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INTRODUCT | ON

This thesis is principally concerned with measures of association in
conditional multivariate normal distributions.” The multivariate normal
distribution has the remarkable property that all the conditional distri-
butions are again normal. It is because of this fundamental property of
the normal distribution, that measures of partial associaticn, between
normal variables, such as the partial correlation coefficient, share the
same distribution as their unconditiconal counter parts, the only difference

being in those parameters that depend on the sample size.

In Chapter | we discuss the conditional distribution of a p dimension~
al normal variable which has been partitioned into three sets of components. '
In addition we also discuss distribution of the Wishart matrix when one

and two of the sets are fixed,

The Wishart matrix plays an important role in the distribution theory
of correlation cocfficients, since this matrix carries all the sample '

information on the interdependences between the variables.

!n Chapfef I'l, we discuss the different measures of partial association
that have been defined, the partial correlation coefficient has not been
discussed because of its famifiarify and excellent treatments of it are
readily available in the {iterature. The ParTfal Multiple correlation
coefficient is discussed in considerable detail. The partial multiple
correlafion ccefficient, which measures the associaticn between a single
conditional variable and a linear combination of conditional variables has

received scant attention in the literature, which is a great pity, because



N
it is potentially an extremely useful concept. In the literature the
partial multiple correlation is either menticnad as a special case of
more general measures of partial association, like the partial canonical
correlations, or else it Is used in important applications. without its
actual nature being recognised.  Other measures that are discussed in
Chapter |1 are the partial trace correla+ion ccefficient and the partial

canonical correlations.

In Chapter Il we consider the Gencralised Partial Correlation Matrix
which has the remarkable property that it embodies all the measures of
partial asscciaticn as special cases. Its distribution in the central

case will also be derived In this Chapter.

In Chapter IV we consider some practical spplications of the partial
multipie correlation coefficient and the Generaliscd Partial Correlation
Matrix. . The advent of digital computers has transformed multivariate
analysis and has relieved the statistician of the tedium of lcng calcule=-
tions, He is now free fo spend the time saved in compu+a+ion, debugging
an infricate programme at least with the knowledge that if he ever has to
compute the particular statistic again the answar will be ready in a fow
seconds.  Now that elaborate statistical techniques are so readily
availab]e, it is perhaps more essential than ever before o remember the
remark of A.N, Whitehcad that is quoted by M.J. Moroney in Facts from
Figures "There is no more cwmmbn error than to assume that, because
prolonged and.accurafe mathematical calculations have been méde, the

application of the result to scme fact of nature is absclutely certain®,



CHAPTER |

{.1 Introduction

fn this chapter we give the basic results that will be used in subse-

quent chapters.,

Let us suppose that we have a p dimensional random variable X which

has a multivariate Normal distribution with parameters yu and I where

p = EWX) = My
px1
M2
P

= - X i = .

o g : [9)
21922 *** 92p

(¢} g eee T
Pl p2 PP
where o, s the variance of‘Th? ith component of X

Gij is the covariance of the ith and jth component of X,

" The density function of X will be denoted by n(x|uZ) and the corres-
ponding distribution function as N(u,I). |f we wish to draw speciatl
attention to the dimension of the distribution we shall indicate this by
a subscript on N, i.e. Np(u,E) represents a p dimensional normal dis-~

tribution,

We now partition X into three sets of components.



(1). ‘ . (1)

X=X ‘where - X has q components
x| B x (2 'has r 4¢omponen+s
X(3? X(3) has s Aébmponenfs

; R
where q+r+s = p.
The vector of means, u, and the covariance matrix, I, are parTiticnéd

accordingly, :
e
u

_u'? . ' ?nd.,‘ Zjé 211212213'
2) S '
L L RV v ark:
(3)] . ‘ *
" L 231232233

The dimensions of the submatrices, Zij,'-can be represented schematically
in the fo!ﬁbWiﬁg’”ma+rix"; the dimension occupying the same position as

the corresponding submatrix.

3

?Dimenéioné_bf_fhe Partitions of =
oxa axr - gxs
rPXq PXr o rxs,
.qu SXF  SXs

We also list the dimensions in the following table for reference purposes.

SubMatrix . Dimension
. Z“ ’ : + ’ quxq
212' SR ' qQxr
3 @S
Far ™
222 rxr
_223_ rxs
34 $%G
232 Sxf
233 $XS

(ﬁ.subsequenf chapters our interest will be centred on the conditional



distribution of two sets of components given the third set or on the distri-
bution of one set of components given the other +wo. As the numbering of
the individual componeﬁfs, and the choice of sets of components is quite
arbitrary and in pracTicaT applications depends only on the problem in

hand, we may, without loss of generality, assume that it is always the third

(3) (2} ,(3)

that is fixed and X and X in the case where two sats

set X
are fixed. Since the conditional variables menticoned above are of funda=-
mental importance in this tThesis we shall derive their distribution in

detail in the next section.

{.2 Conditional Distributions.

Let X(i) l x(3) denote the conditional random variable X(1)
x(2) .X(Z)
. A3) _ _(3) . : . . .
given that X = X . We note that this variable has dimension a+r,
To find the distribution of X(1) | x(3) we make a nonsingular transfor-
L (2) ‘
X
. C o . , Sy ; (1
mation of our original variable X = [ % intfo the variable Y = (Y
-
‘x(Z) (2
| >,\(3) Y(3)
2
where y oy M1X(“)
Y2 x2 k3 (1.2.1)
Y(3) - X(3)
" ' (1) (2)
and M1 and M, are chosen so that the components of Y and Y
are uncorrelated with Y(3).
For this condition to hold we require that
E

v ey Dy L3 g (1.2.2)
¢(2) (2 ,




where O represents a q+r by q+r matrix with all elements zero,

Substituting for Y(I) in terms of X(l) and M.oin (1.2.2) +the condi-
tion becomes
£ (X(1)"u(1)) . M1(X(3)___u(3)) [X(3)- (3)|?_= 0
(X(2)~u(2)) . MZ(X(3)“U(3))

Multiplying and taking expected values we obtain the matrix equations

13 * MyZz3 =0

+ MZZ

z

i

z 0

23
From which it follows that

33

My = "Iy3lsg

-
My = =Ty3l44

(1.2.3)

where we assume that 233 is nonsingular so that the inverse exists, Sub~

stituting (1.2.3) in (1.2.1) we obtain
v ap 1,03

= X ZygiagX
(2) _ A(2) 21.(3) (1.2.4)
v? = xB oy ailx
[3) L (3)

which can be written in matrix notation as

_ D I PP
Y=Y lg O ~Ty3Ig3) |X
(2) =11 [, (2)
Y 0 1. Zpslaz) |X (1.2.5)
v ]o 0 | 1x(3)]

where I, is a kxk unit matrix.

Clearly this is a nonsingular ftransformation of - X and Therefore Y is
aléo'normally distributed. The mean and covariance of this distribution
can be found using the fact that if X .is distributed as N(u,Z) and C

is & nonsingular transformation of X, then Y = CX is distributed as

M(Cu,CIC').
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Taking C as the matrix in (1.2.4) we have that

The joint density function of
><(2)'

-1 (3
VS TS D 213231 NENIEMIP
(2) (2) -1 (3) (2)
|y T L yle) (1.2.6)
, |
(3 L3 43
Cov (YY') =
o1 -
e O Tisfas) B4y Bz Bisl| g 0 0
IR |
O 1 mTyala3) |Zpy gy Tpsl) O e 0
B} I -1
j0 0 g I3y T3z Ta3)|"tyats3 Ppaf33 lg
S S e DUREED) r-ly 0
11 7 213%33%31 12 "¥13%33%32
-1 -
- ‘ IS
Lo1 = Io3¥a3¥s; Lo "t23%33%37 0
0 0 243
= P13 Tizes O
Ly1.3 Zpz.3 O
0 Zq3
) ) -1 .
where Eije3 = Zij 213233Z3J Psd 1,2,
- N T (3) . . L
Since Y are independent of Y we can write the joint density
(2
function of these variables as
(1 (2) (3) (1, (1) (3) , (3)
fly Ly Ty s v Ll nly T L YT, T,
(2)  (2)
y Y
vwhere L.y = 1Zyi.3 L1503 (1.2.7)
£21.3 £22.3
1 ang X3 can be found by substituting



for the Y(i) in terms of the x(1) using equations (1.2.4) and nulti-

plying by the Jacobian which is one in this case

_ou =103 (2) (3) | ,(3) /
Xl = n|x L13%33% l VLT T I (s
(2) ~1 (3) (3)
X - 223L33x ¥
where ¥ = £v'Th) as defined in (1.2.6).
The conditional density function of X(1) | x(3) is the quotient of
(2)
X
. - v (3) . (3)
(1.2.8) and the marginal density function of X at the point x 77,
This marginal density function of _X(B) is the last factor of (1.2.8).

Thus we have, writing out the density fUncfiQn in full

(1 (3)
fix ] X
’ (2) ’ (1.2.9)
x —r .
23l " (_ () =1, (3)_ (33, ),.~1 -
T o EgEeTE X T yaTaax SO L R I
(2) _ (2), =-1,.(3)_ (3) (2)_ (2) =1, (3) (3)
X i 223233(x u X -—u' ,—213233(x -y
Thus x(’) l x(3) is a g+r dimensional normal variable with mean
X(2)
v (3yy _ (1) 1 (3) (3B oy (1), (3)
R e e L R Pt 1E A el RN S (1.2.10)
f') — . s}
x(2) u(,_) R 21323;(x(3)~u(3) w(Z)(x(o))
and covariance matrix
2437 131103 Biges

(1.2.11)

L2103 72203

The conditional distribution of (x{1x(275(3)

) | X(3)|

') can be derived using the

distribution of X
(2)

X

As above we chocse a matrix ™M such that the two vectors



Y(1) - (X(1)]x(3)) . M(X(Z)l (3)) |
A (1.2.12)
Y(2) - (X(2)|x(3))
aré uncorrelated.
Thus we must have
ey C ey L@y 0 (1.2.13)
Substituting for (X(1)]x(3)) and (X(Z)lx(3)) we find that condition
(1.2.13) reduces to
212 3 + MZ 2243 =0
From which it follows that
- 51 v
M= 12 3 29.3 (1.2.14)
The transformation in matrix notation now becomes
(1) -1 (1 (3)
= -3
Y =2 153800 [X7 [ % (1.2.15)
Y(2) 0 | X(2)
From which it follows that Y(1) is again normally distributed with mean
Y(2)
£ Y(1) =iw(1)(x(3)) : -1 (2)(x(3))
12 3 22.3% (1.2.16)
Y(2) w(Z)(x(B))
where 'w(1)(x(3)) is defined in (1.2.19), The covariance matrix of
Y(1) is
Y(2)
X -1 0 = |
11.3 ~ 12 3 2243 21 3 - 1123 0
(1.2.17)
0 | 22.3 Q 222.3
Clearly Y(1) and Y(Z) are independent and their joint density function
will be
(1 (1) (2)y (2), (3),.
nly ]E(y ), 211.23) nly ]w (x ), 222.3) (1.2.18)



X(1) l_X(B)
><(2)

The joint density of can be found by using equations

(1.2.15) and (1,2.18) and multiplying by the Jacobian which is 1.

This expression will have the form

f(x(1),x(2)]x(3)) (1.2,19)

St 1 oxp _%l(x<1)._ LM yes o - v(1))|x

29 : 1123
(2?9 T eT

1 1 \

'é‘r eXp -3
(2m*" T2

where v(l) will be defined later.

(2 _ (2 (3o (2 w<2>(x<3))4

As previously the conditional distribution of X(1) given x(2) and x(3)

will be the quotient of (1.2,19) and the conditional distribution of

(2)‘x(3) (2) (2) (3) (3)

(X ) at the point X = X (and X = x ~"). This quotient

is clearly the first factor of (1.2.19) and thus we have that

(X(])I (2,34 s a1s0 normal ly distributed with mean
(1) ey, 3) =1, (2) o (2)(3)
v s BT 3222.3(x ECXCT %7
NeD 13 3 -1 ol )l
S w0 Eyaiaaix )+ (TypmT3a3%p (2557 55k 530 5,)
(2)_ (@) -1, (3)_(3)
T i e (1.2.20)

and covariance matrix
-1

B11e23 7 P11 T Fize3%22.3%2103 (1.2.20)
AtTernaTiver,webcould find the distribution of X(1) l x(2) using the
x(3)
joint density function of X = X(1) expressed in a suitable form, and
(2)
X
X(3)

2
X(..)
X(3)

dividing this density function by the joint density function of




at the point x?) 1" We would then find that again (1) | 2 s a
(3) (3)
X x
q dimensional normal variate with mean
£ X(]) ’ x(2) _ u(1) s 5.3 5 5 ~1 X(Z)“U(Z) (1.2.22)
- 127131722723
><(3) s 3 (3) (3)
“3233 s
and covariance matrix
-y - - |
1023 7 By Iamgsl Bontas| By (1.2.23)
L3233 L3y

Clearty. (1.2.20) and (1.2.22) are equivalent as are (1.2,21) and
(1.2,23), We remark that the second method of finding the distribution
X(1)I x(2)
(3)

X

is more direct, but we chose the first method because we

felt that it gives more insight into what is to follow. We also note that
%he conditional mean is a linear combination of the variables held fixed,

but the conditional covariance matrices Z.g and I,,,,3 do not invoive the
fixed values at all.

We shall state the results of this section in a theorem.

Theorem 1.2.1

If X = X(7) is distributed as N _(u,i) then X(7) | x(3) 15

(%) p i T((2)
()

distributed as 1, 1o’ 5., ad |27 | o®| is distributed as

(2) - (3)
w >
n U8y vhere || ds depined in (1.2.19) aa VT
1,02

(1.2.20) or (7.2.22).
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1.3. The Maximum Likelihood Estimates of £., and %,y o5 .

~J

in general the parameters p and I of the distribution of X are

unknown and must be estimated from a random sample.  Suppose a random sam-

ple, (1), (2),... X(N) whaere N > p .is drawn from the population of X.
N
Let X =-% Z (i) be the vector of sample means and
i=1 N _
A= Z O~

(o)
be the Wishart matrix of sums of squares and cross-—products.,

Then it is shown in Anderson 1958 Chapter 3, that

fi = X and §'=-% A are the maximum |ikelihood

estimates of u and E.

We are interested in obtaining the maximum likelihood estimates of the

parameters of the conditional distributions of X(]) { x(3) and
(2)
X
><(1) | X(2)
(3)
X

These estimates can be computed from the original sample X(]), (2)""’X(N)'
Since there is a one to one correSpond snce between the parameters of the
conditional distributions and the paramefers of X, maximum |ikelihood
esfimafes of the parameters of both conditional distributions can be found

by using appropriate functions of p and z. (Anderson 1958 page 48).

©

Partitioning X and A according to the partitioning of u and =

we have
- _ |l _ _
X = X(Z) and A= A11 A12 Al3
X
3 Aoy Pap Ay
A A, A



11,

(H and -% AiJ are maximum |ikel ihood estimates of u(’) and Zij

From the partitioned matrix A we can compute .

and X

.- . =1
Az = [Arr Arg| = [Prs| Az 1Agy Ayl

Aar gl g3

= 1M1e3 Moes §1.3.1)

f2103 A22.9

. . . oy . . . (1) _(3)
A.3 is then the Wishart matrix of the conditional distribution of {X '~ [x ’.
' (2)
X

Thus the maximum likelihood estimator of 2.3, the covariance matrix of

X(1) ‘ X(3) is
><(2)

s 1 ‘
Zc3 =5 A.3 (1.3.2)

Having obtained A.3 we can use it 1o compute a maximum likelihood esti-

(1) (2)_(3)
Ix 7 'x

mate of I " the covariance matrix of (X ). We compute

11.23°
- . -1 '
‘A11,23 - A11°3 A12.3A2203A21°3 | (1.3.3)
and
: = 1A . (130

Z11.23 =1 Mte23

Alternatively f]1°23 could be computed directly from A using the matrix

A in the form

1123

“1ia : . (1.3.5)

Arre2s = Ay TAArslAgahas| T Ay,

A

Azofazl | Ag,

We note that fhe maximum |ikelihood estimators of 2.3 and 211023 are
biased.
It will be shown in Section 4 that A.

N=1-s 3

! e} i are i
QZ1 U(q)U(a) where J(a) are independent Nq+r

can be expressed as

(0,2.,) wvariables. Hence

3



12.

)

' 1
o = 1 [}
(A.,) = = z E(u(a)u(a)v

Similarty by Theorem 1.4.2 Section 4

N
Li1e23) T 7 Tig.n3

E(
In this case we remove the bias by considering

_ 1 ‘
S11.23 = et Mie23

.4 The sampling distributions of A., _and A11°23_;.

The distribution of A. and A will be of particular interest

3 1123
in subsequent chapters and their distributions will be given in this section.
it is well known that if X(1),X(2),...,X(N) is a random sample from
N (u,2) with N > p then.

p
A =

~1 22

(X, =X)(X, \~X)!* can be written as
L P %y

N1
A=)

a=1

Z, 72! where Z are independent and each
(o) ()

(a)

is distributed as N(0,1), The random matrix A has a Wishart distribu-
tion with n = N-1 degrees of fresdom and parameter L. The distribution

function of A s denoted by W(z,n).

Suppose now that. Z(a) a=1,...,n is partitioned into
D ) (@) 3 ‘
Z(a) = Z(a) where Z(u), Z(a) and Z(a) have g, r and s
(2)
Z(a)
Z(3)

(o)
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Theorem 4.,3.2. (Anderson 1958)

Suppose Y(7)5Y(2),.,,,Y(m) are independent with Y(a) distributed
according to N(Fwa,é) where oy 18 an r component vector. Let

- ’ -1 - ’ fa - ‘
G =1 Y(a)w(a)H . where H = zw(a)w(a) and is non~singular.  Then

a
m .
! — ! ’ .
Z Yoy¥te) = GHG (1.4.1)
a=7
m=p .
is distributed as ) RO where the u, are independently distributed
: a=7

each according to N(0,%) and independently of G.

Corrol lary
If T =0, the matrix GHG' <is distributed as
m
AN _ (1.4.2)
a=m-r+1. = 7

where the Uiy) are independently distributed each aécording to N(0,¢):
Thus under the conditions of the thecrem the matrix (1.4.1) is distributed
W(e,m-r) and the matrix GHG' (1.4.2) is W(s,r) if T =0,

To find the density of A.3 we apply Theorem 4.3.2 with
(1)

Z(a)' = V(W :

(2)

Z(a)

RE

(o) ®a)

N-1 = m a3
5 =r
8 =T

2.3 = ¢

21 T X Y(a)YEa)
a

Then IAH Ayr

1Az1 Ay



15.

, -1 _
Arg| Ags = G
Axs
Ayy = H
and
A= |A; A Aol AT A Al AL - E - GHG'  (1.4.3)
37 |A1A2 13| P33 P33 Mag |Agy R Yo ( y = G o4
Az1A22 A3 1h32

Thus 1t follows +hat conditionzl on Z3) = 2¢3)
(o) (o)
N=-5~1 _ v _
) U( )Uz where U are independent, each distributed as N(O,Z.g)°
a1 o o) o 3

A.3 is distributed as

: U -(3) _ _(3) o teder - B
i.e., conditional on L) = e A.3 is disftributed as W(Z, 3,nzs),
where n = N-1, But since this distribution does not aeoand on {Zgzg}
it is also the unconditional distribution of Mg

Thus we have

Theorem 1.4.1

A.g s drstributed as W(Z.sjn—s),
' : n=s
Using the fact that A., is distributed as Z U U’ where the {U( )}
~ a=1
are independent N(O,Z.B) variables, we can apply Anderson's Thecrem 4.3.2
. . . . . , _ o 1
again to find the distribution of A1]°23 = A1]a3 A12°3 Arn.g A21°3

(1)
(o) ¢
(2)
{a)

CLet U U

(a) N
U

where é1; has q components

(2)

U(a) has r components, and the partitioning corresponds to
the partitioning of Z(]) .
@ (o)
(2)

,Z(a)
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(2) _ (2)
Let Uiy = Yo’

Then, as above we have that the variables (UE;; ] Ugii

. . o . (2)
are independent and each is dqafrlbufed as Hq(Bu(a),Z11_23)

) -1
B = 15,3 3.3

) a=1,2,...,n=s

1

Ti1.23 = Iyas 7 Tq2.3822.302103
Applying Theorem 4.3.2 again with
(1)
Y = Y
(@)
() = “(a)
nes = m (1.4.4)
r=r
B =r
211023 = ¢
- T
Aie23 = T (o)
N T
M2.3i22.3 = ©
Age3 = H s |
we find that conditional on U(Z) = u(Z) a=1,2,...,h5
(@) = Y ’
. ) -1 S
A1.23 = Ares = N203R00.300 5505000, 300 0 3)

is distributed as
n-s=r
|
L VoVl
a=1

where the { } are independent, each distributed as Nq(0,2f1‘23).

V(a) .
Since this distribution does not depend on {ugii}, it is also the uncon-

ditional distribution of A Thus we have

1123
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Theorem 1.4,2

A77.23 18 distributed as W(Z77_235nw3mr)

Using the corrollary to Theorem (4.3,2) we have that
-1

g = 212.3222°3 = 0, then
, -1 ' -1
\A12f3A22'3) A22°3 (A22.3521.3)
is distributed as ’
n-s
v Vi
R (q) (o)

where the {V(a)} are independent Nq(0?211,23) variables. Thus we have

Theorem 1.4.3.,

_ -1 Y
If L19.3599 3 = 0, then A72'3A22f3A27_3 18 distributed as

W(277.233r) independently of Asq. 9z ‘

We note that the distribution of could alsc be found direcily

Mi.23
by applying Theorem 4.3.2 tc the alternative expression for A11;23' given
by (1.3.5),

We would then have the following correspondences
(N

Zw) = YW
(2)
Z(m) "
3] “(a)
1200 |
N-1 = m (1.4.5)
r+s = r
Ti1o23 7
-1
D L P

Lypts3



= H
M Y
-1y,
| i = 1
lA12A13‘1A22A23 hyq| = GHG
A32f33] M2
and as above we find that A11.23 is distributed as W(E11;23,n~s~r)
i i 45 = SHG ¢ i } -
and if in (1.4.,5) g =0 +then GHG' s W(211°23,n s-r).

We nots that the sampling distributions of the partial covariance

matrices A., and A are the same as the distribution of an un-

3 11-23

conditional sample covariance matrix. The distribution of A., based on a

3

sample of size N from Np(u,Z) is the same as the distribution of a sample

covariance matrix bascd on a sample of size N-s from a Np_h(m,z;3)

population. Simitarly A11.23 is distributed as a sample covariance

matrix based on a sample of size N-s-r from a Np—s—r(v’z11'23)

We would remark here that the condition B =0 implies that I

1223 ~

where 0 is a ﬁafrix with all its elemonts zero. Under normatl theory
this implies that (X'7x3”) and @ x®))  conditionally independent.
It does not necessarily imply complete independence of X(1) and X(Z),

. ‘ . . . (n
Suppose 1o # 0, Ly3 # 0 and o3 # 0. [t is still possible for X
-and X(Z) to be conditionally independent. Consider
- -1 e o] L (v

1.3 = Byp “Pyslaglzpe  1F Iy = Iyglgglay, fhen g5 5= 0 and X
and X(Z) are conditionally independenT but not completely independent.

Thus we cannot infar complete indaspendence from conditional independence.
We can illustrate this situation with an example when p = 3.  Suppose

that the covariance matrix of a normaliy distributed random vector X is
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U4 4
0440
13732
1 3 Then £ =g, -
[y
12-3 12 O34
L4 :
2 2
=k-t.4=0
(1 - (2) . .
and X and X are conditionally independent but not completely
Independent.
: (1) (2) . .
Suppose now that X and X are completely independent (L12 = 0),
They‘will oniy be conditionally independent if at least one of them is in-
(3) . _ . L . _
dependent of X 77, since 212.3 =0 if 212 = 0 and either 213 =0
= PR T $ t e .
or I,g 0 (or both g and I,, are 'zero ). Thus if on the basis
of statistical test we decide that X(1) and X(Z) are conditlonally
independent, we have one of the following possibilities.
(1 (1 and X2 are not independont but L., = £, .falI
‘ penaon? 12 7 *13%33"32
(2) X(l) and X(Z) are indcpendent and at least one of them is
independent of X3 |
(3) X(l) and X(Z) are completely indspendent and both are indepen-
dent of X(3).
. . (nm (2) .
It is also possible for X and X to be completely independent

but not conditionally indecpendent., This would occur if both were dependent

(3) 1

qn X In this case 212‘3 = 213233232._ For example if the covariance

matrix of X was

10 ¢

0o 1 4 Then 0,55 =0 =% - 4==-4 X" and x? are

) L uncorrelated and therefore independent under normal

N theory, but they are not conditionally independent.
The above discussion illustrates the fact that caution must be observed

when statistical inference is made using measures of partial association.
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CHAPTER II

I{.1 Introduction.

Let X be a p dimensional random voctor which is distributed as
Np(u,z) and let X be partitioned into three sets of components

X(1) with dimensions q,r and s respectively, where gq+r+s = p.

X(2)

X(3)
Measures of the relationships that exist between two of the sets of variables
when the effect of the third set has been eliminafed, are of considerable
practical and theoretical interest. Frequently in an experiment, The.
battery of observafiéns héde on each experfmenfal unit may fall naturally
into three sets. For example an experiment may be conducted in which sets
of physiological, pyscholecgical and physical observations are made on cach
individual, and the experimenter may wish to investigate the relationships
“ that exist between the physiological and.The pvschological variables, when
the effect of the physical variables has been eliminated. An ideal mefhod
of invesfigéfing these reiationships would be to drawn.samp!es for fixed
values of the physical variables, but this is often impossible in practice
because of the complexity of the situation. The experimenter must there-
fore. try to extract the information from his original sample. To do this
he must inVesTigaTe the relationships that exist in the conditional distri~

bution of two of the sets given the third set.

The most familiar statistical measure of this type is of course the
parfial correlation coefficient, which measures the correlation between fwo

components of a random vector when the effects of some or all of the other
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components have been removed. Other measures which have been defined are

(1) Partial Multiple Correiation Coefficients
(Roy and Whittlesey (1952), Hooper (1962)).

(i1) Canonical partial correlation coefficients
(Roy and Whittlesey (1952)).

(iii) Partial trace correiation coefficient
(Hooper {1962)),

(iv) The Generalised partial multiple correlation matrix
(Troskie (1969)). ‘

We shall discuss the first three of these measures in this chapfér.
The generalised partial multiple correlation matrix, (iv), will be discussed
in Chapter 1it, where it will be shown that (i), (ii) and (iii) are special

cases of (iv).

Another topic that we shall discuss breifly in this Chapter is that of
- using a number of "independent" variables to predict the vatue of a depen-
dent variabije. in this type of probiem the experimenter is not interested
in The'correlafions +ha+ exist between +he'dépenden+ variables and the
independenf‘variable; but nceds a measure of how adequately the independent
“variables predict the dependent variable, and also some means of deciding
which subset of the dependenf-variables give the best predic+ioﬁ. it is
offen found in a predfca+ion situation, that there are a large number of
variab{es +ha+'migh+ be considered for the p}edicafion equation (we assume
is linear). However prediction equations using al! the variables often
give worse predictions than equations which use only a subset of the avail-
able variables. The choice of the best subset of vafiables to use in a
prediction si+ua+iqn has received much attention in the titerature, and we

shall not discuss it here excép+ to show that the partial multiple corre-

functior® makes the variance of the residual (XT - B(X(Z)lx(3))) a minfmum;
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lation coefficient can be used to determine whether or not a certain subset
of variables should be used in a prediction équafion. A detailed discussion

of these problems can be found in Linhart (1958,1960) and Browne (1969),

{t.2 The Partial Multiple Correlation Coefficient.

The concept of multiple correlation between two sets of variables is
familiar; 1t is the maximum correlation that e*isfs between a single vari-
able from the first set, X1 say, and a |inear combination of the variables
from the second set. The linear combination with the greatest correlation
is called the Régression function. Multiple correlation is an extremely
useful concept since it often happens that although the correfations between
X] and the individual variables from the second set may not be large, there
can exist a very high correla+ioﬁ between X1 and a linear combination of
the variables from the second sct. (Keeping, Example 2 bage 258).  When
the concept of multiple correfation is applied to conditional distributions

a number of interesting and useful results follow.

SRIMED

Supposc we have two sets of conditional variables ) and

X(Z)IX(3)

( ) with g and r. components respectively. We select one

* X(3) (x(1)lx(3)

variable X = (X§1)‘ ) from the set ) where the asterisk

(X?_]_)IXB)) from the ith

is used to distinguish the conditioned variable
component of the original vector X, We now ask, what linear combination

X(Z)lx(3)

of the set C( )} has maximum correlation with XT? i+ will be

shown that this linear combination is the Ypartial regression function”
and the resulting correlation coefficient is the Partial Multiple corre-
tation coefficient. It will also be shown that the "partial regression

* X(Z)IX(B)

function® makes the varianée of the residual (Xi - B( )) a minimum,
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These results do not depend on the underiying distribution of X (px1), the
only requifemenf being that the determinant of the covariance maTrfx, et
‘must be finite and greater than zero., Nevertheless since the distribution
of the sample estimate of the partial muitiple correlation coefffcien+,
depends on the assumption that the variables concerned are drawn from a
normal population, we shall not drop the normality assumption in this thesis.
We shall now define the partial multiple correlation coefficient in the

population and demonstrate some of its propérTies.

Theorem 2,1.1,

Let X = X(7) with q, » and s components respectively. Let

x(2)

x(3/
X De distributed as HE(O,Z). Let (X(7)]x(3))' and (X(Z)]m(S)) denote
the conditional variables x7 given x(3) = x(s) and X(Z) given
X(S) = x(S) respectively.

_ , " (1) (3)
Let f.,=|L,, . L denote the covariance matrixz of |X | =
3 717-3 ~12-3 . (2)
) X X
271-3 "22- 3

Let Xﬁ be the <th wvariable of (X(7){x(3)).

Let 0(5.3) be the ith row of 219,30

Let O (iie3) be the variance of X .

z
Then, the linear combination of (X(Z)lx(”)) that has maximum correlation

with X: is | |
where B8 18 the (1xr) vector

- =1
B = 00:.3)502.3
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- The value of this maximum correlation is

—|“7 7
O(2.8)422.3% (. 3)
%(i1.3)

Proof. To-find the linear combination with maximum correlation we shall use

a lLagrange multiptier A,

Let (X(Z)ix(3)) be an arbitrary linear combination of (X(2)|X(3)) where
o is an (Ixr) vector, Tha correlation between XT and a(X(Z)lx(3)) Is
N (2) _(3) %
¥(q) = Cov{al(X " |x LXi) (2.2.1)

var XFvar (@ )

The values of the variances and covariancses can be obtained from 2.3

Thus o %903y (2.2.2)

Y(a) =
/(0 )(a223")

Since correlation coefficients are invariant with rcspect to change of origin
and scale, wo assume that the variables have bean scaled so that
= Vo=
Tii.3 1 and aZ,s, 30 1 (2.2.3)
To maximise ¥(a) subject to (2.2.3) we consider the function
= ¥ - adlal LI
Fla) a0 (1, 3y JA(uL22_3a 1)

where X 1is a scalar undetermined multiplier

..B...F:.: ! _...‘ 1]
5o - 9(i.3) T Ag2.3¢

For a maximum this expression must be zero. Hence it follows that

T e N
o X 12203 9(5.3)

and from the side condition, Xx = 1.



25,

Thus the |inear combination of X(L?lx(B) with maximum correlation
with X7 s
pex‘ 23y - )3y (2.2.4)

O (i.3)E27.3
-1
9(i.3)%22.3
the maximum which is given by
...] ]
9(i-3)522.39(1.3)

Substifuting a = B = in (2.2.2) we obtain the value of

¥(g) =

//(c . )
(ii- 3) (1 3y 22 3° (5 3)

—~ .
//’°<1 03)522:39(; +3)

|| 3

Definition (2.1).

(X(2)|x(3)

The linear combination of that has maximum correlation

(3)

with B(X (x is called the Partial Regression Function and is defined as
B(X(Z)[X(3))
where B8 o)
: 9i-3)52273
rxi
Definition (2.2).
The corretfation coefficient between (X, |x(3) and the partial re-

gression function B(X(Z)IXF3)) is called the ParTiaI Multiple correlation

coefficient., The population value of this coefficient is denoted by

Rl-(rls) where -1 o
=2 °(+3)%22-3%(;+3)
Ri-(r[s) = (2.2.6)
%73
The corresponding sample value will be denoted by R? and will be

i-(rls)
defined later,.

In passing we would explain the notation R more fully.

j'(r[s)
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)y (3
. The subscript i denotes the ith variable of the set (><(1 [x" 7).

Thus i locates the dependent variable.
The (<) signifies the correlation,

(r]s) denotes the number of variables in two sets. r is The number of

variables in the set (X(Z)l (3)) and s is the number of variables in
2 . _

the fixed set X(J) = x(3). The | denotes the conditioning and any

variables to the right of | are fixed.

The above notation is most convenient for theoretical considerations,

because it is found that the sampling distribution of depends

Rivir]s)

on the numbdr of variabies in sach of the sets rather than their actual

fabelling. in practical applaca+|ons it will usually be necessary to know
exactly which components of the original vectcr X are fixed and which are
considered in the regression relationship. In this case we extend the
notation by replacing r and s by the actual components involved in the

“relationship and dropping the brackets. . Thus .ﬁi-(r|s) then becomes

Riiqe1,q+2,..0,qer|qerst, .
2y, (3)

where {q%1;q+2,...,q+r} are the jabects of

'O

the components of (X ) and {g+r+l,...,p} are the labels of the

fixed set X(3) = x(3).
Suppose for example we have a six component vector X' = (X1X2|X ]X Xg ).
Then .§2.5 45,6 is the partial multiple correlation coefficient between
J, 9
(X, [Xg = x5 Xg = xg) and  (Xg,X,{Xg = x5 X = xg).  1f we are not interes-

ted in the individual components we would write the same correlation coeffi-

cients as. R2=(2}2)’

We shall now derive some properties of the partial regression function

and the partial multiple correlation coefficient. Firstly 'P (r[s)’v
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like all correfation coefficients does not depend on the units in which

the variables are measurcd.

Theorem 2.2.2.

R: (nls)

1s invariant with respect to non-singular transformations of
X. and (X(g)lx(g)).

Z
Proof. Let a and b be any scalars, a # 0.

B(rxr) be any non-singular maTr:x

d(rx1) be any vector

Let Y, = a xT + b

(2) (2),_(3)

Y = B(X""7|x 77y + d.
The Covariance matrix of Yi is
Y(2)
2 '
303 20 ;.38
? P !
Bog.3)2  Bip.sB
The partial regression function of Yi on Y(Z) is
-1 ,(2)
§ 1
| ao i, 3y BT(BI,, B Y
and the square of the partial multiple correlation coefficient is
=1
> ! f
29(1.3)B'(BIy; 5B") ~ Bof, 4)a
@ %.3
which reduces to
-1 4 ,
%1.3%22.39(i.3) * Ri.rls)
g..
ii+3

which is the partial multiple correlation between X? and X(Z)tx(B)

Suppose we wish to estimate XT using the partial regression function

3 (2), (3)
|

then the variable (Xi - B(X ) can be thought of as the error in
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(3))

our estimate, or as that part of the variable (X?Ix that is not

(2), (3)
[x

"explained” by B(X ). The two properties we give below show

that the partial regression function has certain described characteristics.

Theorem 2.2.3.

(x.* (V(g)lx(g)))i and (X(Z)Ix(g)) are uncorrelated.

P i - 6 £l
Proof. Cov (xX* - gx P x3)y, k21,3
T L o o, X2 )

)
P X ).m RL

, -1
9(i.3) T 9¢i-3)222.3%22.3

= 0

22+3

Theorem 2,2.4.

(2)‘m(3))

Of all possible lineur combinations of (X the partial

(2)|,(3) ),

. . . * o .
regression function makes the vartance of (Xi - B(X a minTmun.,

Proof. Let ox'?|x3)) be an arbitrary tinear combination of (x27]x‘3’).
Var(x 2 1x3N) = varodt - B2 3y 4 ) P13y
= var o - 8x P 1xB3) 4 vart - P |3y (2.2.7)

the covariance terms vanishing by Theorem 2.2.3., Hence (2.2.7) becomes

(2), (3
|x

Var (X7 - 8(X )) + (B=a)E,, (B-a)' | (2.2.8)

22-3
The second term of (2.2.8) is non-negative since £55.3 is positive

definite. Hence (2,2.8) attains its minimum when 8 = a.

. Thus the partial regression function makes the variance of the resi-

dual a minimum,

We can easily obtain an expression for the residual variance
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(2)|x(3) (2)[x(3) * (Z)ix(s))

Var<xf-s<x ))=Var(XT)+Var(B(X ))~28Cov (XX (2.2.9)

These terms can be found by taking the appropriate elements of 2.3. Thus
(2,2.9) becomes

L
9i1.3 * BIyp.3f - 2893

i -1 ) -1,
Oiie3 * 9(1.3)522.39(1.3) T 29(1.3)%22:39(.3)
- 2_1 o! |

1.3 7 %(i+3)%22°39(i.3)

= 0

- X (2),.(3),, _ ; -1
i.e. Var (Xi ~B(X T %7 = 0ii.3 G(i°3)222~362i-3) (2.2.10)
But ¢ 2-1 ol =g 'ﬁz
(1-3%22.39¢i.3) 7 91023 Ri(ris)

Thus we also have the useful relationship

X‘Z)IX(B) =2

* _ - .
Var (X, - B( ) =0 4 (0 =RY (o) (2.2.11)
-1

. = - ] ’
SInce 04123 7 %553 7 9(1-3)%22.39(13) it follows from (2.2.10) that

x (2), (3).. _
Var(x} - 82 [x P < opy s (2.2.12)
Equating (2.2.11) and (2.2.12) we have
._.2 ~ .
9.3 O Ry (r1e))T 923
o .. :
ie. 1-TR- - li-23 (2.2.13)
i+{ris) Oii.3

From (2.2.13) we see that the complement of the partial multiple

correlation coefficient will give us a measure of the reduction in variance
that is gained by using the conditional distribution of Xi | X(Z)
' x(3)
. oy . . . (1 (3)
compared with -the conditional distribution of _(Xi | x 77,

Thus we arrive at an alternative definition of the partial multiple

correlation coefficient as

T.
R? =1 - 4123 (2.2.14)

9.3
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I 9i1.23 and 9;;.3 are very nearly equal, their -ratio will be
,

close fo 1 and Ri.(r1gy Will be very small. If o, 53 Is small com-
: . . =2

pared to Oii.3 then their ratio will be small and Ri-(rls) will be
large.

Thus a small value of .ﬁfo(rls) will impiy that there is very little
reduction in variance by using X, | x(Z)' instead of (Xilx(3)) and a

x(3)

large value of .ﬁ$°(rls) will imply that there is considerable reduction
in variance using both sets. As will be seen later, a measure of this

kind could be useful in deciding whether or not a certain set of variables

should be included in a regression analysis.

2 _Y%j.23

. 2 ———  we can
islris) o..
> ii-3

Uslng the relationship, (2.2.13), 1 -TR
2

- find an expression for Ry .,

in terms of the elements of 2.3 and

its inverse 271. We shall demonstrate this for the case where q = 1,

3
then
2.3 1911.3  9(1.3
]
°l1.3) Z22-3
113 th -1 L
Let o denote the (1,1) element of LI, (i.e. the upper left

3

hand corner element), By (Anderson 1958, probiem 18 chapter 2), we have

the relationship -

.—__..-..._.l = - 1 7=
1173 %11+3 ~ 91.3)222.39(1.3) = %11.23

and by (2,2.13) when g =1 we have

(2.2.15)

0 " L]
1'—'§?_(r‘s) ) ;] =
: 113
Using (2.2.15) we obtain
' =2 1 - 1
Rivtrisy = 771773
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This result will hold for q > 1 if instead of L.y we consider the

reduced matrix

. |
LW = 104i.3 9(j.3)

o
9¢i3) Z22.3

by selecting the appropriate rows and columns.

which is obtained from 2.3

Using (2.2.16) we can find an expression for 1 - R1'(rls) since

1103 . Cofoyy g gy, 5l (2.2.17)
[ o |

where |Bll denotes the determinant of A.

-2 o 3
Thus 1 - R = , , (2.2.18)
1-(rls) 011'3H222.3ﬂ-

Let us now consider the relationship between the partial multiple correla-
‘tion coefficient and the “ordinary" multiple correlation coefficient. . Let

us suppose for convenienc? that in the originél vector X the partitioning

(1

is such that X has only one component (i.e. g =1, r>1,s>1,

gtr+s = p). The results derived will still hold if g > 1, by consider-
ing the 11" variable of the first set.

Let us denote the population muitipie correlation coefficient between

b by Ryirss and let R, . be The

population muitiple correlation coefficient between X; and the last s

X, and (r+s) variables X ) U
1 273

variables of the above set,

Anderson 1958 page 32 states that the conditional variance of X1

. X . _ _ 52
given the (r+s) variables XZ""’Xp is 041,03 = a1 R1.r+s)°11

1) ' (2.2.19)

and similarly the conditional variance of X1 given the s variables

where &11 is Var(X
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re27° ’Xp 'S 7 :
_ _ 52
O11.3 = 1 R1-s)°11 | (2.2,20)
By (2.2.14)
. g
-ﬁfe(rls) =1~ ;1 =
11.3
1 - R
=1 - ler+s
| <R
1+s
Rl " Rlag
(2.2.21)
-7
Tes

Equation (2.2.21) could also be derived directly from the alternate defi-

nition of R? (rls) given in (2.2.6) and using 2.2,19 and 2.2.20
' . ‘ ,

c Ton 0f
‘ﬁf-(rls) _21-3) 52-3 (1-3) (2.2.22)
113 :
-1
- 041.379¢1.3)599.40¢7.
and 1 - Rfé(rls) 2 9113 "(1.3)°22-3Y(1.3)
011.3
g
. 1123 (2.2.23)
911.3 :
Using (2.2.19) and (2.2.20)
=2
1~R
| - R’ - l.r+s (2.2.24)
1+(ris) 1 _-§2 v _
. 1+s
From which it follows that
. =2 =2
R - R .
RZ - derrs 1S (2.2.25)
1(ris) =2
.1 - R
1.s
which is the same as (2.2.21),
From (2.2.21) and (2.2.24) we have that
=2 =2 =2
R R RS |
.1-(rls)_ . _ler+s 1.5 (2.2.26)
1-R? 1-R2
1-(rls) ler+s
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We can demonstrate the relationship between the partial multiple correlation

coefficient and the partial correlation coefficient by considering the case

(X(Z)IX(B))

where consists of a single component (i.e. r =1, q =1

and s > 1).

The rxr matrix Z55.3 becomes 050,37 the conditional variance
~ of (X(?)’X(B)) and -1
=2 ~912.3922.3921.3
Riciis) = 5
11.3
2 .
912.3 2

e e =p . (2.2,27)
11.3%992.3 1234, ...,p

- which is the square of the population partial correlation coefficient be-

~ tween Xy and X, keeping the remaining s variables fixed.

I11.2 The Partial Multiple Correlation Cozfficient in the Sample.

Let us suppose we have a sample of size N from a Np(u,z) popula-
tion.  From this sample we can calculate the maximum likelihood estimate

of L., = 1

35N A.3 as given in Chapter | section 3,

Let us suppose that the original vectors of the sample have been

partitioned into three sets of componén+s where q=1, r> 1, s > 1,

The conditional sample covariance matrix §.3 will be partitioned accord-
ingly into
2.3 = 1841.3 O(1.3) (3.2.1)
A ’
501.3) £22.3

1
N 2113 q1-3)
A

at1.3) Aooes

The maximum iikelihood estimate of the square of the partial multiple
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correlation cecefficient will be given by
| BN S-S

RZ __(.3) 22-3 {1:3) : (3.2.2.)
1.(rls) 911.3

a A—1 al '
(1-3) ?2'3 (1+3) (3.2.3)

1.3

2
1:(rls)

has in the population. Thus the formulas given in Thec preceeding

2
1.(ris)

the formulas are replaced by their sample estimates.

it is clear that R has the same properties in the sample as

2
1-(ris)

section for R

R

will be valid for the sample value if the terms in

Two of them (2.2.6) and (2.2.21) make it easy to deduce the samp-

ling distribution of R1-(rts)‘

By (2.2.1) |
. _ %1137 9(1-3)%22.39(143)
1-(rits) | 911.3
- -1 |
_ 213 7 201-3)R22-3%01.3)
1.3
. a
- 1123 (3.2.4)
°11.3 :
Thus by (3.2.3) and (3.2.4)
2 -1
R = a A al
1-;r|s) (1:3) 25-3 (1:3) s
"Riris) a3

We see that equations (3.2.3), (3.2.4) and (3.2.5) only involve
elements of the matrix A.5.  From theorem 1.4.1 Chapter |, we have that

is distribuied as W(z,

A n-s) wherz n = N-1. This implies that

*3 37

the sampling distribution of the partial covariance matrix A.3 is the

same as that of a covariance matrix based on a sample of size N-s from a
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(p=3) dimensional normal populaf?bn with covariance maTrix Z. (Since

3°
we have p dimensional vectors partitioned into g=1, r>1 and s > 1

sets and since q+r+s = p,- we have then p - s = r + 1),

More over the functions of A.3 that are used in the definition of
the sample multiple correlation coefficient are exactly the same as the
functions that would be used in the definition of the sample multiple

correlation coefficient based on a sample of size N-s from a normal

population with (p-s-1) = r independent variables.

Thus it followe that the distribution of the sample partial multiple

correlation coefficient R 18 the same as the distribution of the

1. (rls) ,
sample multiple correlation coefficient based on a sample of size -8
from gn (r+1) dimensional normal population with (squared) population multi-

ple correlation coefficient

23] ot
=2 _9¢7-3)%22.39(7.3)
R =
7-(rls) 971.3

A detailed derivation of the distribution of the muitiple corrciation
cosfficient in both the central and the non-central case ‘is given in
Anderson 1958, pages 93-96. A derivation of the distribution of Ri(ris)

would be identical with N=-s replacing N, r+t replacing p and the

elements of the conditional matrix 'A.3 replacing the elements of A.

. To illustrate these statements let us derive the distribution of

Ri.pjg When Rivtris) = 0 (i.e. the central case).
In the population we have by (2.2.3)

=2 BZy5, 58"
Rictris) =75
113
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‘ ) »
.where B=01.3)800.9 -

Thus RZ

1o (rls) = 0 if and only if B =0,

From (2.3.5) we have

2 -1,

Rivris)  _ 21:3)"22:3%01.3)
2 a

=R o 11.23

From Theorem 1.4.3, Chapter | specialised for q =1, and since g8 =20

-1, e ‘ n-s 2 ' )
3(1.3)722.3801.3) is distributed as I Vv, where {V_} are indepen
' ‘ a=n-s=r+1
dent N(0£ﬁ1.23) variables and n .= N-1
-1
a A al ‘
o, 3 2203 (3) g gistributed as xi , (2.,3.6)

_ 911.23 o
By Theorem 1.4.2 Chapter | when g = 1 wae have a11.23 is distributed as

n-s-r
GZ1 Vi where {V } are independent N(0O,a, ,3) variables

5 ;
. 1283 o distributed as W2 : (2.3.7)
“11.23 n=s=r

where n = N-1,

But (2.3.6) and (2.3.7) are Independent, so it follows that
2
1-(ris) n-s-r

7
=Rl (r1s)

is distributed as F (2.3.8)
. r,n=s-r

We can now change the variable in the density function of F

r,N=s=r
into '
el F
N-s=r=1 "r,N~s=-r-1
R = — and let N = n+1
e N=-s=-r~1 Fr,N—s~r—-1

and multiply by the Jacobian. We obtain the density function of the partial

multiple correlation coefficient under the hypothesis TQ-1.(r|5) =0
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' L(Nes=r=1)~1
2T (4 (N-5-1)) (r=1),, 2,7
T T (I (=17 (1-R7) (2.3.9)
0 f_R 5_1

f(R) =

which we see is the same as the density function of the sample multiple
correlation coefficient between a dependent variable and independent
variables when the population multiple correfation coefficient is zero.
The sample multiple correlation being based on sample of size N-s from

an (r+t) dimensional normal population.

An alternative derivation of the distribution of the partial multiple
correlation coefficient has been given by Linhart (1958, 1960b) and another

derivation will be given in Chap+er .

We shall now consider some applications of the partial multipie
correlation coefficient. The partial multiple correlation coefficient can
be used to determine whether or not certain variables‘should be excluded in
a regression analysis. In a regression analysis we have a single variable,
the criterion, and a number of other Qariables which the experimenter pro-
poses to use in a linecar equation which will predict the valuec of the
criterion. In problems of this type it offen happens that more variables
are available than are actually needed fo give a good prediction of the cri-
terion. The difficulty arises because the "true” coefficients of the pre-
diction equa+ion'are unknown and have fo be estimated from sample values
of the criterion and the predictor variables, If the true coefficients
were known the inclusion of extra variables would always improve the pre-
diction but in practicoe, especially if the cal ibration sample is small
compared fo the number of predictor variables, it is possible that the

prediction of the criterion will be very poor for individuals not included
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in the calibration sample.  Much attention has been given to the problem of
choosing the best subset of the available predictor variables and a com=
plete discussion is beyond the scope of this thesis, but we would mention
that a very lucid discussion of this problem can be found in Browne (1969).
We shall only discuss the rote of the partial multiple correlation coeffici-

ent in prediction,

Le+.us suppose that we wish fo predict X1 using either the set of s

X(3) X(Z)'X(3)“. We shall also assume

variables or the (r+s) wvariables

X(Z)' (3)

and X have been decided before a sample

that the components of
has been drawn from the population. Let us first consider what happens in

" the population. One possible measure of the accuracy of the prediction of

(3) (3), |

Xy by linear combination of X is given by Var(X1—BX = 011.3

(Rao 1965 page 225) where

_ 52
O1y.53 = 0y (RS D) - (2.3.10)

(2) (3)

Simitarly using X and X 7", +the accuracy of the prediction can

be measured by

| . =2
91023 = IO R1g) (2.3
" The reduction in conditional variance using both sets will be
011(1—R1_S) - 011(1"R1-r+s)
- =2 52
= 91 Ry s 7RYLS? (2.3.12)

The proportional reduction in conditional variance by using both sets

will be

l-rss _1-s (2.3.13)
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which is by ((2.2,21) page 32) is the square of the partial multiple

Thus the partial multiple correlation
y(2)

. . =2
correfation coefficient R1~(rIS)'

coefficient measures the contribution of to the prediction equation

and a fest based on The'sample partial multiple correlation coefficient

X(2)

would indicate if should be included .in. the prediction equation,

If the inclusion of X(Z) in the regression equation improves the predic-

~ tion of the criterion, one would intuitively expect the conditional variance

T11.23 to belless than 044,35

Suppose we wish to test if there is any significant difference between

the two conditional variances o and 0,5 ~, .. we wish to test
11.3 11-23

Hy 991.3 = 99123

against the altfernative

H (2.3.14)

1 %11.3 7 911.23

This test is cquivalent to testing if there is any significant difference

R1-r+s and

between the two muttiple correlation coefficients 'ﬁ1 s and

the test statistic for this hypothesis based on a sample of size N from

((2)13(3)

the multivariate normal population of (X1A ') will be given by

(H.E. Anderson Jnr. and Fruchter 1960)

2 2
R - R :
s+ . - r+ - .
1er+s 1.s N (1 S), 1 (2.3.15)
2 r
1 - R
Ter+s

which under HO- is distributed as F with r and N-(r+s)-1 degrees
of freedom. But comparing (2,3.15) with (2.2.26) page 32 we se¢ that

(2.3.15) is exactly the ratio

2

1.(ris) N=(r+s)-1
2 r
1-(ris)

R

1-R
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So hypothesis (2.3.14) s equivalent to testing if the partial multiple

correlation coefficient is zero.

Linhart (1958, 1960a) using a different approach modifies the above
test since, as he remarks, it is not suffiéienf that the multiple correla-
tion merely increases when extra variables are included but 1t must increase
by more than a certain positive constant to insure that the prediction is
improved.  The amount that the multiple correfation must increase depends
chiefly on the size of the calibration sample. Linhart uSes.The expected
tength of the confidence interval as a measure of predictive precision.

A calibration sample is drawn from the join+ disTribQTion of the criterion
and the predictor variables and the coefficients of the prediction equation
are estimated from this sample. Then a further observation is made on the
predictor variables. A confidence interval on the crjferion can be deter-
mined from this observation. The length of this confidence interval,

% say, 1Iis a random variable and its expected value taken over all possible
predicfibn sets and overall possible samples of fixed size can be used as

a measure of the accuracy of the preciction. . Suppose Er+s(£) is the
expected length of the confiaence interval using both sets of variables

X(2) x(3)

(i.e. and ) and ES(Q) is the expected tength using only the

set X(3). Linhart tests the hypothecsis

Hy E_._(R) > E_(R)
“r+s — s

0
against the alternative | (2.3.16)
|y
H, Er+5(2) < E ()
and recommends that the set X(Z) be included in the prediction equation

only if HO can be rejected. The fest of this hypothesis is based on the
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iTi ¥
—~
FA
~

estimated ratio Ar+“ - and the test statistic is (Linhart 19603 eq.4)

7 :
/R%-r+s - R%-s
5 A (2.3.17)
1 - R
. 1.5

Comparing this formuia with (2.2,25) page 32 we see that this is exactly

the partial multiple cerrefation coefficient, Thus Linhart's fest is
equivalent to testing if the partial multiplie correfation coefficient is
greater than a certain value, a value which depends chiefly on the sample

size. This value can be approximated by (Linhart 1960a Eg.15)

=
T (2.3.18)

~This test uses the non-central distribution of the (partial) muitiple
corretation coefficient and we also note that Linhart's derivation of the -
distribution of his statistic is an alfsrnative procf of the non-central

distribution of R. We can statc Linhart's hypotheses as
2 r '

B0 Rii(ris) SWESTT
(2.3.19)
Hys R?-(rls) 7 NZE:T
The additional set ¢f variables X(Z) will be included cnly if Hy is
rejected i.e. if H1 is "proved”. Using the test discussed earlier
X(Z) is included if ﬁf-(rls) is significanfly different from zero.
With Linhart's test X(Z) will only be included if R?-rls is greater
than N-g-i For very large samplies thesc two tests become equivalent.

The essentlal difference between the
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two tests discussed is this, The usual test is to test if the partial
coefficient '
multiple correlation/differs from zero. Linhart tests if the partial mul-
tiple correlation is greater than a given positive constant. The first
hypothesis is a point hypothesis whereas Linhart's is an interval hypothesis.,
Linhart's test will be much stricter especially if the size of the calibra-
tion sample, N, is small compared to the number of predictor variables.
Linhart's test will tend to include far fewer Qariables in the prediction
equation, It is when the calibration sample is small that the number of
predictor vériables has greatest infiuence on the accuracy of the prediction,
and it is usually found In such'si+ua+ions that equations with a large number
of variables give worse predié+ions than equations with fewer.variables.
Thus it would appear that Linhart's test has distinct advantages over the
usual procedure and deserves more recognition than it has hitherto received.
We note that in the special case when we wish to decide whether or not o
include a single extra variable in the prediction equation, the test reduces

to testing

2 1

Hy 092.s £ WNZeTT

where o is the partial correlation coefficient between X and X,
12e5 '3 P 1 2

say, for fixed values of the remaining variables. Linhart gives a detailed

- description of how to apply the test in (Linhart 1260a).

A third measure of predictive precision is given by the expected value

of the mean square error of prediction (Kerridge 1967). [ f X1 is‘prodic~
ted with the s variables of X(3), the expected value of the mean square
error of prediction will be given by

62 = Mol 12 N>s+2  (2.3.21)

e TR RT3
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This quantity can be estimated in the sample by (Darlington 1968 Eq.14)

| st) - <Nf§35§§§i;32> 511-3 (2.3.22)
where $11.3 is the appropriate element of -% A,3.
Similarly using both X(Z) and X(B) to predict X1, the expected
mean square error of prediction will be
82, " e T2y 911423 (2.3.23)
The decision whether or not to include X(Z) in the predicfion set
can be based on ,
HO ’6%5) S-6%r+s)
against the alternative ' (2.3.24)

2 2

Hi 0(s) > S(res)

Browne (1969) shows that this hypothesis is cquivalent to testing

-52 r

HO “1elris) f-(an»Z)

(2.3.25)
i —;2 r
He Ril(rls) ™ RSS2y

1
(2,3.25) differs from Linhart's only in the constant term. The +es+vpro—'
cedure and the decision rule would be the same as in Linhart's test. Both
tests involve the non-central distribution of the multiple correlation
coefficienf.v The percentage points of this distribution have not been
Tabuléfed but graphs of the lower 95% confidence |imits for the population
multiple correlation coefficient are given in (Linhart 1958 and Ezekiel 1929)
detailed description of their use to test the hypotheses is given in a later
paper by ths same author (Linhart 1960), When a decision about a single

variable is réquired, tables of the percentage points of the correlation
(

coefficient (David 1968) may be used since in this case the multiple correla~
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tion coefficient is the same as the absolute value of the correlation coeffi~
cient, An appréximafe normalisation of the multipie correlation coeffici-
ent has been given by Hodgson 1968. If the muitiple correiation coeffici-~
ent has beon based on a samplz of size ® froma p variate normal ponula-

tion and if

_ R : e R
= —T U ='*‘%§§ff
(1-R™) (1-R™)*
when R and R are the sample and population multiple correiations

respectively. Between are variable and -1 other variables then
Y p 5

L 2 4
U(N=-p-4)% - (p~2+(N-3/2)U2)2
| 2 |""2 .

(1+EU +5U )

[

is approximately a standardised normal variate.
A similar normalisation exists for the correlation coefficient.

{1.4, The Partial Trace Correlation Cosfficient.

The partial multiple correlation coefficient gives a measure of the
relationship beftween a single conditional variable and a set of conditional
variables.  Suppose now we wish to measure the relationship betwzsen two

(3)) and (X(2)|x(3)

sets of conditional variables. (X(1)|x ) with q and
r componénfs respectively.  This problem is more complex than that of
Section 3 since we need to measure relationships. between vectors, or if we
consider the associated covariance matrices, we must measure relationships
between matrices. Such a measure must be defined in two stages. Firstly
the relationship between the vectors (or matrices) must be defined and then
a scalar function of the relationship must be found, in order for it to be

of use for statistical fTreatment, Hooper (1963) has suggested just such

a measure by considering the matrix
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N -1 :
T ) Z]]°3Z12-32220322103 (2.4:1)

and its complement

I -1
(=T) = 1 = 571 3805 3500 3 o1ug (2.4.2)

(2.4.1) 1is a matrix gencralisation of the partial correlation coefficient.

This can easily bg sezn by considering the case wherec each set consists of

a single conditional variable. Under these conditions (2.4.1) becomes
911.3°12.3°22.3921.3 (2.4.3)

which is the square of the partial correlation coefficient between X1 and

X, when the remaining variables are hald fixed.

2

(2.4.1) is a (gxg) matrix and in order for it fo be mathematically
tractible we require some function f(T) say, that will carry the matrix
intfo a scalar. in ordér for the measurc to have the usual properties of
a correlation coefficient we further require that

{1) The measure be independent of the units in which (X(1) x(3)

(2) _(3)
X

)

and (X ) are expressed i.e.

"y = £(T) where P is nonsingular.

f(PTP™
(i1) The measure of what has been explained of the variation in the
conditioned set plus what has not been explained should sum
to unity i.e.
fF(T) + fCI-T) = 1.
(i11) The measurc itself must lie between O and 1 i.e.
0 < f(T) <1,
A function that will carry a matrix into 5 scalar is the trace. The trace

of a matrix is defined as the sum of the diagonal elements and it can also

be easily shown that this is the sum of the characteristic roots. Since
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the characteristic roots of a matrix are invariant under a transfermation
such as (i), the trace is also invariant under such Traﬁsformafions; S0
property (i) is satisfied. Properties (ii) and (iii), in addition to
(i), will be satisfied if we define the population partial trace correla-

tionh coefficient as

-2

r N tr(T (2.4.2)
qres

oal— ol-

E Af where
i=1

{Ai} are the characteristic roots of T. Thus the partial trace correta-

tion coefficient is the average value of the characteristic roots of T,

and it is easily verified that 'Fir-s has properties (i), (ii) and (iii)

above.

The partial trace correlation is defined in the sample as

-2 1 S, -1
Tqres =g 7 Ay1.3R12.3822.3021 .3
1 5 (2.4.3)
=3 E 17 where {g,} are the sample
i=1
characteristic roots.
As will be seen in the next section these characteristic roots are the

sample partial canonical correlations and the roots in  (2.4.,2) are the

population partial canonical corrclations.

For different valuss of q,r and s the partial trace correlation
coefficient takes on familiar forms. For gq = f =1, s 3_1,> +hé partial
trace correlation coefficient is the partial correlation coefficient men-
tioned above. When s = 0, the partial trace corretation is the trace
correlation. For a full discussion of this correlation sce Hooper (1959).

Under the condition, s =0, when q =1 r =1, we have disregarding
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sign, the correlation coefficient between X1 and X2 and for q =1
r > 1, the muttiple correfation coefficient. For g=1 r>1 s> 1,

we have the partial multiple correlation coefficient.

The partial +race correiation coefficient could be used as an aid to

sefecting the best subset of variables in a multi~equation regrassion

analysis, Since it gives a measure of the extent to which a given subset,
X(Z) say, of the independent variables X(Z) and X(3) account for
the variation in the dependent variables when the effect of X(3) has been

eliminated. The best subset would be the one with the highest partial

trace correlation,

We remark for any one wishing to refer to Hooper's original paper

that our matrix T is equivalent to Hooper's I~F.

11.5. Partial Canonical Correlation Coefficients

The partial canonical correlation coefficients are the zero order
canonical correlations between the two sets of conditioned variables

(x(1)|x(3)) and (X(Z)!x(3))

with g and r components respectively
(Roy and Whittlesey 1952). In the population, these are derived in the
same way as the canonical correlations except that the conditional covar-

fance matrix Loy = 811.3 Zi0.3 is usgd.

2213 2243

Thus the squares of the partial canonical correlations are ths non-zero
roots of the q order determinental equation
- -1 _ ,
1212.5822.3521.3 = Mqq.5l = O (2.5.1)

or equivalently the non-zero roots of the r order equation
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i - = (2.5.2
1251.3%11.3%12-3 Az22.3l 0 .5.2)
The non-zero roots are the same and the two equations differ only in the

2 2 2

),

muitiplicity of the zero roots. Let A i_xz 2ee22 A, t <min(g,r) be
the non~zero roots. As with canonical corrélaTion theory, using these

roots, we can determine |inear combinations a(')‘(X(Z)Ix(])), Y(')'(X(Z)lx(3)
which for the same fixed i = 1,...,T, have the greatest partial correla-

tion. These scalar variables are called the partial canonical variabies.

Ugyernsl

Thus the partial canonical variables are the variables U1' 40
V1,V2,...,V+ such that
(1 U, = oL x4 30y P11
e L rx(221,039, = 1, e..,t
(2) Cov(Ui,Uj) =1 for i =]
=0 for i#]

i.e. Each Ui has unit variance and is uncorrelated with all the other U's.

Similarly
(3) Cov(Vi,Vj) =1 for i =]
=0 for i # ]
(4) Cov(UiVJ) =0 for 1 #
= for i =1,,..,%t
where A is the positive square root of the i+h canonical correlation
and t is the rank of Zio.30

(4) implies that the {Ui} and {Vj} are uncorrelated except for t cases
In these cases the correlations between them are the partial canonical

correlations. Since we have arranged the {A?} in déscending order, it
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foliows that the first pair of partial canonical variates are the |inear _

combinations of <x“)]x(3)) and (X(Z)]x(3))' that have maximum correla-~
tion. In the case where the set (X(1)‘x(3)) has only one component
qg =1, the first canonical variate will be the l|inear combination of

x(2)|x(3) (3))

( ) that has maximum correlation with (X1]x and in this

case the first camonical correlation, Ai will be the population partial

multiple correlation coefficient.

In the sample the partial canonical correlations are found either

a1 : . . 1
from L.q =N A¢3 or its unbiased estimate T A.3. They coutd also

be computed from the matrix of sample partial correlation coefficients

Ro= 1 M1243) 00 Tigere(3)
1.3 ! T2.qer(3)
P (ay ssessssanes 1
q+re(3)
. ] . . .th .th
where rij(B) is the partial correlation between the | and
variables in ]X(1) | x(B)l. R is of course partitioned according fo I.,.
(2)
X

A difficulty arises - with #He sample estimates of the parTial'canonical
correlations. In the sample, the rank of ,212.3 will alwéys-be min(q,r)
aven in cases where the true rank of £15.3 is < min{g,r). Thus we shall
obtain non-zero estimates of population zero roots. In practice these
estimates are likely to be very shall and would fail to pass any test of
their significance., It is usually found that most of the partial canonical
correlation structure can be explained by the first few partial canonical

(1), (3)
I x

correlations. If we add the assumption that the variables (X )

and (X(Z)]x(3)) have a multivariate normal distribution, it is shown in
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(Roy 1957 Page 41) that the joint distribution of sample partial canonical
correlations s exactly the same as the joint distribution of the canonical

correlations, with N replaced by N-s, where s -is the number of com-

ponents of x(3) and N the sample size. Let 21 >Ry 3> Zq be

the roots of

- ‘l B -
[A12.3722.3821.3 = M3l = 0

where Aij-3 is as defined in Chapter |, Section 3 and is based on a
sample of size N. Then under the hypothesis

H 0

o F12-3 7
the joint distribution of the squares of the partial canonical correlations
will be given by _ q
' q Llpreqm L(N-g==-g~- -2
cTT l_z(r.q 1)(1_2.)2(N s-r-g=2) T (Qi 'j)
LI i

i<j

where

i} %qT%- P (4 (N-s=1) |
C T TS T G g T (T (2.5.4)

We remarked earlier that when q.= 1, there is only a gingle partial
canonical corrclation and this is of course equiValenT Tq the partial multi-
ple correlation coofficient. Thus we can specialise (2.5.4)

for g =1 and obtain the density function of the square of The.parfial

multiple correlation coefficient.

I'(3(N-s=-1))

2 2)%(N-s—r~3)
T ($(N-s=r=-1)T($r)

£(R?) = RM4(1-R (2.5.5)
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CHAPTER Il

The Generalised Partial Correlation Matrix

I11.1, The Square root of a Matrix,

Before discussing the Generalised Partial Correlation Matrix we shal I
give two definitions of the square root of 2 matrix which we shall use in

~ the next section.

Definition 1.

Ltet B be any positive definite matrix with dimension qxq.
let T be an orthogonal matrix such that
r‘er = D
where D = diag(x1,A2,...,}q) |
i.e. D 1is a diagonal matrix with the gq characteristic roots of B down

the main diagonal.

[

1
Then B*®

= ID* ¢
where
SN 2 ST
D* = diag(Af,x ,...,Aq).

1772

This definition gives a symmetric square root

1 L
i.e. (B*)' = B* .,

‘Definition i1,

Let B be a positive definite matrix, then B can be expressed as
B =TT
where T is nonsingular and may be friangular.

The square root of B is then defined as
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This square root is ho+ necessarily symmetric.
In an expression such as
BZAB%-
we make the convention that the post multiplier is (B%)';
We also note that B % = (B%)_l, i.e. we find the square root first

and then take the inverse,

Lht.2. The Generalised Partial Correlation Matric in the Pqulafion.

An extremely eleganfland general matrix frowm which all the Types of
partial correlations discussed in the pravious sections canr be found was
suggested by (Troskie, 1963). This matrix is an extension of the
General ised Multiple Correlation Matrix defined by Khatri in 1964,

(Khatri, 1964, Troskie, 1968).

As in Chapter | let us suppose that X is a px! random vector which

‘is distributed as Np(u,z), and let X be partitioned into three sets of

components . X(1),X(2) and X(3)F with g,r, =and s components EGSpecfive—

ly. Let q<r and g+r+s = p. The covariance matrix of 1 is parti-

tioned accordingly. Suppose now that we keep x(3)' fixed at x(3). The
covariance metrix of the conditional distribution is

X(1) ‘ x(3) is
x(2)

37 F11.3%12.3
£21.3%22.3
where 21].3 is axq, 212'3 is rxq and 222.3 is rxr, g =<r
(see Chapter 1).
The Partial Generalised Correfation Matrix is defined in the population

as
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-4 -
Pug = Z47.3542.3% 22 3221.3%41.3 (3.2.1

where the square root used can be either the symmetric square root

(Definition 1) or the non- symmetric square root (Definition I1) and the
-t
post-muitiplier 2 1'3 is (%

—a P

2 § v
1.30" -
To illustrate the very general properties of

form for differont values of

P.3, fet us consider its

q,r, and s,

For g=1, r=1 and s = p~2
. w.% 1 ) ’
Pi3 = 017.3912.3%22.3921.3911 .3
2
iz
911.3922.3

which is the square of the partial correlation coefficlent between

2 keeping the s wvariables )<3,><L,,',...,X'D fixed.
For g=1, r>1 and s > 1

L -1 -4
Peg = 917.39(1.3)%22.39(1.3)%1 1
l
°(1:3)%22:39(1.3) _ w2
941.3 lerls

.3

i.e. P.5 1Is the square of the partial multiple correlation coefficient

discussed in (Chapter li, Sections 2 and 3J.

If s =0, then the original vector X 1is partitioned into only two sets

of components. Loq then becomes

I = L z

11 12}

21 I
and P.3 bacomes

P the population Generalised Muitiple Correlation matrix
i |
T
R o= 2418122225211

The properties of this maftrix are discussed fully in Troskie(1968 and
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1969) and are not of direct concern here, but the analogy between the
"unconditional case™ when s = 0 and the "conditional' case when s » O
is very clear and bears the same type of relationship as exists between the

corraelation coefficient and the partial correlation coefficient.
p

The characteristic roots of P.., are the solutions of the determinental

3
equation
-t .1 1
1217301203822 3521 .38 7.3 = A =
But these are the same as the roots of | '
|57] . -2l =0

11- 3 12.3%22.3%21.3

1

Thus the characteristic roots of P.3 are the squares of the partial

canonical correlations.

The trace of the generalised partial correclation matrix is
1

ek - . .
= 2 2 =
TrPay = 10 210 3840.3500.38 5135973 = 1 T
where T s defined in Chapter Il section 4,
~Thus -é Tr P.3 is exactly the partial ftrace correlation coefficient.

Hence we see that each type of partial correlation can be derived from

P.3 by con;idering special cases.
I11.3. The Generalised Partial Correlation Matrix in the Sample
The sample estimate of P.3 is obtained from the conditional Wishart

matrix YA.3. Let X( y o= feeoosN be @ random sample from Np(p,z)

and let X(a)”s be partitioned as the vector “X. Then as in Chapter |

Section 3 we find the maximum !ikel ihood estimate of the covariance matrix
(1) | x(3)

of the conditional distribution of |X is given by
: (2)
X
z . A where
-3 T3 A e
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Aoy = 1A1.s Mous
1f21.3 A22.3
It is clear that
i ]
- A~z -1 -3
Reg = A11.3R2.3R02.3R21.3R 1.3

is the maximum likelihood estimate of P.3 and that R.3 has the same pro-
perties in the sample as -P.3 ‘has in the population. For example, if

g=1 r>1 and s>t,
4 -1, 42
1.38(1.3)722:38(1.3)217.2 = Rioris

R.3 = a,

which is the square of the sample partial multiple correlation coefficient.

From the properties of P,3 and its sample estimate R.3, it is
evident that if +he'sampling distribution of R.3 is known, the distribu-
tions of the other partial correlations will follow as special cases.

[f the distribution of the roots of’ R.3 is known, we shall also have the
~distributions of the partial canonical correlations and the partial trace

correlation.

We shall derive the distribution of R.5 for the central case,

j.e. when P., =0, where O is a gxg zero maftrix. Now P.3 =0 if

3
‘and only if I,, 5 =0. In this case (X(1)|x(3)) and (X(Z)lx(3)) are
éondi+ional|y independent. We note that this does not necessarily imply

><(1) and X(Z).

comp lete independence of
We shall state the central -distribution of R.3 as theorem.,

Theorem 3,31,

If R.z s the maxtmum Likelihood estimator of P. g based on a sample

of size N > p from Hb(u,z) then, under the hypothesis P.g =0, the
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distribution of R. 4 i1s multivartate Beta Type I with parameters %r,
%(n-s-r), and dimension q where

n = N-1
(1)

q = number of components of X

(2)

r ‘= number of components of X

8 = number of components of the fixed subvector X(3)

qgtr+s = p and q < r.

A ~1
Proof. Let B = A12.3A22.3A21.3

-1

B2 Aes 7 Aizashazasfor s
Then
-4 -4
R.y = (E+B) “B(E+B) *
lf P.3=0, Z,,,=0 and it follows from Theorem 1.4.2 and Theorem 1.4.3

of Chapter | Section4 that B and E are independent and both have a
Wishart distribution, where
E is W(Z1].23, n=s-r)

B is W(z )

11.337 F
Hence R,3 has a multivariate Beta Type | distribution (Olkin and Rubin
1964, Troskie 1966) with parameters ir and %(n-s-r) and dimension q.
i.e. R.y is B Ur, $(n-s-r)), |

The density function of R., will be

T ({(n-s))

5 = 9
F(Ry) FOT, (57 L

L(reqm L (N=gmp—g-
s (r-q l)ll_R3’2(n s=r=-q-1) (3.3.1)

R3 >0

where

+ -
roam = D T ramien)
g i=1
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From the density function of R.3 we can easily find the moments

of the determinant [R.,].

Theorem 3.3.2.

The B moment of [R.gl 18 given by

5 T (3(n-s))T _(%(r+2h))

-.4
BIRs|" = T (5T (iln=s~2R) (3.3.2)

T ($(n-s)) 11 . ,
h__ 9 h. z2(r=g=1)y,_o 1z{(n=-s=r-g-1)
E|Ry] F 0T () [« [ IrsITIRS] [ 1=Rs] dRy

where dR3 are the differentials of the %a(q+1) different elements of

the determinant |R.,].

- q z(r=g+2h-1), o yz(n=-s-r-g-1)

T ey ] (Rl [1-Rs] Ry

q q

I ({(n-s)) Pq(%(r+2h)t9(%(n-s—r))

T T 0T _((n-s-r) " T T _(F(n-s+2h))

q q -9

Fq(%(n*S))Fq(%(r+2h))
T T _(3r)T_(f(n=s+2h))

q q
In the same way we can also derive the moments [t-R.;] and obtain

Theorem 3.3. 3.
‘k _ rq(%(nws))rq»%(n-s—r+2h))
rq(%(n-s~r))rq(%(n~s+2h7)

E|I-R.

Proof.  The same as the proof of Theorem 3.3.2.

For certain values of q,r, and s, the density function of IR.3|

takes on some interesting forms. Substituting g=1, r=1, s >1 in

formiala 3.3.1 we obtain



58,

2 I'($(n-s)) r—1 2)%(n"s—3) 2

) FOTE (hee=T) (1-r 0 <r? <1

fr

which is the density function of the squars of the sample partial correla~
tion coefficient r?z‘(s) , based on a sample of size N = n+1 drawn
from a Np(u,Z) population, when the population partial correlation

coefficient 92

We can also express this density function in fterms of F12.(s) and

the sample size N = n+1,
fry = Dallost1)) gy

) 2,4 (N-3-4)
VIIT (L (N-5=2))

-1 <r <

The moments of r can be obtained from (3.3.2) by setting

Pj-(s)

g=1 and r =1 and we obtain

£(:2Ny - DU (n=5))T (4 (2hs1))
(2T (L (n-5+2h)

Since the density function of the partial correlation cosfficient is
even, it follows that all the odd order moments are zero. Thus setting
h =1, we obtazin the variance of the partial correlation ceefficients

2

Var(r™) = E(r2

T(+(n=-s))r(3/2)
T(Hrf(n=-s=2))

1 1
n=s  Nws-l

) =

|

- (3.3.3)

If weset g=1,r>1, s>1 weobtain the density function of the

square of the partial multiple correlation coefficient R?-(r|s)

2

- L e [P
£(R2) = (r-2) (1.g2yz(n-s-r-2) (3.3.4)

eI

(£ (n=s))
(

TOT (T (heer) -

T
T
We know that the density function of R?-(rls) has the same form as:

that of the square of sample multiplc correlation coefficient between a

dependent variable and r independent variablies based on avsample of size

(N-s).
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Using formula (3.3.2) we can obtain the even moments of R1-(rls)

2h, _ T(3(N-s5-1))T(ir+h) A
R L S I EI (e Py (3.3.9)
Setting h =1 and using the fact that TI(z+1) = zI'(z) we have
2y _ _r ‘ :
ERT) = g5 ‘ (3.3.6)

In Chap+ef 2 we showed that Linhart's criterion for determining the

number of variables to use In a regression analysis depended on the test of

X =2 r r :
the hypothesis HO’ R1~(r|s) fVN:E:—' We now see that Noeoy s exactly
E(Rf-(rls))" We can offer no theoretical reason for this interesting

coincidence.
Conclusion.

It can be seen that the Partial Muitiple Corre!afion Matrix summarizas
the theory of conditional association in a concise manner. The practical
application of this matrix o tests of hypotheses about conditional inde-

pendence will be discussed in the next chapter.
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CHAPTER 1V

Introduction.

| We shall now construct some examples to illustrate somc of the statis-
tical techniques discussed in the previous chapters. The data usod are
the results of physical fitness tests performed by A.W. Slqan (1966a) on
hore‘+han 6,000 children at High Schools in the Cape Peninsuta.  The
purpose of Sloan's original study was to determine the influence of sex,
age and race on physical fitness. The schools were selected to include
chitdren from the upper, middle and fower income groups of Thethife and
Coloured communitics. At each school every child between the ages of 12
and.18 who was not exempted from physical activity on medical grounds was
included in the Tesfs. Physical fitness was measured by the test battery
of the American Association for Health, Physical Education and Recreation
(AAPHER, 1958). The AAPHER test baTTeryAconsisTs of the following seven
tests:~ pull up (with a modified pull up for gifls), sit up, shuttle run,
standing broad jump, 50 yard dash, soft bal! throw for distance and 600 yard
run-walk. In addition sex, age, height and weight were récorded. Detfailed
instructions for the performance and scoring of each test méy be found in
Sloan (1966a). The data have been analysed by Sloan (1966b) who made
interracial comparisons and compared the South African school childrenis
fiftness scores with those of American and British children. With data
of this type onc would not be interested in predicting the value of a
dependent variable using a subset of the ihdependenf variables and so the

problems presented are essentially those of correlation and not prediction,
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We have constructed artificial examples from some of the data to
itlustrate the use of the partial multiple correlation cosfficient and the

general ised partial correlation matrix.

We emphasisc that the selection of the variables and interpretation
of the results are not based on any physiological theory but are simply

used to illustrate the application of the statistical Teéhniquesvinvolved.

IV.2 An Application of the Partial Multiple Correlation Coefficient.

We have the following variables

pad
1

§ = weight (pounds)
X, = height (inches)
- X3 = pull ups (number)
Xg = sit ups (number)
X5 = shuttie run (seconds)
X6 = standard broad jump (feet)

X5 = 50 yard dash (seconds)

7
X8 = soft ball throw (feet)
><9 = 600 yard run-walk (seconds)

Let us suppose that all the physical fitness variables and height are
correfated with weight, LeT us further assume that the variables X3, X4
and  Xg measure "muscular power" and that the variables sz Xso Xgs *q
and X9 measufe ”agilify”. Suppose¢ wz wish to invastigate if Thefe is any

correlation between weight and “agility” when the effect of "muscular power"

has been removed.

We partition the variables into thrse sets



Oy
Ny

X = Xy (weight) g =1
(2), _ . _

X =(Xy. Xg, Xg, Xq, Xg)T P =5

X3 = s, Xp Xg)' s = 3.

We now ask: |Is there any significant correlation hetween weight (Xl)
(2) (3)

and the variables of X when the effect of X has been removed?
The pérTial multiple correlation cocfficient R1-(rls) will give us the
answer to this question. Since X<2) haé 5 components and X(B) has

3 components, we set up the hypothesis

Hyt Ryisy3y) = ©

|

H 0

18 Ry 7
By (2.3.8) page 36 the test statistic will be
2

R1.(513)  N-3-5-1 _

5 ;
Ry (513)

The partial multiple correlation coefficient is found by computing the
ordinary multiplc corralation coefficients: R?-B and R1’3 where R1o8
is the multiple correlation betwsen weight and all The.ofher variablés and
R,.3 s the multiple correlation betweon weight and the "excluded variables®,

X3, X4 and X8° The partial multiple corralation coefficient is then

found using formula (2.2.25) page 32
2 2
2 R . ~R
Ri.(513) = _J_fi__jil;é
1= Rl.5

The compd+a+ion of the test statistic is simplffied by using the relation

(2.2.26) pags 32 4
2 2 2
R A B RS
2 2
1-R 1-RY o

1.(513)
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The computations of the multiple correlation coefficients were perfor-
mad on‘The University's 18M 1130 éompufgr using the standard multiple linear
regression programme; The programme allows the selection of different sets
of the independent variables and selections can be made as many times as
desired. In addition fo the two multiple correlation coefficients re-
‘quired fo calculate partial multiple correlation coefficient, the ordinary

(2)

multiple correilation coefficient between )(1 and X 77, R1.5, was also

calculated so that a comparison could be made between the partial and the
"ordinary™ case.

The calculations were performed for 2ight groups of children and for

each group we calculated the following multiple correlations.

TABLE 1
Coefficienf Dependent Variable Independent Variable
Ry.g | T 2,3,4,5,6,7,8,9
Ry 3 | 1 | 3,8,4
Ry T 2,5,6,7,9.

The results of the computations are given in the table below.,

Identification code for the groups

Colourad Number = groups age in years

it

W

White c

girl _ N = number in the sample;‘

B

boy G



.TABLE I

Group N R1-8 R1.3 R1_5

WG16 43 . 73576 .22540 70096
WG17 27 .80061 43956 76460
WB15 36 .82071 45741 77429
WB16 35 .75665 .41690 71164
wB17 54 .76241 21127 . 75442
CB15 39 . 84060 .57333 .83129
CcB16 36 . 79409 . 58504 .65932
cB17 24 .65490 .39575 .59349

64,

The next table gives the information required for the computation of

R1-(r|s) and the fest statistic.
TABLE 111

Growp Ry g Rl RigTRig -’y 1R
WG16 .54134 05801 .48333 .45866 .94199
WG17 .54098 ,19321 .44777 .35902 .80679
WB15 .67356 ,20922 .46434 .32644 .79078
WB16 .57252° ,17381 ,39871 42748 .82619
wB17 58127 .07359  ,50768 41873 ‘.92641
CB15 . 70661 ,32871 37790 .29339 67129
CB16 .63058 .34227 ,28831 -.36942 .65773
CcB17 .42889 ,15662 ,27227 S7111 .84338

The partial multiple correlation coefficient can be calculated from
Table |11 by dividing the elements of column 4 by column 6 and taking the

square root. - The results are shown in Table IV where in addition in the
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last column we give the ordinary multiple correlation coefficient between

X and X X5 X X7 and X

sRgs Except in the twe cases marked with an

1

asterisk the partial multiple correlation is smaller than the multiple

2° 9°

correlation, so that it would appear that the variables X3; X4, X8 do

exert an influence on the regression relationship.

TABLE IV

Grou - R2 ' ' R R

P 1-(513) 1.(513) 1.5
WG16 .51309 .71631 .70096%

. . [+

WG17 .55500 .74498 ' . 76460
We1s 58719 .76628 .77429
WB26 48259 63469 71164
We17 .54801 .74027 .75442
CB15 .56295 75030 .83129
CB16 .43834 66207 .65932%
CB17 .32283 .56818 .59349

We now calculate the test statistic 1-{rls) ~N-s-r-1 _

1-R r r,yN=s=r-=1

1-(rls)

N

where N = sample size, r = No. of varisbles in the partial regression

relationship, s = number of excluded variables. In our case r =5 and
s = 3, >
| Ri.513)
All the necessary information {s in Tables 11l and !It, S A
| =Ry (513)
can be found from Table lll‘by finding the quotient of corresponding elements
" in Column 4 and Column 6. The constant term will be E%? .

The results of ‘the computations are displayed in Table V.  All tests

are made at the 5% level.
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TABLE V
r2
. (5 - l‘\l - ) % 1 .
GrQup 1-(513) N-9 ,r9 F Upper 5% Point Conclusion
1*Q2 5 v F5 N-9
"1.(513) ’
WG16 1.05379 . 34 6.80 7.16 2.49 Reject Hy:
WG17 1.24720 18 3.60 4.48 2.77 e
WB15 1.42244 27 5.40 7.68 2,57 - L
WB16 .93270 26 5.20 4,58 2.59 | i
WB17 1.21243 45 9.00  10.91 2.43 "
CB15 1,28805 30 6.00 7.72  2.53 g
CB16 .78044 27 5.40 4,21 2.57 "
cB17 .47674 15 3.00 1.43 2.90 Accept Hy:

The upper 5% points of the F disTEibuTion are shown in the last column
of Table V. Comparing the observed value of F  with the critical value
for each group we see thav, except for the CB17 group, HO Is rejected in
avery case. Thus we conclude that except for the 17 year old Coloured
boys, Tﬁere is a positive correlation between weight and Magility" wﬁen

the effects of “muscular power” have been removed.

Having established that the correlation exists we would now be inter~

ested in finding out how much correlation, could it possibly be as high as

We set up the hypothesis -

Hot Ryi(rrsy = 7

H1: R1»r|s <

The sampling distribution of Rie(ris) is the same as the distribution

of a multiple correlation coefficient basad on a sample of size N-s from

.17
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an r+1 dimensional normal population, where s is the number of excluded
‘variables. Thus we can usc Hodgson's approximation to test HO. Ths

formula on - page 44 we have that

L L
UNep=2)? = (p2 + (N2 2)5%)?
p

Z = is N(O,1)
. 2 - L ’ .
(1 + 4 U7+ 4 090
2 =2 _
where U2 - R and U2=~ R and R and R are the sample and
1-R 1-R%

population mulfible correlation coefficients, p is the dimension of the
normal population and N is the sample sizc. To test the partial multiple
correlation coefficienf we usce the approximafion with N replaced by N-s
and p = r+1, The valuc of Z is computediand compared with the appropri-

ate percentage point of the normal distribution.

‘Under H_.: = ,7 we use the approximation with R = .7 and

of Ri.s13)

p==6 with a sample size of N-3. For each group, U =-———;L—~¥ = ,9802
(1-.49)

and the appropriate value of U 1is found by taking the positive square
roct of the entries in Table V column 1.  The computations are summari zed

in Table VII and all tests are made at the 5% level.

TABLE VI
A = Numerator of Z B = Denominator cf Z
Group  N-3 A B z =‘§
WG16 40 -, 4609 1.4168 ~.3253
WG17 24 - ,3892 2.1116 -, 1839
WB15 33 . 2864 1.4803 .6948
WB16 32 ~-.8937 1.9467 - -, 4590
W17 51 -, 1651 1.4444 L1143
CB15 36 .0694 1.A574 .0047
CB16 31 -1.3058 1.3576 -.9548

Lower 5% point of Z = =1.64.
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In every case we accept HO and conclude there is no reason to reject
the hypothesis that the partial multiple correlation coefficient is .7 for

all the groups.

It would appear that there is very litftle difference between racial or
age groups except in Thg case of 17 year old Coloured boys.  in fhe other
groups there is a high correlation between weight and the “agility' variebles
when the effecfs of the "muscular power"” have been eliminated. Since
these examples are highly artifical there is no point in discussing possible

reasons for this,

An application of the Generalised Partial Correlation Matrix.

Suppose it is known that the physical fitness variables (X3, X4,,.,X9)

are related to weight and height (X1, X5). Let us assume that the

2
variables (Xg, Xg Xg) measure "muscular pdwer” and the variables
X5, Xg5 X7; Xg) measure "agllity".  Suppose that "muscular power™ and

"agility" are two different types of physical fitness and we are inferesfed
in deTermining i% there is any relationship between the two sets when the
effects of weight and height have been removed. A probliem of this type
could be tackled using the Generalised Partial Matrix, P.3. The hypothesis
we wish to test is HO: P.3 = 0 where 0 1is a zero matrix. This hypo-
Zip,3 = 0 and also by Roy's Union-
intersection principle (Morrison 1967 page 208) to HO: Af = 0 where A?

thesis is equivatent to festing HO:

is the largest characteristic root of P.3 which Is the same as the squars

of the largest canonical correlation.

If two sets of multivariate normal variables are independent then all
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the canonical correlations are zero. Similarly if two sets of variables
are conditionally independent all the partial canonical correlations are
zero, so a test of conditional independence will be equivalent to testing
if all the partial cénonical correlations are zero. Four tests of the
hypothesis of independence have been prOposed'fn the literature ail of
which are based on some function of the canonical correlations. Since

Roy (1957 pagé 41) has shown that the joint distribution of the squares

of the p;rTia! canonical correlations ‘is the same as the distribution of
the squares of the canonical correlations with N (the sample size) re-
placed by N-s where s "is the member of variables held fixed, it follows
that the same four tests could be used to fnves+iga+e conditional indepen-
dence with appropriate adjustment of the parameters. Thus tests of
~conditional independence will be based on the characteristic roots of R.3,
the sample generalised partial correlation matrix.-

Suppose we have a sample of size N from a p dimensional normal

(1), (2, ((3),

population. Let X = X be the partitioning of X into

three subvectors with q,r, and s components respectively where q < r
% > 2, 3_r§ be the characteristic roots of

and qg+r+s =p. Llet r Fro 2ee.
the sample generalised partial correlation matrix ~R.3. Suppose we wish

to test the hypothesis H,: P.g = 0. Any one of the following four tests

could be used.

{i) Wilk's Likelihood Ratio Criterion

q
w1 (erd) = (ieRg]
i=1
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(ii) Roy's Largest Root Criterion which is based on the largest (partial)
,‘Canonical correlation.

(ii1) Pillai's CriTgrion
g r4
T L

1 1=-r}
i

-1

(1-R.5)

3 3

(iv) Pillai's Criterion
g
V(q) =7 r? = tr R.
1

A discussion of these tests (in the unconditional case) and a comparis-

3

on of their powers when q= 2 1is given in Pillai and Jayachandran (1967).

For g = 2 +the hypothesis of independence is
2 2

HO: kl = Aé =0
Some of the conctusions Pillai and'Jayachandran draw are
(1) For small deviations from HO’ V(Z) seems to have greater power
than W(Z) which in turn has more power than U(Z).
(i1) Suppose A? + kg = constant. Then the power of V(Z) increases

as the two roots tend to become equal, but under the same conditions the

U(2) W(2)

powers of and decrease.

(iii) When the values of the roots are far apart, and there are large

the powers of U(Z) and W(Z)

(2)

are sometimes greater
U(2) W(2)

deviations from H
V(2)

0°
Than but the poWer of is always greater than and
when the roots tie close together. ‘
| (iv) The poWer of Roy's largest root criterion is below those of the
other three tests and if Myt A% = constant the power of the largést roct
test tends to decrease as the values of the roots tend to equality.
(v) None of the powers of the four criterion have any monotonicity

properties with respect to the sum or product of +he roots.
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(2) (2)

, V and W(Z)

Thus U arc all good tests of the hypothesis of

independence (and conditional independence). For.small deviations from
the hypothesis there is very little difference in their powefs but V(Z)
has greater power than the rest for large deviations when Thé roots are
- close fogether, fhe power of the largest root fest sfays‘below those of
the other three except in the case of large deviations when there is oniy
one non-zero root, In this case power of the fargest root Tesfs exceeds

those of the other threc.

Tabulations of some of the upper percentage points of V(Z), U(Z),

(2) (@

W ™" can be found in Pillai and Jayachandran (1967). - Tables of
for q = 1~50 have been.prepared by Mijares (1967) who also explains

their use in detail. If these tables are available, and all other consi-~
derations are equal, V(q) would pefhaps be the most convenient test

since it would not be necessary to compute the characteristic roots of R. 3.
The upper percentage points of the largest characteristic root test have
been extensively tabulated and Heck (1960) has given some charts of the
upper 5, 2.5 and 1% poinfts. Some of these charts have been reproduced in
‘Morrison (1967) who also explains the test procedure in detail (page 210).
Tabulations of the upper percentage points of the largest root distribution,

v ang ul@

arc also given by Pillal (1960). Thesc tabulations are
with respect to the parameters m and n. For é test of independehce
between a g-se2t and an r-set of'variab!cs ina (g+r) dimensional normal
pOpuIaTion_where qc<r, ‘The parameters m and n are

m=3(r-g=1) n = £(N-g-r-2) where N is the sample size. For a test

of conditional independence between q and r variables, keeping s
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variables fixed, the parameter n must be modified by replacing N by
N-s.

The distribution of w(q)- the Likelihood Ratio Criterion, can be

’

approximated by the Chi-Square distribution (Anderson 1958).  For a (qg+r)

. . ' )
dimensional normal population, as above, it can be shown that -alog W(q

is approximately distributed as xf where

a =N —2" 5

f = qr.
For a test of conditional independonce, N would be replaced by HN-s in
the expression for a. The hypothesis of conditional independénce voutd
be rejected if fhe observed valus, xi, was greater than Xi,f’ the
~upper af significance point of xf.

The distribution of V'®) can be approximated by the F distribution

(Piltal 19860), The statistic

 (negeny V'Y

= where m and n are as defined
(2m+qg+1) q__V(q)

above, is approximately distributed as F with f1 = gq(2m+g+1) and
f2 = q(2n+g+1)} degrecs of freedom and the approximation holds good even

for smali values of n and m.

We shall now illustrate some of these results with an example. Measu-
rements of physical fitness were performad by Sloan (1966) on a sample of
35, seventeen old White boys. in addition their height and weigHT were

recorded.

fs there any relationship between 'muscular power', as measured b
’

variables (X5, X, , X5) and %agility", as measured by variables

32.74% '8
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(X5, X6, X7, Xg), when the effects of height and weight have been removed?

(For a definition of these variables see page 61).

If the two sets of variables are conditionally independent, the
generalised partial correlation matrix will be “zero®. Thus we set up
The.hypofhesis HO: P.g = 0 and calculate the sampie generalised partial
correlation matrix between the "muscular power™ varlables and the "agility"

variables. Details of the computation of R.3 are given in the appendix.

We obtaln the following results

Total number of variables p =9
Number of fixed variables 5 = 2
Number of variables in first set qg=3

Number of variables in second set r = 4.

Sample size = N = 35

Effective sample size = N-s = 33,

R,3 =| .58261 .23282 -.04815
.23282 .22535 .04146
~.04815 04146 .23279

Characteristic roots of R.3 are

r? - .69878 r% = .25506 L

From which it follows

VAR a— R.y = 1.04075
W = |1-R.,| = .20898
u3 - =1 2 2 75854

tr R.3(1~R.3)

Largest root = .69878
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(3)

Percentage points for V and the largest root were obtalned from

Statistical Tabies for tests of Multivariate Hypotheses. (Pillai 1960),

Arguments of Tabulations.

0  n.= i(N-s~g=r-2) = 12,
(3)

m= z(r-g-1)

Test of Hy: P., =0 wusing V
(3)

Upper 5% point of V for m=0, n =12 = ,628 (by interpolation)

Upper 1% point of v tor m = 0, n =12 = ,749 (by interpolation)
2

The observed value of V(J) is greater than both critical values,.

Therefore HO: can be rejected at both the 5 and 1% levels.

Test of H.: using Roy's largest root criterion.

.42885

0, n 12

]
i}

Upper 5% point of largest roct distribution for m

51015,

]

1
\

Upper 1% point of largest root distribution form = 0, n = 12
The observed value is greater than the critical value in both cases.
Hy can be rajected at both the 5 and 1% levels.

Test of H.: wusing the approximation, »a109w(3).

3 7

a=33"~?""—2=28
f =12
3 ., e
-alogW = 28 x 1,56542 = 43.83176

Upper 5% point of x5, = 21.026

Upper 1% point of X?Z

]

26.217

Observaed value is greater than the critical value in both cases, HO can
be rejected at both the 5 and 1% levels.

(3)

for m=06 and n = 12 has no+ baen .
(3)

The critical value of U

tabulated.  Approximations to the distribution of U ~are given by
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Pillai and Sampson (1959), but can only be uéed for values of n > 40 at
the 5% level and for n > 50 at the 1% level. Since in our case n = 12,

we cannot use the approximation,

Atl the other test criteria give consistent results. in every case
HO was rejected, moreover, the value of the test statistic lay weil beyond
the 1% critical value in all the tests. We may therefore concfude that
there is strong evidence of a relationship between "muscutar power™ and'

agility" when the effects of height and weight have been removed.
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Concluding Remarks.,

The Generalised partial correlaticn matrix embodies the measures
of partial association in a concise way and can be used for practical appli-
cations. However, all the tests of hypotheses depend on the distribution
of the roots of the matrix. As has been shown these roots are the partial
canonical correlations., These‘roo+s could also be found by solving the

determinantal equation

-1 -1
[A11.3R12.3R22. 3001 .3 ~

Since many computer systems have a library programme for canonical correla-

A =0

tions, the roots could as well be obtained by using the standard programme
on the partiticned conditicnal Wishart matrix, This would make the tests
available without the necessity of having to write a long programme, an
important consideration when the statistician has a client who needs the

results quickly.

A few other fhoughfs arise a5 the result of this thesis, There are
no tables of the percénfage points of the non-central distribution of the
multiple corralation coefficient. Much of the tedium of calculation of
the percentage points would be relieved by modern high-speed electronic
computers and +he>compila+ion of such tabias for vafious values of R and
different sample sizes,'would probably‘presenf inferesting problemslin
numerical integration. The compilation of tables scems to be a woman's
perogative in statistics and we hope to ombark upcn such a project in the
near future. A knowledge of the percentage points would also give some

idea of the precision of Hodgson's approximate normalisation.
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Thréughouf this thesis we have assumed that the underlying distribution
of population was normal. The aésumpTion of normal ity is only needed when
the sampiing distributicn of the various statistics arc derived. It would
be interesting to see what results ars obtained if these ideas ére applied
to non-normal populations. The multivariate normal distribution has
reccived so much attention in muitivariate analysis that other multivariate
distributions appear to be neglected. It would seem that there is much

interesting work that could be done in this field.
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APPENDI X

The Computation of the Generalised Partial Correlation Matrix.

The generalised Partial Correlation Matric was computed on the
1BM 1130 computer cof TH@ University of Capc Town. The compilation of the
programme was greatly facilitated byVThe large numbsr Qf subroutines
~available with this system. The language of the programme is FORTRAN 1V,
There are six main stages in the programme which we shall discuss in the
nctation used in the thesis and hoT use the curious names which appeared

when the programme was being written,

Stags |. The Wishart matrix cf ths observation, A, is calculated.

Stage 1. The conditional Wishart matrix A,3 is computed,

A.,was computed using the following facts

3
(Anderson 1958 page 42 problem 18, Morrison 1967 page 65).

Let B be any non-singular partitioned matrix

B = (B with invefse C =

11 Byo

Byy By 21 C22

where 811, 822, 011, 022 are all square and the partitioning of C

corresponds to that of B. Then C;} =By - 812852821.

t

If the Wishart matrix A is partitioned iike B with B corresponding

22

to the covariance matrix of the variables we wish to keep fixed, then

011 corresponds fo A;3 the conditional Vishart matrix. The conditional
. . -1
4 . PR ~ 1 by = - f A =)
Wishart matrix could Jjao be found by calculating A113 A11 A13h33f\31 etc.
This would only involve the inversion of a matrix of small order and would

possibly result in greater numerical accuracy. This matter is still being

investigated.
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Stage 111, The Wishart matric A. is partitioned into Ag =

3 Ar1.3 M2.3

Az1.3 P22.3

and the square root of A3 is found.
Stage 1V.  The square root employéd was Choleski's square root i.e.
tf A is any positive definite matrix then
A= LLT
~where L 1is a lower triangular matrix.

The elements of L can be computed from the elements of A and

N

L = A=, (This type of computation is also used in the solution of systems

: 1
of linear equations). At this stage the inverse of A*® was also found.

Stage V.  The Generalised partial correlation matric was computed by
i ;
= ATZ -3z
R-3% M1z M203 A22.3 Ails

stage VI. The characteristic roots of R; were found.

A

The programme is shown overleaf. | am greatly indebted to
Mrs. B. Nash-iebber and Mr. W.B. de V. Smit for their invaluablic assistance
in the compila+ibn of this programme and especially for writing the

subroytine to compute the matrix square root.
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PROGRAMME

SUBROUTINE DATA(M,sD)
DIMENSION D(9)
READ{2+3)D
FORMAT(9F640)

RETURN ’

END

REAL LB(T7)sLS(3)yLC(4)
DIMENSION XBAR!9)oSTD(9)9WISH(9’9}oB(9)oD(9)oT(9)oWI$HI(9o9Sv

©1BL(99T)eBIL(T9T)98B12(2e7) sCWISHIT7) oTBIT)9CWL(T93) yCW2(T04)

2CW113(393)9CW213(493)9CW123(354)9CW223({494)sSCW13(393)9SCW1II(393),

- 3TS(3)’TC(4)oCW23I(404}9AR(304)18R(4’3)9CR(303)’R3(3’3)o_

4CR2(393)9CVRI343)9SCWITI(3,3)

- EQUIVALENCE (WISH(191)sWISHI(191)y B1l(1y 1))

30
40
50
60
70

CREAR
CTHIS

80

81l
82

EQUIVALENCE(BI1(2s1)sCWISH{151))
EQUIVALENCE(CWI13{1e1l))SCWLI3(19l) sSCW1I{1s1))
EQUIVALENCE(CW223(1+1)9sCW231(141))

EQUIVALENCE(R3(191)9oCR3(191))

READ(291)N

FORMAT(I3)

CALL CORRE(N»990s040sXBARSTDIWISHY R98009T)

WRITE(3930) XBAR

FORMAT(1H 'XBAR IS! 9F10.5)

WRITE(3440) STD

FORMAT{1H 'STD IS!' 9F10e5)

WRITE{3950)

FORMAT(1H *THE WISHART MATRIX IS !)

DO 60 1=1,9.

WRITE(3470) (WISH{I oJ)oeJd=1y9)

FORMATI(9F1243) . ‘
RANGE THE WISHART MATRIX INTO A CONVENIENT FORM FOR PATRTITIONING
STEP IS NOT NECESSARY IF THE DATA 1S PUNCHED IN THE REQUIRED ORDER
CALL RINT(WISH99+99842)
CALL CINT(WISH9998,2)
CALL RINT(WISH999959y1)
CALL CINT{(WISH9»9,1)
CALL RINT(WISH99999194)

CALL CINT(WISHYs1s4) -
WRITE(380)
FORMAT(*1THE REARRANGED WISHART MATRIX IS *)
DO 81 I=149

WRITE(3+82) (WISH({19J)sJd=)e9)
FORMAT(9F1243)



CFIND THE INVERSE OF THE WISHART MATRIXe THE INVERSE IS THEN PARTITION
CTHE [NVERSE OF THE UPPER LEFT HAND SUBMATRIX WILL BE THE CONDITIONAL
CWISHART MATRIXsCALLED CWISH - . »
CALL MINV(WISHs9sDWISHDsT)
WRITE(3,90)
90 FORMAT (1Hs'THE INVERSE OF TH: REARRANGEO WISHART MATRIX 1S*)
DO 91 1=1,9
91 WRITE(3992)(WISHI(IOJ)oJ 199)
92 FORMAT{9F1243)
CALL RCUT(B1s89B11, 812’9o790)
CALL MINV(B1l1ls7+DB11+LB»T8)
WRITE(3+100)
: 100 FORMAT(IH ' THE CONDITIONAL WISHART MATRIX Is')

. DO 101 I=1+7
101 WRITE(S9102) (CWISH{Iad)sJ=197)
102 FORMAT(7F1545)
CPARTITION THE CONDITIONAL WISHART MATRIX
CALL CCUT(CWISH4sCW1yCW2+79740)
-CALL RCUT(CW1949CW1139CW213979340)
CALL RCUTICW2949CW1233CW223979490)
CCALCULATE THE SQUARE ROOT OF CWl1l3 USING CHOLESKI'S SQUARE ROOT
CALL MSQRT(CW113,3)
WRITE(3+110)
110 FORMAT{(1H 'THE SQUARE ROOT OF CWll3 1Ist)
DO 111 I=143
111 WRITE(39112) (SCW13(IyeJd)sd=193)
112 FORMAT{TF1545) S
CFIND THE INVERSE OF THE SQUARE ROOT
CALL MINVI{SCW13939DSCWeLSeTS)
CFIND THE TRANSPOSE OF THE SQUARE ROOT
CALL MTRA(SCWI1IsSCWIT939340)
CALL MINV(CW223949DCW29LCHTC)
C CALCULATE THE GENERALISED PARTIAL CORRELATION MATRIX
CALL GMPRD(SCW1IsCW1239ARs34394)
CALL GMPRD(CW231+sCW2139BRy494y3)
CALL GMPRD(ARIBRYCR93+443)
CALL GMPRD(CR¢SCWIT9R3939393)
WRITE(3+130)
130 FORMAT(1H 'THE GENERALISED PARTIAL CORRELATION MATRIX 1s ')
DO 131 I=1,3 .
131 WRITE(39132) (R3(I9J)ed=193)
132 FORMAT({3F1545)
CFIND THE CHARACTERISTIC ROOTS OF R3
CALL MSTR(R39CR93490141)
CALL EIGEN(CRsCVR»3+0)
WRITE{(3,140)
140 FORMAT(1H !'THE CHARACTERISTIC ROOTS OF R3 ARE!')
DO 141 1=14+3
1461 WRITE(34142) (CR{19Jd)9d=143)
142 FORMAT(3F1545)
CALL EXIT
END
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