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INTRODUCTION.

The strict topology B Wés first defined on the space of
bounded complex-valued continuous functionsvcb(x); on a
locally compact Hausdorff space X, by Buck [2]. It was
found to have many applications in Approximation Theory,
spectral synthesis, spaces of bounded holomorphic functions
end multipliers of Banach .ilgebras, Fdr references to these

applications see Conway's paper [L].

The norm topology docs not seem the appropriate topology
to place on C (X) if one wishes to study Cb(X) as a topolo-
gical vector space, particularly if one wishes to relate
properties in Cb(X) with those of X (seec Chepter 5). If
Cb(X) is given the norm topology, then the dual is a space
of measurcs on the Stone-Cech compactification gX. It would
be prcefersble to have a topology on Cb(X) so that the dual is
o space of measures on X and which coincides with the norm
topology when X 1s compact. 'The‘strictitopology gatisfies

these conditions,

In Chapter 1 we give the basic definitions and properties
of the strict topology and we also find its topological dual
space., Most of this work has been done by Buck [2], but |
certain aspects ofvhis proofs have been enlarged upon and
modified. ¥We have includcd & brief discussion of the com-
pact—opeh topology to serve as & comparison to the strict
topology. Finally we discuss the duality between Cb(X) and
its dual using =2 functionai analytic approach rather than

the measure-theoretic approach adopted by Conway [u].



Wiweger [25] has defined the concept of a mixed topology
on a bi-topological space. In Chapter 2 we c¢xamine a general-
ization of the ﬁixed topology introduced by Cooper [6].

Using two different methods, we show thaﬁ the strict topology

is en example of such a mixed topology.

The theory of weighted spaces has been expounded by
Summcrs in [21] and [22]. 1In Chapter 3 we clarify certain
statements in Summers' work and show that Cb(X) with the
strict topology is a weighted space. We also give a new

method for proving the completeness of (Cb(X),ﬁ).

Chapter 4 cénsiders & method of generalizing the strict
topology and certain applications to apprbximation theory
arc given., In Chapter 5 we have included a discussion of
the relations betwecn the topological properties of (Cb(X);p)
and those of X, The final part of Chapter 5 considers
necessary and sufficient conditions for Cb(X) to be the
topological dual of a Banach space satisfying certain con-
ditions. We have also included a brief discussion of the
particular case when X is token to be the positive integers

with the discrete topology.

Theorems 1.0.7; 1.0.8, 1.1.1, 1.1.3, 3.0.4, 3.1.1, 5.0.9,
the necessity of 5.l1.2 and 5.1.7 are originel., New proofs
have been given for Theorems 1.0.6 (ii) and (iii), 1.1.2,
the necessity of 1l.1.4, 2.0.6, 3.1.2, 3.1.3, 4.0.8, 5.0.4,
5.0.5 and 5.0.6. In the remaining work some details of

known proofs haove been supplied and the exposition clarified,

I should 1like to express my deép appreciation to my
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supervisor Dr. J.H.Webb without whose constant enéouragement
and many helpful suggestions, this project would never have
matcrialised. Thanks also to Mr. E.Martens without whose

patience this project would not have been typed.
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PROPERTIES OF THE STRICT TOPOiOGY.

We shall begin by describing the sPace_Which will be used

in this dissertation,

Unless otherwise specified X will denote a locally compact,

Hausdorff topological space,

c{xX):

c, (%) :

co(x):

CK(X):

L(X):

M(X) s

CHX):

the vector space of all continuous real or complex-

valued functicns on X.

the vector space of bounded continuous real or complex-

valued funtions on X.

the vector space of continuous functions which vanish
at infinity. That is, ¢ € co(x) if given any ¢ > O,
there is a compact set K C X such that |¢(x)] < €

for all x £ K.

the vector space of continuous functions with compact
support., The support of a function f € C(X) is the
closure in X of the set {x€X: £(x)¥0} and will be

denoted by supp f.

the space of lower semi-continuous functions on X,

Recall that a real valued funtion f on X is lower semi- '

~continuous if {xX: f(x)<a}l is closed for each real

number a. A function f is upper semi-continuous if -f

is lower semi-continuous,
the space of bounded Radon measures defined on X,
For a definition, see [1] page 50.

the space consisting of the non-negative functions in
C(X). That is
CHX) = {feC(X): £(x)20 for all xe€X}.



CH(X), CH(X) and L¥(X) are defined similarly.

We give Cb(X) the following locally convex structures:i-

o: the Banach space topology defined by the norm £ =

sup{{£(x)|: x€X], called the norm topology.

k¥t the topology defined by the family of seminorms ”f“K=

pK(f) = sup{|f(x)|: x€X}, where K runs through the compact

subsets of X and called the compact—-open topology.

Bs the topology defined by the family of seminorms “f“¢=

sup{ | £(x)o(x)] :+ x€X}, where ¢ € CO(X) and called the

strict topology.,.

Note (a)

(p)

(e)

(a)

The strict topology on the space Cb(X), for X local-

ly compact was introduced by Buck [2].

If V, = {reCy(X): |Ifollk1] where ¢ € C(X) then the
sets {V§} form & neighbourhood basis at zero for the

strict topology.

The compact open topology is generated by the semi-

norms Hf”¢= sup{| £(x)p (x)| + x€X} where ¢ € CK(X).

Each ¢ € CO(X) has o-compact support. For each

n € N, define

i

I

K = [xX: |o(x)] >

(-]
Then Kn is compact and suppe =nglKn is o-compact.
It is tempting to conjecture that the strict topol-
ogy is generated by the family {pK(f): KX, K is
o-compact}, of seminorms. This is false as the

counter-example below shows, Let R denote the real
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6(
numbers with its ﬁsual topology. Since R itself is
o-compact, as R ;é;l[—n,n], the topology generated
by the above family éf seminorms is the norm topology
on C, (R). We shall see in Theorem 1.0.7., that if X
is not compact then B # o, Note also that the fact
that suppe is o-compact need not imply that ¢ € co(x).
For example, consider the constant function 1(x)

for all x € R,

Lemma, BSuppose X is a locally compact topological space, If
{xn} is a discrete sequence of points in X and !cn} a null
sequence of positive real numbers, than there is a ¢ € CO(X)
such that @(xn) = ¢ s Furthermore, if f € C(X) such that

of € C_(X) for every ¢ € C (x), then £ € Cy (x).

(By a discrete sequence, We mean a sequence with no points of
accumulation, or equivalently, the given topology coincides

with the discrete topology 6n the sequence, )

Proof's Since X is locally compact, we may choose a sequence:
{hn} of compact sets with xn§ intk  and X NK = ¢ for all m * n,
For each n, choose ¢ € C(X) satisfying

1

0 < @n(x) <1 for all x € X,
¢n(xn) =1 and
o, (x) =0 it x ¢ K.

Let o(x) =2 1c ® (x) Then ¢(xn) = Cpe

Also ¢ € CO(X), since if & > 0 we can choose n such that

C < & for all m > n, Then if x ¢ u K either x € Km for

0
m > n or X ¢n91Kn'
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. “ “; .
If x € K_, then p(x) < Cp< Ee If x ¢hg1Kn’ then ¢(x) =0 < &

as required,

Suppose £ € C(X) as in the statement of the lemma &nd

suppose that £ is not bounded on X. Then for each n € IN,

choose x € X such that ]f(xn)| > n, Since f is continuous

the scquence {xn} may be chosen to be discrete, By above,

choose ¢ € CO(X) so that

' 1
o(x.) = for each n,.
n foni

So ¢f(xn) =1forn =1,2,..., Thus ¢f § co(x) which is a

contradiction. Suppose ¢f € CO(X)'and let € > 0., Then there

exists a compact sct K such that |of(x)| < & for x ¢ K.

Hence‘{xn] C K and since K is compact this scquence has a

point of accumulation.

Remarks (a):

(b)

(e)

Before giving some basic propcrties of the
strict topology on'Cb(X) we ﬁill state a few well
known results relating to the compact-open and
norm topologies, |

In the norm topology, Cb(X) is a Banach space
(completc normed space), CK(X) is not dense in
Cb(X) but its closure is the complete space
CO(X) with the norm topology.

In the compact-open topology, Cb(X) is a locally
convex linear space. It is metrizable only if
X is o-compact (sce below); .CK(X) is k-dense

in € (X). Also (C,(X),k) is not complete, the
completion being (C(X),x) when X is a k-space

(see definition 4.0.3.).
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(d): Recall that a topological space X is O-compact
- _
if X =nglhn where each Kn is compact., X 1is
regularly o-compact if X is o-compact and the

compact scts iKn} may be chosen so that

1.0.3. Lemma, Every o-compact, locally compact topological space

X is regularly o-compact.,

©o
Proof: Let X be as @bove. Then X :nglKn where each K, is

compact,
Define Ki: K, and for each x € Ki choose an open
neighbourhood Vx of x such that V& is compact, This is

possible since X is locally compact. Then EVX: X€Kil is an

X

open cover of Ki so there is a finite subcover iVx seosV_ }o
1 n’

Let
: \ n _ n
’e o 3 1! f
B2 =it Vy 2 1008 25V, = K.
Now KéUK2 is compact, so proceeding as before we find Ké
compact such that
1 s t ' g

Continue in this weay to obtain a sequence {Kﬁ] of compact

. , o st
subscts of X such that nglkn _vX and

Ki C intk! C K

1 s t
> » € intK; C ...

2 3

Hence X is regularly o-compact as required,
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Lemma, Suppose X is regularly o-compact where X :nglKn and

K, C intK, € ... If K is any compact subset of X, then

1
K C Kn for some n.

Proof: Suppose that the conclusion is false. Choose x1€ K

such that x1¢ K Let n, bec the smallest intteger such that

1° 2
xl€ Kn . Continue in this way to obtain a sequence {x }
2 h
C X such that xr¢ K, » X, & . Clearly
, L r+l

[~ ]
X = UK and X_ C intX for all r,
r=1 nr nr nr+1

Relabel the Kn by replacing K with K., Since X is compact,
r Ip r
the sequence {xr} has a point of accumulation X, 527, where

e 3 - 7w Ol | ~
xo€ K. Since X, € X =1 KL there is an m such that X, € Km

. o * - - - | ) 7
.C lnth-p:.l.. Now if r» > m then XI‘¢ KI' and XrE “I’-{:l. But

K,C intKy 1€ o.. C IntK, ,C K, 80 Xo¢ intgy 1 for all r > m,

_ That is, xo¢ ixrzr>m since x € 1ntKm+l which is open.

So X, is not a point of accunmulation of {Xn} which gives

the desired contradiction.

- Theorecm, Suppose X is a o—compact, locally compact topological

space, Then (C(X),x) is metrizable.

Proof: The compact~open topology is generated by the semi-
norms pK(f) = sup{|f(x)|: x€K} where X runs through the com-
pact subsets of X. By Lemma 1,0.3. we may let X ZJZIKr where
ch intKZC K2C ess He shali show that thc countable family_
of scminorms {pKn} generates a local base at zero for x. It

is sufficient to show that for cach Pr there is a pKn such
A
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that p.. € P, .
S

Let K be any compact set, then by Lemma 1.0.4. there is
an integer n such that K C Kn. ~Clearly Pr < pKn. Also
(c(X),%) is Hausdorff, since if £ *# 0, £ € C(X) we may choose
x € X such that £(x ) = r > O. Choosc ¢ so that 0 < & < r..
Since f is cdntinuous and X is locally compact, there is an
open neighbourhood U of X, such that £(x) > e for all x € U

ond U is compact,

Consider the scminorm py(f) = sup{|f(x)|: x€G}. Then
V = {geC(X): pﬁ(g)ss} is a basic k-neighbourhood of zero

end £ ¢ V.

The result now follows from a standard theorem on the
metrizability of linear topological spaces (sec [15], page

163).
7.1
In Chapter 5 we shall discuss the metrisability of (Qb(x);ﬁ).
We shall now list and prove some of thc basiec and important
facts concerning the strict topology which will be used

repeatedly throughout this work.

1.0.6, Theorem, Let X be a locally compact Hausdorff topological

space., Then
(i) « < B < o,

(ii) the B-bounded and norm bounded scts of Cb(X) are the

same,

(iii) the. topology B coincides with ¥ on the norm bounded

sets,

(iv) a sequence {fn} in € (X) is B-convergent if and only if
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it is norm bounded and ¥-convergent,
(v) the subspace CK(X) is @-densc in Cb(X),

(vi) (Cb(X),p) is a complete locally convex topological

vector space,

Proof: (i) Since "f“wz lite )] < Nifllllell it follows that p < o

Conversely, if ¥ is a compact subsct of X, choose @ € CO(X)

f

such that ¢(x) = 1 for all x € K. Then anKs “f”¢ so that

KSﬂo

(ii) Since B € o, the o-bounded scts arc p-bounded.
Now suppose A is p-bounded but not o-bounded, Let x1> 0,
thon there exists £1€ A and x,€ X such that lfl(xl)| > Ny
Since fl is continuous there is an open neighbourhood Nx of Xq
such that N. (the closure of N, ) is compact and |£,(x)| >

Xl \ Xl 1 1
for all x in NX . Since ¥k =B, A is x-bounded and so there is
1
a A,> O such that [£(x)| < », for all x € N_ and for all
1

f € A, Clearly Ao> Ny Now A is not o-bounded, so there is
an £ € A and X,€ X such that [fz(xz)l > Ape DNote that

xzé N, « 8Since f, is continuous there is an open neighbour-

1
hood Nx2 of X5 such that Nx2 is compact, Nxzn le= ¢ and
Ifz(x)l > A, for all x € NXQ.

Noting that leu NX2
way to obtain a discrete scguence {xn} in X and a sequence

is compact we may procccd in this

{fn} in A such that Ifn(xn)l > N, where {kn} is an unbounded
increasing sequence of positive real numbers. By Lemma 1.0,.2.
: -1
“we may choose ¢ € CO(X) such that @(xn) = A ® for each n,
Then

1
() = Ifjell = [£ (x )e(x )] 2 2E,
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This contradicts the fact that A is p-bounded.

(iii) Let B be a norm béunded subset of Cb(X). ‘It is
sufficient to show that ¥ colncides with p on the absolutely
convex hull of B, So we may suppose that B is absolutely
convex, Since B is o-bounded, there is an M > 0 such that
l£ll € M for all £ € B. Suppose v, B is any p|B~neighbour—
hood of zero, where V = {rec, (X): |Ifoll<l} and ¢ € C_(X).
Choose a compact set K C X such that |e(x)] < %‘for all

x € K.

- - 1l . . v
Let V= {rec, (X): Hf”Kéﬁgﬁ}. Then V., is a k-neighbour-

K
hood of zero. We show that VN B C V¢ﬂ B, ITTEVNB

then if x § K, |P(x)e(x)] = |£(x)|]e(x)] < M. = 1 and if

x €K, [F(x)e(x)] = |£(x)|le(x)]| < ﬂ%ﬂ.ﬂ¢“ = 1, Therefore
[£(x)o(x)| < 1 for all x € X and thus f € v,N B. 8o v, B

is a k|g-neighbourhood of zero. Since « < B, every k| g~neigh-
bourhood of zero is a ﬁ]B—neighbourhood of zero., Thus x]B

and ﬁ]B have the same neilghbourhoods of zero,

Let £ € B, Any pIB-neighbourhood of £ in B is of the form
(f + V)NB, where V is a B-neighbourhood of zero in Cb(X).
Since B]B and KIB have the same neighbourhoods of zero, there
is an absolutely convex k-neighbourhood U in Cb(X) such that
UNB C V. We show that (£ + U)NB C (f + V)NB. ILet g €
(f +U)B, then g = f +u for some u € U and £ + u € B,
Thus g - £ € U, u€ B-B and so g - f € B -~ B, Since B is
absolutely convex, B - B C 2B and since U is balanced, U C
2U, Thus g - £ € 2(UB) C V. So g€ £ +V and since g € B

it follows that g € (f + V)NB as required, Thus (f + V)NB
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is a KIB'neighboufhood of £ in B and so ﬁlBs xlB. Since

¥ < B, the reverse inequality is true and so the result

follows,

| (iv) Suppose {fn} is a B-convergent sequence to
fE Cb(X). Now {fn} is p-bounded, hence norm bounded. Since
kK < B, {fn} is k-convergent to f. Conversely, if {fn} is
norm bounded and fn& f, then fnﬁ f since ¥ = 8 on the norm

bounded sets,

(v) Let T € Cb(X). We shall find a net in CK(X)
which is B-convergent to £, Suppose K is a compact set in

X, Choose ¥,€ cK(x) such that

(%) =1 if x € K and
0 < wK(x) €1 for all x € X,

Let fy= ¥;f. Since ¥ € CK(X) and £ is bounded it follows

that f € CK(X). Partial order the compact subsets of X by

inclusion. Then {fk} with K compact is a net in CK(X). Now

{f£.} is norm bounded since-

K

legll = leell < fv el < liell for a1l compact k.

Also :K

then l&k- f"K = 0. The result now follows from part (iv)
1

is k-convergent to f, since if ch X and Kl is compact
above,
(vi) We will show in Chapter 2 and again in Chapter 3

how a proof of this result may be obtained., (Seec Theorems

2,1.2. and 3.1.3,)
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1.0,6,

1L

We shall now investigate under what conditions the top-

ologies k, B and o coincide.

Theorem, (i) B = o if and only if X is compact,

(ii) If x = B then X is pseudocompact.,

Proof: (i) From Theorem 1.0.6. (v) and since CK(X) C CO(X) C
cb(x) it follows thét co(x) is p-dense in cb(x). Since B = oy
we have CO(X) is ¢o-densc in Cb(X). ‘But CO(X) is o-complete
so that CO(X) = Cb(X). Hence X is compact. Since if X were
not compact then the constant function 1(x) = 1, for all

x € X, is in cb(x) but not in co(x). Conversely, if X is

compact, then o = «¥, Since ¥ € B € o we have B = o,

(ii) Suppose ¥ = B, Now CK(X) is x-dense in C(X)
and Cyp(X) is p-dense in Cy(X). But Cp(X) is p-complete,
hence Cb(X) = C(X) and X is pscudocompact.

Note: We shall give an example where ¥ = B < O, (8ee¢ Theoren

5.0.9.)

Theorem, If X is a locally compact topological space then

kK = B if and only if cK(x) = co(x).

Proof: Suppose ¥ = B and let ¢ € CO(X). We must show that
¢ has compact support. Now, V= {fecb(x):[lfdlsl} is a
B-neighbourhood and hence a xéneighbourhood of zéro. So
there is a compact set XK C Xvand an & > 0 such that vK,eC

V where
¢
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V.

K,e= {fec (X): HfHKse} is a basic k-neighbourhood

of zero.
8o, if ||ffly< e then Itoll < 1 eee(1).

We claim that suppe C K, since if not, we can choose xo¢ K
such that ¢(xo) =r % O, For each n €N, choose f € Gb(X)

such that fn(x) = 0 for all x € X and fn(xo) = n., Choose n

1

so that nolrl > 1. Then “fn l.< &, but lfnw(xo)l = no|r| > 1

K

» 0
and hence ”fnvu > 1., This contradicts (1) and so suppe is

10'0090

compact,

The converse follows-from the definitions of « and B.

We shall now give a result which suggests that the strict
topology is a ﬁore naturel topology on Cb(X) than the norm
topology whenever X is locally compact., We shall need the

following lemma,
Lemma, Each measure p in M(X) has a o-compact support.

Proof: It is known that the uniform dual of CO(X) is M(X).
Since CK(X) is o-dense in CO(X) it follows that the uniform
dual of CK(X) is also M(X). Let u be a positive measure on.

X and define a linear functional L on CK(X) by

L(£) = /;{fdp.

Since u is bounded, L is o~continuous and there exists a

number M = [[L]| such that |L(f)| < ullell for a1l £ € Cre(X)s

Choose £,€ Cp(X) Witi ”fh" = 1 and limL(f ) = M. Let K =

suppf, and let Sp = Uik . Since f € CK(X), each K is compact
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and thus Sp is o-compact. We show that suppp C S“. Let
g € CK(X) be any function which is zero on S“.: We can assume
that |gll < #.. Then, |I£_+ gll = lif,~ gll = 1 for each n, so
that

[L(fpte) | = |n(f)) + Le)| < M.

Letting n tend to infinity and noting that 1imL(fn) = M, we
see that L(g) = 0. Hence the behaviour of a function f off

Sp does not affect the value of L(f) so that

L(f) = /kfdp for all £ € CK(X).
S
U
1.1.0. Theorem. If X is a locally compact Hausdorff topological

space, then the strict dual of cb(x) is M(X).

Proof: Let L be any B-continuous linear functional on Cb(X).
Since B € o, L is o-continuous on the subspace CK<X)' Thus,
by Lemma 1.0.9, there is a pu € M(X) such that
n(e) = | fau for all £ € Cp(X) ...(1)
Js
. ' u
Since CK(X) is B~dense in cb(x) it is sufficient to show
that (1) defines a B-continuous linear functional on CK(X).

X

8= p(Kn~ Kn_l) and put X = ¢ . Then a >0 and

g Tn¥l

nélan: M. Choose a seguence {bn} of non-negative real numbers

Let S

monotone decreasing to zero and satisfying

8

c’lS‘J
o o

< 2M.

™M

n=1

Let Cp,= bn- bn41 so that bn: Ch+ °n+l+ 0o Construct »
¥ € Cf(X) with Hwnu =1, ¢ (x) =1 for x € K, and v(x) =0

for x ¢ Kn+l°‘
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oo

Let ¢(x) 12150 Yn (x). Then ¢ € CO(X): if ¢ > 0, choose an
integer n so that bn< €. Then if x ¢ Kn’ wr(x) = 0 for

¢ is zero except on Sp and

o(x) 2 b for x € K - K _;.

) . ; . . _ o1
The function 5 is continuous on Sp and if Ln_ Kn hn~l thep

) oo a
ldp - 2 idp < 3. == ¢ 2M,
n= @ =1 D
S Ln n

and hence (1) defines a‘B-continuous linear functional on

CK(X) as required.,

Notes: (a) We can now define a pairing functional between
Cb(X) and M(X) by

f
<f,}l> = jfdp'o

(b) One advantagc of the strict topology over that of
the norm topology is that the space M(X) is relatively
easy to work with. The uniform dual of Cb(X).is M(BX)
where BX is the Stone-lech compactification of X and

is somewhat unwieldy.

(¢) The norm topology on M(X) is the usual variation
norm; namely the strong topology when regarded as the
dual normed spacec to (CO(X),G). The strong topology on

M(X), regarded as the aual of (C,(X),B), is the norm
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topology since the pB-bounded and norm bounded sets of

C,(X) are the same.

(d) Buck raised the following question: "Is it true
that the strict topology coincides with the Mackey
topology, the strongest locally convex topology on
C,(X) having M(X) as its aucl?"

As yet no characterization of those spaces X for
which the answer is affirmative is available, but
Conway [L] has shown that (Cb(X),p) is a Mackey space

whenever X is paracompact.

TN linear topological space E isia Mackey epace if and oniy
if every weak* compact convex circled subset of the dual B!
is equicontinuous. It is therefore neccssary to character-
ize the B-equicontinuous subsets of M(X). But an absolutely

convex set H € M(X) is p-equicontinuous if and only 1if

o

H = ifecb(x): |<fyu>|<1 for all ueH}

is = B-neighbourhood of zero in Cb(X)' This is so if and
only if there is a ¢ € C,(X) such that Vv C H°. Theat is,

HC vg C M(X) where
vg = [pEM(X): |<f,u>|<1 for all fevwl.

80 it becomes necessary to characterize the sets Vg where

¢ € CO(X).~

Before proceeding we indicate briefly how to extend the
domain of u € M(X) from C,(X) to L(X). For details sece

[12], Chapter 3, section 11. If u € M(X) and g € L*, let
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D= fhec.t: h<gl where h < g means h(x) < g(x) for all x € X.

Then g = supih: heDg}. We can then define

jédp = sup| hdp: hCDg}.

An analogous result holds for upper semi-continuous functions,
Lemma, Let E be o closed subset of X. The following state-
ments are eguivealent:

(2) p(X) =0 if KC E and ¥ is compact.

(b) <f4u> = 0 for all £ € cb(x) such that suppf C E.

Proof: (a) implies (b).

Since p(B) = sup{u(K): K compact, K C E} it follows that

w(B) = 0. Let £ € Cb(X) satisfy suppf C E. Then

/}dp

(v) implies (a),

il

./ufdp = 0, So «<f,u> = 0 as required,
E

Let X be compact, X C E, Then X the characteristic

function of X is upper semi-continuous:

If a > 1, then {x: xK(x)Za} = 93
If 0 <« a <1, then {x: xK(x)za} = X and

if a < 0, then {x: xK(x)Za} = X.
Since X is Hausdorff, ¢, X and X are closcd., Consider

u, = {£ec, (X): £2x;, and supp £ C B},

K

Then X, = infffecb(x): erx }. By hypothesis, <f,pu> = O for
AN K
all £ € U_ , so
*x
<XgsW> = 0 and hence u(X) = 0 as required,
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Note: This result shows the relationship between u € M(X)
regarded as a Radon measure on X and as a bounded

linear functional on Cb(X).

1.1.2, Theorem, If ¢ € C_(X) and v¢: {rec (X): [Ifofl<1}, then
_ VZ = {peM(X): p vanishes off N(¢) and H%“sl} where N(o) =
{xeX: ¢(x)#0} ana <f,%> = <§,p>.‘ Note that p vanishes off

N(e) if u(X) = O for every compact set X such that XKNN(¢) = .

Proof: Let u € vg, that is ||fell € 1 implies |<f,u>| < 1.

We will show that p vanishes off N(¢). By the previous
lemma, it is enough to show that u(f) = <«f,u> = 0 for all

f € Cy(X) satisfying suppf C E. We may assume that ¢ > O.
Let g € Cb(X) such that suppg € E. Then go(x) = 0 for all

x € X and so nge(x) = 0 for all x € X and n € IN,. Hence

Ilngoll € 1 for all n €IV and since u € Vz we have |<ng,u>| < 1

for all n € IN, Hence |<g,p>[ = 0 as required,

Let £ ¢ Vw. We moay suppose that £ > 0, We shall show

that % is integrable with respect to p and I<%,u>| < 1l. Let

h(x) = i i if ¢(x) # 0 and
h(x) = 0 if ¢(x) = 0.

Then h is lower semi-continuous, If x € X and X,* Xy X < X
it is sufficient to show that lim infh(x_ ) > h(x). If
9(x) # 0, then h is continuous at x and so lim inf h(xd) =
h(x). If ¢(x) = 0, then h(x) = O by definition. But

h(xa) > 0 for all x_ and so lim inf h(xa)_z h(x).

Let g € L(X) such that [[eell € 1.. Then if D= {heC¥(X):

h<g} we have |lhefl € 1 for all h € D_. - Since p € Vg we have

)
[¢h,u>| € 1 for all h € Dge
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But <g,u> = lim{<h,p>: heDg}, hence |<g,u>| < 1. So we have

shown that if [[gefl < 1 and g € L(X) then |<g,u>| < 1.

Let g = h be defined as above. Then if If]l < 1 we have
f<§,g>[ < 1 so that "ﬁ” < 1 and h is integfable with respect

to u.

Conversely, if p vanishes off N(¢) and ”ﬁ” < 1 then

Ifell < 1 implies |<f,u>]| = !<§£,p>] < Uf¢““%”'< 1 as required.

Note: (i) This theorem is due initially to Glicksberg [10]
and the proof was later "simplified" by Conway [4]. Note
that i—(‘f) = <f,u>, but w € M(X) is initially defined
only for continuous functions and it is clear that f
need not be continuous, It is, however, lower semi-
continuous and hence the necessity to extend the domain
of each p € M(X) from Cb(X) to theilérger space L(X).
Both the proofs of Glicksberg and Conway tend to gloss

over this aspect of the proof.

(ii) The functions of the form % are not very manageable
and Conway has given an alternate characterization of
the p-equicontinuous sets. (See Theorem 1.,1l.4,) We
shall prove the necessity using a functional analytic
approach, but before proceeding we shall fequire the

following lcmme,

1.1.3. Lemna, Supposc X is a locally compact Hausdorff topological
space and H is a subset of M(X). The following statements

arc cquivalent:—

(i) For all € > 0, therc is a compact set K C X such
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that |p|[(X ~ K) < & for all u € H.

(ii) For all e > O, there is a compact set K € X such
that, if ||f]] € 1 and suppfNK = ¢ then |<Ff,u>| < €

for g1l (8 € H.

Proof: (i) implies (ii).
Let € > 0. There exists a compact set X C X such that
lp[(X ~ K) < &, Suppose that Hf“ < 1 and suppfNX = ¢. Then

suppf C X ~ K. Hence |u|(suppf) € € for all u € H, If p € H,

then
<tyus>l = | [faul
= | [ fap]
suppf
< l];suppfdpl since |f] < 1
< |u|(supnf) < € as required,

(ii) implies (1i).

Let ¢ > 0. By hypothesis there is a compact set K C X
such that if |Iffl < 1 and suppf NK = ¢ then [<fyus>] < %, for
all p € H, Suppose that £ > 0 and let g € Cb(X) such that
lel < £ (pointwise), suppf N K = ¢ and [|fl € 1, Then
suppg N X = ¢ so that l<g,p>{ < %. Hence sup[f<g,p>‘: }g[éf,
gecb(x)} < % It follows from [1] page 55, that <f,|lul> = -

el () < g.

Now supposc that f is not necessarily positive and satis-
fies ”f” € 1 and suppf " X = ¢« Decompose f as follows:
f = £% £ where '

| f+=-L£L§i¥£ and £ =
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Then suppf ™M K = ¢, suppf N XK = ¢, £ 0, £ 20, €7 <1

and llf7]] € 1. By above |ul(f*) < % and [l (£7) < g. Simil-
. .

arly we can write p = u™= @~ and |u| = gte .
Now [1ul(£)] = [1ul (e £7)] < 1ul (2% + 1ul(£7)

It follows from»(ii) that for all & > 0, there is a compact
set K C X such that if |If|| € 1 and suppf N X = ¢ then
l1u1(£)| < e. Let L be any compact set satisfying L € X ~ X,

If UXL= {fecb(x): 2% 1, lIfll<l, suppf N K = ¢} then X, =

inf{f: erX !+ By hypothesis |Iul(f)| < e for all £ ¢ Ui ’
L
hence llpl(xL)] < & and so [ul(L) < & as required,

1l.1.4, Theorem, 4 set H C M(X) is p-equicontinuous if and only if
(i) H is uniformly bounded and
(ii) For every e > 0, there is a compact set

XK C X such that [ul(X ~ X) < e for all y ¢ H.

Proof': Necessity.

Suppose HcC u(X) is p-equicontinuous, ﬁhen there is a
¢ € C,(X) such that H C Vﬁ. By Theorem 1.1.2, “%” < 1 for all
4 € H and hence lju]l € Jlol| for 211 u € H and so H is uniformly
bounded. Also H® is a p-neighbourhood of zero in C,(X).
Since ¥ = f on the norm bounded sets, we have H°nrB is a

«| -neighbourhood of zero in rB for every r > 0, where B

rB
is the unit ball in cb(x). Hence for any r > O, there is
a compact set ¥ C X such that if |If|| € » and pK(f) < 1 then

l<f,u>| < 1 for all p € H. Call this statement "(p)".

Let € > O be given and put r = %. By (p) there is a
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compact set X € X such that if |£| < % and p,(f) < 1 then

l<f,u>| < 1. Suppose that |If|| < 1 and suppf N K = ¢, then
px(%.f) = 0 and ”g“ < = =1r, So by statement (p), |<£,u>l
< 1 and hence |<f,u>| e for all u € H. This shows that (ii)
of the previous lemma holds, hence so does (i) and the result

ffollows.

Sufficiency.

Suppose H satisfies the conditions of the theorem. Since
H is uniformly bounded, wc may suppose that |ju|l € 1 for all
p € H. By induction we can obtain a sequence {Kn} of compact
subscts of X such that I .C intK . and lul(X ~K) < (%;)n
for all ¢ € H, TFor each integer n > 1, let ¢, € CK(X) be
such that @n(x) =1 for x €K, 0 < ¢ <1 and ¢n(x) = 0 if
x €K 5. 3

Put ¢(x) = 2n§1(%)n¢n(x), then ¢ € CO(X) since the sequence
{(£)"] converges to zero. Also N(¢) = nQIKn‘ We shall show
that H C Vo, If K is a compact subset of X and K N N(¢) = ¢
then X N K = ¢ for all n > 1, Thus lul(K) < (%)n for 211 n

and so |ul(K) = 0., Hence each u € H vanishes off N(¢). If

il

x € Ky~ K, 4 forn 2, then ¢(x) = ... = ¢, 5(X) = 0 and

v¢k(x) =1 for k > n.

Therefore

(> i 00 'y
‘P(X) = 21_2:11_1('12") CPi(X) 2 Zién(%)l

it

-1
2($)%
If u € Hand n > 2, then

) [ @ans < @@ < m

n~ Fn-1 _

and so
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f(%)dlul = '/Ki-%;)dlpl +_n§2/(%)dmr
< B el + 2B < 1.

Thus by Theorem 1,1.2, H C Vz and H is therefore pg-equi-

continuous,

Note: (i) It is thought that a proof of the sufficiency of
Theorem 1l,1.4. can be obtained using functional analytic
methods rather than the measure theoretic approach
adopted by Conwaye. The author has however not succeedsd

in achieving this,

(ii) We shall show in Chapter 2, that, with the aid of
‘this theorem, thc strict topology is a mixed topology.

(iii) Conway utilizes this characterization of the B~
equicontinuous subsets of M(X) to show that whenever X
is paracompact, the strict topology is a Mackey topology.

The details may be found in [L].

We shall show in Chepter 5, that when X is taken to be
the positive integers with the discrete topology, a simpie
application of theorem 1l.l.4, yields the result that g is
the Mackey topology on-CbGN); We are also able to give
an example of a dense subspace of a Mackey space which is not

itself a Mackey space.
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THE MIXED TOPOLOGY AND APPLICATIONS

We now present the mixed topology defined on a linear
space E with two locally convex Hausdorff topologiecs., This
was initially introduced by Wiweger and extensively studied
in [25] and [26] and is closely related to the earlier work

of Alexicwicz, Orlicz and Semadeni on two-norm spaces.

We will also show thét the strict topology, introduced
in the previous cheopter is a mixed topology ~ a result ob-
tainéd independently by Webb [24] and Cooper [6]. We will
point out how typically known properties of the strict top-

ology may be deduced from Wiweger's work.,

Most of Wiweger's results required that one of the top-
ologies © on B be normeble, We shall define the mixed topol-
ogy with the less restrictive rcquirement that (E,t) be a
(DF)-space., This is the natural generalization of Wiweger's

definition and was first introduced by Cooper [6].

Definition, A (DF)-space is a locally convex space (E,t)

which possesses a fundamental scquence (sce notcs below) {an

- of bounded sets and has the property that if {Un} is a se-

guence of closed, absolutely convex neighbourhoods of zero

such that U = N U  absorbs bounded sets of B, then U is also

a ncighbourhood of zcro.

Notes: (1) A sequence {B ! of bounded sets is fundamental if,

n
when B is any bounded subset of B there is an n such

that B C Bn' Observe that if E has a fundamental se-
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gquence {Bn} of boundecd sets then therc is a fundamental
sequence {BA} of bounded sets such that each B is abso-

. ‘ 1 1 t -
lutely convex and Bn + Bn.C Bn+l for each n > 1. Let
Bi be the absolutecly convex hull of B;. Then Bi + Bi
1s bounded and so there is an integcr n,; such that
+ Bi C B_ . Let Bé be'the'absolutely convex hull
ny 2l

t s t ?

i:lBi‘ Then By is bounded and B1 + Bl - Bn1

Proceeding in this way we obtain the sequence.

t
By

'
of C By

(ii) By considering poiars of the sets Un in B' we
note that the dofinifion of a (DF)-space is equivalent
to (2) E has a fundamental sequence of bounded sets
and (b) every strongly bouhded countable union of-

equicontinuous subsets of E' is equicontinuous.

(iii) It is Xmown that the class of (DF)-spaces con-
tains all the normed spaces and the strong duals of
metrisable locally convex spaces, both of which are of
frequent occurrence in analysis,.,  Also, a linear map
L from a (DF)-space'E into a locally convex space F is
continuous if end only if L]B is continuous for each
n., For a detailed study of tﬁese spaces refer to

Grothendieck [11].

2,0.2, Definition, Let I be a vector space with two locally convex

e

%L .
topologies © and t satisfying:

%
(i) = '€ =,
(ii) (B,t) is o (DF)-space with a fundemental

sequence {Bn} of absolutely convex bounded

sets such that Bn + Bn - Bn+l for all‘n, and



28

%
(11i) each B, is 7 -closed.

# %
If {Un} is a sequence of absolutely convex ¥ -neighbourhoods

of zero, let

% 0 ( # * )
Y(Un) = n\:il UlﬁB1+ sees <+ nan o

Then the set of £ll such Y(U:) forms a besis of neighbour-
hoods of zero for a locally convex topology Y[t#,w] onE
and will be called the mixed topology generated by r* and Te
ihen no confusion can arise we will denote the mixed topology

simply by v.

Note: . It follows from 2.0.1, note (i) that part (ii) of the
above definition may be replaced by: (E,z) is a (DF)-

space. .

The following propositions give some of the main properties
of the mixed topology. The proofs are taken from Cooper [6],

page 587.

%
240¢35. Proposition., Let E, = , T and ¥ be defined as in Definition

2000.2o Then

(i) For any t-bounded set B, ¢*IB= Y]B;

(ii) A collection H of linear maps from E into a locelly
convex space F is y-equicontinuous if and only if
HIBn is T*—equicontinuous for each n. In particulaf,
2 linear map L from E into F is ¥-continuous if and
only if L]B is T*—continuous for each n;

(iii) The mixed %opology Y is the finest locally convex

topology Sn % coineiding with T* on the Tt~bounded

scts,
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Proof: (i) Suppose B is a t-bounded subset of E. Choose a
&
positive integer r such that B - B C B,. Let Bn(x0+ Y(Un))
* %
be a YlB—neighbourhood of x € B, Put U = U,. Then
# # % % %
U N(B-B) C U,NB, C ¥(U ) so that (x +U )NB < (x,+ ¥(U,))NB,
% %
Hence (xo+ Y(Un))nB is a = IB—neighbourhood of x € B. The

‘ % oy
converse follows since © < ¥ (see Proposition 2.0.4.).

(ii) If H is y-cquicontinuous on E, then H is y-equi-
L %
continuous on the x-bounded sets. Since 7 € ¥y, H is v ~-equi-

continuous on the r-~bounded, sets,

*
Conversely, if H]B is 1 =equicontinuous for each. n, let
n

W be an absolutely convex neighbourhood of zero in F and put
W= (%)™w,

Then we can find m*-neighbourhoods ZUz} so that h(U:an) C
W for cach-h € H, So for any n and h € H we have
* #
h(U{MBy+ eee UNB ) C Wit oee + W CTW,
Hence h(Y(U;)) C W for ecach h € H so that H is y-equicontin-
uous.

T

(1ii) By (i), ¥ = ©° on T-bounded scts. Suppose ¥Y'
is a locally convex topology with ¥'= . on t-bounded sets,
Consider the identity map 1:(E,y) ~ (E,v'). By (ii}, i is

continuous and so ¥y is finer than y',

=
o)
ct

Because of this last result, we could have defined

5
|

%
the mixed topology generated by 1 and 1 as being the
. %
finest locally convex topology agrecing with © on the

t-bounded sets,
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*
2.0.4, Proposition, Given E, t , v and ¢ as before, then

(1) v°< v < =

(ii) s is independent of the choice of [Bn};

(1iii) a sequence {xn} in E is y—convergent to zero if
and only if {xn} is t-bounded and {xn} is < -
convergent to zero;

(iv) ¥ and t have the same boundcd sets;

(v) & set KC E is y-compact if and only if it is -

%
bounded and_mﬁ-compact.

Proof: (i) Consider the identity mep i:(E,y) =+ (E,t ). By
Proposition 2.0.3. (i), i is = ~continuous on r-bouﬁded scts
and so by Proposition 2.0.3. (ii), i is y-continuous. Thus
t'< y. Now consider the identity map i:(E,t) - (E;Y). By
Proposition 2.0.3. (i) and the fact that v < v, it Follows
thot i is tr-continuous on t-bounded sets. By Note 2.0;1.

(iii) it follows that i is continuous and hence vy € 7,

(ii) Let {Bn} and {Cn§ be appropriate scguences of
bounded sets in & and let Yq and Yo be the corresponding
mixed topologies, Consider the identity map i:(E,Yl) -
(E,v,). By Proposition 2.0.3.. (i), Yl!B: Y2|B= T IB for any
bounded set B and so by Proposition 2.0.3. (ii) it follows

that i is continuous. Hencc Y2< Yqe Similarly Yls Yo and

the result follows.

(iii) Suppose {xn} is y-convergent to zero.. Since
# %
T < Y, {xn} is © -convergent to zero. We must show that

{x

n; is 7t-bounded. If this were false, we could find a sub-
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ale

sequence {xk } so that x, t B Since Bn is ¢ -closed we
n oy %
cen choosc a —nelghbourhood U so that

%
xlg_l*: Bn+ 2Un.

% % %
We can also suppose that Un+ Un C Un~l for n > 1, Then for
cach n > 1,

© % %
Y(U) = k\il(UlmBl"- eee UkﬂBk)
0 % %
C p\é’l(Bl'!' oo +Bn-l+ Un+ Un-!~1+ oo + Un+p)

%
- Bn+ 2Uno

(Note that B, + B,C B‘+l for each i, so that By+ ... + B C
Bn') Hence xkn¢ y(U) for ezch n, which contradicts the fact

that {x_{ is Y—convcrgént to zero, -

)

: *
Conversely, if {x is t-bounded and t -convergent to

n
zcro, then by Proposition 2.0.3. (i),‘{xn} is y-convergent

to zero,.

(iv) Since ¥ < v, every s~bounded sct is y-bounded,
Suppose that B is a y-bounded set, Let {xn} be a seQuence
in B and let {Kn} be a null sequence of positive scalers,
Then {dinxn} is a y-null sequence (since d?n» 0) and so is

t~bounded, Hence lnxn+ 0 in © and s0o B is t-bounded.

(v) Suppose A is y-compact. Then A is y-bounded and

so by (iv), A is t-bounded. By Proposition 2.0.3. (i),

&* £3
T = ¥ on L and so /. is T -compact., Conversely, if A is

=

T-boundcd and T¥—compact, then by Proposition 2,0.3., (i),

%
T =¥ on 4 and so A is Y-compact,
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Notc: The reader will notice the strong similarities between
the preceeding propositions and Theorem 1.,0.6, concern-
ing the strict topology. This resemblance was one of
ﬁhe main ressons which motivated the inquiry to discover
whether the strict topology was in fact a mixed topology.

We now proceced to carry out this investigation,

Consider the space Cb(X), where X is a locally compact
Hausdorff topologicel space, with the locally convex structurcs
¥k cnd o defined os in Chapter 1. By Theorem 1.0.6. (i), we
have ¥ € o, Now (Cb(X),U) is a normed space and hence a

(DR )=-space. .

Let By = {feC (X): It lk2™} for each positive integer n.
Hach Bn is an &bsolutely convex and o-bounded neighbourhood
of zero and hence is a fundomental sequcnce of o-bounded

sets which also satisfics the property that

Bn+ Bn C Bn+l for each.n.

To show that eéch Bn is «=-closcd, it is.sufficient to show
that the unit ball B = {feCy(X): |Iffk1] is closed. Let f ¢
C,(X) be a x point of accumulation of B. Suppose that {fml,
a € A, where I is some index set, is a net in B which is x-~
convergent to f. Since {x} C X 1s conpact fdr each x € X it -
follows that the net {f ] converges pointwise to f. Since
f,€ B, we have lfa(x)l < 1 for each a € / and for each x € X.
It follows that |f£(x)| < 1 for each x € X and hence ||ff < 1.

So £ € B as required,

We can now define the mixed topology y[«,o] on Cb(X)

using Definition 2,0.2,
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2.0.6., Thecorem, Let X be a locally compact Hausdorff topological

space., Then the strict topology on Cb(X) is the mixed top-

ology y[x,o].

Proof: By Theorem 2,0.3. (iii), ¥ is the finest locally

convex topology on Cb(X) which coincides with ¥ on the o-
bounded sets. But by Theorem 1.0.6, p is a locally convex
topology on Cb(X) which coincides with # on the o-bounded

‘sets. Hence B < v.

To obtain the reverse inclusion, let U be a closed abso-
Iutely convex y-neighbourhood of zero in Cb(X). Beforo pro-
cecding, note that it follows easily from Proposition 2.0.3.
(ii) that (Cy(X),y)'= M(X) = (C (X),p)'. Thus Uv°c u(x) is

. . o . % )
y-cquicontinuous. Hence U~ is weak (U(M(X),Cb(x))) compact
and so U° is strongly (B(M(X),Cb(x))) bounded, Thus (i) of

Theorem 1l.l.4. is satisfied..

Now U = UOO

is a ¥Y-neighbourhood of zero in Cb(X).

Since Y = ¥ on the norm bounded sets it follows that UNrB

is a K|rB-neighbourhood of zero in rB for every r > 0, where

B is the unit ball in Cb(X)u Following the same line of
reasoning used in the proof of the necessity of Theorem 1l.1.4,-
we see that (ii) of Theorem 1l.l.l. is satisfied. Thus by
Theorem 1.1..4, u° is p~equicontinuous and thus U is a p-

neighbourhood of zero in Cb(X). Hence ¥ € g and the proof

is complete

Note: The above proof requires the aid of Theorem 1.1...

We shall show now that it is possible to prove this
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result without the aid of Conway's equicontinuity cri-
terion. Proceeding in this direction, we shall require
the following result of Wiwcger [25], the proof of

which is long and technicsal and will be omitted.

2,0.7. Proposition. Let B be o linecar topological space with locally

=
convex structures ¢ and =« defined as in Definition 2.0.2.

Suppose that the following conditions hold:

(i) The topology < is & normed topology defined by the
norm .|| which satisfies the condition that if x ¢ E,
then [[x|| = Sup{pa(x): a€il where {pa: w€A} is a
family of defining seminorms for r*.

(ii) If {pn: n=1,2,...} is a subsequence of {pq: a€il},
and if x € E and € > 0, then for every positive
integer n, there are Qectors ¥, z of E'such that
X =y +2y p(2) =0 for i =1,2,...,n and |ly|f <
max{p; (x): i=1,2,..,0} + €. Then the sets of the

form

©

in{xGE: P, (x)<a,
form a bease of neighbour-
‘hoods of zero for ¥ as the {p;} renges over the count-
able subsets of L and the {qif ranges over all sequences

of positive real numbers such that ai” w 88 1+ o

2.0.8. Theorem, Let X be a locally compact Hausdorff topological
: %
space., IF E = Cb(X), © =k and v = o, then v« and o satisfy
the conditions of the previous theorem. It follows that

the mixed topology ¥ [k ,o] has a base of neighbourhoods of

the form
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ialifecb(x): pK.(f)sai}
i

where ZKi} is a sequence of compact subsets of X and 0 <

Qi"’oo a8 1 - w.

Proof: Now pp(f) < ||f|| for cach compact subset K C X, Hence
sup{p,.(f): KX, K compact} < ||f}]. Since each singleton sct
{x} € X is compact, it follows that sup{pK(f): KCX, X compact}
= J|£ll. Hence (i) of Proposition 2,0.7. holds. To shoﬁ that
(ii) holds, let iKn} be & sequence of compact subsets of X
end let £ € Cb(X) and € > O, Suppose that n is o positive
integer ond put K = iQIKi' Then K is compact and hence T

is unifornly continuous on K. Thus since X is locally com-
pact, we can find a compact neighbourhood X' of X (i.e. K C
int X') such.that pK,(f) < pK(f) + €+ Choose ¢ € CK(X) such
that llell € 1, o(x) =1 if x € XK and ¢(x) = 0 if x ¢ K'. Now
let g = 9¢f, h = (1= )f so that £ = g +.h; If x € X then

h(x) = 0 so that P (h) =0 for i = 1,2,...,n. Also
. i . .

lell = pge(e) since suppg C suppe C K',
< qu(f) ‘since Ig(x)[ < |£(x)|for all
x € X,
< pK(f) + & by construction

T/}

max{p, (£): i=1,2,..,n} + €.
i

Hence (ii) of Proposition 2.0.7. holds and the proof is

complete,

Note: The above theorem was originally proved by Wiweger in

[25].
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We now include a lemma dealing with the construction of
a certain function ¢ € CO(X) which Cooper took for granted
but whose existence requiros a non~-trivial proof. The de-
tails of the following lemma were supplied by my supervisér

Dr. J.H.Webb,

Lemma, Let X be a locally compact Hausdorff topological
space and let ZKn} be a sequence of compact subsets of X
such that

¢ % 1ntK1C ch intKZC K2 eve and let

{cn} be arséquence of positive real numbers monotone decrcas-—
ing to zero, Then there exists a non-negative function ¢ €
CO(X) such that x € K, if and only if ¢{(x) > c¢_ for each

N o= 125600

Proof: Choose a real number ¢, such that c_> c¢;. Let x_€

o}

intK,. Then {x_} and K~ intK, are disjoint closed subsets

of X;. Construct P71 continuous on Ky such that

pp(x,) =c and

O

]

c for x € K ~ intKl ond

¢1(X) 1 1
cy< ¢p(x) < c, for all x € K.

Now K1~ intK1 and K2~ intK2 arc disjoint closed subsets of K2a

Construct ¢, continuous on Xy such that

oo(x) = cq on X,~ intK,,
'¢2(x) = ¢y on Ky~ intK, and

coS 9o(x) < ¢; for all x € K,.

Continue in this way to get P continuous on Kn.- Define
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i

o(x) sup{¢n(x): xeKn] if x € K and

olx) =0 if x ¢ K,

i

o0
We shall show that ¢ is continuous on X. Let X = nglKn and
let x € X. Then there is a unique m such that x € Ko~ Ko-1°

By definition of ¢, ¢(Xo)_= ¢m(xo).

Now K = (Km~ inth) U (1nth~ Km—l) U K _,+ Supposc
XO€ 1nth~ Km—l' Then 1nth~ Km—l is an open subset of
Km~ Km_l and ¢ = ¢, on this set. Since ¢y 18 contlnuous_at

X, it follows that ¢ is continuous at x .

Suppose x_€ K _~ intk_, then ¢m(xo) = ¢m+l(xo). Given

€ > 0, choose a neighbourhood U of X, such that

[¢m(x) - ¢m(xo)| < & for all x ¢ UMK, and

l¢m+l(x) -~ ¢m+l(xo)| <e forall xe UK ; 4

UC intK , and UNX ;= ¢. Then on U, ¢(x) is either og{x) or

+L
¢m+l(x). In either case [q¢(x) - ¢(xo)[ < £, 80 ¢ is contin-

uous &at Xo'

Suppose xo¢ K, then ¢(x ) = O by dcfinition. Given & > O,

choose e, 8o that c < €. Now xot Kn so there is a ncighbour~

hood U of X, such theat Unan $. But

U = (UK) U (1K),

on UNK, ¢(x) < c < €.

On U'\’K, (.p(X) =0 < €.

So |e(x)] < & for all x € U, hence ¢ is continuous at x

o
Now ¢ € C(X). If e>0, choose c,< & so that if x ¢ K, then

0 < ¢(x) € c,< e, Thus [e(x)] < & for all x ¢ K, and ¢ sati-

fies the conditions of the theorem,
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21,0, Theorem, If X is a locally compact Hausdorff topological
space, then the strict topology on Cb(X) is the mixed top-

ology ¥[x,c].

22922: We present an alternative way of Showing that B < ¥v.
Consider the identity map 1:(C (X),y) ~ (cb(x),p), We shall
show that i is k-continuous on.an {TeC (X): Hf"sZé}. Let

V= {rec (X): |ifellce} where ¢ € C,(X), be o p-neighbourhood
of zero and ¢ # O. Since ¢ € C_(X), there is a compact set

K C X such that |o(x)] < &(2)™ if x & X. Then
o £
U = {feCy(X): pK(f)sﬂ;ni

is & k~-neighbourhood of zero. We claim that BnOU C V¢. If

f ¢ B AU, then |If|| < 2" end |f(x)| < ﬂ%ﬂ for x € K.

o] 12| < Igls - e,

[£(x) ] lo(x)] < 2%(3)"= ¢,

If x ¢ K then |[f(x)e(x)]

I

I

If x ¢ K then |£(x)e(x)]

So |lfell < e and so f € V@.' It follows from Proposition

2,0.3., (ii) that i is continuous and so B <€ ¥.

Por the reverse inclusion, suppose that U is a ¥y-neigh-

bourhood of zero. By Theorem 2,0.8, we may suppose that
o« .
U = in{fecb(x): pKi(f)sai}.

Since X is locally compact, the compact sets can be chosen so

that K< intK2C EoC ees (sce Lemma 1.0,3.) and we may suppose

that the seaquence {ai} is monotone increasing. Let cy= %
v _ A,
i

then by the precvious lemma we obtain a non-negative function
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9 € co(x) such that x € X if and only if e(x) = c,» Then

V¢C U. For if f € V¢ then |£(x)e(x)| € 1 for all x € X.

If x € Kn then
T - aP(x X If£(x x) 1
'f(X)l = l (X I = “P x) | d

' 1 1
[f(x)l. < lm] < S = 8y

n

Hence

8o pKn(f) < a for each n, Sof €U and U is a B-neighbour-

hood of zero as required.

Eggggz (i) The compact-open and norm topologics may be defined
on cb(x) without the requirement that X be locelly
compact., In fact we can dcfine them when X is an
arbitrary topological space. In 2.0.5. no use was made

| of the local compactness property so that « and o are
such that y[x,o] can be defined, This enables us to
generalize the strict topology to the case wherc X
is an arbitrary topological specc. Using Propositions
2.0.3., and 2,0.4. concerning the mixed topology, it
is clear that thc known properties of the strict top-
ology on Cb(X), for X locally compact, extend to

arbitrary X,

(1i) Suppose that X is completely regular and that B
is defined on Cy(X) by means of CO(X) in the normal
way, Then if ¥ € B we shall show that X is locally
compact, Let x € X. Then {x} is compact, so since
« < B, there is a ¢ € C_(X) such that ¢(x) # 0. The
set {y: |o(¥)|>e(x)] is a compact neighbourhood of X,

Thus X is locally compact.
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2.,1.,1, Definition, Let X be aon arbitrary topological space. The

strict topology on Cb(X) is teken to be the mixed topology

ylrsole

e shall now discuss completeness properties of C(X)

and €, (X) with the topologies « and g respectively.

2.1.2, Definition, A4 topological space X is a k-space if it satisfies
the following conditions: a set i C X is closed if /K 1is

closed for every compact set K C X.

2¢1¢3. Lemna, Let X be a topologicel space. Let G denote the
family of all complex—#alued functions on X and let F denote
the family of all complex-valued functions on X which arc

continuous on each compact set K C X, Then

(i) a net {fa: a€l} in G is k-convergent to g € G if
end only if it is K~Céuchy in G and pointwise con-

vergent to g.
(ii) @¢ is k-complctc.

(i1ii) P is k-complecte.

Proof: (i) The nccessity is obvious, For the sufficiency
suppose that {faz €4} is a k-Cauchy net in G and fa(x) »
g(x) for all x € X, Let X be any compact subset of X end

let &€ > 0. Thcn there is an a € 4 such that
m,n > a ® lfm(x) ~‘fn(x)| < e for all x € K.

Since fn(x) » g(x) for each x € X we have m > o« implying
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|£,(x) - 8(x)| < e for all x ¢ K. Thus £ % g.

(ii) Let {fa:'aehi be a x-Cauchy net in G, If x € X,
then {fa(x)I is o Cauchy scquence of complex numbers.
Since the complex numbers, with'the usual topology, is
complete, there is a complex number g(x) such that fa(x) -

g(x). Then g € G and by (i), fa& g

(iii) Since G is complete eand F C G, it is sufficient
to show that F is k=-closcd in G, Let f be a k~point of
accumulation of F in G and suppose that {fa: a€i} is a net
in F which is k-convergent to f, Lct K be any subset bf X,
Then {falKi converges uniformly to f{K. Now each f  is
continuous on K and since C(X) is norm complete, it follows

that £ is continuous on K. Thus f € F as required.,
2.1.4. Theorem, Let X be a k-space. Then C(X) is k—-complete,

Proof: We shall show that F = C(X) where F is defined as

in the previous lemma, Clearly C(X) € F. For the rcverse
inclusion, suppose that £ € F. Then £ is continuous on each
compact subsect of X. Let B be a closcd subset of the complex
nunbers. Then Kﬂf-l(B) is closed for every compact subsct

K C X, Sincc X is a k-space, it follows that f_l(B) is

closed end so £ € C(X).

So by (iii) of Lemma 2.1.3., it follows that C(X) is w~

complete
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We shall now prove an analogous result for (Cb(X),p).
We shall require the following proposition due to Raikov

[17] concerning completeness in locally convex spaces.,

2,1.5. Proposition, Let E be a locally convex space and {F ] a

scguence of absolutely convex subsets of B satisfying

(i) P +F C F, ., for each nj

(ii) en absolutely convex subset V of ¥ is a neigh-
‘bourhood of zero in E if and only if VﬂFn
is & neighbourhood of zero in Fn for each

n and
(iii) each F_ is a complete subset of E.

Then I is complete.

2.1,6, Corollary, If X is = k-space, then (Cb(X),ﬁ) is complete.

Proof: The sequence {B_}, where B = {f€C, (X): Iell<2™} is
o secquence of absolutely convex subsets of B satisfiying
By+ B, C B, ,1 for each n. 8o (i) of Proposition 2.1.5.

holds,

By Proposition 2,0.3, B 1s the finest locally convex
topology on Cb(X) which coincides with ¥ on the norm bounded

scts, so that (ii) of Proposition 2.1.5. is satisfied.

It follows from 2.0.5. that B is «-closed in C(X). But
C(X) is k-complete (Thcorem 2.1.4,) so that B is w-complete.
Since Bn is norm-bounded it follows that Bn is p-complete and

the result now follows from Proposition 2.1.5.
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.‘NE IGHTED SP.ACES [

This chapter will be concerned with weighted spaces of
continuous functions., These spaces are well knovn in connect-
ion with approximation theory (see for example [16]) and
provide a general setting for the étudy of continuous function

spaces encountered in analysis.,

We will show that the space (C,_(X),p), discussed in the
previous chapters, is an example of a weighted space. The
work of this chapter is centered around that of Summers |
[21] and [22]. We shall also give an alternative proof of
a2 theorem by Summers using a general linear topological

result,

Throughout this chapter X will be a completely regular

Tl topological space unless otherwise specified,

Notation: Let B(X).denote the space of all complex-valued
bounded functions on X,

BO(X) will denote the space of all complex-valued
functions which venish at infinity and N(X) will denote
those functions £ on X with the proPefty that If1 is upper
semi-continuous on X, Upper semi-continuous will be abbre-
viated as u.S.C.

Let N(f) = {x€X: £(x)#0} and suppf will be the
closurc of N(f) in X. Clearly

i

cb(x) C(X)NB(X) and

i

| co(x) -c(x)nBo(X).
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3,041, Definition., i Nachbin family V on X is a set of non-negative

3.0.2.

U,S.Ce functions on X satisfying the condition that if u,v

€ V and A » 0, then there is a w € V such that
AUy, AV € W,
u < v means u{x) < v(x) for each x € X, Bach v € V will be

termed a weight,

Definition. Suppose V is a Nachbin family on X, then the

corresponding weighted space is
cv (X) = {fec(X): fveB (X) for every vevi,

cndowed with the weighted topology w(V) generated by the set

of seminorms {p_: veV] where p (f) = ||fv|| for each £ € CV_(X).

Note: (i) It is easy to check that CV_(X) is a locally convex
space with a base of closed, absolutely convex neigh-

‘bourhoods of zcro .given by the sets

V= {FECV_(X): lIfv]l<1}

ns v runs through V,

(ii) The above definition, given by Summers [21],
differs from that given by Nachbin [16] page 62, and
thus invites speculation as to whether the weighted
function spaces indeed coincide. .The definitions differ
only in that Nachbin uses a different set of weights,

We shall call the set uscd by Nachbin a weighted femily.
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Definition. A weighted family V on X is a set of non-negative

UeSe.C., functions on ¥ satisfying the condition that if u,v

€ V, then therec is a A > 0 and a w € V such that \u, Av < w,

It is clear that every Nachbin family is a weighted
femily, but the conversc is not truc as is seen by the fol-

lowing example:-

Let X = {x] be 2 one-point set. If u(x) =1, r(x) =2
and w(x) = 3 then V = {u,r,w} is a wcighted family but not

a Nachbin family. Nevertheless we have the following theoren,

Theorem. Given any weighted family V and the corresponding
space CVO(X) with the topology w(V), then there is a Nachbin
femily V such that CV_(X) = CV_(X) and w(V) = w(V).

Proof: Given V define V = {\v: A\>0, vEV}. Then V is a
Nachbin faﬁily on X sincec suppose dﬁ,'d§ € V where E,; €V
and let M » 0, Since V is a weighted family, there is a
L >0 and w € V such that pﬁ,p; < W. Letwy = maxfa,B8} and

-~

put w = lYg. Then w € V and

~s

Aol < XYE € RYE = We

i
Also . -~ ¥
ABV € My < RYF = W as required,

It is clear that CV_(X) C CV_(X). Conversely, let £ €
GV (X) then fv € B (X) for all v € V. Let v € V, then
v = av for some « > O, v € V. Then fv = afv € BO(X), so

that £ € CV_(X). Since V ¢ v, we have w(V) < w(V). Consider

a basic w(V) neighbourhood:
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V= {felV (X): Itvil<1l.
Now v = AV for some A > O and V ¢ V, so

V= (£eOV (X): I£¥ <]
= ${recv (X): [|e¥]jc1]

which is a basic w(V) neighbourhood and so w(V) = w(¥).

Note: This result justifics Summers' use of the term

"Nachbin family",

340.5, Definition., If U and V arc two Nachbin families on X, then

U< V if for each u € U, there is a v € V such that u g v,
This is a partial order on the class of 2ll Nachbin families

on X, We shell say that U= V if Ug V and V< U,

3.0.6.. Theoren, If U and V are Nachbin families on X with U < V,
then
(1) cvo(x) C CUO(X) and

(11) W(U)]CVO(X) < w(v);

Proof: (i) Suppose T € CVO(X) and let u € U., 8Since Ug V,
therc is a v € V such that us v. &4s T € CVO(X) we have

fv € B (X) and hence fu € BO(X).
Since u was arbitrary, f € CUO(X).
(ii) It is sufficient to show that if u ¢ U then there

is o v € V such that

v.C vuncvo(x).
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Since U € V, there is a v € V such that u € v, Let T ¢ Vv’
then |fv|| < 1 and £ ¢ OV_(X). Since 0 < u < v, [[fulf < 1

and so T € Vu as required,

in immediate consequence of this theorcm is the following

result

Corollary. If U and V are Nachbin familiecs on X with U = V,

then CUO(X) = CVO(X) and w(U) = w{V).

Examples of Weighted spaces,

Let X be a locally compact Hausdorff space where X,
denotes the characteristic function of a subsect L C X. Let
V = {XXK: A20, KX, K compact}. V is a Nachbin femily on

X since XXK is u.s.c., and if XlxK s XQXK € Vand N » 0 then

1 2
3 — § < .
191; B o= max{?\'hl ,7\7»2] « Then 7\7\1')(1,;1 ] 7\7\2')(1{2 P'XK]_UK2€ v

We show that CV_(X) = C(X). INow cvo(x) C C(X) by defini-

‘tion., Conversely, if f € C(X) we must show that fv € BO(X)

for all v € V. Consider wyy€ V, then‘f(xXK) = M. Now
Xfo(x) = Mf(x) if x € K and is zero otherwise., But Af is

a continuous function on the compact set X and is therefore
bounded. o Afy.€ BO(X) as required. Furthermore, w(V)

is the compact-open topology «, since w(V) is defined by the
seminorms |

{levil where v € V, so

i

p,(f)

1t

py(F) "fo” = supfIf(x)): x€X} where

K runs through the compact subscts of X, This is preciscly
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the way in which the compact-open topology is defined.

We show now that V = C%(X). Given MRE VvV, then since X
is locally compact wc can find a compact set K' of X such

that K € intK' and a function ¢ € c%(x) such that

ep(x) =2 if X ¢ X and

o(x) =0 if x ¢ X',

- Clearly xxkg ¢ SO that V g CE(X). Converscly, given
v € CEKX) then supppy = K is compact. Letting A = [lofl we

have ¢ < My S0 that cﬁ(x) < V. Hence V x GQKX).

The following theorem thereforc follows:-

Theorem, Let X be a locally compact Hausdorff topologicai
space. Then (C(X),«x) is a weighted space and the compact—

open topology is generated by the seminorms

P(P(f) = ||foll

as ¢ runs through CE(X). It is of interest to compare this

with the definition of the strict topology in Chapter 1.

Theorcm, If X is a locally compact Hausdorff topological

space and if V = C}(X), then (CV_(X),w(V)) = (C,(X)se).

Broof: Suppose £ € CV_(X), then
fo € B (X) for all ¢ € cg(x).
But since both f and ¢ are continuous we have fo € CO(X) for

2ll ¢ € c;(x). By Lemna 1.0.2. it follows that £ € C (X).
Conversely, if £ € C,(X) and ¢ € C}(X) then £y € c. () ¢
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BO(X) go that f ¢ .cvo(x). So
cvo(x) = cb(x).

The weighted topology w(V) is generated by the seminorns
p@(f) = ||fo]] a8 ¢ runs through C;(X). This is, by definition,

the strict topology.

Corollary 3.1.2. is o result duc to Summers [21]., We
shell prove it using the following general result on linear

topological spaces,

et T s e

%
topological spaces with P C %, = [Fs ¢ and ¢ has a base of

%
neighbourhoods which arc « -closed in E.

#®
Then if (E,tr ) is complcte, (F,t) is complcte.

%
Proof: Let {xa} be o t~Cauchy net in F. 8ince © |z< 7,

B .
{xa} is a ¢ =Couchy net in T becouse for every s-neighbourhood
V of zero in ¥, there cxists an @y such that u,5 2 aq implies

X—X€V.
a

p

#
Henee for cvery T IF-neighbourhood WNF soy, where W is
-

o T -neighbourhood of zero in F,

X~ Xp€ WP for a,5 = @y for some Gy
Hence

- ; ; >
X, xﬁE W for o B @, 80

&

* %
{x } is a © -Cauchy net in %, But (B,T ) is complete, s0
_ o .

D) [y - T
there is an XOE E such that xa* XO
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%
Let V be a v -closed t—-neighbourhood of zero in ¥. Since

{xai is a v-Cauchy net there is an o such that

a,p >’ao implies X, xpe Ve
Hence

G, = a implies x,€ x§+.V.
Thus

B> ay implies x € X, + V since xﬁ+‘v is

p
%
© —-closed., Hence x,€ P since xB+-V C P, Llso B 2 a@ implies
¥,= X € V and since such V's form a base of t-neighbourhoods

of zero in P it follows that XBE xoe B

So ¥ is r-conmplete,

Corollary, Let U be a Nachbin family on X satisfying

(i) if x € X, there is u € U with u(x) > O.

(ii) CUO(X) is complete.

If V is a Nachbin family on X with U € V then CVO(X) is

complete,

. .
Proof: Let F = cvo(;v;), E = CU(X), v =w(V) and * = w(U).
It follows rcadily from the definitions that F C E and

*
l

T RS T. 4lso (1) guarantecs that ©* is Housdorff and since

U sV, v is Hausdorff.

'~ We now show that t has a base of neighbourhoods which

% .
are © -closed in E. (F,T) has a base of absolutely convex

‘neighbourhoods of zero given by the sets

v,= {fecv (X): [evilsl, vevi.
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&
We show that each V is v -closed in E. Let {fq} C Vv, be

a net in Vv such that

%

) _
£, % f€ CUO(X).

We shall show that £ € V_. Now {f“u} converges uniformly

to fu for every u € U,

If x € X, then by (i) there is u € U such that u(x) > O.
So f;(x) » f(x) for all x€ X. Let ve V, then fav(x) -

fv(x) for all x € X; Since f;e Vv’

ff&v(x)l < 1 for all ¢ and for 2ll x € X

hence

| rv(x) < 1 for all x € X

80

”fvﬂ < 1.

This is true for all v € V, hence f ¢ Vv as required, It

follows from the previous theorem that CVO(X) is complete,

Theorem, If X is a locally compact Hausdorff topological

space, then (Cb(X),ﬁ)'is complete,

Proof': Let U = {xxE; 2> 0, KX, K compact] as in 3.0.8.
Then
(CUL(X),w(U)) = (C(X) )

It xe X, let XK be a compaét neighbourhood of x, then

-xK(X) > 0, so (i) of Corollary 3.l.2, holds. .also, it is

known that (C(X), ) is complete whenever X is locally compact

(in fact whenever X is a k-space) so that (ii) of Corollary

J
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3.1.2, holds. Let V = C;(X) so that by Theorem 3,1.0,
(CV,(X),w(V)) = (Cp(X),B).

Now Ug V. (To see_this, follow the method employed in

3,0.8) It follows from the previous corollary that (Cb(X),B)

is complete,
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- APPLICATIONS OF THE STRICT TOPOLOGY

T0 _APPROXIMATION THEORY,

We have, up to know, considered the strict topology on

Cb(X) for X locally compact Hausdorff. In Chapter 2 we.
/

. generalized the strict topology to the situation where X

was an arbitrary topological space., This involved the use
of the mixed topology whose basic sets,'which are described
in terms of infinite intersections, are rather clumsy to
work with, In this chapter we will generalize the strict
topology in a more natural way and then we will proceed to

consider applications to approximation theory.

Recall that when X was a locally compact Hausdorff topol-
ogical space, the strict topology was defined by means of |
a set of seminorms detcrmined by the elements of'CO(X);

(Seec Chapter 1.)_ By Lemma 2,0.9. ﬁe were also guaranteed
that Cb(X) was non-trivial. Suppose X is the space @ of
rational numbers with the usu2l topology. We shall show that
Q is not locally compact and that C_(Q) = {0}. It follows

that the strict topology on Cb(Q) is the indiscrete topology.-

To overcome this difficulty we will follow a method intro-
duced by Giles [8]. It consists in letting BO(X), the space
of bounded functibns (not nccessarily continuous) which
vanish at infinity, play the role normally allocated to

CO(X).

We show now that Q is not locally compact and that
C.(Q) = {0}, Let V = UnQ be a neighbourhood of x € Q,

where U is a neighbourhood of x inIR. ILet y € U be an
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irrational number, Since 5 is dense in IR, there is & sequence
invVv Which converges to y. Thus V is not sequentially com-
pact. Since @ is metrisaeble, it follows that V is not com~
pact and hence 9 is not locally compact. Now assume that
f +#0 and £ € C_(Q). Choose x € Q such that f(xo) £ 0.
et & = %lf(xo)l, then there is a compact set K C @ such
that |

x ¢ K = If(x) < s.

\

Then x_ € {x: f£(x)>e} C K. Since f is continuous, {x: f(x)>el
is open in @ and so K is a compact neighbourhood of Koo

This gives the desired contradiction,

Definition., ILet X be any topological space, then the

gcnerallzed gtrict topology" on Cb(X) is defined by the

family of seminorms
py (£) = llevll = supfle(x)¥(x)|: xex]

where ¥ € B_(X).
The next theorem Justifies this definition,

Theorem. If X is a locally compact Hausdorff topological
space, then the generaiiZed strict topology on Cb(X) coin-~

cides with the strict topology B.

Proof: Since CO(X) C BO(X), the generalized strict topology

on G, (X) is finer than the strict topology.

Conversely, let U ffECb(X): levlls1} ve a generalized

!! -
strict neighbourhood of zero where | € BO(X). We shall
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show that there is a ¢ € CO(X) such that U¢3 U¢' Since ¢
is bounded, we may suppose that |ly]l € 1. For each positive
integer n, choose a compact set Kn such that ]w(x)l < 278
for all x § K, . The sequence iKn} nay also be chosen so
that

K1C K2C K3C cvee

Since X is locally compact we may choosc ¢ € CS{X) with
-n | -n p

oo(%x) =27 if x € K and H¢n“ =2 , Let ¢(x) = n§1¢n(x)

for each x € X. 8incc the series n§12—n converges, it

follows that ¢ € co(x). Also U¢C U Let £ € U¢. Then

v

Ifell € 1. Tet x € X, then either x ¢, UK or x € K™ n

for some n,.

In the first case y(x) = 0 so that [|[f(x)¥(x)| = 0. In

the second case |¥W(x)| < 27" but

> 2“(n+1)+ 2—(n+2)+ .

Hence |£(x)v¥(x)| < 27 f(x)] < ]f(x)l]w(x)l. It follows

that £ € UW as rcquired,

We are now justified in denoting the generalized strict
topology by f. It follows from Theorem 2.1l.4., that if X
~is a k-space then C(X) with the compact-open topology is
complete. We shall show that a similar result holds for
cb(x) with the gencralized strict topology and that the |
essential properties of the strict topology carry over to

thc general situation, '
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4,044, Theorem, Let X be any topological space. Then

(1) B and o have the same bounded sets,
(ii) B and x coincide on the norm bounded sets,

and (iii) if X is a k-space, then (Cb(X),ﬁ) is complete,

Proof: The proofs of (i) and (ii) are identical to those of
their counterparts in Theorem 1.0.6, where CO(X) is replaced

by BO(X).

(iii) Let {fa} be B-Cauchy net in C_(X). Since < B,
{fa} is a k-Cauchy net in C,(X) and since X is a k-space,
£ 5 f where £ € C(X). Let ¥ € B,(X), then {¥f } is a o=
Cauchy net in B(X), But B(X) is norm complete so Wfag g
where g € B(X). Hence ¥f_(x) = g(x) for cach x € X, but
also wfa(x) » yf(x) for each x € X, 8o g = ¥f and hence
yf£ € B(X) for each ¥ € B_(X). It follows from Lemma 1.0.2.
that £ € C,(X) and for cach ¥ € B_(X), vr % yf. Thus rBr

as required.

Notes: 1. Gulick and Sentilles have recently independently
investigated the strict topology for Cb(X) where X is
completely regular, but their papers arec still to be
publishéd. i reference to this fact may be found in

‘giles [8].

2. We shall now show how the gencralized strict topol-
ogy may be successfully appliedbto approximation theorcms
where conditions on the spacé X are significantly
relaxed. In what follows Cb(X) will be the space of

.all bounded resl-valued continuous functions., The
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classical Stone—Weiestrass theorem states that if X
is compact, then a uniformly closed subalgebra of Cb(X)
which separates points and which, for each x € X,

contains a function g with g(x) # 0, is C (X) itself,

4eOebe Egggrem. Suppose X is locally compact and U is & f-closed

subalgebra of C (X). If U separates points of X and contains

& function vanishing nowhere, then U = Cy(X).

Hotes:

1. The proof may be found in [2]. This theorem is
however unsatisfactory because of its inéistence on
the condition that U contain d function vanishing no-
where, This condition is certainly not necessary
because CK(X) contains no non-vanishing function if |

X 1s locally compact but not compact. But yet CK(X)

is a p-dense subalgcbra of Cb(X).' (See Theorem 1.0.6.

(v).)

2. Glicksberg flb] removed this condition by maeking
use of Bishop's generalized Stone-Weierstrass theorem.
His proof however is faf from being clementary and we
shall give a proof due to Todd [23] which fbllows

simply from the following modified result of Buck's [2].

L.0.6., Theorem. ILet X be a locally compact, o-compact topological

space.

points

If U is a p-closed subalgebra of Cb(X) which separates

of X and which for ecach x € X, contains a function

g with g(x) # 0, then U = C_(X).

Proof':

By Theorem 4.0,5, it is sufficient to find a function
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in U which vanishes nowhere on X. Since X is o-compact,

X =;21Kn where Kn is compact in X for each positive integer
n, By the standard Stone-Weierstrass theorcm, UlKn is uni-~
fornly dense in C(Kn). Hence there is an f € U such that

£, (x) 2 1 for all x € K. Let c = "fnu and define

n
n \2
en= (5"

Since U is on algebra, it follows that g € U and that gn(x) >
O for all x € ¥, and non-negative on X. Also Hgnﬂ < ;2 80
that iglgi converges uniformly and hence strictly to 2 func~
tion g € U. 8Since X :leKn and since g, is strictly positive

on Kn’ it follows that g is strictly positive on X.
We now drop the condition that X be o—compact,

Theorem, Let X be a locally compact Hausdorff space. Let
U be a strictly closed subalgebra of Cb(X) which separates
points of X and which for ecach x € X, contains a function g

with g(x) # 0, then U = Cp(X)a

Proof: Let £ € Cu(X), ¢ € C(X) and' e > O be given. Let
K, = {x: l¢(x)]>%}. Then K C intK, , and so K =Q§1Kﬁ is
regularly o-compact and locally compact under the relative
topology induced by X. So applying Theorem L.0,.6. it follows
that Uf, is p-dense in C (K). Hence there is a functicn

g € U such that | (f-gle(x)] < e for all x € K. Since ¢ is
zero outside K, we have | (f-g)e(x)| < € for all x € X and

so |[(f-g)ell < €« 8o f is in the p-closure of U and since U

is p-closed, f € U, Thus U = Cb(X) as required.
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Note: Theorem 4,0,7,. was proved by‘Todd in [23].

Using the generalized strict topology‘ﬁ on cb(x) we shall
improve on the previous thcorem by dropping the requirement
that X be locally compact. This improvement (Theorem L.0.9.)
is due to Giles [8] and requires Lemma 4.0,8, which Giles
claims follows froﬁ Gelfand's representation theorem for
conmutative C*—algebras. This reference seems_rather strange
since we shall prove the Lemma using the classical Stone-

Weierstrass theoren.

Lemma., Let X be any topological space and let U be a B-closed
subalgcbra of Cp(X). If ¢:IR »IR is a continuous function
satisfying ¢(0) = 0, then £ € U implies ¢of € U where ¢of(x)

= ¢(f(x)).

Proof: Suppose £ € U, 8Since f is bounded, there is a real
number a = JIf]] suech that £(X) ¢ [-a,al. Since [-a,a] is
compact we have, by the classical StoneJWéieétrass theorem,

o sequence of polynomials {@n} which canverges uniformly -on
[-a,a] to ¢ and satisfying ¢n(0) = 0 for ecach n.. Thus ¢nof
converges uniformly on X to 9of. Now ¢_of is the sum of
powers of f and since U is an algebrao, it follows that ¢n°f

€ U for each n. But U is B-closed and.hence o-closed in Cb(X)

go that ¢of € U as required,

zgqggég; Let X be any topological spacec. If U is a-p-closed
subalgebra of Cb(X) which separates points of X and which
for each x € X, contains a function g with g(x) #* 0, then

U = G, (X).
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Proof: Let £ ¢ G (X). Wc shall show that £ is in the g-
closurc of U and hence in U. Let € > O and y € BO(X)l We

must find a g € U so that |[(f-g)y| < e.

Choose M > max{||f]|,|l¢|[}. Given e'> 0, choose K compact,
K C X such that |{y(x)| < &' if x ¢ K., By the classical
Stone-Weicrstrass theorem we havé UfK is o-dense in C(K)
and so there is an h € U with “(f—h)]KH < &', Suppose e'<
M. Define ¢:IR + IR by

o(A) = if [a] < om,
() = 2M Cif A > 2N and
(p(l) = =21 iff A < "21‘/10

Now ¢ is continuous and so by Lemma 4.0.8. it follows that

¢oh € U, Let g = ¢oh then clearly |gll < oM,
If x € K, then

| (£(x)=(x))¥(x)| = | £(x)~g(x) | | ¥(x)]

< 'yl < we'.

If x ¢ X, then

[£(x)-g(x)] | ¥(x)]
< (el dlel)er

< (M+2M)¢'

3Me'.

i

| (£(x)-g(x))v(x)]

i

So by choosing e'< %ﬁ we get [[(f-g)v]l < e as required.
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RELATIONSHIPS BETWEEN X AND Cb(xa

AND OTHER RESULTS,

This chaptcer will be concerned with relationships betweeﬁ
the topological properties of (Cb(X),ﬁ) and the topological
properties of the undcrlying épace X. One snuch result on
the compact-open topology has already been'given in Chapter 1
(see Theorem 1.0.5.). We will then briefly discuss the par-
ticular case when X =IN, the positive integers with the dis-
crete topology. Finally we will consider necessary and suff—
icient conditions for Cb(X) to be a topological dual of a
Benach space, This treatment was motivated by the work of

Rubel and Shiclds[18].

5.0.1, Theorem, ILet X be a locally compact Hausdorff topological
space, Then X is discrete if and only if (Cb(X),B) is semi-

reflexive,

Proof: Suppose X is discrete., Let F € M(X)'. We must show
that there is an £ € Cb(X) such that F(p) = <f,4> = /}dp

for all p € M(X). Define ©(x) = F(&X) where 6 is the point
meaéure at x € X oand is defined as follows: GX(A) =1 if

X ¢ A and SX(A) = 0 if x ¢ 4, where 4 is any subset of X.
Now 6_€ M(X), If {fa; is a net in Cb(X) such that fag f
wherc £ € C, (X), we must show that ffadaxe /}dsx. Now
/fad5x= fq(x) and /fdéxz f(x). Since'ﬁ-cpnvergence implies
pointwise convergence it follows that 6X€ M(X). Since F is
o bounded linear functional it follows that £ is bounded

‘and so since X is Qiscrete, £ € C (X). Let p € M(X). Now
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each p € M(X) has o-compact support (Lemma 1.0.9.). Since
X is discrete,: the e=compact sets are prceisely: the countable
sets. Hence there is a sequence {sn} in X such that p(X) =
o _ 0
1§1p(isi}). Let a;= p({sii) and as p is bounded, ;3,8;< =«
Now p = p*= p~ where pt and u~ are positive measures on X.
Since |p|-=pt+ p, it follows that |u|l € M(X) and hence
po 1 pt i .
;21125] < «o Thus fa;} € 17 and so p = zlgla % Now F is
continuous, therefore F(u) =i§1aiF(ési) = 3,8, f(s ) = <Ff,yu>

as required,

Conversely, suppose (Cb(X),ﬁ) is semireflexive., Let
x € X. We shall show that {x{ is open in X. Let F(u)
p({x}) for all p € M(X).b Then F € M(X)' and by hypothesis
there is an £ € C (X) such that F(p) = <f,u> for all u € M(X)
So p(ixl) = /fdu for all u € M(X). Thus f is the character-
istic function of {x} and since f is continuous it follows

that {x}! is open in X.

No t7° In the above theorem the proof of the nccecessity was

-—

tchn from [3] and the sufficiency from [u]

Theoren, Let X be a locally compact, o-compact Hausdorff
topological space, Then X is metrisable if and only if

(Cb(X),ﬁ) is separseble.,

Proof: Suppose X is metrisablec. Then since X is o-compact,
X satisfies the second axiom of countability (i.e; the
topology on X has a countable basc an} of open sets),

Tor each B,» X ~ B, is closed, so since X is metrisable we

can find a function fne Cb(X) such that fn vanishes only
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on X ~ B . For cxample we may define £ by fn(x) = d(x,X~Bn),
where d is the metric on X. Let U be the countable sub-~
algebra of Cp(X) generated by ifn: r€IN} over the rationals,
Since X is Hausdorff, U separates points of X. If x € X,
choose B, 80 that x € B . Then fn(x) # 0 and so by applying

Theorem 4.0.7, it follows that U is a countable pg-dense sub-

set of Cb(X) and so (Cb(X),ﬁ) is separable.

Converscly, supposc that (Cb(X),@) is separable and let
8 be a countable p-densc subset of Cp(X). Let U, be the
counteble subalgebra of Cb(X) generated by S over the ration-
als., 8Since X is locally compact and o-compact, wc can find
2 ¢ € C_(X) which vanishcs nowhere on X. (See Lemna 2.0,9.)
Lot oU,= fof: ers}. Since ¢ € C_(X) and £ is bounded,
of € C, (X) so that ¢UC C_(X)., But U, is g-densc in Cy, (X)
so ¢Us~is uniformly dense in-CO(X). Let B be the unit ball
of ¢U, and for each f € B, define En: X = [-1,1] by Ef(x) =
f(x), This defines o map E of X into the product
n{{~1,1]: FEB} by mapping & point x of X into thec member of
the product whose f-th coordinate is f(x). The mapping E
is continuous and is a homeomorphism of X onto E(X) if B
distinguishes points and closed sets. (Sec [13], page 116.)
That this is so follows beccuse Us is dcnse in Cb(X) hence
separates pointsvand closed sets, Thus so docs ¢US, since
¢ vanishes nowhere, and therefore B distingﬁishes points

and closed sets., It follows that X is metrisable,

Note: Recall that a barrel in a locally convex Housdorff

linear topological space (E,7) is a closed absolutely

convex ebsorbent subsect of E. A subset L of & is
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bornivorous if L absorbs each bounded subset of E.
(Suppose B is boundcd, then there exists a scalar A

such that B C M\i.)

5.0.3., Definition, (a) 4 space (E,t) is barrelled (quasi-barrelled)

if every barrel (bornivorous barrel) is a neighbourhood of
zero in E,.

(v) i space (E,T).is bornological if any abso-
lutely convex set which absorbs all the bounded subsets of

neighbourhood of zero in E.

i
e
w
™

Notes: (i) Given a locally convex Hausdorff linear topolog-.
ical space (E,t), let ° be the finest topology on E
‘having the same boundcd scts as T, Then (BE,t) is
bornclogical if and only if =© = %P, Suppose (E,t)
is bornological, If U.is an absolutely convex Tb—
neighbourhood of zero, then U absorbs all the bounded
subsets of E and so U is a t-neighbourhood of zero,
Thus T = Tb. Conversecly, if © = Tb, then let U be an
absolutély convex set which absorbs all the bounded

subsets of E., By definition of Tb, it.follows‘that

U is a neighbourhood of zero in ¥, Thus (E,T) is

bornological.

(ii) Bvery metrisable locally convex space (E,T) is

bornological (sce [15], page 380).

(iii) ®very norm:.d space is guasi-barrelled. Every
seguentially complete quasi-barrelled space is barrelled.
Every metrisable locally convex space is gquasi-~barrelled

(see [15], pages 368 and 369).
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5.0.L4s Theorem, Let X be any topological space. Then X is compact

if and only if (Cb(X),p) is quasi-barrelled.

Proof: If X is compact, then by Theorem 1.0.7.(1) it follows
that 8 = o, Hence (Cb(X),B) is barrelled and thus quasi-

barrelled.

Conversely, sﬁppose that (Cb(X),B) is quasi-barrelled.
The unit ball B = {feob(x): lelic1} is absolutely convex,
It is also k—~closed (see 2.0.5.) and since ¥ < B, it is P-
closecd. Now B is a U~neighbourhood of zero in Cb(X) and
hence B.absorbs all the o-bounded sets. But the o-bounded
sets are the same as the pg-bounded sefs (see Theorem M.O.&.
(1)) so that B is a bornivorous barrcl in (¢, (X),p). Hence
B 1s a B-neighbourhood of zero and so 3 = o, Thus by Theoren

1.0.7.(1i), X is compact.

Note: If X is compact, then (Cb(X),ﬁ) is clearly metrisable
and bornologicel, Furthérmore, every metrisable space
is bornological and every bornological space is quasi-

barrelled, so we have the two Tollowing corollaries.

5.0.54 Corollary, Let X be any topological space, Then X is com-

pact if and only if (Cﬁ(X),ﬁ) is bornological.

5.0.6., Corollary., Let X be any topologiceal space., Then X is com-

pact if and only if (C,(X),B) is metrisable.

We will now consider Cy(X) where X is the space of

positive integers W with the discrete topology. Note that,
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in this case, Cy(X) = 1°, M(X) = 1

and CO(X) = ¢+ Recall
that a Hausdorff topological space is paracompact if each
open cover has an open locally finite refinement., It is

| clecar that IN is paracompact since if U is an open cover of

I, let V consist of 2ll single-point sets, V is an open

locally fiinite refinement of U.

Conway [4] has shown thet (C,(X),8) is a Mackey space
provided that X is paracompact. Recall that if (E,t) is =
locélly convex linear topological space and E"is its topol-
ogical dual, then the Mackey topology p(E,E') on E is the
finest locally convex topology on E heving E' as its dual
space, It follows from Conway's restlt that (1%,p) is a
Mackey speace, but it will be instructive to include a direct

proof of this fact,

-

Note that Theorem l.l.2., adapted to this situation reads

1

as follows:— i set HC 1~ is f-equicontinuous if and only if

(i) H is uniformly bounded and (ii) for every & > 0, there
o0

[+
is en integer N such that ;3. . l1a;1 < e for every g = {xi;lzl

in H.
5.0.7. Theorem, The space (1%,5) is a Mackey space.

Proof: Recall that the Mackey topology u(b“,bl) has a base
coﬁsisting of polars of the weak*-relatively compact subsets
of Ll. Now 11 is a perfect space (see [15], page L4O6) and
go ‘i1f H is a weak*~rclatively compact subsct of Ll, then

. b
by [15], page 415, H is weak -relatively scquentially com-

pact. (This is a result of Schur, sce for example [7],
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page 296.) Lgain by [15], page L1l5, it follows that H is
norm relatively compact. We may suppose that H is absolutely

convex and closea, so that HOCL H., We must shéw that H° is
& p-neighbourhood of zerc in 1*. In other words, it is
sufficient to show that H°®= H is f-equicontinuous. Let

€ > O, Since H is norm relatively compact, therec are

El, €2, ss s 0 ,Erl in H so that

n €
BHC v {g [e-g |l <
For cach k = 1 n let ix(k)}
T Tk ;kw i=1°
Since Eke Ll, choose Nk such that
©o
(k) £
i%k*lh‘i | < 3.
Let N = max{Nl, ces ’Nk}‘ Then
i§N+l|xgk)| < % for 1 < k < n,
If £ = {x;17 1€ H, then |& - gkll < for some K,

Since lxil < Ixi— xgk)i + ngk)I for each i, we have

N L B N e x(k)‘ +imd‘x§k)‘
< % +"g' = Eo

It follows from the notc prececding the theorem that H is

p-equicontinuous and so (1%,3) is a Mackey space.
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Notes: (i) It is known that the completion of a Mackey
space is'a Mackey space.- That the converse is false
is shown by the following coﬁnter—example. By Theorem
1.0.6.(v), ¢, is g-dense in 1%, Since (L“;@) is com-

plete (Theorem 1.,0.6.(vi)) it follows that the com-

pletion of (co,p) is (¥*,p). 8o the dual of (co,g) is

Ll, but it is known that the dual of (cyso) is L.

Since the norm topology is properly stronger than g,

it follows that (co,g) is not a Mackey space. The

above argument will hold whenever X is paracompacte.

(ii) It follows from the theorems in this chapter
~ that (1%,3) is semireflexive and separable but is

neither barrelled, bornological nor metrisable,

(iii) For more details sbout the space (1°(8),g)

for S discrete, see [3] and [5].

e shall now give an example of a topological space
where « = g < o» From Theorem 1.0.7. we must restrict our
attention to é pseudocompact, nbn-compact space X. Such a
épace is provided by.the space X = W, where W 1s the set of
all ordinals less than Wy s the first uncountable ordinal,
with the usual interval topology. This space has been ex-
tensively studied and wc shall content ourselves with point-
ing out a few facts about it., For details, seec [9].v Let
W e Win1} and let W(a) be the set of all ordinals less
than a. W is pseudocompact, but not compact and W$ is the
one~point compactification of W, Every function £ € C(W)

is constant on a tail W ~ W(a).
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5.0.9, Theorem, If W is defined as above and «,p and o are defined

in the usual way on C(W), then ¥ =g < o

Proof: Since W is not compact, it follows from Theorem
1.0.7.(i) that.g < o« Using Theorem 1,0.8, it is sufficient
to show that CK(W) = CO(W).‘ Clearly cK(w) c c (W), For

the reversc inclusion, lect f € CO(W)." Extend £ to a function
Pe C(W*) by defining fp(ml) to be the final constant value |
of f,. .Since f vanishes ot infinity, fﬁ(wl) - 0. Since P

is constant on a tail, it foilows that therc is an open set

U in W such that £°(w)) = 0 for all » € U and 6 € U,

W*~ U is thus a closed subset of the compact space W* and

is thercfore compact.‘ But since w, € U, W~ U W and so

W*N U is a compact subsect of ¥ on which f vanishes. Hence

r € CK(W) and the theorem is proved,,

5.1.0. Definition, Let (E,¥) be a linear topological space and B'
its topological dual., The Weak*-topology o(BE',E) on &' is
generated by polars of the finite subsets of E. On B', <°
will dcnote the topology of uniform convergence on the pre-

compact subsets of I,

Notc: 1If (B,v) is a Banach space then t° is the topology
of uniform convergence on the compact subsets of E
and is the finest topology on E' coinciding with
o(E',B) on the equicontinuous subsets of E'., (Sce

[14], page 212.)

5¢1lels - Suppose X is the open disc D = {z€C: I1zi<1l}] in the
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complex plane with the usual topology; Then HP(D) will
dcnote the subspacc of Cb(D)'consisting of the bounded
analytic functions on D.. This specc has been extenéively
studied by Rubel and Shields[18],. 4s in Chapter 1, the
striet topology 3 on HY(D) is defined by means of. the pseudo-

norms on H®(D) generated by the points of C, (D). Rubel and

~ Shields [18] have found that this particular subspace H™(D)

5.1.2,

is the dual of a scparcble Banach space (E,t) such that

B = 1° , 4is a natural extcnsion of these ideas we may asks
"Under what conditions is the space €, (X) the dual of a
Bonach space (E,T) satisfying § = t°9" The ramifications
of this question motivatecs the ensuing discussion. We will
also show that, if X is not compact, the subspace CO(X) of

C,(X) can never be the dual of a Banach space.

Theorem, The unit ball of Cb(X) is wk-compact if and only

[

if G, (X) is the dual of a Banach space (E,T) with p = 7°.
Proof: For a proof of the necessity, sce [20].
Conversely, the unit spherc

C = {fEB": l<p,T>I<1, peE, lulis1}

is o(B',E)-compact by 4Llaoglu's Theorem (sece [14], page 155),
Now C is equicontinuous since it is the polar of the unit

ball in & and so
¢°}C= cr(E',E),lC.

Thus C is ¢°~compact and by hypothesis C is p-compact. So

since k¥ € g, it follows that C is k-compact.
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5¢1.3. Definition, Lef % be a vector space with real scalars, IT
- x,y € E then by (x,y) we shall mean the open interval
fax + (1-a)y: O<a<l}. OSuppose that M is a subset of E. 4
point z € M is called an extreme point of_M if it belongs

to no open interval (x,y) < M.

We shall require the following well known Xrein-Milman

theorem, -

5.1l.4, Theorcm, Let 4 be a convex compact subsect of a locally
convex real linecar topological space E. Then [. has an
extrcme point and A is the closed convex extension of the

set of all its extreme points.

5.1.5., Lemma, Let X be a locally compact Hausdorff topological

space, Then any extreme point £ of the unit ball
B = {rec, (x): llirll<1]

in Cb(X) satisfies |f(x)] = 1 for all x € X, On any comp-
onent P C X, fiP is either identically one or identically

minus one.

Proof: Let f be an extreme point of the unit ball B and |
suﬁposc~if(xo)l < 1 for somé xo€ X. Since f is continuous,
there is a compact neighbourhood U of x such that ]f(x)] < 1
for all x € U, Since U is compact, therc is a positive

real number r such that |[£(x)] € r < 1 for 211 x € U,

Choose g € Cﬁxx) with suppg € U, g #+ 0, |legll € 1-r., Then

|£(x) + g(x)| < 1 for all x € U, Then on suppg we have
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(x) - g(x) <« £(x) <« £(x) + g(x) so that £ is an interior
point of (f-g,f+g). This contradicts the fact that £ is an

extreme point and so |f(x)| = 1 for all x € X.

The last part of the lemma follows since P is open and

f is econtinuous on P..

Theorem, If X is a locally compact but not compact topolo-

gical space, then CO(X) is not the dual of any Banach space,

Proof: Suppose that CO(X) = (BE,t)' where (E,t) is & Banach
space. Then the unit ball B = {feC_(X): [[fflcl} in C_(X)

is weak*—compact and convex but has no extreme points,

Given f ¢ CO(X) and O < € < 1, there is « compact set K

such that |£(x)| < e < 1 for all x ¢ XK. By Lemma 5.1.5,

f is not on extrcme point ond so by the XKrein-Milmon theorem

we have B = {o}. This gives us the desired contradiction,

Theoren, Let X be a locally compact Hausdorff topological
space, If Cb(X) is the dual of o Baonach space then X is

totally disconnected..

Proof: Let P be any component of X and let £ be an extreme
point of the unit ball B of ¢ (X). By Lemna 5.1.5, ftP

is either idehtically one or identically minus one, Hence
the closed convex extension of the set of extreme points
produces only constant functions when restricted to P.

But Cb(X) separates points of X and so P contains only one

point, Thus X is totally discohnected.
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