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Ascent, Descent, Nullity and Defect

of Linear Operators.




PREFACE

lThe maiﬁ cbject of this thesis is te study tHe relationships betwsen
the ascent, desCant; nullity and defect of linear operators, denotéd
respectively 5y X(T), JkT), n(T) and d(T). These concepts will be
explained later. The known theory is largely contained in two papers,
onesby A.E. Taylor (/3 ) and the other by M,A. Kaashoek ( & ). It was
fhus one.of my tasks, in the preparation of this.thesis, to integrate
these two papers. Houwsver, a fair amount of material was also taken from

Taylor's book (/2 ) and from van Dulst (45 ). All this material was

- welded into a composite whole,

The proof of Lemma 9,3 is my own work, whilst the alternative proof

of Lemma 4,5, pointed out in the remark after that lemma, is original,

Also original are the remarks before Theorem 6.5(b), after Theorem 6.8
and after Theorem 9,7, as well as the examples in the Appendix to Chapter
IV, The summary and discﬁssion of the Functionaleanalytic proof of Rouché's

Theorem in the last chapter is my own work too.

The following results are improved versions of those in the original
papers: Lemma 3,3, Theorem 5,3 , Theorem 5.5, Theorem 6.8 and Theorem

7.1. - Corollary 6.6 was also considerably shortened,

Important corrections were made in Lemma 3.4, Lemma 4,10 and Theorem
5.24#, as well as in the definition of "completely reduced"” in Chapter VII,

whilst minor corrections were alsoc made in Theerem 6,1, Theorem 7.1,

Theorem 8,1 and lLemma G,2.

Details - sometimes quite numerous - were added to the proofs of

various results, hotably Lemma 3.5, Theorem 4,8(b), Theorem S.i, Theorem

6.5, Theorem 7,1(g), Theorem 8.1, Theorem 8,2, Lemma 9,2 and Theorem 9.7.




CHARTER 1 -

Introduction

Tﬁis thesis is intended to be a survey of nullity and defect of linear
operators on the one hand, and ascent and descent on the other, and the re-
lationships between these concepté. These quantifiesbare of considerable
use in the discussion of linear operators, e.g. compact operators., See

Riesz and Sz.-Nagy ( /0 ), pages 217-219,

It is first necessary to explain the terms mentioned above,
"Let X and Y bq vector. spaces over the fiéld of real or complex numbers,
Let T be a linear operator with domain D(T) in X‘ahd‘range R(T) in Y.
The null space of T, d.enoted by N(T), is the set {x€D(T): Tx = 0.}
The dimension of N(T) is denoted by n(T) and called the nullity of T.
The dimension of the quotient space Y/R(T) is called the defect of T,
vand denoted by d{(T). In general, the dimension of a linea: subspace M
is denoted by-dim M:; it is 0 if M = {b}, a positive integer p if M contains
exactly p linearly independsnt elements. Otherwise M is not finite-
dimenéional ana we write dim M =00, e do not distinguiéh different
infinite dimensions in this thesis., With this prouiso;‘the dimension of
a vectqr space X can also be defined as the cardinal number of any Hamel
basis of X (all of whicﬁ have the same cardinality). We now define Hamel
basié£
Let H bs a subset of the vector space X. H is a Hamel basis of X if

(i) H is a linearly independent set

- (ii) H spans X.

To define ascent and descent we consider the case in which D(T) and
R(T) are in the same linear space X. Once again, the considerations are
all algebraic. We define T by induction, with T9 = I, T1 = T, and TPx =

T(TN=1x) where n is any positive inteaser.



If n)1, -D(T”)‘= {x :x,Tx, cvo, T-1xED(T)}, and

if n32, 0(T") = {x : x and Tx€D(TN=1)}.

Let n and m be integers n)0, m>0. Then x €0(TN+m) if and only if
Tnx €0(T™), and in this case .T‘"(T"‘x) = TN+My,

Observe D(T9) = X, | |

In general we have D(T“)CD(T"'l)g the inclusion may be proper,

0} .

We can then consider R(TN) and N(TM) ={x€D(T”) s Thx

Clearly N(T®) = {C}and R(TO) = X,

Theorem 1,1 0On Ascent,
N(Tnch(Tn+l)| n=0,1,2, ===

If equality holds for n = k, then it holds for all nxk.

Proof:

[an]

xEN(TN) = TM™x =

=§T”+1x 0

o xen(inel) _,

Suppose that there exists an ‘integer k such that N(TK) = N(Tk+l),
Let x EN(TK+2), Then x€D(TK+2) and Tk+2x = 0,.
Hence Tx €D(TK+1) and Tk+1(Tx) = O,

N(TK).

so that Tx € N(Tk+1)

Then TK(Tx) = Tk+lx = 0

Therefore x € N(Tk+1),
Therefaore N(TK+2) cN(Tk+1)
Since the revarse inclusion also holds, N(Tk+l) = N(Tk+2),

The second assertion of the theorem now follows by induction.

Definition. If there is some integer n» 0 such that N(TP) = N(Tn+l),
the smallest such integer is called the ascent of T and denoted by &(T).
We say T has finite ascent. If no such integer exists, we sst A(T) = o©

and say that T has infinite ascent.
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Theorem 1.2:, On Descent,
R(T™NY € R(T™), n = 0,1,2,-=m"

If equality holds for n = k, then it holds for all n = k.

Proof:

n+l n+1)

Let vy € R(Tnd). Then y = T~ "x, whera x € O(T"
Then Tx€D(T") and y = T™(Tx), so that y € R(T™).

Therefore R(Tn*l)C:R(Tn) and the first statement is proved,

Before proving the second statement, we observe that

| (l-l) R(Tml) =T ('R(Tr_')ﬂ D(T)}’ n=0,1,2, =~=,

Now suppose that R(TK*!) = R(T) for some k, and suppose y€R(T**!).

By (1-1) we can write y = Tx, where x €ER(TK) n o(T) = R(Tk+l)h o(T).
B k+2) .

Thus again by (1-1), yE€R(T

k+l)c:R(Tk+2).

Therefore R(T
‘Since the reverse inclusion also holds, R(TK*1) = r(TK*2)

The second assertion of the theorem now follbws by induction.

Definition: If there is somé integer n>0 such that R(Tn+l) = R(T"), the
., smallest such integer is called the descent of’T and denoted bycr(T), We
say T has finite descent. If no such integer exists, we set d(T) = oo
and say that T has infinite descent. In this case R(Tn+1) is always a

proper subspace of. R(T").

Remark: &(T) = 0 if and only if 7-1 exists,

()

0 if and only if R(T) = X.

It is nbu necessary to outline the.scope of this thesié; and to say
mﬁét will, and what wiil ﬁot, be included; Qur purpose. is to explain and
clarify thevtheory relating to n(T), d(T), o(T), éﬁd.JXT); especially for
the cases in which these quantities aré finite. We foliowvmaihly the

researches of A.E, Taylor (/3 ) and M.A. Kaashoek (57).






CHAPTER II

Complemsntary subspaces and quotient spaces.

Let X be a linear space,
Two linear subspaces M3, Mo in X are called complementary if
(i) mamy = {0}
(ii) span (MUMy) = X [Equivalently, M1+M> = X where M1+N2 =
| ,(x1+x2 : x1€m B x€ My ,}‘ ]

In this case every element x in X has & unique representation x = X1+xp

where x§ €My 3 the uniqueness follows from the fact that Mjn My = {ﬁ}.
We write X = M} @ My and call X the direct sum of M) and Mp.

We also say My is a complement of M2, and conversely,

If we define operators Pj by setting Pjx = xj (where x = x1+x2 as
above), then Pj is a linear operator which is a projection (P52 = Pi)e
We call P} the projection of X on My along My, and Py the projection of

X on My along M.
Note that M; = R(P;) and My = N(P1).

If P is any linear operator which is a projection, R(P) and N(P)
are complementary subspaces., If M is any subspace of X, it can be shouwn
that there exists a projection P such that R(P) = M, Hence there exists
a subspace, namely N(P), which is complementary to M. (see Theorem_a.S—A

in Taylor (12)).

If M is a subspace of X, the quotient spacs X/M'also denoted by %

(X modulo N).is defined in a wsll-known manner. (see‘§3,14 in Taylor
(12 )). The quotient space is also a linear space, Its elements are
certain equivalence classes x+M in X. If x&X, the equivalence class

which contains x is denoted by [x}] . The mappihg @: X - X/M defined

by ©(x) = [xﬂ is called the canonical mapping of X onto the quotient space.

Se



Dafinition: The linsar spaces Xy and X, are said to be isomorphic
whensver there exists a one-one linear mapping from Xl onto X,. for
abbreviation we use the symbol Xj& X5 to denote that Xy and X, are

isomorphic.

If M and N are complementary subspaces, it is easily seen that N
and X/M are isomorphic as linear spaces. For, let P be the projection.
>of X onto M along N. If f is the restriction of @ to N, we will prove
that f‘mapst isomorphically onto X/M. The mapping is éﬂiﬁ! because if
[x] ié any element of X/M, x=-Px €N and f(x-Px) = [x]. | |
To verify this we observe that x=(x=Px) = Px€M, and hence [X-Px] = Dd.

But then f(x-Px) = [x-Px] = [x]. The mapping is one-one, because if x€N

6o

and f(x) = 0, this means [;a = 0, or x &M, whence x = 0, since MAN = {6}.

Obse?ve that m @}é%‘:" .

and M = XL Z (G},

Ubviously, two isomorphic 1ineér spaces have the same dimension,
This statement has a partial converse as follows: If the linear spaces
X3 and X, have the same finite dimension, then X1 and X, are isomorphic.
In passing Qe may manﬁion that if two linear spaces have bases of the

same transfinite cardinality, then they are also isomorphic,

Lemma 2.1: Suppose X; and X, are subspaces of X such that X1<:_X2. Then

(2-1) dims’:- - dim-))é . dim§2
1 T X 1

(The understanding, in case a dimension is infinite, is that

Q4+ p=p+o0=0a, if p is a non-negative integer orco),

Proof:
Let Y; be a complement to Xj in X,, so that X, = X; @ Y;.
Let ¥, vbe a complement to X, in X, so that X = X, @ Yo o
Then it. is clear i:hat Y, ® sz is a complement to X; in X.

X ~ X Xo st
Therefore -5(-1__ Y10 Yo o -)-<-2= Y, and Yi = Y1 .



Clearly dim (Y; @ Y,) = dim Y; + dim Y,, with the indicated understanding
in case any of the dimensions is infinite, vizeo + p = p +°0 = 0@ jif
P =0,1,2, ~==4%2.

This gives the required result.

Lemmg 2.2: Let Y and Z be subspaces of X such that Ya Z = {b}

and din & € dim Y <o, Then X = Y® 2.

Proof:

Let W = Y® Z., Then Z<WEX, so that, by Lemma 2,1,

. X X .U
(2-2) dim = = dim & + dim = .
Also, | dim Y = dim %-and from (2-2) it appears that
W X X
» -— 4 o s 2 < s FAN
dim 7 % dim 7 lee. dim Y & dim 7
Hence dim % = dim Y = dim % .
Thus, again from (2-2), dim X =0, whence X =W =YD Z,

]

Lemma 2,3: Let M and N be linear subspaces in the linsar space X,

M o~ MaN
Then M N m
Proof:

Let [X] denote a coset in thevqubtient space (M+N)/N,
Define for each mE M
Im = [m].
Then J is a linear mapping from M into (M+N) /N,
If [x] is an element in (M+N)/N, then x = m+z w.here mEM and z € N,
and hence [i] = [m] . This shows that J is a linear mapping onto (M+N)/N.
Combiﬁing this fact with the fa;t that the kernel of J is the subspace

Mn N, we arrive at the reqguired result.

Lemma 2,4: Let M3, My and N be linear subspaces of the linear spacé Xe

Suppose that Mj < My. Then

(2-3) dim M. 4; dim "2,
MnN Mo NN




Proof:
Let [%J denote a coset in the quotient space My/(Mya N),
Then the mapping J defined by
Jm = [bJ
for each m€ M}, is a linear mapping from M; into Mo/ (Mo N).
The kernel of J is thevsubspace Myn N,
Hence M1/(Myna N) is isomorphiﬁ with a subspace in My/(MyA N),

But then formula (2-3) is trus.

Lemma 2,5: Let M}, My and N be linear subspaces of the linear space

X. Suppose that M;ClMy, and that

dim _M dim _"2_ < oo
myn N My 0 N
Then MUsN = Mosil,
Proof

Let J be defined as in the proof of the preceding lemma,

Then  dim{m/(man)} = dim Im;

and hence dim ‘{Mz/(mzn N)} dim My £©°°,

But then J is a mapping onto My/(MynN).

Take an element xe& M,. Since J is a mapping onto My/(MynN),

n
=,
—

there exists an element m€M; such that Im = [m]
But then x = m+2, with zEN.

This shows that Mj+N<My+N<M1+N, and hence Mi+N = MosN,
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CHAPTER 111

The subspaces N(TK), D(TK) and R(TK)

In this chapter T will be a linear operator with domain D(T) and

range R(T) in the same linear space X.

Thevchépter is devoted to the study of the relationships betuween
the subspaces N(TK), D(TK) and R(TK) (k = 0,1,2,~--). First of all,
we recall the following formulae, usedbin Chapter 1:

N(TK) eN(Tk+1), D(TK>D(Tk+1), R(TK)> R(TK+1), for k = 0,1,2,--= .
We prove the following lemmas :

Lemma 3.1: For k = 0,1,2,--- and i = 0,1,2,=-~, we have

N Ti+k .
NI o n(1k) ar(ri)

Proot:
Define for each x in N(Ti+k) cp(Ti)
Ix = Tix,
Then J is a linear operator from N(Ti+k) into the linear space N(TK) A R(TL).
| Next, we prove that J is onto. Let y € N(TK)n R(Ti)
Then y = Tix for soms x€D(Ti), and Tix € N(TK) e D(TK).
This implies that x € D(Ti+K) and Ti+kyx = Tk(Tix) = 0.
Hence x EN(Ti+K), and Ix = y, But then we have proved that J is a mapping
onto N(TK)n R(TE). |

~ Since the kernel of J is N(Ti), the last fact implies that

%I—i;—;{l = N(TK)n R(TL),

Lemma 3.2: For k = 0,1,2,--- and i = 0,1,2,~=~, we have

R(TH) ~ D(Ti)
R(TE+KY T fR(TK)+N(T1)} A O(TH)
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Proof:
Let [y} denote any coset in the quotient space R(Ti)/R(Ti*k).
Define for sach x in D(T1)
| Ix = [Ti)J.
Ubviously, J is a linear operator from D(Ti) onto R(TL)/R(Ti*k),
If Jx = 0, then Tix = Ti+ky for some z € 0(Ti+k), and
hence x-TKz € N(T). B 2
This shows that
N(3) € {R(TK) + n(TE)} A D(Ti). |
Conversely, if x € {R(TK) + N(TE} n D(T1), then Tix € R(Ti*k)
and hence Jx = 0. This shous |
N(3) > R(T¥) « n(Ti} A o(T),
But then N(3) = {R(TK) + N(TL)} n D(Ti) end
R(T1)/R(Ti+k) & o(1i)/N(3).

This completes the proof.

Lemma 3.3: For k = 0,1,2,--- and i = D,l,2,---,lwe have

o(1H) ~ _ R(Ti)

o(Ti+k) T (TR AR(T)

Proof:
Let [y] denote any coset in R(Ti)/{D(Tk)nR(T_i)} ,-
Define for each x in D(T1)
= [1ix]
It then follows that 3J is.a linear operator from D(Ti) onto

R(TL)/ {o(T%)a R(TL)} with N(3) = D(Ti*K). Hence

o(th) _ o(7i) R(T1)
p(Ti+k) ~ N(3) R(3) D(TX)AR(TL)
Lemma 3.4: For i ='0,1,é,---, we have
(3-1) N(Ti+l) ~ N(T)nRr(Ti)

NI +R(TH A N(TIHLY T N(T)AR(TIH)
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Proof:
Let [y] denote any coset in the quotient space

(3-2) N(T)n R(TH)
N(T)n R(TI*1)

vDefine for each x € n(Ti+ly
Ix = [Tig]
Then J is a linear operator into the space (3-2). Hence, to prove
(3-1), it will suffice to show that J is a mapping onto (3-2), and that
N3) = {N(TH) + R(T)} A n(TieD)

Tix € N(T) for some x €D(Ti)

If [y] is in (3-2), then y

But then x€N(T™*Y) = 0(3) and 3x = [18] = [y] . This shous that
J is a mapping onto (3-2). |
Let x €N(J). Then Tix €N(T)AR(TE*Y), and Tix = Ti*1; for some
zED(Ti+l). But then x-TzEN(Ti), and so x€N(Ti)+R(T).
This shouws
(3-3) NN « RO A N,
Conversely, let xe{N(Ti) + R(T)}n N(Ti+1).
Then x = n+Tz for some n€N(Ti) and some z € 0(T).
Since Tz = x-n€N(T*1) e D(TH*Y) c0(T), we have zen(Ti*1).
But then Tix = Tin + 71+l = 73*1; 4nd hence Ix = 0.
Combining this with (3-3), we obtain N(3) = {n(T1) +« rR(T)}N n(Ti+ly,

This completss the proof.

Lemma 3.5: For i = 0,1,2,~~=-, we have

i N(T) - ain N(T)
T T S T o

Proof:
Firstly, we observe that it follows from Lemmas 2,3 and 3.4 that -

MTI*Y) 4 R(T) o N(TD)aR(TH)
NTH) + R(TY T n(T)AR(TIH)

for i = 0,1,2,=m
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h i=] . k v
But then dim ____ﬂill_,. = Z:- dim ELI)ILBLIE%l by Lemma 2,1 extended
| NTINR(TY) koo N(T)A R(TE)

sf% dim N(T*1) & R(T)
k=o N(TK) + R(T)

N(TH) + R(T)
R(T)

= dim by Lemma 2,1 again,

And so, once again by Lemma 2,3,

. N(T) . n(rt) .
B £ e X | 0-£.0.

Remark:
If for soms non-negative integer i, either side of the last equation
is finife, then Lemma 3.5 implies that

(3-4) M1 ol
N(T)AR(T?) R(T)AN(TY)

(3-4) is also true if the dimension of each side equals the same trans-

finite cardinal number.
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CHAPTER 1V

Ascent and Descent,

In this chapter we follow mainly Taylor's paper ( /3 ).

Throughout this chapter X denotes a linsar space and T denotes a
linear operator with domain and range in X. Except where wé explicitly
assume that D(T) = X it is possible that D(T)# X . There is no .

topology; all considerations are algebraic.

Lemma'd.lz Suppose there exists a non-nsgative integer N such that

n(TK) < N when k = 0,1,2,-== . Then of(T) £ N,

Proof:
The conclusion is obvious if o(T) = 0, so we can suppose «(T)> 0.
Suppose, for some k, that N(Tk)#= n(TK*1), Then
0 = n(T%) < n(T) & ... £ n(TK*)
Then 1+ k < (T <,

It follows from this that o (T) < N. Q.E.D.

Lemma 4,2: Suppose there exists a non-negative integer N such that

d(TK) € N when k = 0,1,2,=== . Then &(T) £ N.

Proof:
We can assume that ;(T) > 0.
k k+ly
Suppose, for some k, that R(T )= R(T ')
Then we see from Lemma 2.1 that
0 = d(1°) < d(T) € ... < d(TK*1)
" and hence 1+k £ d(T**y & N

This implies that o (T) < N. Q.E.D.



Lemma 4.3: (&) If n(T)<%0 , then n(T¥) £ kn(T), k = 1,2,3,-mm .

(b) If d(T)<®e , then d(T) L kd(T), k = 1,2,3 - .

Proof of (a):

since N(TK) CIN(Tk+l), there is a subspace Y which is
complementary to N(Tk) in N(Tk+1), so that N(TK*1) = N(TK) ® v
and'n(Tk+l) = n(T%) + dim Y. We shall prbve that dim Y < n(T).
From this we obtain the desired conclusion by induction,

Now let Xjseee9Xp be linearly independent elements of Y,
Since Y < N(TX*1), the elements Tkxl,...,Tkxp are in N(T).

They are linearly independent. For, suppose that

D
Z Ci Tkxi =0
i=1 ‘
P ’ p
Then ¥ c:x; € Yan(1¥) = {0} » 50 that S~ cix; = 0
i=1 Ci=l

But then c; = ... = cy = 0 whence p £ p(T) whence dim Y £ n(T).

Proof of (b):

Let X = R(T) ® N, so that d(T) = dim N. For given k let
(%) = [o(™%) n R(T)] @ m, .
.We shall prove that dim mk;é dim N. Suppose, to the contrary, thét
m = dim Me > dim N. Let Xyseesy X, be linsarly independent elements
of M. Urite x; = u;+v; where u, € R(T), v;EN, Then ViseossVp

are linearly dependent, so that there exist constants @)9eeey8p (not

M

m m
all zero) such that 3> ajv; = 0. Hence 3_ agx; =

. aju, €M n R(T).
i=1 i=1 i

1 .

But Mkr\ R(T) = {0} s from the definition of Nk as the complement
. _ . m
to D(Tk)r\ R(T) in D(TX). Therefore }E: ajxj = 0, in contradiction
i=1 :
to the choice of the xi's;

14,
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~Now let Yk be a subspace COmﬁlaméntary'tﬁ R(Tk+l) in R(Tk).

It follows from Lemma 2.1 that d(Tk;i) = d(T%) + dim v,.

If we prove that dim Y, s.d(T), we can use induction to conclude

that d(Td) € jd(T) for every j. |

Let YisesesYp be linearly independenﬁ slements in Yy UWe can writé
yi = Tkwi, because Y, < R(Tk).' Then, since w; € D(Tk), we cén
write w; = Trj + s; where Tr; € o(TX) f\ ﬁ(T) and s; € M.
Thus yj = Tk+lri + Tksi . UWe see from this that [Yi] and [}ksi]
are the same element of R(Tk)/R(kal). These elements

(for £ = 1,2,==--,p) ars linearly independént, as a consequence of the
‘fact that yl,...,yp are linearly independent elements of Yk. Now, the
elements [}ksl] gevey [}ksp] are obtained by applying a lineap
mapping to the elements S)secesSp of M. Hence sl,...,sp are linsarly
independent, and p £ dim M. It follows that dim Yy € din M € d(T),

and our proof is complete,

Corollary 4;4:‘ For any non-negative integer k
(a) n(T)€ o(TIn(T)
(6) d(T¥) € J(T)a(T).

Proof of (a):

WéAfirstly observe that o«/(T) = 0 if and only if n(T) = O.
Hencavthe.product qA(Tin(T) is;well defined, We need only consider
the case where both o(T) and n(T) are finite. Let q(T) = p.

Then n(TK) € n(TP) for any k, and if we shou n(Tk)é kn(T) for evary
non-negative integer k, the result will follow, |

since n(Tk) € n(1P) €on(T) = A(T)n(T) ’

and n(Tk) £Lkn(T) is precisely what we.have‘already proved in

Lemma 4,3,
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Proof of (a):
o . q q+k . . .
It will suffice to prove that R(T7) <R(T' "), for this implies
that R(Tq*l) =-R(Tq). |
An element of R(Tq) has the f‘ormqux,x- where x € D(Tq).
By hypothesis we can write x = Tkuq-v,- where ™ € D(Tq) and v € Mo
Since M, < N(T%), it follows that T9x = T9*Ky € r(79*K),

Proof of (b):

Let Ny be a compiement to 0(TH A R(Tk) 1nio(Tq); so that
D(T19) = [D(Tq)r\ R(Tkﬂs Ny« Let H be a Hamel basis for N, .
Now, ‘Nk c o(TY); hence, if v€ H, T E ﬁ(Tq).
But R(Tq) = R(Tq+k), and so T = Tq*kw for sdm% W,
It follows that v-T uw € N(Tq)._ For each v in Hjle“t one corresponding w
be chbseﬁ in ﬁﬁe manner just indicated, énd lét M, be the s;bspécé
generated by the set df all the eiements v-Tku. |
Observe that M, C N(TY). | | "

To verify that M n R(Tk) = {U} , suppose y € M, R(Tk)..

Then y can be expressed as Tkz and also as a finite linear combination

Z ci(vi-Tkwi)

i

Thus Z Vs Tk( Zciwiu) € N, N R(Tk)'= {0} y by definitien of N,.
‘ i i

Hence :E.civi = 0. But the.vi'é are from the basis H, and hence
i ' ’

the cy's are all 0, and it follows that y = O,

We have now to show that D(T9) = [D(Tq)n R(,Tk:)]@ M
Suppose x € D(T9). We can write x = Tku+v; where TXu € 0(1%) and v € Nk;
e can express v as a finite linear comﬁination Zaivi, where each vi€ He

1

Let w; correspond to v; in the manner indicated earlier,



18,

Then

%
n

™*u » 2: ai(vi-Tkui) + 2 aiTkwi
i i

X
n

Tk(u + z: aiui) + E: ai(vi-Tkmi)
‘ i i

This representation has the proper form to show that
(19 < [0(1%) A R(T¥)] @ M
Since the inclusion relation the other way is evident, the proof is

complete. ' _ , Q.£.D.

Theorem 4,7: Suppose that p = o(T) and q = d(7) are finite. Then
(4-1) o{(T) € &T)
and we have equality in (4-1) if and only if T has the additional property

(4=2) o(T?) < R(T) + O(T9).

Remark: (1) In equation (4-1) we need (7)< °® , See the example on
page 32 of Taylor ( /3 ) where J(T)(” but «(T) =co,
(2) 1f o(T) = X, the linear operator T always satisfies the

condition (4-2),.

Proof:
| Suppose that p = of(T) > J(T) = q. Then R(TP) = R(79), and
hence we have by Lemma 3.1 |
gim {n(TP*1)/m(1P)} dim {n(T)A R(TP}
din {8(T) A ROTYY} = dim {1 hHmn} .

But this implies p = &{(T) £ q, contradicting the assumption p > q.

g

Hence we must have p £ q.

If p = g, then trivially 0(TP) € R(T) + o(TT).

Conversely, suppose that T has the additional property (4-2) ,
Since q = $(TY¢ oo, Lemma 3.2 implies that |

p(TH € R(T) + N(TT).



Combining this fact with (4-2) we obtain
(") e R(T) + n(TT)

Since p <q, the null space N(TP) = N(TD), and so
0(T?) € R(T) + N(TP).

But then, by Lemma 3.2,

R(TP) p(1P) = [o
R(TPHY) T R(T) + N(T)Fn o(TP) ]

and hence R(TP) = R(Tp+l). This implies p > q.

Combining this fact with p € g, we obtain o(T) = p = q = d(T).

Theorem 4,8:

(a) Suppose, for the positive integer r, that N(T') A R(TF) = {D} and

that 0(T%) = [0C™) A RG] @ N(TF). Then o(T) & r and d(T) £ .

(b) Suppose that «(T) and J(T) are finite. Let d(T) = g. Then
N(T) A R(TY) = {0} and
(4-3)  o(1%) = [0(Th) A R(T & n(T).
Let T, be the operator in R(TY) defined by D(T) = D(f)n R(TY),
Tix = Tx if x € D(Tl). Then T is a one-one mapping of D(T;)

onto all of R(TY).

Proof of (a):

since N(T) € N(TF), the hypothesis implies that of(T) < r,
because of Lemma 4,5(a).
To prove that J(T)\<r it will suffice to show that R(Tr)CR(Tzr).
. r T r
Consider T'x € R(T") where x € D(T").
Write x = x; + x5, where x1>€,D(Tr)a~ R(TF) and 22 € N(Tr).

7Ty for some u, and T'x = 72Ty € R(T?T).

Then Xl

19.
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Proof of (b):

Let p = &(T). We know that p & q (Theorem 4,7), and hence
N(TT) A R(TY) € N(TT) A R(TP). Lemme 4.5(b) then shows that.
N(Tq)f\'R(Tq) = '(0}'.. To prove (4=3) it now suffices to show
that D(T) < [D(Tq) n R(Tq)] ® N(T9). This is clear if q = 0.
If g2 1 it follows vfrom Lemma 4.6(b) with k = q.

Now consider Tl. To see that'Tl'1 exists, suppose
y = T%ED(T) A R(TY) = D(T;) and Ty = Ty = 0 .

Then TA+L, g, so x € N(TQ+1).
But & (T)<q, so n(T™Y) = N(T9) and thus y = T9% = 0,
Hence the mapping by Tl'is one-one, |

To see that R(Tl) R(Tq), supposs y = TOx is any element

of R(Tq)o Since R(Tq) = R(Tq+l), we can write y = Tq+1u’
or'y = T(T%), uhere T% € 0(T) A R(TY).  Hence y = Tl(Tqu) €.R(Ty).
so R(TY) ¢ R(Ty) and clearly

R(Ty) = T,0(Ty) = T, [D(T)n R(Tq)] cT [D(T)nR(T")] = R(T9*1) = R(TY).

Remark: As a special cass of Theorem 4.8(b), we observe that if
D(T) = X, and if both &((T) and JYT) are finite, they are equal
(Theorem 4,7 and remark) and (4=~3) bec&mes, with g = dY(T) ’
(4-4) X = R(TH D n(1Y).

Invthis case T, when restricted to R(T9), is a one-one mapping bf

R(TY) onto all of itself.

In the next two lemmas we consider powers of the operator AI-T,
where A is a complex number and I is the identity operator. For
simplicity we shall write A =T in place of AI-T. It is understood

that D( X =T) = o(T).
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Lemma 4,9: Supposs /\1* /\2 and let j, k be positive integers, Then
. j k] _
N[(,/\l-T) ]n N [(/\Z-T) = {o}

Proof:
e observe first of all that if (Al-T)Jx =0, then x € D(T")

for all n}» 1. This is evident if '\1 =0. IFV’\I*D, we observe that

x€D(Tj) and

(4-5)  Adx =3Ax eeee s ()T = 0

so that zj is a linear combination of x, TX, es0, Tj-lx. Hence
Tk € 0(T). By applying T to (4-5) we see that 7%y is a linesr
combination of Tx, s.., TIx, and hence that T3*1x € 0(T). 1In this
way we see by induction that x € D(T") for alln21.

Now let pj(A) = (’\l -/\)j, p2(/\) = (/\2 -/\)k. Since Al#/\z,
the polynomials Pys P, are relatively prime, and hence there gxist
polynomials ql()‘ ), qz()\) such that
(4-6) a; (XM)p (X)) + q2(A Jp, (A ) =1,

We deduce that if x€D(Tn) for sufficiently large n, then
(4-7) 9, (Tp, (T)x + a,(T)p,(T)x = x

In particular, if x EN [( Al-T)j] n N[()\Z—T)k] , we see that
pl(T)x = pz(T)x = D; and hence, from (4-7), x = c.

This completes the proof,

Lemma 4,10: Suppose that, for some '\o’ X(AO-T) and J(XO-T) are
finite. Let g = J(AO-T). - Then N [(}\-T)k] CR [(,\O-T)q]

for k = 0,1,2,=-= if A#,\o,

Proof:
We can assume k > 1 and q 2 1, for the result is obvious if

k =0 orgq=0. By Theorem 4.8(b) we can write
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o [(A,-M]. {3 [ o1 n - [(a o-nﬂ}e v [(x,me].
Suppose that x>€ N [(A -T)k] . Then x € D(Tn) for all n» 1, and
hence x € D [(AO-T)?] » by an argument given in the proof of Lemma 4,9,
We can write x = (/\O-T)qu + v where (AO-T)que D [(/\D-T)q] and
vE N [(AO-T)Q] . Then v, and hence also (AO-T)qu, belongs to
D(T") for all n2 1. Applying (A -T)k to x, we see that
(4-8)  (A-D¥ (A -N% = =(A-n)Ku.

Now, we can express (')\-T)k-in the form

A-DF = & ci(Ag-n?

i=o

From this we see that
k

AD" A, D% = 3 oA g-DM% €8 [(A-17] .
1=0
It is clear also that (A -T)kv €N [(AO-T)q] . Hence, since
R [(AD-T)q] AN [(AO-T)q] = {0} , we see from (A-S) that
(A -T)kv = 0., But then v € N [(/\-T)kJ NN [(AO-T)Q] and hence

v =0, by Lemma 4,9, It now follows that

X

(AO-T)qu €ER [( )\D-T)'q] y @s was to be proved.
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Appendix to Chapter IV, relating to Corollary 4,4.

Example 1: We show that we can get equality in Corollary 4,4,

Consider the kxk matrix T = [01
01
01 O
0 ol
01

Since nullity T + rank T = k, we have

ke(k=1) = 1.

n(T).= d(T) = kerank T

Now by row-column multiplication

no1 T " 010] [ or
001 01 0
| k
72 - aor O T*=2 _ 0 TRl 1 T =0,
L N ] ’ 0 ’ U ’
00
L ol

k R .
We next deduce that n(Tk) = d(T") = k, either by the same reasoning as

for T, or from the fact that N(Tk) whole space X, R(Tk) = {h} .

We must ﬁext find &(7) and cr(T) .
let 1€ i€k, |
n(Ti) = kerank TT = k=(k=i) = i which incréases (strictly) to k.
Therefors a(T) = k.
dim R(TJT‘) = rank TY = ki (1£€i<k) which decreésas (strictly) to U;
Therefore J(T) = Kk, |

Hence n(TX) = o(T)n(T) and d(T%) = J(T)d(T).

Note: Equality is impossible in the first case if k < &{(T), and in

the second if k <€ JKT).




Example 2

We have in Corollary 4.4, n(Tk)éo('(T)n(T) for k

and  d(TK)< J(T)d(T) for K

1,2,3,...,

1,2,3,... ®

Assume o((T)<9® and- f(T)("‘O .

We have in particular n(To((T))S o(("r)n(T) and d(TJ‘(T)) 4 J(T)d(T).

We show that if n(T) =1 inithe first inequality, we always have equality,

and if d(T) = 1 in the second inequality, we always have equality,

Firstly, lei n(T) = |

Then n(T*(T)) < &«(T) by Corollary 4.4,

R.T.p. (T XMy > (7).

- Clearly if n(T) = 1, then n(T%)22 if 2 £ o(T) since N(T2) N(T)
whence n(T3)2 3 if 3K of (T) since N(T)R N(T2),
whence by induction n(TS) s if s & < o«((T).

Put s = of(T). Then n(T™(TH 3 of(1).

Hence  n(TK) = of(T)n(T) if k = &((T) and n(T) =

Secondly, let d(T) =
Then  d(T J(T)) £ J(T) by Corollary 4.4.

R.T.p. o1 9Ty 5 £(1)
If d(T) = 1, then d(T)» 2 if 2 £ §(T) since d(T) = codim R(T) and
| R(THER(T),
whence d(T3)> 3 if 3 <€ J(T) since R(TISE R(TY),
whence by 1nduction (T8 2t ir t & (7).
put t = (1), Then o(19\Thy> S(1).
Hence d(T5) = o (T)d(T) if Kk = d(1) and a(T) =
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We show that we can get equality in n(Tk)ggc((T)n(T) with n(T) > 1,

and in d(TX) < J(T)d(T) with d(T)> 1.

We first observe that if T is the block matrix

then

g

1
Ty
TS
Tra2
‘ Tra1
_. Tz
T,"
T,"
Ts"
n
r=2
Trgl
u ol

where Ty is a square matrix

for i = 1,2,..., I',

(r> l)a

f

for all non-negative integefs n e

The above statement can be checked by row-column multiplication and induction.

For each i = 1,2,3,..., T, let T; be the kxk matrix

We have seen the nature of Tiz,..., T;K-2, Tik'l, T.K

01
01
01

lo

-

01
01
-G

1

- as in Example 1.

kNote that T is a kr x'kr matrix,

i = 0 in Example 1, .

We have n(T) = d(T) = kr-rank T = kr-(k-1)r = r,



Example 3 (contd)

Next,

Tr: L

and we have seen in Example 1 that Tik'1=# 0 for

whence Tk'l#-' o .

Therefore

Since
and since
Therefore

and

N(Tk) = X and n(Tk)
R(T) ={0fand a(T%)

N(TR=1)E X, of(T) =

kr .

codim R(TK)

x

R(T*H# o} , (1) =« .

(1)

kr

kr

o((T)n(T) where n(T)
d(T)d(T) where d(T)

0
—

811 i = l,2,...,r’

kr,

r> 1,

r)l.
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Example 4%

We produce someexamples where n(T o((T)) L n(T)e((T)

and o(1 7T < a(1) ().

The inequalities must be strict.

(a) Let T be the (2k-1) x (2k=-1) matrix

(with the 1's in the diagonal as

001 7
001 o
001
001
ao

shown, the following argument does

not work for a 2kx2k matrix, as

can

Since

Since

Hence

be chacked. )

(00001
00001
00001

LK Y
LI
LI

n(T) =

00001

0noo0
000
0o

9

’0-! 1

4

d(T) = (Zk-l) - rank T

Tk=1 -

X = NI R, o (1) = k.

R(TX) = {0}$_R(Tk"l), d(1) = .

n(T ¥y = (1K) = n(0) - 2k-1
o1 7y 2 a(14) = a(8) - 21
a(r ¥y et < ok - n(T) o (T)
a(T “\(T)') = 2k-1 < 2k = &(T)J(T)

0]

2k=2 noughts

f‘yﬂ\a\q
[00...001
0

(2k=1) - (2k=3) = 2.
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Example 4 (contd)

(b) Let T be the kxk

Now

n(T) = d(7)

o (1) = 4(T)

n(Td(T)) =
d(T J(T)) =

2(k=1) Dk since kD 2.

AT ¥ ¢y (1) and d(TJ(T))<d(T)cS‘(.TY).‘

matrix (k> 2)

= 2
n(T2)

d(7?)

n

n(B)

d(o)

(c) Consider this block matrix

T

- Since

Also

Now to say that one

So if kp<ky then n(T“(T))<n(T)0((T)'
and d(Td‘(T))(d(T)J‘(T) .

= . F-Tkl
T

k

, .

where k3 ky2 o.s

7130 and T4

A(T) = d(T)
n(T“\'(T))

a(r9(My

= Toe

= 'n(rkl)

-~

= d(T¥1) =

n(0)

a(9)

k-rank T = k-1,

Hence

=k‘l+k2+ooo+kro.

(01 -
on O
01

6 01

01

L 0

(the kxk matrix of
Example 1,)

0 ,'we.have Cf(T) = JXT) = ky o

k1.+ k2 +;... + kr 0

of the k's is less than kl is equivalent to saying kr(l<

28
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Proof:
Suppose that X(T){®, Let M be exactly invariant under T, and

let T; be the restriction of T to M. It is easily verified ﬁhat

| D(T1") = mMAD(TP) and N(T;™) = MAN(TP),

We ses then that d(T;) € &(T)<e0. Now R(T;) = M, and hence &(T;) = 0.

- But then &(T;) = 0O by Theorem 4,7,

Suppose, conversely, that of(T}) = Jle) = 0 for each T; associated
in the indicated manﬁar wvith an exactly invariant subspace. Consider
the sequencs {h(T)n R(T“z}, n=0,1,2,--=, Since R(TN+l)c ﬁ(T") and
n(T)<°® , there is some non-negative integer r such that

N(T)A R(TT) = N(T)A R(TD) if n)r.

Let M = iCL R(TT*1), oObserve that m = iC} R(TT+1) if j® 0, and therefore

that M is invariant unde:-T.e‘Ihe proqf runs as follouws:
T[o(t)ynm] T[D(T)niQi R(TT+1))
T[:’i— {o()nr(rr+0)}]
cizjvT [D(T)nR(Tr+i)]
iz} R(TT+i+l) gince it is easy to prove that for all k

R(TK*1) = T [ R(Tk)hD(T)]

"

oa
i=js1 R(TTH)

= M.

Observe also that N(T)nM = N(T)nR(TT).

We shall show that N is exactly invariant under T. Sﬁppose yEm,
Theﬁ there exists x; €D(Tr+1) such that y = TT+ix; | i30. Let
uj = TTxg = ToH=lx; = TP(x; - Ti=1x;), i21.
Then 0 = TT+lxy - TT+ix; = T(TTx; - To+i=1y:) = Tu; .
Clearly u; EN(T)aR(TT). UWe shall see that TT'x; EM. In fact

TTx1 = uj + TP+i=ly;, sipce TP+i-lx;€R(Tr+i-1) angd
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ui EN(T)AR(TE) = N(T)AR(TT*+i=1), wa see that TTxj €R(TT+i=1) yhen i21,
and hence. T¥x; €M,

Since T(TTx)) = y, it follows that T[MAD(T)] = m.

By hypothesis, if Tj is the restriction of T to M, q(T;) = 0; that is
if xEMAD(T) and Tx = 0, then x = 0. But this means that N(T)a M = {0},

and hence N(T)n R(TT) ={0} . This implies o(T) < r, by Lemma 4.5(a). Q.E.D.

Theorem 5.2: Suppose that either n(T) or d(T) is finite, and that p = d(T)¢?
Then

(s-1) (7)< d(T) |

and we have equality in (S-~1) if and only if T has the additionél property -

(5-2) X = R(T) + N(TP5.

Remark: (5-1) is not true in general if f(T) =°©, On page 32 of his

paper ( /3 ), Taylor produces an example whers of(T) =eo, d(¥) = 1<2 = n(T).

Prodf:
Since p = {(T)<°2, it follows from Lemma 3.1 that
NT)AR(TP) = {o}.

But them Lemma 3.5 implies

n(T) = gim ____NT) - gim —_N(TP)

N(T)n R(TP) R(T)n N(TP)

and so, by Lemma 2,4

(5-3) n(T) = gim ___N(TP) & dim _X__ - 4(T).

R(T)A N(TP) R(T)N X

This shows that n(T)< d(T).

Now suppose we have equality in (5-1). Then we also have equality

in (5-3), and hence

dim — N(OP) . d4im __X__ < oo

R(T)A N(TP) R(T)n X



34,

But then Lemma 2,5 implies that X = R(T) + N(TP).

Conversely, suppose that T has the additional property (5-2)., Then

by Lemma 2,3,

X _ = R(T) + N(7TP) o~ N(TP)
R(T) R(T) R(T)n N(TP)
But then we have equality in (5-3), and hence n(T) = d(T). | Q.E.D.

Theorem 5.3: Suppose that either n(T) or d(T) is finite, and that g = thT)<?°.
Then |
(5-4) d(T)€n(T) + dim x/{0(T9) + R(T)}

and we have equality in (5-4) if T has the additional property

(5-5)  N(T)nR(TY) = {0} .

In the particular case when also d{T) <9, we have equality in (5-4) if

and only if T has the additional property (5-5).

Proofs
Since X2 0(T9) + R(T)> N(Tq) + R(T)> R(T), we have by Lemma 2,1,

d(T) = dim X = dim X + dim D(TD+R(T) , dim N(TI)+R(T)
R(T) D(7a)+R(T) N(TA)+R(T) R(T)

By Lemma 3,2, q = J(T)<°° implies that D(TA) € R(T) + N(T9)

and s0  4;n D(T9) + R(T) . ¢
n(T9) + R(T)

Furthermdre, it follows from Lemmas 2.3 and 3.5 that

R(T) + N(TY)  _ gim — NOOD)  _ 4im nN(T

oin R(T) R(T)m N(TT) R(TA) A N(T)

Combining these facts, ws obtain

(5-6) d(T) = 4im X ¢ dim —N(T)
D(T9) + R(T) R(TY) n nN(T)

and hence d(T) € n(T) + dim X/{ D(T9) + R(T)} ..

If, in addition, N(T)n R(TY) = {0} , then
n(T) = dim N(T)/{ R(TF) A n(T)}.

But then formula (5-6) implies that we have equality in (5-4).
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Conversely, suppose that 60 ):d'(T) = n(T) + dim x/{D(Tq)%+ ‘R(T)}
Then by formula (5-6), © > n(T) = din 1)/ {RCT™ n N},

and ﬁence‘R(Tq)n N(T) = fﬁ}’. - ’ : , Q.E.D.

Remark: Formula (5-4) implies that, under the conditions of the theorem,

d(T) £ n(T) if D(T) =

Remark: Thé proofs of Theofems 5,2 and 5;3 givén abéve are dus to:
M.A. Kaaéhoek ( 5'.).' Thése proofs gre more elegant, and the results
stronger, than those of A.E. Taylor inihis péﬁéf‘( /3 ). However, sub-
sequent results of Taylor's (especially Thearem 5.5 (a), (b), (c), (d)
of this thééis - éeé later), which I wish to faproduce! depend heavily
on the techniques used by Taylor in his proofs of Theorems 5.2 and 5¢3.
It is thus both necessary, and, I think, instructive, to reproduce at
this point Taylor's proof of Theorems 5,2 and 5.,3. I shall call these

: . , I#* 4
two theorems, Theorems 5,2 and 5.3 .

Theorem Se f#:(Taylor s proof of Thecrem S. 2)
Suppose that elther n(T) or d(T) is flnite, and that 0((T) is finite.

Then n(T) £ d(T).

Proof:
Let o (T) = p. Then N(T)R(TP) = {0} by Lemma 4.5(b).
We shall see that from this we can conclude that n(T)=< d(TP).
SUPPOSE Xj,e.e,X) 8TE linearly independent elements-in N(T), and let
[xl:' goees [xé] be the elements (cosets)-in X/R(TP) which contaln_
X]geses Xpy respectively. Then these are.linearly independent, for
cy [xﬂ ¥ eee 4.0 [xk] =0 implies C1Xp *+ eee + CX) € R(Tp), whence
CIX] + eee + C X, =0 (because N{T) n R(TP) ; {ﬁ}» ) and therefore,
€] = eee = Cy =:O. Hence n(T) £ d(Tp). It now follows from Lemma 4.3(b)

that n(T) < pd(T) if d(T)<Le= .
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Proo:

o ‘we can”aSSQme q }.1, for d(T)v= 0 if;q =0, and then (5-14) is
certainly true,.

Let’ 0; = N(TY) + R(T) | 1=0,1,---, a-L.

Observe that 0; € Q;,; . Ue shall shou that |

. Pol
(5-15) Py = gim—NT™7) < oo,
Q;0 N(THL)
(1) @ i . -
Let x; -, Xg,))ioo, xgi) be a finite set of elements of N(T1+1)

such that the corresponding cosets in the quotient space N(Ti*l)/ (bi/sN(Ti+lﬂ
are linearly independent. We claim that the elements of X/R(T) corresponding
(1)

to the elsments x:

J (i = 1yeeey Ni, i = 0,000, q-1) are linearly - :

independent; sao that
(5-16) Mg + Ny + eae + nq_17$ d(T)

In fact, suppose that

kKLt (1)
X c;:x. '€ R(T)
l=0 j:l e
n .
q-1 (a=1) _ ., _g-1 _
Then S~ Cg-1,j %3 en(T™") + R(T) = 0.1
3

and hence cq-l, j =0 4f j=1,..., hd-l' Ve then have

-2 . (i)
T % ey %y €R(T)
i=o 5741
n

=2 (g-2)

. , q-2

. X, N(T T) =

P S0e2,5 % ENTTT) + R(T) = 0.,

and we can.continue the argument to show that all ths cij's are O ,

This proves (5-16).
i . . IR .
Now let yg ) = Tlxgl), and note that ygl)é N(T).
(o
J

. (5-17) no + nl +eoee + nq-l $”(T)o

We shall prove that the elemehts y are linearly independent, so that
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dim ———X e = dim + dim __.Jlilil___
R(T) aD(TY) 0(19) R(T)ND(T9)

In the same way we see:that

dim X = dim —X— + dim ___BKI)__Tr_ | - 'vr
-~ R(M)no(™TM) R(T) R(T)nD(TY) . |
and therefore ' v
(5-22)  gim X _ 4 gin —RUOL___ gin _X dim ——2(17)_ .
B 40 R TCS PYSTE LS o T R(MN0(T
By Lemma 4.6(b) we know that

o(19) = [R(T)ln D(Tq)'] ®m

where
(s-23) M CN(TY) and mnR(T) = {o}.

, T'hus
(5-;24 ) o(T9) _ im
dim RO ADET = di ,Nl

From (5-23) we see that

(5-25)  dim my = dim _N(TY)

R(T) AN(TY)

Therefore, by (5-22), (5=-24), (5-25), (5-21) and (5=19) we see that

- X ey £ e X S
dim —R—z—_r-y = d(T) & dim mTq—)- + n( )
This proves (5-14); |

Remark: This concludes the proofs of theorems 5.2 and 5.3 given by
Taylor ( /3 ). At a later stage it will be necessary to refer back to

the techniques he employs,

Corollary S5.4: If {(7T) and aRTU are both finite, and if either n(T)
or d(T) is finite, then : ‘ :
(5-26) (1) € d(T) £n(T) + dim X/ {D(T9) + R(T)uhere q = J(T).

‘Hence, if X = D(T), we have n(T) = d(T) under these circumstances.






‘since M € N(TP), we can appeal to Lemma 4,6(a) to conclude that (1) £p.

But then o« (T) and d(1) sre both finite, and hence oq(T) & JXT) (Theorem
4.7); Hence &(T) = JXT). |

The proof shows that dim M = dim D(Tp)/{'R(T)r\D(Tp)} . Hence we
actually have equality, rather than inequality, in (5=-27). UWe also observe

that, if D(T) = X, dim D(TP)/ {R(T)n D(TP)} = dim X/R(T) = d(T).

Hence n(T) = d(T) in this case.

Proof of (b):

We see that the hypotheses of Theorem 5.3 are satisfied, Consider

the elements ygi) (1 = 0yeeey g=1, § = 1,...pi) introduced in the proof

of Theorem 5.3’F. There are pg +eee + pq_1 of these elements. They belong
to N(T), and if a linear combination of them lies in R(T9), all the
coefficients in this linear combination are O (by proposition Pq, which

wés established in the course of the proof of Theorem 5.34k). In view of
(5-21) and the hypothesis (5-28), it then follows that the subspace

generated by the elements ygl) is N(T), and therefore N(T) AR(T9) = ‘{h}{.

This implies of(T) & q (see Lemma 4.5(a)). Moreovef, Po *eee *Pg) = n(T),
so that the inequality in (5-28) becomes an equality.
We now obtain (5-29) from (5-24) and (5-25).' In the case D(T) = X,

(5-29) implies that d(T) = n(T).

Proof of (c):

We observe to begin with that if p = &'(T), then

. o(TP < dim X
- d = d
din = VA0 = N RM ()

merely because o(TP)<Xx (Lemma 2.4). As a consequence of the hypothesis
in (c), it then follows that (5-27) is valid, and hence we can appiy

Theorem 5.5(a) tb conclude that of(T) = d(1).
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Proof of (a):

We shall prove that N [ (A -Tl)"j =N [()\-T)'"J if m o= 0,1,2,mmm.

This is clearly true if m = 0, It is also evident that

N [(/\ -Tl)mJ CN [(/\-T)"j if m> 1. Suppose m3> 1 and x€N [(,\ -T)m_]
(m fixed). Then 0 = (A -T)"x = AMen A1 4 ..+ (<1)™1™x.

since A ¥ 0, we see that x&R(T) = X;, and therefore

0=()-T)" = (4-T,)", so that N [(/\-T)"‘] c N [(A éTl)"j.

The truth of (a) follows at once.

Proof of (b):

We begin by obsafving that R(A -T;) = R(A =T)n Xy,
For this it suffices to shou that R(A =T)0 X; € R(A =T;), the inclusion
in the other direction being evident. Suppose y = ?) -T)xEXl. Then
y = Tu for some u, and Ax = Tx + Tu, whence xEXl and hence y€R(/\ -Tl).
Next, we see that MAR(A -T) = {0} . This is because Mn R(A -T;) = {0}
and MAR(A =T) = MaX;AR(X -T) = MAR(A -T}).
To complete the proof of (b), it will now suffice to prove that
XcR(A -T)® M. Given x, let ‘y = (A -T)x. Since Tx €X; and

X; = R(M -Tl)@ M, we can write Tx = (A-Tjlu+ V¥ whers u€X; and vEM,

Then
X =_%_(Tx +Yy) =xl_ [(/\-Tl)u "'.V + (A -T)X] ’
x = (A -T)(L,’\”‘) +:\‘i€R(A-T)G M.

Proof of (c)

If J(/\ -T;) is finite, it follouws by applying Theorem 5,5(d)
to A =Ty that of(A=T;) = d(A-T;). Then &(A -T)<2® by part (a)
of the present lemma. Moreover, n(\ -T) = d(A -T)< > as a consequencs
of parts (a) and (b) of the present lemma, We now use Thearem 5.5(c)

to conclude that (A =T) = o (A =T).
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1f o (A -Tl) is finite, then we see that d(A -T,) = of (A -Tl), by
an application of Theorsm 5.5(c) to A -Ty. The preceding vargument then

‘shous q(A-T) = d (A -T)<o0,

Theorem 5.7: Suppose D(T) = X, A# 0, and dim R(T)< ©@, Then

n(A =T) = d(A =T)<% and &(\ -T) = d(A-T)&%®,

Proof:

Let Xl and T, be as in Lemma 5.6. Here dim X1<°°-, and therefore,
necessarily, n( A -T;) and d(X -T;) are finite. Also, oA (A -'fl) and J (A -T;)
are f‘irnite. Then n(A -Tl) = d(/\‘ -T;) by Corollary 5.4. It now follouws from

Lemma 5.6 that n(A =T) = d(A =T)<o0 and q(A-T) = (A-T)<o0o,
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CHAPTER VI

Decomposition Theorems and related theorems

In this chapter we consider theorems dealing with expression of ths
operator T in the form T = A + B where A and B are linear operators such
that D(A) = D(T), 0(B) = X, and A,B have properties which are related to
properties of T. The gensral aim is to be ablse to stﬁdy T more effectively
by means of the struéture revealed by the properties of A and B. _Asbin the
preceding chapters, T is a linear operator in a iinear space X, Our
considerations here are entirely algebraic. We do not assume D(T) = X

except where explicitly stated.

Theorem 6,1:

(a) Suppose that n(T) £ d(T) and n(T)<° , Then there exists a linear
operator B with D(B) = X, R(B)CX, and dim R(B) £ n(T) such that,
if Ax = Tx = Bx, with D(A) = D(T), then A<l exists
(i.e. Ax = 0 implies x = 0).

(b) 1f d(T)< n(T) and d(T)<=2 , there exists a linear operator B
with D(B) = X, R(B)€ X, dim R(B)< d(T) such that, if
Ax = Tx = Bx, with D(A) = D(T), then R(A) = X,

(¢) 1I1f n(T) = d(T)<eo, the assertions about A and B in (a) and (b) can
be made with simultaneous validity; in this case, therefore, A is

a one-one mapping of D(T) onto all of X.

Proof of (a):

1f n(T) = 0, we teke B = 0, A =T. If1<p=n(T)L0,

let Xygeeey Xp be a basis for N(T). Choose linear functionals X{pooes xé

such that x{(xj) = c;;j (the Kronecker delta) i, j = 1,..., Ps Choose

element U} ,..., U, in X such that the corresponding elements

p



4 [uI] y soey [hp] of X/R(T) are linearly independent. This is possible

because of the assumption that p £d(T). Now defins B on X by

Bx =‘fE x{(x)uz

i=1

and lat Ax = Tx - Bx if x€D(T). Clearly dim R(B) £ p.

I1f x € D(T) and Ax = 0, we see that Bx = Tx € R(T). From the nature of

the u;'s we then infer that x{(x) = 0 for each i, whence Bx = 0, and so
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Tx = 0, i.e. x € N(T).. But then x is a linsar combination of X]seeeyXpy SAY

o]
X = Z aixi
i=l

Since 0 = xj(x) = aj, we ses that x = 0. Hence A=l exists.

Proof of (b):

If d(T) = 0, we take B =0, A = T.

If 1 €q=d(T)¢<oo, let X1se++9Xq be a set of q linearly independent

elements of N(T) (such elements exist, because q £n(T)).

‘Let xi,...,xa be linear functionals such that x{(xj) = ‘fij (the

Kronecker delta), i,j = 1,...,9. Choose U] sees, Uy in X so that

q

[ui] seeey [uqlis a basis for X/R(T). Defins B by

q .
Bx = 3 x{(x)u;

“and let Ax = Tx-Bx if x€D(T). Clearly dim R(B)<d(T).

To show that R(A) = X, suppose y € X, The subspace generated by

u1 gecey u

q
the form vy
2
e ses that

that Az = vy.

is a complement to R(T) in X, so that we can write y in

4

q
> aju; + Tx where x€D(T)., Now let
i=1 ;

X = g;; [ai + x{(x)] X e

€ o{T). Since Bkj = Uy, we find by a direct calculation

Thus R(A) = X,



Proof of (c):
If n(T) = d(T)<S°, we observe that the constructions of B and A
in parts (a) and (b) are identical. This justifiss the assertion in

part (c).

Theorem 6.2:',Subpose that T is giveh,»and suppoSevthat there exists

a linear operator B in X, with 0(B) = X and dim R(B)‘<}>°, such that,

if we define A by Ax = Tx-Bx, x € D(T), then n(A) = d(A) = 0 (which
means that A is a one-one mapping of D(T)fbnto all of X).
Let the operator S be defined by S = I + A-1g (with D(S) = X). -

“Then n(T) = n(S) = d(5) = d(T)<® and A(5) = d(5)< .

Proof: | |
We observe that A'lB-maps X into D(A) (= D(T)) and that AA'lB = B,
Note also that S [D(A)]_C D(A). UWe can write | |
(6-1)  Tx = Ax + AA™}Bx = Asx, x € p(T).
Ubserve that dim h(A‘la)<§ dim R(B)<©0 , It follows from Theorem 5,7
and the definition of S that n(5) = d(5)<% and §(S) = d(s)¢cee
~We shall prove that N(T) = N(S) and tﬁus'that n(T) = 'n(S). The fact
that N(T) C 8B(S) follows from (6-1)vand‘the fact that A=l exists. We

see that N(S) € D(T), because, if 0 = Sx = x + A'le, we have

x = -A~1Bx € D(T). It is then clear from (6-1) that N(S) C N(T).
Hence N(S) = N(T).

 Next we prove that d(T):é d(S). VWB'can.aéshme 1< d(T).
Let N be a éubspaca eomplementary to R(T) in X, and let Xl,..., Xp be
iinearly'indepéndent elements of N. Since R(A) = X, we can write xj = Aug
Qhere ui€ D(T)‘.. We are going to prove tha_@ the elements [u1] gesey [”n]
of X/R(S) are linearly independent, and therefore that n,S;d(S), whence

d(T) = dim N £ d(S). If we suppose that >_ ai_[ui] ‘= [b] , this means
i=1. '
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Suppose that A == 0, and define

'(6-2) Ax = TPx = AQx, x€&D(T)

(6=3) Bx = TGx + AQx, xEX.

Then Tx = Ax+Bx and ABx = BAx if x € D(T) ;3 R(B)CN, and hence
dim R(B)<oa , Also

(6-4) Tx = 5=(A -B)Ax if x€0(T),

(6=5) .ﬁ(A-a) = R(T),

and A is a one-to-one mapping of D(T) onto all of X.

Proof: |
Note that I = P+Q, R(P) = N(@) = m, N(P) = R(Q) = N, P? = P,
6* =0, PQ = QP = 0. Observe that R(Q)CD(T). . It follows from this
that P [D(T)] < D(T). UWe see.f‘rom these remarks that A and B are well
defined by (6-2) and (6-3) with D(A) = D(T) and D(B) = X. It is clear
that Ax+Bx = T(Px+Qx) = Tx if x € D(T). The relation R(B)CN is a
consequence of R(Q) = N and T(N)CN.
The assuﬁptions on T guarantee that if x€D(T), then TPx€M and
hence QTPx.= 0. It follows that

BAx = (TQ + AQ)(TPx = A@x) = = ATax - AZgx.

Likewise TQx €N, so PTQx = 0 and QTQx = TQx, whence

ABx = (TP = AQ)(Tax + Aax) = - ATGx - Aax
and so ABx = BAx. | |
Next we prove that, if y€X, there is a unique x €D(T) such that
Ax = y, Supposing that we have one‘such‘x, the eqdation Ax =y is
equivalsent to
(TP = AQ)(Px + Qx) = Py + Qy
or (in view of PQ = QP = 0) to

(6-6) TPx - AQx = Py + Qy.
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In view of the uniqueness implied in X = M@ N, (6-6)‘is squivalent to
the two equations

(6=7) . TPx = Py, -AQx = Qy.

Since A 0and T maps MAD(T) in a one-to;one manner onto M, we sees
that Px and Qx are uniquely determined, and hence x = Px + Qx is
uniiquely determined. The unique solution x of Ax = y is

1

(6-8) x=A'y=u-%Qy,

where u is the unique element of Mn D(T) such that Tu Py.

Finally, we prove (6-4) and (6-5). If x€D(T), we can verify (6;4)
by direct use of (6-2) and (6-3), noting that QTPx = 0. From (6=4) we
see that R(T)C:R(A -B). On the other hand, if y = (A -B)x, we can
write Ax = Au for some u€D(T). Then y = (A -B)(ﬁ%Au) = Tu, by (6-4),

and so R(A =B)CR(T). ' , Q.E.D.

Remark: The next theorem continuss the investigation, using the

conclusions of Theorem 6.3 as hypotheses,

Theorem 6.4: Suppose, given T, there exist linear operators A, B in X,
‘with D(A) = D(T), 0(B) = X, dim R(B)< ==, R(B)eD(T), Tx = Ax + Bx and
ABx = BAx if x&€D(T), and such that A maps D(T) in a one-to-one manner

onto all of X. Then n(T) = d(T)<eo and & (T) = J(T)<°° .

Proof:
Theorem 6.2 implies that n(T) = d(T)<®® . UWe shall prove that
N(Tk)CR(B) and hence n(Tk)é dim R(B)<°2® yhen k » 0. It will then
follow from Lemma 4,1 that &' (T)<®0 , and thereafter from Theorem 5.5(c)
that o(T) = (T).
We begin by proving that A-lgx = BA™lx for each x in X. Given x,
choose UED(T) so that Au = x. Then u = A~lx, Now ABu = BAu = Bx and

1

therefore Bu = A™18x, or BA™!x = A~lBx.



We now prove that N(TK) CR(B) if k3 0. This is certainly true
if k = 0, UWe proceed by induction,.assuming N(Tk)c:R(B) for a certaiﬁ ke
If x €nN(TK*1) we see that Tx€N(TX), so that Ax + Bx €R(B).
Let Ax + Bx = Bv, Then Ax + B(x-v) = 0, or A [x + A'IB(xavj] =0,

1

whence (since A™lexists), x = -A"18(x-v) = -BA~1(x-v) € R(B).

This provesthat N(TK*1)cR(B) and completes the induction.

Theorem 6,53 Suppose that n(T) = d(T)<©0 , and that p - A(T)<oo .
Then (a) d(T) =o(T)
(b) n(T%) = d(Ti)<¢ % for i = 0,1,2,=--,

(c) X = R(T°) @ N(TP)

Remark: Part (a) of this theorem has already been proved by Taylor's
methods (see (VI3 )) as Theorem 5.5(c). It required a fairly long
preamble, depending as it did on Theorem 5,5(a). I feel that it will

be instructive to compare Taylor's approach with the brevity and elegance
of Kaashoek's proof (given here - from ( § )), which invokes a result
from Chapter.III. Later - after the present theorem, we will be able

to give Kaashoek's improved version of the last part of Theorem 5,5,

"namely Thearem 5.,5(d).

Proof of (a):

From Theorem 5;2 it follows that
X = R(T) + N(TP)

This implies, by Lemma 3.2, that

R(TP) = 0(17) - o}

R(TP*L) — LR(T) + nN(TP)} n D(TP)

and hence d(T) € «(T)<°o , Combining this fact with the result of

Theorem 4.7, we obtain d(T) = &(T).
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Remark: Part (b) of this theorem does not require of(T)4<o , proﬁided
D(T) = X. This is a consequence of Theorem 8,1 (see later), which says

that if D(T, ) = X (k = 1,2), then

n(T,) = d(T,) €% (k = 1,2) => n(T1Ty) = d(T,T,)<30 .

B8y induction we find

~

n(T,) = d(T,) €90 (k = 1,2,000,i) = n(TyT5e0eT;) = d(T1Tp...T,) <00,

eee =Ty =T, we get

Putting T, = T2
n(T) = d(T)<e0 = n(Ti) = d(T})<eo provided O(T) = X,

i.e. we have dispensed with p = of(T)<o0 ,

Proof of (b):

Let k be a non~negative integer. Since X D R(Tk):? R(TK*1) it follous

from Lemma 2,1 that

| , K
dim —p—r = din —2— + dim -Bﬁ%-%-
R(TH*) - R(TY) CR(TK*Y)

d(Tk+l)

d(T%) + dim {R(Tk)/R(Tk"l)} ]
Since d(T) <o , we have by Lemma 4.3(b) that d(T%) & d(T**1)< oo,

on 50 §(1+1) - 6(1%) = gim { A(4)/m(T*L}.

Then we deduce from Lemma 3.2 that
p(T¥)
{R(T) + N(T)}n O(TK)
Cbserve that R(T) + N(TX) + D(T%) = R(T) + D(T¥), and apply Lemma 2.3.
R(T) + D(TX)
R(T) + N(TK)

d(T**) - o(7%) = dim

dim

Since n(T) = d(T)<=e , and since p = of(T)<"® , Theorem 5,2 implies
that X = N(TP) + R(T). Observe that N(TP) € D(T¥). Then

X = R(T) + N(T") e R(T) + D(TK) e x ,
" and hence

(6-9) d(T%* Yy - a(1%) = dim x/ {R(T) + (T}
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From X3 N(T) 4+ R(T) D R(T) and Lemma 2.1, it follows that

+ dim

m
N(TK) + R(T) R(T)

00 > 4(7) = di X . N(TR) + R(T)

Combining this with formula (6-9), we obtain
(6=10)  d(T**1) < g(1K) = d(T) - dim {N(Tk) + R(T)} JR(T).

Observe that Lemmas 2,3 and 3.5 imply that

(TR 4 R(T) _ nN(T) : | N{T) .
d:.m_ dim im N(T)nR(T )

R(T) R(T) N N(TR) ~

Since dim N(T) = n(T)< % , we have

___ﬁ&l)__—_ = n(T) - dim {TN(T)r)R(Tk)} .

"N AR
Combining these facts with formula (6-10) and using the hypothesis

n(T) = d(T)<==, we obtain

a(Th*1) = d(TF) = ain { N(T)AR(T¥}

and hence, by Lemma 3,1

d(TK*1) < a(T*)

dim {n(TRLym(T ]} .

since N(TK) e N(TK*1), and since dim N(TK*!) = n(TK*1)<20 (by Lemma
4,3(a)) it follows that

(6-11) ~ o(T%*1) = d4(T%) = n(TK*) - n(T%).

Formula (6-11) holds for each non-negative integer k. Hence

d(1°) = n(7° ) = U implies |

d(Th) = {d(T"*l) d(T )} n(Tk*l) - n(Tk)} = n(T})

By Lemma 4.3 both d(Ti) and n(Ti) are finite,

This completes the proof of (b).

Proof of (c):

Since p = (7)) <29, Lemma 3,1 implies

(6-12)  N(TP)AR(TP) = {0} .



But then, invcking Lemma 2.4,

Py _ o n(T7) - X _ (P
n(T") = dim TOPYIE) £ dim el d(T‘)

By (b) we have n(TP) = d(TP) €O , Hence

TP X
T2 T ) B TR

and so, by Lemma 2.5, we have X = R{TP) + N(TP). Combining this

with (6-12), we obtain

X = R(TP) @ n(T7). Q.E.D.

Remark: In the particular case D(T) = X and p = o(T) = J(T)<oo ,
it is possible to prove that

X = R(TP) @ n(TP)
without using the hypothesis n(T) = d(T)<©9, (Kaashoek mentions a proof
of this dus to Heuser). But in geheral Theorem 6.5(c) does not hold if
we omit the assumption that n(T) = d(T) e , as is seen from the
fcllowing example.

Let D be a subspace in the infinite-dimensional linear space X
such that dim X/D = 1. Suppoéa that T is the restriction of the null
operator from X into X, to D." Then D = N(T) and R(T) =. {U} , and hence

n(T) = d(T) = 400, «(T) = &(T) = 1. |

But x¥D = N(T) ® R(T).

Corollery 6,6: Let T, M and N satisfy the hypotheses of Theofem 663 .

Then n(T) = d(T)<oo and o«((T) = J(T)< @@, If «(T) = p, we have

RCPYAn(T?) = {0} and X = R(TP) @ N(TP).

Proof:
The conclusions about n(T), d(T), o(T) and J(T) follow from
Theorems 6.3 and 6.4. The fact that X = R(TP)® N(Tp) follows from

Theorem 6.,5(c).
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Remark: In Theorem 5.5(d) we proved that if D(T) = X, J(T) <% ,
and n(T) = d(T)<% then A(T) = c’YT). We are now in a position

to prove a stronger version of this theorem by weakening the condition

D(T) = X. We replace it by X = D(T9) 4 R(T), where q = J(T)<°° .
Clearly X = D(T) => X = D(TY) =>x = 0(T9) + R(T).
Theorem 6.,7: Suppose that n(T) = d(T)<°® and that q = J(T)< 9@,

Then o(1) = (1)

if and only if X = D(T9) + R(T)

Proof:
In the case X = D(T9) + R(T), our hypotheses imply that we have
equality in formula .(5-4) (see Theorem'S,S), and hence, since d(T)<00 ,

we have N(T)N R(TY) = «{b} . But then, as a consequence of Lemma 3,1,
we have p = (T) £q = S(T)<°° . |

since D(TP)ex = D(T9) + R(T) ,

Theorem 4.7 implies that o(T) = J(T). |

d(T)<%0 and g = o (T) = J(T)< o=,

N(TY) @D R(TY). since N(TH)e D(TT)

Conversely, suppose that n(T)

Then, by Theorem 6.5(c), we have X

and R(TY)CR(T), this impliss X = D(T9) + R(T). ' Q.E.D.

Remark: It is interesting to note that in the case n(T) = d(T)< oo
and p = &(T) = J(T)<=e , it is not necessary that D(TP) = D(Tp+l).
In order to show this, as a matter of gensral interest; we prove the

following theorem.

~ Theorem 6.8: Suppose that n(T) = d(T)4®© and that &(T) = J(T)< %@ ,
Then, for i = 0,1,2,~--,

D(T) o X o
p(Ti*l) o(T)
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329355: If X were a finite~dimensional space and DO(T) =& X, this result
would be clearly falss., But this can never happen, and the apparsnt
problem is easily resolved when we notice that n(T) = d(T)=>D(T) = X
if X is finite-dimensidnal. The proof runs as follows:

dim N(T) + dim R(T) = dim D(T). (a well-known result)
Let d,(T) be the defect of D(T), i.e dy(T) = codim D(T).
Then n(T) + [dim X -d(1)] = [t.:lim‘ X -_dl(T)J where dim X< ©O .
iees n(T) = d(T) = dy(T).

whence n(T) = d(T)=> d;(T) = 0=pD(T) = X.

Proof:

Let i be some non-negative integer. Since p = oRT) {co ,
we have R(Tp)CR(Ti). By Theorem 6.5, p = & (T) = cr(T) < %o
implies that X = R(Tp)eN(Tp)'. Combining these facts with
N(TP)C D(T), we obtain

R(TP) + N(TP)er(TY) + N(TPYer(TY) + D(T) X,

X

and hence X = R(T) + D(T). Then, by Lemma 2.3,

X . o(1) +R(1YH = rR(TYY
o1y o(T) o(T)n R(TY)

But then, as a consequence of Lemma'3.3,

X 4 D(Ti)
D(T)  b(Ti*l) . Q...
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CHAPTER VII

Reducibility

As usual, T is a linear operator with domain and range in the linear

space X. )

Suppose that My and M, are subspaces of X such thaf M N M2 = *{0}

and X = M &® MZ' Let Pl and P, be the projections of X on M, along M,

and on M, along M;, respectively, T is éaid to be completely reduced by
the pair (M, My) if |
(i) My and M, are' invariant under T, i.e. T [D(T)n Nj] M fori=1, 2,
(11) o; [o(m)] € (1) for i = 1, 2.

A set of necessary and sufficient conditions that this be so, is
that py [ 0(T)] € 0(T) and PyTx = TP;x if x € D(T). The corresponding
conditions are then satisfied by P2. The verification of these assertions
..is simple. It is also eaéy to check that if T is completely reduced by

(m,,M,), then so is T, if it exists.
1012

Assuming that T is completely reduced by (M;,M,), let T; be the
restriction of T to My (with D(Ti) = My A D(T)) where i = 1,2. The following

facts may be noted (we omit the proofs, which are straightforward and easy):

(7-1) o(T) = o(T,) @ 0(T,)

whence P, [D(M)] =m A o(M), i=1,2

(7-2) N(T)

N(Ty) @ N(T,).

(7-3) R(T)

R(T,) @ R(T,).

1 1

One sees that T™~ exists if and only if Tl' and Tz'l both exist.

Also, R(T) = X if and only if R(T;) = M; for i = 1,2. (Straightforward).
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Theorem 7.1: Let T be a linear operator in X which is completely
reduced by'(ml,ﬂz), and let T, be the restriction of T to m (i=1,2).

Then:

(a) n(T) = n(Tl) + n(Té) (The understanding, in the case where a
dimension is infinite, is that @+ p = p +00 =00 if p is a
non-negative integer or 00 ).

Hence n(T)<%0 if and only if both n(T;) and n(T2) are finite,

(b) d(7) = d(T;) + d(Tz) (with the same understanding as in (a)).

Hence d(T)<®2® if and only if both d(Tl) and d(T,) are finite,

(¢) X(T;)€ A(T) when i = 1,2,

If «(Ti) = pi when i = 1,2, then d(T) = max (pl,pz)o

(d) J(Ti)é d(7) when i

If JZTi).= q; when i = 1,2, then J?T) = max (ql, q2).

1,2.

(e) If n(T) = d(T)<e° and of(T)<Se , then n(Ti) = d(T7;)<°® and |

(1) = d(T;)<o® when i = 1,2.

(f) 1f D(T) = X, if n(T) = d(T)<®= , and if J(T)<SO , then

n(T;) = d(Ti)<°°' and o(T;) = 'J(Ti)<°° when i =.1,2.

(g) If n(T;) = d(T;)<e0 and of(T;)¢oe for i = 1,2, then

n(T) = d(T)<e® and &(T) = J(T)<®o,

Proof of (a): This follows from (7-2).

Proof of (b): Let M be a complement of R(T) in X, and let R; be

a complement of R(T;) in My (i = 1,2). In view of (7-3) and the
fact that X = My @ M,, we have
R(TI@®R(T)@® M = R(TLI® R(TL,) ® A @ 4y

Hence Aiﬁb R, is also a complement of R(T) in X; (b) is now evident,
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Proof of (c): It can be checked that T is completely reduced by

(ml;mz) and that the restriction of T" to m; is (Ti)n. Hence we can
. apply (7-2) and (7-3) with T" in place of T. Suppose now that

o (T) = p<oo |

If x € N(T1p+l), we see that

x € N(TP*) = N(P) = N(TPY@ N(T,P).

We can write x = x; + X,y where x; € N(Tip) (i =1,2). Then

. : p
X = X} = Xy, Here x - x; € N(Tlp+1) and x, € f\l(T2 ) C N(sz"’l)
But then x = x; = x, = 0, and so x = x; € N(TyP). Thus

«(T,) € p . By symmetry we see that A (T,) < p.
And if of(T) =00 , then clsarly X (T;) &€ «(T) when i = 1,2,

So in all cases X(T;) € «(T) when i = 1,2,

Conversely, supposs that o(T,) = p,4co , c((T2) =p,<%0,
and let p = max'(pl,pz). Then
NP = (TP @ N(T,P+1)

NTPY @ N(T,P) = N(TP)

so that A(T)< p = max (pl,pz). The first part of (c) now shouws

that max (“pl,pz.) < o(T)e Hence & (T) = max (pl,pz).

And if o (T,) = p, =00 or 4(T2) = p, =9 then max (pl,pz). = Oa ,

1
and q(T) = O by the first part of (c). So of(T) = max (pl’pZ)"

So in all cases, i.e. if plé°° or p2$°° , we have of(T) = max (pl,pz).

Proof of (d): This is similar to the proof of (c) and I omit the

argument,

Proof of (e)ﬁ Theorem 5.5(c) shouws that J(T)'= (7). Then

n(T3), d(T3), of(T;) and J(Ti) are all finite. (i = 1,2), by parts

(a) - (d) of the present theorem. By Theorem 5,2 we infer that
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n(Ti) £ d(Ti). Now

n(Ty) + n(7,) = n(T) = d(7) = d(T,) + d(T,)

so n(Tl) - d(Tl) :,d(Tz) - n(T2).

The lelt side here is not positive, and the right side is not negative.
Hence toth sides are equal to zero. So n(T;) = d(Ti)<°'° for i = 1,2,

We can now apply Theorem 5,5(c) to conclude that °((Ti) = ‘;kTi) (i =1,2).

This completes the proof,

Proof of (f): The arqgument is like that in proving (e), except that

we use Theorem 5,5(d).

Proof nf (g): By Theorem 5.5(c), J(Ti) = q/(Ti)<°° for i = 1,2,

Now n(T) = n(Tl) + n(T2)<°° by (a) of the present theorem
= d(Ty) + d(T2)<°n

= d{T) by () of the present theorem,

-
[
1]
C

—~
—

~
1

max [d(Tl), O((TQ)J<°° by (c) of the present theorem

max (JYTl), JYT23<°° by Theorem 5.5(c).

J(T)(OO by (d) of the present. theorem,



CHAPTER VIII

Products of operators. '

In this chapter we deal with linear operators in X which have all

of X as their domain. No topology is required, We follow Taylor (/3 ).

Theorsm 8.1: Suppose that T, and T2 are linear operators in X , sach
defined on all of X. Suppose n(Ti) = d(Ti)<C*’ y 1i'=21,2.
(a) Then n(Tsz) = d(T1T2)<C*3 .
(b) 1f we also assums that fsz = T,T; and that O((Ti) and
‘S(Ti) arg finite for i = 1,2, thenc((Tsz) and cf(Tsz)are

finite and equal,

Proof of (a): By Theorem 6,1(c) we can write T; = A; + Bi’

where A. and B; are linear, defined on all of X, dim R(B;)£L n(T )y
and A. is a one-to-one mapping of X.onto X. \Urite
T1To = AjAy + (A1By + ByA, + B;B,),
We see that AlAz is a one-to-one mapping of X onto X, and
o + BlA2 + 8182 hés fiﬁite-dimensional range. Hence
n(T,T,) = d(T,T,)< =0, by Theorem 6.2,

AB

Proof of (b): Observe that (Tsz)n = TlnTzn. We see inductively

from (a) that n(T) = d(T%)<®o , k = 2,3..., and that

n-[(Tsz‘)k] = d [(Tsz)kJ<°° v k= 1,253,000 o Let A(T,) =p,. Then .

MT¥) e w1 PL) if K = 0,1,2,..., and hence n(T, ) < n(1.P1),
| k K
Now N(leTzk) = {x: T,x € N(T, )}
. k. k -1 w [ K
that is, N(T “T,°) =(T,%) N(le), and so T2'<{m(-Tl"T2 )}c N(T ).

 Also, N(le) C:IV(leTzk), because Tl T2 = 7. k- K, Hence

k k. K (v ke K
T, {N(Tl T, )}c N(leT2 ) If we let T be the restriction of Tzk to

63,
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N(leTzk), we know from algebra that

dim R(T) + n(T) = n(T, k1K),
Clearly dim R(T) € n(T,¥) and n(T) £ n(TX).
Therefore n(leTzk) £ n(le) + n(Tzk),

ke k | Py p
and hence n(Tl T2 ) £ "(Tl )+ n(T2 2)‘

It now follows from Lemma 4,1 that‘W(Tsz)é n(Tlpl) " n(T292)<oo

It then follows from Theorem 5.5(c) that JZTITZ) = O((T1T2)<°°. Q.E.D.
Remark: The next theorem is a sort of converse,

Theorem B8,2: Suppose that Tl and T2 are linear operators in X, each

defined on all of X. Suppose that T,T, = T,T,;, n(T;T,) = d(T,T,) <=
‘ 1'2 2'1 172 1'2 .

and that &(T)T,)<®>. Then n(T,)

d(Ti)<°° and
o (Ty) = d(T)<ea, (i = 1,2). |

Proof: By Theorem 5.5(c) A(T,T,) Cf(Tsz)<¢>o . Let

p= &(T.T.) = J(T,T,)s Since (T,T.)% = T7.%, it follous
P 1720 172 172

from Theorem 8.1(a) that n(Tlpsz) = d(Tlpsz)<°° . Now,

it K ke ky _ ke k pr P

N(T ) e N(T,0TT) = N(T T ) € N(T,PTLP)
if k3 0, and hencse .n(le)s n(Tlpsz)<°o . Also,

-k k_ k p. P

R(T, ) D R('Tl T, )2 R(T,T,0)
if k2 0, so that d(le)é d(Tlpsz)<oo « It follows from
Lemmas 4.1 and 4,2 that a((Tl) and ¢§(Tl) are finite, and therefore
equal by Theorem 4,7 and the subsequent remark. It follows by
Corollary 5.4 that n(Tl) = d(Tl)<°O . The same considerations

apply to T, because TyTo = TZTl . . Q.E.D.
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CHAPTER IX

Closed linear opsrators in normed linear spaces.

In this chapter we deal with closed linear mappings from one normed
linear space to another. In some cases we need completeness of one or

more spaces. Some proofs are omitted.

"Lemma 8,1: Let T be a closed linear mapping with domain in X and range
in Y, where X and Y are normed linear spaces. Suppose that, for each
conditionally compact (relatively compact) set S in Y, the bounded subssets

of T~1(s) are conditionally compact. Then n(T)<©9 , and R(T) is closed.

Proof: It is clear that n(T)<®e, for N(T) = T2 {0} and {0} is

compact in Y, so that the bounded subsets of N(T) are conditionally compact.

In proving that R(T) is closed, we observe, firstly, that if {xn} is
a sequenca in D(T) such that Tx,-»y and y & R(T), t.hen {"n} is not
bounded. For, the set coﬁsisting of the Tx,'s is éonditionally compact,
and so0 if {xn} were bounded it would contain é convgrgent subsequence,

say lim x”i = x, because the set of x_'s would be conditionally compact.

i»oo

n
But then, from xni-) Xy TXp, = y‘and the fact that T is closed, we could
i

conclude that x € D(T) and Tx = y, contradicting y¢ R(T).

We now suppose that R(T) is not closed. Then there is a sequence-(;;}
in O(T) such that Tx,—y, where y & R(T). The fact that T is closed
implies that N(T) is closed, Certainly y=#= 0, and hence Tx, ¥ 0 i.e.
xn¢ N(T), if n is sufficiently large. UWs can assume that x, ¢ N(T) for
every n. Then thé distance dn from x, tb N(T) is positive, Let {én} be

a sequence of positive numbers such that €,—> 0. Choose un€ N(T) in
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such a way that "xn - uq" £ (1 + En)dn. We observe that

T(xn - un) = Txn—-)y, so that (xn - "n} is not a bounded sequence,

Choose NysNyyeee 80 that 1lim "x"i - uniu =00, Let w; = Xne = Up, o
j-»o0 —t 1
"xni - uni"
Txn.

Then ""’1“ =1 and Tw :

b = —————— —~—»0, The Tuw;'s form a
,i “xni - uni” *

conditionally compact set and the w;'s form a bounded set. Therefore
the w;'s form a conditionally compact set. Let i15i99... be a subsequence

such that "‘ik""' as k=00, Since T is closed and Twike 0, we infer
that w € D(T) and Tw = 0, ie w € N(T). Then Un; + " Xny - U”i“ w & N(T),

and so

dn, &

i

%ng = Uny = Moo, = o, B o ” “fxng = o, Il -] s - w)
dnié (1 + E”i)d"i ""’i - wu , and 1 £L(1 + Eni) ""’i - w" .

This contradicts the fact that wy, > W Thus R(T) must be closed.

Remark: For the converse we need complete spaces.,

Lemma 9.2: Let X and Y be Banach spaces. Lst T be a closed linear
operator with domain in X and range in Y. Suppose that n(T)<°° and
that R(T) is closed. Then, if S is a.conditionally compact set in Y,

each bounded subset of T'l(S) is conditiocnally compact.

Proof: Since n(T)< % , there exists a continuous projection P of X
onto N(T). We can then write X = R(P)@® N(P), where R(P) = N(T).

Suppose x € D(T). Then px € N(T) € o(T), and.hence x - Px & D(T).
Note also that x - Px € N(P). We see that Tx = T(x = Px), and hence

R(T)

T (D(T) n N(P)] . If x€0D(T)n N(P) and Tx = 0, then x € N(T) = R(P),

so x = 0. So on D(T)AN(P), T is one-to-one. Hence, if we define T, as

follows: D(T;) = D(T) e N(P), Tyx = Tx when x €0(T,), we see that T
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is a one-to-one mapping of D(T;) onte R(T). The fact that T is closed

1 is closed. Since X

implies that T, is closed, and thus also that T;~
and Y are complete, the closed subspaces N(P), R(T) can be regarded as
complete spaces in themselves. But then, by the Closed Graph Theorem, -

Tl'l is continuous, for it is a closed linear mapping of all of R(T)

into N(P),.

Now let S bé a conditionally compact éet iny, aad lét Q be a
bounded subset of T~1(s). Supposs {;n} is a sequence in Q. Then
{Pxn} is a bounded sequence in N(T). Hence, because dim N(T)< Ca .
there is a subsseguence {Vq} of {;ﬂ} such that‘{bvéiis convergent.
Now, Tv, € 5, and therefore there is a subsequence {Q&} of {Vn} such
that {Twn} is convergent. But

Twy = TPuy + T(uy = Pup) = T(uy = Puy) = Ty (w, - Pwn), or

W, - Pu, = Tl-l(Twn). From this we ses that{wn} is convergent,
Since {“n} is a subsequence of {%g} » we have proved that Q is conditionally

compact;

Remarks:

1. In Lemma 9,2 the only use of completeness of X and Y was in
establishing thatN(P) and R(Tj are complete spades.

2. The next lemma deals with a reformulation of the property which

occurs in Lemmas 9.1 and 9.29

Lemma 9,3: Let X and Y be normed linear spaces, and let T be a closed
linear mepping with domain in X and range in Y. Then
(a) If T has either of the following two properties (i); (ii), it

has the othér;

Property (i) : If S is a conditionally compact set in Y and Q is

a bounded subset of T'I(S), Q is conditionally compact.,



Property (ii): If G is a compact set in Y and F is a closed and
bounded subset of T'l(G), then F is compact,
(B) If T has property (i) and F is a closed and bounded subset of D(T),

then T(F) is a closed sst.

Remark: We do not insist that S and G be:contained in R(T), but our
statements are valid in the special cases when S & R(T) and GCR(T).
When, however, we talk of T'l(s) and T'l(G), we mean T"l(SIIR(T))and

HenR(T)).

Proof of (a): Suppose T has property (i). UWe are required to prove

that T has property (ii).

Let G be a compact set in Y.

Then G is a conditionally compact set in Y (since G = G).

Therefore, by property (i), if F is a bounded subset of T-l(G), F is
conditienally compact.

Therefore, if F is also closed (ie closed and bounded), F is closed and
conditionally compact,

ie F = F and F is compact.

Therefore F is compact.

Hence Property (i) implies Property (ii).

Now suppose that T has property (ii). We ars fequired to prove
that T has property (i).
We first show that if H is a compact set in Y and T is a closed linear
operator, then T'l(H) is closed.
Select {xn} in T'l(H), X ~>X. UWe must show x € T'l(H).
Now for all patural numbers n, Tx, éIT(T'l(H)) = H and H is compact in Y,
Therefore from the infinite sequence {%xé} we can sslect a convergent

subsequence {Txni} with lim Txnie H.

68.
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So Txni-Q)y € H and xn{-q Xe
Since T is closed, y = Tx. Hence Tx € H, whence x € T"l(H).

Therefofe'T'l(H) is closed.

Now let S be a conditionally compact set in Y and let Q be an
arbitrary bounded subsst of T-l(S). We must show that Q is conditionally

compact.

Let G =S, Then G is compact in Y.

Let F

Q . Then F is bounded (qQ bounded implies‘E bounded in any
topological vector space) and closed as a subset of the space X.

In fact, F is a closed and boundaed subset of the set T‘l(G) for,
putting G = H in the proof above, we see that T'l(G) is closed, whence
acTis)e THE)=F = Te T7HE).

Therefore, by property (ii), F is compact and Q is conditionally compact.

Proof of (b): Recall that if T is a linear map from a normed space X into

a normed space Y, then T is closed if and only if:

for all sequences {xn} c o(T), X —>x | => x € O(T) and Tx = y
Txn"y

We are required to prove that T(F) is closed, i.e. if we take
{vo} € T(F), y =>y, then y € T(F).
Since F € D(T) and Y, € T(F), there exists x € F such that y, = Tx .

So Txn-—oy.

Now, since x_ € F and F is bounded, {%n} is bounded,
Alsc since {yn} is a convergent sequence, S = {ﬁxn} is conditionally
compact, - | v
So we can apply property (i) with @ = '{xn}- , a bounded set of points
in T"1(s). By property (i), Q is conditionally compact. Therefore
we can select a conve?gent subsequence {;”i} of {%n} .

Let Xp ™ X o
i



Now {xn } C o(T) and Tx,.~>y. Further, T is closed,
: i i

So, since xni%x and Tx_ .3y we have x € D(T) and Tx = y by our
i

initial comment,

Also x,. € F and F is closed, whence x € F ,

Therefore y = Tx € T(F) as required. Q.E.D.

Lemma 9.4: Let X, Y, Z be normed linear spaces. Let A and B be
ciosed linsar mappings, with D(A) C X, R(A)C Y, DO(B)c Y, R(B)e z.
Let C be defined as follows:

b(c) = {x: x€ D(R), Ax € D(B)} , Cx = BAx.
Suppose that A and B have property (ii) as in Lemma 9.3, and suppose

that C is closed. Then C has property (ii).

Proof: Let G be a compact set in Zvand let F be a closed and bounded
subset of C-l(G). We wish to prove that F is compact,

Observe that A(F) € 8'1(6), because x>€ F implies Cx = BAx‘ € G, and

sa Ax € B"l(G).r We know that A(F) is closed (see Lemma §.3)._ If we

can show that A(F) is bounded, it will be compact, because B has pfoperty
(ii). But F € A'l(A(F)), and it mill then fellow that F is compact

by the property (ii) of A.

Proof that A(F) is bounded;
| Suppose the contrary., Then there is a sequence {;n}-in F such that

" Axn""'?' ©9, UWe can assume that Ax, = 0. Now C(F) € G, so BAx  €G,

and G is a bounded set (being compact). Let Yo = AXn . Then
x
BAx, n
By —» 0 because {be } is bounded,
n NAX “
Now, " yn“ = 1, so the Yn's form a bounded set which is mapped by B

into a COnditionally~compact set. Hence there is a convergent subsequence

{yni} with limit y. Observe now that

70,
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x ,
"A;(_ni" —»0 as i —» 00 (because xniﬁF and F is bounded), and
n-
i

( Iy
A — = y .ﬁ Y.
ll’_"‘nill i

Since A is closed, it follows that 0 = A(U) = Y. This Eontradicts

"yu = 1 , and the proof is finished.

Theorem 9,5¢ Let X be a Banach space; and let T be a closed linear
operator with domain and range in X. Suppose also that all powers
T2, T3,... are closed. Then, if n(T)<®° and R(T) is closed, it follows

that n(T)<®o and R(TK) is closed, k = 2,3,... .

Proof: We appeal to Lemmas 9.2, 9,3, 9.4, 9.1, and use induction.

The proof is straightforward.

Lemma 9.6: (Riesz's Lemma) Suppose that X is a normed linear space;
Let Xo be a subspace of X such that Xo is a closed and proper subset
of X. Then for sach © such that 0 €8< 1, thers exists a vector

x5 € X such that; “xell =1and |x - xe")O for all x € X,.

.o- o. > . ( = i - .
i.e /o(xe 1Xo)26 wheref(xe vXg) Xle?;o “x xe“
Proofs: See Taylor ( /L), Theorem 3,12-E.

Theorem 9.7: Let T be a compact linear operator from the normed
‘linear space X into X, and let A% 0 , Then

A(AT -T) = (A1 -T)< %0,

Proof: Suppose that_a((A I-T) =90, |

Then N [(/\Iv - T)r_‘-l_] is a propef closed subspace of N [(,\_I - T)"] = N,
for n =1, 2,... . By Lemma 9.6 there exists x, € N, such that
"xnu = 1 and "xn - x"), % if x€ Np_1. Assume 1& m<n and let

Z = Xp + AHAT - T (%, = Xp)
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Then (A1 - T)™1z = (A1 - T)“‘lxm e Xtar-mn (% = %) = 0
and so z € N,_;. Hence “ X, = z" )Y %'. But we easily calculate

that Tx = Tx = A(xn - z) and so’ "Txn - Txm‘l) '%' > o.

This shows that {Txn} can have no convergent subsequence even though
: {"n} is bounded. This contradicts the fact that T is compact,
Therefore &(A1I - T)Keo, | -

The proof that cf(/\l - T) is finite is similar.: Suppose J(AI - T) =00 .

Then R [(/\I - T)nJ = R, would be a proper closed subspace of Ro-1

for n = 1,2,... . By Riesz's Lemma we choose yn€ Rn such that
”ynu =1 and "yn - y"),% for all y €R_,;. If 1< m< n let
W=y, - Al (A1 - Ty, + ;\_-l (M1 = Ty,

We can write y, = (A1 - T)kxk for some x, . Thus

W= (AT = D)% = ATHAT - ™A AT (a1 - 1™

from which we see that w € R ;. Therefore “ym - w"é -;- .
A
But Ty, = Ty, = Ay, - u)'- and so uTym - Tyn") %—l > 0

So {Tyn} has no convergent subsequence. This contradicts the
compactness of T, Therefore J(AI - T)o0O ,
Hence of (A I - T) = J(a\I -~ T7) <99 by Theorem 4.7 and the remark

which followed, . Q.E.D.

- Remark: If T is closed and X'complete there is a connection betwesn
Theorem 9.7 above and the purely algebraic Theorem 5.7, since by the
Closed Graph Theorem D(T) = X implies T is bounded. Also, every
bounded operator with finite-dimensional range is compact, and in

Theorem 5,7 we have dim R(T)<£©0 , Both theorems require A+# 0 and

prove o (AT = T) = J(A1 - 7)K%,



73.

CHAPTER X

e ———————

Conclusion

The stage is now sset for the study of the applidations of nullity,
defact, ascent and descent to Spectral Theory for closed linear operators
in Banach space, These quantities have wide applications to both Spectral
Theory and Perturbation Theory, whichvare, unfortunafely, beyond the
scope-of this thesis, References will be given a little later., 1In the
meanwhile, in order to whet the reader's appetite for more, I.present a
summary of a proof to illustrate how nullity and defect can be appliad to
Perturbation Theory., The proof is due to D. van Dulst (45), who entitled
it a "Functional Analytic Proof of Rouchd's Theorem", He.shows how |
Rouché's theorem~(cf Saks and Zygmund (// )) can be derived from a
.perturbétion theofam for linear operators in Banach spaces which is

due to T, . Kato (8 ).

Theorem 10.1 Rouché's Theorem

Let f and g be analytic on a bounded open set G in the complex
plane, and continuous on the closure G. lg(z). < 'f(z)' for all
z € G\\G then f and f + g have the same number of zeros in G (a zero

of order p being counted p times).

Summary of proof:

Firstly, B(G) is defined as the Banach space of all functions h

continuous on © and analytic on G, with norm llh" = sup lh(z), .
z€ G

Our object is to prove that the number of zeros of f equals the

number of zeros of f s+ g. To this end van Dulst produces an operator

T¢ on B(G) such that d(T¢) équals the number of zeros of f, and which
with T satisfies the condltlons of Kato's perturbation theorem, whence ‘

d(TF+g) = d(T¢) i.e. the required result,
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We note in passing that Ty is nothing more than the multiplicative

operator defined by T¢h = fh,

To show that the codimension of R(T¢), viz d(T¢), equals the
number of zeros of f, vaﬁ Dulst produces a subspace N oF'B(E) which
is a complement (i.e. a "direct sum" gomplement) of R(Tf)'and has
diménsion equal to the number of zeros of f, The rest of the proof
is taken up with showing that T¢ and Tg satisfy the conditions of Kato's

theorem,

Remarks:

This proof is longer than the‘usual Complex Variable proof.of
Rouché's Theorem, but van Dulst claims for it the advantages that
"using this approach one neeas only two facts concerning analytic
functions, namely the possibility of power ssries expansion and the
maximum modulus principle. No integrafion is involved in this proof",
It is true that the proof avoids confour integration, but if this is
the advantage one is claiming for it, one must prove all one's sub-
sidiary results withopt using integration, and, for example, the
process of powef series expansion, as normally done, doesvrequire

complex integration.

The folldming is an instance where this problem can be rectified,
We have at ons stage

(10<1) F(z) = ao+al(z-zl) + a2(z;zl)2 teoot apl_l(z-zl)plfl-»(z—zl)pl H(z)

where F(z) € 8(G), and we needvto know that H(z) is analytic in a
neighbourhood of 22(22*21)’ so that we can expand H(z) in a neighbour-

hood of z, as an analytic function,



It is tempting to invoke Theorem 8 on page 101 of L.V. Ahlfors'
"Complex Analysss" (Internstional Student Edition), (McGraw-Hill,
Kogekusha) (1953), but this theorem depends upon the preceding. theorem
(Theorem 7)'whicH does require integration. So we must find a differsnt
proof. The difficulty is that z, may not lie in F(z)'s circle of

cdnvergence about z;, UWe overcome the problem as follows:

' -1
Let g(z) = ag + aj(z-z7) + 32(2-21)2 teeet apl_l(z-zl)pl

F(z) - q(z (derived from (10-1) )
(Z-Zl)pl

Then H(z)

Now F(z) is analytic in a neighbourhood of z, (since we are given that
it is analytic in G). And g(z) is analytic in s neighbourhood of z,.
1 ,
Also —— 1 is analytic in a small enough neighbourhood of z,
(z~-23) ' |
(given 22 % 2,). Therefore H(z) is analytic in a neighbourhood of z,.
In conclusion it should be pointed out that one definite advantage

of van Dulst's proof is that the boundary need not consist of a finite

numbar of rectifiable simple closed curves,

We conclude by iisting a_few research. papers which deal with
further developments in the theory. The applications of n(T), d(T),
A (T) and ;f(T) to Spectral Theory are discussed in Kaashosk (G ),
Kaashoek .and Lay (7 ), Caradus (3 ) and (2 ), Lay (.9 ) and, of
course, Taylor (/3 ) Section 9. The applications of n(T) and d(T) to
Perturbation Theory are discussed in Caradus (2 ), Kaashoek ( 4 ) and
Beals ( l>), whilst van Dulst generalises certain perturbation theorems

in Banach spaces to locally convex spaces in (/4 ).
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