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ABSTRACT

This thesis explores quantum complexity for various quantum systems. Quantum complexity is a
well defined quantity in quantum information theory that measures the difficulty of constructing a
quantum state from a given reference state and so far various methods within high energy physics
communities have been proposed for computing complexity. In this thesis, we will first review the
computations of the different methods used for computing complexity, such as the circuit complexity
that uses the wave function, Fubini-Study complexity, and finally the recently proposed Krylov

complexity for closed quantum systems.

We then extend our investigation and review the complexity for some open quantum systems
that have already been explored in literature and finally, we will make some progress by also extend-
ing the investigation towards computing the complexity of a new open quantum system, namely the

non-gaussian random matrix model.
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Chapter 1

INTRODUCTION

1.1 Background and Motivation

Complexity is a topic that has its roots in quantum information theory with its establishment being
seen in quantum computers, it is a study that involves knowing how arduous it is in performing an
operation. In quantum physics, this has been used as a tool in understanding the building blocks of
the theory of particle physics. Within high energy physics, there have been many proposals as to
how it should be defined, from an operator approach namely circuit complexity to geometric path

integral optimization methods such as the fubini study metric and krylov complexity.

The beginning instances where the term complexity was defined within a quantum field theory
is seen in the holographic duality (AdS/CFT) description more particularly in black hole physics
[15, 16, 17]. Entanglement entropy (EE) defined on the boundary CFT has its dual description
known as the bulk geometry in AdS, with the Bekenstein-Hawking formula (black hole entropy)
being its analogous version when applied in black hole physics; and so still keeping within black hole
physics, as the black hole thermalizes, the entanglement entropy reaches what is known as saturation

while the Einstein-Rosen bridge continually grows.

The quantity that continues to grow on the boundary CFT after thermalisation has been coined
as complexity by Susskind et al.[4] and has brought forth with it two definition proposals namely
complexity = volume and complexity = action, while these will be better explained in the coming
chapter, these bulk theories try best at explaining the physics past the event horizon but lack the

precision in giving a set dual definition of complexity within a quantum field theory.



Circuit complexity, krylov complexity and fubini-study metric include some of the methods that
have been used in understanding complexity within quantum field theories, the aim of the thesis
subsequently includes a study that covers the various quantum systems that have in part been used
in understanding complexity, the study extends the methods used in closed systems to open quantum
systems to also better characterize the effects that interactions may have on the complexity of a

system.

1.2 Thesis Outline

In Chapter 2, we introduce the notion of complexity, the basic definitions and concepts that underpin
it, and the ideas that enable the description of complexity in Quantum Field Theory. The different
categories that have been brought about to form quatum complexity such as circuit complexity and

krylov complexity will also be explored within different systems.

In Chapter 3, we introduce the theory of open quantum systems. This will begin with an in-
troduction that gives a primer on the definition of open quantum systems, followed by an exploration
of recent work that has been done in understanding complexity within such a framework. In addition
to the exposition of the current work, the thesis will introduce a study on the effects that noise has
on the spectral form factor and fidelity of both the gaussian and non-gaussian model random matrix
theories, the connection between the krylov complexity and the spectral form factor through the

survival amplitude will in also be explored in order to characterize the complexity of the open system.

In Chapter 4, we conclude the thesis and go on to discuss potential directions for future work

on the topic of complexity.



Chapter 2

QUANTUM COMPLEXITY

2.1 Complexity

Quantum complexity is a well established concept that is used in quantum information theory,
complexity enables the classification between hard operations and easy operations thus allowing one
to know how arduous it is in implementing a certain task [18]. The classical analogue of complexity
is ubiquitous in computer science and underpins most concepts in computer science such as commu-
nication complexity and separation of complexity classes [19]. In physics, complexity arises from the
Anti-de Sitter Space/Conformal field theory (AdS/CFT) and has been suggested in examples such
as the conjectured correspondence of complexity connected to the properties of black holes within

regions beyond the event horizon as will be discussed [18].

Beginning with a quantum circuit model as illustrated in Figure 2.1, the traditional definition
of computational complexity starts with some reference state and a unitary operator U that is
built with a set of simple gates, complexity thus entails knowing the minimum number of the local
gates needed to implement a global unitary operator or a state. While every unitary U can be
decomposed into two local unitaries as per figure 2.1, the decomposition is not unique as there are
various decompositions, however there is a unique minimal number of gates that are needed to carry

out the unitary to get to the target state,

|’(/}target> = U|wref>

the unique number is what is known as the optimal circuit complexity [5, 20]. In the condense matter

community, this is an idea that has also been examined by various authors with the term circuit



depth for spin chain states being used [21].
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Figure 2.1: Quantum circuit model example. Retrieved from [1].

Working with sequential discrete gates calls for implementing a tolerance threshold that ensures that

even if a target state is not reached, a state close to the target state can still be attained -

T: ||’(/}> - ‘wtarget>|2 <e

Particular reference states, unitary gates and tolerance threshold have been seen to affect the mini-
mum number of gates resulting in questions as to whether the task is Polynomial in the size of the
reference state or Exponential in the size of the reference state; To answer this - the Solovay—Kitaev
theorem in quantum computing in part ensures that there exists efficient quantum gates in a system
of N-qubits, such that the quantum complexity of the state typically goes exponential in the number

of qubits with a dependence on the tolerance parameter: O(e™ log(1/¢)) [22].

Complexity is particularly interesting in chaotic systems, the general features that come from
quantum computational complexity in any generalized chaotic system include the evolution behaviour
of a quantum operator/state o. The quantum operator o evolves in time in a unitary fashion with

the unitary U = e~ *#! being described as a set of gates available in the quantum computer [2] :
0<t) _ 6thoe—th

There is a bound on the complexity that goes exponential in the number of degrees of freedom known
as the maximal complexity e”, followed by a period of linear growth before reaching saturation at
time scale t ~ O(eV). At early time the initial growth of complexity starts off non-linearly with an
exponential growth lasting for times of order log(/N) with the complexity at the end of this period
being of order N, and finally at very large times of ¢ ~ O(eeN) a poincare recurrence is expected as

illustrated in Figure 2.2.
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Figure 2.2: Generalized features of computational complexity for a chaotic Hamiltonian. Retrieved
from [2].

2.2 Complexity in Holography

With the definition and generalized features of quantum computational complexity in hand, we
further explore the term complexity in holography and see how it is better explained using quantum

computational methods.

Holography, also known as the AdS/CFT correspondence is a duality between the theory of gravity in
the asymptotic Anti-de Sitter space and a quantum theory namely Conformal Field Theory [23, 24]
as noted in figure 2.3. The conformal theory is one that exists within d dimension while the AdS
exists within dimensions d + 1, with the holographic principle being brought about by the difference
in dimensionality.

AdS

CFT

t = const.

Figure 2.3: AdS/CFT correspondence. Retrieved from [3].

The AdS/CFT enabled the relation between the holographic derivation of entanglement entropy
in quantum (conformal) field theories to the minimal area surfaces in asymptotically anti-de Sitter
(AdS) spaces and is known as the RT prescription named after Shinsei Ryu and Tadashi Takayanagi

[25]. Given a total system that is comprised of sub-system A and B, entanglement entropy informs



one of how strongly entangled a wave function is,

Sa=—trapalogpa

= —tratrp|U) (V| log trp| V) (P|

= Ailog )

Entanglement entropy - EE, gives the entropy that is accessible to system A without receiving any
communication from system B. Defining the entanglement entropy Sa of system A on a CFT R%¢

has a proposed related ’Area law’ equivalent on AdSgyo -

B Area ofyy

S(A) 1Cn

and as such holographic entanglement entropy involves investigating the bipartite entanglement
on the boundary CFT which, becomes translated into a gravitational problem with a collection of
surfaces that extend into the bulk of the AdS, these are observed and subsequently evaluated through
using the Bekenstein-Hawking Formula to give what is known as the black hole entropy referenced

by equation (2.1) [25].

Area ofyy
A)=——"""'2 2.1
S() = 252 (21)
S(A4) = ming,, < 4,46‘; (2.2)

Varying over all possible surfaces to find the minimum, the minimum value for the Bekenstein-Hawking
entropy gives the entanglement entropy in the Conformal Field Theory, this has thus brought forth
conversations for the bulk-boundary description between quantum information theorists and high

energy theorists together [26].

[4] probed the interior of blackholes as in shown Figure 2.4 thus illustrating a black hole in AdS
which was conformally transformed and compressed in spacetime. In the figure, the spatial direction
run horizontally across the image while time runs upwards, the vertical lines are the asymptotic AdS
boundary with the null rays moving at angles of 45°. The cross diagonals are known as the Horizon

dividing the rest of the asymptotic infinity from the blackhole.

From the boundary theory view point, Susskind was interested in discussing the singularity region
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Figure 2.4: Penrose diagram of schwarzchild geometry. Retrieved from [4]

deep in the interior of the black hole as depicted by the geometry of figure 2.4 and as such, the
concept of gravity in the conformal field theory was put forth as a Thermofield double state involving
two copies of the conformal field theory degrees of freedom brought about by the two boundaries

stuck together in a pure state [27] -
ITFD) ~ > e /%) [ |E) g
i
As both copies move forward with time, this introduces a time dependence -
|TFD) ~ ZefBEi/QefiEi(tLHR)\Ei>L\Ei>R
i
such that a time dependence on the entanglement entropy is seen as -

Sr = —trrprlog pr
pr = Trp|TFD)(TFD|

pr =~ e PUT|E)R|E) R

In the geometric framework this leads to the entanglement entropy between the two boundaries as
given by the Bekenstein-Hawking formula of the horizon. The holographic entanglement entropy
proved to be a great probe of the asymptotic AdS spacetime, however it has been argued that the
probe is a poor one in describing the geometry inside the horizon as it only probes the eigenvalues of

the density matrix and as such, a new probe that is sensitive to phases was needed.



The new probe would be termed Holographic complexity, in particular Susskind drew attention
to probes that related to the asymptopic AdS spacetime. One proposal known as ’Complexity =
Volume’ [28] has a construction similar to holographic entanglement entropy whereby one chooses a
time slice in the boundary theory as seen in figure 2.5(L) where the state of interest would exist, the
family of cauchy surfaces that connect the boundaries are varied such that the Volume of the time
slices are maximised and consequently associated as the complexity of the particular boundary state

namely Cy(>]) = maXZ:@B[‘é(ifz)]'

Figure 2.5: Complexity = volume for eternal AdS black hole (left) and complexity = action (right).
Retrieved from [5].

Another proposal, complexity = action [29] focuses on the domain of dependence by taking time slices
of the boundary while also including null sheets to define a region known as the Wheeler-de-Witt
(WDW) patch as depicted by the shaded area of right-sided image of figure 2.5, the gravitational action
is evaluated on the particular spacetime which is then associated as the complexity Cx(>") = I“;%
One feature that both of these new gravitational observables have is that they probe deep inside the

interior of the black hole for arbitrarily late times implying that, irrespective of how far upwards within

the diagram the ¢y, and tg are moved, an observable that probes the interior of the black hole will exist.

An additional proposal, complexity = action 2.0 [30] was put forward, which suggests the pos-
sibility of taking the WDW patch and, rather than evaluating the action, the spacetime volume
becomes evaluated to give results that have similar properties to the previously mentioned complexity
= action C{,(3_) = VCVJV%

While all these are interesting geometric observables, one is led to probe on why these afore-
mentioned complexities are associated with the complexity of the boundary state? One suggestion
put forth includes an association found when using the complexity = volume framework whereby, in

using the discrete language borrowed from quantum information theory, one can describe the ground



state wave function of critical systems using MERA (Multi-scale Entanglement Renormalization
Ansatz) [31]; MERA is known to provide efficient tensor network representation and is seen as a

quantum circuit that takes an untangled state of qubits to produce a ground state that is of interest.

Figure 2.6: Multi-scale entanglement renormalization ansatz. Retrieved from [6].

The geometry from MERA is much like the geometry of the time slice of the AdS [32], therefore
knowing the number of gates (illustrated in figure 2.6) is equivalent to evaluating the geometric
volume in the AdS; this then draws a natural connection between the volume of cauchy time slices

and the holographic complexity framework.

Another reason as to why a connection between the geometric observations and the complex-
ity of the boundary exist is seen with the rate of growth of complexity as the time slices ¢, and tp
are pushed towards the singularity. The rate of growth of complexity is known to be proportional to
the mass of the black hole, this claim is supported by the features of the Conformal Field Theory -
one feature being that there is a large number of degrees of freedom and that the Hamiltonian is
chaotic with the spectrum at high energies being more or less random resulting in a linear growth of

complexity for long times [29].

The growth is expected to be proportional to the number of degrees of freedom in the confor-
mal field theory while the number of degrees of freedom can be formulated in terms of the entropy.
Eventually it is expected that at very late times the complexity saturates, giving rise to notable
behaviour as referenced in figure 2.2. The third reason why the aforementioned complexities can be
associated with the complexity of the boundary state includes the use of the switch back effect of the
Thermofield Double state (TFDS) used in a strongly coupled quantum system [33]; it is seen to be

dual to the switchback effect of the C'4 complexity where a black hole is probed with perturbations



in order to analyze its reaction.

To re-emphasize, [4] was interested in the features of spacetime deep in the interior and as such
brought forth new observables namely; C4 and Cy,. There are still however questions about whether
these proposals being evaluated are in actual fact the complexity of the boundary state. If the
situation is compared to that in holographic entanglement entropy [34], the key difference lies in that
entanglement entropy is a quantity that has well established tools and methodologies and results

understood.

The problem with the C4 and Cy proposals results from the lack of concrete tools that trans-
late observables in the bulk to those in the CFT, this further leads to the main question; - what
will the quantity of complexity really mean in the boundary CFT specifically or in the context of

quantum field theory.

2.3 Complexity in QFT

Proposals concerning complexity in Quantum Field Theory (QFT) have been put forward and has
included the complexity of states or how hard it is in preparing a particular quantum state which

includes the geometric approach proposed by Nielsen [20]

Defining and better understanding complexity in QFT starts with using the most simplest quantum

field theory in d dimensions namely the free scalar field theory given by the Hamiltonian below -

H= % /dd_lx [n(2)? + Vé(2)? + m’()?] .

One of the features that [5] noted from the geometry of the theory were its UV divergent quantities
caused by the entanglement introduced at short distance scales, therefore in order to regulate the

theory it needed to be on a lattice,

H= % / A [w(2)? + Vo(a)® +mPe(x)?]

n

H=ly l?;ff’{ FO S Y [6) — 007 - ) + m?)a(a)

10



another feature noted was that noted were the degrees of freedom in the theory, leading the discussion
to being framed from the perspective of quantum mechanics with the field now being represented by

an infinite family of coupled harmonic oscillators -

1

H=3 / ' e [n(2)? + Vo(2)* + m*(z)’]

i) 2 7
H= % > [p(M) + M <92 Z [2(71) — 2(7 — w;)]” + w2> “7(")2]

i

To further simplify the problem at hand [5] further reduced the problem into a two coupled harmonic

oscillator -

1
H =3 [+ 03+ w?(af +23) + 0 (a1 — 22)°]

Using the normal modes of the system reduces it to a problem of uncoupled, two independent single

harmonic oscillators -

1
H=s5 (P71 + wiad +p® +wa?)+]
with
1 +
LE% = ﬁ l'l:fEQ
Wy =w

w_ = w? + 202

and so solving for the wave function for the problem at hand gives the ground state written out as a

gaussian -

Wo(24,2-) = Yo(24)Wo(z-) (2.3)
/
= W\/;r)lll exp [—;(w+x2+ + wx2)} (2.4)
2 _ p2y1/4
Vo(x1,x2) = (101\/? exp {—;wlﬁ — %ngg — B$1$2:| (2.5)
with (2.6)
pg="r"t= ;w_ <0 (2.7)

11



2.3.1 Circuit complexity

When applying computational complexity (circuit) to QFT - there are a number of things that need
to be specified such as the reference state 1, together with the need of putting each one of the

degrees of freedom at each lattice site into a Gaussian state [5] -

1
Yy = exp {210(2) Z xf}

each site then becomes a separate Gaussian with no entanglement between each of the degrees of
freedom and each one of the gaussian states has a translationally invariant coefficient wgy. Next of
the things that needs to be specified includes the gates or unitaries used to build the circuit. In
the context of quantum mechanics, the natural operators that are typically used are known to be
the position and momentum operators but [5] saw it simple to build unitaries Q;; by simply taking
exponentials of these operator z;p; as shown below whereby, shifting z; by some factor ex; is seen as

entangling between the two degrees of freedom.
Qij = exp [iex;p;] (i # J)
and scaling z; to e‘z; would entail -
Qii = exp [i€/2(zip; + pixi)]

The next step entails knowing the type of target state that would be used; while there are a number
to be chosen from the first one that [5] looked at was the gaussian ground state as referenced by
Uy (z1,x2) in equation 2.5, another target state that was of interest was the thermofield double state
used by [35] noting that the black hole was dual to it in the CFT. The key feature of both of these
states is that they are gaussian meaning that the aforementioned gates should suffice in implementing

a transformation form a particular reference state to the desired target state.

A circuit can be built from the many gates that are applied to the reference state in order to

get to the desired target state as shown in the example below -

Yr(z) = ... Q3 o1 11 Yr(xi).
<= NG N

Scale (z2) Entangle (z1 and z2) Scale (z1)

12



Summing up all gates within the circuit will then give the circuit depth, such that for the simplified
quantum field theory problem (that has already been mentioned in the beginning of this chapter),

the depth is given as -

Dl = Z |Qij,n|

1 w? — 32 18] [wo

-l 1 1P JWo 2 _ g2y-1/2

2¢ g{ wi +e wl(l )
The value does not characterize complexity nor the minimum number of gates for the problem and so
to find the optimal circuit that gives the complexity follows an approach from quantum information
literature advocated by [36] using Hamiltonian control theory. The process involves considering
all the possible ways of getting from the reference state to the target state with a unitary that is

constructed through a number of transformations.

Yr(x;) = UrpYr(x;)

The transformations are carried out through discrete steps as one moves through the space of states,
the sequences over time materialize as a smooth continuous path, and as suggested by [36] it is
often easier to work with smooth functions within a smooth space rather than discrete gates and so

unitaries have been better described with the following construction of path ordered exponentials -

Urgr(s) = Pexp [ /0 1 dsz(s)o,}

The path ordered exponential is then seen as a continuous version of the string of unitary gates. [5]
looked at a smooth path through the space of states and introduced a parameter s for the positioning
along the path. In the above integral, at each one of the points along the path a gate is implemented

or a particular generator is applied as described below
)
Or=0;; = i(xz’pj +pjT;)

Y1(s) are the coefficients that vary along the path informing us which of the generators are used and
how hard they are being applied at each one of the points along the path, they can also be viewed as

a velocity or a tangent vector along the path,
Y(s) = Tr[0,U(s)U " (5)Oy]
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and rather than building the final unitary one can think of integrating from zero to one to then
characterize the trajectory by applying the U(s) to our reference state, this characterizes each one of
the individual states along the path which then sets up the general frame work on circuits and how
they are built which, is akin to finding geodesics. A follow up question is then posed as to how one

acquires a minimized cost function to the circuit depth D as to get the most optimal circuit.

1
— I
Df/o dszI:\Y (s)]

One of the most natural way to assign the cost function is typically through the use of Finsler
geometry or as used by [5], a Riemannian geometry such that the circuit depth consequently becomes

defined as such -

D= /0 ds ;5115/1(8)5/‘](8) (2.8)

The unitary U(s) becomes a geodesic in a riemannian geometry, and so finding the extremal path
involves taking the action Y7 and extremizing it through treating it like a lagrangian to solve the
equations of motion. Rather than using operators, [5] introduced the use of matrices A;;, with the
idea being that the initial state and the final state of the simplified QFT are considered within a

space of positive quadratic forms.

1 wo 0
’l[)r >~ exp —gxiAijxj — AR =
0 wo
1 wy B
P >~ exp |:—2{L‘iAij{,Cj:| — Ar = '
B wn

The gates are also translated to matrices M;;, consequently simplifying and informing one of the

underlying symmetry

Qij = eXp [601']‘] — Qij = eXp [GMij]

, 1
Oij = iz;pj + 551'3' — [Mijlab = 6iadjp
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For the example of the two dimensional harmonic oscillator at hand (the simplified QFT), the
symmetry group GL(2, R) gives generators [M;;lap = 0;q0; that are then used to find the matrix
form of Y1(s)

Yi(s) = Tr[0,U(s)U*(s)Oy] — Y(s) = Tr[0,U(s)U " (s) Mq]

which is equivalent to finding the geodesic for some right invariant metric on GL(2, R) -

ds* = 81, Te[dU (s)U 1 (s) M Tr[dU (s)U ~* (s) M)

The equation above is then simplified to give the metric -

ds* = 2dy? + 2dp* + 2 cosh(2p) cosh? pdr? + 2 cosh(2p) sinh? pdh? — 8sinh? p cosh? pdfdr  (2.9)

with (y, p, 7,0) giving co-ordinates that parameterizes the trajectory or circuits U(s) in GL(2, R) -

U(s) = v cos 7(s) cosh p(s) — sinf(s) sinh p(s) —sin7(s) cosh p(s) + cosé(s) sinh p(s)

sin 7(s) cosh p(s) + cos 0(s) sinh p(s)  cos7(s) cosh p(s) + sin O(s) sinh p(s)

which are the geodesics connecting U(s = 0) to U(s = 1) with the target state Ap

ar= | P ot

|ﬁ| w1

whereby U(1)UT (1) is defined as follows -

U(I)UT(l) 2 cosh2p; — sin(fy 4+ 71) sinh 2p; cos(f1 + 71) sinh 2py
= e 1
cos(fy + 71) sinh 2py cosh 2p; + sin(6; 4+ 71) sinh 2p;

The boundary conditions given the above constraints of the geodesic, are then found to be:

1, w?—p%2 1, wiw_
= ZJog ~_ —_]
1 20g w% 2Og w(g)
e ol 1 S
0L+ =m
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Solving for the geodesics, the shortest geodesic is found (as illustrated in green in figure 2.7 below)

and so even in the complicated geometry, the minimal geodesic with the corresponding circuit U (s)

I H

is given by

7(s) =0 O(s) =m
y(s) = yi(s) p(s) = pa(s)

Yy —p

_ 1 _ 1

U(s) = Pe P — U(s) =Pexp fM__logw—s+fM++log&s
2 wo 2 wo
1
with M s = 5 (M + My + Mz + Moy)

The circuit complexity for the two coupled harmonic oscillator is then calculated,

Figure 2.7: pictorial representation of geodesic corresponding to the complexity through circuit
complexity metric. Retrieved from [5].

w w_
= [log? = +log? —
\/ & 2w0 & 2’LUO

Having learnt from the case above, of the two coupled harmonic ocillators, [5] then examined the

lattice of N9~! oscillators with simplified parameters of 2 — 0, the target state for a periodic
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square NxNxN... lattice as calculated by [5] becomes

1
P =~ exp [_2(5 Zw,ﬂx,;ﬂ

where

w~:m —&——

ki =0,1,.N—1

while the target state is simplest to describe using normal modes on the lattice, the reference state
VYr(z;) ~ exp [—~3wd Y |zz|?] remains a set of decoupled gaussians when expressed in terms of
normal modes. Using the riemannian geometry and the Fy cost function given by equation 2.1, the

complexity of the vacuum state takes the value -

Coae = = ,/zlog[ }

Summing over all the nodes leads to a domination of UV nodes k; ~ % to which replacing the

frequencies wy; ~ % leads the complexity in taking the form -

v

Ovac ~ gd—1

The ratio above was seen in holographic complexity Cpo1o ~ ML,I with [37] suggesting that the
difference between the two ratio’s could be as a result of strong CFT coupling with many degrees of
freedom witnessed in Cporo. [5] showed how the complexity model for a free scalar field demonstrated
similarities to the holographic proposals for complexity of boundary CFT edging us closer to better
understanding and defining complexity in QFT, while the outlook regarding complexity has been
vast [38, 7] also demonstrated an alternative method through the Fubini-Study metric to calculate

complexity as will be discussed.
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2.3.2 Fubini-Study complexity

Complexity through the Fubini-study metric as detailed by [7] involved the study of the ground state

of the hamiltonian H; of a free bosonic field theory under a quench protocol -

N-1
= wik [(UE + VDT + UVi)T + UnVi)7; ]
k=0
with
Wik + Wk
Uy = ——
21 /W1 kW
w1,k + Wk
V= ———
21 /wlykwk
Fubini-study complexity also includes the use of a reference state |¢y) = H |k —k) and a target

state which in [7] was the time-evolved state |11 (t)) = Uy (t)|1o(t = 0)) that was also decomposed as
per [39] -

N—
[¥1(t) H t) exp(7y k(t>a£aik)|ka —k) (2.10)
whereby
+ .
N o= Ay sinh(p1 )
PR cosh(p1,k) — ﬁ - smh(ul k)
B .
:U’%,k = 4’ - afkal,k

Bt 1 = —itwy (U +VF)

aik = Osz = —itwl’k(ukvk)

The target state can be viewed as a SU(1,1) coherent state with the state manifold being given as a

riemannian structure together with the class of states being given as -

|w{7k T H Nk GXp 71 k( )azaik)‘]ﬁ _k>

Taking the Fubini-study line element in terms of 7

ds dy | dyp dy
(dT) <d7' d7'> <d7’

v )(v

dy
)
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gives the metric -

with
Vk,r = tanh (%’“) exp(idr)
1 N-1
ds® = 7 ) (d6F + sinh(6))*do}).
k=0

Complexity from the Fubini-study approach takes into account the geodesic distance Cj, between
the reference state and target state, and as such takes into account two arbitrary points (01 k, ¢1,%)

(02.k, P2.1) and uses the metric to calculate the complexity as by [7] -

N-1
Crs = | Y C?
k=0
1[Nl
Crs = 3 Z (arccosh[cosh(6 ) cosh(fs i) — sinh(6; k) sinh(0s ) cos(d1.x — P2.k)])?
k=0
Taking the reference state [1g) = fj;ol |k, —k) and target state as referenced by equation 2.10

with respect to the two arbitrary points, then (6, ; = 0) and (02 = 2arctanh|y; x|), consequently

simplifying the complexity to

N—1
Crg = (arctanh|vy; )2
k=0

Complexity through the Fubini-study approach takes the ground state of the hamiltonian at hand
and identifies it as a coherent state of a set group corresponding to the symmetry of the hamiltonian,
the metric is subsequently defined on the group manifold enabling the complexity to be defined as

the geodesic distance between the reference state and the target state.

Figure 2.8: Pictorial representation of geodesic (blue) corresponding to the complexity through
Fubini-study metric between ¥ and ¥7. Retrieved from [7].
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2.4 Krylov Complexity

Krylov complexity is another notion of complexity that does not need unitary gates, tolerance param-
eters, the search for minimum number of gates and as such, there is no essential need for geodesics or
metrics meaning that all that is needed to be known to understand the system’s complexity is how
the operator evolves through time under the unitary operator. The conception of this complexity has
also been under-girded by the interest of understanding the quantum phenomenon of long time scale

in black hole physics within the Ads/CFT background.

Krylov complexity as proposed by [9] is underpinned by the Krylov subspace; from definition
the Krylov subspace named after Russian applied mathematician Alexei Krylov [40], is the smallest
subspace of the operator space that has the time evolution of some observable at all times [41].
Krylov complexity within a quantum mechanical framework begins with exploring the complete
Hilbert space H [8], where a quantum operator grows in time in a unitary fashion; this evolves in the

Heisenberg framework as depicted by the equation -
O(t) _ ethOefth

and so using the Baker-Campbell-Hausdorff decomposition converts the above equation into a Taylor

series type decomposition -

O(t) = 0 — it[H,0] + “;32 (H, [H, 0] + ..

showing that the operator evolves in time - it is a linear combination in the subspace spanned by
both the operator and the nested commutators that are inclusive of the Hamiltonian and as such,
it is noted that as time grows larger the importance of the commutators with Hamiltonians in the

growth of the operator also grows [9, 8].

Using the Liouvillian defined as a commutator together with the Hamiltonian -

L:=[H,]
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we can identify the subspace spanned by the operator and nested commutators of the hamiltonian as

the Krylov subspace of the Liouvillian operator -

Ho = Span{O, [Ha 0]7 [H’ [Ha OH7 }

= Span{E"O};’;‘(’)

The dimension of the Krylov subspace is retrieved through the analysis of the finite d dimensional
hilbert space and some energy basis dim(Hp) = K; K is then determined through the rank of
(0, L0, L£20,...,L"0)T. The operator is then expanded in the energy basis: (E,|E,)) for {a = 1,...d}

d
0= OuwlEd.)(Es|

ab=1
The ket-bra terms are known as the eigenstates of the Liouvillian and also have correspondingly

defined eigenvalues of wgy, := F, — Ey
L|Eq)(Eb| = wap| Ea){Ey|

The powers of the Liouvillian act on an operator enabling another form of representation in the

energy basis of the hamiltonian,

L0 =w}y > Oub|Ea)(Ey| (2.11)
ab

Solving for the above equation (2.11) gives a Vandermonde matrix whose rank is given by calculating

the determinant of the phases {wgp} in the matrix -
A({wap NI ;1 Oy

The rank of the Vandermonde matrix is at most d due to the matrix having d? columns, assuming
that a dense operator has non-zero projection in every eigenstate of the Liouvillian and that there
are no degeneracies in the spectrum of the Liouvillian, this will give the largest possible Krylov space

dimension K = d? —d + 1 [8].

In chaotic systems, level repulsion (the lack of intersecting energy levels/bands) in the energy

spectrum is expected, therefore no degeneracies are expected in the energy spectrum and as such
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no degeneracies in the liouvillian spectrum are to be expected. Local operators are usually ex-
pected to follow the Eigenstate Thermalization Hypothesis (ETH) [42] suggesting that they are dense

in the energy basis, leading to the conclusion that in chaotic systems a saturated bound is expected [8].

In Integrable systems, a general poisson statistic in the energy spectrum is expected such that
degeneracies and quasi-degeneracies in the Liouvillian spectrum are also expected; a simple example
of integral systems referenced by [8] shows how free systems are much below the bound of the Krylov

space K =d?> —d+ 1.

Having looked at the hamiltonian of a fermionic harmonic oscillator which satisfies the anti-

commutation relations -
N
_ T
H = g w;C; ¢
i=1

and taking the single fermion operator -
N
0= Zoici + oz‘cz
i=1

commutations with the hamiltonian leave the operator in a single fermion sector implying that the
Krylov space has dimension K < 2N. Constructing an orthonormal basis for the Krylov space
includes defining the inner product for the operators; the inner product can be the infinite temperature
inner product or any arbitrary inner product, the simplest choice for the above example includes

taking the trace of the product of the operators [8].

The first step in building a Krylov basis involves normalizing the seed operator, followed by commuting
the normalized seed operator with the hamiltonian and removing the projection of the commutator
from the normalized seed function. The norm is then defined which, when normalized, gives the next

operator and subsequently defines a new operator.
The lanczos algorithm gives a general recurrence equation for the nth operator [43], it allows
an input of any arbitrary hermitian operator O and hamiltonian, the first three steps as mentioned

above include normalizing the seed operator in order to define the first element.

In an automated manner one proceeds the process for n greater than one, the nth element is then
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Lanczos algorithm

1. set bg :=0and |[O_1) :=0
2. let = -1
et |Oo) \/W‘O)
3. when n >=1— |A,) = L|Op—1) — bp—1|0On—2)
4. let b, = v/(An|A,)

5. if b, = 0 break, else set |O,) = b%‘A") and proceed to step 3.

Table 2.1: Lanczos algorithm

defined as the commutator of the hamiltonian and the previous O,,_; operator less the multiplication
of the previous lanczos coefficient and the operator O,,_s; the norm of the nth element is computed
and if its equal to zero the algorithm stops, otherwise the algorithm continues and defines the next

operator in the Krylov basis by dividing the nth element with the computed lanczos coefficient.

The algorithm should terminate as once all directions are exhausted in the Krylov subspace, and
once all projections (i.e. a gram-schmidt) at every step are removed, there is no new directions to
explore thus resulting in a zero operator that has a zero norm. The output of this algorithm gives a

basis known as the Krylov basis resulting in the lanczos sequence.

Once this is completed, a basis with orthonormality is retrieved; an important feature of the
Krylov basis that should be noted is that, it is ordered according to the number of nested commuta-
tors with the hamiltonian while the Liouvillian is tri-diagonal in the Krylov basis. The Krylov basis
is then used to expand time-dependant operators with complex time-dependant coefficients to make
them hermitian -

K-1

O(t) = i"tn(t)On.

n=0

Using the heisenberg time-evolution equation,

d ,
£.0() = i[H,0()]
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we find the differential recurrence equation for the 1, (¢) with only a dependence on the lanczos

coefficients and an initial condition -

Ui (t) = bpthn—1(t) = bps1¥ns1(t) (2.12)

Essentially, if one studies the wave functions 1, then all the information regarding the evolution of
the operator is known. The boundary condition ,(0) = J,, ensures that the operator begins at the
first krylov element Og, the dynamics thereafter of the operator along the Krylov basis depends only
on the lanczos coefficients b,,, and as mentioned by [9] one could think of the v,,’s as wave functions
in the Krylov basis with the sense that they are the time dependant projection of the operator O(t)
on the Krylov basis element O,,. From the unitary we have that the norm of this wave function is one

- intrinsically showing how the time evolution of an operator on the Krylov basis is to be analyzed -

n=0 n

Krylov complexity is then thought of as a probe of the time dependent profile of the wave function

¥ (t) with the first probe introduced by [9] being the average position on the Krylov chain (it is

termed chain as it is ordered) -
K—1

Ci(t) = Y nlgn ()

n=0
Later [44] introduced another probe of the time dependent profile - the average amount of randomness

which is the usual way to define entropy on a distribution, resulting in [9] naming it K-entropy -

K-1
Si(t) = Y [ (1) log [n(t)]?

n=0

There are many ways to probe the wave function 1, (t) to describes the time evolution of an operator.
Numerical results from [8] of the SYK model with four fermion interaction (known to be a maximally
chaotic quantum system as it features level repulsion), has operators that satisfy the Eigenstate
Thermalisation Hypothesis and saturate the bound on the lyapunov exponent. Working in a finite
number of fermion N system to study long-time effects,[8] investigated the complex syk-4 that involves

L-complex fermions -

L
Hyy = Z Jij;klc;rc;f-ckcl (2.13)
i,5,k,1
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these fermions satisfy anti-commution relations; the hilbert space dimension for L-complex fermions

is 25/2 while the hermitian hopping operator for the model that was used is given by -
0= cTLfch + cTLcL_l (2.14)

In [45] it was shown that the operator obeys the Eigenstate Thermalization Hypothesis and as such
[8] worked in a fixed occupation sector of the hamiltonian as both the hamiltonian and operator
commute with the number operator; this implies that when one works with both the hamiltonian
and operator an occupation sector is not excluded, this then saw [8] working in the biggest sub sector
which is a half filled sector. For the complex syk-4 it was expected for the Krylov space to saturate

the bound as it satisfies level repulsion and ETH.

CSYK, g = 4, different system sizes, 1 realization. CSYK, q = 4, different system sizes, 1 realization.
30 L=10.N=5 0 L=10.N=5
=9,N=5 L=8,N=5
25 =B.N=4 15 . L=B.N=4
~ "
/ |
2.0 20 "]
s 4
10 Lo
0.5 0.5
]
0.0 0.0 -
0 10000 20000 30000 40000 S0000 60000 10° 10t 108 107 10¢

n n

Figure 2.9: Lanczos sequences for L = 8, 9, 10 in linear (left) and logarithmic (right) scale along the
horizontal axis. Retrieved from [8].

The various lanczos sequences for the syk with eight, nine and ten fermions is shown respectively in
the above figure, the behaviour of the lanczos coefficients tends to zero with a slow descent. [8] further
noted a non-perturbative small slope of order —e~2% with S denoting the entropy of the system,

the descent of the lanczos coefficients is also believed to be a characteristic of quantum chaotic systems.

K-complexity has features expected from quantum complexity, it was shown that the K-complexity
is naturally bounded by the krylov space dimension and that in chaotic systems, saturation occurs
at time scales of O(e?!) as suggested by the figure 2.10. The calculation of the lanczos coefficients
has been noted to computationally challenging [8] and as such the end of the Krylov space suffers
numerical instability resulting in the need to go to high precision, however one can use other methods
and systems to calculate the lanczos coefficients to better characterise quantum chaotic systems as

will be discussed in the following section.
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K-Complexity for cSYK, g =4, different system sizes, 1 realization. K-Complexity for cSYK, g = 4, different system sizes, 1 realization.
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Figure 2.10: Comparison of K-complexity for L = 8, 9, 10 for exponentially long times (left) and for
early times (right). Retrieved from [8].

2.4.1 Krylov complexity through the two-point function

A two point function or auto correlation of an operator is given by an inner product of the time
evolved operator with itself and has a specific taylor series that gives the moments, it is also thought

of as a probability amplitude of doing an evolution while staying in the same state as in the beginning

X 42n

; t
C(t) = (0[0(1)) = (Oo[e™#|00) = Y _ 5 —p2n (2.15)
n=0 ’
The moments of the auto-correlation C(¢) are given by -
pan = (00| £2"|Oq) (2.16)

and are related to the Dyck paths leading to an invertible relation between the moments and the
lanczos coefficients [9]. The strategy for studying the thermodynamic limit includes considering two
point functions and the asymptotics of the moments/lanczos coefficients. The moments are also

related to the Fourier transform through an integral with ®(w) being the Fourier transform of C(t)

w2n

D
1 2n 2 e
Hon = 35 ;1 war|Oap|* = [ o P(w) (2.17)
[9] formulated the hypothesis in the thermodynamic limit by beginning from a known bound on the

tail of the fourier transform of the two-point function; for a g-local hamiltonian and for any g-local

operator the fourier transform of the two point function is at most exponentially decaying with some
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factor x governed by the geometry of the problem -

B(w) < exp <”2|°’|> (2.18)

[9] noted that starting the fourier transform of a two-point function with the spectral profile:

m|wl
2c

P(w) ~ exp(5~1) implies that along the imaginary axis, the two point function has a singularity -

the pole of C(t) at t = =, The pole scales inversely with the coefficients a suggesting asymptotics

2ac”

for the moments and resulting in asymptotically linearly growing lanczos coefficients.

y P(w)

g {'_ 2w
L teC
I

_ X
C(t) analytic

X

~3%a

Figure 2.11: Spectral function ®(w)(above) and analytical function of correlation function C(¥).
Retrieved from [9].

The universal growth hypothesis that [9] proposed shows how in chaotic systems the lanczos coefficients
grow fast - which is linear with a slope that is bounded from above by a system dependent geometrical
factor; this is the expectation for chaotic systems in the thermodynamic limit and implies exponential
growth of complexity. To this end one can see that the pole structure of auto correlation function

also provides information about chaos.

2.4.2 Geometry of krylov complexity

Another novel geometric perspective developed by [10] shows how operator growth within Krylov
complexity can be approached. A link between the unitary evolution, Liouvillian and the displacement

operator demonstrates a mapping of operator growth to the classical motions found in phase space;
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the geometry and geodesics represent the operator growth with the volume being proportional to
Krylov complexity. Although Krylov complexity can be carried out independent of geodesics, the
geometric approach provides an efficient way of decoding the lanczos coefficients given the symmetries

that govern the system at hand.

Starting from the definition of the Liouvillian, the Liouvillian operator is known to be tri-diagonal

implying the following decomposition when it acts on the vector O,, -

E‘On) = bn|On—1) + bn+1|0n+1)

it has a matrix representation in the Krylov basis with the elements on the diagonal being zero-valued
while the off diagonal elements are known as the lanczos coefficients (b,,’s). The geometric approach

includes defining the Liouvillian operator in the Krylov basis in terms of ladder operators (L, L_),

L=a(Ly+L_) (2.19)

such that

(L+|On) = bn+1[On+1)
a(L_|0y,) = b,|0p-1)

To write the Liouvillian in this way, one needs to know about the symmetry structure of the governing
hamiltonian to fully construct the geometric representation of the Liouvillian. This is a commanding
representation that sheds light on the constituents of the lanczos coefficients; If the ladder operators
are part of some lie algebra then this gives predictive power and an efficient interpretation for the

lanczos coefficients without involving much numerical calculations.

Systems that have symmetry generating algebras or spectrum are common for studying the evolution
of hamiltonians and are written in terms of algebraic generators; these allow for exactly solvable
solutions of certain systems and as such [10] used the intuition in terms of the Liouvillian and Krylov
basis. Applying the idea to the SL(2,R) algebra known for representing the SYK and knowing that

the groups’ three generators satisfy the commutation relation -

[LOa Lﬂ:] = :FL:I:I
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[L1,L_] = Lo

the Liouvillian represented in the Krylov basis as seen in equation 2.19 is written as the sum of its
raising and lowering operators with L_; playing the abstract role of the raising operator L, and L;

playing that of the lowering operator L_ -
L= Ot(L,l + Ll)

The representation for the SL(2,R) generators applied to some highest weighted state gives a simple

action in the algebra -

Lol n) = (h +n)lh, n)
L_i|h,n) =/ (n+1)(2h +n)|h,n+ 1)
Lilh,n) =+/n(2h+n—1)|h,n+1)

| L —
[On) bn

thus allowing for an association of the Krylov basis |O,,) to the lie algebra and the lanczos coefficients
b, to the value when actioning the lowering operator on the state. Applying the results to the SYK
model that is represented by the SL(2,R) group, the dynamics of the operator growth are easily
deduced without the need of a numerical approach as it is noted that the Krylov basis and lanczos

coefficients are given by the above equations.

The concept of symmetry carries through to another geometric topic, namely that of general-
ized coherent states. Given that an operator can be given in terms of the Krylov basis and the super
operator Liouvillian -

0(t)) = ¢"*|0)

using the geometric representation of the Liouvillian with our operator O(t)
0()) = eitet-r4E)0)

[10] noted that the unitary evolution with the Liouvillian is but the displacement operator D(¢) =
eSL—1=CL1 ith the complex parameter ( = %pew; this in turn gives the coherent states for SL(2,R)
and SU(1,1) [39] that parameterizes a unit disk - the operator expanded in the Krylov basis then

becomes a displacement operator of the generalized symmetry acting on the highest weight state.
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Observing the coherent state of SL(2,R) or SU(1,1) given by the form -

ine |T(2h 4+ n) tanh™(p/2)
|2 h) = Z ’ n!T'(2h) cosh®(p /2)|k’h>

and comparing it with the the explicit wave function solution of the Schrodinger equation (equation

2.12) for the SYK:
I'(n + n) tanh” (at)
n!T'(2n) cosh’(at)

d)n(t) = |kvh>

one can note that the growth of the operator from the typical lanczos algorithmic approach is nothing
but the coherent state for the particular value of p = 2at and ¢ = 7/2 giving a trajectory in phase
space - in other words one can think about the operator O(t) in Krylov basis states as a coherent

state for a particular value of the complex parameter.
|O(t)) = |z = itanh(at), h = n/2)

The operator growth is a trajectory in phase space and this is possible through representing the
Liouvillian by the ladder operators in the Krylov space. The Fubini study metric or known by others

as the Information metric is another important concept used in conjunction with coherent states.
dstg = (dz|dz) — (dz|2){z|dz)

One can associate the coherent states with the natural Fubini-study metric which for the SL(2,R)

becomes a hyperbolic disk metric -

2hzdz

dspg = A—z7 5(@2 + sinh?(p)d¢?)

The operator growth for the SYK model as studied by [10] is a geodesic in a manifold/phase space
given by p = 2at and ¢ = 7/2, moreover they observed a universal relation between the Krylov

complexity and the volume in the metric that is given by -

2at 27
V, = / dp / dgr\/g = 2rnhsinh®(at) = 1Ko
0 0
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and so if one computes the volume in this metric then the Krylov complexity is given as a multiple
of m. The geometric interpretation of lanczos coefficients and Krylov complexity holds in all ex-

amples such as the heisenberg-weyl and SU(2) algebra studied by [10] with generalized coherent states.

Figure 2.12: Phase space information geometry for SL(2,R). Retrieved from [10].

As illustrated in the shaded yellow region in figure 2.12, the operator growth is seen as a cer-
tain trajectory in the Fubini-study metric/hyperbolic disc; for O(¢t = 0) and starting with some
operator when p = 0, as time progresses the operator goes along the direction ¢ = 7/2 and should
the operator halt at some time t, this consequently determines the value of p = at enabling the

computation of the volume/area encircled by this unit disk which is proportional to 7/ Ko.

2.4.3 Growth of states in krylov basis

The Krylov basis as probed in [11] can also be used to capture the growth of states with complexity
being termed as a measure of the spread of the wave function across time in the hilbert space, hence

the name spread complexity. Starting from a state -

() = e |v(0))

given by some initial vector and a unitary evolution, [11] defined complexity as a spread of this state
in the Hilbert space with a choice of some basis in the Hilbert space B = {|B,,) : n =10,1,2,...} such
that By is given by the initial state |¢)(0)). [11] argued that one can introduce a cost function or a
family of cost functions with which one chooses these basis vectors |B,,), this is then followed by

computing the probability that comes from overlapping the state and the basis vectors weighted by
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the cost function coefficients c,,.

Cp(t) =Y cal(®()|Ba)* := cupp(n,i)

When the above quantity is minimized over all choices of the basis for some finite amount of time,

the minimum - a natural definition to complexity, is then attained through the Krylov basis -

C(t) = mingc,Cp(t)
—_———
krylov basis minimum
so if the coefficients are monotonic ¢, = n, and positive in n with any powers, then a state |1(t))

can be decomposed into the Krylov basis together with orthogonal factors as -

[9() = e (0) = D dnl(t)| Kn) (2.20)

The idea of the growth/spread of the state in the Krylov basis can then be interpreted as Krylov
complexity occurring in the Hilbert space; once the state is expanded in the Krylov basis (equation
2.20), ¢, (t) gives the probability distribution of how the state is supported on all the orthornormal
set of basis vectors in the hilbert space. From the probability distribution, one can then quantify the
spread - this growth of the state can be characterized through different quantum information tools

such as K-entropy Cp, (t) -

Crup (t) = el
— ¢~ ZnPB(n:t)logpp(n,t)

— o T lonl?log|énl
which is but the Shannon entropy distribution; the monotonic coefficients in the complexity definition

C(t) together with the probability distribution are also used to calculate how much it spreads through

K-complexity C -
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The dynamics of complexity in terms of the spread that is generated over the Krylov basis can also
be described by the Lanczos algorithm for tridiagonalization which, as we have seen is a recursive
prescription that, when applied in state space starts with an initial state and produces a sequence of

states that are orthogonal to the initial state to produce a minimized Krylov basis.

Having gone through the Lanczos algorithm, the action of the hamiltonian on one of the basis
produces the basis state itself together with some coefficient a.,, the next state in the basis followed

by the previous state in the basis with coeflicients b,, -

H|Kn> = an|Kn> + bn+1‘Kn+1> + bn|Kn—1>

Given this outlook, the dynamics of the system are expressed out as a chain that moves from the
initial state to the next, this basis tri-diagonalizes the hamiltonian which for finite dimensional

systems, is known as a hessenberg form hamiltonian -

ap b
b1 aq b2

H= 0 b2 a2 bg

0 0 0 b, an bup
Writing out the state in its Krylov basis and coefficients -
W) =D bt Kn)
n
the time derivative of the coefficients ¢, (t) takes on a chain form -
iat¢0(t) = an¢n (t) + bn+1¢n (t) + bn¢n—1(t)

and so as in equation (2.12), a universal one dimensional chain-type dynamic for any quantum
system also holds. Using the two-point function method for spread complexity also involves the use

of survival amplitudes and its relation to the partition sum and spectral form factor (SFF). The state
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in Krylov basis [1(t)) = >_,, ¢n(t)|Ky) is used to define the survival amplitude -

S(t) = ((t)|vho) = (Pole™ o)

which generates the moments of the hamiltonian; and so if one knows the survival amplitude of the
system through taking its derivatives, one can write out the moments of the hamiltonian -
dr ar

g S Wle=o = (Yol -

fin = o) = (Kol (iH)" | o)

The moments u, are seen as the sum of weighted paths through an unwrapped markovian-like

iag iy iz

Figure 2.13: Markovian-like chain describing action of hamiltonian on |K,), and the unfolding of the
markovian-like chain in a time series, respectively shown with the bottom most nodes representing
|K,). Retrieved from [11].

graph as illustrated by the upper most image of fig 2.13; through examining the bottom figure of fig
2.13 and given that both the coefficients {ag....a,—1} and {b;1...b,,} are known - then a unique path
within the lattice exists such that a,, contributes to the next moment p,, 41, through this relation, one
can recursively start from the beginning and work out every moment through knowing the survival

amplitude in order to work out each of the coefficients [11].

Considering thermofield double state -
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and its time evolution as in [46] -

(Wg(t) = e |Wg) (2.22)

the goal of [11] included expanding the state in the Krylov basis to compute the spread complexity
of the state. Given the above, the lanczos coeflicients can thus be extracted from the moments using

the initial thermofield double state and its time evolved state -

S(t) = (Vs ()| Wg) = (2.23)

this is the ratio of the analytically continued thermal partition function Z(8 —it) =3 e~ (B—it)En.
and so the information needed to compute Krylov complexity for the evolution of the TFD state is
captured in the quantity that has been studied extensively namely the spectral form factor (SFF)

which is taken as the squared absolute value of the equation (2.23) -

1Z(8 — it)[?

SFFg_it = |Zﬁ|2

(2.24)

Another approach to studying spread complexity involves applying numerical methods to random
matrix models [11]; random matrix models are known to manifests chaos, they are ubiquitous in
studies that investigate the fine grained spectrum of chaotic models and are also known to have the
same universal dynamics as the processes that form black holes [11, 47, 48]. Having the Hamiltonian
as an N X N hermitian matrix, [11] explicitly diagonalized it into a hessenberg form and further

exponentiated it in order to apply it to the corresponding Thermofield double state -

L =¥ miven)

Z8)°

with V' denoting the potential that is invariant under unitary transformations. A generic initial state
is chosen for the basis in which the matrix is drawn. Given that it is well accepted that observing

the spectrum (A1...A,) of a random N x N matrix gives the probability distribution given by -

P()\l)\n) = Al<]‘)\l — )\j‘6€74NT‘r[V(A)]

a relationship between the potential and the density of states also exists; extending the results from

[48, 49] the hamiltonian can be tri-diagonalized and be used to derive the probability distribution -

— BN
P(ay...an—1,b1..bn_1) ocA,]y;fbslN*")B*le 7 Tr[V(H)]
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from this, applying the exponentiated hessenberg form hamiltonian to the TFD state eliminates the
need of solving the differential equation to solve for the probability distribution ¢, (¢) in order to

compute the krylov complexity.

C(t)j2""

Figure 2.14: Spread complexity of TFD state in the SYK. Retrieved from [11].

The spread complexity of the TFD as illustrated in figure 2.14 displays an initial quadratic growth,
an exponentially long linear ramp, a peak that’s of order ae® then a downward slope that is followed
by a plateau of order be®; these are complexity characteristics that are typically expected for chaotic

systems.

To sum up - the TFD state for the SYK is built using a random hamiltonian instance from
the random matrix model (Gaussian Unitary Ensemble); as from the definition of complexity, the
state undergoes a recursive procedure in order to get its unitary evolution. Knowing that the recursive
method will give a simplified hessenberg form, its exponentiated form is applied to an initial state to

give the Krylov wave function in the Krylov basis which is used to calculate the K-complexity.

Through the first two chapters we have seen how complexity can vary in its methodology given
different circumstances; and through the different case studies that were explored, it became apparent
how chaos or supposed chaotic systems consistently manifested characteristics that are synonymous
with the supposed complexity seen in figure 2.2. The varied examples explored in the chapters
above have been predominately classified as closed systems - systems that are isolated from their
environment, a connecting question further arises when it comes to understanding complexity namely;
when dealing with an open system, what role does the environment contribute to the generalized

characteristics of complexity?
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Chapter 3

COMPLEXITY FOR OPEN QUANTUM SYSTEMS

3.1 Introduction

All quantum systems are realistically open - open quantum systems are quantum mechanical systems
that are coupled to and interacting with some surrounding environment [50]; the time evolution of an
isolated quantum system is typically described using the time dependant schrodinger equation while
for an open quantum systems, the behaviour that is predicted by the time dependant Schrodinger
equation just gives an approximation. The total hamiltonian for an open system is usually comprised
of the environment, the system, some interaction and follows unitary dynamics that are described by
the schrodinger equation -

Htot :H5+HB +HI

d|Wy)
dt

= —iHot|Wy)

The equation for the full wave function includes both the system and the environment [51, 52|, the
wave function exists in the hilbert space which is large and growing exponentially with the number of
degrees of freedom both in the system and environment. The challenge therein lies in the computation
of the dynamics of such a wave function using standard computational devices when the whole hilbert

space needs to be included.

The main interest concerns the reduced dynamics of the open quantum system hence the use
of the reduced density matrix ps which, is the trace over the bath or the environment degrees of
freedom of the projector that is of the total wave function - ps(t) = Trg[|U(t))(P;|]; this is an object
where the environment degrees of freedom from the large hilbert space of the full system are traced

out such that the focus is on the reduced dynamics of the system in order to obtain the evolution
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equations of the open system.

The reduced dynamics are described by a universal dynamical map where an initially de-correlated
state ps(0) and an environment/bath pp that is both in equilibrium and expressed by its energy

eigenstates are considered -

Ps = ps(o) ® Z )‘qlEq><Eq|

PB
and without any approximations the reduced density matrix is written in terms of the dynamical

map

ps(t) = Ei(t)ps(0)E] (t) = ¢(t)[ps (0)]
l

The map ¢(t) in general is invertible, irreversible, can be written in many different operator bases
such as the kraus operators [E; = A\ (Ey U7 (t)|E,), (I := {¢,q})] and has a time local master
equation which is an evolution equation for the reduced density matrix. The dynamical map is
dependant on how the environment looks like and thus models the hamiltonian that describes the

interaction between the system and the environment [53].

The reduced density matrix that is expressed as a dynamical map corresponds to a trace over the
environment degrees of freedom of the time evolved initial state that is assumed to be de-correlated

state from the environment -

ps(t) = Te[U™(t)ps(0) @ ppU(8)] = de[ps(0)]. (3.1)

The unitary evolution operator U(¢) is an evolution operator with respect to the full hamiltonian of

the (system and environment) and is expressed in terms of the Dyson expansion -

t t ty
U(t,to) =1- ’L/ dtlH](tl) + (—i)Q/ dtl/ dtzH](tl)H](tg) + ...
to to

to

when plugged in the above reduced density equation (3.1) and while considering a particular interaction
Hamiltonian H; and tracing over the environment, it is noted that the reduced density matrix depends

on different | order moments or different fluctuations of the coupling operator B of the environment
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with respect to the initial state of the environment [53]
Cl(t 1, ty) = Te[B(t1).. B (1))

Mathematically one can see that the reduced density matrix of the system will depend on the environ-
ment fluctuations or the different moments of the environment fluctuations that are in respect to the
environment initial state. In terms of environments; there are two different families of environments
namely statistically gaussian and non-gaussian, gaussian environments are composed of harmonic oscil-

lators and are therefore composed of a collection of oscillators that can be of bosonic or fermionic type.

Gaussian environments have the property whereby all fluctuations can be expressed in terms of
second order fluctuations and so to have a gaussian environment is to have higher order moments
or higher [ fluctuations that can be rewritten in terms of [ = 2 second order moments of these
fluctuations. Statistically, this is an effective property to know as it is key to describing the reduced

density operator in terms of second order moments of B -
C(t) = Tra[B(1) B(0)ps]

this means experimentally if one has access to the correlation function, then one can describe the
dynamics of an open system. The dynamics of the reduced density matrix can also be formulated
through master equations or stochastic equations, with the Lindblad being the most used equation

of motion in the field [54].

3.2 Krylov complexity

From definition, we already know that complexity entails knowing how an operator evolves through
time and how complex it becomes over time; complexity thus entails knowing the dynamics of
the systems and so for open quantum system, understanding and computing complexity using the
Lindbladian made good research for [12]. Studying the complexity of an open quantum system
using the liouvillian £ = [H, -] demonstrates how differential equations do not follow as with closed

systems.

The non-hermitian effects of the environment [55] on both the Von Neumann and Heisenberg equations
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Closed systems Open systems

Von Neumann: | p = —i[H, p] + 3L LepLl — YL Lypl]

Heisenberg: O =i[H,0] |+ ,[L,OL} — LLLL,0]]

Table 3.1: Equations of motions for different systems

as in table 3.1 are seen as an addition to the usual equation of motions thus giving a definition to

the Lindbladian [54] -

CAEURE S T

Given a hamiltonian and a choice of Lindbladian operators Ly, the lanczos algorithm is used in
principle to generate a recurrence relation for the nth operator which contributes to the computation
of krylov complexity; but due to the non-hermiticity witnessed in open quantum systems a more
suitable recursive algorithm namely, the arnoldi iteration, is typically ideal - for the most part it is

similar to the lanczos algorithm but differentiated by the use of a non-hermitian matrix [56].

Given that the arnoldi iteration is known as a full orthogonalization procedure it is still appli-
cable to any non-hermitian system such that, should the system be hermitian, then the underlying

algorithm reduces to the lanczos algorithm.

Arnoldi iteration

For j =0 to k-1
hjk-1 = (vjlur)
k—1
luk) = luk) = 32520 hje—1lv;)
hjgk—1 = ||ukl|

if hj x—1 = 0 break, else set |vg) = hlui:l and proceed to step 3.
he

Table 3.2: Arnoldi iteration algorithm

The arnoldi coefficients h; ;1 as detailed in the above table, detect the dissipation effect in the
system, with the diagonal elements storing information about the dissipation and the off-diagonal

elements keeping track of the nature of the system whereas the lanczos coefficients are known to

40



not do so. [12] deduced the above observations from considering a 1d Transverse-Field Ising Model
(TFIM) with open boundary conditions that, through jump operators [57], describe the interactions

of the system with the environment without any specification of the environment detailed -

N-1 N-1 -1

z __Z xT z

Hrreryp = — g 00541 —9 ijh g o;.
=1 i=1 =1

Given some operator O, its dynamics under the Heisenberg equation is given by -
O(t) = e'Fol

and is applied to the lanczos algorithm with [12] using a vectorized form of the linbladian £y. The
vectorization implies a change of the linbladian matrix from a (2V x 2V) to (4 x 4%) leading to a

doubling of the hilbert space.

7
Lo = (I®H—HT®I)+§Z(I®L;Lk+L5L*®I—2L;{®L;)
k
[12] further used jump operators L with the damping amplitudes o = [0.01,0.05,0.1,0.15] and a bulk
de-phasing amplitude v = 0.1 on a N=6 lattice site system in order to analyse the lanczos coefficients

(b],s) for both the integrable and chaotic limit;

L1 =+aoy Lo = Vaoy
Lyi1 =+ao} Lyio =Vaoy

L; = /707 i=1,2...N

From figure 3.1, [12] noted how the upper most figures, (a) and (b) show the growth of lanczos
coefficients in an integrable and chaotic regime respectively. As the parameters v and « are in-
creasingly varied over large n the two figures bear similar behaviour while within a small n range,
the increase of the non-hermitian parameters - v and «, shows a deviation from hermiticity ((c)
and (d) each depicting the deviation of lanczos coefficients from hermiticity). The deviation as
purported by [12] is due to decoherence and not due to the chaos or integrability of the system,
this then lead to the conclusion that the typical hermitian lanczos algorithm is not enough of

a probe in distinguishing between an open and closed system as it is not a good enough probe
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Figure 3.1: Behaviour of the lanczos coefficients of operator O located at the Zs site within an
integrable and chaotic time limit. Retrieved from [12].

(over large n) in discerning the growth of the lanczos coefficients between integrable or chaotic regimes.

Implementing the Arnoldi algorithm gives pseudo-equivalent lanczos coefficients of an open system

which are known as the arnoldi-coefficients h,, ,—1 and instead of following the typical tri-diagonal

form of the hamiltonian, the arnoldi algorithm provides an alternative hessenberg matrix form [56] -

LO

ho,o
hio
0

ho,1
hi
ha1

s

hO,n
hl,n
has
hnfl,n
hn,nfl hn,n

Following the arnoldi algorithm stipulated in table 3.2, the off diagonal entries just below the diagonal

elements are interpreted as the norm of vectors u; while the diagonal elements h,, ,, themselves are

purely imaginary being as purported by [12] as a result of the system interacting with the environment.

Applying the arnoldi iteration to the 1d Transverse-Field Ising Model, the behaviour of the arnoldi
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coefficients h,, ,—1 for both the integrable - fig 3.2 (a) and chaotic limit fig 3.2 (b) is seen to remain
intact without any deviation and unbounded growth when there is an increase in the dissipation
parameter, and so to better understand the growth of operators and distinguish whether the system
is integrable or chaotic, the arnoldi iteration proved better. The downfall in the arnoldi coefficients
is seen with its lack of demonstrating non-hermiticity when the dissipation parameters are increased
when evaluating the growth of the difference |hy n—1 — hp—1,n| (fig 3.2 (c),(d)) as they just seem to

portray similar behaviour when parameters are increased.

T
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Figure 3.2: Behaviour of arnoldi coefficients of operator O located at the Z3 site within integrable
and chaotic time limits. Retrieved from [12].

Having analysed the purely imaginary off diagonal elements of the hessenberg matrix Ay, ,, [12]
observed a better distinction of non-hermiticity between open and closed (blue plot) systems and
as such concluded on that h,, ;" are better in demonstrating non-hermiticity when the dissipation
parameters are increased as pictured in figure 3.3 however, the off diagonal elements are poor
in differentiating between integrability and non-integrability (seen in Fig3.4b) while the arnoldi

coefficients prove to be able to discern between the two regimes as compared in figure 3.4a

[12] concluded that while the lanczos coefficients are effective for hermitian operators, when dealing
with open systems that are effectively described by a Lindbladian evolution, the non-hermiticity is

only well identified through using the arnoldi algorithm. The classification between an integrable

43



10 Ma=0 B i
Ha=001
08 - W a=005
Ma=010
0.6 - A
Ha=015 y

(a) (b)

Figure 3.3: Behaviour of h,, ,, coefficients of operator O located at the Z3 site within integrable and
chaotic time limits. [12]
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Figure 3.4: Behaviour of off-diagonal coeflicients of operator O located at the Z3 site within integrable
and chaotic time limits. Retrieved from [12].

and non-integrable regime is also well differentiable when using the elements of the upper hessenberg

form matrix that represents the linbladian.

Given that [12] restricted their outlook on operator growth by using the analysis of lanczos and
arnoldi coefficients, a hesitancy in computing the explicit krylov complexity by [12] was noted due to
the possibility of encountering computational errors caused by the loss of probability conservation on

the krylov basis.

This then makes way for another outlook that can be used to compute the krylov complexity
in open quantum systems; [13] explored a system coupled to a markovian bath, their results obtained
are purported to be universal for all chaotic hamiltonians and are based on the statement that, the
krylov complexity of an open system can be mapped to a non-hermitian tight binding model in a

half infinite chain. We know that after expanding an operator/state through the krylov basis;

10(t)) = pn(t)| Kpn)
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the operator dynamics for an open system are described through the Lindbladian such that p(t)
satisfies a tight binding model - a model that describes a single particle hopping in an half-infinite
chain. The same dynamics for a closed system are typically described through the Heisenberg
evolution with p(¢) also being described through a tight binding model, the differentiating factor
between the dynamics of an open and closed systems thus lies in the dissipation that is encoded in
the open system Lindbladian consequently giving rise to the different tight binding models referenced

in table 3.3.

Tight - binding model

Closed system: iatpn(t) = _bn+1pn+1<t) - bnpn71<t)

Open system: | i0;pn(t) = —=bpr10n41(t) — bppn-1(t) =17, dnmpPm

Table 3.3: Mapping of a krylov complexity to a particle hopping in a half - infinite chain

For whichever open quantum model, the strength of the dissipation in the system is described
by the parameter + while the coefficients d,,,,, give the non-hermitian terms that are mainly com-

posed of the dissipation operators M; and the krylov basis K, -
dpm = > Tr[KJ{MIM;, K} £ 2K MK, M) (3.2)

krylov complexity is nonetheless still defined as the average distance measured in a half infinite chain

with a total weight factor of = where Z =" |pn|? -

) = 2 Y nlon(®)

n

Applying this new framework to both the SYK model and the one dimensional lattice model of inter-
acting spinless fermions, [13] noticed as in figure 3.5, a similar behaviour in the diagonal coefficients

d,n across the board even though they dealt with different types of chaotic hamiltonians.

Referencing equation 3.2, same as in the case of increasing lanczos coefficients for chaotic hamiltonians
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Figure 3.5: Behaviour of diagonal d,,, coefficients for the non-hermitian terms for both (a) the SYK

and (b) 1d lattice model. Retrieved from [13].

[13] found a linear increase in the 'd,, coefficients as n increases followed by a saturation when
n > ng, the reasoning behind their observation depends on the supposition that; given a local operator
M; and a basis K, acting trivially at site ¢, the commutation of the two does not add contribution
to dpnp and as such only the the operator size growth of K, (as n increases) is seen to contribute to

dpp. [13] further assumed that the growth behaviour of d,,, was ~ n® with § = 1 for generic chaotic

hamiltonians.

Using the results from [9] that generalizes krylov complexity to being an appropriate bound of
the OTOC commutator, [13] used the OTOC of a closed system at infinite temperature (|[O(t), M;]|?)

together with the krylov complexity /C(t) to support their claim on the growth behaviour of d,,,;

D A0, MP) =D (1D pu(t) Ko, Mi]?)

7 7

~ 30D lon () P (|1, M)

=" lon ()P dnn < CK(t)

lwhen m=n, this gives the diagonal elements dnn = >_; Tr[[Kn, M;]T [Kn, M;]]
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Knowing that K(t) = £ >, n|p,(t)|* then -

3 1on(®) 2 dnn < CE(E) =2CS nlpn(®)]?

For the bound to hold then § < 1, with the bound being a supremum when § = 1, leading [13]
to conclude that a linear increase of the coefficients d,,,, exists. Beyond using the behaviour of the
coefficients to distinguish the chaoticity of the system, the spectrum of the non-hermitian tight
binding model is known to play a crucial role in describing the dynamics of the krylov complexity

with the time evolution being denoted as follows -
o) = 3 i1
1

When the dissipation parameter is larger than some dissipation constant (v > ~.), the eigen-state ¢;
and the respective eigen-energies {¢], ¢/'} display a gap in the eigen-energies € = ¢’ — i€’ as noted
in fig 3.6 (b), the two modes that are noted below the gap are known to produce wave functions
|¢(n)|? that are localized at the edge of the half - infinite chain - a characteristic believed by [13] to

be exhibited by non hermitian tight bonding models as seen in fig 3.6(c).
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Figure 3.6: (a,b) eigen-energies for v = 0.007 < ~, and v = 0.04 > . respectively. (c) wave functions
of 2 modes below gap and (d) behavior of 7. with ny. Retrieved from [13].

The two localized modes are further noted to have ascendancy over the long time evolution of p such
that the krylov complexity is seen to saturate to a much smaller value than that typically witnessed
in closed systems with the same hamiltonians, leading to the conclusion that dissipation suppresses

the growth of complexity as illustrated in fig 3.7.

2C being some constant
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Figure 3.7: krylov complexity in open systems (red) compared to that seen in closed systems.
Retrieved from [13].

3.3 Circuit complexity

Section 3.2 detailed the different methods that have so far been used in understanding krylov
complexity within an open quantum system, these methods have shown the role that the environment
and dissipation play on the growth of krylov complexity; following from the investigations done
in computing circuit complexity under closed quantum systems, we extend the study of circuit
complexity under open systems with the use of other regimes namely - Complexity of Purification

(COP) and Operator state mapping [14].

3.3.1 Complexity of purification

Complexity in QFT is interpreted as the difficulty associated in preparing a state |[¢7) | =1 via a
unitary transformation U from a pure, typically disentangled reference state |[¢g), a question then

arises as to what quantum information and properties are held by mixed states.

When one has a pure system, entanglement is typically a good measure of quantum correlation, but
when one has a mixed system like an open quantum system then entanglement entropy is not a good
measure of quantum correlation resulting in the use of entanglement purification [58]. Complexity
of purification is an analogue of entanglement purification; and so while complexity is for a closed
system, complexity of purification is a process similar in thought as the entanglement purification to

compute the complexity for open quantum systems [14].

Complexity of purification [59] generalizes the notion of pure state complexity to mixed states

- given a mixed state p4 in some Hilbert space H 4, a new enlarged Hilbert space with an ancillary
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system A’ is defined -
H=Ha@Ha

many purifications |¢r) thus exist in H such that once the ancillary is traced out, the original density

matrix is recovered and defined as -

pa = Trag,, (|the) (i)

Complexity of purification is then defined as the minimum of complexity C with respect to a reference

state |tg) and to all possible purifications |1)r) -

Cplpal = min|yenC([YR), [¥1)).

[14] considered both the harmonic oscillator and pseudo-chaotic toy model represented by the inverted
harmonic oscillator when using COP; for the harmonic oscillator, they investigated the behaviour of
complexity when the bath interacts with the system and when the system transitions from being
under-damped to being over-damped while for the inverted harmonic oscillator, [14] wanted to
understand how the environment can affect the unstable fixed point typically found in an inverted

harmonic oscillator and if complexity can be used to regulate chaotic-like behaviour.

The system at hand is represented by the harmonic oscillator while the environment/bath is rep-

resented by a one dimensional free bosonic field theory, resulting in the defined hamiltonian [60]

L 2
H:/O dm{;(HQ—i—(am(éR)Q)—Fé(x)—i— ;P2+“;°Q2+2AQ<9I¢RH

with both the system variables [@, P] and the fields [¢(x), II(x’)] being canonically conjugate. Having

considered the hamiltonian under a quench protocol,

H., t<0
H = (3.3)

H., t>0

H- is used to evolve the system and to get the final state |1(t)) = exp(—iH=t)|t(0)) while H. gives

the hamiltonian for both the system and bath when decoupled and is used to attain the ground state
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- 1 1
= Z Qn (alan + 2) + Qo (agao + 2)
n=1

with the following terms in mode expansions -

_ i
Q - 2Q< (CLO + a’O)
P=— Q—;(ao — a;g)

o(z) = \/zi sin (’Zb) (\/2%) (an +al)

-2 S () (2 Y

The hamiltonian describing the environment/bath when introducing a dual field II(z) = —9,0

becomes represented as follows -

L
HB:/O dx%[(amo)%r(am)z}

where the fields ¢ and 6 are translated into left and right movers that satisfy the commutation

relation rules.

¢(x) = or(x) + ¢r(2)

0(x) = Or(x) + 0L (x)

Applying the dirichlet boundary conditions on the fields leads to an implication that ¢y is a
continuation of ¢ when x < 0, using this, the Hamiltonian can be written in terms of right movers

and the equations of motion -

L 2 . w(Q) 2
H:/ dx{((@wqu) )+ (x) + §P _‘_72 Q +2AQ8€E¢R}}
L

Knowing that the right movers of the field equation are functions of (z,t) and limiting their range

of integration about (z = 0), [14] further denoted ¢},(x) := ¢r(x > 0) and ¢x(z) := dr(z < 0) to
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simplify the equations of motion of the operators -

Opr = —0:0r — 0(2)\Q — 0= ¢;($ =+e€) — dp(r = —€)|eso + AQ (3.4)
2Q _ *Q . .
CE = uBQ-200r(0)  —  TE+udQ= A0k =0) + Bz =0)]  (35)

Solving for the differential equation involving @ (equation 3.5) includes splitting it into both its
homogeneous and particular parts, such that the homogeneous section is solved through the typical

differential methods while a Fourier transform is performed for the particular solution of Q.

Q) =Qu(t)+Qp(?)

= ert{[cos Ot + gSiHQt]Q(t =0) + éSithP(t = 0)}

r 1 . 12/ 2w
Tt [eos Ot + = sin Q) = 0) + = sin QG p(t = T on
e {[cos + q Sin t|Qp(t =0) + q Sin tQp(t=0) p+ T —" R

The differential equation for the field/bath in terms of right movers is given by -

w? — i2Tw — wi

Ph(w) = —V2IQpr(w) + (wQJriQFwwS>¢R<w)

with the damping variables defined as I' = /\72 and Q = /w3 —I'2. Getting the reduced density

matrix of the system/oscillator involves tracing out the bath/environment/string gg = Trp[g] -

s = Trp|7)
:/dxd:c’ps(m,x’)|x>(x’|
= /dajdm’/ﬂidqip(x, {ai}’ {@i})|z) (2]
— [ dade’ [ Mgt @' e o'
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In position representation, the density matrix of the system through time is defined as follows -

ps(z,2’) =4/ 7171__ iU exp{ - %xQ - %xa + nxx’} (3.6)

y=m+ineCneR (3.7)

Knowing that correlation functions can be produced from reduced density matrices, the parameters

~,n can thus also be reproduced from correlation functions [14],

1., 1
Nn=0p——(g—~)
Qo ¢ 4
g
’Yz=—£
oQ
1, 1
n=op %(UQ‘F*)

defined by its first and second moments with the moments of any order being derived from a

characteristic function; <Ol(t)>ﬁl€),C’F(e, t) = %i),tr(p exp —in(ea + e*al)) -

oo = (QUQ(D) = ﬁ

_ b=
2(m1 —n)
)

T
1 -1
oer = 3(QUPE) + PORWM) = —5 .

op = (P(t)P(t))

Once one has the reduced density matrix, complexity of purification can then be applied in order to
see the effects of the bath on the system. Following the purification used in [61, 62, 63], [14] chose an
ancillary system to represent the total system in size, with the subsystem at hand being the oscillator.

The pure wave function consequently has a parametrized structure in position representation -

1
(T, Tane) = Nexp{—i(axz + B2, — 2T ane)}
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The reduced density matrix of the system at hand, after tracing out the ancillary hilbert space is

given by -

ps = Tranc[p(®; Tanelz, x;nc)} (3.8)

:/iﬁ%mwa%mwwﬂwaa (3.9)
Aﬂ“p{;K“m£%9$2*cfégéﬂfﬂ+(nz%0”ﬂ} (3.10)

Through the matching of equation 3.6 to equation 3.10, the values of [«, Re(8), 7] are evaluated as -

a=0p
Re(ﬂ) = 20Q

7%= 402213 — 1+ 4iogp.

Applying the same method used when computing circuit complexity (as seen in chapter 2.3.1); the
reference state for the system is defined by using the aforementioned pure wave function (¥(x, Zanc)),
when taking into account the assumption imposed by [14] that (Q) = 0 and (P) = 0 for the initial
wave function this simplifies the pure wave function even further to give - 1, ~ exp{—3w, (2% +22,.)}.
The reduced density matrix pg is defined as the target state; using the two states, the complexity is

then calculated to give -

)= 3 () Iy

7

with

wi = 5(a+p+la= PETar)
ws = 5(a+ - la= PE+ )

w, = 1.
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Since complexity of purification is the minimum of the complexity C, the minimization of the above

complexity when carried over to Im(3) [14] gives the following complexity of purification -

e\ () o (-2

7

and so for the harmonic oscillator, the complexity of purification given by the different damping

Cp

1.0

— Overdamped

— Underdamped

0.4 -
t

Figure 3.8: complexity of purification for a harmonic oscillator in an open system with different
damping values I'. Retrieved from [14].

values is seen to generally saturate overtime. The smaller the value of the damping compared to the
initial frequency wg leads to an under-dampening of the system while, if the damping parameter is
greater than the initial frequency, the oscillator is over-damped as seen in Fig 3.8. The increase of the
damping parameter within the under-damped regime of I'> < w2 brings with it a kink irregularity

when analysing the saturation values of the complexity of purification.

Continuing with the same train of thought for analysing the complexity of chaos-characterized
systems, the complexity of purification for the inverted harmonic oscillator is differentiated from the
harmonic oscillator by a complex initial frequency {wg used in the definition of canonically conjugate
variable Q that describes the system.

Figure 3.9 shows the complexity of purification through time for different damping parameters I' with
the red graph representing the lowest value of damping used and cyan the greatest, for all values of
damping applied, a general linear growth is witnessed correlating with literature in that the growth
of complexity witnessed in chaotic systems, more so for the inverted harmonic oscillator as studied in

[64] is linear.
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Figure 3.9: complexity of purification for an inverted oscillator in an open system with different
damping values I'. Retrieved from [14].

The isolated inverted harmonic oscillator has an unstable fixed point that is used to characterize its
chaotic-like behaviour [14] noticed the role of how varying the damping parameter I" contributed to
the regulation of the system. Starting from a low valued I, the slope of the complexity of purification
is large and seen to grow linearly, with it decreasing in slope angle as the value of damping is increased

(as illustrated in Fig 3.9).

The more damping and interaction is introduced to the inverted system it seems that, while still
growing in a linear manner, a decrease in the rate of growth of the complexity of purification is
observed, implying an effect that the damping/interaction has on adjusting the instability of the

system.

3.3.2 Complexity by operator state mapping.

Operator state mapping is another diagnostic tool that is used to compute the circuit complexity,
it involves taking an operator O with a matrix representation and orthornormal basis {Im)} and

mapping it to give a corresponding state that will be used as the target state [65, 66] -

A A A 1 A
O =Y Opmnlm)(n| +—10) = —— ) Omnlm)in ® [n)out

mn 1/ Tr[OTO] m.n

[14] also included in their study of the complexity for open quantum system the circuit complexity

through operator state mapping, which mapped the reduced density matrix gg to a state in a doubled
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Hilbert space -
1
fs = /dxd:r’ps(x.x')m)(x’\ — /dxdx'p§ (z.2")|2)in ® |2 ) out

The corresponding wave function in the doubled Hilbert space will be used as the target state in

computing the complexity -
1
P(z,2) = pg (v.x")
22\ 7 1 1
= (W) exp[—3 (7 + n) a? - (W* + 77) 2 4+ \/2n(m + n)za’]

T 2

To further simplify the effective wave function the arguments found within the exponential are

diagonalized using a basis {X, X'} [14] -

2,2\ 1
vlz,a') = (Eﬂ ) exp [— S6+ B)X? - S(6 —E)Xﬂ
whereby
X I T
X' v z/
u= %(1+i%) §1 = Re[y + 1
=302 Yy

circuit complexity from the Operator state mapping for the open system doesn’t seem as much as
a good probe of complexity for both the typical and inverted oscillator, the linear growth that is
expected for chaotic systems (for the inverted oscillator) was not apparent as seen in figure 3.10, only
a general saturation dominating through for all the different damping parameter values was noted.

The lack in the probe sensitivity of the Operator state mapping is, as proposed by [14] due to the
lack of a tracing minimization method seen in the complexity of purification procedure, this then
continues the search for methodologies that could be better probes of complexity in open quantum

systems.
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Figure 3.10: complexity of purification for an inverted oscillator in an open system with different
damping values I'. Retrieved from [14].

3.4 Krylov complexity for non gaussian random matrix model
random matrix model with noise

This chapter will make some progress by extending investigations towards a new open quantum
system, applying part of the techniques mentioned in previous chapters to compute complexity; in
this section we will in part study the effects of the environment on both the spectral form factor and

Krylov complexity of two models namely;
e The random matrix theory (RMT) with an addition of noise as our base model.
e Non - gaussian random matrix theory with quartic and sextic potential terms.

with both models being drawn from [67]. RMT’s are typically characterized by a ramp time scale - a
time scale that distinguishes energy correlations, the energy levels below the ramp time scale are
believed to portray no correlation while the energy levels above the ramp time display correlations.
The spectral form factor SFF is then the primary tool that is able to probe both the timescales and
spectra of such systems [68, 69, 70] and as seen in chapter 2, the relation that the SFF has to the
auto correlation function makes it an important element that can also be used in computing the

krylov complexity for the open system.

3.4.1 The spectral form factor

The environment is part of the key definition of an open quantum system, and so the effects that
the environment has on the SFF has an analogue given by the fidelity of a coherent Gibbs state

e—BEn/2

lvg) = Zi:l WM) and its time evolution [71, 72], the simplified fidelity as seen in [73] is
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given by -

F(t) = (¢s] &(Q Ky
density matrix

F(t) = (sl Alp(0)] ¥5)

——

time evolution described with the use of a quantum cha.nnelA3

F(t) = (¥p|Allvs) (¥slllvs)

Zo(B +it) |?

ko) = ‘ Zo(B)

Following [71, 72|, expressing the above fidelity function in terms of a partition function that has
been continued to complex inverse temperature simplifies the process in acquiring the SFF for both

our gaussian and non-gaussian model.

/1 o —u?
F(t) = m / dye 4yt

e SFF for the gaussian RMT with noise:

Zo(B+i(y+1)|?
Zo(B)

Systems SFF

(3.11)

Most gaussian matrix ensembles consist of matrices that have random entries that have been
drawn from a gaussian distribution, the joint probability distribution of these is then given by
[67]:

P(M)dM = exp <_21trM2> dM (3.12)

the equation above thus allows for any ensemble of matrices to be chosen meaning that the
random elements of the matrix can be drawn from any ensemble[67], an ensemble that is

typically used to describe a time dependent RMT is given by:
Z = / dMe=Tr (VD) (3.13)

with V(M) being the system’s potential which, for the gaussian RMT is given by V = %Mz.

The ensemble explicitly expressed in the eigenvalues of the matrix is written out as [67] -

Z-1Y, /dAie*N SN VAD+B TN, og(hi—Ay)

The reliance of the spectral form factor on the random matrix theory follows in the definition

3A positive linear mapping from density operators to density operators and is also trace preserving [74]

58



of the spectral form factor getting its definition as a partition function that has been analytical
continued [67] -
4 4
Z(B+it)|> = e PEm B gmitlEn—Eh) (3.14)

m,n
given the polynomial potential V' (M), the SFF is then averaged over the matrix ensembles to

better analyse the characteristics associated with quantum chaos -

125 +it)P)

SFFoverage = G(B,t) = <Z(ﬁ)>2

(3.15)

e SFF for non gaussian RMT with noise:

Viewing the non-gaussian RMT as a deformed gaussian [67], we take the results from [67] and
extend the investigation towards the non-gaussian spectral form factor to observe the effects
that the environment has on the system’s SFF ramp time scale in order to compare it to the
gaussian spectral form factor (base model). The potential used for the non-gaussian RMT used

in defining the SFF is differentiated by the presence of both quartic and sextic terms -
1 g h
V(M)=-M?+=M*+ — M°
(M) 2 + N + N2

While the spectral form factor and its average can be attained analytically as seen in [67], a numerical
alternative was used for this project. Figure 3.11 exhibits the averaged SFF of both models, the
effects of non-gaussianity are noticed to change the minimum time and ramp slope, with no affect on

its late time behavior.

— Gaussian
£ =3h=10
g =1,h=1000
g =10, h =200

1 1000

Figure 3.11: Averaged Spectral form factor for both the gaussian potential (blue) and non gaussian
potential with varied parameters g/h.

4eigenvalues from the potential V(M)
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The obtained SFF results are then used in the defined fidelity equation (3.12) in order to see the

effects of the environment on both models as captured in figure 3.12 and figure 3.13.

— y=10"

0.100
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0.010 Y=10—1
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1 1000

Figure 3.12: Averaged gaussian spectral form factor affected by the environment.

010 — g=3,h=10,y=1

g=3,h=10,y =10
g=1,h=10% y=1

0.010

0,001 — g=1,h=10°, y=10

Figure 3.13: Averaged non-gaussian spectral form factor influenced by the environment.

The classic dip-ramp time scale (a typical characterization of a chaotic system) is witnessed even
when including noise to both models, the late time behaviour for both the gaussian and non-gaussian
is also the same due to the eigenvalue correlation that exists at short distances [75] - seen in figure

3.12 and figure 3.13.

It is noticed that, the greater the value of the parameter v the lesser the length of the ramp
time scale, while non-gaussianity has been shown to have an early dip time in figure 3.11, the dip
time becomes greatly differentiable when the parameter 7y is increased - the greater the parametric

value, the greater the dip time.

the dip time is used to see when the ramp behaviour begins, the ramp time on the other hand is

5strength dephasing parameter seen in equation 3.11
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known to be a key indicator of the differences in the nearest-neighbor energy eigenvalues of the SFF
and so, knowing the dip time and how it is affected by the environment speaks into the emergence of
random matrix behavior in a quantum chaotic system and how its affected by the environment. To
conclude - from figure 3.13, the greater the effect of the v within the system then this delays the

occurrence of the typical effects of the RMT.

Taking the above results in hand, the relation between the SFF and krylov complexity already
implies a dampening effect that the environment could have on the complexity which will be

numerically explored in the following section.

3.4.2 Complexity Results

The Quantum mechanical state of any system evolves through time according to the Schrodinger
equation:

0P (t)) = H|b(t))

with the state of the system at the time ¢ being given by -

w) =3 T )

n=0 n
-y Sl )
n=0 '

Using the Gram-Schmidt procedure on the basis |1, ) normalizes and generates an orthogonal basis

K that expands the subspace of the Hilbert space explored by the evolution of the initial state

1(0)) == |Ko)
K={K,):n=01,2...1}

The procedure also tri-diagonalizes the hamiltonian (when H hermitian) on the basis and as such

expressing the H on the basis simplifies the state -

which is used in part to define krylov complexity -

C(t) = Cie(t) = D nlen()]?

n
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Evaluating the tri-diagonalized hamiltonians of the matrix models we are investigating, then the
growth of complexity for the models, differentiated by the different values of g and h, is illustrated in

fig 3.14. We see that the effect of the non-gaussian terms in the Hamiltonian, when compared to
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Figure 3.14: Growth of complexity of gaussian and non-gaussian RMT model through time.

the gaussian hamiltonian (base model), changes the initial slope growth and also the initial point of

saturation, but after time, the saturation value tends to be the same for the different models.

Taking the role of the environment into account for both the gaussian and non gaussian model
includes the use of the Lindbladian, which uses the evolution operator (e~*%0) instead of (e~ *H).
From [12] we know that the operator can act on a doubled Hilbert state constructed from the density

matrix and is represented by -

i
/:0:(I®H—HT®I)+§Z(I®L2Lk+L5L*®I—2L{®L;)
k

Where H represents the aforementioned closed system Hamiltonian for either the gaussian or non-
gaussian model. Taking a simple consideration that there be v number of the jump operators Ly,

depending on the hamiltonian according to a function w [72] -

Lk = w(H)

— HS

The result of complexity evolution for the different parameters v and for the case § = % is given by
figure 3.15
We see that the introduction of noise in the system causes an initial sharp increase but followed by

an exponential decay at later time. Instead of the lindbladian, the evolution can also be represented
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Figure 3.15: Growth of complexity for open gaussian model.

by an effective hamiltonian [72] -

Heff = HO — i*yw(Ho)Tw(Ho)

For this case, we also define the complexity to be given by the components of the state vector at
time ¢ in the krylov basis. The comparison of the effect of noise and non-gaussianity of the system

on the growth complexity for the models is illustrated in figure 3.16.

—
— Gaussian
g=4,h=0
_ 9=0,h=100
H“"‘-—-..ﬁ_____ﬂ_ ~— Gaussian,y=.1
T — g=4h=0,y=1
60 a0 100

Figure 3.16: Growth of complexity of open gaussian and non-gaussian model through time.

While the generalized characteristics of quantum complexity for both models in figure 3.16 are noted
i.e. - an initial quadratic growth, an exponentially long linear ramp, a peak, downward slope followed
by a plateau, the introduction of the strength de-phasing parameter v causes a decrease in the

generalized slope characteristics for complexity.

Analysing figure 3.16; for the gaussian RMT complexity represented in blue, when in contact

with the de-phasing parameter, its complexity growth (in red) has a shortened peak and a greater

63



downward slope that reaches plateau at later times. The non-gaussian RMT complexity illustrated by
the orange plot, when interacting with white noise, reaches a downward slope instead, with saturation
also occurring much later (purple). The suppressed growth of complexity witnessed from these results

support those found by [14, 13] and further pointing to a suppression in spectral rigidity [11, 76, 48].

Comparing the complexity growth of the gaussian RMT illustrated by the blue plot to the or-
ange and green plot that illustrate the presence of Non-gaussianity, this seems to flatten out the
prominent ramp-peak feature that is seen in most gaussian RMT’s, adding to the factors that reduce

complexity outside of the environmental factor.
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Chapter 4

CONCLUSION

4.1 Summary

The purpose of this thesis was underpinned with the aim of better understanding quantum complexity,
this includes better interpretations on quantum chaos. The study on complexity, while inclusive of the
literature that has so far contributed to the body of quantum complexity, also saw the introduction
of a novel investigation on an open quantum system namely, the non-gaussian random matrix model

affected by a dissipative factor .

We started with the definition of complexity - a concept commonly used in quantum informa-
tion theory, we explored its usage in quantum physics and how it inspired the introduction of circuit
complexity. Applying circuit complexity to a simple quantum field theory saw similar results when
compared to the ratio obtained using a different definition of complexity known as complexity =
volume C,. Holographic complexity Choi0, more especially complexity = volume C, is a probe that
associates the maximised volume of time slices as the complexity found on the boundary with efforts

of better understanding the Ads/CFT duality.

Another field theory (bosonic) was explored through the use of the Fubini-study metric to in-
troduce another method of complexity known as the Fubini-study complexity, this form of complexity
makes use of the symmetry found from the system’s hamiltonian to define a metric that in turn
will yield a geodesic distance from a reference to a target state which is interpreted as the systems’

complexity.

Krylov complexity is another form of complexity included in the thesis that explores the quan-

65



tum mechanical framework under a Krylov subspace contained within the hilbert space. The basis
under the krylov space was seen to be generated through the lanczos algorithm and consequently
used to express and expand a time-dependent operator into complex time-dependent coefficients; a
time evolution equation is typically applied to the operator to give a differential recurrence equation

which, when solved, gives information regarding the evolution of the operator.

Depending on the problem at hand, we now know that Krylov complexity can be measured through
different methods - from a geometric approach that analyses the system’s symmetry and coherent
states in order for the evolution of the operator to be geometrically expressed, to using an operator’s
two point function in order to attain lanczos coefficients that will be used to characterize the com-
plexity of the system; we have also seen that instead of operator space, Krylov complexity can be
probed in state space to give the spread complexity of an initial state. Summarily, in this study, the
complexity growth of chaotic closed systems has been shown to exhibit generalized characteristics -
linear growth that reaches maximal complexity, a plateau due to saturation followed by a Poincare

recurrence.

In chapter 3, the question of complexity in open systems was investigated to which, different
approaches were also investigated. Krylov complexity within open systems follows the same outline
noted within the closed systems, the differentiating factor comes in when considering the system’s
liouvillian. The presence of linbladian operators and the non-hermiticity of the open system called
for the use of the arnoldi algorithm which was used in characterizing and discerning chaotic systems

through its arnoldi coefficients.

Continuing with the Linbladian, the evolution of the operator in the open system can also be
expressed as a differential recurrence equation known as the tight bonding model to which when
solved, is also used in defining Krylov complexity. The characterization of chaos in systems is typi-
cally noticed due to the linear growth of complexity, in the open system investigated in chapter 3.2,
dissipation found in the system was attributed as the cause to the suppressed, non-linear complexity

growth that was witnessed.

In Chapter 3.3 we see the use of circuit complexity in an open system with the introduction
of complexity of purification, this method of complexity generalizes the concepts of pure state circuit

complexity to mixed states. Applying this method to the chaos-like inverted harmonic oscillator
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included the use of a pure wave function and disentangled reduced density matrix as the target state,
the circuit complexity carried out also saw results corroborating with literature that support a linear

growth in complexity for chaotic systems.

Chapter 3.3.1 introduced a probe that proved less sensitive to detecting the growth of complexity
namely - complexity through operator state mapping method. The procedure of mapping an operator
that has a matrix representation to a corresponding state without a tracing minimization is believed
to be one of leading reasons as to why there’s an overwhelming presence of saturation through time

witnessed in the complexity growth of an inverted harmonic oscillator.

Investigating an open quantum system and its Krylov complexity through the use of a novel
non-gaussian random matrix theory model, the presence of the environment modelled through a
strength-de-phasing parameter brought a decrease in the growth of the state complexity that is
typically witnessed in both open gaussian and open non gaussian random matrix theories, the role

that non gaussianity plays has also been noted as a decreasing factor in state complexity.

4.2 Outlook

The extensiveness of the complexity literature for open quantum systems is still underway and so with
more models and methodologies being explored, the better the knowledge will become in knowing
the different factors that affect the growth of complexity. Continuing with the study of complexity
and following [9]’s suggestions, g-complexity offers another type of complexity that goes beyond the
bounds of Krylov complexity and OTOC’s which is worth investigating. The geometric relation of
Krylov complexity to phase space volumes through the liouvillian and coherent states as per [11] also
opens new research avenues of exploring non-generalized combinations of algebra elements - drawing

from [77, 78], the use of machine learning in this area would also makes for good research.
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