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INTRODUCTION

An interior algebra is a Boolean algebra enriched with an interior operator !'and a closure
~ operator ° satisfying the identities: (i) x' < x, (ii) (xy)I = x'y!, (iii) X =« (iv) ' =1,
and (v) X =x 1 ( X, T ) is a topological space then the power set Boolean algebra on
X together with the usual topological interior and closure operators, forms an interior
algebra. ( In fact, it can be easily shown that if X is the class of algebras obtained by
appending the topological interior and closure operators to the power set Boolean algebras
of topological spaces, then the variety generated by K is precisely the variety of interior
algebras. ) Interior algebras are thus an algebraic generalization of topological spaces.

Interior algebras were introduced by McKinsey and Tarski in [14] under the name ‘closure
algebras’, as an algebraic generalization of topological spaces. What were essentially
interior algebraic techniques had however already been used as aids to topology by
Kuratowski and others. McKinsey and Tarski were concerned with the problem of which
interior algebraic identities hold in all topological spaces and which topological spaces
satisfy only the interior algebraic identities which hold in all topological spaces.

In [16] Nobeling investigated the application of interior algebraic techniques to topology.
Sikorski investigated the application of results concerning countably complete interior
algebras to topology. ( See for example [20]. ) McKinsey, Tarski, Nébeling and Sikorski all
observed that certain results in topology, not involving points, can be generalized to
interior algebras by replacing sets with elements, finite intersections with meets, finite
unions with joins and sct—thcoretic complements with Boolean algebraic complements.
‘T'hey also observed that results in topology involving arbitrary or countable intersections
and unions could be generalized to complete or countably complete interior algebras
respectively, and results involving points could be generalized to complete atomic interior
algebras, points being replaced by atoms. However every complete atomic interior algebra
is isomorphic to the power set interior algebra of a topological space and so we do not
obtain any really new results by generalizing topological results to complete atomic interior
algebras, only known results in new notation. N&beling and Sikorski preferred to treat
topological spaces as ( complete atomic ) power set interior algebras and used interior
algebraic formulations of topological axioms as the foundations for topology instead of
set—theoretic formulations. However modern topologists do not follow this approach and
nowadays topological spaces are considered to be pairs consisting of a set together with a
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system of open subsets. Moreover, interior algebraic techniques are generally not used by
topologists with the exception perhaps of trivial computations involving the interior and
closure operators.

The idea of generalizing topological results involving points ( which most topological
results do involve ) to non—countably complete or non—atomic interior algebras has never
to our knowledge been investigated before. The reason for this seems to be that most proofs
of topological results do not generalize to interior algebras. In this thesis we will see that
despite this, many results in topology can still be generalized to interior algebras using
different proofs to those used in topology. Completeness ( which corresponds to the ability
to take arbitrary intersections and arbitrary unions of subsets ) is very seldom required
although atomicity and properties strictly weaker than atomicity ( which correspond to the
existence of points in certain non—cmpty sets ) are sometimes needed without
completeness. The results of this thesis, although motivated by topology, are in fact
algebraic. We deal with connections Dbetween interior algebras and topology and
generalizations of topological results for the sake of finding out more about interior
algebras and not as an aid to topology. We point out that there have been other attempts
at algebraic generalizations of topology viz. certain types of complete distributive lattice
such as frames/locales [12], and neighbourhood (semi)-lattices [17], but these will not
concern us. ( Also, in [9] G.A. Edgar showed that a topological space can be considered to
be a multi—algebra. )

In this thesis connections between categories of interior algebras and categories of
topological spaces, and generalizations of topological concepts to interior algebras, are
investigated. The following are some of the most significant results we obtain: The
establishment of a duality between topological spaces and complete atomic interior
algberas formalized in terms of a category—theoretic co—equivalence between the category
of topological spaces and continuous maps and the category of complete atomic interior
algebras and maps known as complete topomorphisms ( Theorem 2.1.7 ). Under this
co—equivalence, continuous open maps correspond to complete homomorphisms ( Theorem
2.1.8 ). We also establish a duality between arbitrary interior algebras and structures
known as Stone fields in terms of a co—equivalence between the category of interior
algebras and topomorphisms ( see Definition 1.1.8 ) and the category of Stone fields and
their morphisms the field maps ( Theorem 2.2.14 ). Under this co—equivalence weakly open
field maps ( see Definition 2.2.17 ) correspond to homomorphisms ( Theorem 2.2.18 ). The
well known connection between pre—ordered sets and interior algebras is shown to be a



special case of topological duality ( see section 4 of chapter 2 ). The topological concepts of
neighbourhoods, convergen¢e and accumulation are generalized to interior algebras
( Chapter 3 ), and arc used to gencralize the topological separation and compactiness
properties to interior algebras ( Chapter 4 and Chapter 5 ). What is particularly interesting
with regard to the separation properties is that most of them are first order properties of
interior algebras ( see Theorem 4.5.11 ). This should be contrasted with the situation for
frames/locales [12] and topological model theory [10]. By generalizing the concept of
a—separation to interior algebras we obtain an w chain of strictly elementary classes of
interior algebras all of which have hereditarily undecidable first order theories ( Theorem
4.3.14 ). Characterizations of irreducibility properties for interior algebras are also found.
These properties ( subdirect irreducibility, finite subdirect irreducibility, direct
indecomposability, simplicity and semi—simplicity ) can be characterized in many different
ways. Characterizations in terms of open elements ( fixed points of the interior operator )
are found ( Theorem 1.3.18 and Theorem 1.3.21 ) and these are used to obtain further
charaterizations. In particular a characterization in terms of topological prbperties of Stone |
spaces of interior algebras is obtained ( Theorem 2.3.9 ). We also find characterizations of
the irreducibility properties in the power set interior algebras of topological spaces
( Theorem 2.1.15 ) and in interior algebras obtained from pre—ordered sets ( Theorem
2.4.16 ). What is particularly striking is that the irreducibility properties correspond to
very natural topological properties. ( Other results characterizing or related to the
irreducibility properties are 2.4.11, 2.4.17, 5.1.13, and 5.1.15 ).

Topology is not the only branch of mathematics related to interior algebras. It is well
known that interior algebras play the same role for the modal logic S4 as Boolean algebras
play for ordinary propositional logic. Most of the research on interior algebras has focussed
on the application of interior algebras to modal logic. There has been very little research on
_interior algebras for their own sake. However, the work of the algebraic logicians H.
— Rasiowa, W.J. Blok, L.L. Maksimova, V.V. Rybakov, W. Dziobiak, R. Goldblatt and M.P.
Tropin, although motivated by modal logic, has produced many ‘purely interior algebraic’
results especially in connection with varieties and quasi—varieties of interior algebras which
are related to extensions of the modal logic S4. There is an extensive literature dealing
with interior algebras and modal logic which we will not be concerned with in this thesis.
( For the reader who is unfamiliar with modal logic, [8] is still a good introduction. )

Finally we point out that in the literature various names have been used for interior
algebras. These include: closure algebras ( the original name used by McKinsey and
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Tarski ), S4—algebras, topo—Boolean algebras and topological Boolean algebras ( not to be
* confused with the topological Boolean algebras of topological algebra ). The term ‘closure
algebra’ was originally used since in the earliest work on interior algebras only the closure
operator, and not the interior operator, was considered to be a fundamental operation.
( Sikorski used the term ‘closure algebra’ to mean a countably complete interior algebra. )
The name ‘interior algebra’, which we use, was probably first used by Blok in whose work
the interior operator, and not the closure operator, was considered to be fundamental. In
this thesis we consider both the interior and closure operators to be fundamental but use
the name ‘interior algebra’ since this has become the standard name for these algebras in
English language publications.
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SUMMARY

CHAPTER 1.

§1.1. We revise the definition of an interior algebra and summarize some basic results. The
concept of a generalized topological space is introduced as a useful alternative description
of interior algebras. We also introduce the concept of a topomorphism which is a natural
generalization of the usual concept of an interior algebra homomorphism and is motivated
. by the equivalence of interior algebras and generalized topological spaces — the definition of
a topomorphism is such that the category of interior algebras and topomorphisms is
isomorphic to the category of generalized topological spaces and their homomorphisms.
(See 1.1.7 and 1.1.8. ) We briefly consider embeddings and quotient maps in the category
of interior algebras and topomorphisms. | |

§1.2. An exposition of the well known connection between Heyting algebras and interior
algebras is given using a category~theoretic approach. The first person to present a modern
exposition like this was probably Blok in [3] although the basic ideas behind the connection
between Heyting algebras and interior algebras have been known for a long time ( as far
back as McKinsey and Tarski’s work in the 1940’s ) albeit in forms using now obsolete
notation and terminology. ( See [3] and the references given there. ) One concept, related to
the connection between Heyting algebras and interior algebras, which has apparently not
been discussed belore is that of ‘clopen clements’ which are elements of interior algebras
that are both open and closed. ( See 1.1.6 and 1.2.34 for definitions and 1.2.36. )

§1.3. We investigate congruences on interior algebras. Many of the results in this section
are folkloric although we use an approach to interior algebra congruences which differs from
the usual approach. ( We prefer to represent congruences on interior algebras by filters of
open elements instead of filters closed under interiors. ) Irreducibility properties are also
investigated and characterized.

§1.4. Tt is well known that intervals in a Boolean algebra can be turned into Boolean
algebras which are then precisely the principal homomorphic images of the original Boolean
algebra ( up to isomorphism ). We show that a similar situation holds for intervals in
interior algebras. ( Special cases of the concept of interval algebras of interior algebras
appeared already in [14] and [3]. ) In general, an interval algebra of an interior algebra is

viil



not a homomorphic image, however, up to isomorphism the interval algebras of an interior
algebra are precisely its principal topomorphic quotient map images ( principal quotients ).
In fact every principal quotient of an interior algebra can be represented both as an ideal
and as a filter in the interior algebra. ( See Theorem 1.4.13. ) We characterize the interval
algebras which are homomorphic images ( Theorem 1.4.6 (iii) ) and show that every
principal homomorphic image of an interior algebra can be represented as an ideal
generated by an open element ( Corollary 1.4.15 ). A new construction known as a ‘join of
interior algebras’ is introduced.

-§1.5. We end Chapter 1 with a brief look at certain atomicity properties. These properties
( “closed’, ‘open’ and ‘residual’ atomicity ) guarantee the existence of ‘enough atoms’ in
interior algebras and will be required in later chapters.

CHAPTER 2.

§2.1. We begin our investigation of topological duality for interior algebras by firstly
considering complete atomic interior algebras and complete topomorphisms. We show that
the category of complete atomic interior algebras and complete topomorphisms (CIn+) is
co—equivalent to the category of topological spaces and continuous maps (Top). This is
partly accbmplished using basic properties of inverse images under continuous maps and
the well known fact that a complete atomic interior algebra can be represented as a power
set interior algebra. The significant part of the proof is that every complete topomorphism
is obtainable from a continuous map in a co—functorial way. ( See 2.1.2 — 2.1.4. ) What is
particulary interesting is that the co—equivalence restricts to a co—eqivalence between the
category of complete atomic interior algebras and complete homomorphisms (CIn) and the
category of topological spaces and continuous open maps (Tco) ( Corollary 2.1.9 ). Many
interesting constructions and morphisms in Top correspond to interesting constructions and
morphisms in CIn' under the co—equivalence. ( See 2.1.10 — 2.1.14. ) A particularly
elegant result is that irreducibility properties for interior algebras correspond to
connectedness properties for topological spaces ( Theorem 2.1.15 ). In particular
subdirectly irreducible interior algebras correspond to supercompact spaces. The usual
supercompactification construction for topological spaces ( see 2.1.17 ) can in fact be
generalized to a construction of subdirectly irreducible interior algebras which we briefly
investigate. ( See 2.1.17 — 2.1.23. ) We also show that under the co—equivalence between
Top and CIn+, finitely generated topological spaces correspond to ‘operator complete’
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interior algebras, that is, interior algebras in which the interior operator is completely
multiplicative and the closure operator is completely additive ( Corollary 2.1.27 ). The
operator complete interior algebras play an important role in relating the topological
duality for interior algebras with the pre—order duality for interior algebras which will be
- considered in §2.4. '

§2.2. In this section we establish a duality between the category of interior algebras and
topomorphisms and a certain category of topological fields of sets, the Stone fields, and
their appropriate morphisms, the field maps ( 2.2.1 — 2.2.14 ). The usual Stone duality for
Boolean algebras and the usual representation of Boolean algebras by fields of sets can be
considered to be a special case of the duality between interior algebras and Stone fields.
( See 2.2.15. ) We characterize the field maps which correspond to homomorphisms in
terms of a certain neighbourhood preserving property ( weak openness ). We introduce the
concept of a subfield of a Stone field and characterize the subsets of a Stone field that are
underlying sets of subfields ( Theorem 2.2.23 ). Subficlds are used to establish a duality
between injective field maps and surjective topomorphisms. There is also a duality between
surjective field maps and injective topomorphisms. ( See Theorem 2.2.31. ) We briefly
investigate the connection between subfields and embeddings in the category of Stone fields
and field maps. It turns out that up to isomorphism, inclusion maps of subfields are
precisely the embeddings in the category of Stone ficlds and weakly open field maps.

§2.3. The Stone field dual to an interior algebra consists of a field of sets in a certain
topological space, the Stone space of the interior algebra. We investigate the relationship
between the Stone space of an interior algebra and the usual Stone space of its Heyting
algebra of open elements ( the latter is a retract of the former ). ( See Theorem 2.3.3. ) We
also investigate the relationship between a topological space and the Stone space of its dual
complete atomic interior algebra ( the former is a subspace of the latter ). ( See Theorem
2.3.5. ) Other results concerning Stone spaces are investigated, in particular a
correspondence between irreducibilty properties for interior algebras and connectedness
properties for Stone spaces is cstablished ( "Theorem 2.3.9 ).

§2.4. Interior algebras are a subvariety of modal a]gebra's. ( See page 51 for definition. ) It
is a well known result that every atomic ‘operator complete’ modal algebra ( that is,
complete with completely multiplicative ‘interior operator’ and completely additive
‘closure operator’ ), can be represented as the power algebra of a frame ( a set with a single
binary relation ). This result is in fact just a special case of a more general result



concerning Boolean algebras with operators. ( See [13]. ) The power algebra of a frame will
~ be an interior algebra iff the frame is a pre—ordered set. Thus there is a duality between
atomic operator complete interior algebras and pre—ordered sets. We show that there is a
concrete isomorphism between the category of pre—ordered sets and homomorphisms and
the category of finitely generated topological spaces and continuous maps. ( See 2.4.2 —
2.4.6. ) Now, as is shown in §2.1, the co—equivalence between Top and CIn+ restricts Lo a
co—equivalence between the category of finitely generated spaces and continuous maps
(ToF) and the category of atomic operator complete interior algebras and complete
topomorphisms (OIn+), and so we obtain a category—theoretic formalization of the duality
between atomic operator complete interior algebras and pre—ordered sets. ToF is a
“bi—reflective subcategory of Top and so OIn™ is a bi—reflective subcategory of CIn™ and
we briefly examine the bi—reflection of a complete atomic interior algebra ( 2.4.9 —2.4.11 ).
We also characterize the pre—ordered set homomorphisms that correspond to continuous
open maps and hence to interior algebra homomorphisms ( Theorem 2.4.13 ). ( That these
particular pre—order homomorphisms correspond to interior algebra homomorphisms in the
casc of finite pre—ordered sets, is a well known folkloric result among modal logicians, ) We
also show that the irreducibility properties for interior algebras can be characterized using
pre—orders ( Theorem 2.4.16 ). It is well known that every interior algebra can be
represented as a field of subsets of a pre—ordered set ( pre—order field. ) ( This is a special
case of a result concerning Boolean algebras with operators. ) The concrete isomorphism
between the category of finitely generated spaces and continuous maps and the category of
pre—ordered sets and homomorphisms, allows us to establish a concrete isomorphism
between the category of Stone fields and field maps and a category of ‘canonical’ pre—order
fields and their appropriate morphisms, the pre—order field maps ( Theorem 2.4.23 ). Since
the former category is co—cquivalent to the category of interior algebras and
topomorphisms we obtain a category—theoretic formalization of the representation of an
interior algebra as a field of subsets of a pre—ordered set. The pre—order field maps that
correspond to weakly open ficld maps and hence to interior algebra homomorphisms are
characterized ( Theorem 2.4.25 ). We end this section by showing how the pre—order
obtained from an interior algebra may be described algebraically ( Theorem 2.4.28 ). Modal
logicians will recognize the relevance of the results in this section to the construction of
canonical S4—frames. The results of this section show that duality theorems for interior
algebras involving pre—orders can be viewed as topological duality in disguise.



CHAPTER 3.

§3.1. The concept of a neighbourhood function on a Boolean algebra and neighbourhoods in
interior algebras are defined and are used to give an alternative description of interior
algebras ( Theorem 3.1.4 ).

§3.2. A very general interior algebraic generalization of system convérgence in topology is
introduced. The canonical pre—order on an interior algebra and the concept of an encloser
of an element are introduced and are used to establish an interior algebraic generalization
of accumulation in topology. The basic properties of convergence, enclosers and
accumulation are investigated and a connection between the canonical pre—order and

neighbourhoods is established ( 3.2.3 — 3.2.7 ). The notion of a ‘section’ operator is
introduced and is used to establish connections between convergence and accumulation
( 3.2.8 — 3.2.15 ). The enclosers of the top element 1 in an interior algebra are called dense
élements_ and it is shown that they can be characterized using the section operator
( Theorem 3.2.17 ). '

§3.3. This section covers the basic results concerning nets and sequences in interior algebras
( which will be required in the next section ) and the relationship between nets and filter
bases. Almost all the results in this section only make usc of the Boolean algebraic aspects
of interior algebras and are thus essentially results about Boolean algebras. However, the
concept of a net in a Boolean algebra is more relevant to the theory of interior algebras
than to the theory of Boolean algebras and so the results have been stated for interior
algebras. ( In fact no generality is lost by this since a Boolean algebra may be considered to
be an interior algebra. ) Nets in interior algebras are important since they allow us to
- generalize many topological concepts and results to interior algebras, in particular, net
convergence and accumulation, which are investigated in the next section.

§3.4. Convergence and accumulation of nets and sequences in interior algebras and their
relationship to subset convergence and accumulation are investigated ( 3.4.1 — 3.4.11 ). A
relationship between net convergence and net accumulation is established ( Theorem
3.4.12 ). We investigate conditions under which sequence convergence and accumulation
behave like net convergence and accumulation ( 3.4.16 — 3.4.18 ). We end this section with
a brief look at the connection between the canonical pre—order and net and sequence

convergence and accumulation ( Proposition 3.4.19 ).
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§3.5. In this section we look at bases and countability properties in interior algebras. Bases
of generalized topological spaces or interior algebras are a generalization of bases of
topological spaces. We characterize the subsets of Boolean algebras which are bases for
generalized topologies ( Theorem 3.5.3, Corollary 3.5.4 ). This characterization allows us to
generalize results concerning complete extensions of Boolean algebras to interior algebras
( Corollary 3.5.5, Remark 3.5.7 ). The concept of a base for an interior algebra allows us to
generalize the concept of second countability to interior algebras. We also generalize first
countability and the Lindeldf property. Every second countable interior algebra is both
first countable and Lindelof ( Theorem 3.5.9 ). We investigate the relationship between the
Lindel6f property and accumulation of countably complete filters ( 3.5.3 — 3.5.11 ). We also
show that every first countable interior algebra is ‘sequentially determined’ ( Definition
3.5.12, Theorem 3.5.12 ). We end this section with an investigation of the preservation of
the countability properties under constructions ( 3.5.15, 3.5.17 — 3.5.22 ). The fact that the
class of second countable interior algebras is closed under principal quotients allows us to
show that an interior algebra is second countable iff any base for it contains a countable
base ( Theorem 3.5.16 ).

CHAPTER 4.

§4.1. The topic of ‘seperation’ in interior algebras deals with generalizations of the
separation properties satisfied by metric spaces. In the first section of Chapter 4 we
investigate separation properties which are related to the convergence of filters and nets to
atoms and the uniqueness of such atomic limits. The Hausdorff separation property is
generalized to interior algebras and various alternative characterizations of this property
are-found ( 4.1.1, 4.1.2 ). We also define properties related to the Hausdorff property such
as ‘point Hausdor{l’, ‘sequentially Hausdorff’ and ‘sequentially point Hausdorff” and
investigate conditions under which these properties are cquivalent. In particular we show
that Hausdorff and point Hausdorff are equivalent in open atomic interior algebras
( Theorem 4.1.4 ), Hausdorff and sequentially Hausdorff are equivalent in first countable
interior algebras ( Theorem 4.1.6 ), point Hausdorff and sequentially point Hausdorff are
equivalent in first countable interior algebras ( Theorem 4.1.8 ) and thus all these
properties are equivalent in first countable open atomic interior algebras. ( Corollary
4.1.9). '

§4.2. In this section we investigate separation properties related to the canonical pre—order
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§4.5. In this last section of Chapter 4 we investigatc the preservation of the separation .
properties under constructions. Many of the separation properties are preserved under
principal quotients ( Theorem 4.5.3, Theorem 4.5.9 ). The class of normal algebras is closed
under closed quotients ( Theorem 4.5.4 ) but not open quotients. We characterize those
normal algebras which have the property that all their principal quotients are normal
( Theorem 4.5.6 ). A particularly interesting result is that many of the separation
properties are definable by a single universal—existential Horn sentence ( Theorem 4.5.11 ).
Thus these classes have the usual preservation properties associated with such first order
sentences, in particular they are closed under reduced products. We also show that many
other classes of interior algebras are closed under products ( Theorem 4.5.12, Theorem
4.5.14).

CHAPTER 5.

§5.1. Compactness properties in interior algebras are generalizations of compactness
properties in topology and are thus related to the existence of atoms to which filters or nets
of atoms accumulate. One generalization of the compactness property in topology is ‘filter
compactness’ ( see 5.1.1 ). Various characterizations of filter compactness are found
( Theorem 5.1.3 ). Two other generalizations of topological compactness are ‘cover
compactneés’ and ‘point compactness’. We show that each of these combined with closed
atomicity is equivalent to filter compactness ( Theorem 5.1.5 ). Other compactness
. properties are introduced: ‘sequence compactness’, ‘strong sequence compactness’ and
‘countable compactness’. Tvery closed atomic sequence compact interior algebra is
countably compact ( Theorem 5.1.8 ). In a first countable interior algebra, sequence
compactness is equivalent to strict sequence compactness ( Corollary 5.1.10 ) and in a
second countable closed atomic interior algebra all the compactness properties we have
mentioned are equivalent ( Corollary 5.1.11 ). We also generalize supercompactness to
interior algebras. One generalizition is simply called ‘supercompactness’, other
generalizations are ‘point supercompactness’ and ‘sequence supercompactness’. In Chapter
2 it was shown that subdirect irreducibility is also a generalization of topological
supercompactness. We find alternative characterizations of supercompactness and in
particular we show that point supercompactness combined with closed atomicity is
‘equivalent to supercompactness as is subdirect irreducibility combined with -closed
atomicity in non—trivial interior algebras ( Theorem 5.1.13 ). In a closed atomic interior
algebra with more than one but not more than R, atoms, subdirect irreducibiity, ( point )
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defined in Chapter 3. In particular we gencralize the symmetric, Kolmogorov and Fréchet
properties to interior algebras. Alternative characterizations of the Kolmogorov and
Fréchet propertics arc given ( Proposition 4.2.2, ‘heorem 4.2.4 ). It is shown that cvery
sequentially point Hausdorff interior algebra or every interior algebra with ‘openly
generated atoms’, is Kolmogorov ( Theorem 4.2.7 ), moreover for finite interior algebras
the properties: Kolmogorov, openly generated and openly generated atoms, are all
equivalent ( Theorem 4.2.8 ). A stronger form of the Fréchet property is introduced and is
shown to be equivalent to the Fréchet property in the case of residually atomic interior
algebras ( Proposition 4.2.10 ).

§4.3. We generalize the concepts of a—separation, a an ordinal, to interior algebras. These
properties turn ont to be more interesting for interior algebras than for topology. The
classes of n—separated interior algebras, n < w, form strictly elementary classes of interior
algebras with hercditarily undecidable first order thcorics ( Proposition 4.3.6, Theorem
4.3.18 ). Alternative characterizations of the a-separation properties are investigated
(4.3.15—-4.5.17 ). In particular we show that the 1—separated interior algebras are just the
Fréchet algebras ( Proposition 4.3.5 ) and that the 2—separated interior algebras are just
the point Hausdorff algebras ( Theorem 4.3.18 ). We generalize the Urysohn property to
interior algebras and show that every Urysohn algebra is 3—separated and moreover these
two properties are equivalent for interior algebras which are both open atomic and closed
atomic. We introduce the property of ‘clopen separation’ and show that every clopen
separated interior algebra is w—separated, that is, a—separated for all ordinals « ( Theorem
4.3.24 ). It is shown that for (3—)saturated interior algebras w—separation is equivalent to
o—separation ( Theorem 4.3.26 ) from which it follows that every w—separated interior
algebra is elementarily embeddable in an w—scparated interior algebra ( Corollary 4.3.27 )
and that if w< a or a=wo, then the class of o—separated interior algebras is not
elementary ( Corollary 4.3.29 ).

§4.4. We generalize the concepts of regularity and normality to interior algebras and
various alternative characterizations of these properties are found ( 4.4.1, 4.4.2, 4.4.8,
4.4.9 ). We show that any regular Kolmogorov algebra is Urysohn ( Theorem 4.4.3 ) and
that any atomic regular Kolmogorov algebra is o—separated ( Theorem 4.4.5 ). We show
that in a regular atomic interior algebra every open element is a join of regular closed
elements and that the regular open elements form a base ( Theorem 4.4.6 ). We also find
an alternative characterization of the Lindelof property in regular atomic interior algebras.
( Theorem 4.4.7 ).
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supercompactness and sequence compactness are all equivalent ( Theorem 5.1.15 ). We end
this section with an investigation of the preservation of the compactness properties
( Theorem 5.1.17, Theorem 5.1.18 ).

§5.2. In this section we investigate the interaction between separation and compactness. In
a closed atomic interior algebra, filter, cover and point compactness coincide and so we
may speak of ‘compact’ interior algebras. We show that an atemic compact Hausdorff
algebra is normal ( Theorem 5.2.2 ) from which it follows that the properties normal,
regular, Urysohn and Hausdorff are all equivalent in atomic compact Fréchet algebras
( Corollary 5.2.3 ). We may call an element of an interior algebra filter, cover or point
compact iff the corresponding principal ideal quotient algebra has the respective property.
- We show that in a residually atomic Hausdorff algebra every filter compact element is
closed ( Theorem 5.2.5 ) and investigate some corollaries of this fact ( 5.2.6 — 5.2.9 ). In an
atomic interior algebra compact elements are shown to behave like atoms as regards the
properties regular, Urysohn and Hausdorff ( Theorem 5.2.10 ). We generalize the concept of
local compactness to interior algebras and investigate its preservation ( 5.2.11, 5.1.12 ).
Alternative characterizations of local compactness in atomic Hausdorff algebras are found
( Theorem 5.2.13 ). As corollaries to this we see that any atomic compact Hausdorff
. algebra is locally compact ( Corollary 5.2.14 ) and show that an atomic locally compact
Hausdorff algebra is Lindel6f iff it is a countable join of cover compact interior algebras
( Corollary 5.2.15 ). Every residually atomic locally compact Hausdorff algebra is regular
( Proposition 5.2.16 ). We may refer to elements of interior algebras as being locally
compact iff the corresponding principal ideal quotient algebras are locally compact. We
investigate locally compact ¢lements in Hausdorfl algebras ( 5.2.17 — 5.2.21 ). In particular
we introduce the concept of ‘residually closed’ elements and show that in atomic Hausdorff
algebras every locally compact clement is residually closed ( Theorem 5.2.20 ), and
moreover these two concepts are equivalent in atomic locally compact Hausdorff algebras
( Corollary 5.2.21).

§5.3. We briefly look at compactifications of interior algebras, a concept which generalizes
compactifications and completions of topological spaces and metric spaces. We show that
the constuction of S.I. interior algebras discussed in Chapter 2 may be viewed as
"compactifying’ non—trivial interior algebras ( Proposition 5.3.3 ). The rest of this section
deals with a very general method of compactifying complete interior algebras ( 5.3.4 —
5.3.10 ). In particular we use this compactification construction to characterize filter
compactness in complete residually atomic Hausdor{f algebras ( Theorem 5.3.9 ).
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NOTE OF TERMINOLOGY AND NOTATION

We assume throughout that the reader is familiar with the basic terminology for category
- theory, universal algebra, topology, model theory, Boolean algebras and Heyting algebras.
In keeping with modern terminology, one—to—one maps will be called injective and onto
maps will be called surjective. Throughout the thesis we will make use of the standard
abbreviation “4ff” for the expression ‘il and only if’. An index of new or uncommon
definitions is provided on page 144.

As far as notation is concerned we point out the following: Bold capitals will usually be
used to denote structures. If A, B, C,... are structures then A, B, C,... will denote the
underlying sets of A, B, C,... respectively. We use {[S] and {~![S] ( with square brackets ) to
denote the image and prc—image respectively of a subset S under a map {. The symbol N is
used to denote arbitrary mcets in a lattice structure while II is reserved for products of
structures. o is used to denote an informal upper bound to the class of all ordinals. The
remaining notational conventions are standard. A complete glossary of symbols and
notation used can be found on page 136.

xvii



CIHAPTER 1

BASIC THEORY OF INTERIOR ALGEBRAS

1.1 INTERIOR ALGEBRAS AND GENERALIZED TOPOLOGICAL SPACES

1.1.1 Definition :
By an interior algebra we mean an algebraic structure { L, e ) where:
i) L=(L,-,+,’,0,1) is a Boolean algebra

ii) and © are unary operations satisfying:
a)1'=1
b)a'<a
¢) af = ol
d) (ab)! = a'p’
e)al=a’l foralla,b € L

The operations "and © are called the interior operator and closure operator respectively.
For a € L a and a® are known as the interior and the closure of a respectively. o

We can generalize the principle of duality for Boolean algebras to interior algebras as
follows: Given a sentence ¢ in a formal language for interior algebras define the dual of ¢ to
be the sentence ¢’ obtained from ¢ by interchanging - and +, 0 and 1, and Tand ©. Then 7
holds iff ¢’ holds.

1.1.2 Proposition

For any interior algebra A and all a,b € A:

i) a®>a

i) a% =2

iii) (a+b)°=a%+1"
I ,C,

iv) a=a
vy 0%°=0,0=01%=1
Vi) aCICI — aCI’ a'ICIC — aIC

vii)  a < bimplies al < b! and a° < b’ o

1.1.3 Definition and Remark
By a generalized topological space we mean a structure { L, G ) where:




i) L=(L,-,+,’,0,1) is a Boolean algebra
ii) G is a unary relation satisfying:

a)0,1eG '

b) G is closed under arbitrary joins.

¢) G is closed under finite meets.

d)ForallaeL,¥{beG:b<a} exists.
G is sald to be a generalized topology in the Boolean algebra L. Note that if L is complete
‘then condition (d) above holds automatically. The defining conditions for a generalized
topology are in a form which emphasizes the connection with topology: If 7 is a topology on
a set X then 7 is a generalized topology in the power set Boolean algebra on X. The
conditions can be simplified as we shall see below. o

1.1.4 Proposition
Let L be a Boolean algebra. A subset G C L is a generalized topology in L iff:
a) 1eG

b) G is closed under binary meets.
c) For alla € L, max {b e G:b<a} exists.
Proof: '

If G is a generalized topology in L then (a), (b) hold by definition. Let a € L. Then
T{beG:b<a} exists and is in G since it is a join of elements of G, whence (c) holds.
Now suppose (a), (b), (c) hold. max { be G : b< 0} exists and must be 0 whence 0 € G.
Let SC G such that ¥ S exists. Put d=max{ be G : b<¥S }. Forall aeS§, a<¥$§
whence a <d. Thus ¥S<d. But d<¥S and so £S=d € G. Thus G is closed under
arbitrary joins. (a) and (b) cnsure that G is closed under finite meets. o

1.1.5 Remark , _
Let ¢ be the conjunction of the following sentences in the language for Boolean algebras
with added unary relation:

G(1)

(Vx)(¥y) ( G(x) A G(y) = G(xy) )

(vx)(3y) (G(y) Ay <x A (¥2) (G(z) Az <x =y <z ))

By Proposition 1.1.4 we see that {( L, G ) k ¢iff ( L, G ) is a generalized topological space.
Thus the class of all generalized topological spaces is a finitely axiomatizable elementary
subclass of the class of all Boolean algebras with added unary relation. o

We now describe the connection between interior algebras and generalized topological



spaces:

1.1.6 Definition and Notation

Given an interior algebra A, an element a € A is called open iff al = a. Note that a' is open
forallae A. Put A°={aeA:aisopen}. Let A" denote the underlying Boolean algebra
of A. Put Gt A= ( A", A®°) Given a gencralized topological space (L, G) define
operations I'and © on L by al = max {beG :b<a } and a® = a’l or equivalently
a®=min {b’ :beGanda¢b’ },forallaeL Put Alg(L G)= (L %).n

A tedious but routine proof gives:

1.1.7 Theorem
Let A be an interior algebra and T a generalized topological space.

i) Gt A is a generalized topological space.
ii) Alg T is an interior algebra.

iii) GtAlgT=T

iv) AlgGtA=A o

Thus interior algebras and generalized topological spaces are essentually the same things.
Moreover if f: A— B is an interior algebra homomorphism then f: Gt A— Gt B is a
homomorphism of Boolean algebras with added unary relation, since if a¢€ A°
f(a)! = 1(a") = 1(a) whence f(a) € B®. However, not every homomorphism between
generalized topological spaces gives rise to an interior algebra homomorphism ( See
paragraph after Corollary 1.1.11. ) This leads us to define:

1.1.8 Definition and Notation ,

Let f: A — B be a map between two interior algebras. f is called a topomorphism iff f is a
Boolean algebra homomorphism with f{A°] ¢ B®. Let Int and Int* denote the categories of
interior algebras and homomorphisms, and interior algebras and topomorphisms
respectively. ( Up to isomorphism Intt is just the category of generaiized topological
spaces and their homomorphisms. ) o

1.1.9 Remark v

A useful way of representing finite interior algebras ( with not much more than four
atoms ) and portions of infinite interior algebras, is to give the lattice diagram for the
underlying Boolean algebra and to indicate the open elements by circles. o



1.1.10 Theorem \

Let f : A — B be an injective topomorphism. f is an embedding in It iff f'l[BO] = A
Proof:

Let f be an embedding in it Suppose there is an a € A with f(a) € B® but a ¢ A°. Let c
be the interior algebra given in Fig.1:

o 1
be/\- b’
N/
o 0
Fig. 1

Let g: C— A be the Boolean algebra homomorphism with g(b) =a. Then fg is a
topomorphism but g is not, a contradiction. Hence f'l[Bo] = A°. Now suppose f‘l[Bo] = AC.
. Let h: D — A be a map with fh a topomorphism. f is a Boolean algebra embedding so h is
a Boolean algebra homomorphism. Let a € D°. Then fh(a) € B®. Hence h(a) € A° and so h
is a topomorphism and the result follows. o

1.1.11 Corollary

Every embedding in Int is an embedding in It

Proof: ‘

Let f: A— B be an Int embedding Let a € A with {(a) € B®. Then f(a') = f(a)’ = 1(a) and
so al = a, that is a € B®. Thus -[B° = A°. o

The converse of the above fails: Consider the interior algebras A and B given by Fig. 2

(O]

SN
N -7

e 0

o 1 l

Fig. 2



The inclusion map of A in B is an embedding in Int but it is not in Int.

1.1.12 Remark
Isomorphisms in Int+ and Int coincide. A topomorphlsm f: A— B is an isomorphism 1ff f

'is bijective and f[A°] = B®. o

A nice characterization of quotient maps in Int+ does not seem to be obtainable. However
we have the following: '

1.1.13 Proposition

i) Let f: A — B be a surjective topomorphism. If f[AO] = B then fis a quotlent map
+

in Int

ii) Every quotient map in Int ( surjective homomorphism ) satisfies (i) and so is a
| quotient map in Int+. |

Proof:
(i): Suppose f[AO] =B% Letg: B— Chea map such that gf is a topomorphism. Since { is
a surjective Boolean algebra homomorphism g is a Boolean algebra homomorphism. Let
b e B® Then there is an a € A® with b =1f(a). Then g(b) = gf(a) € C°. Hence g is a
top'omorphjsm and the result follows. (ii): Let {: A — B be a surjective homomorphism.
Let b € BC. Thereisan a € A with b = f(a). Then a' € A° with f(al) = f(a)’ = bl = b. Thus
A% = B 0 |

—

1.2 INTERIOR ALGEBRAS AND HEYTING ALGEBRAS

1.2.1 Definition and Remark

For any interior algebra A, 0,1 € A® and A% is closed under finite meets and joins. Thus
( A° - +,0,1 ) is a distributive 0,1-lattice. ~Moreover, for all abe A°,
a—b=(a’ + b)I is the relative pseudocomplement of a with respect to b. Thus we have
a Heyting algebra A = ( A® o +,—, 0,1 ). If {:A— B is an interior algebra
homomorphism then {* = f [A° A° — B% is a Heyting algebra homomorphism. If Halg
denotes the category of Heyting algebras and their homomorphisms then we have a functor

°: Int — Halg. o

1.2.2 Remark |
Let A and B be as in Fig. 3.
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~ The functor © is not full: There is an isomorphism from B to A° but no homomorphism
from B to A. © is not faithful: There are several embeddings of A into B all of which have

the same image under °0

Despite the fact that O is neither full nor faithful it still has interesting preservation
properties:

1.2.3 Proposition

° preserves embeddings, surjective homomorphisms, products and direct limits. o
Since © preserves products we see:

1.2.4 Proposition

If { T;:i€el } is a family of generalized topological spaces then II { T; : i€l } =
GtIT{AlgTi:iel}. o

1.2.5 Corollary
Products in Int are also products in Int

oo

1.2.6 Proposition

© reflects embeddings.

Proof:

Suppose f: A — B is not an embedding. Then there are distinct a,b € B with f(a) = {(b).
Then £2( (ab + a’b’)I ) = io(l) but (ab + a’b’)' < 1 and so £ is not an embedding. o



The following is an important proposition:

1.2.7 Proposition ‘
Let A be an interior algebra and S ¢ A®. The join of S exists in A iff the join of S exists in

A°. If these joins exist then they are equal.

Proof:

If b is the join of S in A then since A® is a generalized topology in A", be A® and so b is
also the join of S in A°. Conversely if b is the join of S in A consider an upper bound d of
Sin A. Then forallae Sa<dand soa = al < d'. Hence b < d! < d and so b is also the join
of Sin A. o

Thus when talking about a join of open clements we do not have to specify whether the join
is taken in A or A°.

1.2.8 Proposition
Let A be an interior algebra and S C A. Suppose b is the meet of S in A. Then b is the
meet of { al:aeS$ }in AO.. In particularif S C A® then b' is the meet of S in A°. g

1.2.9 Corollary
If A is a complete interior algebra, Alis a complete Heyting algebra. Joins in A° coincide

with joins in A while meets in A° are the interiors of meets in A. 0

1.2.10 Definition and Remark ( cf. Blok 3] ) ,

Given a Heyting algebra L let 4 be the set of all prime proper filters in L. Let j:L—P4)
be given by j(a) = { Fe #:a€eF }. Let L" be the subset of P(4) generated as a Boolean
subalgebra by j[L]. j is injective so we can replace elements of j{L] by corresponding
elements of L to obtain a Boolean algebra ( L‘", «y+,7,0,1) with L C L' as a generating
set. This is in fact the free Boolean extension of L as a distibutive 0,1-lattice. Now 1 € L
and L is closed under finite meets. If c € L" then there are ay,...,an,by,...,bn € L such that
c=(ay’ + by)---(an’ + by) in L. Then (a;— by)---(a;—by)=max{deL:d<c}.
By Proposition 1.1.4 L is a generalized topology. Thus we obtain an interior algebra L
with (L% = (1" -, +,7,0,1) and (L"°=L. If {:L—M is a Heyting algebra
homomorphism then we can consider f to be a 0,1-lattice homomorphism. Hence there is a

unique extension ' of f to a Boolean algebra homomorphism from _LH to MY, 1t is easily
seen that f' must then also be an interior algebra homomorphism. If L is a Heyting algebra
,id(L)H = id(L") by the uniqueness of id(L)". Iff:L—M and g: M— N are Heyting



]lfl[

algebra homomorphisms then (gf)" = g"f" by the uniqueness of (gf)". We thus have a

functor ™ : Halg — Int which is a right inverse of O Int — Halg. o

1.2.11 Proposition ( cf. Blok [3] )
i

is a left adjoint of ©. o

1.2.12 Remark
H preserves anything reflected by © and reflects anything preserved by ° In particular :

preserves embeddings. o

1.2.13 Proposition ( cf. Blok (3] )
R preserves surjective homomorphisms, finite products, and direct limits. o

The above is easily proved using the fact that L generates L" as a Boolean algebra.

1.2.14 Proposition
Let ¢ denote the co—unit of the adjunction (", ©). Then for all interior algebras A

e(A) : A" — A is an embedding.
Proof:
e(A)° = id(A®) for all interior algebras A. Since © reflects embeddings the result follows. o

1.2.15 Corollary
For all interior algebras A, € gives an isomorphism between A" and the subalgebra of A

generated by A°. o

1.2.16 Corollary ( cf. Blok [3] )
Lot £: L — A® be a Teyting algebra embedding, where A is an interior algebra, Tet B be
the subalgebra of A generated by [L]. Then L v B. o

1.2.17 Definition and Remark
An interior algebra A is said to be openly generated iff A° generates A. ( Openly generated

interior algebras were called ‘*—algebras’ in [3]. ) Note that L" is openly generated for all
Heyting algebras L. Let IntO denote the full subcategory of Int consisting of the openly
generated interior algebras. o

We immediately see:



1.2.18 Corollary ( cf. Blok 3] )
The following are equivalent:

i) A is openly generated.
ii) A° generates A as a Boolean algebra.
i)  ¢A)JAM) =A o

1.2.19 Proposition

°: IntQ — Halg and * Halg — IntO form a co—equivalence system.

Proof: :

Ho Halg — Halg is the identity functor on Halg while . IntO — IntO is naturally
isomorphic to the identity functor on IntO via €. ©

1.2.20 Corollary
IntO is a co—reflective subcategory of Int. The co—reflector is Of . Int — IntO and the

co—reflection morphisms are the embeddings ¢(A) : A" Ao

We investigate some properties of openly generated interior algebras.

~ 1.2.21 Definition ( cf. Blok [3] ) |

Define polynomials pn(x), n < w inductively as follows: Put po(x) = x’! and
pi(x) = ( po(x) + x Y. If paca(x) and pac(x) have been defined for k> 1 put
pax(x) = ( pax-1(x) + x’ )I and pa(x) = (pa(x) + x). For all n< w define op(x)
inductively as follows: Put oo(x) = po(x)’py(x). If ox(x) has been defined for k < w put
k(%) = o(x) + paxa(x)’ paras(x). 0

We can use the polynomials ¢,(x), n < w to characterize the subalgebra e(A)[AOH] and
hence to characterize openly generated interior algebras:

1.2.22 Lemma ( cf. Blok [3] )
Let n < w.

i) pan(x)’ pani(x) < x
i) pane(x) pana(x) < X’
i) pa(x) < pnu(x) o

'1.2.23 Lemma ( cf. Blok [3] )
Let n < w. Then oyn(x) = X+ pan +((X).




Proof:

By Lemma 1.2.22 (i) and (ii) ou(x) < x+pan+i(x). We prove by induction that in fact
an(%) = X+ panw(x). For n =0 we have x-p,(x) < xC-p(x) = x'Vpy(x) = po(x)’ pi(x) =
oo(x) and so x-p(x) = go(x). Now suppose the result holds for n =k < w. Then
X pake3(X) = x- ( pakcar(x) + paxa(X)’ paria(x) + paksa(x)” p2ras(x) ) € x-pakaa(x) + xx’ +
pzk*g(x)’pgk*g(x) = ox(x) + paks2(x)’ pok+3(x) = gka(x), using Lemma 1.2.22 (ii). Thus the
result holds forn =k + 1. o

1.2.24 Theorem ( cf. Blok [3] )

Let A be an interior algebra and let B be the subalgebra of A generated by A°. Then
B={a€A:o,(a)=aforsomen<w}

Proof:

Clearly if a€ A with o4(a)=a then aeB. Suppose a€B. Then there are
Ug,...,Ui,Vo,...,Vi € A° with a = Up’vo + .... + ui’vi. Let C be the subalgebra of A generated
by { uo,...,us,vo,...,Vi }. C" is the free Boolean extension of C° as a distributive 0,1-lattice.
Now C° is countable and so there is a chain D ¢ C° such that D generates C. ( See [1]
V.7.3 ) Then there are dg < ... < dan+ € D such that a = do’d; + ... + dzn’don«. We show
by induction that for r = 0,...,2n + 1, d; < pi(a). Forr =0 we have dg-a = do-(do’dy + ...
+ dan’dans1 ) = 0, using Lemma 1.2.22 (iii), and so do < a’ whence do = doI < a'l = po(a).
Now suppose dax < pax(a) where 0 < k < n. Then daxs; = dox + dax’daka < p2x(a) + 2 and
so doka € (pax(a) +a )I = poxsi(a). Also if k < n then dayxs2 = daks + doxer’doxsz €
paka(a) +a’ and so dacia < ( paxala) -+ a’ )I = poksa(a). Thus for r=0,.,2n -+ 1,

dr < pr(a). Then a = adan . € apanai(a) = on(a) by Lemma 1.2.23, whence a = gy(a). 0

1.2.25 Corollary ( cf. Blok (3] )
~The following are equivalent for an interior algebra A:

i) A is openly generated.
ii) For all a € A thereis an n < w with a = oy(a).
ili)  For all a € A the subalgebra of A generated by a is openly generated 8]

1.2.26 Proposition ( cf. Blok [3] )
The class of openly generated interior algebras is closed under subalgebras, topomorphic

. images, finite products and direct limits.

Proof:
Subalgebras: Let A be openly generated and let B be a subalgebra of A. Let a € B. Then
a € A and so by Corollary 1.2.25 there is an n < w with a = on(a) in A and hence in B.

10



Thus again by Corollary 1.2.25 B is openly generated. Closure under topomorphic images
and direct limits follows easily from Corollary 1.2.16 (ii). Finite products: Let Aj,...,A, be
openly generated. Then A;x..x A, ¥ AIO" X ... x A,.O" vo(Apx .o x Ay )O" using
Corollary 1.2.18, Proposition 1.2.3, and Proposition 1.2.13. Thus A; x ... x A, is openly
generated. o

Of course IntO has products since Halg does. From the above we see:

1.2.27 Corollary
Finite products in IntO are products in Int. o

1.2.28 Remark

The above does not hold for arbitrary products. This follows from the fact that the class of
openly generated interior algebras is not closed under arbitrary products in Int as is shown
by the following example: ( c.f. 2.9 in Blok (3] ) For n < w let C, be the interior algebra
with C,,u the power set Boolean algebra on 2n and C“O the chain 0 < ... < 2n, ( considered
as subsets of 2n). Then clearly for all n < w, Cn° generates C, and so C, is openly
generated. Put G = 1T { C,: n < w}. Consider the sequence a = (ay) € C given inductively
by ap=0, akiy=axU{2k+ 2} Then for all n <w oy(a)=(cy) where cx = ay for
X <n+1 and ckx = aps for k > n + 1. Thus for all n < w oy(2a) # a2 and so by Corollary
1.2.25 C is not openly generated. Thus we also see that H does not preserve arbitrary
- products or else arguing as in Proposition 1.2.26 we get a contradiction to the above. o

1.2.29 Notation and Remark :

For each class X of interior algebras put Halg(X) = { A° : A€ X }. For each class £ of

Heyting algebras put Int(k) = { A : A%ek }. Notice that for all classes £ of Heyting

algebras Halg(Int(X)) = £ since © has a right inverse ' In particular the assignment

X — Halg(X) is surjective and the assignment £ —— Int(X) is injective. However if X is a

class of interior algebras we need not have £ = Int(Halg(X)). ( Of course we always have
X ¢ Int(Halg(X)). ) o

1.2.30 Definition | |
Let X be a class of interior algebras. X is called a Heyting class iff X = Int(Halg(X)) or
equivalently X = Int(X) for some class X of Heyting algebras. o

Many interesting classes of interior algebras are Heyting classes as we shall see.

11



1.2.31 Definition
Let £I and L% denote the first order languages for interior algebras and Heyting algebras

respectively. We define an interpretation 7 from L% to LI as follows: For any variable x of
£¥ put 7(x) := x, put 7(0) := 0, 7(1) := 1. If t and s are terms such that 7(t) and 7(s)
have been defined put 7(t-s) := 7(t)-7(s), 7(t +s) := 7(t) + 7(s) and 7(t —s) :=
(7(t)” + T(S))I. This defines the interpretation on terms. The interpretation extends to
formulas by distributing over equality, connectives and quantification. o

An easy induction argument shows:

1.2.32 Theorem
. Let A be an interior algebra:

i) Let @ (Xy,...,xn) be a Heyting algebra formula and let aj,..,an € A°. Then
A%k g [ag,...an] iff A F () [ay,...,an).
ii) - Let o be a Heyting algebra sentence. Then A° F ¢ iff A k (). o

1.2.33 Corbllarv

Let 7 and ¥ denote the varieties of interior algebras and Heyting algebras respectively.

i) If ' is a set of sentences in £¥ then Int( ¥ n Mod I' ) = 7 n Mod [I'].

i1) If X is an elementary class of Heyting algebras defined by sentences of a certain
structural type then Int(X) is an elementary class of interior algebras defined by

sentences of the same structural Lype.
iii) If X is a strictly elementary class of Heyting algebras then Int(X) is a strictly
elementary class of interior algebras. o

The above follows from Theorem 1.2.32 and the fact that although 7 changes the structure
- of terms it does not change the way formulas are built up from atomic formulas.

~ 1.2.34 Definition and Remark
CLOSED ELEMENTS
The dual notion to that of an open element is that of a closed element, that is, if A is an

. interior algebra then a € A is closed iff a¥ = a. Nolice that a is closed iff a’ is open. I[ we
put A"={aeA:aisclosed }={a’:aeA°} thenin a completely analogous way to
1.2.1 we obtain a functor " :Int — Balg where Balg is the category of Brouwerian
“algebras, the lattice theoretic duals of Heyting algebras. ( The term ‘Brouwerian algebra’
was used differently in [3]. ) The dual relative pseudocomplementation in A" is given by

12



a*b=(a’b)°. All the results concerning A° apply in dual form to A”. In particular we
have a functor Balg —Int dual to the functor M. If ~: Halg — Balg is the obvious
isomorphism then —B, Halg — Int is naturally isomorphic to " Topomorphisms can be
characterized as Boolean algebra homomorphisms that preserve closed elements. o

1.2.35 Definition and Remark

REGULAR OPEN AND REGULAR CLOSED ELEMENTS

Pseudocomplementation in A° s given by a’! for all aeA® and dual
pseudocomplementation in A" is given by a’C for all a € A”. The regular elements of A°

Cl Cl a

are called regular open and are characterized by a” = a. All elements of the form a*" are

regular open. The dual regular elements of A" are called regular closed and are

10~ a. All elements of the form a'® are regular closed. As usual the

characterized by a

regular and dual regular elements of A® and A" respectively form Boolean algebras. Let

A" and A denote the Boolean algebras of regular open and regular closed elements

respectively. Operations in A™ can be expressed in terms of operations in A as follows:

i) 1" =1ando™=0.

ii) 1S ¢ A" theni*® s =(ns ). In particular, if a,b € A™ then a -*® b = ab.

i) 1f Sc AR then 3105 = (Z{ a® . a€s } ). In particular, if a,b € A® then
a+%b=(a+b)

iv) Ifae A™ then a’®0 = 2/l

Operations in A" are dual to the above. o

© 1.2.36 Definition and Remark

CLOPEN ELEMENTS

Let A be an interior algebra. a € A is said to be clopen iff it is both open and closed. The
clopen elements of A form a subalgebra A°. Call an interior algebra Boolean iff it satisfies
the identity x = x, that is, all elements are open hence in fact clopen. A® is always
Boolean. Let IntB denote the full subcategory of Int consisting of the Boolean interior
- algebras. Then IntB is isomorphic to the category of Boolean algebras via the functor that
forgets the interior and closure operators. We can thus identify the category of Boolean
algebras with IntB. Boolean Heyting algebras form a co-reflective subcategory of Halg and
so we see that IntB is a co—reflective subcategory of IntO and hence of Int. We can choose
the co—reflector to be the functor ® : Int — IntB which assigns an interior algebra A to A°
and a homomorphism f: A — B to f* = { | Ao A°® — B®. The co—reflection morphisms are
~ then the inclusion maps i : A° — A. The functor © factors through " via the functor that
assigns to each Heyting algebra its Boolean algebra of complemented elements. Notice that
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A® is always a Boolean subalgebra of both A" and A" o
1.3 CONGRUENCES ON INTERIOR ALGEBRAS
Interior algebras are Boolean algebras with operators [13] and so we immediately have:

1.3.1 Proposition
Interior algebras are congruence distributive, congruence permutable and congruence

extensile. o

1.3.2 Remark

For all interior algebras A, Con(A) is clearly a meet complete 0,1-sublattice of Con(A").
We thus see that congruences on A can be represented by filters in A: If © is a congruence
on A then 1/0@ is a filter in A which completely determines © since a © b iff ac = bc for
some ¢ € 1/©. However not cvery filter in A represents a congruence in this way. In fact,
since a Boolean algebra congruence on A is an interior algebra congruence iff it respects
interiors, we see that a filter in A represents an interior algebra congruence iff it is closed
under the interior operator. o

1.3.3 Definition and Remark

Let A be an interior algebra. Call a subset S C A an open subset iff it is closed under l, that
is, a € S implies a' € S. Note thal the set of open filters in A forms an'algebraic mect
| complete 0,1—sublattice of the lattice of all filters in A. For every S C A there is a smallest
open filter containing S, the open filter generated by S. Notice that the open filter
generated by S is precisely { a € A : a > (N R ) for some finite R ¢ S }. In particular, if
S ¢ A° then the open filter generated S is just the filter generated by S. The principal open
filters are those of the form [a) where a € A° and these are the finitely generated open
filters. o

- 1.3.4 Notation and Remark

Let A be an interior algebra. Let L°(A) denote the lattice of open filters in A. ( It is a meet
~complete 0,1-sublattice of the lattice of all filters in A. ) If M is a Heyting algebra let
L(M) denote the lattice of all filters in M. If A is an interior algebra and F € L(A®) we can
define a congruence O(F) on A by a ©(J1") b iff there is an ¢ € I with ac = be. Conversely if
@ € Con(A) putting F(©) = A° n 1/0 gives a filter in A®. o
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1.3.5 Theorem

For any interior algebra A the following lattices are isomorphic: L°(A), L(A®), Con(A),
and Con(A°). Isomorphisms are given by F+— F n A°, F — O(F), © — 0 n (A% x AO)
respéctively. Moreover, the map © — F(0) is the inverse of the isomorphism from L(AO)
to Con(A). D

To see the above note that a © b iff (ab + a’b’)' © 1. The above theorem shows that we
can represent congruences on- A by filters in A°. In this case every filter represents a

congruence on A.

We will use the following abbreviations henceforth:

S.IL subdirectly irreducible
F.S.I. finitely subdirectly irreducible
D.I. directly indecomposable

" Recall that an algebra is called semi—simple iff all its S.I. homomorphic images are simple.

1.3.6 Corollary
A is simple, S.I., F.S.I., D.I. or semi—simple iff A° is simple, S.I., F.S.I. D.I. or

semi-simple respectively. 0

Notice that the expression (ab + a’b’)I occurs in the proof of Proposition 1.2.6 and is
needed to show that the maps © — F(0) and F—— O(F) are inverses. This leads us to
define:

1.3.7 Definition .
Let A be an interior algebra. Define the operation V on A by: for all abe A
aVb=(ab + a’b’)l. a V b is called the open dual difference of a and b. o

1.3.8 Proposition

Let A be an interior algebra, © € Con(A) and a,b,c,d € A:

i) a@biff(aVb)e1

i) FO)={pVq:pOgq}

~iii)  con(a,b) =©( [aV b)) =con(aVb,l)

- iv) - (c,d) € con(a,b) iff Ak o [a,b,c,d] where o (x,y,z,w) := (xVy)-z=(xVy)-w.
v) con(a,b) n con(c,d) = con(p [a,b,c,d],1) where p (x,y,2,w) := (xVy) + (zV w). D
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From the above we see:

1.3.9 Corollary ( See [5] and [6]. )
Interior algebras have equationally definable principal congruences (EDPC) and

equationally definable principal meets (EDPM). o

1.3.10 Remark ( See [4] and [7]. )
For the reader who is familiar with the theory of EDPC we mention the following: Interior
algebras are congruence permutable, 1-regular and have EDPC and so they are weak

Brouwerian semi-lattices with filter preserving operations (WBSO’s) with respect to 1.
Note that the open dual difference is a Godel equivalence term for interior algebras. Weak
meet terms are given by x -:.yy:= xy, xlyl, xly, or xly + x''x. Weak relative
pseudocomplementation terms are given by x —y y := (xl’ + yI)I, X + yI, X+ yI or
X+ y. The last mentioned weak meet and weak relative pseudocomplementation terms
are obtained from the quaternary deductive term for interior algebras which is given by
a(x,y,z,w) = (x Vy)-z+ (xVy) -w. A commutative ternary deductive term, regular with
respect to 1, is given by p(x,y,z) := (x Vy)-z. Notice that the weak ordering and weak
equality on interior algebras is given by x <y iff x! < yI and x » y iff X = yI respectively,
which coincides with the usual order and equality on A°. The weak filters of an interior
algebra are just the open filters which may be seen directly or from the fact that the weak

filters are just the congruence filters. o

We can consider L(A®) and hence Con(A) to be Brouwerian algebras. Note that the
principal filters in A® form a subalgebra LI,(AO) of L(AO) isomorphic to A” via the map

ar— [a).

1.3.11 Corollary
The principal congruences on A form a subalgebra Conp(A) of Con(A) isomorphic to A°

via the map a— O( [a’) ). O

Alternatively we may consider dual isomorphisms a — [a) and a — ©( [a) ) from A°.

1.3.12 Corollary _
Let A be an interior algebra. ‘The following are equivalent for a congruence © ¢ Con(A):

i) © is principal.
ii) O is compact.
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iii) ©=0([a))for someae A° o

1.3.13 Corollary
If A° is finite Con(A) is isomorphic to AY and dually isomorphic to A°. o

-1.3.14 Definition .
Let A be an interior algebra. F e L(A®) is said to be a full filter of A iff for every
endomorphism f on A we have {[F] C F. o

A straightforward argument establishes:

1.3.15 Proposition
A congruence © on A is fully invariant iff F(©) is a full filter. ( Equivalently a filter ' in
A° is full iff ©(F) is fully invariant. ) o

1.3.16 Remark

Note that the fully invariant congruences on A form an algebraic 0,1—sublattice Cong(A) of
Con(A) ¥ Con(A°). Thus we sce that the full filters of A form an algebraic 0,1—sublattice
Li{A) of L(A®). Moreover Lg(A) is isomorphic to Cong(A) via the map F — O(F). o

1.3.17 Remark
THE CONGRUENCE EXTENSION PROPERTY
Recall that interior algebras are congruence extensile. Using the representation of

congruences on an interior algebra A by filters in A° we can easily describe extensions of
congruences: Let B be a subalgebra of A. If © € Con(B) then ©(F) € Con(A) is the smallest
extension of © to a congruence on A, where F is the filter { a € A° : b<a for some
b e F(©) } in A°. Moreover if © = con(a,b) in B then O(F) = con(a,b) in A. Since interior
algebras have a ternary deductive term ( see Remark 1.3.9 ) or since they are normal
Boolean algebras with operators satisfying EDPC, they in fact satisfy the Strong
Congruence Extension Property. ( See [7]. ) o

1.3.18 Theorem

Let A be a non—trivial interior algebra.

i) Adissimpleiff A = {0,1}.

ii)  Ais S.I iff 1 is completely join irreducible in A°.
iii)  Ais F.S.I iff 1is join irreducible in A°.
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iv) AisDILiff A°={0,1}.

Proof: :
The map a~—— ©O([a)) is a dual embedding of A® into Con(A). Moreover for all
non—trivial © € Con(A) there is an a < 1 in A® with ©( [a) ) C ©. (i) — (iii) now follow
easily. For (iv): Note that by congruence permutability A is D.L iff Con(A) contains a pair
of non—trivial complementary congruences. Now if © and ¥ are non—trivial complementary |
congruences in Con(A) then F(©) and F(¥) are non—trivial and complementary in L(A°).
Then 0 € F(©) + F(¥) and so there are a € F(©) and b € F(¥) such that 0 = ab. Now
a+b)=[a)n[b) CFO)NF(¥)={1}andsoa+b=1 Henceae A® with 0 < a < 1.
Conversely if there is an a€ A® with 0 <a<1 then ©([a)) and ©([a’)) are
complementary non—trivial congruences in Con(A). o

An alternative way of seeing (i) and (ii) above, is to use Corollary 1.3.7 and the well known
fact that a Heyting algebra is simple iff it is a copy of the two element chain, and a
Heyting algebrais S.1.iff it is of the form L o 1. ( Sce {1]. ) We point out that (iii) and (iv)
together with Corollary 1.3.7 give a proof of the less well known facts that a Heyting
algebra is F.S.I. iff its top element is join irreducible and it is D.I. iff its only
complemented elements are 0 and 1. |

1 3.19 Deﬁmtlon and Remark
Notlce that A is S.I. iff it has a largest non—1 open element. If A is S.I. its largest non—1
open element will be called the monolith of A, since if m is the monolith of A the

monolithic congruence of A will just be ©( [m) ). o

1.3.20 Remark
Consider the following sentences in LI:

0 O#IA(Vx)(x‘<1=>xI=0)

o (3x)(Vy) (%' <1A(yl<1=>ylgxl))

o 0#1A(VX)(VY) (X +y' =1=(x=1vy=1))
o 0#1A(Y )(x—-xczb(x=0Vx=1))

Then we see that A is simple iff Ak ¢°, Ais SLiff Ak ", Ais F.SLiff AF ¢ and A
is D.I. iff AF (pm Thus the classes of simple, F.S.I. and D.I. interior algebras are strictly
elementary universal classes while the class of S.I. interior algebras is a strictly elementary
existential-universal class. Although we have shown this directly, this result for simple,
S.I. and F.S.I. follows indiréctly from the fact that interior algebras have strictly first order
definable principal congruences ( see [6] ) and the result for D.I. follows indirectly from the
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latter fact as well as the fact that interior algebras are congruence permutable. The result
for F.S.1. also follows from the fact that interior algebras have EDPM ( see [5] ). o

We can now characterize the semi—-simple interior algebras. In the following theorem let S
denote the interior algebra given in Fig. 4.

e 1

b e/\- b’
NS
o 0
Fig. 4

1.3.21 Theorem

The following are equivalent for an interior algebra A:

i) A is semi—simple.

ii) Every open element of A is closed or equivalently every closed element of A is open.
i) AF(x®=x) |

iv)  A%is a Boolean Heyting algebra.

v) S is not homomorphically embeddable in A.

Proof:

Clearly (ii), (iii), (iv) are equivalent. (i) = (iii): Assume (i). Then A is a subdirect product
of simple interior algebras. Every simple interior algebra satisfics x'C = x' since its only
open elements are 0 and 1. Thus A F ( x'® = x' ). (ii) = (i): Assume (ii). Let f : A — B be
a surjective homomorphism with B S.I. Suppose B is not simple and let m be the monolith
of B. Then 0 < m. There is an a € A® with f(a) = m. Then a’ € A° and so f(a’) € B, that
ism’ € B, Also m’ < 1 and so m’ < m, a contradiction. Thus B is simple and so (i) holds.
Clearly (ii) = (v). (v) = (ii): Assume (v). Suppose there is an a € A° with a ¢ A" Put
b=a+a'' a>0s0b>0. Alsob<1orelseb’' > b’ contradicting b ¢ A", Also b € A°.
Now bl = (a’a’l’)I = b"o/!"! = 0. Thus {0,b, b/, 1} forms a subalgebra of A
isomorphic to S, a contradiction. Thus AP = A% as required. o '

1.3.22 Remark
By (iii) of Theorem 1.3.21 we see that the semi—simple interior algebras form a finitely

based variety. We also see that up to notation and terminology the semi—simple interior
algebras are just the monadic Boolean algebras [11] : the universal and existential
quantifier operators are just the interior and closure operators respectively. o v
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1.3.23 Remark
The classes of simple, S.I., F.S.1., D.I. and semi—simple interior algebras are all examples of

Heyting classes, they correspond to the classes of simple, S.I., F.S.I., D.I. and Boolean
Heyting algebras respectively. Note that the Boolean Heyting algebras are just the
~ semi—simple Heyting algebras. The latter fact is equivalent to the equivalence of (i) and
(iv) in Theorem 1.3.21, by Corollary 1.3.6. The equivalence of (iv). and (v) in Theorem
1.3.21 is equivalent to the fact that a Heyting alge'bra, is Boolean iff the three element
Heyting algebra 3 is not embeddable in it. This follows from the fact that S = 3. o

Although we have used filters in A° to represent congruences instead of open filters, the
latter are still interesting in their own right. We mention the following results which follow
easily from the correspondence between open filters and filters in A% and well known

results concerning filters in Heyting algebras:

1.3.24 Corollary , '
Let A be an interior algebra. The following are cquivalent for a proper open filter I' in A:

i) F is a maximal proper open filter.

ii) F is meet irreducible in L°(A).

iii) al +beF impliesa € Forb e I, for all a,b € A,
iv)  Fn A%isa prime filter in A°,

v)  A/O(FnA°)issimple.

vi) ForallacA,a'eFora”eF ( but not both ). o

1.3.25 Corollary

Let A be an interior algebra.

i) Every proper open filter in A can be extended to a maximal proper open filter in A.

ii) If F is a proper open filter and a € A with a ¢ F then there is maximal proper open
filter G extending F with a ¢ G.

iii ) If a and b are not weakly equal in A ( that is a' #b' ) then there is a maximal
proper open filter in A containing precisely one of a and b.

iv) Every proper open filter is the intersection of all maximal proper open filters

containing it. 0

( The equivalence of (v) and (vi) in Corollary 1.3.24 follows from Theorem 1.3.18 (iv). To |
see Corollary 1.3.25 (ii) and the equivalence of (iii) and (vi) in Corollary 1.3.24 note that
for an open filter F in A, a € Fiff al € F,forallae A.)
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1.3.26 Definition and Remark

The dual notion to that of an open subset is that of a closed subset. More precisely, if S is a
subset of an interior algebra A, S is closed iff a € S implies a’ ¢ S, for all a € A. The closed
ideals of A form an algebraic meet complete 0,1-sublattice LC(A) of the lattice of all ideals
in A. For all SC A put sd = {a’:a€S}. Then F C A is an open filter iff 7Y is a closed
~ideal, in fact d, LO(A) — LC(A) is an isomorphism. Also if F is a proper open filter then
Fu Fd is a subalgebra of A in which F is a maximal proper open filter ( and hence in which
Fd is a maximal proper closed ideal ). F y Fd = A iff F is a maximal open filter in A or

equivalently, Fd is a maximal proper closed ideal in A. 0
1.4 INTERVAL ALGEBRAS

Given a Boolean algebra B it is well known that the intervals of B can be turned into
Boolean algebras. We can generalize this to interior algebras:

1.4.1 Definition and Notation

Let A be an interior algebra. Let a < b in A and consider the interval [a,b] in A. Define
operations ‘b 'ab and Cwb on [a,b] by r’#b=a + br’, r'a = a + b-(b’ +1)' and
1% =a + b-(a’r)’. Put [a,b] = ([a,b], -, +, ‘&b, a, b, b Carb ) [ab] is called the
interval algebra on [a,b]. We use (a] and [a) to denote [0,a] and [a,1] respectively and the

I

operations in (a] and [a) will be denoted by 2, “'a, Ca and ‘@, 'ar, Ca respectively. If we

want to emphasize the interior algebra A in which [a,b] is taken we write Afa,b]. 0
A routine but tedious argument shows:

1.4.2 Proposition
Let A be an interior algebra and et a < bin A, Then [a,b] is an interior algebra. o

1.4.3 Proposition
Let A be an interior algebra and let a<c<d<b in A. Let B= A[a,b]. Then
Blc,d] = Afc,d]. o

The above can be proved by routine computations. Under certain conditions Lasb or Casd jg

‘independent’ of either a or b:
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1.4.4 Proposition
Let A be an interior algebra.

i) reb=a+rforallrefab)iffb=a+b"

ii) r'wb = b-(b’ + r)I forallr € [a,b]iff a = b-(b’ + zL)I.

iii) 1% = br®for all 1 € [a,b] iff a = ba®.

iv) 1Pab=a+ (a'r)’forallre [a,b]iff b=a + (a'b)°.

Proof:

(i): Suppose b=a+b' and let € [a,b]. Then ‘we have rab = a4 be(b’ +1) =
a+@+b)b +1) =a+a-(b +1) +b (b +1) =a+ (br)' =a+r'. (ii): Suppose
a=Db-(b’ +a) and let r € [a,b]. Then a < b-(b’ + 1)’ and so r'ab = a4 b-(b’ +1)' =
b-(b’ + r)I. Renaming a and b, (iii) and (iv) are the duals of (i) and (ii) respectively. o

1.4.5 Corollary
Let A be an interior algebra and let a < bin A. Let r € {a,b].
i) If b is open r'ab =g + 1.

i1) If a is open r'a'b = b-(b’ + r)I.
‘ 1 I

.

iii) Ifaand bareopenrwb=r
iv) I bis closed r°»b = a + (a'1)°.
v) If a is closed r®ab = br®.

C

vi)  Ifaand b are closed r°»b = 1°. o

1.4.6 Theorem

Let A be an interior algebra and let a < b in A. Let k : A — [a,b] be the surjective Boolean
algebra homomorphism given by k(r) = a + br for all r € [a,b].

i) k[A®] = [a,b]° ( equivalently k[A"] = [a,b]")

ii) k is a quotient map in Int ™.

iii)  kis a homomorphism iff a = baland b =a + b,

Proof:

(i): Let reA® Then k(r)'»d = (a+br)ad = a+b(b’+(a+br) =

a+b-(b/+a+ r)I > a+ br' = a+ br = k(r). Thus k(r)'ab = k(r). Hence k[A°] ¢ [a,b]°.
Let r € [a,b]°. Then r = r'ad = a4+ b-(b’ +1)' = k( (b’ +1)') and so [a,b]° ¢ k[A”)]
whence the result follows. (ii): This follows from (i) and Proposition 1.1.13. (iii): Suppose k
is a homomorphism. Then a = alan = k(a)ca’b = k(aC) =a+ ba® =ba®and b = blab =
k(b)'#’b = k(b") = a + bb' = a + b’. Conversely suppose a = ba® and b = a + b’. To show
that k is a homomorphism we have to show that for any r € A, (a + br)la’b = a + br'. Now
(a + br)Iﬂ’b = (({(a + br)’ﬂ’b)cﬂ’b)’ﬂ’h = ((a + br’)Cab)/wb. By Proposition 1.4.4 we have
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(a+br)ab = (b-(a+br)C) @b = (be(af + (br’)C)) b = (ba® + b- (br’)C)ab
(a+b-(br')C) @b = a+b-(br')¢ = a+b-(br')' =a+b-(b'+1) = a+ (br) =
a4+ b =(@+b)a+ rI) =b-(a + ') = a + br', as required. o

1.4.7 Corollary

Let A be an interior algebra and let a < b in A.

i) If a and b are open then [a,b]° = A% n [a,b).

ii)  Ifaand b are closed then [a,b]” = A% n[a,b]. o

1.4.8 Corollary
Let k: A—[a,b] be as in Theorem 1.4.6. If a is closed and b is open, k is a
homomorphism. o

Generalized topological spaces are relational structures and so we may speak of congruences
on them. Note that if A is an interior algebra then the congruences on Gt A are simply the
congruences on A" and hence are determined by filters.

1.4.9 Corollary :

Let a ¢ bin A. Let © be the congruence on Gt A determined by the filter F = [a"b) in A. .

i) The quotient structure Gt A / © is a generalized topological space and moreover we
have Alg (Gt A/ © )~ [a,b] ¥ (a’b] ¥ [a +b").

ii) Ifa="balandb=a+ bI, © is the interior algebra congruence' O(FnA° ).

iii) If a is closed and b is open, © is a principal interior algebra congruence. o

1.4.10 Corollary

Let A be an interior algebra. Let a;,b; € A fori € I with a;= biaiC and b;j = a; + bil for all
iel Let f: A— 1l { [a;,bs] : i €1 } be given by f(r) = (a; + byr)i for all r € A. Then the
following are equivalent:

i) fis a subdirect homomorphic embedding.
ii) Y{ai'bij:iel}=1o

Recall that a partition of 1 in a Boolean algebra B is a subset SCB which is pairwise
disjoint ( that is a,b € S and a # b implies ab = 0 ) and has join ¥ S = 1.

1.4.11 Corollary
Let A be an interior algebra. Let a,,...,ap,by,...,bn € A with a; = biaic and b; = aj + biI for
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i=1,.,n Letf: A— Il { [as,b;] : i € I } be given by {(r) = (a; + byr ,..., a + byr) for all
r € A. Then the following are equivalent:

i) { is an isomorphism.

ii) {a1’by, ... ,an’by } is a partition of 1. o

1.4.12 Definition
Let A be an interior algebra. An interior algebra B is called a principal quotient of A iff
there is a principal congruence © on Gt A such that B¥ Alg (Gt A/ © ). 0

1.4.13 Theorem
Let A and B be interior algebras. The following are equivalent:

i) - Bis a principal quotient of A.

ii) B ~ (3] for some a € A.

iii) B [a)for somea € A.

iv) B [a,b] for some a < bin A.

Proof: |

By Corollary 1.4.9 (i) we immediately see that (ii), (iii), (iv) are equivalent and (iv) = (i).
Now assume (i). There is a principal congruence © = con(c,d) on Gt A such that
By Alg(GtA/©) Pult a=cd+c’d’”. Then © = con(a,1). But then © is the
congruence on Gt A determined by the filter [a) = [1-a) =[0/-a) in A and so again by
Corollary 1.4.9 (i) we see that B « (a], say. Thus (i) = (ii) and the result follows. o

1.4.14 Definition and Remark
Let B be a principal quotient of A. By Theorem 1.4.13 there is an a € A such that B ~ (a].
B is said to be an open quotient of A iff we can choose a to be an open element. Similarly

we have closed quotients, clopen quotients etc. Notice that direct factors are always clopen
quotients: If A=T1{ A;: i€l }is a product of interior algebras and j € I then A;j % (a]
where a = (aj) is given by aj =landa;=0fori# j. o

1.4.15 Corollary
Let A and B be interior algebras. The {ollowing are equivalent:

i) B is an open quotient of A.
ii) B is a principal homomorphic image of A.
Proof:

(i) = (ii) by Corollary 1.4.8. (ii) = (i): Assume (ii). There is a principal congruence © on
A such that B¥ A / ©. By Corollary 1.3.11 there is an a € A% with @ = ©( [a) ). But then
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by Corollary 1.4.9 we see B~ (a]. o

1.4.16 Definition and Remark

JOINS OF INTERIOR ALGEBRAS

Let A be an interior algebra and let { A;: i€l } be a family of interior algebras. Suppose
we have elements S = { a; :i €1} in A such that S = 1 and for all i € I, (ai] ® A;. Then
we say that A is a join of the algebras { A;j: i€ }. We may refer to a join as open, closed
or clopen etc. iff we can choose S to be a set of open, closed or clopen elements etc.,
respectively. Notice that by the observation in 1.4.14 we see that products of interior
algebras are always clopen joins. Moreover we see that A is a join of { Aj:i €1} iff Alisa
subdirect product of { A;" :i €1} and for all i €I the ith projection k;: A" — A% is a
principal quotient topomorphism k; : A — A;. We see that if A is a join of { Ay :i€l}
then every element of b of A can be considered to be a tuple (b;) in IT { A;:i €1} where
for-all i € I, b; = ki(b) where ki : A — Ajis the canonical quotient map. The concept of a
join of interior algebras is important since many classes of interior algebras are closed

under joins. o

1.4.17 Proposition
" Let A=II1{ A; : ieI } be a product of interior algebras. Suppose a = (aj) € A and
b = (b;) € A witha <b. Then IT { [as,b;] :i €I} =[a,b]. O

1.4.18 Proposition
Let f: A— B be a topomorphism and let a < b in A. Let g = f|[a,b] : [a,b] — [f(a),f(b)].
i) If {is any of the following then so is g : (a) injective, (b) surjective, (¢) a

homomorphism.
ii)  Iff[A°) = B° then g[ [a,b]° ] = [f(a),f(b)]°.
Proof: : _
(i): The results for (a) and (c) are clear. For (b): Let f be surjective. Let t € [f(a),f(Db)].
There is an r € A with {(r) = t. Then a + br € [a,b] and g(a + br) = f(a) + f(b)-1(r) =
f(a) + {(b)-t = t. Thus g is'surjective. (ii): Let t € [{(a),{(b)]°. There is an r € B with
't =1(a) + f(b)-r. Then there is a u € A® with f(u) = r. Then a + bu € [a,b]° and g(a + bu)
= f(a) + f(b)-f(u) = f(a) + £(b)-r = t. Thus g[ [2,b]° | = [f(a),{(b)]°. o

1.5 ATOMICITY PROPERTIES

Besides the usual concept of atomicity in interior algebras there are three particularly
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important atomicity properties which we will need in the subsequent chapters:

1.5.1 Definition and Remark -

Let A be an interior algebra. A is called open atomic iff for all open b > 0 in A there is an
atom a in A with a < b. A is called closed atomic iff for all closed b > 0 in A there is an
atom a in A with a < b. A is residually atomic iff for all b € A, b >0 implies that there
is an atom a in A with a < b°b’. Notice that A is residually atomic iff for all non—closed b

in A the interval algebra [b,b%] has an atom. o

Clearly any atomic interior algebra is open atomic, closed atomic and residually atomic.
However each of these properties is distinct from atomicity and they are pairwise
incomparable: Let L be the product of the free Boolean algebra on R, generators and the
two element Boolean algebra. Then L has a unique atom a. Put A= Alg (L, {0,a,1}),
B=Alg(L,{0,a’,1}) and let C be any atomless Boolean interior algebra. Then A is
clearly open atomic but not closed atomic since a’ > 0 is closed with no atom below it. A
is also not residually atomic since aa’ = 1.2’ =a’. B is clearly closed atomic but not
open atomic since a’ > 0 is open with no atom below it. B is also not residually atomic
since a’%a’’ = 1.2’ =a’. C is obviously not open atomic or closed atomic but it is
trivially residually atomic since for all a € C, a%a’ = aa’ = 0. Notice also that none of A,

B and C are atomic.

1.5.2 Notation
~ Let Atom(z) denote the formulaz # 0 A (Vw) (w<z=(w=0Vw=z))in LI In other
words Atom(z) says that z is an atom. O .

1.5.3 Theorem
The following classes of interior algebras arc all strictly clementary classes closed under

joins:
i) Atomic interior algebras.
ii) Open atomic interior algebras.

iii)  Closed atomic interior algebras.
) Residually atomic interior algebras.

For each class we give a sentence d.eﬁning it whence it follows that the classes are all
strictly elementary classes:
i) (vx)(x>0=(3y) (Atom(y) Ay<x))
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i) (V) (X =xAx>0=(Iy) (Atom(y) Ay <x))

i)  (vx)(x*=xAx>0= (Iy) (Atom(y) Ay<x))

iv)  (vx) (x%x’ >0Ax> 0= (3y) (Atom(y) Ay <x))

We now have to show that the classes are closed under joins. This will follow easily from
the following two observations: Let A be an interior algebras and let S C A with £ S = 1.
(1): Ifb > 0in A then ab > 0 for some a € S and if b is open or closed in A then ab is open
or closed in (a] respectively. (2): If b= d°d’ for some d € A then putting e = ad gives
e®r2e/12 = a(ad)%(ad)’ = (ad)Ca(a’ + d’) = (ad)%ad’ ¢ d%d’. o

1.5.4 Theorem
i) The class of atomic interior algebras is closed under principal quotients.

ii) The class of open atomic interior algebras is closed under open quotients.

iii)  The class of closed atomic interior algebras is closed under closed quotients.

iv) The class of residually atomic interior algebras is closed under principal quotients.
Proof: ' | ‘ |

(i) is trivial and (ii) and (iii) follow easily from Corollary 1.4.7. We prove (iv): Let A be a
residually atomic interior algebra and let a € A. Suppose b € (a] with bCra.b2a > 0. Put
d=(ab%’)’. Then d%d’ = (a’ +b% +b)%ab%’) = (a’®+ 1% %+ b%.ab’’ =
(a’® + 1)-ab%b’ = ab®b’ = (ab®)-(ab’) = b®a-b/7a > 0. Hence there is an atom ¢ € d°d’
= b%a. b’ a and the result follows. o

Let A and B be as on page 26. Then A(a’] is not open atomic and so the class of open

atomic interior algebras is not closed under closed quotients. B(a’] is not closed atomic and
so the class of closed atomic interior algebras is not closed under open quotients. '
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CHAPTER 2

TOPOLOGICAL DUALITY

2.1 COMPLETE ATOMIC INTERIOR ALGEBRAS

Consider the following categories:

Top Topological spaces and continuous maps.

Tco : Topological spaces and continuous open maps.

Cln : Complete atomic interior algebras and complete homomorphisms.
Cln™ . Complete atomic interior algebras and complete topomorphisms.

We will show that the categories Cint and Top are co—equivalent and moreover that this
co—equivalence restricts to a co—equivalence between CIn and Tco.

2.1.1 Definition and Remark

Let X = ( X, 7 ) be a topological space. If P(X) is the power set Boolean algebra on X then
(”(X),T) is a generalized- topological space. Put X* = Alg ( P(X), 7). For each
continuous map f: X — Y define f* : Y* — X* by f4(S) = £-{[S] for all S C Y. Then * is a
complete topomorphism. We thus have a co—functor A, Top — cint. o

2.1.2 Definition and Remark

For each complete atomic interior algebra A let A" denote the set of atoms in A. Let
A7={SCcAT : 25€A° ). Put AT = (AT A7). Then AT is a topological space. If
f: A— B is a complete topomorphism between complete atomic interior algebras define
{7 : BT — AT as follows: If b € BT consider a = N[ [b) ]. f(a) = N [b) ] > N [b) = b >
0. Thus a > 0. Consider e € A. Then either b < f(e) or b < f(e)’ = f(e’). Thus e € £ [b) ]
ore’ € {1 [b)] whencea < eora<e’. Thusae A" Put {'(b) = a. o

2.1.3 Lemma

Let f: A— B be a complete topomorphism between complete atomic interior algebras.
Then ' : BY — A" is a continuous map.

Proof: ,

Let S C BT be open, that is £S € B®. Then (X1 -1S] ) = (£ -{ BT n(28]])" = £ S)"
= (28" = {(£S) = 2B n (S]] = B -[S]. Hence £ -4[S] € A° and so £ -[S] is
open. Thus fT is continuous. o
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2.1.4 Lemma

T.cmt — Top is a co—functor.

Proof:

Let f: A— B and g: B— C be in CIn". Let c € CT. Then ngT(c) = NI gT(c) )1
Now if a€A and g'(c) < f(a) then g(g"(¢) ¢ gf(c). But g’ () =g(ngMlc)]) =
MggY[c)] > candsoc<gl(a). Conversely if ¢ < gf(a) then f(a) > ng[c) ] = gT(c). Thus
g%(c) = n (gD [c)] = (gf)%(c). Hence fTg" = (gf)T. Now let A be a complete atomic
interior algebra. Then for a € A, id(A)T(a) = nid(A)"[[a) ] = N [a) = a and so id(A)T =
id(AT). o ,

2.1.5 Lemma :

For each complete atomic interior algebra A define 6(A) : A — A™ by §(A)(a) = AT n (a)
forall a € A. Then 6:id — ( )™ is a natural isomorphism.

Proof: |

Note that isomorphisms in Cin'" are just isomorphisms in Int" between complete atomic
interior algebras and so it is easily seen that é gives an isomorphism. Let f: A — B be in
Clnt. Let ae A f25A)a) = (ATn(@)) = T4ATn(a)] = { beBT
f'(b) e ATn(a] } = { b e BT : f(b) < a }. Now if f*(b) < a we have b < N - [b) | = i’ (b)
< f(a). Conversely suppose b < f(a). Then a € [ [b) ] whence £'(b) = {1 [b) ] < a. Thus
fT5a) = { be BT : b < 1(a) } = BT n (f(a) ] = 6(B)f(a). Thus {*A§(A) = §(B)f and so & is
rtdtural. o

2.1.6 Lemma v

For each topological space X define {((X): X — XM by {(X)(x) = { x } for all x € X. Then
¢:id — ( )AT is a natural isomorphism.

Proof:

Isomorphisms in Top are just homeomorphisms and so it is easily seen that ( gives an
isomorphism. Let f: X — Y be in Top. Let x € X. Then £T¢(X)(x) = #T({x}) =
At {x})] =0t [{ScX:xeS}]=n{RcY:xef!(R)} =n{RCY:
f(x) € R} = {f(x) } = ¢(Y)f(x). Thus £*T¢(X) = ¢(Y)f and so ¢ is natural. o

Combining the previous lemmas we have:

2.1.7 Theorem .
A \) (oo T i "ny,., <]
: Top — Cln Fand T CInt — Top form a co—cquivalence system. o
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2.1.8 Theorem
Let f: X — Y be a continuous map. The following are cquivalent:

i) fis an open map.
ii) t* is a homomorphism.
Proof:

(i) = (ii): Assume (i). Let S C Y. Since f* is a topomorphism f*(S') ¢ fA(S)I. Now f4(8) ¢
f4(S) = £-1[S] whence {[f*(S)"] ¢ S. But { is open so f[f*(S)"] is open. Thus f[f*(S)] ¢ S". Then
() ¢ 14’} = f*(s"). Thus £*(S)' = (") and so f* is a homomorphism. (i) = (i):
Assume (ii). Let S C X be open. S C £-4[S] = *(f[S]). Hence S ¢ £(fs])' = £*(f[S]") =
f'i[f[S]l]. Thus 1[S] ¢ ‘[[S]I and so {[S] = [[S]I, that is, {[S] is open. Thus fis open. o

2.1.9 Corollary
A Tco— CInand * : CIn — Tco form a co—cquivalence system. O

2.1.10 Proposition

Let f : X — Y be a continuous map.
i) f is surjective iff f* is injective.
ii) f is injective iff i surjective. 0

( The above follows by purely set—theoretic arguments. )

Using the one point space it is easy to see that monomorphisms in Top are injective, and
using the two point indiscrete space it is easy to see that epimorphisms in Top are
surjective. Hence in Clnt epimorphisms are surjective and monomorphisms are injective.
We now show that a similar result holds for Tco and CIn.

2.1.11 Theorem
In Tco monomorphisms are injective, equivalently, in CIn epimorphisms are surjective.

Proof:

‘Let f: X— Y be a monomorphism in Tco. Put W ={ (x,y) € X2 : f(x) =1(y) } Let
g: W—Xand h: W— X be the projections and let W be the topological space obtained
by supplying W with the initial topology with respect to g and h. Then g: W — X and
h: W — X are obviously continuous. Consider an open base element (S xR ) n W of W
where S and R are open subsets of X. Then g[ (SxR)NW]={xe€S :thereisayeR
with f(x) = 1(y) } = { x € S: {(x) e {[R] } = S n{[R] which is open since { is open and
continuous. Thus g is open and similarly h is open. Now gf = hf and so g = h. Let x,y € X
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with {(x) = {(y). Then (x,y) € W and so x = g(x,y) = h(x,y) = y. Thus { is injective. o

2.1.12 Theorem

In Tco epimorphisms are s'urjective, equivalently, in CIn monomorplu’sﬁs are injective.
Proof:

Let f: X— Y be an epimorphism in Tco. Let Z be the quotient of Y obtained by

collapsing {[X] and let p : Y — Z be the quotient map. Note that {f[X] is an open point in Z.
Let k : Y — Z be the constant map with value {[X]. Then p and k are in Tco with pf = kf.
Hence p = k and so {[X] = Y, that is, f is surjective. o

2.1.13 Remark
Note that under the co—equivalence between Top and CInt finite topological spaces
correspond to finite interior algebras. Theorems 2.1.11 and 2.1.12 still hold if we replace

Tco and CIn by the full subcategories consisting of their finite members. o

2.1.14 Remark

If X is a topological space and Y is a subspace of X then we see that Yt is just the interval
algebra (Y] in X*. In fact if f: Y — X is the inclusion map of Y in X then f* : X* — Y* is
the canonical quotient map of X* onto Y*. ( See Theorem 1.4.6. )

X =1I{X;:1i€el}isa topological sum and for all i € I, m; : X; — X is the ith injection,
then the sink ( m;: X;— X )1 is a co—product in Top. Also if A=II{ Aj:i€l }isan
algebraic product of complete atomic interior algebras and for alli € I, pi: A — A is the
ith projection, then the source ( p;: A — A;)I is easily seen to be a prod'uct in CInt.
Thus we see that if X =1 { X;:1i €I} is a topological sum then x4 v IT XiA :iel}. In
fact an isomorphism is given explicitly by S+— (S n X; )1 for all S X. Similar results
hold for the dircct and inverse limit constructions for topological spaces and interior
algebras. | '

IX=II{X;:i€el} is a topological product and for all i € I, p; : X — X is the ith
projection, then the source ( p;: X — X; )1 is a product in Top. Thus we see that CInt
has co—products. If A;, i € 1, are complete atomic interior algebras then their co—product is
(mi: Aj— X* )i where X =TI { A;" :i€1}andforalliel, m;=np; 5(A)(seeLemma
2.1.5 ) where pj : X — AiT is the ith projection. o

-l_

An important feature of the co—equivalence between Top and CIn’ is that under this
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co—equivalence many natural topological properties correspond to natural algebraic
properties: for example empty spaces correspond to trivial interior algebras. What is more
interesting is that connectedness properties correspond to irreducibility properties:

Recall that a topological space X is supercompact iff every open cover of X contains X; X is
ultra—connected iff for all open sets SRC X, if X =SUR then S=X or R = X. If the
clopen sets of X form a base for X, X is zero—dimensional. X is strongly zero—dimensional
iff every open set of X is in fact clopen. ( Note that these are the modern standard
definitions of ‘zero—dimensional’ and ‘strongly zero—dimensional’. In the past, however,
some authors have used ‘zero—dimensional’ to describe a topological space in which every
point has a neighbourhood base of clopen sets, and they have used ‘strongly
zero—dimensional’ to mean zero—dimensional in the modern sense. )

2.1.15 Theorem
Let X be a topological space.
i) X*is Boolean iff X is discrete.

ii) X* is semi—simple iff X is strongly zero—dimensional.

If X is non—empty:

i)  X*is simple iff X is indiscrete.

iv) x4 is S.1L iff X is supercompact.

v)  X*is F.S.I. iff X is ultra—connected.
vi)  X*is D.I iff X is connected. o

The above follows easily from Theorem 1.3.18 and Theorem 1.3.21.

2.1.16 Remark _
Note that a non—empty product of topological spaces is indiscrete, supercompact,
ultra—connected or connected iff each factor is indiscrete, supercompact, ultra—connected

or connected respectively. Thus classes of simple, S.I., I'.S.I., and D.I. interior algebras are
+
. O

closed under co—products and co—factors in Cln

2.1.17 Notation and Remark

Given a topological space X = (X,7) and a set S let X[S] denote the disjoint union of X
and S. Let X[S] denote the topological space { X[S], 7 U { X[S] } ). If X is supercompact we
will refer to the monolith of X* as the monolith of X. If § # ¢ then X[S] is supercompact
with monolith X. Moreover every supercompact space is of this form since if Y is
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supercompact with monolith X then Y & X[S] where X is the subspace of Y induced by X
and S =Y — X. We can generalize this to interior algebras. o

2.1.18 Lemma

Let¢ A be an interior algebra and let B be a Boolean algebra. Then
G= (A%< {0})u{(1,1) }is a generalized topology in A" x B.

Proof: :

(1,1) € G and G is clearly closed under binary meets. Let (a,b) € Ax B. If b= 0 put
c=(al0). f b#0 and (a,b) # (1,1) put ¢ =(0,0). If (a,b) =(1,1) put ¢ = (1,1). Then
c=max {de G:d<(ab)} Theresult follows by Proposition 1.1.4. o

2.1.19 Notation and Remark

Let A be an interior algebra and let B be a Boolean algebra. Let A[B] denote the interior
algebra Alg ( A" x B, G ) where G is as in Lemma 2.1.18. Note that if B is non—trivial
then A[B] is S.I. with monolith (1,0). Moreover A is isomorphic to ( (1,0) ] via the map
a—(a,0). o '

2.1.20 Proposition _
Let A be S.I. with monolith m. Put B = (m] and C = (m‘]". Then A ¥ B[C] via the map

ar— (am,am’). o

2.1.21 Proposition
Let X be a topological space and let S be a set. Then X[S]*w XA['P(S)] via the map
R— (RNS,RnS’), where P(S) is the power set Boolean algebra on S. o

The proofs of the above propositions are straightforward and are left to the reader. From
the above we see that the results discussed in 2.1.17 may be viewed as special cases of more
general results about S.I. interior algebras.

2.1.22 Corollary ( cf. Lemma 3.10 of [14] ) ‘

For all interior algebras A there is an S.I. interior algebra B such that A ¥ (m] where m is
the monolith of B. We may choose B to be complete, atomic or complete and atomic if A is
and we may choose B to have the same cardinality as A if A is infinite.

© Proof:
Put B = A[C] where C is any finite Boolean algebra. o

33



Recall that in a category of algebras and homomorphisms an object A is called weakly
- projective iff every surjective homomorphism with co—domain A is a retraction.

2.1.23 Corollary
~ Any weakly projective interior algebra in Int is F.S.I.

Proof:

Let A be weakly pr0Ject1ve By corollary 2.1.22 there is an S.I., hence F.S.I, interior
algebra B such that A is a homomorphic image of B. Hence A is homomorphically
embeddable in B and so, since F.S.I. interior algebras are definable by a universal sentence
( see Remark 1.3.20 ) Ais F.S.I: o

2.1.24 Definition and Remark
Recall that the following conditions are equivalent for a topological space X:

i) An arbitrary intersection of open sets in X is open in X.

i) (fi: X;— X )t is a final sink in Top, where I is the set of finite subsets of X and for
eachielf;: X;— Xis the inclusion map of the subspace X; induced by the finite
subset 1.

iii)  There is a final sink ( f; : X; — X )1 in Top with Xj finite for all i € I.

iv) IfScXandxe SCin X then thereis a y € Swithxe{y }CinX.

Following the usual terminology used by categorical topologists we will call topological

spaces satisfying the above equivalent conditions finitely generated spaces, since they form

the final hull of the class of finite spaces (condition (iii) above). We will show that the

" finitely generated spaces correspond to a natural class of interior algebras. o '

2.1.25 Definition

A complete interior algebra A is called operator complete iff the interior operator of A is
completely multiplicative ( that is it distributes over arbitrary meets ) or equivalently the
closure operator of A is complétely additive ( that is it distributes over arbitrary joins ). o

2.1.26 Theorem
Let A be a complete interior algebra. The following are equivalent:

i) A is operator complete.
ii) A° is closed under arbitrary meets in A.
Proof:

(i) = (ii): Assume (i). Let SCA®. Then (nS) =n{a':aeS}=n{a:aeS}=nS§
and so NS e A° (ii) = (i): Assume (ii). Let SC A. Then for all a€ S, NS <a whence
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(nS) <a' Thus (nS) <n{a':aeS} ButforallbeS,n{a :a€eS}<bandso
n{a' :aeS}<ns. Now A®is closed under arbitrary meets in A and so we have 1 { a':
_aES}EAOwhencen{aI:aeS}SﬂS.Thusn{aI:aES}=ﬂS.D

Combining the above with condition (i) of 2.1.24 we get our desired result:

2.1.27 Corollary
The following are equivalent for a topological space X:

i) X is finitely generated.
ii) x* is operator complete. o

Note that the class of finitely generated spaces is closed under topological sums, continuous
open images and open subspaces. These facts may be viewed as a special cases of the

following results which are easily proved using Thecorem 2.1.26.

2.1.28 Proposition
The class of operator complete interior algebras is closed under products, substructures

with respect to complete ('Int+ ) embeddings and topomorphic images with respect to
complete surjective topomorphisms. O

The following result is also worth noticing:

2.1.29 Proposition

Any semi—simple complete interior algebra is operator complete.

In any interior algebra A, A° is closed under arbitrary joins and so dually, A" is closed
under arbitrary meets. But in a semi—simple interior algebra A° = A" ( see Theorem
1.3.21 ) and the result follows. o

2.2 STONE FIELDS

2.2.1 Definition and Remark

Recall that a fopological field of sels in a topological space X is a field of sets 2 C P(X)
which is closed under interiors and hence under closures, equivalently %2 forms a subalgebra
of X*. It will be convenient to treat fields of sets as pairs ( X, 2 ) where X is the set in
which % is a field of sets, and to treat topological fields of sets as triples ( X, 7, 2 ) where
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( X, T) is the topological space in which % is a topological field of sets. By a field map
f:(X,7,2) — (Y,S ¥) between two topological fields of sets we mean a continuous
map f: (X,7) — (Y,S) with the property that f-1S] € % for all S € #. We can thus
form a category of topological fields and field maps. We will show that mtt s
co—equivalent to a full subcategory of this category. o

2.2.2 Definition
Let X = ( X, 2 ) be a field of sets. X is called separative iff for all distinct x,y € X there is
an S€7? with xe S but y¢S. X is called compact iff for all proper filters ¥ over X,

n(®nF)is non—empty. 0

2.2.3 Lemma

Let X = ( X, %) be a ficld of sets. Let § be the topology on X generated by 2.
i) § is zero—dimensional.

ii) § is Hausdorff iff X is separative.

iii)  §is compact with compact open sets ? iff X is compact.

iv) § is Boolean with clopen sets % iff X is separative and compact.

(i) and (ii) are easy and (iv) follows from (ii) and (iii), we prove (iii): Suppose § is compact
with compact open sets 2. Let F be a proper filter over X. Suppose N ( 2N ¥ ) = ¢. Each
member of 2 N ¥ is closed and so there is a finite ¥ C 2 n F with N ¥ = ¢. But then ¢ € 7, a
contradiction. Conversely suppose X is compact. Let ¥ C Z with U ¥ € 2. Suppose for all
finite VCW, UV#UN. Put y={ U¥—S : Se¥ }. Then ¥ has the finite intersection
property and so ¥ = { T C X : there is a finite ¥ C Y with n # C T } is a proper filter over X.
Butn(2nF)=nY=4¢, acontradiction. Thus there is a finite ¥ C ¥ with UV = U ¥. Since
7 is a base for § it follows that all members of ® are compact open in §, in particular §is a
compact topology. Now let T € § be compact. Then there is a ¥ C % with u¥ =T. By
compactness there is a finite Y C ¥ with UY = T and so T € 2. Thus the compact members
of § are precisely 2. o

2.2.4 Definition _
Let X = ( X, 7, 7 ) be a topological field of sets. X is called algebraic iff there is a base A of
TwithAC?Z o '

2.2.5 Proposition
Let X=(X,7,%) be a compact algebraic topological field of sets. Let B be the set of
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compact open sets of 7. Then the following hold:
i) Bis a base for 7.

ii) B=2nT
ili) 7 is a compact topology.
Proof:

(i): There is a base A of T with A C % Thus if § is the topology generated by %, 7 C S. By
Lemma 2.2.3 (ii) each member of A is compact with respect to § hence with respect to 7.
Thus AC B and so B is a base for 7. (ii): Let S € B. There is a ¥ C A with S=UJ¥. By
compactness there is a finite Y C ¥ withS=UV and so S € % Thus BC2n7. Let Se2nT.
Then by Lemma 2.2.3 (ii) S is compact in § and hence in 7 whence S € B. Thus B=14nT.
(iii): This follows from Lemma 2.2.3 (ii) and the fact that 7C . o

2.2.6 Definition and Remark ,

Call a topological field of sets a Stone field iff it is separative, compact and algebraic. Let
Sfld denote the category of Stone fields and field maps. Given a Stone field X = ( X, 7, %)
let X° be the subalgebra of ( X, 7 )A with underlying set 2. For each field map f: X —Y
between Stone fields let £ : Y5 — X> be given by £(S) = {-[S] for all S C Y. Then £ is a
topomorphism. We thus have a co—functor 5 : Sfid — Int™. o

2.2.7 Definition and Remark

For éa_chv interior algebra A let AF be the set of ultrafilters in A. Define a(A) : A — P(AF)
by o(A)(a) ={ Fe A i aeF }. Then a{A) is a Boolean algebra embedding. When A is
understood we will simply write a for a{A). ofA°] is closed under finite intersections and
contains A" = o(1) and so it is a base for a topology 7(A) on AF. Put AF =
( AF, 7(A), ofA] ). ofA] is the field of clopen sets of the Stone topology of AY. By Lemma
2.2.3 and the fact that ofA°] ¢ ofA], AT is a Stone field. For each topomorphism {: A — B
define ff : BF — AF by fF(F) = {-1[F] for all F ¢ BF. ( This is possible since the pre—image
of an ultrafilter under a Boolean algebra homomorphism is an ultrafilter. ) o '

2.2.8 Lemma ‘

Let {: A — B be a topomorphism.

i) f1a(A)(a)] = o(B)(a) for all a € A.
ii) £ . BY — AF is a field map.

i) ot
Proof: ,
(i): Let a € A. Then f -[o(A)(a)] = { Fe BY : f'(F) e a(A)(a) } = { Fe B" : a e {[F] }

— S1d is a co—functor.
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= {FeB" :1(a) € F } = o(B)f(a). (ii) follows from (i) since a(A)[A°] and o(B)[B°] are .
bases for 7(A) and 7(B) respectively and f[A°] ¢ B, (iii) is now trivial. o

2.2.9 Lemma
o:id — ( )¥3 is a natural isomorphism.
Proof:
Let A be an interior algebra Cleaﬂ_y a:A— A5 is a Boolean é,lgebra isomorphism.
( Recall that a: A — P(AF) was a Boolean algebra embedding. ) We show that it is an
interior algebra isomorphism: Let b € A. Then o(b)' = U { a(a) : a € A% and ofa) C a(b) }
=U{fa):aecA%anda<b} =u{ a(a):aeAOandaSbI}=U{ ofa) : a € A® and
o(a) € a(b') } = a(b'). Thus @ is an interior algebra isomorphism as required. Naturality
follows from Lemma 2.2.8 (i). o

2.2.10 Definition and Remark

For each Stone field X = ( X, 7,72 ) and all x € X the set { S€ R : x € S } is an ultrafilter
in X® and so we can define a map B(X): X — X5F py B(X)x)={Se?:xeS } for all
x € X. When X is understood we simply write £ for (X). o

2.2.11 Lemma
Let f: (X, 7,2) — (Y,S, ¥) be a field map between Stone fields. f is an isomorphism in
Sfld iff { is bijective, [S] € ¥ for all S € % and f[S] € Sforall S€ 2N 7. o

The above follows easily from Proposition 2.2.5.

2.2.13 Lemma ,
i) For each Stone field X = ( X, 7, 2 ) we have §(X)[S] = a(Xs)(S) forall Se 7.
ii) B:id — ( )°F is a natural isomorphism. '

Proof:

Let X = (X,7,%). First observe that f(X) is surjective: Let ¥ be an ultrafilter in x5,
Then 4 = 7 N7 where 7 is an extension of Z to a proper filter over X. Since X is compact
N4 =n(2nF) # ¢. Let xen& Then #C f(x) and since these are both ultrafilters
U = f(x). Thus g is surjective as required. (i): Let S € %. Let x € S. Then S € f(x) whence
f(x) € o(S). Thus f[S] C &(S). Let F € o(S). Then S € 7. By surjectivity there is an x € X
with 7 = f(x). Then x € S and so ¥ € 4[S]. Thus aS) C 4[S] and so (S) = ﬂ[S]'. (ii): Since

 Xis separative A is injective and hence bijective. Let S € 2. By (i) f[S] € a[XS]. Moreover if

S€XNT then f[S] € T(XS). By Lemma 2.2.11 §: X — X5F is an isomorphism. Suppose
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£ X — Y is field map in Sfld. Then for all x € X we have £ f(x) = £4f(x)] = { Se€ Y° :
BS)efx) } = { SeYS : xefS] } = { SeY® : f(x)eS } = fi(x). Thus
' iSFﬁ(X) = A(Y)f and so (is natural. o

Combining the previous lemmas we finally obtain the result we have been aiming for:

2.2.14 Theorem
S.60ld — Intt and ¥ : It — SAd form a co—equivalence system. o

2.2.15 Definition and Remark

Note that under the co—equivalence given in Theorem 2.2.14 Boolean interior algebras
correspond to Stone fields of the form ( X, 7, 2 ) where ( X, 7 ) is a Boolean space and % is
its field of clopen sets. We will call such fields Boolean fields. Let Bfld denote the full
subcategory of Sfld consisting of the Boolcan ficlds. The functor which drops 7 gives an

isomorphism from BAd to the category Fld whose objects are fields of sets ( X, %) and
whose morphisms are of the form f: ( X, 2) — (Y, ¥ ), where f: X — Y is a map such
that f-1S) € 7 for all S €¥. We thus obtain a category—theoretic formalization of the
representation of Boolean algebras by fields of sets. On the other hand the functor that
drops % gives an isomorphism from Bfld to the category of Boolean spacés. Moreover, since
for a Boolean interior algebra A, 7(A) is just the Stone topology of AY, we in fact have the
Stone Duality Theorem for Boolean algebras as a special case of Theorem 2.2.14. o

2.2.16 Remark

Consider a separative field of sets ( X, Z ). If X is finite then 7= P(X). If T = P(X) and
( X, %) is also compact then X is finite. From this we see that the full subcategory of Sfld
consisting of the finite Stone fields is isomorphic via the forgetful functor to the full

subcategory of Top consisting of the finite topological spaces. It is easy to see that under
this isomorphism the functor S corresponds to Ao

What sort of field maps correspond to homomorphisms?

2.2.17 Definition

Letf: (X,7,%2) — (Y, S, ¥) be afield map between topological fields of sets. Let x € X.
f is said to be weakly open at x iff for all S € ¥, if £-[S] is a neighbourhood of x then § is a
neighbourhood of {(x). { is said to be weakly open iff it is weakly open at all x € X. Let
Sfwo denote the category of Stone fields and weakly open field maps. o
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*2.2.18 Theorem -
Let f: (X,7,%) — (Y,S,¥) be a field map between Stone fields. Then the following

are equivalent:

i) f is weakly open.

ii)  ForallSe7andall Re ¥ {[S] C R implies {[S] ¢ R".

iii) £ is a homomorphism.

Proof:

(i) = (ii): Let f be weakly open. Let S € 7 and R € ¥ and suppose {[S] C R. Then S C {-{[R].
Let x € S. Then {-1[R] is a neighbourhood of x and so R is a neighbourhood of f(x), that is
f(x) e R. Thus f[S] ¢ R'. (ii) = (iii): Assumc (ii). Let Re¥. Then (R)' €7 and
f5(R)"] ¢ R since £(R)' ¢ £(R) = R]. Thus f5(R)] ¢ R and so SR ¢ {-(R)] =
fS(RI). But fS(RI) C t""‘(R)I since £ is a topomorphism and so fS(RI) = fS(R)l. Thus £ is a
homomorphism. (iii) = (i): Let 5 be a homomorphism. Let x € X. Let R € ¥ and suppose
{1[R] is a neighbourhood of x. Then x € £(R).. But £(R)' = (R = f1R'] and so
f(x) € R', that is R is a neighbourhood of f(x). o

Further charaterizations of weakly open mapé will be given in Theorem 2.4.25.

2.2.19 Corollary
5. Sfwo — Int and ¥ : Int — Sfwo form a co—equivalence system. o

2.2.20 Corollary _
Let f: X — Y be a field map between Stone fields. If f is open ( as a map between the
underlying topological spaces ) then £isa homomorphism. o

The above follows from the fact that an open field map is obviously weakly open. The
converse fails however: Let A be an infinite Boolean interior algebra. Then there is a
non—principal ultrafilter in F in A. Let 2 be the two element Boolean interior algebra.
Consider the homomorphism f: A — 2 with F =11 {1}]. Then f* is weakly open by
Theorem 2.2.18. But 2 € 7(2) is mapped onto { F } ¢ T(A) by ffand so ¥ is not open.
However we have the following result:

2.2.2] Proposition
Any weakly open field map between Stone fields with finite co—domain is open.

Proof:
Let £: (X, 7,2) —{Y,S P(Y)) be a weakly open field map between Stone fields with
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finite co—domain. ( See Remark 2.2.16. ) Let S € 7. Consider x € S. Then f-#[S] is a
neighbourhood of x. Hence {[S] € 7(Y) is a neighbourhood of f(x). It follows that f[S] € §. o

2.2.22 Definition

, Let X=(X,7,%) and Y=(Y, S, ¥) be Stone fields. X is called a subfield of Y iff
(X,7T) is a topological subspace of (Y,8) and 2={ XnS:Se¥ }. Xis said to be
induced by X C Y. Given a Stone field Y a subset X C Y is said to be inducive in Y iff it
induces a subfield of Y. o

The concepts of subfield and inducive subset will be useful for establishing a duality
between injective field maps and surjective topomorphisms. Before doing this we briefly
investigate subfields and inducive subsets. Note that not every subset of a Stone field is
inducive. The following theorem characterizes inducive subsets.

2.2.23 Theorem
Let Y = (Y, S, ¥) bea Stone field and let X C Y. T'he following are equivalent:

i) ~ Xisinducive in Y.

ii) There is a Y C ¥ with X =nY and for all ZE)Y there is an S € ¥ with Xn§ =
Xn(X'UZ7 ) .

Proof:

Let ( X, 7 ) be the subspace of ( Y, S ) mduccdbe Let Z={XnS:Sen} (i)= (ii):
ASSume() Suppose for all VC W, X #nNV. Then X cn{SeW:XCS}. Letxen{SeW:
XCS}—X.Let?={SnX:x€S€N} Suppose that for some S € ¥ with x € S we have
SnX =¢. Then X CS’ whence x € S’, a contradiction. Thus ¢ ¢ 7. Let x € R,S € ¥. Then
xeRNSeWand (XNR)N(XNS)=Xn(SnNR). Hence D has theﬁnite'in‘tersectiOn
property and so there is a proper filter 7 over X with 7 C 7. Then thereisayen(Zn7F).
Then yeS for all Se¥ with x€S. Thus x =y by separativeness, and so x € X, a
contradiction. Thus X = n Y for some ¥ C ¥. Let Z € ¥ and let U be the interior of X N Z in
(X,7). Then Ue?® Hence there is an Se€ ¥ with and U=XnS. Then XNnS =
Xn(X u(Xnz)) = Xn(X Uz). (i) = (i): Assume (ii). Clearly 7 is a field of
sets. Let G € 2 and let U be the interior of G in ( X, 7). Thereis a Z € ¥ with G = X n Z.
Then U= Xn(X'UG) =Xn(X"UZ)" Hence thereis an S € ¥ with U=XnS and
so Ue?® Thus X =(X,7,7%) is a topological field of sets. Clearly X is separative and
algebraic since Y is. Let 7 be a proper filter over X. There is an extension £ of ¥ to a proper
filter over Y. There is a VC ¥ with X =nV. Then VCc¥n& and son (¥ n€) CX. Thus
n(¥nE)Y=Xn(n(¥n€))=n(&nW¥). But then N(ZNW¥) # ¢ since Y is compact.

41



Thus X is compact and hence a Stone ficld. o

2.2.24 Corollary
Let Y= (Y, S8, ¥) be a Stone field. Then every member of ¥ is inducive in Y. o

2.2.25 Corollary

Let Y = (Y, S, ¥ ) be a Boolean Stone field. Then N ¥ is inducive in Y for all ¥ C #.

Proof:

Suppose X = n Y for some V ¢ ¥. Then X is closed with respect to S. Hence if Z € ¥ then
XNn(XUZ) =Xn(X UZ)=XnZ The result folows by Theorem 2.2.23 0

2.2.26 Notation :
For each interior algebra A and all a € A let ofa) denote the subfield of A¥ induced by
o(a). Let 7(a) = { UafS] : S C (a]° }. o

Using Theorem 1.4.6 (i) we easily see:

2.2.27 Proposition
If A is an interior algebra and a € A then ofa) = ( a(a), 7(a), o (] ] ). ©

2.2.28 Corollary
Let A be an interior algebra and a€ A. Then a: (a]—’a(a)S is an isomorphism.

Consequently ofa) @ (a]f. o

2.2.29 Lemma

Let {: A— B be topomorphism. Then {'[Bf]={ Fe A" : 0¢{[F] } = no[R] where
R={{{1}]

Proof: |

Suppose F € fF[BF]. Then there is a G € B with F = {-{|G]. Then {[F] C G and so 0 ¢ {[F]
since 0 ¢ G. Conversely suppose 0 ¢ {[F]. {[F] is closed under finite meets since F is. Thus
there is an ultrafilter G in B with f[B] C G. Then F C {-G] and since F and {-G] are both
ultrafilters we in fact have F = {G] = £(G). Thus £ [Bf] = { F ¢ A¥ : 0 ¢ {[F] }. Again
suppose 0 ¢ {[I"]. Suppose there is an a € R with a g 1. Then a’ € F. Hence 0 = f(a’) € F, a
contradiction. Hence R C F. Conversely suppose R C F. Assume there is an a€e I with-
f(a) = 0. Then f(a’) = 1 and so a’ € F, a contradiction. Thus 0 ¢ f[F]. Hence { F € AF .
0¢F}=nqgR].0
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- 2.2.30 Lemma

A bijective field map between Boolean Stone fields is an isomorphism. o

2.2.31 Theorem
Let {: A— B be a topomorphism.

i) . fisinjective iff £ i surjective.
i) fis surjective iff {* is injective.
Proof:

(i): Suppose { is injective. Let F € A”. 0 ¢ {[F] or else there is an a € F with f(a) = 0. Since
- f is injective a =0, a contradiction. Thus by Lemma 2.2.29 F € fF[BVF]. Hence f* is
surjective. Conversely suppose ff is surjective. Let a,b € A with f(a) = {(b). Assume a # b.
Without loss of generality a € F but b g F. There is an ultrafilter G in B with
F ={(G) = {G]. Then f(b) =1(a) € G and so be{G] =F, a contradiction. Thus
a = b and so {is injective. (ii): Suppose [ is surjective. Let F and G be ultrafilters in B with
f(F) = f'(G). Assume F # G. Then there is a b € F with b ¢ G. Now there is an a € A
with b = f(a). But then a € {-1[F] = {-{{G] whence b€ G, a contradiction. Thus F = G and
so £ is injective. Conversely suppose £ is injective. Let b € B. Put X = fF[BF]. By Lemma
2.2.29 X =nV for some V¢ a[A]. By Corollary 2.2.25 X is inducive in the Stone field
( A¥, S, o[A] ), where S is the topology generated by afA]. ( See Lemma 2.2.3 (iv). ) Let
X = (X,7,¥) be the subfield induced by X and let Z = ( BY, %, o[B] ) where Z is the
topology generated by o[B]. Then ff . Z — X is obviously bijective. Let S € ¥. There is an
a€A with S=Xnafa). Then f-S] = {[a(a)] = of(a) € ofB]. It follows that
{f . Z — X is a field map and hence an isomorphism by Lemma 2.2.30. Thus f' [a(b)] € ¥.
Hence there is a ¢ € A with f'[a(b)] = X n a{c). Then a(b) = ¥ -a(c)] = of(c). Hence
b = {(c). Thus { is surjective. o

The above theorem can also be ‘ifted’ by means of appropriate functors from a
corresponding result for the Stone duality for Boolean algebras. Since we are considering
the latter duality to be a special case of Theorem 2.2.14 ( see Remark 2.2.15 ) a more direct
proof has been given instead. '

2.2.32 Theorem ‘ _
In Intt monomorphisms are injective, equivalently, in Sfld epimorphisms are surjective.

Proof: _
Let {: A— B be a monomorphism in Int¥. Consider a,b € A with f(a) = f(b). Let
- C= I(2)A where I(2) = ( { 0,1 },{ ¢, { 0,1 } } ) the two element indiscrete space. Let
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g:C— A and h:C-— A be the uniquc topomorphisms with g({0})=a and
h( {0} ) ="b. Then fg = fh and so g = h. Thus a = b and so f is injective. o

Of course since Int consists of a variety and its homomorphisms the above result still holds
if we replace Int™ and Sfid by Int and Sfwo respectively.

2.2.33 Theorem _

In IntT epimorphisms are surjective, equ1valent1y, in Sfld monomorphisms are 1nJect1ve
Proof:

Let f: A— B be an epimorphism in Intt. Let F and G be ultrafilters in B with
fF(F) = fF(G). Let 2 be the two element interior algebra and let g: B— 2 and h: B — 2
be the topomorphisms with F=g{1}] and G=h1{1}]. Then (gf){1}] =
f{1}]=1({1}]=(hf)[{1}] Thusgf =hfandso g=h. Thus F = G and so {'

is injective whence f is surjective. O

It is not known if the above result can be gencralized to Int and Sfwo. We now examine
embeddings in Sfld and Sfwo.

2.2.34 Proposition v
Letf: (X,7,%) — (Y,S, #) be the inclusion map of a subfield. Then f is an embedding

in Sfld.
Proof:
Let g: (2,4, XY — (X,7,%) be a map such that {g is in Sfld. Let Z € . Then there is

an S € ¥ with Z = X n S. Thus g-[Z] = (fg)-Y[S] € X. Similarly if Z € 7, g-1[Z] € ¥ and so g is
a field map. o ' '

2.2.35 Lemma _
Let £: (X,7,2) —(Y,S8,¥) be a field map between Stone fields. Let £ = { f-{Z] :
- Z € ¥ }. Let ¥ be the topology generated by X. Then ( X, #, X ) is a Stone field.

Proof: ' |
Clearly (X, U, k) is an algebraic topological field of sets. Let x and y are distinct in X.
Then {(x) and f(y) are distinct in Y and so there is a Z € ¥ with f(x) € Z but {(y) ¢ Z. Then
{-1Z) € X with x € [-1[Z] but y ¢ [-[2]. Thus ( X, ¥, K ) is separative. Let ¥ be a proper
filter over X. Since f is a field map, X C 7% and so ¢ #N(ENF) C n(ZInT)_Thus
(X, 4, ) is compact and the result follows. o
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2.2.36 Proposition

Let f: (X,7,%) — (Y, S, #) be an initial map ( in particular an embedding ) in Sfld.
Then 2= {{YZ]:Ze X}

Proof:

Put £={ {4Z] : Ze¥ } and let ¥ be the topology generated by X. By Lemma 2.2.35
(X, 4, k) is a Stone field. Let g: ( X, 4, k) — (X,7,%) be the identity map. Then
(fg)Z] = {-YZ] e XK. If Z € Sn ¥ then (fg)"1[Z] = {-(Z] € £ C 4. Since S n ¥ is a base for §
( see Proposition 2.2.5 ), {g is a field map. Hence g is a field map and so ZC K. But ¥ C 7

since { is a field map and so X = 7% as required. o

A ‘nice’ complete characterization of embeddings in Sfld does not seem to exist. The
situation is more elegant for Sfwo.

2.2.37 Lemma
Let f:(X,7,2)—(Y,S¥) be the inclusion map of a subficld and let
g:(Z,UK)— (X,7,7) be a map such that fg is a weakly open field map. Then g is a

weakly open field map.

Proof:

By Proposition 2.2.34 g is a field map. Let G € X and S € 2 with g[G] CS. Thereisa Z e ¥
‘with S = X nZ. Then fg[G] C Z whence fg[G] C Z'. Thus g[G] ¢ XnZ' c X n (X' UZ) =
X n (X’ US ), the interior of S in { X, 7 ). The result follows by Theorem 2.2.18. 0

2.2.38 Theorem
Let f: (X,7,%) — (Y, ¥) bein Sfwo. Then the following are equivalent:

i) f is injective.

ii) fis an embedding in Sfwo.

iii)  fis the inclusion map of a subfield ( up to isomorphism ).

iv) f is surjective.

Proof: : v

By Lemma 2.2.37 (iii) = (ii) and trivially (ii)= (i). (i) & (iv) by Theorem 2.2.31 (i).
(iv) = (iii): Assume (iv). 2= {*[¥] = { £Z] : Z € ¥ }. Also {* is a homomorphism and o
is surjective. Note that Y =8Sn¥and X'°=7n7% Thus Tn2 = o[ Sn¥] = {{z]:
; Z €SNy }. By Proposition 2.2.5 7 N % and § N ¥ are bases for 7 and § respectively and so
we see that 7 = { {-[Z] : Z € § }. Since (iv) & (i) {is injective and so (iii) follows. o
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2.2.39 Remark
The above theorem shows that under the co—equivalence between Int and Sfwo, quotient

maps in Int ( surjective homomorphisms ) correspond to embeddings in Sfwo ( injective
weakly open field maps or equivalently weakly open inclusion maps of subﬁelds ). Note
that all this required proof since the co—equivalence was not concrete. o

No elegant description of quotient maps in Sfld or Sfwo have been found at present.
2.3 STONE SPACES OF INTERIOR ALGEBRAS

- 2.3.1 Definition and Remark

By composing the forgetful functor from Sfld to Top with the functor ¥ we obtain a faithful
co—functor > : IntT — Top. More explicitly, if A is an interior algebra, A® = ( AP, T(A) )
where AP = AT If f: A— Bisa topomorphism £ : B? — A” is the continuous map given
by £(F) = {-F]. A” will be called the Stone space of A. o

Two other topologies associated with A are the usual Stone topology of A" and the Stone
topology of A°. The relationship between 7(A) and the Stone topology of A" is clear. We
investigate the connection between A” and the Stone space of A°.

2.3.2 Definition and Remark

For every interior algebra A, let A® denote the Stone space of A°. More precisely AY =
( A7, S(A) ) where A is the set of proper prime filters in A° and S(A) is the topology on
A" with base jA®] where j: A° — P(A") is given by jla)={ Fe A¥ : acF } for all
ae A% Now let f: A—~»B be a topomorphism. Then if F € BF fl[F] nA%e AP as a
straxghtforward argument shows We can thus define a map £ . BF — AF by
f(F) = 4{F] n A® for all F e B'. Consider a base element j(a) of A” where a € A°.
Fja)) = {FeB? : ff(P) ejla)}={FeB :aecfFnA®°} = {FeB" : f(a) e F }
= jf(a). Since f(a)e B® 1 -1j(a)] is open in BF. We thus have a co—functor
Pt — Top. D

2.3.2 Lemma

Let A be an interior algebra.
i) HFeAthenFnA®e AL
ii)  Define e: A" — AF by e(®)=FnA° for all FeAP Then for all aeA®

e1i(a)] = a(a). o
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2.3.3 Theorem :
Let A be an interior algebra and let e : A® — A” be as in Lemma 2.3.2. Then:

i)’ e is a continuous.

ii) e is surjective.

iii) Any right inverse of eis continuous, in particular e is a retraction in Top.

iv) e is an open map and hence a quotient map in Top.

v) e is natural in A.

Proof:

(i): Follows from Lemma 2.3.2 (i) since jA®] and o[A°] are bases for A¥ and AP
respectively. (ii): Let G € A*. Put R = G u {a":aeA®=G ). Let S be a finite subset of
R. If SCG then IIS#0. Suppose there are ay,...,an € A°—G such that S—G =
{ay,..,an” }. Put a=1a;+ ...+ an. Suppose I S=0. Then I (SNG )-a’ =0 and so
N(SNG)<a.NowII (SNG)e€eGandsoaé€eG whence a; € G for somei€ {1,.,n} a
contradiction. Thus I1 S # 0. R has the finite intersection propert and so thereis an F € AP
with R CF. Then G CFn A°. Suppose G#FnA® Letae FNA°—G. Then a’ € RCF,
a contradiction. Thus G = F n A® = e(I"). Thus e is sutjective. (iii): Let {: A" — A’ bea
right inverse of e, that is {(G) n A® =G for all G € A", Let o(a) be a base element of AP
where a € A®. Then [afa)] = { Ge A"’ : f(G)eafa) } = { Ge A 1 a€ef(G) } =
{GeA”: ae'f(_G)nAO } ={GeA" :a€G } = jla) which is open in A'. Thus f is
continuous. (iv): Let a(a) be a base element of A” where a € A°. By Lemma 2.3.2 (ii) and
(i) we have ¢[a(a)] = j(a) which is open in A", Thus ¢ is open. (v): Let £: A — B be a
topomorphism. Let F € BY. Then £- F n B® ] n A° ¢ £-[F] n A®. Let b € {-1[F] n A°. Then
f(b) e F and f(b) € B° that is f(b)e FnB° whence befFnB®] Hence
-[F] n A° ¢ £ F n B® ] n A°. Thus ef’(F) = {*e(F) and the result follows. o

Given a topological space X, hbw is X related to X*2?

2.3.4 Lemma _
Let X be a topological space. Define d : X — X* by d(x)={ RCX : x€eR }. Then
d"[a(X*)(R)] =R forall RC X. o

2.3.5 Theorem
Let X be a topological space and let d : X — X*? be as in Lemma 2.3.4. Then:
i) d is an embedding in Top and so X is homeomorphic to a subspace of xAD,

ii) d is natural in X.
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Proof:

(i): Since { a(R) : R C X is open in X } is a base for X*? we sce by Lemma 2.3.4 that d is
continuous and initial. Clearly d is injective. (ii): Let f: X — Y be a continuous map. Let
xeX. Thendf(x) ={RCY:f(x)eR}={RCY:xefR]}={RCY:xef'R)} =
{RCY: A R)ed(x) }={RCY:d(x)] } = £*Pd(x) and the result follows. o

2.3.6 Remark |
Note that if X is a finite space then the map d is a homeomorphism from X to x*P g

2.3.7 Remark ‘
Let A be an interior algebra. Then for all a € A a(a) is compact in the Stone space of A"
and hence in A o

2.3.8 Theorem
Let A be an interior algebra:
i) The compact open sets of A" are precisely a[A°).

i1) The clopen sets of A are precisely o[A°).

Proof: '

(i): By Proposition 2.2.5 the compact open sets of AP are precisely of[A] nT(A). Clearly
o[A%] C o[A] N T(A). Let b € A with o(b) € 7(A). Thereis an S ¢ A° with o(b) = Uo[S]. By
Remark 2.3.7 o(b) is compact and so there is a finite RCS with a(b) = Ua[R]. Put
a=YR. Then a(b) = a(a) whence b =ae A°. Thus ofA°] = ofA] N T(A). (ii): Clearly
every member of a[A°] is clopen. Let ? be clopen in AP. Then 2 and 7’ are closed in AP
hence compact. Thus 2 and 7’ are compact open in AP By (i) there are a,b € A® with
D= ofa) and 7’ = a(b). Then a(a’) = a(b) whence a’ = b € A°. Thus a € A® and so
De ofA®]. o '

.How do properties of interior algebras correspond to properties of the corresponding Stone

spaces?

2.3.9 Theorem
Let A be a interior algebra.
i) A is semi—simple iff A is zero—dimensional.

If A is non—trivial:
ii) A is simple iff A” is indiscrete.
iii) Ais S.I iff AP is supercompact and the monolith of AP s compact.
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i) Ais F.S.Liff A is ultra—connccted.

iv)  Ais D.L iff A” is connected.

Proof:

'(i): Suppose A is semi—simple. By Theorem 1.3.20 the clopen sets a[A°] = o[A°] form a
base for A”. Conversely suppose A? is zero—dimensional. Let a ¢ A°. By Theorem 2.3.8 (ii)
there is an S C A® with ofa) = Uo[S]. By compactness of o(a) there is a finite R C S with
o(a) = Uo{R]. Put b = £ R. Then a(a) = a(b) and so a = b € A®°. By Theorem 1.3.20 A is
semi~simple. Now suppose A is non—trivial a : A — APt isa homomorphic embedding and
so by Theorem 2.1.15 and the fact that simple, F.S.I. and D.I. are defined by universal
sentences ( see Remark 1.3.20 ) the reverse directions in (ii), (vi) and (v) hold. For the
forward directions: (ii): If A is simple, A° = { 0,1 } whence 7(A) = { a(0), a(1) } = { ¢,
AP }, that is AY is indiscrete. (vi): Suppose AP is not ultra—connected. Then there are
proper open subsets 7 and £ of A” such that DU € = AP, Now there are R,S C A° with
D = Uo[R] and € = Ua[R]. Then A® = Ug[RUS]. By compactness of A® there is a finite
W CRUS such that A® = Ua[W]. Put b =% W. Then AP = (b) and so b = 1. However
1¢ W since Uo[R] # A” and Uo[S] # AP, Thus 1 is join reducible in A° and so A is not
F.S.I. The result follows by contraposition. (v): Suppose A? is not connected. Then AP has
a proper non—empty clopen subset 7. By Theorem 2.3.8 (ii) there is a b€ A® with
7= a(b). Then 0 < b < 1. Thus A°# {0, 1 } and so A is not D.I. The result follows by
contraposition. Now for (iii): A is S.I. iff there is an a € A% with a < 1 and for all b € A°
with b < 1, b ¢ a; iff there is an a € A® with a(a) # A” and for all b € A% with a(b) # A,
a(b) C afa); iff there is a proper compact open subset of A that contains all proper
compact open subscts of AP ( sce Theorem 2.3.8 (i) ); iff there is a proper compact open
subset of A" that contains all proper open subsels of A" ( by Proposition 2.2.5 (i) ); il A
-is supercompact with compact monolith. o |

2.3.10 Remark _

The above characterizations should be compared with Theorem 2.1.15. The condition in (ii)
of Theorem 2.3.9 that the monolith of AP must be compact cannot be dropped: Consider
the topological space w= ( w,w+1). Now w=U{n:n < w} and so wis not completely
join irreducible in w™©. Thus o is not S.I. However wAD is supercompact: Suppose it is not.
" Then o = Ua[w]. Let F be an ultrafilter over w extending the filter of all co—finite subsets
of w. Then there is an n < w with F € o(n), that is n € F, a contradiction since n’ € F.
Thus o is supercompact. o is an example of an interior algebra that is homomorphically
* cmbeddable in an S.I. interior algebra but which is not S.I. itself: wA? is S.1. since o*” is -

A
supercompact, and «: w — WrPA

is a homomorphic embedding. o
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For all interior algebras A, AP is compact and so the properties Hausdorff, Urysohn,
strongly regular, and strongly normal are equivalent for A®. Wein fact have:

2.3.11 Theorem
The following are equivalent for an interior algebra A:

i) A is Boolean.

i1) AP is a Boolean space.

iii) A® is Hausdorff.

Proof:

If A is Boolean A is just the Stone space of A" and so (i) = (ii). Obviously (i) = (iii).
Assume (iii). Let a € A. Then a(a) is compact in A” and so by (iii) it is closed. Thus
ofa) = a(a)C = o(a®) and so a = a®. Thus A is Boolean and so (iii) = (i). o

2.3.12 Remark

THE STRONG JOINT EMBEDDING PROPERTY

Using Stone spaces one can give quick proofs that certain subcategories of Intt or Int
satisfy the Strong Joint Embedding Property (SJEP), that is, for every family of objects in
the subcategory there is an object in the subcategory into which each member of the family
can be embedded. Let { A; : i€l } be a family of non—trivial interior algebras. Put
X=1I{ A iel }andforallieIlet pi: X — A;® be the ith projection. Note that p;is
open, surjective and continuous for all i ¢ 1. Thus for all i el m"a: Aj— X4 ig an Tnt
embedding. Thus the full subcategory of Intt or Int consisting of non—trivial interior
algebras satisfies the SJEP. From this we also see that the full subcategories of Int™ or Int
- consisting of the non—trivial Boolean, simple, S.I., F.S.I., or D.I. interior algebras all
satisfy the SJEP. Recall that a member of an elementary class is called ultra—universal iff
‘every member of the class is embeddable in an ultrapower of it. ( See [15]. ) An elementary
- class has an ultra—universal member iff it is ( non—empty ) and satisfies the Joint
Embedding Property (JEP), that is, every pair of members of the class is embeddable in a
third member. ( See [15].. ) We thus see that the elementary classes of non—trivial,
non—trivial Boolean, simple, S.I., F.S.I. and D.I. interior algebras all have ultra—universal

members. 0

2.3.13 Remark »

The space A® does not determine A uniquely up to isomorphism: Let X be the indiscrete
space on a denumerable set X. Let A be the subalgebra of x4 consisting of the finite and
co—finite subsets. Let B be the subalgebra of x4 generated by AU { R } where RC X is
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neither finite nor co—finite. Then |AP| = |B®| =R, T(A) = { ¢, A® } and 7(B) = { ¢,
BP }. Thus A" v B? even though we do not have A ¥ B. However if A is a finite interior
algebra then A” v AT ( see Remark 2.2.16 ), and so in this case A" does determine A
uniquely up to isomorphism. o

We also have:

Theorem 2.3.14 :
Let A and B be interior algebras. If AP v B® then A® » B,
Proof:

For any interior algebra C the compact open sets of C® form a Heyting algebra
{ o{C°], n, U, —, ¢, cP ) isomorphic to C° via a. Now if f : A® — BP is a homeomorphism
then f* : B — AP* 5 an isomorphism. Note that relative pseudocomplementation in the
Heyting algebra of compact open sets is given by R— S = (R’ US )I, for all compact
open sets R and S, an interior algebra polynomial. Also . gives a bijection between the sets
of compact open sets of B® and AP. Hence f* restricts to an isomorphism between the
Heyting algebras of compact open sets of B” and A”. But then A v B°. o

2.4 PRE—ORDERS AND FINITELY GENERATED SPACES

A ( mnormal ) modal algebra [2] is an algebraic structure (L, 1 Y where
L=(L,-,+,’,0,1) is a Boolean algebra and I, C are unary operations satisfying:
1'=1, a’ =2’ and (ab)I =a'b' for all a,b € L. ( These algebras play the same role for
modal logic as Boolean algebras play for classical propositional logic. ) Obviously interior
algebras form a subvariety of the variety of modal algebras. Given a set with a binary
relation W = ( W, p ) ( usually called a frame in this context ), we obtain a modal algebra
wt = (P(W),n, U, ", ¢, W, 1c ) where Iand © are given by:
SI={xeW:forallyeW,xpyimp_liesyeS}
S®={x€W:thereisay € S with xpy }
for all S ¢ W. Notice that xpy iff x € {y }C. Thus one easily checks that p is reflexive iff
S ¢ S® or dually S’ C S, for all S ¢ W; and p is transitive iff S¢ = S°C or dually §' = S, for
all S ¢ W. Thus wt is an interior algebra iff p is a pre—order ( reflexive transitive
relation ). It was shown in [13] that every interior algebra is embeddable in an interior
algebra of the form Wt where W is a pre—ordered set. The proof in [13] is concealed in
very general lemmas and theorems concerning Boolean algebras with operators. It is
instructive to re—examine the situation from a purely interior algebraic point of view.
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Firstly we will show that the construction of an interior algebra from a pre—ordered set can
be ‘factorized’ through the construction of an interior algebra from a topological space.

2.4.1 Definition

For each pre—ordered set W = ( W, ¢ ) let wt = (W, (W) ) where O(W)={SCW:
x €S and y € W with x ¢ y implies y € S }. For each topological space X define a relation «
on X by x« y iff y is in every neighbourhood of x or equivalently x ¢ y iff x € { y }C in X.
Put X" = (X, «). 0o

2.4.2 Proposition

Let W = ( W, « ) be a pre~ordered set.

i) whisa finitely generated topological space.

ii) {{yGW.x((y}.er}lsabaseforW.

iii)  The interior operator of wtis given by:
SI={xeS:forallyéW,x((yimpliesyeS}

or SI={xeW:forallyeW,x((yimpliesyeS}

iv)  The closure operator of wtis given by:
SC={xeW:thereisayeSwithx((yimpliesye S}

vy w¥=wag

The proof is tedious but straightforward a,ndbvis left to the reader. Note that (iii) and (iv)

above say that WtA =wT,

- 2.4.3 Proposition
Let X = ( X, 7 ) be a topological space.
i) X" is a pre—ordered set,
ii) { NN(x) : xe X } is a base for X" where for all x € X N(x) is the filter of

neighbourhoods of x in X.

i) n A: ACE}is a base for X" Lifgisa subbase for X.
iv) X" = X iff X is finitely generated.
Proof:
(i) is trivial and (iii) follows from (ii) since N N(x) = n { S€ £:x € S } if £ is a subbase for
X. (iv) follows easily from (iii) and 2.1.24. We prove (ii): Let Se 7. If x € S and y € X with
X €y then y € S since S is a neighbourhood of x. Hence S € O(X"). Thus 7 ¢ O(X"). Then
forallxe X, NN(x)=n{SeT:xeX}e0X"). Now consider R € (X"). Let x e R. If
y € N N(x) then x €y and so y € R. Thus N N(x) CR. Hence R=U{ NN(x) : x€ R } and
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the result follows. o

2.4.4 Definition and Remark

If f: X— Y is a continuous map let  denote the same map as f, considered as a map
from X" to Y". Then f: X¥ — Y is clearly a homomorphism of pre—ordered sets. Let
Pro denote the categor'y of pre—ordered sets and their homomorphisms. Then we have a

functor " : Top — Pro. ¥ is in fact a concrete functor over Set the category of sets and
maps. Clearly ¥ is faithful. If X is any Fréchet ( T, ) space, then x € y iff x = y and so we
see that " is not injective on objects. Let X be any space which is not finitely generated.
and let f be the identity map on X. Then f: ) G GLLE certainly a homomorphism since
XMW _ Xw, but f: X — X" is not continuous. Thus " is not full. o

2.4.5 Definition and Remark

Let f : W — Z be a homomorphism of pre~ordered sets. Let * denote the same map as f
considered as a map from W' to 2%, Let S be open in 7!, Then if x € 1S} and x ¢y in W
we have f(x) € S and (x) « f(y) whence f(y) € S, that is y € £-4{S]. Thus £*-1[S] = {-4[$] is
open in Wt and so i Wt — Zt is continuous. Let ToF denote the full subcategory of Top

consisting of the finitely generated spaces. Then we have a functor Y. Pro — ToF which is
concrete over Set. 0

- 2.4.6 Proposition

Y. Pro — ToF is a concrete isomorphism over Sct with inverse Y. ToF — Pro. o
The above follows from Proposition 2.4.2.

2.4.7 Remark

Let OIn™ denote the full subcategory of Clnt consisting of the atomic operator complete
interior a.lgebras Then by Corollary 2.1.27 we have a co—equlvalence system
% Pro— OIn™ and ™ : OIn* — Pro. o

Note that X is not equal to XWt in general, However we have:

2.4.8 Theorem

ToF is a bico—reflective subcategory of Top with bico—reflector "t Top — ToF.

Proof:

Let X be a topological space. Any open set of X is open in xW and so the identity map



f: X" — X is continuous. Let Y be finitely generated and suppose g: Y — X is
continuous. We have to show that g : Y — x" is continuous. Let n 4 be a base element of
X" where is a set of open sets in X. Then f-{nA)=n{{1S]: Se A} Nowforall SE¢ 4,
f-1[S] is open in Y and so, since Y is finitely generated f-{[ n 4] is open in Y and the result
follows. 0 '

2.4.9 Notation and Remark
It follows that OInt is a bireflective subcategory of CInt with bi—reflector given by the

map A w— Y (A)thA ). ( See Lemma 2.1.5. ). Let b. cmt — Om™ denote this
b

bi—reflector. Untangling the series of operations which give ° we see that for any complete
atomic interior algebra A, Ab is the interior algebra with the same underlying Boolean

algebra as A but with AP = {SR:Rc{nS:ScA®}}.o

2.4.10 Lemma
Let A be a complete atomic interior afgebra. Then for any atom a in A, the closure of a in

Ab is the closure of ain A. 0

2.4.11 Theorem

Let A be a complete atomic interior algebra.

i) AP is S.I. iff A is S.I. in which case A and AP have the same monolith.

i) APisF.SIiff Ais F.S.L |

“iii)  If APis DI then Ais D.IL

Proof:

(i): Let AY Le S Let m be the monolith of AP. Then there is a B¢ ’P(AO) ‘with
vm=2{nS : S€ B}. Consider S € B. ThenS#d)and1¢Ssincenng<‘1. Hence there
is an a(S) € S with a(S) <m. Then m < { a(S): S€ B} <T(A®—{1}). But A% AP®
and 50 B(A°—{1})<E(AP°_{1}) = m. Thus m=%(A°—{1}) and so it
follows that A is S.I. with monolith m. Conversely suppose that A is S.I. with monolith m.
Let b e AP — {1} Then thereis a BC P(A°) with b=2{nS:SeB }. Consider S € B,
NS+#¢ and 1¢ Ssince NS<b< 1 Hence there is an a(S) € S with a(S) < m. Then
b<Z{a(S):SeB}<m It follows that AP is S.I with monolith m. (ii): Suppose AP s
F.S.I. Then 1 is join irreducible in Abo hence in A° < AbO and so A is also F.S.I.
Conversely suppose A is I'.S.1. Let a,b € AB with ab = 0. Suppose a,b > 0. Then there are
atoms ¢ < a and d < b. Then cC <a and d° <bin Ab and hence in A, by Lemma 2.4.10.
Then ¢¢d® =0 in A, a contradiction by the dual of Theorem 1.3.18 (ii). Thus a = 0 or
b = 0 whence again by Theorem 1.3.18 (ii) and duality we have that APis F.S.L (iii): Let
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bo bo

AP be D.I. Then A ={ 0,1} and so, since A°c AP° A° ={ 0, 1 } and the result

follows. O

Note that the converse of (iii) above does not hold: Let X be the co—finite space on a set X.
Let A = X* Then A is D.I. but AP is Boolean hence not D.I. Also note that if A is an
atomic operator complete interior algebra then Ab = A by Proposition 2.1.29.

What sort of pre—order homomorphisms correspond to continuous open maps and hence to
interior algebra homomorphisms? '

2.4.12 Definition
A homomorphism f: W —'Z between pre—ordered sets is said to be regular iff for all
x € Wand z € Z, {(x) € z implies there is a y € W with x ¢ y and z = {(y). o

2.4.13 Theorem ‘
i) Let X be a finitely generated space and let f: X — Y be a continuous open map.

‘ Thenf": XY - Y¥isa regular homomorphism.

ii) . Let f: W—Z be a regular pre—order homomorphism. Then ffowt—ztis a
continuous open map.

Proof: ‘

(i): Let x€ X and z€ Y with £(x) <z in Y". Put S={ yeX : x«y in X" } Then

S = n N(x) and so S is open in X. Hence {[S] is open in Y. Now {(x) € {[S] and so z € {[S]

and the result follows. (ii): Let S be open in W' Letze {[S] and let z ¢ v in 7%, There is an

x € S with f(x) = z. Hence there is a y € W with x €y and f(y) = v. Then y € S and so

v € {[S]. Thus f[S] is open and so { is an open map. o |

Let TcF be the full subcategory of Tco consisting of the finitely generated spaces and let
RPro be the category of pre—ordered sets and regular homomorphisms. Then we see:

2.4.14 Corollary
b, RPro — TcF is a concrete isomorphism over Set with inverse Y. T¢F — RPro. o

2.4.15 Remark
If OIn denotes the full subcategory of CIn consisting of the atomic operator complete

interior algebras. Then by Corollary 2.1.27 we have a co—equivalence system:
. RPro — OIn and ™ : OIn — RPro. o
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We will not pursue a detailed discussion of special morphisms and consructions in Pro and
RPro since these do not lead to interesting results about interior algebras. We do, however,
have interesting characterizations of the irreducibility and related properties in atomic

operator complete interior algebras, in terms of pre—orders:

2.4.16 Theorem
Let W be a pre—ordered set.

i) W7 is Boolean iff x ¢ y in W implies x = y.

i) W is semi—simple iff x < y in W implies y < x.

iii) W7 is S.I. iff there is an x € W with x € y for all y € W.

If W is non—empty: .

iv) wt s simple iff x  y for all x,y € W.

v) w is F.S.I. iff for all x,y € Wthereisaz e W withz¢xand z« y.

vi) W7 is D.I iff for all x,y € W there is a finite sequence x = zg,...,z, = y in W such
that zj.; € zjor zi.; € zjforalli = 1,...,n.

Proof: |

(i): Suppose W™ be Boolean. Let x < y. {x} is closed and so y € { x }, that is x =y.

Conversely suppose x € y implies x =y. Let SCW. If x€ S and x ¢y then y =x € S and

- 50 S is open. (ii): Suppose wt s semi—simple. Let x ¢ y. Put S={2€ W:z¢x}. Then S

is closed, hence open and 50 y € S, that is y « x. Conversely suppose that x € y implies

y € x. Let S be closed. Let x € S and x € y. Then y « x and so y € S. Hence S is open. ( See

Theorem 1.3.21. ) (iii): Suppose W1 S.I. Let R be the complement of the monolith of w.

Let x € R. Consider y € W. Put. S={z€ W:z(y }.Sis non—cmpty and is closed whence

R CS. Thus x € S, that is x ¢ y. Conversely suppose there is an x € W with x ¢ y for all

yeW. Put R={ ze W : z¢x }. Then R is non—empty and closed. Let SCW be

non—empty and closed. Let y € S. Then x « y whence z ¢ y for all z € R. Thus R C S and so

R is the smallest non—empty closed subset of W7T. Thus Wt is S.I. with monolith R’.

Now let W be non—empty. (iv): Suppose wt is simple. Let x,y e W. Put S={ze W:

x ¢z }. Then S is open and non—empty whence S = W. In particular y € S, that is x« y.

Conversely suppose x € y for all x,y € W. Let S C W be non—empty and open. There is an

x€S. Forall ye W x¢y whence y € S. Thus S =W and so w is simple. (v): Suppose

WhisFSI Letx,ye W.Put S={zeW:z«x}and R={z€W:z«y}. Then S and

R are non—empty and closed and so SN R # ¢ ( using duality and Theorem 1.3.18 ). Let

z € SN R. Then z ¢ x and z € y. Conversely suppose for all x,y € W there is a z € W with

z¢x and z€y. Let S,;RCW be non—cmpty and closed. Then there are x € S and y € R,

Hence there is az € W with z ¢ x and z € y. Then z € S n R whence S n R is non—empty. It
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follows that W is F.S.I. (vi): Suppose WTisD.IL Let x,y ¢ W. Put S = {'t € W : thereis
a finite sequence x = z,...,zy =y with 2zj.;«z; or z;¢zj for all i=1,.n }. S is
non—empty since x € S. If t € S and u € t or t € u then obviously u € W. Thus S is clopen.
Thus S = W whence y € S and so there is a sequence x = z,...,2, = y with 2z, € z; or
z; € zi for all i = 1,...n. Conversely suppose that for all x,y € W there is a finite sequence
X = Zg,...,Zy = ¥ with zi.; € zj or z; € zi-; for all i = 1,...,n. Consider a clopen S C W. Then
if there is a sequence 2y,...,2, With z;i_; € 2; or 2; € zj.; for all i = 1,...,n then 2y € S implies
zy € S by induction on n. Let S C W be non—empty and clopen. Then there is an x € S. Let
y € W. There is a sequence x = z,...,z;, = y with zi.; € z; or z; € z;-; for all i = 1,...,n"and
soy € S. Thus S = W and so wTisDL o

The above results as well as Theorem 2.4.11 have been stated in terms of interior algebras
and irreducibility properties. We point out that they may be restated in terms of finitely
generated spaces and connectedness properties.

2.4.17 Corollary
Let A be a non—trivial interior algebra and let W = A"V,

i) Ais simpleiff x ¢ y for all x,y ¢ W.

ii) Ais F.S.I. iff for all x,y € W thereisaze W withz ¢ xand z ¢ y.

Proof: .

Put X = W', W is the finitely generated bico—reflection of AP. (i): A is simple iff AP is
indiscrete, iff X is indiscrete iff x ¢y for all x,y e W. (ii): A is F.S.I. iff AP s
ultra—connected iff X is ultra—connected iff for all x,y € W there is a z € W with z ¢ x and
z € y. ( Where we have used Theorems 2.1.15, 2.3.9, 2.4.11 and 2.4.16. ) o

It was shown in [13] that every interior algebra can be represented as a field of subsets of a
pre—ordered set, that is, a subalgebra of W7 where Wis a pre—ordered set. This method of
representing an interior algebra can be ‘factorized’ through the representation of an interior
algebra as a Stone field. We now formalize this:

2.4.18 Definition and Remark .
We will consider a ficld of subsets of a pre—ordered set to be a triple (W, & %) where
( W, «) is the pre—ordered set in which % is a field. We will use the term pre—order field
to mean a triple of the above kind. By a pre—order field map wé mean a map
f: (W, %) —(7Z,¢S) between two pre—order fields such that
f:(W,¢«) — (Z, ) is a homomorphism and {-{{Z] € 7 for all Z € §. As with topological
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fields of sets we may speak of separative and compact pre~order ficlds. We call a pre—order
field algebraic iff there is an 4 C % such that for all x,y € W, x ¢y iff for all S€ 4, x€S
implies y € S. Call a pre—order field canonical iff it is separative , compact and algebraic.
Let Can denote the category of canonical pre—order fields and pre—order field maps. We
will show that Can and Sfld are isomorphic. o -

2.4.19 Lemma

Let ( X,7, %) be a Stone field and let { X, « ) = (X, 7 )w.

i)  For each S € 7 the closure of S in { X, 7 ) is the closure of S in ( X, « )" ( and
hence for each S € 7 the interior of S in ( X, 7 ) is the interior of S in { X, « )+ )

ii) ( X, «, %) is a canonical pre—order field.

Proof:

(i): Let S€ R Let Z be the closure of S in ( X,7) and let V be the closure of S in

(X,¢)T. Then VCZ Let x€Z. Pt E={ SNU: UeN(x)in (X,7) }. Then £# ¢

since X € € and £ is closed under finite intersections since N(x) is. Hence there is a filter F

over X with € C 7. By compactness N (ZnF)+¢. Let y e n (2n F ). Consider W € N(x).

ByA_PrOposition 2.2.5 there is a YeZn7 with xe YCW. Then Y€ ’IE NF and so

yEY CW. Hence x<y in ( X,«). Note that n (ZnF)CS and so y € S. Hence x € V.

Thus V C Z whence V = Z as required. (ii): By (i) ( X, &, ) is a pre—order field and it is

sepatative and compact. Let A= & n7. Then x < y in { X, « ) iff for all S € 4, x € S implies

y € S, since by Proposition 2.2.5 A is a base for 7. Thus { X, «, %) is also algebraic. o

2.4.20 Definition and Remark

Given a Stone field X = ( X,7,%) let X" denote the canonical pre—order field { X, &, 7 )
where ( X, «) = (X, T V¥ Given a field map {: X — Y between two Stone fields, let M
denote the same map as f considered as a map from XM to Y. Then ' is a pre—order field
map. We thus have a functor ¥ : §fld — Can which is concrete over FId. ( See Definition
and Remark 2.2.15. ) o

2.4.21 Lemma _

Let ( X,«, 2 ) be a canonical pre—order field. Let 4y be the union of all AC % such that
x¢yin (X, ) iff forall S € 4 x € Simplies y € S. Let 7 be the topology generated by Ao.
Then { X, 7, 2 ) is a Stone field with { X, 7, 2)" = ( X, ¢, 7).

Proof:

Let B={ nC:C is a finite a finite subset of 4y }. Then BC % and B is a base for 7. Thus
(X, 7, %) is certainly a Stone field. Let x ¢ y in ( X, « ). Let S € N(x) in ( X, 7 ). Then




there is a finite C C 4o with x e nC CS. Then y € N C C S. Conversely suppose that for all
- SeN(x)in {(X,7),y¢€S. Then in particular for all S € 4o with x € S,y € Sand so x<y.
Thus (X, 7, 2)" = (X, «,2). 0

2.4.22 Definition and Remark

Given a canonical pre—order field X = ( X, ¢, %) let X" denote the Stone field given by
Lemma 2.4.21. If { : X — Y is a pre—order field map between canonical pre—order fields let
¥ be the same map as f considered as a map from X" to Y*. Then by 2.4.5 we see that £ is

a field map of Stone fields. ¥ . Can — SAd is thus a concrete functor over Fld. o

2.4.23 Theorem
M. 8ld — Can is a concrete isomorphism over Fld with inverse Y. Can — Sf1d. o

What sort of pre—order field maps correspond to weakly open field maps and hence to

interior algebra homomorphisms?

2.4.24 Definition

A pre—order field map f: (X, %) — (Y, ¥) is called regular iff the underlying
pre—order homomorphism f: ( X, « ) — (Y, ) is regular. Let Cnr denote the category of
canonical pre—order fields and regular pre—order field maps. o

2.4.25 Theorem |
Let X=(X,7,2) and Y= (Y, S, ¥) be Stone fields and let f: X — Y be a field map.

The following are equivalent:

i) f: X — Y is weakly open.

i1) M. x* — y¥is regular.

i) (X, T )Wt — (Y, S )Wt is an open map.

Proof:

(i) = (ii): Assume (i). Let x € X and let y € Y with f(x) € y. Then for all V€ S, f(x) € V
implies y € V. Put C = is[ﬂ(y)]. Then C is clearly closed under finite intersections. Suppose
¢ € C. Then there a U € f(y) with.fS(U) = ¢. Using Theorem 2.2.18 and (i) we see that
5(U°%) = ¢. Now y € U ¢ U® and U’ € 8. It follows that f(x) ¢ U®” and so f(x) € U®. Thus
e fl(x) = is'l[ﬂ(x)] whence ¢ = iS(UC) € A(x), a contradiction. Thus ¢ ¢ C and so
putting E={ Se 7 : iS(V) ¢S for some V€ f(y) } gives a proper filter in x5, Put
D={Sel:x¢ s¢ }. Then D is an ideal in X5. Suppose that there is an S € D n €. There is
a Ve f(y) with 5(V) ¢ S. Hence (V) € P and so x ¢ fS(V)C = {S(VC) ( using Theorem
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2.218 ). Hence x€f(V®) =£(V%)=11v®] and so f(x)e Vv’ €S Thus
y € V¢’ C V', a contradiction since V € O(y). Thus D n £ = ¢ and so there is an ultrafilter 7
in X5 with £CF and DPn¥ = ¢. But then 7 = §(z) for some z € X. Now C C f(z) and so
A(y) € is'l[ﬁ(z)] = ff(z) whence, since these are both ultrafilters, A(y) = ff(z). Thus
y = 1(z). Suppose P € 7 n % with x € P. Then x ¢ P’ = P’® and P’ € 2. Thus P’ € D and so
P’ ¢ 7, that is z ¢ P’. But then z € P. Thus x < z. It follows that {: X — Y™ is regular.
(ii) = (i): Assume (ii): Let x € X and let Ve with f-[V] a neighbourhood of x in
(X,7T), that is x € f'l[V]I. Note that {-[V] € 2. Let y € Y with y » f(x). There is a zp x
with f(z) = y. Thus z € {1V} and so y € V. Hence {(x) € V', that is V is a neighbourhood of
f(x) in (Y,S8). Thus f: X — Y is weakly open. (ii) & (iii) by Theorem 2.4.13 since
(X, 7Y = (X, Hand (Y, Y = (v, <)t o

2.4.26 Corollary
M. Sfwo — Caoris a concrete isomorphism over FId with inverse Y. Cnr — Sfwo. o

2.4.27 Remark
Note that by Theorem 2.4.23 and Theorem 2.2.14 FM. It — Can and ™ : Can — Intt
form a co—equivalence system and by Corollary 2.4.26 and Corollary 2.2.19 FM . Int — Car

and ™ : Cor — Int form a co—equivalence system. We thus have a category—theoretic
formalization of the representation of interior algebras as fields of subsets of pre—ordered
sets. We can obtain other duality results from the above: Via the functor that replaces a
canonical pre—order field ( X, «, %) with the structure ( X,7,%) where (X,7) =
(X, « )t, we obtain a duality between interior algebras and another class of separative
compact topological fields of sets besides the Stone fields. Via the the functor which
replaces ( X, ¢, 7 ) with the structure { X, B, « ) where B is the topology generated by %,
we obtain a duality between interior algebras and a certain class of pre—ordered Boolean
spaces. If we restrict ourselves to working with homomorphisms and not arbitrary
topomorphisms it will be noticed that this latter duality is in fact just a special case of a
more general Stone duality for normal Boolean algebras with operators [13]. We leave it to
the reader to work out descriptions of the appropriate morphisms and other
category—theoretic details. The work of this section has shown that representations -and
duality theorems for interior algebras involving pre—orders may be viewed as topological
duality in disguise. o

Given an interior algebra A how can the pre—order of A™ be described directly?
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2.4.28 Theorem
If A is an interior algebra and F and G are ultrafilters in A, then the following are

equivalent:

i) F¢GinA™

i) FnA®cG

iii) GnAPCF

Proof: |
(i) & (ii): Since ofA°] is a base for T(A) we see F « G iff for all a € A®, F € oa) implies
G € ofa); iff a€ FnA® implies a € G; iff ¥ n A®C G. (ii) = (iii): Assume (ii). Suppose
that there is an a € Gn A" with a ¢ F. Then a’ e Fn A® ¢ G, a contradiction. Thus (iii)
holds. (iii) = (ii): Assume (iii). Suppose that there is an a € F n A% with a ¢ G. Then
a’ € Gn A" C F, a contradiction. Thus (ii) holds. o
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CHHAPTER 3

NEIGHBOURHOODS, CONVERGENCE AND ACCUMULATION

3.1 NEIGHBOURXOOD FUNCTIONS

3.1.1. Definition
Let B be a Boolean algebra. By a neighbourhood function on B we mean a map N from B

to the set of filters in B satisfying:

i) For alla € B, max { b € B : a € N(b) } exists.

ii) For all a,b € B, a € N(b) iff thereis a c € B with b < ¢ < a and ¢ € N(c).

For each a € B, N(a) is called a ncighbourhood filter at a. If b e N(a), b is called a

neighbourhood of a and is said to surround a. o

3.1.2 Proposition

Let N be a neighbourhood function on a Boolean algebra B.
i) For all a < bin B, N(b) C N(a).
ii) For all a € B, N(a) ¢ [a) and N(a) = [a) iffa € N(a). O

3.1.3 Definition

Let B be a Boolean algebra. If N is a neighbourhood function on B put ¢(N)={ beB:
b € N(b) } or equivalently ¢(N) = { b € B : N(b) = [b) }. If G is a generalized topology in
B define a map N(G) on Bby N(G)(a) ={beB:a<c¥ bforsomece_G}.u

3.1.4 Theorem
Let B be a Boolean algebra. Let N and G be a ncighbourhood function on B and a

generalized topology in B respectively. Then:

i) ¢(N) is a generalized topology in B.

ii) X(G) is a neighbourhood function on B.

i) NG(N)=N

iv) ex(G)=G

Proof: v
(i): Since N(1) is a filter 1 € N(1) and so 1 € 6(N). Let a,b € ¢(N). By Proposition 3.1.2
N(a),N(b) ¢ N(ab) and so a,b € N(ab) whence ab € N(ab). Thus ab € ¢(N). Hence 6(N) is
closed under binary meets. Let a € B. Put c=max{ be A : a€ N(b) }. Thereisade B
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with ¢ ¢ d < a and d € N(d). Then a € N(d) and so d < ¢ whence ¢ = d. Thus ¢ € N(c) and
c€6(N). Now consider ee6(N) with e<a. Then a€N(e) and so e<c. Thus
c=max {e€6(N):e<a }. Hence ¢(N) is a generalized topology in B by Proposition
1.4.4. (ii): Let a€ B. Let b€ N(G)(a) and b < c. Then there is a d € G with a<d¢<b
whence a < d < ¢ and so ¢ € N(G)(a). Now suppose b,c € ¥(G)(a). There are d,e € G with
a<d<bandag<e<c Then dee G anda < de < be whence be € ¥(G)(a). Thus N(G)(a) is
a filter as required. Also b € ¥(G)(a) iff there is a d € G with a < d < b, iff thereisa d € B
‘with d e N(G)(d) and a<d<b. Lastly if ae B put c=max{ deG : d<a }. Then
a € 8(G)(c). Let beB with a € N(G)(b). There is a d € G with b<d <a. Then d<c
whence b<c. Thus c=max{ beB : a€#(G)(b) }. Thus §(G) is a neighbourhood
function on B. (iii): Consider a € B. Then for b € B, b € N¢(N)(a) iff there is a d € ¢(N)
with a <d <Db, iff there is a d€ B with d € N(d) and a<d<b, iff be N(a). Thus
¥¢(N) = N. (iv): For all a € B, a € 6N(G) iff a € N(G)(a), iff thereisad € G with a < d < a,
iff a € G. Thus 68(G) = G. o |

3.1.5 Remark

From the above theorem we see that pairs { B, N ), where B is a Boolean algebra and N is
a neighbourhood function on B, are essentially the same as things as generalized topological
spaces and hence essentially the same things as interior algebras. Given an interior algebra
A, the corresponding neighbourhood function ¥(A%) on A" is given by N(A%)(a) = {be A :
a<bl }, for all a € A. Conversely if N is a neighbourhood function on B, the interior
operator of Alg ( B, ¢(N) ) is given by a'=max{beB:aeN(b)} o

3.1.6 Notation and Remark

From now on, when working with an an interior algebra A, we will denote the
neighbourhood function N(AO) simply by N. For readers interested in neighbourhood
lattices ( see [17] ) we mention the following: If A is an interior algebra then it is easily
seen that the structure ( A, <, N ) is a Boolcan neighbourhood lattice ( that is a
neighbourhood lattice whose underlying lattice is Boolean ) and moreover any Boolean
neighbourhood lattice is of this form. Thus neighbourhood lattices are in fact a
generalization of interior algebras and not just of topological spaces. However the concept
of a neighbourhood lattice is too general for our purposes and we will not discuss them

- further. o

3.1.7 Proposition
Let A be an interior algebra. For all a € A, N(a) is an open filter. o
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However not every open filter is a neighbourhood filter: Let X be a discrete space on an
infinite set X and let A = X*. Let 7 be the filter of co—finite subsets of X. Then ¥ is an
open filter in A but it is not the neighbourhood filter of any element of A.

3.2 CONVERGENCE AND ACCUMULATION OF SUBSETS

3.2.1 Definition and Notation

Let A be an interior algebra. Let R C A and a € A. R is said to converge to a and a is called
a limit of R, denoted by R — a, iff for all b € N(a) thereis an r € R with 1 < b. For each
RCAletlimR={aeA:R—a}.o

The above definition, in the case where a is an atom, is a generalization of the concepts of
limits and convergence in topology: If X is a topological space, x € X and A C P(X) then
A— x in X in the usual sense, iff A— { x } in the interior algebra X*. Since we did not
restrict the definition to atoms we have a broader generalization. We summarize the basic

properties of convergence.

3.2.2 Remark |
Let A be an interior algebra, let RC A and let a€ A. Note that the following are
equivalent: :

i) R—a

ii) For all open b > a thereisanr € R with r < b.

iii)  For all b € N(a) thereis anr € R withr ¢ bl o

We remind the reader of some order—theoretic concepts which we will be using. Recall that
a conein a poset P, is a subset S C P such that foralla,b€e P,ifa€ Sand a<{b thenbeS.
A non—empty cone is called a stack. If P is a join semi—lattice, a stack S inPisa grill iff it
satisfies the primeness condition: for all a,b € P, a+ b€ S impliesae SorbeS. ( In a
Boolean algebra, any filter is a stack and any ultrafilter is a grill. ) Recall that if SR C P
we say that S refines R iff for all r € R thercis ans € S withs <r.

3.2.3 Theorem
Let A be an interior algebra.

lim is a normal weak closure operator on P(A), that is:
a) RClim R '
b) S € R implies lim S Clim R
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c) lim (limR)=1lim R -

d) lmR=¢iffR =20 for all S,R C A.

In addition we have for all S,R C A:

e) If S refines R then lim S C lim R.

f) lim R is a cone. ( In particular, lim R is a stack iff R # ¢. )

g) limR=Aiff0e R

h) lim{1}={acA:Na)={1}}={acA:A%n[a)={1}}

Proof: | |
We only prove (c¢) and leave the rest to the reader. Let RCA. By (a)
limR Clim (lim R ). Let a € lim ( lim R ). Let b € N(a). There is a ¢ € lim R with ¢ < b,
Then beN(c) and so there is an reR with r<b. Thus a€limR and so
lim(limR)ClimR. o

3.2.4 Definition and Remark
It is convenient to introduce a concept of ‘accumulation’ in interior algebras. Let A be an

interior algebra. We can define a pre—order on A, called the canonical pre—order, by a ¢ b
iff a < b°, for all a,b € A. For each a € A put E(a)={ beA :ag¢b }. The members of
E(a) are called enclosers of a and are said to enclose a. If R C E(a) we say that R
accumulates at a and a is an accumulant of R, denoted by R+«—a. For all RCA let
accR={aeA:R+~a} Note that in the case when a is an atom the definition of
accumulation is a generalization of the accumulation at points in topology. o

3.2.5 Theorem

Let A be an interior algebra and let a and b be atoms in A.

1) a ¢ biff N(a) C N(b).

i)  a®=1bCiff N(a) = N(b).

Proof:

(i): Let a«b. Let deN(a). Suppose d ¢ N(b). Then b{d and so b<d'”. Thus
a<b®<¢ad"C=d" a contradiction since a < d'. Hence d € N(b) and so N(a) C N(b).
Conversely let N(a) C N(b). Suppose that a ¢ bC. Then a < b®’ = b’!, that is b’ € N(a).
But then b’ € N(b), a contradiction. (ii) follows from (i) since a =1b° iff a¢b and
bga. g '

We summarize the basic properties of enclosers and accumulation leaving the

straightforward proofs to the reader.
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3.2.6 Proposition

Let A be an interior algebra.

i) For all a € A, E(a) is a stack.

ii) For all atoms a in-A, E(a) is a grill.
iii)  Foralla < bin A, E(b) C E(a).

iv) Forallae A, E(a) = E(a.c). O

Note that if E(a) is a grill, a need not be an atom — consider a simple interior algebra with

more than four elements.

3.2.7 Proposition

Let A be an interior algebra and let S,R C A.
i) acc R is a closed dual stack.

ii) S C R implies acc R C acc S.

ili) accR={0}iff0€R.

iv) accR=AifRC{1} D

3.2.8 Definition and Remark

In order to establish a connection between convergence and accumulation we introduce the
section operator: Let L be a meet semi-lattice with 0 and define an operation
Scc: P(L) — P(L) by Secc R={beL:ab>0forallaeR } for all RCL. ( The section
operator has been used before in the literature in the special case where L is a power set

Boolean algebra. ) o

3.2.9 Proposition

Let L be a meet semi—lattice with 0 and let S,R C L.

i) S € R implies Sec R C Sec S.

ii) R C Sec Siff S C Sec R.

ili) R CSec(SecR).

iv)  SecR=¢iff 0 €R.

v) Sec R is a cone. ( In particular, Sec R is a stack iff 0¢ R. ) o

We are now ready to relate convergence and accumulation.

3.2.10 Proposition _
Let A be an interior algebra and let a > 0in A. Then E(a) C Sec N(a) and N(a) C Sec E(a).
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Proof:
Let b € N(a) and d € E(a). Suppose bd = 0. Then b < d’ and so b’ ¢ d’!. But a < b’ and so
A <a’. Then a < ¢ < a’, a contradiction. Thus bd > 0 and the result follows. o

3.2.11 Proposition

Let A be an interior algebra, let a be an atom in A and let R C A.
i) E(a) = Sec N(a) and N(a) = Sec E(a).

ii) R — a implies Sec R +— a. |

iii)  Sec R — a implies R ~— a.

Proof:

(i): It suffices to show Sec N(a) C E(a). Suppose there is a b € Sec N(a) with b ¢ E(a). Then
af{ b® and so a<b® =b’l. Hence b’ e N(a). However bb’ =0, contradicting
b € Sec N(a). (ii): Let R — a. Suppose we do not have Sec R «— a. Then there is a
be Sec R with a ¢ b®. Then a < b® = b’!. Hence there is an r € R with r < b’. Then
b = 0, contradicting b€ Scc R. (iii): Let Sec R —a. By (ii) Sec ( Sec R ) +—a. But
RCSec(SecR)andsoR+—a.nO

Note that (i) above does not characterize atoms — consider a simple interior algebra with

more than four elements.

3.2.12 Remark
Note that if S is a stack in an interior algebra A ( in particular a filter or grill ) and a € A
then S — aiff N(a) C S. o

3.2.13 Proposition
Let A be an interior algebra, let a > 0 in A and let G be a grill in A. Then G — a implies

G —a.

Proof:

Suppose G «—a. Let be N(a). Suppose b¢ G. Since G is a grill b’ € G. Then
a< b’® =bl". But a <b'andsoa = 0, a contradiction. Thus b € G. Hence G — a. O

3.2.14 Corollary
Let A be an interior algebra. Let F € A be a proper filter and let a be an atom in A.

i) I’ — a implics I — a.
ii) If Fis an ultrafilter, F — a iff F — a.
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Proof:
(i): Let F — a. By Proposition 3.2.11 (ii) Scc F «— a. Since T is a proper filter F ¢ Sec

and so F « a. (ii) follows from (i) and Proposition 3.2.13. o

3.2.15 Proposition

Let A be an interior algebra, let a,b € A with a > 0. Consider the following:

i) agb

ii) There is a proper (ultra)filter F of (b] with F — a in A.

ili)  Thereisan FC (b] —{ 0} with F — ain A.

We always have (i) = (ii) = (iii). If a is an atom then (i), (ii) and (iii) are all equivalent.

Proof: |

Assume (i). Put R = { bd : d € N(b) }. Then R ¢ (b]. By Proposition 3.2.10, b € Sec N(a).

Thus 0 ¢ R. Since N(a) is closed under finite meets, so is R. Thus there is an ultrafilter F of

(b] with RCF. If d is a neighbourhood of a then bd € F and bd < d. Thus F — a and so

(i) = (ii). Clearly (ii) = (ili). Now let a be an atom. Assume (iii). Let d be a

neighbourhood of a. Then there is a c€ FF with ¢<d. Then 0 < ¢ =bc< bd. Hence
b € Sec N(a). By Proposition 3.2.11 (i) a « b. Thus (iii) = (i). D ’

3.2.16 Definition
In an interior algebra A the enclosers of 1 are called the dense elements of A. O

We can characterize dense elements using the section operator:

3.2.17 Theorem
Let A be an interior algebra. Sec ( A% — { 0 } ) is the set of dense elements of A.

Proof: ,

Let a be dense in A. Let b € A° —{ 0 }. Suppose ab = 0. Then a < b’ whence 1 = b’® = b’
‘and so b=0, a contradiction. Thus ab > 0 and so a € Sec ( A° —{ 0} ). Conversely let

a€Sec(A°—~{0}). Suppose a®< 1. Then 2% ¢ A°~{0} and so 22’ >0, a

contradiction. Thus a® = 1, that is a is dense. O

3.2.18 Remark
Let A be an interior algebra and let a € A°. a is dense iff a° = 1, iff 2% = 0, iff a’l=0.
Recalling that a’'is the pseudocomplement of a in A° we sce that the open dense elements

of A are precisely the dense elements of the Heyting algebra A° in the usual sense. O
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3.3 NETS AND FILTER BASES

Recall that a directed set W = ( W, « ) is a pre—ordered set with the property that for all
x,y € W thereis a z € W with x ¢ z and y € z. If W is non—empty and X is a set then a net
in X based on W is a family (x;) of elements of X indexed by W. Note that any sequence
(xn) in X can be regarded as a net based on the directed set { w, < ).

3.3.1 Definition and Notation
Let (x;) be a net in a set X based on a directed set W. If je€ W theset { xi:1» jin W }is
called a tail of (x;) and is denoted by t;(x;). o

3.3.2 Definition and Remark

Let A be an interior algebra and let B C A. Then ( B, > ) is a directed set iff B is a filter
base in A. If B is a filter base we thus have a net (aj) in A based on ( B, > ) with a; =i for
all i € B. (aj) will be called the canonical net of B. If (a;) is a net in A based on a directed
set W and if I t;(a;) exists for all j € W then { ¥ tj(a;) : j€ W } is a filter base. Note that
that every filter base in A is obtained in this way from its canonical net. o

3.3.3 Notation
If A is an interior algebra we will denote the set of atoms in A by At A. o

Recall that a filter base B is called properiff 0 ¢ .

3.3.4 Theorem »
- Let B be a proper filter base in an atomic interior algebra A. Then there is a net (a;) in
- At A based on a directed set W such that B = { 3 t;(a;): je W }.

Proof:
Put W = { (c,b) : be B and c is an atomin A with ¢ < b }. There is a b € B. Since B is

- proper b > 0. Since A is atomic there is an atom ¢ < b. Then (c,b) € W and so W # ¢.
Define € on W by (c,b) « (d,a) iff b > a. Then clearly « is a pre—order. If (c,b),(d,a) € W
then a,b € B and so there is an e € B with e < ab. Since B is proper, e > 0 and so by
atomicity there is an atom v < e. Then (v,e) € W, (c,b) ¢ (v,e) and (d,a) € (v,e). Thus
W= (W,«) is a directed set. If i = (¢,b) € W put a; = c. We thus have a net (a;) in
At A. Consider a j€ W with j= (¢,b). Leti» jin W with i = (d,e). Then a; < e < b. Thus
tj(ai) C At (b]. Now suppose d is an atom with d < b. Then (d,b) » j and so d € tj(a;). Thus
in fact tj(ai) = At (b]. Hence b = ¥ tj(a;) and so we see that { Ztj(a;) : j€e W } CB.
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Lastly consider a b € B. As before there is an atom ¢ ¢ b. Put j = (¢,b). Then j € W and as
above we see that b = X tj(a;). Thusin fact B={ Ztj(a;): je W }. o

What sort of filter bases correspond to sequences?

3.3.5 Definition and Remark

Let A be an interior algebra and let B be a filter base in A. B is called a sequential base iff
(B,<)®¥(u,>) where 1 <u< w. ( Of course any chain is a filter base. ) If (ay) is a
sequence in A such that the join ¥ ty(an) exists for all k < w, then { T tx(an) : k < w }is a
sequential base. A sequential base B in A is called clementary iff the top element of B is a
countable non—empty join of atoms and for all a,b € B, a covers b in ( B, <) iff a covers b
in A. g

The following theorem shows that the elementary sequential bases are precisely the filter
bases obtained from sequences of atoms. Although the result is fairly intuitive it is quite
tricky to prove correctly and so we have given a fairly detailed proof.

3.3.6 Theorem

Let A be an interior algebra and let B C A. Then B is an elementary sequential base iff
there is a sequence (a,) in At A with B ={Yty(ay): k<w}.

Proof: 4

Let B be an elementary sequential base. There is 1 < u ¢ w such that {( B, <)~ (u,> ).
Let { by : n < u } be the enumeration of B given by the isomorphism. There are two cases:
Case (1): u < w. We define atoms ¢y, n < u—1, by finite induction such that for all
n<u-—1,by,y= bo;co’ -+-¢i’. by is a join of atoms so in fact by = X At (bo). If u = 1 let
co be any atom below by. Otherwise by < by and so there is an atom c¢q € (bg] — (by]. Then
by < ¢y’ and so by < bg-cy’. Since by covers by we in fact have b; = bg-cy’. Now suppose for

some k < u—2 we have found co,...,cx with the desired property. We have by, = -
boeco’--ck’ = Z(At(bo]—{co.,ck}) bke2<bxkg and so there is a
ki € At (bo] — { co,-..,ck } not below by.o. Then by € Cx+1’ and s0 brsz € bxsr-Cker’. But
b1 covers bx. and so in fact by,y = bysiCksi’ = bg-Co’---Cksy’ and the induction is
complete. Put ¢, = ¢y for all n> u—1 to obtain (c,). There are two cases now: (i):
At (bo) = { ¢n: n <u—1}: Then simply put (ap) = (cn). Then by = X At (bo] = X to(an).
If k<u-—1 then byxs, = bg-co’---ck’ = I (At (bg]—{co-sck } ) = Ztxu(an). If
k> u—1 then ¥ ty(ay) = X ty-2(an) = by-o. Thus B = { Z tx(an) : k < w }. (ii): Of course
{cen:n<u—1}cAt (b At (bo]—{cn:n<u—1}iscountable and non—empty. Let
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(dn) be a sequence such that { dy :n < w} = At (bgJ—{cn:n<u—1} Define (as) as
follows: Consider the polynomial f(n) = (n2+ 3n) /2. Let n < w. If k = f(n) for some

n<w put ax=cyp. If f(n)<k<f(n+1) for some n<w put ayx=d; where
i=k —1f(n) — 1. Observe that f(n + 1) = f(n) + n + 2 for all n < w. Let k < w. There is an
j< w such that k <f(j). Consider r< w. Put n=j+r. Then 0 < r < n+1 =
f(n + 1) —f(n) — 1. Hence f(n) < f(n) + 1 <t + f(n) + 1 < {(n + 1) and so a; = d, where
i=r+4+1f(n)+ 1. Also k < (j) < f(n) < i. Thus d; € tyx(ay). Hence for all k < w, { dy :
n<w)Ctk(an). Then At (b ={ch:n<u—-1}u{di:n<w)={cy:n<w}u{d,
:n<w} = to(ap) and so by = Lte(ay). Let k <u—1. Put i =1(k + 1). Then by =
bosco’ - -cx’ =X (At (boJ—{coy.vck } ) = Zti(an). Let k>u—1. Puti=1f(k + 1) and
j = f(u—2). Then ¥ ti(an) = Y tj(ay). Lastly let k < w and suppose f(k) <i < f(k + 1).
Then ¥ tj(an) = ¥ tj(an) where j = f(k). It follows that B = { ¥ ty(ans) : k < w }. Case (2):
u = w. Then we proceed as in (1) but obtain the whole of (cy) by induction. We proceed as
in (1) but consider k < w instead of k <u—1 and no longer consider k > u — 1. This
completes the forward implication. For the converse: Let (a,) be a sequence such that
B={ Yt(a,) : k<w }. Then B is a scquential base with top element ¥ to(ay), a
countable non—empty join of atoms. Obviously if a,b € B and a covers b in A then a covers
b in { B, < ). Suppose that a covers b in ( B, < ). There are i < j < w with a = X tj(as)
and b = ¥ t3(ay). Let k < j be least such that a = ¥ tx(a,). Then b < Stk.l(a,-.) < a and 80
b = ¥ tx-i(an). Thus a = b + ax and ay is an atom whence it follows that a covers b in A.
Thus B is elementary. o

3.3.7 Definition and Remark
Let F be a filter in an interior algebra A. If { by, : n < w } is a countable base for F define
dy = b+ --by for all n < w. Then { d,, : n < w} a scquential base for F. Thus a filter has a

countable base iff it has a sequential base. We therefore call a filter with a countable base a
sequential filter. Call a sequential filter clementary iff it has an elementary sequential

base. O

Note that the intersection of two sequential filters is sequential since if F and G are filters
with bases B and C respectively then { b+ c:bée B and c€ C } is a base for Fn G. We
now show that a similar result holds for elementary filters.

3.3.8 Theorem '
Let F and G be elementary filters in an interior algebra A. Then F n G is elementary.
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Proof:

There are sequences (an) and (bp) in At A such that B={ Ztx(an) : k< w } and
C ={%tk(an) : k < w} are bases for F and G respectively. Define (cy) by Can = an and
Cmey=bn for all n<w For all k<w txlcy)=tk(an) Utk(bn) and so
% tak(cn) = ¥ ti(an) + ¥ tx(bn). Thus { ¥ tox(cn) : k < w } is a base for F n G. Also for all
k < w, tgk.l(cn) = tgk.g(cn) U { by } whence ¥ t2k01(cn) =% tgk.z(cn) +bx>% tgk.g(cn). It
follows that { ¥ tx(cy) :k < w}isabasefor FNG. o

~ 3.3.9 Notation and Remark

We can convert nets into filters: Let (a;) be a net in an interior algebra A based on a
directed set W. Put F(a;) = { b € A : tj(ai) C (b] for some j € W }. Clearly F(a;) is a stack.
Let b,c € F(a;). There are jk € W with tj(a,) C (b] and tx(as) C (c]. There is an r € W with
j«r and k «r1. Then t(an) C (b] N (c] = (bc]. Thus bc € F(a;) and so F(a;) is a filter.
Moreover, every filter in A is of this form since if 1" is a filter in A, I = IP(a;) where (a;) is
the canonical net of F. By Theorem 3.3.4 we see that if A is atomic then for every proper
filter F in A there is a net (a;) in At A with F = F(a;). o

3.3.10 Definition
Call a filter F in an interior algebra A, pseudo—elementary iff there is a sequence (ay) in
At A such that F = F(a,). o

3.3.11 Definition
Let A be an interior algebra. If A is a cardinal we say that A is A—collectable iff for all -
R C At A with |R| < A, T R exists. A is called collectable iff it is | A|—collectable. Call an
Rg—collectable interior algebra countably collectable. o

Recall that a net (x;) is called injective iff the map i — x; is injective.

3.3.12 Theorem
Let A be an interior algebra an let F be an ultrafilter in A. Consider the following:

i) F is principal.

ii) F.is elementary.

iii)  Fis sequential.

iv)  Fis pseudo—elementary. '

Then we always have (i) = (ii) = (iii),(iv). If A is countably collectable then (i), (ii) and
(iv) are all equivalent. If A is atomic then (iii) = (iv). In particular, if A is atomic and
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countably collectable then (i) — (iv) are all equivalent.

Proof:

Recall that if F is a principal ultrafilter then F = [a) for some atom a. Putting a, = a for
all n < w gives { Ztx(an) : n<w }={a} and so F is elementary. Thus (i) = (ii).
Obviously (ii) = (iii),(iv). Let A be countably collectable. Suppose that there is a sequence
(an) in At A with F = F(ap). Then for all k < w, B tx(an) exists and { © tx(an) : k < w } is
a base for F. Thus (iv) = (ii). Assume (ii). There is a sequence (aj) in At A such that
B = {Ytk(an) : k < w} is a base for F. Suppose that { ap : n < w } is infinite. Define a
subsequence (by) of (an) inductively as follows: Put m(0) = 0. Suppose that for some k < w
we have defined m(0) < ... < m(k) so that ay(o),...,am(x) are all distinct. Since { a :
n < w} is infinite there is an m(k + 1) > m(k) such that ay(o),...,am(k+1) are all distinct.
We thus have a strictly increasing map m : w — w and hence a subsequence (bx) = (an(x))
of (an). In fact (by) is injective. Since A is countably collectable we can put ¢ = ¥ { by :
k < w }. Suppose c € F. Then there is an i < w with ¥ ti(ap) < c. Then there is a k < w
with bog. € ti(aﬁ). Thus bok: < ¢ and so by =Dbg, for some n < w. But then
2k + 1 = 2n, a contradiction. Thus ¢ ¢ I'. But F is an ultrafilter and so ¢/ € F. Thus there
is an i < w with ¥ ti(ap) < ¢’/. Then there is a k < w with ba € ti(an). Then byx <c¢’, a
contradiction since bok < c. Hence the assumption that { a, : n < w } is infinite is false.
" Thus B is finite and so F is principal. Thus (ii) = (i). Now let A be atomic. Assume (jii).
Then there is a base B for F with ( B, <) ¥ (u, > ) where 1 < u € w. If u < wthen (i) and
hence (iv) holds. Suppose u = w. Let { b, : n < w } be the enumeration of B given by the
isomorphism between ( B, <) and ( w, > ). Then for all n < w, by, > 0 and so there is an
atom an < by. Let k < w. If n > k then a, < b, < by and 50 tx(an) C (bx]. Thus F C F(an).
Since F is an ultrafilter and F(ap) is proper we have F = F(ay,). Thus (iii) = (iv). o

3.3.13 Theorem _
Let A be an open atomic interior algebra. If I is an open-sequential ultrafilter in A then F

is pseudo—elementary.

Proof:

There is a sequential base B for I*. Thereis a u ¢ w with (B, <) ¥ (u,2 ). If u < wthen
F is principal and hence pseudo—clementary. Suppose u = w. Let { by : n < w } be the
enumeration of B given by the isomorphism between (B, <)~ (u,> ). For all n < w,
bnl € I' and so b,.l > 0 whence by open atomicity there is an atom a, < bnl. Let k < w. For
alln > k, a, < bnl < bkl < by and so tk(an) € (bx]. Thus F C F(an). Since F is an ultrafilter

and F(ay) is proper, F = F(a) and so F is pseudo—elementary. o
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3.3.14 Corollary
Let A be an open atomic countably collectable interior algebra. The following are

equivalent for an open ultrafilter in A:
i) F is principal.

i) F is clementary,

iii)  Fis sequential.

iv)  Fis pseudo—elementary. 0

3.4 CONVERGENCE AND ACCUMULATION OF NETS AND SEQUENCES

3.4.1 Definition and Notation

Let A be an interior algebra, let (a;) be a net in A based on a directed set W and let b € A.
We say that (a;) converges to b and that b is a limit of (a;), denoted (aj) — b, iff for all
d € N(b) there is a j€ W such that a;<d for all i»jin W. Put lim(a;) ={ be A :
(as) —b }. o |

3.4.2 Remark

Of course in the case of atoms, net convergence in interior algebras is a generalization of
net convergence in topology. Let A be an interior algebra, let (a;) be a net in A based on a
directed set W and let b € A. Note that the following are equivalent: '

i) (a)—b

ii) For all open d > b thereis a j € W such that a; { dforalli» jin W.

iii)  For all d € N(b) there is a j € W such that a; < d' foralliy jin W. o

3.4.3 Proposition _
Let A be an interior algebra and let (a;) be a net in A.

i) lim (a;) is a stack. :
ii) If (by) is a net in lim (a;) then lim (by) C lim (a3).
Proof:

(i) is trivial, we prove (ii): Let (bx) be a net in lim (a;) based on a directed set Z and let W
be the directed set on which (a;) is based. Let ¢ € A with (by) — c. We have to show that
(a;) — c. Let d € N(c). Then there is an r € Z with by < d' for all k » r in Z, in particular

by < d'. Then d € N(by). But then thereisa je W withaj < dforalli» jin W. o

How is net convergence related to subset convergence?
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3.4.4 Remark
Note that if (a;) is a net in an interior algebra A and b € A then (a;) — b iff F(a;) — b,
that is lim (a;) = lim F(ai). Thus net convergence can be considered to be a special case of

filter convergence. 0

3.4.5 Proposition

Let A be an interior algebra and let (a;) be a net in A based on a directed set W. Suppose
that for all j € W the join ¥ tj(a;) exists. Then lim (a;) = lim { Ztj(a;) : je W }.

Proof:

For all b € A we have (a;) — b iff for all d € N(b) there is a j€ W with a; < d for all i ) j
in W, iff for all d € W thereis a j € W with ¥ tj(a;) < d, and the result follqws. u!

‘The above result together with 3.3.2 shows that filter base convergence can be considered

to be a special case of net convergence.

3.4.6 Theorem

Let A be an interior algebra, let R C A and let b € A. Then R — b iff there is a net (a1) in
R with (a;) — b.

Proof:

Suppose R — b. We define a net in R based on the directed set ( N(b), 2 ) as follows: For
each i € N(b) let a; € R with a; <i. Let d € N(b). For all i > d in { N(b), 2 }, a; <i<d and
so (a;) — b. Conversely suppose there is a net (a;) in R based on a directed set W with
(aj) — b. Let d € N(b). Thereis a j€ W with a; ¢ d for alli» jin W, in particular, a; < d.
Thus R —b. o '

3.4.7 Definition and Notation

Let A be an interior algebra, let (a;) be a net in A based on a directed set W and let b € A.
We say that (a;) accumulates at b and b is an accumulant of (a;), denoted (a;) — b, iff for
all d € N(b) and for all je€ W, there is an iy jin W with a; < d. Put acc (a;s) = {beA:
(as) — b }. o

3.4.8 Remark

Of course in the case of atoms, net accumulation in interior algebras generalizes net
accumulation in topology. Let A be an interior algebra, let (aj) be a net in A based on a
directed set W and let b € A. Note that the following are equivalent:

i) (aj) —b



ii) For all open d > b and for all j € W, thereis ani» j with a; < d.
iii)  For all d € N(b) and for all j € W, thereis ani » j with a; < d’.

3.4.9 Proposition
Let A be an interior algebra and let (a;) be a net in A.

i) acc (ai) is a stack.

ii) lim (a;) C acc (a4).

iili)  If (by) is a net in acc (ai) then acc (by) C acc (aj).

Proof:

(1) and (ii) are trivial. For (iii): Let (by) be a net in acc (a;) based on a directed set Z and
let W be the dirccted set on which (a;) is based. Let ¢ € A with (byx) +— ¢. We have to show
that (aj) —c. Let d € N(c) and let j € W. There is an r € Z. ( By the definition of a net Z
must be non—empty. ) Then there is a k » r with by < d'. Then d € N(bk) Hence there is an
i» jwithaj<d. o

Net accumulation is generally very different to subset accumulation. However we have:

3.4.10 Proposition
Let A be an interior algebra, let (a;) be a net in A — {0 } based on a directed set W.

i) At A nacc(aj) C acc F(ay). ‘
i) Suppose that for all je W the join ¥tj(a;) cxists. Then At Anace(aj) C
acc { Dtj(ai) : je W }.

Proof:
(i): Suppose b is an atom in A with (a;) — b. Consider ¢ € F(a;). Let d € N(b). There is a
j € W with tj(aj) C (c]. Then thereis aniy jin W with a; < d. Then a; < c¢d and so ¢d > 0.

Hence ¢ € Sec N(b) = E(b) ( See Proposition 3.2.10 (i). ) Thus F(a;) +— b as required. (ii)
follows from (i) since if ¥ tj(a;) exists for all j € W then { ¥ tj(a;) : je W } C F(aj). 0

3.4.11 Proposition

Let A be an atomic interior algebra and let (a;) be a net in At A based on a directed set
W. Suppose that for all je W the join Y tj(a;) exists. Then At A nacc(a;) =
At Anacc{Ztj(as):je W} '

Proof: |

Let b be an atom in A with { Xt;(a;) : je W } —Db. Let d € N(b) and let j€ W. Then
Y tj(ai) € E(b). But E(b) = Sec N(b) and so d-¥tj(aj) > 0 whence there is an atom
¢ < d-Ytj(a;). But then'c = aj for some i » jin W and then a; < d. Thus (a;) — b. Hence
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At An{Ztjai): j€ W} CAt Anacc (ai). The reverse inclusion follows from Proposition
3.4.10 (ii). o v

Note that Proposition 3.4.9 (ii) already gives a relationship between net convergence and
net accumulation. There is a further connection. Before we investigate this recall the
following: Let (x;) be a net in a set X based on a directed set W. Let Z be a directed set
and let the map m : Z — W be a co—final homomorphism. Then the net (xp(x)) in X based
on Z is said to be a subnet of (x;). ( A subsequence of a sequence is always a subnet of the

sequence. )

3.4.12 Theorem
Let A be an interior algebra, let (a;) be a net in A and let b € A. Then (a;) — b iff there is
a subnet (cx) of (a;) with (cx) — b.

Proof: :

Let W be the directed set on which (a;) is based. Suppose (a;) — b. Define a directed set Z
as follows: Put Z = { (i,d) : i € W and d € N(b) with ai<d }. Note that Z # ¢ since there is
ani € W whence (i,1) € Z. Define € on Z as by (i,d) € (j,c) iff i « j and d > c. Clearly € is a
pre—order on Z. Let (i,d),(j,c) € Z. There is a t ¢ W with it and jgt in W. Also
cd € N(b). Since (aj) —b there is a s € W with s»t and ag < cd. Then (s,cd) € Z,
(i,d) € (s,cd) and (j,c) € (s,cd). Thus Z = ( Z,« ) is a directed set. If k = (i,d) € Z put
m(k) =i. Then the map m : Z — W is clearly a homomorphism. T'o see that it is co—final
note that if i€ W then (i,1) € Z. Hence we have a subnet (cx) = (am(x)) of (ai). Let
d € N(b). There is a je W. Then there is an i»j with a; <d. Then (i,d) € Z. Let
k = (t,¢)» (i,d) in Z. Then cx = a; ¢ ¢ £ d. Thus (ck) — b. Conversely suppose there is a
subnet (cx) = (am(x)) of (ai) based on a directed set Z, with (cx) — b. Let d € N(b) and let
j€ W. There is an r € Z such that ¢, < d for all k» r in Z. Since the map m : Z — W is
co—final there is a v € Z with j« m(v) in W. There is a k € Z with k » r and k » v. Then
m(k) » m(v) and so m(k) » j. Morcover aw(x) = ¢x < d. Thus (a;) —b. o

From Theorem 3.4.6 and Theorem 3.4.12 we have:

3.4.13 Corollary
- Let A be an interior algebra, let R C A and let b € A. Then the following are equivalent:

i) R—b
ii) There is a net (a;) in R with (a;) — b.
ili)  Thereis a net (a;) in R with (a;) —b. o
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Note that if (x;) is a net in a set X, (yx) is a subnet of (x;) and (z;) is a subnet of (yx), then
(z;) is also a subnet of (x;). Thus from Theorem 3.4.12 we get:

3.4.14 Corollary :
Let A be an interior algebra, let (a;) be a net in A and let (Ck) be a subnet of (aj). Then
acc (ck) € acc (a3). D

3.4.15 Proposition

Let A be an interior algebra, let (a;) be a net in A and let (ck) be a subnet of (a.l) Then
lim (a;) € lim (cx).

Proof |

Let W and Z be the directed sets on which (a;) and (cx) = (am(x)) are respectively based.
Suppose b € A with (a;) — b. We must show (cx) — b. Let d € N(b). There is a je W
such that a; < d for alliy jin W. But there is a r € Z such that m(r) » j. Then for all k » r’
in Z we have m(k) » jin W whence cx = an(x) < d. 0

In certain cases Theorem 3.4.6 and Theorem 3.4.12 can be generalized to sequences.

3.4.16 Theorem v

Let A be an interior algebra, let R C A and let b € A such that N(b) is a sequential filter.
Then R — b iff there is sequence (ap) in R with (a;) — b.

Proof:

Suppose that R — b. There is a countable base B for N(b). Let { ry : n<w } be an
enumeration of B. We define a sequence (a,) in R as follows. For all n < w, 1¢-- -1, € N(b)
and so there is an a, € R with ap < rgy-- -1y, Lét d € N(b). Then for some k < w we have
rx < d. But then for all n > k, a, < g+ - -1k < Iy, < d. Thus (a,) — b. Conversely if we have a
sequence (a,) in R then (ay) — b by Theorem 3.4.6. 0

3.4.17 Theorem

Let A be an interior algebra, (an) a sequence in A and b € A such that N(b) is a sequential
filter. Then (ay) «— b iff there is a subsequence (ck) of (a,,) with (ck) — b.

Proof:

Let (ay) — b. There is a countable base B for N(b). Let { r,, : n < w } be an enumeration
of B. We define (cx) inductively as follows: ry € N(b) and so there is an m(0) > 0 such that
an(o) € ro. Suppose we have found m(0) < ... < m(k) for some k < w with ap(n) € ro-- -1y
for 0<n¢<k. Now rg---rxsy € N(b) and so there is an m(k 4+ 1) > m(k) such that
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am(k+1) < To---Tks. Now we have a strictly increasing map m: w— w and hence a
subsequence (cx) = (an(x)) of (an). Morcover, for all k < w, ck € ro---rx. Now suppose
d € N(b). Then there is a n < w such that r, < d. But then for all k> n we have
ax {ro---ry {rn <d. Thus (ck) — b. The converse follows from Theorem 3.4.12. o

3.4.18 Corollary

Let A be an interior algebra, let R C A and let b € A such that N(b) is a sequential filter.
The following are equivalent: : '

i) R—b

i) There is a sequence (a,) in R with (a,) — b.

iili)  There is a sequence (ap) in R with (ap) — b. 0

3.4.19 Proposition

Let A be an interior algebra and let b,c € A with b > 0. Consider the following:

i) bgc o .

ii) There is a net (ai) in (¢] — { 0 } with (a;) — b.

ili)  There is a net (a;) in (c] — { 0 } with (a;) — b.

iv)  Thereisa sequence (an) in (c] — { 0 } with (ap) — b.

v) There is a sequence (ay) in (c] — { 0 } with (ap) — b. _ .

We always have (i) = (ii) & (iii) & (v) & (iv). If b is an atom then (i), (ii) and (iii) are
equivalent. If N(b) is a sequential filter then (ii) — (v) are all equivalent. In particular if b
is an atom and N(b) is sequential, (i) — (v) are all equivalent. ‘

Proof:

(i) = (ii): Assume (i). By Proposition 3.2.14 there is an ultrafilter F in (¢} with F — b in_
A. But then F C (c] —{ 0} and F is a filter base in A. Letting (a;) be the canonical net of
F gives (ii). (ii) = (iii) by Proposition 3.4.9 (ii), (iii) = (ii) by Theorem 3.4.12 and clearly
(iv) = (v) = (iii). Suppose that b is an atom. Assume (ii). Let d € N(b). Let W be the
directed set on which (a;) is based. There is a j € W such that a; < d for alli» jin W, in
particular aj < d. Thus 0 < aj < cd. Thus ¢ € Sec N(a) and so, since b is an atom c € E(a),
that is b« c. Thus if b is an atom (ii) = (i) and so in fact (i), (ii) and (iii) are all
equivalent. Suppose now that N(b) is sequential. Assume (ii). Put S = { aj:i € W } where
W is the directed set on which (a;) is based. By Theorem 3.4.6, S — b. By Theorem 3.4.16
there is a sequence (dy) in S with (dn) — b. Noting that (dn) is a sequence in (¢c] — {0 }
gives (iv). Thus if N(b) is sequential (ii) — (v) are all equivalent. o |
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3.4.20 Definition and Remark

Let A be an interior algebra and let (a;) and (bj) be two nets in A based on the same
directed set W. (a;) is said to dominate (b;) iff a; > b; for all i € W. If (a;) dominates (b;)
then clearly lim (aj) Clim (bs;) and acc (ai) C acc (b;). In particular we see that if the
interior algebra A in Proposition 3.4.19 is atomic, then we may replace nets and sequences
in (c] — { 0 } by nets and sequences in At (c] in (ii) — (v) of Proposition 3.4.19. o

3.5 BASES AND COUNTABILITY PROPERTIES

3.5.1 Definition ‘

Let G be a generalized topology in a Boolean algebra L. By a base for G we mean a subset
S C G such that every element of G is a join of elements in S. If S C G we say that S is a
subbase for G iff { N R : R is a finite subset of S } is a base for G. By a base or subbase for
an interior algebra A we mean a base or subbase for the generalized topology A° o

3.5.2 Lemma

.LetAA\ be an interior algebra and let S be a base for A. Then for all a € A, al = )J‘{ bes:
b a'}, _ — v
Proof:

Let a € A. ‘Then a' = max { b€ A° : b<a ). Thus a' is an upper bound for { beS :
b<a }. Let d be any upper bound for { b€ S: b <a}. Supposeb € A® with b < a. There is
an RCS with b=XR. Then for all re R, r<{b<a and so r {d. Thus b <d. But then
d<a Hencea'=%{beS:b<a} »

3.5.3 Theorem

Let L be a Boolean algebra and let S C B. Then S is a base for a generalized topology in B
iff it satisfies the following; |

i) ForallaeL,X{beS:b<a} exists.

ii) I Risafinite subset of Sthen TR=¥{beS:b<nNR }.

Proof: | -

Lét S be a base for a generalized topology G in L. From Lemma 3.5.2 we see that (i) holds.
Now suppose R is a finite subset of S. Then NR € G and so we see that X { be S :
b<NMR}=X{beG:b<nNR} =nNR whence (ii) holds. Conversely suppose (i) and (ii)
* hold. Let G be the set of all joins of members of S. We show that G is a generalized
topology in L. ¢ is a finite subset of S and 1 =N¢ whence 1=%{beS:b<1}¢€G. Let
a,b € G. Then c,d are joins of elements in S and so we in fact have c=Y{beS:b<c}
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andd=Y{reS:r<d} Thencd =X{cr:reSandb<d} =X{Z{br:beS and
bgc}:reSandrgd}#2{br:b,reS,bgcandrgd}.ThuscdeG.Lastlyconsider
aeLl Put c=%{beS:b<a} Then ceG and c<a. Let d € G with d < a. Then
d=XYR for some RCS. Thenforallre R, r<d<awhencer<c Thusc=max{beG:
b < a}. By Proposition 1.1.4 G is a generalized topology in L and so S is a base. o

3.5.4 Corollary
Let L be a complete Boolean algebra and let S C L.
i) If 1€S and S is closed under binary meets then S is a base for a generalalized

topology in L.
ii) S is always a subbase for a gencralized topology in L. o

3.5.5 Corollary

Let A be an interior algebra and let L be a complete Boolean algebra. If f: A" — Lis an
embedding then there is a generalized topology G in L with base f[A°] such that
f: A— Alg (L, G ) is a homomorphic embedding.

Proof:

By Corollary 3.5.4 (i), f[A°] is indeed a base for a generalized topology G in L. Let a € A.
By Lemma 3.5.2 we see that in Alg (L, G ), fa)l = ¥ { f(b) : b e A® and f(b) < f(a) } =
S{{ib) :beA®and b<a} =3%{fb):beA®and bca } =L {1(b): beA® and
f(b) < f(a") } = f(a') and the result follows. o

3.5.6 Corollary v .

Let L be a complete Boolean algebra and let A be a complete interior algebra. If
f:L—A"isa complete surjective homomorphism then there is a generalized topology G
in L with base f'l[AO] "such that f:Alg(L,G)— A is a complete surjective
homomorphism. '

Proof:

By Corollary 3.5.4, f'l[AO] is a base for a generalized topology in L. Let a € L. By Lemma
13.5.2 we see that in Alg (L, G), a' =Z{ b<a: f(b)e A° }. Thus f(a') = Z{ f(b) :
f(b) < f(a) and {(b) € A° } =L { c <f(a) : c € A® } = 1(a)" and the result follows. o

3.5.7 Remark

Corollary 3.5.5 is particularly important since it allows us to generalize the many results
concerning complete extensions of Boolean algebras, to interior algebras. For example,
every interior algebra is homemorphically embeddable in a complete interior algebra via an
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emvbedding that preserves a specified set of joins and meets. o

3.5.8 Definition and Remark _

Let A be an interior algebra. ‘A is said to be first countable iff for each atom b in A the
filter N(b) is sequential. A is said to be second countable iff A has a countable base. A is
said to be a Lindelof algebra iff for all S C A°, £S =1 implies that ¥R =1 for some
countable R C S. Note that the above concepts generalize the concepts in topology of the
same name. By Proposition 1.2.7 we see that the classes of second countable and Lindelof

interior algebras are both Heyting classes. o

3.5.9 Theorem
Any second countable interior algebra is first countable and Lindeldf.

Proof:

Let A be second countable. Let B be a countable base for A. Consider an atom b in A. Put
S={reB:b<r} ThenSC N(b). Let d € N(b). There is an R C B with d' = £ R. Now
b < d! and b is an atom so b <rforsomereR. Thenre Sandr( d. Thus S is a base for
the filter N(a). Moreover S is countable since B is and so A is first countable. Now consider
an SCA® with £S=1. For all a€$ there is an R(a)CB with a =% R(a). Put
R=U{R(a) : aeS }. For each t€R there is an a(t) €S with t€ R(a(t)). Put
W={a(t):teR }. Then |W]| < |R| <|B| and so W C § is countable. Let d be an upper
bound for W. Then for all t € R, t < ¥ R( a(t) ) = a(t) < d. Thus d is an upper bound for R.
~ Hence for all a € S, d is an upper bound for R(a) whence a < £ R(a) < d. Thus d is an upper
bound for S and so d = 1 whence ¥ W = 1. Thus A is Lindel¢f. o

Even for complete atomic interior algebras the converse of the above fails and the classes of
first countable and Lindelof algebras are incomparable as can be seen from topology. ( See

[19].)

3.5.10 Proposition

Let A be an interior algebra. Consider the following assertions:

i) A is a Lindeldf algebra. |

ii) Every countably complete proper filter in A" has a non—zero lower bound in A°.

iii) Every countably complete proper filter in A has a non—zero accumulant.

We always have (i) = (ii) = (iii). If A is countably complete then (i), (ii) and (iii) are all
equivalent.
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Proof:

Assume (i). Let F be a countably complete proper filter in A". Suppose 1 F = 0. By duality
and the definition of Lindeldf there is a countable S C F with NS = 0. ( Recall that by the
dual of Proposition 1.2.7, meets in A" and A coincide. ) But then 0 € F, a, contradiction.
Hence there is a lower bound b > 0 for F in A®. Thus (i) = (ii). Assume (ii). Let F be a
countably complete proper filter in A. Then F n AYis a countably complete proper filter in
A", Let b be a non—zero lower bound for F n A", Noting that F n A9 = { aC:aeF } we
see that F «—b. Thus (ii) = (iii). Now let A be countably complete. Assume (iii). Let
Sc A" with NS =0. Suppose that NR > 0 for all countable RCS. Let F={ beA
b2 N R for some countable R €S }. Clearly I is a proper filter. Let W be a countable
subset of F. For all a € W there is a countable subset R(a) CS with a > n R(a). Put
R=U{ R(a) : ae W }. Then R is a countable subset of S. Then for all ae W,
a>nNR(a)>NR and son le N R whence N W € F. Thus F is countably complete. Hence
F+—Db for some b >0. But SCI and so for all a€ S, b< al = a, a contradiction since
NS =0. Thus N R = 0 for some countable R C S. By duality we see that A is Lindeldf.
Thus (iii) = (i) and so it follows that (i), (ii) and (iii) are all equivalent. o

3.5.11 Corollary
Let A be a countably complete interior algebra. ‘I'he following are equivalent:

i) Every countably complete proper filter in A accumulates at an atom.
ii) A is a closed atomic Lindeldf algebra. '
Proof:

Assume (i). By Theorem 3.5.10, A is Lindel6f. Let b > 0 be closed in A. Then [b) is a
countably complete ( in fact complete ) proper filter in A and so [b) — a for some atom a. -
But then a < b = b. Thus A is closed atomic. Thus (i) = (ii). Now assume (ii). Let F be a
countably complete proper filter in A. Since A is Lindel6f, F — b for some b > 0. Then
F — bC. Also b® > 0 and so there is an atom a < b® whence F — a. Thus (ii) = (i). o

Let A be an interior algebra. Suppose ¢ € A and b is an atom in A. If there is sequence (an)
in (c]—{ 0} with (a;) — b then by Proposition 3.4.19 we see that b  c. However the
converse fails even for complete atomic interior algebras: Let X be the co—countable space
on ®,. Then in X we have {0}’® =R, and s0 0 € {0 }/C. There is no sequence (xy) in
Z = {0}’ with (xn) — 0 in X. For suppose (xy) is such a sequence. Then Y = ®; — { xu :
n < w } is a neighbourhood of 0 in X and so for some k < w, xx € Y, a contradiction. By
3.4.20 we see that there is no sequence (B,)) in (2] —{ ¢ } with even (By)+— {0} in x*
although { 0} < {0 }’C in X*. We therefore make the following definition: '
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3.5.12 Definition
An interior algebra A is called scquentially determined iff for all ¢ € A and all atoms b in
A, b ¢ c implies that (ap) — b for some sequence (ap) in (cJ]—{ 0 }. o

3.5.13 Theorem ’
Any first countable interior algebra is sequentially determined. o

The above follows from Proposition 3.4.19. However, the converse fails even for complete
atomic interior algebras: Let X be the co—finite space on X; Suppose that the
neighbourhood filter of 0 has a countable base with enumeration { By : n<w }.
C=n{By:n< w}isacountable intersection of co—finite sets and so it is co—countable.
In particular there is an x€ C—{0}. Then {x}’ is a neighbourhood of 0 and so
By € {x }’ for some n < w. Then x ¢ B,,, a contradiction. Thus X is not a first countable
space. However x4 is sequentially determined: Let z € R; and suppose Y C X; with z € YC in
X. If Y is finite then z € Y and so putting x,, = z for for all n < w gives a sequence inY
with (xp) — z. If Y is infinite let (x,) be any injective sequence in Y. Let U be an open
neighbourhood of z. Suppose that for all k < w there is an m(k) > k with xu(x) £ U. Then
{ %xm(n) : n < w } is an infinite subset of U’, a contradiction since U is co—finite. Thus there
is a k < w with x, € U for all n> k. Thus (x,) — b. It follows that x4 i sequentially
determined. '

The countability propertie:s we have introduced are particularly interesting as regards their .
preservation under principal quotients and joins. We investigate this now.

3.5.14 Lemma

Let A be an interior algebra and let ¢ € A. If N¢ denotes the neighbourhood function for (c]
then for all b € (c], N¢(b) = { ac: a € N(b) in A }.

Proof: _
Let k : A — (c] denote the canonical topomorphism. Clearly all topomorphisms preserve
~ neighbourhoods and so if a is a neighbourhood of b in A then ac = k(a) is a neighbourhood
of b in (c]. Conversely suppose that d is a neighbourhood of b in (c]. There is an open
element e of (c] with b < e < d. Then there is an open element v of A with e = k(v) = vc.
( See Theorem 1.4.6. ) Put a=v + d. Then a > v 2 ¢ > b and so a is a neighbourhood of b
in A. Moreover ac = vc + dc = e + d = d, and the result follows. o
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3.5.15 Theorem
The following classes are closed under principal quotients:

i) First countable interior algebras.

ii) Second countable interior algebras.

ili)  Sequentially determined interior algebras.

Proof: .

(i): Let A be first countable and let ¢ € A. Let b be an atom in (c]. Then b is an atom in A
and so there is a countable base B for the filter N(b) in A. But by Lemma 3.5.14, the
neighbourhood filter of b in (c] is just N¢(b) = {ac:a e N(b) }. NowC={ac:a€B}is
a countable subset of N¢(b) and for all a € N(b) there is an e € B with e ¢ a whence ec € C
and ec < ac. Thus C is a base for N¢(b) and the result follows. (ii): Let A be a second
countable interior algebra and let ¢ € A. There is a countable base B for A. Put C = { ac:
a€B} ThenCisa countable subset of (c]°. Let d € (c]°. Thereisa b e A° with d = be.
Then there is an SC B with XS =b. But thend=Y{ac:a€eS }and{ac:aeS}CC.
Thus C is a base for (c] and lthe result follows. (iii): Let A be a sequentially determined
1nter10r algebra and let c € A, Lct b be an atom in (c] and let b ¢ d in (c]. Then b < d%e =
¢d® < d® and so b« d in A. Ifence there is a sequence (an) in (d] = { 0 } with (ay) — b in
A. Let e be a neighbourhood of b in (¢]. By Lemma 3.5.14 there is a neighbourhood v of b
in A with e = ve. Hence there is a k < w with a, <v for all n > k. But for all n < w,

ap<d<candsoforalln 2 k,a < ve = e. Thus (an) — b in (c] and the result follows. o

(ii) above allows us to prove:

3.5.16 Theorem H

The following are equivalent for an interior algebra A:

i) A is second countable. -
ii) Any base for A contains a countable base for A.
Proof:

Clearly (ii) = (i) since A% is §1. base for A. Assume (i). Then there is a countable base B for
A. Suppose S is a base for A. fLet b € B. There is an R € S with ¥ R = b. Then R € (b] and
so in fact R ¢ (b]° and 2 R =b in (b). By Theorem 3.5.15 (ii), (b] is second countable. By
Theorem 3.5.9, (b] is Lindeléf. Hence there is a countable T(b) € R with X T(b) = b in (b]
and hence in A. Pt T=U{ T(b) : be B }. Then T is a countable subset of 5. Consider
deA° Thereisa W (B withEW =d. Thend =X {ET(b) : be W } =X ( U{ T(b) :
b€ W }) and moreover U { T(b) : b€ W } C T. Thus T is a base for A. Thus (i) = (ii). o
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3.5.17 Theorem
The class of Lindeldf algebras is closed under closed quotients.

Proof: ;

Let A be a Lindelof algebra and let ¢ be closed in A. Let R € (c]° with ER = c in (¢] and
hence in A. Then for all r € R there is a b(r) € A° with r = cb(r). Suppose d is an upper
bound for { b(r) : r€e R } U {ic’ }. Then for all r € R, r = cb(r) < cd. Hence ¢ = cd, that is
c<d Butc’ <dandsod=1 Thus 5( { b(r): € R }u{c’})=1 Hence thereis a
countable W C R with % ( {[b(r) :reW }u{c’} )=1. But then ¢c = L( { cb(r) :
re W}hu{cc’ })=2(Wu{0})=2W. Thus (c]is a Lindelsf algebra. o '

} i

-However, we know from topolé)gy that even the class of complete atomic Lindel6f algebras
is not closed under open qhbtients ( which correspond to open subspaces in topology ). .
( See [19]. ) We therefore make the following definition:

3.5.18 Definition
An interior algebra A is called an hereditarily Lindelof algebra iff every principal quotient

of A is a Lindelsf algebra. o

3.5.19 Corollary
Every second countable interior algebra is an hereditarily Lindel6f algebra. o

The above follows from Theorem 3.5.9 and Theorem 3.5.15 (ii). Again we know from

topology that the converse’fafils. Consider the co—finite space on X;. We saw on page 84
that X is not first countable and hence not second countable. However any subspace of X is
a co—finite space which is compact and hence Lindelof. Thus x* is an hereditarily Lindelof
algebra. ( Recall that principal quotients correspond to subspaces. )

3.5.20 Theorem
The following classes of interior algebras are closed under open joins ( in particular, under

* products ).

i) First countable interior algebras.

ii) Sequentially determined interior algebras.

Proof: - , ’ ,

(i): Let A be an interior algebra and let S C A° with ¥S = 1 and (a] first countable for all
a €S. Let b be an atom in Ai Then b < a for some a € S. There is a countable base B for
the neighbourhood filter Na(b); of b in (a]. Note that since a is open Na(b) = N(b) n (a] and
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so in fact B C N(b). Let d € N(b). Then ad € Na(b) and so thereis a v € W with v < ad < d.
Thus B is a countable base for N(b) and the result follows. (ii): Let A be an interior
algebra and S ¢ A° with 'S = 1 and (a] sequentially determined for all a € S. Let b be an
atom in A and let ¢ € A with b € ¢c. Then there is a d € S with b < d. Note that since d is
open the quotient map from A onto (d] given by r —— dr for all r € A, is a homomorphism
and so we see that b« dc in (d]. Hence there is a sequence (ap) in (dc]—{ 0} with
(an) — b in (d]. But then (a;) is a sequence in (d] —{ 0 } and by Lemma 3.5.14 we see
that (an) — b in A whence:the result follows. o

The classes of first countablp and sequentially determined interior algebras are not closed
under closed joins: Let X bé"the,co——countable space on Ry. On page 83 we saw that X! was
not sequentially determined and hence also not finitely based. However every x € Ry is
closed in X and so it follows that X* is a closed join of R; copies of the unique two element
interior algebra which is tr1v1ally finitely based and hence also sequentlally determined.

Considering the correspondence between topological sums and products of interior algebras
we see from topology that the classes of Lindeldf algebras, hereditarily Lindeldf algebras
and second countable interior algebras are not closed under products. ( See [19]. ) However

we have:

3.5.21 Theorem
The class of second countable interior algebras is closed under countable open joins ( in

particular, under countable products )-

Proof: . ‘

- Let A be an interior a]gebra and let S ¢ A° be countable with ¥ S = 1 and let (a] be second
countable for all a € S. Then for all a € S there is a countable base B(a) for (a]. Moreover
since a € A% we have B(a) C A°. Putting B=U { B(a): a € S } gives a countable subset of
A° Nowiface Sand b€ (a]® there is an R(a,b) C B(a) with b = £ R(a,b) in (a] and hence
in A. Now if de A% ad e (a]® for all a€$S and so we have d = % { ad : a€esS } =
Y {ZR(aad) : a€S } = L R(d) where R(d) = U{ R(a,ad) : a€ S }. Then for all d € A°,
R(d) € B and so B is a base for A whence the result follows. o

The class of second countable interior algebras is not closed under countable closed joins:
Let X be the Arens—Fort space. ( See [19] for details ). X is not second countable but it is
T ( whence every point is closed ) and countable [19]. Thus X% is a countable closed join of
Rq copies of the two element interior algebra which is trivially second countable.
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3.5.22 Theorem
The following classes are closed under countable joins ( in particular, under countable

products ). , !

) Lindelof algebras. ,

- i) Hereditarily Lindelof algebras.

Proof: ‘ v _
(i): Let A be an interior algebra and let S C A with ¥S =1 and (a.] a Lindeldf algebra for
all a€S. Let RCA® with SR=1 Thenforalla€e$, X {ar:r€R }=ain A hence in
(a]. But { ar : re R } C (a)° and so there is a countable subset T(a) C R with ¥ { ar :
re T(a) } = ain (a] hencein A. Put T=U{ T(a): a€ S }. Then T is a countable subset
of R. Suppose d is an upper bound of T. Then for all a € S, d is a upper bound of T(a) and
hence of { ar : 1 € T(a) }. Thusforallae S,d>Y {ar:r€ T(a) } =a. Thusd =1 and so
YT = 1. Thus A is a Lindel6f algebra. (ii): Let A be an interior algebra and let S C A with
¥ S =1 and (a] an hereditarily Lindelof algebra for all a€ S. Let be A. Then b =X { ab :
a€S }in A and hence in (b]. Also for all a € S, (ab] is a Lindel6f algebra since it is a
principal quotient of (a]. Thus (b] is a join of Lindeld{ algebras and so it is Lindeldf by (i).
Thus A is hereditari]y Lindeldf. o
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CIIAPTER 4

SEPARATI;ON PROPERTIES IN INTERIOR ALIGEBRAS

i

The topic of ‘separation’ in;finterior algebras is concerned with the generalization of certain
properties of metrizable topologies to interior algebras. It is concerned with the existence of
certain neighbourhoods of distinct atoms or disjoint closed elements.

4.1 SEPARATION PROPERTIES RELATED TO UNIQUENESS OF ATOMIC LIMITS

Recall that a pair of elements a and b in a meet—semilattice with 0 are called disjoint iff
ab=0. |

4.1.1 Theorem
The following are equivalent for an interior algebra A:

1) Every proper (ultra)filter in A converges to at most one atom.
ii) Every proper grill in A accumulates at at most one atom.

iii) Every net in A — { 0 } converges to at most one atom.

iv)  Forall R C A and all atoms a and bin A, R — a and R ~— b implies a = b.

v) For each pair of distinct atoms a and b in A there are neighbourhoods d € N(a) and
¢ € N(b) which are disjoint.

vi)  For all atoms a and bin A, N(a) C E(b) implies a = b.

Proof: o

Assume (i). Let a and b be distinct atoms in A. Suppose for all d € N(a) and all ¢ € N(b),

cd > 0. Then there is a proper (ultra)filter F in A with N(a) UN(b) C F. Then F — a and

F— b, a contradiction. Thus there are a disjoint pair d € N(a) and c € N(b). Thus

(i) = (v). Assume (v). Suppose there is an R C A and distinct atoms with R — a and

R ~—b. There is a disjoint pair d € N(a) and ¢ € N(b). There is an r € R with r < d. Now

r € E(b) whence d e E(b). But E(b) = Sec N(b), a contradiction since cd = 0. Thus

(v) = (iv). By Proposition 3.2.13 we see that (iv) = (ii). Assume (ii). Let F be a proper

filter in A. Let a and b bé;fatoms in A with ' —a and F —b. There is an ultrafilter G

with F C G. Then G +—a and G —b by Corollary 3.2.14. Thus a = b and so (ii) = (i).

Thus (i), (ii), (iv) and (v) are all equivalent. (v) < (vi) By Proposition 3.2.11. Considering

the canonical net of a filter we see that (iii) = (i). Considering the filter F(a;) obtained

from a net (ai) we see that (1)=> (iii). Thus (i) and (iii) are equivalent and so in fact
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(i) — (vi) are all equivalent. o

4.1.2 Definition and Remark ’
Call an interior algebra satisfying the equivalent conditions in Theorem 4.1.1, a Hausdorff
algebra. From condition (iv) in Theorem 4.1.1 we sce that this definition is, as desired, a

generalization of Hausdorff (T3 ) spaces. o

4.1.3 Definition
Call an interior algebra A a point Hausdorff algebra iff every net in At A converges to at

most one atom. 0

Clearly every Hausdorff algebra xs point Hausdorff. But the converse fails: Let L be the free
Boolean algebra on R, generators and let 2 be the two element Boolean interior algebra.
Choose any a,b € L such that é,b are incomparable and ab > 0. Let A be the interior
algebra with A" = L » 2% x 2% and A° = { (0,0,0), (ab,0,0), (a,1,0), (b,0,1), (a + b,1,1),
(1,1,1) }. Then A has two atoms x = (0,1,0) and y = (0,0,1) but these do not have a pair of
disjoint neighbourhoods. Thus A is not Hausdorff. Consider a net (z;) in At A based on a
dirccted sct W. Suppose (#;) — x and (%;) — y. Now (a,1,0) € N(x). Thus thereis a je W
with 23 < (a,1,0) for all iy j in W. Also (b,0,1) € N(y) and so there is a k € W with
z; < (b,0,1) for all iy k in W. There is an i jk. Then we must have x =zi=y, a
contraciiction. Thus A is point Hausdorff but not Hausdorff.

{
. i
4.1.4 Theorem S
Let A be an open atomic interior algebra. Then the following are equivalent:
i) A is Hausdorff. o
ii) A is point Hausdorff. .
Proof: ' :
We know (i) = (ii). Assume (ii). Let a and b be distinct atoms in A. Suppose that for all
d € N(a) and c € N(b), cd > 0. fl*hen N(a) U N(b) is a subbase for a proper filter F in A.
Note that F is just the join of the filters N(a) and N(b) which are open and so F is itself
open. Define a directed set W = ( W, « ) as follows: For all v eF, vI € F and so v/ >0
whence by open atomicity there is at least one atom r ¢ vI, that is v € N(r). Put
W = {(v,r) : ve F and r is an atom with v € N(r) }. Let (v,r) ¢ (w,s) in W iff v > w.
Clearly « is a pre—order. Let '(y,r),(w,s) € W. Then vw € F and so as we saw there is at
least one atom t in A with vw € N(t). Then (vw,t) € W and (vw,t) » (v,r),(w,s). Thus
W = ( W, ) is a directed set as required. For all i = (v,r) € W put z; = r. We thus have
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i
a net (z;) in At A. Now consider d € N(a). Then (d,a) € W. Suppose i = (v,f) » (d,a) in W.
zi =1 ¢ v < d. Thus (z3) — a and similarly we see that (z;) — b, a contradiction. Thus
there is a disjoint pair d € N(a) and ¢ € N(b). Thus (ii) = (i). o

4.1.5 Definition r
Call an interior algebra A, sequentially Tausdorfl iff every scquence in A — { 0 } converges

to at most one atom. o

Clearly every Hausdorff algebra is sequentially Hausdorff. However the converse fails even

for cdmplete atomic interior aiygebras: Let X be the co—countable space on ®;. Suppose

there is a neighbourhood S of:f 0 and a neighbourhood R of 1 with SN R =¢. Then

s'aR'= ¢, a contradiction sinf'ée_SI n R' is an intersection of two co—countable sets and

hence is co—countable itself. Thus X is not a Hausdorff space. Now suppose there is a

sequence (x,) in X and distinct:points y and z in X with (xn) —y and (xn) —z. {y }’ is

a neighbourhood of z. Hence there is a k < w with xn€{y} for all n 2k W= { xu :

n2k} Then WC{y}’ Nowye W’ and so W’, being co—countable, is a neighbourhood

of_ Yy Thus there is an s < w with x, € W’ for all n>s. Then we both xk,g € W and

Xk € W', a contradiction. Using 3.4.20 we now see that every sequence (By) in x* - {¢}

converges to at most one atom in X% Thus X* is sequentially Hausdorif but not Hausdorff.
‘ o

4.1‘.6 Theorem ‘

Let A be a first countable interior algebra. Then the following are equivalent:

i) A is Hausdorff.

ii) - Ais sequentially Hausdorff.

Proof:

We know that (i) = (ii). Assume (ii). Let (z;) be a net in A — { 0 } based on a directed set
W. Let a and b be atoms in A with (z;) — a and (z;) — b. There are countable bases V
and W for the filters N(a) and N(b) respectively. Let { vp :n < w} and { wy:n < w } be
enumerations of V and W respectively. For all n < w put sp= (vo-- -vn)I and
In = (wo- - -wn)I. Let n < w. Then sn € N(a) and r, € N(b). Hence there are k,j € W with
z; ¢ sp forall i» k and z; € ry for all i » j. Then there is an s » k,j in W. Put x, = z5. We
thus have a sequence (xp) in A —{0}. Let d € N(a). Then there is a k < w with v < d.
Then for all n > k we have x, < sy € sx € vk € d. Thus (x,) — a. Similarly we see that
(xn) — b. Thus a = b by (ii). It follows that A is Hausdorff. Thus (ii) = (i). o
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4.1.7 Definition and Remark
Call an interior algebra A, scquentially point Hausdorff iff every sequence in At A

converges to at most one atom. o

Clearly every sequentially Hausdorff algebra is sequentially point Hausdorff and every
point Hausdorff algebra is sequentially point Hausdorff. Consider the interior algebra A
discussed on page 90. Then A is not sequentially Hausdorff since the sequence (zy,) with
z,{ = (ab;0,0) for all n < w converges to both atoms x and y since the only open element
above x is (a,1,0) and the only open element above y is (b,0,1) both of which are above
(ab,O,'O). However A is sequentially point Hausdorff since it is point Hausdorff. Consider
the co—countable space X on ;. We saw on page 91 that x4 is scquentially Hausdorff and
hence sequentially point Hausdorff. However x* is not point Hausdorff since it is open
atomic but not Hausdorff. However we easily see from 3.4.20 that an atomic interior
algebra is sequentially Hausdorff iff it is sequentially point Hausdorff. It is still not known
whether this holds for open atomic interior algebras which would be an analogue of
Theorem 4.1.4. We do have analogue of Theorem 4.1.6. The proof is eésentia.lly the same as
in 4.1.6 and is left to the reader.

4.1.8 Theorem ;
Let A be first countable. The following are equivalent:

i) A is point Hausdorff.
i) A is sequentially point ITausdorff. o

4.1.9 Corollary

The following are equivalent for a first countable open atomic interior algebra:
i) A is Hausdorff.

ii) A is point Hausdorff.

iii)  Ais sequentially Hausdorff.
iv)  Ais sequentially point Hausdorff. o

4,2 SEPARATION PROPERTIES RELATED TO THE CANONICAL PRE—ORDER

4.2.1 Definition and Remark

For each interior algebra A let At A denote the pre—ordered set { At A, € ) where ( is the

canonical pre—order given by a ¢ b iff a < bC. Notice that if X is a topological space then
X" is isomorphic to At X* via the map x+— { x }. ( See Definition 2.4.1. ) We call an
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interior algebra A a Fréchet algebra iff ¢ is the equality relation on At A. We call A a

symmetric algebra iff  is symmetric and hence an equivalence relation on At A, and we
call A a Kolmogorov algebra iff « is anti—symmetric and hence a partial order on At A.

Thus A is Fréchet iff it is both symmetric and Kolmogorov. A is symmetric iff for all

a,b € At A, N(a) C N(b) implies N(a) = N(b), equivalently a < bC implies a° = b°. A is

Kolmogorov iff for all a,b € At A, N(a) = N(b) implies a = b, equivalently a® = b® implies

a = b. ( See Theorem 3.2.5. ) o

4.2.2 Proposition

Let A be an interior algebra.

i) A is Kolmogorov iff for each pair of distinct atoms a and b in A there is a d € N(a)
with b < d’ or thereis a ¢ € N(b) witha < c’.

ii) A is Fréchet iff for each pair of distinct atoms a and b there there is a d € N(a) with
b < d’ and thereisac E N(b) witha<c¢’. o

The above follows easily if we consider interiors of neighbourhoods.

4.2.3 Remark
From the above we see that Kolmogorov algebras and Fréchet algebras are generalizations
of Kolmogorov ( T ) spaces and Fréchet ( T, ) spaces respectively. o

4.2.4 Theorem

Let A be an interior algebra.

i) A is Kolmogorov iff for each atom bin A, n { (a] : a € A°uU A" and b < a } contains
a unique atom, namely b. :

ii) A is Fréchet iff for each atom b in A, n { (a] : a € A% and b < a } contains a unique

atom, namely b.

Proof:

(i) is easy, we prove (i): Let A be Kolmogorov. Let b be an atom in A and suppose there is
an atom c distinct from a with ce n { (a] : a€ A° U A® and b < a }. Then if d € N(b) we
have b« d'e A® and so ¢ < d! <d. Since A is Kolmogorov we must then have by
Proposition 4.2.2 (i), an e € N(c) with b < e’. But then b ¢ e’®e AP andso cce’®=el,
a contradiction since e € N(c). Conversely suppose that for all atoms b in A, n{ (a] :
aeA°UAandb<a } contains no atom other than b. Suppose b and c are distinct atoms
in A. Then there is an a € A° U AP with b <abutcfa. Ifac A® then a € N(b) and ¢ < 2,

while if a € A” then ¢ <a’ € A® and so a’ € N(c) and b <a = a’’. Thus A is Kolmogorov
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by Proposition 4.2.2 (i). o

4.2.5 Theorem
Every sequentially point Hausdorff algebra is a Fréchet algebra.

Proof:
Let A be sequentially point Hausdorff. Suppose a and b are distinct atoms in A. Consider
the sequence (ay) given by a,, = a for all n < w. Obviously (a,,) — a and so we cannot have
(an) — b. Hence there is ace N(b) such that for all n < w thereis a k > n with ax { c. In
particular for some k < w we have a = ax { ¢ whence a < ¢’. Similarly there is a d € N(a)
with b < d’ and the result follows by Proposition 4.2.2 (ii). o |

The converse to the above fails even for complete atomic interior algebras. Let X be the
co—finite space on Ry. Then we know that X is a Fréchet space. Consider any point z € X
and any sequence (xy) in X. Consider an open neighbourhood B of z. Then B is co—finite
and so for some k < w we have x, € B for all n > k. Thus (x,) — z. Thus any sequence in
X converges to any point, in particular x4 is not sequentially point Hausdorff.

Besides the Fréchet algebras there is another natural class of interior algebras which is
Kolmogorov: ' ‘

4.2.6 Definition
Let A be an interior algebra. Let B be the subalgebra of A generated by A°. We say that A
has openly generated atoms iff At ACB. o

Obviously any openly generated interior algebra has openly genereated atoms. To see that
the converse fails consider the free Boolean algebra on Ry gencrators, L. Let A be the
interior algebra with A" = L x 2% and A® = { (0,0), (0,1), (1,1) }. Noting that (0,1) is the
unique atom of A we see that it has openly generated atoms but the subalgebra B
generated by A®has B = A°u { (1,0) } and so A is not openly generated.

4.2.7 Theorem
Every interior algebra with openly generated atoms is Kolmogorov.

Proof:

Let A have openly generated atoms. Suppose a and b are distinct atoms in A. There are
elements cy,...,cpn,dy,...,dy € A° with a= (ci+dy)...(ch+dy'). Now bfa and so
b<cy’dy+ ... + cn’dy. Hence 'there is an i € {1,...,n } with b <ci’d;. Now a < ci+ dy’.
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Thus a < c; or a < di’. In the first case c; € N(a) with b < ci’, in the second case b < dj
whence d; € N(b) and a < d;’. The result follows from Proposition 4.2.2 (i). o

To see that the converse fails let L be as before and again let A" = L x 2" but this time
put A% = {(0,0), (1,1) }. A° already forms a subalgebra but it does not contain the unique
atom (0,1) and so A does not have openly generated atoms. But having a unique atom, A is
trivially Kolmogorov. However we have the following result:

4.2.8 Theorem
The following are equivalent for a finite interior algebra A:

i) A is Kolmogorov.

ii) A is openly generated.

ili) A has openly generated atoms.

Proof: |
(ii) & (iii) since every element of A is a finite join of atoms. We know that (iii) = (i).
Assume (i) and consider an atom bin A. Thenb=n{a¢ APuAP:b < a} or else there is
an atom ce N { (a] : a€ A°UA" b <a} distinct from b contradicting Theorem 4.2.4 (i).
Since A" ={a’ :ae A%} we see that A has openly generated atoms. Thus (i) == (iii) and
the result follows. o |

Recall that if X is a Fréchet space then every point of X is closed. However if A is a
Fréchet algebra then the atoms of A need not be closed: Let A be the interior algebra
considered before Theorem 4.2.8. Then the unique atom of A is not closed but A is trivially
Fréchet. A x 2 is easily seen to be Fréchet with two atoms only one of which is closed and
other examples can be found. This leads us to make the following definition:

4.2.9 Definition

Let A be an interior algebra. A is said to be a strongly Fréchet algebra iff every atom of A
is closed. If X is a class of interior algebras we will use the term strongly X algebra to mean
a member of X which is strongly Fréchet. For example, a strongly Hausdorff algebra is a

Hausdorff algebra which is strongly Fréchet. o

Clearly every strongly Fréchet algebra is Fréchet and we have seen that converse fails.
Note also that if A is the interior algebra discussed before the definition then A is
sequentially point Hausdorff but not strongly Fréchet and the same is true for the interior
algebra A discussed on page 90. ITowever we have:
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4.2.10 Proposition
Let A be a residually atomic interior algebra. The following are equivalent:

i) A is a Fréchet algebra.

ii) A is a strongly Fréchet algebra.

Proof:

We know (ii) =» (i). Assume (i). Let a be an atom in A. Suppose a is not closed. Then
a2’ > 0 and so there is an atom b < a®a’. Then b« a but b # a, a contradiction. Thus

(i) = (ii). o
4.3 @—SEPARATION IN INTERIOR ALGEBRAS

Recall the following definition from topology: Let X be a topological space. For each S € X
define S, ¢ an ordinal, iﬁductively as follows: For all S C X put S° = 8. Suppose > 0 is
an ordinal and So has been defined for all SC X and all a < . If #is a limit ordinal put
SB=U{Se:a<f}foral SCX. Iff=a+ 1forsome aput SB={xeX:SenRot¢
for all R € N(x) } for all S C X. Also consider a < o for all ordinals & and put S» = U { So:
a<ow}forall SCX. If a<wwesay that X is a—separated iff { x }o={x}forallxeX.
This motivates the following definition: -

4.3.1 Definition

Let A be an interior algebra. Define c(a) for all a € A and « < o inductively as follows: For
all a € A put c%a) = At (a]. Suppose 0 < f <  and c(a) has been defined for all a € A and
all @< f. If fis a limit ordinal or @ put chla) =U{ cx(a) : a< f } for all ae A. If
f=a+ 1 for some a put cB(a) ={ be At A: cx(a)nca(d) #+ ¢ for all d € N(b) } for all
a€A Il a<wwecall A a—scparated iff cv(a) = { a } for all atoms ain A. 0

It is not difficult to sce that a topological space X is a—separated in the usual sense iff x*

is an a—separated interior algebra.

4.3.2 Proposition

Let A be an interior algebra and let § < & € w.

i) cf(a) C c(a) for all a € A.

1) If A is a—separated then A is f—separated. : v

ili) If for all a€ A, cB(a) =co(a), then for all a€ A, cB(a) =c¥(a) for all v with
<7D ’
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The above proposition can be proved using easy induction arguments which are left to the
reader. '

4.3.3 Proposition

Let A be an interior algebra and let a < w.

) c(0) =9

ii) cx(1) = At A.

iii)  If a < b then cx(a) C co(b).

iv) I a,b € A then c2(a + b) = c(a) U ca(b).

Proof: | |

(i), (ii) and (iii) are easy and are left to the reader, we prove (iv) by induction. We
obviously have c%a + b) =c%a)Uco(b) for all a,be A. Suppose a>0 and that
cB(a + b) = cB(a) U cB(b) for all a,b € A. If o is a limit ordinal or » we then have c®(a + b)
=U{cBla+b): f<a} =u{cBa)uchh) : f<a} = (U{cha): f<al)
U(U{cBb): f<a})=caa)VUcxb) for all a,b € A. Suppose a= y+ 1. Let a,b € A.
By (iii) we have co(a) U c(b) C ca(a + b). Suppose that cx(a) U c(b) # c*(a + b). Then
there is an r € c*(a + b) with r ¢ c*(a) and r ¢ co(b). Then there are d,e € N(r) with
cv(@)ncy(d) =¢ and cyb)ncye)=¢. Then ed € N(r) and cx(a+ b)ncifed) =
(c1(a)ucy(b) ) nevied) = (c¥(a)ncyied))u(ci(b)ncy(ed)) = ¢, a contradiction.
Thus c2(a + b) = c(a) U c(b). o

4.3.4 Lemma
Let A be an interior algebra and let a € A.

i) cia) ¢ c(a%)

ii) If (a] is open atomic then ci(a) = co(a

—t

C)'

Proof:

(i): Suppose that there is a b € c!(a) with b ¢ c0(a®). Then b { a® and so b < 2 =a’l,
that is a’ € N(b). Thus c%(a ) nco(a’) ¢ ¢ that is, there is an atom r in A with r < a and
r<a’, a contradiction. Thus ci(a) C c(a®). (ii): Now suppose that (a] is atomic. Suppose
that b € c®(a®). Then' a € E(b) = Sec N(b). Let e € N(b). Then ' € N(b). Hence ae' > 0
and ae' is open in (a], and so there is an atom r < ae'. Then 1 € ¢o(a) n co(e). It follows that
b € ci(a). Thus co(ac) C c!(a) and so the result follows from (i). o

Note that the converse of (ii) above fails as can be seen by considering an atomless interior

algebra. From (ii) above we see in particular that if a is an atom then co(ac) = c!(a), and
so we have:
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4.3.5 Proposition
An interior algebra is 1—separated iff it is a réchet algebra. o

Note that every interior algebra is O—separated. Recall that a ( first order ) theory is called
hereditarily undecidable iff all its subtheories are undecidable. The classes of n—separated
interior algebras, n < w are interesting since they are examples of strictly elementary
classes of interior algebras which have hereditarily undecidable first order theories. In
particular the first order theory of interior algebras is hereditarily undecidable. First we
must show that the n—separated interior algebras, n < w, do indeed form strictly

elementary classes.

4.3.6 Proposition
For all n < w the class of n—separated interior algebras is a strictly elementary class.

Proof: :

Define formulas ¢n(x,y), n < w, in £ inductively as follows: @o(x,y) := x < y. If gn(x,y)
has been defined for some n < w put @y (x,y) := (Vu) ( x < v' = (3z) ( Atom(z) A a(z,y)
A @n(z,u) ) ), where Atom(z) is the formula defined in 1.5.2. Thus ‘a € cn(b)’ is expressed
by Atom(a) A ¢n(a,b). We thus see that A is n—separated iff AF ¢y, where 9, is the
sentence (Yy) ( Atom(y) = (Vx) ( Atom(x) A pu(x,y)=a=b)). o

The following is a known result in topology due to M. Zicgler. An elegant proof of it may
be found in [10]. '

4.3.7T Lemma

If 1<n<w there is an (n + 1)-scparated topological space X which is not
(n + 2)—separated and which has exactly two points x,y € X satisfying the property: for all
SeN(x)and all R € N(y), SenRr ¢ ¢. o

4.3.8 Lemma
If o is a limit ordinal or o then A is a—separated iff A is f—separated for all § < a.

We now see:

4.3.9 Proposition : .
The class of w—separated interior algebras is an clementary class but it is not strictly

elementary. o
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Recall that a graph without isolaed points is a structure G = ( G, 1) such that 1 is a
reflexive symmetric relation on G and for all a € G there is a b#a in G with a 1 b. To
show that the classes of n—separated interior algebras, n < w, have hereditarily undecidable
theories, we use the following result: '

4.3.10 Lemma ( Rabin [18] )
The ( first order ) theory of graphs without isolated points is hereditarily undecidable. o

We thus have to establish a conncction between interior algebras and graphs without

isolated points.

4.3.11 Definition

For each interior algebra A and all a ¢ « define a relation 1@ on At A by a 1@ b iff for all
d € N(a) and e € N(b), co(d) nca(e) # ¢. Put Ata A={ be At A : there is an a € At A
with a#b and a1ob }. Put, Ate A = ( At A, 1o ). Clearly Ate A is a graph without
isolated points. If X is a topological space then we will use Ate X to denote Ate x* o

4.3.12 Lemma
If 1<n<wand G=(G,.) is a graph without isolated points then there is an

(n + 1)—separated topological space X such that Atn X ¥ G.

Proof:

‘Put A={ {a,b}CG:a1bin Ganda#b} For each P={a,b}ed we have by
Lemma 4.3.7, an (n + 1)—separated topological space X(P) with a,b € X(P) the only two
points satisfying: for all S € N(a) and all R € N(b), Sn n Rn # ¢. We may assume that
XP)nG={a,b}. Put X=U{ X(P): Ped} We may define a topology 7 on X by
T={SCcX:SnX(P) is open in X(P) for all P € 4 }. Putting X = ( X, 7 ) gives the
result. o '

4.3.13 Remark _

Note that the class of strongly Fréchet algebras is a strictly élementary class since an
interior algebra A is strongly Fréchet iff A k (Vz) ( Atom(z) = 2’ =12 ). Recall also that
the class of atomic interior algebras is strictly eleméntary. ( See Theorem 1.5.3. ). We thus

see that for all n < w the class of atomic strongly n—separated interior algebras is strictly
elementary. ( Note also that if 1 ¢ a < » then by Proposition 4.2.10 and Proposition.4.3.5,
any ( residually ) atomic a—separated interior algebra is in fact strongly a—separated. ) o
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4.3.14 Theorem
For all n < w the class of atomic strongly n—separated interior algebras has an hereditarily

undecidable first order theory.

Proof:

For each graph without isolated points G, and each n with 1< n < w, let A(n,G) be an
atomic ( strongly ) (n 4 1)-separated interior algebra with At A(n,G) © G, the existence
of which is given by Lemma 4.3.12. Now lct 1 ¢ n < w be fixed. We define an interpretation
v from the elementary language for graphs, £g, to £Z such that for all sentences ¢ of LG and
all graphs without isolated points G, G k ¢ iff At» A(n,G) F »(p). Let the formulas ¢,(x,y)
be as in Proposition 4.3.5. For all variables x and y of £G put v(x =y) := x =y. Put
u(x 1 y) == (¥p)(Vq) (x < p' Ay < ' = (3z) ( Atom(z) A ¢n(z,%) A @u(z,y) ) ). This defines
the interpretation on atomic formulas. The interpretation distributes over connectives. For
quantification: If ¢ is a formula such that v(y) has been defined and x is a variable, put
W (3x) ¢) := (Ix) ( Atom(x) A (3p) (p#x A vx1p) ) A v(p) ). An easy induction
‘argument shows that if ¢ (xy,...,xy) is a formula in LG, G is a graph without isolated points
and  ay,..,0,€G  then  GFgla,..,a)] il A(n,G)F u(p) [(a)),....f(an)]  where
f: G— Atn A(n,G) is the isomorphism. Thus for all sentences ¢ of LG, GF ¢ iff
A(n,G) F v(p). By Lemma 4.3.8 we see that the result holds for 2 { n < w. But any
2—separated interior algebra is 1—separated and 0—separated and so the result holds for all

n< w0

It is not known whether the class of w—separated interior algebras has an ( hereditarily )
undecidable theory or not. We now investigate some alternative characterizations of

a—separation:

4.3.15 Theorem

Let A be an interior algebra and let a < w. The following are equivalent:

i) Ais (a + 2)—separated.

ii)  For each pair of distinct atoms a and b in A there are d € N(a) and e € N(b) with

ca(d) n ex(e) = ¢.

Proof:

Assume (i). Let A be (a+ 2)—separated. Let a and b be distinct atoms in A. Then
a ¢ co*2(b) and so there is ade N(a) with ca*i(d) n ca*(b) = ¢. Then b ¢ ca*{(d) and so
there is a e € N(b) with co(e) = ¢ as required. Thus (i) = (ii). Now assume (ii) but
suppose that A is not (a + 2)-separated. Let f< a+ 2 be least such that A is not
f—separated. Then § = v + 1 for some 7. ( Or else by Lemma 4.3.8, A is y—separated for g
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some 7 < f, a contradiction. ) There are distinct atoms aand b in A with a € cB(b). Let
d € N(a) and e € N(b) be such that cx(d) n cx(e) = ¢. Now ¢¥(d) n c(e) # ¢. Suppose that
7< a. Then ¢¥(d) € co(d) and c(b) € cv(e) € ce(e) whence c¥(d) nc¥(e) € ca(d) nc(e) =
¢, o contradiction. Thus @ < yand 80 7= a + 2. Then we have ¢a*i(d) n eati(c) # ¢ and A
_is (a + 1)-separated. Hence b € c>*(d). But then c*(d) N c(e) # ¢, a contradiction. Thus
(i) = (i). o

| 4.3.16 Corollary
Let A be an interior algebra and let @ be a limit ordinal or w. The following are equivalent:

i) A is a—separated.
ii) For each pair of distinct atoms a and b and all f < a there are d € N(a) and
e € N(b) with c¢f(d) n ch(e) = ¢. o

4.3.17 Corollary

Let A be an interior algebra and let « be a limit ordinal or . If for each pair of distinct
atoms a and b in A there are d € N(a) and ¢ € N(b) with cx(d) nco(e) = ¢, then A is
a—separated. o

Theorem 4.3.15 also allows us to show:

4.3.18 Theorem
An interior algebra is 2—separated iff it is point Hausdorff.

Proof:

Let A be 2—separated. Suppose there is a net (z;) in At A based on a directed set W with
(z3) — a and (z;) — b for two distinct atoms a and b in A. By Theorem 4.3.15 there are
~d € N(a) and e € N(b) with c0(d) n c%(e) = ¢. Then there are j,k € W with z; < d for all i » j
in W and zij<e for all ik in W. There is an i € W with i» jk. But then
z; € c0(d) n cO(e), a contradiction. Thus A is point Hausdorff and so (i) = (ii). Now let A
be point Hausdorff. Suppose that A is not 2—separated. By Theorem 4.3.15 there are
distinct atoms a and b in A such that co(d) nco(e) # ¢ for all d € N(a) and all e € N(b).
Define a directed set W = ( W, « ) as follows: Put W = { (d,e,r) : d € N(a), e € N(b) and
reco(d)nco(e) }. Let (d,e,;r) « (v,w,s) in W iff d>v and e > w. Then ¢ is clearly a
pre—order. Suppose (d,e,r),(v,w,s) € W. Then dv € N(a) and ew € N(b) and so there is a
p € co(dv) nco(ew). Then (dvew,p)e€ W and (dv,ew,p)» (d,e,r),(v,w,p). Thus
- W= (W, () is a directed set. For all i = (d,e,r) € W put z; = r. We thus have a net (z1)
in At A. Consider a neighbourhood d € N(a). Then for some atom r, (d,1,r) € W. Then for
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all i=(v,w,5)»(d,1,r), z:¢v<d Thus (2;) —a. Similarly (z5) — b, a contradiction.
Thus A is 2—separated and so (ii) = (i). o

4.3.19 Definition
A is called a Urysohn algebra iff for each pair of distinct atoms a and b there is a closed

d € N(a) and a closed e € N(b) which are disjoint, equivalently there are d € N(a) and
e € N(b) such that d® and €° are disjoint. o

4.3.20 Proposition
Any Urysohn algebra is 3—separated and Hausdorff.

Proof:

Clearly any Urysohn algebra is Hausdorff. Let A be Urysohn. Let a and b distinct atoms in
A. Then there are d € N(a) and e € N(b) with d%® = 0. Then c(d®) n co(e®) = ¢ and so
by Lemma 4.3.4 (i) we have c{(d) n c!(e) = ¢. By Theorem 4.3.15, A is 3—separated. o

The converse to the above fails: As belore let L be the free Boolean algebra on R,
generators. Let A be the interior algebra with A" =L x 2" x 2% and A° = { (0,0,0),
(0,1,0), (0,0,1), (0,1,1), (1,1,1) }. The only atoms of A are (0,1,0) and (0,0,1) and so A is
clearly Hausdorff and 3-separated. However the closed neighbourhoods of (0,1,0) are
(1,1,0) and (1,1,1), and the closed neighbourhoods of (0,0,1) are (1,0,1) and (1,1,1), whence
we see that A is not Urysohn. Of course a topological space X is a Urysohn space iff XA is a
Urysohn algebra. Since a Hausdorff space need not be Urysohn [19]> we see that even a
complete atomic Hausdorff interior algebra need not be Urysohn.

4.3.21 Theorem
Let A be an interior algebra which is open atomic and closed atomic. The following are

equivalent:

i) A is an Urysohn algebra.

ii) A is 3—separated.

Proof:

We know that (i) = (ii). Assume (ii). Let a and b be distinct atoms in A. Then there are
deN(a) and eeN(b) with cid)nci(e)=¢. Then d'eN(a), e eN(b) and
c(d") n ci(e') = ¢. Now by Theorem 1.5.4 and the fact that A is open atomic we see that
(d'] and ('] are open atomic and so by Lemma 4.3.4 (ii) we see that c0(dlc) n c°(em) = ¢.

ICelC

Then dlcelcz 0 or else by closed atomicity there is an atom r<d whence

IE c°(dlc) n c°(eIC), a contradiction. Thus A is Urysohn and so (ii) = (i). o
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4.3.22 Definition and Remark
Call an interior algebra A, clopen separated iff for each pair of distinct atoms a and b in A
there is a clopen d in A with a<d and b < d’. Recall Theorem 4.2.4. We clearly have a

similar characterization of clopenly separated interior algebras: A is clopen separated iff for
each atom bin A, n{ (a]: a€ A®and b < a } contains a unique atom, namely b. o

4.3.23 Lemma

Let A be an interior algebra. For all a < » and all a € A®, co(a) = c%(a).

Proof: | :

Let .o < w. Suppose that for all f < & and all a € A, cB(a) = c0(a). Let a € A° be fixed
now. Clearly if a is a limit ordinal or o then co(a) = c%a). Suppose @ = 7+ 1. We have
c®(a) € cx(a). Suppose there is a b € c»(a) with b ¢ c%a). Then b <a’. Hence a’ € N(b)
and so ¢¥(a’) n c(a) # ¢, that is c0(a’) N c(a) # ¢, a contradiction. Thus c(a) = c°(a) and
the result follows by induction. o

4.3.24 Theorem
Every clopen separated interior algebra is a—separated and Urysohn.

Proof:

Clearly every clopen separated interior algebra is Urysohn. Let A be a clopen separated
interior algebra. Let a be an atom in A. We show by induction that for all ordinals e,
cx(a) = { a }. Let a be an ordinal and suppose that cB(a) = { a } for all § < a. Thenif ais
a limit ordinal we obviously have c*(a) = { a }. Suppose & = v+ 1. Let b € c2(a). Suppose
b #a. Then there is a clopen d in A with b<d and a<d’. Then d e N(b) and so
¢¥(d) ncY(a) # ¢. By Lemma 4.3.23 and the inductive hypothesis, ¢c0(d) n { a } # ¢ and so
a < d, a contradiction. Thus for all @ < o, c*(a) = { a } and so cx(a) = {a }. Thus A is
o—separated. O

The converse of the above fails: Let A be the interior algebra with A" = L » 2" x 2" and
A° = { (0,0,0), (0,1,0), (0,1,1), (a’b,0,0), (a’b,1,0), (a’b,0,1), (a’b,1,1), (b,1,0), (a*,0,1),
(b,1,1), (a‘,1,1), (1,1,1) } where 0 <a<b<1 in L Then (a,1,0) is a closed
neighbourhood of the atom (0,1,0) and (b’,0,1) is a closed neighbourhood of the atom
(0,0,1) whence we see that A is Urysohn. Also, using Corollary 4.3.17 and the fact that
¢( (0,1,0) ) = { (0,1,0) } and c=( (0,0,1)) = {(0,0,1) } we see that A is m—separated.
However the only clopen elements of A are (0,0,0) and (1,1,1) whence A is not clopen
separated.
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4.3.25 Lemma

Let A be a (3-)saturated interior algebra. Then for all o with w< @< o and all a € A,
c{a) = cw(a).

Proof: :

Let a € A. Let b € co*!(a). Suppose b ¢ c(a). Then b ¢ cn(a) for all n < w. Hence for all
n < w there is a d, € N(b) with cn(dy) n cn(a) = ¢. Let the formulas gy(x,y), n < w, be as
in Proposition 4.3.5. For all n < wlet 9¥y(v,a) be the formula ~(3z) ( Atom(z) A pu(z,v) A
0a(z,2) ). Put 5= { ¢a(v,a) in < w}U{b<v'}. Let T be a finite subset of &. If T = ¢ or
{b¢v } then ( A, a, b )k I'[do]. Otherwise put m = max { n < w': Yn(v,a) € T' }. Then
(A a,b) kT [dy). Since A is (3—)saturated thereisad € A with ( A,a,b) FX[d] Then
de N(b) and for all n<w, cn(d)ncn(a)=¢. Then co(d)ncw(a)=¢ or else if
r € co(d) n cw(a) there are j,k < w with r € ci(d) and 1 € ck(a). Putting n = max { j, k } we
have r € cn(d) n cr(a), a contradiction. However we now have a contradiction to the fact
that b e ce*!(a). Thus ce*!(a) = cw(a). But then by Proposition 4.3.2 (iii) we have

cx(a) = c¢@(a) for all a with w< @< . O
From the above we easily see:

4.3.26 Theorem
Let A be a (3—)saturated interior algebra. Then A is w—separated iff it is a—separated.

4.3.27 Corollary
Every w—separated interior algebra is ( homomorphically ) elementarily embeddable in an

o—separated interior algebra. o

4.3.28 Remark
From the above we see that if w < a <« then the elementary class generated by the

a—separated interior algebras is the class of w—separated interior algebras. o

We know from topology that even for complete atomic interior algebras, w—separation does
not imply (w + 1)—separation. ( See [10]. ) From this we see:

4.3.29 Corollary , ‘
If w< a< wthen the class of o—separated interior algebras is not an elementary class. o
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4.4 REGULARITY AND NORMALITY

4.4.1 Theorem ‘

The following are equivalent for an interior algebra A:

i)  ForallRC A and all atoms bin A, R — b implies { rf°:r € R } — b.

ii)  For all filters F in A and all atoms b in A, F — b implies F n A” — b.

iii)  For all atoms bin A, N(b) n A is a base for the filter N(b).

iv)  For all atoms bin A, N(b) n A* is a base for the filter N(b).

| v) For all atoms bin A and all a € A" with b < a’ there are neighbourhoods d € N(a)
and ¢ € N(b) which are disjoint. | ,

Proof:

(i) = (ii) since for any filter F in A, FNA"={ ® : reF }. (ii) = (iii) is clear.
(iii) = (iv): Assume (iii). Let b be an atom in A. Let ¢ € N(b). There is a d € N(b) n A"
with d < c. Then d'® ¢ d < c and d'® € N(b) n ARC, (iv) = (v): Assume (iv). Let b be an
atom and let a € A” with b <a’. Then a’ € N(b) and so there is a ¢ € N(b) n A with
c<a’. Then a<c’ € A and so ¢’ € N(a). Putting d = ¢’ gives (v). (v) = (i): Assume
(v). Let R C A and let b be an atom in A with R — b. Let e € N(b). Then €'’ is closed and
b < e! = ¢!/, Hence there are a disjoint pair d € N(el’) and a c € N(b). Then c <d’ ¢ d'
and so d' € N(b). Hence there is an r € R with ¢ d". Hence r° < d"C = 4!/, But " ¢ df
- and so d"/ < el < e whence © <e. Thus { CireR } — b as required. o

4.4.2 Definition and Remark »
We will call an interior algebra satisfying the equivalent conditions in Theorem 4.1.1, a
regular algebra. From condition (v) in Theorem 4.1.1 we see that regular algebras are a

generalization of ( weakly ) regular topological spaces. 0

In general the class of regulair algebras is not comparable with the other classes of interior
algebras we have discussed in this chapter as can be seen from topology. ( See [19]. )
However we have the following result:

4.4.3 Theorem
Any regular Kolmogorov algebra is Urysohn.

Proof:-

Let A be a regular Kolmogorov algebra. Let a and b be distinct atoms in A. Without loss of
generality there is a z € N(a) with b < z’. Since A is regular there is an e € N(a) n A? with
e <z. Then b < e’. Again by regularity there are a disjoint pair d € N(e) and ¢ € N(b). But
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since a < e, N(e) C N(a) whence d € N(a). Once again by regularity there are r € N(a) n Ap
and s € N(b) n A" with T <d and s <c. Then r and s are disjoint. It follows that A is
Urysohn. o '

We know from topology that the converse fails even for complete atomic interior algebras.

4.4.4 Lemma

Let A be atomic and regular. Then for all a € A and all a with 1 ¢ a ¢ w, c(a) = c!(a).
Proof: |

By Proposition 4.3.2 (iii) it suffices to show that c2(a) = c!(a) for all a € A. Let a € A. Let
b € c2(a) but suppose that b ¢ c}(a). By Lemma 4.34, b ¢ co(ac), that is b § a® and so
b < a®’. Hence there is a disjoint pair d € N(b) and c € N(aC). There is an e € N(b) n A7
with e < d. Then c!(e) nc!(a) #¢. Let r e c!(e) nci(a). By Lemma 4.3.4, 1< ¢’ =¢ and
r < a’. But then r < cd, a contradiction. Hence b € c!(a) and so c?(a) = c!(a) as required. o
4.4.5 Theorem

If A is atomic, regular and Kolmogorov then A is wa—separated.

Proof:

Let A be as specified and consider an atom b in A. By Lemma 4.4.4 we have c»(a) = c!(a).
By Theorem 4.4.3, A is Urysohn and hence Fréchet. By Proposition 4.3.5 we have
c!(a) = { a } and the result follows. o

4.4.6 Theorem ‘
Let A be a regular atomic interior algebra. Then:

i) Every open element in A is a join of regular closed elements.
ii) The regular open elements form a base for A.
Proof: v

(i): Let be A° Consider an atom r<b. beN(r) and so by regularity there is a
d(r) € N(r) n A" with d(r) ¢ b. Since b = % At (b] we see that b =% { d(r) : r € At (b] }
whence the result {follows. (ii): Let b € A°. Let { d(r) : r € At (b] } be as in (i). Then since
b = 3 At (b] we see that b= % { d(r)' : r € At (b] }. Now for all r € At (b], d(r) is closed
whence d(r)" is regular open and the result follows. o

4.4.7 Theorem
Let A be a regular atomic interior algebra. Then the following are equivalent:

i) A is a Lindeldf algebra.
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ii) S A° with® S =1 then there is a countable R C S with % { ©°:reR } =1
Proof: - |

Clearly (i) = (ii). (ii) = (i): Assume (ii). Let S ¢ A° with £ § = 1. Let r be an atom in A.
Then there is an s(r) € S with r < s(r). Then s(r) € N(r) and so by regularity there is a
regular closed neighbourhood t(r) of r with t(r) < s(r). By atomicity 1 =% At A and so
1=%{ t(r)I : 1€ At A }. Hence there is a countable W C At A with 1 =% { t(r)IC :
reW}=X{t(r):re W} Hencel=2X{s(r): €W }and the result follows. o

4.4.8 Theorem

The following are equivalent for an interior algebra A:

i) For all R C A and all closed b in A, R — b implies { ©ireR }—b.

ii)  For all filters F in A and all closed b in A, F — b implies F n A — b.

iii)  For all closed b in A, N(b) n A% is a base for the filter N(b).

iv)  Tor all closed b in A, N(b) n A" is a base for the filter N(b).

v) For each pair of disjoint closed elements a and b in A there are neighbourhoods
d € N(a) and c € N(b) which are disjoint. O

The proof of the above is essentially the same as that of Theorem 4.4.1 and is left to the

reader.

4.4.9 Definition and Remark
We will call an interior algebra satislying the equivalenl conditions in Theorem 4.4.8, a

normal algebra. From Theorem 4.4.8 (v) normal algebras are a generalization of ( weakly )
normal spaces. Notice that any semi—simple or F.S.I interior algebra is normal. By
Theorem 2.1.15 and the fact that a normal space need not be ultra—connected or strongly
zero—dimensional we see that the converse fails even for complete atomic interior algebras.
Any strongly normal interior algebra is clearly regular and again by topology we see that

-

the converse fails. ( See [19]. ) o
4.5 PRESERVATION OF SEPARATION PROPERTIES

We have already seen that the classes of a—separated interior algebras, o< w, are
elementary classes and hence have the preservatiom properties associated with such classes.
We now show that many of the classes of interior algebras introduced in this chapter are in
fact strictly elementary universal—existential Horn classes closed under joins of interior
algebras. We also investigate preservation of separation properties under principal

107



quotients.

4.5.1 Lemma

Let A be an interior algebra and let B be a principal quotient of A. Then At B is
embeddable in At A. '

Proof:

There is an a € A with B ¥ (a]. It suffices to show that At (a} is a substructure of At A. Of

course it is a subset. Let r,s € At (a]. Suppose r ¢ s in (a], that is r € sOa = as®. Then

r < sC, that is r ¢ s in A. Conversely if r ¢ sC in A then since r < a we have r < as® = sc’ﬂ,

that isr ¢ sin (a]. o

The following lemma follows casily from Lemma 3.5.14.

4.5.2 Lemma _

Let A be an interior algebra and let ¢ € A. Let (a;) be a net in (c] and let b € (c]. Then

(a;) — bin Aiff (a;) — bin (c]. o

4.5.3 Theorem
The following classes of interior algebras are closed under principal quotients:

i) Symmetric algebras.

ii) Kolmogorov algebras.

iii) Fréchet algebras.

iv) Strongly Fréchet algebras.

v) Hausdorff algebras.

vi) Point Hausdorif algebras.

vii) Sequentially Hausdorff algebras.

viii) Sequentially point Hausdorff algebras.
ix) Urysohn algebras.

X) Clopen separated interior algebras.
xi Regular algebras.
Proof:

(1), (ii) and (iii) follow from Lemma 4.5.1 and (iv) is clear. (vi), (vii) and (viii) follow easily
from Lemma 4.5.2. Let A be an interior algebra. Let a € A. Suppose r and s are distinct
atoms in (a] and there are d € N(r) and c € N(s) in A with cd = 0. Then ad € N3(r) and
ac € Na(s), where Na is the neighbourhood function of (a], and (ac)(ad) = acd = 0.
Moreover, if ¢ and d are closed in A then ac and ad are closed in (a]. (v) and (ix) now
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follow. For (x): Let A be a clopen separated. Let a € A. Suppose r and s are distinct atoms
in (a]. Then there is a clopen d in A with r<d and s < d’. Then ad is clopen in (a] and
r¢ad while s < (ad)’’» since (ad)’’a =a(ad)’ > ad’ and s<ad’. Thus (a] is clopen
separated and so (x) follows. For (xi): Let A be a regular algebra and let a € A. Let r be an
atom in (a] and let s be closed in (a] with r < s’’a. Then there is a closed b in A with
s=ab. Then r < a(ab)’ ¢ (ab)’ = a’ + b’. Now r{a’ and so r < b’. Hence there are
d € N(r) and c € N(b) with cd = 0. Then by Lemma 3.5.14, ad € Na(r) and ac € Na(s) and
moreover, (ac)(ad) = acd = 0. Thus (a] is regular and so (xi) follows. o

We know that the class of normal spaces are not closed under ( open ) subspaces and hence
we see that the class of ( complete atomic ) normal algebras is not closed under (. open )
principal quotients. ( See [19] and Remark 2.1.14. ) However we have:

4.5.4 Theorem _
The class of normal algebras is closed under closed quotients.

Proof:

Let A be a normal algebra and let a € AP. Let r and s be disjoint closed elements of (al.
Then by Corollary 1.4.7, r and s are closed in A. Hence there are d € N(r) and c € N(s)
with ¢d = 0. Then ad € N2(r) and ac € N&(s), where N2 is the neighbourhood function for

(a], and (ac)(ad) = acd = 0. Thus (a] is normal and the result follows. o

Since the class of normal algebras is not closed under arbitrary principal quotients we make
the following definition:

4.5.5 Definition
Call an interior algebra A an hereditarily normal algebra iff every principal quotient of A is

normal. o

For example, if X is a metrizable space then X* is always an hereditarily normal algebra
since any subspace of a metrizable space is normal [19]. We have an interesting.
characterization of hereditarily normal algebras: '

4.5.6 Theorem

The following are equivalent for an interior algebra A:

i) A is hereditarily normal.

ii) For all a,b € A, if a®b = 0 and ab® = 0 then there are neighbourhoods d € N(a) and
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¢ € N(b) which are disjoint.
iii) For all a,beA, if a®®<a’b’ then there is are neighbourhoods d € N(a) and
¢ € N(b) which are disjoint.
Proof:
Consider a,b € A. Then a®b = 0 and ab® = 0iff ab + ab® = 0, iff a®b%(a + b) = 0 ( since
abC(a + b) = a’b + ab® ), iff a%C¢ (a+1b), iff a°C<a’b’, and so (i1) & (iii).
Assume (i). Let a,b € A with ab =0 and ab® = 0. Put e =a®’ + b%/. Then abe (e].
~Also a%ep%e = (ea®)(eb®) = (bC’aC)(aC’bC) = 0. Now (e] is normal and so there are
neighbourhoods d of a%¢ and ¢ of b%¢ in (¢] which are disjoint.Now e is open and so6 by
Corollary 1.4.5 (i), say, we see that d is a neighbourhood of a in A'and c is a neighbourhood
of bin A. Thus (i) = (ii). Assume (ii). Let a € A. Suppose r and s are closed and disjoint
in {a]. Then % = ar% = 1% = 15 = 0 and similarly rsC = 0. Hence there are
neighbourhoods d € N(a) and ¢ € N(b) which are disjoint. Thus {a] is normal and so A is
hereditarily normal. Thus (ii) = (i). o

4.5.7 Notation
If A is an interior algebra, a € A and a < o we will use ¢, to denote the c® function for the

interior algebra (a]. o

4.5.8 Lemma

Let A be an interior algebra and let a € A. Then for all b € (a] and all a € ®, ca®(b) C cx(b).
Proof: |

Let a < w. Obviously if a =0, ca®(b) C cx(b) for all b € (a]. Suppose that @ > 0 and that
for all < a, ca®(b) C c(b) for all b € (a]. Let b€ (a]. If « is a limit ordinal or » then

. ca®b) = UcaB(b) C UcB(b) = cx(b). Suppose a = v+ 1. Consider r € c,(b). Let d be a

neighbourhood of r in A. Then ad is a neighbourhood of r in (a] by Lemma 3.5.14. Hence
Cca(r)neav(ad) #¢. Now  cp¥(r) Cev(r)  and  cyy(ad) Ccv(ad) Ccx(d).  Thus
c1(r) ncx(d) # ¢. Hence r € c(b) and so c,(b) C cx(b) as required and the result follows

by induction. o

4.5.9 Theorem
For all o ¢ o the class of a—separated interior algebras is closed under principal quotients.

Proof:

Let a<w. Let A be a—separated and let a € A. Let b be an atom in (a]. Then
ca®(b) C co(b) by Lemma 4.5.8 and so since cx(b) = { b } we have c,a(b) = { b } and the
result follows. o
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4.5.10 Notation

IfA=0{A;:iel}is a product of interior algebras let mj: Aj — A denote the map
given by: For all a € Aj, mj(a) = (b;) where bj =aand b;=0forieI—-{j}. o

4.5.11 Theorem

The following classes of interior algebras are strictly elementary universal—existential Horn

classes:
i
ii)
iii)
iv)
v)
vi)
vii)
viii)
ix)
x)

Proof:

Symmetric algebras.
Kolmogorov algebras.
Fréchet algebras.

Strongly Fréchet algebras.
Hausdorff algebras.

Urysohn algebras.

Clopen separated algebras.
Regular algebras.

Normal algebras.
Hereditarily normal algebras.

‘To show that these classes are strictly elementary universal—existential classes we exhibit

universal—existential sentences defining these classes:

i)
ii)

iii)

iv

N—

vi)
vii)
viii)

ix)

(Vx)(¥y)(3Fz) ((2<xA0<z)V(2<yA0<z)Vx=0Vy=0V(x<y’=
y<x’)) | |
(Vx)(Vy)(Hz)((z<xA0<z)V(z<yA0<z)Vx=0Vy=OV(xC=yC=7
x=y)) |
The conjunction of (i) and (ii).

(Vx)(3y) ((y <xA0<y)vx=0vx’=x) |

(VX)(Vy)@Ew)(Fz) ((w<xAO0<w)V(z<yAl0<z)Vx=0Vy=0Vx=yV
(x<zZ'Ay<w Azw=0))

(Vx)(Vy)Bw)(3z) ((w<xA0<w)V(z<yA0<z)Vx=0Vy=0Vx=yV
(xg,zIAygwIAszC=0))

(Vx)(Vy)(3z) ((z<xA0<2z2)V(z<yA0<z)Vx=0Vy=0Vx=yV
(xngygz’AzI=zC))

(Vx)(Vy)(3w)(32) ((2<xA0<z)Vx=0VyCleyvx<yv(x<z Ay<w A
2w =0)) | | , |
(Vx)(Vy)(Hw)((xc#xVyC#nyy>OV(xgwIAyS_zIAzw=0))
(Vx)(Vy)(Hw)(Hz)(ny>0nyC>OV(xgzIAygwlAzw=0))
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We leave it to the reader to check that the above sentences do indeed define the required
classes. ( For (x) use Theorem 4.5.6. ) Recall that a universal—existential direct product
sentence is always a Horn sentence. It thus suffices to show that the classes are closed
under direct products: (i): Let A=T1{ A;: i€l } be a product of symmetric algebras.
Suppose a ¢ b in At A. There are jk eI, re At A; and s € At Ax with a = mj(r) and
b = my(s). Then r bjC and so we must have j=k. Then r ¢s in At Ax. Thus s¢r in
At Ay and so bga in At A. Thus A is symmetric. (ii): Let A=I{ A;: i€l } be a
product of Kolmogorov algebras. Let a « b and b « cin At A. There are jk,1 €1, r € At A;,
s€ At Ay and t € At A) with a = m;(r), b = my(s) and ¢ = my(t). Then 1 € bjc and so we
must have j = k. Similarly since s < clc we have k =1 Then r¢s and s¢t in At Ay
whence r ¢ t in At Ayx. Thus a € ¢ in At A and so A is Kolmogorov. (iii): Since the classes
of symmetric and Kolmogorov algebras are closed under products so is the class of Fréchet
algebras. (iv): Let A =11 { A;: i€l } be a product of strongly Fréchet algebras. Let a be
an atom in A. Then a = mj(b)v for some jeI and some atom b in A;. Then b is closed
whence it follows that m;j(b) = a is closed. Thus A is strongly Fréchet. (v): Let A = II { A;
:i €I} be a product of Hausdorff algebras. Let a and b be distinct atoms in A. There are
k€I, 1€ At Aj and s € At Ay with a = mj(r) and b = my(s). If j# k let d = mj(1) and
c=my(1). If j=k then r#s and so there are disjoint neighbourhoods v € N(r) and
w € N(s). Put d = mj(v) and ¢ = mj(w). Then d € N(a), c € N(b) and c¢d = 0. Thus A is
Hausdorff. (vi): We proceed as for (v) noting that we can choose v and w to be closed
whence d and c are closed. (vii): Let A=1I{ A;:i€1I} bea product of clopen separated
interior algebras. Let a and b be distinct atoms in a A. Then there are jk €I, r € At A;
and s € At Ay with a = m;j(r) and b =my(s). If j#k then m;(1) is clopen in A with
a ¢mj(1) and b < mj(1)’. If j=k then there is a clopen d in Aj with r<{d and s<d’.
Then mj(d) is clopen in A with a ¢ mj(d) and b < mj(d)’. Thus A is clopen separated.
(viii): Let A=11{ Aj:i€l} bea product of regular algebras. Let b be an atom in A and
let a be closed in A with b < a’. Thereis a j € I and an atom 1 in Aj with b = my(r). Then
r<aj’ and a;j is closed in A. Hence there are disjoint neighbourhoods d € N(r) and
c€ N(aj). ForielI—{j} put vi=1 and put vj =c. Put v =(v;) € A. Then v € N(a),
m;j(d) € N(b) and v-mj(d) = 0. Thus A is regular. (ix): Let A=T{ A;j : i€l } bea
product of normal algebras. Let a and b be closed and disjoint in A. Then for all i €I,
ai = bj are closed and disjoint in A; whence there are disjoint neighbourhoods d; € N(a;)
and c; € N(b;). Let ¢ = (ci) € A and d = (d;) € A. Then d € N(a), c € N(b) and ¢ and d are
disjoint. Thus A is normal. (x): Let A =TI { A;:i €} be a product of hereditarily normal
algebras. Let a,b € A with acbc <a’b’. Then foralliel, aicbic < ai’bi’. Thus proceeding
as for (ix) we obtain disjoint neighbourhoods d € N(a) and c € N(b). o |
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4.5.12 Theorem

The following classes of interior algebras are closed under products:

i)  Point Hausdor([ algebras.

ii) Sequentially Hausdor{f algebras.

iti)  Sequentially point Hausdorff algebras.

Proof:

(i): Let A=T { A;:1€1} bea product of point Hausdorff algebras. Let (z;) be a net in
At A based on a directed set W. Suppose a and b are atoms in A with (z;) —a and
(z3) — b. Then there are jk € I, r € At Aj and s € At Ay with a = mj(r) and b = mj(s).
Then mj(1) € N(a) and my(1) € N(b) whence there are v,w € W such that z; < m;(1) for all
i» vin W and z; < my(1) for all i » w in W. There is an u» v,w. Then z, < mj(1)-my(1)
whence it follows that j = k. For alli  u in W,‘ zi < mx(1) and so there is an atom x; in Ay
with z; = my(xj). Let Z be the substructure of W with Z={ie W :i»u }. Then Zis a
directed set and so we have a net (x;) in At Ay based on Z. Let d € N(r). Then
my(d) € N(a) and so there is a p € W with z; < my(d) for all i » p in W. Thereis a qe W
with q » p,u. Then q € Z and for all i » q in Z, 2; ¢ my(d) whence x; < d. Thus (x;) — .
Similarly (x;) —s. Since Ay is point Hausdorff we have r = s and so a = b. Thus A is
point Hausdorff. (ii): Let A=1I{ A;: i€l } be a product of sequentially Hausdorff
algebras. Let (z,) be a sequence in A — {0 }. Suppose a and b are atoms in A with
(zn) — a and (zn) — b. There are jk eI, r € At Aj and s € At Ax with a = m;(r) and
b = my(s). As in (i) we see that j = k and that there is a ¢ < w with zp < my(1) for all
n > c. For all n> c there is a y, € Ax with z, = my(yn). For all n > ¢ put x5 = z¢4m. Then
arguing as in (i) we see that (x,) — r and (x,) — s whence r = s and so a = b. Thus A is
sequentially Hausdorff. (iii) is proved similarly to (i) and (ii). o '

4.5.13 Lemma

Let A=T { Aj: i€l } be a product of interior algebras. If b = (b;) € A and a  » then
c(b) = U { mjfcx(bs)] :1i€I}.

Proof: -

Suppose cB(b) = U { mi[cP(bi)] : i€1 } for all § < a and all b = (b;) € A. Let b be fixed
now. If o = 0 then clearly cx(b) = U { mj[cx(b;)] :i €I }. If > 0 is a limit ordinal or o
thenca(b) =U{cBb): f<a}=U{U{micB(by)]:i€el}:f< a}=u{U{mich(b;)
:f<a}:i€l} =uU{micyb;)]:1€l} Il a= v+ 1 consider an a € c*(b). There are
kel and re At Ay with a=my(r). Let de N(r). Then my(d) € N(a) and so
cv(mi(d)) ncy(b) # 4. Let s € cy(my(d)) ncy(b). Now c¥(my(d)) = U { mi[c(mi(d);)] :
iel} and so there is a jeI and a p € c¥(my(d);) with s = m;(p). Then j=k or else
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p € ¢(0), a contradiction. Thus p € ¢¥(d). Also since ¢¥(b) = U { ms[c(bs)] : i € I } there
are t €I and q € c¥(bs) with é: my(q). Then we must have q=p and t =k and so
p € ¢Y(bk). Thus cy(d) n C"i(bk):_# ¢. Hence r € co(bx) and so a € U { m;[ch(bs)] : i€I }.
Conversely suppose that a EU {'m;j[cB(b;s)] :i €1 }. Thereis a k € I and an r € co(bg) with
a=m(r). Let d=(d;)€N(a). Then dyeN(r) whence c1(dk)ncy(by)#¢. Let
1 € cV(dk) N cY(bx). Then "" my(r) € c¥(d) ncy(b). It follows that ae€ce(b). Thus
c(b) = U { ms[ce(bs)] : i€ fI } and the result follows by induction. o

!
4.5.14 Theorem ’ 'K |
For all a € « the class of a:'sepaf;rated interior algebras is closed under direct products.

Proof:

Let o< wandlet A=1I{ lA1 ::ii € I } be a product of a—separated interior algebras. Let a
be an atom in A. There is a k€I and an r € At Ax with a = my(r). Let b€ c>(a). By
Lemma 4.5.13 there is a j € I and s € c(a;) with b = mj(s). Then j = k or else s € ¢*(0), a
contradiction. Thus s € c‘l(f).vsgnce Ay is a—separated we have s = r and so b = a. Thus A
is a—separated. O ? ';;

.

Note that the above the_org‘em ;gives an alternative proof of Theorem 4.5.12 (i) since by
Theorem 4.3.18 an interior iﬁlgetl)ra is point Hausdorff iff it is 2—separated.
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CHAPTER 5

COMPACTNESS IN INTERIOR ALGEBRAS

5.1 THE COMPACTNESS PROPERTIES

Compactness properties in intérior algebras are properties guaranteeing the existence of
atomic accumulants for filters. and nets of atoms or properties closely related to this. They
generalize compactness properties in topology.

5.1.1 Definition and Remark .
An interior algebra A is called filter compact iff every proper filter in A accumulates at an
atom. Clearly a topological space X is compact iff X is filter compact. 0

5.1.2 Lemma o

Let B be a Boolean algebra’and let R be a proper subset of B.
i) Ris a filter implies Sec R is a grill.

iily  Ris a grill implies Sec R is a filter.

iii)  If R is a grill there is an ultrafilter F in B with F C R.
Proof: .

Since R is proper Sec R is a stack. (i): Let R be a filter. Let a,b € B with a + b € Sec R.
Suppose a ¢ Sec R and b ¢ Sec R. Then there are c,d € R shch that ac =0 and bd = 0.
Then c¢d € R and cd-(a + b) = ;‘0, a contradiction. Thus a € Sec R or b € Sec R and so R is
a grill. (ii): Let R be a grill. yet a,b € Sec R. Suppose ab ¢ Sec R. Then there is an r € R
with abr = 0. Then r < (ab)’ =a’ + b’ and s0o a’ + b’ € R. But a’ ¢ R and b’ ¢ R, a
contradiction. Thus ab € Sec R and so R is a filter. (iii): Let R be a grill. By (ii) Sec R is a
filter. Also Sec R is proper anld so there is an ultrafilter F in B with Sec R C F. Then
FcSecFCR. D o

5.1.3 Theorem
The following are equivalent for an interior algebra A:

i) A is filter compact.

ii) Every proper grill in A converges to an atom.

iii)  Every ultrafilter in A converges to an atom.

iv)  Every proper filter in AY is bounded below in A by an atom.
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Proof:

(i) = (iii) by Corollary 3.2.14. (iii) = (ii): Assume (iii). Let R be a proper grill in A. By
Lemma 5.1.2 (iii) there is an ultrafilter F in A with F C R. Then F — a for some atom a in
A. Then R — a. (ii) = (i): Assume (ii). Let F be a proper filter in A. By Lemma 5.1.2
Sec F is a grill in A and ‘it is proper. Thus there is an atom a in A with Sec F — a. By
Proposition 3.2.11 (iii) we have F «— a. Thus (i), (ii) and (iii) are equivalent. (i) = (iv):
Let A be filter compact. Let R be a proper filter in A% Put F = {beA:b>r for some
r € R }. Then Fis a proper filter in A and so I — a for some atom ain A. But then ais a
lower bound for R in A. (iv) == (i): Assume (iv). Let F be a proper filter in A. Then
FnAPisa proper filter in AP and so there is an atom a of A which is a lower bound for
FnAb Notingthat{bczbe F}=FnADweseethath——a. o

Besides filter compactness there are other obvious generalizations of compactness in
topology: 5
5.1.4 Definition and Remark
A is called cover compact iff for all S C AO, Y S =1 implies that YR =1 for some finite
R C S. ( Equivalently, for all S C AD, NS = 0 implies M R = 0 for some finite R C S. ) Every
cover compact interior algebra is Lindelof. An interior algebra is S.I. iff it is F.S.I. and

cover compact. Note that the class of cover compact interior algebras is a Heyting class; it
corresponds to the class of compact Heyting algebras. Call an interior algebra A point
compact iff every net in At A accumulates at an atom. o

Trivially point compactness does not imply cover compactness: consider an atomless
Boolean algebra. Cover compactness does not imply point compactness even in a complete
open atomic F.S.I. inte;iof algebra: Let X be the denumerable discrete space and let
A=X Let {ay:n < w} bean enumeration of the atoms in A. Let B be the free Boolean
algebra on R, generators. Put C = A[B]. ( See 2.1.19. ) Then C is S.I., equivalentaly C is
cover compact and F.S.I. ( C is also complete and open atomic. ) However, C is not point
compact: Consider the sequence ( (a,,0) ) in At C. Suppose ( (an,0) ) — b for some atom b
in'C. Then b = (ax,0) for some k < w. Note that b is open in C whence b € N(b). But then
for all n >k + 1, (an,0) ¢ b, a contradiction. Thus ( (a5,0) ) does not accumulate at any
atom and so C is not point compact. |

5.1.5 Theorem
The following are cquivalent for an interior algebra A:
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i) A is filter compact. -

ii) A is cover compact and closed atomic.

ifi)  Ais point compact and closed atomic.

Proof: :

(i) = (ii): Let A be filter compact. Let S C A® with NS = 0. Suppose that for all finite
RCS, NR > 0. Then there is a proper filter F of A with S C F. There is. an atom a of A
with F «— a. But then a > 0 is a lower bound for S, a contradiction. Thus there is a finite
R CS with TR =0 and so A is cover compact. Let b > 0 be closed in A. Then there is an
atom a in A with [b) — a. Then a < b® = b. Thus A is closed atomic. (i) = (iii): Assume
(ii). Let (a;) be a net in At A based on a directed set W. Suppose that there is no atom b
in A with (as) — b. Then for each atom b in A there are d(b) € N(b) and k(b) ¢ W with
aj ¢ d(b) for all i»k(b). Suppose that £{ d(b)' : be At A } =1. Then by cover
compactness there are atoms by,...,b, in A with d(bl)I + ... + d(b]n)I = 1. Now there is an
i» k(by),....k(by). Then a; { d(b,),...,d(by) whence a; { 1, a contradiction. Hence there is
an open upper bound ¢ < 1 for { d(b)I : b e At A }. But then ¢’ > 0 is closed and so by
closed atomicity there is an atom b < ¢’ in A. But then b ¢ d(b)I < ¢, a contradiction. Thus
(ai) — b for some atom b in A and so A is point compact. (iii) = (i): Assume (iii). Let F
be a proper filter in A. Then for each a € F, a® > 0 and so by closed atomicity there is at
least one atom b < a’ in A. Define a directed set W = ( W, «) as follows: Put W = { (a,b)
:a€F and b is an atom in A with b < a® } and let (a,b) ¢ (¢,d) in W iff a > ¢. Then < is
clearly a pre—order on W. Let (a,b),(c,d) € W. Then a,c € F whence ac € F. There is an
atom 1 < (ac)® in A. Then (ac,r) € W and (ac,r) » (a,b),(c,d). Thus W= ( W,g) is a
directed set. Thus we have & net (z;) in At A based on W such that for all i = (a,b) € W,
z; = b. By point compacthess there is an atom r in A with (z;) «— r. Suppose that F does
not accumulate at r. Then there is an a € F with r b4 aC. Then 1 < a®’ and so since
a® € A®, a®’ € N(r). There is an atom b < a’ in A. Then (a,b) € W. Hence there is an
i=(c,d)» (a,b) in W with z; 5 ac’, that is d € a®’. But d < cC < aC, a contradiction. Thus
F — r and so A is filter compact. o

5.1.6 Definition and Remark

Let A be an interior algebra. A is called sequence compact iff every sequence in At A
accumulates at an atom. Clearly every point compact interior algebra is sequence
compact. O i '

A sequence compact interior algebra need not be point compact: Consider the ordinal space
Q with the interval topology. ( See [19] example 42. ). Q* is sequence compact since any
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" sequence in  has an accumulation point in 2. However, 2 is not compact and so 0* is not
point compact.

5.1.7 Definition and Remark

Let A be an interior algebra. A is called countably compact iff for all countable S ¢ A°
with £S = 1 there is a finite R CS with ¥R = 1. A topological space X is counta.bly
compact in the usual sense iff x* is countably compact. Any cover compact interior algebra
is countably compact but from topology we know that the converse fails ( See [19]. ) In
fact, an interior algébra is covelrv_compact iff it is countably compact and Lindel6f. Notice
also that the class of countably compact interior algebras is a Heyting class. o

5.1.8 Theorem

Let A be a closed atomic sequence compact interior algebra. Then A is countably compact.

Proof: |

Let { an : n < w } be a countable set of open elements of A with ¥{ ag : n<w } =1
Suppose that for each finite subset RC{ a, : n<w }, 2R < 1. Then for all n < v,
ag+ ...+ap<1. Then ap’-...-ap’ >0 and is closed whence there is an atom

In < a¢’+...rap’. Then there is an atom s in A with (rn) «—s. Now there is a k < w with
s ¢ ax. Then ax € N(s). Hence there is an n > k with ry < ax. But 15 < a¢’-...-ap’ whence
In € ax’, a contradiction. Hence ¥ R = 1 for some finite RC{ a, : n< w } and so A is

countably compact. o

Trivially sequence compactness does not imply countable compactness in the absence of
closed atomicity: consider an atomless Boolean interior algebra. Also a closed atomic
countably compact interior algeBra need not be sequence compact: Let B be the interior
algebra with BY equal to the product of 2" and the free Boolean algebra on R generators,
and B® = { (0,0), (1,0), (1,1) }. Let A > Ro be a cardinal and for all i < X let B; = B. Put
A=T{B;j:i<A\} Then any countable S C A° with £'§ = 1 must contain (1,1) whence
A is countably compact. A is also closed atomic and even open atomic but it is not
sequence compact: Let (a,) be any injective sequence in At A. Suppose there is an atom r
with (an) «—r. Note that At A C A° and so r € N(r). There is a smallest k < w such that
forall n > k, a, # r. Then a,, { r for all n > k, a contradiction.

5.1.9 Definition and Remark
Call an interior algebra A strictly scquence compact iff every sequence in At A has a

subsequence which converges to an atom. By Theorem 3.4.12 we see that every strictly
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sequence compact interior algebra is sequence compact. Note that a topological space X is
sequentially compact iff x4 is strictly sequence compact. o

Not every sequence compact interior algebra is strictly sequence compact since in fact a
complete atomic point compact interior algebra need not be strictly sequence compact.
( See [19]. ) From Theorem 3.4.16 we see:

5.1.10 Corollary
A first countable interior algebra is sequence compact iff it is strictly sequence compact. o

5.1.11 Corollary
Let A be a second countable closed atomic interior algebra. Then the following are

equivalent:
i) = Ais strictly sequence compact.
- ii) A is sequence compact.
i) Ads cover/filter/point compact.
iv)  Ais countably compact. .

Proof:

Note that by Theorem 5.1.5 a:ﬁd closed atomicity, cover, filter and point compactness

‘coincide in A. A is second and hence first countable by Theorem 3.5.9 and so by Corollary

- 5.1.10 (i) ¢ (ii). By Theorem 5.1.8 we have (ii) = (iv). Also by Theorem 3.5.9, A is
Lindelof. Thus (iv) = (iii). Clearly (iii) = (ii). o

5.1.12 Definition and Remark .
The filter, point and sequence compactness properties refer to accumulation to atoms. We
now strengthen these properties by replacing accumulation with convergence. Let A be an
interior algebra. Call A supercompact iff every non—empty subset of A — { 0 } converges to
an atom. Call A point supercompact iff every net in At A converges to an atom and call A
sequence supercompact iff every sequence in At A converges to an atom. Clearly
supercompactness implies point supercompactness which in turn implies sequence
- supercompactness which in turn implies strict sequence compactness. Clearly a topological
space X is supercompact in the usual sense iff x* s supercompact, iff x* s point
supercompact, and in the case where X is non—empty this is equivalent to x4 being S.I. o

5.1.13 Theorem ,
Let A be an interior algebra. The following are equivalent:
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i) A is supercompact.

i) A is closed atomic and point supercompact.

iii)  Ais closed atomic and either S.I. or trivial.

iv)  Every net in A — { 0 ) converges to an atom.

Proof. |

(i) = (ii) is clear since a supercompact interior algebra is filter compact. (ii) = (iii):
Assume (ii). Suppose A is non—trivial. Then by closed atomicity there at least one atom
r ¢ 1. We may form a directed set W= ( W, ¢ ) with W = At A and r ¢ s for all 1,5 € W.
We thus have a net (z3) in At A with z; =i for all i € W. There is an atom s in A with
(zi) — s. Suppose that there is a closed b > 0 in A with s {b. Then s < b’ € A°. Thus
b’ € N(s). Now there is an atom v <b. But then since (z;) —s we have v<b’, a
contradiction. Thus s is a lower bound for AP — {0} and so it follows that A is S.I. with
monolith s°. (iii) = (iv): Assume (iii). If A is trivial there are no nets in A—{0}.
Suppose A is non—trivial and let m be the monolith of A. Then there is an atom r { m’ in
A. Suppose there is an a€ N(r)—{1}. Then r<a'<m, a contradiction. Thus
N(r) = {1} and so every net in A — {0} converges to r. (iv) = (i) follows easily from
Theorem 3.4.6. o

5.1.14. Remark , , .
Let A be a non—trivial supercompact interior algebra and let m be the monolith of A. Note
that every subset of A and every net in A converges to all the atoms below m’ and

o C
moreover if r is any one of these atoms thenr” =m’. g

In general point or sequence supercompactness does not imply subdirect irreducibility in-
non—trivial interior algebras: consider an atomless Boolean interior algebra. Considering
the interior algebra C discussed on page 116 we see that subdirect irreducibility does not
imply point or sequence supercompactness. Since sequence supercompactness and point
. compactness are independent even in complete atomic interior algebras as we see from
topology, neither of these implies point supercompactness even in a complete atomic
interior algebra. Similarly strict sequence compactness does not imply sequence
supercompactness even in a complete atomic interior algebra. ( See [19]. )

5.1.15 Theorem
Let A be a closed atomic interior algebra with 1 < |At A| < Ro. Then the following are

- equivalent:
i) A is subdirectly irreducible.
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ii) A is ( point ) supercompact.

ili)  Ais sequence supercompact.

“ Proof:

By Theorem 5.1.13 we know that (i) & (ii). Also (ii) = (iii). (iii) = (i): Assume (iii). Let
{ by : n < w } be an enumeration of At A. Define a sequence (ap) in At A as follows:
Define a function f: w—w by f(n)=n(n+1)/2 for all n<w Put ag=bo If
af(n),-.-,af(n+1)-1 have been defined then define af(n+1) = bns, af(ns)s1 = bn, -oov
af(n+2)-1= bo. By (iii) there is an atom r in A with (as) — r. Suppose that there is a closed
¢>0in A withr §c. Thenr<c’ € A° and so ¢/ € N(r). Hence there is a k < w such that
an < ¢’ for all n > k. By closed'atomicity there is an atom s < ¢ in A. But then a, = s for
some n > k and so s < ¢/, a contradiction. Thus r ¢ ¢ for all ¢ € A” — {0 }. It follows that

A is S.I with monolith /. o

We now turn to the preservation of the compactness properties:

5.1.16 Lemma

Let A be an interior algebra and let a € A. Let (z;) be a net in (a] and let b € (a]. Then

(z;) «— b in A iff (z;) — bin (a]. o

5.1.17 Theorem
The following classes of interior algebras are closed under closed quotients:

i) Cover compact interior algebras,

i) Filter compact interior algebras.

iii) Point compact interior algebras.

iv) Countably compact interior algebras.

v) - Sequence compact interior algebras.

vi) Strictly sequence compact interior algebras.
vii) Supercompact interior algebras.

viii) Point supercompact interior algebras.
ix) F.S.I. or trivial interior algebras.

X) S.I. or trivial interior algebras.

xi) Sequence supercompact interior algebras.
Proof:

(i): Let A be a cover compact interior algebra and let ¢ € AP, Consider an R ¢ (¢]° with
YR =c in (c]. Then for each r € R there is a b(r) € A° with r = cb(r). Put S = { b(r) :
reR }u{c’} Let d be an upper bound for S in A. Then for all r € R, 1 = cb(r) < cd.
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Hence cd = ¢, that is ¢ <d. But ¢’ <d and so d =1. Thus £S = 1. Hence there are
Iy,...,In € R with b(r;) + ... + b(ry) + ¢/ = 1. Taking the meet on both sides with c gives
Iy + ... + rp = ¢. Thus (c] is cover compact and so the class of cover compact interior
algebras is closed under closed quotients. (ii): By (i), Theorem 5.1.5 and Theorem 1.5.4 (iii)
it follows that the class of filter compact interior algebras is closed under closed quotients.
(iii): Let A be a point compact interior algebra and let ¢ € AP, Let (z;) be a net in
At (c] C At A. There is an atbm r in A with (z;) —r in A. By Proposition 3.4.19,
r < ¢® = c. Thus by Lemma 5.1.15 (z3) —r in (c]. Thus (c] is point compact. (iv) and (v)
are proved similarly to (i) and (iii) respectively. (vi): Let A be strictly sequence compact
and let ¢ € A, Let (z,) be a sequence in At (c] C At A. Then there is a subsequence (xy) of
(2) and an atom r in A with (xix) — r. By Proposition 3.4.19 r < ¢© = ¢ and so by Lemma
5.1.15 (xx) — 1 in (c]. Thus (c] is strictly sequence compact. (viii) is proved similarly to
(iii) and (vii) follows from (iii), Theorem 5.1.13 and Theorem 1.5.4 (iii). (ix): It suffices to
show that if A is S.I. and c € A® —{ 0} then (c] is F.S.L. So let A and ¢ be as specified.
Suppose (c] is not F.S.I. Then there are a,b € (c]” —{ 0 } with ab = 0. By Corollary 1.4.7
a,b e A"— {0}, a contradiction. Thus (c] is F.S.I. (x) follows from (ix) and (i). (xi) is

proved similary to (iii). o

We know from topology that none of the classes (i) — (xi) above are closed under open
quotients which correspond to open subspaces nor under ( countable ) products which
correspond to sums. However we have:

5.1.18 Theorem
The following classes of interior algebras are closed under finite joins ( in particular, under

finite products ).

i) Cover compact interior algebras.

ii) Filter compact interior algebras.

iii)  Point compact interior algebras.

iv)  Sequence compact interior algebras.

V) Strictly sequence compact interior algebras.

vi)  Countably compact interior algebras.

Proof: | .

Let Ay,...,An be interior algebras, n < w, and suppose A is a join of Ay,...An. Then there are
ap..,an € A with Aj~ (ag] for all i=1,.,n and a;+ ...+ a, = 1. (i): Suppose that
A,,...,A; are all cover compact. Let S C A% with £S = 1. Consider an i € {1,...,n}. Put
T={agc:ceS}. Then T C (aj]® and moreover £ T = 1-a; = a; in A and hence in (ag}.
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Thus there is a finite X; C S with X { ajc: ¢ € X } = ajin (aj]. Put X = X; U ... U X;. Then
X is finite and a; <X X for alli=1,...,n and so b < ¥ X. However X CS and so 21X < b
whence b =Y X. Thus A is cover compact and so the class of cover compact interior
algebras is closed under finite joins. (ii): By (i), Theorem 5.1.5 and Theorem 1.5.3 we see
that the class of filter compact interior algebras is closed under finite joins. (iii): Let
Ay,...Aq all be point compact. Let (2x) be a net in At A based on a directed set W.
Suppose that for all i = 1,...,n there is a k(i) € W such that zx-a; = 0 for all k » k(i) in W.
There is a k » k(1),...,k(n) in W. Then zx = 2x-a; + ... + zx-ay = 0, a contradiction. Hence
thereis 1 < i < n such that for all j € W thereis a k» jin W with zx-a; > 0, that is zx < a;.
Let Z={meW:z,<a;}andlet Z= (Z «). Then Z is a directed set and so we have a
net (vp) in At (a;] based on Z with v,, = z, for all m € Z. Then there is an atom r in (a]
with (vp) «— 1 in (a;) and hence in A by Lemma 5.1.16. But then (zx) «— r. Thus A is point
compact and so the class of point compact interior algebras is closed under finite joins. The
proof for (iv) and (v) is similar to (iii) and that of (vi) is similar to (i). o

A product of two S.I. interior algebras is obviously not S.I. and so using Theorem 5.1.15
and Theorem 5.1.13 we easily see that none of the supercompactness properties is preserved
under finite products.

5.2 COMPACTNESS AND THE SEPARATION PROPERTIES

In this section we investigate the interaction between compactness properties and

separation properties.

5.2.1 Definition
Let A be a closed atomic interior algebra. We will say that A is compact iff A satisfies the
equivalent properties: filter, cover, and point compactness. ( See Theorem 5.1.5. ) o

5.2.2 Theorem
Let A be atomic, compact and Hausdorff. Then A is normal.

Proof:

Let a and b be closed and disjoint in A. Consider an atom r € a in A. Then if s { b is an
atom in A, r # s and so there are disjoint neighbourhoods v(s) € N(s) and w(s) € N(r). Now
we have b = % At (b] in A and hence in (b]. Thus b = X { bv(s)' : s € At (b] } in (b]. Also,
for all s € At (b], bv(s)' € (b]°. By Theorem 5.1.17 (i), (b] is compact and so there are
S1y..-,8n0 € At (b] with b = b-(v(s))' + ... + v(sn))). Put p(r) = v(s1) + ... + v(sn) and put

123



a(r) = w(sy)-...-w(sn). Then b < v(s))' + ... + v(su)' < p(r)}, that is p(r) € N(b). Also
q(r) € N(r). Now a = X At (a] in A and hence in (a]. Thus a = % { aq(r)' : r € At (a] } in
(b] and also aq(r)' € (a]° for all 1 € At (a]. By Theorem 5.1.17 (i), (a] is compact and so
there are ry,...,In € At (a] with a = a-(q(r) + ... + q(rn)"). Put d = q(ry) + ... + q(rn) and
¢ = p(ry)+....p(tn). Then a < q(r;)' + ... + q(ra)" < ', that is d € N(a). Also ¢ € N(b). Note
that for all r € At (a], p(r) and q(r) are disjoint whence ¢ and d are disjoint. Thus A is
normal. o

5.2.3 Corollary .
Let A be an atomic compact Fréchet algebra. Then the following are equivalent:

i) A is normal.

ii) A is regular.

ili)  Ais Urysohn.

iv) A s Hausdorff.

Proof:

By Theorem 5.2.2 (iv) = (i). A is atomic and Fréchet, hence strongly Fréchet and so
(i) = (ii). By Theorem 4.4.3 (i) = (iii) and clearly (iii) = (iv). o

5.2.4 Definition and Remark _

Let A be an interior algebra. An element a € A is called filter, cover or point compact iff
the principal quotient (a] is filter, cover or point compact respectively. In atomic interior
algebras these concepts clearly coincide and in this case we refer to a as being compact. If
B is a Boolean algebra and a € B then a is a compact element of B in the traditional sense
iff a is cover compact in B considered as a Boolean interior algebra. o

5.2.5 Theorem
‘Let A be a residually atomic Hausdorff algebra and let a € A be filter compact. Then a is

closed.

Proof:

Suppose a < aC. Then by residual atomicity we have an atom r < a®a’ in A. Then r € a and
so by Proposition 3.2.15 there is an ultrafilter F of (a] with F —r in A. Since a is filter
compact there is an atom s in (a] with I' «—s in (a] whence F —s (a]. ( See Corollary
3.2.14. ) There is an ultrafilter G in A with F C G. Then if b is a neighbourhood of s in A,
ab is a neighbourhood of s in (a] whence ab € I € G and hence b € G. Thus G — s in A
and also G — r in A. Since A is Hausdorff, r = s. But then s < a’, a contradiction. Hence

a® =aas required. o
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Using Theorem 5.1.17 (ii) we now see:

5.2.6 Corollary
Let A be a residually atomic filter compact Hausdorff algebra and let a € A. Then a is

closed in A iff a is filter compact. o

5.2.7 Corollary
Let A be a residually atomic Hausdorff algebra. If a,b € A are filter compact then ab is

filter compact.

Proof: ,

~ By Theorem 5.2.5 a is closed in A. Hence ab is closed in (b}. By Corollary 5.2.6, ab is filter
compact in (b] and hence in A. 0 |

5.2.8 Corollary
Let A be a residually atomic Hausdorff algebra. Let B be a filter compact interior algebra.

Then any bijective topomorphism f: A — B is an isomorphism.

Proof:

Let f: A— B be a bijective topomorphism. Let b € A and suppose {(b) is closed in B.
Then by Theorem 5.1.17 (ii), (f(b)] is filter compact. Let F be an ultrafilter in (b]. Then
f{F] is an ultrafilter in (f(b)] and so there is an atom a in (f(b)] with f[F] — a in (f(b)}.
Then a is an atom in B and so, since f is a Boolean algebra isomorphism there is an atom d
in A with f(d) = a. Let ¢ be a neighbourhood of d in (b]. Then f(c) is a neighbourhood of a
in (f(b)] and so f(c) € {[F] whence ¢ € F. Thus F — d in (b]. Thus (b] is filter compact. By
Theorem 5.2.5 b is closed in A. Thus f-(B"] = A" and so f]A"] = B” and so it follows that
fis an isomorphism. o

5.2.9 Remark

Corollary 5.2.8 is interesting as it is a generalization of the result in topology which says
that a bijective continuous map from a compact space to a Hausdorff space is a
homeomorphism. o

In atomic interior algebras the compact elements behave like atoms as far as certain

separation properties are concerned:

5.2.10 Theorem
Let A be an atomic interior algebra. Then:




i) A is regular iff for each disjoint pair a,b € A with a closed and b compact, there are
disjoint neighbourhoods d € N(a) and ¢ € N(b).
ii) A is Hausdorff iff for each disjoint pair a,b € A with a and b compact, there are
disjoint neighbourhooods d € N(a) and c € N(b).
iii) A is Urysohn iff for each disjoint pair a,b € A with a and b compact, there are
- disjoint closed neighbourhoods d € N(a) and c € N(b).
Proof: . ,
The reverse directions are clear since atoms are compact. For the forward directions: (i):
Let a,b € A be disjoint with a closed and b compact. If r < b is an atom then r ¢ a and so
r <a’, whence a’ € N(r). By regularity there are disjoint neighbourhoods c(r) € N(r) and
d(r) € N(a). Now b = % At (b] in A and hence in (b]. Thus b= 3 { be(r)" : r € At (b] } in
" (b]. Also, for all r € At (b], bc(r)I € (b]°. Thus since b is compact there are ry,...,r, € At (b]
with b = b-(c(r))' + ... + c(ru))). Put ¢ = ¢(r;) + ... + ¢(tn) and d = d(r1)...-d(rn). Then
b<c(r) + ... + c(rn)! ¢ ¢!, that is c € N(b). Also d € N(a). Moreover ¢ and d are disjoint.
(ii): Let a,b € A be disjoint with a and b compact. Let s < a be an atom. Consider an atom
r<b. Then r+ s and so there are disjoint neighbourhoods c(r) € N(r) and d(r) € N(s).
Proceeding as in (i) we obtain ry,...,r, € At (b] with b = b-(c(rl)I + ... + c(rn)") in (b]. As
in (i) putting c(s) = c(ry) + ... + ¢(rn) and d(s) = d(ry)-...-d(rn) we have c(s) € N(b),
d(s) € N(s) and c(s)d(s) = 0. Proceeding again as in (i) we now obtain s,...,85 € At (a] with
=a-(d(s)' + ... + d(sn)") in (a]. As in (i) again, putting d = d(s;) + ... + d(sn) and
¢ =c(s1):....¢c(sm) we have d € N(a), c € N(b) and cd = 0. (iii): As for (ii) but with the
c(r)’s and d(r)’s chosen to be closed whence the c(s)’s and d(s)’s are closed and hence ¢ and
d are closed. o '

5.2.11 Definition |
Let A be an interior algebra. We say that A is locally compact iff for each atom r in A and
each a € N(r) there is a filter compact b € N(r) with b < a, that is { b € N(r) : b is filter
compact } is a base for the filter N(r). An element a € A is called locally compact iff (a] is,
a locally compact interior algebra. o

Under what constructions are locally compact interior algebras preserved?

5.2.12 Theorem _
The class of locally compact interior algebras is closed under both open and closed

quo'tients and under joins.
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Proof:
Open quotients: Let A be a locally compact interior algebra. Let a € A°. Suppose r is an

atom in (a]. Consider a neighbourhood d of r in A. By Corollary 1.4.5 (iii), say, d is a
neighbourhood of r in A. There is a filter compact neighbourhood ¢ of r in A with ¢ < d.
But then ¢ is a neighbourhood of r in (a]. Thus (a] is locally compact. Closed quotients: Let
A be locally compact. Let a € AP. Suppose 1 is an atom in (a]. Let d be a neighbourhood of
r in (a]. There is a neighbourhood ¢ of r in A with d = ac. There is then a filter compact
neighbourhood b of r in A with b < ¢. Now ab is closed in (b] and so by Theorem 5.1.17 (ii),
we see that ab is compact. Moreover ab is a neighbourhood of r in (a] and ab < b. Thus (a]
is locally compact. Joins: Let { Ai:i €I} be a family of locally compact interior algebras
and let A be a join of this family. Then there are elements S={ a; : i€ I } in A with
Ajv(as]forallieland £S = 1. Let r be an atom in A. Then there is ani € I with r < a;.
Then r is an atom in (a;] which is locally compact. Suppose d is a neighbourhood of r in A.
Then aid is a neighbourhood of r in (a;]. Hence there is a filter compact neighbourhood ¢ of
r in (a;] with ¢ < a;d. Now r < a,icI < cI, that is, ¢ is a neighbourhood of r in A. Moreover
¢ < d. Thus A is locally compact. o

We know from topology that local compactness is not preserved under arbitrary principal
quotients. ( See [19]. ) The property of local compactness is particularly interesting as
regards its interaction with the Hausdor{f property. We investigate this now.

5.2.13 Theorem
Let A be an atomic Hausdorff algebra. Then the following are equivalent:

i) A is locally compact.

ii) Every atom in A has a compact neighbourhood.

iii)  There is a base S for A with a® compact for all a € .

Proof:

(i) = (iii): Assume (i). Let-a € A°. Consider an atom r < a. Then a € N(r) and so there is a
compact b(a,r) € N(r) with b(a,r) < a. By Theorem 5.2.5, b(a,r) is closed. Hence
b(a,r)' < b(a,r)® = b(a,r). By Theorem 5.1.17 and the fact that b(a,,r)IC is closed in
~ (b(a,r)], we see that b(a,,r)IC is compact. Put S = { b(a,r) : a€ A® and re At (a] }. If
‘a € A then since A is atomic, a = ¥ At (a] whence a = % { b(a,r)’ : 1 € At (a] }. Thus S is
a base for A and (iii) follows. (iii) = (ii): Assume (iii). Let r be an atom in A. £S =1 s0
r < a for some a € S. But then a° is a compact neighbourhood of 1. (i) = (i): Assume (ii).
Let r be an atom in A. There is a compact neighbourhood b of r. By Theorem 5.2.5 b is
closed. Let d € N(r). Put a = (bd)IC. Then a < b. Now a is closed and so by Corollary 5.2.6,
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(a] is compact, and by Theorem 4.5.3 (v), (a] is Hausdorff. Of course (a] is atomic and so
by Corollary 5.2.3 (a] is a regular algebra. Now (bd)" < ais open in (a] and r < (bd)" whence
(bd)" is a neighbourhood of r in (a]. Hence there is a closed neighbourhood ¢ of r in (a] with
c< (bd)l. Let e = c"a, Then e < (bd)" is open in ( (bd)']. By Corollary 1.4.7, say, e is open
in A. Now r < e<c and so'c € N(r) in A. By Theorem 5.1.17 (ii), ¢ is compact since a is.
Moreover ¢ < d. Thus A is locally compact. o

5.2.14 Corollary
Let A be an atomic compact Hausdorff algebra. Then A is locally compact. o

5.2.15 Corollary
Let A be an atomic locally compact Hausdorff algebra. Then the following are equivalent: .

i) ‘A is a Lindeldf algebra.

ii) A is a join of a countable family of cover compact interior algebras.

Proof:

By Theorem 3.5.22 we see that (ii) = (i). Now assume that A is Lindel6f. By Theorem
5.2.13 there is a base S for A with a° compact for all a € S. Now ¥ S =1 and so there is a
countable R ¢ S with ZR = 1. But then £{ a : ae R } =1 whence (i) follows. Thus
(i) = (i). o -

From Corollary 5.2.6 we see:

5.2.16 Proposition
Let A be a residually atomic locally compact Hausdorff algebra. Then A is regular. o

5.2.17 Theorem _
Let A be a residually atomic Hausdorff algebra. If a,b € A are locally compact then ab is

locally compact.
Proof:

Let r be an atom in (ab]. Let e be a neighbourhood of r in (ab]. There is a neighbourhood v
of rin A e = abv. ( Recall Lemma 3.5.14. ) Then av and bv are neighbourhoods of r in (a]
and (b] respectively. Then there is a filter compact neighbourhood ¢ of r in (a] with ¢ < av,
and there is a filter compact neighbourhood d of r in (b] with d < bv. By Corollary 5.2.7 cd
is filter compact. Also cd < e. Now r < ¢ and r < d"b whence r < a(a’ + c)Ib(b’ +c) =
ab-[(a’ + ¢)-(b’ +¢)]' = ab(a’b’ + a’d + ab’ cd)! < ab(a’ + b’ cd)! = (cd)"2b. Thus cd
is a neighbourhood of r in (ab]. Thus (ab] is locally compact. o
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 5.:2.18 Lemma

Let A be an interior algebra and let a € A. The following are equivalent:

i) a is open in (a%.

ii) a is open in (b] for some closed b € A.

iii) aCa’ is closed in A.

iv)  Thereareb e A" and c € A° with a = be.

Proof: \

Clearly (i) = (ii) = (iv). (iv) = (i): Assume (iv). Then a < b whence a® < b® = b. Thus
a®c < bc = a. But a < a% and so a = a®c. Thus a is open in (a%]. Thus (i), (ii) and (iv) are
equivalent. (i) ¢ (iii): a is open in (a%] iff a%’ is closed in (%), iff a%a’ is closed in A by
Corollary 1.4.5 (vi). o

5.2.19 Definition and Remark

Let A be an interior algebra. We will call an element a € A residually closed iff a satisfies
the equivalent conditions of Lemma 5.2.18. ( If a € A we may call aCa’ the residue of a.
Thus a € A is residually closed iff the residue of a is closed. ) If ¢ € A is residually closed
there are a € A° and b € A” with ¢ = ab. Then (c] = (ab] is a closed quotient of the open
quotient (a] ( and an open quotient of the closed quotient (b] ). Thus a class of interior
algebras is closed under residually closed quotients iff it is closed under both open and
closed quotients. Tn particular the class of locally compact interior algebras is closed under

residually closed quotients. o

5.2.20 Theorem
Let A be an atomic Hausdorff algebra. Then every locally compact element of A is

residually closed.

Proof:

Let a € A be locally compact. Suppose r<a is an atom. Then there is a compact
neighbourhood ¢ of r in (a]. There is an open b in A with r < ab < ¢c. We show that a’b {c.
Let s be an atom with s¢ a’b. Then s¢a and so by Proposition 3.2.15 there is an
ultrafilter F in (a] with F — s in A. Then there is an ultrafilter G in A with F C G. Then
G —sin A. NowsSbEAO and so b € N(s) in A whence be G. But a€ Gandsoabe G
whence ¢ € G. Thus G n (c] is an ultrafilter in (c]. By Theorem 5.1.3 there is an atom z of
(c] with Gn(c)]— =z in (c]. Consider a neighbourhood d of z in A. Then cd is a
neighbourhood of r in (c] and so ¢d € G n(c] C G. Hence d € G. Thus G — z in A and so,
since A is Hausdorff, z =s. Thus s <c. Since A is atomic it follows that a’b < ¢ as
required. Thus 1 < a°b < a. Note also that a®b € (a®]° since b € A®. Put p(r) = a®b. Thus
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for each atom r<a we hav‘ze‘ an open element p(r) of (ac] with r <'p(r) < a. Since
a =X At (a] in A and hence in :(ac] it follows that a =% { p(r) : r € At (a] } in (aC]. Thus a
is open in (ac] and so a is residually closed. o

From the above result and f‘t_he'v_fact that locally compact interior algebras are closed under
residually closed quotients we obtain a nice characterization of locally compact elements in
an atomic locally compact Hausdorff algebra.

5.2.21 Corollary .
Let A be an atomic locally compact Hausdorff algebra. Then an element a € A is locally

compact iff it is residually closed o
5.3 COMPACTIFICATIONS OF m_'i'mu_()n ALGEBRAS
5.3.1 Definition

Let A be an interior algebra: By a compactification of A we mean a triple ( B, a, f ) where
B is a cover compact interior algebra, a is a dense element of B and f: B— A is a

principal quotient topomorphiém with f|(a] : (a] — A an isomorphism. o

We have already met one method of compactifying ( constructing a compactification of )

an interior algebra: Coe

5.9.2 Lemma
Let A be a non—simple S.I. mterlor algebra. Then the monohth of A is dense.

Proof: : ‘.z

Let m be the monolith of A. Since A is non—simple m > 0. Let be A°—{0}. fb=1,
mb=m>0andifb<1 mb=b>0 ThusmeSec(AO—{O})andsomls dense by

WV

Theorem 3.2.17. 0 p

5.3.3 Proposition o

Let A be a non—trivial interior algebra and let B be a non—trivial Boolean algebra. Then
(AB],m,p) is a compactiﬁcation of A where m = (1,0) and p: A[B]— A is the
projection onto A. | .

Proof:

Recall that since B is mon—trivial, A[B] is S.I. ( in particular, cover compact ) with
monolith m = (1 0). Since A is non—trivial A[B] is non—simple whence by Lemma 5.3.2, m

=
AT
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is dense. The result follows by 2.1.19. o

y
o

b
"

There is an interesting method of compactifying complete interior algebras:

5.3.4 Notation ;
Suppose P is a property of elé}nents of an interior algebra. For each interior algebra A,
P(A) will denote the set of elements of A satisfying P. o

From now on P will denoﬁé a’%‘ﬁx’ed property of interior algebra elements. Consider the
following conditions on P(-A')ivfc')f'an interior algebra A: |

"P0:  a€ P(A)implies a is 'c-bvér compact in ‘A.

Pl:  0¢€ P(A). e

P2 a,be P(A) implies a +b'e P(A).

P3: aeP(A)and be A” implies ab € P(A).

5.3.5 Lemma

Let A be a complete 1nter10r algebra and let P(A) satisfy P1, P2 and P3. Put
G={(ab)eA°x2:b=1 1mp11es a’ € P(A) }. Then G is a generalized topology in the
Boolean algebra A" x 21, '
Proof:

Clearly (0,0) € G and by P1 we see that (1,1) € G. Let (a,b),(c, d) € G. Consider (ac,bd).
ace A If bd =1 then b= 1%— d. Hence a’,c’ € P(A). By P2 a’ + ¢/ € P(A), that is
(ac)’ € P(A). Thus (ac, bd) € G and so G is closed under binary meets. Let S = { (a1,bs) :
iel}CG be non—empty. IfSCA x {0} then £S € A® « {O}andSOESGG Suppose
S¢A°x{0}. Then there fis- 4 j €I with bj = 1. Now %S =(ZR,1) where R ={ a; :
iel}. We have (ZR)’ = ﬂ{a1 ciel} =a;/-n{ai’ :iel—={j} } Now aj’ € P(A)
since by =1, and N { a;’ :i € I—{ j } } being a meet of closed elements is closed and so by

P3 we see that (X R)’ € P(A). Thus ¥ S € G. It follows that G is a generalized topology in
4

o

A" x 2% as required. o

5.3.6 Definition and R(‘mjrk \ ;

If A is a complete interior algebra and P(A) satisfies P1, P2 and P3, let A(P) denote the
interior algebra Alg ( A" x 2u G ) where G is as in Lemma 5.3.5. Notice that the
projection p: A(P) — A is a pr1nc1pa1 quotient topomorphism with p|(a]: (a] — A an

isomorphism, where a = (1, 0)



T
1
.

From now on we assurﬁe that for all interior algebras A, P(A) satisfies PO, P1, P2 and P3.

5.3.7 Theorem oy '
Let A be a complete interior algebra. Then:

i) A(P) is cover compact.
ii) If A is not cover compact then ( A(P), a,p) is a compactification of A, where
a = (1,0) and p : A(P) — A is the projection onto A.
Proof:
(i): Let S = { (asbs) :iel} ¢ }\(1’)0 be non—empty with ¥'S = (1,1). Then thereisa j€ I
.w1thbj-1 We have ¥ { a;’ - :il.lel}-—aJ X{aj:i€l}=aj-1=aj.Foralliel
aj’-aj is open in (a;j’]. Moreover since bj = 1, a;° € P(A) and so it is cover compact by
Po. Thu%therexsaﬁmteKC’wach){aJ caj:i €K} =a;’ Butthena; + Y {aj:i€el}
=aj+Y{aj-a;:1€l} = aj+aJ = 1. Hence (aj,b;) + ¥ { (as,bs) :1€1} = (1,1). It
follows that A(P) is cover compact. (ii): Suppose that A is not cover compact. It suffices to
show that a = (1,0) is dense in A(P). Since 1 = 0“ is not cover compact 1 ¢ P(A) by PO
and so (0,1) is not open in A(ﬁ) Thus (0,1)' = (0,0) and so (1,0)Cv = (1,0)’1’ = (0,1)1’ =
(0,0)’ = (1,1) as required. o L

i
a
5. i
i

4}
e

et e e

5.3.8 Remark _ } ,

Notice that if we choose P t% be either one of the properties: cover compact or filter
compact, then using Theorem 5&117 and Theorem 5.1.18 we see that P(A) satisfies PO, P1,
P2 and P3 for all interior alge ')'ra,s A. Let X be a non—compact locally compact Hausdorff
space and let Y be the Alexarjdroff compactification of X with Y—X={*}. Let P be
either one of the properties: c()ver compact or filter compact. Then (XA)(P) v Y* via the
map(SO)-—vSand(Sl)-—vSU{ },forallSCcX.o

5.3.9 Theorem -

Let A be a complete re51dua11y atomic Hausdorff algebra and suppose that c is a co—atom
in A. Let P be the property ﬁlter compact. Then the following are equlvalent

i) A is filter compact ‘,(-1
i) (d(P) i

~ If A is filter compact then an‘ i‘§omorphism from (¢](P’) to A is given explicitly by the map
(a,b) — a + be’. -

Proof: :

(i) = (ii). A be filter compact; Let f: (c}(P) — A be the map (a,b) — a + bc’. It is not
difficult to check that fisa Boolean algebra isomorphism. Note that by Proposition 4.2.10,
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A is strongly Fréchet. Thus the atom c’ is closed in A whence ¢ is open in A. Let
(a,b) € (c](P)°. Then a € (c]° and so, since ¢ € A°, a € A°. ( See Corollary 1.4.7. ) Thus if
b= 0, f(a,b) = a is open in A. Suppose b = 1. Then a’’¢ = a’c is filter compact in (c] and
hence in A. Thus a’c is closed in A by Theorem 5.2.5, and so f(a,b) = a + ¢’ = (a’c)’ is
open in A. Thus f is a topomorphism. Now let (a,b) € (c](P) and suppose that f(a,b) is open
in A. Then a = c-f(a,b) is open in (c]. Thus if b = 0, (a,b) is open in (c](P) Suppose that

= 1. Then a’’¢ = a‘c =:.f(a;b)’ is closed in A. By Theorem 5.1.17 (i), a’’¢ is filter
compact. Thus (ab) is 6pe’n in (c](P). It follows that f is an isomorphism. (ii) = (i):
Assume (ii). By Theorem 5.3.7.(i), (c](P) is cover compact. Let (a,b) be closed in (c](P).
Then a is closed in (c]. Suppose b = 0. Then a is filter compact in (c], in particular, closed
atomic and so there is an atom r of (c] with r < a. Then (r,0) is an atom in (c](P) with
(r,0) < (a,b). Suppose b = 1. Then (0,1) is an atom in (c](P) with (0,1) < (a,b). Thus (c](P)
is closed atomic. Thus (c|(P) and hence A, is filter compact. o

5.3.10 Corollary ‘
Let A be a complete residually atomic Hausdorfl algebra and let P be the property: filter

compact. Suppose that A is filter compact. Then:
i) For all co—atoms ¢ in A, (¢](P) ¥ A via the map (a,b) — a + be’.
ii) For all non—closed co—atoms c in A, ( A, ¢,k ) is a compactification of (c], where

k : A — (c] is the canonical quotient map.

133



10.
11.
12,
13.

14.

15.
16.

17.

18.

19.

REFERENCES

Balbes R. & Dwinger Ph., Distributive Lattices, University of Missouri Press, 1974
Blok W.J., The Lattice of Varieties of Modal Algebras is not Strongly Atomic,
Algebra Universalis 11 (1980) 285—294

, Varieties of Interior Algebras, Dissertation, University of Amsterdam,
1976
Blok W.J., Kohler P. & Pigozzi D., On the Structure of Varieties with Equationally
Definable Prmczpal Congruences II, Algebra Universalis 18 (1984) 334—379
Blok W.J. & Pigozzi D., A Finite Basis Theorem for Quasivarieties, Algebra
Universalis (1986) 1-13

, On the Structure of Varieties with Equationally Definable
Principal Congruences I, Algebra Universalis 15 (1982) 195227
—, On the Structure of Varieties with Equationally Defmable

Principal Congruences 111, Preprmt

Cresswell M.J. & Hughes G.E., An Introduction to Modal Logic, Methuen, London,
1968

Edgar G.A., The Class of Topological Spaces is Fquationally Definable, Algebra
Universalis 3 (1973) 139-146 |
Flum J. & Ziegler M., Topologz'cal Model Theory, ( Lecture Notes in Mathematics
769 ), Springer—Verlag, Berlin, 1980 |

Halmos P., Algebraic Logic, Chelsea Publishing Co., New York, 1962

Johnstone P.T., Stone Spaces, Cambridge University Press, Cambridge, 1986
Jonsson B. & Tarski A., Boolean Algebras with Operators I, Amer. J. Math. 73
(1951) 891939

McKinsey J.C.C. & Tarski A., The Algebra of Topology, Ann. of Math. 45 (1944)
141-191

Naturinan C.A. & Rose 1-1., Ullra—universal Models, Preprint

Nobeling G., Topologie der Vereine und Verbinde, Archiv. der Mathematik 1 (1949)
154159 |

Prokop F.P., Neighbourhood Lattices — A Poset Approach to Topological Spaces,
Bull. Austral. Math. Soc. 39 (1989) 3148

Rabin M.O., A Simple Method for Undecidability Proofs and some Applications,
Logic Meth. and Phil. ( d. Bar—llillel ) (1965) 58—68

Seebach J.A. Jr. & Steen L.A., Counterezamples in Topology, Holt, Rinehart &

134



_ Wmston U. SA 1970 : S
20. Slkorskl R., Closure Algebms Fund. Math. 36 (1949) 165—206

R s



I M—L
f(a)

f[s]

f1S]

f|S

™ m e

H= 1M H

SNR
SUR
nB

UB

Sl

S—-R
P(S)
P(S)
()G
{a,.,b}

GLOSSARY OF SYMBOLS AND NOTATION

fis a morphism ( usually a map ) from M to L
image of element a under map f
image of subset S under map f
pre—image of subset S under map f
restriction of map f on subset S
identity transformation

is mapped to

empty set

is an element of

is not an element of

cquals

does not equal

is a subset of

is not a subset of

is a proper subset of

intersection of subsets S and R

union of subsets S and R

intersection of family B

union of family B

set—theoretic complement of subset S
rclative complement of subset R in subset S
power set of set S

power set Boolean algebra on set S
brackets within expressions

set of elements a,...,b

set of X such that Y

structure with underlying set X
ordered pair a,b

ordered triple a,b,c

is isomorphic to ( usually algebraic isomorphism or homeomorphism )

direct product of objects M and L
direct product of family B
co—product of family B, only used for topological sums
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MeoL

sum of Heyting algebras M and L ( see [1] )

one element Heyting algebra

two element chain as an interior algebra

three element chain as a Heyting algebra
indiscrete space on &

ordinal space with interval topology

smallest infinite ordinal

topological space ( w, w+ 1)

informal upper bound to the class of all ordinals
smallest infinite cardinal

smallest uncountable cardinal

if and only if

implies

implies and is implied by, iff

and

or

not

for all

there exists

satisfies |

dual of sentence ¢

the free variables of formula ¢ are among xg,...,Xn
formula ¢(xo,...,xn) under valuation ao/xo,...,an/Xn
first order language for interior algebras

first order language for Heyting algebras

first order language for graphs without isolated points
interpretation from L¥ to LI

interpretation from £§ to LI

LI sentence defining simple

LI sentence defining subdirectly irreducible

LTI sentence defining finitely subdirectly irreducible
LI sentence defining directly indecomposable

LI formula stating that z is an atom

polynomials used to characterize openly generated interior algebras

variety of interior algebras
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Int

Int™
IntO
IntB

Balg
CIn

Top
Tco
TokF
TcF
Sfid
Bfld
Stwo
Fild
Pro
RPro
. Can
Cnr
Set
a-b
ab
a+b

variety of Heyting algebras

category of interior algebras and homomorphisms

category of interior algebras and topomorphisms

category of openly generated interior algebras and homomorphisms
category of Boolean interior algebras and homomorphisms

category of Heyting algebras and homomorphisms

category of Brouwerian algebras and homomorphisms

category of complete atomic interior algebras and complete
homomorphisms | '
category of complete atomic interior algebras and complete
topomorphisms

category of atomic operator complete interior algebras and complete

‘homomorphisms

category of atomic operator complete interior algebras and completoe
topomorphisms ' |
category of topological spaces and continuous maps

category of topological spaces and continuous open maps

category of finitely generated spaces and continuous maps

category of finitely generated spaces and continuous open maps

category of Stone fields and field maps

~ category of Boolean Stone fields and field maps

category of Stone fields and weakly open field maps

category of fields of sets and field maps

category of pre—ordered scts and homomorphisms

category of pre—ordered sets and regular homomorphisms

category of canonical pre—order ficlds and pre—order field maps
category of canonical pre—order fields and regular pre—order field maps
category of sets and maps

product of a and b, usually lattice product ( meet )

sum of a and b , usually lattice sum ( join )
relative pseudocomplement of a and b

dual relative pseudocomplement of a and b
Boolean complement of element a

interior of 3 -

closure of a
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0 bottom element , zero

1 top element , one

S join of subset S

ns meet of subset S

ARC Boolean algebra of regular closed elements of interior algebra A
AR Boolean algebra of regular open elements of interior algebra A
a- B0y meet of a and b in the Boolean algebra of regular open elements
a+0y join of a and b in the Boolean algebra of regular open elements
a’ 0 complement of a in the Boolean algebra of regular open elements
o0 bottom element in the Boolean algebra of regular open elements
1RO top element in the Boolean algebra of regular open elements
R0 g join of subset S in the Boolean algebra of regular open elements
ntog meet of subset S in the Boolean algebra of regular open elements
aVb open dual difference of a and b

a-wb weak meet of aand b

a—yb weak relative pseudocomplement of a and b

3 weak ordering

R weak equality

< less than or equal to

{ not less than nor equal to

> greater than or equal to

< stricly less than

> strictly greater than

: denotes pre—order, in particular the canonical pre—order ( page 65 )
max S maximum member of subset S

min S minimum member of subset S

[a,b] interval algebra with underlying set [a,b] ={c:a<c<b}

(a) interval algebra [0,a]

[a) interval algébra [a,1] ’ '
Afa,b] interval algebra [a,b] formed in interior algebra A

A(a] interval algebra (a] formed in interior algebra A

Afa) interval algebra [a) formed in interior algebra A

rlasb . interior of T in [a,b]

Carb closure of r in [a,b]

/b complement of r in [a,b]
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" > O

<

interior of r in (a]

closure of r in (a]

complement of r in (a]

interior of r in [a)

closure of r in [a')

complement of r in [a)

interior algebra corresponding to generalized topological space T
generalized topological space corresponding to interior algebra A
subdirectly irreducible

finitely subdirectly irreducible

directly iﬁdeCOmposable

equationally definable principal congruences

equationally definable principal meets

weak Brouwerian semilattice with filter preserving operations
Joint Embedding Property

Strong Joint Embedding Property

underlying Boolean algebra of interior algebra A

Heyting algebra of open elements of interior algebra A
restriction of interior algebra homomorphism { to Heyting algebra of
open elements

“functor assigning interior algebras A to A° and homomorphisms f to i°

Brouwerian algebra of closed elements of interior algebra A

functor dual to ° '

subalgebra of clopen elements of interior algebra A

restriction of interior algebra homomorphism f to subalgebra of clopen

_elements

functor assigning interior algebras A to A° and homomorphisms f to £°
interior algebra with Heyting algebra of open elements L and underlying
Boolean algebra equal to the free Boolean extension of L

extension of Heyting algebra homomomorphism f to free Boolean
extension ‘

functor assigning Heyting algebras L to L" and homomorphisms f to i
functor dual to !

isomorphism from Halg to Balg

power set interior algebra on topological space X

inverse image topomorphism obtained from continuous map f
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functor assigning topological spaces X to X* and continuous maps { to £
set of all subsets of atoms of complete interior algebra A which have an
open join .

topological space of atoms in complete atomic interior algebra A with
open sets A

continuous map dual to complete topomorphism f between complete
atomic interior algebras

functor assigning complete atomic interior algebras A to AT and
complete topomorphisms { to {t :
interior algebra corresponding to Stone field X

inverse image topomorphism obtained from field map {

functor assigning Stone fields X to X% and field maps f to {5

Stone field dual to interior algebra A with underlying set AF — the set of
all ultrafilters in A

topology of Stone field AT with base afA°]

inverse image field map obtained from t0pomorphism f

functor assigning interior algebras A to AF and topomorphlsms ftof"
Stone space of interior algebra A, topological Space reduct of AF

inverse image continuous map obtained {rom f, {* as a continuous map
functor assigning interior algebras A to AP and topomorphisms f to {0
Stone space of the lleyting algebra A° of open elements of interior
algebra A

power set modal algebra of frame W

finitely generated space obtained from pre—ordered set W

set of open sets of W' where W is a pre—ordered set

pre—order homomorphlsm { considered as a continuous map

concrete functor over Sct assq,nmg pre—ordered sets W to W' and
pre—order homomorphisms { to t

pre—ordered set obtained from topological space X

continuous map f considered as homomorphism of pre—ordered sets
concrete functor over Sct. assigning topological spaces X to X" and
continuous maps { to v

canonical pre—order field obtained from Stone field X

field map { considered as pre—order field map

concrete functor over Fld assigning Stone fields X to X" and field maps {
to M
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Int(k)
Halg(X)
O(F)
F(@)
a/o©
a®b
A/©
Con(A)
Cong(A)
Cony(A)
'con(a,b)
L(M)
Ly(M)
LiA)
1%(A)

Stone field obtained from canonical pre—order field X

pre—order field map { considered as a field map of Stone fields

concrete functor over Fld assigning pre—order fields X to X" and
pre—order field maps { to £

OIn™ bireflection of complete atomic interior algebra A

bi—reflector from CIn™ to OIn™

co—unit of adjunction { o )
A

T

natural isomorphism from id to T
natural isomorphism from id to A
Stone map for interior algebra A
natural isomorphism from id to F5
‘ultrafilter map’ for Stone field X
natural isomorphism from id to SF
canonical retraction of A” onto A” where A is an interior algebra
canonical embedding X into X*? where X is a topological space

disjoint union of sets X and S :
topological space { X[S], 7 U { X[S] } ) obtained from topological space
X=(XT) ' ‘

interior algebra with underlying Boolean algebra AYx B and open
elements ( A® x { 0} ) U{(1,1) } where A is an interior algebra and B a
Boolean algebra ’

class of all interior algebras A with Acek

class of all Heyting algebras A% with Aek

congruence identifying filter of open elements F with 1

filter of open elements identified with 1 by congruence ©

equivalence class of element a under equivalence relation ©

a is related to b by binary relation ©

quotient of A by congruence ©

congruence lattice of structure A

lattice of fully invarient congruences of interior algebra A

lattice of principal congruences of interior algebra A

smallest congruence identifying a and b

lattice of filters in Heyting algebra M

lattice of principal filters in Heyting algebra M

lattice of full filters of interior algebra A '

lattice of open filters of interior algebra A
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At A
At A
Ata A

Ate A
Ata X

P(A)
A(P)

lattice of closed ideals of interior algebra A

set of complements of members of subset S of an interior algebra
isomorphism from L°(A) to L(A) sending F to pd

set of neighbourhoods of a

set of neighbourhoods of a in (c]

set of enclosers of a

neighbourhood function corresponding to generalized topology G
generalized topology corresponding to neighbourhood function N

subset R converges to element a

subset R accumulates at element a

net (bj) converges to element a

net (b;) accumulates at element a

set of limits of subset R '

set of limits of net (bs)

set of accumulants of subset R

set of accurulants of net (bs)

set of elements having non—zero meet with all elements of R

jth tail of net (b;), { by:i»j}

filter { a : a2 bi for some i ¢ W } derived from net (b;) in interior
algebra based on directed set W '

‘a—closure’ of subset S of topological space ( see page 96 )

‘a—closure’ of element a ( see page 96 )

reflexive symmetric relation of a graph without isolated points

reflexive symmetric relation on atoms of an interior algebra given by
a 1o b iff there are d € N(a) and e € N(b) with ca(d) n c(e) # ¢

set of atoms of interior algebra A _

( At A, < ) where « is the canonical pre—order on interior algebra A
{be At A :thereis an a € At A witha#b and a.ob } where A is an
interior algebra

graph without isolated points ( Ata A, 1) where A is an interior
algebra

Ata X* where X is a topological space

set of elements of interior algebra A which satisfy property P

interior algebra with underlying Boolean algbra A" x 2% and open
elements { (a,b) € A°x2 : b =1 implies a’ € P(A) }, where A is an
interior algebra and P is an appropriate property - '
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A .
a—separated

interior algebra, 96

topological space, 96
accumulant

of net‘, 75

of subset, 65
accumulation

by net, 75

by subset, 65
algebraic

pre—order field, 58

topological field of sets, 36

B
 base
for generalized topology, 80
for interior algebra, 80
based on, 69
Boolean
field, 39
interior algebra, 13

C
canonical
 net, 69
pre—order, 65
pre—order field, 58
clopen
element, 13
join of interior algebras, 25
quotient, 24
separated, 103

INDEX OF DEFINITIONS
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closed
" atomic, 26
element, 12
ideal, 21
Jjoin of interior algebras, 25
quotient, 24
subset of interior algebra, 21
closure
of element, 1
operator, 1
collectable, 72
compact
atomic interior algebra, 123
element, 124
field of sets, 36
compactification, 130
cone, 64
convergence
by nets, 74
by subset, 64
countably
collectable, 72
compact, 118
cover compact
element, 124
interior algebra, 116

D

dense element, 68
directed set, 69
disjoint elements, 89
dominate, 80



E

elementary
filter, 71
filter base, 70

enclose, 65

encloser, 65

F
field map, 35
filter compact
element, 124
interior algebra, 115
finitely generated spaces, 34
first countable, 82
Fréchet algebra, 93
full filter, 17

G
generalized
topological space, 1
topology, 2
graph without isolated points, 99
grill, 64

H
Hausdorff algebra, 90
Heyting class, 11
hereditarily
Lindelof, 86
normal, 109
undecidable, 98

I

induce, subfield, 41
-~ inducive, 41
injective net, 72

145

interior
algebra, 1
of element, 1
operator, 1
interval algebra, 21

J
join of interior algebras, 25
Joint Embedding Property, 50

K _
Kolmogorov algebra, 93

L
A—collectable, 72
limit
of net, 74
of subset, 64
Lindeldf, 82
locally compact
element, 126
interior algebra, 126

M
modal algebra, 51
monolith, 18

N
neighbourhood
filter at an element, 62
function, 62
of an element, 62
net, 69
normal :
interior algebra, 107
modal algebra, 51



0

open

P

atomic, 26

dual difference, 15
element, 3

filter, 14

filter generated by, 14

join of interior algebras, 25
quotient, 24

subset of interior algebra, 14
openly generated

atoms, 94
interior algebra, 8

'operator complete, 34

partition of 1, 23

point

compact
element, 124
interior algebra, 116
Hausdorff, 90
supercompact, 119

homomorphism, 55
open element, 13
pre—order field map, 59
residually
atomic, 26
closed, 129
residue, 129

S
second countable, 82
section operator, 66
semi—simple, 15
separative, 36
sequence

compact, 117

supercompact, 119
sequential

filter, 71

filter base, 70 .
sequentially

determined, 84

Hausdorff, 91

point Hausdorff, 92

pre—order stack, 64
field, 57 Stone
field map, 57 field, 37
on a set, 51 space of interior algebra, 46

strictly sequence compact, 119
Strong Joint Embedding Property, 50

principal quotient, 24
proper filter base, 69

pseudo—elementary, 72 strongly
‘ Fréchet, 95
R ’ K algebra, 95
refines, 64 zero—dimensional, 32
regular subbase, 80
algebra, 105 subfield of Stone field, 39

closed element, 13
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supercompact
interior algebra, 119
topological space, 32

surround, 62

symmetric algebra, 93

T

tail, 69

topological field of sets, 35
topomorphism, 3

U

ultra—connected, 32
ultra—universal, 50
Urysohn algebra, 102

w
weakly open
at a point, 39
field map, 39
weakly projective, 34

Z
zero—dimensional, 32

147

C\





