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INTRODUCTION. 

The strict topology. (3 was f'irst def'ined on the space of' 

bounded complex-valued continuous functions Cb(X), on a 

locally compact Hnusdorf'f' space X, by Buck [2]. It was 

f'ound to have many applications in Approximation Theory, 

spectral synthesis, spaces of' bounded holomorphic functions 

o.nd multipliers of' Bc.nach . ..:'.~.lgebras. For references to these 

applications sec Conway's paper [4]. 

The norm topology does not seem the appropriate topology 

to place on Cb(X) if' one wishes to study Cb(X) as a topolo­

gical vector space, particularly if' one wishes to ~elate 

properties in Cb(X) with those of' X (soc Chapter 5). If' 

Cb(X) is given the norm topology, then the dual is a space 
..... 

of' measures on the Stone-Cech compactif'ication (3X. It would 

be prcf'el"'c.ble to have a topology on Cb(X) so thc.t the dual is 

a space of' mensures on X and which coincides with the norm 

topology when X is compact. The strict topology satisfies 

those conditions. 

In Chapter 1 we give the bo.sic definitions and properties 

of' tho strict topology and we also find its topological dual 

space. Most of' this vmrl~ has been done by Buck (2], but 

certain aspects of' his pl"'oof's have been enlnrgcd upon and 

modified. 7'ie have included a brief' discussion of' the com-

pact-open topology to serve as a comparison to the strict 

topology. Finally v<Je discuss the dunli ty between Cb (X) and 

its dual using a functional D.nalytic approach rathcl"' than 

the rneo.sure-thcoretic approach adopted by ComicLY [4]. 
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Wiwcger [25] has defined the concept of a mixed topology 

on a bi-topologicnl space. In Chapter 2 we examine n general­

ization of the mixed topology introduced by Cooper [6]. 

Using two different methods, we show that the strict topology 

is 2n exnmple of such a mixed topology. 

The theory of weighted spaces has been expounded by 

Swmncrs in [21] and [22]. In Chapter 3 vie clarify certain 

statements in Summers' work and show that Cb(X) with the 

strict topology is n weighted space. ~life also give a. new 

method for proving the completeness of (Cb(X),~). 

Chapter 4 considers a method of generalizing the strict 

topology and certain applications to approximation theory 

ni"O given. In Chapter 5 -vve hnve included a discussion of 

the rclntions between the topological properties of (Cb(X),f3) 

and those of X. The finnl part of Chapter 5 considers 

necessary and sufficient conditions for Cb(X) to be the 

topological duE',l of a Banach space satisfying certain con-

c1i tions. -we have also included a brief discussion of the 

particular case v1hen X is to.ken to be the positive integers 

with the discrete topolo~;ry. 

Theorems 1.0.7~ 1.0.8, 1.1.1, 1.1.3, 3.0.4, 3.1.1, ~.0.9, 

the necessity of 5.1.2 ct.nd 5.1. 7 are original. Ncvv proofs 

have been given for Theorems 1.0.6 (ii) and (iii), 1.1.2, 

the necessity of 1.1.4, 2.0.6, 3.1.2, 3.1.3, 4.0.8, 5.0.4, 

5.0.5 Etnd 5.0.6. In the remaining vrork some details of 

lmovm proofs hr.we been supplied and the exposition clarified. 

I should like to express my deep appreciation to my . 
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'(, 

supervisor Dr. J .H. Webb without vJhosc constnnt encouragement 

and many helpful suggestions, this project would never have 

mntcrialised. Thanks nlso to Mr. E.Martens without whose 

patience this project would not have been typed. 
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PROPER~_Qf THE STRICT TOPOLOGY. 

We shall begin by describing the space which will be used 

in this dissertation. 

Unless otherwise specified X will denote a locally compact, 

Hausdorff topological space. 

C(X): the vector space of all continuous real or complex-

valued functions on X. 

~(X): the vector space of bounded continuous real or complex­

valued funtions on X. 

C
0

(X): the vector space of continuous functions which vanish 

at infinity. That is, ~ € C
0

(X) if given any e > o, 

there is a compact set K C X such that I~ (x)l < e 

for all x f K. 

CK(X): the vector space of continuous functions with compact 

support. The support of a function f € C(X) is the 

closure in X of the set {x£X: f(x)*O} .and will be 

denoted by supp f. 

L(X): the space of lower semi-continuous functions on X. 

Recall that a real valued funtion f on X is lower semi-

continuous if {XC: X: f(x)~al is closed for each real 

number a. A function f is upper semi-continuous if -f 

is lower semi-continuous. 

M(X): the space of' bounded Radon measures defined on x. 
For a definition, see [1] page 50. 

c+(x): the space consisting of' the non-negative f'unctions in 

C(X). That is 

c+(x) = {f€C(X): f(x)~O f'or all x€Xj. 
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c;(x), C~(X) and L *(x) are def'ined similarly,. 
'· 

We give Cb(X) the following locally convex structures:-

cJ: the Banach space topology def'ined "by the norm llf'll = 

sup{jf'(x)l: x€X}, called the norm topology. 

K: the topology def'ined by the f'amily of' seminorms HriiK= 

pK(f') = sup{lf'(x)l: x€K}, where K runs through the compact 

subsets of' X and called the compact-open topology• 

(3: the topology def'ined by the f'amily of' seminorms llrllcp= 

sup {I f'(x)cp (x) I : xt:XJ, where cp € C
0 

(X) and called the 

strict topology. 

Note (a): The strict topology on the space Cb(X), for X local­

ly compact was introduced by Buck [2]. 

(b): If' Vcp= {tt:Cb(X): llf'cpll~l} where cp € C
0

(X) then the 

sets {Vcp} f'orm a neighbourhood basis at zero f'or the 

strict topology. 

(c): The compact open topology is generated by the semi-

norms !lrllcp = sup {I f'(x)cp (x) I : x€X} where cp € CK(X). 

(d): Each cp € C
0 

(X) has cJ-compact support. For each 

n € N, def'ine 

co 

Then Kn is compact and suppcp =n~l~ is ~-compact. 

It is tempting to conjecture that the strict topol­

ogy is generated by the f'amily {pK(f'): KCX, K is 

cJ-compact}, of' seminorms. This is f'alse as the 

counter-example below shows. Let R denote the real 



numbers with its usual topology. Since R itself is 
co 

~-compact, as R =n~1 [-n,n], the topology generated 

by the above family of seminorms is the norm topology 

on Cb(R). We shall see in Theorem 1.0.7., that if' X 

is not compact then ~ * ~. Note also that the fact 

that supp<p is o;-compo..ct neec1 not imply that tp t; C
0

(X). 

For example, consider the constant function l(x) = 1 

f'or all x € R. 

1.0.2. ~emma. Suppose X is a locally compact topological space. If' 

{xnJ is a discrete sequence of' points in X and {cnj a null 

sequence of' positive real numbers, than there is a <p € C
0

(X) 

such that <p(xn) = en• Furthermore, if' :r € C(X) such that 

<pf' £ C
0

(X) f'or every <p € C
0

(X), then f' € Cb(X). 

(By a discrete sequence, we mean a sequence with no points of' 

accumulation, or equivalently, the given topology coincides 

with the discrete topology on the sequence.) 

R~o~fl Since X is locally compact, we may choose a sequence 

{I~ l of' compact sets with xn~ int~ and KmnKn = q f'or all m * n. 

For each n, choose <pn£ C(X) satisfying 

o ~ <p (x) ~ 1 for all X € X, n 

<pn (x:n) = 1 and 

<pn(x) = 0 if' X ~ ~· 
co 

Let <p(x) =n~lcn<pn(x). Then <p(xn) = ~n• 
Also <p € C

0
(X), since if' e > 0 we can choose n such that 

n 
cm< e for all m > n. Then if' x t.u1K. either x € K f'or 

1= 1 m · 
co 

m > n or x tn~lKn• 
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I~ x € Km' then ~(x) ~ cm< e. If x fn~lKn' then ~(x) ~ 0 < e 

as required. 

Suppose ~ € C(X) as in the statement o~ tho lemma and 

suppose that t: is not bounded on X. Then for each n € IN, 

choose xn€ X such that lt:(xn)l ~ n. Sinae t: is continuous 

the sequence {xnJ may be chosen to be discrete. By above, 

choose~ € C
0

(X) so that 

for each n. 

So ~t:(xn) ~ 1 for n = 1,2, ••• Thus ~t: f C
0

(X) which is a 

contradiction. Suppose ~f € C (X) and let e > o. Then there 
0 

exists a compact set K s~ch that I ~t:(x) I < e. t:or x ~ K. 

Hence {xnl C K and since K is compact this scq_uence has a 

point of' accumulation. 

~~arks (a): Bef'ore giving some basic properties of' the 

strict topology on Cb(X) we will state a few well 

lmovm results relating to the compact-open and 

norm topologies. 

(b): In the norm topology, Cb(X) is a Banach space 

(complete normcd space), CK(X) is not dense itl 

(c) : 

Cb(X) but its closure is the complete space 

C
0

(X) with t~e norm topology. 

In the compact-open topology, Cb(X) is a locally 

convex linear space. It is metrizable only it: 

X is cJ-corr.pact (see below). CK(X) is K-dense 

in Cb(X). Also (Cb(X),K) is not complete, the 

completion being ( C(X) '") when X is a lr-space 

(see def'inition 4.0.3.). 



(d): Recall that a topological space X is ~-compact 
00 

if' X ==n~lKn where ench Kn is compact. X is 

regularly ~-compact if' X is ~-compact and the 

compact sots {Kn} may be chosen so that 

1.0. 3. I:@mrn~ Every ~-compact, locally compact topological space 

X is regularly ~-compact. 

00 

!ZsLof': Let X be as above. Then X ~ u1K where each Kn is n::: n 

compact. 

Def'ine Ki= K.1 and f'or each x € KJ. choose an open 

neighbourhood Vx of' x such that Vx is compact. This is 

possible since X is locally compact. Then {Vx: x€Kil is an 

open cover of' KJ. so there is a f'inite subcover [vx
1

., •• ,vxnl. 

Let 
n n 

K2 =i~lvx.~ intiZ2 ~i~lvx.~ Ki· 
1 1 

Now K2uK2 is compact, so proceeding as bef'ore we f'ind K_3 

compact such that 

K_3 ~ intK_3 ~ K2UK2 ~ K2• 

Continue in this wny to obtain a sequence {K~} of' compact 
00 

subsets of' X such that n~lK~ = X and 

KJ. c intK2 C K2 C intK3 C ••• 

Hence X is regularly ~-compact as required. 
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00 

1.0.4. Lemma~ Suppose X is regularly ~-compact where X =n~lKn and 

K1 c intK2 c ••• I~ K is any compact subset or X, then 

K C ~ ~or some n. 

Proo~: Suppose that the conclusion is ~also. Choose x1£ K 

such that x1¢ K1 • Let n2 be the smallest ixjteger such that 

x1€ ~ • Continue in this way to obtain a sequence {xn J 
2 r 

C K such that xr¢ Kn ' X € Kn • Clearly 
. r r r-+l 

00 

X =r~lKn and K C intK f'or all r. 
- r nr nr .f]. 

Relabel the K by replacing K with Kr• Since E. is compact, 
nr nr 

the sequence {xr} has a point of' acclli~ulation x
0 

say, where 
00 

x
0

£ K. Since x
0

€ X ==r~lKr' there is an m such that x 0 € Km 

c inti~+l· Novv if' r > m then xr¢ Kr and xr£ Kr-+l. But 

P~11c intKm-+lc ••• c intKr_1c Kr' so xz..¢ intKm+l ~or all r > m. 

That is, x t TX:Jr·r. since x £ intK _,which is open. 
0 >m 0 ·~~ 

So x
0 

is not a point of' accumulation of' {x J which gives . n 

the desired contradiction. 

l.0.5 • .:f.h.W'9m~ Suppose X is a cr-compact, locally compact topological 

space. Then (C(X),t<) is mctrizable. 

pro9f': The compact-open topology is generated by the semi­

norms pK(f') := sup{ I f'(x) I: x€Kj where K runs through the com-
00 

pact subsets of' X. By Lemma 1.0.3. we may let X ==r~lKr where 

K1c intK2c K2c • . . We shall show that tho countable ramily 

of' scminorms {pK 1 generates a local base at zero f'or K. It 
n 

is sufficient to show that f'or each pT there is a p1,. such 
.l<: .,.n 
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Let K be cmy compact set, then by Lem..'IH1 1.0.4. there is 

ru.1. integer n such that K C Kn. Clearly Prr ~ p1,. • Also 
A ~ 

(C(X),K) is Hausdor~~, since i~ ~ * 0, ~ € C(X) we ma~ choose 

x
0

€ X such that ~(x0 ) = r > o. Choose e so that 0 < e < r. 

Since ~ is continuous and X is locally compact, there is an 

open neighbourhood U o~ x such that ~(x) > e ~or all x € U 
0 

o.nd U is compact. 

Consider the sominorm Pij(~) = sup{l~(x)l: x€U}. Then 

V == fg€C(X): Pff(g)~e} is u basic K-ncig.hbourhood o:r zel'"'o 

nnd ~ f V. 

The result now ~ollows ~rom a standard theorem on the 

mctrizability o~ lineal" topological spaces (sec [15], page 

163). 

In Chnpter 5 we shall discuss the· metrisability ·o~ (Cb(4);'C;I). 

We shall now list and prove some o~ tho basic o.nd impol'"'tant 

f'acts conccl'"'ning tho strict topology which will be used 

l"'cpcatedly throughout this work. 

1.0.6. Theol'"'em. Let X be a locally compact Hausdorf'~ topological 
--·-~ .. ,.,.,.,-.... ,..,..,...,_:-

s~pace. Then 

( i) K ~ (3 ~ 0"1 

(ii) the (3-bounded and norm bounded sets of Cb(X) are the 

same, 

(iii) the. topology (3 coincides with K on the norm bounded 

sets, 

(iv) a sequence {~nl in Cb(X) is (3-convergent i~ and only if' 
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it is norm bounded and K-convergent, 

(v) the subspace CK(X) is 13-denso in Cb(X), 

(vi) (Cb(X),I3) is a complete locally convex topological 

vector space. 

P~ .. 25').:£: (i) Since llf'II<P== llf'<pl! ~ llf'l!ll<illl it f'ollows that 13 ~ c:J. 

Conversely, if' K is a compact subset of' X, choose <p € C
0 

(X) 

such that <P ( x) = 1 f'or all x € K. Then llf'IIK~ llf'l]<p so that 

(ii) Since 13 ~ c:J, the c:J-bounded sets arc 13-bounded. 

Novr suppose A is j3-bounded but not c:J-bounded. Let X1> 0, 

then there exists f'1€ A und x1€ X such that lf'1 (x1 )1 > x1 • 

Since f'1 is continuous there is an open neighbourhood Nx of' x1 
' 1 

such that Nx (the closure of' N ) is compact and lf'1 (x)l > x 1 1 ' xl 
f'or all x in Nx • Since K = j3, A is K-bounded and so there is 

1 
a X2> 0 such that I f'(x) I ~ -x2 f'or all x € Nx and f'or all 

1 
f' € A. Now A is not c:J-bounded, so there is 

an f'2€ A and x2€ X such that jf'2(x2 )1 > x2• Note that 

x2~ Nx • Since f'2 is continuous there is an open neighbour-
1 

hood Nx
2 

of' x2 such the~t 'Nx
2 

is compact, Nx
2
n Nx

1 
= $ and 

!f'2(x)l > ).. 2 f'or all x € Nx
2

• 

Noting that Nx u Nx is compact we may proceed in this 
'"1 2 

vmy to obtain a discPete sequence fxnj in X and a sequence 

ff'n} in A such that lf'n(xn)l > Xn' where {)..nj is an unbounded 

increasing sequence of' positive real numbers. By Le~na 1.0.2. 

we may choose <p € C
0

(X) such that <P(xn) = A.~i f'or each n. 

Then 
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This contradicts the f'uct that A is j3-bounded. 

(iii) Let B be a norm bounded subset of' Cb(X). ·rt is 

suf'f'icient to show that K coincides with j3 on the absolutely 

convex hull of' B. So we may suppose that B is absolutely 

convex. Since B is 0"-bounded, there is an M > 0 such that 

llrll ~ M f'or all f' € B. Suppose vcpn B is any f31B-neighbour-

hood of' zero, where V q> == { f't:Cb (X) : llf'q> 11~1} and q> € C 
0 

(X). 

Choose a compact set K c X such that I q>(x) I ~ ~. f'or nll 

X ~ K. 

Let VK= {f't:Cb(X): llf'IIK~If!IIJ. Then VK is a K-neig.hbour­

hood of' zero. We shovr that VI(' B C V cpn B. If' f' € VIf B 

then if' x ~ K, jr(x)cp(x)l == jf'(x)jjq>(x)j ~ M.~ == 1 and if' 

x t: K, jf'(x)q>(x)l == jf'(x)jjq>(x)l ~ ~·n·llq>ll == 1. Therefore 

}f'(x)q>(x)l ~ 1 f'or all x € X and thus f' t: V n B. So V n B cp cp I 

is a K I B-neighbourhood of' zel"O. Since K ~ j3, every K I B-ncigh-

bourhood of' zero is a f31B-neighbourhood of' zero. Thus KjB 

and !3IB have the same neighbourhoods of' zero. 

Let f' € B. Any ~~B-neighbourhood of' f' in B is of' the f'orm 

(f' +V)nB, where Vis a {3-neighbourhood of' zel"O in Cb(X). 

Since 13IB and KIB have the same neighbourhoods of' zero, there 

is an absolutely convex K-neighbourhood U in Cb(X) such that 

UnB C -!V. We shovr that (f' + U)nB C (f' + V)nB. Let g € 

(f' + u)nB, then g = f' + u f'or some u t: U and f' + u t: B. 

Thus g - f' € u, u € B - B and so g - f' € B - B. Since B is 

absolutely convex, B - B c 2B and since U is balanced, U c 

2U. Thus g- f' t: 2(UnB) c v. So g t: f', + V and since g € B 

it f'ollows that g € ( f' + V)nB as l'"'eg_uired. Thus ( f' + V)nB 
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is a KjB neighbourhood of f in B and so 131B~ KIB. Since 

K ~·13, the reverse inequality is true and so the result 

f'ollows. 

(iv) Suppose {f' 1 is a 13-convergent sequence to n 

f' € Cb(X). Now {fn} is 13-bounded, hence norm bounded. Since 

K ~ ~' {f'n} is K-convergent to f'. Conversely, if' {f'nj is 

norm bounded and f' ~ f', then f' ~ f' since K ::: (3 on the norm n n 

bounded sets. 

(v) Let f' € Cb(X). We shall f'ind a net in CK(X) 

vn1ich is !'-convergent to f'. Suppose K is a compact set in 

'i'K(x) == 1 if' x € K and 

0 ~ 'i'K(x) ~ 1 f'or all x € X. 

Let f'K::: 'i'Kf'. Since ~K€ CK(X) and f' is bounded it follows 

that f'K € CK(X). Partial order the compact subsets of' X by 

inclusion. Then ff'K} with K compact is a net in CK(X). Now 

{f'Kj is norm bounded since 

Also f'K is K-convergent to f, since if' K1c K and K1 is compact 

then I~K- f'l~ = 0. The result now f'ollows from part (iv) 
1 

above. 

(vi) We will show in Chapter 2 and again in Chapter 3 

how a proof' of' this result may be obtained. (See Theorems 

2.1.2. and 3.1.3.) 
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We shall now investigate under what conditions the top-

ologies K, ~ and ~ coincide. 

1.0.7. T~or~ (i) ~=~if and only if X is compact. 

(ii) If K = ~ then X is pseudocompact. 

Proof: (i) From Theorem 1.0.6. (v) and since CK(X) C C
0

(X) C 

Cb(X) it follows that C
0

(X) is (3-dense in Cb(X). Since ~ ;:: ~, 

we have C
0

(X) is o<-dense in Cb(X). But C
0

(X) is ~-complete 

so that C
0

(X) = Cb(X). Hence X is compact. Since if X were 

not compact then the constant function l(x) == 1, for all 

x € X, is in Cb(X) but not in C
0

(X). Conversely, if X is 

compact, then ~ == K. Since K ~ ~ ~ ~we have ~ == ~. 

(ii) Suppose K == ~. Now CK(X) is K-dense in C(X) 

and CK(X) is ~-dense in Cb(X). But Cb(X) is ~-complete, 

hence Cb(X) = C(X) and X is psoudocompact. 

N£i~: We shall give an example where K == ~ < ~. (See Theorem 

5.0.9.) 

1.0.8. T~~Q¢~~ If X is a locally compact topological space then 

K = {3 if and only if CK(X) == C
0 

(X). 

Proof: Suppose K = {3 and let ~ € C (X). We must show that 
0 

~has compact support. Now, V~= {f€Cb(X): llf~l~l} is a 

{3-neighbourhood and hence a K-neighbourhood of zero. So 

there is a compact set K C X and an e > 0 such that v
1

,. C 
\,e 

V where 
~ 
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of' zero. 

So, if' !If' IlK~ e then ll:rcp II ~ 1· ••• ( 1). 

We claim that suppcp c K, since if' not, we can choose x
0
t K 

such that cp(x
0

) = r * 0. For each n €JN, choose f'n€ Cb(X) 

such that :r (x) = 0 :for all x € K and f' (x ) = n. Choose n
0 n . n o 

so that n
0

1 rl > 1. Then llf'n IlK~ e, but I f'ncp(x0 ) I = n0 l rl > 1 
0 

and hence llf'ncpll > 1. This contradicts (1) and so suppcp is 

compact. 

The converse follows f'rom the definitions of' K and ~! 

We shall now give u result which suggests that the strict 

topology is a more natural topology on Cb(X) than the norm 

topology whenever X is locally compact. We shall need the 

following lemma. 

1.0. 9. ~mma!. Each measure !l in M(X) has a <T-compact support. 

Proof': It is knovm that the unif'orm dual of' C
0

(X) is M(X). 

Since CK(X) is <T-dense in C
0

(X) it f'ollows that the unif'orm 

dual of' CK(X) is also M(X). Let f.l be a positive measure on 

X and def'ine a linear :functional L on CK(X) by 

Since f.1 is bounded, L is ~continuous and there e~ists a 

number M = IlL II such that JL( f') I ~ M llf' II f'or all f' € CK(X). 

Choose f'n€ CK(X) with llf'nll = 1 and limL(f'n) = M. Let I~= 
~ 

suppf'n and let S = u1K • Since f' € CK(X), each K is compact !l n= n --n 
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and thus S is cr-compact. We show that sup:pf.i C S • Let 
f.1 . f.1 

g € CK(X) be any fUnction which is zero on sf.l. We can assume 

that llg II < t.. Then, llf'n + g II = llf'n- g II = 1 f'or each n, so 

that 

Letting n tend to infinity and noting that limL(f'n) = M, we 

see that L(g) = o. Hence the behaviour of' a fUnction f' of'f' 

Sf.l does not af'f'ect the value of' L(f') so that 

L(f') = ~ f'df.l 
sf.l 

1.1.0. ~~~e~ If' X is a locally compact Hausdorff' topological 

space, then the strict dual of' Cb(X) is M(X). 

Proof': Let L be any ~-continuous linear ~ctional on Cb(X). 

Since ~ ~ cr, Lis cr-continuous on the subspace CK(X). Thus, 

by Lemma 1.0.9, there is a f.1 € M(X) such that 

L( f') = r f'df.l 
Js 

f.1 

f'or all f' € CK(X) ••• (1) 

Since CK(X) is ~-dense in Cb(X) it is suf'f'icient to show 

that (1) defines a ~-continuous linear functional on CK(X). 
00 

Let S =n~lKn' an= f.l(I~- I~_1 ) and put K
0

::: ·<P • Then a~() and 
oo f.1 n 

n~l an= M. Choose a sequence {bn 1 of' non-negative real numbers 

monotone decreasing to zero and satisfying 

Let c ::: b - b . so n n n;J. that bn= en+ cn;J. + • • • Construct 

1jrn€ c1~(X) with Ill' n II = 1, *n(x) = 1 f'or x € ~ and *n(x) = 0 

f'or X f I<u-rJ.• . 
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'?!' 

Let ~(x) = z1c w (x). Then~ € C
0

(X): if e > o, choose an n= n n 
integer n so that bn< e. Then if X ~ Kn' wr(x) = 0 for 

r:::l,2,3, ••• ,n-l so that ~(x) ~ cn+ cn;J.+ ••• == bn< e. Also 

~ is zero except on Sll and 

for x € K - K 1 • n n-

The !'unction 1 is continuous on 8
11 

and if L = K - K 1 then 9 r n n n-

and hence (1) defines a"~-continuous linear functional on 

CK(X) as required. 

Notes: (a) We can now define a pairing functional between 

r 
<f' ll> = J fd!l. 

(b) One advantage of the strict topology over that of 

the norm topology is that the space M(X) is relatively 

easy to work with. The uniform dual of Cb(X) is M(~X) 
v 

where f3X is the Stone-Cech compactif'icatio'n of' X and 

is somewhat unwieldy. 

(c) The norm topology on M(X) is the usual variation 

norm; namely the strong topology when regarded as the 

dual normed space to (C (X),~). The strong topology on 
0 

M(X), regarded as the dual of' (Cb(X),~), is the norm 
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topology since the ~bounded and norm bounded sets o~ 

Cb(X) are the same. 

(d) Buck raised the following question: "Is it true 

that the strict topology coincides with the Mackey 

topology, the strongest locally convex topology on 

Cb(X) having M(X) as its duel?" 

As yet no characterization of' those spaces X f'or 

which the answer is affirmative is available, but 

Conway [4] has shown that (Cb(X),~) is a Mackey space 

whenever X is paracompact. 

A linear topologica;J_,space E is1a Mackey space if'1and only 

* if' every weak compact convex circled subset of' the dual E' 

is equicontinuous. It is therefore necessary to character-

ize the ~-equicontinuous subsets of' M(X). But an absolutely 

convex set H C M(X) is (3-equicontinuous if' ond only if' 

is a (3-neighbourhood of' zero in Cb(X). This is so if' and 

only if' there is a~ € C
0

(X) such that V~C H0
• That is, 

H c V0 c M(X) vvhere 
~ 

.so it becomes necessary to characterize the sets V0 where 
~ 

Bef'ore proceeding we indicate briefly how to extend the 

domain of' !l € M(X) f'rom Cb(X) to L(X)., For details see 

[12], Chapter 3, section 11. If' !l € M(X) and g € L+, let 
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Dg~ {h€0;: h~g} where h ~ g means h(x) ~ g(x) ~or all x € X. 

Then g = sup{h: h€DgJ• We can then def'ine 

jgd!J. = sup{Jhd!J.: h€Dg}. 

An analogous result holds ~or upper semi-continuous fUnctions. 

1.1.1. Lgmm~ Let E be o. closed subset of' X. The ~ollowing state-

ments are equiv2lent: 

(a) !J.(K) = 0 i~ K C E and K is compact. 

(b) <i',!J.> = 0 ~or all f' € Cb(X) such tho.t suppf' C E. 

Progf: (a) implies (b). 

Since ~J.(E) ~ sup{~J.(K): K compact, K c E} it f'ollows that 

!l(D) = o. Let f' € ~(X) satisf'y suppf' C E. Then 

Ji'd!l ~ f f'd!J. = o. So <f',!l> = 0 as required. 
JE 

(b) implies (a). 

Let K be compact, K C E. Then XK' the charfl,cteristic 

f'unction of' K is uppel" semi-continuous: 

If' a > 1, then {x: xK(x)~a} = ~; 
If' 0 < a ~ 1, then {x: xK(x)~a} = K and 

if' a ~ 0, then {x: xK(x)~aJ = X. 

Since X is Hausdorf'f', ~; K and X are closed. Consider 

UX = {f'€Cb(X): f'~XK and supp f' C E}. 
K 

Then xK~ inf'{~€Cb(X): f'€U }. By hypothesis, <~,!J.> ·- 0 f'or 
XK 

all f' € u'll ' so 
~~.K 

<XK'!l> = 0 and hence ~J.(K) ~ 0 as required. 
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N~: This result shovJS the relationship between 1..1 E: M(X) 

regarded as a Radon measure on X and as a bounded 

linear fUnctional on ~(X). 

1.1. 2. !_l!epr.:~13!.:.. If cp 

V
0 

:::: {f.LE:M(X): 
<p 

€ C (X) and V = {f'E:Cb(X): llfcpll::;;l}, then 
0 <p 

fl vanishes off' N(cp) and ll~ll::;;lj where N(cp) = 
<p 

{x€X: cp(x)*o} and <f,~> = <f,fl>• Note that fl vanishes o:f'f' 
<p <p 

N(cp) if' f.L(K) = 0 f'or every compact set K such that IqJN(cp) = ,. 

Let fl E: V0
, that is llf'cp II ::;; 1 implies I <f', fl> I ~ 1. 

<p 

'rve will shm-v that fl vanishes of'f' N( cp). By the previous 

lemma, it is enough to show the.t f.L( f') = <f, fl> = 0 :f'or all 

f' £ Cb(X) sutisf'ying supp:f' c E. We may assume that cp ?:;!: o. 

r,ot g £ ~(X) such that suppg c E. Then gcp(x) == 0 for all 

x £ X and so ngcp(x) = 0 :f'or o.ll x € X and n € lN.. Hence 

llngcp II ~ 1 for all n € IN and since fl £ V
0 we have I <ng, fl> I ~ 1 
<p 

for all n £lN. Hence l<g,l.l>l = 0 as required. 

Let f' € V • We mey suppose that f' ?:;!: o. We shall shovil' 
<p 

that! is integrable with respect to fl and l<:r,fl>l ~ 1. Let 
<p <p 

h(x) :: ~tit if' cp ( x) * 0 and 

h(x) = 0 if' cp(x) = o. 

Then h is lower semi-continuous. If X € X and X ~ x, X < X a. a. 

it is suff'icient to show that lim infh(x ) ?:;!: h(x). If 
a. 

cp(x) * o, then h is continuous at x and so lim inf' h(x ) = a. 

h(x) •. If cp(x) = o, then h(x) = 0 by definition. But 

h(x ) ?:;!: 0 f'or all x and so lim inf' h(x ) ?:;!: h(x) •. a. a. a. 

Let g € L(X) such that llgcp II ~ 1.· Then if n = {h€C +ex): g . 

h~g} we have llhcpll ~ 1 for all h € Dg• · Since fl € vo we hnve cp 

I <h, fl> I ~ 1 for all h € Dg• 
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But <g,f-1> == lim[<h,f-1>: h€Dgl, hence !<g,f.l>l ~ 1. So we have 

shovm that if l!g<p II ~ 1 and g € L(X) then I< g,f.l> I ~ 1. 

Let g ::: h be defined as above. Then if llfll ~ 1 we have 

I <!,f.l> I ~ 1 so that IIY.II ~ 1 and h is i.ntegrablc with respect 
<p <p 

to 1-1• 

Conversely, if f.l vanishes off N(<p) and 11!!.11 ~ 1 tben <p 
llf<p II ~ 1 implies I <f ,f-1> I = I <fw..,J-L> I ~ llfcp 1111!!.11 ~ 1 as required. <p <p 

£o~: (i) This theorem is due initially to Glicksberg [10] 

and the proof was later 11 simpli:D'ied" by Conway 04]. Note 

that ~f) = <!,f.l>, but f.l € M(X) is initially defined 
cp <p 

only for continuous functions and it is clear that f 
<p 

need not be continuous. It is, however, lower semi-

continuous and hence the necessity to extend the domain 

of' each J.l € ~~(X) fPom Cb(X) to the larger space L(X). 

Both the proof's of Glicksberg and Conway tend to gloss 

over this aspect of the proof. 

. 1 
(ii) The functions of the form- are not very manageable . <p 

and Conway he,s gi von an alternate characterization of 

the 13-equicontinuous sets. (See Theorem 1.1.4.) We 

shall prove the necessity using a functional analytic 

approach, but before proceeding we shall require the 

following lemma. 

1.1.3 •. ~9~ Suppose X is a locally compact Hausdorff topological 

space nnd H is a subset of M(X). The following statoments 

arc equivalent:-

(i) For all e > o, there is a compact set K c X such 
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thnt l~I(X- K) < .e for nll ~ € H. 

( ii) For all e > 0, thcr•c is a compact set K C X such 

thut, if llfll ~ 1 and suppfnK == q> then l<f,~>l ~ e 

for all ~ € H. 

~roof: (i) implies (ii). 

Let e > o. There exists a compact set K C X such that 

I~ I (X ...., ~) < e:. Suppose that !If' II ~ 1 o.nd suppf'r"I:K = q>. Then 

suppf C X ..... K. Hence I !.ll ( suppf) ~ e: f'or all ·~ € H. If' ~ € H, 

then 

I < f, f.l> I = I j f'df.ll 

::: 1/ fd~l 
suppf 

~ I Jx suppfd~ I 
~ lf-11 (suppf) ~ e: 

( ii) implies ( i). 

since llfll ~ 1 

as required. 

Let e > 0. By hypothesis there is a compact set K C X 

such that if llf'll .~ 1 and suppf' n K == cp then I <f,f.l.> I ~ ~. f'or 

all f.1 € H, Suppose that f' ~ 0 and let g € Cb(X) such that 

I sl ~ f (pointwise), suppf' n K == cp and llfll ~ 1. Then 

suppg n K = cp so that J<g,f.l>l ~ ~· Hence supfl<g,~>l: Jgl~t:, 

g€Cb (X) J 

l~l(f') ~ 

e 
~-2. 
.B 

2. 

It f'ollows from [1] page 55, that <f,l~l> = · 

Now suppose that f is not necessarily positive and so.tis­

f'ies lit: II ~ 1 and suppf' n I~ = IP. Decompose f as follows: 

+ -f = f' - f' v-:rhere 

.. + _ lr L + t: - Lf L - f' 

.1. _ 2 and f = · 2 • 
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arly v;e can write 1.1 == 1.1 +_ 1.1- and I!.! I == 1.1 + + I..L-. 

Nov,r ll!.!l(f')l == II~..LI(f'+-f'-)1 ~ I~..Ll(f'+) +l!ll(f'-) 

€ € 
~ 2 + 2 = e:. 

Simil-

It f'ollows f'rom (ii) that f'or all e: > o, there is a compact 

set K C X such that if' llf' II ~. 1 and suppf' () K == q> then 

II!.! I (f') I ~ e:. Let L be any compact set satisf'ying L C X - K. 

If' u'X = {f'€~(X): f'~x.L' llf'll~l, suppf' () K = ~} then 'XL= 
L 

inf'{f': f'€U J. By hypothesis I l!ll(f')l ~ e: f'or all f' € U , 
'XL 'XL 

hence I I 1.11 (x.L) I ~ e: and so I 1.1! ( L) ~ e: as required. 

1.1.4 • .!J.leorom~ A sot H c M(X) is 13-equicontinuous if' and only if' 

(i) H is uniformly bounded and 

(ii) For every e > o, there is· a compact set 

K C X such that 11.11 (X "' K) ~ e: f'or all !l € H. 

Proof.: Necessity. 

Suppose H C M(X) is (3-equicontinuous, then there is a 

cp € C
0

(X) such that H C V0
• By Theorem 1.1.2. 11~11 ~ 1 f'or all 

q> q> 

!l € H and hence llllll ~ ll<t> II for all 1.1 € H and so H is unif'ormly 

bounded. Also H0 is a (3-neighbourhood of' zero in Cb(X). 
o· 

Since K o= (3 on the norm bounded sets, we have H ()rB is a 

Kl rB-neighbour.hood of' zero in rB f'or every r > o, where B 

is the unit ball in Cb(X). Hence for any r > o, there is 

a compact set I\. C X such that if' !If' II ~ r and pK(f') ~ 1 then 

l<f,!l> I ~ 1 for all 1.1 € H. Call this statement 11 (p)". 

Let e > 0 be given and put r 1 
= €• By (p) there is a 
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compo.ct set K C X such that if' lit' II 1 and pK(f') ~ 1 then ~-e 
I <f', 1-1> I ~ 1. Suppose that II±' II ~ 1 and suppf' n K == q>, then 

1 
== 0 and llf'll ~ 1 So by statement (p), I <f,l-1>1 p_,.(-.f') - = r. 

1~. E E e 

~ 1 and hence l<f',IJ.>I ~ e f'or all 1-1 € H. This shows that (ii) 

of' the previous lemma holds, hence so does (i) and the result 

f'ollows. 

Suf'f'iciency. 

Suppose H satisf'ies the conditions of' the theorem. Since 

H is unif'ormly bounded; v1c may suppose that 111-111 ~ 1 f'or all 

1-1 € H. By induction we can obtain a sequence {I~} of compact 

subsets of X such that l~C intKn-rl and 11-11 (X - Kn) ~ <t)n 

f'or all !-L € H. For each integer n ~ 1, let <pn € CK(X) be 

such that <t>n(x) = 1 for x € K , 0 ~ <p ~ 1 and <t>n(x) == 0 if' n n 

X f Kn-.J_• 
00 

Put <t>( x) __ 2n~l(~)n<t>n(x), then <p € C
0

(X) since the sequence 
00 

f ( ~ )nl converges to zero. Also N( <p) = 11~1Icn. We shetll show 

that H c V
0

• If' I< is a compact subset of' X and K n N( <p) = ~ 
<p 

then K II K
11

== <1> f'or all n ~ 1. Thus l1J.I (K) ~ (~)n for all n 

and so I !ll (K) = 0. Hence each 1-1 € H vanishes off N( <p). If 

x € I<n ..... Kn-l for n ~ 2, then <t>l (x) = 

<pk(x) = 1 for k ~ n. 

Therefore 

••• = <p 2 (x) = 0 and n-

<p(x) = 2iin-l(t)i<pi(x) ~ 2i~n(~)i = 2(!)n-l. 

If' !l € H and n ~ 2, then 

J ~!)dl1J.I ~ (!)2n-l(t)n-l ~ (~)n. 
I~- Kn-1 

and so 
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Thus by Theorem 1.1.2, H C V0 nnd H is theref'ore j3-equi­
<p 

continuous.· 

:tio!£: {i) It is thought that a ~roof' of' the suf'f'iciency of' 

Theorem 1.1.4. can be obtained using f'uoctional analytic 

methods rather than the measure theoretic approach 

adopted by Conwny. The author has however no.t succeeded 

in achieving this. 

(ii) We shall shmrv in Chapter 2, that, with the aid of' 

this theorem, the strict topology is a mixed topology. 

(iii) Conway utilizes this characterization of' the j3-

equicontinuous subsets of' M(X) to shmv that whenever X· 

is paracompact, the strict topology is a Mackey topology. 

The details may be f'ound in [4]. 

We shall show in Chapter 5, that when X is taken to be 

the positive integers with the discrete topology, a simple 

application of' theorem 1.1.4. yields the result that j3 is 

the Mackey topology on cb(IN). We are also able to give 

an example of' a. dense subspace of' a Mackey space which is not 

itself' a Mackey space •. 
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THE lUXED TOPOLOGY AND APPLICATIONS 

We now present the mixed topology defined on a linear 

space E with two locally convex Hausdorff topologies. This 

was initially introduced by Wiweger and extensively studied 

in [25] and [26] and is closely related to the earlier work 

of Alexicwicz, Orlicz and Semadeni on two-norm spaces. 

We will also show that the strict topology, introduced 

in the previous chapter is a mixed topology - a result ob­

tained independently by Webb [24] and Cooper [6] • V'v"e will 

point out how typically known properties of the strict top­

ology mny be deduced from 'Nivwger' s work. 

Most of Wiweger's results required thnt one of the top­

ologies 't' onE be normable. We shall define tho mixed.topol­

ogy vvi th the less restrictive requirement that (E, 't') be a 

(DF)-spnce. This is the natural generalizntion of Wiweger's 

definition and was first intl"oduced by Cooper [6]. 

2.0.1. J29_fJnJ..:tj_~on!. A (DF)-spnco is·a locally convex space (E,'t') 

which possesses a fundamental sequence (sec notes below) {Bn1 

of bounded sc;;ts and hns the property that if {unl is a se­

quence of closed, absolutely convex neighbourhoods of zero 
co 

such that U =nQlUn nbsorbs pounded sots of E, then U is also 

n neighbourhood of zero. 

Not~~: (i) A sequence {Bn} of bounded sets is fundrunentnl if, 

when B is any bounded subset of E there is an n such 

that B C Bn• Observe that if E has a fundrunental se-
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q_uencc {Bn} of' bounded sets then there is a f'undrunental 

sequence {B~J of bounded sets such that each B~ is abso­

lutely convex and B' + B' C B' for each n ;;t; 1. Let n n n;.l 

Bi be the absolutely convex hull of' B1 • Then B)_ + BJ. 

is bounded and so there is an integer n1 such that 

B1' + B1' C B • 
n nl 

Let B2 be the absolutely convex hull 

1 of i~lBi. Then B2 is bounded and B)_ + BJ. C B~ C 

Proceeding in this way v-;e obtain the sequence. 

(ii) By considering polars of the sets Un in E' we 

note that the definition of' a (DF)-space is equivalent 

to (a) E has a fundamental sequence of bounded sets 

and (b) every strongly bounded countnble union of' 

eq_uicontinuous subsets of' E' is cquicontinuous. 

(iii) It is lmo·.rm that the cluss of' ( DF )-spo.ces con­

tains all the normcd spaces and tho strong duals of' 

metrisable locally convex spaces, both of' which are of' 

frequent occurrence in analysis. Also, a linear map 

L from a (DF)-space E into a locally convex space F is 

continuous if' end only if' LIB is continuous f.'or each 
n 

n. For a detailed study of these spaces refer to 

GI•othendicck [11]. 

2.0·.2. Definition. Lot J:(; be e. vector space vdt.h two locally convex 

topologies * ~ and ~ satisfying: 

. * (1) ~ ~ ~, 

(ii) (E,~) is a (DF)-space with a f.'und?~ental 

sequence {Bn} of' absolutely convex bounded 

sets such thnt Bn + Bn c Bn +1 f.' or all n, and 
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* (iii) each Bn is ~ -closed. 

* * I~ {Unj is a sequence o~ absolutely convex ~ -neighbourhoods 

of' zero, let 

* Then the set o~ all such y(Un) ~orms a basis o~ neighbour-

. * hoods o~ zero ~or a locally convex topology y(~ ,~J onE 

* and will be callffd the mixed topology generated by ~ and ~. 

When no con~usion can arise we will denote the mixed topology 

simply by y. 

B21£: It ~ollows ~rom 2.0.1, note (i) that part (ii) o~ the 

above de~inition may be replaced by: (E,~) is a (DF)-

space. 

The ~ollowing propositions give some o~ the main properties 

o~ the mixed topology. The proof's are talten f'rom Cooper (6], 

pc.ge 587. 

* 2.0.3. Propo~ition. Let E, ~ , ~ andy be defined as in Definition 

2.0.2. Then 

(~) For any ~-bounded set B, ~*IB= yJB; 

(ii) A collection H of' linear maps f'rom E into a locally 

convex space F is y-equicontinuous i~ and only if 

* HIB is ~ -equicontinuous ~or each n. In particular, 
n 

a linear map L ~rom E into F is y-continuous if' and 

only i~ LIB is ~*-continuous f'or each n; 
n 

(iii) The mixed topology y is the ~inest loc~lly convex 
. * topology onE coinciding with ~ on the ~-bounded 

sets. 



~r~: (i) Suppose B is n ~-bounded subset of E. Choose a 

* positive integer r such that B- B c Br. Let Bn(x
0

+ y(Un)) 

* * x
0

€ B. Put u = ur. Then be a yJB-neighbourhood of 

* * * u n(B-B) c urnBr c y(Un) * * so that (x
0 

+U )nB c (x
0 

+ y(Un) )nB. 
'): 

Hence (x
0

+ y(Un))nB is * a ~ IB-neighbourhood of x
0

€ B. The 

converse follows since~*~ y (see Proposition 2.0.4.). 

(ii) If' H is y-equicontinuous onE, then H is y-equi-

* * continuous on the '!:'-bounded sets. Since 't' ~ y, H is 't' -equi-

continuous on the '!:'-bounded, sets. 

* Conversely, if' H JB is .. -equicontinuous f'or each. ·n, let 
n 

VJ be an absolutely convex neighbourhood of' zero in F and put 

w = (i)~v. n 

* * . * Then we can find 't' -neighbourhoods {Unj so that h(UnnBn) C 

Wn f'or each h € H. So f'or c:;ny n and h € H we have 

* Hence h( y(Un)) c W f'or each h € H so that H is y-equicontin-

uous. 

* (iii) By (i), Y = .. on 't-bounded sets. Suppose Y' 

* is a locally convex topology withY'=~ on .. -bounded sets. 

Consider the identity map i:(E,y) ~ (E,y'). By (ii), i is 

continuous and soy is finer than y'. 

No~: Because of' this lust result, we could have def'ined 

* the mixed topology generated by 't and 't' as being the 

finest locally convex topology agreeing with 't'* on the 

'!:'-bounded sets. 
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* 2.0.4. t:_~o:Qos_:h.tion. Given E, 't' , 't' and y us bef'ore, then 

(i) 't'*~ y ~ 't'i 

(ii) y is independent of the choice of' fBn}; 

(iii) u sequence {xn} in E is ,-convergent to zero if' 

* nnd only if' {xn} is 't'-bounded and {xnj is 't' -

convergent to zero; 

(iv) y and 't' huve the same bounded sets; 

(v) n set K c E is y-compnct if' and only if it is 't'­
,.; 

bounded and 't' -compact. 

* Proof': (i) Consider the identity mcp i:(E,y) ~ (E,'t' ). By 

* Proposition 2.0.3. (i), i is 't' -continuous on 't'-bounded sets 

nnd so by Proposition 2.0.3. (ii), i is y-continuous. Thus 

* 't' ~ y. Now consider the identity map i:(E,'t') ~ (E,y). By 

* Proposition 2.0.3. (i) and the f'act that 't' ~ 't', it follows 

tho.t i is 't'-continuous on 't'-bounded sets. By Note 2.0.1. 

(iii) it follows that i is continuous and hence Y ~ 't'• 

(ii) Let {Bn} and {Cn} be appropriate sequences of 

bounded sets in ~ nnd let Y1 and y2 be the corresponding 

mixed topologies. Consider the identity map i:(E,Y1 ) ~ 
... 

(E,y2). By Proposition 2.0.3 •. (i), Y1 1B== Y2 1B== 't'···1B f'or uny 

bounded set B and so by Proposition 2.0.3. (ii) it f'ollows 

that i is continuous. Hence y2~ y1 • Similarly y1~ y2 and 

the result f'ollows. 

(iii) Suppose {xnJ is y-convergont to zero •. Since . -
't'··~ Y, fxn} is 't' ... -convergent to zero. Vve must show that 

fxn} is 't'-bounded. If' this were f'alse, we could find a sub-
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* sequence {xk l so that xk ~ Bn. Si~ce Bn is ~ -closed we 
n * · n * 

can choos0 a ~ -neighbourhood Un so that 

* * * We can also suppose that Un + Un c Un-l f'or n > 1. Then f'or 

cnch n > 1, 

(Note 

Bn•) 

tho.t 

~ * * c p~l (Bl + •.. +Bn-1 + un + un-tJ. + ••• 

* c Bn + 2Un. 

that Bi + Bic Bi +1 f'or each i, so that B1 + ••• 

Hence 'f y(~) f'or eech n, which contradicts 

{x J is y-convergent to zero. n . 

* Conversely, if' {xnl is ~-bounded and ~ -convergent to 

zero, then by Proposition.2.0.3. (i), {xnl is y-convergent 

to zero. 

(iv) Since y ~ ~, every ~-bounded sot is y-bounded. 

Suppose that B is a y-bounded set. Let {xnl be a sequence 

in B and let !~nl be n null sequence of' positive scalars. 

Then I~nxnJ is a y-null sequence (since ~n~ 0) and so is 

Hence A x ~ 0 in ~ and so B is ~-bounded. n n 

(v) Suppose A is y-compact. Then A is y-bounded and 

so by (iv), his ~-bounded. By Proposition 2.0.3. (i), 

* * ~ = Y on A and so I .. is ~ -compact. Conversely, if' A is 

~· ~-bounded and ~ -compact, then by Proposition 2.0.3. (i), 

* ~ = Y on L. and so A is Y-compact. 
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li~~o: The reader will notice the strong similarities between 

the proceeding propositions and Theorem 1.0.6, concern­

ing the strict topology. This resemblance w~s one or 

the main reasons which motivrLted the inquiry to discover 

whether the strict topology was in fact a mixed topology. 

We now proccecl to crLrry out this investigation. 

Consider the spa.ce Cb(X), where X is a locally comp~ct 

Hausdorff' topologicel space, with tho locally convex structures 

K £Lnd a- def'ined ns · in Chap tor 1. By Theorem 1. 0. 6. ( i) , we 

have K ~ a-. Now (Cb(X),a-) is a normed sp~ce and hence a 

(DF)-sp~ce. 

TI~ach Bn is un absolutely convex and a--bounded neighbourhood 

of' zero and hence is a f'undamcntal sequence of' a--bounded 

sets which also satisfies the property that 

f'or ench n. 

To show that each Bn is K-closod, it is suf'f'icient to show 

that the unit ball ·B = {f'€Cb (X): lit: II~ lj is closed. Let f' € 

Co(X) beaK point of' acclliuulntion of' B. Suppose that {t:~J, 

a. € A, where 1. is some index sot 11 is a net in B which is "-

convergent to f'. Since fxJ c X is compact f'or each x € X it· 

follows that the net [f' } converges pointwise to f. Since 
~ 

f: € B, vve have If ( x) I ~ 1 f'or ench ~ € 1.. and f'or each x € X. a. ~ 

It f'ollows that I f'(x)l ~ 1 f'or each x € X and hence llt:ll ~ 1. 

So f: € B as required. 

We can now define the mixed topology y(K,a-] on Co(X) 

using Definit~on 2.0.2. 
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2.0.6. Theorem. Let X be a locally compact Hausdorff topological 

space. Then the strict topology on Cb(X) is the mixed top­

ology y[K,ei]. 

E_!:£.£f: By Theorem 2.0.3. (iii), y is the finest locally 

convex topology on Cb(X) which coincides with K on the ei­

bounded sets. But by Theorem 1.0.6, ~ is a locally convex 

topology on Cb(X) v~1ich coincides with K on the ei-boundcd 

sets. Hence ~ ~ y. 

To obtain the reverse inclusion, let U be a closed abso­

lutely convex y-neighbourhood of zero in Cb(X). Before pro­

ceeding, note that it follows easily from Proposition 2.0.3. 

(ii) that (Cb(X),y)'= M(X) = (Cb(X),~)' • Thus U0c M(X) is 
0 * . y-og_uicontinuous. Hence U is weak ( ei(M(X) ,cb (X))) compact 

and so U0 is strongly (~(M(X),cb(X))) bounded. Thus (i) of 

Theorem 1.1.4. is satisfied~ 

Now U = U00 is a Y-neighbourhood of zero in Cb(X). 

Since Y = K on the norm bounded sets it follows that unrB 

is a ~<lrB-neighbourhood of zero in rB for every r > o, where 

B is the unit ball in Cb(X) •. Follm;"/ing the .snme line of'·· 

reasoning used in the proof' of the necessity of Theorem 1.1.4, 

-vm see that (ii) of' Theorem 1.1.4. is satisf'ied. Thus by 

Theorem 1.1.4, U0 is ~-eg_uicontinuous and thus U is a ~­

neighbourhood of' zero in Cb(X). Hence y ~ ~ and the proof 

is complete 

~: The above proof l"'equircs the aid of' Theorem 1.1.4. 

We shall sho·,rv now thnt it is possible to prove this 
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result without the aid of' Conway's equicontinuity cri-

terion. Proceeding in this direction, we shall require 

the f'ollowing result of' Wiwcger (25], the proof' of' 

which is long and technical 8.Ud \"vill be omitted. 

2.0. 7 • .£:~9.:£.9..S..t~J.£.1l• Let E be c. linear topological space with locally 

* convex structures~ and~ defined as in Definition 2.0.2. 

Suppose that the following conditions hold: 

(i) The topology ~ is a normed topology defined by the 

norm II· II which sntisf'ios the condition that if' x € E, 

then llxll = sup{p (x): a.€A} where {p : a.€A} is a a. a. 
* f'runily of' def'ining seminorms f'or ~ • 

(ii) If' {pn: n=l,2, ••• } is a subsequence of' {pa.: a.€.A}, 

E'Jld if' x € E nnd e > o, then f'or every positive 

integer n, there are vectors y, z of' E such that 

x = y + z; pi(z) = 0 f'or i == 1,2, ••• ,n and IIYII ~ 
max{pi(x): i=l,2, •• ,n} +e. Then the sets of' the 

f'orm 
co 

iQl{xEE: pi(x)~a.i) 

' 

f'orm a b~se of' neighbour-

hoods of' zero f'or y as the {pi) ranges over the count­

able subsets of' J".. and the {a.. ) ranges over all sequences 
1 

of' positive real numbors such that a.i~ co as i ~ co• 

2.0. 8. !h£.QF.~ Let X be a locally compact Hausdorff' topological 

* space. If' E = Cb (X), ~ = K nnd ~ ::: CJ", then K. end CJ" satisf'y 

the conditions of' the previous theorem. It follows that 

the mixed topology y [K. ,CT] has o. base of' neighbourhoods of' 

the f'orm 
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OG 

itJl { f'E:Cb (X) : PK. ( f' )~a.i 1 
J_ 

where {Ki} is a sequence of compact subsets of X and 0 < 

a, • .... 00 us i -+ co • 
J_ 

;Pro.,9t,: Now pK(f') ~ llf'll for each compact subset K C X. Hence 

sup{p,Af'): 1\CX, K compact} ~ llf'll. Since ench singleton set 
.1.).. 

{xj c X is compact, it f'ollo'livS that sup {pK( f): KcX, K compact J 

::: llfll. Hence (i) of Proposition 2.0. 7. holds. To shmv that 

(ii) holds, let {K j be a sequence of compact subsets of X n 

rm.d let f' E: Cb(X) £md e > o. Suppose that n is o.. positive 
n 

integer nnd put K ::: .v1K.. Then K is compo.ct o.nd hence t: 
J.= J_ 

is uniformly continuous on K. Thus since X is locally com-

pact, we can find a compc.ct neighbourhood K' of K (i.e. K C 

int K') such thnt pK' (f) ~ pK(f) + e. Choose cp E: CK(X) such 

that llcpll ~ 1, cp(x) = 1 if' x E: K and cp(x) = 0 if' x ~ K'. Now 

let g = cpf', h = ( 1-cp )f' so that f = g + h. If x E: K then 

h(x) = 0 so that Pr- (h) = 0 for i = 1,2, ••• ,n. Also 
"·i 

llgll = PK' (g) 

~ PK v (f) 

since suppg C suppcp C K', 

since lg(x)l ~ jf'(x)!for all 

X ( X, 

by construc~ion 

~ max { P,;r ( f') : i :::1 , 2 , •• , n l + e • 
J:'>.i 

Hence (ii) of' Proposition 2.0.7. holds nnd the proof is 

complete. 

!;I9te: The above theorem was originally proved by Wiweger in 

[25]. 
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We now include n lerruna dealing with the construction of' 

a certain function cp c C
0 

(X) which Cooper tool{ f'or granted 

but whose existence requires n non-trivial proof'. The de-

tnils of' the following le1nmn were supplied by my supervisor 

Dr. J.H.Webb. 

2.0.9. ke£mn~ Let X be a locally compact Hausdorff' topological 

space o.nd let {I~ J be a sequence of' compact subsets of' X 

such that 

and let 

{en} be o.• ~¢quence of' l)OS_i tive ,real nui:lbers monotone decreas­

ing to zero. Then there exists a non-negative f'Unction cp € 

C
0

(X) such that x € En if' and only if' cp(x) ;a.: en f'or each 

n =::: 1,2, ••• 

fwroof': Choose a real number c
0 

such that c
0
> c1 • Let x

0
c 

intK1 • Then {x
0
l and K1- intK1 are disjoint closed subsets 

of' IC1 • Construct cp1 continuous on I\1 such that 

cpl(xo) = co and 

cpl(x) = cl f'or X € Kl"' intK1 and 

cl~ <pl(x) ~ co f'or all x E: K. 

Now K1- intK1 a.nd K2 ..... intK2 are disjoint closed subsets of' K2 • 

Construct cp2 continuous on R2 such that 

. cp2(x) = c2 

c2~ cp2(x) ~ cl 

on K2- intK2 and 

f'or all x € K2• 

Continue in this way to get Cl>n continuous on~·· Dof'ine 
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<p( x) = sup { <f'n ( x) : x EKn l 
<p(x) = 0 

if' x t: K and 

if' x ~ K. 

00 

We shall show that <p is continuous on X. Let K = n~l~ and 

let x
0

€ K. Then there is a unique m such tho.t x0 t: Km- Km-l• 

By def'inition of' <p, <p(x
0

) = <pm(x
0

). 

Then inti\ "" K 1 is nn open subset of' m m-
K

111
- Km-l nnd <p = <pm on this set. Since <f'm is continuous at 

x
0 

it f'ollows that <p is continuous at x
0

• 

e > o, choose a neighbourhood U of' xo such that 

l<pm(x) - <pm(xo)l < e f'or all X € Uni"Sn and 

j<pm+l(x) - <~>m+l(xo)l < e f'or all X € UnKm;..l nnd 

U C intKm+l and Uni~_1 = <f>• Then on u, <p(x) is either <i>m(x) or 

<pm+l(x). In either case j<p(x) - cp(x
0

)j < e, so <p is contin-

Suppose x ~ K, then q> (x ) = 0 by dof'ini tion. Given e > o, 
0 0 

choose en so that en< e. Now x0~ Kn so there is a neighbour-

hood U of' x
0 

such that Uni~ = ljl. But 

So 

NoV/ 

0 ~ 

U = ( UnK) U ( U>vK) • 

On UnK, <p(X) < On< e. 

On u-K, <p(x) = o < e. 

j<p(x)l < e f'or all x € u, hence 

<p t: c
0
(x). If' e>O, choose en< 

<p(x) ~ c < n e. Thus j<p(x)j < e 

f'ies the conditions of' the theorem. 

<p is 

e so 

f'or 

continuous at x
0

• 

that if' X ~ Kn then 

all x ~ Kn and <p sati-
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2.1.0. Theorem. I~ X is a locally compact Hausdor~~ topological 

spn.ce, then the strict topology on Cb(X) is the mixed top­

ology Y[K ,a-]. 

;proof': We present an alternative way o~ showing that f3 ~ Y. 

Consider the identity map i:(~(X),y) -+ (Cb(X),f3) .• We shall 

show thnt i is K-continuous on Bn= {~E:Cb(X): ~~~~~~2n}. Let 

Vcp= {f'E:Cb(X): ~~~cp~~~ej whore cp € C
0

(X), be o. j3-neighbourhood 

o~ zero und cp * o. Since cp € C
0

(X), there is a compact set 

K C X such that jcp(x)l < e(i)n i~ x t K. Then 

is c~ K-neighbourhood o~ zero. We clnim that BnilU C V cp. I:f 

~ € BnilU' then II~ II ~ 2n and I ~(x) I " n: II :for X € K. 

So ll:rcpll ~ e nnd so ~ € V • It ~ollows :from Proposition cp 
2.0.3. (ii) that i is continuous and so j3 ~ y. 

For the reverse inclusion, suppose that U is a y-neigh­

bourhood o:f zero. By Theorem 2.0.8. we may suppose that 

00 

U = iQ1[~€Cb(X): PK.(~)~ai}. 
l. 

Since X is locally compact, the compact sets can be chosen so 

thnt K1c intK2c K2c ••. (soc Lemma 1.0.3.) and we mny suppose 

that the sequence {ail is monotone incrensing. Lot 

then by the previous lemma we obtain n non-negative ~ction 
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~ € C
0

(X) such that x € ~ if and only if ~(x) ~ en• Then 

V cu. For iff € V then lf(x)~(x)J ~ 1 for all x € X. 
~ ~ 

If x € I~ then 

I f(x) I 
Hence 

_,m~, 
-~rx-y--

1 .... =a • 
en n 

So p~(:r) ~ an for each n. So f € U and U is a (3-neighbour­

hood of zero us required. 

N9~: (i) The compact-open and norm topologies muy be defined 

on Cb(X) without the requirement that X4be locally 

compact. In fact we ce..n define them when X is nn 

arbitrary topologic2l space. In 2.0.5. no use was made 

of the local compactness property so that K and ~ are 

such that Y[K,~] can be defined. This enables us to 

generalize the strict topology to the case where X 

is an arbitrary topological space. Using Propositions 

2.0.3. and 2.0.4. concerning the mixed topology, it 

is clear that tho known properties of the strict top­

ology on Cb(X), for X locally compact, extend to 

arbi tl"•ary X. 

(ii) Suppose that X is completely regular and that f3 

is defined on Cb(X) by mea..ns of C
0

(X) in the normal 

way. Then if K ~ ~ we shall show that X is locally 

compact. Let x € X. Then {x} is compact, so since 

K ~ (3, there is a ~ € C
0

(X) such that ~(x) * o. The 

set {y: I ~(y) J ~t~(x)} is a compact neighbourhood of x. 

Thus X is locally compnct. 



40 

2.1.1. ~e~jniti~ Let X be ~n arbitrary topological space. The 

strict topology on Cb(X) is tuken to be the mixed topology 

y[~<,cr]. 

We shall now discuss completeness properties of' C(X) 

and Cb(X) with the topologies K and ~ respectively. 

2.1.2. Dcf'inition • . I,. topological space X is a k-spnce if' it satisf'ies 

the f'ollowing condi t.ion: a set .L .. C X is closed if' ilf1K is 

closed f'or every compact set K c X. 

2.1.3 •. k~mma. Let X be n topological space. Let G denote the 

f'~1ily of' all complex-valued f'unctions on X and let F denote 

the f'runily of' all com~lex-valued f'unctions on X which arc 

continuous on each compact set K C X. Then 

( i) a net { f' : a.€1:..1 in G is ~<-convergent to g € G if' a. 
v..nc.'l only if' it is K-Co.uchy in G and pointwise con­

vergent to g. 

(ii) G is K-complote. 

(iii) F is ~<-complete. 

Er29~: (i) The necessity is obvious. For the suf'f'iciency 

suppose that {f' : a.€1:..] is a K-Cauchy net in G· and f' (x) ... a. a. 

g(x) f'or all x € X. Let K be any compact subset of' X and 

let e > o •. , Then there is an a. € A such that 

f'or all x E: K. 

Since f'n(x) ... g(x) f'or each x € X we have m ~ a implying 
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Jrm(x) - g(x)j ~ e for all x f K. Thus f ~ g. 
m 

(ii) Lot {f : ·a.fA} be u K-Cnuchy not in G. If x f X, 
a. 

then {f (x)} is u Cauchy sequence of complex numbers. 
a. 

Since the complex numbers, with the usual topology, is 

complete, there is a complex number g(x) such that fa.(x) -+ 

g(x) • Then g f G and by (i), f ~g. a. 

(iii) Since G is complete and F C G, it is sufficient 

to show that F is K-closcd in G. Let r be a K-point of 

nccumulr.;.tion of' F in G nnd suppose that {f : a.fl .. } is a net 
a. 

in F which is K-convergent to f. Let I\ be any subset of X. 

Then {f lrzl converges uniformly to fjF. Now each f is 
O,J... l\. a. 

continuous on K and since C(K) is norm complete, it folloy.rs 

that f' is continuous on K. Thus f' f F o.s r·equired.,. 

2.1.4. Theorem. Let X be a k-spuce. Then C(X) is K-complete. 

Pr.2~: We shall show that F = C(X) whore F is def'ined as 

in the previous lonurw. Clenrly C(X) c F. For the reverse 

inclusion, suppose thnt f f F. Then f is continuous on each 

compact subset of' X. Lot B be n closed subset of the complex 

n11111bers. Then Knf-1 (B) is closed f'or every compnct subset 

K C X. Since X is a k-spnce, it f'ollovm thnt f'-1 (B) is 

closed and so f' f C(X). 

So by (iii) of Lemma 2.1.3. it follows that C(X) is K-

complete 
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We sh2..ll now prove an cnalo gous result f'or ( Cb (X) , j3) • 

We shall require the :following proposition due to Raikov 

[17] concerning completeness in locally convex spaces. 

2.1.5. ~r~~it~£n~ Let E be n locally convex space and {Fn} a 

sequence of' absolutely convex subsets of' E sctisf'ying 

( ii) an absolutely convex subset V of' r: is a neigh­

bourhood of' zero in E if' and only if' VnFn 

is a neighbourhood of' zero in Fn f'or each 

nand 

(iii) each Fn is a complete subset of' E. 

Then D is complete. 

2.1.-6. Q2£,()l;:tary. If' X is n k-spo.cc, then (Cb(X),(3) is complete. 

:e_~o£f': The sequence {Bn}, where Bn= {f'€Cb(X): llf'll~2n} is 

a sequence of' absolutely convex subsets of' E satisfYing 

Bn+ Bn C Bn~ f'or each n. So (i) of' Proposition 2.1.5. 

holds. 

By Proposition 2.0 •. 3, [3 is tho f'inest loce11y convex 

topology on Cb(X) VJ'hich coincides with K on the norm bounded 

sets, so thnt (ii) of' Proposition 2.1.5. is sntisf'ied. 

It f'ollOIJFS f'rom 2.0.5. th~::t Bn is K-closed in C(X). But 

C(X) is K-comp1ete (Theorem 2.1.4.) so that Bn is K-comp1ete. 

Since Bn is norm-bounded it f'o11ows that Bn is (3-completo and 

the result now f'ollows f'rom Proposition 2.1.5. 
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WEIGHTED SPACES. 

This chapter will be concerned with weighted spaces of 

continuous functions. These spaces arc well knovvn in connect­

ion with approximation theory (see fvr exrunple [16]) and 

provide a general setting for the study of continuous function 

spaces encountered in analysis. 

We will show that the space (Cb(X),~), discussed in the 

previous chapters, is an example of a weighted space. The 

work of this chapter is centered around that of Summers 

[21] and [22]. We shall also give an alternative proof of 

a theorem by Summers using u general linear topological 

result. 

Throughout this chapter X will be a completely regular 

T1 topological space unless otherwise specified. 

Notation: Let B(X) denote the space of all complex-valued 

bounded functions on X. 

B
0

(X) will denote the space of all complex-valued 

functions v1hich vanish at infinity and N(X) will denote 

those fUnctions f on X with the property that lfl is upper 

semi-continuous on X. Upper semi-continuous will be abbre-

viatod as u.s.c. 

Let N(f) = {x€X: f(x)*oJ and suppf will be the 

closure of N(f) in X. Clearly 

Cb(X) = C(X)~B(X) 

C
0

(X) = C(X)fiB
0

(X). 

and 
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3.0.1. Def'inition. A No.chbin f'amily V on X is o. set of' non-negative 
~-c•-·-n 

u.s.c. ~ctions on X so.tisf'ying the condition tho.t if' u,v 

€ V and ~ ~ o, then there is a w € V such that 

"'u, ~v~ w. 

u ~ v means u(x) ~ v(x) f'or each x € X. Each v € V will be 

termed a weight. 

3.0.2. Jl§.f~~; tion. Suppose V is a Nachbin f'amily on X, then the 

corresponding weighted space is 

endowed with the vveighted topology w(V) generatecl by the set 

of' seminorms {pv: v€Vl where pv(f') ::: llf'vll f'or eo.ch f' € CV
0

(X). 

]'Lot_e: (i) It is oe.sy to check that CV
0

(X) is a locally convex 

space with a bnse of' closed, absolutely convex neigh-

bourhoods of' zero .given by the sets 

ns v runs through v. 

(ii) The above def'inition, given by Summers [21], 

dif'f'ers f'rom that given by Nachbin [16] page 62, and 

thus invites speculation ns to whether the vreighted 

fUnction spaces indeed coincide •. The dcf'initions dif'f'er 

only in that Nachbin uses a dif'f'erent set of' weights. 

VVe shall call the set used by Nachbin a weighted f'amily. 
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3.0.3. £_ef'int,.tion. A weighted f'runily V on X is a set of' non-negative 

u.s.c. functions on X satisfying the condition that if' u,v 

€ V, then there is a f... > 0 and a. w € V such tha,t r..u, f...v ~ w. 

It is clear that every Nachbin f'amily is a vmighted 

f'2mily, but the converse is not true as is seen by the f'ol-

lowing example:-

Let X = {xJ be n one-point set. If' u(x) = 1, r(x) = 2 

nnd w(x) = 3 then V = {u,r,w} is a weighted f'runily but not 

a Nnchbin family. Nevertheless we have tho following theorem. 

-Givon any weighted f'runily V and the corresponding 

space CV
0

(X) with the topology w(V), then there is a Nachbin 

f'nmily v such that CVO(X) ~ dVO(X) and w(V) = w(V). 

P£oof: Given v define v = {hv: f...~O, v€V}. Then vis a 

Nnchbin f'arnily on X since suppose a.~; a.v E: V where u,'v € V 
""' and let "- > 0. Since V is a weighted family, there is a 

f..L > 0 and; E: V such that f..L~,!-LV ;;;; w. Let y = max{a.,f31 and 
w put w = f...yil. Then w E: V anc1 

- - r..yY!.. f...a.u ;;;; Xyu ;;;; = vv. 
f..L 

Also -- - w f...[3v ;;;; Xyv ;;;; f...y- = w as I'e q_ui red. 
1-1 

It is clear that CV
0

(X) c CV
0

{X). Conversely, let f' E: 

CV
0

(X) then f'v E: B
0

(X) for all v E: v. Let v E: v, then 

v = a.v for some a. > o, v E: V'. Then fv = a.iV E: B
0 

(X), so 

that f £ CV
0

(X). Since V C V, we have w(V);;;; w(V). Consider 

a basic w(V) neighbourhood: 



Now v = X v :f'or some X > 0 nnd v € 1!, so 

V v= { f'€CV o (X) : 11f'V ll~f} 
= f{f'€CV

0
(X): IJ:rvjl~l} 

which is a basic v,r(\1) neighbourhood and so w(V) = w('l). 

Note: This result justifies Summers 1 .usc of' the term 

11Nuchbin family". 

3.0.5. Dc:f'i~~~~· If' U and V arc two Nachbin families on X, then 

U ~ V if :f'or each u € U, there is a v € V such thn.t u ~ v. 

This is a pnrtio.l ordm'"' on the clo.ss of' nll Nachbin :f'nmilics 

on X. We shall sny thn.t U ~ V if' U ~ V nnd V ~ u. 

3.0.6. T~corem. I:r·u and V are Nachbin families on X with U ~ v, 
then 

(i) CV
0

(X) C CU
0

(X) and 

(ii) w(u)l cv (X) ~ w(v). 
0 

Prg_~:f': (i) Suppose :r € CV
0

(X) and let u € u. Since U::;;; V, 

there is a v € V such that u ~ v. l:..s :r € CV
0

(X) we have 

:f'v € B
0

(X) end hence fu € B
0

(X). 

Since u wc..s arbitrary, f' € CU (X). 
' 0 

(ii) I~ is su:f':f'iciont to show that if' u € U then there 

is o. v € V such that 
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Since U ~ V, there is n v f V such that u ~ v. Let f f Vv' 

then llf'vll ~ 1 nnd f' € CV
0

(X). Since 0 < u ~ v, llf'ull ~ 1 

nnd so f' € Vu as re~uired • 

.Lln i1mnedinte consequence of' this theorem is the f'o11owing 

x•esu1 t 

3.0. 7 • .Q.9J'()~ln:rz.. If' U and V are Nnchbin f'EU!lilics on X with U ~ V, 

then cu
0

(X) = CV
0

(X) nncl vt{U) ""w(v).. 

Let X be n 1oc ally compact Hnusdorf'f' spncc where X J.~ 

c1enotes the charnctcristic function of n subset i'.. C X. Let 

v =: f ).:x.1T: A.~O, KCX, K compact}. v is a Nachbin f'amily on 
i'... 

X since A. xi\ is u.s.c. and if' A.1xK ' A.2XK2€ v and A. ~ 0 then 
1 

let 1-l ""mnxfA.A.1 ,A.A. 2 }. Then A.A.1xK
1

' A.A.2Xr ~ 
A2 f..l:X.K

1
uK

2 
€ v. 

We show thnt CV 
0 

(X) = C(X). Now CV 
0 

(X) C C(X) by dcf'ini­

tion. Convel'"'se1y, iff' € C(X) we must show tho.t f'v € B
0

(X) 

f'or all v € v. Consider A.xKt. v, then f'( A.x.K) == A.f'x.K • Now 

A.f'X Tl" ( X ) = A.f'(x) if' X ( K nnd is zero otherwise. BUt A.f' is 
.L\. 

Q. continuous function on the compact set K ond is therefore 

bounded. So A.fxx.€ B
0

(X) ns required. Furthermor·e, w(V) 

is the compact-open topology K, since w(V) is de:fined by tho· 

seminorms 

whex•e v € V, so 

where 

K runs through the compact subsets of' X. This is precisely 
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the way in which the compact-open topology is de:fincd. 

We show now that V ~ Cr:!:(X). Given "-XK,..€ V, then since X ...... 

is locally compact vvc can :find a compact set K' o:f X such 

thnt K c intK' and a :function <t> e: c;(x) such that 

cp (x) == A. 

cp(x) -- 0 

' 

i:f x e: K and 

if' X ~ K'. 

Clearly "-XI~ cp so that V ~ c;(x). Conversely, given 

cp e: c;(x) then suppcp == K is compact. Letting A. = ll<t> II we 

have cp ~ "-XK so that C~(X) ~ V. Hence V~ c1t(x). 

The :following theol"'cm theref'orc f'ollmvs :-

3.0.9. Xheors~· Let X be a locally compnct Hausdor:ff' topological 

space. Then (C(X),K) is a weighted space and the compact-

open topology is generated by the seminorms 

as <t> runs thl"oug.h C~(X). It is of' inte:t'est to compare this 

with the dcf'inition o:f tho strict topology in Chaptel"' 1. 

· 3~1.0. ~~~9R9~ I:f X is n locally compact Hausdorff' topological 

space and i:f V.::: c;(x), then (CV
0

(X),w(V)) = (Cb(X),[j). 

~r.o~_f; Suppose f' E: CV
0

(X), then 

f'cp E: B
0 

(X) :for all <t> € c ;<x). 
But since both f' and <p are continuous we hnve f'<p E: C

0
(X) :for 

all cp E: c;(x). By Lemmn 1.0.2 •. it :follows that f' E: Cb(X.). 

Conversely, i:f f' E: Cb(X) and cp E: C6(X) then :fcp E: C
0

(X) C 
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The weighted topology w(V) is generated by the seminorms 

pep (:f) = llf'cp II as cp r•uns through C~(X). This is, by de:fini tion, 

the strict topology. 

Corollary 3.1.2. is a result duo to Smruuers [21]. We 

shl.:'..ll pl"ovo it using tho :following general result on lineal" 

topological spaces. 

* 1::~§..9££!11~. Suppose (E,-t ) nnd (F,-t) are Hnusdorf':f linear 

* topological spaces with F C }i:, 1: IF~ 1: and 1: has a base of' 

* neighbourhoods which arc 1: -closed in E. 

* Then i:f (E,-t ) is complete, (F,'t) is complete. 

* ~~~9f': Let {xaJ be a -t-Cnuchy net in F. Since 1: IF~ 1:, 

* [x J is a 1: -Cauchy net in :G becnusc f'or every -t-neighbourhood 
a 

V of' zero in F, there exists nn a
0 

such that a., ~3 ~ a.
0 

implies 

xa.- x(3t: v. 

* Hence :for every -t I F-neighbourhooc1 WnF sny, where W is 

* c, 1: -neighbourhood of' zei'O in E, 

:for a,p ~ a.1 :for some a.1 • 

Hence 

• * !x J is a -t""-cc.uchy net ~n .~.:.o. But (E,-t ) is complete, so 
a. * 

't" 
there is en x

0 
£ E such that xa "'* x

0
• 



* Let V be a ~ -closed ~-neighbourhood of zero in F. Since 

{x l is a 't'-Cauchy net t.her·c is an a. such thnt 
a. 0 

Hence 

Thus 

* 't' -closed. Hence x
0

€ F since x{' + V c F. J..lso J3 ~ a.
0 

implies 

x0- x
13

€ V und since such V's form a base of "£'-neighbourhoods 
't' of' zero in F it follows that x ~ x

0
€ F.­

{3 

So F is "£'-complete. 

3.1.2. 9£~~1Qry. Let U be a Nachbin family on X satisfying 

(i) if x € X, there is u € U with u(x) > 0. 

(ii) CU
0

(X) is complete. 

If' V is a Nachbin family on X with u ~ V then CV
0

(X) is 

complete. 

* 't' = w(u). 

It follows readily f'rom the dcf'ini tions that F C E and. 
* :;; 

't' IF~ 't'• J .. lso (i) gunr:.:mteos that ~ is Hausdorff' and since 

U ~ V, -t is Hausdorff. 

Vve now show that ~ has a bc.se of neighboul"hoods which 

* are 't' -closed in E. (F,~) has n base of' absolutely convex 

·neighbourhoods of zero given by the sets 
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* We show that each Vv is -r -closed in E. Let fi'a.} C Vv be 

a not in V such thnt v 

We shall show that f' € Vv• 

to f'u f'or every u € U. 

Now !f' u} converges unif'ormly 
a. 

If' x € X, then by (i) there is u € U such that u(x) > 0. 

So f' (x) -+ f'(x) f'ol" all x € X. Let v € V, then f' v(x) -+ 
a. a. 

f'v(x) f'or all x € X. Since f'a.€ Vv' 

If' v(x)l ~ 1 a. 
f'or nll a. and f'or all x € X 

hence 

I f'v(x)j ~ 1 f'or all x € X 

so 

This is true f'or all v € V, hence f' € Vv as required. It 

f'ollows f'rom the previous theorem that CV
0

(X) is complete. 

3.1.3. Theorem. If' X is n locally compact Hnusdorf'f' topological 

space, then (~(X),~) is complete. 

Pro..2.f: Let U = {}.xK: }.~0, ICCX, K compnctj f.'.s in 3.0.8. 

Then 

(CU
0

(X) ,w(U)) = (C(X) '") 

If' x € X, let K be n compact neighbourhood of' x, then 

xK(x) > O, so (i) of' Corollary 3.1.2. holds. ...:~.lso, it is 

knovm that ( C(X) '" ) is complete YtThenever X is loco.lly compact 

(in f'act whenever X is a k-space) so that (ii) of' Corollary 
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3~1.2. holds. Let V = c;(x) so that by Theorem 3.1.0~ 

NovY U =;:; V. (To seo this, f'ollow the method employed in 

3.0.8) It f'ollows from the previous corollary that (Cb(X),(3) 

is complete. 
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f~PLICLTIONS OF THE STRICT TOPOLOGY 

TO APPROXIM.ATION THEORY. 

We have, up to know, considered the strict topology on 

Cb(X) f'or X locally compact Hausdorf'f'.. In Chapter 2 we. 

generalized the strict topology to the situation where X 

was an arbitrary topological space. This involved the use 

of' the mixed topology whose basic sets, which are described 

in terms of' inf'inite intersections, are rather clumsy to 

work with. In this chapter we will generalize the strict 

topology in a more natural way and then we will proceed to 

consider applications to approximation theory. 

Recall that when X was a locally compact Ha.usdorf'f' to:pol-

ogical space, the strict topology was def'ined by means of' 

a set of' seminorms determined by the clements of' C
0

(X). 

(See Chapter 1.) By Lemma 2.0.9. we vvere also guaranteed 

thnt C
0

(X) was non-trivio..l~ Suppose X is the space Q of' 

rational numbers with the usual topology. Vve shall show that 

Q is not locally compact and that C
0

(Q) == {oJ. It f'ollows 

that the strict topology on Cb(Q) is the indiscrete topology.· 

To overcome this dif'f'iculty we will f'ollow a method intro­

duced by Giles (8]. It consists in letting B
0

(X), the space 

of' bounded functions (not necessarily continuous) which 

vanish at inf'inity, play the role normally allocated to 

We show now thnt Q, is not locally compact and that 

C0 (Q) == foJ. Let V = UnQ be a neighbourhood of' x € Q, 

where U is a neighbourhood of' x in IR. Let y € U be an 
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irrational number. Since Q is dense inJR, there is a sequence 

in V which converges to y. Thus V is not sequentially com­

pact. Since Q is metrisable, it follows that V is not com-

pact and hence Q is not locally compact. Now assume that 

f * 0 and f € C
0
(Q). Choose x

0
€ Q such that f(x0 ) * o. 

Let e = ~If( x
0

) I, then there is a compact sot K. c Q such 

that 

x ~ K * lf(x)l <e. 

Then x
0

€ {x: f(x)>eJ C K. Since f is continuous, {x: f(x)>el 

is open in Q and so K is a compact neighbourhood of x
0

• 

This gives the desired contradiction. 

4.0.2. D~~£!tion. Let X be any topological space, then the 

"generalized strict topology 11 on Cb(X) is def'ined by the 

family of' seminorms 

The next theorem justifies this def'inition. 

4.0.3. Th~~· If' X is a locally compact Hausuorff topological 

space, then the generalized strict topology on Cb(X) coin­

cides with the strict topology~. 

Proof': Since C
0

(X) C B
0

(X), the generalized strict topology 

on ~(X) is f'incr than tho strict topology. 

Conversely, let u,v = ~f€Cb(X): llf'wll~lj be a generalized 

strict neighbourhood of zero where w € B (X). We shall 
0 
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show that there is a , E C
0

(X) such that u,~ U • Since t 
'¥ ' 

is bounded, we may suppose that llwll ~ 1. For each positive 

integer n, choose n compact set I~ such that lt(x)l < 2-n 

for all x f I<n• The sequence {I~) may also be chosen so 

that 

Since X is locally compact we may choose 'nE C~(X) with 
QO 

/ 'n (x) = 2-n if' X E ~ und u,n II = 2-n. Let <p(x) = n~l <~'n (x) 
co 

for each x E X. Since the series n~l2-n convorges, it 

follows that <p E C
0 

(X). Also U C U w• Let f' E U • Then 
<p QO <p 

!If', II ~ 1. Let x E X, then either x ~n~l l(n or x E Kn .tJ."" Kn 

for some n. 

In the f'irst case t( x) == 0 so that llf'(x) t( x) I = 0. In 

the second case !t(x)l < 2-n but 

<p(x) ••• 

Hence lf'(x)t(x)l < 2-nlf(x)l ~ if(x)l J,(x)j. It f'ollows 

that f E Ut as required, 

We are now justified in denoting tho generalized strict 

topology by 13. It follows f'rom Theorem 2.1.4. that if' X 

is a k-space then C(X) with the compact-open topology is 

complete. We shall show that a similar result holds for 

~(X) with the generalized strict topology and that the 

essential properties of' the strict topology carry over to 

the general situation. 



4.0·.4. T-h,£_£~em. Let X be nny topological space. Then 

(i) f3 and (j" have the same bounded sets, 

(ii) f3 and K coincide on tho norm bounded sets, 

and (iii) i~ X is a k-space, then (Cb(X),f3) is complete. 

P~oqfi The proo~s o~ (i) nnd (ii) are identical to those o~ 

their counterparts in Theorem 1.0.6. where C
0

(X) is replaced 

byB
0

(X). 

(iii) Let {~~J be f3-Cauchy net in Cb(X). Since K~ f3, 

f~~J is a K-Cauchy net in Cb(X) and since X is a k-space, 

~~~~where~ € C(X). Let v € B
0

(X), then {v~~l is a (j"­

(j" 
Cauchy net in B(X). But B(X) is norm complete so V~~~ g 

whore g € B(X). Hence V~~(x) ~ g(x) ~or each X € X, but 

also V~ (x) ~ *~(x) ~or each X € x. So g = v~ and hence 
a. 

V~ € B(X) ~or each V € B
0

(X). It ~ollows ~rom Lemma 1.0.2. 

thnt ~ € ~(X) nnd ~or each '¥ € B
0

(X), v~a.~ v~. Thus ~a.~~ 

as required. 

Eotes: 1~ Gulick and Sentilles have recently independently 

investigated the strict topology ~or Cb(X) where X is 

completely regular, but their papers arc still to be 

published. .i'" re~crence to this ~act may be ~ound in 

Giles (8]. 

2. We shall now show how the generalized strict topol-

ogy may be successfully applied to approximation theorems 

where conditions on the space X are signi~icantly 

relaxed. In what ~allows Cb(X) will be the space o~ 

.all bounded real-valued continuous ~unctions. The 
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classical Stone-Weiestrnss theorem states that if' X 

is compact, then n uniformly· closed subalgebra of' Cb(X) 

which separates points nnd which, f'or each x € X, 

contains a function g with g(x) * 0, is Cb(X) itself'. 

4.0.5. Th~9,~ Suppose X is locally compact and U is a ~-closed 

subnlgebra of' ~(X). If' U separates points of' X and contains 

a f'unction vanishing nowhere, then U = Cb(X). 

No~~: 1. The proof' may be found in [2]. This theorem is 

ho~evor unsatisf'actory because of' its insistence on 

the condition that U contain a function vanishing no-

whore. This condition is certainly not necessary 

because CK(X) contains no non-vnnishing function if' 

X is locally compact but not compact. 

is a ~-dense subclgcbra of' Cb(X). (See Theorem 1.0.6. 

( v) •) 

2. Glicksberg [10] removed this condition by making 

use of Bishop's generalized Stone-ii\Tcierstrass theorem. 

His proof' however is f'c:.r f'rom being elementary and we 

shall give u proof' due to Todd [23] which f'ollows 

simply f'rom the f'ollowing modif'ied result of' Buclt' s [ 2] • 

4.0.6. Theorem. Let X be a locally compact, <T-compact topological 

space. If' U is a ~-closed subalgebra of' Cb(X) which separates 

points of X and which f'or each x € X, contnins a f'unction 

g vvith g(x) * o, then U = Cb(X). 

Proof': By Theorem 4.0.5. it is suf'f'icient to f'ind a function 
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in U which vanishes nowhere on X. Since X is ~-compact, 
00 

X =nu1rc where K is compact in X :f'or each positive integer = n n 

n. By tho standard Stone-Weierstrass theorem, ul~ 

:f'ormly dense inC(~). Hence there is an :f'n€ U such 

:rn(x) ~ 1 :f'or all x € Kn• Let cn= ll:rnll and de:f'ino 

:rn 2 
gn= <nc) • 

n 

is uni-

that 

Since U is an algebra, it :f'ollows that gn€ U and that gn(x) > 

0 :f'or all x € I{n and non-negative on X. L.lso llg II :s;;; 12 so 
n n n 

that i~lgi converges unif'ormly and hence strictly to a :rune-
00 

tion g € u ., Since X =n~li~ and since gn is stPictly positive 

on Kn, it follows that g is strictly positive on X •. 

We now drop the condition that X be' ~-compo.ct. 

4.0.7. !£~oreJR~ Let X be a loco.lly compact Hausdorff' space~ Let 

U be a strictly closed subalgebra of' Cb(X) which separates 

points of' X and which :ror each x € X, contains a function g 

with g(x) * 0, then U = Cb(X). 

~pof': Let :r € Cb(X), ~ € C
0

(X) and e > 0 be given. Let 

I~= {x: l~(x) ~~~J. Then KnC _intKn+l and so K =n~lKn is 

regularly ~-compact and locally compact under the relative 

topology induced by X. So applying Theorem 4.0.6. it follows 

that UIK is 13-densc in Cb(K). Hence there is a :runctio'n 

g € U such that I (f'-g)~(x)j < e :f'or all x € K. Since~ is 

zero outside K, we have I (f'-g)~(x)l < e :f'or all x € X and 

so ll<:r-g)~ll < e. So :r is in the 13-closure of' U and since U 

is j3-closed, :r € u. Thus U = Cb(X) as required. 
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li~i£: Theorem 4.0.7. was proved by Todd in [23]. 

Using tho generalized strict topology f3 on Cb(X) we shall 

improve on the previous thcor8m by dropping the requirement 

that X be locally compact. This improvement (Theorem 4.0.9.) 

is due to Giles [8] and requires Lemma 4.0.8. which Giles 

claims f'ollovvs f'rom Gelf'and' s representation theol"em f'or 

* commutative C -algebras. This ref'crence seems rather strange 

since we sho.ll prove the Lemma using the classical Stone-

Weierstrass theo~em. 

4.0.8 •. Le~~! Let X be any topological space and let U be a 13-closed 

sub algebra of' ~(X). If' <p: lR -+ JR is o. continuous function 

satisfYing cp(O) = o, then f' € U implies <pof' € U where <pof'(x) 

= cp(f(x)). 

~9~: Suppose f' € U. Since f' is bounded, there is a real 

number a = !If II such that f'(X) C [-a, a]. Since [-a, a] is 

compact we have, by the classical Stone-Vveiostrass theorem, 

a sequence of' polynomials {cpn} which converges uniformly-on 

(-a,a] to <p Qnd satisf'ying <p (o) = 0 for each n •. Thus <pnof' n . 

converges uniformly on X to <pof'. Now <pnof' is the sum of' 

powers of' f' end since U is an algebro., it f'ollows that <pnof' 

€ U f'or each n. -But U is [3-closed and hence cr-closed in Cb(X) 

so that cpof' € U as required. 

4.0.9. Th.C.Q.££IJ.l~~ Let X be any topological space. If' U is a· 13-closed 

sub algebra of' Cb (X) which separates points of' X and which 

for each x € X, contains a function g with g(x) * o, then 

U =~(X). 
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E!£2f: Let ~ € Cb(X). We shall show thnt f is in the~­

closure o~ U c..nd hence in U. Let e > 0 and 1jl € B
0 

(X).. 'Vile 

must ~ind c.. g € U so that 11(~-g)wll < e. 

Choose M > max{!l~ll,llwlll· Given e'> o, choose K compact, 

K c X such that lw(x)j < e 1 i~ x ~ K. By the classical 

Stone-Weierstrass theorem we have ujK is <J-dense in C(K) 

and so there is an h € U with 11(~-h)IKII < e 1
• Suppose e'< 

M. De~ine cp: ffi -+ IR by 

cp(t..) :::f... 

<p ( i..) = 2M 

<p(i..) = -2M 

i~ I r..l ~ 2M, 

i~ ;.. > 2M and 

i~ f... < -2Ivi. 

Now cp is continuous and so by Lemma 4.0.8. it ~allows that 

cp oh € u. Let g ::: cp oh then clearly II ell ~ 2M. 

If' x € K, then 

I (~(x)-g(x))w(x)l = l~(x)-g(x)llw(x)l 
< e I llwll < Me t • 

If' X f K, then 

I (f'(x)-g(x) )w(x)l = I f'(x)-g(x)llw(x)l 

~ (ll~ll+llell>e' 

< ( M .,2M )e' 

::: 3Me'. 

So by choosing e 1 < 3~!I vm get II (~-g)WII < e. as reg_uired. 
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REIJ~TIONSHIPS BETVVEIDT X AND C~ 

J~ QTHE~_BESULTS. 

This chapter will be concerned YiTi th relationships between 

the topological properties of (Cb(X),~) and the top9logical 

properties of the underlying space X. One s11ch result on 

the compact-open topology h2s already been given in Chapter 1 

(see Theorem 1.0.5. ). 1J'le will then briefly discuss the par-

ticular case when X =lN, the positive integers with tho dis-

crete topology. Finally we will consider necessary and suff­

icient conditions for Cb(X) to be a topological dual of a 

Bo.no.ch space. This treatment vvc.s motivated by the work of 

Rubel and Shields(l8]. 

5.0.1. T.g._eorem. I,et X be a locally compact Hausdorf'f topological 

space. Then X is discrete if and only if (Cb(X),~) is semi­

ref'lcxive. 

FJ:oof: Suppose X is discrete. Let F € M(X)'. We must show 

that there is an f' € Cb(X) such that F(~) = <f',~> = Jfd~ 
for all~ € M(X). Def'ine f'(x) = F(5x) vn1ere ox is the point 

measure at x € X o.nd is def'ined o.s follows: &x(l .. ) = 1 if' 

X c A and o"x(A) = 0 if' X ~ 1' .. , where L. is any subset of x. 

Now ox£ M(X). If' 1f'~l is a net in Cb(X) such that f'~~ f 

where: f £ Cb(X), we must show that jf'a.d&x-+ jfdox• Now 

Jf'~dox= f'a.(x) and /f'dox.= f'(x). Since [:>-convergence implies 

pointwise convere-ence it follows that o £ M(X). Since F is 
X 

a bounded linear functional it f'ollows that f' is bounded 

and so since X is discrete, f' € Cb(X). Let ~ £ M(X). Now 
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ench 1-1 € M(X) has cr-compact support (Lemma 1.0.9.). Since 

X is discrete,, the o-.-.compact sets are p~ocisely the countable 

sets. Hence there is n sequence fsnl in X such that !l(X) = 
00 

i~l !-1({ sin. 
+ Now 1-1 = 1-1 - 1-1 

00 

Let ai= !l({si}) and as 1-1 is bounQed, 1~1a1< oo• 

where 1-1+ and 1-1- are positive measures on X. 

Since 11-11 -= !-1++ 1-1-, it ~ollows that \1-1\ € M(X) and hence 

ii1 Jaij < oo. Thus fa1 } € 1
1 

and so 1-1 =iilaios .• Now F is 
00 00 1 

continuous, there~ore F(!-1) =1z1a.F(& ) =.Z1a.~(s.) = <~,!-1> 
= 1 s 1 1= 1 1 

as required. 

Conversely, suppose (Cb(X),p) is semire~lexive. Let 

x € X. We shall show that {x} is open in X. Let F(!-1) = 

!-1( {xj) ~or all 1-1 € M(X). Then F € M(X)' and by hypothesis 

there is an~ € Cb(X) such that F(!-1) = <~,!-1> ~or all 1-1 € M(X). 

So !l({x}) == ~~d!-1 ~or all 1-1 € M(X). Thus f' is the character­

istic £'unction of' {x} and since ~ is continuous it ~ollows 

that {xj is open in X. 

119.'!=-e: In the above theorem the proo~ o~ the nccossi ty was 

taken ~rom [3] and the su~~iciency ~rom [4]. 

5.0. 2. Tl:!_Q2.r..G.Bl.!. Let X be a locally compact, a--compact Hausdor~~ 

topological spc:.ce. Then :X is metrisable if' and only 1~ 

(Cb(X),p) is separable. 

~: Suppose X is mctl"isablc. Then since X is a--compact, 

X satis~ies the second axiom o~ countability (i.e. the 

topology on X has a countable base {B l o~ open sets). n 

For each Bn, X - Bn is closed, so since X is metrisablo we 

can ~ind a ~nction f'n€ Cb(X) such that f'n vanishes only 
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on X""' Bn• For example uo may def'ine f'n by f'n(x) = d(x,X-Bn)' 

where d is the metric on x. Let U be the countable sub-

algebra of' Cb(X) generated by {f'n: nnNj over the rationals •. 

Since X is Hausdorff', U separates points of' X. If' x € X, 

choose Bn so that x € Bn• Then f'n(x) * 0 and so by applying 

Theorem 4.0. 7, it follows that U is a countable j3-dense sub-

Conversely, suppose that (Cb(X),~) is separable and let 

S be a countable ~-dense subset of' Cb(X). Let Us be the 

countable subalgcbrn of' Cb (X) generated by S over the ration­

als. Since X is locally compact and <1'-compact, we can f'ind 

a <p € C
0

(X) vvhich vanishes nowhere on X. (See Lemma 2.0.9.) 

Let <pUs= {<p f': f'€U s }. Since ~" € 0
0 

(X) and f' is bounded, 

<pf' E: C
0

(X) so th2.t cpUsC C
0

(X). But Us is [3-clensc in Cb(X) 

so q>Us. "is uniformly dense in· C
0

(X). Let B be tho unit ball 

of' <pUs and f'or each f' E: B, def'ine Ef': X~ [-1,1] by Ef'(x) = 

f'(x). This defines a map E of' X into the product 

~{[-1,1]: f'€Bj by mapping a point x of' X into the member of' 

the product whose f'-th coordinate is f'(x). The mapping E 

is continuous nnd is a homeomorphism of' X onto E(X) if' B 

distinguishes points and closed sets. (Sec [13], page 116.) 

That this is so follows because Us is dense in Cb(X) hence 

separates points and closed sets. Thus so docs <pUs' since 

<p vanishes nowhere, and therefore B distinguishes points 

and closed sets. It f'ollmvs that X is metrisable. 

Notfd: · Recall that a barrel in a locally convex Hnusdorf'f' 

linear topological space (E,~) is n closed absolutely 

convex e,bsorbent subset of' E. h. subset I. of' D is 
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bornivorous if' L. absorbs each bounded subset of' E. 

(Suppose B is bounded, then there exists a scalar ~ 

such that B C ).Ji.. ) 

5.0.3. Def'~~iti£g. (a) A space (E,~) is barrelled (quasi-barrelled) 

if' every barrel (bornivorous barrel) is a neighbourhood of' 

zero in E. 

(b) I.. space (E,~) is bornological if' any abso­

lutely convex set which absorbs all the bounded subsets of' 

E is a neighbourhood of' zero in E. 

,liQ...tes: ( i) Given a locally convex Hausdorf'f' linear topolog-. 

ical space (E,~), let ~b be the f'inest topology onE 

having the s~~e bounded sets as ~. Then (E,~) is 

bornological if' and only if'~ =~b. Suppose (E,~) 

is bornological. If' U is an absolutely convex ~b-

neighbourhood of' zero, then U absorbs all the bounded 

subsets of' E and so U is a ~-neighbourhood of' zero. 

Thus ~ = ~~. Conversely, if'~ = ~b, then let U be an 

absolutely convex set which absorbs all the bounded 

subsets of' L. By definition of' ~b, it f'ollows that 

U is a neighbourhood of' zel'"'o in E. Thus (E,~) is 

bornological. 

( ii) Every metrisable locally convex spnce (E, ~) is 

bornological (see [15], page 380). 

(iii) Every normud space is quasi-barrelled. Every 

sequentinlly complete quasi-barrelled space is barrelled. 

Every metrisnblc locnlly convex space is quasi-barrelled 

(.see [15], pages 368 nnd 369). 
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5.0.4. Th~9.rem~ Let X be any topological space. Then X is compact 

if nnd only if (Cb(X),p) is quasi-barrelled. 

Proof: If X is compact, then by Theorem l.0.7.(i) it follows 

that p = ~. Hence (Cb(X),~) is barrelled nnd thus quasi­

barrelled. 

Conversely, suppose that (Cb(X),P) is quasi-barrelled. 

The unit ball B = {f€Cb(X): llfll~ll is absolutely convex. 

It is also K-closed (see 2.0.5.) and since K ~ !3, it is f3-

closed. Now B is a ~-neighbourhood of zero in ~(X) and 

hence B absorbs all the ~-bounded sets. But the ~-bounded 

sots are the same as the f)-bounded sets (see Theorem 4.0.4. 

(i)) so that B is a bornivorous barrel in (Cb(X),p). Hence 

B is a !3-neighbourhood of zero and so ~ = ~. Thus by Theorem 

l.0.7.(i), X is compact. 

p-2J~: If X is compact, then ( Cb (X), i3) is clearly metrisable 

and bornological. Furthermore, every metrisable space 

is bornologicnl and every bornological s:oace is quasi-

barrelled, so we have the two following corollaries. 

5.0. 5. C_<?rollar;Y.:,. I,et X be any topological space. Then X is com­

pact if and only if (Cb(X),!3) is bornologica1 • . 

5.0.6. C?~ollar~ Let X be any topological space. Then X is com­

pact if rrnd only if (Cb(X),~) is metrisable. 

We will novv consider Cb(X) where X is the space of 

positive integers ThT with the discrete topology. Note that, 
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1 in this case, Cb(X) = "L 00
, M(X) = t and C

0
(X) = c

0
• Recall 

that a Hausdorff topological space is paracompnct if each 

open cover has ~~ open locally finite refinement. It is 

clear thatJN is paracompact since if U is an open cover of 

JN, let V consist of all single-point sets. V is an open 

locally finite refinement of u. 

Conwny [4] has shovm that (Cb(X),!3) is a Mnckey space 

provided that X is pnrncompact. Recall that if -(E,~) is a 

locnlly convex linear topological space and E' ·is its topol­

ogical duul, then the Mackey topology !-L(E,E') onE is the 

finest locally convex topology onE having E' as its dual 

space. It follows froo Conway's result that (tco,p) is a 

~,io.ckey space, but it will be instructive to include o. direct 

proof of this fact. 

Note that Theorem 1.1.2. adapted to this situation reads 

ns follows:- .b .. set H C t 1 is p-equicontinuous if' £>..nd only if 

(i) H is unif'ormly bounded and (ii) f'or every e > O, there 
co 

is an integer N such that i~N+llail ~ e for every~= {xi}~=l 

in H. 

5.0.7. !_he.2£em. The space (1 00 ,{:.3) is a r.~ackey space. 

Proof; Recall that the Mackey topology !-L("Lco,tl) has n base 
'li: consisting of' polars of the wenk -relatively compact subsets 

o:r t 1
• Now t 1 is a perfect space (see [15], page 406) and 

so if H is a wesk*-rolativcly compact subset of' t 1 , then 
,.,; 

by [15], page 415, H is wenl;,: -relatively sequentially com-

pact. (This is n result of' Schur, sec f'qr excm1ple [7], 
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page 296).) ll.gain by [15], page 415, it follows that His 

norm relatively compact. We may suppose that H is absolutely 

convex f'illd closed, so that H00b: H.. We must sh~v1 the.t H0 is 

a {3-neighbourhood of' zero in 1co. In other words, it is 

su:f':f'iciont to show that H00
: H is {3-equicontinuous. Let 

e > o. Since H is norm relatively compact, there are 

~1' ~2 , •••• ,~in H so that 

n 
H c k~l { ~: II~-~ II < ~~} 

Let N = max{N1 , • • • ,Nk}. Then 

for l ~ k ~ n. 

It :follows from the nota proceeding the theorem that H is 

{3-equicontinuous and so (1co,~) is a Mackey space. 
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1:!9.Jes: ( i) It is knmvn that the completion of' a Mackey 

space is a Mackey space. That the converse is f'alse 

is sho'im by the f'ollowing counter-example. By Theorem 

l.o.6.(v), c
0 

is p-dense in t~. Since (t~,~) is com­

plete (Theorem l.o.6.(vi)) it f'ollows that the com­

pletion of' (c
0

,p) is (t~,p). So the dual of' (c
0

,p) is 

11 , but it is knovm that the dual of' (c0 ,~) is t 1
• 

Since the norm topology is properly stronger than p, 

it f'ollows that (c
0

,p) is not a Mackey space. The 

above argument will hold whenever X is paracompact. 

(ii) It f'ollows f'rom the theorems in this chapter 

that (1~,~) is semiref'lexive and separable but is 

neither barrelled, bornological nor metrisable. 

(iii) For more details about the space (t00 (S),~) 

f'or S discrete, see [3] and [5]. 

We shall now give an example of' a topological space 

where K = p < ~. From Theorem ~.0.7. we must restrict our 

attention to a pseudocompact, non-compact space X. Such a 

space is provided by the space X = W, where V1 is the set of' 

all ordinals less than w
1

, the f'irst uncountable ordinal, 

with the usual interval topology. This space has been ex-

tensively studied and we shall content ourselves with point­

ing out a f'ew f'ncts about it. For details, sec [9]. Let 

* W = VV\J { w1 l and let W( a.) be the set of' all ordinals less 

than a.. * W is pseudo compact, but not compact and ;N is the 

one-point compactif'ication of' Vl. Every function f' € C(W) 

is constant on a tail W- vV(a..). 



5. 0. 9. Th_s;_2,!'21TI. If' W is def'ined ns above and K ,·(?; and a- are def'ined 

in the usual way on C(W), th~m K = [J < CJ. 

' 

Proof': Since 1N is not compact, it f'ollows f'rom Theorem w--
l.0.7.(i) that.~< CJ• Using Theorem 1.0.8, it is suf'f'icient 

to show that CK(W) = C
0

(W) •. Clearly CK(W) c C
0

(W). For 

the reverse inclusion, let f' € C
0

(W) •. Extend f' to a function 

f'f?;€ c(w*) by def'ining f'P(w1 ) to be the f'inal constant vulue 

of' f' •.. Since f' vnnishes at inf'ini ty, :rf3 ( w1 ) = o. Since f'~ 

is constant on a tail, it f'ollows that there is nn open set 
:.tc B 

U in W such that f'1 
( w1 ) = 0 f'or all w € U and w1 € U. 

* * W """ U is thus a closed subset of' the compact sp['.ce '.7 and 

* is thGrcf'orc compact. But since w1€ u, W- U c W and so 
~-: 

~~iT - U is u compact subset of'. ·q on which f' vnnishes. H0ncc 

f' € C,-r(W) and the theorem is proved •. 
. c\. 

5.1.0 • .P..9l~:l:!!it.tt?.!l.!. Let (E,-t) be a linc~:tr topoloc;ical space nnd E' 

5.1.1. 

its topological dual. * The weru{ -topology CJ(E' ,E) on E' is 

E,enernted by polars- of' the f'ini te subsets of' E •. On E', .,; 0 

wilJ. denote the topology of' unif'orn convergence on the pre-

compact subsets of' E. 

li?J.9.: If' (E,-r) is a Banach space then .,; 0 is the topology 

of' unif'orm convergence on the compact subsets of' E 

and is the f'incst topolo&~ onE' coinciding with 

CJ(E' ,E) on the equicontinuous subsets of' r:' • (See 

[14], page 212.) 

Suppose X is the o:pen disc D ·- I z€0: I z I< 1} in the 
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cmaplex plane with tho usual topology. Then It"(D) will 

denote the subspace of' Cb(D) consisting of' the bounded 

analytic f'unctions on D. This space has been extensively 

studied by Rubel and Shields[l8].- l1..s in Chapter 1, the 

strict topology ? on H00(D) is defined by menns of' the pseudo­

norms on H00(D) gencrnted by tho points of' C (D). Rubel and 
0 

Shields [18] have found that this particular subspace H~(D) · 

is the dual of a separable Banach space (E,~) such that 

p ::: -r 0 
• i1.s a natural extension of' these ideas we may ask: 

11Under who.t conditions is tho space Cb(X) the dual of' a 

Ba.nach space (E,-r) sntisfying l3 = -r 0 ? 11 The ramifications 

of' this question motivates the ensuing discussion. We will 

nlso show that, if' X is not compact, the subspnce C
0 

(X) of 

Cb(X) can never be the dual of a Banach space. 

5.1.2. Theorem. The unit ball of' Cb(X) is k-compact if' nnd only 

if' Cb(X) is the dual of' a Banach space (E,~) with p = -r 0
• 

Proof': For a proof of' tho necessity, see [20]. 

Conversely, the unit sphere 

is o-(E',E)-compact by ll.laoglu's Thcorem·(sce [14], page 155). 

Now C is cquicontinuous since it is the polar of' the unit 

ball in E and so 

Thus C is -r 0 -compact and by hypothesis C is p-compact. So 

since K ~ p, it follows that C is K-compact. 
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5.1.3.J29._ti11;.itj.on. Let jl} be o. vector space v!Tith renl scalars. If' 

x,y € E then by (x,y) vvo shnll menu the open interval 

{a.x + (1-a. )y: O<a.<l}. Su:p:pose that M is a subset of' E. 1~ 

point z € ~~ is called e.n extreme point of' M if' it belongs 

to no o:pon interval (x,y) C M. 

Wo shell requirG the f'ollowing well lmown Krein-Milman 

theorem. 

5.1.4~ Thc9~~m. Lot A be a convex com:pact subset of' a locally 

convex real lineal .. to:pologicnl s:pace E. Then L. has nn 

extreme :point rmd L. is the closed convex extension of' the 

set of' all its extreme points. 

5.1.5. b£I@lli.!. Let X be o. locally coEl:pact Ho.usdorf'f' topological 

spo.ce. Then ony extreme point t' of' tho unit ball 

in Cb(X) sntisf'ics l:r(x)l ~ 1 f'or all x € X. On any com:p­

onent P c X, :rip is either identically one or identically 

minus one. 

~££fl Let f' be o.n extreme :point of' the unit ball B and 

suppose ·lf'(x
0
)l < 1 f'or some x

0
€ X. Since :f is continuous, 

there is a compnct neishbourhood U of' x such that jt'(x)l < 1 

f'or all x € u. Since U is com:po.ct, there is a positive 

x•cnl number r such that lf'(x)j ~ r < 1 f'or e.ll X € u. 
Choose g € crt(x) Yli t.h suppg c u, g * o, llgll ~ 1-r. Then 

lf'(x) + g(x) I < 1 f'or all X € u. Then on suppg we have 



72 

f(x) - g(x) < f(x) < f(x) + g(x) so that f is an interior 

point of (f-g,f+g). This contrndicts the fact that f is an 

extreme point nnd so lf(x)l = 1 for all x E: X. 

The last pnrt of' the lemmo. follows since P is open and 

f is continuous on P •. 

5.1.6. ~ If X is a locally compact but not compact topolo­

gical spnce, then C
0

(X) is not the dual of any Banach spo.ce. 

f2'0<2_~: Suppose thnt C
0

(X) = (E,-t)' where (E,-t) is a Bt>Jlach 

space. Then the unit bell B = ffE:C
0

(X): lit 11~1} in C
0

(X) 

* is vveak -compact and convex but has no extreme l)oints. 

Given f' E: C
0

(X) and 0 < e < 1, there is C\ compc.ct set K. 

such thnt jf(x)l < e < 1 for all x ~ K •. By Lemma 5.1.5, 

f' is not nn extreme point and so by the Krein-!Hlmc..n theorem 

we hnve B = {<P J. This gives us the desired contrr~diction. 

5.1. 7 •. Th_~ I,et X be n locr:.lly compact Hnusdorf'f' topologicnl 

space. If Cb(X) is the dual of' a Banach space then X is 

totnlly disconnected •. 

Pr.o<?f: Let P be nny component of X nnd let f' be em extreme 

point of the unit ball B of' ~(X). By Lemmn 5.1.5, flp 

is either identically one or identically minus one. Hence 

the closed convex extension of the set of' extreme points 

produces only constr.nt f'unctions when restricted to P. 

But Cb(X) separates points of X nnd so P contains only one 

point. Thus X is totally disconnected. 
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