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Chapter 1

Introduction

The past two deciades have seen a remarkable change in the nature of cosmol-
ogy, a shift from a predominately theoretical science to the new era of “precision
cosmology”, where predictions are measured against extremely accurate obser-
vations. In no smell part, this change is due to our understanding of the Cosmic
Microwave Background Radiation {(CMB), and the new set of precise observa-
tions that have, and are still, being made of it.

So how did the CMB actually come to be? In order to understand this,
it is important to realise that the further one looks out into the universe, the
further back in time one is looking. This is easily understandable as soon as
one realises that light, just like everything else, travels at finite velocity. Now,
standard theories of the universe’s past claim that it began very small and hot,
and ever since has been cooling and expanding. Thus, the further back one
locks, the hotter it is. At early enough times, it was hot encugh to ionise
hydrogen. In thic epoch the universe was sufficiently dense for the coupling
of the free electrons with the photons to render it opaque — the mean free
path (average time until collision) of a photon was effectively zero. This all
changed when the universe reached 3000 K, when atomic hydrogen formed,
and significant interaction between the photons and the matter no longer took
place. Thus the photon mean free path became effectively infinite, making the
universe transparent to light. Now, if the universe was approximately isotropic
and homogeneous this would have happened at roughly the same time in any
direction we looked, creating an almost isotropic opaque shell surrounding us.

One of the first triumphs of precision cosmology was the detection of the
black-body spectriim of the CMB by the COBE satellite. The theory governing
the photon-baryor. plasma predicts that the photon gas would have had a black-
body spectrum at the time of decoupling, which is preserved as the light travels
towards us. In fuct, the universe acts as a gilant gravitational lens, so that
the further away ight comes from, the more it is red-shifted by the universe.
So instead of seeing a black-body spectrum centred at 3000 K (the ionisation
temperature for Hydrogen), one would expect to see a black body spectrum at
about 3 K. In 1989, the COBE satellite was launched to detect exactly this,
and found, remarkably, that CMB was indeed black body with a radiation
temperature of 2.736+0.005 K. This observation is said to be the most accurate
physical observation ever made.

While the CM1 radiation is remarkably isotropic, possessing anisotropies of



the order of 10™% it is precisely the anisotropies that, with careful measure-
ment, allow us to determine many of the fundamental parameters underlying
our universe. These anisotropies are measured by first measuring the average
temperature of the CMB (called the bolometric temperature), and then mea-
suring the deviations from this in a particular direction. In fact, it is only the
statistical properties of these deviations that is of interest — the map of the
anisotropies that are observed is used to calculate the power at each angular
scale using spherical harmonics. The resultant power spectrum, which is simply
the graph of power versus angular scale, is an extremely powerful observational
tool.

The theory of the CMB may be used to predict the power spectrum, given
the values of the fundamental cosmological parameters. The spectrum is com-
posed of a series of decreasing peaks. By measuring the position and height of
these peaks, and doing a best fit to the theoretical power spectra, one may then
determine the values of these constants. However, as is to be expected, there is
some degeneracy :n the fitting of the parameters, and other observations {such
as supernova obscrvations, red-shift surveys, etc.) should be used in conjunc-
tion with the CAMB data in order to constrain the parameters. Nonetheless,
the measurements of the CMB already performed (in particular, the COBE,
BOOMerANG and WMAP measurements) have done a great deal to constrain
the possible ranges of these parameters.

One of the questions cosmology still has not satisfactorily resolved is the
origin of magnetic fields in the universe. These have been observed at all scales
where man has devised means to observe them, from stellar scales, to inter-
galactic and intercluster scales. Indeed, there is no reason to believe that they
are not present, it some level, at even larger scales. However, a satisfactory
explanation for their origin is yet to be {ound.

The two mos: popular theories for the creation of these magnetic fields,
namely the Galacric dynamo, and primordial field amplification, both rely on the
presence of a seed field, which they then amplify. However, the galactic dynamo
requires a far weaker seed field compared to primordial field amplification. It
would thus be helpful, in trying to understand magnetogenesis, if one could
discover some means to detect such a seed field.

One way to do so would be to search for a signature that such a magnetic
field might leave on the CMB, and then look for the presence of this signature
in CMB observations. This is the principal aim of this thesis.

The thesis is organised as follows:

o Chapter 2 introduces the theory required to calculate the CMB power
spectrum tzking into account the presence of a magnetic field. The chapter
aims to be self contained, giving an overview of the calculation starting
from first principles.

¢ Chapter 3 focuses on observations, giving a review of the current state of
CMB observations, as well as observations of maguetic fields.

e Chapter 4 does a detailed theoretical calculation of the evolution of scalar
perturbations in a magnetised radiation/dust universe, closely following a
similar calculation by Padmanabhan [64], and comparing the results.

¢ Chapter 5 zives a careful overview of how one modifies the CAMB code
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{which calculates the CMB power spectrum) to include the effects of a
magnetic field. It then goes on to discuss the calculated power spectra.

e Chapter 6 presents a summary and discussion of the results.



Chapter 2

General Relativity and
Cosmology

The Einstein Field Equations (EFEs),
Gap + Agap = kT4, (21)

are the foundatior stone of General Relativity. These equations link the matter
content of the universe, represented by the energy-momentum tensor T,;, with
the universe's geometry, partly determined by the Einstein tensor:

1
Gap = Rap ~ 'Q'Rgab- (2.2)

Here Rgp is the Ricel tensor, and R the Riccl scalar. g, is the metric tensor,
and A is the cosriological constant'. The twice contracted Bianchi identities
guarantee that energy-momentum is identically conserved.

The EFEs only determine ten of the twenty degrees of freedom of the Rie-
mann tensor, defi-ied by the Ricci identities,

Rabcdvd = Qv[avb]vv (23)

Here V, is any 4-vector, FHgpeq is the Riemann tensor, and the square brack-
ets denote antisymmetrisation on those indices. The remaining ten degrees of
freedom are given by the Weyl tensor,

L 1
Cabed = Rapea = 5 (Radgbe — Racgva + Rocgad — Roagac) — ER(gacgbd ~ GbcHad)
(2.4)
which determines gravitational action at a distance, through tidal forces and
gravitational waves. In analogy to Electromagnetism, the Weyl tensor is usually
decomposed into an “Electric” and a “Magnetic” part, respectively:
Eab = Cacbducuda (25}
Hab = *Cacbducud‘ (26)
We will later see that the “electric” part is involved in tidal forces, and the
“magnetic” part in the propagation of gravitational waves.

'We use the sign conventions of [23] , and choose geometrised units such that ¢ = | = x ==
87G/c?. Indices like a, b, ¢... range over {0, 1, 2, 3}, and indices like 4, j, k... range over
{1, 2,3}
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2.1 The covariant approach to cosmology

In cosmology, we mmake the assumption that there exist a set of fundamental
observers that moves along the paths given by z%, having the corresponding
4-velocity s
o dz
ut = (2.7)
with 7 the proper time measured along the fundamental world lines?. There
are generally a nunber of ways to choose the fundamental frame: most how-
ever involve the fundamental observers to be co-moving with one of the matter
species, or, as in the case of the energy frame, with the “centre of mass” of all
the matter.
With the definition of the fundamental 4-velocity, one may define the pro-
jection tensors:

hab = Gab + uquy, (28)

Uw = —ugup, (2.9)
which project respectively into 3-dimensional instantaneous rest space and 1-
dimensional time-1 ke sections.

It is easy to see that the Uy, and hy,y tensors are indeed (orthogonal) pro-
jection tensors, and are thus the metric tensors in the subspaces they project
to:

hab =R apys B = RS, h,® =3, u®he =0, (2.10)
U =Uawy, ULU=U,, US*=1 h*U =0. (2.11)

As is usual, the ronund brackets denote symmetrisation about these indices.

It is convenient now to introduce the spatial “derivative”? of a tensor:
Vet e = hhE R SERG R EVPTTS (2.12)
The usual time derivative can be similarly defined:
Tt 4= uVT 4 (2.13)

It is possible to find analogues of the usual divergence and curl of vector calculus
in the instantaneous rest space of the fundamental observer; these are (for a
vector, V,, and a tensor, T,p):

divV = VeV, div(T), = VT, (2.14)
curlV, = €4 VOVE,  curlTy, = ecd(a@CTb)d. (2.15)

Here €45c = Napequ? is the 3-dimensional volume element, which is simply the
projection of the totally skew space-time volume element defined by 19125 =

\/|detg?®|.

2This may seem tc be antithetical to the General Relativistic idea that any frame choice
is valid. However, that validity of any particular frame does not have any bearing on its
convenience, and it is primarily the convenience of calculations in the fundamental frame that
lend it its importance. Many problems would be all but intractable without a convenient
frame choice.

3The spatial derivative is in fact only a derivation in the instantaneous rest space at any
point.




The projected symmetric trace-free (PSTF) part of a vector V* and a tensor
T is defined as

a 1
Vi) = habvb’ plab) — [h( chb){i _ ghabhcd]TCd- (2.16)

One may then inductively define the PSTF part of higher rank tensors.

With these operations, one may now split each index on tensor into its time-
like and spatial parts, and further split the spatial part of the tensor into into
its trace, its antisymmetric part, and its PSTF part. Applying this reduction
systematically to General Relativity is the essence of the covariant approach to
cosmology.

2.1.1 Kinematic variables

By performing a 143 splitting of the derivative of u®, one obtains the funda-
mental equation:

1
Valty = =Uap + Whe + 0ap + gehab- (217)

Here a, is the acceleration vector given by a, = uyVtu,, © is the trace of the
gradient (@ = V%u,)}, and represents the volume expansion, o4 is the projected
trace-free symmetric part of the gradient (o(a) = Vi, 0,* =0, oapu’ = 0),
and represents the shear, or rate of distortion of the matter, wy; is the skew
symmetric part o7 the gradient (Wi, = Viuy), wept® = 0), and represents the
vorticity, or rate of rotation of the matter. For later convenience we define the
magnitudes

1
o = 50“%&&? (2.18)
5 1
W= éw“bwab. (2.19)

One may gain further insight into the role of these variables by looking at
the evolution of 1 earby observer?.

If one adopts normalised co-moving coordinates z® = (s,y'), so that

ds  dyt
dr ' dr
then the curves slong the surfaces defined by s = const are dragged along the
world lines into ovher surfaces s = const. One such curve, y* = y*(v) in a surface
§ = $g, then links a set of fundamental observers throughout their evolution.
Thus the vector * = (dn®/dv)dv, which lies tangent to the this curve, and has
co-moving coordinates

n* = (0,6y"), &y’ = (dy'/dv)dv, (2.21)

ut =80, o

0, (2.20)

links the worldlires of two nearby observers ~ O : y* = ¢! and G : y' = ¢ + §y*
{c¢' and éy* are constants). Thus the vector n* is called the connecting vector,
and is given in general coordinates {z°} by

0z° ;
n® = ( i) 8y'. (2.22)
81} s=CONnst

4This argument essentially follows Ellis in [30].




In general the connecting vector is not orthogonal to the fluid flow lines - it
contains both a timme-like and a spatial part. In order thus to get an analogue of
the Newtonian relative position vector, we need to take its spatial projection:

0t = hoy. (2.23)

This relative position vector can be decomposed into a relative distance 6/, and
direction e*:

Nt ==e%l, e%e, =1, e, =0 = §ini, = (8)% (2.24)

One may now find propagation equations for 6/ and e as follows:
With the definition of the relative position vector 71, it is straightforward
to define the relative velocity vector

vt = (0} )1 = b (h ) . (2.25)

As a consequence of * being a connecting vector, [u,7]* = 0. One may then
show .
v = Vet Vi = Veu,. (2.26)

Comparing with Eq. 2.20, we see that
. 1
Vab = wap + 0ap + gGhab- (227)

Using Eqgs 2.24, .25, 2.26, one now finds the propagation equation for the
relative separation {generalised Hubble’s law)
of 1
5= 5@ + aape’el, (2.28)
and direction
¢ =0l eb + [0%, — 0% (g.qcte)]el. (2.29)

By setting the shear and the vorticity to zero, one may clearly see how © causes
isotropic expansion. Similarly, setting © and w® to zero, we may sce the effect
of the shear. As its trace is zero, an non-zero shear will have three distinct
(orthogonal) eigenvectors, with at least one of the eigenvalues negative (if the
shear is non-zero). Choosing an orthonormal basis with these eigenvectors,
we see that this leads to expansion in at least one direction, and contraction
in at least one other. Turning to the vorticity (and setting © and o, zero),
we see that the vorticity causes pure rotation (the relative distances remain
unchanged). We may find the axis of this rotation by defining the vorticity
vector w? by

1
w® = 55‘“’%}58 & Wap = Eqpe, (2.30)

which shows the vorticity vector is a vector orthogonal to u* (i.e. in the instan-
taneous rest space of u®) and an eigenvector of w,, with a zero eigenvalue. Thus
the vorticity vector is the axis about which the rotation takes place.

In general all of these quantities are nonzero. However, the only quantity
that causes a change in the volume is O, as all the other variables are trace free.
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The change of volume V is given by © : V' — V(1 + §10). It is then convenient
to define the lengtn scale S(r) by

I = -0, 2.
5 39 {2.31)

One then has that change in fluid volume is proportional to S®. The Hubble
parameter for the flow is defined by

S=HS. (2.32)

We see that © = 3H.

2.1.2 The energy-momentum tensor

The energy-momentum tensor of an imperfect fluid may be irreducibly split as
Too = praus + 2q(qus) + Phas + Tap, (2.33)

where p = Tyu®u' is the relativistic energy density, g, = —T*ugh., is the rela-

tivistic momentum density (or, dually, the relativistic energy flux), p = % wpht?

is the isotropic pressure, and wg = Tcdhc<ahdb> is the anisotropic pressure.
The conservation of energy-momentum:

VT, = 0, (2.34)

which follows directly from the EFEs and the twice contracted Bianchi identities,
gives rise to conservation equations for the energy

p+ (p+p)0 + 704 + ¢"as +q%, =0, (2.35)
and momentum

4

(p +p}aa + hac(pw + Trcb;f) + (,20) + (wab + gab + 3

G)ha”) wm=0  (2.36)

An important particular case is that of the perfect fluid. This is a fluid with
only p and p non-zero. This greatly simplifies the equations for the conservation
of energy and momentum:

p+p+pO = 0, (2.37)

(p+plag+h,p. = 0. {2.38)

The energy-momentum tensor is not sufficient for a complete description of
the fluid; an equation of state linking p and p is also needed. This is often taken

to be of the form:
p = wp, (2.39)

with w a constant. The fluid is then known as barotropic. Some important
fluids can be modelled in this way:

1. Dust (or pressure free matter) is a barotropic perfect fluid with w = 0.

2. Radiation is a barotropic fluid (often taken to be perfect) with w = é—

11



3. The cosmological constant can be seen as a barotropic perfect fluid with
w= —1,

In reality the iniverse does not contain only one fluid species, but is in
fact composed of various fluid components. Each component then has its own
energy-momentum tensor T;;), and only the total energy-momentum is con-
served: 0

syt
> overy =0. (2.40)

1

2.1.3 Dynamics

Propagation and constraint equations governing the variables need to be found
in order to study their dynamics. We already have two such equations, Eqs 2.35
and 2.36, but more are needed in order to describe the dynamics completely.
These will be found by considering the various identities involving the Riemann
tensor {and its cor tractions) along with the Einstein Field Equations.

The Ricci identities

The Ricci Identities,
2V Viu® = Ry, qu?, (2.41)

give rise to the first set of such equations. Substituting the expression for
uqgp (Eq. 2.17), using the EFEs (Eq. 2.1), and reducing to trace, trace-free
symmetric, and antisymmetric parts yields three propagation equations [31]:

. 1 - 1
0 = --592 + g0’ + Vot - 2(0% - w?) - §K(p +3p) + A, (2.42)
2 |

L - ,‘ggwa + 0% + Esc‘b“vl,ac, (2.43)

Gab) = m%@Oab +alegh) £ Flagh — glo ghe e bhe
- (Ea?’ - émr“b) ; (2.44)

and three constraint equations:
N 2. .

0 = Vyoot - VIO + £9 [V, + 2apw,] + rg?, (2.45)
= Vaw® = agw®, (2.46)
= H® 4200908 + VY — (curlo)®. (2.47)

The propagation equations merit individual discussion:

1. The first equation, Eq. 2.42, is known as the Raychaudhuri equation, and
is the basic equation of gravitational attraction. Recasting the equation
as an equation for the scale factor,

S 2 2 [ 1 ‘
3§ =—-2(c° —w) +a", - -én(p+ 3p) + A, (2.48)
and examining how each term affects the curve of S against time allows one
to interpret the equation physically {see Fig 2.1). One may clearly see how,

12
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Figure 2.1: A schematic diagram showing the effect of the kinematic variables
on the evolution of the scale factor.
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in General Relativity, both p and p form part of the active gravitational
mass, causing attraction if they are positive (unless the matter is extremely
unusual, these quantities will be positive). In the Newtonian limit {p +
3p) = p, g0 that, if one disregards A, the Raychaudhuri equation becomes
the equation for Newtonian gravitation. We may see how the cosmological
constant, A, can have both positive and negative effects on the curvature
of the graph, depending on the sign on the constant. One may understand
this by seeinz that a positive cosmological can be interpreted as matter
with negative pressure of magnitude equal to its density. The vorticity has
a positive effect on the curvature of the graph. This is easy to understand
— the centripetal forces of rotation work in the opposite direction to the
centrifugal ferces of gravity (with ordinary matter). The shear term has
a negative eflect on the curvature of the graph. One may understand this
by remembering that in the case of non-vanishing shear, there is always
at least one axis of inward motion.

2. Eq. 2.43 is the vorticity propagation equation. In the case of a barotropic
perfect fluid, the equation becomes:

W (rS*wey = o (rSPw?), (2.49)

where r is an acceleration potential,

r(z") = exp (/pj pdTpp) . (2.50)

This shows conservation of vorticity in barotropic perfect fluids, so that
vorticity can only be generated by thermodynamically irreversible pro-
cesses.

3. Eq. 2.44 is the shear propagation equation. This shows how the anisot-
ropic pressure and the tidal forced (represented by Ep) source shear,

The constraint equations (Eqs 2.45, 2.46, 2.47) are respectively named (0v),
vorticity divergence, and H,, equations. The (Ov) equation shows how the
momentum flux relates to the spatial inhomogeneity of the fluid. From Eq.
2.47 we see how the magnetic part of the Weyl tensor is made up of the curl of
the shear and the “distortion” of the vorticity.

The Bianchi identities

The Bianchi identities,
VieHye)de = 0, (2.51)

may be used to obtain propagation and constraint equations for the Weyl tensor,
which are similar to the Maxwell field equations in an expanding universe.
The propagation equations generated are the E,, equation:

(E;?{ab} + %m'r{“b:) — (curlH)® + %&@(aqb)
1 a
- -5:@(;) +p)o® -0 (E“f’ + %m'“b> + 3¢ . (E”C + %mr{’}C)

o 1
—kalagh) 4 gedla {Qacde + we (Eb> it ger” d)] ,(2.52)

14



and the Hab equation:

Hlab) %K,(Cl'rlﬂ')ab =—-QH» 4+ 30(QCH">C + gmu(“qb)

_gedla [gac EY, - %m‘”ch - wclib>d] , (2,53

and the constraints are:
1

0 = Vv, (E“b + %n'ﬂ'a‘b) ~3

- 1 1
&V + g&@q“ - 5&0’“&(}"

— 3w, H — gobe [abdh“fc - gﬁwggc} , {(2.54)
0 = "7 H&b a ab 1 ab
= Vi +r{p+pwt + 3wy | B P

. 1 1 = .
+g0be {abd (Effc + 5,%‘1) + §wéqc} : (2.55)
known respectively as the (divE), and the (divH), equations. As with the
Maxwell equations one may take the time derivative of either of the propagation
equations, and use the other to generate a wave equation for either Eqp or Hyy.
This then shows how gravitational radiation arises.

We have already seen how the twice contracted Bianchi identities give rise
to Eqs 2.35 and 2.36.

2.2  Friedmann-Lemaitre-Robertson-Walker uni-
verses

Although at small scales we observe marked inhomogeneities in the universe,
when observed at : large enough scale, the universe appears remarkably homo-
geneous and isotropic. Now, it may be the case that we occupy a special place
in the universe, and that from most other points the universe appears anisot-
ropic. This is however philosophically unappealing, so it is usually assumed that
there is nothing particularly special about our position in the universe. This
assumption is usually referred to as the “cosmological principal®. As an ini-
tial approximation we may then assume that the universe is perfectly isotropic
about every point. This automatically leads to the universe being spatially
homogeneous®. The Friedmann-Lemaitre-Robertson-Walker (FLRW) family of
solutions to the Einstein Field Equations are precisely those solutions which are
spatially homogeneous and isotropic about every point.

We may gain a good understanding of these universes via the covariant
approach outlined in the previous section.

The acceleration, a, = u,pub, is orthogonal to u® so is entirely spatial. By
the isotropy of FLRW universes, this must then vanish (were it not to do so,
one would have a unique spacelike direction). But then, by Eq. 2.17, ue; is

In fact this assumr ption is stronger than necessary for spatial homogeneity. One merely
needs isotropy about 1wo distinct world lines in order to prove that the universe is spatially
homogeneous.

15



completely spatial. and is necessarily proportional to metric of the instantaneous
rest spaces (for isctropy). So
g = ARgy. {2.56)

Comparing with Eq. 2.17, we see that A = (1/3)0. Thus the shear and vorticity
vanish, and uq;p == (4. But then there exists a “time function” t(z?) such
that

T—— (2.57)

which represents proper time for each fundamental observer. For any “spatial”
vector V%, V%u, = 0 so that V%, = 0. In other words, spatial vectors lie in
the surfaces of simultaneity £ = const and all clocks may be synchronised. It is
usual to choose the time coordinate 9 = ¢, and the spatial coordinates, z*, to be
co-moving, so thar xfau“ = {J. The fundamental velocity then has components

u® =65 ={1,0,0,0}, {2.58)
and the metric talkes the form
ds® = —dt® + hgpda®da®. (2.59)

By the isotropy of FLRW universes, any physical or geometric function has
to be a function of ¢ alone. In particular, @ = ©(¢t). But then,

1 aQab
, T - s
U,a;b =T ab = 5 at (260)
so that L oh )
Lo b
A - }'a .
2t 3@ Lok (2 61)
which then gives
t
hay (2%) = S2(1) fap (%), S(t) = Aexp %@(t’)dt'. (2.62)
to
Then .
S(t)
o) = 35@. (2.63)
In these coordinates,
of 1
- 3-0(1,), (2.64)
&9 = g, (2.65)

so that we may identify [ with the scale factor, S(f). The Hubble parameter is
then only a function of t:

H{t) = %@(t). (2.66)

In order to ge: an expression for the metric we need to find f,;. The three
spaces with metric hgy, must be isotropic about every point. This requirement
restricts the 3-Ricci tensor to be proportional to the 3-metric, so that

7

1,
*Rap = §3Rhaf,. (2.67)

16



In three dimensions, the Ricei tensor has the same number of degrees of freedom
as the full Riemann tensor, so that one may obtain the Riemann tensor from
the Ricci tensor via

1
3Rabcd = BRachba - 3Radhbc - 3Rbchad + 3Rba‘}3ac - ésRac(hachfmi h hadhbc)'

(2.68)
Combining Eqs 2.67 and 2.68 shows that the three spaces are spaces of constant
curvature K*:

}Rapea = K*(hachbd — haghse), K* =3R/6. (2.69)

The contracted B:anchi identities show that the Ricei scalar is a function of ¢
only:

A
3
R(t) = ——, 2.70
0= g5 (2.70)
where A is a consrant. This then gives
K*(t) = _k_ (2.71)
EHO) ‘

with k a constant -hat can be rescaled arbitrarily by rescaling the scale function.
We will agree to choose k to be one of ~1, 0, or 1.

We will now choose specific coordinates in the 3-space at some time # to
determine the final form of the metric. We denote by ¥, the spatial section at
time ¢. Now we choose some point p in ¥;, and draw radial geodesics through
p, with the parameter r the radial distance as measured my the spatial metric
fab (fas is the metric at the time when S(t) = 1). The actual radial distance,
as measured by k.5, will then be rS{¢) that r is an affine parameter along the
geodesic. Isotropy implies that the 2-surfaces given by r =const. are 2-spheres
orthogonal to the geodesics. Thus the metric of ¥, is given by:

do® = hijd'de? = S*(t)[dr? + f2(r)(d8” + sin? 8dé?)]. (2.72)

As r — 0, the coordinates must approach those of a regular space-time point.
Thus f(r) ~ r for small 7.

In order to find the explicit form of f(r) we may use the geodesic deviation
equation for radial geodesics with tangent vector V® = 4% and connecting
vector U® = §%:

52Ua

ért
Choosing a parallal propagated orthonormal basis gives us a second order ODE
which may then be solved for the various values of & to give:

+ kU® = 0. (2.73)

sinr, k=1,

fry=<r k=0,

sinhr, r=-1.
We may now write down the metric explicitly:

ds® = dt* + S*(t)[dr* + f2(r)(d6” + sin(8)de?)], (2.79)



with f(r) as abova. The function f{r) may be interpreted as the “corrected”
radius of the 2-spheres of radius r, as the surface area of these spheres is not
4772, as would be the case in a Euclidean space, but 4 f(r)>.

One may easilv see that if one were to choose a point ¢/ instead of p as a
starting point in the derivation of the metric, and obtained the same metric.
Thus the FLRW universe is perfectly homogeneous, each point being equivalent
to every other®. The homogeneity forces the value of each physical and geometric
variable to be the same everywhere, so that they can only depend on time.

2.2.1 Matter in FLRW universes

The symmetries of FLRW universes impose restrictions on the matter allowed in
these universes. The isctropy forces the anisotropic pressure, n,; to vanish. We
may see this by noting that by the isotropy, mqs = chas, where ¢ is a constant.
But 7%, = 0, so that ¢ = 0. Also, at a point about which the universe is
perfectly isotropic, all vector quantities must vanish (if they failed to do so,
there would be a preferred direction), so that g, vanishes. We are thus forced to
conclude that the only fluids allowed in FLRW universes are either baratropic
perfect fluids or take perfect fluid form (e.g. have non-zero bulk viscosity). By
the previous discussion, we see that the fluid variables may depend on ¢ only.
In summary, FLRW universes are perfectly isotropic about every point, and
are thus homogencous. The only dynamical variable that remains is @, and the
fluid takes on the perfect fluid form (so that only p and p remain). Isotropy
implies that vectors vanish, so that all gradients of scalars vanish identically.

2.3 Gauge-invariant perturbations

The universe that we inhabit is of course not perfectly homogeneous. As cosmol-
ogists it is necessary to find some technique in dealing with this inconvenience,
while still keeping the model of a manageable complexity. The closeness of the
universe to perfect homogeneity and isotropy suggests that one may profitably
adopt some perturbation scheme. However, there are serious gauge problems
in attempting this. One may best see this by considering the obvious way to
attempt such a scheme.

Suppose one had an FLRW universe with energy density p{t). A more real-
istic universe will have an energy density p*(z,t) = p(t) + dp(z, 1), the variable
ép being the density perturbation. One may similarly find a velocity perturba-
tion du. The gauge problems arise in the choice of background. It turns out
that one may choose the background universe to give these variables arbitrary
values. As an extreme case, one may imagine choosing a background universe
so that density perturbations vanish completely, with the perturbations being
absorbed into the velocity perturbation variable.

This unsatisfactory situation is saved by using the gauge-invariance lemma
(Stewart and Walker [70]):

SThis is of course evident from the fact that there are two points about which the universe
is perfectly isotropic. However, this argument illustrates the homogeneity of FLRW universes
nicely.
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Lemma 2.3.1 (Gauge Invariance Lemma) If a quantity T™" . vanishes in
the background, then it is gauge invariant to all orders.

This suggests an cbvious approach:

1. Set all variables that do not vanish in the background {(p, p, © and their
time derivatives) to be zeroth order in the perturbation variable, €.

2. Set all variables that vanish in the background, a,, ob, Wab, Qab, Tab, Eab
and Hg;, and their time and space derivatives, to be first order in e.

One may now lincarise the propagation and constraint equations described in
Sec. 2.1.3 to obtain the propagation equations:

. 1
E,,+ OFE, ~ curlHy, + gn[fi(p + pioas

+3V (alsy + 3Fap + Omap] = 0, (2.75)
Hap + OH,y + curl(Eyy — %mab) = 0, (2.76)
Tap + %@Uab - @’waé} + Eop — %mrag, = 0, (2.77)
ab — Viay) + %@wa(, = 0, (2.78)
ga + g(—)qa +(p+plag + div(m)g + Vap = 0, (2.79)
O+ %@2 — diva + %K(p +3p) = 0, (2.80)
p+O(p+p)+divg = 0, (2.81)

and the constrain. equations
Hop —curl{ogp —war) = 0, (2.82)
div(H), — %&[(p + plw, — curlg,] = 0, (2.83)
div(E), ~ %n(?\:«”ap —20q, — 3div(x),) = 0, (2.84)
div(w), + div(o)e — g@a@ +Kge = 0, {2.85)
divw = 0. (2.86)

In order to describe density perturbations, we need to introduce two more vari-
ables:

D. = sy, (2.87)
z, = S§v,0. (2.88)

The first is the co-moving fractional density gradient, and may be considered
analogous to dp, and the second is the co-moving spatial gradient of the expan-
sion.
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By taking the spatial gradients and commuting derivatives, one may obtain
equations for D, and 2, from Eqs 2.81 and 2.80 resp. :

pDa + (p + p)(Za + 50a,) + SV divg

+560V.p - 0pD, = 0, (2.89)
.2 1., 1
Z, + §@za + 5 g@ + 2n(p+3p) 2,
1 - .
+§/~:S(Vap + 3V .p)
—SV.diva = 0. (2.90)

2.3.1 The gravitational instability

Given the equations for D, and Z,, one may easily derive the gravitational in-
stability for barotropic perfect fluids [16]. We are only interested in the “scalar”
parts of these vectors, as these are the parts involved with the clumping of
matter. We define the scalar variables as follows:

D = SVD,, (2.91)
Z = SvezZ,. (2.92)

To linear order, these variables evolve via:

D = OuwD-(1+w)Z, (2.93)
: 2 1 ¢ [(=s 3K ,
Z = —g(‘)Z - 5’{‘01) - 1 +w (v + ?) D. (294)

One may eliminate Z and obtain the second-order equation for D {in a flat
background}:

D+ % (2 + 3c2 -- 6w) OD ~ (% +dw — gw - 35;’) kpD — VD = 0.
(2.95)
It is convenient to introduce the variable
& = pS3D. (2.96)

From Eq. 2.95 cne may obtain the evolution equation for @. In conformal
time, assuming a perfect fluid with a barotropic equation of state, and a fHat
background, this is:

!

7+ (1+ 32;;)%@' - %(1 +w)pS*® — wV?d = 0. (2.97)

Here ' 7 denotes differentiation with respect to the conformal time, 1 (defined
via dn/dt = 1/5). Harmonically analysing the equation gives

!+ (14 3w) @ + [wk® — (1 + w)pS?] &5, = 0. (2.98)
In the background, the scale factor, energy density, and expansion are go like:
S x ?}ﬁzx‘i, px 77_%, 0o nséiﬁ} . (2.99)
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Substituting into 1iq. 2.98 gives us the general solutions:

& = (kn)*Y[Cyd (wkn) + C_G,(wkn)], w#0, (2.100)
Dy Cin*+Con™, w=0, (2.101)

1]
H

with €y and C_ constants of integration, J, and G, Bessel functions of the
first and second kind, of order v, and k the wave-number. The growing mode
when w = 0 (i.e. dust) represents the gravitational instability.

2.4 Magnetic fields in general relativity

Maxwell’s theory of electromagnetic fields was one of the triumphs of nineteenth
century physics, end its prediction that the speed of light was a constant in-
variant of the observer {(at odds with Newtonian physics) was very important
in Einstein’s development of special relativity. Maxwell’s theory is invariant
under the Lorentr transformations, so can be used in Special Relativity with-
out modification. In order to use it with curved space-time, the theory needs
to be re-cast in terms of tensors, and then the principal of minimal coupling
may be used to find a theory valid in general relativity. The resulting theory is
extremely beautiful, showing clearly how electricity and magnetism are merely
dual ways to view the same physical force.

We will now systematically develop the {general) relativistic theory of elec-
tromagnetism. Tre most important quantity in the theory is the Maxwell tensor,
Foy = Flap), which is derived from a potential V;, by

Fap = —2Vjay. (2.102)

The aforemention>d potential is a combination of the classical scalar and vector
potentials (¢ and AY) of electromagnetism, i.e. V, = (¢, 4;). This tensor
combines the information contained in the classical electric and magnetic fields,
E, and B,, which can be recovered from Fyp by

E, = FEuu’, (2.103)
B, = *Fuu’. (2.104)

One can easily see why the electric and magnetic components of the Weyl tensor
are so named, cotaparing this definition with Eq. 2.5 and Eq. 2.6. In fact, this
analogy is far morve than superficial, and a great deal of insight may be gained
by exploring it carefully (see, for instance, Maartens and Bassett [59]). The two
vectors completely represent the field - if one has E, and B, one may obtain
Fab by

Fp = QU{HE;,} + € B, (2.105)

Maxwell’s equations take a particularly simple form in this formulation, be-
ing given by

Fety = 5 (2.106)
Flatg = 0, (2.107)

where J, is the divergence free 4-current generating the magnetic field, and
is comprised of the charge ¢ = —J%, and the projected current j* = J{@,
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Decomposing thess into temporal and spatial parts, one obtains:

divE + 2w°B, = q, (2.108)

o Ey 4+ " w Ey — %@E“ +e%q, B, + curlB® = E{% 4 5% (2.109)
divB = 2w°E,, (2.110)

o™ B, — e, B, — g@B“ —e¥qE. = B, (2.111)

The electromagnetic field is most simply incorporated into the EFEs by
writing it as a fluid with energy-momentum tensor:

1
T = FeeFb — 1 g FqF°e. (2.112)

Performing the standard 143 decomposition of the tensor, one obtains

1 1

Ton = 5 (E°+B°)ue’ + 2 (E*+B%) b
+2u(a€b)CdEch + Hab: (2113)

e = % (E* + B?) A" - E°E® - B*B", (2.114)

where E? = E,E®, and B2 = B,B®. Comparing this with the general form for
an imperfect fluid in a fundamental observers frame (Eq. 2.33), one may make
the identification

1

Pem = §(E2+B2), (2.115)
1

Dem = E(E2+Bz), (2.116)

¢n = €"E,B, (2.117)

¥ = M. (2.118)

We see that the electromagnetic fluid is radiation like (as one would expect),

with an equation of state:
1

Pem = gpenr (2119)

The energy-momentum tensor may then be added to the total energy-momentum
tensor, and then used to generate the propagation and constraint equations in
the presence of a magnetic field [80].

2.4.1 The pure magnetic field
Ohm’s law may be stated in covariant form as [41]:
Jo — qug = GE,, (2.120)

with & the conductivity of the medium. Taking the spatial projection of the
equation gives
Jo =0E,, (2.121)



so that one may have non-vanishing current with a vanishing electric field if the
medium is infinitely conductive (& -+ o0). Under this assumption, Maxwell’s
equations yield three constraints:

V 1
w*B, = 3 (2.122)
curlB = % Bya, + j°, (2.123)
divB = 0, (2.124)
and one evolution equation:
. 2
B = g9 B, 4+ % By, — g@B”. (2.125)

With an infinitely conductive medium, the electro-magnetic fluid takes the form

e — %BQU“ub + és‘%ab + I, (2.126)
where .
Mgy = gB?ha" - B*BY. (2.127)
It is thus an imperfect fluid, with
2
Pem = BT, (2.128)
B'Z
Pem = _6—; (2129)
Gem = G (2.130)
7 = 1%, (2.131)

It is customary to assume that the universe does indeed possess infinite conduc-
tivity (the standard argument for this may be found in Sec. 1.4 of [35]).

2.4.2 Gauge invariant perturbations with magnetic field

A large scale magnetic field naturally introduces a preferred direction in the
universe. This naturally presents difficulties if one wants to work with magnetic
fields in the FLRW context. In the papers by Tsagas and coworkers [80, 81, 83]
it is assumed that there exists a large scale homogeneous magnetic field that
is sufficiently week so as not to disturb the overall isotropy of the universe.
Zel’dovich [84] calculates that the magnetic field must be such that B?/p <
8 x 1073 if this assumption is to be consistent. As will be discussed in Ch. 3,
the isotropy of the CMBR may be used to place strong limits on the magnitude
of the magnetic field [1, 4, 5].

Alternatively, one may follow Battener et al. [6] and assume that there is no
mean magnetic fisld on cosmological scales, or that (B,) = 0. They however
allow the presence of magnetic field in smaller cells, with random field directions
on larger scales. These models thus have a non-vanishing magnetic energy
density (B?) # 0 even though the average magnetic field is zero. This approach
is also followed by Kim et al. [47], who assume that the field directions are
randomly oriented on scales smaller than the Hubble radius.
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We use the same perturbation scheme as in Hobbs [39], where two perturba-
tion variables are used. The first order variables introduced in Sec. 2.3 are all
considered to be C(e1). The second perturbation variable, €, is taken to be the

Alfvén speed, B The magnetic field is treated as a small test field propagating
on the background, and is thus taken as zero order.

In order to preserve the closeness of the perturbed universe to an FLRW
universe, we follow Tsagas [82] in requiring the magnetic anisotropic stress,
M., and the co-moving gradient of the magnetic energy density,

B, = —V.B? (2.132)
to be O(e1). By demanding this, we ensure that even though the magnetic field
is zero order, it dces not disturb the isotropy of the background.

When linearising, then, we drop all terms higher than first order in €; and €5,
but retain terms like O(e1€3). As a final step we may drop terms O(e;) relative
to zero order terms in the coefficients of quantities that are O(e;). We may do
this as the magnetic field is very weak. This may only be done as a final step,
as doing this earlicr in the calculations may lead to important terms being left
out”.

The magnetic field is frozen in with the baryons. Choosing any other frame
will cause an electric field to be induced. When the relative velocity of the

baryon fluid, véb), to the chosen frame is O(e;), then the induced electric field
is given by
Eird = gatey (g (2.133)
The magnetic fluid is then an imperfect fluid with
em 1 2
=SB (2.134)
1
o= g, (2.135)
4
@gr = 5pemvff’, (2.136)
1
My = gB2ha,, ~ B.By. (2.137)

"From this point on all equations may be assumed to be derived using this system, including
the effects of a magnetic field, unless it is otherwise noted.
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We may now find the (linearised) propagation equations:

. 28?
E, +- ©OF,, — curlHg, + 6 3pl1+w+ T Tab

+3V (o) 2B2@<av,§§) + 3rap + Omap + 3M1ap + @Hab} = 0, (2.138)
: 1
H,, + ©Hgp + curl |:Eab - 5(7rab + Hab)] = 0, (2.139)
.2 - 1
Oab + g@dab - V(aab> + Eop — 5(7711!) + 1) = 0, (2.140)
- 2
Wab — V[baa] + §®wab = 0, (2141)

7 4. 2B? . :
q, + g@qa +p|l+w+ £ a, + div(m), + div({1l),

1 B2
a —B, = 0,(2.142
+Vap+ = 6 S ( )
.1 1 B?
O+:-02-A+-p(l+3w+—] = 0,(2.143)
3 2 P
p+0p(l+w)+divg = 0, (2.144)
B? + §®B2 + §B2divv(”) = 0, (2.145)
and constraint equations:
Hp + curl{(ogp — wap) = 0, (2.146)
1 -
divi H 5P [ (1 +w+ —) we —curlg,| = 0, (2.147)
div(E), - + 22D, + B . —20q - —9132 (b)
“6°S S ¢
=3div(mr + )| = 0, (2.148)

2 2
div(w)e + div(o), — 3va@ +qo + 53%5}’) = 0, (2.149)
divw = 0, (2.150)

for the variables. Here A = diva and ¢ = ¢, + %Bzvgb).
One may also obtain the propagation equations for B, and II:

. 4 4 -

Ba = —3(Za+560,) - gsvadivv“’), (2.151)
: 4 2 2 .-
Moy = —30May — 2500 — §B2V<av£;’). (2.152)

Taking the spatial gradient of the conservation equation for energy density, one
finds the propagation equation for the co-moving fractional density gradient:

pDo + p(1 + w)(Z, + SOay) + SV,divg + SOVp — OpD, = 0.  (2.153)
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Similarly, the spatial gradient of the Raychaudhuri equation yields the propa-
gation equation for the the co-moving gradient of the expansion:

. 2 1 1 B?
Zat 302, +5 [5(—)2 +50 <1+3w+ 7)} aq

1. /= . B
+§S (Vap + 3Vap + ?Ba)

~8V,A = 0. (2.154)

2.5 Relativistic kinetic theory

While we have been describing the fluids that make up the universe in terms
of bulk, or, average properties, we all realise that at a fundamental level a
fluid is made up of interacting particles. How are we to relate the physics at
this microscopic level to the bulk variables we use? Boltzmann'’s kinetic theory
provides an elegant answer to this question, allowing us to take microscopic
dynamics and trarsferring them to macroscopic laws which the fluid must obey.
Boltzmann formulated his kinetic theory in the classical framework of his day.
In order to make it relevant cosmologically, we must reformulate the theory in
a general relativistic framework.

In the kinetic theory, the each fluid is described by means of a scalar valued
distribution function f(z,p) [63], defined so that an observer sees f(z, p)dz®dp®
particles of that species at space-time point z in the proper volume dz®, with
momentum p in the proper {(momentum-space) volume dp®. The 4-momentum,
p%, may be decomposed as

p* = E(u® +e%), e%, =1, e%u,=0, (2.155)

where EE = —u,p® is the energy measured by an observer with velocity u®, and e®
is a unit spacelike vector orthogonal to u® describing the direction of propagation
of the motion relative to the instantaneous rest space of the observer. One can
now, when convenient, write f()(E, e) for the distribution (the dependence on
x is implicit).

If the fluid particle is at 2*(\} and the momentum p®(A), then the path of
the fluid particle in phase space is given by:

dz®
ax

p*, P'Vapr =0, (2.156)

with A an affine parameter along the geodesic z%(A).
The distribution function evolves according to the collisional Boltzmann
equation:

£f = LAl p )] =C. (2.157)

where £ denotes the Liouville operator, and C the collisional operator. The
collisional operator may be found by considering the microscopic nature of the
fluid, and is how the two scales are linked. One may clearly see that in the
absence of collisions, the distribution is conserved in phase space.
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In order to recover the energy momentum tensor of the fluid, one must
decompose the photon distribution function into angular harmonies:

fle, B) =) F  e¥e®. e (2.158)

=0

The covariant multipoles Féi}a, have an implicit dependence on space-time po-
gsition z and energy E. They are irreducible since they are Projected, Symmetric,
and Trace Free (PSTF):

F ,, =F w FD =0, gneFD =0 (2.159)

1eear)?

The [-multipole can be recovered from the distribution via

- a1 0 a 2£ f! ?
FY =4 »/afng(”(e,E)e e e, § :4%2—&%)!, (2.160)

with the measure df) being a solid angle in momentum space. The first three
multipoles in fact determine the fluid (which is massless) energy-momentum
tensor, with

o0

o = 4«/ dE E3F), (2.161)
4]
dr [

@ = -31 dE E*F(, (2.162)
0
o o)

= %/@ dE E*F). (2.163)

One may extend these dynamical quantities to higher orders by defining the
higher moments:

4r(2hH(an? [
10 = M /0 dEE*F() . (2.164)
Thus the energy-romentum tensor of the fluid is contained in the the distribu-
tion function. However, the distribution function contains far more information
than merely the cnergy-momentum tensor, in the form of the higher angular
moments. The energy-momentum tensor may be concisely written in terms of
the distribution tensor via

1) = [aB a0 Es (B e, (2165)
In many calculations spherical harmonics, ¥;"{£), are used in place of the
Fé?_ua,, but the ﬁ;ii?”a, are used here as they have have several advantages:

i . . .
1. The Fél),__a, are covariant, so independent of the choice of momentum space
coordinates.

2. Féi)‘“a, 1s a rank [ tensor field on space-time for fixed E, and directly
determines the [-multipole of radiation anisotropy after integration over
energy.
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2.5.1 Photon-Baryon fluids

We will now consider the important case where a photon fluid and a non-
relativistic baryon fluid interact. In this case the photon fluid interacts with
the thermal distribution of the baryons via Compton scattering off free elec-
trons. We will assume the average energy of a photon is small compared to the
electron mass, this interaction may be approximated by Thomson scattering.
Furthermore, as the electrons are assumed to be moving slowly, the kinetic tem-
perature of the electrons is small compared to the electron mass, and we may
disregard the effect of their thermal motion on the scattering. By ignoring po-
larisation one may further simplify the system. However, it is important to note
that Thomson scastering of an unpolarised but anisotropic distribution leads to
the generation of polarisation, which in turn affects the collisional. Thus cal-
culations performed without considering the effects of polarisation will lead to
inaccuracies®. However, for simplicity of treatment, we will ignore polarisation
here. One may consult Challinor’s paper [13] for a treatment including the
effects of polarisation.
With these assumptions, the collisional operator C takes the form®[11]:

¢ =neor EC 1 (@, p) - £z, )], (2.166)
where E®) = -—p“uff} is the photon energy in the baryonic frame (ugb) is the
()

baryonic 4-velocity), and f "' (z, p) describes the scattering into the phase space

under consideration. f)(sc, p) is given by:!°

3 .
Oep) = gz [ FD )L+ G060 (2.167)
8&5) is the photon Jdirection relative to u((lb), SO
pa = BVl + M), (2.168)

and e’g’} is the initial direction of the photon (relative to uﬁf’}) of the photon
whose initial momentum is p’,, and final momentum is p,. One may now multiply
both sides of the Boltzmann equation {(Eq. 2.157) by E? and integrate over all
energies to obtain:

2 n b 3 _
/ AEB*LIOD(E ) = neorh(1 - o)
xg“”ngTg;’) (ulPu®) 4 elbelb))
—neory V(1 - e®u?) / dEE*fONEe), (2.169)

(b)

where v, ’ is the ielative velocity of the baryons (satisfying u“vgm = 0}, and
A+ = (1 - gabvg“’%g*’))—h’?, allowing one to write:
ul? = v (y, + v, (2.170)

8Hu et al. [40] demonstrated that the neglect of polarisation effects leads to errors of a few
percent in the predict:d temperature anisotropy.

9For the remainder of the paper the superscript “("}” refers to the photon fluid, “(” the
baryon fluid, “¥}” the neutrino fluid, and “(¢3” to cold dark matter.

10 Although the inclusion of a magnetic field changes the form of the collisional, the changes
are small for a weak magnetic field and may be ignored to first order in the the field.
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s0, to first order in almost FRM universes,
' = u, + 0, (2.171)

since the relative velocities of the matter components are first order in FLRW
universes. Linearising Eq. 2.169 about a FLRW background then gives:

A 3 4 ,
/ dEE*Lf(Ee) = qeneor [§<1+4e%§b>w+w§’z’e"e*’

—ngaT/dEE3f(")(E,e). (2.172)

Expanding this equation now into angular harmonics and separating out the
components now yields the (linearised) propagation equations!!

IR I ( B R ) S
I3+ 30080 + 5 Vi) + VUL + 2ot Ta

4 1
= —neop(ly) — &1 - ga}zvg’? = 10 L) (2173)

Note, these equations only link the I — 1, {, {4+ 1 angular multipoles. If one were
working with the full nonlinear set of equations the equations would link five
successive harmonics [28].

One may now take the spatial derivative of zeroth moment equation and
commute derivatives to obtain the propagation equation:

, 4 S - : 4
DI 4 —Z, + —V,divg" — 250a, = 0. (2.174)
3 ot v} 3
The magnetised baryon fluid is non-relativistic, so may be described as an
ideal gas coupled to the magnetic field, and strongly coupled to the photon gas
(via Thomson scattering) so that its energy-momentum tensor takes the form

Té,’} = ﬂ(b)uauza + p(b}f&ab + Q(p(b) + p(é))u{avéi’) (2.175)

in the linear theory.

The photon, magnetic, and baryon fluids are coupled, so exchange energy.
Thus neither energy-momentum tensor is conserved alone, only total energy-
momenturm is consarved:

Ve vert? Lowerim <o, (2.176)

This now allows us to find propagation equations for the baryon fluid’s kinematic

Winless otherwise stated, T4, always refers to photon angular harmonics. Here the sub-
script refers to the luriped index ay . .. q;.
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variables!?

PP+ (p® 4 e + (Y + p)dive® =0,

(2.177)
2 2
p® ( 1+ w® +- B ) (0 +a,) + = p(é) (1+u )+—§£?b—}> O
: 500y, {5} 2y,,(b) 1B2
+div(Il), + p + = (B ol + Vop® + =B,
6 373
4
+neor (gp(””vff’) - qgf’)) = (.
(2.178)

One must naturally complement these equations with an equation of state link-
ing the baryon energy density and pressure. From Eq. 2.177 we may find the
linearised propagation equation for the co-moving fractional spatial gradient of
the baryon energy density:

PO DO 4 (p® 4 Y2, 4 SV, dive® + SOa,) + SOV,p®) - @pIDY = 0,
(2.179)

2.5.2 Neutrinos

The massless neutiinos form a non-interacting relativistic fluid. They may thus
be modelled using a zero collisional. Following much the same process as in
the previous section, we may find propagation equations for the neutrino fluid
components!s

l

{”+ ®G§1+21+1

(1-1) (141 dopq
VieGa )y + VPG + 50}6% =0. (2.180)

The equation for the fractional co-moving spatial gradient is given by:

. 4 - 4
Dgw + gga + J—O%Vadi\f()(y) — 55@30 = Q. (2.181)

2.5.3 The Sachs-Wolfe effect

The temperature fluctuation, 7{(x, €), is defined in terms of the directional bolo-
metric brightness:

1/4
T{z,e) =T{z)[1 +7r(z,€)] = [% /Esf(x,E, e)dE} , (2.182)

where T'(z) is the bolometric temperature. Its variation can be obtained from
the linearised integrated Boltzmann equation:

/Esz [v "+ (g Sﬁ ~ /E’“’C[f]d}?. (2.183)

121t should be recalled that the magnetic energy density is identically conserved.
!3Unless otherwise stated, G4, refers to the higher neutrino angular moments.
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Substituting the identity
dE
dx

into the integratec Boltzmann equation and integrating by parts, one obtains

iy %@ +aqe” + oabe“eb} ; (2.184)

(v 1 .
T(;*:,e)f+ﬂ—(l+4f(:§,e})+—(1+4‘r(:c,e)}—i—aae“—{»oabe“eb ~ L/EZC[f}dE.
4p() 3 Pt
(2.185)

To linear order, the collisional term is given by:

/EQC[f]dE ~ 3%’1p<7>vg”>ea + 3%?@;’@“@*’ - W—:—Tpmr(x,e). (2.186)

Substituting into Eq. 2.185 one obtains the result

('

Y 1o P o
m{z,e) + mneorr{z,e)+ (56 + W) (1 +47(z,¢e))

A7) e b
Wuaé eej,

(2.187)

where “' 7 denotes differentiation with respect to the parameter v along a null
geodesic, so that dv/dA = E. This equation includes contributions from all
perturbation types, and is valid in open, flat, and closed universes. It, however,
does not include polarisation effects.

In order to obtain an expression for the temperature anisotropy in a given
direction, one may integrate this equation along a null geodesic whose tangent
vector projects to that direction, through the observation point zg. It is conve-
nient to substitute for the expansion in terms of known variables. This is done
via the energy conservation equation for radiation written using the spatial gra-
dient of the energy density, x = Vapt™ along the null vector p, = E(e® +u®):

r~  —ogpete’ — aye® + npor [ué&e“ +

X 4 - )
eaXé*.f) — p(ﬂ' + 3@'o(‘r) + Vaqéﬂ- (2.188)

This gives:
1 P 1

39 + 4p() = 4ptv)
which then gives writing ¢\ = 4/3p™Mu{"):

(eaxg‘” - \?agf;f?) , (2.189)

1 1=
r(z,e) + nporr(z,e) ~ - (Ee"‘@f{’) — gv%gﬂ) —~ opee’ — age®
3 N
+  neor (2}({;})60 + 16}9(‘?}%}25}608&) . (2.190)

One may now integrate this equation along the null geodesic connecting the
reception point xg to a point in the past, z4, to obtain an integral solution
on scales where instantaneous recombination is valid. In the case where one
assumes the photons are collision free, n.or — 0, we obtain the Sachs-Wolfe
formula:

R

1 1oy (o

r(z,e) = - / (Eﬁgﬂea - gv%gﬂ + oapetel + aae“> dv. (2.191)
JA
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2.6 Decomposition into harmonic modes

The decomposition of partial differential equations into harmonic modes has
been an extremely successful technique to render otherwise intractable problems
tractable. The technique relies on splitting the spatial and time dependencies
of the PDEs, by Jecomposing the functions {at each time) relative to some
basis and then finding evolution equations for the coeflicients (for instance, in
Fourier analysis this decomposition is done with respect to the sine and cosine
functions). These evolution equations then turn out to be ODEs, which one
may then solve with the standard methods.

In order to follow this procedure in our covariant approach, one must find a
relevant set of basis functions with which one may perform such a decomposition.
As we are dealing with tensor perturbation equations, we may decompose the
perturbation types into the scalar, vector, rank-2 tensor, etc. parts. It turns
out that these different rank perturbations decouple, and that, furthermore,
we may ignore perturbations of rank higher than a rank-2 tensor!* (which will
henceforth simply be known as tensor perturbations). In addition, it may be
shown that vector perturbations decay [29], so that we may ignore these too.
These separate perturbation types will now be dealt with separately.

2.6.1 Scalar modes

In the covariant approach, scalar modes are characterised by asking the require-
ment that the magnetic part of the Weyl tensor, as well as the vorticity, be
second order. Making H,p, = 0 4+ O(2) forces gravitational waves to be negli-
gible. By choosing wg, = 0+ O(2) one makes sure that density gradients seen
by the observer i1. the u® frame are due to clumping, and not from kinematic
eflects due to the vorticity.

This requirement generates a set of constraints [11] which may be satisfied
by constructing the covariant and gauge invariant variables from tensors derived
from scalar potentials. One may separate the temporal and spatial aspects of
the problem by expanding the scalar potentials in terms of the eigenfunctions,
Q%) of the generalised Helmholtz equation

o K
VW = —oQW, (2.192)
oW = o, (2.193)

where these equations hold to zeroth order only. In general one cannot constrain

Q™ = 0 to higher order. The allowed eigenvalues depend on the curvature of

the background mwodel: for K = 0, k is any positive real number, for K > 0,

kE* =~y(v+2)K, v € N*, and for K < 0, k is any real satisfying k? > |K]|.
From the Q{*), one may construct a vector eigenfunctions

S -
QP = 2V.Q(k), (2.194)
satisfying , )
wQP =0, Q¥ =0, (2.195)

14T hege higher rark perturbations do not contribute to the CMB, which is the focus of this
paper.
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and higher order tensors via the recursion formula:

_S z

Q{zl ap (V{QIQHE ay " ‘ be(m s lla 104})’ (2196)
satisfying
w QW =0, hne® =0, QP =0 (2.197)
One may now construct the gauge invariant variables as follows:

Dl = Zk@‘”@ (2.198)
B, = ZkBkQ (2.199)
g = pt Zq,j (2.200)
v = Z Vol (2.201)
) = “)Zﬂk Q% (2.202)
My = —ZIIkQa,,, (2.203)
2, = Z-gzkcgg‘ﬂ, (2.204)

k

Az

Eab = ékQab 3 (2205)
T Z =0 Ql, (2.206)
a, = Zgang’”, (2.207)

k

where the particle species is labelled by 1. We further assume that the higher

order moments may be expanded in terms of Qg‘i?_,al harmonics. One may then
define:

I X ZI“Q A (2.208)
Y = ff?ZG"Q (2.209)

The expansion coefficients, like Dgf) are themselves first order, and satisfy
vepl =04 0(2). (2.210)

In terms of these variables, the total matter variables!® Dy, ¢i and 7y are defined

*5Unless otherwise specified, “total” excludes the magnetic fluid. This is done in order to
isolate the effects of that fluid.
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as

pDp = pIDL 4 pWIDM) 4 pOD) 4 p D) (2.211)
\ (b 12

o = A4 P O 1 (00 O 2212

pre = pMal? 4 ) (2.213)

In addition it is convenient to define a total flux which includes the magnetic
flux:
v v ./ 3 282 b)
g = g+ g + ' + o (1 +wl + —-3p(b>> v,
(2.214)

where pT = p+ B* /6 is the total energy density (including that of the magnetic
fluid). One may now derive propagation and constraint equations for these
coefficients. In the pure GR case, with photons, baryons, cold dark matter and
neutrinos, these equations are [11}:

e The density perturbation variables:

oy k(4 o) 4
D;E”)+§(§Zk—q§c‘}>+‘-®ak = 0, (2.215)

3
: k (4 4
P+ (22 - ¢ ) + -0, = 2.
P g (szk q + 3@{“ 0, (2.216)
5(c k c)
D+ 3 (zk " ) +Oar = 0, (2.217)
N Tk
(b Yy [
fbk ) -+ (1 -+ W) [S; (g& - ‘{}i ) -+ @ak}
P, (b)
- p—“}‘}- — Cy @Dk = 0, (2218)
; k(4 D) 4
B + —S“ (52& -, ) SN g@(lk = 0. (2219)

» The spatial gradient of the expansion:

: 1 15 , . .

2, = Pg@gk — izﬁ[BQBk + 2(19{7}2)](;?) +P(V)D§c }) + p(c)DL)

oyt S [3 (. 2B\ 3K

+(1 + 363! D - 7 [inp (1 +w+ 5 ) TS|

(2.220)
o The heat fuxes:
1k
i g 2K /K - 1)+ D + 4ak]

= neor (gvy - q,i”’}) . (2.221)

v 1k v : v
i+ 2% [%,i YBE /K2 - 1) + DY + 4ak} =0,  (2.222)
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e The peculiar velocities:

a1 k
Ui ) -+ 59’02{‘) + 3‘61\ =
(2.223)
k 1k B?
(? )1 ) = 2 v J— [ — o T
(1 + ) [ 3(1 3c; \91 Sak} + GSpfb)BK
2 1 B2
ep® 2B (o kN LED (3
s Pt ( Ch ) T 35,0 K‘~’ t)
P b
neoTp(b) (3 vy 3&1 )
(2.224)
e The anisotrepic stresses:
(), 3k (8K 3 2k g 8k _ 9 ()
R (F'l R TE R T O TS
(2.225)
. 3k /8K 2k 8k )
7 4 N (p‘ - 1) I 4 5Sq“” + g = O (2.226)
. 4 4
Iy, -+ ggok + vgw 0, (2.227)
¢ The higher moments by
o k[ +1 l -
JH - 3,-{(,5“ [1—z(z+2) ]J,E”'” - m;ﬁ “} = —neopJ,
(2.228)
W _kfi+1 ] K| 41 L u-nl _
G s{2r+1 L=+ 25 G TSRl 0
(2.229)
¢ The electric part of the Wey! tensor and the shear:
NP1 1k 2?
<§> (‘Pk+§@@k>+§§ [(1%—'&}4— 3{))0&‘%-9{}
1 B? B? .
-—p0(3w + 2)’7;(; + 2puk - -——OH;v -+ ——-H;, =0,
(2.230)
AW k\? 1 B*
<§) 1 op + = ®ak> <—§> () — ag) — SRPTE = ‘4—H&~ = 0.
(2.231)
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# The constraiats:

EN® /. 3K k 3K
2(-§> (‘l——kT)‘i)kﬁ'g&p[Dk%'(l—?)ﬂk}

k B2 3K T
L2 [Bk ; (1 _ 7;‘2‘) Hk} ~ p0gT =0, (2.232)

2 (k) 3K T
3 <§) [Zk + (1 - ?> gk} — kpOq] = 0. (2.233)

2.6.2 Tensor modes

The tensor modes in covariant analysis are characterised by the vanishing of the
vorticity and all vectors to first order [12, 14, 38]. This means that all fluids
share effectively the same 4-velocity when one considers tensor modes. Also,
only the transverse parts of the tensorial variables (the electric and magnetic
parts of the Weyl tensor as well as the shear and the anisotropic stresses) are
important, as

VB =0, ViHy =0, Vi, =0, Vir)=0. (2.234)

With this restriction, the propagation equations for the dynamic variables re-
duce to

. 1 2B?
E.+OE,, — curlH,, + g [3[) (1 + w4+ 3p ) Oab

+3(7rab + o) + O(map + Hm‘;)] = 0, (2.235)
. 1
H,y + ©H,p + curl [Eab — § (Wab -+ Hab)] = {, (2236)
. 2 1
Oab + §®J"‘b + Eop — 3 {map +op) = 0, (2.237)
| p B?
O+ 0% +5 | 1+3w = 0, (2.238
+30°+35 ( + 3w + A ) ( )
p+O(p+p = 0, (2.239)
: 4
B2 + §®B2 = 0. (2.240)
Only one constraint equation remains:
Hab 4 Curlaab = 0, {2241)
The tensor harmonics must satisfy
224 _ K ow
Vi@, = ’”'gg‘Qazz : (2.242)

at zero-order. By construction they satisfy the zero-order relations
vigl =0, Q% =o. (2.243)

As with scalar harmonics, their spectrum changes depending on the choice of
background. We define v = [(k?+ K)/|K|]"/?, which then leads to the spectrum
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the spectrum of regular, normalisable solutions for open and flat backgrounds
having v > 0, and closed models having the integral values v > 3. The mode
label k is understood to distinguish degenerate solutions of the defining equation.

With scalar modes one may do much of ones analysis without actually choos-
ing a specific representation for the harmonics. In the case of the tensors, how-
ever, it convenient to choose the representation early on. We follow Challinor
{12] in our choice of representation. With this choice, there are two distinct
parities in the harmonics, the electric and the magnetic. Label the magnetic
parity with an overbar, one may decompose the tensor variables via:

Ew = S$72Y R(EQY + EQW), (2.244)
3

Ho = $72YRHQE + B,0%), (2.245)
k

o = SO koeQl +5:Q%), (2.246)

k

mi = A0 O + w0, (2.247)

k (2.248)

The specific representation has the identity

p k 3K\
curlQ™) = 3 (1 + @,-) Q. (2.249)
relating the electric and magnetic parities.
With the above definitions and Eq. 2.249, the constraint reduces to

o\ 1/2
Hp = (1 -+ %,%) Tk, (2.250)
with a similar result for the magnetic parity. This allows one to decouple the
electric and the magnetic parities, and allows one to eliminate H,; from the
discussion.

One now may obtain the propagation equations for the various mode ex-
panded variables,

K/ 1.\ k[E 3K 1 2B?
§§<E&+‘§efﬁk>—§{§+§"§(1+w+—35'>{):!0,{

1 1 . B? 1 . 3
= 59(3?1) +2)Om; — 5{}?% + ?@Hk - ZBQH,C, (2.251)
k 1 k? 1 1
o+ 2000 ) + 2 g = Lpom + 2B, ,
5 <J&+3 Ok)+82 & 2pm+4B i, (2.252)

with similar results for the barred variables. The moments for the relativistic
fluids obey:

i k l - ({+3)-1 11 8 k
[(l) i ]U Mol — 1) 1| 8k "
B [2! + 1K1 k I+ 120+ 1)"5(£+1}Ik 15 55-@‘»2%

S
= —neO‘Tf,{j),
(2.253)
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where, of course, the collisional term is zero for the neutrino moments. The &y
are constants definad by

e B (SR 37 9 KA ) (2.254)

The magnetic anisotropic stress evolves via:

: 4k

This then, along with the choice of an equation of state, gives a closed system
for the evolution o7 tensor variables.
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Chapter 3

Observations

Observations unde pin the whole of Science. Without cbservation, there would
be no check on the validity of scientific theory, and no clues as to how the theory
should evolve. Cosmology is no exception in this regard. It is an “historical”
science, in that one may not meaningfully talk about doing experiments — there
is only one Universe wherefrom we may gather our results. In fact, it is only
in the last twenty years that it has been possible to make observations of the
principal cosmological variables with any real precision. In fact, perhaps the
most precise physical measurement ever made, the measurement of the CMB
black-body spectrum, is cosmological. The recent release of the WMAP results
has provided estimates for the fundamental cosmological parameters to extraor-
dinary precision [7]: the age of the universe is estimated at 13.7 £0.2 Gyr old,
with the total mass-energy of the universe estimated at Qo = 1.02 £0.02, sug-
gesting that the universe is marginally closed. The data gives strong evidence
for the existence of a cosmological constant, Q4 = 0.701507 Assuming a flat
universe, one finds the composition to be 4.4% baryons, 22% dark matter and
73% dark energy. The Hubble parameter is estimated at h = 0.69 £ 0.07. This
data is truly remerkable — until quit recently the Hubble parameter was only
known to 20% accuracy!

3.1 The Cosmic Microwave Background Radia-
tion

The Cosmic Microwave Background Radiation is perhaps the cleanest cosmo-
logical observable. Indeed, the observation of its blackbody spectrum by COBE
in 1990 ushered in the era of “precision cosmology”. The CMBR is extremely
rich, allowing us to deduce many of the fundamentally important cosmological
variables by measuring it. In order to understand how this may be done, we
need to understand how the CMBR came about, and where its anisotropies
come from.

3.1.1 The origin of the CMBR

As we look out iato the universe, we are also looking back in time. This is
because light travels at a finite constant speed in vacuum. We know that the

39



universe is expanding, and was originally much smaller and hotter. At some
point in the past, then, it was hot enough to ionise hydrogen, which would
then render the unwverse opaque. Due to the homogeneity and isotropy of the
universe, this time would be roughly the same, no matter in which direction you
look. Thus, at some redshift, we have an opaque sphere of ionised Hydrogen
surrounding us. This is the CMBR.

It is not the CMBR itself that provides the most important information, but
rather the small arisotropies present in it. One may divide the cause of these
anisotropies into three main classes [535]:

e Sachs-Wolfe effect
This is caused by photons climbing out of an overdensity in the universe
{a gravitatioral well) which causes a change of temperature of

5T _ 6@

_ o (3.1
T c? (3.1)

where @ is the change in the Newtonian potential. However, due to time-
dilation, one is looking at a younger, and hence hotter, universe in the
region of overdensity, correcting the effect to:

6T 69

F =33 (3.2)

This effects dominates on angular scales larger than about 2°.

s Doppler effect
The photon-taryon fluld undergoes acoustic oscillations during and shortly
before recombination. This motion of the bulk plasma means that photons
scattered off it suffer a Doppler effect leading to a change of
0T v i

with v the plasma velocity, and ¥ the photon direction.

» Adiabatic effect
The compression and rarefaction undergone by the oscillating plasma resp.
heats and ccols the oscillating plasma. This leads to the temperature
change:
5T 16pW
oL _ o (3.4)
T 3 pt
The last two effects (Doppler and adiabatic) dominate at scales less than 2°
and are clearly linked to the acoustic oscillations. The wavelength of these
oscillations is determined by the sound speed,

9 p(b>
2 .2 4
i =c (3 + 107 ) (3.5)
Working in Fourier space, and changing to conformal time, one may show that
sptn
~ cos{kCsMrec), (3.6)
p('Y) scale k
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where 7., is the conformal time of recombination. We see that this is periodic
in k.

Inflation only produces fluctuations in the growing mode, eventually leading
to the fluctuations at a given k being coherent, giving a set of oscillations in the
power spectrum.

In order to obtain the power spectrum, we measure the CMB over the whole
sky (in principle), and decompose it into spherical harmonics:

%ij, ¢) = gatmmm&éx (3.7)

from which one obtains the power spectrum:
Cr = {aim|?)- (3.8)

In fact, one usuallv plots I{l+ 1)C; which is the power per unit log interval in /.
Lengths at recombination get translated to an angle on the sky vial the
angular diameter distance formula, which is mainly a function of Qgiey. Thus
the position of the peaks (which come from the physical distance cos{(kcs9pec))
as a function of [ are a sensitive indicator of the total energy in the universe.
Two further parameters are important for observation: n, the slope of the
primordial power-‘aw power spectrum, defined via

(16k %) o &7, (3.9)

and the ratio of tensor to scalar perturbations (inflation predicts that vector
perturbations will be very small). Inflation usually predicts n ~ 1.

One may do a detailed fitting of the major parameters to the observations
given a particular model. These measurements usually need to be complemented
with secondary measurements (for instance, supernova measurements), as there
is degeneracy in some of the parameters. None the less, the CMB measurements
allow us to deduce the values of the cosmological parameters to unprecedented
accuracy.

3.1.2 Contaminants

The detection of CMB anisotropies to the order of AT/T" ~ 107> is beset with
a wide range of difficulties. A major problem is contamination by foregrounds.
The components of the contamination that are most interesting are:

¢ Galactic dust emission
This is important at high frequencies (typically larger than 100 GHz).

* Galactic thermal (free-free) emission
Thermal emission and non-thermal (synchrotron) radiation are important
at frequencies lower than ~ 30 GHz.

¢ Atmospheric emission
This is the dominant contribution in ground and balloon based experi-
ments.

¢ “Spinning dust”
This is important in the range 10-100 GHz.
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The most obvious method of avoiding these contaminants is running the exper-
iment at a frequency where the contaminants are kept low. In the window of
frequencies between ~ 10 and ~ 40 GHz both atmospheric and Galactic emis-
sions should be dominated by CMB emission. However, in order reach sufficient
accuracy it is necessary to perform spectral diserimination of foregrounds using
multi-frequency data. This takes the form of either closely spaced samples for
accurate discrimination of the foreground, or a wide set of samples to give a
good ‘lever-arm’ in spectral discrimination.

There are three principal methods to avoid atmospheric contamination {apart
from moving the detector out of the atmosphere):

o The switched beam method
Here the telescope switches rapidly between two or more beams so that a
differential nieasurement may be made between two different parts of the
sky, allowing one to filter out atmospheric variation.

¢ Scanned beam methods
Here the telescope has a single receiver with a continuously moving mir-
ror allowing different parts of the sky to be scanned. A computer may
re-synthesise the motion of the mirror. This method provides greater flex-
ibility at angular scale measurements.

s Interferometric measurements
Here, output measurements of each baseline horn are cross-correlated so
that the Fourier components of the sky can be measured. In this fashion
the atmospheric component can be efficiently removed, allowing a clean
CMB map to be re-constructed. Furthermore, the beams are electronically
synthesised, so that they have lower levels of sidelobe pickup, and better
rejection of systematics.

3.2 Magnetic fields in the universe!

Magnetic fields are ubiquitous. They have been observed from the very small
scales to the very large. We see magnetic fields in stars, galaxies, clusters of
galaxies and in high redshift objects.

3.2.1 Observing magnetic fields in a cosmological setting

The principal means by which magnetic fields are observed at astronomical
scales are:

s The Zeeman effect, whereby spectral lines emitted are split into a number
of closely spaced lines by a strong magnetic field.

¢ The intensity and polarisation of synchrotron emission from free relativis-
tic electrons, whereby the electrons emit radiation while being forced to
move in curved paths due to the presence of a magnetic field.

s Faraday rotation measurements (RMs) of polarised electromagnetic ra-
diation passing through an ionised medium. The magnetic field in the

1This section owes a great deal to the detailed review of Grasso and Rubenstein [35].
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direction of propagating of the radiation causes a rotation in its plane of
vibration.

Though a direct measurement of the strength of a magnetic field, Zeeman split-
ting is typically tco small to be useful outside our galaxy. The other techniques,
unfortunately, suffer from the necessity to determine n,, the local electron den-
sity, independently. This is often extremely difficult, especially for very rarefied
media. This makes measurements of the intergalactic medium very difficult.
With synchrotron emission, the intensity is proportional to n.B?. This leads
researchers sometimes to estimate B by assuming equipartition of energy be-
tween the magnetic field and plasma energy densities.

Faraday rotation is always used for observation of distant objects. The agree-
ment between RMs and those inferred from synchrotron emission for nearby
sources give confidence to the measurements of distance objects using the for-
mer method. However RM requires knowledge of the electron column and pos-
sible field reversals, which, while obtainable for nearby objects through pulsar
frequency and their delays, are difficult to determine for distant measurements.
This makes deternining the magnetic field of the intergalactic medium via RMs
quite hard, so that only model upper limits are available,

3.2.2 Current observations
Galaxies

The magnetic field in the interstellar medium of the Milky Way has been de-
termined using several methods. The average field strength is 3 - 4G, which
corresponds to an approximate equipartition of energy between the magnetic
field, the small-scale turbulent motion, and the cosmic rays confined to the
Galaxy — pm & por = p;. This energy density almost coincides with that of the
CMBR. The oriertation of the field is maintained on scales of the order of a few
kiloparsecs (comparable to the size of the galaxy) and two reversals have been
observed between the galactic arms. This suggests a symmetric configuration
of the field morphology.

Similar strength fields have been observed in other spiral galaxies, but while
some (like M33) seem to share the property of equipartition of energy, others
seem to have a field that is too strong for this. The field morphology also seems
to vary from galaxy to galaxy, with some showing axially symmetric geometry,
others symmetric geometry, and some with no discernible field structure [35, 86].

Galaxy clusters

The observations on a large number of Abel clusters [46], some of which are
known to be x-rav sources (which allow independent determination of n.), give
insight to the strength of magnetic fields in galaxy clusters. The phenomeno-
logical equation:

1
L -z
Brea ~ 2uG | —— -1 h
ICM uG (lﬂkpc> (hso) ™, (3.10)
with L the reversal field length and hsg the reduced Hubble constant, describes
the magnetic fiell strength of the intercluster medium (ICM) well. Typical
values for L are 10 — 100 kpc, to give corresponding field strengths of 1 — 10
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uG. The Coma cluster [33] provides a concrete example, with a core magnetic

field of B ~ 8.3h1%‘00G tangled at scales of about 1 kpe. Some clusters can have
quite strong magr.etic fields; RMs show the Hydra A cluster to have a 6uG field
caherent over 100 kpc, superimposed with a tangled field with a strength of
approximately 6uG [78].

The magnetic field strength at the centre of these clusters can be far higher.
High resolution iriages of radio sources embedded in galaxy clusters show that
the central regions have a typical field strength ~ 10 — 30 puG with peak values
of ~ 70 pG[21]. For such large fields the magnetic pressure exceeds the gas
pressure derived form X-ray data. Indeed, the discrepancy between the estimate
of the mass of the Abel cluster 2218 derived from gravitational lensing and that
derived from X-ray measurements [57] may be well explained by magnetic field
strengths ~ 50 pG [35].

The cause of the apparent decrease in the field strength away from the
centre of the clusters is still not clear; whilst it may be due to the intrinsic field
structure, it is also possible that it is merely due to the decrease of gas density.
Observations show that the field may have a filamentary structure, where the
filaments, according to [21], should be structured as a flux rope — the field lies
along the central axis, becoming helical as it moves away.

These observastions make it plausible that magnetic fields exist in all galactic
clusters, which then raises severe problems for the theories of magnetogenesis.

High redshift objects

The most significant measurements of high redshift objects are high resolution
RMs of very far quasars by Kronberg et al. [51]. These allow one to probe
magnetic fields in the early past. The magnetic field strength of a relatively
young spiral galaxy at redshift z = 0.395 was determined by RMs of the quasar
PKS 1229-021, which lies behind the galaxy at redshift z = 1.038, to be in the
range 1 — 4 uG. Interestingly, the galaxy was determined to field reversals were
observed at a scale roughly consistent with the spiral arm separation, as our
Milky Way has.

RMs of the radio emissions of the quasar 3C191, at a redshift of z = 1.945,
thought to be due to a magnetised gas at the same distance, are consistent with
a field strength of 0.4 ~ 4 uG.

Intergalactic magnetic fields

The rarefied nature of the intergalactic medium (IGM) makes it difficult to make
any meaningful RMs. However, using reasonable assumptions on the value of the
magnetic coherence length and well known estimates of the Universe ionisation
fraction allows ore to limit this field. For instance, if one takes the unlikely
case of a field aligned on cosmological scales, with the additional assumptions
of A=0,Q =1, and H = 0.75, RMs of distant quasars limit Brga < 10711G
[51]. Adopting the more realistic reversal scale of 1 Mpc {the largest scale at
which reversals are observed in galaxy clusters) allows Kronberg to give the less
stringent limit of Bygar < 107 at the present time.
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3.2.3 Magnetogenesis

The ubiquity of magnetic fields raises natural questions as to their origin, which
have yet to be settled. Two main theories purport to explain the origin of these
magnetic fields in galaxies:

The galactic dynamo This is the oldest theory of magnetogenesis, whereby
a rotating galaxy is seen as a giant dynamo generating the field. The
dynamo mechanism takes place when the first term in the propagation
equation for the magnetic field:

%—? =V x(vxB)+ ﬁsz, (3.11)
where o is the electric conductivity, dominates the second term {called
the frozen-in limit). This equation clearly shows that the existence of an
initial seed field is crucial to the process. Three other elements are crucial
to the process: hydrodynamic turbulence, differential rotation and fast
recombination of field lines. The turbulent motion stretches and distorts
the magnetic field lines in the frozen-in limit. It can be shown that this
stretching of the field lines results in the increase of B. However, this effect
alone is not sufficient to explain the exponential amplification required for
the dynamo theory to be successful. This exponential amplification is
obtained by noting that the turbulent motion can cause twisting of closed
flux tube, and then put the ends together, resulting in the original single-
loop configuration but with double the flux. This process may be repeated
n times, to give a 2"-fold strengthening of the field. The gluing together
of the ends requires a change in the field line topology, which may only
happen in the presence of a small finite resistivity. This doubling is a
small-scale process (in regions of small extension the field is more tangled
and the diffusion times smaller) causing the magnetic configuration to
evolve local tangled structures to a mean ordered structure. In fact, one
of the main predictions of the galactic dynamo model is the generation of
an axially symmetric mean field.

A general prediction of the theory is that the dynamo amplification will
stop when an approximate equipartition of energy between the magnetic
fleld and small scale turbulence is reached, corresponding to magnetic
energy densities of 2 - 8 uG. The time to reach this equipartition, starting
from seed fields with intensities as low as 1072°G, may be 10® - 10? years.
This estimation holds under the assumption of a CDM dominated universe
with vanishing cosmological constant. In the presence of a cosmological
constant the dynamo has more time available for amplification, and the
seed field intensity may be as small as 1073° G.

Primordial field amplification The main alternative to the galactic dynamo
is the assumption that galactic fields result from a primordial field which
gets adiabatically compressed with the collapse of the protogalactic cloud.
Due to the nigh conductivity of the intergalactic medium magnetic flux
is conserved. implying that the magnetic field strength increases with the
square of the size of the system so that

o N 2/3
Bpm'rn = Bgal ( COSTmC) . (3.12)
Pgal
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Since, at piresent, praar/pgal = 1079, and Byar = 107% G, the required
strength of the primordial magnetic field at the time of galaxy formation,
2z ~ 5, adiabatically rescaled to the present time, is

Bprim = 10—10 G. (313)

The theory predicts that the field should be wrapped into a symmetric
spiral with ¢ field reversal along the galactic disk diameter, and no reversal
across the galactic plane.

The galactic dynamo has become unfashionable due to criticism levelled at it
resulting from improved theoretical work. Its detractors point out that the the-
ory ignores the strong amplification of small-scale magnetic fields which might
reach equipartition long before a coherent field is developed.

Observationally, there are three main ways to decide between the theories:

» the observation of intensity and spatial distribution of galactic magnetic
fields,

s the observation of intensity and spatial distribution of intergalactic mag-
netic fields,

¢ the observation of magnetic fields at high redshifts.

As noted, observations of the intensity of the magnetic fields of some galax-
ies show evidence of equipartition of energy between the magnetic field and
the small scale turbulent motion supporting dynamo theories. However, other
galaxies, such as the M82 galaxy in the Magellanic Clouds, have magnetic fields
that are far stronger than the equipartition field. Some spiral galaxies, like our
own, have been se:n to have field reversals, supporting primordial field theories.
However other galaxies, like M31 and 1C342, show no field reversal. At present
the number of observations is so small that any statistical inferences would be
premature [86].

The origin of the magnetic fields in the intercluster medium is even more
mysterious. Theyr are far to strong to explain simply by means of ejection
of galactic magnetic fields. Some theorists postulate some kind of dynamo
mechanism produced by the turbulent wakes of galaxies, but this has been
criticised by others. Kronberg [51] asserts that the independence of field strength
from the local matter density suggests that the galactic systems evolved in an
environment with B 2 1uG.

All of these theories require a seed field prior to galaxy formation. While
there are several mechanisms where this field might have been generated pre-
recombination, one may also envision scenarios where they might have been
generated afterwards, One such alternative is the Biermann battery effect (8]
which may produce seed fields which are amplified at a galactic scale by a
dynamo powered by turbulence in the protogalactic cloud [52, 54]. However,
this mechanism fails to account for the observed fields in galaxy clusters.

If magnpetic fie ds existed prior to recombination, it would be reasonable to
expect some imprint of them in the CMB power-spectrum. Indeed, one might
hope to place bounds on such a primordial field via measurements of the power
spectrum. The next section deals with possible imprints of primordial magnetic
fields on the CMB power spectrum.
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3.2.4 Magnetic imprints in the CMB power spectrum

The presence of magnetic fields prior to photon/baryon decoupling may be ex-
pected to leave arn imprint on the CMB. This the CMB power might allow one
constrain early time magnetic fields. Here the known effects of magnetic fields
on the CMB are described, along with such constraints as current observations
of the CMB have placed on magnetic field strengths prior to decoupling.

Homogeneous raagnetic fields

Large scale homogeneous magnetic fields break the isotropy of the universe,
inducing a preferied direction. Indeed, as we have seen in earlier sections, the
magnetic field acts like an imperfect fluid with “negative” pressure along the
field direction. Zeldovich and Novikov [85] calculated such a field having a
strength today of 107? + 1071 Gauss would induce a temperature anisotropy
ST/T < 1075 This analysis was updated by Barrow, Ferreira and Silk [5] to
place an upper limit on the field strength on the basis of the COBE microwave
background anisotropy measurements. The limit

Blte) < 3.5 x 1072 fY2(Qoh2)Y? G (3.14)

was thus obtained. Here f is an O{1) shape factor accounting for possible
non-Gaussian characteristics of the COBE data set. This shows that even with-
out dynamo amplification COBE data is not inconsistent with magnetic fields
observed today.

Magnetic field effects at small angular scales

While the anisotropy resulting in the above discussion is essentially acausal in
nature, at small angular scales (< 1°}) the anisotropies are caused by causal
physical mechanisms. As described in the section on the origin of CMB anisot-
ropies, primordial density fluctuations give rise to acoustic oscillations in the
plasma when they enter the horizon some time before last scattering. These
then produce temperature fluctuations in the plasma, induce velocity Doppler
shifts in the photons, and gravitational Doppler shifts in photons climbing out
of over dense regions.

These acoustic oscillations are well described by standard fluid dynamics in
the linear regime. The presence of a magnetic field allows plasma dynamics to
be radically altered as Magneto-Hydro-Dynamics (MHD) has to be taken into
account,

The simplest situation is to consider a single component plasma, and neglect
any dissipative effect (for example, heat conductivity, or viscosity). If one as-
sumes the magnetic field By is homogeneous on scales larger than the plasma
oscillation waveler gth, one may treat the background field as a uniform field in
the equations. Performing this analysis one sees that in addition to the ordinary
sound waves involving density fluctuations, the magnetic field allows three new
kinds of solutions ([1, 2, 45}]):

o Fast Magnetosonic Waves
These approach ordinary sound waves in the limit of small magnetic field,
and involve fluctuations in the velocity, density, magnetic, and gravita-
tional field. The velocity and density fluctuations are out of phase by 7 /2.
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They waves travel at a velocity
¢ ~c+v)sin® 6, (3.15)

where 8 is the angle between the wave propagation direction and the mag-

netic field,

2 B}

UA NG
P

is the Alfvén velocity, and ¢, is the ordinary sound speed (in the absence
of the magnatic field). This is only valid for v4 < ¢;, and for such fields,
the waves ate approximately longitudinal.

(3.16)

¢ Slow Magnetosonic Waves
These waves also involve fluctuations in the velocity and density. In con-
trast to the fast magnetosonic waves, these waves fluctuate both transver-
sally and longitudinally even for small fields. Their velocity is approxi-
mately
e ~ v cos® 6. (3.17)

o Alfvén Waves
These waves contrast to the magnetosonic waves, in that they are purely
rotational, involving no density fluctuations. They are linearly polarised,
and propagate at
¢ = v} cos® . {3.18)

Adams et al. [1] were the first to investigate the possible effects of MHD waves
on the temperatur2 anisotropies. In the simple case of magnetosonic waves, they
found that in the tight-coupling limit the effect of the field could be somewhat
mimicked by a variation of the baryon density. However, the amplitude of the
fast waves depends on the angle between the wave-vector and the magnetic field.
As the magnetic field is assumed to change at scales larger than the scale of the
fluctuations, differ2nt patches of the sky might show different fluctuation spectra
depending on the angle. By performing all sky averaging, summing also over
the angle of the field and the line of sight, the authors were able to determine
the effect on the temperature power spectrum. They found that a magnetic field
had a tendency to reduce the amplitude of the first peak with respect to the free
field case, as the magnetic field pressure opposes the in-fall of the photon-baryon
fluid into the potential well of the fluctuations. The magnetic field also yielded
a subtle shift of the position of the peaks. These effects together allowed them
to conclude that magnetic fields with a strength today > 5 x 1078 should be
detectable by the ipcoming PLANCK satellite.

While it is diff cult to disentangle the signature of the magnetosonic waves
on the CMBR, the signature that Alfvén waves may leave is quite peculiar, due
to the fact that tl ey involve only rotational fluctuations, without fluctuations
in density. Indeed, as the density does not change, the velocity Doppler shift
would not be cancelled by the gravitational redshift, which could provide a clear
signature of magnetic fields at last scattering [1].

Alfvén waves a-e interesting for a further reason in that they are vector per-
turbations. Whereas vector perturbations are suppressed by expansion and do
not arise from small deviations from FLRW, this is not true for magnetic fields.
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Thus Alfvén wave: are well suited to probe more unusual initial conditions, such
as those generated from primordial phase transttions.

As will be discussed in the next section, Alfvén waves also suffer less from
dissipation than magnetosonic waves do. Subramanian and Barrow [75] and
Durrer et al. [17] both did a detailed investigation of the effects Alfvén waves
leave on the CMB. They found that these waves produce Doppler peaks with a
period determined by the Alfvén velocity. However, for reasonable values of the
magnetic field strength the Alfvén velocity is very small, these would be quite
difficult to detect.

However, Durrer et al. argued that the presence of Alfvén modes would lead
to a phenomenolcgically interesting effect on the statistical properties of the
CMB anisotropies. If one decomposes the temperature anisotropies using the
usual spherical ha monic decomposition, the Ci’s are just C; = {aimay,,). How-
ever, the spin-1 nature of vorticity perturbations introduces phase transitions
[ = 1 £ 1 introducing a corelation between the ;41 and e;-; ;, harmonics,
which would be measured by

Dy(m) = (Gl-l,nza;+1,nz> = <01+1,ma7~1,m>- (3.19)

Durrer et al. determined the form of the C; and Dy coeflicients for the case
of a homogeneous magnetic field with a spectral index in the range (-7,-1),
and, on comparing their results with the COBE data, determined a limit on the
magnetic field amplitude of the order (2 — 7) x 1072 Gauss.

MHD modes in the presence of dissipation

In the previous section dissipative effects were assumed negligible. Jedamzik et
al. [42] were the tirst to study the effects of dissipation of MHD perturbation
modes. It was shown [42, 76] that the dissipation of MHD modes produce an
effective damping of inhomogeneous magnetic fields.

In the absence »f a magnetic fleld acoustic density fluctuations are effectively
damped in the diffusive regime due to viscosity and heat conductivity (Silk
damping). At recombination, this dissipation occurs for modes smaller than the
approximate photon diffusion length, d, ~ (I,¢5)"/2, with [, the photon mean
free path. Fast magnetosonic waves are damped in a very similar manner, with
the dissipation scale coinciding with the Silk length scale. However, Alfvén and
slow magnetosonic waves are damped quite differently. Indeed, the Alfvén waves
may become overd imped when the photon mean free path becomes large enough
for dissipative effects to overcome oscillation. The strong viscosity prevents fluid
acceleration by magnetic forces, and thus damping is quite inefficient for non-
oscillating Alfvén mnodes with

A< Apg M (3.20)
vqcos8
The damping scale for Alfvén modes is thus much smaller than that for sound
and fast magnetosonic modes, by a factor L4 ~ v4 coséd,. It follows that for
the discussion in t1e previous section to be valid, the magnetic field must have
a coherence length less than the co-moving Silk damping scale (Lg ~ 10 Mpc)
for fast magnetosonic waves, and greater than L4 for Alfvén waves.

Further interesting work was done by Jedamzik et al. [43]. They reasoned

that the dissipatio 1 of tangled magnetic fields before recombination would lead

49



to a nonthermal injection of energy into the heat-bath distorting the CMB power
spectrum. With this reasoning, and using the COBE/FIRAS data, they were
able to exclude primordial magnetic fields with strength > 3 x 107 G and co-
moving coherence length ~ 400 pc. On scales of ~ 0.6 Mpc, the COBE data
disallows magnetic fields of strength 2> 3 x 10™® Gauss, by similar reasoning.

Polarisation effects

As noted in Ch. 2, Thomson scattering naturally creates CMB polarisation.
All that is required is for the photon distribution function to have a quadrupole
anisotropy, as seen by the electrons. This can not occur in the tight cou-
pling regime, wherein the development of anisotropy in the baryon rest frame is
prevented, however, near decoupling, where the photons begin to free-stream,
quadrupole anisot-opies may develop in the photon distribution function, sourc-
ing a space dependent polarisation. Thus temperature and polarisation anisot-
ropies are expectel to be coupled.

Kosowsky and Loeb [50] noticed that a magnetic field could induce a sizeable
Faraday rotation in the CMB. The rotation depends both on the magnetic field
strength and on the free electron density, and although the former is expected
to be larger at early times, the latter drops to negligible values as recombination
ends. Thus rotaticn may only be generated in the brief time where photons and
electrons have started to decouple, but have not yet done s0 to the point where
Faraday rotation ceases. Kosowsky and Loeb found that under the assumption
of a uniform magnetic field at the co-moving scale of ~ 5 Mpc, a primordial
field of By ~ 107% Gauss would result in rotation of the order of 280 rad m—2,
which would in pr.necipal be detectable by the PLANCK experiment.

Scannapieco and Ferreira [67] examined how a magnetic field would affect the
correlation of temperature and polarisation anisotropies. It is usual to separate
the polarisation patterns on the sky into “electric” (E) and “magnetic” (B)
parities, the E-mode having (—1)! parity on the sphere, and the B-mode (—1)!+1.
Isotropy forbids cross correlation between E and B modes, as this would imply
parity violation. However, the magnetic field is maximally parity violating, and
therefore may proiduce cross correlation, revealing their presence. The authors
concluded that this cross-correlation would render fields with strengths as low
as 1079 detectable by the PLANCK satellite. Only the case of a uniform field
was considered, but many of the key ideas should carry through to fields with
finite coherence length.

Faraday rotation may also affect the temperature anisotropy via a back-
reaction of the radiation depolarisation inducing a larger photon diffusion length,
and thus reducing viscous damping of temperature anisotropies. Harari, Hay-
ward, and Zaldarriaga [36] considered this effect, and showed that on small
angular scales (I ~ 1000) the magnetic field tends to increase the temperature
anisotropy. They calculate that both MAP and PLANCK should be sensitive
to magnetic fields it a level of about By = 107 Gauss, which is comparable to
the BBN limit.

Stochastic magnetic fields

Recently various authors have considered primordial magnetic fields that are
stochastic in nature [18, 44, 48, 75, 77, 62]. These are argued to be more realistic
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as any causal mechanism results in such fields. In this approach the magnetic
field is modelled as a statistically homogeneous and isotropic magnetic field, so
that in Fourier sp.ace

(B;(k) B (q)) = 8°(k — q)(8;; — kik;) B2 (k), (3.21)

where k is the mode vector. The magnetic spectrum B(k) is assumed to be
approximated by a simple power law B(k) o< k™ up to some cut-off frequency
k., the scale at which modes are exponentially damped. Durrer et al. [18] argue
that for causally generated magnetic fields, n must be a strictly positive even
number. At any 1ate, n > —3 in order to avoid over-production of long-range
coherent magnetic fields.

Koh and Lee [48] examine scalar stochastic perturbations. They are not
overly concerned with the mechanisms whereby the field is generated, and simply
assume it appears instantaneously at some time. They assume the usual power-
law form, with spectral index larger than —3, and

cut-off k.. They calculated power spectra for both temperature and polar-
isation, finding that the presence of a magnetic field tended to shift the peaks
up. They found that the spectrum curves depended strongly on the cut-off fre-
quency - larger cut-off frequencies having greater effect. Increasing the spectral
index was found to decrease the impact of the magnetic fields on the spectrum.
The authors ignore the effect of Faraday rotation on the polarisation spectrum.
They conclude that fields needed be at least of the order of 1078 Gauss to have
an appreciable effect on the spectra.

Subramanian and Barrow [75, 77] explore how stochastic fields create vor-
ticial, or vector, perturbations that may survive Silk damping. These modes
would then presumnably have an important contribution to the CMB spectrum
at small angular scales, where other modes would be damped out. As is usual,
they assume a povwer-law spectrum in their calculations. They find that a scale-
invariant, spectrur1 which red-shifts to By = 3 x 1079 at present should yield
temperature anisotropies of the order of 104K between [ ~ 1000 — 3000. A-
dominated universes, and steeper spectra, or universes with a larger baryon
density all produce larger signals.

In a series of papers Durrer and co-workers [18, 44, 62] explore the effects of
stochastic magnetic fields on the tensor and vector contributions to the CMB
power spectrum. Assuming that the field has a power-law spectrum with a cut-
off, they are able to derive analytic expressions for the power spectra. For the
tensors, they found that the field induces a scale invariant spectrum as the index
approaches —3. For such spectra, they deduce a constraint of order 10~% Gauss.
For initial spectra with index n, they found that the field averaged over the the
co-moving length scale 10h=! Mpc, B, is constrained by By < 7.9 x 107%¢3"
Gauss forn < —3,2, and By < 9.5x1078¢"3¢" Gauss for n > —3/2. Taking into
account vector perturbations, and calculating the effect both on temperature
and polarisation spectra, Mack et al. [62] expect the MAP satellite to be able to
constrain fields to be no greater than ~ x10~% G, and strengthen the constraint
to 4 x 10713 G if the fields are generated causally.

In [77], Subramanian and Barrow compare their estimates to those of Durrer
et al. [18, 44, 62] if magnetic effects are detected at high [, then the expressions
for the tensor power spectra derived in [18, 62] show that the magnetic field
would lead to perturbations of the order of 10% for [ < 100, and thus their
effects at large anzular scales would need to be taken seriously.
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Chapter 4

Scalar perturbations in the
presence of a magnetic field

In this chapter we are going to present analytic results on the nature of scalar
perturbations in the presence of a magnetic field. In order for this to be possible
we will use a simpie two-fluid model, the fluids being radiation and magnetised
dust!. Our analysis will follow that of Padmanabhan [64], who performs this
analysis for non-magnetised dust.

For our analysis it is convenient to adopt the energy frame. This is defined
as the frame in which the total flux is zero. We follow the approximation
scheme outlined 1. Sec. 2.4.2. This leads to the equation for conservation of
total momentum:

282 Pl 2 y .
i (1+w+~§;}—> = “—5,—2)3+‘§B{ab}3 f L41)
where _
Bap = SV B,. (4.2)

This allows us to write the evolution equation for the gradient of the expansion
as

1 piv) 1

Z, = -2HZ,- -pDy— BB, — 3By B’ - zH— VDY
2 2 3 p (1+w+2—fp—“)
B0 g 2B L
2p (]+w+%) 3?(1+u;+3£3)
6c2(1 + w) 45 1 SH 0y
(l+zu+%) P (1+w+%§—2)
2
B s
3p (]+w+2§})

1n this section, th» superscript “(7}7 refers to the radiation fluid, and “(®” to the dust.
Total variables, like p. w, Dy refer to the total contribution of the dust and radiation fluid,
and exclude the contribution of the magnetic fluid. Each fluid is considered to be perfect.
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and that for the co-moving spatial gradient of the total energy density as

: 6H , B?
D+ p(1 +w)Z, — 3HWD, + “”;"B!ab}B - QQH-p—aa =0. {(4.4)

The individual fluid components will in general move relative to the energy
frame, and have their own peculiar velocities. The magnetic field is frozen into
the dust, and only the total (magnetised dust) energy-momentuimn is conserved.
However, as magnetic energy densities are identically conserved, the dust energy
density is conserved. Thus, the equations for the co-moving gradients of the
individual energy densities are, for the dust:

DY) + 2, + 35Ha, + SV, dive™® =0, (4.5)
and for the radiation
e 4 4 -
’D((;Y) + gza +45Ha, + gsvadiv?}(ﬂ =0. (4.6)

The momentum conservation equation for the magnetised dust is:

and for the radiation:

. 4
o = (33 = 1) Hol = aq + SD. (4.8)
Here ¢, = 1/3 is the sound speed of the radiation, and
1 B?
2 S ;
CS(T) - 3B 4+ %p(b) (49)
is the sound speec of the magnetised dust.
We follow Dunsby et al. [15] in defining the difference variables
1 1 , 3
(o) (b) _ (v} — ity 2l ;
S, e D, ey Dy Dy 4Da , (4.10)
ol = ) (), {4.11)
The propagation equation for S{é”“’) can be derived from Eqgs 4.5 and 4.6, giving:
St = 87, dive®), (4.12)
and that for vébﬂ from Eqgs 4.7 and 4.8, giving
4 2 1
30 = (3¢2 ~ DHu{" + DY + —————— By B, (4.13)
S Sp(b) (1 + 232>
3p(8)
where ,
(b) 2B
p (1 + =
2=l ) (4.14)

3 p (1 “+w -+ %)
The propagation equation for the co-moving spatial gradient of the magnetic

energy density is given by:

4

4 -
520+ 45Ha, + gsvadm“) = 0. (4.15)

B, +
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4.1 Scalar equations

In contrast to Sec. 2.6, where scalar harmonics are used to explicitly separate
out the scalar contribution to the propagation equations, we will in this section
be constructing explicit scalar variables. These are defined as

D = SV°D,, (4.16)
Z = §V°z, (4.17)
S = gyesitn), (4.18)
v S?ayﬁgbv), {4.19)
B = SV°B,. (4.20)

By taking the divergence of the equation for the conservation of momentum one
obtains the useful relation:

A= 1 lgijc - }égjg_ }_pmp{ﬂ (4.21)
,,(Hw%a_?) 387 2827 352 ’
P

where I is defined in terms of the 3-Ricci scalar R by:
K =S*VR. (4.22)

In order for K to he O{e;) we require the background to be flat.
One may now obtain a closed set of propagation equations:

. . B:Z 2
P = —(0+w)Z+3HwD+ %-;HB _ %HK;
2 1 B2
i - TP py (4.23)
3(1+w+282) pr
B 1 M
2 = gz bp By Byg 1 ! P_<2p
2 2 4 3 (l+w+ 74 ) p
1 1 B2 2 1 B2
—§ — 28 + = - D
(1+w+233) P 3(1—&—%—%—%‘8—) r
4 ,
; 1 —HZ, (4.24)
(1 +w+ 5 )
S = gy, (4.25)
. 4 1 1 B?
NCAT - (3 v 1)H e L Zptn T T R
v C U
R 2 (b}
S 28 (1+ 327%)
1 1 B2
+§§ AWk (4.26)
(14 22)
4 4 2 B?
B = —22-2 L Bagso L Dyp
3 3(1+w+2§3)l9 (1+w+2§3) p
(v -,
R L CR-L (4.27)
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. Sy £ 23 (4.28)

where the propag:tion equation for K is obtained from the Gauss-Codazzi equa-
tions. D7) may be written in terms of D and S via

oD - p¥S

Dy = .
P+ %p(b)

(4.29)

4.2 Harmonic decomposition

In order to do the analyse these equations, it is desirable to harmonically de-
compose them in terms of the Helimholtz functions introduced in Sec. 2.6, via
the decomposition:

D o= Y DQW, (4.30)
k
z = ) zQW, (4.31)
SN = Y::‘S,f””cg{*), (1.32)
07 = i: v,(f”Q(k), {4.33)
k
B = Y B.QW, (4.34)
k
K = Y KW, (4.35)
k
Padmanabhan introduces the convenient time variable z defined by
T = -S_S;’ (4.36)

where S,q is the scale factor at radiation-matter equality. To zeroth order in
€1 the radiation and magnetic energy densities scale like 574, and the matter
energy density like §~%. One may thus write the various energy densities in
terms of z as:

() 1 (b} 1 B? ;
P L oL iz BB sy
Peq 224 Peq 2237 peq x4 Peq x4
We can now see that ]
T 4.38
w ) (4.38)

The zero-order Frizdmann equation allows us to determine the Hubble param-
eter as a function of z:

, 1
H?(z) = Hiymp (14 2). (4.39)
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The perturbations are expressed in terms of a wave number &. It is convenient,
however, to use the ratio 27w = [d (teq)/A(Seq)] between the Hubble radius
at S = Sceq and the wavelength of the perturbation at S = S¢. The two are
related via: ) )
k 2z
2 e 4.40
H?5? 1+«x (440)
We may convert the propagation equations from differential equations in ¢
to differential equations in z via

d d ~
d? d d 3. d . 3 ~
— = H? —— | = H*(1+w)S— = H*D?* - “H*(1 +w)D
e 5% (Sds) g+ w)Soe g1+ wb,
{(4.42)
where D = :z:dds
One may now write the harmonic equations:
= Jx+4 1 35
DDy, = -'3(1+x)zk+1+SH(£L']/D;¢+2(1+ H(z)B;
8 253 (v
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In order to facilitate comparison with Padmanabhan’s analysis, we now elimi-

nate for v,{fm and .Z, making the differential equations for D, and S,.(CM) second
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Given D and S, one may solve for D) and D) and find
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In terms of these variables we obtain:
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4.3 Analysis of equations

These equations cannot be solved exactly, but their most important properties
may be derived by suitable approximation.

Modes are latelled by the parameter w. If w > 1, the mode enters the
Hubble radius in the radiation dominated era, and if w <, it enters in the
matter dominated era. We thus have Zenter & w™? f w € 1, and Zepter ~ w™!
ifw > 1. We will thus consider the modes w <« 1 and w > 1 separately.

4.3.1 The case w < 1

When w <« 1, we have Zener & w 2. It is convenient to deal with the ranges

T € 1 K Zenter and & > Zenter > 1 separately. For the former, one may
obtain the lowest order solutions to the variables (D, S, B,X) by a dual series
expansion in the small parameters w and 3, using Eqs 4.49 - 4.53. One obtains
four principal modes (two other modes exist, but are unimportant) which, by
convention, are labelled the adiabatic or isothermal growing or decaying modes.
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The adiabatic growing mode is given by:
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the adiabatic decaying mode by:
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the isothermal decaying mode by:
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and the isothermal growing mode by:
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The “adiabatic” 1iwodes are labelled such, because, for these, S is very small.
For the isothermal modes, the labels “decaying” and “growing” are somewhat
arbitrary.

The coupling between D and S is O(w?z™) or O(Bz™), so in this limit is
rather weak. Thus the distinction between adiabatic and isothermal modes is
well defined, and evolution will not mix the two while the modes are larger than
the Hubble radius

If one neglects terms O{w?z?) and higher, one sees from Eq. 4.60 that S =1
is a valid solution. In other words, there are solutions where & is approximately
conserved.
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As noted earlier, the modes labelled “growing” and “decaying” in the adia-
batic case truly deserve their labels. We see that for adiabatic initial conditions,
the variables B and K follow . The back-reaction of these variables onto D is
very small, and does not change the over-all behaviour of the solutions.

In the isothermal case, D « §. This causes the variables B and K to follow
S. However, the back-reaction is still negligible. There is only a small pertur-
bation of energy density, so spacetime geometry does note change significantly.
Thus the isotherrial modes correspond to a re-distribution of energy densities
between the radiation and dust fluids. As a matter of convention, the dominant
isothermal mode s called “growing”.

We now consider the case when z < 1 (i.e. z2w® « 1). This is when the
modes have entered the Hubble radius, and is matter dominated. The strong
coupling between & and D leads to only two important modes being present:

Dg=8,=2, Di=8i=z%,

with the variable K and B constant in both regimes. We see that the presence
of a magnetic field does not significantly affect this situation. It also makes no
sense to distinguish adiabatic and isothermal modes here, as D and & are equal.

4.3.2 The case w > 1

We now consider ~he case w? >» 1. This is more complicated, there being three
regimes: the mode is bigger than the Hubble radius {zw « 1, which means
r <€ 1), the mode is smaller than the Hubble radius, but the universe is still
radiation dominated (w™' <« z « 1), and finally, the mode has entered the
universe and it is matter dominated {z > 1, so that wz > 1). We work now
with the equations in terms of Ax and A (Eqgs 4.56 — 4.59).

In the case wa « 1, i.e. the mode has yet to enter the Hubble radius the
equations may be approximated as:

{f)?~ (1+;6)5

o1 - 2,3)} Ap w —-gﬁf)zlc - g’;ﬁB + %5@ (4.60)
DA~ D*Ap, (4.61)

DB =~ %{45 +BAg - %AC, (4.62)

Pr =~ %AR + gﬁB — K. (4.63)

We see that the A perturbations are driven by the Ap perturbations — the
universe being racliation dominated. The back-reaction is negligible, though.
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The dominant mode is given by:

Ap =
Ac =
B =
K = %zz

z? + gﬂmZ log(z),
z? + %63}2 log(z),
35 17
2, 99, 2 iy
2z° + lgﬂx log(z) + 36ﬂ$ ,

+ %ﬂﬁ log(z) + gﬁxg,

which is clearly aciabatic. We see that the back-reaction of the magnetic vari-
ables on the radiaion perturbations is small.
For the case z <« 1, wz > 1, the equations may be approximated by:

{ﬁ2 — (1 + gﬁ) D+ §w2x2 AR
D*Ac

DB

DK

4

P

X

2

3 - 3 2 5,
“BDAC - 588 - S8w7a?K, (4.64)

BAR—ﬁw%P<B+§K>, (4.65)

2 =~ 4
31D+ BlAR - 540, (4.66)
%AR+gBB—ﬂK. (4.67)

To zero order in 3, the equation for Ap is then the oscillator equation, giving:

Ap = Aexp(tivz) - gﬁD, v = §w2 > 1,
Ac = Blog(z)+C
+2 Bz (log)(a),
B = —;B(log)z(x) - %C’log(z) + Aexp(+ivz)
~ S BBuPa(0g) (o),
1
K = D- gBﬂ(log(;c))3.

One sees that the perturbations in the radiation now oscillate rapidly. The
dark matter and magnetic perturbations do not grow at a significant rate in
this era, increasing only logarithmically. We see that, although there is a back-
reaction due to the magnetic field, it does not alter the behaviour of the system
— although the oscillations of the radiation fluid are shifted, it is only by a small

amount.

Finally, we consider the range z >> 1. The universe is now matter dominated,
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and the equations may be approximated by

[53 +ib- g} Ac ~ —Bu'B, (4.68)
~ 1~ 2 2 2
2 . £z - — 2V A~ =280 4.
[D + 2D+ 3.1.) 3}} Ag (D 3) Ac 3,6 K, (4 69)
=~ 4 ~ 16 -
DB = EDAR - @AC, (41’0)
DK =~ 0. (4.71)

We see that the perturbations are now driven by the dark matter. To zero order
in A3, the dark ma-ter perturbations are given by

Ac =~ Az + Ba7%? & Az, (4.72)

Following Padmanabhan [64], we may then compute Ag {to zero order in )
using the WKB approximation:

34 B 8
/ Y ez OX 14/~ ,1/2 . i
Agr e + = exp ( 2\/;wa" ) (4.73)

Computing B and K (to zero order in 8) then gives:

3wz
K = D. {4.75)

B = ?Alog(x) +C + 18 exp (ii\/gw&‘?“?) ) (4.74)

Thus the Ay cont nues to oscillate rapidly, the oscillations dominating over the
driving by the dark matter term. The magnetic perturbations grow slowly in this
era, while oscillating. While the back-reaction on the radiation perturbations is
negligible, it does have an effect on the CDM perturbations. To first order in
3, and highest order in z, this back-reaction is given by:

AE = JQEA,&U? log(z), (4.76)

where Ag represents the back-reaction of the magnetic perturbations onto the
CDM perturbations.

4.3.3 Numerical analysis

Figures 4.1 and 4 2 are show the evolution of the scalar variables under the
system 4.56 - 4.59. These were generated by numerical integration. It must be
noted that the model presented does not include the effect of Silk damping. In-
specting the graphs, one may clearly see the behaviour predicted by the analytic
approximations derived in the previous section. One can clearly see how in late
times the CDM perturbations grow faster in the presence of a stronger magnetic
field. As noted in the previous chapter, the presence of a magnetic field changes
the frequency of the late-time oscillations. This effect is not seen here, however,
as this change of fiequency depends on the interaction of photons and electrons
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Figure 4.1: Numerical integration showing the evolution of the perturbation
variables with adiabatic initial conditions in the presence of a very weak mag-
netic field (8 = 1071°, w = 100). Here the magnetic variables and the matter
variables effectively decouple.

before decoupling. Naturally, the CDM does not share this coupling with the
photons. In the next chapter the “tight coupling” approximation of the full set
of equations (given in Sec. 2.6) will be derived. This will show how coupled
photons and baryons oscillations change frequency in the presence of a weak
magnetic field.
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Figure 4.2: Numerical integration showing the evolution of the perturbation
variables with adiabatic initial conditions in the presence of a stronger magnetic
field (8 = 1074, w = 100). One may see how weak coupling affects the evolution
of the variables.
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Chapter 5

Calculating the CMBR
power spectrum

As we have seen in the previous chapter, the CMB power spectrum is the cleanest
cosmological observable. It is vital then to have an efficient technique to predict
the CMB power spectrum. The CAMB code, a covariant modification of the
CMBFAST code [68] does this using the symbolic “integral solution” for the
radiation [11, 56]. This next section presents the code, followed by sections
showing how the code has be modified to predict the power spectrum with a
primordial magnetic field.

5.1 The CAMB code

The CAMB code (http://camb.info) [36], a modification of the CMBFAST
code [68], provides a fast and accurate means of calculating the predicted CMB
power spectrum for given initial conditions. This chapter will describe the
function and the Jdesign of the code in order to facilitate future modification.

5.1.1 Running CAMB

Assuming FORTRAN 90 is correctly installed, one may easily run the CAMB
code. Before running it, however, it must be compiled. This is done by run-
ning the make utdity (which should be installed) which will then compile the
program. After the program is correctly compiled, one runs it by typing

./camb inifile

at the command-line, where inifile is the name of the initialisation file con-
taining the initialisation parameters. The default file, params.ini, is shipped
with the code. Any modifications should be based on this file. The parameters
are self-explanato-y.

5.1.2 The organisation of the CAMB code

The CAMB code code is organised into several files:



¢ bessels. {30 — Contains a module to calculate the spherical Bessel func-
tions. This is based on Arthur Kosowsky's “hyperjl.c”.

e camb.f90 - Main wrapper routines for running CAMB as part of another
program. By adding “use camb” to the program one may call the routines
in the file, which include

— CAMB_GetResults generates output from a set of model parame-
ters (specified in CAMBparams type — which is defined at the top of
modules.£90).

— CAMB_ValidateParams checks that the parameter set is valid.

— CAMB SetDefaultParams sets the parameter set to the defaults.
— CAMB.CetAge computes the age of a model in gigayears.

— CAMB_CetCls to retrieve the computed Cls.

The results can also be accessed directly using the arrays in the ModelData
module (defined in modules.£90).

o cmbmain.f90 - This file contains the CAMBmain module which contains the
main subroutine (cmbmain) that does integrations, etc. It encompasses
CMBFAST's cmbflat and cmbopen.

s equations.f90 — This file contains the GaugeInterface module which
contains the background and perturbation evolution equations. These
calculation routines are then used by the cmbmain function to do the
numerical integration. Amongst the important subroutines in the module
are:

— GetNumEqgns ~ This calculates the number of equations to propagate.

— output and outputt — These compute the scalar and tensor sources
at a given time for a given wavenumber.

— outtrensf writes out the matter transfer functions. These depend
on whizh variable set is used.

— initial and initialt ~ These compute the scalar and tensor initial
conditions.

~ (f)derivs and (f)derivst ~ These compute the {conformal time)
derivatives for the scalar and tensor variables. The functions prefixed
by “f” do so in the flat case.

The majority of modifications to the code will be done here, so a later
section will liscuss the file in detail.

e inidriver.f90 - Driver for the command-line camb program.

e inifile.f90 ~ Reads in parameters from a file of name/value pairs and
calls CAMB. Modify this file to generate grids of models, change the pa-
rameterisation, etc.

» lensing.£90 - Lensing module for computing the lensed CMB power
spectra from the unlensed spectra and a lensing power spectrum. Adapted
from code written by Gayoung Chon {gchon@mrao.cam.ac.uk).
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* modules.f0 — This file defines the modules:

~ ModelParams — This contains definitions of various model parameter
data tvpes as well as code to set the values of these parameters.

~ Modeldata — This contains the computed output power spectra data.

— TimeSteps

~ Transfer — Various routines involved in the calculation of transfer
functions.

— lvalues

— MassiveNu — Routines involved in massive neutrino calculations.

~ ThermoData - Routines for calculating thermodynamic data, like the
sound speed.

which are used in other parts of the program.

o power tilt.f90 - This file defines a module called InitialPower that
returns the initial power spectra.

e recfast.f90 - RECFAST integrator for Cosmic Recombination of Hy-
drogen and Helium by Douglas Scott (with minor modifications for CMB-
FAST and the CAMB).

o sigmaB.f9C — Sample tester program showing how one might use the
CAMB codn in ones own program. This prints out og as a function of

CDM density.

e subroutines.f90- This contains useful subroutines involved in interpola-
tion, and and the modified Runga-Kutta integrator dverk for parallelised
evolution.

s tester.f9C — Sample tester program showing how one might use the
CAMB code in ones own program. This gets the scalar and tensor (s as
well as theli sum.

o writefits.£90 — This file contains routines to output power spectrum in
FITS format.

5.1.3 Modifying the CAMB code

Many modifications will involve modifying only the propagation equations, with
the possible addit:on of new first-order variables. The CAMB code uses confor-
mal time, and the signature convention of [11], so, before any changes may be
made, the propagation equations must be made to conform with the signature
choice and transformed to conformal time. All the changes needed for such a
modification will take place in the equations.f90 file.
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An overview of the equations.f£90 file

The equations. £90 file contains the propagation equations that get numerically
integrated in order to generate the CMB power spectrum. It also contains the
code that sets the initial conditions for the variables to be propagated, as well as
code to calculate the scalar and tensor sources and the output transfer functions.
The variables are propagated via Runga-Kutta integration. Crudely speak-
ing, this may be seen as a very sophisticated version of the Euler integration
technique taught in elementary calculus courses. In order to integrate the DE
dx
P I, t 5.1
= f(@,0), (5.)
from ty to ty, the Euler method would proceed as follows:
1. The initial value zg is given. The time variable is set to ¢ = t;.

2. The derivative is calculated at the known point (z,4). This is then used
to estimate the next point via

Tpew = Tn + f(fco!.d; t)ét, (52)
where At is a small, fixed time increment.

3. The t variable is incremented by At. I it is less than ¢, then loop back
to step 2, else stop.

In the CAMB code, the initial values are calculated in the initial (t) functions,
with the (f)derivs(t) functions calculating the derivatives'. For numerical
stability, the sparial gradient of the 3-curvature, 7 is propagated instead of
propagating the gradient of the expansion, Zi, and the shear, o, for the scalars.

The latter may be recovered via the constraints®:

EN? K2p kH .
('S-) Tk = -—'—2——Dk -+ TS-'?-ZI“ (dg)
2
&pgr = ?3— (%) (Zr = 0v). (5.4)
The propagation cquation for 7y is
k K2 ..
g = =g D 59

The variables are propagated as a single array (or vector) of length nvar ()
which is a field of the EvolutionVars type. The length of these arrays natu-
rally depend on what variables are to be propagated, and are calculated by the
GetNumEqgns function. The EvolutionVars type contains further state informa-
tion that is needed during the integration. This state information is set at the
beginning of the integration and is not changed during the integration.

1The addition of a “t” to the end of a variable name usually indicates that it is involved in
the tensor calculatiors. The “f” in front of fderivs(t) indicate that these are for the purely
flat case.

?The equations in this section are in the signature of [11]. “* refers to d/dr in this section
(r is conformal timel. H = SH is the conformal time Hubble parameter. Obviously the
equations in this sect:on need to be changed to reflect any changes to the model used.
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The background matter variables p(¥ are not propagated using the Runga-
Kutta integrator. Instead, the values of £pS® are determined when S = 1, and
then at any other time, the zero-order relations:

- 514_ (5.6)
oV x B%, (5.7)
PARIIS -313 (5.8)
Y x glg, (5.9)

are used. The baryon fluid is treated as dust with a sound speed.

The scalar and tensor sources are calculated in output (t) using the symbolic
integral solution for those sources. The output transfer functions are calculated
in outtransft.

We are now ai a point where a simple recipe may be given to effect basic
changes to the propagation equations.

A simple recipe to change the CAMB code

1. Write down the propagation and constraint equations in conformal time
using the signature in [11].

2. Change GetllumEqns so as to include any extra variables. This is done as
follows:

o For scalar variables it is best to place the entries in the array directly
before 1he photon variables. This is to avoid accidental overwriting
of the new variables. Only one line in the GetNumEqns function need
then be modified, line 188:

EVinvar=5+ (EVilmaxg+l) + EV/lmaxgpol-1 +(EVilmaxnr+1).
If one is adding n variables, then the change will be as follows:
EVinvar=5+n+ (EV/lmaxg+l) + EV{lmaxgpol-1 +(EVilmaxnr+1i).

¢ One m:y add the new tensor variables before the photon variables
or after all the existing variables. The latter gives less work in the
remaining functions that need changing, but the former gives consis-
tency to the procedure of adding new variables. Only one line in the
GetNumbtqgns function need be modified, line 215:

EVinvart=(EV/lmaxt-1)+(EV/lmaxpolt-1)*2+3,
If one is adding n variables, ther: the change will be as follows:
Evinvart=(EVilmaxt-1)+(EV/lmaxpolt~1)*2+3+n.

3. Change initial(t) to set the initial conditions for the new variables and
reflect any changes to the initial conditions. The procedure for deriving
these initial conditions is described in [11] as well as in Sec. 5.2 in this
document. The variable x in the subroutines is the time variable

L
= -

z (5.10)
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The y(t) erray is the array of variables that need to be given their initial
value. The arrangement of the variables in the array is as follows:

s For scalars (y):

y (1)

y(2)

y(3)

y(4)

y(&

y(6)

y(7)

y(8)

y{6+1)
y{(7+EV}1lmaxg)
y(8+EVY1lmaxg)
y (9+EVilmaxg)
y(7T+EVilmaxg+1)

y(EVYpolind+1)
y(k),k > EV)polind+EV)1lmaxgpol

s For tensors (yt):

IV, 3 <1 < EVilmaxg,
DY,

a”,

),

Gg), 3 €1 < EV¥lmaxnr,
S,E{)g 0 <1 < EVilmaxgpol,

Massive neutrino variables.

y{1) = 5,
y(2) = Hyu,
y(3) = oy,
y4) = 7&',(;{)>
y(2+¢1) = IY 3<1 <EViimaxt,

E(1) £W 2 <1 < EVYmaxpolt,
B(1) B,(:), 2 <1 < EVilmaxpolt,

neut (2) 7.'1(:},

neut (1) (}’g), 3 <1< EVilmaxnrt,

The remaining yt elements are massive neutrino variables. The array
E starts at the EV/lmaxt+2’th element of yt, the B array starts at
the EVYlmaxt+EVimaxpolt+2'th element and the neut array starts
at the 2*EV/1maxt+EV)maxpolt+2'th element.

For this simple recipe it is assumed that the changes will not include new
perturbation modes (apart from the usual adiabatic and baryon/CDM
isocurvature modes). If one is not adding the new variables at the end,
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one must remember to increment the subsequent variables indices by the
number of new variables. This need only be done for the radiation and
massless neutrinos for the scalars, as the other variables’ increments are
precalculated in the GetNumEqns function. Similarly, for the tensors, this
manual incr2ment need only be done for the radiation fluid.

4. One may now modify the (f)derivs(t) subroutines. The ay(t) array
contains the current state of the variables to be propagated, and the sub-
routine calcilates the ay(t)prime array of derivatives of these variables
at that point.

The matter variables at the current conformal time are given by grho (i)t =
k%p1S?, with i taking on the following values:

g - radiasion,

r — massless neutrinos,

b - barycns,

¢ - cold dark matter,

nu - massive neutrinos.

The E%KE (t) array contains useful constants relating to the curvature:

BVIKEQD = 1+ 2,
, e o K
EVIKEL (1) = 1-[({+1)°-3] =

allowing one to write the equations for the higher moments easily.

In adding one’s own equations, it is best to follow the example of the equa-
tions already there. One must again be careful to increment the indices if
all the subsequent elements of the array by the number of variables one is
adding.

For efficient calculation the tight coupling approximation is used to calcu-
late the barvon relative velocity, and the photon moments with [ > 1 at
sufficiently early times.

ot

If the integral solution changes, then one must modify the output(t)
functions to reflect this change. The scal.eqns.map, which comes with
the CAMB code, allows one to easily calculate the new output code for
the scalars.

6. It is important to make sure that the indices of the old variables are
changed to reflect the insertion of the new variables. This needs to be
done in the initial(t), output(t), outtransf, and (f)derivs{t) sub-
routines.

This recipe only covers changes where new variables are introduced and prop-
agated. If the Friedmann equation changes, then one must also change the
dtauda function. If this change involves the introduction of new matter species,
then one must alsc do the following:

1. Find a zero-order relation between this matter and the scale factor.
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2. Add the matter species to the list on line 122 of modules.£90 and give
its initial value (at S = 1) at line 238. If necessary add an omega variable
at line 68,

3. In equations.f90 modify the GetOmegak function. If any additional ini-
tialisation needs to take place, modify the init.background subroutine.

4, Modify the Friedmann equation wherever it appears (dtauda, output{t),
and (f)derivs(t)).

[+4}

. Modify the initial conditions and the propagation equations as before.

Other changes

This gives a brief review of other possible changes:

Changing the initial power spectrum The initial power spectrum is spec-
ified in the InitialPower module in power tilt.£90. The file comments
provide detailed descriptions as to how to make the changes.

Adding fields to the initialisation file The inidriver.£90is a simple dri-
ver program that reads initialisation parameters from an initialisation file.
It uses the ini-file reading subroutines defined in inifile.f£90. By mod-
ifying the inidriver.f90 file, following the example of the code already
there, one may easily add new fields to the initialisation file.

5.2 Initial conditions

Initial conditions for the CAMB code may be obtained by solving the propaga-
tion and constrairt equations for the dynamical and kinetic variables, decom-
posed into covarient harmonic modes (Ch. 2), when appropriate simplifying
assumptions are imposed [11].

5.2.1 Initial conditions for scalars

The CAMB code uses the CDM frame; this causes the acceleration e, and
the CDM relative velocity to vanish identically. At early times the universe is
radiation dominated, leading to an equation of state p = %p. We only consider
the modes where the baryon and CDM density perturbations make a negligible
contribution to the total matter contribution, so that:

pDy = pD 4 pIDY) g = p Mg + Mg (5.11)

This effectively renioves two possible perturbation modes: the baryon and CDM
isocurvature modes. However, the decoupling of baryon and photon perturba-
tions leads to considerable simplification of the equations.

Sufficiently before decoupling the photons and baryons are tightly coupled.
The high opacity of the Thomson scattering leads to a damping of the photon
moments for [ > 2. We thus, to a good approximation, may set [ ,EE} = 0forl > 2,
and set q,(f) = 41;,(;” /3, so that the radiation is isotropic in the rest frame of the
baryons. For simplicity, we also set the neutrino moments with [ > 2 zero, even
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though the free-streaming of neutrinos causes the neutrino anisotropic stress to
be non-zero in general.
Furthermore, we only consider modes |K|/k* < 1, so that terms involving
K in the scalar equations may be ignored. FEquivalently, we assume that the
characteristic length scale associated with each mode, S/k, is small compared
to the curvature radius of the universe, so that k is effectively the co-moving
wavenumber. We also require that the mode be well outside the horizon scale
1/H (it is frozen in). Thus only modes satisfying
202
1€ H €« g——,S—- (5.12)
K|
are considered, where Hy = SH/k is the ratio of the characteristic length to
the horizon scale.
It is convenient to change to the time variable

z=H', {5.13)

so that (under the assumptions) the propagation equations become®:

222 + a2 +3[(1 - DY + RDY) = 0, (5.14)
3 : v
@)+ x ;. + 200 + 5[(1 - Ry +Rg] = o, (5.15)
zop +op+zdr = 0, (5.16)
A4 ,
D 4 sZe+a) =0, (5.17)
v ! 4 4
P+ 72k +q¢) = 0, (5.18)
B 1 .
g - gpﬁj) = 0, (5.19)
v 1 14
g - ;}-Di Y (5.20)
Here “' 7 denotes differentiation w.r.t z, we have used the zero-order Friedmann
equation
H? = g, (5.21)
and defined
r=_ 2" (5.22)
- f}(”} -+ p("/) : ’

The constraint equations become

25°®;, — 3z[(1 — R)DY + RD\]

—9[(1 - R)¢\’ +Rg!"] = o, (5.23)
232, — o) +9[(1 - R)g{’ + Rgy"] = 0. (5.24)

These may be con bined to give a single, closed, second-order equation for @y,

32d! + 128 + 2d; =0, (5.25)

3For this chapter, unless otherwise noted, equations follow the signature of [11] to facilitate
comparison with the (2AMB code.
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giving the solutions (y = z/v/3):

¢ = =3y 3(Cy— D)cosy — (C + Dy)siny], (5.26)
Z, = 3V3y~*12(C + Dy)cosy + 2(Cy — D)
x siny — C(2 + y*)], (5.27)
or = 3V3y~?[Dcosy+ Csiny - C], (5.28)
¢\ = —4v3y YCcosy— Dsiny — CJ, (5.29)
v 2v3 _
) = ——v '[(2RC + Dy)cosy
+(Cy + 2RD)siny) — 2RC), (5.30)
D,(;') = 12y *[(C + Dy)cosy + (Cy — D)siny — C], {5.31)
DE:’) = %31_2[(2}36' — Cy? + 2RDy) cosy
+(2RCy - 2RD + Dy?*)siny — 2RC], (5.32)

where C' and D are constants, for non-vanishing ¢;. There are also three
solutions with vanishing Weyl tensor:

2y o= -4—A3y"3(2 + %), (5.33)
op = ?Agy'l, (5.34)
qiﬁ = "\}—_3‘(441 cosy — Agsiny + Asy™'), {5.35)
qﬁ”) = -1\2/;5:]{1 (Aycosy — Aasiny) + Asy™ !, (5.36)
”Di*) = A;siny + Ascosy + Asy 2, (5.37)
Di.") = %(‘41 siny + Az cosy) + Azy 3, (5.38)

where Ay, A; and Aj are constants. All of the constants naturally depend on
the mode label k.

The solution labelled by Az (in other words, all other constants are zero),
describes an exact, radiation dominated, FLRW universe, except that the CDM
peculiar velocity is non-zero (in this case it is v((,c) = v&m /S, where v((lﬂ) is a first
order vector orthagonal to the fundamental velocity u,, parallel transported
along flow lines}. In order to see this clearly, it is best to adopt the energy
frame*. If one clooses this frame and ignores anisotropic stresses, the CDM
relative velocity evolves according to
Loue - -1—[(1 - R+ RDM) =0 (5.39)
3¢ 45" * ¢ '
in the radiation cominated era. The CDM interacts with other matter com-
ponents through gravitation alone. Furthermore the gravitational influence of

- (c)
vy o+

4The energy frame, defined by the condition gq = 0, is arguably a better frame to adopt
in the early universe as then u® is defined in terms of the dominant matter components as
opposed to in terms of the CDM, which is a minority component in this epoch.
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the CDM on the other matter components during the epoch of interest may be
ignored (it is a minority component in a radiation dominated universe), so then
Eq. 5.39 is the only equation governing the evolution of perturbations making
reference to the CDM. But then any solution of Eq. 5.39 defines a valid solution
of the linearised perturbation variable. The solution corresponding to Aj is the
solution with v{® = v /S. This solution decays, so we may ignore this mode,
and set A3 = 0. One may similarly ignore the mode labelled D in Eq. 5.26 to
Eq. 5.32.

The remaining; modes describe adiabatic perturbations and neutrino isocur-
vature modes. We will now isolate adiabatic perturbations, demanding that the
he adiabatic condition,

Vv, p®) \ V&)
BT = (5.40)
pY+p pY +p

where 7 and j are matter species [9], be true between photons and neutrinos.
This leaves only oxe free constant of integration, which without loss of generality
may be taken to be C. Then the remaining constants are A; = A3 = D = 0,
and 4, = —6C.

As stated earlier, the higher neutrino moments may not necessarily vanish.
If one includes the higher moments into the set of equations, one may no longer
find an analytic solution. However, one may then find a series expansion (about
z = 0) of the system in terms of z (including terms up to z3):

&, = C [1 - %xﬂ , (5.41)
P = %ﬁ, (5.42)
¥ = %ﬁ, (5.43)

Ze = _(44}(21: 1355))0 [m - 18?41;21515)x3] ’ (544)

2 __ A

Tk = _2(1225) {x 112§20(;gi251)050 3}’ (5:45)
@ = Gl o - (5.47)
GV = 0+0@!)forl>3. (5.48)

We may obtain the baryon and CDM variables perturbations from the adia-

baticity condition:
3 3
D =Dl = ZDE]) = ZDgW (5.49)

for the spatial gradients of the CDM and baryon densities. As noted earlier,
isotropy allows us to write the baryon peculiar velocity as

4
—g\. (5.50)

() —
v, 3
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5.2.2 Initial conditions for tensors

In order to find initial conditions for the tensor modes, we use a somewhat
different technique. We follow Bardeen’s notation and write the metric with
tensor perturbations in the form [3]:

ds* = $*(n) [—dn® + (vij + 2?;3;) dr'dz’] . (5.51)
Here 7 is conformal time, the spatial coordinates are arbitrary,and hfj is the

tensor perturbation to the metric, satisfying [9]:

- 4F a’ ¥ _
hl + zgh;’j + (2K — VORL = —knyj, (5.52)

where “’ 7 denotzs differentiation w.r.t. conformal time.
The shear is rolated to the metric perturbations via:

7ij = ShY, (5.53)

and the electric part of the Weyl tensor via:

Ey = _,.;. (KT + (72 - 2) 1] (5.54)

i

For our purposes we will assume flatness (K = 0}, radiation dominance, and
that the anisotropic stress of the photons and neutrinos is negligible.
One may decompose these equations into harmonics® | using

hi; = hi()Yi, (5.55)

and, changing the time variable to z = k/H S, obtain

d?hy, dhy,
2 2 —
x i + 2z o +x“hy = 0, (5.56)
and
dhy,
T — 57
[ dz s (5 5 )
1 /d%hy .
Ek = *—5 (M — hk) . (058)

The CAMB cade uses the variable x, which is the Wronskian of E; and oy.
It is related to these two variables via:

Xy = % - Ey. (5.59)

5Bardeen’s metric perturbation variables are defined on the foliation that arises locally as
the level surfaces of constant time, and are treated as 3-tensors propagating on the background
3-geometry. The appropriate harmonics to use are thus not the Qg;, but the ¥;;, which do
not depend on coordinate time. If one works in co-moving coordinates, these are related via:

Qu = S?8.6Y,;, Q% =08dlYY, Q% =5252sty .
Thus
Qab =0 u()(?g}’ij = 0.
Further details of the relation between Bardeen’s formalism and the covariant formalism may
be found in [9].
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The solution to Eq. 5.56 can be written in terms of Bessel functions:
hy = Clzz‘%J%(:g) + C’gx'%}’%(:f:). {(5.60)

However, we are only interested in the growing mode. Furthermore, it is com-
putationally more convenient to express the solutions in terms of a power series

for . Then we have )

he(z) oc 1 - %. +O(zY). (5.61)
For the shear
-+ 0@ (5.62)
kX T3TRD ’ ‘
and for the electr.c part of the Weyl tensor,
1 z?
Epox —= + = h. 5.63
FoX =g+ + 0 (5.63)

5.3 Magnetic Fields

As described in Sec. 2.4, a magnetic field acts like an additional fluid in the
universe model. The equations generated may be decomposed into scalar and
tensor modes (as described in Sec. 2.6) which may then be integrated. In order
to be able to integrate these equations using the CAMB code, two things still
need to be done:

o The equations need to be transformed to conformal time, and their signa-
ture needs to be changed to that used in the code.

s Initial conditions need to be derived.

The first of these is trivial, if rather tedious. It should also be said, as noted in
the previous sections, that the CAMB code integrates two new variables, kny
for scalars, and Hyy for tensors, which are simple transformations of existing
variables, and result in more stable numerics. It was also convenient to introduce
the dimensionless parameter

3= Pmag €, QB
Py Pl

, (5.64)

which is constant to zerc-order. The transformation of the equations to these
variables is trivial.

Less trivial is understanding what to do about the initial conditions. In prin-
cipal, we should modify the equations obtained in the previous discussion on
initial conditions, including new equations for the evolution of the magnetic field,
and solve them. The expressions obtained when doing this, however, prove to
be somewhat complicated, involving slowly converging power series which take
into account the in-homogeneity that the magnetic fields add to the equations.
However, numerical testing of these functions showed that, in the range of inter-
est for the initial magnetic field strength, and initial z, these solutions differed
only by a very small amount (usually by less than was discernible to floating
point precision) from the solutions obtained using the non-magnetised original
set of equations. Thus, for efficiency and simplicity, it was decided to use the
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old initial conditions in the CAMB code, simply adjoining appropriate initial
values for the new (magnetic) variables.

The results of the numerical simulations are presented below, with a separate
discussion for scalar and tensor modes. For tensor modes the formal derivation
of the initial conditions will also be discussed, and it will be shown that they
do indeed differ by a negligible amount from those which do not take the initial
magnetic field into account.

5.3.1 Scalar modes
The tight-coupling approximation

The tight-couplinz approximation allows us to see analytically how the photon-
baryon fluid osci'lates in the era before decoupling. The time-scales of im-
portance in this era are: t. = (n.or)”!, the photon mean free time, ty =
H~1, the expansion time scale, and t; = S/k, the time for light to travel
across a wavelength of the current mode. Defining the perturbation variable
e = max(t./tx, t./tir), one obtains the tight-coupling approximation to the per-
turbation equations by expanding them in terms of this variable, and retaining
only first-order terms. This is well described in [11]. Assuming adiabatic initial
conditions allows a wave equation for the photon fluid to be found, which to
zero order is given by:

. R+ 3c§(T) K

D+ %@ij) * 30T ﬁp,j’ (5.65)
g" S0 + 2D + 9(14f R) g(%}j), (5.66)
where R = 4p(" /3p(®  and
s _ p_T o ép(m)

CS(T) pT ~ Cs(b) + QW (567)
It is immediately apparent that the magnetic field has an influence on the fre-
quency of the oscillations. This is due to the modification the sound speed by the
field. One may also observe the usual way expansion damps oscillation, whereas
gravitation drives it through the gradient V,(p + 3p). This leads to almost
constant amplitude oscillation in the radiation dominated era. Silk-damping is

not taken into account at zero order in the tight-coupling variable €.

Numerical results

As discussed in the introduction of this section, the initial conditions derived in
[11] were used without modification in the numerical integration of the scalar
variables, even when including the effects of a magnetic field. Of course, initial
conditions for the new variables had to be set. This was done in the simplest
way possible, by assuming that they are scale-invariant.

The tight-coupling approximation is used in the original code at sufficiently
early times for efficiency reasons. It was thus necessary to derive tight-coupling
approximations t> the modified scalar equations for the baryon velocity, and
photon flux. Furthermore, the variable kn is used in the code for stability
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Figure 5.1: The effects of a magnetic field on the scalar power spectrum. The
solid spectrum represents the reference with By = 0. The dotted spectrum is
calculated with a background field strength of 1073 Gauss, By = I = 1.

reasons, and thus a change of variables had to be made. Apart from these
minor deviations, and the change to the sign conventions of [11] and conformal
time, the scalar equations derived in Ch. 2 are used essentially as derived.

Numerical integrations were done over an array of initial values for the mag-
netic variables. The magnetic field strength was varied between By = 107°
and By = 1075, with the perturbation variables By and Il having an initial
scale-invariant spectrum, By = a, Iy = 8, where o and 5 dimensionless nor-
malisation constants ranging between 1072 and 10%. Fig. 5.1 shows the general
effects of such initial conditions on the scalar power-spectrum. As is just dis-
cernible, the magnetic field does move the position of the peaks. However, the
overall effect of the magnetic field is very small. One needs unrealistically large
fields to generate an appreciable effect. Perhaps a less naive choice of initial
conditions for the magnetic field would lead to a more obvious signature of the
magnetic field.

5.3.2 Tensor modes
Initial conditions

Following the procedure outlined in 5.2.2, but including the effect of the mag-
netic anisotropic stress, we obtain an equation for the metric perturbation

f 1
z*hy + 2xhy, + 22hy = 5&;3(1 - R)TI,. (5.68)
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where A = B? /p{’), which is constant to zero order. This couples with the
propagation equation for Ily:

, 4
I, = ~ ko (5.69)

But we have
k= ko, (5.70)

so that we obtain the closed equation for hy:
AN 2 4 A 4
a*hy + 2zhg + |2° + 5&43(1 — RB)| hy = K, (5.71)

where K is a constant. Setting K to zero gives us a Bessel equation with the
regular {growing mode) solution:

hy{z} = \—};J,,(x), v = —{1):\{9 —165(1 - R), (5.72)

where J,(z) is the regular fractional Bessel function of order v.
With this one may now find expressions for g5 and y;:

culm) = ém]u(w)(v—ﬁz), (5.73)
Ae) = (@) (2801 - R) - 027 (5.74)

One may now explicitly check the difference between these derived initial
conditions, and th2 ICs derived ignoring the initial magnetic field, and find
that for all reasonzble values of 3, in the range of x used to set up the initial
conditions, the difference between the two is negligible.

Numerical results

As in the scalar case, the tensor equations need to be transformed to conformal
time, and the signature of [11]. One also has to change variables from Ey. to y,
the conserved Wronskian between Ey and oy. These changes are trivial. Apart
from these, one may implement the equations derived in Chapter 2 as given.
For simplicity, a scale-invariant initial spectrum was assumed for the magnetic
perturbations.

The tensor equetions were integrated for a variety of initial conditions, with
By ranging initially from 1079 Gauss through 107! Gauss. The initial magnetic
stress energy (I1;) was chosen to have a scale-invariant spectrum, I = ¢, with
the dimensionless normalisation constant o ranging from 1073 to 1. Separate
calculations where done including, and ignoring, the effect of the gravitational
back-reaction on the field. Fig. 5.2 shows the tensor power spectrum calculated
in the presence of a weak magnetic field ignoring the effect of the gravitational
back-reaction, contrasted with the tensor power spectrum in the absence of a
magnetic field. One may see that the effect of increasing the initial anisotropic
stress is to cause an overall {scale-invariant} increase in the power. As one
would expect, this ucrease was found to be approximately proportional to the
product of the the magnetic field strength and the initial anisotropic stress. It
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Figure 5.2: The effects of a magnetic field on the tensor power spectrum, ignor-
ing the back-reaction of gravitation on the field. The II; = 0 spectrum is the
reference with By = 0. The other two spectra are calculated with a background
field strength of 10~° Gauss.

was also found that an increase in the magnetic field strength had the effect
of shifting the peaks of the spectrum slightly. This corresponds with the tight-
coupling prediction (as discussed in the scalar case). However, this shifting was
very slight. At physically reasonable levels, with By ~ 10~% Gauss, the initial
anisotropic stress had to be rather large for the magnetic field to have any effect
on the spectrum. Fig. 5.3 shows a calculation of the power-spectrum showing
how the back-reaction affects the spectrum. While there is little effect for low [,
at higher [ the back-reaction damps out the effect of the magnetic field, causing
the spectrum overall effect at higher ! to be very small.
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Figure 5.3: Tensor power spectra showing the effect of the gravitational back-
reaction on the magnetic field. The solid line represents the power-spectrum
calculation including the effect of the back-reaction on the field, whereas the
dotted represents the calculation without the effects of the back-reaction. Both
are calculated with a field strength of 1073 Gauss, and anisotropic stress I =
107t
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Chapter 6
Discussion

With the prospect of increasingly precise measurements of microwave back-
ground anisotropiss, the calculation of possible signatures of magnetic fields on
the CMB power spectrum has become an important way to help settle the ques-
tion as to the origin of magnetic fields in the universe. This thesis has attempted
to do exactly that, first examining the general theory surrounding the calcula-
tion of the microwave background power spectrum, and then deriving the set of
equations required in order to do the calculation in the presence of a magnetic
field. Under the simplifying two-fluid assumption, explicit analytic calculation
was done to show how the magnetic field affects the evolution of density pertur-
bations. This allewed us to see that the magnetic field would serve to amplify
oscillations in the radiation dominated era. The CAMB code, used to calculate
the CMB power spectrum under the covariant approach, was discussed in detail
in order to help make it easier for people to modify it in future. The code was
modified to include the effects of a magnetic field, both for scalar and tensor per-
turbations. For scalar perturbations, the tight-coupling approximation allowed
us to see how the magnetic field might theoretically alter the frequency of the
photon-baryon plasma oscillations in that regime. However, numerical results
were disappointing. In the scalar case, only unrealistically large magnetic fields
could be seen to have any effect on the spectrum. For tensor perturbations, the
presence of a magnetic field was seen to have some effect. However, this also
proved to be small.

As pointed out in work by other authors, vector perturbations play an un-
usually important role in searching for effects of magnetic fields on the CMB
spectrum. In contrast to the standard FLRW universe, where vector pertur-
bations are seen to decay, these modes do not decay greatly in the presence
of a magnetic fleld. A further area where magnetic effects are quite different
from those of the standard isotropic models is polarisation anisotropies. While
it would be impossible for E- and B-polarisation modes to mix in the standard
models, as this would imply a violation of parity, the presence of a magnetic field
necessitates such mixing, as it is maximally parity violating. This should leave
a unique signature on polarisation anisotropies. It would thus be worthwhile
to extend this work to the calculation of these spectra. In the case of vector
perturbations this would imply a major addition to the CAMB code, which at
present has no facility to calculate vector anisotropies.

The covariant formalism seems to be well suited to study stochastic magnetic

83



fields. These may he imagined to be more realistic than large scale homogeneous
fields, as stochastic fields are generated by standard causal physical processes.
It would be interesting to duplicate the work of Durrer, Mack, and coworkers
[18, 44, 48, 62] in the covariant formalism. This would allow the rather simplistic
approach to initial conditions that is used in this paper to be remedied. One
might also expect to be able to include effects such as the gravitational back-
reaction on the magnetic field into the analysis without too much difficulty.

In conclusion, this thesis may be seen as laying the foundation for the cal-
culation of CMB anisotropies resulting from early magnetic fields using the co-
variant approach. Although the final numerical results showed little that would
encourage the detection of early magnetic fields using the CMB, the work on
the most important observables for magnetic effects, the vector and polarisation
spectra, has yet to be done. One may reasonably hope that this would yield
interesting results. Furthermore, the initial conditions used for these numerical
calculations were simplistic. Perhaps a more sophisticated of initial conditions
would lead to the observation of effects in scalar and tensor power spectra. All
of this new work would in the end rely on the framework laid down here. Thus,
even if the numeric results were inconclusive, the analysis done in the paper will
hopefully be useful to others wishing to extend this work.
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Appendix A

First order covariant
identities

This section presents a table of first-order covariant identities that simplify
computation in the covariant approach to gauge invariant perturbations. These
may also be found in [83]. They all follow from basic commutation rule for any
scalar i

V[a?b}w = _Waéif})a (A1)
The identities are:

curl Vod = 2¢w,, {A.2)
(SVa¢) = SVad+ Saa, (A.3)
ViHVae¢) = Vao(V29) + 26 curlw,, (A.4)
(SﬁaTb...cy = Svafb.“m (AS)
VieVgVe = 0, (A.6)
ViuVyTea = 0, (A7)
diveurl V. = 0, (A.8)
divewrlT), = %—curl(di\’T)a, (A.9)
curleurl V, = V,(divV) - V3V, (A.10)
culewrl Ty = 59 (div Ty = VT, (A11)

Note that these ar: only valid to first order.
The commutation relation

(& 1 .
VeV Be = §3Rdcba8d — abew® By, (A.12)

arises because the magnetic field vector is not considered first order in the
primary perturbation variable. Here ® Ropcq is the 3-curvature tensor defined by

SRapedV? = =2V, Vy Ve (A.13)

for any space-like vector V?°.
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