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Summary 
 

A description of the Statistical catch at Length (SCAL) assessment methodology is 
given, covering both the formulation of the population dynamics and the penalised 
log likelihood used for fitting to data. Parameter value inputs for recent applications 
to East Atlantic and Mediterranean as well as to West Atlantic bluefin tuna are 
provided, together with the data used on those occasions. 
 
 

Introduction 
 
 
The Statistical Catch at Length (SCAL) assessment methodology is described in detail below. The current model 
specifications used for the Eastern Atlantic and Mediterranean (Butterworth and Rademeyer 2015) and for the 
Western Atlantic (Butterworth and Rademeyer 2014) are given in Appendix A, with the corresponding data given 
in Appendices B and C respectively. 
 
 
 
The Statistical Catch-at-Length Model 
 
 
The text following sets out the equations and other general specifications of the Statistical Catch at Length (SCAL) 
assessment model,, followed by details of the contributions to the (penalised) log-likelihood function from the 
different sources of data available and assumptions concerning the stock-recruitment relationship. These are as 
have been most recently applied both to give assessment results, and to provide Operating Models for simulation 
testing of Management Procedures. Quasi-Newton minimization may then be applied to minimize the total 
(penalised) negative log-likelihood function to estimate parameter values (the package AD Model BuilderTM 

(Fournier et al. 2011) is used for this purpose).  
 
 
1. Population dynamics 
 
 
1.1 Numbers-at-age 
 
 
The resource dynamics are modelled by the following set of population dynamics equations: 
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where 
ayN ,   is the number of fish of age a at the start of year y (which refers to a calendar year), 

m is the maximum age considered (taken to be a plus-group), 
yR   is the recruitment (number of 1-year-old fish) at the start of year y, 

aM   denotes the natural mortality rate for fish of age a, 

a
f

f
ay

f
yay MSFZ += ∑ ,,  is the total mortality in year y on fish of age a, where 

f
yF  is the fishing mortality of a fully selected age class in year y for fishery f, and 
f

ayS ,  is the commercial selectivity at age a for year y for fishery f. 
 
 
1.2. Recruitment 
 
 
The number of recruits (i.e. new 1-year olds) at the start of year y is assumed to be related to the spawning stock 
size (i.e. the biomass of mature fish) at the mid-point of the preceding year by a Beverton-Holt or a “hockey-stick” 
stock-recruitment relationship, allowing for annual fluctuation about the deterministic relationship:  
 
For the Beverton-Holt relationship: 
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and for the “hockey-stick” relationship: 
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where 
α,  β, µ and Bµ  are spawning biomass-recruitment relationship parameters,  

yς   reflects fluctuation about the expected recruitment for year y, which is assumed to be normally distributed 
with standard deviation σR (which is input in the applications considered here); these residuals are treated 
as estimable parameters in the model fitting process.  

sp
yB   is the spawning biomass in year y, computed as: 
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where  
spawning for the stocks under consideration is taken to occur sT  months after the start of the year (here )6=sT  

and some natural mortality has therefore occurred, 
sp

,ayw    is the mass of fish of age a during spawning, and  

ayf ,    is the proportion of fish of age a that are mature. 
 
For the Beverton-Holt stock-recruit relationship, the estimation is carried out in terms of parameters h (steepness) 
(though this may be fixed on input) and pre-exploitation equilibrium spawning biomass Ksp, which are related to 
the parameters α and β  of equation 4a by: 
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and 
)15(4 0 −= hhRα  

)15()1( −−= hhK spβ               (8) 
 
 
The parameters µ and Bµ of the Hockey-stick stock recruitment relationship are estimated directly in the model 
fitting procedure (alternatively Bµ may be fixed externally). 
 
 
1.3. Total catch and catches-at-age 
 
 
The total catch by mass in year y is given by: 
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where 

f
ayC ,   is the catch-at-age, i.e. the number of fish of age a, caught in year y by fleet f, 

f
ayS ,  is the commercial selectivity of fleet f (i.e. combination of availability and vulnerability to fishing gear) 

at age a for year y; when 1, =ayS , the age-class a is said to be fully selected, 
f

yF  is the proportion of a fully selected age class that is fished by fleet f , and 
f

ayw ,   denotes the selectivity-weighted mid-year weight of fish of age a landed in year y by fleet f, computed 
 as: 

f
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with 

lw  is the weight of fish of length l; and 

laA ,   is the proportion of fish of age a that fall in the length group l (i.e., 1, =∑
l

laA  for all ages). 

 
 
The matrix laA ,  is calculated under the assumption that length-at-age is normally distributed about a mean given 
by the von Bertalanffy equation, i.e.: 
 

( )( )[ ]2;1~ a
ta

a
oeLNL θκ −−

∞ −  (11) 
 
where 

aθ  is the standard deviation of length-at-age a, which is modelled to be proportional to the expected length-at-
age a, i.e.: 
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with βa either fixed on input or estimated, and either age-independent or a linear function of age. 
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Selectivity is estimated as a function of length and then converted to an effective selectivity-at-age: 
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1.4. Initial conditions 
 
 
For the first year (y0) considered in the model, the numbers-at-age are estimated directly for ages 1 to aest, with a 
parameter φ which mimics recent average fishing mortality for ages above aest, i.e.: 
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2. The (penalised) likelihood function 
 
 
The model is fitted to CPUE and commercial catch-at-length data to estimate model parameters (which may 
include residuals about the stock-recruitment function, facilitated through the incorporation of a penalty function 
described below). Contributions by each of these to the negative of the (penalised) log-likelihood (- Ln ) are as 
follows. 
 
 
2.1 Relative abundance data 
 
 
The likelihood is calculated assuming that the index observed for a particular fishing fleet is log-normally 
distributed about its expected value:  
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where 

i
yI   is the index of biomass or abundance index for year y for gear/flag combination i, 
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iq̂  is the constant of proportionality (catchability) for the index series i, and 
i
yε  from ( )( )2,0 iN σ . 
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The contribution of the index data to the negative of the log-likelihood function (after removal of constants) is 
then given by: 

( ) ( ) ( )
( ) ( )[ ]∑













+
+






 +=−

y
i
Add

i

i
yi

Add
iL 22

2
22i

2
nn

σσ

ε
σσ  (18) 

 
where  

iσ   is the standard deviation of the residuals for the logarithm of index i, estimated by its maximum 
likelihood value: 
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where ni is the number of data points for index i, and 
i
Addσ  is the square root of the additional variance for the CPUE series, which can be estimated in the model 

fitting procedure but has been set to a fixed value (which might be zero) on input.. 
 
 
The catchability coefficient iq for index i is estimated by its maximum likelihood value: 
 

( )∑ −=
y

y
i
yi

i IInqn ˆlnln1ˆ  (19) 

 
 
Note that for the applications considered to date, selectivity at age f

ayS ,  is year-invariant over the period for which 
values of the index are available. More complex formulations are necessary should selectivity-at-age change 
during such periods. The indices' selectivities are taken to be the same as for the overall gear type. 
 
 
2.3. Commercial catches-at-length 
 
 
The contribution of the catch-at-length data to the negative of the log-likelihood function under the assumption of 
an “adjusted” lognormal error distribution (Punt and Kennedy 1997) is given by: 
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and 

f
comσ   is the standard deviation associated with the catch-at-length data, which is estimated in the fitting 

procedure by: 
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Commercial catches-at-length are grouped with the next length class if the proportion is less than 2%.  
 

The lenw  weighting factor may be set to a value less than 1 to downweight the contribution of the catch-at-length 
data (which tend to be positively correlated between adjacent length groups) to the overall negative log-likelihood 
compared to that of the CPUE data.  
 
 
2.4. Stock-recruitment function residuals) 
 
 
The stock-recruitment residuals are assumed to be log-normally distributed. Thus, the contribution of the 
recruitment residuals to the negative of the (now penalised) log-likelihood function is given by: 
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where 

yς   is the recruitment residual for year y, which is estimated for year y1 to y2 (see equation (4)), 

Rσ  is the standard deviation of the log-residuals, which is input. 
 
 
 
3. Estimation of precision 
 
 
The Hessian may be used to provide 95% confidence interval estimates. 
 
 
 
4. Model parameters 
 
 
4.1. Input parameters 
 
The model input parameter values used in the most recent applications are given in Appendix A. 
 
 
4.2. Fishing selectivity 
 
 
Fishing selectivities-at-length are estimated using a four parameters double-logistic form: 
 

( )( ) ( )( )[ ]122111 111 −−−−−− +−+= blabla
l eeS  (24) 

 
 
 
5. Next steps 
 
 
Responses are sought from the meeting regarding the following. 
 

• Whether any modifications to the methodology are desired. 
• Whether the fleet groupings suggested in Appendix A are acceptable or should be modified. 

 
It is assumed that the data listed in Appendices B and C will be updated during the meeting. 
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Appendix A – Model specifications used for the most recent SCAL applications  
 
A.1. Model parameter values input 
 
 
The model input parameter values used in the most recent applications  are given in Table A1 below. 
 
Table A1: Input parameters (units are gm, cm and year as appropriate) (length-weight, von Bertalanffy growth, 
maturity and natural mortality at age from ICCAT, 2012). 

 
 
* This high value was specified on input rather than estimated in the fit of the model given the absence of any clear trend in the stock-
recruitment plot. 
** Used as a simple approach to approximate a hockey-stick form in this instance; more generally either the Beverton-Holt or hockey-stick 
would be used where their parameter values were estimated. 
 
A.2. Fleet groupings 
 
 
The different fleets have been grouped into bait boat, longline; purse seine, traps and other for the Eastern 
Atlantic and into longline; purse seine, traps, sport and other for the Western Atlantic  
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Appendix B - The data for the Eastern Atlantic and Mediterranean, as used in Butterworth and Rademeyer 
(2015) 
 
 
Table B1: Catches in mt. 
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Table B2: Commercial fleet catch-at-length numbers for each fleet considered 
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Table B2: Continued 
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Table B2: Continued 
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Table B2: Continued 
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Table B2: Continued 
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Table B3: Index series used – values followed by associated standard errors (where available) are given. 
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Appendix C - The data for the Western Atlantic, as used in Butterworth and Rademeyer (2014) 
 
 
Table C1: Catches in mt. 
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Table C2: Commercial fleet catch-at-length used in the SCAL. 
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Table C2: Continued. 
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Table C2: Continued. 
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Table C3: CPUE (relative abundance) series used. 

 
 
 
 
Table C4: Catches-at-length associated with the CPUE series used in the SCAL. 
 
In the interests of keeping this document shorter, these data have not been listed below, but can be provided by 
the authors if required. 
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