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a 
which details the issues which arise when the model is eX"Le:r.lueu treats mul­

mtlmtie state space. It is not 
eX1cen.ueICl., and current 

and 
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the link between the ..."a"".'\.<<w 
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2 1. 

market with a finite UUJ'U""'->;< 

Further discussion of the results obtained in 
for further work in some 

re];>resellta.th'e of those obtained from the MATLAB 

A. A of all the 
of the model appears in 
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I11S,col11nt:ea asset in 
~lU"'''''JL'''''. For this reason the measure is 

measure. , if the com-
there are at least as many assets as there are states 
sources of in a continuous-time then 

the state IUIllCtlOn, and hence the 

These which are referred to as 
tal Theorems of Asset 

of '-UJ,lLl,C.'1",':;UL 

kets. 

a case for In(;ornpleten,ess 
[lJ. 

shows that an institution atl;enmt 
the .u .. ",,,,,,,-u,_u,",,,c;,, 

! .. '-,lULle transaction stochastic 

3 
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4 

count or numeraire process 
bound 

and the lower bound 

2. 

: Q an 

:Qan 

t::Jl.i~lHiiJlt::, has smaller state space 
and continuous 

l;UJUUlln:;u effect 

in 
incor­

lll(:oIJnpjlet,en~~ss into the economists' 
COlupletie, fi'ictiorue!;s markets as 

measure} 

measure} 

on the 
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5 

the market should not admit 
C01[ltlng~~nt claim. For reason 

ad,drei6S€id in EI-Karoui 

has become known in the literature as 
A drawback the 8UI)erltledlglIJlg t(~chmq 
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are COllSl,1er'ecL 

aplpr01acJles have tocuse,(1 

is (1elln€:(1 
it is delmous1~rated 

are excluded 
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7 

lection of numbers. 

a future 
in wealth t\p1t"",pn 

bonds or money in the 
The cost of these instruments is the measure of the riskiness of the 

ffX~a >OUX~ 

sure which satisfies axioms of translation In v,'" "'" 

and is called a coherent risk measure. 
"-''''IUG,':;U, Eber and Heath shows that the used Value at 

Risk measure is not COJtlel:ent, and other ways such a 
In a related to the models of Geman and 

and Heath and Ku will be considered in 

"scenarios" , 
outcomes. is in 
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8 

are N •• >"<o,,.mnIT 

the 
between the two SCDlOoLs 
maximisation. Both ''''"''U''.LO 

2. 

rlp,;;:('rjhf'~ as "less natural" 
While cones have mathematical 
Im"(:llles that 

There is thus no risk as­
POSltllOn in what may have 

framework of 
will COIlSi(ier 

a 

that 0 is a cone if 0 + 0 S;;; 0 and ),0 S;;; 0 for all A ~ O. 
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A model to deal with the associated 
in financial markets is su~~gest€:d 

The central 
is considered to be 

and mechanisms are UI;;V\:lJ'VIJ'I;;U HiL't::iu.,r;u to assist 
the investor in a wise decision. 

""'"""."'1'> tools for this branch of de(~lSllon·,mfLklllg 
and PV1,.,,.'!cPr! 

9 
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10 3, 

which often involves when investment ,-,,-,,-,r.',,t,,,,,,;'i.,,, 

are 
When the market is APT is to be able to rej:lllc,at;e 

the to any opportunity and a decision may be made based all 
it is not to execute 

"tr<ot-"IT" based on the value of a portfolio, 
becomes LU'"i:>l'U<O! 

all investment onnnl'tlllnllC1P" which 
assets will almost 

risks", which are outwel.!~:hed 
are the motivation for the 

Madan [7]. In the tradition of the J;:,U'"'U-LLC<L! Y--'''--C 

Cochrane and , the ,.."',,,,..,,... is redefined 
to state that there does not exist a T"\lrn''''t> which would be viewed as ben-
eficial by all since such a would be traded until its 
LH':H'~;CU and made it less desirable, 
r\nnr .... rtl1lniiH"'" which are seen as 
with their - are o.;."",'"UCU 

" .... "·nTvtpti by all rational investors, 
deals" of this model. 

those 
associated risk ''''Hnn''r~.n 

nnl"r.,ctllnit i"c are the 

The the model are the state and asset spaces, 
measures on the state space called test measures, 

"''''T",,,,,,,,y,1- the range of views of the world held by the market-
Eber and Heath the model assumes that 

new model reflect the fact that its 
are more than those r.,rnn'r.,ti 

less so than those for .,v'n",~t".ti 

of all gO()(l-(le 

policy of <>L\,<OI-/'"11I',,-

one valuation measure per 
state and 0 to all the others, 

the 
by 

1 to that 

The model is unable to answer some of the issues which utility the-
ory can such as which individual investment decisions are 
Unlike the model is able to decide which investment 
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are worth £'>f'l"nt;,na AU'lAtH5 it of use in an mC:OIIlpl'eJ;e market 

This section some notation which will 
and which will have where 

MATLAB 

a rptpr,>nr'p prOIJRl)H1Lj 

"Pt'11rH:V at time t, 1 < i < 
numeraire process is 

almost 

= 
time t values of the traded assets. 

When a "''''''l1>,;,hr' 

Definition 3.1.1. An 

referred to as nI'lH:':,rI.llf"Jl.l. claims. 

The PYT)Pf''tpn 

lection of 

rptpr,>nr'p measure 

Ua.UUJl/5 strate-

of a col-

dated floor < 0, a real number the maximum eXIDel~ted 
which under that measure. set 

COlata,lllllng all stress test measures. 
A test measure with a floor = 0 is called a valuation measure. The set 

of all valuation measures on n is . The valuation test measures 
are also to be rp"np'~t. to the 

Let S = U 
is the 

extension of the collection of which any "reasonable" person 
would The classical considers in 
this but here the collection is to include the idea of an 
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Definition 3.1.2. An nTYnn,.f"nn, X E X is called an aC(;eVi,aa.!e 1'l""",,,rt1',_ 
for E 

> 
Let denote the set of all 

ation measures. 
at a zero cost is not an nnnn'rh'lnij", in any useful sense. 

Definition 3.1.3. X X is called ac-

>0 

Let denote the set all 

Let the elements of the matrix A be U\O.,LU\OU 

and set row 
values numeraire process. 
the time t = T 
be the x M matrix 
test measures. Let l be aM-vector COlrlta,mllng 
each measure, in the same order as columns 

Let jJ be the + of initial asset 

\ 

t· .. J 

stress 
associated with 
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this are no 
not exist an nn,nrlT'lc, 

1. and 

2. each test measure ex-

3. 

first fundamental result of Harrison 
U<:;Jl!H'~U. This hnlpT.nn 

allows us to 
functions which may exist in an mC:OIIlpl,ete 

is a 
asset space, 

Note 

In an ,nrrnn,n 

function is "ar"l1,eon 

= 
wEO 

aellnE~S a 

combination of the valuation measures 
that every valuation test measure 

""'''H,'',", measure Q the state 

therefore needs to be normalised 
If the rate r 

[0, 

a state 
"''''''''','YI,{} f1/"ru:T,UJ"fL is a strict convex 
Its name is derived from the fact 

assilgIlS a """nn,,,, to a 
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14 3. MODEL 

state W E 11 vV'lUJ.UUH'O to value reJ:)re,lGntative state pnClD:g 
uu,~u'" ... at w. 

refj;re~.e1ltatwe state 'fin",,,,,,,, 

COITesipondjtng to a 

Wm < 1 for m, 

It is desirable that the weillrhlGS "'vU,<AU,,;;;' the >'aTW",,,"an 

function sum to it may be used cOIUpJete 
way in which a r'<lIi<_npll1'.rAI measure is used in a -_ .... 1"._<-

be achieved with the discounted t 

UJ.n • .,.."" the state 

re,t:,re,lell1tative state can be recast as 
Wm > 0 for valuation measures Wk = 0 

stress test measures 
of Vi and the detlnltlon 

that = Because the construction 
that 0, 

3.2.1 

1. 'l 0 

if, > 0 

Theorem 3.2.1 

exists. 
since Ii 

."inTl'lll1,Qp that K is a convex, subset L 
with L n K Then there is a vector such that 

each lE L 

each k K 

to the first 
[17] may now 

if 

UlU"""t;l"':U Theorem of 
mc:oIllpllete market. 

0, it follows =0. 

A 
if 
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Since a. is a "",>ne", n.p ,...Y>n"","n",if." for some valuation measure 
the vU.UHJi" 

>0 

because a. must 

;:::0 

for measure 
measures have floors of zero, 

'C.II.\Xt;'UHJ,!'. those 
Now Wk 0 for each stress test measure 

B cOlrresp(}ll{iing to valuation measures 

=0 

and 

now that there are no 
BV sub matrix of B Cl'eateu 

COl:rel3DCmd to stress test measures, 
of BV. 

Let 
fiHllaLJiUH measures. 

f ~ ~ k 1 
Y: Y ;::: 0, Yi 1 

w>o. 

i=l 

=0 
>0 
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16 3. MARKET MODEL 

..... u,uu ... .u. is to be or, 
B is a stress test measure, Bill. 0 

ill are nor-

will need to be 

non-zero a loss in some 
which carry a 

but are not 
to be. In 

com-
risk-free in the same way as 

Madan [7], a 

N 

+ 
n=l 

ac<~e}:)taDle under each test 

must the 
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3.3. THE .JLj\.An 

when the matrix 
B be rank 

UH.l\"l<OHC rank to 
function. 

3.3.2. The test measures 
condition if the matrix AB is 

It is thus 

X there exists an a such that 

+ 
where f is the vector of floors i:1l:\~'U\"li1."O;:;U with the test measures. 

In to 
shows that in a p"'rY>'n,I",ta 

IS the theorem 
sentative state 

of test measures, and so the U.OLU\.'OL 

(=}) If the market is ,:l<'(',pnl·.A 

exists an a such that 

+ 
condition laid down in the paper [71 

x X 

the matrix B be of rank M. This, however, does not guarantee that the T\"r,,",,~r 
rank hence this modified condition. 

17 
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18 3. MODEL 

that the rank of AB is M. Thus 
the rep,resent.ati which is UtOlLUC;U the solution 
the 

p=ABw 

with Wm 0 for stress-test measures 

When the 

event that the re~tre~,en1tativ 
determine,d, it is still VU.::>"l'1J1~ 

is o 

exceeds the number 
to 

Luau"",,", rl;lpI'escmtatilve state 

or to find a re~lSonalJle value for which to sell it. 
solutions to the matrix "'LI'J,"'~,'uu 

p= 
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is the offer or 

in similar manner. The 
derivative would wish to maximise 

o from 

as the linear program 

and the dual to 

~~'J.'~'J" to p and tV 2:: 0 

a 
When the market is not it may still be 

derivative so that the total investment is 
sense that returns are the floors of 
this the case, it holds that the UlU'-a,;:,,,-

an ()nlnrn'~"rn the investment. 
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3.4.3 

This section describes an <O""';UUIJ'" 

complete set in a economy with dates 0 and 1, and 
three states of the world. The model has two a unit bond and a 
stock. The risk-free rate is 10%, and the bond 
has an initial of the stock is 100. With two 
assets and three states of the this economy is in("'nrn,n 

The time t = 1 matrix of the values of the two assets across the three 
states of the world is: 

This is the matrix A of the theory 
are two valuation measures, lP'I and 

There 
to the 

three future states are: 

vector of initial 

This market is 

function. 

is obtained. 
These are the 

p, is 
jJ"""CUll.'1", theorems and definitions. The 

p= ( 1 \ 
100 

__ ......... _.,_ and has no op-
jj ABw may be solved 

the rATWP<:AT,t-

'w = 0.5320 

to be on the two valuation measures. The 
linear combination of measures may be used as a "risk-neutral" 

measure in this environment. Prices of claims may be calculated 
lUQ,CUJ'15 the value of the of the the rep-

resentative state 
to 
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To illustrate how this framework is used to 
vu.,'v ..... ~c'v~ for a call 

1. has 
the world. 

the measure 
and under it 

x 0.9 + 0.5320 x 2.9292 

The value the COITe~;poudin£ 
0, at may be calculated as 

3.5 

test measures, UUlAH;'!'> 

simulations. 
The model Geman and Madan 

to 
PUL\.,L""""'U5 or 
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22 3. 

or to determine which 
of instruments is not necessary for an 

the instrument and all 
"'!'.'~JU;"" JJV"'~>JUJ'<; losses 

is essen-
UU.C>UAU"J' measures, sixteen different 

scenarios. of these scenarios are up or down moves of 
LVJ,UUnAC;U with various movements Two of the scenarios 

futures The 
fourteen measures 

the two extreme scenarios the mea-
The futures if 

the account of the investor nOlUlng the .... v,,.~'vu 
to the maximum eXiDel~ted 

'tnl"\",<'n up as a result a 
inition of a risk measure 

and in \,;n,apter 
If Q denotes the 

used SPA)l' 

where X is the random 

: lP' E 

or This is a coherent risk measure as defined in 
Eber and Heath [3]. 

When this measurement of the nsll{lness 
balance in the investor's 

to test for 
Similar """T,,"'ITI" 

risk measure p 

r>",-nn<>T'£>ri to the 

lonnitinn 3.1.2. 
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formulates valuation model in a 

economy with a finite number of states of the and references 
are made in the paper to extensions of the to an infinite state space. 
Heath and Ku [19] the of a continuous-time treatment of 

AVLuuu..,vn'[', the notion of a risk-measure based on a number of 

it proves to be a 
function for 

This ,",U<LV""" 

which 

of and 

aeltlllllng mlutl.plE7-penoa and continuous-time state 
Ut<tUlJ,/; with the results of Heath and Ku 

1 

The framework which has been 
GALGA"',,'"""''' to the familiar rl",,,,_nPl 

measure. 
It stressed that this transformation does not reJlre:serlt any-

that it a rlj+tt"',on+ n.o,ccno,..j·j, 

1 Peter Ouwehand is reSIPOD,Sl for this 

23 
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24 4. AND 

but with a differ-

that the securities maLrk(~t 

• , ... , 

• 

• Test measures 
measures, and 

of which , ~ .. , 
are stress test measures. 

3 

are 

Let f, denote this economy. Let t. be the economy transformed to have 
the structure: 

• , . ~ . , 

• . , 

state 
columns corresPollidirlJJ; to valuation measures, then 

This economy is if E S N. 
The economy t has the of the usual 

model. Denote D the matrix of final asset charac-
terises such an economy, because of 

D 

vector of initial asset 
for this economy may be solv-
there is a neat co:rresp!on1dellce 
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1 

an 

25 

That 
over 

of 

valuation measures, but also all 
stress test measur.es, which remains to shown. 
A of is that may be arb i-

Thus there exists a .x E such that 

> 

for Elm:::; M. 
It follows a scalar 

of Ci is a 
Now suppose that Ci is a in e. Then 

2:: 0 for every m, 1 :::; m :::; E 

> 0 for some n, 1 ::; n :::; E 

N 

2:: 0 for every m, 1 ::; m ::; E 

N 

> 0 for some n, 1 ::; n ::; E 

It follows that > 0, with at least one nonzero element. 
ABv D in It 

o 

The ih~.~~m 

cmnpl.ete market. Then the First Funda­
may be used to 

measure, and claims may be 
this measure. It turns out that an 

market. 
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u,,~aUJLUC,'''' stems from the that there 
nUInO(~r E of valuation measures to make the market 

and that the condition holds. Then there 
Ql in Wk. Then for 

every asset Sf! the 
E 

m=l 
E 

m=l 
E 

wEn m=l 

wEn 

the state v.".,mn,rr func-
to move from second last line to the last line. 

Ul:sccmnltl[il1: both sides of the Po 

wEn 

The of the risk-neutral measure and the rej:>re:serltati 
" ... ,,,,n,IT function stems from the fact that jJ = Dif is solved state 

in the standard economy, but since D = ABv, the 
jJ The solution to this 

state 

measure is rlot'" .. r'!""" __ J derives its name from the "value" it as-

to each state in that is the cost of a that pays 1 in state Wj 

and 0 in all other states. 
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4.1. 

All the risk-neutral 
markets is now at our in an U'I.CUiUJ.1lC 

are sufficient valuation measures. Some of the 
a alternative 

Theorem 3.2.1. 

27 

The 
if there exists a 

"laHUU"' ... }, between E and e is 
conlpl{~terless holds. 

when the nrr,nprt.v of 

4.1.2. e is if and 

that E is not < 
M. To obtain the matrix BV some 
some columns AB. It follows that 
This that e is not vVLU ..... " 

:::SU1:>pOise that E is Then 
+ 1) x M so all its columns must be 

the rank of is since M 
columns are removed to form the N x E matrix ABv. 

But in D , so E. It follows that e is 0 

of 

::Ie,cona Fundamental Theorem of Asset Pric-
n£'r·p""'~nh.'" f';,m.lrllf'ltf' if and if the '/'e1J're.'1entatwe 

~ classical results 
~ There exists a e. 

o 
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the model tn Geman and Madan [7]. Since the l'",yW'"""y,t 

function and the risk-neutral 
and transformed economies are 

calculated in the economy and will be 
market. 

closer 
a it is to assume that 

both the number of states and the number of time 
increase. of this section is on market .u,"" .. "", 

with infinitely state spaces. A continuum states of nature 
renders any discrete-time financial market with 

Geman and Madan [7] mentions in how the two funda-
mental theorems of asset would to an infinite 
state space What follows is a brief treatment of the 
in the infinite space lP') with a finite number of assets and 
valuation measures. Definitions are re-stated to conform to the new 
where necessary. 

The first fundamental theorem the matrix C 
the role that the matrix nT""rI''''~ 

of Section 3 2. 
Let each valuation measure lP'm on the space (0, lP') be defined 

its derivative with rp"nPI't 

sure lP'. These derivatives are and II"_ln~'OO'l'<> 

over, assume that t.he final asset are 
and integrable with to each of the valuation test measures. 

Define a matrix of the asset valuations with to each test 
measure, the of the AB in a finite state space: 

with the first row of C 
under each test measure. 

Let p = (Bo, 

Theorem 4.2.1 

{ 
-dlP' 

dlP' 
(4.6) 

the PV,'lPl"tprj value of the numeraire process 

be the vector of initial asset prices, as before, 

The 
if and only if there exists a 

:-ill11-.nl"l"p that there are no Let 
of the traded assets such that 
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cannot be a it cannot be the case that 

;::::0 

that 

the classical First 
able 
must exist aUi > 0 such that 

or, matrix that 

Pn 

state pnclD:g in view 
of and 

that exists a rC}JreSeIltati 
so there exists a W > 0 such that p = Ow. 

;:::: 0 and -I O. 

Recall from earlier 
exceeds the number of 

of 

test measures are 
for all test results is 

random variable X such that 

{ 
= 

assets in the mar-

the vV"L\UVAVU 
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30 4. AND 

Recall that a set of test results is an M -vector 
values of a under each test measure, as defined in Section 
3.3. In continuous state space, the value of a under a 

measure becomes the in (4.10). the 
mathematical characterisation of "''"''''''~;"U 

equation (3.17) can be reformulated to 

in the continuous state space setting. 

Theorem 4.2.2 Second Fundamental Theorem of Asset Prie-

state 
holds. 

{"{ITrlmPI,., if and if the 

state 
Then there is a to the matrix 
linear it follows that ker( where C is the matrix of test 
results defined in This means that , where .M 
is the number of test measures. 

It follows from this of C that there is a solution Q to 
the matrix 

where c and f are as before. The solution Q r<>'-""''''''''',nh, of the 
traded assets. But (4.12) is 

the asset space is 
in turn that the reJ)reSellta,tnre 

3 

Given a set of 
securities S = 1, a traditional 
securities market may be constructed by a number of 

market models to obtain a multinomial tree structure. The 
risk-free rate is assumed to be a constant r, so . A filtration 
F = for the tree is in a natural way 
information about the state of the world as time passes. 

The test measures may be on the 
model. The time tk of a state w at may 
be using conditional probabilities based on the information con-
tained in In this way the test measures may be seen to on the 
underlying models as well. 
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4,3. TIME 

4.3.1 Gl.ULU,"UAAGl.A extelrlSlon to 

31 

sense to de-

function 
reassurance that at­

pncHllg function for a 
model may not be in vain . 

.t'rOJlIOslltl.on 4.3.1. There are no .~Tr~1·lJ'11 

opjoortulrutteS in 

> 

and 

>0 

from Y "a.",,,,,,:;,, 
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32 

Now suppose 
any of the sm.1l1e:-n~m 

available over 

and 

for some 1 :::; j M. 
But Y cannot 

that 

measures, is considered. 

4. 

> 

>0 

in any of the 
E S and for every tk E T, 

)) 

in 

holds 

It is to express the 
as a convex combination of the test measures, 

vector w to the state 

nonzero cross 
come inconsistent. 

If are n time penoos. >lol\!in,/Y 

of linear in w 
occurs will determine how many '"''-1'''-... ''4 ..... 440 in 

m m 

m 

m 

would Ifn)",,,r,,, a set 
The time at w 

m 

m 

= 
m 
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4.3. MULTIPLE TIME 

of onll<>""" 

state at t = O. 

is 
U""CCULCiY inconsistent. It is 

state function in 
combination of the test measures 

4.3.2 

A 

33 

state function were which focused on a new 
way to define the iii in a way consistent with the ""n",.,,>...n,PT'I>" 
such as the from each of the sm):!;le-PtmO 

iU,JUt,.", as it causes two 
Three choices thus exist with 

state function: 

1. naive definition 
risk-neutral measure may be used to obtain 
tent with the models. 

resentation. 

2. 

"""'(~lUi'C this 
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34 4. AND 

pr()gn3ssllon of states of the world 
measures are 

each is in 

continuous-time reJ)re:sentat 
time. Further r""",,'rt'h 

somehow pn'-$ln,'" 

remains consistent with the "AI""~JJJ" 1<>_T~<>rl()rl structure. 

may 
pn)XlmaLt1()llS to the continuous-time model 

a sequence of successive ap­
"Ulau"" time 

The suggested 

correct continuous-time values. Unanswered O1l<AstioTIS 

should be the of research. 
The ~~., .. ",.~,.~ 
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4.4. A LIMIT OF 35 

market model the and riskless assets 

1:""''''I-'J'Ul''. the notation conventions established in ~PI'l:lrm 
. The 

is 

the 

whereas the I",,'nrl.rrn assets at time t is U'~'UC;UvU 

+ 

mctep·efiiuellt Brownian motions model the risks 
The element of the matrix a may be inter-

to which the sonrce of that 
asset at the instant t in time. 

when the number 
d. 

in 
to 

the continuous-time model M. 

He describes how the diffusion processes of the stock nu-
be discrete-time processes which con-

The increments of the d LU~lvlJ'vU'UC:l1L 
aP1DrClxuna:ted at the kth time 

The process is a one, "'''<.LU'''',," 
states of the world emanate from each non-terminal state. 

of and occnr at times 

and T = 
Markov 
about the 

where 

lim 
n-+oo 

o 

is 
of the 

< 

.:trllf':tPrl to be a finite 
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36 4. AND 

The nth discretised process apprc)Xilmatinlg process of the N 
assets at time is a solutllon difference 

= 

and the numeraire process 

at time that the random 
DDro:x]m.atE~s the random increments of the Brownian motion 

from the kth time to the (k 
The construction of the processes that 

converge ) to the 

Definition 4.4.1. on the space 
u'V .... "'u on the 

f on 

The usefulness of the discretised asset processes upon whether 
the test measures may be as the weak limits of a sequence of 

measures which on the market UIU'Utl", 

on the convergence the 
functions. Both of these Ulrem,enlts are and it is not immedi-

can be satisfied. Weak convergence of 
measures is aellne:a 
variables. 

to convergence of random 

Definition 4.4.2. A 

space 

test measures are aosOI.ut<el 
sets have measure zero under each test measure as 
to restrict the test measures to the discrete-time models 

tree structure of 
events in the 

lfP) . 
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4.4. A LIMIT 

to the events in each discrete-time 

time reference measures 

37 

aUlgm:enting these 
aeIlLIllIlg the 

is increased. This 
reference measures are also measures on 

If we suppose that the sequence 
converges to M 

then the risk-neutral valuation formula 
which is used to value "'VJ"C""5'ou~ 

sequence 

cmnm.ere aMlcr,ete-tzme securities market models converges 
,HI,'lJ'lJ,,}!'" also the densities L(n) are uni-

lim 
n->oo 

The 

a 

and 
continuous-time 

, it 

as if the accuracy is 111l:'UJ.jll"'I:t"U~, 

can be increased to a better 
model. 

cessive appf()Xlma,tlC)llS su~~gest€~d 

that 

work discrete-time Further work could concentrate on 
whether this is indeed a viable as it is on a tractable 
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38 4. AND 

and 
convergence 

5 

of a risk 

is I.-V"""l'U.'" 

and 0 ~ >. ~ 1, then 

a 
measures on each with an <>O"V,"laL'<:OU nOn-IJO!ntl 
1 m ~ such that 

+ 

of the numeraire process. This is an ex-
'-''''U..oO,\o'' , Eber and which 

VU,HC"'!,;U Mercantile 

settmli:!:. and shows that 

rnrn,nn,p risk measures in terms of a 
each with an associated time and floor. 
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40 

measure. 

5. 

must be solved to obtain the bid-ask 
to the linear op'tilIlisEttiC)ll was 

measures 

Geman and Madan 
the 

The rationale behind this is that the test 
relJrE~Se]ntlng as measures should "fill space of 

varied a collection of views of the world as )J"i,,,UJ"'. 

A further sUll~):!;eI5ti(m 

itself to 

measures 

A further T't>rne>TU of the model is that each measure be either a valuation 

not 
measures. 

that it an scalar or 

relJreSellts a valuation or a stress test mea­
Since valuation measures have associ-

to be it 

a mea-
W 0 say, far more than any 

nPI:nnnTP eX1De(~ted return. This could in-

a rational investor. 
to losses 

Wo, but an ar~~urnellt 

1 Email correspOIlde:nce with Peter Carr 



Univ
ers

ity
 of

 C
ap

e T
ow

n
In to ~'H,lUJ:.al use of the model 
described in programs were written 
UU!Jl<:;UlcaU,lU!', the model for a small-scale securities market modeL A set 
of tests was vanilla call and for a 
range of strikes and estimates. 

The scale of the tests was limited that the model becomes 

state function is also 

1 

pr()atlcea to calculate the risk-
neutral measure which exists if the market is COlffilJ1let;e The case, 

is more and several sub-states of the market must 
be catered for so that derivatives may 

In the event that the market is not a\':~L:taJLa ~~'''Y._'_' a linear pro-

39 
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I, 

and 

is set to 

where D is the romc"''''''rl''''' 

main of the hU1n",' .. " 

The 

"far the measure is from one 
every state of the world. whole uU"l'oV'"'''' 
to a measure which has this TW""'<>l"hr 

The critical in which a 

unit cube bOlLlmied 
the surface of the 
5.1 illustrates this, 

real llUl,uu'ca 

the K corners 
the face of the 

be, The intention in 
associated with a measure an 

under that measure, and that it 
Tw<>n<l,.prl to "'''''''''1''' 

twice over in one with an "' ..... "",,'."',.. 
losses are too 

41 

' .. ,0.5) 

have the "''t'r,n" ... t" 

that floors be nOll-DDSltJ 

The VU,,,,,,,J,u.y measure an indication of how a 
each state of the in n,','rt,rp it 
a floor of <>rl-..i'1r""u size to a stress test measure, as 
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42 5. 

OU''''U'UI; UllU""''''L~;O the from which test measures 
there are three future 

the individual investor's n .. <,t"",.,nr·"" level of 
and risk-aversion. 

Since the floors the MATLAB Imlplementa,tlOin 

a number close in to 1, and to compare value 
to the floor. The normalisation was done in nr/,n,wt.nn 

under the measure. The 
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5.1. 

one would 
still 

X 
to determine whether 

" 
free rate T. 

• 

• 
measure 

.4 

to the 

is 
obtain 
into a Ul<J'j;UUal 

that 

the ,...",,,nt,tv 

;=1 

43 

the q-norm of 

assocllat~~d with the 

the matrix 
the matrix AB will not be 

the square matrix becomes a 
matter when it is noted since U and V are 
are their The matrix 
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44 5. 

which would thus blow up when 
This amounts to away those "''i' ... <'''L''L..., 

sm;CeIPf,lOle to the solution from 
numerical error. 

While the solution no means 
aplprC)XUnatlon to solution 

MATLAB's matrix inversion methods. 

It be 
volume of the 

ratio of the volume 
Oas 

number of valuation measures .u.~.U"'\u,",u. 
dwindle as the number of I-'Vi~""Ul" 

measures are in stress test measures are 
the test measures must common sense that a certain UU1UU'Ol 

be measures. reason it was necessary to fix number 
of valuation and stress test measures the program so that 

The binomial model 
a stock can move 

tree 

be 

and test measures, written 
not of the state and asset spaces. 
1'""vl,.m results for 

binomial tree model is C01mr:'let.e 

of 
at certain 

models are all The UU'VU,\UU model is 

models is the trinomial 
in .uU.l!".UCI..U and Kiesel [5]), with one 
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5.2. 45 

and one riskless asset and three future states of the world. It is per-
the securities market model. It is 

clear be 
offer returns both better and worse than 

cost of 
,",,,,,.,,,"'.01',,,,' choice. An 

! .. 'JU,jUAU,," processes with ~<L.au." which 
index. 

Hull and White shows that the trinomial tree 
to the __ ' ... _____ . A 

2 indicated that the ___ .!t1.!!'.pt·lr.TH' 

Scholes model 

valuation measures and 
function for the first model. 

movements are a fixed pelrcentG~ge 
state function is the same over all nm'1"rl" 
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46 5. 

The Om()mlal mtlltlpllicative factors 
at time t = 0 to 

Because there are 
of a trinomial 

<: u, 
rate. In the tree of 

at the middle node from 
U"'~U<"'E,"U from the source state. 

The values for u, m and d which were used are: 

u= 

m= 

d= 
1 

u 

is is a asset S in the economy. 
rate is assumed to be a constant 

Traditional trinomial tree models choose the of the various 
movements to on the risk-free rate and the of the 

asset. In case, these the Carr model 
the form of a rC}:lre!,entative "-'''''''"L'''' 3, 
where nnu",,, r(~pI'esj~nt:ative state function cannot be 

for contracts may be calculated the linear 
a. ... UUll .. O methods described in Section 3.4.2. 

two valuation mea­
acj~er:ltaOly "nlmT'UP,e.p economy and with three valuation mea­

'"'V'''p'';;~''. No stress test measures were 
--"'r-'.-'~ market model 

The con-

Pairs of valuation measures were gener-
ated. For each of valuation measures, were made to 
value call and with strike between 95 and 
105. For each strike volatilities were used as 
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5.3, 47 

to the trinomial model VV,.o.UllAC,Y of the stock affects the 
the up aud down movements of its in trinomial 

trinomial. tree was for these tests. 

order to compare results with a of time 
other valuation measures was UP" .. "!,,,"'" 

this set measures, in trees with between 

but three valuation measures instead of two were O'PTlpr:>ltl',(j 

The and not com-
With most of the time it is not 

to 

is thus 
the test measures to the 

3 

The tests were not but some conclusions may 
drawn from the results obtained. n.,'uU'-'UI',U different sets of test measures 

lead to different rPTYrP!Oprlt did not 
between each run of tests. If a of test measures are in "',,"""'"'0"" 

that a state is very derivatives which pay a slg:mlic~mt 

assets to simulate a 
elusions of this kind. 

a lower than "D'r~£.~t.,n" 

con­
int"'rl~rAtin" the test 

and in this section some !"."',."'''; ... lrltel:ences 
test results Ol:>1CalIled 

of the results drawn from cu'cal.cu runs of the 

1. The test results obtained with two test measures in the trinomial model 
indicate that the of call and with 
r"'I.1nO/'t to \'U''''"!~1'5 remain the same as in "v,.u'"", .... ,,'" 

markets. of the leads to 
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48 5, 

the calibration of the size of the up and down movements of the stock 
and 

2. 

u".u\.,,,u,,,·c,, a:ssc;cutte·(l with 

3, Put decreased and call or vice 
versa, as the number of dates was increased and all other pa-

is because the ;,w,··pn,.,. 
two test measures and allowed three 

states of the world. The small dimensions of the modelled to the repre-
sentative state function pla,Clrlg 
two of the three states. 
of the stock is considered far more 

which have nonzero TUl'lfnrr" 

tree the 
terminal states 
creased. This leads to 
the number of r1"Q"hr ..... 

behaviour, 

to 

It is IJV.''':>lI",,, that 
structure with many more than three 

collection of test measures could 
function, 

remained prone 
was increased. 

in a multinomial tree 
states of as 
used to obtain a more 

reasons this comparison is economically and the Black-
Scholes equation does not hold in an market environment are detailed in 
'-''''''11"''' 2 and Section 5.2, L 
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5.3. 

of op­
for derivatives. Even 

'Vu.umu'-i" <cu here offers very 
these 
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Further work on the model nrl"'lnl, .. ,,·rI in \3tun,,!! and Madan could 
fall into the broad areas: 

1. definition of the state 
function is necessary before further work on trad-

date or continuous-time This definition should 
be consistent with the in Ge-
man and Madan character of the 

2. Further work on the the continuous-time 

3. 

essary to out the skeleton 
Ku A cornpa,ris()n 

continuous-time market as a sequence 
those uu.alLU<OU 

Ku 
tive. Particular attention 
of each ""I.J'I-/H.I",\..,U, 

sequence of discrete-time 1l1l.aC1S 

estimates. 

Both numerical accuracy 
time states of the 

in markets which are not "'\"'J"IJ'.""UlY 

51 
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52 6. 

4. into alternative methods of valuation and stress 
test measures may be used to determine the most suitable methods. 
The method described in 5.1.2 is one of many 

in 

an ec()Uc)ml 

with and none of 

, would pro­
tlg;htne!;s of the bounds on con-
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contains 

the various test runs ruo.rT/",Y"<Ylt:>ri 
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54 APPENDIX A. SOME REPRESENTATIVE TEST RESULTS 
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Figure A.I: Trinomial model prices for a European call option with varying 
strike on a stock with varying volatility 
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Figure A.2: Trinomial model prices for a European put option with varying 
strike on a stock with varying volatility 
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A.l. ACCEPTABLY COMPLETE MARKET 55 

Figure A.3: European call and put option prices with strike 100, expiry 1, on 
a stock with initial price 100 and volatility 10%, priced using the trinomial 
tree method with increasing numbers of trading dates. 
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A.2 Persistently incomplete market 
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.1 

clear, A r T strike K 

0.1 ; % The risk-free rate 
T l' , % The time 
strike == 100; 

% Number of states of the world 
K == 3; == 0.1; 

% These are the of the assets 
load .dat; 
% These are the values in different states 
load A.dat; 
A a; 
clear a; 

% COMPLETE MARKET 
if rank K 

( The market is • ») ; 

% INCOMPLETE MARKET 
else 

( ) The market is : rank rank ) ; 

('and there are states of the 
2, 
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B. 

end 

% The market is 
A 

% We can find a state vector 
p = p :::: 

measure: ') 

function ( M1, M2 ) 
% In the case of an market 
% M1 is number of stress test measures to use 
% M2 is number of valuation measures 

A B r T strike K w floors 

M Ml+M2; 
% The matrix to hold the measures 
B :::: zeros 
% For the (if 

w '" zeros 
floors zeros ,1; 

0; 
0; 

0; 
) ; 

% To track of the number of each kind of measure 
Nval :::: 0; 
Nstress O' 
i :::: 1; 
% The maximum value a floor could assume 
maxfloor ::: 
while i <= M 

% 
new:::: rand 
while 

new 
end 

distributed random numbers 

eps 

% while 
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meas_norm norm 
if > 1) & 

& 
% Are we outside the 
floors(i) O· , 
Nval ;: Nval + 1; 

% Normalise the measure 
new 
B(: , new; 
i :::: H1; 

elseH < M1) 
% Or not? test 

distance ;: norm 
floors 
Nstress :::: Nstress + 1; 
% Normalise the measure 
new 
B ( :, i) '" new; 

H1 

> O. & (sum < O. 

and save it 

and save it 

end 
end 

% if-else 
% while 

for k 1 
opp A 
measure 
% Run 

M 
, :); 

B(: , 

% "Normalise" 
% The 
% 
factor 

each measure 

1 size ,1) 

) ; 

value 
value, the less we want to 
where p is return 

) , 

return 

-- K 

it 
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end 

% Test 
if 

end 
% Test for strict 

end 

break; 
end 

%if 

measure: 

%if 
% for k 
% for j 

B. 

- compare to t=O cashflow 
take a and borrow from bank 

) 

measure > 0 

: ); 

% A, B so don't contain for stress measures 
% This is because the on the stress test measures are zero 
% Need to do this so we can solve for the 
if 
% There are no 

% ACCEPTABLE COMPLETENESS 
if rank == M 

('The market is . ' ) ; 

% The range of B is R~M, so 
( , holds. ,) ; 

end 
% This matrix is very ill-conditioned in 
Q =:: B'*A'*A*B; 
for j = 1 : M 

so we can find w 

holds 

% Elminate valuation measure contributions 

end 

if floors 
Q (j. :) 
Q ,j) 

end 

) 

=:: 

) 

% 
% 

-::::: 0 
zeros, 
1 ; 
= O· , 
if 
for j 
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iN 

% Set test measures' 
% do 
iN ::::: iN .* 
% Normalise 

: ' ) 

else 
There are too many measures and too few assets: 

end % if-else 
% NOT ACCEPTABLY COMPLETE BUT EXISTS AN RSPF BECAUSE NSAO 
else 

end 

('The market is not 
< 

0; 

% 
end % if no 

function y 
% for the trinomial model to be run next 

A B r T strike K iN floors 

% Final number of states - leaf nodes 
2*P+l; 

A , :) == 

.5 

function y ::::: trinomial 
% Does a trinomial tree call and 

A B r T strike K w floors 

, ) ; 
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% The final number of states of the world leaf nodes 
2*P+1 ; 

and down 

m :::: 

% Generate the asset the second row of 
% Set up the middle row 

:) ::: 

% Which column we are 
for j ;.; 2 : P+1 

in: 

end 

if 

for i == 1 : j 1 
% This is how 

end 

stock_tree 
And downs 

% One middle 

many ups we need 
j) ::: 

, j) 

, j) ,j- *m; 

% For each at each time we have a bid-ask 

( : , 

% 

of the 
PH) ::: 

( : , 
( : , 

P+l)' , 

as necessary 
for k 

discount for as many 
P : -1 : 1 

% How many values above middle in that column: 
for m 1 k-l 

% The half 

j 

, . , 

, . , 
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end 

else 

% The bottom half 

return; 
elseH 

y == 0; 

, k+1)'); 

dt, 
, k+1)'); 

dt, 
, k+1)'); 

, k+l)'); 

was infeasible - sorry! '); 

+ 

('LP problem was infeasible - sorry! '); 
return; 

end 
end 
% The middle 

, r, dt, 
, k+l)'); 

, r, dt, 
, k+1)'); 

r, dt, 
, k+l)'); 

, r, dt, 
, k+1)'); 

% We each 
P+1) ; zeros 

== zeros(f , P+1); 
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% Work out the 

% Now discount for as many 
for k P 1: 1 

down, middle, up: 

(;, P+l) l , 

(:, P+1) l , 

as 

% How 
for 

values above middle in that column' 
1 k-l 

% The bottom half 

end 
% The middle 

end 
end 

: ' ) ; 

if 

else 
: ') ; 

: ') ; 

('Put ask : ') ; 

, k+1)'); 

r, dt, 
, k+l)'); 

r dt, 
, k+l)'); 

,w r, dt, 
, k+l)'); 

w, r, dt, 
, k+l)'); 

, . , 
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DISCOUNI1NG 

end 
y == 1; 

.6 

function y , w, r, T, 
% This takes discounted 

rspf == B*w; 
y == exp 

.7 

function x == solve(A, b) 

.m 

values back 

% Solve the linear system Ay == b where y > 0 
% this is for 
% when the scaled 

[U, W, VJ svd 
% Remove 
u [J ; 
w == [J ; 
for k 1: size(W, 1) 

if any(W , :» 
w [Wi W , :) ] ; 

u U(: , J; 
end 

end 

% Perform backsubstitution 
x = svdbksb ,w, V, 

to zero rows of W 

.8 m 

function x = svdbksb , w, v, 

% Solves A.x B for a vector 
% as returned svd.m m and 
% for square matrices. 
m size ; n 

x == zeros(n, 1); 
tmp == zeros(l,n); 

== size 

x, where A is 
n are the dimensions 
b is the 

65 

the tree 

m 

arrays U, W, V 
of A, and will be 

side. 
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66 

for j == 1 : n 
% Calculate U T B. 
s=O; 
if w ) 

% Nonzero result only if 
for i == 1 : m 

s == s + u 
end 

B. 

is nonzero. 

s == s/w(j); % This is the divide by wj . 
end 

)==s; 
end 

for j == 1 : n 

end 

% Matrix multiply 
s=O; 
for k = 1 : n 

s == s + v 
end 
x(j)==s; 

V to 

function y == bid ,r, T, vals) 

answer. 

% Calculates the bid for a derivative 
A floors 

C :::: vals*B - floors'; 
H A*B; 
b 

pcx b, c); 
% 

, ) 

else 
% Dave 
y inf; 

end 

.10 

function y :::: ask(B, r, T, 
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11. 

% Calculates the for a derivative 
A floors 

% For the 
b 
H 
c :::: -floors' - vals*B; 

== pcxCH, b, 
if 

y 
else 

exp 

, ) 
'*x; 

% , Will Robinson, 
y inf; 

end % if 

.11 

function == pcx ,b, 

% 
% 

,z, 

% solves 
% 
% * 

pcx(A,b, 

% minimize c'*x 
% ect to A*x:::: b 
% x )= 0 
% 
% * dual 
% maximize b'*z 
% eet to A'*z <= c 
% 
% 
% INPUT ARGUMENTS: 
% 
% - A: 
% - b: 
% - c: 
% 
% 

mxn-matrix 
m-vector 
n-vector 

% OUTPUT ARGUMENTS 
% 

of LPs: 

% x,z: the and dual solutions if status 
% x==z=[] otherwise 
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B. 

% status: values: infeasible. 
% 
% pcx.m saves data in a .mat file and calls a routine based on 
% PCx version beta-2.0 

> size ) 

b=b' ; 
end 
if > size ,1) ) 

c=c' ; 
end 
save Abc 

. mat 

load 
delete . mat 

.12 

function 
% The call 

y :::: max 

.m 

function 
% The 

y :::: max S, 
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[12] 

versus 

[16] 

measures. paper, 

Derivatives. 
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