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Abstract

Semi-Fredhom linear relations between normed linear spaces X and Y are defined as follows :
A linear relation (or multivalued linear operator) T :X — Y is said to be upper semi-Fredholm,
denoted T € Fy, if there exists a finite codimensional subspace M of the domain D(T) such
that the restriction T'|a is open and injective, i.e. if T has a single-valued continuous inverse on
some finite codimensional subspace. When X and Y are complete and T is closed, i.e. when
its graph G(T) := {(z,y) | y € Tz } is a closed subspace of X x Y, then T € F, if and only
if its range R(T) is closed and «(T), the dimension of the nullspace N{(T):={z |Tz =01},
is finite. Hence the theory of upper semi-Fredholm relations is a theory of continuous relations
in the sense that the inverse relation 7! of T € F, is continuous. 7T is said to be lower
semi-Fredholm, denoted 7" € F_ if is adjoint relation, denoted 77 and also sometimes referred
to as conjugate, dual or transpose, is upper semi-Fredholm. T is called a Fredholm relation if it is
both upper and lower semi-Fredholm. Certain properties associated with these classes are stable
under small perturbation, i.e. stable under additive perturbation by continuous operators whose
norms are less than the minimum modulus of the relation being perturbed, and are also stable
under perturbation by compact, strictly singular or strictly cosingular operators. In this work we
continue the study of these classes and introduce the classes of a—Atkinson and S Atkinson
relations. These are subclasses of upper and lower semi-Fredholm relations respectively, having
generalised inverses and defined in terms of the existence of continuous projections onto their ranges
and nullspaces. We show that the existence of generalised inverses is stable under perturbation
and extend known stability theorems for the index of an operator. The classification of Fredholm
operators is connected to studies of the spectra of operators. We extend investigations in the
multivalued case by introducing essential spectra for multivalued operators, and briefly consider

the invariant subspace problem in the multivalued context.
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Chapter O

Introductory Remarks

Fredholm Operators in Mathematical Analysis

Origins

The general theory of Fredholm type linear operators arose out of investigations to expand the

scope of general methods for solving integral equations and out of the development of spectral

theory in functional analysis.

In 1900 Ivar Fredholm [53] presented a technique for solving what are now referred to as Fredholm
integral equations of the second kind :

b
f(s) = als) + A / K (s, )£ (t)dt, (1)

where K is a bounded and piece-wise continuous function on [a, 8] X [a,b], ¢ is continuous and f
is unknown. Before him, Volterra had given representations of solutions to equation { 1) for the
case when the function K (s,t) =0 for ¢t > s. Such equations are referred to as Volterra equations

of the 2nd kind; equations of the 1st kind :

b
A / K(s,0f(t)dt = g(s), )

can be reduced to equations of 2nd kind. Prior to to these works, integral equations had only been
investigated in isolated problems (cf. Dieudonné [46] or Kline [77]) - general methods for finding

solutions were not known till the pioneering work of Volterra.

Volterra had noted that such equations resembled the limiting case of a system of n linear equations
of n unknowns, with n tending to infinity. It was this idea which Fredholm advanced in order to
construct solutions for equations of the form { 1). By doing so, he was able to give a proof of the
existence of solutions to the Dirichlet problem (cf. Kellog [76] ). In its simplest form, this concerns
the existence of a harmonic function u, i.e. a solution to Laplace’s equation

u | Bu |

ot o <0



within a 2-dimensional domain IJ such that the values of u are given on the boundary S of D.
Fredholm’s solution involves reducing the problem into two integral equations of 2nd kind (cf.
Tricomi, [139]). This approach had already been investigated for specific examples of Dirichlet
problems by Beer and Neumann (cf. Dieudonné [46]), and by Poincaré. However, until Fredholm’s

paper, the existence of a solution could only be proved for a restricted class of domains.
It is likely that Fredholm proceeded with three central ideas:

(I] Equation ( 1) was replaced by the Riemann sum
. ,
) + M52 8 K v)fw) = 9(w).

[II] Based on a formula for infinite determinants due to von Koch, a series expansion
was derived for the so-called determinant of the system.
[I1T] Using techniques attributed to earlier work by Hadamard, the series was shown

to be uniformly convergent.

In 1903, Fredholm completed some of the results which were lacking details - in particular, he
concluded by giving necessary and sufficient conditions on the function g for the existence of a
solution to equation ( 1). The latter is now referred to as the Fredholm alternative or the alternative

theorem, and may be stated more generally as follows:

If the homogeneous Fredholm integral equation

b
ﬂ@—x[x@wma=m 3)

has only the trivial solution, then there exists a unique solution for the corresponding
non-homogeneous equation. If the homogeneous equation has some nontrivial solution,
then the non-homogeneous equation has either no solution or infinitely many solutions,

depending on the given funciion.

Fredholm also noted that :

the number of solutions of the “transposed” equation,

b
f@=9®+A/K&Wm% (@)

the equation in which K (s,t) is replaced with K (t,s) in equation ( 1 ), is equal to the

number of solutions to { 1).

Fredholm's work both advanced the general Dirichlet problem, and introduced a fundamental -
method for solving integral equations, and hence, sparked widespread interest in a general theory
for integral equations. Hilbert recognised that the development of the new subject would be
important for the theory of definite integrals, for the development of arbitrary functions in series,
for the theory of linear differential equations, for potential theory and for the calculus of variations

(cf. Kline [77]). In a series of papers, he (and other mathematicians) began by improving upon



Fredholm’s work with a more rigourous treatment of the passage to the limit. Considering the
case in which the kernel K is continuous, real valued and symmetric, i.e. K(s,t) = K(t,s), Hilbert

considered the roots of the Fredholm determinant which he referred to as eigenvalues. For a

function defined by -
b
f(s) = A [, K(s,t)g(t)dt,
he then showed that the corresponding eigenfunctions yielded a Fourier type expansion

HOED> 1) 7(8)zn(t)de] Tals)

which converged absolutely and uniformly, where the values of [ : f(t)xza(t)dt are the “Fourier

coefficients”.

The most fundamental of Hilbert’s contributions, however, was his paper of 1906. In this ’work
he considered equation ( 1) as an infinite system of infinitely many linear equations in infinitely
many unknowns. Thus, he obtained the basic results of infinite bilinear and quadratic forms, and
introduced techniques which are now well-known for the sequence space 3. He also verified the
phenomenon of the continuous spectrum. Fourier, and later Wirtinger, had considered periodic

solutions to equations of the form
¥+ A(z)y = 0. (5)

Fourier had noted that the eigenvalues for the problem with boundary conditions y(—a) = y(a) =0
and satisfying ¢(z) = 0, tended to fill the real line as the value of a tended to infinity. Wirtinger

observed similar behaviour when investigating complex solutions of period n as n tended to infinity.

The Spectral Theory of Compact Operators

The early years of the 20th century saw the crystallisation of many of the fundamental concepts
and techniques of functional analysis. In 1913 Riesz presented a derivation of Hilbert’s reduction
in terms the analysis of continuous eperators on ly. Using the property that an endomorphism 7

is uniquely associated with the bilinear form
(z,y) = <Tz,y>,

where < .,. > denotes the inner product on I3, he considered functions of operators, which are

also continuous endomorphisms, and obtained a spectral decomposition for symmetric operators

as Hilbert had done.

In his analysis of infinite systems of linear equations, Riesz maintained Fredholm’s approach of
considering continuous mappings (rather than bilinear forms as Hilbert had done). Thus, in his
work of 1918 he introduced compact operators as the maps which transformed bounded sets to rel-
atively compact ones. While Hilbert had formulated such maps as those which transformed weakly
convergent sequences to strongly convergent sequences, Riesz’s definition applied the general con-

cept of compactness which was introduced by Frechet , and was not restricted to sequence spaces.



It is worthwhile noting that Fréchet’s thesis of 1906 on metric spaces was the first comprehensive

treatment of an abstract theory of function spaces and of linear functionals (cf. Kline [77]).

Riesz showed that a Fredholm operator with continuous kernel is compact. He then presented
what is now called Riesz’s Lemma and the important characterisation of finite-dimensional normed
spaces in terms of compactness of the unit ball. Next he considered compact endomorphisms of a

normed space (though normed spaces were not yet formally defined). Considering the map
T=I1-K
where K is a compact operator defined on a normed space X, and I is the identity, he proved that

(i) the nullspace N(T) is finite dimensional, and
(11) the range R(T) is closed and finite codimensional.

Furthermore, by considering iterates T of T', he deduced that the space X could be decomposed
into the topological direct sum of invariant subspaces. Riesz was then able to furnish the general

theory for the eigenvalues of compact linear operators, including the famous properties that :

The spectrum o(K) of a compact operator K is a countable set which has no non-zero
points of accumulation and if A is an eigenvalue, then the dimension of the subspace

spanned by the corresponding eigenvectors, i.e. the multiplicity of A, is finite.
(cf. Dieudonné [46] for further details).

One may regard the Fredholm alternative theorem as an infinite-dimensional analogue of the
Jundamental theorem of linear algebra (cf. Section 2.7). Furthermore, one may note that the
Riesz’s use of iterates of a compact operator is analogous to techniques for identifying the properties
of and deriving the Jordan normal form of a matrix on a finite dimensional vector space. His
formulation of the general spectral theory for compact operators remains essentially unchanged as

part of the classic core of spectral theory.
The Emergence of the General Theory of Fredholm Linear Operators

The properties of the range and kernel of the perturbed compact opertor T = I — K, which were
elucidated by Riesz, were in fact the properties which would come to be used to define Fredholm
operators. For a long time, the notion of a Fredholm operator referred to the operator associated
with a Fredholm integral equation. Eventually, the study of integral equations proceeded to tackle
equations to which the alternative theorem (or one of its variants) did not apply. These included
nonlinear and singular equations, where the latter refers to equations in which the limits are
unbounded or in which the integrand takes on infinite values on the domain of definition. Fredholm
had considered the case where the kernel was a piecewise continuous function after which his results
were extended to include L, kernels. For the case when the kernel was not an L. function, one of

the lines of investigation was to consider the manner in which the behaviour of solutions deviated

from the alternative theorem.



In 1921, F. Noether discovered that for a particular class of equations, the number of solutions to
the homogeneous equation differed from the number of solutions of the homogeneous “transposed
equation” (equation ( 4) above) . Nevertheless, it was observed that the conditions on the solvability

of the corresponding non-homogeneous equation could correspond to those given by Fredholm. This

motivated the definition of the quantity :
index(A~T)=a(A-T)—a(A -T").

Here T is an integral operator, T™ is its transpose in the sense of the “transposed” kernel, and
a(A~T) and a() —T*) denote the dimensions of the nullspaces of the operators, A — T and

A —T*, respectively. In the case when A is an eigenvalue, these quantities are the dimensions of

the corresponding eigenspaces.

Similar quantities were investigated by Carleman and, a short while thereafter, by von Neumann,
in their studies of Hermitian matrices. Von Neumann considered the general case of Hermitian
operators and considered the defects which were defined as the dimensions of subspaces associated
with the Cayley transform of the matrix (cf. Dieudonné ). The latter quantity may be compared

with that of the codimension of the range of an operator, which was referred to as the deficiency

in later literature.

In their contributions to the development of spectral theory, Weyl (in work dating back to 1909)
and Courant (in 1920) , formulated a theorem for the comparison of the eigenvalues of compact
operators. They showed that, for compact operators A; and Asg, the eigenvalues values of the sum,
A := A; + Ajy, are related to those of 4; and A3 via a collection of inequalities (cf. Riesz and

Sz-Nagy [124], section 95). Weyl was able to show that

the eigenvalues of a bounded symmelric operator A were invariant under additive

perturbation of A by a compact symmetric operator .

Von Neumann gave a simpler proof of this result in his paper on the spectral theory of integral

_operators in 1935 (cf. Riesz and Sz-Nagy [124], section 134).

By the late 1940’s, it was shown by Gahov (and the Tiflis school of mathematics) that the index of a
bounded operator (where the index quantity is defined in the sense given below) on a Hilbert space
was stable under perturbation by a compact operator. This theory was then extended to bounded
operators on a Banach space by Atkinson and Gohberg, and to unbounded linear operators by
Krein, Krasnosel’skii, Sz-Nagy and Gohberg (see Gohberg and Krein [124]).

Gradually it was realised that the properties identified by Riesz could serve to define abstract
classes of operators on Banach spaces whose general theory unified results obtained in the areas of
singular integral equations, Hermitian matrices and spectral theory. In literature stemming from

the Russian school, these would become denoted as ® operators, and were formally defined as

follows -



®(X,Y) = {TeCX)Y)|RT) is closed, a(T) <oo and B(T) < oo}
o,.(X,)Y) = {TeCX)Y)|RT) is closed and o(T) < oo}
d_(X,Y) = {TeC(X)Y)|RT) is closed and B(T) < oo },

where C(X,Y") denotes the class of closed bounded linear operators, o(T) := dim N(T), B(T) :=
codim R(T). It is worth noting that codim R(T") = o(T"), where T' denotes the adjoint of the

operator T (in the contemporary sense). The sndex of the operator is defined to be the quantity
&(T) = aT) — B(T).

An exposition of the above classes, and the quantities o(T"), S(T) and x(T'), is given in a paper
Gohberg and Krein [57]. The theory of linear Fredholm operators thus came to incorporate fun-
damental connections with the theory of compact operators (and more generally strictly singular
operators), perturbation and stability theorems of the index, and theorems on the essential spec-

tra of a linear operator. The latter refer to subsets of the spectrum which remain invariant under

compact and small perturbation.

Contributions of this work

This work continues the generalisation of the theory of Fredholm operators in normed linear spaces
to the multivalued case (c¢f. Cross [35]). Chapter 1 summarises a selection of known properties
of normed linear spaces and set-valued maps relevant to the sequel and includes further historical
information. Chapter 2 contains the basic theorems and properties of linear relations. In Chapter
3, some important theorems for linear relations are discussed, namely, the Baire property of linear
relations, the Closed Graph and Closed Range theorems, and State Diagram, the Small Perturba-
tion theorem, and in the last section, properties are given for a new class of relations, Multivalued
Linear Projections. Results from this chapter are applied in the succeeding chapters. Chapter 3
includes original work - further details are given both at the start of the chapter and at the end,
in Section 3.7. In Chapter 4, properties of the operator quantities are reviewed for application in
the perturbation theorems of Chapters 5, 6 and 8. In Chapter 5, Fredholm type linear relations
are discussed (the definitions used are those of Cross [35]). The connections between Fredholm
relations and compact and strictly-singular relations, and the perturbation theorems are given
here. In Chapter 6, the classes of a—Atkinson and S—Atkinson relations are introduced, and their
characterising properties are described. The following sections of the chapter are concerned with
the development of perturbation theory for Atkinson relations. Chapter 7 begins with a review
of known results in the spectral theory of linear relations. A theorem on the Domains of Iterates
of a linear relations is given in this chapter. This result is followed by a section on the Invariant
Subspace Problem for multivalued linear operators. In Chapter 8, various Essential Spectra of a
linear relation are investigated. These subsets of the spectrum are defined in terms of Fredholm
properties of the operator A — T. Perturbation theorems from previous chapters are applied to

show the stability of essential spectra under additive perturbation.



Applications of Fredholm operators

We conclude this general introduction by mentioning some examples of where Fredholm operators

arise in other areas of mathematics.

The theory of Fredholm operators has various applications in nonlinear analysis . For example, in
the study of classes of nonlinear and singular integral equations which cannot be solved directly
via alternative theorems, it is known that three new phenomena may occur (cf. Tricomi [139]). In
one case, the number of solutions to the equation may change as the parameter X in the Fredholm
equation of the 2nd kind varies, i.e. there may be points of bifurcation. It is sometimes possible
to determine properties of bifurcations and solutions by means of linear Fredholm projections and
alternative theorems. In other problems, the Fréchet (or Gateaux ) derivative of a nonlinear map
may be a linear Fredholm operator. In such cases, Fredholm theory is sometimes applied at a local

level (cf. Krasnosel’skii and Zabreiko [78] or Georgescu and Oprea [54]).

In the theory of smooth manifolds, if X is a smooth compact manifold, and E and F are smooth
vector bundles on X, then the differential operator d : C®(E)} — C*°(F'), which is given locally by
a matrix of differential operators, is a linear Fredolm operator with finite index. Gelfand had asked
whether the invariance of the index could be expressed in terms of topological data. Atiyah and
Singer succeeded in showing this by introducing a rational cohomology class to define a topological
indez i;. In 1963 they proved that x(d) = i;(d) (cf. Palais [117]). Fredholm operators continue

to feature in the investigation of properties of manifolds and in generalised cohomology theories.

In the development of Banach space theory, Gowers and Maurey [66] gave a counterexample for
the famous unconditional basic sequence problem in 1993. They also showed that their example is
a hereditarily indecomposable space, i.e. neither the space itself, nor any of its infinite dimensional
subspaces, can be decomposed into the topological sum of infinite dimensional subspaces. They
then showed that the only bounded operators on the space are of the form X — S, where S is
a strictly singular operator. Operators of this form are Fredholm operators for non-zero A (ef.

Chapter 5, Section 5.3). Further comments on the Gowers and Maurey space are made at the ends

of Chapters 1 and 5.



Chapter 1

Preliminaries

1.1 Normed Linear Spaces

Before abstract normed linear spaces were formally considered, the spaces L, and I, were inves-
tigated by Riesz in 1910. Earlier, Schmidt had already applied a norm function (using notation
[lz|]) to address general systems of linear equations on l3 and, in his Geometry of Numbers ,
1896, Minkowski [108] had considered norm functions on IR™ defined in terms of closed symmetric
bounded convex sets centred at the origin. In 1912 and after the war in 1921, Helly extended
these ideas to sequence spaces by defining a norm on @™ which satisfied the standard axioms
for a norm function, and gave a special case of what is now called the Hahn-Banach extension
theorem. Banach, in his thesis in 1920, and Hahn, in 1922, independently generalised these ideas
to consider norm functions on abstract vector spaces over IR or ¢, and considered the continuous
linear operators between such spaces. In his famous book published in 1932, Banach [15] gave a
comprehensive presentation of the theory known at that time, including the Closed Graph and

Banach-Steinhaus theorems (these are discussed in the context of linear relations in Chapter 3).

Definitions 1.1.1 A linear topological vector space is a linear vector space over a field IK =
IR or @ with a topology such the map (z,y) — = +y is continuous from X x X = X and the

map (o,y) = az is continuous from IK x X =5 X.

A normed linear space X (over a field IK = IR or €) is a linear topological vector space with

topology given by a real valued function, referred to as norm, and denoted ||| : X — IR, which

satisfies:

lle+ull < Alell + 1wl
llazl]l = lof |l2],

llzll >0, and |lofl =0z =0

forz, y € X and o € IK. The norm defines a natural metric d(z,y) = ||z —y||. If X is complete

under this topology, then it is called a Banach space.

10



Examples 1.1.2
(1) The spaces IR™ and €™ with norms defined by:

Wz, zo,...,25)]| = (f: lzi]2)7.

=1
(2) The spaces c,, ¢ and lo , where the latter is also denoted by m , consisting of

null, convergent and bounded scalar sequences, respectively, with norms defined by:
llz]] := sup |zi].
(8) The spaces lp, 1 < p < +oo of p-summable scalar sequences with norms defined by:
> i
llzllp := (Zl LR
=

{4) The spaces C{K) and B(K) consisting of continuous and bounded functions,

respectively, defined on a compact set K, with norms defined by :
HAll = sup |f(z)].
2EK

(5) The function space Lo, (X, 1) which is defined as follows. Let (X, 1) be a measure

space, and let L, denote the set of measurable functions which satisfy
flle := ess sup|f{z)] < oo.

The space Lo (X, 1) consists of the equivalence classes of elements of Lo, where

a function f is equivalent to g if and only if f(z) = g(z), pu—almost everywhere.

(6) The function spaces Ly(X,p), 1 < p < +oo which are defined as follows. Let (X, )
be a measure space, and let L,, denote the set of measurable functions which satisfy

Ifllp = (x [f@Pdu@)7 < co.

The space Lp{X,pu), 1 < p < +o00, consists of the equivalence classes of elements of
Ly, where a function [ is equivalent to g if and only if f(z) = g(z), pu—almost

everywhere.

For the spaces Lo and Ly, 1 £ p < +0o, it is customary to let f denote the class of elements

which are equivalent to f under the equivalence relation described.

Definition 1.1.3 A set of vectors {e;}icr 1is called c Hamel or an algebraic basis if Vo € X

there is a unique decomposition * =) a;e; as a finite linear combination of e!s.
i

Theorem 1.1.4 Any linear space X has o Hamel basis. Furthermore, if X is a Banach space,

then the cardinality of the basis is either finite or uncountable.

11



In finite dimensional normed spaces the algebraic bases are essential tools. While Zorn's lemma
ensures that an algebraic basis always exists for an infinite-dimensional Banach space, in general
such a basis is not necessarily connected to the topology of the space, i.e. if {e;};cs is an algebraic
basis for X, and (zn)nemv is a sequence converging in the norm topology to z, then each of the
z!,s and z have finite decompositions z, = }:(an);eg and z = Z a;e; while it is not the case,
for each 1, that {an); converges to a;. This le:;ds to the definition (;f the Schauder basis. First we

clarify the notion of convergence of series in a Banach space:

Definitions 1.1.5 Let (z,)nciv be a sequence of points on a Banach space X. Then

(a) the series Y. x, converges to a point x, written z = ) zp if
neN ne€iN

I — = (.
Jimlle = 3 2l

(b) the series ) z, converges unconditionally to a point z if
nelN
for all permutations w of IN, the series ), Tn(n) convergesto x.
: nelv
(c) the series > z, converges absolutely or normally to a point z if
nclN
it converges to x and the series of positive numbers 3. ||zp]| ts convergent.
nelN

(d) a sequence (Tn)new 45 a called a basic sequence if for all = € 3pan{z, }nen there

ezists a unique sequence (an)newv Of scalars such that Y, an,%n converges to z.
neN

(e) a sequence (z,)nev 15 a called a Schauder basis of X if it is a basic sequence

and if Fpan{catnen = X.

It is easy to see that unconditional convergence implies convergence.

Proposition 1.1.6 (cf. Beauzamy, [17], IL.1) If a sequence converges absolutely, then it con-

verges unconditionally.

Theorem 1.1.7 (cf. Goldberg, [60], 1.2.5.) If X is a normed linear space, then X is complete

if and only if every series which converges absolutely also converges in X.

If a normed space X has a Schauder basis, {z, }recw , then every point has a unique decomposition

T =3 anTn. The scalars (a,)nemv are called the co-ordinates of z on the basis, which is usually
n
assumed to be normalized. If the sequence (z,)nepv is basic and normalized, we can define co-

ordinate functionals (fi)ren by

Se(z) =ar when z =3 apy.
n

There exist spaces without Schauder bases (see Section 1.8 below), and furthermore, there is no

property which characterises the existence of a Schauder basis in a normed linear space. Never-

theless, the following does hold:
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Theorem 1.1.8 (Banach, [15]) Every infinite-dimensional Banach space contains a basic se-

quence.

Examples 1.1.9
(1) co and l,, (1 < p < +00) have the natural basis for the sequences spaces as Schauder bases.

(2) Ly([0,1]), (1 £p < +00) have the Haar system as Schauder bases.

Definition 1.1.10 A normed space is said to be separable if it contains a countable dense subset.

Examples 1.1.11
(1) The finite sequences with rational coefficients form dense countable subsets of 1,, 1 < p < +co.

(2) C([0,1]) is separable.
(3) ls 1is not separable (consider sequences made up of +1 and —1).

Theorem 1.1.12 (cf. Beauzamy [17], II1.2.} If X s separable and infinite dimensional, then

there is a dense linearly independent sequence (Tp)new C X.

Theorem 1.1.18 Let X be e normed linear space. The following are equivalent:

(i) X ts separable.
(%) The unit ball Bx is separable.
(iii) The unit sphere Sx = {z € X | ||lz|| =1} s sepdmble.

Theorem 1.1.14 (cf. Beauzamy [17], I11.2.) If X is separable, then so are all its subspaces.

1.2 Linear Operators and Linear Relations

Definitions 1.2.1 Let X and Y be arbitrary non-empty sets. A relation T from X to Y is
a mapping defined on a non-empty subset D(T') of X, called the domain of T, which takes on
values in P(Y') \ 0. We denote the class of relations from X to Y by R(X,Y). For T € R(X.,Y)
we formally define its graph G(T), a subset of X x Y, as follows :

G(T):={{z,y) € X xY |z e D(T), y € T(x)}.

If T maps the points in its domain to singletons, then T is said to be a single-valued relation or a

function.
The range R(T") of T is defined

RT) = U T=
z€D(T)

13



If R(T) =Y, then we say T is surjective, and if A C X then the image of A under T is defined
to be the set

T(A) = | Te.
a€AND(T)

The inverse of a relation T is the relation T given by the graph
G(T Y :={(y,z) €Y x X | (z,y) € G(T)}.
A relation is said to be injective if T is single-valued.
If BCY, then the inverse image of B under T is defined to be the set
T-YB) ={zx e D(T) | TzNB # 0},
and the core of B under T is defined to be the set
TH(B) := {z € D(T) | T(z) C B}.
Let S € R(Y,Z). The composition or product ST € R(X,Z) of T and S is defined by
ST(z):=S(Tz), z€ X.
If A C X, then the restriction of T to A, denoted by T, is defined by
G(T|a) = {(z,y) € G(T) |z € A} = GT)N(AxY).
Suppose S € R(X,Y). Then R is said to be an extension of T if

Slpemy =T.
The following properties follow easily from the definitions:

Proposition 1.2.2 Let T € R(X,Y). Then
(o) Tly={xe D(T) |y € Tz} fory € R(T), and hence,
D(T~Y) = R(T) and R(T~Y) = D(T).
(b) If T is injective then Tz, = Txy implies x = z2 for z1,22 € D(T).
(¢) If T is single-valued, then T~ (B) =T+ B) for BCY.
(d) For S € R(Y, Z), the domain and graph of ST are given by

DST) = {2€X|STz#0} ={ze X |TznD(S)#8} = T YD(S)), and
G(ST) = {{z,2)€XxZ|3yeY such that (z,y) € G(T) and (y,z) € G(S9)}.

(e) For non-empty subsets Ay and Ay of X we have

T(A1UAs) = T(A)UT(4),
T(A1NA) = T(A)NT(4,),
T(X\ A1) R(T)\T(A1), and

)
Ay C Ay = T(4)CT(4).
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Definitions 1.2.3 Let X and Y be vector spaces over a field IK, and let x1,25 € X and a € IK.
A linear operator T : X — Y is a single-valued map from X into Y such that

T(zy+x3) = Txy+ Tz, and

aTzy = T(ax).
We denote the class of linear operators from a space X into a space Y by L(X,Y).

A multivalued linear operator or linear relation T : X — Y is a relation whose graph is a

linear subspace of X x Y. We let LR(X,Y) denote the class of linear relations from a space X

into a space Y.

Clearly, T is a linear relation if and only if 771 is a linear relation.

Proposition 1.2.4 (cf. Cross (35}, 1.2.3) Let T € R(X,Y). The following are equivalent.

(i) T is a multivalued linear operator.

(i) For xy, 1y € DT} and each non-zero scalar « € IK we have

Ty + Twy = Tz + z3), and

aTzy =T(az,).
Corollary 1.2.5 Let T € R(X,Y ). Then T is a linear relation if and only if the equality
aT'z; + BTzy = T{azx; + Bxs)
holds for all 1,22 € D(T) and non-zero scalars o, B € IK.

Corollary 1.2.6 Let T € LR(X,Y). Then T(0) and T~(0) are linear subspaces of Y and X,

respectively.

Corollary 1.2.7 LetT € LR(X,Y) and let M be a linear subspace of X. Then T|y € LR(X,Y).

Definition 1.2.8 The subspace T1(0) is called the null-space or kernel of T and is denoted
N(T).

The following property and its corollaries are used extensively and without specific reference in the

sequel.

Proposition 1.2.9 [c¢f. Cross [35], 1.2.8] Let T € LR(X,Y)

(a) Let x € D(T'). We have the following equivalence:

yETz & Tr=y+7T(0).
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In particular,

0eTzr e Tr=T(0).

(b) For z1,z2 € D(T') we have the following equivalence :

Tzi NTze # 8 Tay = Txs.

Corollary 1.2.10 Let T € LR(X,Y).
(a) TT~1(0) = T(0).
(6) T-1T(0) = T~1(0).

Corollary 1.2.11 Let T € LR(X,Y).
(a) If y € R(T) then TT 'y =y + T(0).
(8) If £ € D(T) then T—*Tz = z + T~(0).

Corollary 1.2.12 Suppose T, S € LR(X,Y) and G(S8) C G(T'). Then T is an extension of S if
and only if S(0) = T(0).

The following rules are easy to verify.

Proposition 1.2.13 [etac K, c# 0, andlet ABCX, CCY.
(a) T(aAd)=aT(A).
() T(A)+T(B)ycT(A+ B).
(¢) If AC D(T) or BC D(T), then T(A+ B) =T(A) + T(B).
(d) IfACD(T)orBC D(T) and AN B = {0},
then T(A+ B) = T(A) + T(B) end T(AyNT(B) = T(0).
(e) TTC =CnR(T)+ T(0).
(f) T-T(A)=AnD(T)+T-Y0).
(9) T7'(0) x {0} = G(T) N (X x {0}).
(h) {0} xT(0) =G(T)n ({0} x Y).
(i) X x R(T)=G(T)+ (X x{0}).
(i) DT)xY =G(T)+ ({0} xY).

Equality does not necessarily hold in (b) - one may consider the case
A ={a}, B = {b} such that a4+ b€ D(T) while a ¢ D(T) and b ¢ D(T).
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1.3 Semi-Continuous Relations, Continuity and the Norm
of Linear Operators

Throughout this section, X and Y will denote normed linear spaces.

Definitions 1.8.1 Let € > 0, and M C X. Then the sets B(M,¢), Bx, U{M,¢), Ux, and Sx
are defined by :
B(M,e) = {zeX|d=z M)<e}l,
Bx {zreX |d=z0) <1},

i

UM,e) = {zeX|da,M)<e},
Ux = {z€X|d(z0)<1}
Sx = {reX|dz0)=1}

Definitions 1.8.2 A subset U of X is set to be ¢ neighbourhood of e point z ¢ X if U

conlains an open set containing .

A relation T € R(X,Y) is said to be upper semicontinuous (u.s.c.) at a point = € D(T)
if for any neighbourhood U of T'(x) there exists € > 0 such that for any z € B(z,€) we have
T(z) cU. T is said to be upper semicontinuous if it is upper semicontinuous at every x in its

domain D(T).

It follows from the definition that T is u.s.c. at « € D(T) if and only if the core of any neighbour-

hood of T'(2) is a neighbourhood of z. Thus T is u.s.c. if and only if the core of any open set is
open.

Definitions 1.3.3 A set-valued map or relationT € R(X,Y) is said to be lower semicontinuous
(1.s.c.) at a point z € D(T') if for any y € T(z) and for any sequence {z,} C D(T) such that
T, — x there exzists yn € T{(z,) such that y, — y. T is said to be lower semicontinuous if

it is lower semicontinuous at every & in its domain D(T').

It follows that T is ls.c. at = € D{T) if and only if the inverse image of any open set which

intersects T'(z) is a neighbourhood of . Thus T is ls.c. if and only if the inverse image of any

open set is open.

Examples 1.3.4
(a) The set-valued map T\ € R(IR, IR) defined by:

@) { [-1,1] ife#0
{0} ifr=10

is L.s.c. at zero but not w.s.c. af zero.
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(b) The set-valued map Ty € R(IR, IR) defined by:

0 ifx #£0
ne={ O T
1,1 éfz=0
is w.8.¢. at zero but not Ls.c. at zero.

The definitions of upper and lower semicontinuity are equivalent for single valued maps. Further-
more, it is well known that the continuity of a (single-valued) linear operator can be characterised

in terms of the operator norm.

Definitions 1.3.5 Let X and Y be normed linear spaces, and T € L(X,Y). The norm of T is
defined as follows:

T|| := sup ||Tz|| = sup LE=l.
ITI| == sup ITz] #OH

Theorem 1.3.6 (cf. Goldberg, [60], 1.3.2.) Let T € L(X,Y). Then the following are equiva-

lent:

(i) T is continuous atl a point,
(i) T is uniformly continuous on ils domain,

(iii) There exists M € IR such that ||[Tz|| < Ml|z|| for every z in the domain of T,
(i) ||IT|] < oo.
Remarks 1.3.7

The definition of the operator norm quantity can be extended to linear relations. Furthermore, it
can be shown that the property of lower semicontinuity of a multivalued operator is equivalent to
the property of having a finite norm. For this reason we choose the notion of lower semicontinuity to
serve as the definition for continuity of a multivalued linear operator. We provide formal definitions
in the next chapter. Of course, the term continuous is also more convenient to use frequently, than
the more precise expression lower semicontinuous. We note that in the literature of convex analysis,

a map is said to be continuous if and only if it is both upper and lower semicontinuous.

Notation 1.3.8 We let B(X,Y) denote the class of continuous single-valued linear operators
from a normed linear space X into a normed linear space Y, and B(X) denotes this class for the

case X =Y.

Definitions 1.3.9 Let T € LR(X,Y). IfT and its inverse map T~ are single-valued, continuous

and everywhere-defined, then T is said to be an isomorphism . T is said to be an isometry if

WTzl] = {l].

Theorem 1.3.10 (cf. Goldberg, [60), 1.3.7.) Let T € L(X,Y). Then T™! is continuous and
single-valued if and only if there exists m > 0 such that

ITz|| > mlle||, =€ D(T).

18



1.4 Classification of Normed Linear Spaces
This section serves to introduce properties which are used in the sequel.

Definitions 1.4.1 A pair of normed linear spaces are said to be isormorphic ('z‘sometrz’é) if there

exists an isomorphism (isometry) which maps the one into the other.

A normed linear space may be classified in terms of isomorphisms and isometries from the space
itself, or from its subspaces, into subspaces of the classic spaces (or the lack thereof). Character-
isation of normed space properties may be topological, e.g. weak compactness of the unit ball, or
geomnetric, e.g. structure of a sequence of points, or of two sequences of points, or of sequences of
points and of linear functionals. Spaces are also studied via their local properties, i.e. how they are

built up from finite-dimensional subspaces. Most generally we have the following identifications:

Theorem 1.4.2 (Banach, [15]) IfK and H are compact metric spaces, then K is homeomorphic
to H if and only if C{K) is isometric to C(H).

Theorem 1.4.3 (Milutin, {107]} If K and H are uncountable compact metric spaces, then C(K)
is isomorphic to C(H).

Theorem 1.4.2 was first extended by M.H. Stone to compact Hausdorff spaces. However, C(K)
may be isomorphic to C(H) without K being homeomorphic to H. By Theorem 1.4.3,if K is an
uncountable compact metric space, we need only consider K = [0, 1] (other references sometimes
use the Cantor set for this purpose}. On the other hand as K varies over countable compact metric

spaces, there are uncountably many isomorphism classes for C(K) (see Bessaga and Pelczynski
[21]).

Theorem 1.4.4 (cf. Goldberg, [60], 1.4.2.) If X is an n-dimensional normed linear space over
IR ( or over €'}, then X is isomorphic to IR™ (respectively, €").

Lemma 1.4.5 (¢f. Goldberg, [60], 1.4.8.) If X is isomorphic to o Banach space, then X is

also a Banach space.
Corollary 1.4.6 If X is e finite-dimensional normed linear space, then X is complete.

Corollary 1.4.7 If B is a closed bounded set in a finite-dimensional normed linear space, X,

then B is compact.

The converse is also true, i.e. the property of the the unit ball given in Corollary 1.4.7 characterises

finite-dimensional normed linear spaces. Riesz’s Lemma is usually used to prove this.

Theorem 1.4.8 (Riesz’s Lemxma) Let M be a subspace of a normed linear space X such that

M is not dense. Then there exists a sequence {x,} C Sx such that d(z,, M) — 1.

Theorem 1.4.9 (cf. Goldberg, [60], 1.4.6) If X is a normed linear space such that By is to-

tally bounded, then X is finite-dimensional.
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1.5 Linear Functionals and Conjugate spaces

Definition 1.5.1 Let X be a topological vector space. The algebraic conjugate of X, denoted

X#, is the set of all linear functionals defined on X, i.e.

X*:={f:X->R | f(z+y)=f(=)+f(y) and flaz)=af(z)
for any z,y€ X and a€ K}

If X is a normed linear space, then the topological conjugate of X, denoted X', is the subset
of X# consisting of the linear functionals which satisfy

If]l = sup|f(z)] < oo.
ze€X

We usually let z' denote an arbitrary element in X', and refer to X’ simply as the conjugate or
adjoint of X, when there is no ambiguity. We note that X' is a Banach space with the norm given

above.
Definition 1.5.2 Let zj € X'. The sets
Uezy,xn(Zh) = {2 € X' | |2'(z:) ~ 2h(zi)| <e, 1 <i<n },

e>0, {z1,...zn} C X, n 21 form a neighbourhood basis for xy € X'. The topology given by
these sets is referred to as the weak*-topology on X', and is denoted by o(X', X).

Theorem 1.5.3 (Alaoglu) The unit ball Bx: of X' is (X', X)—compact.

Definition 1.5.4 The elements of a normed space X determine linear functionals on X' by the
formula " (z') := 2'(z) for z € X. We say X is reflexive if all the continuous linear functionals
on X' are determined in this way, i.e. if X" = X wunder this identification. The o(X",X')

topology on X, where X is considered as a subspace of X", is referred to as the weak topology

on X.

Properties of the various topologies on X and X’ are discussed in Wilansky [143], for example.
The geometry of reflexive spaces is discussed in detail in Beauzamy [17] and Wojtaszczyk [145].

We mention some basic properties.

Theorem 1.5.5 (cf. Goldberg [60], 1.6.11.) If X is a Banach space, then X is reflexive if and

only if X' is reflexive.

Theorem 1.5.6 (cf. Goldberg [60], 1.6.12.) If X is reflexive, then so are all its closed sub-

spaces.

Theorem 1.5.7 (cf. Wojtaszczyk [145], I1.A.14.) X is reflezive if and only if its unit ball
By is a(X, X')—compact.
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Examples 1.5.8

(1) g is not reflezive since ¢f = log.

(2) lp, 1<p<+4oo and L,, 1 < p< +oo are reflexive.

(3) L is not reflexive, and hence it follows that the spaces Ly, C([0,1)), and Lo are also

not reflexive since they have subspaces isemorphic to ;.

Theorem 1.5.9 (cf. Beauzamy [17], II1.2.) If X’ is separable, then X is separable.

Theorem 1.5.10 (cf. Wojtaszczyk [145], I1.A.15.) If X is separable, then the o(X', X) topol-

ogqy of X' is metrisable.

In general, for separable topological spaces, we may use sequences to test continuity and conver-
gence (instead of nets or filters). Sequences also suffice when the space is metrisable (and, hence,
if the space is normable). However, when considering the weak topologies on (infinite dimensional

spaces) X and X', it it not generally the case that these topologies are metrizable.

1.6 The Hahn-Banach Extension and Separation Theorems

Properties of a space may be inferred from the study of the continuous linear functionals on the
space {cf. Theorems 1.4.2 and 1.4.3 ). The Hahn-Banach theorem and its various corollaries
establish that there are a sufficient number of linear functionals for useful observation. It is also
the case that every infinite-dimensional Banach space contains a basic sequence (cf. Theorem
1.1.8). Suppose (zn)newv is a basic sequence. Then the Hahn-Banach Theorem establishes that
the associated co-ordinate functionals can be extended to the whole space, and thus, they may
serve as generalised co-ordinates of the space. Furthermore, if (2, )nenv is a Schauder basis and if
(2n)nemv is a sequence of points converging to z, then for each k we have nl_l_}rréo Fe(zn) = fi(z). Such

a sequence of co-ordinate functionals is sometimes called the biorthogonal sequence associated

with (2n)new since fr(zn) =0 if n#£k, =1 n=k.

Theorem 1.6.1 (The Hahn-Banach Extension Theorem) Let X be a vector space over IR
or €. Suppose p is a real-valued function defined on X satisfying

plz+y) < p)+p(y), and
plaz) = |ojp(z).

If M is a subspace of X and f is e linear functional defined on M which satisfies | f(m}| < p(m)
for m € M, then there exists a linear functional F which extends f to all of X and satisfies

|F(z)| < p(z) for z € X.

Definition 1.6.2 A subset K of a vector space X is said to be convex if Az + (1 — Ay € K
whenever z,y,€ K and A € [0,1].
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Theorem 1.6.3 (A separation theorem) Let K be closed, convexr subset of a normed linear

space X. If x € X and x ¢ K then there exists ' # 0, 2’ € X' such that

Rez'z > Rez’k, ke K.

1.7 Quotients, Subspaces and Projections

Definition 1.7.1 Let M be o subspace of a linear space X, and denote by [z] the set of all elements

equivalent to x under the equivalence relation

yRx & y—-xze M.
The quotient space X/M is defined by :

X/M :={[z] |z € X}.

If M is closed subspace of a normed linear space (X,||-]|x), then X/M is a normed space with the
norm ||.|| defined by :

izl = d(z, ) = it |lz = ],
Remarks 1.7.2

The fact that the norm on X/M is well-defined follows from the observation that if yRz then

il

il

Jnf {ly - m||
= inf llz—((y —2) +m)|
= inf |le—m|

meM

= ||[=ll.
It thus follows that
= inf .
izl = ot vl

Definition 1.7.3 The operator Q¥ : X = X/M defined by Q¥ = [z] is called the natural

quotient map with domain X and nullspace M.

Theorem 1.7.4 (cf. Goldberg, [60], 1.2.8.) Let X be a Banach space. If M is a closed sub-
space of X, then X/M is Banach space.

<&

Proposition 1.7.5 Let M be a closed subspace of X, and let N C X be a subspace such that
M C N. Then N is closed if and only if N/M is closed in X/M.
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PROOF
Suppose N/M is closed, and {Zn}nenv C N is a sequence converging to £ € X. Then { [z,,] }new C
N/M, and

AR iy 1 =) =il = 0

= lim [Ilzn - 2]l =0
= lim [lfea] - sl =0.

Since N/M is closed, [z] € N/M and 3y € N such that [y] = [z]. Since y — z € M, it follows
that x € V.

The reverse implication is similar. o

A proof of the next proposition can be found in Cross [35], 1.6.1.

Proposition 1.7.6 Let T € LR(X,Y), and let M C X. Then
dim R(T)/T(M) < dimD(T)/D(T)NM < dimX/M.

In particular, if M is finite codimensional in D(T), then T(M) is a finite codimensional subspace

of R(T).

Definitions 1.7.7 Let X be a linear space, and let M C X. Then we define what is sometimes
referred as the annihilator M+ of M by:

Mbi={zeX'|zs'z=0Vz e M}
Similarly, if N C X' then N7 is defined by:
NT:={ze X |2z=0VYz € N}

Remarks 1.7.8 M and N7 are closed subspaces of X' and X, respectively. Moreover,

MLT = M, and N1 is the weak*-closure of N (by the Bipolar Theorem - see, for ezample,
Wilansky [143]).

Proposition 1.7.9 (cf. Goldberg, [60], 1.6.4.) Let M be a subspace of a normed linear space
X. Then

(a) X'/M~L is isometrically isomorphic to M’ under the map U defined by:
Ulz'] == 2y,
where [2'] € X/M* and 'y, is the restriction of z' to M.
(b) If M is closed, then (X/M) is isometrically isomorphic to M+ under the map V defined by:
(V2hz .= 2'[z],

where z' € (X/M)".
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Definitions 1.7.10 If M is a subspace of a linear space X, then a (single-valued) linear pro-

jection from X onto M is a (single-valued) linear operator which satisfies the condition P? = P,

If M and N are subsets of a linear space X, then the sum M + N denotes the set
{m+n|meM and ne€ N}.

If M and N are linear subspaces of X which satisfy X =M + N aend M NN = {0}, then N is
called o complement of M. If furthermore, there exists a continuous linear projection from X

onto M, then N is called a topological complement of M. In this case we write X = M & N.
Multivalued Linear Projections are defined and discussed in Chapter 3.

Proposition 1.7.11 (cf. Wilansky, [143], 2.8.) Let M end N be linear subspaces of X. If N
is a complement of M, then N is isomorphic to the quotient space X /M.

The existence of a continuous projection onto a subspace is connected to the existence of a con-
tinuous extension of a continuous operator defined on that subspace to an operator defined on
the whole space. Banach and Mazur [16] gave an uncomplemented subspace of C([0,1]) as the
first example illustrating that such extensions are not always possible. Properties of projections
and extensions may be quantified (results relating these quantities have been developed) and the
structure or geometry of normed spaces can be characterised via the properties of projections and
topologically complemented subspaces. In general the finite dimensional and closed finite codimen-
sional subspaces in a normed subspace are topologically complemented. However, the associated
projections need not be of norm 1, for example, in L,( [0,1],d¢ ), (1 < p < +00), p# 2, none of
the closed hyperplanes admit norm 1 projections. Lindenstrauss and Tzafriri [98] showed that if
every closed subspace of a normed linear space is topologically complemented, then it is isomorphic

to a Hilbert space.

Theorem 1.7.12 (Goldberg, [60], I1.1.14.) Let M be a closed subspace of a Banach space X .
There exists a continuous linear projection from X onto M if and only if there exists a closed
subspace N such that X = M + N aend M NN = {0}.

Theorem 1.7.13 (Goldberg, [60], 11.1.16.) If M is a finite-dimensional subspace of a normed

linear space, then M is topologically complemented.

Definitions 1.7.14 A closed subspace M of of a Banach space X 1s said to be quasicomple-
mented if there exists closed subspace N such that M NN = {0} and M + N is dense in

X.

Theorem 1.7.15 (cf. Lindenstrauss [93], see also [110] and [100])

Every closed subspace in a separable or reflexive Banach space is quasicomplemented.

Examples of subspaces without quasicomplements are discussed in Lindenstrauss [94].
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1.8 Further Notes and Remarks

The definitions, propositions and results which are summarised above are already well-known,
widely used or introduced elsewhere, and hence, references rather than proofs are provided. His-

torical data has been gleaned from various sources.

Remarks on Normed Linear Spaces

The spaces given in Section 1.1 above are amongst those now referred to as classic spaces in
Banach space theory. The first truly non-classical Banach space was given by Tsirelson [141] (cf.
Tomczak-Jaegermann [138], and also Casazza and Shura [27]). In Tsirelson’s space, the unit ball
is defined implicitly so that the space and all of its infinite dimensional subspaces have a particular

geometric property (the space is said to be saturated with the property) which prevents them from

containing I,, 1 < p < oo or ¢g.

It is clear that a space which has a Schauder basis must be separable (linear combinations with
rational coefficients of the basis elements form a dense countable set). The converse, however,
does not necessarily hold. In 1973 P. Enflo [50] provided an example of a separable Banach space
without a Schauder basis. In fact, for p # 2, the spaces L,([0,1], dt), 1 < p < +00 have subspaces

without bases.

Definition 1.8.1 A Banach space X is said to have the approximation property (A.P.) if, for
every compact subset M C X, and Ve > 0, there is a finite rank operator T' such that ||Tz—z|| < e
forallze X.

Equivalently, X has A.P. if for every compact operator T from a Banach space Y into X

there exists a sequence of finite rank operators converging in norm to 7" (see Lindenstrauss [35],
or Lindenstrauss and Tzafriri [97]). Enflo’s example, mentioned above, of a Banach space without
a Schauder basis was in fact one which did not have A.P. By considering the projections on to the

first n co-ordinates, if X has a Schauder basis, then it has A.P.

Banach showed that every space contains a basic sequence {Theorem 1.1.8 above). The existence
of an unconditional basis indicates some additional structure. While it was known that the spaces
C(l0,1}) and L,, for example, do not have unconditional bases, it was an open question as to
whether every space contains an unconditional basic sequence (or, equivalently, whether every
space has a subspace with an unconditional basis). In 1994 a counterexample was given by Gowers

and Maurey [66]. The space which was constructed, now known as the Gowers and Maurey space,

is a Tsirelson type space.

Whether every infinite dimensional Banach space admitted a non-trivial decomposition into topo-
logically complemented subspaces was also an open problem till recently, and the Gowers and
Maurey space provided a counterexample to this question as well. Furthermore, it was established
that the Gowers and Maurey space contains no decomposable subspaces. In this sense it is referred

to as being hereditarily indecomposable or H.I.. Though this was not the line of argument adopted
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initially in the presentation by Gowers and Maurey, it is easy to see that an H.I space cannot con-
tain an unconditional basic sequence. The H.I property was also applied to solve the hyperplane
problem of Banach - their space is not isomorphic to any subspace of codimension 1. Consideration
of the Gowers and Maurey space has revealed an open question in the Invariant Subspace Problem

(cf. Androulakis and Schlumprecht [6]) - further comments on this space are made at the ends of

Chapters 5 and 7.

Contributions on general normed and Banach spaces include Beauzamy [17], Diestel [45], Linden-
strauss [95], Lindenstrauss and Pelczyriski [96], Lindenstrauss and Tzafriri [97], Wojtaszczyk [145]

and, more recently, the collection of papers by several leading contributers [71].
Remarks on Linear Operators and Linear Relations

Single-valued maps were favoured as the natural morphisms in the rigorous development of topology
at the start of the 20th century. Nevertheless, limits of sequences of sets were considered by
Painlevé in 1909 (cf. Aubin and Frankowska [14]) and later by Kuratowski [82], for example, in
1958. Furthermore, extension problems in topology led to the study of selections or single-valued
parts of upper and lower semi-continuous set-valued maps (cf. Michael [105]). Multivalued maps, of
course, occur quite naturally, but the earnest development of mathematical methods for set-valued

or multivalued problems came in the 1960’s.

In the study of properties of linear operators, it was recognised by von Neumann that the adjoint
(defined in Chapter 2) of a non-densely defined single-valued operator is a multivalued linear
operator {cf. Cross [35]). In general the closure of an operator may also be multivalued. In 1961,
Arens [7] assembled some basic properties of multivalued operators, referring to these maps as
linear relations. At about the same time, non-densely defined symmetric differential operators
arising in differential equations were considered (see Coddington [29], [30], [31], [32], Coddington
and De Snoo [33] and Coddington and Dijksma [34]). This work has continued into the 1990’s
by H.S.V. De Snoo, A. Diksma, H. Langer and A.V. Strauss, among others, Other contributions
involving linear relations include those by Lee [88], and Lee and Nashed [89], [90]. The basic
algebraic and dual properties of multivalued linear operators were established in these studies as

generalisations of the single-valued operator.

Problems in optimisation and control also led to the study of set-valued maps and differential
inclusions (cf. Aubin and Cellina {13}, Clarke [28] and Rockafellar [125]). Studies of convex
processes, tangent cones, subgradients and epiderivatives, etc., form part of the theory of convex
analysis developed to deal with nonsmooth problems in viability and control theory, for example.
Some of the basic topological properties from this area coincide with the core of the topological
results for multivalued linear operators. It should be noted that the contents of Section 1.3 extend
naturally to more general linear topological spaces. In Aubin and Frankowska [14], the authors
regard closed conver processes, i.e. maps whose graphs are closed convex cones in the product space
X x Y, as the natural generalisations of single-valued linear operators. In the language of convex

processes, the subclass of linear processes is equivalent to the class of closed multivalued linear
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operators (in Chapter 2 we discuss the properties of closed multivalued operators, i.e. operators
whose graphs are closed). The important Closed Graph and Open Mapping theorems can be
extended to the class of convex processes (cf. Aubin and Cellina [13] - we discuss the linear
case in Chapter 3). Conjugates (or adjoints or transposes) of convex processes have also been
investigated (cf. Aubin and Frankowska [14] or Rockerfellar [125]). Nevertheless, certain useful
algebraic techniques can be explcited in the case of linear relations which fail with the alternative

generalisation (subtraction is not permitted in cones).

Other works on multivalued mappings include the treatise on Partial Differential Relations by
Gromov [67], the application of multivalued methods to solving differential equations by Favini
and Yagi [52] and the development of fized point theory for multivalued maps (c¢f. Gorniewicz [65],
Saveliev [127] and Agarwal, Meehan and O’Regan [8]).

General references on functional analysis and linear operators include the books by Akhiezer and
Glazman [2], Dunford and Schwartz [48], Gohberg and Goldberg [55], Gohberg, Goldberg and
Kaashoek [56], Goldberg [60], Kato [75], Nikol’skij [114], Taylor and Lay [136], Wilansky [143],
and Yosida [147]. The monograph by Cross [35] served as the main source for the definitions
and notation adopted for linear relations. Definitions for upper and and lower semicontinuity
of set-valued maps can be found in Aubin and Cellina [13] and Aubin and Frankowska [14], for

example.
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Chapter 2

Linear Relations in Normed

Linear Spaces

2.1 The Algebra of Linear Relations

In this section we discuss the operations of addition and scalar muliplication in LR(X,Y). We

first verify that the composition of two multivalued linear operators is also a multivalued linear

operator:

Proposition 2.1.1 Let T € LR(X,Y) and let S € LR(Y, Z). Then ST € LR(X, Z).

PROOF
Let zy, 13 € D(ST) and let «, # be non-zero scalars. Then the following equalities follow from the

Proposition 1.2.13:

a(STxy) + B(STzy) = aS(Txz)+ BS(Tz2)
= S(aTz;)+ S(BTx:)
= S(T'(az1)) + S(T(Bx2))
= S(T(az1)) + T(Bz2))
= ST(ax; + fzs).

\

Definitions 2.1.2 Let S, T € LR(X,Y), and let a € IK. Addition and scalar multiplication

of linear relations are defined, respectively, in the obvious way:

S+T)z:=8x+Tz z€X and
(aT)z = a(Tz) ze€ X.
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Remarks 2.1.3

The following properties for R, S, T € LR(X,Y) and ¢, 8 € IK follow easily from the definitions

DS+T) = D(S)nD(T)
GS+T) = {(z,y)eXxY|y=s+t, s€Tz, t€ Sz}
S+T = T+S§
R+(S+T) = (R+S)+T
D(@T) = D(T)
GleT) = {(@ay)eXxY|(zy)€GT)}

= {(@myeXxY|(zely) eGT)}
= {(@Tny eXxY|(zy) €G)}
a(BT) = (af)T

It follows that S+ 7 and aT are linear relations, i.e. LR(X,Y) is closed under addition and scalar

multiplication.

Proposition 2.1.4 Let T\T3 € LR(X,Y) and R, S € LR(}‘, Z). Then

(¢) TT! =Ipey +(TT' -TT").

(b) o(ST) = (aS)T = S(aT), 0O#aclkK.

(c) IfG(S) C G(R), then G(ST) C G(RT).

{d) G((R+ S)T)C G(RT) + G(ST) with equality if T is single-valued.

(e} S(T +T) is an extension of ST + STy,
with equality if D(S) contains both R(T) and R(T3).

PROOF
(a) Let y € R(T). Then TT-'y = y + T(0) and (TT~! — TT-')y = T(0). Thus

TT- = Igy + TT =TT = [ + TT~} =TT

where the subseript R(T") can be dropped since the restriction is implied by the definition of

addition.

(b) Let 0 # a € K, and let € D(a(ST)) = D((aS)T) = D(S(aT)). It follows from the

definitions of scalar multiplication and the composition of relations that

a(STYr = a(S(Tz)) = aS(Tz) = S(a(Tz)) = S(aTz).
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(d)
GR+S)T) = {(z,2)|WeY st (z,y)eGT) and (y,2) EGR+S) }
= {(z,2) | eY st (z,9)€GT), (y.21) € G(R)
and (y,z) €EG(S), n+2 =2}
C {(z,2)|3neY st (z,1n) € GT), (1,2)€ G(R),
and e €Y st (x,y2) € G(T), (y2,22) € G(S),
1 tze=2z}
{(z,2) | (&, 21) € GRT), (2,22) € G(ST), z1+2z2 =12}
= G(RT + ST),

Il

If T is single-valued then it follows that the inclusion above is in fact an equality.

(e) We first show that
G(ST + 8T2) CG(S(T + T2)) (2.1)

{(z,2) | (z,21) € G(ST), (z,22) € G(ST), z1+z2 =2}
= { (:c,z) , ayl EY s.t. (x,yl) € G(T)) (ylszl) € G(S):
Jyz €Y st (z,42) € G(T2), (y2,22) € G(S),

G(ST + ST3)

il

Z1tz=2}
C {(®2) |3y eY st (z,4) € GT),
Jy2 €Y sit. (z,y2) € G(T2), 11+ y2 € D(S),
(1 +y2,2) € G(S) }
= {(z,2)|WeY st (2,9) e GT+T2), (v,2) € G(S) }
= G(S(T +T12)),

Choose z € D(ST + STz) € D(S(T +T3)), and let z € S(T + T3)xz. Then 2z € Sy for
y=y +y € T+ o)z, yv1 €Tz, y2 € Thz. It follows that

2 € S(y1 +v2) = Sy1 + Sya C STz + SThz.

Thus S(T + Tz)z C STz + STez. From ( 2.1) it follows that S(T + Tp)x = STz + SThz, ie.
S(T + T3) is an extension of ST + ST .

If the R(T") and R(T%) are both contained in D(S), then

D(T +T3) = D(T) N D(Ty) = D(ST) N D(STy)
D(ST + ST3).

D(S(T + 1))

]

i

Thus the inclusion in the proof of { 2.1) is in fact equality.
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The following examples show that equality may not hold in 2.1.4 (d) and (e).

Examples 2.1.5
(1) Let R € LR(Y,Z) be single-valued and non-zero, let § = —R, let G(T) = X x Y where

Y #£ {0}. Then

(R+85)T(0)=(R-RY= [J (R-R)y={0}
yED(R)

while
(RT + ST)(0) = (RT — RT)(0) = RT(0) - RT(0) = R(Y) — R(Y) = R(Y) # {0}

Thus, applying Corollary 1.2.12, RT + ST is not always an extension of (R + S)T'.

(2) We construct an exzample in which S{T +T3) is a proper extension of ST+ ST,. Let S, T, T3 €
LR(IR?) be defined as follows:

T = I

oo = (2 (1)) e

S = Iy where M:{(O){yeﬁ}
y

It follows that D(ST) = D(S) = M while D(ST;) = D(T3). Thus D(ST2 + ST) = {0}. On the
other hand
D(S(T+T3)) = (T + T2)~1(D(S)) = { ( z ) lze R},

showing that equelity does not hold.

2.2 Continuity and the Norm function for Linear Relations

Notation 2.2.1 Let T € LR(X,Y). We let Qr, or simply Q, when T is understood, denote the
natural quotient map, Q;(?),, of Y onto Y/T(0).

The approach of factoring out the set-valued part T(0) of a linear relation T, by using an
associated quotient map, is central to many of the proofs in the theory of linear relations. In
particular, in this section the quotient map is used to extend the definition of the operator norm to
linear relations. Some elementary properties are reviewed, we provide a geometric characterisation

of the norm and show that the continuity of a linear relation is equivalent to the finiteness of its

norm.
Proposition 2.2.2 QT is single-valued

PROOF
Let 2 € D(T), and let y1,y2 € @QTx. Then y; —y2 € QT — QTz = QT(0) C QT(0) = 0.
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Proposition 2.2.3 Let T € LR(X,Y). Then

N(T) C N(QT)
with equality if T(0) is relatively closed in R(T).
PROOF

We apply Proposition 1.2.9:

N(T) = {ge X |Te=T(0)} ¢ {zeX|TzcT{0)}
= {zeX|QTz=0} = N@QT).

If T(0) is relatively closed in R(T'), then equality holds.

The next example shows that equality does not hold generally in Proposition 2.2.3.

Example 2.2.4 Let X be an infinite dimensional normed space and let f € LR(X,IK) be an
everywhere-defined discontinuous linear functional. If T = f~1, then T(0) is a dense hyperplane
in X end Qv = 0. Thus

N(T)=0#IK =N(QT) .

Proposition 2.2.5 Let T € LR(X,Y). If R(T) is closed, then R(QT) is closed. Conversely, if
R(QT) is closed and T(0) C R(T), then R(QT) is closed.

PROOF
This is just a special case of Proposition 1.7.5.

Definitions 2.2.6 Let T € LR(X,Y). Then T is said to be continuous at a point z € D(T) if
the inverse image of any neighbourhood of Tx is a neighbourhood of . T is said to be continuous

if it is continuous at every point in its domain.
For z € D(T) we define ||T'z|} by
Tz := [|QT=||
and the quantity ||T||, which is called the norm of T', is defined by
NTIl = {lQT].

We note that ||T|| is not a true "norm” function since ||T|| = 0 does not imply that T = 0.
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Proposition 2.2.7 Let T € LR(X,Y).
(s} For z € D(T)

I Tzl] = dT©) for all yeTx

= jnf llvll

= dly+7T(0),0) for all yeTx
= d(Tz,0) = d(Tz,T(0)).

(®) |ITll= sup [Tzl

zEBpT)

PROOF
(a) The first equality follows from definition of ||Tz|| and Proposition 1.2.9 and the second equality

follows from the definition and properties of the norm on X/7'(0). The rest are obvious.

(b) We have (|T|| = ||QT|| = sup ||QTz||= sup |[|Tg]].

z&€Bnr) zE€Bp(r)

We will show that [|T|] < oo if and only if T is continuous. But first we illustrate the extension of

some well-known results about the norm of the sum and scalar multiples of linear operators.

Proposition 2.2.8 (a) For §,T € LR(X,Y) and z € D(S + T) we have
1Sz + Tz|| < ||Sz|| + ||T=]].
If additionally S(0) C T(0) then
1Tz|| - ||Sz|| < [|Tz — Sz]].
(b) For a € IK and x € D(T) we have
llaTz|| = | ||T=||.

PROOF
(a) Let s€e Sz and t € Tz. Then s+t € Sz + Tz = (S+T)z. Thus:

ISz +Tz|| = d{s+1¢t,(S+T)0))

L d(s,S(0) +T(0)) + d(t,S0) +T(0))
< d(s,5(0)) + d(¢,T(0)

18] + [|T=]].

1A

i

If $(0) ¢ T(0), then by what we have just shown,

ITz|| = [Tz + Sz - Sz|| < ||Tz - Sz + ||S=]|.
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(b) We have [[oTz|| = [|Q(aT)(@)|| = |aQTz|| = |a| [|QTz|| = |e| ||T=].
o

The next example shows that it is NOT true in  general that
[|Tz|| - ||Sz|| < ||Tx— Sz|| for linear relations.
Example 2.2.9 Let X be a nonzero normed space, let G(S) = X x X and let T = Ix. Then for
z # 0 we have
|ITz — Sz|| =0
while
1Tz — (ISl = ||| # 0.

Thus ||Tz|| - |ISz|| £ [|T — S|

Proposition 2.2.10 Let S,T € LR(X,Y) end let o € IK. Then

(a) IS +TI < [ISIl+ IT]]-

(b) If S(0) C T(0) then ||T|| - |IS]| < [IT - S]|I.
(c) lleT|} = |ef||TY]-

PROOF
(a) Applying Proposition 2.2.8:
NS+Tl = sup{||Sc+Tx|| |x€ BxND(S)ND(T) }
< sup{ ||Sz|| + ||T=|| | z € Bx nD(S)nD(T) }

< sup{ ||Sz|| |z € BxNnD(S)nD(T) }
+sup{ ||Tz|]| |z € BxnD(S)ND(T)}
< sup{ ||Sz|| |« € Bpsy } +sup{ ||Tz|| | 2z € Bp(r) }

=[S+ 1Tl

(b) follows from Proposition 2.2.8 and (a), and (¢) follows from Propositions 2.2.7 and 2.2.8.

<
The next result gives a geometric characterisation of the norm.
Proposition 2.2.11 Let T € LR(X,Y). Then
(e} |[Tl| < oo & there exists A > 0 such that
TBp(r) C ABri) +T(0). (2.2)
(b)) If ||T]| < co then
Tl = }ig%{)\ | TBp(ry C ABgr(r) +T(0)} | (2.3)
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PROOF
(a) Suppose ||T|| < oco. We apply Proposition 2.2.7: for x € Bp(y) and y € Tz there exists

k € T(0) such that given ¢ > 0,
lly = &l < IIT1] +e,
ie. y—k € (||T|| + €)Br(r)- Thus

v € (IT\l + €)Br(zy + T(0) (2.4)

as required.

Conversely, suppose ( 2.2) holds. Let # € Bp(r) and choose y € T'z. Then y = Ay; + k where
[lvil] € 1 and k € T(0). Thus |ly—k|| < A, in particular, d(y, T(0)) < A. It follows from Proposition

2.2.7 that ||T|| € A < o0.

(b) Suppose ||T|| < oo. If ||T'|| = 0, then TBp(ry C T(0) and ( 2.3) holds. Suppose ||T}} > 0.
Then it follows from { 2.4) that

7]l 2 inf {X| TBpery C ABrery +T(0)}
Let « be such that 0 < o < ||T||, and choose € Bp(r), y € Tz such that

a < d(y, T(0)) (2.5)

If TBpry C aBgiry + T(0) then there exists y;3 € Bgy), and & € T(0) such that
y = ayy + k. But then

which contradicts { 2.5). Thus,
o< };‘;f, {M\ | TBp(ry € ABg(r) + T(0)}

and the result follows.

Proposition 2.2.12 Let T ¢ LR(X,Y)

(a) T is continuous if and only if ||T|| < co.
(b) If dim D(T) < oo, then T is continuous.

PROOF
(a) Suppose T is continuous. Since T'(0) + By is a neighbourhood of T'(0), it follows that

T-YT(0)+ By) =T *Bg(r) is a neighbourhood of 0. Thus 3 A >0 s.t.
)\BD(T) C T"lBR(T)

and, therefore,
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AXT'Bpry € Brm + TO) = TT_lBR(T).
By Proposition 2.2.11, this implies that [|T']| < co.

Conversely, suppose ||T}| < co. Let =z € D(T), and let V be a nontrivial closed ball in R(T') with
center y where y € Tz. Then Vg = V — {y} = aBpg(r) for some o > 0. Applying Proposition
2.2.11, there exists A > 0 such that

TBpiry C ABr() + T(0).

It follows that

BD(T)‘FT"I(O) C /\T"IBR(T) = a ATV,

or, equivalently,

A laBpry +T71H0) € T W = T-Y(V —y).

Hence,
MlaBpry+T 'y ¢ T7WV - T7ly + Ty = TV,

and A~laBpiry + T~ 'y is a neighbourhood of # in D(T). Now suppose W is a neighbourhood
of Tz, let U C W be an open set containing y € Tz, and let V C U be a non-trivial closed ball
with centre y. From what has already been shown, it follows that T~'W is neighbourhood of z.

Hence T is continuous.

(b) ¥ dim D(T) < oo, then QT is a continuous single-valued operator, i.e. ||QT|| < oo. Since
Tl = ||QT|l, the result follows from (a).

2.3 Open Relations and the Minimum Modulus

In this section we define what it means for a linear relation to be open. Next we introduce the
minimum modulus y(T") of a linear relation T , and give equivalent characterisations of this
quantity (Propositions 2.3.2 and 2.3.3). We then show that v(T) = [[T~!||~!, and deduce that a
linear relation T is open if and only if v(T) > 0. In Proposition 2.3.6 we consider the relationship
between (T') and ¥(QT), and in Proposition 2.3.8 we give criteria for T(0) to be closed in R(T),
and for the equality N(T') = N{(QT). We conclude this section by giving inequalities for the

minimum modulus and the norm of the composition of linear relations.

Definitions 2.3.1 A linear relation T € LR(X,Y) is said to be open if its inverse T~ is a

continuous linear relation.
The minimmum modulus of T is the quantity

Y(T) := sup{A | ||Tz|| 2 M(z, N(T)) for = € D(T)},
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The following proposition provides an equivalent definition for v(T').

Proposition 2.3.2 Let T € LR(X,Y).

o if D(T)c N(T)
T) = .
1D { inf{ glfalss | © € D(T)\ N(T)} otherwise (26)

PROOF
Let v (T') denote the expression in ( 2.6), and for all z € D(T) let A > 0 satisfy

[|1Tz]| > Ad(z, N(T)). (2.7)

If D(T) C N(T'), then A < % (T) = o0. If D(T") ¢ N(T'), then by ( 2.7) we have BTB‘:'ITTE(LT%T > A for
z € D(TY\ N(T). Thus A < v1(T). Taking the supremum over ) in ( 2.7) yields v(T) < y{T).

Suppose Y(T') < v1(T). Then ¥{T) < oo, and thus from the definition of 4(T') it follows that
DTy ¢ N({T) It also follows that there exists x € D(T) such that
lITz|| < 1 (T)d(z, N(T), which contradicts ( 2.6). Thus v(T) > y1(T).

<
We now give a geometric characterisation of the minimum modulus.
Proposition 2.3.3
7(T) = sup{A | TBp(1y D ABr(1)} (2.8)
PROOF
Let v, denote the expression in { 2.8). Suppose v, # oo and y; > ¥(T'), and choose € > 0 sufficiently
small so that v, > (1 + 2e)v(T). Since ||Tz|| = inf ||ly|| and +(T) = inf U=l
1> ( ITall = jof Il and 7(D) = in ol

we may choose (z,y) € G(T') such that

Y T) < gzx—}ll%{gT—)) < (1427

Now, if 5 > 0, then mji(%%%ﬂ = 3—(5]%%)7. Thus, letting z; = 9z, ¥, =7y and 5 = leiﬂ’ we
have

L= [lyll < md(z:, N(T)).(1 +2¢)™* (2.9)

From { 2.8), TBD(T) 2 "}’1(1'*-6)“1183(3*). Thus, y; € 7;1(1+E)TBD(T) and zs € 'y{l(l—ﬁ-e)BD(T)
may be chosen so that y; € Txs. Since z2 — 21 € N(T), it follows from ( 2.9) that

1+2¢ < 1d(z1, N(T)) = nd(z2, N(T)) < mllze]] € 1+¢
a contradiction. Thus v, < v{(T).

For the opposite inequality we may clearly assume that v < co. Suppose 73 < @ < ¥(T). Then
TBp(r) 7 aBr(r) and there exists y € R(T) such that ||y|| = 1 and y ¢ o~'T Bp(ry and, hence,

lzll <@ =y ¢ Ta. (2.10)

Let o € D(T) satisfy y € Tzo and fix 8 such that & < 8 < ¥(T). Then
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1= |lyl} = ||Tzoll 2 Bd(zo, N(T)).
Choose z; € N(T) so that ||Tze|| > al|zo + z1]|. Letting z := xo+x,;, we have that Tzqg = Tz and,
therefore, y € Tz where 1 = ||y|| > [|T'z|| > al|=|], which contradicts ( 2.10). Thus v, > v(T).
For the case vy = oo we have
TBpr) 2 U {nBr} = R(T).
nelN
Taking inverses yields
Bp(ry +T71(0) D D(T).
Hence, for each € > 0 we have
€eBp(r) + T-10) > D(T).
Taking the intersection over ¢ > 0 yields N(T) O ID{T) which by Proposition 2.3.2 implies
Y(T) = oo.
o
The next result yields the relationship between the minimum modulus and the norm of a linear
relation.
Proposition 2.3.4 Let T € LR(X,Y)}. Then
YT) = IT7YI7 (2.11)
PROOF
Let A > 0. Then
T_IBR(T) D /\BD(T) = BR(T) +T(0) > ATBD(T)
= T 'Bgr) +T70) D ABp(ry + T7(0)
= T—IBR(T) 2 ABp(my-

In particular
/\TBD(T) C Br(ry +T(0) & ABpmr) C T"IBR(T). : (2.12)

We consider two cases

Case 1: ||T]| < =

From Propositions 2.2.11 and 2.3.3, the geometric characterisations of the norm and minimum

modulus respectively, and applying the equivalence ( 2.12) we have

inf{A > 0 | A"'TBp(y C Br(ry + T(0) }

= (sup{A > 0| ATBp(r) C Br(ry +T(0)})~"
= (sup{A > 0| T 'Bgr(r) D ABp(y })™!

= ~y(T~H

Il
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Case 2: ||T'|| = o
Again we apply Proposition 2.2.11. In this case we have:
VYA >0, TBpery € ABr(r) + T(0).
Thus,
YA >0, A 'TBpr) & Brery + T(0).
Hence, applying the equivalence ( 2.12)
YA >0, ABpr) € T"'Bgr).

Applying Proposition 2.3.3, ¥(T~!)} = 0, and the desired equality holds.

Proposifion 2.3.5 Let T € LR(X\Y).

(a) T is open if and only if v(T') > 0.
(b) If dim R(T") < oo, then T is open.

PROOF
{a) Apply Proposition 2.3.4 to Proposition 2.2.12 (a).
(b) This follows on substituting 7! for T in Proposition 2.2.12 (b).

We examine the relationship between y(T') and v{QT).

Proposition 2.3.6 Let T € LR(X,Y). Then
Y (T) £4(QT)

with equality if T{0) is relatively closed in R(T).

PROOF

T) = sup{A|||T=|| 2 Ad(e, N(T)) Vz € D(T)}

IA

Y(QT).

{

By Proposition 2.2.3, equality holds when T'(0) is closed in R(T').
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Proposition 2.3.6 proves that T is open, then so is QT. The converse is false and equality need

not hold. This is illustrated in the following example:

Example 2.3.7 Let X be an infinite-dimensional normed linear space, let f be a discontinuous
linear functional with domain D(T) = X and let T := f~!. Then T(0) is a dense hyperplane and
N(T) = {0}, while N(QT') = IK and v(QT) = oco. However, since T is not open, v(T) = 0.

The next result provides criteria for T'(0) to be closed in R(T"). This may also be applied to
Proposition 1.7.5.

Proposition 2.3.8 Let T'€ LR(X,Y'} be open. Then

R(T)nT(0) C TT-1(0),

with equality if N(T) is relatively closed in D(T).

PROOF
We first establish the result for the case when T is injective. Suppose {y.} is a sequence in T'(0)

such that y, — y € R(T). Then
Jim |77y =)l < IT7H] lim|lyn — 9l =0
since 77! is continuous. Thus |[T-1y|| = 0. Thus T~'y = 0 and, since T™! is single-valued,
ye N(T1)=T(0) =TT1(0) c TT-1(0). i N(T) is closed in D(T), then TT-1(0) = TT-1(0).
Now let @ := @7-1. Then
TQ—l(BX/?:;(—O)) =T(Bx +T-%(0)) > TBx D ABr()

for some A > 0 since T is open. Thus, TQ ™" is open. Applying the first part of the proof, we have
that D(QTY)NN(QT™!) = RTQ)NTQ-1(0) C TQ~YQT-1(0)). Hence

DT Y)YnN(T-Y)

Cc DT HNnN(@QTY)

C TQ™NQT-1(0)) =TQ™'(0) = TT-1(0).

R(T)NT(0)

If N(T) is relatively closed in D(T'), then
R(T)NT(©0) D T(0) =TT-*(0) = TT-1(0),

and equality holds.

Corollary 2.3.9 If T € LR(X,Y} is open and N(T) is closed then
(a) N(T) = N(QT).
() v(T} = +(QT).
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PROOF
(a) Since T71(0) is closed, R(T) N T(0) = T(0). The result follows from Proposition 2.2.3.

(b) As in (a), the result follows from Proposition 2.3.6

<&

The last results in this section will be concerned with the behaviour of the minimum modulus and

norm of the composition of linear relations. We will need the following property:

Proposition 2.3.10 Let M be a non-empty subset of R(T), and let ¥v(T) < oco. Then for N C
D(T) we have

d(TN, M) > v(T)d(N, T~ M).

PROOF
It TNAM #0, then 0 # T-YTNNM) = (N+N(T)N(T~'M) and, thus, d(N,T-*M) = 0.
Suppose TN N M = §, let ¢ > 0, and choose m € M and n € N such that

d(TN,M) > d(Tn—m,0) —e. (2.13)

Now

i

d(Tn — m,0) d(Tn—-m—"T(0),0) = d(Tn,m+T(0) = d(Tn,TT 'm)

(B, dTnTH = f dT(-h),0) = ot |T(n- W)
inf - —1 — : -1

¥(T) heliy-lmd(n h,T7(0)) (T he!:r{l—flmd(n’ h+T7(0))

Y(T)dn, T~ m) > ¥(T)d(n, T-1M) > (T)d(N,T'M).

(A

il

Since ¢ was chosen arbitrarily, it follows from ( 2.13) that

d(TN, M) > v(T)d(N, T~ M).

<&
Proposition 2.3.11 Let T € LR(X,Y) and S € LR(Y,Z). Then
Y(ST) 2 v(S|rm)¥T) (00.0 ezcluded), (2.14)
with ¥(ST) = oo when ¥(T) = o (even if ¥(S|g(T)) = 0). Furthermore
57H0) C R(T) = v(ST) = v(S)IT). (2.185)

PROOF
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Let z € D(ST). We first consider the case when ¥(S),7(T") < co. Since ST = (S|rm))T, we
suppose that § = S|g(r). Then S~1ST(0) = T(0) + S~'(0) C R(T") and TH0) c TS Y0). It
follows from Proposition 2.3.10 that

|STz|| = d(STz,ST©)) > ~(S)d(Tz,5 'ST(0))
VST )=z, T~571ST(0))
Y(S)y(T)d(z, T~ S71(0)).

Y

Thus, applying Proposition 2.3.2, inequality ( 2.14) holds. Now suppose S~1(0) C R(T') and that

it is not necessarily the case that § = S|g(ry. Then

d(Tz,S71ST(0) > ~(T)d(z,T-1S~18T(0))
YT)d(=, T~ ((T(0)ND(S)) + 57'(0)))
Y(T)d(z, T~ 571(0)).

Thus, as before,
[1STz|| = v(S)¥(T)d(=, T~'57(0)),
and implication { 2.15) follows.

Next we consider the case ¥(T) = oo, and suppose S = S|g(r). By Proposition 2.3.2, N(T) =
D(T). Since N(T) € N(ST) and D(T) D D(ST), it follows that N(ST) is dense in D(ST). Thus
¥(ST) = o0, and the desired inequality in ( 2.14) holds. If S~%(0) C R(T), then the proof of
inequality ( 2.15) is similar.

Lastly suppose that 4(S) = oo and 0 < ¥(T') < oo, and suppose S = S|r(t)- Since S71(0) is
dense in D(S) it follows that d(Tz,S~1(0)) = 0. Therefore, v(T)d(z,T~151(0)) = 0 (applying
Proposition 2.3.10), i.e. N(ST) is dense in D{ST). Thus 4(ST) = oo, and again and the desired
inequality in ( 2.14) follows. If S~1(0) C R(T'), then the proof of inequality ( 2.15) is similar.

<

Remarks 2.3.12 If v(5) = oo and v(T') = 0, then inequality { 2.14) may fail to hold: consider

S :=f and T := f~! where f is a discontinuous linear functional on an infinite dimensional space.

Then ¥(ST) = ¥(ff~) = v(I) = 1, while v(S) = oo (since N(f) = X ), and v(T) = ||f]|"* = 0.
Corollary 2.3.13 Let T € LR(X,Y) and 8 € LR(Y, Z). Then

ISTH < SN lps) Tl (0.0 excluded). (2.16)
with ||ST|| = 0 when ||S|| = 0 (even if Ip(r) = o0). Furthermore,

T(0) c D(S) = |ISTI| < |IS1] [IT]- (2.17)
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PROOF
Applying Proposition 2.3.4, inequality ( 2.16) follows from ( 2.14) of Theorem 2.3.11.

If T(0) C D(S), then for x € D(ST) and y € Tz we have that Tz C D(S) + T'(0) = D(S) (since
TE T—I(D(S))). Thus ID(S)T:I: =Tz N D(S) =Tz, and
ST < ISI 1T pslls

from which { 2.17) follows.

Remarks 2.3.14

The case when c0.0 appears on the right hand side of { 2.16) corresponds to the analogous case in
Theorem 2.3.11 (applying Proposition 2.3.4). In this case no conclusion can be made from the

hypothesis (see the remarks following Theorem 2.3.11).

In Cross [35], V.1.13, the author constructs a surprising example where the composition of a pair

of continuous linear relations is dafined but is not continuous .

The following proposition serves as a useful tool for working with inequalities involving the norm

of the composition of two relations (see for example Corollaries 5.3.4 and 5.3.8).

Proﬁosition 2.3.15 Suppose T € LR(X,Y), and S € LR(Y,Z) is continuous with D(S) D
T(0). Then
QsrST = QsrSQT' QrT.

PROOF |
Let Q denote Qr, and let y € T'z. Then SQ~'Qy = S(y + T(0)), and since S is continuous with

D(8) > T(0),
ST(0) c ST(0),

and, hence,

5Q~Qy c Sy+ ST(0).
It follows that

QsrSQ7'Qy C QsrSy C Qsr(SQ7'Qy),

and, hence,

QsTSQ™'Qy = QstSy.
Thus

QsTSQ'QTx = Qs7STx,

and the result follows.
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2.4 Linear Selections

Selections or the single-valued parts of set-valued maps were considered in extension problems
in topology (see for example Michael [105]), and are still investigated today. Selections play
an important role in convex analysis, and there is a well-developed theory on selections of set-
valued maps which satisfy various properties (see for example Aubin and Cellina [13] or Aubin and

Frankowska [14]). In this section we give a brief review of linear selections of linear relations and

consider some conditions for continuity.

Definition 2.4.1 A single-valued linear operator A is called a linear selection (or single-

valued part) of a linear relation T if

T=A+T-T. (2.18)

If A is a selection of T then for all + € D(T") we have

Tz = Az + T(0). (2.19)

It follows from ( 2.19) that R(T) = R(A) + T(0). However, this sum may not always be direct.

The following result provides a method for constructing selections.

Proposition 2.4.2 If P is a single-valued linear projection with domain R(T) and kernel T(0),
then PT is a selection of T. Conversely, if A is a selection of T and R(A)NT(0) = {0}, then the
single-valued projection defined on R(T') with range R(A) and kernel T(0) satisfies A = PT.

PROCF
Let P be as described. Then PT(0) = {0}, and for y € Tz we have

Te=y+T(0)=Py+ (- Ply+T(0) = PTz + T(0). -

Conversely, let A be a selection of T and let P be a linear projection defined on R(T") with range
R(A) and kernel T(0). Then for x € D(T) we have Tx = Az + T(0), whence PTz = PAx =

Az — (I — PYAz = Azx.
<
In Cross [35] the author gives another method for obtaining selections of a linear relation T by
considering projections on G(T).
Proposition 2.4.3 Let T € LR(X,Y).
(a) If T has a continuous selection A, then T is continuous and
NTH < 114l -

(b) If T(Q) is topologically complemented in R(T), then T is continuous

if and only if T has a continuous selection.
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PROOF
(a) Suppose A is a continuous selection of T'. Then for z € D(T'), we have Tz = Az + T(0), i.e.
Az € Tz. Since

|Tz]| = yngfm lyll < 114z]] < [|A]]=ll,
the result follows.

(b) Let P be a continuous projection defined on R(T') with kernel T°(0). If T is continuous, then

PT is a continuous selection of T'. The reverse implication is contained in (a).

2.5 Closed and Closable Linear Relations

In this section we give the basic properties of closed relations and we consider the relationship
between a linear relation T and its closure. We also consider the connection between the properties

of continuity and closedness.
Definitions 2.5.1 The closure of a relation T € LR(X,Y) is the relation T defined

G(T) := G(T). (2.20)
A relation is called closed if its graph G(T') is closed in X x Y or, equivalently, if T = T.

Proposition 2.5.2 LetT € LR(X,Y). Then

(a) TeLR(X,Y).

(6) T is closed if and only if T~ is closed. Furthermore, (T)~% =T-1.
(¢) IfT is closed then T(0) is closed.

(d) If T is continuous and D(T) and T(0) are closed, then T is closed.

PROOF
(a) and (b) follow from the definition of T’ and the fact that G(T) is a linear subspace of X x v

(c) If {yn} is a sequence in T'(0) such that y, - y, then (0,y) € G(T) since T is closed.

(d) Suppose {{zn,yn)} is a sequence in G(T) such that (2n,yn} = (x,y). Then z € D(T') since
D(T) is closed. Letting z € T, it follows from the continuity of T that 3z, € Tz, such that
Zn —+ 2. Since z, ~ Yo € T(0) and 2, —yn = z2—y € T(0), it follows that y € 2+ T Q) =Tz .

<

In the next chapter we will show that the converse of Proposition 2.5.2(d) holds, i.e. if T is closed
with closed domain, then 7 is continuous - this is the multivalued version of the classic Closed
Graph Theorem. Thus, continuity and closedness do agree in some cases, however, the two notions

are quite different.
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Definition 2.5.3 A linear relation is said to be closable if T is an extension of T

We give an example of a continuous relation which is neither closed nor closable, and give an
example of a closed relation which is not continuous. We note that T need not be an extension of
T. We only have that G(T") ¢ G(T) and Tz C Tz for all z € D{T). Furthermore, 7(0) C T(0),

and equality need not hold, as is seen in the third of the examples below.

Examples 2.5.4
(1) Let T be a linear relation such that T(0) # T{(0). Let F' be any finite-dimensional subspace of

D(T). Then T|p is continuous. However, T|r(0) = T(0) # T(0). Thus T'|r(0) is not closed, and

T|p is not closable.

(2) Let X = C([0,1)]), and let C*([0,1]) := {f € X | f' is continuous}. DefineT € LR(C'([0,1]), X)
by (TF)(¢) := f'(t), t € [0,1]. Then T is closed: if , — = and Tz, — y, then {z,} converges
uniformly to x and {z,} converges uniformly toy on [0,1]. Taking antiderivatives of x|, and y, it
follows that € D(T) and Tz =y on [0,1]. However, T is not continuous: consider the sequence

{za(®)} = {t"}. Then ||Tz,|| = n while ||z,|| = 1.

(3) Let {zo | @ € S} be a normalised Hamel basis of Io(IN). Recall that IKS := {f : § — IK}

and 11 (S) is the collection of sequences indezed by S such that sup 3, |Zo| < 00 where ((S)
$(5)CS ael(s)

denotes some finite subset of S. Let Z; be [3{(IN) renormed by
Il 3 caZallz, = X leals
€S €S
and let Z .= {f € IKS : f(a) #0 for at most finitely many o} with ||fll, = 3 |f(e)|
€S

Then Z, and Z are isometric to each other under the correspondence 3 caZo ¢ {ca}. We now
show that Z is dense in [1(S). Let f € }(S). Then {a | f(a) # 0} is countable. Let {a1,aq,...}
be the set of o's for which f{a) # 0. Define the sequence f, as follows:

falax) = flax) if 1<k<n
falax) = 0 otherwise
O
Then || fn — fll = . 2> |f{ox)| = 0 as n — co.
£ R

Let T € LR(11(S),12(IN)) be defined: T{ca} = 3. caZa. Since lz:(IN) is embeddable as a set in
1(8), T is onto. Thus 13(S)/N(T) is isomorphic to ls(IN). Since l3(IN) is separable, and [,(S) is
not, N(T) must be infinite dimensional. Clearly N(T) = {0}.

Remarks 2.5.5 Clearly T is closable if and only if T(0) = T(0), and T~! is closable if and only
if N(T) = N(T). However, there is an unfortunate lack of symmetry in that T' closable does not
imply that T is closable. The following example illustrates this.
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Example 2.5.6 Let M be a non-closed subspace of a Banach space X. Let G(T) = X x M.
Then G(T) = G(T) = X x M. Since T(0) = M # M = T(0), T s not closable. However,
N(T) =X = N(T), i.e. T~ is closable.

Proposition 2.5.7 Let T € LR(X,Y). Then

QrT = Q+T.

PROOF

Let Q := Qr = Q;m, and let (z,2) € G(QT). Then Jy € R(T) such that (z,y) € G(T) and
Qy = z. Let (z,,yn) be a sequence in G(T') converging to (z,y). Now Qy, converges to Qy = z.
Hence (zn, QTz,) = (zn, Qun) = (z,2), ie. (z,2) € GQT).

Conversely, let (z,2) € G(QT). Then Izn,2z,) €  G{QT) such that
(zn,2n) = (z,2). Thus, Ty, € R{T) such that (zn,yn) € GT) and
Qun = z2n = z € Qy € Y/T(0) for some y € Y. Thus 3k € T(0) such that y, — y — k.
Since T(0) ¢ T(0), it follows that (z,y — k) € G(T). Since Q(y — k) = Qy = z we have that
(z,z) € G(QT).

Proposition 2.5.8 Let T € LR(X,Y). The following properties are equivalent:

(i) T is closed.
(i) QT is closed and T(0) is closed.

PROOF
(i) = (ii} This follows from Proposition 2.5.7 and Proposition 2.5.2 (c).

(ii) = (i) Applying Proposition 2.5.7, .

¥

D(T) = D(QT) = DQT) = D(QT) = D(T).

Furthermore, for € D(T') we have QTz = QTz. Thus, Tz 4+ T(0) = Tz + T(0), i.e. Tz = Tz. It
follows that T =T.

Proposition 2.5.9 Let T € LR(X,Y). -

T < N7l

with equality holding if T(0) = T(0).
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PROOF
Clearly we may assume that ||T|| < co. We prove by contradiction. Suppose ||T|| > ||T||- Choose

¢ > 0 and (zo,y0) € G(T) such that [|zo]| < 1 and
d(yo, T(0)) > ||T|| + 2e. (2.21)

Now choose (z,y) € G(T) such that ||z|| < 1 and |Jz — zo]| + |ly — wl|l < € Since
|d(yo, T(0)) — d(y, T(0))| < |lyo — ¥ll <, it follows from ( 2.21) that

ITI] + 26 < d(yo,T(0)) < d(x0,7(0)) < d(y,T©O)) +e¢ < [|T|[+e¢,
which is a contradiction. Thus [|T]] < [|T.

Suppose now that T(0) = T'(0). Then for z € D(T) and y € Tz C Tz we have ||Tz|| =
d(Tz,T(0)) = d(Tx,T(0)) = ||IT=||, and the desired equality follows.

Corollary 2.5.10 Let T € LR(X,Y), then
1(T) 2 ¥(T)
with equality holding if N(T) = N(T).

Proposition 2.5.11 Let T € LR(X,Y) be closed and let Y be complete. If S € LR(X,Y) is
continuous with S(0) C T(0) and D(S) D D(T), then T+ 8§ € LR(X,Y) is closed.

PROOF
Suppose T and S are single-valued, and let (z,) be asequence in D(T") such that (T+8)z, -y €Y

and z, — z. Then
T (zn — 2w )ll < (T + SY(@n — zw)ll + IS |27 — Zmll, (2.22)

and, since S is continuous, the right-hand side of { 2.22) converges to zero as m,n — co. Thus,
{Tz,} is a Cauchy sequence, and 3z € Y such that Tz, — 2. Since T is closed, it follows
that z € D(T) = D(T + S) C D(S) and Tz = 2. Since S is continuous, Sz, — Sz. Thus

(T+ 8z > T+ 8S)z=y,ie T+ Sis closed.

Passing to the general case, it follows from Proposition 2.5.8 that (S + T)(0) = T(0) is closed,
and QrT is closed. Furthermore, Q7S is single-valued and continuous (by Proposition 2.3.13).
By what has already been shown, Qrys(T + S) = QT + Q7S is closed. Applying Proposition
2.58, T + S is closed.
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2.6 The Adjoint of a Linear Relation

Definition 2.6.1 The adjoint or conjugate T’ of a linear relation T € LR(X,Y’) is defined
G(T') =G(-THtcy'x X'

where

(y,2), (¢, 2')] := [z, 2'] + [y, ¥] = 2’z + ¢'y.

Remarks 2.6.2

We note that the terms adjoint and conjugate are used interchangeably throughout.

If (y',2') € G(T') then y'y =a'z forall y € Tz, z€ D(T),ie. =’ €Ty & 2’z =y'Tz for
all z € D(T),ie.

z'|pry =y'T.

If T is densely defined, then y'T, which is single-valued, has a unique extension to X, making T"

single-valued. Thus, we may make the following assertions:

Proposition 2.6.3 TV € LR(Y', X"} is a closed relation with
DT ={y' €Y' | y'T is continuous and single-valued }
and T'y'z = y'Tz € IK for x € D(T) end y' € D(T).

Proposition 2.6.4 Let T € LR(X,Y). Then
(a) (T) =T

(b) (")~ = (T

(c) (AT) = 21"

PROOF
‘We need only verify (c): Let A € IX, A # 0. Then

GIATY) = {(\ ") | v'y =2'z for (z,y) € GOAT)}
{@',2e") | ¥' (W) = (Aa')z for (z,y) € G(T)}
GONT).

Il

The following equivalences are generalisations of well-known properties for closed single-valued
operators (cf. Goldberg [60], IV.1.2). The proofs are significantly simplified by the multivalued

concept unifying them.
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Proposition 2.6.5 Let T € LR(X,Y). Then
(a) N(T') = R(T)*
(b) T'(0) = D(T)*
(c) N(T) = R(T)T
(d) T(0) = D(T") ¥

PROOF
Statements in (b) and (d) follow from (a) and (c), respectively, by substituting T with T~!. Thus

we only show that the latter two hold.
(a)

y eENT) & (¥,0)eG(T)
& yy=0 VYye R
& y' € R(T)L.

(©)

ceNT) & (2,0eGT)=6T"" =G((-T"H))" =G(-(T")™H)7
& 2z=0 Vi’ e R(T
@ zeR(T).

Proposition 2.6.6 Let 5,7 € LR{(X,Y). Then

(a) G(S"+T")Y CG((S+T)).
(b) (S+T) is an extension of S' + T' if and only if (D(S)ND(T))*+ = D(S)* + D(T)+.
(c) If D(T) C D(S) and S is continuous, then S' +T' = (S + T)".

PROOF
(a) Let (',2') € G(S' + T"). Then (y',a}) € G(S") and (y',z}) € G(T") where { € S'y/ and
zh €Ty, o' =z + b Let (z,s+1t) € G(S+T), s €Sz, t€ Tz. Then

Yy(s+t)—2'c=y's+y't—zlz—shr =0,
e (y,a") €eG((S+T)).

(b) Since (S + T') is an extension of S’ + T” if and only if (S + T)'(0) = S’(0) + T"(0), the result
follows from Proposition 2.6.5 (b).

(c) We first show that the domains are equal. Suppose y' € D((S+T)"). Then y'S(0) +y'T(0) =
' (S+T)(0) =0 and thus, y'S(0) =y'T(0) =0 . Since S is continuous, so is ¥'S, and also y'T
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since y'Tz =y (S+T)z—~y Sz forall € D(T) C D(S). Thus, ¥ € D(T')ND(S') = D(S'+T") .
Since it follows from (a) that D(5’+7") C D({S+T)"), the domains are equal. Now D(S) D D(T)
implies (D(S)ND(T))*+ = D(S)*+D(T)*, and hence (b) holds. It follows that $'+T" = (§+T).

<

The following collection of results deal with the composition of relations. The next result is due

to Kascic [73] (see Cross [35]).

Proposition 2.6.7 Let T € LR(X,Y),5 € LR(Y, Z). Then

(a) G(T'S") C G((STY').
(b) If either
(1) R(T) =X' and D(S) C R(T)
or (2) D(S")=2" and R(T) C D(S)

then (STY =T'S".

PROOF
{a) Suppose (,z"y € @GIT'Ss) . Then there exists ¥ € Y’ such that
(z,y) € G(§) and (,2") € GT). Hence 2’z = 'y = 'z for all

(z,2) € G(ST), i.e. (#,2') € G((ST)").

(b) Suppose (1) holds, and let (2',2’) € G((ST)"). Since &' € X' = R(T'), there exists y’ € Y’
such that (', z) € G(T"). Let (y.2) € G(S). Then y € D(S) C R(T), and there exists z € D(T)
such that (z,y) € G(T). Thus y'y = 2'z, and since (z,2) € G(ST), 'z = z'z = ¢'y, ie.
(#',¥') € G(8"). From this it follows that (2',2') € G(T'S’), and equality follows from (a).

Now suppose that (2) holds. By Proposition 264 (b), we have that
R((S™1)) = Z', and D(T~') C R(S™'). Thus, by what has been shown,

(T—ls—-l)r - (S—I)I(T—l): s

Another application of Proposition 2.6.4 (b) yields the desired result.

An example showing that equality need not hold is given in Cross (I11.1.7).

Notation 2.6.8 Let E be a subspace of a normed linear space X. We let JE denote the natural

injection map from E into X, i.e. forx € E, Jfz=z¢€ X.

Proposition 2.6.9 Let E be a subspace of X. Then

(a) (JX) = QF..
(b) If E is closed, then (Q%) = JE..
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PROOF
(a) Applying Proposition 1.7.9, @X, : X' — E' with

Q%12 (e) = 2'e (2.23)
forz'€ X' and e € E.
Similarly (JX)' : X' — E' and
((JE)2'),(e) =2'(JE e = 2'e (2.24)
for z' € X' and e € E. Equality follows on combining ( 2.23) and ( 2.24).
(b) Applying Proposition 1.7.9 again, (QF)': EX — X' with
((QF)e) (@) = (@F)z=e'z (2.25)

forz € X and ¢ € EL.

Similarly J§, : B+ — X' with
(JELe) (z) = €'z (2.26)

for z € X and e’ € E+. Equality follows on combining ( 2.25) and ( 2.26).

Proposition 2.6.10 Let T € LR(X,Y). Then

(a) (QrT) = T'J¥ g1 -
() (TJpmy) = QrT' .
(¢) (@rTJpery) = Qe T Jrw): .

PROCF
These equalities follow from direct applications of Propositions 2.6.7 and 2.6.9.

<

Corollary 2.6.11 Let T € LR(X,Y). Then D(T") = D((QT)'). Furthermore, T'y' = (QT)"y'
for y € D(T).

Proposition 2.6.12 Let T € LR(X,Y). Then

Nl < 11Tl

PROOF
We may clearly assume that |[T|| < co. Letting J := Jp(r) we have from Proposition 2.6.10 that

(QTT) = Qr T’JT(O)l . (2.27)
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By Proposition 2.6.5, the domain of the above relation contains D(T"), and hence for y' € D(T")
we have (QT'J)'y' = QrT'Jpy+y'. Furthermore, (QTJ)' is single-valued since QT'J is everywhere
defined. Thus )

T = 1Qe T Jryell = sup |(QTJ)y'|
¥ EBp(pey
< sup sup  ||y"(QTJ)z||

¥ €Bperry #€BpT)

< sup sup |ly'|] IQT I |l=]|
¥ €Bpqr) 2E€EBp(7)
< lleTJl =T
o
Proposition 2.6.13 Let T € LR(X,Y). Then
Y(T') 2 AT).
PROOF
This follows from Proposition 2.6.12 combined with Proposition 2.3.4.
<

In the Chapter 3, we show that the converses of (a) and (b} of the next proposition also hold; the

converses of (¢} and (d) are contained in Propositions 2.2.12 and 2.3.5.

Proposition 2.6.14 Let T € LR(X,Y). Then
(a) If T is continuous, then D(T") = T(0)*.
(8) If T is open, then R(T') = N(T)*.

(c) If T is continuous, then ||T"|| = ||T|] < oo.
(4} If T is open, then y(T") = +(T") > 0.

PROOF
We need only show that (a) and (c) hold.

{a) Suppose T" is continuous. Then by Proposition 2.6.12, (QTJ) is continuous, and, by Propo-
sition 2.6.3, its domain is the whole space, i.e. T{0)}L. Thus, by Proposition 2.6.10, the desired

equality holds.
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(c)

sup  [[(QTJ)'y'l|
¥ EBp(r)
= sup  sup |[y'(QTJ)z|l
y'€Bpry zEBp(T)

=  sup sup ||y (QTJ)z||

¥ E€Br gL #E€EBp(T)

7]

i

= sup [[(@QTJ)zl|
z€Bpimy
= [|IQTJ|[ =TI

2.7 Dimension Theorems and The Nullity, Deficiency and

Index

In this section we show that the fundamental theorem of linear algebra holds for multivalued oper-
ators (Proposition 2.7.2). We then give an algebraic proof of an index theorem for the composition

of multivalued operators in Proposition 2.7.3.

We give the duality relations between the dimensions of the kernels and the codimensions of the
‘ranges of T and 7" in Proposition 2.7.6. These quantities also satisfy important inequalities
when an open relation T is perturbed by another relation of suitably small norm. This is given
in a multivalued generalisation of the classic small perturbation theorem for linear operators and
its corollaries in Chapter 3. These perturbation results are central to the proofs of the various

stability results for Fredholm type operators which are considered later on. We begin with some

definitions.

Definitions 2.7.1 The nullity end the deficiency of a linear relation T € LR(X,Y) are defined
respectively as follows:

aT) = dimN(T), and

B(T) codim R(T') := dimY/R(T).

Ti

The quantity B(T) is defined as follows :
B(T) = codim R(T) := dimY/R(T).
If either a(T) < oo or B(T) < o0, then we define the index of a linear relation as follows :
#(T) = oT) - B(T),

where the value of the differences is taken to be w(T') := co if a(T) is infinite and B(T') < co and
k(T) := —oo if B(T) is infinite and o(T) < o0.
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The reduced index R(T) of a linear relation is defined analogously :
&T) = oT) - B(T),
provided a(T) < oo or B(T) < oo, and where R(T) := co if &(T) is infinite and B(T) < oo,
R(T) := —co if B(T) is infinite and a(T) < co.
Proposition 2.7.2 Let T € LR(X,Y). Then

dim D(T) + dim T(0) = dim R(T) + dim N(T).

PROOF
For single-valued operators we have the equality

dim D(T) = dim R(T) + dim N(T). (2.28)

Let ¢:Y — Y/T(0) be the quotient map from ¥ onto Y/T'(0). Then ¢T is single-valued with
D(qT) = D(T) and N{¢T) = N(I"). Furthermore, ¢T satisfies the equality ( 2.28). Now

dim R(T) = dim R(qT) + dim T(0). (2.29)
Thus, combining ( 2.28) and ( 2.29), we have

dim D(T) + dimT(0) = dim D(qT) + dimT(0)
= dimR(qT) + dim N(T) + dim T(0)
dim R(T") + dim N{(T).

Proposition 2.7.3 Let T € LR(X,Y) and S € LR(Y, Z). Suppose D(S) =Y. Then

a(ST) + B(T) + B(S) + dim (T(0) N N(S)) = B(ST) + a(T) + a(S). (2.30)

PROOF
We first suppose that S is single-valued. The map

n : N(ST)/N(T) - R(T)NN(S)
nlz] = TznNN(S)

is onto and has a single-valued inverse. Thus, by Proposition 2.7.2, dim N(ST)/N(T)+dimn[0] =
dim (R(T)N N(S)), and hence

dim N(ST) + dimn[0] = dim (R(T) N N(S)) + dim N(T). (2.31)

Let A := R(T)n N(S) , and choose a subspace B such that N(S) = A + B,
AN B = {0}. Thus we have that

dim N(S) = dim A+dim B. (2.32)
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Furthermore R(T")N B = {0}, and we may choose a subspace C such that Y = R(T") + B+ C and
(R(T) + B)NC = {0}. Then

codim R(T) = dim B+ dimC. (2.33)
Now S is a one-one map on C since N(S) = A+ B C R({TT) + B. Thus
dim S(C) = dim C and R(S) = S(R(T)+ C) = R(ST) + S(C) with R(ST)N S(C) = S(0) = {0}.
It follows that dimY/R(S) = dimY/(R(ST) + S(C)) and thus,

codim R(S) + dim C = dim Y/R(ST). (2.34)

By equalities ( 2.31), ( 2.32), ( 2.33) and ( 2.34), we have

a(ST) + dim (T(0) N N(S)) + B(T) + B(S) + dim C
= dimA+ o) +dimB+dimC + 5(5ST)
= a(S)+a(T)+ B(ST) + dim C (2.35)
Now if dimC = o0, then B(T}) = oo by ( 233) and ( 2.34) implies that

B(ST) = oo and equality, hence, holds in equation ( 2.30). If dim C < oo, then subtracting
dimn C from equation { 2.35) yields the desired equality.

For the case when S is multivalued, we consider the single-valued operator ¢sS :Y — Z/5(0),
where gg @ Z — Z/5(0) is the natural quotient map. Let D be a subspace of Z such that
Z = R(ST)+D and R(ST)ND = {0}. Then B(ST) = dim D, and ¢s(Z) = gs(R(ST))+gs(D)
with qs(R(ST)) N gs(D) = {0}. Now g¢s is a one-one map on D since S(0) C R(ST). Thus
dimqg(D) = dim D, and

B(gsST) = B(ST).
Since N(ST) C N(gsST) C N(gsrST) = N(ST), where g¢sr: Z — Z/ST(0) is the natural
quotient map, it follows that

a(gsST) = a(ST).
It follows similarly that

a(gsS) = a(S)

BlgsS) = B(S)-
Thus, substituting gs.S for §, the result follows from the case when S is assumed to be single-valued.

o

Corollary 2.7.4 Let T € LR(X,Y) and S € LR(Y,Z). Suppose D(S) = Y and suppose T and
S have finite indices. Then

K(ST) = &(T) + £(S) — dim (T(0) N N(S)).
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Lemma 2.7.5 Let S,T € LR(X,Y) and let S be an extension of T such that dim D(S)/D(T) =
n < co.

(a) IfT is closed , then so is S.

(b) If T(0) 15 closed and R(T) is closed, then R(S) is closed.

(¢) IfT has an indez, then x(S) = n + &(T).

PROOF

(a) By the hypothesis, D(S) = D(T) & N where dimN = n. Let z € D(T), s € N. If
(z + 3,7) € G(S), then, since S(0) = T(0), is follows that y = y; +y> where y; € Sz =Tz

and y2 € Ss. Thus (z,y1) € G(T), (s,y2) € G(S|n) and (z + 5,9) = (z,y1) + (5,¥2). Thus,
G(S) = G(T) + G(S|n). Furthermore, since S(0) = T'(0) , it follows that

- G(QS) = G(QT) + G(QS|n) (2.36)

Since Q.5 is single-valued, dim G{QS|n) < dim N < oo. Hence, since G(@QT') is a closed subspace,
G(QS) is closed.

(b) If R(T) and T(0) are closed, then R(QT) is closed and by ( 2.36)
R(QS) = R(QT) + QS(N) (2.37)
Thus, since Q.S(N) is finite-dimensional, R(@S) is closed. It follows that R{S) is closed.

(¢) If g denotes the quotient map defined on Y with kernel T(0), then «(S) = x(¢S) and
&(T) = k(qT). It suffices then to prove the statement for the case when T', and so .9, are single-

valued, and n = 1.
Suppose N = sp{z} for some z € D(S), = # 0. If Sz ¢ R(T), then R(S) = R(T)+sp{w}, where
w = 8z, N(5)= N(T) and, hence, 8(T) = f(T)+1 and a(T) = a(S). Thus &(S) = &(T)+ 1.

If Sz € R(T), then R(S) = R(T). Thus, there exists a non-zero 2z € D(T) such that
Sz =Tz =8z Since §(z—x) =10 and z—z ¢ D(T), it follows that N(S) = N(T)+sp{z -z},
ie. afS)=cal) +1. Thus &{S) =T} + 1.

Proposition 2.7.6 Let T € LR(X,Y). Then

(a) T") = B(T).
(b) a(T) < B(T").

PROOF
We apply Propositions 2.6.5 and 1.7.9.
(a)
a() = dimN(T") = dimR(T)*
= dim(Y/R(T)) = dimY/R(T)
= B(T).
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(b)

dimN(T) = dim N7
dim X’ /N(T)*

dim X' /R(T")

= B(T")

a(T)

o

IA

2.8 The Graph Operator and Relative Boundedness

An arbirary linear relation T € LR(X,Y) may be considered as a bounded relation on D(T) as

follows:
Definitions 2.8.1 Let T € LR(X,Y). Then {Xrp,||dlr) denotes the vector space D(T) endowed
with the norm ||z|l7 := ||z|| +||Tz|| for = € D(T). The graph operator, Gt € LR(X7, X)
is defined

D(Gr):=Xr, Grr:=z for z€ Xr.
We let G denote the graph operator G when T is understood. Clearly X7 = Xgr and, thus,
Ggr = Gr. We note also that X7 is norm isomorphic to G(T') when T’ is single-valued.
' Proposition 2.8.2 Let X and Y be complete and let T € LR(X,Y) be closed. Then Xy is

complete.

PROOF
The space X7 = Xgr i8 norm isomorphic to G(QT) which is closed in the Banach space X x

Y/T(0).

Proposition 2.8.3 Let T € LR(X,Y). Then TG is bounded with

TG = iy

o= -
where 2 := 1.

PROOF
el = s 1

sexr  |7llr

o e el
zep(r) |1zl +||Tz|]

= ap Ty
sen(m 1+||Tz|||l=|"?

_ iz
T
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Proposition 2.8.4 Let T € LE(X,Y). Then T'G is open if and only if T is open and

00 if T=0 X
(TG = T f ) (2.38)
T~ otherwise

v
where 2 := 1.

PROOF
Clearly the expression is true for T = 0. For the case T' # 0, N(T'G) = N(T') as a subspace of the

vector space D(T"). Now

i

d(z,N(TG)) llz - 2llr

inf
zEN(TG)

= el (AT =

= dnf e 2|l +||Tall

= d(a,N(T)) +||T=]|.

Thus,

inf TGzl|
zeX\N(TG) d{z, N(T'G))

inf [|T=|f
zeD(T\N(T) d(z, N(T)) + |[Tz||
_ d(z, N(T)) +||T=|] .-,
L . . 7] ]
= [y t+1]7!

v(T)

1+4(T)

")’(TG) ==

<

The renorming of D(T") is also useful when one wishes to consider a perturbation T + S of the
relation T by some S € LR(X,Y). For example, to show that some property holds, it may be
sufficient for the relation GrS € LR(X1,Y) to be continuous.

Definitions 2.8.5 A relation S is said to be T-bounded if D(S) C D(T) and T(0) D S(0),

and there exist a,b € IR such that
HSz)| < allzll+b|Tzl| for z € D). (2.39)

If 8 is T ~bounded, then the infimum of all b such that { 2.39) holds is called the T — bound of 5.
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The next proposition generalises a result due to B. Sz. Nagy (see [124]) :

Proposition 2.8.6 Let T € LR(X,Y) and suppose S € LR(X,Y) satisfies 5(0) C T{0) and
D(S) o D(T), and is T—bounded with a,b> 0,b <1 such that for z € D(T)

[1Szl| < allzl| + b]|Tz||.

(a) The norms ||_||r and ||-||r+s are equivalent.

(b) If X, Y are complete and T is closed, then T + S s closed.

PROOF
We prove (a) and (b) together and note that the argument for (a) does not require that 7" be closed

or that the spaces be complete. We first assume that T and S are single-valued. Let z € D(T).

Then
T + S)z|| < |[T=|] + |[Sz]| < allz]] + (1 + )||Tz]| (2.40)

and ,

(T + S)zl|l 2 [[Tz]| - ||Sz|| 2 ~allz{| + (1 - b)||T=||
or equivalently

@ =)7HUT + S)zl| + allz|))

a 1
aoy el + g T+ 9)all (241)
Thus the norms are equivalent. Now suppose T is closed, the spaces are complete and suppose
3{z.} € D(T) such that z, = = and (T + S)zn, — y € Y. Then, by ( 2.41), {Tz,} is Cauchy

and converges in Y. Furthermore, since T is closed, z € D(T) = D(T + S) and Tz, — Tz. Thus,

1|

IA

applying ( 2.40),
T + S)(@n — DI < allzn — 2l + (1 + O)||Tzn — Ta|| — 0.
It follows that (T + S)z, — (T + S)=. ‘

Passing to the general case, we note that (T"+ S){0) = T(0) is closed, and that Q+T is closed. We
also have that

1@rS=|l < [IQsSzl| = l|Sz|l < allz]| + 8l|Tz|| = allz{| + bl|QrTz||.
Thus, Q7S is single-valued and T —bounded, and, by what has already been shown, Q1 s(T+S) =

Q1T + Q7S is closed. Applying Proposition 2.5.8, it follows that T + S is closed.
Corollary 2.8.7 The norms |||l end ||||x—1r are equivalent.
PROOF

Since ||Az|| < |A|]|z|| + b]| — Tz|} for any b < 1, the property follows by substituting AJ for S in
Proposition 2.8.6.
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2.9 Canonical Factorisation

The canonical factorisation of T' € LR(X,Y) provides a single-valued inverse for T similar to the

way that the product @17 is a single-valued operator corresponding to T'.

Definitions 2.9.1 Let T € LR(X,Y). Then the injective component T of T is the map

T=T(Q%, ) € LR(X/N(T),Y).

wen)

The represenatation T = ’f’Qﬁ(T} is referred to as the canonical factorisation of 7.

Clearly T[z] = T« for x € D(T), where [z] =  + N(T) € X/N(T). We note that if N(T) is not

closed then X/N(T) is not a normed linear space.

Proposition 2.9.2 Let T'€ LR(X,Y). If N(T) is closed, then
(a) T is closed if and only if T is closed,
(6) +(T) = (D).

PROOF

We first note that
from X - -
T =QunT ' =@ T (2.42)

(a) Applying Proposition 2.5.8 to 1, it follows that from ( 2.42) above that T~! is closed if and

only if T-! is closed.
(b) By ( 2.42) above and the definition of the norm quantity, we have

T~ = 1Qpms o TN = 1T (2.43)

Thus by { 2.43) and Proposition 2.3.4, the desired equality holds.

Corollary 2.9.3 Let T € LR(X,Y). If T(0) is closed, then |[T|| = ||T).

Substituting 7" with 77~} in Proposition 2.9.2, the desired equality follows from ( 2.43).
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2.10 Notes and Remarks

The material of this chapter is derived from Cross [35], Chapters I, IT and IIT (references to
original sources and research papers can be found there). For reference and completeness, we give
proofs here as well - most of the proofs given are essentially the same as those provided by Cross,
though minor differences occur in some arguments. We note, however, that the proof given for
Proposition 2.8.4 ( which is simpler than the arguments given in Cross [35], IV.3.10 and 1V.3.11)
and the generalisation given in Proposition 2.8.6 are due to the author. The definitions and proofs
given in Section 2.9 are also due to the author - the definitions given here are equivalent to those in

Cross [35], V.13; the proofs of the statements in Proposition 2.9.2 are simpler than the arguements
given in [35], V.13.

The contents of Sections 2.1 to 2.6 form part of the basic toolbox for investigating linear relations,
and are applied variously in the sequel. Properties on the nullity and deficiency introduced in
Section 2.7 form a fundamental part of the theory of Fredholm relations. Results on the index are
applied in Chapter 6 (remarks are also made in the introduction to Section 2.7). Properties in
Section 2.8 on the graph operator and relative boundedness are also applied in Chapter 6 where
some of the stabilty theorems are extended to classes of relatively bounded and relatively compact

relations. Properties of the canonical factorisation of a linear relation are given in Section 2.9 for

application in Chapters 6.
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Chapter 3

Theorems for Multivalued Linear

Operators

Three famous theorems are said to form the basis of functional analysis, namely the Hahn-Banach
theorem (stated in Chapter 1), the Uniform Boundedness principle (also referred as the Banach-
Steinhaus theorem), and the Closed Graph / Open Mapping theorem. In this chapter we give
an operator version of the Baire property, and we illustrate this with a proof for multivalued
linear operators. Both the Uniform Boundedness Principle and the Closed Graph/Open Mapping
theorem are consequences of the Baire property. Furthermore, these results are closely related to
one another. The former (or one of its corollaries) is sometimes given as a consequence(s) of the
latter (see for example Goldberg [60], Wilansky [143] or Willard [144]). In our treatment, we give
the Uniform Boundedness Principle as a simple consequence of the Baire property. In Section 3
we discuss the Closed Graph, Open Mapping and Closed Range theorems. In Section 4 we derive
the State Diagram for linear relations from results contained in the earlier sections in this chapter.
This construction summarises some of the relationships between properties of a linear relation and
those of its adjoint. The Small Perturbation theorem, given in Section 5, serves as the basis for the
perturbation and stability results of the index which are discussed Chapter 6. The basic theorem
in this section only requires that the operator be open. The final section introduces a new class
of linear relations, Multivalued Linear Projections. We derive conditions for the sums of closed
subspaces in a Banach space to be closed by applying properties of continuous projections, the

characterisation of multivalued projections in terms of pairs of subspaces combined with the closed

graph and closed range theorems.
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3.1 The Baire Category Theorem for Linear Relations

Definitions 3.1.1 Let M be o subset of a topological space X. We let M* denote the interior of
the set M, i.e.

M° =X\ (X \ M).
If M is dense in some non-trivial open set, then M is said to be somewhere dense, i.c.
7 #£0,
otherwise M is celled nowhere dense.

A set is said to be of first category if it is the union of a countable family of nowhere dense sets.

Otherwise it is said to be of second category.

Example 3.1.2 @ is dense in IR, IR is not dense in IR?, @ is first category in IR, Z is first

category in IR, but second category in itself.

Letting A = X \ M, it follows that M is nowhere dense if and only if 4° = X, i.e. a closed

set is nowhere dense if and only if it’s complement is open dense in X. We note equivalent

characterisations of the Baire prcperty:

Let X be a topological space, let {X,} be an arbitrary sequence of closed subsets of X, and let

Ay, = X\ X,. The following are eguivalent:
(i) X is second category in itself. »

(i) X= {J X, = Idne€lN suchthat X2 #0.
nelN

(i) VYnelN, X2=0 = (U X.)°=0.
nclV

(w) VnelN, =X = () 4. =X.
nenN

The Baire category theorem states that a complete metric space is of second category in itself.
Instead of considering an indexed family of dense subsets of a complete metric space, we consider a
sequence of spaces linked by a sequence of continuous maps, each having dense range. The classic
result, which proves that the intersection of a family of dense subsets is dense, then follows as a
special case. The Baire theorem for linear relations, Theorem 3.1.6, is applied in Theorem 7.6.2

on the domain of iterates of a linear relation in Chapter 7.

Definitions 3.1.3 Let {X,)new be a sequence of non-empty sets, and let (T )nev be a sequence

of maps such that T, : Xy = X,..1. Then the inverse limit lgn(Xn,Tn)ﬁe wn is defined by:

lir_n(Xn,Tn) = { (Zn)nen € [[Xn | Tn-1 € Tu(zn) for all ne IN}.
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For k € IN, let m; denote the k** co-ordinate projection from [] X, onto Xi. Then

m (im(Xp,Tn)) = { o€ Xi | 3(@n)nzk € Il Xn such that
n>k

zr =1z and zp € Tnp1(Tnt1) Yo >k }.

Example 3.1.4 If (Xp)new is a sequence of non-empty subsets of a set X such that
XiDXen...,and if Tp: X, - Xn_1 is the injection mapping for each n, then li(in(Xn,Tn)

(o0
is isomorphic to [ X, . This identification follows easily from the followng equalities:
’ n=1

m(Xn, Tn) = {(£1,22,..) | #a =2a1 V1 } = {(31,22,...) |1 € (] Xn}

n==]

The notion of the inverse limit of a sequence of sets arose out of questions about the topological
properties of infinite products [ X, . Particularly, if each set X, has the discrete topology, then
the same does not necessarily hold for [ X, (cf. Willard [144]).

Questions about the existence of invariant subspaces of linear operators led to the investigation

of properties of sets of the form
Fpi={2,Tz,T?,... },

where T is a linear operator on a normed linear space X . The set F; is referred to as the orbit of

the point z € X. The relevance of invariant subspace problems is discussed briefly in the concluding

section of Chapter 7 on spectral theory.
Example 3.1.58 YT € L(X), X, :=X and T, :=T", then set F, may be identified with the
point

(¢, Tz, T%*z,...) € I%EQ(Xn,Tn) ={ (Zp)ren | Zn € T™(Tn-1) for all n € IN}.

Theorem 3.1.6 (The Baire property for Linear Relations) Let {(Xy, ||]|n)}32q be a se-

quence of Banach spaces and let {T,}2., be a sequence of continuous linear relations such that

each T, maps X, into X,y with dense range and T,(0) is closed for each n. Then

oo
(N TTz...ToXs is dense in (Xo, ||-llo) (3.1)
na=]1

PROOF
We first suppose T,{0) = X, for some n € IN. Let T} be the first map in the sequence such

that T(0) = Xg..;. Since 0 € Tpu1Tke2 . . ThonXryrn for any n € IN, it follows that for any
m € IN such that m > k£ we have :

TlTI...Tme = T}Tz...Tk_;le_}_.
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Hence,

o0 k—1
N TiTz.. ToXn = (| TTe... TuXan
n=1 n=1
which is clearly dense in (Xg, ||-|]o).
Now suppose T,(0) # Xp-1 for any n € IN. For m < n we abbreviate the composition of

relations, Tmy1Tmaz2 . .- Tn € LR(Xn, X)) as follows: define fm n € LR(Xn, Xm) by

Ix

rre

Trnt1 T T ; <
fmnl={ miim2 if m<n (3.2)

if m=n
We show that liﬁu(Xn,Tn) # 0, and that given any zg € Xp, we may construct a sequence
zn € Xy such that z5 € 7ro(1i+r_n(Xn,Tn)) is arbitrarily close to zy.

Let zp € Xg, let € > 0, and for n > 1, select z,, € X, such that

—(n~1)
d( Tr—1 » fn--l,n(xn)) < T e'%zu___ [

Fixing m, it follows that for n > m,

It

d( frmal(@n) » fmn(fant1(@ny1)) )

< ”fm,n”d( T fn,n-!—l(:cn-{-l) )
€2™n
N HITe]l - Tl

d( fm,n(:l;n) s fm,n+1 (wn-{«l) )

A

Furthermore, if p > m and ¢ > 0, then

A frmp(@p) s frmptre(Tpiq))

< Afmpll d(2p s fopte(Tptq))
< ”fm,p“ {d(-’l’p s fp,p-*—l(xp+l)) + d(fp,p—%—l(prrl) ) fp,p+2(33'p+2))
+ .+ d(fp,pﬂ—l(xﬁq-l) y fp,p+q(xp+q))]
< ||fm‘pH {d(a’p ’ fp,p+1($p+1)} + ||fp,p+1H d(xp—H ) fp+1,p~£—2(xp+2))
+ oo+ | fppre-1ll A(@prg-1 5 Forg—1.p+¢(Tprq)) ]
< mpll [ e + Wppill e e 2
mPENTNT - 1Tl PP [T |
bt el e 2D
S 1V e T YT oy |
€2-P e.2—(p+1)
< +
S A A R Y [ A
6‘2—(17’{“9"1) ]
+ ...+
T3] [ T2]] - - - | Tp]l
ptg—1 9-i
< 5_22_:”___,
NZall. . [ Tm |
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In particular, for m = p and n > m,

Liem 2™

A zm , fmn(zn)) < em

n P 1

Let 8ppn =€ ”‘};‘fﬂ et and for each n > m, choose zmn € fm,n(zn) C Xy such that
H:”m - Zm.n“ <O+ m

Then it follows from the above that {2m n}n>m is a Cauchy sequence, and since X, is complete,

{#m.n}n>m converges to some 2z, € Xy, Furthermore, ||2m — zm|| < e 2.(|T1l] .. [|Tw])) L

Now for n > m + 1 we have

Zmun € fm,n(a:n) = fm,m+1(fm+1,n($n))
= fmm+1{Zmi1,n + frmi1,n(0))

= fm,m+1 (zm+1,n)~
Moreover, 8ince 2z, , —> Zm, it follows that
d( zm, fm,m+1(Zm+1,n) ) = 0.
Similarly, Zm+1n —* Zm+1, and since fn, m41 is continuous, it follows that
d(2m, fm,m+1(zm+1)) = 0,

ie.
Zm € fm,m+1(3m+1)-

Since fin,m+1(0) is closed, it follows that
Zm € fm,m+1 (Zm+1)
Since m was fixed arbitrarily, it follows that

(207211"') = liin(Xnafn—l,n) = h}_n(XnaTn)

oo
Thus, zg € [} T1 T2 ... T, X,, and, since € was arbitrary,

n=1

[o 9]
N ThTz...TpX, is dense in Xjp.

n=1

<&

Corollary 3.1.7 Let {(Xn, [|-lln) }52¢ be o sequence of Banach spaces, and {T,}%., be a
sequence of continuous everywhere-defined linear relations such that each T,, maps X, into Xy

with dense range, and T,(0) is closed for each n. Let G, be a sequence of subspaces such that each

G, is dense in X,,. Then

Di=Gon [|TiTe.. . TaGr is dense in (Xo, ||) (3.3)

n==1
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PROOF
First, let Ao := Gy and define A, := G, N1, (An_1). Then Th{A,) C An_; for all n. Fur-

thermore, since T}, is continuous for each n € IN, it follows that T, A, is dense in A,_, for each

n € IN. Thus, by Theorem 3.1.6,

o0 —
ﬂ Tng v TnAn is dense in Ao.

n=1

Furthermore, since 4, C G, for all n € IN, and Ag is dense in Xj, it follows that T" is dense in
Xo.

<

Corollary 3.1.8 Let {(Xn, dn)}3, be a sequence of Banach spaces, and {T,}32., be a sequence

n=0

of continuous linear relations such that Ty, maps X, into X, .., with dense range, and T,(0) is

closed for eachn € IN. Then Yk € IN

wk(h;in(Xan)) is dense in Xy.

<

Theorem 3.1.6 is a topological result and can be proved in terms of open balls rather than the
derivation given above which used properties of the norm. In Lennard [91], this method was used
to prove the same theorem for a sequence of single-valued operators acting on complete metric
spac;es. The requirement that the operators be linear is not necessary in that approach, and hence,
considering dense subsets rather than dense subspaces, Theorem 3.1.9 below, the Baire Category

Theorem for Banach spaces, which is stated here without proof, could be deduced as a corollary.

Theorem 3.1.9 (The Baire Category theorem for normed linear spaces) A Banach space

X is second category in itself.

3.2 The Uniform Boundedness Principle

Theorem 3.2.1 (The Uniform Boundedness Principle) Let {T € LR(X,Y)) | A € A} be

an indesed family of everywhere defined continuous linear relations from a Banach space X into

normed spaces Yy, A € A. If for ecach £ € X we have

sup [|Thz|| < oo,
AEA

then

sup ||Th|| < o0.
AEA
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PROOF

Let Ay :={x € X |||Taz|] <n, A€ A}, Now X = [J An. Thus, by the Baire Category
nelv
theorem, there exists k& € IN such that A, which is a closed set, contains a non-empty open ball.

Let B(a,r) C Aj be a ball with radius r > 0 and centred at a. Then for z € X, ||z|| < r, we have
z + a € B(a,r). Thus, for each A € A,

[Tazll = ITx(z + a = a)l| < |ITx(z + a)l| + ||Txal < 2k.

1t follows that [|[Th]| < 2k/r for all A € A.
<

The following example illustrates that the assumption of completeness cannot be omitted from

Theorem 3.2.1.

Example 3.2.2 Let cop denote the collection of real-valued sequences = {z,} such that z, # 0
for at most a finite number of n € IN, and ||z|| := sup|z,|. Let {t.} be a sequence of linear
n
functionals defined by t,(z) := nz,. Then {t,} is pointwise bounded and limt, (z) — O for each
n

z € X. However, ||tn|| =n for each n € IN.

The next corollary, also called the Banach-Steinhaus (closure) theorem, is sometimes given as an

alternative form of the Uniform Boundedness principle (the latter may be derived from the former).

Corollary 3.2.3 Let X be complete and let {Tn} C LR(X,Y) be a sequence of everywhere defined
continuous linear relations. If T € LR(X,Y) is an everywhere defined relation such that T,(0) C
T(0) for eachn € IN and nl—i—{go WThz ~Tzl| =0 for allz € X, then T is continuous.

The next example shows that the condition, 7,(0) C T(0) for each n € IN, is necessary in
Corollary 3.2.3.

Example 3.2.4 Let X be a nonzero normed space, let T € LR(X) be an unbounded linear relation

and suppose R(T,) = X for alln. Then for z #0,
||Tz — Thz|| = 0.

Completeness is not required in the next corollary.

Corollary 3.2.5 Let X be a normed linear space. Suppose that for each ' € X', W C X satisfies
sup |z'w| < oo.
weW

Then W is bounded.

PROOF
The result follows from Theorem 3.2.1 with W considered as a subset of X",
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3.3 The Closed Graph, Open Mapping and Closed Range

Theorems

In Proposition 2.5.2 we showed that a continuous linear relation T, with closed domain and 7°(0)
closed, is closed. The Closed Graph theorem (Theorem 3.3.7 below ) gives a partial converse of
this property. The Closed Range Theorem is closely related to this result and, in the setting of
linear relations, the Open Mapping and Closed Domain theorems are trivially equivalent to the
Closed Graph and Closed Range theorems, respectively. These theorems apply to closed relations
defined on complete spaces. Proposition 3.3.2 and its Corollary 3.3.3 are consequences of the

Uniform Boundedness principle, but hold more generally, i.e. the relation need not be closed, nor

is it necessary that the spaces be complete.

We note that the Closed Graph and Closed Range theorems are well-known for single-valued
operators on general topological linear spaces. We prove results for multivalued linear relations

in the setting of normed spaces. In [13], the authors prove the Closed Graph theorem for convex

processes.

Notation 3.3.1 We let X denote the completion of a normed linear space X, and
if T e LR(X,Y), then T, defined by G(T) :=(G(T))", denotes the completion of T.

In the Closed Graph / Open Mapping and Closed Range / Closed Domain Theorems, it is assumed
that the spaces are complete and that the operator is closed. Analogous properties follow by passing

to the completion of the spaces and of the operator. Thus, more generally, we show that :

R(T) is closed <> R(T") is closed & R(T") is weak*-closed,
D(T) is closed « D(T")is closed & D(T") is weak*-closed,

and

T is open & R(T) is closed,
T is continuous « D(T) is closed.

Proposition 3.83.2 Let T € LR(X,Y). Then

(a) T is continuous if and only if D(T') = T(0)*.
(b) T is open if and only if R(T") == N(T)* .

PROOF
(a) By Proposition 2.6.14, we only need to prove the reverse implication. We first assume that T

is single-valued. Then D(T") = T(0)* = Y’, and hence, for any y' € Y’ we have

sup  |y'y] = sup |y'Tz|
yeT(Up(ry) z€Up(ry
< T
< 00
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By Corollary 3.2.5, T(Up(r)) is bounded, and hence, ||T|| < co. More generally, if T is

multivalued, then the result follows from the above and the equivalence ||QT'|| = ||T||.

Clearly (b) is equivalent to (a).

<&
Corollary 3.3.3 Let T € LR(X,Y) be closed. Then
(a) T is continuous if and only if D(T") is weak*-closed.
(b} T is open if and only if R{T") 1s weok*-closed.
PROOF
We need only verify (a). By Proposition 3.3.2, D(T") = T(0)+ = D(T")™+ = D(T")".
<

Lemma 3.3.4 Let T € LR(X,Y).
(a) If T' is open, then TUp(ry D 7(T’)UR(T)~
(b) If T' is continuous, then ||T'||T-'Ugr¢ry D Up(m-

PROOF
We note that (b) follows from (a) by replacing T with T'~!. To prove (a), let v := y(T"'). We first

assume that 7" is injective. Suppose y € Ur(r)(0,7), y ¢ TUp(r). Since TUp(r) is closed and
convex, by Theorem 1.6.3, there exists ¥’ # 0, ¥’ € Y’ such that

Rey'y > Rey'k Vkem.
Now if z € Up(ry then, using polar form, y'Tz = |y'Tz|e®. Since e~¥z € Up(ry, it follows that
Rey'y > Rey'T(e“z) = ly'Tx|
for all z € Up(y). In particular, if x = 0, then [¢'T(0)| < Rey'y, and hence, it must be the case
that ¥'7T(0) = 0. Thus ¢’ € D(T"), and, since (T")™! is single-valued,

H'ltlwll = vyl = sup [W'Tz] = [IT'Y|] = Ayl

SEUD(T)

It follows that ||y|| > <, which is a contradiction.

Suppose T is not injective. Let S € LR(X,R(T)) be defined Sz := Tx. Then S’ is injective
since {0}__3, = R(T)'L = N(S'), where R(T)l is considered as a subset of R(7") . Furthermore,

=5 and identifying spaces up to isomorphism, Y’ /R(T) = R(T} and T = S’Q =

BT

T = JR(T)

s QN(T, (Proposition 1.7.9). Thus, by Proposition 2.9.2, §' =T" (QN(T, y~1is open and ~(S') =
¥(T") . Thus, by what has already been proved,

SUpry D (S Whrs)

and the result follows.
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<

Lemma 3.3.5 Let X be a normed linear space. If K C X is a convexr set satisfying

K = —K, and the interior of K is nonempty, then the point 0 (zero) is also an interior point
in K.
PROOF

By the hypothesis, there exists © € K and A > 0 such that AUx +u C K. Choose v € X such that
fjol] < 2A. Then
v v
voo= (u+§)—(u—§)
Ux (u,A) = Ux(u, A)
C K+K=2K

m

since K is convex. Thus Ux (0,2) C 2K, from which it follows that Ux(0,A) C K.

<
Lemma 3.3.6 Let T ¢ LER(X,Y) be closed, and single-valued.
(e} If Y is a Banach space then
Mpry CT-'Brary = MUpry C T Bgrr). (3.4)
(b) If X is a Banach space then
Mgy CTBpiry = AUgy C TBpry.- (3.5)

PROOF
(a) Let V := T"lBR(T) = {z € X | ||Tz|| <1}, and assume Up(1y(0, ) C V. Then

U(0,a)) CaV, a>0.

Let 0 <e < 1. Ifz € X and [|z]| < A, then z € V and there exists #; € V such that ||z —z;|| < eA

and
x—x € U(0,e)) CeV.
Thus there exists 3 € €V such that ||z — z; — 22|| < €A. By induction, we may construct a

sequence (Zn)nemv such that

k3
[|x — Zx,” <€A, 3 €TV, (3.6)

)

7
Let s, := Y z;. Then by ( 3.6) and the definition of V, it follows that s, — z and

=1

[|Tz,|| < L.
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For n > m, we have

o0 = .
|Tsn —Tsmll < X Tzl £ 3 €' = £ 20
=1 i=m-1

as m — 0o. Thus (T's;)new is a Cauchy sequence, and T's,, — y for some y € Y. Since T is

closed, it follows that Tz = y and
20
1Tl = [lyll < 2 (1T=] < =
provided ||z]| < A. Since € > 0 is arbitrary, it follows that z € V.

(b) The implication, ( 3.5) follows from ( 3.4) of (a) by replacing T" with 7. o

By Propositions 2.2.11 and 2.3.3, the right hand sides of { 3.4) and ( 3.5) are geometric charac-

terisations of continuity and openess, respectively.

Theorem 3.3.7 (The Closed Graph and Open Mapping theorems for Linear Relations)
Let X and Y be Banach spaces, and let T € LR(X,Y) be closed.

(o) T is continuous if and only if D(T) is closed.

(b) T 1is open if and only if R(T') is closed.

PROOF
Suppose T is continuous. Let {z,} C D(T) be a sequence such that z, — z, z € X. Since QT

is continuous, @7z, is a Cauchy sequence and hence, converges to some y € Y/T(0). Since QT
is closed, (xz,y) € G{QT), and hence, z € D(T).

To see that the converse holds, we first suppose T is single-valued. Without loss of generality, we
o0
may assume that D(T) = X. Let V := T~'Bg(r). Since T is linear, X = |J nV and, by the

n=1

Baire Category theorem, there exists k € IN such that £V = %V has an interior point. It follows
that V has a interior point. Furthermore, V is convex and satisfies V = —V. Thus, by Lemma
3.3.5, there exists A > 0 such that U(0,A) C V. Thus, it follows from Lemma 3.3.6 that for any

point z € D{T'), the inverse image of a neighbourhood T'z is a neighbourhood of x.

Passing to the the general case, we have that QT is closed and D(QT) = D(T). By what has
already been proved, the claim holds for QT'. Thus, ||T|| = ||@T|| < oo and T is continuous.

Clearly the statement in (b) is equivalent to the one in (a).
<

Theorem 3.3.8 (Closed Range theorem for multivalued linear operators) Let X and Y

be Banach spaces and let T € LR{X,Y) be closed. The following are equivalent:

(i) R(T) is closed.
(i) R(T’) is closed.
(iii) R(T") is weak*-closed.
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PROOF

Clearly (iii) = (ii).

()= (i)

By Theorem 3.3.7, if R(T) is closed then T is open. By Proposition 2.6.13, this implies 7" is
open. The desired implication follows from Theorem 3.3.7 applied to TV,

(i) (iil)

By Theorem 3.3.7, B(T) is closed if and only if T is open. By Proposition 3.3.2, T is open if and
only if R(T') = N(T)*. Since R(T')T = N(T) (Proposition 2.6.5), it follows that T is open if
and only if R(T") = R(T")T+ = R(T") .

(it)=> (i)

By Theorem 3.3.7, T' is open. By Lemma 3.3.4, TBp() D ¥(T')Ur(r). Since T is closed, it
follows from Lemma 3.3.6 and Propositions 2.3.3 and 2.3.5 that T is open. Hence, it follows

from another application of Theorem 3.3.7 that R(T) is closed.
<&

Theorem 3.3.9
(a) If X is complete, then (T) = v(T'). Furthermore, if v(T) > 0, then R(T) is closed.
(b) If Y is complete, then ||T|| = ||T"||. Furthermore, if ||T|| < oo, then D(T) is closed.

PROOF

(a) If T' is not open, then, by Proposition 2.6.13, v(T) < 4(T") = 0. If T’ is open, then, by the
Open Mapping and Closed Range Theorems, 3.3.7 and 3.3.8, respectively, R(T) is closed, and
furthermore, by Proposition 2.3.3, there exists A > 0 such that

TBx D ABgp. (3.7)

Without loss of generality, assume that T is closed. Now if # € Bx and (x,y) € G(T) such
that y € Y, then there is a sequence (z,,y¥.) € G(T') such that (z,,v.) — {(z,y), and hence
(z,y) € X x Y since X is complete. We have shown that

TBxNY € TBpy.

Furthermore, since T is closed, it follows that « € Bp(r) and y € TBp(r). Thus,

R(TYNY D R(T) = |j nTBp(ry D (G nTBx)NY = R(T)NY,

n=1 n=),
and hence, R(T") is closed. By taking intersections of both sides of ( 3.7) with R(T"), it follows that
TBD(T) 2 ABR(T)- (3.8)
Applying Proposition 2.3.3 again, it follows that T is open, and hence, by Proposition 2.6.14,
HWT) = v(T").

(b) follows from (a) by substituting 7! for T and applying Proposition 2.3.4.
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3.4 The State Diagram of Linear Relations

State diagrams for unbounded and/or closed linear operators were compiled for single-valued op-
erators by Goldberg [60] as summaries of some of the relationships which exist between a linear
relation T and its adjoint 7’. M. Méller extended the diagrams to linear relations( M.Sc. disser-
tation, 1976, cf. Cross [35]), and Cross showed that similar diagrams hold for the essential states

of linear relations (see Theorem 5.8.4).

Definition 3.4.1 A linear relation T € LR(X,Y) 1s classified according to the following states:

I : RM)=Y
II : RT)#Y but RT)Y=Y
IIr : RMy+#Y

1 : T is single — valued and continuous
2 : T is single — valued but is not continuous
3 : T71isnot single — valued

As examples, if R(T) = Y then T is said to be in state I, written T € I. Similarly, T € 3 means
that T is in state 3, i.e. T is not injective. If for example T € I and T € 3, then we write T € .
The same classification and corresponding notation is applied to 7”. If for example we have that
T € I; and TV € III; then we write (T, T") € (I3,I1];). The implications and equivalences of

Proposition 3.4.2 are summarised in a table of Theorem 3.4.3.

Proposition 3.4.2 Let T € LR(X,Y). Then

(o) Tel T el

() T"el=T gII.

(fe) Te hullh T €l,.

(d) Telll T 3.

(e) Te3=T ellIl.

(f) IfY is complete and T € I, then T' € 1.

PROOF
(a) Tel & R(T)=N(T)*=X" ( Proposition 3.3.2)
& Tel
(b) T'el = R(T') is closed (Theorem 3.3.7)
= T¢Il
(c)
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Telhullhb, & T el and R(T)* = {0} (applying part(a))
& T'el and N(T') = {0} ( Proposition 2.6.5)
& T'ely; (Theorem 3.3.7)

(d) Telll & R(T):=N(T")+#{0} ( Proposition 2.6.5)
& T'ed
(¢) Te3 = {0}#N(T)CRI) (Proposition 2.6.5)
= Telll

(f) Suppose Y is complete. Then

Tel = RT)=Y
= N(T')={0} and R(T') is closed
( Proposition 2.8.5 and Theorem 3.3.8, respectively )
= T'e€1l { Theorem 3.3.7)

Theorem 3.4.3 The State Diagram for Linear Relations

B 2223 I 111 IO T T I
R FC 1111 S A N 1111 IO IO ] T
ITn | I I A
T2 | DR ] VDU OO OO | DO | o I
T 111 T T
LI | PO | VO DU L TOUUEE L TR TR ) DOt e

T T I

S £ 3 I 1111 O o o AN T ST

B AR § (| O DO TODHT O T

I I I3 In I, Iy 1L, I, I

T -

Y : this state cannot occur if Y is complete
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Proposition 3.4.4 Let X be complete, and let T € LR(X,Y) be closed.

(o) T"eh=>T€el.
(b) T'e Il =T € I3.
(c) If X is reflexive and T is injective, then R(T') is dense in X'.

PROOF
(a) Suppose T” € I,. By the State Diagram for linear relations Theorem 34.3, T' €I, & T €

I uIl;. By Theorem 3.3.9, v(T) =~(T') >0 and R(T) is closed. Hence, T € I;.

(b) T"eIIl;, & N(T')={0}, T'isopenand R(T’) # X'. Thus,if T’ € IIl,, then it follows
from Theorem 3.3.9 that ~(T) = v(T") >0 and R(T) is closed. Hence, by Proposition 2.6.5,
R(T) = R(T)*T = N(T")T =Y and N(T)=R(T")T # {0}.

(c) NT)={0} = {0} =NT):=RT) ( Proposition 2.6.5)

= R(T") =X since X is reflexive

Theorem 3.4.5 The State Diagram for Closed Linear Relations

722 3 I 11111 T T
L e Y Y iy | Xee T
L L Xee | Y (AN T | V0§ 1T
Irn |l Xe W[ Xe | Xe | IH | IO F
L2 | DI OO0 L TODOOOE( DOOTRE | TVPEROE (A { wrere L)
TSI 111 o1 1 L 01
0 S O 1 T
Zg | (0| RO | TEERDE | AvORRe | UO0RAL |t T | T
O ¢ 0 o o T
AR LT T 1 T T

I I Iz L, 15 I, IIL If, 11
T =

Y : this state cannot occur if Y is complete
Xe : this state cannot occur if X is complete and T is closed

Xrc : this state cannot occur if X is complete and reflexive and T is closed
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In Goldberg [60], examples are given to illustrate the states (7',7") which can occur for single-
valued linear operators. These can be extended to linear relations. Noting that (7'~!)’ = (77)1,
one may also derive the Inverse State Diagram from the above, by replacing the operator T with

it’s inverse 771, In this case the states for a linear relation 7" € LR(X,Y) may be given

I : DM)=X
II : DT)# Xbut DT)=X
1r « DM+#X
1 : 7T is single — valued and continuous
2 : T is single — valued but is not continuous
3 : Tis net single — valued

Theorem 3.4.6 The Inverse State Diagram for Linear Relations

IXLs | I TORE ] O L ONOT T Wy Yee
L | et X X Pl Yre I T |
U Yee | X NN EHE | I D
I | I | Ye (N ] Ye [ Ye | QI |00 ] )
L2 I ] DD [ DU ] HOUEOLE TR | Db gt I
I | X | T T 0L DOOTL T ]
LI (] TOUREOD L TOITURT OUERDE | DORREE DO VRN e ]
I | JUEH OO TOUL § ORI O |t (D] 1
£ ¢ T T T T AT T I
T L 0TI T O 01 T
I Iy I3 In I, Iy IIn IIL, IIL

T —

X : this state cannot occur if X is complete
Yc : this state cannot occur if ¥ is complete and T is closed

Yre : this state cannot occur if Y is complete and reflexive and T is closed
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3.5 The Small Perturbation Theorem

We use the following fundamental lemma, due to Krein, Krasnosel’skii and Milman, which gives a

geometric property of normed linear spaces. It applies Borsuk’s antipodal mapping theorem.

Lemma 3.5.1 Let M, N be subspaces of X with dimM > dimN. Then 3m € M, m # 0 such
that ||m|| = d(m, N).

If we take X to be JR? and M and N to be non-perpendicular lines through the origin, we see that
the lemma need not apply when dimM = dimN.

Theorem 3.5.2 Let T € LR(X,Y) with v(T) > 0. Suppose S € LR(X,Y) satisfies D(S) D
D(T), S(0) € T(0) and ||S|| < ¥(T). Then

(a) (T + 5) < (T)

(b) B(T + S) < B(T)

PROOF
(a} We may clearly assume that a(T" + S) > 0 and choose z € N(T'+ 5), z # 0. Then

Y(T)d(z, N(T)) < |ITa|| =||QTz|| where Q:=Qr

= ||@S=|| since Q(Tz+Sz)=0
< SN
< A(@D)l.

Since the choice of & was arbitrary, we have shown that
d{z, N(T)) < ||z)] Vze N(T+S),z#0.
Thus, by Lemma 3.5.1, o(T + 5) < o(T).

(b) Now, from the properties of adjoints, we have y(T') = v(T'), ||S'|| = ||S||, and T'+S' = (T+S)".
By Proposition 2.6.5, T'(0) > 57(0). Replacing X by D(S) if necessary, we may assume that §’
is single-valued. Applying Proposition 2.7.6 and {a) yields the desired result, i.e.

BT +5) = a(T" + §') < a(T") < B(T).

<

Theorem 3.5.3 Let T € LR(X,Y) be open and injective. If S € LR(X,Y) satisfies D(S) D
D(T), S(0) € T(0) and ||S|| < ¥(T), then T + S is open and injective, and B(T + S) = B(T).

PROOF
Let v := ¥(T), and choose i € IN such that

I8 <y~ i511-
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Let z € D(T + S}, then for 0 < k < n, we have
k k —
T+ S~ =S)ell 2 [[Tel| = |1~ ~)Sz|l  since 5(0) CT(0)

el — (1 = sl e
(= 11D el

v

v

Thus for 0 < k < n we have
YT +S—-£85) >~y —|sl.

Particularly v(T'+ 8) > 0. Replacing T by T + S — %S and § by -;ll-S in Theorem 3.5.2, we see
that

BT +S-ES~LS)<B(T+S-48).
Letting k =n — 1,n—2,...,1,0 successively yields
B(T) < B(T + 8).
Equality follows from Theorem 3.5.2,

<

Corollary 3.5.4 Let T € LR(X,Y) be open, injective and have dense range. If S € LR(X,Y)

satisfies D(8) D D{T), S(0) C T(0) and ||S]] < ¥(T). Then T + 8 is open, injective and has dense

range.

3.6 Multivalued Linear Projections

A multivalued linear projection operator P defined on linear space X is a multivalued linear
operator which is idempotent and has invariant domain. We investigate the properties of such
relations in normed linear spaces. After giving a formal definition, we show that a multivalued
projection may be characterised in terms of a pair of linear subspaces. Descriptions of adjoints
and closures { or completions) of linear projections follow naturally in terms of the adjoints and

closures {completions), respectively, of subspaces.

The continuity of a projection is related to the properties of the subspaces associated with it.
Criteria for continuity are surnmarised, and a well-known theorem on the sums of closed subspaces
in Banach spaces is deduced as a corollary of Theorem 3.6.7. We note, however, that a continuous
multivalued projection does not necessarily decompose the space into topologically complemented

subspaces (examples are given at the end of the section).

Definition 3.6.1 Let P € LR(X).
Then P is said to be ¢ multivalued linear projection if it satisfies the conditions

(1) P2 =P, and
(2) R(P)cC D(P).
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Projections can be characterised in terms of subspace pairs, i.e. any pair of subspaces of a normed

linear space determines a projection and vice-versa. We have:

Proposition 3.6.2 (Characterisation of Multivalued Linear Projections) Let M and N

be linear subspaces of a normed linear space X. Define

GP)={(m+nm)|meM, ne N}
Then P is a multivalued linear projection satisfying D(P) = M + N, BR(P) =M, N(P) = N and
PO)=MNN.

Conversely, if P is a multivalued linear projection, then P determines a pair of subspaces M and
N such that G{(P) = { (m+n,m) | me M, neE N} withD(P) =M+ N, R(P)=M,N(P)=N
and P0) =M NN.

<

From the above it follows that the relation I — P is a projection whenever P is, and R(I — P) =
N(P), NI-P)=R(P)and GI —P)={ (m+n,n) | me R(P), n€ N(P)}.

Note that not all idempotents are projections. The equivalence
G(P)=G(P?) & GPH)=G(P)? (3.9

shows that P is an idempotent if and only if its inverse P! is an idempotent. However, the inverse

of a projection P is generally not a projection. Part (a) of Proposition 3.6.3 below follows from
( 3.9), while (b) is easy to verify.

Proposition 3.6.3 Let P ¢ LR(X,Y). Then

(a) P is an idempotent if and only if P~ is an idempotent,

(b) If P is projection then the following are equivalent:

(i) P~ is a projection.
(i) D(P) = R(P).

o

Proposition 3.6.4 If P is a projection with subspace pair R(P) = M and N{P) = N, then P’ is
a projection with subspace pair satisfying R(P') = N+ N(P')= Mt and P'(0) = M+ NN*,

PROOF

We have
G({P")?) C G((P*)") = G(P"). (3.10)

(Proposition 2.6.7). It follows from ( 3.10) that (P')%(0) C P'(0) and, thus, (P')2(0) = P’(0) .
To see R(P') C D(P'), let ' € D(P') and suppose y' € P'z’. Then, for z € D(P),

y'(Pz) C P'z'(Pz) = ' P(Pz) = 2'Pz
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since R(P) C D(P). Since z'P is single-valued, we have y'Px = 2’ Pz, and, since z € D(P) was

arbitrarily chosen, it follows that 3’ P is continuous and single-valued, i.e. ¢’ € D(P’).
Tosee G((P)?) D G((P?)') =G(P"), let (¢,2') € G(P'). Since R(P') C D(P"), it follows that
y' € D((P")?) and for (z, Pz) € G(P) we have
z'z € (P'y)z = y'(Px) = y'(P?)z = P'y'(Pz) = P'(P'y')x.
Thus (y',z") € G((P')?), and the desired inclusion holds.

By Proposition 2.6.5, N(P') = R(P)* = M*.
Similarly, R(P') = N(Ixr — P') = R(I — P)* = N(P)L = N'L.

Proposition 3.6.5 If P is a projection with R(P) = M and N(P) = N, then P is a projection
with R(P)=M, N(P)=N,end PO)=MnN.

PROOF
We first show that R(P) ¢ D(P) and G(P) ¢ G(P°). Let (z,y) € G(P). Thus, there exists a

sequence {(Zn,yn)} € G(P) such that (zn,yn) = (z,y). It follows that {(yn,yn)} € G(P) and
(ynr¥n) = (0,9) € G(P), ie. y € D(P) and (z,y) € G(P").

For the reverse inclusion we have:
G(-PH ™)L =a((PY) 2 G(B'P')=GPP)=CGP)=CF")=G-P 1)L (311)

Hence,

G(P*) c G(P) = G(P* )T c G(B)LT = G(P) = G(P),
and thus, G(P°) = G(P).
To verify M = R(P) D R(P), we have that y € R(P) if and only if (y,y) € G(P) if and only
if there exists {(Zn,Yn)} C G(P)} such that (zn,yn) = (¥, ¥). Now {(¥n,yn)} C G(P) since
R(P) C D(P), and thus (Yn,yn) = (¥,). Since {y,} C M, it follows that y € M. Therefore

R(P) C R(P). To see that the reverse inclusion holds, we note that each step in the argument
just given is reversible, and, hence R(P) = R(P) = M. The case N = N(P) = R(I — P) follows

similarly.

Corollary 3.6.6 If M and N are closed subspaces of a normed linear space X, with associated

projection P € LR(X), then P is closed.
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<o

The familiar duality properties about subspace pairs are immediate consequences of Proposition

3.6.5:

M+*ANt = (M+N)*t
(Mt +NHT = FInN.

Combining the Closed Graph and Closed Domain theorems for multivalued linear operators with

Propositions 2.6.5, 3.6.4 and 3.6.5 yields the following theorem:

Theorem 3.6.7 Let X be a normed linear space, and let P € LR(X) be a projection with R(P) =
M and N(P) = N. The following are egquivalent:

(i) P is continuous (vi) M + N is closed

(#) D(P) is closed (vii) M+ N=MLtnNHT

(i) D(P') is weak*-closed (viti) ML + NL is weak*-closed

(iw) D(P') = D(P') is closed (ix) M*t+ Nt =(MnN)L

(v) P'= P is continuous (xr) ML+ NLis closed

O
Corollary 3.6.8 Let M and N be closed subspaces of a Banach space X. Then
M+ N is closed & M+N=M'nNYHT
& MY+ Nt is weak x —closed
& MY+ NY is closed
& M +Nt=(MnN)*
<&

Corollary 3.6.8 may be proved via techniques involving quantities referred to as the geometric
opening, opening or gap between subspaces of a Banach space (cf. Kato [75], Mennicken and
Sagraloff [103] and [104], and also Cross [35] (I11.4)). Proposition 3.6.9 below restates Propositions
3.3.2and 2.6.14 for the particular case when the linear relation is a projection, and gives a necessary
and sufficient condition for the equality M+ + N+ = (MNN)* to hold. The latter does not require
that the subspaces M and NN be closed subspaces of a Banach space (cf. Corollary 3.6.8).

Proposition 3.6.9 Let P € LR{X) be a projection with R(P) =M and N(P)= N.
(a) P is continuous if and only if D(P') = M+ + N+ = (M N N)*+ = P(0)*.
(b) If P is continuous, then ||P'|| = || P||.
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We recall a well-known proposition on subspaces and the existence of continuous projections. [t is

extended to a multivalued analogue in Proposition 3.6.11 {cf. Theorems 1.7.13 and 1.7.13).

Proposition 3.6.10 Let X be a normed linear space, and let M and N be closed subspaces with

dim N < oo, and M N N = {0}. Then the single-valued projection P with domain M + N, range,

M, and kernel, N, is continuous.

Proposition 3.6.11 Let P be a multivalued projection in a normed linear space.
(a) If R(P) is closed and dim N(P) < co then P is continuous.
(b) If N(P) is closed and dim R(P) < oo then P is continuous.

PROOF

(a) Let A denote a single-valued projection defined on R(P) with kernel P(0) = R(P) N N(P).
Then A is continuous, and AP is a selection of P, To see that P is continuous, it is sufficient to
show that AP is continuous (Proposition 2.4.3). Now AP is a single-valued projection defined on
D(P) with finite-dimensional kernel N(AP) = P~'A~}(0) = N(P) and range R(AP) = A(R(P)).
Since A is continuous, so is Ig(py — A, and hence, N(I— A) = R(A) = R(AP) is closed in D{A).
Thus, by Proposition 3.6.10, AP is continuous.

(b) follows from (a) by replacing P with I — P.

Proposition 3.6.12 If P € LR(X) is a multivalued projection, then P is open.

PROOF
Let M and N be the subspaces associated with P where R(P) = M and N(P)} = N, and let U be

an open set in M + N. Then P(U) = P(UN (M + N)) D P(UN M) =UnN M which is relatively

open in M.

<

Idempotents are generally not open: if P is an unbounded projection, then its inverse P! is

idempotent but is not open. We conclude with some examples:

Examples 3.6.13
(1) Let N be a dense proper subspace of an infinite dimensional normed space X. Let

P € LR(X) be a projection with kernel N and range M = R(P) satisfying X = M + N and
MO N = {0}. Then P is not continuous, while P and P' are.

(2) A separable Banach space X admits a pair of quasi-complements, i.e. for a given closed

subspace M of X, there exists closed subspace N such M NN = {0}, and M + N is dense in X
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(see for example Lindenstrauss [93]; see also Murray [110] and Mackey [100]]). In this case, the

assoctated projection P is closed but not continuous.

(3) Let X be a Banach space and let M and N be closed infinite-dimensional subspaces such that
X = M+ N. Suppose M is topologically complemented in X, but M N N is not topologically
complemented in M. Then the multivalued projection P with range R(P) = M and kernel N(P) =
N is continuous. However, if A is a single-valued projection defined on M with kernel M N N =

P(0), then A is not continuous. Furthermore, the selection AP of P with N(AP) = M N\ N is not

continuous.

Remarks 3.6.14

Example (1) illustrates that continuity of P does not necessarily follow from the continuity of P
or P, while Example (2) shows that a closed projection need not be continuous. In Example (3)
it is shown that continuous multivalued projections do not in general have the same decomposi-
tion properties with regard to topological complementation as their single-valued counterparts. If
however, a projection, with range R(P). = M and kernel N(P) = N, is continuous and P(0) is
topologically complemented (for example if P(0) is finite dimensional or closed and finite codimen-
sional), then M and N are topologically complemented in A + N. An illustrative example is also

given in the context of Atkinson relations - see Example 6.2.11.

3.7 Notes and Remarks

The Baire property for (single-valued) linear operators is due to Beauzamy [17] (see remarks in
Section 3.1 above). The proof of the generalisation to linear relations, Theorem 3.1.6, is due to the
author, and is based on the Mittag-Leffler theorem on inverse limits for single-valued operators (cf.
Bourbaki [22]). Lennard ([91] and [92]) proved Corollary 3.1.7 directly for single-valued operators,
and then deduced the theorem of Beauzamy as a special case. In the second paper he deduced
Corollary 3.1.7 from the Mittag-Lefller theorem. The same approach is used here. However, the
proof given for Corollary 3.1.7 is simpler than the argument given by Lennard in [92]. Theorem

3.1.6 is applied in Theorem 7.6.2 of Chapter 7.

The proofs given here for the Uniform Boundedness Principle for linear relations, Theorem 3.2.1,

and it’s corollaries, are given in Cross [35].

In Section 3.3 on the Closed Graph and Closed Range theorems, Proposition 3.3.2 is due to P.
Pillay (cf. Cross, [35]). Lemma 3.3.4 is based on Lemma I1.4.1. given in Goldberg [60]. The
more general result given here is due to the author; in Goldberg, the lemma is proved for the case
when T is a densely-defined single-valued linear relation and its adjoint 7' has a bounded inverse.
Lemmas 3.3.5 and 3.3.6 can be found in Gohberg and Goldberg [55]. Lemma 3.3.6 is presented
here as an independent result, whilst in Gohberg and Goldberg it is contained in the proof of the
Closed Graph theorem. The proof of the Closed Graph theorem (and, hence, the Open Mapping

theorem) for multivalued linear operators, given here as Theorem 3.3.7, is based on the proof given
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in Gohberg and Goldberg [55]. The proof of the Closed Range theorem, given here as Theorem
3.3.8, is due to the author.

As already mentioned, the State Diagrams for unbounded and for closed linear (single-valued)
operators were compiled by Goldberg [60]; M. Moéller extended the diagrams to linear relations
(M.Sc. dissertation, 1976, cf. Cross [35]). Further comments on the Essential State Diagram, due

to Cross, are made at the end of Chapter 5.

The Small Perturbation theorems for open relations are given in this chapter for reference in

Chapters 5 and 6 ; the generalisation of these theorems for multivalued linear operators were given
in Cross [35].

Multivalued Linear Projections were first considered by R.W. Cross (cf. Cross [39]), who gave
proofs of Properties 3.6.2, 3.6.3, 3.6.4 and 3.6.5. The proofs given here are based on the ones
given in [39]. The statements comprising Theorem 3.6.7 and Corollary 3.6.8 were summarised
by the author. Further communication with Professor Cross led to the formulation given here. In
particular, the prbof of Corollary 3.6.8, on the sums of subspaces, is deduced from the Closed
Graph and Closed Range theorems and from pfoperties of subspace pairs. The proof does not
apply techniques based on gap quantities. On the other hand, the properties for pairs of closed
subspaces in a Banach space may be proved via gap quantities, and without use of the Closed
Graph and Closed Range theorems. The Closed Graph and Closed Range theorems may then
be deduced from a theorem analogous to Corollary 3.6.8 (cf. Cross [35]; further comments are
given in [35], and are also given immediately after Corollary 3.6.8 above). Propositions 3.6.9
and 3.6.11, and the concluding examples, are also due to the author. The examples, to further
illustrate the properties of multivalued projections, were assembled by the author. Properties of
Multivalued Projections are applied in the proofs of the duality properties of Atkinson relations in

Section 6.2.
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Chapter 4

Operator Quantities

4.1 Quantities for Linear Relations

Definitions 4.1.1 Let ZI(X), C(X) and P(X) denote the infinite dimensional, finite codi-
mensional and closed finite codimensional subspaces, respectively, of a normed linear space X. Let

Axy = {T, To Ty, A, 7, 70, 7o} where f: LR(X,Y) —[0,00] € Axy is defined as follows:

If dimD(T)< oo then f(T):=0 forall fe Axy.

Otherwise,

(T}
To(T)
Lo(T)

A(T)

7(T)
7o(T)

7o(T)

inf T
wedlbiry 11

inf T
Mec‘?D(T))” [ml|
inf T
Me%l(lp(T))” |l

sup I'(T|m)

MeZ(D(T))

sup inf ||Tm||
MeI(D(T)) MESM

sup inf [|Tm]|
MeC(D(T)) MESM

sup inf ||Tm||
MeP(D(T)) MESM

In this chapter, we will restrict our attention to the quantities I'(T"), T'o(T"), To(T") and A(T') which

will be applied directly in the sequel. Properties of operator quantities are applied in perturba-

tion theorems, and show the stability properties of Fredholm operators in greater generality (cf.
Gohberg and Krein [57] and Goldberg [60]). Further properties of operator quantities are given in

Cross [35] for linear relations and in Labuschagne [84] for single-valued operators.

Proposition 4.1.2 Let X be a normed linear space.
(a) Let M € C(X), N €Z(X). Then MN N € C(N).

(b) Let M € P(X), N € Z(X). Then MO N € P(N).
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(c) Let M € Z(X). Then
C(M) = {MNNINeC(X)}
PIM) = {MNN|NePX)}

PROOF
(a) The space X/M is finite-dimensional. Define 4 : N/M NN — X/M by A(n+ M NN) =

n+ M, ne N. Since A is injective, dim N/M NN < oo.

(b) This follows from (a)

(c) Suppose N € P(X). Since M N N € P(M) (from (b) above), we have {M NN | N € P(X)} C
P(M). If L € P(M), then there exists a subspace F' C M such that dim F < oo, L+ F = M and
LNF = {0}. Let xy,... 7 be a basis for F'. Since L is closed, it follows from the Hahn-Banach
theorem that there exists z{,...2} € X' such that zjz; = §;; and z}(z) = 0 for all x € L, where

i,j < k. The subspace N := [] z;'(0) C X is closed and finite-codimensional. Furthermore
i<k
L = M N N, and the reverse inclusion follows.

Proposition 4.1.3 Let T € LR(X,Y).
If M eC(X)and f € {T, To, A} then f(T|m) = F(T), and if M € P(X), f = Ty then

F(Tm) = F(T).

PROOF

The result follows trivially if D(T') is finite-dimensional. Suppose dim D(T) = oo, and let M €
C(X).

For the case f =T, clearly I'(T") < I'(T'|a). For the reverse inequality, let ¢ > 0. Then there exists
E ¢ Z(X) such that

IN¢E >||T > inf T > i E .
(@) +e 2Tl 2 ot TINll > ot Tl = T(Tae)

The case f = I'y, Ty follow similarly, noting that if E € C(X), ( E € P(X) ), then MNE € C(M),
(MNEeP(M)) by Proposition 4.1.2.

Now suppose f = A. For N € Z(D(T)), it follows from Proposition 4.1.2, and what has just been
shown, that I'(T|n) = I'(T|snn). Thus

A(Tim)= sup D(T|n)= sup T(T|nvam)= sup F(Tln)=A(T)
NeZ(M) NEeZ(D(T)) NEZ(D(T))

<&

Corollary 4.1.4 Let F,T € LR(X,Y), and suppose F satisfies D(F) D D(T) and dim R(F) <

oG,
(a) If f € {T, Ty, A}, then f(T + F) < f(T) with equality if F(0) C T(0).
() If F is continuous and f = To, then f(T + F) < f(T) with equality if F(0) C T(0).
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"PROOF
(a) Now dim D(F)/N(F) = dim D(F)[/N(QF) < oo since QF is single-valued and R(F) is finite-

dimensional. If £ € N(F) then
T + Pl = 1@y (T + Pl < Qg Tell = 1Tl (4.1)
Thus, by Proposition 4.1.3,
(T +F)=f((T+F)new) < FTvw)) = HT). (4.2)
If F(0) C T(0), then equality holds in ( 4.1), and hence also in ( 4.2).
(b) If F is continuous then N(F) € P(X). Thus applying Proposition 4.1.3 again,
Lo(T + F) = To((T + F)Inry) < To(TIver)) = To(T).

with equality if F{0) C T(0).

<o
Proposition 4.1.5 Let T € LR(X,Y). Then
L(T) < A(T).
PROOF
By Proposition 4.1.3 we have
AT) = sup I'(T|m)
MEeI(D(T))
> sup  T(T|m)
Mec(D(T))
= I(T).
<o

Proposition 4.1.6 Let T € LR(X,Y). Then
A(T) < To(T).
PROOF
We assume without loss of generality that D(T') = X and dim X = oo.

Suppose N € Z{D(T)). Then

I'TIn) < To(Tln)
S ST e
< Mgclfx)HTiMH = To(T).

Since N was arbitrary, the desired inequality follows by taking taking the supremum over all

N € I(D(T)).
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Proposition 4.1.7 Let T, S € LR(X,Y). Then

PROOF
The result follows trivially if D(T" + S) is finite-dimensional. Suppose dim D(T + S) = o0, and

without loss of generality, let X = D(T).

Let M € Z(D(S)), and for € > 0, choose N € Z(M) such that ||S|n|| < [(S|m) + €. Then

HT+S) < S+ Dl < (ITInll+11S]n]]
< ITInlf+T(S)m) +€
< ITInlE+AS) +€
<

T |all + A(S) +e.

Since M and € > 0 are arbitrary, the desired inequality holds.

o
Corollary 4.1.8 LetT,S € LR(X,Y). Then
A(S+T) < A(S) + AD).
PROOF
For any M € Z(D(S +T)) we have
PUAS+T)m) £ A(SIm) +T(T|m)
< A(S) +A(T).
Thus
AS+T) = sup  T((S+T)|m) < A(S)+A(T).
MeI(D(T+5))
S
Proposition 4.1.9 Let T,S € LR(X,Y). Then
Lo(S+T) < To(S)+To(T), and (4.3)
To(S+T) < To(S)+To(T). ' (4.4)

PROOF
We assume without loss of generality that D(T) = X and dim X = co.

To see that inequality ( 4.3) holds, let ¢ > 0, choose M, M € C(X) such that To(T) > ||T|a || — &
and I'g(S) > ||S|amll — §, and let M := M; N M. It follows that M € C(X), and
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Lo(T) +To(S) > |[TImll +[ISImll =€ > (T + S)lmll ~€e > To(T + S) ~e.
Since € was arbitrary, the desired inequality follows.
Inequality ( 4.3) follows similarly.
<
Lemma 4.1.10 Let T € LR(X,Y) and S € LR(Y,Z). If T is single-valued with
R(T) € D(8S) and, if M is a subspace of X, then
(ST |m) S T(TIm)A(S|T(a))

whenever the righthand side is defined.

PROOF

The inequality is not defined for the cases I'(T|y) = 0, A(S|ray) = o0 , and
L(T|pm) = o0, A(S|7(ary) = 0. It is enough to show that the statement holds for 0 < I'(T|u) < o0
and A(S|7(ar)) < co. Furthermore, we need only consider the case dim D(ST) N M = oo.

D(T) = D(S8T) since R(T) C D(S). Let € > 0, and choose N € Z(M N D(T)) such that

ITInll £ T(T|m) +e. (4.5)
By applying Corollary 2.3.13,
I(ST|n) = Lélll(fN)HSTILH
<t ISwllITll
< .
< ||T|N||L€1§(fN) 1Szl

If dimT(N) = oo, let V:=NNT~YW) where W € Z(T(N)). Then T(V) = W and dimV = oo
since dim T (V) = oo and T is single-valued. Thus,

, <
LISl <) inf o lISTwl]
< T(Slrwy) <o

since A(S|par)) < 0o. Thus
L(ST|n) < T(Slra)liT N (4.6)

If dimT(N) < oo, let K := N(T|n) € Z(N). Then I'(ST|n) < |IST|k|| = 0, and inequality
{ 4.6) holds. Applying ( 4.5),

L(ST|m) £ A(Slran) T(T|m) +6), (4.7)

and, since M and e > 0 are arbitrary, the desired inequality holds.
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Proposition 4.1.11 Let T € LR(X,Y) and S € LR(Y, Z). If T is single-valued then
A(ST) < A(S)A(T)

whenever the righthand side is defined.

PROQOF
Let S; := S|g(r). By Lemma 4.1.10 we have

F(S1T|a) S T(T ) A(S1)
for M € I{D(T)). Taking the supremum over such M, we have
A(S1T) £ A(T)A(S).

Since 81T = ST and A(5)) < A(S), the desired inequality follows.

Proposition 4.1.12 Let T € LR(X,Y) and M € P(X). Then

(a) If T|ar is continuous then so is T.

(b) T is continuous if and only if [o(T) < oo.

PROOF

(a) Without loss of generality, we may assume that D(T") = X. Suppose M € P(X) and ||T|um|| <
oo. Then there exists a subspace N C X such that dimN < o0, M+ N =X and MNN = {0},
and a continuous projection P such that R(P) = M and N(P) = N. Since dim N < oo, it follows

that T|y is continuous. Thus for x € X we have

IT=|l < ([TP=||+ T = Pall < ITIsll P l=ll + [ITInIIIE = Pl ]l

(b)The forward implication is clear from the defintion of Ty, and if To(T) < co then there exists
M € P(X) such that ||T|ar]] < co. The reverse implication then follows from (a).

Proposition 4.1.13 Let T € LR(X,Y) be single-valued, and S € LR(Y,Z). Then
(a) To(ST) < To(T)To(S), and
(b) To(ST) < To(T)Lo(S),

whenever the righthand side of the inequalities are defined.

PROOF

(a) The inequality does not apply when either I'g(T) = 0 and To(S) = oo , or
['o(T) = oo and To(S) = 0. For the cases when the inequality is defined, it is enough to show that
the statement holds for 0 < ['o(T") < oo and T4(8) < co.
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By Proposition 4.1.12, S and T are continuous, and since T(0) C D(S), ||ST|| < oo (Corollary
2.3.13). Let € > 0, and choose M € P(X) and N € P(Y) such that

HTImll < To(T)+e¢, and
ISIn]l < To(S) +e.

Let W :=T"Y(NND(S))NM. By Proposition 1.7.6, T"}N N D(S)) € C(D(ST)), and hence
W € C(D(ST)). Thus we have

To(ST) = _inf |ISTIsll <  swp 1oLl
EeP(X) 2€WND(ST) |
[1STz||
= su —_—— 4.8
zeWn}I)){ST) =] (48)
T
< USIvll sup U7l
zeWND(ST) [z(]
< (To(S) + &) (To(T) +¢)

where ( 4.8) follows from the continuity of ST

(b) The proof is similar to the one given for (a). Continuity of ST is not needed since the infimum

for I'g(ST) is taken over sets in C(D(ST)).

Lo
Proposition 4.1.14 Let T € LR(X,Y) and suppose dim D(T) = co. Then a(T) < co implies
YT) £ I(T).

PROOF
Clearly we need only consider the case v(T') > 0. Letting M € Z(D(T)), it follows from Lemma

3.5.1 that there exists m € M, m # 0 such that |[m|| = d(m, N(T)). Thus,
T T
hn,znf = d(m,I:In(TLT) >(T),

and therefore, ||T|p|| = ¥(T). Since M € Z(D(T')) was arbitrary,

T = inf T > .
(@)=, j5f . ITIall 2 1(T)

4.2 Conjugate Quantities for Linear Relations

Definition 4.2.1 Let F(Y') and £(Y') denote the classes of finite dimensional and closed subspaces
of infinite codimension, respectively, of a normed linear space Y. Let A%y := {T§, I', A’} and

let f:LR(X,Y)—[0,00] € Ay be defined as follows:

If dimY <oo then f(T):=0 forall fe Ay.

Otherwise,
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Io(T) = inf{ ||QuT||| M e F(Y)}
Ty := inf{||QuJ¥T||| Me &)}
A'(T) sup{ T'(QuT) | M € £(Y)}

i

where Jy denotes the natural injection of Y into V.

Lemma 4.2.2 Suppose M C X 13 a closed subspace.

(a) If N C X is a closed subspace such that M C N, then

X/M = (X/M)/(N/M), with
@ = Q@

where equality of spaces is given up to isometry.
(b) If E is a closed subspace of X/M, then N = (Q,,)"(E) is closed, M C N, and (X/M)/E =
X/N.

PROOF
(a) Elements in X/M are the form {z + m | m € M} while elements in N/M are the form

{n+m | me M}. Thus,if [z] € (X/M)/(N/M), then,
[z} = {z+m|meM}+{{n+m|meM}|neN} = {z+n|neN} € X/N

since N D M ie. (X/M) /»(N /M) < X/N. The reverse inclusion follows similarly. Furthermore,

XM X . XM
Qe @l = inf 1@ (& —m)l
= inf (inf [l(e—m)=nl|)
. P
= of llz—nll = {lQ,=lt

(b) Clearly (@,,)"*(E) is closed, and M = (Q,,)~*(0) C N. Furthermore, (Q,,}(N) = E implies

(X/M)/E = (X/M)/(N/M) = X/N.
<&

Lemma 4.2.3 Let Y be infinite dimensional and suppose M € E(Y). Then
(a) To(@uT)=inf{||Qum+rT|| | F e F(Y)}
(6) T'QuT) =inf{||QnJyT|| | N€ EY), NoM}
(c) A'(QumT) =sup{I"(@nT) | Ne&(Y), NOM}
PROOF
(a) By definition and Lemma 4.2.2
To@uT) = inf{|Q," @Dl | H € F(¥/M)}
inf{||Q.T|| | N=M+H, He F(Y)}

il
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(b) Letting M denote the closure of M in ¥, we note that Y/M = (Y/M), and
¥ o
Ty Q. = Q_g.]y. Thus, by the definition and Lemma 4.2.2,

rQuT) = inf{|Q) "Iy (QuT)ll | H € E(Y/M))}
= inf{[|QJ,T||| N € &¥), N >}

(¢) As before, it follows from the definition and Lemma 4.2.2 that

AQuT) = sup{T'(Q."(Q.T) | He&Y/M)}
= sup{T(Q,T) | Nc&Y), NoM}

Corollary 4.2.4 Let Y be infinite dimensional and suppose M € E(Y). Then

(a) To(@QuT) < To(T),
() T'QmT) = TNT),
(c) A'(QuT) < A'(T).

PROOF
(a) f F e F(Y), then ||Q..»Tll £ [|QT||, since F C M + F. The desired inequality follows from

Lemma 4.2.3 (a) and the definition of TY.

(b) and (c) follow from Lemma 4.2.3 (b) and the definition of IV, and Lemma 4.2.3 (c) and the
definition of A’, respectively.

Proposition 4.2.5 Let Y be infinite dimensional and suppose F € F(Y). Then
(a) To(QrT) = TH(T),
(b) T'(QrT) = T'(T),
(c) A'(QFT) = AY(T).

PROOF
(a) By Lemma 4.2.3

mf {||Q.T|| | N=F+H, He F(Y)}
inf {||QLTI| | N € F(Y)}
T (T).

Lo (QFT)

v

]

The reverse inequality follows from Corollary 4.2.4 (a).
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(b) By Corollary 4.2.4 (b), we need only consider the case I''(T') < co. Let ¢ > 0, and choose
E € £(Y) such that ||Q,J, T|| — ¢ < /(7). Then E + J, F € £(Y). Applying Lemma 4.2.3 (b),

MQFT) = inf{||Q, 4TIl | Ne&T), N> J,F}
< IQnyy T
< QLT
< ') +e

Since ¢ was arbitrary, I'"(QrT) < I'(T"). The reverse inequality follows from Corollary 4.2.4 (b).

(c) We have
A(QrT) = sup{T'(QyT) | NeE(Y), NOF} (4.9)
= sup{T"(QuyrT) | M € £(V)}
= Sup (T Qe @ T) | M € E(Y)) (4.10)
= sup{I'(Q,T) | M € E(Y)} (4.11)
= A(T),

where equality ( 4.9) follows from Lemma 4.2.3, equality ( 4.10) follows from Lemma 4.2.2, and
equality ( 4.11) is a consequence of (b} above since (M + F)/M € F(Y/M).

<o
Proposition 4.2.6 Let T € LR(X,Y). Then
I'(T) < A(T) < TH(D).
PROOF
It suffices to prove the result for the case dimY = oo. Let E € £(Y). Then we have
'(T) < T'(QeT) (4.12)
< To(QeT) (4.13)
< (D), (4.14)

where inequalities ( 4.12) and ( 4.14) follow from Corollary 4.2.4, and inequality ( 4.13) follows
directly from the definitions. Taking the supremum over E € £(Y) yields the desired result.

O
Proposition 4.2.7 Let T € LR(X,Y) and suppose S € LR(Z,X) satisfies S(0) C D(T). Then
for fe{ly, TV, A"}

FTS) < |ISHF(T) (0.0 excluded).
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PROOF
By Corollary 2.3.13, we have

A

HeuTS|| < I@uTIIS|l, MCY, and
NQuI¥TS|| < || @udyT|||IS|, McCY

(since S(0) C D(T)). Thus, by the definitions, inequality holds for f = I'y and f = I. In

particular, we have
MQumTS) < I'(QuT)IS],

and hence the inequality for f = A’ follows as well.

Proposition 4.2.8 Let T,5 € LR(X,Y). Then

(a) To(T +8) < To(T) + o(S),

(b) T(T+8) < A'(JyT)+T'(S),
(c) AT +8) < A'(JyT)+ A'(S),

PROOF
(a) Let F € F(Y'). Then

LT+ S) < |IRQFT + )l < HIRrTII+1IQFSI < IQFTII + (IS

Thus, by taking the infimum over F' € F(Y), I't(T + 8) < Iy(T) +||S||- Applying Proposition
4.2.5, we have for F € F(Y).

LT +S) = To@rF(T+S))

< Lo(QrT) +1QFSI|
To(T) +1QrS]|

It

Again, by taking the infimum over F' € F(Y'), the desired inequality follows.
(b) Let € > 0 and choose E € £(Y) and M € £(Y/E) such that

NQ:=J,Sl|—¢/2 < T'(S), and

v/ ¥

“QM QEJyT“-'e/Z < F'(QEJYT)i

respectively. We have

¥/E ¥ v/E ¥

QS @+ < 11QY QLTI+ IQY "L, S|
C'(QudyT) +e/2 + [1Q,1111Qny Sl

IA

where the last inequality follows from Lemma 4.2.3. Thus, by Corollory 4.2.4 (b), and the initial

choice E, we have
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M"T+8) < T'Q.JT) + I'(S) + e
Taking the supremum over E € £(Y), it follows that
MT+8) <AUT) + T'S) + e
Since ¢ was arbitrary, the result follows.

(c) Let E € £(Y), and let E dencte the closure of £ in Y. As in Lemma 4.2.3 (b), we identify
Jye@r = Q;Jy. By Corollary 4.2.4 we have

ATy, 5Q:T) = A’(QEJ,,T) < A'(J.T). (4.15)
Thus, by (a) above and { 4.15), we have

F!(QE(T'{'S» < A’(Jy;gQET) + PI(QES)
< A'(JTY + TQ.S).

The desired inequality follows by taking the supremum over E € £(Y).

Corollary 4.2.9 Let T ¢ LR(X,Y). Then
(a) To(JyT) < To(T).
(b) T(JyT) = TUT).
(c) A'(JyT) = AY(T).

PROOF
(a) Since Y C ¥, the infimum for lefthand side of the inequality is evaluated over

F(Y) D F(Y).
{b) This follows directly from the definition.
(c) This follows from Proposition 4.2.8 (¢) with § = 0.
o
Proposition 4.2.10 Let T € LR(X,Y) and suppose S € LR(Y, Z) satisfies dim S(0) < co and
D(S)y =Y. Then
IH(ST) < TH(S)TH(T).

PROOF
Without loss of generality we assume that I'g(S) < co and Tg(T") < co.

Letting ¢ > 0, we may select, F € F(Y) such that ||Q,.T|| <T{(T} + € and, since S(0) is finite di-
mensional, S(F) € F(2). By Proposition 4.2.5, the latter implies that
T'4(S) = I'4(QysS)- Thus, by Lemma 4.2.3, we may select G € F(Z) such that
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1955146 Sl < To(@sryS) +€=T5(S) +e.

Now let N := N(Qgy,6S) DO F. Representing Q.. .8 = (@465 @y (it’s canonical

factorisation), we have

To0) = ot 1IQeSTI < [ QurrsoSTI = 1 @uirys SV Qu Tl
S (Co g [ Ry
< 1 @ucerea S IQMT
< N QuiereaSIIIQL T

< (To(S) +6) (To(T) +e).

Since ¢ was arbitrary, the result follows.

4.3 Notes and Remarks

The material of this chapter is based on Cross [35], Chapter IV. Labuschagne presented properties
of conjugate quantities for single-valued operators in [85]. References to original sources and
research papers can be found in both these works. Proofs of theorems, which are applied in the
sequel, are given in this chapter for reference and completeness - most of the proofs are essentially

the same as those presented in [35], though minor differences occur in some arguments.
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Chapter 5

Fredholm Type Linear Relations

5.1 Multivalued Semi-Fredholm Operators

Definitions 5.1.1 We denote the classes of upper semi-Fredholm, lower semi-Fredholm
and Fredholm linear relations from X into Y by Fo(X|Y), F_(X,Y) and F(X,Y), respec-
tively, and use the corresponding abbreviations Fi , F_ and F when X and Y are understood.

The sets are defined as follows:

Fi(X,Y) = {Te€LR(X,Y)|3IMeC(D(T)) st. T|m is injective and open}
FAX,)Y) = {TeLRX)Y)|TeF.(Y' X"}
FX,Y) = Fi(X,¥) n F_(X,Y).

We say T is partially continuous or partially open if there erxists a finite codimensional

subspace M of D(T'} such that T|py is continuous or open, respectively.

Remarks 5.1.2 — The generalised definitions for Fredholm Relations

Many of the properties and theorems for semi-Fredholm type relations considered below are proved
by verifying the single-valued case, and inferring the properties of T from the quotient QT'. The

following equivalences are used extensively, and without further reference:

TeF. & TeF; (5.1)
TeF, & (QTer, (5.2)
TeF. & QTerF., (5.3)

where ( 5.1) is an immediate consequence of the definitions, ( 5.2) follows from Corollary 2.3.9

and ( 5.3) follows from ( 5.1) and ( 5.2).

The definitions given for the classes F (XY}, F_(X,Y) and F(X,Y) explicitly include properties
of openess which are implicit in the classes &, ®_ and ¢ defined below, while not specifying that

the relations be closed or defined on Banach spaces. Moreover, the condition of partial openess is
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sufficient to ensure stability of Fredholm properties under additive perturbation. The notation for
the classes of ®,, ®_ and & linear relations stems from the classic definitions and notation for
closed (single-valued) semi-Fredholm operators on Banach spaces (see for example Gohberg and
Krein {57} or Goldberg [60] ). We later show that the converse implications of Proposition 5.1.4

below also hold (see Theorem 5.2.10).

Notation 5.1.3
We write T € ®,(X,Y) if a(T) < oo and R(T) is closed, and write T € ®_(X,Y) if B(T) < 0
and R(T) is closed. The set ®(XY) is defined ®(X,Y) := &, (X, Y)N®_(X,Y). When X and

Y are understood, the abbreviations ®,, ®_ and &, respectively, are used.

Proposition 5.1.4 Let T € LR(X,Y) be closed and let X and Y be complete.

()T € 8.(X,Y) = T €Fy, and
() TEd_(X,Y) = TeF_.

PROOF
By the Open Mapping Theorem 3.3.7, it follows that a linear relation T € &, (X, Y)U ®_(X,Y)

is an open map.

(a) Since o(T) < 0o, D(T) = M @& N(T) where M € P(D(T)). Thus R(T|x) = R(T) and Ty is

closed, and T is open and injective, i.e. T € F,.

(b) By the Closed Range Theorem 3.3.8, R(T”) is closed. Thus, o(T") = B(T) = B(T) < oo,
(Proposition 2.7.6), and T' € F (Y', X'), ie. T € F_.

Proposition 5.1.5 Let T € LR{X,Y). The following properties are equivalent.
( i) TerFy
(i) IM € C(D(T)) and ¢ >0 such that ||[Tm|| > c|m|| forall me M.

PROOF
(i) = (ii): Suppose T € Fy . Then 3M € C(D(T)) such that T'|p is bounded below, i.e 3 M ¢

C(D(T)) such that v(T|m) > 0 and N(T|p) = {0}. Thus for m € M,

Em|l = ¥(T|m) d(m, N(T|m)) = ¥(Tha) liml].

(ii) = (i): Clearly the stated inequality implies injectivity. Furthermore, 0 < ¢ < 4(T'|p) implies

that T'|a is open.

&
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Proposition 5.1.6 Let T € LR(X,Y). The following are equivalent:

(i) TeF-
(i) TJper)y € F-.
(i) QT € F_ for F CY such that dim F' < co.

PROOF
Applying Proposition 2.6.10, the equivalence (i) & (ii) follows from the equivalences

TeF . &T eF & QrT eFi e (Tipm) € Fy & Tlpr € F_.

(i) & (ili): By Propositions 2.6.7 and 2.6.9, (Q#T)' = T"Jp.. Thus, the desired equivalence
follows noting that FL is finite codimensional, and 7" € F; & T'Jp. € Fy.
o

The next example illustrates that the class of Fredholm relations may contain non-closed single-

valued relations even when X and Y are complete.

Example 5.1.7 Let X end Y be arbitrary Banach spaces, and let S € F = F, N F_ be single-
valued. Let P denote the natural bounded projection of G(S) onto D(S), let M be a dense subspace
of G(S) of codimension one, and let Jp(pr)y denote the identity embedding of P(M) in X. Choose
yo €Y, yo # 0 arbitrarily and let (20, Sxo) € G(S)\ M. Let T € LR(X,Y) be defined by :

Txo = yo if Szo=0

TJ = 8J with
P(M) P(M) { Two =0 if Szo 0.

Then D(T) = D(S), and we may choose (xn,Txn) = (2n,Sx,) € M such that (x,,Sz,) —
(0, S20) # (x0,Tx0). Thus T is not closed. Since P(M) is finite codimensional and T|ppry =
S|p(ay, it follows that T € F. To see that T € F_., we let F = sp{Txo, Szo}. Since S € F_, the
desired property follows from the equality QpT = QrS end Proposition 5.1.6

The next proposition gives equivalent conditions for an upper semi-Fredholm relation to be open:

Proposition 5.1.8 Suppose T € LR(X,Y) and o(T) < co. Then the following are equivalent:

(i) T is open, ,

(ii) For every M € P(D(T)), T(M) is closed in R(T), and if N(T)NM = {0} then Tl is
open and injective,

(iii) There exists M € P(D(T)) such that T(M) is closed in R(T) end T|p is open and
injective.

PROOF
Clearly we may assume that D(T') is infinite dimensional.
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(i) = (i) : Let M € P(D(T)). Then M + N(T) is closed since a(I) < oo. Now suppose
QTzxy — QTx for {xp} C M. Since T is open, we have d(z — 2z, N(T)) — 0. Thus, there
exists {ng} C N(T) such that xx +ny — z. Since M + N(T')is closed, z € M + N(T) and
hénce, Tz € T(M), ie. R(T|a) is closed in R(T).

Since a(T) < oo, there exists M € P(D(T)) such that M N N(T) = {0} and T|s is injective.
Hence, suppose M N N{T) = {0}, let P be a continuous single-valued projection defined on
M + N(T) with kernel N(T) and let {zx} C M be as before. We have

Pz = P(:L“h +ng) — Pz

Furthermore, for € D(T) we have TPz = Tz since (I-P)z € N(T), and hence, (T|pr "N)Tzs =
zp — x. Since {Tzz} C T(M) was arbitrary, it follows that T'|as is open.

The implication (ii) = (iii) is obvious.

(iii) =(i) : Suppose M € P(D(T)), T|a is open and injective and T'(M) is closed in R(T"). Since
a(T) < oo, there exists a finite dimensional subspace F C D(T) such that M+ F+N(T) = D(T),
(M+F)NNT)={0}, and MNF=FnN{T)=MnN(T) = {0}. Furthermore, we have

dim R(T)/T(M) < dimD(T)/M < co.

Thus, R(T) = T(M)+F,, where F, is finite dimensional, and (T|p4.r)~! is single-valued with do-
main  T(M) + F». Now {(T|m+r) Y| is continuous since dimF, < oo, and
(T)m4+r) Dlrany = Tl =t is continuous. Thus, (T|m4r)~! is continuous, ie. T|p4r is

open. Thus

0 < YT|m+r)
|Tz||

zseM+F  ||z||
. 1T}
e Az, N(T))
inf | T||
seD(M\N(T) d(2,N(T))
= (D).

5.2 Compact, Strictly Singular and Upper Semi-Fredholm
Relations

The theory of compact (single-valued) operators is attributed mainly to F. Riesz, and forms part
of the classic core of functional analysis and operator theory. Riesz showed that if K is a compact
operator defined on a Banach space then the operator T = Al — K has finite dimensional kernel and

closed finite codimensional range (see the Chapter 0, the Introduction). Bounded strictly singular
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operators were introduced by Kato [74] (see also Goldberg [60]), while unbounded strictly singular
operators are discussed in Cross [37). It is clear from the definitions that if T is a strictly singular
relation then T' ¢ F,. The proof that precompact linear relations form a subclass of the class
of strictly singular relations, is given in Theorem 5.2.4 below. While the adjoint of a compact
operator is also compact (see Theorem 5.2.2 below), the same does not hold for strictly singular
operators. This motivated the consideration of the the class of strictly cosingular relations which
are discussed in Section 5.5. For convenience, we introduce the term Singular Type Relation to
refer to any linear relation which is precompact, compact, strictly singular or strictly cosingular.
This section recalls some of the basic properties of singular type relations, and the relationships
between Fredholm type and singular type properties. Theorem 5.2.9 is fundamental to the latter,
and is used to establish Theorem 5.2.10 which completes Proposition 5.1.4.

Definitions 5.2.1 A relation T € LR(X,Y) is precompact if QrTBx is totally bounded. If
QrTBx is compact in' Y, then T' is called compact. T is said to be strictly-singular if there

does not exist M € Z(D(T')) such that T|ps is injective and open.

These definitions coincide with the standard definitions for precompact, compact and strictly
singular single-valued operators. Indeed, if T is single-valued, then QT Bx = T'Bx.

Theorem 5.2.2 (Schauder) Let T € LR(X,Y) be continuous and single-valued. Then T is

precompact if and only if T' is compact.
Corollary 5.2.3 Let T € LR(X,Y) be continuous. Then T is precompact if and only if T' is
compact.

PROOF
Since T is continuous and precompact if and only if QT Jp(ry is continuous and precompact, and

(QTJp(ry) = QT Jp(o)L is single—va.lued, the result follows from the theorem for single-valued

relations.

Theorem 5.2.4 IfT € LR(X,Y) is precompact, then T is continuous and strictly singular.

PROOF
Continuity follows from the fact that totally bounded sets are bounded, ie. QT'(Bp(r)) is a

bounded set, and hence QT is continuous. To see that T is strictly singular, suppose QT is
open and injective for some subspace M of D(T"). Then it follows that Bj, is totally bounded since
QT (Byuy) is totally bounded. Thus, by Theorem 1.4.9, M must be finite dimensional.
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Proposition 5.2.5 Let T € LR(X,Y) be continuous with finite dimensional range. Then T is

compact.

PROOF
By Proposition 2.2.11,

QTBx C ||IT}|QBg(r) C HTHBA(QT)-

Since dim R(T') < 0o, Bpr(qr) is a compact subset of Y. Thus, 7" is compact.

The next example illustrates that the property may fail if T is not assumed to be continuous.

Example 5.2.6 Let M be a nonclosed, dense subspace of a normed linear space X and let P
denote a projection of X onto M with kernel N satisfying M +N =X and M NN = {0}. Then

R(I — P) = N is finite-dimensional, while I — P is not continuous.

Lemma 5.2.7 Let B be a bounded subset of a normed linear space X, and suppose
{2},%5,...,2,} 5 a finite subset of X'. Then for any ¢ > 0 there exists a finite set
{z1,%2,...,Zm} C B such that for any x € B, there exists x; € {21,%2,...,Tm} satisfying

n

> |zle —zizj]l <e, and
i=1
lzie — zjz;| <e 1<i<n.
PROOF
Define K : X — K™ by Kz := (zjz, =4z, ..., z,z). Then K is continuous with finite

dimensional range, and therefore, by Proposition 5.2.5, K is compact. Let ¢ > 0. Since K(B) is
totally bounded, it follows that there exists a finite set {®;,%2,...,2n} C B such that for z € B,

there exists z; € {x1,22,...,Zm} such that
kil
% leo - ajay| < Kz~ Kayll < e
1

Hence, the inequalities |ziz — zjz;| <€, 1< <n, also hold.
&

Proposition 5.2.8 Let T, T, € LR(X,Y) be everywhere-defined relations with each T, precom-
o0 JE——

pact, |J To(0) CT(0) and r}gn HTn —T|| =0. Then T is precompact.
n=1 {20

PROOF
Let € > 0, and choose N € IN such that

1T ~Twli < 3 (5.4)
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Since Ty is precompact, QryTnvBx is totally bounded. Thus there exists a subset {zy,z2,...2m} C

By such that for each 2 € By, 3 z; € {z;,23,...5m} for which
€
!%w—ﬂwm<§ (5.5)
Since Tn(0) C T(0}, it follows from ( 5.4) and ( 5.5) that

”Tx — Txg” = ”Tm — Ty +Tne — Tz + Tve; — T.’I:,”
< Tz - Tnzll +||Tnz = Tzl + [|[Tvzi — Txd|

A

€.

Theorem 5.2.9 Let T € LR(X,Y). Then the following properties are equivalent.

(i) T¢&F,..
(i) There does not exist M € P(X) such that T|um is injective and open.
(44) Givene >0, 3 M € Z(X) such that T|p is precompact with ||T|m|| < €.

In this case, if T is closed, then we may assume M is closed.

PROOF
Since T(0) = T|am(0) , it suffices to prove the result for @T. Therefore, we will assume that T is

single-valued.
Clearly (i) = (ii).

(ii} => (iii): Suppose (ii) holds. Let € > 0. By Proposition 5.1.5 and the Hahn-Banach Theorem,
we may select z; € D(T) and 2] € X' such that :

llzill =1 and ||Tzi]] <37 ¢

llzill=1 and zjz; = ||zl = 1.

Since N(z}) is closed and finite codimensional, we may apply Proposition 5.1.5 and the Hahn-

Banach Theorem again, and select 5 € N(z}) and 2, € X' such that

lzzll =1 and ||Txs]| < 37 2%

[lzbll =1 and zhzs = ||za|] = 1.

Similarly N(z}) N N(z3) is closed and finite codimensional, and there exists 23 € N(z}) N N(z})
and zj € X' such that [|z3]| = 1, {|Tz3]| < 373, ||z4]| = 1, and zhzs = [|22]| = 1. Continuing in

this way we obtain:

lzsll = [zl = 2hoe =1

|Tze|] < 3% for 1<k<oo (5.6)
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k-1
ze € []N(sh)
gzl

ie, zizxk = 0 for 1<i<k (5.7)

Clearly the set {zx | 1 < k < oo} is linearly independent. Let M = sp{z; | 1 < k < co}. Then
ki

M is an infinite dimensional subspace of D(T'). For z € M , we have z = 3 a;z;, and, applying

i=1
(5.6) and ( 5.7),
lar| = |&i 2] < Jlai]l]]=]] = {l=Il.

Now by ( 5.6) and { 5.7) again, for j < m,

i-1

zhr = 3, axi(z;) + a;.

i=1

Hence, the inequality [ax| < 2%7!||z|| for k¥ < j <m, implies

-1
losl < lzjal+ Y lad |2 ()]
=1

j=1
< el + ) 2572

i=1
= 277 Y|z,

and thus, by induction, Jax| < 2¥1}jz|| for 1 < k < m.

Let P, denote the projection of M onto sp{z;,x3,...,2,} with kernel sp{Zn41,Zn+2,...}. Then
i3
for z = ¥ aizi € M, we have

i==]

o0
1Tz —TPaz|l = || D> aTa|
i=n-l
oL

> Jasl 1T

izl

< z 2t-13 %] |z||

i=n+t1

1 — 2°
= ellell > 3

i=n+l
— 0 as n - o0.

IA

Since

ITPuell = 1| 2 ool < e} 3 3) el

i=
it follows that TP, is continuous. Thus, since dim R(T'F,) < oo, it follows from Proposition 5.2.5

that T'F, is precompact. Hence T'|s is precompact (Proposition 5.2.8). Furthermore, for = € By

we have
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IT2l] < 35 ledl 1Tl < i_“t 2-13%¢ljz|| < ellal]

i==1

Thus ||T|aml] < € as required.

(iii) = (i): Suppose (iii) holds while T € F,. Let M € I(X) be a subspace such that T|m
is precompact. Choose E € C(X) such that T|g is injective and open. Hence 3 A > 0 such
that TBenm O ABrgam)- Since TBpnpy is totally bounded, the unit ball of B(T|gn) is also
totally bounded and R(T|gnar) is finite-dimensional. Since T|gnas is injective, E N M must be

finite-dimensional as well, a contradiction.

Theorem 5.2.10 Let X and Y be complete, and T be closed. The following are equivalent:
(i) TeFy
(i) T e ®,

PROOF
The implication (ii) = (i) follows from Proposition 5.1.4.

We prove (i) = (ii) for the case when T is single-valued first.

By Proposition 5.2.9, 3 M € C(D(T)) such that ¥y(T|x) > 0. and (T|apr)~*(0) = 0 and since
T is closed, we may assume that M is closed as well. From this it follows that D(7) = M & N,
where N is finite dimensional and N(T) € N. Thus o(T) < co and N = F & N(T') for some
FcD(T), dimF < oo . Since T|p is closed and v(T|y) > 0, R(T|p) is closed. Thus, since
dimTF < oo, it follows that R(T) = T{M + F) =TM + T'F is closed.

Passing to the general case, since T(0) is closed it follows that N(T) = N{QT). Furthermore, since
R(QT) = R{T)/T(0) is closed, we have that R(T) is closed.

Corollary 5.2.11 T€e F_ T e &_

PROOF
Since 7" is closed, the result follows from Proposition 2.7.6 and the Closed Range Theorem 3.3.8.

<

In Corollary 5.8.5, we show that the equivalence T € Fy < T € &, also holds.

5.3 Operator Quantities and the Classification of Linear Re-
lations 1

Certain classes of linear relations may be characterised as sets for which a particular operator

quantity is zero. In particular, compact relations and, more generally, linear relations which are

108



not upper semi-Fredholm, occur as the zero sets of quantities given in Section 4.1 of Chapter 4.
The classification of relations in terms of operator quantities is applied in Section 5.6 where it is
shown that semi-Fredholm properties are stable under various additive perturbations. Analogous

theorems for lower semi-Fredholm relations are given Section 5.5 and Section 5.7. of this chapter.

Theorem 5.8.1 Let T € LR(X,Y) and dimn D(T') = co. Then
T e Fy if and only of T(T) > 0.

PROOF
It suffices to prove the result for ()T, and hence we may assume that 7' is single-valued.

Suppose T € F.. By Proposition 5.1.5, there exists M € C(D(T)) and ¢ > 0 such that 7:;”{ >c
for any m € M, m # 0. Thus |[T|n|| > ¢ for any N € Z(M), and hence

D(Th) = inf ITIN 2 e

By Proposition 4.1.3, it follows that T'(T) > ¢ > 0.
Conversely, suppose T ¢ F,.. Given ¢ > 0, it follows from Theorem 5.2.9 that there exists

M & Z(D(T)) such that ||T|sm|] < €. Thus

T = nf |T|ull < e

MGS}(D(T))

Since ¢ is arbitrary, I'(T") = 0.

Theorem 5.3.2 Let T € LR(X,Y). Then T is strictly singular if and only if A(T)=0.

PROOF
As before, it suffices to prove the result for @7, and hence we may assume that 7" is single-valued.

Suppose T is strictly singular. Then clearly T'|ar is strictly singular for any M € Z(D(T)), and
hence, T'|p ¢ Fy for any M € Z(D(T)). By Theorem 5.3.1, this implies that

AT) = sup T(T|pm) = 0.
MeZ(D(T))

Conversely, if A(T) = 0, then I'(T|m) = 0 for every M € Z(D(T)). By Theorem 5.3.1 again,
T|p ¢ F4 for any M € Z(D(T)). In particular, Ty does not have a continuous single-valued
inverse for any M € Z(D(T)), and hence, T is strictly singular.

Corollary 5.3.3 IfT, S € LR(X,Y) are strictly singular then T + S is strictly singulor.

PROOF
This follows from Theorem 5.3.2 and Corollary 4.1.8.
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Corollary 5.3.4

(a) If T € LR(X,Y) is strictly singular and S € LR(Y, Z) is continuous, and if
T(0) C D(S), then ST is strictly singular.

(b) If S € LR(Y, Z) is continuous and strictly singular and T € LR(X,Y), and if
T(0) c D(S) and A(T) < 0o, then ST is strictly singular.

PROOF
(a) Suppose first that T is single-valued. If S is continuous then, by Proposition 4.1.12, A(S) <

T0(S) < 00, and hence the inequality
A(ST) < A(SYA(T)
of Proposition 4.1.11 is defined. Thus the result follows from Theorem 5.3.2.

More generally, let ¢ denote Qpr. Now QT is single-valued and strictly singular, and since S is
continuous, so is SQ~!. Thus, since T(0) C D(S), it follows from Proposition 2.3.15 and what
has already been proved that Qs7rST = Qs7SQ QT is strictly singular. The result follows.

(b) The argument for this case is the similar to (a).

Theorem 5.3.5 Let T'€ LR(X,Y). Then

(a) T is precompact if and only if To(T) = 0.
(b) T is partially precompact if and only if To(T) = 0.

PROOF
(a) It suffices to prove the result for QT and hence we may assume that 7' is single-valued. Without

loss of generality, we assume further that D(T) = X.

Suppose T is precompact, and € > 0. There exists {z;, 2, ..., n,} C Bx such that for z € By

there exists zy € {z;, ¢4, ..., T} such that
1Tz ~ Txil| < £.
By the Hahn-Banach theorem, we may choose {yi, w4, ..., ¥,} <€ By such that
n
yiTz, = ||Tzill, 1 < i < n, and |yTz| < ||ITz]|. Let N := [)NET).
i=1]
Then for z € NN Bx we have -

Tzl < AITell + 1Tz - T

< yTz, + %

= |yi(Toe—T2) + ¢

< |[Tzx-Ta|| + -2-
< 4
7 T %
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Since z € N N Bx was arbitrary, [|T|~{| < €. Since N is closed and finite codimensional in X and

¢ was arbitrary, it follows that To(T) = N ei%f;c) [IT|~|} = 0.

Now suppose I'o(T) = 0, and let ¢ > 0. Choose M € P(X) such that ||T|u|| < e. There
exists a finite dimensional subspace F' of X such that X = M + F and M n F = {0}, and
hence we may fix some basis {b;, by, ..., b,} for F. By the Hahn-Banach theorem there exists

{z}, b, ..., 2L} C M+ such that z}b; = §;;. Thus, for z € X we may write

n
m + Z xi(:s) bia
=1

x
where m € M, and hence,
Imil < Il + ; Je) ()] 1B -

Since J{T"|ml] < e, it follows that

HTzlt < ellmil + 3l IT 0l

f=x1

k13
< ellall + 3 lei(@)] Cellbal] + 11T0il| )
"
< ellall + ) lei(@)] (5.8)
i=1
where ¢ = maz{ €|lb;]| + ||Th]] | 1 < ¢ < n}. By Lemma 5.2.7, there exists
{#z1, %2, ..., xx} C Bx such that for 2z € B, we have ilmgz - zizk| < e for some
zr € {#1, T2, ..., Tk }. From { 5.8) it follows that =

Tz —Tzel] < €|lz —zk||+ce < (2+c)e.
Since ¢ is arbitrary, T'Bx is totally bounded.

(b) We may assume that D(T) is infinite dimensional. If T is partially precompact then there
exists M € C(X) such that T'|as is precompact and hence, by (a), To(T|p) = 0. Since M € C(X),
Lo(T) = To(TIm) < To(Tim) = 0.

Conversely, if I'o(7) = 0 then for any ¢ > 0 there exists M € C(X) such that ||T|x]|| < ¢, and

hence, ||T| sl is continuous. It follows that

0 = To() = To(Th) = jnf ITlvll = _int ITIxl| = To(Tlas)

Thus, by (a), T is precompact.

Corollary 5.3.6 Let T € LR(X,Y). Then

(a) T is precompact if and only if for any e >0 there exists M € P(D(T))
such that ||T|m|| < e

(b) T is partially precompact if and only if for any € >0 there exists M € C(D(T))
such that ||T|ml|| <e.
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PROQOF
(a) and (b) follow from the definitions of To(T) =0 and Iyh(T) =0, respectively.

<

The arguments for the following two corollaries are similar to those given for Corollaries 5.3.2 and

5.3.4.

Corollary 5.3.7 If T, S € LR(X,Y) are precompact (partially precompact) then T + S is

precompact (partially precompact).

PROOF
This follows from Theorem 5.3.5 and Proposition 4.1.9.

Corollary 5.3.8
(o) If T € LR(X,Y) is precompact (partially precompact) and S € LR(Y, Z) is continuous,

and if T(0) C D(S) then ST is precompact (partially precompact).

(b) If S € LR(Y,Z) is precompact (partially precompact) and T € LR(X,Y), and if
T(0) c D(S) and To(T) < 00, (orTo(T) < oo, )then ST is precompact
(partially precompact).

PROOF
(a) Suppose first that T is single-valued. If S is continuous then, by Proposition 4.1.12, [,(S) <

T'o(S) < 0o, and hence the inequalities
To(ST) To(S)To(T), and
Lo(ST) < To(S)o(T)

A A

of Proposition 4.1.13 are defined. Thus the result follows from Theorem 5.3.5.

More generally, let @ denote Q7. Now QT is single-valued and precompact (partially precompact)
and, since S is continuous, so is ,SQ‘I. Thus, since T(0) ¢ D(S), it follows from Proposition
2.3.15 and what has already been proved that QsrST = Qs7SQ'QT is precompact (partially

precompact). The result follows.

(b) follows by the same argument applied in (a).
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5.4 Perturbation Theorems for Upper Semi-Fredholm Lin-
ear Relations

Proposition 5.4.1 Let T € LR(X,Y) and S € LR(Y, Z). Then

(o) If ||S|| < o0 and T(0) C D(S), then ST € Fy = Tp(st) € Fy
In addition, if D(ST) € C(D(T)), for example if R(T) C D(S), then T € F,.

(b) IfS, T € Fy then ST € Fy.

PROOF
(a) We apply Corollary 2.3.13 and Proposition 5.1.5. Since T(0) C D(S) and ST € F,, there
exists M € C(D(ST)) and ¢ > 0 such that

IS Tmll 2 |ISTmll > cllm]| ¥V me M.

Thus, T'|5 is bounded below, and by Proposition 5.1.5 again, T'|pst) € Fy. If D(ST) € C(D(T)),
then M € C(D(T)), and T € F,.

(b) Clearly it is enough to consider the case dim D(ST) = oo. It follows that dim D(T) = oo,
I['(T) > 0 and, since a(T") < oo, we also have dim R(T) = co and dim D(8) = co.

Choose M € C(X) and V € C(Y) such that Ty and S|y are injective and open. Then T(M) €
C(R(T)), and hence dim T(M) = co. Since VNT (M) € C(T(M)), it follows that T~ (VNT(M)) €
C(M + N(T)). Thus, since a(T") < oo and M is finite codimensional, -1V N T(M)) € C(D(T)).
Let L:=T"YV NT(M))NM € C(D(T)) and let Sy := S|lynr(a)- Then

D(S:T) = T-YVATM)ND(S)) = T-X(V)nMnD(ST) € C(D(ST)).

Now T is bounded below, [}S7Y|| < co and $i7(0) C D(S7Y). Thus, for z € L we have, by
Corollary 2.3.13,

ISTHINS: T2l 2 (IST 51Tl = ||IT2|| > ¢lls]],
for some ¢ > 0. Thus S17 is bounded below on L € C(D(T)), and hence I'(ST) = I'($;T) > 0.

<

Proposition 5.4.2 Let 5,T € LR(X,Y). If S(0) C T(0) then

A(S) < D(T) = T+S8€F.

PROOF
Assume I'(T) — A(S) > 0. Then we may choose € such that I'(T) - A(S) > € > 0. Suppose

T+S5 ¢ Fy. Then I'(T + S) = 0, and there exists M € Z(D(T +.5)) such that [[(T+ 5)|xl| < e.
Since S{0) C T(0), we have forz € M

ITzll < |[Tz+ Sz|| +[|Sz|| < ell=l] +|[Sz]].
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Thus for = € B, ||Tz|| = [|Sz]] < €, and hence, [|T|n|| < ||S|n]| + € for N € Z(M). Taking
the infimum over N € Z(M), it follows that I'(T|a) < A(S) + ¢ which is a contradiction.

<

Proposition 5.4.3 Suppose T € F {X,Y) with G{S) C G(T) and dim D(S) = co. Then S €
Fu.

PROOF

Since G(S) € G(T), we have for = € D(S)

d(y,T(0)) for yeTz

d(y,T(0)) for y€ Sx

d(y, S(0)) since S(0) C T(0)

15|l

i

NT|pesy=ll

A IA

i

ie. [[Tps)ll < |IS]. Thus

il

T < T
MEI(D(T))H Imll < o z(D(S))” [al]

weinf o lIShll = T(S)

0 < I(T)

IA

and the result follows.

5.5 Lower Semi-Fredholm Relations
We begin by sumrmarising some properties.

Proposition 5.5.1 Let T € LR(X,Y). The following are equivalent:

(i) Ter.,

(ii) B(T) < oo and y(T") > 0
(iis) T € ®_,

(w) TJpery € F—,

(v) QT € F_,

(vi) QT € F_ for F € F(Y).

PROOF
(i) & (v) was observed from the definitions (see equivalence { 5.3) in Section 5.1),

(i) © (iv) & (vi) are contained in Proposition §.1.6, and

(i) < (iii) is a restatement of Corollary 5.2.11.

(i) & (ii): Since T € F;, we have B(T) = a(T’') < 00 (Proposition 2.7.6). Since T =T" € &,
(Theorem 5.2.10), R(T") is closed. By the Open Mapping Theorem 3.3.7, this implies that 7"
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is open, i.e. 7(T') > 0. Conversely, if F(T) = a(T') < 0o, and ¥(T") > 0, then R(T") is closed
(another application of the Open Mapping Theorem), and hence applying Theorem 5.2.10 again,
T € Fy.

Theorem 5.5.2 Let T € LR(X,Y). The following properties are equivalent.
(i) T¢F-,
(ii) There does not exist F € F(Y') such that T'|ps is bounded below.

(i) Given € > 0, there exists a compact operator K € LR(X, V) such that
IK|| <&, D(K)D D(T) and B(JyT — K) = oo.

PROOF
(i) = (ii): Suppose T' ¢ F.. and let F C Y be finite dimensional. Then F*+ € P(Y’). By

Theorem 5.1.5, since T ¢ F, there does not exist M € C(Y"') such that T”|5s is bounded below.

In particular, T'| g+ is not bounded below.

(i) = (iii): Let e > 0 and d > 0. Since T" is not bounded below, we may select y} € D(T') and
y1 € Y such that

lwill =1 and ||T'yil] < 27'(1+6)"Le;
=1 and |lwll < (1+4).

Suppose {y}, ¥4, .. ¥h_1} C D(T") and {y1, ¥2, ...,yn—-1} CY have been selected such that

el =1 and |[T'%/l < 275146871 (2+6) e
viyi =0k and gl < 1 +9)(2+8)* (5.9)

forl <k, j <n—1 and n > 2. By (ii), the restriction of T" to the subspace {y1, y2, ... ,yn_l}l C
v! is not bounded below and hence there exists

vl € (Y1, Y2y -y Yn-1}-ND(T) and y € Y such that

lynll=1 and ||[T'yll < 27*(1+8)"1(2+8)' "¢
yy=1 and |yl < (1+4).

n—1
Then y, =y~ > v, (¥)yr satisfies
k=1

' () ’ 0 if 1<k<n,
Ya ¥ =

¢ vy = 1, if k=n
Yelyn) = ve@W) -y =0 if 1<k<nm,
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ie. yly;) =0 for 1<k, j<n, and

n—1
Hoall < Hlwll @+ D7 el
k==l
(1+5)(1+§(1+5)(2+5)k-1)

k=1

(1+8)2+6"

IA

i

Thus, there exists sequences {y,} C Y’ and {yn} C Y such that the conditions ( 5.9) hold.

Define the single-valued operators K,,, K € LR(X,Y) as follows:

il

n
Kpz = Y T'yp(z)ye, and
k=1

T’y (@)

M2

Kz =

ES
I
A

Clearly D(K) D D(T). Furthermore,

NKazll < D ITwlllellllysll < Q275 l=l]
k=1

k=1
K=l < Y I =l il < Q275 el = ell=ll.
Kzl k=1

Thus K exists since Y is complete, and K,, = K. Now K, is continuous and has finite-dimensional
range for each n € IN. Thus, by Proposition 5.2.5, K, is compact for each n € IN. By Proposition
5.2.8, it follows that K is compact. Furthermore, if x € D(T) then ( 5.9) implies that y}(Kz) =
Ty, (z) = ypT(z), ie 1y, € R(JyT — K)* for any k € IN. Since {y,} is an infinite sequence
of linearly independent elements, 3(Jy T — K) = oo.

(iii) = (i): Let K be a compact operator satisfying (iii), and suppose T’ € F_. Since JyT € F_,

it suffices to consider the case when Y is complete.

Now T" € ¥4, and K’ is compact (Corollary 5.2.3) with A(K’) = 0 (Theorem 5.3.2) and D(K') =
K(0)* =Y. The latter implies that the equality (T — K)' = T'— K’ holds (Proposition 2.6.6).
Since K'(0) = D(K)*+ c D(T)*+ = T"(0), it follows from Theorem 5.4.2 that 7" — K' =¢ F,.
Thus B(T — K) = (T — K') < oo, which contradicts (iii).

Corollary 5.5.3 Let T € LR(X,Y). The following are equivalent

G) Ter.,
(ii) B(JyT + K) < 0o for every single-valued compact operator K € LR(X,Y) such that
D(K) D D(T).

PROOF
(i) = (i): The arguments of (i) = (iii) in Theorem 5.5.2 apply.
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(i) = (ii): Suppose (i) holds and K € LR(X,Y) is a single-valued compact operator such that
D(K) > D(T). Then K'is compact (Corollary 5.2.3), and hence (T'+K)' = T'+ K' (Proposition
2.6.6). By Theorem 542 T+ K' e F,, and thus

BT+ K} =0a(T'+ K') < co.

Proposition 5.5.4 Let T be closed and let F € F(Y). Then QrT is closed.

PROOF
Suppose T is single-valued. Let ¢} := Q%, and let (2n,Qyn), where y, € T'z,, be a sequence in
G(QT) such that (zn,Qyn) — (2,[2]) € X x Y/F. Then there exists a sequence {fr,} C F such

that ¥, + fn 2 ¥, y € [2].

Suppose { f»} is unbounded. Then there exists a subsequence {fn'} of {fn} such that ||fa/|| = 0o

Yt Fur Lt : . . . . . .
and T 0. Now 7T s bounded and hence, since F' is finite dimensional, there exists

a subsequence {fpv} C {fw} such that n}iﬂ%ﬂ — f for some f € F, ||f]| = 1. It follows

that H—"’,'ﬂ:—:ﬁ - —f and ﬂ—:;-ﬁ,'—:ﬂ ~ 0. Since T is closed, (0, —f) € G(T) and —f = T'(0), which
contradicts || f|| = 1. It follows that {f,} is bounded.

Since {fn} is bounded and F is finite dimensional, there exists a convergent subsequence {fn:}
of {fn} such that f, — f for some f € F. It follows that y, — y — f and since F is closed,
(z,y — f) € G(T). Thus (z,y) € G(QFT).

Passing to the general case, we have that Qr(T(0)) = T(0) + F which is closed, since T is closed
and F is finite dimensional. Furthermore, we have

¥/ T(0)

v E
Qoo r IFT = err(o)QT(O)T

Since Qr(o)T is closed and single-valued and F/T'(0) is a finite dimensional subspace of Y/T'(0), it
Y/F

follows from what has already been proved that @, 0/ L@FT is closed, and hence, QFT is closed.

<

Proposition 5.5.5 Let X be complete and let T € LR(X,Y) be closed. Then the following are
equivalent:

(i) TerF_,

(i) B(T) < 0o and v(T) > 0,

(i) B(T) < oo and R(T) is closed,

(iv) QFT is open and surjective for some F € F(Y),

(v) B(QrT) < co and v(QrT) > 0 for some F € F(Y).
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PROOF
(i) = (i) : Since T’ € Fy, we have 3(T) = a(T") < co. By Theorem 3.3.9 ~(T) = 4(T") > 0.

The equivalence (ii) <« (iii) follows from Theorem 3.3.9.

(ii) = (iv): Since Y(T') > ¥(T) > 0, and a(T") = B(T) < oo, we have T' € &,, or
equivalently, 7' € F,. By Theorem 5.5.2, there exists F' € F(Y') such that T'|p. = (QpT) is
bounded below. By Proposition 5.5.4, QT is closed. Hence, by the State Diagram for closed

linear relations, Theorem 3.4.3, QgT is surjective. Since X is complete, it follows from Theorem

3.3.9 that v(QrT) =v({QrT)) > 0.

The implication (iv) = (v) is obvious. If (v) holds, then (QrT)’ € F4, and hence QpT € F_.
Since F' € F(Y), it follows that T" € F_. (Proposition 5.5.1), and hence, (i) holds.

5.6 Operator Quantities and the Classification of Linear Re-

lations IT

Recall that a single-valued operator T € LR(X,Y') is said to be strictly cosingular if there is no
closed infinite codimensional subspace M of Y such that QupT is surjective (see Pelczynski [118]

or Whitely [142]). This property is generalised in the definition given below.
Definition 5.6.1 A linear relation T € LR(X,Y) is said to be strictly cosingular if A'(T) = 0.

Proposition 5.6.2 Let T € LR(X,Y). Then the following are equivalent:

(i) To(T) =0,
(i) 3 F e FY) such that QrT is precompact.

PROOF
(i) = (ii): Let € > 0. Since I'y(T) = 0, we may choose F € F(Y') such that ||QrT|| < ¢. Then

I(QFTY|| = |T'JpL|| < ¢, and hence To(7’) = 0. By Theorem 5.3.5, T’ is compact. Thus QzT
is precompact, since (@ rT')’ is compact.

(ii) = (i): Suppose (ii) holds. Since I'y(QrT) = [H(T), it suffices to consider the case when T is
precompact.

Given € > 0 there exists {z;, Za2,..., Zn} C Bp(r) such that for any =z € Bp(r) there exists

zr € {Z1, Z2,..., T} such that ||Tz — Ta]| < e. Let F := sp{y1, y2,..., yn} where y; €
Txz;, 1<i<n. Then

HQF(Tz —y)ll = ||Qr(Tz — Txx)l|
HQr|| [Tz — Tzl

€

li

|QrTx||

IA

A
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Proposition 5.6.3 LetT € LR(X,Y) and F € F(Y'). If QT is precompact, then T is strictly

cosingular. In particular, T is sirictly cosingular if T is precompact or dim R(T) < .

PROOF
By Proposition 5.6.2, I'4{(@FT) =0. Thus, by Proposition 4.2.6, A'(T) <T{QrT) =0.

Theorem 5.6.4 Let T € LR{X,Y) and T(0) € E(Y). Then the following are equivalent:
(i) TeF_,
(i) T(QT) > 0.

PROOF
Since T € F.. if and only if QT € F_, it suffices to consider the case when T is single-valued and

dimY = oco.

(ii) = (i): Suppose T ¢ F_, and let € > 0. Then there exists a compact operator K € LR(X,Y)
such that ||K|| < e and M := R(K — JyT) € £(¥) (Theorem 5.5.2). Thus, QuJyT = Qu K

and furthermore, QK is compact. It follows that
MT) < D'(QuIT) = T'(QuK) < Ip(QuK) = 0
(applying Corollary 4.2.4 and Proposition 5.6.2).

(i) = (ii): Suppose I'(T) = 0, and let € > 0. Then there exists M € £(¥) such that ||Qa Jy T|| <
€. Thus [|(Q@mJJyT)'|| = {|T'Ipe]] < €. Since T is single-valued, Y’ D D(T') D M*, and Mt €
Z(Y"), it follows that I'(T') = 0. Hence, by Theorem 5.3.1,T' ¢ F,, ie. T ¢ F_.

<

Corollary 5.6.5 LetdimY = oo and let T € LR(X,Y) satisfy T(0) € F(Y'). Then the following

are equivalent:

(i) TeF_,
(ii) T'(T) > 0.

<

The condition T(0) € £(Y') is included to ensure that dim Y/T(0) = oo and, hence, IV(QT) is not

strictly zero.
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5.7 Perturbation Theorems for Lower Semi-Fredholm Lin-

ear Relations

Proposition 5.7.1 Let T,5 € LR(X,Y), D(S) D D(T), and let T € F_. Then

(a) If dim R(S) < oo, thenT + S € F_.
(b) If S is precompact, then T + S € F_.
(c) If ||S|| < v(T"), then T+ S € F_.

PROOF :
(a) By Proposition 5.5.1, Qgr(s)(T +S) = Qgr(s)T € F-, and hence, T+ S5 € F_.

(b) A(S") = 0 since S’ is compact, and since D(S) D D(T), (T + S) = T' + S’ (Proposition
2.6.6), and S’(0) C T'(0). Thus by Proposition 54.2, (T + S) € F,.

(¢) T € Fy and thus a(T') < co and +(T') < I(T') (Proposition 4.1.14). We have
AWS) < ISl < 1ISI £ AT.
Thus, as in (b), (T + S)’ € F; by Proposition 5.4.2.

<

Proposition 5.7.2 LetT € F_ and suppose Jy S € LR(X,Y) is strictly cosingular, D(S) D> D(T)
and dim QrS(0) < oco. Then T+ 8¢ F_.

PROOF
Now JyT € F_ if and only if T € F_, and thus, we may assume that Y is complete. We first

consider the case when S is single-valued. Then @7y 5(T + S ~ §) = @rT, and hence,

T'( Qres(T + S) — QrssS)
< TY(Qris(T+S8))+ A'(QrysS) (5.10)

r'(QrT)

il

Now if T(0) € £(Y), then by Corollary 4.2.4, A’(Qr4+sS) < A'(S) = 0. Thus, since QrT € F_,
( 5.10) implies that T'(Qr+s(T+S)) >0 and T+ S € F. (Theorem 5.6.4). If T(0) € C(Y),
then Qr4sS has finite dimensional range and, hence, Qris(T + 8) = Q7T + Q7S € F-

(Proposition 5.7.1).

More generally, if dim Q7S(0) < co, let F':= Q75(0) € F(Qr(Y)). Then

QrlT = Q)47 = YsErT0r (5.11)

Since QvT € F_, it follows from Proposition 5.5.1 that QrQ+T € F_, and thus, by { 5.11) and
what has already been shown, Qm(f' +8)=QrQr(T+S)eF_, ie. T+S€ F_.

120



5.8 The Essential State Diagram

We present an analogue of the State Diagram given in Section 3.4. The Essential State Diagram,
Theorem 5.8.3 below, was developed by Cross (see [35], V.7) and has been generalised to include
the dual properties.of closed relations ([35}, V.8). We begin by defining the Essential States.

Definitions 5.8.1 The essential states of a linear relation T € LR(X,Y) are defined as follows:

I. : R(T) is closed and B(T) < o
II, : R(T) is not closed and B(T) < oo
I, : B(T)=c

l. « TeF,

2. @ aly<occandT ¢ Fy

3 : al)=o0
We use notation analogous to the notation used for the State Diagram, ie. f T € I, and T € 2,
then we write T’ € I, and similarly for the adjoint. The results of Proposition 5.8.2 yields the

Essential State Diagram for linear relations, the configuration of which coincides with the State

Diagram for linear relations, Theorem 3.4.3.

The proof of Proposition 5.8.2 below uses properties of operator ranges (see, for example, [35],
V.6). Recall that a subspace M of a normed linear space X is said to be an operator range if
there exists a contifluous single-valued and injective operator T : Y — X defined everywhere on
a Banach space Y with range R(T) = M. Hence, the domain and range of a completely closed
relation are operator ranges. Furthermore, it can be shown that if R(T) has a complementary

subspace, then it is complete ( see [35], V.6.5).

Proposition 5.8.2 Let T € LR(X,Y). Then

(o) Tel, T el

(b)) Tel,ull, T €1, U2,

(¢c) Te3. =T e€lll,

(d) Teh,Wlh, =T €I

(e) T'¢ 1L,

(f) IfY is complete and T € Iy, U Iz, then T' € 1114,

PROOF
(a) Suppose T' € 1.. Choose M € P(X) such T|ynp(r) is injective and open. Applying Propo-
sition 3.3.2, R(QarT") = R((TJn)') = N(TJu)+ = M'. In particular, R(Qp+T") is closed.

Since M’ = X’ /M* and Q. is continuous,

X' = (Qu2) T M = (Qprr) N R(Qur T)) = R(T) + M*.
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Since dim M~ < oo, it follows that dim (R(T)NM*) < oo and hence M+ = Fe(MLnNR(T")),
R(TY+ M+ = R(T'")+F, and R(T')NF = {0} for some finite dimensional subspace F C X'.
Thus, S(7") < oo, and, since R(T”) is an operator range and is complemented in a Banach space,

it follows that R(T") is closed (see remarks preceding Proposition 5.8.2).

Now suppose T € I, i.e. R(T") is closed and §(T") < oo. By Proposition 2.7.6,
a(T) < ofT) < B(T) = BT =B(T).

By the Closed Range Theorem 3.3.8, R(T) is closed. Thus, T € $,, and by Theorem 5.2.10,
T € F.. By Proposition 5.1.5, there exists M € C(D(T)) and ¢ > 0 such that ||Tm|| > c||m||
for m € M. Hence, ||Tm|| > c||m|| for m € MND(T), where MND(T) € C(D(T)). Applying
Proposition 5.1.5 again, it follows that T € F,.

(b) By Proposition 2.7.6 we have (") = F(T) < f(T) from which the result follows.

(¢) Suppose T € 3.. Then dim N(T) = dim N (T) = o0. By Proposition 2.7.6, we have
o = o) = of) < B(T") = B(T).

(d) Suppose T € I} UIlL,. Then by (a), T' € I, and by (b), T' € 1, U2,. Now T € I, implies
T' € ., and hence, by Proposition 5.1.4, T' € F,.

(e T € 1., i.e. if T' € Fy, then by Theorem 5.2.10, T' € ¢, and hence, T ¢ II,.

(f) Suppose T € I.. Since B(T') < 0o we have Y = R(T) + M, where dim M < oo and R(T)NM =
{0}. Thus R(T)/M =Y /M, and QT is in state I. Since Y/M is complete, it follows from the
the State Diagram for linear relations (Section 3.4 ) that T'Jy,: € 1. In particular, R(T'Jps.) is
closed and N (T'Jps.) is finite dimensional. Thus T"Jyes € F,, and hence, since M+ € C(Y"), it
follows that 7' € F,i.e. T' € 1.. Now if T € I¢ U I3, then from (a) above, T'¢ 1, = T' ¢ I,

ie. T'ell, UIIl,. By (e) above, T ¢ I .. Hence, T' € I1]y,.
V <
Theorem 5.8.3 The Essential State Diagram for Linear Relations

I1Ige | {WIE | TR | DOOEE UL | LR L
e [} Y | Y I WL YRE |
In. | N [ WO ||
r o o T AT I
Ihe | UL Y[ LIE |10 L T
Ihve | JIINE { TRINE | RVECOOD { COFCORE ) OOVPCE {TORRRED | COROONY {PRROEEE | e
Tse | JUIIE | THIND ] WED £ TTREE {1 | A |
0 e | JTE | HUREC RIOEEE 4 OUR L RO [ OO0 O |
T L IR T
hLhe D e Ihe I, I, IIL, IIL,, Il

T —

Y : this state cannot occur if Y is complete
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Corollary 5.8.4 Let T € LR(X,Y). Then

TeFe T e Fo

PROOF
By Theorem 5.8.3 and Proposition 5.5.5, T € Fy if and only if ¥ € I, if and only if T' € F_.

o

Corollary 5.8.5 Let T € LR(X,Y). Then

TeF, oTed,

PROOF
By Proposition 5.5.1 and Corollary 5.8.4, we have T € F, if and only if T* € ®_. The latter

condition holds if and only if R(T) is closed (the Closed Range Theorem, 3.3.8) and a(T) =
B{T") < oo { Proposition 2.7.6 together with Proposition 3.3.2; in this case equality holds in

Propositions 2.7.6 (b)).

5.9 Singular Sequences

Definition 5.9.1 Let T € LR(X,Y). A sequence {zp}nenw tn D(T) is said to be a singular
sequence if ||Tz,|| — 0 but ||z.|| =1 for eachn € IN, and {z,}ncw does not have a Cauchy

subsequence.

Proposition 5.9.2 LetT € F,. Then any bounded sequence {zn}nev in D(T) such that {QTx,}

is Cauchy has a Cauchy subsequence.

PROOF
Let {zn}new be a bounded sequence in D(T) for which {QTz,} is Cauchy. By Corollary 5.8.5,

T € ®,. We first show that the result holds for the case when T is single-valued. By Theorem 5.2.9
and Proposition 3.6.11, there exists a continuous single-valued projection P with D(P) = D(T),
R(P) is closed and finite codimensional, dimN(P) < oo, and T r(p) is injective and open. Since
N(P) = R(I — P) is finite dimensional, T'|g(s p) is continuous, and the sequence {T'(I — P)z,} is
bounded in the finite dimensional space R(T(I — P)). Choose a subsequence {z,, } of {z,} such

that {T'(/ — P)x,, } is Cauchy. Then letting k, ! — oo it follows that
”TP(Z'“& _xm)” < HT(‘EM ‘“zn:)” '*'”T(I - P)(znk _mm)” —+ 0.
Thus, {TPz,,} is Cauchy and, since 7| r(P) 18 injective and open, we have

T (P2, = 2n))| 2 ¥(T|rp)IP(@ns = B
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Hence {Pz,, } is Cauchy. Choosing a subsequence {wy } of {5, } such that {(I - P)w,} is Cauchy,
it follows that {w,} = {Pwn + (I — P)wy} is Cauchy.

Since ||@rTz|l > HQTTQ:H, z € D(T), it follows that if {QrTz,} is a Cauchy sequence, then
S0 is {Qij"xn} . Hence, replacing T by Q,f,f’, it follows from the above that the result holds for

the multivalued case.

Theorem 5.9.3 The following properties are equivalent:

(i) T¢&F;
(#i) There exists are non-precompact bounded subset W of D(T)
such that QT (W) is precompact.

(i) T has a singular sequence.

PROOF
Clearly (iii) = (ii), while (ii) = (i) follows from Proposition 5.9.2.

(i) = (iii) : It suffices to show that the result holds for the case when T is single-valued. Assume
T ¢ F,. We first consider the case when T is bounded, and show that T has a singular sequence.
Since T ¢ &, by Theorem 5.2.9, there exists a closed subspace M € Z(X) such that 7|y is
compact. If dim(M N N{T)) = oo, , then clearly T does have a singular sequence. If M N N(T)
is finite dimensional, there exists a closed infinite dimensional subspace N of M such that N +
(M NN(T)) = M and N n N(T) = {0}. By Proposition 5.1.5, there exists a norm one sequence
{#} C N such that ||Tz,|| — 0. Then {z,} cannot have a Cauchy subsequence for then z, — y
for some y € N with ||y|| = 1 and, since T is continuous, Ty = 0, a contradiction. Thus, since
T has a singular sequence {z,}, it follows that a sequence {z,} C D(T) such that ||z,|| = 1 and
llzn — nll < L for each n is a singular sequence for a bounded relation T'.

Since N(T') = N(T'G) as subsets of D(T), it follows from Proposition 2.8.4, T ¢ F, if and only
if TG ¢ Fy. Thus, if T is unbounded, then, we may pass to TG and it follows from the above
that TG has a singular sequence {z,} C Xp. Now, {z,} does not have a Cauchy subsequence
with respect to ||_||T, and since ||z,|l7 = 1 and ||TGz,|| — 0, it follows that {Gz,} C D(T) does
not have a Cauchy subsequence and ||Gz,|| — 1. Since (||Gz,||~})TG2, — 0, it follows that
{lIG#al|" Gz} is a singular sequence for T

5.10 Notes and Remarks

The material of this chapter is based on Cross [35], Chapter V. Proofs of the theorems given here
are applied in the sequel, and are given in this chapter for reference in Chapters 6 and 8, and

for completeness. Most of the proofs are essentially the same as those provided by Cross, where
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further properties of upper and lower semi-Fredholm relations are given. Discussion of the zero
sets of operator quantities, given in Section 5.3 above, differs from that given in Cross, though.
In Cross [35], V.2, it is first established that T is precompact (partially precompact ) if and only if
Fo(T) = 0 ( T'o{T) = 0). This property is then used to show that T’ € F4 if and only if I'(T) > 0,
and the latter is used, in turn, to show that T is strictly singular if and only if A(T) = 0. In
Theorem 5.3.1 above, we first show that T' € F if and only if I'(T") > 0; next, in Theorem 5.3.2,
we show that T is strictly singﬁlaw if and only if A(T") = 0, and lastly, in Theorem 5.3.5 we show
that T is precompact (partially precompact ) if and only if To(T") =0 ( T'o(T) = 0).

In Section 5.4, the proof of Proposition 5.4.1 (b) is also due to the author. This proof does not
require that the relation T be single-valued (cf. Cross [35]). Proposition 5.4.3 is due to the author,
and is applied in the proof of the Characterisation Theorem for f—Atkinson relations 6.2.5.

We have already noted that the characterisations of classes of linear relations by means of the
operator quantities provide more generally applicable techniques for discussing the stability of
Fredholm properties of linear relations, and hence of quantities of relations which are defined in

terms of Fredholm properties. These ideas are applied in the perturbation theorems of Chapters 6

and 8.

We conclude with the comment that a notable property of the Gowers and Maurey space is that
the continuous operators on that space are of the form AJ + S, where S is strictly singular. This

property received some attention for its connection with the invariant subspace problem ( see the

notes for Chapter 7. ).

125



Chapter 6

The Index and Generalised

Inverses of Fredholm Type Linear

Relations

In this chapter we discuss further properties of Fredholm type linear relations. In particular,
we consider unbounded multivalued Atkinson operators with generalised inverses, i.e multivalued
semi-Fredholm operators for which there are continuous projections onto the kernels and onto the

closures of the ranges.

Qur first series of stability theorems for the index are presented in Section 6.1. In Section 6.2 we
introduce the classes of a--Atkinson and f—Atkinson relations. In Sections 6.3, 6.4 and 6.5, the

stability of Atkinson tybe properties, as well as further stability theorems for the index of linear

relations, are investigated.

6.1 The Index of Fredholm Type Linear Relations

The small perturbation theorem (and its variants) of Section 3.5 and general properties of the
index, the nullity and the deficiency given in Section 2.7 are applied in this section to give multi-
valued analogues of the well-known theorems that the index of a closed semi-Fredholm operator is
stable under small perturbation and under strictly singular perturbation. The perturbation theo-

rems are effectively given for the case when the relation T is closed and the spaces are complete.

More general cases are discussed in Sections 6.3, 6.4 and 6.5.
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Theorem 6.1.1 Let T € FL(X,Y)YU F_(X,Y), and suppose S € LR(X,Y) satisfies D(S) D
D(T), 5(0) c T(0), and ||S|| < v(T), then s(T + §) = x(T).

PROOF

By Corollaries 5.2.11 and 5.8.5, T € &, U ®_, and, by the Open Mapping theorem, v(T') > 0.
Furthermore, ||5]| < ||S|] < W(T) (Proposition 2.5.9). Now let & € D(T). Then there exists
(Tn,yn) € G(T) such that (z,,yn) = (z,y) € G(T) where z,, € D(T) C D(S). Since § is
continuous, (Q.S)z, is Cauchy and converges to some [2] € QY. Since (z,[z]) € G(QS)),
z € DUQSY) = D(QS) = D(§). Thus, since D(S) is closed (S is continuous), D(T) ¢ D(8). To
see 5(0) € T(0), let y € 5(0). Then there exists y, € S(0) such that (0,y,) ~ (0,y) € G(S5).
Since S(0) € T(0), it follows that (0,y) € G(T). Thus, we may assume that X and ¥ are complete
and T and S are closed, and show that the stability holds for x(T'). Since S is continuous and
D(S) D D(T), T+ S is closed (Proposition 2.5.11).

Suppose T' € &,. By Proposition 5.4.2, T+ S5 € F,, and since T+ S is closed, T+ S € &,.
Now there exists M € P(D(T)) such that T|s is injective and open. Since M is closed, Ty is
closed, and it follows from the Open Mapping theorem, that R(T|ar) is closed, i.e. T|a € ®,.
We first deduce the conclusion for the case ||S|| < ¥(T'|s). Applying Proposition 5.4.2 again,
(T + S)|ap € Fy, and since T + § is closed, (T + S)|ar € &4 and R((T + S)|ar) is closed. Thus
by Theorem 3.5.3, 8((T + S)|m) = BUT + S)|m) = B(T|m) = B(T|n). Applying the finite
dimensional extension lemma, 2.7.5, provided ||S|| < v(T|a), we have:

&(T+8) &((T + S)|am) + codim M
&(T|m)+ codim M
= &(T).

i

Passing to the case ||S|| < ¥(T'), let I denote the closed interval [0, 1], and let Z 1= ZU{—-o00, oo}
(where Z denotes the integers). Let I be endowed with the usual topology, and Z with the discrete
topology, and define 9 : I =+ Z by 9(A) := &(T + AS). It follows from the above that, provided
Ag is sufficiently close to A,
W) = KT+ XS+ (A—-X)S)

= k(T + XS)

= 9¥(do)-
Hence, 17 is continuous and (J) is connected and cousists of only one point. It follows that
&(T) = 9(0) =9y(1) = &(T + S)-
If Ted_,then T' € &, and R(T") is closed. Since ||S|| < oo and D(S) D D(T'), we have that
T'+ 8" = (T + S)' (Proposition 2.6.6). Furthermore, |}5|| < ||S|] < 7(T) < v(T") (Propositions
2.6.12 and 2.6.13). Now D(3) > D(T) implies $'(0) C 7(0) (Proposition 2.6.5) and, since
S is closed and continuous, $(0) C 7'(0) implies D(S") = D(S")? 5 D) o D(T"). Thus,
D(8) > _5(_1";). Hence, as before, if X and ¥ are complete and T and S are closed, then T! + '
is closed (Proposition 2.5.11). As for the case T € &, it follows that R(T' + S') is closed, and

k(T) = —k(T") = —,(T' + 3) = —((T+ 9)") = u(T + 5).
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Proposition 6.1.2
(a) Suppose T € Fo.(X,Y), andlet S € LR(X,Y) be strictly singular.

If |IS|] < 00, 8(0) c T(O) and D(S) > D(T), then w(T + S) = &(T).
(b) Suppose T € F_(X,Y), andlet S € LR(X,Y) be such that S’ is strictly singular.
If ISl < 00, $(0) CT(0) and D(S) D> D(T), then k(T +35) = s(T).

PROOF
(a) By Corollary 5.8.5, T € ®,., and hence, as in Proposition 6.1.1, we may assume that X and

Y are complete, that T is closed, and show that the stability holds for x(T). Since D(T) C D(S)
and S is continuous, T + 5 is closed.

By Proposition 5.4.2, T+AS € F,, and since T+5 is closed, T+AS € ®,. forall A. Let I := [0, 1]
with its usual topology and let £ = Z U {—oo} with the discrete topology. Since AS is continuous,
by substituting T+AS € &, for T in Proposition 6.1.1, it follows that 1(}) := k(T +AS8): I — 2
is continuous and, is therefore, constant. Thus, #(T") = ¥(0) = ¥{(1) = &(T + 9).

(b} By Corollary 5.2.11, T € ®_, and hence, as in Proposition 6.1.1, we may assume that X and Y
are complete, that T is closed, and show that the stability holds for x{(T"). Since D(T") C D(S) and
S is continuous, 7'+ S is closed. By Proposition 2.6.6, T'+S' = (T'+.8)'. Now [|5’|] < ||S]] < oo,

and as in Proposition 6.1.1, S'(0) C T'(0), and D{(S’) D D(T'). Thus, applying part (a) to
T! € &, it follows that :
&(T) = —&(T") = —s(T'+8) = —k((T+8)) = (T + 3)

6.2 Generalised Inverses and Atkinson Relations

In consideration of the existence of continuous generalised inverses for Fredholm type relations, we

define and characterise the classes of a—Atkinson and - Atkinson linear relations.

The concept of a generalised inverse may be traced back to early contributions by Fredholm,
Hurwitz, Hilbert, and others, in the study of ihtegral equations, which evolved into the rich theory
on Fredholm type operators (cf. Atkinson [11], Gohberg and Krein [57], Goldberg [60], Kato [74]
and [75], Krein, Krasnosel’skii, and Milman [80] and Yood [146]). In 1920 Moore also introduced

the notion of an inverse A for a singular or rectangular matrix M which satisfied

MAM = A and AMA=M
(cf. [112] edited by Nashed; applications of generalised inverses are also given in [26] edited by
Campbell).

If T e $(X.Y), then the equalities
AT
TA

I— PN
I“PR«:

il

il
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hold, where Py denotes a continuous projection onto N(T") , Pge denotes a continuous projection
onto a complement of R(T), and A is the associated continuous generalised inverse satisfying
TAT =T and ATA = A (cf. Schechter [130] and Taylor and Lay [136]).

Atkinson considered the class of relatively regular operators, where a bounded linear operator T
is said to be relatively regular if there exists a bounded operator A such that TAT = T'. This
condition is equivalent to the existence of a continuocus generalised inverse. However, we note that
the class of relatively regular operators includes operators for which «(T") and S(T) may both
be infinite, and is not closed under compact additive perturbation (see Goldman [61] and also
Goldberg [60]). V

Countinuous left and right generalised inverses can be constructed for closed upper and lower semi-
Fredholm operators which have topologically complemented ranges and kernels in Banach spaces.
Muller-Horrig [111] showed that such operators may be characterised in terms of these inverses (cf.
Moore and Nashed [109] and Nashed [112]). Applying perturbation theorems for semi-Fredholin
operators, it follows that these subclasses of relatively regular operators are stable under small and

compact additive perturbation.

We extend these results to multivalued operators in arbitrary normed linear spaces. The charac-
terisation theorems presented, Theorems 6.2.6 and 6.2.7, improve the characterisation theorem
given in [111] by extending it to non-closed multivalued operators (cf. Gonzalez and Onieva, [62]).
We also give properties of adjoints of Atkinson relations.

As in the classic case, the existence of generalised inverses is associated with the existence of

continuous projections onto the kernels and ranges.

Definitions 6.2.1 The classes of a—Atkinson andbﬂ—Atkinaon linear relations, denoted Ax(X,Y)
and Ag(X,Y) respectively, are defined as follows:

AL(X,Y) = {TeF;|RT) is topologically complemented in Y }

As(X)Y) = {TeF_.|N() is topologically complemented in D(T) }

Characterisations of upper semi-Fredholm relations are given in Cross [35], V.10. We recall two of
these results, and note that the generalised inverses for this class are not necessarily continuous, -

but are partially continuous, i.e. continuous on a finite codimensional subspace of ¥.

Theorem 6.2.2 ([35], V.10.2) Let T' € LR(X,Y). The following are equivalent:
(i) TeF;
(ii) 3 A€ L(Y,X) and K € B(X) such that A is partially continuous,
D(A) = R(T), and K has finite rank, and AT = Ipq) ~ K.
Theorem 6.2.3 ([35], V.10.3) Let T € LR(X,Y). If X is complete, then the following are
equivalent:
(i) TeF;
(i) 3 A€ B(Y,X) and a finite rank projection K € B(X) such that AT = Ipqy — K.
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We require the following properties to verify intermediate claims in Theorems 6.2.6 and 6.2.7 :

Proposition 6.2.4 (Labuschagne [84], Proposition 10) Let T be a relatively open operator,
i.e. ¥(T) > 0, with closed range and a(T) < co. For any compact operator K with D(K) D
D(T), T + K is relatively open, R(T + K) is closed and #(T) = &(T + K).

Proposition 6.2.5 (Cross [85], Proposition V.13.3) If N(T) is closed then under the usual
canonical identification G(T") = G(T").

Theorem 6.2.6 (Characterisation of a—Atkinson Relations) Let T € LR(X,Y). If T(0)
is topologically complemented in'Y, then the following are equivalent:
(i) TeAL(X,Y)
(ii) 3 A€ B(Y,X) and a finite rank projection K € B(X) such that R(K) C D(T),
A is densely defined, PR(T) C R(T), where P is a continuous projection from Y onto N(A),
R(A) € D(T), R(T)ND(A) is relatively closed in D(A), Y = D(A) + R(T), and
AT =Ipry - K.

PROOF
(i) = (ii) Since T € A, there exists a closed finite-codimensional subspace M C D(T') such that

T|ar is open and injective. Letting Tas := T|as, it follows that R(T|as) is finite codimensional in
R(T), and hence, there exists a finite-dimensional subspace J C R(T") such that R(Txr)®J = R(T).
Since -R?(T—}‘ is topologically complemented in Y, there exists a closed subspace L D J such that
Y = m @ L. Let Pr denote a continuous projection of ¥ onto R(Z37) with kernel L, and let
A := Ty;' Pr. We show that D(AT) = D(T) and that R(AT)= M. We have

D(4) = D(T7* Pa) = P7*(R(Tar)) = R(Tnr) + L, 6.1)

and D(AT) = T~D(A) = D(T). Since B(Ty) C D(A) and R(Tx) € C(R(T)), it follows that
R(T)N D(A) = R(Tu) + J2 where dim J3 < oo and R(Ta) N J2 = {0}. Since R(Txs) is relatively
closed in D(A), so is R(T) N D(A). For z € D(T)and y € Tz write y = r + where r € R(Ty)
and | € L. Then

ATz = A(y+T(0))= Ty Prly+T(0))
= Tyt +T0) = meM

for some m € M. Thus R(AT) = M. Now D(T) = M + N(AT) = M + N(T) + F where
dimF < o0, NAT) = NT)+F and MNF =FNNT) = NT)NnM = {0}. Letting K
denote a continuous finite rank projection of X onto F' -+ N(T) with complement M, it follows
that R(K) C D(T) and AT = Ipery) ~ K .

(ii) = (i)  We first show that the result holds for the case when T is single-valued. Since
K is precompact (Proposition 5.2.5), A(K) = 0. By Proposition 5.4.2 we have that AT =
(I - K)lpry € F+(X,Y). Since T and A satisfy the conditions of Proposition 5.4.1, it follows
that T € Fy. Thus, a(T) < co. We need to show that R(T) is complemented. Now since
R(K) C D(T), we have -

R(I - K)ND(T) C R(AT) c D(T). (6.2)
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Since R(I— K)ND(T) is finite codimensidnal in D(T), it follows that R(AT) is finite codimensional
in R(A). Hence there exists a finite dimensional subspace N C R(A) such that B(4) = R(AT)&N.
Let {Ay1,Ays,..-Ayn} be a basis for N. Clearly y; ¢ N(4), i = 1...n and, letting W :=
span{yy,...,¥n}, we have W N N(4) = {0}. Furthermore, W nN R(T) = {0}. Since K is
compact, R(K) C D(T) and AT == Ipip) — K, it follows from Proposition 6.2.4 that R(AT) is
relatively closed in D(T"). Thus, R(AT) is relatively closed in R(A) and hence, R(4) = R(AT)+.N
implies that R(A4) = R(AT) + N and D(A) = A~'(R(A)) = R(T) + W + N(A).
We now show that N(A4) N R(T) is finite-dimensional. The map

11: N(AT)/N(T) - R(TYN N(A)
defined by

niz] =Tz

is onto, single-valued, and has a single-valued inverse. Thus we have
dim R(T) N N(A) = dim R(T) " N(A) = dim N(AT)/N(T) < oo,

since R(T) N D(A) is relatively closed in D(A) so that R(T) N N(A) = R(T)N N(A). Let P
denote a continuous projection from ¥ onto N(A) and let P, denote a continuous projection from
N(A) onto R(T) N N(A). Then P, = PP is a continuous projection from ¥ onto B(T) N N(A)
such that N(P,) D N(P). Since R(T) N N(A) C R(T), we have

R(T) = (I-PR)RD)®RP) and
N(4) = (I-P)N(A)&R(P).

Since Y = R(T) + D(A) and D(A) = R(T) + W + N(A) and we have

(I - R)E(T) + (I ~ P)D(4)
(I - P)RT + (I - P)W + (I — P,)N(A).

N(P) =(I-P)Y

it

i

Since Y = N(P)® N(A) = N(P) & [(I — P,)N(A) & R(P,)] and N(P) C.N(P,) we have
N(P) = N(P)® (I - P)N(A).
Furthermore, since (I — P)(I — P;) == I — P and P(I - P;) = (I — P,)P, Py(p,) is a projection
such that
P(N(Pl)) = P([ - P;)Y = (I - P])P(Y) = (I - Pl)N(A) and
(I-P)N@F)) = (I-P)I-PR)Y =(-P)Y)=N(P).

We show that (I — P)R(T) ¢ N(P): First note that P(I — P)R(T) ¢ P(I - B)Y = (I -
P,)N(A). Suppose z € P(I — P,)R(T). Then z € (I - P,)PR(T) c (I — P,)R(T) C R(T) since
PR(T) C R(T). On the other hand, z € (I — P))N(A) C N(A). Thus z € R(T) N N(4) = R(P,)

and hence, z = (. It follows that

(I — P)R(T) c P(I - P,)R(T) + (I - P)(I ~ P)R(T) = (I - P)R(T) C N(P).
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Now (I — P,)(R(T)) € P(N(P)) since (I — P)(R(T)) is closed ( I — P is open, R(I — P,) and
N(I - P,) are closed and dim N(I — P}) < oo) and dim (I — P)W < co. Thus, (I — P,)(R(T)) is
topologically complemented in N(P;). Hence, (I — Pl)m is topologically complemented in Y.
Since dim R(P;) < oo, R(T) is topologically complemented in Y.

For the case when T is multivalued, let @ := Qr and Ag = AQ~! € LR(Y/T(0), X). For
[y] € Y/T(0), wehave Agly] = Ay +T(0)) ¢ Ay+ AT(0) = Ay . Thus Ag is single-valued and
continuous. Similarly we may verify that AQQT = AT = Ip(r) — K . Since A@Q, K and QT

satisfy the hypotheses, it follows from what has been shown that QT € A.(X, Y/T(0)) . Thus
T € F4(X,Y) since QT € F,. Since R(QT) is topologically complemented in Y/m and T(0) is

topologically complemented in Y, it follows that R(T') is topologically complemented in Y.
<

Theorem 6.2.7 (Characterisation of f—Atkinson Relations)
LetT € LR(X,Y). If N(T) and T(0) are relatively closed in D(T') and R(T) respectively, then the
following are equivalent: '
(i) T € Apg(X,Y)
(ii) 3 B € L(Y,X) and a finite rank projection K € B(Y) such that BT (0) = 0,
D(B) is dense, R(B) is topologically complemented in D(T"), R(T) C D(B), R(K) Cc D(B),
B' is continuous, either R(I") C D(B') or D(B'T') € C(D(T")), and
(I — K)|p(B) is a linear selection of TB.

PROOF

(i) = (ii) Suppose (i) holds. Let Py be a necessarily continuous projection of D(T') onto N(T)
with kernel M. Let I — Pge be a projection of ¥ onto R(T). Let B := Ty (I - Pre) and let K :=
Pr.. Then B is densely-defined with R(B) = M C D(T) which is topologically complemented in
D(T), and K is finite rank and continuous. We have BT (0) = Ty (I — Pg:)T(0) = T;7T(0) = 0
since T'(0) is relatively closed in R(T). Now G(B') D G ({(I — K)'(T3')') (Proposition 2.6.7).
We show that the graphs are equal by composing B’ and (I — K)'(T3/')' with ((I — K)™!)' =
(@-Ky)™:

GI-EK))y I -K)(Ty))
C GU(I-EK)y)B')c G((BI-K)))
= GUTy(I-K)I-K)) )= G((Ty)),
where the second inclusion follows from Proposition 2.6.7 and the last equality holds since
D(TY) © R(I - K). It follows that (I — K))"* (I — K)'(Ts')' = (T3/")’- Thus, since
D(((I-K))") = R(I-K)") = NI-K)* > N(B)* > N(B)" > R(B"),

we have

D(B') = D(((I-K))'B'") = D((Ty")'):
Since B is densely defined, B' is single-valued (Proposition 2.6.5) and hence, since
DUT:)) = D((I—K)(T;7) ), wehave B’ = (I — K)(T;*)'. Since T € F_, M is isomor-
phic to D(T)/N(T) and N(T') is closed in D(T'), Ti, may be identified with 7' € F.. (Proposition
6.2.5). Thus T}, is open. Since (I — K)’ is continuous, it follows that B’ is continuous.

132



Next, R(T') ¢ R(T}) = D(T3")) (R(T)T = N(T) > N(Tuy) = R(Ti)T ) and, hence,
D(B'T") = (T")"*D(B') = (T") " R(I") = D(T"), in particular, D(B'T") € C(D(T")). Lastly,
TB = T(T3 (I — Pre)) = (I — Pre)+(TB-TB).

Thus I — K is a linear selection of T'B.

(i) = (i) Suppose (ii}) holds. We first show that the result holds for the case when T is
single-valued. Since K is precompact, K’ is compact (Corollary 5.2.3). Therefore, applying
Proposition 54.2, I — K € F4(Y) and I — K' € F,(Y’), ie. TB = I — K|p) € F(Y). Since
B'T' C (TBY', it follows from Proposition 5.4.3 that B'T' € Fy as well. If R(T") C D(B'), then
D(B'T) € C(D(T) ( DB'T) = (T")DB') = (TN 1R(T') = D(T') ) . Therefore, since T
and B’ satisfy conditions of Proposition 5.4.1, TV € Fy and T € F...

We need to show that V(T') is topologically complemented. Since T'B = I — K|p(g) it follows that
a(B) < a(TB) < co. Now N(T'B) = B~'(N(T)), and, since B is single-valued and a(T'B) < oc,
we have that B(N(TB)) = N(T') N R(B) is finite dimensional. Let N C R(B) denote a topological
complement of N(T') N R(B) in R{B). We have R(TB) = T(R(B)) = T(N) which is finite
codimensional in Y since TB € F(Y) and, hence, R(T B) is finite codimensional in R(T). Thus,
R(T) = T(N) + M for some finite-dimensional subspace M C R(T), M NT(N) = {0}. Let L be
a topological complement of R(B) in D(T). Then

D(T) = RB) ® L = R(B)NN(T) ® N & L.
Now let D be a complement of N(T)NLin L,ie. L= (LNN(T))+ D and N(T)ND = {0}. We .
show that D must be finite-dimensional. We have:

D(T) = [R(B)NN(T) ® N] + LNN(T)+ D,

and

R(T) = T(N) + T(D), T(D)NT(N)={0}.
Let Ly:=T"M. Then N(T) C Ly (0&€ M) and if D, denotes a complement of N(T) in Lo,
then Ly = Dy + N(T). Now NNLy; C N(T) (since z € NNL; implies Tz € T(N)NM), and
hence, Dy N N = {0}. Furthermore, since K is compact, R(K) C D(B) and TB = Ipp) — K, it
follows from Proposition 6.2.4 that T'(N) = R(T'B) = R(Ip(s) — K) is relatively closed in D(B).
Hence, since R(T') C D(B) and M C R(T) is finite dimensional, T(IN) + M = R(T) implies that
that T(N) + M = R(T). Thus

D(T) = RB)+Ly = [R(B)NN(T) ®N| + Dy + N(T)

and

R(T) = T(N) + T(D2), T(D:)NT(N)={0}.

Thus
dimT(D) = dimT(D;) = dimT(Ly) = dim M,

and, since T is injective on D and on Ds, it follows that dimD = dimDs < oo, Since L and
N(T) are closed, L N N(T) is topologically complemented in L by D. Furthermore, D N N = {0}
since LN N = {0}. Thus, we have
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D(T) RBY®L=RB)NNT)oNaL

R(B)NNT)eN&LnN(T)eD.

Il

Thus,

1l

N(T) [RIByNNTYs N LNNT)y® DN N(T)

= R(B)YNNT)se[(LNNT)® N & D)nN(T)]

= RB)NNT)sLNNT)s[(NeD)nN(T).
Now, since dim NNN(T') = {0} and dim D < o0, it follows that have dim [(D+N)NN(T)] < o0 .
Letting V denote the topological complement of (D + N)N N(T) in D + N, it follows that

i

R(ByYNN(T)® LNN(T)e D& N
R(B)NN(T)® LNN(T)®V & (D + N) N N(T).

D(T)

Let Pg denote a projection of D(T') onto R(B)NN(T') with kernel LNN(T)aV&(D+N)NN(T);
let Py, denote a projection of D(T") onto LNN(T') with kernel R(B)YNN(T)e V& (D+N)NN(T);
let Pp denote a projection of D(T") onto (D -+ N)NN(T) with kernel R(B)NN(T)®e LNN(T)aV.
Then Pp + P, + Pp is a projection of D(T') onto N(T').

For the case when T is multivalued let @ := Q. Since B is single-valued, TB(0) = T(0). Let
Bg = BQ™! € LR(Y/T(0), X). Thus, for [y] € Y/T(0), we have Bgly] = B(y + T(0)) =
By. Hence Bg is single-valued. Furthermore, Bg’' = (BQ™') = (@) B’, where (@) is
continuous. Define Ko € LR(Y/T(0)) as follows: for [y] € Y/T(0), let Koly] := [Ky]. Clearly Kq
is compact. Thus QT Bg =1 D(BY/TE) Kg, and QT, Bg and Kg satisfy the hypotheses. From
what has already been shown, it follows that @7 € F_ and N(QT) is topologically complemented.
Thus T € F.. and, since T(0) is closed in R(T"), we have that that N(QT) = N(T). The result

follows.

Remarks 6.2.8

In Theorem 6.2.6 above, it suffices to consider the proof for the case Ipiry — K € Fy(X) instead
of K € B(X) such that K is of finite rank. Similarly, in the proof of Theorem 6.2.7 it suffices to
consider the case I — K|p(py € F(Y) instead of K € B(Y') such that K is of finite rank.

Definitions 6.2.9 An operator A € B(Y, X)) satisfying Theorem 6.2.6 (i) above is referred to
as a left regulariser or left generalised inverse of T € A,, and an operator B € L(Y, X)
satisfying Theorem 6.2.7 (i) above is referred to as o right regulariser or right generalised

inverse of T € Ag.

The characterisation theorem for o Atkinson relations establishes the existence of a continuous
left regulariser. In the characterisation of f—Atkinson relations it is not known whether a right

regulariser is necessarily continuous.
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Corollaries 6.2.10 and 6.2.11 below consider the characterisations for the case when the spaces
X and Y are complete and the relation T is closed. In this case, R(T) is closed in Theorem
6.2.6; and hence, a densely-defined left regulariser A can be continuously extended to the whole
of Y. For the case of §—Atkinson relations, the characterisation becomes stronger. In particular,
the right regulariser B is continuous and everywhere-defined when the spaces are complete and
T is closed. Furthermore, we may characterise f—Atkinson relations by appealing to the duality
property that T € Ag if and only if T € A,, given in Proposition 6.2.14 below, when the spaces
are complete and T is closed. In particular, if 7 — K is a selection of TB , and B is continuous and
everywhere-defined, then B'T' = (T'B) € ®; and B’ and 7" satisfy the conditions of Theorem

6.2.6.

Corollary 6.2.10 ( to Theorem 6.2.6) Let X and Y be complete and let T € LR(X,Y) be
closed. If T(0) is topologically complemented, then the following are equivalent.
(i) TeA(X,Y)
(i) A € B(Y, X) and a finite rank projection K € B(X) such that
D(4) =Y, P(R(T)) C R(T), where P is a continuous projection from Y onto N(A),
R(A) c D(T), R(K) C D(T), and
AT = (I"K)ID(T}»

Corollary 6.2.11 ( to Theorem 6.2.7) Let X and Y be complete and let T € LR(X,Y) be
closed. If N(T) is closed in D(T'), then the following are equivalent.
(i) T € Ag(X,Y) ,
(i¢) IAB € B(Y,X) and a finite rank projection K € B(Y") such that B is everywhere-defined,
R(B) topologically complemented in D(T), R(T) C D(B), R(K) C D(B),
B' is continuous, either R(T') C D(B') or D(B'T') € C(D(T") , and
(I = K)|p(m) ts a selection of TB.

We conclude this section with Propositions 6.2.12 and 6.2.14 which give the duality relationships
between o—Atkinson and f-—Atkinson properties. The properties of multivalued linear projections
are applicable here. In the definition for §—Atkinson relations, we note that N(T") is topologically
complemented in D(T'), and not necessarily in the whole space X. Thus, if P is a projection from
D(T) onto N(T), P' is not necessarily single-valued.

Proposition 6.2.12 Let T' € LR(X.Y). Then
(a) T e A (X,)Y) = T'e Ag(Y', X').
(t) IfT is open and D(T) is topologically complemented in X,
then T € Ag(X,Y) = T' € A, (Y', X").
PROOF
(a)T € F+ & T' € ®_, in particular, R(T") is closed and #(T") < oo. Thus, R(T") is topologically

complemented in X'.

If Pg is the continuous projection from Y onto R(T"). Then Py, is a projection defined on Y’ with
B —
R(PL) = N(Pg)* and N(P§) = R(Pg)*t = R(T)" = N(T'). Hence N(T") = R(Iy+ — P}).
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(b) Since T € F_ & T' € Fy & T" € &, we need only verify that topological complementation
is preserved. Without loss of generality we assume D(T) = X. Let Py denote a continuous
projection defined on X with range N(T'). Thus P} is open and R(Py) = N(Py)*. Applying

Propositions 2.6.5 and 3.6.4 again, we have
N(Py) = R(Pn)* = N(T)* = R(T")

Hence, R(T") is the range of the continuous projection I'x+ — Py. Since o(T") < 0o, N(T") is the

range of the continuous projection.

<

The condition that 7" is open for Proposition 6.2.12 (b) is included to ensure that R(T") = N(T)*.
More generally R(T") = N(T)+ c N(T)*, and if T € Ag is closed and X and Y are complete
then T' € ®_ is open. It is not known whether R(7") is topologically complemented without the

additional assumption.

In general, the reverse implications of Proposition 6.2.12 do not hold (see also Example 3.6.13

®3)):

Example 6.2.13
T € An #% T € Ag : Let X be an infinite-dimensional Banach space, and let P be an

everywhere-defined linear projection with N(P) a dense, non-closed hyperplane. Then N(P) is
not topologically complemented, and P ¢ Ag. However, P' is a projection with N(P') = R(P)*
and R(P') C R(P') = N(P)* = {0}. It follows that N(P') and R(P') are topologically comple-
mented, and thus, P’ € A,. Similarly we may show that T' € Az # T € A,.

Proposition 6.2.14 Let X and Y be complete and let T' € LR(X,Y) be closed. Then
(a) T € A (X,Y) & T' e Ap(Y', X").
(b) If D(T) is topologically complemented in X then, T € Ag(X,Y) & T' € A, (Y, X').

PROOF
By Proposition 6.2.12, we need only establish the reverse

implications.
(a) By Theorem 5.8.5, T € &, and R(T') is closed. Let M denote some topological complement
of N(T') in Y’. Now R(T) = R(T) = N(I")T,

RT)NMT = (N(T") + M)T = (¥')T = {0},

and

RT)+MT = (N(T)nM)T ={0}T =Y.
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It follows that the projection associated with the pair R(T) and M is closed. By the Closed

Graph theorem, it is continuous and hence, M| is-a topological complement of R(T).

(b) By Theorem 5.2.11, T € ... Let N denote a topological complement of R(T") in X’. Since
T is closed, N(T) = R(T') ", and,

N@ANT = (BRI +N)T = (X)T = {0},

and
N(T)+NT =(R(TYnN)T ={0}" = X.

As in (a), it follows that N is a topological complement of N(T).

6.3 Small Perturbation of Atkinson Relations

In this section we investigate the stability of Atkinson relations under small perturbation, as

well as the behaviour of the index under perturbation. If X and Y are not complete or if T is

not closed, then R(T") may not be closed. In particular, the index may fail to be stable under"
bounded perturbation. Furthermore, the reduced index B(T") may also not be stable, Important

counterexamples are given in Labusc e [84]. Nevertheless, it is possible to consider stability of

k(T) and of #(T') under suitable restrictions. In particular, Proposition 6.3.5 shows that the index

_&(T) is stable when the space containing the domain is complete and the relation T is closed.

For the quantity #(7"), Proposition 6.3.1 (c) is given as a special case of Proposition 6.1.1.

The proofs given below of stability of Atkinson properties under small perturbation depend on the
existence of continuous regularigers. With the characterisation theorems, we noted that it is not
known whether a right regulariser of a f—Atkinson relation is necessarily continuous, and hence,

this condition is stated as an additional assumption when required.

Proposition 6.3.1
Let T € LR(X,Y), and suppose S € LR(X,Y) satisfies D(S) D D(T) and S(0) C T'(0).

(a) If T € Ao, T(0) is topologically complemented in Y, R(T + S) N D(A) is relatively closed in

D(A), Y = R(T+5)+ D(A) and PR(T + S) C R(T + S), where P is a continuous projection
fromY onto N(A), thenJ e >0 such that ||S|]| <e = T+ 5 € A.(X,Y).
() If T € Ag has a continuous right regulariser B, R(S") C D(B'), R(T + 8) C D(B),
and (T + S)(0) and N(T + S) are closed in R(T + S) and D(T + S), respectively,
then 3 € >0 such that ||S]| <e = T +5¢€ As(X,Y).
(¢) If (a) or (b) holds, and {|S|] < ¥(T), then w(T + ) = &(T).
PROOF
(a) Let €:= 3,%%? > 0, where A denotes a left regulariser of T'. If ||S|| < ¢, then by Proposition
2.3.13,
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1S < [|AlHISI] < +(AT).

Thus, by Theorem 6.2.6,
AT +S)=AT+AS={I - Kar + AS)!D(T):

where K 47 is the precompact operator associated with T' € A4, and the given regulariser A. Hence,
on perturbing [ — Kar by AS, it follows from Proposition 5.4.2, that A(T + S) € F.(X,Y).
Now
R(A) ¢ D(T + S),

and

R(Kar - AS)C DT+ 5)
since R(A) C D(T) € D(S) and R(K 1) C D(T) C D(S), respectively. Furthermore (S + 7T')(0)
is topologically complemented in Y since (S +7T)(0) = S(0)+T(0) = T(0). Thus, applying
Theorem 6.2.6 to T+ 8 with A serving as a left regulariser, and substituting K a1 — AS for the
operator K in the same theorem, it follows from Remarks 6.2.8 that T+ 5 € 4,(X,Y).

(b) For the case T' € Ag, let € := Iﬁ%?[)- > 0 where B denotes a continuous right regulariser of T'.
Then, as in the proof of (a), ||S]| < € implies ||SB|| < y(T'B). Now

(T+S)B=TB+SB=1-Krp+SB,

where Krp is the precompact operator of Theorem 6.2.7 associated with T' € A and the given
regulariser B. Hence, on perturbing I—~Krp € F,NF_ by SB, it follows from Propositions 5.4.2
and 5.7.1that (T + S)B € F; NF_. By Theorem 6.2.7, R(B) is topologically complemented
in D(T) = D(T' + S). Last, we have R((S+T)') = R(S' +T") ¢ D(B') since R(S') C D(B') and
R(T") ¢ D(B'). Thus, applying Theorem 6.2.7 to T + .S with B serving as a right regulariser,
and substituting Krp — SB for the operator K in the same theorem, it follows from Remarks
6.2.8 that T+ S € Ap(X,Y).

(c) This follows immediately from Theorem 6.1.1.

Proposition 6.3.2
Let T € LR(X,Y), and let S € LR(X,Y) satisfy D(S) D D(T) and S(0) C T(0).

(a) If T € Ay and I + AS € F(X), and if T(0) is topologically complemented in Y |
R(T + S) N D(A) is relatively closed in D(A), Y = R(T + S) + D(4), and
PR(T + S) C R(T + S), where P is a continuous projection from Y onto N(A),
then T+ S € AL(X,Y).

(b) IfT € Ag and I + SB € F, N F_(X), where B denotes a right regqulariser of T,
if (T + S)Y(0) and N(T + S) are closed in R(T' + S) and D(T + S), respectively, and
if R(T+ S) C D(B) and R(S') C D(B'), then T + S € Ag(X,Y).
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PROOF
(a) Let K47 denote precompact operator of Theorem 6.2.6 associated with T' € A, and the given

regulariser A. Then we have
AT +S)y=AT + ASC I — K1 + AS.

Thus, since I+ AS € F,, it follows from Proposition 5.4.2 that I — K7 + AS € F(X). The

conclusion now follows by the arguments given for Proposition 6.3.1 (a).

(b) Let K7p denote precompact operator of Theorem 6.2.7 associated with T € Ag and the given
regulariser B. Then we have

(r+8B=TB+SB=1I—Krg+ SB.

Thus, since I+ 5B € FLNF.., it follows from Propositions 5.4.2 and 5.7.1 that |- Krg+SB €
Fi NF-. The conclusion now follows by the arguments given for Proposition 6.3.1 (b).
<

Corollary 6.83.3 Let T € A.(X,Y) with T(0) topologically complemented in Y, and suppose
S € L(X,Y) is everywhere-defined and single-valued and ||S|| < ||A||2. If R(T + S) N D(A) s
relatively closed in D(A), Y = R(T + S) + D(A) and PR(T+ S) C R(T + S), where P is a
continuous projection from Y onto N(A), , then T+ 8 € A.(X,Y).

PROOF T ||S|| < ||A}J|~ then ||AS]{ < 1. Hence I + AS is invertible in the operator algebra. In

particular, I + AS € F,. The conclusion follows from Proposition 6.3.2 (a).
: <

Corollary 6.3.4 Let T € Ag(X,Y), and suppose S € L(X,Y) is everywhere-defined and single-
valued and ||S|] < ||B||™!, where B denotes a continuous right requlariser of T. If R(T + S) C
D(B), R(S") C D(B') and if (T + 8)(0) and N(T + S) are closed in R(T + 5} and D(T + 8),
respectively, then T+ 5 € Ag(X,Y).

PROOF If ||S|| < ||B||~* then {|SB|| < 1. Hence I + SB is invertible in the operator algebra. In

particular, I + SB € F nF_. The conclusion follows from Proposition 6.3.2 (b).
<o

Proposition 6.3.5 Let X be complete, let T € LR(X,Y) be closed and suppose S € LR(X,Y)

satisfies D(S) D D(T) and S(0) C T(0).

(a) If T € Aq, T(0) is topologically complemented in Y, Y = R(T + S) + D(A), R(T + 8) N D(A)
is relatively closed in D(A) and PR(T + S) C R(T + S), where P is a continuous
projection from'Y onto N(A), then 3 € > 0 such that ||S|| < € implies
T+ 8 € A (X,Y) is open and has closed range.

(b} If T € Ag has a continuous right regulariser B, R(T'+ S) C D(B), R(S") C D(B') and if
(T + 8)(0) and N(T + S) are closed in R(T + S) and D(T + S), respectively, then 3¢ > 0
such that ||S|| < e implies T + S € Ag(X,Y) is open and has closed range.

{c) If (a) or (b) holds and ||S|| < v(), then &(T + ) = «(T).
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PROOF

(a) Since T' € A is open (Proposition 6.2.12) it follows from Theorem 3.3.9, T = T is open and
R(T) is closed. Let A be a left regulariser of T', and let € := min{ v(T), 3’-1%% }. Then € > 0.
As in Proposition 6.3.1 (a), if ||S|| < ¢, then T + S € A,. In this case, (T + S)' € Ag is open.
Furthermore, since § is continuous and D(S) > D(T), T + S is closed and T' + §' = (T + S)".
Thus, applying Theorem 3.3.9 again, it follows that 7+ S is open and has closed range.

(b) Applying Proposition 6.3.1 (b} and Theorem 3.3.9, the proof is similar to that given in (a).

(c) The relations T and S satisfy the hypotheses of Proposition 6.1.1. Since T € A4, U Ag
implies T € A, U Ag it follows that R(T") is closed. As in the proof of Proposition 6.1.1,
N80 < IIS]| < ¥(T) < ¥(T') (Propositions 2.6.12 and 2.6.13). Hence,

k(T +S5)) =T +9") = &(T)
Thus, since R(T") and R(T + S) are closed ( from (a) or (b) above }, and since T is closed,

6T+ 8) =T +8)=—r(T+S8))=—-rT+9") =~-&(T") = &(T) = &(T).

6.4 Directed Perturbations

Certain Fredholm type properties of linear operators and the reduced index %(T") are known to be
stable under “directed” perturbation (cf. Labuschagne [84]). In this section we consider the stabil-
ity of Atkinson properties and of the quantity &(T") of linear relations under directed perturbation.
Propositions 6.4.1 and 6.4.2 below apply the characterisation theorems to give a simple proof for
the stability of Atkinson properties (cf. Cross [36], V.16.1 ). Propositions 6.4.4 and 6.4.5 are
based on results in Labuschagne [84] ( Theorems 12 and 14, respectively), and require that 7" be
open and that the kernel N(S) of the perturbing operator be directed with respect N(T'). Before
proving these propositions, we give Proposition 6.4.3 on the stability of the index under finite
rank perturbation (cf. [84], Proposition 9).

Proposition 6.4.1

Suppose T € A, with T-(O—)' topologically complemented in Y and A := T{;}PR, where
M € P(D(T)) such that T|p is injective and open and Pr denotes a continuous projection of Y
onto T(M). If § satisfies D(S) > D(T), S(0) ¢ T(0), R(T + S) N D(A) = R(T + 8) N D(A),
Y = R(T+ S)+ D(A), PR(T + S) € R(T + S), where P is a continuous projection from Y onto
N(A) and R(S) C R(I — Pg), then T+ S € A,(X,Y).

PROOF
Since PgS = 0, we have A(T + S) = AT + AS = AT + T; PrS = AT.

Let Kar denote the precompact operator associated with T € A, and the given regulariser A.
Applying Theorem 6.2.6 to T -+ .S with A serving as a left regulariser, and K 4o serving as the

operator K in the same theorem, it follows that T + S € A,(X,Y).
&
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Proposition 6.4.2 A

Suppose T € Ag(X,Y) and B is a right regulariser given by B := T|5'(I — Pr:), where N is a
topological complement of N(T'} and Pgre is a continuous projection of Y onto a complement of
R(T). IfS satisfies D(S) D D(T), S(0) C T(0) and N(S) D N, if (T + S)(0) and N(T + S) are
closed in R(T + S) and D(T + S), respectively and R(T' + S) C D(B), then T + 5 € Ag(X,Y).

PROOF
Since R(T5'(I — Pre)) = N C N(8), we have (T + S)B =TB + SB =TB + STy (I — Ppe) =

TB. Furthermore, N & N(T) = D(T), and hence, (T + S)|v = T|n. Thus, R(T + 8)') C
R(((T + S)|n~)) = R((T'|n)") = D(B') and hence, D(B'(T + S)') = D((T + S)").

Let Krp denote the precompact operator associated with T' € Ag and the given regulariser B.
Since D(B'(T + S)') € C(D((T + S)'), we may apply Theorem 6.2.7 to T + S with B serving

as a left regulariser, and Kypg serving as the operator K in the same theorem. It follows that

T+ S e Ag(X,Y).
<

Proposition 6.4.3
Let T be open with closed range, and suppose S is continuous with finite rank, D(S) D D(T) and

S(0) C T(0). Then R(T + 8) is closed and s(T + 8) = &(T) if «(T) exists.

PROOF
Without loss of generality we assurae that D(T) = X. Let M := N(S). Since S(0) is finite-

dimensional, and hence closed, M is closed and finite codimensional in X (Proposition 2.2.3).
Thus, since M C M + N(T), sois M + N(T'). Furthermore, since & € N((T'+ S)|ar) if and
only if (T'+ S)x=(T +5)(0) for x € M if onlyif z € N(T|a), we have

a(llm) = (T + 9)|m)- (6.3)

To see that (T + S)|ar has closed range, suppose Q,Txy -y for {zx} C M. Since R(T) is
closed, y € Tz for z € X. Since T is open, d(z — zx, N(T)) = 0. Thus 3{ng} C N(T') such that
g +ng =& . Since M + N(T) isclosed, e € M+ N(T'), y€ TM, TM = (T + S)M is closed

and

B(T|ar) = BUT + 5)lar)- (6.4)

Furthermore, R(T + S) is closed since dim R(T + S)/R((T+ S)|m) < dim X/M < co. Thus, if
#(T'|as) exists, then, combining ( 6.3) and ( 6.4), we have

&(T|ar) = £((T + 5)|m)- (6.5)
Letting 7 := codim M, it follows from the Finite Dimensional Extension Lemma, 2.7.5, that

&(T) = 6(T|s) + 1= &((T + 5)|u) + 1= w(T + 5).
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Proposition 6.4.4
Let T be open, and let S be continuous with D(S) D D(T), S(0) C T(0) and S(0) closed. If
[1S]] < ¥(T) and N(S) D N(T'), then N(T'+ S)=N(T) and &(T + S) = &(T).

PROOF
We show that N(T'+ S) = N(T). Let § € LR( X/N(S) , Y) denote the injective component of

S. Since S(0) is closed, it follows from Corollary 2.9.3 that ||3|| = ||S||, and, therefore,

ISzl < ||S]|(d(=, N(S)) < |IS]|(d(z, N(T)).

Thus,
T+ 8zl = ||Tz|| - |ISz]|
> y(T)d(z,N(T)) — |IS||d(z, N(T))
= (y(T) - ||SIhd(=z, N(TY)). (6.6)
Hence,
z€ N(T+8)=>zeNT)=zeNS) =N(9),
and

N(T) = N(T)n N(S) C N(T +8) = N(T + §) n N(S) € N(T),

‘i.e. N(T') = N(T + S). Furthermore, applying { 6.6), it follows that v(T"+ S) > v(T") - ||S]] > 0.

By Theorem 3.5.2, B(T + 8) < B(T). For the reverse inequality, choose N such U%ﬂ < T)y-|ISll-

Then, from what has just been shown,
YT+ S = §£8) 2 v(T)— (L= S| = AT - I8
for 0 < k < N. Since ﬂ%ﬂ <y(T+S8— %S), it follows from Theorem 3.5.2 that

E+1
N
Substituting N —1, N —2,...,1,0 into ( 6.7) it follows that B(T) < B(T + S). Thus, if &(T") exists,

then

B(T+S - SY<B(T+S - 7’3-3). (6.7)

BT+ 8) =k(T).

Proposition 6.4.5

Let T be open with R(T') topologically complemented in Y and N(T') topologically complemented in
D(T), and let S be continuous with D(S) D D(T) and S(0) € T(0). If P is a continuous projection
onto N(T') and N(S) D N(P), then R(T + S) is closed and (T + 8) = s(T).
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PROOF

Without loss of generality, we assume that D(T) = X.

Let M := N(P). Define L := P — (I — P) g,T-'S where (I— P) € LR(X/N(T),X) is the
injective component of I — P, and g, := ¢y, is the natural quotient map from X into X/N(T").
Then L is a contimious projection onto N(T + S) with kernel M. To see this, we first note

I} = (P—(I-P)gT '8)(P ~(I—P) ¢uT™5)
= P?~(I=P) uT 'SP+ ((I = P) T '8)((I = P) uT™'S)
= P-(I-P)g.T%S
since R(I — P) = M C N(S) and § = S(P + (I — P)) = SP. Choosing = € N(T + S) we have
z = (P+{I-P)z
= (P+(~P) ane
= (P+I=P)g.T 'z
(P—(I=P) uT'8)z,

i

ie. N(T'+5) C R(L). For the reverse inclusiomn,
(T+S)(P-I=P) T8z = SPr—TI-P)g,T 'Sz

= Sz-TT 'Sz

= Sz - (Sz+T(0)

= S(0)+T(0)

= (T +8)(0).
Thus R(L) C N(T'+8), and hence R(L) = N(T+5), i.e. N(T+5S) istopologically complemented.
Now suppose R(S) C R(T). Then R(T + S) C R(T). Furthermore, since X = N(T) ® M and
M c N(8), we have that R(T) = TM = (T + S)M C R(T + S). Thus,

R(T) = R(T +5). (6.8)

Furthermore,
(I-L)X = (I-P)+(I=P)gT'S$)X
= ([=P)am+ @T'8)X
= ([—“P)gT (T +8)X
= (I-P)g.T'TX
= I=-P)g.X
= (I-P)X = M.
Since L is a continuous projection, it follows that X = N(T + S) & M. In particular,

oT + S) = o(T). (6.9)
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Thus, if R(S) C R(T), it follows from ( 6.8) and ( 6.9) that

k(T + 8) = &(T).

More generally, suppose R(T') is topologically complemented in Y and let Pgr denote a continuous
projection of Y onto R(T). Then R(PgrS) C R(T) and N(PgS) > N(S) D N(T). From what has
already been shown, it follows that R(T + PgS) is closed and (T + PgrS) = &(T). Now (I — Pg)8§
is a finite rank operator. Thus, from Proposition 6.4.3, we have that R(T + S) is closed and

k(T + S) = k(T + PrS) = &(T).

o

6.5 Strictly Singular and Strictly Cosingular Perturbation
of Atkinson Relations

Propositions 6.5.1 and 6.5.2 are strictly singular and strictly cosingular analogues of Proposition
6.3.1 parts {a) and (b), respectively. As in previous sections, some arguments depend on the

existence of continuous regularisers - this assumption is added for S—Atkinson relations when

required.

Propositions 6.5.1 and 6.5.2 give conditions for the stability of the index of the completion x(7T)
of an Atkinson relation 7. We next consider stability of the index #(7') and the reduced index
E(T). Proposition 6.5.3 (a) and (b) are multivalued analogues of Labuschagne [84], Propositions
10 and 17, respectively (see also Pietsch [120]). These results are concerned with the case when
perturbation is by a compact operator. The property fails if R(T') is not closed (counterexamples
can be found in [84]). In Propositions 6.5.4 and 6.5.5, it is shown that if the space containing
D(T) is complete and T is closed, then the conclusions of Proposition 6.5.3 (a) and (b) hold for

strictly singular and strictly cosingular perturbation as well.

Proposition 6.5.1

IT € Aa(X,Y) with T(0) topologically complemented inY and S is strictly singular and satisfies
D(S) > D(T) and S(0) C T(0) , R(T+S)ND(A) is relatively closed in D(A), Y = D(A)+R(T+S)
and PR(T + S) C R(T + S), where P is a continuous projection fromY onto N(A). Then

(a) T+S € A(X,Y),
() If||S|] < oo, then (T + §) = w(T).

PROOF
(2) Since AS is strictly singular (Corollary 5.3.4), by Theorem 6.2.6 we have

AT+ 8)=AT + AS = (I—KAT+AS)|D(T),

where K 47 is the precompact operator associated with T’ € A, and the given regulariser A. Hence,
on perturbing I — Kar by AS, it follows from Proposition 5.4.2, that A(T + S) € F(X,Y).

As in Proposition 6.3.1 (a) we have
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R(A) c D(T + 9),
and
R(Kar— AS)C D(T+5)

since R(A) ¢ D(T) C D(S) and R(Kart) C D(T) C D(S), respectively. Furthermore (S + T)(0)
is topologically complemented in Y since (S+T)(0) = S(0)+T(0) = T(0). Thus, applying
Theorem 6.2.6 to T+ S with A serving as a left regulariser, and substituting K47 —~ AS for the

operator K in the same theorem, it follows from Remarks 6.2.8 that T+ S € 4,(X,Y).

(b) This follows immediately from Proposition 6.1.2 (a) .

@

Proposition 6.5.2 Suppose T € Ag(X,Y) has a continuous right requlariser B, and suppose
S € LR(X,Y) satisfies D(S) D D(T), 8(0) ¢ T() and R(S") c D(B'). If (T + S)Y([0) and
N(T+39) are closed in R(T + S) and;D(T + S), respectively, R(T +S) C D(B) and if S is strictly
singular, Jy S is strictly cosingular and dim Q75(0) < oo, then

(a) T+S5eApg(X.Y),
(b)) If|liS'll < o0 and S is strictly singular, then w(T + 5) = x(T).

PROOF
(a) Let B denote a continuous right regulariser of T'. Then, since ||B|| < oo, SB is strictly singular

( Corollary 5.3.4(b) ) and JySB, is strictly cosingular ( Proposition 4.2.7 ). As in Proposition
6.3.1 (b),
T+8)B=TB+SB=I-Krpg+SB,

where Krp is the precompact operator of Theorem 6.2.7 associated with T € Ag and the given
regulariser B. Hence, on perturbing I—Krp € F.NF_ by SB, it follows from Propositions 5.4.2
and 5.7.2that (T+S)B € FNF... By Theorem 6.2.7, R(B) is topologically complemented in
D(T) = 'D(T+ S). Thus, applying Theorem 6.2.7 to T+ S with B serving as a right regulariser,
and substituting Krg —~ SB for the operator X in the same theorem, it follows from 6.2.8 that

T+ Se Ag(X,Y).

(b) This follows immediately from Proposition 6.1.2 (b) . Lo
Proposition 6.5.3

Let T € LR(X,Y) be open with closed range, and suppose S is compact with D(S) D D(T) and
S(0) CT(0).

(a) If T € Ay then T + S is open with closed range, and k(T) = (T + S), and

if T(0) is topologically complemented inY and PR(T + S) C R(T + S), where P is a
continuous projection fromY onto N(A), thenT + 5 € A,.

(b) If T € Ap then T + S is open with closed range and x(T) = &(T + 5),
and if T has o continuous right regulariser B, R(S') C D(B') and (T + S)(0) and N(T + §)
are closed in R(T + S) and D(T + S), respectively, then T + S € Ag.
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PROOF
(a) In this case D(A) = Y and hence, by Proposition 6.5.1, if T € A, and T(0} is topologically

complemented in Y, it follows that T + S € A,. For the index, we assume, without loss of
generality, that D(T') = X. Since T is open with a(T) < oo, it follows from Proposition 5.1.8 that
there exists M € P(D(T)) such that R(T|p) is relatively closed in R(T) and T'|as is injective and
open. Since § is compact, 3 N € P(M) such that ||S|~]| < ¥(T'|m) (Corollary 5.3.6). However,
. Tz
VT = it 2 e any

ll=!]
|||

ll=|
< ATlw)-

IA

inf{

| z € N}

Thus ||S|n|| < ¥(T|n). Thus, by Proposition 5.1.8 again, R(T|~) is closed in R(T|x») and T|n

has a continuous single-valued inverse. Thus, by Theorem 3.5.3, (T + S)|n is injective and open.

Since $(0) C T(0) we have Qrys(T + S) = Qr(T + 8). Letting Q denote Qr, it follows that
QT + S)|n) 2 ¥((T + S)|n) > 0. We therefore assume that T+ S is singie-va.lued to show that
T + S is open and R(T + S) is closed. Suppose (T + S)xx — y for {zx} € N. Since (T + 9)|n is
open, {z;} is a Cauchy sequence. Since S is compact, {Szx} has a convergent subsequence, which
we assume to be {Sz} itself, which converges to 2. Then T'zy — y — z, and since T'N is closed,
y— 2z € TN. Thus 3 z € N such that Tz =y ~ 2. Since T|y is open, it follows that T'zy — Tz
'implies that zx — z. Thus Sz — Sz=zandy=(y—2)+z2=Tz+ Sz € (T + S)N. Thus,
(T + S)N is closed. Since (T + S)|n has a continuous inverse, it follows from another application

of Proposition 5.1.8 that T + S is open. Furthermore, codim(T + S)N < oo in R(T + S). Thus
R(T + S) is closed .

Since S’ is compact and (T + S) = T’ + S’ it follows Proposition 6.1.2 that x(T”) = &(T" + §').
Thus, since R(T) and R(T + S) are closed, and T and T + S are open,

K(T + 8) = KT + 8) = —k((T + 5)") = —k(T" + §') = —&(T") = R(T) = &(T).

(b) By Proposition 6.5.2, if T € Ag and if (T + S)(0) and N(T + S) are closed in R(T + S) and
D(T + S), respectively, then T + S € Ag. For stability of the index, let P denote a projection of
X onto N(T'), and let M denote the complement of N(T) under P. Then T'|sr has a continuous
single-valued inverse with R(T|») = R(T). Since a(T|m) = 0 and S(I — P))|» is compact, we
may apply (a):

&((T + S - P))|m) #(T'|m)
-B(T)

< 0

il

Furthermore, R{(T + S(I — P))|an) is closed and (T + S(I — P))|m) < oo so that N{(T +
S(I - P))|m) is topologically complemented in M by W, say. Then, since N(T) C N(S(I - P))
we have N(T) C N(T + S(I — P)) and N(T + S(I — P)) = N(T) ® N((T + S(I - P))|n) .
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Thus, since X =M @ N(T) and M =W e N({(T + S(I — P))|um) , we have N(T + S(I ~ P))
complemented in X by W.

We now show that k(T+S5(I—P)) = &(T). Let ¢, € LR(X, X/N(T) ) denote the natural quotient
from X onto X/N(T). Then Tq;*' is injective and, since N(S(I —P)) > N(T), S(I — P)g;!
is well-defined and N (S(I - P)g;') D N(Tg;!) . It follows that S(I — P)gs! is compact and
since T'q;! is open, injective and has closed range, it follows from the arguments given in (a) that
‘R(T +8(I - P)) = R(Tq;* + S(I — P)g;') is closed and

(T + S - P))gz ) = 6(Tqz") = —B(T) = -B(Tq;1).
Furthermore, N((T + S(I — P))g;!) = N(T + S(I — P))/N(T). Thus,
o((T + S(I - P))g7') + o(T) = (T + S(I - P)).
We also have that &((T + S(I — F))gz') = &(T + S(I - P)) — &(T). Thus,
k(T + S(I — P)) = a(T) — B(T) = w(T).

Applying Proposition 6.4.5 to SP and T'+ S(I — P) with N(SP) > M S W, the result follows,
ie. R(T + S) is closed and

&(T + S) = k(T + S(I - P)) = x(T).

Proposition 6.5.4
Let X be complete and let T € A (X,Y) be closed with T(0) topologically complemented in Y.

Suppose S is continuous and strictly singular with D(S) D D(T), S(0) C T(0), R(T + S) N D(A)
is relatively closed in D(A), Y = R(T + S} + D(A) and PR(T+ S) C R(T+ S), where P is a

continuous projection from Y onto N(A), Then,

(o) T+S €Ay is open and has closed range, and
(b) If||8'|] < oo and §' is strictly singular, then k(T + S) = B(T + S) = R(T} = &(T).

PROOF
The proof is similar to that of Proposition 6.3.5. As in Theorem 6.3.5, T is open and R(T) is

closed.

(a) By Proposition 6.5.1, T + S € Aq, and thus, and (T + S) € Ag is open. Furthermore,
since § is continuous and D(§) D D(T), T+ S is closed and T" + §' = (T + S)'. Thus, applying
Theorem 3.3.9, T+ S is open and has closed range.

(b) Now T” and S satisfy the hypotheses of Proposition 6.1.2 (b). Thus,

K(T+8)=rR(T+8)=—r((T+8))=—s(T"+85") = —s(T') = k(T) = (T).
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Proposition 6.5.5
Let X be complete and let T € Ag(X,Y) be closed with a continuous regulariser B. Suppose S

is continuous and strictly singular with D(S) D D(T), S(0) C T(0), R(S') C D(B’') and Jy S is
strictly cosingular with dim@QrS(0) < co. If (T + S)(0) and N(T + S) are closed in R(T' + S) and
D(T + 8), respectively, and R(T + S) C D(B), then

(a) T+ S € Ag is open and has closed range, and
(b) If||S']] < 0o and S’ is strictly singular, then k(T + S) = R(T + S) = R(T) = (T).

PROOF
Applying Propositions 6.5.2 and 6.1.2 (b), the result follows by arguments analogous to those

used in Proposition 6.5.4.
<

In Sections 6.3 and 6.5, we considered stability of Atkinson properties and of the index under
perturbation by continuous and continuous strictly singular relations. Using the gfaph norm, we
show that stability properties can be extended to strictly singular operators which are relatively
bounded.

Definition 6.5.6 A relation S is said to be T-precompact, T-compact or T-strictly singular
if S|p(r) is precompact, compact or strictly singular with respect to the graph norm defined on D(T'):

llzllr = |lll + [IT2l|

Proposition 6.5.7
Let X andY be complete, and let T € Aq(X,Y) be closed with T(0) topologically complemented

inY. If S satisfies D(S) D D(T), S(0) Cc T(0) and P(R(T + 5)) C R(T + S), where P is a
continuous projection from Y onto N(A), and if S is T—strictly singular and T'—bounded, then,

T+5€AalX,Y) and (T +5) = &(T).

PROOF
Since X and Y are complete, and T is closed, X, := (D(T),||-]|+) is also a Banach space. Let

T.,S; € LR(X,,Y) be defined T,z := Tz and S,z := Sz for z € X,. Clearly S, is continuous
with [|5.]| £ 1. Thus T, + S, is closed.

We now show that T, € Au(X,,Y). Let A denote the left regulariser of T given by A := T|;} P
where M and Pg are as in Theorem 6.2.6. Let A, € LR(Y, X.) be defined A,y := Ay. Then for

y € D(4),

14z9ll: = I[lAyllx +|IT Aylly
< 1Al -+ T Al sl
= ([lAll + 1T Al |lyll-

148



since A and TA = Pp|p(ay+TT |5 —TT|»; are continuous. Thus A, is continuous. If K denotes
the continuous finite rank projection operator associated with T € A,(X,Y) and the regulariser
A ( as in the Characterisation Theorem 6.2.6), then the operator K, € LR(X,) defined by
K,z := Kz is also precompact ( T'|g(x) is continuous, ||K,.z||, = ||Kz||x.+ ||[TK,z|ly <
(1K =]l + |17 rey | 11K |izl] and, hence, K, is precompact since it is continuous and has finite
rank). Since N(T,.) = N(T) and R(T;) = R(T), and A, and K. satisfy the conditions of Theorem
6.2.6, it follows that T}, € A,(D,,Y).

Now T, and S, satisfy the hypotheses of Theorem 6.5.1. Thus R(T + S) = R(T, + 8,) is
topologically complemented in Y. Since N(T'+ §) = N(T, + S,.) is finite dimensional, the result

follows.
o

6.6 Further Notes and Remarks

The work in this chapter arose from :notes on generalised inverses of operators in operator ranges by
T. Alvarez [3] which were discussed in seminars with R.W. Cross, and from fruitful conversations
with R.W. Cross on some of the particular constructions applied in the theory developed here.
The definitions for a—Atkinson and f—Atkinson relations given here are due to the author, as are
the theorems for multivalued Atkinson relations. Communications by L. Labuschagne on errata
in earlier arguments for the characterisation theorems were invaluable in the development of the
proofs presented for Theorems 6.2.5 and 6.2.7. Previous literature on Atkinson operatdrs and
generalised inverses which were referenced are Cross [35], Gonzdlez and Onieva [62], Labuschagne
[84], and Muller-Horrig [111], and also Goldberg [60] and Taylor and Lay [136]. Communication
from L. Labuschagne on errata was significant for the improvement of arguments in this chapter.

In the characterisation of §—Atkinson relations, Theorem 6.2.7, we have the condition that either
R(T") C D(B') or D(B'T") € C(D(T")). In the proofs of perturbation theorems, in order to
show T + S € Ap, we include in the hypotheses the condition that R(S') C D(B’) so that
R((S + 1)) ¢ D(B" ( and hence, D(B'(S + T)') € C(D{(T + 8)") and Proposition 5.4.1 is
applicable for (ii) = (i) of Theorem 6.2.7). If it can be shown that D(B'(S+T)") € C(D((T+S)'),
as for example in Proposition 6.4.2, then the condition R(S') C D(B') may be omitted from the

perturbation theorems.

Also in the characterisation of 8—Atkinson relations, Theorem 6.2.7, we may simplify the proof
that B' = (I - K)'(T37')’ as follows: In Proposition 2.6.7. (b) replace (1) and (2) with R(T") = X'
and D(S") = Z' by R(T") = N(T)* and D(S') = S(0)*, respectively. In the first line of the proof
of 2.6.7 (b) replace X' = R(T') by R((ST)") ¢ N(ST)+ c N(T)* ¢ R(T*). This variation of
Proposition 2.6.7 (b) implies that B’ = (I — K)'(T5/)" .

The results of Section 6.2 can also be found in the paper by Alvarez, Cross and Wilcox [5].
Comments on further details are given within the body of the chapter.
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Chapter 7

Spectral Theory and the Invariant

Subspace Problem

7.1 Introduction and Definitions
The invariant subspace problem for linear operators refers to the following very general question:

Does a continuous linear operator T : X — X defined on a Banach space have a

closed non-trivial invariant subspace?

This question generalises the question about the existence of eigenvalues of an opei'aﬁor. While
the spectrum of an operator may be non-empty, it may not contain any eigenvalues. For compact
operators this question is simplified by the fact that the spectrum consists only of eigenvalues and
the complex number zero. However, it is still the case that the point spectrum may be empty and
the spectrum may only contain the number zero (see Example 7.2.10(2) ). In 1973, Lomonosov [99)
gave a general theorem concerning the existence of a common invariant subspace for the family of
operators which commute with a compact operator. We conclude this chapter with a consideration

of the Invariant Subspace Problem in the context of multivalued operators.

As in the theory for single-valued operators in infinite-dimensional space, we begin with the defini-
tion of the resolvent of a linear relation. Throughout this chapter, X will denote a normed linear
space over the complex field ¢. For T € LR(X), we abbreviate the relation Alpiy — T by
AT,

Definitions 7.1.1 Let T € LR(X), and let X € €. The resolvent R(A,T) and complete

resolvent T of T' are defined as follows:

RAT) = (A=-T)", and
Ty = (A-T1)"' respectively.
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The resolvent set of T € LR(X) 15 defined by
Ty = {Ael€ | R(\T) is densely —defined, continuous and single — valued }
= { A | T, is everywhere defined and single — valued }.

The spectrum of T is the complement of p(T) -
o(T) =@\ p(T).

Remarks 7.1.2
It follows from the definition and the State diagram for Linear Relations that
Ty = {Ae@C |l RAT)e LHulh} = {Ae@ | T\ e 5L}

Thus, for an arbitrary relation T' € LR(X), we may investigate the properties of its spectrum or

resolvent by passing, where necessary, to the completion of X and the completion of T'.

We conclude the introduction with further definitions for the decomposition of the spectrum.

Definitions 7.1.3 A scalar A €@ such that N(A - T) # {0} is called an eigenvalue of T. If )
is an eigenvalue of T € LR(X), then the non-trivial subspace N(X — T') is called the eigenspace
of T corresponding to X\, and the guantity a(A — T) is called the geometric multiplicity of A,

The point spectrum, P,(T), the residual spectrum, R,(T), and the continuous spectrum,

C.(T), of T € LR(X,Y), are defined as follows :

P(TY = {)\ €C : AD~-TehRUllhullly },
R(T) = {Ael€ : A-TellLhUlllL}, and
CoT) = {A\€C€ : A=T € LUIL }.

Remarks 7.1.4

Clearly these subsets provide a disjoint decomposition of the spectrum. The point spectrum,
P,(T), consists of the eigenvalues of T', the residual spectrum, R,(T), consists of A € such that
A — T is injective but does not have dense range, and the continuous spectrum, C, (T}, consists of

X €@ such that A — T is injective, has dense range but is not open.

7.2 Some Spectral Properties of Linear Relations

In this section we review generalisations of the spectral theory of linear operators, namely
The resolvent set p(T) of a linear relation is open (and hence its the spectrum is closed),
the resolvent equation holds for linear relations,
the family of operators { T | A € p(T) } is holomorphic,
the resolvent set may be empty, and

there are sufficient conditions for the spectrum o(T) to be nonempty.
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Proposition 7.2.1 Let T € LR(X). Then p(T) is an open set.

PROOF
We may clearly assume that p(7") is non-empty. Let A € p(T"). Choose p €@ such that [u — A| <

¥{(A—=T). Then by Proposition 3.5.4, p—T = (u— A)I + (A —T) is open, injective and has dense
range. Hence p € p(T).
<

Proposition 7.2.2 (The resolvent equation) LetT € LR(X) and let \,u € p(T). Then

T, —~Tx = (A — w)TuTs.

PROOF
Without loss of generality, we assume that X is complete and that T is closed. Let € X. Then
M-Iz = Tur-pTe
= T, ((A—p)Te+T(Q) since T,T(0) = T#TJI(O) = T,(0) = {0}
= T,(A=-T—-p+T)Ta
= T,z - T, T, "Thx
= Tu(z+T7N0) - (T + Tu(0)
= Tux+T,T0)-Tz

= T,_;:r —_ T,\.’l?.

Corollary 7.2.3 Let T € LR(X) and let \,u € p(T). Then

TaT,, = T, T>.

We recall the following well-known result from Operator Theory :

Lemma 7.2.4 (cf. Taylor [136] IV.1.4.) Suppose a (single-valued) operator T has the property
OO

that the series 3, T™ converges in the uniform operator topology. Then I — T is invertible and
n=0

I-T)'=371n

n=0
Theorem 7.2.5 Let T € LR(X) and let A € p(T). Then

lim (4 = A)"HT, - T) = ~T}.
B

PROOF
Without loss of generality, we assume that X is complete and that T is closed. By Proposition

7.2.1 there exists a neighbourhood of A contained in p(T"). Let u # A be in such a neighbourhood.

Since 7, and T commute (Corollary 7.2.3), we have from the resolvent equation, Proposition

7.2.2, that
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(= N"HT = T2) + T = (Tx — Tu) T

Thus,
e = N7HTu = Tn) + T < o = Tull Tl (7.1)

Let |X — u| < ||Ta]]7*. Then
£ A= u B < oo,

By Lemma 7.2.4, I — (A — )T is invertible, and

(= =wT)™ =Y (A= w"T] (7.2)
n==0
For z € D(T'} we have
I - -ph)z = Ty (e—-(A—pha)

= Tz — (- wI T
= Ty'z— (A -p)(z+T7H0)
= (A-T)z- -z +T(0)

= (u-Ta.
Thus,
Tp=({~ (A =p)Tr)'Th. (7.3)
It follows from { 7.2) and ( 7.3) that
Ty = (A~ pw"Tytt (7.4)
n=0
Thus,
. Tu - T,\ == T;\ ‘2;1()\ - p.)nT;l
and -
Ty = Tall <UD D A = s lITaim. (7.5)
=]

Letting 2 — X in ( 7.1) and applying ( 7.5), the result follows.

<&
Corollary 7.2.6 The family {15 : M€ p(T). } i holomorphic.
Corollary 7.2.7 If A € p(T), then |A~ | < |[Tal|"" implies that T, = ffo(x — WNTIHL.
ne

Proposition 7.2.8 o(T) = o(T").
PROOF
This follows from the State diagram from Closed Linear relations.

<
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Proposition 7.2.9 Let T be open, injective and have dense range. Then

oT)c{rel| A 2~T)}

PROOF
Choose A such that 0 < |A| < ¥(T). Then by Corollary 3.5.4 A — T is open, injective and has

dense range. Thus A € p(T).

Example 7.2.10
(1) Let X be a nontrivial normed linear space, and let 7" be the linear relation with graph G(T') =
X xX. Then T=T"%, ||T]| =0and T)(0) = X for any A €@, and hence T is bounded and

p(T)=p(T71)=0.

(2) Let K : I — Iy be defined by Kz := (0,21, %,...,%8,...) forz = (z1, 22,23, ... ) € I5. Then
K is compact with o (K) = {0}. Let M be non-trivial closed subspace such that MNR(K) = {0},
and define K> € LR{l;) by Kiz := Ka+ M. Then K is closed. Now let A €, A # 0. Then
X € p(K), A—K is surjective and for m € M, m # 0, thereexists « € X such that (A—K)z =m.
Thus (A — Kz)x = M = (A — K3)(0), ie. )€ F;(K3), and o(K2) D p(K) = \ {0}. Since
o(K>) is closed, o(K3) =C.

Lemma 7.2.11 Let T be continuous and densely defined. Then

Jim [T = 0.
i}t ee

PROOF
Without loss of generality we assume that X is complete and T is closed. For A, u € p(T'), p fixed,

it follows from the resolvent equation, Proposition 7.2.2, that
(O T ~-T)= (- AT (p-T)

if and only if

T\(p —T) = Ipiry = (n — N TaIp(ry.
Since D(T) is dense, it follows that [|ThIpry || = [|Talpmy |l = ||Ta]]. And, since (u—T)(0) C D(T%)
it follows from Corollary 2.3.13 that

[ = P ITAl < 1+ 1T | — T

Thus, since |jp — T'|| < oo,

(1 - e=IhIT| < sy

Letting |A| — oo it follows that lim [Ty} = 0.
|A] =00
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Theorem 7.2.12 Let X be a non-zero normed space, and let T € LR(X) be continuous and
densely defined. Then the o(T) is non-empty.

PROOF
Without loss of generality, we assume that X is complete and T is closed. Thus D(T) = X.

Suppose p(T') =€. Then by Theorem 7.2.5 we have for z € X, 2’ € X' that

# i
lim Zfez=z Dz _ _up2,
SN u=A A

Thus, the single-valued functionf(A) = «'T\« is an entire analytic function. Furthermore,

LFN <l 1 T el

Since |A1|ii>n [ITx]] = 0 (Lemma 7.2.11), it follows from Liouville’s theorem that f(\) = 0 for all
o0

A €@. Since o' € X' was arbitrary, it follows that Thz =0 for all z € X. Thus X = N(T)) =

(A = T)(0) = T(0), and hence,

0=0-T)O0)=T0(A-T)z==x

for all z € X ( since T) is injective), which contradicts our assumption that X is non-trivial.

7.3 The Spectrum of a Linear Selection

Lemma 7.3.1 Let T € LR(X ,Yf). Then A is a linear selection of T if and only if A — A is a
selection of A ~T.

PROOF
If A is a selection of 7', then Yz € D(T') we have

Tz = Az + T(0).
Thus,

A=-T)x=dz— Az +T0) = (A—A)z+ (A= T)(0).
Since A — A is single-valued, A — A is a selection of A —T. The converse follows from what has just

been shown, using
A=d~A-A)and T =2~ -T).

<
Proposition 7.3.2 Let T € LR(X,Y). If A is a linear selection of T, then P, (T) = P,(A).
PROOF
This follows from the fact that N(A - T) = N(A — A).
<&
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Proposition 7.3.3 Let T € LR(X,Y). If A is a linear selection of T and A # T then p(A) C
P, ().

PROOF

Since A # T, T(0) # {0}. Since o(T) = o(T) and o(4) = o(4), we assume without loss of
generality that X is complete and T and A are closed.

Suppose A € p(A4). Then X — A is surjective and for y € T(0), y # 0, there exists € X such that
(A= A)z =y. Thus (A —T)z =T(0) = (A —T)(0), i.e. A€ P (T).

Remarks 7.3.4

We note that the completion A of a linear selection A, as in Proposition 7.3.3 above, may not be

single-valued.

7.4 The Augmented spectrum and the Mdbius transform

Proposition 7.4.1 Let u € p(T), and let X # p. Then
NA-T)=N((p-N""~@-17)"1).

In particular, X is an eigenvalue of T if and only if (L — A)™? is an eigenvalue of (u —T)™ !, and

the corresponding eigenvalues have egual geometric multiplicities.

PROOF
We first note that z € N((p—A)"' = (g —T)7') ifandonlyif == (u— A)(p—T)"'z. The
latter implies that z € R((x — T)™!) = D(u — T') and, hence, it suffices to consider the case

ze D), =z+#0:

zeNO-T) & (A-Tz=M\-T)(0)=T(0)

(p—T)z = (p~Nz+T(0)

g+ (p=T)"(0) = (p~ N -1z + @ -T)7(0)
g=(@p-Np-T)"z

T-p-NE-T)Hz=0

(5 =N = (@=T) e =0.

¢ 8¢ ¢

¢

Definitions 7.4.2 Let @ =@ U {00} endowed with the usual topology, and let p € €. The
Maébius transform 7,,()) is defined by :
(=N fred\p
Nu(A) =< oo fA=p
0 if A =00

156



Let T € LR(X). The augmented spectrum of T" is defined to be the set :

) { o(T)U {0} if 0€ (T
a{T) otherwise
Remarks 7.4.3

The Mébius transform is a topological homeomorphism from €, onto itself. Note that {00} ¢ &(T)

if and only if 7" is a bounded linear operator.
Theorem 7.4.4 Let T € LR(X) and suppose D(T') # {0} and p € p(T). Then
‘!}#(6(2‘)) = U(Tﬁ)'

PROOF
Without loss of generality, we assume that X is complete and T is closed. Let A €@, ) # u, and

let S = (u— A)((u—A)~' = T,). Then

A=T = (u=T)—(p—A)
= (I—-(-NT,)p—-T) (since DT,)=X oend T,(0)=0)
= Su-T). ; » (7.6)

Suppose A € p(T"). Then S is injective since

(b= Nz =T,z

(=N w-Tz=z+@-T)0) =z+T(0)
(b-Tz=(u—-Nz+T(0)

(A-Tzx=T0) = (A —-T)0)

z=0 (since A—T 1is injective).

Sz =0

P U

1t follows from ( 7.6) that for A € p(T"), we have X = R(A~T) C R(S) Thus S is surjective, and,
hence, S is open. Thus (u — A)~! € p(T},).

Conversely, let (u ~ A)~! € p(T,). For z € D(T), it follows from ( 7.6) that
A =Dzl| = |IS(s—Thell = v(S(k—T))d(z,T,571(0)).
Since 7,,571(0) = T,(0) = 0, it follows that
A =D)zl| = 4(S(p—T))l=ll-

Now v(S(u—T)) 2 v(8)y(p—T) (Proposition 2.3.11). Thus, since ¥(S) >0, (u—2A)"! € p(T})
and y(u—T) >0 (u€ p(T)), it follows that A — T is open and injective. From ( 7.6) it follows
that A — T is surjective. Thus A € p(T').
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7.5 The Polynomial Spectral Mapping Theorem

Proposition 7.5.1 Let T € LR(X). The relations A —T and u — T commute.

PROOF
Clearly

D((u=T)A~T))=D(T?) = D(A - T)u—~T))-

For z € D(T?) we have

A=-Dp-Tz = A-T)(pe-Te)
= (A-THpz-ylyeTz,ye D)}
= ({Puzx-dy—-pTz+Ty|ye T,y D(T)}
= dpz—-A+p)Tz+ T
= (u—~THA-T)z.
<&

Proposition 7.5.2 Let X be complete, and let S,T € LR(X) be closed bounded below and surjec-

tive. Then ST has the same properties.

PROOF
Clearly ST is injective. Thus, since v{(ST) > v(S)¥(T") (Proposition 2.3.11), it follows that ST is

bounded below. Since ST(X) = S{T'X) = SX = X it follows that ST is surjective.

We now show that ST is closed. Let {p, 2n}nev be a sequence in G(ST) such that (z,,2,) —
(z,z). For each n there exists y, such that (zn,yn) € G(T) and (yn, zn) € G(S). Since S~! is
continuous and single-valued, y, = S~ 'z, converges to some y € X. Since S is closed, it follows

that (yn, 2an) = (y,2) € G(S). Since (zn,yn) — (2,y) and T is closed, it follows that (z,y) € G(T).

Thus (z, z) € G(ST).
<o

Theorem 7.5.83 Let X be a normed linear space, and let T ¢ LR(X). Then for any complez

polynemial p we have

o((T)) = p(a(T)).

PROOF
Fix A €@, and let

p =20 =e I (a5 - ).
!
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Then .
pul —p(T)=c H(ajf - T). (7.7
F=1
Without loss of generality, we assume X is complete and T is closed.
Let p € o(p(T)). ¥ aj € p(T) for all j = 1,2,...,n, then, by Proposition 7.5.2, p(T') — pu would be
bounded below and surjective, cantradicting the assumption that ¢ € o(p(7T")). Thus3j, 1< j < n
such that a; € o(T). Since p{a;) = p, it follows that p € p(o(T)).

Conversely suppose that u € p(o(T)). Then u = p(A) for some A € ¢(T). Thus A = a; for some j

such that 1 < j < n. Since the factors commute, (Proposition 7.5.1), we may assume that j = 1.

Suppose a; — T is bounded below. Then it cannot be surjective (a; = A € o(T)). From ( 7.7) it
follows that u — p(T') cannot be surjective. Thus u € o(p(T)).

On the other hand, if a; — T is surjective for every j, 1 < j < n, then by the Open Mapping
theorem, «; — T is open for every j, 1 < j < n. Since ay € ¢(T), a3 — T cannot be injective.

Thus g — p(T) is not injective. It follows that p € a(p(T)).
<

7.6 The Domain of Iterates of a Linear Relation

Theorem 7.6.2 applies the Baire property for linear relations, Theorem 3.1.6, and is a generalisa-
tion of a theorem due to Lennard [92]. It gives a condition for an arbitrary set of polynomials of

a relation to share a common dense domain (see also Example 3.1.5).

Notation 7.6.1 Let T € LR(X). We define the set Z(T) by :
S(T) = {(S€LR(X)|S=aT +8l, a,f €K, and S(D(T)) is dense }.

Theorem 7.6.2 Let X be complete and let T € LR(X) be closed with D(T) dense in X. Suppose
oAT) # 0 and {Sn} is any sequence of operators in S(T'). Then

o0 oC
(a) 1 S5152...5,D(T™) is dense in X. In particular, [} D{T™) is dense in X.
n=1 n=1

(b) If R(T) is dense, then [o']o TD(T™) is dense in X .
=1
PROOF
Let p € p(T), let (Xo,|l-llo) == (X,||dlx), and let X, := D(T™),n € IN, with ||z||,, :=
lell + (e = Dhall + - . + ||(p = T} 2| for z € X
Since T is closed, each (X, ||-|I») is a complete normed linear space. Let n be fixed, and let z € X,.
T and I map (Xn,||-lln) onto (Xn-1,]|-]ln-1), and clearly ||Iz||n-1 < ||2[|n. Furthermore,
ITzllnr < (e =T)allnr + |ullizlln-
= |l =Tzl + (e = Tl + ... + ||(e = T)a]| + |l [&]ln—1

IA

llzlln + |ulllz]in
(1 +leDllz(ln-

Il
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Thus, T and I are continuous as elements of LR(X,, Xn—1), and hence, § := BI + oT maps
(X, |IdIn) continuously into (Xn—1, [|/}n—1)-

We now show that S(X,) is dense in X,_; when S{D(T)) is dense in X.

Let y € Xp.y = D(T™!), and fix € > 0. Since S commutes with u — T, it follows that for all

z € X,, we have

lly = Salla-r = lly = Szl + [|(u— D)y - Sz}l
+ok =Dy = Soll + [I(u~T)"" y ~ Sa)]
= TN e =Ty = S =T+ T (e = Ty = S(u = D )|
ok [Tule = Ty = S =TV 2| + [l = D)™y = S(u = T)"a|
< TP+ ITAP2 o+ T+ DG =Tty = S = )|
= Bull(p -y~ Su~T" ||,

where By, == ||T.||" ! + [|TLlP2 + ...+ || T + 1

Consider (g — T)"“lyv ¢ X. Since S(D(T)) is dense, there exists z € D{T') such that
d((u—-T)""1y,82) < #-.

Now T, maps X onto D(T). Let o := T '2. Then

zo=((r—T)") e =((u-T)""") 12 € Xpn=D(TT),

”y"'SmOHn-1 < Bn“(lj*‘”T)n_ly —S(/.l,-—-T)n_l-’L'O”
= By|l(p—T)" Yy ~ Sz + T 1(0))||
= Bul|(p-T)" 'y = Sz +T™0)||

Thus (a) follows from the Baire Property of Linear Relations. In particular, if a = 0 and # =1 in
o0
S = pBI+aT then (| D(T™)is dense in X. Similarly, (b) follows from (a) witha=1and 8 =0
=1
inS=pI+al.
o

7.7 The Invariant Subspace Problem

Saveliev [126] extended Lomonosov’s theorem [99] to include multivalued linear operators, and
gave a proof for linear relations whose multivalued parts are finite-dimensional by applying fixed
point methods for multivalued operators. He then applied this theorem for multivalued operators

to prove a new variant of Lomonosov’s theorem for single-valued linear operators.

In this section we give alternative proofs and extend these recent results. We also make the

distinction between left and right commutation for linear relations - only right commutation is
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considered in [126], where two multivalued operators are said to commute if they right commute

in the sense given below.

Definitions 7.7.1
Let T € LR(X). A set M of a normed linear space X s said to be T—invariant if T(M) C M.

M is said to be weakly T—invariant if T(M)NM #0.
Let § € LR(X). We say that S left commutes with T if G(ST) C G(T'S), and that S
right commutes with T if G(TS) C G(ST). We define the left commutant and right

commutant, denoted Commyp{T} and Commp(T), respectively, as follows :

Commp(T) = {S€LR(X)|S left commutes with T and D(T)= D(S) },
Commpg(T) := {S€LR(X)|S right commutes with T and D(T)= D(S) }.

We note that if T is single-valued then there is no distinction between the left and right com-
mutativity. The invariant subspace problem is concerned with the existence of nontriviel closed
subspaces which are invariant under 7. When T is multivalued, the subspace T(0) is always
weakly T'—invariant. In this sense, space T'(0) is trivially weakly invariant. Thus, in the context of
multivalued relations, the invariant subspace problem should be interpreted as the question about

existence of an invariant subspace distinct from {0}, T(0), and X.

Examples 7.7.2

(1) If A€ P,(T) then the eigenspace N(A —T) is T—invariant.

(2) The orbit {z,Tx,T?z,...} isa T—invariant. If X is non-separable and T'(0) is a separable
subspace of X, then the closed subspace generated by {z,7T'z,T?z,... } is a non-trivial invariant

subspace.

(3) Thesets L, := {Sz|S € Commp(T)} and R, := {Sz|S € Commg(T)} are S—invariant
for every S € Commp(T) and S & Commpg(T), respectively (these sets may be trivial, though).

Proposition 7.7.3 LetT, S € LR(X), and suppose Pr and Pg are single-valued projections with
kernels T(0) and S(0), respectively.

(a} If S € Commp(T) and z € D(T), then

PsSPrTz C PrTPsSz+ PrTS(0) + T(0) + S(0).

(b) If S € Commpg(T) and z € D(T), then

PrTPsSz C PsSPrTz+ PsST(0) + S(0) + T(0).
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PROQOF
(a) Clearly

G(PrST) C G(PrTS),

and, since PrT is a selection of T,
G(SPrT) C G(8T) Cc G(TS). (7.8)

Let y € SPrTx for some z € D(T). Then, applying ( 7.8), y € TSz, and, since PrT is a
selection of T', y € PrT Sz + T(0). Thus,

SPrTz C PrTSz + T(0).

Since Sz = PsSz + S(0),

PsSPrTx < PgPrTSx + PsT(0)
= PgPrTPsSz + PsPrTS(0) + PsT(0)
C  PrTPsSz + PrTS(0) + T(0)+ S(0),

which is what we needed to show.

(b) This follows by interchanging S and T in (a).

Proposition 7.7.4 Let T, S € LR(X).
(a) If S € Commyp(T), and P is a single-valued projection with kernel TS(0) + T'(0) + S(0), then

PSPT = PTPS.
(b) If S € Commpg(T), and P is a single-valued projection with kernel ST(0) + T(0) + S(0), then

PSPT = PTPS.

PROOF
By substituting both Pr and Ps in Proposition 7.7.3 with the projection P, similar arguments

apply, and we have for z € D(T):
PSPTz C PTPSz+ PTS(0) +T(0) + S(0). (7.9)

Since PS and PT are single-valued , the desired equality follows on applying P to both sides of
(7.9).

(b) This follows by interchanging S and T in part (a).
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Theorem 7.7.5 (Lomonosov) Let S € B(X). If S commutes with an operator T € B(X), T #

Al and T in turn commutes with a nonzero compact operator, then there exists a nontrivial closed

S-—invariant subspace.

Notation 7.7.6 We will use the following notation:

BRo(X,Y) = {T € LR(X,Y) | dimT(0) <o and T is continuous }

Theorem 7.7.7 Suppose T € BRs(X), and Al is not a selection of T.
(a} If there exists a nonzero compact relation K € Commy(T) N BRy(X), then there exists
a nontrivial, closed, weakly S—invariant subspace for any S € Commp(T)N BRy(X).

(b) If there exists a nonzero compact relation K € Commp(T) N BRy(X), then there exists
a nontrivial, closed, weakly S—invariant subspace for any S € Commp(T) N BRy(X).

PROOF
(a) Suppose S € Commy(T) N BRe(X) and there exists a nonzero compact relation

K € Commp(T) N BRy(X). Let P be a single-valued projection with kernel N(P) = TK(0) +
TS(0) + T(0) + S(0) + K(0). Since T, S, K € BRg(X), the projection P is continuous, and so
are the single-valued relations PK, PT, and PS. By Proposition 7.7.4, PK € Commy(PT),
and PS € Commyp(PT). Thus, by Lomonosov’s Theorem 7.7.5, there exists a nontrivial closed

PS—invariant subspace, M. For such M we have
S(M) C M+TKQO)+TSO)+T(0)+S0)+ K(0) =M+ N(P).
Thus, M is a weakly S—invariant subspace.

(b) The proof is similar to (a).
o

Corollary 7.7.8 Suppose S,T,K € B(X) such that K is compact, T # A, and there exists
a topologically complemented subspace N such thet T(NYC N, (TK-KT)z € N, z€ X, and

ST =T8. Then there exists a nontrivial closed weakly S—invariant subspace.

PROOF
Let K, € LR(X) denote the compact relation defined by

Koz = Kz+ N, zelX.
Then we have '
TKyx=TKz+T(N) C TKz+ N =KTz+ N =KyTz.
Letting P denote a continuous projection with kernel N(P) = N, it follows that PK €

Commpg(T). Furthermore, by Proposition 7.7.4, PK € Commpg(PT) and PS € Commg(PT),
and hence, there exists a non-trivial PS—invariant subspace M. It follows that S(M)C M+ N

and M is weakly S—invariant.
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Corollary 7.7.9 Suppose S,T,K € B(X) such that T # A, K is compact, and there ezists a
topologically complemented subspace N such that (TK -~ KT)z € N, z€ X, and K(N)CN.

If ST =TS, then there exists a nontriviel closed weakly S—invariant subspace.

PROOF
Let T € LR(X) denote the relation defined by

Tox =Tx+ N, z€X.
Then we have

KTIoe = KTz + K(N) C KTz +N=TKz+ N =TKz.

Letting P denote a continuous projection with kernel N(P) = N, it follows that K € Commg(T).
Furthermore, as in Proposition 7.7.4, PK € Comm(PT) and PS € Commy(PT), and hence,
there exists a non-trivial PS—invariant subspace M. It follows that S(M) C M + N and M is

weakly S—invariant.
<&

7.8 Further Notes and Remarks

The material in this chapter continues the work presented in Cross [35]. Section 7.3. is due to the
author, as well as the proof of Theorem 7.6.2 for multivalued operators. Burlando [25] showed that
the single-valued case of the latter (due to Lennard [92]) can be generalised to give an analogous
theorem for paracomplete operators which have non-empty essential resolvent (essential spectra

and resolvents are discussed in the next chapter). It is not known whether this result holds when

the operator is multivalued.

The definitions given in Section 7.7 are based on those given in Saveliev [126], and the proofs
of theorems given here are due to the author. The first examples of operators without invariant
subspaces were found independently by P.Enflo and C.Read (see Beauzamy [18] for further refer-
ences and counterexamples). A survey of work on the invariant subspace problem and references
to significant contributions can be found in Abramovich, Aliprantis and Burkinshaw [1] and the

paper, Some aspects of the invariant subspace problem, by Enflo and Lomonosov in [71].

In 1999, Read [123] provided a counterexample to the question whether every continuous strictly
singular operator has an invariant subspace. Since every continous operator on the space of Gowers
and Maurey is of the form form AJ + 5, where S is strictly singular, a positive answer to the latter
question would have revealed the first known example of an infinite dimensional Banach space such
that every continuous operator on it had an invariant subspace (see Androulakis and Schiumprecht

[6]). This question is still open for the Gowers and Maurey space.
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Chapter 8

The Essential Spectra of Linear

"

Relations

8.1 Introduction and Definitions

H. Weyl showed that the limit points of the spectrum (i.e. all points of the spectrum, except
isolated eigenvalues of finite multiplicity) of a bounded symmetric transformation on a Hilbert
space are invariant under perturbation by compact symmetric operators (c¢f. Riesz and Sz-Nagy
[124]). In the modern theory of linear operators, the essential spectra are subsets of the spectrum
which are stable under perturbation by small and relatively compact operators. In this chapter we
apply results which were given in Chapter 5 to show that theory for the essential spectra known

for linear operators can be extended naturally to linear relations.

Definitions 8.1.1 The essential resolvents, p.(T) for i = 1,2,3,4,5, of T € LR(X) are
defined as faltowé :

per(T) {re€¢|(A-T)ed, ud_}

pea(T) = {Ae€|(A-T)edy}

pes(T) {re€¢ | (A-T)ed}

pea(T) {re€ | (A-T)e® and k(A -T) =0}

Pes(T) = U pg';) (T) where pgrf)(T) is a component of p.1(T)
and p(T)Np(T) # 0

The essential spectra, o.:(T), i=1,2,3,4,5, of T € LR(X) are the respective complements

of the essential resolvents :

0ei(T) = w\pei(T)r 1=1,2,3,4,5.
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We also define

AT = {re€|(A-T)ed_}
ola(T) = €\ p(T)

Remarks 8.1.2

Applying properties of Fredholm relations, we may equivalently define the essential resolvents as
follows:
pa(T) = {A€C|(A-T)eFUF}
pa(T) = {Ae€|(A-T)eFy }
pa(T) = {AeC|(A-T)eF}
pet(T) = {AeC@|A-T)eFandr(A-T)=0}
= {reC|(-T)eFanda(P~T) =1 -T) < =}

Clearly we have that pei(T') D pe;(T) for i < j < 4, and, thus, 6.i(T) C 0;(T) fori < j < 4. We
will see later that pea(T") D pes(T'). It also follows from the definitions that pe; (T) = pei(T), i =
1,2,3,4,5.

Applying the equivalences

Te®, & TeF,, and

Ted. & TerF_,
we may investigate the properties of the essential spectra and the essential resolvents of T € LR(X)
by passing to the completion of X and that of T ( Corollaries 5.2.11 and 5.8.5). Therefore,

in the sequel we assume that X and Y are Banach spaces and T is closed.

8.2 Basic Properties of the Essential Spectra

We begin this section by showing that the various essential spectra are closed, and then illustrate
some characteristic properties. In the single-valued case, the set [ o(T + K) is referred to as
the Weyl essential spectrum. Proposition 8.2.4 shows that oy (Igeﬁgn be characterised in terms
of the Weyl essential spectrum in the Multivalued case as well (cf. Edmunds and Evans [49]). We
conclude this section by giving properties of the quantities a(A —T), S(A—T) and s(A—T) for

A in the essential spectra, and deduce in Proposition 8.2.9 the inclusions
0e1(T) C 0e2(T) C 0e3(T) C 0e4(T) C 0e5(T) C o(T).

Proposition 8.2.5 is included here for application in Proposition 8.2.9 and is based on the single-

valued analogue given in Goldberg [60].
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Proposition 8.2.1 Fori=1,2,3,4,5, 0.:(T) is closed.

PROOF
Suppose A € pei(T), i=1,2,3,4,5. Since R(A-T) is closed, it follows from the Open Mapping

Theorem, 3.3.7, that YA —T) > 0. If A—=T € F, and |y < v(A—T), then by Theorem
54.2, p+A—~T € Fy. Similarly, if A—=T € F_ and |p| < y(A~T"), then by Theorem 5.7.1,
p+A=T € F_. Thus, pe1(T), pe2(T) and pe3(T) are open. Furthermore, by Theorem 6.1.1,
s(p+A=T)=r(A-=T), ie. pea(T) is open. Since each component of p.;(T") is open, so is

Pes (T) .

Proposition 8.2.2 Let T € LR(X) . Then
() 6ei(T') = 60i(T) fori=1,3,4,5
(b) oea(T") = 05(T)

PROOF
(a) Suppose A € pi(T), i=1,3,4. By Proposition 2.7.6, a(A—T") = B(A—T) since R(A-T)

is closed. By the Closed Range Theorem 3.3.8, R(A —T") if and only if R(A —T) is closed
and, since A — T is open, B{(A —T') = a(A —T). Thus, the result holds for ¢ = 1,3 and 4. Since
per(T) = per(T') and p(T) = p(T"), it follows that p{P)(T") = o) (T), i.e. the result holds for

i=235.

(b) follows from the reasons given in (a).

<
Proposition 8.2.3 A € 0e2(T) if and only if A — T has a singular sequence.
PROOF
Since A € 0ea(T) if and only if A — T ¢ F, the result follows from Theorem 5.9.3.
| <

Proposgition 8.2.4

oa(T) = [ olT +K),
PeEKy

where K7 :={K € LR(X) | K is compact and K(0)C T(0) }.
PROOF

We show first that gea(T) C MNgex, o(T +K). Suppose A € [\ger, o(T + K). Then there
exists K € K such that A € p(T+ K). Thus A € p4(T + K). By Propositions 5.4.2 and

571, \-T=X—-T~K+ K € &, and by Theorem 6.1.2,

kA=T)=k(A-T - K+K) =x(A-T - K).
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Thus , A € pea(T), Le. A& 0ea(T)

Conversely, suppose X € pea(T). Then R(A —T) is closed, and a(A ~T) = (A = T) = n,
say. Let {x1,...,2,} and {y},...,y,} be basesfor N(A—T) and R} -T)t =N\ -1,
respectively. Choose 2% € X’ and y; € X, j=1,...,n such that

4

xj:z:k = 5,'5;, and
Y = s

Y% = Ojk,

where d;;, = 0if j # k and 65, = 1 if § = k, and define K € LR(X) as follows:
k13
% = Z (zhx)yr, z€X
Then dim R(K) < oo and

1Kzl < (ZH%HII%H)H%H

By Proposition 5.2.5, it follows that A is a compact operator. By Propositions 5.4.2 and 5.7.1,
it follows that A — (T'+ K) € & and by Theorem 6.1.2, k(A — (T + K)) =&\ - T).

Without loss of generality, assume XA = 0. Now if z € N(T), then z = z axZx and zj(z) =
aj, 1 <j < n. On the other hand, if z € N(X), then z)(x) = 0. Thus N(T) ﬂN(K) = 0.

Similarly, if y € R(K), then y = E aryr and yi(y) = a5, 1 < j < n, and if y € R(T), then

¥;(y) = 0. Thus R(K) N R(T) = 0

Next, suppose ¢ € N(T + K). Then Tz = —Kz + T(0). It follows from the argument above,
n

that Tz = T(0), i.e. © € N(T). Thus, z = ) axzs and 24(2) = ax, 1 < k < n. Since
k=1

n
Kz =Y (zlz)ye =0, it follows that z}(x) = 0, 1 < k < n, and hence z = 0. Thus, (T + K) =
k=1
0=8(T+K), ie. 0€ ps(T+K) .

<

Proposition 8.2.5 Let X and Y be complete, and suppose T € &, UP_ and S € LR(X,Y)
satisfies D(S) D D(T), S(0) = S(0) ¢ T(0), and ||S]] < ¥(T). Then 3 v > 0 such that
o(T + AS) and B(T + A\S) are constant in the annulus 0 < |\| < v.

PROOF
We first agsume «(T) < oo. Let A 52 0 and let x € N(T + AS). Then

Tz D —ASz,
whence

Sz ¢ R(T)=:R;, and
z € SR, =:D.
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Thus

-XSz C Tz TDy = Ry, and
z € ST R, =:D,.

Proceeding in this way, we obtain

Rk+1 = TDk, where Dk = S“IRk,

Clearly

RyDREy>... and Dy DDy D ...

It follows from the construction of these sequences of subspaces that

N(T +AS) ¢ ﬁ Dy. (8.1)

k=1
By induction, we have that R, are closed subspaces of Y, and D, are relatively closed subspaces
of D(S): from the hypothesis, R; is closed, and, hence, since S is continuous, and S(0) is closed,
Dy is relatively closed in D(SY}); if Ry and Dy are closed and relatively closed, respectively, then,
since Tlp, € ®+ U ®_, it follows that Ry.1 = TDy is closed, and, since S is continuous, and

8(0) is closed, Dgy1 = S~ Rp4: is relatively closed in D(S).

Define
o0
X1 = ﬂ Dy, and
k=1
o0
i = [) R
) k==l

Then, by the definitions of By and Dy, it follows that
TX;CY, and SX;C Y.
Now define 73 and S) by :
71 :=T|pr)nx,» end S := S|pmynx,-
Then R(Ty) € Y7 and R{S1) C Y1, and since T ig closed and X is relatively closed in DogS) and

hence also in D(T'), T} is a closed relation. To see that T is surjective, let y € Y1 = [} 7D,.

ne=l

Then for each n > 1, there exists z, € D,, such that y € Tz,. Since a(T") < o0 and Dy, D Dy,
there exists kg such that for & > ko,

N(T)N Dy = N(T) 1 Dy,
and for zp € Dy, and zx, € Dg,,

Tk — Thy € N(T)YN Dy, = N(TYN Dy, C Dy,
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From this it follows that

ko € {| Dk =X1, and y€ Ty,
k> ko

ie. Ty is surjective. By the Open Mapping Theorem 3.3.7, T} is open.

By Theorem 3.5.2, Propositions 5.4.2 and 5.7.1, and by Theorem 6.1.1, 3 v > 0 such that for

|A] < v we have

&(T+A8) = &{T). (8.2)
Since

BTy +)S1) < B(Ty) = B(T) = 0, (8.3)

it follows that A(Ty + AS:) =0, and hence

oalTy +AS1) = k(T +2A8) = k(Ti) = ofhh). (8.4)

By ( 8.1), it follows that for A # 0,
N(T + AS) = N(T) + AS)). (8.5)

In particular, «(T + AS) = o(T1 + AS1). By ( 8.2), ( 8.3), ( 84) and ( 8.5) it follows that
a(T + \S) and B(T + AS) are constant in the annulus 0 < |A| < v.

If o{T) = oo, then B(T) < oo, and the result is obtained by passing to the conjugates.

<

Proposition 8.2.6 Let X be complete and let T € LR(X) be closed. If pfg?)(T) is a component
of pei(T), 1=1,2,8, then a(A-T) and B(A—T) have constant values, n; and ny, respectively,

ny,na € IN U {00}, except perhaps at isolated points where

alXA—=T)y>mn and B\ ~T) > ns.

PROOF

We first prove the result for the quantities a(A — 7). Since any component of an open set ind is
open, we have that pi?) (T') are open sets. We first consider the case pi'l") ). BaA~T) =
for all ) € pi’l’”)(T), then we are done. Now suppose a(A — T') < oo for some A € pf:;) (T), defire
a(A) := a(A—T), and chaose Ag such that a(Ae) = ny is the smallest non-negative integer attained
by a(A) on pg'f) (T). Suppose]a(/\' } # n, for some A. Since pgrf) (T} is connected , there exists an
arc A in pg'f) (T") with endpoints Ag and X'. Since A\—-T € &, U ®_ , it follows from Proposition
8.2.5 that for each p € A there exists an open ball B, contained in ,og’f)(’f) such that a(A) is
constant on B, \ {u#}. Since A is compact, there exists a finite set of points A, Az2,..., Ay = X

such that B,,,By,,..., B, cover A,and, for 0 <i<n -1,

B}«i n B;\e+1 #0. (86)
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It follows from Theorem 3.5.2 that a()) < a(Xg) for A sufficiently close to Ag. Thus, since a(Ao)
is the minimum value attained by a(A) on pﬁ';’) (T), it follows that a(A) = a(Ae¢) for A sufficiently
close to Ag. Since a()) is constant for all A # Ag in By, this constant must be a(Ap). Similarly
a()) is constant on By, \ {\;} for 1 < ¢ < n. Thus, by ( 8.6) that a(A) = a(Ag) for all A € By \{X'}

and a{)') > ni.
To see that the result holds for B(\ — T'), we pass to the conjugate of T" and apply the above, and

the equality

a(A—T") =B(\~T).

The proofs for pgg) (T} and pgg) (T) are similar.

<

Proposition 8.2.7 A € ps(T) if and only if A € pes(T) and a deleted neighbourhood of A lies in
o(T).

PROOF
Suppose A € po5(T"). Then, by definition, X les in a component p,(:f)(T) of pe1(T) which intersects

p(T). Let C be such a component. Clearly C N p(T) is open.

Since p € C N p(T) implies a(p - T) = fu —T) = k(g = T) = 0, it follows from Theorem 6.1.1
that k(A —T) = 0 for A € C when A is sufficiently close to p, and, hence for all A € C'. Applying
Proposition 8.2.6, we see that a(A —~T) = B(A —T') = 0 for all except some isolated points, say \;
where a(A; — T) > 0 and B(A; = T) > 0. Thus if A € p.5(T), then either A € p(T') or A is one of

these isolated points in pes(T').

Clearly the converse is true.

Corollary 8.2.8 If pe4(T) is connected and p(T) # 0, then pes(T) = pea(T).

PROOF
Since p(T) C pea(T), it follows from the hypothesis and Proposition 8.2.6 that (A - T) =

B(A—=T) =0 for all A € p4(T) except perhaps at isolated points, i.e. a deleted neighbourhood of
A lies in p(T). The result follows from Proposition 8.2.7.

Proposition 8.2.9

o'el(T) < Uez(T) - aeé(T) C 0'54(T) C UcS(T) c O(T)
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PROOF
Clearly

per(T) D pez(T) D pes (T) D pea(T).
The remaining inclusions follow from Proposition 8.2.7.

&

Proposition 8.2.10 The indez is constant in each connected component pi’,;‘)(T) of per(T), k =

1,2,3,4,5.

PROOF
Clearly the result holds for pgﬁ) (T'), and it follows from Proposition 8.2.7 that the result hold for

pENT).

Let X and ) be distinct points in pg’,z) (T),k=1,2,3. Let A be an arc in pf:,:) (T") with endpoints X
and ). By Theorem 6.1.1, there exists € > 0 such that x(u — T) = (X — T) for any u such that
| — A] < e. Clearly the open balls B(A), A € A cover A. Since A is compact, a finite number of
these balls suffices to cover A. Since each of these balls overlap, it follows that k(A—T) = &()\ —T),

8.3 Perturbation of the Essential Spectra

In this short section, we apply perturbation theorems for Fredholm relations to verify the stability
properties of the essential spectra under small and compact perturbation. In particular we arrive

at a generalisation of Weyl’s theorem for linear operators.

Theorem 8.3.1 Let X and Y be complete, and let T € LR(X) be closed. Suppose S € LR(X) is
T — compact with T—~bound b < 1, and D(S) D D(T) and S(0) C T(0). Then fori=1,2,3,4

oei{T +5) = Uei(T)-
If additionally pes is connected and neither p(T') nor p(T + S) are empty, then

Oes (T + S) = 0e5(T).

PROOF
By Corollary 2.8.7, the norms ||-||,. and ]|_||,_, are equivalent and hence, S is (A — T') — compact.

Let G,_, denote the graph operator from space X, . = (X,||z||,_z) into X. Suppose
A—T € &.. Clearly R(TG, .} = R(T), and as subsets of the set X, we have N(T'G, ;) = N(T).
By Proposition 2.8.4, (A — T)G,_, is open, and hence (A —T)G,_, € ®4. Thus, by Propositions
54.2 and 5.7.1, it follows that (A - T)—- 8§ = A -~ (T'+ 5) € &, and by Theorem 6.1.2,

k(A= (T +8)) = (A= T).
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On the other hand, suppose A — (T" + S) € $1. By the equivalence of the norms ||.||z and
lllr~(r+s) (Proposition 2.8.6 and Corollary 2.8.7), it follows that S is (A — (T + S)) — compact.
Arguing as before, it follows that A — T € ¢4 and k(A = T) = &(A — (T + 5)).

Thus pei(T + S) = pei(T) for i = 1,2,3,4. It follows from the additional hypotheses, Corollary
8.2.8, and what has just been proved that

2e5(T) = pea(T) = pea(T + S) = pes(T + 3).

8.4 Functions of the Essential Spectra

Theorem 8.4.1 below is analogous to the Theorem 7.4.4 on the M&bius transform of the spectrum.

Theorem 8.4.1 Let X be complete and let T € LR(X) be closed. Suppose u € p(T). Then for
t=1,2,3,4,5
A€ 0ei(T) & (u—N)"" € 0ei(Ty).
PROOF
Let S be as in Theorem 7.4.4, i.e.
Si= (= (e—-N"1-T,) .
We have that
A=T=S(u-"T).
Since T is closed, so is A — T, and since R(u ~T) = X it follows that

RO\ —T) = R(S). 8.7)

Since T}, is single valued,
a(A = T) =dimT,S~1(0) < dim $~1(0) = a(9).
Thus, S € &, implies that A — T € &4, ie (u—A)"! € pi(T,) implies that A € p.;(T) for
i=1,2,3. Applying Proposition 2.1.4 we have
(u =T =N =-N""=T,)
= @E-T)-@E-Npe-T)E-1)"
= @-T)-@-N+@-Tp-T)"'-E-T)(E-T)"
= A=T+ @=-ATT-TTY
= A-T

(p—-T)S

I

Thus, since x(u — T)and «(S) are finite and D(S) = X, it follows from Corollary 2.7.4 that

k(A — T) = &(S) + &(u — T) — dim(S(0) N N(u — T)). (8.8)
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In particular, if (g — A)™! € pea(T,) then &(S) = 0, and, since p € p(T), we have
k(p—T)=0=a(p~T). Thus k(A —-T) =0, ie. A€ p4(T). Applying Proposition 8.2.7, it

follows that the forward implication also holds for i = 5.

For the reverse implication, it follows from ( 8.7) that if A~ T € ®., then S € ®_, ie.
(b =A)"'1—T, € &.. Now suppose A ~T € &,. Then there exists M € C(D(A — T)) such
that (A — T)|p is injective. As in Theorem 7.4.4 it follows that S| is injective, and hence
a(8) < 0o. Thus, S € &, and consequently (1 — A\)~! — T, € ;.. We have

A€ pei(T) = (p—A)7' € pes(Ty) fori=1,2,3.

Now if A € pea(T) then (A —T') = 0, and since a( = T) = w(u — T) = 0 it follows from ( 8.8)
that 0 = x(S) = s((p ~ A)~! = T}). Thus (p—A)"! € pea(T,). Another application of Proposition

8.2.7 shows that the converse is true for ¢ = 5.

Theorem 8.4.2 Let X be complete and let T, S € LR(X) be closed.
Suppose . € p(T) N p(S) and T, — S, is compact. Then fori=1,2,3,4

035(8) = dei(T).

If additionally pe4(S) is connected then equality holds fori’ =5 as well

PROOF
For i =1,2,3,4 it follows from Theorem 8.4.1, that

Aeoei(T) & A—wt€ou(T,),
and
A€0ei(S) & (A—p)! €0elSy),
and by Theorem 8.3.1,
G'ez'(Tu - (Ty - Sﬁ)) = Uei(T#)-
Applying Proposition 8.2.7 shows that the result it true for ¢ = 5 under the additional hypotheses.

<

8.5 Further Notes and Remarks

In Cross [35], the subset 0. is investigated as the essential spectrum of a linear relation. The
definitions in this chapter are based on the classifications given in Edmunds and Evans [49] for
single-valued operators. The properties investigated above extend those given in [35], and generalise

some of the properties reviewed in [49].
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For simplicity, we have assumed that the spaces on which the relations are defined are complete,
and that the operators are closed. Fredholm properties are, however, stable under more general
conditions (reviewed in Chapter 5; cf. Cross [35] for the case g.; ). Thus, proofsfor oe, i = 1,2,3
do not necessarily require assumptions of completeness. The index may not be stable under
perturbation, though, and hence, generalisations which weaken assumptions of completeness for

Oei, £ = 4,5 would have to proceed with considerations similar to those applied in Chapter 6 for

Atkinson relations (cf. Labuschagne [84]).

Other subsets of the spectrum of a linear operator have also been investigated for stability under

perturbation, for example the Browder essential spectrum defined by :
op(T) = | {o(T+K)| TK=KT and K is compact }.

It is possible that such investigations may be extended to multivalued linear operators by the

methods employed in this work.
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