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Abstract 

Stock :'Iarket Forecasting using classical Time Series Analysis makes use only of closing prices, 
\\'hich is partial information market. A plethora of other information, for instance the readily 
available data on low and high stock prices is usually ignored. An Interval-\'alued Time Series 
Analysis approach is introduced and contrasted against the classical Time Series Analysis in 
utilising this additional stock market information. This approach could lead to a rich source 
of information for optimal financial decision making about the likely direction of the market 
prices. By its very nature interval analysis offers yast possibilities for accomodating this type 
of low and high price data, to make better forecasts. In this dissertation an attempt is made 
to model and estimate parameters in a context of Ilncertain input data, using interval analysis 
techniques. Though the results are not very cOllvincing, this approach offers hope for future 
research under more realistic Time Series models. 

Xhosa Translation 
Xa kuthekelelwa amaxabiso kwinkonzo zemali, kusctyenzis\\'a izixhobo eziqheleileyo, ikakhulu 

kuphelelwa ekllsetyenzisweni amaxabiso avela xa zivahvayo ezinkonzo zemali. Inkathazo yoluhlobo 
lokllt hekelela kukuba incukacha eninzi yezinkonzo ayityenziswa. ingakumbi awona maxabiso 
aphantsi, nawona maxabiso aphezulu ethi ifikelele kuwo imali. Lomqulu uqwalasela indlela 
entsha ekunokuthi isctyenzisv,'c ngayo lencukacha, ik"'enza oku ngokuYelela isixhobo esingaqhelekanga 
kwillzululwazi zencubeko kwinkonzo zemali. Ithemba ke ngokwenza oku lelokuba ekuhambeni 
kwexesha siyakuphuhliswa esisixhobo sibeluqilimba. 5ithi xa sisetyellziswa nezo seziqhelekile 
sinike umfutho ingakumbi kwabasenza kwezinkonzo zemali. 
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Chapter 1 

Introduction 

In today's \'olatile financial market it is desirable to use ideas based on interval analysis 

proposed by :'Ioore [1962] for providing some reliable inten-a! ranges of stock The goal 

of this dissertation is to empirically explore financial time series interyal modelling on the 

Johannesburg Securities Exchange of South Africa(JSE) data. 

1.1 Problem Statements for the Mini-Dissertation 

Interval analysis ,,-as introduced by Ramon E. :'Ioore at about 1959-1962 as a tool for auto­

matic control of the errors in computed results. that arise from input errors, rounding errors 

during computation, and truncation errors from using numerical approximations to mathemat­

ical problems. An important application is the enclosure of ranges of fUIlctions. which enables 

us. for instance to solve equations with interyal coefficients. to prove existE>nce of specific solu­

tions, and to soh-e global optimisation problems. Inten'al analysis techniques are used, in this 

dissertation, in a context where the time series models stock market prices/indices. It is also 

the time first that an attempt is made in using the techniques to estimate parameters using 

low and high share prices, The financial market models are statistical in nature, thus must be 

data-dri,'en. It follows that the merit of a financial model should be judged on whether the 

observed market dynamics haye been reasonabl~' captured. 
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1.2 Objectives of the Mini-Dissertation 

The primary goals for this mini-dissertation are to explore, both empirically and theoretically, 

the following: 

1. Understanding of the theoretical foundation of the inten'al-yalued time series and 

2. Empirically modelling the interval-valued AR(l) and the classical AR(l) modeL In order 

to achieye the second goals, the four objecti,-es for this mini-dissertation are defined as 

follows: 

Objective 1: Using the ideas of interval analysis to split the time series of Absa. Anglo Prices 

and JSE-Owr Index (from 06 IVlay 1987 to 15 September 2004) into nine distinct samples. 

Objective 2: Estimating the low-high classical AR(1) parameters using the nine distinct sam­

ples of Absa, Anglo and JSE-Oyer index. 

Objective 3: Performing interval AR(l) modelling uncler metric de; using the nine distinct 

samples of Absa, Anglo and JSE-Over index. 

Objective 4: Comparing the modelling results between classical and interval valued forecasts 

of low high share prices/index. 

1.3 Structure of the Mini-Dissertation 

Chapter 1 is used to state the aims of the mini-dissertation. Chapter 2 discusses the interval 

arithmetic. the support function and the lnetric in the inten-al space, particularly, a new gener­

alized metric de is proposed. Chapter 3 is used to reyiew the interval random variables and the 

concept of interval stochastic processes. Chapter 4 the classical AR(p) time-series analysis is 

reviewed. Chapter 5 an interval AR(1) model is proposed and particularly the related theory of 

AR(l) under de metric is developed. In Chapter 6, the empirical modelling efforts are carried 

on three JSE stock prices, Absa, Anglo and JSE-On:;r from 1\"0 aspects: using a naive classical 

A R (1) fitting Lm\,-High prices and from filtered intervals and using interval AR (1) under de; 

metric modelling on them. Then in terms of five-day !!forecasting" , the naive low-high price 
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intervals and interval AR(l) under de price intervals are compared. Chapter 7 is used to state 

a few remarks of the empirical modeling eyidence. 

The bibliography lists the references used for the completion of this dissertation. 

The appendix includes the rvlathematica programing codes used to calculate the various 

parameters required for the analysis. 
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Chapter 2 

A Review of Theoretical 

Foundations of Interval Analysis 

2.1 Uncertainties of randomness and imprecision 

The intelTal random wniable theory sern's the purpose that the data is constituted of interval­

yalued obseryations due to the randomness uncertainty and imprecision uncertainty (hard un­

certainty). Uncertainties are intrinsically rooted in em'ironmental problems. An uncertainty is 

said to be 80ft if the ayailabJe information concerning the "alue of the critical pollution threshold 

can be modelled by a unique (addith'e) probability mea<;ure. In contrast the hard uncertainty 

arises ,vhen t he environmental variables concerned ha"e bot 11 randomness and imprecision so 

that the information ayailable is not adequate to be modelled by a unique probability measure. 

liThe concept of hard uncertainty seems to be particularly relm'ant in the discussion of many 

environmental risks. Indeed, concerning most of these questions the experts consider that the 

current state of scientific knowledge is not sufficient to measure precisely the incurred risk. II 

Situations of regular uncertainty can be associated with the concept of dosed random inter-mls. 

Indeed closed random iuten'als define a system of upper and Imvcr probability measures which 

are the upper and lower envelopes of a (convex) dass of prooaoility measures (Dempster [1968]). 

The interval random variable theory is linked to the interval analysis. R. E. Moore [1979] 

pointed out that uncertainty in initial data would be a more accurate description for many 

applications than "error" in initial data. In practical situations. the data ooservations collected 
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depend upon the measuring equipment, what is often guaranteed is the upper bound 6.; on the 

measurement error 
A /::,.~ 

UYi = Yi Yi· 

This upper bound is characterized by the equipment itself i.e .. I6.Yi I ::; 6. i . Once the measure­

ments are collected, what we really know is that the actual (unknown) yalue Yi belongs to the 

interval Yi = [yi,Yi"]: where 

l/::'~ A dUl>.- i\ Yi = Yi - Ui an Yi = Yi + l...li· 

The operations and properties with respect to interval-yalued numbers, called interpal QT"ith­

metic, WR..'l deYeloped in the modern version in R. E. :-10ore's "'ork [1966]. Therefore it is 

necessary to have a basic reyiew of the contents of interval arithmetic. 

2.2 Interval arithmetic 

Definition 1 The real-valued closed set 

i8 said to be a closed intcrval number. xl and :L'u are denoted as the lower endpoint and upper 

cndpoint respectively. 

,is said to be the collection oj all thc closed intcrval TlWnber8 on lR.. fr xl :rt< = x. then 

is said to be a J)oint intcrval number. IJ 0 < :1'1 ::; ,r", is sa'id to be a 

positillC closed interual numbcr'; simila7'iy, iJ;rJ ::; XU < 0, [:(1, x"] is said to be a negativc closed 

interual TIlI,mber. 

Definition 2 For all x = ,J;"] E CI(lR'.), the quantities 
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and 

(2.1 ) 

aT'e the mid-value. the width value and the absolute value of the closed interval x 

spectively. Note that the absol1Lte value of an inteTval-valued numbeT is defined as the ma:cimam 

of the absolute values of the lower and upper endpoints of the interval-valued number. 

Definition 3 Assurne that 

o (x. y) xOy 

defines an algebmic Telation on JR:, then for IfX = [xl, xu], fj = [yl,yuJ E CJ(JR). the expansion 

operation on Cl(-;;;') is defined as 

o (x, fj) 

(x,y)Exxfj,z .rOy}. 

Particularly, the algorithm operations on Cl 

where 

and 

and 
[Xl,xu] S;. 

[yl,yu] 
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where 

respectively. The:; V" and" /\" operation on CI(lR'.) are defined as 

and 

X /\ Y 

respectively. The:; U" and" n" operation on CI(lR'.) aTe defined as 

and 

respectively. if x n y /: 0. 

Definition 4 For VX E CI(lR'.). the mid-point. absolute value. and width valnes are defined by 

and 

respectively. 

Definition 5 X = 

X I x' u 
):&-'--

2 

I F (-) c:. u 'II X = X 

,xj'l CJ(lR), j = L 2" .. 1 n is said to be a closed 

interuol llector of dirnension n. Accordingly. the m.id-point. norm. and width values are 

) , .... m (xn)). 
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n 

jiX!j £ V !Xk! 
k=l 

and 
1) 

w (X) £ V VV(Xk) 
k=l 

respectively, 

Definition 6 A = (ai.i)nxn is a closed interval matrix if its elements aij E CI(~), Accordingly, 

the mid-point, norm, and width vall1eB are defined by 

and 
n 

TV (A) £ V iF (aij) 
i.J=1 

respectively. 

2.2.1 Closed convex set 

Definition 7 Let lU be an Euclidean space and a set A <;;; lJ . A is convex on V if and only if 

for V1l1.112 E A and for VK E [0,1]' KUl + (1 K) 112 E A. Set A is closed on 1J if and only if 

fo1'vl1" EA. n = 1.2, ...• 

lim 'Un = 11 E /I" 
"~OG 

If any set A on 1U is both closed and conve:r. A is a closed conve:,. sct on U. 

Theorem 8 A bounded set A is a closed conve:r set 071 iR if and only if A is a closed interval 

number 071 C10R). 
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2.2.2 Derivatives of interval-valued function 

Definition 9 Assume that fl(t) : 11' ]R and r(t) : 11' -t lR and 

is an inten'alfundion on 11' lR. If these real-vallledfundions fl(t) and r(t) are differentiable 

at to T, i.e., itfl(tO) and #tr(to) e:rist, interval flmction J(t) ,is differentiable at to E T. 

The derivative of the interval function f(t) at to is defined as 

l'{ d fl 
j dt. Uo) fJ;J"(tO) then Y(t) is said to be differentiable at to same-orderly: then 

[ di' /(to), jd r(to)] . to E T: 
( t (t 

If 1t fl (to) 1ft r (to) then J (t )is said to be dilfexentiab/e at to reverse-ordeTly. then 

Definition 10 For interval Junction y(1) [JI(t), r(t)] on 11'. if the derivative oJY(t), 

d
dY(t) = [dd fl(t) 1\ dd r(t). dd /(t) V dd f"(t)] 
,t tt t ,t 

e:rists Jor Vt E T. thenJ(t) is differentiable on 11'. Simila'rly. Y(t) is differentiable same-oTdeTly 

on T if 
d­
d/(t) l di' JI(t), dd r(t)] . Vt E 11' 

d ,t 

and J(t) is differentiable reverse-orderly on 11' if 

~Y(t) 
dt [

d II d I ] d/ (t), dtJ (t) . Vt E 11', 
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2.2.3 Further discussion on derivative of an interval-valued function 

A further question is that given the interval function P(x), where x ~ < xu, 

Xl, xl1 E R i.e., a real-valued interval, what is the definition of the derivative of F(x), F'(x)? 

For example, consider P(x) [1,2]· ,if the interval [1,2] is "interpreted as a single point value 

that is knO\n1 only to lie in the interval [1, 2], then the logical deri,'ati,'e would be 2 ' [1, 2] . x. 

This is because f a:c2 for any a E [1,2]' so f'(x) 2a,7; for the same a in ~L 2]. VVhen I 

speak of 'lnten'al deri\'ative' or 'interval Jacobi matrix', this is what I mean", see B. Kearfott 

[2001]. 

V. Kreinovich, Hung T. )Jguyen, G. P. Dimuro and B. Bedregal i2003j de\'(~loped a new 

differential formalism for interval-valued functions, 

Definition 11 An interval fttnction F is a finite seq1tCnCe of pairs (,Ti, 

where for each i, Xi is a T'eal nnmbe1" i.e" :ri E lffi. , Xl < ,7;2 < ... < X ll , and 

nondeqe'llcrate interval f1J l < yy, yl '!ju E JR)'. ~ Lt· 1- J t 'l" 'l 

= 1,2,,,, ,n, 

[ I 111 '. Yi)?ii. 18 a 

Definition 12 A function f : It{ ---7 JR is said to belong to an interval function P = {C1:1 , ) , (X2 "h) , ... 

i.e .. f E p, if f is contirwo1tsly different·table and for each i, f(:rI) E fk 

Definition 13 Let P be an interval function and [a, b] be an interval. A derivative of P, 

pi ( b]):@: n l' ( b]) 
JEF 

where l' (x) is the the fir's! order derivative of f (:r), and 

l' ( bD ~ {J'(;r)l:r E [a,b]}, 

1J,here f' ( b]) is the range of the derivative l' (x) over the interval [a, b]. 

Remark 14 The notation pi ([a, bD looks like the notation of a range for a real-val-ued function 

and shares some propeTties of range, say, the range is indu8ion-monotonic by which la, b] <;;:; 

d] ='> l' (fa,bD <;;:; f' ([c,dD. Therefore, derivatil'e F' ([a,b]) is inclusion-monotonic, 1.e .. 

b] ;:; [e, d] ='> pI ( b;) <;;:; pi ( d]). Furthermore, if bj n d]::f 0, [0, b] U d] = d]' 
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an interval. then F' ([a, bj U [e, d) F' ([a, b]) U F' ( dJ). Rut it ,is not a range. if an interval 

is narmu' enough. F' ([a,b]) 0. 

Definition 15 Let F {(Xl, ), (X2, 'ih) ," . , ,fln)} be an inter'val function. and let s be 

a real-valued nwnber. Define a interval function 

where 

faT the given interval fl = [yl, c E lP?. 

Lemma 16 (Kreinovich et al) For all F and any inter'val [a. b], S E F' ( bj) if and only if 

o (F - ,s:r)' Co,b]). 

Theorem 17 (KreinoL'ich et al) For' all F and any interl'al b:. let il and j" be the ,first and 

last 'index of the values inside [a, b]. Then 

p' ([a,b1) = [(F')l ,(plr] 

where 

(F')' ~ , 
1j 

and 

[p, q] :fr: {xlp:S:r &: x:S q} 

such that if p > q. q] = 0. See KTeino'I'ich et ol for proof. 
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2.3 Support function 

A compact convex set A in is uniquely determined by its support function 

8A(U) = sup (U, ,U E §d~l 
nEA 

where is the (d - 1 )-dimensional unit sphere in ad and C·) is the scalar product in . It 

is noticed that 

Denote aA the Steiner point of a convex set A, 

where Ii is the normalized (d - I)-dimensional Lebesgue measure OIl the unit sphere §d-~l (i.e., 

11. (§d-l) = I), thE~n a.l E A and 

Furthermore, for any given convex set A, set Ao A - CiA has its Steiner point at the origin, 

i.e .. 

Ci A-erA = O. 

Example 18 Let a = [al : aU] . al S aU I (11, a" E jRl. the support function for the two diTections 

{L -I} = 
if 1J 

if u 

2.4 l\1etric In an Interval Space 

1 

-1 

~Ietric plays an important role in describing the distance beb\'een two interval numbers in the 

interval space and therefore determines the formality of the optimal criterion when seeking 

statistical estimation of parameters involn~d in the inten'al models. 
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2.4.1 Moore's distances for interval space 

R.E. ~Ioore [1966" defines the distance between two intervals a = [ai, aU] and b [bl , b'U] 

and pointed out that 

d (Ii, b) = d (b. Ii) . 

and 

d (a, b) = 0 

if and only if Ii = b. 

lfa,b, c E IT , then 

d (Ii, b) 5:. d (a, + d (c, b) . 

:\Ioore and later Diamond [1988] also pointed out that the distance 

is also a metric for an interyal space. 

2.4.2 Hausdorff metric 

The Hausdorff metric in the compact COllYeX interyal space is defined as 

(Ii, b) = lllax (0 (Ii, b) ) 0 (b. a)) 

0(.4, B) ( inf Ix - YI) . 
yEB 

For all a.b E (IR). the PY1WP""lr,n of dH b) depends upon the relative position of Ii and b. 
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J (a, b) 

and 

8 (7), a) 

hence 

Case (ii) If 0; > b , bt < b" < at < aU 

J (0;, b) 

and 

J (7),0;) 

hence 

(~~~ Ix yl) 

= :~~ (Ix - bll) 

lal bll 

sup (i~[ 1:1: - yl) 
yEb x~a 

sup (Ia" - yl) 
yEb 

la" - bUI 

( illf I·r yl) 
yEb 

= sup (Ix - bUI) 
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and 

Case (iii) If a b, al < bi < at' < b", i.e., an b #0, then 

6 (a, b) 

6 (b, a) 

( in[ Ix YI) 
yEb 

s,up (Ix - bll) v sup (0) 
xE,aIH] 

la1 
- bll 

sup (inf Ix 
YEb xEa 

sup (Ia" l 

yEla" 

yl) v sup (0) 
yE [bla U 1 

hence 

(iv) If b::; bl < a1 < btl < atl , then the expression for d Ii can be developed by 

switching a and b in (iii), 

Case (y) If a n b 

o b) = SU~ (illf Ix - yl) = 
xEa yEb 

(0) = 0 
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and 

6 (b, Ii) :~t (~~~Ix YI) 

sup (il,![ Ix - yl) V sup 
YEfbl,a1j :rca yE 

( il~f I:r - yl) V sup (il1[ Ix - YI) 
xca YE[aU ,bu] :rEa 

sup (10.1 
- yl) V 0 V sup 

[bl,al ] 

max {Ial 
- bll, lau - btll} 

Thus 

Case (\'j) If Ii n b = b, i,e., 0.1 < b' < btl < 0.1\ then by switching a and b in (Y), we obtain 

Therefore, in general, the :\Ioore's metric for inter\"aJ space is nothing but the Hausdorff 

metric. 

dM (Ii, b) = dJ[ (Ii, ,\;;j Ii, b E P:"v' 

The representation of non-empty con\"ex sets by the corresponding support functions suggests 

a L 2-metric on the space of com'ex sets in terms of the L 2-metric on the space of Lebesgue 

integrable functions on §d-l. The L2-norm 

I 

IIAI12 = IisAI12 {d .~d.-a Is,.\ (u)12 f1 (dU)} 2 

and thus the L2-metric is defined as 

{ d r ISA (u) 
./~d-a 

27 
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As an extension, a Lp-metric can be defined as 

I 

(u) - SA (u)jP} - P E [1, (0) 

(U) - SA (u)l} 

Example 19 The distance between tu)O intervals, 7i 

8z;112 
1 

{ d X ld-" IS0(1I) - Sz; (u) 12 fL (dU)} 2 

1 x L 180:(U) 
{1,-1 } 

'J 1 
(1I)I-x-

2 

p 00 

x flsa(l) - s);"(1)1
2 + ISa 1) - sd-1)12] 

_ (_U)\2] 

which SIlOU'8 that Lz-metric is nothing but h times Diamond's D2 distance. 

Remark 20 Geometrically speaking. Lz-metric is just the distance 'in the 2-dimensional space 

u,tth the horizontal a.Tis x as the lower end 1'alue al and the vertical axis y as the upper value 

aU oj an interval 7i = [ai, aU]. In other words. the coordinate system 

oj the points representing intervals will be halJ plane { Y)lx < y. x, Y E ffi.}. 

2.4.4 Bertoluzza metric in the interval space 

Bertoluzza et al [1995] developed a metric in the context of fuzzy sets space. Howe\'er, the 

similar distance for intervals can be stated as follows. 

Definition 21 Assume that va E Pnv (JR) and the support Junction corr'esponding to 7i is de-
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noted as Sa (-) and 1 = {I, I}: furthennore. define a function 

17(A,X) M):;d-l(x)+(l-A)(l- (x)) 

where 

then we may define a norm 

Definition 22 FOT all b E 

dB (a:, b) 

Example 23 Let d;;:; (A) 

Then 

{

I if x = 1 
190d- 1{X) = 

o if x -1 

(IR). the distance between aand b 

r(o'+!3) \0-1 (1 \ ·);3 ..... 1 d\ \ '0 1\ 
r(o)r(p)/\ .-/\A. /\ E \ 1 ), CL 

1 

"(a) II"IIH {(~[>.a'+(1 ,\)a"j'dX('\)}' 

> 0 (Beta density). 

1 

{.( ~ [>.2(a.')' + 2>.o.'a" (1 - >.) + (J >.)2 (a")'] d", (A) } , 
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Sow, 

1 

./ ).2 (al?d::a ().) 

o 
1 

(al)2 j').2 r (0' + (3) ).ct-l (1 d)' 
. r(0')r(8) 
o 

1 

./ 2a1au
). (1 - ).) d::a ().) 

o 
1 

2a
1a'"./). (1-).) ;(0'); 

o 

and finally 

= 

1 

/(a,")2 (1 - ).)2 dw ().) 

o 

( ,
,"'2r (,0:"';'" ,8) r (8 + 2) 

a ) , 
r(p)r(o+8+2) 

---,-' ____ -'--- ).(ct+I)-1 (1 _ ).)(;3+1)-1 d). 
1) , 

1 (1 ).)(3+2)-1 d)' 
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Hence 

u (a) IlailB {[ ~ [Aa l + (1 A) a" r d", (A) } 

2 + 20;,3al bl + 
1 

f"+ r = 4(0+;3+1)(0+ 

Theorem 24 Assume that ([0,1], B ([0,1]) , is a probability space and a. b, c E Prv (JR). 

The di8tance between two 

is a metric. i. c .. 

Proof. 

;
1. [/ 7] (A, 

I§d-l 
o 

2 

ISa (x) 86 (xl! IJ (dX)] de;:; (A) 

dB (a, b) dB (b, a): (i) dB a) = 0; and (iii) 

dB (a, b) :::; (a, c) + (c. b) . 

(a, b) ) [,h'-I '/ (A, I,,, (,x) 'b (T) 1 P (dXlj' do; (A) 
o 

~ ~ ,!' IAlal b'1 -t- (1 A) la" - &"Ii' dx (Ai 

Therefore, (i) and (ii) is obvious. Let us im'cstigate whether (iii) holds. Koticc that 

lA lal - bll + (1- >-) lau bUr 
{A lui cl + cl bll + (1 A) lau 

- + cU 
- bUlr 

< {A [jal - ell + Icl - bll] + (1 >-) [la l1
- 1+ bill]} 

2 

< [Alai ell + (1 A) lei bllr + lei - til (1 - A) I J _ bll] 2 
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Hence, 

[dB (0:,6)]2 
1 I [A 10,1 bll + (1 A) lau 

- bUr d;;:; (A) 
o 
1 

< I [A 10,1 - J I + (1 - A) lei 
2 bll] d:V(A) 

o 
1 

+/[Ale1 bll+(1 A)lcl-b1!rd;;:;(A) 
o 

(0:, c)]2 + (c, 6) J 2 

< [dB + dB (c, b)]2 

\\'hich leads to the triangle inequality 

Therefore distance dB is a metric. • 

Lemma 25 A ssmne that dx (A) (1- A)3~1 d>.. A E (0.1). ct.!? > O. Then 

dB (0:, b) 
1 

(J + 1) 310" - h",' } , 

Proof. Kotke that 

[>.Ial-bll+(l ,\)10," bUr 
A21al bf + 2,\ (1 A) lal b111au 

- bl1 l...+- (1 - ,\)210," bu2 
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hence 

and 

and finally 

1 

1 I )..,2dx (,\) 

o 
1 

;
',\2 f (a + P) ,\',,-1 (1- ,\)3-1 d'\ 

, f(O')f(/1) 
o 

1 

f (a + 2) f (a + Pl ;' f (a + 2 + 3) ,\(0+2)-1 (1 _ ,\)3-1 d'\ 
f(O'+2+p)f(O'), f(O'+2)f({3) 

o 
f(O'+2)f(O'+p) (cY+1)0 

= =-,---------,--,---------::-:-
f(a+2+p)f(O') (a+i3+1)(0+;3l 

I,\ (1 - ,\) dw (,\) 

o 
1 

;
',\ (1-,\) f (a + /1) ,\a-1 (1 _ ,\),3-1 d'\ 

, f(a)f(/1) 
o 

1 

f (a + {3) f (a + 1) f ((3 + 1) ;' f (a + 1 +.3 + 1) ,\(0+1)-1 (1 _ ,\)(;'1+1)-1 d'\ 
[(a)f(/3)f(O'+/1+2) , [(O'+1)f(3+1) 

o 
f(a+3)f(O'+1)f(/1+1) 0'3 

[(a)f(p)f(a+p+2) (0'+3+1)(0+3) 

1 I (1 - ,\)2 dr;:; (,\) 

o 
1 

;
' (1 _ ,\)2 f (a + 3) ,\0-1 (1 _ ,\)3-1 d'\ 

, f(a)f(3) 
o 

1 

= [(a + /1) f (/1 + 2) ;' [(a + 3 + 2) ,\0-1 (1 _ ,\)(3+2)-1 d'\ 
[(;3)f(0+/1+2), f(a)f(3+2) 

= 
[(a+3)f(/1+2) 
[C3)f(0+p+2) 

o 
(3+1);3 

(a + ;3 + 1 l (0 + ;3) 
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so that 

[dB (a,b)]2 
1 

./ [A lai - bil + (1 - A) la" - b"r d;;v (A) 

o 

(a + 1) alai - bl 12 + 20(3lal - billa" - b"l + (;3 + 1) 81a" - b"12 
4(a+tJ+l)(0+3) 

\yhich gives the conclusion by square-rooting both sides. • 

Example 26 Leta1 = [aLar] = [1,2]' b1 = [bi,br] = [0.3] anda2 = [a&,a~tl = [0,2]. b2 = 

[b&.b2] = [L31, then lai -bil = 11-01 = L lat-btl = 12-31 = 1,la&-b~1 = 10-11 = 1, 
I a2' - b2'1 = 13 - 11 = 2. It is obvious that the Hausdorff distance 

The L 2 -distance 

dH (a1,bd 

dH (a2, b2) 

max (Iai - bi I, lat- btl) = max (L 1) = 1 

max (I 11~ - b& I ' I 112 - b2'l) = max (1, 1) = 1 

~ (111i - bil
2 + lat- brl2) = 1 

~ (Ia& - b&12 + la2' - b2'12) = 1 

Assume the Beta density dJ.J (A) = ~~)~(J) Aa
-

1 (1 - A);3-1 dA, A E (0,1). 0,3> O. Thus 

de (Ol,b1) 

1 

{ 
(0 + l)a lai - bil2 + 20,Slai- billat- brl + (3 + 1) Sial' - brl :!}'2 

4 (Cl + 3 + 1) (0 + (3) 
1 

{ 
(0 + 1) a + 20:(3 + ((3 + 1) .3 } '2 = ~ 

4(0:+(3+1)(0+(3) 2 
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and 

de (0:2) [;2) 

{(n-l)Q 

1 

= { --'---_-----'---'--8 } 2 = ~ 

2.4.5 A general metric in interval space 

In this subsection a !lew and metric is proposed, denoted 

to the metric deyeloped Bertoluzza et al. 

de, ~which is an extension 

Definition 27 Assume that ( 1] , B ([0, 1]) , ::v) 78 a 

the distance between a and b 

IIILLU,I,I,' Ii space. For all 0:, b E Pw 

1 

de (0:, b) ./ [A62 (0:, b) + (1 - A) Irna ] d;;:; (A) 

o 

u'1I ere L2 -distance 

and the mid-value of lnteT1}(}) x ,xu] 

1 ( I. u) rny = 2' x -.- x 

Remark 28 The d'isiance between mid-values of 'intervals 

Theorem 29 Assume that CO, 1] , B ([0,1]), x) is a probability space and 0:, b, C E 

The generalized distance between two inteT'1'als, a = [a l ) and b = [bl , btL), de (a, b) is a metric 
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in the inter'val space, 

Proof. That Property (i) (a, a) = 0 and Property (ii) (a, b) = de (6,0:) hold is easy 

to verify. 1\ow let us investigate whether (iii) the triangle inequality holds 

de (0:, b) :; de (0:, c) de (c, b) 

",here a. b,c E (IR:), Notice that 

b) T (1 .\) Ima rr~l)IJ d:v (.\) 

Slllce is a L-l11etric hence the triangle inequality holds 

also, 

therefore 

which leads to 

A62 (a, b) + (1 - .\) Ima - Tn;; 1 

< ),62 (a, c) + (1 - A) Ima - Inc I + .\02 (c, b) (1 - .\) Ime - rrI"b1 

1 

./ [).02 (a, b) + (1 - A) 

o 
1 

< ./ [A02 c) + (1 .\) Ima 
o 

1 

- mr,ll d:v (A) 

d:v (A) 

+./ [.\02 (c, b) + (1- A) Ime - ml)IJ d-:;:; (A) 

o 

36 

Univ
ers

ity
 of

 C
ap

e T
ow

n



I.e .. 

• 
Lemma 30 Assume that de;:; (A) = ~~ (1 A)3-1 dA. A E (0.1), n,p > O. Then 

Proof. 

de (a, b) 
1 

.- ./ [A62 b) + (1 A) Ima1 - nthll] d~ (A) 
o 

n -) --62 (a b 
0'+j3 ) 

(i I I m a - 7nT' 0+,3 ) 

b) 
1 

./ [A62 (ti, b) + (1 - A) Ima d-::v (,\) 

o 
1 

./ [A62 (a, b) + (1 - A) /nla 1 /] 
[(a + 3) ,\',,-1 (1 
[(n)f(8) 

o 

1 

+ Irna nt"b I ./ (1 - A) -{--,-:---,- (1 - A)3-1 dA 

o 
1 

b) r (n ..j..I~) ~ (n + (5) j' _f-'-__ _ 
f(n+cJ , I)f(n). [ 

o 

[(3+I)r(C1:+3) j' r(0'+3+ ,\',,-1(1- dA 
f(n+B+1)r(3), r [ +1 

o 
= -b)f(ct-'-1)[(n+!3) I "ll._I[(3~1)[(n,3) 

62 (f)' + mal fJt+p+I f(a) )[(0+3+1)[(3) 
o - 3 

q (a,b) + -' -Q Ima- 1n"bI. 
n+,u O'+/.J 

37 

Univ
ers

ity
 of

 C
ap

e T
ow

n



• 
Example 31 Let = [ai, al ] 3 

2' b1 = [bL 
a2] - [0,2], 1na2 = L b2 [b~: bz] = [1,31, = 2, 

lar - bl'l 12 - 31 = 1 and Imal - TnL j I 0·1 
Ima2 - I 11 21 = L 

- b~1 = 10 11 

'th tl ,t' tl t 1, (' \ ') 1'(n+3) \Q'.! (1 -W'l ' te asswnp 1.071 ,w. (,w", = r(n)f())" 

while 

dG 

a 
--xl 

+ ,) 

a 

(.1 + ;J 
1 

38 
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Chapter 3 

Random Interval Variable and 

Randon~ Interval Processes 

3.1 Randorn interval variables and distributions 

Definition 32 (Random interval) Let (n, A, P) be a prubability space and 

Pnv (R) f'= { b]la,b E JR, a::; b} 

the set of all the closed intervals on R The mapping from n to P-::,] (JR) 

(:O-'lPllV 

w -'I ((w) = [(I (l.:). (" (w)] 

(I (w)::; (71 ("-"'). Vw E 0 

is said to be a random inter'Val if(l (w) and (w) both are random variables on (O,A,P). 

Remark 33 Here. the random interval conceptinvolt'es the statistical n'Y'rlpr'clr'" 'l,ssue srnce 

both ((w) and ((;,)) are random variable" on (fLA,P). The meaning and implications of 

conditions (I ("-",)::; (" ("-"'). Vw E n should be discussed clearly. Startillg from statistical ordering 

discussions, the defindion of expectation of theinterual-valued random variable ( (w), Ere]' 
and the definition ofmTiance of the interval-valued random mrioble ( ,Var should be 

39 

Univ
ers

ity
 of

 C
ap

e T
ow

n



obtainable. and even the characteristic function (B) = E [exp (Wc) 1 should defined. 

3.2 Random interval stochastic process 

Definition 34 A random interval stochastic pmcess {Ct, t E 11"} on pmbability space (n, F, P) 

is the mapping fTOrn n to PJ'J'(IR) 

C : 0 -> Prrv (lR) 

w -> Ct (w) = [(~ (w), (w)] 

(~(w):::: (f(w), Vw E 0 

for Vt IlnifoTinly on 1f, where 

Pw(R) = {[a, b]la, bE a:::: b} 

the class oj all the closed inteT'uols 'in :1. 

Definition 35 {Ct, t E 11"} is said to be a Gaussian random interval stochastic process on prob­

ability space (0. F. P) if and only if 

and both {d, t E 1f} and {(t. t E 1f} are Gaussian (normal) processes. 

Definition 36 {~t. t E 1f} is said to be a lognOTynal random iriten'ol stochastic process on pTOb­

ability space (0, F, P) if and only if 

and both {log d. t E 1['} and {log ~~" t E 11"} are Gaussian processes. 
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3.3 Variance-covariance 

The Aumann-expectation lEl4 ) of a random convex set is defined as 

]E(A) X .f'= {E~ : c: is a selector of X, E IIC:II < CXJ} , 

where a random vector ~ is a selector of X if ( E X with probability one. The Aumann­

expectation lE/A ) is alternatively defined by the Bochner expectation of the support function of 

X 

Example 37 Let X .f'= [Xl, XU] be a mndam interval. then its Bochner eTpectatian is 

Sot ice that 1 = {+L -I}, 

SE,X](U) 

E[sx(u)] 

E 

{ 

E[sx(+l)j 

E[s;d-l)] E 

if U --'-1 

if 11 = -1 

3.4 Semi-scalar product and cross-covariance 

Definition 38 For Vii. bE P'N (lR), 

is called the Berni-scalar product between intervals a and b. 

Lemma 39 Semi-scalar product is only positive homogeneO<t8.i.e .. for '16 > O. 

(au, b) 3 b) . 
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Proof. For all /3 > 0, in accordance with interval arithmetic,.Ja 13 [ai, aU] = [;3al , 

and also, since f3 > 0, 

then 

• 

S.3ii f3sa; 

( f3s~ ."1-) . a, b 

8Y;) 

= d /' Silii (ll) (u) Jt ( du) 
Isd-l 

d ,~d-l (u) ."1"[;('11) Jt (du) 

f3 (d.~dl Sa(U) S/;(ll) Jt (dU)) 
/3 (sa: 8/)) 

Remark 40 Assume that V.f3 < 0, 

which leads 

while 

thercfore 

b) for < O. 

Definition 41 Let X and Y be two intcrvalmndom vaT'iables. then 

cot' (X, Y) E (8 X - 8E[x} By - SE[V]) 
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is called a covariance between two interval mndom variables and Y. Also. 

var (X) co'U (X, X) 

is called a variance of random inter'val Furthermore. 

cor (X, Y) = --;======== 

is called a correlation between two inter-val random va'Tiables X and Y. 

Definition 42 Assume that {X t, t E T} be an interval stochastic process, then VTl, T2 T. 

cor T] , X 72) is called an auto-cOVaT'lanCe and furth ermore 

cor X) - --;========= , 72 -

is called on onto-correlation fnndion of 

Assume that a discrete-time indexed inten'al stochastic process { XI? n [xI, X:,] . n EN} 

is defined on (0, A, P). assume that E is the Bochner expectation 
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Then, 

E 

Assuming that 

then 

In t he same spirit, 

Finally. 

.8- -
, Xn+k 

n+k (+1) - 8E[Xn~kl (+1))] 

n~k ( -1) - ) ) ] 

( X;, - E [X;,]) (X~+k - E [X;'+k])] . 

E [Vi] I, -1 E [Vl1] _ 11 
./\.11 I1n anc .>\. n .- I1n . 

COl' (.X n, X n+"') 

tE [(X~ - 11~) (X~+k 11~+k) + (X~ - 11~) (X~+k - tl~+k)] 

t [COl' (X~,X~+k) + COl' (Xi"X:,+k)]' 

var (Xn) = ~ ["ar [X;,] + var 
2 ') + (cr~)-

2 
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3.5 The Frechet-principle 

It is a \':ell-known fact that for a random ,'ariable Z defined on the probability space (0, A, P), 

the expE'ctation lE [Z; minimizes lE [( Z a?] and 

FrechE't proposed the expectation lEo [Z] for a random variable Z in a metric space (AI, 8) as a 

solution of the problem 

It should be emphasised that lE.5 [Z] is not necessarily unique. Also, it is clear that lE { :8 (Z, CL)]2} 

is merely the expectation of random variable [6 a)/ (which will be denoted as (Z, a) from 

now on}. Accordingly, the generalised variance b&')cd on the Frechet-principle is 

vaT Ii = lE 0- Z, [ -') ( [Z:)] . 

Theorem 43 The Aumann-expectation E(A) is a Frechet-e:Tpectation with respect to metric 62. 

See Komer (1995) for proof 
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Chapter 4 

A Review of Classical AR(p) 

Time-Series Analysis 

4.1 Stationarity Assumption 

In finance it is t 1w asset ur stock return that is usually the subject of time series allalysis, and 

therefore in anticipation of this context the time series will no,v be denoted by {rt} instead of 

using the more general notation {Xt}. For the re"iew that follows see Troskie et a1 [2003]. 

Definition 44 Strict Stationarity. A stochastic process {rt} is said t.o be strictly stationary if 

the joint distribution of 

18 identical to that of 

fOT all t. Thus the joint distTibution of (rtl" .. , rtJ is invariant under time shift. 

Definition 45 IFeak St.ationarity. A time series {rt} is said to be weakly stationary if both the 

mean Tt, 

E(rd = fL 
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and the co variances between Tt and Tt-I 

aTe time invariant and finite for all l. 

In practice, weak stationarity that if we observe a time series {Tt, t 1, ... , T} then 

the time plot of the data \vould show that the Tt values fluctuate wit h constant variation around 

a constant leveL 

III the time plots of the log returns and simple returns of Absa and the Anglo time 

series there is a clear indication of mean stationarity, but can we say the same of the variances 

and covariances. 

Explicitly in the condition of weak stationarity, we assume that the first two moments of 

Tt are finite. If 1'[ is strictly stationary and its first two moments are finite then rt is also 

,Yeakly stationary. The converse is not true in gE'lleraL Howewr, if the time series is normally 

distributed, then weak stationarity is equivalent to strict stationarity. In this study \"e will be 

mainly concerned with weakly stationary series_ 

The covariance cov(rt, 1'1-1) = {I is called the lag-l autocO\"ariance of rt- It has two important 

properties: 

(1) ~:o = vaT (rt); 

(ii) II = -1-1 

In the finance literature, it is comrnon to assume that the asset or stock return series is 

,,-eakly stationary. This assumption is often checked empirically_ Figures 4-1, ?? and 4-3 show 

the graphs of log-returns of Absa, Anglo share and JSE-OYer index 
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Figure 4-1: Plot of ohserved Absa Daily Log-Returns 
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Figure 4-2: Plot of ohserved Anglo Daily Log-Returns 
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4-3: Plot of obseryed JSE-O\'er Daily Log-Returns 

4.1.1 Autocorrelation 

The correlation between two random yariables X and Y is defined as 

PXY 
cod)\"' Y) 

vvar(X)vor(Y) 

E(X - E(X))(Y - E(Y)) 

VE(X - E(X))2E(Y - E(y))2 

and if a sample Yi. i 1, ... ,T) is ayailable then a consistent estimator of PXY is 

Consider now a stationary return series Tt. For a time series 

the liupar aelwnaeI1ce beh';een Tt and Tt-/ is now of interest. The correlation ",ve;""<-,,,,,, 

1'1 and rt-l is defined as 

PI 
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and is called the lag-l autocorrelation. From the definition, it is noticed that 

Po 1 

PI P--l 

-1 < PI::; 1. 

A Keakly stationary series is not correlated if and only if PI 0 for alll > O. 

For a sample of returns {rt}T=1 the lag-1 sample autocorrelation of rt is 

Under some general conditions PI is a consistent estimator of Pl' If {rt} is an independent 

and identically distributed (i.i.d.) sequence and E(rt)2 < 00 then 

PI 1:., N(O, liT) 

\\'hich can be used to test t.he hypotheses 

Ho : PI = 0 vs HI : PI f. O. 

The sample autocorrelation is defined as 

A L;=I+1 (It - f)(rt-l f) 
PI = T • 0 l < T l. 

Lt=1 (rt -

Under the same conditions stated above 

for any fixed positive integer 1. 

GO 

Univ
ers

ity
 of

 C
ap

e T
ow

n



:-'1ore generally, if {Tt is a weakly stationary time series satisfying 

,where Wo 1 

and is a Gaussian white noise series (j,e. et "'-' N (0, 1)) then 

k 

PI :!., N(O, (1 + 2 I.: pf)fT) for l > k. 
i=O 

The aboYe formula is referred to as Bartlett '8 forrmda. 

In finite samples PI is a bia.sed estimator of PI' The bias is of the order 1fT, which can be 

substantial if T is small. In most financial calculations T is relatively so that the bias is 

not serious. 

4.2 Portmanteau Test 

Financial applications often require to test jointly that seyeral autocorrelatiollS of It are zero. 

Box and Pierce [1970] proposed the Portmanteau statistic 

m 

Q* (m) T I.: Pf 
1=1 

as a test for 

Ho PI =... Pm = 0 

VI) 

Ha Pi :f- 0 for some i E {I, ... ,In}. 

Under the assumption that {rt} is an i.i.d. sequence "'ith specific moment conditions 
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Degrees of 
8 9 10 11 12 

freedom (rn - 1) 
Absa: Q(rn) 7.7190 12.6817 13.1224 14.8638 15.2802 
Anglo: Q(rn) 8.6465 8.7376 10.6528 11.3011 11.4364 
JSE-Over: Q(rn) 15.7126 15.7504 15.7618 15.7699 16.5657 

\505(rn - 1) 15.5073 16.9190 18.3070 19.6751 21.0261 

Table 4.1: Modified Box-Pierce statistic for \10nthly Log Returns 

Ljung and Box [1978] modify the Q*(rn) statistic as follows 

m 

Q(m) = T(T + 2) LPf/(T -l). 
1=1 

This increases the power in finite samples. Simulation studies suggest that the choice of 

m ~ 10g(T) proyides better power performance. 

The function {PI' P2' ... Pt, ... } is called the sample autocon-eiation function (AC F) of the 

return T't. It plays an important role in linear time series analysis. The sample AC F captures 

the dynamic time and stochastic structure of the time series process. In the graphs we give the 

sample autocorrelation AC F' s for the monthly log returns of Absa, Anglo and the JSE-On~r 

Index. The sample ACFs of the three series as displayed in Figures 4-4, 4-5 and 4-6 suggest 

that the autocorrelations of the monthly log returns are very close to zero and not statistically 

significant (outside the 5% limits drawn on the figures). None of the Ljung-Box Q(m) statistics 

are significant as giyen in Table 4.1. 
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Figure 4-4: ACF of Absa l\lonthly Log-Returns on closing prices 
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Figure 4-5: ACF of Anglo Monthly Log-Returns on closing prices 
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Figure 4-6: ACF of JSE-Over :'IIonthly Log-Returns on closing index levels 

4.3 AR(p) processes 

AR (p), autoregressive process with order p, is a very useful stochastic process for representing 

a particular eyent occurrence sequence. An AR(p) process or time-series can be expressed by 

where fit = Yt - J.1 and B is the backshift operator such that BYt = Yt-l and a (p-step) transfer 

function is defined as 

The error process {Et. tEN} is in general assumed to be a \\'eak stationary process with 

.) 

= a;, 

and the autocovariance of the error process cov [Et, Et+hl = f(h) is independent oft. It is obvious 

that AR (p) model contains p + 2 unknown parameters J.1, chI' 92' .... cPP ' a; to be estimated 
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from data. 

In time series analysis, the typical concepts involved are to be re\'iewed, For a weakly 

stationary process the autocovariance at lag k is 

and the autocorrelation at k is 

Pk 
COV (Yt, Yt-+-d 

since for a stationary process 

Khich implies Po = 1. Correspondingly, a sample autocovariance estimate and sample autocor­

n·lation estimate can be constructed as 

1 N-k 

N L (Yt - y) (Yt+k - y) 
t=l 

and 

respectiwly, Kotice that 

and 
1 ]'\ 

~ '"' ( -)2 fO = N L Yt - Y 
t=l 

are calculated in the usual way, 

4.3.1 Identifying AR(p) Models in Practice 

In applications the order p of an AR(p) process is not known. It must be specified empirically. 

This task is referred to as the order determination of an AR(p) process and has been extensively 
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studied in the time series literature. Two general approaches are m·ailable. The first approach 

is to use the partial autocorrelation function and the second approach uses the information 

criterion function. 

4.3.2 The AR(p) Process and Regression Analysis 

Assuming that our series (rl, ... ) rT) is indeed generated by an AR process, we need to find 

its order p and the values of the parameters 91, ... , ¢p to describe the process. If we know the 

order p then we can use regression analysis to estimate the parameters 91' ... ,9p since the 

equation 

has precisely the form of a linear statistical regression model. 

.:--Jote. hUl\"ever that the regressors (explanatory variables) (rt-l, ... , rt-p) are stochastic 

variables. If the et are white noise, or even Gaussian white noise, then an individual et rep­

resents random shock, which is added to t he process at time t, and is independent of random 

variables at previous time points. Hence the regressors in a particular equation are independent 

of the error term. Thus we may estimate 

by the least squares (LS) method. 
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Replacing the random yariables by the observed yalues \ve obtain 

or in matrix notation 

(1) 

where 

11'+1 

'1'+2 (;p+2 
(2) rp = , e 

'1'1' CT 

and 

1 

1 '1'+1 '1' 
Xp= 

1 1'T-1 1'J'-2 

If the et and thus the Tt are normally distributed, the LS estimator of ¢>, with estimate 

is consistent and asymptotically normally distributed. That is, 

S(O, :£:) 
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with the variance - coyariance matrix 

~~( a 2 jT 0 ) 0 ~. 
cPp 

and 

10 -'I -12 -lp-1 

~. = a 2 "Y1 -/0 -/1 

cPp 

Ip-1 Ip-2 Ip-3 -10 

The variance - covariance matrix ~ can be consistently estimated by 

where 
&2 = (rp - Xp¢p)'(rp - Xp¢p) 

T-(2p+1) 

is the LS estimate of the ,"anance a 2 of the white noise process Ct. Kote that we use 

T - (2p + 1) rather than T - (p + 1) since there are only T - p complete obsen'ations with 

which to estimate the (p + 1) parameters in cp. 

~ote that CPo is not the mean of the process Tt. Rather 

00 fJ = ------'--"-----
1 - 91 _ ... - 6

p 

Thus two possible estimates of the process mean J1 are 

and 

where d;o. ¢1"'" ¢p are the least squares estimates. Under general conditions (e.g. the Tt 
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are normally distributed) the corresponding estimates are consistent and haye identical asymp-

totic normal distributions. For instance 

N[O, (1 . , )-')1 (/.II - ••• - (/.I -. . . P J 

Furthermore the estimators if and Ii arc asymptotically independent of the estimators 

This property is one reason why the estimation of ¢p is often discussed in terms 

of zero mean processes. In practice the sarnDlle mean may be subtracted from the data 

to estimating the other parameters. In this case the asymptotic distribution theory is not 

affected, 

4.3.3 Estimation 

For a specified AR(p) model the conditional least squares method starting with the (p + 1 )th 

observation as discussed above is often w;ed to estimate the parameters. 

Let 

+ et, t = P + L ... , T 

then the estimates are obtained by UUUUUL~ 

T 

I: 
t=p+l 

t he least squares estimates (~o. (see also (1) and (2)). 

The fitted model is 

and the estimated residual 

The series {et }t=P+l is called the residual series from which \W' obtain 
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4.3.4 Model Checking 

A fitted model must be examined carefully to check for possible model inadequacy. If the model 

is adequate then the residual series should behave as a white noise. The ACF and the Ljung­

Box statistics of the residuals can be used to check the closeness of {et) to a white noise. The 

Akaike Information Criterion AlC and Schwarz Criterion SC must also be examined. 

For an AR(p) process the Ljung-Box statistic Q(m) follows asymptotically a chi-squared 

distribution with 117, - P degrees of freedom. Here the number of degrees of freedom is modified 

to signify that, p, AR coefficients have been estimated. 

4.3.5 Forecasting 

Forecasting is an important application of time series analysis. Suppose we have a time index h 

and we are interested in forecasting Th+l for i 2': 1. The index h is called the forecast origin and 

the positive integer i the forecast horizon. Let Th(i) be the forecast of Th+l using the minimum 

square error loss fUllction. In other words the forecast is chosen such that 

where 9 is a function of the information available at time h (inclusive). 

V·:e refer to Til (i) as the i-step ahead forecast of Tt at the forecast origin h. 

I-Step Ahead Forecast 

From the AR(p) modeL we have 

Under the minimum squared error loss function, the point forecast of Th+1 given the model 
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and observations up to time h is the conditional expectation 

/Th, Th-l,· .. ) ¢o + ¢lTh -+-
P 

(6) 
;=1 

The forecast error is 

Consequent ly the yariance of the one-step-ahead forecast is 

If et is normally distributed then a 95% I-step forecast interyal is giyen 

Th+l E 'h(l) ± 1.96u. (7) 

)Jot ice that both the estimates 'h(l) and the confidence interyal giwn by (7) depend on 

the population parameters ¢1, ... ) ¢p) and u2 . In practice. these need to be estimated by 

2-Step Ahead Forecast 

:t\ext consider the forecast of rh+2 at the forecast origin h. From the AR(p) model we ha"e 

'11+2 = cPo + 'h+l + ... + 

Taking conditional expectations 

But rh+l is not known since it is an obsen-ation after the horizon h. Estimating Th+l by its 
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conditional expect ation Th (1) 

we obtain 

p 

'h(l) = E('h+dThl Th-1, ... ) = 90 + I: 
i=l 

The forecast error is 

1)] + eh+2 

Thus 

so that 

'h+2 - Th(2) has mean 

o and .... ariance (1 + or) 0'2 . 

If et is normally distributed then a 2-step ahead confidence interval is giYen by 

I 

'h+'2 E Th (2) ± 1.96Y (1 + <pi )0'2. (8) 

To compute the actual interval we need estimates for 9; and . It is customary to use <Pi 

and 152
. 
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Xotice that 

var(eh(l)) = ) = a2 

var[eh(2)] (1 + rPI)a2 

> (1)) = a 2
, 

meaning that, as the forecast horizon increases the ullcertainty in forecast also increases. 

This increase makes sense since we are more uncertain about Th~2 than Th+l at the time index 

h. 

l-Step Ahead Forecast 

In general we have 

(9) 

and proceeding exactly as above we get the l-step ahead forecast as the conditional expec­

tation 

+ n,(l- I)-+- (I - 2) + ... + (I - p). 

The I-step ahead forecast error is 

var(ch(l)) (1 + ibI + + 

The forecast can be computed by recursi"ely computing forecasts 

rh(l) 

Th(2) and recursi"ely (10) 

7},(3), rh(4), ... , Th(l 1) 
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Notice ho\\'ever, that all the conditional forecasts above are functions of the parameters 

(6o, rPl' ... ,dJp ) and (j2. Starting with 1'h (1), if these parameters are estimated by 

then 

If 

¢= 

then 

and assuming rh is fixed the variance of r\ (1) 

Furthermore if 

then 

+ 

which already becomes quite a complicated expression, 

1 

sC'e (9). 

r' ¢ is h 

Thus for all practical purposes we use as forecasts recursin~ly from (10) 

\,'here in {rh (i), i L .. ,I-I} we haye used the estimates 91" .. , 
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As forecast error we use 

which will be sufficient for sample sizes. 

4.3.6 AR( 1) Model. First-Order Autoregressive Model 

The AR( 1) process is given by 

(15) 

with et assumed to be white noise ,,-ith 

Assuming that the process is v,eakly stationary, we ha"e 

fJ, ca.r(rtl = 10 and 

~!j 

where fJ and "Yo are constant and Ij is a function of j and not t. 

Now the mean is 

since E(et) = O. Under the stationarity condition E(rt) = fJ and hence 

fJ= 

This result has two implications. First the mean of rt exists if 91 =/: 1. Second, the mean of 

rl is zero if and only if 60 = O. Thus for B stationary AR(l) process, the constant term ¢o is 

related to the mean of rt and o implies E(rt) = O. 

65 

Univ
ers

ity
 of

 C
ap

e T
ow

n



~ ext using 90 (1 ) f.1 the AR(1) model can be re'Hitten as 

(16) 

B:r repeated substitutions we get 

+. (1 
= 
:L 9l et ,. 
i=O 

Thus Tt - fl is a linear function of et-i for i ;:: O. Using this property and the independence 

of the series {cd, we obtaiu E(rt - fl)Ct+l = O. By the stationarity assumption 

cov(rt-l, cd = E[(rt-l {I O. 

This result can also be seen from the result that 1'1-1 occurred before time t and Ct does not 

depend on any past information. Taking the square. then the O""-''''''''j-" of (16), \YC obtain 

1, cd O. 

Thus. under stationarity vur(r·t) = vur(rt-l) so that (noting that l.:ar(et) = (]2) v;e haye 

prO\'ided that < 1. The requirement of 9I < 1 results fro III the fact that the variance of 

t he random variable Tt is bounded and non-negative. Consequently the weak stationarity of an 

AR( 1) process implies that -1 < ¢l < 1. 

But, if -1 < < 1 then by (16) and the independence of Ct. we can show that the mean 

and yariance of rt are finite. In addition, by the Cauchy-Schwartz inequality, all the coyariances 

of Tt are finite. Therefore, the AR(l) model is "'eakly stationar~'. 

Thus, in summary, t he necessary and sufficient condit ion for the AR (1) process to be sta­

tionary is 1011 < L 
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Autocorrelation Function of an AR(1) Model 

:"fultiplying equation (16) by et, using the independence between el and Tt-l and taking expec­

tation, we obtain 

2 2. E(ee) = a . 

Thus multiplying (16) by (rt-l tt) and taking expectations, we have 

') 
a- for l = 0 

for l > O. 

where \\"e use ~Il _I' Consequently, a weak stationary AR(I) model in ('quation (32) 

Thus the ACF of Pi satisfies 

Pi forl 2:: o. 

Because Po 1 we have 

PI (18) 

thus the AC F of a weakly stationary AR(1) series decays expollentially with rate 91 after 

starting at Po 1. 

Alternative Deriyation of the ACF for the AR(I) :"1odeL 

~ow since from (17) 

.3 . -;- Cf!l Ct-3 "r ... , 
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the yariance is 

"Yo = E{rt pi 
E(et + rPICt-l + 6ICt-2 + + .. 

(1+¢I+¢f+1)~ ...... )0-2 

0- 2 I (1 

",-hile the lth autocovariance is 

x (et-l + 

9\ [1 + 

[<pi/(l 

4 , 2 + CPl T .. ·lo-
A,2)] 2 'P1 0-. 

The autocorrelation function is therefore 

, Po :0 
I = Ql' 

+ ... ) 

1 

By using the Lag operator LTt = Tt-1 and LqTt Tt-q we obtain from (16) 

(1 - if"J L) h Jl) 

<I>(L)(Tt - p) 

et, or. 

(19) 

(20) 

Let :r II L thell we obtain the characteristic equation <I>(~) 0 of the AR(l) model. The 

characteristic equation plays an important role in identifying Linear Tirne Series Processes. 
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The characteristic equation is 

1 , 
<1>(-) =X-91 0 

X 
(21) 

and the only solution of the characteristic equation 

is 

(22) 

But for the process to be stationary 1911 < 1. Thus the solution of the characteristic equation 

requires 1(;)11 < 1 for the process to be stationary, or, the solution must be within the unit circle. 

)Jote that some writers use as characteristic equation, \\'ith z = L, 

(23) 

with solution :;; 1/91 and Izl 11/9ll > 1, requires I ¢1 1< 1 for the process to be 

stationary. Thus the solutions to the characteristic equation <1>1 (,:0) 0, must all lie outside the 

unit circle. 
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Chapter 5 

An Interval-valued AR(l) model 

under metric de 

The ,Y('akly stationary assumptions for the interyal-yalued time series are 

E [0,0] 

v [ "[ 2] " a~' . a'u E ~+ 

f(h) independent of t 

=Ji+ 1+ 

where 

are interval-valued observations and 

is the interyal-valued parameter. 
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5.1 Estimation of AR(l) parameters 

The estimation is effectin~ly cOll\'erted into a common optimization problem. 

In this set-up we let 

then 

where 

and 

Kith 

and 

N 

L de (fit. Ii + ',plYt-d 
) t=l 

1 [ly1l _ '1'''12 + Iyl _ :1'112] 2 . t ·~t t ~t 

1 (I U' 2" Yt + Yt ) 

.1l 11 + ( ,I II 1l 611 I . 11 11 ) 
XI. = f.L max rplYt-l' 91Yt-l' . lYt-l' GJIYt-l 

Then the optimisation algorithm implenwnted in the form of :"Iathematica code in the 

Appendix solves the optimisation problem 
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N 

min Ldc; ('fit, Ti + - ) 
(Il,<i>l) t= 1 

for inten'al parameter estimates 

given a choice of a combination of parameters 0: and 

5.2 Variance-covariance for estimators 

The basic idea here is in terms of Taylor's expansion to obtain an asymptotic variance-coyariance. 

Denote the estimated parameter of (Ti, ( 1) as (Ii, 

) - (Ti. 

which implies that 

Also. 

;\' 

We need to explore the link between f (Ii, ¢1) - f and L (lIt'Ti + ¢lYt-l)' As a 
t=l 

matter of fact. de (Ii + ::;;: ,Ti -I- 61Yt-l) can be eyaluated and therefore 

N 

L 
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can be obtained. Finally, 

asymptot ie-ally. 
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Ch.apter 6 

Interval Modelling of three JSE 

Stock Prices 

6.1 Johannesburg Securities Exchange (JSE) South Africa 

This S('ctioll giws ,1 brief summary of the background of the JSE Securities Exchange South 

Africa (.1SE). The main source of information for this summary is the official JSE world wide 

web site (http://wwv;;.jse.co.za). 

In 1886: the 'Witwatersrand goldfields, the richest of their kind in the world at that 

were discovered in Johannesburg. Little more than a year later, the JSE Securities ,-,-'-\..11<:1.11,.:,,,, 

South Africa was founded in 1887 as the Johannesburg Stock Exchange (JSE) to enable new 

mines and their financiers to raise funds for the development of the booming mining industry, 

Today, the majority of listed companies on the JSE are non-mining organisations. 

6.1.1 Features of the JSE 

The JSE is the only stock exchange for equities and other securities in South Africa. Howeyer, 

the JSE has been classified as an "emerging market" 'when compared to the global stock markets. 

The Sout h African economy is characterised by both established first world fundamentals as 

well as third world features. Since lVIonday 10 June 1996, all trades on the JSE are conducted 

through the automated trading system, JET (JSE Equities Trading). 
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The JSE is a self-regulatory organisation that is goyerned by a set of dra-wn up by the 

elected JSE Committee. The JSE is a member of the Federation Internationale des Bourses 

de Valuers (FrBV) and was granted designation status by the Japanese Securities Dealers 

Association effective on 14 December 1994. On 1 :"Iarch 1995 the JSE w&'> included in the 

!\Iorgan Stanley index for emerging markets and on 7 April 1995 ''''as included in the IFC 

Emerging !\larkets Global and Investable Indices. 

6.1.2 Roles of the JSE in South Africa 

The main functions of the .JSE are: 

1. To proyide an orderly primary and markets for trades in equities and other 

securities in order to create new investment opportunities in South Africa. 

2. To create liquidity, thus ensuring the primary market fulfils its fimctioll of raising new 

inyestment capital. 

3. To re-channel cash resources into productive economic actiyities, thus allowing for the 

raising of primary capital required to deyelop the country's economy 

4. To make the services it provides to be accessible to the entire nation. 

5. To ensure that the nation is suitably informed of the adyantagcs and risks of share own­

ership. 

6.1.3 Re-structuring of the JSE 

In anticipation of the fundamental changes to the South African political and economic envi­

ronment that was to follow the first democratic election in 1994. the applied to the South 

African Parliament for a re-structuring. In September 199,'). the Stock Exchanges Control 

Amendment Act was approyed by Parliament, ,dlich allowed for the re-structuring of the JSE. 

The restructuring plan. as approwd by the JSE Committee. was aimed at ensuring that: 

1. The stock ~'~'~UL'HF,~ de-regulates efficiently and successfully. 
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2. The stock 

regime, and 

contributes towards the needs of the new political and economic 

3. The JSE"s attracti,"eness to local and foreign investors will be further enhanced. 

The JSE was re-structured without bias towards any particular business or social community. 

The restructuring has irnpacted on: 

1. :,Iembership in the 

2. Trading principles and systems, 

3. Clearing and 

4. Transfer and 

5. Capital requirements of member firms, and 

6. Financial structure of the JSE. 

The oYerall benefits to the economy from this re-structuring were suggested as follows: 

1. A listing on the JSE enables substantial amounts of capital to be raised for the financing 

of new businesses, expansion of existing 

opportunities. 

and the creation of new employment 

2. To allow for speculative buying and selling of shares for indiyiduals who are 

about the performance of selected shares. 

6.1.4 Trading Hours on the JSE 

The trading days on the are from 1I..10nday to but excluding the public as 

declared by the South African Parliament. The continuous trading hours on a trading are 

from 09HOO to 17HOO (South African time). The JET operates every trading from 

08H25 until 18HOO, with pre-opening sessions applicable from 08H25 to 09HOO, and the runoff 

session applicable from 17HOO to 18HOO. 
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Figure 6-1: Plot of obseryed Absa Daily Price Time Series 

6.2 Three JSE stock prices used in the mini-dissertation 

6.2.1 The Absa shares 

Absa is Olle of South Africa's largest prm-iders of financial sen"ices to the business market. In 

2003 Absa was chosen as South Africa's bank of the year and also the most admired financial 

services brand in South Africa. Absa's share price has shown steady growth over the years. 

Absa's attractiyeness to both domestic and international im"estors was further confirmed 

by the interest shown by Barclays Bank (UK) in acquiring a substantial stake in Absa. At the 

time of the writing of this dissertation the process of this acquisition process VI"as in ad,"anced 

stages. Figure 6-1 displays the almost exponential grmvth of the Absa share price between 06 

:\lay 1987 and 15 September 2004. 

6.2.2 The Anglo shares 

Anglo American with its subsidiaries, joint wntures and associates is a global leader in the 

HUU'""h and natural resources sectors. It has a significant and focused interest ill platinum 
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Figure 6-2: Plot of observed Anglo Daily Price Time Series 

group metals, paper and packaging and ferrous metals. It has also a financial as well as technical 

strength. Figure 6-2 displays the time series growth of the Anglo share price between 06 ~lay 

1987 and 15 September 2004. 

6.2.3 The JSE Overall index 

This section contains a brief summary of the financial index measuring the oyerall performance 

of the JSE oyer a trading day. The main source of information for this summary is the official 

FTSE/JSE Africa Index Series world ,,'ide web site (http://ftse.jse.co.za). 

In financial markets, financial indices are published by the regulators to summarise the price 

movements of a group of listed shares on the market. The primary functions of these financial 

indices are: 

1. To describe the market at a point in time in terms of price levels. dividend yield and 

('arnings yields. 

2. To enable investors and traders to compare the performance of a particular listed share 

wit h t he performance of a market index. 
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Figure 6-3: Plot of observed JSE-Oyer Daily Price Time Series 

3. To provide an indication of the investors' confidcncc in the economy ;md the market's 

expectations for the different sectors vv'ithin the market as \yell as the oyerall market. 

On the JSK the Johannesburg Stock Exchange Overall (JSE-Over) Index measures the 

performance of the overall equity market. According to JSE's "old" (Prior to 24 June 2002) 

sedor cla.ssification system, the JSE is comprised of 5 sectors and 53 sub-sectors, The JSE-Ow:r 

index is a weighted arithmetic index, where the weights are the market capitalisation (or market 

cap) of each constituent security. Figure 6-3 displays the daily JSE-Over index pattern between 

06 ~lay 1987 and 15 September 2004. 

6.3 Classical AR(l) Modeling of Low and High Prices 

The basic idea is whet her or not an inten'al prediction can be offered for any stock prices. 

One of the naive approaches is to directly use the 10\\'-high values of the stock price/index to 

form low-high price interval and then take the estimated low-high price/index pairs to form a 

low-high interval series and finally use these pairs to estimate parameters for forecasting. It 

should be pointed out that the classical time series techniques make use of stationary time series. 
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Figure 6-4: Time plot of daily low and high Absa prices 

However, from price theory, the low and high prices of a stock are in general not stationary. The 

new approach adopted in this dissertation is to apply classical time-series analysis techniques 

and later use the interval AR(l) and the general metric de to provide a comparison base for the 

two models. The steps involved in parameter estimation for each observed series will involve 

establishing whether the data series is stationary or not, and if not, performing necessary 

transformations so that estimation is conducted on stationary time series. In this analysis only 

3 month of daily time series for the three stocks are used. 

6.3.1 Absa low-high interval 

We begin with a series of Absa low-high prices observed between 06 May 1987 and 07 August 

1987 as given in Figure 6-4. 

The first objective is to decide on a reasonable - but tentative - ARMA(p, q) model with the 
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AJtocol'l"tlation Function 

JlbSII Hi9h: Jlbsa high prices 

(Standard ef'IWS ill'll: while-nQise estimates) 
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Figure 6-5: ACF of high Absa prices 

aid of the autocorrelation and partial autocorrelation functions (ACF and PACF), Having done 

so, the next step will be to estimate the parameters for that model using the method of least 

squares. KexL the model will be critically checked for adequacy, If the model is inadequate 

in some 'Nay. the nature of inadequacy will be considered. Finally, the model will be used 

to compute forecasts of Absa high prices for up to 5 days using I-step ahead forecasts, This 

approach will also be applied separately for low Absa prices, as well. The ACF and PACF of 

the high Absa series are given in Figures 6-.5, and 6-6 respectively. 

From Figure G-5 the ACF values decay exponentially and the PACF has a spike only at lag 

1. All other values of PACF lie within the interval of = ±Q,2462, This analysis suggests a 

tentative AR(l) model given below with parameters estimated using the least squares method, 
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Partial A.itQconllltion Function 

Pbs. High: Pbs. high prices 

(Standard ef'l"Ol'$ assume AA order Q1 k -1) 
LAg torr. 30'1:. 

J. +."1 .J.t3J. W~W~ 
·.O~1 .J.tU , ~ 
-.134 .un :~ 

~ ·.001 .un I I , 
-.on .lin ~ 
-.001 .1.Hl. I 
+.H9 .H1l. f!il 
-.H6 .1111 ~ 
+.lll .ltll ~ 

10 +.OOt .lin I 
11 - .Ola ,~!3~ 0 
U -.013 .lin e 
u +.OH .lt31 ~ 
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FigU[f~ 6-6: PACF of high Absa prices 

Tt 12.3546 + O.977915Tt_1, (j 7.1.:160 

(22.2353) (0.03717) 

(0.5506) (26.3092) 

Kith the standard errors and t-statistics in brackets below the estimates. The next step 

is to clwck the model for adequacy. This is achieved by first '.W"' .. ".H the graph of residues -

differences between actual and model and such graph is in Figure 6-7. 

A more useful tool for model diagnostics is the ACF of residuals as a check for the indepen-

de nee of the noise terms in the modeL }"'or true white noise, the sample autocorrelatiol1s are 

approximately uncorrelated and normally distributed ,,'jth zero means and yariance liT. The 

ACF for the high Absa prices is given in Figure 6-8. Comparing the obserwd values with the 

t\,·o times standard errors giyes no reason to question the adequacy of the fitted modeL 
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Figure 6-7: Residuals of high Absa series under AR(l) model 

Degrees of 
6 7 8 

I 
9 10 11 

freedom (m 1 ) 
Q*(m) 3.340 4.298 5.111 . 5.113 5.150 6.537 

.) 

\605(111 1) 12.592 14.067 15.507 116.919 18.307 19.675 

Table 6.1: l\fodified Box-Pierce statistic for high Absa prices 

12 

6.585 
21.026 • 

The graphical evidence of serial independence of residual terms can further be reinforced 

by the modified Box-Pierce statistics as shown in Table 6.1. ~ote that none of t.he modified 

Box-Pierce statistics are significant at the 5o/t. level and thus the conclusion to fit the AR( 1) is 

a correct one. 

The I-day up to 5-day forecasts of high Absa series are depicted in Figure 6-9. The values 

of the forecasts are given in Table 0.2 together with forecast standard de,'iations (errors). The 

forecast origin is day 66 (7 August 1987). As the forecast hori,,;on increases, the uncertainty in 

t he forecasts also increases, as indicated by increasing standard errors. 
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Figure 6-8: ACF of the residuals of high Abs3 prices 

Table 6.2: Forecasts of high Absa prices 
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Figure 6-9: Forecast of high Absa prices \l/ith the original series 
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Figure (j-1O: ACF of low Absa prices 

Parameter Estimation Of Absa Low Prices 

14 16 

The focus now shifts from high Absa prices to low Ahsa prices. The ACF and PACF of the low 

Absa series is giYen in Figures 6-10 and 6-11 respecti\'ely. 

The ACF and PACF in Figures 6-10 and 6-11 suggest an AR(l) model. The ACF decays 

almost exponentially except that only fev; 'mlnes notably at 8 and 13 allow for some 

slight deviations from the exponential decay trend. The PACF has a significant spike at lag 1, 

and beyond that lag. almost all values fall within the 959C confidence band except for \'alues at 

lag 13 and lag 14. The AR( 1) rnodel is giYen below v.'ith the least squares parameter estimates, 
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Figure 6-11: PACF of 10\\' Absa prices 

12 

Tt 134.8423 + O.7695Tt-l, (j = 17.9004 

(48.9411) (0.08311) 

(2.7552) (9.2579) 

where the standard errors and t-statistics are shown in brackets. 

14 16 

Figure 6-12 is a graph of residuals. from the graph there does not seem to be any pattern 

in the residuals. and the residuals appear to be independent of each other. This influence is 

further confirmed by Figures 6-13 and 6-14, where no strong correlations show up at any lags. 

The one day ahead foreca:sts of the low Absa prices vdth the origin at day 66 (07 August 

1987) and the horizon days 67 up to 71 (14 August 1987) are represented in Figure 6-15 

Table 6.3 gives the tabular representation of thel-day ahead forecasts of the low prices 

together wit h t he corresponding standard errors. 
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Figure 6-12: Residuals of low Absa series under AR(l) model 
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Figure 6-13: ACFof residuals of low Absa prices 
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Figure 6-14: PACF of residuals of low Absa prices 
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Figure 6-15: Forecast of low Absa price with the original series 
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Forecast 
Standard error 
Day 

558.044 
(17.90) 

67 

564.234 
(22.586) 

68 

568.997 
(24.949) 

69 

572.662 
(26.248) 

70 

Table 6.3: Forecasts of low Absa prices 

Absa low-high series and 
1- day ahead Forecasts 
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Figure 6-16: Forecast of low-high Absa prices 
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70 

575.482 
(26.988) 

71 

What follows next is a combination of the low and high forecasts in one graph Figure 6-16, 

and giving the upper limit of the low-high interval as the upper limit of the confidence intervals 

of the high estimates, and inversely, the lower limit of the low-high interval as the lower limit 

of the confidence intervals of the low prices. 

The low-high forecasts and the low-high confidence interval are given in Table 6.4. 

From Table 6.4 and Figure 6-16 it can be noticed that uncertainty increases as time the 

forecast horizon increases, this increasing uncertainty being demonstrated by the widening 

confidence interval as forecast horizon increases. All the 5 actual closing Absa prices and the 

actual low-high pairs in the forecast region are enclosed by the corresponding forecast confidence 

intervals in the forecast region. 
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Forecast Dates Actual Intervals AR(l) Intervals 
Confidence Intervals 

Closing. 
of AR( 1) Intervals 

10/08/87 [550, 550] [555.10, 558.05] [522.96.593.13 5.50 

11/08/87 [550, 555] [555.19,564.23] 519.97. 608.50 55·5 
12/08/87 560] [555.29, 569.00] '517.15. 620.85" 555 
13/08/87 [555, 560] :555.38, 572.66] 514.20. 631. 5.55 
14/08/87 [560, 565] :55.5.47, 575.48] 

• 

[511.09,639.87] 560 

Table 6,,1: Forecasts of 10K-high intervals of Absa prices 

6.3.2 Anglo Low-High interval 

The data used in this subsection for interval parameter estimation under the AR(1) model is 

for the period 2,5/04/1995 to 03/08/1995 - a period of 3 months. The graph of senes 

of Anglo prices is in Figure 6-17. 

The analysis is carried out first on the high Anglo prices. The autocorrelations of the 

observed series of Anglo is shown in Figure 6-18. 

The ACF of the time series dies out exponentially and this decay .JU,,-",v0",J a tentative AR(p) 

model for the observed data series. The order snggf'sted by the PACF leads to an AR(l) 

since there is only one at 1, as shown in Figure 6-19. 

The least squares method the specific model 

Tt 591.9094 + 0.88096Tt-l, a- = .53.77.58 

(26.5.0704) (0.05303) 

(2.2330) (16.6122) 

'with the corresponding standard errors and t-statistics gi\·en. respectiwly, \vithin the brack-

ets. The errors of the high Anglo from the AR(l) model yalues are given in Figure 6-20. 

The residual values ""crrro.oj- some serial independence and can therefore be regarded as white 

noise yalues. This inference can be confirmed by the ACF and the PACF "alues ofthe residuals 

depicted in 6-21 and 6-22 respectively. 

The I-day ahead estimates performed up to a 5 day horizon with origin at day 70 (03 

1995) and horizons at days 71,72,73,74, and 75 are depicted graphically in Figure 6-2:3, 
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Figure 6-17: Time plot of daily low-high Anglo prices 
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AutocomtlatiOl'l Function 
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Figure 6-18: ACF of high Anglo prices 
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6-19: PACF of high Anglo prices 
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Figure 6-20: Residuals of high Anglo series under AR (1) model 
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Figure 6-21: ACF of residuals of high Anglo prices 
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6-22: PACF of residuals of high Anglo prices 
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Anglo high series and AR(1 ) 
1- day ahead Forecasts 

~ ,--------------------------------------, 
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Standard error 
Day 

10 20 30 40 
Days 

50 60 

Figure 6-23: Forecast of high Anglo prices 

4986.16 
(53.776) 

71 

4984.53 
(7l.667) 

72 

4983.10 
(85.910) 

73 

498l.84 
(98.106) 

74 

Table 6.5: Forecasts of high Anglo prices 

.... . 
..... . .... 

70 

4980.73 
(108.946) 

75 

Again it emerges clearly in the graph that increasing the forecast horizon increases the 

uncertainty in forecast. The forecasts are shown in Table 6.5 together with the corresponding 

uncertainty measures as given by the standard errors in brackets. 

96 

Univ
ers

ity
 of

 C
ap

e T
ow

n



1 

0.8 

0.6 

I..t.. OA 
(..) 0.2 <{ 

0 
-0.2 
-0.4 

-0.6 

2 4 

Cons log ram of 
Anglo low prices 

6 8 
lag 

10 12 

Figure 6-24: ACF of low Anglo prices 

Parameter Estimation Of Anglo Low Prices 

14 16 

The process of model identification is now applied to low prices of Anglo. Figures 6-24 and 6-25 

giYe the ACF and PACF of the low Anglo prices, respectively. 

The combination suggests an AR(l) model 'with the estimated model. given with standard 

errors and t-st atistics in brackets by 

Tt 549.0713 + 0.8886Tt-l, !j = 52.0145 

(255.0839) (0.05147) 

(2.1525) (17.2662) 

The graph of residuals of low Anglo price series is giyen in Figure 6-26. 

The ACF of the low prices of Anglo is gi,'en in Figure 6-27, 

The Box-Pierce Q-statistic of the residuals gh'es values 

Q(8) = 15.3749 Q(9) = 15.3764 Q(lO) 17.3960 

"'hich are not quite significant at the 5% significance leyel. The Q-statistics together with 

97 

Univ
ers

ity
 of

 C
ap

e T
ow

n



u.. 
(.J 
<i 
Cl. 

0.8 
06 
0.4 
0.2 

0 

-0.2 
-0.4 

-0.6 

Correlogram of 
Anglo low prices 

q-.... 0 q-
o 0 g ~ g 

- - -r:::- -~ - 1:1- - - (5 - - - i;- -'+- - - - - - - -0-
~ ci I * "": 9 ' o t 9 

t 

2 4 6 8 
lag 

10 12 

Figure 6-25: PACF of low Anglo prices 
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Figure 6-26: Residuals of low Anglo series under AR(l) model 
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Figure 6-27: ACF of the residuals of low Anglo prices 

Table 6.6: Forecasts of 1m\" Anglo prices 

information from t he graph of resid uals that the residuals can be 

16 

as white noise. 

The forecasts are shown in Table 6.6, together with the corresponding uncertainty measures 

as the standard errors in brackets 

Combining the low-high forecasts of Anglo prices and their confidence intervals yields the 

graphical picture given in 6-28. 

The low-high forecasts and the low-high confidence interval of Anglo are given in Table 6.7. 

Again all the 5 actual closing Anglo prices and the actual Jmv-high pairs for the forecast 

period are enclosed by the forecast confidence in the forecast region. 
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Figure 6-28: Forecast of low-high Anglo prices 

Actual Intervals AR(l) Intervals 
Confidence Intervals 
of AR(l) Intervals 

[4975, 5000] [4947.81,4986.16] [4845.96, 5091.56] 
[4963, 5000] [4945.86, 4984.54] [4809.47, 5125.00] 
[4994, 5013] [4944.12,4983.11] [4785.75,5145.65] 
[4988, 5000] [4942.59, 4981.85] [4768.80, 5159.65] 
[4925, 4950] [4941.22 , 4980.74] [4756.16, 5169.54] 

Table 6.7: Forecasts of the low-high intervals of Anglo prices 
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Figure 6-29: Daily low-high JSE-Over index levels 

6.3.3 JS~Over Low-High interval 

The interval parameter estimation for the low-high JSE-Over index levels under the classical 

AR(I) model is performed on a JSE-Over series for the period between 06 May 2003 to 13 

August 2003. The low-high time series is given in Figure 6-29 . 

The ACF of the low index values, given in Figure 6-30, dies fairly quickly and it suggests an 

autoregressive model for the data. Furthermore the PACF values of the observed series given 

in Figure 6-31. All the PACF values beyond lag 1 are within the jfo = 0.239 confidence band, 

strongly suggesting an AR(I) model. 

The least squares estimates of the model parameters are given by the model with standard 

errors and t-statistics in brackets below. 
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Figure 6-30: ACF of low JSE-O,'er index series 
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Figure 6-31: PACF of low JSE-On:r iudex series 

rt 4994.76 + 0.94331rt_l. Cr 796.264 

(2353.53) (0.02781) 

(2.1222) (33.91827) 

The graph of residuals of the low illdex ,'alues of JSE-Over is given in Figure 6-32. 

The residuals from 6-32 appear independent. This yjew is confirmed by the ACF 

mlues of residuals giyen in Figure 6-33, where all the ACF values of the residuals are within 

the Jk = 0.239 limits. The modified Box-Pierce statistics for the ACFs of the residuals are 

in Table 6.8. 

All the statistics are not significant at the 959{ lewL it is not unreasonable to "U,F.F.'~'H 

that the residuals behave like white noise. The AR(l) forecasts of the low JSE-Over index 
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Figure 6-32: Residuals of 10K .JSE-Oyer series under AR(1) model 
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6-33: ACF of residuals of low .JSE-Over index series 
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Degrees of 
8 9 10 11 12 

freedom (m - 1) 
Q*(m) 14.085 14.641 15.053 15.074 15.515 

x6.05(m - 1) 15.507 16.919 18.307 19.675 21.026 

Table 6.8: Modified Box-Pierce statistic for low JSE-Over series 

JSE-Over low series and 1- day 
up to 5-day ahead Fore-casts 
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Figure 6-34: Forecasts of low JSE-Over index levels with the original series 

levels with the origin at day 70 (13 August 2003) and horizons of 1 up to 5 days are given in 

Figure 6-34. 

The forecasts are shown in Table 6.9 together with the corresponding uncertainty measures 

as given by the standard errors in brackets. 

Forecast 
Standard error 
Day 

89745.20 
(796.26) 

71 

89652.10 
(1094.63) 

72 

89564.20 
(1303.94) 

73 

89481.30 
(1465.25) 

74 

Table 6.9: Forecasts of low JSE-Over index level 
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89403.10 
(1595.14) 
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Figure 6-35: ACF of high JSE-Over index series 

Parameter estimation of JSE-Over High Index values 

The values of high JSE-Oyer index values lead to the ACF and PACF values gi,-en in Figures 

6-35 and 6-36 and this information suggests the AR(l) modeL 

l\lodel adequacy is checked graphically using Figure 6-37. 

Two times standard errors of 7'1 = 2xO,~835 0.222, so that the lag 1 autocorrelation 
viD 

value is not significantly different from zero. For values of k two times standard error of is 

approximately }o 0.239, so only the autocorrelation \'alue at lag 7 is significant and falls 

beyond two standard errors of zero. This nllue alone should not lead to the rejection of the 

null hypothesis of independence of the residuals. The prescribed AR(l) model is given by 

7't 6:'W2.09 + 0.9288Tt_1. a 795.229 

(3044.74) (0.03547) 

(2.0698) (26.1834) 
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Figure 6-36: PACF of high JSE-Over index series 

Correlogram of AR1 residuals 
with JSE- Over high index 
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Figure 6-37: ACF of residuals of high JSE-Over index series 
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Figure 6-38: Forecasts of high JSE-Over index level 

Forecast 
Standard deviation 
Day 

91001.60 
(795.23) 

71 

90827.60 
(1085.34) 

72 

90665.90 
(1284.00) 

73 

90515.80 
(1438.44) 

74 

Table 6.10: Forecasts of high JSE-Over index level 

90376.30 
(1550.84) 

75 

The forecast of high JSE-Over index levels with the origin at day 70 and horizons at days 

71,72,73, 74,and 75 are given in Figure 6-38. 

The forecasts are shown on Table 6.10 together with the corresponding uncertainty measures 

as given by the standard errors in brackets. 

Putting together on one graph the values of low-high forecasts and their confidence intervals 

of JSE-Over index leads to Figure 6-39. 

The low-high forecasts and the low-high confidence intervals of JSE-Over index levels are 

given in Table 6.11. 

As in the previous two cases of Absa and Anglo series, all the 5 actual closing Anglo prices 

and the actual low-high pairs in the forecast region are enclosed by the forecast confidence in 

the forecast region. 
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Forecast 
Dates 

14/08/2003 
15/08/2003 
18/08/2003 
19/08/2003 
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x 
Q) 

"0 
c: 

JSE-Over low-high series and 1 - day 
up to 5 -day ahead Forecasts 
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Figure 6-39: Forecasts of low-high JSE-Over index level 

Actual 
AR(l) Intervals 

Confidence Intervals 
Intervals of AR(l) Intervals 

[89907, 91023] [89745.20,91001.60] [88184.60, 92560.30] 
[89907, 90775] [89652.10, 90827.60] [87506.60, 92954.90] 
[89700, 90412] [89564.20, 90665.90] [87008.50, 93182.60] 
[90412, 91380] [89481.30, 90515.80] [86609.40, 93325.30] 
[91253,92081] [89403.10, 90376.30] [86276.60, 93416.00] 

Table 6.11: Forecasts of low-high JSE-Over index level 
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6.4 Interval AR(l) Analysis Results under de metric 

6.4.1 Absa interval AR(l) analysis results under de metric 

Tables 6.12. 6.13. and 6.14 give interval parameters computed from optimising the following 
N 

expression min{/1¢J) L de (Yt, Ji + ;PIYt-l)' 
t=l 

110 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Absa Share Parameter Estimates with (() 2.0,8 1.5) 

Period [fll, flU] ["i·or1 
06/05/87 08/06/87 [1.00039801, 1.00040975] [0.99842457, 0.99843685] 

! 06/05/87 - 08/07/87 rO.99981432, 0.999814371 [0.99834741. 0.99834741] i 

06/05/87 - 07/08/87 [0.99980813, 0.99980815] [0.99831964, 0.99831964] I 
25/04/95 - 26/05/95 [1.00017787, 1.00018481] [0.99930542. 0.99930543] : 

25/04/9.5 28/06/95 r 1. 0000094 2, 1. 000009 791 [0.99941870, 0.99941870] 
25/04/95 28/07/95 [1.00017147, 1.0001715.5] [0.99929252, 0.99929252] 
06/05/03 - 04/06/03 [0.99815280, 0.99897767] I [1.00,549481. 1.00549481] 

! 06/0.5/03 - 07/07/03 [0.99869331, 0.99927681: [1.00388696, 1.003886961 
06/05/03 - 07/08/03 [0.99935060, 0.99964059] [1.00193174, 1.00193174] 

Table 6.12: Interval parameter estimates of Absa series 

Table 6.12 gives the interval parameter estimates for 9 sets of Absa daily price series. The 

data used for estimating the first set of parameters is taken from a period of 1 month (22 days)­

period 06 :'\Iay 1987 to 08 June 1987. The second and third set of parameters utilise data oyer 

a period of 2 and 3 months (44 and 65 days), respectively; from the top half of the oyerall Absa 

share prices of data. The 4th, 5th , and 6th sets of parameters are calibrated from observations of 

1 month. 2 months and 3 111onths, respectiYciy. The three data sets are taken from around the 

middle of the Q\'erall Absa share prices data provided. The last three sets of parameters the 

7th . 8th , and 9th are also calibrated from observed data of 1 month. 2 months and 3 months, 

respectiwly. The three data sets used are taken from almost the bottom end of the overall 

Absa share prices data proyided. 

6.4.2 Anglo interval AR(l) analysis results under de; metric 

Table 6.13 gives the interml parameter estimates for 9 data sets of Anglo daily prices. The 

data used for estimating the first set of parameters is taken from period of 1 month (22 days)­

period 06 :!\lay 1987 to 08 June 1987. The second and third sets of parameters utilise observed 

data m-er a period of 2 and 3 months (44 and 65 days), respectively: from the first half of the 

overall Anglo share prices data. The ,5th , and 6 th sets of parameters are calibrated from 

sets of 1 month, 2 months and 3 months (70 days). respectiwly. The three sets of data are 

taken from around the middle of the overall Anglo share prices data provided. The remaining 

sets of parameters the 7th , 8th , and 9th are also calibrated from data of 1 month, 2 months and 
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Anglo Share Parameter Estimates with (0: = 2.0, P = 1.5) 

Period [fi,{lU] r6L <prl 
06/05/87 - 08/06/87 [0.99965736, 0.99981037] [1.00101924, 1.00101924] I 
06/05/87 - 08/07/87 [0.99972024. 0.99984.517] [1.00083218, 1.00083218: I 
06/05/87 - 07/08/87 [0.99967888, 0.99982228] [1.00095522. 1.00095522] I 

I 25/04/95 26/05/95 [0.99995608, 0.99995846] [0.99969197. 0.99969742] 
25/04/95 - 28/06/95 [3.33649330, 7.91845180] [0.99941685, 0.99941685] 

• 25/04/95 - 28/07/95 [16.8153975. 21.2237408] [0.99661687, 0.99661687] 

06/05/03 - 04/06/03 [0.99604530, 0.99771010] [1.00901413. 1.010262501 
! 06/05/03 07/07/03 [1.00001684, 1.000017291 [0.99962757. 0.999627.571 

06/05/03 07/08/03 [1.00001976, 1.00001977] [0.99988855, 0.999888.56] 

Table 6.13: Interval parameter estimates of Anglo series 

JSE-Over Parameter Estimates with (0: 2.0, /3 1.5 ) 
Period [{ll, /1"] r,1 '11

' 91) wI • I 

06/05/87 - 08/06/87 [1.00000785, 1.00001418] [0.99995782, 0.99995783] I 
06/05/87 - 08/07/87 [0.99972373, 0.99984710] [1.00082181, 1.00082181] • 

.06/05/87 - 07/08/87 [0.99944042, 0.99969030] [1.0016645.5, 1.00166455] • 

25/04/95 26/05/95 [1.00012038, 1.00016606] [0.99935771, 0.99935771] ! 

! 25/04/9.5 - 28/06/95 ~1.00027222, 1.00027310· [0.99893489, 0.99893489] I 

i 25/04/95 - 28/07/95 [1.00000096, 1.00000174] [0.99999481, 0.99999,181] I 

06/05/03 - 04/06/03 [608.828648, 872.078188] [0.99637617, 0.99637617] 
06/05/03 - 07/07/03 [0.99954713, 0.99974936J ! [1.00134709, 1.00134709] 
06/05/03 - 07/08/03 :0.99910776, 0.99950619J [1.00265412, 1.00265412] 

Table 6.14: Inten'al parameter estimates of JSE-Owr Samples 

3 months, respectively. The three data sets are taken from around the later end of the oyerall 

Anglo share prices proyided. 

6.4.3 JSE-Over interval AR(l) analysis results under dG metric 

Table 6.1-1 gives the inleryal parameter estimates for 9 sets of JSE-Over daily index. The data 

series used for estimating the first set of parameters is taken from period of 1 month, period 06 

~Iar 1987 to 08 June 1987 (22 days). The second and third sets of parameter estimates utilise 

series oyer a period of 2 and 3 months (44 and 65 days), respectively: from the later half of 

the oycrall JSE-Owr index data. The 4th) 5th, and 6th sets of parameters are calibrated from 

data of 1 month, 2 months and 3 months. respectively. The three sets data the 7th , 8th , and 
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Absa 
Metric I 7.3871 7.6310 7.8835 8.:3883 8.8932 9.3981 9.6506 9.9030 

Interyal Series 

06/05/87-

~ I 
0.0040 0.1000 0.2000 0.4000 0.6000 0.8000 0.9000 1.0000 

07/08/87 0.9960 0.9000 0.8000 0.6000 0.4000 0.2000 0.1000 0.0000 

Table 6.15: Changes in the metric with respect to weights using Absa data 

Anglo 
Metric I 39.9646 40.9930 42.0999 43.1659 44.1397 44.6343 45.1363 

Interyal Series 
05/04/95- Jl. 0.0040 0.2000 0.4000 0.6000 0.8000 0.9000 1.0000 

28/07/95 ill_ 1.0000 0.8000 0.6000 0.4000 0.2000 0.1000 0.0000 

Table 6.16: Changes in the metric with respect to weights using Anglo data 

9th are taken from around the middle of the o\'eralJ JSE-O\'er index data provided. The last 

three sets of parameters are again calibrated from data of 1 month. 2 months and 3 months, 

respecti\'ely. The three sets are taken from around May 2003 up to around mid August 2003, 

within the overall JSE-Over index levels provided. 

The choice of the combination of parameters a 2.0 and .13 1.5 is only shown for 

illustration purposes, from among many possible combinations. In fact other combinations 

tried gave results that were not materially different to the ones obtained in Tables 6.12, 6.13, 

and 6.14. The changes in the metric with respect to changes in a and 3 and therefore 'with 

respect to the changes in the weights ",~a and are given in Tables 6.15, 6.16 and 6.17. 

The effect of choosing 0: and B in such a way that as "'~3 approaches 1 and therefore 

approaches 0, is that the fitted model intervals get tighter and conversely as 

and therefore "':3 approaches 1, the fitted model intervals get \\'ider. 

approaches 0 

Table 6.17: Changes in the metric with respect to weights using JSE-Over data 
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Figure 6-40: 5-day low-high forecast of Absa prices from Interval AR(l ) 

6.5 5-day Low-High Forecasting and Comparisons 

Figure 6-40 gives 5-day low-high forecast following 1 month (22-day) series from 6 May 1987 to 

8 June 1987. 

From Figure 6-40 it can be seen that the forecast is bad in that t.he interval of low-high 

prices does not enclose the actual closing share price, nor does it enclose the actual low-high of 

the share price. The next Figure 6-41, gives the plot of the 5-day forecast following a different 

one month series, from 4 April 1995 to 5 May 1995. 

The forecast matches the actual closing and the actual low-high closing prices only on the 

first day of forecast, and on the second day and beyond it overestimates both the actual low-high 

values. However, the interval-valued AR(l) performs better than classical low-high forecast. 

Figure 6-42 depicts the plot of 5-day forecast of low-high Absa prices from both the classical 

and the interval-valued AR(l) models. The sample used is a 3 month sample starting on 5 May 

1987 to 7 August 1987. Both models perform fairly well , however the interval-valued forecast 

performs slightly better than the classical model in that it encloses all the actual closing prices 
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Figure 6-41: 5-day low-high forecast of Absa prices from Interval AR( 1) 

and most of low-high values. 

Figure 6-43 gives forecasts from a 2 month sample (taken from the middle of the Absa Time 

Series), the forecast looks perfect but the interval-AR(1) model performs slightly better than 

its classical counterpart. 
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Figure 6-42: 5-day low-high forecast of Absa prices from Interval AR(l) 
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Figure 6-43: 5-day low-high forecast of Absa prices from Interval AR(l ) 
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Figure 6-44: 5-day low-high forecast of Absa prices from Interval AR(l) 

Figure 6-44 is the forecast from a 3 month sample taken from the middle of the Absa time 

series. 

The interval-valued AR(l) forecast seems to track the actual low-high Absa values, better 

than its classical counterpart. 

Figure 6-45 gives 5-day forecast of the 1 month Anglo sample from the beginning of the 

time series. The forecasts do not look good for both models, however in comparative terms the 

interval AR(l) forecast is marginal sample, winner. 

Figure 6-46 gives the 5-day forecast of Anglo prices from a 2 month series, taken between 

05 May 1987 to 06 July 1987. The forecast looks good for the first 3 days and performs badly 

from the fourth day onwards. 

Figure 6-47 gives a 5-day forecast of Anglo prices from a 2 month series-that starts at 

the middle of the time series. The forecast looks perfect and again the interval-valued AR(l) 

performs better than its classical counterpart. 

Figure 6-48 gives the 5-day forecast of Anglo prices from a 2 month data series that starts 
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Figure 6-45: 5-day low-high forecast of Anglo prices from Interval AR( 1) 
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Figure 6-46: 5-day low-high forecast of Anglo prices from Interval AR(l) 
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Figure 6-47: 5-day low-high forecast of Anglo prices from Interval AR(l) 

at the later end of the overall Anglo time series. The forecas t looks perfect, however there is 

no real difference in terms of performance between the interval-valued AR(l) and its classical 

counterpart . 
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Figure 6-48: 5-day low-high forecast of Anglo prices from Interval AR(1) 

Figure 6-49 gives a 5-day forecast of the JSE-Over index with parameters from a 1 month 

time series. The interval-valued AR(1) model gives the same results as the classical low-high 

AR( 1) model. 

Figure 6-50 gives a 5-day forecast of the JSE-Over Index using parameters from a 3 month 

sample. The forecast does not give good results at all, but again the interval AR(1) model 

performs better than its classical counterpa.rt. 
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Figure 6-49: 5-day low-high forecast of JSE-Over Index values from Interval AR(1) 
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Figure 6-50: 5-day low-high forecast of JSE-Over Index values from Interval AR(l) 
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Chapter 7 

Concluding Remarks 

In this mini-dissertation we propose a new methodology for forecasting low and high market 

prices of traded financial instruments. This is a novel and fresh approach in analyzing financial 

data. \Ve haye contrasted Interval Analysis and traditional Time Series Analysis. The analysis 

ofthis research was confined to the AR(l) model, and comparisons were made in the forecasting 

power of the two methodologies. There is no conciusiye evidence from the results as to whether 

the interval-valued AR{l) model is a better prediction method than the classical AR(l) model 

used to model lower and higher stock prices. As a matter of fact in standard time-series analysis 

AR(l) modelling of stock prices is far from realistic and adequate. Extension of this work could 

include modelling by traditional AR(p) as well as the interval AR (p) under de;. 

The AR(l) model is known, as seen from the time series analysis of the given to be a bad 

model for predicting of stock prices. A more general ARl\lA(p, q) with p > 1, q 2: 1 needs to 

be investigated. It is clear from the Time Series analysis of both low and high stock and index 

levels that AR(l) model is not an appropriate model for market prices but can be used to model 

market returns. Rather than using one method or the other it would a good idea to use any 

tool to complement the already existing techniques. For the traditional Time Series modelling 

the current state of the technology is mostly confined to single Time Series analysis tools, which 

makes it rather tedious to handle time series for low prices and then separately go through the 

same estimation and forecasting process for time series of high prices/index ,·alues. 

The outstanding challenges in the intencal analysis toolkit are to dewlap optimisation tools 

that can deal with interyal parameter estimation for two dimensions and beyond, so that Interval 

122 

Univ
ers

ity
 of

 C
ap

e T
ow

n



AR(p) for p 2: 2, can be estimated. Research in this direction \vould hopefully improve the power 

of int erval forecasts. 
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Chapter 8 

Appendix: Mathematica Programs 

for Interval AR(l) Parameter 

Estimations 

This section of the appendix provides a listing of the 1Iathematica codes written to perform 

the following: 

L Optimisation procedure of the lea . .'.;t squares minimisation for low-high classical AR(l) 

parameter estimation. 

2. Optimisation procedure of the general metric for inten-al-valued AR(l) parameter esti­

mation. 

3. Global optimisation using interval techniques. 

8.1 Main Optimisation Routine 

arlParameter[xx _ List]:= 

?-'Iodule[ {x,y,XXXY.b}, 

{x.y} =Transpose[Partitionixx,2,l]]; 

XX=Sun<Transpose[{ { } }].{ {Lx[iiJ]} },{i.Length[x]}]/Length[x]: 
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XY =Sum[ {I ,x[[i]]}y [[i]],{i,Length [y]} ]/Length[y]; 

b=Inverse[XX].XY; 

bilK 

arUorecast[x _ ,n :=NestList[(a+b# )&,Last[x],n]/. {a-> ar 1 Parameter [x] [[1]], 

b- >arl Parameter [x' [2]]} 

8.2 Codes for Minimising the Sum of the Metric de (Ytl 

dG[x_InteryaL{ ml_,mu _},{fl_,fu_},y _ Interyal,alpha_ 

l\1odule[ {d2,mid}, 

[( 1/2)Abs[x[[1 ,2]-mu-Max[fl*y :[1, III ,fl*y [[1 ,2]], 

fu*y]U]lJu*,V:[1,2]]]1 A2 

+ [(1/2)Abs[x[[1, l]-ml-:Min[ft*y[[l, III ,ft *y[[l ,2]], 

fu*y[[I,l]] ,fu*y[[1,2]]]j ~2]; 

mid=Abs: (1/2) (x [[1,1]] +x[[1,2]]) 

-( 1/2) (ml+ ?lIin[ft *y[[I, l]],fl *y[[l ,2]] ,fu*y[[1,2lJ 

+mu+ ~lax [fi*y[1, 1 ]],ft*y[[l ,2]] Ju *y[[l, 1]], 

fu *y:r 1. 2]]) ; 

(alpha/ (alpha~beta)) *d2+(beta/ (alpha+beta) )*mid 

dGpara[xl_ List,xh _ List.a _ ,b J :={ ml,mu,fLfu} /.N~1inimize[ {Apply[PlllS. 

[[1]], {mLmu}, {fl,fu} ,# [[2]] ,a,b]&j:Q:Transpose[ {Drop :Interval 

/'QTranspose[ {xLxh} p] ,Drop [Interval/ CQTranspose[ {xLxh} 1 ,-I]}]], 

ml < =mu,fl< =fll }, {ml,l11u,ft,fu}] [[2]]/.{ x1_ ,x2 _ ,yl_ ,y2 _}-> {lnterml[ {xl.x2} ],Interval [ {Yl,y2}]} 

S[a _.b _,tseries :=Apply[Plus,?llap[(a+b#[[1]]-#[2]]) A 2&, 

Transpose [ {Drop[tseries,-l] ,Rest [tseries] } III 
lsPara[tseries _1:= 

EnclosingR ectangle [InteryaLMinim tim [ 

S[a,b,tseriesj, {a,O. 75,l.0},{b,0. 75,1.35}, 
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Tolerance- >O,OOlli[2ji 

8.3 Codes for Interval Optimisation 

BeginPackage["Inten'als' "j 

InteryalPlot::usage = "InteryaIPlot[expr,{x,xO,xl}.opts .. ,] plots expr as a 

function of x. " 

InteryaIPlot3D::usage = "lntervaIPlot[expr, {x,xO,xl} ,{y,yO.yl} ,opts, .. j plots 

expr as a function of x and y." 

Interyal.\Iinimum::usage "IntervaIMinimum[expr,{ x,xO,xl} "."opts,,] finds 

the global minimum of expr as a function of the given yariables," 

InteryaL'\IinimumConstrained:: usage = "Inten'aIMinimurn [expr. {x,xO ,xl} .. " ,constraint, opts .. ] finds 

the global minimum of expr as a function of the given yariables, 

Search is restricted to t.hose regions satisfying constraint," 

RectangleGraph::usage = "RectangleGraph[l] a Graphics or Graphics3D 

of the list of pairs or triplets of intervals. " 

RectangleGraphColor::usage "ReetangleGraphColor[l] gi'l'es a Graphics or Graphies3D 

of the list of pairs or triplets of intervals, Components are colored 

randomly," 

EnclosingRectangle::usage "EnclosingRectangle[l] gives a list of intervals 

t hat enclose the given list or lists of inten·als. " 

FeasiblePoint::usage "FeasiblePoint->p is an option of Interyal;\linimumConstrained giving an 

initial feasible point." 

Options[IntervalPlot; = { Tolerance -> 0.01 } 

Options[IntervalPlot3Di = { Tolerance -> 0,05 } 

Options[IntervalMil1imum] = { Tolerance -> 0,001 } 

Options [Interval.t."linimurnConstrailled] { Tolerance -> 0,001, 

FeasiblePoint -> Automatic } 

Begin["'Private'''] 

~eeds[" Utilities' FilterOptions' "] 
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Xeeds[" PriorityQueue' "] 

(* works for intervals or lists of intervals *) 

length[i_] := l\Iax[i]-Min[i] 

(* split an inten-al into two *) 

split[i _ Illteryal]:= 

With[{ m=(l\lin[i]+l\l:ax[ij) /2}, {Illterval[{Min[i] ,m} ] Jnterval[ {IlLl\Iax[i]}]}] 

(* split Cartesian products *) 

split[l_ List] := Distribute[split/@I,List,List] 

(* normalize *) 

Set A Hri butes [interval, Listab Ie] 

interval [i _ Interval] 

interval [i '7.:\ umericQ] Inten'al til 
interval[_l Interval[{-Infinity,Infinity}] (* junk *) 

(* midpoint *) 

Set Attributes [mid,Listahle] 

mid[i_ Interval]: = (l\Iin[i]+Max[iJ)/2 

(* avoid invisible rectangles/cuboids *) 

reet [I: {xi _,yi _} ]/;length[yi]==O Line: {l\1in/@L Max/©.l}] 

reet:{ xi _,yi _,zi _} ]/;length[zi]==O 

Wit h [{ xO=l\lin[xi] ,xl =Max[xi] ,yO=Min[yi],y] =l\fax[~'il ,z=Min[zi]}, 

POlygoll[ {{xO,yO,z },{ xl,yO,z},{ xl,yl ,z},{ xO,yLz}}] 

(* infinite boundaries *) 

infeolor=RGBColor[l ,0,0]; 

huge=1O.0~6: 

reet [{ xi __ ,ri _}l/ ;l\Iin[Yi:==-InfinityIIMax[yi]==Infinity 

{infcolor, rect[{xL yi /. DirectedInfinity[d:(-lll}] d huge}]} 

(* 10 *) 

reet[l:{x_}] := Line[{{l\Iin[x],O},{.:'IIax[x],O}}] 

(* 2D *) 
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rect[I:L,_}] := Rectangie[?-.Iin/@l, Max/\i;il] 

(* 3D *) 

rect[l:L,_,_}] := Cuboid[Min/(gl, IvIax/@I] 

RectangleGraph[l:{ L} .. },opts ___ ?OptionQ] := 

Graphics [ {Thickness[O.Ol ],rect/lQ\l}, {opts}] 

RectangieGraphColor[l: { {_} .. },opts ____ ?OptiOllQ] := 

Graphics[ {Thicklless[O.01 ]'{Hue[Random[]],rectt#]}&/'iil}, {opts}] 

RectangleGraph[I:{ L,_} .. },opts __ ?OptionQ]:= 

Graphics[{Thickness[O]'rect/@}}, {opts} J 

RectangleGrapbColor[l: { { .} ,opts ___ ?OptionQ~ := 

Graphics[ {Thickness[O],{ Hue [Random 01 ,rect[#]}&/,&i:l} , {opts} 1 

RectangleGraph[I:{ L,_,_} .. ,opts ___ ?OptionQ}] := 

Graphics3D[{ EdgeForm [Thickness [0]] ,rect/i£H}, {opts} J 

EnclosingRectangle[l_ List] Apply rlntervaru nioll, Transpose ill, {1}] 

Int"f\'alPlot [expr _, {x _ Symbol,xO _ ,x 1_}, opts _ _ ?OptionQ]: = 

With[{tol = (x1-xO)Tolerance j. {opts} j. Options[lnteryaIPlot]}, 

:\lodule[ {finals}, 

finals ["fine [Fullction [x,expr], 

Inten'al/iQ:\[{ {xO,xl}}J, to1]; 

Sho\\' [RectangleG raph [finals] 1 

Eyaluate [FilterOptions[ Graphics,opts] j, 

Plot Range-> { {xO,xl} ,Automatic}, Axes-> True~ 

J: 

InteryalPlot3D [expr _' {x _ Symbol,xO _ ,xl_}, {y _ Symbol,yO _ ,yl_} ,opts ___ ?OptionQj 

"'ith[{tol (xl-xO)Tolerance j. {opts} j. Options [InteryalPlot3D]) , 

:\Iodule[ {finals}. 

finals = refine[Function [{ x,y} .expr], 

InteI'\'al/:Q::\~ { {xO.xl}, {yO,yl } }], tol~; 

Shmy rRe('tangleGraphlfillals~, 

E yaluate[FilterOptions [Graphics3D ,opts li, 
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PlotRange->{ {xO,xl },{yO,yl },Automatic}, Axes->True, 

BoxRatios->{ 1,1,0.5} 1 

II 
refine[f_, init_, tol_l 

l\lodule[ {new = {init, {}}, finals = h[], i, j}, 

\Vhile[new =!= {}, 

{Lnew} ne\\'; (* dequeue one *) 

j = inten'al[f9<{,H]; 

If[ length[j]<tol lIl\lax[lengthj@ij < tal, 

finals h[Append[i,j], finals] 

.(*else*) 

Scant (new {#, new} )&, split[iJ ] (* queue new olles *) 

J; 

List:QQ:FlaHen[finals. Infinity, 11] 

InterraE\linimum[expr _, ranges:{_Symbol,_,_}", opts ___ ?OptionQj 

With[{yars = Firstj@{ranges},n = Length[{ranges}], 

tol = Tolerance /. {opts} /. Options [Interyall\Iinimumj, 

dom = ::\[Inten'al Rest j(g {ranges}]}, 

With[{f = FUl1ctiOll l:Q)Q;Hold[vars, expr]}, 

l\Iodule[{div = l\IakeQueue[:\Iin[#l < l\Jin[#2[[2]]]&], fs. 

minmax = Infinity, fin h []. new}, 

EnQueue~di\', {dam, f@(Qidom}!; 

\Vhile[IEmptyQueue[dh'], 

new DeQueuefdiY]; (* get smallest one *) 

If[ l\lill[new[[2]]] minl11ax, Continue[] ]; (* no longer in the game *) 

(* split it *) 

new = split[new[[lJ]J; 

fs = iuteryaJ[Apply[f, new, { 
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new = Transpose [{new, fs}]; 

(* update minmax *) 

minmax = !vIin['\1ax 

(* stopping criteria *) 

Scan: 

fs, minll1ax]; 

If[ '\Iin[#[[21 < ll1inll1ax, (* requeue *) 

If[ length[#~[2lll < tollllength~#[[l,1.lll < tol, 

fin = h[#, fin], (* no further division *) 

EnQueue[div, 

]]&, ne,,' 

]; 

DeleteQueue[div]; 

(* didde further *) 

fin List@@Flatten[fin, Infinity, h]; 

fin = Select [fin, Jv1in[#[[2n<minmax&]; (* throwaway non-minima *) 

{new, fs} Transpose [fin] ; 

{lnte[\al[{~lill[fs], minrnax}], new} 

III 
Intenal.\IinimumConstrained[expr _, ranges: {_ SymboL _, _}, " cond _, opts ___ ?OptionQ] := 

\Vith[{Yars First/©:{ranges},n = LeIl!:,rth[{rang(,s}L 

tol Tolerance;' {opts} ;. Options [Inten'all\IinimumConstrained], 

dom :\ [Inten'al Rest {ranges}]}, 

With[{f Function@@Hold[vars, expr], t=FunctiomQ::QHold['Yars, cond]}, 

'\Iodule[{div '\IakeQueue[I\Iin[#1[[2]1] < :\1in[#2]2]]]&1, fs, 

fx = Infinity, fin = h[], new, in, out, ok, fp}, 

fp = FeasiblePoint ;. {opts} ;. Options [Inten'alMinimumConstrainE'd] ; 

If[ talQJp, fx = ]; (* feasible point *) 

EnQueue[div, {dom, fa@dom}]; 

\,'hile [!EJ1lpt~ 'Queue: div], 

Hew = DeQueue[diy]; (* smallest one *) 

1f[ '\1in[ne\\'[:2]]] > Continue[] ]; (* no longer in the game *) 
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(* split it *) 

new = split[new[[ll]]; 

(* apply constraint *) 

states ApplYlt, new, {I}]; 

in Flatten [Position [states, True, {1}, Heads-> False]]; 

out = Flattell[Position'states, {I}, Heads->False]]; 

ok = Complement[Range[Lel1gth:states]], out]; (* not discarded *) 

(* update fx, the value of [ at a feasible point *) 

fx .\lin[Apply[f, mid/@Part[new, in], {If, fx]; 

llew Part[ne",., ok]: 

(* range intervals *) 

fs inten'al[Apply[f, new, {I}l); 

Hew Trallspose[ {new. 

(* stopping criteria *) 

Scanl 

I( :\Iin(#[[2]]] <= [x, (* requeue *) 

If[ length[#l[2]]] < tollllellgth[#[[l,l]]] < tol, 

fin = fin]. (* no further division *) 

EnQueue[div, #] (* diYide further *) 

lle\\' ]: 

1· 
j' 

DeleteQueue[div]: 

fin ListiQ,gFlattenffin, Infinity, h]; 

fin = Select [fin, :\!in[#:l2]]] <= fx&]; (* throw a"'ay nOll-minima *) 

fin = Seleet[fin. tlQ:@#[[l]l=~=False&]; (* not outside feasible region *) 

{new. fs} Trallspose[fin]; 

{Interval[{1I-lin[fsj, fx}], new} 

]1' .J 

Elld[] 
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Protecr[IntermIPlot, IntervalPlot3D, IntervalMinimllm, 

Interml:\linimllmConstrained, RectangleGraph, EnclosingRectangle] 

EndPackage[] 

8.4 Codes for PriorityQueue 

BeginPackage[" PriorityQueue' ,,] 

\lakeQueue::usage = "MakeQueue[pred] creates an empty priority queue with 

the gi"en ordering predicate. The default predicate is Greater." 

Cop~'Queue::usage "CopyQueue[q] makes a copy of the priority queue q," 

DeleteQueue::usage == "DeleteQueue[qj frees the storage used for q," 

EmptyQueue::usage 11 EmptyQueue[q] is True if the priority queue q is empt.y," 

EnQueue::usage "EnQueue[a, item] inserts item into the priority queue q. l! 

TopQueue::usage = "TopQueue[q] returns the largest item ill the priority queue q-" 

DeQlleue::usage = "DeQueue[q1 removes t.he largest item fwm the priority queue q. 

It returns the item re111O\'ed. II 

PriorityQueue::usage "PriorityQueue[ ... ] is the print form of priority queues." 

Begin["'PriYate'''j 

S('tAttribut('s~queue, HoldAll] 

Set Attributes [array, Hold All Complete] 

makeArray[n_~ := array@Il!Table[Null, {n}] 

:\1akeQueue[pred _ : Greater] := 

:\lodule[{ ar.n=O}. 

ar makeArray [2]; 

queue[ar, ll, pred] 

CopyQueue[queue[aO _,nO _,pred_]J 

:\Iodule[ {ar=aO,n=nO}, 

queue [ar, 11, pred~ 
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EnQueue[q:queue[ar_,11_,predJ, val_J 

\lod ulel {i.j}, 

If[ 11 Length[ar], (* extend (double size) *) 

ar = Join[ar, makeArray[Length[arJ]J 1: 

n++; 

ar[[u]] = yali i = ll: 

\Vhile[ True, (* restore heap *) 

Floor[ij2]; 

If[ j I! I pred[ar[[i]J, 

{ar[[i]], = {ar[[j]], 

J; 

q 

J: 

Break[] ]; 

}; 

EmptyQueue[queue[ar := 11 == 0 

TopQueue[queue[ar _ ,n _ ,pred_ll 

DeQueue[queue[ar_,n_,pred_lJ := 

~Iodule[ {i,j,res=ar![l]]}, 

= ar[[n]]: ar[Ln]] Null; Il-: 

j = 1: 

While: j <= Floor[n/2~, (* restore heap *) 

i = 2j; 

If[ i < Il &&:: pred[ar[[i+l]J, ar[[ilj], H-+ ]: 

If[ pred[ar[:i]], ar[fj]]L 

{ad[ilL ar[[j]]} = {ar[[j]], 1: 

res 

o 

DeleteQueue[queue[ar_,ll_,pred_ll := (ClearAll[aLu]:) 
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queue/::\'ormal[qO _ queue] := 

~Iodule[{I={}, q=CopyQueue[qO]}, 

\\'hile[!EmptyQuelle~q], AppendTo[L TopQlleuefq]]; DeQueue~q]l; 

DeleteQlleue[qJ; 

Format[q_ queue/:EmptyQueue[qJ] := PriorityQuelle[] 

Format [q_ queue] := PriorityQueue[TopQueue:qJ, l!\[TripleDotj "] 

End r] 

Protect[ MakeQueue, CopyQueue, DeleteQlIelle, EmptyQueue. 

Enqueue, TopQueue. Dequeue, Priority Queue ] 

EndPackageu 
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