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Chapter 1

INTRODUCTION

1.1 The standard model of cosmology

The key element of modern cosmology is the assumption that the General Theory of Relativity
(GR) is the correct theory of gravitation. It replaced the Newtonian theory of gravity which was
presented in the Principia in 1687. The fundamental idea in GR is that gravity is a manifesta-
tion of the curvature of the spacetime, while in Newton’s theory gravity acts directly as a force
between bodies. Many of the predictions of GR, such as the bending of star light by gravity and
a tiny shift in the orbit of the planet Mercury, have been quantitatively confirmed by experiment
(for a review, see [38]).

In a homogeneous and isotropic spacetime the Einstein field equations give rise to the Friedmann
equations, which provide us with the most elegant mathematical framework for understanding
the dynamics of the background space-time and hence of the Universe as a whole. In fact the
Big Bang model (BB) based on the assumptions that the large-scale geometry and dynamics
of the Universe can be described by an exact Friedmann-Lemaitre-Robertson-Walker (FLRW)
model and the existence of the radiation and matter-dominated epochs, is one of the greatest
successes of GR, where it reproduces beautifully all the main observational results, for exam-
ple Background Radiation (CMB) anisotropies [34], large-scale structure formation [35], baryon
oscillations [40] and weak lensing [42]). Until recently the BB model is a broadly accepted as
the standard model of cosmology and hence of the evolution of our Universe. Unfortunately,
this model is affected by significant fine-tuning problems. The Universe appears to be homoge-
neous, isotropic and (almost) flat, which requires very special initial conditions [158]. Also, the
formation of a large-scale structure is believed to be due to initial density fluctuations. These
fluctuations must have a very special spectrum in order to produce the structure we observe

today .



The introduction of an inflationary stage in the early Universe offers an elegant solution to these
problems [158]. Inflation is a general term for scenarios of the very early Universe, all of which
share the common feature that the Universe experiences a finite period of accelerated expansion,
while it is in a vacuum-like state containing only homogeneous classical fields (for a review see
[17]). The most popular candidate for inflation in the framework of GR is a scalar field ¢ with
a slowly varying potential.

The inflationary paradigm not only provides an excellent way in solving flatness and homogene-
ity problems but also explains the origin of the large scale structure of the cosmos as resulting
from quantum fluctuations in the microscopic inflationary region [16]. The theory states that
the spontaneous fluctuations in the pre-inflationary epoch were greatly magnified by inflation.
In the post-inflationary cosmos, these fluctuations produced regions just slightly denser than
their surroundings. The differences in density were in turn amplified by gravity, which pulls
matter into the denser regions. Thus inflation provides a mechanism to generate the seeds of
density perturbations observed in the CMB anisotropies [21]. Currently no other theory can
explain both why the Universe is so uniform overall, and yet contains exactly the kind of ripples
represented by the distribution of galaxies through space and by the variations in the cosmic
microwave background radiation [21]. However, inflation is believed to be caused by a massless

scalar-field, the inflaton, which has not yet been observed .

In 1998, observations of type Ia supernova by the Supernova Cosmology Project at the
Lawrence Berkeley National Laboratory and the High-z Supernova Search Team, surprisingly in-
dicated that the Universe is undergoing another phase of cosmic acceleration [31], which started
after the matter domination. In order to explain these observations in the framework of GR, a
new component with a negative pressure has to be added to the energy budget of the Universe,
this new component is called dark energy. Furthermore, these cosmological observations indicate
that the around 70% of the present Universe energy content is dark energy and is homogeneously
distributed in the Universe, 30% dust matter (cold dark matter plus baryons), and negligible
radiation. Although, it has become quite clear how dark energy works, its nature remains an
unsolved problem .

Recently there have been several explanations of the cosmic acceleration. The simplest one is
the introduction of small positive cosmological constant originates from a vacuum energy with
a constant equation of state parameter w = —1 in the framework of GR, the so-called ACDM
Model [32]. Unfortunately, this model is affected by significant fine-tuning problems related to

the vacuum energy scale [10], and also it has no explicit physical interpretation for the origin or



the physical nature of dark energy. Another problem with the cosmological constant is referred
to as the cosmic coincidence problem ([12]-[15]), that is, the near equivalence of the matter and
A contribution to the total energy density at the present time. The simplest extension of the
ACDM model is to replace the cosmological constant by a dynamical, spatially inhomogeneous,
negative pressure cosmic scalar field This assumption has led to the so-called quintessence model
[30]. In this case, the equation of state of dark energy is allowed to differ from -1. Although the
success of quintessence in a scalar field explaining the cosmic acceleration and the coincidence
problem is evident, it is still not clear where the scalar field arises and how to choose the self-
interacting potential [27]. These facts have led to a considerable number of efforts to develop a

more viable theoretical schemes.

1.1.1 Alternative theories of gravity

Cosmological observations indicate that the standard model of cosmology appears unable to offer
a simple explanation of the phenomena observed without assuming the existence of (1) inflation,
(2) Dark Matter, (3) Dark Energy. These assumptions are needed to explain the early and the
late expansion history of the Universe as well as to understand the formation of structures such as
galaxies and clusters of galaxies. It has been shown in literature [25], [26], [27], [23] that, all these
assumptions are questionable and suffer from serious problems. Instead of modifying the energy-
momentum tensor in Einstein equations by introducing new scalar fields, it is possible to solve
these problems by assuming that the gravitational interaction changes behavior on large scales.
GR might not be the only classical theory capable of successfully explaining the gravitational
interaction. Currently serious attention is being paid to the classical formulation of gravity and
scientists investigating the possibilities of formulating a viable alternative theory, which could
explain the low-energy Universe without recourse to new unobserved particles. Several theoretical

models have been proposed the most popular ones are:
1. Scalar-tensor theories [104] .
2. Higher order theories of gravity (HOTG) [171],[172], [173] ,[175] ,[177].
3. Braneworld models [56] .
4. Backreaction of matter inhomogeneities [57], [58] .

There is currently active research into many aspects of these theories. Other reasons to modify
GR are provided by modern theories such as String, M-theory and Branes. These theories indi-

cate that modification of the standard gravitational action is necessary [159], where it has been



shown in [160], that higher-order gravity theories naturally appear when quantization is per-
formed on a curved spacetime and the renormalization problem is addressed. In 1962, Utiyama
and DeWitt proved that renormalization at one loop requires adding higher-order curvature terms
to Hilbert-Einstein action [160], [159]. On the other hand, from the conceptual point of view,
there is no prior reason to restrict the gravitational Lagrangian to the simple Hilbert-Einstein
action when a more general formulation is allowed. Also the conformal equivalence between the
HOTG and the scalar-tensor theories might suggest the existence of a more general framework,
which might incorporate both of them as special cases.

Recently, serious attention has been paid to the alternative formulations of gravity, which are
based on Lagrangians that include higher-order corrections with respect to the linear term in the
scalar curvature (Hilbert-Einstein action), either in the form of higher order curvature invariants
such as R?, RV* Ry, R”*‘“bRwab, or ROR, RO*R. In order to explain the fact that the Universe
has started to accelerate only recently, these modifications must become important only at late
times. The most popular modified gravity theories are those which are based on gravitational ac-
tions that are non-linear in the Ricci curvature R and/or contain terms involving combinations of
derivatives of R, the so called f(R) gravity [18, 44, 46, 48, 50]. Such theories were first proposed
in the 1980’s because it was shown that they can be derived from fundamental physical theories
(Like M-theory) and naturally lead to a phase of accelerated expansion, which could explain
the early Universe inflationary phase [59]. The phenomenology of Dark Energy also requires the
presence of a similar phase. The possibility of the late-time cosmic acceleration in f(R) gravity
was first suggested by Capozziello [133] in 2002. The addition of a nonlinear function of the
Ricci scalar R to the Hilbert-Einstein action has been demonstrated to produce acceleration for
a wide variety of f(R) functions [165], [175]. Also f(R) theories possess a number of interesting
features with regards to cosmological and astrophysical scales. In fact, they are known to admit
natural inflation phases [82] [67] and to explain the flattening of the galactic rotation curves
[84]. Another very interesting feature of these models is that the higher order corrections to the
Hilbert-Einstein action can be viewed as an effective fluid which could mimic the properties of
Dark Energy. Thus Dark Energy may have a geometrical origin, i.e., that there is a connection
between Dark Energy and a non-standard behavior of gravitation on cosmological scales (for
more details see [62, 223, 68, 69, 71, 68, 73]).

Efforts to obtain an understanding of the physics of these theories are constrained by the com-
plexity of the field equations, making it difficult to obtain both exact and numerical solutions
that can be tested against observations. In this thesis we address some of these issues using a

number of useful techniques, such as the 143 covariant and gauge invariant approach which was



developed by Ellis and Bruni [75] and the dynamical system technique [119] .

1.1.2 Thesis outline

The structure of this thesis is as follows:

In Chapter 2 we present a review of the 143 formalism. The main aspects of the 143 for-
malism, is to project tensors and tensorial equations parallel and orthogonal to some preferred
vector field, decompose tensor into a sum of algebraically simpler parts, and finally derive the
evolution and constraint equations for the basic kinematical and dynamical variables by using

the Ricci identities and Bianchi identities in conjunction with the Einstein field equations.

In Chapter 3 we present a review of cosmological perturbation theory. According to the per-
turbation theory, fluctuations generated during the inflationary epoch produced regions slightly
denser than their surroundings. The differences in density were in turn amplified by gravity,
which pulls matter into the denser regions. The imprint of these primordial density perturba-
tions is recorded in the CMB anisotropies, and the evolution of these perturbations results in

the large-scale structure that we observe today .

In Chapter 4 we give the actions and relevant field equations for general f(R)-theories of gravity
and perform a detailed discussion of some cosmological solutions and the conditions that are
required for this class of theories to be cosmologically viable. We also discuss the conformal
relationships between the f(R) and the scalar-tensor. We conclude by commenting on some of

the outstanding problems of all infrared-modified f(R)-theories of gravity .

In Chapters 5 and 6 we argue that, owing to the complexity of the field equations, and the
lack of an existence of an exact solutions, dynamical systems analysis is an extremely powerful
mathematical method in cosmology. It is very useful in understanding the qualitative behavior
of the cosmological dynamics and obtaining special exact solutions of the cosmological equations.
This chapter contains an overview of this approach. We start by introducing some of the basic
dynamical systems concepts and discuss the stability of 2-D linear dynamical systems. We then
present the Hartman-Grobman and the center manifold theorems, which completely solve the
problem of determining the stability and qualitative behavior in a neighborhood of a hyperbolic
as well as nonhyperbolic critical point of a nonlinear system. Finally we give a detailed inves-

tigation of the cosmological dynamics based on exp(—R/A) gravity. The study of this model



shows that cosmic histories exist which admit a double de Sitter phase which could be useful for

describing the early and the late-time accelerating Universe.

Chapter 7 is based on a work completed in collaboration with Peter K S Dunsby and Ritu-
parno Goswami. In this paper we construct a compact phase space for flat FLRW spacetimes
with standard matter described by a perfect fluid with a barotropic equation of state for a gen-
eral f(R) theories of gravity, subject to certain conditions on the function f. We then use this
framework to study the background evolution of Universe for R 4+ a R™ gravity model. We find
a number of interesting cosmological evolutions which include the possibility of an initial un-
stable power-law inflationary phase, followed by a curvature fluid dominated phase mimicking
standard radiation, then passing through a standard matter (CDM) era and ultimately evolving
asymptotically towards a de-Sitter-like late-time accelerated phase. Also Our compact analysis
shows that there are more equilibrium points than in the corresponding non-compact analysis in
[123]. Furthermore, we find that for n > 1/2(1 4 +/3) the phase space of R+« R", contains two
accelerated fixed points, together with two other saddle points (one represent a radiation phase
and the other represent a matter-like phase). The presence of all these phases in the state space

of R+ a R™ makes a more detailed investigation worth pursuing.

In Chapter 8 we study the evolution of scalar cosmological perturbations by extending the 143
covariant gauge-invariant formalism to generic f(R) theory of gravity. We derived a complete
set of equations describing the evolution of matter and curvature fluctuations for a single and
multi-fluid cosmological Universe with a general equation of state parameter. We also study
the evolution of the density perturbations for the R™ gravity model using the general 1+3 co-
variant gauge-invariant formalism. Since the radiation-dust era represents the major period in
the history of the Universe, we focus on the radiation and dust fluids described by barotropic
equations of state. We finally study the exact solutions for scales much smaller and much larger
than the Hubble radius. Finally we give a new covariant characterization of the quasi-static
approximation and used this to show that on small scales this approximation is valid for values
of n in the neighbourhood of 1, i.e., it is in good agreement with a numerical integration of the
full set of equations. This work has been completed in collaboration with Peter K S Dunsby,

Amare Abebe, and Alvaro de la Cruz-Dombriz .

In Chapter 9 we present for the first time a complete analysis of the imprint of tensor anisotropies

on the Cosmic Microwave Background for a class of f(R) gravity theories within the parameter-



ized post-Friedmann (ppf~-CAMB) framework. We derive equations, both for the cosmological
background and gravitational wave perturbations, required to obtain the standard temperature
and polarization power spectra, taking care to include all effects which arise from f(R) modifica-
tions of both the background and the perturbation equations. Our analysis makes it possible to
distinguish these models form GR and demonstrates the importance of considering the correct
background when alternative theories of gravity are considered. This work has been completed

in collaboration with Peter K S Dunsby, Amare Abebe, and Alvaro de la Cruz-Dombriz .

Chapter 10 is based on a paper completed in collaboration with Peter K S Dunsby, Sante Carloni
and Kishore N Ananda. In this paper we show how the covariant gauge invariant equations for
the evolution of scalar, vector and tensor perturbations for a generic f(R) gravity theory can
be recast in order to exploit the power of dynamical system methodology. In this way, recent
results describing the dynamics of the background FRW model can be easily combined with
these equations to reveal important details pertaining to the evolution of cosmological models in

fourth order gravity .

Finally in Chapter 11 we conclude this thesis with a brief discussion of the main results ob-

tained, open problems and an outlook for further work.

Unless otherwise specified, natural units (h = ¢ = kp = 87G = 1) will be used throughout this
paper, Latin indices run from 0 to 3. The symbol V represents the usual covariant derivative
and 0 corresponds to partial differentiation. We use the —, +,+, + signature, and the Riemann

tensor is defined by
R%ea = W e — Wea + WaW e — W/ W% (1.1)
where the W%, are the Christoffel symbols (i.e. symmetric in the lower indices), defined by
a 1 ae
Wy = 59 (gve,d + Ged,b — Gbd.e) - (1.2)
The Ricci tensor is obtained by contracting the second and the fourth indices
Rab = QCdRacbd . (13)
Finally the Hilbert—Einstein action in the presence of matter is given by

A:/d4:c\/—_g BRJer} . (1.4)



Chapter 2

THE COVARIANT APPROACH
TO COSMOLOGY

2.1 Introduction

The goal of cosmology is to explain the large-scale structure, and the evolution of the Universe
as a single dynamical system on a particular averaging scale. The essential elements of any

cosmological model are:
1. A space-time manifold M .
2. A metric structure, which describes the geometry of the space-time manifold .
3. A matter field .

4. A preferred four-velocity field (usually associated with the preferred matter motion at each

point in the space-time on a suitable averaging scale) .
5. A theory of gravity .

The space-time manifold M is assumed to be four-dimensional (Hausdorff), connected, time-
oriented and C'*°, and the metric g is globally defined, C*°, nondegenerate and Lorentzaian.
The pair (M,g) define the space-time of GR, the simplest space-time is Minkowski space-time
(R*, map), where 1,5 is Minkowski metric .

The basic elements of the 143 formalism, is to project tensors and tensorial equations parallel
and orthogonal to some preferred four-velocity vector u, and then use Ricci identities and Bianchi
identities in conjunction with the Einstein field equations to derive the evolution and constraint
equations for the kinematical and dynamical quantities. In the subsequent sections we will

introduce the basic relations and the concepts of this formalism .



2.1.1 Orthogonal decomposition

Associated with the preferred four-velocity 2.73 there is a uniquely defined rest-frame at each
point p € M. Consequently the space-time manifold M can be locally split into space plus time

through the orthogonal decomposition of the tangent space T,(M) to M at p,
T,(M) = T,(S) & Ny(u), (2.1)

where N, (u) represent a 1-dimensional subspace of T,,(M) generated by the vector u, and T,,(X)
is a 3-dimensional subspace orthogonal to u. These are the local hypersurfaces of simultaneity
for the fundamental observers. The existence of these hypersurfaces allows us to define a time
function, t, such that ¢ =constant corresponds “at least locally” to a unique hypersurface ;.

The local decomposition of the space-time manifold M with respect to the vector field u® is

accomplished by the following projection operators,
h:TM) — T(X), N :T(M)— N(u), (2.2)
v — v+gu,v)u v — —ug(u,v), (2.3)

where N projects parallel to u and h projects on the rest space orthogonal to u. In component

form,
h(u) = d4+ulu, h% = g% + u®up = 0% + uuy , (2.4)
Nu) = —-u®u, N = —uup = 6% — h%. (2.5)
Accordingly ,
h%nt = 0, NYub = u®, ,h =3, (2.6)
he,hS = h%,  N%N¢% =N%,  N%h% =0. (2.7)

To project an arbitrary tensor Ty;, into 3 each free index has to be contracted with the projection

operator h(u), that is,
Top = hSph%Teq. (2.8)

in particular the induced metric on the hypersurface ¥ can be obtained by projecting the four

dimensional metric g,

Gabl = hay = hcahdbgcch (29)

= Gab T Uqlyp . (2.10)



For any space-time observer the local spatial and temporal splitting of any general tensor into
its irreducible parts is the set of all tensors which arise from the spatial and temporal projection
on each of its indices. For example,
1-For a vector field T*:
7" = §%Tb = {N“b + h%} T (2.11)
= —(upS")u® + hS°. (2.12)

The irreducible parts of T® are —(anb) and h%,S?.
2-For a 2-form Tap:

T = 0°%0% Ty = [Nca + h} [Ndb + hdb} T.q, (2.13)
= N N4YToq+ Nh"WTeg + B NG Tog + hoh T (2.14)
= nugn®upTeg — uugh®yTog — uuph®oTog + hEah % Thy - (2.15)

The irreducible parts of T,y are the invariant u®ubTyy, the two vectors —u®hb Ty, uPlh® Ty that
are orthogonal to u¢ and the spatial tensor h®.h?;T,;, which is also orthogonal to u¢.

3-For a mizxed tensor T'%:

T = [N“c n h“c} [Ndb n hdb} T, (2.16)
= (uducTCd> unp — uuchy Ty, (2.17)
= —uluph® T + h*h*T¢, . (2.18)
4-For a general tensor Ty'' ;'
Ty b, = [N‘“c1 + h’“cl} [NarcT + h’“cr} {Ndlbl + hdlbl} (2.19)
[N%eo, + b, | T (2.20)
= h%, . hO. by ke, Ty (2.21)

Since all these are tensor equations, the orthogonal decomposition is the same irrespective of
what coordinates we use.
The projected volume element in the three hypersurfaces ¥ is given by contracting the space-time

volume element (7gpcq) along the time direction ,

TNabc = Tdabe Ud- (2.22)
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Accordingly ,

Nabc = Mabc]»  Tlabe u® =0, (223)
nabcndef = 3! h[ad hbe hc]f ) Uabc Neef = 2! h[ae hb]f ) (224)
nabc Nocf = 21 haf s nabc Nabe = 3! 3 (225)

where 74b¢q is the natural canonical four-form representing the future pointing, right-handed unit
volume element in four dimensions, such that (Mabed = Mabed] = 2 Nabjcld] — 2 UaMbleds 70123 =

|det gap|, n°1%° = [—det(gap)]~'/?). Also the projected permutation tensor is then defined by,
€abe = Nabed U* . (2.26)
Consequently we can define the spatial curl of a vector and a rank 2 tensor by
curl X, = €qpe VP X€, curl Ty, = ecd(aﬁc Tgl) . (2.27)
We can always go back and forth between M and X, using the transformation equation
A% = AP e“aebg , A = Aab e“aebg , (2.28)

where e% are the basis vectors defined on X.

2.1.2 Spatial covariant derivative

When u® has a zero vorticity, the spatial metric hqp = gap + uq up, induces a unique covariant
derivative operator V,, that is intrinsic to the hypersurfaces ¥ and is obtained by totally pro-
jecting the four-dimensional covariant derivative V, into X.

Given a spatial vector field X, the spatial covariant derivative is defined as,
Ve Xa=(VXy)L =hhdgVaX.. (2.29)
The spatial covariant derivative is compatible with the spatial metric,
Vehay =h%hf o b, Vahse = 0. (2.30)

Note that when we apply V. to space-time tensors we cannot use its compatibility with the
spatial metric, which by construction applies only when we deal with a purely spatial tensors.
Also it is crucial to regard spatial tensors as tensors over M and not overY. , otherwise the
covariant and Lie derivatives in the direction of ¥ would not make sense. The action of V, on

a general space-time tensor and scalar is given by,

[VeT)% . = h%q. WPy T VT Nf=h"V, f. (2.31)
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The differentiation along the fundamental congruence, defined for scalars and tensors as,
f = f,a u®, Tabc.,c = u* VaTup..c- (232)

Thus, the covariant derivative of a scalar can then be decomposed into a derivative along the

fundamental congruence u and a spatial covariant derivative,
Vaf=Va—uaf. (2.33)

Following [76] we use angle brackets to denote the orthogonal projections of vectors, the orthog-

onally projected symmetric trace-free part of tensors, and their time derivatives,

1
’U<a> — hab’Ub, T(ab> _ [h(achb)d _ ghabhcd:| TCd, (234)

. 1 .
,b(a) — hab’l')b, T(ab> _ [h(achb)d _ ghabhcd:| TCd. (235)

Other useful spatial derivatives are:

The spatially projected Lie derivative along a vector field X,
[Lx T)%... = h%f..hep[Lx T, (2.36)
and the spatially projected absolute derivative along a curve with unit tangent vector X,

[h VX T]a'”bm = haal...hblb...[VX T]al”'blm . (237)

2.2 Kinematics of timelike congruence

In this section we introduce the quantities that characterize the kinematical features of time-like
congruence, all the equations that we will to encounter in this section are purely geometrical
and essentially independent of the field equations of GR. Moreover, all the results of this section
actually apply to any general fluid flow.

The comoving coordinates: To describe the geometry we need to set up a coordinate system.
Although GR allows one to formulate the laws of physics using arbitrary coordinates, some
coordinates are more natural and easier to work with. The coordinates that are comoving with
the average motion of matter at each space-time point is an example of such a natural choice.
If a fixed spatial coordinate y© is assigned to each fundamental world-line, we obtain the comoving
coordinates {t,y*}, where t is the cosmic time function measuring proper time along every

fundamental world-line. The available coordinate freedoms which preserve this form are,

t = t'(ty"), y* =y*, (2.38)

/ /

v o= y* (), t'=t. (2.39)



The first transformation corresponds to a choice of new time surfaces, while the second one is
nothing other than a relabelling of the world- lines in the initial surface. With respect to the
comoving coordinates {t,y*} the 4-velocity vector becomes,

dt
u® = (=-,0,0,0). (2.40)

It is always possible to choose t such that dt/dr = 1. General coordinates z® are related to the

comoving coordinates by the transformation x® = z%(t,y®), thus in general coordinates,

a (axa (2.41)

= ot )ya:const'
Note that the fundamental observers are hypothetical observers, where in more realistic mod-
els, matter acquires peculiar velocities with respect to the smooth Hubble flow. The dipolar
anisotropy of the cosmic microwave background (CMB) is actually due to our peculiar motion
relative to the cosmic rest-frame, the frame that redshifts with the expansion and in which the

dipole vanishes .

The evolution of time-like world lines To determine how a congruence of time-like world-
lines evolves with time we need to study the behavior of the connecting vector £* between
neighboring world lines under small displacement along the congruence.

Consider the normalized comoving coordinates {s,y*(v)}. Let £ be a vector connecting two
adjacent world-lines separated by an infinitesimal distance J y® =const at some initial surface
Y50 define the connecting vector

dx®

d (o4
T0 = (0,0y%), where oyt = Y . (2.42)
v

dv

fa
With respect to a general coordinates z* = z%(s,y®), £ is given by,

oz
fa = @h:const 5y . (243)

The relative velocity associated with £ is,
€ _ o b
—— =¢&%u’. 2.44
o =& (2.44)

During a time dt the connecting vector £% is dragged along the world lines by the four-velocity

u® = 9x*/08|y=const- From the properties of Lie derivative we have,
L% =u € — "’ =0, (2.45)

It follows from equation 2.44 that

dg

= =utp gl (2.46)
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According to this equation the relative velocity of nearby world lines is related to their relative

position vector by a linear transformation. For a short time intervalA ¢ =t — tg,
E(t) = €%(to) + A& (to),  whereA €% = ub(to) £0(to) At + O(At?). (2.47)

To describe the action of the tensor u®; on ¢ first we need to decompose it into its components

parallel and orthogonal to u®. Doing this we obtain,
Ua;h = hcahldbuc;d - ﬂaub y (248)

where the vector 1, = ubua;b is the acceleration due to non-gravitational forces, and vanishes if
and only if there is no external force other than gravity and inertia acting on the fluid. In this
case the fluid is said to be in a free fall or a geodesics motion. The first term in 2.48 can be

decomposed into symmetric and anti-symmetric parts as follows,
h¢, hdb Uc;d = Oup + Wap (249)
where ,
1 c d 1 c d
Ou = E(ucd + Uea) K h% Wap = g(ucd — Ued) ha K% . (2.50)
The tensor® ,; can be further decomposed into trace and trace free parts,
L g
C"‘)ab = gu ;dhab + Tab (251)
By substituting back into 2.48 we obtain,
1 .
Uq;bp = §®hab + Tab + Wab — UqUyp 4 (252)

d

where O= u“,, is the expansion scalar, o4 is the shear tensor and wg is the rotation tensor.

By construction we have o,u® = 0 = wapu® = Uu®. 04p and wep can be written in term of u

as,
. 1

Oab — u(a;b) + u(aub) - g@hab, (253)

Wab = Ug;p] T U[aUp) (2.54)

where we have used the definition h¢, = §°;, + u“u, and the relation u,pu® = 0. The magnitude

of the kinematical quantities that we have introduced above is given by,
a 1 ab a 1 abcd
w = wlwe = iwabw >0, where w® = 577 UpWes (2.55)

1
o = §Uaba“b20, (2.56)
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where ,
w = 08w =08wu=0, Wwe =0 wepw’ =0, (2.57)
0 = 004,k =0. (2.58)

An irrotational vector field u® is the one for which the vorticity is zero. The tensor u.q; has 12
independent components 5 independent components of o4p, 3 of wep, 1 of © and 3 of 4,. To

understand the physical significance of O, o4, and wqy, consider the 2-dimensional matrix

®
©
O

Was ¥ 0 ap =0 op= 0
=0 j >0 =0 l
Gape= 0 Cav= 0 Oar#t 0

rigid rotation

®
O

uniform spherical
expansion volume preserving
shear

Figure 2.1: Rotation, expansion and shear.

Uap = ( @(52 @(}2 ) + ( ‘;* f; ) + < fw : ) (M1)

where ©= wu%a is the trace of uqy, while o4, and wgy, are the symmetric-tracefree and the
antisymmetric parts of u,; respectively. Let fﬂ’_ = (cos ¢,sin @) on ¥;—;,, then the action of
the first term of (M1) on &4 result in a new circle (1/2)O(cos ¢, sin ¢) of radius 7 = 1 + (1/2)0.
The corresponding change in area of the circle is then A A = A — Ay = 70O, and therefore
© = AA/Ap At. Tt is clear that © measures the fractional change of area per unit time. In three
dimensions, © =A V/V; At, where in this case it measures the fractional change of volume V per
unit time. It is convenient to define a representative length scale a(t) determining the average
distance behavior of the fluid flow, by the relation,

a

P -0. (2.59)
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Thus the change change of volume along the fluid flow will be characterized byA V oc a(t)?. The
quantity H = @/a is called the Hubble parameter, it is present day value Hp = 72 Km s~ Mpc~1
[137] being the Hubble constant .

By acting on the same original unit circle by the second part of u,;; we obtain,
AL = A1(04 cosd + oz sinog, —oy sing + o, cos o) . (2.60)

This is an equation of an ellipse with a major axis at angle ¢ with respect to x-axis. In paramet-
ric form equation 2.60 becomes r(¢) = 1+ 04 A7cos2¢ + o, ATsin2¢. It is easy to check that
the area of this ellipse is the same as the area of the original unit circle. Thus the action of the
second part of (M1) is nothing else than a shearing of the original figure. o4 and o, are known

by the shear parameters.

Finally by acting on the unit circle by the last part of (M1) we obtain,A £ = wAT(sin ¢, — cos ¢),
and hence the new deviation vector is £%(m1) = ( ¢/,sin¢’), where ¢/ = wA7. This is a pure
rotation of the original figure. The rotation tensor w,;, determines both the (instantaneous) axis

of rotation, and the (instantaneous) speed of rotation through the vector w®

_ 1 abed
= €& weq -
The acceleration, expansion, shear, and vorticity are the basic kinematical quantities, which can

be used to characterize simple cosmological models.

2.2.1 The generalized Hubble’s law

By decomposing the vector £ into its components parallel and orthogonal to u®, we obtain
£ =¢1 +nny €, (2.61)

where £% = h%,£b is the instantaneous relative position vector between two adjacent world-lines
in some initial hypersurfaceX -,. This position vector can be decomposed into a relative distance
a, which represent the length of the connecting vector measured in the congruence rest fame,

and directions e®, which represents the direction cosines of a in the spatial triad ,
&l =e%a, a2 = €€, = hap E7 €Y, ee, =1, e“uq, =0. (2.62)

In term of {{ equation 2.46 takes the form,

dgq
dr

—uty €l (2.63)
By projecting this equation orthogonal to u® we obtain a vector in the rest frame of u®,

V=V €L, where  Vop = h h% teq . (2.64)
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Using equation 2.63, 2.62 we obtain,
. c, b 1 c, b
a = Oyee’a = (§@+0cbe e)a. (2.65)

This equation is a generalization of the Hubble relation, where it is clear that the rate of change
of distance between world lines is proportional to the distance between them. Equation 2.65
also shows that the change of distance between neighboring world lines is due to two factors: an
isotropic variation (expansion) measured by © and anisotropic expansion, measured by o .

The directions cosines e® of [ also change along the congruence. In fact from 2.62 and 2.65 we

obtain,
h% el = w e? + 0% — d% (Ucd e ed)eb . (266)

According to this equation the change in the direction of the connecting vector along the con-
gruence consist of two parts: a uniform rotation due to the vorticity of the congruence and a

non-uniform rotation due to the shear.

2.2.2 Frobenius theorem

Let ®(2*) = ¢ where ¢ € R be a family of hypersurfaces foliating the space-time. A congruence

of curves (timelike, spacelike, or null) is said to be hypersurface orthogonal if

Ng o D4 — Ug = —1(x®) P 4. (2.67)

)

For some positive scalar function r(x®), this function can be determined from the normalization

condition u® u, = —1.

Proposition: A congruence of curves (timelike, spacelike, or null) is hypersurface orthogonal

if and only if upapuc) = 0, where u® is tangent to the curves.

Proof: Consider the completely antisymmetric tensor,

1
Ulasplle] = g(uabuC + Ui Ub + Uyl — Ubiale — Ug;cUp — Uespla) - (2.68)

By using equation 2.67, we obtain u,u., = 0, and consequently w, = 0 by equation 2.55. Thus
if a congruence is hypersurface orthogonal then u,u. = 0, the converse is also true. Accord-
ing to equation 2.68 we don’t need to know any information about the scalar field ® to decide
whether or not u® is hypersurface orthogonal.

If we can further impose the condition of zero acceleration u, = 0, we obtain the following result .
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Proposition: ugpug = 0,1 =0 <= wep =0

Proof: By using equation 2.52 and the relation 2.68, the tensor u,u. can be written as,

2
Ula;plhe] = ?(u[a;b] Ue + Ue;q)Ub + u[b;c]ua) , (2.69)
= ?(Wabuc + Wealty + Whelly) (2.70)
= 0. (2.71)

By multiplying this equation by u® we obtain wg, = 0, the converse is non-trivial (Wald [p.
436]). In this case we can also prove that u, = —® 4.

Thus for an irrotational flow the set of rest-spaces of all the fundamental observers define what
is known by the hypersurfaces of simultaneity. In the presence of vorticity, however, Frobenius
theorem forbids the existence of such integrable hypersurfaces. In this case the observers rest-

spaces no longer mesh together smoothly .

2.3 Matter description

There are several different descriptions of the observed matter in the Universe, such as: The
kinetic theory approach [39], and the continuum fluid approximations, has proven to be quite
successful in describing the history of the Universe.

In the fluid approximation the basic thermodynamical quantities used to characterize the physical
state of all matter fluids are the stress-energy tensor 7%, which is a symmetric tensor field of
type (0,2), that describes the energy and momentum content of space-time, the particle flux

vector N® and the entropy flux vector S®. These quantities satisfy,

T%, =0, Ne,=0, 5%, >0. (2.72)

)

The first equation expresses the conservation of energy and momentum, which is guaranteed by
the twice-contracted Bianchi identities. The second one represents the conservation of particle
number, which is true only under certain circumstances, and the last inequality relates that the

entropy flux of the matter fluid obeys the second law of thermodynamics.

2.3.1 Average velocity

At late times and on a suitable averaging scale the average motion of the standard matter results

in a preferred four-velocity, and hence a preferred world-line (the fundamental world-lines) in
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the space-time. If the fundamental world lines are given in terms of the local coordinates z%(7),

then ,

where gqp u®u’ = —1, (2.73)

where 7 is the proper time. This four-velocity is the key ingredient of the 143 approach, and it
is defined by the vanishing of the dipole of the cosmic microwave background radiation (CBR).
The coordinates adapted to this preferred four-velocity are known by the comoving coordinates .
Consider a set of particles contained in some initial hypersurfaceX ;y. If the total mass within
this hypersurface is not conserved, then one cannot identify the same average velocity at the
beginning and the end of the time period used to measure the four-velocities. Therefore the
average velocity can only be defined in terms of a conserved quantity. For example, if the
particle flux N* = nu® + ¢® is conserved, there is a well-defined hydrodynamical average velocity
uy = N/ \/TbNb associated with it. The frame corresponding to this velocity is called the
particle frame; this is the frame in which the particle drift vector j¢ = h%,N® = 0 vanishes. On
the other hand, if the strong energy condition 7,,V¢V? > 0 is satisfied for all time-like vectors
Ve, then 7% has a unique time-like eigenvector u%, defined by the vanishing of the energy flux

and the stress tensor ¢* = 0 = 7, and satisfying the eigenvalue equation,
T% ufv, = —pu®y. (2.74)

The kinematical choice u®g is referred to as the energy frame or rest-frame of the fluid. The

four-velocity of the observer in the energy frame is always parallel to the energy flux.

2.3.2 Imperfect fluid

For the imperfect fluids the hydroynamical time-like vectors u® , u® g point in different directions.
The irreducible decomposition of 7%, N and S* with respect to the fundamental observers

moving with four-velocity u® is given by,

T® —  go,db, T = [Nac n haci| [Nbd n hbd} Ted

= un*n® +n%" +nb¢® + S, (2.75)
N® = nu®+k%, kK*uqe =0,
S = sut+4r?, r%u, =0.

where ;1 = n.ngT°? is the relativistic energy density (the rest mass density plus the total internal

energy due to heat, chemical energy, etc) measured by an observer comoving with the fluid;
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q* = —h%ngT = —ngT* — n% is the relativistic momentum density (due to process such as

diffusion and heat conduction); and S = h.hb;T°? is the relativistic stress tensor, n = —N%u,
and s = —S%n, are the particle and entropy densities, respectively, k* is the number flux (particle
drift vector), and r® the entropy flux. The quantities ¢® and S satisfy the orthogonality

conditions,
S%n, =0, S, =0, ¢"n,=0. (2.76)

If T is symmetric then ¢* = ¢°, and if 7% is antisymmetric p = 0; ¢® = —¢°, with S now

antisymmetric. S? can be decomposed into isotropic and trace-free parts as follows,

1
S = g pppt p= 553, (2.77)
7 = b rt =0, muu’ =0, (2.78)

where p = S% hy, /3 = T hgp/3 is the effective isotropic pressure of the fluid, namely the sum of
the equilibrium pressure and the associated bulk viscosity and 7% = he, hys Seq = he, heys Teoq
is the symmetric and trace-free anisotropic stress tensor, due to viscosity and/or elasticity and
it describes the anisotropic pressure of the fluid. Thus the stress energy tensor in 2.75 takes the

form,
Tab _ ,Lm“nb +phab 4 qaub + qbua + 7_‘_ab ) (279)
The components uaT‘“’;z7 =0 and hcaT‘“’;z7 = 0 of the conservation equations T“b;b = ( are given
by,
i+ (p+p)O+ 700y + ¢%ta + ¢“a = 0, (2.80)
, ) 4
(b4 Dp)ita + B a(pe + e + de) + (Wa + 0% + g@hba)qb =0, (2.81)

where the dot denotes the covariant derivative with respect to the proper time. The first equation
is the energy conservation equation, where it shows how matter density varies along the fluid
flow, the second equation is the momentum conservation equation and it determines the evolution
equation for the acceleration. According to these equations we can see that the inertial mass
density of matter is (1 + p), therefore any form of internal energy (e.g. heat or chemical energy)
contributes to the effective inertial mass density in a direct way by contributing to p or in an

indirect way by contributing to p.

2.3.3 A non-tilted perfect fluid

When the fluid is perfect or in equilibrium state, all three the vectors S, u* g and u® 5 point in the

same direction, thus in this case there are only two naturally defined timelike vector fields: The
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unit vector field, n®, orthogonal to the surfaces of homogeneity (the geometric congruence), and
the four-velocity, u®, of the fluid (the matter congruence). If u® is not aligned with n®, we obtain
what is called tilted cosmology. The geometric congruence is necessarily geodesic, vorticity-free
and acceleration-free. The matter congruence, on the other hand, is not necessarily geodesic and
can have both vorticity and acceleration. For a perfect fluid described by its fundamental four

velocity u®, the stress energy tensor, particle and entropy flux vectors are given by ,
7% = puub 4+ ph®® = (u+ p)uu® + pg® S Go =0 =g . (2.82)
N® = nu®, St =su®. (2.83)
By combining the last two equations we obtain,
S*=mN*®, (2.84)

where m = s/n represents the specific entropy (the entropy per particle) of the fluid. For a

perfect fluid 7% and S® are conserved, that is,
T, =0, (2.85)
S%, =0, (2.86)

from which we obtain the following set of equations,

fi+(p+pO = 0, (2.87)
(14 p)utgp +p,a(g“b + uaub) = 0, (2.88)
m o= 0. (2.89)

The first equation determines the evolution of the energy density i, once the a relation between p
and p is specified. The second equation is a generalization of Newtons second law pi, +p,, = 0,
the only difference being the use of (14 p) as the inertial mass instead of p in the Newtonian case.
If we assume that p = 0, we have the simplest case of pressure-free matter, namely dust, which
includes baryonic matter (after decoupling) and cold dark matter. In this case the conservation

of momentum implies the geodesics equation,
uugp =0, (2.90)

which means that the dust particles do not interact with anything other than the gravitational
field and hence they are freely falling. Also we can have special combinations of the pressure

gradient and the metric tensor such that one has p ,(g%° + u®ub) = 0, in this case the vector
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field u® is also geodesic even though p # 0. The third equation in 2.87 means that the specific
entropy of the system is constant along the fluid world-lines; a flow to satisfy this condition is
called adiabatic. If we further assume the conservation of particle numbers N*., = 0, we obtain

one additional equation,
n = 0. (2.91)

This equation ensures that the particle numbers do not change during the fluid motion .

2.3.4 A tilted perfect fluid

An observer O moving with a velocity u® with respect to a perfect fluid will not determine it to
have a perfect fluid form. If ¢ is the hyperbolic angle between u® and u®, then u® u, = — cosh ¢
and u® = coshy u® +sinhye?, e® e, = 1, e* u, = 0. The projection tensor into the rest space of

the observer O is iNlab = gab + Uqup. Thus for the observer O the stress energy tensor will take

the form
Tab = FitlaTiy + Phab + 2qans) + TFab (2.92)
where ,
i = p+(utp)sinh’, (2.93)
p = p+ %(u—i—p) sinh? ), (2.94)
Go = —(p+p)cosh® i, (2.95)
Tap = fNLca Edb Tea = (p+ 10)[cosh2 Y Ug Uy — % sinh? ¢7Lab] ) (2.96)

2.4 Multi-fluid cosmology

The thermodynamical description of a relativistic fluid is dictated by the energy momentum
tensor Ty, the particle flux N® and the entropy flux S* of the system. If there are N fluid
components then the total stress energy tensor will be the sum of the contribution from each

component, that is,
Ty = BT,

Sipiutquty 4+ Sipihtap + Sigtau’y + Xighpute + S mhap - (2.97)

We can also define the total particle flux NT°%! and the total entropy flux S?, as follow,
fotal = anit’s + f%, S%otal = siui, (2.98)
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where u?; can be fixed by either choosing the energy frame u®; = u®g(; or the particle frame
u®; = u®n(; of any matter component i. Following King, Ellis (1973) and Dunsby (1991), we
are going to look at the situation in a frame define by the four-velocity u®. Let 1; be the
hyperbolic angle between u® and u?;, then u, u*; = —coshi), and the projection tensors into the

instantaneous rest spaces orthogonal to u®; is hiay = Gab + ulguly. see figure 2.4 . With respect

Total (resultant) fluid

Curvature Radiation

Figure 2.2: The Multi-fluid diagram: The different arrows show the unit time-like four-velocity
vectors at different hyper-surfaces S1 and S2. The vectors do not coincide at the perturbative
level.

to the observer O the tensors 2.97, 2.98 takes the form

Tap = ity + Phab + 2q(atin) + Tab » (2.99)
N® = ma®,  S*=3u"+7°, (2.100)
where ,
n = mncoshy —k,u®,
za = ka—i—(kbﬂb—ncoshw)ﬂa—l—nua,
s = scoshy—r,u”,
Ta = Ta+ (s ul — scosh)u, + sug ,
I = p+ (u+p)sinh® ¢ + m000° — 2¢,u® cosh )
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p = p+ %(,u +p) sinh? P+ %Wabﬂ“ﬂb — %qaﬂ“ cosh ),

Ga = qacoshtp —mapt® + [257° coshtp — (pu + p) cosh? o — U U]y

+  [(u+p)coshyp — qpu’Jua,

Tab = Tab + 2U(aTp) U + %[chﬂc coshtp — (u + p) sinh? ¢ — ﬂcdﬂcﬂd]ﬁab

£ [t p) cosh? o+ mog i — 2, cosh Y], + 20aii® — (1 -+ p) cosh vl uup

+ (,U' + p)uaub + QQ(aub) - 2q(aﬂb) cosh).

If there is an interaction between the matter components then 7°“%. 5 does not vanish for each

component i, but the total stress energy tensor is conserved,
pTotalab = v, piab, — (. (2.101)

If the matter components are non-interacting then 7%, = 0 for each i. when 1; < 1 the energy
momentum tensor 2.99 reduces to the simple form 2.92. The stress energy tensor of this fluid

relative to the fundamental four-velocity u® takes the form,

2.4.1 Scalar fields

Consider a massless scalar filed ¢ with a potential V' (¢). The equation of motion of this scalar

field is Klein-Gordon equation,
ViVaed—V'(¢)=0, (2.102)
and its stress energy tensor is given by,
Tay = Vad Vi~ [5Ve6 V6 + V(9)] g (2.103)

If the field is spatially homogeneous ¢ = ¢(t), then it is possible to define a unit normal vector

u® orthogonal to the hypersurfaces ¢ =cont, that is,

u® = &1 : (2.104)
(7vc ¢ VC d))i

with respect to this unit vector the stress-energy tensor 2.103 takes the perfect fluid form,
1 a 1 a
p=—5VadVIO+V(O),  p=-3VadVO-V(G), a=0, muw=0. (2105)

Scalar fields are needed in the early Universe to source inflation .
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2.4.2 Equation of state

The pressure, which appears in the energy-momentum tensor, is determined by the equation of

state of the medium. For a perfect fluid 2.82 the equation of state is given by,
p=wp, 0<w<1. (2.106)

This equation is a good approximation provided that no significant interactions between different
components of the cosmic fluid take place and when the bulk viscosity is negligible. The general
case, where the interaction between the different components of the cosmic fluid cannot be

neglected, the equation of state takes the form,

p=p(pT,s), (2.107)

where s and T are the entropy per particle and the temperature respectively.

2.5 General relativity
The central equations of modern cosmology are the field equations of GR, which were first
published in 1915. The basic ingredients of GR are:

1. Asymmetric metric tensor (Lorentzian four-metric) .

2. A torsion free connection,I' ., which determines the covariant derivatives and is related to

the metric through the relation gqp,. = 0.

3. A stress-energy tensor describing the energy, momentum, and stress of all matter content

of the space-time, and is related to the space-time metric through Einstein’s field equation .
4. A four-dimensional manifold equipped with an arbitrary coordinates z¢ .

The action S[g] that gives rise to Einstein field equations is given by the following integral ,

Sl = [ R+ Lu) V=g d'a, (2.108)

where L) is the matter Lagrangian, R the scalar curvature (the trace of the Ricci tensor Rep ),
and g is the determinant of the metric tensor g,;. This action is known as the Einstein-Hilbert

action. The variation of S[g], with respect to the metric yields the field equations of GR,
1
Gapy = Rap — §Rgab =—Tuw, (2.109)

where T,y is the stress-energy tensor of the various matter fields appearing in the action, and is

defined in terms of the matter term Ly, through,

0Ly
Top = —(W — Jab LM) . (2.110)
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The expression on the left side of the equation 2.109 describes the curvature of space-time, while
the expression on the right side represents the matter/energy content of Universe. The field
equations 2.109 can then be interpreted as a set of equations dictating how the curvature of
space-time is related to the matter/energy content of the Universe.

It is clear by definition that the conservation of energy comes as an automatic consequence of

the field equations rather than a separate constraint,

G%y=0 = T%,=0. (2.111)

3 H

Raising a and contracting it with b in 2.109 yields, R = T, thus the field equations 2.109 can be

rewritten in the form,

1
Rab = *(Tab - §gabT) . (2112)

According to this field equations, the only explicit source of the gravitational field g, is the

stress energy tensor Ty,. When Ty, = 0, 2.112 reduce to the vacuum equations R, = 0.

Before 1915, Einstein believed that the Universe was static, but the solutions of the field equations
2.109, suggest that the Universe should be expanding. Einstein therefore proposed a modification

of his equations, by introducing a new term A,
1
Rab — iRgab + Agab = *Tab ) (2113)

where A is the cosmological constant. A, like R, has the dimensions of a curvature, namely
(length)?. After the discovery of the Hubble redshift and the introduction of the expanding space
paradigm, Einstein abandoned this concept. In 1998 measurements by two different groups of
researchers of the apparent brightness of supernovae with redshifts near z = 1 showed that the
expansion of the Universe is accelerating. These results have generated a new interest in the old

idea of the cosmological constant. Analogously to 2.112, we find from 2.113 that

1
Rab = Agab - (Tab - 5 Jdab T) . (2114)

Clearly in the absence of a matter sources, 2.114 reduces to equations Ry, = Agqp, which implies

nonzero curvature rather than Minkowski flat space-time.

Non-Local gravitational field

In GR, the gravitational field is described by means of the Riemann curvature tensor. This

tensor can be split into a symmetric massless (non-local) traceless part Cypeq and the trace part
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Rab )

1 1
Rapea = Caped + §(gacRbd + gvaRac — gveRad — GadRoc) — g(gacgbd — GadJbe) ; (2.115)

and satisfies,
Rabcd = R[ab] led] = Rcdab y Ra[bcd] = 07 (2116)

where Cypeq is the Weyl tensor (conformal curvature), which represents the part of the space-
time curvature that is not determined by the local matter but rather determined by conditions
elsewhere. Ry is Ricci tensor. This Ricci field describes the local gravitational field at each
event due to matter via the Einstein field equations 2.113.

The Weyl tensor Cypeq contains all the information about the non-local, free gravitational field,

mediated via gravitational waves and tidal forces. This tensor has the symmetries,

Cabcd = C1[ab] led] = Ccdaba Ca[bcd] - 07 o . (2117)

ach —

It is clear that the Weyl tensor shares all the symmetries of the Riemann tensor and is also
trace-free. Relative to the fundamental observers, the conformal curvature tensor decomposes

further into its irreducible “electric” and “magnetic” parts E.p, Hqp , where,

Cabed = (gabqp Gedsr + Nabgp nCdsr) ulu® EP" 4 (nabqp Gedsr + Gabgp HCdsr) ulu® HP" (2118)

where 7)q44p is defined in chapter 2 section 2.1.1, gabed = GacGbd — JadJbe, and,

Eqy = Capat’u’ = Ef=0, Eo=E@u), Eau’=0, (2.119)
1 )
Hy, = 577ade C'debc u = H"% =0, Hgy= E(ab) , Hap u’=0. (2'120)

It is clear from the latter relations that E,, and H,; are trace-free, symmetric and orthogonal to
u®. The Newtonian analogue of E,p is Euy = ¢ — (1/3)(¢" )y, where ¢ is the Newtonian
gravitational potential. There is no Newtonian analogue of H,,. From the once-contracted

Bianchi identities we obtain,
d 1
VCubed =V [bRa]c + ggc[bva]R' (2.121)

This equation can be decomposed into a set of two propagation and two constraint equations,

which govern the dynamics of the electric and magnetic Weyl components .

2.5.1 Energy and causality condition

The stress energy tensor 2.82 is assumed to satisfy a series of conditions (see Table 2.5.1). These

conditions are independent of the equation of state and are required to guarantee the stability and
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Table 2.1: Energy conditions, where u® and k® are arbitrary timelike and null-future-directed

vectors respectively

Name Condition For a perfect fluid
Weak Tapu®ub >0 p>0, p+p=>0
Null Topk®k> >0 p+p>0

Strong Taputu® +1/2T >0 p+3p>0, p+p>0
Dominant fTbaub future directed p >0, p > |pi|

having a proper gravitational behavior. For example, if the inertial mass density of matter u+p
is negative, then it follows from 2.87, that on compressing the fluid its energy density decreases.
This result in an instability of the fluid. On the other hand, if the the active gravitational mass
density p + 3p is negative, then the gravitational effect of matter will be negative. According to
the field equations of GR the strong energy condition is equivalent to R, u®u® > 0. Also the
null-energy condition is equivalent to Rq, k% k® > 0. If the matter distribution is not of a form
of an ideal fluid, then it is not possible to interpret the spatial components of T, as pressure.
Therefore, we do not expect that the equation of state for matter at high energies obey the

condition (u + 3p) > 0.

2.5.2 143 exact covariant propagation and constraint equations

By using Ricci identities and Bianchi identities, Einstein field equations 2.113 can be written
as a set of evolution and constraint equations for the kinematic quantities and Weyl tensor

components .
Ricci identities
For a general vector field u® Ricci identities are given by,
2V [, Vi u’ = Reqpau’ . (2.122)

By projecting this equation along u®, we obtain the general propagation equation,

dua;d
dt

— Uq;d + Uc;dua;c = fgabcdub'ulC . (2'123)

By separating out this equation into a trace, symmetric trace-free, and skew symmetric parts,

we obtain .
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1- The Raychaudhuri equation
By taking the trace of 2.123 and using equations 2.52, we obtain

0= —%@2 —2(0% —w?) — Rppu®ub. (2.124)

Finally by using 2.113 we obtain Raychaudhuri equation,

1

. 1
o+ 592 +2(0% — w?) +u%, + 5

(b+3p)—A=0. (2.125)

This equation is the fundamental equation for the gravitational attraction, telling us how the ex-
pansion scalar © varies along the fluid flow lines. Since the shear and rotation tensors are purely
spatial w? > 0 and 0% > 0. The Raychaudhuri equation is the key equation for the relativistic
gravitational attraction, showing that (u + 3p) is the active gravitational mass density of the
fluid. It is also clear that energy density and pressure, as well as the shear tend to decrease the
expansion © < 0, while the vorticity and a positive cosmological constant tends to accelerate the

expansion © > 0. The conventional (non-phantom) matter is always attractive unless p < —p/3.
2- The vorticity propagation equation
From the symmetric trace-free part of 2.123 we obtain,

: 2 1 b

Weas> = _§@ We — §cur1 A, +ogpw’. (2.126)

3- The shear propagation equation
From the skew symmetric part of 2.123 we obtain
_ 2 . 1
O<ab> = _§® Oab — Oc<aOps — W<aWb> + A<aAb> — Egp + §7Tac- (2-127)

In these equations the acceleration provides a source for both the shear and the vorticity .

The constraint equations

By projecting 2.122 into the rest space of u* we obtain in an analogous way the corresponding
three kinematical constraints,

1- The (0a)-equation

=b 2¢ ¢

V°oau = §Va O + curlw, + 2e4pe Ap WS — qq , (2.128)
2- The vorticity divergence identity

VoW = A%w,, (2.129)

29



3- The Hgp-equation
Hy, = curlog + @<awb> + 2Awps (2.130)

where curl v, = €4pe Vb e for any orthogonally projected vector v, and curl T, = scd<a@CTdb>
for any orthogonally projected symmetric tensor Ty;. Equation 2.129 represents the divergence
of vorticity, equation 2.128 links the divergence of the shear to the rotation of the vorticity
and equation 2.130 characterizes the gravitomagnetic field as the distortion of vorticity and the

rotation of shear .
Twice contracted Bianchi identities
The Bianchi identities read
ViaR b = 0. (2.131)
By contracting this identity twice we obtain,
VoRY%+VyRl, —V.R, =0 & VGup=0= V*Gy =0. (2.132)

The last equality comes from the field equations 2.113. Projecting parallel and perpendicular to

u® we obtain the propagation equations,
it (54 PO+ 10 + i+ % = 0, (2133)
(4 p)ita + ha(pc + e + Ge) + (W'a + 00 + %@hba) @ =0. (2.134)
Once contracted Bianchi identities
The Bianchi identities read
Raplease) = 0. (2.135)
By splitting Rgpeq into Rep and Cypeq the identities 2.135 can be written as,
Cabed | _ pelash] _ %gc[aR;b] e (2.136)

abc

where ¢®°¢ is the current of the gravitational charge. Consequently the contracted Bianchi

identities take the form,
.. =0. (2.137)

This equation implies the conservation of current. Making a 1+ 3 split of these equations, using

the definitions 2.5 and the field equations 2.113, the once contracted Bianchi identities 2.137
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give a set of two propagation equations that are similar to Maxwell equations in an expanding
Universe together with two constraint equations .

1- The E equation

. 1 1-
(Efeb) 4 §#<ab>) — curlH® + §V<aqb>

1 1 1 .
=— §(u +p)o® — O(E™ + Ewab) + 30t (EY° — Eww‘) —alegh)
. 1
+ el [Zacde + we(EY g + §7rb>d)} . (2.138)

2- The H equation

. 1
H{®) 4 cyrl B — gcurlﬂ“b = —OH 4 30fe g 4 %w<aqb>

1
_ ncd(a |:2uch>d _ 5O-b>ch _ Wch>d] . (2139)

The corresponding constraints are,

1- The divergence of E equation

_ 1 1= 1 1 3
Va(E® + 5#“’) — 3Vt 300 - 5aabqb — 3wH® — ™oy HY, — Swhte] = 0. (2.140)

2- The divergence of H equation
- 1 1=~
VoH™ + (11 + p)w® + 3wy (B — gﬁab) + b Equc + opa(E% + 2770 | (2.141)

Using equations 2.138; 2.139, we can obtain wave equations for F% and H that describe the
propagation of the gravitational radiation. The constraint equations 2.140; 2.141 show that
V.E®: V,H® are sourced by the spatial gradient of the energy density and the vorticity,

respectively.

2.6 The Friedmann model

The high symmetry of the Robertson-Walker (RW) line-element puts a huge constraint on the
kinematics of the fundamental congruence, and on the geometrical quantities that characterize
the space-time manifold .

2.6.1 The kinematic characterization

The RW metric imposes specific conditions on the kinematic quantities of the fundamental con-

gruence. The covariant derivative associated with RW metric,

ds? = —dt® + a(t)? hap(z®) dz® dzP (2.142)
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is given by,

1
Vi ug = 3 Yab,o - (2.143)
It follows from the metric 2.142 that,
a
Vb Uq = 5 hab . (2144)
By comparing with 2.52 we obtain,
oap =0, we =0, g =0, V.0 =0. (2.145)

2.6.2 The geometric characterization

For the RW metric 2.142 Weyl tensor, and Ricci tensor satisfies,

Cabed = 0,= Eap=0,  Hgp=0, (2.146)

Rap u®h®, 0, Reaps = 0. (2.147)

These results follow immediately from Ricci identities, together with 2.130, and 2.145.

2.6.3 The dynamics of Friedmann-Lemaitre-Robertson-Walker (FLRW)
models

The kinematics and dynamics of the cosmological model (M, g,u®) satisfying the cosmological
principle are quite simple. Since the line element 2.142 depends only on a single function of time,

the scale factor a(t), it follows that the non-trivial components of Einstein tensor are:

GY = % (@ + K) , (2.148)
1
G'' = G =G¥= —— (2ai+a® + K) . (2.149)

As required by the cosmological principle the stress-energy tensor takes the perfect fluid form,

which is given by,
Tap = (1t + P)Ua Wb — P Jab - (2.150)

The functions p and p are interpreted as the local energy density of the matter (including the rest
mass energy and radiation in the Universe), and the local pressure at a given time respectively.
According to the cosmological principle the gradients of p and p should not select a particular

direction in the surface of homogeneity 3, thus they can only be functions of the cosmic time t.
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Given the stress-energy tensor T, Einstein equations 2.109 reduce to the following two differ-

ential equations:

: (2.151)

i 1
4 . 2.152
- 6(u+3p) (2.152)

Equations 2.151 and 2.152 are termed the Friedmann and the Raychaudhuri equations, respec-
tively. The Raychaudhuri equation determines how the rate of the expansion of the Universe
changes, i.e., whether it is slowing down or speeding up. while the Friedmann equation is nothing

else than a constraint equation. From 2.151 and 2.152 we can obtain the following equation,
La+3H (p+p)=0. (2.153)

Equation 2.153 is in fact the energy conservation law. The first term f tells us how fast density
changes, while the second term is the loss of kinetic energy from the fluid, into gravitational
potential energy. Any two of 2.151, 2.152 and 2.153 imply the third. When they are satisfied,
all the 10 Einstein equations 2.109 are satisfied .

Before discussing the solutions Friedmann equation 2.151 and 2.152, we shall first mention some
general features of these equations. To clarify the meaning of equation 2.153 we write it in the

following form
d 3 d. 3
=0. 2.154
7 ha’) +p2(a”) =0 (2.154)

This means that in any local volume comoving with the expansion a(t), the change of proper
energy (i.e., in the frame of a local observer) is just the work done on its surroundings by the
adiabatic change of that volume. This is, of course, conservation of energy in the form of the
first law of thermodynamics, dE = —pdV. If p = 0, then pa® is the total mass in the comoving
volume and it stays constant .

For normal matter, (u + 3p) > 0, thus according to equation 2.152 the Universe will have a

decelerating expansion (4 < 0).

2.6.4 The singularity theorem

In cosmology a physical singularity is assumed to exist if some physical quantity become infinite
or discontinuous. The existence of singular solutions is one of the generic features of GR. In

terms of the scale factor a(t) Raychaudhuri equation 2.125, can be written as,

~—

3% = —2(0% — ) + i — Sh(u+3p) + A (2.155)

~—
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IfA <0,pu+3p>0and pu+p >0 in a fluid flow for which @ =0, w = 0, and Hy > 0 at some
time tg, then a space-time singularity a(t) — 0 at a finite proper time ¢, < 1/H occurs.
Consequently equation 2.153 implies that the energy density and temperature diverge. This
shows that the Universe in the standard model originated from a hot and dense state. According
to Raychaudhuri equation pressure increases the active gravitational mass, thus in the standard
model of cosmology an increase in pressure does not avoid the occurrence of the singularity .

In the framework of GR the singularity can be avoided if there are spatial pressure gradients,
vorticity, a positive cosmological constant or the strong energy condition p+ 3p > 0 is violated.
If we abandon the FRW geometry a singularity will still occur for a(7) < 0 due to the divergence
of the shear. Physically the existence of the BB singularity means that GR which is the classical

theory of gravity has enters a physical domain in which it is not applicable.

2.6.5 Hubble-normalized parameters

In the standard model of cosmology the global dynamics of the Universe is described by a set of
parameters. These are the Hubble parameter H, the matter density parameter {2, which tells us
how much matter the Universe contains, the dark energy density parameter{) pg, which controls
the present expansion of the Universe and the spatial curvature density parameter() g, which
determines the geometry of the spatial sections of the space-time. The cosmological evolution
is determined by these parameters through the gravitational field equations 2.151 and 2.152 (or

2.153) and a suitable equation of state. The density parameters are defined as,

Hm UDE K
0. — — BPr = . 2.156
™3 H?? bE = 32> K= w2 H? ( )
It follows from the Friedmann equation 2.151 that ,
Qe+ Qpe+Qx =1. (2.157)

Another important cosmological parameter is the deceleration parameter ¢, which provides an-
other mean of quantifying the rate of expansion of the Universe,

i

where ¢ > 0 and g < 0 corresponds to deceleration and acceleration of the Universe respectively.

Friedmann models can also be classified in terms of the signs of q and H as follows:
1. H > 0;q > 0 = expanding and decelerating .
2. H > 0;q < 0 = expanding and accelerating.

3. H < 0;q > 0 = contracting and decelerating .
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4. H < 0;q < 0 = contracting and accelerating.
5. H > 0;q = 0 = expanding with zero deceleration .
6. H < 0;q =0 = contracting with zero deceleration.

7. H=0;q =0 = static.

2.6.6 Radiation, dust and dark energy-dominated Universes

To be able to solve the Friedmann Equation it is necessary to assume a suitable equation of

state, which is an equation that relates p with p. Generally, barotropic perfect fluids obey ,
p=wp, (2.159)
where the parameter w obeys,
0<w<1 s0<2<, (2.160)

where ¢2 = (0 p/0 it)s=const is the adiabatic speed of sound. The lower bound in 2.160 is required
for local mechanical stability of matter. Any two of the three equations 2.151 and 2.152 2.153,
combined with the equation of state 2.159, completely determine the three functions a(t), p(t)
and p(t). By solving 2.151 and 2.153 using , 2.159 we obtain,

o amdwH) | g4) o 3D (2.161)

We know that for radiation, w = 1/3. It follows from Friedmann equation 2.151 that the cosmic
evolution during the radiation-dominated epoch is given by a o t!/2, and for non-relativistic

matter w = 0, thus the cosmic evolution during the matter dominated era is given by a o< t2/3 .

The Universe has passed through two phases of cosmic acceleration. The first one is called
inflation, which is believed to have occurred prior to radiation domination. The second acceler-
ating phase started after the matter domination, and is known as the dark energy phase. The
existence these phases has been confirmed by a number of observations (for a review see [51],[52],

[55],[53].[54]). The accelerated expansion of the Universe can be achieved if the condition,
[+3p<0=w<—1/3, (2.162)

is satisfied. The dark energy component with energy density upg and pressure ppg satisfies the

continuity equation ,
wpe + 3H(upE + ppE) - (2.163)
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Integrating this equation we obtain,

31
UDE = ugg eacp[/ —wda} ) (2.164)
ag

where “0” stands for the present value and wpg = ppgr/ppe. Equation 2.151 can be written
as,

31+ wpg)

H?(a) = H? [Qg,ol)a—k?' + 004 4 W42 4 0l eacp[/ — -
0

da|.  (2.165)

In the flat Universe dominated by dark energy with constant wpg, equation 2.6.6 reduced to

H? x ¢ 30+wpEe) thus the scale factor evolves as,

2
a x t30+wpr) = forwpg > —1, a o< th, forwpg = —1.

The cosmic acceleration occurs for —1 < wpg < —1/3. It is clear that the accelerated expansion
generated by the cosmological constant wpgr = —1 does not end, therefore the cosmological
constant can only be responsible for dark energy era in the late-time Universe. Modified gravity
is another possible alternatives to derive the late-time cosmic acceleration and in some cases for

inflation as well (see [205, 206, 207, 208, 209] for more details).
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Chapter 3

COSMOLOGICAL
PERTURBATION THEORY

3.0.7 Introduction

Newtonian theory can provide a good approximation for analyzing the gravitational instability
on scales well below the Hubble length. However, on larger scales a relativistic treatment is
needed. Hawking [19] developed a fully covariant formalism to study the perturbation of the
curvature tensor. This work was developed further by Oslon [20], but due to their use of the
gauge-dependent quantity density contrast du/p to study density perturbations, nonphysical
gauge modes appears in their results. The first successful covariant and gauge-invariant approach
to perturbations developed by Ellis and Bruni [75], where they make use of Stewart & Walker
lemma to define gauge invariant variables. This work has been extended by Dunsby [149] to
study perturbations in a multifluid cosmology. Based on this work the evolution of density

perturbation in multifluid f(R) gravity model can be developed [36].

3.0.8 The background Universe

Our Universe is well described in terms of a FLRW model at large scales but deviates from it
at small scales due to the inhomogeneities. A possible way to take these inhomogeneities into
account is by perturbing the FLRW model. Thus in cosmological perturbation theory one deals
with two different space-times or manifolds, one being the unperturbed FRW background space-
time, while the other is the perturbed, physical space-time. Using the 3+1 [37] decomposition

the line element ds has the general form,

ds = [—a® + B Ba|dt? + 2Bs dt dz® + hopdz® dz” (3.1)
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where o and +8¢ are the lapse function and the shift vector respectively. In FRW Universe the

above metric reduces to,
ds? = G, dz® dz® = a*(n)[—dn® + hap dz® dzP], (3.2)

where 7 is the conformal time which is related to cosmic time via dn = dt/a(t), and hqg is the
metric on the hypersurfaces of homogeneity of constant curvature. The cosmological background

evolution equations are,

! 831G
H? — a2 — 2 )
@y =G50, (3.3
4
o o= -TCG e, (3.4)
P = -3H(p+D)p, (3.5)

where the prime represent the derivative with respect to . The homogeneity of the background

Universe implies that implies that p = p(n);p = p(7n) ,

The background energy tensor is of a perfect fluid form, that is,

=ab

T = (p+puw +pg™. (3.6)
The isotropy of the background Universe implies that the spatial components of the four-velocity
vector of matter fluid has to vanish, u* = 0. To obtain the zeroth component u® we use the

constraint g,,u"u’ = —1,

b —0

G000 = a® '@ = —d*(@)? = -1,— @ = a ' (3.7)

The background four-velocity is thus,
= a" (60, 6>) and Ty = a(—08%,
where 6% is Kronecker delta .

3.0.9 Decomposition of vectors and tensors

The metric degrees of freedom in linear perturbation theory were classified first by Lifshitz [1] in
1946 into scalar vector and tensor parts. The study of the first-order perturbation theory shows
that the scalar, vector, and tensor parts of the perturbed Einsteinian equations evolve indepen-
dently, and the total evolution of the full perturbation is nothing else than a linear superposition

of the independent evolution of the scalar, vector, and tensor part of the perturbation.
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With the help of the orthogonal decomposition technique presented in chapter 2 section 2.1.1.,
any three-vector V can be split into a divergence-free (transverse or vector) part V+ and a

non-rotational (longitudinal or scalar) part VI,
V=vl4vt, = where yxVl=0=g. -v*t. (3.9)

The curl and divergence are defined using the spatial covariant derivative, e.g ? . 7 = h*PV, V.

Since Vhas a vanishing curl, we can write it as the divergence of some scalar field, ¢, thus
V=Vp+V+. (3.10)

Similarly a symmetric tensor S, can be decomposed into three parts correspond to: both indices

are longitudinal Sgb, one is transverse S (ﬁ, and two are transverse S7,.

Sap = Sl + 5% + 57, (3.11)
where ,
WYV Sap = WPV S, 4+ 1PV, S5 hbewsT =0, (3.12)

hi is the projection operator defined in chapter 2, section 2.1.1. The two terms in this equation
represent the longitudinal and the transverse vectors respectively. If Sy is a traceless symmetric

tensor then, Sgb and S (ﬁ can be obtained from the gradients of a scalar and a transverse vector,

respectively ,
1
S = (VaVi = 5 hay V7)o, (3.13)
S&Ii) = V,L- Sl% + Vb S; ,where hab Sa,b = 6@ Sa - 07 (314)

and they satisfy the following constraints,
€abe Op0g SN, =0,  0,0,55 =0, 9,55 =0. (3.15)

SaTb cannot be obtained from a gradient of a scalar or a vector, therefore it represents the tensor
part, while S(L‘b and S(ﬁ) represent the scalar and vector parts respectively. It is clear that
Sgb is symmetric and traceless by definition, and SZ is also symmetric by definition and the
condition h?® S, ;, = 0 make it traceless. On the other hand the symmetric tensor SZ; satisfy the

constraints,
h*st =0,  hw*v.SL, =0. (3.16)

The first constraints make the tensor SaTb transverse and tracless, while the second constraint
reduces the number of degrees of freedom of S, from five to two; these two degrees of freedom

correspond to the two polarization states of gravitational waves.
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3.0.10 Gauge transformations

To be able to compare tensors defined in two different space-times M; N, we must first define
how points in these two space-times relate to each other, any such choice define what is known
as gauge choice. Formally a gauge is nothing other than a diffeomorphism ¢ : M — N, between
the two space-times. Given a tensor quantity ) defined in the physical space-time N, and
the corresponding background quantity @, defined in the background space-time M, then the
perturbation §Q of Q at the point p € M is defined as the difference between its value at some
event in the physical space-time and its value at the corresponding event (associated via the

gauge) in the background.,

5Q(p) = Qp) — Qe () . (3.17)

Q(p1(p)) is the image in M of the perturbed quantity (the pullback). We cannot assign a unique
background quantity @ to a point in the perturbed space-time, because in different gauges this
point is associated with different points in the background, with different values of Q. Therefore
there is also no unique perturbation ¢ Q,. The value of § ) is entirely gauge-dependent and

therefore arbitrary.

Since the composition of two diffeomorphisms is itself a diffeomorphism, therefore if we fix the co-
ordinates in the background space-time, gauge transformation can be viewed as a diffeomorphism
inside the physical manifold see figure 3.0.10. Thus, if we want to study gauge transformations
we need simply to look at diffeomorphisms in the physical space-time N, instead of dealing with
diffeomorphisms between different space-times. Let £° be an arbitrary vector field on N, the flow

©¢ generated by this vector field is a map from N to N,

¢S: N— N (3.18)
¢ — ¢, (3.19)

where A is an affine parameter. gaf\ is a translation of the manifold N a parameter distance A
along the integral curves of £. For a given A, <p§ is therefore a diffeomorphism on N, identifying
the point *(\, ) with x, this diffeomorphism define gauge transformation. For a given point

q € N the diffeomorphism gpf\ depends continuously on A, by Taylor expand @ at q we obtain,

Q) =20 1z 0t), (3.20)

where @(q) = cp§ (Q(q)) is the pullback of Q from <p§ (¢) to q. The infinitesimal form of the gauge

transformations,

~

Q0) = Q) + L Qla) + 5 Le Le Qo) + O(E) (3.21)
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The background spacetime The physical spacetime

"

Figure 3.1: Both ¥ anV ¢ o ¥ are valid diffeomorphisms corresponding to two different gauges.
U¢, being an embedding, represents a gauge transformation.

Note that A has been absorbed in the rescaling of £°. equation 3.21 describes how the quantity
Q transform under the gauge transformation ¢¢(), q) .

Thus a general tensor quantity is gauge invariant if and only if it has a vanishing Lie derivative
along every infinitesimal vector field on the background space-time. Another way to state this
condition is via the following lemma .

Stewart & Walker lemma [203] The linear perturbation § T of a quantity Ty on the back-

ground space-time is gauge invariant if and only if one of the following holds:
1. Ty vanishes,
2. Ty is a constant scalar,

3. Tj is a constant linear combination of products of Kronecker deltas.

3.0.11 Scalar, vector and tensor perturbations

Scalar perturbations couple to density and pressure perturbations; they are responsible for the
gravitational collapse and for seeding the structure formation in the Universe. Vector pertur-
bations, on the other hand, couple to the vorticity perturbations and they always decay in an

expanding Universe, therefore they are not important in cosmology. Tensor perturbations are
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gauge-invariant and they are responsible for gravitational waves. Scalar, vector and tensor per-

turbations behave like a spin 0 spin 1 and spin 1/2 field under spatial rotations.

Any gauge transformation (a change in the correspondence between the background and the
physical Universe) induces a coordinate transformation in the perturbed space-time. Thus the
gauge freedom is usually expressed as a freedom of coordinate choice in the perturbed space-time.
If 2% is a set of coordinates defined on N, then the gauge transformation <p§, generated by an

infinitesimal vector field £ = (£9,£9), induces the first-order coordinate transformation,
=, T) —° ¥ = g§ (") = (1.9), (322)
where ,
N=n+&M07T), I =a"+&07). (3.23)

Scalar quantities that are homogeneous in the hypersurfacesX ,, such as the density p and the
the 3-curvature K depend only on £°, while the 3-vectors and 3-tensors onY ,, are functions of &.
By splitting £% into a divergence-free (transverse) part £+ and a non-rotational (longitudinal)

part £l expressible as a gradient of some function ¢, we obtain,
g=ctyel=¢lyve, where V-¢t=0. (3.24)

The two infinitesimal scalar functions £° and (; are responsible for the scalar perturbation,

whereas the longitudinal part £/l introduces vector perturbation.

3.0.12 Perturbations of the metric

In this thesis we focus only on first-order perturbation. For any tensor quantity 7 defined in the

background Universe we can define a corresponding first-order perturbed quantity,
T=T+4T, (3.25)
in the perturbed Universe. In particular the first-order perturbed metric can be written as,

Gab = gab + 5gab . (326)

We write the perturbation ¢ g, as,
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72(725 —Oa

1 , M?2
—Oa gD(saB +Ma6

5gab =
where D and and M,z are the trace and the trace-free parts of the spatial metric perturbation
69@,@ s

D=6g2, and 0% Moz =0, (3.27)

and, ¢(n,z%); 0i(n,z*) are the lapse function and the shift vector respectively. The physical,

inhomogeneous line element is thus,
1
ds®> = (G, + 0 gap)dz?® dz® = a®(n)[(1 + 2¢)dn* — 204 dndz * + [(1 — ED)&I[; + Myp)dz® dz] .

Since 6 gqp is a symmetric 4 X 4 metric it has in total 10 independent component .

3.0.13 Decomposition of the perturbed metric

Now we can apply the results of the previous section to the metric (M2). The time-time compo-
nent of the metric is the scalar function ¢, the space-time components are the three-vector g,

which can be splitted into,
o=0l+0t = o= B+ Sas (3.28)

for some scalar function B and a divergence-free vector field S,. The comma represent the
covariant derivative with respect to hog. The space-space components are given by the traceless

tensor M,z and can also be split into,
1
Mys = (0a0p — ghaﬁv% i+ 0o Fg + 05 Fo + ML, (3.29)

where p is some scalar function and F, is some divergence-free vector field and d, MOTB = 0.

Equation 3.29 can be written in a compact form as follows,

Map =29 Yap — 2E ap + 00 Fg + 03 Fa + M23, (3.30)
where ,
1 ) 1
EE(DfV b), Ez—iu. (3.31)

Scalar part Scalar perturbations are constructed from a scalar quantity or its derivatives, and

any background quantities such as the 3-metric h,g. Thus the scalar parts of the metric (M2) are,

d goo = 720’2(725(777 ?) ; 0 KXOO‘) = aQB,a(na ?) ; 0 gp = —2a* (1/1(77, ?)haﬁ + 2E,a5(7’7 ?)) (332)
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The scalar function ¥(n, ?) determines the perturbation of the three-curvature of the surfaces of
homogeneityX ;. and ¢(n, 7) plays the same role as the Newtonian potential (since it determines

particle acceleration in this metric).

Vector part Vector perturbations are constructed from a pure rotational vectors that has no
scalar parts, which means that vector quantities that are constructed from scalars, which are

irrotational should be excluded. The vector part of the metric (M2) are,
8 goa = —a®Sa(n, 7)), § wp g 20°F,p(n, 7). (3.33)

Tensors part Tensor perturbations are constructed from symmetric Mj,5 = 0, trace-free
7% M,z = 0, and divergence-free v#7M,5., = 0 three-tensors. The Tensor part of the met-
ric (M2) are,

0 gap = GQMQB (3.34)

Note that the names scalar, vector, and tensor refer to their transformation properties under
rotations of the three-dimensional hypersurfaces® , in the background space-time. The most

general linear perturbed metric can now be written as,

_ 2 2¢ —Ba _g2 0 Sa 2 o9
0 Gap =0 (77)< _B, 2(¢5aﬂ—E,aﬂ) ) “ (n)< Si Fap+ Fga >+a ) < 0 Mag ) W

)

and consequently the perturbed line element is,
ds? = a*(n)—(142¢)dn? + 2(B.o — Sa)dndz ® + [(1 — 2¢)Yap + 2E.ap + 2Fa 5 + Mygldz® da” .

The three terms in (M3) represent the scalar, vector and tensor metric perturbations respectively.
In total the metric perturbations have ten degrees of freedom. Where the scalar perturbations
contribute by four degrees of freedoms through the scalar functions ¢, B,3) and E, the condition
for the three-vectors B, and F, to be transverse reduces their independent components from
three to two thus the vector perturbations have in total four degrees of freedom, and finally
in the tensor perturbations there are only two degrees of freedom, since they are made up
of a symmetric, transverse and trace-free three-tensor M,g. This coincides with the number
of degrees of freedom in the original metric perturbation ¢ g.;. Because of the ability to make
continuous deformations of the coordinates, four of these degrees of freedom are gauge coordinate

dependent, leaving six physical degrees of freedom. Under the first order gauge transformation
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3.22, the new perturbed metric is defined as,
0gab = 0gab — L¢ gab (3.35)
= 0gab = 9A &N+ 9ra ) + Grand (3.36)

By substituting these components into (M3) we obtain,

2020 = 2a°¢p—2a%¢" —2ad £°, (3.37)
—a? Ea = —q? B, — a? (§O — «fl)7a, (3.38)

202 (V6as — E. = 202 (Y 8us — E 2a2 a_'05
a (w af aﬂ) = <0 (¢ af ,aﬂ)"‘ a (f,aﬂ+ a§ aB)- (3-39)

We can now read off the transformation equations for the scalar metric perturbations ,

Po= o Te (3.40)
B = B+&-—¢, (3.41)
b = 1/1+%/§0, (3.42)
E = E-¢. (3.43)

Since all physical, measurable quantities must be gauge independent, the metric perturbations do
not constitute some physical property. But by arranging the metric perturbations appropriately
into quantities that are gauge independent we get quantities that can be interpreted physically,
Bardeen potentials are the most common examples of such gauge independent quantities.

Similarly the two spatial vectors S, and F, transform as,

- ~ —/
F,=F,-¢&, Sa=S5.+¢ . (3.44)
The tensor part of the perturbation, M,g, is gauge invariant.

Bardeen potentials

From the gauge dependent quantities ¢, ¥, B and E we can construct two-gauge invariant scalar

functions ® and ¥ known by Bardeen potentials,
1 . ; .
= ¢+ ~la(B - E)], \Ilzw—g(B—E). (3.45)

These two potentials are analogous to in electromagnetism the potentials ¢; A, which are gauge-
dependent, while the physical measurable quantities B; E “magnetic and electric fields” which

are derived from these potentials, are gauge-independent .
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3.0.14 Perturbed kinematic quantities
The time-like four-vector field orthogonal to hypersurfaces® , of the perturbed metric is,
a —1 « e
n*=a""(1-¢,5—-Ba.), and ng=a(-1—¢,0). (3.46)

The covariant derivative of this vector field can be decomposed into the following irreducible

kinematical quantities,

1
Nab = Tab + 56 hab — Qq Nyp , (347)
where
1., 4 1
Oab = §ha hb (nc;d + nd;c) - §® hab 5 (348)
e = n;aa , (349)
ag = Mngpn®. (3.50)

In the perturbed FRW models these quantities reduce to,

0 = 2 -y VBB, (3.51)
oy = a(—(B—E)m+ %%M(B _BY), (3.52)
Qg = ¢,a . (353)

The temporal components ag = 0 and o, = 0. In the case of vector perturbations @, = 0,0 = 0

and 090 = oga = 0, while the shear is given by,
1
Zap =Tap = 5al(Sas + 5p,a) + (Fas + Fpa)']- (3.54)
And finally for the tensor perturbations the only nonzero quantity is,

1
ohg = 50 Mag. (3.55)

3.0.15 Perturbation of the energy-momentum tensor

To be able to perturb the energy-momentum tensor we need first to perturb the four-velocity .
In the background,

— —

7" = a" (6%, 0 0

) and U =a(—0%, 0), (3.56)

where u® is orthogonal to the hypersurfaces of constant proper time 1 comoving with the fluid.

Up to first order in the metric perturbations the perturbed four-velocity is,

u® = - =u"+0u" = (a"t +5u’,a (v + ), (3.57)
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where we split the spatial three-velocity into its scalar part v, the velocity potential, and its

vector part, v, the rotational velocity field. The temporal component § u° can be found with

the help of the constraint equation gpou®u® = —1,
grau®ub = gab(a*15bo + 5ub)(a*15bo + 5ub) , (3.58)
= gu(a™26% 6% +a 16% su® +a"16% sub), (3.59)
= a2%go0 + 2a 1 good u’ 4+ 2a L goad u®, (3.60)
= 1420 +2a0u’=—1. (3.61)
Thus,
Su=a"'(1-®). (3.62)

It is clear that there is no constraint over the spatial components of the four-velocity, since the

spatial components of the background four-velocity is zero, then ¢ u, = u, and also,
SUq = Ua = Gaou® = a[(v+ B),q + va — Sa) - (3.63)
The perturbed total four-velocity will take the form,
u =a 11— @04 +vy) and Ug=a(—1—D,(v+ B) .o+ Vs —Sa) - (3.64)
The energy tensor of the perturbed Universe is,
T, =T, +6T",. (3.65)

The perturbation 6 T, can be divided into perfect fluid plus non-perfect fluid contributions,

where the perfect fluid degrees of freedom are those which keep T in the perfect fluid form,
Ta = (p+ p)u’ug +p6a, (3.66)
where,
p=p+d0p, p=p+dp. (3.67)
For a single perfect fluid the pressure perturbation is coupled to the density perturbation via,
§p=c2ép. (3.68)

When considering a system of interacting multiple fluids, the perturbations in p are also coupled

to the perturbations in the entropy S, dp = c2dp+dp/d S.
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By using this expression for the four-velocity we can obtain the components of the energy-

momentum tensor,

T% = (p+pu’uo+p=(p+p)u’ gopu’ +p, (3.69)
= (p+pla” (1 - ®)goou’ +p (3.70)
= —(p+pat1-2)d?1+2P)a ' (1-®)+p=—p=—(5+Ip), (3.71)
1% = (p+p)ulu =a (1 - D)gasu’, (3.72)
= (p+p)a (1 - ®)gapu’, (3.73)

= (p+pat(l—®)[—a®[(1 —2®0)5ups +2E opldu] = —(p+pladu®, (3.74)

= —(p+Dpadu®=—(p+D)(vVa+ Ba+va—Sa), (3.75)
T% = (P+D)(va+va), (3.76)
T = (p+puus+pys = (p+p)dudus +pys, (3.77)
= pog=@+p)V"s. (3.78)
o, T e ( 7 >+< o (7+P)(v.a + Bia+va — 5a) ) o
P (P+D)(va +va) dpds

The non-perfect fluid contributions to the perturbed energy momentum tensor are contained in

the space part 6 T'* 3, where,
(5Taﬂ=5p5a5+ﬂ'aﬂ, (3.79)

where we have introduced the anisotropic stress tensor 73 which decomposes into a trace-free

scalar part, II, a vector part, 7, and a tensor part, II*g, according to,

1 1
g =115 — §V2 110%s + §(W“,ﬂ +7%,) +1%. (3.80)
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3.0.16 Gauge transformation of the energy tensor perturbations

5Ty = —bp=3T"% — LT, (3.81)

= —bp+7¢, (3.82)

0T 0 = —(p+P)a=0T"% — LeT%, (3.83)

= —(Pp+D)Va—E"0(P+D), (3.84)

%&ffy = 55::%57W74—%L§T*V, (3.85)

= sp-p e, (3.86)

S?gf%&mﬁﬂ - ﬁnﬁzaﬁgf%%&fk:pmw. (3.87)
Thus,

5p = p=7¢, (3.88)

ip = op-7¢&, (3.89)

To = Va+ES, (3.90)

§las = Tlap. (3.91)

It is clear that the anisotropic stress tensorll ,s is gauge-invariant. Just as for the metric

perturbations, we can extract a scalar perturbation out of v,, £* andll g,
Vi= Vo, %=, Ihgz(ag%-—%%ﬁvan. (3.92)
Therefore
T=v+¢, I=II. (3.93)
3.0.17 The longitudinal gauge
This gauge is defined by the two constraints,

B=E=0. (3.94)

According to the definition 3.45 the two remaining metric perturbations, ¢ and v, are equal to

the gauge invariant quantities ® and ¥ in this gauge.
b = d)longitudinal ) ¢ = leongitudinal . (395)
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The longitudinal coordinates, as well as the metric perturbations are unique. The line element

of longitudinal gauge takes the form,
ds? = a®(n)(1 4 2¥)dn? — (1 — 2®)d,pdx™ dz” . (3.96)
We can also see from 3.45 that the condition B = E = 0 implies,
¢E=-E,¢ °=_-B+FE. (3.97)

In the longitudinal gauge the energy momentum tensor perturbation (M4) take the form,

a 76/) p+ﬁ v,a
5Ty = . . _( ) L, \ (M?5)
(P+DPvadu® 6p0% +P(Ilap — 30a5V-1II)

Also the perturbation of Einstein tensor in this gauge is given by,

5Gt, = %{3H(H®+¢1)—(3K+A)}, (3.98)
5Gt, = —%(H(I)—i—\il), (3.99)
G = —2£§W5aﬂ—(Aw—A¢)‘t—f+vzyﬂ(\If—q>)

+% [H(@+2¢)+(2H+H2)q>+(1) 5%, (3.100)

where A is Laplace operator. Define the gauge invariant potentials

V = (v-B)+(E+B), (3.101)
A, = /—1)(5p—p'(E+B)), (3.102)
r = %(5p:p(E'+B)), (3.103)

where V andA ; are the gauge invariant velocity and density contrast respectively. Using these

gauge invariant together with 3.98 and (M5) Einstein equations take the following gauge invariant

form,
SHH®+V) - 3K +A)V = —%paQAS, (3.104)
HO+¥ = —%pa2(1+w)V,(3.105)
(vavg—%haﬂm(qw\l/) = —padlwllyg, (3.106)
%A(@—\If)+(H2+2H)<I>—K\If+((IJ+H<i>+2H\i/) = %pa2(wF+C§As)(3.107)
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The first two equations correspond to the time-time and space-time components of § G, while
the last two equations correspond to the traceless part and the trace of § Gg. From the field

equations 3.104, Bardeen potentials can now be written in term of the matter quantities as,

1

v = §pa2A(A+3K)_1, (3.108)
1

d = 5pcﬂ[A(AJrsK)*l—2WH]. (3.109)

Evolution of density contrast and velocity From the conservation equation of the stress-

energy tensor,
0T%,.q =0, (3.110)

one can obtain the following evolution equations of the of density contrast,

§—3Hwd=0+3K)BwHII—(1+w)V]. (3.111)
(1+w)[V+HV]:[%pcﬁ—%((ﬂ—iﬁ[() Wil —wT, (3.112)

where 6 = Ay —3(1+w)¥ +3(1 +w)[¥ — HV]. By expanding the gauge invariant quantities

in harmonic modes, the system 3.111 is equivalent to the second order equation,

.. . . 3K
5+[5+3(c§—2w)]H6+3A6—[QBH—QHWH—kaF](l—?), (3.113)
where ,
2 3 2 2 1 1 2 1 2 2
A = H [gw 74w+36875]+§(3w 71)K+§(k —3K)c:. (3.114)
B = H[3uw?-2w+3c+wBw+2)K+ (k*—-3K)c?, (3.115)

where k is the wave number. It is clear from 3.113 that the sources of density perturbations are

entropy perturbations I' and anisotropic pressure perturbations II.

3.1 Covariant and gauge-invariant approach

In gauge invariant perturbation theory one works only with quantities that are gauge invariant.
This guarantees that they are physical and that the results are unique. The first step in doing
gauge invariant perturbation theory, is to find a set of gauge invariant quantities and then
reformulate the equations using only these quantities. According to Stewart and Walker lemma
[111] the simplest gauge invariant variable are scalar that is constant in the background, a tensor

that vanishes in the background, and a tensor that is a constant linear combination of Kronecker
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deltas .
The FLRW model is characterized by,

oap = 0, wep=0, u*=0, Eu=0, Hu=0, (3.116)
= p=uplt), p=pt), ©6=06¢). (3.117)

The simplest covariantly defined quantities in a homogeneous and isotropic space-times are:
{Waby Tabs Eaby Habs Ja, Tab } - (3.118)

Of these only wyp and u, are, in general, gauge invariant for non-tilted Bianchi models. To
describe the density inhomogeneities we need to define gauge invariant variables that characterize
the variation of the zero-order quantities {u,p, ®} which are in general nonzero in expanding
FLRW models, and so are not gauge invariant, The most simple gauge invariant quantities that

we can define out of these variables are their orthogonal spatial gradients,
X4 = 3V, Y, = 3Vyp Zo,= 3V, 0. (3.119)

Two other important gauge invariant quantities are the divergence of the acceleration and its

spatial gradient,
A= Vya*, A, = 3V, A. (3.120)

The quantity X, is in principle observable (Ellis & Bruni 1989). To characterize the significance
of this variable we divide it by the density itself & In the context of considering the growth of
protogalaxy fluctuations we want to consider den/séty variations at a fixed comoving scale. Thus
we define the comoving fractional density gradient and the comoving gradient of the expansion

as,

D,

Xa
a—, Z,=al,. (3.121)
u

3.1.1 Exact non-linear evolution equations

Imperfect fluid

The propagation equations for the zero-order quantities u, p and © along the fluid flow are,

i+ (p+p)O+ 7%ouy + I + J%a = 0, (3.122)
. 4
(4 p)ta + 2 a(pry + 700 + J,) + (W0a 4+ aba + g@h”a)Jb = 0, (3.123)
- 1 2 2 2 e 1
@+§@ +2(0® —w) + 1 ;a+§(u+3p)—A = 0. (3.124)
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Taking the covariant derivative of 3.121 and using the equations above we obtain,

ho(Da) = §®DC — 1+ %)zc — (W + 0%) Dy — %hdc (Tap o) 4

a a . a .
- _hdc (qa;a),d - _hdc (ua qa),d + — @[hdc (’/de;b + qd)
1 1 1

4 1
+ (WPt o+ 3 O hb ) + m (Tap0™ + ¢%.0 + 10 ¢*)(De — atie), (3.125)
hie(Z.) = alicR+ Ar—2h% (0%) 4 +2h% (w?) 4 + ;h (70 + Ga)
3 b b o, 4 b 1 b b 2
+ §(wc+oc+§®hc)qb]—§ch—(oc+wC)Zb—g@Zc, (3126)
where ,
L o 2 2
R=-30"-20"+20"+ A+ pu+A. (3.127)
The 3-curvature scalar in the tangent space is given by,
1 1
3R = 2(—§®2+02 —wWHpu+A), = R = 5:’)R—302+3w2+A. (3.128)
When w = 0, R is the Ricci scalar in the hypersurface orthogonal to the fluid flow lines.
Perfect fluids

When dealing with perfect fluids, a choice of frame can be made in which the fluid appears

isotropic, thus the propagation equations for the zero-order quantities u, p and © along the fluid

flow are,
Lo+ (p+p©O=0, (3.129)
(b + p)ig+3Vep=0, (3.130)
e + %@2+2(02—w2)7/1+%(qu?)p)fA:O. (3.131)

If we assume a barotropic equation of state w = p/u then it follows from the first equation in

3.129,

d
w=-0(1+w)(c -w), where ¢, is the speed of sound ¢? = d—p . (3.132)
1
The propagation equation for the comoving fractional density gradient D is given by,
ho(Dy) = w® Dy — (6% + wa) Dy — (1 + w) Z, . (3.133)

In deriving this equation we have used the identity ,

Ra(a3Vy f) = a3V + tta) f — a (0% + w’a)3V f. (3.134)
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The propagation equation for Z, is,

. 2 1
hPu(Zy) = ~30%. - (0% 4+ W) Zy — 5 #Da+aRi+a3Va (A~ 20% +2w?). (3.135)

3.1.2 Linearization about a FLRW Universe

We now linearize the previous equations about FLRW background by taking the quantities
{1, p,©} to be zero order and {Dg, Z,, 0ab, Wab, Uas Tab, Ja t and their derivatives as first order.
The linearization is performed by dropping all the products of first-order quantities. The lin-

earized Raychaudhuri equation

.1 1
®+§®2—A+§(u+3p)—A:O. (3.136)

The energy and momentum conservation equations are unaffected by the linearization procedure.

The linearized equations for propagation of D, and Z, ,
Di, = wOD,—(1+w)Z,, (3.137)

(1 —

. N 2 1 9 3
Ziag = 3@Za [2,LL+CS oy |D,+ a3V, A (3.138)

where DJ_a = hba (Db); Z'J_a = hba (Zb)

3.1.3 The scalar variables

The variables defined above 3.121 contain information that are not relevant to the growth of
matter clumping, thus it is convenient to introduce a local decomposition by by taking the spatial

derivative of the inhomogeneous variables, for example, the spatial derivative of D, reads,

1
Van:Wab+2ab+§Ahab~

where W, = Wigp) contains information about vorticity,> 4, describes the evolution of anisotropies
in the Universe, and A= V® D, characterizes the clumping of matter, thus we will only consider
this part of the density evolution. By taking the spatial derivative of the inhomogenous variables

we obtain the following scalar variables,
A=aV®D,, Z =aV*Z,. (3.139)

The scalar dynamical equations are given by,

A = weA-(1+w)Z, (3.140)
1

Z 2@2 L 2(H_§62) A+ a3V, A 3.141

= -3 —[5u+cs T JA+a3V,A. (3.141)
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3.1.4 The harmonic decomposition

In order to separate the time and space variations of matter inhomogeneities we expand every

scalar X using the harmonics decomposition ,
X =" X*)Qw(#), (3.142)
k

where Qi (x) are the eigenfunctions of the covariantly defined Laplace-Beltrami operator on an
almost FLRW space-time:

- K?2

ViQ = -—Q. (3.143)

Here k = 27 is the order of the harmonic and Qr(F) = 0 (Q is covariantly constant). Using

these harmonics the evolution equations 3.140, 3.141 can be converted into a system of ordinary

differential equations.

AP = woeAF—(1+w)zk, (3.144)
( 1@2)
. 2 1 H—3 c2 2K
ko~ kgt 2 3 E s 2
zZ" = 3®Z [2u+cS il A (1+w)(3v —aQ)’ (3.145)

which can be reduced to a single second-order differential equation,

2,2
cn

A* + A(t) HA* + (B(t) + e a2)H2 AF =0, (3.146)

where,,
Alt) = 2-3w—3(w—c?), (3.147)
B(t) = —g[(1—w)(1+3w)+6(w—c§)](2+ ;3—52@0—6?). (3.148)

This differential equation is the basic linearized equation for structure growth in a FLRW back-
ground. It describes the evolution of the gauge invariant density perturbation along the fluid
flow lines and it depends on the background and the equation of state through the variables H,

Q, a, w and ¢?, that appears in the coefficients A(t); B(t).

3.1.5 Perturbations of flat FLRW

We now consider the flat FLRW background,

2
Q=1, H=—t"'  a=t37, (3.149)
3

together with the equation of state p = (v — 1)u. It follows from 3.132 that,
w=~vy-1, A =~y—1. (3.150)
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Accordingly Equation 3.145 becomes,

992(y—1)n?, 4
90 —Unty 4 2k g (3.151)
4¢35 2

. 2 . 3
A¥ + (5-37)—t 1A’“+[—§(2—7)(37—2)+ 92

37
Dust case For the dust case v = 1, the general solution of 3.151 is,

AF=a td 4 t7h, (3.152)

where t is proper time along the flow lines and the +; — corresponds to the growing and decaying
modes respectively. It is clear the growing modes lead to structure formation, and on the other
hand the decaying modes dissipate inhomogeneities.

Radiation Case For simplicity we will consider the solutions for the ’'long-wavelength limit’

H7'/\ < 1, where A = 27a/n, in this limit equation 3.151 reduces to,
. . 3
A’“+(5737)HA’€75(277)(3772)H2A’“:0. (3.153)

The background variable H can be absorbed into the time derivative by introducing the dimen-

sionless time variable 7 = log (a/ap), equation 3.153 becomes,
1 3
A”k+5(10797)A”t5(2f7)(37f2)M:0. (3.154)

The general solution of this equation in term of t, is,

(3~-2) 2=
AF =ttt (3.155)
By substituting (y = %) we obtain,
AF=c t+e t 2. (3.156)

In the dust case we obtained the standard growing and decaying modes without any extra gauge-
dependent fictitious modes. On the other hand in the radiation case the result that we obtained
is different from the one obtained using the synchronous and comoving gauges [115]. But it
agrees with the results obtained by Bardeen [116] and Sakai [117], when using the comoving time
orthogonal gauge [116]. Since the covariant and gauge invariant approach does not result in any
fictitious modes, we expect that the comoving time orthogonal gauge to be more appropriate in
dealing with this physical situation. In chapter 8 we apply this covariant and gauge invariant
formalism to a single fluid and multi-fluid cases. In the next chapter we introduce f(R) gravity

which is one of the most extensively studied modified gravity theories .
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Chapter 4

f(R)-GRAVITY

4.1 Introduction

As already mentioned, cosmological observations indicate that the standard theory of gravity
(GR) is unable to provide a simple explanation of the gravitational dynamics of the low-energy
Universe. The observational evidence for the accelerated expansion rate of the Universe, and the
introduction of the concept of dark energy have put theoretical cosmology into crisis. Despite
the increasing amount and quality of data, no model has been proposed so far that is able to
give a completely satisfactory theoretical explanation of these observations.

It is, however, quite possible that the late time acceleration of the Universe is the result of
large-scale modification of gravity. Amongst all the schemes of modification of gravity in the
infrared regime, the higher order gravity theories have recently gained much attention [171, 222,
173, 175, 177]. The reason for this popularity is the fact that these models provide a somewhat
more natural explanation of the cosmic acceleration in the high-curvature regime as well as
inflation in the low-curvature regime. This effect is due to corrections to Einstein gravity which
are directly related to the characteristic properties of the gravitational interaction. Among the
possible modifications of the gravitational action, those consisting of non-linear functions of the
scalar curvature (the so-called f(R)-gravity) (see [164, 206, 207, 208, 209] for more details) are
among the most widely studied .

The motivation for considering this subclass of modified theories of gravity is due to the fact
that any quadratic Lagrangian leading to an isotropic, homogeneous cosmological model can be
written as a quadratic function of Ricci scalar [85], where all contributions to field equation due

to the other curvature invariant can be expressed in terms of R and R%. This is possible because
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of the identities,
(6/6gap) | d*rv/=g(RapeaR™** — 4R, R™ + R*) =0,
(6/89as) [ d*z/—ge™™" Ry R =0,
(6/0gap) | d*r/—g(38RupR™ — R*) =0.

Therefore, without loss of generality we can limit our studies to cosmological models result from a
gravitational Lagrangian that is an arbitrary function of the scalar curvature R. The first papers

on cosmological models in modified f(R) gravity appeared in 1969-1970 [77] .

It has been shown in literature [176] that f(R) gravity can be recast as GR with an additional
scalar degree of freedom (the scalaron) conformally coupled to all matter. This new degree of
freedom gives rise to a large coupling of the order of unity in Planck units. Thus any change
of the standard Einstein-Hilbert of GR will induce new effects in cosmological as well as in the
solar system scales. We know that GR works well in local regions whose densities are much
larger than the homogeneous cosmological density, thus we need a screening mechanism in order
to suppress these local effects while bringing it back to existence in cosmological scales. There

are four screening mechanisms that have been proposed so far:
e The Chameleon [220] .
e The Symmetron [193], [220] .
e The Vainshtein [194] .
e The Least Coupling Principle [192].

All these mechanisms rely on changing behavior depending on the environment. The chameleon
mechanism is the most common one, it was first discovered in quintessence models of dark en-
ergy [72]. In this mechanism, the scalar field associated with the gravity modification changes
its behavior with respect of the density of medium (like Chameleons). A number of viable f
(R) models that can satisfy both cosmological and local gravity constraints have been proposed
in [64], [83]. The large-scale modification of the gravitational interaction resulting from these
models led to several interesting observational signatures such as the modification to the spectra

of galaxy clustering [118], [41] CMB [43],[41],[47], and weak lensing [49],[74] .

Discrimination between different f(R) models requires highly precise cosmic tests which are

not available at present. Although the available data from the solar system is highly precise,

o8



the fact that the gravitational dynamics of this system is governed only by the ordinary matter,
places a major limitation on its viability with regards to f(R) cosmology. However, in general
f(R) models must mimic ACDM in the high-redshift regime where it is well tested by the CMB.
Second, it should accelerate the expansion at low redshift with an expansion history that is close
to ACDM, but without a true cosmological constant. Also the theory should give rise to cos-
mological perturbations compatible with the data from the cosmic microwave background and

large-scale structure surveys. Based on these conditions the function f(R) must satisfy :

1. f”(R) > 0for R > Ry(> 0): The theory must have post-Newtonian limits compatible with
the available Solar System tests. In [45] it has been shown that only f(R) theories with
/" > 0 exhibit stable high-curvature limits and well-behaved cosmological solutions with
a proper era of matter domination. In general, any f(R) models with terms that become

dominant at low cosmic curvatures are not viable at solar system scales.

2. f/(R) > 0 for R > Ro(> 0): This condition ensures that the effective Newton’s constant

Gers = G/ f' to be positive at all times and the graviton energy to be positive [101].

3. f = R—2A for R > Ry: This is required for the consistency with the available Solar

System tests, and for the presence of the matter-dominated epoch .

4. 0 < P‘f]f// (r=-2)<latr=-— Rffl = —2: This is required for the stability of the late-time

de Sitter point [66] .

Here Ry is the Ricci scalar today. Models that satisfy f”(R) # 0 apart from the massless spin-2
graviton, necessarily contain scalaron. Stability of these models requires that the scalaron is not
tachyon and the graviton is not a ghost which can be ensured by demanding the positivity of the
first and the second derivatives of f(R). The violation of the condition f”(R) > 0 gives rise to
a negative mass squared for the scalaron filed. Hence the condition f”(R) > 0 avoids tachyonic
instabilities. The condition f'(R) > 0 is also required to avoid the appearance of ghosts. Most of
the f(R) models are either not cosmologically viable or simply reduce to ACDM [78]. A number

of viable cosmological models satisfying all these requirements has been proposed in [165], [70],
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[175].

(1R/Ro)*"

(4) f(R) = R*uRom

with n,u, Ry > 0,

RQ
(B) f(R) = R-—puRo [1 (14 ?)*"} with n,u, Ro >0,
0
R .
(C) f(R) = R-—uRo tanh(R—) with u, Rg >0,
0
(D) f(R) = R-—puR.(R/Ry)* with 0 <p <1;pu,Ry >0,

where p, are constants and Ry is the present cosmological Ricci scalar. In the regions where the
density is high R > Ry, these models reduced to ACDM model (f(R) ~ R — u Ryp), where in

this limit the models A; B have following asymptotic behavior,

FR) = R—puRo[1 - (50)7]. (4.1)

Thus GR is recovered locally even for n = O(1), the model C approaches ACDM even faster.
The model D approaches ACDM asymptotically only if the power p is close to 0.

Although viable f(R) models are indistinguishable from the cosmological constant at the back-
ground level [167], but as already shown in [165], [41] and as we also demonstrate in this thesis,
the study of the dynamics of perturbations shows of f(R) models can lead to interesting signa-

tures that might be seen in future observations.

Recently there have been many attempts to construct a new modified gravity model that leads
to a natural unification of dark energy and dark matter. In [28], [29] a model which consists
of two scalar fields where one of scalars represents the Lagrange multiplier was proposed. This
multiplier imposes specific constraints on the second scalar field. As a result, the whole system
contains the single dynamical degree of freedom [28], [29].

Recently, new modified gravity theories, namely the f(7)-theory and the f(G)-theory, where T

and G are the torsion scalar and the Gauss-Bonnet scalar respectively ,
1
T = S, TPu, 8o, = E(Kab,, +89,T%p — §°,17%) . (4.2)
G = R?—4R"™Ru, + R Ruppo - (4.3)

Here K" is the extrinsic curvature tensor. f(7) theory is a generalization of the teleparallel grav-
ity theory [185]. In this theory, torsion, instead of curvature, is responsible of the gravitational
interaction and the Weitzenbock connection replaces the Levi-Civita connection, which results
in null curvature but a non-vanishing torsion [105]. f(G) theories on the other hand have a prop-

erty that the field equations are second order [107]. The common feature of all infrared-modified
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gravity theories is that the generalized gravitational action is assumed to contain some additional
terms which start to grow with decreasing curvature and thus lead a late time-acceleration epoch.
It is known that these two classes of modified gravity models can also explain the accelerated
expansion of the Universe with no need of dark energy, and even the inflationary epoch [106],

[108].

4.2 The field equations

There are two approaches in deriving field equations of f(R) gravity. The first is the standard
metric approach in which the field equations are derived by the variation of the action with respect
to the metric tensor g.,. The second approach is the Palatini formalism in which the metric g4
and the connectionI’ %, are treated as independent variables. Therefore, in this formalism the
field equations are derived by the variation of the action with respect to the metric tensor gqp as
well as the affine connectionI’ %, ! . In this thesis we consider only the metric approach. The

general f(R) gravity action is,

Slg] = / F(R)Y—gd'e + smater (4.4)

where f(R) is non-linear function of its argument [102] [103], and S™?%¢" describes all non-
gravitational kinds of matter including non-relativistic (cold) dark matter. The energy-momentum
tensor of matter is defined in section 2.5 . In the metric- f(R) gravity varying the action 4.4 yields
the field equations,

f'Rap — %fgab — VoV f' 4+ gaOf =T ap, (4.5)

where the prime denotes a derivative with respect to R. and T} represents the stress energy
tensor of standard matter. Equations 4.5 are obviously fourth-order partial differential equations
in the metric since R already includes second derivatives of the latter. By splitting 4.5 orthogonal

and parallel to u* we obtain the following set of relations,

R = f! [3p—u+2f—35}, (4.6)
a, b 1—1 1 ab
Rpu'a® = f [u—§f+h sab], (4.7)
Rgu®hb, = f~1 [— do + Sapul hbc} , (4.8)
1
Ry h%hty = ' [wcd —(p+ 3+ Shea + Sap h“chbd} . (4.9)

Ithe distinction between metric and Palatini formalisms is irrelevant for GR, but they give rise to different

field equations for non-linear f(R) functions.
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We assume that the standard matter to be a perfect fluid. In GR the trace equation 4.6 reduce
the algebraic relation R = —T = p;, — pm, where u,, and p,, are the energy density and the
pressure of the matter, respectively. This means that the Ricci scalar R is directly determined
by the matter. In f(R) the Ricci scalar R is determined by the differential equation 4.6 which

governs the propagation of the scalaron field f’.
4.2.1 Decomposition of the energy-momentum tensor
In a general frame the irreducible decomposition of the stress energy momentum tensor is,
Tap = pUq Uy + o Up + Ua @ + P Nab + Tap - (4.10)

In the frame u® that is comoving with standard matter represented by baryonic matter such as

galaxies and clusters of galaxies, the decomposition of the effective energy momentum tensors

yields,
ptot = Tretyayb — gmoy R pto %Téothab — 54t (4.11)
¢t = TR = G+ g, ot — oty hd> =7l (4.12)
with
L N O (4.13)

The effective thermodynamical quantities for the curvature fluid are

phtt = 7 { (Rf' — f) —Of"R+ f"N?R+ f""V'RV,R| | (4.14)
pt = ;, { (f —RfY+ f"R+ f"R* + @ "R - f"WRJr

—§ F"VeRV.R+ f" aﬁbR] : (4.15)
g = —% [f”’R%RJr F'VaR — %@ f”%aR} , (4.16)
= fi [f”%ﬁwfw F"V (aRV) R — o4 f”R} : (4.17)

4.2.2 Energy conservation

It is possible to treat fourth-order gravity as standard Einstein gravity in the presence of two

effective fluids, by rewriting the field equation 4.5 in the following form
Gay =T +TH =TS, (4.18)

a
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- pm
where T = =gt

+ , and ,

T = fl[% gav (R = Rf") + Vo Va | = g Vo V7 [ (4.19)
These two sources can be interpreted as an effective fluids, the curvature fluid (associated with
TH) and the effective matter fluid (associated with T;}}) The conservation of the total effective
fluid T follows directly from the Bianchi identities. Note that the individual effective fluids
are not conserved but exchange energy and momentum,
" "

T g = ~ L B b T = Lo B v (4.20)
In this way dark energy can be thought of as have a geometrical origin, rather than be due to
the vacuum energy or additional scalar fields which are added by hand to the energy momentum
tensor. It is clear from 4.18 that the term ﬁ couples matter non-minimally to geometry in a
way analogous to what is done in scalar-tensor theories. When f(R) = R, the curvature stress-
energy tensor Tlf, identically vanishes and equation (4.18) reduces to the standard second-order

Einstein field equations.

4.2.3 Exact non-linear evolution equations

We are now ready to derive the exact nonlinear equations that govern the exact gravitational
dynamics of fourth-order gravity relative to observers comoving with standard matter. These
equations are fully covariant and hold for any space-time. The twice-contracted Bianchi identities

lead to evolution equations for p™, p™, ', qf,

prt= -0 " +pm),

%apm - _(’um +pm) e

f”R
f/2 ’

o i VaR
B+ Vap + Vil = —20¢f —otaqf — (u +p™) e — i 7y — 00wy g + e

Pl 4 Vgl = — 0 (uf + pf) — 2 (1) — (oP7l) +

The Raychaudhuri equation:
O + 102 + 0440 — 2w,w® — Vg + U u® + (™ + 3p™) = —L(u® + 3pT) . (4.21)
Vorticity propagation:

d)<a> + %@wa + %Curl’da — O’abwb =0.
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Shear propagation:

G laby + 2004y + Eap — 6(aub) + Oe(a0m)© + Wiawpy — Uty = ST .
Gravito-electric propagation:

Eapy + OFq, — curl Hop + 2 (A™ + 5™) o — 20 Nea(aH ) — 30c(aEf) + W Neaa By
= =3+ M) ows — 37y — 5V — §OTH, — $0° (T — 30N T
Gravito-magnetic propagation:
H<ab> +©OHy, + curl By — 3ac<aH§> + wcncd(aHg) + Zifncd(aEzl)
= lewlnl — %qug + 50 (@) -

Vorticity constraint:

a . a _
Vew, — 1w, =0 .

Shear constraint:

Vo, — curlw, — %6,1@ + 2w, g = —qf .
Gravito-magnetic constraint:
curl ogp + 6<awb> — Hgp + 20wy =0 .
Gravito-electric divergence:
VB, — %%aﬂm — [0, H]a + 3Hyw? = %quf” — %[w, qR]a — %%bﬂ'ﬁ, + %VQMR — %@qf‘ )

Gravito-magnetic divergence:

VP Hay = (™ + ™ )wa + [0, Ela — 3Eaw® = —Leurlgf + (0 + pw, — Lom Flg — tnliw? .
In the equations above the spatial curl of a vector and a tensor is

(curl X)® = p**V, X, , (curl X)) = pedley x|
respectively. Finally, w, = %nbcawbc and the covariant commutators are
[X.Y]a = Naca XY, (W, Z]a = nacaW 2%

Note that for f(R) = R, one has f'(R) = 1 and p®,p%, ¢% 7t = 0 and therefore the above
equations reduce to the ones for GR. Using 4.21-4.21 one can analyze any type of f(R) cosmology.
Such analysis can be performed either directly or with the use of alternative techniques, like the

Dynamical System Approach (see e.g. [113, 112, 114, 186]).
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4.3 f(R) theories and the cosmic acceleration

The main motivation for f(R) gravity is to explain the accelerated expansion without the need for
dark energy. For the spatially homogeneous and isotropic space-times with vanishing 3-curvature
and barotropic perfect fluid as the standard matter source with equation of state p = w iy, the

independent field equations of f(R) gravity read,

1 Rf — :
H? = 7 [um + % - 3HRf”} : (4.22)
. 1 . . . — /
2H +3H?* = fF[wum+R2f”’+2HRf”+Rf”+¥ . (4.23)

By combining the Raychaudhuri and Friedman equations we obtain ,
R=6H+ 12H?. (4.24)

In vacuum equations these equations can take the form of the standard Friedmann equation,

Y 29
il (4:26)
where,
pft = %[% . 3HRf”} , (4.27)
= % [f_TRfI + Rf" +2HRf" + RQf”'} : (4.28)

The cosmic acceleration is achieved when the right-hand side of the acceleration equation remains

positive. The conservation equations are
fom + Opm (1 +w) =0, Lrefr 4 Opiesr(1+ wesr) =0, (4.29)
where weyy is the effective equation of state parameter of modified gravity,
p*  Rfum

Weff = ,u_P” — f’2 . (430)

In vacuum the effective equation of state parameter of modified gravity wess can be expressed

as,

B pR R2f”l+2HRf”+Rf”+(f—Rf')/Q
Weff = —F5H = .

ptt (Rf'— f)/2—3HRf" (431

We assume that f/ > 0 and f” > 0. It is clear form equation 4.27 that ' is non-negative.

Since the denominator is stricly positive, the sign of w® is determined by its numerator. For
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Wepy = —1, the condition,

f/// RH o R
F - T7 (4.32)
must be satisfied. To show that the accelerated behavior can be obtained in a simple way by
extending GR without exotic dark energy, let us consider the following example f(R) o< R"™. In

[113] it has been shown that there exist a power-law solution,

a(t) = (t/to)", (4.33)
By substituting in 4.31 we obtain,
6n% — 7 —1
off = —————— =2 = Weps =—1. 4.34
Weff R — n Weff (4.34)

A general scale factor a(t) would lead to a time-dependent w? . If we define the quantity ¢ = f’,

then equation 4.30 takes the form,

6—Ho

Wepp=—1+ RTE (4.35)
Accordingly the deviation from de Sitters equation of stat w = —1 can be parametrized by ,
boiti_sdp,d
€ =22 m(2)]. 4.36
/j/eff—i_peff 3¢H2 ¢dt n a ( )

The only acceptable exact de Sitter solution corresponds to ¢ = f"R = 0.

4.4 Cosmological solutions

The phase space structure of f(R) gravity is quite rich, where a variety of interesting cosmological
behaviors at both early and late-times were found. In particular non-singular and accelerating
behavior in the early Universe, as well as late-time accelerating expansion has been shown to
exist for a number of interesting f(R) gravity theories [166], [168],[169],[170]. For R = const and

T = 0 equation 4.6 reduces for a given f(R) to an algebraic equation in R,
ffR-2f=0. (4.37)

e If R =0, equation 4.5 implies Ry, = 0 = The maximally symmetric solution is Minkowski

space-time.

const

e If R = const, equation 4.5 implies Ry = 7% gqp = The maximally symmetric solution is

de Sitters or anti de Sitters space depending on the sign of constant.
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The model f(R) = R + aR? which has been proposed by Starobinsky as an inflation model,
satisfies the condition 4.37, thus it gives rise to an exact de Sitter solution. It has also been
shown in literature that any f(R) gravity for which equation 4.37 is satisfied, there exists a
de Sitter solution with R = 4A. Equation 4.37 holds for both the metric and the Palatini
formalisms.

Another important class of solutions that have existed for some f(R) are the power-law solutions.
For a spatially flat FLRW background in the presence of a perfect barotropic fluid with equation
of state p = w p, theories of the type f(R) = R+ R™ has power-law solutions of the form,

2(14n)

a(t) = t30+e) (4.38)

These are the only power-law perfect fluid FLRW solutions that exist for any f(R) gravity theory
[9]. The stability of these solutions, have been investigated in [8].

Exact Bianchi cosmological solutions for f(R) = R™ have been studied in [3][4][2]. Bianchi type
I, V and V IIA solutions have been studied in [5], [6] and [7] respectively .

It has been shown in [174] that, f(R) only admit an Einstein Static solution for the very special

form of gravitational Lagrangian.
f(R)=a+pBR", (4.39)

the constants o, and n are fixed functions of the equation of state parameter w and cosmo-
logical constantA # 0. If A = 0, « = 0 and S is arbitrary. Also It has been shown in [174]
that, the stability analysis of this f(R) model with respect to generic linear inhomogeneous and
anisotropic perturbations shows that the Einstein static model is stable against vector and tensor
perturbations for arbitrary w on all scales, while Scalar perturbations are only stable on all scales
only if the matter fluid equation of state satisfies ¢ > (v/5 — 1)/6, which is quite similar to the

GR result where Einstein Static model is stable for ¢ > 1/5 .

4.4.1 Reconstruction methods in f(R) gravity

Due to the complexity of the field equations of f(R) gravity, it is extremely difficult to obtain
both exact and numerical solutions. The reconstruction methods in f(R) gravity has proven to
be very successful in obtaining exact solutions. In this technique one assumes that the expansion
history of the Universe is known exactly and one inverts the field equations to deduce the class
of f(R) gravity models that give rise to this solution. In this subsection we discuss some of the

main reconstruction methods,

e Reconstruction from the condition a=a(t)
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This method is called the classical reconstruction method. By substituting a = a(t) in equation
4.24 and solving for t in term of Ricci scalar R, we obtain the functional relation ¢ = m(R). By

changing the variable t to R using this transformation, Friedmann equation 4.22 becomes,

3H[m(R)|R[m(R)|f" + f'|3H[m(R)]* — g} + g = pom(R) 730+ (4.40)

a second order differential equation for the function f(R), the solution of which gives the class
of theories of gravity for which the given function a = a(t). For a = agt* then from 4.24 we
obtain the transformation R(t) = et~2. By solving Friedmann equation 4.22 after applying this
transformation we obtain,

F(R) = A(g) Y BRICTHY 4

CRi=§% (4.41)
where A and d are functions of «, iy and w, while B, C are constants of integration .

e Reconstruction from the condition a = h(a)
By substituting @ = h(a) in 4.24 we obtain,

R(a) = G(h’%’ + h—Q) . (4.42)

20 a2
Using this transformation the Friedmann equation 4.22 becomes,

him(R)]

(R

R m(R)hm(R)]f" + f [3% P B L pmmy et was)

For a dust-like matter (w=0) we assume @ = 2 ' (v/A)(v/a — A a?). Accordingly the scale factor

evolves with time as,

_ 120%(3 — 4Aa)

a(t) = %sinQ(Q t), and  R(a) = o ) (4.44)
the corresponding reconstructed class of f(R) models is,
f(RAI=AR+BR?>+CR*+ D, (4.45)
where A B,C and D are functions ofA , yg and €.
e Reconstruction from the condition H = h(H)
In this case equation 4.24 takes the form,
R(H) =6h(H) + 12H> . (4.46)

If H = m(R) be the required transformation equation, then Friedmann equation 4.22 becomes,

+ = =

Rf'v  f 0
- : 7@(1%)3?1%). (4.47)

3m(R)R i [m(R)hlg(R)]f" + f'|3m(R)?
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In the vacuum case we assume H = « where « is a constant. The corresponding reconstructed

class of f(R) models is,
f(R)=AR+BR*+C, (4.48)

where A,B and C are functions of «.
For any given dynamical variable X, the reconstruction of the class of f(R) models that corre-
sponds to specific evolution history, is possible if and only if the function R(X), as obtained by

substituting the solution in equation 4.24, is analytically invertible.

4.5 Conformal transformations

Conformal transformations allows one to obtain a different representation of the same gravity

theory. Conformal transformations are defined by a conformal rescaling of the space-time metric,
Gou — Gop = L (2%) gup - (4.49)

Where ) is a continuous regular function, and the tilde represents quantities in the Einstein
frame. The issue of the physical equivalence of these conformal frames is one of the open prob-
lems in theoretical physics [93]. By using conformal transformations, it is possible to show that
the higher order and non-minimally coupled terms always correspond to Einstein gravity plus

one (or more) scalar field(s) minimally coupled to the curvature [80], [86]; [81].

4.5.1 Conformal transformation of the geometric and matter quanti-
ties

Consider an n-dimensional space-time (M, g,,,), under the conformal transformation 4.49 we ob-

tain a new space-time (M, g,,,) such that,

1- The inverse of the metric
gt =02 g, g=Q"g. (4.50)
2- Christoffel symbols
%, = T%, + Q71 (0% iy + 6%, Qi — gy V). (4.51)
3- Riemann tensor
R uyy = Ry +268° 1,V Vs (I0Q) — 26°7 9,1, Vg Vi (InQ) + 2 Vi, (InQ)8°, V., (InQ)

— 2V ,(InQ) gy}, 9°7 Vo (InQ) — 29,(460°419°° Vo (InQ) V4 (InQ2) . (4.52)
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4- Ricci tensor

R=9Q2[R—2(n—1)0(nQ) - (n_1)(n_2)gabv5ﬂ]. (4.53)
5-Weyltensor
Oy = COupyy . (4.54)
6-Stress-energy tensor
Ty =Q 2Ty, T,=Q74T%, T®=Q57%  T=07"*T. (4.55)

where [ is the d’Alembert operators with respect to the metric g,5. Although vectors, tensorial
quantities and consequently the laws of physics are not invariant under conformal transforma-
tions, but the causal structure of space-time (M, g,,,) remains the same. For example the the

covariant conservation equation,
VT, =0, (4.56)

is transformed under the conformal transformation 4.49 to,

VT, = —TV, (InQ). (4.57)

It is clear from this equation that the geometric factor € is directly coupled to matter in the
Einstein frame. It also follows that timelike geodesics in (M, g,,,) are not the same as those in
(M, §uu). The conservation equation (2.11) is conformally invariant only if the trace T of the

energy-momentum tensor T,; vanishes.

4.5.2 f(R) and scalar-tensor theories

In this section we discuss the conformal relationship between scalar-tensor and f(R) theories
of gravity. It has bee shown in literature [109] that if f”(R) # 0, the metric f(R) gravity is
equivalent to scalar-tensor theories with Brans-Dicke parameter w = 0. In f(R) theories, the
additional degree of freedom can be interpreted as a new scalar field ¢ = f'(R). In Jordan-frame

the f(R) gravity action 4.4 reads,

5= / d'e/"g (SR — U()) + Smetter (4.58)

where,

U(¢) = o R(9) — f(R(9)). (4.59)
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To see how the action looks in the Einstein frame, consider the conformal transformation,
Jab=Lga, V3o, (4.60)

where a tilde represents quantities in the Einstein frame and2 2 is the conformal factor. In term

of g and v, the action 4.58 becomes,

S = / diz\/—g [R + % G2 0atp B 4+ U ()| + Smatter (4.61)
where ,
U
V= 7;?1%@) . (4.62)

Meanwhile the action in the Brans-Dicke theory with potential V(¢) is given by,
S = / d*z\/—3 [R + ‘% G 0at) Optp + U () | + Smatter (4.63)

where wpp is the Brans-Dicke parameter. Comparing this action with the action 4.58 it follows
that f(R) theory in the metric formalism is equivalent to Brans-Dicke theory with the parameter
wpp = 0, whereas solar system and binary pulsar data currently require wgp > 40000. This

problem can be evaded through the screening mechanisms that we mentioned earlier .

4.6 Ostrogradski instability

It has been shown by Ostrogradski [190], that any dynamical theory whose Lagrangian depends
non-degenerately upon more than one time derivative there exist a linear instability. To clarify
this point let us consider a one-dimensional point particle whose position as a function of time is

q(t). Let us assume that the Lagrangian depends nondegenerately upon §, that is L = L(q, ¢, §).

The corresponding Euler-Lagrange equation is,

L dOL d® L

a2 oL _ 4,64
9q  dtog 4 9g (4.64)

The phase space of this theory is four-dimensional and corresponds to the canonical coordinates

(q1;p1) and (Q2;p2)7 given by

OL d oL
= =— - —— 4.65
q1 q, P1 aq dt aq ) ( )

oL
= g = —. 4.66
a2 q, b2 i ( )
The Hamiltonian of the system can be obtained by using Legendre transformation,

H(q1,q2,p1,p2) = P19z + p2f(a1, 42, p2) — L(q1, g2, f(q1, 42, p2)) - (4.67)
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It is clear from the Ostrogradski Hamiltonian 4.67 it is linear in the canonical momentum p;, since
p1 can take any arbitrary value, there is nothing to prevent the Hamiltonian from being infinitely
negative. This result is generic for all theories whose Lagrangian depend nondegenerately 2.
upon more than one time derivative. It has been shown in [191] that f(R) theories are the only
modified gravity theories that do not suffer from Ostrogradski instability, because they violate

Ostrogradskis assumption of non-degeneracy.

4.6.1 The stability of the de Sitter Universe

The stability of de Sitter solutions can be studied either with respect to the homogeneous per-
turbations, which depend only on time, or with respect to the more general inhomogeneous
perturbations, which depend on both space and time. In [60] it is demonstrated that the sta-
bility conditions for these two cases coincide, thus for simplicity we are going to focus only on
the stability condition of de Sitter space with respect to homogeneous perturbations in modified

gravity . To obtain the evolution equation for the homogeneous perturbation § H, we use,

H(t) = Ho+dH(t), (4.68)
R = Ry+6R,R = 6(0H +4HyoH), (4.69)
= fo+ "R, f=fo+ fR, (4.70)

together with the field equations 4.22 and the relation 4.37,

5H+(4H06Hf§f6)5ﬂ+%(}v—é2—?)mo. (4.71)

By assuming the anstaz 0 H = eexp(st), we obtain,

Si:%[_ﬂﬁféi\/(Qﬁfoé)Q_%(;_é_Qf_?)}' (4.72)

If fo, Ho, fy > 0, then the root s_ is real and negative, corresponding to stable mode decaying

exponentially in time if and only if,

Jo_ 200 (4.73)

f// f(l) =
This stability condition helps to rule out models from a theoretical point of view. As an example
of the application of the stability condition see [61]. For f(R) a theory, characterized by,

4

e [(R)=R- 1%

2nondegeneracy simply means that one cannot eliminate ¢ by partial integration[191]
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The stability condition 4.73 reduces to

2 8

1+

614 3
<0. 4.74
RZ R~ (4.74)

The condition for the existence of a nontrivial de Sitter solution is Ry = v/3 1?; therefore the
stability condition 4.74 can never be satisfied. This situation can be compensated by a quadratic

correction in the theory with
_p_ 2
e f(R)=R— % +aR

The condition for the existence of a nontrivial de Sitter space is again Ry = v/3 u2, the stability

condition 4.73 reduces to

1
—) >0, 4.75
3vV3ap2 -1~ (4.75)
and therefore the de Sitter space is stable only if
> ! (4.76)
a>—-—, .
3v/3 u2

otherwise it is unstable.

e f(R)=R"
One of the fixed points in the phase space of this model corresponds to powerlaw inflation a oc t*
with ,
—2n? +3n—1
_ ) 4.77
a — (4.77)

The condition 4.37 for the existence of a nontrivial de Sitter solutions becomes,
nRy = 2R2, (4.78)

which is only satisfied for n = 2 or Ry = 0. The stability condition 4.73 yields,

2—n
— > 0. 4.
Foron—1y 20 (4.79)

According to this condition the de Sitter solutions is stable for 1 <n < 2 and for n < 0.
e f(R)l=R+aR"

The condition for the existence of a nontrivial de Sitter space is,

1
Ry '=—— 2. 4.80
0 a (n _ 2) y N 7& ( )
The stability condition 4.73 yields,
—n?+2n — 2
mam-2 (4.81)
an(n—1)

Thus de Sitter space is stable only if an < 0
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4.6.2 Curvature singularity

Although of the great success of modified f(R) gravity models, there are, however, several
problems. It has been shown in literature that [162], all infrared-modified f(R) gravity models
suffer from an unprotected curvature singularity that is a finite distance away both in field and
energy values from the place we are supposed to live in.

Infrared-modified gravity theories introduces a new scalar degree of freedom that is not there in

GR. The equation of motion of this new scalar degree of freedom is given by the trace of 4.5,

Df’:%(zf—f’R)Jr%T. (4.82)

If we define the scalar filed ¢ = f’ — 1, the above equation can be rewritten as,
O¢ =V'(¢) - F, (4.83)

where F' = (87G/3)(p—3p) and V(¢) is effective scalar field potential, that depends on the f(R)

gravity model and is determined by,
1
Vie) =32/ - /'R). (4.84)

For a FRW background space-time scalar gravitational degree of freedom ¢ obeys a usual scalar

field equation,
¢+3H+V'(p)=F. (4.85)

The expansion rate of the Universe starts feeling the effect of the gravity modification only when
the local curvature drops below the infrared modification scale Ry. in this domain the space-
time curvature is controlled by the potential V' (¢) and the deriving term F. Figure 4.1 shows
the effective potential for Starobinsky’s model with A = 2 and n = 1. The minimum of the
potential V(¢), is very near to the field configuration corresponding to infinitely large values of
R for solar physics constraints to be evaded. It has been shown in [162] that the existence of
this curvature singularity is a generic feature of all infrared-modified f(R) gravity models and
any proposal to solve this problem requires fine tuning more than the one encountered in ACDM
model ¢ [161]. It has been shown in [64] The problem can alleviated by invoking an R? correc-

tion, but the scenario becomes problematic if extended to compact objects like neutron stars [65] .

One of the main problems occurring in the study of higher-order theories of gravity is that
finding exact cosmological solutions is extremely difficult owing to the high degree of nonlinear-

ity exhibited by these theories and the fact that the field equations arising from f(R)-action are
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Figure 4.1: Point A is a positive curvature singularity R = 4+o00. Point B is the stable de Sitter
minimum in this model, and point C is the unstable de Sitter maximum. Point E corresponds
to a flat space-time. Points D and F are critical points with f” = 0 that occur at R = £1//3;

potential branches there. Finally, point G is a negative curvature singularity R = —oo [162].

typically of the fourth order. This problem can be partially addressed by employing a suitable
choice of generalized coordinates. In this case, the field equations can be written as a system of
first-order autonomous differential equations together with a constraint equation. In this way the
methods of dynamical systems theory can be exploited in order to both understand the qualita-
tive behavior of the cosmological dynamics and obtain special exact solutions of the cosmological

equations.
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Chapter 5

DYNAMICAL SYSTEMS IN
COSMOLOGY

5.1 Introduction

This chapter provides an elementary introduction to the theory of dynamical systems [180], and
its application to cosmology [63],[181], [210]. A dynamical system is a set of states that are
normally described by a set of variables 1, ...., x,, which in general are a function of time, along
with a rule that describes how the present state is determined by the previous state and the

initial conditions. This rule is given in terms of differential equations of the form:

3'31 = fl(t,xl ...... ,xn),
.1'?2 = fg(t,xl ...... ,xn), (51)
Ty = fn(t7x1 ------ 7xn)a

where x; € the set of real numbers R and f; : R = R, i = 1,...,n. By defining x = (21, ..., z,)7

and F(t,x) = (f1,...fn)7, in the matrix form, the system 5.1 can be written as,
x =F(t,x(t)). (5.2)

One may use various methods to study the system 5.2; generally they are classified as (1) quali-
tative, (2) analytical, (3) numerical. This chapter focuses only on qualitative methods. We begin
by defining some fundamental concepts closely related to the qualitative approach to dynamical

systems .
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Autonomous System In the system 5.1, if none of the functions, f;, depend on time, the

system is termed autonomous. Autonomous systems can be written in the matrix form:
x=F(x). (5.3)
In the following sections we will focus only on autonomous systems .

Phase Space The phase space is the set of all possible states (z1,....,2,) of the system;

generally the phase Space is a subspace of R". For example, in classical mechanics the state of

a single particle is determined by the its coordinates and velocity (z!, 22, 23, vt v2 v3).

Trajectory The set of points (¢,x(t)); ¢ € R which solve the system 5.3, and for which x(tg) =

T0, is called the trajectory or solution curve of the dynamical system passing through xq .

Phase flow The collection of all trajectories obtained by varying ty and xg throughout all

allowed values is called the flow of the dynamical system.

Orbit /Phase Curve The set of points (x(¢)); ¢ € R which solve the system 5.3, and for which

x(tg) = X is called the orbit or phase curve of the said system passing through xg .

5.2 Linear dynamical systems

Theorem 1.2 Let A be any n x n matriz. Then for a given xy € R", the initial value

problem
x = Ax, x(0) = xg, (5.4)
has a unique solution given by
x(t) = ef'xq, (5.5)

where x( is determined by the initial conditions [180].
The set of vectors x € R™ spans the phase space of the system 5.4, and the set of all solution

curves x(t) € R", defines the phase portrait of the system 5.4. The function,
f(z) =et. (5.6)

On the right-hand side of 5.5 a set of linear mappings defines f : R™ — R™. This set of mappings
may be regarded as describing the motion of the points xo € R", along trajectories of 5.4, where
the point xo € R", moves to the point x(t) € R", given by 5.5 after time t. The set of all the
mappings 5.6 is called the flow of the linear system 5.4.
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Fixed/Critical point A point z is called a fixed or critical point of the autonomous dynamic

system 5.3 if
)'(:0<:>AX():0, (57)

which means that if a system is at an equilibrium point xg it will remain there forever .
An equilibrium point g is called a hyperbolic equilibrium point of 5.4 if none of the eigenvalues
of the matrix A contain a zero real part. An important property of an equilibrium point is its

stability. The following describes the basic cases:

e If all solutions that start close to an equilibrium converge to the equilibrium asymptotically

as t — oo, the equilibrium is described as asymptotically stable.

e If all solutions in a sufficiently small neighborhood of the equilibrium remain close to the
equilibrium point, the equilibrium point is likewise regarded as stable. Note that asymptotic

stability implies stability .

o If every neighborhood of the equilibrium point contains solutions arbitrarily close to the

equilibrium point and leaves the neighborhood, we say the equilibrium point is unstable.

5.2.1 Diagonalization

If the matrix A is diagonal then the linear system 5.4 is termed an uncoupled linear system.

For uncoupled systems it is easy to compute the matrix e”?

and hence obtain an explicit form
for the solution 5.5. Since the matrix elements depend on the bases that are used to represent
them, if A is not diagonal, we can look for the transformation that reduces the matrix elements of

A to a diagonal form. This section presents the various cases for which this transformation exists .

Theorem 2.2 If the eigenvalues \1,....A, of an n x n matrix A are real and distinct,
and if the linear transformation T : R" — R" is represented by the matriz A with
respect to the standard basis [e1, ..., e,], then, with respect to any basis of eigenvectors

[v1,...,un] Of A, T is represented by
diag[\1, ..., A\n] = P71AP, (5.8)

where the transformation matriz P = [v;...v,] [180].

With respect to the basis [v1, ..., v,], the system 5.4 takes the form,

P lx=pPtAPP 1x, — y = diag[\1, ..., A\ n]y, (5.9)
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where y = P~!x. This uncoupled linear system has the solution,
y(t) = diag[e™?, ..., e* "] y(0) . (5.10)
It follows that the linear system 5.4 has the solution,
x(t) = P~ eM . M P x(0). (5.11)

An equilibrium point xg of 5.4 is called a sink if all of the eigenvalues of the matrix A contain a
negative real part; it is called a source if all of the eigenvalues of the matrix A have a positive
real part. and it is called a saddle if it is a hyperbolic point and A has at least one eigenvalue
with a positive real part and at least one with a negative real part. The phase flows of these

different cases are shown in fig 5.2.1.

Sink Source
fl'||| I|II \
N | ral i
A ||“\I'\ﬂ_ TN
___:——h\ll II,,:——:—;:, '-.\'k\ﬁ 1—;;"’ //'
-\%Illlll |II |'I/ S
i

Figure 5.1: The phase portrait of a sink, source saddle and center respectively

Theorem 3.2 If the 2n x 2n real matrix A has 2n distinct complex eigenvalues \; =
aj +1ib; and \; = a; — ib; and corresponding complex eigenvectors w; = u; + iv; and
w; =uj—iv;, j=1,...,n, then [ui,v1, ..., un,vy] are the basis of R". The system 5.4 can

be written in the diagonal form
P 'x =P 'APP 'x = y = diag[\1, ., Ay, (5.12)

where P = [ujv1...upv,] and P~YAP is a 2n x 2n with 2 x 2 block diagonal [180].
The solution of 5.12 is given by

. at | cosbjt —sinb;t
y(t) = diag e’ [ ! ’ ] Yo

sinb;t  cosb;t
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It then follows that 5.4 has the solution

cosb;t  —sinb;t

x(t) = P diag " [ P 'xq.

sinb;t  cosb;t

Definition Let A be an eigenvalue of the n x n matrix A of multiplicity m < n. Then for
k = 1,..,m any nonzero solution of (A — AI)*v = 0 is called a generalized vector of A .

Definition An n x n matrix N is said to be nilpotent of order k if N*=1 £ (0 and N* = 0.

Theorem 4.2 Let A be a real n x n matrix with real eigenvalues \1,....\,, repeated
according to their multiplicity. Also, a basis of generalized eigenvectors for R" ex-
ists. If [v1,...,v,] forms any basis of generalized eigenvectors for R™, the matrix P

18 tnvertable ,
A=S+N, (5.13)

where N = A — S is nilpotent of order k <n [180].
The solution of 5.4 is given by,

Nk‘fltk‘fl
x(t) = P diag[e*i!] P71 {I +Nt+ ...+ }

_ 5.14
(k—1)! (5.14)
Finally let us consider the case of multiple complex eigenvalues. If the matrix A in 5.4 is 2n X 2n

with multiple complex eigenvalues, then the solution of 5.4 is given by,

NFktk
—1

x(1) = P diag ot [ cosb;t  —sinb;t

sinb;t  cosb;t

where P = [v1ug...vpu,] and N = A — S is nilpotent of order k < 2n.

5.2.2 Invariant subspaces

Theorem 5.2 Let A be a real n x n matriz. Then R" can be written as a direct sum

of three subspaces denoted by E°, E* and E° [180],
R"=E°+E"+E°", (5.15)
where
e F° =span eq,...,es, the stable subspace.
o E% =span €si1, ..., €54y , the unstable subspace.

o FE° =$pan €syy41, .-, Cstutc, the center subspace.
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[e1,...,es] are the generalized eigenvectors of A corresponding to the eigenvalues of A having
a negative real part, [€s41, ..., €s44] are the generalized eigenvectors of A corresponding to the
eigenvalues of A having a positive real part, and [€s4y41, .- s €s+utc] are the generalized eigen-

vectors of A corresponding to the eigenvalues of A having a zero real part (see fig 5.2.2). These

Figure 5.2: The stable, unstable and center subspaces.

three subspaces are invariant with respect to the flow e4? of 5.4, where the solutions of 5.4 with
initial conditions entirely contained in either E*, E“, or E® must forever remain in that particular

subspace .

5.3 Non-linear systems

In general it is not always possible to find an analytical solution for a given non-linear system,
and in such cases one is forced to use approximation methods. The following sections present

some basic approximation techniques that enable one to deal with non-linear systems.

5.3.1 Linearization

Let us consider the n dimensional non-linear system
x = f(x). (5.16)
If f(x0) = 0 is an equilibrium point of 5.16, then by Taylor’s theorem

f(x) = Df(0)x + %DQf(O)(x,x) SR (5.17)
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it follows that the linear term Df(0)x is a good first approximation to the non-linear function

f(x) near x = 0. The non-linear system 5.16 can now be approximated by the linear system.

x = Ax, (5.18)
where
of  Of of
Ox1 Oxo e Oxp
Ofs 0f2  Of2
A= Df(0)=| " O O
Ofn  Ofn Ofn
Ox1 Oxo e Oxp

This is called the Jacobian matrix.

5.3.2 Hartman-Grobman theorem

This theorem expresses one of the most important results in the local qualitative theory of the
ordinary differential equations; according to it, near the hyperbolic point xg, the non-linear

system ,

x=f(x), (5.19)
is topologically equivalent to the linear system [180],

x = Ax, (5.20)

which means that the two autonomous systems 5.19 and 5.20 have the same qualitative structure

near the equilibrium point xg .

5.3.3 Lyapunov theorem

If A = Df(0) has no eigenvalues with zero real part; then there exists stable and unstable
manifolds of the non-linear system, W*® and W*", which are tangential to E* and E* respectively
at the fixed point (see fig 5.3.3). All we know about these manifolds is the fact that they are

tangential to the invariant subspaces in the neighborhood of the fixed point .

5.4 The center manifold theorem

The previous section presented the Hartman-Grobman Theorem, which completely solves the
problem of determining the stability and qualitative behavior in the neighborhood of a hyperbolic
critical point of a non-linear system. In this section we will discuss the problem of determining

the stability and qualitative behavior of the flow near a non-hyperbolic critical point of 5.19 using
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Figure 5.3: The stable, unstable and center manifolds.

the center manifold approach. The center manifold theorem is a generalization of the Lyapunov
theorem to the case when there exist a center manifold W€ tangential to the center subspace
E° at the fixed point. For simplicity we shall assume that the origin is a non-hyperbolic fixed
point as regards this system (this assumption does not affect the generality of our treatment
because it is always possible to change the coordinates to make the fixed point the origin of the
new coordinate system). If f € C1(E) and f(0) = 0, then the system 5.19 can be written in the

diagonal form [180],
W = Aw + F(w), (5.21)

where A = Df(0), F(w) = w — Aw and F(0) = DF(0) = 0. Now let us try to decouple the

non-linear system 5.21. We can find a linear transformation T which transforms 5.19 into the

form,
X As 0 0 e F.(x,y,z)
y = 0 A, O v | +| Fulxy,2) |, (4.22)
v/ 0 0 A z F.(x,y,2)

where (x,y,z) € R*x R* X R, s+u+c=mn, A, is a diagonal s x s matrix having eigenvalues with
a negative real part, A, is a diagonal u X u matrix having eigenvalues with a positive real part,
A, is a diagonal ¢ x ¢ matrix having eigenvalues with a zero real part and F,(x,y,z), Fsu(x,y, z),
and F.(x,y,z) are the s,u and ¢ components, respectively, of the vector T 'F(T(x,y,z)).

We did not decouple the stable and unstable states associated with the negative and positive
eigenvalues respectively, from the states associated with the zero eigenvalue, because of the term

(Fs(x,y,2), Fsu(x,y,2),F.(x,y,2))?. In what follows, we will find two functions h¢ relating x
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and z and hj relating y and z, i.e, x = hj(z) and y = hj(z). The center manifold theorem

guarantees the existence of such mapping.

5.4.1 The local center manifold theorem

Suppose 4.22 is C", r > 2, then these exist as a C" s-dimensional local stable manifold W7, _(0)

loc

tangent to the stable subspace E® at the origin, a C" u-dimensional local stable manifold Wj.(0)
tangential to the unstable subspace E* at the origin and C" c-dimensional local center manifold

e(0) tangential to the center subspace E° at the origin. In particular, we have [180],

e(0) = {(x,y,z) € R° x R x R°ly = h;(x),z = hi(x); Dhy = 0, Dh} = 0; |z| <4},
1oc(0) = {(x,y,2) € R x R" x R°|x = h;(y),z = hi(y); Dhy = 0, Dh7 = 0; |y| < 4},
bel0) = {(x,y,z) € R°*x R* x R°|x=h{(z),y = h;(z); Dh{ =0, Dh; =0; |z2| < 5} ,

where h; (x), hf(x), h;(y), hi(y), h;(z) and hj(z) are C". In order to find the center manifold

we need to solve
Dhj (z) [Acz + Fe(hj(z), hy (z), z)] — Ash(z) — Fs (hi(z), hy (z), z), (4.23)
Dhy (z) [Acz + F. (h$(z), hy (z), z)} — Ayhi(z) — Fy(hg(z), h(z),2), (4.24)
with the boundary conditions,
h?(0) = Dhg(0) =0,

h¢(0) = Dh’(0) = 0.

In general, these equations are difficult to solve analytically, so we resort to approximations.
There are various approximations to the previous boundary value problem and we restrict our-
selves to only the polynomial approximation method. In this method we approximate, h (0)

and hy(0) as
hé(z) = ao+ a1z + asz® +azz® + ..., (4.25)
hi(z) = bo+biz+ byz® + b3z’ + ... (4.26)

form the boundary conditions ag = by = a1 = by = 0. To find the other coefficient, substitute
these polynomials into 4.23 and 4.24, and match the coefficients. Now the flow on the center

manifold W¢(0) in the neighborhood of the origin is defined by the system
z = Acz+F. (z,h}(z),hj(z) .
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for all z € R®. Since the dimension of the center manifold is typically less than n, this simplifies
the problem of determining the qualitative behavior of the system 5.19 near a non-hyperbolic

critical point. In general, the flow on the center manifold near the fixed point takes the form |,
z=az +...

If r > 2 and a, # 0, then for r we have a saddle-node at the fixed point, for  odd and a, > 0
we have an unstable node and for r odd and a, < 0 we have a topological saddle.
Now let us consider the case when we have a double zero eigenvalue and one eigenvalue with a

negative or a positive real part. Assume that we have the system

z A, 0 0 T F.(z, 21, 22)
2 | = 0 An O z1 |+ | Fealz, z1,22) |,
29 0 0 Aa 22 Foo(x, 21, 22)

where z; and zy are the states that correspond to the zero eigenvalues and z is the state that
corresponds to the eigenvalue with a negative real part. In this case it follows from the local

center manifold theory, that a 2-dimensional invariant center manifold W7, ,;(0) exists, defined

by,
chocal(()) = {(xvzlaZQ) € R® x RC| T = h(zlaZQ) f01"|21|, |Z2| < 5} )

for some § > 0, where h € C"(N5(0)), h(0)) = Dh(0) = 0. In order to find the center manifold

in this case, we need to solve

Aoz

hrz) D) | A — Fy(@h(a1,2))

0z1 Ozo AC2Z2

with the boundary conditions,
h(z1,22) = Dh(z1,22) =0.
By considering these boundary conditions the function h(z1, z3) can be approximated by ,
h(z1,29) = az? 4 bz1zo + dzs .

Now, the flow on the center manifold W¢(0) in the neighborhood of the origin is defined by the

reduced system ,

Acz1 + Fo(x,h(z, 22),

2

Z2 Acizo + Fg(z, h(z1, 22) .
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Example 4.1

Consider the following non-linear system [180],

3 = 2%z— 25, (4.27)
& = —x+22. (4.28)
In this case we have A, = [0], As = [~1], F. = 2%z — 2%, and F; = 22. By substitution of the
expansion,
he(z) = agz? +azz® + ... Dh(z) = 2a22 + 3azz + ...,

into the equation

Dhé(z) [Acz + F.(h$(2), h;(z)7 z)} — A, hi(z) — Fs (h;(z), h;(z), z) ,

we obtain

(2az +3bz2 + ..)(az? +02° + ... = 2%) +az? + b3 + ... — 22 =0.
Setting the coefficients of like powers of z equal to zero yields a = 1,b = ¢ = 0, ... , it follows
that ,

hS(z) = 2% 4+ 0(2°).
Substituting z = hS(z) into 4.26 yields,
=21 40(z%).

This equation describes the flow of the original non-linear system in the neighborhood of the origin
(see fig 4.4). It is clear that the origin is a saddle-node. In the next section, we will investigate

Friedmann-Lemaitre models with a cosmological constant using the dynamical systems approach .

5.5 Dynamical systems in cosmology

As an example we study homogeneous and isotropic cosmologies using the dynamical system
techniques that we have developed so far [179]. We start by investigating the simplest case of a
single fluid. The dynamical variables that characterize the dynamic of a single fluid Friedmann
cosmology are Hubble parameter H and the density parameter €2. The field equations 2.151 and
2.152 (or 2.153) are equivalent to the following dynamical system ,

dH
— = —(l+qH 22
o (1+qH, (5:22)
dQ

— = —2¢(1-Q 2
o q(1-9), (5.23)
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e
7a

Figure 5.4: The phase portrait in the neighborhood of the origin of the system in example 4.1.

a

where 7 = In —, ay is the scale factor at some arbitrary time ¢g. Using equation 2.151 and 2.159
ao

the deceleration parameter q takes the form,

q= %(37 —-2)Q. (5.24)

Substituting this expression for q back into 5.22 we obtain an autonomous system that is equiv-

alent to the field equations 2.151 and 2.152 (or 2.153 ),

dH 3
— = —0+Gr-DH, (5.25)
% = —(37-2)1-9). (5.26)

It is clear that the evolution equation for 2 decouples, thus we can consider it separately as a
one-dimensional dynamical system. For v > 2/3 and Q > 0 the phase space contains two fixed

points Q = (0,1). The stability of these points is shown in figure 5.5. It is clear that near the

=1 =1

r Y

[
w

M- Ft

Figure 5.5: The phase space of a single-fluid FL model.

initial singularity the flat FRW model 2 = 1 is unstable, as we shall see later .
In the next chapter we apply the dynamical system technology to study the cosmological dynamic

of some f(R) gravity models.
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Chapter 6

COSMOLOGICAL DYNAMICS
OF EXPONENTIAL GRAVITY

6.1 Introduction

In this chapter a detailed investigation of the cosmological dynamics based on exp(—R/A) [114]
will be presented. The dynamical system technology will be used to investigate the cosmological
dynamic of these models in FLRW Universes using Einstein frame .

Consider the f(R) gravity action,

A= /d4m£ = /d4x\/—g [6_% + LM} , (6.1)
where A is the cosmological constant, R is the Ricci scalar and Ly, is the Lagrangian of standard

matter. This Lagrangian possesses some interesting features. Firstly, its treatment is equivalent

to one involving a combination of powers of the Ricci scalar and, secondly, it reduces to,

R

exp (—%) =l-3+ O[R?], (6.2)

in the small curvature limit, which is equivalent to the Hilbert-Einstein action. It has been shown
in [88] that, in the presence of a barotropic perfect fluid, these solutions are unstable against either
homogeneous or inhomogeneous perturbations. Before investigating the cosmological dynamics

of exp(—R/A) gravity we present a brief review of the dynamics of R™ gravity model.

6.2 Cosmological dynamics of R" gravity

In this section we focus on the finite analysis of the R™-gravity model [8], whose action for the

gravitational interaction read,

S = / d4x\/fg[x (n)R"} + gmatter (6.3)
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where X(n) > 0 for all n and reduces to 1 when n = 1. Using the metric formalism the field

equations for this theory read,

~ 1
nR" Gy = X(n)_lTé\f + §gab(1 —n)R"

+ [n(n = )R 2R +n(n —1)(n - Q)RWBR;CR;d} (9ca9db — GedJab) -

(6.4)
In the FLRW metric, the above equations can be written as,
R R K 7
H>+H=(n—1)— —(1— R CE— 6.5
+ R(n ) 6n( n)+ a?  3nX(n)R"! ’ (6.5)
. . ) o
QnZ tnn— 1)H% tnn— 1)% ol —1)(n— 2)% (- n)g
H _
+ 3nXRn_l(lJrSw) =0, (6.6)
together with the conservation equation for matter
a4+ 3Hu(l+w)=0. (6.7)

Before discussing the general case in which matter is present, we begin with an analysis of the

vacuum case .

6.2.1 The vacuum case

The form of equations 6.5, 6.6 suggests the following choice of expansion normalized variables: :

R
R

y = 6nH2(1fn) (6.8)
K

X = e

The variable x is associated with the rate of variation of the Ricci curvature, y represents a mea-
sure of the expansion normalized Ricci curvature and x the spatial curvature of the Friedmann
model. If we consider the Ricci curvature as a scalar field, we can think of x as the kinetic term
for this field and y as its potential. However, this analogy does not work completely, because
x appears only linearly in the Friedmann equation. The cosmological equations 6.5, 6.6 are

equivalent to the autonomous system,

= 2+x—x2+%(2+nx)+(2+x)x,
ro_ Ty (ny )
= 2 2 .
y 1 T2l T2+ X)), (6.9)
n
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Table 6.1: Coordinates of the fixed points, eigenvalues, and solutions for R"-gravity in vacuum.

Point  Coordinates(x,y) Eigenvalues Solution

A [0,0] [-2,2] a=aet

B [2 2] 2, 4: 15] , a=ay(t— t0)1/2 for n=3/2
C [ 2(2 1)7 4212 i’] [5n 4{1, gzjzgﬁl] a = a,t(1=m(2n=1)/(n-2)

D [2(1-),2(n—1)?] [n—24+/3n(3n —4) —/3n(Bn—4)] a=aytfor K=0

a=Kt/(2n? —2n —1)

for K #0

and the constraint equation ,
l+z—y+x=0. (6.11)

The prime represents the derivative with respect to the time variable N = Ina. The constraint
equation can be used to reduce the dimensionality of the dynamical system 6.9. It is clear that
y = 0 is an invariant sub-manifold in the phase space of the system, which means that a general
orbit starting at y # 0 can approach y = 0 only asymptotically. The fixed points of this system
and their stability can be obtained by a local stability analysis and this is summarized in Table
6.2.1. The fixed point A is always a saddle. The point B is an unstable node for n < 1 and
n > 5/4 and a saddle otherwise. The point C is stable node for n < (1 —+/3)/2,1/2 < n <
1,n > (1++/3)/2, an unstable node for 1 < n < 5/4 and a saddle otherwise. The fixed point D
is stable node for (1 —+/3)/2 <n < 0and 4/3 <n < (1 —+/3)/2, saddle for n < (1 —+/3)/2 and
n > (14 +/3)/2 and an attractor otherwise.

It is useful to define the deceleration parameter q in terms of the dynamical variables,

H’ Yy
R 6.12
9= 73 T (6.12)
which means, for ¢ > 0,
n>1, z(n—1)+y<0.
n<l, zn—1)+y>0.
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These conditions are never satisfied for the fixed points, A, B, D. For the point C the constraint

on n are,

n> (1++3)/2 Expansion, (6.13)
1/2<n<1 Expansion, (6.14)
n < (1-+3)/2 Contraction. (6.15)

6.2.2 The matter case

When matter is present (as a perfect fluid), a new dynamical variable need to be defined to

account for this extra component,

o

= 3nXH2Rn1’ (6.16)

Differentiating 6.8 and 6.16 with respect to the logarithmic time, we obtain the autonomous

system,
2
¥ = x—2x2+%—(2+$)X+2—X(1+3w).
x n
y = —2 +2y(—y+><)
n—1 1—-n
’ ny
O = =300 +w) +202+ 4 x) a0, (6.17)
n
X = 2x(1+—y+x)7
n—1
with the constraint ,
l+z—y+x—Q2=0. (6.18)

The invariant plane y = 0,92 = 0 divide the phase space of the system into two disconnected
sectors. The coordinates of the fixed points, their stability and the solutions at these points are
shown in Tables 6.2.2 and 6.3. The fixed point A is always a saddle-node .

The fixed point B is an unstable node for n < 1 and n > 5/4 if the standard matter is dust or
radiation and a saddle otherwise.

The fixed point C is an unstable node for 1 < n < 5/4, w = 0,1/3 and for 1 < n < (114++/37)/14
in case of stiff matter, and represent a stable node for n < (1 —+/3)/2, 1/2 < n < 1 and
n > (14 1/3)/2, whatever the value of the parameter w. For all the other values of n this point
is a saddle-node.

The fixed point D is a pure attractive node for (1 —v/3)/2 <n <0and 4/3 <n < (1++/3)/2,
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Table 6.2: Coordinates of the fixed points, eigenvalues, and solutions for R™-gravity with matter.

Point  Coordinates(x,y,2) Solution
A [0,0,0] a=a,(t—ty)
B [~1,0,0] a = ay(t —ty)'/? for n=3/2
G = =) a = agt! e/
D [2(1 —n),2(n —1)%,0] a:aotforK—O
a = m for K 7é 0
£ [-1—3w,0,—1 — 3w] a=a,(t—ty)
F [1 - 3w,0,2 — 3uw] a=a,(t—1t,)"? for n = 3/2
G [ 3(n— 1)(1+w) (n— 1)(4n 3(w+3)) a=a, t2n/(3(1 + w))

n(13+9w) 2n (4+3'w) 3(1+w)]

for 0 < n < 4/3 the eigenvalues are complex and an analysis of the real parts show that the
focus-nodes are always attractive, and a saddle-node otherwise’

The fixed point £ is a saddle-node whatever the values of n and w.

The fixed point F is a saddle-node for every value of n if the matter is dust or radiation. In the
stiff matter case, this fixed point is an unstable node if n > 3.

For the fixed point G numerical calculations show that there are complex eigenvalues for 0.33 <
n <07land 1 <n < 133ifw =003 <n < 128if w=1/3,037T < n < 1 and
1.224 < n < 147 if w = 1. For all these values of n, G behaveslike a saddle focus. For the
other values of n this point is always a saddle-node apart in case of stiff matter, for which

1.220 < n < 1.223 and 1.47 <n < 1.5. In this case we have a pure repulsive node.

Again it is useful to define the deceleration parameter q in terms of the dynamical variables,

H' Yy
= _1=Q—x— 6.19
1= 13 T (6.19)
which means, for ¢ > 0,
n>1, Q—-—z)n—1)—y<0.
n<l, Q—-—z)(n—1)—y<0.

These conditions are never satisfied for the points A, B, D, £ and F. For the point C the
constraint on n are the same as in the vacuum case, and for the point G we have an accelerated

evolution only if n > 3(1 4+ w) (expansion) and 2n < 0 (contraction).
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Table 6.3: Stability of the fixed points for R™-gravity with matter. We consider here only
dust, radiation. The term “spiral™” has been used for pure attractive focus-nodes and the term

“saddle-focus” for unstable focus-nodes.

n<i(1-v3) I(1-v3)<n<0 0<n<l1/2 1/2<n<l1

A saddle saddle saddle saddle
B repellor repellor repellor repellor
C saddle saddle saddle saddle
D saddle saddle saddle saddle
& saddle attractor spiral spiral
F attractor saddle saddle attractor

l<n<5/4 5/4<n<4/3 4/3<n<i(1+V3) n>11+V3)

A saddle saddle saddle saddle
B saddle repellor repellor repellor
C saddle saddle saddle saddle
D saddle saddle saddle saddle
& spiral spiral attractor saddle
F repellor saddle saddle attractor

G n<033 033<n<035 035<n<037 037<n<071 071<n<l

w=0 saddle saddle-focus saddle-focus saddle-focus saddle
w=1/3 saddle saddle saddle-focus saddle-focus saddle-focus
1<n<1.220 122050 <1223 1.223<n <1224 1.224<n<1.28
w=20 saddle-focus saddle-focus saddle-focus saddle-focus
w=1/3  saddle-focus saddle-focus saddle-focus saddle-focus
128<n<132 132<n<147 147<n<150 n>150

w=20 saddle-focus saddle saddle saddle
w=1/3 saddle saddle saddle saddle

6.3 cosmological dynamics of exp(—R/A) gravity
By assuming f(R) = exp(—R/A) we obtain the field equations:
G = —APATM |

N g (At B+ 5 (RORT £ AR) (oo — gasgu)| - (6:20)
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In the case of the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, the above equations

reduce to:
K H. R A Ap
H2 - = i - o _
+— AR 6+6+36*R/A 0,
i@ R H 1 . 1 Ap A
2—+— — — —R*~-—R————(1 - =
.t 3 AR+A2R AR 3e*R/A( +3w)+3 0,
with,
.. K
R=—6 (9 +H2+—2) , (6.21)
a a

where H = % is the Hubble parameter, a is the usual scale factor, k is the spatial curvature,
p is the energy density of standard matter and w its barotropic factor. The Bianchi identities

lead to the energy conservation equation for

applied to the total stress-energy tensor TﬁOT

standard matter:

p+3Hp(1+w)=0. (6.22)

6.4 The vacuum case

In the case of a vacuum, (p = 0) equation 6.21 and 6.21 can be written as a closed system of
first order differential equations using the dimensionless variables:

R R A K

S & [ — = — = —. .2
A YT eH? T o2 XT 2me (6.23)

xr =

Here the variables y and z are a measure of the expansion normalized Ricci curvature and the
cosmological constant respectively, K is the spatial curvature parameter of the Friedmann model,
while x is a measure of the time rate of the change of the Ricci curvature. The evolution equations

for the variables 6.23 are given by

d

S e2z4+2x—2)+ze(l+z+y+x),

dN

dy

A2 @4yt (6.24)
o = 24yt :
dx

—_— = 2 1

N xXe(y+14+x),

where N = |In a| and € = |H|/H . This system is completed with the Friedmann constraint,

1+ x+y+z—2=0, (6.25)
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which defines a hyperplane in the total phase space of the system. Consequently, all solutions of
the dynamical system will be located in a non-compact sub-manifold of the phase space associated

with 6.24. The time derivative of 6.25 is nothing other than the Raychaudhuri equation.

6.4.1 Finite analysis

The dimensionality of the state space of the system 6.24 can be reduced by eliminating any one of
the four variables using the constraint equation 6.25. If we choose to eliminate z!, the dynamic

equations become:

d

ﬁ — ye(d+2x+2y+2) +2e(l+x+2),

A2 @4yt (6.26)
o = 2E2+x+w), :
dx

SX vt .

N xe(l+x+y)

The system 6.26 admits two invariant sub-manifolds: z = 0 and x = 0. This means that the
points contained in these sub-manifolds form an invariant set under the transformation defined
by the system 6.26, that is, 6.26 sends points on these sets only to points of the same set. As a
consequence, if we choose z = 0 (x = 0) as an initial condition for an orbit, this orbit will never
leave the plane z = 0 (x = 0), while for orbits with an initial condition z # 0 (x # 0), the only
way to smoothly approach z = 0 (y = 0) is to approach it asymptotically. This implies that no
orbit crosses the z = 0 plane and consequently no global attractor can exist, because the phase
space is divided into independent sectors which contain complete cosmological histories .
Setting x’ = 0, ¥y’ = 0, 2’ = 0, we obtain four fixed points that we label with capital letters and
the subscript v to indicate those which are found for the vacuum case (see Table 6.4 ).

We can obtain exact cosmological solutions at these points by using the Raychaudhuri equation,
H=—(y+x+2)H*. (6.27)
In fact, at any fixed point with y + x + 2 # 0, the equation 6.27 reduces to

H= faHQ, a=(ye +x++2)71, (6.28)

where the subscript “x” indicates that a quantity has been calculated at the fixed point. Equation

6.27 applies to both the matter and vacuum cases and describes a general power law evolution

LOf course we could have chosen to eliminate any other variable of the system; our choice is motivated by the
fact that the equation for x is by far the most complicated one to solve and that, with this choice, the number of
invariant sub-manifolds is maximized. As we will see, this will assist in the investigation of the properties of the
cosmology, particularly in the matter case
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of the scale factor. In addition, integrating with respect to time we obtain
a=a,(t—1t,)". a#0. (6.29)

This means that by finding the value of a at a given fixed point, we can obtain the solutions
associated with it using equation 6.27 and this solution will be given by 6.29 for o # 0.

In this way, points A, and B, are found to represent Milne and power-law evolutions respectively
(see Table 6.4). However, by direct substitution into the cosmological equations it can be shown
that these fixed points cannot be considered physical because, in order to satisfy 6.21, one needs
to violate the weak energy condition p > 0. This does not constitute a problem because, as
we will see below, these points are always unstable, which means that we can choose initial
conditions as close to these points as we wish .

For the points C, and D, we have o = 0 so that 6.27 reduces to H = 0 and the scale factor is
given by

a = aetto), (6.30)

The value of the constant « can be obtained by direct substitution into equations 6.21. For both

v = i\/g , (6.31)

so that they represent an exponential evolution. The contracting or expanding nature of this

C, and D, we obtain

solution depends on the direction of approach of the orbits with respect to the hypersurface
y + x + 2 = 0. This hypersurface divides the phase space into two hypervolumes characterized
by a contracting or expanding evolution. In particular, for y < —yx — 2 the orbits describe a
contracting Universe, while for y > —x — 2 they represent an expanding one.

The stability of the hyperbolic fixed points A,, B, and D, is obtained by using the Hartman-
Grobman theorem. The point C,, instead, is non-hyperbolic and must use the local center

manifold theorem in order to find its stability. In our case, using the transformation
Yy=u — 2uz —m )

z=4m, (6.32)
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the system 6.26 can be written in the form

i = —duie +e(12m? + 2muy + 2u3 — dmug — 2uy) , (6.33)
Uy = —2uge + e(—2muy + 2uiuy — 2ud), (6.34)
m = e(—2m?+ 2mu; — 2musy), (6.35)
where
Foi(uy,uz,m) = (12m? 4 2muy + 2u? — dmuy — 2uy) , (6.36)
Fyo(uy,uz, m) = e(—2mus + 2uyus — 2u3), (6.37)
Frn(u1,us,m) = e(—2m? 4 2mu; — 2mus) . (6.38)

represent the non-linearterms. By substituting the expansions
hl(m) =am?+bm3+ O(m*), (6.39)
h2(m) = cm? +dm? + O(m?) (6.40)
into equations 2.23 and 2.24 and then solving for the coefficients a, b, ¢ and d, we obtain
hl(m) = 3m? + ng +0(m*),  h2(m)=0(m?). (6.41)
Substituting this result into equation 6.35 then yields
m = —2m? 4+ O(m?) (6.42)

on the center manifold W¢(0), around the point C,. This implies that the point C, is a saddle-
node, that is, it behaves like a saddle or an attractor depending on the direction from which the
orbit approaches. The local phase portrait in the neighborhood of C, is depicted in figure 6.1 .. If
one considers the transformation (6.32) now, one realizes that m  z, so that C, is an attractor
for z > 0 and a saddle for z < 0. This is also clear from Figure 6.2 in which the invariant
sub-manifold K = 0 is depicted .

Finally, it is useful to derive an expression for the deceleration parameter ¢ in terms of the

dynamical variables:

H
(= —1=—(+x+1). (6.43)

This equation holds for both the vacuum and the matter case. Note that that ¢ > 0 is realized
only when (y + x + 1) < 0. This condition is satisfied only for the point C, as is expected by
looking at the solution associated with this fixed point (see Table 6.4). In Figure 6.3 we give the
location of the ¢ = 0 plane relative to the fixed points A,, C, and B,.
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Table 6.4: Coordinates of the fixed points, eigenvalues, stability and solutions for exp(—%)—
gravity in vacuum.

Point  Coordinates(y,z,x) Eigenvalues Stability Solution

A, [0,0,0] [2,4,4] repeller a=a,(t— to)%
By [0,0,—1] [—2,2,2] Saddle a = ay(t —to)
Cy [—2,0,0] [—4,—2,0] Saddle-node a = a,e?(tte)
D,  [-2,1,0] [ CHAD o BHVITT gaqdle a = aye(tto)

Figure 6.1: The phase portrait for the system 6.26 in the neighborhood of the fixed point C for
exp(—R/A)-gravity in vacuum.

Figure 6.2: The invariant sub-manifold K = 0 for exp(—R/A)-gravity in vacuum.
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Figure 6.3: The invariant sub-manifold z = 0. We explicitly indicate the location of the ¢ = 0
plane relative to the fixed points A,, C, and B, for exp(—R/A)-gravity in vacuum.

6.4.2 Asymptotic analysis

In this section we will determine the fixed points at infinity and study their stability. In order to
simplify the asymptotic analysis we will compactify the phase space using the Poincaré method.
Transforming to polar coordinates (r, 6,0 ):

z— 1 cos, K —r sinf cos¢, y—r sinf sin¢
and substituting r — %, the regime r — oo corresponds to R — 1. Using this coordinate

transformation and taking the limit R — 1, the system 6.26 can be written as

1
R — 1 {8cos ¢ sin® @ —sin¢g [~7sinf + sin 30]
+ 8Acos®f sinf + 4Acosf sin® 0 sing } (6.44)
2 . .
R 5 ~ECT T (4 4 cot) (6.45)
RY — 5“;;‘%“9 (A+cotf) (6.46)

where A = cos¢ +sin¢ . Since equation 6.44 does not depend on the coordinate R, we can find
the fixed points of the above system using equations 6.45 and 6.46 only. From equations (6.45)
and (6.46) if

A+cotf =0, (6.47)
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then 6’ = ¢/ = 0, which means that O = [—arccot A,¢] represent a fixed sub-space. The other
fixed sub-space is given by Z°° = [7/2, ¢], and there are no single fixed points (see Table 6.5).

Let us now derive the solution for Z2°. In this sub-space the first equation of the system 6.26

reduces to
Gy = 2¢y? =
I y“(cot ¢ + 1), where cotdy = K/y, (6.48)
and equation 6.27 becomes
H = —y(cot ¢o + 1)H? . (6.49)

Integrating equation 6.48 we obtain

1
2¢(1 + cot o) (N — Noo)

Y= (6.50)

where N is an integration constant. Substituting y back into equation 6.49 and solving for N,

we obtain
1 2
N — NOO = [Z(Cl j: Co(t — to))] . (651)

The same procedure can be employed to obtain solutions for O3° (see Table 6.5 for the result).

Using the 6.44 to take into account the radial behaviour of the orbits, the stability of Z3° is:

—m/i<p<TpR Stable,
/2 < ¢ < 3m/4 Unstable,

3n/4< ¢ <3m/2 Stable,

3In/2 < ¢ <Tm/4 Unstable.

We obtain the stability of O° in the same way from which it turns out that these points are
never stable. For the values of ¢ for which Li(¢) and La(¢) are both positive, the points in O°
are repellers, while for the values of ¢ for which these functions have opposite signs, they are
saddles .

In the next section we will observe how the introduction of matter modifies the picture we

obtained in the vacuum case.

6.5 The matter case

In this case we can utilise the same dynamical variables we used for the vacuum case together
with one additional variable D, related to the matter energy density:

R R A K Ap

YTAHR YT eH T eHE X T @2H? U7 3H2eR/A

(6.52)
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Ei1). La )

—1o

Figure 6.4: The graph of the eigenvalues of the fixed space as a function of ¢. Here Li(¢) is
represented by a solid curve and Lo(¢) is the dashed one.

Table 6.5: Coordinates, eigenvalues and the stability of the fixed points in the asymptotic regime
for exp(f%) gravity in vacuum. L; and Ls are functions of ¢ which are too complicated to be
recorded here (see Figure 6.4 for their plots), E = [2 + 2 cot ¢g + cot fcosec ¢g + Ag cosec @3 (1 +
Ayt cos ¢p)] and Ay is the value of A in ¢y

Point (6,¢) Eigenvalues Solution

Zyx 5.9 [0, —Acos¢] (N — Noo) = [5=(c1 £ co(t1 — t0))]?
O [—arccot A, ] 1 =

L1(6) < 0 V6, La(d) <0 V8] (N — Noo) = [Ex (e + colts — t0))] £
[L1(¢) > 0 V¢, La(p) >0 Vo
[L1(¢) >0 V¢, La(p) <0 Vo

The definition of the variables reveals that not all of the phase space corresponds to physical

situations. This becomes clear if we divide D by z. We obtain

D R
~ = 2 p exp (K) ) (6.53)

which has the same sign as p. This means that the sectors in the phase space for which the
sign of D is different from the sign of z contain orbits in which standard matter violates the
weak energy condition p > 0, and have to be discarded as not physical. As we will observe, this

implies restrictions on the cosmic evolution scenarios allowed in this model. Following the same
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procedure we used in the vacuum case, we obtain the autonomous system:

d

_djff = e242z2+20)+ze(l—z+y+x)—Qe(1+3w),

dy

i +2ye2+y+x),

T @4yt (6.54)
N = 2 y+X) :
dx

N xe(y+1+x),

i)

N = Qe(l-3w+2y+2—2),

together with the constraint equation
l+x+z+y—2-0=0, (6.55)

where N = |In qf.

6.5.1 Finite analysis

The system 6.54 can be further simplified using the constraint equation 6.55 to eliminate x. We

obtain:
dy
N " ye(d+2x+2y+2)+2e(1+x+Q+2),
D eI+ x4) (6.56)
v = 2xelltxty), :
dz
dQ—Q(23+3+Q+3+)
oy = e w + 3x y+z).

The structure of 6.56 reveals that in this case we have three invariant sub-manifolds: Q = 0,
z = 0 and Q = 0; hence also in this case no global attractor can exist. Setting x' = 0, 3’ = 0,
z' =0 and Q' = 0 we obtain seven fixed points (see Table 6.6).

As in the vacuum case, we can use the coordinates of these fixed points and equation 6.27 to
find the behaviour of the scale factor at these points. In addition, the behaviour of the energy

density p can be obtained from equation 6.22, which at a fixed point reads
P «@
- =-3(1 — 6.57
L - s+ (657)

where « is defined by 6.28. However, direct substitution in the cosmological equations reveals

that all the fixed points correspond to vacuum states.
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Table 6.6: Coordinates of the fixed points, the eigenvalues, and solutions for exp(—R/A)-gravity
in the matter case.

Point  Coordinates(y,z,x,2)  Eigenvalues Solution

An [0,0,0, 0] 2 — 3w, 2,4, 4] a=ao(t —t,)2
B, [0,0,—1,0] 2,2, -2, — (1 + 3w)] a=a,(t—t,)

Crm [0003w—2] [3w 2244] a=ao(t —t,)2
D [0,0,—1,3w + 1] 2,2, -2, (1 + 3w)] a=ay(t —t5)

Em |- 2,1,0 0] - 17“,@ —2,-3-3w] a=a.ett)

Fm [—2,0,0,0] [—2, -4, —3w — 4, 0] a = a,eVtto)

Gm  [-2,0,0,3w + 4] [Bw + 4, -2, —4,0] a = ayeV(t=to)

The exact solutions at the fixed points are summarized in Table 6.6. As in the vacuum case, we
use the Hartman-Grobman theorem together with the center manifold theorem to analyze the
stability of all the fixed points. The results appear in Table 6.7.

6.5.2 Asymptotic analysis

We complete the analysis for the matter case by investigating the asymptotic behaviour of the
system 6.56. In order to achieve this we compactify the phase space by transforming it to 4-D

polar coordinates. The transformation equations are,

Q—=1r cosd, z—r sind cosh,x —r sind sinf cosq,

y— 71 sinf sind sing,

where 7 € [0,00[, 0 € [0,7], 8 € [0, 7], and ¢ € [0,2n]. We then transform the radial coordinate

r— % and in the limit R — 1, the system 6.56 reduces to

R’ —cos®  + cosd cosf sin® 6 sinf sin¢ + cos®  sind (cos §
+ 3Asind) +sin®§ sin 6 [cosz,b (2+ B) (6.58)

+ sin¢ (3cos?d + 2sin? 0 +B)} ,

ind cosd
RS — S;I(lnic_oi) {8cosd (B —1) —sind [cos36 + 8cos¢ sinb

+8sin® 0 sin ¢ + 7cos +4cosf sin? 6 (cos2¢

—sin2¢)]} (6.59)
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Table 6.7: Stability of the fixed points for exp(—RA)-gravity in the matter case.

1

Point w =20 0<w<% w=3

A Repeller Repeller Repeller

B Saddle Saddle Saddle

Cm Saddle Saddle Saddle

D Saddle Saddle Saddle

Em Saddle Saddle Saddle

Fon Saddle-node Saddle-node Saddle-node

Gm Saddle-node Saddle-node Saddle-node

Point +<w<2 w=2 Zcw<1

A Repeller Saddle-node Saddle

B Saddle Saddle Saddle

Cm Saddle Saddle-node  Repeller

D, Saddle Saddle Saddle

Em Saddle Saddle Saddle

Fm Saddle-node Saddle-node Saddle-node

Gm Saddle-node Saddle-node Saddle-node
RO — 2((;70287291) {2cosd sing +sind [2cosf sin ¢

+ sin® (1 —cos2¢ +sin2¢ )]} , (6.60)

R - cos ¢ {cosd cotf + cosf sind [A+ cot 0]} (6.61)

R-1 ’
where B = cosf sinf sin¢. Notice that the first equation of the previous system does not
depend on R, which means that the fixed points of this system can be determined by the angular
equations alone. As in the vacuum case, there are no isolated fixed points (see Table 6.8) .

The solutions at the fixed points can be obtained by following the same procedure we used in
the vacuum case.

Taking into account the radial behaviour of the orbits we can deduce the stability of the first
two fixed sub-spaces. We have that AS°, and BSY attractors for 0 < < 3r/4and 0 <O <7 A
respectively. The fixed sub-spaces C5° and DS° are unstable for all ¢ (see Figure 6.7). The
stability analysis of the sub-space £ is complicated by the fact that the eigenvalues are all zero.
This means that the system for these points is not structurally stable or, in other words, their
stability is determined mainly by the non-linear terms. One can gain an idea of the stability of
&> by studying second order small perturbations around this fixed sub-space. To the second

order the evolution equations for the perturbations (6,6, ¢, R) around £° are,
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Table 6.8: Coordinates, eigenvalues, and the solutions for fixed points in the asymptotic regime
for the exp(—R/A) gravity in matter case. Here f1 and f5 are functions of  while g is a function
of ¢ (see Figures 6.5 and 6.6), S = [2+ cotf + cot? (1 + cot dsech)] and S = [-2 + cotd —
cot? (1 + cot § sec 6)]

Point (9, 60,¢) Eigenvalues Solution

A [ arccot(—sinf —cosf),6,5] (0,0, f1(0)] (N — Noo) = [Z2(e1 £eo(ts — to))] =1
B [ arccot(sin6 — cos), 0,27 [0,0, f2(0)] (N —Ng) = [ig (e1 £ oty — to))]s%l
Cyy [ arccot(—A), 7, ¢] [0,0,9(¢) >0 V¢ (N — Noo) = [5=(c1 £ co(t — to))]?

D [ arccot(A), 3T, ¢] [0,0,9(¢) >0 V¢] (N — Noo) = [5=(c1 £ co(t — t,))]?

£ [ arccot(—cosf), 6 ,3x] [0,0,0] a = ce¥(tt0)
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Figure 6.5: The graph of the function f;(6).
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Figure 6.6: The graph of the function f2(0).

y = 5(a15+a252+a359_+a45q3+a59_+a6§2+a7q32+a8q3+a9¢_>§),
0 = a@1é+b2@@$+b35+b4§f;- 0 4 bs ¢ + b7 62 4 bg) ?, (6.62)
(Z)I = 8(015—1—625(54—635@4-04@(/7) 9+Cﬁ(2)2+07(5+68é2),

R’ = &(di16® + 0d3d + ¢d70 + 0*ds + ¢dg + Opds + ¢*dy + ddy + 0dy)
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Figure 6.7: The graph of the function g(¢).
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—2secOy + sin by 2 cos by + v/2(—2csc by + sinbp)
C1 = Cy =

V2(\/1 +sech?)’ 2(y/1 + secH?) ’
o — cos By + 2 cot By csc Oy + sec by
’ V2(y/1 + sech?) ’
2(% +v/2cot by cscy — sinfp) — /2 — 2 tan by
& = )
! /1 +sect?)
s = — L e = IR S
° V2(y/T+sech?)’ ‘ V1 +sech’
- - 1 . cot By + 2tan b
! \/1+sec98’ ® 2\/5\/1+sec987
P (cos (26p) + 3) sec?(6p) (v/2sin (26p) — 4)
b 4 (sec2 (6y) +1)3/2 ’
& = (cos (260) + 3) sec (6o) (v2tan (6p) + 2)
S 4 (sec2 (6y) +1)3/2 ’
P V2sec? (0) +2 (V2 — 2tan (6p)) sec (6p) — 5v/2 cos (6p) + 2sin (6p)
P 2 (sec2 (6g) + 1) 3/2 ’
4 = tan (6p) (v2tan (6) + 2)
v 2 (sec2 (o) +1)3/2
I V2 (5 — 2sec? (6p)) tan (6p) + 2
T 4 (sec2 (6p) +1)3/2 ’
sec? () (3v/2cos (200) + sin (260p) + 7v/2) tan (6p)
dg = 2 3/2 ’
2 (sec? () + 1) 3/
g o e (60) (Tv/2 cos (26p) + 6sin (26p) + 9v/2) tan (6p)
T 4 (sec2 (6p) +1)3/2 ’
2\ (3v/2 — 2tan (6p)) sec? (6p) + 6 tan (6g) + 7v/2
- 2 (sec? (6p) +1)3/2 ’
&y = tan? (6p)

(sec2 (Bp) +1)3/2 "

The system above is very difficult to solve exactly, so we will limit ourselves to plotting the
solutions for specific values of 6 and to deduce the stability from them. Figure 6.8 shows the
solutions of the perturbed system 6.62 for specific values of 8 (i.e. § = 7/6,7 /4,7 /3,37 /4 and

5m/6); it is clear from the graphs that all the solutions are unstable.
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Figure 6.8: The solutions for §, § and ¢ of the system 6.62 for § = 7 /56, 7 /4,7 /3,37 /4 and 57 /6
respectively. The solid, dashed and dotted lines represent §, # and ¢ respectively.
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6.6 Discussion

We have applied the dynamical systems approach to the exponential gravity cosmological model,
and found exact solutions together with their stability for both the vacuum and matter cases.
In the vacuum case, we identified four finite critical points A,,, B,, C, and D,,, of which only two
C, and D, are found to be physical. These last points were established to represent a solution
whose nature depends on the parameter y(A); forA > 0 we can have either exponential expansion
(7 > 0) or exponential contraction (y < 0), while forA < 0 the solution oscillates .

From the stability point of view, the point C,, which resides in the invariant sub-manifold z = 0,
is of particular interest because, since it is non-hyperbolic, it represents an attractor for z > 0
and a saddle for z < 0, while the other physical point D, is found to be a saddle.

On the other hand, the solution connected with the non-physical points A, and B, is found to
correspond to power law evolution and is also interesting because the orbits can approach them
arbitrarily closely .

The invariant sub-manifold z = 0 divides the phase space into two regions, z > 0 and z < 0
which correspond toA > 0 and A < 0 respectively. The fact that no orbit can cross the plane
z = 0 is then consistent with the fact that A must always have the same sign during a cosmic
history .

In the vacuum case, we established that the region z < 0 does not contain any finite critical
point. Thus, the only attractors in the region z < 0 are asymptotic, which means that all the
models that begin their evolution in this region will re-collapse. However, in the plane z = 0,
the physical point C, represents a saddle and the non-physical points A, and B, are a repeller
and saddle point respectively. This means that during the evolution towards the asymptotic
attractors a transient de-Sitter or a power law phase(s) might be present, depending on the
initial conditions .

From a physical point of view, the region z > 0 appears to be more interesting because in
this region the point C, represents a de-Sitter attractor which might be associated with a dark
energy/inflation era. The same region also contains the point D,,, which represents an unstable
de Sitter phase (see Figure 6.1). This implies that the subset of the orbits which converge to C,
can also contain cosmic histories that present a second, unstable, de Sitter phase. In addition,
orbits that evolve near the non-physical point B, can also present an intermediate power law
phase .

Finally, it is apparent from Figure 6.3 that the de Sitter phases C, and D, are separated from the
past attractor A, by the plane ¢ = 0; therefore any model with initial conditions near the past

attractor A, and evolving toward the future de-Sitter attractor C, will cross the plane ¢ = 0,
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indicating a transition from an accelerating evolution to a decelerating one.

In the asymptotic regime, no isolated fixed point was found, but only two fixed sub-spaces: Z2°
and OJ°. The stability analysis reveals that the only asymptotic attractors are in Zj°. This
means that all the models that evolve towards an asymptotic attractor are bound to re-collapse.
The introduction of matter into this model increases the dimensionality of the phase space,
making it more difficult to visualize. By a direct substitution into the field equations we found
that all the fixed points in the matter case do not represent physical solutions. This means that
the series expansion of the action function exp(—R/A) should be truncated at some point before
matter can be treated within the higher order gravity scheme.

In the finite regime (see Table 6.7), we determined that the four points Ay, By, Fm and &, are
generalizations of the vacuum fixed points A,, B,, C, and D, respectively and present the same
solutions .

The points A,, and B,, are found to represent Milne solutions while C,, and D,, represent a
power law evolution. For points &,,, Fm and G,, we established that H = 0, which means that
these points represent Einstein-de Sitter solutions.

In the asymptotic regime we identified three different classes of solutions (see Table 6.8). The
first class contains the fixed points AS° and B, and the solutions at these points depends on the
value of S(6,6) and 5’(5,9). The solutions at these points represent an expansion if S,S > 1, a
contraction if S, S < 1. These fixed sub-spaces contain attractive parts (specifically 0 < 6 < 37w /4
for A% and 0 < 0 < 7 A for BY).

The second class of solutions contains the two fixed points C° and Dy°. These sub-spaces
represent a recollapsing evolution, but are always unstable.

The third class contains a single fixed sub-space £° and the solution at this point depends on
the parameter 7. By substituting this solution into the field equations 6.21, and by ignoring the

subdominant terms we obtain

=0, (6.63)

144 [ k\? k
2
" l1+T<¥) +24<¥>

It is clear that the only consistent solution is v = 0, when the spatial part of the spacetime is flat

+3 <£) —0. (6.64)

x = 0. The stability of the points in this sub-space cannot be performed in general because of
their non-hyperbolic character. We limited ourselves to investigate a few specific cases analyzing
the evolution of the second order perturbations around a general point of £2°. These points seem
to be always unstable. Such a behaviour is interesting because it points towards the presence of

bounce solutions for this cosmological model .
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In conclusion, exp(— f) gravity possesses a very rich structure that includes a series of diverse
and interesting cosmological histories. Particularly important are the ones including multiple de
Sitter phases because they could provide us with natural models describing the early and late
time acceleration of the Universe. Unfortunately, as is clear from Figure 6.2, this scenario does
not include a decelerated expansion phase between these two de Sitter phases. This implies that
these cosmic histories will not, in general, admit a standard structure formation scenario (as it
was claimed using a different argument in [182]). On the other hand, the evolution of scalar
perturbations in fourth order gravity does not necessarily need the presence of a decelerated
expansion phase. Ouly a detailed numerical analysis of these specific orbits (and on the pertur-
bation evolution along them) will be able to clarify this matter .

Using Hubble normalized variables we can not study bouncing, recollapsing or static behaviours,
that is because the dynamical variables diverge when H = 0. In the next chapter we develop an
alternative scheme to deal with this issue. We then use this framework to study the behavior of

R 4+ aR™ gravity model.
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Chapter 7

COSMOLOGICAL DYNAMICS
OF FOURTH ORDER
GRAVITY: A COMPACT VIEW

7.1 Introduction

In this chapter we develop an alternative scheme which involves compactifying the phase space for
general f(R) [124], [125], [126] theories of gravity, subject to certain conditions on the function
f. We then use this framework to study the behavior of the phase space of Universes with a
non-negative Ricci scalar in R + aR™ gravity. We find a number of interesting cosmological
evolutions, which include the possibility, at least in principle, where the Universe begins close to
at an unstable power-law inflationary equilibrium point, then evolves towards a curvature fluid-
dominated phase where the effective equation of state mimics standard radiation with w ~ 1/3
(we will refer to such phases as radiation-like), then passes through a standard matter CDM era
and ultimately evolves asymptotically towards a de-Sitter-like late-time accelerated phase .

We also show that as n — 0, all the fixed points that approach the ACDM subspace of the
complete state space of R + aR™ gravity, are unstable. This implies that the behavior of the
solutions of a fourth order theory which is close to ACDM may be completely different from those
of ACDM and one needs to do a careful analysis of the solutions rather than a prior assuming

any global behavior of the trajectories.
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7.2 Compactification of Friedmann-Lemaitre models

This section is a continuation of the analysis presented in section 4.5. We study the evolution of
spatially homogeneous cosmological models with a positive cosmological constant [210]. Equa-
tions 7.10 and 7.11 (14-15) are the starting point of a dynamical analysis of this cosmological
model. Let us define the dimensionless parameters

K p A

In what follows, H # 0 is assumed. Using these variables, equation 7.11 can be written as a

system of first order differential equations

Q;g = ([37—2]9—2QA)Q]€,

3v—2
O = 201+ 72 Q- Q0), (7.2)
O = (3y—2(Q—1)—204)Q,

where the prime represents the derivative with respect to the time variable ' = H~1d/dt. This

system is completed by the Friedmann constraint
Q-i—QA—Qk:l. (73)

By considering a weak energy condition and assumingA > 0, the dynamical variables proposed
in 7.1 can be compactified to the range [0,1]. Using the Friedmann constraint the system 7.2 can

be reduced to a two-dimensional system,

K/

([3y — 2] — 2Q4)Q, (7.4)

3y -2
Q, = 201+

Q—Qp)% . (7.5)
Equilibrium point solutions, and the stability analysis of this system, are shown in Table 7.1. In

Table 7.1: Coordinates of the fixed points, eigenvalues, solutions and the stability.

Fixed points Eigenvalues  Solution Stability
(s, Q) 0<v<2/3 2/3<~vy<2
[0, 0] [3v —2,37] F Saddle Reppler
[-1,0] [-(3y-2),2] M Reppler Saddle
[0,1] [—2,—-39] ds Attractor  Attractor
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order to compactify the region{2 ; > 0 of the phase space we will begin by writing 7.10 as

3K
p:3H2+?—A, (7.6)
Let us define the compact variables
H - A
Q = 5 QA == _3_D2 5 (7'7)

where D = \/H? + k/a?. Then by using the new time variable ' = D~'d/dt, the evolution

equations for Q and Q, are given by

Q = 0-Tp-aa-e, (7.9

QA = 3’}/(1—Q~A)QQ~A. (79)

The equilibrium points, and the solutions of this system, are depicted in Table 7.2. The compact

space for all Friedmann models with 2/3 < v < 2 is illustrated in figure 7.2. The left and right

Table 7.2: Coordinates of the fixed points, solutions and the stability.

Coordinates(Q, Q) Solution  Stability

[1,0] +F Reppler
[—1,0] -F Attractor
[1,1] +ds Attractor
-1,1 -ds Reppler
[0, =2 E Saddle

Figure 7.1: The phase space for Friedmann-Lemaitre models with —1/3 < w < 1.

sides of the phase space correspond to expanding and contracting models respectively. In the
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Qr < 0 and H > 0 region orbits with £ > 0 and A > 0 evolve from F' to ds. For € > 0 and

H > 0 there are three possibilities:
e If A is sufficiently small, we obtain Friedmann-Lemaitre models,
o If A is large, we obtain Lemaitre models,
e For A= #%, we obtain the Einstein static Universe.

There are also models which start with H < 0 and cross to H > 0. The models which passed
asymptotic to the Einstein static Universe are called Eddington-Lemaitre models. The straight

line Q = 0 from —ds to +ds corresponds to a de-Sitter Universes.

7.2.1 The Einstein static Universe

For the FRW metric background, the Einstein field equation 2.109 takes the form

N 2
a p kA
ayT _ op_ kA 1
(a) 3 &3 (7.10)
a 1 A
= =(-2 P)+=. 11
S = L3P+ (711)

Equation 7.10 can be written in a more compact form as

a*+Via) = —k, (7.12)
where
‘ A
V(a) = %a_(1+3“) - 34, (7.13)

This equation is very useful in studying the dynamic stability of the Universe. For the Universe
to be static @ = @ = 0, this condition is satisfied when

dV(a)
da

=0. (7.14)
Thus the radius of the Einstein Static Universe is consequently given by

ad = %(37 - 2)% : (7.15)
where v = w 4 1. Figure 7.2 shows the graph of the V(a) a function of a, It is clear from figure
7.2 that the Einstein Static Universe, which take place at (vg, ap) is not stable, so that a small
change in the energy density of the Universe will result in a fast collapse or infinite expansion.

If the initial conditions are chosen in such a manner that the Universe starts in region I, then

there will be three possible evolutions.
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Figure 7.2: The graph of V(a) a function of a.

e a(t) expands up to a maximum radius ag and then re-collapses,

e a(t) expands up to a maximum radius ap with ¢ < 0 and then expands with ¢ > 0,

e a(t) expands to ag in an infinite time.

If the initial conditions are chosen in such a manner that the Universe starts in region II then,

e a(t) contracts to a minimum radius ag and then expands,

e a(t) contracts to a minimum radius ag with ¢ < 0 and then contracts to zero with ¢ > 0,

e a(t) contracts to ag in an infinite time.

Figure 7.3 shows schematic diagrams of all these cases.

a 2 )
[ a 'y
o
] e ]
-t - T
a a
i / !
Apl- ——->=" - — — — — - Agl - - - - B——
-t a=0 g0 a0 =t -t

Figure 7.3: The evolution of the scale factor for Friedmann-Lemaitre models.
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In region 111, depending on the initial conditions, the Universe can either expand to infinity

or contract to zero.

7.3 Compact phase space for positive Ricci scalar Universe

In this section we will study the dynamics of Friedmann - Lemaitre - Robertson - Walker (FLRW)
models only in the sector R > 0. This is because the sector R < 0 is not of much physical interest
and also, as we shall see later, the sectors R > 0 and R < 0 are connected by the invariant sub-
manifold R = 0, making the physically interesting dynamics completely confined to the sector
R > 0. Also, we consider the 3-curvature to be vanishing, which is an invariant sub-manifold by
itself. As required by the no-ghost condition we also assume f' > 0. To compactify the phase

space we rewrite the Friedmann equation (8.2) in the following form:

s 30 3_.9(f)
D _?+§R+Z(

)2 (7.16)

where

D\/(@+§(f’))2+§i_ (7.17)

Where the variable © is defined in chapter 2 section 2.2. We can now define the following set of
normalized variables:
3 f 3p 3R (C]

_3(f) ) o
x_gf’D y_Qf/DQ ™ D2 Z_aﬁ Q—D- (7.18)

To guarantee that the propagation equations for these compact variables will result in a dimen-

sionless dynamical system, we need to define a new time variable 7, such that,

d_,_1d

—==5= (7.19)

For 7 to be a monotonously increasing time variable, a normalization D is chosen such that it
is strictly positive at all times. It is clear by construction that when © = 0 the normalized
dynamical variables as well as the time variable are well defined, thus this normalization allows
the study of general static, re-collapsing and bouncing solutions. From the Friedmann equation

we obtain the following constraints,
Qo +2+22 = 1,
Q@+z)P+y = 1L (7.20)

The first constraint comes directly from Friedmann equation, while the second one arises from

the definition of the normalization parameter D. According to these constraints and considering
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R >0, p>0and f/ > 0, we see that the above dynamical variables have to be defined in the

following ranges,
0<Q,<1, 0<z<1, —l<z<l -2<Q<2 0<y<l, (7.21)

making the complete phase space compact. Also since the variable () is a normalized Hubble
parameter, the cosmological solutions will naturally include both expanding and collapsing as

well as static solutions and these two sets of solutions are connected via the non-invariant subset

Q=0.

7.3.1 The propagation equations

An autonomous system, which is equivalent to cosmological equations (8.2-8.4) can be derived
by differentiating the compact variables (7.18), with respect to 7 and using (8.2-8.4). The
dimensionality of the resultant system can then be reduced by using the two constraints (7.20).
By eliminating the dynamical variables(2 ,,, and y, we obtain the following 3-dimensional effective

autonomous system:

¥ = é(— 3(1 +w) — (1 +3w)z® —4Q*(—1 + %) + (1 + 3w)z

- Qx[(5 +3w)(—1+22) +3(1+ w)z} + a2 {4 6w+ 2(—3(1 4+ w) — 2F)D

S = g( —4Q% — Q((5 + 3w)z? + 3(1 + w)(—1 + 2))

+ (543w — (1 + 3w)z? — r[ — 2 3n(1+w) + 22 +3n(1 +w)(z + (Q + x)Q)UTZZ)

Q = é(— 4Q%x — Q[(S +3w)z? +3(1 + w)(—1 + z)}

+ x(5+3w—(1+3w)x2—F[—2—3n(1+w)+22+3n(1+w)((Q+x)2—i—z)D :

wherel' = f'/Rf”. In general, the system is not closed unless I' is expressed in terms of the

dynamical variables (7.18). For example, in the case of R + aR™, we have,

Tnly—2) nflgra)Pt+z-1] (7.23)

r

Thus, the above system defines the dynamics of all well defined f(R) theories for which f//Rf"”
is invertible in terms of the dynamical variables. From equations (7.22) we can see that z = 0
is an invariant sub-manifold. and in the z = 0 2-surface the line Q = 0 is an invariant subset.
Since z = 0 corresponds to R = 0, we obtain an important result: For all well-defined functions
f(R), with f' > 0 and f'/Rf" invertible in terms of the dynamical variables defined by (7.18),

a FLRW Universes with non - negative Ricci Scalar, continues to be so, both in the future and in

118



the past. Also an R = 0 Universe can never undergo a bounce in the future or the past. In the
next section we will fix the function f to be the class of theories f(R) = R+ aR" and study the
dynamics of the flat FLRW Universes and their stability for those theories. In order to study
the stability of the fixed points of the dynamical systems (7.22), we will use the very well-known
techniques, which involve linearizing the dynamical equations around the equilibrium points and
then finding the eigenvalues of the linearization matrix (the Jacobian) at the equilibrium points.
If the Jacobian is well-defined, then they can be classified according to the sign of the real part

of eigenvalues as attractors, repellers and saddle points.

7.3.2 The fixed points of R + aR"-gravity

As we have seen from the equation (7.23), f’/Rf" is invertible in terms of the dynamical variables
for f(R) = R+ aR™. It is interesting to note that the constant ‘n’ couples to the dynamical
equations (7.22) only via the quantity I" and the constant o does not couple to the equations at
all. Hence all the fixed point of the system are necessarily independent of . The coordinates of
the fixed points are shown in Table 7.3. Note that each fixed point has an expanding (Q > 0) and
a collapsing (@ < 0) version as indicated by the subscripts (+; —) respectively. Also some points
only occur in the compact state space defined by (7.21) for certain ranges of n. The occurrence
of the fixed points outside the compact region for specific n and w means that the constraints
(7.20) are not satisfied and consequently these fixed points are not physical for these values of n
and w). Fixed points that are not physical for these values of n and w have been excluded from
the analysis. By looking at the coordinates of the fixed points in Table 7.3, we can distinguish
two classes; the first corresponds to points with coordinates that are independent of n, which
means that these points are common to all f(R) theories. This class contains the fixed points
Ay, B,C+, D4, Ex and N1 and they all lie on the boundary of the compact region except for the
point A/. In the non - compact analysis developed in [123], non of these boundary points appear.
Furthermore, even though A is not a boundary point, it does not appear in [123], because of
its special location in the phase space -: it lies exactly on the intersection of the plane =z = 0
and the surface 2 = y = 1 — (Q + z)?. In this case one has to take the limit of I' carefully as
one approaches this point and the standard techniques of finding fixed points breaks down for
this case. The other class contains fixed points with coordinates that depend on n and wj; this
class contains the three points £1,7Z+ and F.. F. is the only boundary point and it lies in the
invariant sub-manifold z = 0. The expanding versions of the points £+ and Z1 correspond to
the equally labeled finite points in [123]. The point H in [123] enters the compact sector, which

we consider in this work only when n = (1 + 1/3)/2 and for this value of n it merges with the
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Table 7.3: Coordinates of the equilibrium points for R + aR™-gravity. We will not explicitly
state the expressions for s,gl,...,g4 and f1,...,f4, which are rational functions of n and w, however
we give them at the following link [120].

Coordinates (z,9, 2z, Q)

Fixed points Solution a(t)

Ax (1,0,0, +2) —
B (+1,0,0,0) u

GIe s 2
¢ ( T 7070) ao

173w+3%(3w72)1+3w )
D+ (3((,0—1)’ g(w_1)2707:|:3(w_1)) aom
Ex (0,0,1, %) e
Ft (filnw),g1(nw), li(nw),ni(nw)) ao/T —To
G+ (fQ( n,w )792(”7&1)7&(”7&)),”2(%,&))) ao(t_to)s(n,u)

143020
e (f3(n), gs(n), ls(n), ns(n)) ao((n—=2)t—to) —2+n
2n

L (falnw ), ga(nw ), la(nw ), na(nw)) | ao(3t(1 + w) — o) 3(1 +w)
Ni (0,%7%7 ?) ao(2t — t)?/?

point I. All the other points that appear in the above-mentioned reference do not appear in the

sector we are studying in this work.

7.4 The exact solutions

The exact solutions at the fixed points are also summarized in Table 7.3 and the stability analysis
for the dust and radiation cases are summarized in Table 7.4. First we discuss the static solutions.
From definition (7.22), @ = 0 = © = 0, so any fixed point that lies on the surface Q =

represents a static Universe. By looking at the coordinates of the fixed points in Table 7.3, we
can see that the point B is static for all values of n and w. The point Z4 is static only for n = 1/2
and n = 1 and we find that for these values of n the point Z1 represent an unstable saddle point.
We now proceed to find the exact solutions for the scale factor at the non-static fixed points.
The expansion rate and the deceleration parameter ¢ = f% are related by the Raychaudhuri

equation,
. 1 0
e = —5(1 +q)O°. (7.24)

If we know the value of the deceleration parameter ¢; at some fixed point i, we can use the
above equation to obtain the behavior of the scale factor at that point. When ¢; = —1 we

have de- Sitter solutions (O= constant) or static solutions (@ = 0). For ¢; = 0 we have a
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Table 7.4: The stability of the fixed points for w = 0;1/3

points Physical range Stability
w=0 w = % w=0 w= %

A_ Vn Vn Attractor Attractor

Ay Vn Vn Repeller Repeller

B Vn Vn Attractor Attractor

D+ Vn Vn Saddle Saddle

E- Vn Vn Repeller Repeller

Ex Vn Vn Attractor for n € (0,2) | Attractor for n € (0,2)

F n € (0, % @) n € (0, é + g) Saddle Saddle

I n e (%,1) andn >5/4 | ne€ (%,1) and n > 5/4 | Saddle for n € (1/2,1) | Saddle for n € (1/2,1)
Attractor for n =5/4 | Attractor for n = 5/4
Saddle for n € (5/4,2) | Saddle for n € (5/4,2)
Attractor for n > 2 Attractor for n > 2

7t n e (%,1) andn >5/4 | ne€ (%,1) and n > 5/4 | Saddle for n € (1/2,1) | Saddle for n € (1/2,1)
Repeller for n = 5/4 Repeller for n = 5/4
Saddle for n € (5/4,2) | Saddle for n € (5/4,2)
Repeller for n > 2 Repeller for n > 2

L+ ne (%, % + @) n € (1,v?2) Saddle Saddle

N_ Vn Vn Spiral ™ Spiral ™

Ny Vn Vn Spiral ™ Spiral™

Milne evolution and when —1 < gg < 0 ; go > 0 we have accelerated and decelerated power law
behaviors respectively. To obtain the exact solutions for the scale factor a(t) associated with the
non -static® s 0 equilibrium points we need to have an expression for ¢ in term of the compact
variables. From the definition ¢ we obtain:

Zi
Q_? .

The non-invariant surface z; = Q7 is the transition surface between accelerated and decelerated

g =1- (7.25)

expansions phases. By substituting 7.25 in 7.24 we obtain:

. 1 Zi

where ) # 0. The evolution of the scale factor can now be given directly by integrating equation

7.26:

)02, (7.26)

Zi
Q7

The constants of integration can be obtained by substituting the solutions into the original

a(t) = ao(t — o), where 3; = (2 ). (7.27)

equations. As explained in [123], these solutions must satisfy all the cosmological equations in
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order to be considered physical. By looking at Table 7.3 we can distinguish two classes of non-
static solutions. The first class { A4+, D+, 4, F1+ and N1} contain solutions that are independent
of n and w. The fixed point B represents a static phase as mentioned earlier, the points A, D
and F are radiation- like phases. The expanding version of the point A is a saddle for z > 0 and
repeller for z = 0 and the other two points D and F are saddles. The fixed point A represent
a matter phase and the expanding version of this point is a spiral~. The evolution of the scale
factor a(t) for the fixed point L is a function of (n,w,t) and for fixed point Z is function of (n, t).
The dependence of these solutions on n and/or w provide us with additional degrees of freedom
that can lead to interesting cosmological scenarios. When w = 0, the fixed point £ merges with
N for n = 1, and it merges with the point D1 for n = 3/4. When w = 1/3 it merges with
Dy for n = 1, and for n = 4/3 it corresponds to the matter point . In the case w = 0 or
w = 1/3, we find that for all values n for which this point is physical, the expansion (contraction)
is never accelerating. As mentioned earlier, the evolution of the scale factor for the point Z is
independent of the equation of state parameter w. For n = 5/4 the fixed point Z merges with A,
for n = 2 it merges with point £ and for n = 7/12 ++/73/12 it is a matter point. We also find
that for this fixed point the expansion (contraction) is accelerating for n > 1/2(1 4+ v/3). The
existence of this accelerated phase together with the fact that for n > 1/2(1 + +/3) the point £
is a matter-like point, leads to the possibility of an extremely interesting cosmological scenario,
where it is possible in principle to find an orbit that starts close to the unstable accelerating
phase Z,, evolves past the unstable radiation-like point D, followed by the unstable matter
point £, and finally ends up at the de-Sitter attractor £;. In figures 7.4 and 7.4 we have
plotted two interesting orbits. The orbit in figure 7.4 is for w = 0 and n = 5/4. It begins near
the radiation-like points Ay /Z;, passes nearby the radiation-like point D4, followed by the
standard matter point £ and ends up at the de-Sitter attractor E;. The orbit in figure 7.4 is
for w = —11/18 4 v/73/18 and n = 7/12 +1/73/12. Tt begins near the radiation- like point A,
passes nearby the matter point Z, then close to the matter point £, and ends up at the de
Sitter attractor £;. It is interesting to see that for all fixed points whose x - coordinate goes to
zero as n — 0, are unstable. As the ACDM subspace lies on the x = 0 surface and this surface is
not an invariant sub - manifold, this implies that the behavior of the solutions of a fourth order
theory which is close to ACDM, may be completely different from those of ACDM. Furthermore,
this suggests that the best fit model to the current observational data within the complete state

space of R+ aR"™, may be given by a non-infinitesimal value of n .
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Figure 7.4: plot of the invariant subspace z = 0 for w = 0 and n = 5/4. The left half of the state
space corresponds to collapsing models, while the right half contain expanding models. This is

indicated by the subscripts of the various equilibrium points.
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Figure 7.5: For this orbit w = 0 and n = 5/4.

7.5 Conclusion

In this work, we have presented a careful analysis of the state space of the class of R + aR"

theories of gravity, focusing on the R > 0 sector with K = 0, together with the no-ghost
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Figure 7.6: For this orbit w = —11/18 + v/73/18 and n = 7/12 4 /73/12.

condition f(R); f'(R) > 0. Due to the complexity of this class of gravity theories, the standard
Hubble normalization does not lead to a compact dynamical variables. In order to construct
variables defining a compact dynamical system one has to use an appropriate normalization.
In this project we used the same formalism used in [124], where we absorbed all the negative
contributions of the Friedmann equation into the normalization. First of all we obtained the
following important result: For all well defined function f(R), with f' > 0 and f//Rf" invertible
in terms of the dynamical variables defined by 7.18, the FLRW Universes with non-negative
Ricci Scalar, continues to be so both in the future and in the past. Also an R = 0 Universe
can never undergo a bounce in the future or past. Our compact analysis shows that there are
more equilibrium points than in the corresponding non-compact analysis in [123]. In particular
we find a new finite fixed point Ni. Because of its very special location in the phase space,
it is quite difficult to obtain this point using the standard techniques. This point is found to
represent a matter phase and the expanding version of this point is spiral™. Furthermore, we
find that for n > 1/2(1 4 v/3) the phase space of R+ aR", contains two accelerated fixed points
E+; T4, together with two other saddle points (one represent a radiation phase D, and the other
represent a matter-like phase £ ). Although we have obtained all the desired fixed points and
desired stability, this does not necessarily imply that there is an orbit connecting them. Due
to the fact that for n > 1/2(1 + v/3), the two accelerated points and the matter-like point are

quite close to each other in the phase space, which makes it difficult to prove the existence of
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an orbit connecting these points together with the radiation - like point. But the presence of all
these phases in the state space of R+ aR™ makes a more detailed investigation worth pursuing.
By a suitable choice of the f(R) gravity action it is possible to construct any background evolution
we desire, and at the same time the theory pass solar system test. In order to pursue this program,
one needs to compute not only the linear cosmological perturbations and their signature in the
matter power spectrum and the CMB anisotropies. In the next chapter we will review the

standard cosmological perturbation theory as well as the covariant and gauge invariant approach.
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Chapter 8

COVARIANT
GAUGE-INVARIANT
PERTURBATIONS IN SINGLE
AND MULTI-FLUIDS

8.1 Introduction

The 143 covariant approach was developed originally to study the evolution of linear perturba-
tions of FRW models in GR with great success [189, 75, 196, 195, 148, 197, 198, 199]. For our
purposes this approach has two major advantages. Firstly, a specific recasting of the field equa-
tions allows one to easily make extensions to a wide range of modified gravity theories including
Braneworlds [200] and FOG [201, 202]. Secondly, the structure of the formalism is such that,
unlike other approaches, it is possible to keep track of the physical meaning of the equations at
any stage of the calculations, which can be crucial when one modifies the theory of gravity. In
particular, in a number of recent papers [201, 202, 204] the evolution equations for scalar and
tensor perturbations of a subclass of fourth order theories of gravity characterized by an action
which is a general analytic function of the Ricci scalar was presented. The results obtained in
[201, 202, 204] clearly demonstrate that the evolution of scalar perturbations is determined by a
fourth order differential equation rather than a second order one. This implies that the evolution
of the density fluctuations contains, in general, four modes rather than two and can give rise to
a more complex evolution than what is obtained in GR. It was also found that the perturbations
depend on the scale for any value of the equation of state parameter of standard matter (while in

GR the evolution of the dust perturbations are not scale-dependent) and that there is a charac-
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teristic scale-dependent signature in the matter power spectrum [204]. This means that in FOG
the evolution of super-horizon and sub-horizon perturbations are different. It also turns out that
the growth of large density fluctuations can occur also in backgrounds in which the expansion
rate is increasing in time. This surprising result is strikingly different with what one finds in GR
and could provide a strong constraint on some FOG theories. In addition to that the analysis
of scalar perturbations shows a characteristic signature of FOG in the matter power spectrum

[202] that could be tested against observations.

8.1.1 The linearized equations

The exact non-linear equations 3.125-3.126 derived in the chapter 3 can be linearized around
any chosen background. In what follows we will choose a background that is homogeneous and
isotropic,i.e., a FLRW metric model. In the linearization procedure all the inhomogeneous and
anisotropic quantities that vanish in this background, e.g. ¢¥ and wﬁ,, are taken to be of linear
order, the Stuart & Walker lemma ensures that since these quantities vanish in the background,

they are automatically gauge-invariant. Homogeneity and isotropy imply:

c=w=0, Vau:%apzo =u=0. (8.1)

In this background the cosmological equations for a generic f(R) read:

0? = 3a™ + 3uft - ? : (8.2)
O+ 50% + F(A™ +3p™) + 3(u" +3p) =0, (83)
L+ pmt+pm) =0, (8.4)

where R = 6 K /a? is the 3-Ricci scalar. The structure of these equations shows clearly that,
higher order gravity behaves like an additional fluid in the model, and also it influences the way
in which standard matter interacts gravitationally.

Making use of the background cosmological equations (8.2-8.4), we can write the linearized

equations of propagation and constraint in the following form:

O + 102 — V%, + S(A™ + 3p™) = — 4 (uf + 3p™), (8.5)
Wa + %@wa + %curl Uy = 0, (8.6)
d'ab + %60—0,17 + Eab - @(aab) = 7(]5; (87)
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Elap) + OFq, — curl Hoy + 5(0™ + ™ )oas

=1 +p")ow —

ab +O©H,, +curlEy, = curl7r
Vow, = 0,
Vo — curlw 4 — %@aG = qu,

curlo ap + Vawpy — Hap = 0,

VPE,, — Vor

Q:U

IV ™ = — + 1Vt

N[

VPH,, — (@™ 4+ p"™wa = —%curl qk

together with the linearized conservation equations

p" = =™ +p™),

. f”R
f/2 ’

i+ Vel = -0 + p™) +
by + ViR +Virl = —364F -

@apm — _(’um _’_pm)aa

L
7T(ab - §Va

(B + p™)ig + ™

1
qb @Waba

R
- %eqa )

+ (pf + pPw,

f//@aR
f/2

(8.10)
(8.11)
(8.12)
(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)

These equations provide the basis for a covariant and gauge-invariant description of perturba-

tions of f(R) theories of gravity .

8.2 Perturbation equations

We are now ready to analyze the evolution of the density perturbations on a FLRW background.

The scalar perturbations are characterized by the variables.

Dy’

Ra

aVab,

i
<
S]
=
|||

I
S
<
S)
=
5
S)

I
Ql\.’)
<
S]
=

Ca

a® V43R,

(8.19)

(8.20)

which represent the spatial gradient of the energy density, the spatial gradient of the expansion,

the spatial gradient of the 3-curvature, the spatial gradient of Ricci scalar and the spatial gradient

of the R.
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By assuming the matter to be a barotropic perfect fluid with barotropic factor w = p™/u™ and
that the vorticity is zero [36], we obtain the following system of evolution equations for the above

variables:

D" —wOD + (1+w)Z, =0.

Za(Rf—HgG))ZaJr{wlu—erL(EiQR@f—HaE)]Dm

3 14w f/ 1+w \ 2 f I 2 @
1 1 1 ff// f//‘um . 1 . " 2K f//
+@7§Ra+ [55 172 7 —R®(7)2+R®7+?7 R
" -
- %VQRG - HL’LUV2DZL'
Ro=Ra— —2 RD™.
14w
. L . (1=3w)m — w
a = — 2R~ o — RZ, - Dy
R (@—i— Rf”)% R +( 3f7 1+wR) o
. f/// . f(4) 'f/// f/ R 21K _
- {RFJrRQ 7 +@RF+ 37 3 T Ra+ VIR,
(8.21)
together with the constraint ,
C, Rf// o . f/// f// f Lim . f// 4K
a—2+ %®+2 1z ZanTDa + {2@R7?(?27+2R@?+?) Ra
" 1"
+2 @Féﬁa — 2?V2Ra = 0. (8.22)

8.3 The scalar variables

The variables defined above 8.19 contain information that are not relevant to the growth of
matter clumping, thus it is convenient to introduce a local decomposition by considering the

spatial derivatives of these variables, for example the spatial derivative of D, reads,

1
Van:Wab+2ab+§Ahab~

where W, = Wigp) contains information about vorticity,3 45 describes the evolution of anisotropies
in the Universe, and A= V® D, characterizes the clumping of matter, thus we will only consider
this part of the density evolution. By taking the spatial derivative of the inhomogenous variables

we obtain the following scalar variables,

Ap,=aV'D™,  Z=aV"Z,, C=aV'C,, R=aV'R,, R=aV'R,.



The scalar dynamical equations are given by:

A, = wOA,, — (1+w)Z, (8.23)
. f” 2 w—1 fh, w R f f” 3K
2= (R =302+ [1+w7+ T+ (57—23 7—?)]%

f// l B lff” f”,um B f” f/// e w o=,

+OR [2 277 T R@(f,) + ko f,] f,v R= Vi, (824)
. w .
. f”/ . (]_ — SlU)ILLm w o
R = <®+2Rf,,)§RRZ+< 377 1+wR>Am

f/// 2f (4) f/// f/ R ~ o
[ Fr +R 7 +OR Tt g 5} R + V2R, (8.26)

C 4 Rf// Lim |: f/// f// f Lim f// :|
— -0+2 Z—2—A,, 20R— — (= — 2 L 9RO) | R
a2 3 + f/ f/ + f/ f/ (f/ f/ + f/ )
+2@§—7%—2§—tv R =0. (8.27)

In addition, from the Friedmann constraint (B-15), we can obtain an equation connecting Ca

with other gradient variables,

Rf//
f/

C

= ot f

o gHtm L _ L (L _gHm I 2
Z 2f,Am+{2®Rf, f'(f' 2f,+2R®f,+ )R

4
§@+2

+2®§—7%—2§—” 2R = 0. (8.28)

The evolution of the scalar constrain is given by

f/2 + 2a2 (@f// _ 3Rfm) f//
a?f? 20 f' + 3Rf"

"
N ( 16w0 L2t )_ 12f o
3(1+w) 20f' 4+ 3Rf" 20f' + 3Rf"

C =12K?

{ 6f'C
a2(20f' + 3Rf")

2a2(0f" — 3Rf") 12ROf' " — 6 f" (f — 2 + 2R@f”) »
B 3f (20f" + 3Rf")f’

__er 27 oo | 4wa®® 2a2f" . 2a%(Of" = 3Rf")
Jr<26f’+31'-'3f”Jr f! )%}Jrv 3(1+w)AmJr 7 R 37 R|. (8.29)
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8.3.1 Harmonic analysis

The above evolution equations 8.23 can be thought of as a coupled system of harmonic oscillators
of the form,

X+ AX +BX =C(Y,Y), (8.30)

which can be reduced to a system of ordinary differential equations by using the harmonic
decomposition. In equation 8.30 the second term from the left represents the friction (damping)
term, the third one, the restoring force term while C' represents the source-forcing term. A key
assumption in the analysis of the equation here is that we can apply the separation of variables
technique,

X(z,t) = X(@X({t), Y(at)=Y@DY{E), (8.31)

and write,

X =Y XF0)Qu@), Y=Y YHHOQu), (8.32)
k k

where Qi (x) are the eigenfunctions of the covariantly defined Laplace-Beltrami operator on an

almost FLRW space-time:

~ 5 k2
VQ=-Q. (8.33)
Here k = 27 is the order of the harmonic and Qr(ZF) = 0 (Q is covariantly constant). Using

these harmonics the evolution and the constraint equations can be converted into a system of
ordinary differential equations. In this way, one obtains the equations describing the k** mode

for scalar perturbations in f(R) gravity. By applying the harmonic decomposition to (8.23-8.29)

we obtain,

AF = weAk — (14 w)Z¥, (8.34)
. W 2 & w—1 iy, w R f - " 3K w k2]
ZF = (R~ - -0)Z — Y+ —— | = — = —2RO— — — —— A

(Rf’ 39) + 14+w f/ Jr1—i—w 2 f R@f’ a? Jr1—|—waQ m

" 1 kQ fll 1ffll f”,um . fll . flll
+ @?W + {5 tEE Ty e R@(F)Q + R@T] R, (8.35)
RE =Rk — HLUJRM’“ (8.36)
Nk ﬂ E_ pok (1*3w)ﬂm7 w k
RE = <®+2Rf”>§R RZ +< 377 1+wR A7

k2 . f/// . f(4) 'f”I f/ R k

- [a_2+RF+R2 7 +®RF+3JC"§}R : (8.37)
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Ck 40 2Rf// Lim . f/// f// f 24t . " k2
ol e 7 AR QTAE,L + {2@37 - ?(? - + 2R®7 —25)| R
2 "
(j)f;f RE=0. (8.38)
along with
C'vk _ 12K2 f/2 + 2a2(®f// _ SRf///) f// ' L { 6f/Ck '
a?fr? 20f" 4+ 3Rf" a2(20f" 4+ 3Rf")
L AR ( 16w 124, ) N 12f" k_QRk
"\3(1+w)  20f +3Rf")  20f + 3Rf" a?
202(O1" — 31y 12RO I = 61" (f = 24t + 200" Q)
3f' (29f’+3Rf”)f’
120 1" 2" k2 | 4wa?0 2a%f" . 2a%(Of" —3Rf") _,
“(oprsir 7)) @ [ Em TR 57 °
(8.39)

The first four first-order equations can be reduced to a coupled system of second-order differential

equations:

. 92 Rf// . k2 m f
Ak (w—2 AF = D L N

m (w 3)9+ f/ m + |:w a2 + (U} ) f/ wfl m

1+w 2k2 f// X " . " 14+w e

== [_1 Tt (f — 2tm + 2R@f”)ﬁ - 2R®7} R — 7 Of'R*,  (8.40)
. i S 2 . f/// o f(4) . f/// f/ R X
R +(2R7+@)R + {§+RW+R 7 +®R7+ 377 5]72

]. Hm w . . m . ]_— w - -
= — |:§(3w — ].)F + H-—’LU <2R+ QRQF + 2R®>:| A,lfn + H—IURA’I;L (841)

The corresponding equations in GR can be retrieved by setting f(R) = R. This yields

“ 2, k2 1 3
Ak — (w - g)@A’;1 + [w; + (5 +w— §w2)um} Ak =0, (8.42)

RY = (1 — 3w)pum AL, (8.43)
The evolution of density perturbations in f(R) gravity is determined by a fourth-order differential
equation. Also we notice that the system 8.23 contains friction terms and source terms due to

the interaction and the gravitation of the two effective fluids. Thus the perturbations in the

fourth-order theories of gravity have a much richer structure than the GR ones.
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8.4 Example R"-gravity

In [113] it has been shown that for 1.37 < n < 2 there is a set of initial conditions for which the
Universe passes through the transient decelerated phase a = ag t**/3(43%) which evolves towards

1+3w) ~ This first phase is argued to be adequate for

an accelerated expansion one a = ag t2"/3(
the structure formation to take place. In this section we will analyze the evolution of the scalar
perturbations during the transient phase. The expansion, the Ricci scalar, the curvature fluid

pressure, the curvature fluid-energy density and the effective matter-energy density are given by:

2n
o- o (8.44)
~ Anfdn — 3(1 + w)]
R= AT wE (8.45)
g = 2= [27;((?1;)52); 31+ w)] (8.46)
e 201 [n(6w? + 8w — 2) — 3w(l + w)] (8.47)

3(1 + w)?t? ’

3\ n(dn —3(1+w))\" " 4n2 — 2(n — 1) [2n(3w + 5) — 3(1 + w)] (8.48)

Fm =\ 1 (1 + w)2e2 3(1 + w)2e2 S
For spatially flat (K=0) background and in the long wavelength equation 8.29 reduces to C=0
i.e. the variable C is conserved. By substituting the expressions above into the first order

equations 8.23-8.27 we obtain,,

A [ltw—2n 6(n—1)n Ap 3(1 + w)?
Am_[ 1+w n+3(n1)w3} t  4a2[n+3(n— 1w —3]dn—3(1+w)]
e 9(n — 1)(1 + w)3¢2
B )C()74[n+3(n—1)w—3] [4n—3(1—|—w)]tQ§]EE
3(n —1)(1 +w)? [n(6w + 8) — 15(1 + w)]
+ [ 2T+ 300 — Dw — 3] [An — 3(1 + w)] ] iR, (8.49)

8nw [4n — 3(1 + w)] Ay,
3(1+w)3 37

R=R+ (8.50)
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N o [(n=4)+2n—-2w 3n(n—1) 2n(4n — 3w — 3) Co
r= 2[ (14 w)t n+3w(n—1) -3 §)(H—(ler)[nJr?)(nf1)111—3]a%x
¢ B 2
In(n—2)(n—1) 3n2(9n — 26) +57n 8n2(n — 2) R

-2 [n+3(n1)w3 + 20— Tn - I1+w)n—1) 91 +w)2(n—1) 0t
16n [4n — 3(1 + w)] [4n + 3(n — 1w — 3]

21n— 1)1 +w)*n+3(n— 1w — 3

[(Qw(1 4+ w) + 8)n® — (Bw(9w + 8) +13) n + 3(1 + w)(1 + 6w)] %,

(8.51)

where Cj is a constant representing the value of the conserved quantity C. By decoupling the

evolution of density perturbations we obtain the following third-order perturbation equation,

4 A A A
(n—l)Am—(n—l)( nw _5> m +Dl(n,w)t—;n —l—Dg(n,w)t—;n + D5(n, w)Cox

1+w t
¢t~ Gatm) 1 = g, (8.52)

where the Ds are constant coefficients for prescribed n and w values defined as

Figure 8.1: Plot of the real part of the exponents of each modes of the solution 8.54 against n
for the case (w = 0). The continuous and dashed lines represent the modes t** respectively, the
dashed-dot line represents the mode $2~47/(3(1+w)) and the dot line the mode ¢~ 1.

2[-9@2(n—1)n+1)w? +6n(n(4n —7) + 1) w + 18w + n (4n(8n — 19) + 33) + 9]

Dunw) == 9(1 + w)? ’
~[@2n—1Dw —1][4n — 3(1 +w)] [3(1 +w) +n (n(6w + 8) — Jw — 13)]

Dz(nw) = 9(1 +w)? ’

Dy, w) = - n[2lw —6n(2 +w) +31] — 18(1 + w) . (8.53)

2
6ag
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The general solution of this equation is,

s Co o (_tn
A (t) = Kt )71 4 Kot® 4 Kyt? — Ky—ot?~(idm), (8.54)
ap

Aj,As and Ag being arbitrary integration constants to be determined from initial conditions and
with

1 o V(n—1) [4(3w + 8)2n3 — 4 (Bw(18w + 55) + 152) n2 + 3(1 + w) (87w + 139)n — 81(1 + w)]
e 6(n — (1 +w)?
Ky— 9(1 + w)3 [18(1 + w) + (6n(2 + w) — 21w — 31)] (8.55)

8 [n(6w +4) — 9(1 + w)] [6(2 + w)n3 — (19 + dw)n2 — 3(1 + w)(1 + 3w)n + 9(1 + w)2]’
In the limit n — 1 the two GR modes t2/3 and t~! are reproduced. The other two extra modes
characterize the R"-gravity modification, for 0.33 < n < 0.7 and 1 < n < 1.32: these two extra
modes describe a damped oscillatory solutions. The most interesting feature of the solutions
8.54 is that, the long wavelength perturbations grow for every value of n, even if the Universe is
in a state of accelerated expansion (see figure 8.4), which means that in Rn gravity large- scale

structures can in principle also be formed in accelerating backgrounds.

In the next section we study the more general multi-fluid case.

8.5 Perturbations in multi-fluids

The real Universe consist of a number of interacting matter fields such as: Scalar fields, Yang-
Mills fields, Spinors, Electromagnetic field, dark energy, etc. We believe that these fields played
a significant role in the evolution of the Universe during different epochs. In [148] a full treat-
ment of the covariant and gauge invariant perturbation of an interacting multifluid cosmological
medium in GR has been presented. In this section we extend this formalism study multicompo-
nent fluid system in f(R) gravity, we start first by studying the the total fluctuation dynamics
of the entire fluid and then we extend the single fluid f(R) perturbations into multi-component
ones, we conclude by applying this formalism to a Universe filled with a mixture of radiation

and pressureless matter or dust.

If we fix our frame to be the energy frame of the standard matter, then all decompositions
will be with respect to the four-velocity vector u{ = uf,. For multi-component matter fluids, the
decomposition of the EMT yields:

o= peuguyt + pmhly +anuyt +qprul + T, (8.56)
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where ,

N
wm = Tl =3 (8.57)
i=1
) N
P = 3 angh;zrl; _ Zpi’ (8.58)
i=1
N .
4 = _TIZtha(m)uc = (:ui +pi)Vy, (8'59)
i=1
T = TR (amyh bmyy =0 (to  linear order) (8.60)

V@ is the velocity of the i** fluid component relative to this frame and is given by,

Vi =ui —ul (8.61)

7 7 m

It is clear that for a titled fluid V;* # 0. Also in this frame the exact FLRW background models
will be characterized by,

Xo = @aﬂm =0, Y,= ?apm =0, Z,= ﬁa@ =0 (862)

Consequently pu™ = p™(t), p™ = p™(t) and © = © ¢). Therefore the EMT will have the perfect
fluid form.

8.5.1 The background Universe

We will consider a background that is homogeneous and isotropic,i.e., a FLRW model. In this

background the cosmological equations for a generic f(R) are given by,

02 = 3(i" +u") - 3R, (8.63)
O+ 107 + L(a™ +35™) + S(u™ + 3p™) =0, (8.64)
a0 ™ 4+ p™) =0, (8.65)

where R = 6K /a? is the 3-Ricci scalar, K=0,+ 1 abd a is the scale factor.

8.5.2 The inhomogeneity variables for the total matter

The key variables characterizing the inhomogeneities of matter are,

D" = aVM—“ , Zo = aV,0, C, = aV,R,
o (3) % 50
where a = a(t) here is the usual FLRW cosmological scale factor. DI and Z, define the

comoving fractional density gradient and comoving gradient of the expansion respectively and

can in principle be measured observationally [195]. The relation,

1 hih;
Pea =Y pich + 3 > =k - c2;)84 (8.67)
i i.j
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defines the dimensionless variable ¢, that quantifies entropy perturbations in the total fluid. We
have defined the shorthand h = p,,, + p; for the total matter fluid and h; = p; + p; for the
component matter fluids. w and ¢ denote the effective barotropic equation of state and speed

of sound of the total matter fluid, respectively, and are defined by,

=Dm 2= Opm (8.68)

Hm B Oim ’

These two quantities are related to linear order by:

W= (1+w)(w—c2)O. (8.69)

8.5.3 Total fluid equations

The equations characterize the temporal fluctuations of inhomogeneities of a generic perfect

cosmological fluid with an equation of state given by 8.69, are,

Do+ (14 w)Z, —wOD, =0, (8.70)

s opf" 2 Q2 —w—1) pm i (R _f ool EN]pm
Zo = (R 3@)2"*[ 1+ w) f’+(1+w)< 2hO )]D

"

"
v {2“—m+512R®—A5]sa+@—m

w2 7@ 7
1 1 ff// f//,ufm . f// 5 ) " 2K f// "o 5 6262D;n ’w@Q{:‘a
|:2_2f/2 fr2 —R@(f/) +R®f’+a2 f! Ra—f/VRa_ 1+ w - 1+w’

(8.71)

whereas the equations for the curvature inhomogeneities and the constraint are as follows:

Rom Ro— | pm o © (8.72)
o 1+w * 14w |’ '
. . . (1 —3¢2) i, . Wl W
o= — | 2R— «— RZ, S _ s Dm v “
R (Rf”-i-@)% R +[ 577 1+wR:| o |:f” +1+wR]E
2K . f/// . f(4) . f/// 1 f/ R _
— (? +RF+R2 Iz +R@F+§F -3 Ra+V2Ra7 (8.73)
Ca 4 Rf" Pm wod (b 4K
— - 2 Zy —2—D" 2RO— — — (&= - 2—/— — — a
o + <3®+ Iz ) fre + |: RO Iz o\ F f! a2 R
" £ s
+2 @F%a - 2?V Rq =0. (8.74)
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The constraint evolves as,

. 2 1942 "__ap g " / .
Ca _ 12K2 3f +2a (g-)f2 SRf ) f _ Ra +K{ 6f C i
a2 f 20f +3Rf" a2(20f' + 3Rf")
% B
+D;”< 16wO 12 > 12" ey
3(1+w) 20f" 4 3Rf" 20f" +3Rf"
2a2 Cr= SRf///) 12R®f’f’” —6f" (f — 2 + 2R®f”)
. Ra
3f (20f" + 3Rf") f’
120 1" 2 f”) } -y | 4wa?© 2a2f" 2a%(Of" — 3Rf")
I R L CE— Ryt + V2 | oD 4 Ry — Ra
<2®f’+3Rf” f 3(1+w) f 3f
(8.75)

The linearized three-curvature scalar of the projected metric hyp orthogonal to the four-velocity
vector u® to linear order [148] is,

R=2 (—%@2 + u) (8.76)

reduces to the Ricci scalar in the hypersurfaces orthogonal to u® when w = 0. The covariant, GI

gradient C, gives, to linear order,

Ca 1 Rf" n [y " 2
2 +(te+28) 7,2t Dy + 205 R, - 2LV°R,

I
72

. f/// P f_//
n [2@1% M (

b+ 2005 + )| R, =0, (8.77)
This variable quantifies the spatial variation in the three-curvature and is a geometrically natural
quantity useful in the long wavelength analysis of our perturbation equations. The time evolution

of this quantity is given by,

O oKk 3f'Ca Dm[ 8wd 2f’®26f’u3] _6f"V*R,
“ a2(20f" +3Rf") * [3(14+w)  20f +3Rf" 20f + 3Rf"

20 f" — 3Rfm) 12RO 1" —2f" (3 f—202f 1+ 6 up + 6RO f”)

3f 20f" + 3Rf" Ra
+{ 60" f_”} %a}+ 2[ 36/"Ra _____ 36f'Dy ]
20f' +3Rf"  f' a2(20f +3Rf")  a2(20f" + 3Rf")
+ %@2 {%D;ﬂ + jf—f (37" Ra — (O —3Rf")R, } . (8.78)
8.5.4 Scalar equations
Define the scalar variables ,
A, =aVeD™, Z=aVZ,, C =aVeC,, R =aV'R,, R =aVR,,
e=aVe,, (8.79)
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the corresponding scalar evolution and constraint equations are,

Ay =wOA, — (14+w)Z,

(8.80)

. f" 2 (2¢2 —w—1) pm c? R f . f" 3K
E T S I e ey T Ty A SR D Tl
w Lo R f . " 3K f//

1 1 ff// f”Mm . f// ) . " f// . cg@QAm wﬁQE
+|:§—§f/2 + Iz —R@(F) +R@7 R—FV R — To 1+xw (8.81)
. [ w

R?RRL_FwAerH_we}, (8.82)
" " 4 " /

. . . . f ) f( ) . 1f R

§R:7(2RF+®}R7RZ— {RFJrRQ 7 +R@F+§F—§ R

(1 —3¢2)ptm _ i [ WHm woox 52
+( 37 o) A= (T ) e VR, (8.83)
C 4 Rf// m _f/// f// f m . f// f//

2t 302 22‘}—,Am+[29377(F2‘}—,+2R®7) R+205R
f” B
— QFVQR =0, (8.84)
O B 12K2 f/2 + 2a2(@f// * SRfW) f// { 6f/C
- 2 f12 ’ S 1 2 ’ D £11
a’f 201"+ 3Rf a?(20f' + 3Rf")
LA ( 16wO / 120, )_ 12f” ~ 5
"\3(L+w)  20f +3Rf")  20f +3Rf"
202(0 /" — 3Ry 12RO 1" — 6f" ( f = 24 + 2RO f”)
3f! (2@f’+3Rf”)f’
" " 2 2 £ 2 "l
N 12@f. +2f w2 4wa*O© Am_’_2af 8%_2a (0f" —3Rf )R . (3.85)
20"+ 3Rf" [ 3(1+w) I’ 3
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8.5.5 Harmonic analysis

Following the same harmonic decomposition procedure presented in Section 8.3.1, the above

scalar equations become,

AF + (14 w)ZF —weAk =0, (8.86)
Zk:(Rf—”fEG))ZkJr (1+3w)el = 2(1 +w) pm | 2¢20% + 3¢3(ur + 3pr) K N
3 2(1 + w) 1! 6(1 4+ w) 1+wa?] ™
2102 + 3(1 + 3w)pim + 3f' (r + 3pr) 1 k2 k 1" e
+[ 6/(1+w) Trwa |V TOFE
1 k2 f// 1 ff// fHNm . f// 9 X f/// A
+ [5 + E? —3 Iz + 7 — R@(?) + R@7:| R”, (8.87)
2
Rkﬂ?kR{ G Ak 4 Y 5k}, (8.88)
14w 14w
: f : 1—3cA)p, 2 . wp W
k— _ Q2RI k _ Zk ( s/Hm s Ak— m _w o k
R (Rf”—i—@)% R —|—[ 37 1+wR - 7 +1+wRE
k2 . f/// '2f(4) . f/// 1 f/ R L
Ck 4 Rf” k Hm s ke > f”, f” f Hm - f” k2
~ +|-0+2 AR 20R— — L (L —2f™ L oReL 2T
o ER T Fah+ il - TG ot sk -2 -
1
+2 @73%’“ =0. (8.90)
The evolution of the constraint equation is given by,
C'vk oK f/2 + 2a2(®f” _ 3Rf/”) f// X { 6flck
a? fr? 20f" 4+ 3Rf" a2(20f" 4+ 3Rf")
1 124, 121" 2
+ AR ( 6wd Hm_ ) I k—ng
3(1+w) 20f" + 3Rf" 20f" +3Rf" a
[2a2(07 sy 12007' 1" ~ 61" (1 ~ 2pin + 200 1) i,
3f! (20f" + 3Rf")f’
" " 2 2 2 £ 2 " ap gl
+< 12®f' +2f,)§R}k—2 4wa®Am+2af§Rk72a (0f" —3Rf )Rk
20f +3Rf"  f a® | 3(1+w) f 3f
(8.91)
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8.5.6 Second-order equations

From the first-order equations (8.86, 8.87, 8.88, 8.89) we can obtain the following second-order

pair of equations,

AfnJr[(c +§f2w)® R?’} AfnJerw +5c 4w1> 7 %(310 50);1

12K 2k: ke R f f” 3K k2 i

1+w 2k2 f// . f// f// f///
T[l?7+(f2um+2R@fu)F2R®(f’) — 2RO~ 7 RF
—(1+w)O— 7 R’“ (8.92)
" " 4) " / 2
3k ko / f& / 1f Rl Jp =114
R (2R7+®)R { +R7+R2 7 +R®7+§Ff§ R+ P A
3¢z — 1) w + ¢? 2 " R ;
( 3f”) i T RO + T 2R 4+ 2R?_ i +—(c§+c§(c§—w)®) Ak
wi 2w — 02 2f///
+rR +[ f,j”+ o R®+T(2R+2R 7 et =0. (8.93)
In the general relativistic limit, the corresponding equations are [148],
RY = (1 = 3¢ um AL, — 3w, (8.94)
. 2 . 2 2 —w) —2 K 4
AF (2 + 2 —20)0Ak + Swwtc) + (5 —w) i + 2= — —(w — 2)O?| AF
3 2 a? 3
202 + 3(1 4 3wt~ k2 14+w
(6 Ju + ag} we® + —5 (1 =32 umAF, — 3wpye) =0,
(8.95)
2 3 1 12K k2
:sAfn (c§+§ - )GAiﬁn {(5w2+3c§4w §)Nm+(w*6 ) a2 +C§a2 Afn
k> 3K
+w <a—2 - ?) ek =o0. (8.96)

8.5.7 Matter inhomogeneity variables for the components

ith

The variables characterizing inhomogeneities of matter for the ¢*"- component fluid are defined

as,

Di=aY  yi—V.p, = <8p > Vasi - (8.97)

2% Ds;

In near-perfect fluid analyses such as the present one, ¢% is often taken to be negligible. Thus in
subsequent discussions all terms containing this quantity are dropped. The information about
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our deviation from standard GR is carried by the following dimensionless gradient quantities,
Ra=aV.R, Ri=aV.R. (8.98)

These variables describe the inhomogeneities in the Ricci scalar. Finally, the velocity of the

curvature fluid is defined by, 3
V.R

VE— _ R (8.99)
The component background equations in the FLRW spacetime are given by,
% =3(a™ + uft) - 3R, (8.100)
O+ 202 + T(a™ +3p™) + (1" +p™) =0, (8.101)
fri +© (i +p;) =0, (8.102)

The speed of sound ¢2; = % and the barotropic equation of state w; = Z—j of the i*"*-component

fluid are related by the familiar expression,

w; = —(1 4 w;)(c? — w;)O. (8.103)

8.5.8 Component equations

These are the equations that describe the evolution dynamics of the individual fluid component

fluctuations. For the component matter and velocity fluctuations, these are given by,

.. ) 1 -,
D! — (w; — 2)OD!: + (1 + w;)Zy = 5 hm@(cgwa +pea) —a(l+w;)V VOV, (8.104)
T

.. 1 ) 1 .
Vi— (cii - 5) oVl = =S (hic2uDq + hipeq — heZ;u' DY) (8.105)

We note that the equations involving the gradients of the inhomogeneities in the expansion and
curvature variables (Z,, R4, R4, C,,) remain the same as in the total fluid equations. This is to
be expected since these quantities are global intrinsic properties of the spacetime itself rather

than of the individual components of matter in the fluid.

8.5.9 Relative equations

Let us now define the variables that relate features of pairs of the different components of the
fluid, and derive their governing evolution equations. These relative variables depend only on

the choice of the individual velocities, not on the choice of the overall frame.
. Dt DI . . ,
g = HiZa  HiZa Vil = ViV (8.106)
h; hj
These are the quantities that allow us to distinguish between adiabatic and isothermal per-
turbations [138, 148]. The derivation of the evolution equations for the above quantities is
straightforward and yields,

Vol = (e

- DOV — (&~ 2OV = — (% — )wD — LSy, (8.107)

ah; st a sj~a >

S +aV, V'V =0. (8.108)
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8.6 Scalar equations
On the basis of the decomposition scheme 8.3, our scalar variables are:
Al =aVeD!,  Vi=aVV!, = S =aV®SY,  Vij=aVeVi. (8.109)

For the scalar variables describing component inhomogeneities and interactions in the fluid, the

evolution equations are given by ,

.. . 1 ; ~

Al —O(w; — E)AL + (1 +w)Z = 14:; (2OA,, + wOe) —a(l +w;)V?V;,  (8.110)
. 1

Vi— (cii - 5) oV, = hh (hic2uAp + hipe — heZ AL (8.111)

Vij — 024—1 OVi; — (& — )V, = — ! (2 — 2 Al AL 25’4» (8.112)
) SJ 3 () St SJ T ahi St 6] 1=m a 3

Si;j +aV?Vi; =0. (8.113)

8.6.1 Second-order equations

The above first-order equations 8.110-8.113 can be reduced to a set of linearly independent
second-order equations. This has the advantage of simplifying the equations and making com-

parisons to GR more transparent [154]:

" " " !
7%+<2Rf—+®> <Rf—+R2f +R@f—+1f——E>R

. froT T s
b, S 2 2 (e f)
e\ [02 + 2(c? _w)@} } A R4 HLU,RE'
" [w;’? i %R@‘L 12+ww (R+ ?I::)] e=0, (8.114)
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Ai—l—(%—wi)@Ai—l—i_wz[ f” + (c? —cQ)G]A (1—|—w1)f” V2R

Ia I
14w Hm Hm f f” :
—Hw[(u )7—(27—?—2@}2]” 2 +c20
+(c2 =) (2 —w)O? — (2 + )R@f” _ Lt e~ 2 92A
c; —cg)lcs —w c; +w 7 Ay, 1+ww € —Cy i
f// 1ff// f//um f// f///
(1+w1)@f,72+(1+ w;) ifgf,QJr 72 - ke y +R@f, R
1+ w; 2 2 2 Hm f [
— w—c32 - ofm _ 2 _ =0. 11
TFw {(w cs —csw)0° — oy RO 7 e=0 (8.115)
. k2. k2
k
Sij = Vi — 3. OVij, (8.116)
{7k 2 1 ’ -2 2 1 2 ]' 1
i -1 2. 2033

+w — 2)@Am N EZSM + = ZSij. (8.117)

T a3 3a

The last two equations 8.116 and 8.117 are linearly dependent .

8.7 Harmonic analysis

After harmonic decomposition the first order total and component fluid equations 8.110-8.113

can be rewritten in the following form:

1+ w; k2

Al = (wi = G)OAT + (14 w) 28 = T (AL, +wet) O+ (1+wi) — Vi, (8118)
. 1

‘/ik N (Cii N g) Gmk hh (h CSMA’m + h’lpg - hcsz:u‘ZAk) (8119)

Vk 2 1 @Vk 2 evk 1 2 2 Ak 1 2 Sk 8.120
i~ \%i T3 (5 = <) ah; (Chi = cx)ls = Sty - (8.120)

L “vi=o. 8.121
; (8.121)
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The harmonically decomposed second-order equations 8.114-8.117 will become,

fll

Af+(§—wi)®A§ 1+wl{ *f:,/ + (2 —cs)e]Ak+(1+wZ) f,R’f
_ 11*:1‘; [(1 +w )7 - (2’}—, - % - 2@3?,/) 2 + 20
(e — ¢2)(R — w)O?% — (c2 +w)R@§';} AF aigweg‘k
— % [(w —c? - ciiw)@2 —w (2?—7 — % — R@J;/I/)} ek Jrciiz—zAf
+ (1 + w;) 1+’;—§J;—','—%~’}Jf;'+f;f;m ~ ke ({;l,l) +R@J;l:l F—0. (8122

. " . " (iv) " 1
R’“+<R—+®>Rk+< v2l L pd +R®f—+—f—5)7€’“

fll fll fll fll 3 fll 3
02 wi 2w — f///
LAk 4 [Whm SRG 2R +2R?"_
+ 1+ m |: f// + 1+ + 1+'LU + f// E
(3¢2 — V), w+ 2 2 o [
+{ 37 +1+ R®+1+ 2R+ 2R 7
R D) 2/ 2 k Wk
+1 T |:CS + CS(CS — U})@i| Am + H—wRE =0 s (8123)
. k2. k2
Sk = —Vij = 32OV , (8.124)
" N .. k= /1 2. 20 -3¢
Vi=(Z--)oev, + —2L —)ea,, - Eg,+ E2 g,
I (CZ 3) ]Jra(l—i—w) 3+w g a it 3a ’

H{ae-(2-3) o parsuls 1<uR+3pR>Hv

- MAT” . (8.125)
a(l 4 w)

Since Equations (8.124) and (8.125) are not linearly independent equations, we can choose either
one of them to close our system. The form and use of the equations above will be more trans-
parent when we discuss the long wavelength limits of our perturbations for radiation and dust

backgrounds in the next section.

8.8 Perturbations in a radiation-dust Universe

Now that we have derived the equations for perturbations of a general multi-fluid system in
the previous section, we consider an application of the equations for a cosmological medium

containing a non-interacting radiation-dust mixture and described by a flat (K = 0) FLRW
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space-time. Since our component fluids satisfy the conservation equations separately, we write ,
fia +Opqg =0, (8.126)
fir + 3Op, = 0. (8.127)

where d and r subindices hold for dust and radiation respectively. The general equation of state

w for such a radiation-dust mixture is given by ,

m T ]' T
w=Pm _Patpr 1 p (8.128)
Bm  pd+ fr 3 pd+ iy
and the speed of sound in the mixture is,
2 Dm 4piy
e S 8.129
Wherever necessary, we will use the shorthand,
2_ 1 2 2
= (hrcZg + hacs,) (8.130)

In general, since we do not have an explicit expression of the Hubble parameter H and the
curvature scalar R as functions of the scale factor a in generic f(R) gravity theories, an exact
multi-fluid background solution is not available and numerical solutions need to be obtained. This
important issue will be investigated in a future work. In this thesis, we confine our discussion
to R™ models [154, 156] and look for solutions in the short wavelength and long wavelength
approximations for perturbations deep in the radiation- and dust- dominated epochs. During
these epochs, since one fluid is negligible with respect to the other,we can use the exact single
fluid background transient solution for R™ models given by a = a.q(t/ teq)ﬁ where acq is the
scale factor at the time of radiation-dust equality ¢y and will henceforth be normalized to unity.
In R™ models the expressions for the expansion, the Ricci scalar, the curvature fluid-energy

density, the curvature-fluid pressure and the effective matter-energy density are given by 8.44,

8.8.1 Total fluid equations

Upon expanding Eqn. (8.67) for a mixture of dust and radiation, we obtain,

Apapir
Sl — 8.131
Pmé€ 3(3Nd + 4,”7") dr ( )
and hence 4
Hd

=84 . 8.132
Bt + Apy (8.132)

We can thus readily derive the evolution equation for ¢ as follows,

16 (C) 4 . )

_ HdA Hd__ g, = —42208Sy, — 428y, . (8.133)

3(3pa+ 42" Bpa + Ay
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Using these relations and applying the general total fluid second order equations to the radiation-

dust mixture yields,

Ak 4 [(c§+§—2w)®fRJ}—/f} Ak — que? [2%+§ - %—R@f}—/,/Jr’;—i} Sk
+ [(%wQ +5¢; —dw — 1) B+ 5 (3w — 5c§)% + (2 —w) (QR — 4RO f,)
ra] Ak - B [0 8L (7 -+ 207§~ 210 (1)
—2ROL| RE 4+ (14+ w)O LR =0, (8.134)
v . ol . .~ ol . (iv) . 1" ’
RE 4 (2007 +0)RY + [+ REp + 2L+ RO Ly + 1L — 2] R
+SLRAR 4 {(Scz’”“’" + Bt e 4 (21’% +oR2L]
1+w m 3f" 1+w 1+w 7
+1+iw [cf + (2 — w)@} } AE — dwc? {Hiw (R + RO + RQ%)
+‘}:’;} Sk — 2e2RSk =0, (8.135)
SE o4 (2 +1)0sk + 25k B (24 32)Ak =0, (8.136)
whereA ,,, and Sy, are given byA ., = %}% , Sar = Ag — %AT .
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8.8.2 Component equations

The perturbations of the density gradients of the radiation component of the fluid are described

by the propagation equation,

3 3(1+w) \Bug + 4py td + [y 14+ w)(pg + por)

n diig ( 4w 3 2—3 ) 3 Rf" ;
3(1 + 'LU) Sﬂd + 4NT Hd + (Nd + Mr)f/
P {k_Q ((w — e Bwpa o papy ) 20!
3(1+w) | 3a? pra+ e 3pa+ 4 3(pa + pr)? f!
B ( Apapr  Bwpa+ Bw =Dy, 3(c2 = 2 )pa | (2 = 5)(c2 —w)pr
(Bpta +4pr)*  3(pa + pr) 3pa + Apir fd + pir
_ (Cz B %),u'dﬂr) @2 o (1 +w— 26?) Hr _ Gwﬂd Ld + oy
3(pa + pr)? fhd - fhr 3pa + 4ty I
B ( Swpa | _Cipr ) i] Py 4 [((w —Apa | Awpg
3pa+4pur  pat+pe) f1]7 0 314+ w) pa + pr 3ptd + 4piy
iy ) rol 4 ( Apapr  Awpe + (Aw + Dpa (¢ = g)papr
3(pd + pr)? 1 \3(3pa +4p,)? fd + fr 3k + pr)?
CAE = ()~ ’W)ud) o2 ( dwpa Gy ) f
3,de + 4/147" Hd + Mo Sﬂd + 4/147" Hd + o f/
1+w—2c2 . 4 f".
(O tw—2)pa  Bwpg patpn | ey gl g
pd + pr 3pta + 4ptr f 3 f
4 1 k2 fl/ 1 ff/l f”(lh« + Md) . " 2 . " &
-l == -= —————— RO | =— RO—|R*=0. 8.137
+ 312 + a2 f/ 2 f/2 + f/2 f/ + f/ ( )
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Similarly the propagation equation of the dust-density gradient is given by,

A 4w s Hd f”
Ak 4 K—Jr Fd S )@— Ak
I 3 1+w(3ud+4ur udﬂtr) (1+w)(ud+ur) 7
1 3 21, . "
3 [( whd | _Co )@+ Pt ]AT
L+w [ \3pa+4pr  pa+ pr pd + pr f’

_ a2 4 - 1" 4
L M K’w G 4 w o p 2>R f/+<
Ltw [\ pa+pr  3pa+4pr 3(pa + pr) f 3(3a + dpr)?
dwpr + (4w + Dpa 4G —w) (2 —w)c} A pr )
o o o )2

Ud + 3pg + 4py Ud + 3(pa + pr)

(1+w2c§+ 8w )ﬂd+ﬂr+( 4w 2 )f}Ak
fd + fhr g + 4y f! 3pa+ Ay patpe) f

1 K (w—cDpr  Bwpg  papr ) YA ( Captafir
L+w [\ pa+pr  3pa+4pe  3(pa + pr)? 0 \3(pa + pr)?
3(c; —wpa (2 —w)ipr Apapr (1 = 3w)p, — 3wud) o?

3pd + Apr P + (31t + 4pur)? 3(pa + pr)

Bpa+dpe  patp) f Hd + for 3pd + 4pir

( Bwpa | Ep )f <(1+w—2c§)u7- bwita )X

patpr] gk |1 E2f"  1ff" (e + pa) f"
7 ]A stap et o R®<f’>
f/// k f k;
+Ref,}7z +OLR: < 0.
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In terms of the component perturbation variables we can rewrite the propagation equation for

the curvature fluid gradient as,

" k2 " f(iq;) f/// 1 f/ R
k 2 k
+(2R7+@) ( +R7+R 7 +R®W+§F_§)R
_ 2 _
N <c 1 pa 4wc? >RA (cs 1 py n 3wc? >RA’“
Ltwpa+p 14w I+wpa+p 14w
)bt o w+c; c o S
+{[ AR R@+1+w<2R+2R iz
R it 2 (g
(2 2002 _
+1+w (chrcs(cs w)@) ’ud_’_m { 77 1—|—w <R+R@
: f”’)} -1 pape } {[ 1yt
RQ_ S
)] T30 W) Gaa - n)? 377
2 " - . i
+w+CSR®+ = <2R+2R2f > + i (cg + (3 —w)@) ot
1+w 1+w f fd + fr
pd + fir 2 o [
+3wc? { Fiami <R+R@+R .
Sl R@} Ak =0 (8.139)
314 w) (pa + pr)? N\ '

8.9 Short wavelength solutions

In this section, we study the evolution of the short-wavelength modes, i.e., large values of the
wave number k, by using the equations presented in Section 6 valid for a radiation-and-dust
mixture. The general results will then be considered for R™ models and a proposal for a quasi-
static approximation for the matter perturbations will be introduced for both radiation- and
dust-dominated epochs.

8.9.1 Perturbations in the radiation-dominated epoch

Let us now look at the case where the characteristic size of the fluid inhomogeneities is much
less than the Jeans length for the radiation fluid but is still larger than the mean free path of
the photon, i.e., A € Ay < Ay. Similar investigation has been made by [149] for the case of GR.
Here we assume that we can neglect the interaction between the component fluids and that the
radiation energy density can be taken as almost homogeneous, meaningA . ~ 0. This amounts
to studying dust and curvature fluctuations on a homogeneous radiation background, whereby
radiation affects the growth of the dust fluctuations by speeding up the cosmic expansion [148].

We consider the flat (K = 0) background, and hence the equations for such a background are
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given by,

Aj+ 28 = —(c

- f_//,z ko (ZCg—wfl)/L_mi Cg <Ei f//)] .
7y 39 [ (w7 (rw)\2 F 2R®f’ B

w pm RS I h L K2 o k " ok
1 k’2 f” 1 ff/l f”Mm f/l f///
_|:_+§F_§f/2 + f/2 _R@(f/) +R@ f/:| =0,

| 1
Vi+ gevd’“ = —

— [Cinm A, + pme®],

. 1 1
der - (03 - g)@der = Afn - acisgra

1
3antm

-1
RE =RF — RE [CiumAﬁq +pm5k} )

"
Rk = (23— + @) RF — Rk 4 Hm AF = — [ um AL + pre®]

f// 3f// f//
f/// 5 f (4) f/// 1 f/ R) X
— +R RO 4+ L _ |\ RF,
( +R f” f// + f” + f” 3

SinceA , < Ag we have,
cipAy, +pet = %urAff ~0,
and so,
Sk~ Ak
In these limits the above set of equations (8.140-8.145) can be rewritten as,

2

; k
A+ 2"~ a(S5)VE =0,
'k f// . i
( f/_ H)Z +f/ @f/?R
1 k2 f// 1 ff// fﬂﬂr f// f/// X
o 9775f12+ 12 73HR(f/) +3HRf/ R* =0,
VF4+ HVF =0,
) 4 p,
VE 4+ g%Hvd’; —0,
Rk _ %k
. f/// ) fa
RF = <2RF +3H | R* — RZF + 2 f”A
f/// f (4) f/// 1 f/ R x
( + R + R’ 7 +3HRF+§F—§ R”.
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(8.150)
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From Eqns. (8.148)-(8.153) we obtain the following two second order differential equations:

S £ "
A’;+<2H—3Rf @>A§ ,Ak+3Hf RE

41" pr f f
1 k’2 f” 1 ff/l f”MT f/l f/// i
+|: +§F_§f/2 + Iz _3HR(f/) +3HRf/]R =0, (8'154)
o £ ox  3Rua i Ha ok
RY + <2Rf” +3H> R e AL — Sf”A
f/// f (4) f/// fl R &
+( +R7+R2 - +3HRf,, t3m -3 )R =0 (8.155)

It can be shown that H and Rf”/f’ are of the same order for R™ models, whereas g < fir,
implying that curvature and radiation fluids effectively dominate the fluctuation dynamics. In
effect, terms like g A% merely sub-dominate in the curvature-radiation-dust mixture. Hence we

can safely approximate the above equations by,

1" 1 2 rn 1 " 1 " n
Ak +2HA +3H‘;/R’“ + [ + k—Q% - 5% + ffgr — 3HR(J},) +3HRJ;,, } Rk =0,
(8.156)
. f/// p k2 " 2f(4 f/// f/ R .
R+ (2RW+3H>R + ( +R7+R 7 +3HRW+ 57 3 )R =0 (8157

These two equations tell us that, deep in the radiation-dominated era, the matter and curva-
ture fluctuations are decoupled in the second order equations. GR is a specific example of the
generalized R™ models where n = 1. In this limit, Eqns. (8.156) and (8.157) reduce to,

Ak 4 2HAE + 1R =0, (8.158)
RF=0, (8.159)
thus yielding the standard GR equation for the density contrast in a radiation background,
Ak 4 %Af; =0, (8.160)
whose general solution is given by ,
Ak(t)y =0y + CyInt . (8.161)

with C o arbitrary constants. For n # 1, with w = % in the radiation-dominated epoch, Eqns.
(8.156) and (8.157) take the following forms:

Bt gl + 4R [543, 20| RE =0, (8162)
R - (snl9) R [ ()7, o = 522 RE . (.163)

2
where we have used the fact that s—z = ”72 ()\TH)eq t~™ with normalized time t., = 1 at the time

of radiation-matter equality .
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Quasi-static analysis

In general the system of equations (8.162)-(8.163) yields Bessel hypergeometric-type analytic so-
lutions. However, since we are dealing with small scales we can take a quasi-static approximation
where the time variations in R* are treated as negligible, i.e., R¥ ~ 0 and R¥ ~ 0. In this
scheme the overall dynamics of the density perturbations lead to the simplified, k- independent,
equation

Ak 4 %A’; ~0. (8.164)

This equation admits the general solution
Ak(t)y =0y + Cot' ™. (8.165)

On small scales, radiation suppresses the growth of fluctuations as they enter the horizon before
radiation-dust equality, and dust (baryon) self-gravitation is not yet strong enough to offset the
cosmic expansion. This is because the expansion scale factor grows faster than the perturbation
amplitudes do. The phenomenon is known in the literature as the Mészdros effect [157]. It is
clear from the above analysis that the Mészaros effect puts a constraint on the value of n in R"
gravity. To do so, all we need do is determine the allowed values of n for which the perturbation

amplitudes grow slower than the expansion in the radiation dominated era, i.e.,

d [Ak() d [tt— 3n
— — =7 =>1-— . 1
t[ (t)]o< t[t3}<0 2<O (8.166)

This means that only values of n > % give a growth rate compatible with the Mészéros effect.

In figure 8.9.1, we plot the normalized dust-density contrast 6(t) = A,,(t)/A¢q in the radiation-
dominated epoch. The figure on the right shows the relative error of the full solutions and the

quasi-static approximation.

8.9.2 Perturbations in the Dust-dominated epoch

During this epoch of the Universe the dust energy density is dominating in the two-fluid dynamics
and all order-of-magnitude approximations go in line with the assumption that pug >> p,. The

equations (8.140)-(8.145) will, upon imposing the short-wavelength assumptions (8.146,8.147),
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Figure 8.2: Dust growth factor in the radiation-dominated epoch for R™ models: The plots
show the growth factor obtained by solving numerically the full system of equations (8.162) and
(8.163) for scale Ay = 100\ and the quasi-static solution (8.164) for n = 1.5,1.4,1.3,1.2,1.1 from
bottom to top. The topmost plot corresponds to GR (n = 1). It can be seen that quasi-static
results are quite close to those of the full system for the stated values of n, only slightly (but
invisibly) lower in the plots. For values of Ay > 100\ the growth factor appears to be insensitive

to scale showing the convenience of introducing the quasi-static approximation .
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become,

Ak + ZF 4 aV2VF =0, (8.167)
Fk f” ko Hd ak " ok
— (R f,—2H)Z f’A ®f,§R

1 k’2 f/l 1 ff” f”/J/d f” f///
“lat@F o e SHRCEPASHRG RE=0. (8168)
VE+HVF =0, (8.169)
. 4 por k 7k k
VE 4 gFHVdT =0=VF+ =0, (8.170)
RF = R, (8.171)
Nk _ f" k ko k
R (ZRF + SH) R — RZ 3f”A

f/// 2f (4) f/// 1 f/ R K
The resulting second-order equation is therefore,

<k 7" "k
Ad+<2H Rf,)Ad f,Ad—i—SHf,R

1 k2 f// 1 ff// f”ﬂd f// f/// A
+ { i~ 3l T - SHRCG) 4 3HR } RF =0, (8.173)
804 (20l 4 3 ) RE - RAK - F4 A

+ F + - d 3f”

f/// 2f 4 f/// fl R &

+ ( +RW +R 7 +3HR™— 7 + 377 -3 R =0. (8.174)

As can be observed, these two equations differ from their counterparts in the radiation-dominated
epoch in that they form a coupled system of equations. The limiting GR perturbation equations
for (8.173) and (8.174) in this epoch are given by,

Al L 2HAE — i Ak + LR =0, (8.175)
—BAR L IR =0, (8.176)

and combine to give the equation

Ak AAR_ 2 Ak—g. 8.177
T30 T 3p (8.177)

This equation admits the well known solution
Ak(t) = Cyt ™! 4 Cot 5 (8.178)
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For R™ models, equations (8.173,8.174) take the form,

" 10n — . 2(8n2 —1 -1) .
Aka(On 6)A§+ (8n 3n+3)Ak 3(n )tRk

d 3t 312 47 9(4n - 3)
+ 7;(2;_13)) <’\TH)1 24 4 27";( 41"3_3)18"1 RF =0, (8.179)
T {Sn n(8n — ;3)—;)1(4 —3) } A+ 8n(4§)7;3— 3)A§ N 8 _thT%k
. {4_;12 ) f% - 2[n(8ng?;5_) 1)529] +54} RE—0. (8.180)
where s—z = % (TH)eq -5 during this epoch.

Quasi-static analysis

2
In the quasi-static limit with (TH)eq >> 1 we get a single second order k-scale independent

equation,
dn 4(8n% — 13n + 3)
Ak + — Ak Ak = 8.181
the solution of which is given by,
ARy = Cytor + Ot (8.182)

. /—119n2F184n—39 . . . .
where oy = f%” + % + w. The coefficients C 2 can be determined by imposing

initial conditions. At ¢t = t.q = 1 we have,
Al eq = Alyy(teg) = CL + Ca (8.183)
and differentiating (8.182) gives,
Akt) = a Ot 14 a_Cyt*-1, (8.184)
which, at equality, will give,
Aljyeg = Al (teg) = a1 CL+aCy . (8.185)

Solving (8.183) and (8.185) simultaneously we obtain,

Ak k Ak
Cry— :I:A(d) eq T Oé:FA(d) eq . Oy — *A(d) eq + a+A(d) cq
’ atp —a_ o ap —a_
(8.186)
The following plots show the evolution of the density perturbations §(t) = ( )/ A( )eq 10 time

(t from 1 onwards, where ¢t = t¢, = 1 is the normalized time at equality) for the above linearly
independent solutions, C > having been obtained by setting/A ’(“d)eq =107 and, A’(“d)eq =10"°
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Figure 8.3: Dust growth factor in the dust-dominated epoch for R™ models: The plots show the
growth factor obtained by solving numerically the full system equations (8.179) and (8.180) for
scale Ay = 100X and the quasi-static analytic solution (8.181) . It can be seen that quasi-static
results are indistinguishable from the full results for n = 1.5,1.4,1.3,1.2,1.1 from bottom to top,
with the full system solutions slightly higher than those of the quasi-static approximation. It
can also be seen that for higher values of n the growth factor increases more slowly till a critical
value of n somewhere between 1.4 & 1.5 where the growth factor becomes a decreasing function

of time. Note the n = 1 case (GR) is presented on the topmost plot.
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8.10 Long wavelength solutions

For specific intervals of n, a set of initial conditions gives rise to cosmic histories which include

a transient decelerated phase which evolves towards an accelerated phase. Structure formation

takes place during the transient regime [154]. In this section we analyze the evolution of scalar

perturbations during this phase, in the long wavelength limit. In this limit the wavenumber k is

so small that A = 2” > Apg, ie., 2’“12{2 < 1. All Laplacian terms can therefore be neglected and

spatially flat (K = 0) backgrounds guarantee the conservation of C, i.e., C* = 0. In this thesis

we are considering only adiabatic perturbations, i.e. S;; = 0 and hence, for a radiation-dust

mixture, the equation for the evolution of entropy perturbations,
Sd,« + a@QVdT =0.

implies that
Vir =0.

And from this and the equation,

. 1
Var — (cg — —) OVy, = —a—(cid . cir)uAm — Ecﬁsd,. .

follows,
(Cid - cir),u'Am =0.

We therefore have the following system of equations:

A+ (1+w)Z — wOA,, =0,

7=y Goa s [Pemn R i (5 f med ) A
+®f,3%+B %‘9{2’/+f;‘,;’”1%@(§,/) +R®‘/;:/}R,
R=% - O RA,,
R = (2R%+@)§RRZ(3C§3%WL

(o )
%+<§@ fﬂ)z 2‘}’7Am+{2R@%‘?—7<%2‘}’7+2R@?>}R
+2@§_','gce
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Cy being the conserved value for the quantity C. In terms of the background R™ solutions and

making use of the conservation of C' the above equations can be rewritten as,

v [1H+w—2n 6(n—1)n Ap 3(1 + w)?

B = [ 1tw n+3(n1)w3} t  4a2[n+3(n—L)w—3[dn—3(1+w)]

1 g 9(n —1)(1 + w)3#?

B )C’Oi4[n—i—3(n—1)111—3][4n—3(1—|—w)]tQ§]EE

3(n —1)(1 +w)? [n(6w + 8) — 15(1 + w)]
[ 4T+ 3(n — Dw — 3] [dn — 3(1 + w)] ] iR, (8.196)

R = R4 DG [;81‘:’]5)1; w) % : (8.197)
W S [(=4)+2(n 2w 3n(n—1) 2n(4n — 3w — 3)
= 2[ (1+w)t n+3w(n—1)—3}§R+(1+w)[n+3(n—1)w—3]
Co,—jpn o In(n—2)(n—1) 5 o 3n2(9n — 26) + 57n B 8n?(n — 2)
P {n+3(n1)w3 T T e W =1) A 1w 1) °
R 16n[4n —3(1 +w)] [4n + 3(n — L)w — 3]
2 21n—1D(1+w)*[n+3(n— 1w — 3|
[(9w(1 4+ w) 4+ 8)n? — Bw(9w + 8) + 13) n + 3(1 + w)(1 + 6w)]| A, (8.198)

27(n — 1)1 +w)*[n+3(n— 1w — 3| tt

8.10.1 Perturbations in the Radiation-dominated epoch

The second-order set of equations governing the dynamics of density perturbations in this epoch
is given by,
nOn —14)+4 . P (n(n(19n — 54) + 58) — 32) + 8

Ak 2= T A Ak
m T T Mo o 2(n — 2)22 m

2(nBn—4)+2) - (n(15n—22)+ 14) 4(n? —1)
3(n—2)2 tRE - 3(n—2) R+ 3(n — 2)%a3
- n(lln—32) 4 32 . 3(n(5n —9) +8) 3n (n(n —3) +2) ;
e 2(n — 2)t ' 212 RE = 2(n — 2)t3 m

t"Cy =0, (8.199)

3n(n—1) (n(19n —28) +4) ., 3n(n—1)
4(n — 2)t "™ (n—2)ad

="+ 0y = 0. (8.200)

Making use of the conservation of C', we can eliminate R¥ and R* quantities in favor ofA k
(and its derivatives) and C,. This way we can get a decoupled third order k-scale independent
equation forA ’;:

(n—2) [5n2 —8n+2]

A'r“k 7nT_5A]ﬁ + 24n_41t%n2+8 Aff + 213 Ay
12—7n)C
_ (73“”23) 0o, (8.201)
This equation admits the general solution,
AR () = C1t3 71 4 CotP+ 4 CstP~ + Oyt . (8.202)

159



where C 2 3 are arbitrary integration constants to be evaluated from initial conditions with ,

2(24 — 14n) Cy

Ui = 5ns — 18n2 1 16)

(8.203)

and

1 3(81n2 — 44n + 12
ﬂizf—‘i’ﬁi\/( )

2 4 4

Provided that the initial values of A ¥, Ak A* and Cy are known at t., = 1, the integration

constants can be determined since,

(8.204)

A](Cr)eq = Cl + CQ + Cg + 6'47
Al = (252) C1+ Cofy + Csp- + (2= n)Cy

A?r)eq = {(n72§n74)} Cr + 0264-(64- - 1)
+C3B_ (B — 1) + (2 — n)(1 — n)C4 . (8.205)

We do not present Cf 23 explicitly for the sake of simplicity .

8.10.2 Perturbations in the Dust-dominated epoch

Proceeding in a similar fashion for the dust-dominated, long-wavelength regime gives the second-

order evolution equations given by,

" n(8n —13) +3 . (n(8n —13) 4+ 3) (n(16n — 15) 4+ 9)
Bt =gy Amt 3 870 A

3(n—1)(n(l6n —15)+9)

n[(n(16n(8n — 31) + 711) — 540] + 189

n—3n—3 *~ H(n—3)2(n—3) R*
R e U 00
2 4(n—1)(n(2n —5) +6) . 4 [n (n(2n(16n — 65) + 213) — 198) + 81]
RN (n(n—4)+3)t RE + 9 (n(n —4)+ 3) 2 R*
16n(3 — 4n)? (n(8n — 13) + 3) 2n(n(4n —T7)+3) _(nyoy 4
T (At 3 T R Co=0. (8:207)

which reduce to a single third-order evolution equation for the density perturbations given as,

2[n(4n(8n —19) +33) + 9] ;

k D k k
ZAF _ A
Am + 7 %m o(n—1)2 m
2(4n —3) (nBn —13)+3) \r  (R(12n—31) +18) _ 41y, _
9(n— 1)t3 Am 6(n— 1)a2 f Co =0, (8.208)

which is a third-order decoupled k-scale independent equation. The general solution of (8.208)
is given by,
AE(t) = Oyt + Cot™ + st~ + Cyt> 5 (8.209)
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where C 2 3 are arbitrary integration constants to be evaluated from initial conditions and,

9 (12n* — 31n + 18) Cy

Cy= , 8.210
* 7 8(48n1 — 18413 4 15902 + 63n — 81) (8:210)
together with,
1 1 [256n° —608n2 + 417n — 81
= -F-= . 211
=TT 6\/ n—1 (8:211)

As in the radiation epoch, the integration constants C 23 can be determined from the initial

values ofA ’;, A’;, A’; and Cy known at t.q = 1 as follows:
Afpeg = C1+Co + C3 + Cy,

Abpyeg = O+ Cays + Cay— + (55) Ci,

Alpeq = 2C1 + Covi (74 — 1)
+ Cyy_ (7= — 1) + E=2nBoin) g (8.212)

Once again, for the sake of simplicity, we do not present them here explicitly. It turns out that
in the adiabatic limit, the long-wavelength solutions of the growth factor both in the radiation

and dust epochs are exactly the same as those found in [154].

8.11 Conclusions

In this work we have extended the 1+ 3 covariant and gauge-invariant cosmological perturba-
tions formalism to a multi-component fluid Universe with a general equation of state parameter
for an arbitrary f(R) theory of gravity. The linearized evolution equations of the density and
curvature perturbations of such a Universe have been derived in the energy frame of the total
matter. We then have taken the background transient solutions of R™ gravity for a two-fluid
system dominated respectively by radiation and dust and obtained solutions in both the short-
and long-wavelength approximations. We found that for R™ gravity to be consistent with the
Mészaros effect, the parameter n needs to satisfy n > 2/3.

In the short-wavelength limit, the quasi-static approximation turns out to be a good approxi-
mation for values of n in the vicinity of 1. This is the first time such a quasi-static analysis has
been presented in a covariant way both for radiation and dust Universes and a comparison of
this analysis with what is found using the metric formalism, together with a full computation of
the power spectra will be presented in a future work.

In the next chapter we present for the first time a complete analysis of the imprint of tensor
anisotropies on the CMB for a class of f (R) gravity.
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Chapter 9

CMB TENSOR ANISTROPIES
IN f(R) GRAVITY

9.1 Introduction

The study of the CMB tensor perturbations in modified gravity theories has not received much
attention in comparison with the scalar counterpart devoted to the study the density contrast
of large-scale structure in these theories [226]. This fact which is related to the difficulty of
obtaining the required tensor-perturbed equations which are in general of higher order. An al-
ternative route in order to circumvent this difficulty consists of tackling the problem by using
the simulations performed by several codes available such as CAMB [231], which is based on
CMBFast [232].

Different attempts have been made for several modified gravity scenarios. For instance, the con-
tribution made by cosmic strings in an Abelian Higgs model to the temperature power spectrum
of the CMB was studied in [233]. The strings and their decay products source metric perturba-
tions via their energy-momentum tensor, the unequal-time correlation functions of which were
used as input into the CMB calculations. These calculations were performed in a modified ver-
sion of CMB-Easy and were able to constrain the string tension when normalized with available
WMAP data. Some predictions in the CMB spectrum for this model were presented in [234]
and its effects on the integrated Sachs-Wolfe effect in [235]. Most of the attention devoted to the
study of the tensor perturbations evolution in the last years has focused on brane-world theories.
For instance, in [236] the evolution of cosmological tensor perturbations in the Randall-Sundrum
IT model was discussed. In the near-brane limit, the separation of the wave equations becomes
possible and make the study of the evolution of perturbations feasible. Massive excitations were
proved to decay outside the horizon leading to some novel cosmological signatures .

A complementary study on the evolution of tensor perturbations in a brane cosmology embedded
in a five-dimensional anti-de Sitter bulk was given in [237]. In a Randall-Sundrum brane-world,
the zero mode of the 5-dimensional graviton is generated during slow-roll inflation. When this
zero mode of the 5-dimensional graviton re-enters the Hubble radius, massive modes are pro-

duced. It was shown that massive modes decouple in the low-energy/near-brane limit and the
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mode-mixing at finite energy is then calculated .

Other attempts made in [238] involving the CAMB code [231] were able to compute the tensor
anisotropies in the CMB, as generated for a generalized 1 4+ 4 Randall-Sundrum II brane-world
model. Corrections to the power spectra for standard temperature and polarization anisotropies

were seen to depend upon a single dimensionless parameter .

Finally, with regard to f(R) fourth-order gravity theories, the only attempt to encapsulate
the main features of tensor perturbation was made in [240]. The authors of this investigation
analyzed the tensor perturbations of flat thick domain wall branes in f(R) gravity. They showed
that under the transverse and traceless gauge, the metric perturbations decouple from the per-
turbation of the background scalar field which generates the brane. In addition, they also found
that only when the bulk curvature is a constant or when f(R) = R, the perturbed equation
reduces to the standard Klein-Gordon equation for massless spin-2 particles.

The purpose of this investigation is therefore to address for the first time in the literature a
complete calculations of tensor perturbations for a class of f(R) gravity theories. This analysis
can shed light on the viability of cosmological evolution provided by this kind of modified gravity,
and constrains the possible candidates for the underlying gravitational action .

9.2 The background dynamics and tensor perturbations
for f(R) theories

For homogeneous and isotropic, i.e. Robertson-Walker, space-times with vanishing 3-curvature
and barotropic perfect fluid - with equation of state p = wpu - as the standard matter source, the

independent field equations for general f(R) gravity can be written as

0= 3’}—,+3u3, (9.1)
O + te2qt (m+3m)+i( R i3pf)y=0 (9.2)

3 5"+ 3 5 pY) =0, :
g+ 0y +p™") =0, (9.3)

The linearization of the exact propagation and constraint equations around this background for

a pure tensor perturbations then leads to the system [244]:

2 1
d’ab+560ab+Eab_§7Tab:O, (9.4)
. 1
Huy+ Hop © 4 (curl E) op — §(cur1 Tab =0, (9.5)
. 1 1 1.
Eup+Ep© — (CurlH)ab -+ 5 ([L +p) Oab + 6@ Tab + §7rab = 0, (96)
VyH® =0, VyE® =0, Hy = (curlo)w, (9.7)

together with the linearized conservation equations,

P = O (L4 w) L R = =0 (1 4wy, (9.8)
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that are obtained from the twice contracted Bianchi identities, where

R S £, m
Pt Rfp
Weff = R T T jn (9.9)
Taking the time derivative of equations (9.4)-(9.6) we obtain,
.. ~ 5 .. 1 3 ) 2
Oab — VQUab + -0+ U= =D | Oab=Tab + 5 O Tap, (910)
3 2 2 3
To simplify the above equations we use the standard procedure we perform an harmonic decom-
position,
k ® 4 = 5k
oy = zk:g Q) + Q] (9.11)
Tap = pz {WkQ( )+7r Q(k)} . (9.12)

Then, equation (9.10) reduces to,

2

.. . k 1 a 4 1
0r + OO0k + 2 g(u+3p)} O = T {uﬂ'kfg(,u+3p)@ﬂk . (9.13)

Once the form of the anisotropic pressure has been determined, the above equations can be
solved to give the evolution of tensor perturbations. From equation (4.17) and for pure tensor
modes, one gets

R - k f//

T, Tan 7 Ok . (9.14)

From the equation above, it is clear that since 7 is proportional to 0. This fact guarantees that
the tensor perturbations equations will be second-order differential equations, contrarily to the
well-known fact in their scalar counterparts for f(R) theories [226] where the involved equations

are usually fourth-order.

9.2.1 The initial conditions

In the radiation dominated era, the anisotropic stress 7 is dominated by the radiation fluid

contribution. Therefore, in this scenario 7 = 77 and consequently, equation (9.13) reduces to

1
6, + Aoy + Boy, = k 7 [ (H +3Hw+ %) 7} , (9.15)
where the quantities A and B are defined as
_ fl/ _ k 9 f/l/ f/l f/l fl/
A = 3H+F , B:—2+2 +R 7\ F +7R+Hf/R. (9.16)

Thanks to the homogeneity of the early Universe, equation (9.15) can be further simplified by

assuming that the radiation anisotropic stress vanishes. It follow that,

d2 Ok
dr2

d
+ (aA —H) % +a’Bop =0, (9.17)
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where 7 is the conformal time and H = aH. In order to remove the damping term in the

previous equation, we perform the variable change ur = a™ oy and choose m = A‘QI;{H. After this
redefinition, equation (9.17) reads
d?uy, 1 7 mdia
——mH—= - ——— B =0. 9.18
d72+( M T A T (9.18)

Note that in the derivation of the previous equation, the exponent m has been assumed to be

constant. This in fact the case for R™ models which will be studied in the following section.

9.3 Dynamics of R" models, background and tensor per-

turbations evolution

In order to illustrate the formalism described in the previous sections, we considered a one-
dependent parameter kind of f(R) models, the f(R) = R™ models. Let us then study the
background and tensor perturbations evolution for these models.

9.3.1 Background setup and the evolution equations

Let us define the following set of dynamical variables 6 :

R(n—1) R(1—n) Ld Ly

= » Y= v ey Ly (9.19)

HR 6nH? ’
where pg and p, are the dust and radiation densities respectively. In terms of these variables,

the Friedmann equation (9.1) takes the simple form,
1+2x+y—Q—Q.=0. (9.20)

At this stage, an autonomous system, which is equivalent to cosmological equations (9.1)-(9.3)

can be derived by differentiating the dynamical variables defined in (9.19). Thus,

ad_:r — ,x,x2+w+gd7

da n—1
a% — :1 . Znﬂ O, (9.21)
ad(iz;' = :—m—i— fnyl] Q,

The constraint equation (9.20) can be used to reduce the dimensionality of the system above.
The evolution equation of Hubble parameter H is given in terms of the dynamical variables
(9.19) by,

dH ny
— —H |2 . 9.22
“da ( + n — 1) (9:22)
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The fixed points of the system (9.21) are shown in Table 6.2.2. In order to study the stability
of these fixed points we use the well-known techniques, which involve linearizing the dynamical
equations around the equilibrium points and then finding the eigenvalues of the linearization
matrix the Jacobian at the equilibrium points. There are two interesting points in the phase
space of the R"-gravity models: the point J which is a transient decelerated power law expansion
phase and the point B which represents an accelerated expansion phase. In fact, a large number
of orbits connecting these two points can be found. Since we are interested in a background
evolution that is similar to ACDM, we used a numerical procedure to single out the orbit which
gives the best fit to ACDM evolution. In order to illustrate this procedure, we chose the value
n ~ 1.28 which provides the best fit to SN-Ia data (reference required about the SN catalogue

we are using). Figure 9.1 shows the Hubble parameter and distance modulus for this value of n.

9.3.2 Perturbations setup
When f(R) = R™ and for the case n # 2 equation (9.18) reduces to [246],

d2uk
dr2

+ (K =277 up =0, (9.23)

where m = Q*T” due to the fact that for R™ models, the scale factor in the radiation dominated
era satisfies a(7) = 777 [248] and therefore the parameter m is constant as it was assumed in
order to obtain (9.18). The result in (9.23) is exactly the same as the one for tensor perturbations
in GR obtained in [249]. On the other hand,equation (9.14) becomes,

kE(n—1)dR
R__ = — 0. .24
Tk a? pR dr Tk (9-24)

whose importance was stressed after (9.14).

9.4 CMB tensor spectra for R" models

In the latest version of CAMB, the so-called parameterized post-Friedmann (ppf~-CAMB) [239],
there exists the possibility of inputting the equation of state parameter of the dark energy
contribution via a data file. Since the curvature fluid plays the role of dark energy in the
f(R) theories, equation (9.9) can be used to generate the required equation of state parameter
data file for the curvature fluid. By supplying the ppf~-CAMB code with this data file and
using the effective matter density p.rr = p/f’, together with equation (9.24), we are able
to implement the correct background evolution in CAMB. This procedure is usually missing in
previous investigations which for the sake of simplicity assumed a GR background when studying
the tensor perturbations of modified gravity theories.

We considered different values of n to illustrate the general procedure. First, we consider
values of n very close to unity to test that our method converges to the usual GR calculations
(n = 1). Then, the studied values of n are taken to be n = 1.22,1.23,1.24,1.25,1.26,1.27,1.28.
This choice is motivated by the fact that the best fit for R™ models to SN-Ia data was obtained

for n ~ 1.28. Once the correct background and perturbations evolution are implemented in the
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Figure 9.1: The distance modulus (left panel) and Hubble parameter evolution (right panel) for n = 1.28. The
ACDM evolution is also plotted in both figures with GR assumed and density parametersQ2 , = 0.3,Q2 , = 0.7,
no massive neutrinos, and the Hubble constant obtained for the R™ background evolution that best fit ACDM is
Ho =57 km s~! Mpc~!. SN-Ia catalogue data [247] are used.

CAMB simulation, distinct features can be found depending on the value of n. There are notable
effects that the modifications in the background and tensor perturbations produce in both the
clTT and cZEE coefficients with respect to the usual results obtained from GR plus cosmological

constant. Let us summarize these results as follows:

9.4.1 (" features

In all the studied cases we find that the amplitude for fully modified ¢/'* coefficients is suppressed
for large I’s with respect to the usual GR simulations. The suppression increases with increasing
values of parameter n. For small I’s, a small reduction is also found. All these features can be

seen in figure 9.2. For n = 1.24,1.25,1.26 the maximum amplitude suppression is two orders of
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Figure 9.2: The temperature (left panel) and EE (right panel) power spectra for tensor perturbations using
the correct background and perturbation equations. R™ models are shown for n = 1.22; 1.23, 1.24, 1.25, 1.26,
1.27 and 1.28. We also plot n = 1, i.e., GR for comparison. The initial tensor power spectra are scale-invariant
and we have adopted an absolute normalisation to the power in the primordial gravity wave background. The GR
(n = 1) cosmology is the spatially flat ACDM (concordance) model with density parameters Q; = 0.3,Q2 A = 0.7,
no massive neutrinos. The Hubble constant Hy = 57 km s~ !Mpc™1.

magnitude at largest (I &~ 2000) whereas for n = 1.27 and 1.28 this suppression attained three
orders of magnitude as can be seen in figure 9.2. Thus, the amplitudes at high I’s moves from a
numerical values of 2 - 1072 compared with GR to 2-107¢ (n = 1.28).

For n = 1.22 we observe a horizontal shift to the right for the modified clTT with respect to
GR at intermediate scales (I &~ 100 — 200). For the rest of n values considered, this shift moves
towards the left as can be seen in figure 9.2. For n ~ 1.27 the horizontal shift is cancelled out.
Finally for n = 1.28 the shift is now towards the right with respect to GR results. The number

of relative maxima and minima remain invariant, although their location is shifted to the right
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Figure 9.3: The temperature (left panel) and EE (right panel) power spectra for tensor perturbations for GR
background and f(R) perturbations, for n = 1.22, 1.23, 1.24, 1.25, 1.26, 1.27 and 1.28. We also plot n = 1,
i.e., GR for comparison. The initial tensor power spectra are scale-invariant and we have adopted an absolute
normalisation to the power in the primordial gravity wave background. The GR (n = 1) cosmology is the spatially
flat ACDM (concordance) model with density parametersQ) ;, = 0.3,22 » = 0.7, no massive neutrinos. The Hubble
constant Hg = 65km s~ Mpc~1.

for n = 1.22 — 1.26 and then slightly shifted to the left for n > 1.26.
Provided that the correct f(R) background evolution is considered, the suppression is more

severe than when a GR background is assumed, as can be seen by comparing figures 9.2 and 9.3.

Finally, by studying separately the simulations involving either only modifications in the
background or in the perturbations, we noticed that the reduction can be attributed mainly to
the modification of the background evolution. These features were observed for all the studied
n values and are presented in figure 9.4 for n = 1.28. It can be seen, both partial modifications

reduce significantly the amplitude at large I’s. Consequently the total observed pattern (when
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Figure 9.4: The temperature (left panel) and electrical (right panel) power spectra for tensor perturbations
in all the possible background and perturbations scenarios. R™ model for n = 1.28: Power spectra for GR
background and GR perturbations are depicted in red continuous, with no dependence on the R™ model and
shown just for comparison; GR background and f(R) perturbations pink dotted line; f(R) background and GR
perturbations in dotted-dashed blue line; f(R) both background and perturbations in dashed green line.

both background and perturbations are obtained by considering the correct f(R) modifications)

can be regarded as a combined effect coming from the two partial modifications.

9.4.2 I'F features

For the full calculations presented in figure 9.2, one sees that for bigger values of n, the suppression
with respect to GR spectra at high I’s is bigger. This suppression ranges from two (n = 1.24) to
three (n = 1.28) orders of magnitude, from a numerical value of 107* (GR) to 1077 (n = 1.28).

Unlike the ¢/” patterns, The number of relative maxima-minima remains invariant, although
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their location is shifted to the right for n = 1.22-1.26 and then back to the left for n > 1.26.
This horizontal shift affects mainly low I's ,being almost insignificant for high I’s. The initial
amplitudes for [ = 2 remain below the GR case for all values of n under consideration. At
intermediate scales (I between 6 and 20) the amplitudes for f(R) are bigger than GR. From that
scale onwards, the clE £ remain smaller in amplitude than GR for all values of n, except n = 1.22.
By studying separately the simulations involving only modifications in the perturbations and
keeping the background as GR, we argue that the reduction can be attributed mainly to the
modification of the background evolution introduced by the f(R) models. This fact can be seen

by straightforward comparison of right panels on figures 9.2 and 9.3. The strongest suppression

demonstrates the f(R) background consideration, as can be seen in figure 9.4. This fact shows

by the importance of considering the correct background when performing these calculations.

9.4.3 General comments

First, according to (9.24) the relation between shear and momentum flux is proportional to the
factor n — 1 and therefore, as n departures from unity, the presence of this extra shear contri-
bution affects the evolution of the tensor perturbations. This statement is independent of the
background consideration and is present even when a GR background is considered. In figures
9.3 we can see how this term (assuming GR background) shifts and modifies the amplitude of
the ¢/'" and ¢f’F coefficients .

Secondly, the consideration of the correct background evolution proved the necessity of determin-
ing accurately the cosmological background evolution for every f(R) model under consideration.
In fact, figure 9.2 in comparison with 9.3 and Figure 9.4 (for the paradigmatic case of n = 1.28),
shows that the background modification are 9.2 and 9.3.

9.5 Conclusions

In this work we have presented for the first time a detailed analysis of the ppf~-CMB features for
f(R) modified gravity theories by using a CAMB implementation. These simulations considered
the correct cosmological background evolution as provided by these fourth-order gravity theories
as well as the required tensor perturbations equations.

We applied our general results to R™ models for different values of n verifying the convergence to
GR result when n approaches unity and determining the features that may distinguish those mod-
els from Concordance model predictions. Our implementation makes it possible to distinguish
these models form GR and demonstrates the importance of considering the correct background
when alternative theories of gravity are subjected to this kind of analyses.

According to our results, the sole consideration of perturbations for the clTT, having assumed
the usual GR background, would lead for instance to not see any appreciable difference between
pure GR and the n = 1.22 case. Moreover, values in the interval n = 1.26 — 1.28 are also indis-
tinguishable from each other.

With regards to the CFE coefficients, it can be seen for instance how for n = 1.22 the sole con-
sideration of perturbations (keeping the GR background) is hardly detectable for /¥ as well as

the interval n = 1.26 — 1.28 provide the same c¢F pattern as GR. Once the correct background
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is implemented, this degeneracy is broken and therefore observable effects may be detected .
Our code provides then a powerful tool able to show the key features of the effect that fourth-
order gravity theories may have in the CMB tensor perturbations.

In the next chapter we show how the covariant-gauge invariant equations for the evolution of
scalar, vector and tensor perturbations for a generic f(R) gravity theory can be recast in order

to exploit the power of dynamical systems approach .
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Chapter 10

UNIFYING THE STUDY OF
BACKGROUND DYNAMICS
AND PERTURBATIONS IN
f(R)-GRAVITY

10.1 Introduction

Because the field equations resulting from fourth-order gravity are extremely complicated, dif-
ficult conceptual and technical issues arise which need to be resolved in order to uncover the
detailed physics of these models. Consequently it is important to develop new methods which
are able to assist in resolving these problems. Two such approaches, the dynamical systems
approach to cosmology and the covariant approach to cosmological perturbations, have proved
particularly useful in this respect. The dynamical system approach, first developed by Collins
[178] and extensively reviewed in the book by Ellis and Wainwright, [181] has proved to be an
important tool in the understanding of cosmology of f(R)-gravity models. In fact, studying
cosmological models using these techniques has the advantage of providing a relatively simple
method for obtaining exact solutions, which appear as fixed points of the system, and for obtain-
ing a global picture of the dynamics of these models. Consequently, such an analysis allows for
an efficient preliminary investigation of these theories, allowing one to identify specific models
which merit further investigation. In a series of recent papers, a wide range of features of f(R)
cosmology have been presented, ranging from an analysis of the standard Friedmann-Lemaitre-
Robertson-Walker (FLRW) models [182, 183, 184] to a discussion of the properties of the Einstein
Universe and the isotropization of Bianchi models [186, 187, 188].

The aim of this chapter is to combine dynamical systems methods with linear perturbation the-
ory in such a manner that one is able to apply directly the results coming from the former to
the latter and is able to gain a semi-qualitative idea of both the behavior of the background and
that of the first order perturbations in a general f(R)-gravity theory. In order to achieve this
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we will express the coefficients of the perturbation equations in terms of the dynamical system
variables in such a way that at any fixed point it will correspond a set of perturbation equations

and as a consequence an evolution law for the linear fluctuations.

10.2 The dynamical system

The DS approach [181] has been used with great success in the analysis of the background
evolution of cosmological models with fourth-order gravity. In [182, 183] it was shown that using

the dimensionless variables:

oo 3 _3R 3 — 3m _ IR (10.1)
“re YT a2e ~ 207 Trer AT ger '
together with the characteristic variable
dlog f/\~' f
= = 10.2
< < dlog R Rf" ( )
and logarithmic time N = |In S|, the cosmological equations are equivalent to the autonomous
system:
dy
N - eyl2x —2y+ Q(—x+y—2+Q—1)+4],
dz
N = ez(3x—3y+2—Q+5)+ Qey(—x+y—2+Q—1), (10.3)
ds)
N = —eQBw—-3x+3y—2+Q-2),
dx
= = 2 — 1
N ex(x—y+1),
1 = y+Q—a2—2—x.
where e = |©]/© 1. This system allows one to analyze many interesting fourth-order gravity

cosmological models and leads to the result that some of them present cosmic histories which
posses a transient Friedmann phase and evolve naturally towards an accelerated (DE-like) ex-
pansion phase. A detailed analysis of the properties and caveats of this method can be found in
[182, 183]; here it is important only to remind the reader that the solutions associated with the

fixed points can be found by substituting the coordinates of the fixed points into the system ,

) 24y — i
6 = 407, 7:7“; Xi (10.4)

. I+w
Hm = _( ~ )Nm7 (10.5)

1We have chosen here to use the constraint to eliminate the variable x. This is different to what has been done
in the other works on this subject. The reason for this choice is due to the fact that, since we will eventually
express the coefficients of the perturbation equations in terms of the dynamical system variables, it is more useful

to retain the variables which have a more direct physical meaning.
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where the subscript stands for the value of a generic quantity at a fixed point. This means

that for v # 0, the general solutions can be written as,

a = ao(t—ty)/®, (10.6)
Pm = ao(t*to)_(l;w)~ (10.7)

The expression above gives the solution for the scale factor and the evolution of the energy
density for every fixed point in which v # 0. When v = 0 the (10.4) reduces to © = 0, which
corresponds to either a static or a de Sitter solution. It is important to stress at this point that
sometimes the solutions associated with the fixed points are “non-physical” i.e., they do not
satisfy the cosmological equations. Then one might ask how is it possible that, although derived
from the cosmological equations themselves, our dynamical system equations give non-physical
solutions. The reason for this apparent contradiction needs to be looked for in the very structure
of the dynamical system approach. As we have seen, the condition to obtain the fixed points
of the system (10.3)- as well as every dynamical system - is to set the first derivative of the
dynamical variables to zero (i.e., to set the left-hand side of (10.3) to zero) and solve the system
obtained. Such a step in the standard dynamical system theory is usually trivial, however, in
our specific formulation this step becomes much more subtle. In fact, the requirement of the
existence of a fixed point also imposes the requirement that all the variables acquire a constant
value (or equivalently that their first derivative with respect to the time coordinate is zero). This
is equivalent to an additional system of equations that is not necessarily satisfied by the solutions
of the system. For example, in,

x' =F(x), (10.8)

the condition to obtain the fixed points would be
F(x)=0  butalso x=const (x'=0), (10.9)

as mentioned earlier, the second system is usually trivially satisfied. In the formalism above,
however, these variables are a combination of quantities appearing in the cosmological equations.
This means that x = const becomes a set of conditions to be satisfied by all the physical fixed
points of the system. In GR, because of the structure of the variables [181, 210], these constraints
are automatically satisfied. In fact, in this case one hasQ) gg = 3u™/0? and xgr = 9K/S5?6?

which means,

an
9E _ 0 = Qgr = const. = " o< 0% (10.10)
dN
d
;(;R =0 = XGR = const. = 5? x KO?, (10.11)

so the physical points can either have K = 0 and p™ « ©% or K # 0, S < ©. Both the fixed
points that one obtains (corresponding to Milne and Friedmann solutions) satisfy these criteria .
This then raises the following question: how do we consider the non- physical fixed points?
The answer depends on the stability. If the fixed point is unstable then, although the solution
associated with the fixed point does not satisfy the cosmological equations, it can be used to
approximate the behavior in the neighborhood of the fixed point. Orbits nearby this point will
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bounce on or run away from it, but they will never reach it. Instead in the case in which the point
is stable, the set of orbits approaching the point will not correspond to any physical evolution
for the system and the dynamical system approach fails to give an appropriate description of
the cosmological evolution. This imposes an intrinsic limitation on the predictive power of this
approach and has to be taken into account to avoid incorrect conclusions.

Another consequence of this limitation is that the structure of the variables characterizes the type
of solution associated with the fixed points and, consequently, the fixed points one derives with
a dynamical system formalism are not necessarily the complete set of the elementary solutions
of the system. This is also important because it implies that the absence of a specific cosmic
history in a dynamical systems formalism does not necessarily indicate that this cosmic history

cannot be realized, but only that the specific formalism used is not able to show its presence.

10.3 Perturbation equations and dynamical system analy-
sis

In this section we will rewrite the evolution equations for scalar, vector and tensor perturbations
in terms of the dynamical system variables. As we will see, the requirement to obtain a closed
form for the coefficients will require a redefinition of some of the variables in the equations. Once
this has been done the behavior of the perturbations at a fixed point of the system (10.3) can be
inferred in all generality. This can be extremely useful in determining the set of cosmic histories

which are compatible with observations for a given f(R) model.

10.3.1 Scalar perturbations

The evolution equations for the scalar perturbations for a generic f(R) theory of gravity in the
covariant approach were derived in [211, 201] and successively analyzed in detail in [202]. These

types of perturbations are characterized by the quantities,

A" = S—;WW ., Z=8V’e0, C=8'W'R, R=S°V’R, R=S5°VR,
\ (10.12)
and their evolution equations are given in chapter 8. In order to express these equations in
terms of the dynamical system variables we first have to convert them into equations in which
the independent variable is N. In addition to that one can only obtain a closed form for the

coeflicients if the curvature variable is redefined as,
R = S2V2In[f'(R)]. (10.13)

Substituting for the new curvature variable and using the definitions (10.1), the perturbation

equations developed in harmonics can be written as,

a2 A0 dA® dR®
— ALY O 4D = = 10.14
IN? 1 N + B +C1 RY + D, aN 0, ( 0 )
B2R® dR© dA©)
o ta A RO + G AV 41, o~ =0 (10.15)
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where ,
A1 =e(1-3w+2-9Q),
B = —3(2wz — 3wk + (1 —w)Q),
Ci=-3(w+1)(z—Qy—3K—-9Q),
D; =3e(w+1),
E1=—e(Bx—3y+2:-20+1),
Fi1 =42z —2Qy — 9K + (3w — 1),
B w(dy — 8z) — (3w2—4w+1)Q

G, = Y , (10.22)
H *fw( —y+z—Q+1) (10.23)
1 — w+ 1 X Yy ’ .
and the form of K(N) is given by,
dK

Note that in this form the above equations are such that two different forms of the Lagrangian
have the same evolution of the scalar perturbations if they both have a fixed point with the same
coordinates and and in this fixed point Q is the same. As we will see this will allow us to attach

a fixed point to a certain evolution law of the perturbations.

10.3.2 Vector perturbations

In order to analyze the evolution of the vector perturbations one has to extract the vector parts
of the variables in the 143 equations (4.21-4.21) and the propagation equations for D,, Z,, R,
and R, in chapter 8. In our specific case some important facts have to be noted. First, looking
at (4.14) the heat flux g, and the anisotropic pressure 7, are not independent, i.e., they can be
written as functions of the other variables, specifically o4, R, and R,. Secondly, the variables
(Do, ZoRa, Ra) are one index objects, which means that their purely vector part is obtained by
taking their curl multiplied by the scale factor. In addition, looking at (10.12) above, one notices
that these variables are in fact gradients of scalars and we know that curl@aX = 2waX . This

means that at first order one can write:

(Do)V = —25%0(1 + w) w, , (10.25)
(Zy)V =25%0w,, (10.26)
. 4 . 2K ..
vV _ 2 _ 2 (= _ -
(Ra)V =25°Rw, =4S <3®@ 55O+ @) Wa (10.27)
. 8 K 4K . 8., 8 .
v _ 2 _ 2 (202 = “H2 e 3)
(Ra)V = 25%Rw, = 48 (952@ 350 +39°+ 3@@+2@ ) wa, (10.28)

i.e., one can express all these quantities in terms of the vorticity vector. Also one can use the

constraints(4.2.3- 4.22) to express the remaining quantities o4, Fap, Hap in terms of the vorticity
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vector. Thus, in the end the only relevant equations for the dynamics of the vector perturbations
is the vorticity equation (4.2.3):
dwg,
€
dN
which does not depend on ¢. This means that the vorticity evolution is independent of the scale.

+ (2 - 3w)w, =0, (10.29)

Specifically one has,

w’ = whexp[—eN (2 — 3w)] = whS~<Z—3w) (10.30)
which implies that the vorticity is always decreasing regardless of the features of the action. This
is the same result that one obtains in GR [196] and shows that f(R) gravity does not affect the
evolution of this quantity. However, the quantities (10.25-10.28) will change behavior according

to changes in the background and the form of the action.

10.3.3 Tensor perturbations

As already noticed in [212] the only independent equation in the evolution of the tensor pertur-
bation is the shear. This happens because the second order equation for o, is closed and from
the constraint (4.2.3) one obtains Hup, = (curlo)q, where (curl X)? = ee v, XY, In addition
to that the first order equation for o, (Eq. (8.7)) can be used to derive Ey,p, because [212] in
f(R) gravity (as in the scalar tensor case [215]) the tensor component of the anisotropic pressure
Tap can be proven to be proportional to the shear. Thus we are left only with the equation
for o4p. This equation developed in harmonics and written in terms of the dynamical systems

variables reads,

d20® do®
A — Byo® =0 (10.31)
A =e(2x —2y+2—-Q—-2), (10.32)

By=x*—-2y—2+Q—-1)x+y—2+QF —6y+52—9K+ (3w—2)Q. (10.33)
(10.34)

For (10.31) the same remark given for scalars holds: since the coefficients depend only on the
coordinate of the fixed points two theories with the same fixed point will have, in the fixed point,
the same evolution law for the tensor perturbations, as in the case of the scalars. However, since

the coefficients (10.32) and (10.33) do not contain Q such occurrences are even more common .

10.4 Examples

In this section we will apply the equations defined above to some specific forms of f(R) to

illustrate the utility of the above approach.

10.4.1 R'-gravity

Consider the action 6.3. In this case the characteristic function Q is always constant. In partic-

ular, we have,

Q= , (10.35)



which implies that the variables z and y are not independent, i.e., the phase space of R™-gravity
is contained in the subspace y = nz of the general phase space described by (10.3). This can
easily be seen if one substitutes y = nz into (10.3). Then the equations for y and z turn out to

be exactly the same and (10.3) reduces to:

dy y—2n(y+2)+5 (3—2n)x Q
-— = — 10.36
AN ”y5< (n—12 n—12 (m-12)" (10.36)
s} 2
— = - - — —Q4+2 10.
N € ( 3w+<3+n1)y+3x + ), (10.37)
D gy (yr1- (10.38)
AN~ XX 1-n)" '
with the constraint
l+24+y+x—-Q=0, (10.39)

which is equivalent to the one given in [183]. The fixed point with their stability and the
associated solutions are given in Tables 6.2.2 and 6.3. In Table 10.1, the long- wavelength modes
of the solutions for the matter scalar perturbations and the tensor perturbations are given. As
expected, for the background t2*/3(1+®) corresponding to the point G, the results are the same
as the ones already found in [201, 212].For ¢ # 0, however, one has to use numerical methods to
obtain the solution of the equations.

It is interesting to observe the behavior of the matter perturbation modes of the point F. Here the
matter perturbations possess a constant mode and the other modes can be growing or decaying,
depending on the value of the parameter n .

As shown in [184] for some specific values of the parameter n (1.37 < n < 2) this model has a set
of cosmic histories characterized by the presence of a transient, decelerated power law expansion
that evolves towards an accelerated expansion. Using (10.14) and (10.31) we are now able to see
directly the evolution of the scalar and tensor perturbations along these orbits.

In particular, as the Universe approaches the point F, for 1.37 < n < 2 and w = 0, the large scale
scalar perturbations, which nearby G have a growing mode (see Figure 10.1), start dissipating,
which is consistent with what one would expect in a late-time acceleration scenario. The large-
scale tensor perturbations instead do not change their behavior and keep being dissipated, but
at a much faster rate.

In order to analyze the behavior of the perturbations for smaller scales ( £ # 0) one needs to
integrate the equations numerically. This can be done in a relatively easy manner and an example
of the results obtained in the case of dust and ¢ = 100 are shown in Figures 10.3 and 10.4. It
is clear that in the point F the matter scalar perturbations approach a constant value which
depends on the initial conditions, while in the point G the perturbations first have a phase of
growth and then start to decay which is consistent with what was found in [202]. The same can
be done with the tensor perturbations, but we find that, as for the ¢ = 0, case these types of

perturbations are dissipated on small scales.
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Figure 10.1: Plot against n of the real part of the exponents of the long- wavelength modes for

R™-gravity in the point G and in the dust case (w = 0).

Figure 10.2: Plots against n of the real part of the exponents of long wavelength matter pertur-
bation modes for R™-gravity in the point F in the case of dust (w = 0).
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Figure 10.3: Plots of the solutions of the equations (10.14) in the fixed point F in the case
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Figure 10.4: Plots of the solutions of the equations (10.14) in the fixed-point G in the case
n~1.37,w =0 and £ = 100
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Table 10.1: Exponent of the modes for scalar and tensor in the fixed points of the system (10.36).

Point  Scalar Modes Exponents Tensor Modes Exponents
A { 2,0} {—e(2+V3),—e(2-V3)}
B {0,e,6(32 —-1)} {—¢,0}
C { 26,0,e(3w—1),e(3w+ 1)} {5 (3w —V9uw? —6w+9-3),
£ (Bw+ Vw2 —6w+9-3)}

D {0, (1)} {06 (5 -2)}
£ {O,E(Sw—l),e {n—Q—\/gw/n(Bn—él)},

,€ [n—2+\/§«/n(3n—4)}} {5 (n—3—\/6—3n2) ,5(n—3+\/6—3n2)}
F 0,¢ 8n+2+n%2),5[4(n+1)+n%},

=) {en (14 725) e (0 v 14 255}
Q el2— % N i}Lﬁ — s

c 3(w+1)+3n((2n—3)w—1)+vVA
6(n—1)(w+1) ’
3(w+1)+3n(2n—3)w—1)—vVA 4 2(n—1w—2
€ 6(n—1)(w+1) } {5 (1 - 3@#1)) T | }

A= (n-1)(40Bw+ 8)*n® — 4(3w(18w + 55) + 152)n? + 3(w + 1)(87w + 139)n — 81(w + 1)?)

10.4.2 R+ aR"-gravity

In this case the action reads,
L= /d4xw/fg [R+ aR™+] + §matter (10.40)
This theory has gained much popularity as a fourth order gravity model within the context of

both inflation and dark energy [213, 59, 214, 173]. The characteristic function Q is :

o (10.41)

n(z —y)

and substituting this relation into the system of equations (10.3) we obtain,

dy y(—xty—2+0Q-1)

- = 2y — 2 4 10.42

TN €y[>< y+ p— +4|, (10.42)

dz (—x+y—2+Q—1)y2

— = — - Q 10.4

N 5[ F— +2(3x—3y+=z +5)| , (10.43)

dQ

—— = —eQBw-3x+3y—2+Q2-2), (10.44)

dN

DX (= y+1) (10.45)

AN XX~y ) .
with the constraint,

l+z—-y+2z+x=0, (10.46)

The fixed points and their stability for the phase space of (10.42) are shown in Tables 7.3 and

7.4. In Table 10.2 we show the exponent of the long wavelength scalar and tensor perturbation
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modes .

The first point to note is that there exists a fixed point that corresponds to a transient Friedmann-
type behavior just as in the f(R) = R™ case for exactly the same values of the dynamical system
variables. It is therefore not surprising that the long-wavelength scalar perturbations modes for
these fixed points have the same solutions in both theories. At first glance this may seem to
contradict the results in [202], where it was found that the scalar perturbations at the fixed
point £ depend on the value of a. However, this discrepancy can be resolved when one considers
the structure of our dynamical system formalism and in particular the conditions (10.9). These
additional equations impose further constraints on our system. This can be seen more clearly if
we consider the fixed point £ in the case of dust (w = 0) in more detail. Using the definition of
the dynamical systems variable,  and our choice of f(R) we find that the following constraint
must be obeyed at L,

3(n—1) a an?RRM™1)
=" —_— = 1. 10.47
v n = 3a R+ anR" ( )
If we then use the fact that
i & K 2n
R:6(a+§+¥), a(t) =ao (t —to)* | (10.48)

and that we require that the constraint above is satisfied for all time, it is trivial to show that
(10.47) is only satisfied if one requires & — oco. This means that supposing that the point
L is associated with a solution of the cosmological equations, means that the function f(R)
we are dealing with is very close to R™. As a consequence, when we insert constant values of
the dynamical system variables in the coefficient of the perturbation equations we are in fact
imposing that we are dealing with a theory which is essentially R"-gravity. Thus, naturally, we
recover exactly the same results of the previous section. This can be also seen from the fact that

if we substitute the coordinates of the fixed point in the definition of @ we obtain,

Q= : (10.49)

which is exactly the Q of R™-gravity. Since Q is the only parameter that differentiates the theory
of gravity in the coefficients of the perturbation equations (as well as the dynamical system) we
clearly expect that after substituting the coordinates of the fixed point into the coefficients we
obtain the same results of R™-gravity .

This seems to suggest that in some sense the fixed points carry information about the theory of
gravity other than the background evolution, so that a fixed point represents a physical solution
only of a specific form of the Lagrangian. Hence, if the phase space of a generic theory of
gravity possesses that fixed point, it means that there can be regimes in which this theory can
be approximated by a Lagrangian for which that background is a “physical” solution .
Furthermore, from what was said above, one can also conclude that somehow the evolution of
the perturbations is attached to the fixed point in such a way that regardless of the theory, the
evolution of scalar perturbations is determined only by the fixed point. In other words we are
somehow obtaining the “fixed point” of the perturbation theory which corresponds to the fixed

point of the dynamical systems approach. Such a fixed point is an approximation of the real
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behavior of the equations. This means that we expect the scalar perturbations around this fixed
point to be approximated by the results we found, which is consistent with what we obtained in
[202].

Table 10.2: Exponent of the modes for scalar and tensor in the fixed points of the system (10.42).

Point  Scalar Modes Exponents Tensor Modes Exponents

A { 2¢,0} {—e(2+V3),—e(2—V3)}

B {oee(-1) {-c.0)

C { 26,0,e(3w—1),e(3w+ 1)} {5 (3w —Vouw2—6w+9-3),
£ 3w+ Vw2 —6w—+9-3)}

D {0.e.c(% - 1)} {0.e (% -2)}
£ {E 73"7\/225;77732\/57573"4»\/22??7732\/5} {070}
F { 2e,—2¢,0,—¢(1 - 3w)} {e(-=3—6),e(—3+V6)}
g { 5¢,0,2c,6 3w —2)} {-1c,0}
H {O,E(Sw—l),a {n—Q—\/gw/n(Bn—él)},
,€ [n—2+\/§«/n(3n—4)}} {5 (n—3—\/6—3n2) ,E(n—3+\/6—3n2)}
s 0,2 (8n+2+52;) 2 [4ln+1) + 255]
—e [nlnogie 4] {en(4+:55) .8 (n+1+ %)}
£ el2— %) N (i}Lﬁ — d

c 3(w+1)+3n(2n—3)w—1)+VA
6(n—1)(w+1) ’

R 3(w+1)+3n(2n—3)w—1)—VA } {5 (1 _ 3(4n ) , 2(n71)w72}

6(n—1)(w+1) w+1) w—+1

A= (n-1)(40Bw+ 8)*n® — 4(3w(18w + 55) + 152)n? + 3(w + 1)(87w + 139)n — 81(w + 1)?)

10.5 Conclusions

In this project we have discussed the connection between the dynamical system approach and
the covariant-gauge invariant theory of perturbations, presenting a method to calculate directly
the evolution of the scalar, vector and tensor perturbations at a fixed point of the phase space
of a generic f(R)-gravity theory. Within the limitations of the dynamical system approach one
is then able to obtain an idea of the evolution of the perturbations in any f(R) model.

Because of the non-linearity and the peculiar structure of the dynamical system formalism, the
concept of fixed points in f(R)-gravity is more subtle than the one of GR. In particular, one can
have fixed points which do not correspond to solutions which satisfy the cosmological equations.
This is due to the fact that the fixed-point conditions (10.9) constitute additional constraints
that can be incompatible with the cosmological equations and that the exact solution associated
to the fixed points seems to depend more on the definition of the variables than the model itself.
This has profound implications on the interpretation of the results of the dynamical system
approach. Specifically it suggests that this kind of approach offers only partial information on
the actual evolution of the cosmology in this framework and that this information depends on
the formalism used. In particular (i) one might not be able to see all the fixed points in the
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phase space because of the form of the variables and (ii) some of these fixed points might not
correspond to actual solutions of the system with obvious problems in the interpretations of the
orbits which have these points as attractors. As a consequence one has to be very careful in using
these tools to derive general conclusions about the dynamics for these cosmological models .
These peculiarities also have consequences on the results of the perturbations equations. In
particular, we found that the evolution laws obtained using this form of the equations do not
in general coincide with those that one would obtain by simply subsittuting in the background
corresponding to the fixed point in the dynamical system equations. This can be explained when
one considers that the additional conditions associated with the fixed points, further constrain
the perturbation equations and therefore lead to different results. On the other hand, such a
fact also implies that one can associate an evolution law for first-order perturbations to a specific
fixed point, which in some sense may be considered as a “fixed point” for the perturbation
theory. Thus one can use the results of the equations given above in the same way in which
one used the solution at the fixed points: gaining qualitative information about the behavior of
the perturbations along an orbit. Such a feature, confirmed by the direct calculations presented
in [202], can help with the understanding of the behavior of the perturbations in models for
which a direct numerical integration is too complex or too resource-intensive to be performed.
It is also worth noticing that since the peculiarities in the predictions of the equations presented
above derive ultimately from the additional condition on the fixed points, they apply only when
one deals with fixed points and will not be present when one considers the dynamical system
variables as functions of time.

In conclusion, in spite of these difficulties the dynamical system approach, when combined with
the covariant gauge invariant formalism, represents an extremely powerful tool for the study
of f(R)-gravity cosmological models. We believe that a careful use of these methods could be
invaluable in determining the relevance of these models on cosmological scales and to constrain

them using current and future observations.
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Chapter 11

DISCUSSION AND
CONCLUSION

As mentioned before, the existence of dark energy has been inferred from the standard model
of cosmology. The bounds for the value of the equation of state parameters of dark energy
wpg is given by the Wilkinson Microwave Anisotropy Probe (WMAP) data [250], in the range
—1.11 < wpg < —0.86. When the effective equation of state parameter of dark energy wpg is
equal to —1 the Universe passes through the ACDM epoch, if wpg is is slightly less than —1 then
we live in a phantom-dominated Universe, and if wpg is slightly more than —1 the quintessence
dark epoch occurs. Although it is believed that the Universe has passed through a de Sitter-type
accelerating-expansion ’inflation’ in the early Universe, the possibility that the current (or future)
acceleration could be of quintessence or phantom type should not be completely excluded and
hence the Universe might be evolving toward a finite-time future singularity. Therefore, until
more accurate observational data are available we cannot judge the viability of f(R) gravity

models.

We believe that any modified theory of gravity must account for the early and late-time cos-
mologies which are well established by observations, and at the same time must be consistent
with solar system and laboratory tests of gravity. In order for the gravity model to produce a
late-time acceleration, however, one must introduce a new degree of freedom, such as scalar filed.
The effective mass of this scalar field should depend on the local matter density. In particular,
the scalar field should be very light for the cosmological density and heavy for the solar system
density. Hu-Sawicki and Starobinsky models are the most common models that satisfy these
requirements. The study of the strong gravity aspects shows that all f(R) models generically
suffer from a curvature singularity problem [221], these results raise doubts on the viability of
f(R) as an alternative theory of gravity. However f(R) theories make excellent candidates for

toy-theories from which one gains some insight in gravity modifications. .

Several extensions of f(R) gravity have been proposed in order to address some of the viability
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issues, for example consider the action,

S = /d‘*z\/f_g[@ + (1+)\f2(R)Lm)} , (11.1)

where L,, is the matter Lagrangian and f;, fo are functions of the Ricci curvature R. This action
has been motivated by Bertolami [218] as a substitute for dark matter. Bertolami action gives
rise to extra forces that might account for the modified Newtonian dynamics (MOND) gravity,
but at the cost of violation of energy conservation and of the equivalence principle as well .
Another extension of f(R) gravity is what is known by extended quintessence [219] in which scalar
field couple to different curvature invariants. Also it has been shown in [222] that, additional
modification of any f(R) gravity by the terms relevant at the early Universe is necessary to avoid
future singularities. To conclude, when all of the above concerns are taken into account, f(R)
gravity is still a toy theory that might help a lot in understand the principles and limitations of
modified gravity as well as GR itself.

11.0.1 Some of the results obtained

The study of the exponential gravity model shows that (see chapter 5) cosmic histories exist
which admit a double de Sitter phase which could be useful for describing the early and the
late-time accelerating Universe. In the vacuum case we find two finite physical critical points ¢, ;
D, these two points represent a solution whose nature depends on the parameter v(A); forA >0
we can have either exponential expansion (v > 0) or exponential contraction (y < 0), while for
A < 0 the solution oscillates. From the stability point of view, the point C,, which resides in the
invariant submanifold z = 0, is of particular interest because, since it is non-hyperbolic, it rep-
resents an attractor for z > 0 and a saddle for z < 0, while the other physical point D, is found
to be a saddle. From a physical point of view, the region z > 0 appears to be more interesting
because in this region the point C, represents a de-Sitter attractor which might be associated
with a Dark Energy /inflation era. The same region also contains the point D,,, which represents
an unstable de Sitter phase (see Figure 5.1 ). This implies that the subset of the orbits which
converge to C, can also contain cosmic histories that present a second, unstable, de Sitter phase.
In addition, orbits that evolve near the non-physical point B, can also present an intermediate
power law phase. Finally, it is apparent from Figure 5.3 that the de Sitter phases C, and D,
are separated from the past attractor A, by the plane ¢ = 0; therefore any model with initial
conditions near the past attractor 4, and evolving toward the future de-Sitter attractor C, will
cross the plane ¢ = 0, indicating a transition from an accelerating evolution to a decelerating
one. By a direct substitution into the field equations we found that all the fixed points in the

matter case do not represent physical solutions .

By applying the compactification scheme [126] to R + aR™ (see chapter 6), we find a num-
ber of interesting cosmological evolutions which include the possibility of an initial unstable
power-law inflationary point, followed by a curvature-fluid-dominated phase mimicking standard
radiation, then passing through a standard matter era and ultimately evolving asymptotically
towards a de Sitter-like late-time accelerated phase. Our compact analysis shows that there are

more equilibrium points than in the corresponding non-compact analysis in [123]. In particular
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we find a new finite fixed point Ni. Because of its very special location in the phase space,
it is quite difficult to obtain this point using the standard techniques. This point is found to
represent a matter phase and the expanding version of this point is spiral™. Furthermore, we
find that for n > 1/2(1 4 v/3) the phase space of R+ aR"™, contains two accelerated fixed points
E+; T4, together with two other saddle points (one represent a radiation phase D, and the other
represent a matter-like phase £1). Although we have obtained all the desired fixed points and
desired stability, this does not necessarily imply that there is an orbit connecting them. Due
to the fact that for n > 1/2(1 4+ v/3), the two accelerated points and the matter-like point are
quite close to each other in the phase space, which makes it difficult to prove the existence
of an orbit connecting these points together with the radiation- like point. But the presence of

all these phases in the state space of R+aR"™ makes a more detailed investigation worth pursuing .

In chapter 9 we study the evolution of scalar cosmological perturbations in the 143 covari-
ant gauge-invariant formalism for generic f(R) theories of gravity. Extending previous works,
we give a complete set of equations describing the evolution of matter and curvature fluctuations
for a multi-fluid cosmological medium and we showed that they reduce to the corresponding
GR evolution equations in the limit when f(R) = R. We then specialize to a radiation-dust
fluid described by barotropic equations of state and solve the perturbation equations around
a background solution of R™ gravity. In particular we study exact solutions for scales much
smaller and much larger than the Hubble radius and show that n > 2 in order to have a growth
rate compatible with the Meszaros effect. We also gave a new covariant characterisation of
the quasi-static approximation and used this to show that on small scales this approximation is
valid for values of n in the neighbourhood of 1, i.e., it is in good agreement with a numerical
integration of the full set of equations for the given set of initial conditions. This is the first
time such a quasi-static analysis has been presented in a covariant way both for radiation and
dust universes and provided the foundations for detailed comparison with what is found using

the metric formalisms, together with a full computation of the power spectra.

The connection between the dynamical system approach and the covariant-gauge invariant the-
ory of perturbations has been investigated in details in chapter 11, where we present a method to
calculate directly the evolution of the scalar, vector and tensor perturbations at a fixed point of
the phase space of a generic f(R) gravity theory. This method represents an extremely powerful
tool for the study of perturbations in f(R) gravity cosmological models. It is interesting to
observe the behavior of the matter perturbation modes of the point F. Here the matter pertur-
bations possess a constant mode and the other modes can be growing or decaying, depending
on the value of the parameter n. As shown in [184] for some specific values of the parameter
n (1.37 < n < 2) this model has a set of cosmic histories characterized by the presence of a
transient, decelerated power law expansion that evolves towards an accelerated expansion. Us-
ing (10.14) and (10.31) we are now able to see directly the evolution of the scalar and tensor
perturbations along these orbits.

In particular, as the Universe approaches the point F, for 1.37 < n < 2 and w = 0, the large scale
scalar perturbations, which nearby G have a growing mode (see Figure 10.1), start dissipating,

which is consistent with what one would expect in a late-time acceleration scenario .
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From the study of the CMB anisotropies generated by tensor perturbations for R™ gravity model
(n # 2) (see chapter 10), we find that the initial conditions for R™ gravity model (n # 2) are
exactly the same as the GR initial conditions. Thus by modifying the perturbation and the
background equations in CAMB package, we manage to generate the temperature and the E-
mode polarization power spectra for this f(R) gravity model. We applied our general results to
R"™ models for different values of n verifying the convergence to GR result when n approaches
unity and determining the features that may distinguish those models from Concordance model
predictions. Our implementation makes it possible to distinguish these models form GR and
demonstrates the importance of considering the correct background when alternative theories of
gravity are subjected to this kind of analyses. According to our results, the sole consideration of
perturbations for the ¢} ¥, having assumed the usual GR background, would lead for instance to
not see any appreciable difference between pure GR and the n = 1.22 case. Moreover, values in
the interval n = 1.26 — 1.28 are also indistinguishable from each other. With regards to the CFE
coefficients, it can be seen for instance how for n = 1.22 the sole consideration of perturbations
(keeping the GR background) is hardly detectable for ¢Z¥ as well as the interval n = 1.26 — 1.28
provide the same ¢ pattern as GR. Once the correct background is implemented, this degen-
eracy is broken and therefore observable effects may be detected .

Our code provides then a powerful tool able to show the key features of the effect that fourth-
order gravity theories may have in the CMB tensor perturbations. This work is expected to be

generalized to more realistic f(R) gravity models in the future.
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APPENDIX

A Covariant identities

For any scalar f,vector V¢ and second-rank tensor W2 the following commutation relations are
valid identities in a FLRW geometry:

(@af)' = @af‘ - ée)@af + fﬂa (A_]-)
=2 = 2 2K ;

\Y (Vaf) = Va(v f) - ?vaf —2fwa (A'Q)
~ ~ o - 2 - .~

(V) = V2f = S09°f + f¥%i, (4-3)

(@a%)' = 6a"/;) - %@6a% (A_4)
~ =~ K

v[avb]v:l = _ﬁ‘/[ahb]c (A‘5)
widaw 12 IRy —b K

VP (VW) = 3V Va+ 5Va(V'V) + EVa (A-6)

(6(1ch)' = @ach - %@ﬁawcd (A'7)

where Vi, = Vi, and Wy, = W,y are first order quantities.

B Some useful relations in f(R)

The following f(R) relations are generally used throughout this thesis:
_ l‘l”ﬁl

M—T‘FMR (B_S)
_ LRy Of'R+ f'V?R B
ﬂR—F §(f*f)* "R+ f (B-9)

p'ﬂl
:7"‘1‘]?}% (B—lO)
1 1 / " " H2 2 T 2 12
ppL:? §(f—Rf)+fR+fR+§®fR—§fVR (B-11)
R=p—3p=fim+ pr — 3Ppm — 3Pr (B'12)
3Rf" +3R%f" +30Rf" — 3V =ty + Rf — 2f — 3pm (B-13)
" 7
fr + 3pr = (1— 3w)‘}—7 - % - 2@3% + 2%VQR (B-14)
2 _ghm 3R 3f pof" M gap 9K ]
O =30 + S - 5 3RO +3 VAR - (B-15)
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