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INTRODUCTION

In functional and numerical analysis, iterative proce-
dures are often devised in order to construct or approximate
an element which lies in a given set or satisfies a given
relation. At each stage of the iterative process we are
dealing with elements which satisfy the desired condition
only approximately, the degree of approximation becoming
better at each step. TFor example, to construct a point x
belonging to a given set Z we consider a family Z(+) of
so-called approximate sets depending on a small positive
parameter t . The inclusion 1z € Z(f) means that z € Z
is satisfied only approximately, the approximation being
measured by the number t . It turns out that, under suitable
hypotheses about the behaviour of the function t =+ Z(t) , it

is possible to obtain a convergent iterative process.

V. Ptk on analysing the above approximation procedure
developed the notion of rate of convergence as a function w
on the domain of t . Using this approach the key issue
becomes the possibility of passing from a given approximation
Z(t) to a better one Z(w(t)) . This step corfesponds to the
step from n to n + 1 in classical induction proofs.

Pt&k's Induction Theorem, the central idea.in his work on non-
~discrete induction, can in fact be regarded as a continuous
‘analogue of the method of mathematical induction. It gives
an abstract model for iterative existence proofs in functional
and numerical analysis. It provides a method for the investi-
gation of iterative constructions as well as yielding con-

siderable simplification of proofs. The method involves the



construction of a system of relations which describe the
desired relation with an increasing degree of accuracy and
such that this relation is a limit of the system in a

natural manner.

Pt4k carried out his.preliminary investigations in this
field during the 1950's and 60's making a detailed study
of complete linear topological spaces. His aim was to find
ways in which to extend the realms of the Open Mapping and
Closed Graph Theorems, using Znter aliZa his notions of
B-completeness and nearly‘openness. Eventually he began to
delve more deeply into fhe metric aspects of these two
theorems and discovered the essence of their mechanisms to
lie in the idea of rates of convergence regarded as functions
which he called small functions. Finally, in 1973, he
applied the small function.approach to the approximation
technique underlying the Closed Graph Theorem and reworked
this theorem into a more abstract setting. This gave rise to

his Induction Theorem.

The ideas involved in this work have been refined and
expanded over the past few years and Ptdk has found several
applications of his rather powerful theorem. He has shown
that the classical Closed Graph and Banach Fixed Point
Theorems are simple consequences of it. 1In addition he has
described applications of the Induction Theorem to the
following: an analysis of the rate of convergence of
Newton's Method;» Moser's Theorem concerning a modification
of Newton's Method; the problem of finding eigenvalues of

almost decomposable matrices; proof of a Selection Theorem;



factorization of elements of a module over a Banach algebra;

Kadison's Theorem concerning strict irreducibility of

*-prepresentations of B*-algebras.

The aim of this thesis is three-fold:

(1)

(2)

(3)

Throughout the exposition the editorial "we

to develop the theory of small functions;

to synthesize Ptdk's work presented in his papers
[10], [11],...,[16] into a coherent body of

knowledge;
to elaborate on Ptak's work

(i) by providing small function generalizations
of Banach's Fixed Point Theorem and Edelstein's

Extended Contraction Principle;

(ii) by connecting the Induction Theorem to Baire's
Category Theorem and Cantor's Intersection

Theorem.,

" is to be

understood in the sense of Halmos [18]; '"we" means '"the

author and the reader'.



Section 1

RATES OF CONVERGENCE

1.1 Rate of convergence as a functipn

Instead of regarding the rate of convergence of an itera-

tive process as a number Ptdk [11] defines it as a function.

1.1.1 Definition Let T be an interval of the form

T={t:0<t<t,} for some number t, . A rate of
convergence on T 1is a function w with the following
properties:

(1) w maps T into itself;

(ii) for each t € T the series t + w(t) + w(w(t))+...

is convergent.

Such functions w will be referred to as small functions.
In the sequel we shall use the abbreviation w? for the

n-th iterate of w , so that w?(t) = w(w(t)) , etc.

Several examples of small functions can be abstracted

from Pté&k's papers [13], [15] and [16].

1.2 Examples of small functions -

1.2.1 Linear small functions

If w 1is linear, i.e. w(t) = ot for some constant

o, then w 1is small if and only if 0 < a < 1

1.2.2 Functions of the form + -»> t?@

a

If a>1 and w(t) = t% , then w 1is a small function



on the interval 0 < t < 1 . This is not difficult to show.

Note that 27 1/(2"1) < 4 and that for 0 < t < 271/ (a-1)

we have t% < %t . By induction this leads to
n n
t? < (%) t , whence

: 2

xr=0 2
‘ <t + %t + (%) t+ ... 0= 2t .,

Ptak [16] finds this small function particularly useful in

his treatment of Moser's Theorem.

8
Y = z

1.2.3 A small function derived from the function z -+

8
Y - z

If y2>u48, >0, y >0, the function z -

gives rise to a small function defined for all t > 0

w(t) = t %—:~%—%—% where v = /(y + t)Z - 4B

~ This will receive a detailed treatment in Subsection 1.6, while a
demonstration of the usefulness of this small function will
be given in Subsection 6.1.4 in our discussion of eigenvalues

of almost decomposable matrices.

We proceed now to develop the theory of small functions

by establishing some of their properties.

1.3 Ways of generating small functions

1.3.1 Comparison with known small functions

Obviously, if w, is small on T and w, defined on

T is such that wi(t) < o¥(t) for all k € N and all



1.3!2

1.3.3

t €T, then w, is small on T . The condition

wy(t) € w,(t) for all t is not sufficient as will be

shown in Subsection 1.3.5.

A ratio test

w(t)
t

If lim sup

< 1 , then
t>o* ‘

w 1is a small function.

Note, however, that w(t) < t for all

shown in Subsection 1.3.4.

Step functions

If {ap} 1is a sequence such that

by defining w(t) as the first ap

t 1is not a

Xan-< <

such that

~sufficient condition for a function to be small as will be

ap vV 0, then

an < t, we

generate a small function, as represented in Diagram (1)

below. This is a technique we shall make use of in Section

3 in the proof of the Cantor Intersection Theorem.

Diagram 1

a1

AN
N

8o 4

I

S

™

[ ST
b o> o o oo > -

\

Vipwm we oe o e oo

-..--.ﬁ\\

ST fee e m o e

w
'\

[

-



1.3.4 A function which, although below w(t) = t , is not smal]

If w, is small and not non-decreasing and w, is
levelled out into a step function w, , where

wy (t) = sup wy (ty) as shown in Diagram (3) below, then
to <t ’ .

" w, is not necessarily small,

Let {pp} be the sequence of all prime numbers,

T the set {t : 0 <t < 1} , and define
® (JL) = 1 '
'\p, P, *+ 1

w;(t)

t?2 if t & éL for any n .,
n

Note that w, has been chosen such that, if at some

stage wf(t) = , then at the next iteration

1
P
wfﬂ(g-) = -2—15-—%-——1—)-2— , and at each stage after this
3 3 _ |
‘the element of T with which We‘are concerned will not
be of the form éL' for any ‘'n ., This function is

n
represented in Diagram (2) below,

4

Diagram 2
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Since t + t? 1is small, as shown in Subsection 1.2.2,
it is obvious that wa(t) < o i.e, that w; is
small. But, when w,(t) 1is replaced by

wp(t) = sup w,(t,) , illustrated in Diagram (3) below,
toSt

the function obtained is no longer small, it being a

well known fact that ZéL = @ (Niven and Zuckerman
n

[9), Chapter 8),
Diagram 3
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1.3.5 A function which, although below a small function, is not
small

It is now possible to describe the function promiséd'in
Subsection 1.3,1, a function w, such that w,(t) < w,(t)
for all t s W, small, but w, nof small. Let w, be as

in Subseétion 1.3.u‘and define



(
wz(JL) = —1
Pp Ph+1

t2 if t ¢ — for any n .

W, (t) 5
’ n

Then w,(t) < w,(t) for all t since p ,, > p, *+ 1

But Xw:(t) diverges for t =§%: ; m=29, g€ N,
P

n me IN.

1.3.6 Composite small functions

Let T be an interval {t : 0 <t < t,}, with w, a
small function on T . If ¢ 1is a positive increasing
function defined on T such that for each t € T
op(t) = ] w(w?(t)) <o , then w; = Yowew ! is a small

function. To see this let

o(t) = t + wy(t) + wi(t) + ...

t + Yolu® (o™ (t))]

and note that then o¢(t) < o since ow(t) < o ,

1.4 Relative smallness of functions

The concept of a small function arose originally out of
the need for a notion of relative'smallngss of functions.
Ptdk [10] makes precise the idea of one function being -

"smaller than'" another in the following way:

1.4.1 Definition Let t, be any positive number and denote by
T the set {t : 0 <t < t,} ; denote by S(T) the set of

all functions - q defined on T such that
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qQ(t) >0 for all t €T, and 1im q(t) =0 .
t+0

Then, given two functions p and q in S(T) , p is said
to be smaller than q 1if there exists a function w defined

on T with the following properties:

(i) p(t) = q(w(t)) for each t € T;
(ii) the series t + w(t) + w?(t) + ... converges for

each t €T .

1.4.2  The particular case of linear functions

If p(t) = .ot and q(f) = Bt , then p 1is smaller
than q if and only if a'< B .

Applications of this idea will be found in Section 6.

1.5 The cumulative error function and functional equation

Returning now to the definition of small function (1.1.1),

let us denote by 0(t) the sum of the series t + w(t) + w?(t) + ... .

We shall often refer to o simply as the cumulative error
function meaning, of course, the function corresponding to w
in this particular way. The function ¢ clearly satisfies

the following functional equation:
g(t) - t = o(w(t)) .

A consequence of this is the possibility of recovering w

if o 1is given:

o(w(t)) = w(t) + w2(t) +

0" [w(t) + w2(¢t) + ... ,

- whence w(t)

ice.  w(t) = o '[olt) - t]
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1.6 Formula for the partial sums of the cumulative error function

Although the knowledge of explicit formulaé for w and
the corresponding ¢ already yields a considerable amount
of information about the process as a whole, in applications
it is necessary to have estimates for a finite number of steps.
At first glance this seems to present difficulties since the
iterated functions " rapidly become fairly complicated.
Nevertheless, in certain instances it is possible to obtain
an explicit formula for the partial sums t + w(t) + ... + «™(t) .

This also provides, of course, explicit expressions for

w?(t) . In order to give an example of the process involved

B
Y - 2
y2 > 4B , referred to in Subsection 1.2.3. This is

where

we examine in detail the function 2z =

interesting in that it leads to the small function defined by

_t'Y'I't—V

w(t) = Y - T TV

, also mentioned in 1.2.3.:

The rest of this section will be devoted to substantia-
ting the above remarks and deriving the desired formula for
.the partial sums of the o corresponding to
w(t) 5't¥—§—%—5—% . For the sake of simplicity, instéad of
following Ptdk's approach [15] via the theory of continued
fractions, which admittedly gives a clear indication of the
evolution of the various results involved, we shall merely

derive these results by means of ordinary mathematical

induction.

1.6.1 Lemma Let B and Yy be two positive numbers such that
vy2 > 4B . Suppose that 2z, is a positive number which does

not belong to a countable set of exceptional values, E, to
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be described below. Then we have the following:

(1) it is possible to define a sequence 2z, such that

: 8
2k = ——t——— for k = 1,2,...
kS Y=z T o ’

the sequence 2zy  being expressed explicitly as

1 n-1

= AL, _—___ﬂ.—_
%n 2° 1 - ag®
where A, = % (v + /y? - ug) ,
A\, =3 (v - AT - TB) ,
=<2 and a = TA——_—i ;
4 Ay 1" %o

(2) the exceptional set E consists of the

numbers

(3) all these numbers are different from each other and

satisfy the inequalities

Proof
(1) Tﬁe case n = 1 : s o= .1l - a
| 1 2* 7T - aq
)\z-zo
! A -z
/ =>\-2.1-)‘2—Zo.}\2 9
A1~ 2Zo 7?

from which it follows that



(2)

(3)

13

so the result is proved for n = 1 . Now let us assume
that the statement is true for n = k - 1 and prove

that it is then true for n = k

- - ; ; 1 - a
Y T Zgeg T Y7 Aae '1—_—5‘3?‘-1 :
B . ' AIAZ
hence Va— = 1 - aqk-2
| e R R T Y I}
1 - aq

: . . 1 - a k"'1
The right hand side reduces to A, =-2aa__

i.e. to 2zp . Thus, by mathematical induction, the

result is true for all n .

The exceptional values for 2z, are, of course, those for

which 1 - agq® = 0 , i.e. those for which

_ _ gn+1
1 - al, Zo | q® = 0 , leading to z, = A, . 1=
Ay -z toa

The inequality relationships involving

A A

2> A» ep and Yy are easily derivable:

(1) A, < A; Dby definition 3

A
(1) 1> 352 = q

whence 1 - gt < 1 - g+l | giving

A <, 1= gntl
1 1 1-qn

i.e. A} < eq 3



1.6.2

Proof (i)  z,

1y

(iii) ey =

1 TR\
1 - ()

_, l?+1 _ l2+1
= 2 .
AT - A

Now we wish to prove e, <y , 1i.e. e, < A + X,,80 let

us consider (A; + A2)(\7 - A}) . This expands to

ATHL - a2+ a0 - ARt where 20T - A% > 0

Csince @Al o g™t g (0 <gq<1, q-= %% )

and the result is verified.

Next we examine some of the properties of the function

established in 1.6.1 .

Lemma Let B and Yy be two positive numbers such that
Y2 > 4B and set z4 = (v = AT - 4B)
For z < zx the function

- 8
M(z) = v —

has the following properties:
(1) z < M(2) < z,;

(ii) if t > 0 and if 2z < z, is such that

M(z) - z = t , then

Y +t - /(y + t)? - ug
Yy -t + /(y + t)Z - 4B

M(z + t) - (z +t) = t.

2 - yz, = =B, and since

2 _
M(z) - z =& = ¥ZZ+ B » We obtain
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M(z) _ . 22 - yz + B - (z§ - YZx + B)

Y - z

(z - zx)(z2 + 25 ~ ¥)
Y - z

Now, for z - z, < 0 , we have
z+ 2z, =Y <2z, -~y <0, giving
M(z) -z >0 .

1
Y - 2

Zx ~ Z .
- Z* . Y'-'"-"_ z 9

Similarly, =z, - M(z) [z,y - 2z, - B + (22 - vz, + B)]

Zx z__ _z.Mz) 2z
and oy -z T8 T
so z, = M(z) >0 .

(ii) Suppose z < z4, and M(z) -z =t > 0 .

Write z' for =z + t M(z) and obsepve that B = z'(y - z) .

3

It follows that
M(z') - z!' = B - 2'(y - z')

1]
<
1

"
t

To eliminate 2z we observe that B = (z + t)(y - z) = 0

or z2 - (y - t)z + B -yt = 0 , from which it is clear that

z=%—[Y-—ti/(Y+t)2-ﬂB],

and since the '+' possibility yields =z > z,, we conclude

It
that

z =2y -t - /Oy + ©7 - 48]

Replacing v(y + t)? - 48 by v., we write

z = %(Y -t -v) , so that



1.6.3
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ti+
et
+{1

M(z')- z' = t .

<=
<l<

We are now ready to compute the formula for the partial

sums.

Theorem Let B and Yy be two positive numbers such that

Y2 > 48 . For each t > 0 let v = V(y + t)? - ug
Writing vy for VyZ - LB , and set |

Yy+r+t-v
Yy-t+v

(L)(t) =t .
Then ® 1is a rate of convergence on the whole positive axis
and possesses the following properties:

(1) TFor each natural number n and each t > 0 we

have

t o+ w(t) + o0+ W) = MYz ) - 2,

where
1 1_'t+V"Vo(l"Vo)n .
n+1i -1 - T + v + vy \Y + Vg -1 - -
t + v+ vy \Y + Vo/
! ;
and zg = 5(y -~ t - V) ;

(2) The infinite sum is given by

1
() = F(t + v = v .

Proof (1) Suppose that z,, 0 < z, < 2+« , 1is such that
M(z,) - 25 = t . Then, according to 1.6.2 ,
Mz(Zo) - M(Zo) = w(t) and

ME(z,) = M5 (z¢) = ®"Y(t) for all k=1 .
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It follows that

t o+ w(t) + 02(t) + ... + W (t)

- M(z,) = z, + M*(z,) - M(z5) + M3(zo) - M%(zo) + ...
| cee o+ MPFL(Z ) - MP(3Z,)

n+1 -
M " (zp) = 2z, &

n+l

Now 2z, = %(Y -t-v) as for z in 1.6.2 and M (z9)

is, of course, the n-th iterate of the continued fraction

= —B  defined in 1.6.1.

2 =
KTy -z

This means that

Mn+1(zo) = 2zp = A, . 1 —3a
1~ aq

But A, =

Nof-

(y = vg) and a =

1"
it

so the partial sums have the desired form.

(2) For the partial sums developed above write

_ 1 - ag®
op (t) = 1= aqntl
then lim o!(t) = 1
n q
n =-ow
= XY - Vo
Y + Vo
S DY Y+ vo o1 -
Hence o(t) = 2(Y Vo) T, 2(Y t - v)

%(t + Vv = ve) .
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Section 2

THE INDUCTION THEOREM

The Induction Theorem evolved from Ptdk's re-moulding

of the approximation technique basic to the Closed Graph

Theorem {10). It works, however, under much weaker

hypotheses, namely those of the metric generalizafion of
the Closed Graph Theorem. To explain what we mean by the
metric generalization of the Closed Graph Theorem, let us
consider this theorem in its open mapping form and in the

special case of normed spaces.

The metric generalization of the Closed Graph Theorem

Let E be a normed space and M a linear mapping
onto another normed space F . Consider the unit cell U
of E and ité image MU ., If F possesses the Baire
property, the set” MU cannot be nowhere dense in F , so
that the closure (MU)  is a neighbourhood of zero in F

This observation is the starting point of an iteration

.process which proves for E Banach and M closed, the

inclusion
(1 + e)(MU) > (MUY ,
which in turn shows that the mapping M 1is open.

In fact, the inclusion (MU) o V , a neighbourhood of
zero in F , is more than we need in order to set up a
convergent iterative process. (MU) o V means that points

of set V may be arbitrarily well approximated by points of
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MU . The degree of approximation, however, need not be
so good; it suffices to approximate points of V by those
of MU to within aV where § < a < 1 , and this is the

essence of the Induction Theorem.

The above hypothesis concerning the degree of
approximation has a 1ihear form and, of course, in order to
achieve greater genefality, we should try to make it non-
linear. This requires the notion of relative smallness of
functions dealt with in Subsection 1.4. Clearly, fhe
assumption a < 1 in the generalized Open Mapping Theorem
above simply means that .at is smaller than the identity

- funetion t .

2.2 Uniform Lower Semicontinuity

Ptédk's initial formulafion of theFInduction Theorem
[10] is based on the above ideas as well as the concept
of lower semicontinuity to be defined below. Fiprstly,
let us note that the following notation for spherical

neighbourhoods is to be used here and in the sequel:

if (E,d) is a metric space, then

B(x,t) = {y € E : d(y,x) < t} and, for X< E ,
"B(X,t) = {y € E : d(y,x) <t for some x € X} .
2.2.1 Definition Let (E,d) be a metric space. Suppose we are

given, for each sufficiently small positive t , a set
Z(t) ¢« E . We shall say that the system Z(-:) 1is uniformly
lover semicontinuous if there exist two functions P, @ € S

(S as in Definition 1.4.1), the fuﬁction P being small
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with respect to q, such that for each sufficiently small
t and each x € Z(q(t)) the intersection B(x,t) n Z(p(t))

is non-void, i.e. we have the inclusion Z(q(t)) cB_(Z(p(t)),t) .

For the sake of simplicity let us talk merely of
semicontinuity, taking this always to mean uniform lower

semicontinuity as defined above.

Given a family Z(+¢) as above, one further pre-
requisite for the theorem is the definition of the 1imit of

this family;

2.2.2 Definition The 1imit of the family Z(+) 1s given by

7¢0) = N ( U Z(t))-

8>0 t<s

Often 2Z(t) is monotone and then 2Z(0) = [l Z{EY .

t>0
2.3 The Induction fheorem in its different forms
2.3.% Theorem Let Z(*) Dbe a semicontinuous system of

approximate sets in a complete metric space E with
distance function d . Then, for each sufficiently small

t >0,

Z(q(t)) < B{z2(0), o(t))

Proof Let x € Z(q(t)) . Then, by hypothesis, there
exists an x, € B(x,t) n Z(p(t)) . Since p(t) = q(w(t))

as in Definition 1.4.1, we have x, € Z(q(m(t))) , so that
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there exists an x, € B(x;, w(t)) n Z(p(w(t))) .

Now p(w(t)) = q(w?(t)) so there must exist an
X3 € B(x,, w2(t)) n Z(p(mz(t))) . Proceeding by induction

we obtain a sequence

X € B(x,, w"(t)) n Z(p(m"(t)))

n+1

The distances d(xp4+1s X,) being dominated by the terms of
the convergent series t + w(t) + w?(t) + ... and E being
complete, the sequence {xp} converges to an element x_ € E

Clearly x_ € Z(0) and, furthermore,

d(x,x,) < d(x,x,;) + d(x;,x,) + ...

<t + w(t) + ...

b

ices dix,x.) < o(t)

The statement of the theorem can in fact be streamlined,
using rates of convergence explicitly, by putting p = ®

and q(t) = t . The proof remains much the same (Ptak [11]).

Theorem Let (E,d) be a complete metric space, T an
interval {t : 0 < t < to} ‘and ®w & rate of convergence on

T . For each t € T ‘let Z(t) be a subset of E . Then

Z(t) « B(Z(w(t)),t) for each t € T = Z(t) « B(z(0), o(t)) for each
' t € T.

There is another form of this theorem which is simpler
formally but not as convenient in applications (Pték [12]).
In it (E,d)is a metric space with d defined in the

following way:
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if X, Y« E then d(X,Y¥) = inf {r : X € B(Y,r)}

(a distance which is not symmetric and may be infinite).

Theorem If (E,d) is complete then

d(Z(t), Z(m(t))) < t for small t = d(Z(t), Z(0)) < o(t)

Finally there is a form in which Ptdk uses the Induction

Theorem in his proof of Moser's Theorem [16]. Mention of

this will be made in Section 5.

Theorem Given E a complete metric space, T an interval

of the form {t : 0 < t < t,} and w a rate of convergence
on T . Let ¢ be a positive increasing function defined

on T -such that, for each t € T , op(t) =} e(u"(t)) < » .
If W(+) 1is a family of subsets of E such that

W(t) B(W(w(t» s w(t)) for each t € T , then

W(t) e B(W(0), oplt)) ’for each t €T .

W(o™ ! (1))
w(w(w"(t))) and W(t) = zZ(e(t)) .

so that 2Z(w(t))

Then  W(t) & B(W(D), og(t))
== Z(p(t)) < B(2(0), op(t))

But we are given W(t) < B(W(w(t)), w(t)) >
e B(e®)) e B(z(u(e(t)), w(t))

So, by applying the Induction Theorem (2.3.1), we have that
2(0(t)) < B(Z(O),o(w(t))) ,

i.e. W(t) < B(W(O),iow(t))
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In concluding this section on the Induction Theorem,
let us examine the way in which this theorem is to be

‘applied (Pték [121]).

Principles of application of the Induction Theorem

To see how the Induction Theorem is used we refer back
to the problem posed in the introduction concerning the
conétruction of a point x belonging to a given set 2

Supposing we have an approximation x of order s

and are allowed to move from x to a distance not
greater than r , can we find, within B(x,r) , an

approximation of a much better order s' , "much better"

“meaning that s' = w(s) ? If so, then the family of sets
~2(+) , where Z(s) 1is the set of approximations of order

s or better, satisfies the hypothesis of the Induction

Theorem. We have thus 2Z(t) < B(z(0), o(t)) for sufficiently
small t . Hence Z(0) is non-empty if at least one Z(t)

is non-empty. Iﬁ this way the Induction Theorem makes it
possible to reduce the analysis involved in existence proofs
to just the verification that it is possible to pass from a
given approximation to a much better one by choosing a

suitable element within a given distance.

Suppose we are to find a solution to an equation f(u) =
Given a positive function m which measures how close f(x)
is to zero, it is natural to define the family Z(+) in such

a way that
2(t) e {x € E : m(£(x)) < o(¥)} ,

where ¢ 1is a positive function which tends to zero with t .

0
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Application of the Induction Theorem consists

essentially of the two steps described below.

(1) Given a fixed u € E and a positive number t ,

find or estimate
~inf {m(£f(u')) : u' € B(u,t)} .

Compare this infimum (or its estimate) with the value
m(f(u)) . In favourable circumstances we can show that the
above infimum is small as compared with m(£Cu)) . ,ThiS
means that if we have the estimate |

" m(f(uw)) € p =» inf {m(f(u')) : u' € B(u,t)} < h(p,t) ,

where h is a positive function, then we can find a small

"~ function « such that e and  w satisfy
h(e(t),t) < o(w(t)) ,
‘We may then assert that given u with m(f(u)) < o(t) ,

there exists, within a distance t , a point u' for which

(A) m(f(u')) < o(w(t)) .

(2) Having fixed w , construct the cumulative error

function
c(t).= t + w(t) + wz(t$ toees e
Now suppose that d(uyuy) < o - o(t) , then using the
functionai equation in 1.5, for each u' € B(u,t) , we haQe
(B)  dlu',u,) < dlu,uy) + dlu'yu) € a = o(t) + t ,
i.e. d(u',u,) < o = o(w(t)) .
Here a. is subject to the obvious requirement that

a - o(t) >0 .
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(A) and (B) together imply the inclusion

Z(t) < B(Z(w(t)), t)»
if Z2(t) 1is defined as f§llows:

2(t) = {x € E : m(£f(x)) < o(t), d(x,uy) < a - a(t)}
The value of o 1is eventually determined by the requirement
that at least one Z(t) be non-void.

The above process will be amply illustrated in Sections

5 and 6.
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Section 3

RELATIONSHIPS BETWEEN THE INDUCTION THEOREM

AND SOME_ CLASSICAL THEOREMS OF ANALYSIS

The Closed Graph Theorem

The most vital aspect of the Induction Theorem lies in
the fact that it represeﬁts an abstract form of an
approximation process very useful in analysis. In this
respect it plays the same role as the Closed Graph Theorem
which is nothing more than the abstract description of an
approximation process, the theorem itself saving us the
inconvenience of going through this process in concrete
situations. The Induction Theorem is in fact stronger
than the Closed Graph Theorem. Indeed, the Closed Graph
Theorem can, in a sense, be seen as a limiting case of the
Induction Theorem for an infinitely fast rate of convergence.,
Pték [12] proves a strengthening of the Closed Graph Theorem,
formulated in such a way that it becomes an immediate
consequence of the Induction Theorem. Before being able to
substantiate this last remark we require a few basic results

concerning closed relations.

Closed Relations A relation R from a set E into a

set F 1is a subset of E x F . We write y = Rx and
x € R°'y if (x,y) € R . Similarly, if C < F then R!C
is the set of all x € E such that (x,c) € R for some

c € C . In other words,
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R'C = |{R'c :c€Cl={x€E :RxNC¢ B} .
Tor AcE, RA={Ra:a€Al ={y€F:R'ynaAsasl.

It is often more useful to restate inclusions concerning
R in terms of R'' and vice-versa. In particular, we

have the following result:

3.1.1.1 Llemma The conditions -
x € B(R'y,r) , y€E RB(x;r);, R"'y n B(x,r) # @
ére equivalent.

Restated for R™! ‘these conditions are altered as follows:

3.1.1.2 Lemma The conditions
¥y € B(Rx,r) , x € R™'B(y,r) , Rx N B(y,r) # 0

are equivalent.

Further requirements before we can proceed to the theorem
are definitions of the notions of uniform almost openness and

uniform openness.

3,1.1.3 Definition - Let E and F be metric spaces with R a
closed subset of E x F . Let D(R) be the domain of R .
Then R is said to be uniformly almost open if for each

r > 0 there exists a positive number q(r) such that

(RB(x,r))” = B(Rx, q(r)) for each x € D(R) .
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Definition Given E, F and R as in 3.1.1.3 R 1is said to
be uniformly open if for each r > 0 there exists a positive

number q(r) such that, for each r' > R ,

RB(x,r') > B(Rx, q(r)) for each x € D(R)

Now we are ready to prove the Closed Graph Theorem by

means of the Induction Theorem.

Theorem Let E be a complete metric space and F any
metric space. Let R be a closed subset of E x F . If

the relation R is uniformly almost open, then it is

uniformly open.

Proof Let » >0, r'>r and x € D(R) be fixed and
consider an arbitrary Yo € B(Rx, q(r)) . For each t > 0
set

Z(t) = R"'B(yy,t) .
Note that, bv Lemma 3.1.1.2,

Z(t) = {x € E : Rx N B(y,,t) # 0}

or Z(t) = {x € E : y, € B(Rx,t)}

Since R 1is closed it follows from Definition 2.2.2 that

2(0) = R'y,

In order to prove the theorem we must now verify the

inclusion
(1) Z(q(r)) = B(z(0), r') ,

because, if x € Z(q(r)) , (1) implies x € B(Z(0), r') ,

i.e. x € B(R'y,, ") whence y, € RB(x,r') by 3.1.1.1.
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Since y, was an arbitrary point in. B(Rx, q(r)) we would

then have B(Rx, q(r)) < RB(x,r') .

To prove (1) take t > 0, s > 0, and note that if

z € Z(q(t)), then by 3.1.1.2 vo € B(Rz, q(t)) < (RB (z,t)) ,

so that B(y,,s) N RB(z,t) # # . Now, if w € B(z,t) is

such that B(y,,s) N Rw # # , then w € Z(s) and

z € B(w,t) « B(Z(s), t) , leading to the fact that
(2) Z(q(t)) B(z(s), t).

Now we introduce the function q*(t) = min(q(t), r'ql(rt) ,

"so that q*(r) = q(r) and q*(t) - 0 . Since

q*(t) < q(t) , we have for each t >0, s > 0 ,

(3) Z(q*(t)) < B(Z(s), t) by (2) .

r' . Then,

Now choose 0 < e <1 so as to have 7 f
setting s = q*(et) 1in (3), we obtain

Z(q*(t)) < B(Z(q*(sf)), t) for each t > 0 .

It follows from the Induction Theorem (2.3.1) that

2(q*(t)) < B(Z((’)’ T‘::L—g -“c) = B(R“yo, 7 1 = . t)

for each t > 0.

In particular, for t = r , we obtain
7Z(q(r)) < B(R'y,, »') = B(Z(0), r') ,

which completes the proof.

The Banach Fixed Point Theorem

Ptdk also shows in his paper ([12] that the Induction



30

Theorem is very closely related to the well known Banach
Fixed Point Theorem. In fact, the Induction Théorem provides

a slight generalization of Banach's theorem.

3.2.1 Theorem Let (E,d) be a complete metric space and f
a mapping of E into itself such that, for each x, y 1in
E, d(f(x), f(y)) < kd(x,y) where 'k is a fixed number,

0 <k <1 . Then there exists a unique £ € E such that f(§) =&.

Proof For each t > 0 set
Z(t) = {x : d(x, £(x)) < t} .
Then, of course, Z(0) = {x : x = f(x)}

Now it is easy to see that if x € Z(t) and x'= f(x) , so

that d(x,x') < t , then Z(t) c B(Z(kt), t) , since
d(x', £(x")) = A(£(x), £(x")) < kd(x,x") = kd(x, f(x)) < kt

So the Induction Theorem (2.3.2) applies with w(t) = kt ,
giving 7Z(0) # 8 . To prove that Z(0) is a singleton is

a simple matter : if & and &' € Z(0) then

d(g,&') = d(f(g), f(E"))
< kd(g,&')
< alg,g')
which 1s impossible unless Ad(E,E') = 0

We now turn to another basic result of contractive
type which can be proved via the Induction Theorem, vZz.

Cantor's Intersection Theorem.
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3.3 The Cantor Intersection Theorem

The Induction Theorem is used to provide two proofs of

the Cantor Intersection Theorem (Simmons [17], Chapter 2).

3.3.1 Theorem Let E be a complete metric space with {Fp} a
decreasing sequence of non-empty closed subsets of E such

that d(F,) (the diameter of Fp) =+ 0 .

Then F = [l Fp contains exactly one point}

- D8

Proof Let T = {t : 0 <t < d(F,)} and define a small

function w on T by w(t) = ot , 0 <o <1 . For each

t €T let Z(t) Fn(t). where n(t) = the smallest n
such that d(F,) < t . (This definition is meaningful since
d(F,) - 0 .) Now o(t) converges and Z(t) < B(Z(w(t)), t)

so the Induction Theorem applies giving us Z(0) # 0 ,

o0 o0
ie. |l Fhb #+ 8 and, since d(Fp) - 0 , g Fph 1is a
1
singleton.
3.3.2 Alternative proof Pick a subsequence of {F,} , denoted

again by {Fp} , such that Jd(F,) <e and d(Fp)V 0

Define Z(t) = F () as above and define w(t) = d(Fn(¢))
Then, as before, o(t) converges and 7Z(t) < B(Z(w(t)), t) R
etc.

Here we have used the fact, mentioned in Subsection 1.3.3,
that if Ja < =, a_ V0, then by defining w(t) = the first

an such that a, < t, we generate a small function.

One further result of the above type is Baire's Category
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The Baire Category Theorem

The Induction Theorem can be used to modify the usual

proof of the Baire Category Theorem (Xelley [7], Chapter 6).

Theorem Let E be a complete metric space. Then the
intersection of any countable family of open dense subsets

of E 1is itself dense in E, 1i.e. E 1is a Baire space

Proof Let {U,} be a sequence of open, dense subsets

of E and G an arbitrary open, non-empty subset of E

(o]
It must be shown that G nfl U, # 0
1

Choose inductively an open set V, such that V, € G n U,
and d(V,) <1 . Then, for each n > 1 , choose V, such that
Vo € Vaoq N Up and d(Vy) < % . This choice is possible

because U, 1is dense and open.

Let T = {t : 0 <t < 1} and define w , a small function

on T , by w(t) = %t . Denote by [%] the integral part
} + 1

For each t 1let 2Z(t) = Vjy(y¢y » f.e. Z(t) = VEﬂ+l

of

At

and let n(t) = [
L

He

Note that Z(w(t)) = V[] and, since {Vn} 1is a contracting

2
t{-l

sequence, we have Wﬂ*’ = ﬁﬂ+1
o T
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1

[%]+1)<ﬁ.‘]"’:';
e (i)

i.e. Z2(t) B(Z(w(t)), t) .

But 4}V < t., so we have the result that

Now, by applying the Induction Theorem (2.3.2), we
obtain 2(0) # 8 , i.e. [l Vv, # # . And, since
k|
Va+t € G N U, , it follows that

©

1
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Section 4

APPLICATION OF THE INDUCTION THEOREM TO

PROVIDE EXTENDED CONTRACTION PRINCIPLES

A small function generalization of Banach's Fixed Point Theorem

" The Banach Fixed Point Theorem was generalized by means
of the Induction Theorem in Subsection 3.2. Replacing the

constant k by the function w(d(e¢)) , ®w a rate of con-

~vergence, we can achieve an even greater degree of generali-

zation. This is an idea which Ptdk himself does not appear

to have considered.

Theorém | Let (E,d) be a complete metric space and f a
mapping of E into itself such that, for all x,y € E ,
d(f(x), £(y)) < w(d(x,y)) , w a monotone increasing rate of
convergence.

Then there exists a unique & € E such that f£f(§) = g

Proof For each t > 0 set
Z{(t) = {x : d(x, £f(x)) < t}
Then, as in 3.2.1, Z(0) = {x : x = f(x)}.

And this time it will suffice to show that Z(t)C:B(Z@Kt)),t) .

Again, if x é Z2(t) set x' = f(x) so that d(x,x') < t.
And showing that x' € Z(w(t)) 1is straightforward since,
because w®w 1is monotone,

d(x', f({x")) = d(f(x), £(x")) < w(d(x,x")) < w(t)
So Z(t) < B(Z(w(t)), t) and the Induction Theorem applies.

Once again the uniqueness of & 1is easy to prove. We do,



4.2

4.2'1

4.2.2

35

however, require an approach different from that at the end

of 3.2.1. If & and &' are fixed points then, for

all n €N ,

A(E,E') = dA(F(E), £C(EM)) = dA(£(e), fg")) .

Hence d(E,£') < m(d(f“'1<s), f“"<g'>))
| < o' (d(g,8"))

n

~ 0 since w small,

In the same vein, the Induction Theorem also enables
us to generalize some work on contraction done by Edelstein

(41.

Edelstein's Extended Contraction Principle

Definition Given (E,d) a metric space, f : E+ E is

said to be locally contragctive if, for every x € E ,

there exists € ,, A (e >0, 0 < XA < 1) such that

P>Q € B(x,€g) = d(f(p), £(q)) < Ad(p,q)

f 1is called (e, A)-uniformly locally contractive if it is
locally contractive and both e and A are independent of

X

Definition A metric space (E,d) 1is said to be

e-chainable if, for every a,b€E, there exists an e-chain, i.e. a
finite set of points a = X4, X335 ...5 X5 = b , such that

d(Xi_i, Xi) < € (i = 1,2.,...,1'1)

Edelstein's Theorem is stated without proof.
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Theorem Let (E,d) be a complete metric e=-chainable
space, with f a mapping of E into itself which is
(esA)-uniformly locally contractive. Then there exists a

unique point £ € E such that f(§) = £ .

Let us show how this result can be extended in a

fairly natural way if A 1is replaced by  w , a Ptdk rate

" of convergence,

Definition Given (E,d) a metric space, f : E + E will.

be called .(é,w)~uniformly loeally sontractive ifthereiadsts_

€4 (e> 0, w small, monotone increasing on (0,2¢)) ‘such

that, for every x € E ,

P> @ € B(x,e) = d(f(p), f(q)).< w d(p,q)) .

Theorem Let E bé a complete metric e-chainable space,
with f a mapping of E ipto itself which is (e,w)-
uniformly locally contractive. Then there exists a unique

point & € E such that f(&) = § .

Proof Let x be an arbitrary poiht of E and consider
the €=-chain X = Xgs Xyy eeey X = £(Xx) o By the Triangle
n

Inequality d(x, £(x)) < } d(xy_ys *4) < ne .
1 _

Also, by uniform local contractivity,

a(f(x;_4), £(x;)) < w(d(xi_i,xi)) < w(e)

and, by induction,

a(E™(gog)s £20x)) < w{aE™ Mg )y £ (xg)))
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ices d(FM(x5-1), £M(x3)) < w™(e) .

From this ,

S n
a(£™(x), ™)) < § d(£™(x;_4), £7(xy)) < nw™(e)

It follows that {f*(x)} is Cauchy:

k-1

0<j <k d(fj(x), fk(x0=< I oa(etx, i)
i=3
< nofwle) + ...+ ¥ (e ]
J
=0

, n
since if s, = } wf(e) then s, < » (w small) and this
1

implies Sk-1 ~ S5 * o .

So by completeness of E we know that £ = lim £ (x)

i

exists, and from the continuity of f it follows that

£(1im £2(x)) = 1im £(£1(x)) = 1im £ (%) = 1im £(x) .

i oo i i i -0

Now all we need do to complete the proof is to set

[

£ = lim fi(x) and show that there is no other point &'
1 >0 .

satisfying f£(g') = &' . Suppose such a point &' * £

exists and let & = Xy, X35 esey Xp = £' be an e-chain.

Then d(£f(£), f(E'))

d(£f9¢g), £9g")) (for all q € IN)

. q s
§ d(fq(xi_l), f (Xi)) as in (2)

i=1

' , q
Thus d(f(g), f(g")) < pwq(e) = 0 , which is impossible.

A\

Hence & = &' and the result is proved.
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Section 5§
Te—————

THE INDUCTION THEOREM APPLIED
TO NEWTON'S METHOD

In this section we shall employ the Induction Theorem
to establish a small function which gives the rate of
convergence of Newton's Method. We shall then derive a
formula for the partial sums of the corresponding cumulative
error function. Finally, we shall mention Ptdk's use of the
Induction Theorem to improve Moser's Theorem concerning a
modification of Newton's Method. The approéch followed will
be that of Ptdk in his papers [13] and [14], with
alterations in notation and format and more detailed

explanations wherever greater clarity could be achieved.

Newton's Process in Banach Spaces

We begin by sketching Newton's Method for functions
f : IR + 1R . Suppose that f has first and second order
derivatives on the interval a < x < b , that f(a) and
f(b) are of opposite sign, and that f'(x) and £f"(x) are
each of constant sign on a < x < b . Then there is a unique
x Dbetween a and b for which f(x) = 0 . If xg,

(n = 1,2,...) 1is an approximation to the solution, then

= x - f(xpn)

*n+1 n T OF(x,)

is a better approximation.

Now let us extend the above ideas to Banach spaces.
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If E and T are normed spaces and f : E =+ F , to solve
f(x) = 0 requires the notion of f£'(x) regarded as a linear

operator.

Definition Let E and F be Banach spaces (both real

or complex), U an open subset of E , and f and g two
mappings of U into F . We say that f and g are

tangent at a point y € U if

lim FE(x) - g(x)H
XY, x¥y Ix - yil

=0

this implies of course that f(y) = g(y)

Definition We say that a continuous mapping f of U

into [ 1is differentiable at the point y € U if there is
a linear mapping h of E into F such that

x + f(y) + h(x - y) 1s tangent to f at y . This mapping
h 1is unique; it is called the derivative of £ at the

point y and written £'(y)
Once again Newton's Method is embodied in the formula
Xn+1 =‘xn - (£ (xp) 17 £(xy)

where this time f'(x,) 1is regarded as an invertible linear

operator.

Construction of the requisite approximate sets

Let E and F be two Banach spaces with x, € E and
U= {x€E :lIx=- x4l <q} , q some fixed number. If f
is any mapping of U into F which is twice differentiable

for each x € U , we shall make the assumption about f
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that there exists a constant k such that
Ff"(xM < kx for all x € U ,

There are two consequences of this assumption which we shall

find useful.

Proposition If x€ U and y € U then

(1) If'(y) - £'xM< Kty = xlI's
(2) BE(y) - £ = £100Cy = I < Zkly - xi? .
Background details and proofs are to be found in Dieudonné
{2], Chapter VIII,
If A is a linear operator from E into F we define
a measure of invertibility for A as follows:
d(A) = inf {IAxll : lIixit = 1} .

This has the following properties:

Proposition If A"!' exists then

(1) d(A) = ARt

(2) - dC(A) - IIBl <€ d(A + B) for any perturbation by a

bounded linear operator B .

) i Axll
inf =

x*0

u

Proof (1) d4wa)

. I il
= inf —Fr—
g0 1AT'YI

1
sup A~ 'yl
Y*0 Ty

b
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NA-tp-?

0

i.e. d(A)

(2)  1Ax)l < I(A + B)xll + IBxI
< N(A + B)xl + Bl for lxll = 1
whence, taking infimums, d(A) < JI(A + B)xll + IBI

So, taking infimums again, d(A) - IIBIIl < d(A + B)

5.1.3.3 The Mewton transformation

Suppose now that f'(x) is invertible for each x € U

Then we can define a mapping N of U intoe F as follows:
N(f,x) = x = (£f'(x))"' f(x)

We shall call N the Newton transformation and the value

N(f,x) - x the Newton Znerement at the point x

Provided the results stay within U it is possible to
iterate the mapping. Let us write N(n,f,x) for the value
of the n-th iterate of N(f,+) at the point x . In other
words, N(ﬁ,f,x) = Xn , the point xp being determined

recursively from the equation

Xh+1 - Xn = = (f'(Xn))—lk 'f(Xn) Py X0

"
X

5.1.3.4 The approximate sets

Now we are ready to define our system of approximate

sets. For each sufficiently small t 1let
Z(t) = {x € E : H(£'(x))"" £ <t , d(f'(x)) > h(t)} ,

where h is a positive function continuous at 0% +to be
determined later,

Then, clearly, Z(0) furnishes the solution of f(x) = 0
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In order to be able to apply the Induction Theorem we

require, for a suitable rate of convergence, the inclusion
7(t) < B(?(w(t)), t) .

Now suppose x € Z(t) and set x' = x - (f'"(x))"!'f(x) so
that Ix' - xIl €t . Let us estimate d(f'(x'))

Clearly, by 5.1.3.2 (2) and 5.1.3.1 (1), we have that
d(f'(x")) = a(£'(x)) - NE'"(x") - £ = h(t) - kt ,
fe.  MEYGXONTT € gyl provided h(t) - kt > 0

And since, by definition of x' ,
PE(x"N = Bf(x') = £(x) - £'(x)(x" - I ,
5.1.3.1 (2) provides
' ’ 1 2
PE(x'"M < Fkt* .

o 1y)-1 1.2 1
Hence !!(f’(x )) F(x" < -2-k't C REY - kT C

Thus, in order to satisfy the desired inclusion, it will be
sufficient to postulate the following inequalities:

h(t) - kt = h(w(t)) ;

1, .2 1 '

Computation of the rate of convergence of Newton's Process

Our concern now becomes finding an interval T , a

rate of convergence w on T , and a positive function h,

continuous at 0+, on T such that

h(t) - kt = h(w(t))

and Skt? < w(t)[h(t) - kt] , for all t €T
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We start by postulating equality in the first relation-

ship:
h(t) - h(w(t)) = kt
Upon iteration we obtain
h(t) - h(w(t)) = kxt
h(w(t)) - h(w?(t)) = kot
h(w? (1)) - h(w3(t)) = kw?(t)
h(w® 1)) - h(u™(1)) = k™ 1)

% 1im h(w™(t))

n-—>o

From this it is clear that,.if b

theo ,

then h(t) k[b + o(t)]

or h(w(t)) = kIb + o(w(t)) = k[b + o(t) - t] ,
where 0O 1is the cumulative error function (as in 1.5).

Our task reduces thus to finding a rate of convergence

¥ such that

%t2 < w(t)[b + ot) - t] for all t € T

In order to compute the rate of convergence we require

some information about quadratic polynomials.

5.1.4,1 Lemma Let f be a quadratic of the form f(x) = (x-p)? -d
with p>0, d4d>0. If r < p and if the Newton

transformation of r results in a positive increment x ,
then the increment at the following step of Newton's Process

is given by
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x2

2(x? + 4)/2

Proof The increment at r has the form

Suppose now that

1 d o
f(p -r - o r) = x >0,

We are to compute the increment flr + x)

T Flr + x)

Writing u for p - r it is easily shown that

f(r + x) _ 11 d) _ d
*77(‘“3) . . a

£ (r + x) l(u + g) .
2 u
1 d .
And, of course, 7(u - E) = x . Now, since
2 2
(u + ?) =(u -4 + u4d ,
L1 u/
1 a)’ :
- 2
we have H(u + U) = x° + 4d .
Using this we obtain
flr + x) _ x 2

fi(r + x)  2(x% + 7% °
which gives the desired result.

We define

X2

2(x2 + d)'”?

w((x) =

and note that this function 1s a rate of convergence since

Hes18

@ n
w"(x) converges by comparison with ) x2 .
n=1
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Now let us determine the cumulative error function
corresponding to this w® . First we investigate the, partial

sums.

Formula for the partial sums of the cumulative error function

in Newton's Process

The case d = 0 is straightforward since then the
function is linear. Let us examine the case d > 0 . We
require two preliminary results concerning a recursively

defined sequence.

L emma If x4 > 1 and a sequence xp 1s defined by the

relation

*n
then
n n
« (xg + D%+ (x4 = 1)? .
n =
(xo + 1)2n - (xq = 1)2n
u
Proof We look for solutions of the form xp = Vﬂ
n

The relation to be satisfied becomes

Un+y . 1 (Eﬂ ‘ Xﬂ)
Vn+1i Vn Un

This can be written as

2 2
Un+1 _ 1 Un *+ Vp
Vn+t 2 upvy

(up + vp)? + (upg - vp)?
(up + vy)? - (uy = vp)?2
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Now we set wup + vn = Pn s Un - Vn = adn , and reformulate

the relation as follows:

Pn+1 * dp+1 _ Pn? + dp?

pn+1 -_qn+1 pn2 - an

This will be satisfied if we set p_ .4 = P, and

2

qn;l = q,° - Hence
» y 2n+1
Pne1 * Pn T Ppeg ¥ Ppo2 5 +v:0r F Po
. \ 2n+1
and 9+1 % 9 T Qp-g T qg-Z - : = o ’
giving
x = Z90 0
n+i on+1 on+1
Py 0
n n
2% L, 2
q
or Xy = Lo = °2n )
Po = Qo
for a suitable choice of p, and q, . A possible choice
is to take p, and q, such that
P, +d, = Xp and p, - q4 =1 .
] . . > . uo
It is easily seen that this gives rise to ol Xo

With this choice of p, and q, we are led to the desired

formula
n n
< = (xo + 1)2 4+ (x, - 1)2
" (Xo + 1)21'1 - (Xo - 1)211
1
©5,1.5.2 Lemma Suppose that y, > d? and that the sequence y,

is defined by the recursive formula

1 d
Yn+1*= §<Yn + y;)a
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] dl/z‘(y'o + dl/z_)zn + (yo - d:/z )zn

then y , —_—
" (yo + d¢?)2n - (yo - gt y2n
Proof If we set yp = d¥?x, then x, satisfies the
relation
1 1
Xn+1 = §(Xn + ;-)

n

and the required result follows from 5.1.5.1 in an

elementary way.

Now we are ready to derive the formula for the partial

sums of the cumulative error function under discussion.

x2

Theorem Let d>0. If w(x) = TR then for each

n€ N and each x > 0 we have

= x + (x2 + V-
r=0 [a + (x* + @120 - 27

-.1 . 2!’\ 2n
nZ w® (x) ai [a? + (x* + IPI1° + x

Proof Let f be the function defined for real x by

the formula
f(x) = x* - d (of the type in 5.1.4.1 ) .

Consider a point x, > a2 and the Newton Process for f

starting at xo . Since

f(x) _ 1 _d
iy 2\* T %)

the Newton Process transforms a point =z #%# 0 into the point

N(z)=z—}£,-(zgz—)-)-=%—(z+§).
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Now suppose that x, 1s such that

Xo "N(-Xo) = X,
then, by 5.1.4.1, N(x,) - N2(x,) = w(x);
NZ(x,) = N3(x,) = w?(x);
NP7 h(x,) - NP(x,) = P l(x)

Adding, we obtain x, - N%(x,) = x + w(x) + ... + W™ (x)

Thus, applying Lemma 5.1.5.2 we now have

n n
d][z (Xo + Id"z )2 + (Xo - d”2 )2
(xo + a2t . (xo - di?)2®

N™ (x4)

X

[duz + (x? + d)qz}zn .
X

n
[d”’ + (x* + d)'lz]2 + 1
‘(Th

b

which proves the theorem.

5.1.6 The cumulative error function in Newton's Process

As a direct consequence of the result proved in 5.1.5.3
above we obtain

n

o(x) = 1lim [ ' (x) = x + (x* + d)¥* - gv2
5.1.7 Convergence of the Newton Process -

At this stage of the discussion we have all the necessary
tools at our disposal for verifying the convergence of the

Newton Process described above.
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Let E, F, x4, U, g, f, Xk and d be as in 5.1.3. Suppose

we are given the initial estimates
d(f'(x,)) = 4, > O

and N (£'(x )" F(xM = t,

where d—k"— - 2ty > 0
5.1.7.1 The = o (do do . gue

then the Newton Process starting at x, , with rate of

2
convergence w(t) = > t 7 , converges to a point x
2(t° +-d) '

such that f(x) = 0 .

The following estimates are'yielded:

Ix - xoll < %} - g,

“Xn+1 - Xn“ < (Dn('to) .

Proof In view of the discussion in 5.1.4 it suffices

(i) to prove that

%t2 < w(t)[b + o(t) - t] ,
where b = %TWO) >
then (ii) to set
h(t) :vk[b + o(t)]

and verify the inequality

For (i) set b = d¥* , then by definition of w(t) ,
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%t’ = w(t)(t® + Q)
and it follows from 5.1.6 tﬁat
Ft* = w()[d” + o(t) - t] for all t > 0 .
For (ii) note that

h(te) = k[dY? + o(to)]

klto + (ty2 + A2}

. 2 1/2
d d
k[to + (tO’ + (Tf) - 27§t0) J

Kty + (KPt,2 + do? - 2dokty)?

"

This gives

h(tg)

Now application of the Induction Theorem (2.3.2) yields
the existence of an x € Z(0) (thue a solution of f(x) = 0)

within distance o(t,) from x,
The Newton Process is meaningful since
te + (to? + )2 - g

to + ('dFO‘ - to) - d‘/2

- do - 12
--E— d

O(to)

]
i.e. IIx = %l < q

For f(x) = %kx2 + d¢x + dyt, and x, = 0 the

estimates are attained, v<iz.

d(f'(xc)) = dy and "(f'(Xo))—l f(Xo)” = ty

Moser's Theorem ~ a modification of Newton's Method

Ptdk has used his Induction Theorem to simplify the

proof of Moser's Theorem concerning a modification of
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Newton's Method [16]. Unfortunately, this work has very
little aesthetic appeal, the algebraic detail involved

being cumbersome to say the least. For this reason it is
probably best overlooked. Suffice it to say that Moser's
Theorem provides an opportunity for an application of the

Induction Theorem in its form 2.3.4.
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ASSORTED APPLICATIONS OF THE

INDUCTION THEOREM.

The main advantage of the non-discrete approach seems
to be fhat, by separating the analysis involved in a
problem from the construction of the necessary iterative
process, the Induction Theorem not only yielde considerable

simplification of proofs but also reveals more clearly the

essential features of the problem. This fact is reasonably

well illustrated by the applications of the theorem dealt
with in the preceding section. In thie section our aim will
be to provide further illustrations by applying the Induction
Theorem to a few quite diverse problems in.analysis: finding
eigenvalues of almost decomposable matrices; proving a
Selection Theorem; factorization in Banach algebras without
identity; strict irreducibility of *-representations of

B*-algebras.

Eigenvalues of almost decomposabhle matrices

In 1964 Fiedler and Ptdk in a joint paper [5] discussed
the problem of almost decomposable operators. They treated
several iteration processes for eigenvalues of almost decom-
posable matrices. The methods they used were of a classical
nature. In 1976, however, Ptdk re-examined the problem and
found the non-discrete induction approach to be superior.

We shall discuss aspects of his paper [12].
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formu]ation of the problem

Let F be a normed space, C a bounded linear operator
on F , and let a be a complex number. In addition, let

u be an element of F and v a bbunded linear functional

on F . Then define E as the direct product of a one-
dimensional space and F . The elements of E will thus
be pairs x = (xl,xz) where x, is a complex number and

x, € F, Now define a linear operator A on E by the

matrix

This is to be understood as follows: the equation y = Ax
is equivalent to

Y1 = X182 + {X,,V}F ,

Yy, = x;u + Cx, .

. . . - ( -1 “
Solving this sytem for x, to obtain x, = 8! C yy,v2 .
a - <(Cl'u,v>

we arrive at the following result: suppose that C ' exists,

then A 1is invertible if and only if
a - <C-lu,V> E O .

Suppose néw that the vector u and.the functional v
are small, making A "almost diagonal"”. It is to be expected
then that A will have an eigenvalue close to a . To
verify this we must find A satisfying the characteristic

equation

a - X = <(C - tu,vy .
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If we set z =X -a and D= C - a , the problem reduces

to solving for 2z the equation

-7 = {(D - z)"'u,v) .

6.1.3 Solution of the problem using a Tinear rate of convergence

In order to define a system of approximate sets we

introduce the function
glz) = <(D - z) " tu,v},
defined in a neighboufhood of the origin. Conditions are

to be found which will ensure the existence of a solution

of the equation

0,

1!

z + g(z)

i.e. of -2z {(D - z)"'u,v) .
As in 5.1.3 we shall use the measure of invertibility

S ACTY = inf {UTxM : Uxl = 1} ,

so that d(T) = #T-'#-* 4if T is invertible. Note also that

d(T - A) = d(T) - A for any complex A
For f > 0 set
72(t) = {z : |z + g(z2)|] <t , d(D - z) = h(t)} ,

where h 1is a positive function to be chosen later.

Suppose now that =z € Z(t) . Then
d(D + g(z)) = d(D - z) - |z + g(z)| = h(t) - t
In addition, for z' = ~g(z), assuming both (D - z)~!' and

(D - z')! exist, by a standard result of operator theory
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(Taylor [191, Chapter 5), we have
z' + g(z') = (2" - 2)4D - z)""(D - z")" 'u,vy .
Hence

lz' + g(z")] < t{h()I" [h(t) - t1 " hulilvh .

We require, for a suitable rate of convergence w ,

the inclusion
2() & B(2(u()),t) .

So, since 1z € Z(t) , we must show that z' € Z(w(t)) .

For this the following inequalities are sufficient:
(1) tIh(E)1" ' [h(t) = 11 Mlulllivll < w(t)

(2) h(t) - t > h(uwlt)) .

Our problem is thus reduced to finding a small function
w .and a positive funcfion h , each defined for smail
positive t and satisfying (1) and (2) above. In order to
be able to apply the Induction Theorem we shall also require
the existence of t, > 0 such that Z(t,) # 8 . It will

be shown that this is realized by the inclusion 0 € Z{ty)

or

|g(0)] < ty and WD 'I~' = h(ty)

Now, if w 1is a small function with cumulative error
function o , then for any b , the function h(t) = b + o(t)

satisfies the functional equation
h(t) - t = h(w(t)) ,

i.e. (2) above. Hence, using a telescoping process as in

5.1.4, it is conceivable that, for a suitable choice of b



and w® , the function h(x) = b + o(t) will also satisfy
requirement (1). For this choice of h the inclusion

0 € Z(ty) 1is equivalent to

lg(0)] < t, and ID'II"' > b + a(t,) .

For convenience let us replace WD 'I"' by vy . If
0 is non-decreasing we may write the above two conditions in

the form of a single inequality

(3) o(jg(od)}) <y -0»o

For the sake of simplicity we try to satisfy our system
of functional inequalities initially by.meahs of a linear
rate of convergence. Take w® in the form w(t) = ot where

o , 0 < a< 1, 1is to be chosen later. It follows

that

1

h(t) = b + "

Hence the conditions to be satisfied ((1) and (3) above)

are as follows:

(1) fulivl < a(b + o 1 = . t)(b t t);

(3') [g(0)] <y - b .

1
1-a°
Here, for convenience,‘we shall replace Hlullllvii by B
Then, to satisfy (1'), B < ab? is sufficient. Obviously
the easiest possibility to test is B = ab? .

So we set

leaving o as the parameter to be chosen.



57

Now (3') cannot be satisfied unless

Y - __B =y - b =2 0
/; - -
2

It is thus necessary to assume vy% > B8 . Since

|gC0)| = |<D""u,v| < #DI~ iulivi =$ :

(3') will be satisfied if % < (1 - a)(Y - J/E) s

o
2 2
i.e. if 1<(.1-a)lé__ /IE_. ey
Yo

3 2
Now write /%? . Loz %? . % R
Vo

replacing the parameter a by ¢ in such a way that

o = = + 8% , where we shall require § > 1

Then (3') will be satisfied if

2
Y > g2 8
B Z 0 + R
Denote by &, the (unique) point where &% + g—g—T s
§ > 1 , assumes its minimum value m, . We show that it
. 2 B
suffices to postulate %? > m, and set o = ¥z " 8,
v?
If 5 2 mgy , then
B 8 $
1> =5 . 502 e P

<
=<
. N
o
(=]
1
=

so that a = ﬁ% . 602 < 1

For this o the rate of convergence w(t) = ot satisfies

all our requirements.
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The Induction Theorem (2,3,2) ensures the existence of
z € Z(0) . Thus
lz + g€z)] =0 and d(D - z) > h(0) = b ,
So |zl = |g(z)] = | «D - 2)"'u, vy
< 0D - z)T'ULiull vl .

1

Now alb = =) = E Ty

s hence

|z] < T B

it
T

-

(e}

But we set b
lz| < v8 . /o,
iee |A - a| < ELIVT o /& < AWLIVE (Ja] < 1) .

So, if u and v are small, there is an eigenvalue X near
a (as predicted in 6.1.2).

Ptdk gives the inequality

1
@

Minimizing 62 + E_Q—T reduces to solving the cubic

(A - al] < KD u, vy .

26% ~ 46% + 28 -1 = 0 . Approximate values of m, and §,
are

8§y = 1,56 , m, = 5,22 ,
and this seems to be the best we can do using a linear rate

of convergence.

6.1.4 Solution of fHe problem using a more refined rafe of
gonvergence

We show now that by imposing further restrictions on the
family Z(+) we can obtain a more precise result.
Consider firstly |g(z)| :

g€z) =< (D - z) 'u,v}
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full v il .
whence |g(z)| < d{g“jlz) < hfi) if z € Z(t)

Now d(D - z') = d(D)

|z'] = d(D) - |g(z)] ,

so we have

d(D"Z’)>‘Y"m.

Remembering that d(D - z') > h(t) - t and that previously
we required h(t) - t > h(w(t)) , it is natural to impose

the following additional requirement:

(4) v - F%%T > h(w(t)) .

Now we can define a more precise approximate set as
follows:

Z(t) = {z : |z + g(z2)| <t , 4D - z) > h(t),

Yy - |z|] = h(t)}

If conditions (1) and (2) of 6.1.3 and (4) above are
satisfied 5 the inclusion

Z(t) < B(Z(w(t)), t)
will hold.

As in 6.1.3 we shall satisfy (2) by postulating equality:

(2') h(t) - t = h(w(t)) .

To satisfy (4) it will be sufficient to have

h('t)"'t"Y'l'—}%t—y:O

or [h(t)1? - (t + y)h(t) + B = 0

Solving for h(t) we obtain
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=Y + t Y+ t)* _
(4" n(t) = 13 +/G-,Z_—) 8

so, in order to ensure the existence of a solution for small
positive t , it will be necessary to impose the restriction

Yz > 48

bNQW, to obtain the rate of convergence corresponding to
the function
o(t) = h(t) - b ,
all we need do is substitute the expression for h(t) given
by (4') into (2'). A little elementary algebraic manipulation
yields

A
w(t)-tY—t‘l' ]

<<

This, we observe, is the rate of convergence mentioned in 1.2.3.

Now all that remains is to verify (1). This is
straightforward since

8= h(t) .[y + t - h(t)]

S S h(t)

oy =t - et

hence t[h(t)I '[h(t) - t] 'R =

Now, using the definition of Z(-), it is easy to prove
“that 0 € Z(%) . So, it follows from the Induction Theorem
that Z(0) # # . But clearly, =z € Z(0) implies

z + g(z) = 0, so that 2z + a 1is an eigenvalue of A .

Also

it

v - lzl > neo = 3y + A7)

so that lz] < %(Y - M) ,
ie. |>\-a|<%-( -/x?'f"-"ﬁ'é)
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6.2 A Selection Theorem
6.2.1 Definition Given A and T topological spaces and for
each a € A there exists a non-voidset H(a) «F . A

selection from (associated with) H(+) 1is a mapping

f : A+> F such that f(a) € H(a) for each a € A .

We shall require H(*) € ¢ , a class of sets closed under

intersections with spherical neighbourhoods.

6.2.2 Definition The mapping a+ H(a) is called continuous

if for each a, € A, given V an open set such that
V nH(ay,) #+ B , there exists an open neighbourhood W of

a, such that, for each a € W, V n H(a) # 9

Note that this idea of continuity coincides with ordinary
continuity when H is a function, i.e. H(a) 1is a point

for all a € A .
Denote by P2(F) the power set of F

6.2,3 Definition Given H(+) € ¢ , let G be a set-valued

mapping, G : A > P(F) , such that H(a) n G(a) # 8 for
all a € A . The mapping G will be said to be pseudo-
continuous if avr—> G(a) satisfies the following condition:

for each a, € A and each g, € G(a,) , there exists an

0
open set Q(a,) 3 g, and a neighbourhood U of a, such

that, for each a € U, Q(a,) < G(a)

6.2.4 Lemma If A and F are topological spaces and
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G : A > &F) 1is pseudo-continuous, then continuity of

a + H(a) dimplies continuity of a + H(a) N G(a) .

Proof Let V be an open subset of F and let a, € A
be such that V n H(a,) N G(a,) # 8 . Take a point
g0 € VN H(a,) N G(a,) . Then by pseudo-continuity of G

there exists a neighbourhood U of a, and an open set
Qla,) 3 g such that Q(a,) « G(a) for a € U . So

go € H(ay) n V n Q(a,) and since V n Q(a,) is open it
follows from the continuity of a v H(a) that there exists
a neighbourhood W of a, such that H(a) N V n Qa,) # 0

for all a € W

Suppose now that a € U N W . Since a € W ,
H(a) n Qlag) NV # @ . Furthermore, a € U implies
H(a) n Q(ay) N Ve H(a) n G(a) n V . This last intersection

is thus non-void for all a in the neighbourhood U N W of

a, , showing that the mapping a + H(a) n G(a) is continuous.

6.2.5 The Approximate Selection Property

The triple (A,F,%) will be said to possess the
approxtmate selection property if, given any continuous
relation H from A into F such that H(a) # # and
H(a) € ¢ for all a € A , and given any t > 0 , there
exists a continuous selection f from the sets B(H(a),t)

\

6.2.6 Requisite distance functions

Given A a topological space and F a metric space,

we denote by C(A,F) the space of all continuous functions
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from A to F

Definition If x and y are elements of C(A,F) , the

distance between x and y 1is

d(x,y) = sup {d(x(a), y(a)) : a € A}

Definition If z € C(A,F) , the distance between z(a)

and H(a) 1is
d(z(a), H(a)) = inf {t : z(a) € B(H(a),t)}.

This is, of course, the usual notion of distance from a

point to a set.

We shall also employ the notion of semi-continuity as

defined in 2.2.1.

Having developed the necessary background material we
are now ready to see how the Induction Theorem may be used

to prove a Selection Theorem (Ptdk [10]).

Theorem Let A be a topological space and F a complete
metric space such that (A,F,%) possesses the approximate
selection property. For each a € A let H(a) # # Dbe a
closed subset of F , H(a) € ¢ , then continuity of H(-)

implies the existence of a continuous selection.

Proof Let z € C(A,F) be such that
d(z(a), H(a)) <1 for each a € A

Such a function exists by the approximate selection property.
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Denote by E the subspace of C(A,F) whose elements
x are such that d(x,z) < o . Then, since F 1is a complete

metric space, E 1is a complete metric space.

Define, for each sufficiently small t , a set

Z(t) ¢ E by

Z(t) = {x € E : d(x(a), H(a)) <t for all a € A}

Note that Z(¢) forms a contracting family and that, if

Z(0) # B , then any element of Z(0) 1is a selection.

We shall employ the Induction Theorem in its semi-

continuity form (2.3.1). Firstly we show that

(*) B(x, %t) n Z(%t) + 0 for all x € Z(t),

in order to prove semicontinuity of Z(+) with q(t) = %t )

p(t) = %t and w(t) = %t

Let x € Z(t) and, for each a , set

G(a) {geF: d(g,x(a)) < t} ,

1]

- M(a) H(a) n G(a) € € .

Then, since x € Z(t) , M(a) # 8 . And, G 1is pseudo-
continuous, so according to our lemma (6.2.4), at— M(a)
is continuous. It follows from the approximate selection-

property that there exists x' € C(A,F) such that

x'(a) € B(M(a), %t) for each a € A ,

i.e. d(x'(a), Ma)) < %t for each a € A .

Hence for each a € A , there exists h(a) € M(a)-c G(a)
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1t . It follows that

such that d(x'(a), h(a)) <3

d(x'(a), x(a)) < d(x'(a), h(a)) + d(h(a), x(a))
1 L 3
< —2-1: + .'t = —2-1: ’

3t) and x' € E . In addition,

which shows that x' € B(x, 5

1t for all a € A .

d(x'(a); H(a)) < 3

- Thus we have x' € B(H(a), %t) , 1.e. x' € Z(%t) and (*)

is established.

Since Z(%t)=tﬂ the Induction Theorem (2.3.1) tells

us that Z(0) # # and the proof is complete.,

A Factorization Theorem

- Definition Let A be an algebra over the real or complex

field and M a linear space over the same field. M 1is
said to be a left A-module if a mapping (a,m) + am of
A x M into M 1is specified which satisfies the following
axioms:
for each fixed a € A , the mapping m =+ .am is linear
on M ;

for each fixed m € M , the mapping a + am 1is linear

on A ;
a;(a,m) = (a;a,)m (aj,ap, € A, mE€EM .

Let A be a Banach algebra without a unit element. We
shall denote by A' the Banach algebra obtained by adjunc-

tion of an identity to A . Its elements are the formal
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sums X + X where X € A and X is a complex number, the
norm being defined as lIx + A= Ixll + |\|] . Let F be a
Béﬁach'spaée which is a left A-module with the property

that llaxll € ftalllxl for all a € AA and x € F .

6.3.2  Definition (A,F) possesses a weak approximate unit of

norm B if, for each a € A each y € F and each

€ > 0, there exists an element e € A such that

lel <8 (8 minimal) , llea - al < e, lley - yl < ¢ .

6.3.3 Lemma Let A be a Banach algebra without a unit element
and ‘let . A' be the Banach algebra obtained by adjunction of

an identity to A . Let B be a positive number. If

X € A and Ixlh <8 , set  c(x)_=-B g 1 -.%x € A. Then
(i) cx) = 1=31 -0,
(ii) fe(x)]"t éxisfs in A' and flc(x)I"'Il <8 ,

(ii1)  [e()]™' - zE 5 €A and

. B | g2
Jrecor - 22 < i

B ¢ 1(1 - z) where 2z = B 1 TX , SO

Proof (i) c(x)

B
that Izl < 551 <1

It follows that
(1) [eGO)t = g8 (142 422+ ..)

whence I [c(x)1"'l < 8 ,

and (;ii) ”[c(x)l" - B;E 1‘{ al 521
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Now let us proceed to the theorem (Ptdk [10]).

Theorem Let A be a Banach algebra without a unit
element and F -a Banach space which is a left .A-module.'
If (A,F) possesses a weak approximate unit, e , of

norm B , then for each y € F and each sufficiently small

£ > there exists an a € Awith llall < g% + 28,

0
z € A'ly (closure in F) and llz - yl < ¢ , such that y = az

Proof Let us first show that it suffices to prove the

following slightly weaker result: for all sufficiently

small o > 0 there exists a factorization y = az with
lal < B2 + 2B + o , 2 G.KT§ and llz - yll < a . To see
this let us suppose that this result is proved and that

€ >0 1is given. Let ‘y = ag2y be a factorization of the

type just mentioned, subject to the condition a < B2 + 28

- B2 + 28 - |
Set § = 8T 7 28 + and a = 6a, , z = 8§ "z,
Then hall < Sllagh , i.e. Hall < B* + 28 ; furthermore
lz = yll =168"tzy =yl =1(5" = Dy + 8§ (zy - I

ice. Iz =yl < (8% = Dyl + 6§z, -yl

A

(671 - Dyl + 2a ,

1

(i v 2)e

ie. lz -yl

Clearly o can be chosen sufficiently small to have this
last term < €. So all we need do is prove the weaker

result described above.
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2
Fix € > 0 , € < min {1, TJ%—E} .

Let E be the cartesian product

E=1{a€A:llal <B?+ 28 +¢c}x Ay ,

with the norm of x = (a,z) taken as

2
Ixll = max {Hall , 5—’3-—3-11 uzn} .

 Then E is:a complete metric space, being a product of

closed (therefore complete) metric spaces.

For each t < B2 + 2B + ¢ - defiﬁe Z(t) ¢« E in the

following way:
a pair x = (a,z) € E belongs to Z(t) if and only
if |
(1) lal < 2 + 28 + € - (8 + 1)t ,

. . (B + 1)t
(ii) there exists a number vy , IYI < B2 7 728 + 2 °

such that (a + y)~! exists (in A') ,
and (iii) z = (a+ y)'y
Suppose now that x € Z(t) and let us prove that there
exists an x' such that
(x) x' € B(x,t) Nn Z(E_%_Tt) R

'in order to be able to apply. the Induction Theorem (2.3.2)

- 8
where w(t) = 51t
We shall show that it suffices to take x' = (a',z'")
where
a' = [c(e)] ' (a + v) - 8

B+ 1
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(a +Y)' cle)y ,

is as in Lemma 6.3.3. The weak approximate unit e

is chosen so as to have

(A

and  (B)

B2 + 2B + 2

Ite - Dall + B2 ly] <t ,
. "l ) o . e
I(a + )M Ce = DYI < pra—tyrt -

Relation (A) is made possible by our choice of Y such that

Iy

<
8% + 2B + 2

B + 1 .t ((ii) above)

Now to verify the inclusion (%) it will be sufficient

to prove
(iv
(v)

(vi

)

)

the following facts:
a''e A -
Ix' - xIt <t 3

fa'l < B% + 28 + € - Bt 3

-1

(vii) <a' + 8 . Y) exists in A' ;

B + 1

(viii)(a' v g E T y)z' =y

To

prove (iv) it suffices to write a' in the form:

[c(e)]”(a.+ Y) - E—%—T(a + Y) + 5 E T * a
([c(e)]'f -3 E 1) (a +v) + E—%-I *a,

and note that by the preceding lemma (6.3.3),

[C(G)]-l - -B——ET € A .

To see that (v) is satisfied, write



70

a' -~ a

([c(e)]™' - 1)(a + y) + (1 - E—%_T)Y

g "E" 1) Y

[c(ed) ' (1 - cle))(a + v) + (1 -3

afqg (81 e ] 1 -
[c(e)] '[1 2 B) (a +y) + (1

+|
S

B 1

1
B + 1 L

[cCe))t - % (e = 1)(a +y) +

Hence, since flc(e)) 'l € 8 by (ii) of 6.3.3,

: 1
ha' - al <lite’= 1)(a + VI + =7 |v]

< fi(e - L)all + (B + 1+ 5 1‘1)|Y|

< t by (A) above.

Also, z' -z = (a + y) '(cle) - 1)y

- Ly-1 1

= (a +v) E(e - 1y ,

2 2
whence B ypr o gy <8 o )t - Tace - DIyI
B+ 132 1, .., __€e
< € B i (R + 1)2 t
(by (B) above),

2

e, BED ooy o<t .
2

But, by definition, #Ix' - xlIl = max {Ha' - all ,LE—%—il— fz' - zH},

so Ix' - xll < t .

It is not difficult to prove (vi)
fa'll < fiall + fa' - all ,

i.e. lla'll 82 + 28 +e - (B + 1)t + t ,
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i.e. lla'h <B% + 28 + ¢ - Bt .
To prove (vii) note that

7Y = [c(e)])'(a + v) ,

the product of two invertible elements.

Finally (viii) is immediate since

[c(e)l"'(a + y)(a + Y)'cle)y

(a' + E"%—I‘()Z'

v .

A further requiﬁement before application of the
Inductipn Tﬁeorem can be made is that at least one membef of
the family Z(+) ' is non-void. This is not difficult to show.
There exists a number tp, such thaf |

B < B2 428 4 - (B + 1)to',

g - T+ 1
. B8 g + 1
and =T < B2 e o B Tt

These inequalities follow directly from the easily verified

fact that
8 2 8
BZ+ZB+E>B“E~‘;—I+(B +26+2)m

It now follows from Lemma 6.3.3 and the definition of Z(-)

that if we set

ag = [cle)]' - é E T and z, = cle)y ,

and taking 'y as

then x, = (a,,2z,) € Z(t,) .
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Now 1t is possible to apply the Induction Theorem

(2.3.2). We have

w(t)

so that 6(t)

(B + 1)t
Since Xxg € Z(tg) there exists x.€ B(xo, (B + 1)t;) N Z(0).
If x = (a,z) , we have y = az and fllall < B2+ 28 + €

Furthermore, by definition of IIx = x,l ,

E _lx - xoll + lc(e)y - yl.

- < - - € —ee
hz -yl <z zoll+llz°. vl < s

So, if we choose e in such a way that lc(ely - yll < ® + 02

€ €

we obtain llz - yl

RGN L
But (B + 1)t, < B* + 2B + e - B + 3 E T
i.e. (B + 1t, < B2 + B + z f Tt €

which implies (B + 1)t, < B? + 28 if we impose the

. s g2
restriction € < B+ 1
- € 2 - .
So lflz = yll < AT (B* + 2B + 1) €

Strict irreducibility of _*-representations of B*-algebras

Topologically irreducible modules do not fit well into
the general theory of representation of Banach algébras, but
Kadison [6] proved the remarkable result that topologically
irreducible Hilbert modules over B*-algebras are strictly

irreducible. ‘As our final example of the applications of
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the Induction Theorem:we shall develop an unconventional
proof of this result. Before doing so we require background
material in the form of definitions, a variation of Schur's
Lemma, a result concerning spectra iﬁ B*-algebras, another
involving ideals in Bf-algebras, and finally, a theorem by

Kaplansky.

- 6.4.1 Background material

Let X be a normed linear space. We shall use the

following notation:
L(X) = the linear space of all linear mappings: X+ X ;

BL(X) = the linear space of all bounded linear mappings:X + X.

A will denote an algebra over IR or € and we shall

use the concept of a left A-module as defined in 6.3.1.

6.4.1.1 Definitions If M 1is a linear space over IR or € , by
a representation of A on M we shall mean a homomorphism
of A into L(M) . Given a representation of A on M,
the corresponding left A-module is the linear spaée M

with the module multiplication given by -

\

(1) am = m(a)m for each a € A, m€ M.

M is called non-trivial if AM # {0} . The corresponding
repregsentation of A on M 1is the homomorphism m of A
into L(M) defined by (1)vabove. M 1is said to be
irreducible if M and {0} are its only A-submodules.

A representation of A 1is called irred#cible if the corre-

sponding left A-module is irreducible.
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M 1is said to be normed if 1t satisfies the axiom:

there exists a positive constant K such
that

lamll < Kllallilmll for each a € A, m € M..

M is called a Banach left A-module if it is complete as a
normed linear space. If A is a Banach algebra over IR

or € and M is a Banach left A-module we say that M is
topoZogiéaZZy trreducible if A ¢ {0} ,.and‘ {0} and M
are the only closed submodules of M . A Hilbert A-module

is a Hilbert space (H, {, ») which is a Banach left

-A-module such that

{ax, y» = 4x, a*y) for all x,y € H , a€ A .

Now let (A,*) and (B,#) be star algebras. A star
homomorphism is a homomorphism ¢ of A into B such that
dla*) = (¢(a))# for each a € A . Lastly, if (H, <, ») is
a Hilbért space, a star representation of A on H 1is a

star homomorphism of A into BL(H, {, ?)

‘We shall make use of a topological variant of Schur's

Lemma.
Lemma Let H be a Hilbert space and A any x-subalgebra
of B(H) . Then, in order for A to be irreducible on H ,

it is necessary and sufficient that the centralizer A' of
A in B(H) reduces to scalar multiples of the identity

operator.

A proof is to be found in Rickart [17], Chapter IV. We shall

‘also use two more results from the same source.
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6.4.1.3 Theorem - If B is a Banach #*-algebra which contains

A as a x-subalgebra, then for every x € A \

the spectrum ofxin'A U {0} = the spectrumof xinB U {0} ,
If B is also a B*-algebra, then 'the émbedding

of A in B 1is an isometry, so that A is a closed

subalgebra of B

6.4.1.4 Theorem Let I be a closed 2-sided ideal in A , a
complex B*-algebra. Then I* = I and A/I is also a

B*-algebra.

Our last requiremeht is a theorem by Kaplansky [7]
.concerning density in s-algebras of operators. This is

also stated without probf.

6.4.1.5 Theorem "Let M and N be #*-algebras of operators on a
Hilbert space with M e N and M strongly dense in N
Then the unit sphere of M is strongly dense in the unit

sphere of N

Now we are ready to develop a proof of Kadison's Theorem

via Pt&k's Induction Theorem [10].

6.4.2 Theorem A x-representation of a B*-algebra on a Hilbert
space is strictly irreducible if arnd only if it is

topologically irreducible.

Proof Let a' + T3+ Dbe any =*-representation of a
B*-algebra A' on a Hilbert space H and denote by A

the image of A' in BL(H) . Since a' + T+ |is
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automatically continuous, its kefnel K 1is a closed 2-sided
ideal in A' . Thefefore, by Theorem 6.4.1.4, A'/K 1is
also a B*-algebra. Since A'/K is #*-isomorphic with A ,
we conclude from Theorem 6.4.1.3 that A is a closed sub- }
algebra of BL(H) . Therefore the problem reduces to
showing that any C*-algebra A which is topologically
irreducible on its Hilbert space H 1is necessarily strictly

irreducible.

If A 1is topologically irreduéible on H , then, by
"Schur's Lemma (6.4.1.2), the centraiizer of‘ A in BL(H)
reduces to scalar mﬁltiples of the idenfity operator.
Therefore the double centralizer coincides with BL(H) . It
follows (see Dixmier [3]) that A 1is dense in. BL(H) .
relative to the strong neighbourhobd topology for operators.

Therefore, by Kaplansky's theorem (6.4.1.5), we have

(1) the unit ball of A 1is dense in the unit ball of
BL(H) with respect to the strong neighbourhood

topology.

Now let x and xy be arbitrary elements of H with
Xo #+ 0 . We are required to show the existence of T € A

such that Tx, = x and ITI < (1 + e)ixl.

If x = 0 it suffices to take T = 0 . Hence we may

suppose x #0 . Set u = W%W .
Then clearly we must find U € A such that
Uxo =u and HUN <1 + ¢

and set T IxHU . It follows that we may restrict our-

selves to x such that Ixll = 1
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We define an approximate set Z(+) in A as follows:

for each positive t <1 let

Z(t) = {T €A : ITh < (1 + e)(1 - t), ITxo = xll < t}
We shall prove the following implication:
_if T € Z(t) then B(T,t) n Z(T‘f“g t) £ 0 .
Suppoée that T € Z(t) . Let Vo, be the one-dimensional
operator defined by |

Voy = (ysxo)(x ~ Txg)
\

Then I Vgl

Ix - Txell < t . And, according to (1),
there exists V € A such that WV} < lIVoll and

€

+€t

Wxo = (x = Txo)ll = IV = Vodxoll < 3

Now let T' = T + V . We have
BT = T = 4V < WVl < t

€

1 + ¢ t

1T 'x, - xl <
and  IT'I < HTH + NT' = T < (1 + €)(1 = t) + t

> ' - *1-
i.e. HIT'H < (1 + e)(l t + T t) ’

. €
i.e. TN < (1 + e)(l - t) .

It follows that T' € B(T,t) n 2(1 i — t)

Now, to complete the proof, we show that at least one
Z(t) 1is nonvoid. Consider the operator T, defined by

" Toy = (¥,Xp)x « We have Texp = X and

_ - - _ __E€
HTQH = Nxo W lixtt -}1 = (1 + e)(l T"T“E) .

3 .
Thus Ty € Z(l = s) - And, using the Kaplansky Density
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Theorem (6.4.1.5), there exists. T, € A such that

. € . €
IT, 0 < NToll and IT,x, = ToXel < 7— . So Ti € Z(1 : 8)

and there exists t such that Z(t) # 8 .

Now we may apply the Induction Theorem (2.3.1), the functions
q and P being defined by

€
+ €

q(t) t and p(t) = T t 3

€ ' _
hence C () = =t and o(t) = (1 + elt .,

‘By the Induction Theorem Z(0) # # and, of course, any

element of 2Z(0) is a solution.
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