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0.1 Introduction

The compact operators on a Hilbert space are those operators for which the image of
the unit ball is relatively compact in the norm topology. These operators form an ideal,
in the algebra of all continuous linear operators on the Hilbert space, which is closed
in the uniform norm. In the case that the underlying Hilbert space is separable this is
the only such ideal, while for non-separable Hilbert spaces the norm-closed ideals are
easily characterised by means of cardinal numbers.

The algebra of all continuous linear operators on a Hilbert space is a specific example of
a von Neumann algebra, and the theory of compact operators and the ideal they form
admit certain generalisations to von Neumann algebras. One of the characterisations
of the ideal of compact operators is that it is the closure of the ideal of finite rank
operators, and hence the closed ideal generated by the finite dimensional projections.
Kaftal has considered the ideal of so called algebraically compact operators, which is
defined to be the closed ideal generated by the algebraically finite projections in the
von Neumann algebra, and has shown that this ideal consists of those operators which
map the unit ball to sets which have compact-like properties. This characterisation was
generalised to arbitrary norm-closed ideals by Stroh.

In this thesis we explore the extent to which norm-closed ideals in von Neumann algebras
resemble the ideal of compact operators on a Hilbert space. We extend the theory
developed by Kaftal and Stroh, and show that arbitrary ideals in von Neumann algebras
can be characterised in terms of bornologies and topologies.

We also consider continuity characterisations of norm-closed ideals in von Neumann
algebras, generalising the characterisation of the compact operators as being those that
are continuous from the unit ball equipped with the weak topology, to the Hilbert space
equipped with the norm topology. Furthermore we briefly consider sequential continuity
characterisations as first analysed by Kaftal in the case of the algebraically compact
ideal.

Finally, in the case of a semifinite von Neumann algebra equipped with a faithful semifi-
nite normal trace 7, we generalise the characterisation of the compact operators given
in terms of the singular value sequence, by showing that the ideal of T-measurable op-
erators whose generalised singular function decreases to 0 possess many of the same
properties as the ideal of compact operators.

We now give a more detailed discussion of the contents of each of the chapters.

In Chapter 1 we analyse the properties enjoyed by the set of projections that belong to
a given ideal. Conversely, one can ask to what extent these projections determine the
ideal in question. This old problem has been fully solved by Wright via the study of p-



ideals; he showed that every closed ideal is the closed ideal generated by its projections.
This generalises the fact that the ideal of compact operators is generated by the finite
rank projections. In Chapter 1 we give a brief summary of the theory of p-ideals as a
proper understanding of this theory is crucial for later developments. Furthermore we
derive some new results, some of which are used extensively in subsequent chapters.
We also give a number of straightforward examples of p-ideals, and introduce a class of
p-ideals which we call op-ideals.

In Chapter 2 we consider the quotient map
T: M- M[T

where T is a norm-closed ideal in a von Neumann algebra M, and spectral theory
in this quotient algebra (which is in fact a C*-algebra). We also examine Fredholm
theory in the quotient, as developed by Olsen for example, and show that the quotient
algebra behaves very much like the classical Calkin algebra. Some of the material here
is the work of others (although in many cases we offer new or improved proofs) but is
necessarily included as it forms a basis for subsequent developments in the thesis.

In Chapter 3 we show that for any ideal 7 in a von Neumann algebra, T not necessarily
norm closed, there exists a topology ¢(Z) on H which characterises T in that for x € M,

xeI & x:(H,tT) - H, )

is continuous. A dual bornological characterisation is also derived : we consider a
bornology (), which is in fact the equicontinuous bornology of ¢(T), which charac-
terises 7 in that for x € M,

x€I & xBy € bI)

These results apply in particular to the smallest ideal generated by a p-ideal, and we
spend some time discussing this case, in order to prepare for subsequent developments.
There are numerous parallels in this chapter to the theory of ideals of operators between
Banach spaces as developed by Pietsch, and in particular to the characterisations due
to Stephani of injective and surjective operator ideals.

In Chapter 4 we study a total boundedness characterisations of norm-closed ideals
by considering a generalisation of the measure of non-compactness. This function,
called gz, is seen to satisfy all of the usual properties of the standard measure of non-
compactness and moreover determines 7T in that

x€TI & qr(xBn) =0

In the case that the ideal in question is the ideal of compact operators on H, the function
gz does in fact reduce to the standard measure of non-compactness.

In the last section of Chapter 4 we study an application of the function gr to left-
Fredholm operators.



In Chapter 5 we generalise the characterisation of the compact operators, as being those’
which are continuous from the unit ball equipped with the weak topology to the Hilbert
space equipped with the norm topology, to any norm-closed ideal in a von Neumann
algebra. Observing that the weak topology is determined by the p-ideal of the compact
operators, we find that the topology which is determined by the p-ideal of the given
ideal leads to an analogous characterisation. In this chapter we make substantial use
of the theory of mixed topologies.

In the last section of Chapter 5 we look at some ideals determined by sequential conti-
nuity criteria. It is known that the compact operators are those which are sequentially
continuous from the Hilbert space equipped with the weak topology to the Hilbert
space equipped with the norm topology. This has been generalised for the ideal of al-
gebraically compact operators by Kaftal but substantial hurdles remain in the general
case.

In Chapter 6 we suppose M is a semifinite von Neumann algebra equipped with a
faithful semifinite normal trace 7, and consider the algebra M of 7-measurable operators
affiliated to M. This is of course an algebra of unbounded operators. We briefly analyse
the ideals in M that are closed in the topology of convergence in measure and seé that
there are a number of connections between measure-closed ideals in M and norm-closed
ideals in M, some of which are established by means of further work with p-ideals.

For most of Chapter 6 we study the ideal of 7-compact operators, which consists of those

operators whose generalised singular function decreases to 0. This gives an appropriate

generalisation of the characterisation of the compact operators as being those operators
whose singular value sequence decreases to 0. Furthermore, we show that this ideal
satisfies many of the compactness-like properties of ideals of bounded operators already
discussed.

In the last section of this Chapter we use properties of the 7-compact operators previ-
ously established to prove a commutativity result for the trace .



0.2 Index of notatio_n

Our conventions for Hilbert spaces are as follows: pomts in Hllbert space will be denoted
by &, {, 1, etc. Furthermore:

H Hilbert space

By unit ball of the Hilbert space ’H
coB  convex hull of B

@B  closed convex hull of B

ac B absolutely convex hull of B

@c B closed absolutely convex hull of B
[B] closed subspace generated by B
B(H) algebra of all bounded operators on H
K(H) compact operators in B(H) -

F(H) finite dimensional operators in B(H)
P(H) -power set of H

There is a one-to-one correspondence between closed subspaces of a Hilbert space H and
selfadjoint projections on H. On occasion, to prevent notation becoming cumbersome,
we do not distinguish between a closed subspace and the projection onto that subspace.
Remember that [B] denotes the closed subspace generated by B.

Our conventions concerning linear operators are as follows: we use x, y, z for bounded
operators and also densely defined unbounded operators in a Hilbert space. Bounded
operators are understood to be everywhere defined. The symbol u will usually denote
a unitary operator and v a partial isometry, although this will always be made clear i in
the context. Furthermore:

(x) domain of x, only used for unbounded operators
xCy D(x) C D(y) and x¢ = y¢ for all £ € D(x)
1 , the identity operator on H
Xy X — A
a(x) spectrum of x
p(x) resolvent set of x
xt positive part of the self-adjoint operator x
X~ negative part of the self-adjoint operator x
Ker(x)  null space of x
N(x)  projection onto Ker(x)
r(x) right support projection of x, also called .
supp(x) .. the support of x. It coincides with 1 — N(x)
range(x). range of x
1(x) left support prOJectlon of x, which coincides with ...
R(x) ... the projection on the closure of the range(x)



We follow the following notational conventions concerning von Neumann algebras and
their subsets:

M A von Neumann algebra, understood to be a subalgebra of B(H)
B unit ball of M :
M set of unitary operators in M

M?*®  set of self-adjoint operators in M

M?P lattice of self-adjoint projections in M

n(M) algebra of closed densely defined operators affiliated with M
M commutant of M in B(H)

Z(M) . centre of M, that is, M N M’

AP AN MP, where it is usually understood that A ¢ M

Ase AN M* where it is usually understood that A ¢ M

((B)) two sided ideal in M generated by B ¢ M

[[B]]  closed two sided ideal in M generated by B ¢ M

p~q p and q are equivalent projections

P- algebraically finite projections in M?

M. ideal of algebraically compact operators

. If p and q are equivalent projections in a von Neumann algebra M, and this equivalence
is implemented by the partial isometry v in the sense that v*v = p and vv* = q, then
we will notate this as p~q.

Topologies will be denoted by ,#, v, etc. This applies both to topologies on Hilbert
spaces or on von Neumann algebras. In either case the symbol ||.|| denotes both the
norm, and the topology induced by the norm. Furthermore:

4 ~ convergence in the topology u

wo the weak-operator topology
so  the strong-operator topology
o the weak topology on H



0.3 Prerequisites

The Spectral Theorem

We will need some advanced spectral theory and operational calculus in the course of
our work; it is appropriate to state in some detail the versions and results that we will
be using.

Much of our work is with bounded operators, but we will also make a substantial amount
of use of the spectral theory of unbounded operators. When dealing with unbounded
operators, we always consider closed densely defined operators. In particular, the sum
and product operations are the strong operations i.e. the closure of the ordinary sum
and product. This makes sense since the sum and product of closed operators are always
preclosed. Furthermore, we follow the usual convention that the operator norm of an .
unbounded operator is infinite.

Suppose M is a von Neumann algebra; denote by M? the lattice of all self-adjoint
projections in M. The following definition will more than suffice for our purposes.

Definition 0.3.1 A spectral measure is a Boolean algebra homomorphism
B(C) - MP:B —ep

such that ec = 1. (Here B(C) denotes the algebra of Borel measurable subsets of C.)

A spectral measure is said to be countably additive if

o0
Z €B; = eUZ’Zx Bi

i=1

for {B;} a disjoint sequence in B(C).

Theorem 0.3.2 [DS88] Theorem XII 2.3, [KR86] Theorems 5.2.1, 5.2.2, 5.6.18
Suppose My is the abelian von Neumann algebra generated by a self-adjoint operator
x acting on a Hilbert space H. (For von Neumann algebras generated by unbounded
operators, see [KR86] Remark 5.6.11.) Then o(x) C R, and there ezists a countably
additive spectral measure e.(x) with range in My that vanishes off o(x).

We put
etv(x) = e(—oo,t] no(x) (X)

The family {e:(x) : t € R} is called the spectral family for.x, or the spectral resolution
of X, and satisfies the following properties :-

(a) If t) <ty then ey (x) < e, (%)



(8) The family is right continuous, that is, e,(x) | e(x) as s | ¢
(c) e(x) 11 as t 1 oo

(d) ex) 1 0 as ¢ | —o0

(¢) xe(x) < tex) fort € R

(f) t(1 —e(x)) S x(1 —e(x)) fort eR

The spectral measure e.(x) is uniquely determined subject to the above conditions.

Suppose M,‘%’ C(X), where X is an extremely disconnected compact Hausdorff space.
Suppose further that x € M i.e. x is bounded. Ifx corresponds to f € C(X) then e,(x)
-corresponds to the characteristic function of .

Xi={zeX:f(z)> t}l
which is the largest clopen set on which f <t.

(If x is unbounded then a similar characterisation holds, although this is technically
somewhat more complicated - and we will not need to make use of it - so we will not

deal with it here. For details see [KR86] Theorem 5.6.12, and §5.6 in general.)

The .épectral family determines x in the following manner:

(a) | |
D(x)={teH: /_ 2 dlles()E]I” < oo} (0.1)

(b) For £ € D(x) and ( € H ,
| (6,0 = [ tdee (02

o}

~ A closed operator x with domain D(x) dense in H is said to be affiliated to M if
yx C xy for all y in the commutant M’ of M. The collection of affiliated operators is a
*-algebra with respect to strong sum, strong product and the adjoint operation. This

algebra will be denoted n(M).

The following theorem deals with the operational calculus.

Theorem 0.3.3 [DS88] Theorems XII 2.6 and 2.9, [KR86] Theorem 5.6.26

If My ts the abelian von Neumann algebra generated by a self-adjoint operator x acting
on a Hilbert space H, then there exists a homomorphism f — f(x) of the algebra B(o(x))
into n(My), which maps the constant function 1 onto the identity operator 1 and the
identity function id,(y) onto x. For f € B(o(x)), the operator f(x) has the following
properties:

10



()
| D(f(x)) = {e €M [ IF@ dles(x)E]]* < o0} - (03)

(b) For ¢ € D(f(x)) and ¢ € H
| 6060 = [ £(2) dfes), 04)

(c) f(x) commutes with eg(x) for any B € B(C).

(d) |
If(l = e.(x) —ess sup |f(t)]= inf sup |f(t)| (05)

tea(x) BG(B()Ri teBno(x)

and so f(x) € M iff f is e.(x)-essentially bounded.

(¢)
o(fx)= [ f(B) (0.6)
:;?‘iﬁfi

(f) If f is real valued then f(x) is self adjoint and

eB(f(x)) = ef-n(B)(x) (0.7)
for every B € B(C) »
(9) The map f — f(x) is o-normal, that is, if fu(t) T f(t) for e.(x) —a.e.t then fn(x)

is increasing in the partial order and so-convergent to f(x).
(k) If f = xB, where B is a Borel set, then f(z) = ep(x)

(i) If f(t) = { oA for 2 ) then (x) = xt and ex(x) = N(x}).

Duality theory

We assume some basic knowledge of duality theory for topological vector spaces and in
particular the properties of polars, as found, for example, in [RR64].

First recall that any member of (H, ||.]])’ can be represented as (., y) for y € H, by the
Riesz Representation Theorem, and it follows that (M, ]|.]|)’ is conjugate-isomorphic to -

H.

Since polars are 1nva.r1a.nt under conjugation, 1t suffices to consider polars to be taken
in H, rather than in (*, ||.||)’. Therefore we work throughout with the pairing (H, H),
with the inner product replacing the usual bilinear form, and are able to apply all the

11



standard results concerning dual pairs to this pairing. Expressed less formally : we
think of H as being its own dual. Thus we feel justified in using certain notation from
classical duality theory, for example, we define for B C H, '

B ={{eH:|({{ ()] <1VY(e B} (0.8)

From [RR64] Chapter II Lemma 6 we have that
x~1(B°) = (x*B)° - (0.9)

and from this it follows in particular that

xBy = (x*Bi)° ' (0.10)
(x_lBu)o = x"By (0.11)

xBC By & x'ByCB° (0.12)

for x € B(H), BC H.

We will also make some use of the properties of bornologies, as found in [HN77]. By
a vector bornology on H we mean a family B of subsets of H satisfying the following
conditions:

(a) If B € B and A C B then A € B;
(b) if By, B, € B then By + B, € B;
(c)if B€ Band A € C then AB € B;
(d) if B € B then co B € B.

A vector bornology is said to be convex (or simply a convex bornology) if in (d) we
have ac B instead of just co B.

Most sources require that a vector bornology covers the vector space in question, but
this condition is technical and much of the theory stands without this condition. We
will not make this requirement.

A base for a vector bornology B is any subfamily By of B such that any set in B is
contained in some set in Bqo. A collection By of sets is a base for a vector bornology
(called the generated bornology) if and only if it satisfies the following conditions:

(a) For By, ..., By € By there is a B € By such that B1+...‘+B,, C B;
(b) for B € By and A € C there is a B’ € By such that AB C B;

(c) for any B € By we have co B € B,.

12



The system will be a base for a convex bornology if in (c) we have ac B instead of just
co B. '

Reduced von Neumann algebras

For x € M, Q € MP, we denote by xq the restriction of Qx to QH, and by Mq the
set {xq : x € M}. Mq is usually called the reduction of M by Q.

The commutant of M is preserved under reductions: that is,
(M')q = (Mq)'

For a proof of this the reader may consult [Dix81] 1.2.1. It follows that Mq is a von
Neumann algebra acting on the Hilbert space QH.

It follows from the definition that the algebra Mgq is isomorphic to the algebra QMQ.
Denote this isomorphism by ~. We note that composition in Mgq is given by

xq¥q = (xQy)q

- The following result is well known.

Lemma 6.3.4
(Mq)’ ={pq:p € M?,p< Q} - (0.13)

Proof: Suppose p € MP and p < Q. Then

Pqrq =~ QpQQpPQ = QpQ =~ pq
and
Pq ~ QpQ = Qp*Q ~ p*q
and so pq € (Mq)*.

~ Conversely, suppose xq € (Mq)?. Then, in the same way as argued above,

| QxQ=(QxQ)" = (@xQ)?
Thus QxQ € MP and certainly QxQ < Q. Since (QxQ)q = xq, the result follows. B

We can therefore adopt the following convention concerning projections in Mq : while
in general a member of Mq will be denoted xq, where x is in the obvious sense arbitrary,
projections in Mq will always be denoted as pqg, where p is itself a projection in M,
and p < Q.

13



Ideals in von Neumann algebras

There are certain elementary results on ideals in von Neumann algebras that we shall
need. These are summarised in this section.

It is well known that the two-sidedness of an ideal in a von Neumann algebra is equiv-
alent to the self-adjointness of the ideal - see [KR86] Proposition 6.8.9. Furthermore,

xeTalxleT : (0.14)

since if x = v|x| is the polar decomposition then |x| = v*x.

The following result concerning the spectral family will prove very important. The
reader should note that this result coincides with [KR86] Theorem 6.8.1. There is in
reality no difference between this proof and the one appearing there, which ‘constructs’
the operator f(x) from topological first principles. -

Theorem 0.3.5 Suppose I is an ideal in M and x € I°*. Then
€(t,00)(X) € I? for every t > 0 : (0.15)

and .
€(—co,t)(X) € I7? for every t < 0 (0.16)
Proof:  Suppose A > 0. Consider the function

w={} & i5)
T.hen f(x) € M since f is bounded and |
| ) x= (D)) = (X)) = erem(x)

and so e(,\,oo)(x) € I. The case where A < 0 is quite similar. : [

Corollary 0.3.6 Suppose x € T. Then for every € > 0 there exists p € I” such that
lIx — xpl| < € or |[x - px|| < e.

Proof:  Suppose x = v|x| is the polar decomposition. Note that |x| = v'x € Z, and
hence p = €(,c0)(|x]) € I? by Theorem 0.3.5. Furthermore

lIx = xpl| = [[vix| = vIxlpll < [[[x} = [xIp]| = [lIx] ec(x])I| < €

and this completes the proof of the first case. The other case is similar. |

14



T-measurable operators

In Chapter 6, M will denote a semifinite von Neumann algebra of operators on a Hilbert
space H and 7 will be a distinguished faithful semifinite normal trace. In other places
where a trace is mentioned, this assumption will also be in force.

An affiliated operator x is called 7-measurable if for every ¢t > 0 there exists a p € M?
such that pH C D(x) and 7(1 — p) < t. The set of all 7-measurable operators, denoted
by M, is a *-algebra of operators on M where the sum and product operation is the
closure of the ordinary sum and product. The sets

M(et)={xe M:3pe¢ M” such that ||xp|| £ eand 7(1 — p) < t} (0.17)

form a base at 0 (as €,t > 0 vary) for a metrisable vector topology 7o, on M, called
the topology of convergence in measure. Equipped with this topology, M is a complete
topological *-algebra in which M is dense. In fact, if

_ x=v|x|=v/0°°)\ dey(|x|]) € M

then o
Xp = v/1 A dey(|x|]) € M

vfor all n € N, and x, =% x. For proofs of these facts the reader may consult Nelson
([Nel74}), Terp ([Ter81}), or Fack and Kosaki ([FK86]).

Suppose - _ -

=v|x| = d M

x = v|x| V/Q A dex(]x]) EM

By [Ter81} Proposition 21, | : .
dy(x) = 7(e(t,00)(])) (0.18)

the distribution function of x, is eventually finite valued, and d;(x) — 0 as ¢ — oc.

Hence if t > 0 there exists s > 0 such that d,(x) < t. Thus
pe(x) = inf{s > 0 : d,(x) < t} . (0.19)

the generalised singular function of x, is finite valued. Moreover,vthis function admits
the alternative characterisation :

ulx) = nf{lxpll :p € M7, 71 —p) <1} (0.20)

Furthermore the generalised singular function and the topology of convergence in mea-
sure are related in the following manner:

x € M(e,t) & m(x) <e | (0.21)

15



These results are due to Fack and Kosaki; for full details the reader is referred to [FK86].

It is interesting to note that the infimum mentioned above is actually attained when
choosing the spectral projection e,,(x)(|x|). This follows from the fact that

T (1 - em(x)(|x|)) = d#t(x)(lxl) st

(by [FK86] Proposition 2.2) and thus

pe(x) = inf{|lxp|| : p € M?, 7(1 = p) <t} < |xeppu(Ix])] < pe(x)
In particular, we stress the interestiﬁg fact that the inequé,lity
[Ixeq(Ix])|| <6

is in fact an equality when 6 is in the range of u.(x).

For p € MP, it is easy to verify that

pe(P) = X(0,r(p))(t) - (0.22)

For the terminology appearing in the following items the reader is referred to [KPS82]
and [DDP89b]. If £(0,00) is a rearrangement invariant symmetric Banach function
space then the set

EM) ={x€M:pu(x) € E0,00)} (0.23)
is a Banach space of 7-measurable operators when equipped with the norm

Ixllecamy = llre(x)lle,00) (0.24)
and is a normed M-module with this norm. See [DDP89b] and [DDP89a}.

~In particular, for 1 < p < o0,
LP(M) = {x € M : py(x) € LP(0,00)} (0.25)

is a normed module with norm

Il = [~ maCdt = (1) ()

As other ekamples of such spaces, we can mention the Lorentz and Marcinkiewicz
spaces. For details, see [KPS82] and [DDP90].
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Chapter 1
p-Ideals

In the study of norm-closed ideals in a von Neumann algebra, attention can be focused
on the set of projections that belong to the ideal. As we shall see, the reason for
this is that Wright showed in [Wri54] that such ideals are fully determined by their
projections. In this chapter we first give a brief summary of the theory of p-ideals, as a
proper understanding of this theory is crucial for later developments. Often we present
proofs even for known results, both for the convenience of the reader and because it
is necessary to become familiar with the applicable techniques. Furthermore we derive
a few new results, some of which we shall use extensively. Finally we examine some
elementary examples of p-ideals.

It is important to note that p-ideals are by no means the only known method of char-
acterising ideals. Wils has considered the problem of determining invariants for ideals
in von Neumann algebras in {Wil70b] by making use of the dimension function of
Tomiyama and the notion of ‘ideal bases’. In fact Wils developed an extensive theory
of characterising ideals via the dimension function. To consider these issues in any
detail would take us too far from our aim of reviewing the elementary theory of p-ideals
and giving some examples of p-ideals. We refer the interested reader to [Wil70b] and
[Ols84] for more information.

1.1 p-ideals

Wright uses the following definition of a p-ideal which is due to Kawada, Higuti and
Matusima. :

Definition 1.1.1 A p-ideal P C MP? is a set satisfying

(a)pr,qG’PtheanqE'P
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(b)) IfP>3p>q€ MP thenqe P
(c) IfP>5p~q€ MP thenqeP
It is clear that condition (b) is equivalent to P being closed under meets. Thus a p-ideal

is a (not necessarily complete) sublattice of MP? which also satisfies the extra condition
(c). Note that if p~q then q = vpv*, so condition (c) really is an ideal type condition.

The following result will be useful in applications:

-Proposition 1.1.2 In the definition of a p-ideal, condition (a) can be replaced with the
equivalent condition

() Ifp,q€P.andp Lqthenp+qeP

Proof: It is clear that condition (a) implies condition (a').
Conversely, suppose p,q € P. Then
P—PAQEP

from (b), and hence
pVgq—q€eP

from (c), since the parallelogram identity states that
P-PAqQ~pVaq—q
Hence
- pVa=(pVa-q)+q€P
from (a’). |

An immediate consequence is the following proposition.

Propositioh 1.1.3 [Wri54] Lemma 2.1
Suppose I is an ideal in M. Then I? is a p-ideal.

We will denote the ideal in M generated by a set B by ((B)), and the norm-closed
ideal generated by [[B]]. Of course we have that : :

(B = ((B)™M | (1.1)

With the exception of the following technical result, we will have no use for one-sided
ideals. All ideals are understood to be two-sided unless specifically stated otherwise.
Denote by ((B the left ideal generated by a set B, and by B)) the right ideal generated.
We include the proof of the following Lemma as it illustrates some important techniques
which will be used again later. '
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Lemma 1.1.4 [Wri5{] Lemma 2.3
Suppose P is a p-ideal. Then

P)) = ((P=(P))

Proof:  Suppose p € P and x € M; we show that xp € P)). We have that r(xp) < p,
so r(xp) € P. Hence 1(xp) € P, since r(xp) ~ 1(xp). Thus '

xp = 1(xp) xp € P))

This shows that ((P is included in P)).
The converse inclusion follows likewise, and this completes the proof. |
As a consequence we have the following result of which we will make later use:
Proposition 1.1.5 ¢f. [Wil70b] Lemma 2.4
Suppose P is a p-ideal. Then

((P)) = {xeM:1(x)eP} ' ' (1.2)

{x € M :r(x) € P} - (1.3)

Proof: Suppose x € ((P)), then by Lemma 1.1.4, x may be expressed in the form
Y. eiXi, where e,...,e, € P and x4,...,x, € M. Then I(x) < VZL,e; € P, and so
I(x) € P. ' :

The converse inclusion is immediate, while the second equality follows likewise. [ |

Definition 1.1.6 A vector topology u on M is said to be left or right solid if there
exists a base U for the neighbourhoods of 0 such that

BuU=U
or .
, : UBuy=U
respectively, for every U €U. The topology ts said to be solid if
BuUBM=U

for all U € U i.e. it is both left and right solid.

A vector topology on M which is locally convex with a defining family of seminorms
{fi:1 €I} is solid iff

filxyz) < |Ix[loo fi(¥) llzlloo
for: € I and x,y,z € M.

Similar (one sided) formulations hold for left or right solid topologies.
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Examples 1.1.7 (1) The norm topology is sdlid.
(2) The so-topology is left solid but not right solid.

(3) The topology of convergence in measure, restricted to M, is solid.

We will make extensive use of the following proposition. In a certain sense it piovides
a tool for studying a large class of topologies on M by restricting attention to the
behaviour of the topology on the projections.

Proposition 1.1.8 Suppose p is a vector topology on M and that
M Dx, 5 pEMP
(a) If p is right solid then r(x.p) = p

(b) If p is left solid then 1(px,) = p

Proof: (a) Since x, = p, we have that x,p % p? = p, since y is right solid. Fur-
thermore, note that r(x,p) < p. Then

P r(xap) = P —XaP + Xap — r(xap)
= P —XoP+ (Xop —P) r(XaP)
L 0

since r(x,p) € Bam, and p is right solid.
(b) is of course entirely similar. |

The above result was suggested by part of the argument in [Wri54] Theorem 2.4. In
the case that g = ||.|| it is fundamental in proving the original characterisation theorem
of Wright, which reads as follows:-

Theorem 1.1.9 [Wri5{] Theorem 2.4 :
There is a one-to-one correspondence between norm-closed ideals and p-ideals, that is

(a) If T is a norm closed ideal then T N MP is a p-ideal and [T N MP)] = T.

(b) If P is a p-ideal then [[P]]N MP = P.
Thus closed ideals in von Neumann algebras are fully determined by their projections.
Consequently, in the study of closed ideals, it often suffices to focus attention on the

projections that belong to the ideals of interest. And certainly we can anticipate that
studying the behaviour of projections will be simpler than studying the behaviour of
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arbitrary operators. Of course, one of the reasons for this is the availability of the
lattice structure on the set of projections.

The theorem has a corollary which is obvious but deserves emphasis : it is noted in
[Wr154] and proved in [Wil70b] Lemma 2.4 and Theorem 1.4. We give a proof for the
convenience of the reader.

Corollary 1.1.10 Consider the collection of all ideals in M and consider the equiv-
alence relation determined by their p-ideals i.e. ideals are equivalent if they have the
same p-ideal.

Then each equivalence class so determined has, with respect to set inclusion, a least
member

{x e M :1l(x) € P}

(where P denotes the p-ideal under consideration) and a greatest member

[([P)]

and the latter coincides with the norm closure of any ideal in the equivalence class.

Proof: That {x € M :1(x) € P} is the least member follows from Proposition 1.1.5.

Suppose T is any ideal in the equivalence class. Suppose x € Z, then by Corollary
0.3.6 we can for any given € > 0 choose p € T N MP? such that ||x — xp|| < e. Since
xp € ((ZNMP)) we thus have that x € [[ZN.MP])], since € was arbitrary. Thus I C [[P]]
for any 7 in the equivalence class.

Since T O ((P)) we have that T > ((P))~IHl = [[P]]. ' | |

1.2 Examples of p-ideals

We now turn to some examples of p-ideals.

Examples 1.2.1 (1) Consider the collection P of all projections of finite rank in the
von Neumann algebra B(H). It is clear that P is a p-ideal. The ideal generated is
the set of finite rank operators, often denoted F(H), and the closed ideal generated
is exactly K(H).

(2) A projection p is said to be algebraically finite relative to M if whenever p ~q < p
then p = q. Consider the collection P.. of projections that are algebraically finite
relative to M. It is fairly easy to show that this collection is closed under sub-
projections and similar projections - [KR86] Proposition 6.3.2. It can also be
shown - although this substantially more difficult - that it is closed under finite
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joins - [KR86] Theorem 6.3.8. Thus P« is a p-ideal. The ideal generated is usually
called the algebraically finite ideal, and the closed ideal generated the algebraically
compact ideal. We will denote the latter ideal by M.

(3) Suppose {H; : ¢ € I} is a family of Hilbert spaces, and M; C B(H;) are von
Neumann algebras.

Recall that ' -
DHi = {{&}: & e Hi, Y_Jl&l* < o0} (1.4)
| i€l iel
equipped with the norm
e =[Sl (1.5)
tel
is a Hilbert space and :
P M = {{x} : xi e M;, sup |x:|| < o0} , (1.6)
iel .
equipped with the norm
Il = sup Jlxll (1.7)

is a von Neumann algebra, with action |

{xH&} = {x:i} (1.8)
on B(@;crHi). See [KR86] §2.6 and p. 336.
Suppose Z; is an ideal in M;. Then it is easy to see that

GBII ={{x} 1% € T, sup [xif| < oo} (1.9)

is an ideal in @;c; M;, which is norm-closed if each of the corhponents T; is
norm-closed. Furthermore, @;¢; Z; has p-ideal

{{p:} : pi € ¥} (1.10)'

(4) Suppose M is a commutative von Neumann algebra. We may identify M with
some space L®(X,X,p), the algebra of multiplication operators acting on the

Hilbert space £%(X, X, u).

Then of course ,

={xa:A€X}
which we identify with ¥ itself. A subcollection A of ¥ is a p-ideal iff it is closed
under finite unions and whenever A € A and A D B € ¥ then B.€ A. The
equivalence condition in the definition of a p-ideal is satisfied vacuously, since the

~-relation reduces to the trivial equality relation in a commutative von Neumann
algebra.
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(5) Suppose 7 is a numerical trace on M, and consider the collection P, of projections
with finite trace. If p~q then

7(p) = 7(v*v) = 7(vv") = 7(q)
and so P, is closed under similar projections. By the monotonicity of the trace it
is closed under subprojections. Finally, if p,q € P, then

7(p+4q) = 7(p) + 7(q)

a;ld so P, is closed under finite orthogonal sums. It follows that P, is a p-ideal.

Usually one supposes that M is semifinite, in which case it admits a faithful
semifinite normal trace 7. If M is a semifinite factor, then 7 is uniquely deter-
mined up to scalar multiples, and in this case P, and P coincide - see [KR86]
Proposition 8.5.2. V

The generated ideal |
(Pr)) ={x € M:7(l(x)) < oo} ' (1.11)

has been called the ideal of operators with finite rank relative to 7, and the norm
closed ideal [[P,]] the ideal of operators that are compact relative to 7, by Fack
in [Fac83] p 317. This terminology is quite illuminating. When considering the
von Neumann algebra B(H) equipped with the canonical trace, it can be verified
directly that P, is exactly the set of projections with finite dimensional range -
since
7(p) = dim pH

(here dim denotes the Hilbert dimension) - hence ((P,)) is indeed the collection of
finite rank operators and [[P,]] the compact operators. Alternatively this follows

-from the fact, mentioned previously, that P, and P~ coincide, and the latter is
clearly the p-ideal of finite dimensional projections.

We will denote [[P;]] by M. We will see more of this ideal, and its unbounded
analogue, called the 7-compact operators and denoted My, in Chapter 6.

Besides ((P-)) and Mo,‘there are a number of intermediate ideals that share the
p-ideal P,.

- A consideration of the ideal

LYM)NM={xeM:7(]x]) < o0} (1.12)

is very often the starting point for a study of non-commutative integration theory.
It is the linear span of {x € M* : 7(x) < co}. Traditionally this ideal is denoted
M, and referred to as the trace ideal or trace class. In [DDP90] and [DDP91]
this ideal is denoted H(M).

The ideal £L2(M) N M is also of some interest historically, and is often denoted
N.. See [Tak79] for more details. :
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Suppose 8(0 o0) is a rearrangement invariant Banach function space which is
minimal, in the sense that H(0, c0) is dense in £(0, 00) - see [KPSS2] IT §4.5 and
[DDP90] §2. It can be shown that £(0,00) is minimal iff

fX(O,n] - fa ('fl - n1)+ - lfl

for every f € £(0,00). In particular, any rearrangement invariant Banach function
space for which the norm is order continuous is a minimal space. Thus the spaces
LP(0,00), where 1 < p < 00, are minimal.

It is easy to verify that for any minimal space £(0, 00),

H(0,00) C £(0,00) C {f : pe(f) — 0}

and so
H(M) C EM) C {x € M : py(x) - 0}
and thus
HM) CEM)NM C {x € M : u(x) — 0}
Thus

P, = HM) C EM)’ C {x e M”: m(x) -0} =7,
and the p-ideal of £(M) N M is exactly P,.

It is known that u.(x) is a bounded function for each x € M. It is then easy to

verify that -
n<p=>L(MNMCL(M)NM | (1.13)

Therefore we have the inclusion of ideals
(P,)) C HM) C LA M)A MC LA M)NMC My (L.14)

for 1 < p; < p; < o0; and these inclusions are in general strict.

For the purposes of finding further examples of p-ideals we briefly consider the concept
of ‘generated projections’. For any B C 'H recall that we denote its closed linear span

by [B].

Definition 1.2.2 [KR86] Definition 5.5.8

A projection p € MP is said to be generated by a set B C ‘H (or, B is generating for
p) if p is the projection onto [M'B]. A projection is said to be cyclic if it is generated
by a singleton.

Suppose now p € MP is generated by a set B.

If M? 5 q < p, then

- qH = qpH = q[M'B] = [qM B] = [M'qB]
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and so q is generated by gB.
If on the other hand p~q, then

qH =vpv*H CvpH =qvH C qH

and so

qH = vpH = v[M'B] = [vM'B] = [M'vB]
that is, q is generé.ted by vB. -

Lastly, if p, q are orthogonal members of MP, generated by B, and B; respectively,
then from [KR86} Proposition 2.5.3

 (p+9H =pH+qH = [M'B)]+[M By] = [M' (B UBy)]
that is, p + q is generated by B, U B,. |
We now have the following proposition:
Proposition 1.2.3 Let P; denote the set of projections that are finitely generated, and, A

for any cardinal a > Wo, let P, denote the set of projections that are generated by some
subset of H with cardinality less than or equal to a.

‘Then all the sets mentioned are p-ideals, and
Pf CcP,C Ps C 'Pd;,;;u = MP ‘ (1.15)
for any infinite cardinals a < f3.

Proof: It follows from the previous calculations that all the sets appearing are
indeed p-ideals.

It suffices now to show that Py, = MP. Let {f, : ¢ € I} be an orthonormal base for
‘H which of course has cardinality dim H. Then

| H=[{&:ie=[{&:ie)c [M{&:iel]
and so 1‘ € Paimn. ' ' | |

At this point it should be noted that Wright has considered families of projections which
are mutually both orthogonal and equivalent, and analysed the cardinality properties
of such families. His chief purpose in so doing was to derive a characterisation of the
p-ideals in a factor; for details the reader is referred to [Wri58].

,  Proposition 1.2.4 For a > Ry, the following conditions are equivalent:-

(a) p € Pa
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(b) p = Vie1 Pi where each p; is cyclic and I is an indezing set of cardmalzty less than
or equal to a.

(¢) Each orthogonal family of non-zero subprojections of p is of cardinality at most a. |
(d) p = Ticrpi where the p; are orthogonal and cyclic and I is an tnde:un_q set of

cardinality less than or equal to a.

Proof: (a) = (b) Suppose p is generated by a set B C H of cardinality less than or
equal to a. For £ € B let p¢ be the pl‘O]eCthIl onto [M'¢]. Then

pH = [M'B] > [M'¢] = peH
so p > p¢ for all € € B, and thus p 2 V¢ep e
On the other hand, if £ € span(M’B) then

£=Y xé

t€F
for some finite F C I, x'; € M’ and §; € B. Then
te \VpeHC V peH

i€F ¢eB
and so span(M’'B) C V¢eppeH. Thus [M'B] C VEeB peH, and so p < Veep Pe-

(b) = (c) The following argument is basically identical to [KR86] Proposition 5.5.19,
which argues the case a = Ro.

For each 7 € I find §; € H that is generating for p;.

Suppose {q, : @ € A} is an orthogonal family of non-zero subprojections of p. For ¢ € I
let

A;'—"{GEA:qaf;#O}

Since

Y llaabill? < |Ip&il|* < oo

a€A
we have that A; is countable for ¢ € I.

For any a € A, 0 # g < p < VierPi, and so qap; # 0 for some ¢ € 1. We show that
a€ A for such i. If a € A;, then q,¢; = 0, and so

{0} = [M'qut] = [aM'&] = qa [M'€]
and so q,p; = 0, giving the required contradiction.

Thus A C Ui¢r Ai, and so _
card(A) < card(I) - Ro « card(I)
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since each A; is countable. The result follows.

(c) = (d) It is clear (via Zorn’s lemma; see [KR86] Proposition 5.5.9 for a proof) that
any projection is the union of an orthogonal family of cyclic projections. In the case
that p € Py, such an expression must have at most o terms.

(d) = (a) Suppose p = ¥ ;erpi Where p; is the projection onto [M'&] for some ¢&; € H,
and I is an indexing set of cardinality less than or equal to a.

Then ' , ,
pHOUpHDO UM {&}=M{&:iel}

sel i€l
and so {¢; : ¢ € I} generates a subprojection of p.

On the other hand, suppose € > 0 is given and ¢ € pH is given. Since the net of finite
subsums of {p; : ¢ € I} is so-convergent to p, we can find some finite F' C I such that

f Eps

i€F

<;

For i € F find x’; € M’ such that

|pi£ - '£'| < 57;

where n is the cardinality of F. Then ¥;crX i € span(M'{£}) and

e-Txie] < - Toer Toe- T
i€F i€F i€F i€F
S l£ Eps&“‘kzllpl '—Xt&"
ieF
€
- 5 2n
= ¢
which shows that pH C [M'{&}]. Thus pH = [M'{&}], and p € P.. [ |

For convenience we will denote the p-ideal Py,, i.e. the set of projections that are
countably generated, by P,. Condition (c) above shows that P, consists exactly of the
projections that are countably decomposable or o-finite (in the terminology of [KR86],
Definition 5.5.14); or of countable type (in the terminology of [SZ79] §4.13).

Note that in the case M is abelian, any countably decomposable projection is in fact

cyclic - [KR86] Proposition 5.5.10. Thus if M is abelian then Py = P,.
At the other extreme, in the case M = B('H), for any £ € H we have that

[M'¢] = span(¢)
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It follows that ,
, Py = {p € B(H)? : dimpH < a}

We now abstract one of the properties that the p-ideals P, enjoy.

Definition 1.2.5 A p-ideal P is said to be a op-ideal if it is closed under countable
join.

Examples 1.2.6 (a) It is clear from Proposition 1.2.4 (b) that P, is a op-ideal for
any a > Ng. This follows from the fact that for any such a, a- Ry = a.

(b) We will see in Proposition 1.2.9 that for p € Z(M)?,
P={qe MP:q<p}

is a p-ideal. It is clear that such a p-ideal would be a op-ideal. Indeed it is closed |
not only under countable join, but under arbitrary join.

(c) P- is not a op-ideal.

Proposition 1.2.7 For a p-ideal P, the following are equivalent :-

(a) (P)) = [[P]]

(b) P is closed under countable orthogonal sums.

(¢c) P is a op-ideal.

Proof: (a) = (b) Suppose ((P)) = [[P]].- Suppose {p; : ie N} is an orthogonal
family of projections from P. Now

n 1 1
(OEPYE DI
=1 =1
and so by hypothesis » ‘
=1
2_zpi € [Pl =((P)
i=1

Since v - '
(Z <Pi ) = \/ Pi
=1 i=1

~we have that V2, p; € P, as required. ‘
(b) = (c) Suppose P is closed under orthogonal join, and let {p; : i € N} C P.
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Let q; = p; and for ¢ > 2 let
i+1 T
qi = V P; — V Pj
7=1 j=1

Now q; € P for alli € N, and {q;} is an orthogonal family, so V2, q; € P by hypothesis.

Since VI, @i = Vi, pi for all n € N, we have that V2, q; = V2, pi, V2, pi € P, and
P is closed under countable join.

(c) = (a) Suppose P is a op-ideal, and suppose ((P)) D x; Hye [[Pl]- Then

(V l(x;)) — (V l(x.-)) X

i=1 iz=1

and so (Vi2,1(x:)) x = x, from which it follows that

1x) < V/ 1(x)

121

Now 1(x;) € P for all i € N, and so V2, 1(x;) € P since P is a op-ideal. Thus I(x) € P,

ix=1

and x € ((P)), which shows that [[P]] C ((P)). |

It follows from Corollary 1.1.10 that the previous result characterises the op-ideals as
being exactly those p-ideals which generate a unique ideal. We will find a topological
condition characterising op-ideals in Corollary 5.3.6.

Combining some of the previous observations we recover the following well known result:

Corollary 1.2.8 For each Ry < a < dimH, there erists a unique ideal in B(H) whose
elements have ranges of dimension less than or equal to a.

Here we say nothing about the existence or otherwise of ideals in B(H) which are not
determined by cardinal numbers. In fact such ideals do not exist : it is a consequence
of the work of Wright and Wils that in a factor the closed ideals are totally ordered by
inclusion and are indexed by means of the cardinal numbers - see [Wri58] §4 and [Wil70b)]
Proposition 2.6 and Corollary 2.8. In fact it is shown that the lattice structure of the
closed ideals in a factor is isomorphic to the lattice structure of the infinite cardinals
which are less than or equal to the dimension of the identity operator - see the remarks
in [Wil70b] §2. Here again ‘dimension’ refers to the dimension function of Tomiyama.

- We have seen that there is a one-to-one correspondence between norm closed ideals and
p-ideals. Note that so-closed ideals are norm closed, since the so-topology is weaker
than the norm topology. We are therefore motivated to ask if we can characterise those
p-ideals that correspond to the so-closed ideals. As a consequence we do in fact get a
characterisation of the so-closed ideals. This result is essentially the same as [KR86]
Theorem 6.8.8, where wo-closed ideals are characterised; of course the wo-closed and
so-closed ideals coincide. Our proof is completely different, and is not claimed to be
simpler; but it is interesting in that it makes full use of the technique of p-ideals.
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Proposifion 1.2.9 Suppose p € MP. Then ,
P={q€ MP:q<p} : (1.16)
is a p-ideal iff p € Z(M)P.

Proof:  Suppose p € Z(M)p. Clearly P is closed under subprojections. To show
that P is ~-closed, it clearly suffices to show that if MP 3 e~q < p then e < p. Now

e = v*qv = v*pqv = pv*'qv

so €M C pH, and e < p. Finally, ife L f and e,f < p then by [KR86] Prop031t10n 2.5.3
we have that '

| (e+fH=eH+fH CpH
andsoe+f <p.

Conversely, suppose P is a p-ideal. Suppose we have any x € M. Then xp € ((P)), and
so 1(xp) < p. This shows that xp = pxp. Likewise x*p = px*p and so px = pxp = xp.
Thus p € Z(M)P. ' | |

Theorem 1.2.10 The so-closed ideals are exactly of the form Mp for p € Z(M)?,
and have corresponding p-ideals P = {q € M?: q < p}.

Proof: We first note that MP is so-closed. If M? O p, 23 x, then p, = paPa — XX,
since multiplication is so-continuous when the first factor is norm-bounded. Thus x = x?
since the so-topology is Hausdorff. Further, p, = x, and so p, = p;, = x*, since
adjunction is wo-continuous. Again x = x* since the wo-topology is Hausdorff.

It follows that if an ideal T is so-closed then, as the intersection of so-closed sets, so
is I?. Let p = VZI?. From the elementary theory of the lattice of projections we
have that the net of finite joins of members of I? is so-convergent to p - see [KR86]
Proposition 2.5.6, for example. Thus p € Z?.

It is then immediate that IT? = {q € MP : q < p}. It then follows from Proposition

1.2.9 that p € Z(M)?. Furthermqre as previously mentioned I? is a op-ideal, and so
((Z?)) = [[Z7]) by Proposition 1.2.7.

Finally, if x € M then xp € ((Z?)) and so Mp C ((Z?)) = [[Z?]]. On the other hand, if
'x € [[Z?]] = ((Z?)), then r(x) € I” and so r(x) < p. Therefore x = x r(x) = xp € Mp.
Thus 7 = Mp.

Conversely, .Mp is clearly a so-closed ideal if p € Z(M)P. ]

We now briefly consider the behaviour of p-ideals and 1deals under the taking of reduc-
tions. Suppose Q € MP, we consider the reduced von Neumann algebra Mq. Recall
that we follow the convention that any projection in Mq is represented as pq where p
is a projection in M.
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Definition 1.2.11 Suppose P is a p-ideal and Q € MP. The p-ideal reduction of P by
Qs
4 PSQ = {pQ ‘P € 'P,p S Q} (117)

It follows from Lemma 0.3.4 that P<q coincides with {pq : p € P} N (Mq)p. It is
important to note that Pq = {pq : p € P} is not necessarily a p-ideal, since it is not
necessarily a collection of projections.

Suppose T is an ideal in M. Let
IQ ={XQ :XEI} ’ (1,18)

Then it is easy to verify that Zq is an 1deal in the reduced von Neumann algebra Mq,
and that Iq is closed if T is closed.

The suitability of the definition of the reduction of a p-ideal is borne out by the following
result:

Proposition 1.2.12 ._S'ﬁppose T is an ideal of M. The p-ideal of Iq is (T?)<q

Proof: It suffices to show that o N (Mq)? = {pg : p € I?,p <Q}.

So suppose pq € Iq N (Mg)?, so p € M?,p < Q and there ex1sts x € T such that
QxQ=QpQ=p. ThuspeZ.

~ The converse is even simpler. ' N

It follows via Theorem 1.1.9 that if P is a p-ideal then P<q is indeed a p-ideal in the
von Neumann algebra Mq.

Proposition 1.2.13 op-ideals are preserved under reductions.

Proof: Suppose P is a op-ideal, and {PIQ} C P<q- Let p = V.—l p; € P. Since
pi < Q for all : € N, we have that p < Q. Thus pq € P<q and

and so

\/lplQ =PQ
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Chapter 2

Quotient algebras and Fredholm
theory

In this chapter we suppose I is a fixed norm-closed two sided ideal of M. Let
7r:M-—>M/I:x—>Ix+I (2.1)
be the canonical quotient map. |

It is well known that M /T is an abstract C*-algebra when equipped with the canonical
quotient norm and involution 7(x)* = 7(x*). A more or less direct proof of this fact
may be found in [Tak79] 1.8.1; this proof makes use of two-sided approximate identities
in Z. In this chapter we will consider a concrete realisation of the C*-algebra M /T
by use of the Gelfand-Neumark theorem, and extend it to a von Neumann algebra by
taking the double commutant. We follow the convention of identifying members of the
quotient algebra with their images under this representation; so the elements 7r(x) are
cons1dered when necessary to be operators.

We denote by a the seminorm on M induced by the canonical quotient norm on M/Z,
l.e.

a(x) = [[x(l| = jnf [x k| . (2:2)

In this chapter we will analyse the properties of a and use these to derive results on
the essential spectrum of self adjoint operators:

By analogy with the standard theory of Fredholm operators, an operator x € M is said

" to be (left, right) Fredholm if 7(x) is (left, right) invertible in M /Z. We will consider
a quantity m(x) first considered by Olsen in [Ols84] which characterises Fredholm op-

erators. Here we derive a slightly improved characterisation and show, in analogy with

Atkinson’s result on Fredholm operators, that it can always be arranged that the prod-

uct of the operator and its Fredholm inverse be a projection. Furthermore we establish

a new relationship between a(x) and m(x).
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2.1 The Quotient Map and the Essential Spectrum

We begin by examining the properties of a and the quotient map 7. Note that

a has kernel 7 (2.3)
a(x) < x| (2.4
directly from the definition; | .
a(xy) < a(x) a(y) » (2.5)
a(x*x) = a(x)? (2.6)
a(x*) = a(x) (2.7
since M /T is a C*-algebra; :
a(x) = af[x]) (2.8)

since if x = v(x| is the polar decomposition, then
a(x) = a(vlx]) < a(v) of[x]) < a(|x]) = a(v'x) < a(v*") a(x) < a(x)

Also, for p € M?,
0 < a(p) = a(p?) < a(p)’ < [IplI* < 1

and so a(p) € {0,1}. Hence

o(p) ={ (1) :f g§§ (2.9)

We note that 7 preserves self-adjointness, normality, projections, positive operators,
the order structure, the positive-negative decomposition of self-adjoint operators, and
absolute values. That 7 preserves self-adjointness and normality is clear from the
definition of involution in the quotient. That 7 preserves projections is clear. Since the
positivity of an operator is equivalent to it being the square of some operator, it follows
that = preserves positive operators, and hence the order structure. That it preserves the
positive-negative decomposition then follows from the uniqueness condition attached to
that decomposition - [KR86] Proposition 4.2.3. Finally, if x € M, then

7 (1x)? = m(?) = 7(x'x) = #(x)" 7(x) = In (0P

and so ‘ _
m(|x]) = [r(x)] (2.10)

by the uniqueness of positive square roots.

We now mention some of the deficiencies of , which we shall see are not too severe.
Remember that the elements 7(x) are considered to be operators. We have that

R(r(x)) < 7(R(x)) | (2.11)
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- since by definition R(w(x)) is the smallest projection ¥ in the von Neumann algebra
generated by M /T such that ¥x(x) = x(x), and certamly 7(R(x)) does the job. One
then derives the equivalent inequality

- N(x(x)) 2 7(N(x)) (2.12)

However, these inequalities may be strict. For example, if we have an operator x € I

~ which is injective, then N(7(x)) =1 and 7(N(x)) = 0.

Now if v|x| is the polar decomposition of x then

7(x) = 7(v)r([x]) = 7(v)[x()

and by direct calculation we find that w(v) is a partial isometry with initial space
n(R(x*)) and final space m(R(x)). On the other hand the partial isometry appearing in
the polar decomposition of 7(x) will have initial space R(7(x*)) and final space R(7(x)).
So the polar decomposition is not preserved by =, but not in a serious manner : the
only ‘error’ is that the partial isometry we get is ‘too large’.

Suppdse now that x € M* and

X = /tde,(x)

is the spectral decomposition of x, this being a Riemann-Stieltjies integral, understood
in the sense of norm convergence. Since x is self-adjoint, 7(x) is self-adjoint, and so
o(m(x)) C R. Furthermore, by the norm continuity of 7, we have that

7 (x) = /fdw(eg(x)) | (2.13)

once again in the Riemann-Stieltjies sense. On the other hand we can consider the
canonical spectral decomposition

7(x) = / t dey(r(x)) - (2.14)

in the von Neumann algebra generated by M/Z. We want to relate (2.13) and ‘(2.14).
Of course {m(ei(x))} is a set of projections, but it is not necessarily {e;(w(x))}, the
spectral family of 7(x). We do have that

m(e(x) = m(N(x)) < N(r(x))) = N(r(x)f) = ex(n(x)) (2-15_)

for any t € R, but once again we have that this inequality may be strict. As before, if
we take an operator 0 < x € T which is injective, then N(7(x)) =1 but 7(N(x)) = 0.
Since the 0-th spectral projection of a positive operator is exactly the null space, it
follows that = does not preserve the spectral family.
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We can examine this example in some more detail. Note that by Theorem 0.3.5 we
have that e,(x) € 1 — Z? for t > 0. Hence

0 for t<0
e¢(7r(x))={1 for t>0

but
0 for t<0

7r(e,(x)) - { 1 for t>0

and so {7(e,(x))} is not even a spectral family, since it is not right continuous at 0. In
particular, this shows that 7 does not preserve countable meets, and thus joins, in the
projection lattice.

Nevertheless, the sets {7 (e.(x))} and {e,(7(x))} are very closely related and furthermore
the former fully determines o(r(x)), as we shall now see.

We will need the following technical lemma, the proof of which is almost identical to
that of [KR86] Theorem 5. 2 3.

Lemma 2.1.1 Suppose x € M** and p € MP? is such that

(i)xp<tp .
(i) x(1—p) > t(1 - p)

for éome t e R. Then |
€(-o0,)(X) < P < ee(x)

Proof:  Implicit in (i) is the understanding that xp is self adjoint, and it follows
that p commutes with x. Let My, be the abelian von Neumann algebra generated
by x and p, and let X be the extremely disconnected compact Hausdorff space for
which M, = C(X). As usual {e,(x)} denotes the spectral family for x; this family is
included in M, . Recall that if x corresponds to f € C(X) then e/(x) corresponds to
the characteristic function of

X¢={z€X:f(:c)>t}’

which is the largest clopen set on which f < t. ([KR86] Theorem 5.2.2.) Now p
corresponds to the characteristic function of a clopen set Y;, and f < t on Y;, since
xp < tp. Thus Y; C X, and so p < e(x). :

For the other inequality, it suffices to show thaf if 6> 0 then p > e, s(x), and for this .
we need show that X,_s C Y:. Now since x (1 —p) > t(1 —p) we have that f >t on
Yg,andsof>t—6onY¢ Thus

Y/ C{z€X:f(z)>t—8}Cclos{z€ X : f(z) >t— 8} = Xo-s
Thus X;_s C Y;. ' [ |
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Theorem 2.1.2 Suppose x € M*. Consider a concrete realisation of the C*-algebra
M /T by implementing the Gelfand-Neumark theorem, and eztend it to a von Neumann
algebra by taking the double commutant, and consider the canonical spectral decompo-
sition of m(x) there. Then |

eoon(T0)) S M) eln(x) (2.16)

for allt € R.

Proof: We know from [KR86] Theorem 5.2.2 that

xei(x) < teyx)
x(1—ex)) 2 t(1—ex))

and hence

m(x) m(e(x)) < tw(elx))
7(x) (1 = 7(ex))) 2 t(1—7(ex)))

since 7 preserves the order structure. Thus for each t € R, 7(ei(x)) satisfies the
conditions of Lemma 2.1.1, and 50 €(—o,5)(7(x)) < 7(e(x)) < er(7(x)). |

Corollary 2.1.3 Suppose x € Mo, If at X\ we have that

(i) {ex(m(x))} is continuous then {r(e:(x))} is continuous, and
| ex(r(x)) = 7(ex(x))
(i) {r(ex(x))} is right continuous then |
ex((x)) = w(ea(x))
(iii) {r(ex(x))} is left continuous then
(X)) = T(ea(x))
(iv) {r(e(x))} is continuous then {e,(m(x))} is continuous, and

ex(m(x)) = 7(ex(x))

The statements also hold with ‘continuous’ replaced by ‘locally constant’.
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Proof: From (2.16) we have that

er-25(7(x)) < T(ers(x)) < ers(m(x)) < m(e(x)) < ex(m(x)) < T(ewrs(x)) < erys(m(x))
for any 6 > 0, and the resultg then follow easily. - . |

It can be shown that for x € B(H)™, A € p(x) "R iff A is a point of constancy of
{e«(x)}. Proofs of this fact are usually quite complicated, see, for example, [Kre78]
Theorem 9.11-2 or [GGK90] V Corollary 5.3.

It should be noted that the spectrum (and thus the resolvent) of an operator is ‘algebra-
independent’, that is, the spectrum is the same regardless of the C*-algebra the operator
is considered to be a member of ([KR86] Proposition 4.1.5). This is of course due to
the fact that inverses, if they exist, lie in the smallest C*-algebra that the operator itself
lies in.

Thus if we implement the Gelfand-Neumark Theorem and consider M /T as a concrete
C*-algebra, we have that A € p(7(x))NR iff A is a point of constancy of {e:(7(x))}, and
from Corollary 2.1.3 (ii) this occurs iff A is a point of constancy of {=(e;(x))}. This is
equivalent to there existing some n € N such that e;;_1 5,1 j(x) € IP.

~We now prove the last-mentioned result in a straightforward manner. This gives an
independent and simpler proof of the first mentioned result than that appearing in

[Kre78] or [GGKY90], by putting M = B(H) and T = {0}.
Theorem 2.1.4 Suppose x € M**. Then
p(r(x))NR = {/\ E R:ep_1,141)(x) € I? for somen € N} (2.17)

o(n(x)) = '{/\YE R: e(,\_%',\*_%l(x) gZIPforallne N} (2.18)

Proof:  It'is clear that (2.17) and (2.18) are equivalent; we prove the first. Suppose
then that A € p(7(x)) N R, so w(x,) is invertible, with inverse 7(y), for some y € M.
Thus for alln € N

o (e(,\—%.,\ﬁl(x))

a (e(,\-ﬁ,,\ﬁl(x) X y)

< a (e(,\'_%“\_‘,%](x) X,\) a(y)

< Lo pregor ] o)
1

s - a(y)

It follows from (2.9) that there exists n € N such that afen-1 a42y(x)) = 0, ie.
e~z 2+ 2)(x) €7,
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Conversely, suppose that there exists n € N such that e'( a=i,a+1(x) € T?. Let

(=) for te(—oo,A—1]
f(t):{ 0 for te(A-21,1+41]
v (t—=A) for te(A+,00)

Implementing the Functional Calculus, it is easy to see that

xa f(x) = f(x)xa =1 —ep 1 zp1(x)
So
m(0)x 7(f(x)) = 7(f(x)) () =7 (1 = er_1,24.24(x)) = 7(1)
" This shows that A € p(7(x)). ' |

It is clear that in Equation (2.18) the intervals (A — 1, X + ] could be replaced by the
other corresponding half-open, open, or closed intervals.

As already mentioned, by putting M = B(H) and T = {O}, we have the following
corollary:

Corollary 2.1.5 Suppose x € B(H)**. Then .
o(x) = {)‘ €R: e(,\_%'vH%l(x) #0 for all n € N} (2.19)

This corollary would also follow by explicitly repeating the proof of Theorem 2.1.4 in

the case that 7 = id and a(x) = ||x]| for all x € M. In that case it is easy to see that

the corollary will generalise to any closed densely defined operator affiliated with a von

Neumann algebra. As can be seen by inspecting the proof, the finiteness of the norm of

the operator is not required. Indeed, the finiteness of the norm of the inverse is used; -
there is no problem with this, since it is a well known consequence of the closed graph

theorem that if a closed unbounded operator has an everywhere defined inverse then

this inverse is bounded.

In the remainder of this section we consider some further applications of Theorem 2.1.4.

Corollary 2.1.6 ' .
:  {t € R:en(x)) # m(e(x))} C o(m(x)) '_ : (2.20)

Proof: - Suppose A € p(m(x)) N R. Then by (2.17) we have that A is a point of
constancy of {m(e:(x))} and so by Corollary 2.1.3 we have that ex(7(x)) = 7r(e,\(x)) LB

It should be pointed out that this inclusion is strict, for example, if T = {0} then
{t € R : exm(x)) # m(ex(x))} = B for any x € M™.

The following quantity, sometimes called the lower bound of x relative to Z, was con-

sidered by Olsen - {Ols84] §4.
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Definition 2.1.7 For x € M, put

m(x) = inf o(x(|x])) (2.21)

At this point we can also note that since a induces a C*-norm,
a(x) = a(Ix]) = sup o(x(|x])) | (2.22)

It follows that [m(x),a(x)] is the smallest interval containing o(#(|x|)). Also thése
endpoints are elements of o(7(|x|)), since the spectrum is closed.

In the following, (2.23) improves [Ols84] Proposition 4.2. Furthermore, (2.24) and (2.25)
first appeared as [Str89] Corollary 3.8 and Theorem 3.7 respectively. Theorem 2.1.4 has
made substantial simplification of the proofs possible.

Corollary 2.1.8 : ' . :
m(x) = sup {A > 0:ex(|x]) € I?} (2.23)

q(x) = inf {A 2 0: e 0)(|x]) € I7} (2.24)

Proof:  Since m(x) € o(x(|x|)), we have that e(m(x)—1 mx)+2)(Ix]) € Z7 by Theorem
2.1.4, and 50 €y, 1(|x]) € Z7, for all n € N.

Thus 3 .
sup {A 2 0:ex(|x]) € T?} < m(x)

Similarly we deduce that
inf {A > 0: e 00)(|%]) € I7} 2> a(x)
Conversely, for any small § > 0 we have that

[—6,m(x) — &] C p(x(|x[))

Thus by Theorem 2.1.4 we have that for every A € [—8, m(x) — 6] there exists n(A) € N
such that e(,\_;(,xn)j_qx_“)(lxl) € I?. Then the intervals (A — ﬁ)-, A+ ﬁ) form an open
cover of the compact interval [, m(x) — ], which thus has a finite subcover. By taking
the finite join of the spectral projections that correspond to these open intervals, we

conclude via Proposition 1.1.3 that eqx-s(|x|) € I?. Thus
sup{A>0:ex\(|x]) €I?} 2> m(x) -6
This concludes the proof of (2.23), since § was arbitrarily small.

By treating the interval:
| [a(x) + 6, |Ix]| + 8]
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in a like manner, we a.lso conclude the proof of (2.24). ‘ [ |

It is now easy to see tha.t in Equations (2.23) and (2. 24) we could also have taken the
corresponding open, respectively closed, intervals. '

Note that (2.24) does to a certain extent generalise Theorem 0.3.5.

Corollafy 2.1.9

) = ot ol (2.25)

Proof: I p €1 —17T7, then by the definition of a we have that

a(x) < [lx = x(1 = p)|| = ||xp||

Conversely, for any A > a(x), we have that ||xex(|x|)|| < A and ey(|x|) € 1 — I*? by
(2.24). V N

We now briefly consider the question of the uniqueness of a. It is known that there
can only be one norm on a *-algebra making it a C*-algebra - [Mur90] Corollary 2.1.2.
Hence a is unique amongst the seminorms § on M satisfying the conditions:

(a) 6 has kernel T
(b)‘IM /T with the induced norm (also denoted §) is a C*-algebra

which are of course equivalent to the conditions:

(a) 6 has kernel T

(b)

() é(yx) < 8(y) (x) for y,x € M
(

d) §(x)* < §(x*x) for x € M

M/T is complete under §

Note that these conditions a.utoma.tlca.lly imply that 4 is invariant under involution,
since

6(x)? < 8(x*x) < 6(x*) 6(x)
for x € M. Furthermore since § has kernel Z which is self-adjoint, we have that §(x) = 0
iff §(x*) = 0, and so it follows that §(x) < §(x*).

The following theorem proves uniqueness under a simpler set of conditions : retaining
only conditions (a) and (c) and requiring in addition that § be majorised by the norm.
This new set of conditions also imply that 6 is invariant under involution, although this
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is now shown in a completely different manner. If x = v|x| is the polar decomposition
of x € M, then

x = vx'v and x* = v7xv® : (2.26) -

and so
§(x) < 8(v) 6(x") &(v) < llv]| (") [Ivll < 8(x)
and similarly “

8(x") < 6(v) 8(x) 6(v7) < [Iv*]} 6(x) IVl < é(x)

This theorem was first proved by Stréh ([Str89] Theorem 3.3). We are able to give a
simpler proof than the one appearing there by making use of Theorem 2.1.4.

Theorem 2.1.10 a is unique amongst the seminorms § on M satisfying

| (a) & has kernel T
(8) 6(x) < [l for x € M
(c) 6(yx) S 8(y) 6(x) fory,x e M

Proof:  We have already seen that « satisfies the stated properties.

- Suppose § is given, satisfying the stated properties. Then for any x G. M,
5(x) = 8(x — k) < [lx— kI
for every k € Z. Hence §(x) < a(x).

Since a(x) = a(|x|) and &(x) = §(|x|) - the latter is shown in same way as for a - it
suffices to show the reverse inequality for x > 0.

Recall from (2.22) that a(x) = sup o(w(x)). Thus it suffices to show that if A € o(7(x))
then A < §(x). So suppose A € o(m(x)); of course A > 0.

Note that as before,
’ _Joif peZ
“W“{lifp¢z

Then for n € N, we have by Theorem 2.1.4 that § (e(A__x;,H%](x)) = 1. Thus

A = 8(Nepogary(®)
é (-—x)\ e(A_x?H_%](x) + x e()\_%,H%](x))

< 6 ("XA e(A—%,A+;’;](x)) +6(x)6 (e(A-%,H%](x))
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< |-oeoaan@] +660
1
< 4
< -F 6(x)
So A < é(x), as required. _ | | » [ |

2.2 Fredholm Operétors

For future reference, we set apart the following:

Lemma 2.2.1 Suppose x,y are members of any C*-algebra. Suppose x is self-adjoint
(positive), and y is a left inverse for x. Then y is a self-adjoint (positive) two sided
inverse for X. . .

Proof: By the Gelfand-Neumark Theorem we may suppose that x, y are opérators
on a Hilbert Space H. Since yx = 1, we have that xy* = 1. It thus suffices to show
that y is self-adjoint (positive). This follows from the fact that :

| V8 = ryEE) = (xvEyE)
for every £ € H. v _ n

In Theorem 2.2.2, Corollary 2.2.3 and Theorem 2.2.5 we provide a synopsis of the theory
of Fredholm operators that we shall need. These results are due to Olsen, see [Ols84]
§4; for convenience we give brief outlines of the proofs.

Theorem 2.2.2 [Ols84] Theorem 4.5
The following are equivalent:

(a) x is left Fredholm

(b) |x| is Fredholm

(c) m(x) >0
Proof: (a) => (b) follows from Lemma 2.2.1. All the other implicati;)ns are ‘irmhe-
diate. : [ |

By using the fact that x is right Fredholm iff x* is left Fredholm, a dual theorem holds
characterising right Fredholm operators - {Ols84] Theorem 4.6. :

Corollary 2.2.3 [Ols84] Theorem 4.5
If x is left Fredholm then N(x) € T.
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Proof:  If x is left Fredholm then m(x) > 0 and so by (2.23) we have that
N(x) = N(jx|) = eo(|x]) € T |
N

Note 2.2.4 Suppose x € M and x = v|x]| is the polar decomposition of x. Note that
|x*| = v|x|v*

This implies that [x| acting on v*vH = supp(|x|) is unitarily equivalent to |x*| a.ctiﬁg
on vv*H = supp(|x*|). It follows that

o(lx[) U {0} = o(|x"|) U {0} - (227)
These comments also apply to the images of =, by making a simple appeal to the

Gelfand-Neumark theorem. We know from 2.10 that x(|x|) = |x(x)]|, and likewise that
x(|x*|) = |x(x*)|, and hence

o(x(i)U {0} = o(x(D U0} (2:28)

In particular, if m(x) and m(x*) are both positive (i.e. x is Fredholm), then they are
equal - [Ols84] Proposition 4.3.

Even more than (2.27) is true: suppose B is a spectral set that does not include 0.
Then o
en(|x’]) = ves(|x|)v* (2:29)

from which it follows that corresponding spectral projections that are orthogonal to the
respective null spaces are ~-equivalent. '

Theorem 2.2.5 [Ols84] Theorem 4.7
The following are equivalent:

(a) x is Fredholm
(8) m(x) = m(x*) > 0
(c) x is left Fredholm and N(x*) € T
(d) x is right Fredholm and N(x) € T
Proof:  Suppose x is left Fredholm and N(x*) € Z. Then for any 0 < ¢ < m(x),
e(0,4(Ix|) € Z?, and so e (|x*|) € I? by (2.29). Thus by hypothesis we have that
e([x]) = N(x") + eoq(Ix’[) € I?
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This shows (c) = (b).
(d) = (b) follows likewise and the other implications are clear. - n

* This result has a very simple and interesting corollary which does not seem to have
been previously noticed.

Corollary 2.2.6 If M is algebraically finite then any left (right) Fredholm operator is
Fredholm.

Proof:  For any operator x-€ M we have that R(x) ~ R(x"). Sihce N(x) =1-R(x")
and N(x*) = 1 — R(x), we have by the algebraic finiteness of M that N(x) ~ N(x*),
by [Tak79] V Proposition 1.38.

Suppose now that x is left Fredholm. Then by Corollary 2.2.3 we have that N(x) € 7.
Thus N(x*) € Z, and the result follows by Theorem 2.2.5. |

Recall that a commutative von Neumann algebra is finite, and of course in this setting
left and right Fredholm-ness are equivalent. So the above result extends this observa-
tion. -

By definition we have that if x is left Fredholm then there exists y € M such that
yx € 1 —Z. Similar statements hold for right Fredholm and Fredholm operators. In the
classical characterisation theorem for operators that are Fredholm w.r.t. the compact
operators, one can arrange for these members of 1 — K(H) to be projections.  We
generalise this result in the following theorem.

Theorem 2.2.7 (Atkinson-type characterisation of Fredholm operators)

(a) If x is left Fredholm then there existsy € M, e €1 —IP such thatyx =e
(b) If x is right Fredholm then there eristsy € M, e €1 ~ TP such that xy =e
(c) If x is Fredholm then there ezists y € M, e, e; € 1-1°7 such-that yx = e}, xy = ey,

and e; ~ e

Proof: (a) Suppose x is left Fredholm. Then |x| is Fredholm, and so by Theorem
2.1.4 we can find n € N such that e (|x]) € I7, and as in the proof of that Theorem

we have
FUx]) x| = e oo)([x])
where 0 .
' 1 or t S n
f(t)={ % for t>%
Thus

£ " x = (2 (1)
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and we put y = f(|x|) v*.
(b) follows by taking adjoints.

(c) Suppose now that x is Fredholm. By (2.29) we have that ey (Ix |) € I? where n is
the same value as considered in (a) Then

vi(lx)x" = Vf(IXI)V XV" = ve(L oo) ([X)v" = ez o) (Ix* I)
from (2.26), (a) and (2.29); and so
xy = xf([x|)v* = e(;l;,oo)(lx‘!) ,
by téking adjoints. Finally by (2.29) we have that
| et ooy (1K]) ~ €2 oy (IX°])
and this completes the proof. | o |

" As we have seen the quantity m(.) is very useful in the study of Fredholm operators. .
Recall that this quantity is defined in terms of the spectral family of the absolute value.
The following result is of interest because it characterises m(. ) without reference to the
spectrum.

Theorem 2.2.8 Suppose x = v|x| and y € M. Ify is a left inverse for x modulo T,
then

m(x) = 2.30
| =g | (2:30)
- Ify is an inverse for x modulo I, then
1 - ’
m(x) = — 2.31
m() = 75 (231)

Proof:  First suppose that x > 0 and y is an inverse for x modulo Z. Since x is
positive, it follows that =(x) is positive, and by Lemma 2.2.1 that =(y) is positive.
Thus

m(x) = info(x(x))
= inf{,\ : %e a(w(y))}
= wf{}  Aeotr(v)}

1

sup o(7(y))
1

o(y)
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Now suppose that y is a left inverse for x modulo Z. Then yv is a left inverse for |x|
modulo Z. It now follows from Lemma 2.2.1 that 7 (yv) is positive and yvi is a two-sided
inverse for |x| modulo Z. It follows as before that

m(x) m(lx]) - (}’V)

which establishes (2.30).
Finally, if x is Fredholm, then in particular x* is left Fredholm and so
vw'=1-N(x*)el-TI°?
by Corollary 2.2.3. Hence |
a(y) = a(yvv®) < a(}'V) < afy)
which, together with (2.30), establishes (2.31). ' |

The following result was first shown in [Str89] Propos1t10n 3 20. Here we prove the
result using Theorem 2.2.8.

Corollary 2.2.9 For anyx € M,

' m(x) =inf {a(xp) : p€ MP\I?} (2.32)

Proof:  Suppose 6§ > 0. Let p = en(x)4s(|x|). Then by (2.23) we have that p ¢ I?
and
a(xp) < [|lxp]| = ||Ix|p|| £ m(x) + &

Thus inf {a(xp) : p € MP\ I?} < m(x), since § > 0 was arbitrary.

Conversely, we may suppose. m(x) > 0, i.e. x is left Fredholm, otherwise there is
nothing to show. Suppose v|x| is the polar decomposition of x, and y is a left inverse
for x modulo Z. Then for any p € M? \ I? we have

1 = a(p) = a(yvlxlp) < a(yv) a(lxlp) = ;1—) a(xp)

So m(x) < a(xp). 5
By combining (2.25) and (2.32) we get |

Corollary 2.2.10

m(x) = inf {||xpq|| : p € MP\IP?,q€ 1-1I"} ' (2.33)
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Chapter 3

Topological and bornological
characterisations of ideals

In this chapter we are going to see that any ideal in a von Neumann algebra can be
characterised in a very natural way both by topologies and bornologies on H.

3.1 The injectivity and surjectivity properties

We borrow some terminology from the theory of operator ideals, as developed for exam-
ple in the monograph of Pietsch ([Pie80]). The injective and surjective operator ideals
are of some interest in that they are essentially those operator ideals which are invari-
ant under enlargement of the codomain or enlargement of the domain, respectively. We
will not be any more precise than this here, simply referring the reader to [Pie80]. The
special properties of such operator ideals (and injective and surjective hulls of operator

ideals) were first studied by Stephani ([Ste80] and [Ste83]).

Of course the setting we are considering is somewhat different to the setting of operator
ideals, in that the domain and codomain of the operators of interest are always the
same Hilbert space.

However, Stephani has shbwn that an operator ideal A is injective if and only if
x € A(E,F), y € BE,G), el < IIxell VE € £ = y € A(E,G)
and A is surjective if and only if | S
x € A(E,F), y € B(G,F), yBs CxBe = y € AG,F)

(See [Ste83] and also [WW88] Lemma 2.1.) We will now show that ideals in a von
Neumann algebra satisfy properties analogous to the above two characterisations, which
we naturally call injectivity and surjectivity properties.
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We would like to thank C.L. Olsen for pointing out the article of Douglas ([Dou66})
in which the equivalence of conditions (a), (d) and (f) of the following proposition are
established in the case M = B(H). This has enabled us to improve our original result
which simply showed the implications (e) => (b) = (c) - which suffices to establish the
injectivity and surjectivity properties for ideals in von Neumann algebras - see Corollary
3.1.2.

Proposition 3.1.1 Suppose M is a von Neumann algebra and x,y € M. The follow-
ing are equivalent:

(a) There ezists A > 0 such that y*y < Nx*x

(b) There ezists A > 0 such that ||y€|| < A||x¢|| for all £ € H
(c) There ezists z € M such that y = zx |

(d) There ezists z € B(H) such that y = zx

(e) ‘There ezists A > 0 such that y*By C A x*Bx

| (f) range(y*) C range(x*)

Proof:  Suppose (a) holds. Then for any ¢ € H, we have

y€ll® = (v&, v = (y7y6,€) < (Nx"x€,€) = A€l = A*[ix¢]|?
and so (b) follows. “
Now suppose (b) holds. Define the function
2 : range(x) — H : xt — y€

which is well defined by the hypothesis. Obviously it is linear, and by hypothesis this
function is norm continuous. Therefore it has a uniquely determined extension, also
denoted z, to R(x). We now define z to be 0 on 1 — R(x), and then by considering the
decomposition

M = RxYH @ (1 — R(x))H

we can define z on the whole of H. It is clear from the construvction that
y=2x "
It is clear that z € B(H), in fact, ||z < 1.

(To this point the proof of this implication coincides with that of [D6u66] Theorem 1
(2) = (3).) To complete the proof it will suffice to show that z € M.
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Suppose u € M'". Suppose £ € H. Then there exists ((,) C H such that

x¢u ¥ R(x)¢

Note that by the hypothesis y(, is also a convergent sequence. It follows that all of the
limits appearing in the following calculation exist:
uz{ = uz[R(x){ + (1 — R(z)¢]
= uz li’l‘n X(n

= li’xp uzx(n

= li’xp uy(n

= li’xp yu(n

= li’xp zxul,

= 1i111n zux(n

= zuR(x)¢
zR(x)ué

= zuf

Thus zu = uz, and so z € M" = M.
(c) = (d) is clear, while if (d) holds then y* = x*z* and so
| y*'By =x*2"By C x*||2°||Bx = ||2*|| x*Bx

and (e) follows. If (e) holds then

range(y*) = |J y'nBx = |J ny*Bn C |J nAx*nBy C range(x*)
n=1 n=1 n=1
and (f) follows.
(f) = (a) is [Dou66] Theorem 1 (1) = (2). : ||

Corollary 3.1.2 Any ideal I in a von Neumann algebra M satisfies

(a) If x€ZI,y €M and ||y€|| < ||x€|| for all £ € H then y € T (injectivity property)
(b) Ifx€ I,y € M and yBy C xBy then y € I (surjectivity property)

Proof: Immediate from the implications (e¢) = (b) = (c) of Proposition 3.1.1 and
the self-adjointness of Z. ' ||

The argument of the following lemma was suggested by the usual proof of the von
‘Neumann double commutant theorem.
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Lemma 3.1.3 Suppose T is an ideal in M. Suppose x € M, x4, ...,x, € L. If

Il < o e

forallé € H, thenx € T.

Proof:  Consider the algebra M, (M) acting on the Hilbert space @, H, where
Mn(M) = {[Yu] Y Yi; € Miorl S 1,] S n} . (3.1)

and where the usual rules of matrix multiplication apply. It is easy to see that M,(M)
is a von Neumann algebra; in any case this is a special case of the result proved in
[SZ79] Lemma 3.16.

We consider

M. (Z) = {[yi;] € Ma(M) :y;; €T forl <i,5 <n} (3.2)
which by the nature of matrix multiplication is clearly an ideal in M,(M).
. én) € B, ’H we have that

x€;
0

Now for any (&, &2, . -

2 2

0 --- 0 &
0 -

p'e
0 -0 €2

00 - 0]\¢& 0
: lIxél®

1n<1a<x ”xtfl ”

g il

/ x1éy

Xzfl

IA I

IA

\ xn.fl

Now

Xa
X2

Xn
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Fxl 0

X3 0 ---

 Xa 0 -

0] /&

ol \e

M,(Z) and so by the injectivity property enjoyed by the ideal



M, (Z) we have that | | . e M, (I). Therefore x € I. [ |

3.2 Topological and bornological characterisations

We are going to see that any ideal Z in a von Neumann algebra can be characterised
by means of a topology t(Z) in that for x € M

x€TI & x:(H, t(l').) — (H,||.ll) is continuous

This can be compared with similar questions raised in the theory of operator ideals. For
example, Stephani shows in [Ste83] that if an operator ideal is injective then it can be
characterised in such a fashion, by means of ‘ideal topologies’; see also [WW88]. Con-
sidering that ideals in a von Neumann algebra satisfy the so-called injectivity property,
the above-mentioned result should be expected.

Furthermore there is a notion dual to ‘ideal topologies’, namely that of ‘ideal bornolo-
gies’. (Stephani calls these ‘generating systems of sets’ in [Ste80]; see also [WW8S]
for a treatment of such bornologies in the setting of locally convex topological vector
spaces.) It is shown that if an operator ideal is surjective then it can be characterised
in terms of these bornologies. Again, since ideals in von Neumann algebras satisfy the
surjectivity property, we should not be surprised to find that bornologies can be used
-to characterise them.

Definition 3.2.1 Suppose T is an ideal in M. Let t(I) be the initial vector topology
on H with respect to the source

I>x:H— MK

i.e. t(T) is the weakest vector topology on H making all the operators in T continu-
ous (where the codomain is equipped with the norm topology). Thus t(l') has as basic
neighbourhoods the sets

{ﬂx,-_lB-H:neN, x; € T} (3.3)

1=1

Alternatively, t(T) is determined by the seminorms
Allx-]|: xe T} . (3.4)
Note 3.2.2 (a) For any 0 # x € T we have that

e “BHC{f x€ € By} = x"'By
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Therefore if x;,...,%x, € T\ {0} then

1 n
By C ﬂ x; 1By (3.5)

maxrgen ol " < L)
from which it follows that ¢(Z) < ||.|.

(b) Recall that any bounded linear operator is weakly continuous, in particular the
sets x~1By are weakly closed and of course convex for any x € M. This then
is also true for intersections of such sets. It follows in particular that the basic
neighbourhoods describing the topology t(Z) are convex and wea,kly closed, and
hence invariant under the taking of bipolars.

Theorem 3.2.3 Suppose x € M. Then
x: (H,4(T)) = (1, [11)

is continuous iff x € I.
Proof: If x € T then obviously x : (H,t(Z)) — (H,]|.||) is continuous. If, on the
other hand, x : (H,t(Z)) — (M, ||.}l) is continuous, then there exist x1,...,%n € T such
that

| Il < max it

for all £ € H. Therefore x € T by Lemma 3.1.3. ' n
Corollary 3.2.4 Two ideals T, and I, coincide iff t(Z1) and t(Ig). coincide.

Corollary 3.2.5 Suppose x € M. Then
x: (H,t(T)) — (H,t(T))

is continuous.

Proof: Suppose fo, @ 0. Now yx € T for every y € 1' a.nd 80 yxéa J 0 for all

y € Z, by Theorem 3.2.3. By definition this shows that x{a O and this completes -
the proof. _ |

Note 3.2.6 We can view these constructions from a different perspective and ask: what
topologies on H determine an ideal in M? Similar questions have been asked i in the
setting of operator ideals with the concept of ‘generating topology’. See [Ste83] for this,
and [WW88] for the convex topological vector space case.
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Suppose that 7 is a vector topology on H and that
z:(H,7) = (H,T)
is continuous for every x € M. Let
i(r)={xeM: z:(H,7) = (H,]|.||) is continuous} (3.6)
It is easy to see that ¢(7) is an ideal of M.

By definition i(7) consists of operators that are 7 - ||.|| continuous, while ¢(i(7)) is the
weakest topology making the members of i(7) continuous as maps to (H, |I.|]). It follows
that t(z(‘r)) <r.

Since topological and bornological constructions are in general dual to each other, it
" is perhaps not surprising that while the topological characterisation of ideals involves
initial topologies, the bornological characterisation involves final bornologies. For ad-
ditional information on bornologies the reader should consult [HN77].

Definition 3.2.7 Suppose T is an zdeal in M. Let b(T) be the convez bornology which
- has as a base the collection

{co Ux,BH n €N, x.EI}
i=1

It is easy to see that this collection does in fact satisfy the requisite properties of being
“a base for a convex bornology.

. According to [HN77] Theorem 2:6(1), given a source of linear maps
| fi:& €

from a family of vector spaces {£; : j € J} each equipped with a convex bornology
B;, to a vector space £, it is possible to characterise the finest convex bornology on &
making all the maps (f;) bounded. This is called the final convex bornology on £ with
respect to (f;) and is generated by the collection

{co U f£i(B)) : B; € B}
ieJ
Specialising to the case under consideration, the finest convex bornology on H making

all the maps
Isx:(”|.)—-H

bounded will be generated by the collection

{co |J xBx : By is ||.|| ~bounded}
xeTl
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It follows from this that b(Z) is finer than the final bornology. It is clear, however, that
the family .
I3x:(H]|1)— (H,H1))

comprises bounded maps. It follows that 5(T) is in fact the final convex bornology with
respect to

Isx:(H)H)—H

The following result should not come as a surprise:

Proposition 3.2.8 Suppose I is an ideal. Then b(T) is the equicontinuous bornology
for the topology t(T).

Proof:  For every xy,...,X, € T we have by [RR64] II Corollary 3. that.

(ﬂ x;'lB-H) = co U(x.-'lB-H)° = co U X;" By

1=1 =1 i=1

The result now follows from the self-adjointness of Z. n

Corollary 3.2.9
' xel & x'lBHEt(l') S xB‘HEb(I)

Proof:
x€ZI & x'ByetT)
& (x7'By)° € b(T)
Aad X*By € b(T)
The result now follows from the self-adjointness of Z. n

Corollary 3.2.10
M b(T) C b(T) | (3.7)

Proof:  Suppose B € (T) and x € M. Then from Propbsition 3.2.8 and Note 3.2.2
(b) we may suppose that B° is a basic neighbourhood in t(Z). Therefore

(x*B)° = x"Y(B°) € ¢{(T)

by Corollary 3.2.5, and so (x*B)° € b(T) again by Proposmon 3.2.8. Thus x*B € b(T)
and the result follows. |
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Note 3.2.11 Once again we can ask what bornologies on M determine an ideal in
M. This question, in the context of operator ideals, has lead to the introduction of
‘generating systems of sets’ by Stephani ([Ste80]) and generatmg bornologies’ by Wong
and Wong ([WW388]).

Proposition 3.2.12 Suppose B is a bornology on H such that MB C B. Then
i(B) = {x € M : xBy € B} (3.8)

s -an tdeal in M.

Proof:  Suppose x,y € j(B),z € M, A € C. Then

(x+y)By CxBy+yBy€B+B=8

AxBy € CB=8
xzBy C x||z||Bx = ||z||xB» € CB = B
and finally '
_ zxBy €zBC MB =18
and so j(B) is an ideal in M. .- [ |

We will see more on bornologically determined ideals in Chapter 4.

3.3 t(Z?) and b(Z?)

In this section we are going to examine the initial topology and the final bornology for
the ideal ((Z?)), where Z is an arbitrary ideal in a von Neumann algebra, and show that
they have simple characterisations purely in terms of Z?. This will prove to be very
useful later because of the lattice structure on I?, lacking in general on I or ((Z?)).

Definition 3.3.1 Suppose T is an ideal in M. Let t(Z?) be the initial topology with
respect to the source

I?5p:H— (H )

i.e. t(IP) has the sets :
. p~'(eBn)
where p € I?, ¢ > 0 vary, as subbasic neighbourhoods of 0.
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We will set ' .
pNeBu) ={E€H:|pt| <€} =U(p,e) (3.9)

In fact the given system is basic, for, if py,...,pn € I? and €,...,€6, > 0 then it is
easy to see that . ' :

U(V Pi, /\ 6') C ﬂ U(p,-,e;)
: ' =1 =1 =1
while V_;p; € I>,

Therefore t(I?) is ‘determined by the basic seminorms
{llp-1|:p€I?} -~ (3.10)

It is easy to verify that .
Ulp,€)° = p-Bn (3.11)

where the polar is taken in H.

Examples 3.3.2 (a) Recall that the o-topology has as a neighbourhood base of 0 the
sets

Uatorntne = {EEH (G <€, 1 <i<n}

where (3, (2,...,(, are arbitrary unit vectors in H, and € > 0.

Wg claim that
U(p,e) = {£ € H: ||pé]| < €}

~where p € K(H)?,e > 0 vary, form a basic neighbourhood system of 0 for o.
Therefore

o =t (K(H)P) (3.12)

To see this: if p € K(H)? then we find a orthonormal system {(, (3, ..., (x} which
form & base for the range of p. Then

U(p’ e) D Ucl»(ﬁv"-v(n'#

On the other hand, if (i, (s,...,(, are unit vectors in H, then let p be the pro-
jection generated by them, and so we have that

U(p’ 6) C U,(ly(?v'"vcihc

(b) Consider the von Neumann algebra € acting on the Hilbert space £2. Consider
- the ideal
K Ne>® =

Note that cy? consists of those sequences consisting only of finitely many 1’s, and
0’s otherwise; it follows that t(co?) is the topology of pointwise convergence.
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Proposition 3.3.3 Suppose x € M. Then
x: (H,4(ZI7)) — (M, |-]])

is continuous iff x € ((Z?)).

Proof:

x: (H,t(Z?)) = (H,||-|l) is continuous <& Ip € I? €>0:xU(p,€) C By

dp €I e>0:x"By CU(p,e)° = p-i-Bn
JpeI?: I(x*)<p

I(x*) e I?

x* € ((Z%))

x € ((Z%))

st ¢ ¢

Here we use Proposition 1.1.5 and the fact that any two sided ideal in a von Neumann
algebra is self adjoint. |

The above result can in fact be improved, as follows.

Corollary 3.3.4
HI?) =(((Z7))) (3.13)

Proof: It is clear that the initial vector topology with respect to ((Z?)) must be
stronger than t(Z?).

. Conversely, suppose x € ((Z? )) Then by Proposition 1.1.5t(x) € Z?, and of course we
may suppose x # 0. If £ € U(r(x), i II) then

Il = e Gogl < el Gogl < el 7 =
and so U(r(ic), “17") C x"'By. It follows that
| x: (H,((Z7) = (K, |1

is continuous. This completes the proof, as t( ((Z?)) ) is the weakest vector topology
with this property. ‘ B

Note 3.3.5 Suppose I is an ideal.-Let b(Z?) be the convex bornology which has as a

base the sets
{péBx:p €ZI?, &> 0}
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It is easy to see that this collection does in fact satisfy the requisite properties of being
a base for a convex bornology, since if p;,...,x, € Z? and &;,...,6, > 0 then

P161By + - + pnbuBy C (V P.‘) (llgag( 5.') By
=1 21an

and of course VI ,p; € I?.

Since U(p,€)° = p1By, it is clear that (T ?) is the equicontinuous bornology for #(Z?)
and is therefore the final bornology for ((Z?)). Thus

5(Z7) =¥ ((Z%))) (3.14)

In particular
x € ((IT?)) & xBx € b(I?) » (3.15)
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Chapter 4

Bornological characterisations of
closed ideals |

Recall that the ball measure of non-compactness of a set B in a Hilbeft space H is
given by ; ‘
¥(B) = inf{e > 0 : 3 finite F C H such that B C F + By} (4.1)

This quantity is called a measure of non-compactness because
¥(B) =0 & B is relatively compact

See [EE90] for other properties. (Note that some sources, such as the one cited, require
the e-balls in the definition to be open, however, it is easy to see that this makes no
difference.)

It follows that for x € B(H),
X € K:('H) & @(XBH) =0 . (4'2)

Thus the ideal of compact operators is characterised by the measure of non-compactness.
In this chapter we are going to analyse how ideals in von Neumann algebras can be
characterised by generalisations of measures of non-compactness which are determined
by bornologies.

4.1 Generating bornologies and ¢-functions

The process discussed above can be seen from a bornological point of view. Consider
the bornology F in H generated by the finite sets. Then the collection F comprising

{B CH:Ve>03F € Fsuch that B C F + eBy} (4.3)
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is the bornology of relatively compact sets, and
¥(B)=0 & Be F

and

x€KMH) & xByeF

This process admits a simple generalisation to a wide class of vector bornologies on H.
Suppose M is a von Neumann algebra, and B is a vector bornology on H such that

MBC B. Let
B={BCH: Ve> 03B € Bsuchthat BC B+ eBy} (4.4)

It is clear that B is a vector bornology; furthermore if B C B'+eBy then B C acB'+eBy
and so ac B C ac B’ + By since the latter is absolutely convex. This shows that if B
is a convex bornology then so is B.

Finally, if B C B’ + By and z € M then
zB C zB' + zEBn C zB' + ||z||eBn
which shows that if MB C B then MB C B.

Now consider the function
¢s(B) = inf{e > 0 : 3B’ € B such that B C B’ + eBx} (4.5)

We will verify that this function satisfies the properties appearing in the following
definition of a so-called ¢-function, and moreover

qs(B)=0 & BeB

A g-function is to be thought of as a function which satisfies the properties typical of
the canonical measure of non-compactness. (See [EE90] I Lemma 2.2 and 2.5, [LS71]
(3.1), for example.) '

Definition 4.1.1 A g-function relative to M is a function
q: P(H) — [0, 0]
satisfying
(i) ¢(B1) < q(Bz) for By C Bz;
(ii) ¢(AB) = |A|g(B) for A € C, B C M (with the usual convention that 0 - co = 0);
(i) a(By + Ba) < a(B)) + a(By) for B, BaC H;
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(iv) ¢(Bn) < oo - the case ¢(Bx) = 0 leads to trivialities, so upon normalisation we
usually suppose that ¢(By) = 1;

(v) ¢(xB) < ||x||¢(B) forx € M, »B CH.

q is said to be convez if q(ac B) = ¢(B) for B C H.

Proposition 4.1.2 Suppose M is a von Neumann algebra, and B is a vector bornology
on H such that MB C B. Then qg is a q-function. If B is a convez bornology then qp
18 COnver.

Proof:  Clearly gg satisfies properties (i) to (iv). If B’ € B and
BcCc B + By

and x € M then
xB C xB' + xeBy C xB' + ||x||eBx
from which (v) follows since xB’ € B.

~ Finally if B is convex then as we have seen previously we have ac B C ac B’ + eBy.
Therefore gs(ac B) < qg(B) since ac B’ € B, while the reverse inequality follows from
(i)- n

One immediate consequence of the definition of a ¢-function is that
q(xB) = q(|x| B) (4.6)
for x € M, B C H. To see this, suppose x = v|x| is the polar decomposition. Then

q(Ix|B) = g(v*xB) < |[v*|| ¢(xB) < q(xB) = q(v|x|B) < ||v|| q(|x|B) < 4(Ix|B)

Proposition 4.1.3 Suppose B is a bornology on ‘H such that MB C B. Then
i(B) = {xeM:xByeB} (4.7)
= {xeM: qp(xBH) = 0} (4.8)

is a norm-closed ideal in M.

Proof: It is clear that 3 :
J(B) = «(B) : (4.9)

and so it follows from Proposition 3.2.12 that i(B) is an ideal. We show that it is closed.

Suppose ¢(B) D x, . Find n sufficiently large so that ||x — x,|| < € and then find
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B € B such that x,Bx C B + eBx. Then

xBy = (x—xu+x,)By
C (x— Xn)By + X,.B_u
C ||x — xa||Bu + B' + By
C B’ +2eBy

which shows that x € i(B), as required. 7 | |

Note 4.1.4 It is clear that j(B) C i(B). We have been unable to find a satisfactory
answer to the following question: under what conditions is i(B) the norm closure of

3(B)?

Note 4.1.5 There are some other constructions in the mathematical literature which
can be regarded as generalised measures of non-compactness and which broadly fall into
the above framework. We mention two examples.

Firstly, de Pagter and Schep ([PS88]) used the bornology of order bounded sets in a
Banach lattice in an analogous construction that characterises almost order-bounded
sets and semi-compact maps.

Secondly, recall that it was shown by Grothendieck that in a Banach space £, a set K
is relatively weakly compact iff for every e > 0 there exists a weakly compact set K,
such that

K C K, + eB¢

For a proof see [Die84] Chapter XIII Lemma 2. With this result in mind, de Blasi
([dB77]) has introduced a measure of weak non-compactness; the definition is again
analogous to that of the function gg.

4.2 The function g7

Suppose throughout this section that 7 is a norm-closed ideal in a von Neumann algebra
M. We would like to generalise the characterisation of K(H), to a characterisation for
Z, by finding a suitable bornology that will determine Z in the manner described in
Proposition 4.1.3. ‘

Of course b(T) characterises Z, but we shall see that 5(Z?) is a far more useful bornology
which can also be used to characterise Z.

In order to motivate the use of 5(Z?) we again return to the example of the ideal K(H)
and the measure of non-compactness ¥. Instead of considering the bornology of finite
sets we consider the convex bornology 8(X(H)?). Consider the function Yo

axcryr)(B) = inf{e > 0: 3 p € K(H)?, 6 > 0 such that B C péBx + eBn}
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as defined in (4.5). This is a convex g-function by Proposition 4.1.2. We claim that

W) (B) = ¥(B)

Proof:  Suppose B C F+eBy where F is finite. Let p be the projection onto span F,
then p € K(H)?. Now clearly F is bounded and included in pH, and so we have that

U(B) > gycrye)(B)-

Conversely, suppose B C péBy + eBy for some p € K(H)?, é > 0. Then péBy is a
bounded set in the finite dimensional space pH, and is thus relatively compact, and
hence totally bounded. Suppose 1 > 0 is any given constant. Find a finite set F C pH
such that péBy C F + nBy. Then

BCp63H+€B7{CF+1]B7{+637{=F+(6+7])B7{

so ¥(B) < e+17. Thus ¥(B) < ¢, since n was arbitrary, and so ¥(B) < axryr)(B). B

The above discussion has amounted to a reformulation of the definition of ¥ in an
algebraic rather than a geometric manner. This result is fairly obvious if we realise that
F and b(IC(’H)P) are the same bornology, na.rnely the bornology of relatively cornpa.ct
sets.

In this way the measure of non-compactness, ¥, is determined by b(X(#)?). This
suggests that we should use b(Z?) in a like manner to define a so-called measure of non-
I-compactness. Now by Corollary 3.2.10 we have that M b(Z?) C b(Z?) and so from
Proposition 4.1.2 the function gy(z») is indeed a convex ¢g-function. For convenience this
function will be denoted g¢z.

The definition of the function g7 is due to Stroh; see [Str89]. This function was first
considered by Kaftal in [Kaf77] in the special case where M is semifinite and T = M.;
see also [SS89] in this regard. (Recall that M. is the ideal of algebraically compact
operators.) In turn, these ideas were first suggested by Sonis in [Son71]. These authors
considered collections known as Z-finite e-nets. It seems that by viewing the function
qr as being derived via bornologies enables one to simplify the theory and derive some
powerful new results.

For convenience we give a full definition of the function ¢z.

Definition 4.2.1 Suppose B C H. The measure of non I-compactness of B is given
by
gr(B) = inf{e > 0:3p € I?, § > Osuch that B C péBx + eBn} (4.10)

B is said to be I-totally bounded or relatively I-compact if gz(B) = 0.

The following Proposition summarises the properties of g7 that follow by virtue of it
being a convex g-function.
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Proposition 4.2.2 Suppose B,B,,B, C H, A € C, x€ M.

a2(By) < qz(B2) (a1

B, CcB, =
gz(AB) = |Aez(B) j | (4.12)
gr(B1 + B2) < q1(B1) + q1(Ba) : (4.13)
gr(xB) < |Ix|| gz(B) (4.14)
g1(B) = qi1(ac B) | (4.15)
= a(|x1B) (4.16)

qI(XB)

It is clear that ¢z(B) < oo iff B is bounded in norm. For sets which are norm-bounded,
we have the following useful result.

Proposition 4.2.3 If B is bounded in norm then ¢r(B) < e iff there exists p € A
such that B C p(B) + eBn.

Proof: Suppose qz(B) < ¢, so there exists p € I? and 6§ > 0 such that B C
pbBy + €By. Then indeed )

- = i -l <
e~ el = af €=l < int, e =l <
for all ¢ € B. Thus B C p(B) + eBy.
The converse is clear : p(B) is the required member of 5(Z?) - this set is bounded in
norm since B is bounded in norm. |

The following new characterisation of the function ¢r follows from the previous Propo-
‘sition. For any BCH

(B) = infperr supeep [|€ — Pl| = infpe1-1» SUPge llipéll if B is norm bounded
I o otherwise

(4.17)

We now establish some further elementary properties of ¢r which are also analogous to

the properties enjoyed by the canonical measure of non-compactness : see, for exa.mple,
[LS71] Proposition"4.13 and [EE90] I Lemma 2.2. :

Proposition 4.2.4 Suppose B,B1,B; CH, A € C.

ar(Br) = 1- (4.18)
QI(BlUBz) = max{qr(B1);9z(B2)} (4.19)
q1(B) = ¢z(B) (4.20)
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Proof:  (4.18) follows easily from (4.17). (Here we are implicitly assuming that
T # M. In the case that T = M, g7 vanishes on bounded sets.) '

We may suppose that the quantities involved are finite, otherwise it is easy to see that
there is nothing to prove.

It follows from (4.11) that ¢z(By U B;) > max{qz(Bi);qz(B2)}. Conversely, suppose
that for t = 1,2 we have p; € I? a.r_ld 6; > 0 such that B; C p;6;Bx + €;Bx. Then

ByUB, C (p161Bn +‘€13H) U (p262Bx + €2Bx)
C  (p161Bx U p262B%) + max{ey, €2} By
C (p1V p2) max{é;, 62} By + max{e;, €2} By

Hence qf(B, U B;) < max{ey, €2}, and (4.19) follows.

Since B C B, we have from (4.11) that ¢z(B) < ¢z(B). Conversely, if B C p6Bx + eBxy,
then
B C p6Bu + By + 1By = p6Bu + (€ + n)Bx

for any n > 0. Thus (4.20) follows. |

We now consider the behaviour of the function g7 when applied te the images of sets
under elements of M. Recall that the canonical measure of non-compactness of an
operator x is defined as

B(x) = ¥(xBx) (4.21)

It does have other definitions; see [EE90] I §2 for these alternatives and other properties.
This quantity is called the g-seminorm by Lebow and Schechter - see [LS71] §3. We
would anticipate that ¢7(xBx) would be a measure of non-Z-ness, this is indeed the
case - it is just a(x), the measure with which we are familiar. :

Theorem 4.2.5 Suppose B C H is bounded in norm and x € M,k EVI.

qz(xBu) = a(x) (4.22)
gr(xB) < a(x) ¢z(B) , (4.23)
qz(xB) = qz((x-l—k)B) (4.24)
Proof:
gr(xBy) = _inf Sup lj2d]

=  dnf, llpx||

= pelxn—fzr lIx*p]|

= ox")

= ox)
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by equation (2.25), which establishes (4.22).
Suppose & > 0. Let e = ey(xe)45(|x*|). Then

llexl] = [lx"ell < a(x*) + 8 = a(x) +§
and by (2.24) we have that 1 —e € Z?.
Suppose f € 1 —I7. Let ‘
| q=N((1-f)x") =1 - R(x(1 - 1))

Note that we have that
: qx = qxf

Put
p=eAq

Now we have that
1-q=R(x(1-f))~R(1-f)x*)<1-f
and so 1 —q € Z?. Thus 1 — p € Z?, and so |
g(xB) < sup |px¢||
133:]
= sup |lpax]|
éeB

= sup |pgxfé||
¢eB

sup ||pexf¢||
¢€eB

A

sup |||l [lex| |||

¢eB .

< [efx) + 6] sup [|£€]|
¢eB

Since f € 1 — I? was arbitrary and § > 0 was arbitrary, (4.23) follows.

The above argument is inspired by one of Nelson’s : see [Nel74] Theorem 1, the proof
of (17'); or [Ter81], the proof of Proposition 5(ii).

Finally

qz(xB + kB)

gz(xB) + ¢z(kB)
qz(xB)

qz((x+ k - k)B)

gz((x +k)B + (—k)B)
qz((x +k)B) + gz(—kB)
gz((x +k)B)

ar((x +K)B)

A A

VAN VAN |
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and this proves (4.24). ‘ o [ |

Under the convention that 0. co = 0, the requirement that B be bounded is necessary
in (4.23) : it is possible to find an unbounded set B and an operator x belonging to the
ideal in question such that gr(x(B)) = oo - see Example 6.4.10. Therefore in proving
(4.24), having used (4.11) and (4.13), and also (4. 23), we need the assumption that B
be bounded.

~ Finally we note that 7 is indeed characterised by gr.

Corollary 4.2.6
x€T & xBy € b(?l:;’) & qr(xBy) =0 & qr(xB) =0 (4.25)
for B C 'H bounded. |

4.3 ¢7 and left-Fredholm operators

In this section we consider an application of gr to left Fredholm operators. The first
statement of the following theorem has already been proved in [Str89] Theorem 3.12.
We give a complete proof as the method here is substantially different and allows us to
derive the second statement of the theorem, which is new. This in turn enables us to
derive a new characterisation of m(x) for any operator x € M.

Theorem 4.3.1 x € M is left Fredholm w.r.t. T iff there exists ¢ > 0 such that
 a(xB) 2 cq(B)

for all sets B that are bounded in norm. The largest possible value of c is m(x)

Proof:  Suppose x € M is left Fredholm w.r.t. Z. Then m(x) > 0. Let
for t <™

for t;@

[==}

0=

LY

Then .
F(lx) x| = e(mm ) (Ix]) € 1 - I7
so f(|x|) is an inverse for |x| modulo Z.

We then have for any B which is norm bounded that

a2(B) = ar(epam (X)) B)
= qr(f(x]) Ix| B)
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a(f(lxl)) az(|x| B)
= ()qz(IXIB)
= g 0P

So we take ¢ = m(x). Note that the first equality above follows from (4 24); (4.23),
Theorem 2.2.8 and (4.16) are also used here.

Conversely, suppose we have some ¢ > 0 such that gr(xB) > ¢ gz(B) for all B tha.t are
bounded in norm. Then for any 0 < § < ¢,

()

[|xes (|x)]|
o(xes(|x]))
gr(xes(|x[)Bn)
c gz(es(|x})Bx)
¢ aes(|x]))

So 1 > a(es(|x|)), and thus from (2.2) we have that a(es(|x])) = 0.
Thus e5(|x|) € Z, and so m(x) > 6 > 0. This means that x is left Fredholm.

Cc

iV IV V

v

From the first part of the proof we have that m(x) is admissible as a value of c. From
the second part of the proof we have that m(x) is the largest possible such value, since
m(x) > & with é§ < c arbitrary. B

The following result should be compared to the definition appearing on p 42 of [EE90],
and Theorem 4.6 there.
Corollary 4.3.2 For anyx €M,

¢z(xB)
0<qI(B)<oo qz(B)

m(x ) = (4.26)

Proof:  For the one direction we have that

in ———qI(X-B) < inf ___q-_r(xpBu)
0<ezr(B)<eo g7(B) peMA\T? qr(pBy)

. a(xp)
pEMP\IP a(p)

= £
seinf |, a(xp)

= m(x)
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Conversely, we may suppose m(x) > 0, i.e. x is left Fredholm, otherwise there is nothing
to show. From the proof of Theorem 4.3.1 we have that m(x) ¢z(B) < ¢z(xB) for any
B which is bounded in norm.

The result follows. : [ |

69



Chapter 5

Topological characterisations of
closed ideals |

Throughout this chapter we suppose, unless specifically stated otherwise, that 7 is a
norm closed ideal in a von Neumann algebra M acting on a Hilbert space H.

We aim to generalise the following known topological characterisations of K(H) : for
x € B(H), the following are equivalent:

(a) x € K(H) i.e. xBy is rélatively compact for the norm topology on H;
(b) xya,, : (Bw,0y8,,) = (H,||.|]]) is continuous;
(c) xi8,, : (Bw,08,,) = (H, ||.]l) is sequentially continuous;

(d) x: (H,0) = (H,||.]|) is sequentially continuous.

Here o denotes the weak topology on H. Condition (d) is usually known as the Hilbert
condition. In general Banach spaces the operators with this property are known as the
completely continuous operators.

As motivation for what will follow, and also to illustrate some points that will be made
later, we offer an outline of the proof of this result.

Proof: (a) = (b) Suppose By D (£s) = 0. Then, since any bounded operator is
weakly continuous, we have that x{, = 0. Now suppose for a contradiction that it
is not the case that x¢, I 0, so for some € > 0 we can find a subnet ,, such that
x€ap & €By for all 8. But xBy is relatively norm compact, and therefore (x£a,) has a
convergent subnet, whose limit must be 0 since x¢o = 0. This gives us the required
contradiction. '

(b) = (c) is clear, while (c) = (d) follows from the fact that o-convergent sequences
must be bounded in norm.
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(d) = (a) First note that By is relatively o-compact by the reflexivity of H, and
therefore relatively sequentially o-compact by the Eberlein-Smulian theorem. Therefore
if ({x) is a sequence in By it has a convergent subsequence (£,;). By hypothesis (x£s;)
s norm convergent. Hence xBy is relatively norm compact. [ |

As has been noted in Examples 3.3.2, we have that
o =t(K(K)?)

which is the initial convex topology with respect to the p-ideal of projections with finite
rank. We attempt to generalise this observation as follows : given a norm closed ideal T,
we consider the topology ¢(Z?) discussed in Section 3.3. We will show that for x € M,

x€ZI & xig, : (B, t(I%)8,,) — (H,||.]l) is continuous .

thus generalising the equivalence of (a) and (b). This will be done by using some of the
theory Qf mixed topologies. , '

" In the last section of this chapter we will discuss generalisations of conditions (c) and
(d), with specific reference to the work of Kaftal ([Kaf82]).

5.1 Strong—operator dense ideals

In the following proposition we characterise the class of norm-closed ideals which are
strong-operator dense in M. As will prove apparent later these ideals are important
when considering mixed topologies.

Proposition 5.1.1 The following conditions are equivalent:

(a) T is wo-dense in M

(b) I is so-dense in M

(c) There ezists (po) C IP such-that p, = 1

(@VIr=1 |
(e) For every 0 # q € MP there exists 0 £ p € IP such thatp < q
(f) €|l = suppezs |IPE| for every £ € H

(9) lIx|| = suppez» llpx|| for every x € M

(h) By is t(T?)-closed

(i) t(Z?) is Hausdorff
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Proof:  (a) ¢ (b) « (c) & (d) ¢ () = (£) are clear.
(b) = (c) Since T = [[Z7]] = ((Z?))~M!, we have that
M =T =((27))M™ = ((Z7))~

Thus we can find ((Z?)) D a, = 1, a.nd s0 I? D r(as) = 1 by Proposition 1.1.5 and
Proposition 1.1.8. : :

(f) = (g) If x € M then

|| = ” " p |[x¢| = sup sup lpx¢|| = sup ”shlp lpx¢|| = sup llpx||
= 1p€

(g) = (d) Let q=1-VI?e€ MP. Then
llall = sup |lpq|| =0
PGIP

(f) = (h) Suppose By D & — ‘@)

€]l = sup [[p¢|| = sup lim [|péa|| <1
pET? peI®r

€. Then llpéall — llpéll for all p € I?. Thus

(h) = (i) Suppose ¢ # 0. Since By is t(I7)-closed, so is 1||£||Bx. Then H\ 1||¢||Bx
separates ¢ from 0, and so ¢(Z?) is Hausdorff.

(i) = (d) Let q=1—-VI?P € MP. For £ € qH, ||pé}| =0 for all p € Z?. Thus { =0
by Hausdorffness, and so q = 0. |

Examples 5.1.2 Recall that if M = B(H) then ¢{(K(H)?) = 0. Thus ¢(Z?) is a ‘weak’
topology, in the sense that it is constructed as a generalisation of . Therefore we are
motivated to examine the general relationship between ¢(Z?) and o.

(1) If t(Z?) > o, then By is t(I?)-closed since it is o- closed and so the conditions of -
Proposition 5 1.1 are satisfied.

(2) We show that ¢(Z?) < ¢ iff T C K(H).
Proof: If T C K(H) then {(Z?) < o since the set of seminorms determining
t(Z?) is a subset of those determining o. '

Conversely, suppose t(Z?) < o and assume for a contradiction that there exists
p € I? such that pH is infinite dimensional. Then any orthonormal sequence
(é2) C pH is o-convergent to 0, but ||p&.|| = [|éa]] = 1, so not t(ZP)-convergent
to 0. This gives us the required contradiction. Thus Z? C K(H)?, and so from
the theory of p-ideals we have that T C K(H). _ |
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In general we can show that if t(Z?) = o then T = M NK(H).
Proof:  Suppose ¢(Z?) = 0. That T C M N K(H) follows from (2).

Clearly MNK(H) is a norm-closed ideal in M, so to show the reverse inclusion we
may once again use the theory of p-ideals. Suppose p € MP is of finite Euclidean
dimension; we may suppose p is minimal in MP. Since ¢{(Z?) > o, we have by (1)
that 7 satisfies the equivalent conditions of Proposition 5.1.1. By condition (e)
there we have that p € 7, by its minimality. u

It is clear that the converse of this result is false - as a trivial example, if M does
not have a Type I direct summand in its type decomposition, we have that

MNK(H) = {0}
since M contains no minimal projections, and hence no pro_]ectlons with finite

Euclidean dimension.

As a more interesting example, consider again the von Neumann algebra £ acting
on the Hilbert space ¢2, and the ideal

K(H)Ne® =
as seen in Examples 3.3.2 (b). V

- Since cg C K(£€%) we have that t(c?) < 0. In fact this follows directly since t(co?)
is the topology of pointwise convergence. Now o and the topology of pointwise
convergence coincide on bounded sets, thus #(co?) and o agree on bounded sets.
But certainly t(co?) < o, since the sequence

b= (0,0,...,0,n,0,0,...) &0

where the term ‘n’ appears in the nth position) but clearly
ppe _

-4
€ /0
since weakly convergent sequences have to be bounded in norm.

(3) It is worthwhile to note that the ¢(Z?) and o topologies need not be comparable.
As a simple example, let 0 < p < 1 be a central projection with infinite Euclidean
dimension, and let T = Mp. Then by (2) we have that {(Z?) £ . On the other
hand, it is apparent from (1) that o £ t(Z?).

(4) More interestingly, we can find an example where the conditions of Proposition
5.1.1 are satisfied but where the ¢(Z?) and o topologies are incomparable. This
is taken from Example 2 of [Kaf82]; we sketch the details for the convenience of
the reader.

Let H; and H. be separable Hilbert spaces (With respective orthonormal bases

{¢:} and {7:}) and let
M = B(H:) ® Cn,
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where Cy, denotes the von Neumann algebra of all scalar multiples of the identity
acting on H;. Then from [KR86] Example 11.1.4 we have that

M={x®1:x€B(H,)}
Then it is easy to see that
M. ={x®1:x€ K(H,)}

and

MP=P.={p®1:p€K(H)"}

Thus VP~ = 1, and so the conditions of Proposition 5.1.1 are satlsﬁed Since
M. ¢ K(H, ® H;), we have that ¢{(P.) £ 0.

We now consider the sequence

¥(n)

=2 Gom

i=n

where 3 : N — N is any function for Wthh ¥(n) 2 n. Suppose we have some
p ® 1 € P.; we may suppose p is minimal i.e.

for some unit vector { € H;. Then

¥(n)

I Z: pG @ mill?

¥(n)

= ||Z:(C.',C)C®m||2
¥(n)

= Z:I(C-',CH’

Z:I(C:',C)I2

— 0

lI(p ® 1)l

IA

by the Bessel inequality. Thus {,. P~) 0. Now we choose ¥(n) = 2n, for example,
and then [|¢,]|* = n+1. Then the sequence , is unbounded and therefore cannot
be o-convergent. Thus t(P~) 2 0.

5.2 The closed ideal W(Z) and the mixed topology

For convenience we make the following definition:
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Definition 5.2.1
W(T) = {x € M :x, : (Bu,t(Z?)s,) = (H,|.||) is continuoﬁs} (5.1)
We want to show that T = W(Z). One of the directions is easy:
Proposition 522 IC W(T)
Proof:  Suppose x € Z, and suppose ¢ > 0 is given. By Corollary 0.3.6, we can

choose p € 1 — I? such that ||xp|| < e. Suppose By D &, ") 0, then by definition we
have that ||(1 — p)éa|| — 0, and thus

Ixéall = [Bx(1=p)+ xplal]
= )l + el léall
< Il (L = p)all + €
~since ||€a]] < 1. Thus x€a o, | |

Theorem 5.2.3 W(Z) is a closed ideal.

Proof: W(Z) is clearly a vector space, and also a left ideal. That it is a right ideal .
follows from Corollary 3.2.5. '

Suppose W(T) D x, I x, and suppose By D &, ‘2 0. Then
[Ix€all = [%€a — Xnéa + Xnéall < lIx = Xal| l€all + lIxnéall < |Ix — xal + [[xnéall

and hence x¢, 40, Thus x € W(Z), and W(Z) is norm-closed. . n

We now find a topology ¢ for which the members of W(Z) are exactly those members of
M that are (H,t) — (H,||-||) continuous. In order to define this topology we need to
introduce the theory of mixed topological spaces. Our basic reference is [Coo78]. For
the convenience of the reader we briefly state the few results that we will need.

Definition 5.2.4 [Co078] I Definition 1.4 and I Proposition 1.5

A triple {€,u, B} of a vector space £, a topology p and a vector bornology B, such that
all of the members of B are u-bounded, is called a mized space. The finest locally conver .
topology which is identical with u on all the members of B is called the mized topology,
and denoted uB.

A mized space {€, u, B} will be said to be normal if B has a basis éonsisting of u-closed
sets. '
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Note that the mixed spaces of Cooper are tacitly assumed to be normal; see the com-
ments before [Coo78)] I Definition 1.4. Most other sources made a distinction between
mixed spaces and normal mixed spaces. Indeed there are a number of different possible
formulations for normality, see for example [Per63].

Since t(Z?) < ||.||, we have that all of the norm bounded sets are ¢(Z?)-bounded. Thus
{H,t(Z?),B} is a mixed space; here B denotes the bornology of norm bounded sets.
By a slight abuse of notation, but one which we believe should assist the reader, we
denote this mixed space by {H,¢(Z?), .||} and the mixed topology by ¢(Z?)H!. (In fact
the latter notation is consistent with [Per63], for example, who only considers the case
where the bornology is the von Neumann bornology of some topology.) It is clear, since

{nBy : n € N}

forms a basic system for the bornology of norm bounded sets, that ¢(Z?)lHl is exactly
the finest locally convex topology that is identical with ¢(Z?) on By.

If the ideal Z under consideration satisfies the equivalent conditions of Proposition 5.1.1
then via condition (h) of that proposition we have that the collection of norm-bounded
sets have a basis of ¢(Z?)-closed sets. Thus the mixed space {H,t(Z?),||-||} is normal.
Furthermore, {H,t(Z?),|.||} is a Saks space in the terminology of Cooper - see [Coo78]
I Lemma 3.1 (which should be compared to Proposition 5.1.1) and I Definition 3.2.

Proposition 5.2.5 [Per63] Proposition 1.2, [Coo78] I Corollary 1.7
Suppose {E, u, B} is a mized space. If (F,a) is any locally convez space then a linear
map '

T:(£4°)— (F,a)

18 continuous iff

T\ : (B,yB) — (7", @)

is continuous for every B € B.

In the case we are considering, this implies that for x € M,
x: (H, ()M — (R, |I.f)
is continuous iff , _
X185 * (B, (T P)18,) — (H, I-1])

is continuous. In other words, for x € M

x € W(I) & x:(H,4Z?)M) = (H,]||.]}) is continuous (5.2)

Thus we have the topological characterisation of W(Z) that was promised previously.
“We will show that if the equivalent conditions of Proposition 5.1.1 are satisfied then
W(Z) = Z. The proof will make some use of the theory of polars and duality. Thus
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we first we determine the dual spaces of H when equlpped with the topologies under
consxdera.tlon

We will ma.ke use of the following well known result known as the Grothendieck Com-
pleteness Theorem.

Lemma 5.2.6 [RR64] Chapter VI Theorem 2
Let i be a topology of the dual pair (£,£') and let B be any system of closed absquter
convez bounded subsets of € for which

(a) span Upes B =€
(b) if BE B and A€ C then \B€ B
(¢c) if B,, B; € B then there exists some By € B such that B; U B, C Bs

Then the completion of £ under the topology of B-convergence (i.e. the topology of
uniform convergence on the polars of the members of B) is the set of all linear functionals
which are p|p-continuous on each B € B.
Proposition 5.2.7 IfT satisfies the conditions of Proposition 5.1.1 then

(H,t@")H) =M (5:3)
(Here the usual identification of H as a dual space is being made, as noted in Section
0.3.)
Proof:  Since t(Z?) < ||.||, we have that

(H,¢(Z?)) C (K, |.I) = H

Since ¢(Z?) is a Hausdorff topology, we have from [RR64] Chapter II Proposition 10

- that

(H,4Z%) = U Ulp,e)°
"0

where the polar is taken in H*, the algebraic dual of H. But since we have already
shown that (H,t(Z?)) C M, it follows that the above polars may as well be taken in
H. 1t follows from (3.11) that

(H,t(Z%) = U Ulp,e)° = U p—Bn—- U pH

PEIP pEIP pEIP
>0 >0

By definition of the operations on the lattice of projections, U,ez» pH is norm dense in
(VZI?)H, which is equal to H by the hypothesis on the ideal.
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We consider ¢(Z?) as a topology of the pair (M, U,ez» pH) and take B to be the col-
lection of scalar multiples of the unit ball. Then by Proposition 5.2.5 the set of linear
functionals which are #(Z?) g-continuous on each B € B is exactly (H,¢(Z?)M)'. On
the other hand it is clear that the topology of B-convergence is just the norm topology
on the dual space. As previously indicated the completion of Upep pH under the norm
topology is H, since VI? = 1.

Thus we have from Lemma 5.2.6 that (H, t(Z?)M)" = M. |

Note 5.2.8 In particular, (I P)IHl is a topology compatible with the pa.1r1ng (M, H),
and so o < ¢(Z?)Hl] since o is the weakest such topology. Furthermore, in this setting
the norm topology is the Mackey topology with respect to this pairing, and so ¢(Z?)IHl
is coarser than the norm topology.

We now state three important results which can be deduced from more general results
.in the theory of mixed spaces and Saks spaces. All of these results require that the
mixed topology be normal, so in each case we suppose that I satisfies the condltlons of

Proposition 5.1.1.

Proposition 5.2.9 Deduced from [Gar64] Proposition 1.
A basis for the t(Z?)Ml neighbourhoods of 0 is given by the sets

(o]

‘ac U nBy N U(pn, €5) (5.4)

. n=1

where (py) is an arbitrary sequence from I® and (e,) is an arbztrary sequence of positive
numbers.

Proposition 5.2.10 Deduced from [Coo78] I Proposition 1.2.2.
A set B C M is t(I?)M-equicontinuous iff for every ¢ > 0 there exists a t(IP)-
equicontinuous set B' such that

B C B' + By

We know that the t(Z?)-equicontinuous sets are the members of b(Z?), that is, are those
sets included in péBy for some p € I? and 6 > 0.

Thus B C H is t(Z?)ll-equicontinuous iff B € (T ¥).

Proposition 5.2.11 Deduced from [C0078] I Proposition 4.5(a).
The topology t(Z?)M! is defined by the coIIection of seminorms .

where (pn) C I? and (A,) T oo are arbitrary.
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The proof of the following lemma is basically the same as part of the proof of [RR64]
Cha.pter VI Theorem 2. . _

Lemma 5.2.12 Supposen € N,p € I?,¢ > 0. Then

[nBH NU(p,€)]° C (nBy)° + U(p, €)° (5.6)
Proof:  (nBy)° = 1By is o-compact, by the Alaoglu-Bourba.kl theorem. Further-
more, any polar is a—closed in particular, U(p, €)° is o-closed.

Therefore, (nBx)° + U(p, €)° is o-closed, by [RR64] Chapter III Lemma 7(iii). Thus
(nBw)° + U(p,€)° is a o-closed a.bsolutely convex set which contains (nBx)° U U(p, €)°.

Now [nBy N U(p, €)]° is the o-closed a.bsolutely convex hull of (nBy)° uvu (p,€)°, by
[RR64] Chapter II Corollary 3, and so ,

[nBx N U(p, €))° C (nBx)® + U(p,€)® .

as required. | _ |
Theorem 5.2.13 If T satisfies the conditions of Proposition 5.1.1 then W(I)=1I.

Proof: It follows from Proposition 5.2.2 that T ¢ W(Z).

. Suppose x € W(T), then x : (H,#(Z?)M) — (M, ]|.]|) is continuous. Let V denote the
system of basic convex closed neighbourhoods of 0 for #(Z?)!!l defined in Proposition
5.2.9, then there exists V € V such that x[V] C By. Suppose

V =ac U nBuﬂU(p,.,e,.)]

n=1

where (p,) is a sequence from Z® and (e,) is a sequence of positive numbers. Then

x*By C V°
= {ac [ |J nBx ﬂU(pn,en)] }
n=1
 = { U nBHﬂU(pn;en) }
n=1

= N ["BxNU(pmea) I
n=1

C n nB'H)o + U pna Cn)
n=1

= () =Bn +pn—3u
n=1" €n
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Therefore, given any n € N, we can find p, € ZT? and §,, > 0 such that
1
X"By C pnéuBn + ;BH

Thus ¢z(x*By) = 0, and so by Corollé.ry 4.2.6, this means that x* € 7, and so x € 7. N

Note 5.2.14 It is easy to see that a proof of this result can be given using the bornolog-
ical characterisation of the mixed topology given in Proposition 5.2.10 rather than the
‘direct’ characterisation given in Proposition 5.2.9. In fact, it is very easy to see (by
making use of Lemma 5.2.12 and the usual properties of polars) that each of Proposition
5.2.10 and Proposition 5.2.9 imply the other.

5.3 A reduction procedure

In this section we show that the assumption that a norm-closed ideal T be strong-
operator dense in M is not necessary, and set out to establish that even without this
assumption we still have that W(Z) = I. We achieve this by using reduced von Neu-
mann algebras to reduce the general case to the one already considered.

In what follows, let T be any ideal in M, not necessarily norm-closed. Let
v TP = Q € MP

As usual we denote by Mg the reduction of M by Q, which is a von Neumann algebra
acting on the Hilbert space QH. Recall that Iq = {xq : x € T} is a norm closed ideal
in Mq. Since p £ Q for all p € I? we have from Proposition 1.2.12 that

={pq:p €I}
We denote by t(Zq”) the topology on QH induced as in Definition 3.3.1 by ZgP”.

Lemma 5.3.1 Let I be any ideal in M. Suppose x € T and let VIP = Q be as before.
Then R(x) <Q.

Proof:
R(x) = R(xx")

= €(0,00)(xx")

= v e(c,oo)(xx")

>0

<Q

Here we have used the right continuity of the spectral family, and that e )(xx*) € I?
for all € > 0, as established in Theorem 0.3.5. n
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Proposition 5.3.2 Let I be any ideal in M. The subspace topol,ogy of t(T)
(a) on (1 — Q)H is the indiscrete topology;
(6) on QH is t(Ig). |

Proof:  (a) Suppose x € T. Since x* € I, we have R(x*) < Q, and so (1 -~ Q)x* = 0.
Thus x(1 — Q) = 0. Therefore '

{E€(1-QH:xEeBx}=(1-QH
and the result follows. |

(b) Suppose x € Z. A basic neighbourhood of 0 in Q¥ for t(Zg) is

{£€QH: Xq € Bqn} = {f € QH : Qx¢ € BH}
: {€ € QH : xt € By}
= X—I(B’H)OQH‘

| and the result follows. l | | |

Proposition 5.3.3 Suppose T is a norm-closed tdeal, and let \VI? = Q. Then

W(T)q = W(To) (57)

Proof: - Suppose x € W(Z), and suppose

BQﬂ D& tE&:) 3

We specialise Proposition 5.3.2 to the topology t(Z?); this makes sense since it is the
initial topology for the ideal ((Z?)). By (b) we have that the subspace topology of ¢(Z?)
on QB3 is t(ZqP), and so

B2t 'S

considered as a net in .. Thus x€u Ll x€, by the hypothesis on x. From this it follows
that ' ‘

QxQé. ¥ QxQ¢
or equivalently, that
) foa M XQE

Thus xq € W(Ig), which shows that W(Z), C W(Zq).

Conversely, suppose xq € W(Zq), and suppose By D &, “z) £.
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Then by Proposition 3.2.5 we have that Q¢, HZy) Q¢, and so again by Proposition 5.3.2
(b) we have

Ban D Qs "2 Q¢

Thus xqQéa | xqQQ¢ by hypothesis. Then clearly QxQ¢, | QxQ¢, which means that
QxQ € W(Z). Thus
xq = (QxQ)q € W(I)Q

Theorem 5.3.4 For any norm closed ideal T, W(I) =1

Proof:  First note that V Ig? = Q, the identity in Mq. Thus by Theorem 5.2.13 we
have that W(Zq) = Iq.

L)

Because both Z and W(T) ére norm-closed ideals, it suffices by the theory of p-ideals
to show that if p € W(Z)” then p € I7.

If p € W(Z)? then
| PQ € W(I)q = W(Zq) = Iq
and so QpQ € 7.

To complete the proof, it suffices to show that p < Q. So suppose £ € (1 — Q)H. Then
from Proposition 5.3.2 (a) the sequence (¢,0,¢,0,...) is t(Z?)-convergent, and so the
sequence (pé,0,pé,0,...) is norm-convergent, since p € W(Z). This shows that p§ = 0,

and so p < Q. , |
Corollary 5.3.5 t(ZI?)=|.|| & IT=M

Proof: It is clear that if Z = M then ¢(Z?) = ||.||. Conversely, if t¢(Z?) = ||.|| then
it is immediate that 1 € W(Z). The result then follows by Theorem 5.3.4. |

Corollary 5.3.8 I? is a op-ideal iff for x € M, the following are equivalent:

(a) x : (H,t(Z?)) = (H,||.l|) is continuous.
() xi8,, : (B, t(ZTP)i8,) — (H,||.]|) is continuous.
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5.4 Identifying_the mixed topology

Theorem 5.4.1 Suppose T is a norm-closed ideal. Then

t(T) < t(z7)H (5.8)
Suppose fur'ther that T satisfies the conditions of Proposition 5.1.1. Then
HT) =P (5.9)

that is, the mized topology is the initial topology of T.

Proof: Since I C W(I) we have that if x € T then x : (H,¢(Z?)H) — (2, |.|)
is continuous. Therefore ¢(Z) < ¢(Z?)M since ¢(T) is by definition the weakest vector
topology with this property.

Now suppose T satisfies the conditions of Proposition 5 1.1. Recall from Proposition
5.2.11 that in this case the topology t(Z?)Ml is defined by the collection of seminorms

(6) = sup 12261

where (pn,) CZ? a.nd (An) T oo are arbitrary.

Suppose we are given such a seminorm. To show that t(I) > t(Z7)l A it will suffice to
show that there exists x € I such that ¢(¢) < ||x¢|| for all ¢ € H. We may suppose
without loss of generality that p, is a sequence of increasing projections. We then put
Q1 = p1 and Gn41 = Pn41 — Pn for n € N. Further we define

X—EA Qn

Then x € T since T is closed. Now for all n € N,
lIpagll \* Pn |’
An An

IA

Il
M=

1=1

12854 II
[Ix¢||?

IA I



and thus ‘

6) = sup IB2EL < gy

As previously indicated this completes the proof. - |

Note 5.4.2 It seems plausible that the topologies considered above should always be
equal, however, the behaviour of mixed topologies with respect to subspaces is not well
understood except in the case that the mixed topology is normal. In the normal case,
the behaviour under taking subspaces is in certain cases as one would hope for: see
[Co078] Proposition I 4.6.

Suppose now that 7 is any ideal. It is clear from the fact that ¢(I) < ||.|| that we can
consider the mixed space (M, ¢(Z), ||.|[)-

Corollary 5.4.3 Suppose P is a p-ideal. Then the initial topologies t(I) of all of the
ideals T for which TP = P coincide on By, and the mized topologies t(I)! all coincide.

Proof:  Suppose T is an ideal for which Z? = P. Then
#Z?) < ¢(T) < ¢(T) < ¢(z?)M

Therefore ' '
: HT P < y(TyM < (t(p)u.u)"-" = ¢(Z7)H

Thus the mixed topologies all coincide with ¢(Z ?)Il. By definition of the mixed topology
this means that ¢(Z) coincides with ¢{(Z?) on By, and the result follows. |

Corollary 5.4.4 An ideal is closed if its initial topology is invariant under mizing, that
is, 1(T) = (T,
Proof: If the topology t(Z) is invariant under mixing then

t(Z) = (M > ¢z7)N > «T) > ¢(Z)

and so I = T by Corollary 3.2.4. . ' [ |

The next result follows from Proposition 5.2.10 and Theorem 5.4.1.

Corollary 5.4.5 Suppose I is a norm-closed ideal satisfying the conditions of Propo-
sition 5.1.1. Then ' _ :
| b(Z*) = b(T) | (5.10)
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It is of some interest to show that this property can be proved directly. Furthermore,
note that the following proof is valid for any ideal, and not just for those characterised
by Proposition 5.1.1. However, this general result does not imply a general form of
Theorem 5.4.1 since Proposition 5.2.10 requires the normality of the mixed space in
question.

Theorem 5.4.6 Suppose I is a norm-closed ideal. Then

b(Z7) = H(T) | (5.11)

Proof:  As previously noted 5(Z) is the finest convex bornology for which all the
operators x € I are bounded. Thus, since b(Z?) also has this property by Corollary
4.2.6, we have that b(Z) C b(IP)

For the converse inclusion, suppose B e b(l’ ). Now B must be norm bounded, so we

may suppose without loss of generality that B C By. Since B € b(l’ ?), we can find an
increasing sequence of projections p, € I? such that

1
BC pnB‘H + Z;B‘H

for all n € N. Define q; = p1, and qn41 = Pn41 — Pn forn € N.
Suppose £ € B. We claim that for every n € N we have that

n

€ = Zq.f+(14pn)€

=1

' 1
HQ:{‘H < Z’_“—l for 1<:<n

1
I -p)el < &
The proof of this result proceeds by induction. We rely on the following observation:
if £ € H and q € MP?, then the best approximation to ¢ in qH is q€. Suppose £ € B.
Since

B C q13u+ BH

we have that ||qié]] < 1 and ||(1 — p1)é]| < 3 Thls shows that the result holds true
in the case n = 1. Now suppose the result holds for some n € N. - Considering the

decomposition
n+1

€= qé+(1—papr)é

=1
we have that
lawnl <01 = pa)el < 5
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via the induction hypothesis. Now

1
4n+1

B C pu+lB‘H + B‘H

and so

' 1
(1 = pnt1)é]| < yres:

which completes the induction step. It follows that ¢ has the expansion

€= Z qné
“n=1

where ||qné]| < 7 for all n € N. Put

4 &1

Z 2n q"

Then x € T since T is norm-closed. Now E°° 2™qm€ is a convergent series since

m=1
00 2 oo
> 2amé| = 3 [12"amél’
m=1 m—l
= 24"'Ilqméll2
m=1
oo 4m
< )Y s

m=1

= L
16
3

and so iy
3 [o o]
e Z: 2mqm£ € By

4 m=1
Then from the orthogonality of {q,} we have that

£= (T%Z:l -21—q) (‘f > 2'"qm£) € xBr

m=1

and so B C xBy, as required. ' . |

5.5 Ideals determined by sequential convergence_

In this section we are going to analyse ideals determined by sequential continuity cri-
teria. We consider some of the work of Kaftal, in particular the paper [Kaf82]. To
facilitate our discussion we introduce the following notation:
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Definition 5.5.1

Wi(T) = {x€ M:xp, : (Bn,t(T?)s,) = (M,||.||) is continuous } (5.12)

W(I) = {x€M:x:(H,t(T?)) — (M,]|.]|) is continuous } (5.13)
Wb"(I) = {x€M:xp, : (Bn,t(T")s,) — (H,]|.||) is seq. continuous } (5.14)
Wo(Z) = {xeM:x:(H,t(Z?)) = (H;|.|) is seq. continuous } (5.1-5')

Of course W;.(T) has until now been denoted W(T).

Recall that via Proposition 3.3.3 we have tha.t
We(T) = (7)) (5.16)

while via Theorem 5.3.4 we have that

WilT) =T S (5.17)

Thus we have the following diagram of inclusions:

I = Wa(T) C Wwu(D)
u - U u (5.18)
(Z7) = WT) c WD)

Proposition 5.5.2 W, (Z) is @ norm-closed ideal. W,(ZT) is an ideal.

Proof: It is clear that both these sets are left ideals since the norm topology is
metrisable. It follows from Corollary 3.2.5 that they are right ideals.

The proof that Wj,(T) is norm-closed is similar to Theorem 5.2.3 and so is omitted. B

Example 5.5.3 It is clear that if any of
t(Z?), t(Z”)s,,, or t(TP)M

are metrisable then

Wie(T) = Wi (1)
while if £(Z?) is metrisable then

W(T) = Wo(T)

We take an example that has been considered before : the von Neumann algebra £
acting on the Hilbert space ¢2, with the ideal

K()Ne® =g
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Recall that co? consists of those sequences consisting only of finitely many 1’s, and 0’s

otherwise, and of course ((Z?)) = ¢, the space of sequences with only finitely many
non-zero terms.. Also recall that ¢(co?) is in fact the topology of pointwise convergence,
which is metrisable. Therefore we have the diagram

c0 = Wi(co) = Wi(c)
U# U U # (5.19)
v = W) = W,(a)

In any case, it is easy to verify directly that the inclusion W,(co) C Wi, (co) is proper.

Certainly x = (1) € co C Who(cp). Now &, = (0,0,...,0,n,0,0,.. ) == Heol) 0, where
the term ‘n’ appears in the nth position, while x¢, = (0,0,...,0,1,0,0,...) and this
sequence is not norm convergent to 0. Thus x & W, (c). '

Example 5.5.4 Consider the case M = B('H). As we have seen before,

K(H) = Wi (K(H)) = Wi (K(H))
U U I | (5.20)
F(H) = W(K(H)) C W,(K(H))

In particular this shows that the inclusion W.(Z) C W,(Z) can be strict.

Example 5.5.5 Consider the case where M is a semifinite von Neumann algebra. It

has been shown by Kaftal ([Kaf82] Proposition 3) that if g € MP? is algebraically infinite
t(?... '

then there exists an orthonormal sequence {{,} C qH such that £, —
It follows from this that Wj,(M.) = - ([Kaf82] Theorem 7).

M. = Wbc(M ) = Wi(M.)
u u u (5.21)
(Pe)) = WM.) C Wo(M.) -

Example 5.5.6 We again consider the case where H; and 'Hz are separable Hilbert
spaces and the von Neumann algebra

M= B(Hl) ® C'Hz

We are going to show that |
W,(ML) C LHBH))®1 (5.22)
Since both of the above sets are ideals in M it suffices to consider positive operators. -

Ifx®1 € W,(M.) then from (5.21) we have that x® 1 € M., and so x € K(H,).
Thus x has a Schmidt decomposition

= SN 06
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where (J;) is the s-number sequence of x and ¢; is an orthonormal sequence of eigen-
vectors for x each with corresponding eigenvalue ;.

Now suppose x @ 1 ¢ L3}(B(H,)) ® 1, so x & L*(B(H,)) and thus

Therefore for each n € N, 2 A2 = oo, so we can construct a function ¥(n) such that

¥(n)

Zv A.‘z >1
for all n € N.
Consider the sequence

" Y(n)

= Z G

where 7; is any fixed orthonormal base for ;. As shown in Examples 5.1.2 (4) we have
P g
that &, "=

However, we have that

¥(n)
x@1)n = Y xGOm

¥(n)
= Z A @i
and so
) ¥(n)
||x®1§,,||2 ZA >1
which shows that (x ® 1){, does not norm-converge to 0. Thus x® 1 ¢ W,(M..). This
gives us the required contradiction, and so W,(M.) C L3(B(H,)) ® 1.

Therefore in this case we have the following diagram:

M. = W (M) = Wb.,(/:~)
U .
U# U LY(B(M))®1 (5.23)
' U

(Pr)) = WeML) € W,( ML)

We have now seen some ideals Z for which we have T = W,,(Z )- This conditioﬁ has
been called the generalised Hilbert condition. A fundamental question that needs to be
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asked is whether or not the generalised Hilbert condition will hold for any closed ideal

Zin M.

We have seen that it was shown by Kaftal in [Kaf82] that the generalised Hilbert condi-
tion holds in the case of a semifinite von Neumann algebra and the ideal of algebraically
compact operators. However, the proof uses specific properties of the algebraically finite
projections, and so there is no hope for this proof being extended to other ideals.

On the other hand, recall that the proof of the classical Hilbert condition relies on two
fundamental results in functional analysis: that the unit ball is o-compact (due to the
reflexivity of H), and the Eberlein-Smulian theorem.

If we attempt to imitate this proof in the general case, we can bypass the Eberlein-
Smulian theorem by making use of the theory of angelic spaces. For the definition of
angelic spaces see [F1o80] Definition 3.3. One of the most important properties of angelic
spaces is that relative compactness and relative sequential compactness coincide, as seen
in [Flo80] Theorem 3.3 (1). By [Flo80] 3.10 (1) (H, o) is an angelic space; furthermore
from [Flo80] Theorem 3.3 (2) any vector topology stronger than an angelic topology is
again angelic. :

Therefore, at least in the case where VI? = 1, ¢(Z?)Hl is angelic since it is stronger
than o, by Note 5.2.8. Therefore relative t(Z?)-compactness and relative sequential
t(I?)-compactness will coincide on By. The restriction that VI? = 1 is not severe as
it is clear that the reduction process described in Section 5.3 will work for Wy, (Z) too.

However, the other problem posed seems unsurmountable : in the case that VI? =1
there is no hope that By be compact in the topology t(Z?), for then the bijection

id : (Bw, t(T7)8,,) = (Bu,9y8,,)

is continuous by Note 5.2.8, and therefore a homeomorphism, by [Wil70a] Theorem
17.14. This is impossible except in trivial cases, as shown by the following proposition
(which improves the result noted in Examples 5.1.2 (2)).

Proposition 5.5.7 Suppose t(I?)s,, = o|5,,. Then
I=MnNK(H)

Proof:  Suppose t(I?)s, = o5,,- Then

I = W(T)

{x e M :x:(By,t(T?)s,,) — (H,].||) is continuous}
{x € M :x:(By,08,) = (H,|l.]|) is continuous}
{xeM:xe K(H)} '

MNK(H)

I
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Chapter 6
Ideals of r-measurable operators

Throughout this chapter, M denotes a semifinite von Neumann algebra of operators
on a Hilbert space H equipped with a distinguished faithful semifinite normal trace r.
We consider the algebra M of T-measurable operators affiliated to M, equipped with
the topology of convergence in measure. ‘

In Section 6.1 we look at ideals of T-measurable operators that are closed in the topology
of convergence in measure. We show there is a satisfactory relationship between the
class of norm-closed ideals in M and the class of measure-closed ideals in M. This
enables us to use some of the theory of p-ideals in our study. The situation is especially
satisfactory in the case that the p-ideal under consideration includes the p-ideal P,. As
indicated in Chapter 1, this p-ideal behaves very much like the p-ideal X(H)?, and in
fact coincides with it in the case where M = B(H) and 7 is the canonical trace. In the
remainder of this chapter (Section 6.2 onwards) we analyse the measure-closed ideal
determined by this p-ideal. This ideal has come to be known as the ideal of 7-compact
operators.

It is well known that the compact operators are exactly those whose s-number sequence
decreases to zero. Following the lead of Fack and Kosaki, the T-compact operators
are defined to be those T-measurable operators whose generalised singular function
decreases to zero. Indeed, in the case where we consider M = B(H) with the canonical
trace, we have that M = M and the 7-compact operators are exactly the compact
ones. The given definition seems to be an appropriate generalisation of the notion of
compactness of an operator in the setting of the 7-measurable operators, as we are able
to show that the 7-compact operators possess a number of properties typical of compact
operators, as well as many of the compact-like properties, considered previously in this
thesis, enjoyed by norm-closed ideals in M.

These operators were first considered by Fack in [Fac82] and [Fac83] and then by Fack

and Kosaki ([FK86]). More recently Dodds, Dodds, and de Pagter have made some
use of this class in their study of symmetric non-commutative Banach function spaces

91

L}



([DDP89b], [DDP90] and [DDPI1]). Furthermore Hiai and Nakamura have used this
class in their study of unitary orbits in von Neumann algebras ([HN89] and [HN91]), and
Chilin, Krygin and Sukochev in their study of convexity of symmetric sets ([CKS92a])
and spaces of measurable operators ([CKS92b)).

The material appearing in Sections 6.2, 6.3 and 6.5 is an expanded and improved version
of a paper ([SW]) written jointly with Anton Stréh. The material on the index function
in Section 6.6 also appears there. Furthermore a small proportion of the material
appearing in Section 6.4 was anticipated in [SW]. For the sake of coherence full details
are given. , '

6.1 Norm-closed and measure-closed ideals

In this first section we want to establish the relationship between the class of norm
closed ideals in M and the class of measure closed ideals in M. We begin with the
following theorem:

Theorem 6.1.1 Suppose T is a norm-closed ideal in M and T a measure-closed ideal
- in M. Then ‘ '

(a) I~™™ is a measure-closed ideal in M.

() TN M is a norm-closed ideal in M, and (TN M)~"m =T,

Proof: (a) is clear since 7., is compatible with the algebraic structure.
(b) Certainly 7N M is a ideal in M. Suppose
INM>Dx, s
Then x, “F x, and so x €.Z N M. Thus N M is norm-closed.
Certainly (Z N M)~" C Z. Suppose
x=v|x|= v/oooz\ dex(|x|) € Z

Put n
n= Ad
| x v/o ex(|x]) |
Then x,, = xe.(|x|) €ZN M and x, =¥ x. So T ¢ (TN M)~"em, ||

The result that (ZN M)~ = T can be called a down-up theorem. We want to
investigate under what conditions we have a so called up-down theorem i.e. under what
conditions on T do we have that Z-"» N M = T.
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We achieve this by examining the projections involved. Since 7= is a measure-closed
ideal, 7=™™ N M is a norm-closed ideal by Theorem 6.1.1 (b). So by Theorem 1.1.9,
the norm-closed- ideals Z="" N M and T are equal iff the p-ideals

I A MNMP =T N MP

and

InmM?

are equal.

Proposition 6.1.2 Suppose T is a norm-closed ideal in M. Then

I7m A MP = (TN MP)~"em - » (6.1)

Proof:  We first show that MP? is closed in the measure topology. Suppose
MPOp, ™ xe M

then by the measure continuity of multiplication and adjunction we have that x is
idempotent and self-adjoint. Since 1 > u((pn) — wpe(x) a.e., we have that ||x|| < 1.
Thus x € MP.

Since T C T~™™ we have that TN MP C I~ N MP. Thus
(In MP)"Tcm C (I—Tcm N MP)—Tcm — I—"'cm n MP

since the intersection of closed sets is closed.

Conversely, suppose p € I~™m N M?. Since I = ((Z N MP?))~Ill| we have that
I =((IN Mp))—ll-ll_"‘"' = ((T N MP))""em

Thus we can find ((Z N MP)) D x, =% p. Then r(x,p) € T N M? by Proposition 1.1.5,
and r(x,p) =3 p by Proposition 1.1.8. Thus p € (Z N MP)~Tem, a

It follows that the up-down theorem holds iff the p-ideal T N MP is measure-closed.

We now introduce a condition on a p-ideal that is equlvalent to it being measure-closed
and which may be easier to verify in examples.

Definition 6.1.3 Suppoée P is a p-ideal. Then P is said to be an mp-ideal if whenever
we have (p,) C P,p € MP,p, ¥ p and p, <p foralln € N, then p € P.

Proposition 6.1.4 A p-ideal P is an mp-ideal iff it is closed in measure.
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Proof: - It is clear that if P is closed in measure then it is an mp-ideal.

Conversely, suppose P is an mp-ideal and suppose P D p, % p. Then for all n € N
we have that p,p € ((P)) and so r(pap) € P, by Proposition 1.1.5, and r(p,p) =% p by
Proposition 1.1.8. Furthermore r(p,p) < p, so p € P by hypothesis. Thus P is closed
in measure. ' |

~We summarise the discussion in the following theorem:

Theorem 6.1.5 Suppose is a norm-closed ideal. The following are equivalent:

(a) the up-down theorem holds for I, i.e. I"™™ N M =1T.
(b) the p-ideal T N MP is T -closed.
(c) the p-ideal T N MP is an mp-ideal.

Proposition 6.1.8 Suppose MP D p, =3 p and p, < p for alln € N.
Then 7(p — pn) — 0 and p = V32 Pn.

Proof: It is clear that p > V32,pa. Now

T (p— §7 pn> = T.(K(P—pn)) ST(p—pn)

n=1 n=1

for all n € N. Therefore by the faithfulness of 7 it suffices for both statements to show
that 7(p — pa) — 0. This is clear from the fact that

X(0,7(p-pa))(t) = (P —Pn) — 0
fort > 0. , |

Corollary 6.1.7 Any op-ideal is an mp-ideal.
Proof: Suppose P is a op-ideal and P D p, ==F p, with p, < pfor all n € N. Then
by Proposition 6.1.6 we have that p = V32 pn. Thus p € P, and P is an mp-ideal. W
In particular the up-down theorem holds for ideals whose p-ideal is a op-ideal. |

Theorem 6.1.8 Suppose T is a norm closed ideal with p-ideal P. The mp-ideal gen-

erated by P - i.e. the smallest mp-ideal containing P - is the Ton-closure of P, and this
coincides with the set

~ {p € M?:3(p,) C P such that pa 1 p,pn =3 p} (6.2)
The p-ideal of the ideal I="™ N M is this mp-ideal.



Proof: =~ We have that Z7™™ N M is a norm closed ideal and by Proposition 6.1.2
that its p-ideal is the 7.,-closure of P. In particular P~™m is indeed a p-ideal. Thus
the generated mp-ideal is P~"em,

Clearly
{p € M?: 3(p,) C P such that p, T p,ps =¥ p} C P~™m

Conversely, suppose p € P~"m. Suppose P D p, =5 p. By the same argument as in
Proposition 6.1.4 we have that

P D r(pap) =p

Now
P2 V r(pip) = r(pap)

=1

for all n € N, and so

pe (p - \7 r(p.-p)) < pe(p — r(psp)) — 0

=1
for all ¢ > 0. It follows from Proposition 6.1.6 that

n

\/ r(pip) T pand \n/ r(pip) = p

=1 =1

Thus p € {p € MP : 3(pa) C P such that p, T p,pa =3 p}, which finishes the proof. B

Example 6.1.9 Not all p-ideals are mp-ideals. For example, consider the von Neu-
mann algebra £ C B(¢?), with the weighted trace determined by the values

1
T(Qn) = '2';'
Thus, if x = (x,) € £°%, then
=3
el n=1 2

Of course 7 is a faithful semifinite normal trace on ¢, and 7., is the topology of
pointwise convergence.

Now both ¢y and £ itself are norm closed ideals in £*°. The p-idea1 of ¢ is
{xa: A C N is finite}
It is clear that the mp-ideal generated by this p-ideal is
{xa:ACN}

which is the p-ideal for £>°. Thus the up-down theorem fails here; moreover, we imme-
diately deduce that there is not a one-to-one correspondence between the norm-closed
ideals in M and the measure-closed ideals in M.
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'Example 6.1.10 Consider the ideal Mq. Suppose
M =P DpnFp
and p, < p for all n € N. Then as shown in Proposition 6.1.6, 7(p — p,) — 0 ;.nd SO
7(p) = 7(P — Pu) + 7(Pn) < 00
ie. p € P;.

Thus P, is an mp-ideal and the up-down theorem holds for M.

In fact, we show that if P, C P then P is an mp-ideal, and so the up-down theorem
holds for [[P]]. '

Proof: Suppose P D pn =3 p, and p, < p for every n € N Then as argued in
Propos1t10n 6.1.6, p — pn is eventua.lly a member of P,, and thus a member of P. Thus

(p Pn) +Pn € P. ) [ |

6.2 Definition of M; and some examples.

In this and the following sections we focus our attention on the 7-compact operators.

Suppose x € M. Put
poo(x) = lim pe(x) = inf pi(x) (6.3)

The above limit exists since the generalised singular function p,(x) is decreasing (in t).

Proposition 6.2.1 If x,x;,x; € M and )\ € C, then

poo(x) < |Ix]] < (6.4)
po0) = Ppm(® (6.5)
'yw(x1+x2) < Hoo(X1) + Hoo(X2) A (6.6)
poo(X1X2) < poo(X1) Hoo(X2) (6.7)
HBoo(X) = poo(x7) (6.8)
poo(X) = Hoo(|x]) - (6.9)

from which it follows (equations (6.5) to (6.8)) that po is a *-'algebra semi-norm on
M.

Proof: These follow from the followmg equations which are established in [FK86]
Lemma 2.5 :

plx) < [l
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p(Ax) = |\ pe(x)
pu(Xi+x2) < pelx1) + pue(xz)
p(xixz) < pe(x1) pe(x2)
p(x) = pe(x")
(%) pe([x])

- for allt > 0. _ \ |

Note that if x; ™% 0 then p(x;) — 0 for all ¢ > 0, and hence HPoo(X:) — 0, since py(.)
is decreasing. It follows that p., is continuous at 0, and hence continuous on M. In
particular we have that its kernel is a 7.,-closed two-sided *-ideal in M , namely, the
set of operators whose generalised singular function decreases to 0.

Now it is well known that the compact operators are exactly those whose s -number
sequence decreases to 0. For this reason we call the ideal under consideration the 7-
compact ideal, denoted My. This notation is consistent with that for the ideal M,
discussed in Chapter 1 since it will be shown in Corollary 6.2.4 that Mo N M = Mo.

Note 6.2.2 By (0.22) we have that for p € MP?, u.,(p) is either 0 or 1 and
pEMy & 7(p) <oo o pEP: | (6.10)
'By the definition of 7-measurability, any x € M admits a decomposition
~ xp+x(l-p)
where p € MP, 7(1 — p) < 00, and xp € M. Then 1 - p € My, and so x(1-p) e Mo.

It follows that _ _
M=M+ M, (6.11)

The equivalence of (a), (b) and (c) in the following theorem has already been established
in [FK86] Proposition 3.2. We give a complete proof for the reader’s convenience.

Theorem 6.2.3 Suppose x € M. The following are equivalent :-
(a) x € My
(b) de(x) < o0 for allt > 0
(c) There ezists {x,} C ((P;)) such that x, =F x

(d) There ezists {x,} C H(M) such that x,, =5 x
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Corollary 6.2.4
: MoNM =M, (6.14)

i.€.

Mo = {x € M : po(x) =0} | (6.15)

Proof:  Suppose x € Mo, so there exists {x,} C H(M) such that x, Il ¢ Then
certainly x, =% x. Thus by Theorem 6.2.3 (d), x € Mo, and certainly x € M.

Conversely, if x = v|x| € Mon M then the operators defined as

: (]
Xn =V [ A dex(x|)

n

converge in norm to x, by the spectral theorem. Also by inspecting the argument (b)

= (c) = (d) in Theorem 6.2.3 we see that {x,} C H(M). Thus x € Mo. n

Example 6.2.5 If M = L*(X,Z,p) and 7 = [ - dy then it is well known that M is
the space of all measurable functions bounded except on a set of finite measure, and

H(M) = L2(X,Z,u) N LYX,Z, p)
In this case |
Mo={feM:p{z e X :|f(z)] >t} <ooforallt>0}
Examples 6.2.6 (1) If M = B(H) with the canonical trace, then M =M and
Mo = Mo =K(H)

(2) If M = [ with the canonical trace, then M=Mand Mog=Mo=c

In the above examples it is clear that M = M, 7o = ||.|l, and hence (via Theorem
6.2.3 (d)), that Mo = M. In fact, we have the following result:

Proposition 6.2.7 The following are equivalent:
(a) M =M
0) ik 7(®) > 0

(c) Tom = ||l
(d) Mo = Mo
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Proof: It is clear that (b) = (c) = (d).
We have already seen that M = M + M. This shows that (d) = (a).
We show that (a) = (b) by considering the contrapositive. Suppose

o;el%ng(p) =0

Choose a sequence {p,} C MP? such that 0 < 7(p,) < 37. Define

‘—Zzp.

=1
Since

supp(Xm — Xn) = V pi (whenever m > n)
t=n+1

it follows that

l"]5
|
Il
X
3
!
o

T(supp(xm—xn))=f( V pi] < Z T(pi) <

t=n+1 ) t=n+1 t=n+1

as n,m — oo. Hence {x,} is Cauchy in measure, and so has a limit x € ‘M, by the
completeness of M.

To conclude the argument it will suffice to show that this limit is not in M : for a.e.
t > 0 we have that

pe(Xn) = pa(x) < [Ix|
and so limsup,, ||x.|| < ||X||. But ||xa|| = n for all n € N, and so x & M. B

We now consider reduced von Neumann algebras. If Q € MP, then Mg is a semifinite
von Neumann algebra of operators. If 7q is defined on Mq by putting

TQ(xq) = 7(QxQ) (6.16)
then 7q is a faithful semifinite normal trace on Mg, called the reduction of 7 by Q.

We now show that the 7-measurable and 7-compact operators are preserved under
reductions. "

It is important to note that for x € M, xq denotes the restriction of the closure of Qx
to QH. We denote _ _
| Mq = {xq : x € M}

On the other hand, ./% denotes the completion of the semifinite von Neumann algebra
Mq in Tgem, the topology of convergence in measure determined by the reduced trace
7q- The generalised singular function on Mygq determined by 7q is also denoted g(.)

as there is no danger of confusion. This theme seems to have first been considered by
Fack. In the following proposition, (6.17) improves [Fac82] Proposition 1.5 (i) and (iii).
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Theorem 6.2.8 Suppose Q € MP and x € M. Then

~ #(xq) = m(QxQ) (6.17)
Mq = Mq (6.18)
Moq = Mg, (6.19)

Proof:  Suppose x € M. 1t is immediate that Xq 18 a closed densely defined operator
on QH. ‘

We want to show that xq is affiliated to Mq. Since (M’)q = (Mgq)', it suffices to show
that zqxq C xqzq for z € M'. If { € D(zqxq) = QH N D(x) then

zqxqfé = QzQxQ¢ = QzxQ¢ = QxzQ¢ = QxQzé = xqzq¢
- using the fact that zx C xz - and so zqxq C Xqzq, as required.

Suppose t > 0. Then there exists p € MP? such that pH C D(x) and 7(1 —p) < ¢, by
the definition of 7-measurability. Put e = p A Q, then :

eq(Q'H) C QH N D(X) = D(XQ)
and ' :
7q(Q—eq) =7(Q-QAp)=7(QVp—p)<7(l—p) <t
which shows that xq is 7q-measurable. Thus Mqc Mq.
It also follows from this calculation that

m(QxQ) = inof  [|QxQp|

T(1-p)<t

>

> inf [|QxQ(QAP)|
r(1-p)<t

> inf

2 Gl lIxqeall
1Q(Q—eq)<t

= p(xq)

On the other hand, if eq € (Mq)? and 7q(Q — eq) < ¢, then by putting -
p=(1-Q)+QeQ

" we have that 7(1 — p) < t and ||QxQp|| = ||xqeq||- Hence

» = inf > inf =
mixq) = inf llxqeqll 2 inf [|QxQpll = 4 (QxQ)

TQ(Q—eq)<t T(1-p)<t
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Thus pi(xq) = pe(QxQ).

Now suppose ® € Mgq. Choose {x,q} C Mq such that x,q 8" . Then by (6.17)
Qx,.Q is 7on-Cauchy; say with limit x € M. Clearly x = QxQ.

For ¢t > 0,
pae(® — xq) < | #i(® — Xaq) + pe(xnq — Xq)
= yt(Q - X,,Q) + I‘t(Q(xn - X)Q)
= yt(Q - XnQ) + I‘t(anQ - QXQ)
- 0

as n — co. Hence ® = xq, and so /\% C MQ.

It now .follows that

P —

Mq, = {xq: X €M, p(xq) — 0} ={xq:x€ M, p:(QxQ) — 0}

while

Moq = {xq :x € M, pi(x) — 0}

Therefore the inclusion mq C %0 follows from the fact that if u,(x) — 0 then
#:(QxQ) — 0, while the reverse inclusion follows from the fact that

xq = (QxQ)q

for any x € M. : .
Corollary 6.2.9 mp-ideals are preserved under reductions.

Proof:  Suppose P is a mp-ideal and Q € M?. Recall (Definition 1.2.11) that the
p-ideal reduction is the set

Pwa={pq:P€P,p<LQ}

Suppose (pnq) C P<q and pnq o pq € Mq®. Then by definition p, < Q and by
Lemma 0.3.4 we may suppose p < Q. Then

p(p—pn) = m(QrQ - Qp.Q)
= 1(Q(p ~ Pn)Q)
= (P — Pn)Q)
= p(PQ — Pngq)

- 0

Thus p, =5 p, and so p € P by hypothesis. Therefore pq € P<q. |
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6.3 The 7-Calkin algebra

We have already seen that p., is a *-algebra semi-norm on M, hence a *-algebra
norm, also denoted by pc, is canonically induced on the quotient M [ Mop. We call
(M/ Mo, poo) the 7-Calkin algebra. ‘

It follows from (6.10) that M| M, is non-trivial (and has unit 1 + ;ﬁ)) iff 7(1) = .
We henceforth assume that this is indeed the case.

Note that if f : [0,00) — [0,00) is a continuous increasing function then by [FK86]
Lemma 2.5 we have u.(f(|x])) = f(xe(x)) and so

bl f(XD) = flum(x)) (6.20)

Hence, by putting f(t) = t?, we have that po satisfies the canonical C*-algebra type
property :
oo (X°%) = ion(IX[?) = fica ()’ (6.21)

'We will show that M / /% equipped with the norm pi is indeed a C*-algebra.

We have already noted that M = M + M,. Furthermore, note that for any such
decomposition
X = Xeo + X0

of an operator x € M, we have that
[1Xeoll 2 Hoo(Xoo) = Hoo(X)

The following result, of which we make extensive use, shows that this lower bound on
the norm can always be attained. This decomposition is suggested by the decomposition
described in [GK69] II §7.2 and §7.3. In the case that M = B('H) the decomposition

below reduces to that one.

Lemma 6.3.1 Suppose x € M. Then x has a decomposition
X = Xoo + Xo
where Xxoo € M, X9 € Jm such that

[IXeoll = Hoo(x)

Proof:  We first suppose that x is positive. Let

Xoo = X eum(x)(x) + poo(X) e(uoo(x)yw)(x)

SO Xeo € M and v
| Xoo |l = Hoo (%)
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Then we put
Xo = X—Xoo
= [X = proo(X)] €(uen (x),00)(X)
= [T (= o)) dex(x)
Boo(x)

= [ dertunm(®)

Then we have ,
' e:(X0) = €14 pq (x)(X)

and so
di(%0) = 4 poo(x)(X)

It follows by (6.13) that di(xo) < oo for all t > 0, and so x € Mo.

If x is not positive, let x = v|x| be the polar decomposition, and consider the decom-
position |x| = |x|« + |X|o as above. Then

x = v[x| = vix|eo + v|x]o
and v|x|o € My and

[Ivxlooll < Hxlooll = poo(lx[) = poo(x)

while as previously noted, the reserve inequality is guaranteed. The result follows. W

Remarks 6.3.2 (1) It follows from Lemma 6.3.1 that M ,.Z_,MO is a C*-algebra :
is clear that absolutely summable sequences in (M [ Mo, pios) can be 1dent1ﬁed
with absolutely summable sequences in (M, ||.||); the result then follows by the
completeness of (M, ||.||) and the continuity of the canonical maps

(M, "") - (ﬂa Tan) - (ﬂ’ﬂw) - (ﬂ/m, /“oo)

(2) As already noted, the given decomposition is the best in the sense that it gives
the smallest possible value for the norm of x,,. Moreover, the decomposition in
the best in a stronger sense, namely that it gives the smallest possible generalised
singular function. This follows from the fact that

[Xooll = e(Xoo) > phoo(Xeo) = Hoo(X) = [|Xeol]

for all t > 0.

However, the decomposition is not unique under the given conditions :
Suppose M = =, with T the canonical trace. Then M = M and Mj = co. We
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show that 1 has arbitrarily many decompositions satisfying the gwen conditions.
Indeed, for any sequence k where

1>k 2k >...10

one has that
1=(1-k+k

with k € co, and
IL—El|l =1 = peo(l)

(3) One should also note that since

di([x]o) = dt+u°o(x)(|X|)

we have that
pe(Xo0) = pe(X) — poo(x) ' (6.22)

for all ¢t > 0. '

Proposition 6.3.3 For any x € M,

poo(x) = inf_ [|x — Xo| (6.23)
X0 EMo

Proof: Since gy is a seminorm and ./\7:) is the kernel of Hoo, it follows that

froo(X = Xo) = poo(¥)
for all xo € Mo. Hence by (6.4) we have that

hool¥) = inf_ (X — %) < inf_ e xal
x0€Mop X0 EMo

Conversely, Lemma 6.3.1 constructs xo € M, for which

Poo(X) = ”x - xO"

Note then in particular that the given infimum is attained. | | |
Theorem 6.3.4 M/m is isometrically *-isomorphic to M /M,

Proof: For any x € M we can decompose X = Xo + Xo Where xoo € M,Xxg € Ho.
Define _ '
®: Mo M/Mp:x = Xeo + Mo (6.24)
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D is well defined since if
X = Xeo1 + X0 = Xoog + Xog

where Xo01, X0z € M and xq,, Xog € Mg then
X1 ™ X022 = X072 — X01 € EQM =M0

by Corollary 6.2.4.

It is then easy to verify that ® is a -a.lgebra. homomorphism onto M/ M,, with kernel
M. Hence a *-algebra 1somorph1sm é : M/ My — M/Mj is induced.
Finally

Boo(X) = poo(Xeo)
D= int e = ol
xg €My
=il X =l
xgEMoNM

= of % — X

Thus @ is isometric. ‘ : ' |

6.4 The functions ¢ and g

In this section we generalise the work on the function gr considered in Section 4.2. We
move out of the setting considered in Section 4.2; instead of examining a norm closed
ideal in M we rather consider My, which is a measure closed ideal in M. That the
operators in this setting are unbounded (that they are not everywhere defined) does
cause certain technical difficulties; but these are overcome reasonably easily.

We obtain results quite similar to those in Section 4.2. However, our work here is
not simply a isomorphic copy of the previous results, making use of Theorem 6.2.3 or
Corollary 6.2.4 or Theorem 6.3.4. Firstly, we consider a parametrised version of the
quantity ga,, namely q;, and consider p, as a parametrised version of o (where a is
relative to Mp). This is where one of the main obstacles to implementing Theorem
6.3.4 lies : if @ is the map considered there and it sends an operator X t0 Xoo, then it is
certainly a consequence of that theorem that

pm(x) = floo(Xeo) = (Xoo)

where a is relative to Mpy; however, it is of course not the case that y,(x) = p¢(xs) for
all £ > 0. So once we consider the parameters these results can play no role.

Secondly we replace the quantity ga, by the quantity ¢, which takes on the same value
as gum, on bounded sets, but can also discriminate usefully between certain unbounded
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sets, that is, take on finite values for certain unbounded sets. This will be discussed in
greater detail later.

As we shall see, it is appropriate to consider H to be equipped with the topology of
convergence in measure as defined by Nelson - [Nel74]. Recall that this vector topol-
ogy (which we also denote by 7., as there is no danger of confusion) has as basic
neighbourhoods of 0 the sets :

H(e,t) = {£ € H: Ip € MP such that ||pé|| < ¢, (1—p) <t}  (6.25)

where €,t > 0 are allowed to vary.

We will also have occasion to consider such sets where € =0 or ¢t = 0, and it is easy to
see that
H(0,t) = (U{pH : p € M?,7(p) <t} (6.26)

and

H(e,0) = eBy (6.27) -
although we stress that these sets are not neighbourhoods of the topology.

Recall that Nelson represented the abstract completion M asan algebra of (everywhere
~ defined) operators on the abstract completion of H equipped with the topology of
convergence in measure. Of course’ M has a concrete realisation (as shown by Marianne
Terp in [Ter81], and in fact by Nelson - see the remarks at the end of Section 2 in
[Nel74]), but this is not the case for the completion of H, and so the approach of Nelson
is somewhat unsatisfactory, as pointed out by Terp - [Ter81] page 24. In fact, Terp
identifies M without any reference to 74, on H. For our purposes a middle road is
‘most suitable : we make full use of 7., on H but do not consider the completion. The
principal reason for the suitability of this approach is the fact, demonstrated in the next
proposition by making use of the generalised singular function, that the r-measurable
operators are continuous with respect to the restriction of this topology to the domain
of the pertinent operator. The argument is inspired by one of Nelson’s : see [Nel74]
Theorem 1, the proof of (17’); or [Ter81], the proof of Proposition 5(ii). The reader is
also in this regard referred back to the proof of (4.23).

Proposition 6.4.1 Suppose x € M. Then
x[D(x) N H(e,tz)] C H(pe, (x) €,t1 + t2) (6.28)
for all €,t1,t; > 0. It follows that
x 1 (D(x), Tem|D(x)) = (H, Tom)

is a continuous operator.
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‘Proof: - Supp‘oee € t1,t; > 0 are given. Let e = eml'(g)(|x'|); then
(1 —e) =d,, (x)(lx )= dm,(|x-|)(lx <4

and
| pyy (x) = #n(lX'l) =lIx"lell = lIx"e|| = Ilexll
| Suppose £ € D(x) N H(e, t,), so there exists f € MP such that

r(1—1) <ty and [|f€]| < e

Let
| q=N(1-H)x") =1-R(x(1-1))

Note that we have that
qx = qxf

Put
| p=eAq
Now we have that
1-q=R(x(1-1) ~R(1-f)x") <1~f
and hence |
T(l-p)=7((1-¢)V(1-q)<7(l—e)+7(l—q) < 7(l =¢) + (1 —‘f) <t +t

Furthermore

llpx¢]| = Ilprﬁll = [lpexf¢|| < ||p|l llex Ilf€l| < ml(X) €

Hence x¢ € H(p,, (x) €t +t3). . _ - A

We now discuss the appropriate analogues of the function qr dlscussed in Sectlon 4.2
There we saw that g7 is essentially determined by boundedness and the members of 77,
Here we make adjustments. to both of these determining factors.

Firstly, it is clear tha.t since the operators we consider are now unbounded, many of

- the sets of interest - for example the i images of norm-bounded d sets - will in general

be unbounded. We have already noted that the members of M are continuous with
respect to the measure topology when restricted to the domain of the operator. Hence
we can anticipate that boundedness in this topology will be more appropriate than
‘norm boundedness. '

Definition 6.4.2 ([Nel74])
A set B C H is said to be bounded in’ measure if it is bounded in the topology of
convergence in measure.
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(1) u(B) < € iff there ezists p € M? such that 7(p) < t and B C p(B) + eBy.
(5) goo(B) < é‘iﬂ' there ezists p € MP? such that T7(p) < 00 and B C p(B) + eBy.
Of course the proof of the above Proposmon follows the lines of Proposmon 4.2.3 - in

this case we make an appeal to Proposition 6.4.1 to show that the set p(B) is bounded
in measure. Therefore we omit the proof. It follows that for any B C H '

inf pemr supeep ||IPE]l. if B is bounded in measure . '
a(B) { e, “Peen ICll it , (6.32)
00 ‘ otherwise
inf ,emr Supcp ||P€]| if B is bounded in measure. |
goo(B) = { rd=p<oo € - (6.33)
00 otherwise :

But these formulas are not valid for sets that are not bounded in measure: consider the
set pH, where p € M?,7(p) < co. :

We should note at this point that besides being a parametrised version of dM,, the func-
~ tion ¢; does have another motivation. It is quite simply an analogue of the generalised
smgular function, this time in the space H equipped with the topology of convergence
in measure. Indeed for x € M, the genera.hsed singular function can be described by
means of the formula

pe(x) = pg}j, | llpx|
T(1-p)<t

while it is clear that for €N,
qt({f}) = mf Ipg]

r( 1 -p)-< t

We have used the notation go, not only to remind us of (6.31), but because g is distinct
from the quantity ga,. Of course we have that

inf pemr  SUpgep ||p§|| 1f B is bounded in norm

‘gmo(B) = { 7(1-p)<oo
() ‘ " otherwise
‘and remembering that any norm bounded set is bounded in measure, it follows that
dm, and ¢o, agree on sets that are bounded in norm, and that g, takes on finite
‘values on (some) sets that are bounded in measure but not norm bounded. As has
been previously indicated this is very desirable as many sets arising in applications are
bounded in measure but not in norm. '

However, everything is not so simple. Recall that for B C H we have that ga¢,(B) < o0
iff B is norm bounded. One might expect that ¢.,(B) < oo iff B is bounded in measure.
Unfortunately this is not the case, as shown by the following example. Thus the class
of sets for which ¢(B) < oo is in general properly included in the class of those which
are bounded in measure.
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We now establish the analogues of Propositions 4.2.2 and 4.2.4 for the functioh G-

Proposition 6.4.7 Suppose B, B,,B, CH, a € C.

B, CB; = qt(Bl) < ¢(B,) | : .(6.34).

a(aB) = |alg(B)  (6.39)

,  al(Bx) =1 (6.36)
max{gs, +1,(B1); qty+42(B2)} < ¢t,44,(B1 U By) < max{g,(B1); ¢..(B2)}  (6.37)
4¥1+tz(Bl + B;) < ¢1,(B1) + ¢1,(B2) , (6.38)

¢:(B) = «(B) | (6.39)

Proof:. These formulae are either obvious or follow in a similar way to those appear-
ing in ‘Proposition 4.2.4. '

For example, to show (6.37) : it follows from (634) that
* @+6(B1 U By) 2 max{gu41,(B1); g 442 (B2)}

Conversely, suppose that for 4 = 1,2 we have p; € MP such that (1 -p;)<tiand a
measure bounded B; C piH such that B; C B} + ¢;B3. Then the same argument as for
(4-19) shows that o )

4t,+t,(B1 U By) < max{e, 62}
because 7(p; V p3) < t; + t,. - '
The others follow similarly and s0 the proofs are omitted. a

By taking limits in the equations above we obtain: .

BiC B, = gw(B1) < qo(B2) (6.40)

" 4oo(aB) = |algeo(B) , (6.41)
9oo(Br) = 1 IR (6.42)
9oo(B1UBz) = max{ges(B1); goo(B2)} ) (6.43)
4o(B1+ B;) < 9oo(B1) + ¢oo(B2) ‘ (6.44)
" 4e(B) = ¢u(B) h (645

for B, By, B, C M, a € C. It now follows that g, is a g-function.

In (4.15) it was pointed out that if Z is norm-closed then gz is a convex g-function.
It can be seen that this relies on the fact that the absolutely convex hull of a norm
bounded set is norm bounded, which results from the fact that the norm topology is
locally convex. Since the topology of convergence in measure is not necessarily locally
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and the result follows.
(c) The proof of this is identical to that of (4.24). -1
By taking limits in (6.46) we obtain:

| Goo(X[D1(x)]) = poo(x) (6.49)
for x € M.
By taking limits in (6.47) we obtain:
9oo(XB) < foo(X) goo( B) (6.50)

for x € M, B C D(x) such that go(B) < oo. Note that this equation also shows that
the latter class of sets is invariant under the operator, as is the subclass of 7-totally
bounded sets (included in the domain of the operator).

By combining equations (6.49) and (6.50), we obtain the following corollary:

Corollary 6.4.9 The following are equivalent :

(a) x € My
(b) xB is T-totally bounded for every B C D(x) such that doo(B) < 00
(¢) x[Dy(x)] is 7-totally bounded

As before (6.50) fails for arbitrary B included in the domain of the operator. Consider
any p € MP such that 7(p) < co. Then for any t; > 7(p) and any ¢, > 0 we have
q¢1+t2(pH) = 00, but '

pt,(P) g, (H) =0.00=0

This is not a very interesting example, as the set pH is unbounded in every sense. The
following example shows more : that (6.50) cannot be extended to the class of sets
that are bounded in measure. In fact, we find a 7-compact operator that sends the set
previously discussed in Example 6.4.6 - bounded in measure but not having a finite ¢
value - to a similar such set. Once again (6.50) fails by virtue of the agreement that
0.00=0. "

Example 6.4.10 Let 7, M and B be as in Example 6.4.6. Let

21
g= - X[nn+
nz=:l \/ﬁ' n 1)

Then certainly g € M.



- To show that go(g(B)) = oo it suffices to show that if we are given A € X such that

m(A) < oo then for all € > 1 there exists n,a > 0 such that

_ ”XA_’ g fn.a”g > €
Choose n € N such that

1
A 1) < —
m(AN[n,n+1)) < ypm

This must be possible , for otherwise

oo > m(A)
> Y m(AN[nn+1))
n=1 ,
s 151
— A4e _-n
= o0
Put
s L
" 2n
Now .
m(AN[n, n+a])<m(Aﬂ[n n+1)) < 4—:%
and so N
m(A'N[n,n+a]) > 5
Thus
2 1,1 '
”X_A'gfn,a”g = (Z) ;m(A n [n n+a])
1,1a
> (=) ==
- (a) n 2
1
2an
= €
as required.

The above also provides the example promised after Theorem 4.2.5 by considering the

bounded function ¢ as a member of the norm closed ldea.l Mo.

6.5 Geometric characterisations of 7-compact op- .

erators

kS

We now aim to generalise some resuits of Kaftal ([Kaf77] Lemma 1.2 and Theorem 1.3)

and Stréh ([Str89] Proposition 2.4). We are faced with the problem that the operators
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Let p = pg7 — N(x). It is clear that x5 is one-to-one.

We show that x| is onto q¢H. From Lemma 6.5.1 we have that
x~!(qH) = x~1(qH) N D(x)
Hence

range(xjpn) = range(xp)
= range(xp3r)
x[x~1(qH) N D(x)]
= x[x7Y(qH)]
= qH Nrange(x)
= qH

Finally we note that since N(xp) =1 —p and R(xp) = g,
q= R(xp) ~ R((xp)*) = 1 — N(xp) =p

Theorem 6.5.3 cf. [Kaf77] Theorem 1.3
The following are equivalent :-

(a) x € Mo
(b) x[Dy(x)] is T-totally bounded
(c) xB is T-totally bounded, for every B C D(x) such that geo(B) < o0
(d) If ¢ € M? and qH C range(x) then 7(q) < 00 (generﬁlised Calkin condition)
(¢) If p € MP and x is bounded from below on pH then T(p) < oo |
(f) For all € > 0 there egists p € MP such that ||xp|| < ¢,7(1 - p) < oo (generalised
Rellich condition) :
Proof: The equivalence of (a), (b) and (c) was established in Corollary 6.4.9.

(c) = (d) Supposé q € MP, qH C range(x). By Lemma 6.5.2 we can choose p € M?

such that p ~ q and _
L Xpn : pPHN D(x) — qH

is bijective. It is clear that xjp3 is a closed operator, since x is closed. Thus xjp is
one-to-one, has closed range, and is closed. Hence by the Banach Isomorphism Theorem
Xjpx has a bounded inverse, and so

(xip) " [qH N By
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is bounded. Thus -
x[(xp7¢)~ [Q'H N By]) = qH N By = qBx

is T-totally bounded by hypothesxs Thus by Corollary 6.4.9, 7(q) < oo.

(d) = (e) Suppose p € MP and x is bounded from below on pH. It is then clear that
" range(xp) is closed, since x is closed. If we define q = R(xp) we have

qH C range(xp) C range(x)

and so 7(q) < oo by hypothesxs Furthermore N (xp) = 1-p. Thus p ~ q, and
7(p) < oo. o '

(e) = (f) Suppose e> 0. .Put p = €(|x]). Then ||xp|| < ¢, and x is bounded from below
onl-—p. Thus 7(1 — p) <00 by hypothesxs

| (f) = (a) Suppose €>0, and p is as indicated. Then

PA e(c,oo)(lxl) =0
implies that | . ._

: : < 1.

' e(c,oo)(lxl) ~1-p

and hence (e, m)(|x|)) < oo. Therefore X € Mo, by Theorem 6.2.3, since ¢ was

arbitrary.” . - | |

Corollary 6.5.4 Suppose yEM, X € %, and range(y) C range(x). Theny € Mo.

Proof: Immedlate from Theorem 6.5.3 (d). ' n

It is well known that for a positive compact operator on a Hilbert space, the s -number
sequence is made up of the eigenvalues of the operator, arranged.in decreasing order and
counted a,ccordlng to multiplicity. It then follows by the classical theorem of Riesz that
the spectrum is exactly the closure of the s -number sequence. The following theorem’
generalises this observation to the 7-compact operators. '

Theorem 6.5.5 Suppose 0 <x € Mo. Then

o(x) = {m(x) i>0] (68

Proof:  Suppose t > 0. To show Tthat pe(x) € a(x), it suffices to show that
sup o(x) N [0, pe(x)] = pe(x)

‘since o(x) is closed.
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Throughout this section we consider an operator x € ./‘W, and suppose ¢(x) € M is
any operator for which x — ¢(x) € M. Thus ¢(x) is a bounded operator in x + M.
Furthermore 7 : M — M/ M, denotes the canonical quotient map.

It is clear from Theorem 6.3.4 that x is Fredholm relative to M, iff #(x) is Fredholm
relative to Mo; hence o(7(x)) = o(7(#(x))), where of course the first essentjal spectrum
is relative to My and the second relative to Mo.

What is not evident is that the following characterisation of the Mi-essential spectrum
of a self-adjoint operator in M can be deduced directly from its ‘bounded’ analogue -
Theorem 2.1.4 - by use of Theorem 6.3.4. However, this characterisation is obviously
derived in a manner quite similar to the bounded case, as the reader may easily vérify.
This characterisation then coincides with the (unmotivated) definition of the essential
spectrum given on page 4 of [HN91].

Proposifion 6.6.1 Suppose x € M**. Then
o(r(x)) ={AeR :VT(e(;\_%,“%I(x)) = oo for all n € N} (6.52)

It is now clear that (2.23) generalises to M, while (2.24) is in fact generalised in
the crucial (6.12). Furthermore, (2.25) also generalises. This relies crucially on the
previously mentioned fact that (2.2) generalises in full, as seen in Proposition 6.3.3.
For the same reason, we find that Theorem 2.1.10 generalises to the following result:

Theorem 6.6.2 ., is unique amongst the seminorms & on M satisfying

(a) § has kernel M,
() 6(x) < [Ix]| for x € M
() 8(yx) < é(y) 6(x) fory,x € M

Olsen ([Ols84]) has developed a complete Fredholm and index theory relative to any
closed ideal T in a von Neumann algebra. It is clear that the elementary characterisa-
tions of Fredholm operators given by Olsen (Theorem 2.2.5 for example) generalise to
the M, case. ) '

We now discuss the index theory of Olsen. For x € M the index is defined as
i(x) = dim(N(x)) - dim(N(x*)) (6.53)

where dim is the dimension function of Tomiyama, relative to Z, discussed in [Ols84] -
§5. Of course the function

i(x) = dim(N(g(x))) = dim(N(6(x"))) (6:54)
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will define an index in M relative to the ideal /ﬁ;.

We now show that this index has a concrete formulation, namely that it coincides with
the function (which in the meanwhile will bear a different name)

indez(x) = dim(N(x)) — dim(N(x")) (6.55).

For any x € M, let x = v|x| be the polar decompositioniof X, and let
x| = [xleo + [xlo |

be the decomposition for |x| constructed in the proof of Lemma 6.3.1. Then
X = V[Xloo + V|x|o

It is clear from the construction given in the lemma that
N(|x]) = N(|x|)

and so

R(|x]) = R(|x]o)
since both operators are positive. Thus
v'v = R(|x]o0)

and so by the uniqueness clause in the polar decomposition theorem ([KR86] Theorem
6.1.11) the operator v|x|e is in polar decomposition form. Thus

N(x) = N([x]) = N(|x|oo) = N(v[x|oo)

and

N(x*)=1-R(x)=1-vw"=1- R(v|x|w) = N((v|x|s)*)

Hence indez(x) = i(v|x|eo). But by standard reasoning, as for example seen in the
proof of Theorem 6.3.4, we have that

| V|x|oo — ¢#(x) € Mo
Hence by [Ol1s84] Theo;er.ll 7.4, |
indez(x) = i(v|x|oo) = #((x))

It follows thg.ji the index theory of Olsen extends completely to an index theory for
elements in M modulo M.

Remaining with the theme of Fredholm operators, we again have an Atkinson-type
characterisation in the My case, generalising Theorem 2.2.7.
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Theorem 6.6.3 Suppose x € M.

(a) If x is left Fredholm with respect to Mo then there ezists y € M, e € M” such
that 7(1 —e) < oo andyx =e

(b) If x is right Fredholm with respect to M, then there ezists y € M, e € MP such
that 7(1 —e) < 0o and xy = e

(c) If x is Fredholm with respect to Mo, then there ezists y € M,e ,e; € MP such that
yx=e;, Xy =¢e;, 7(l —e;) =7(1 —ez) < 0o, and e; ~ e,

Note that from the construction given in Theorem 2.2.7 we can ensure that the operator
y is indeed bounded. '

Theorem 2.2.8, Corollary 2.2.9 and Corollary 2.2.10 generalise easily.

Finally, we mention that the function g, can be applied to operators that are left
Fredholm with respect to Mo, in a manner like that in Chapter 4, and we arrive at the
following results:

Theorem 6.6.4 x € M is left Fredholm with respect to My iff there ezists ¢ > 0 such
that

Goo(XB) 2 ¢ goo(B)

for all sets B C D(x) such that qoo(B) < co. The largest possible value of c is m(x),
where m(x) is defined in the same way as for ideals of bounded operators.

Corollary 6.6.5 For anyx € ﬂ,

(6.56)

m(x) = inf
. x oo B

6.7 Commutativity of the trace

One of the most basic questions one can ask in non-commutative integration theory is
the extent to which the trace 7 is commutative, that is, for which x,y € M do we
have 7(xy) = 7(yx). In the elementary theory of the trace class ideal (as developed in
[Tak79], for example) we quickly learn that if x € H(M) and y € M then both xy and

yx are of course members of H(M), and 7(xy) = 7(yx). '

It is also shown that 7 is a continuous llnear functional on H(M) when equipped w1th
the 1-norm i.e. the norm

Il = () = [~ mllxl)dt = [ o) d (6.57)
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and so 7 extends to a continuous linear functional on £!'(M), which is the completion
of H(M) in this norm. For this reason, the commutativity result mentioned above then

holds for x € LY( M), y € M.

As indicated, we are interested in how far this commutativity result can be extended.
In this section we show that if x,y € M and xy,yx € £}(M) then 7(xy) = 7(yx).
This result has actually been shown in [BK90]; nevertheless we include it here since the
techniques used are somewhat different to those of Brown and Kosaki. Qur strategy is
in fact an extension of that of Proposition 3.4 of [DDP90] where it is claimed that if
one of the operators is in My and the other is in G(M) then the stated result holds.
In fact, there is an error in the proof of this proposition, for there it is claimed that
if x € Mo then x commutes with e(1 (|x[) for n € N. This is false, as the following
example shows.

Example 6.7.1 Let M = B({?) equipped with the canonical trace. We follow the
convention of representing multiplication operators in B(£*) by the corresponding £*
sequernce.

Let A

x : (a1, as,4a3,...) = (a2,4a3,0,0,...) ‘
That is, x = pl where p = (1,1,0,0,...), and 1 is the left shift operator. Then x € Mo
since 7(p) = 2.

Denote the right shift operator by r. Note that
x| = (x"x)? = (I"pl)? = (rpl)? = (0,1,1,0,0,...)7 = (0,1,1,0,0,...)
Therefofe

0 for t<0
e(x])=¢ 1—1|x] for 0<t<1
1 for t2>1

and so e(1 5(Ix]) = |x].

Thus

x e (Ix]) : (a1,a2,a3,...) = (a2,a3,0,0,...)

while
e g(Ix) x : (a1,82,a3,...) = (0,as,0,0,...)

We will show our result by building up a number of cases. The argument exploits a -
number of the facts about M, that we have already seen. The proofs of each of the
cases are quite similar, and in them we follow the essential idea of [DDP90], which is
a clever use of the non-commutative Dominated Convergence Theorem. We now state
this theorem, which was first proved by Fack and Kosaki in [FK86], in the form used
in [DDP90]. ‘
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Theorem 8.7.2 Suppose (X,) C LY(M), x, “Fz € M and p,(x,..) < f@t) e L‘(O o)
for all n € N. Then x € LY(M) and ||x, — x|} — 0.

To begin with we isolate a simple result which we will use a number of times.

Lemma 6.7.3 Suppose x,y € M. Then

pe(xy) = pe(|xly) (6.58)

Proof:  Suppose x = v|x| is the polar decomposition of x. Then |x| = v*x and so

we(xy) = pe(vIxly) < pe(lxly) = pe(vxy) < pelxy)-

Proposition 6.7.4 Suppose x € M,y € M and xy,yx € LY(M). Then

T(xy) = 7(yx)

Proof: Let x = v|x| be the polar decomposition. For any fixed n € N, let

0 for t<
f"(t)z{l for t>

t

ER N

Then f,.(]x|) € M, since f, is bounded, and
Sa(lx]) x| = e o0)(Ix[)

For brevity we will denote e(1 o)(|x|) by pn.
Now xy € L}(M), thus

pny = fa(Ix]) [xly = fa(Ix]) v* xy € L(M)
since fo([x]) v* € M, xy € L}(M), and L}(M) is a M-module.
Now |x|pn Ik |x| as n — oo and so

xpa = vlxlpn 13 vlx| = x
as n — 0o. Therefore xp, =3 x since the measure topology is weaker than the norm
topology, and so

XpnY =¥ xy and yxpn =¥ yx
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by the 7., continuity of multiplication. Since |x|p, = pn|x| we have that

pe(xpny) = pe(IxIpay) = pe(pnlxly) < me(lxly) = pe(xy)

and of course
pe(yxpn) < pe(yx)

Thus by the Dominated Convergence Theorem we have that
XprY IHLI Xy

. and
' YXPn lﬂb yx

Since 7 is ||.|[s-continuous, we have

'T(xpn_y) — 7(xy) and 7(yxpa) — 7(yx)

Since pny € LY(M) and x € M we have that
7(xpny) = 7(pnyx)
Also, since yx € L}(M) a.nd.p,, € M we have that
T(Payx) = 7(yXPn)
Therefore
r(xy) = lim 7(xpay) = im 7(payx) = lim7(yxps) = 7(yx)

as required. ‘ .

Proposition 6.7.5 Suppose x € Mo, y € M and xy,yx € LY(M). Then

T(xy) = 7(yx)

Proof: Supposé x = vix| and y = wly| are the polar decompositions. As before
denote e(1 j(|x|) as pn. Since x € Mo we have that (xp,) C H(M), while of course

(yen(lyl)) € M and ,
xpn I x and yea(|ly)) =y

Therefore 7
yea([y])xpa 3 yx and xpnyea(ly|) =F xy

by the continuity of multiplication in M.
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Since

#e(xPayen(]y])) < pe(xpny) = ue(Jx|pay) = #(Palxly) < pe(Ixly) = pe(xy)

and similarly

#e(ven(ly|)xpa) < pe(yx)
we have by the Dominated Convergence Theorem that

xpayen(ly[) " xy

and

ll-lla

yen(ly)xpn = yx
Since 7 is ||.||;-continuous, we have that

T(xpayen(lyl)) = 7(xy) and 7(yen(ly|)xpa) — 7(yx)

Since xp, C H(M), yen(ly|) C M, we have that

Therefore

‘r(xp,,ye,.(lyl)) = T(yen(IYI)xpn)

7(xy) = limr(xpayen(ly])) = lim (yen(ly|)xpa) = 7(yx)

as required.

Theorem 6.7.6 Suppose x, y € M and Xy,yx € LY(M). Then 7(xy) = 7(yx).

Proof: We decompose x into a member of M and a member of M. Suppose

x = v|x| is the polar decomposition.

: Lét Xeo == Xeq(|x]) and let xo = x(1 = eqf

it follows that

1)), where & > poo(x). Since 1 — ea(|x]) € P,

X = Xoo + X0, Xoo € M, xoem

Since xy € L'(M), we have from Lemma 6.7.3 that Ixly € £}(M), and therefore
XY = veo(|x|)|x]y € £}(M). Further yx,, = yxea(|x]) € LY(M). '

Likewise xoy, yxo € L}(M).
Therefore we have that

T(xy) =

]

by making use of Propositions 6.7.4 and 6.7.5.

(XY + Xo¥)
T(Xeo¥) + 7(Xoy)
7(¥Xo0) + 7(yxo)
T(yxoo + ny)
7(yx)
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