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Abstract 

Using a generalised form of the Gell-Mann and Low theorem, all the diagrams in cav­
ity QCD to order as that contribute to the magnetic moment are calculated. The 
calculations are performed for massive quarks so a mass renormalisation scheme has 
been developed to cope with the new divergances this brings into the self-energy insert 
diagrams. 

The results of this work show that no improvement on the simple SU(3) model is 
made by including these corrections. These calculations point to a smaller value of as 
than that which is ususally used. 
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Introduction 

Quantum chromodynamics (QCD) is generally believed to be the theory describing 
strong interactions. The major discovery that led to QCD as the theory of strong 
interactions was the discovery of the asymptotic freedom of non-Abelian gauge field 
theories. The need for an asymptotically free theory became apparent in 1969 when 
Bjorken reported that the deep inelastic region of electron-nucleon scattering where the 
momentum transfer squared q2 and the energy transfer v both are very large, then the 
structure function should depend only on the ratio q2 

/ v and not on these independent 
variables separately. Immediately after Bjorken made his proposal, experimental con­
firmation was found for it. This proposal is most easily understood if one assumes that 
the electrons scatter off almost free point-like particles inside the nucleus, and hence 
the need to find a quantum field theory that has an effective coupling constant that 
becomes smaller for large momentum, ie. an asymptotically free theory. A search was 
made of all the known quantum field theories in four dimensions, and only Yang-Mills 
theory was found via the renormalization group technique to have an ultra-violet fixed 
point at zero momentum and hence being asymptotically free. In the meanwhile it had 
frequently been suggested that quarks must carry a new quantum number called colour 
and exhibit a colour symmetry to resolve the following problems in t,he quark model : 

• Construction of baryon wavefunctions 

• Non-observability of isolated quarks 

• The discrepancy between the predictions and experimentally determined values 
for the total cross section of e+ e- -+ hadrons and the decay rates for 7ro -+ 2/. 

Fritzch and Gell-Mann proposed that the extra symmetry in the Yang-Mills or non­
Abelian gauge field theory be identified with the colour symmetry. Fortunately at this 
time t 'Hooft had already proven the renormalizability of non-A belian gauge field theory. 
The problem of quark confinement may be overcome by assuming that only colourless 
states are physically realizable. It may also be possible to explain this assumption as a 
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dynamical effect in QCD, perhaps due to the serious infrared divergences found in QCD 
due to the massless gluons. The infrared divergences in QCD are much worse than the 
infrared divergences in QED due to the self-coupling of the gluons. 

The asymptotic freedom of QCD allows one to safely use pert.urbation theory to 
discuss the short distance reactions. To uniquely extract the purely short distance part 
of an operator to be calculated, the operator product expansion may be used. Perturba­
tive QCD has been successful in calculating many processes such as e+ e- annihilation, 
Drell-Yan processes and jets. 

The computation of higher order effects in perturbative QCD have been done, but 
some predictive power is lost due to the renormalization scheme dependence of the 
results. At the present energy scale available experimentally the strong coupling con­
stant cr.8 is approximately 1/10 which leads to non negligible renormalization scheme 
dependence in the results calculated. 

One major requirement of a theory of strong interactions is that it must produce 
confinement. Confinement appears to be a non-perturbative part of QCD which is at 
present not calculable. The calculation of the properties of the hadrons such as magnetic 
moment, charge radius squared and the ratio 9A/9v is beyond the scope of perturbative 
QCD. One can resort to lattice QCD to calculate these properties, which gives some 
quite promising results. Despite this, quite a lot of work needs to be done to reduce the 
lattice spacing and increase the lattice size to avoid unphysical finite spacing and finite 
size effects. To do this requires faster computers and better algorithms. 

Another technique that can be used is to make some simplifying assumptions about 
the confinement mechanism before any QCD calculations are done. One model of 
this nature was the M.I.T. bag model [14] which was quite popular for a while. This 
model introduces confinement by imposing boundary conditions on the colour carrying 
particles. The advantage of imposing confinement in this way is that there is only 
minimal modification to the underlying gauge field theory. The results to lowest order 
of perturbation theory are quite good despite the fact that confining the particles to 
a static sphere breaks the translational and Lorentz invariance, as well as the chiral 
symmetry of the theory. Calculation of higher order terms in this theory is rather 
difficult, especially the divergent loop diagrams. A number of other non-renormalizable 
bag models such as the chiral [1] and the cloudy [2] bag introduce an elementary pion 
field into the theory to restore the chiral symmetry. This is a bit disturbing as the 
pionic interactions should already be contained in QCD. 

Models of this nature are supported by work done by T. D. Lee [4] who analysed 
QCD in a finite volume and found that the effective colour dielectrif constant became 
very small for large volumes. The bag models can thus be seen in t~e light of a region 
in which the colour dielectric constant is 1 surrounded by a region, where the colour 
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dielectric constant is O. 
Buser et al. [3] has approached this topic form ·a different angle by showing that 

QCD can be formulated consistently in a finite volume subject to the M.l.T. bag model 
boundary conditions. Stoddart et al. [13] has introduced a method of renormalizing 
this theory based on dimensional regularisation in free space. The result is that cavity 
QCD is a fully fledged field theory in its own right. This finite volume field theory can 
be used as an approximation to the real world. Calculations of the quark self-energy 
for massless [13] and massive [6] quarks, the gluon self energy [5], magnetic moments of 
the proton and neutron [7] and the ratio YA/ gv [27] have been done. 

In this thesis the magnetic moment of baryons are calculated. The calculation is 
similar to that of O'Connor [7] who calculated the magnetic moment of the proton 
and neutron, but it has the added complexity of massive quarks and hence mass renor­
malization. Magnetic moments of the baryons are useful to calculate as they are well 
known experimentally. Most of the magnetic moments known involve baryons con­
taining strange quarks and hence the need to include massive quarks is clear. The 
techniques used to handle massive quarks developed in this thesis, especially the mass 
renormalization, can easily be adapted to calculation of other observables in cavity 
QCD. 

If one views cavity QCD as an approximation to the real world, centre of mass 
corrections need to be performed due to the breaking of the Lorentz invariance of the 
theory. Centre of mass corrections have not been attempted in this work due to the 
unreliability of the usual Peierl- Yoccoz method of calculating them, especially in the 
case of the magnetic moment [2]. 

In chapter 1 QCD is developed in order to develop the notation used in this work. 
The Gell-Mann and Low theorem is discussed as it forms the basis of the calculations 
done here. The field operators and propagators in cavity QCD are discussed. 

In chapter 2 the renormalization techniques used in this thesis are developed. This 
is done by first looking at the free space renormalization of these diagrams. The diver­
gences in the free space diagrams are then Fourier transformed to the cavity and can 
be used to renormalize the cavity diagrams. 

In chapter 3 the diagrams contributing to the magnetic moment are found via the 
Gell-Mann and Low theorem and evaluated in the cavity. The last ~ection shows how 
in this formalism the unwanted diagrams cancel out naturally. 

In chapter 4 the techniques and numerical routines used to obtain the results are 
discussed. ' 

In chapter 5 the results of this calculation are displayed and compared with the 
results of other similar calculations and conclusions are drawn. 
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The bulk of the details of the calculations done here are found in the appendices at 
the end of this work. 
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Chapter 1 

Background 

This chapter serves as an brief introduction to both free space QCD and cavity QCD. 
This work is well known, but is included in here to develop the notation used in this 
thesis and to serve as an easy reference. 

1.1 Canonical Quantization 

It is not known how to implement the usual path integral method in a cavity, so the 
canonical operator formalism is used instead. This section is a brief review of this 
formalism which also serves to develop the notation used in this thesis. The notation 
is essentially the same as that used by Buser et al. [3] The Lagrange density of QCD is 

.C =if, (i1µDµ - M) i/J- ~i8µ ( i/J1µ1/J )- ~F µv ·Fµv - ~,\8µAµ ·8vAv +ix·8µV~w (1.1) 

where the covariant derivative determines the interaction between quarks and gluons 

(1.2) 

The covariant derivative in the adjoint representation of the gauge group determines 
the interaction between the ghosts ·and gluons 

(1.3) 

The chromoelectromagnetic field strength tensor Fµv can be written as 

(1.4) 
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·The field strength tensor F"'" and the covariant derivative are connected via the Bianchi 
identity. 

(1.5) 

We have made use of the eight dimensional scalar and vector products in colour space 

8 

A·B - LAaBa (1.6) 
a=l 

8 

(AXB)a - L fabcAbBc (1.7) 
b,c=l 

where fabc are the structure constants of SU(3)colour and the Aa are the Gell-Mann ma­
trices. The first two terms in the Lagrange density describe the locally gauge invariant 
interacting quark and gluon fields. The third term is the covariant gauge fixing term 
which is globally gauge invariant, which is required in the quantized theory to make 
the canonical conjugate momentum II0 of A 0 non vanishing. The fourth term is the 
Faddeev-Popov ghost term which makes the Lagrange density invariant under a BRS 
transformation, which is a transformation on the fields .,P, Aµ, w, x that resembles the 
local gauge transformation on the quark and gluon fields. The Lagrange density can be 
separated into a part independent of the coupling constant g, which describes the free 
quark, gluon and ghost fields 

Co = 1jJ (~ifµ;; -M) .,p - ~ (8µAv - 8vAµ). (8"' A" - 8" A"') 

_!..x8 A"'. 8 A" - i8 x. 8µ.w (1.8) 2 µ II µ 

and a g dependent part or interaction part 

· Lint = 
1 - 1 
2,9.1/J/µA.,P ·A"' - 2g (8"' A" - 8" A"')· (Aµ xA11 ) 

-~g2 (A"'XA") · (AµXA 11 ) -ig8µX · (A"'xw) (1.9) 

In order to write out the Hamiltonian density one needs the canonical conjugate mo­
mentum of all the fields 

'11 
8~ = _!i.,pt 
81/J 2 

(1.10) 

'11 8~ = _!i{Jt (1.11) 
81/J 2 
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k=l,2,3 (1.12) 

(1.13) 

(1.14) 

(1.15) 

The Hamilton density is then 

ac . ,_ae, . ac . ac . ac 
1-l = --.1/J + 1/J~ +A · -.- + X · -. + w · -. - C 

aV; aV; µ aAµ ax aw 
(1.16) 

where the minus sign on the first term is due to the Grassman nature of the quark 
fields. The Hamilton density is a function of the fields, spatial derivatives of the fields 
and the canonical momenta. This can also be split into its free g independent parts 

and an interaction part that depends explicitly on g 

1 - 1 ( / k) ( k ') 1-lint = -2g1/;/µJ,.1f; ·Aµ - 2,9 akA - a,A · A XA 

-gllk. (AkxA0
) + ~g2(AkXA1). (Akx.A.1) 

+gn · (A0 xw) + igakx · (Akxw) (1.18) 

The terms in eq. (1.18) describe the two quark and one gluon interaction, the three 
gluon interaction, the four gluon interaction and the two ghost one gluon interactions 
respectively. The Hamiltonian can be formed by integrating the Hamilton density over 
space and time 

(1.19) 

This Hamiltonian is quantized by interpreting the fields in the classical theory as field 
operators and imposing equal time anti-commutation relations on the fields that are 

' 
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Grassman in the classical theory, and commutation relations on the Hermitian gluon 
field operators. 

{ 1/Jc,J,a(x, t), 1fJ!',f',cAY, t)} 
{wa(x, t), nb(Y, t)} -
{xa(x, t),Xb(Y, t)} 
[A~(x, t), IT/;(y, t)] 

8cc'8 JJ'8aa'83
( X - YJ 

-i8ab83 (x - YJ 
-i8ab83 (x - YJ 
igµv8ab83(x-Y'J 

(1.20) 

(1.21) 

(1.22) 

(1.23) 

This quantization procedure has made the fields become field operators in the Heisen­
berg picture which satisfy the Heisenberg equation of motion 

i ! F(x, t) = [F(x, t), H] (1.24) 

while the state vectors defining the Fock space are time independent. It is useful to 
transform to the interaction or Dirac picture. This is done using a unitary transforma­
tion U(t) in the Fock space which satisfies the differential equation 

i':t U(t) = U(t)Hint(t) (1.25) 

and transforms a Heisenberg state 11/J) into a Dirac state l~(t)) 

l~(t)) = U(t)IV;) (1.26) 

A general field operator is transformed from the Heisenberg picture F(x, t) to the Dirac 
picture F(x, t) by 

F(x, t) = u(t)F(x, t)u- 1(t) (1.27) 

The commutation relations (1.20)-(1.23) still hold in the Dirac picture. The equation 
of motion in the Dirac picture is 

(1.28) 

and the Dirac states satisfy 

(1.29) 

The field operators of the non interacting Hamiltonian satisfy the non interacting field 
equations 

(i/µ8µ - M)~ 
DAµ+(,\ - 1)8µ8vAv 

A +-

1/J( i/µ 8µ -M) = 0 

0 

Ow= Di - 0 

10 

(1.30) 

(1.31) 

(1.32) 



These equations are important as the asymptotic states will be constrained to be 
soloutions of the non-interacting field equations. 

It is well known that canonical quantization of gauge fields leads to a Fock space with 
an indefinite metric. This indefinite metric means that there are states with negative 
norm. This endangers the probabilistic nature of the quantum theory. The solution to 
this problem lies in the fact the whole Fock space is too large to describe the physicial 
world. A constraint on the Hilbert space, such as the Gupta- Bleuler condition in QED 

8 Aµ(+>1·1• h ) - 0 µ 'f/p ys - (1.33) 

is required to guarentee a subspace 17/Jphys) which has a positive definite norm. The 
corresponding relation in QCD is that the physical states must have no BRS charge i.e. 

(1.34) 

The BRS charge is the spatial integral of the zeroth component of the conserved current 
which arises due to the BRS invariance of the Lagrange density and Noether's theorem. 
(See Buser et al (3] for more details of the definition of the BRS charge.) 

1.2 The Gell-Mann and Low Theorem 

Observables are often expressed in terms of energy shifts between the interacting and 
non interacting systems. The usual way of calculating energy shifts is via the Gell­
Mann and Low theorem. The Gell-Mann and Low theorem is expressed in terms of the 
time-evolution operator U(t, t') which is related to the unitary transformation U(t) of 
the previous section by 

U(t, t') = U(t)U-1(t') 

and it satisfies the same differential equation as U(t) 

iaU(t,t') = H (t)U(t t') 
8t mt ' 

(1.35) 

(1.36) 

together with the initial condition U(t, t) = 1. The reason U(t, t') is called the time 
evolution operator becomes clear when it acts on a state in the Dirac picture 

1¢(t)) = U(t, t')l¢(t')) (1.37) 

All the physics of the quantum field theory is contained in the operator U(t, t'). This can 
be seen by multiplying equation (1.36) by 1¢(t')) and using equation ~(1.37) which gives 
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the equation of motion (1.28). The solution of equation (1.36) together with the initial 
condition is given in terms of Dyson's expansion which expresses U(t, t') as a series of 
time ordered products of Hint(t) (see the well known book by Fetter and Walecka [21].) 

where we have introduced an adiabatic switch on of the interaction ,by defining 

Hi~t(t) = e-iltlfrint(t) 

where f is a small positive number. 

(1.38) 

(1.39) 

Let l~k) is a set of complete and orthonormal eigenvectors of the non interacting 
Hamiltonian. The Gell-Mann and Low theorem states that if a state vector 

(1.40) 

exists to all orders, then it is an eigenstate of the full Hamilton operator at t = 0. This 
can also be expressed as 

(1.41) 

An alternative but equivalent form of the Gell-Mann and Low theorem due to Sucher [8] 
exists. It has been shown by O'Connor [7] to be quite useful to use in cavity calculations 
In this formulation the energy shift is given by 

(1.42) 

, where the subscript c means take only the connected diagrams. S~ is the adiabatic 
S-matrix and can be written as 

00 

s~ = 1 + L S~(n) (1.43) ' 
n=l 

where 

5t(n) = (i77)n loo dt ···loo dt e-((lt1l+··-+ltnDT [if.( (t )···fI.t (t )] 
'I I 1 n mt 1 mt n n. -oo -oo 

(1.44) 
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The benefit of this formalism is that the Feynman diagrams no longer need to be 
decomposed into time ordered diagrams, as in the Gell-Mann and Low theorem, due to 
the symmetry of the limits of the time integrations. This formalism does however have 
its disadvantages in that the time integrations are more complicated. 

The magnetic moment of a particle may be defined in terms of the energy shift via 
6.E = -jl · B where 6.E is the energy shift due to the interaction with an external 
magnetic field B. In this thesis all corrections to O(eg2 ) to the magnetic moment are 
calculated. The terms which contribute to eq. {1.42) to this order can be found by 
substituting in eq. {1.43) into eq. (1.42) and taking the limit T/ ---+ b It is found that 

. if (S<1)} + 2(S<2)) + 3(S<3)) + ... 6.E = hm- i i i 

i-+o 2 1 + (S!1)) + (S!2)) + (S~3)) + ... {1.45) 

Using the expansion 1/(1 + x) = 1 - x + x 2 
• • • one finds that the energy shift 6.E to 

0( eg2 ) can be written as 

(1.46) 

Ignoring those terms that ·are not connected to the asymptotic states of the baryons 
and do not contribute to the magnetic moment, the energy shift can be written as 

(1.47) 

The first term in eq. {1.47) gives the zeroth order contribution. The second term 
gives the 0( eg2

) contribution. The third term also gives 0( eg2 ) but it comes from the 
denominator of equation {1.45) and serves to cancel the poles in the Feynman diagrams 
due to the second term, which will be discussed in more detail late,r. The last term is 
required if _a mass counterterm renormalization is used. 

1.3 Cavity QCD 

Up until this point all the properties that have been discussed have been of a general 
nature and do not depend on the volume of the space the fields occupy. We now 
restrict the fields to occupy a static spherical cavity by imposing boundary conditions 
on a spherical surface S. These boundary conditions are chosen such that no colour 
charge can escape through the surface, thus imposing confinement on the quarks. The 
boundary conditions chosen are those of the M.l.T. bag model (14), as they are linear 
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in the field operators and independent of the strong coupling constant. The boundary 
conditions also preserve the important BRS symmetry [3] of the theory that is vital 
to the proof of renormalizability QCD in free space. The M.l.T. bag model boundary 
conditions are 

(1.48) 

(1.49) 

(1.50) 

The solution of the non interacting field equations (1.30)-(1.32) subject to the above 
boundary conditions are the familiar cavity modes discussed in appendix A. 

The quark field operator can be expanded in terms of the quark cavity modes by 

(1.51) 

where n is the set of quantum numbers n = {v, K, µ }, the radial, Dirac and magnetic 
quantum numbers. It is assumed that there is also an implicit dependance of the cavity 
modes on the flavour of the quark. a!1n and llcf n are the quark creation and annihilation 

operators which create or annihilate a quark with quantum numbers c, f, n. b!1 n and 

bcfn are the antiquark creation and annihilation operator which create or annihilate an 
anti quark with the quantum numbers c, f, n. The spin ors Un ( x) are the quark cavity 
modes given in appendix A. The quark field operator must satisfy the anticommutation 
relation (1.20) which reduces to the following constraint on the quark creation and 
annihilation operators 

{ A At } {A At } acfn, ac'f'n' = bcfn, bc'f'n' = hcc'{Jff,{Jnn' (1.52) 

The cavity quark propagator is defined in terms of a time-ordered product of the 
fields as 

(1.53) 

Substituting the expansion for the quark field operator (1.51) into this expression and 
using the anticommutation relations (1.52) one finds 

iS(x, x') = hcc'{Jff' L [un(x)un(X')O(t - t') - u_n(x)u-n(X')O(t' - t)] e-ienlt-t'I (1.54) 
KV 

v>O 
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Using the integral representation of the theta function 

-1100 e-iwt 
O(t) = lim -. dw . 

e-+O 27rZ -oo W + Zc 
(1.55) 

the propagator can be written as 

(1.56) 

where we now sum over both positive and negative radial quantum n'umbers. The usual 
Feynman prescription for the poles is used. All poles with positive (negative) energy 
acquire a small negative (positive) imaginary part. 

The gluon field operator may be expanded in terms of the gluon cavity modes as 

Aµ(x) = "' 1 
[c.'E aµ (x)e-m~t + e,'Et aµ* (x)em~t] 

a L.J r;;{)E am m'E am m'E 
m'E v 2~£m 

(1.57) 

where m is the set of quantum numbers m = { N, J, M}. N is the radial quantum 
number while J and M are the angular momentum quantum numbers. a~'E are the 
gluon cavity modes. c~! and c~m are the gluon creation and annihilation operators 
which create or annihilate a gluon with quantum numbers a, m and polarisation ~. The 
gluon field operator must satisfy the commutation relation (1.23) which means that the 
gluon creation and annihilation operators must satisfy 

(1.58) 

where g'E'E' is the metric tensor in polarisation space and is given by 

(1.59) 

and 
'E'E' 0 g = if (1.60) 

where S is the scalar, £ the longitudinal, M is the transverse magnetic and £ the 
transverse electric polarisation. 

The gluon propagator is defined as the vacuum expectation of the time-ordered 
product of the gluon field operators 

(1.61) 
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Using the gluon field expansion (1.57) and the anticommutation relations (1.58) one 
finds 

EE 
·n11µ( ') c ""' 9 µ ( ... ) ll>lo ( """) -mn lt-t'I t ab x, X = -uab L...J 

2
nE amE X amE X e m 

mE m 
(1.62) 

Using the integral representation of the theta function this may be written as 

(1.63) 

Using the gluon cavity modes in the Feynman gauge as given in appendix A one has an 
expression for the Feynman propagator in the Feynman gauge. An expression for the 
Feynman propgator in an arbitrary gauge has been formulated by Stoddart [13], but 
since the sum of all the graphs we are calculating is gauge independent, [7] we need not 
consider the Feynman propagator in an arbitrary gauge. 
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Chapter 2 

Renormalization 

The Feynman diagrams in figure (2) are all the divergent diagrams that contribute to 
the magnetic moment to order 0:8 . The vertex correction diagram figure (2a) and the 
vertex diagram with self-energy inserts figures (2b) and (2c) are ultra-violet divergent 
and have to be regularised and renormalized before any sensible result can be obtained. 
The remaining diagrams that contribute to the magnetic moment to this order are the 
two one-gluon exchange diagrams which are finite so they will not be discussed here. 

Since ultra-violet divergences are a short distance phenomenon, it is expected that 
the presence of the cavity boundary will not have a large effect on the divergences. More 
explicitly, if one parametrizes the divergence of a Feynman diagram in free space, then 
it is expected that the same parametrization should also be valid in the cavity. 

The renormalization technique used in this thesis is based on the technique devel­
oped by Stoddart et al. [13] and is similar to that in O'Connor [7], but with the added 
complexity of mass renormalization. Briefly this technique involves dimensionally reg­
ularising the free space theory and separating out the divergent part of the diagram. 
This divergent part can then be Fourier transformed into cavity mode space and can 
be subtracted from the cavity diagram which has a similarly parametrized divergence 
to yield a finite result. The exact renormalization scheme used is unknown since the 
divergence in the cavity may differ from the free space divergence by some constant. 

The divergence in the vertex correction graph will be shown to cancel exactly the 
remaining divergence in the two self-energy type diagrams after mass renormalization. 
This cancellation is guaranteed in free space due to the Ward identity which equates 
these two renormalization constants. Thus in free space the sum of these three diagrams 
depends only on the mass renormalization scheme. In free space we can choose the mass 
renormalization scheme to be on shell, however in the cavity the on shell condition is 
somewhat more complicated and will be discussed later. ·, 
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b) c) 

Figure 2.1: The divergent Feynman diagrams contributing to the magnetic 
moment to order 0:5. 

2.1 Vertex Correction Diagram in F'ree Space 

In this section the vertex correction diagram in figure (2a) will be examined in free 
space using dimensional regularisation to parametrize the divergence. The Feynman 
amplitude for this diagram is 

M = eCu(p') (-iAµ(p',p, q)) U(p)A~xt(q) (2.1) 

Where C is the colour factor C = 4/3 and A~xt is the potential due to the external 
magnetic field. The vertex function in D dimensions is 

- iAµ{p', p, q) = g' µ•-D j (i: ~D ( i-y. )iS(p' - k )( i-yµ)iS(p - k )( i-yp )iD"p ( k) (2.2) 

where S(p) is the quark propagator 

1 
S(p) = p- m 

and ncxf3(k) is the gluon propagator which is given by 

(2.3) 

(2.4) 

where>. is the gauge parameter. Since the sum of all the graphs are gauge independent, 
throughout this thesis we shall work in the Feynman gauge >. = 1 and hence shall ignore 
the second term in equation (2.4). It is sufficient to calculate Aµ(p',p, q) for the case 
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q = 0 in order to find the divergent part of Aw Substituting the quark propagator and 
the Feynman gauge gluon propagator into equation (2.2) where q has been set to zero 
one finds 

-iAµ(p,p) = 2 4-D J JD k 1 1 gaf3 
9 µ (27r )D lap- # _ m Iµ p- # _ m 'Yf3 k2 (2.5) 

2 4-D j JDk 1v(p- # - m)Tµ{p- # - m)T" 
- g µ (27r)D ((p- k)2 _ m2)2k2 (2.6) 

where Aµ(p,p) = Aµ(p,p,O). Looking at the numerator of (2.6) in D dimensions and 
with the help of some Diracology we find three terms 

1v<J,1µ<J,1" (2 - D)(2aµ<f, -1µa 2
) 

1v<f,/µffi/ 11 + 1vm1µP,/ 11 = 2Dmaµ 

m2/v/µ/ 11 = (2 - D)m2/µ 

(2.7) 
(2.8) 
(2.9) 

The first term is divergent and the other two terms are finite in four dimensions. Using 
standard techniques the integral can be evaluated in D dimensions. Setting D = 4 - 2c 
where c is small and discarding all powers of en where n ;=::: 1. 

Aµ(p,p) = -· - /µ - -1+1- ln +-In + -_ 92 [ (1 (m2 _ p2) m4 (m2 _ p2) m2) 
l67r2 c 47rµ2 p4 m2 p2 

- 21;;. p ( 2m4 ln ( m',~/) + 2m2p2 + P4
) 

+ 
8:!" ( m2

In ( m:,/) + v')] {2.10) 

where / is Euler's constant. The singular part of the vertex function, A~, in the MS 
scheme can now be separated out and parametrized as 

As= -92/µ (! -1) = -92/µ ['XJ dz cz 
µ l67r2 c l67r2 lo z (2.11) 

This divergent expression can then be Fourier transformed into cavity mode space and 
be used to renormalize the cavity vertex correction diagram. 

2.2 Self-Energy Diagram in Free Space 

The Feynman amplitude for the self-energy insert diagrams in figures (2b) and (2c) are 
given by 

Ma = eCu(p') (-iE(p')) iS(p')i/µu(p)A~xt(q) (2.12) 
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Mb = eCu(p')i/µiS(p) (-iE(p)) u(p)A~xt(q) (2.13) 

respectively The self-energy E(p) can be written in D dimensions as 

(2.14) 

This can be evaluated in the standard way. Setting D = 4 - 2e: where e: is small and 
dropping all terms of order e:n where n ;::: 1 we find 

E(p) = - p ---y+l-ln +-In +-
-g2 [ (1 (m2 _ p2) m4 (m2 _ p2) m2) 
l67r2 e: 47rµ2 p4 m2 p2 
-4m - - ')' + - - In + - In (

1 3 (m2 p2) m2 (m2 p2))] 
e: 2 47rµ2 p2 m2 (2.15) 

The form of the momentum dependent divergence in the self-energy E(p) is the same as 
that in the vertex correction diagram. This is expected since the Ward identity relates 
Aµ(p,p) to E(p) via 

A ( ) _ 8E(p) 
µ p,p - 8pl-' (2.16) 

This can be shown explicitly by differentiating equation (2.15) and comparing the result 
with equation (2.10). 

Let us look at the renormalization of the self-energy more closely. The two point 
Green's function is given by the sum of over irreducible self-energy inserts. 

. . 
G(p) = P i + i ( -iE(p)) i + ... 

- ffiB p - ffiB p - ffiB 
'(2.17) 

This series can be summed to give 

i 
G(p) = _p ___ m_B __ -E-(p-) (2.18) 

In an on shell renormalization scheme E(p) is usually expressed as a Taylor series around 
p=m 

8E' E(p) = E(m) + (p- m) a p v=m + ET(P) (2.19) 

where ET(P) are all the higher order terms in the series. The first two terms are infinite 
while the third term is finite and vanishes as 'fl-. m. Using this expansion we can define 
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the following quantities 

Sm 

(z21 -1) 
Z21 ER(P) 

The self-energy can then be written as 

E(m) 

- {)El 
a p 'l=m 

Er(P) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

The renormalized mass m is defined in terms of the bare mass mB and the divergent 
quantity Sm by 

m=mB+Sm 

The two point Greens function then becomes 

(2.24) 

(2.25) 

An important point to note is that an on shell scheme is defined so that the 2-point 
Green's function has a pole at p = m. 

One way of performing the quark mass renormalization is to write the Hamiltonian 
in terms of the renormalized quark mass and then to include a mass counter-term 

(2.26) 

The non interacting fermion now has the physical mass and satisfies 

(i~ - m)l/i(x) = 0 

and the Feynman propagator is 

·s z z =----
p-m+io 

(2.28) 

The presence of the new interaction term introduces a new two quark vertex with which 
we must associate the factor of 

i8m = iE(p)lt=m (2.29) 

Each Feynman graph containing a quark self-energy loop must be considered together 
with an identical graph where the self-energy loop is replaced by the two quark vertex 
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which is also of order 92. The net effect of considering both of these graphs together is 
the following replacement 

- iE(p) __. -iE(p) + iom = -i(Z;-1 
- l){p - m) - iER(P) (2.30) 

Looking at the expression of E(p) as p --. m we find that 

-9
2
3m ( 1 4 2 2 ) 

om= 1611"2 ; -1 + 3 + ln(411"µ ) - ln(m ) (2.31) 

which can be parametrized as 

-9
2
3m (100 e-z 4 ) om= 2 -dz+ - + ln(411"µ 2) - ln(m2). 

1611" 0 z 3 . 
(2.32) 

Returning to the Feynman amplitudes, we must now look at the sum of the Feynman 
amplitudes of the self-energy insert graph and the corresponding graph with a two quark 
vertex replacing the self-energy loop. This results in 

Mb= eg2Cu(p')i/µiS(p)i [-E(p) +om] u(p)A~xt(q) {2.33) 

The singular part of -E(p) +om is then given by 

92 1 92 roo e-z 
- Es(P) +oms = 1611"2 (p -. m)(; -1) = 

16
11"2 (p - m) lo dz-;- {2.34) 

If we now calculate the singular part of the Feynman amplitude (2.33) we find 

M~ = ieg2Cu(p')/µ p ~ m B(p- m)u(p)A~xt (2.35) 

where B = · 16
1

71'2 ( 1 / f. - I) is a divergent constant. This expression is undefined as it 
stands. This can be seen by acting p - m in the numerator of equation (2.35) on the 
free particle spinor first, resulting in the expression being zero, or by first cancelling 
the numerator and the denominator and obtaining a non-zero result. This problem was 
solved by Feynman [12]. The reason this problem occurs is that in an'interacting theory 
no free particle spinors exist, and they must be replaced with prop.;i,gators from some 
interactions that occurred in the remote past and the remote future. An alternative 
way to solve the problem is to introduce an adiabatic damping factor to the interaction 
which switches off the interactions t --. ±oo by multiplying the interaction Hamiltonian 
by a suitable function f(t). The usual factor is f(t) = e-fltl where f. is small. This is the 
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factor that is used in the cavity calculations. The precise form of f(t) is not important, 
all we require is that f(t)-+ 0 as t-+ ±oo and f(t) is very close to one for some time T 
much longer than the interaction. The result of this is to force the asymptotic states to 
be non interacting free particle spinors as we require. Consider the Fourier transform 

f(t) = 100 

F(E)eiEt dE = 100 

F(E)eiqx dE (2.36) 

where q = (E, 0, 0, 0), with the normalisation condition 

f(O) = /
00

00 

F(E) dE = 1 (2.37) 

F(E) looks almost like a delta function and as F(E) -+ 8(E) the original theory where 
f(t) = 1 is restored. The result of having a time dependent interaction is to introduce 
a slight energy non-conservation at each interaction. The effect of this damping factor 
is to cause the following replacements 

E(p) -+ E(p - q) (2.38) 

The Feynman amplitude then becomes 

M~ = ieg2CU(p') j dE dE' F(E)F(E')Iµ p-g-~' _ m (p-g - m)U(p)A~xt(q) (2.39) 

To evaluate this we can subtract H'P- m) from the numerator of equation (2.39). 
This is valid since H.P-m) acts on the free particle spinor to give a zero result i.e. 
H.P-m )u(p) = 0. The numerator then becomes 

1 . 1 
p- g - -(p - m) = -(p - 2 g - m) 

2 2 
(2.40) 

By symmetrising the factor of 2 rf using 2 g -+rf + rf' the numerator and denominator now 
cancel so the integral becomes simple and results in 

(2.41) 

The factor of 1/2 in this expression is important as there are two; self-energy insert 
diagrams whose sum cancels the singular part of the vertex correction diagram whose 
singular part has the form 

M~ = -ieg2u(p')lµBu(p)A~xt(q) (2.42) 

23 



., 

2.3 Cavity Renomalization 

In order to renormalize the cavity diagrams, the free space divergence must be expressed 
in terms of cavity modes. To do this a set of Fourier transforms appropriate to the cavity 
are introduced as in Stoddart et al. [13]. For Dirac fields the appropriate Fourier set is 

(2.43) 

where t/J is a function of x = (t,T) and is labelled by p and w. up(T) denotes the usual 
quark cavity modes which are solutions of the time independent Dirac equation subject 
to the M.l.T. bag model boundary conditions (see appendix A). w is a continuous 
energy parameter which is not related to the energy eigenvalues of the quark cavity 
modes. p denotes the set of quantum numbers of the cavity mode, namely 

p={v,K,µ} (2.44) 

where v, K, µ are the radial, Dirac and magnetic quantum numbers. This Fourier set 
consists of a set of spinors, unlike the standard Fourier set used in free space which is 
a set of scalars, thus the Fourier transform of a spinor will be a scalar in this set. 

This set of spinqr functions are orthonormal and complete in the cavity as is given 
by the orthonormality relation 

j d4 x ¢j (w; x )t/;p1(w'; x) = 6(w, w1)6111116,,.,,.16µµ1 

and the completeness relation 

where I is the unit 4x4 matrix. 

(2.45) 

(2.46) 

Any spinor function f ( x) in the cavity can be expanded in terms of the above Fourier 
set by 

f(x) ='Li: dw cP(w)t/;p(w;x) 
·P 

The Fourier coefficients cp( w) are given in terms of the overlap integral 

c,,(w) = j d4x {;p(w;x)f(x) 

Similarly an adjoint spinor can be expanded as 

f(x) = L j dw c;(w){;p(w; x) 
p 
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(2.48) 

(2.49) 



where the Fourier coefficients are 

(2.50) 

A similar Fourier set for vector fields can be constructed from the gluon cavity modes. 
To examine the cavity version of the self-energy we look at the Feynman rules in 

configuration space, where the Feynman rules are the same as in free space. The dressed 
quark propagator can be expressed in terms of the bare quark propagator SB by 

G(x,y) = iSB(x,y) + j d4x' d4x" iS8 (x,x')[-iE0 (x',x")]iSB(x",y) (2.51) 

The bare propagator satisfies the following equation 

(2.52) 

where mB is the bare mass. Equation (2.51) can be Fourier transformed to cavity mode 
space usmg 

s;;Aw,w') j d4 x j d4 y {;p(w; x )/oSB(x, y)/o'l/Jp1 (w', y) 

E;P,(w,w') - j d4 x j d4 y {;p(w; x )E0 (x, y)'l/Jp•(w', y) 

the dressed quark propagator can be written as 

(2.53) 

(2.54) 

- iGpp•(w,w') = s;;,, + L J dw1 J dw2S!1(w,wi)E~P2(w1,w2)S~p'(w2,w') (2.55) 
PlP2 

To find an expression for the bare propagator s:r,,(w,w') equation (2.52) is Fourier 
transformed to get 

L j dw' Opp•(w,w')s:,P,,(w',w") = c5PP"c5(w,w') 
p' 

(2.56) 

where 

(2.57) 

Due to time translational invariance, energy is conserved at each vertex and hence 
G, S8

, 0 and E all contain delta functions in w. In future the following shortened 
notation will be used 

(2.58) 
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where X could be any one of the above operators. Using this notation equation (2.56) 
can be written as 

E( whpp' - fpp' )s:,p,, ( w) = hpp" 
p' 

Where the non-diagonal energy like term fpp' is given by 

fpp' = J dr up(r) (-i..Y. Vr + mB) Up•(r) 

Thus the bare propagator can then be written as 

s:i,,(w) = (whpp' - fpp'r
1 

(2.59) 

(2.60) 

(2.61) 

where the inverse in equation (2.61) refers to matrix inversion of the discrete labels 
p and p'. Substituting this form of the bare propagator into the equation (2.55) the 
dressed quark propagator can be written as 

iGpp•(w) = (w6PP' - fpp•t
1 + (w6PP' - fpp1 t1 E~p2 (w)(w<5P2P' - fp2p•t

1 + · · · (2.62) 

This can be summed to give 

. ( c )-1 iGpp•(w) = w6PP' - fpp' - Epp'(w) (2.63) 

Evaluating equation (2.60) one finds 

fpp' = hpp'fp - j drup(r)hmcup'(r) = hpp'fp - hm~P' (2.64) 

where the superscript con <5mc is there to denote that this is the cavity value of this 
I 

constant. Thus the d~essed quark propagator can be written as · 

(2.65) 

If we Fourier transform the free space self-energy given by equation (2.23) we find that 

(2.66) 

It is expected that this equation should have the same divergent structure as the cavity 
self-energy, but may differ from the cavity self-energy by some finite piece. To perform 
this Fourier. transform use must be made of the following identity proved by Stoddart 
et al. [13]. 

(2.67) 
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This identity is not trivially true due to the equation not holding on the surface, but 
the surface term vanishes due to the boundary conditions. Since the;"cavity self-energy 
has the same divergent form as equation (2.66) we can write the cavity self-energy as 

(2.68) 

The exact value of 8mc is not known as it may differ from the free space mass countert­
erm 8m0 by some finite constant i.e. 

(2.69) 

To determine the value of c for a mass shell renormalization condition consider the 
. definition of a mass shell renormalization condition. The dressed quark propagator 
must have a pole when the energy is equal to the eigenenergy of the state i.e. 

(2.70) 

Hence we need to find the value of the constant c that makes the matrix inverse of 

(2.71) 

have poles on the diagonal elements pp when w = Ep. This is a rather complicated task 
as the matrix is infinite dimensional. In the calculations done in this thesis a possibly 
off-shell renormalization scheme is used where we chose the value c = 0. 

To perform the mass renormalization the mass counterterm method is used as was 
used in the free space calculation. This means that we must write the Hamiltonian in 
terms of the renormalized mass and include a mass counterterm as part of the interacting 
Hamiltonian. 

(2. 72) 

This interaction term introduces a new two quark vertex which is of order g2• Graphs 
with self~nergy loops must now be considered together with an identical graph where 
the self-energy loop is replaced by the two quark vertex. The sum of the self-energy 
and mass counterterm diagrams are free of the divergence due to mass renormalisation, 
but is still divergant, as was the free space diagram. 

The divergence remaining in the sum of the self-energy and mass conterterm dia­
grams can be removed by subtracting the Fourier transform of the divergence remaining 
in the free space diagram (2.41). The Fourier transform proceeds by first Fourier trans­
forming equation (2.41) to configuration space and then Fourier transforming this to 
cavity mode space. This result must be multiplied by a factor of -i to convert it to 
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an energy shift. Thus the divergent part of the diagram can then be subtracted from 
the cavity calculation to give a finite result. This result of doing this is to subtract the 
following divergence from the cavity diagram 

(2.73) 

where Mn 1 n 2 is defined in appendix B.2. 
The calculation of the cavity renormalization for the vertex correction diagram fol­

lows exactly as in the self-energy type diagram. The result is just -2 times the diver­
gence for the self-energy type diagram which gives 

(2.74) 

which must be subtracted from the vertex correction diagram to get a finite result. 
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Chapter 3 

Cavity Calculations 

The energy shift contributing to the magnetic moment up to 0( eg2 ) can be found by 
evaluating eq. (1.47). To this order only quark-gluon and quark-photon coupling and 
the mass counterterm are needed in the interaction Hamiltonian as all the other terms 
to this order are not connected to the asymptotic states consisting of three quarks. The 
interacting Hamiltonian to this order can thus be written as 

(3.1) 

where Q is the electromagnetic charge matrix in flavour space, A~xt( x) is the potential 
due to the external magnetic field, bm is the mass counterterm matrix in flavour space. 
This form of Hint can be used in eq. (1.47) to find the magnetic moment to O(eg2 ). 

3.1 Zeroth Order Term 

The simplest term contributing to the magnetic moment is the zeroth order O(e) term. 
This term is given by the first term in eq. (1.47) as 

t::,.E = lim u (S(l>) 
(-+0 2 ( c (3.2) 

This term c9rresponds to the Feynman diagram in figure (3.1 ). Substituting the part of 
the interaction Hamiltonian due to the external electromagnetic field into the definition 
of '(S~1 ))c one finds 

!::,.E = -lim i
2
'€(-i) j 00 

dt e-(ltljd3x (Xl¢(x)Q'7fextiJi(x)IX) (3.3) 
f-+0 1 -oo . 
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Figure 3.1: The zeroth order diagram. 

where IX) is the asymptotic state which is an eigenvector of the non-interacting Hamil­
tonian representing one of the baryons. This state IX) can be written as a linear 
combination of three quark creation operators acting on the vacuum. 

(3.4) 

The quark field operator in eq. (3.3) can be expanded in terms of the quark and gluon 
cavity modes using eq. (1.51) and eq. (1.57). This gives 

(3.5) 

where we have used the shorthand notation for the colour flavour matrix elements 

{a!1/In1 Qac2hn2) = {XI E a!1/in1 Qac2hn2 IX) 
c1 Ji n1 
c2hn2 

(3.6) 

which are evaluated in appendix E. The colour flavour matrix elements restricts the 
quantum numbers of the incoming and outgoing quarks to be the same ie. c1, Ji, n1 = 
c2, h, n2 and hence c1 = c2• The time integral can be evaluated and gives a result 2/ c. 
The energy shift can then be written in the shorthand form 

(3.7) 

where Mn1 n2 is the quark-photon vertex integral defined and evaluated in appendix B.2. 
Using these results this expression can be is straight forward to evaluate. 

3.2 The O(eg2) diagrams 

The last three terms in eq. (1.47) contribute to the magnetic moment to O(eg2 ). We 
shall start by looking at the contribution from the 3{S!3>)c term, as the other two terms 

30 



only serve to cancel some diagrams and divergences in this term. To this order in this 
term the mass counterterm does not contribute, so we can write 

The product of field operators in eq. (3.8) gives one 0( e3 ) term, three 0( e2g) terms, 
three 0( eg2

) terms and one O(g3
) term. We are only interested in the three 0( eg2) terms 

which correspond to the interaction with the external field occurring at times t 1, t 2 and 
t 3 • The symmetry of the time integration makes these terms identical, so we need only 
consider one case and multiply the result by three to get the full contribution. The time­
ordered product can then by Wicks theorem be expressed as the normal-ordered product 
of the sum of all possible contractions. Some of the contractions are not connected to 
the asymptotic states and may be discarded, while other terms are cancelled by the 
remaining terms in eq. (1.47). The remaining terms with the same spatial structure 
can be collected into five groups of two and can be represented by the five Feynrrian 
diagrams in figure (3.2). It can be shown using the commuting/anticommuting nature 
of the gluon/quark field operators in the normal ordered product that both terms which 
have the same spatial structure give the same contribution. We consider each of the 
diagrams separately. 

3.2.1 The Vertex Correction Diagram 

The contribution of this graph is given by 

6.E - lim 3if (-i)3 j d4x1 j d4x2 j d4x3e-f(lt1l+lt21+1tal) 
f-+0 2 

( N [ (~g~$.~).. (~Q),x,~)., (~g'¥$,~)J) 
I I I I I I 

(3.9) 

where we have included only one possible contraction and one tim:e ordering but multi­
plied by a factor of 6 to.get the full contribution. Substituting the cavity mode expansion 
of the field operators one finds 
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a) 

n1 

I 
b) c) 

I 
I • 

6 n2 n1 n2 n1 

Q Q 
d) e) 

Figure 3.2: The Feynman diagrams contributing to the magnetic moment 
to order as from the (S~3>) term. 

~E . 3if: g
2 

(A (Aa) (Aa) A ) -!~2(27r)3 ac1fin1 2 c1d 2 dc2Qac2hn2 

L gEE(J:;MpqQ~~ 1
00 

dt1 dt2 dt31
00 

dw dw' dw" 
pqmE -oo -oo 

n2 

e-i(lt1 +lt2l+lt31) eit1 (e1 +w-w') eit2(w'-w11
) eit3(w"-w-e2) 

(w' - cp ± iO) (w" - Eq ± iO) (w2 - iV + iO) 
(3.10) 

The contour integrals over w' and w" are performed followed by the time integrals and 
after a lot of algebra one obtains 
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where the colour flavour matrix element has been left out of this expression as it· is 
evaluated in appendix F. The contour integral over w can be performed directly to give 

. j dw h"(ci, c2) 
-i 211' (c1 + w - c,,) (c2 + w - cq) (w2 - n 2) 

= I 1 
2n(c1 - n sgnc,, - c,,)(c1 - n sgncq - cq) 

2n + lc,,I + lcql 

'.{ 

if sgnc,, =sgncq 

(3.12) 
if sgnc,, #sgncq 

If one performs the sum over the quantum numbers, the resultant energy shift is loga­
rithmically divergent. Clearly the divergence needs to be regularized. This can be done 
by performing the integral over w in a different way. Instead of contour integrating 
over w, the integral is done as it would be in the free space. First Wick rotate to Eu­
clidean space by w -+ iw, c1 -+ ic:i, c2 -+ ic2. The denominators are squared, changing 
the ±iO prescription to the +iO prescription, then the denominators are raised using 
Feynman parametrization. The Feynmann parametrization variables are transformed 
to make the integral over w Gaussian. The two integrals over the transformed Feynman 
parametrization variables which have finite range are done leaving an integral over the 
last variable. (see O'Connor [7) for details) The energy shift due to the vertex correction 
can then be written as 

AE · 2 """" EEQ-mEM QmEJmE 
L..l = -ig L.,, g nip pq qn2 pq (3.13) 

pqmE 

where we have left out the colour flavour matrix element and 

1mE = f'° dz 1mE(z) 
pq lo pq (3.14) 

where 
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The normalised error function nerf ( x) is defined as 

nerf(x) = ~ex2 fox e-t
2 

dt 

and use has been made of following definitions 

A+ = (ei + n2 
- e~)/2e1 

B+ = (ei + n2 
- e;)/2e1 

A_ = (ei - n2 + e~)/2e1 
B_ = (ei - n2 + e;)/2e1 

(3.16) 

(3.17) 

(3.18) 

The apparent singularity in eq. (3.15) when ep = eq can be dealt with by setting ep = eq 
in eq. (3.11). This gives an expression that is the same as an expression that occurs 
in the self-energy and will be dealt with there. Note the exponential dependence of 
eq. (3.15) on the square of the energy of the intermediate quarks and gluons times -z. 
This has the effect of making the terms with high intermediate state energies contribute 
significantly to J~E ( z) only when z is small. If we introduce an energy cut-off to the sum 
over the intermediate quark states, we expect that it will only affect the region where z 
is small. Thus if we first perform the sum over the quantum numbers up to some energy 
cut-off and then integrate that result over z, all the error due to the cut-off should be 
confined to a region of small z. This z-form can have a suitable renormalization factor 
subtracted from it in such a way that the result of the integral is finite. The final form 
of the energy shift due to the vertex correction diagram is 

f:1E = -ig2 J dz '""' gr;r;Q-m'E M Qm'E Jm'E(z) 
~ nip pq qn2 pq 

pqm'E 
(3.19) 

where again we have left out the colour flavour matrix element which gives the allowed 
values of the incoming and outgoing quark quantum numbers and weightings for each 
pau. 

3.2.2 Self-Energy Inserts 

The two self-energy insert graphs in figure (3.2b) and (3.2c) are also divergent and 
need to be written in the above form to renormalize them correctly. The contribution 
of figure (3.2c) is given by 

!:1E = lim 3tg
2 j d4x j d4x j d4x e-e(lt1l+lt2+ltal) 

e-+0 2 1 2 3 

( N [ (~QJ .. ,.i).. (~'fJ • .i) ., (~~),,i) J) 
I I I I I I 

(3.20) 
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where again we have only looked at one term and multiplied by a factor of six to get 
the full contribution. Substituting the cavity mode expansions of the field operators 
and the propagators one finds 

{3.21) 

Note that we do not expect the same problem of ambiguity in this expression as we 
found in the free space calculation since we have already included the adiabatic damping 
factors e-fltl in the cavity expression. The integrals over time and the contour integrals 
over w' and w" in eq. {3.21) can be done straight forwardly but tediously to give 

eq f. e2 {3.22) 

(3.23) 

Note that the second term in the case eq = e2 diverges like 1/ f. in the limit f.--+ 0. This 
term will be exactly cancelled by a contribution from the (S!1))(S!2)) term in eq. (1.47) 
and can be ignored at the moment. The first term when eq = e2 is just -1/2 times 
the contribution from the w integral in the vertex correction diagram when ep = eq in 
eq. (3.11). This is important as this term is the divergent part of the vertex correction 
diagram and it will be cancelled by the contribution of the two diagrams with self­
energy inserts. The integral over win eq. (3.22) can be performed in the same manner 
as in the vertex correction diagram resulting in /~~E being written in terms of a integral 
over a new variable z so that K;;E = f0

00 dz K;:; (z) where 

/{;;E ( z) = 1 ( -ze2 -zl12) 
4e1(e2-eq)y'?rZ e P-e (3.24) 

(ep + e1)2 - f22 [ n2 r: 2 r: ] + 2 e-zu nerf(vzB+)+e-zePnetf(vzB_) 
8e1 (e2 - eq) 

B+ and B_ are defined in eq. (3.18). The first term in eq. (3.23) can also be integrated 
as above to get L';;E = f0

00 dz L~E(z) where 
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:I 

- 16 4~ [(c1 + cp + S1) 2)(c1 + cp - S1)2z + 2c~] e-zn
2 

c1 7rZ 

. I 

}../ii [((c1 + cp)2 
- S12

) (c~ - 2c1cp - c; + S12)z + 4cpc~Z - c~] l6c1 7rZ 

3;c~ [(c~ - c; + S1
2
)((c1 + cp) 2 

- S12 )z - 4c~] ((e1 + cp)2 
- n2

) 

[e-z112nerf(v'zB+) + e-zepnerf(JZB_)] (3.25) 

This means that the energy shift due to the self-energy insert diagra:rp. figure (3.2c) can 
be written as 

D.E 

(3.26) 

The energy shift for the diagram with the self-energy loop on the other quark leg gives 
the same result as eq. (3.26) so we need only multiply by a factor of 2 to get the 
contribution of both graphs. Here again we first sum over the free quantum numbers 
and leave the integral over the z-form for last. This energy shift is divergent and must 
be considered together with the corresponding mass renormalization term. This sum 
is still divergent and we need to subtract the divergence in eq. (2. 73) from it to find a 
finite contribution. An alternative way of doing this is to add the unrenormalized vertex 
diagram and the two self-energy and the two mass counterterm diagrams together to 
give a finite result. This procedure has the benefit of only having one renormalization 
scheme dependence which is the mass renormalization scheme. 

3.2.3 Mass Counterterm Graphs 

The mass counterterm graphs contribute to O(eg2
) via the (SJ2>) ~~rm in eq. (1.47). 

This is also the only contribution of this term. The energy shift due to this term is 

D.E = lim i€(S<2>) 
0 

( c 
(-+ 

(3.27) 

Using the definition of (SJ2>)c one finds 
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' . 

!:t.E (3.28) 

The product leads to two terms of 0( eg2) corresponding to the two possible time labels 
for the external interaction. Due to the symmetry of the limits of• the time integrals 
these both give the same result. The time ordered product can then be decomposed 
into the sum of normal ordered products of all possible contractions. There are two 
possible contractions that contribute to the magnetic moment and these contractions 
two possible contractions can be represented by the Feynman diagrams in figure (3.3). 
The contribution figure (3.3a) is thus 

a) b) 

)( )( 

Figure 3.3: The mass counterterm diagrams. 

l!.E = -!~i< j d'x1 j d'x2 .-«l..+l•,I) ( N [ ( ~QJ.,..,&) ., (~om.,&).,]) 
I I 

(3.29) 

Substituting the quark propagator (1.56) and the cavity mode expansion of the quark 
field operators (1.51) one finds 

The time and w integrals may be performed and in the limit f -+ 0 one obtains 

(3.31) 
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where bmnn' is defined as 

(3.32) 

The value of 6m used is the free space value of 6m in the mass shell scheme and is given 
by eq. (2.32). The contribution of the Feynman diagram in figure:(3.3b) is found to 
be the same as that of figure (3.3a). The result of the calculation pf these Feynman 
diagrams must be added to the values obtained from the self-energy insert diagrams 
before the integral over the z-form is performed. The vertex correction diagram must 
be added to this sum to obtain a finite result. Alternatively one can subtract the free 
space divergence which has been Fourier transformed into cavity mode space, given in 
eq. (2.73), from this sum to obtain a finite result. 

3.2.4 One Gluon Exchange Diagrams 
The remaining diagrams that contribute to the magnetic moment are the two one gluon 
exchange diagrams in figure (3.4). These diagrams come about due to the (S~3)) term. 
These graphs are important as they are the only graphs to this order that can alter 

a) b) 

Figure 3.4: One-gluon exchange diagrams. 

the ratio of the neutron to proton magnetic moment from the value of -2/3 which is 
found for each of the previous diagrams, assuming that the up and down quark masses 
are the same. All the diagrams considered up to now have been of a one body nature 
which has forced the ratio of neutron to proton magnetic moment to be -2/3. The one 
gluon exchange diagrams are 2 body in nature which leads to the ratio of the magnetic 
moments for these diagrams differ from -2/3. 

The energy shift for the one gluon exchange diagrams is finite and gauge independent 
(7] making the diagrams easy to calculate. The energy shift for figure {3.4a) can be found 
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using the techniques described earlier. One finds 

!:l.E::::: ~ lim 3£€ (-i)3g2 j d4x1 j d4x2 j d4x3e-c(lt1l+lt2l+l~31) 
~2 , 

(fl'. [ ( ¢~ $.¢ )J ¢; j,¢)., ( ¢hn¢) J) 
I I · 

(3.33). 

where again we have included only. one possible contraction hut ha:ve multiplied by 
a factor of six to. get the complete contribution. Substituti~g: the 1quark and gluon 
propagators and the quark field expansion this may be written as 

. !~ 3~€ (a!ifiniat!Jn3 (~a) (~a) Qac2 hn2 Ctc4f4g4) 
. ~~ Qq 

!:l.E = 

(::)' P~ gEEQ;::~,Q;::;M,., i: dt1 dt2 dt, 

1
00 e-c(lt1 l+lt2l+ltal)eit1 (t:1 -t:dw) eit2(t:3-w-w') eit3(w'-t:4) 

~oo ~' <h.iJ' .. (w' - c:11 ± iO)(w2 -H2 ± iO) (3.34) 

Since these diagrams are finite, we do not need to express the energy sh.ift as an integral 
over a z-form, so both w integrals can be performed using contour riiethods followed by 
the time integrals. This results.in the expr~ssion 

2 """ EE - mE. mE h°(e1 + e3, e2 + e4) _ 
f:l.E=g L.J9 Qn1n;,Qn311 M11n4( · · )((, ')2 n2] 

pmE e4 - c:,, e1 - e2 -
(3.35) 

where we have lef( out. the colour flavour matrix eleJ.nent in eq.(3.35). The apparent 
singularity in eq. (3.35) when e11 = e4 can be solved by letting e11 = e4 in eq. (3.34) and 
evaluating t~e integrals. One finds 

/ 

·. 2""" EE -mE mE ( 3 1 3{e1 - e2) ) 
!:l.E = !~g ~g Qn1n2Qn3n4Mn4n4 2if ((c:i _ c:2)2 _ ~2] + ((ei ~ c:2)2 -.n2]2 

(3.36) 
This equation has two terms, one diverges like 1/t and is cancelled by a diagram in the 
(Sp>) (S~2)} term as will be shown in the next section,, the other tepn is finite and is 
in fact zero in our case whe~e c:1 = c:2 b~cause' of the restrictipns of the colour flavour 
matrix element. This can be seen by noting that the only way they can be not equal and 

. • t • . , 

still have energy conservation is to have a flavour ch'anging interadion. Thus for this 
calculation the term p = n 4 is simply left out of tlie suin. There :is one rriore. contribution 
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Figure 3.6: The diagrams from the {S!1)} {S~2)} term that cancels the diver-
gence in the self energy insert graphs. · 

given in figure (3.6). Using the definitions of {S!1)} and {S!2)}, one can find the con­
tribution of these terms which gives rise to the diagram in figure (3.6). The results 
are: 

(3.39) 

(3.40) 

Using these results the energy shift due to the {S!1)}{S!2)} term in eq. (1.47) can be 
calculated and one finds 

(3.41) 

(3.42) 

This is exactly twice the energy shift of the divergent part of the one self-energy graph 
given in eq: (3.38). The contribution of both the self-energy inserts graphs are the 
same and hence the contribution of the (SJ1)}{S!2)} term cancels the contribution of the 
1/e. divergent part of the self-energy insert diagrams. 

In all of the above calculations it has been assumed that there was only one quark 
in the cavity and the colour flavour matrix elements return a value of 1 for the external 
quarks in the 1S~ 1 state. If there is more than one quark in the cavity, a number of new 

diagrams contribute via the {S!3>) term which diverges like 1/ e., but these contributions 
are cancelled by new diagrams in the (Sp>) {S!3>) term. Looking at graphs with a self­
energy loop in them, the (S!3>) term gives rise to the diagrams in figure (3. 7) together 
with all possible permutations of the labels Ji,/2 and f3. We have already discussed 
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a) b) 

y 

f 1 !1 

~ g 
f 2 f 2 

f3 f3 

c) d) 

!1-----'------ !1--------"'------!2--.--g-, ------
f3----------

!2----------la--.--g----r--
Figure 3. 7: The Feynman diagrams generated by the (SJ3>) term containing 
a self-energy loop. Y 

in the case of a single quark how the 1/f part of figures (3.5a,b) are cancelled by the 
diagram in figure (3.6). The other two graphs in figure (3.7c,d) diverge like 1/f and 
are cancelled by the diagrams found in the (S!1>)(sp>) term. More specifically it is 
found that the divergent contribution of figure (3. 7a,b) is cancelled by the contribution 
of figure (3.8a), the contribution of figure (3.7b) and figure (3.7d) are cancelled by the 
contribution of figure (3.8b) and figures (3.8c) respectively. 

In this analysis we see that the Gell-Mann and Low theorem forces figures (3.7c,d) 
not to contribute to the magnetic moment. This is in contrast with some other for­
malisms where these diagrams are explained away by saying that they have already 
been taken into account by the model parameters which were fitted to the experimental 
data. 

A very similar procedure to the that which was used above can be applied to the 
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one gluon exchange diagrams, where it is also found that the only contribution to the 
magnetic moment is that given by the diagrams in the previous section in figure (3.4). It 
is also found that the divergent 1/f. term in these diagrams is cancelled by a contribution 
of the (sp>)(s~2>) term. 

a) b) 

f 1 _ __........__ 

f2----
12---­
fa----

fl-g-....-

x.f2-----­
fa------ fa----

fi-----­

x f2-g-..-

la------

c) 

fl fl 
f2 x f2 

fa fa g 
Figui:e 3.8: The Feynman diagrams generated by the (S~1 >) (S!a>) term which 
contain a self-energy loop. These diagrams cancel the I/ f. divergent parts 
of the Feynman diagrams generated by the (S~3>) term. 
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Chapter 4 

Numerical Methods 

4.1 Analytic Preparation for Numerical Calcula­
tions 

The calculation of the magnetic moment can now proceed using the expressions for 
the energy shift found in chapter 3. In these expressions the colour flavour matrix 
elements have been left out and are evaluated separately in appendix F. The colour 
flavour matrix elements give a list of weights associated with each possible incoming 
and outgoing state The quarks are restricted to be in the 181 state, leaving a list of 
weights for each possible flavour and spin combination of the ~xternal quarks. 
· As an example of how the calculation is done, let us look at the contribution of the 
self-energy insert graph with external states n1 and n2• 

D.E = 92100 dz L gEE Mn1qQ1;;,EQ:;1;:;E(z) 
O pqmE 

(4.1) 

The term J~E(z) is independent of the spin of the quarks µP and µq and is also inde­
pendent of the gluon magnetic quantum number M. The sum of the remaining factors 
over these quantum numbers can be calculated analytically and the results of these 
calculations is given in appendix C. The remaining quantum numbers Kp, Kq, vP, vq, J, N 
and the gluon polarization E all affect J~E(z). The sum over these quantum numbers 
must be done before the integral leaving the energy as a z-form 

D.E = fo00 

dz D.E(z) (4.2) 

The variable z parametrizes the di".ergence in the energy shift. 
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When this procedure is implemented on a computer the infinite sum over the quan­
tum numbers must be truncated at some point. The truncation condition used is that 
the modulus of the energy of the intermediate states must be less than or equal to some 
maximum energy Ernax i.e. lcpl, lcql, l!lmi: I ~ Emax· This condition is chosen above other 
conditions due to the.nature of the terms in J;;I:(z) in which each ·,term is multiplied 
by e-zE2 where E is the energy of the of an intermediate quark or· gluon. The effect 
of this exponential in each term is to restrict the contribution of the states with high 
intermediate energies to only contribute significantly to the z-form for small values of 
z. Thus the effects of the truncation of the series will only be in the region of small z. 

It is convenient to shift the variable of integration from z to y2• The reason for 
this shift is that J;;I:(z) has an integrable singularity of the form f0

00 dz e-az /JZ which 
although the integral is finite the function of z diverges near z = 0. This shift of 
variables from z to y2 leads to 

dz -- = dy 2e-ay2 l
oo e-az loo 

0 ..fi 0 
(4.3) 

which makes the function of y finite at y = 0. 
It turns out that they-form ~E(y) is singular at y = O, and the energy shift is also 

infinite, as is expected. If however one adds the contributions of the y-forms of the 
vertex correction diagram, the two self-energy diagrams and the two mass renormaliza­
tion diagrams together one finds that the resultant y-form is finite at y = 0 and hence 

. energy shift is also finite. An alternative way to do this is to add the self-energy and the 
corresponding mass counter-term diagrams together and then to subtract the Fourier 
transformed free space divergence for this diagram found in chapter 2. This procedure 
does not yield a unique result as one may add or subtract an arbitrary finite amount 
from the free space divergence depending on the choice of renormalization. scheme. 

4.2 Numerical Routines 

A number of numerical routines had to be written in order to perform the calculation 
on the computer. These routines and some of the problems found in implementing them 
are discussed in this section 

• The spherical Bessel functions. The spherical Bessel functions in( x) can be found 
accurately for all values of n and x using reverse recursion [15]. However for this 
application where we do not need the Bessel functions of different orders at the 
same point, this technique is rather slow. Other faster techniques are used in the 
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regions where they converge 
Forward recursion is used in the region x ~ n using the formula 

in+t (x) = 
2

n in(X) - in-1 (x) 
x 

(4.4) 

Series expansion is used in the region x < 2n/8 + 15 and excluding the region 
where forward recursion works. The series expansion is given by 

. n oo (-0.25x2)k 
Jn(x) = (0.5x) ~ k!I'(l + k + l) (4.5) 

· and reverse recursion is used for the remaining region. 

• The error function. The error function erf(x) = J; dt e-t2 is calculated by two 
methods depending on its argument. 
In the region 0 < x :::; JS a series expansion is used 

-x2 
00 r( 1) . 

f( ) xe "'""" 2 2n er x = -- L..J 3 x 
2 n=O f(2 + n) 

(4.6) 

In the region x > JS continued fraction development is used 

erf(x) = V'i _ xe-x
2 (-1- 1/2 _1_ 3/2 ... \ 

4 2 x 2+ 1+ x 2+ 1+ y (4.7) 

the relation erf(x) = -erf(-x) is used where x < 0 :, 

The error function always occurs in term like e-z02 nerf( JZA+)+e-zt:~nerf( .JzA_). 
It is found that when the energy becomes large in magnitude, these expressions 
are pr.one to rounding errors as the value of these terins depends critically on the 
value. of nerf( JZA+) and nerf( JZA_) which within the accuracy of the computer 
is one. To avoid this rounding error the above expression must be written in terms 
of a new but related function serf( x) = x2 f:° dt e-t2 which does not tend to a 
constant value for large x. The expression in terms of the serf function is used 
when the modulus of the arguments of one of the error functions is greater than 
2 and the sign of the arguments of the two error functions are different. 

• Integration techniques. Gauss Legendre quadrature is used for all the numerical 
integrations required in the calculation. Gaussian quadrature has freedom in 
both the weights and abscissas which allows the integral to be calculated to an 
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accuracy about twice that of the Newton-Cotes formula with the same number of 
points. The weights and abscissas of each integral are calculated and stored at the 
beginning of the calculation. The radial part of the quark gluon vertex integral 
involves the product of three Bessel functions of the form 

(4.8) 

This integral is performed numerically as it is not known how to perform it ana­
lytically. The product of the Bessel functions becomes highly oscillatory and has 
approximately Vp + Vq + N roots in the region [O, R]. In order to integrate this 
function accurately and not to sacrifice speed the number of integration points 
are allowed to vary depending on the sum Vp + Vq + N. 

• Eigenenergies. The eigenenergies of the quarks and gluon modes are calculated 
using the secant method to find the roots of the equations. The results for all the 
modes are calculated and stored at the beginning of the calculation. 
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Chapter 5 

Results and Conclusions 
,. 
\ 

Using the numerical methods described in the previous chapter, the energy shifts of the 
various Feynman diagrams can be found. The numerical calculation is quite a large task 
and errors are quite likely to occur, so tests of the validity of the results are important. 
Two tests have been implemented to make sure that the numerical results are valid. 
The energy shift for the vertex correction diagram can be written in a form where the 
energy shift is split·into a z-dependant part and a z-independent part as 

D.E =as fo00 

dz L g'EEQ;::;MpqQ~;1~E(z) 
0 pqm'E 

(5.1). 

The sum rule tests the correctness of the z-independent factors in the above expression 
by calculating the sum of the vertex integrals 

4 '"" E'EQ-m'E M Qm'E 
7r L.J 9 nip pq qn2 (5.2) 

pqmE 

analytically by using the completeness relation of the quark and gluon cavity modes. 
These sum·'rules are derived in appendix D. The sum rule result can_ then be compared 
with the sum calculated numerically. This test serves to check that tlie one has included 
enough terms in the numerical sum to approximate the infinite sum, and also checks 
that the computer code is correct. For Emax = 50 one finds agreeIJ?.ent with the sum 
rule to at least six digits for all the Feynman diagrams for the external quarks in the 
181 state and for the low energy cavity modes. . 

2 

The remaining part of the energy shift that needs to be tested is the spectral term 
J~E(z) which is quite a complicated function of z and the quark and gluon energies. 
The numerical calculation of this term requires considerable care to make sure numerical 
subtraction errors do not occur (see discussion under the heading Error function in the 
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previous chapter). The spectral function can be tested quite simply by integrating 
I~I;(z) over z and comparing the result with the contour integrated result which, for 
the vertex correction diagram, is giyen by eq. (3.12), and comparing the result. Before 
the numerical integral is performed the variable of integration is shifted by z -+ y2 to 
remove the integrable singularity at z = 0. The resulting integral over y is performed 
over the truncated region [O, 2.5] instead of over the complete region (0, oo]. Despite 
this truncation of the numerical integral the results of the numerical integral agree with 
the contour integrated result to typically 10 digits depending on the.choice of quantum 
numbers. ' 

5.1 Results 

The y-form of the energy shift due to the vertex correction diagram diverges like 
1/y near the origin. This divergent energy shift has to be renormalized in order to 
get a meaningful result. Renormalization is performed by subtracting the singularity 
that occurs in free space which has been Fourier transformed into cavity mode space 
eq. (2.74). The resulting renormalized y-form for the case where the external quarks 
have mass = 1.35 in dimensionless units and are in the lS!t state is given by figure 
(5.1 ). Note that this y-form is not calculated near the origin. This is because the 
truncation of the infinite sum introduces a sharp kink in the y-form at small values of 
y. It is found that the effect of increasing Emax moves this kink clos~i; to the origin but . . 
has negligible effect for the values of y that are greater than Ymin where Ymin is given 
approximately by ' · 

7r 
Ymin "'"' E (5.3) 

max 

The region (0, Ymin] has simply been left out of they-form in figure (5.1). To calculate 
the energy shift, the integral over the whole y-form is performed by first extrapolating 
the y-form,.over the region y = [O, Ymin] using a polynomial. 

The calculation of this y-form for Emax = 70 leads to a sum over 4.3 million quark 
modes and this y-form took about 30h CPU time to calculate on an Apollo DN5500 
computer. Using this truncation the error in the final result ·is about 10-3 3. The time 
taken for the calculation for larger values of Emax becomes prohibitively long as the 
number of terms in the sum and hence computer time increases almost exponentially 
with Emax· The calculation can be done significantly faster if one choses a smaller Emax, 
but this leads to a corresponding decrease in accuracy. 

The renormalized y-form of the energy shift due to one of the self-energy diagrams 
together with the corresponding mass counterterm diagram is given in figure (5.2). 
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Figure 5.1: Renormalized y-form of the energy shift in dimensionless units 
for the vertex. correction diagram 

This y-form is found by adding the contribution of these two diagrams and subtracting 
the free space singularity that has been Fourier transformed into cavity mode space. 
Summing the self-energy insert and the mass counterterm diagrams removes the diver­
gance due to mass renormalisation. The remaining divergance in these two diagrams 
is removed by subtracting the remainging free space divergance that has been fourier 
transformed into the cavity mode space. This graph is calculated .with the external 
quark being in the lS1l state and having mass = 1.35 in dimensionless units. 

2 J 

The precise value of the energy shift due to the vertex correction diagram or the 
self-energy _insert diagram is not known as their values depend on t~e renormalization 
scheme chosen. In free space the Ward identity relates the renormaliz'ation constants of 
the vertex correction and the self-energy diagram in such a way that the sum over all of 
these diagrams is found to be finite and renormalization scheme independent in the case 
of massless quarks, and depends only on the mass renormalization scheme in the case 
of massive quarks. It is expected that in the cavity the same thing will happen, as the 
main requirement for proving the Ward identity, the BRS invariance of the theory, still 
holds in the cavity. One can show that the Ward identity holds in cavity QCD to order 
as for the zeroth component of the current. This is done by simply Fourier transforming 
the expression for the cavity self-energy graph and the cavity vertex correction graph. 
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Figure 5.2: Renormalized y-form of the energy shift in dimensionless units 
for the self-el!ergy diagram 

One can show that the derivative of the self-energy with respect to the energy-like 
variable w is equal to the 'zeroth component of the vertex correction diagram, i.e. 

(5.4) 

This is the cavity form of. the Ward identity for the zeroth compohent of the vertex 
correction. What the corresponding relations for the other componen

1
ts are is not clear 

as they refer to the discrete momentum states and hence the derivative is not defined. 
It has however been shown that the divergence due to the vertex correction diagram 
and the divergence due to the two self-energy insert diagrams cancel in the case of the 
magnetic moment calculation which involves the space like components of the vertex 
correction diagram as the magnetic moment operator is given by r x ,:Y. This cance­
lation is guaranteed in free space due to the Ward identity holding for the space-like 
components. , 

O'Connor [7] has shown that the gauge dependant parts of the self-energy insert 
graphs and the vertex correction graph vanish and hence the sum of these three diagrams 
is gauge independent. 

With these facts in mind it is only useful to talk about the sum of the vertex 
correction, the two self-energy insert and the two mass counterterm diagrams which are 
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Figure 5.3: The energy shift in dimensionless units due to the one body 
diagrams as a function of mass for the case where the external quarks are 
in the lS~r state. The dashed curve is figure in the minimal subtraction 
scheme where only 1/f. -1 is subtracted while the solid line represents the 
free space mass shell scheme. 

collectively called the one-body diagrams due to the one-body nature of the interaction. 
The energy shift due to the one-body diagrams as a function of the mass of the external 
quark for two different possible mass renormalisation schemes is given in figure (5.3). In 
this graph the external quarks are assumed to be in the lS1r state. The contribution of 
the lSH has the same magnitude but the opposite sign to\he lS!t state. This can be 
seen by looking at the spin sums in appendix C. In figure (5.3) the energy shift of the 
one-body diagrams is plotted as a function of mass for two renormalisation schemes. 
The solid line is the free space mass shell scheme while the dashed line is in the MS 
scheme. One can see that there is quite a large difference depending on which scheme 
is chosen. The free space mass shell scheme is used in the values quoted later on as it 
is belived to be closest to the mass shell scheme in the cavity. 

The two-body diagrams are significantly easier to calculate. The graphs on their own 
are convergent and gauge independent. Conservation of angular momentum restricts the 
sum over the intermediate quantum numbers to only a few of the possible values. The 
graph of the contribution of one of the two-body diagrams are given in figure (5.4a,b,c) 
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Figure 5.4: Graphs of the two-body contributions for various mass and spin 
combinations. In all the graphs the + represents spin iiil, x represents 
spin ill! while¢ represents spin j l! j. Graph a) represents the contribution 
as a function of the mass of the quark hit by the photon while the other 
quark is massless. Graph b) represents the contribution as a function of 
mass of the quark not hit by the photon while the other quark is massless. 
Graph c) represents the contribution as a function of the mass of the quarks 
where both quarks have the same mass. 
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for various combinations of the spin and masses of the quarks. In this figure I have used 
the notation j Hi= Oµtf0µ2 !0µ3 !0µ4 f 

The invariant mass of the light quarks has been calculated by Dominguez et al. 
[19] [20]. The results of these calculations is given in the table below in both MeV 
and dimensionless units. The up and down quark masses are very small and will be 

Quark type Mass (MeV) Mass (dimensionless) 
up 8.2±1.5 0.042±0.008 
down 14.4±1.5 0.073±0.008 
strange 266±29 1.35±0.15 

Table 5.1: Table of the invariant masses of light quarks. 

assumed to be zero in the following calculations. The strange quark will be assumed to 
have mass m 8 = 1.35 in dimensionless units. 

The contribution to the energy shift of the one-body diagrams for quarks in the 
lSH state with charge of +1 for quarks which are massless or have the strange quark 
mass is given in table (5.2). Quarks in the lSt! state give the same contribution but 

Quark mass Zeroth order order as 
0 -0.2023 0.06336 
1.35 -0.1574 -0.01104 

Table 5.2: Results of the energy shift due to the one body diagrams in 
dimensionless units. 

with the opposite sign. This information can be used together with the colour flavour 
matrix elements which include the charge factors of 2/3 and -1/3 associated with up, 
down and strange quarks to calculate the contribution of the one body diagrams. 

The con'tribution to the energy shift of the two-body diagrams for quarks in the 
lS1 state with charge 1 with various spin and mass combinations is given in table (5.3). 
Th~ headings of the columns contains two letters each either 0 or S meaning massless 
and strange quark mass respectively. The second letter refers to the mass of the quark 
hit by the photon labelled n3 , n4 while the first letter refers to the mass of the other 
quark involved labelled n1 , n2 • The zero energy scalar mode contributes significantly to 
these values. This data can be used together with the two-body colour flavour matrix 
elements which include the charge factors of 2/3 and -1/3 for the up, down and strange 
quarks. 

Th~ energy shifts can be converted to magnetic moments using L:iE = -il · B and 
converted into nuclear magnetons which are defined as µN = eli/2mp as shown in 
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Spins Energy shift x 103 for various masses 
µ1µ2µ3µ4 00 OS so s s 

iili -6.5844 -5.4952 -5.7831 -4.8752 
ill! -0.5020 -3.3527 -0.4186 -2.7699 
i!!i -8.6363 -8.3063 -6.6245 -6.4882 
!ii! 8.6363 8.3063 6.6245 6.4882 
!!li 0.5020 3.3527 0.4186 2.7699 
!!!! 6.5844 5.4952 5.7831 4.8752 

Table 5.3: Table of the two-body energy shifts in dimensionless units for 
various spin and mass combinations. 

appendix G. Table (5.4) uses the above data and the colour flavour matrix elements to 
calculate the magnetic moment of the baryons which has been split up into its one-body 
and two-body parts. Note that in this table all the results are scaled by R where R is 
the cavity radius in femtometers. 

State Zeroth One-body Two-body Total as=l Exp 
p 1.924 -0.8034as .0.0502as 1.924-0. 753as 1.170 2.793 
N -1.283 0.5356as 0.0308as -l.283+0.566as -0.716 -1.913 
E+ 1.876 -0.6985as 0.0700as 1.876-0 .629as 1.248 2.419 
Eo 0.594 -0.1630as -0.0134as 0.594-0.176as 0.417 
E- -0.689 0.3726as -0.0834as -0.689+0.289as -0.400 -1.156 
30 -1.093 0.1163as 0.0130as -l.093+0.129as -0.964 -1.253 
-=- -0.452 -0.1515as -0.0700as -0.452-0.222as -0.673 -0.675 ...... 

A -0.499 -0.0467as 0.0043as -0.499-0.038as -0.537 -0.613 

Table 5.4: Magnetic moments of the baryons . 
. { 

5.2 Comparison of Results 

It can be seen from the data in table (5.4) that the ordr as contributions makes the 
ratio of the magnetic moments to the proton magnetic moment worse than the zeroth 
order ratios. The ratio µn/ µp is only affected by the one gluon exchange diagrams, and 
the ratio is worse than the zeroth order data for positive a 8 • For a~l the other ratios, 
µE+ / µp, µ30 / µP etc. one finds that if one includes only the one-body diagrams the 
ratio becomes worse than the corresponding zeroth order ratios. If one includes only 
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the two-body diagrams, one finds that the rations become closer to the experimental 
values for all the states except for the ratios µr;+ / µP and µn/ µP which becomes worse. 
The inclusion of the one-body terms is thus largely responsible for the poor fit of these 
ratios with experimental ratios. 

A number of calculations of the one gluon exchange effects have been made. The 
most recent of which are due to Tsushima et al. [22] and to Hf,ljgaasen and Myhrer [23). 
A brief discussion about the techniques used to calculate these quantities is in order. 
It has been shown that if one includes the Coulomb part of the colour field in the in 
the Coulomb gauge in the one gluon exchange diagrams there is an inconsistency with 
the boundary conditions. Two approaches have been used to overcome this problem. 
The first, which I will call type I is to include together with all the one gluon exchange 
diagrams, including those involving the Coulomb part of the interaction, a number of 
parts of the one-body loop diagrams which involve the Coulomb part of the quark 
propagator and where one of the intermediate quarks in the loop has been restricted to 
be in the ground state. The inclusion of these partial one-body diagrams restores the 
consistency with the boundary conditions. 

The second method called type II is just to exclude the Coulomb part of the gluon 
propagator in the one gluon exchange diagrams. 

I have calculated the one gluon exchange diagrams in the Feynman gauge including 
the Coulomb part of the propagator~ There is no inconsistancy with the boundary here 
as the gluon propagator is constructed out of cavity modes which satisfy the boundary 
conditions. 

Hf,ljgaasen and Myhrer [23] have calculated the contribution of the one gluon ex­
change diagrams in the type II scheme i.e. they have calculated the contribution of 
the transverse magnetic gluon (the transverse electric and longitudfoal modes do not 
contribute anyway). There results are fJµ~2> = OµN for the proton and fJµ~2> = 0.133µN 
for the neutron. These results are confirmed in this calculation if the scalar gluon is 
omitted. The scalar gluon only contributes to the magnetic moment in the same ratio 
as the SU(3) model model predicts i.e. fJµ~/fJµ~ = -2/3. 

Hf,ljgaasen and Myhrer's result is in fact a recalculation and confirmation of part of 
the calculations by Ushio [24] and Krivoruchenko [25). Ushio has however also calculated 
the results for the type I scheme and gets very similar results to the type two scheme. 
This similarity of the results using the two schemes is confirmed by Tsushima et al.[22]. 

This calculation is done using the same formalism as O'Connor [7] who calculates the 
contribution of the anomalous magnetic moment for the proton and neutron assuming 
massless quarks. The results for the one body diagrams for massless quarks agree with 
those of O'Connor if I do not include the zero energy scalar mode contribution. The 
results for the two-body diagrams differ from those given in O'Connor, but again this 
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is due to the fact that O'Connor excluded the contribution of the zero energy scalar 
mode. The final results however do agree with those obtained by O'Connor due to the 
fact that the zero energy mode does not contribute to the sum of all the diagram as 
discussed in appendix E. 

The next closest formalism to that used here is due to Maxwell and Vento [17]. These 
authors also have only applied there formalism to massless quarks. They have included 
the contribution of the vertex correction diagram, but have excluded the contribution 
of the two self-energy insert diagrams, so there results for the one-body diagrams 
are both gauge dependant and renormalization scheme dependant and hence no direct 
comparison can be made between the results. One can however note that Maxwell and 
Vento's one-body contribution has the same order of magnitude as our calculation. The 
contribution of there two-body diagrams are automatically gauge invariant and hence 
there results can be compared with ours. 

M&V R.L. 
µp -0.11 0.05024 
µn 0.22 0.03084 

These results differ from those obtained by Maxwell and Vento. The reason for the 
discrepancey has not been found. 

A number of calculations of two-body contribution to the magnetic moment prior 
M&V's calculation had been made, but they all did not include a complete set of 
intermediate states and hence cannot be compared with our calculation. 

5.3 Conclusion 

It has been shown here that the order as corrections makes the magnetic moment of the 
baryons worse for reasonable values of as. This can be seen by the values of as= g2 /47r 
and R that best fit the experimental magnetic moment data which are as = -0.08 and 
R = 1.34 with an average error of 4.5%. The average error does not increase very much 
for some different values of as and Reg. for a8 = 0.4 and R = 1.8 the average error is 
12%. 

The deviation from the zeroth order ratio µn/ µP comes about due to the one-gluon 
exchange diagrams. The deviation from the zeroth order ratio of the all the other states 
where the quarks have different masses is due to both the one-gluon exchange and the 
one-body diagrams. The one-body diagrams make the ratio worse for all the states 
calculated, except the the neutron where µn/ µP is not altered. 

It is in principle possible that higher order corrections may improve these ratios. 
This is possible as the worsening of the ratio is due to the one-body diagrams, where 
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the changes in the ratio is due to small deviations of the ratio of the large one-body 
terms. Higer order terms may have a smaller magnitude, but the magnutude of the 
ratio changing terms may be larger than those of the first order corrections. Another 
possible explanation of the poor agreement with experimental ratios could be due to 
not including c.m.s. corrections, especially in the divergent one-body terms. 

The relatively large value of the cavity radius R and small values of o:5 suggested 
by the results of this magnetic moment calculation appear to be consistent with some 
other calculations using the same formalism. Stoddart et al. (26] calculated the energy 
shift due to the tree diagrams in cavity QCD to order o:~ in order to see if these results 
could fit the masses splittings of the T/ and p mesons. The results of his calculations were 
that the coefficient of the order o:~ contribution was often larger than the coefficient of 
the order o:5 contribution. It is thus appears that fairly small values of 0:5 are required 
to make the perturbative expansion meaningful in cavity QCD. A calculation of 9A/ gv 
by Page, Lindebaum and Viollier (27] find that the value of 0:5 that gives the exact 
experimental ratio is 0:5 = 0.5. This ratio is independent of the cavity radius. A recent 
calculation by O'Connor (28] of the proton and neutron charge squared radius which 
scales like R2 yields close to experimental values for small o:5 and large R,...., 2/ m. This 
is important in that it shows that the large cavity still leads to the correct measured 
radius of the nucleons. 

In this thesis a successful way of calculating the divergent vertex corrections and 
self-energy insert diagrams has been found for massive quarks. The results depend only 
on the mass renormalization scheme as the diagrams included in the calculation turn 
out to be gauge independent and the other divergences in the diagrams cancel when the 
sum of the one-body diagrams is taken. The main benefit of the formalism used in this 
calculation is the way that it easily generates all the Feynman diagrams involved and 
the corresponding energy denominators. The dangers of not including all of the correct 
diagrams is discussed by Maxwell and Vento (17]. 

Further work in this field could be done by trying to find a reliable method of cal­
culating the· c.m.s. correction. Higher order calculations may be attempted as methods 
exist to calculate all the order 0:5 diagrams. Higher order diagrams would be interesting 
to calculate as they would start to bring in the non-Abealian nature of QCD which does 
not surface in the order o:5 calculations. These calculations will be time consuming due 
to the comlexity and the number of diagrams that have to be calculated. 
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Appendix A· 

Cavity Modes . 

The quark and gluon cavity modes will be discussed in this chapter for easy reference. 
Most of this section comes from Buser [3] 

A.1 Quark Cavity Modes 

The quark cavity modes are explicit solutions of the time independent Dirac equation 
(A.1) subject to the M.I.T. bag boundary conditions. 

(A.1) 

where en is the energy and m1 is the mass of the quark with flavour /. The solutions 
of the Dirac equation are Dirac spinors which are labelled by the quantum numbers 
n = {/, 11, K, µ} which are the flavour, radial, Dirac and magnetic quantum numbers 
respectively. The solutions can be written as 

( ( 
9n(r)x~(r) ) 

Un r) = ifn(r)x':..,..(r) (A.2) 

where x~(r) are the usual two component spherical spinors. The radial functions 9n(r) 
and fn(r) are given in terms of spherical Bessel functions by 

9n(r) - Nn . ( ) 
R3/2JI Pnr (A.3) 

fn(r) - Nnpnsgn K • ( ) 

R3/2(cn + m1 )JT Pnr (A.4) 
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where R is the radius of the cavity. The angular momenta j, land l are defined in terms 
of the Dirac quantum number K. by 

j(K) 
1 

(A.5) IKI - -
2 

l( K,) - j(K) + ~sgn K. (A.6) 

l( K,) j(K) - ~sgn K (A.7) 

The energy en satisfies the symmetry relation c,.,v = -E-x,-v and the sign of the energy 
is the same as the sign of 11. In other parts of this thesis I have labelled the energy 
with the quantum number n = { 11, K, µ} and have left it implicit the flavour quantum 
number. This does not introduce any ambigueties as it is quite clear to which quark's 
flavour we are refering. 

The quark momenta Pn are determined by the linear boundary condition of the 
M.l.T. bag model (1.48) which reduces to 

. ( R) PnRsgnK . ( R) 
JI Pn + R + R)T Pn = 0 

En ml 
(A.8) 

when the cavity modes (A.2) are substituted in eq. (1.48). It is useful to introduce 
dimensionless momentum, mass and energy parameters defined by 

EnR = sgn 11J x; + TJJ 

The normalisation constants Nn are given by 

N.2 = 1 (~)
2 

n 2wn(Wn + K) + T/f i1(xn) 

(A.9) 
(A.10) 

(A.11) 

(A.12) 

These solutions of the Dirac equation subject to the M.l.T. boundary condition form a 
complete and orthonormal set of Dirac spinors in the cavity i.e. 

(A.13) 
n 

(A.14) 

where I is the unit 4x4 matrix. 
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11 

A.2 Gluon Cavity Modes 

In the Feynman gauge ( .X = 1) the gluon cavity modes are solutions of the time inde­
pendent Dirac equation (A.15) subject to the M.l.T. bag model boundary conditions 
(1.48) 

( v2 + n~I:) amI:(r') = 0 (A.15) 

where the solutions to the equation have been labelled according to" its polarisation E 
where E = S, C, M, £ which corresponds to the scalar, longitudinal, transverse magnetic 
and transverse electric polarisations respectively, and m = { N, J, M} denote the radial, 
total angular momentum and magnetic quantum numbers respectively. The scalar mode 
is the zeroth component of the gluon field. The cavity modes can be expressed in terms 
of spherical Bessel functions and vector spherical harmonics as 

0 ams ~:;~ iji(Omsr)YJM(r) (A.16) 

J Nm£ [v':liJ-1(llm£r)YJM1(i') + VJ+lim(llm,r)YJJ1(f)] 
R3(2J + 1) 

(A.17) 

NmM . (n )YJ (A) 
R3/2 )J mMr JM r (A.18) 

- J~~ + l) [v'J + lh-1(llmer)YJ;;1(f) -v':lim(llmer)YjJ1{f)] 

(A.19) 

The total angular momentum J is integral and can take on values J ~ 0 for E = S, C 
and J ~ 1 for E = M, £. The M.l.T. bag model boundary conditions determine the 
gluon energy via the eigenvalue equation 

JjJ(OmI:R) - OmI:RiJ+i(nmER) 

(J + l)jJ(OmMR) - OmMRiJ+i(OmMR) 

iJ(OmeR) 

0 

0 

0 

(A.20) 

(A.21) 

(A.22) 

The scalar and longitudinal modes satisfy the same eigenvalue equation and thus have 
the same energy spectrum, except that there is a zero energy scalar mode and no 
corresponding longitudinal mode. The gluon normalisation constants are 

N,-2 - N,-2 1 ·2(n R) (1 J(J + 1)) 
mS - mC = 2,)J mS - (OmsR)2 ' (A.23) 
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N_-2 - !·2(n R)(l- J(J+l)) 
mM 2)J mM (!1mMR)2 (A.24) 

N~i - ~jJ+i(nmeR) (A.25) 

for all the gluon modes except for the zero energy scalar mode which has the following 
normalisation 

Af-2 - 1 
JVos - -

3 
(A.26) 

The zero energy scalar mode has quantum numbers m0 = {O, 0, O} and hence is just a 
constant 

. f3 
llmoS = iy 4'; (A.27) 

This set of gluon modes are complete and orthonormal in the cavity i.e. 

L9EEa~i;(r')a::E(r') - (A.28) 
mE 

j d3r 9µva~Ea:;,E,(r') - (A.29) 

where gEE' is the diagonal metric tensor in polarisation space which is given by 

(A.30) 

The completeness relation only holds if one includes the zero scalar mode [13). Under 
complex conjugation the gluon cavity modes transform according to 

where the s~t of quantum numbers m* is defined as 

and the phase (E is 

m* = {N,J,-M} 

(E = { + 1 for E = .C, £ 
-1 for E = S,M 
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Appendix B 

Vertex Integrals 

The integrals associated with the quark-quark-gluon vertex and two quark external 
photon vertex will be evaluated in this appendix. Most of this work is well known but 
is put here for completeness. 

B.1 Quark Gluon Vertex Integral 

Whenever there is an interaction between a quark and a gluon the Gell- Mann and Low 
theorem leads to an integral over the two quark and one gluon fields 

(B.l) 

or alternatively an integral in which the gluon filed is replaced by its complex conjugate 

Q- mE · J d3 - ( ;;'\ ( ;;'\ µ.• nn' = i r Un rJ/µ.Un' rJamE (B.2) 

There is a s1mple relationship between (B.1) and (B.2) which can be found using (A.31) 

Q-mE = (-l)M/'EQm•E = -QmE 
nn' ~ nn' n'n (B.3) 

The vertex integral involving the scalar and longitudinal modes are related by current 
conservation 

Q
m.C _ C:n1 

- C:n QmS 
nn' - o nn' 

~'mS 

which is valid for all quantum numbers except the zero energy scalar mode. 
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·I 

Following Viollier [11] the integral can be separated into its radiat and angular part 

QmE 
nn' 

QmM 
nn1 

R-312 R':n~ j dn x~t (r)YJM(r)x~:(r) E = s, £, £ 

- R-312 R':n~ j dn x~t (r)YJM(r)x~ic'(r) E = M 
(B.5) 

The integral over the angular variables can be easily performed by expanding the spinor 
spherical harmonics in a Clebsch-Gordan series. One finds 

J (-1)µ+1/2 (1 + (-l)l+J+I') ~ ~~,( j 
dn x~t (r)YJM(r)x~:(r) - . v'47r 

2 
;J; t . J J ., ) 

0 -t (B.6) 

x ( j J . j' ) 
-µ M µ' 

where we have used the abbreviation ] = J2j + 1. The 3j-symbols use the notation 
of Varshalovich [10], and is consistent with the notation of Edmonds [9]. The radial 
integrals are 

RmS 
nn1 

RmC 
nn1 

RmM 
nn1 

Rme 
nn' 

(B.7) 

(B.8) 

(B.9) 

(B.10) 

where the functions Snn'' Tnn' and Unn' are defined in terms of the radial parts of the 
quark wave.·functions as 

Snn1 - 9n9n1 + J nf n1 

Tnn' - 9nf n1 f J n9n1 

Unn1 - 9nf n' - J n9n' 

(B.11) 

(B.12) 

(B.13) 

It is useful to include the parity selection rule in the radial part of the wave function. 
This is done by defining 

(1 + ( gEE(-l)l+J+I') 
SmE E RmE 

nn1 = 2 nn1 (B.14) 
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The parity factor can now just be dropped from the result of the angular integral when 
s:n7 is used for the radial part. 

B.2 Quark-External Photon Vertex 

Whenever an interaction between a quark and an external phot~n occurs the Gell-Mann 
and Low theorem gives rise to the quark photon vertex integral 

Mnn' = J d3
r Un(r°)f'µUn1(r')A~xt (B.15) 

For our case we w.ish the external field to be a static magnetic field directed along the 
z-axis. Thus the external field can be written as 

(B.16) 

where we. have set the magnetic field strength to be unity. This can be done as the 
magnetic field strength is cancelled in the calculation of the magnetic moment. 

Following O'Connor [7] the integral may be performed by writing Aext(r') in terms 
of the angular momentum operator as 

(B.17) 

The vertex integral can now be written as 

{ff J 3 ( t (.... .... ) µ~ µ t (.... .... ) µ') Mnn' = y 3 d r 9nfn1 X~ a· LrYlo X-n' - fn9n'X-n a· LrY10 Xn' (B.18) 

where the u's are the Pauli matrices. Using the shorthand notation ar = r · u, the 
angular part of the second term in (B.18) can be put into the same form as the angular 
part of the first term by inserting a~ = 1 on either side of the hermitian operator (} · L 
in the second term. Noting that 

(B.19) 

and <lrX':...n = -x~ equation (B.18) can be written as 

(B.20) 
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1!1 this equation a · l acts only on Ylo, but one can write 

t ( .... .... ) µ' t ( .... .... µ' ) t (.... .... µ' ) X~ u · LYlo X-11:' = X~ u · LYlox_", - X~ Ylo u · Lx_", (B.21) 

Noting that a· Lx~(r) = -(11: + l)x~(r) and exploiting the Hermitian nature of the 
operator a· Lone can write 

x~t (a· LYio) x~"' = -(11: + 11:')x~tYiox~'", (B.22) 
Thus 

Mnn' = -If (11: + 11:') j d3
r r

3 (gnfn1 + fn9n') j dO x~t (r)Yio(r)x~'",(r) 
The angular part of this integral may be written as 

A""' = -[f (11:. + 11:') j dO x~t (r)Ylo(r)x~:(r) 

(B.23) 

(B.24) 

Note that this integral is just a special case of eq. (B.6) The angular momentum of the 
external field is J = 1 and hence the difference between the total angular momentum 
between the final and initial quark state is either 0 or 1. This restriction and the parity 
term in eq. (B.6) restricts the values of K and 11:' such that K = 11:', K = -11:' ± 1. The 
angular integrals can thus be evaluated and one finds 

f 4:211:~ 1 

A ••• = l 4~=~:2 J(IKI + t)' - µ 2 if K' = -d 1 

if K = K
1 

(B.25) 

This angular integral is symmetric as A""' = A"'" if K = -11:' ± 1 or "' = 11:'. The radial 
matrix elements are defined as 

(B.26) 

The radial _matrix elements may be derived using the recursion relations of spherical 
Bessel functions [7] and a lot of algebra. Using dimensionless variables and the short 
hand notation w' = Wn' etc. the results fall into three possible categories 

R 4wK - 2TJJ + 411:2 
- 1 

2 2w(w+11:)+TJJ 
R"" -

"" (B.27) 

R11111 -2xx'R 
- x~ 

"" (w + w')2V(2w(w + 11:) + T/J) (2w'(w' + 11:) + T/J) 
(B.28) 

-2xx'R (w - w' + K - 11:') 
R~~: - x ~ (B.29) 

(w + w')(x2 
- x'2).j(2w(w + 11:) + T/J) (2w'(w' + 11:') + T/J) 
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In the last equation (B.29) K. = -K.
1 ± 1 or K-

1 = -K. ± 1. The phase factor </> in eq. 
(B.28) and (B.29) is given by 

h { lµI + 1 K, < o, v < o 
w ere p = lµI otherwise (B.30) 

Thus the total integral describing the quark external photon vertex can be written as 
the product of the radial and angular parts as 

(B.31) 

These results differ from those found on O'Conner [7] which contain a number of typo­
graphical errors. -
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Appendix C 

Spin Sums 

The sum over the spins of the intermediate particles in the vertex correction diagram, the 
self-energy diagrams and the one gluon exchange diagrams are given in this appendix. 

C.1 Vertex Correction Spin Sum 

The sum over the spins of the intermediate particles in then vertex correction diagram 
is given by 

(C.l) 

where the' definitions of Q:n~, Mnn', S;:1n7 and R~~: are found in appendix B 
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• ·I 

C.2 Self-Energy Insert Spin Sum 

The self energy spin sum yields 

411" L Mn1iJ~EQ~; (C.2) 
µpµqM 

C.3 One Gluon Exchange Spin Sum 

For the one gluon exchange only the sum over the intermediate quark spins can be done 
analytically while the sum over the gluon spin must be done numerically 

411" L ¢:~2 Q~;Mpn4 
µPM 

_ 3mE 3mE R11p114 ( Kp + 11:4) (-1)µ1 +µa+µ•+! 
n2n1 nap "P"• 2 

J jp ) 
0 _! 

2 

One can see by the last two 3-j symbols that M = µ2 - µ 1 = mu3 - µ4 which restricts 
the allowed spins of the incoming and outgoing quarks such that th~ sum of the initial 
spin is equal to the sum of the final spins. 
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Appendix D 

Sum Rules 

In cavity QCD one often will have a sum over complete sets of states of a product of a 
number of vertex integrals multiplied by some function of the energy. Computing the 
vertex integrals is quite a large computational task and is prone to errors. One way of 
checking the computer code and of checking to see if the truncation technique is adequate 
is to derive a sum rule which is obtained by analytically summing the product of vertex 
integrals over the intermediate quark and gluon states by using their completeness 
relations. This allows you to compare the sum of the product of vertex integrals obtained 
while calculating the energy shift contributing to the magnetic moment with the analytic 
sum rule which will serve as both a check of the computer code and whether the limits 
of the truncation are suitable. Most of the work is taken from O'Connor [7] and hence 
the details of the calculations will be left out. 

D.l Vertex Correction Sum Rule 

The energy shift contributing to the magnetic moment due to the vertex correction 
diagram is·.· 

6E = g2 [°"dz '""' g'E'EQ- m'E M Qm'E Im'E(z) (D.1) j
0 

L.J nip pq qn2 pq 
pqm'E 

The sum rule is derived by taking only the terms in eq. (D.1) that are the vertex 
integrals, thus the sum rule is 

v.mE 4 'E'E '""' Q-mEM QmE nn1 = 1r9 L.J np pq qn 1 

pqM 

(D.2) 

In eq. (D.2) the sum does not include all the gluon quantum numbers, since if we sum 
over all intermediate states the result is an inconvenient delta function. The choice over 
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which quantum numbers to sum over completely and which one to only sum partially 
is not important and different sum rules could be derived depending on this choice. 
Writing eq. (D.2) in full and using the completeness relations to sum over the complete 
set of quark states and after some Dirac algebra one finds 

vn~p = -47rgEE L J d3r un(TJ ~ext(T)lamE(rJl2 + 2amE(rJ. Aext(T)~:iE(rJ) Un•(i) 
M 

This can be evaluated to give 
(D.3) 

vn~P = -AKK' J dr r3 Un(r)gn1(r) + 9n(r)fn1(r)) ~mE(r) (D.4) 

where A""' is defined in appendix B and ~mE(r) is given by 

~ms(r) N~s(2J + l)j/(!lr) (D.5) 

~m.c(r) - 2~~l ((J + l)iJ+1(!lR) - JiJ-1(!lr))2 (D:6) 

~mM(r) - 0 (D.7) 

~n,ie(r) - 2~~ 1J(J+1) (iJ+1(!lR) - h-1(!lr)) 2 (D.8) 

The radial integral may be evaluated numerically once the quantum numbers of the 
initial and final quarks n and n', and the intermediate gluon quantum numbers J, N, :E 
are chosen. 

D.2 Self-Energy Insert Sum Rule 

The energy shift due to the self energy insert diagram is given by 

6.E = g2 {
00 

dz ""gEE M (jmEQmE JmE(z) Jo L., ni q qp pn2 pq pmE . 
(D.9) 

/ 

The sum rule is defined by taking the sum over the vertex integrals appearing in eq. 
(D.9) and is 

UmE _ 4 EE"" Q-mEQmEM (D.10) nn1 - 11"9 L., np pq qn1 
pqM 

where again where again we only sum over the intermediate quark states and the gluon 
magnetic quantum number. This can be evaluated using the same techniques as for the 
vertex correction sum rule and one finds 

u:n~ = -(2J + l)AKK' J dr r
3 Un(r)gn•(r) + 9n(r)fn1(r)) ~~E 
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where (J}~:E(r) is defined as 

D.3 

N!sii2(nr) 

2~~1 ((J + l)iJ+1 2(nR) - JiJ_1 2(nr)) 

- -.N!Mii2(nr) 

- - 2~~1 (JiJ+1 2(nR)-J + liJ_1 2(nr)) 

One-Gluon Exchange Sum Rule 

The energy shift due to the one-gluon exchange diagrams is 

f:l.E 2 " EEQN mE QmE M 1 
= g L.J g nin2 nap pn4 ( ) (( )2 n2) 

pmE c4 - cp c1 - c2 -

The sum rule is defined as 

This can be evaluated to give 

w:a\:1.2 = J dr r
2 

(9n1fn2 + fn19n2) (9na9nt + fnafn.) 

(
cµ1µ2µ3µ4 cµ3µ4µ1µ2 + nµ3µ4µ1µ2 ) 

X ICIIC2IC3IC4 - 1C3-1C41t1-K2 1C3K41C}-IC2 

(D.12) 

(D.13) 

(D.14) 

(D.15) 

(D.16) 

(D.17) 

(D.18) 

+ J dr r
3 

(2fn19n29na9n4 + 2gn1fn2fnafn4 + (9n19n2 + fn1fn2) (9nafn4 + fna9n.)) 

D/Jl/J2/J3/J4 x 1t11t21C3-K4 

where the a~gular integrals are given by the terms Cµ 1µ 2µ3µ 4 and fl1Jl1J2 1.t3 1L4 which are 
IC} 1'2 IC3 IC4 IC} 1'2 IC3 K4 

given below. 
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1 + (-l)l3+L+l• ( /i ! it ) ( /2 
4 µi - m m -µ1 µ'J. - m ~\) 

( !;3 µ, : µ, ~: ) ( ~ ~ ~ ) ( m ~ µ, (D.19) 

The other angular integral is 

(D.20) 

The one-gluon exchange sum rule has a sum over the complete set of gluon quan­
tum numbers including the zero energy scalar mode with the quantum numbers m0 = 
{0, 0, O}. The contribution of the zero energy scalar mode has to be calculated differ­
ently froll}. the other modes and is calculated separately in appendix E. It is useful to 
calculate the sum rule for the sum over all modes except the zero energy mode. This is 
done by computing the contribution of this mode to the sum rule and simply subtract­
ing it from the sum rule calculated above. The .. contribution of this mode to the sum 
rule is 

47rgSS L Q:0~Q~oPS Mpn• = -38n1n2 Mn3n• 
p 

(D.21) 

and it may be subtracted from the sum rule depending on whether the zero energy 
mode is included in the numerical sum. 

74 



Appendix E 

The Zero Energy Scalar Mode 

The solution of the wave equation for massless vector fields subject to the M.I.T. bound­
ary conditions includes a zero energy scalar mode. Explicitly this cavity mode is 

•m,s = i~;;s io(n..,sr)Yoo(r) = iV3Yoo(r) =;fl; (E.1) 

where mo = {O, 0, O} is the set of quantum numbers describing this mode. This mode 
is just a constant and makes the derivative operator non-invertible. 

Calculating the contribution of this mode is problematic in that at first it appears 
that all the Feynman diagrams diverge as the limit n -+ 0 is taken. If however proper 
care is taken one can show that the divergent pieces cancel to leave a finite contribution. 
The idea behind the method used to calculate the contribution of this mode is to 
consider the contribution of a new mode with the same quantum numbers but with a 
small but non-zero energy. The calculation is performed assuming that n is small and 
the contribution of the zero energy mode is found by taking the limit n -+ 0 of this 
result. 

Conside~ a mode similar to the zero energy scalar mode which has a small but 
non-zero energy 

- iN'moS. (O )v (A) 
amoS = R3/ 2 Jo r .100 r ~ (E.2) 

Performing a Taylor expansion of this mode around n = 0 one finds 

_ iN'm0s ( 0 2
r

2
) 1 

amoS = R3/2 1 - -6- y'4; (E.3) 

The normalisation constant turns out to be 

1 ( n2 R2) N;;;;s = 3 1 - -
5
- (E.4) 
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Using this mode one may proceed as usual to calculate the energy shift due to this 
mode. For example for the energy shift due to the one gluon exchange diagram is given 
by 

where the colour flavour matrix element has been left out. The integrals over time and 
w variables may be performed in the usual way and one obtains 

.. 2 """ -os OS 6( C:t + C:3, €2 + C:4) 

fl.E=g L.J Qn1n2Qn3pMpn4(c; -C: )((c: -C: )2-fP) 
p-:f:.n4 4 p 1 2 

(E.6) 

Using the definition of Q~n2 and Q~n2 and substituting the gluon mode (E.3) and the 
normalisation constant (E.4) one finds · 

tl.E 

(E.7) 

Using the quark orthonormality relation f d3x uA(x)un1(x) = hnn' and keeping only 
terms up to O(n2

) this can be written as 

tl.E = 

(E.8) 

where Pnn' is defined as 

j d3r r2ul(r')un1(r') 

foR dr r4(9n9n' + fnfn1 )hn.n.1hµµ 1 (E.9) 
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The first term in eq. (E.8) can be dropped as this term forces p = n4 which is excluded 
from the sum. The third term tends to zero in the limit n -+ 0, leaving only the second 
term which in the limit n -+ 0 is 

!J.E = O:S L Mpn4 Pn3p6n1 n2 

#n• 2R3(ep - e4) 
(E.10) 

There are two one gluon exchange diagrams so this result must be multiplied by 2 to get 
the two-body contribution. Note that there is a delta function forcing n 1 = n 2 which 
includes the magnetic quantum number. This differs from all the previous results which 
had a delta function of the energies which does not restrict the magnetic quantum 
numbers. The calculation of the contribution of the zero energy mode to the vertex 
correction diagram proceeds in the same way as for the one-gluon exchange diagram. 
The contribution of this mode to this graph is 

which is infinite in the limit n -+ O~ This is not a problem as the divergent part here 
is exactly by the corresponding divergant part of the two self-energy insert diagrams. 
The zero energy scalar mode to the self-energy insert diagram is given by 

D.E = -3o:s Mn1 n2 (1 n2 R2
) o:s Pn1 n2 Mn2n2 o:s '""" M P. sgn Cn1 

4!13R3 + 5 + 4!1R3 + R3 L.J nip pni 4(e - e) 
p#n2 ni p 

(E.12) 
Since there are two self-energy insert diagrams the sum of the one-body corrections is 
given by 

-o:s '°" sgn en1 
D.E = R3 L.J Mn1pPpn1 ( - ) 

p#n2 Cp Cn1 
(E.13) 

which has the same magnitude as the zero energy scalar mode for the two one gluon 
exchange diagrams, but the opposite sign. 

It should be noted that the zero energy scalar mode has no net effect on the final 
results. This is because the scalar modes in the one gluon exchange diagrams depend 
only on the quark which is hit by the photon and not the other quark which is hit by the 
gluon. This leads to the two-body colour flavour matrix element reducing to the one 
body colour flavour matrix element for this state. Due to the fact that the one-body 
contributions have equal magnitude but opposite sign to the two-body contribution 
the sum of the diagrams involving the zero energy scalar mode vanish. It is however 
important to include these modes in the results if one wishes to compare the results of 
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the one-body and two-body diagrams seperately, especially with calculations in other 
guages. 
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Appendix F 

Colour Flavour Matrix Elements 

The colour flavour matrix elements are the matrix elements of the quark creation and 
annihilation operators between the various baryon states. There are two types of colour 
flavour matrix elements used in this work, the one-body and the two-body matrix 
elements. The introduction of massive quarks makes these matrix elements somewhat 
longer than if it is assumed that all quarks are massless as one has to keep track of 
the flavour of the quark states as well. This is especially true for the two-body matrix 
elements. 

F.1 One-Body Matrix Elements 

The one body colour flavour matrix elements are given by 

(F.1) 

where Q is the electromagnetic charge operator which returns the electromagnetic charge 
of a quark with flavour f. The ,\a's refer to the Gell-Mann matrices and the states IX} 
refer to the non interacting quark wave function of one of the baryons. The wavefunc­
tions of the baryons can be written in second quantised form, for example 

(F.2) 

where the quantum numbers n j (n l) refer to the lS1 state with spin up (down). eabc 
is the totally antisymmetric tensor of rank 3. Since the external photon is colourless 

79 



and flavourless, quarks on either side of the quark-photon vertex have the same colour 
and flavour. The gluons are flavourless and the effect of the gluons on the colour of the 
quark is all in the Gell-Mann matrices which via the standard relation 

().a) ().a) 4 I: - - - -81 
d 2 dd 2 ~ - 3 cc 

(F.3) 

show that the colour of the quarks on either side of the matrix element must be the same. 
Energy and angular momentum are conserved in the cavity due to time translational 
invariance and spatial rotational invariance of the cavity. Since the external photon 
carries no energy, the energy of the quark before and after the interaction is the same. 
Due to the discrete nature of the energy states in the cavity ~his means that the radial 
and angular quantum numbers are the same. The spin of the quarks is also the same 
due to the fact that the photon carries no angular momentum in the z-direction. Thus 
the colour flavour matrix elements can be written as 

4 t 3 (X lacln Qacln IX) (F.4) 

where there is an implicit sum over the quantum numbers c, f and n. Using the anti­
commutation relation between the quark creation and annihilation operators 

(F.5) 

the quark creation operators can be anti-commuted to the left and the annihilation 
operators anti-commuted to the right until the vacuum state is reached where the 
relations ac1nlO) = 0 and {Ola!1n = 0 are used. These anti-commutations can be done 
analytically using a symbolic manipulation package REDUCE 3.3. The results of the 
one body colour flavour matrix elements as given in eq. (F.4) between the following 
states are 

IP) ~ - 2~ ( 81,d (28µ,l + 8µ,t] - 81,u (28µ,l + 108µ,f]) (F.6) 

IN) ~ - 2~ ( 81,d [8µ,! + Mµ,t] - 81,u (48~.l + 28µ,r]) (F.7) 

IE+) ~ - 2
4
7 

( 81,s (28µ,l + 8µ,t] - 81,u (28µ,l + 108µ,f]) (F.8) 

IE0
) ~ - 2

2
7 ( 81,s (48µ,l + 28µ,tl + 81,d [8µ,l + 58µ,f] - 81,u (28µ,! + 108µ,f]) (F.9) 

IE-) ~ - 2
4
7 (81,s (28~.! + 8µ,t] - 81,d [8µ,! + Mµ,t]) (F.10) 
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L. __ ---

IA0) ~ ± ( 6 6 + 6 [6 + 6 1) g f,s µ,l /,u µ,! µ,l (F.11) 

1=:-) ~ - 2~ ( 61,d [26µ,! + hµ,t] + 61,11 [6µ,! + 56µ,1]) (F.12) 

1=:0) ~ - 2~ ( 61,s [6µ,! + 56µ,t) - 8/,u [46µ,! - 26µ,t)) (F.13) 

F.2 Two-Body Matrix Elements 

The two body colour flavour matrix elements are found in the one-gluon exchange 
diagrams and they are defined as follows 

(F.14) 

where the operator Q returns the electromagnetic charge of a quark with flavour g. As 
there are no flavour changing interactions occurring the quark flavour along the quark 
lines n1 n2 and n3n4 must remain the same. The colour factor 

(F.15) 

restricts the change of colour along the quark lines. The colour flavour matrix elements 
may thus be written as 

(F.16) 

Using the sa:me techniques as for the one-body colour flavour matrix elements one finds 
the following results when the two-body colour flavour matrix element is taken between 
the states IX) : 

f P) "' 2
2
7 [61,,6,,. (861111 - 461111 - 4611u + 2611u + 26111i) 

+ 61,u6g,d (-bun+ 26uu + 26rur - 46nu - bnn) 

+ 61,ub9 ,u (26un + 26uu + 26uu + 26nu + 86rnr)] 

81 

(F.17) 



IN} ~ - 2
2
7 [s1,dSg,d (Sua + Suu +Sun+ Sttu + 4Sttn) (F.18) 

+ S1,dSu,u (-2Sua + 4Suu + 4Suu - 8Sttu - 2Snn) 

+ s 1,uSu,d ( 4S u tt - 2S nu - 2Suu + Sn u + Stttt)] 

2 [ ' 
IE+} ~ 27 S1,sSu,u (8Sun - 4Suu - 4Srut + 2Sau + 2Satt), 

+ S1,uSg,s (-Sutt+ 2Suu + 2Srut - 4Sttu - Stttt) 

+ 51,.5,,. (251111 +251111 +251m+251111 +851111)] 

(F.19) 

IE0
} ~ -;7 [s1,aS9,d (4Sun - 2Suu - 2Suu + Snu + Stttt) (F.20) 

+ S l,aSg,u ( -8S u tt + 4S UH + 4St u l - 2Stt !! - 2Stttt) 

+ s 1,dSu,s (sun - 2S uu - 2Suu + 4Stt u + San) 

+ S1,uSu,s (Sutt - 2Suu - 2Suu + 4Sttu + Stttt) 

+ S1,uSu,d (Sun+ Suu + Suu + Snu + 4Stttt)] 

IE-} ~ - 2~ [s1,sS9,d (4Sutt - 2Sllu - 2Sull +Sau+ Sutt) (F.21) 

+ S1,dsu,s (Sun - 2Suu - 2Suu + 4Sttu + S.nu) 

+ S1,dSg,d (Sutt+ SHH: SHH+ Sttu + 4Stttt)] 
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IA 0 ) ~ ;
1 

[ + S1,dS9 ,u (-2Sutt + 2Suu + 2Suu - 2Sttu) (F.22) 

+ S1,sSg,d ( +Sttu +Sutt)+ S1,sSg,u (-2Sttll - 2Stttt) 

+ S1,uSg,s (Sutt - Sttn) + S1,dSg,s (Sutt+ Sttn) 

+ S1,uSg,d (Sutt - Suu - Suu + Sttu)] 

12-) "" . i7 [ fi 1 .. fi,,, ( 4fi !! TT - 2fi 111 j - 2fi1111 + fin u + fi111 r) (F .23) 

+ S1,dSg,s (Sun - 2Suu - 2Suu + 4Sttu + Sntd 

+ S1,dSg,d (Sutt+ Suu + Suu + Sttu + 4Sttn)] 

13°) ~ - 2
2
7 [s1,dso,d (Sutt+ Suu + Suu + Snu + 4Sun) (F.24) 

+ S1,dso,u (-2Sutt + 4Suu + 4Suu - 8Snu - 2Stttt) 

+ fi 1,. fi,,, ( 4fi w 1 - 2fi 1111 - 2fi1111 + fir tu + fi 1111) ] 

where the shorthand Suu = Sµ 1,tSµ2 ,lSµ3 ,tSµ.,i and all of the quarks above are restricted 
to be in the lS1 state. . 

2 

83 



Appendix G 

Units and Conventions 

Throughout this thesis natural units n = c = 1 have been used. These factors may be 
restored in the final results of the calculation using simple dimensional analysis. The 
numerical values of nc and the proton mass used are 

nc 197, 327053 Me Vfm 

mp - 938, 272 MeV /c2 

The cavity radius has been set to 1 fm and is the natural unit of length in the cavity. 
This unit of length must also be restored if M.K.S. units are needed. For example the 
mass is related to the dimensionless mass by 

r11n 
m1=­

Rc 

and the energy c is related to the dimensionless energy w by 

wR w 
c = nc = 0.197327 GeV 

The usual flat Minkowski space metric has been used 

9 11 µ. = 911µ. = diag{ +1, -1, -1, -1} 

The Dirac matrices satisfy the Clifford algebra·· 

{ /µ.' 111} ~ 29µ.11 

The gamma matrices in the Dirac representation are used and they are given by 

ak) 
0 where k = 1,2,3 
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(G.2) 

(G.3) 

(G.4) 

(G.5) 



where <J'k are the 2x2 Pauli matrices 

1 = ( 0 1 ) 2 = ( 0 -i ) 3 = ( 1 0 ) 
(J' 1 0 (J' i 0 (J' 0 -1 (G.6) 

/ 
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