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Abstract

Vizing’s conjecture remains one of the biggest open problems in domination in graph
theory today. The conjecture states that the domination number of the Cartesian product
of two graphs is at least as large as the product of the domination numbers of the two factor
graphs. The aim of this thesis is to study the various approaches implemented by researchers
over the years in an attempt to prove (or disprove) Vizing’s conjecture.

Graph-theoretic definitions and notations used in this paper are presented in Chapter 1,
along with several theorems on domination that will be useful throughout this paper. In
Chapters 2, 3 and 4, we explore some of the earliest research done in solving Vizing’s con-
jecture. The three methods studied, namely the simple-labelling rule, the one-half argument
and fair reception, all involve partitioning the vertex set of one of the factor graphs in some
way and then utilising the structure of the Cartesian product to characterise large classes of
graphs for which the conjecture is true.

Since Vizing’s conjecture is unsolved in general, many partial results related to the con-
jecture have been proven over the years. One such result, the use of which has become quite
widespread in the literature, is studied in Chapter 5. This partial result states that the
domination number of the Cartesian product of two graphs is at least half the product of the
domination numbers of the two factor graphs. We analyse the double projection argument
used to prove this result and include more recent improvements of this bound.

We then consider other approaches to solving Vizing’s conjecture which do not use some
vertex-partitioning technique. Chapter 6 deals with proving the conjecture by minimal coun-
terexample and we list a few properties that a possible minimal counterexample to Vizing’s
conjecture must satisfy. Moreover, we focus on methods of building graphs which satisfy
Vizing’s conjecture from other graphs in Chapter 7.

Finally, Chapter 8 covers several variations of domination and Vizing-like results for each
type of domination. In particular, notable results in fractional, graph-, total, integer, paired-,

upper and rainbow domination are studied in detail.
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Chapter 1

Introduction

1.1 History

Domination has been a topic of study in graph theory for over 60 years. However, the no-
tion of domination originated much earlier in the game of chess. In 1862, Carl Friedrich
de Jaenisch posed the following question in [28]: what is the minimum number of queens
needed to “dominate” an 8 x 8 chessboard in the following sense: either (i) a queen occupies
a tile, or (ii) each unoccupied tile can be occupied by a queen in one move. The answer
was found to be five queens, and this problem was hence dubbed the Five Queens Problem.
Nearly a century later, domination was first considered in the context of graph theory by
Berge [5] in 1958, who introduced the “coefficient of external stability”, which we now call
the “domination number” of a graph. Later, Ore [54] first introduced the terms “domina-
tion”, “dominating set” and “domination number” in 1962. Then in 1977, Cockayne and
Hedetniemi [26] published a ground-breaking survey article on domination which prompted
greater interest in the subject. Since then, studies on domination in graphs have become

increasingly popular among graph theorists.

One of the most famous open problems in domination is Vizing’s conjecture, formally
posed by Vizing [61] in 1968. The conjecture posits that the domination number of the
Cartesian product of two graphs is at least as large as the product of the domination numbers
of these two graphs. Not much research was done in attempting to solve Vizing’s conjecture
until 1979, when Barcalkin and German [4] had a breakthrough. They used a “simple
labelling rule” to define a large class of graphs which satisfy the conjecture (now known as
BG-graphs). Later, in 1995, a larger class of graphs for which the conjecture holds true was
established by Hartnell and Rall [39] using their “one-half argument”, and is known as the



class of Type X graphs. A well-known partial result of Vizing’s conjecture was proven in
2000 by Clark and Suen [24], which states that the domination number of the Cartesian
product of two graphs is at least as large as half the product of the domination numbers of
the two factor graphs. Several researchers have applied Clark and Suen’s “double-projection
argument” to prove other partial results of Vizing’s conjecture, as well as Vizing-like results
for different variations of domination. Many other approaches have been formulated over
the years, such as Bresar and Rall’s [18] “fair reception” (whose class of graphs define yet
another extension of the BG-graphs), Hartnell and Rall’s [38] “attachable sets”, and the new

“cell framework” formulated by Bresar et al. [13] in 2021, to name a few.

1.2 Graph theory

We introduce the graph theoretical definitions and notations used in this paper, which are

adapted from [12, 20, 32, 58]. We will only consider finite, simple graphs.

A graph G = (V(G), E(G)) consists of two sets: a non-empty finite set V(G) of elements
called vertices, and a set F(G) of 2-element subsets of V(G) called edges. If E(G) = 0, we say
that G is an empty graph. We denote an edge between two vertices u and v by uwv, and say
that v and v are adjacent vertices in G. Additionally, vertex u is called a neighbour of v (and
vice versa) and the edge uv is incident with vertices u and v. The open neighbourhood of w is
N(u) ={v € V(G) : wv € E(G)}, and the closed neighbourhood of w is Nu] = N(u)U {u}.
In some cases in this paper, we will use u € G to mean u € V(G), to ease notation.

The order of a graph G is the number of vertices of G, i.e., |V(G)|, and is denoted by |G|
or n(G). The size of G is the number of edges of G, i.e., |E(G)|, and is denoted by m(G).
If it is clear from context which graph we mean, we simply write n and m respectively.

The degree of a vertex v, deg(v), is the number of edges incident with v. For any graph
G, 6(G) = min{deg(v) : v € V(G)} is the minimum and A(G) = max{deg(v) : v € V(G)}
is the maximum degree of G. A graph is regular if every vertex of the graph has the same
degree and a graph is r-regular if every vertex has degree r.

A graph is complete if every vertex of the graph is adjacent to every other vertex. A
complete graph of order n is denoted K.

A graph G is bipartite if V(G) can be partitioned into two sets Vi and V; such that
each edge of GG joins a vertex in V; with a vertex in V5, and each vertex in a partition is
not adjacent to any other vertex in that partition. In a complete bipartite graph K, s, each

vertex in Vj is adjacent to every vertex in V5 and vice versa, where |Vi| = r and |V3| = s.



The complement G of a graph G is a graph with the same vertices of G and for every
u,v € V(Q), it holds that uv € E(Q) if and only if uv ¢ E(G).

Let G and H be two graphs. Then H is a subgraph of G if V(H) C V(G) and E(H) C
E(G). H is a spanning subgraph of G if E(H) C E(G) and V(H) = V(G). Suppose we
have a set of vertices S with S C V(G). Then the subgraph induced by S is the graph G[S]
with V(G[S]) = S and wv € E(G[S]) if and only if uv € E(G) and u,v € S. H is an
induced subgraph of G if V(H) C V(G) and for any u,v € V(H), uwv € E(H) if and only if
wv € E(G).

A walk is a finite alternating sequence vy, €1, v1, €9, U, . . ., €x, Ux Where each v; is a vertex
and each e; is an edge that joins v;_; to v;. The walk may have repeated vertices and the
length of the walk is equal to the number of edges in the walk. If the start vertex and end
vertex are the same, the walk is closed. A path is a walk that does not contain any repeated
vertices (and hence no repeated edges). The distance dg(u,v) between two vertices u and
v of a graph G is the length of a shortest path from u to v. If there is no possibility of
ambiguity, then we simply write d(u,v). The diameter diam(G) is the greatest distance
between any pair of vertices.

A graph G is connected if for every two vertices u,v € V(G), G contains a walk from u
to v. If G is not connected, we say that G is disconnected. A component of a G is a maximal
connected subgraph of G. A maximal connected subgraph of G is a connected subgraph of
G that is not properly contained in any other connected subgraph of GG. Note that a graph
is connected if and only if it has a single component.

A cycle C,, of order n > 3 has size m = n, is connected and is 2-regular. A graph which
does not contain a cycle is called acyclic. A chordal (or triangulated) graph is one in which
every induced cycle has exactly three vertices, i.e., Kj.

A tree is a connected, acyclic graph. A vertex of degree 1 in a graph is known as a leaf
or end vertex and an edge incident with a leaf is called a pendant edge; every tree of order at
least 2 has at least one leaf [58]. A forest is an acyclic graph, and the components of a forest
are trees. A star of order n is the complete bipartite graph K ,_;, which has one vertex v
with deg(v) = n — 1 (the internal vertex) and n — 1 leaves. In particular, K 3 is known as
a claw, and if G is a graph that does not contain K 3 as an induced subgraph, G is said to
be claw-free.

Let G be a graph. A set C C V(G) is called a clique in G if C induces a complete
subgraph in G. A set I C V(G) is an independent set in G if no two vertices of I are
adjacent. The maximum cardinality of an independent set of G is the independence number,

denoted «a(G). A mazimal independent set of G is an independent set that is not properly



contained in any other independent set of G.

If G is a non-empty graph, then a subdivision of G is a graph obtained from G by removing
an edge uv, adding a new vertex w, and then adding the edges uw and vw.

Two graphs G and H are isomorphic if there exists a bijection ¢ : V(G) — V(H) such
that for all u,v € V(G), wv € E(G) if and only if ¢(u)p(v) € E(H), that is, adjacency
of vertices is preserved. ¢ is called an isomorphism of G and H and we write G = H.
The Cartesian product of G and H, denoted GLIH, is defined as follows: V(GOH) =
V(G) x V(H) and for (u,v),(z,y) € V(GOH), where u,z € V(G) and v,y € V(H), are
adjacent if and only if either v = z and vy € E(H) or v = y and uz € E(G).

The power set of a set S is the set of all subsets of S, including the empty set and S
itself, and is denoted P(S5).

1.3 Domination

We now introduce the basic definitions and concepts related to domination in graph theory,
which are adapted from [12, 21, 22, 43, 44].

Definition: A vertex v of a graph G is said to dominate itself and its neighbours, i.e., v

dominates N|v].

Definition: A set S C V(G) is called a dominating set of a graph G if every vertex v € V(G)

is either in S or adjacent to a vertex in .S, i.e., every vertex in GG is dominated by a vertex in .S.

Definition: A dominating set of a graph G of minimum cardinality is called a minimum
dominating set. The cardinality of a minimum dominating set of G is called the domination
number of G, denoted v(G). A set S C V(G) is a minimal dominating set of G if no proper

subset of S dominates G.

Example: Consider the following graph G.



Here, {c, e} is a minimum dominating set of G' and so y(G) = 2.

Notation: Let G be a graph and S C V(G). We denote the minimum number of vertices
in G needed to dominate G[S] by va(5).

Below are a few theorems on domination that will be useful throughout this paper.

Theorem 1.1 ([54]) Let G be a graph without any isolated vertices. If S is a minimal
dominating set of G, then V(G) — S is also a dominating set of G.

Proof. We will show that every v € V(G) is dominated by some vertex in V(G) — S. Let v
be some vertex in G. If v € V(G) — S, then v dominates itself and we are done. So suppose
that v ¢ V(G) — S, that is, v € S. Assume to the contrary that v is not dominated by any
vertex in V(G) — S. Therefore, v is not adjacent to any vertex in V(G) — S. Since S is a
dominating set, each vertex in V(G) — S is dominated by some vertex in S other than v.
On the other hand, since G has no isolated vertices, v must be dominated by S — {v}. This
implies that S — {v} is a dominating set of G of smaller cardinality than S, a contradiction

to the minimality of S. O

Corollary 1.1.1 ([54]) If G is a graph of order n without any isolated vertices, then
n
G) < —.
1(G) =5
Proof. Let S be a minimum dominating set of G. Then by Theorem 1.1, V(G) — S is also a
dominating set of G. From |S|+|V(G)—S| = n and by the minimality of S, |S| < |[V(G)—-S5],
we have that

29(G) = 28| < |S|+ V(@) = S| =n = (&) < 5
as desired. ]

Theorem 1.2 ([6]) Every mazimal independent set of a graph G is a minimal dominating
set of G. Therefore a(G) > v(G).

Proof. Let I be a maximal independent set of a graph G with |I| = k. Suppose to the
contrary that there exists a vertex u € V(G) that is not dominated by I. Then w is not in
I nor is it adjacent to any vertex in I. Therefore I U {u} forms an independent set in G of
order k + 1, contradicting the maximality of I. So I dominates V (G).

We now show that [ is a minimal dominating set. Suppose to the contrary that there exists a
vertex v € I such that [ —{v} is a dominating set of G. Then v € N(I —{v}), contradicting
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the fact that I is independent. Hence, I is a minimal dominating set of G and since every

maximum independent set is maximal, a(G) > v(G). O

Definition: An independent dominating set of a graph G is both an independent set and a
dominating set of G. The independent domination number of GG is the minimum cardinality

of all possible independent dominating sets of G, and is denoted by i(G).

Theorem 1.3 ([6]) Let G be a graph and S C V(G). Then S is an independent dominating
set of G if and only if S s a maximal independent set of G.

Proof. (<) By Theorem 1.2, every maximal independent set of G is a dominating set of G.
(=) Let S be an independent dominating set of G. Then every vertex not in S is adjacent

to a vertex in S since S dominates G. Therefore S is a maximal independent set of G. [
Observe that by Theorems 1.2 and 1.3, v(G) < i(G) for any graph G.

Definitions: Let G be a graph, S C V(G) and v € S. We say that a vertex w € V(G)— S is
an external private neighbour of v with respect to S if N(w)NS = {v} and the external private
neighbourhood of v with respect to S, denoted epn(v,S), is the set of all external private
neighbours of v with respect to S. A vertex w € S is called an internal private neighbour of
v with respect to S if N(w)NS = {v} and the internal private neighbourhood of v with respect
to S, denoted ipn(v, S), is the set of all internal private neighbours of v with respect to S.
Finally, the private neighbourhood if v with respect to S is pn(v, S) = {w € V(G) : N(w)NS =
{v}}. Note that pn(v,S) = epn(v, S) Uipn(v,S), epn(v,S) = pn(v,S) N (V(G) — S) and
ipn(v,S) = pn(v,S)NS.

Theorem 1.4 ([54]) Let S be a dominating set of a graph G. S is a minimal dominating
set of G if and only if for every vertexr v € S':

(i) v has at least one external private neighbour with respect to S, or

(i1) v is not adjacent to any vertex of S.

Proof. Assume that every vertex v € S satisfies at least one of the two properties. Then for
each v € S, S — {v} does not dominate G and therefore S is a minimal dominating set of
G. Now assume that S is a minimal dominating set of G. Then as before, for each v € 5,
S —{v} does not dominate G. So there exists at least one vertex w € V(G) — (S — {v}) that
is not adjacent to any vertex of S — {v}. Firstly, if w = v, then condition (ii) holds. On the

11



other hand, if w # v, then since S dominates G and w ¢ S, w must be adjacent to at least
one vertex of S. But since w is not adjacent to any vertex of S — {v}, N(w)NS = {v} and
condition (i) holds. O

Theorem 1.5 ([8]) Every graph G without isolated vertices contains a minimum dominat-

ing set S such that every verter in S has at least one external private neighbour.

Proof. Of all the minimum dominating sets of G, let S be one such that G[S] has maximum
size. Suppose to the contrary that S contains a vertex v that does not satisfy the required
property. Then by Theorem 1.4, v is not adjacent to any vertex of S, so v is isolated in G[S].
Furthermore, each vertex of V(G) — S that is adjacent to v is also adjacent to some other
vertex of S. Since G has no isolated vertices, v is adjacent to some vertex w € V(G) — S.
So the set (S — {v}) U {w} is a minimum dominating set of G whose induced subgraph in
G has at least one edge incident with w and therefore has greater size than G[S], which is a

contradiction. O

We now state Vizing’s conjecture, the focus of our study, which was formally posed in

1968 by V.G. Vizing.

Vizing’s Conjecture [61] For every pair of finite graphs G and H,
V(GOH) > y(G)y(H).

We say that G “satisfies Vizing’s conjecture” if this inequality holds true for every graph H.

Example: Consider the following graphs G and H and their Cartesian product. In each

graph, the solid vertices form a minimum dominating set.

12
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Here, 7(G) =1, v(H) = 1 and v(GOH) = 3, therefore v(GOH) > v(G)y(H).

Definition: Let G and H be two graphs with g € V(G). An H-fibre is the subgraph of
GOH induced by the vertex set {(g,h) : h € V(H)} and is denoted by 9H. For some fixed
h € V(H), a G-fibre, G", is defined similarly.

Therefore, every vertex (g, h) of GOH is the intersection of the two fibres G" and 9H.
Moreover, note that by definition of adjacency in GLJH, H-fibres are isomorphic to H and

G-fibres are isomorphic to G.

We now state two bounds on the domination number of the Cartesian product of two

graphs that we will use later.

El-Zahar and Pareek establish the following lower bound for v(GOH) in [31].
Theorem 1.6 ([31]) For any two graphs G and H, v(GOH) > min{|V(G)|, |V (H)|}.

Proof. Let V(G) = {vy,...,v,} and V(H) = {uy,...,uy,} and let D be a minimum domi-
nating set of GOH. Suppose to the contrary that |D| < min{n,m}, then there exists G"
and “H such that DN G" = () and D N*H = (). But this implies that the vertex (vj,u;) is

not dominated by D, a contradiction. 0

On the other hand, Vizing observed the following upper bound for v(GOH) in [61].

13



Theorem 1.7 ([61]) For any two graphs G and H,
(GOH) < min{y(G)|V(H)], [V(G) |y (H)}.

Proof. Let D¢ be a minimum dominating set of G, so |Dg| = v(G). Then note that the set
of vertices D x V(H) is a dominating set of GLIH, therefore

V(GUH) < [Dg x V(H)| =~(G)|V(H)].
Since we can interchange G and H in our argument,
V(GOH) < min{(G)|V(H)|, [V(G)|~(H)}

as desired. 0

Even though Vizing’s conjecture is still unsolved in general, there are large classes of
graphs for which it is true. We will investigate the earliest to more recent research done in

an attempt to prove Vizing’s conjecture.
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Chapter 2

BG-graphs

Some of the earliest work done in proving Vizing’s conjecture was by Barcalkin and German
in 1979 [4]. They defined a large class of graphs that satisfy Vizing’s conjecture, now known
as BG-graphs. To study these graphs, we first look at their theorem on decomposable graphs.

Definition: A graph G is said to be decomposable if V(G) can be partitioned into v(G)
cliques of G.

Observation: [12] Let G be a graph that is not complete, that is, there exist two vertices
uw and v of G that are not adjacent. Then y(G) — 1 < v(G U uwv) < ~(G).

Proof. Note that any minimum dominating set of GG is also a dominating set of G U uv, so
(G Uuw) < v(G). Let D be a minimum dominating set of G U uv. If u,v € D, then u
and v dominate themselves in G and v(G) = v(G Uwv). If u,v ¢ D, then u and v do not
dominate each other in GUwuw nor in G, so 7(G) = v(G Uuwv). Finally suppose that, without
loss of generality, u € D and v ¢ D. If there exists w € D, w # u, such that w dominates
v in G U ww, then w also dominates v in G and y(G) = (G U uv). Otherwise, v is not
dominated by D in G. In this case, D U {v} dominates G and v(G) < v(GUwuwv) + 1. Hence
Y(G) =1 < (G Uuw), as desired. O

For example, consider the graph G' = P, with dominating set {a, d}.




The graph G’ = G U bd has dominating set {b}, and v(G') = v(G) — 1. On the other
hand, the graph G” = G U ad has dominating set {a,d}, so v(G") = v(G).

Definition: If G is a graph such that for all non-adjacent pairs of vertices u, v we have that

Y(GUuv) = v(G) — 1, then we say that G is edge-critical (with respect to domination).

(', is an example of an edge-critical graph:

a d a d a d

b c b c b c

Here, {a,d} is a minimum dominating set of Cy so y(Cy) = 2. If we add either edge ac or

bd, the domination number of the resulting graph is 1

Barcalkin and German noted the following Vizing-like result for spanning subgraphs.

Theorem 2.1 ([4]) Let G' be a spanning subgraph of a graph G. If G satisfies Vizing’s
conjecture and v(G") = v(G), then G’ satisfies Vizing’s conjecture.

Proof. Let H be any graph. Then
V(G (H) =~v(G)v(H) < ~(GOH) < ~(G'OH).

The last inequality holds since G’L]H is a spanning subgraph of GOIH, that is,
E(G'OH) C E(GOH). So by our earlier observation, v(G'OH) > v(GOH). O

Note that it is necessary for the subgraph in the above theorem to be a spanning subgraph.
Otherwise, consider for example, G = Cs, G' = P, and H = P, (Cg satisfies Vizing’s
conjecture by Corollary 2.2.2 below). Minimum dominating sets for each graph are indicated

by solid vertices in the figures below.

G G'and H
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Note that v(GOH) =6 > 4 = v(G'UH). However, v(G")y(H) =4 <4 =~(G'LOH).

Barcalkin and German use these results to extend the types of graphs which are known
to satisfy Vizing’s conjecture. In order to prove the next theorem, we first need to discuss

projections and a property of decomposable graphs which relates to external domination.

Definition: Let G be a graph. A set X C V(G) externally dominates a set S C V(G) if
X NS =0 and for every u € S, there exists an € X such that uz € F(G).

Definition: Let G and H be two graphs. The projection to H is the map py : V(GOH) —
V(H) defined by pg(g,h) = h, where g € V(G), h € V(H). For some fixed u € V(G), the
projection to “H maps (g, h) to (u, h). Projections to G and G-fibres are defined similarly.

External domination property: ([12]) Let G be a decomposable graph with v(G) = k

and let C = {C, ..., Cy} be a partition of V(G) into k cliques. For ¢ < k, let C;,,...,C;, be

a collection of cliques from C such that each vertex in C;, U- - -UC;, has at least one neighbour
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in G—(C;, U---UC;,). Let D be a minimum external dominating set of C;, U---UC;, and
let Cj,,...,Cj, be all the cliques from C which intersect D.
t

Claim: > (|Cj, ND|—1)>(

m=1
t

Proof. Suppose to the contrary that Z(|C’jm N D| —1) < ¢. This implies that

m=1
t
> |C;,, NDl <+t
m=1
So the ¢ 4t cliques C;,,...,C;,,Cj,, ..., C;, are dominated by fewer than ¢ 4 ¢ vertices. For
the remaining k — (¢ 4 t) cliques, every clique can be dominated by one vertex from each

clique, so in total we count
YG) < l+t+k—(l+1t) =k,

a contradiction. 0

We will use this property in several proofs to come. For now, we consider an extension

of Barcalkin’s and German’s idea of Theorem 2.1.

Theorem 2.2 ([4]) If G is a spanning subgraph of a decomposable graph G’ such that
Y(G) = ~(G"), then for every graph H, v(GOH) > ~v(G)y(H).

Proof. By Theorem 2.1, we may assume that G is a decomposable graph. Let H be any graph
and v(G) = k, and consider the Cartesian product GOH with a minimum dominating set D.
We want to prove that |D| > kvy(H) by showing that D can be partitioned into k sets each
of cardinality at least v(H). To do so, we will define a simple labelling rule which labels each
vertex of D with a number from 1, ..., k, then for each i € [1, k], we consider the projection of
the vertices of D that are labelled 7 to H. Each of these £ sets of vertices labelled ¢ would be
labelled in such a way that dominates H (since D dominates all H-fibres in GOH and each
H-fibre is isomorphic to H), which would imply that v(GOH) = |D| > ky(H) = v(G)y(H),
as desired.

Let V(G) = Cy U --- U Cy, where each C; is a clique. For each h € H and i € [1, k], define
a G-cell as C' = V(C;) x {h} (note that this is a partitioning of V(GOH)). Below is a

diagram of this partitioning from [12]:
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Cf
h — -
H
C G G

We define the simple labelling rule as follows: if D N CP # ), label one of the vertices in
D N Cl with 4. Then we project the vertices of D N C!" to H and label h with i as well. If
|DNCPH > 2, we need to label the remaining vertices of D N C! by showing that for each i,
there exists a vertex in D labelled ¢ that is projected to the neighbourhood of h.

Case 1:

Case 2:

there exists a vertex in D that is also in V' (C;) x N|h].
By the simple labelling rule, D N C! # (), so one of its vertices is labelled 4 and is
projected to h in N[h] with label 7.

there is no vertex from D in V(C;) x N[h].

In this case, we call C!' a missing G-cell for h. Let C’ﬁ, e ,C’i}Z be the ¢ < k missing
G-cells for h. Note that DN (V(C;) x N[h]) = () implies that each missing G-cell is not
dominated from within the H-fibres, so it must be dominated from the G-fibre, G".
Therefore D N G" # () and contains vertices which externally dominate Cﬁ U---u CZ'
We now implement the external domination property: let C’jhl, e C'jht be the G-cells
of h which intersect D. Since G" is isomorphic to G, we have that

t

> (Ck nDl-1) >

m=1

So there are enough unlabelled vertices in D N G* remaining so that for each missing
G-cell C}', label i can be given to a vertex in C' N D, for [C? N D| > 2. Thus in the

projection, label ¢ will be given to h.

By using this method of labelling, we produce k sets of vertices labelled 1,...,k, each of

which dominates H. Therefore we have partitioned D into k sets each of cardinality at least
~v(H), as desired. O

This theorem leads us to an important partial result of Vizing’s conjecture.
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Corollary 2.2.1 ([4]) Every decomposable graph satisfies Vizing’s conjecture.

Barcalkin and German state that such a graph G from Theorem 2.2 belongs to what they
call the A-class. This class of graphs is commonly referred to in the literature as BG-graphs

in acknowledgement of their significant contribution to graph domination theory.

A class of common graphs which are BG-graphs are cycles C,, n > 3. For example,
consider Cy : a,b,c,d,e, f,g,h,a. Note that 7(Cs) = 3 and Cg is not decomposable, but
Cs is a BG-graph. In fact, if we add the edges af, bf and ce to Cy, the resulting graph G
has domination number 3 and is decomposable. So since Cy is a spanning subgraph of G,

Theorem 2.2 says that Cy satisfies Vizing’s conjecture.

A similar method can be used to show that all cycles are spanning subgraphs of decomposable
graphs with the same domination number. However, El-Zahar and Pareek [31] were the first

to prove this by using induction on the order of the cycle.
Corollary 2.2.2 ([31]) For any graph H and n > 3, v(C,OH) > v(C,)v(H).

Note that any graph G with 7(G) = 1 satisfies Vizing’s conjecture. If D is a minimum
dominating set of GOOH for any graph H, then for some v € V(G), the vertices of the
projection py (D N VPIH) dominates "H =2 H and so |D| > |py(D N NPIH)| > v(H). As a
consequence of Theorem 2.2, Barcalkin and German also prove that all graphs with domi-
nation number 2 are BG-graphs and therefore satisfy Vizing’s conjecture. This result was

independently proved by El-Zahar and Pareek [31] as well.
Theorem 2.3 ([4]) Any graph with domination number 2 satisfies Vizing’s conjecture.

Proof. Let G be a graph such that v(G) = 2 and let G’ be a graph obtained from G by
adding as many edges to G as possible such that v(G’) = 2, i.e., G’ is edge-critical. We
will show that G’ is decomposable. Let C; and Cs be two disjoint cliques in G’ such that
|C1| + |Cy| is as large as possible.
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Claim: |Cy| + |Cs| = n(G).

Suppose to the contrary that there exists a vertex v ¢ C; U Cy. Then v is not adjacent to
at least one vertex, say u, in C; and v is not adjacent to at least one vertex in Cy. Since G’
is edge-critical, v(G" U uv) = 1. Therefore, since v does not dominate G’ U uv, u must be
adjacent to every vertex in Cy. Let S be the set of vertices in C; that are not adjacent to v.
Then (C; — S) U {v} and Cy U S are two cliques of G’ with more vertices than C; U Cs, a

contradiction.

Therefore G’ is decomposable and so by Theorem 2.2, GG satisfies Vizing’s conjecture. U

Another way of partitioning the vertex set of a graph in an attempt to prove Vizing’s
conjecture is considered by Faudree, Schelp and Shreve in [33]. They define Condition CC
as follows: a graph G satisfies Condition CC if there exists a colouring (or partition) of V(G)
using (@) colours such that any subset of V(G) that has at most v(G) — 1 vertices does
not dominate some vertex in each colour that is not included in the subset. They prove in

[33] that any graph which satisfies Condition CC also satisfies Vizing’s conjecture.

Example: Consider Cs : a,b,¢,d, e,a with V; = {a,b, e} and Vo = {c,d}. Since v(C5) = 2,
let A be a subset of V(G) of cardinality at most 1.

a

¢ d

Clearly, Condition CC is satisfied if A = (), so suppose A is a singleton set. If A = {a}, then
V5 is not dominated by A. If A = {b} or A = {e}, then d or ¢ is not dominated by A. Lastly,
if A= {c} or A= {d}, then a is not dominated by A. Therefore, C; satisfies Condition CC
for V = {1, Va}.

On the other hand, Chen, Piotrowski and Shreve follow a different approach to partition-
ing V(@) in [23]. Their method is as follows: let V = {V4,..., Vi } be a partition of V(G).
For i € [1,k], we say that V; is covered by A C V(G) if V,; N A # () or V; C N(A), and V
is extracted if no subset A of V(G) covers more than |A| members of V. Furthermore, the

extraction number of G, denoted z(G), is the largest cardinality of all extracted partitions
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of V(G). Using these definitions, Chen et al. prove in [23] that any graph G such that

z(G) = v(G) satisfies Vizing’s conjecture as well.

Example: Let’s look at Cs : a,b, ¢, d, e, a again with V; = {a,b,e} and Vo = {c,d} and let
A CV(G). Clearly, A = 0 covers no members of V. If A is a singleton set, A covers the one
member of V it has non-empty intersection with. If A is a 2-set of V(G), A covers either one
or both members of V. Therefore, if A has cardinality 3, 4 or 5, A cannot cover more than

|A] members of V and so V is an extracted partition of Cs.

Note that the partition of the vertex set must be chosen carefully. If we had chosen
Vi = {a,c,d} and Vo = {b,e} for either example, V = {V},V,} would not be a suitable
partition for Condition CC nor an extracted partition since A = {a} dominates at least one

vertex in each member of V and A = {a} covers both members of V.

a

These two approaches were formulated and proven independently to Barcalkin and Ger-
man’s decomposable graphs. However, the following result demonstrates the strength of the
idea of BG-graphs and how they relate to graphs which satisfy Condition CC and graphs

with equal extraction and domination number.

Theorem 2.4 ([40]) If G is a graph that satisfies Condition CC or if x(G) = v(G), then
G s a BG-graph.

Proof. Suppose first that G satisfies Condition CC. Let v(G) = k and let V = {V4, ..., Vi}
be a partition of V(G) as defined in Condition CC. Add any missing edges between the
vertices in the same colour class so that each class induces a clique and denote the resulting
graph by G'. If A C V(G’) has at most k — 1 vertices, then at least one colour is not included
in A. Suppose that ANV, = 0 for some j € [1,k]. Then there exists a vertex v € V; such
that v ¢ Ng[A]. Since no edges were added between the colour classes of V, x ¢ Ng/[A] as
well. Therefore A does not dominate G’, so 7(G’) = k and G’ is decomposable.

Now suppose that z(G) = v(G) = k. Let V = {V},...,V,} be an extracted partition of

22



V(G) and as before, add any missing edges to each V;, i € [1,k], to form the graph G’. Let
A C V(G') be a dominating set of G'. If ANV; = () for some j € [1,k], then V; C N /[A]
since A dominates G’. Moreover, since no edges were added between the members of V),
A covers V; in G. Therefore, A covers the k members of V in G, implying that |A| > k.
Since V is an extracted partition, |A| < k, and again we have that v(G’') = k and G’ is a
decomposable graph. U

Note that this theorem shows that the class of graphs which satisfy Condition CC is
a proper subset of the class of BG-graphs. Furthermore, it follows from the properties of
BG-graphs and extracted partitions that every BG-graph G satisfies (G) = v(G), and so

the class of graphs with equal extraction and domination number is the same as the class of
BG-graphs.

23



Chapter 3

Type X graphs and the one-half

argument

We now look at Hartnell and Rall’s [39] method of finding classes of graphs which satisfy
Vizing’s conjecture. Given a graph G, they partition V(@) in a different way to Barcalkin
and German, resulting in a new class of graphs known as Type X graphs. In fact, every
decomposable graph is of Type X [12]. Before we look at the formal definition of Type X
graphs and the “main theorem” of Hartnell and Rall regarding these graphs, we illustrate
the proof of their main theorem with a working example. This proof method is known as
the one-half argument, formulated by Hartnell and Rall in 1995 in [39)].

Example: Consider the following graph G.

u T a
)

G

Note that v(G) = 3 and {v,y,b} is a minimum dominating set of G. Let H be any
graph and D a minimum dominating set of GLJH. The method we will use to prove that G
satisfies Vizing’s conjecture is similar to our proof of Theorem 2.2. We want to prove that
|D| > 3v(H) by showing that D can be partitioned into three disjoint sets each of cardinality
at least y(H).

Let V(G) = SU SC U BC, where SC = {x,y,z} and BC' = {a,b,c} induce cliques in G
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and S = {u,v,w} induces a P; in G (note that S, SC' and BC' are examples of the induced
subgraphs described in the definition of Type X graphs below). Note that b € BC and
v € S are two vertices whose neighbourhoods are completely contained within BC' and S

respectively, and each vertex of SC' has at least one neighbour outside of SC.
Firstly, if “H, YH and °H are dominated by D N*H, D NYH and D N°H respectively, then

|D| > |DN°H|+ |DNYH| + |DN°H| > 3v(H)

since each H-fibre is isomorphic to H, and we are done. So suppose this is not the case.
Consider "H and assume that D N "H does not dominate “H. Define the missing fibre list
for Y"H, denoted L,, as the set of all vertices h € V(H) such that (v,h) is not dominated by
D N*H. We define the missing fibre list for ®H, £;, similarly.

Now consider YH and project all the vertices of D N *H and D N *H onto YH using the

projections

pe: DN*H — YH defined by p.(x,h) = (y,h)
p,: DN°H —YH defined by p.(z,h)

Il
—~
=

>
~—

Let Y be the set of all the vertices of D N YH together with the vertices of D from the
projections p, and p,. Hence, we define the missing fibre list £, as the set of vertices
h € V(H) such that (y, h) is not dominated by Y. Note that each missing fibre list may be
empty. Otherwise, since the vertices in £,, £, and £, are not dominated in the “H-, "H- and
YH-fibres respectively, they must be dominated by vertices in the corresponding G-fibres,
which we will find.

Let us start with £, in S. Suppose there exists an h € L£,. This implies that (v, h) is not
dominated in “H, so it must be dominated by either (u,h) or (w,h), that is, from within
the G"-fibre. So at least one of (u, h), (v, h) is in D. Similarly for £, in BC, if h € Ly, then
(b, h) is either dominated by (a, h) or (¢, k), so at least one of (a,h) and (¢, h) is in D.
Note that (u, h) and (a, h) both dominate (z, h), and (w, h) and (¢, h) both dominate (z, h).
So when counting vertices in D, we must be sure not to double-count any vertices in order
to prove that |D| > 3v(H). To this end, we project the vertices of D N *H onto “H using
the projection puy : D N*"H — “H. Let U be the set of all the vertices of D N “H together
with the vertices of puy, and consider the induced subgraph “H[U].

Firstly, if (u, k) ¢ “H[U], then since D dominates (v, h), h cannot be in £,. If (v,h) ¢ D,
then (z,h) and at least one of (x,h) and (y,h) must be in D to dominate (w, h) and (u, h)
respectively. On the other hand, if (v, h) € D, then at least one of (z, h), (y, h) and (2, h) is
in D to dominate SC. As before, if h € L;, then at least one of (a,h) and (¢, h) is in D. So
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there are at least three vertices of D in the G -fibre.

Now,

let k be any vertex in £,. Then SC' is not dominated by Y. Note that (u, k) must be

in D to dominate (y, k), i.e., (u, k) € “H[U]. We consider three cases:

Case 1:

Case 2:

Case 3:

(u, k) is an isolated vertex in "H[U] and (u, k), (w, k) € D.

If k € L, then as before, (b, k) is dominated in the G*-fibre by either (a, k) or (c, k),
so at least one of them is in D. Hence we can count one of these vertices towards the
missing fibre list £,. On the other hand, if k € £, as well, then we can count (w, k)
towards £, and (u, k) towards L,.

(u, k) is an isolated vertex in “H[U] and (u, k) € D, (w, k) ¢ D.
Since (u, k) is an isolated vertex in “H[U], (w, k) is not dominated by DN"H, so (v, k)
must be in D to dominate (w, k). In this case, (¢, k) must be in D to dominate (z, k).

If k € Ly, as well, then we can count (c, k) towards £, and count (u, k) towards L.

(u, k) is in a component C' of order at least 2 in "H[U].
By Corollary 1.1.1, v(C) < @, therefore we can count v(C) vertices of C' towards L,
if necessary, and count v(C) vertices of C' towards L, if necessary. We treat BC' the

same as before.

In all of these cases, the vertices in D N"H together with £, dominates "H. The same is true
for D N°H with £, and D NYH with £,. Therefore, this method of counting vertices of D

has allowed us to partition D into three sets each of cardinality at least v(H), so

V(GUH) = |D| = 3v(H) = (G)y(H).

Hence G satisfies Vizing’s conjecture.

The formal definition of a Type X graph is as follows.

Definition: A graph G is of Type X if v(G) = k+t+m+1and V(G) = SUBCUCUSC
such that:

(i) S =S51U---US and each S; is “star-like”, that is, each \S; contains a vertex v; that is

adjacent to every vertex in T; = S; — {v;} and N[v;] = T;. Other vertices in S; may be

adjacent, but N[v;] may not induce a clique in G. Furthermore, each S; is edge-critical.

(i) BC' = By U---U B; and each “buffer clique” B; is a clique which contains a vertex b;

such that N[b;] C B;.
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(iii) C = Cy U--- U, and each C; is a clique in G. No vertex of C' is adjacent to any

vertex of S.

(iv) SC is called a “special clique”. Each vertex in this clique SC' has a neighbour outside
of SC.

Graphs of Type X need not necessarily have a special clique; in that case, v(G) = k+1t+ m.
Furthermore, any of k,¢ and m may be 0. Note that if G has no SC and BC'is empty, then
G is disconnected since S and C are non-adjacent. Also note that G cannot have a special

clique only, since by definition of SC', each vertex of SC' must have a neighbour outside of SC'.

The following theorem is the “main theorem” of Hartnell and Rall. They use the one-half

argument from the previous example to prove it in [39].
Theorem 3.1 ([39]) Every graph of Type X satisfies Vizing’s conjecture.

Proof sketch. Let G be a graph of Type X', H an arbitrary graph and D a minimum domi-
nating set of GOH. We will prove that |D| > nvy(H), where n = k 4+t +m + 1, by showing
that D can be partitioned into n sets of vertices, each of which dominates H.

(I): We first consider S and BC' in V(G). Note that for each S; € S, S;00H contains suffi-
cient vertices from D to dominate a copy of H (in this case, “H). In fact, any vertex in “H
not dominated by D NVH is dominated by D NTiH, since Ng(v;) = T;. The same holds true
for each B; € BC since Ng(b;) = B; —{b;}. Therefore S and BC' do not need any assistance
from other partitions of V(G) to dominate “H and “H respectively.

Since each vertex in “°H and “H (may) have neighbours outside of ““H and “H, these
H-fibres may not be dominated by DN*“H and DN%H respectively. In this case, we need to
show that there are sufficient vertices from D to dominate each of {SC, C, ..., C,,} as well as
{S1,...,S8k, B, ..., B} with at least y(H) vertices. For each clique K in {SC,C1,...,Cy},
project all the vertices of D N XH onto “H, for some w € K. Let W be the set of vertices
from D N"H together with the vertices from the projection. If W dominates “H, then there
are at least y(H) vertices of D in ®H and we're done. Otherwise, from the vertices of “H
that are not dominated by W, define a missing fibre list for “H, denoted L,,, as the set of all
h € V(H) such that (w, h) is not dominated by W. Therefore all such vertices (w, h) must
be dominated by D from G". Consider T1,...,T;. Note that by the structure of G, any
vertex (u, h) € DNTH is only needed to dominate (v;, k) in “H and not any other vertex in
a neighbouring G-fibre. Additionally, D N "*H may help us to dominate ““H. D N TH may
dominate vertices in another "H and some %H, but both “H and PiH contain sufficient

vertices of D to dominate an H-fibre by (I) and therefore do not require any assistance from
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D NTH in the count.

(IT): For each i, 1 < i < k, project D NTH to “H for some z € T;. Let X be the set of
vertices in *H together with the vertices of this projection. The induced subgraph “H[X]
has components of order at least two or isolated vertices. Let F' be a component of “H[X] of
order at least 2. By Corollary 1.1.1, (F') vertices of F' can be counted towards dominating
vH (i.e., towards L, ) and (F) vertices of F can be counted towards dominating ““H if
necessary.

We now consider the components that are isolated vertices in the induced subgraphs
separately. Firstly, suppose that SC' is not missing in G".

(IIT): All C; € C that are missing in G" are dominated externally by neighbouring cliques
in G", so by the external domination property of decomposable graphs, there are sufficient
vertices of D to dominate all missing C; in G*.

Now suppose that SC' is missing in G". If SC is externally dominated completely by
neighbouring cliques in G”, then (IIT) applies. If not, then some vertices of SC' are domi-
nated by 71,...,T). For each j, 1 < j <k, select x; € T; and repeat (II). The number of
vertices of D required to dominate SC' are determined by the structure of the components
F; of ®H[X,]. There are several cases, which we do not go into detail here, that can be
found in [39]. These cases are handled in a manner similar to (II) (if F; has order at least
2) and (III) (if F} is an isolated vertex), which implies that there are sufficient vertices from
D to dominate each of SC,CY,...,Cy,S1,...,Sk Bi,..., B, with at least v(H) vertices. [J

Note that by the definition of decomposable graphs, all BG-graphs are of Type X with

S = (). Therefore this theorem is an extension of Corollary 2.2.1.

Definition: Let G be a graph and X a subset of V(G). X is called a 2-packing of G if for
any two vertices u,v € X, N[u]N N[v] = 0. The 2-packing number of G is the cardinality of
a maximum 2-packing of G, denoted p(G).

Jacobson and Kinch proved the following useful result in [49].
Theorem 3.2 ([49]) For any two connected graphs G and H, v(GOH) > v(G)p(H).

Proof. Let D be a minimum dominating set of GJH. For any h € V(H), the G"-fibre is
dominated by (V(G) x N[h]) N D, so

(V(G) x N[h]) N D| = 4(G") = +(G) (3.1)
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since G" = G. Also, for any hy, hy € V(H) with dg(hy, hy) > 2,
(V(G) x N(h1)) N (V(G) x N(h2)) =0 (3.2)

that is, h; and hs have no common neighbours. Therefore, for any maximum 2-packing X
of H,

+(GOH) = D] 2 S |(V(G) x NI 0 D 2 S 4(G) = +(G)[X]| = +(G)o(H)

heX heX

since for all h € X, each vertex in D can intersect at most one neighbourhood Nh]. U

We will denote graphs which have equal 2-packing and domination number as (p,7y)-
graphs. Note that this theorem implies that any connected (p,)-graph satisfies Vizing’s
conjecture. In particular, Meir and Moon [52] use induction to prove that trees are (p,~)-

graphs.
Theorem 3.3 ([52]) For any tree T, p(T) = ~v(T).

Proof. Let P be a maximum 2-packing of 7" and let D be a minimum dominating set of 7.
Note that for each x € D, N(x) contains at most one vertex of P. So since D dominates T,
p(T) < ~(T). It remains to show that p(T) > (7). Let xg, x1, ...,z be the vertices of any
longest path in T'. Firstly, if m < 2, then p(T") = 1 = v(T'). Now suppose that m > 3. Let 7"
be the smallest connected subgraph of T" which contains all z € V(T') such that d(z;,2) > 1.
In particular, for each v € V(T"), either d(z1,v) > 1 or there exists a vertex z, € V(T') such
that d(z1,2,) > 1 and the unique path joining z, and x,, in T" contains v. Note that 7" is
non-empty since d(z1, z,,) > 1 for m > 3. Let P' C V(T") be a maximum 2-packing of 7"
and let D’ C V(T") be a minimum dominating set of 7”. Since D = D" U {x;} dominates T,

N T) <A(T) +1. (3:3)
Moreover, P’ U {zy} is a 2-packing of T" and so
p(T) > p(T") + 1. (3.4)

Since |[V(T")| < |[V(T)|, we may assume that p(7") > ~(T") as the induction hypothesis.
This, together with (3.3) and (3.4), gives us

p(T) > p(T") +1 > y(T') + 1 > 4(T)
which concludes the proof. 0]
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Corollary 3.3.1 For any tree T and graph H, v(TOH) > ~(T)v(H).

Hartnell and Rall [39] improved on Theorem 3.2 by showing that a graph G with v(G) =
p(G) + 1 is of Type X, which leads to the following corollary.

Corollary 3.3.2 ([39]) IfG is a graph such that v(G) = p(G)+1, then G satisfies Vizing’s
conjecture.
Proof. Let {vi,...,v,)} be a maximum 2-packing of G. For each i € [1,p(G)], let

p(G)
S; = G[Nv]] and let X = V(G) — U Nlv;]. Add any missing edges between the vertices of

i=1
X to create a clique SC from X and add any edges to each S; until S; is edge-critical. Then
the resulting graph G’ also has domination number p(G) + 1 and is of Type X. Since G is
a spanning subgraph of G’, Theorems 2.1 and 3.1 imply that G satisfies Vizing’s conjecture.[]

We now look at an example of how the one-half argument can be extended to show that

a graph which is not of Type X satisfies Vizing’s conjecture.

Example: The following graph G is our working example for extending the one-half argu-

ment.

(=
c@g—0O
S@e—OF&

™

G

Note that y(G) = 4 and that any partitioning of V(G) must have at least two SC's, therefore
G is not of Type X. Nonetheless, we will prove that G satisfies Vizing’s conjecture.

Define the vertex 2-sets 71 = {a,c}, Ci = {u,v}, Cy = {w,x} and T» = {d, f}. Note that
the set of solid vertices {b, e, v, 2} is a minimum dominating set of G. Let H be any graph
and D a minimum dominating set of GLIH. To ease notation, we will write DN9H as D, for
some g € V(G). To use the one-half argument to show that G satisfies Vizing’s conjecture,
we need to prove that |D| > 4v(H), that is, D can be partitioned into 4 disjoint sets each
of cardinality at least v(H), and dominates °H U “H U *H U®H.

If each of Dy, D., D, and D, dominates °H, °H, "H and *H respectively, then

DI 2 [Do| + [De| + | Do + | Da| = 47(H)
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and we are done, so suppose that there exists at least one of Dy, D,, D, and D, that does
not dominate its corresponding H-fibre. We associate a colour to each of these H-fibres,
so assign colour 1 to *H, 2 to °H, 3 to “H and 4 to “H. Now we will label each vertex of
H with a subset of {1,2,3,4} such that each vertex subset of V(H) coloured i, 1 < i < 4,
dominates H. Each subset of colours assigned to each vertex of H will increase throughout
our argument, but its cardinality will not exceed |D| = ~v(GOH).

Firstly, we assign colour 1 to each h € V(H) with (b,h) € Dy. Similarly, we assign 2, 3
and 4 to each h with (e,h) € D., (v,h) € D, and (z,h) € D, respectively. Note that the
neighbours of b and e are contained in 77 and 75 respectively, whereas v and x each have
neighbours outside of €} and C) respectively.

Define the missing fibre list for °H, denoted L;, as the set of all h € V(H) such that (b, h)
is not dominated by D,. We define the missing fibre list for °H, L., similarly.

Consider the projections
Pe: Dy — °H, p,: Dy — "H, p,: Dy — “H and p; : Dg — 'H
and define the sets
D, =D.,Up.D,), D, =D,Up,(D,), D.,=D,Up.(D,) and D} = Dy Ups(Dy).

The missing fibre list £, is then defined as the set of all h € V(H) such that (v,h) is not
dominated by D!, and L, is the set of all h € V(H) such that (z,h) is not dominated by
D!. We now look at the components of the subgraphs of the H-fibres induced by D’ and
D, each of which are either isolated, or of order at least two.

Suppose that C' is a component of ‘H D).

Case 1: C has order at least 2 in “H[D.)].
Let A be a minimal dominating set of C. Then by Theorem 1.1, C' — A is also a
dominating set of C'. Count the vertices of A towards L, and the vertices of C' — A
towards £, if necessary. For each vertex k € V(H), if (¢, k) € A, then assign colour 1
to k, otherwise if (¢, k) € C'— A, assign 3 to k.

Case 2: C is isolated in ‘H[D.] and C = {(c, k)} for some k € V(H).
If both (a,k),(c,k) € D, then (a,k) and (¢, k) can be counted towards £, and L,
respectively, and we assign colours 1 and 3 to k. On the other hand, without loss of
generality, if (a,k) € D and (¢, k) ¢ D, then since D dominates (c, k), k cannot be on
both of the missing fibre lists £, and £,. Therefore, at least one of (b, k) and (v, k) is
in D to dominate (c, k). If k € L, then assign colour 1 to k, otherwise if k € £,, then
assign 3 to k.
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The same argument is used for the components of /H [D}] to colour the vertices of £, and £,
with colours 2 and 4 respectively. Observe that if a vertex h is on the missing fibre list £,
then colour 1 has either been assigned to h or to a neighbour of h in H. Therefore, the set of
all vertices coloured 1 in ®H together with £, dominates H. This holds true for all vertices
h in °H together with L. that are coloured 2 as well. Thus we have found two subsets of D
each of cardinality at least v(H), and will find the next two by considering £, and L,.

If vertex k is on the list £, and (¢, k) € D., then colour 3 has either been assigned to k or
a neighbour of k£ in H. On the other hand, if k € £, and (¢, k) ¢ D., then (x,k) is in D
to dominate (v, k), so neither k nor any of its neighbours belong to £, and we can colour k
with 3. Similar arguments hold for vertices on the list £, and regarding colour 4.

Suppose now that £ € L, and colour 3 has not yet been assigned to k or to a neighbour
of kin H. This implies that (¢, k) ¢ D’ and so (z,k) € D to dominate (v, k) and we can
assign colour 3 to k. Again, the same argument holds for £, and colour 4. Thus the set of
all vertices coloured 3 in "H together with £, dominates H, and the same holds true for the
set of vertices coloured 4 in *H together with £,. Therefore, we have partitioned D into four

sets each of cardinality at least y(H) and thus G satisfies Vizing’s conjecture.
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Chapter 4
Fair domination

We now turn our attention to another type of domination known as fair domination, which
was introduced by Bresar and Rall in 2009 [18]. This domination also requires a partitioning
of the vertices of a graph GG in a way that satisfies a property similar to the earlier external

domination property of Barcalkin and German [4].

Definition: Let {Si,..., Sk} be a set of pairwise disjoint vertex subsets of a graph G with
S=5U---US;and let Z =V (G)—S. We say that the sets S1,. .., Sk form a fair reception
of size k if for any integer ¢, 1 < ¢ < k, and for any choice of ¢ sets S;,,...,S;, from &, the
following holds: if D externally dominates S;, U---U.S;,, then
DN Z|+) (1S,nD|—1) >¢
J
where the sum is taken over all j such that S; N D # 0.

A simple example for any graph G, is that any non-empty set A C V(G) forms a fair

reception of size 1. In this case k = 1, and since AN D = (),

DN ZI+) (1S,nD|=1)=[DNZ|+0=|D| > 1=/
J
where the sum is taken over all j such that S; N D # 0.

Definition: The largest integer £ such that there exists a fair reception of size k in a graph
G is called the fair domination number of G, denoted vr(G).

The following result establishes a relationship between the 2-packing number, fair domi-

nation number and domination number of a graph.
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Theorem 4.1 ([18]) For any graph G, p(G) < vr(G) < ~(G).

Proof. (i) p(G) < 7r(G):

Let X be a maximum 2-packing of G, so |X| = p(G). Let Si,..., Sk be subsets of V(G)
such that each S; consists of exactly one vertex of the 2-packing X, and S$ = S;U---US}.
Then the S;’s are pairwise disjoint. Moreover, let Z = V(G) — S and let D be an external
dominating set of S;,, ..., S;,, for some 1 < ¢ < k. Then since XN D = () and no two vertices

in X have common neighbours, each vertex of D can only dominate one of 5;,,...,95;, and

IDNZ[+> (IS;nD|—1)=[D|+0=|D| > ¢

J

where the sum is taken over all j such that S; N D # (). Therefore k = vr(G) > p(G).

(if) 7r(G) < ¥(G):

Let A be a minimum dominating set of G with cardinality r, i.e., v(G) = r. Let Sy,..., Sk
form a fair reception of size k in G, i.e., yp(G) = k, with § = S1U---US, and Z = V(G)-S.
Suppose to the contrary that r = v(G) < v¢(G) = k. Then A does not intersect at least one
of the k sets (S;’s). Assume that ANS; =0 for 1 <i</{ and ANS; #Pfor (+1<j<k.
Then A externally dominates S; U---U .S, and has non-empty intersection with each S;. So

by the definition of fair domination,

k
ANZI+ Y (1S;NA[—1)>¢

j=t+1

k
= |AnZ|+ > |SNAl— (k= (+1)+1) > ¢

j=t+1
k
= |AnZ|+ > |S;NAl—(k—0) >

j=t+1

= |ANZ|+|SNAl—(k—0)>¢
= |Al—k+0>0

since Z and § are complements in V(G). Hence, r = |A| > k, a contradiction. O

For example, consider the cycle C5. We will show that v(C5) = 2.
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¢ d

Consider the case k = 2. Let Sy = {a}, So = {c¢,d} and § = S; U Sy. Then Z = {b,e} = D
and since SN D = (),

IDNZI+> (IS;nD|—1)=[D|+0=2>¢

J

where the sum is taken over all j such that S; N D # (. Therefore v#(C5) > 2, and by
Theorem 4.1, vp(C5) < v(C5) = 2. Hence, vr(C5) = 2.

Bresar and Rall used the method of Theorem 2.2 by Barcalkin and German to prove the
following result regarding fair domination.

Theorem 4.2 ([18]) For any two graphs G and H,

Y(GOH) = max{y(G)yr(H), 77 (G)y(H)}-

Proof. Let D be a minimum dominating set of GLJH. Let S,..., Sk form a fair reception
of size k of H such that k = yp(H) with S = S;U---USg and Z = V(H) — S. For each
i € [1,k], let D; = DN G and consider the projection to G, pg(D;). Since |D;| > |pa(D;)|,
define d; = |D;| — |pe(D;)| and let dz = |D N G#|. For each v € V(G), let

g |D;NH| -1 if D;N*H #0
' 0 otherwise

:
and let d* = |D N ({z} x Z)|. If D, = DN"H, then d" + Z d;" is the number of vertices in

i=1
D, that are not counted in |pg(D1)|+ - - - + |pa(Dy)|. For each i € [1,k], let T; be the set of
vertices in GG that are not dominated by pe(D;). Then pg(D;) UT; dominates G' and so

pa(Di)| + |Ti| = |pa(Ds) UT| = ~(G). (4.1)
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For each v € V(G), let I, be the set of indices i € [1, k] such that v € T;. Since we counted
the vertices of G that are not dominated by pg(D;) in two ways using 7; and 1,,,

Z T = > |L| (4.2)

veV(Q)
Note that for some v € V(G) and i € I,, the set of vertices {(v,w) : w € S;} is not
dominated by D; in the G-fibre, so these vertices must be dominated externally by D, in the
corresponding H-fibre. So py(D,) externally dominates S; for all i € I,. By the definition

of a fair reception (in H), we have that

k
A+ d¥ > L. (4.3)
Therefore,
k
DI =) IDil+dz = ) (pa(Di)| +d;) +dy
i=1 i=1

k

YD+ Y e,
1=1 i=1 veV(QG)
k

- Yheils ¥ (L)
=1 veV(Q)

43) F

> S e+ Y 1]
i=1 veV(Q)

) k k

=" > Ipa(D)| + Y|
i=1 i=1

(4.1)

> ky(G) =yr(H)V(G).

We can interchange G and H to obtain the desired result. 0

Corollary 4.2.1 ([18]) If G is a graph such that vp(G) = v(G), then G satisfies Vizing’s

conjecture.

The following proposition was also proven by Bresar and Rall.

Proposition: ([18]) If G is a decomposable graph, then a partition of V(G) into v(G) cliques
forms a fair reception of size v(G) in G (where S = V(Q)).
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Proof. If welet S = Cy U --- U Cyq) = V(G), where each C; is a clique in G, then Z = ()
and the result follows from the external domination property of decomposable graphs by
Barcalkin and German [4]. O

If a collection of sets forms a fair reception in a graph G, then the collection also forms
a fair reception in any spanning subgraph of G [12]. So by the above results, the class of
graphs satisfying v#(G) = 7(G) contains the class of BG-graphs. Bresar and Rall conclude
[18] with the following open question.

Question: For any graph G, is there a general lower bound for v(G) in terms of v(G)?
For instance, is it true that vp(G) > v(G) — 17

We now look at the graph invariant introduced by Aharoni and Szabé [2], the independence-
domination number, denoted ~'. For any graph G, 7*(G) is the maximum of v¢(I) over all

independent sets I in G.
Theorem 4.3 ([18]) For any graph G without isolated vertices, yp(G) > v(G).

Proof. Let I be an independent set in G that needs k = 7*(G) vertices to dominate it, and
let A= {x,...,2} dominate I. Since G has no isolated vertices, we may assume that A
externally dominates I. Let Sy, ..., Sy partition I such that S; C N(x;), i.e., [ = S;U---USk
and z; € A dominates .S; for each 1.

Claim: {Si,..., Sk} forms a fair reception in G.

To externally dominate ¢ sets from Si,...,S;, 1 < £ < k, we need at least ¢ vertices from

Z, so since I N A = (), the following inequality is satisfied:
ANZI+> (1SN A 1) = A+ 0=k >(
J

where the sum is taken over all j such that S; N D # 0. In fact, if we needed fewer than ¢
vertices to externally dominate these ¢ sets, then there would exist a set of cardinality less
than & that dominates I, contradicting the minimality of A. Hence v¢(G) > k =~'(G). O

The next result by Aharoni and Szab¢ follows from Theorems 4.2 and 4.3. However, we

include their proof which proves the result directly without using fair domination.

Theorem 4.4 ([2]) For any two graphs G and H, v(GOH) > +'(G)v(H).
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Proof. Let I be an independent set in G such that vg(I) = 7%(G). We will prove that
Yeor (I x V(H) > ~*(G)y(H). Since any dominating set of GCOH dominates I x V (H), this
will prove the theorem.

Let D C V(GUH) dominate I x V(H). We will show that |D| > ~+/(G)y(H). Let
{h1,... hym)} be a minimum dominating set of H and choose a partitioning of V(H) into
v(H) sets, {m, ..., Ty}, such that for each i € [1,7(H)], h; € m; and m; C N[h;].

We call the vertex set {g} x 7;, where g € V(G) and 1 < j < y(H), an H-cell. Let S be the
set of all H-cells of the form {v} x m;, where v € I, that are dominated by D from within
the “H-fibre. Define the two sets

Sy = {{vpxmeS:1<j<~(H)}
S; = {{vixmeS:vel}

By the minimality of y(H), for any subset J of {1,...,v(H)}, vu <U 7Tj> > |J|. Therefore,
jeJ
for each v € I,

D0 ({v} x V(H))[ =[S
= Y IDn({v} x V(H)) =) IS,

vel vel

hence,

DA (I x V(H))| > || (4.4)

For some j, each H-cell, {v} x m; ¢ S contains at least one vertex (v,w) that dominated
by (u,w) € D from within the corresponding G-fibre. Note that u ¢ I since v € I and [
is an independent set. Therefore the set of all such vertices {u : {v} x 7; ¢ S} dominates
|I| — |S;| vertices in |I|. So if we add |S;| vertices to this set, we can form a dominating set
of I. Therefore, the cardinality of {u : {v} x m; ¢ S} is at least v(G) — |S;|. Summing over
J then gives us

v(H) y(H)
S IDA{ul < VIE)] 2 Y (HE) - 1))
DN ((V(G) = 1) x V(H))| > ~(G)y(H)~ S|

Adding in (4.4) gives us

DI x V(H)|+ D0 ((V(G) = 1) x V(H))| = |S| ++(G)v(H) — |5
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so | D] > ~"(G)y(H), as desired. O

So for any graph G in which v*(G) = 7(G), G would satisfy Vizing’s conjecture. Aharoni,
Berger and Ziv [1] showed that this equality holds for chordal graphs [12]. However, it is
still not known whether chordal graphs are BG-graphs or not. The class of graphs for which
7 (G) = v(G) has not been determined yet either [12].

Corollary 4.4.1 ([2]) Chordal graphs satisfy Vizing’s conjecture.

The following open question is posed by Bresar et al. in [12].
Question: Does there exist a constant ¢ > £ such that v*(G) > ¢y(G) for every graph G?

Together with Theorem 4.2, the truth of this question would prove that v(GOH) >
cy(G)~v(H), which would be an improvement of Theorem 5.1.

Note that v(G) > p(G), since all 2-packings are independent in G, but independent
sets may have common neighbours in G. However, vr(G) is not easy to compute for most
graphs [12], making Theorem 4.2 difficult to implement. So a different approach to Vizing’s

conjecture is explored in the next section.

39



Chapter 5
The double-projection argument

One of the common ways to approach proving Vizing’s conjecture is to determine if there

exists a constant ¢ > 0 such that
Y(GOH) > ¢y(G)y(H)

for any two graphs G and H [12]. The ideal goal would be that the result can eventually
be proven for ¢ = 1, but until then we will discuss a proof by Clark and Suen from 2009
[24] that states that such a ¢ does indeed exist. To show this, they use a method called the

double-projection argument, which exploits the structure of the Cartesian product.

Theorem 5.1 ([24]) For any two graphs G and H,

Y(GOH) > -~(G)y(H).

N —

Proof. Let H be a graph with v(H) = k, {hq, ..., hx} a minimum dominating set of H and
choose a partition of the vertex set V(H) = m U --- U m, where for each i € [1,k|, h; € m;
and m; € NJ[h]. Let G be any graph. For each i, let G; = V(G) x m;, and for some fixed
g € V(G), we call the vertex set {g} x m; an H-cell. Below is a diagram from [12] showing
the positions of the H-cells in GLIH.

40



Let D be a minimum dominating set of GLI1H and for each ¢, let n; be the number of H-cells in
G; such that all the vertices of each H-cell are dominated by D from within the corresponding
H-fibre. Consider the projection to G, pg : D N G; — G defined by ps(g,h) = g. Note that
pe is many-to-one, so |D N G;| > [pa(D N G;)|. It follows that

pg|D N Gl| + n; Z ’V(G)

Therefore,

Summing over ¢, we get

k k

S DNGl+m) = > A(6)

YADNGH+D n > (G 1

=1 i—1 i—1
k

D +Zni > Y(G)-k
i=1

SO
k

DI+ ni > y(G)y(H) (5.1)

i=1

Now consider the projection to H, py : D N9H — H defined by py(g,h) = h. Since
9H = H, |pg(DNYH)| = |DN9H| and v(H) = v(H). Let m, be the number of H-cells in
9H dominated by D from within the 9H-fibre. Then

V(H) < pu(DOVH)| + (k= my)
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that is, the number of vertices from D which dominate the H-cells from within H together
with the number of H-cells from H dominated from outside 9H forms a set which dominates
9H = H. Therefore,

k< [pu(D N°H)| + k — my = m, < [pu(D N °H)|

and by summing over g € V(G),

> omg< > lpr(DNH)| = Y m, <D

geV(G) geV(G) geV(G)

Note that we have counted the number of H-cells in GOH in two ways, using n; and my,

thus
k

k
Z n; = Z my which implies that |D| > Z n;
i=1 9eV(G) i=1

From (5.1), we therefore have

k
29(GOH) =2|D| = |D| + |D| > |D| + Y n; > +(G)v(H)

=1

as desired. O

The factor of % in Theorem 5.1 is a result of double-counting the number of vertices in

the dominating set D. The first improvement of this result was proven by Suen and Tarr in
2012 [59].

Theorem 5.2 For any two graphs G and H,

1 1 .
Y(GOH) > LA(G)y(H) + 3 minfy(C),7(H)}.
Proof. Let D be a minimum dominating set of GOH and let {u1,...,uy )} be a minimum
dominating set of G. Choose a partition {mi., o, ..., T @) e} of V(G) such that u; € 74

and m;e C Nglu] for all i € [1,(G)]. Consider the projection p; : DN ™*H — H and define
Cie = V(H) — Ngpie]. Note that p;e U Cje dominates H and so for each i € [1,v(G)],

For each v € V(H), let Dy, = DN G and let S, = {i: v € Cye}. If i € Sy, then the G-cell

Tie X {v} is dominated by D,, x {v} in the corresponding G"-fibre. Let Sy = {(i,v) : v €
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Cie and i € [1,7(G)]}. Then since we count the G-cells of GOH in two ways using S, and

Oiﬂ

(&)
SH - Z |Sov| = Z |Czo|
i=1

veV(H)

Since Do, U{u; 17 ¢ S,,} dominates G,

[ Do + (7(G) = [Seo]) = 7(G)

and so |Sey| < |Dey|. Summing over all v € V(H) then gives us Sy < |D|. Now we consider

two cases.

Case 1:

Case 2:

[Pis| + |Cia| > v(H) for all i € [1,7(G)].
Since |D N™*H| > |p;e|, we have that

7(G) (@)

> (IDNTH| +|Cal) = > (y(H) +1).

i=1 i=1
Therefore
Su + |D| 2 v(G)v(H) +~(G)

and since Sy < |D|,

Y(GOH) = D] > (G (H) + 5(C).

1Dis] + |Cie| = v(H) for some i € [1,~(G)].

Denote the vertices of p;s U Cje as vy, . .., vy and choose a partition {1, ..., Tey(m)}
of V(H) such that v; € m,; and me; C Ng[v;] for all j € [1,v(H)]. As above, we define
the projection pe; : D N G™ and the set Co; = V(H) — Ng[p;]. For each u € V(G),
let Dye = DN"H and Sye = {j : u € C,;}. Then, similarly to Sy,

V(H)
So= Y |Sul= 2 |Cej-
P

i€V (G)

For each u € V(G), define the set D, = {v; : (u,v;) € Dy and j € [1,7(H)]}. Since
Dye U{vj:j ¢ Sue} dominates H and D!, = Dye N {v; : j & Sue},

[ Dus| + (Y(H) = |Sue|) = [ D] = ~(H)

and so
|Sue| < |Due| — D4l (5.2)
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Note that for each k € [1,v(H)], either vj, € p;s and so (u,v;) € D for some u € 74, Or
v € Cje and so the G-cell w4 X {vi} is dominated by some vertices (v',v;) € D from
the corresponding G-fibre. This implies that there are at least y(H) vertices in D that

are of the form (u,vy), therefore

> DL = A(H).

ueV(G)

So summing over all u € V(G) in (5.2) gives us Sg < |D| — v(H). Now note that

similarly to our argument above, for each j € [1,v(H)] we have that
[Pej| +1Cos = 7(G)
and so by summing over all 7,
D] + S > (G)y(H).
Finally, since S¢ < |D| —v(H),

Y(GOH) = D] 2 7@y (H) + 5(H).

Since either Case 1 or Case 2 holds, the result follows. O
Bresar [11] used the 2-packing number together with the double-projection argument to

formulate the following improvement of Theorem 5.1 in 2017.

Theorem 5.3 ([11]) For any two graphs G and H,

27(G)3— p(G) y

+(GOH) > max {

Proof. Let G and H be two graphs and y(H) = k. Let {hy, ..., ht} be a minimum dominating
set of H and choose a partition {my,..., 7} such that h; € m; and m; C Ng[h;] for each
i € [1,k]. For some u € V(G), we will denote the H-cells of GOH as C}' = {u} x m;.
Let D be a minimum dominating set of GLOH and for each i, let D; = D N G™. We say
that an H-cell C}* is vertically dominated by D if every vertex (u,v) € C}* has a neighbour
(u,v') € DN ("*H — C?). Let n; be the number of vertically dominated H-cells in G™. If an
H-cell C} is not vertically dominated, then there exists a vertex (u,v) € C}* that is either
in D; or is dominated by a vertex (u/,v) € D; in the corresponding G-fibre. If we then

project the vertices of D; onto G, the vertices in pg(D;) together with the n; vertices from
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the vertically dominated H-cells projected to G dominates G.

Claim: |Di] + G 5 L@,

Define the set S; = {u € V(G) : C" is vertically dominated by D}. Then |S;| = n;. We
i G
will show that S; can be dominated by a set of vertices with cardinality at most Lp()

2
Firstly, if n; < p(G), then n; = i + i Lﬂ() and S; is dominated by its n; vertices,

so we are done. Now assume that n; > p(G). Then S; is not a 2-packing of G and so there
exist two distinct vertices u and v in S; such that dg(u,v) < 2. In either case, both u and
v can be dominated by one vertex. If S; — {u,v} is not a 2-packing of G, then we repeat
this procedure successively until we obtain a 2-packing of . This ultimately implies that

- p(G)

n; — p(QG) vertices of S; can be dominated by at most fi vertices, and the other p(G)

vertices of S; can be dominated by at most p(G) vertices. In total, all the vertices of S; can

§O) | iy Mt C)

n; — . .
be dominated by at most B a— +p 5 , proving the claim.

Summing over all i € [1, k], we have that
1o 1
DI+ 53 met Sy (H)p(G) = A (G (H)

i=1
k

1 29(G) — p(G)

Z i S o Sl )

- |D|+2;m_ S——(H)

We now consider the projection py (D N "H for some u € V(G). Let m, be the number of
vertically dominated H-cells in “H and note that since each H-cell C}* is dominated by h;,
we have that

DAH| + (k—my) > () = |DAH| > m,

Then, summing over all u € V(G) gives us |D| > Z m,. Since we have counted the

ueV(G)
k

H-cells of GLH in two ways using n; and m,,, Z n; = Z My, and so

i=1 weV(Q)
29(G) — p(G 1 3 3
PG POy < Dy 4 S ma < 2ol = 2y(cam).
ueV(G)
Hence
2v(G) — p(G
e > 212G, )
Since we can interchange G and H in the argument, the result follows. O
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Suen and Tarr’s result (Theorem 5.2) was further improved more recently by Zerbib [63]

in 2019, who implemented a slightly different version of the double-projection argument.

Theorem 5.4 ([63]) For any two graphs G and H,

G (H) + 5 max{(C),7(H)).

Proof. Let D be a minimum dominating set of GLJH and assume, without loss of generality,
that v(G) > v(H). Let D¢ be the set of vertices of the projection pg(D). Then D¢
is a dominating set of G. Let Sg C D¢ be a minimal dominating set of GG, and so let
Se = {u1,...,ux}, where k > ~v(G). Next, let S; = D N"“H and let T; be the set of
vertices from the projection py(.S;). Note that |T;] > 1 since S¢ C D¢g. Choose a partition
{m1,...,m} of V(@) such that u; € m; and m; C Ng[u,] for each i € [1,k]. This in turn
induces a partition { Dy, ..., Dy} of D, where D; = DN™H. Let P; denote the set of vertices
in the projection py(D;) for each i. Then P, U (V(H) — Ng[P;]) is a dominating set of H,
implying that for each i € [1, k],

V(GOH) =

N —

[P+ [V(H) = Nu[P]| = ~(H).
For each h € V(H), let D, = D N G" and define the following sets to count the G-cells
m x {h} of GOH:
C = {(@i,h):m x{h} € Neou[Ds)}
ni = {(i,h)eC:heV(H)}
mp = {(i,h) € C:iellk]}

Since we count the G-cells of GLIH in two ways using n; and my,, we have that

k
Cl= "Il = Y |mal.
i=1

heV (H)
Note that if h € (V(H) — Ng[F;]) UT;, then m; x {h} is not dominated by D from the
H-fibres, and so m; x {h} must be dominated by Dj;. Hence (i, h) € n;, implying that

V(H) = Nu[P]| + |T;] < [nil.

We therefore have that

C1 = D Inil =3 (IV(H) = Nu[P]| + T3]

S ((H) = P+ 1)

ky(H) = |D]+ k

v

v
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Claim: for each h € V(H), |my| < |Dpl.
Proof. Suppose to the contrary that |my| > |Dj|. Then the set S" ={g: (g9,h) € Dy} U{u; :
(7,h) ¢ my} dominates G and has cardinality

|S"| = |Dp| + (k = |ma]) = k — (Jmn| — |Dn|) < k=S|

Furthermore, S’ C S since pg(Dy) is a subset of Dg. So S’ is a contradiction to the

minimality of S.

Therefore,
ICl= > |mil < Y |Dul=|D|
heV (H) heV (H)
and finally,
2|D| = [D] + ky(H) — [D[ + k = 4(G)y(H) +7(G).
The result follows. O

Another improvement of Theorem 5.1 was found by Wu [62] in 2013, who used the con-

cept of Roman domination, which is explored in [27].

Definition: A Roman dominating function on a graph G is amap f : V(G) — {0, 1,2} such
that every vertex w for which f(u) = 0 is adjacent to at least one vertex v with f(v) = 2.

The weight of a Roman dominating function is the value of Z f(v). The Roman domina-
veV(Q)
tion number of a graph G, denoted vyg(G), is the minimum weight of a Roman dominating

function on G. We call a Roman dominating function that attains f(V(G)) = yr(G) a yg-set.

Let Vy (respectively Vi and V3), be the set of all vertices with weight 0 (respectively
weight 1 and weight 2) and let (Vp, Vi, Va) be the ordered partition of V(G) induced by the

Roman dominating function f, so
Vi={veV(G): f(v)=1i}, for0<i<2.

Moreover, let n; = |V;|. Note that there is a one-to-one correspondence between {0, 1,2} and
(Vo, V1, V2), so we write f = (Vy, Vi, Vo). Therefore, f = (Vp, Vi, V5) is a Roman dominating
function if Vo dominates V4, so Vy C N[V;]. Consequently, the weight of f is

FV(@) = > fv)=2ny+mn

veV(G)

Theorem 5.5 ([27]) For any graph G, v(G) < vr(G) < 279(G).

47



Proof. Let f = (W, V1, Va) be a yg-set, so f(V(G)) = vr(G), and let D be a minimum
dominating set of G. Then V; U V5 is a dominating set of GG, since V5 dominates Vj, so
V1 U V3| > 4(G). Therefore

(G) < MiUVa| = [Vi| + V2| < [Vi| + 2[V2] = f(V(G)) = 7r(G)
On the other hand, g = (0,0, D) is another Roman dominating function of G. So
9(V(G)) = 7r(G) = 2|D| + |0] = vr(G) = 2v(G) = 1r(G)

Hence 7(G) < 7r(G) < 27(G). m

Wu used this theory to prove that v(G)y(H) < yg(GOH), an improvement of Theorem 5.1.
Theorem 5.6 ([62]) For any two graphs G and H, v(G)vy(H) < vr(GOH).

Proof. Let f = (V, V1, Va) be a yg(GOH )-function and let D = V; U V5. Then D domi-
nates GOH and V, dominates GOOH — V;. Furthermore, let {g1,..., gy} be a minimum
dominating set of G and choose a partitioning of the vertex set V(G) = m U --- U myq),
where for each i € [1,v(G)], g; € m; and m; € N[g;]. This induces the partitioning of D into
{D1,..., Dy}, where for each i, D; = (m; x V(H)) N D.

For each i define the projection p; : D; — H by p;((g,h)) = h such that (g,h) € D; for some

g € m;. Since each vertex in p;(D;) dominates its neighbourhood in H,
pi(D;) U (V(H) — Ng|pi(D;)]) dominates H. This implies that

pi(Di)| + [V(H) = Nulpi(Di)] | = v(H) (5.3)

Consider the G"-fibre, for some h € V(H), and let Q, = Vo N G". Let the vertex set m; x h
be a G-cell, and let
C = {(i,h) : m x {h} C Neou[Qn]}

Define

n; = {(i,h)eC:veV(H)}, and
mp, = {(i,h) € C:1<i<~(G)}

Note that n; (respectively, my,) counts the number of G-cells dominated by @, in the H-fibres
(respectively, the G-fibres), therefore

7(G)
=Sl = 3 |l
i=1 heV (H)
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Note that any vertex h € V(H) — Ny[p;(D;)] is not dominated in the H-fibre by p;(D;), so it
must be dominated by @, in the G"-fibre since V, dominates GOH — V;. Hence, (i, h) € n;
and

ni| = [V(H) = Nulpi(Dy)]]

Therefore,

€l

v

7(G)
P
i=1

(G

)
> \V(H) — Nulpi(D;)]]

i=1

(5.3) ¥(G)

= 360 ~ D))
. (G)

= AEH) =Y IDi

= (G)(H)—|D|

We now find an upper bound for |C].

Claim: for each h € V(H), |my| < [Q4].
Proof. Suppose to the contrary that |my| > |Qs]. Then the vertices of @ together with the
vertices g;, 1 < j <~(G), such that (j, h) ¢ m;, dominates G and has cardinality

|@n] + (V(G) = |[ma]) = 4(G) = (Imn] = |@n]) < 7(G),

a contradiction.

Therefore, we have the upper bound

cl= 3 il < 3 JQu =

heV (H) heV (H)
= Vol 2 4(G)y(H) — [Vi| = V3
= Y(G)v(H) < [Vi| +2[Va| = v&(GUH)

as desired. O

An improvement of Wu'’s result was found in 2018 by Pei, Pan and Hu [56], who use a

similar argument to Suen and Tarr [59] in Theorem 5.2. We first need the following result.
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Theorem 5.7 ([27]) If G is a graph of order n, then ¥(G) = vr(G) if and only if G = K,,.

Proof. (=) If G = K, then 7(G) = vz(G) = n since the unique vz (K, )-function assigns a
weight of 1 to each vertex of K,,.
(<) Suppose v(G) = vr(G) and let f = (Vp, V1, V5) be a yr(G)-function. Then from the
proof of Theorem 5.5, v(G) = |Vi| + |Va| = |Vi| + 2|Va| = vr(G). Therefore |V5| = 0 and so
Vo must be empty. This implies that y(G) = |Vi| = n, so (G) = n. Hence G = K,,. O
Theorem 5.8 ([56]) For any two graphs G and H,

R(GOH) 2 4(C(H) + 5 min{y(G), 7 (H)}.
Proof sketch. We consider two cases in this proof.
Case 1: G and H do not have isolated vertices.
Let f = (Vo, V1, V2) be a yr(GOH)-function such that |V;| is as small as possible. Note
that D = V; U V5 dominates GLJH and Theorem 1.5 says that there exists a minimum
dominating set D¢g of G such that each vertex of Dg has an external private neighbour.
Let Dg = {uy,...,uyq)} and choose a partition {7,..., 7y} of V(G) such that u; € =,
and m; C Nglu;| for each i € [1,7(G)]. This induces a partition {Ds,..., Dy} of D,
where D; = D N ™H for each i. Consider the projection p; : D; — H and note that
lpi| < |Dy|. It C; = V(H) — Nylps], then p; U C; dominates H and so |p;| + |Ci| > ~(H)
for each i. Now for each h € V(H), we define the sets Q,, = {g € V(G) : (9,h) € Vo} and
Ry ={i:heC;and i€ [1,7(G)]}. Then by summing over all h € V(H), we obtain

7(G)
> lQul =1Val and >[R[ =) |Cil.
i=1

heV (H) heV (H)
Let i € Ry, then h € C; and m; x {h} C Vj since p; only projects vertices from V; U V5 onto
H. Note that the G-cell m; x {h} is then dominated from the G"-fibre by @} x {h}. On the
other hand, if i ¢ Ry, then (u;, h) dominates the G-cell m; x {h} and so Q, U {u; : i ¢ Ry}
dominates G. Therefore |Qn| + (7(G) — |Ri|) > v(G), which implies that |Qn| > |Rp| and
so summing over h € V(H) gives us
Z |Qn| > Z | Rl (5.4)
heV (H) heV (H)
There are two subcases to consider, namely, (1.1) if |p;| + |C;| > v(H) for each i € [1,v(G)],
or (1.2) if |p;,| + |Cy,| = v(H) for some ig € [1,7(G)]. By using a similar argument to Case
1 in Theorem 5.2, inequality (5.4) can be used to show that
1

Yr(GUH) 2 (G)y(H) + 57(H)

20



in Subcase 1.1. We will outline the argument for Subcase 1.2, which uses an approach similar
to Case 2 in Theorem 5.2. Let p;y UC;, = {v1,..., vy} be a minimum dominating set of H
and choose a partition {m,...,7 )} of V(H) such that v; € m; and 7; C Nylv;] for each
j € [1,7(H)] and define the sets D7, pi, C%, @, and R, by projecting to G, similarly to D;,
pi; Ci, Qn and Ry, above. As before, p; U C} dominates G and so |p}| + |C| > 7(G) for each

7. We also have that

v(H)
D @l =1al and )[R = > (C].
geV(G) geV (@) j=1
Moreover, it can be shown that Q) U{v; : j ¢ R} dominates H, and if Q) = Q;, N{v; : j ¢
R,}, then
Q| + (v(H) — [Ry]) — Q| = v(H) = [Ry| < Q| — Q-

1
In [56], the authors further prove that Z Q| > 57(}[ ) by showing that there exist at
geV(G)
least 2v(H) vertices of the form (g,v;) € Va. Altogether, these inequalities give us

(GOH) > 2(@y(H) + 31(H)

as desired. Since either subcase holds, the result follows.

Case 2: G and/or H contains isolated vertices.

Let X and Xy denote the set of isolated vertices in G and H respectively and let G’ =
G — X¢ and H' = H — Xy. Suppose that E(G) is non-empty, then |Xq| < |V(G)| and
| Xu| <|V(H)|. We consider two subcases.

Subcase 2.2: |Xy| < |V(H)|.
Then by Case 1,

vr(GUH)

In(GOH) + [ Xulr(G') + | Xln(H') + [ Xol| Xnl
WG H') + 5 min{ (@), A(H)} + [Xb(G) + | Xahm(H) + | Xol|Xa]
(WG + 1Xa) (1 (H') + [ Xu]) = | Xehy (H') = |Xul (@) — | Xel Xl

1 . / ! ! /
- 3 min{y(G"), vy(H')} + [Xu|vr(G") + [ Xc|vr(H') + [Xc|| X

= (G)y(H) + %min{v(G’), V(H)} + [ Xal(vr(G) = 7(G))
+ [ Xal(yr(H') = y(H")).

v
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Note that since G’ is a subgraph of G that does not have isolated vertices, Theorem 5.7
says that yg(G") # v(G') and so yr(G") — v(G’') > 1. Likewise for H', yg(H') — v(H') > 1.

Therefore,
W(GOH) > A(G)(H) + 5 minfy(@), 5(H)} + | Xul + Xl
> A(G)y(H) + 3 min{y(@) + | Xal, 7 () + | Xul)

L min{y(G), ~(H)}.

= (H)(H) +

Subcase 2.1: |Xy| = |V (H)|.
Then E(H) =0, so by Theorem 5.7, v(H) = vr(H) = |Xy| = |V (H)|. Therefore,
)

VR(GDH)

| Xu|vr(G) + | Xcl|[Xn]

[ Xu|(v(G') + 1) + [ X[ | Xnl

= Y(H)(v(G") + [Xe| + 1)
Y(H)Y(G) + ( )

VG)V(H) + 5 mln{v() v(H)}

which concludes the proof. 0

v

v

We now look at how Clark and Suen used the double-projection argument to prove some

similar results for claw-free graphs.

Theorem 5.9 ([12]) If G is a claw-free graph, then for any graph H without isolated ver-
tices,

VGOH) = Sa(G)(v(H) +1)

N | —

Proof. Let A = {g1,...,9a()} be a maximum independent set in G and {hy, ..., hym)} 2
minimum dominating set of H. Let Il = {m,..., 7} be a partitioning of V(H) with
h; € mj and m; C N|h;] for each 1 < j < v(H). Let D be a minimum dominating set for
GOH and for each 1 <i < a(G), let x; = |D N9%H|. For each i, j, let d; ; = 1 if all vertices
of the H-cell {g;} x m; are dominated by D from within the %H-fibre, and let d;; = 0 if at

least one vertex from {g;} x 7; is dominated by D from outside %H. We claim that

Y(H)
j=1

In fact, if this was not true, we could form a smaller dominating set of H by taking the

vertices of the projection py(D N 9H) together with the vertices h; such that d;; = 0,
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contradicting the minimality of {hi, ..., hym}-

Define a set of indices I = {i,...,i,} from 1 < i < a(G) such that x; = 0, i.e., there are no
vertices from D in the corresponding 9H-fibres. Note that I may be empty, in which case all
H-fibres contain vertices from D. For each i € [1, a(G)], consider the projection pg(DNY%H).
Note that this projection is many-to-one, so z; > |pg(D N 9%H)|. Summing over i, we have

that
a(@)

Z pa(DNYH)| = a(G) —r

=1

that is, the number of independent 9‘H-fibres containing vertices from D. Therefore,

a(@)
Z x> o(G) —r (5.6)

Let B; = (V(G) — A) x 7;, that is, all the H-cells of GOJH that are not in the independent
9:H-fibres. Consider the H-cell {g;} x m;. If d; ; = 0, then by definition, at least one vertex
of {g;} x m; is dominated from outside H. Since g; € A and A is independent, this vertex

from {g;} x m; must be dominated from B;. The number of such vertices is

v(H)
> (1—diy)

i¢l j=1

On the other hand, if i € I (so there are no vertices from D in the independent %‘H-fibre),

then every vertex of {g;} X 7; must also be dominated from B;. The number of such vertices

> IH|

i€l

is

Note that since G is claw-free and A is independent, a vertex from B; can dominate at most
two vertices from A x V(H). Altogether, we therefore have that

y(H) 1 y(H)
Y IDnB| > 5 S> (—diy)+ > |H]|
j=1 il j=1 iel
V(H) 1 ~V(H) ~(H)
Z|DﬂBj| > 5 Zzl—zzdi,j‘i‘ﬂfﬂ
j=1 i¢l j=1 i¢l j=1
1 v(H)
= 3 ZW(H)—ZZCZ@J“"T|H|
il il j=1
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So

v(H) 1 v(H)
Y008 > o | (@@ )~ 30 diy o] (5.7
j=1 igl i=1
Foralli € I, d;; = 0, so
a(G)
D dig =D dig ) dig = diy
i=1 il il il
v(H)
and from (5.5), we have that z; > Z d; ;. Therefore,
j=1
v(H) a(G)
13 SUIES ) SIS o 59
¢l j=1 i=1 j=1
Now from inequalities (5.6), (5.7) and (5.8), we have
v(H) a(G)
DI = Y IDNB|+ ) |DNH|
J=1 i=1
67 1 &)
2 1 w@ - S s ) 45
¢l j=1
a(G) a(G)
G8) 1
> — | (a(G) ZIZ+7’|H\ —i—zxz
i=1
1 r 1Y
= La@) -ty + T+ 13
i=1
(5.6) 1 r 1
> ({6 — () + L]+ S(a(G) 1)
1 r r 1 r
- - H) — “n(H) + LI H| + ~a(G) = =
Sa( G (H) — Sa(H) + ||+ Sa(G) ~ -
1 r
= SO H) + 1) + L(H] - (H) - 1)
Note that |H| > ~v(H) + 1 since H has no isolated vertices. Hence g(\H| —v(H)—-1)>0
and )
Y(GOH) = D] 2 5a(G)(v(H) +1)
as desired. m

By Theorem 1.2, the subsequent corollary follows.
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Corollary 5.9.1 ([12]) If G is a claw-free graph, then for any graph H without isolated

vertices,
Y(GOH) > 2A(G)((H) + 1),

By imposing different conditions on the order of H, we can extend Theorem 5.9 in many

ways using the same arguments. Here is one such result.
Theorem 5.10 ([12]) If G is a claw-free graph, then for any graph H without isolated
vertices such that |H| > A(H) +v(H) + 2,
1
H(GOH) > Sa(G)(1(H) +2).

PT’OOf. Let A = {91, -y 9a(G } {hl, Cey hw(H)}y I1T= {71'1, e ,WV(H)}, D, Xy, d@j, I and Bj be
defined as in the proof of Theorem 5.9. Then again, we have that

v(H)
7j=1

Furthermore, define I’ as the set of indices 7 for which xz; = 1, i.e., there is exactly one vertex
from D in %H, and let |I'| = s. Then

in >2(a(G)—r—38)+s (5.10)

Now consider the vertices of AxV(H) (i.e., independent H-fibres). We have that the number
of vertices in A x V(H) not dominated from within the H-fibres is at least

Z Z (1—di; +Z‘H|+Z‘H| -1)

¢ (IuI’) j=1 el icl’

The last summation over I’ in this inequality considers the H-fibres that each have one
vertex from D. Such a vertex dominates at most A(H) + 1 vertices in the H-fibre. So at
least |H| — A(H) — 1 vertices are dominated from outside the H-fibre. We therefore have

y(H)
1
> IDnB;| > 3 >, Z —diy)+ Y H[+) (H| - A(H) - 1)
Jj=1 i¢(Iur’) j=1 iel iel’
1 v(H)
= 5| 2 Zl— Y D digtrlH|+s(H| - AH) — 1)
¢ (Iul’) j= i¢(IUI’) j=1
1 y(H)
= 3 dooAH) = D> D dig+r|H[+s(H| - AH) - 1)
ig(1Ul’) ig(Iul’) j=1
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So

v(H)

y(H)
Z!DﬂBﬂ Z% (@(G) —r—s)y(H) = > Y dij+r[H|+s(|H - AH) - 1)

i¢(Iur') j=1

Forallie I, d;; =0, and for allt € I, d; ; > 0, so

a(Q)
de Zd,ﬁZdzﬁ Z dij = Zdu—l— Z d;
=1

icl icl’ ¢ (IUI") iel’ ¢ (1UI")
V(H)
and from (5.9), we have that x; > Z d; ;. Therefore,
j=1
v(H) a(G) V(H)
OB 35 STAED 35 YRR Z%
J=1 ig(1ul’) 7j=1 1i=1 7j=1 iel’
Now from inequahtles (5.10), (5.11) and (5.12), we have
a(G)
ID| = Z\DHB \+Z\Dmgzm
(5.11) 1 ()
> S| @G —r—sn(H) = Y D diy+r|H|+s(H| - A(H) - 1)
ig(100) j=1
- a(G) a(G)

(5.12)

> 5 (a(G)—r—s)v(H)—Za:i+r|H|—|—s(|H|—A(H)—l) +in

i=1 =1

= (a(@) ~r — sn(H) + L|H| + Zazz S(1H| ~ AH) - 1)

2
= §<a<G>—r—s>v<H>+§\H|+§<2<a<G>—r—s>+s>+§<\m—A(H)—l)
= Sa(@)((H) +2)+ LH| —(H) ~2) + J(H| ~ AH) — (H) - 1)

By assumption, |H| > A(H) + v(H) + 2, so the r and s terms are non-negative, hence

Y(GOH) = D] > Sa(G)(2(H) +2)

as desired.

O

In 2017, Clark and Suen’s results on claw-free graphs were improved by Krop [50] as

follows.
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Theorem 5.11 ([50]) For any claw-free graph G and arbitrary graph H,

V(GUH) =

Wl Do

NGV (H).

We will not reproduce Krop’s proof here, but we will give an outline of his argument. Krop
implements a labelling method, similar to Barcalkin and German’s [4] technique in Theorem
2.2, which labels each vertex in a minimum dominating set D of GUH with numbers from
{1,...,7(G)} such that each set of vertices labelled with the same integer has cardinality at
least v(H ). His labelling method consists of three labelling rules for each vertex of D. Rule 1
labels each vertex in D with either one or two integers, then Rules 2 and 3 reduce the number
of integers on each label successively (depending on how each G-fibre is dominated by D)
while ensuring that each set of vertices labelled with the same integer, when projected to H,
dominates H. Ultimately, the vertices of D are relabelled in such a way that each G-fibre
that contains N vertices of D labelled with two integers also contains at least N vertices

of D labelled with one integer, which provides a way of proving the bound on |D| = v(GOH).

Instead, we will look at Bresar and Henning’s [14] improvement of Krop’s result in more
detail, which they proved recently in 2020. We first need the following result on independent

domination in claw-free graphs by Allan and Laskar [3].
Theorem 5.12 ([3]) For any claw-free graph G, v(G) = i(G).

Proof. ([7]) By Theorems 1.2 and 1.3, we only need to show that i(G) < (G). Let D be a
minimum dominating set of G and let Ip be a maximal independent set of G[D]. Moreover,
let X = V(G) — N¢[Ip| and let Ix be a maximal independent set of G[X]|. Then Ip U Iy is
an independent dominating set of G. Note that every vertex v € D — Ip is adjacent to at

most one vertex of Iy, otherwise v will be adjacent to two vertices of Ix and one vertex of
Ip which will induce a claw in G. Therefore, |D — Ip| > |Ix| and finally

i(G) < x|+ [Ip| < (v(G) = [Ip|) + [Ip] = 7(G)
which concludes the proof. 0J
We can now examine Bresar and Henning’s improvement of Theorem 5.11.
Theorem 5.13 ([14]) For any claw-free graph G and arbitrary graph H,

V(GOH) >

A~ w

1(G)y(H).
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Proof sketch. We may assume that G is a connected claw-free graph and let v(G) = k.
Theorem 5.12 says that i(G) = v(G), so let I = {uy,...,u;} be an independent dominating
k

set of G. For each i € [1,k], let S; = epn(u;, I) U {u;} and S = US’i. Moreover, let
i=1
X C{1,...,k} such that |X| > 2 and define the set

={veV(G)—-S:Ngv)ynl=A{u;:1€ X}}.

Note that any vertex v € V(G) — I is adjacent to at most two vertices in I, otherwise v
along with its neighbours in I will induce a claw in G. Therefore, for each set X with
| X| > 2, Tx is empty. To ease notation, if X = {i,j}, then we will write Tx as T};, for
1 <i < j <k Observe that {I,epn(us,I),...,epn(ug,I),Tia, ..., Tig, Tosg, ..., Th—14} is &
partition of V(G). Now let D be a minimum dominating set of GCJH. Our goal is to project
the vertices of D onto k copies of H, denoted Hy,..., Hy, as follows: each vertex of D is
projected onto one vertex in exactly one copy of H. Let D; = py,(D) for each i € [1,k]. If
D; dominates H;, then |D;| > ~(H) and

(GOH) = DI = 321D 2 3 9(H) = (G ().

So G satisfies Vizing’s conjecture. On the other hand, if D; does not dominate H;, then we
add a set of vertices, say D}, to D; such that D; U D} dominates H;. Let D' = U D; and

suppose that |D'| < 1|D| for some positive integer ¢. Then we have that

k k
1 t+1
VG (H) =) v(H Z [Dil +|Di]) = [D| + D' < |D| + 5 |D| = ——~(GOH).
i=1 i=1
It can be shown that we may choose ¢ = 3 by considering several cases of how the vertices
of D are projected onto the copies of H and how for each vertex v that is added to D', we
can find at least three vertices in D that are uniquely identified with v, but we will not go

into more detail here. [l

5.1 The cell framework

In 2021, Bresar, Hartnell, Henning, Kuenzel and Rall introduced a new method of approach-
ing Vizing’s conjecture in [13]. Their cell framework method combines the cell-labelling

technique of Barcalkin and German [4] and the double-projection argument of Clark and
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Suen [24]. We give a description of this cell framework below and highlight the strength of

this idea by showing how it can be used to prove yet another improvement of Theorem 5.1.

Let G and H be two graphs with 7(G) = k and let {uy,...,ux} be a minimum domi-
nating set of G. Choose a partition {my,...,m} of V(G) such that u; € m; and m; C Nglu,]
for all i € [1,k]. For each h € V(H), define the G-cell C! = m; x {h} and let D be a min-
imum dominating set of GOH. Finally, let D; = DN ™H, i € [1,k], and let D" = DN G",
heV(H).

We assign one of four colours to each G-cell in GLJH according to how each G-cell is domi-
nated by D. Firstly, CI' is coloured blue if C! N D # () and C!" is dominated by vertices in
D" in the G"-fibre. Secondly, C! is coloured green if C" N D # () and C! is not dominated
by D", and therefore must be dominated by D; in the corresponding H-fibres in ™H. Next,
Ch is coloured red if C!' is dominated by D" and no vertex of C is dominated by D;. The
remaining G-cells of GLJH are coloured white.

Observe that all the vertices of D are contained in the blue and green G-cells. So we colour
each vertex of D the same colour as the G-cell which contains it (blue or green). Note that
the vertices of D are the only vertices in GLJH that are assigned a colour.

We now consider the projection py : ™H — H for each 7. In the projection, the vertex
h € pu(Ch) is given the colour of C". So each vertex of H is assigned one of the four
colours. Let B;, GG; and R; denote the sets of blue, green and red vertices in H respectively
for each 1.

Finally, we introduce some notation for the cardinalities of the sets of G-cells and blue and
green vertices of GOH. Let bj, denote the number of blue G-cells in G", let b denote the
number of blue G-cells in ™H, and let b denote the total number of blue G-cells in GOH.
Define g}, ¢; and ¢’ similarly for the green G-cells and define r}, r; and ' similarly for the
red G-cells. Next, let b, denote the number of blue vertices in G*, let b; denote the number
of blue vertices in ™H, and let b denote the total number of blue vertices in GLJH. Define
gn, g; and g for the green vertices of D similarly.

Since the blue and green vertices partition D, we have that |D| = b + g. Moreover, since
each blue (respectively, green) G-cell contains at least one blue (respectively, green) vertex,

we have the following inequalities:
b > by, by >0, b>b and gy > g, 9> 9, 9> 9

Bresar et al. use this framework to reproduce several results we have studied from Barcalkin
and German [4], Clark and Suen [24], Suen and Tarr [59], Bresar [11] and Zerbib [63], in
particular, Theorems 2.2, 5.1, 5.2, 5.3 and 5.4. We now look at their improvement of Theo-
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rem 5.1 which involves total domination. First, we need two lemmas.

Lemma 5.14 ([13]) ' <b—¥V +g.

Proof. Let h € V(H) and observe that the by, 4+ g, blue and green vertices of GCOJH dominates
all of the blue and red G-cells of G". Consider the projection pg(G™). Then the vertices in
G projected from the blue and green vertices of G together with the vertices u; projected
from each green and white G-cell C! in G" forms a dominating set of G, since u; dominates
Ch for each i. Therefore, the number of green and white G-cells in G* is y(G) — b}, — g}, and
so v(G) < by + gn + (v(G) — b}, — r},), implying that r, < b, — b}, + g,. Finally, summing
over all h € V(H), we have that ' <b—b +g. O

Definition: For any graph G with no isolated vertices, a set D C V(G) is a total dominating
set of G if every vertex of G is adjacent to at least one vertex of D (so a vertex does not
dominate itself). The total domination number of G is the minimum cardinality of a total

dominating set, denoted 7;(G).

Observe that since any total dominating set of a graph G is a dominating set of G,
Y(G) < %(G).

Lemma 5.15 ([13]) 20/ + ¢ + ' > ~(G)y(H).

Proof. From the description of the framework, note that for each i € [1, k], | B;| = b, |G;| = ¢,
and |R;| = r} since each vertex h € py(CP) is assigned the colour of C!. Let h € B; U R,
and let ny, € Ny(h). Then we have the set

N=|J {m}
heB;UR;

with cardinality N;| < |B;| + |R;| = b + /.

Claim: B; UG; U N; is a total dominating set of H.

Firstly, the white vertices of H are totally dominated by B; UG; and the blue and red vertices
are totally dominated by N;, so we only need to consider the green vertices of H. Let h € G,
and consider the corresponding green G-cell C. Then since C? is not dominated by D"
in the G"-fibre, there exists a vertex (u,h) € C! that is dominated by (u,h’) € D;, where
h' € Ny(h). Therefore, CI is either blue or green since (u, ') is in D, which implies that
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h' receives the colour blue or green in the projection to H and so h is totally dominated by
h € B; UG;. Thus, all the green vertices of H are totally dominated by B; U G;, proving
the claim.

So we therefore have that
W(H) < |BiUG; UN;| < b+ g; + (b + 7)) = 2b; + g; + 7
and finally, summing over all i € [1, k] gives us 2/ + ¢’ + 1" > v(G) v (H). d

Theorem 5.16 ([13]) For any two graphs G and H,

+(GOH) > max {%wc:mw), %MGMH)} .

Proof. We use the same notation defined in the cell framework description. By Lemma 5.14
(L7.13) and Lemma 5.15 (L.7.14), we have that

(L7.14)

YGw(H) < 2+ g+
(L7.13)
< Wy bty
= (b+g+W+g)
< (b+g)+(b+yg)
= 2(b+g) =2|D| = 2y(GOH).
Since we can switch the roles of G and H in the argument, the result follows. ]
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Chapter 6

Proof by minimal counterexample

In proving Vizing’s conjecture, one approach is to attempt to disprove the existence of a
minimal counterexample. To do this, we assume that Vizing’s conjecture is false. Therefore,
there exists a graph G such that v(GOH) < v(G)vy(H), for some graph H. Of all such
graphs G, let G be one of smallest order. Then G is a minimal counterexample to Vizing’s
conjecture. A minimal counterexample to the conjecture must satisfy certain properties
which we will discuss. If it can be shown that all graphs which satisfy these properties also

satisfy Vizing’s conjecture, then the conjecture will be true for all graphs G.

Theorem 6.1 ([12]) Every minimal counterexample to Vizing’s conjecture must be con-

nected.

Proof. Let G be a minimal counterexample to Vizing’s conjecture and assume G is discon-
nected. Since G is minimal, each of its components Gy, ..., G} satisfies Vizing’s conjecture.
So for any graph H and 1 < <k,

k

WGOH) > 4(Gi)y(H)  and  v(G) =D (Gy)

i=1
Therefore,
k k
YGOH) =Y " A(GOH) > Y " y(G)y(H) = +(G)y(H)
i=1 i=1
which is a contradiction. So GG must be connected. O

Recall that a graph G is edge-critical (with respect to domination) if for every pair of
non-adjacent vertices u and v in G, v(G Uww) = v(G) — 1. Now consider Theorem 2.1: Let
G’ be a spanning subgraph of a graph G. If G satisfies Vizing’s conjecture and y(G') = v(G),
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then G’ satisfies Vizing’s conjecture. The condition v(G') = v(G) in Theorem 2.1 implies
that G’ is not edge-critical. Now consider the contrapositive to Theorem 2.1: Let G’ be a
spanning subgraph of a graph G. If G’ does not satisfy Vizing’s conjecture, then G satisfies
Vizing’s congjecture or v(G') # v(G). Note that the condition v(G’) # (@) implies that
v(G") > 7(G), so there exists a spanning subgraph G” of G such that E(G") C E(G”) and
is edge-critical. Since every graph of order n is a spanning subgraph of K, (and K, satisfies
Vizing’s conjecture), we may assume that a minimal counterexample to Vizing’s conjecture

is edge-critical.

Definition: Let G be a graph and u,v € V(G). If we remove u and v from G and insert a
new vertex w in G such that w is adjacent to all vertices in N(u) U N(v) — {u, v}, then we
call w the vertex identification of u and v. In the case where u and v are adjacent in G, this

operation is known as an edge-contraction of GG, and the resulting graph is denoted G,.
Theorem 6.2 ([12]) For any graph G, v(Guw) < 7(G).

Proof. Let D be a minimum dominating set of G and let w be the vertex identification of u
and v in Gy,. If at least one of u and v is in D, then D" = (D — {u,v}) U{w} dominates G,
and |D'| <|D|. If both w and v are not in D, then D dominates G, and 7(G.,) < ~v(G). O

Also note that for any graph H, v(G,,0H) < v(GOH), since for any minimum domi-
nating set D of GUH,

D'=(D— ("HU"H))U{(w,h): (u,h) € D or (v,h) € D}

dominates G,,,[1H.

Definition: [19] A graph G is called dot-critical if for any two adjacent vertices u and v
of G, Y(Guy) < 7(G). And G is called totally dot-critical if for any two vertices u and v,
1(Guww) <A(G).

Theorem 6.3 ([12]) If G is a minimal counterexample to Vizing’s conjecture, then G is

totally dot-critical.

Proof. Let H be a graph such that v(GOH) < v(G)y(H). Since G is a minimal coun-
terexample to Vizing’s conjecture and |V (G, )| < |V(G)|, Gu» satisfies Vizing’s conjecture.

Therefore,

YGu)y(H) < ¥(GuOH) < y(GOH) < ~(G)y(H)
Hence, v(Guy) < 7(G). O
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Corollary 6.3.1 ([12]) Let G be a minimal counterexample to Vizing’s conjecture. Then
for any u € V(Q), there exists a minimum dominating set D of G that contains u. Further-
more, for any edge wv € E(G), there exists a minimum dominating set D such that either

u,v € D, oru € D and one of u,v is the only vertex of G not dominated by D — {u}.

Proof. Let uv € E(G), let w be the vertex identification of v and v in G, and let D’ be a

minimum dominating set of G,.

Case 1: we D'
Then let D = (D' — {w}) U{u,v}. Then u and v dominate the neighbours of w in G
and thus D dominates G.

Case 2: w¢ D'
Then let D = D" U {u} so that both u and v are dominated in G. Therefore D

dominates G.

Note that |D| = |D’| + 1, and from Theorem 6.3, v(Gy,) < 7(G) = |D’|, which implies that
1G) > |D'| = [D] = 1=~(G) = |D|

so Y(G) = |D| and D is a minimum dominating set of G containing u. Note that in Case
1, u,v € D, and in Case 2, all the vertices of G except perhaps u or v are dominated by
D — {u}. There exists a vertex x € D' that dominates w, which is adjacent to either u or v

in G. Therefore one of u, v is the only vertex of G not dominated by D — {u}. O

The following result is another consequence of the totally dot-critical property of a min-

imal counterexample to Vizing’s conjecture.

Theorem 6.4 ([57]) If G is a minimal counterezample to Vizing’s conjecture, then G does

not contain two adjacent vertices each of degree 2.

Proof. Let G be a minimal counterexample to Vizing’s conjecture and let H be a graph such
that v(GOH) < v(G)y(H). Suppose to the contrary that G contains two adjacent vertices
x and y each of degree 2, and let a (a # y) and b (b # x) be the other neighbours of x and y
respectively. We consider two cases. Firstly, assume that a = b. Then v(G,,) = 7(G), which
is a contradiction to Theorem 6.3. Now assume that a # b. Let G’ be the graph obtained
from G by contracting the edges ax, xy and yb and let z be the vertex identification of a, z, y
and b in G'. We will show that G’ is a counterexample to Vizing’s conjecture, contradicting

the minimality of G.
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Claim: 1(G) + 1 = +(G).

From Theorem 6.3, we have that v(G’) + 1 < v(G). Now let D’ be a dominating set of G'.
If z€ D', then D = (D' —{z}) U{a, b} dominates G and so 7(G') +1 > v(G). On the other
hand, if z ¢ D', then z has a neighbour 2z’ € D’ to dominate z in G’. This implies that 2’ is
a neighbour of either a or b in G. Without loss of generality, suppose that 2’ € Ng(a). Then
D = D' — {y} dominates G and again we have that v(G") + 1 > v(G).

Let D be a dominating set of GJH. We will now prove that v(G'OH) < v(GOH) — ~v(H).

Note that since G is a counterexample to Vizing’s conjecture,

Y(GOH) —~(H) <y(G)y(H) —y(H) = (7(G) = )y(H) = (G )y(H) ,

which will imply that G’ is a counterexample to Vizing’s conjecture. To this end, we construct
a set D' that dominates G'OH such that |D'| < |D| — v(H). For any v € V(G), let D, be
the set of vertices in the projection py (D N"H).

Claim: D, U D, U (D, N D) dominates H.

Since D dominates GOH, D, dominates V(H)— (D,UD,) and D, dominates V(H)— (D, U
Dy). So D, U D, dominates V(H) — (D, N Dy), proving the claim.

Therefore, |D, U D, U (D, N Dy)| > ~v(H). Furthermore, we have that

D.UD,U (DN D,)| < 1Dl + 14~ Da 1 Dif + Dl + 1D, ~ DU D,
Dl + 1Dy + D] + 1Dy — Dy U Dy U (Da ) Dy)|
| Dal + [Do] + [De| + [ Dy| = 7(H)

IN

IN

Let D' = (D — (“HU"H UYH U’H))U ({2} x (D, U Dy U (D, N D,)). Then
|D'| < |D| = (|Dal + [Dy| + |Da| + Dy|) + [Da U Dy U (Do N D,y)| < [D] = y(H).

It remains to show that D’ dominates G'LJH. Note that D’ dominates the vertices which
are dominated by D in (V(G) — {a,z,y,b}) x V(H). Therefore, since {z} x (D, U Dy) C D',
we have that D’ dominates V(G'OH) — *H. Now let (z,h) € *H. Firstly, if (a,h) or (b, h)
is dominated by D N ((V(G) — {a, z,y,b}) x V(H), then (z,h) is dominated by D’ — *H in
the corresponding G"-fibre. Next, if (a,h) is dominated by D N “H or (b, h) is dominated
by D N°H, then (z,h) is dominated by D’ N *H, since {z} x (D, U D,) C D'. Lastly, if
(a,u) is dominated by D N*H and (b, h) is dominated by D N¥YH, then h € D, N D, and so
(z,h) € D'. Therefore D’ dominates G'LIH, as desired. O

Recall that in Chapter 2, we discussed two results by Barcalkin and German [4], Theorems

2.2 and 2.3, which conclude that every graph G with «(G) < 2 satisfies Vizing’s conjecture.
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More recently, Sun [60] proved in 2004 that every graph G with v(G) = 3 also satisfies

Vizing’s conjecture.
Theorem 6.5 ([60]) Let G and H be two graphs. If v(G) = 3, then v(GOH) > v(G)y(H).

Proof sketch. Let V(G) ={1,...,m} and V(H) = {1,...,n}. Since every graph contains a
spanning subgraph that is edge-critical (which can be obtained by a finite number of edge-
deletions), we may assume that G is edge-critical without loss of generality. So we can find
a dominating set {1, p, ¢} of G such that N[p|UN[q] = V(G) — {1}, since adding either edge
1p or 1¢q to G will result in a graph dominated by {p, ¢} and hence have domination number
2. Let D be a dominating set of GOH. We will show that |D| > 3v(H).

Let A, = DN 'H, let Ay be the neighbours of A; in the 'H-fibre and let A3 be the ver-
tices in 'H not dominated by A;. Furthermore, let A4 be a maximal independent set of the
subgraph of GOH induced by Az. Then each vertex (1,7j) in Ay is dominated by a vertex
(i;,7) € DN G’. Let As be the set of all such vertices (i;,j) and let D; = A; U A5. Then
the vertices of the projection piy(D;) dominates 'H and so |Dy| > v(H).

Let (p, k) € PH N N(As). Since v(G) = 3, there exists a vertex (¢, k) € G* that is adjacent
to (p, k) but not adjacent to (q, k) nor (ix, k) € As, otherwise {(q, k), (ix, k)} will dominate
G*, a contradiction. Let C; be the set of all such vertices (tg, k) and let Cy be the set of all
vertices (p, k) ¢ PHNN(A;). Then let F' = C;UC, and note that no vertex in F'is dominated
by Dy, F is contained in N[PH] and F N GY # () for each j € [1,n]. Let L; =PH N D and let
Y be the set of vertices (i,5) € C; — D which can only be dominated by D N’H and not by
any vertex in L;. Therefore, for each vertex (i,j) € Y, there exists a vertex (i,j') € D N‘H
that dominates (7, 7). Let Ly be the set of all such vertices (i, ') € D.

There are many possible cases to consider based on whether or not p and ¢ are adjacent in
G, so we do not go into more detail here. In each case, it is possible to find two disjoint
sets Dy C D that dominates PH and D3 C D which dominates 94 by considering a maximal
independent set of each of these H-fibres, then handling each case in a manner similar to
'H, where F and L; U Ly are used analogously to A5 and A; U A, respectively. Therefore
|D| = |D1| + |Dao| + [Ds| 2 3v(H). O

We can now put together a list of properties that a minimal counterexample G to Vizing’s

conjecture must satisfy:
e Y(G)>4

e (G is not of Type X
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r(G) <7(G)

G is edge-critical

for any u,v € V(G), (Guw) < 7(G)

every vertex of G is contained in a minimal dominating set of G

G does not contain two adjacent vertices each of degree 2
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Chapter 7

Alternative methods

So far we have looked at methods of tackling Vizing’s conjecture which considers a graph G
which satisfies some property and then proving that G satisfies the conjecture, usually by
means of partitioning the vertex set of GG in different ways. We now look at another method
of proving Vizing’s conjecture which starts with a class of graphs C which we know satisfies
the conjecture and then build new graphs from graphs in C which also satisfy the conjecture,
by applying some graph operations. The last (and most difficult) step is to show that every
graph can be constructed this way, thus proving Vizing’s conjecture (which, of course, has
not been done yet). One such method uses attachable sets, which is explored by Hartnell
and Rall in [38].

7.1 Attachable sets

Definition: Let G' be a graph and S C V(@) such that for every graph H and for every
subset D of V(GOH) that dominates (V(G) — S) x V(H), we have that |D| > v(G)v(H).
Then S is an attachable set of G.

Note that by this definition, such a graph G satisfies Vizing’s conjecture, since any dominat-
ing set of GOH (in particular, a minimum dominating set) dominates (V(G) —S) x V(H)

as well.

Example: Consider G = Cj : a,b,¢,d, e, f,a with S = {c, f}. Let H be any graph and let
D C V(GOH) such that D dominates (V(G) — S) x V(H).
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Consider the H-fibres of G[V(G) — S]OH. Project the vertices of D N°H onto “H using the
projection pag : D N®H — °H. Since b is the only neighbour of a in G[V(G) — S], °H is
dominated by D N %H together with the vertices of pay (D N°H). Similarly, °H is dominated
by D N°H together with the vertices of per(D NH). So D dominates two copies of H and
|D| > 2v(H) = v(G)y(H). Therefore, S is an attachable set of Cg.

The following results illustrate the usefulness of attachable sets by using them to construct

graphs which satisfy Vizing’s conjecture.

Theorem 7.1 ([38]) Let Gy and Go be two graphs with attachable sets S; and Sy respec-
tively. Let G be the graph obtained by taking the disjoint union of G1 and Gy and adding
any subset of the edges that join a verter in S1 with a vertex in Sy. Then S = S; U .Sy is an
attachable set of G.

Proof. Since |E(G)| > |E(G1)| + |E(G2)|, we have that v(G) < v(G1) + v(G2). Let H be
any graph and D any subset of V(GOH) which dominates (V(G) —S) x V(H). Then for
i =12 D; = DNV(GOH) dominates (V(G;) — ;) x V(H). Furthermore, since S; is
attachable in G;, we have that

D = D1 + [Do| = A(Gi)y(H) +7(Ga)y(H) = (7(G1) +7(G2))y(H) = 7(G)y(H)

so S is an attachable set of G and therefore G satisfies Vizing’s conjecture. 0J

Below we have two more useful properties of attachable sets.

Lemma 7.2 (see [40]) Let S be an attachable set in a graph G and let F C {zy : z,y € S}.
Then S is an attachable set in G U F'.

Proof. Let D C V(GOH) such that D dominates (V(G) —S) x V(H) and |D| > v(G)y(H).
Then D dominates (V(G U F) —S) x V(H) as well and since G is a spanning subgraph of
G U F, we have that |D| > v(G)v(H) > v(GU F)y(H). O

Lemma 7.3 (see [40]) Let S be an attachable set in a graph G and let F' C E(G) such
that v(G — F) = ~(G). Then S is an attachable set in G — F.
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Proof. Let D C V(GOH) such that D dominates (V(G—F)—S)xV(H). Then D dominates
(V(G)—S) x H and since S is an attachable set in G, |D| > v(G)y(H) = v(G — F)y(H).O

The following result demonstrates how to produce an attachable set in a (p,y)-graph.

Theorem 7.4 ([38]) Let G be a (p,~y)-graph and A a mazimum 2-packing of G. Then N(A)
is an attachable set in G.

Proof. Let H be any graph and let D C V(GOH) that dominates (V(G) — N(A)) x V(H).
Let A = {z1,...,2,)}, then the sets N[z;] are pairwise disjoint and partition V(G),
where i € [1,7(G)]. We will show that for each i, N(x;) is an attachable set in G[N|[z;]].

For each i, let D; = D N N@IH. Note that v(G[N[z]]) = 1 and D; dominates “H =
(V(G[N[x;]]) — N(x;)) x V(H), so |D;| > v(H) = v(G[N|z;]])y(H). Therefore N(z;) is an
attachable set in G[N|[z;]] for all i € [1,~(G)]. Taking the union over i, Theorem 7.1 implies
that N(A) is an attachable set in G. O

We now consider another way of constructing graphs with attachable sets by defining the

operation of wvertex cloning introduced by Hartnell and Rall in [38].

Definition: Let v be a vertex of a graph G. Define the graph G; with V(G,) = V(G)U{v'}
and E(Gy) = E(G) U {vv'} UF, where F C {wv' : w € N(v)}. We say that G is obtained
from G by a cloning of type 1 and that v' is a type 1 clone of v in Gy. If F # (), let
Go = G1 — {vv'}. Then we say that G is obtained from G by a cloning of type 2 and that

v is a type 2 clone of v in Gs.

The following result demonstrates how vertex cloning can be used to show that graphs
which satisfy Vizing’s conjecture are induced subgraphs of many larger graphs which also

satisfy the conjecture and also have attachable sets.

Lemma 7.5 ([38]) Let G be a graph that satisfies Vizing’s conjecture and let v € V(G).
If v belongs to at least one minimum dominating set of G and v' is a type 1 clone of v in
G1, then the set {v'} is an attachable set in Gi. If v' is a type 2 clone of v in Gy and there
erists v'w € E(Gs), where w belongs to some minimum dominating set of G, then {v'} is
an attachable set in Gy. Furthermore, if S is an attachable set in G, then S U {v'} is an

attachable set in the new graph.

Proof. Let Dy C V(G,0H) that dominates (V(Gy) — {v'}) x V(H) = V(G) x V(H).

Since v dominates v' in Gy, 7(Gi) = 7(G), and since G satisfies Vizing’s conjecture,
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|Dy| > v(G)y(H) = v(G1)y(H), so {v'} is an attachable set in G;. On the other hand,
let Dy C V(GoUOH) such that Dy dominates (V(Gs) — {v'}) x V(H) = V(G) x V(H).
Since w dominates v' in Gy, 7(G2) = 7v(G), and since G satisfies Vizing’s conjecture,
|Do| > v(G)y(H) = v(G2)v(H), so {v'} is an attachable set in Go. Finally, if S is an
attachable set in G, then S U {v'} is an attachable set in the new graph (G; or Gs) by
Theorem 7.1. U

This lemma gives us a way of constructing complete bipartite graphs with attachable

sets, therefore satisfying Vizing’s conjecture [12].
Corollary 7.5.1 ([38]) For2 <r <s and s> 3, K, has an attachable set of vertices.

Proof. We start with K, = (4 which satisfies Vizing’s conjecture. Make s —2 clones of type
2 of a vertex in one partition, adding in all possible edges to form Kj ,, and then make r — 2
clones of type 2 of a vertex in the other partition, adding in all possible edges to form K, ,.
Note that the set of s+r—4 vertices that were added to K 5 forms an attachable set of K, ;.L]

We state one more way of building larger graphs which satisfy Vizing’s conjecture.

Theorem 7.6 ([40]) Let G1 and Gy be two graphs with w € V(G1) and v € V(G3) such
that:

(i) Gs satisfies Vizing’s congecture,

(ii) 7(Gr —A{u}) = 7(Gh), and
(11i) u belongs to some minimum dominating set of G1 and is attachable in G1.

Let G be a graph with V(G) = V(G1) UV (Ge) U{z} and E(G) = E(G1) U E(Gs) U{uz,vx}.
Then {u,x} is an attachable set in G.

Proof. Let A be a minimum dominating set of G; with u € A and let B be a minimum
dominating set for G. Since AU B dominates G, v(G) < 7(G1) + 7(G2). Suppose that
Y(G) < v(Gy) + v(G2) and let D be a minimum dominating set of G. Then x must be in
D, otherwise D N V(G;) dominates G; for i = 1,2, and G as well, a contradiction. Define
D; = DNV(G,;), then D = Dy U Dy U {z}. Note that since |D| < v(G1) + 7(G2), either
|Dy| < v(Gh) or |Dy| < v(Gs). If w € Dy, then Dy dominates Gy, so |Dq| > ~(G;) and
|Dy| < 7(G2). Otherwise, if w ¢ D;, then D; dominates G — {u} and so by (ii), |D;| >
v(G1 — {u}) > v(G1) which implies that |Dy| < v(Gz). But since |D| = |Dy| + |Da| + 1 <
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v(G1) + 7(G2), we have that |Dy| < v(Gz2) — 2. However, Dy U {v} dominates G2 and yet
|Dy U {v}| < v(Gs) — 1, which is a contradiction. Therefore v(G) = v(G1) + 7(G2). Let
H be any graph and let X C V(GOH) such that X dominates (V(G) — {u,x}) x V(H).
Note that X; = X NV(G10H) dominates (G; — {u})JH and by (iii), {u} is attachable in
G, so | X1 > v(G1)v(H). Now let Xy = (X NV(G2OH)) U {(v,h) : (x,h) € X}. Then
Xy dominates GoJH and since Go satisfies Vizing’s conjecture by (i), |Xa| > v(G2)vy(H).
Hence,
[ X[ > [Xa] + | Xo| 2 y(Go)y(H) +1(G2)y(H) = +(G)y(H)

and so {u, z} is an attachable set in G. O
We end this section with two open questions posed in [40].

Question: If G is a graph which satisfies Vizing’s conjecture and u € V(G) such that
v(G —{u}) > v(G), then is {u} an attachable set of G7

Question: Which classes of common graphs (trees, cycles, etc.) can be constructed using
attachable sets?

7.2 Pairs of graphs attaining equality

We now turn our attention to another alternative method of solving Vizing’s conjecture. This
approach involves proving the conjecture holds for pairs of graphs G and H. In particular,
we will discuss pairs of graphs which prove the sharpness of the bound in the conjecture,
that is

V(GOH) = y(G)y(H).

Many classes of such pairs of graphs have already been determined and can be found in [43],

several of which use the corona of a graph.

Definition: Let G’ be a graph. The corona of G', cor(G"), is the graph obtained by adding
an end-vertex to each vertex of G'. If G = cor(G'), then we call G’ the interior of G and

the vertices of G’ are the interior vertices of G.

Note that if G = cor(G’) for some graph G’ and G is a graph of order n, then by Theorem

1.1, v(G) = g (proving sharpness of Corollary 1.1.1). Furthermore, each interior vertex of
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G is adjacent to exactly one end-vertex.

Example: Consider the following graph G’ and its corona G.

G’ G = cor(G")

Note that n(G) = 10 = 2n(G") and v(G) = 5 = ™9 Also, each interior vertex of G is
adjacent to exactly one end-vertex.

Payan and Xuong [55] and Fink, Jacobson, Kinch and Roberts [34] proved independently
that the only graphs which attain the bound of Corollary 1.1.1 are Cy and the corona of some
connected graph. Before we look at this result, we first introduce edge covers and matchings

in a graph.

Definition: An edge cover of a graph G is a set of edges C' such that each vertex of G is
incident with at least one edge of C'. An edge cover of G is minimal if it is not properly
contained in another edge cover of G. The edge covering number of G is the cardinality of

a minimum edge cover of G and is denoted by 5'(G).

Observe that if C' is a minimum edge cover of a graph G, then since every vertex of G is
incident with at least one edge in C, v(G) < f'(G).

Definition: A matching in a graph G is an independent set of edges in G (i.e., no two edges
are incident with a common vertex). A matching is mazimal if it is not properly contained
in another matching of G. The matching number (or edge-independence number) of G is the

cardinality of a maximum matching of G and is denoted by o/(G).

The following famous theorem by Gallai [37] relates the edge covering number and match-

ing number of any graph G.
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Theorem 7.7 ([37]) Let G be a graph of order n with no isolated vertices. Then
&(G) + B(G) = n.

Proof. Let C} be a maximum matching of G, so |C}| = ¢/(G). Then since ' is an indepen-
dent set, C covers 2a/(G) vertices of G. The remaining n — 2a/(G) vertices can be covered
by n — 2d/(G) edges of G that are not in Cy. Therefore

F(G) < a(G) + (n=20'(G)) =n—a(G)

which implies that o/(G) + 5'(G) < n.

Now let Cy be an edge cover of G such that |Cy| = '(G). Note that each component of
G[C5] is a tree, otherwise, if a component contains a cycle, then removing any edge of that
cycle will produce an edge cover of that component with one fewer edge, and consequently
an edge cover of G with smaller cardinality than Cs, a contradiction. Choose one edge from
each component of G[C5] and let C be the set of all such edges. Then C} is a matching of
G, so |C| < o/(G). Using the fact that the size of a tree is one less than the order of the
tree, if G[Cy] is a forest with k components, then the size of G[Cy] is n — k. Hence,

o/ (G) + B(G) > |Cy] + |Cs| =k + (n— k) = n.

The result follows. U

Observe that a minimum edge cover C' of a graph G of order n exists if and only if n
is even and each vertex of GG is incident with exactly one edge of C'. Therefore C' is an

independent set of edges, i.e., a maximum matching of G, with §'(G) = 3.

Theorem 7.8 ([55]) Let G be a graph of order n with no isolated vertices. Then v(G) = %

if and only if the components of G are Cy or the corona of some connected graph H.

Proof. (<) Since (Cy) = "(g“) and 7y (cor(H)) = n(cog(H)), summing up the domination

numbers of each component of G gives us y(G) = 2

5.
(=) Suppose that (G) = 3. For each i € [1, k], let s; be a set of edges that induces a star in
G, such that C' = {si,...,s;} is a minimal set of stars that covers G. Note that |C| < & and
so 7(G) < §. Therefore, 7(G) = § if and only if the domination number of each component
of G is %, where n; is the order of the component. So without loss of generality, we may
assume that G is connected. Since v(G) = %, |C] = %, so by Theorem 7.7 and our previous
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2
For each i € [1, k], let s; = u;v;. Firstly, we will show that if £ > 3, then u; or v; has degree

observation, each s; is an edge in G and (' is a maximum matching of G with k = % edges.
1 for each i. Suppose to the contrary that there exists an ¢ for which both u; and v; have
degree at least 2. Then G must contain one of the following spanning subgraphs (where to
the right-hand side of the dashed line indicates copies of Ks).

LI T

(1) (i)
However, in both cases we can find a minimum dominating set of cardinality £k —1 < 7, a

contradiction. Therefore, GG is the corona of some connected graph. On the other hand, if

k < 2, then G is isomorphic to one of the following connected graphs of order at most 4

(i) (i) iii)

The first two graphs are coronas of connected graphs and the third graph is C}. U

n

having domination number %.

Using this result, Fink et al. presented the first class of graphs which attains the bound
of Vizing’s conjecture in the following theorem.

Theorem 7.9 ([34]) Let G and H be two connected graphs of order at least 4 such that G
and H are the coronas of two graphs. Then v(GOH) = v(G)vy(H).

Proof. Since G and H are the coronas of two graphs, they have even order, so let n(G) = 2n;
and n(H) = 2ny. Then by Theorem 7.8, v(G) = ny and v(H) = ny. We must therefore show
that v(GOH) = niny. Note that G and H have n; and ny end-vertices respectively, no two
end-vertices are adjacent and no two end-vertices have a common neighbour (by the structure
of the corona of a graph) in both graphs. Therefore, there are niny vertices of degree 2 in
GOH, no two are adjacent nor do any two have a common neighbour. So each vertex of
GUH can dominate at most one vertex of degree 2, therefore any dominating set of GLH
must have at least nyny vertices, i.e., y(GOH) > niny. To show that v(GOH) < ning, we

will construct a dominating set of GLJH with cardinality nin,. Let T} and Ty be spanning
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trees of G and H respectively. We will show that ~(7107,) < njng, which implies that
v(GOH) < nyng since T10T; is a spanning subgraph of GOH. For each i = 1,2, partition

the set of end-vertices of T; into two sets E;; and Ej» such that two end-vertices are in

the same set if the distance between them is even. For j = 1,2, let I;; = N(E;;). Note
that the vertices in each [;; are interior vertices of T3007,. Let D C V(T10T5) such that

D =

(E11 X I91) U (E1g X Isg) U (111 X Eag) U (112 X FEap). Since each interior vertex of T}

and T is adjacent to exactly one end-vertex, |E;;| = |I;;| and |Ey U|Ej| =n; for i,j =1,2.

So |D| = ning. To show that D dominates 730075, we consider the following cases. Let
(u,v) € V(T OTy).

Case 1:

Case 2:

Case 3:

u and v are end-vertices in T7 and T, respectively.

If u € Fy; and v € Eyp, then v has a neighbour w € I5;. Therefore (u,w) is in D and
dominates (u,v). If u € Ey; and v € Eag, then u has a neighbour w € I;;. Therefore
(w,v) is in D and dominates (u,v). Similar arguments hold for u € Fi5 and v € Ey
or v € Foy.

u and v are interior vertices in 77 and 75 respectively.

If u € I1; and v € Iy, then u has a neighbour w € Fj;. Therefore (w,v) is in D and
dominates (u,v). If u € I3 and v € Iy, then v has a neighbour w € Es;. Therefore
(u,w) is in D and dominates (u,v). Similar arguments hold for u € I1» and v € Iy or
v E [y9.

one of v and v is an end-vertex and the other is an interior vertex of T} and 75
respectively.

Without loss of generality, assume that u is an end-vertex in 7T and v is an interior
vertex in Ty. If w € By and v € Iy, then (u,v) € D. If u € Fy; and v € Iy, then
since each interior vertex of Ty is adjacent to exactly one end-vertex and ny > 2 (since
n(H) > 4), v has a neighbour w € Iy since the distance between v and w is odd.
Therefore (u,w) is in D and dominates (u,v). Similar arguments hold for u € F5 and

7]6[21 OI"UG[QQ.

Hence D dominates 770075 and the result follows. O

Finally, we can use Theorem 7.8 to extend Theorem 7.9 to the following result.

Theorem 7.10 ([34]) Let G and H be two graphs of order at least 4 with domination
number half their order. Then v(GOH) = v(G)y(H).
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Proof. By Theorem 7.8, we only need to consider the cases when G and H are C, or the
corona of some graph. Since Theorem 7.9 proves the result for when both G and H are
coronas of two graphs, we need to check the two remaining cases.

First, we show that v(C,0C;) = 4. Since P,0P, is a spanning subgraph of C41Cy,
v(C,0Cy) < v(ROP;) = 4. Now note that since Cy is 2-regular, C40C, is 4-regular
with 16 vertices. Each vertex in C,\[JC; dominates 5 vertices, so 3 vertices can dominate at
most 15 vertices of C4[1C,. Therefore we need at least 4 vertices to dominate C,[1CYy, i.e.,
y(C4OC,) > 4.

Finally, we show that v(C4yOH) = v(Cy)y(H), where H is the corona of some graph. Let
V(Cy) ={a,b,c,d} and H = cor(H'). Then D = {(a,x) : x € H}U{(¢c,y) :y € H—H'}isa
dominating set of C4O0H with |D| = n(H), since {a, ¢} dominates Cy, {(a,z) : x € H'} dom-
inates the vertices of the H-fibres obtained from the interior of H and {(c,y) :y € H — H'}
dominates the vertices of the H-fibres obtained from the end-vertices of H. In fact, by The-
orem 1.1, D is a minimum dominating set of C,y/[JH. This, together with the assumption
that v(H) = %H), implies that

Y(CyOH) = |[D| =n(H) =2 = v(Cy)y(H)

as desired. O

Jacobson and Kinch use the corona to characterise a family of trees which attain equality
in Vizing’s conjecture in [49]. Firstly, note that if G is the corona of some graph, then the
end-vertices of G form a unique maximum 2-packing of G. Therefore v(G) = @ = p(Q)

and, together with Theorem 3.2, proves that G satisfies Vizing’s conjecture.

Theorem 7.11 ([49]) Let G be any graph and H the corona of some graph. Then
V(GOH) > ~(G)y(H).

We now use this fact to prove Jacobson and Kinch’s result.

Theorem 7.12 ([49]) Let H be any graph such that v(PyOH) = 2v(H) and let T be a tree
such that T = cor(T") for some tree T' of order n > 2. Then v(TOH) = ~(T)y(H).

Proof. Let x1 be an end-vertex of T" and wu; the unique neighbour of z;. Also, let uy be
any neighbour of u; and x, the end-vertex adjacent to us. Then the induced subgraph
Ty = T[{x1,u1,us, x2}] = P, and so by the hypothesis, there exists a dominating set D; of
T,0H such that |Dy| = 2y(H). For i = 1,2, define the sets Dy; = Dy N NlzilfFf - Since Dy
dominates “H and N|[z;| = {x;,u;}, we have that |D;;| > v(H). Furthermore, since

27v(H) = |D1| = |Du1| + |D1a| > 2v(H) ,
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we have that for i = 1,2, |Dy;| = v(H).

Now we partition V(7T) into two sets Vi and V5. Place all the end-vertices of T which are
an even distance from z, along with their neighbours, in V; and let V, = V(T') — V;. Note
that 25 € Vs since d(x1, z5) = 3, and all the end-vertices which are an even distance from x5,
along with their neighbours, are in V5. Let D C V(TUOH) such that (t,h) € D if for i = 1,2,
if t € V;, then either ¢ is an end-vertex of T" and (x;, h) € Dy;, or t is an interior vertex of T
and (u;, h) € Dy;. Note that for any end-vertex « of T', if « € V;, then since D;; dominates
=, |DNNEH| = |Dy| = y(H). So since T = cor(T") and has n end-vertices,

| D] = ny(H) = ~(T)y(H).

It remains to show that D dominates TUH. Let (v,g) € V(TOH) — D and, without loss of
generality, assume that v € V5. Keeping in mind that D;5 dominates *2H, we consider the

following two cases.

Case 1: v is an end-vertex of T', so (z2,9) ¢ Dis.
Then either

(i) there exists a neighbour h € V(H) of g such that (z2,h) € Dio, implying that
(v,h) is in D and dominates (v, g); or
(i) (u2,g9) € D12 and dominates (x2, g). If w is the unique neighbour of v in 7', then

w € V5 and (w, g) € D which dominates (v, g).

Case 2: v is an interior vertex of T', so (ug, g) ¢ Dio.

Since Np [ug] = {uy,ug, v2}, either
(i) there exists a neighbour h € V(H) of g such that (ug, h) € Dis, implying that
(v,h) is in D and dominated (v, g); or

(ii) (x2,g) € Dio such that, if w is the end-vertex adjacent to v, (w,g) is in D and

dominates (v, g); or

(iii) (u1,g9) € D1y such that, if y is any interior vertex adjacent to v (so y € V1), (v, 9)

is in D and dominates (v, g).

Therefore D dominates TOH and so yv(TOH) < |D| = v(T)y(H). By Theorem 7.11,
v(TOH) > v(T)y(H), thus proving the theorem. O

For completeness, we generalise this result in the following corollary.
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Corollary 7.12.1 ([49]) Let H be any graph such that v(P,OH) = 2y(H) and let G be
a graph of order at least J such that G is the corona of some graph. Then v(GOH) =

Gy (H).
n(G)

Proof. Let T be a spanning subgraph of G. Then T is a corona with v(T) = 7(G) = =5>.
Since TIH is a spanning subgraph of GLIH and applying Theorem 7.12, we therefore have
that

V(GOH) < y(TOH) = v(T)y(H) = v(G)y(H) .

Equality follows from Theorem 7.11. U
Hartnell and Rall pose the following question on pairs of graphs achieving equality in [40].

Question: Is there a structural characterisation of all graphs G such that there exists a
graph H that satisfies v(GOH) = ~v(G)v(H)?
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Chapter 8

Variations of domination

In this section we study other types of domination and determine Vizing-like results for each

type.

8.1 Fractional domination

Definition: Let G be a graph and f : V(G) — [0,00) a function that assigns to every
vertex of G a non-negative weight. If the sum of the function values of f over any closed

neighbourhood of G is at least 1, i.e.,

> f(v) = 1for any u € V(G), (8.1)

vEN[u]

then f is called a fractional-dominating function of G.
The weight of a fractional-dominating function is the sum of all the function values for every
vertex in G' and the fractional-domination number of G, denoted v;(G), is the minimum

weight of a fractional-dominating function of G, i.e.,

(@) =mind 3 1
veV(G)

where f satisfies (8.1).

Example: Consider G = Cy : u, v, w, z,y, 2, u.
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Define the function f : V(G) — [0, 00) as follows: let

1
27

1

Fw) =0, f(r) =5, ) =3 and f(z) =0,

1
flw) =5, fv) = ;

Note that the weight of each closed neighbourhood of G is (at least) 1 and v(G) = 2.

Observe that for a graph G with dominating set D, the characteristic function of D
(where each v € V(G) has weight 1 if v € D and has weight 0 otherwise) is a fractional-
dominating function of G since every closed neighbourhood of G must contain at least one
vertex from D, therefore v;(G) < v(G).

The corresponding Vizing-like result for fractional domination was proved in [36] using a
linear algebra and strong direct products argument which we will not reproduce here.
Theorem 8.1 ([36]) For any graphs G and H, v;(GOH) > v¢(G)vs(H).

The following theorem was first proven by Fisher [35] in 1994 using a strong direct product
argument similar to Theorem 8.1. Bresar [9] later formulated a variation of domination

known as graph-domination in 2001 to present a much simpler proof of Theorem 8.2.
Theorem 8.2 ([35]) Let G and H be two connected graphs. Then v(GOH) > v¢(G)y(H).

Definition: Let G and H be two graphs and let f : V(G) — P(V(H)) be a function that
assigns each vertex in G to a vertex subset of H such that for each v € V(G)

U Nulwl |u| | f@) ] =vH). (8.2)
)

wef(v) UGNg(’U

The graph-domination number of G with respect to H, denoted vy (G), is

(G)=min g > [f()] 0,

veV(QG)
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where the minimum is taken over all such functions f satisfying (8.2).

Note that for each v € V(G), we need to take the union of all H-cells {v} x f(v) to dom-
inate GOH, so f corresponds to a dominating set of GLJH (and this is true for any such f
which satisfies (8.2)). Any f which attains this minimum v4(G), corresponds to a minimum
dominating set of GOH with cardinality v(GOH), which implies that v (G) = v(GOH).
Therefore, G satisfies Vizing’s conjecture if and only if vy (G) > v(G)y(H) [12].

Example: Consider the Cartesian product of the graphs G = P, and H = (}.

(a,u) Av
7w)
b o i j
C )
GOH

(b,v)

)

cO

d O U v (d,u)
G H

Define the function f : V(G) — P(V(H)) as follows:
fla) =A{u}, f(b) ={v}, [flc)={w}, f(d)={u}.

This function satisfies condition (8.2) and

> 1f(@)] =4=u(G)

zeV(G)

since v(GOH) = 4. Furthermore, note that the union of the H-cells x x f(z) is the set
{(a,u), (b,v), (¢, w), (d,u)} which is a minimum dominating set of GOIH.

Proof of Theorem 8.2 ([9]). Let f: V(G) — P(V(H)) be a map that satisfies condition (8.2)
of graph-domination, and assume that f attains the minimum ~y(G). Define g : V(G) —
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[0,00) by g(v) = % Since f satisfies condition (8.2), for each v € V(G), we have that

U Nufw) | U Uf = V(H)

we f(v) u€Ng(v

= Y |f(w)] > ~(H)

uEN[v]

veV(G)

|/ ()]
G;G) ) 2 74 (G)
ST = Ap(G)y(H)
veV(G)

Yu(G) > v(G)v(H)

since f attains the minimum weight v (G) by assumption. U

8.2 Graph-domination

In this section, our aim is to show how Bresar’s concept of graph-domination can be used to

prove that all pairs of graphs with domination number 3 satisfy Vizing’s conjecture.

Firstly, observe that given a graph G, if v(G) < p(G) + 1, then G satisfies Vizing’s
conjecture (this follows immediately from Corollary 3.3.2 and Theorem 3.2). Therefore, we

have the following result:

Corollary 8.2.1 ([9]) If G is a graph with v(G) = 3 and diam(G) > 3, then G satisfies

Vizing’s conjecture.

Proof. Since diam(G) > 3, a maximum 2-packing of G has at least two vertices. Therefore

7(G) =3 < p(G) + 1, so by the above observation, G satisfies Vizing’s conjecture. O
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This result shows us that we need to prove Vizing’s conjecture holds for all pairs of graphs
G and H with domination number 3 and diameter 2. Note that since the diameter of each

graph is 2, we need more vertices in G and H to ensure that v(G) = v(H) = 3.

We now prove a few useful lemmas.
Lemma 8.3 ([9]) If G is a graph with v(G) = 3 and diam(G) = 2, then 6(G) > 3.

Proof. Since diam(G) = 2, each neighbourhood of a vertex in G is a dominating set of G.
In particular, if v is a vertex with deg(v) = §(G), then N(v) dominates G and
IN(W)] = (G) =2 7(G) =3. [

Observe that for any graph G of order n, we have the upper bound A(G) < n—~(G)+1.
In fact, consider a vertex v € V(G) such that deg(v) = A(G), then v dominates its A(G)
neighbours and v(G) < n— A(G) + 1. We can improve this bound for graphs with diameter
2.

Lemma 8.4 ([9]) If G is a graph of order n with diam(G) = 2, then A(G) < n—2v(G)+2.

Proof. Let v € V(G) such that deg(v) = A(G), let D be a minimum dominating set of G' and
define the vertex set A = V(G) — N[v]. Since v dominates N[v], we need at least v(G) — 1
vertices of G to dominate G[A], so 76(A) > v(G)—1. Furthermore, since diam(G) = 2, every
pair of vertices in A are either adjacent or have at least one common neighbour in V(G)—{v}.
Since A(G) =n — |A] — 1, we need to minimise |A| to maximise A(G). By Corollary 1.1.1,
we have that v¢(A4) < |2ﬂ, therefore v(G) — 1 < % implies that |A| > 2(y(G) — 1). For
fixed n and v(G), if |A] is even, then |A| > 2(y(G) — 1). However, if |A] is odd, then
|A| > 2(v(G) —1) =1 = |A| > 29(G) — 3 = 2(y(G) — 2) + 1. So |A] attains this minimum
bound if it is odd such that v(G) — 2 vertices of DN A dominates another (G) —2 vertices of
A as pairs of adjacent vertices, and the remaining vertex u of A is dominated by D N N(v),

where u has a common neighbour in N(v) with every other vertex in A. Therefore,
AG)=n—|Al-1<n—29(G)+3—-1=n—29(G) +2

as desired. O

Lemma 8.5 ([9]) If G is a graph of order n with v(G) = 3 and diam(G) = 2, then n > 8.

Proof. Firstly, by Lemma 8.3, §(G) > 3. Now suppose to the contrary that n = 7. Then by
Lemma 8.4,
AG)<n—29(G)+2=T7-2(3)+2=3.
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So G is a 3-regular graph of order 7, which contradicts the handshaking lemma.
Now suppose that n < 6. Again by Lemma 8.4,

AG)<n—29(G)+2<6-2(3)+2=2.

So A(G) =2 and §(G) = 3, a contradiction. Therefore n > 8. O

The following result is an improvement on Theorem 1.6, proven by Bresar in [9] for graphs

with domination number at least three.

Theorem 8.6 ([9]) Let G and H be two graphs such that v(G) and v(H) are at least 3 and
V(G| # [V(H)|. Then

V(GOH) = min{|[V(G)|, [V (H)[} + 1.

Proof. Without loss of generality, suppose that |V (H)| < |V(G)| and suppose to the contrary
that v(GOH) < min{|V(G)|,|V(H)|} + 1. Then v(GOH) < |V(H)|, and by Theorem 1.6
above, a minimum dominating set D of GOH has |V (H)| vertices. Note that every G"-fibre
contains exactly one vertex from D, otherwise there exists a vertex (¢’, k') € V(GOH) such
that G N D = 0 and YH N D = (. Furthermore, there exists at least one H-fibre which
does not contain a vertex from D since |D| = |V(H)| < |[V(G)|. Let vy,..., v, be all the
vertices in G such that “"H N D # () and let {wy,...,we} = V(G) — {v1,...,vx}. Then for
some h € V(H), every vertex (w;, h) is dominated from within the G”-fibre by a particular
vertex (vj, h), and each (v;, h) must dominate all such vertices (w;, k). This implies that any

pair of vertices v;, w; € V(G) dominates G, so 7(G) < 2, a contradiction. O

Theorem 8.7 ([44]) For any graph H, v(H)y(H) < |V (H)|.

Proof. For any S C V(H), define D.(S) as the set of all vertices in V(H) — S that are
adjacent to all the vertices in S, and D;(.S) as the set of all vertices in S that are adjacent
to every other vertex in S. Let X = {z1,..., 2, )} be a minimum dominating set of H and
partition V' (H) into v(H) subsets 71,. .., Ty ) such that z; € m; and 7; C N[z;] for each
J € [1,7(H)]. Choose such a partition P of V(H) for which the sum over all j of |D;(n;)]| is
a maximum. Suppose that |D.(m;)| > 1, then there exists a vertex = € m, k # j, such that
x is adjacent to every vertex of 7;. If € D;(m), then x is adjacent to every vertex in m;
and 7y, so X — {z;, 2} U{z} is a dominating set of H with smaller cardinality than ~(H),

a contradiction. Therefore x ¢ D;(m;). We can now define a new partition P' with 7] = m
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for | # j and | # k, 7} = 7; U {2} and 7}, = m; — {x} with cardinalities |D;(m))| = |D;(m)|,
|Di(7})| = |Di(m;)| + 1 and |D;(m},)| > [D;(mg)|. This contradicts the maximality of |D;(m;)|
in partition P, so |D.(m;)| = 0 for all j € [1,7(H)]. Note that any set S with |D.(S5)| =0

dominates H, therefore each 7; in P dominates H, so |r;| > v(H). Hence,

v(H)

v(H)
VD =Y Il 2 YA () =G ()
as desired. 0

We are now able to prove the final result of this section.

Theorem 8.8 ([9]) IfG and H are two graphs such that v(G) = v(H) = 3, then G satisfies
Vizing’s conjecture, i.e., v(GOH) > 9.

Proof. Suppose to the contrary that v(GOH) < 8. Since Corollary 8.2.1 implies that we
only need to prove Vizing’s conjecture holds for graphs with diameter 2, we may assume
both G and H have diameter 2 and we can apply Lemma 8.5 to both graphs. Therefore
both G and H must have at least 8 vertices. This, together with Theorem 1.6, implies that
v(GOH) = 8 and one of these graphs must have 8 vertices. Lastly, the contrapositive of
Theorem 8.6 implies that |V(G)| = |V(H)| = 8.

Let D be a minimum dominating set of GOH, so |D| = 8. As in the proof of Theorem
8.6, each G- and H-fibre must contain at least one vertex from D (otherwise one of these
graphs will have domination number at most 2). We now implement the graph-domination
of G with respect to H, by assigning each vertex of G to exactly one vertex of H. So define
the function f : V(G) — P(V(H)) by f(g9) = {h}, g € V(G) and h € V(H), such that
(g,h) € D. Note that f is bijective.

Let a,b € V(H) such that ab ¢ E(H). Since f is bijective, there exist vertices r,s €
V(G) such that f(r) = {a} and f(s) = {b}, so (r,a),(s,b) € D. Since a and b are not
adjacent in H, (r,b) is not dominated by (r,a) from D N"H, so (r,b) must be dominated
from the corresponding G°-fibre by D N G®. But D N G* = {(s,b)}, which implies that
rs € E(G). Therefore f~'({a})f~'({b}) € E(G). Thus H is a spanning subgraph of G
(up to isomorphism), so v(G) < v(H). By Theorem 8.7, v(H)y(H) < |V(H)|, therefore

3.

Y(G)y(H) < ~(H)v(H) < 8, which contradicts v(G) = v(H) = O
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8.3 Total domination

Recall the definition of total domination; for any graph G with no isolated vertices, a set
D C V(Q) is a total dominating set of G if every vertex of G is adjacent to at least one vertex
of D. The total domination number of G is the minimum cardinality of a total dominating
set, denoted v,(G).

Example: Consider G = C : u, v, w, z,¥, 2, u.

Here, {u,v,z,y} is a minimum total dominating set of G and so v(G) = 4.

We start with a simple yet useful result.

Theorem 8.9 ([22]) For any graph G with no isolated vertices, 7(G) < v(G) < 2v(G).

Proof. Since every total dominating set of G dominates G, v(G) < v (G). Now let
D = {vy,...,vy¢)} be a minimum dominating set of G. Note that each vertex of V(G) — D
is adjacent to some vertex in D and since G has no isolated vertices, N(v;) is non-empty for
each i € [1,7(G)]. So there exists z; € N(v;) for each 4, and define D" = {z1,..., 2y}
Then D is dominated by D’ and D U D' is a total dominating set of GG, hence

1(G) < |DUD| =2D| = 24(G). 0

Henning presents a construction of trees of order at least three which attain the upper
bound of Theorem 8.9 in [45].

Theorem 8.10 ([45]) A tree G of order at least 3 satisfies v,(G) = 2v(G) if and only of
the following conditions hold:

(i) G has a unique minimum dominating set D,
(ii) every vertex of D is adjacent to a leaf of G, and

(iii) D is a 2-packing of G.
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We now look at the total domination version of the Clark-Suen inequality (Theorem
5.1). Henning and Rall proved this inequality in [46] for one class of graphs in the following

theorem.

Theorem 8.11 ([46]) Let G and H be two graphs with no isolated vertices, at least one of
which is a (p,~)-graph. Then

1
%(GUOH) > E%(G)%(H)
and this bound is sharp.

Proof. Without loss of generality, assume that G is a (p,7)-graph, so p(G) = v(G). Let
S ={v1,...,vy)} be a maximum 2-packing of G, then for each i € [1,7(G)], the sets Nv;]
are pairwise disjoint. Let {m,..., 7y} be a partition of V(G) into (G) sets such that for
each i, v; € m; and m; € N[v;]. Let D be a minimum dominating set of GOH and for each i,
let D; = DN™H. Let S; be a total minimum dominating set of “"H in GLJH which contains
as many vertices of "H as possible.Then S; C ™H. If S; contains a vertex v not in “H, then
v totally dominates exactly one vertex v' in “H. We can now define a new total dominating
set S; of “iHH by replacing v in S; with a neighbour of v’ in “H, which contains more vertices
of Y“"H than S;, a contradiction. Therefore S; C VH, so \S; is a minimum total dominating set
of a copy of H, which implies that |S;| = v(H). Furthermore, since D; totally dominates
Vi, |D;| > |S;|. Therefore

Y(G) (&) (G)
WGOH) = |D| = Z | Ds| = Z |5i| = Z%(H) =7(G)n(H) = %%(G)%(H)- (8.3)

Sharpness of bound. Let G’ be a graph with V(G') = {v1,...,v,}. We construct G as fol-
lows: first take the corona of G’, and then subdivide each edge in E(G’) exactly twice. Then
V(G") is both a 2-packing and a minimum dominating set of G, so p(G) = v(G) = n, and
7 (G) = 2n since the set of end vertices and their unique neighbours in G form a minimum
total dominating set of G. Now let H = P, : a,b. Then the set

{(v1,a), (v1,b), (va, @), (v2,b), ..., (Vn,a), (v,,b)} is a total dominating set of GOH, hence
w(GOH) < 2n. Finally, %(G)w(H) = (2n)(2) > 2v%(GOH). So by Theorem 8.11,
W(GOH) = 3 (G)u(H). a

Henning and Rall ended this theorem with an open question: is this result true for any
two graphs with no isolated vertices? Later, Ho showed the total domination version of
the Clark-Suen inequality is indeed true in general in [47], using the same double-projection

argument as in Theorem 5.1.
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Theorem 8.12 ([47]) For any graphs G and H without isolated vertices,

WGOH) > S0 (Gyu(H).

Proof. Let H be a graph with v,(H) = k, {h1, ..., hi} a minimum total dominating set of H
and choose a partition {m,..., 7} of V(H) such that for each i € [1,k], m; C N(h;), i.e., h;
totally dominates m; for each i. Furthermore, for each 4, let G; = V(G) x {m;} and for some
g € V(G) we define the H-cell {g} x m;. Let D be a minimum total dominating set of GOH.
Note that if there exists a vertex in an H-cell that is not totally dominated by D N9H, then
that vertex is totally dominated by a neighbour of g in the projection ps(D N G;). We can
now extend pg(D N G;) to a total dominating set of G. For each i, let n; be the number of
H-cells in G; dominated by D N G;. Then for each g € V(G) such that the H-cell {g} x m;
is totally dominated by D NY9H, add any neighbour of g in G to pg(D N G;). This will give
us a totally dominating set of G, therefore |pe(D N G;)| 4+ n; > v(G) and so

k

|D|+Zm > Y (pa(DNG)| +m) > Y 3(G) = u(G)n(H). (8.4)

i=1 i=1
Now we consider an H-cell {g} x m;, where j € [1,k]. Note that every vertex in this H-cell
is totally dominated by (g, h;) since m; C N(h;). For each g € V(G), let m, be the number
of H-cells in 9H totally dominated by D N9H. If there exists an H-cell that is not totally
dominated by D N9H for some j, then the H-cell is totally dominated by (g, h;). Define
the index set J; as the set of all j such that the H-cell {g} x 7; is not totally dominated
by D N9H. Then |J,| = k — my,. Similarly, we can extend the projection py(D N9H) to a

total dominating set of H by adding the vertices of U {h;} to the projection. From this,
jedq
we have that

n(H) =k <|pa(DOVH)| +k —mg = my <|pu(DNH)|

and by summing over g € V(G),
S, ms 3 (D] = 32 my< 1D
geV(G) geVv (G geV (G
Since we counted the number of H-cells dominated by D N9H in two ways using n; and m,
Zni = Z mg. From (8.4), we therefore have
' geV(G)

k
2(GOH) = |D| +|D| > |D| + ) _n; = %(G)y(H)

=1
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as desired. O

Equality is achieved in Theorem 8.12 when at least one of G and H is a non-trivial tree.

Theorem 8.13 ([46]) Let G be a non-trivial tree and H a graph with no isolated vertices.
1

Then ~v(GOH) = §’yt(G)’yt(H) if and only if w(G) = 2v(G) and H consists of disjoint

copies of K.

Proof. Suppose that v (GOH) = 3%(G)y(H). Let D; and S; be defined as in the proof of
Theorem 8.11. Then from (8.3), we have that |D;| = |S;| = w(H) for each ¢ € [1,7(G)],
therefore v,(G) = 2v(G). Now by Theorem 8.10, G has a unique minimum dominating set
S = {v1,...,vyc)} such that every vertex of S is adjacent to a leaf of G and S is a 2-packing
of G. For some i, let u; be a leaf adjacent to v; and let w; be any other neighbour of v; in G.
Suppose there exists a vertex y € D; — (“H U“H). Then D; — {y} totally dominates “H,
implying v;:(H) < |D;|, a contradiction. Therefore D; C ("H U"“H) for each i. On the other
hand, to totally dominate “‘H we must have “H C D;. Hence, "H = D; and |V (H)| = |D;|.
Keeping in mind that H has no isolated vertices, if H has a component of order at least 3,
then v (H) < |V(H)| = |D;|, which is a contradiction. Therefore, H must consist of disjoint
copies of K. O

Bresar, Henning and Rall [16] considered the 2-packing number to prove the following

Vizing-related result.

Theorem 8.14 ([16]) Let G and H be two graphs with no isolated vertices. Then

Y(GOH) > max{y(G)p(H), p(G):(H)}.

Proof. Let S be a maximum 2-packing of G and let D be a minimum total dominating set
of GOH. Take a € S and define the set D, = D N N9H. Note that since S is a 2-packing,
the sets D, are pairwise disjoint, so |D| = Z |D,|. We will show that |D,| > v(H) by

a€sS
projecting the vertices of D, onto H. Define a mapping p : D, — V(H) as follows. Firstly,

for each (a,z) € D, let p(a,x) = x. Now we consider the neighbours of a in G. For some
b € N(a) and (b,y) € D, if (a,y) € D, then let p(b,y) = 2, where z is some neighbour
of y in H. Now suppose that (a,y) ¢ D. If there exists a vertex w € N(y) such that
|(N]a] x {w})N D| > 1, then let p(b,y) = y. On the other hand, if no such w exists, then let
p(b,y) = u, where u is a common neighbour of y and v € V(H) such that (a,v) € D (such a
v exists since D totally dominates GOH and {a} x N(y) must be totally dominated by “H).
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Therefore p(D,) totally dominates a copy of H, so v(H) < |p(D,)| < |D,|. Finally,

%(GOH) = D] =Y Dol > > (H) = p(G)y(H).

a€sS a€S

The interchangeability of G and H in the argument gives us the desired result. O

8.4 Integer domination

Definition: Let G be a graph and k a positive integer. A function f: V(G) — {0,1,...,k}
is a k-dominating function (kDF) if the sum of all function values over any closed neigh-
bourhood is at least k, i.e., Z f(v) >k for any u € V(G).

vEN[u]
The weight of a kDF is the sum of all the function values for every vertex in G, i.e., f(V(G)),

and the {k}-domination number, denoted ;3 (G), is the minimum weight of a kDF.

Example: Consider G = Cy : u, v, w, z,y, z,u and suppose k = 4.

Z Y

v w
Define the function f: V(G) — {0, 1,2,3,4} as follows: let

flu)y=4, f(v) =0, f(w) =0, f(x) =4, f(y)=0 and f(z)=0.
Note that the weight of each closed neighbourhood of G is (at least) 4 and v¢(G) = 8.

Similarly to fractional domination, the characteristic function of a dominating set D of
a graph G (where each v € V(G) has weight 1 if v € D and has weight 0 otherwise) is a
{1}-dominating function of G, since every closed neighbourhood of G must contain at least
one vertex from D. Therefore v1}(G) = 7(G). Domke et al. [29] proved the following useful
fact.

Theorem 8.15 ([29]) For any graph G and positive integer k, vy (G) < ky(G).

Proof. Let D be a minimum dominating set of G and define the function
f:V(G) — {0,1,...,k} as follows: for each v € V(G), let f(v) = k if v € D and let
f(v) = 0 otherwise. Then f is a kDF of G, therefore

1 (G) < fF(V(G)) = kD] = ky(G)
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as desired. O

The bound of Theorem 8.15 is in fact sharp. For example, let G be a graph such that
p(G) = v(G), let k > 1 and let X be a 2-packing of G with v(G) vertices. If f is a kDF
of G, then for every x € X, f(N[z]) > k. Since N[z] N N[y] = 0 for every z,y € X, sum-
ming over all z € X gives us v (G) > kp(G) = ky(G). Equality follows from Theorem 8.15.

Domke et al. also related the fractional domination number of a graph to its {k}-
domination number.

Theorem 8.16 ([29]) For any graph G, v¢(G) = 11?11{11 {_V{k}k(a) }
(S

Note that the simplest integer domination version of Vizing’s result, i.e., for any two
graphs G and H, vy (GOH) > v (G)vqey (H), is not true. For a counterexample, consider
H = Ky and k > 1. Then vy (GOK,) = vy (G) and vy (G) vy (K1) = kyn (G), so

Y (GOH) < vy (G) vy (H). This leads us to search for a “normalisation factor” that

1
2

(Theorem 5.1). Hou and Lu state the following conjecture in [48].

would give us a Vizing-like result similar to the factor of ¢ = 5 in the Clark-Suen inequality

Conjecture ([48]): For any two graphs G and H and positive integer k,

1
Yy (GOH) > E'V{k}(G)’Y{k}(H>-

Note that this conjecture is stronger than Vizing’s conjecture. In particular, the truth of

this conjecture will prove Vizing’s conjecture when k = 1.

The following theorem proven by Bresar, Henning and Klavzar in [15] shows that the

inequality holds true for ¢ = m

Theorem 8.17 ([15]) For any two graphs G and H and positive integer k,

Yy (GOH) Yoy (G)viwy (H).

1
> -
~k(k+1)
Proof. Let f: V(GOH) — {0,1,...,k} be a minimum kDF of GOH, therefore
f(V(GOH)) = vy (GOH). Let D = {v € V(GOH) : f(v) > 1}. Then since f is a kDF, D
is a dominating set of GOH. Furthermore, let S = {u1, ..., uy )} be a minimum dominating

set of G and choose a partition of V(G), {m,..., 7y}, such that u; € m; and 7; C Nu,]
for each i € [1,~(G)]. For some h € V(H), we will denote the G-cell 7; x {h} as C!. For
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each G-cell, define it’s vertical neighbourhood as V' = m; x Ny[h]. We say that a G-cell is
vertically k-undominated if f(V") < k—1 and vertically k-dominated if f(V*) > k. For each
1, let n; denote the number of G-cells that are vertically k-undominated in ™H and define a
function f; : V(H) — {0,1,...,k} as follows. For each h € V(H), let fi(h) = min{k, f(C)}
if C" is vertically k-dominated, otherwise let f;(h) = k. Then Z fi(v) > k and so f; is a

vENIh]
kDF of H. Therefore,

Yy (H) < filV(H)) < f(TH) + kn
Summing over 4, we get that

7(G)
V(G (H) < fF(V(GOH)) + kY mi (8.5)

i=1
Since f is a kDF of GLIH, at least one vertex of D is in each closed neighbourhood of GLH.
So for any G-cell CI that is vertically k-undominated, C* C N[D N G"]. Therefore each
vertex in a G-cell that is vertically k-undominated is dominated by D N G". However, if
Ch is a vertically k-dominated G-cell, then every vertex in C!' is dominated by the vertex

1

(us;, h). Let my, denote the number of G-cells that are vertically k-undominated in G". Then
YG) S IDNGH + ((G) —my) = my < |[DNG".

Since we counted the vertically k-undominated G-cells in two ways using n; and my,, we have
that

(G)
doni= > my< Y |DNG" =|D| < f(V(GOH)).

heV (H) heV (H)
From (8.5),
V@ (H) < f(V(GOH) +k > my
heV (H)
< f(V(GOH)) + k|D|
< f(V(GOH)+ kf(V(GOH))
— (k+1)f(V(GOH))
Finally, by Theorem 8.15,
1
270 (G) gy (H) < (K + 1) 4 (GUH)
as desired. 0

93



Note that for £k = 1, we have

1
1(1+1)
1

= (GOH) > 57(G)7(H)

vy (GOH) >

{1} (G)’Y{l} (H)

which is indeed the Clark-Suen inequality (Theorem 5.1).

Another generalisation of the Clark-Suen inequality in terms of integer domination is
discussed by Bresar, Henning and Klavzar in [15]. For any two graphs G and H and positive
integer k, they define a function

(G, H) = min{ (k7(G) = iy (G) [V (H)| [V(G) (kY (H) = vy (H)) }

to prove the following result. Note that (G, H) = 0 if vy (G) = kvy(G), which occurs, for
example, when p(G) = v(G).

Theorem 8.18 ([15]) For any two graphs G and H and positive integer k,
2krypey (GUH) + k(G H) = v (G) ey (H).

Proof. Let f, S = {u1,...,uy}, {m,..., 7y}, the G-cells C}" and vertical neighbour-
hoods V*, for some w € V(H), be defined as in the proof of Theorem 8.17. For each
i € [1,7(G)] and w € V(H), we define the horizontal need n(C}") of a G-cell C}* as k— f(V,*).
For each j € [0,k — 1], let n/ denote the number of vertically k-undominated G-cells in ™H
such that f(V*) = j < k. Furthermore, let N be the sum of the horizontal needs of all the

vertically k-undominated G-cells. Then,

Y(G) k-1

N = Zan(k—j)

i=1 j=0

For eachi € [1,7(G)] and w € V(H), define the function g; : V(H) — {0,1,...,k} as follows:
let g;(w) = min{k, f(C}")} it C}* is vertically k-dominated, and let g;(w) = f(C})+n(C}) =
f(CF) +k— f(V*) if C is vertically k-undominated. Then Z gi(x) > k since f is a

€N [w]

kDF of GOH, so g; is a kDF of H. Therefore, summing over all w € V(H), we have

YH) < 0(V(H) < FCH) + Y nllk )
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and then summing over all ¢ € [1,v(G)], we have
Gy (H) < f(V(GOH)) + N. (8.6)

Now, since f is a kDF of GOH, if C{ is a vertically k-undominated G-cell with f(V;") =
Jj < k, then f(N|[(v,w)]NG™) > k — j for each vertex (v,w) € C}*. However, note that w;
dominates 7; in G for each i, so by adding an additional weight of f(V;*) = j to (u;,w) in
GUOH will ensure that f(N[(v,w)] N G") > k for each (v,w) € C with f(V*) =7 <k. So
for each i € [1,7(G)] and w € V(H), we define the function h,(v) : V(H) — {0,1,...,k} as
follows: for each v € V(G), let

min{k, f((v,w)) +7} ifv=wu; and f(V*)=j <k
hy(v) =S k if v=u; and f(V*) >k
f((v,w)) otherwise

Then Z hy(y) > k and so hy, is a kDF of G. Let m/, denote the number of vertically
yENG[v]

k-undominated G cells in G* with f(V*) = j < k for each i € [1,7(G)] and w € V(H).

Then, summing over all v € V(G), we have

10 (6) < hu(V(G)) < F(G™) + <7(G) -y mz;> £ mi

S
—

= Y ml(k—j) < f(G*) + (kv(G) = vy (G))

.
Il
o

and therefore, summing over all w € V(H), we obtain

N= >, imi(’f—j)Sf(V(GDH))+|V(H)I(k7(G)—7{k}(G)). (8.7)

weV(H) j

Putting together inequalities (8.6) and (8.7), we have that
Gy (H) < 2f(V(GOH)) + [V (H)[(-y(G) = 73 (G))-
Finally, since f(V(GOH)) = vy (GOH) and vy (G) < ky(G) by Theorem 8.15,
Vi) (G vy (H) < 2ky1y (GOH) + K|V (H)|(k7(G) = 73 (G))-

We can interchange G and H to obtain the desired result. 0
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Again, note that when k = 1, Theorem 8.18 simplifies to the Clark-Suen inequality
Y(GOH) > 1v(G)v(H), since y13(G) = 7(G) and so ¢(G, H) = 0. The following related
question in [15] remains open (and is, in fact, weaker that Vizing’s conjecture).

Question: Does there exist a constant & such that for any two graphs G and H, vy, (GOH) >
VG (H)?

We can combine the theory of Sections 8.3 and 8.4 to consider integer total domination.

Definition: Let k be a positive integer. A function f : V(G) — {0,1,...,k} is a total k-
dominating function (TkDF) if the sum of all function values over any open neighbourhood
is at least k, i.e., Z f(v) >k for any u € V(G).

vEN (u)
The weight of a TkDF is the sum of all the function values for every vertex in G and the

total {k}-domination number, denoted fy;{k}(G), is the minimum weight of a TEDF.

As before, the characteristic function of a total dominating set D of a graph G is a total
{1}-dominating function of G, so 7,;{1}(G) = %(G). Similarly, we have the integer total

domination version of Theorem 8.15.

Theorem 8.19 ([51]) Let G be a graph with no isolated vertices and let k be a positive
integer. Then v (G) < kv(G).

Proof. Let D be a minimum total dominating set of G and define the function
f:V(G)—{0,1,...k} as follows: for each v € V(G), let f(v) =kifv € D andlet f(v) =0
otherwise. Then f is a TkDF of G and so

WHG) < F(V(G)) = k|D| = k(G)

as desired. 0

The integer total domination version of Theorem 8.17 is proven by Li and Hou in [51].

Theorem 8.20 ([51]) For any two graphs G and H with no isolated vertices and positive

integer k,
WGoH) > @
Y ( >_k‘(k‘—i—1)% (G)v, " (H).
Proof. Let {x1,...,%4,)} be a minimum total dominating set of G’ and choose a partitioning

{m,..., 7} of V(G) such that z; € m; and m; C N(x;) for each i € [1,7%(G)]. Let

96



f: V(GOH) — {0,1,...,k} be a TkDF of GOH such that f(V(GOH)) = ~+*(GOH)
and let D = {v € V(GOH) : f(v) > 1}. Then D is a total dominating set of GOOH. For
each i € [1,v(G)] and w € V(H), let D; = DN™H, let C}* = m; x {w} denote a G-cell
of GOH and let V;* = m; X Ny[w] denote the vertical neighbourhood of C?. Finally, for
each i € [1,%(G)], let L, = {(i,w) : f(V;*) < k}, i.e., L; counts the number of vertically
k-undominated G-cells in GOH, and let W; = {w € V(H) : (i,w) € L;}. Since H has no
isolated vertices, we can choose a neighbour u of w in H for each w € W, and let U; be the
set of all such neighbours. Then |U;| < |W;| < |L;|. Let f; : V(H) — {0,1,...,k} be the
function defined by:
k itweW;

min{k, f(V*)} ifwe¢ W,

We now show that f; is a TKDF of H. Firstly, if w € W;, then w has a neighbour v € U; in
H and so

filw) =

[(Ng(w) =Y fi(v) > fi(u) = k.

On the other hand, if w ¢ W;, then (i,w) ¢ L; and so f(V;*) > k. If w has a neighbour u
in H such that f;(u) = k, then f;(Ng(w)) > fi(u) = k. If no such u exists, then f;(v) < k
for each v € Ny (w). Therefore, since f is a TkDF of GOH,

= > L) =D AC) = FVE) > k.

UENH )

Hence, f; is a TEDF of H and so

W H) < f(V(H))
= f(U) + fi(V(H) = U)
= KUl+ ) fz()
ueV(H)-U,
< KL+ ) f(C’“)
weV (H)-U;
< kL] + f(MH)
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Therefore, by Theorem 8.19,
WHaRMH) < k%(G) )

- Z ’Y{k}

)
S (L) + )

7(G)

< KDY |L|+ kf(V(GOH)).

IN

Now for each w € V(H), let D,, = DNG"™. If (i,w) € L;, then C is vertically k-undominated
and f(V;*) < k. Therefore, since f is a TkDF of GOH, C}* must be totally dominated by
D,,. We now consider the vertically k-dominated G-cells of GOH. Note that (z;,w) totally

dominates each vertex of C}" in G, so let M,, = U(:Ej,w), where the union is taken over

j
all j such that C is a vertically k-dominated G-cell. Then D,, U M,, totally dominates G".

If m,, denotes the number of vertically k-dominated G-cells in G*, then
1(G) <Dyl + (0(G) —=mw) = my < |Dyl.

Therefore, since we counted the vertically k-undominated G-cells in two ways using L; and

Moy,
7t(G)
Z|L|— Z My < Z ID,| = |D| < f(V(GOH).
wEV wEV
Hence,
WGP (H) < K2 f(V(GOH)) + kf(V(GOH)) = k(k + )™ (GOH) |
proving the theorem. 0

As before, note that for £ = 1, we have

N S LNt TN ¢b:
(GOH) > Tk (G)y ' (H)

= %% (GOH) > %%(GM(H)

which is the total domination version of the Clark-Suen inequality (Theorem 8.12).
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8.5 Paired-domination

Paired-domination was first introduced by Haynes and Slater in [42] as a way of modelling
the following scenario. In the police, officers are assigned partners so that each officer can
back up the other while on patrol. They model this scenario as follows: each vertex in
the dominating set represents the location of an officer capable of guarding each vertex it
dominates and their partner’s location is adjacent to their location since they must be able

to back up each other if necessary. For paired-domination, we consider graph matchings.

Definition: An edge-set M of a graph G is a perfect matching of G if every vertex in G is

incident with an edge in M.

Definition: Let S be a dominating set of a graph G. Then S is a paired-dominating set
(PDS) of G if G[S] contains a perfect matching M. The paired-domination number of G,
denoted 7, (G), is the minimum cardinality of a paired-dominating set of G. We say that
two vertices joined by an edge of M are paired in S and are called partners (with respect to

Example: Consider G = Cy : u,v,w, x,y, 2, u.

Here, {u,v,z,y} is a minimum PDS of G in which w,v and z,y are paired in M and so

Yor(G) = 4.

Note that any graph GG with no isolated vertices has a PDS: let M be a maximal matching
of G, then the vertices of M form a dominating set S of G such that G[S] contains a perfect
matching. For example, in the following graph G, S = {a,c,d, e} is a dominating set of G
such that G[S] has a perfect matching M = {ae, cd}.
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G G[S]

We will use the two following bounds on the paired-domination number in later results.
Theorem 8.21 ([42]) For any graph G without isolated vertices, v,-(G) < 2v(G).

Proof. Let S be a minimum dominating set of G. By Theorem 1.5, for each v € S,
there exists a vertex w € V(G) — S such that N(w) NS = {v}. Since w is not unique,
10e(G) < 218] = 24(G). .

Theorem 8.22 [If D is a minimum PDS of a graph G with no isolated vertices, then
|D| = 2a(G[D]).

Proof. Let S C D such that S is a maximum independent set of G[D]. Since each vertex in
S has a unique partner in D, v,,(G) = |D| > 2|S| = 2a(G[D)). O

To discuss some Vizing-like results for paired-domination, we need to expand the idea of
2-packings in a graph. In 1975, Meir and Moon [52] defined a k-packing of a graph, for some
integer k£ > 1.

Definition: For some positive integer k, a k-packing of a graph G is a set X of vertices
such that for any two distinct vertices u,v € X, d(u,v) > k. The k-packing number of G,
denoted pi(G), is the maximum cardinality of a k-packing of G.

(Note that in this paper, we write ps(G) simply as p(G).)

A similar result to Theorem 8.14 was proven by Bresar, Henning and Rall [16] for paired-

domination.

Theorem 8.23 ([16]) Let G and H be two graphs with no isolated vertices. Then

'7pr<GDH) > maX{’YpT(G>p3(H)7 pB(G)/ypr(H)}-
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Proof. Let S = {vq,...,v,)} be a maximum 3-packing of G. For each i € [1, p3(G)], let
m; = N[v;]. Then the sets 7; are pairwise disjoint. Let D be a minimum PDS of GOH and
for each ¢, define D; as the set of all vertices of D in ™H together with their partners. Note

that the sets D; are pairwise disjoint as well since S is a 3-packing in G and every vertex
p3(G)

in a PDS has a unique partner. Therefore |D| > Z |D;|. For each i, let S; be a minimum
i=1

set of vertices of GOOH which contains as many vertices of “H as possible such that (i) S;

dominates “H and (ii) (GOH)[S;] contains a perfect matching M;. Note that for each i, D;
satisfies conditions (i) and (ii) as well, so |D;| > |S;|. Suppose that S; contains a vertex z
that is not in ™H. Then x has a partner z’ (with respect to M;) which is not in “H and
dominates a vertex y € “H. We can replace x with y in S; to form a set which satisfies
conditions (i) and (ii) and has more vertices of “H than S;, a contradiction. So S; C ™H.
We will now show that S; C “H. Suppose to the contrary that that S; contains a vertex
u ¢ YiH, and let «’ be the partner of u (with respect to M;). If v’ ¢ “H, then let w and w’
be the neighbours of u and u’ respectively that belong to YiH. Then we can replace u and
v with w and w' in S; to form a set which satisfies (i) and (ii) containing more vertices of
“H than S;, a contradiction. So v’ € “H. If S; contains every neighbour of ' in “H, then
S; —{u,u'} dominates "H and has a smaller cardinality than S;, a contradiction. Therefore
there exists at least one neighbour u” of «’ in “H that is not in S;. We can form a new set
by replacing u in S; with v” and then pair «” with «’ that satisfies conditions (i) and (ii)
containing more vertices of ““H than S;, a contradiction. Therefore S; C “H, implying that
S; is a PDS of a copy of H, so |S;| > vp:(H). Finally,

p3(G) p3(G) p3(G)
Yor(GOH) = [D| > Y " [Di| > Y 18] > > vpu(H) = p3(G)ype(H).
=1 =1 =1

We can interchange G and H to obtain the result. O

From this theorem, we obtain the following paired-domination version of the Clark-Suen

inequality.

Corollary 8.23.1 ([16]) Let G and H be two graphs with no isolated vertices, at least one

of which has equal paired-domination number and 3-packing number. Then

Ypr(GOH) > %7pr(G)7pr<H)

and this bound is sharp.
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Sharpness of bound. Let G’ be a graph with V(G') = {v1,...,v,}. We construct G as fol-
lows: first take the corona of G’, and then subdivide each edge in E(G’) twice. Then V(G’)
must be contained in every PDS of GG to pair with each end vertex added from taking the
corona of G’. Note that since V' (G’) is an independent set of vertices in G, Theorem 8.22 says
that 7,:(G) > 2|V (G’)| = 2n. On the other hand, from the way we constructed G, V(G’) is
the unique minimum dominating set of G. So |V (G’)| = v(G) and therefore Theorem 8.21
says that v,,(G) < 2v(G) = 2n. Hence 7,,(G) = 2n. Now note that for each i € [1,n], any
3-packing of G contains at most one vertex of N[v;]. Since the n sets N[v;| partition V(G),
we have that ps(G) < n. However, the set of n end vertices added from the subdivision step
in the construction of G is a 3-packing of G, so p3(G) > n. Therefore p3(G) = n and so
G has equal paired-domination number and 3-packing number. Let H = P, : a,b. Then
Yor () = 2 and Corollary 8.23.1 says that v, (GOH) > 175:(G)¥pe(H). On the other hand,
note that the vertex set {(v1,a), (v1,0), (va,a), (v2,b), ..., (vn,a), (v,,b)} is a PDS of GOH,
50 Ypr(GOH) < 2n. Therefore v, (G)ype(H) = (2n)(2) > 27,:(GOH), proving sharpness of
the bound. O

Before we state the next result, we first need a lemma.
Lemma 8.24 ([16]) Let G be a graph without isolated vertices. Then v,(G) > 2p3(G).

Proof. Let D be a minimum PDS of G and let S be a maximum 3-packing of G. For each
v € S, let u be a vertex in D that dominates v and let D’ be the set of all such vertices
u. Note that since the vertices of S are pairwise a distance of at least 4 apart, the ver-

tices u are distinct and D’ is an independent set of vertices in G[D]. So by Lemma 8.22,
Tor(G) = [D] = 2|D'| = 2p3(G). O

The consequent Vizing-like result follows directly from Corollary 8.23.1 and Lemma 8.24.

Theorem 8.25 ([16]) Let G and H be two graphs with no isolated vertices. Then

Yor(GOH) > 2p3(G)ps(H).

8.6 Upper domination

Definition: The upper domination number of a graph G is the maximum cardinality of a

minimal dominating set of GG, and is denoted I'(G).

Example: Consider G = Cy : u, v, w, z,¥, 2, u.
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Here, {u,w,y} is a minimal dominating set of G since no proper subset of {u,w,y} domi-
nates GG, and any 4-set of V(@) contains a dominating set of G of cardinality 3. Therefore
{u,w,y} is a minimal dominating set of G with maximum cardinality and so I'(G) = 3,
whereas v(G) = 2.

The upper domination version of Vizing’s conjecture was initially conjectured by Nowakowski

and Rall in [53], and later proven by Bresar in [10].
Theorem 8.26 ([10]) For any two graphs G and H, I'(GOH) > I'(G)['(H).

To prove this theorem, we first introduce some notation used by Bresar in [10]. Keeping in
mind the two possible conditions for minimality of a dominating set of G from Theorem 1.4,
we define the following sets: let Dy be a minimal dominating set of G, then each vertex in
D¢ has an external private neighbour or is not adjacent to any other vertex of D¢, or both.
Let D, be the set of vertices in D¢ that have at least one external private neighbour and
let Pg be the set of vertices in V(G) — Dy, which are private neighbours of some vertex in
Dy.. Let Ng be the set of vertices in V(G) — Dy, that are adjacent to some vertex in Dy, but
not external private neighbours of any vertex in Dy,. Let D¢, = Dg — Dy, then each vertex
in D¢, has no external private neighbours and is not adjacent to any other vertex of Dg.
Finally, let R = V(G) — (Dg U Pg U Ng). Therefore V(G) = Dy, U P U Ng U D{, U Rg. If
it is clear from context which graph we mean, we will simply write these sets as D, D', P,
N, D" and R.

Bresar also defines two operations SP and SP’ as follows: let I C R. Then SP(D',I) is a
subset of vertices of D" such that SP(D’,I) U I dominates P U N and is “minimal” in the
following sense: for each u € SP(D’,I), there exists a vertex v € P U N such that u is the
only neighbour of v from SP(D’, I)UI. Next, let J C (D"UR). Then SP'(D’,J) is a subset
of vertices of D’ such that PU N is dominated by SP’'(D’, J)UJ and is minimal in a similar
sense to SP.

Sketch of proof of Theorem 8.26. ([10]) We present Bresar’s proof of a slightly stronger
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result, i.e., for any two non-trivial graphs G and H,
IGOH) >T(G)'(H) + 1.

To prove the result, we will construct a minimal dominating set D of GLIH with at least
['(G)I'(H)+1 vertices. Let Dg and Dy be minimal dominating sets of maximum cardinality
of G and H respectively. Then |Dg| = I'(G) and |Dy| = I'(H). Firstly, suppose without
loss of generality that D}, = (). Then Dj, = D¢ and so every vertex in D¢ has an external
private neighbour. Therefore, D = Dy, x V(H) is a minimal dominating set of GOH with
|D| = |Dg||V(H)| > T(G)I'(H) + 1 since H is non-trivial.

Now suppose that both D, and D’ are empty. Then D}, = D and DY, = Dy and so
both sets are independent by Theorem 1.4. Let D = (D x D%,) U I, where [ is a maximal
independent set of the subgraph of GOH induced by (V(G) — D) x (V(H) — D%). Then
D is a maximal independent set of GLIH, so by Theorem 1.2, D is a minimal dominating
set of GUH with |D| = T(G)TI'(H) + |I| > T(G)T'(H) + 1 since I # 0.

Finally, suppose without loss of generality that D}, # 0, D}, # 0 and D}, # (. We will
construct D as the union of six pairwise disjoint sets that we define as follows. Let D; =
D, x Dy, then |Di| = |DLIT(H). Let Dy = I be a maximum independent set of the
subgraph of GOH induced by Rg X Ry. Also, for each vertex = € Rg, let I, = IN*H. Then
from the first operation defined above, consider SP(D%, pu(1;)) U pu(l;) C D% and let

Dy = | {«} x SP(Djy,pu(I.)) € Ra x Diy.

z€Rg

Now we interchange G and H to obtain the next two sets. For each y € Ry, let I, = I NGY
and consider the set SP(Dy;, pa(1,)) C D:. Then define

Dy = | SP(Dy,pa(1,)) x {y} C Di; x Ry.

yERY

For each y € DYy, let J, = (D1 UD3)NGY, i.e., the vertices of GY already included in D, and

for each J, we use the second operation defined above to add vertices from GY to D. So let

Ds = |J SP(Dgpu(J,)) x {y} € Di x Dy

yeD,

Finally, let Dg = D, x (V(H) — (Dy U Rg)). Then since |Pg| > | DYy,
| De| = [ Dgl|V(H) = (Dyy U Ru)| > |DG|[V(H) = (P U Ru)| > |Dg||Da| = [De|T(H).
Let D = D1 U D2 @) D3 U D4 U D5 U DG‘ Then we have that

D] = |Di| + |Dg| > |Dg|T(H) + |Dg|U(H) = | D |T'(H) = T(G)T(H).
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We now show that D has enough vertices. Note that DY, # 0 and D}, # () implies that
Rc U Ng and Ry U Ny are non-empty. If Rg = (0, then Djs is non-empty. If Rg # () and
Ry = (0, then D3 is non-empty. Lastly, if Rg # () and Ry # (), then D, is non-empty.
Therefore, |D| > T'(G)['(H) + 1.

Next we show that D dominates GOH. To do so, we partition V(GOH) into sets of H-
fibres and show that each set is dominated by D. Firstly, P6H is dominated by D;. Next,
we consider ®¢H. R x Ry is dominated by I = D, since I is a maximum independent
set of Rg X Ry, Rg X Dy is dominated by D; and the remaining vertices in #¢H are dom-
inated by D3 U Dy by applying the first operation SP. PcH is dominated by Dg since
V(H)— (D URg) = Py UNgU DY dominates H. We consider the vertices of “¢H and Y¢H
together. If y € Ry, then (Ps U Ng) x {y} is dominated by D4 U Dy by applying operation
SP. If y € DYy, then (Pg U Ng) x {y} is dominated by D5 U (D; U D3)) by applying the
second operation SP'. Lastly, if y ¢ Ry U D)y, then (Pg U Ng) x {y} is dominated by Dg
since Dy, dominates Pg U Ng. Therefore D dominates GO H.

Finally, the fact that D is a minimal dominating set of GLJH can be checked using Theorem
1.4. There are several possible cases which we will not consider here. In each case it can
be shown that each vertex from Dy, Do, D3, Dy, D5 and Dg either has an external private
neighbour or is not adjacent to any other vertex in D. For D3, D, and Dj5 in particular, the

minimality conditions of SP and SP’ are used. U
Bresar closes [10] with the following open question.

Question: For any two non-trivial graphs G and H, is it true that

I'(GOH) > I'G)I'(H) + min{|V(G)| - I'(G),|V(H)| - T'(H)} 7

We now look at a variation of upper domination.

Definition: The upper total domination number of a graph G is the maximum cardinality

of a minimal total dominating set of G, denoted I';(G).

Cockayne, Dawes and Hedetniemi [25] made the following useful observation on upper

total domination, which is analogous to Theorem 1.4.

Theorem 8.27 ([25]) Let S be a total dominating set of a graph G with no isolated vertices.
Then S is a minimal total dominating set of G if and only if for each v € S, epn(v,S) # ()
or pn(v, S) = ipn(v, S) # 0.
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We first state two Lemmas proved by Dorbec, Henning and Rall in [30], before we consider
their Vizing-like result for upper total domination which is analogous to Corollary 5.9.1 on

claw-free graphs.

Lemma 8.28 ([30]) If G is a graph with no isolated vertices, then
1
I'((GUK,) > §Ft(G>Ft(K2)

with equality if and only if G consists of disjoint copies of K.

Proof. 1If V(K3) = {u,v}, then G" is a minimal total dominating set of GOK,. Therefore,

since I';(Ks3) = 2,
LUGOKS) > [V(G)] 2 T4(G) = ST(CIT(Ko).

If I',(GOK>) = 3T4(G)I'y(K>), then |V(G)| = T'+(G) by the above chain of inequalities. Since

G has no isolated vertices, this occurs if and only if G consists of disjoint copies of K. [

Lemma 8.29 ([30]) FEvery upper total dominating set of a graph G contains as a subset a
minimal dominating set S such that |S| > 3T(G) and |epn(v, S)| > 1 for each v € S.

Proof. For any set S C V(G), let dg(v) denote the number of vertices in S that are adjacent
to v for some v € V(G). Let D be an upper total dominating set of G’ and partition D into

the following three sets:
= {veD:|epn(v,D)| > 1}

{fveD—-A:da(v) >1}
= D—-(AUB)

Q = =

Let v € BUC. Then epn(v,D) = () and so by Theorem 8.27, |ipn(v,D)| > 1. Let
v" € ipn(v, D), then v" € D and N(v') N D = {v} implies that dp(v') = 1. Since ¢’ is an
internal private neighbour of v and v has no external private neighbours, v’ ¢ B.

First, suppose that v € C. Then since ds(v) = 0, v ¢ A and so v € C. Therefore,
epn(v’, D) = () and Theorem 8.27 says that |ipn(v’, D)| > 1. But v is the only neighbour
of v in D, so ipn(v’, D) = {v}, that is, N(v) N D = {v'}, and dp(v) = 1. Therefore, if
C # 0, then G[C] = @Kg and for each v € C, dp(v) = 1. For each x € C, we call its unique
neighbour y, € G[C] the partner of z in C. Partition C' into two sets X and Y such that each
vertex in X (respectively Y) is adjacent in G[D] only to its partner in Y (respectively X).

€]

Now suppose that v € B. Since G[C] = 5K, and each vertex of C' has only one neighbour

in G[D], v is not adjacent to any vertex of C' and v € AUB. By our above argument, v’ ¢ B,
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so v' € A, and since v has no external private neighbour and v" € ipn(v, D), pn(v, D) C A

for each v € B. So we have that

[A > lipn(v, D)| > |B].
veB
Let U = V(G)—(DUN(A)UN (X)) be the set of vertices in V(G)— D that are not dominated
by AU X in G. Therefore, since D is a total dominating set of G, U must be dominated by
BUY. Let By be a minimum set of vertices in B U Y that dominates U. So by Theorem
1.4, lepn(v, By) NU| > 1 for each v € By. Let S = AU By U X. Note that S dominates
D since B C N(A) and Y C N(X), and S dominates V(G) — D by the construction of
By. Therefore, S dominates G. However, S may not be a minimal dominating set of G,
so we will construct a minimal dominating set of G from S as follows. For each z € X, if
epn(z,S) = 0, then delete z from S. Continue such successive vertex deletions until each
vertex in S has at least one external private neighbour. Note that if y, ¢ S for some z, then
Y. € epn(z, S) and so x is not deleted from S. Let X’ be the resulting set of vertices from X
that belong to S after the process is completed. Then S = AU By U X’ and |epn(v, S)| > 1
foreachv € S. If x € X — X', then y, € S and so S dominates C'. As before, S dominates B
since B C N(A). Therefore S dominates D and S dominates V(G) — D by the construction
of S. So S is a minimal dominating set of G by Theorem 1.4. It remains to prove that
|S| > iT(G). For each z € X, S contains at least one of z and y,, so [SNC| > |X| = |C|.

Hence,
1 1 1 1
S12 14| +18 N C| > Al + 51C1 > 5(141 + |Bl + [C]) > 51D] = 5Tu(G)
as desired. O

Theorem 8.30 ([30]) If G and H are two connected graphs of order at least 3 and
Ft<G) Z Ft(H), then
1
I'(GOH) > §Ft(G)(Ft(H) +1).

Proof. By Lemma 8.29, there exists a minimal dominating set S of G such that |S| > 1I'\(G)
and |epn(v, S)| > 1 for every v € S. Let D = “H, then D dominates GOH since S dominates
G. Also, for each u € S, each vertex of "H is totally dominated by a neighbour in “H in
D, so D is a total dominating set of GLJH. We now show that D is a minimal total
dominating set of GOH. If v € D, then v = (u,w) for some v € S and w € V(H). Let
v = (v, w), where v’ € epn(u,S) in G. It follows that v' € epn(v, D) in GOH, therefore
lepn(v, D)| > 1 for all v € D. Thus, by Theorem 8.27, D is a minimal total dominating set
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of GOH and so I'y(GOH) > |D|. Finally, since H is a connected graph of order at least 3,
\V(H)| > T\(H) + 1. Hence,

1
L(GOH) 2 |D] = |S|IV(H)] = ST(G)(T(H) +1)
completing the proof. 0
The upper total domination of the Clark-Suen inequality follows directly from Lemma

8.28 and Theorem &8.30.

Theorem 8.31 ([30]) If G and H are any two graphs with no isolated vertices, then
1
I'(GOH) > §Ft(G)Ft(H)

with equality if and only if both G and H consist of disjoint copies of Ks.

8.7 Rainbow domination

Let G be a graph and k a positive integer. Define a function f : V(G) — P({1,...,k})
which assigns each vertex of G a set of colours from {1,...,k}. If for every v € V(G) such
that f(v) = () we have that
U rfw={1... K} (8.8)
ueN (v)
then we call f a k-rainbow dominating function (kRDF) of G. The weight of a kRDF is

Z |f(v)] and the minimum weight of a kDRF of G is the k-rainbow domination number
veV(Q)
of G, denoted Y (G).

Note that for £ = 1, a 1RDF of a graph G is a usual dominating set of G since any
v € V(G) with f(v) =0 is adjacent to a vertex coloured 1, so the set of vertices coloured 1

dominates G.

Bresar, Henning and Rall discuss the relationship between rainbow domination and
GUOK}, in [17] for some graph G and integer k& > 1. In particular, there is a one-to-one
correspondence between the kRDFs of G and the dominating sets of GLIKj.

Theorem 8.32 ([17]) Let G be any graph and k any positive integer. Then
Trie(G) = 7(GOKE).
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Proof. Let f be a kRDF of G and let V(K}) = {vy,...,vx}. Then the set

D= |J [ U {ww)}

ueV(G) \i€f(u)

dominates GLIK} and corresponds to the function f. Conversely, given a dominating set D
of GOK}, we define the function f : V(G) — P({1,...,k}) by f(u) = {i1,..., 4}, where
(u,v5)y ..., (u,v;,) € DNYKy and [ € [1,k]. Suppose there exists a vertex w € V(G) such
that f(w) = 0, i.e., “K} contains no vertices from D. Then since D dominates GOKj,
each vertex in YK} must be dominated by D from neighbouring Kj-fibres, and so f satisfies
condition (8.8). Therefore f is a kRDF of G and corresponds to the dominating set D. [

Example: Consider Cy : u,v,w,z,u and suppose k = 3. Define the function f : V(G) —
{1,2, 3} as follows: let

fu)=0, flv) ={1,2}, f(w)=0 and f(z)={3}.

0 {1,2§

Then f is a 3RDF of C, with weight 3, so 7,3(Cy) < 3. By Theorem 8.32, 7,3(Cy) =
v(C4OKs3). Since both Cy and K3 are 2-regular, C4y[1K3 is 4-regular. Therefore, each vertex
of C4[1K3 dominates 5 vertices, so we need at least 3 vertices to dominate all 12 vertices of
C40K;3. Hence v(C4,0K3) > 3 and so 7,3(Cy) = 3.

We therefore have the following bounds on the k-rainbow domination number in terms

of the usual domination number.

Theorem 8.33 ([41]) For any two graphs G and H and any integer k > 1,
W(GOH) < 7,(GOH) < ky(GOH).
Proof. By Theorem 3.2, we obtain the lower bound
Yok (GUH) = y((GOH)UKy) = v(GUH)p(Ky) = v(GUH).
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Next, by Theorem 1.7, we obtain the upper bound
o (GOH) = 4((GOH)OK,) < ~(GOH)|V(K3)| = k(GOH)

as desired. O

In particular, for £ = 2, Bresar, Henning and Rall posed the following open question on

rainbow domination in [17].
Question: Is it true that for any two graphs G and H, ,2(GOH) > v(G)y(H)?
Note that by Theorem 8.33, 2v(GOH) > ~2(GOH), which implies that this conjecture

is stronger than the Clark-Suen inequality (Theorem 5.1), and since v,o(GOH) > v(GOH),

this conjecture is weaker than Vizing’s conjecture.
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Chapter 9

Conclusion

Vizing’s conjecture has been the focus of extensive study over the last 50 years and will
probably continue as such until the conjecture is either proved or disproved.

After Vizing [61] posed the conjecture in 1968, the first breakthrough in solving it was
found by Barcalkin and German [4] in 1979. They defined decomposable graphs and used
these graphs to characterise the first large class of graphs which satisfy Vizing’s conjecture,
namely, BG-graphs. Chen, Piotrowski and Shreve [23] rediscovered the class of BG-graphs
using their extracted partition approach and Faudree, Schelp and Shreve [33] defined a proper
subclass of BG-graphs independently by using Condition CC.

In 1995, Hartnell and Rall [39] defined Type X graphs and implemented the one-half
argument to prove that all Type X graphs satisfy Vizing’s conjecture and contain the class
of BG-graphs. Several common graphs are of Type &', including trees, cycles, (p,y)-graphs
and graphs with domination number less than 3.

Later, Bresar and Rall [18] formulated the concept of fair domination and fair reception
in 2009 and showed that any graph with equal domination and fair domination numbers
satisfies Vizing’s conjecture. This class of graphs is yet another extension of the class of
BG-graphs and Aharoni and Szabé [2] showed, using the independence-domination number,
that all chordal graphs have equal domination and fair domination numbers.

Another common approach to Vizing’s conjecture is to prove the existence of a constant
¢ > 0 such that v(GOH) > ¢y(G)y(H) for any two graphs G and H and try to prove the
inequality for ¢ = 1. Clark and Suen [24] used another vertex-partitioning approach to prove

the inequality for ¢ = 1, a well-known partial result of Vizing’s conjecture, in 2000. Their

29
double-projection argument was used to prove several improvements of this partial result,
including some results concerning Roman domination and claw-free graphs. Bresar et al.

[13] used a combination of Barcalkin and German’s simple labelling rule and the double-
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projection argument to formulate a new approach to Vizing’s conjecture in their recent 2021
paper that reproduces simple proofs of previous partial results and allowed them to present
yet another improvement of the Clark-Suen inequality.

These first four methods all partition the vertex set of a graph G in some manner,
impose some conditions on G and then prove that G satisfies Vizing’s conjecture. Another
approach to Vizing’s conjecture is proof by minimal counterexample, discussed in the 2012
survey [12]. Research on this method brought a list of properties to light that a minimal
counterexample to Vizing’s conjecture must satisfy. Furthermore, Hartnell and Rall outlined
two more approaches to Vizing’s conjecture which involve building new graphs which satisfy
the conjecture from a class of graphs that we already know satisfies the conjecture in [40]
from 1998. These are the attachable sets method and finding pairs of graphs which prove
that the bound in Vizing’s conjecture is indeed sharp. All graphs which attain this bound
have been characterised by Hartnell and Rall in [40], and the existence of these classes of
graphs is the reason why some researchers believe that Vizing’s conjecture may be false.

Finally, we summarised several Vizing-like results for various types of domination, as well
as open questions and stronger and weaker conjectures. In particular, the corresponding
Vizing-like conjectures were proved for fractional domination by Fisher et al. [36] and for
upper domination by Bresar [10]. Many of the partial Vizing-like results for variations of
domination owe their success to some method of partitioning the vertex set of a graph and /or
utilising some form of projection argument. Whether or not these common approaches are
the key to solving Vizing’s conjecture remains unknown. However, given the continued
success of these methods in characterising large classes of graphs for which the conjecture is
true in both usual domination and varieties of domination, these approaches still hold some

promise of proving (or disproving) Vizing’s conjecture.
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