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Abstract

The notion of cat!-group which was introduced by Loday is equivalent to the
notions of crossed module and of internal category in the category of groups.
This notion of cat!-groups and their morphisms admits natural generalization to
cat™-groups, which give rise to n-fold categories in the category of groups. There
is also a characterization of cat™-groups in terms of crossed n-cubes which was

given by Ellis and Steiner.

The category Cat"(Groups) of internal n-fold categories in the category of
groups is a cartesian closed category, however given an object X in Cat”(Groups),
calculating corresponding action representing object Aut(X) directly would re-
quire an enormous calculations. The main purpose of the thesis is to describe
that object avoiding such calculations as much as possible. The main tool used
in the thesis, apart from the theory of cartesian closed categories, is Loday’s
theory of cat™-groups. We define a cat™-group X as an additive M,-group X,
and then construct the corresponding Aut(X), where M, is a monoid. Since the
category of cat"-groups is equivalent to Cat"(Groups) and since the cartesian

My,

closed category Sets™™ of M,-sets is much easier to handle than the cartesian

closed category of n-fold categories, we shall work just with cat™-groups.

To assert that, Aut(X) is an action representing object in Sets™", is to as-
sert that, there is a canonical bijection between B-actions of cat™-group B on
X and the internal group homomorphism B — Aut(X). Thus, we confirm the
construction of Aut(X) by establishing that bijection.

Finally, as one of the results of this work, we give the comparison between our

cat!-group Aut(X) and Norrie’s actor crossed module (D(G, Z), Aut(Z, G, p),w)

of a crossed module (Z, G, p) in dimension one.
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Introduction

Algebraic and categorical structures such as monoids, groups, reflexive graphs
and groupoids can be described within a category with their algebraic identities
expressed by commutative diagrams as in S. Mac Lane [27]. These internalized
structures admit equivalent descriptions and natural generalization to higher di-
mensions (see [13] and [17]). In particular, the following higher-dimensinal struc-
tures form equivalent categories: n-fold category in category of groups, crossed
n-cube in the sense of G. Ellis and R. Steiner [17], and cat"-group (n-categorical
group) described in J.-L. Loday [25].

It is very important to note that, given an object X with an algebraic structure
in any cartesian closed category C, we can form the corresponding action repre-
senting object Aut(X) of invertible elements of the internal monoid Hom(X, X).
The main purpose of this thesis is to describe the group Aut(X), in the case of a
cat™-group X, as the subgroup of the corresponding internal automorphism group
in the category of M-sets, for a suitable monoid M. This notion of representable
action which provides categorical description for automorphism group Aut(X)
was introduced by F. Borceux, G. Janelidze and G.M. Kelly (see [9]). They in-
dicated that, if C is a cartesian closed category, then the B-actions of internal
group B on a internal group X determines the internal group homomorphisms
from B to Aut(X). Moreover, these actions are equivalent to split extensions,

with this equivalence obtained via the classical semidirect product in the category



of groups in the sense of [12].

The study of automorphisms of a crossed module (Z, G, p) was initiated by J.H.C.
Whitehead (see [35]), when he showed that the set Der(G, Z) of derivations from
G to Z has a natural monoid structure, and he further described the group
D(G, Z) of invertible elements of Der(G, Z) called the Whitehead group of regu-
lar derivatives. His work was continued by K.J. Norrie [29] and A.S.-T. Lue [26]
when they constructed the actor crossed module (D(G, Z), Aut(Z,G, p),w). On
the other hand, still in [9], it has been observed that various (but not all) kinds
of actors can be defined as suitable action representing objects. In particular, so
are the actors in the categories of groups and of Lie algebras; in the Lie algebra
case the actor of X is the Lie algebra Der(X) of derivations of X.

As suggested, in a sense, by the work of the above mentioned and various previous

authors, the objectives of this thesis can be described as follows:

(a) To construct the internal-group-automorphism M,,-group Aut(X), for a cat”-
group X, as a subgroup of the similar group defined for X considered as an
M,,-group, where M, denotes the monoid {1, s;,t;, sit;, s;5;, t;t;} such that

for 1 <i<n,1<j<n we have:

(1) Sl‘Sj = SjSZ‘, tzt] = t]tz and Sitj = thi, 7 7é ],

(i) sz =0=ty impliesz +y =y + z for x,y € X;
(111) Siti = tz and tisi = S;.

(b) To prove that, for every cat"-group B, every action B X X — X determines
a morphism B — Aut(X).

(c) To use the universal property that defines our cat!'-group Aut(X) (for di-
mension one), to prove that Norrie’s actor crossed module

(D(G, Z), Aut(Z,G, p),w) and our cat'-group Aut(X) are essentially the



same thing, where X is an M;-group in Sets™' and M; denotes the monoid
{1, S1, tl}, with Sltl = tl, t181 = 51 such that, if S1¥ = 0 = tly then
r4+y=y+axforx,yecX.

0.1 Internal categorical structures

It is know that, the category Cat"(Groups) of internal n-fold categories (n =
1,2,...) in the category of groups is exact, has finite coproducts, and is isomor-
phic to the category of internal groups in cartesian closed category of n-fold
categories. Therefore it is action representable in the sense of [9] by Theorem
4.4 in that paper. However, given an object X in Cat"(Groups), calculating
the corresponding action representing object Aut(X) directly would require an
enormous calculations, and the main purpose of the thesis is to describe that

object avoiding such calculations as much as possible.

The main tool used in the thesis, apart from the theory of cartesian closed cate-
gory, is J.-L. Loday’s theory of n-categorical groups, also called cat™-groups for
short (see [25]). Recall that, a cat"-group is an additive group X equipped with

endomorphisms sq, So, ..., S,, t1, ta, ..., t,, with
SiS; = SjSi,titj = tjti,sitj = thi (1,_] = ]_,2, ceey 103 1 7é ]), (01)
sit; = b, tis; = sy, [ker(s;), ker(t;))] =0 (i= 1,2,..., n). (0.2)

Equivalently, we could begin with the monoid M,, generated by the set

{817 52y .0y Spy tlu t27 ceey t’n}

satisfying the equalities (0.1) and the first two equalities of (0.2), and define a
cat™-group X as an additive M,-group X with

sir=0=twyy=—zx+y=y+zx (0.3)



for all i« = 1,2,....,n and z,y € X. When n = 1, such an M,-group is also
called a categorical group, (see Section 3.1). Since the category of cat™-groups is
equivalent to Cat™(Groups) and since the cartesian closed category Sets™" of
M,,-sets is much easier to handle than the category of n-fold categories, we shall
work just with cat”-groups.

Then we construct the action representing object Aut(X) as follows:

Take M; = {1, 51,11} satisfying the equalities (0.3) and the first two equalities of
(0.2); then the category Sets™' can be identified with the category of reflexive

graphs, admitting therefore a faithful product-preserving functor
U, : Cat — Sets™

(where Cat = Cat' is the category of categories) defined as follows: For any
category X in Cat, the underlying set of U;(X) is the set X; of morphisms of
X, for x € Uy(X), sy and ¢y are the identity morphisms of the domain of x
and of the codomain of x, respectively. This functor being product preserving
sends monoids to monoids, so that, for an internal monoid X% in the category

Cat, there is an internal monoid homomorphism
0% - Uy(XX) — U (X)U),

in Sets™ making the diagram

U, (Hom(X, X)) —— %) U, (xY) (0.4)
l
¥ : 0%
|
Hom(Ul()v(), Uy (X)) —2000 U, (X)Vr)

a pullback, where U, (ix x) and iy, (x)u, (x) are inclusion maps and Hom(X, X)

is the subcategory of the functor category X% whose objects are homomorphic
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functors and morphisms are homomorphic natural transformations (see Theorem
2.4.4 and Definition 2.4.5 for more details).

As follows from the commutative diagram (0.4), we can calculate Aut(X) using
Aut(Uy(X)). In particular, the image 0% (U (X)) of Uy (X¥) in Uy (X)V(X)
satisfies some additional sufficient conditions that make the maximal subgroup

Aut(X) of Hom(X, X) a cat'-group. Then, we describe Aut(X) for an internal
group X in Cat" for n > 1 by analogy as follows:

0.2 The results

The main result is:
Using the language of cat”-groups, Aut(X), constructed by the afore-mentioned
analogy, consists of all the maps a : M,, x X — X satisfying

ma(m',z) = a(mm’, mzx), (0.5)
a(m,x; + x2) = a(m,x1) + a(m, x2), (0.6)
a(m,—): X — X is a bijection, (0.7)
a(m,x) = a(m,t;x) — a(sim, t;x) + a(sim,z) (=1, 2, ...,n), (0.8)
a(m,x) = a(t;m,z) — a(t;m, s;r) + a(m, s;x)  (i=1, 2, ...,n), (0.9)

for all m,m’ € M, and x,x1, x5 € X; its structure is defined by
(a+ B)(m,z) = a(m, (m, x)), (m'a)(m, z) = a(mm/, x), (0.10)

and the role of 0 in it is played by the second projection 7y : M, x X — X (see

Section 3.1 for more details).



We show in Proposition 3.1.11 that, Aut(X) as a cat-group satisfies
sio = my = t;6 = a(m, f(m,x)) = (m,a(m,z)) (i=1,2,...,n)
for all o, 5 € Aut(X) and (m,z) € M, x X.
In Section 3.2 we prove that for every cat”-group B, every action B x X — X

determines a morphism B — Aut(X).

0.2.1 Remark. Lastly, we give the connection between the actor crossed module
(D(G, Z), Aut(Z,G, p),w) in the sense of K.J. Norrie [29] and our cat'-group
Aut(X) in dimension one, with (Z,G, p) being the crossed module corresponding

to cat'-group X.

0.3 Structure of the thesis

The thesis consists of the Introduction and three Chapters. Chapter 1“Preliminaries
and notation”, devoted to known material needed in the next chapters, has the
following sections:

1. Adjunctions

2. Cartesian closed categories

3. Internal structures in general categories

4. Split extensions and actions of groups

5. Crossed modules and actors

6. Cat™-groups



Chapter 2 “Internal algebraic structures in cartesian closed categories”, first de-
scribes/recalls exponents and internal hom objects for internal monoids in the
cartesian closed category of M-sets (for an arbitrary monoid M). Since these
descriptions will be used to obtain similar ones in the cartesian closed category
of all (‘small’) categories, the next step is to consider a finite product preserv-
ing functor U : C — D between abstract cartesian closed categories and use
it to compare the exponents and internal hom objects in C with those in D.

Accordingly the sections of Chapter 2 are:

1. The internal monoid X%
2. Internal Hom objects

3. The internal monoids U(X*¥) and U(X)VX)

—~

. Applying a product preserving functor

Chapter 3 “Higher-dimensional group automorphisms” has the following sections:

1. The categorical group Aut(X)
2. Action representability

3. The connection with Norrie’s actors

This chapter begins with the one-dimensional case, where the object Aut(X) is
constructed using the results of Chapter 2, then introduces its higher-dimensional
version of Aut(X) ‘by analogy’, and then proves that it is the right construction
as described in the first section of this note. It ends by indicating the connection
with Norrie’s actors [29], again in dimension one, since the higher dimensional

case was not developed in [29)].



Chapter 1

Preliminaries and notation

1.1 Adjunctions

In this section, we recall some general theory of adjunctions, see [27].

1.1.1 Definition. An adjunction
(F,G,p): D —C

from a category D to a category C is given by a pair of functors

G

C D,

F

and, for each object C' in C, D in D, a bijection
op.c  hom(F(D),C) — hom(D,G(C)),

is natural in C and D.
We have pc(h) = G(h)np, for h in hom(F(D),C) and the map

8
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np : D — GF (D) defined as follows; given ¢pc as in (1.1), set C = F(D),
then the left-hand hom-set of (1.1) contains the identity 1ppy : F(D) — F(D)

and its @p p(p)-image gives us the morphism
np = ¢p,rp)(lrmpy) : D — GF(D)

called the (the D-component of the) unit of the adjunction.

The inverse goalc of the map wp c will be denoted by
Yp.c: hom(D,G(C)) — hom(F (D), C), (1.2)

and we have ¥p o(f) = ecF(f), for f in hom(D,G(C)), with the map
ec : FG(C) — C described as follows: we let D = G(C) in (1.2), then the
identity element 1g(cy is now our f, its image under V¥g(cy,c s called the counit

of the adjunction ¢, that is

Ec = ¢G(C),C(1G(C)) : FG(C) — C.

The naturality of vp,c means that for allv: C — C" in C andu: D" — D in

D we have
SOD,C, (U © h‘) = G(,U) °¥Yp,c (h)7
for h € hom(F(D),C) and

v c(ho F(u) = ¢p,c(h)ou,

and the same can be done for ¢¥p c.



1.2 Cartesian closed categories

In this section we recall the definitions and some examples of cartesian closed

categories. For reference see [28].

1.2.1 Definition. A category C is called cartesian closed category if it has
finite products (that is, a terminal object and binary products) and if all objects

of C are exponentiable. This means that, for a fixed object X in C, the functor
(-)xX:C—C (1.3)

has a right adjoint denoted by
(—-)*:C—C. (1.4)

If, more generally, such a right adjoint exists for the given X but not necessarily
for all objects in C, then X is said to be an exponentiable object of the category C,
while the value (=)~ (B) = BX of (1.4) for object B in C is called the exponential
of B and X.

We shall use the following notation:

e Instead of (B) x X we shall write B x X and we shall write BX instead of

(B)*.

o The unit component B — (B x X)X will be denoted by 13y .
e The counit component BX x X — B will be denoted by .

e Accordingly, the bijection
©a,5: hom(A x X, B) — hom(A, BY) (1.5)

and its inverse

Ya,p: hom(A, BY) — hom(A x X, B) (1.6)

are defined by pa,p (h) = h¥xnX and Ya,p (f) = ex(f x X), respectively, for
h € hom(A x X, B) and f € hom(A, BY).

10



1.2.2 Definition. An action of a monoid M on a set X is defined as a triple
(M, X, h), in which M is a monoid, X is a set and h : M x X — X a map

written as (m,x) — mx and satisfying the identities
Oz =2z, (mq+me)x =mi(maex)
forx € X and m,my,my € M.

The examples of cartesian closed categories considered below in this section will
be used in Chapter 2.

1.2.3 Example. Let M be a monoid, and Sets™ be the category of M-sets. An
object X in Sets™ is an action M x X — X on the set X. IfY is another object
in Sets™ | hom(X,Y) is the set of M-morphisms, that is, of all the maps w from
X toY with w(mz) = mw(z) for all z in X and m in M . The category Sets™

is cartesian closed and, for objects A, B and X in Sets™, we have:

(a) BX ={a: M x X = B | ma(m/,z) = a(mm/,mz) for all m,m’ € M and

r € X}, with M acting on BX by (ma)(m’,z) = a(m'm, z);

(b) for a morphism v : B — B’, the induced morphism u* : BX — B'* is
defined by v (a) = ua for a € BX;

(c) N : A— (Ax X)X is defined by (X (a))(m,x) = (ma,x) fora € A, m € M
and v € X;

(d) pa,p: hom(A x X, B) — hom(A, BX) is defined by
pap (h)(a)(m,x) = h* (3 (a))(m, x) (see (1.1))

= hm (a)(m, z) ( see (b))
= h(ma,z) for h € hom(Ax X,B),a€ A, me M and x € X;

(e) ex : BX x X — B is defined by
ex (o, z) = a(l,x) fora € BX and z € X;

11



(f) Ya,p: hom(A, BX) — hom(A x X, B) is defined by
Ya,p (f)a,z) = e (f x X)(a,z) (see (1.2))
— (/) )
= f(a)(1,2) for f € hom(A, BX), a € A and x € X (see (e)) .

1.2.4 Example. The category Cat of small categories is cartesian closed. We
use the following notation:

The morphisms in categories A, B and X will be denoted with the same but
lowercase letters, possibly with primes, while the objects again in the same way,

but underlined.

(a) B is the category of all functors X — B;

(b) for a functor U : B — B', the induced functor UX : BX — B'X carries a
natural transformation T :V — V' to the natural transformation
Ur =1y7r: UV — UV’ defined by (UT), = U(7,), where x is an object in
X.

)

(c) N3 : A— (Ax X)X is the functor that carries an object a in A to the functor
nx(a) : X = A x X that carries x : x — 2’ to (14,7) : (a,2) — (a,2'), and
carries a morphism a : a — a’ to the natural transformation
ma(a) 2 ma (@) = ni(a) defined by (n(a))z = (a, 1) : (a,2) = (a/, 2);

(d) pa,5: hom(A x X, B) — hom(A, BX) carries a functor H: Ax X — B
in hom(A x X, B) to the functor pa,5 (H) : A — B* in hom(A, BX) that
carries an object a in A to the functor H(a,—) : X — B, and carries a

morphism a : a — a’ to the natural transformation
H(a,—):H(a,—) — H(d,—) defined by H(a,—), = H(a,z);

(e) eX : BX x X — B carries a morphism (1,2) : (V,z) — (V',2') in BX x X

to the morphism 17,V (z) = V'(z)7, : V(z) — V'(2') in B;

(f) Ya,5: hom(A, BY) — hom(A x X, B) carries a functor F : A — BX in
hom(A, BX) to the functor v 4,5 (F): Ax X — B in hom(A x X, B) that

12



carries a morphism (a,x) : (a,z) — (a/,2') in A x X to the morphism
F(a)y(F(a)(z)) = (F(d)(x))F(a), in B.

1.2.5 Example. Generalizing Example 1.2.3, consider the functor category Sets€”
where C 1is a locally small category; the objects of this cartesian closed category

are set-valued functors and the morphisms are natural transformations. For C' in
C and P,Q in Sets®” we have:

(a) the exponential QT is defined by Q¥(C) = Nat(hom(—,C) x P,Q) of all

natural transformations from hom(—,C) x P to Q;

(b) given natural transformation U : Q — @), then
UP(C) : Nat(hom(—,C) x P,Q) — Nat(hom(—,C) x P,Q") is given by
(UP(C)0)c(1e,p) = (Uo)c(1¢,p), where o € Nat(hom(—,C) x P, Q) and
p € P(C);

(c) nk : R — (R x P)? is a natural transformation which carries object r in
R(C) to (nE)c(r) : hom(—,C) x P — R x P defined by
((nf)e(r))er(e,p) = (R(c)(r),p) for ¢ in hom(C",C), p' in P(C") and R(c)
is a morphism from R(C') to R(C");

(d) ¢r,o: Nat(R x P,Q) — Nat(R,QF) carries a natural transformation H :
R x P — @ to the natural transformation og,q (H) : R — Q' that carries
an object r € R(C) to (pr., (H))c(r) : hom(—,C) x P — Q defined by
(o (H))e(M)er(e, ) = H(R(O(),P) for C' € C, pf € P(C’) and ¢ is

a morphism from C" to C ;

(e) the evaluation morphism 55 QY x P — Q is defined as

(55)C(Q>P) = oc(le,p) € Q(C) for C € C, p € Nat(hom(—,C) x P,Q)
and p € P(C);

(f) Yr,g: Nat(R,QF) — Nat(R x P,Q) carries a natural transformation
F: R — QF to a natural transformation ¥g,q (F): R x P — Q defined by
(YR, (F))c(r,p) = F(r)(1e,p) for C € C, r € R(C) and p € P(C).

13



1.3 Internal structures in general categories

For reference see [27].

1.3.1 Definition. A monoid in a category C with finite products and a terminal
object 1 is a triple M = (M, epr,wyy), in which M is an object in C, epy : 1 — M

and wyy : M x M — M are morphisms in C such that the diagrams

M x (M x M) —L o (M x M) x M —2C Af M

1]»{><le/ jwM

M x M oM M
and
1x M 00 N M o< g
A WM WM
M M M

commute, where I', A\y; and wy; are canonical isomorphisms.

1.3.2 Definition. A group in a category C with finite products and a terminal
object 1 is a monoid (M, ey, wyr) together with a morphism ¢ : M — M in C

which makes the diagram

<lar,dar> 1arx¢

M M x M

1 el M

commute. Internal groups are usually called group objects.

14



1.3.3 Example. In Sets, group objects are just groups in the classical sense.

1.3.4 Example. In the category Top of topological spaces and continuous func-

tions an internal group is just a topological group.

1.3.5 Example. The category of internal groups in the category of small cate-

gories is equivalent to the category of crossed modules.

1.3.6 Example. A group internal to the category of groups and group homomor-

phisms is an abelian group.

1.3.7 Definition. An internal preorder in a category C with finite products
is a pair C' = (Cy, Cy) in C, where Cy is an object in C and C, is a subobject in

Co x Cy which is a reflexive and transitive relation on Cy.

1.3.8 Definition. An internal reflexive graph in C is given by the diagram

where Cy is called the object of objects, Cy the object of morphisms, d the domain,

¢ the codomain and e the identity, with de = 1¢, = ce.

1.3.9 Definition. An internal category in category C with pullbacks is a sys-
tem C = (Cy, C1,e,d,c,m) which consists of two objects Cy and Cy of C, called
the object of objects and the object of morphisms, respectively, together with four
maps in C, displayed as

CQ = Cl X Co Cl ui C(1

Cy (1.7)

15



where d 1s called the domain again, c¢ the codomain, e the identity and m the

composition; m is defined using the following pullback

Cl X o Cl e 01 (18)
C d Co.

The following conditions are required:

(a) de =1¢, = ce;

(b) cmy = cm, dm = dmy;

(c) m=m(ed x¢, 1ey), m(le, X, €C) = 15
(d) m(1lg, X, m) =m(m xXg, 1ey)-

1.3.10 Example. Suppose C 1is the category of groups. Here Cy and Cy above
become groups and our structural morphisms m, d, ¢ and e become group homo-

morphisms; this implies that the composite of composable pair of morphisms

l<
1=
8

15 uniquely determined by
m(z,y) = m((z,ed(x)) — (ed(x),ed(x)) + (ed(x),y)) = x —ed(z) +y. (1.9)

In other words, the categorical composition m is determined by the group structure

of C = (Cy,Ch,e,d,c,m). Alternatively, we also have
m(z,y) =y — ed(x) + . (1.10)

Hence the group operation satisfies

r—ed(z)+y=y—ed)+ua
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In particular if d(x) is the unit element in Cy, then ed(x) is the unit element in
C1, and it follows from (1.9) and (1.10) that

r+y=y+a when x € ker(d) and y € ker(c). (1.11)

1.3.11 Remark. Again, from (1.9) we observe that each element x in Cy has
an inverse for the composition, given by x= = ed(x) — x + ec(z), so that every

internal category in the category of groups is an internal groupoid.

One can speak of internal categories in Groups and internal groups in Cat as
essentially the same thing. This suggest that, there is an equivalence of categories

between these two categories of internal structures.

1.3.12 Definition. An internal functor f : C — D between two internal
categories C' and D in the same category C is defined as a pair of maps fo :

Co —> Dqy and f, : C; — Dy of C making the following diagrams commute:

do

fixfi — T e
Cl X o Cl . D1 X Dy D1 Cl C() < Cl
WCl lmD f1l 20 fol fll
D
— e
Cy L D, D Dy —L— D,
-~
cp

in obvious notation, where by the commutativity of the right hand diagram we
mean fodc = dpf1, focc = cpfi and fiec = epfo.
We will denote the category of internal categories and internal functors in the

category C by Cat(C) .

1.3.13 Definition. The category Cat"(C) of n-fold categories internal in C is
defined inductively as follows: Cat'(C) = Cat(C) and, for n > 2,
Cat"(C) = Cat(Cat" *(C)).

1.3.14 Lemma. Let M and My, be monoids both acting on an object X in an

arbitrary category C. The following conditions are equivalent:
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(a) the two actions commute with each other in the sense that m(m'z) = m/(mx)
for every object C' in C and morphisms m : C — M, m’ : C — M,
r:C— X,

(b) the two actions determine an My x M-action on X by (m',m)x = m/(mzx)

for all m, m' and = as above.

Proof. Just note that, say, an M-action on X is nothing but a monoid homo-
morphism M — End(X) (where End(X) is the endomorphism monoid of X).
OJ

Using this lemma in the case M = {1, s1,t1} with s1t; = t; and t187 = sq, it is
easy to prove the following (known) fact:

1.3.15 Theorem. The category Cat"(Groups) is equivalent to the full subcat-

n times
AN

-~

egory of Groups{l’sl’tl} X AL st X X L st with objects all

n  times

El,sl,tl} X {1,s1,t1} X ... X {1, 81,1 }-groups X with sit; = t1,t151 = $1 and

k  times k  times

— ——

(L,1,...1,s,1,.... ) =0 = (1,1,...,1,t5,1,.... )y = x+y =y + x, for all
r,y € X and for allk =0,1,...,n — 1.

1.4 Split extensions and actions of groups

Let B and X be groups. It is well known, and mentioned in [9] and [10] is a more
general situation, that giving a group homomorphism B — Aut(X) is equivalent

to giving a split extension of B with kernel X. Let us recall the details:

1.4.1 Definition. A split extension of groups A, B and X is a diagram of the

form

X “ A

B (1.12)



in which ov = 1 and (X, k) is a kernel of §.

Note also that for such a split extension we always have
v(B)(K(X) =0

since, for a € v(B) [ k(X), we have

1.4.2 Proposition. Let (1.12) be a split extension. Then the maps
E:BxX — Aandw: A— B x X defined by

£(b,x) = k() +v(b) (1.13)

and

w(a) = (6(a), s (a —vé(a))) (1.14)

respectively, are bijections, inverse to each other. In particular
K(X)+v(B)=A,
where the left-hand side is defined as k(X )+v(B) = {k(z)+v(b) | x € X,b € B}.
Proof. Given a in A, we have
fw(a) = &(6(a), s a —vd(a))) = a—vi(a) + vi(a) = a.

That is, Ew = 14.
Conversely, for any b € B and x € X, we get

wé(b, ) = w(k(x) +v(b) = (8(k(x) +v(b), s (k(x) + v(b) — vi(k(z) + v(D)))
= (04 b,k (k(z) —v(b) + v(D))) = (b, ).

This shows that, indeed wé = 1gxx. U
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1.4.3 Construction. Consider a split extension (1.12) of groups. If we let £ and
w be defined as in Proposition 1.4.2 to be group isomorphisms, then the “new”

group structure on B x X will be given as follows:

(§(b1, 1) + &(b2, 22)) = w((k(@1) + v(b1)) + (K(22) + v(b2)))
Ii(xz) + I/(—b1>> + V(Zh) + V(bg))
I{(ZL’Q) + I/(—bl)) + V(bl + bg))

(bl, iL‘l) + (bz, IEQ) =

= w(r(z) + (v(

+ +
= w(k(z1) + (v(by) +

b1>
bl)

In order to simplify this expression further, we need:

1.4.4 Definition. An action of a group B on a group X is defined as a triple
(B, X, h), in which B and X are groups and h : B x X — X a map written as
(b, x) — bx and satisfying the identities

Oxr = x, (bl + bQ).T = bl(bg.l?), b(ﬂfl + .CEQ) = b.Tl + b.ﬁEQ

forx,xi, 20 € X and b,by,by € B.
A group X equipped with such an action is also called a B-group.

1.4.5 Lemma. In the notation above, for every b € B and x € X, there exist a

unique y € X with k(y) = v(b) + k(x) + v(=b).

Proof. This follows from the fact that (X, k) is a kernel of ¢ and
d(v(b) + k(x) + v(=b) = ov(b) + 0 + dv(—b) = 0.

The element y will be denoted by bxz. That is, we have

k(bx) = v(b) + k(x) + v (=),
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or, equivalently,
br = £ (v(b) + k(z) + v(=D)). (1.15)

Using this, our calculations in Construction 1.4.3 gives

(bl, :151) + (bg, 1'2) = W(/i(il?l) + H(blxg) + V(bl + bz)) = w&(bl + bg, T, + bll'g),

and so

(b1, 1) + (ba, x2) = (by + ba, 21 + byxo).00 (1.16)

1.4.6 Definition. Given (B, X, h) above, the set B x X equipped with the group
structure defined by (1.16) is called the semi-direct product of B and X denoted
by B x X.

1.4.7 Proposition. Given groups B and X and a map h: B x X — X written

as h(b,z) = bx, the following conditions are equivalent:

(a) The addition defined by (1.16) makes B x X a group;
(b) The addition defined by (1.16) makes B x X a monoid;

(c) X is a B-group.

e An object in the category of group actions on groups Act(Groups), is given by
a triple (B, X, h) (Definition 1.4.4). A morphism (B, X,h) — (B, X', 1)
in this category is a pair (u,v) of group homomorphisms u : B — B’ and
v: X — X with

v(bz) = u(b)v(x) (1.17)

forall b€ B and z € X.

21



e An object in the category Split,,,(Groups) is given by a split extension of
groups of the form (1.12), and a morphism from a split extension (1.12) to

another split extension displayed as the bottom row in the diagram

0

X i A B (1.18)
v t u

, / ’ 6/ /
X i A B

is a triple (u,t,v) of group homomorphisms, as in the diagram, with

ud =8't, tv = v'u and tk = K v.
1.4.8 Theorem. There is a category equivalence between Split,,,(Groups) and

Act(Groups).

Proof. We define functors U : Act(Groups) — Split,,,(Groups) and
V : Split,,,(Groups) — Act(Groups) as follows:

e For a morphism (u,v) : (B,X,h) — (B, X',h") in Act(Groups), U(u,v)

is the morphism

<0,1>

X Bx X B (1.19)
<1,0>

v UXv u

X/ <0,1> B/ % X/ B/
<1,0>

in which the group structure on B x X and on B’ x X' are defined by (1.16).

e For a morphism (1.18) in Split,,,(Groups),

V(u,t,v) = (u,v) : (B,X,h) — (B, X,h’) with h and A" both defined by
(1.15).
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Proposition 1.4.7 (¢) = (a), tells us that the functor U is well-defined on objects.
After that, it is easy to see that it is well-defined on morphisms. We only need to
check that (u x v) : Bx X — B’ x X' preserves the addition defined by (1.16),
and observe that the relevant parts of (1.19) obviously commute.

Proposition 1.4.7 (a) = (c¢), together with the isomorphism between A and B x X
(recall that bijection of Proposition 1.4.2 becomes an isomorphism when B x X
is equipped with the addition defined by (1.16)), tells us that the functor V' is
well-defined on objects. After that, to see that it is well-defined on morphisms,
we only need to check the identity (1.17), when the actions are defined by (1.15)
using the split extensions displayed in (1.18).

A routine calculation shows that UV = lgpii¢,_,(Groups) and VU = 1ac¢(Groups)-

1.5 Crossed modules and actors

In this section, we recall some standard results on crossed modules which were
introduced by J.H.C. Whitehead [34] in 1946. They play a crucial role in homo-
topy theory. As recalled below, these objects correspond to internal categories in

the category of groups.

1.5.1 Definition. A crossed module (Z,G, p) consists of a group homomor-
phism p : Z — G, together with an action (g,z) — gz of G on Z satisfying the

following conditions:

(a) plgz) =g+ p(2) — g
(b) p(z1)z2 = 21 + 22 — 21,
for z1,20 € Z and g € G.

A crossed module morphism (fo, f1) : (Z,G,p) — (Z',G',p) is a pair of group
homomorphisms fo: Z — Z', fi : G — G" such that fip = p'fo and
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folgz) = fi(9)fo(z) for all z € Z and g € G.
We denote by CM(Groups) the category of crossed modules and morphisms

between them.

Below we give a few examples of crossed modules.

1.5.2 Example. (N, G, 1), the inclusion of a normal subgroup N of a group G
equipped with the conjugation action of G on N.

1.5.3 Example. (G, Aut(G),p), where G is any group and p(g) is the inner
automorphism of a group G determined by g € G, together with an action defined
by (¢, g) — L(g) for L € Aut(G) and g € G.

1.5.4 Example. Suppose G is a group and Z is a left G-module; let 0 : Z — G
be the trivial map sending everything in Z to the identity element of G, then
(Z,G,0) is a crossed module.

The study of automorphism of a crossed module (Z, G, p) was initiated by J.H.C.
Whitehead (see [35]), when he showed that the set Der(G, Z) of derivations from
G to Z has a natural monoid structure, and he further described a group of in-
vertible elements of Der(G, Z) called the Whitehead group of regular derivatives.
This work was continued by A.S.-T. Lue [26] and K.J. Norrie [29] when they

introduced the notion of actor crossed module.

1.5.5 Construction. Given a crossed module (Z,G,p), Der(G,Z) will denote
the set of all derivations from G to Z, that is, the set of all the maps A : G — Z,
such that for all g1, g2 € G we have

Agr + g2) = A(g1) + 91 A(g2).

Fach derivation A defines endormophisms {(= €p) and o(= oa) of G and Z
respectively, defined by
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Ua(g) = pA(g) + g and oa(z) = Ap(z) + z,

such that lap(z) = poa(z), oaA(g) = AlA(g), oal(gz) = la(g)oa(z), for all
geGandz e Z.
The Whitehead binary operation of derivatives Ay and Ay in Der(G, Z) is defined

by
(A1 0Ag)(g) = Arla,(g) + Az(g)(= oa, Da(g) + A1(g)).

This operation is associative and it turns Der(G, Z) into a monoid, with identity

element the derivative which maps each element of G into the identity element of

Z.

1.5.6 Definition. The Whitehead group D(G,Z) is a group of invertible ele-
ments of Der(G,Z); the elements of D(G, Z) are called regular derivatives.

1.5.7 Proposition. (see [35]) The following statements are equivalent:

(a) A e D(G,2);
(b) ¢ € Aut(G);
(c) o€ Aut(Z).

1.5.8 Construction. Let Aut(Z, G, p) be the automorphism group of the crossed
module (Z, G, p). Its elements are pairs (7, p) with v in Aut(Z) and p in Aut(Q)
satisfying

pp = py and v(gz) = u(g)y(2).

Then there is a group homomorphism w : D(G,Z) — Aut(Z,G,p) defined by
w(A) =< 0,0 > and there is an action of Aut(Z,G,p) on D(G,Z) given by
(7, ) A = yAp~t, which makes (D(G, Z), Aut(Z, G, p),w) a crossed module called

the actor crossed module.
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There is a morphism of crossed modules
(fo, 1) - (Z,G,p) — (D(G, Z), Aut(Z, G, p), w),

where fo: Z — D(G, Z) is a group homomorphism that carries an element z in
Z to the derivation fy(z) : G — Z defined by fo(2)(g) = z — gz,
and f; : G — Aut(Z, G, p) carries an element g in G to the pair (7, 114), defined

by 74(2) = gz and p,(¢’') = g + ¢’ — g, respectively (see [29]).

1.5.9 Example. If N is a normal subgroup of G with inclusion i : N — G then
(D(G, N), T,w) is our actor crossed module where T' is isomorphic to the subgroup

of Aut(G) consisting of those automorphisms which restrict to automorphisms of
N.

1.5.10 Example. As a special case of Example 1.5.9 when N =1 or N = G
we see that actor crossed module (D(G,1), Aut(1, G, p)) is isomorphic to crossed
module (1, Aut(G)) and that (D(G,G), Aut(G, G, p), 1) is isomorphic to
(Aut(Q), Aut(G), 1).

1.5.11 Example. Let Z be a G-module. Then (D(G,Z), Aut(Z,G,0),0) is our

actor crossed module where 0 is a trivial homomorphism.

1.6 Cat"-groups

In 1982 J.-L. Loday [25] introduced cat™-groups which are equivalent to internal
n-fold categories in category of groups. The purpose of this section is to recall

this equivalence in details.

1.6.1 Definition. A cat'-group is a triple (X, s1,t1), where X is a group, and

s1,t1 : X — X are group homomorphisms with
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() sit1 =t tis1 = s1;
(b) [ker(sy), ker(t1)] = 1.
A morphism of cat'-groups (X, s1,t1) — (Y, s}, t]) consists of a group homomor-

phism f: X =Y such that fs; = s\ f and ft; =t|f.
We shall denote the category of cat’-groups by Cat'-Groups.

That is, an M;-group X defined in Lemma 1.3.14 is essentially the same as
cat'-group (X, s1,t1), and we are simply using the same notation for the non-

identity elements of M; and the corresponding endomorphisms of X.

1.6.2 Theorem. The category Cat(Groups) of internal categories in the cate-

gory Groups of groups is equivalent to the category Cat'-Groups of cat'-groups.

Proof. Let us just indicate how to construct the functors

U : Cat(Groups) — Cat'-Groups and V : Cat'-Groups — Cat(Groups)
that are inverse to each other up to isomorphism. For an object

C = (Cy,Cy,d,c,e,m) in Cat(Groups), we take

U(C) = (Ch,ed,ec),
and for a morphism f = (fi, fo) : C — C’
Uuf) = fi.
For an object X = (X, s1,t;) in Cat'-Groups, we take
V(X) = (X, 51(X), 51,1, 8,m),
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where 57 and ¢; are induced by s; and ¢; respectively, 4 is the inclusion map, and

m is defined by

m(z,y) =z —s1(x) +y=y— s1(x) + =,

and for a morphism f: X — X’

where f is induced by f. O

It will be shown in Theorem 1.6.7 that this equivalence can be extended to higher-

dimensional categorical structures.

1.6.3 Lemma. The following data are equivalent:

(a) a crossed module (Z,G,p);

(b) a cat'-group (G, s1,t1);

Proof. See [25]. O

1.6.4 Remark. Actually, suitable internal n-dimensional structures admit sev-
eral equivalent descriptions: n-fold categories of groups give rise to cat™-groups
as shown in Theorem 1.6.7, and there is also another characterization of these

structures in terms of crossed n-cubes (see [17] for details ).

1.6.5 Definition. A cat™-group consists of a group X together with 2n endo-
morphisms s;,t; - X — X, 1=1,2,....n, such that for 1 <i,5 <n,

(i) siti = ti, tisi = sy,

28



(ll) Sitj = thi , SiSj = 8584, tltj = tjti, 1 7é j,

(iii) [ker(s;), ker(t;)] = 1.

A morphism of cat™-groups (X, s;, t;) — (Y, s, ) is a group homomorphism
f: X =Y such that fs; = s.f and ft,=t.f fori=1,2,...n.
By convention cat®-group is just a group. We will denote by Cat"-Groups the

category of cat”-groups.

1.6.6 Remark. The categories Cat'-(Cat”-Groups) and Cat"™ -Groups are
isomorphic, where an object in Cat'-(Cat"-Groups) consists of a triple (X, s1,t;)
in which X is a cat"-group (X, s;,t;) (i =1,2,...,n) in Cat"-Groups, and

s1,t1 : X — X are morphisms in Cat"-Groups satisfying the usual conditions

sity = tq,t181 = s1 and [ker(sy), ker(ty)] = 1.

1.6.7 Theorem. The category Cat"-Groups of cat"-groups and the category

Cat"(Groups) of n-fold internal categories in category of groups are equivalent.

Proof. We prove by induction. The case n = 1 is given by Theorem 1.6.2. As-
sume that the categories Cat" '-Groups and Cat"_l(Groups) are equivalent.
Then by Theorem 1.6.2 and Remark 1.6.6 Cat"-Groups is equivalent to
Cat-(Cat™ '-Groups). It follows from the induction hypothesis that,
Cat-(Cat™ '-Groups) is equivalent to Cat(Cat™ '(Groups)) = Cat"(Groups)
O
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Chapter 2

Internal algebraic structures in

cartesian closed categories

M1 of Mi-sets is a cartesian closed category, with

Recall that, the category Sets
the exponent XX = {a: M} x X — X | ma(m/,z) = a(mm’, mz) for all

m,m' € My, v € X}, where X is an Mj-set in Sets™", with M, acting on X¥
by (ma)(m/,z) = a(m'm,x), and M; denotes the monoid {1, sq,t;}, such that,
sity = t; and t;s7 = s;. Similarly, the category Cat of small categories is a
cartesian closed category, with the exponent XX the functor category for X in

Cat.

To give an explicit description of the internal automorphism group of group X as
cat'-group in Sets™ we need the forgetful functor U; : Cat — Sets™ defined
as follows. For any category X in Cat, the underlying set of U;(X) is the set
X of morphisms of X, and, x € U;y(X), where s;x and t;z are the identity
morphisms of the domain of x and of the codomain of x, respectively. This func-
tor being product preserving sends monoids to monoids, so that, for the internal

monoid X decribed in Construction 2.1.1 in the category Cat, there is an inter-
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nal monoid homomorphism 5 : Uy (X¥) — U (X)UV'&) in Sets™ constructed

in Section 2.3, making the diagram

U, (Hom(X, X)) —— ) Uy (XY)
|
|
e§: 0%
|
Y i
Hom(U,(X), Uy (X)) — 220 U, (X)Ui)

to be a pullback, where U, (ix x) and iy, (x),u, (x) are inclusion maps and Hom(X, X)
is the subcategory of the functor category X% whose objects are homomorphic
functors and morphisms are homomorphic natural transformations. The idea here

is to show that, if we take a categorical group X in Cat, the image 0% (U;(X*)) of
U, (X¥) in U, (X)V1X) satisfies some additional sufficient conditions that make
the maximal subgroup Aut(U(X)) of Hom(U(X), U;(X)) a cat'-group. Then,
we describe Aut(X) using Aut(U;(X)) for an internal group X in Cat” for n > 1
by analogy in Chapter 3.

2.1 The internal monoid X*

It was observed in [8] that, for any object X in a cartesian closed category C, the
object XX has a canonical internal monoid structure, that is, the object X* is
equipped with identity exx : 1 — X% and multiplication wyx : X% x XX — XX

morphisms defined as follows:

2.1.1 Construction. (a) The identity
exx 11— XX (2.1)
for the canonical monoid structure on XX corresponds via the canonical
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bijection (1.5) to the canonical isomorphism
Ax i 1x X — X. (2.2)

That is, given the second projection \x, we have

exx = o1x(Ax) = (Ax)*np. (2.3)

(b) The multiplication
wyx : X¥ x X¥ — XX (2.4)
for the canonical monoid structure on X corresponds via the canonical

bijection (1.5) to the composite

X X
X Xey

€X
XX x XX x X XX x X —= X, (2.5)

that is,
wyx = pxxoc x (€ (XF X ex)) = (ex (X x ex)) myxyxx. (2.6)

2.1.2 Example. Recall that, if M is a monoid, the category Sets™ is a cartesian
closed category, with the M-set XX defined as follows:

XX ={a: MxX — X | ma(m’,z) = a(mm/,mz) for all m,m’ € M and
r € X}, with M acting on X* by (ma)(m/, z) = a(m'm, x) (see Example 1.2.3).

The M-set XX has a canonical monoid structure defined below according to Con-

struction 2.1.1:
(a) The identity element u of XX is defined by

u(m, x) = exx(x)(m, ) = (Ax)*ni")(+))(m, ) (by 2.3)
= Ax(mx,z) (by Example 1.2.3 (b) and (c))
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:x}

where x is the unique element in the one-element set 1. To make this clear,
recall that since ‘the’ terminal object in Sets™ is a one-element set 1(= {*})
equipped with the trivial action on M, a morphism {*} — XX (such as exx)

can be identified with an element u of XX with mu = u for each m in M.

e multiplication on 15 defined by
b) Th [tipl XX s defined b

(af)(m,x) = wxx(a, B)(m,x) = a(m, f(m,z)).

Indeed, from Example 1.2.3 (e) and (2.6), we have

wyx (o, B)(m, 7) = pxxxx x (€ (X x X)), B)(m, x)
= (ex (X x EX))(ma mp, )

= ex(ma, (mB)(1,z)) = ex(ma, B(m, z))

= (ma)(1, 8(m, z)) = a(m, 5(m, z)),

for all « and B in XX, x in X and m in M. O

Note that, in the case where M is a group, an element O € X~ of the exponential
XX of M-set X is a function 8 : X — X, and the action of an element m € M
on this 0 is defined by conjugation as

(md)(z) = m(0(=mx)).

2.2 Internal Hom objects

The object BX in a cartesian closed category C is functorial in both B and X,

yielding a bifunctor C? x C — C, but since the functors (=)* : C — C for
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each X in C, were already introduced, we only need to describe the functors
B) . C® — C, for each B in C.

2.2.1 Definition. Given a morphismp:Y — X, we define B? : BX — BY as
the morphism corresponding, via the bijection hom(B*, BY) = hom(BX x Y, B),
to the composite e5 (BX x p) : BX xY — BX x X — B, where B, X and Y

are internal magmas in C; that is,
B = ppx y(ep(BY xp)) = (e5(BY x p)) npx (2.7)

(see (1.6)).
The fact that this indeed yields a bifunctor C” x C — C, sending (X, B) to

BX | is a long but routine calculation.

2.2.2 Example. As it was observed in [8], when objects (B, wg,ep) and
(X, wx,ex) are monoids, or, more generally unitary magmas, a homomorphism

f: X = Bisamap f: X — B making the diagram

X x X — X = 1,

Fxf !

B x B B 1
wp €B

commute, where wg and wyx are the binary operations of the internal magmas
B and X respectively. Equivalently, we could say that a map f : X — B is
an unitary magma homomorphism if f is an element of hom object Hom(X, B)

which 1s defined via a suitable equalizer diagram

] JB,x
=
'B,X BX

Hom(X, B) BX*X (2.8)

~ >
B%X
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in which jp x 1s the composite
(15X < (), (X > < BT B (29)

where 7, and 7y are the projections for X x X, and w, and T, are the projections
for B x B.

Consider the diagram (2.8) in the case when the ground category C is the category
of M -sets, and for simplicity, B and X are internal magmas in that category. The
exponential BX is given by:

BYX ={a: M x X — B | ma(m',z) = a(mm’,mz) for all m,m' € M and
xr € X}, with M acting on BX by (ma)(m’,z) = a(m'm, x), after which we need
some calculations:

First, given a morphism p:Y — X of M-sets, m € M,y €Y and
o € (BX x Y)Y we observe :

e the map ngx : BX — (B* x Y)Y is defined by (nhx(a))(m,y) = (ma,y) (see
Ezxample 1.2.3(c));

o the map BX x p: BX xY — BX x X is defined by
(B* x p)(a,y) = (. p(y)),
and so the map
(BX x p)Y : (BX x Y)Y — (BX x X)¥
1s defined by
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(B* x p)"(0))(m,y) = (B¥ x p)p)(m.y);
e as follows from the previous observations, the map
(B* xp)npx : BY — (BT x X)¥
1s defined by

((B* x p)"npx) (@) (m, y) = (ma, p(y));

o therefore the map B? = (ex(BX x p))¥nix : BY — B is defined by

Br(a))(m,y) = (((e5(B* xp)) npx) (@) (m,y) = eg(ma, p(y)) = (ma)(1,p(y))
= a(m, p(y)).

This simple description of BP, namely

(B"(a))(m,y) = a(m,p(y)), (2.10)

should have been expected of course.

Let us now calculate jp x : BX — BX*X which is the composite
(wB)XxX < (W;)XxX, (W;)XxX >—1< BM,BM >,
that s

(Fpx(@)(m, 21, 22) = ((wp) X < (m) X, (1) X >71< B™, B™ >)(a))

(m7 L1, xQ)-'

First, we have;
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(< ()X, ()X >71< B™, B™ >)(a))(m, 21, 22)

= (< (m) X, (my) X > (B (@), B™(a))) (m, 21, x2)

=< B™(«a), B™(a) > (m,x1,x2)

= ((B™(a))(m,z1,22), (B™(a))(m, 21, 22)) = (a(m, m (21, 32)), a(m, 72 (21, 72))),
by (2.10),

which implies

(jB.x())(m, 21, 22) = w(a(m, m (1, 22)), a(m, ma(z1, 72)))

= wg(a(m,z1),a(m,zy)). (2.11)
Next, we need to calculate BYX : BX —s BX*X put (2.10) immediately gives
(BY*(a))(m, z1,x9) = a(m, wx (a1, 2)), (2.12)

for all x1,x9 € X and m € M.
From (2.11) and (2.12) we conclude:

2.2.3 Proposition. Let (B,wp,ep) and (X, wyx,ex) be internal magmas in
Sets™ | then the M-set Hom(X, B) can be described as

Hom(X,B) = {a € BX | a(m,wx(z1,12)) = wp(a(m,x1),a(m,xs)), Vm,m’ €
M and Vrq, 20 € X}

with igx : Hom(X,B) — B¥X being the inclusion map and M-action on
Hom(X, B) is given by (ma)(m/,z) = a(m'm, ).

2.2.4 Remark. Let B = X, then we observe that the object

Hom(X,X) = End(X) becomes a submonoid of X*X. In particular, the object

Aut(X) of invertible elements of End(X), is the mazimal subgroup of End(X)
in the category Sets™ . This subgroup is given by the following pullback:

Aut(X) 1

<€End(X):€End(X)>

op
SWERd(X) W End(x)~

End(X) x End(X) End(X) x End(X)
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with wy,, d(x) = WEnd( X)f, where t is the twisting isomorphism of the binary opera-

tion, and epnq(x) is the identity morphism of End(X), (see [8] for more details).

As follows from Remark 2.2.4 and Proposition 2.2.3 which gives description of
internal monoid End(X) when B = X we can now describe the internal auto-

morphism group Aut(X) of X in the category Sets™ as follows:

2.2.5 Lemma. Aut(X) ={(a: M xX — X) € End(X) | a(m, —) is a bijection
for allm € M} | with M acting on Aut(X) by (ma)(m/,x) = a(m'm,x) for all
m,m' € M and x € X.

2.3 The internal monoids U(X¥) and U(X )V

2.3.1 Construction. If we take two adjunctions
(=) x X, (=)X, 0¥, e¥) : Cat — Cat
where X is an object in Cat, and

((—) x Uy(X), (=)0 pUaX) (Ui(X)) : Sets™ — Sets™

My

where the functor Uy : Cat — Sets™! is defined as follows:

(a) for a category X, the underlying set of Uy(X) is the set X; of morphisms in
X;

(b) for x in Uy(X), sx and tx are the identity morphisms of the domain of x

and of the codomain of x, respectively;
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(c) for a functor F: X — Y, Uy(F) is the corresponding map from X, to Y.

Then, since the functor U; : Cat — Sets™ obviously preserves finite products,
that is, for any product B x X of objects B and X in Cat we have

U, (B x X) =2 Uy (B) x U(X) (canonically) in Sets™*, we shall look at it as a
special case of an abstract finite product preserving functor U : C — D between
cartesian closed categories.

For U : C — D above, and objects X and B in C, we can compare U(B¥)
with U(B)V™)) as follows:

By the unwversal property of 68835)), there exists a unique morphism

0% : U(BX) — U(B)Y™) making the diagram

X
U(BX) x U(X) BNy x UX)  (213)
<U(ﬂ),U(B)>71 5351)_;))
B ()
U(BX x X) U(B)

commute. The morphism < U(m), U(mp) >"1 is the inverse of the canonical
isomorphism. FEquivalently, 03 can be defined as the image of U(e%) under the

composite

hom(U(BXx X), U(B)) = hom(U(B¥)xU(X),U(B)) = hom(U(BY), U(B)?X)
(2.14)

of canonical bijections, that is

vus,um) (UEs) < Um), U(m) >71) =03,

or, equivalently
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Yus)um(0s) =Ues) < U(m), U(rg) >~

Let us now calculate 63 in the case of functor U; : Cat — Sets™.

Stepl Description of Ui(e%), and its image in hom(U{(B¥) x Uy(X), U(B))

under the first canonical bijection in (2.14).

Here the morphism % is as in Example 1.2.4(e). That is, it is a functor
BXxX — B that carries a morphism (1,z) : (V,z) — (V',2') in BXx X
to the morphism 7,V (z) = V' (x)7, : V(z) — V'(z) in B. According to
the definition of Uy, we can simply write

/

U, (e3)(r,7) = T V() =V (2)7, (2.15)

and say that the image of Uy(ex) in the set hom(U;(BX) x Uy(X), Uy(B))
is the map h : U (BX)xU(X) — Uy(B). As follows from (2.14), we have

h = hom(< Us(m), Uy(my) >, Uy (B)) (U (X))
= Ui(ez) < Ui(m), Ui(m) >71,

such that h is defined by

/

h(t,x) = 7@‘/(95) =V ()7, (2.16)

where x and & are the domain and the codomain of x, while V and V' are

the domain and the codomain of T, respectively.

Step2 Description of the image of the map h : U1 (BX) x Uy(X) — Uy(B)

above under the second canonical bijection in (2.14).
For the desired map 0% : Ui(BY) — U (B)UV') | according to Example
1.2.3(d), we have

03 (7)(m, z) = h(m, z), (2.17)

which, according to (2.16), gives:
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2.3.2 Proposition. For the morphism 6% : U1(BX) — U (B)Y™) we have:

05 (T)(1,2) = T, V(%) = V' ()T, (2.18)
9%(7‘)(8, ZL‘) - V(I)7 (2-19)
055 (7)(t,z) =V (), (2.20)

for every (1:V — V') € U(BY) and for every (z: x — 2') € U(X).

2.3.3 Remark. [t is then easy to check that the morphism
0% : Uy(BX) — U (B)YX) s injective.

2.3.4 Example. Let B and X be additive (but not necessarily commutative)

monotds, considered as one-object categories. In this case:

(a) Uy(B) and Uy(X) are the same as B and X, respectively, considered as
{1, 81, t1 }-sets, with s1b = 0 = t1b for any b € B, and, similarly, syx =0 =
tiz for any v € X;

(b) Ui(B)V'™) = {a: {1,s1,t1} x X — B | a(s1,0) = 0 = a(t;,0)}. Equiv-
alently, this set can be described as the set of triples (au, o, oy, ) of maps
X — B such that a5, (0) =0 = a4, (0), and so it has
| B |XI| B X171 B |XI=1=| B PXI=2 clements (where | B | denotes the

number of elements in B, etc.);

(c) U(BYX) can be described as a set of triples (v,V, V"), in which
V.V': X — B are monoid homomorphisms and v is an element of B with
v+ V(z) =V () +v for each x € X; the monoid {1,sy,t,} acts on it via
s1(v,V, V') = (0,V, V) and t; (v, V, V') = (0, V', V');

(d) wusing the notation of (b), (¢) and Proposition 2.3.2, we can write

OX (v, V,V') = (a1, a4, 00,) <= (g =0+ V =V +v,a, =V,ap, = V'),
(2.21)
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where v+V = V' 4v is the map X — B carrying x to v+V (x) = V' (2)+v,
for each x € X.

(e) in particular, if B is a group, then v and V above determine V' uniquely,
and so the set Uy(BX) becomes bijective to hom(X, B) x B.
For instance, when B = Z/nZ = X, it is easy to see that U{(BX) and

U, (B)Y'X) have n? and n®=2 elements, respectively.

2.3.5 Example. Let B and X be preorders, considered as categories. In this case
Ui (B) = By and Uy (X) = X are the preorders on B and X, respectively, con-
sidered as {1, sy, 1, }-sets, with s,(b,b') = (b,b) and t,(b,b) = (b',b) forb,b’ € B,
and, similarly, si(z,2") = (z,2) and t,(z,2) = (x',2) for x,2" € X. Since we
are considering B as a category, let us write d(b,b) = b and c(b,b) = for any

(b,0) in By, and let us do the same with X. We observe:

(a) da(sy, (z,x)) = ca(sy, (x,x)) and do(ty, (z,z)) = ca(ty, (z,z)) for every x €
X. Indeed, we have

da(sy, (z,x)) = da(s11, s1(x, z)) = ds1a(l, (z, 7)) = cs1a(l, (z,x)) =

ca(sll, 81(56,33)) = 004(817 (3%95));

da(ty, (x,z)) = da(t;1,t1(z, x)) = dtia(1, (z,z)) = cta(l, (z, 7)) =
ca(ti1,ty(z, x)) = calty, (z,x)).

(b) For (a: {1,s1,t1} x X1 — By) € Uy(B)V*) | we define maps
sy, 0, 0 X — B by

as, () = da(sy, (x, 7)) = ca(sy, (z,x)), a, () = da(ty, (z,x)) = caty, (z,x)).
(2.22)
Then:
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da(m, (z,2)) = dsia(m, (z,2")) = da(sym, s1(z,7)) = da(sym, (z,7)) =

sy (),

ca(m, (z,2)) = ctha(m, (x,2") = ca(tym, t,(z,2")) = ca(tym, (z',z"))
= at1m($l)7

and so

/

). (2.23)

a(mv (l’, ZL’/)) = (aslm(‘r>7 atlm(x

(c) (2,23) tells us that

’

a51m($) < O‘tlm(x )7 (224)

and, required for every m € {1,s1,t1} and all x < z in X, it is obviously

the same as

Qs (l’) < Qs (:L'/), atl(x) < Qg ($/)7 Qs (x) < Qg (33'),

required for all x < =" in X. This makes sy, 0, © X — B order-preserving

maps with ag, < oy, .

(d) To give (1 : V. — V') € Uy(BX) is just to give order-preserving maps
V,V' 1 X — B with V< V'. Moreover, in the notation of Proposition
2.3.2, we have

From these equalities we obtain

’

05 (1)L (z,2)) = (V(2),V (2)), (2.25)
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/

05 (7) (51, (z,2) = (V(2), V(2]

05 (7)(t1, (z,2) = (V

), (2.26)

’ ’ ’

(z),V (z)). (2.27)

Note that, if we compare these formulas with (2.23), then we can conclude that

6% is a bijection.

For a finite product preserving functor U : C — D between cartesian closed
categories, U sends monoids to monoids, and, for 8% : U(X¥) — U(X)VX)

defined as in the previous section (for B = X), we have:

2.3.6 Theorem. The morphism 6% : U(XX) — U(X)YX) is a homomorphism

of internal monoids.

Proof. We have to show that the diagram

Wy (xX)

U(X¥) x UXYX) UX¥Y)————1 (2.28)
0% x6% 0%
U(X)UX) 5 U(X)VUE) U(X)VX)
Yux)ux) ‘ux)Uux)

whose top row is the monoid structure of U(X®), commutes. Since the monoid
structure of U(X¥) is obtained by applying the functor U to the monoid structure
of X* described in Construction 2.1.1, to prove that (2.28) commutes is to prove
that

U(w Ul(e
UXY x x¥) ) UXY) 29 )
<6XU(m1),05U(m2)> 0% o
UX)VX) x UX)VX) U(X)v&X)
Wy (x)U(X) Cu(x)ux)
(2.29)
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(where m; : X* x XX — XX(i = 1,2) are the product projections) does com-

mute. The commutativity of the first square is the equality
X X _ X
Wy (x)ux) < QXU(TH), QXU(TFQ) >= QXU(U}Xx) (230)

in hom(U (XX x X)), U(X)VX)) which is equivalent to the equality
oo (o < 0XU(m), 05U () > xU(X)) = egi) (03 Uwyx) x U(X))

in hom(U(X¥ x X¥) x U(X),U(X)) (see (1.6)), and so it is also equivalent to

cui (Wuuen x UX)(< 03 U(m), 03 U(m) > xU(X))
= e (0% % U(X))(U(wyx) x U(X)), (2.31)

since (—) x U(X) is a functor.

We observe:

® wy(xyux) is defined as the morphism U(X)VX) x UxX)v™ — U(x)v)

corresponding to the morphism €EE§§(U(X YO % sgg;) under the canonical

bijection
hom(U(X)PX) x U(X)VN U(X)VN)) =
hom(U(X)PX) »x U(X)VX) x UX), U(X)), (2.32)

and so

U(XxX UXx U(X
cutn) (Wueouen X UX)) = g (U0 xegi) - (2.33)

(see (1.6) again).

e 0% is defined as the image of U(e%) under the composite

hom(U(X* x X),U(X)) 2 hom(U(X¥) x U(X),U(X))
= hom(U(XY), U(X)PH),
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and so 8353(% x U(X)) corresponds to U(e%) under the first of these bijections.
That is,
b0 (0% ¥ U(X) = U(e) < Ulm), Ulry) >, 2.3

where 77 : XX x X — XX and 7, : XX x X — X are the product projections.

e After that, to prove (2.31) is to prove that
e (U)X 5 g (< 03 U(m), 63 U(ma) > xU(X))
= U(ex) < U(m), U(my) > (U(wyx) x U(X)). (2.35)

o Let p: XX x XX x X — XX(i=1,2) and p3 : XX x XX x X — X be the

product projections. Since
< U(< p1,p2 >), U(ps) >: UXX x XX x X) — U(XX x X¥) x U(X)

is an isomorphism, to prove (2.35) is to prove that
cu00 (U)X x e (< 03 U(m), 03U (mz) > xU(X) < U(< i,z >),
U(ps) >=U(ex) < U(m), U(my) >~ (U(wyx)xU(X)) < U(< p1,ps >), Ulps) >
(2.36)

e We have

et (U)X x cgfd)(< 0XU(m), 05 U(m) > xU(X)) < U(< pi,p» >
), Ulps) >= ey (U(X)X xeglGN(U(X) Y005 < U(X)) < 05U(p1), U(pa),
U(ps) > = ey (UX)UX) x U(eX) < Ulmy), Ulmy) >71) < 05U (p1), U(po),
U(ps) > (by (2.34))

oo (0% X U(X)) < U(p), U(eX)U(< pa,ps >) >

=U(ex) < U(m), U(my) > '< U(py), U(eX)U(< p2,ps >) > (by (2.34))

= U(ex (X x ex)



U(eX) < U(m), U(my) >~ (U(wxx) x UX)) < U(< p1,p2 >), Ulps) >
— UeX (wyx x X)) = UEN(XY x ),
using again (1.6). This proves (2.36), and so proves the commutativity of the
first square of (2.29).
To prove the commutativity of the second square of (2.29), that is, to prove the
equality

eux)veolua) = 0))§U(6XX) (2.37)

in hom(U(1), U(X)VX), again from (1.6) this is equivalent to the equality

Yuay,ux) (euxuve uw) = Yuay,ux)(@x Ulexx)),

this clearly gives us

U U
ot (Cucutuay X U(X)) = egig (0XU(exx) x U(X))

in hom(U(1) x U(X), U(X)), and so also equivalent to

20 (oo X U)o x U(X)) = e (63 x U0)(Ulexx) x UX)).
(2.38)

We observe:

® cy(x)u(x) is a morphism 1 — U(X)YX) corresponding to the morphism Aux)

under the canonical bijections
hom(1, U(X)V™)) 2 hom(1 x U(X), U(X)), (2.39)

and so
U(Xx
5ngg(€U(X)U<X> x U(X)) = Au(x)- (2.40)

e From (2.34) and (2.40), we conclude that to prove (2.38) is to prove

Mox) (o) X U(X)) = U(e}) < U(Wi)aU(W;) >~ (Ulexx) x U(X)). (2.41)
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e Since < U(!x), lyx) >: U(X) — U(1) x U(X) is an isomorphism, to prove
(2.41) is to prove

Ao (o x U(X)) < U(lx), lyx) >
=U(ex) < U(m), U(my) > (U(exx) x U(X)) < U(lx), lux) > . (2.42)

We have
M) (loy x U(X)) < U(ly), luen >= luw
and

U(ex) < U(m), U(my) > (Ulexx) x U(X)) < U('x), lux) >
= U(€§(6XX X X) <!X71X >) = U()\X <!X7 1x >) = 1U(X)'

This proves (2.42), and so proves the commutativity of the second square of
(2.29). O

2.4 Applying a product preserving functor

Recall from Example 1.2.4 that, the category Cat of small categories is a cartesian
closed category, that is, it has a terminal object 1 and binary products B x X, as
well as exponentials B, for all objects B and X in Cat, where exponent B¥ is
the functor category. In this section we assume that objects B and X are internal

magmas in Cat. We shall use the same notation as in Section 2.2.

As follows from (2.8) we have:
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2.4.1 Lemma. The diagram

Ui
U(BX) e x) U(BX*X) (2.43)
0% U(B)<U(Tr1),U(7T2)>’19§XX
U(B)VX) — U(B)V)*UX)
JU(B),U(X)
commautes.

Proof. It is a routine calculation checking that the parts (1) — (6) of the diagram
Ui
U(BX> (JB,X)

B"rl,BW2 U((w XxX
\l(<\>) ) ((ws)

U(BXXX)

U(BXXX « BXXX) k U((B « B)XXX)
3) 0555
U(BXXX> % U(BXXX) U(B % B)U(XXX)

0% 2) o3~ XGM (5) o

U(B)U(XXX) % U(B)U(XXX) U(B % B)U(X)XU(X) X U(B % B)U(X)XU(X)

(4)

U(B)U(X)xU(X) % U(B)U(X)xU(X) l (U(B) X U(B>>U(X)xU(X)

(B)™,U(B)™2> © (wu(s)) VO

U(B)U(X) : U(B)U(X)xU(X)
Ju(B),u(X)

in which k& = U(< (1)) %*X, ()X >71) [ =< (7)) VXU () UEOXUX) =1

wy(p) is the operation on U(B) induced by wg, 0" = U(B)<U(m) Ulm)>"" g X

and the unlabelled arrows are the appropriate canonical isomorphisms, commute.

0
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2.4.2 Remark. As follows from Definition 2.2.1, it can be shown that,
0% - U(BX) — U(B)YYX is natural in B and X, where U is defined as in

Construction 2.3.1.

2.4.3 Lemma. The diagram

U(BY) bl U(BX*X) (2.44)
0% U(B)<U<W1),U<w2>>*1ggxx
U(B)U(X) U(B>U(X)><U(X)
U(B)*“v)

in which wy(x) is the operation on U(X) induced by wx and m; : X x X — X

(1 =1,2) are the product projections, commutes.

Proof. Using the commutativity of

U(B¥X)

U(BY) U(B**X) (2.45)
o5 0757
U(X) U(XxX)
U(B)"Y) — o U(B)

which follows from the naturality of ¢, and the definition of wy(x), which is

nothing but
wy(x) = U(wx) < U(m), U(m) >,

we obtain
U(B)wU<X>9§ = U(B)<U(7T1),U(7r2)>‘1U(B)U(wx)gg
— U(B)<U(7r1),U(7r2)>*1engU<BwX)_ ]
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2.4.4 Theorem. The left-hand square of the diagram

Ui x) U(jB.x)
U(Hom(X, B)) U(BX) U(BXXX)
|
o3 : 0% U(B)<U(w1),U(w2)>*1g)§xX

|

|

M iU(B).UX) Ju(B),U(X)

Hom(U(X),U(B)) ————U(B)V¥X) —>( U(B)VE)xUR)

U(B)“U(X)

(2.46)
is a pullback, in which 03~ is a monomorphism and Hom(X, B) is an internal
Hom object in Cat (G. Janelidze, unpublished).

Proof. Observe that, the right-hand squares of (2.46) are formed by diagrams
(2.43) and (2.44). Using the fact that, iy(s)ucx) is an equalizer of the pair of

arrows ju(g),u(x) and U(B)"v&X) | we have

Ju) vt Ulipx) = U(B) V)V 00X U (jp ¢ )U(ip x) (by (2.43))

= U(B)<Um).Um)>" g X=Xy (Bvx)U(ip x) (since igx is an equalizer of jp x
and BYX)

— U(B)*85 Ulipx) (by (2.44)),

X
thus, there exists a unique morphism U(Hom(X, B)) -~ - = Hom(U(X), U(B))
such that the left-hand square commutes in (2.46).
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Consider the diagram

7 (2.47)
U(ip,x) x
U(Hom(X, B)) U(B*)
z1 |
|
x| 0%
|
v i
Hom(U(X), U(B)) ===+ U(B)UM)

in which iy p) ux)21 = 05 22. We have

)<U(”1)7U(”2)>710§XXUQBX)22 = jum),ux)fs 2 (by (243))
U(B),U(Xx ) U(B),U(X)~1

(B)"v™iy)ux)2 (since iy(p)u(x) equalizes jus)ux) and U(B)"v)
(B )mwe’%

(B)<Um) Ve XXy (B )2, (by (2.43)),

U(jp.x)z = U(BYX))z, (2.48)

since f5** is monic and U(B)<U(’”)’U(’r2)>71 is an isomorphism. Consequently,

there exists a unique morphism Z — —'= = U(Hom(X, B)) such that
U(iB,X)T = Z9. (249)

Moreover
Z.U(B’)»U(X)@J)sgT = QgU(iB,X>T = 91)3( z ((by (2.49)) = 1U(B),U(X)?1;

which implies that
O3 =2 (2.50)
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since iy(p),u(x) is monic. Consequently, from (2.49) and (2.50) we conclude that,

the commutative left-hand square in (2.46) is indeed a pullback. [J

One may then describe automorphism group Aut(X) in Cat for X in Cat and
U = U, : Cat — Sets™" (as in Construction 2.3.1). First, note that, as follows

from Proposition 2.2.3 and Theorem 2.4.4, we can write

Ui(Hom(X, B)) = {(7:V — V') € Uy(B¥) | 055 (7) € Hom(U(X),Uy(B))} =
{(:V — V") e Uy(B¥) | VYm € My Vo, 25 € Uy X (05 (7)) (m,wx(z1,22))} =
{ws((05 (7)) (m, 1), (05 (7)) (m, 22)) },

and, using the explicit description of the (injective) map

0% : Uy (BX) — U (B)Y*X) in Proposition 2.3.2, we obtain

U,(Hom(X,B)) = {(t : V. — V') € Uy(BY) | Vo, 22 € X Pi(1,21,72) &
Py(7,x1,29) & P3(T,21,29)},

where P;(7,x1,22)(i = 1,2,3) are the following three conditions respectively:

o Pl(Ta L1, 132> : v(m!zl—mf’ymz@g—mi’g)e)( wa(L’pr)v(wX(xl? 'TQ)) - wB<0§(T)(17 xl)? 9%(7’)(1, x2))
= wp(Tw,V(21), T2,V (22)),

o Py(1,x1,29) : V1,20 € X V(wx(z1,29)) = wp(05(7)(s, 1), 05 (7)(s,22)) =
wB(V(l'l),V(sz)),

o P3(1,21,13) : Vo, 20 € X V'(wx(x1,22)) = w(0%(7)(t,11),05(7)(t, 22)) =
wp(V'(x1), V'(22)).

In order to make these conditions more natural, let us introduce:
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2.4.5 Definition. (a) A functor V : X — B is said to be homomorphic,
if, for every two morphisms xy : x; — 2’y and x5 1 xy —> 2’5 in X, the

morphism
V(wx(z1,22)) : V(wx(2y,2,)) — V(wx(2y,25))
coincides with the morphism

wp(V(21), V(w2)) s wp(V (1), V(za)) — wp(V(21), V(23)).

(b) A natural transformation T : V. — V' between homomorphic functors is
sard to be homomorphic, if, for every two objects x, and x5 i X, the

morphism

Twx (z1,22) * V(wx(zy,25)) — V'(wx(zy,2,))
coincides with the morphism

wp(Te,, Tey) 2 wp(V(21), V(22)) — wp(V'(21), V' (22))-

2.4.6 Remark. The two notions introduced in Definition 2.4.5 agree, as much as
the present context allows of course, with the notions of strict monoidal functor
and of monoidal natural transformation (of strict monoidal functors), respec-

tively.

Our description of Uy (Hom(X, B)) easily gives:

2.4.7 Theorem. In the context above, Hom(X, B) in Cat can be described as
the subcategory of the functor category BX with objects all homomorphic functors
and morphims all homomorphic natural transformations. Moreover, the functor
ipx : Hom(X, B) — B* can be then identified with the corresponding inclusion

functor.
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Next, the category End(X) = Hom(X,X) (B = X) has an obvious internal
monoid structure in Cat, and Aut(X) can be obtained as associated ‘internal

group of invertible elements’. This gives

2.4.8 Lemma. Aut(X)={(7:V = V') e Hom(X,X) |V and V' are isomor-
phisms, and there exists 7: V=1 — V'~ such that 77 = 1;, = 77}.

From this lemma we easily conclude:

2.4.9 Theorem. For every category X, the category Aut(X) is the full subcat-
egory of X with objects all homomorphic functors that are isomorphisms and

morphisms all homomorphic natural transformations that are isomorphisms.
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Chapter 3

Higher-dimensional group

automorphisms

3.1 The categorical group Aut(X)

The aim of this section is to describe the internal-group-automorphism M;-group
Aut(X) in Sets™ as cat"-group, by describing objects involved in the left-hand
square of diagram (2.46) in the case where U = U, : Cat™ — Sets"" and X is

a cat"-group corresponding to an internal group cat(X) in Cat".

My

3.1.1 Definition. An internal M;-group X in the category Sets™' is an M-

set X equipped with a group structure.

Such an Mi-group is said to be a categorical group if it satisfies the implication
(six=0=ty) =—=ax+y=y+uz, (3.1)
forall x,y € X and s1,t1 € M.

3.1.2 Lemma. The following statements are equivalent:
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(a) (Co,Ch,d,c,e,m) is an internal group in Cat;

(b) X is a categorical group in Sets™.

Proof. For an internal group C' = (Cy, C1,d, ¢,e,m) in Cat which is equivalent
to an internal category in the category of groups, we take (C1,ed, ec) to be our
categorical group.

Conversely, given a categorical group X in Sets™", the internal group cat(X) in

Cat corresponding to X is constructed as follows:

e the group cat(X)y of objects of cat(X) is defined by
cat(X)o={r € X | sizx =z} (={zr € X | tiz = x}) (3.2)
and the identity morphism of any x € cat(X)y is x itself.
e the group cat(X); of morphisms of cat(X) is X itself;

e the domain and codomain of x € cat(X); = X are s;z and ¢,z respectively. [J

Recall that this notion of an internal group in Cat is equivalent to that of internal
category in Groups.
As follows from (1.10), given z and y with s;z = t1y, then the composite zy is

uniquely defined by
ry=z—s1x+y(=z—ty+y). (3.3)

3.1.3 Remark. (i) As it easily follows from (1.11), we can also replace (3.3)
with
ry=y—s$1x+z(=y—tiy+x). (3.4)
(ii) Again as follows from (3.3) every morphism x has an inverse for composition
given by
v =817 —x+ha(=tr — 1+ 57) (3.5)

such that
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rxl=r—six+s12—r+tr=tx

1s identity morphism of the codomain of x and

rlr=s1r—x+tir—tir+T =52,

is identity morphism of the domain of z, so every internal category cat(X)

in Cat is in fact an internal groupoid.

3.1.4 Construction. For us to construct categorical group Aut(X) in Sets™
we need to describe objects involved in the left-hand square of diagram (2.46) in
the case where U = U, : Cat — Sets™!, and the role of B and X is played
by categorical groups cat(B) and cat(X) as defined in Lemma 3.1.2 (cat(B) and
cat(X) can of course be considered as internal magmas in Cat).

We display our diagram simply as

U, (Hom(X, B)) ——xizx) UL(BY) (3.6)
:
X : 0%
|
|
v i
Hom(U,(X), Uy (B)) — 2% U, (B)V ),

Recall that (3.6) is in fact a pullback. Our first step is to describe the image
0% (U1(BYX)) of Uy (BY) in Uy (B)Y1X). We observe that:

(a) according to Example 1.2.3(a), and having in mind that we identified B with
cat(B) and X with cat(X), we can write
U, (B)VX) ={a: My xX — B | ma(m/,z) = a(mm/,mz) for allm,m’ €

M, and x € X}, with My acting on BX by (ma)(m',z) = a(m'm, x);

(b) if a : My x X — B is the 05 -image of 7 : V. — V', then, according to

Proposition 2.3.2, we have
Vi(z) = a(sy, ),V (z) =alty,z), 7, = a(l,y), (3.7)
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for every x € X and every y € cat(X)o. On the other hand, if
(a: My x X = B) € U(B)V'X) and (1 : V = V') € U(BY) satisfy
(3.7), then we immediately obtain from (2.19) and (2.20) that,

0% (s1,7) = a(sy, x)
and

0% (t1,2) = a(ty, x).
For each (x: x — ') € Uy(X), we will have

02 (7)(1,2) = 7,V () = a(l,2))a(s1, z) = a(l,t1x)a(s;, )
=o(l,t12) — s1a(l, t1x) + a(sy, x).

That is, (a: My x X — B) € Uy(B)UV'*X) s the 0% -image of
(7:V = V') e U(BY) if and only if (3.7) holds and

a(l,z) = a(l,tiz) — s1a(l, t1z) + asy, x), (3.8)
for every x € X;

(c) to complete our description , we need to find a necessary and sufficient con-
dition on (o : My x X — B) € Uy(B)Y1%) satisfying (3.8), under which
V, V' and T defined by (3.7) form a triple in which V and V' are functors
from X to B, and T is a natural transformation from V' to V'. This desired
condition should therefore be equivalent to the conjunction of the following

conditions:

o V preserves domains, which can be written as:
sia(sy, x) = a(sy, $12), (3.9)
for each x in X;
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V' preserves codomains, which can be written as:
tia(sy, z) = a(sy, tix), (3.10)

for each x in X;

V' preserves identity morphisms, which follows from (3.9) (and also fol-
lows from (3.10));

V' preserves composition, which can be written as:
a(sy,z — s17 +y) = as, z) — sia(s, z) + als1,y), (3.11)

for all x,y € X with s1x = tyy;

V' preserves domains, which can be written as:
sia(ty, x) = a(ty, s1x), (3.12)

for each x in X;

V' preserves codomains, which can be written as:
tia(ty, ) = a(ty, t1z), (3.13)

for each x in X;

V' preserves identity morphisms, which follows from (3.12) (and also fol-
lows from (3.13));

V' preserves composition, which can be written as:
alty, z — s1z+y) = a(ty, x) — s1a(ty, ) + alty,y), (3.14)

for all x,y € X with s1x = tyy;

the components of T have the right domains, which can be written as:
sia(l,z) = a(s, ), (3.15)
for each x € cat(X)o;
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e the components of T have the right codomains, which can be written as:
tia(l,z) = alty, x), (3.16)

for each x € cat(X)o;

e 7 is natural, which can be written as:

a(l,tix) — s1a(l, tix) + a(sy, z) = a(ty, x) — s1a(ty, ) + a(l, s1z),
(3.17)

for each x in X.

(d) However, being an element of U1(B)Y1X) | « satisfies the equality
ma(m',x) = a(mm',mx) for all m,m’ € M, and v € X, which implies

(3.9), (3.10), (3.12), (3.13), (3.15) and (3.16).

This gives us :

3.1.5 Proposition. The image 05 (U (BX)) of the map
Qg : Ul(BX> — U1<B)U1(X)
consists of all a in Uy (B)YV'X) satisfying (3.8), (3.11), (3.14) and (3.17).

Our next step is to describe the image iy, (py,u,x)(Hom(U,(X),U(B))) in
U, (B)V'X). However, is already done in Proposition 2.2.3, which tells us that

U (X

this image consists of all « in U;(B) ) satisfying

a(m,wx(r1,22)) = we(a(m,x,),a(m, z;))

for all m € {1,s1,t1} and 1,29 € X, or, written in the notation we are using
now, satisfying
a(m,xy + x9) = a(m,x1) + a(m, xs), (3.18)
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for all m € {1,s,t} and 21,25 € X.
It remains to describe Uy (Hom(X, B)), but since (3.6) is a pullback (by Theorem

2.4.4), it is canonically isomorphic to the intersection
O (UL(BY)) Niuy(s),u, (x) (Hom (U (X), Ui(B))) (3.19)

of the images considered above. According to our previous remarks, this intersec-
tion (3.19) consists of all a € U;(B)V1X) satisfying (3.8), (3.11), (3.14), (3.17)
and (3.18). However, it is easy to see that when a € U;(B)V1(X) | (3.18) implies
(3.11) and (3.14); thus we obtain:

3.1.6 Proposition. U;(Hom(X, B)) is canonically isomorphic to the M-set for
all a € Uy(B)U'™) satisfying (3.8), (3.17) and (3.18).

When X is merely an M;-set, we already know that

BX ={a: My x X — B | ma(m',z) = a(mm’,mx) for all m,m’ € M; and
r € X}, with M; acting on BX by (ma)(m/,z) = a(m'm,z) (see Example
1.2.3(a)).

Moreover, when B = X, it has been shown in Example 2.1.2(b) that the monoid

structure on X~ has the explicit form

(@B)(m, ) = a(m, B(m, x)).

When X is a categorical group, the same formula will describe the composition on
the internal-group-endomorphism Aj-monoid End(X). This composition makes
the internal-group-automorphism M;-group Aut(X) a categorical group. How-
ever, since we decided to use the additive notation for the categorical groups, we

should now write

(a4 B)(m,x) = a(m, f(m,x)). (3.20)
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Having in mind that the role of X is played by categorical group cat(X) (see

Construction 3.1.4), then from Lemma 2.2.5 and Proposition 3.1.6, we obtain:

3.1.7 Theorem. Let M, be as in Construction 2.3.1, and X be a categorical
group. The categorical group Aut(X) can be described as (that is, is canonically
isomorphic to) the Mi-group of all the maps o : My x X — X satisfying the

following conditions:

(a) ma(m/,z) = a(mm/,mzx) for allm,m’ € My and x € X;
(b) a(l,z) = a(l,tyz) — s1a(l, t1z) + a(s1, x) for every x € X;

(c) a(l,tix) — s1a(l, t1z) + s, z) = alty, ) — sia(ty, x) + a1, s1z) for each
r € X,

(d) a(m,z1 + x2) = a(m,z1) + a(m, z3), for all xy,x9 € X;
(e) « is invertible, that is, for every m € My, the map a(m,—) : X — X is a

bijection.

The group operation on Aut(X) is defined by (3.20), with M,y acting on Aut(X)

by (ma)(m/,x) = a(m'm,z) for allm,m' € My and z € X.

Although Theorem 3.1.7 follows from previous results, it is interesting to check
directly that Aut(X) described as in Theorem 3.1.7 satisfies (3.1). We observe
the following:

e To check that Aut(X) satisfies (3.1), is to check that o+ B = B + « provided
that o and 8 (are in Aut(X) and) satisfy
S100 = g = tlﬂ, (321)

where o : My x X — X 1s the second projection map, which obviously plays the
role of 0 € Aut(X).
o We have:
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(@ + B)(s1,2) = sy, Bs1,2)) = (s10)(L, B(s1, %)) = ma(L, B(s1, %)) = (s, ),

(B+ a)(s1,7) = B(s1,a(s1,x)) = B(s1, (s10) (1, x)) = B(s1,m2(1, 2)) = B(s1, x),

and so (a+ B)(s1,x) = (B + a)(s1,z);

o Similarly

(a + B)(tbx) = a(tbﬁ(tlvx)) = a(tla (tlﬂ)(l?mn = O‘(tla’]r?(l’x)) = O./(tl,.ilﬁ),

(B+ a)(t1,z) = B(t1, a(ty, z)) = (t16)(1, alty, x)) = mo(1, alty, x)) = alty, x),

and so (a+ B)(t1,2) = (B + @) (t1, x);

e [t remains to show that (o + B)(1,z) = (B + a)(1,x). We have

(o + B)(1,2) = a(1, (1, 7))

=a(l,t18(1,2)) — s1a(1, 61 5(1,x)) + a(s1, (1, 2))  (by (3.8))

= a1, B(t1, 1)) — s1a(1, B(t1, t12)) + als1, B(1,x))  (by Theorem 3.1.7(a) ap-
plied to ()

= o1, B(t1,z)) — s1a(1, B(t1, x)) + als1, B(L,z))  (since tix = x)

= a(l, (t18)(1, t1x)) — s1a(1, (t18) (1, t12)) + (s10)(1, B(1, z))

=a(l,z) — sia(l,z) + 5(1,z)  (by (3.21)).

Simalarly,

(ﬁ + O‘)(l’x) = B(lu Oé(l,l’))

= Bl tia(l,x)) — s16(1, t1e(1, 2)) + B(s1,a(l,x))(by (3.8) applied to B and
a(l,z))

= B(t,a(l,x)) — s16(t1, a(l,2)) + B(1, s1a(1,2))(by (3.17) applied to 5 and
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a(l,z))

= (t15)(L,a(1,2)) — s1(t18)(1, (1, z)) + B(1, (s1c0) (1, z))(see again the last for-
mula in Example 1.2.3(a), and note that sya(1,x) = (s10)(1, x) since slx = x)
=o(l,z) — s1a(1,2) + 5(1,2)(by the second equality in (3.21)),

which gives the desired equality (o + B)(1,2) = (6 + a)(1,z). O

3.1.8 Remark. The intermediate of the calculations above, namely the equalities
@+ B)(1,2) = a(l,z) = sa(l,z) + B(L,z) = (6 + a)(1,2),
(a+ B)(s1,2) = B(s1,2) = (B + @)(s1, ),
(a+B)(t, z) = alty,z) = (6 + a)(ty, ©),
are also useful.

Recall that, cat™-group is an additive group X equipped with endomorphisms
81,89, ...y Sn, tl, tg, ceey tn with
SiS; = SjSZ',titj = tjti, Sitj == thi (l,J: 1,2, ceey 105 1 7£ j), (322)
Siti = ti, tiSi = S, [k:e’r(si), k@?”(tl)] = O, (1: 1,2,..., Il) . (323)

Equivalently, we could begin with the monoid M,, generated by the set
{81,582, ey Sn,y t1, tay oy tn}

and the equalities (3.22) and the first two equalities of (3.23), and define a cat”-
group X as an additive M,,-group X with

sic=0=ty—=zx+y=y+zx (3.24)
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foralli=1,2,....,nand z,y € X.

Let X be cat”-group identified with its corresponding n-fold category of groups,
such that, our product preserving functor Uy as in Construction 2.3.1 is given as

U, : Cat™ — Sets™". We give the analogous description of Aut(X) as follows:

3.1.9 Theorem. The cat"-group Aut(X) can be described as (that is, is canoni-
cally isomorphic to) the M, -group of all the maps o = M,, x X — X satisfying

ma(m', ) = a(mm/, mz), (3.25)
a(m,xy + x2) = a(m, z1) + a(m, z3), (3.26)
a(m,—): X — X s a bijection, (3.27)
a(m,z) = a(m, t;x) — a(s;m, t;x) + a(s;m, x) (i= 1,2,..., n), (3.28)
a(m,z) = a(t;m,x) — a(t;m, s;x) + a(m, s;x) (i=1,2,..., n), (3.29)

for all m,m' € M, and x,x1, x5 € X, its structure is defined by
(a+ B)(m,z) = alm,B(m,x)), (mMa)(m,z)=almm', x), (3.30)

and the role of 0 wn it is played by the second projection w9 : M, x X — X.

If instead of cat™-groups we were considering M,-groups (or, more generally M-
groups for an arbitrary monoid M), then Aut(X) would be constructed similarly
but with (3.25) — (3.27) instead of (3.25) — (3.29). Therefore in order to prove
that Aut(X) constructed with (3.25) — (3.29) (and with the structure given by
(3.30) ) is a cat"-group we only need to prove that it is closed in the M,,-group of
all the maps M,, x X — X satisfying (3.25) — (3.27) under the operations defined
by (3.30), and that it satisfies (3.24). And to say that it satisfies (3.24) is to say
that

si = my = t;0 = a(m, f(m,x)) = B(m,a(m,z)) (i=1,2,..1n), (3.31)

for all o, 8 € Aut(X) and (m,z) € M, x X. These proofs are given below in the

form of two propositions.
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3.1.10 Proposition. Aut(X) defined via (3.25)—(3.29) is closed in the M, -group
of all the maps M, x X — X satisfying (3.25)—(3.27) under the operations defined
by (3.30).

Proof. Suppose a and § satisfy (3.25) — (3.29).

Then, for each i = 1,2, ...,n, we have

(O{ + 5)(771, [E) = a(m, 5(m7 LL’)) = a(m, tiﬂ(m’ IL")) - Oé(Sim, tiﬁ(m’ x)) +
a(sim, f(m,x)) = a(m, (t;m, t;x)) — a(s;m, B(tm, t;x)) + a(sym, B(m, x))
= a(m, B(t;m, t;x))—a(s;m, f(tim, t;x))+a(s;m, B(m, t;x))—a(sim, B(sim, t;x))+

a(sim, B(sim, x)),

(a+ B)(m, tix) — (a+ B)(sim, t;x) + (o + S)(sim, x)

= a(m, B(m, t;x)) — a(s;m, B(s;m, t;x)) + a(s;m, B(sim, x))

= a(m, t;8(m, t;x))—a(s;m,t;5(m, t;x))+a(s;m, B(m, t;x))—a(sym, B(s;m, tx))+
a(s;m, B(sim, x))

= a(m, B(t;m, t;x))—a(s;m, B(tim, t;x))+a(s;m, B(m, t;x))—a(sim, B(sim, t;x))+

a<5im7 B(Sim7 $))7

and so (a + B)(m,z) = (a+ B)(m,tix) — (o + B)(sim, tix) + (a + B)(sim, ),
which means that o + (3 satisfies (3.28).

We also have

(a+ B)(m,z) = a(m, f(m,x)) = a(t;m, B(m,z)) — a(t;m, s;B(m,x)) +
a(m, s;B(m,x)) = a(t;m, B(m,z)) — a(t;m, B(sim, s;x)) + a(m, B(s;m, s;x))
= a(t;m, B(t;m, x))—a(t;m, B(t;m, s;x))+a(t;m, B(m, s;x))—a(t;m, B(s;m, s;x))+

a(m, f(s;m, s;x)),

(a+ B)(tim,x) — (a+ B)(tim, six) + (o + ) (m, s;x)
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= a(t;m, (t;m,x)) — a(t;m, B(t;m, s;x)) + a(m, B(m, s;z))

= a(t;m, B(tim, x))—a(t;m, B(tim, s;x))+a(t;m, B(m, s;x))—a(t;m, s;(m, s;x))+
a(m, s;B(m, s;x))

= a(tym, B(tim, x))—a(t;m, B(tim, s;x))+a(t;m, B(m, s;x))—a(t;m, B(s;m, s;x))+

a(m, B(s;m, s;x))

and so (a + B)(m,x) = (a + B)(tim,z) — (a + B)(t;m, s;x) + (o + B)(m, s;2),
which means that o + 5 satisfies (3.29).

That is Aut(X) is closed under the addition defined by (3.30).

Next suppose « satisfies (3.25) — (3.29) and o+ 5 = 0, that is, f(m,—) : X — X

is the inverse map of a(m,—) : X — X, for each m € M,,. Then

a(m, B(m,t;x)) — B(sim, t;x) + B(sim, x) = a(m, f(m, t;x)) — a(m, B(s;m, t;x)) +
a(m, B(sim, z))

=tz — (a(m, t;B(sim, tix)) — a(sim, t;B(sim, t;x)) + a(sim, B(sim, tr))) +
a(m, t;B(sim, z)) — a(sim, t;B(sim, x)) + a(sim, B(sim, x))

= t;x — (a(m, B(sim, t;z)) — a(sym, B(sym, tix)) + tix) — a(m, B(s;m, t;x)) —
a(sym, B(sym, tix)) + x

= tix — (a(m, B(sim, t;x)) — tix + tix) + a(m, B(sim, tix)) —tix +x = o =
a(m, B(m, x)),

a(m, B(t;m, z)) — B(tim, s;x) + B(m, s;x) = a(m, B(t;m, x) — a(m, B(t;m, s;z)) +
a(m, B(m, s;r))

= a(t;m, B(t;m, x))—a(t;m, s;5(t;m, z))+a(m, s;5(t;m, z))—(a(t;m, B(t;m, s;x))—
a(t;m, s;f(tim, s;x)) + a(m, s;B(t;m, s;x))) + sz

=z — a(t;m, B(t;m, s;z)) + a(m, B(t;m, s;z)) — (s;x — a(tym, B(tim, s;x)) +

a(m, B(tim, s;x))) + six

=z — sz + a(m, B(t;m, s;x)) — (six — six + a(m, B(t;m, s;x))) + s;x = x =
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a(m, B(m, x)),

and since a(m, —) is a bijection, this implies that /5 satisfies (3.28) and (3.29).
That is, Aut(X) is closed under the inverses.

Again, assuming that « satisfies (3.25) — (3.29), we have

(m'a)(m,x) = a(mm/,x) = a(mm/ t;x) — a(s;mm!, t;x) + a(s;mm/, x)

= (m'a)(m, t;x) — (m'a)(s;m, tix) + (m'a)(s;m, x),

(m'a)(m,x) = a(mm/,x) = a(t;mm/, x) — a(t;mm’, s;z) + a(mm/, s;x)

= (m'a)(t;m,z) — (mM'a)(t;m, s;x) + (m'a)(m, s;z),

and so m’« satisfies (3.28) and (3.29), which completes the proof. [

3.1.11 Proposition. (3.31) holds for all o, 8 € Aut(X) and (m,z) € M, x X.

Proof. We begin with a special case where the role of m is played by ms;. If

s;v = Ty, We have:

a(ms;, B(ms;, x)) = (sia)(m, B(ms;, x)) = B(ms;, z),
B(ms;, a(ms;, x)) = B(ms;, (s;a)(m, x)) = B(ms;, )
and so

a(ms;, B(ms;, x)) = B(ms;, a(ms;, x)). (3.32)

Next, suppose the role of m is played by mt,;. If t;8 = 7y, we have:
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a(mt;, B(mt;, x)) = a(mt;, (t;6)(m,z)) = a(mt;, x),

B(mt;, a(mt;, x)) = (t;0)(m, a(mt;, x)) = a(mt;, x),

and so

a(mt;, B(mt;, x)) = B(mt;, a(mt;, x)).

It remains to prove the right-hand equality of (3.31) when m can neither be pre-
sented as ms;, nor as mt;. Therefore it remains to prove the right-hand equality

of (3.31) when m commutes with s; and with ¢;.

First we observe that

a(m, B(m,z)) = (a+p)(m, z) = (a+p)(m, tix)—(a+F)(sim, tix)+(a+B) (sim, x)
= (a+ B)(m, t;x) — s;(a+ B)(m, tix) + (a+ B)(sim, x)
= a(m, B(m, t;x)) — s;a(m, S(m, t;x)) + a(s;m, B(sim, z))

and similarly
B(m,a(m,z)) = B(m,a(m, t;x)) — s;8(m,a(m, t;x)) + B(s;m, a(s;m, x)),

and so, using (3.32), we conclude that it suffices to prove

a(m, B(m,t;x)) = B(m, a(m,t;z)).

(for any i = 1,2,...,n). But we have (using the fact that m commutes with s;
and with ¢;):

a(m, B(m, t;x)) = a(m, t;B(m, t;x)) — a(s;m, t;5(m, t;z)) + a(sym, B(m, t;z))
= a(m, B(t;m, t;z)) — a(s;m, B(tim, t;x)) + a(s;m, B(m, t;x))
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a(m, B(mt;, t;x)) — a(ms;, f(mt;, tix)) + a(ms;, B(m, t;x))
a(m, (t;8)(m, t;x)) — (s;a)(m, (6:5)(tim, t;x)) + (s;a)(m, B(m, t;x))
a(m, t;x) — tix + B(m, t;x),

B(m,a(m, t;x)) = B(t;m, a(m, t;x)) — B(t;im, ssa(m, tix)) + B(m, s;a(m, t;x))
= B(tim, a(m, t;z)) — B(t;m, a(s;m, t;x)) + B(m, a(s;m, t;x))

= B(mt;, a(m, t;x)) — B(mt;, a(ms;, t;x)) + (m, a(ms;, t;x))

= (t:B)(m, a(m, tix)) — (6:5)(m, (si) (m, tiw)) + B(m, (si0) (m, L))

= a(m, t;x) — t;x + B(m, tx),

which proves it. [J

3.2 Action representability

The purpose of this section is to show that, for every cat™-group B, every action
B x X — X determines a morphism B — Aut(X) (see [9]). That is, we need to
prove that given a cat"-group B and a map B x X — X written as (b, x) — bz
satisfying

m(bx) = (mb)(mz),
0x = x,
bi(box) = (by + o),
b(xy + x9) = bry + by

(in obvious notation) for b, by, by € B and x, x1, 29 € X, themap o : M, x X — X
defined by
a(m,z) = (mb)x, (3.37)

satisfies conditions (3.25) — (3.29) (here again, we use the corresponding results

of M,,-groups).
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In particular, given internal groups B and X in a cartesian closed category, there
is canonical bijection ®% between the set Act(B, X) of internal group actions of
B on X and the set Hom(B, Aut(X)) of internal group homomorphisms from B
to Aut(X). “Canonical” refers to the fact that the diagram

X
Act(B, X) e Hom(B, Aut(X)) (3.38)
inclusion inclusion
home(B x X, X) oy home(B, X¥)

commutes; here we write ¢p x for the bijection (1.5) with B and X playing the
roles of A and B, respectively. In other words, “canonical” refers to the fact that
®% is induced by ¢p x. Later in this section we consider the case of C = Cat®,
B and X as cat™-groups corresponding to n-fold categories of groups, and our
aim will be:

e to write down the explicit formulas for ®% and its inverse, which will be denoted
by U% and

e prove directly that those formulas indeed define maps from Act(B, X) to
Hom(B, Aut(X)) and from Hom(B, Aut(X)) to Act(B, X) respectively.

3.2.1 Lemma. Let U : C — D be a finite product preserving functor between
cartesian closed categories, and objects X and B in C. The diagram

$B,X

homg(B x X, X) homg(B, X*)

PU(B),U(X)

homp(U(B) x U(X),U(X)) homp (U (B), UX)VX))
(3.39)
commute, in which u and v are defined by u(h) = U(h) < U(m), U(rg) >~!

(where my : B x X — B and my : B x X — X are the product projections)
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and v(f) = OXU(f), respectively, in which h € homc(B x X,X) and f €
homg(B, X¥).

Proof. For a given morphism h : B x X — X which corresponds to f : B — XX

under the canonical bijection (see (1.6)), we consider the commutative diagram

homp(U(XX x X),U(X)) — homp(U(X¥) x U(X), U(X)) — homp(U(X¥), U(X)VX) |
homp (U(fxX),U(X)) homp (U(f)xU(X),U(X)) homp (U(f),0(X)V)
homp(U(B x X),U(X)) —— homp(U(B) x U(X), U(X)) — homp(U(B), U(X)"™)
(3.40)
whose horizontal arrows are canonical isomorphisms. We know that 0% is the

image of U(e%) under the top composite (see (2.14)). Therefore v(f) is the image
of

homp (U(f x X), U(X))(U(ex)) = Uex)U(f x X)

under the bottom composite. Explicitly,

v(f) = pum)ucx) (homp (< U(m), U(rz) >~ U(X))(U(ex)U(f x X))
= pum),ux)(UEN)U(f x X) < U(m),U(m) >71)

= pum)ux)(U(h) < U(m),U(m) >71),

and from the top arrow of (3.39), we have

Upx(f) =ex(f x X) = hfor f € home(B, X¥).

Therefore, we have

vu),ux)(u(h) = vum)ux) (UMh) <U(m),Ur) >71) = o(f) = v(esx(h)),
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for every h: B x X — X, as desired. [

3.2.2 Theorem. Let B and X be cat™-groups identified with their corresponding
n-fold categories as in Section 3.1, and M, be a monoid as in Theorem 3.1.9.
Then the maps

®3 : Act(B, X) — Hom(B, Aut(X))

and
UX - Hom(B, Aut(X)) — Act(B, X)

are bijections.

Proof. We apply Lemma 3.2.1 to the functor U, : Cat™ — Sets™" of Construc-
tion 2.3.1. Since in this case u and v are nothing but straight forward inclusions,

from Example 1.2.3(d), we obtain
5.1 (W) (), ) = h(mb, 1), (3.41)
foreach h: Bx X — X, b€ B, m € M,, and z € X. Similarly, we have
@ (h)(b)(m, x) = h(mb,x) = (mb)z, (3.42)

for each h € Act(B,X), b € B, m € M,, and x € X. According to Example
1.2.3(f) the inverse W of this map is explicitly defined by

U5 (f)(b,2) = f(b)(1, ), (3.43)

for each f € Hom(B, Aut(X)), b € B, and z € X.

Now we are going to prove directly that (3.42) and (3.43) indeed define maps
from Act(B,X) to Hom(B, Aut(X)) and from Hom(B, Aut(X)) to Act(B, X)
respectively. For, we take h € homcasn(B x X, X) and f € homgae (B, X¥)
corresponding to each other under the bijection ¢p x and we are going to prove
directly that h is in Act(B, X) if and only if f is in Hom(B, Aut(X)).
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Suppose h is in Act(B,X). Let ®X(h) = f. Then according to Theorem 3.1.9,
and having in mind that f should be an internal group homomorphism, we have

to prove that

mf () (m',x) = () (mm!, ma), (3.44)

FO)(m, 1+ 25) = f(0)(m, 1) + F(B)(m, ), (3.45)

the map f(b)(m,—): X — X is a bijection, (3.46)

fb)(m,x) = f(b)(m,t;x) — f(b)(sym, tix)+ f(b)(sym,x)  (i=1,2,...n), (3.47)
JO)(m,z) = fO)(tim, )~ FO)(tm, si2) + fB)(m, s,2)  (=12,...0),  (3.48)
F(by +b2)(m,) = (F(br) + F(b2))(m.x) = Fbr)(m, fba)(m,2),  (3.49)

for all: b,by,by in B; x, 21,22 in X; m,m' in M,, and i = 1,2, ..., n.
Note that, (3.44) follows from the fact that, B x X — X is an M,-morphism,

that is, m(m'z) = (mm’)(mz).

Proving (3.45) and (3.49) is straight forward, (using the action axioms):

FO)(m, 1 +25) = (mb)(1 +2) = (mb)ary + (mb)es = F(b)(m, 1) + f(b) (1, x),

f(by 4+ bo)(m,x) = (m(by + b2))x = (mby + mbg)x = (mby)((mby)x)
= f(b1)(m, f(b2)(m, x)),

while (3.46) follows from (3.49), since (3.49) makes the maps f(b)(m,—) and

f(=b)(m, —) inverse of each other.

Next we have to prove that the map o : M,, x X — X, defined by (3.37) satisfies
(3.47) and (3.48). We have

a(m,tiz) — a(sim, tix) + a(sim, x) = (mb)(t;x) — ((sim)b) (tix) + ((s;m)b)x
= (mb)(tix) — (si(mb))(tix) + (si(mb))z,
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and to prove that « satisfies (3.47) we need to prove that what we have above is
equal to (mb)x. Since mb could be any element of B, this is the same as to prove
that

b(tix) — (s:ib)(tix) + (s;b)x = bx  (i=1,2,...n), (3.50)

for all b € B and x € X. Similarly, we have

a(t;m,x) — a(tim, s;x) + a(m, s;x) = ((t;m)b)x — ((t;m)b)(s;z) + (mb)(s;x)
= (t;(mb))x — (t;(mb))(s;x) + (mb)(s;x),

and to prove that « satisfies (3.48) we need to prove that what we have above is
equal to (mb)z. Again, since mb could be any element of B, this is the same as

to prove that
(tib)x — (t:b)(six) + b(s;x) = bx  (i=1,2,...,n), (3.51)
forall be B and x € X.

In order to prove (3.50) and (3.51), we shall use the commutative diagram

(s8:b,)

(s:b, s;x) (s:b,t;x)
(bysi) & (btiz)
(tlb, SiiU) (tlb, Siﬂf)

(tib,x)

of (n — 1)-dimensional morphisms in the n-fold category B x X. According to

the way morphisms are composed in B x X along the direction i, we have

(b, t;x) — (sib, tix) + (s;b,2) = (b, x) = (t;b, x) — (t:b, six) + (b, s;x),
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and since the action B x X — X preserves composition, this gives (3.50) and
(3.51), as desired.

Conversely, suppose f is in Hom(B, Aut(X)) and a = f(b). We have to prove
that

m(bz) = (mb)(mz), (3.52)
Oz = z, (3.53)

by (box) = (by + by)a, (3.54)
b(xy + 72) = bxy + b (3.55)

for all b,by,bs in B and z, x1, 22 in X. However, (3.52) follows from (3.44), (3.53)
follows from (3.46) since Aut(X) is a group, while proving (3.54) and (3.55) is a
straight forward calculation using the fact that f is a group homomorphism and
using (3.18) (for a = f(b)), respectively.

Lastly, we have to show that ®% and U# are inverse to each other.
W335 (h) (b, x) = @ (h)(0)(1, ) = h(b, ),

that is \Ifgq)g = 1Act(B,X)‘

Conversely, we have
W5 (f)(b)(m, @) = Wi (f)(mb,x) = f(mb)(1,2) = h(mb, ) = f(b)(m, ),

the last equality is due to the M,, action on Aut(X) and so d3 V% = 1 Hom(B, Aut(X))-

This proves that ®X and U% are bijective. (]
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3.3 The connection with Norrie’s actors

3.3.1 Remark. The crossed module corresponding to our cat'-group Aut(X)
described in Theorem 3.1.7 is given as

{a € Aut(X) | a(s1,x) = z,Vo € X and s; € My}, {a € Aut(X) | a(l,z) =
a(sy,x) = aty,x),Ve € X and s1,t, € My}, p),

with

p:{a € Aut(X) | a(si,z) = z,Vo € X and s € My} — {a € Aut(X) |
a(l,z) = a(sy,z) = a(ty,z), Vo € X and s1,t, € My}

defined by p(a) =t for for t; € My and the action is conjugation (see Lemma

1.6.4), with axzioms of our crossed module shown below:

(a) take s € {a € Aut(X) | a(l,2) = a(sy,x) = alty,z),Ve € X and
1,s1,t1 € My} and B € {a € Aut(X) | as1,2) = z,Ve € X and s € M},
then we have
p(sia(f —s10)) = ti(sia + (B — s18) — s10)
= s+ t1(8 — s108) — s1v
= s1a+ p(f — s18) — s10v;

(b) given B,a — s1cv in {a € Aut(X) | a(sy,z) = z,Vo € X and s; € My} and
—t1f+ B in {a € Aut(X) | a(ty,z) = x,Vo € X and t; € M}, then we
have

(a—s1a) + (—t18+ B) = (=18 + B) + (a — s1) (by (3.1)).

such that
b+ (a—sja) =t =+ (a— s1a) — B.

From the equality above, we obtain
p(B)(a—sa) =tp(a—sa) =t 8+ (a—sa)—t18 =B+ (a—sa)—p.

Similarly, the crossed module corresponding to our categorical group X with
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identity element 0 is given by ({x € X | sz = 0,81 € M;},$X,p), where

p = t1 |{zex|siz=0,5,er,} and the action is conjugation .

3.3.2 Construction. Recall that, for a crossed module (Z,G, p) the actor crossed
module (D(G, Z), Aut(Z, G, p),w) can be constructed as shown in Section 1.5,
where D(G, Z) is a group of invertible elements of the monoid Der(G,Z) of all
deriwations A : G — Z defined by A(g1 + g2) = A(g1) + 1A(g2), for 1,92 € G.

3.3.3 Remark. We show that, this actor crossed module is essentially the same
as cat'-group Aut(X) described in Theorem 3.1.7.

We only need to show that, given the crossed module

{a € Aut(X) | a(s1,x) = z,Vz € X and 51 € My}, {a € Aut(X) | a(l,z) =
a(sy,z) = aty,z),Vo € X and s1,t, € My}, p)

corresponding to Aut(X) the monoid Der(G, Z) is isomorphic to

{a € Aut(X) | a(sy,z) =z,Vo € X and s; € M;}.

Suppose that the crossed module (Z, G, p) corresponds to cat'-group X. As follows
from Remark 3.3.1, the monoid of derivations in this case will be Der(s; X, {z €
X | s1x =0,81 € My}), such that for each derivative

A:siX w{reX|siz=0,8 €M},

we have
A(l’l + LL’Q) = A(Il) + 2z + A(ﬁg) — X1. (356)

It is clear that, if a(s1,x) = z, then sia(l,t1x) = tyx, and as follows from
Theorem 3.1.7(b), we have

a(l,z) = a(l,t1z) — tix + . (3.57)

Again, by Theorem 3.1.7(c), we get

a(l,tix) — i + = = afty, ) — a(ty, siz) + a(l, s12),
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and so

a(l,tyz) —tiz+ 2 = a(ty,z) — tha(l, s12) + a(1, s1x).

Therefore, we have
a(ty,x) = a(l, tix) — iz + . — a(l, s12) + —tia(l, s1x). (3.58)

Now we define the map
R:{a € Aut(X) | a(s1,z) = z,Vo € X and s; € My} — Der(s1 X, {x € X |
sz =0,s1 € My})
by
R(a)(z) =a(l,z) — x, (3.59)

forallz € 51X.
As follows from (3.56), we have to check that,

R(a) (21 + z9) = R() (1) + 71 + R()(22) — 71,

and that

si(a(l,x) —x) =0,

for all x1,29 € $1X and a € {a € Aut(X) | a(s1,2) = z,Vr € X, sy € My} .
Indeed, we have

R(o) (1 +22) = (1,21 + 29)) — (w1 +22)  (by (3.59))

=a(l,z1) +a(l,xe) —x9 — 21 (by Theorem 3.1.7(d))

= R(a)(z1) + 21 + R(a)(22) — 21 (by (3.59)),

and

si(a(l,z) — ) = a(sy, s12) — 12 = s1¢ — sy = 0.
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Now we need to show that R is a monoid homomorphism. It is easy to see that,
since mo 1S actually the identity element in

{a € Aut(X) | a(s1,z) = z,Vo € X and sy € My}, we have
R(0)(x) = R(ma)(x) = ma(l,2) — 2= 2 — 2 =0,

such that, R(0) = 1, where 1 is the identity element in

Der(s1X,{x € X | s52 = 0,51 € My}, defined by 1(s:X) = 0, 0 is the identity
element in {x € X | syx =0,s € M}

For each o, B € {av € Aut(X) | a(s1,2) =,V € X and s; € My}, we have
Rla+0)(x) = (a+P)(z) -z =a(l,5(1, 7)) —x

— (1, (1) — Bltr,2) + B(12) —  (by (357)),

while

(R(a) o R(B))(z) = R(a)(taR(B)(z) + ) + R(B)(x) (see Construction 1.5.5))
=R(a)(t16(1,z) —tix+z) + B(1,x2) — x (by (3.59))

= R(a)(B(t1,z)) + B(1,2) — = (since € 51X)

= a(1, B(t1, 2)) — B(tr, ) + B(L,2) — o

Rla+ p)(x) = (R(a) o R(5))(2),

that is, R is a monoid homomorphism.

To prove that R is injective, it suffices to prove that if R(«) = 1, then o = o,
since R is a group homomorphism. Assume that, R(«) = 1, then as follows from
(3.59) a(1,z) = x for each x € X, which gives

a(l,z) =a(l,tizx) —tix +r =tir —tix + v =z,

and

aty, z) = a(l, i) —tiz+r—a(l, s12)+tia(l, s1x) = ir—tix+r—s1x+ 510 = .
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We have proved that, o = w9 whenever R(a) =1 as desired.
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Sets category of sets, 11
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