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Abstract

Future large-scale structure surveys are expected to pin-down the properties of dark
energy significantly more by mapping the cosmic web to unprecedented precision. To
take advantage of such state-of-the-art technologies, the evermore accurate modelling of
structure formation is absolutely necessary. While relativistic linear and non-relativistic
(Newtonian) non-linear effects have been well established (although improvements are
still being made), a fairly unexplored area is the impact of relativistic, non-linear
effects on structure formation. As an attempt in this direction, we consider linear per-
turbations of a Lemaitre-Tolman-Bondi (LTB) spacetime. LTB models are spherically
symmetric but inhomogeneous exact dust solutions to the Einstein field equations.
They are known to accommodate most observations of the background universe with-
out dark energy. In this work we present a new numerical code to solve the set of
coupled partial differential equations that describe the evolution of the (polar) pertur-
bations, test it in the case of a Hubble-scale LTB void, and demonstrate its excellent
stability and convergence. We then explore the solutions for a variety of generic initial
conditions. The variable that closely resembles the Newtonian potential is shown to
excite propagating (tensor) as well as rotational (vector) modes at the percent-level.
Comparing our results to that which ignores the full coupling, we estimate percent-level
corrections to the amplitude of the galaxy correlation function when only the scalar de-
grees of freedom are included. In addition, we showed that the anisotropic correlation
function can nevertheless be used as a test of the Copernican Principle. Note that our
code has applications to other scenarios as well in which spherical symmetry is a good

approximation, such as the lensing of gravitational waves by intervening halos/voids.
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Conventions and Acronyms

Throughout this manuscript, when dealing with the full spacetime components of a
rank-n tensor, we will use Greek indices («, f3,..), and reserved the Latin indices from 4,
7, etc. to label the spatial components. In the spherical coordinate system used, a 242
decomposition will also be introduced, whereby the time and radial coordinates will be
labelled with capital Latin indices (A, B,..), while the coordinates on the two-sphere
will be labelled with lower-case Latin indices (a, b,..). Where necessary, a hat will be
used to denote quantities on the background spacetime, a tilde for quantities on the
perturbed spacetime after a coordinate transformation or for dimensionless quantities,
and an overbar for the axial (odd) parity modes in the case of LTB perturbations.

In the context of the standard perturbation framework, covariant derivatives of
quantities on the three-dimensional spatial hypersurface are denoted by a vertical bar.
In the LTB case, a vertical bar is reserved for covariant derivatives on the temporal-
radial subspace, while a semi-colon indicates covariant derivatives on the 2-sphere.

The signature of the metric is taken to be (—, +, +, +) and we choose units in which
c=1.

The acronyms used in this thesis are summarised in Table [1| below.
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Name Description
2PCF Two-Point Correlation Function
BAO Baryon Acoustic Oscillation(s)
BV Big Void (model name)
CMB Cosmic Microwave Background
CP Copernican Principle
DE Dark Energy
A Gauge-invariant density contrast
(C)DM (Cold) Dark Matter
Dy Dilation scale
d, Averaged BAO scale
EdS Einstein-de Sitter
EFE Einstein field equations
FLRW Friedmann-Lemaitre-Robertson-Walker
GI Gauge-Invariant
GR General Relativity
GW Gravitational Wave
Gyr Gigayear [10° years|
H, Hubble’s constant (km/s/Mpc)
14 Angular momentum quantum number
A Cosmological constant
ACDM Concordance model
LTB Lemaitre-Tolman-Bondi
Mpc/Gpe | Megaparsec/Gigaparsec [3.09x10%2/10% m]
MV Medium Void (model name)
PDE Partial Differential Equation
P, Primordial power spectrum
RSD Redshift Space Distortions
RW Regge-Wheeler
SDSS Sloan Digital Sky Survey
o Scalar shear
SNIa Type-Ia Supernovae
SV Small Void (model name)
SVT Scalar-Vector-Tensor
(IH)SW (Integrated) Sachs-Wolfe
(k)SZ (kinematic) Sunyaev-Zel'dovich
to Age of the universe
WMAP Wilkinson Microwave Anisotropy Probe
Yim Scalar spherical harmonic basis function
z Redshift

Table 1: List of acronyms used in this work.
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I like the scientific spirit — the holding off,

the being sure but not too sure, the willingness to
surrender ideas when the evidence is against them: this
is ultimately fine — it always keeps the way beyond open.

WALT WHITMAN






CHAPTER 1

The Standard Model of Cosmology

1.1 Introduction

In this chapter we review the historical, theoretical and observational developments

that led to the current concordance model of Cosmology.

1.1.1 Historical Overview

Since its inception in 1916, Einstein’s theory of General Relativity (GR) [1] has now
been at the heart of cosmology for the better part of the last century. Up until the
discovery of the expansion of the universe from Hubble’s observations in 1929 [2],
a popular belief was that the universe was static. In addition to this assumption,
Einstein’s original cosmological model [3] further adopted the Cosmological Principle
— that the universe is homogeneous and isotropic on large enough scales — and included
only ordinary matter. Such a configuration had two requirements to remain static: (1)
the universe had to be positively curved (closed), (2) but furthermore to prevent any
non-vanishing acceleration had to contain a repulsive “cosmological term” — now known
as the cosmological constant A — to essentially counteract the attractive gravitational
force. Following Hubble’s discovery, Einstein subsequently abandoned A, calling it his

“biggest blunder”.
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Figure 1.1: Timeline of the values of key cosmological parameters over the last cen-
tury. From [4].

The discovery of the Cosmic Microwave Background (CMB) radiation in 1965 [5]
supported the (hot) big bang hypothesis [6]. The view back then of the standard big
bang model was that the universe began from a minuscule state (the so called “primeval
atom”) of extremely high density and temperature. Within the first three minutes of
adiabatic expansion, protons and neutrons condensed out of the quark-gluon plasma.
The production of a few light nuclei (deuterium, helium, lithium), through a process
called Big Bang Nucleosynthesis (BBN) (see e.g. [7] for a recent review), then followed
as a result of the drop in temperature to below ~ 1 MeV due to the expansion. Roughly
380 000 years later, the universe became cool enough (~ 1eV) to allow electrons to
combine with the protons. The formation of these first atoms enabled the photons to
escape into rest of the cosmos, leaving behind the relic radiation emitted by the surface
of last scattering — this is the CMB light that we measure today. Gravitational collapse
then took over, allowing stars and galaxies to form.

This intuitive picture was not without its issues, though. For instance, it could
not explain why seemingly causally disconnected regions of the sky had temperatures
within 1 part in 10° of each other — the so called horizon problem. Nor could it explain

why the total energy density was so close to the critical density — the flatness problem.
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Figure 1.2: The Q,-,, plane. Courtesy of the Supernova Cosmology Project.

An intriguing solution to these problems arrived in 1981 [§], in the form of a mechanism
known as inflation, which involves an exponentially fast expansion of the very early
moments of the universe. Remarkably, as a by-product, inflation naturally generates a
spectrum of quantum fluctuations, and therefore also provides an origin for the seeds
for structure formation.

Around the same time (early 80’s), the evidence for a non-luminous matter compo-
nent within galaxies and clusters thereof — dubbed dark matter (DM) — was mounting
[9]. In the context of structure formation, a number of DM candidates were subse-
quently proposed. In particular, the non-relativistic (or cold) type generally fitted in
quite well with the observed distribution of galaxies [10].

The first evidence suggesting the existence of a non-zero (positive) cosmological
constant came from the clustering of large-scale structure. [I1] showed, via the angular

correlation function derived from N-body simulations of low-density universes, that


http://www-supernova.lbl.gov/
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the observed distribution of galaxies (from the Automatic Plate Measuring machine in
Cambridge) may be accounted for if about 80% of the energy budget of the universe
was in the form of a cosmological constant.

During the mid 1990’s, accurate measurements of the ages of globular clusters ([12]
determined a lower limit of ~12 Gyr) presented a problem for flat, matter-dominated
cosmologies: unless the (dimensionless) Hubble constant was quite low (h < 0.5), the
age of the universe would in fact be younger than some of the objects within it.

By the turn of the century, the cosmological constant made its official return via:
independent measurements of distances to type Ia supernovae (SNIa) [13] [14] (for whose
efforts were rewarded the 2012 Nobel Prize); the clustering of galaxies in the two-degree
field galaxy redshift survey [I5]; the X-ray gas mass fraction of galaxy clusters observed
by the Chandra Satellite [16]; and through precise all-sky measurements of the CMB
temperature anisotropies by the Wilkinson Microwave Anisotropy Probe (WMAP) [17].
These results strongly supported the idea that the expansion of the universe was not
slowing down, as expected in a matter dominated universe, but was rather speeding up.
Since then, a fiducial cosmology with flat spatial sections, h =~ 0.7, and dimensionless
density parameters in A, cold dark matter (CDM) and baryonic matter of Q, = 0.7,
Q. = 0.25 and Q, = 0.05, respectively, provides a remarkably good fit to the variety
of observational probes established to date — see Section for an overview. This
concordant picture, referred to as ACDM, is captured in Fig.

Unfortunately, though, this is all at the cost of being 95% in the dark about the
total mass/energy contained within the cosmos. In particular, it is not clear how to
reconcile the discrepancy — around 120 orders of magnitude — between the smallness
of the observed value of A, and its expected theoretical counterpart i.e. the vacuum
energy. This is the fine-tuning problem. Furthermore, the fact that the energy density
associated with A and that of matter is of a similar magnitude today — right when
we are here to observe its effects (in terms of an accelerated expansion) — seems quite
unnatural. This is known as the cosmic coincidence problem. See [18] and references

therein for an early discussion on these problems.
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Leaving some of the more philosophical issues aside for now, there has been much
effort in pursuing alternatives to A. Besides the conservative approach that allows for
a more general dark energy (DE) component (see e.g. [19]) in which the equation of
state w < —%, or perhaps a scenario in which DE and DM are interacting in some
way [20] (note that in both cases, the coincidence problem is somewhat relaxed), other
popular alternatives are that of modified gravity [21], backreaction [22] and some classes
of inhomogeneous cosmologies [23] — see Section for a brief overview of some of
these alternatives. Note that in this thesis we will be focusing on a specific class of
inhomogeneous models. In particular, one that violates the Copernican Principle (CP)
— further details on this topic is provided in the next sub-section (although see also
[24] for an in-depth discussion).

Cosmological modeling has always been very much phenomenological by nature,
and as such numerous observational and theoretical efforts towards determining the
cosmological parameters to more and more precision are continuously being undertaken.
What sets the ACDM model apart in this endeavour, though, is the fact that it is far

simpler to deal with, both theoretically as well as numerically. And, by virtue of

Occam’s razor, it continues to withstand the test of time.

1.1.2 The Copernican Principle

An underlying assumption still embedded in much of modern-day cosmological mod-
eling is that the Copernican Principle (CP) holds, which states that we do not reside
in a special location in the universe. While this seems like a reasonable, albeit philo-
sophically motivated, assumption, it still requires observational confirmation. The
assumption of isotropy, on the other hand, is strongly supported — at least on the
largest scales by the tiny (~ 107°) temperature fluctuations of the CMB.

Combining this high degree of observed isotropy with the CP implies a high degree of
homogeneity, which is precisely the almost-Ehlers-Geren-Sachs theorem [25]. The latter
is a fundamental property of the concordance ACDM model, in which the deviation

from an otherwise exactly homogeneous and isotropic background Friedmann-Lemaitre-
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Robertson-Walker (FLRW) geometry is modelled via linear perturbation theory — see
Section for a review of the theoretical framework. Indeed, if it is found that there
does exist a privileged location in space — e.g. our galaxy or local group is situated in a
preferred position — we may need to take into account a greater level of inhomogeneity
than previously assumed. In fact, a recent study [26] claims the possibility of such a
preferred position in the local universe: their observations of the stellar mass density
is consistent with the presence of a local underdensity of roughly 300 Mpc across
(see Fig. [1.3). Interestingly, an underdensity of similar size, although not locally
centered, can account for the observed CMB Cold Spot [27, 28], among other CMB

anomalies. Additionally, such structures can also account for the so-called “cosmic
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Figure 1.3: Evidence for a large (= 300 Mpc) local underdensity (void) in the stellar
mass distribution. From [26].
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radio dipole” seen in galaxy distribution [29]. The presence of such structures in the
universe, including known overdense ones (see e.g. [30]), may have a non-negligible
impact on cosmological parameter constraints [31, B2, [33]. Note that, in the case
of observers (ourselves) far from the centre of an otherwise acceptedly-large under-
/overdensity within the standard model, this is not of particular relevance for the CP
since such observers would not be regarded as occupying a privileged location.

The challenging task of testing the CP has already begun within the context of
spherically symmetric but inhomogeneous cosmologies based on the Lemaitre-Tolman-
Bondi (LTB) family of exact solutions (see Section for theoretical details). LTB
models are necessarily non-Copernican by nature due to the existence of a privileged
location as the centre of the cosmos. Furthermore, to satisfy bounds on the observed
CMB dipole moment, our location is typically constrained to occupy a region very close
to the centre of the universe: within a few tens of Mpc or so [34] 35 [36] of a Hubble-
scale underdensity. As such, the task within the context of such models (including
approximations thereof, e.g. the so called “Hubble Bubble” model [37]) has been to
find the extent to which observations can accommodate radial inhomogeneity without

DE. In particular, the following popular tests of the CP have been proposed:

CMB scattering. The presence of a local inhomogeneity will contribute two main
effects on the observed CMB signal [38]: a kinematic Sunyaev-Zel'dovich (kSZ)
effect due to the systematic peculiar motion induced by the inhomogeneity [39,
40), 411, [42], largely contributing to a dipole moment for observers away from the
centre of symmetry, as well as a non-zero u—distortion causing departures from

an otherwise blackbody CMB spectrum [43, [44], 45].

Consistency tests. A number of consistency relations have been developed within
the context of FLRW models through the reconstruction of certain quantities by
purely observational means [46], [47]. For instance, the dimensionless curvature
density parameter €2, may be expressed in terms of distance and Hubble rate
measurements, as a function of redshift. Any significant departure of 2 from

a constant value will imply a breakdown of FLRW geometry, regardless of the
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actual nature of DE. See Fig. from [4§].

Anisotropy in BAO scales. In a FLRW model, the radial and transverse compo-
nents of the BAO length scales (after accounting for redshift-space distortions)
are known to be equal. Precise measurements of these in future galaxy sur-
veys will serve as a direct probe of the geometry of the underlying spacetime

[46, 149, [50], and thereby allow for a robust test of the homogeneity assumption.

Redshift-drift. The time rate of change of the observed redshift, 2z, of cosmological
sources offers another key test of the CP [51]. In the concordance ACDM model,
% is positive at all redshifts, while typical inhomogeneous (void) models produce
a negative Z [52 B3], although see [54] for the case of an overdense “hump”. [51]
also introduces a consistency relation using 2, which essentially constrains the

level of shear present in the spacetime.

Other tests have also been proposed. For example, via: the local smoothness of the
(void) matter density profile [55]; the integrated Sachs-Wolfe (ISW) effect [56]; galaxy-
pairs [57]; the galaxy fossil record [58]; cosmic chronometers [59] 60, [61]. Note that, in
principle, direct measurements of the line-of-sight and transverse Hubble parameters
also serve as a test of the CP, since these will in general differ from each other in non-
homogeneous spacetimes. Given the known difficulty that the simplest LTB models
have experienced in fitting the combined data [62], though, it is worth mentioning
the study carried out by [63], in which A is actually included in their LTB models to
provide constraints on the amount of inhomogeneity allowed within the concordance
model itself.

Finally, note that tests of the CP via probes of structure formation such as the
CMB, BAO, kSZ and ISW effects, are in principle incomplete, since these have not yet
taken the details of structure growth in non-homogeneous backgrounds into account —
although see Section and thereafter for progress in this direction.

In the next section, we introduce the theoretical foundations of the standard model,

highlighting the key observables contained therein, both coming from the underlying
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background geometry as well as from the perturbed level in terms of the growth of

cosmic structure.
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Figure 1.4: Consistency tests of the standard model. Top: Reconstructed dimen-
sionless matter (left) and curvature (right) energy densities for a variety of LTB void
models (solid colour curves), as a function of redshift. QT should be constant in the
concordance model, while Q§f should be constant in any FLRW model. The expected
value from a fiducial flat ACDM model is also shown (black dashed lines). Bottom:
Corresponding differentials of the quantities in the top panel. These should be zero in
all FLRW models. From [48].



1.2. Theoretical Foundations

1.2 Theoretical Foundations

1.2.1 General Relativity

Einstein’s theory of gravity [1] is governed by the following field equations
1
Gag = Ra@ — iRgag = SWGTag — Agag . (11)

The left hand side encodes the underlying spacetime geometry, where G,z is the Ein-
stein tensor, R,s the Riemann tensor, R the Ricci scalar, g,z the metric tensor and A
the cosmological constant. The right hand side describes the material /energy content
contained within the spacetime, where 7,5 is the energy-momentum tensor, defined

assuming a perfect fluid description via

Taﬁ - (p +p)uozuﬂ + PGag » (12)

with p the total physical energy density of all the fluid species present, p = 3, w;p; the
total pressure, where w; represents the equation of state of a specific component, and
u® is the fluid’s four-velocity. Without any loss of generality, from Eq. above,
we may absorb A into T3 and simply treat it as a fluid component with w = —1, in
which py = A/87G. Note that the contracted Bianchi identities lead to the condition
of matter-energy conservation,

VOTs = 0, (1.3)

where V,, (equivalently a ;) represents the covariant derivative associated with g,g.

1.2.2 Background Dynamics

The line element describing an expanding homogeneous and isotropic spacetime is

provided by the FLRW metric:

ds* = gpda*ds” = —dt* + a*(t) [ + 7 (d92 + sin? 6d¢2)] . (14

,
1— Kr?
where ¢ is cosmic time, r comoving radial distance, § and ¢ the polar and azimuthal

angles on the sky, respectively, a(t) is the scale factor, ranging from 0 (at the big bang)

10
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to 1 (today), and K is a parameter describing the curvature of the spatial sections,
taking on values < 0 (open), 0 (flat) and > 0 (closed).
Including fluid sources of matter/energy typically considered, as summarised in

Table but replacing A with a general DE component, with p,,, = w,,p,, (W, <
—3), (1.2) becomes:

TMV = [pm + (4/3)p7“ + (1 + wDE)pDE] uﬂuV + [pf‘/3 - wDEpDE] ng ’ (15)

where the (comoving) observer four-velocity is given by
u*=1[1,0,0,0] , uu,=—1. (1.6)

The Einstein field equations (EFE) (L.1)) in this setup obey the following Friedmann

equation, describing the evolution of the Hubble parameter

N2 811G K
H25<a) _ome A 1.7
" 5P (1.7)

where p =37, pi = pm +pr + P, as well as the Raychaudhuri equation, describing the

rate of change in the expansion

a ArG

The condition of energy conservation (|1.3]) leads to the following equation for each fluid

component

dp; da
= —3(1+w;)—, 1.9

= p = pl-yoexp{—3/1adlna[1+wi(a)}}, (1.10)

where we have allowed for possible time-dependence in the equation of state — though
this will only occur in the case of a general DE component.
Using the subscript ‘0’ for the value of a quantity today, ¢y, in which the scale factor

ap = 1, we may also conveniently define present-day dimensionless fluid and curvature

11



1.2. Theoretical Foundations

Type w; pi(a) a(t) Qio
o o ~

radiation | 1/3 a™* t72 107
matter 0 a3 12/3 0.3
A -1 constant  eV3! 0.7

Table 1.1: Selected properties of individual fluid components typically considered.
The present-day densities shown in the last column corresponds to a typical set of
fiducial cosmological parameters, in which A accounts for about 70% of the energy
budget, pressure-free matter (dark + baryons) 30%, leaving no room for curvature.
See Table for a more up-to-date list of important concordance model parameters.

density parameters respectively as follows:

K

— 1.11
. (111)

Qip= pip/pcrit , Q= —

where peiy = 3H§ /871G, and Hy is the Hubble constant. The Friedmann equation ({1.7))

then becomes
H? = Hy Qo0 + Qo0 + Quoa >+ Q,,,  Fla)] (1.12)
where
Qm70 —|— QT,O + QDE7O = Qtot,o = 1 — Qk’o, (113)

and F(a) = exp{ — 3flad1na{l + wDE(a)} } Using the Raychaudhuri equation (1.8])

we may obtain an expression for the deceleration parameter

i

.= - (1.14)
_ ; (?)2 {Qm,oa—?’ T 3wDE(a)]QDEF(a)} . (L15)

Note that, while the notion of accelerated expansion makes intuitive sense in a homo-
geneous spacetime such as FLRW, in non-homogeneous cosmologies it is less trivial to
separate temporal from radial variations down the past light cone[].

We now define a number of quantities that are important for connecting theoretical

predictions with observations.

INevertheless, in Section we define an analogous acceleration (Raychaudhuri) equation in a
non-homogeneous cosmology. For a more general discussion of this, see e.g. [64] [65] and references
therein.

12



Chapter 1. The Standard Model of Cosmology

1.2.3 Redshift, Cosmic Age and distances

Cosmological observations rely on the fact that we can detect the light emitted from the
various sources of interest. Light rays follow null geodesics, described by a wavevector

of the form (see [60])

k* = dz®/d\ (1.16)

= E(u*+n%)), (1.17)

where \ is a parameter along the light path, £ = —k%u, its energy, n® a spacelike
4-vector (n*ny, = 1). k* satisfies

kky =0 , k%gk" =0, (1.18)

the so-called null condition, and null geodesic equations, respectively. The redshift z

of a particular source is defined through

ve  (kuut)s
— = =1 1.1
v = (o), + z, (1.19)

where v represents the frequency of light, ‘s’ indicating evaluation at the source loca-
tion, ‘o’ at the observer. Note that since the energy of a photon is proportional to its

frequency, we may identify the following ansatz
E=Ey(1+2), (1.20)

where FEj is a constant. Moreover, from the time-component of the geodesic equations,

we find the relation

E = Ey/a, (1.21)

which then implies the following relation between scale factor and redshift in FLRW

spacetimes:

1
1 = —. 1.22
+ z - ( )

13



1.2. Theoretical Foundations

The set of conditions ([1.18]), together with ([1.20]), yield the following relations between
the coordinates and the redshift

dt 1
— = —— 1.23
dz (1+2)H(z)’ (1.23)
dr 1 — Kr(z)?
_— = 1.24
dz H(z) ’ (1.24)
where H(z) is given by
H(2) = Hy [Qmo(1+2)° + Qo1+ 2)" + Qo1+ 2)* +Q,, o F(2)] ,  (1.25)

with F(z) = exp {3 Ji din (14 2)[1 4w, (2)] }

Integrating from the time of the big bang (t = 0,z = o0) to today (¢t =
to, 2z = 0), we find an expression for the age of the universe:

tAGE(Qm 0y Lo 0> 0, o) =10 = /oo A . (1.26)
’ o (14+2)H(z)

Note that this quantity, while obtained independently of the age of astrophysical objects
such as globular clusters, must not yield a value below that measured for any object
observed in the universe.

Lastly, we introduce some common distance measures in cosmology. The comoving

radial distance to a source at redshift z is

B /7“ dr B /Z dz (1.27)
X_0\/1—[(7"2_01’:7(2)7 ‘
which is related to the original radial coordinate via
sin for K >0
r(x) = X for K =0 (1.28)

sinh x for K <0.

The angular diameter distance (d4), i.e. the relation between an objects’ transverse

size (D) and the observed angle on the sky under which it is subtended (A#), is defined

14



Chapter 1. The Standard Model of Cosmology

D r(z)
N a(t(z))r(x(2)) = 1+2°

dA(Z)

(1.29)

The final distance measure we will introduce is the luminosity distance (dy), i.e. the

relation between an objects’ intrinsic luminosity (Ls) and flux received (F,), where

_ L
T Ards

Fy (1.30)

which is defined in the well-known form applied to a static, Euclidian background.

Using the fact that the intrinsic luminosity of the source depends on the amount of

energy released per unit time, i.e. L, = %, in an expanding (curved) spacetime the

observed luminosity redshifts as L, = Ly(1 + 2) 2.

Furthermore, the cross-sectional
area of light emanating from the source at redshift z, which is received by the observer

(at z = 0), is given by A = 47rr(2)?. The observed flux is thus

L, L,
Fo= A Arr(2)2(1+ 2)2 (1.31)
Equating (1.30) and (1.31) gives us
dp = (1+2)r(z). (1.32)

Note the connection between angular diameter and luminosity distance, known as the
distance duality relation:

dp = (1+2)%da, (1.33)

which is in fact a trait of all metric theories of gravity [?].
Since, in this work, we are concerned with the accurate modeling of the real uni-
verse which is inhomogeneous, we now review the standard theoretical framework for

describing the evolution of cosmic structure in a FLRW spacetime.
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1.2. Theoretical Foundations

1.2.4 Growth of Large-Scale Structure

The smooth background geometry provided by the FLRW line element cannot
account for the observed structure present in the universe on its own. As outlined in
the introduction, the inflationary mechanism naturally provides the seeds necessary for
an inhomogeneous description of the hot and dense plasma in the very early universe,
which, after decoupling, grows for the most part under gravity to become stars, galaxies,
and eventually the largest super clusters and voids that we see.

In what follows, we summarise the 341 metric approach, presenting the system
of equations describing the evolution of linear, first order perturbations on top of
the smooth FLRW background. Note that linearity of the perturbations is generally
satisfied for scales above 8 h~! Mpc today (i.e. the scale at which the power spectrum
is normalised), and so in this work we will generally steer clear of scales smaller than
that.

The idea here is to begin by perturbing both sides of in the most general
way possible. Let us start with the geometrical side of the latter (i.e. the Lh.s.). To
simplify the procedure, we work in conformal time, n = [dt/a, in which takes
the following form

dr?

ds® = G di"di” = a(n)*| — dif* + T

+7r2dQ?| (1.34)

where we introduced a hat wherever necessary to avoid confusion with perturbed quan-

tities. Decomposing the metric tensor into background and perturbed parts as follows

Guv = guu + 5g/u/ ) (135)

where [0g,,| < 1, we may write

54 = , (1.36)
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Chapter 1. The Standard Model of Cosmology

where A = 2¢ is a scalar, B; a 3-vector and C;; a symmetric rank-2 3-tensor. We now
further decompose B; and Cj; into all possible ways that they may enter into dg,, to
expose all the degrees of freedom present, and follow for the most part the variables
and notation used by [67]. It is well known that we can decompose any 3-vector into

curl- and divergence-free parts

where B; = 0;B is curl—freeﬂ (a vertical bar denotes covariant differentiation on the
spatial hypersurface) and S; is divergence-free. In a similar manner, we may decompose

a symmetric rank-2 tensor as
Cij = =205 + 2E);; + 2F 45 + hyj, (1.38)

where v is a scalar, ~y is the static background 3-metric, £ is a scalar, F; a divergence-
free 3-vector, and h;; a transverse (divergence-free), traceless symmetric rank-2 tensor.
We can now clearly identify ‘scalar’, ‘vector’ and ‘tensor’ components of the perturbed
metric, which in fact turn out to evolve independently (i.e. are decoupled) at first

order:
e Scalars: ¢, ¢, B and E.
e Vectors: S; and F;, where Sl =0=FEl
e Tensors: h;;, where hijlj =0=h

Recall that in GR, we are free to choose any coordinate system we like. Furthermore,

defining perturbations on top of the background spacetime as follows

5g;w = 9w — guu ) (139)

there is no unique way in which to identify points in the two spacetimes that will
allow one to perform the above subtraction and extract the remaining physical degrees

of freedom. This is known as the gauge problem (see [68] for a review). The way

2Tt can therefore be written as a gradient of a scalar (B in this case).
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1.2. Theoretical Foundations

around this problem is to perform a general coordinate (or gauge) transformation and
then construct gauge-invariant (GI) combinations i.e. quantities which have the same
meaning in any coordinate system. Dropping the hats on background quantities for
now, and using a tilde to denote quantities in the new coordinates, we perform a small

gauge transformation away from the background coordinates as follows:

Th = M4 (1.40)

er= [ +E], 8, =0. (1.41)

The above transformation yields the following changes to the metric perturbations:

Scalars
¢ = ¢—HL ¢, (1.42)
v = o+ HE, (1.43)
B = B+ —¢, (1.44)
E = E-¢, (1.45)

Vectors
S; = S;+¢, (1.46)

Tensors
hiy = hy, (1.48)

where H = %3—2. Note that the tensor h;; is unaffected by the transformation, and
thus already gauge-invariant. Given the four scalars, it turns out there are many

GI combinations that can be constructed. For now, let us consider two well-known
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Chapter 1. The Standard Model of Cosmology

variables as done by [69]

= ¢+H(B-E)+(B-E), (1.49)
UV = ¢y-H(B-F), (1.50)

For the two vectors, we can construct just one such quantity, namely
o, = S;+F. (1.51)
Turning now to the matter side of , perturbing the fluid 4-velocity as follows
ut =" + out, (1.52)
applying the timelike condition on the latter we find

u' = a! {(1 —¢), vl + vl} , (1.53)

Su, = a|-(1+¢),v;+v+B; - 5] (1.54)

where v" + v' is a general 3-velocity contribution. With p,, = pm + 0pm, neglecting
all contributions from the radiation fluid®| and perturbations in the DE fluid, ignoring
anisotropic stresses, as well as working with a cosmological constant form of the DE,

the components of the full energy-momentum tensor

T, = pmuru, — padt, , (1.55)
are given below:
T% = —(pm+0pm) , (1.56)
T = (pm— pa) [vp+vi+ Bi—Si| | (1.57)
Ty = (pm—pa) [0V + 7], (1.58)
T'; = —pad;. (1.59)

3We neglect radiation here as we are mainly concerned with the modeling of structure growth in
the post-recombination epoch.

19



1.2. Theoretical Foundations

Once more, we are required to perform a gauge transformation in order to obtain
physically relevant quantities. Let us now work out how the scalar matter density
perturbation and velocity perturbation (spatial part) transform under the change of
coordinates . Using the fact that the physical energy density must be invariant

under coordinate transformations, we find that
0pm = 0pm — Pl - (1.60)

As for the spatial velocity perturbation, these transform according to the shift on

spatial hypersurfaces only, which gives us

o= (v+¢) ’ (1.61)
or equivalently

v = v+, (1.62)

o= o (1.63)

Again, given the many different scalar quantities, we can derive a number of gauge-
invariant definitions for dp,,, or equivalently the corresponding density contrast 9, =

dpm/ Ppm- Two common examples are

N % . /
5N = 6m+€m(3 E'), (1.64)
60 = G+ m(vt B), (1.65)

where ‘N’ denotes Newtonian and ‘C’ denotes comoving gauge, and are related by

sV = 50— @(fu +E). (1.66)
Prm

Gauge-invariant definitions for the velocity perturbations are given by

V = v+ F, (1.67)
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and

=

=

= v+ F. (1.69)

In the Newtonian (or longitudinal) gauge, the metric perturbations B, E and F;

are eliminated, and the line element takes the following form:

ds? — a(n)2{ (14 20)dn? + 2Bidnda + |(1— 20)y; + by

dxidxj} ,  (1.70)

where we have used the GI variables. Furthermore, the components of the energy-

momentum tensor are now:

T% = —(pm+0pm) | (L.71)
% = (pw—pa) [Vl + V] (1.72)
Ty = (pm—p) [VI+V + 7], (1.73)
T'; = —pad;. (1.74)
Below we list the perturbed EFE for the scalar, vector and tensor modes.
Scalar perturbation equations:
n—n: ArGpnA = a2 [(W +3K)W — 3HW, — 3%%] : (1.75)
n—i: 4rGp,V = —a? [‘I’,n + H@] , (1.76)
i—i Vo = —H2U,+0,)+KW+0)—dAd,  (1.77)
i—7: UV—9o = 0. (1.78)

Here we find a relativistic version of the usual Poisson equation ([1.75]), which relates the
GI matter density contrast A = ¢ to the Newtonian/Bardeen potential ¥. Further-
more relates the peculiar velocity potential V' to ¥, and is the standard
Bardeen equation giving us the dynamics of W. Note that U will remain constant in

an Einstein-de Sitter (EdS) (i.e. K = 0 = A) scenario, while it will decay in the case
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of positive A or open (K < 0) spatial sections.

The requirement of conservation of energy-momentum (V,7%, = 0) implies that

n: A, = 30, -VV, (1.79)
ii V, = —HV-0. (1.80)

In Section we point out analogues to many of the above equations in the case

of an inhomogeneous background.

Vector perturbation equations:

n—i: 167Ga®pV; = (V?+2K)d;, (1.81)
’L—j . Tijm — —HTZ']' . (182)

where
Tij = a@um . (183)

Equation (1.82) tells us that a non-zero initial vector mode decays as ¢~ with time. In
Section we point out some similarities of this mode to one of the master variables
appearing in the inhomogeneous system of perturbations.

Momentum conservation yields

Vip = —AHV,. (1.84)

Tensor perturbation equations:
i— G higgy = —2Mhy, — (2K — V)hy; . (1.85)

Equation (1.85)) describes gravitational waves (GWs). In Section we again remark
on a variable obeying a similar equation in the inhomogeneous case.
We now take a look at some key observational windows that are now well established

probes of DE.
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1.3 Observational Constraints

In this section we review some important observational probes of DE, as well as unpack

some of the physics and statistics behind the baryon acoustic oscillations.

1.3.1 Overview

There are a number of observational avenues now firmly established in the field of

cosmology. Focussing on some of the key probes of DE, these include:

Type Ia supernovae (SNIla). Initially observed by two independent groups in the
late 90’s [13, [14], these objects are well-known today for their role as ‘standard (-
isable) candles’, due to their near-uniform light curve patterns. Their discovery
became the latest game-changer in the field — chiefly responsible for the most
recent return of the cosmological constant — and as such leading to a Nobel Prize
in 2012 for the teams’ efforts. Recent datasets include that from the Supernova
Legacy Survey three-year (SNLS3) sample [70], as well as the Sloan Digital Sky
Survey II (SDSS-II) [7I]. Much anticipated future surveys include that of the
Dark Energy Survey (DES) [72], the Large Synoptic Survey Telescope (LSST)
[73], and the Euclid mission [74]. While the number of SNIa discovered to date is
well within the thousandsﬂ in order to achieve percent-level (or better) accuracy
in SNTa light curves, much work remains in beating down systematic errors such
as various host-galaxy properties (see e.g. [75]), dust extinction (e.g. [76, [77]),

and more recently weak gravitational lensing [78].

Hubble constant (Hy). The discovery by Edwin Hubble [2] of the linear relationship
between distances to extra-galactic “nebulae” and their radial velocities revealed
that our universe is expanding. Using Cepheid variables for distance calibtration,
initial estimates of the Hubble constant (i.e. the slope of the v = Hyd curve) typ-
ically put Hy around 500 km/s/Mpc. Nowadays, in a addition to more precise

distance estimates of Cepheids, the inclusion of the Large and Small Magellanic

4This is nearly two orders of magnitude more than that found in the late 90’s. These numbers are
expected to rise drastically over the next few years.
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Clouds as well as nearby SN1a in the calibration process, Hy seems to be converg-
ing to around 70 km/s/Mpc within a few percent [79, 80]. A brief report from
a recent workshop [81] drawn up by various teams highlights key prospects for
controlling systematics, thereby improving constraints on Hy and ultimately DE.
Note, however, that the most recent estimate from the Planck satellite [82] puts
Hy at a slightly lower value than that measured locally. Not surprisingly, this has
caused some debate within the community — see e.g. [83]. Nevertheless, efforts
to shrink the error bars within each team will continue, and any real discrepancy

will be revealed in due course.

Age dating (H(z)). Pioneering work by Jimenez and Loeb [84] has led to a pro-
gram that extends the measurements of the local expansion rate (Hp) to that at
deeper redshifts. Using passively-evolving luminous red galaxies, they do this by
essentially tracking the differential age of these objects with redshift, and then
relating the latter to H(z) via the one of the geodesic equations. This effort
allows for a more direct handle on the equation of state of DE, and thus makes
for an important complementary probe of its nature. In fact, recent studies that
measure H(z) to a depth of z = 1.75 [85] show constraints on cosmological pa-
rameters that are are comparable to that obtained via e.g. SN1a and CMB, and

even sets competitive limits on the effective number of neutrino species.

Cosmic Microwave Background (CMB). The CMB is undoubtedly a key driving-
force in much of modern cosmology. From experiments such as the Cosmic Back-
ground Explorer [86] to that of the WMAP satellite [17], and now most recently
the Planck satellite [87], the state of the very early universe has to date been
captured to remarkable precision on a wide range of angular scales. Apart from
the temperature anisotropies, this also includes the so-called E— and B—mode
polarisation patterns. While we await confirmation from Planck’s polarisation
data, in the mean time the polarisation instrument of another CMB experiment,
the South Pole Telescope [88], has for the first time detected a significant (7.70)

B—mode signal [89], perhaps finally placing the elusive GWs generated during in-

24



Chapter 1. The Standard Model of Cosmology

Parameter Description Best-fit
Qyh? Baryon density today 0.022068
Q.h? CDM density today 0.12029
o 1000, 100 x angular size of sound horizon at z, 1.04122
Céé T Optical depth due to reionisation 0.0925
N Scalar spectrum power-law index 0.9624
In (101 A,) Log power of the primordial curvature perturbations 3.098
h Normalised Hubble constant 0.6711
Qx Density of component X divided by critical density today | 0.3175
3
5 os RMS matter fluctuations today in linear theory 0.8344
- Zx Redshift for which optical depth equals unity 1090.43
to Age of the universe today (in Gyr) 13.819

Table 1.2: Planck-only constraints of the base 6-parameter flat ACDM model, along
with selected derived parameters. Here the power spectrum is parameterised as

i ns—1+(1/2)(dns/dIn k) In(k/ko)

From [82].

, where kg = 0.05 Mpc~! is the pivot scale.

flation within arms reach. Many of the anomalies initially pointed out by WMAP,
such as mode alignments, the Cold Spot, and Hemispherical Asymmetry to name

but a few [90], still remain with Planck’s findings.

Baryon Acoustic Oscillations (BAQO). Initially pioneered by [91], observations of
BAO in the galaxy distribution serves as a complimentary probe of the physics of
the CMB, with the added benefit of being more sensitive to the nature of DE it-
self. To date, and within the context of the concordance model, the BAO feature
has proved quite powerful, providing a standard ruler with which to constrain
cosmological parameters to high precision using the ever widening and deepening
surveys of the underlying large-scale structure, such as that from SDSS [92], 93],
the 6-degree field [94], WiggleZ [95] and the SDSS-III Baryon Oscillation Spectro-
scopic Survey [96]. While the majority of papers thus far focussed on a spherically

averaged feature, more and more studies are now considering the individual ra-
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dial and transverse components [97, [98], 99, [100], T01]. Doing so causes the usual
degeneracy between angular diameter distance and the Hubble rate to be bro-
ken, thus tightening the parameter constraints. An exciting avenue for future
BAO studies will lie in photometric surveys since they allow for much wider and
deeper volume coverage, but at the cost of redshift accuracy (though see e.g.
[102, 103], 104], which highlights possible ways to improve the accuracy of such
photo-z measurements). An interesting experiment to look out for is the Physics
of the Accelerating Universe [105] survey, which has dual (i.e. photometric and

spectroscopic) capabilities.

Galaxy Clusters. Not surprisingly, like the BAO, the mass distribution of clusters of
galaxies (at low redshifts) serves as a complimentary probe of DE (with respect
to SN1la and CMB). For example, [16] carried out precise measurements of the
X-ray gas mass fraction of luminous, relaxed lensing clusters using the Chandra
X-ray observatory. By modeling the total cluster mass (i.e. baryonic plus dark
matter) with a Navarrow, Frenk and White density profile [106], and making use
of independent baryonic density constraints as well as the Hubble Key Project’s
measurement of the Hubble parameter, the authors obtained a mean matter den-
sity of €, = 0.3 (to about 10%), and found evidence for a positive cosmological
constant (24 > 0). A recent review of this topic (i.e. cosmological constraints
from galaxy clusters) can be found here [107], which highlights the various other
avenues to look out for in the future, such as space-based infrared surveys, and
ongoing mm surveys that are able to detect clusters via the up-scattering of CMB

photons by the hot intracluster gas (i.e. the thermal SZ effect).

Other interesting observational probes of DE include that of the late ISW effect (see
[108] for a recent review), as well as weak gravitational lensing [I09]. The late ISW
effect is sensitive to both dark energy as well as background curvature — for a discussion
of this see also Section [2.3.7, Weak lensing, on the other hand, is sensitive to both dark
matter and dark energy on cosmological scales determined by the level of distortion in

the imaged sky field. These are expected to serve as important contributions to the
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field over the coming decade. A selection of cosmological parameters constrained by

the recent Planck data is shown in Table [L.2]

1.3.2 A Closer Look at the BAO

In this section we delve a little deeper into the physics surrounding the BAO, touch
on some key techniques used to measure its properties observationally, as well as sum-
marise how it has been used to constrain cosmological parameters. For a more detailed

review of this topic, see e.g. [I10] and references therein.

1.3.2.1 Physical picture

The BAO are generated during the pre-decoupling phase of the universe’s history
through the tug-of-war between gravity trying to clump baryonic overdensities to-
gether, and pressure from the photons trying to escape. Each overdense pulse in this
baryon-photon plasma (as well as in the underlying dark matter) is thought to arise
from the conversion of quantum fluctuations, generated during inflation, into classical
density perturbations. To a good approximation, the spectrum of these fluctuations
are statistically homogeneous and isotropic, are of a Gaussian nature, independent of
each other (i.e. uncorrelated) and nearly scale-invariant. All relevant information is
then captured the two-point correlation function (2PCF) — see [I11] for a review of
the basic hypotheses and framework, and Section for more on the 2PCF.

As the universe expands and cools, each pulse travels outwards at the speed of sound
in this plasma, leaving behind the dark matter clump where it was initially generated
to grow under its own gravity — these are the seeds for structure formation later on.
Once the universe cools to ~ 3000 K, the free electrons are able to combine with the
protons to form neutral atoms, allowing the photons to escape freely into the cosmos —
the resulting radiation pattern is what we measure today (at ~ 2.7 K) as the CMB. At
this point, the dark matter notices the shell of baryons (now frozen-in) surrounding it,
and begins to clump at this scale of ~ 150 Mpc. As a result, the large-scale structure of
the universe has a tendency to be separated by this distance — the BAO scale — more

often than any other, which shows up as the peak in the galaxy 2PCF (or equivalently
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as a series of peaks and troughs in the power spectrum).

1.3.2.2 Geometrical picture: observed and physical length scales

Built into the above picture, it is common to assume that the physical BAO scale
imprinted into the underlying DM distribution at recombination, L,.., is isotropic.
Note, however, that depending on the nature of the cosmological expansion — barring
the effects from redshift-space distortions (RSD) — the BAO scale in different directions
may not be the same at later times. As an example, and one that will be entertained
later (in the context of LTB models), is one in which the line-of-sight expansion rate
(Hj) and that transverse to it (/) are different. In such a (special) case, the physical
scales along and transverse to the line of sight are determined geometrically by

CLJ_(Z)

ay(2)
LI(2) = Lyeo—I— and LI°(2) = Lypp—l
( ) 1 ( ) CM_(trec,?”(Z))

“ a1 (trees7(2) (1.86)

respectively.

Observationally speaking, what we measure from galaxy redshift surveys is the
redshift extent, 0z(z), and angular size, 66(z), of the BAO feature. These may be
transformed into physical length scales via

0z(2)

Ly(z) = 0t 2)H(2) L =da(2)6(z), (1.87)

for small 0z and 06. These two observable scales may be combined into a single averaged

quantity [112]

z

9c 11/3
d, = [(59) 5'1 , (1.88)

which in a FLRW model reduces to

Lrec ( 1 + Zrec)

d, = , 1.89
o (189
where Lyec(1 + 2pee) is the comoving sound horizon, and
1/3
Dy(z) = |(1+2)%d3(2) (1.90)
H(z)

is the standard volume averaged dilation scale [01]. In Section we present the form
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of Eq. (1.89) and (1.90) for LTB models (which are in fact generalisations of FLRW).

1.3.2.3 Statistical picture: 2-point correlation function

To make any sense of the large volumes of data that come out of galaxy redshift surveys,
it is useful to perform statistical analyses. A popular quantity to use is the 2PCF. The
latter may be determined observationally via e.g. the so-called Landy-Szalay estimator

[113]
(DD(s)) — (DR(s)) + (RR(s))
(RR(s)) ’

where s is the galaxy separation distance, D represents the data and R a randomly

b5 (s) = (1.91)

generated sample. Of course, the latter may be applied to particular directions on
the sky (i.e. radial and transverse) if the survey allows for this. An important point
to keep in mind here, though, is that a cosmological model is required to convert the
redshifts into distances. Indeed, using an incorrect cosmology to interpret distances
from redshifts may lead us to incorrect conclusions. Nevertheless, while this model-
dependency is yet to be fully characterised — beyond the FLRW model that is — a
typical approach around this is to assume a fiducial cosmology but introduce deviations
from the latter using the dilation scale (Eq. (1.90])) of the non-fiducial model (see e.g.
[91] for an example of this).

From the theoretical side, the anisotropic 2PCF of the galaxy distribution as mea-

sured by a central observer looking down their past light cone is

Ea(z1,22,00) = (A(t(z1),7(21) ) At (22), 7(22)) ) (1.92)

where A is the gauge-invariant matter density contrast, and 7 -7, = cos d6. Indeed, the
measured A is always biased relative to the underlying one for the DM, and moreover,
RSD plays an important role. Note, however, for the purposes of this work we may
safely neglect both bias and RSD, and leave their inclusion for future work (more on
this in the next chapter). Unpacking in a flat FLRW context (see Appendix
for a detailed derivation), and splitting into components parallel and perpendicular to

the line-of-sight, we get
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radial 2PCF: €A (21, 25) = €a(z1, 21 + 02,0) = S (20 + 1)C) (21, 22),  (1.93)
¢

transverse 2PCF: &x(21,00) = &a (21, 21,00) = > (20 + 1) Py(cos 60)C;(21),(1.94)
¢

where Py(cos d6) the associated Legendre polynomials,

dk
Cl(z, 20) = [(4%Ga1a2)2pm1pm2} - TJo(z1, k) To(z1 + 02, k) Pa,,, (k), (1.95)

CH) = (19Gaps) " [ T T o1, b Pa (), (1.96)
and
Tilzk) = — [3a2H¢3 + <3a2H2 + k2)¢] Golkr) | (1.97)

with ¢(z) the time-dependent solution to (1.77)), je(kr) the spherical Bessel function,
and P, , (k) the primordial power spectrum. The latter is related to the primordial

curvature perturbation via
9 2
Pa, (k) = 5 Pr(ko)T(k)., (1.98)

where Pr (ko) = 2.41 x 1072 is the amplitude of the primordial curvature perturbation
on the (pivot) scale ko = 0.002 Mpc™!, and T'(k) is the matter transfer function, with
T'(ko) ~ 1. The usual flat FLRW correlation function may then be obtained using the
following identity:

sin ks

> (204 1) Py(cos 60)je(kr) je(kra) =

, (1.99)
e ks

where s = s(z1, 29,060) = \/r% + 72 — 2r17ry cos 80. Note of course that in the absence of
RSD (and some parameterisations of bias), 52 and &x will necessarily have equivalent
shapes in FLRW. In Section we point out the form that the correlation functions
in a LTB model take; as we will show, the main differences come about through a

modified form of the J(z, k) functions, i.e. Eq. (1.97).
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1.4 Challenges, and Steps Beyond

Although alluded to already, the cosmological constant problem is currently the main
drawback for the concordance model. Interesting proposals to get around the problem
includes the multiverse idea (see e.g. [I14]), in which our universe is but one of an
uncountable number, each with a different set of the physical constants — ours just
happens to be what it is by pure chance. This may be regarded as somewhat philo-
sophical (perhaps even anthropic at some level) at present given the difficulty in testing
this hypothesis.

Another, perhaps more conservative (but seemingly related) explanation/possibility
is that A may very well be just another constant of nature. Just like many of the other
constants of nature that we have incorporated into our physical theories thus far, there
is no underlying theory that predicts its value — rather, we have to determine its value
phenomenologically.

Besides the aforementioned issues, though, there are a handful of other issues facing
the concordance model, such as: unexpectedly large bulk flows [115] (although see
[116], 117]); the core-cusp problem (see [118] and references therein), and various CMB
anomalies [119,[90]. While some of these may still be of some concern for the integrity of
the ACDM model, improvements of both theoretical modeling as well as observational
techniques will ultimately decide upon these issues.

Extensions to the constant equation of state and flat spatial curvature paradigm
are known to be consistent with the data (see e.g. [120] and references therein), as
well as models in which DE and DM interact [20]. However, these models still fall
short of explaining the physical nature of the DE that is purported to dominate the
energy budget of the universe. Given all of these challenges, a number of authors
have re-evaluated the assumptions that under-pin the concordance model. We end this
chapter off by highlighting three main streams that go beyond the standard model
in this regard, namely: Modified Gravity, Backreaction, and exact inhomogeneous

solutions to the field equations.
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Modified Gravity. Without giving up the underlying FLRW geometry, the key mo-
tivation here is that, instead of a gravitationally-repulsive fluid being responsible
for the observed accelerated expansion, it may just be that the gravitational
force itself is weaker on larger scales. Popular classes of such theories include
that of f(R) (R being the Ricci scalar, where GR is defined by f(R) = R), and
higher-dimensional theories such as Dvali-Gabadadze-Porrati (DGP) braneworld
models and Kaluza-Klein gravity (see [2I] for a recent review). Note that in or-
der for these theories to satisfy solar system constraints, one often has to employ
a kind of screening mechanism e.g. Chameleon [121I] or Vainshtein [122]. Just
focusing on the f(R) class, there are indeed certain viable parameterisations that
are capable of producing an accelerated expansion at both early (i.e. to mimic
inflation) and late (i.e. to mimic DE) times [123], thereby offering a very tanta-
lising alternative to the concordance model. As such, much work is under way in
order to narrow-down the space of possibilities even further by confronting these
models with observations of large-scale structure, both via linear perturbation
theory [124) [125] as well as an investigation into the non-linear sector via N-body

simulations [126], but also through local universe tests [127].

Backreaction. A key issue arose in cosmology several decades ago [128, 129] as to
whether the perturbed FLRW geometry adopted in the standard model ade-
quately captures the average properties of the universe. If not, then the question
is how and where do we expect such a breakdown to occur. As such, much debate
has ensued more recently as to whether the small-scale non-linear terms arising
from a suitable averaging procedure may be large enough to sufficiently affect
the dynamics of the universe on the larger scales, possibly mimicking the effects
of DE (see [130, 131], 22] and references therein). Nevertheless, as it currently
stands, the contributions to the accelerated expansion from backreaction appears

to be insufficiently convincing.

Exact inhomogeneous cosmologies. The EFE permit several exact solutions that

fall under the umbrella of inhomogeneous models. Some examples used mainly in
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the astrophysics and cosmology arenas include LTB [132] 133, [134] (as alluded to
already in Section [1.1.2)), Szekeres [135], 136] and Stephani models [137] — for a
more extensive list see [138, 23]. Since we will focus on the LTB class of solutions
in this work, in the next chapter we provide a brief summary of the literature, and
also introduce the theoretical framework required for the applications we carry
out in later chapters. In short, we explore the full evolution of linear (polar)
perturbations in a background LTB void model (that accommodates distances to
SNIa). This extends previous works which approximated the full details of the
evolution of such perturbations. We then ultimately quantify typical corrections

to the amplitude of the galaxy correlation function in the context of the BAO.
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CHAPTER 2

Lemaitre-Tolman-Bondi Cosmology

2.1 Motivation and Review

The LTB model provides us with one of the simplest frameworks with which to study
the influence of non-linear inhomogeneities on the dynamics of the universe — with the
advantage of being an exact solution to the field equations. Its simplicity stems from
the fact that it features spherical symmetry about a single world line only, allowing
central observers to capture a variety of non-homogeneous characteristics in just one
or two radial functions, e.g. the mass density profile and bang-time function. This is
all, however, at the cost of violating the CP.

Nevertheless, in light of the DE problem, a number of simple toy models have
demonstrated the capacity to explain key observations of the background dynamics
[139, 140, 141, 142} [55] [48], such as distances to SNIa and measurements of the Hubble
parameter, without an exotic energy component. Such toy models typically feature a
local suppression in the matter density (i.e. void) spanning several Gpc in diameter at
the present time. Furthermore, in order to be consistent with a high degree of homo-
geneity in the early universe as predicted by inflation, it is common to avoid spatial
gradients in the bang-time function. As a consequence, such a void develops from a

tiny initial perturbation away from an otherwise EdS spacetime. These simplistic void
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models have the benefit of providing an intuitive explanation as an alternative to DE:
the region inside the void expands faster than the surrounding region, thus effectively
mimicking the effects of DE.

Note, however, that LTB models are essentially guaranteed to fit a given pair of
background observations (e.g. angular diameter distances and number counts), regard-
less of the details of source evolution [143]. More recently, though, using a best-fit void
model from [62], [I44] showed that source evolution is necessary for such models to
accommodate observed number counts of far-infrared selected galactic sources.

With regards to constraints from the CMB and BAO, several authors [145] 146,
147, 148, 149, 112], 62] have taken the liberty of confronting such toy models with the
latter observables, without actually taking the effects of structure formation on inho-
mogeneous backgrounds into account. This is not surprising though, since structure
formation in LTB is still a new venture — we review this in more detail in the Section
3.

A few studies to date have considered minor extensions to the simplest class of void
models, such as: allowing for off-centre observers [34, 35], including a non-uniform
bang-time [41], 150], allowing for asymptotic curvature [I112} [62], and even modifying
the primordial baryon-to-photon ratio [I51]. Interestingly, the latter ([I51]) indicated
how the lithium problemE] could be resolved using such an additional degree of freedom
as a radial dependence in the primordial baryon-to-photon ratio. In general, these
extensions alleviate, to some extent, some problems that typically arise in the simplest
case, e.g. alow Hy [I12], or large kSZ signal [41]. Note that, while the void class of LTB
models is generally more popular, giant hump models [I52] can also be accommodated
when the bang-time function is allowed to vary.

As more abundant and more precise observations are being made available, several
recent studies (see e.g. [149, 150, 62]) have indicated that the simplest void models are
strongly disfavoured compared to ACDM. In particular, [62] pointed out the existence
of an inherent tension between the SNIa+H, and the BAO+CMB constraints within

IThis is the discrepancy between the observed abundance of lithium today and that predicted by
BBN, the latter being a factor of three or so greater than the former.

36



Chapter 2. Lemaitre-Tolman-Bondi Cosmology

these models, even when allowing for background curvature. Furthermore, the CP is
increasingly being supported from stringent tests based on scattered CMB photons
[44, 142], which alone causes major issues for LTB models in general.

As such, it appears that somewhat more fine-tuning will be required for the LTB
framework to remain a possible contender for describing a universe without DE. While
such additional degrees of freedom may ultimately not survive a full Bayesian onslaught
with all of the available data, the mammoth task still lies ahead in constructing a
complete picture that includes radiation at early times, as well as a spectrum of linear
perturbations performed on top of such an inhomogeneous background.

In the next section we introduce the background features of the LTB spacetime,
highlighting our approach for modeling specific inhomogeneous configurations as well

as our method for solving for the dynamics.

2.2 Background Dynamics
2.2.1 Metric and field equations

The general unperturbed LTB line element may be written as [140]
ds* = gy datdz” = —dt* + X (t,r)dr® + A*(t,r)dQ? (2.1)

where X (t,7) and A(t,r) are functions to be solved for, and we are again working
in spherical coordinates. Eq. permits a spacetime in which the matter/energy
content is pressure-free matter (dust) only, although a cosmological constant is allowed.
Note also that in general, the spatial hypersurface describing the big bang singularity
tp(r), in which X (tg(r),r) = 0 = A(tg(r),r), may vary radially about the centre of
symmetry.

The general form of the dust energy-momentum tensor including a cosmological

constant is given by

TF, = pputu, — ppdt, | (2.2)
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where the (comoving) observer four-velocity is
u' =1[1,0,0,0] , w,=[-1,0,0,0]. (2.3)

The resulting EFE are

A AX (AN
t—t: = -2 22 _
87G (pm + pa) be + X (AX)
AX (A1
25 ) e (2.4)
A X
AN (A 1
r—r: 87TGpA:—<AX> +<A> +E
A
+27, (2.6)
AX X AX
0—0,0—0¢: = — 4+ —
O — @ 8mGpp AX —i—X—l— 10
A A//
+ 1 Az (2.7)
Conservation of energy-momentum, i.e. 7,,’* = 0, gives us
. A X
Integrating ([2.5)) we find
X =CA, (2.9)

where C' = C(r) is a function of integration. Motivated by the form of the FLRW
metric, we apply the following redefinition: C(r) =1/ W . Furthermore, we
recognise A(t,r) = ra,(t,r) as the angular diameter distance d (also referred to as
the areal radius), which defines a transverse scale factor. The radial (or line-of-sight)
scale factor is defined through aj = A’. Our metric above then becomes

al(t,r
i )7“2 dr® + a3 (t,r)r*dQ* . (2.10)

ds® = —dt* + ————
° +1—/1(1")

38



Chapter 2. Lemaitre-Tolman-Bondi Cosmology

The FLRW spacetime is then recovered in the limit x(r) — K, a, (¢,r) — a(t), which
implies that a)(t,r) = a(t).
Returning to the EFE, plugging (2.9) into (2.4) and (2.6) we are left with the

following two independent equations

A? 1 gr? N 2AA" + 2kr + K'1?

A2 AA/ = 87TG(pm + pA) ) (211)
At A
;}fr+2f1 — 87Gpy. (2.12)

Integrating ([2.12)) we obtain

<A>2_M(r)r3 kr?  8rG

A

o Aty (2.13)

where M = M (r) is another function of integration. Substituting (2.13)) into (2.11]) we

find the following relation between M and the physical matter energy density:

(Mr3Y

8tGpm = A

(2.14)

Futhermore, merging Eq’s (2.11)) and (2.12) allows us to write down a generalised
acceleration equation

2A 1X  4nG

Note also that we may rewrite Eq.’s (2.13)), (2.15]), (2.11]) and (2.8) respectively in terms

of the radial and transverse quantities explicitly as follows:

M K A

L al  a? + 37 (2.16)
2d),  1dj G
il (N ’ 2.17
3a; 3 aj 3 (p pA) ( )
!
&KXMn+PA)::Hi+2HlHﬂ+<1+2aL>f; =, (2.18)
ap/aj  arq)
Pm = —Pm (2HJ_ + H”) . (2.19)
we identified . _
A ay X q
A a L x aj I ( )
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2.2.2 Determining the solution

We may alternatively express (2.16) and (2.18)) in terms of present-day quantities:

Hi(t,r) = Hio|Qmal®+ Qua®+ Q) (2.21)
QmHio H., Q) 9
— 2 ONH 2.22
871G (pm + pa) e {3 +r im + Q. +3Q\H7,, (2.22)
where
M(r) K(r) A
Qn(r) = , Q(r) = — , Qa(r) = , 2.23
D=5z B = g M= 30 (2:23)
Qo (r) + Qu(r) + Qalr) = 1. (2.24)

Here H () is the radial profile of the transverse expansion rate today, and, motivated
by the FLRW case, we used the gauge choice a o(r) = 1.

Now, to make any progress, we need the solution to , i.e. a,, from which
everything else follows. Integrating we find

1 /fu dx
Hio(r) Jo [0, (r)a=t + Qur) + Qu(r)a?

t—tp(r) = (2.25)

where t5(r) is the bang time function.
In the special case of pure dust (i.e. 2y = 0), we may solve (2.25) parametrically,

depending on the sign of the curvature:

Qe>0: ay(t,r) = ;;r;((:)) [cosh 2u(t,r) — 1} , (2.26)
Q) [sinh 2u(t,r) — 2u(t, T)} .

L= SHL0) [Qk(r)f” +ip(r),  (2.27)

Q. <0: al(t,r) = 2%;((?) [ cos 2u(t,r) — 1], (2.28)

. Qun (1) [2u(t, r) — sin 2u(t, T)} ), (2.29)

2H 4(r) {_ Qk(r)r)/z

2/3
Q=0 ar(tr) — {2Hm<r)[t—t3(r)]} | (2.30)
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In this case, we may proceed by parameterising two of the three free radial functions.

Leaving Q,,(r) and tp(r) free, H,o(r) is then, depending on the sign of the curvature,

given by

Qk>0:HJ_O(7')

uo ()

Qk <0:HJ_[)(T)

uo(r)

QkZOZHLO(T)

to

[ sinh 2ug(r) — 2ug(r)]
[to — t5(r)]

Qin {sinh 2u — 2u10“}

i in : in
Qin [2u0 — sin 2uy

3[t0 — tB(T)}

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

where quantities with “in” superscripts imply evaluation at the origin, and we have

defined the Hubble constant as Hy = H'}, = Hj.

2.2.3 Connecting to observables

To constrain the free parameters of the LTB model from the observations, we need

to know the time and radial coordinates in terms of the redshift z. Using the same

procedure as we did to obtain ([1.23]) and ((1.24]), the past lightcone of a central observer
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in this spacetime has null geodesics that are given by

dt 1

& A1 )H(),r(2)’ (239
1/2

dr_ [1 = &(r(2)r*(2)] , (2.40)

dz (1+ 2)ay(t(2), r(2)) Hy(t(2), r(2))
With the latter, we are now in a position to compute a number of observable quantities

as a function of redshift, such as: the expansion rates, H, and H|; the angular diameter

distance, d4; and thus the average BAO scale, d,, which in a LTB model is given by

Lyec 1/3
d;"? = DITB (aLgecaHrec) ; (2.41)
where »
B / (2.42)
(1+Z)CLJ_CLHHH ’

is the dilation scale. Note that we obtained ([2.41] - by equating ([5.1)) and ([1.87] -, solving
each respective equality for dz(z) and 06(z), and finally plugging the latter results into
. It is straightforward to show that, in the homogeneous limit, and
reduce to their FLRW counterparts, i.e. and , respectively.

For the purposes of this work, we assume that the epoch from the big bang until a
redshift of z ~ 100 is well described by a FLRW model. This restricts us to employing
a constant bang-time function (setting tg = 0 will suffice) since, otherwise, a decaying
mode will be present which will cause the early universe to be highly inhomogeneous,
contradicting predictions from inflation. Consequently, the dynamics of the LTB model
is completely described by the form of €2,,(r). In addition, throughout this thesis we
only focus on open LTB models that describe a local underdensity, i.e. those that have
Qo > 0 and O < Q0 where the transition from Q2 to QO™ is parameterised with
a Gaussian:

S 2.43
FWHM? (2.43)

Here “out” refers to the asymptotic region outside the void, which we fix to an EdS

one (i.e. Q0"=1), and FWHM is the void’s Full Width at Half Maximum.

' 2. 2
() = 5 = (3~ i) exp (~ )

We now present some selected background quantities for the three different void
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Figure 2.1: Upper panel: Background density (left) and expansion rates (right) for
the models ([2.44)), (2.46) and (2.47). Lower panel: Using the geometric approximation
(5.1), the evolution of the BAO length scales (left), and the average BAO scale (right)

normalised to fACDM. Black circles indicate measurements from [95].

models that we consider in this work, using the parameterisation (2.43)), as well as that
for a fiducial ACDM model. The models we consider are:

e SV: a small void (compared to those that fit SNIa luminosity distances [48]),
with
SV: Q" =0.2, FWHM = 500v/2.773 Mpc. (2.44)

This model we consider in the context of the galaxy correlation function (Chapter
).

e MV: a medium void, chosen as such to represent typical void models that com-

fortably accommodate distances to SNIa:
MV: Q=02 FWHM = 2.0v/2.773 Gpc. (2.45)

This model we consider in the context of the evolution of structure in a cosmic

void (Chapters [3| and [4).
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e BV: a big void, chosen so that its anisotropic expansion rates provide a good fit
to observations of the average BAO scale ([1.88)). We performed a x? fit to mea-
surements of d, (see Table 3 of [95]), and found the following best-fit parameters:

BV: Q" =0.32, FWHM = 4.841/2.773 Gpc. (2.46)

This model we also consider in the context of the galaxy correlation function

(Chapter [5]).

e fACDM: a flat concordance model, with Q,h? = 0.02273 and Q.h? = 0.1099, as
given by WMAP 5-year CMB-only best-fit results (see Table 6 of [153]). Setting
h = 0.7 implies

FACDM:  Q,, = Qy + Q. = 0.2707, Q4 =1 —Q,, = 0.7293. (2.47)

This is our benchmark model which we use to compare with the SV and BV LTB
models in Chapter [5

In Fig. we show plots of Q,,,(1), Hi(z) and H)(2), L1 (z) and Ly(z), and d.(2)
for the SV, BV and fACDM models. Notice how different the expansion rates of the
BV and fACDM are, even though both models accommodate the average BAO data.

In Fig. we plot the spacetime evolution of the contrasts in p,,, H, and H for
our MV model. The growth of the background void over time, both in terms of size
and amplitude, is clear.

While our choice of assumptions and parameterisation for the underlying LTB
model used in this work is perhaps the simplest conceivable one — let alone one that
has trouble fitting the data [62] — it makes for reasonable background toy model to

consider in the case of the additions of linear perturbations, as we now introduce.
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Pm(t, 7)) pm(t,00) — 1 H,(t,r)/H, (t,00) — 1 Hy(t,r)/H(t,00) — 1
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Figure 2.2: The spacetime evolution of selected contrasts in the background dynamics,
illustrating the growth of the background void over time. Left: Contrast in the energy
density pp,. Centre: Contrast in H,. Right: Contrast in H). Note that scales of the
vertical and horizontal axes apply to all such 2D plots in Chapter 4l The values of A
and B (respectively the maximum and minimum of the color scale) can be read at the
top of each 2D plot.
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2.3 Linear Perturbation Theory in LTB
2.3.1 Introduction

Structure formation in LTB is still poorly understood. This is not surprising, though,
since the presence of background shear induces an inherent coupling between the dy-
namical variables already at first order in linear perturbation theory [I54]. Initial
attempts towards such an endeavor included a “242” covariant approach in the self-
similar case [I55], as well as a “141+2" covariant split of the spacetime [156 157].

But why study perturbations in LTB if the background model itself already has
trouble fitting much of the data? Two key reasons are: (i) the effects of perturbations
may either strengthen or weaken current constraints coming from the BAO and CMB
data; (ii) perturbations in LTB will provide insight into relativistic corrections on top of
a strongly non-linear background — currently a fairly unexplored area in cosmological
structure formation.

For the purposes of this work, we follow [I54], unpacking much of the details pre-
sented there. The approach here is based on a 2+2 decomposition of the spacetime (see
[158]), which is ideal for relativistic setups that obey spherical symmetry — see [I59] for
the case of stellar perturbations. This decomposition naturally defines two independent
modes, namely axial and polar — an analogue to the scalar, vector and tensor modes
in the more familiar “34-1” split used in perturbation theory within FLRW models.

As we shall demonstrate below, the dynamical variables that describe the perturba-
tions turn out to couple at first order. From the homogeneous limit of these equations,
we point out that the variables inevitably contain mixtures of all three types of the
standard scalar-vector-tensor (SVT) perturbations, thus making it difficult to interpret
in the usual way. Nevertheless, we proceed to present an example set of variables that
do reduce, in the homogeneous limit, to perturbations of the scalar, vector, and tensor

type.

The smooth background LTB spacetime we perturb in the next section may be
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written compactly as

Guv =

9AB, R27ab:| ) (248)

where A, B belongs to the submanifold M? and runs over (¢,7), a, b belongs to the sub-
manifold S? and runs over (0, ¢), R = a,r is the areal radius (or angular diameter dis-
tance) and 7y, is the metric of the unit 2-sphere. The unperturbed energy-momentum

tensor takes the form

Ty = [TAB7 _PA'Vab} ; (2.49)

where
Tap = PmUatup — PAJAB, (2.50)
ut = [1,0]. (2.51)

2.3.2 Defining the perturbations

The most sensible basis functions to use for this 242 split are the scalar spherical har-
monics, Yy, (z%), which obey (from now dropping the ¢-m dependence, unless otherwise

necessary to include it)
VY =Y, = —L({+1)Y, (2.52)

where V2 is the Laplacian on the two-sphere ($2) (a colon denotes covariant differenti-
ation on S?), and the integer ¢ indicates the angular scale of the perturbation. Scalar
perturbations on S? may then be expanded as follows
0o m={
B3 =3 Y () Vi (a7) (2.53)
(=0 m=—¢
We may now construct bases for all higher rank tensors from Y, specifically via co-
variant derivatives thereof, as well as from contractions of those derivatives with the
antisymmetric tensor €,,. Note that we will have two independent modes here, in some
sense analogous to the usual three (i.e. scalar, vector and tensor) present in the FLRW

framework. Modes that do not depend on ¢, are called polar (or even), while modes

that do are called axial (or odd).
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In the polar case, we may define vector (rank-1) and traceless tensor (rank-2) quan-

tities as follows:

S, = Y. (>1), (2.54)
1
Zab = }/:ab + £(€2—i_)7aby (ﬁ 2 2)7 (255)

and for the axial mode, we define a divergence-free vector and traceless tensor as

follows:

9]
Q
Il

€'Yy (£>1), (2.56)

Zay = 28(p) = =2 Yaa (£ >2), (2.57)

where round brackets around indices denote symmetrisation. There are no scalar (rank-
0) quantities in the axial case. The components of these are listed in Appendix .

In order to ultimately construct GI perturbations, we proceed with the passive
approach again (as we have in the FLRW case), and begin by applying a coordinate

transformation.

2.3.2.1 Gauge transformations

Following the approach in the FLRW case, and again using a tilde to denote quantities

in the new coordinates, we apply a gauge transformation of the form
=t + e (2.58)
where
¢= ey, ey + M5 (2.59)

We now consider separately how the coordinates change when applying the gauge

transformation for each mode.
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e Polar: Under the gauge transformation, the original coordinates become

= -y,

N

The corresponding infinitesimal displacements of the latter become

dz? = di’ —Yder — e2dy
dx* = dix% —Y"“dE —EdY ™.
With
dgA = §A|Bd‘%Ba
dY = Y,di’,
df = £|ij:B )
dyza — (Y:a);bdi'b,
we find that

da? = dit = Y{pdi® — ¢1Y,dz",

dr® = di" —£(Y*)4d3® — Y pdi® .

From (2.68) and (2.69) we find

detda® = ditdi® — Y (¢fpda® + hdit)dz”
—Y. (¢1dz" + P dit)dze,
dridz® = di'dz* — Y, ditdz’ — Y.¢ pdidz”
~Y&HdiCdi® — 1Y i i,
detdx® = di®di® — &|(Y').di® + (Y°)..dz®|dz®

—&p(Y i + Y'di")di" .
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2.3. Linear Perturbation Theory in LTB

e Axial: The original coordinates become

A = QEA,

¢ = *—MS".

The corresponding infinitesimal displacements of the latter become

With

we find that

dz®

de? = dit,

dz® = di®— S"dM — MdS"“ .

dM = M sdi?,

dS* = S“,di’,

= di*— M S*ydi® — S"M adz™.

From ({2.75)) and (2.79) we find

deddz® =
dzdx® =

dxtdz® =

ditdz?
di'dz® — M S° ,didi® — S M pdidz”
dzdz® — M|p (de:%“ + Sadizb) dz”

M (Sb:edfc“ + Sa:edjb> dze .

(2.73)
(2.74)

(2.75)
(2.76)

(2.77)
(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

We now compare the original line element with that that was gauge-transformed, in

order to identify how the perturbation variables transform under a change of coordi-

nates.

2.3.2.2 The perturbed line element

It is convenient to start from (2.48) and add on general terms corresponding to the

all the possible metric perturbations we may have. Decomposing the metric tensor
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corresponding to the observed universe into the background and perturbed parts as

follows

I = Guv + 5gﬁ‘jlar + 5gZ’,fi“l , (2.83)
we may write
hapY 2haY.,
sgroer = 4 A , (2.84)
* RAKY va + GY.p)

where h,p is a symmetric 2-tensor, h4 a 2-vector, K and G are scalars, and

(0 BiaS,
0gi " = L , (2.85)
* QRQhS(a:b)

where h4 is a 2-vector and h a scalar. Again, let us look at each mode separately.

e Polar: The full line element in this case is given by

ds* = <§IAB + hABY> drdx® + 2hAY. dr’ dx®

R {(1 4 KY )y + GY;ab} duvda® . (2.86)

Plugging (2.70), (2.71)) and (2.72) into (2.86) we get

ds® =

JAB + (hAB —&aB — §B|A) Y] ditdz®
+2(hA —&a— R2§A> Y.,dzda®
LR [(1 +KY ) va + (G - 25) yab} da®da® . (2.87)

Finally, applying the transformation of the areal radius to the new coordinate

system,

R = R—-YREAV,, (2.88)
R? = R?—-2YR*4V,, (2.89)

o1



2.3. Linear Perturbation Theory in LTB

where V4 = Rj4/R, we end up with

ds* = [QAB + <hAB —&aB — fBA) Y} ditdz” + 2<hA - 7§/2€|A) Yiodzdat

+712{ [1 + (K - ngVA)Y

Yab + (G _ 25) Kab}dx“dxb . (2.90)

The perturbed variables in the new coordinate system are then identified through

the following relations,

hap = hap—E&a —EBja, (2.91)
ha = ha—E& —R*u, (2.92)
K = K -2V, (2.93)
G = G-2. (2.94)

e Axial: The full line element in this case is given by
ds?* = gAdeAde + 2h 4 S dadx®
+R? [%b + 2hS(a:b)} dz*da’ . (2.95)
Plugging (2.80), and into we get
ds? = ¢OdFdz® + 2 (hA - ﬁ2M|A)SadxAdx“

+R? {%b +2 (h - M> S oy | davda® . (2.96)

where we used the fact that R = R. The perturbed variables in the new coordi-

nate system are then identified through the following relations,

ha = ha—R*M, (2.97)
h o= h—1M. (2.98)

2.3.2.2.1 GGauge-invariant variables Recall that a quantity is GI if it has no
dependence on the coordinate transformation (as specified by £#). To achieve this, we

simply take linear combinations of the variables in the new coordinate system (denoted
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by a tilde). Again, let’s consider the two modes separately.
e Polar: One particular set of GI combinations is given by

kap = has — (pajs +DBja), (2.99)
p = K—2Vip,, (2.100)

where py = hy — %2G|A. One can easily verify that kap = kap and Y =¢Q.
e Axial: One particular set of GI combinations is given by
ka = ha—TR*a. (2.101)
One can easily verify that k4 = E A

Now that we have constructed GI variables for the metric perturbations, we proceed

to doing the same for the matter perturbations.

2.3.2.3 The perturbed matter

Following the same logic as perturbing the metric above, the perturbed energy mo-

mentum tensor takes the form

Ty = Ty + 0TE™ + 5T (2.102)

= ﬁm{ﬁu@,, - [(1 + AY) a0, + 21%511501("] + [muéugm’] } ,(2.103)

where
0TAgY 20T4Y.,
STTET = AP A , (2.104)
* OT'Y Y + 0T?Y 0p
with 0745 a symmetric 2-tensor, 674 a 2-vector, 67" and §7? scalars,
ol 0 20T 45,
T = 0 , (2.105)
* 207" S (a0
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2.3. Linear Perturbation Theory in LTB

with (STA a 2-vector and (ST a scalar,
6 pol = f + *h U Y, vY. 2.106
u wn A ABU ,VY.q| , ( . )

and

Susrial = [0, T ] : (2.107)

Let us now look at each mode separately.

e Polar: The components of the energy-momentum tensor may be written in the

following form

T, de'de” = (TAB + 5TABY) dede® 4 20T4Y oda’

+ [(ﬁm + 5T1y) e+ 6T2Kab] dada (2.108)

Substituting (2.70)), (2.71)), (2.72)) and (2.89) into the latter we find

Tdetde” = |Tap+ <6TAB — Tapio€” = Tact® TBCgCA)Y ditdi?
+2 (5TA — Tuct® — ppé A) Y., ditdi"
[+ (57" = 25,8Va = By )Y s
+(5T2 _ 2;%5) Kab}dgzadfcb , (2.109)
where we used the fact that
TAB = TAB — TAB|C§C, and (2.110)
R B (2111)

We may now identify the following relations between the new and old coordinate

systems
o7 _ /- cC_F cC = .C
0Tap = 0Tap —Tapic§” —TacS™ g — TBcS |4, (2.112)
0Ts = 0Ta— Tact® — pja, (2.113)
6T = 6T 25,6V — pal” (2.114)
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oT" = 6T% -2} €. (2.115)

As for the 4-velocity perturbation, we have
5T53lard$“d1‘” = [(1 + AY)@MQV + 2auéugolar‘| detde”

= [(1 + AY)latp + ZQA(SU%OW] dr?dz®

+ 2P g 6uP " da da® . (2.116)
Substituting (2.70]), (2.71)) and (2.111)) into the latter, we find
TP dtda” = ;5m{ l1 +(A- ﬁmA/;ﬁmgA)Y] Qatip

+ 20 (0ul"" — 0% Y — ipc”) }d:cAda:B

+ 2,3,-,11714 <5ugolar . ﬂCSCY:a)dIAdxa , (2117)
where we used
g = ta — uapE"Y (2.118)
and may thus identify
A= A= pa/ bl (2.119)
6u1p;‘olar _ 5U§10lar . aB€B|AY7 (2120)
5ugola7" _ 5u20lar . 'IiCSCY:a ] (2121)

Unpacking (2.120)) and (2.121)) using (2.106)) and (2.91)), we find

A ~A 1.BAA
W = w— Ug N §B—|—§u n (a1 —&Bla), (2.122)

U= v—usbt. (2.123)

e Axial: The components of the energy-momentum tensor in this case is given by

T datde” = Tapdrde® + 20T 4S.da’da”

+ ﬁm%b + QWS(a:b) d«radxb . (2124)
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Substituting (2.80]), (2.81) and (2.82) into the latter we find

T, detde = Tapdi?di® + 2<5TA - ﬁmM|A) S itz

+| P Vab + 2 (5T — ﬁmM> S(an) | dTdi® . (2.125)
where we used the fact that
Tap = Tas, (2.126)
and
P = D (2.127)

We may now identify the following relations between the new and old coordinate

systems

0Ts = 0Ta— ppMa, (2.128)

5T = 6T — M. (2.129)
The 4-velocity perturbation is

STl et dr” = 27,0, 0ut  dat dx”

= 2pmisbul™ drtda® . (2.130)
Substituting (2.82)) into the latter gives
ST ™ o da” = 2p,,, Uadul™ di di® (2.131)

which implies

Suavial — Fyavial (2.132)
Unpacking the latter using ([2.107)) we get

T=7. (2.133)
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2.3.2.3.1 Gauge-invariant variables The set of GI quantities we find for each

mode are:
e Polar:
Fap = 0Tap — Tapiop® — TucpG — Teep’ 2.134
AB = AB AB|CP ACP|B BCD|4 (2.134)
N 1.
Fo = 6Ty —Tacp® — §pmG\A ; (2.135)
FY o= 6T = (2pmVe + pmic)p”, (2.136)
F? = 6T* - $,,G (2.137)
AT = A= (pm) 40" (2.138)
N l g
wél = w— uA\BnApB + §uBnA (pA|B - pB‘A) , (2.139)
v = v —apt. (2.140)
o Axial:
JA = WA — ﬁmEA7 (2141)
J = 0T — pnh, (2.142)
79 = 7. (2.143)

2.3.3 Einstein equations

In what follows, we will make use of the Regge-Wheeler (RW) gauge, in which h = 0 =
ha = G. This gauge is useful since all the bare perturbations (i.e. metric + matter) are
then automatically GI, although only for £ > 1. For the very large-scale modes, ¢ = 0
(polar only) or 1, it turns out that additional gauge fixing is required to construct GI
variables in those cases [I59]. While these modes are certainly necessary to consider
for computing a quantity like the 2PCF in which one is required to sum up all modes
from ¢ = 0, we do not include them explicitly in this work — however, see Chapter

in which we compute the 2PCF anyway in a specific approximation of the EFE.
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2.3. Linear Perturbation Theory in LTB

2.3.3.1 Polar case
Decomposing h4p into three scalars as follows,
hap = n(—uaup + nang) + Y(uaup + nang) + s(uanp + naug), (2.144)

and furthermore introducing x = ¥ — ¢ +n to replace 1, we may write the line element

representing the polar perturbations in the RW gauge as
ds* = — {1 + (277 ) <p> Y} dt* — 2cY X (t,r)dtdr
+ [1 + (X + gD) Y] X2(t,r)dr? + {1 + @Y} A%(t,r)d?,  (2.145)

where 7, x, ¢ and ¢ are functions of (¢,t,r).

For ¢ > 1, n conveniently vanishes, and the 1st-order perturbed EFE are

R
t—1t: SWGpmA = —X7290”—|—X’2 |:CL + 2 — — a S0/
a L —nr ray

+2X T HL + X7y 0+
1

/
+ 3Hl(02+HL> — (1+20”>'Z— n
a” CLL CLLCL”
00+ 1) ( N )_ (l+1)—2
a’r? yrX 242 r?
+ X—1a<3a2 +4H||>g, (2.146)
ra,

t—r: 8rGppw = X_l{cp’— (302 —H”) o — CL”X—I-HLX/}
ra |

3 a) 1\ K
(o) ()
* 2 J_(J L Q| 2 CL%_
! (e+1) A
o (j)—f : (2.147)
2aq 2a9 r? 2
1 1
t—0,t—¢: 87ermv:gb+2>'<+2X§’+H||<go—l—x>, (2.148)
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a 2K
r—r ¢:—HL(4¢+X>—I—X_2”X'—F[(Q)—A]cp
ra a’
2K €(€+1)—2 3 al o
A= — L 2.149
* al N 2a2 r? ] +X7“ s | )
r—0,r—¢: ¢ = —2Hic— X'y, (2.150)
00,60 x::XQXHaYZFW R “]x
aj 1— kr ra
+3X 0% — 60%p — 3H X
a K re’
+ 4(l—1)2+ (X + )
a aj ayq)
! ((0+1)—2
+ 2X—1[H,, —2H,|¢— HZ,)Q]X (2.151)
ajr

Note how Eq. resembles the Poisson equation , in which ¢ here acts
as some effective Newtonian potential. Indeed, ¢ satisfies an equation quite
similar to the standard Bardeen equation . Eq. looks strikingly similar to
that relating the peculiar velocity to the Bardeen variable as given by . Lastly,

note how the evolution equations for ¢ (2.150) and x

(2.151]) resemble those of the

vector ([1.82)) and tensor ([1.85) modes in the FLRW case.

Conservation of the perturbed energy-momentum, i.e. V, 7%, = 0, implies that our

solutions must satisfy

3 1

!
A:—'—'—X‘1< 2)
5%~ X w+s/
/
—X—l{pm+2a <w—i—§/2>
Pm ra
1 /
)= —¢ —H 2
w QXQO ||<"LU—|-§/),
) 1
v—2<gp+x).

29
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2

v
atir?

(2.152)
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2.3.3.2 Axial case

The line element representing the axial perturbations in the RW gauge is

ds®> = —dt* + 2k 4S,dz’dx®

+ X2(t,r)dr?® + A%(t,r)dQ?,

The resulting EFE for ¢ > 1 are then

_ A X'\ _
t—t: 0:k;+(A—X>kr—X2(HL+H|)kt7
_ 1-— _
t—r: Ozk:;+§k:r—H”k:r,
!
r—r: Ozkt_ka+Hlkta
1= 1/X' A\~ -
—a: 5, X2T = —— i) Yol H
t—a: 87Gp,X“v 2kT+2<X ZA)kT—i- 1k,
A2H 'k, 1%”_1§/E’
X ) A2 27t ox TV
1=  Hy= 1
r—a 0—2kr—2”r—2lHl(Hl—2H)—A
2 —kr?l— 1o A
a,r? ]kr_th—i_Akt
- (A2H \'k,
+<H—2Hl>k}t+< E
- _ _ X' _
a—b: ozkt—X*Qk;JrH”kﬁﬁkr.

We may simplify the above considerably by defining

k

AB A

II=c¢ <a2r2> ,
1 |B

which yields

(0 = 1)(£ + 2)ka = 167 pp(ar7) Tl — exp(atrID)IE .
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(2.160)
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In fact, by contracting the above once with u*, and then once more with Vz, we obtain

. -6 C—2)(0+3 Om D)’
—ﬂ+X*W—mHHJmH+£Mﬂ—mm+L—%%ilH:—m#pﬁT
ar air Xajr
(2.164)
The variable II clearly satisfies a wave equation.
Finally, conservation of the perturbed energy-momentum gives
v =0. (2.165)

2.3.4 The homogeneous (FLRW) limit

In this section we consider the homogeneous limit, i.e. x(r) = K, a (t,r) = a(t,r) —
a(t(n)), of both the master equations and the fluid constraints presented in the pre-

vious section. This will assist us in trying to connect the LTB GI’s with that of FLRW.

Polar case. The polar master equations (2.149)—(2.151)) reduce to

(1— Kr?)

%+WMVQK+&4¢:{—H®+ O,

60+ 1) = 2+ 4K7? — 2(ra)?A]

+ 272

}X, (2.166)

(0, +2H]s = VI = Kr20,x, (2.167)

and

[83 +2HB, — V? + w&r - 7«221X =0, (2.168)
where

TSN CEL Lo PR ES )

Note that y is the only variable that evolves independently from the other two in this
limit. While ¢ is only coupled to x, ¢ is coupled to both ¢ and x. The corresponding
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polar fluid constraints are

r

. 2
8TGpmalA = — [VQ — 3HO, — 3H* + 3K}gp +2V1 — Kr?H [ar + ]g

(1— Kr?) 00+1)+2

O, + 3H? — 3K
+3H + 5%

+ [’H&,—i— X, (2.169)

81Gpma’w = {\/ 1— Kr? [&7 + 37—[} orp — V1 —Kr? [71”877 — ’H&n] X

3., (0+1) A
+ 57‘[ — K+ 9,2 —5 S (2'170)
1— Kr? 1
87G pmav = [8U+H}¢+TT&,§+ [28,7+’H] X (2.171)

Awzial case. In the axial sector, (2.164]) and (2.165|) reduces to

- 4(1 — Kr? 3 V1—Kr?
02 + 610, — V* — 4 = ) (ar + ) + 6%2] I = 16p, 0,0, (2.172)
r 2r ar
and
0,0 =0, (2.173)
respectively.

Due to the coupling between the three (polar) master variables in the FLRW limit,
their interpretation in terms of standard FLRW GI’s is expected to be non-trivial. As
pointed out in [I54], this is indeed so. Nevertheless, it is possible to write down a set
of quantities that reduce to the pure scalars, vectors and tensors in the FLRW limit —

we list these in the next section.

2.3.5 Scalar-Vector-Tensor variables

The previous section highlights the fact that the GI metric perturbations in LTB
contains, at first order, mixtures of an otherwise independent set of SVT variables
as seen in the case of a FLRW model. Here we present linear combinations of LTB
variables that reduce to scalars, vectors and tensors in the homogeneous limit, allowing

us to compare, more sensibly, the evolution of perturbations in LTB and FLRW models.
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Scalars

!/
polar: ¢ = X 2N 4+ X2 o M _ X! N — 0L+ 1))\
a,r X (a,J_'r)Q

- X*Qﬂgl +7(2 — 3kr?)¢,
aj

axial: none,

Vectors
3 a? 2(a X'
lar: EiiJ_ "Xy 77”_1 Ay
poa: € = G 0+ (1) - s
2X X\’
+>’<—< ) €(£+1)§},
T ra,
axial: T,
Tensors
polar:
X/
axia: T = X 721" + X2 [GG—] I
ra, X
—2
+ (raL) [6 — 8kr? — (0 + 1)]1’[
167G, _\/
)
where

>
Il

87Gpm | H'A = 3v] |

= XN = )\{F:);“ + (H'A - 31])’1 [H{'A' = H?H{ A = 30|

m

)\/2 15// ﬁ, 2 L 1 )
"o mo_ m — _ — Z
= X = T +A{ﬁm (ﬁm> + (H'A = 3v) [H'A

— 2H?H AN +2HPHEA — 3v”] } :
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and
a o X 3 a2
5/ — [QL__]£+L{§///+XX//+X/X/
r\ay X ray\a| a|
2 a X! 2 X" X 2 /
ol D ~ | | U+1
7’2<cu >+<X X ra; (C+1)s

_2<é>2<§ _ Zi _ i)w + l)g} | (2.183)

These variables will prove useful when comparisons of the evolution of these perturba-

tions are made with the standard model.

2.3.6 Weyl information

The Weyl tensor, C,s,5, encodes the tidal forces acting on body in free-fall, and is

given by the trace-free part of the Riemann tensor

1
Capys = Rapys — 2 (gavRﬁv — JasRpy + gps Ry — gﬁvRM)
1
5 (gmgﬁa - gaéQﬁw) R. (2.184)

The latter can be split into electric and magnetic parts as follows:
oy A S L, 5 AN
Eag = C’avggu”u y Hag = 560[756'7 aau (2185)
where u® is the chosen 4-velocity field of comoving observers,

Capy = Napnstl’ (2.186)

is the projection of the spacetime alternating tensor 7,pcq = —\/§5o[a51b52053d], and 0%
is the Kronecka delta symbol.
Note that F,, and H,, are purely spatial. Furthermore, we may write each one in

the following form:

Qij = Qij + 5@@* , (2.187)
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where Qij and 0Q);; represents the background and perturbed parts, respectively. For

the perturbed part, it is useful to perform the following split into radial and angular

parts,

0Qi; = (2.188)
and then decompose each part in a spherical harmonic fashion, so that
6Q, = Z SQUmY (2.189)
0Qra = Y. [5@3’”)1{/7” + 6@5,””)1/2“”)] , (2.190)
Im
m m @m
6Qu = X [0QU Y " +5QUEAYA™ + QLAY 21o)
Im
where
Y, = Y, = [Y,e, m} , (2.192)
— 1 1 o
Y, = &Y= 5 [(sm 0)~'Y,, —sin 0Y9:| = 5(759119 sin @ 1) . (2.193)
0+ 1
Yoo = Y+ <2)%bY
- }/,99 + E(ﬁ + 1)Y Y79¢ — cot 9}/7@5 (2 194)
« Sin? [V, g0/ sin® 6 + cot Yy + (0 + 1)Y] )
?ab = 2?(0,:!))
Yoo —cot0Y 4 1Y s +sinfcosfYy — sin? Y
= (sing)~ | " o 3[Yer . w . (2.195)

* —sin? Y g + sin 6 cos 0Y

The background H;; is zero, and the only non-zero background parts for E;; are:

2 (a, K 1 rx
X’ |H o+ —=—-1]| = +-—— 2.196
l LTS (an )ai 3%@”] ’ (2.196)
1/A\? .
—2<X> Err"}/ab. (2197)
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The non-zero perturbed parts for the electric and magnetic Weyl tensors are:

1 af  kr+ir’k
0, = —-{¢"— | =L 2 Ll —2XH,¢
3{('0 [a + 1 — Kr? +7“aL 1 o

3
Ay 262 - X2H Y+ X2 Kai - 1)’2 —3H,0”
ra, 2 a a’i
re’ €(€+ 1) a 9
—2X——(30° — H,
+ aa) 2a? r? ](90 +X) mL( ’ 1)s
((0+1)—2
_ ¥ -2 2.198
e ]x} (2.10%)
5B, = = o — ﬂ(go +x) = XHis (2.199)
! 2 ra, ’ )

1/A\? A2[3 1 7w’
5E(T) = _<> 5Err+[HL02+ (M_1>K+ o ]Xa (2200)

2\ X 3|2 a” ai QGHCLJ_
1
and
1 1 3 1a
6H, = —-¢' — =Xy — “Xo? R 2.202
1S~ XX U(“D+X)+2mf’ (2.202)
—_— 1
respectively.

2.3.7 The integrated Sachs-Wolfe effect

CMB photons propagating away from the surface of last scattering are distorted in a
number of ways on their journey to an observer at some later time [160], [161]. Firstly,
these photons are subjected to the inhomogeneities already present in the relativistic
potentials at the surface of last scattering at the time of emission: this is the ordinary
SW effect. As the universe expands, the photons inevitably interact with intervening
clumps of matter and voids. For example, if the universe contains DE (of positive
amplitude), or is curved (negatively), then photons gain (lose) energy as they pass

through overdense (underdense) regions due to the flattening of the potentials over
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time: this is the ISW effect, and is important on large scales. In addition, photons
traversing regions that contain hot gas will receive a boost in energy, known as the
thermal SZ effect. While the kinematic component of the SZ effect is expected to be
negligible in FLRW models on average, it may nevertheless be relevant to the final
photon temperature measured by an observer in the case of very large bulk velocity
flows. Another well-known contribution related to peculiar motion is the Doppler effect.
Finally, the gravitational lensing of photons by the intervening structure also modifies
the photon temperature in some way. All these effects, including other possible ones
not mentioned here, play a role in deciding the best underlying model with which to
describe the universe.

In this sub-section, we derive the ISW effect in a LTB model. We have chosen to
focus on the ISW effect mainly due to its is extreme sensitivity to the DE content of
the universe, which will be an important probe in future large-scale structure surveys,
as well as the fact that it can be used to test the CP (see [56]). Note that in [56],
the authors constructed their inhomogeneous model by joining three FLRW models of
different curvature, so that the standard ISW formulas may be applied. In [162], a
first attempt at a derivation of the ISW formula within general spherically symmetric
spacetimes was carried out. Here we derive the ISW formula explicitly for a LTB model,
and include the terms coming from the perturbation theory presented in Section [2.3]

In what follows, we make use of the following form of the linearly perturbed LTB
metric in the polar case (¢ > 1):

ds* = guda'de” = (G + > hwY )dadz"

Im

- [— 1+ (p+ X)Y] dt* —2X(t,7) > cYdtdr
Im Im

+ X(t,r)? ll +> (90 + X)Y] dr? + A(t,r)? ll +> ng] do?,

(2.204)

where ¢, ¢ and x are GI perturbations, being functions of (¢,7,£), Y = Y*"(, ¢) are
the spherical harmonics, X (t,r) = q(t,7)/\/1 — (r)r2, and A(t,r) = a,(t,r)r. From

67



2.3. Linear Perturbation Theory in LTB

here on we will drop the };,,, but it is implicitly implied whenever a factor Y is present.
Following [66], the ratio between the observed temperature today (in a direction
&,) and that at the time of emission (originating from position @.) is defined as

To(ﬁo) (k“uu)o

— = (1 -1 _ A" Te/o 2.2
Titewd T = Gow,), (2205)
where k* is the null wavevector, and u* the observer four-velocity, given by
N N dl‘A A a
MR NI VI {dA, o} Gkt = {5k (8,7, )Y, 6k(t, 1, O)Y ] C(2.200)

1
ut ="+ out, ot =0, out = [(w(t, r,O)at + 2h‘§ﬁB>Y, v(t,r, E)Yf} (2.207)

respectivelyﬂ
Now, expanding k*u, to first order we find
ktu, = (/%ﬂ + (W‘) (u + M) (gw + hWY) (2.208)
= Gkt + G (KPOu” + 07Ok ) + K07 By, Y

= Guk’ + [gudk' + guk!Su" + gk ou” + Ky + K hy| Y. (2.209)

From the null condition at the background level

A2 .
Gk k= gu (k)" + g (F)" = 0
. _(i{}t>2 +X2 zjr>2 = 0
= k" = £X7'k, (2.210)
and, since from we can define
sult(t,r, ) = [wi? + ;h’gﬁB = —; [gp + X, X_l(q - 2w>] : (2.211)
we then find
_ It t 1 .t 1 It It It
Kru, = —k"+ [—51{: +§k‘ (QD+X) iik <2w—§) +k <g0+x> IFkg} Y
R ) e L —§(g0+x)j:}(3g—2w> Y (2.212)
g B2 2 ' '

2Recall that upper case indices span {t,r}, that for lower case {6, ¢}, and i* = X 15K
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Plugging the latter into ([2.205) we find

To aA:o o1 5kt 3 1
713(t<e,w)e):(1+z) {1+ []%t —2(w+x):l:2(3§—2w)]

Oy} L (2213)

e

where we identified 1+ 2 = 12:2 / lz;f) Defining the observed and emitted temperatures in

")

. (2.214)

e

terms of their averages and perturbed contribution, we have

%[[H@o(«”ﬁo)ﬂ _ W{1+[6;t—g(¢+x>i;(3C—2w)]

1+ O,(te, z.)Y |

= O(#) = ®e(te,we>+[5;t—2(¢+x)i;(3<—2w)]

Let us now turn to the time component of the perturbed part of the geodesic equa-
tion to obtain dk'. But first, we will need some specific components of the background
and perturbed connection coefficients, the form of the zeroth order time component of

the geodesic equation, as well as the null condition at first order. These are given by:

r, =0 (2.215)
i, = X2Hy, (2.216)
orY, = —;(sbﬂ'c) (2.217)
T, = —;(¢’+X’+2XH”§) (2.218)
0T, = );2(¢+X)+2X2H(<p+x)+X<’, (2.219)

BV kT = kMR + RPRTY =0
ktkft = _]%T]%fr - (]%T)fo"r

= k, = FX 'K - H)k', and (2.220)
Kk = (k"4 0k") (B + 0k”) (G + b)) = 0

= 20, kPOk” + KK by Y

= [20uk'0K" + 25, K0k + (K" 2huy + 26K By + (K7)?hy | Y
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0
= k"

= —2k'k" £ 2XE'SE" + (K')2(p + x) F 2(k")% + (k')* (o + x)

- X‘l{iékt—l%t[i(go—kx)—g]}, (2.221)

respectively. Continuing with the perturbed part of the geodesic equation, we find

— Okt
d\
1 d
—— Okt
TN
where

Now, using

KV K = KR+ KETY =0
= KkMOKY, + kY, 0k" + 2kMTY OKY + k"KLY,

ay

= —kLOK — kL Ok — 2R"T 0k™ — (BY)20TY, — 2k'k"oTY, — (k")?T

= (=X HE ok — (B, + 2XH”12¢)X—1{ + okt
[ (o x) - o]} + 5092
+ XU (E? (¢ + X+ 2X Ho)

— (k? [1 %) +2H) (p+x) + X_lgll ,

= —H5k' —i—X’llz:fr[:I: (go—irx) — g}

+X £ (¢ ) =<, (2.222)
A _ e 0+ X0, (2.223)
dX
dX dX
= (1 *H 2.224

from [163], as well as the ansatz

we can write

= (14 2)[—a* + 7" = (14 2)[-1,X1,0,0], (2.225)
it .
o = —HIE), (2.226)

Therefore, writing

T htd) (kt)2 dX’

d <5kt> _ldo, Ok di

o\ (2.227)

d\
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implies that

5 () = = xR [ () - e () -

Skt o d (6K o
?e - ~/ed)\d>\<]%t>:/ed/\{X lkt[ (QD—FX) }
X £ (¢ 4+ )) - g}} (2.228)
From we have
0 =+X"! lgtdci - t} (2.229)
and so becomes
Sktio o 1 d/%t N d
EL = [ o{le () -d (35 -a8) ¢ Sl ) -
— i+ (p+%) —g'}}. (2.230)

Since k' = dt/d\ = d\ = dt/k", we may rewrite

dkt . dkt
= K 2.231
X dt’ ( )
and converting the partial derivative of k' with respect to time to a total via
okt dk'  drok'  dk Ok
T " xi 2.232
ot ~ dt dtor dt O or’ (2.232)
we find
Ll [ "Ml xfe a, k!
o, = (s = [ a{=x[x (e 4x) o
—it £ (¢ +%) —é}},
5kt o
e 90+X qu /d)\X go+x —c}@kt
—/ dt 8, (o + x) + . (2.233)
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Plugging the latter into (2.214) we end up with

o

—/60dt8t[<<,0+x)i§]

e

@o(d}:o) - Ge(teume)_

1 1

5(go+><) + 5(2w - <)]
+ / dA\ X! { + (go + x) - q] Okt . (2.234)

Note that in the LTB spacetime we find an additional term, proportional to arl%t, that

vanishes in a FLRW spacetime (see below). We may attempt to estimate 0, it by Taylor

expanding the wavevector in the radial direction around the origin, as follows
Bt + 6r) = kMt r) + or 0Lk (¢, 7). (2.235)

Plugging the latter into ([2.226)) we get

d /. 5, o (dk!
o Ok = a(dA)
= —2H k9, k" — (K")%0,H, . (2.236)

Setting S = 9,kt, k' = —(1 + 2), a(z) = —2(1 + 2)°%, B(z) = —HH’l&«HH, and
d/d\ = (1 + z)*Hd/dz, we have

CZS(Z) +a(2)S(z) = 5(z), (2.237)

which has the solution

S(z) = exp [— /OZ dzoz(z)} {S(O) —I—/OZ dz B(z) exp {/OZ dza(z)}}
)

i e B e at@)r) o
> k() =~ )ﬁ/o ) (=), () Hy (1), (=)
(2.238)

where we used the fact that S(0) = 9,(140) = 0, and 0? = g,,0" = @%{&HH is
the shear scalar.

In the FLRW limit, neglecting the vectors and tensors (i.e. ¢ =0 = x) in (2.234))
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implies ¢ — =2V, w — n - v, 0 — 0, and we find

0, (#o) = O (te,me) +V

“ e +2/ dt 9,0 , (2.239)

where the first two terms on the rhs are those of the ordinary SW effect, the third term
the Doppler contribution (where n - v = n"9,v = /1 — Kr29,v, with v the velocity

potential perturbation), and finally the last term is the standard ISW contribution.

2.4 Conclusion

In this chapter, after providing a motivation and literature review of the LTB model,
we summarised the equations which describe its background evolution, and presented
example plots of how the background evolves in the case of different void models that
will be used in the next chapters.

We then moved on to a summary of the efforts to perform perturbation theory
in such a spacetime, and then recapped a derivation of the perturbation equations
that arise in our approach to the problem. We pointed out that there is a natural
mixing between scalar, vector and tensor degrees of freedom — identified by taking the
homogeneous limit. We then presented a set of variables which reduce to pure scalar,
vector and tensor modes in the homogeneous limit. We also derived the forms of the
electric and magnetic parts of the Weyl tensor in this model, since these will expose
any relativistic degrees of freedom present.

Finally, we derived the ISW effect in LTB, and pointed out an additional contribu-
tion to the perturbed redshift compared to the FLRW case.

Note that while we have specialised to the case of open void models containing a
uniform bang-time, exploring more sophisticated models (even ones that include A) is
certainly possible given that we have kept our equations as general as possible.

As we point out in the next chapters, the perturbation equations developed here
may be used to study a variety of cosmological and astrophysical effects, which will be

left for future work.
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CHAPTER 3

Numerical code for perturbations of spherically symmetric dust
spacetimes

3.1 Introduction

In this chapter we present a numerical code that solves the first order linear pertur-
bation equations in a LTB background, as derived in Section [2.3 We focus on the
polar sector here, since this is where the density contrast is defined. We also restrict
ourselves to all but the lowest frequencies (¢ > 1). Note, however, that our general
approach may also be applied to the axial case, as well as to the polar £ = 0,1 modes.

Recall that LTB models are spherically symmetric but inhomogeneous dust solu-
tions of the EFE. A natural result of the inherent background shear is to mix the
(usual) scalar, vector and tensor modes (which are decoupled in FLRW at first or-
der) — even when the homogeneous limit is taken. Note that while this makes an
immediate comparison between the perturbed LTB and FLRW variables tricky, it is
possible to construct perturbed LTB quantities which reduce to pure SVT variables in
the homogeneous limit — an example set is shown in Section [2.3.5]

With our code, a number of interesting physical scenarios can be modelled. For

example:

Relativistic corrections for structure formation. At present, cosmological struc-
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ture formation is modelled either via Newtonian (non-relativistic) methods that
capture non-linear aspects (see e.g. [164]), or via linear perturbation theory in
a general relativistic setting (e.g. [165]). A fairly unexplored area here is that
which captures the non-linear relativistic aspects — see, e.g., [166] for a review.
Some steps in this direction have begun in the context of N-body codes which in-
corporate relativistic corrections to the gravitational potentials [167, [168]. Using
our model, structure growth on top of a strongly non-linear background may be
studied — either an over-density such as a cluster, or a large void, both which
produces large curvature and shear. The effects of vector and tensor degrees of
freedom on density perturbations can also be explored, and the errors in neglect-

ing this coupling estimated.

Evolution of perturbations in void models. If, instead of dark energy, we resided
at the center of a deep spherically symmetric void of a few Gpc across, GR may
still be a suitable theory to use on the largest scales to describe the apparent ac-
celerated expansion (see, e.g., [140, 148, 48, 112] and [50] for a comprehensive re-
view). Furthermore, cosmic structure will develop differently in such models com-
pared to the concordance one, and therefore opens up another test of the CP [169]
— see Chapter[p] Structure formation in LTB models has only been quantified for
the special case which neglects the coupling of the scalar gravitational potential
to vector and tensor degrees of freedom [155] 169, 156, 157, 170, 171]. While this
seems reasonable, the accuracy in this assumption has not been quantified. A
recent alternative approach to this problem, based on second-order perturbation

theory in FLRW, can be found here: [I72].

Weak lensing of gravitational waves The merging of supermassive black holes pro-
duces a powerful and well-understood GW signal, potentially allowing such sources
to be used as “standard sirens”, and possibly improving upon standard(-isable)
candles such as SNla (see e.g., [I73]). Unfortunately, the expected GW signal
will suffer weak lensing by the intervening dark matter distribution, thus degrad-

ing their use as cosmological distance estimators [I74]. An interesting scenario to
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consider is when the GW wavelength is comparable to the size of the dark matter
halos, since this is where the geometric optics approximation for the lensing is
expected to break down. By modelling a dark matter halo using an LTB model,
and scattering gravitational waves off it using our code, we can hope to quantify

the lensing of gravitational waves more accurately.

To illustrate the performance of the code and the physics of the evolution of per-
turbations, we consider a Gpc cosmological void that is asymptotically EAS and that
accommodates the distance-redshift relations given by SNla observations as well as
age data — this is the MV model introduced in Section (see Eq. for details).

We measure our code’s performance by computing error and convergence statistics
for several different spherical harmonic frequencies, considering a specific set of initial
conditions at different locations throughout the void.

Before showing the details of our particular numerical algorithm, we first present

our equations in non-dimensional form in order to make it more code-ready.

3.2 Non-dimensionalising the equations

The set of perturbation equations we deal with here, (2.146)—([2.154]), can be recast in

terms of dimensionless variables through the following transformations:

Fo= Hor, (3.1)
7 HO/.dt (3.2)

alp(t)’

where the particular form of 7 is motivated by the standard definition of conformal

time. Then, using

Hy

at — aifa'n“, (33)
0, = Hyo-, (3.4)
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we have
Hy ~
Hyy = My (3.5)
ay
K = HJRE, (3.6)
2
Hy\ .
pm = in pmu (3 7)
X = aP'X, (3.8)
where we defined
—~ ~ a am)’ Fain?
87Gpm = HI +2HIH|+ <1 - 2L> <L> R4 —=F~. (3.9)
aH a CLLCL” ’

We introduce the following dimensionless angular peculiar velocity,

v, (3.10)

and relate the cosmic time ¢ to the dimensionless conformal time by
_ inh (7/Q ) — 77/Qr| + ¢ 3.11
_W[Sm (77 k>—77 k}_‘_B' (3.11)
Thus, to evolve the system from some initial time, ¢;,;, until today, to, we compute the

corresponding initial and final values for 7 using:
2
) = —=
Vats

Incorporating all of the above changes into our original perturbation equations, our

u™(t) . (3.12)

system of PDE’s is now given by

o (427 Vo, om2|2F A 7 e -2 A
b = (HI—4H. )¢+l lai_ Hg]so—%erX Fa, X
2|28 A Ll 4+1)-2 S_1 ) -
i Pt e P 7 G 3.13
%L Li H? 2a? 72 X+ Fa, (3:13)
¢ = —2H)s— X'y, (3.14)
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= sa|a | PR+ 37°R) T
- X—2 //_X—2 (li (7‘/{ 2 2 || ! in_ g .
X X [a” + 1— k2 * ra, X+ (1Y Hi)x
00+1)—2 ~ [~ —~ 1
+ 3X'5¢ —60p — al % x+2X1 Hy—2H. | <
a| ?’2

(x+¢), (3.15)

in\ 2
+ (C”) 4 %1 n+2rﬁ<a )
aL aj aj
where the matter perturbations are obtained from

w1220
G/iHI N (m’ + 57 /i) _ gl a
aj 1 — &r2 ra,

in2
3H, (5 + 9?[1> _ m’( 2 )
(ZJ_CLH

in\ 2 in\ 2
() e 2
a a | r aj

8TGPmA = —X 20" + X2 O+ 2X ' ¢

—~ a ~ —~
+ X‘Q%x’ +O0p+H ¥+

a 2 2
- (_'—)] < ) + X! <3U+47-[||)§, (3.16)
272 a, ra,
8TGpw = X_l@/—y_l (35—ﬁ||)g0/—X H X+X IHJ_X
A 2
o~ — 1 m
37'[1_(5—0—7'&) - (cu - ) (Cu) R
2 a” 2 a |
2 i 2
[ at (0+1) (at A
— — | —= 1
e <2aLa||> 272 a 2% (3.17)
1 1~ —~
8TGpmt = ¢+ 5}( + §X71§/ +H <<,0 + X) . (3.18)

The conservation equations are now

C 3. 1. /
CAEA+¢+X+X_1<U)+C/2)

27 "2

e {’;’; +2m”L <w+§/2> - W; D (g)QT): 0,  (3.19)
Cp = W — ;Y—lgourﬁ (w+§/2> =0, (3.20)
C@EU—FHJ_U—;(QO—FX):O. (3.21)

The resulting dimensionless electric and magnetic Weyl tensor coefficients at the
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background-level are

A Err 5{ 2 N 2 in\ 2 ~~/ _in2

E,. 5 = < — ) Hio+ - ( — 1) (%) R+ 'R ay . (3.22)
HJ_ CLT,HJ_ 3 a a | 3 aia)

4 o
A A 1/ 1 a, 7H A

= fy = —(— L) B 3.23

” 2(@T>< X ) o 52

The corresponding non-zero dimensionless perturbed parts for the electric and mag-

S
I

netic Weyl tensors are:

— SE,, 1/ a™\” ay’ HT—i—l?ﬂE/ a a

H? H, aj 1— ra, ra,

_ 3/ 1\? 2 N
—2XH, ¢ — = () op — XH X + Kl - ) () F—3H.0
2\ af a

aLaH a | aL
0(0+1) =27 (a\?
— = 3.24
)y 620
— OF a™ a ~
0B, = — = —[ L]y — L - X 3.25
i (2%) [90 mo () = X (3.25)
~ 2
1/1 — 1 3
0By = 6By = —<> (““f“) 0B, (@T) [Hm
2\ a} 3\ af 2
a a™\” 77 ain?
+<L—1><i> R+< L )]x (3.26)
aj a 2 a)at
— 1
5E(TF) = (SE(TF) = —2<g0 + X) , (327)
and
—= 0H 1/ a} ~ ~ a
6H, = —" = —— '+ Xx+ X5 —o 3.28
i 4< L) '+ Xx+X&(p+x) sl (62)
e _ 1
respectively.

Our next step is to define a numerical grid onto which we shall discretise the above

setup.
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3.2.1 Discretising the grid

We introduce discretized time and space coordinates 7; and 7; given by

M = Thit + 147/, (3.30)

77]' = Fmin —|—jA77/Oé, (331)

where A7) and Ar are grid spacings in 1 and r, respectively, and ¢ = 0...N; and
jJ = 0...N;. The factor a determines the grid resolution relative to an a = 1 baseline
(with the number of grid points N and j = 0...N; increased proportionally to cover
the same domain). For our PDE system, the Courant-Friedrics-Lewy (CFL) condition
requires that

A _
— X 32
OSX, (332)

for numerical stability, where Xe{1,1.47}. For our simulations we use

An .
21 0.98a" . 3.33
A7 @ (3.33)

Spatial derivatives are calculated using 2nd-order finite difference operators. For some

quantity @); ; evaluated at time 7); and position ; at the baseline resolution,

— Qz j+1 — Qz j—1
H 1 / »J »J
0 Qi 2AF
ig+1 — 2Qi i,j— ~
Hy?Q7; = Qi AQ;; Qg O(AF?). (3.35)
’ r

+ O(AF?) (3.34)

The RHS of Egs. (2.149)—(2.151)) are evaluated on a 77 = constant slice, via the method

of lines [I75], and evolved forward in time using a standard 4th-order Runge-Kutta time
integrator. The overall scheme is 2nd-order accurate due to the our choice of spatial

finite differencing.
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3.2.2 The Runge-Kutta Scheme

Our final task is to split any of our master equations that are 2nd-order in time, into

two 1st-order ones. Doing this we get

Cq = @, (3.36)
pr = FF+8¥, (3.37)
G o= F4S, (3.38)
Xi7 = X (3.39)
X; = FX+8X, (3.40)

where, for compactness, we isolated each force (F) and source (S) term as follows:

F¥

S¥

f(

SC

fX

SX

in\ 2
(HY —4HL )+ [2%- <Zi> - A] 0, (3.41)
N
a g 3a . (l+1) -2 faf
L —Hix+ — L Ge+ 2R A+ — L[] x,
?CLJ_X2X X FCLJ_ 7 " 2';:2 ay X
(3.42)
—2Hs, (3.43)
—X1y, (3.44)
_ — " (TR + TR a ~ ~
= X—2 "no_ X—2 Cli (r"i 2 2 || / in .
X [a” =Rt ol Pes (HT = 3H))x
B ; 2
a| - ~~) a| g(g ‘I’ 1) - 2 alil
al = -1 o | =) - ——— == 4
+ ( a ) K+ 2R ( a ) (LHor)? o) X (3.45)
. o o o !/
= 3X'6¢ — 659 +2X ! [H —2H.|s
[ in\ 2
+ |4 (‘” - 1) R+ 2?&’(‘“)] (C”) 0. (3.46)
L\ aj )| \aL
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Our equations are now ready to be discretised in a Runge-Kutta fashion for the time

dependence. Doing this we get

A7
Yi+1,; = (pi] % <CL113 + 2@213 + 2@323 + a4”) (347)
_ _ An
gOiJrl’j = 901‘3 ? <b11] + 2[)21] + 2[)31] + b42]> (348)
A7
Sitl,y — Ci] ?77 (Clz] + 2622] + 2031J + C4z]) (349)
An
Xit1,; = Xij+ & (dli,j + 2dy; ; + 2d3, ; + d4i,j> ; (3.50)
A1
Yi—l—l,j = Y’L‘] ?T] (e“’j + 2621"j + 2€3i,j + e4i,j> s (351)
where
aij = Pijs (3.52)
bii; = F¥ <ﬁ’i7(pi,j7 Qoi,j) + &7 (772'7 07 Xi,j» Xij» Xioj» Ci,j) : (3.53)
c; = F° (ﬁz‘; §z',j) +8&° (ﬁi, aFXi,j) ’ (3.54)
dli,j = Xij> (3-55)

611'7]' = FX <ﬁ7,7 agXi,ja ani,ja y@jz Xi7j) + SX <77“ @,j’ 907;7]', 0f§m-, gi,j) s (356)

Gzi5 = iy + buiy A/2, (3.57)
daj = dijj + €13 ;A7/2, (3.58)
baij = F¥ (ﬁi + A1/2, a9, 5, i + ali,jAﬁ/z) + 8% (ﬁi + A7/2,

OrXiy + Ordns s N2, iy, vog + dui s AT2, 0 + clmAﬁ/z) (3.59)
Coij = T (ﬁi b AT/2, 6 + cuvjAm) LS <ﬁi L AT,

O:Xi,j + 3fd1i,jA77/2) ; (3.60)
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€2i5 = FX (ﬁi + Aﬁ/l ang’,j + argdli,jAﬁ/Qa aFXi,j + 6fd1i,jAﬁ/2a in,j,

Xij + dli,jAﬁ/2> + &* (ﬁi + AN/2, az; 5, i + a1 jAT/2,

05Gi; + 3f01i,jA77/27 Gjt Clz‘,jAﬁ/2> ) (3.61)
ag;j; = 145+ be jAD/2, (3.62)
dsi; = dryj + €23,80/2, (3.63)

bsij = F* (ﬁz + AN/2, a3, 5, pij + agm-Aﬁ/2> + 8% (ﬁ, + AR/2,
OrXij + Orda; ;AN /2, ds; 5, Xij + do; jAN/2, 65 + Czi,jAﬁ/2> o (3.64)
C3i,j = ]jg (ﬁz + Aﬁ/Q, C@j -+ C2i7jAﬁ/2> + SC (?7@ + Aﬁ/Q,

O Xij + adei,jAﬁ/2) ) (3.65)

e 5 = FX <77i + A7/2, 5?)(1’,;’ + 8Fd2i,jAﬁ/2a OiXij + afin,jAﬁ/27 ds; ;,

Xi,j T d2i,jA77/2> + &* (ﬁi + A7/2, az; j, Pij + &2i,jAﬁ/2>

0rSij + O5ca; ;AT /2,6 5 + C2i,jAﬁ/2) ; (3.66)
Qy;; = a1, + b3, ;AT (3.67)
dy;; = di;; + es; ;AT (3.68)

baj; = F* (ﬁi + A7, a4 5, iy + a3i,jAﬁ> + 8% (ﬁi + AR,

OrXij + Ordz; ;AN 2, dy; 5, Xij + d3; ;A7 G j + C3i,jA77) : (3.69)
Crij = F° (ﬁi + A6 + cgi,jAﬁ) s (ﬁi + AT, Orvey + afdgi,jAﬁ) . (3.70)
eaij = FX (ﬁz‘ + A7, 02x5,j + 02ds; ;AT O iy + Ords; j AT, dy 5,

Xij + d3i,jA77> + SX (ﬁz‘ + A7, ag; 5, i + asi j A,

0:Gi,j + Opcs; jAT, G j + CSi,jAﬁ> : (3.71)

All we require now are the initial and boundary conditions.

84



Chapter 3. Numerical code for perturbations of spherically symmetric
dust spacetimes

Today
L’I
10 : 12
Cosmic |
" l G
time | (Gpe) 10
4- (Gyr) |
i : . : 8
2 | Region of interest
6
0.5
4
0.1 mmitial
Conditions| ; 2
(ZACDM ~ 100) roJ .,
Radial distance (Gpc)

0 2 4 6 8 10

Generic initial profile

0.8

0.6/

0.4/

0.2

2 4 6
Radial distance (Gpc)

Figure 3.1: An illustration of the setup of our problem from a spacetime perspective
(top), along with the generic form of the initial conditions used (bottom).
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3.2.3 Initial and boundary conditions

In this work, we have used a generic set of initial conditions for each of the three master

variables:

52

Qo; = 0, (3.73)

Qo; = ZeXp <—W>, (3.72)

where pr, = 0.99 x {1,2,3,4,5} Gpc is an array of five equally spaced points between
rmin and our desired region of interest ry, and s = 0.08 Gpc sets the width of each pulse
— see the right panel of Fig. These conditions are set at 7, = 0.42 (corresponding
to a time ty;, = 0.018 Gyr, or a redshift z ~ 100 in a fiducial ACDM cosmology).
Regularity conditions determine the variables in the neighbourhood of the origin

according to the prescription of [I59]. Near r = 0, we require (for all £ > 2):

r‘e, ¢=rtle, (3.74)

042 o
X, P

X

where the hatted variables are all polynomials of even power in r. Using

=D a,r™, = by, =D ™, (3.75)
n=0 n=0 n=0
we find that
Xr = 3. (0+2n+2)a,r (3.76)
n=0
Xor = 3 (0420 +2)(0+2n+ 1)a,r ", (3.77)
n=0
r = > (L4 2n)b,r 2t (3.78)
n=0
or = S (0420 +1)e,rtt? (3.79)
n=0

which vanish at » = 0 = ry;,. Fixing the value of all variables to zero at the origin
takes care of this requirement.
We require an additional boundary condition at the outer edge of the computa-

tional domain, 7,.,. This boundary condition is necessarily artificial since we do not
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compactify the spatial coordinate. To reduce its effect on the computational domain,
we place it at a sufficient distance that it is causally disconnected from the physical
measurements (at least for the continuum equations) — our region of interest. We
can determine an appropriate distance by tracing null geodesics inward from the outer

boundary. Using the background L'TB line element, radial null geodesics are given by

an _ <

3.80
DX (3:0)

where our characteristics approach 45° at late times; at earlier times our characteristics
propagate at ~ 55° on average. An appropriate value for 7., which is sufficiently

removed from the measurement domain is
_ ~ 1 S
Tmax = To + 5 -~ an s (381)

where r( is the outer boundary of the domain in which we would like to make phys-
ical measurements between times 7 and 7;. Since we are working in a single spatial
dimension, this grid extension to remove outer boundary effects is not overly costly in
terms of memory or computation time. Given that the spacetime in our MV model is

effectively homogeneous above r = 5 Gpc, we choose a conservative region of interest

of 6 Gpc.

3.2.4 Summary of code setup

A generic code applying to all the cases above is setup to read in the following inputs

(specified in a parameter file):

e Parameters of the background model, if any (e.g. Hp, Q2 etc.).

Spatial extent of the grid, i.e. 7y, and 7pax.

Starting time of the simulation, i.e. it = 7(tinit)-

Position of first peak of the five Gaussian I.C/s.

Width of each Gaussian, s, and it’s amplitude.
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e Angular momentum quantum number ¢ of the simulation.
e Value for the spatial resolution improvement factor (i.e. n).

e Value for the temporal resolution improvement factor (i.e. «).

In order to deal with outputs that are of manageable size (such as to avoid excessive
memory usage), we may choose the reference grid to be the one with the lowest spatial
resolution, i.e. n,.; = 1. In addition, we also skip the writing to file of a specified
number of time steps. Note that changing n and or o would not affect the dimensions

of the resulting spacetime data that is outputted.

3.3 Convergence tests

To establish the correctness of the discretization, we carry out a standard convergence
test. We verify the 2nd-order convergence empirically by carrying out a series of runs
of the same initial data at successively doubled resolution, corresponding to @ = n,

a = 2n, and a = 4n in Eqgs. (3.30)) and (3.31)). The rate of convergence for a variable

@ is given by
Q™ — [lQ®|

lQEM — QU]

where ||Q™]| is the Ly-norm on the fixed-resolution grid,

ng) = log, , (3.82)

] N 1/2
™I =+ (Z(Q§Z))2) , (3.83)

j=1
with N (< Nj) the number of spatial grid-points stored for analysis within the range
0 <7 <7y. We used the following dimensionless measure for quantifying how well our

constraints are being satisfied:

C((Qn)(ﬁ) _ CE ()] ]2 (3.84)

1Q (]2
where Qe {A,w,0}, Cq is one of (3.19)—(3.21)), and we estimate Q via a centered

difference, i.e.
alt() ~n—  [Q"(1+ AR) — Q" (7] — AR)
i, <) = AT

. (3.85)
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Figure 3.2: Performance of our measure of error C over time for each constraint
equation, in the case of an initialised ¢, for £ = 2 and ¢ = 10. Starting from a reference
resolution of n = 8, we include curves of double (n = 16) and four times (n = 32) the
resolution, multiplying each by a factor of 4 and 16, respectively. Where the curves
line up indicates exact 2nd-order convergence.
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For all of our evolution variables and constraints, we observe the expected 2nd-
order convergence rate (f = 2). We illustrate this in Fig’s and [3.2] which show
how well the constraint equations perform for various multipole moments in the case
of an initial ¢. Using a reference resolution of n = 8, we include curves of double
(n = 16) and four times (n = 32) the resolution, multiplying each by a factor of 4
and 16, respectively. Where the curves line up implies § = 2. We have used a base

resolution of Hy 'A% = 1.375 Gpc throughout, typically with 4 < o < 32.

3.4 Conclusion

We have developed a numerical code that solves the set of coupled partial differen-
tial equations (PDE’s) describing the evolution of polar (¢ > 1) perturbations in a
large void modelled by the LTB metric. The code, written in Fortran, makes use of
a standard 4th-order Runge-Kutta time integrator applied to each spatial grid-point
via the method of lines. The code is shown to be stable, and converges at the ex-
pected (2nd-order) rate. This gives us confidence in using it for modelling a variety of
other interesting cosmological /astrophysical situations, such as relativistic corrections
to structure formation and the weak lensing of gravitational waves by dark matter
halos, to name a few.

Substantial speed-up in the run-time of the code may be achieved in an updated
version which incorporates a non-uniform grid, as well as parallel (MPI/OpenMP)
capability. This and other enhancements to the code will be carried out in future
versions.

In the next chapter, we explore the full set of solutions our code yields for the same

void model used to for convergence testing.
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CHAPTER 4

Evolution of structure in a large void

4.1 Introduction

In Chapter 3| we tested our numerical code that solves a system of coupled PDE’s that
describe the evolution of first-order linear perturbations in a spherically symmetric dust
spacetime containing a local Hubble-scale suppression in the matter density. Here we
explore solutions to the latter for a variety of initial conditions and scales of interest.

Let us emphasize though that we are not trying to develop a full analysis of realistic
structure formation in a LTB Universe. Rather, we would like to demonstrate that the
code we developed can integrate the perturbation equations, and therefore allows us
to study a few remarkable features of the evolution of perturbations in a large cosmic
void.

For the sake of illustration, we concentrate on the evolution of the perturbation
variables for the spherical modes ¢ = 2 and ¢ = 10, in three distinct cases: we initialise
the profile of any one of ¢, ¢ and x according to (3.72)) while setting the others to zero,
and apply to all variables (except ¢ since it satisfies a 1st-order PDE). In other
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words, we consider

e Casel: p(t;,r) = Z exp [ <7’ _pk)ﬂ, S(tiyr) = 0= x(t;, 1), (4.1)

~—

o Case2: ¢(t;,r) = Zexp [ (T — Pk )2}, o(t;,r) =0=x(t;,r), (4.2)

o Case3: x(t;,r) = Zexp { (T _pk>2}, o(t;,r) =0=c(t;,r), (4.3)

in which ¢; = 0 = x; throughout, p;, = 0.99 x {1,2,3,4,5} Gpc and s = 0.08 Gpc.

4.2 Results

4.2.1 Evolution of the full system of perturbations

The evolution of each of the variables is presented in Fig’s 1.1} and for each
of the 3 cases, for both the { = 2 and ¢ = 10 runs. The resolutions used in all of the
plots are typically in the range 32 < n < 128, 4 < a < 32. Note that the colour-
scheme for each 2D plot has been chosen such that red indicates positive amplitude,
blue negative, and green zero. The actual minimum and maximum values are indicated

in square brackets above the top left corner of each plot.

Case 1: In these cases, we initialise ¢, and set ¢ = xy = 0 initially. We clearly see the

“bleeding” of the modes due to the coupling.

On the 2D plot, Fig. x behaves like a propagating degree of freedom, evolving
along the characteristics of the spacetime, and radiating energy away from each
pulse. The behaviour of ¢ is more difficult to qualitatively describe because it
is a mixture of frame dragging and GW degrees of freedom — the combination
of non-propagating decay with some radiation can be seen in the figures. It is
proportional to the trace-free part of the magnetic Weyl curvature ([2.203)), and
thus represents a true relativistic degree of freedom. Then, ¢ follows a standard
evolution throughout the spacetime: staying constant around the EdS region,

while decaying faster deep inside the void.
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The top panel of Fig. presents the profile of ¢ initially and today for these
cases, as well as its time evolution along selected radii. As expected, ( remains
constant in the outer, quasi-FLRW regions of the void, given that it essentially
satisfies the Bardeen equation there. Deep inside the void, ¢ decreases for the
most part as the usual Bardeen potential would in an open FLRW dust model,
but there is evidence of influence from ¢ and x at least at the sub-percent-level,

as can be seen by the amplitudes of the latter in the middle and bottom panels of

Fig. [4.4} see also Section for a discussion on the importance of the couplings.

We show the spacetime configuration of A in Fig.[4.7} its growth appears to follow
the peaks where ¢ is concentrated, suggesting that the tiny x and ¢ generated
by the dynamics have little impact on the profile of density perturbations. Also
included in Fig. is the resulting radial peculiar velocity w and the trace-free

part of the electric Weyl curvature.

Case 2: Here, we initialise ¢, and set ¢ = xy = 0 initially.

From the middle panels of Fig. we see that ¢ decays very quickly — in fact,
roughly proportional to aﬁz — along the peaks from where it is initially located,
while sourcing ¢ and x. As expected, y is very well described as a propagating
degree of freedom, but one also sees that the sourced ¢ has a propagating com-
ponent that follows the characteristics of the background spacetime and escapes

the void.

The middle panel of Fig. presents the profile of ¢ initially and today for these
cases, including the time evolution along selected radii. It’s clear that ¢ decays,
for the most part, approximately as af. (In the FLRW limit this would be a
pure vector mode with this exact decay rate.) The greater decay in ¢ seen in the
central regions of the void can be attributed to the faster expansion rate there.
The top and bottom panels of Fig. show the profiles for the other variables,

@ and Y.

We also show the spacetime configuration of A in Fig. 4.8l Remarkably, the
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density contrast generated initially by the presence of the perturbation ¢ also
decays very rapidly at the peak locations, except deep inside the void (first few
peaks) where it bounces back at later times (much more at small angular scales
than at large ones). This is associated with the potential ¢ deepening in this
region at the same time: the decay of ¢ into ¢ is associated with a growth of

structure deep within the void.

Case 3: Here, we initialise x, and set ¢ = ¢ = 0 initially.

According to Fig.[4.3], x and the generated ¢ propagate to the outskirts of the void
along the characteristics of the background, resulting in the localised generation

of the potential ¢, and the associated growth of density perturbations, as is shown
in Fig. [4.9]
The bottom panel of Fig. presents the profile of y initially and today for these

cases, as well as the time evolution along selected radii, while the profiles for the

other variables, ¢ and ¢, are shown in the top and middle panels.

All of these cases demonstrate that ¢, x and ¢ are much more difficult to inter-
pret than on an FLRW background. As emphasised in [I54], they are mixtures of
scalar, vector and tensor modes and therefore their coupling is an essential ingredient
of first order perturbation theory around an LTB background: in principle, they cannot
be treated as separate, independent modes that describe different physical aspects of
perturbations.

In the next subsection, we consider the case in which ¢ is decoupled from ¢ and x
by hand — as done before in various ways to simplify the analysis [156], 157, [169]. We
then compare the subsequent evolution ¢ and A to the case in which the full coupling

is included.
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Figure 4.1: Spacetime evolution of each of the master variables for Case 1. Notice how
an initial ¢ excites both ¢ and y to about the sub-percent level. The propagating modes
resulting from y is visible in ¢, or alternatively the trace-free part of the magnetic Weyl
tensor 0 H (1) , thus clearly showing relativistic degrees of freedom at work.
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CASE 2
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Figure 4.2: Spacetime evolution of each of the master variables for Case 2. While an
initial ¢ decays away quickly due to the Hubble friction, it still manages to excite the
other two variables, albeit to a very low level (below sub-percent).
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Figure 4.3: Spacetime evolution of each of the master variables for Case 3. an initial x
generated inside a void excites a relatively significant amount of ¢ and ¢. The presence
of propagating modes is more apparent in all the variables here.
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Figure 4.4: Temporal and spatial slices through the spacetime evolution observed in
Fig. [4.0] The variable ¢ is largely unaffected on the outskirts of the void in which
the spacetime is almost EdS. Since ¢ and y are relatively sub-percent in amplitude,
on each radial shell ¢ more or less behaves as expected in an open, dust-dominated
FLRW model, i.e. decays with time. Propagating features are nevertheless evident
(via the boxes showing the time dependence) in both ¢ and Y, especially on smaller
scales (¢ = 10).
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Figure 4.5: Temporal and spatial slices through the spacetime evolution observed in
Fig. . The variable ¢ decays roughly o af in the quasi-FLRW regions, but decreases
more quickly deep inside the void due to the faster expansion rate there. Compared to
the initial amplitude of ¢, ¢ and y remains sub-percent in magnitude and both shows
propagating features.
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Figure 4.6: Temporal and spatial slices through the spacetime evolution observed
in Fig. [4.3] Here it is clear that the evolution of x is dominated by a propagating
mode. It is interesting to note that the level of ¢ generated is of a similar order of
magnitude than the initial x, and again showing a slower (~ 25%) growth rate inside
the void compared to the outskirts. The variable ¢ is also produced to a significant
proportion early on, but nevertheless decays quickly with time. Both ¢ and ¢ show
strong propagating features in this case.
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Figure 4.7: Spacetime evolution of selected quantities derived from those presented
in Fig. 4.1] - 1| for Case 1. We show: A and w normalised to their maximum values (along
the radial dimension) at iy, as well as § E(ppy, which describes the sum of ¢ and .
Note that, due to our choice of max|@in;(r )| = 1, A here eventually becomes less than
—1; while A does not reduce to the usual density contrast in the FLRW limit — it
is sourced by propagating degrees of freedom — an appropriate rescaling of the initial
amplitudes (fluctuations in the standard Newtonian potential ® are ~ 10~ at z = 100)
is sufficient to avoid any issues regarding the physical interpretation of A as a density
contrast.
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CASE 2
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Figure 4.8: Spacetime evolution of selected quantities derived from those presented
in Fig. for Case 2. We show: A and w normalised to their maximum values (along
the radial dimension) at ti,, as well as dEppy, which describes the sum of ¢ and x.
Note the decaying behaviour in A and w, due to the latter tracing the evolution of <.
The propagating degrees of freedom seen in 0 E(rpy is largely due to x.
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CASE 3
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Figure 4.9: Spacetime evolution of selected quantities derived from those presented
in Fig. for Case 3. We show: A and w normalised to their maximum values (along
the radial dimension) at ti,;, as well as dE(rry, which describes the sum of ¢ and x.
A and w behave more or less like that seen in Case 1, since y generates a ¢ of similar
order of magnitude. The propagating degrees of freedom seen in d Err), caused by ¥,
is clear, as well as the contribution from ¢.
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4.2.2 How important is the coupling?

In this section, we quantify the errors induced when assuming that the coupling of ¢

to x and ¢ is negligible by considering models which initialise ¢ only. We compare

these to cases where Eqs. (2.149), (2.150) and (2.151)) are solved retaining terms with

no coupling between ¢ and {x, ¢}, that is, by solving the reduced system:

. . 2K
O = —4H, o+ [2 — A] © (4.4)
aj
a”’ KT + l7“2I€/ a”
8rGpn,A = —X_Qgp”—l—X_2 — 722 — —2—— ¢ + 0y
a 1— kr a,r

+ 3H¢(U+HL>—<1+2M>K e (et1)

a . (4.5)

2 2 .2

As it turns out, the full coupling is seen to be important for the dynamics of ¢, and
also for the behaviour of A on small angular scales (large [) — see Figs. and [1.11]

From Fig’s and we see that deep inside the void (first peak) the differences
in ¢ are already of order 8% for ¢ = 2 and 15% for ¢ = 10, respectively. This could
have a major impact down the central observer’s past light-cone and therefore such
couplings could be very important in determining observables accurately. On the other
hand, A is well approximated by the uncoupled dynamics for large scales, with errors
below 1% for ¢ = 2; but, already for ¢ = 10, we see errors of order 7 to 8%.

Including a few more angular scales, all the way up to £ = 1000, as well as inter-
mediate snapshots in time, an overall picture of the error in neglecting the couplings
is captured in Fig’s and Regardless of where (in radial distance) we choose
to observe ¢ and A, as we go to smaller scales their expected errors approach some
equivalent maximum value — equivalent due to their relation via the analogue of the
Poisson equation which has A oc £2¢ on small scales (large ¢).

As for observable quantities such as the two-point correlation function of the galaxy
distribution, we should expect corrections of a few percent in the amplitude of the BAO
bump when including the full coupling (because this quantity is of order the square of

A) — see [169)] for the particular case in which the coupling is neglected.
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% diff. Profile today
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0.8f
S-
0105 2 4 10 2 4 6
Time (Gyr) Distance (Gpc)
Initial profile % diff. Profile today
1t 80 —coupled
---uncoupled
601
i o5 a0
a4
?é 207
Tl o |
_ ‘ 0
ninEsYamkiiin
| —20 1
107 V :
-0.5
2 4 6 0105 2 4 10 40 2 4 6
Distance (Gpc) Time (Gyr) Distance (Gpc)

Figure 4.10: Comparison of coupled to uncoupled runs for Case 1. On the largest
scales (¢ = 2), and deep within the void (p;), ¢ is enhanced by ~ 10% when the
coupling is present, while A is enhanced by ~ 1%. As we approach the outskirts of the
void, the differences are sub-percent, as expected.
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£=10
% diff. Profile today
—coupled
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Figure 4.11: Comparison of coupled to uncoupled runs for Case 1. On smaller scales
(¢ = 2), and deep within the void (p;), ¢ is enhanced by a few tens of percent when
the coupling is present, while A is enhanced by a few percent. As we approach the
outskirts of the void, the differences remain sub-percent, as expected.
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Percentage errors on ¢ and A when neglecting the full coupling
1st peak 3rd peak 5th peak

t=to

Multipole moment ¢ —

Figure 4.12: Percentage errors acquired on ¢ (black, dashed) and A (red, solid) from
neglecting the coupling of ¢ to ¢ and y, as a function of ¢ at selected times and radii.
We see in general that the errors increase with time, as well as with increasing ¢, and
are larger deep within the void than towards the outskirts, as expected. The errors
on ¢ and A converge on smaller scales since the term in Eq. proportional to
((¢ + 1) dominates.
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Percentage errors on ¢ and A when neglecting the full coupling
1st peak 3rd peak 5th peak

t:%to

10 10 10 10 10 10 10 10 10 10 10 10

Multipole moment ¢ —

Figure 4.13: Same as Fig. , but at later time slices. Note that by t = t7 we
reach errors of around 30% well within the void, on scales relevant for the BAO. We
can therefore expect percent-level corrections to the amplitude of the BAO bump in
the two-point correlation function of the galaxy distribution at low redshift.
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4.3 Conclusion

We have developed a numerical scheme to solve the system of coupled, linear PDE’s
describing the evolution of (polar) perturbations on a background LTB spacetime. The
implementation is numerically consistent, attaining the expected 2nd-order convergence
with resolution over a wide range of scales. To illustrate the nature of the coupling
between the three master variables in the problem, in separate runs we initialised the
data by several Gaussian peaks in each variable, spanning regions both inside and
outside the void while setting the remaining two variables to zero initial amplitude.
Initial pulses in ¢ result in growth of ¢ and y at the sub-percent level, implying that the
variable ¢ — commonly ascribed to the analogue of the Bardeen/Newtonian potential
— nevertheless contains relativistic degrees of freedom. Initialising non-zero ¢ induces a
sub-percent signal in ¢ and Yy, all while decaying roughly as aﬁz — analogous, but not
equivalent, to the vector mode in a FLRW spacetime. Finally, a non-zero y induces a
¢ to the level of nearly 50% today, while inducing only a sub-percent level of ¢ (from
a maximum level of ~ 20% at earlier times). The propagating nature of x is clearly
seen in this case.

We also investigated whether the coupling between the master variables may be
safely ignored. In particular, we focused on the case of an initialised ¢, and considered
how much error we expect to obtain on A and ¢ when neglecting the coupling of ¢ to
¢ and y. Our results indicate that, well inside the void and on the largest scales, the
errors picked up on A are at the sub-percent level, and so neglecting the coupling in
that case is not an unreasonable assumption. However, the corresponding corrections to
@ itself will be more important, and contributions from lensing and integrated Sachs-
Wolfe effects may be enhanced at around the 10% level when taking the coupling
into account. On smaller scales though, corrections to the assumption of negligible
coupling can grow to a few tens of percent for both ¢ and A for regions well inside the
void. For an observable such as the galaxy-galaxy correlation function, we estimate
corrections to the amplitude of the BAO peak at the percent-level. Of course, since

we have considered aspects of structure formation only valid in the linear regime, we
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4.3. Conclusion

expect that any non-linear effects — the details of which is not clear at this point — will
modify small-scale corrections in some non-trivial way. In any case, as we approach
the outskirts of the void corrections are well below the percent-level on all scales, as
expected in regions of spacetime close to FLRW. Having performed such a calculation
for the case of a cosmological-sized void, our analysis can be easily adapted to smaller

astrophysical-sized voids, and even halos. This will be left for future work.
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CHAPTER b

The galaxy correlation function as a test of the Copernican
Principle

5.1 Introduction

The handful of studies that have confronted LTB models with observations of the
BAO and CMB have all but included the effects of structure growth on top of such
an inhomogeneous background. Here we calculate, for the first time, the galaxy 2PCF
arising from a linearly perturbed LTB background, and use it to extract the radial and
transverse BAO scales. The perturbation formalism that we make use of was developed
in [I54] — see also Section [2.3]

LTB models have sufficient freedom in them to always fit the average BAO scale.
In fact, typically better than the concordance model does — see e.g. the MV model in
Fig. 2.1} Intuitively, at the background level, the presence of shear causes the acoustic
sphere of proper radius Li,;; at an initial high redshift zj,;; to deform, by redshift z,
into an axisymmetric ellipsoid with semi-axes given by

a(z)

a)(2)
Li*(2) = Linit — d LY°(2) = Lin .
(2= L cnd B = b ()

“ a (e, 7(2)) (51

Here we assume the following generic form for the proper radius of the sound horizon
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at the drag epoch [176]

i 01aoget [ Talfimo)

1 Mpe. (5.2)

where Neg = 3.04, f, = Q/Q,, is the local baryon fraction, n = 10719, is the baryon-
photon ratio at that time, T} is the temperature at the drag epoch and it is assumed
that during the process of recombination, the scale of the void inhomogeneity is much
larger than the horizon size at that time (~ 100 Mpc). In general, f, and 7,9 may
exhibit radial dependence, implying that Li,;; could vary over the scale of the model.
Unless we have access to independent measurements of f, and 7 in the same shell at
early times — which lie inside our past lightcone — this results in weaker constraints on
late-time inhomogeneity. Note that, by adjusting the bang time function suitably, it is
possible to fine-tune these models to have the same radial and angular BAO scales.

For the purposes of this study, we consider the SV and BV LTB models introduced
in Section [2.2] and compare these to the fACDM model. In all models, we choose
FLRW initial conditions to ensure that the effects we find arise from the evolution
of structure on the inhomogeneous background. We take the early-time parameters
fp and n in to be those derived from the same WMAP 5-year values used for
the fACDM model. This fixes the initial proper BAO scale to be the same in all
models. The background density €2,, and expansion rates H), H, are shown for these
three models in Fig. (upper panels). We also show (lower panels) the geometric
approximations to the radial and transverse scales, Lﬁeo and L5 and the average BAO
scale d, calculated from them.

In this work, we ignore the coupling that naturally arises between the master vari-
ables of the full PDE system describing the evolution of the polar LTB perturbations —
this is expected to be a good approximation for the simplest LTB models in which the
background shear is typically of the order of a few percent [I77]. In fact, in Chapter
we provided a more rigorous handle on the expected error on the amplitude of the
correlation function when neglecting the coupling: typically a few percent. Note here

that we also ignore complications from bias and redshift space distortions — this is
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Principle

reasonable since we are only interested in comparisons with the standard model, not

with the actual observed correlation function.

5.2 Scalar Perturbations on an LTB background

The full perturbation theory on a LTB background was presented in Section[2.3] Recall
that the latter involved a 242 split of the spacetime, and makes explicit the coupling
of vector and tensor modes to scalar modes at linear order. A first approximation is to
neglect this mode-mixing, and focus only on ‘scalar’ modes — which only occur in the
polar sector. Then the perturbed metric in the RW gauge is ([I54], with notational
change, ¢ — —2)

ds® = —[1 +2®(t,x)] dt* + [1 — 2®(t, z)] gi;dx'da’ (5.3)

where g;; is the spatial part of (2.10). The Newtonian potential here obeys a simple
generalization of the standard FLRW evolution equation for the Newtonian potential

(L.77):
2£
ai

d+4H, & — = =0. (5.4)

Because there are no spatial gradients, ® evolves independently in each r = const.
shell, as if in a separate dust FLRW model. This does not mean that there is no
dependence on spatial gradients: density fluctuations depend on spatial gradients of ®
which couple to the anisotropic expansion of the model. The gauge-invariant matter

density perturbation A is found via the equivalent of the Poisson equation in LTB [154]:
drGajpA = L[P], (5.5)
2 2 2, /
where £ = (L rr)2? + [a' B Lt Sl { —mﬁ)] o,

aﬁ 5(5—1-1) aj|
2 2 +—
ai T a;

— aﬁ@@t -
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5.2. Scalar Perturbations on an LTB background

In the homogeneous limit, we recover the standard Poisson equation as derived in

FLRW (T.75):

irGa’pA = |V’ +3K|® —3d°H(® + HY), (5.7)
where V?2 = (1— Kr?)d? + (2- iKT2>8r - 6(61?; D . (5.8)

Here ¢ is the angular wave number in a spherical harmonic expansion,
D(t.x) = 3 Ot 1) Vi (6. ) (5.9)

Im
and similarly for A.
We set initial conditions for ® at a high redshift, z;,;; = 100, where we assume the

background is effectively FLRW. We write
O (t,r) = o(t, )P (1), O(tin,T) = 1. (5.10)

The subsequent time evolution of ¢(¢,r) is then determined by (5.4)) for each r. Using
(2.26) and (2.27), a parametric form of the solution is given by

o(t,r) = C(r) coshu(t, ) {Sinh 2u(t,r) — 6u(t,r) + 4 tanh u(t, r)} , (5.11)

sinh® u(t, r
1 h5 ini
C(r) = sinh” Uini (1) L (5.12)
cosh Ui (1) [sinh 2Uinit (1) — 6Uinie (1) + 4 tanh uinit(r)}

Note that ® (r) can be written as

init

q)f:ilt(r) = \/ZZ‘E/dgkjf(kr)q)init(k)nm(k), (5.13)

which is related to the power spectrum via

2 2
(i (o) @i (k) ) = P (1) 8° (o = o). (514

Finally, note that when assigning a flat FLRW initial power spectrum to the LTB
models, we need to use the flat FLRW comoving coordinate 7 in (5.13)) at ti, as

opposed to the LTB coordinate r. Since proper radial distance is independent of
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Chapter 5. The galaxy correlation function as a test

Principle
Radial dependence of ¢ today
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Figure 5.1: The gravitational potential ¢ as a function of radius today (top), and of

redshift (bottom).

coordinates, we have d(timit, 7r) = dp(tinit, 7). With dp(tinit, 7r) = a(tinie)7r, we find

oyt T) f0r), (5.15)

TF:(l—FZinit)/OdT 1 ()2
— R\T)T

1 —k(r)r2 = 1 for all r and aj = 0,(a.r).

that

where f(r) = (1 + Zinit)aL (tinig, 7)7 since

Then becomes
1 = 2 G )i Vi) (5.10

m
O (7

We now proceed to the derivation of the form of the 2PCF that our LTB models obey:.
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Redshift dependence of |(Hor)2A/®.|: £ =2
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Figure 5.2: The normalized density perturbation |(Hor)2Agn/®en| against redshift,
for small (top) and large (bottom) ¢. The subscript ‘*” on ® indicates evaluation at

Linit-

5.3 The anisotropic galaxy-galaxy correlation func-
tion

Recall, from Eq. (1.92)), that the 2PCF for the density perturbation A, as observed by

a central observer down their past lightcone, is

Enlty, te, Ty, @y) = <A(t1,w1)A*(t2,w2)>:SA(t(zl),t(zQ),r(zl)fl,r(ZQ)f’g)
= Ea(t(z1),t(22),7(21),7(22),00), (5.17)
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where 71 - 79 = cosd6. The second line follows from statistical isotropy, which applies

for central observers. Using (5.5), (5.9), (5.14) and (5.16) the correlation function

above becomes

-1
Ealz1,22,00) = [(4nGay,ap,’oips] Y Lidy 52¢2<¢>f$“<1>jﬁ:;>

' mm/!

X Yﬁm(’f'l)yﬁ’ ’(A )
[87T (Gay,a),) plPQ} > i A /d3k2 /d3/€1 Ly ¢1Je(k1f1)}

' mm/!

% L2[620 (ks f2)] Vi (71) Yo (f2><<1>mit<k1><1>m(k2>>nmu%lm,m/(1%2>
(20 + 1)Py(cos 60)
(dnGay,ayy)*pipo] /K

= gA(Zla 22759) = Z [ %(21, ):72(227 k)P‘@init (k)v (518)

where a subscript n = 1,2 on a function of (£,7) means the quantity is evaluated at

(t(zn),7(2n)),

Ju(z k) = L[o(t(2),7(2))ie(kf(2))] | (5.19)
and our simplifications came about via of the following properties
[ @RSk~ K)gk) = gk). (5.20)
= EdkdQy, (5.21)
/koYv@m(E)Yvﬂm’(E) = 563/5mm’7 (522)
. . 20+1 L
S Vin¥in(2) = C R0y ), (529

where P, are the associated Legendre polynomials.
To evaluate (5.19), we use (5.6 and the following identities for the spherical Bessel

function

Oju(kf) = —kf'jest, (5.24)

g /
7
I e A I L [EARCE

The result is

Jo = la+ B+ = (1= wr®) f2K6| jo — vEjesa (5.26)
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where
a = (1-rr”)¢" + A¢' — af(Hy +2H,)¢ + B, (5.27)
r " / / 2 /
B = _(1 — kr?) (“’; - f;) + A]} — rj(!i] ¢+ 2(1 — /{7‘2)“;¢’, (5.28)
r f/2 a?
= _(1 - /{T2)F - 7“%!3_1 o, (5.29)
[ 2 " 2f,2 ! ! 2\ 1/
v o= (1—/£r)<f —f>+Af]¢+2f(1—m°)gb, (5.30)
and
. QCLH QCLH 7’2/<L/ CLH/
A = W—<1+m)/€r—2—a(1—nr2>, (5.31)
B = —aZHL(HL+2H||)+Zl rK + (2—{—;1)/1 (5.32)

Note that we recover the FLRW correlation function in the homogeneous limit.
In LTB, the real-space radial and transverse BAO scales are different, and are given

by the peaks in the radial and transverse correlation functions. In the same way as

performed earlier (Section [1.3.2.3)), we define these here as:

Mz1,20) = €alzr, 21 +02,0) = S (20 + 1)C) (21, 22), (5.33)
0

Ex(21,60) = Ealz1,21,00) =D (20 + 1) Py(cos 60)Ci (1), (5.34)
L

where the radial and transverse coefficients follow from (}5.18]):
I 9 -1 dk
Cl(21,2) = |(47Gay,a),)* Py pms] — Ji(21, k) Te(21 + 02, k) Pa, (K), (5.35)
-2 rdk
C@L(Zl) = (47TGCL||?pm1> ? %2(21’16)73‘1%;1“(]{:)‘ (536)

Equations (5.18)), (5.26]) and ((5.33)—(5.36)) summarize our new results that derive the

anisotropic correlation function of matter density perturbations on a radially inhomo-

geneous background.
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5.4 Computation of the anisotropic information

We can now compute the anisotropic power spectra and correlation functions for the
two LTB models we are interested in, and compare with the standard case (see e.g.
[97, 178, 08, 160, 179, 180] for various approaches to compute these quantities from
galaxy surveys in the standard homogeneous framework.)

Figure shows the current profile and the redshift evolution of the gravitational
potential for the three models. Note the greater decay in the amplitude of ¢ for the
void models, due to the presence of curvature, which explains the decrease in the
overall amount of clustering relative to ACDM. The normalized density perturbation
is illustrated in Fig. for the three models. For small-scale modes (large ¢), A scales
approximately as (1 + z)~!. For the large-scale mode ¢ = 2, the ‘decaying’ behaviour
at high redshift is due to the mode entering the Hubble-scale at low redshift.

We calculate the correlation functions by smoothing away power on scales below
1 Mpc, via Py, ., (k) — Ps,, (k) exp[—k?/(1Mpc)?]. This makes the sums over ¢ in
the correlation functions , converge relatively quickly (typically we require
lax(2) S 107(2)/Mpc), but without altering the resulting correlation function.

5.4.1 Power spectra

Fig’s 5.3 and show the angular and radial power spectra, respectively, multiplied
by ¢(¢ + 1) for the three models. The drop in power for high ¢, seen in all models,
is a consequence of the small-scale smoothing. Note also in general the larger overall
power in the concordance model compared to the void models: this is due to the larger

amplitude in A as shown in Fig. 5.2
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Transverse (angular) galaxy power spectrum: £(¢ + 1)C7(21)

10° 10°
10 1077
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multipole moment ¢ —

Figure 5.3: Transverse (angular) galaxy power spectra for the fACDM (red, solid), SV
(black, dot-dashed) and BV (blue, dashed) models at the various redshifts of interest.
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Radial galaxy power spectrum

L 00+ 1)C) (2, 5zpek)
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Figure 5.4: Radial galaxy power spectra for the fACDM (red, solid), SV (black,
dot-dashed) and BV (blue, dashed) models at the various redshifts of interest.
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5.4.2 Correlation functions

The transverse and radial galaxy correlation functions each model are shown in Fig’s[5.6
and , respectively. £+ describes the correlation across the sky in a sphere at redshift
z1. The angular size of the BAO is 00peax, given by the bump in £+, ¢/l which starts
at various redshifts z; and extends to z9 = z; + 0z, shows the correlation of structure
along a line of sight, as the observer looks into higher density regions. The redshift
extent of the radial BAO feature is d2zpeax, Which is given by the location of the bump
in &I,

These plots illustrate, in the context of void models, how different the transverse and
radial correlation functions can be from each other, as well as that from the concordance
model. For instance, in the case of the SV model, the transverse correlation function
can be entirely positive (i.e. no zero-crossing), while the radial correlation function
can be entirely negative. This is due to the large curvature gradients at low redshift,
compared to typical void models that fit SN1a data. While such drastic behaviour is
not as obvious for the void model that fits the average BAO scale, i.e the BV model, the
amplitude differences are still noticeable compared to that of the concordance model.
Curiously, even though we neglect redshift space distortions, the effect of the void is

qualitatively similar to the effect of redshift space distortions in FLRW (see [181]).
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Transverse galaxy correlation function: £x(z1,d6)
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Figure 5.5: Transverse galaxy correlation functions for the fACDM (red, solid), SV
(black, dot-dashed) and BV (blue, dashed) models at the various redshifts of interest.
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Radial galaxy correlation function: l(zl, 02)
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Figure 5.6: Radial galaxy correlation functions for the fACDM (red, solid), SV (black,
dot-dashed) and BV (blue, dashed) models at the various redshifts of interest.
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Principle
fACDM SV BV
Redshift 5Zpeak 59peak 5Zpeak 60peak 5Zpeak 50peak
(1) (degrees) (degrees) (degrees)
0.025 0.03573 89.779 0.02887 95.347 0.03457 84.207
0.05 0.03613 41.552 0.02367 | 37.554 0.03541 39.704
0.075 0.03653 27.506 0.02113 21.584 0.03619 26.491
0.1 0.03695 20.653 0.02093 14.791 0.03691 20.013
0.2 0.03877 10.517 | 0.02712 6.985 0.03937 10.351
0.3 0.04082 7.171 0.03160 4.911 0.04141 7.103
0.5 0.04557 4.516 0.03929 3.285 0.04539 4.468
0.7 0.05111 3.392 0.04745 2.585 0.05025 3.334

Table 5.1: BAO scales extracted from the simulated galaxy correlation functions.

5.4.3 Extraction of the BAO scales

We determined dzpeax and d0pex numerically, see Table. , from the local maxima
in the correlation functions. These results are also shown in Fig 5.7 along with the
geometric approximations (i.e., without incorporating the effect of perturbations),

L5

028%° = Lgeo(l + Z)HH, d.
A

=1L 005 =

(5.37)

geo

where L , L8 are given by (5.1). Our results show that the geometric formulas
commonly used for constraining LTB with BAO fail at the percent level. While current
data are not able to resolve such differences, this may be possible with future surveys
such as SKA and Euclid. Furthermore, note that the size of these corrections are of a
similar order to the corrections from redshift space distortions in FLRW [I81]. Also,

while the geometric formulas in (5.37)) give the correct observed scales for fACDM, care
should be taken for large 06, since Eq. ([5.37) is only valid for small angles.

5.5 Conclusion

We have derived for the first time the anisotropic real-space two-point correlation func-

tion for the gauge-invariant matter density perturbation, in a LTB universe with radial

inhomogeneity in the background — summarized in (5.18), (5.26) and (5.33)—(5.36]).

For this we neglected the coupling of the scalar mode (i.e. gravitational potential)
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0.07

—geometric (ACDM) 2
o numerical (fACDM) 10

—geometric (SV)
0.06( x numerical (SV)
—geometric (BV)
+ numerical (BV)

~ 0.05¢
N
0.04¢

0.03;

S Y 10° ‘
02 04 06 08 1.0 107 10°

0.02

Redshift zy —

Figure 5.7: Radial galaxy correlation functions for the fACDM (red, solid), SV (black,
dot-dashed) and BV (blue, dashed) models at the various redshifts of interest.

with vector and tensor modes — which should be a good approximation, at least on the
large scales relevant for the BAO. An analysis of the effects of mode-coupling, which
would entail the integration of PDE’s, is carried out in [I82] — see Chapter [ We
also neglected contributions from bias and redshift space distortions, since our primary
focus was a comparison with the concordance model, not to test void models against
data. Redshift space distortions in LTB void models deserve further investigation, in
particular to check whether the FLRW formula provides a useful approximation.

We computed the radial and angular correlation functions for two void models, one
relatively small (SV) and one Hubble-sized void that fits the average BAO data (BV)
— see Figs. and 0.5 We used the peaks of the computed correlation functions to
extract the radial and transverse BAO scales. The results were compared with the
geometric approximation that has been used in all previous work, showing that the
geometric approximation to the BAO scales in LTB fails at the percent level — see Fig.

b.7 Future large-volume surveys, such as SKA and Euclid, may thus be able to rule
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Chapter 5. The galaxy correlation function as a test of the Copernican
Principle

out the void models on the basis of their BAO scales.

However, even if void models can be fine-tuned to reproduce the radial and trans-
verse BAO scales, these scales represent only one feature in the galaxy correlation
functions. The void correlation functions differ significantly from those of the concor-
dance model (Figs. and . In particular, the void radial correlation can become
negative (anti-correlation) before, and even at, the BAO peak, while the concordance
correlation is positive. The void transverse correlation may be positive for all scales,
unlike the concordance one. These features resemble the effect of redshift space dis-
tortions in FLRW (see Figs. 4 and 6 in [I8]1]), since the anisotropic expansion rate in
LTB can mimic the effect of radial peculiar velocities in FLRW. However, there are
significant further differences between the two models which arise from the effect of
LTB perturbations.

This leads to our key final result: even if the radial and transverse BAO scales match
observations, the radial and transverse correlation functions contain direct signatures
of the anisotropic growth of perturbations in a non-FLRW model. These correlation

functions can thus be used as direct tests of the Copernican Principle.

129



5.5. Conclusion

130



CHAPTER 6

Summary and Future Work

Cosmologists of the forthcoming decade will experience an unveiling of incredibly pow-
erful telescopes that will map the cosmic web to unprecedented accuracy. It is expected
that we will be able to track the evolution, if any, of the equation of state of DE to
percent-level precision. In order to take advantage of this, however, theories of struc-
ture formation have to be even more accurate than before. This has sparked numerous
studies which address possible corrections to current models of structure formation, be
it in the linear regime via relativistic corrections [165], or in the non-linear regime via
N-body simulations [164].

In this work, we have developed a new code that will allow us to peer into a fairly
unexplored area: relativistic corrections on top of a strongly nonlinear background.
We pointed out that this will be important for not just corrections to cosmological
structure formation, but also for other applications in which spherical symmetry is a
good approximation — see below for a list of planned future work. Our code makes
use of a 4th-order Runge-Kutta numerical scheme, which we showed to be stable and
convergent at the expected (2nd-order) rate, in the case of a background Gpc LTB
void model.

We then explored the solutions to our set of master equations, under a specific set of
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boundary conditions, but for three different sets of initial conditions. The background
chosen for this was the same Gpc LTB void model we used to check for convergence
(i.e. the MV model). We certainly found no shortage of interesting features contained
within the solutions: apart from the usual growing part of the density contrast, we
see contributions from rotational (vector) and propagating (tensor) degrees of freedom.
Initial pulses in ¢ result in growth of ¢ and y at the sub-percent level, implying that the
variable ¢ — commonly ascribed to the analogue of the Bardeen/Newtonian potential
— nevertheless contains relativistic degrees of freedom. Initialising non-zero ¢ induces a
sub-percent signal in ¢ and Yy, all while decaying roughly as aﬁ — analogous, but not
equivalent, to the vector mode in a FLRW spacetime. Finally, a non-zero x induces a
¢ to the level of nearly 50% today, while inducing only a sub-percent level of ¢ (from
a maximum level of ~ 20% at earlier times). The propagating nature of x is clearly
seen in this case.

We then estimated the errors acquired on the gravitational potential ¢ and density
contrast A when the full coupling to vector and tensor degrees of freedom is neglected.
This approximation is expected to be reasonable for void models which accommodate
SNIa distances, in which the background shear is of the order of a few percent [177].
It was found that, well inside the void and on the largest scales, the corrections to
A are sub-percent, implying that it is reasonable to neglect the full coupling in this
regime. However, the corresponding corrections to lensing and ISW contributions from
¢ may be enhanced at around the 10% level when taking the coupling into account.
Still inside the void, but on smaller scales, corrections to the assumption of negligible
coupling can be as large as a few tens of percent for both ¢ and A. corrections to ¢
can be as large as 10% deep within the void, while percent-level corrections to A is to
be expected. This translates to corrections to the correlation function — including the
amplitude of the BAO peak — at the percent level. Of course, since we have considered
aspects of structure formation only valid in the linear regime, we expect that any non-
linear effects — the details of which is not clear at this point — will modify small-scale

corrections in some non-trivial way. In any case, as we approach the outskirts of the
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Chapter 6. Summary and Future Work

void corrections are well below the percent-level on all scales, as expected in regions of
spacetime close to FLRW.

In an attempt to gauge the effect that these new corrections have on cosmological
structure formation, we computed the anisotropic galaxy 2PCF for a small (SV) and
large (BV) LTB void model in the case of negligible coupling of ¢ to ¢ and x. We found
that, even for the simplest void model that fits the averaged BAO scale, the amplitudes
of the transverse and radial correlation functions in real space may be very different.
Interestingly, the effects of such anisotropic structure growth mimics that of RSD in
FLRW: the radial correlation function is lowered in amplitude, while the transverse
correlation function is raised. There are even cases in which the BAO peak occurs
around a scale of (radial) anti-correlation, as well as a completely positive (transverse)
correlation function at all scales. Since we can expect such differences to be detected
with future galaxy surveys, the anisotropic correlation function therefore provides us
with another tool with which to probe the Copernican assumption. In addition to
this, we also showed that such anisotropic growth in structure shifts the BAO peak
positions, expected by geometric approximations, by roughly 1%.

The code we developed here has opened up a number of interesting topics that will

be considered in future work, such as:

Generalising to other LTB models, and realistic initial conditions. A satisfac-
tory dust-only LTB model that can fit all the available data is yet to be estab-
lished. Only by taking the effects of linear perturbations into account as we
have done here, as well as including realistic initial conditions into the setup, can
any final conclusions be made about these models as alternatives to ACDM. To
do this fairly, however, would require us to explore a more general set of LTB
backgrounds. Such as, those that contain asymptotic curvature, describe a local
overdensity (as opposed to an underdensity), contain a non-uniform bang-time,
and those that have non-central observers. In addition, it would be useful to
work with variables that reduce to SVT in the FLRW limit, since we can then

make more straightforward comparison with the standard predictions.
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Quantifying the full ISW effect. The ISW effect is a sensitive probe of the nature
of DE, as well as the underlying spacetime curvature. In this work we derived a
formula that captures the full ISW effect in a LTB model. By cross-correlating
the ISW signal with that of the CMB, we hope to further constrain the space of
viable LTB models. This, however, again requires a careful choice of variable to

use that makes sense from a standard model perspective.

Estimating the weak lensing of GW’s via halos/voids. In order to use the col-
lisions of supermassive black holes as “standard sirens” . (see e.g., [I73]), we need,
among other things, to carefully model any distortions the GWs encounter along
their journey to our detectors. A particular type of distortion on the expected
GW signal comes from their weak lensing by intervening dark matter halos/voids
(see [I74]). Note, however, that in the case that the GW wavelength is of the
same order as the size of the dark matter halos/voids, the geometric optics ap-
proximation for the lensing is expected to break down. Our code, for instance,
can provide help quantify the lensing of GW’s more accurately by modelling a

dark matter halo/void using a LTB model, and scattering GW’s off of it.

Including the effects of redshift-space distortions and bias. To properly com-
pare predictions of e.g. the 2PCF within a LTB model with the observed 2PCF,
we need to take RSD and bias into account. The effect from RSD is expected
to come from the radial component of the velocity perturbation in LTB, i.e. the
variable w (see Eq. (2.147))). By including this term, as well as some appropriate

form(s) for the bias, we hope to constrain the space of LTB models even further.

Observing GW’s from structure growth. Finally, if observations by e.g. [26] are
confirmed to be the case, i.e. that we do live near the centre of a large spherical
void, it seems fair to ask the following: what is the expected GW signal that will
be produced by more realistic structure growth within such a non-linear back-

ground? Can we use this to further constrain the space of viable LTB models?

These are just some of the avenues we hope to explore in future work.
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APPENDIX A

Useful analytic formulas: LTB background and scalar
gravitational potential ()

In this appendix, we list all of the remaining analytic expressions (not shown in the main
text) required to evaluate the LTB background quantities appearing in this thesis. We
do the same for the scalar gravitational potential (¢) as required for the computation
of the galaxy correlation function in Chapter [5]

The LTB background quantities we require are:

Q' = 2r(Q" = Q) exp | - (r/L)?] /L, (A.1)
Q" =2 = ) (1= 2(r/L)?) exp | — (r/L)*] /L, (A.2)
uy = —mi"éﬂ_k, (A.3)
=l S 2]
Hiy = Hig [%S:Qj 2 21;?;[}?221:2302;0”] 7 (A.5)
Hy" = Hlo{ 29,1% (QL(Qm +2)+ Q0 |14 (€ ¥ ;)i;fzm — 1)] )
() i G e 49
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Appendix A. Useful analytic formulas: LTB background and scalar
gravitational potential ()

(ar —ap)a’  aiq)] Kk

2 2

87TGpm/ = QHJ_H”, + Q(HJ_ + H”)HJ_, -2

/ /
a+3_r<@p_%>
a| a”aJ_ a| a”

K re

(A.23)

a J_aH a J_a” ’
For all expressions pertaining to the scalar gravitational potential, ¢, we require:

2 cosh 2us — 6 + 4 sech®usy
sinh 2uiniy — Guini, + 4 tanh ugy

C" = Cuiyy [5 coth iy, — tanh ui,, —

],(AQ@

C’ 2 cosh 2u — 6 + 4 sech®u
"= p|— 4| tanhu — 5 coth A.25
14 gplc—i—u(an Y 0 u+sinh2u—6u+4tanhu>1’ ( )
2 cosh 2u — 6 + 4sech’u
h =1 tanh u — 5 coth A .26
4 ugp[ anii oo u+sinh2u—6u—|—4tanhu]’ ( )
chH?ooul 2 cosh 2wy — 6 + 4sech?uyy
C/ — ( init C/ C / ) 2 ini ini
C * fnit O ) sinh 2w, — Ouinie + 4 tanh wp;;

4 sinh 2uinit - SSech2u1mt tanh Uinit

—5cosech?usy; — sechuy — ], (A.27)

sinh 2uinit — 6uinit + 4 tanh Uinit

ol ! 2
o' = [C’ - <C> + u” tanh u + (u'sechu)® — 5u” cothu

C

2 cosh 2u — 6 + 4 sech®u
sinh 2u — 6u + 4 tanh u

O//
+ 5(u'cosechu)21 + ¢ l + u' tanh u — 5u’ coth u}

+<M¢+wmvl

u'o
* sinh 2u — 6u 4+ 4 tanh u
2 cosh 2u — 6 + 4sech?u
 sinh 2u — 6u + 4tanhu] '

[4 sinh 2u — 8sech?u tanh u

(A.28)
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APPENDIX B

Spherical harmonics: components of vector and tensor basis
functions

Here we list the components of the vector and tensor basis functions that are derived

from the scalar spherical harmonic functions, Y;,,(0, ¢), as made use of in this thesis

(see Section [2.3)).

e Polar case:

The vector basis functions here are Y, = Y,. The components are simply

Yo = Y:9 ) (Bl)
Yo = Y. (B.2)
The tensor basis functions are Y, = Y. + @%bY. The components are
0+ 1
Yoo = Yo+ ( 5 )Y, (B.3)
Yoo = Yip —cotfY,, (B.4)
(l+1
Yo = Yyp+sinfcosfYy+ ( ;_ ) sin? 0Y . (B.5)

o Axial case:
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The vector basis functions here are Y, = ¢,°Y},. The components are given by

— 1
= Y B.6
Sil’le 7¢)7 ( )
?(75 = —sin 0Y:9 . (B?)

The tensor basis functions are Yo, = 2Y (44) = [€0 Yl + [é “Y4].o. The compo-

nents become

v {sin 0Y g4 — cos (9}/,4 : (B.8)
sin

17 1
5 [sinﬁy’w — sin 0Y gy + cos H}fg] : (B.9)
- [sin 0Y gy — cos GY@] : (B.10)
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APPENDIX C

Two-point correlation function: generic formulation

Following [I83], the full anisotropic two-point (auto-) correlation function of some

quantity X = A+ B + C + ..., in redshift space is defined as

Exxe (21, 20,60) = <X(t(z1),r(zl)fl)X*(t(ZQ),r(z2)'ﬁ2)>, (C.1)
= (X1X3)
= (A14]) + (B1B3) + (C1C3)
+ (A1 B3) + (A1C3) + (B1A3)
+ (C1A}) + (B1C3) + (C1B3) + ...
= faa + &+ + oo + 2§ap) + 2§acr) + 2By + -
(C.2)

where 71 - 7o = cos 06, and the round brackets around the subscripts denote symmetri-
sation as usual. Expanding the quantities on the two-sphere, and relating them to the
Newtonian potential ® via some operator £ (through, e.g. the Poisson equation) we

have

Alt,r) = ZﬁA [q)ém(tar)}yém('f') ) (C.3)

Im
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where Yy, the spherical harmonics. We can thus write generally that
Eap-(21,22,0) = Z Z <£A [@{m} Lp {‘bzélm/} >nm(ﬁ1)n'm/(f2) . (C4)
tm '/
Further assuming that we can straightforwardly factor out the initial condition of ®

from it’s governing evolution equation (e.g. Bardeen equation), so that

Ot ) = Bt )P (r) D) =1, (C.5)
(C.4) then bcomes
Eap-(21,22,0) = Y EALB¢1¢2<(I>£$1;1q>iknit2£/m/>nm(/ﬁ1)n’m'('ﬁ2)' (C.6)
20'mm/

Now, ® (1) can be written as

init

q)i[r?ilt(r) = \/ziz/dgkjf(kr)q)init(k)nm(ff), (C.7)

which is related to the power spectrum via

2 2
(B ) i (k2) = o P ()5 (ks = ) (C8)

The initial power spectrum of the Newtonian potential is given by
9 2
P‘Dimt(k) = 2757)73,11 (k?), (09)

where Pr (ko) is the amplitude of the primordial curvature perturbation on some the
pivot scale kg, and T'(k) is the matter transfer function, with 7'(ky) ~ 1. Note that
since we fix the initial conditions with a flat FLRW power spectrum, we need to use
the corresponding comoving coordinate rp in , as opposed to the LTB coordinate
r. Proper radial distance is independent of coordinates: d,(tinit, 7r) = dp(tinit, 7). Since

dy(tinit, 77) = a(tinit)7F, we find that

a (tinitv 7”)

e = (14 Zinit) /OTdT = f(r), (C.10)

\/1—k(r)r? N
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Appendix C. Two-point correlation function: generic formulation

where f(r) = (1 + Zinit)ay (tinit, 7)7r since /1 — k(r)r? = 1 for al » and a = 0,(a,r).
(5.9) then becomes
2, , .
() = =i [k ol () i () Yo () (C.11)

Plugging (C.11)) and (C.8) into (C.6) we get

§AB*(2’1,22,9) = 4 Z @'Z_el/dgké/d?)/ﬁ kf3£A£B¢1¢2jz(k1f1)je'(kizfz)

' mm/!

x 6% (key — ko) Papyy (k1) Yerm (k1) Yo (ko) Yo (1) Yrm (72)
= dr Z‘K_E//dlnkl LaLppraje(kifi)je(kifz)

' mm/

X Py () Vi (1) Y (72) [ A% Yo () Yo ()
= 4x Y [ Wby Lalodrtngulhufi)je(bs f2)Pa ()
Im
X Yvﬁm('ﬁl)}/ﬁm('ﬁQ)

= > (20 + 1)P(cos(8))Ce(21, 22) (C.12)
¢

where

Colz1, 29) = / A1k LaLpdrdojolkf)je(kfo)Po.. (k). (C.13)
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