as before. Let z = z_* z;% .. Z

n
€ 8§,NU where z.€ (%vi)nsi. We may assumec that n>k+1l by
adding a suitable number of zcros if necessary.
Then i ~ ‘ o -
Ip= 2 ~ (Zo+ oo Zr—l) €8+ 8% v * 8,4

so that

yr€ ZSk if rgk.

yre BSk if r:kfl | co-

yr€ 2Sr71 if r>k+1.

- i e ] i - 1
Now yne ZSn_l since n>k+1 and we also have zn€ 2Vn§ Vn’
Hence

1
2= ¥,€ V,N28 < (§V,_;)n2s, 4

and as in the proof of theorem 7.1, we can show that

yr€ VI‘
1
and V€ (Evr_l)nzsr_l

provided that r>k+1 since we require yr€ 2Sr-1’ Thus from

the second equation wc have
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yk;z een
also i ' zk;l 2fk+l
therefore since
Ta1™ a1’ Yieo

. yk+l€ 2V<+l 2Vk+1‘ Vk+1

and hence
’ | 1
Vige1€ Via1M38,C (BV N3y, by I
therefore
et
Tr+1€ 2V
Thus
Y= 2t Y41
1 1
€ (gvk)nsk+ 2Vk
- Vk
so that
Also |

so that
Z = (zo+ e + ZkeZ) + Zk“1+ Vi
(note that this is not true if kon+l)

hence

+ V,.N28

1
z € 8§y _q+ (2V_1)0S) 4+ V28

the second term arises from the choice of zk_1 and the
last from (i),

n2s, ;] + v,n2s

=5 +%[V K k

k-1 k-1

C 8, .+ %W + LW

k-1t 2V by II twice

k
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+ W,

= Sp_qt Wy

koUl’ then z # e In other words,

xk¢ U,, for any values of k so xk¢ U (where U is a neigh-

That is, if z € S

bourhood as in. thecorem 7.1) for any k and therefore cannot

converge to Q.

It will be shown how theorem 5.3 can be applied to
prove theorem 7.2 in a completely different way. In fact
we prove only a weaker form as we can only show that the
En , and not necessarily the Sn, are fundamental for the

bounded sets.

In order to be able to apply theorem 5.3, wc have to

make the following observation.

Let AR
n Bn
and suppose

oY PRI R (PR _ 1y
E[r''] = lim.ind.E [v]'].

By definition then, <'' is the finest locally convex

!

. X e 1 1
topology on E such that = IEn< T2 But TlEn< ©,' and
therefore t''> T,

Howevef © is the finest locally convex topology making
cach injection

Sn[un] - E  continuous,

Hence the definition for © is less restrictive than that

for t'', Hence T > t'', Thus

'C::T"

Hence E{t] is a strict inductive limit as required by
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thcorem 5.3. On application of the theorem then, we find
any bounded B contained in some En and clearly bounded

in En since we have a strict induective limit,

Let E be a non-barrelled normed space., As an example
we could take the space of sequences with only a finite

number of non-zero terms equipped with the supremum norn,

Let S be a barrel in & which is not a neighbourhood.
Suppose thot En[TnJ = E[t] for each n and S, = 33, Then
(En,S ,Tn) is o generalized inductive system, and S is
closed in Sn;l‘ Let To be the generalized inductive
limit,. Now B[<7] = lim.ind.En[Tn] obviously, since En[Tn]

is equal to E[T] for cach n. But 7 < 7_.

We show this by contradiction. Suppose T = Toe Thus the
unit ball B, being T~bounded would be To—bounded and
hence by theorem 7.2, would be contained in some Spe
Thus 8§ D 3 B and therefore, § is a T-neighbourhood

contrary to its choice. Hence T < To with strict inclusion.

In a remark aftcr the proof of theorem L,1, it was
stated that one could not omit the condition requiring
the Sn to be fundamental for the bounded sets to ensure
that if B = US_ is quasi-barrelled, then

B[] = lim.ind.sn['rlsn]
which is obviously a generalized inductive limit., The
above is in fact a oounter example since a normed space

is quasi-barrelled.
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ON A RESULT OF AMEMIYA AND KOMURA,

In this section we consider a result given by Amemiya
and ¥Komura [1]. The proof here ‘involves inductive limits
as opposed to the original. It also shows how theorem 5.3
enables us to pass from absolutely convex éet properties
to those of subspaceé. It is from this sort of considcr-
ation that onc is tempted not to investigatc too deeply
the more general inductive limit of subscts rather than

subspaces.

’The theorem here is for retractively bounded barrelled
spaces which are less restrictive than the originals,
which are metrisable and barrelled. It has been shown
by Saxon, S. and Levin, M. [18], that merely barrelled
spaces are sufficient, howevef, the relative simplicity

of the following proof makcs it worthwhile herc,

We need a few preliminary theorems before the main

theorem of the section can be proved,

Theorem 8,1 Let & be a barrelled and retractively bounded
space. Then & is not expressible as a strictly
increasing sequence of closed absolutely

convex nowhere densc sets,

Proof, Assume that E = VA, where A is closed, absolutely
convex nowhere dense and AnC An+1‘ Let En be

the span of An‘ Ir En= B for any n, An would be aborb-.

ent. It is absolutely convex and closed and therefore

a barrel, hence a neighbourhood, which is a contreadic-
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tion. Thercfore El¢‘E.

Hence there exists an n, such that

A, = E % ¢
‘n2 17

L d

and inductively we can choose n, 80 that

Now, by theorem 4.2, since E is barrelled

E = lim.ind.B [x]E ] (strict)
k 0,

Hence, since A_ 1is closed and contained in 4~ , A
Dy g’ foy
absorbs E and the An are balanced, we satisfy the con-
k k

ditions of theorem 5.3.

. o X € - T
By our choice of n,, We can choose X Anm Enm—l‘

Since E is retractively bounded, we can find xn such
that {lnxn}'is bounded., Hence, by theorem 5.3, we have

} ¢ B for some k. Hence kk+lxk+l€ E thus

ixnxm n n, ?
o k s

Xk*le Enk which is a contradiction.

Theorem 8,2 If B is barrelled, and F is a subspace of

finite codimension, then F is barrelled.

Proof, Without loss of generality we can clearly assume
that codim.,F = 1, Let U be a barrel in F, Consider

U, the closurec in E. We have two cases.

IfCF, thenU =U, since U is closed in F, Let
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‘Xo be chosen so that

E

1}

span{F,xO} hence XO¢ F
suppose

v

i

{x+kx02 X€U, Inl<i}.

‘Then V is gbsolutely convex obviously. It is thercfore

a barrel if we can show that it is absorbent and closed.

Let X €L
then

X =y + pxg wherc y € 7,

Hence y € aU since U is absorbent in ¥, thus x €
sup(a,p)V. Since the addition of a closed and a compact
set is closed, V is a barrcel in E. Hence V is a neigh-
bourhood of O in E and VAF = U, thus U is a neighbourhéod

of 0 in F,

Now supposc U ¢ F. Then U is a barrel in E., That

U is absolutely convex and closed is obvious,

Let X €R
then
X =y + MX j
where x € U-Fandye€?F, hence y € all for a sufficiently
large and px € aU. Thus x € 240, Hence U is a barrel in
E and thercfore a neighbourhood of 0 in E. But UF = U,
hence U is a neighbourhood of O in F which shows that F

is barrelled.

This proof was originally given by Komura, Y. [11].
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We now have the means to prove the main theorem of
this section. The proof given here follows the original

quite closely.,

Thcorem 8,3 A subspace Go of countable codimension of a

barrelled retractively bounded space G is

also barrelled.

Proof, 4Assume G  1s not barrclled. Then there exists an
absolutely convex closcd absorbent nowhere dense
subset V of G_. Let V be the closurc of V in G. Denote

by H the linecar subspace gencrated by V.

If the codimension of H were finite, H would be
barrelled by theorem 8.2, Hence it follows that we Would
have a contradiction since V would then bc a ncighbourhood
of 0 in H. This cannot bc sincc then VhGoz V would be
a ncighbourhood of 0 in Go‘ Hencc the codimecnsion of H

must be infinitec.

%

Let {Xn} bc a counteble number of clcments of G, such
that G is spanned by G  and {Xn}. By an inductive con~
struction we gct a sequence {An} of subscts of G, such

that A1= V, and An+1 is the absolutely convex hull of

ﬁn and Xpe Fach An is closed and also nowherc dcnsc for
otherwisc, An would be a necighbourhood and V = AhﬂGo
would then be a neighbourhood in G, which would contra- _

dict its choice.

But G = UnAn which then contradicts theorcm 8.1.

Hence GO is a barrelled space.
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The value of theorcm 8,1 can also be secn in the proof

of the the following thecorem,

Thecorem 8.4 A4 retractively bounded space has no closed

subspaces of countably infinite codimension.

Proof. Supposc, to thc contfafy, that GO is a closed
subspace of @ of countably infinite codimcnsion.
v | 0
Choosc lincarly indecpendent mod G {x.}] (i.c. 3N.x.€ G
o ‘i 1 171 o)
implies A;= O for cach i) such that {Go,xi} spans G.

Ict on GO

and

X, = span{Xn_l,xn} ~ (closed)

Clecarly X,C Xn+l and @ = VUK . By thecorem 8,1 there

cxists an n such that Xn contains an intcrior point.

Hencc Xn= G»conﬁradicting the lincar indepcndence of the
X;+ Hence G has no closed subspaces of countably infinite
codimension,

Corollary 8.5 There does not exist a countably infinite

dimensional rctractively bounded barrelled

space.

Proof. Directly from the asbove since {0} is a closed

subspace assuming E is Hausdorff,

Corollary 8,6 The existence of a countably infinite dimen-

sional metrisable barrelled space is false,
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/
Proof, From corollary 8.5 and theorcm 2.5.

Bauer, W.R. and Benner, R.H. prove this in [2] for a
Banach spacc without the use of category theory. It is
howcver only with difficulty that one can show that a
Banach space is barrelled without the usc of catcgory

theory,

We give now an alternative direct proof of corollary

846,

Suppose L is barrelled, metrisable and countably

infinite dimensional. Let {x ! ve a basc for & (i=1l,2,..).

i
Iect
By= {0]
and
E, = span{En_l,xn} "~ ny0,
then ’
E =k)Eno

Each En is finitc dimensional, hence homcomorphic to
En, “the euclidian.n dimensional space and thercfore com-
plete., 8Since T is barrollod, we have by theorem L.2 that
E 1s the strict inductive limit of thc B 's. Thercfore E

is complete,

Each En is nowhere dense in E_since En does not absorb
E for any n., Thus E is of the first category (i.c. mecagre).
We would therefore have a contradiction to the Baire

category thcorem 9.4 of Kclley and Namioka [9].
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SEQUENT IALLY RUTRLCTIVE INDUCTIVE LIMITS,

Recall dcfinition 2,9 which states that an inductive
linit B = UEi is scqguentially retractive if each convergent
sequence xni 0 is containecd in some En and converges with

rcspeet to T

Floret states without proof in [6] that the following

threc propositions hold.

Proposition 9.1 Strictly generated (LF)-spaces are scquen-

tially retractive.

Proof, Ict E = UE, where cach Es is a Préchet space and

TnlE Since En is complcte, it is

n~17 Tn-1°
cloed in B, 4. Thus by theorem 5.4, any bounded sct B
in E is contained in somc En’ hence in particular any
convergent sequence is contained in some En and clearly

converges with respcet to Th since TlE = Toe
n

Proposition 9.2 Sequentially complete (LF)-spaces satis-

fying Mackey's condition of convergence

are sequehtially retractive,

Proof, If E is an (LF)-space, then given an absolutely
convex bounded and sequéntially complete.sot iy

there cxists an m such that A C Em and A is bounded in

B, For a proof of this property, sce Kothe [12] page

228, section 19, theorcm 5.5,
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Now let x + O in BE. Since Mackcy's condition of
convergence is satisfied, we can find kn» o such that
A X,> 0. Thus {r x ]is bounded, hence B = F({knxn}) is
absolutely convex, scquentially complete and bounded.
Hence, by our previous remark there cxists an m such that

B CE, and B is bounded in B, thus

1 A
(O x) >0 in B
n
hence
in &
Xn* 0 in En

Thus E is seguentially retractive,

Proposition 9.3 Bornological Scquentially complcte spaces
in which thcre exists a fundamental
sequencc of bounded sets and satisfying
Mackey's condition of convergence are

sequentially retractive (LB)-spaces.

Proof. By Schacfer [19], theorem 8.4, = is the countable
inductive limit of Banach spaces, thus £ is an

(LB)~space. To show that T is sequentially retractive,

consider sny sequence X, converging to 0 in E, Then there

»exists & segqguence Kn such that knxn* 0 sincec E satis-

fies Mackey's condition of convergence. Hence {Knxni

is contained in somc clement B of the fundamcntal sequence

of bounded scts. Therefore {xnxn} - EB (the span of B).

But B is bounded in EB[TB] since it is its unit ball.
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. 1
Hence, since = -+ O
A
n
1 ™
X ()\nxn) + 0 in LEg
n
hence
X 0 : in EB

Thus E is scquentially retractive,
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EQUIVALENT INDUCTIVE SYSTEMS.

Suppose E[+] is a bornological space with a fundamental
sequence of closed absolutely convex bounded scts {Bn}.
Let

En= Span(Bn) .

On En we have two natural topologies, némely

and

vh: norm topology with unit ball B .

=¥a 3 3 - AT
Clearly Ths Yp for cach n since Bn is 7 bounded, Wc

“have thus

(1) Blx] = lim.ind.En[vn] since E is bornological
and has a fundamcntal sequence of bounded

sets (see [19] theorem 8.5).

(2) B[<] = lim.ind.En[mn] since E is quasi-barrelled
and has a fundamental sequencc of bounded sets

by theorem L.1,

It seems reasonable thercfore to ask the question:
are these two inductive systems equivalent? We know that

for any n, the injection map
En[vn] - En[mn]

is continuous since Tn< Ve However we also require, for

each n, the existence of an m > n such that the injection
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Eplv,] » Eplvy]

is also continuous. In other words, for each n, can we

find an m such that

l.' ::"L'?
m En n

The answer to this question in general is no. A counter

example follows later.

By our choice of E_, the inducti&e system (2) is
clearly sequentially rctractive. For case (1) we know
that'if E[v] satisfies Mackey's condition of convergence,
E is sequentially retractive. It is clear that if case (1)
is sequentially retractive, each convergent sequence is
contained in one of the Eﬁ's and converges to zero with
respect to v which showg that B satisfies Mackey's

condition of convergence.

Hence, 1if we can find a space satisfying the above
conditions but which does not satisfy Mackey's condition
of convergence, case (1) is not sequentially retractive

as opposcd to (2) and the systems cannot be cquivalent.

.Is there such a space? The answer is in the affir-
mative., Let & be a Fréchet-Montel space. Hence in par-
ticular £ is barrelled and every bounded set is relatively
compact. Now E'[B(E',E)] is reflexive and therefore
barrelled (sec Treves [19] page 376). It also has a
fundamental sequence of bounded sets since we can take
the polars of a countable number of neighbourhoods since

E is metrisable. By theorem 6.6 of Schaefer, E'[B(E',E)]
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is bornological., Hence we have a suitable cxample if we
can find a Fréchet-Montel space which does not satisfy

Mackey's condition of convergence.

Grothendieck shows in pfoposition 17 of {8] that a
Fréchet-Hontel space satisfying Mackey's condition of
convergence is a Fréchet-Schwartz space and vicé—versa.
However, on page 118 he states the existence of a Fréchet-
Montel space which is not quasi-normeble and hence not
Schwartz, Thus this space cannot satisfy Mackey's con-

dition of convergence,

There is however still an open question, If E[T] is
bornological, has a fundamental sequence of bounded sets
and satifies Mackey's condition of convergence, are the
systems equivalent? I'm afraid I have been unable to
resolve this question. If however we add the property that
bounded scts arc metrisable, the question is resolved if
we consider the generalized inductive systems as the foll-

owing remarks demonstrate.

In a topological vector space, neighbourhoods of the
origin are sufficient to dcscribe the topology on the
whole space. The same is true also for absolutely convex

scts, namely:

If 4infl is a base at O in 4 (4CE, 4 absolutely convex)

then {(x+B)nLi: BeQ} is a base at x in 4., For a related

result see [17] page 102 lemma 1.
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We prove now a lemma due to Grothendieck., The proof
given here is an adaptation of a proof given by Matagne

[16].

Lemma 10,1 Let 4 be an absolutely convex set in a locally

convex space E. Suppose v is a topology on E
which is mctrisable on A, Let T be a sequence
of topologies on E., Then, if for each

sequence {x }, x € 4 such that x 3 x there

T.
. m
exists an m such that X,* X, we have

TS T (on 4)

Proof, Let b, be & base of absolutely convex <, -neigh-
bourhoods at 0 in 4., (By the previous rcmark we

necd not consider bases at arbitrary points x in 4,) It

can be choseh countably since v is metrisable on L. We

 can further suppose that b, C by _; for each k.

Suppose IBn} is a base of absolutely convex neighbour—
hoods of 0 for the topology anﬂ. We want to show that
there exists an n such that for each a, we can find an

integer k(a) such that

B b

k(a)"®

We prove this by contradiction. Thc converse states

that, for cach n, therc exists an @ such that Bg does

n

not contain any of the bk.

In this case, for cach n, we can construct a sequence

{x?} such that
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%2 € bs- Bz for each i. (Set

i
n
theoretic subtraction.)
By construction, the sequence {X?E converges to O
in &4 with respeet to © but does not converge to O with

respect to The

From this countably infinite number of scquences, we
will construct a new scquence, converging to O in 4 with
respect to T but which does not converge to O with respect
to any of the T This will contradict the hypothecsis and

the lemma will then be proved,
Let ny be the smallest integer such that

1 .
xi € b1 for all Jznl.

Iet n, be the smallest integer such that

1 2 .
X5 € b2 and Xi € b2 for all x;nz.

Clearly n>n, since b2C bl. Similarly, in general, let

n, be the smallest integer such that

1.2 m ' .
xyxf.“.ﬂiebm : :mrau.pnw

We have then nl<n2<n3< ese SN Construct a sequence

in the following way. We take first the elements

1 1 1 . .
-an’xn1+l’°"""xn2—l in their order.

We continue by adding

1 1 1 2 2
X ’X ’.'...’X - ’X ’.'.',X —
n2 n2+1 n3 1 n2 n,-1

and similarly we add



62

1 1 1 o2 2 3 3
X ,X +1,.0.,X -.l’x ,...,X —- ,X ,...,x -
n nLL n3 n}_L 1 n3 n, -1

3 L
and at the m'th stage, we add

xim,..,xih;i_l,xim,..,xim;l_l,..,.., .,xﬁm,.,xﬁm;l_l.

This sequence converges to 0 with respect to + since,
if we take any basic tr-neighbourhood bp, all the terms
addcd after the p-th stage (as above) are elements of bp.
On thelother hand, each sequence ix?}, except for a
finite number of terms in cach case, 1is contained in the
new sequence, Conscguently, the new sequence does not
converge to O with respcct to any T for otherwise the
subsequence {xﬁ}, k>nk must converge with respect to

T, Which is contrary to the choice of {x?}.

Let E have a fundamental system of bounded sets, be
bornological and have thc property that each boundecd set
is metrisable., Then if I satisfies Maekey's condition of

convergence then B also has strict Mackey convergence.

Let T be the topology of E and T the norm topology
of B = span(Bn) (where {Bn} is the fundamental sequence
of bounded sets)., If 4 is an absolutely convex metrisable
bounded set, xn€ A and xn3 X, 8incec E satisfies Mackey's
'co$dition of' convergence, there exists an m such that
xn*mx. Hence, Dy lemma 10.1, there exists an m such
that Tm|A= TIA. Hence we have strict Mackey convergence

on fie
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If we toke 4 to be one of the bounded sects Bn’ we

have the following.

Let E be a bornological locally convex space with a
fundamental sequence of bounded scts {Bn}. Supposc further
that the bounded sets of E are metrisable‘and E satisfies
Mackey's conditién of convergence. If, as before, Vn
represents the norm topology on E = span(Bn) with unit ball
Bn and TIE = Tn’ then the generalized'inductive systems

n
(£,B,,v, ) and (E,»B,»7,) arc equivalent.
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