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Abstract

Stock Market Forecasting using classical Time Series Analysis makes use only of closing prices,
which is partial information market. A plethora of other information, for instance the readily
available data on low and high stock prices is usually ignored. An Interval-valued Time Series
Analysis approach is introduced and contrasted against the classical Time Series Analysis in
utilising this additional stock market information. This approach could lead to a rich source
of information for optimal financial decision making about the likely direction of the market
prices. By its very nature interval analysis offers vast possibilities for accomodating this type
of low and high price data, to make better forecasts. In this dissertation an attempt is made
to model and estimate parameters in a context of uncertain input data, using interval analysis
techniques. Though the results are not very convincing, this approach offers hope for future
research under more realistic Time Series models.

Xhosa Translation

Xa kuthekelelwa amaxabiso kwinkonzo zemali, kusetyenziswa izixhobo ezigheleileyo, ikakhulu
kuphelelwa ekusetvenzisweni amaxabiso avela xa zivalwayo ezinkonzo zemali. Inkathazo yoluhlobo
lokuthekelela kukuba incukacha eninzi yezinkonzo ayityenziswa, ingakumbi awona maxabiso
aphantsi, nawona maxabiso aphezulu ethi ifikelele kuwo imali. Lomqulu ugqwalasela indlela
entsha ekunokuthi isetyenziswe ngayo lencukacha, ikwenza oku ngokuvelela isixhobo esingaghelekanga
kwinzululwazi zencubeko kwinkonzo zemali. Ithemba ke ngokwenza oku lelokuba ekuhambeni
kwexesha siyakuphuhliswa esisixhobo sibeluqilimba. sithi xa sisetvenziswa nezo sezighelekile
sinike umfutho ingakumbi kwabasenza kwezinkonzo zemali.
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Chapter 1

Introduction

In today’s volatile financial market trading, it is desirable to use ideas based on interval analysis
proposed by Moore [1962] for providing some reliable interval ranges of stock prices. The goal
of this dissertation is to empirically explore financial time series interval modelling on the

Johannesburg Securities Exchange of South Africa(JSE) data.

1.1 Problem Statements for the Mini-Dissertation

Interval analysis was introduced by Ramon E. Moore at about 1959-1962 as a tool for auto-
matic control of the errors in computed results, that arise from input errors, rounding errors
during computation, and truncation errors from using numerical approximations to mathemat-
ical problems. An important application is the enclosure of ranges of functions. which enables
us. for instance to solve equations with interval coefficients. to prove existence of specific solu-
tions, and to solve global optimisation problems. Interval analvsis techniques are used, in this
dissertation, in a context where the time series models stock market prices/indices. It is also
the time first that an attempt is made in using the techniques to estimate parameters using
low and high share prices. The financial market models are statistical in nature, thus must be
data-driven. It follows that the merit of a financial model should be judged on whether the

observed market dynamics have been reasonably captured.
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1.2 Objectives of the Mini-Dissertation

The primary goals for this mini-dissertation are to explore, both empirically and theoretically,

the following:

1. Understanding of the theoretical foundation of the interval-valued time series and

2. Empirically modelling the interval-valued AR(1) and the classical AR(1) model. In order
to achieve the second goals, the four objectives for this mini-dissertation are defined as

follows:

Objective 1: Using the ideas of interval analysis to split the time series of Absa, Anglo Prices

and JSE-Over Index (from 06 May 1987 to 15 September 2004) into nine distinct samples.

Objective 2: Estimating the low-high classical AR(1) parameters using the nine distinct sam-

ples of Absa, Anglo and JSE-Over index.

Objective 3: Performing interval AR(1) modelling under metric dg using the nine distinct

samples of Absa, Anglo and JSE-Over index.

Objective 4: Comparing the modelling results between classical and interval valued forecasts

of low high share prices/index.

1.3 Structure of the Mini-Dissertation

Chapter 1 is used to state the aims of the mini-dissertation. Chapter 2 discusses the interval
arithmetic. the support function and the metric in the interval space, particularly. a new gener-
alized metric d is proposed. Chapter 3 is used to review the interval random variables and the
concept of interval stochastic processes. Chapter 4 the classical AR(p) time-series analysis is
reviewed. Chapter 5 an interval AR(1) model is proposed and particularly the related theory of
AR(1) under d¢ metric is developed. In Chapter 6, the empirical modelling efforts are carried
on three JSE stock prices, Absa, Anglo and JSE-Over from two aspects: using a naive classical
AR(1) fitting of Low-High prices and from filtered intervals and using interval AR(1) under dg

metric modelling on them. Then in terms of five-day "forecasting" | the naive low-high price

13



intervals and interval AR(1) under d¢ price intervals are compared. Chapter 7 is used to state
a few remarks of the empirical modeling evidence.

The bibliography lists the references used for the completion of this dissertation.

The appendix includes the Mathematica programing codes used to calculate the various

parameters required for the analysis.
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Chapter 2

A Review of Theoretical

Foundations of Interval Analysis

2.1 Uncertainties of randomness and imprecision

The interval random variable theory serves the purpose that the data is constituted of interval-
valued observations due to the randomness uncertainty and imprecision uncertainty (hard un-
certainty). Uncertainties are intrinsically rooted in environmental problems. An uncertainty is
said to be soft if the available information concerning the value of the critical pollution threshold
can be modelled by a unique {(additive) probability measure. In contrast the hard uncertainty
arises when the environmental variables concerned have both randomness and imprecision so
that the information available is not adequate to be modelled by a unique probability measure.
"The concept of hard uncertainty seems to be particularly relevant in the discussion of many
environmental risks. Indeed, concerning most of these questions the experts consider that the
current state of scientific knowledge is not sufficient to measure precisely the incurred risk."
Situations of regular uncertainty can be associated with the concept of closed random intervals.
Indeed closed random intervals define a system of upper and lower probability measures which
are the upper and lower cnvelopes of a (convex) class of probability measures (Dempster [1968]).

The interval random variable theory is linked to the interval analysis. R. E. Moore [1979]
pointed out that uncertainty in initial data would be a more accurate description for many

applications than "error" in initial data. In practical situations. the data observations collected



depend upon the measuring equipment, what is often guaranteed is the upper bound A; on the

measurement error

Ayi £ 5 — yi.
This upper bound is characterized by the equipment itself, i.e.. |[Ay;| < A;. Once the measure-
ments are collected, what we really know is that the actual (unknown) value y; belongs to the
interval 7; = [yf yl’-‘], where

L&
=

y.

o~

gi — Ai and y? Y + Ai.

The operations and properties with respect to interval-valued numbers, called interval arith-
metic, was developed in the modern version in R. E. Moore’s work [1966]. Therefore it is

necessary to have a basic review of the contents of interval arithmetic.

2.2 Interval arithmetic

Definition 1 The real-valued closed set
T = [ml,x“} = {$|a:1 <zr<z'zlz'eRal < x“}

is said to be a closed interval number, z* and =% are denoted as the lower endpoint and upper

endpownt respectively.
Pry(R) & {T = [.7:1,:5“} ]J:I,:z“ eR.z < x“}

is said to be the collection of all the closed interval numbers on R. If 2! = 2% = z. then
[J‘I.Iu] = [x,z] is said to be a point interval number. If 0 < ol < 2y, [xl,x“] is said to be a
positive closed interval number; similarly, if x' < z% < 0. [:r’. 1‘“] is said to be a negative closed

mterval number.

Definition 2 For all T = [z, "] € CI(R), the quantities

U
Py
my =

~
ro| +
%)
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and

EE

xll V |2¥] = max{|2!]. |z*|} (2.1)

are the mid-value, the width value and the absolute value of the closed interval T = [:c],a:“] re-
spectively. Note that the absolute value of an interval-valued number is defined as the maximum

of the absolute values of the lower and upper endpoints of the interval-valued number.

Definition 3 Assume that
O(z,y) = zlly

defines an algebraic relation on R, then for VT = [Il,x“], g = [y[,y“] € CI(R), the expansion

operation on CI(R) is defined as

0@3) = |0y

y',
& [Z3(r,y) €T x 7, 2 =20y} .

Particularly. the algorithm operations on CI(R) are defined as

where

Azg £ min (:r[yl, zly 2yl .'l:"y“)
and

Vig = max (:L'Iyl, alyt 2yl 1’“y“>
and

@l 8l
{l
— 8&.
>
| p— |
H’\.
s
2
| I
|
2 | =
| I |
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where
0¢ [y’,y“}
respectively. The “V7” and “ A” operation on CI(R) are defined as

IVY = [ml,m“] Vv [yl,y"] £ {xl\/yl,x“\/y“jl

and

(>

FAY = [xl’qu A ):yl.‘yu:| [xz /\leju /\yu}

respectively. The “U” and “N” operation on CI(R) are defined as

(>

TUY = [wl,x“} U {yl,y“} |iI1 Ayl z \/y”}

and
TNy = [ll’lu:l N l:yl’yujl & [.7;1 vyl b /\yu:l
respectively, if TNY # 0.
Definition 4 For VT € CI(R). the mid-point. absolute value. and width values are defined by

A:c’-%—x”
)

).

m(Ty)

{

|z émax(.r

and
W (x) £ 2% — 2
respectively.
Definition 5 X = (%1,%a,...,Tn), T; = [:cﬁx}‘] e CI(R), 7 =1,2....,n 15 said to be a closed

interval vector of dimension n. Accordingly, the mid-point. norm. and width values are

m (X) £ (m(Z1),m (Ta), ..., m(Tn)).

18



k=1
and .,
w(X) £ \/ Wz
k=1
respectively.

Definition 6 A = (a@;;) is a closed interval matriz if its elements @;; € CI(R). Accordingly,

nxn

the mid-point. norm,. and width values are defined by

m (Z) =2 (m (aij))nxn‘/

[RUEAVE DB
i=1 \j=1
and
W (A) £ \/ 1V (ay)
ij=1
respectively.

2.2.1 Closed convex set

Definition 7 Let U be an Fuclidean space and a set A CTU . A is conver on U if and only if
for Yup.us € A and for ¥k € [0,1], kuy + (1 —k)uy € A. Set A is closed on U if and only if
forYu, € A, n=1,2,...,

lim u, =u € A.
n—os

If any set A on U is both closed and convezr. A is a closed conver set on U.

Theorem 8 A bounded set A is a closed convexr set on R if and only if A is a closed interval

number on CI (R).
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2.2.2 Derivatives of interval-valued function

Definition 9 Assume that f!(t): T — R and f*(t): T — R and

ft) = [0, )]

is an interval function on'T C R . If these real-valued functions f'(t) and f*(t) are differentiable
at tg € T, i.e., %fl(to) and %f”(to) exist, interval function f(t) is differentiable at ty € T.

The derivative of the interval function f(t) at tg is defined as

- d
Tt = | G11t0) A 1400, 1) v 70|

If —%fl(to) < ;id;f“(to) then f(t) is said to be differentiable at to same-orderly. then
STlto) = |5/ o). /" (t0)| - t0 € T,
P PTRRAP T A
If (%fl(to) > ;—Itf“(to) then f(t) is said to be differentiable at ty reverse-orderly. then
d— d . d,
ST = | 5740 0] o € T
Definition 10 For interval function f(t) = [f[(t), fU(t)] on T. if the derivative of f(t),
d— d . d d , d
- t — _ t _ fu a , __fu
70 = [ 5710 A 10 ) )

exists for ¥t € T. thenf(t) is differentiable on T. Similarly. f(t) is differentiable same-orderly

on T if
d- d d ..
ST =G0 G e

and f(t) is differentiable reverse-orderly on T if

d— — d u d {
2/ = [Ef ), 7 f (t)] VteT.
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2.2.3 Further discussion on derivative of an interval-valued function

l {

A further question is that given the interval function F(Z), where T £ [z}, 2%], 2! < z¥,
z! 2% € R ie., a real-valued interval, what is the definition of the derivative of F(Z), F'(Z)?
For example. consider F(Z) = [1, 2]-Z2, if the interval [1, 2] is "interpreted as a single point value
that is known only to lie in the interval [1,2], then the logical derivative would be 2-[1,2] - 7.
This is because f(x) = ax? for any a € [1,2], so f/(x) = 2az for the same a in [1,2]. When I
speak of 'interval derivative’ or 'interval Jacobl matrix’, this is what [ mean”, see B. Kearfott
(2001].

V. Kreinovich, Hung T. Nguyen, G. P. Dimuro and B. Bedregal [2003] developed a new

differential formalism for interval-valued functions.

Definition 11 An interval function F is a finite sequence of pairs (x;,7;), i = 1,2,--- ,n,
where for each i, z; is a real number, i.e., z; ER , 11 <12 < -+ < zp. and [; = [yi,y}‘] (AN

nondegenerate interval (b < y¥, ¥ty € R).

Definition 12 A function f : R — R is said to belong to an interval function F' = {(x1,7;), (22,73) , -

te.. f € F.if f is continuously differentiable and for each i. f(z;) € Y;.

Definition 13 Let F be an interval function and [a,b] be an interval. A derivative of F.

F'(la,b]) £ () £ ([a.0])

feF

where f'(x) is the the first order derivative of f(xr). and
(o, 8]) = {f'()|x € [a,0]} .

where f'([a.b]) is the range of the derivative f'(z) over the interval [a,b].

Remark 14 The notation F' ([a,b]) looks like the notation of a range for a real-valued function
and shares some properties of range, say. the range is inclusion-monotonic by which [a,b] C
le.d) = f'(la,b]) T f' ([e,d]). Therefore, derivative F'([a.b]) is inclusion-monotonic, i.e..
la.b] C [c,d] = F'([a.b]) C F'([c,d]). Furthermore. if [a.b] N [c.d] # @. [a,b] U [e,d] = [a,d],
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an interval. then F'([a,b]U [e,d) D F' ([a,b]) U F' ([¢,d]). But it is not a range, if an interval
is narrow enough. F' (la,b]) = @.

Definition 15 Let F = {(z1.79,),(22.Y2), - , (zn.7,)} be an interval function, and let s be

a real-valued number. Define a interval function

F—sx £ {(xlygl - S‘Il) ’ (3:2;@2 - Sx?):' o n<$n>§7z - S‘T:n)}

where
T—c2 ' —cy* -

for the given interval j = [y*,y*], c € R.

Lemma 16 (Kreinovich et al) For oll F and any interval [a,b], s € F' ([a,b]) if and only if
0 € (F - sz) ([a,b]).

Theorem 17 (Kreinovich et al) For all F' and any interval [a,b]. let iy and 7, be the first and

last index of the values inside [a,b]. Then

F' ([a,8]) = [(F")", (F')"]

where
! .
(F')" &£ min A%
0<i<j<ju Y
A
(F)*£ max Al
0 <i<j<ge

L,
Al A 91'97
gy orj—ay
u_ 1
Au A Y TY
L
and

Pl &fzlp<r&x<q}

such that if p > q. [p,q] = @. See Kreinovich et al for proof.
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2.3 Support function

A compact convex set A in R? is uniquely determined by its support function

sa(u) = sup (u,a) . ue st
o

where S%lis the (d — 1)-dimensional unit sphere in R? and (-, -) is the scalar product in R Tt
is noticed that

spatyp(w) = Bsa(u) + ysp(u),u € 7

Denote o 4 the Steiner point of a convex set A4,

oca=d / us 4(u)p{du)
Jsd-1

[+

where y is the normalized (d — 1)-dimensional Lebesgue measure on the unit sphere $7! (i.e.,

T (Sd"l) = 1), then 04 € A and
03A4+B = B0A+ 0B

Furthermore, for any given convex set A, set A, = A — 04 has its Steiner point at the origin,
le.,

O’A—d,; = 0.

Example 18 Leta = [al

{1,=1} =471

,a“}. al <a¥, al,a* € R, the support function for the two directions

a if u=1

—at if u=-1
2.4 Metric in an Interval Space

Metric plays an important role in describing the distance between two interval numbers in the
interval space and therefore determines the forinality of the optimal criterion when seeking

statistical estimation of parameters involved in the interval models.
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2.4.1 Moore’s distances for interval space

R.E. Moore [1966] defines the distance between two intervals @ = [a!, a*] and b = [b', b¥]
dar (@,b) = max (‘al - b[‘ La* = b“\)

and pointed out that
and

if and only if @ = b.
If @,b.¢ € I(R), then
d(a,b) <d(a,e) +d(eb).

Moore and later Diamond [1988] also pointed out that the distance

Dy (@, b) = \/(al — b)Y + (av — bv)?
is also a metric for an interval space.

2.4.2 Hausdorff metric

The Hausdorff metric in the compact convex interval space is defined as

dy (6,5) = max (6 (@, b) ) (5 5))
where

5 (A, B) = sup (ing lz — yl) .

€A \¥€

For all @. b € Pry (R), the expression of dy (5, 5) depends upon the relative position of @ and b.
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Case (i) if @ < b, a! < a* < b <b* ie,anb= @, then

§(a,b) = sup in£|a:—y|>

r€a \y<b

= sup ‘x—le
z€a

_ al_bl}

and
) (B,'d) = sup (inﬂac - y|)
yEE xrca
= sup (|a” ~y|)
yeb
— \au _ bu|
hence

dy (fi,l_)) = max(

al — bl‘ e — b“|)

Case (ii) If @ > b, bl <b* < al < a¥

5(ab) = sup (mﬂ‘r - y‘)

z€a \ye€b

= sup(le — b))
rea

— )au_bul

and
§(b,a) = sup (inﬂx - y\)
yEE rea
= sup ( al — y‘)
yEE
- o
hence

dpy (?1’5) = max (la“ - oY, (al - bID = max ((az —

a1



Case (iii) If a < b, a! < b < a* <b¥, ie,anb# @, then

5(@l) = sup (mgjx—yl)

r&a \y€b

= el g o

al—bl‘

and
§(ba) = sup (in£ |z — y})
yez rea
= sup (Ja"—y|)Vv sup (0)
y€la*.by] yE@ﬂaﬂ
S
hence

di7 (a,b) = max (

(Ll _bl‘tlau__buo

Case (iv) If b < @, b < a! < b* < a*, then the expression for dj can be developed by

switching a and b in Case (iii),
dy (a,b) = max (}al — b1> Jat = b“])
Case (v) fanb =7, ie., b <a <a* <b*, then

) (6,5) = sup (inf |z — y[) =sup(0) =0

z€a \ycb
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and

6(ba) = sup <§g§lx - yl)

yeb

= sup <in£|x - yl) vV osup (inﬂx - y|> vV sup <in£‘z - y[)
ye[bl,al] T€a ye[a‘,a“] T€Q yela® by) T€a

= sup (‘al—yD\/O\/ sup  (|a* —yl)
ye[bal y€fa* b

= max {‘al — b

o)
Thus
dy (@.b) = max {0, max {‘al - bli Ja* — b“[}} = max {‘al — bl‘  Ja* — b“[}
Case (vi) Ifanb=b, i.e., a < b <b* < a¥, then by switching a and b in (v), we obtain

dy (@,b) = max {

al — bl) at — b“l}

Therefore, i1 general, the Moore’s metric for interval space is nothing but the Hausdorff
metric, l.e.,

dy (@,b) =dy (a,b),Va,be Py (R)

2.4.3 Lr-metric

The representation of non-empty convex sets by the corresponding support functions suggests
a Lo-metric on the space of convex sets in terms of the Lo-metric on the space of Lebesgue

integrable functions on S7°1. The Ly-norm

1

Iy = sl = {a [ Jsa i}

and thus the Lo-metric is defined as

(M

(A B) = s —soly = {a [ a0 = s (P el
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As an extension, a Ly-metric can be defined as

1
S gi-1]sa (u) = sa (w)['}e €[1,00
6, (4,B) = {supyege-1[sa (u) —sa (u)|"}r p e l,00)
{Supuesd—l |SA (u) — SA (u)|} p=o

Example 19 The distance between two intervals, @ = [a', a¥] and b = [b', b¥].

= VA 5 [l - O + e (1)~ 5D P]
= \/% X [la“ — b+ |l — b1|2J
= (/3D (aD)

which shows that Lo-metric is nothing but % times Diamond's Do distance.

Remark 20 Geometrically speaking, Lo-metric is just the distance in the 2-dimenstonal space
with the horizontal azis x as the lower end value o' and the vertical axis y as the upper value
a* of an interval a = [al,a“]. In other words. the coordinate system (z,y) £ (a',a"). The set
of the points representing intervals will be half plane {(z,y)|z <y. z,y € R}.

2.4.4 Bertoluzza metric in the interval space

Bertoluzza et al [1995] developed a metric in the context of fuzzy sets space. However, the

similar distance for intervals can be stated as follows.

Definition 21 Assume that Va € Pry (R) and the support function corresponding to @ is de-
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noted as sz (-) and S9! = {1, —1}, furthermore, define a function
n (A, 'L') = )\ﬁsd—l(l‘) + (1 - /\) (1 — 'l?gd—l(l’))
where

19541—1 (1) = { ; l; 17——: 11

then we may define a norm

vg (@) = @l

= J/ n (A ) |sz (z)| p(dz) —d’x()\)

Definition 22 For all @b € Py (R), the distance between Gand b

dB (E,I_)) = B a

(@—b) =lla—bl,

1. . :
- /Uod-l”()’”"”‘*ﬁ(l’)—Sz(x)ly(da-) dz (\)

L

Example 23 Let dw (A) = qismm A~ (1= 071 dA A € (0.1), a.8 > 0 (Beta density).

Then

(SR

»J>|»—A

2
Aal + (1= )) U] dx()\)}

1
r@)=|M@—{/
0

- (i

»Jsl’—‘

24 22ala" (1= \) + (1= A)? (aﬂ dw (A)}

29



Now.

/ A2 (aly2dw ()
0
1
_ a2 el B) a3
_ ).ZAF(Q)FW))\ (1— %71 da
1
_ IF{a+2)T (a+ 8) a+2+6 ot2)— 5.
= (o )QF(a+2+ﬁ a)z T(a+2)T T = 07 dx
_ (aplles AT 5) (1)2(a+1)
Fa+2+8T(a) (a+3+1)(a+3)

1

. I u _ ( +[) a—1 3-1

= 2aa ‘Z/\(l /\)—F(Q)F(ﬁ)/\ (1=2X) dA
1

i | (Q+3> (1+1 3+1 / +1+/3+1 (a+1)—1 _ (8+1)-1

= T (AT (4812 ) Tlaz)T 3+1)A (1-2) ax
0

B 2a,auf(a+5) (a+H)T(B+1) 2dla"a 3

B C@)T(B)T(a+p+2) _(a+3+1)( a+ J)

and finally

S APyt A an

1
u 2r(O( +/j) (/B+ 2) (Oé +*/3 +2) a—1 _ (8+2)-1
= )I“(B) (a+ﬁ+2)z (Q)F(;H‘z)A (1=X dA
plla AL+ (a*)2(3+1) 3
T (a+8+2) (a+3+1)(a+3)
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Hence

% [Aa’+(1—x)aurdw@)}§

vm>:|mm={
(04 D)o (@)’ = 2adalbl + (35 1) 5(a")? )| *
dla+p+1)(a+p)

O .

Il

Theorem 24 Assume that ([0,1],8([0,1]),w) is a probability space and @, b, © € Pry (R).

The distance between two intervals, @ = [a', a¥] and b= [b', b"].

L, 2
dp (@,b) £ / [/sd 1 n (A z) sz (z) — s5(x)| o (dz)} dzo ()
-O SIS
is a metric. t.e., (it) dg (ZZE) =dp (E,E) : (i) dg (a,a) =0; and (i)
dp (a,b) < dp (a,¢) +dp (C.b).

Proof.

2

dg (a,b) £ [/&;d—l n(\ ) |sa(z) ~ sz (x)| p(de)| da(N)

|
O‘\.r—\

l

1
3| [ Pt =81 (= N = b (0
0

Therefore, (i) and (ii} is obvious. Let us investigate whether (iii) holds. Notice that

[)\
= {,\ _
i

{/\ Ia,l — ¢

I 2
a —b(+(1—/\)[a“—b“|}

l { ! l 2
a —c +¢ —b‘—f—(l——/\)|a“—c“+cu—b“|}

e =[] e ny et - e e b}

2 2
e — bIH + {/\ - bIH

IN

IA

+(1-=X)

(71—b1}+(1—)\)
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Hence,

a5 (3.7)]°

P /al —bl} (1= ) ]a —b“]rdx \)

INA

1.
/
/ [A ‘al Sl - b’H2 dw ()
K¢

o — blHde(A)

cl—bl‘%—(l—)\)

lh
+ / [A
0
= [dg (@2) + [ds (D))
< [dp (@) +dp (c,5)]°
which leads to the triangle inequality
dp (a,b) < dp (@) +dp (¢.b).
Therefore distance dg 1s a metric. |

Lemma 25 Assume that dw (\) = %%)\“_1 (1-X7"1dx. e (0.1). a.3>0. Then

dp (a.b)

_ {((X+1)Q)al—bl]2+2(Y}3]al—bllIau—bul+(,3+1)3lau—buJ2}§

4{a+8+1){a+3)
Proof. Notice that

)
[A }al - b" (1= A fat — blﬂ“

2 ;
- /\2\a1~b1‘ +2/\(1—/\)‘a1~b1 la¥ — b + (1 = A2 Ja¥ — b¥ [
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hence

( )
( )
(a+2)F(a+B): (a+1)a
( )

and

I'(a+5) a1 3-1
¢ 1—-X)7"""dA
T (3 ( )

—
—
~—

1

_ Tla+B)(a+1)T(5+1) (@+1+8+1) (hi1)-1 (3D
= Tl T (AT axsh=2) z Tlat )T 3+1)A (=2 dX
_ Ta+3)M(a+ I (B+1) a

T (T (a+F+2) (at+3+1)(at3)

and finally

_ 1— 22 (044'03))\51711 IRER N
( ) T ) ( )
1
. T( + 6+2) CI+3+2 a1 1 _ y\(3+2)-1
TP Fa—!—ﬁ—{—?)g d+2A (=2 A
_ T(a+ 8l (B+2) (3+1)3
ST T(@+8+2) (a+34+1)(a+3)
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so that

(s (@.5))°
1
= [/\ ‘al —bl‘ (1= A)a —b“|rdw(/\)
0
(a+1)ald —V[* + 208 |al = ] [a* = b%| + (3 +1) Bla® — b

d(a+8+1)(a+ 3)

which gives the conclusion by square-rooting both sides. m

Example 26 Let @y = [a},a{] = [1,2], by = [b],b¥] = [0.3] and @ = [a}.a}] = [0,2]. by =
(b5.08] = [1.3], then |a} = V| = [1—-0] = 1. |a¥ —b¥| = |2 =3 = 1,|ay —bh| = [0—1] = 1.
lay — bY| = |3 — 1| = 2. It is obvious that the Hausdorff distance

dy (61,51) = max ( at — b}

,ay — bﬂ) =max(1,1)=1

dy (G2.b2) = max (‘alz - blz‘ ,|ay — b’j|> =max(l,1) =1

The Lo-distance

1

_ 1 5
62 (@1,b1) = \/'2' (|‘111—b11|9+|alf_blf|2>
1
2

82 (d2,b2) = \/

Assume the Beta density dw= (\) = FF(S‘)—IEECQ) AL =X dN A e (0.1). a, 3> 0. Thus

(1o = 6 Jag = b5P*) =1

de (a1,b1)
1

_ {(a+1)a|ag—b’1|2+2a,3|a11—b§||ay—by|+(5+1)5|agl—bg‘2}5

at3+1)(a+7)

B {(a+1)a+2a6+(6+1)3}% 1
B 4(a+B+1) (a+3) T2
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and

de (@2,b2)
1
(a+1)aah - bl2|2 +208al ~ bh|[ay —by| + (8 +1) 3]ay — by | ?
4(a+3+1) (a+83)

_ {(a+1>a+2a6+(5+1)6}%_1
N 4(a+B+1) (a+5)

2
2.4.5 A general metric d¢; in interval space

In this subsection a new and general metric is proposed, denoted by d¢;, which is an extension

to the metric developed by Bertoluzza et al.

Definition 27 Assume that ([0,1],8(]0,1]),w) is a probability space. For all @b € Pry (R),
the distance between @ and b

de; (@,0) = [ [Ao2 (@, b) + (1 = A) [ma — my|] d= (A)

O\H

where Lo-distance

55 (a,B) = \/% x [|au — b+ ol - bﬂ
and the mid-value of interval T :[atl,x“]
1 l u
My = 5 (7: +z )
Remark 28 The distance between mid-values of intervals

| mg — 7775 |

_ \; (o +ar) =2 (o )
= -9 v -]

Theorem 29 Assume that ([0,1],B([0,1]),=) is a probability space and @, b, T € Py (R).

B ==

The generalized distance between two intervals, @ = [a!,a%] and b = [b'.b¥], dg (@, 5) s a metric



in the interval space.

Proof. That Property (i) di (@,a) = 0 and Property (ii) d¢ (@.b) = dg (b.@) hold is easy

to verify. Now let us investigate whether (iii) the triangle inequality holds
de; (a,b) < dg (a,¢) + dg (¢, b)

where @.b,c € P-y (R). Notice that

dg (6,5) = [)\62 (ﬁl_)) +(1=AX) ima - mBH d= (A)

since &» is a L-metric hence the triangle inequality holds
62 (d,b) < 62 (a,2) + 6 (¢,b) for Va.b,c € P (R)

also,

Mg — mg| < |mg ~mg| + |mg —mg
therefore

Adg (6,5) +(1-X) |m5 - mg|

< Ao (@, T) + (1 — A) |mg — mg| + Adg (E, 5) +(1-X) ,77?,5 —mg

which leads to

[/\52 (Zi,g) + (1 =X lma - 7“17|] dw ()

IN

(Ad2 (@,C) + (1 — A) |mg — mg|] d= (\)

O —— O —_~

[)\52 (ZIE) + (1 - )\) |777,z - 7715” d= (/\)

+
O —
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le..

do (5, E) < 45 (a, E) + 69 (E, E) for \Vﬁ,g,z € P~y (R)

Lemma 30 Assume that dw () = Dlatd) yo-1 (1=X27"1d\. A€ (0.1), a.f > 0. Then

F(e)(3)
de; (_d,l—))
1)
= / {)\52 (g, 5) + (1 = A) |z, — g, H dw ()
"0
a _ T B
= a+,562 (a,b) + e |ma~mg'.

Proof.

[\ (@, b) + (1 — ‘mg — || de= (A)

+ |ma — my| / —;%)\a"l (1—x)7"1da

1
_ - T(a+1)T a+ﬂ / +3+

= (52(0”):[\(0(4-8—*—

/\ (at1)=1 (1 — x)7"1gx

0

1
(d+1 a+3 / +3+1

+ lma mb[

| T)T (3 +1)
= T(@+)T{a+p) T(3+1)T (a+3)
- "2(“"b)r(a+5+1)r( )+|m“_’”bI a+3+1)T(3)
= aiﬁég (65) + af—,ﬁ’ |m5—mz|.
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Example 31 Let a; = [all,a’f] =1,2], mgz, = %
[G‘IQ:CL}}] = 0.2, mg, = 1, by = [bé,bg] = [1,3], my, = 2. then ia,ll—blli =1-0] =1,
la¥ — 0¥ =123 =1 and

= [b4.6¢] = [0.3], my = 3 and @y =

Mg, — 77151\ =0.lah -0y ={0—-1=1.[a} — b4 =[3-2[=1 and

mg, — 7"’52‘ =1-2=1.
- —_ 7 1 2 1 1 2
by (@i, b)) = 5 % “CLY — 6" + |a} — b } =1
_ 1 .
5y (@2.10) = \/5 x [|a?_§—b§|2+ |a12~bg|2] —1

Therefore, with the assumption that dw (\) = %ﬁ%)\“’l (1- /\)‘371 drx. 2 € (0,1). a. 8 >0,

— T [
d(;(al,bl) = (14—302((117[)1)—’_(1—}—/3
o 3
= - 1 0
a+j S a+ 3 “
X

a4+ 3

Mg, — My, ’

while

Therefore, dg (62,52> > dg (51,51) which coincides with common sense.
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Chapter 3

Random Interval Variable and

Random Interval Processes

3.1 Random interval variables and distributions

Definition 32 (Random interval) Let (Q, A, P) be a probability space and
Prv (R) 2 {[a,b]|a,b € R, a < b}

the set of all the closed intervals on R. The mapping from § to Py (R)

is said to be a random interval if ¢' (w) and ¢* (w) both are random variables on (9, A, P).

Remark 33 Here. the random interval concept involves the statistical ordering issue since

both ¢! (w) and ¥ (w) are random variables on (., A, P). The meaning and implications of

conditions ' (w) < (¥ (w). Yw € Q should be discussed clearly. Starting from statistical ordering

discussions, the definition of erpectation of the interval-valued random wariable ¢ (w), E[(],

and the definition of variance of the interval-valued random wvariable  (w), Var m should be
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obtainable, and even the characteristic function oz () =F [exp (16’6)] should be defined.

3.2 Random interval stochastic process

Definition 34 A random interval stochastic process {Zt,t € T} on probability space (Q, F, P)
is the mapping from ) to Pry(R)

(:Q — P (R)

w = (w) = [¢ (). ¢ (w)]
(W) € CFw), Vwe

for ¥t uniformly on T, where
Prv(R) = {[a,b]la,b € R, a < b}

the class of all the closed intervals in R.

Definition 35 {Zt,t € ']T} s said to be a Gausstan random interval stochastic process on prob-

ability space (Q, F, P) if and only if

Celw) = |G w), G ()
and both {(i,t € T} and {¢}',t € T} are Gaussian (normal) processes.

Definition 36 {Zt,t € T} 15 sard to be a lognormal random interval stochastic process on prob-

ability space (0, F, P) if and only if

log ¢, (w) £ [log&} (w) . log &t ()

and both {logﬁﬁ,t € 'H‘} and {log&y,t € T} are Gaussian (normal) processes.
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3.3 Variance-covariance
The Aumann-expectation E() of a random compact convex set is defined as
EA X £ {E¢: ¢ is a selector of X, E||€] < oo},

where a random vector £ is a selector of X if ¢ € X with probability one. The Aumann-
expectation E(Y) is alternatively defined by the Bochner expectation of the support function of
X

spry)(u) = Elsy(u)],Vu € st

Example 37 Let X 2 [X! X%] be a random interval. then its Bochner expectation is
SE[X] (u) = Elsv(u)],Yu € st

Notice that §%71 = {41, -1},

Elsx(+1)] = E[X"] i u=+1
Elsg(-1)]=E[-X'] if u=-1

3.4 Semi-scalar product and cross-covariance

Definition 38 For Va,b € Pry (R), function
<35, 5g> = <6,5> =d / sa (u) s (u) p (du)
Jad-1

is called the semi-scalar product between intervals @ and b.

Lemma 39 Semi-scalar product is only positive homogeneous, i.e.. for v3 > 0.
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Proof. For all 3 > 0, in accordance with interval arithmetic, 3@ = 3 [al,a“] = [Bd, Ba¥]
and also, since 8 > 0,

S3a = Bsa
then
(Bsa, sp)

= (s s
= d/ sga (u) sy (u) 1 (du)
‘S.d—l

= d,/ed_1 Bsg (u) sy (u) p (du)

= 5(d ] wontu)
= B(sa,s5)

Remark 40 Assume that V3 < 0,
ga = |Ba", 3|

which leads

<5E,l_7> =43 (a“bl + alb“>

while

(a,by = (a'b[ + a“b“)

therefore

(Ba,b) # B8 (a,b) forv3 <0.

Definition 41 Let X and Y be two interval random variables, then

cov (X,Y)=E <5Y T SEX) Y T SEFO
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18 called a covariance between two interval random variables X and Y. Also.

var (7) = cov (7, Y)

s called a variance of random interval X. Furthermore,

cor (X,Y) = cov (X.1)

\/var (X)var (Y)

15 called a correlation between two interval random variables X and Y.

Definition 42 Assume that {yt,t € ']I'} be an interval stochastic process, then V11,79 € T,
cor (YT] ,YTQ) s called an auto-covariance and furthermore

cor (YTl 7772) = = (XTN XTQ)
\/’UCLT‘ (YTI) var @72)

is called an auto-correlation function of X between 71 and T,.

Assume that a discrete-time indexed interval stochastic process {Y,JYH £ [X;, Xt“] . nE N}
is defined on (Q. A, P). Also, assume that E m is the Bochner expectation

EB m =F [67()] .
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Then,

cov (‘Yn N yn+k>

= E{d/ (S-?n SETX, J) (e = 56T 200
= —;—E [ Z (S.Tn (u) — SE[X,] (u)) (STHM (u) — SE[Xss] (u)):l

ue{l,—1}
= ;E[(S? (+1) —SEr )(97 " (+1) —sEr ] +1)>}
38 (s, (0 = 5w, (1) (s, (1 =555, 1)
Lo - 21 (- 5] (3 - 2 ]) (s 1))

Assuming that

E | X}] = i, and B[X}] = it

then

cov <yn’—X_n+[;)
1 u u u u
= —Q.E |:(Xn - :un) (Xn+k - /171,+k) + (Xlll y .uln> (Xi+k - #51+k>:|

= % [COU (Xn?Xn—f—k) + cov (Xm Xn+k)}

In the same spirit,

var (Xn) = % [zrar [X,Iq} + var [Xﬁ]}
(0 (o)
B 2
Finally, 1
cor (X, Xnsx) = cov (Xp Xp ) + cov (X5, X, )

(007 +037) ((0hen)® + (o200)%)
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3.5 The Fréchet-principle

It is a well-known fact that for a random variable Z defined on the probability space (2, A, P),

the expectation E[Z] minimizes E [(Z — a)?] and
var [Z) =E[(Z -E[Z])*] .

Fréchet proposed the expectation E° [Z] for a random variable Z in a metric space {M,6) as a

solution of the problem

3{[s(212)'} = o {5 2.7}

It should be emphasised that ES [Z] is not necessarily unique. Also, it is clear that E {[O (Z, a)]Q}
is merely the expectation of random variable [§ (Z, a)]2 (which will be denoted as 6% (Z, a) from

now on). Accordingly, the generalised variance based on the Fréchet-principle is
var (2] = & [(52 (Z7 ES [Z}ﬂ .

Theorem 43 The Aumann-expectation EY) is o Préchet-expectation with respect to metric &s.

See Korner [1995] for proof.



Chapter 4

A Review of Classical AR(p)

Time-Series Analysis

4.1 Stationarity Assumption

In finance it is the asset or stock return that is usually the subject of time series analysis, and
therefore in anticipation of this context the time series will now be denoted by {r;} instead of

using the more general notation {X;}. For the review that follows see Troskie et al [2003].

Definition 44 Strict Stationarity. A stochastic process {ry} is said to be strictly stationary if
the joint distribution of

(ST

1s identical to that of

(Ttyts -+ o s Ttit)

for allt. Thus the joint distribution of (ry,,..., 1y, ) s tnvariant under time shift.

Definition 45 Weak Stationarity. A time series {r} is said to be weakly stationary if both the
mean of ry,

E(re) = p
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and the covariances between r; and ri_;

cov(re, re—t) = v

are time invariant and finite for all [.

In practice, weak stationarity implies that if we observe a time series {ry,t =1,...,T} then
the time plot of the data would show that the r; values fluctuate with constant variation around
a constant level.

In the time plots of the log returns and simple returns of Absa and the Anglo daily time
series there is a clear indication of mean stationarity, but can we say the same of the variances
and covariances.

Explicitly in the condition of weak stationarity, we assume that the first two moments of
r¢ are finite. If 7; is strictly stationary and its first two moments are finite then r; is also
weakly stationary. The converse is not true in general. However, if the time series is normally
distributed, then weak stationarity is equivalent to strict stationarity. In this study we will be
mainly concerned with weakly stationary series.

The covariance cov(ry, 74—;) = 7, is called the lag-l autocovariance of 7. It has two important
properties:

(i) v = var (r):

(i) v =1

In the finance literature, it is common to assume that the asset or stock return series is
weakly stationary. This assumption is often checked empiricallv. Figures 4-1, 7?7 and 4-3 show

the graphs of log-returns of Absa, Anglo share prices and JSE-Over index
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Figure 4-1: Plot of observed Absa Daily Log-Returns
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Figure 4-2: Plot of observed Anglo Daily Log-Returns

48



JSE-Over Retums of Closing Index
06 May 1987 - 15 Sept 2004

06
04

024

RSP TURORA

Stocklindex
fam

06 b ) ,
06 May 87 20 Dec 95 15 Sept 04
Date

Figure 4-3: Plot of observed JSE-Over Daily Log-Returns

4.1.1 Autocorrelation

The correlation between two random variables X and Y is defined as

_ cov(X,Y)
Py = var(X)var(Y')
E(X = E(X)(Y = E(Y))
VEX — E(X)?E(Y —E(V)?
and if a sample (x;,y;, ¢ = 1,...,T) is available then a consistent estimator of py,- is

By = Sz =)y —§) ,
’ {ZiT:1(37i —7)? Zz‘T:1(yi - 5)2}1/2

Consider now a weakly stationary return series r,. For a time series {rt},TleWith leZ™,
the linear dependence between r; and r;_; is now of interest. The correlation coefficient between

ry and ry_; is defined as

cov(re. T_py cov(re, Ty

= Vvar(r)var(ri_;) -~ wvar(r)

il
"o
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and is called the lag-l autocorrelation. From the definition, it is noticed that

po = 1
PLo= P
-1 < p <1

A weakly stationary series is not correlated if and only if p; =0 for all [ > 0.

For a given sample of returns {r;}/_; the lag-1 sample autocorrelation of r; is

b, = S o(re = F)(reey = 7)
’ Zthl(rt - F)Q

Under some general conditions p; is a consistent estimator of p;. If {r;} is an independent

and identically distributed (i.i.d.) sequence and E(r¢)? < oo then
Lo d
o A N(0,1/T)

which can be used to test the hypotheses

Hy:py=0vs Hy:py #0.

The lag-l sample autocorrelation is defined as

T XY =
b= Ef:’“(T” T)(T_f;l T)? 0<I<T-1
2= (Tt = 7)?

Under the same conditions stated above
aod A~
o L N(0.1/T)

for any fixed positive integer .



More generally, if {r;}1_; is a weakly stationary time series satisfying
k
Ty =+ Zy’)jepi , where ¥ =1
i=0
and {e;} is a Gaussian white noise series (i.e. e; ~ N(0,1)) then
k

AN, (1+23 p3)/T) for 1> k.
1=0

The above formula is referred to as Bartlett’s formula.

In finite samples p; is a biased estimator of p;. The bias is of the order 1/T, which can be
substantial if T is small. In most financial calculations T is relatively large so that the bias is
not serious.

4.2 Portmanteau Test

Finaucial applications often require to test jointly that several autocorrelations of r, are zero.

Box and Pierce [1970] proposed the Portmanteau statistic
m
Q(m)=TY 7
=1
as a test for

HO : plzl”:pmzo
VS

H, : p;#0forsomeie{l,....m}.

Under the assumption that {7} is an i.i.d. sequence with specific moment conditions

e d o
Q™ (m) ~ x3..



Degrees of

freedom (m — 1) 8 9 10 1 12
Absa: Q(m) | 7.7190 | 12.6817 | 13.1224 | 14.8638 | 15.2802
Anglo: Q(m) | 8.6465 | 8.7376 | 10.6528 | 11.3011 | 11.4364
JSE-Over:  Q(m) | 15.7126 | 15.7504 | 15.7618 | 15.7699 | 16.5657

X2 os(m—1) | 15.5073 | 16.9190 | 18.3070 | 19.6751 | 21.0261

Table 4.1: Modified Box-Pierce statistic for Monthly Log Returns

Ljung and Box [1978] modify the Q*(m) statistic as follows

Q(m) =T(T+2)> pi/(T -1).

=1

This increases the power in finite samples. Simulation studies suggest that the choice of

m = log(T) provides better power performance.

The function {p;, pg,... Py, ..} is called the sample autocorrelation function (ACF) of the
return 7. It plays an important role in linear time series analysis. The sample ACF captures
the dynamic time and stochastic structure of the time series process. In the graphs we give the
sample autocorrelation AC'F's for the monthly log returns of Absa, Anglo and the JSE-Over
Index. The sample ACF's of the three series as displayed in Figures 4-4, 4-5 and 4-6 suggest
that the autocorrelations of the monthly log returns are verv close to zero and not statistically

significant (outside the 5% limits drawn on the figures). None of the Ljung-Box Q(m) statistics

are significant as given in Table 4.1.
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Figure 4-4: ACF of Absa Monthly Log-Returns on closing prices

Correlogram of Anglo Monthly Log Returns

Figure 4-5: ACF of Anglo Monthly Log-Returns on closing prices
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Figure 4-6: ACF of JSE-Over Monthly Log-Returns on closing index levels

4.3 AR(p) processes

AR(p), autoregressive process with order p, is a very useful stochastic process for representing
a particular event occurrence sequence. An AR({p) process or time-series can be expressed by

@, (By: = &t

where y; = y; — p and B is the backshift operator such that By; = y;—1 and a (p-step) transfer

function is defined as
®,(B)=1=¢;B—¢yB* -+ —0,B”.

The error process {<;, t € N} is in general assumed to be a weak stationary process with

m

Ele] =0, E [5f] = o2,

and the autocovariance of the error process cov [g4, g44] = f(h) is independent of ¢. It is obvious
C Dy 02 to be estimated

that AR(p) model contains p + 2 unknown parameters y, @. ¢,



from data.
In time series analysis, the typical concepts involved are to be reviewed. For a weakly

stationary process the autocovariance at lag k is

Vi = €0V (Y1, Yerk) = E [(yr — 1) (yek — )]

and the autocorrelation at lag £ is

o = cov (ye, Yr+k) _ Tk _
Vivar () var (yesr) 9y

2
ool

2
:

S

since for a stationary process

L 2
To = Ty

which implies py = 1. Correspondingly, a sample autocovariance estimate and sample autocor-

relation estimate can be constructed as

and

respectively. Notice that

and

are calculated in the usual way.

4.3.1 Identifying AR(p) Models in Practice

In applications the order p of an AR(p) process is not known. It must be specified empirically.

This task is referred to as the order determination of an AR(p) process and has been extensively

[
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studied in the time series literature. Two general approaches are available. The first approach
is to use the partial autocorrelation function and the second approach uses the information

criterion function.

4.3.2 The AR(p) Process and Regression Analysis

Assuming that our series (rq,...,rr) is indeed generated by an AR process, we need to find
its order p and the values of the parameters ¢y, ..., ¢, to describe the process. If we know the
order p then we can use regression analysis to estimate the parameters ¢;,..., ¢, since the
equation

Te= g+ GTe—1+ . Ol p e
has precisely the form of a linear statistical regression model.
Note. however that the regressors (explanatory variables) (r;—y,...,7¢—,) are stochastic

variables. If the e; are white noise, or even Gaussian white noise, then an individual e; rep-
resents random shock, which is added to the process at time ¢, and is independent of random
variables at previous time points. Hence the regressors in a particular equation are independent

of the error term. Thus we may estimate

%o
1

by the least squares (LS) method.



Replacing the random variables by the observed values we obtain

Tp+l = ¢)0 + d)lrp + ...+ d)pT‘l -+ €p+1
Tp+2 = Go+ P1rpt1 + ..+ OpT2 + €ppo
rr = ¢ot+¢rro1+...+ C)pTT,p + er

or in matrix notation

Yp = Xp¢p +e (1)
where
T'p+1 €p+1
T 2 e 2
p+2 pt+2
r, = , e= (2)
rr T
and
1 ry e o T
X 1 Tp+1 p s T2
b=
1 rp—1 172 - Tt

If the e, and thus the r; are normally distributed, the LS estimator of ¢, with estimate
3 -1
d)p = (X;)XP) X;)I‘p

is consistent and asymptotically normally distributed. That is,

VT (¢, — ¢,) =" N(0.2)

i
~1



with the variance - covariance matrix

a?)T 0
0 b 3,
and
Yo ga! Yoo T Tp-1
I)/l A}O f\l/l PR "’/ _2
. =o? P
®p
| Tp-1 Yp-2 Tp-3 ~  To |

The variance - covariance matrix X can be consistently estimated by

P =62(XX,) !

where A A
22 (r, — Xpd)p)/(rp - Xp¢p)
T—-(2p+1) ’

is the LS estimate of the variance ¢? of the white noise process ¢;. Note that we use

T — (2p+1) rather than T — (p + 1) since there are only T — p complete observations with

which to estimate the (p + 1) parameters in ¢.

Note that ¢, is not the mean of the process r;. Rather

= Oy
' 1_¢1_..._¢p'

Thus two possible estimates of the process mean pu are

T

_ 1

T = E Tt
t=1

T
and R
i = Pg
1_01_.“__@1)

where é’)o, &1, e <,3)p are the least squares estimates. Under general conditions (e.g. the r;
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are normally distributed) the corresponding estimates are consistent and have identical asymp-

totic normal distributions. For instance

VT(ji — ) =4 N[0,0%(1 — ¢y — -~ — &,)7 .

Furthermore the ecstimators 7 and [ are asymptotically independent of the estimators
&')17 ceey Eop. This property is one reason why the estimation of ¢, is often discussed in terms
of zero mean processes. In practice the sample mean may be subtracted from the data prior

to estimating the other parameters. In this case the asymptotic distribution theory is not

affected.

4.3.3 Estimation

For a specified AR(p) model the conditional least squares method starting with the (p + 1)th
observation as discussed above is often used to estimate the parameters.

Let

re=¢g+ G+ e t=p+1,...,T (3)

then the estimates are obtained by minimizing

T
2.
t=p+1
giving the least squares estimates (¢g. ¢y .. .. gAﬁp) (see also (1) and (2)).
The fitted model is
ST R B

and the estimated residual

ét :Tt—ft.

The series {&}7_,,, is called the residual series from which we obtain



4.3.4 Model Checking

A fitted model must be examined carefully to check for possible model inadequacy. If the model
is adequate then the residual series should behave as a white noise. The ACF and the Ljung-
Box statistics of the residuals can be used to check the closeness of {é;) to a white noise. The

Akaike Information Criterion AIC and Schwarz Criterion SC must also be examined.

For an AR(p) process the Ljung-Box statistic Q(m) follows asymptotically a chi-squared
distribution with m — p degrees of freedom. Here the number of degrees of freedom is modified

to signify that, p, AR coefficients have been estimated.

4.3.5 Forecasting

Forecasting is an important application of time series analysis. Suppose we have a time index h
and we are interested in forecasting rp.; for { > 1. The index h is called the forecast origin and
the positive integer [ the forecast horizon. Let 71,(I) be the forecast of r;; using the minimum

square error loss function. In other words the forecast is chosen such that
E — i (D]? < E(rpe — g)?
[Thet = Th(D)]” < E(rper— g

where g is a function of the information available at time & (inclusive).

We refer to 7, (1) as the l-step ahead forecast of v, at the forecast origin h.

1-Step Ahead Forecast
From the AR(p) model, we have

Thil = $o + 1Th + .+ OyTha1-p + €h11

Under the minimum squared error loss function, the point forecast of r, 1 given the model
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and observations up to time h is the conditional expectation

rp(1) E(rbg1/Thy Th=1,--.) = @g + ¢17h + QgTho1 + ... + OpTh+i—p

p
= Gp+ Z PiTht1—i- (6)

=1

The forecast error is

en(l) =rps1 —ra(l) = enqr-

Consequently the variance of the one-step-ahead forecast is

var(ep(l)) = wvar(epsq)

= 0'2.

If e; is normally distributed then a 95% 1-step forecast interval is given by

Thit1 € T},(l) + 1.960. (7)

Notice that both the estimates r4(1) and the confidence interval given by (7) depend on

the population parameters (¢, ¢q, ..., and ¢2. In practice, these need to be estimated b
p 0+ P1: D p Y

(¢0: @1.....0,) and 52.

2-Step Ahead Forecast

Next consider the forecast of rj49 at the forecast origin h. From the AR(p) model we have
The2 = g+ Q1Tht1 + -+ OpThta—p + Ento.
Taking conditional expectations
Th(2) = E(Tha2/Th,Th1,- ) = &g+ O1Tha1 + GoTh + oo+ OpThy2 p-

But 7441 is not known since it is an observation after the horizon h. Estimating r,,1 by its
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conditional expectation 7,(1)

p
Th(l) = E(Th%—l/rhalrhv]n - ) = Op ~+ Z éirh+1~i
i=1

we obtain

ra(2) = E(rhi2/ThyTh-1,-..) = 0o + $17R(1) 4+ Grh + ... + OpThi2—p.

The forecast error is

en(2) = Thyo —Th(2)

= rThy2— (¢ + O17h(1) + Garn + ..+ OpThizp)
= Gg+ O1Thel T GaTh + o+ GpThgap +enia — (09 + O17R(1) + Garh + -+ PyTha2—p)
= O1[rhg1 — Tr(1)] + epg2
= O1epy1 +eng2 .

Thus

varlen(2)] = (14 ¢7)o”
so that

Thao — Ti{2)  has mean

Elrpyz —mh(2)] = 0 and variance (1 + of)o?.

If ¢; is normally distributed then a 2-step ahead confidence interval is given by

Thao € ra(2) £1.964/(1 + ¢3)a2. (8)

To compute the actual interval we need estimates for ¢, and 2. It is customary to use &)Z

~ )
and &~.
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Notice that

var(ep(1)) = var(eps,) = o°

var[en(2)] (1+¢3)o?

var(en(1)) = o°,

v

meaning that. as the forecast horizon increases the uncertainty in forecast also increases.

This increase makes sense since we are more uncertain about rp_,» than r,1at the time index

h.

[-Step Ahead Forecast

In general we have

Thil = Qg+ P17hai-1 + -+ OpThat—p + € (9)

and proceeding exactly as above we get the [-step ahead forecast as the conditional expec-

tation

rn(l) = E(riqt/rh,mh-1,-..) = ¢o + 0170 (1 = 1) + darp(l = 2) + ... + ¢,r(l — p).
The I-step ahead forecast error is

en(l) = rppr— rp(l), with variance

var(en(l)) = (L+6f+¢3+...+ 07 1)0"

The forecast can be computed by recursively computing forecasts

Th (1 )
rr(2) and recursively (10)

rr(3).rh(4), ... rp(l — 1)
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Notice however, that all the conditional forecasts above are functions of the parameters

¢, b1 .., d,) and o”. Starting with r,(1), if these parameters are estimated by

(&50’9;)17~--,$5p) and &2

then
(1) =g+ o1+ ...+ ‘?)prhrFl—pa see (9).
If
b 1
- / r
¢ = g and r, = g
Q%p Th+1-p
then
Ph(1) = v}

and assuming ry, is fixed (given) the variance of 7, (1) = r}ﬁ) is
var(f,(1)) = rhvar(@)r,.

Furthermore if

T'Ah(2) = (ESO -+ a)lfh(l) + 6:527’;1 + ...+ éprh+2_p,

then

@ar(fh(Q)) = Ua""(&o + qglfh(l) -+ (;)QTh + ...+ CA’)pT‘}H_Q_p)
which already becomes quite a complicated expression.

Thus for all practical purposes we use as forecasts recursively from (10)

where in {#,(i).4 = 1....,1—1} we have used the estimates (0g. 1. . . . , o)
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As forecast error we use

var(ep(l)) = (1 + (E)? + 62)5 + .+ ,&12_1)6'2.

which will be sufficient for large sample sizes.

4.3.6 AR(1) Model. First-Order Autoregressive Model
The AR(1) process is given by

Te = ¢Qp+ G17e-1 + € (15)
with e; assumed to be white noise with

2

E{e;) =0 and var(e;) =o”.

Assuming that the process is weakly stationary, we have

E(ry) = p, var(r) =+, and
CO'U(Tt'f't_j) = 7]’

where p and ~, are constant and +; is a function of j and not t.

Now the mean 1s

E(T’f) = ¢‘0 + ¢1E(7‘t_1) .
since E(e;) = 0. Under the stationarity condition E(r;) = E(r;—1) = p and hence

Oo

w=o¢g+ drpor E(re) =p=—r.
1-¢

This result has two implications. First the mean of r; exists if ¢; # 1. Second. the mean of
7 1s zero if and only if ¢y = 0. Thus for a stationary AR(1) process, the constant term ¢ is

related to the mean of ry and ¢ = 0 implies E(r¢) = 0.



Next using ¢y = (1 — ¢;)u the AR(1) model can be rewritten as
re—p=0p(re-1 — 1) + e (16)
By repeated substitutions we get

Te— g = et e+ dfe gt (17)

o
7
= § Pr€t—
=0

Thus r; — u is a linear function of e;_; for ¢ > 0. Using this property and the independence

of the series {e;}, we obtain E(r; — p)er41 = 0. By the stationarity assumption
cov(ri—1,e) = E[(ri—1 — p)es] = 0.

This result can also be seen from the result that r;_; occurred before time ¢ and e; does not

depend on any past information. Taking the square, then the expectation of (16), we obtain

var(r)) = ¢2var(re_1) + o2, since cov(ri—1.e;) = 0.

Thus. under stationarity var(r;) = var(r;—;) so that (noting that var(e;) = o) we have

o2

var(ry) = -
provided that ¢? < 1. The requirement of ¢} < 1 results from the fact that the variance of
the random variable r; is bounded and non-negative. Consequently the weak stationarity of an
AR(1) process implies that —1 < ¢; < 1.
But. if —1 < ¢; < 1 then by (16) and the independence of €; we can show that the mean
and variance of ry are finite. In addition, by the Cauchy-Schwartz inequality, all the covariances
of r; are finite. Therefore, the AR(1) model is weakly stationary.

Thus, in summary, the necessary and sufficient condition for the AR(1) process to be sta-

tionary is |o;| < 1.
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Autocorrelation Function of an AR(1) Model

Multiplying equation (16) by e;, using the independence between e, and r;—; and taking expec-

tation, we obtain

Eles(r — )] = Elei(rier — p)] + E(€f)

9

E(el) =o*.

fl

Thus multiplying (16) by (r.; — p) and taking expectations, we have

El(re = w)ret — )] = Elb2(res — w){re—t — ) + Eled(ris — p)]
= Cbl'yl +0’2 forl =0

= ¢y forl >0,
where we use v, = v_;. Consequently, for a weak stationary AR(1)model in equation (32)
var(ry) =7y, and v; = ¢;7v;_, for [ > 0.
Thus the ACFEF  of p; satisfies
pr = ¢1p—y for L= 0.

Because py = 1 we have
Pr= q)llv (18)
thus the ACF of a weakly stationary AR(1) series decays exponentially with rate ¢, after

starting at py = 1.

Alternative Derivation of the ACF for the AR(1) Model.

Now since from (17)

T — =€+ Q11 + Ole—2 + Oeg ...,
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the variance is

Y = Elre—p)?
_ 2 3 2
= Eles + dree—1 + diei—a+ dlez+...)
9

= (1+¢f+ol+of+- Jo

2 2
= 0 /(1 - Ql)a
while the [th autocovariance is

R E(Tt - ,U)(T’t—l - /1)
= Eley+ ¢rei-1 + 0;1261%2 + Q?Ct—S +...)
X(er 1+ drei-1-1 + Gler_a + Oter 3+ ...)

2

= [¢} + o+ 4T+ Jo”
= 14 ¢F + ¢+ .. Jo?

= [$1/(1 - 7)o

The autocorrelation function is therefore

By using the Lag operator Lry = r¢—1 and L9r; = ry_, we obtain from (16)

A= L)(ri~p) = e, o (20)
O(L)(re—p) = e, with &(L)=1-0,L

Let = = 1/L then we obtain the characteristic equation ®(1) = 0 of the AR(1) model. The

characteristic equation plays an important role in identifying Linear Time Series Processes.
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The characteristic equation is

oLy =z =0 (21)

x

and the only solution of the characteristic equation
is

T =g (22)

But for the process to be stationary |¢;| < 1. Thus the solution of the characteristic equation
requires |¢;| < 1 for the process to be stationary, or, the solution must be within the unit circle.

Note that some writers use as characteristic equation, with z = L,
D1(z)=1—-¢2=0 (23)

with solution =z = 1/¢; and |z| = |1/¢¢| > 1, requires | ¢; |< 1 for the process to be
stationary. Thus the solutions to the characteristic equation ®1(z) = 0, must all lic outside the

unit circle.
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Chapter 5

An Interval-valued AR(1) model

under metric dg

The weakly stationary assumptions for the interval-valued time series are

EfE] = [0.0]
|% {gd = ; = {()‘2"1, U'Z.u:| S Ri
Cov [g,E+1] = f(h) independent of ¢

T = A+ 0\Fy + 5

where

yt, = I:yi‘y;l:| 5t - 01,2 :]V
are interval-valued observations and

o = [Qllolf]

is the interval-valued parameter.



5.1 Estimation of AR(1) parameters

The estimation is effectively converted into a common optimization problem.

N
min ch (T 7+ 017:-1)
(1) 41

In this set-up we let

then
_ o _ 3
de (¥, %) = m52 (e, ) + - mg, —mz,
where
— =\ __ 1 w o2 { €2
b2 (?/t:-bt) ~Va !yt — Iy ‘ + |yt - lt|
and
by
my, = 5y + i)
1
mz, = = (x| + z}')
2
with
t__ 1 : ol 1 T u, | U, U
Ty = g +min(@y g 1Y 01 Y1 O Y1)
and

u, U

o u o Ao u, l
rf = pt + max(d1y_y- 1Y 1 O1Yr-1- O Y1)

Then the optimisation algorithm implemented in the form of Mathematica code in the

Appendix solves the optimisation problem
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N

min Z da (yt-, i+ 51@-1)
(Fetr) 1=

for interval parameter estimates

(7. ¢1) = ([/ﬁ«u“} , [4511-01‘])

given a choice of a combination of parameters « and 3.

5.2 Variance-covariance for estimators

The basic idea here is in terms of Taylor’s expansion to obtain an asymptotic variance-covariance.

Denote the estimated parameter of (}7,51) as (ﬁ,E)—l)

f (ﬁ;) — f (7. 1)
= ey (F3) - 03]+ o5 [3) - a0 o (55) - 7).

d (i, ¢ (1, &

which implies that

£[((53) - m8)]
d2f |
d? (7. 0,)

Also,
VARX = E [X?| — (EX)?

—~ J\v
We need to explore the link between f (ﬁ, 5]> - (& 51) and Z dg (j/‘,,ji —+—_¢>1§t71). As a
t=1

matter of fact. dg (ﬁ + 01T, A+ Elyt,l) can be evaluated and therefore

N N
Z de (ﬁ T O B O1§t—1>
=1



can be obtained. Finally,

(-6 -a) N (@0), VAR [(7a) - (7

asymptotically.



Chapter 6

Interval Modelling of three JSE
Stock Prices

6.1 Johannesburg Securities Exchange (JSE) South Africa

This section gives a brief summary of the background of the JSE Securities Exchange South
Africa (JSE). The main source of information for this summary is the official JSE world wide
web site (http://www.jse.co.za).

In 1886, the Witwatersrand goldfields, the richest of their kind in the world at that time,
were discovered in Johannesburg. Little more than a year later, the JSE Securities Exchange
South Africa was founded in 1887 as the Johannesburg Stock Exchange (JSE) to enable new
mines and their financiers to raise funds for the development of the booming mining industry.

Today, the majority of listed companies on the JSE are non-mining organisations.

6.1.1 Features of the JSE

The JSE is the only stock exchange for equities and other securities in South Africa. However,
the JSE has been classified as an “emerging market™ when compared to the global stock markets.
The South African economy is characterised by both established first world fundamentals as
well as third world features. Since Monday 10 June 1996, all trades on the JSE are conducted

through the automated trading system, JET (JSE Equities Trading).
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The JSE is a self-regulatory organisation that is governed by a set of rules drawn up by the
elected JSE Committee. The JSE is a member of the Fédération Internationale des Bourses
de Valuers (FIBV) and was granted designation status by the Japanese Securities Dealers
Association effective on 14 December 1994. On 1 March 1995 the JSE was included in the
AMorgan Stanley index for emerging markets and on 7 April 1995 was included in the IFC

Emerging Markets Global and Investable Indices.

6.1.2 Roles of the JSE in South Africa

The main functions of the JSE are:

1. To provide an orderly primary and secondary markets for trades in equities and other

securities in order to create new investment opportunities in South Africa.

2. To create liquidity, thus ensuring the primary market fulfils its function of raising new

investment capital.

3. To re-channel cash resources into productive economic activities, thus allowing for the

raising of primary capital required to develop the country’s economy.
4. To make the services it provides to be accessible to the entire nation.
5. To ensure that the nation is suitably informed of the advantages and risks of share own-
ership.
6.1.3 Re-structuring of the JSE

In anticipation of the fundamental changes to the South African political and economic envi-
ronment that was to follow the first democratic election in 1994. the JSE applied to the South
African Parliament for a re-structuring. In September 1995. the Stock Exchanges Control
Amendment Act was approved by Parliament, which allowed for the re-structuring of the JSE.

The restructuring plan. as approved by the JSE Committee. was aimed at ensuring that:

1. The stock exchange de-regulates efficiently and successfully,

-1
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2. The stock exchange contributes towards the needs of the new political and economic

regime, and
3. The JSE’s attractiveness to local and foreign investors will be further enhanced.

The JSE was re-structured without bias towards any particular business or social community.

The restructuring has impacted on:

1. Membership in the JSE,

2. Trading principles and systems,

3. Clearing and settlement,

4. Transfer and registration,

5. Capital requirements of member firms, and

6. Financial structure of the JSE.

The overall benefits to the economy from this re-structuring were suggested as follows:

1. A listing on the JSE enables substantial amounts of capital to be raised for the financing
of new businesses, expansion of existing businesses, and the creation of new employment

opportunities.

2. To allow for speculative buying and selling of shares for individuals who are knowledgeable

about the performance of selected shares.

6.1.4 Trading Hours on the JSE

The trading days on the JSE are from Monday to Friday, but excluding the public holidays as
declared by the South African Parliament. The continuous trading hours on a trading day are
from 09H0O0 to 17HO0 (South African time). The JET system operates every trading day from
08H25 until 18HOO0, with pre-opening sessions applicable from 08H25 to 09HO00, and the runoff
session applicable from 17H00 to 18HO0.
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Figure 6-1: Plot of observed Absa Daily Price Time Series
6.2 Three JSE stock prices used in the mini-dissertation

6.2.1 The Absa shares

Absa is one of South Africa’s largest providers of financial services to the business market. In
2003 Absa was chosen as South Africa’s bank of the vear and also the most admired financial

services brand in South Africa. Absa’s share price has shown steady growth over the years.

Absa’s attractiveness to both domestic and international investors was further confirmed
by the interest shown by Barclays Bank (UK) in acquiring a substantial stake in Absa. At the
time of the writing of this dissertation the process of this acquisition process was in advanced
stages. Figure 6-1 displays the almost exponential growth of the Absa share price between 06

Alay 1987 and 15 September 2004.

6.2.2 The Anglo shares

Anglo American with its subsidiaries, joint ventures and associates is a global leader in the

mining and natural resources sectors. It has a significant and focused interest in platinun
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Figure 6-2: Plot of observed Anglo Daily Price Time Series

group metals, paper and packaging and ferrous metals. It has also a financial as well as technical
strength. Figure 6-2 displays the time series growth of the Anglo share price between 06 May

1987 and 15 September 2004.

6.2.3 The JSE Overall index

This section contains a brief summary of the financial index measuring the overall performance
of the JSE over a trading day. The main source of information for this summary is the official
FTSE/JSE Africa Index Series world wide web site (http://ftse.jse.co.za).

In financial markets, financial indices are published by the regulators to summarise the price
movements of a group of listed shares on the market. The primary functions of these financial

indices are:

1. To describe the market at a point in time in terms of price levels. dividend yield and

earnings vields.

2. To enable investors and traders to compare the performance of a particular listed share

with the performance of a market index.
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Figure 6-3: Plot of observed JSE-Over Daily Price Time Series

3. To provide an indication of the investors’ confidence in the economy and the market’s

expectations for the different sectors within the market as well as the overall market.

On the JSE. the Johannesburg Stock Exchange Overall (JSE-Over) Index measures the
performance of the overall equity market. According to JSE's “old” (Prior to 24 June 2002)
sector classification system, the JSE is comprised of 5 sectors and 53 sub-sectors. The JSE-Over
index is a weighted arithmetic index, where the weights are the market capitalisation (or market
cap) of each constituent security. Figure 6-3 displays the daily JSE-Over index pattern between

06 May 1987 and 15 September 2004.

6.3 Classical AR(1) Modeling of Low and High Prices

The basic idea is whether or not an interval prediction can be offered for any stock prices.
One of the naive approaches is to directly use the low-high values of the stock price/index to
form low-high price interval and then take the estimated low-high price/index pairs to form a
low-high interval series and finally use these pairs to estimmate parameters for forecasting. It

should be pointed out that the classical time series techniques make use of stationary time series.
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Figure 6-4: Time plot of daily low and high Absa prices

However, from price theory, the low and high prices of a stock are in general not stationary. The
new approach adopted in this dissertation is to apply classical time-series analysis techniques
and later use the interval AR(1) and the general metric dg to provide a comparison base for the
two models. The steps involved in parameter estimation for each observed series will involve
establishing whether the data series is stationary or not, and if not, performing necessary
transformations so that estimation is conducted on stationary time series. In this analysis only

3 month of daily time series for the three stocks are used.

6.3.1 Absa low-high interval

We begin with a series of Absa low-high prices observed between 06 May 1987 and 07 August

1987 as given in Figure 6-4.
The first objective is to decide on a reasonable - but tentative - ARMA(p, ¢) model with the
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Figure 6-5: ACF of high Absa prices

aid of the autocorrelation and partial autocorrelation functions (ACF and PACF). Having done
so, the next step will be to estimate the parameters for that model using the method of least
squares. Next, the model will be critically checked for adequacy. If the model is inadequate
in some way, the nature of inadequacy will be considered. Finally, the model will be used
to compute forecasts of Absa high prices for up to 5 days using 1-step ahead forecasts. This
approach will also be applied separately for low Ahsa prices, as well. The ACF and PACF of
the high Absa series are given in Figures 6-5, and 6-6 respectively.

From Figure 6-5 the ACF values decay exponentially and the PACFE has a spike only at lag
1. All other values of PACF lie within the interval of i?/‘%—é = 30.2462. This analysis suggests a

tentative AR(1) model given helow with parameters estimated using the least squares method,
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Partial Aatocorrelation Function
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Figure 6-6: PACF of high Absa prices

re = 12.3546 4+ 0.977915r,_1, & = 7.1460
(22.2353) (0.03717)

(0.5556) (26.3092)

with the standard errors and t-statistics in brackets below the estimates. The next step
is to check the model for adequacy. This is achieved by first checking the graph of residues -

differences between actual and model prices and such graph is given in Figure 6-7.

A more useful tool for model diagnostics is the ACFE of residuals as a check for the indepen-
dence of the noise terms in the model. For true white noise, the sample autocorrelations are
approximately uncorrelated and normally distributed with zero means and variance 1/T . The
ACF for the high Absa prices is given in Figure 6-8. Comparing the observed values with the

two times standard errors gives no reason to question the adequacy of the fitted model.
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Figure 6-7: Residuals of high Absa series under AR(1) model
Degrees of ] ]
freedom (m — 1) 6 7 8 ) 10 1 12
Q*(m) 3.340 | 4.298 | 5111 | 5113 | 5.150 | 6.537 | 6.585
\Eos(m—1) 12.592 | 14.067 | 15.507 | 16.919 | 18.307 | 19.675 | 21.026

Table 6.1: Modified Box-Pierce statistic for high Absa prices

The graphical evidence of serial independence of residual terms can further be reinforced
by the modified Box-Pierce statistics as shown in Table 6.1. Note that none of the modified
Box-Pierce statistics are significant at the 5% level and thus the conclusion to fit the AR(1) is

a correct one.

The 1-day up to 5-day forecasts of high Absa series are depicted in Figure 6-9. The values
of the forecasts are given in Table 6.2 together with forecast standard deviations (errors). The
forecast origin is day 66 (7 August 1987). As the forecast horizon increases, the uncertainty in

the forecasts also increases, as indicated by increasing standard errors.

83



Correlogram of AR(1) residuals
with high Absa prices

g g e __|
% -
05 7 Tl
2 4 6 g 10 12 14 1B
lag
Figure 6-8: ACF of the residuals of high Absa prices
Forecast 555.097 555.193 5H5.286 550.377 555.466
Standard error | (7.146) (9.995) (12.108)  (13.830)  (15.296)
Day 67 68 69 70 71

Table 6.2: Forecasts of high Absa prices
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Figure 6-9: Forecast of high Absa prices with the original series
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Figure 6-10: ACF of low Absa prices

Parameter Estimation Of Absa Low Prices

The focus now shifts from high Absa prices to low Absa prices. The ACF and PACF of the low
Absa serles 1s given in Figures 6-10 and 6-11 respectively.

The ACF and PACF in Figures 6-10 and 6-11 suggest an AR(1) model. The ACF decays
almost exponentially except that only few values notably at lag 8 and lag 13 allow for some
slight deviations from the exponential decay trend. The PACF has a significant spike at lag 1,
and beyond that lag, almost all values fall within the 95% confidence band except for values at

lag 13 and lag 14. The AR(1) model is given below with the least squares parameter estimates,
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Figure 6-11: PACF of low Absa prices

re = 134.8423 +0.7695r,_;, & = 17.9004
(48.9411) (0.08311)

(2.7552) (9.2579)

where the standard errors and t-statistics are shown in brackets.
Figure 6-12 is a graph of residuals. From the graph there does not seem to be any pattern
in the residuals. and the residuals appear to be independent of each other. This influence is

further confirined by Figures 6-13 and 6-14, where no strong correlations show up at any lags.

The one day ahead forecasts of the low Absa prices with the origin at day 66 (07 August
1987) and the horizon days 67 up to 71 (14 August 1987) are represented in Figure 6-15
Table 6.3 gives the tabular representation of thel-day ahead forecasts of the low prices

together with the corresponding standard errors.
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Figure 6-12: Residuals of low Absa serics under AR(1) model
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Figure 6-13: ACFof residuals of low Absa prices
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Figure 6-14: PACF of residuals of low Absa prices
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Figure 6-15: Forecast of low Absa price with the original series
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Forecast 558.044 564.234 568.997  572.662 575.482
Standard error | (17.90) (22.586) (24.949)  (26.248)  (26.988)
Day 67 68 69 70 71

Table 6.3: Forecasts of low Absa prices

Absa low-high series and
1- day ahead Forecasts
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Figure 6-16: Forecast of low-high Absa prices

What follows next is a combination of the low and high forecasts in one graph Figure 6-16,
and giving the upper limit of the low-high interval as the upper limit of the confidence intervals
of the high estimates, and inversely, the lower limit of the low-high interval as the lower limit
of the confidence intervals of the low prices.

The low-high forecasts and the low-high confidence interval are given in Table 6.4.

From Table 6.4 and Figure 6-16 it can be noticed that uncertainty increases as time the
forecast horizon increases, this increasing uncertainty being demonstrated by the widening
confidence interval as forecast horizon increases. All the 5 actual closing Absa prices and the
actual low-high pairs in the forecast region are enclosed by the corresponding forecast confidence

intervals in the forecast region.
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Forecast Dates | Actual Intervals | AR(1) Intervals Coofni(]i;(?():ehllrt‘(gii;’?sls Closing
10/08/87 [550, 550] [555.10, 558.05] 1522.96. 593.13] 550
11/08/87 [550, 555] [555.19, 564.23] (519.97, 608.50] 955
12/08/87 [555, 560] (555.29, 569.00] [517.15, 620.85] 555
13/08/87 [555, 560] 1555.38, 572.66] [514.20, 631.12] 555
14/08/87 [560, 565] [655.47, 575.48] [511.09, 639.87] 560

Table 6.4: Forecasts of low-high intervals of Absa prices

6.3.2 Anglo Low-High interval

The data used in this subsection for interval parameter estimation under the AR(1) model is
for the period 25/04/1995 to 03/08/1995 - a period of 3 months. The graph of low-high series
of Anglo prices is given in Figure 6-17.

The analysis is again carried out first on the high Anglo prices. The autocorrelations of the
observed series of high Anglo prices is shown in Figure 6-18.

The ACF of the time series dies out exponentially and this decay suggests a tentative AR(p)
model for the observed data series. The order suggested by the PACF leads to an AR(1) model,
since there is only one spike at lag 1, as shown in Figure 6-19.

The least squares method gives the specific model

re = 591.9094 + 0.88096r_1, & = 53.7758
(265.0704) (0.05303)

(2.2330) (16.6122)

with the corresponding standard errors and t-statistics given. respectively, within the brack-
ets. The errors of the high Anglo prices from the AR(1) model values are given in Figure 6-20.

The residual values suggest some serial independence and can therefore be regarded as white
noise values. This inference can be confirined by the ACF and the PACF values of the residuals
depicted in Figures 6-21 and 6-22 respectively.

The 1-day ahead estimates performed up to a 5 day horizon with origin at day 70 (03 August
1995) and horizons at days 71,72,73,74, and 75 are depicted graphically in Figure 6-23.
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Figure 6-18: ACF of high Anglo prices
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Partial Austocorrelation Function
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Figure 6-19: PACF of high Anglo prices
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Figure 6-20: Residuals of high Anglo series under AR(1) model
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Figure 6-21: ACF of residuals of high Anglo prices
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Figure 6-22: PACF of residuals of high Anglo prices



Anglo high series and AR(1)
1- day ahead Forecasts
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Figure 6-23: Forecast of high Anglo prices
Forecast 4986.16  4984.53 4983.10  4981.84 4980.73
Standard error | (53.776) (71.667)  (85.910) (98.106)  (108.946)
Day 71 72 73 74 75

Table 6.5: Forecasts of high Anglo prices

Again it emerges clearly in the graph that increasing the forecast horizon increases the
uncertainty in forecast. The forecasts are shown in Table 6.5 together with the corresponding

uncertainty measures as given by the standard errors in brackets.

96



Correlogram of
Anglo low prices

0202
" o .256

[ ]p.202
:(dﬁaa
|
- o140
ojos2

ACF
1d140
[ oboa
30.(}73
] 0,105

-0.4 r
{6 F

Figure 6-24: ACF of low Anglo prices

Parameter Estimation Of Anglo Low Prices

The process of model identification is now applied to low prices of Anglo. Figures 6-24 and 6-25
give the ACF and PACF of the low Anglo prices, respectively.

The combination suggests an AR(1) model with the estimated model. given with standard

errors and t-statistics in brackets by

re = 549.0713 + 0.8886r_;. 6 = 52.0145
(255.0839) (0.05147)

(2.1525) (17.2662)

The graph of residuals of low Anglo price series is given in Figure 6-26.
The ACF of the low prices of Anglo is given in Figure 6-27.
The Box-Pierce Q-statistic of the residuals gives values
Q(8) =15.3749 Q(9) =153764 ((10) = 17.3960

which are not quite significant at the 5% significance level. The Q-statistics together with
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Figure 6-25: PACF of low Anglo prices
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Figure 6-26: Residuals of low Anglo series under AR(1) model
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Correlogram of AR(1) Residuals
Anglo low prices

ACF

Figure 6-27: ACF of the residuals of low Anglo prices

Forecast 4947.80 4945.85 494412 1942.58 4941.21
Standard error | (52.015) (69.584)  (80.803) (88.664)  (94.411)
Day 71 72 73 74 75

Table 6.6: Forecasts of low Anglo prices

information from the graph of residuals suggest that the residuals can be regarded as white noise.
The forecasts are shown in Table 6.6, together with the corresponding uncertainty measures
given as the standard errors in brackets

Combining the low-high forecasts of Anglo prices and their confidence intervals yields the
graphical picture given in Figure 6-28.

The low-high forecasts and the low-high confidence interval of Anglo are given in Table 6.7.

Again all the 5 actual closing Anglo prices and the actual low-high pairs for the forecast

period are enclosed by the forecast confidence in the forecast region.
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Figure 6-28: Forecast of low-high Anglo prices

Forecast Dates | Actual Intervals | AR(1) Intervals Coc;nic;&rlx;:ehll?::zzsasls Closing
04/08/95 (4975, 5000] [4947.81, 4986.16] [4845.96, 5091.56] 4988
07/08/95 [4963, 5000] [4945.86, 4984.54] [4809.47, 5125.00] 5000
08/08/95 (4994, 5013] [4944.12, 4983.11) [4785.75, 5145.65] 5000
10/08/95 (4988, 5000] [4942.59, 4981.85] [4768.80, 5159.65] 4938
11/08/95 [4925, 4950] [4941.22, 4980.74] | [4756.16, 5169.54] 4950

Table 6.7: Forecasts of the low-high intervals of Anglo prices
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Figure 6-29: Daily low-high JSE-Over index levels

6.3.3 JSE-Over Low-High interval

The interval parameter estimation for the low-high JSE-Over index levels under the classical
AR(1) model is performed on a JSE-Over series for the period between 06 May 2003 to 13
August 2003. The low-high time series is given in Figure 6-29.

The ACF of the low index values, given in Figure 6-30, dies fairly quickly and it suggests an
autoregressive model for the data. Furthermore the PACE values of the observed series given
in Figure 6-31. All the PACF values beyond lag 1 are within the —% = (0.239 confidence band,
strongly suggesting an AR(1) model.

The least squares estimates of the model parameters are given by the model with standard

errors and t-statistics in brackets below.
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Astocomelation Function
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Figure 6-30: ACF of low JSE-Over index series
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Partial Adtocorrelation Function
LOW  : JSE Dver low series ACF
(Standard errors assume AR order of k-1)
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Figure 6-31: PACF of low JSE-Over index series

re = 4994.76 + 0.94331r,_,. & = 796.264
(2353.53) (0.02781)

(2.1222) (33.91827)

The graph of residuals of the low index values of JSE-Over is given in Figure 6-32.
The residuals from Figure 6-32 appear independent. This view is confirmed by the ACF
values of residuals given in Figure 6-33, where all the ACF values of the residuals are within

the % = 0.239 limits. The modified Box-Pierce statistics for the ACF's of the residuals are

given in Table 6.8.

Al the statistics are not significant at the 95% level, and it is not unreasonable to suggest

that the residuals behave like white noise. The AR(1) forecasts of the low JSE-Over index
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JSE-Over residuals of AR(1)
model with low index values
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Figure 6-32: Residuals of low JSE-Over series under AR(1) model

Correlogram of AR(1) residuals
with JSE-Qver low series

Figure 6-33: ACF of residuals of low JSE-Over index series
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9 10 11 12

15.063 | 16.074 | 15.515
21.026

Degrees of 3

freedom (m — 1)
14.085 | 14.641

Q*(m)
X2 os(m — 1) 15.507 | 16.919 | 18.307 | 19.675

Table 6.8: Modified Box-Pierce statistic for low JSE-Over series

JSE-Over low series and 1- day
up to 5—day ahead Forecasts
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Figure 6-34: Forecasts of low JSE-Over index levels with the original series

levels with the origin at day 70 (13 August 2003) and horizons of 1 up to 5 days are given in

Figure 6-34.

The forecasts are shown in Table 6.9 together with the corresponding uncertainty measures

as given by the standard errors in brackets.

89403.10

Forecast 89745.20  89652.10 839564.20 89481.30

Standard error | (796.26)  (1094.63)

Day 71 72 73 74

(1303.94) (1465.25)  (1595.14)

75

Table 6.9: Forecasts of low JSE-Over index level
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Aaocorrelation Function
HIGH  : JSE Over high series ACF

(Standard errors are white-noise estimates)
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Figure 6-35: ACF of high JSE-Over index series

Parameter estimation of JSE-Over High Index values

The values of high JSE-Over index values lead to the ACF and PACF values given in Figures

6-35 and 6-36 and this information suggests the AR(1) model.

Model adequacy is checked graphically using Figure 6-37.

Two times standard errors of 7y = M%S—E’ = 0.222, so that the lag 1 autocorrelation
value is not significantly different from zero. For values of & two times standard error of 7 is
approximately % = (.239, so only the autocorrelation value at lag 7 is significant and falls

beyond two standard errors of zero. This value alone should not lead to the rejection of the

null hypothesis of independence of the residuals. The prescribed AR(1) model is given by

re = 6302.09 + 0.9288r_1. & = 795.229
(3044.74) (0.03547)
(2.0698) (26.1834)
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Figure 6-36: PACF of high JSE-Over index series
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Figure 6-37: ACF of residuals of high JSE-Over index series
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JSE-Over high series and
1~ day ahead Forecasts
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Figure 6-38: Forecasts of high JSE-Over index level
Forecast 91001.60 90827.60  90665.90 90515.80 90376.30
Standard deviation | (795.23) (1085.34)  (1284.00) (1438.44)  (1550.84)
Day 71 72 73 74 75

Table 6.10: Forecasts of high JSE-Over index level

The forecast of high JSE-Over index levels with the origin at day 70 and horizons at days
71,72,73,74,and 75 are given in Figure 6-38.

The forecasts are shown on Table 6.10 together with the corresponding uncertainty measures
as given by the standard errors in brackets.

Putting together on one graph the values of low-high forecasts and their confidence intervals
of JSE-Over index leads to Figure 6-39.

The low-high forecasts and the low-high confidence intervals of JSE-Over index levels are
given in Table 6.11.

As in the previous two cases of Absa and Anglo series, all the 5 actual closing Anglo prices
and the actual low-high pairs in the forecast region are enclosed by the forecast confidence in

the forecast region.
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JSE-Over low-high series and 1~ day
up to 5—day ahead Forecasts
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Figure 6-39: Forecasts of low-high JSE-Over index level
Forecast Actual Confidence Intervals .
Dates Intervals AR(1) Intervals of AR(1) Intervals Closing
14/08/2003 | [89907, 91023] | [89745.20, 91001.60] | [88184.60, 92560.30] 89907
15/08/2003 | [89907, 90775] | [89652.10, 90827.60] | [87506.60, 92954.90] 90187
18/08/2003 | [89700, 90412] | [89564.20, 90665.90] | [87008.50, 93182.60] 90412
19/08/2003 | [90412, 91380] | [89481.30, 90515.80] | [86609.40, 93325.30] 91253
20/08/2003 | [91253, 92081] | [89403.10, 90376.30] | [86276.60, 93416.00] 91564

Table 6.11: Forecasts of low-high JSE-Over index level
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6.4 Interval AR(1) Analysis Results under d; metric

6.4.1 Absa interval AR(1) analysis results under d¢; metric

Tables 6.12. 6.13, and 6.14 give interval parameters computed from optimising the following
N

expression min(ﬁ_al) Z de @t, I+ Elyt_l).
=1
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Absa Share Parameter Estimates with (a =2.0,3 =1.5)

Period

[, 4]

2. 93]

06,/05/87 - 08/06/87

[1.00039801, 1.00040975]

0.99842457, 0.99843685

06,/05/87 - 08/07/87

0.99981432, 0.99981437

0.99834741. 0.99834741

06,/05/87 - 07/08/87

0.99980813, 0.99980815

0.99831964, 0.99831964

[
[
25/04/95 - 26/05/95 | [1.00017787, 1.00018481
25/04/95 - 28/06/95 | [1.00000942, 1.00000979

[

[

[

[

]

}

| | 1099930542, 0.99930543

}
25/04/95 - 28/07/95 | [1.00017147, 1.00017155]

J

}

]

[ }
[ ]
% |
[0.99941870, 0.99941870]
[ ]
[ J
| ]
[ J

0.99929252, 0.99929252
1.00549481. 1.00549481
1.00388696, 1.00388696
1.00193174, 1.00193174

06/05/03 - 04/06/03 | [0.99815280, 0.99897767
06,/05/03 - 07/07/03 | [0.99869331, 0.99927681
06,/05/03 - 07/08/03 | [0.99935060, 0.99964059

Table 6.12: Interval parameter estimates of Absa series

Table 6.12 gives the interval parameter estimates for 9 sets of Absa daily price series. The
data used for estimating the first set of parameters is taken from a period of 1 month (22 days)-
period 06 May 1987 to 08 June 1987. The second and third set of parameters utilise data over
a period of 2 and 3 months (44 and 65 days), respectively; from the top half of the overall Absa
share prices of data. The 4*" 5!, and 6""sets of parameters are calibrated from observations of
1 month, 2 months and 3 months, respectively. The three data sets are taken from around the
middle of the overall Absa share prices data provided. The last three sets of parameters the
7th 8% and 9% are also calibrated from observed data of 1 month. 2 months and 3 months,
respectively. The three data sets used are taken from almost the bottom end of the overall

Absa share prices data provided.

6.4.2 Anglo interval AR(1) analysis results under d; metric

Table 6.13 gives the interval parameter estimates for 9 data sets of Anglo daily prices. The
data used for estimating the first set of parameters is taken from period of 1 month (22 days)-
period 06 May 1987 to 08 June 1987. The second and third sets of parameters utilise observed
data over a period of 2 and 3 months (44 and 65 days), respectively: from the first half of the

th and 6% sets of parameters are calibrated from

overall Anglo share prices data. The 4%, 5
sets of 1 month, 2 months and 3 months (70 days), respectivelv. The three sets of data are
taken from around the middle of the overall Anglo share prices data provided. The remaining

sets of parameters the 7", 8% and 9%"are also calibrated from data of 1 month, 2 months and
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Anglo Share Parameter Estimates with (o = 2.0,3 = 1.5)

Period

[, p]

GRS |

06,/05/87 - 08/06,/87

0.99965736, 0.99981037

1.00101924, 1.00101924]

06/05/87 - 08/07/87

0.99972024, 0.99984517

1.00083218, 1.00083218|

| 06/05/87 - 07/08/87

0.99967888, 0.99982228

| 25/04/95 - 26/05/95

0.99995608, 0.99995846

0.99969197. 0.99969742] |

| 25/04/95 - 28/06/95

[
[
[1.00095522. 1.00095522] |
[
[

0.99941685, 0.99941685]

25/04/95 - 28/07/95

16.8153975, 21.2237408

[0.99661687. 0.99661687

06,/05/03 - 04/06/03

0.99604530, 0.99771010

06,/05/03 - 07/07,/03

1.00001684, 1.00001729

06/05/03 - 07/08,/03

[ )
[ )
% %
[3.33649330, 7.91845180]
[ ]
[ |
[ ]
[ ]

1.00001976, 1.00001977

]
[1.00901413. 1.01026250]
0.99962757. 0.99962757]
[0.99988855, 0.99983850]

Table 6.13: Interval parameter estimates of Anglo series

JSE-Over Parameter Estimates with (a = 2.0,3 =1.5)

Period

[, )

[o], &1

06,/05/87 - 08/06/87

1.00000785, 1.00001418

0.99995782, 0.99995783]

06,/05/87 - 08/07/87

1.00082181, 1.00082181]

06/05/87 - 07/08/87

]
0.99972373, 0.99984710]
0.99944042, 0.99969030)

1.00166455, 1.00166455)

25/04/95 - 26/05/95

1.00012038, 1.00016606]

0.99935771, 0.99935771

25/04/95 - 28/06/95

25/04/95 - 28/07/95

1.00000096, 1.00000174]

0.99999481, 0.99999481

06,/05,/03 - 04/06,03

608.828648, 872.078188]

06/05/03 - 07/07/03

0.99954713, 0.99974936|

1.00134709, 1.00134709

06,/05/03 - 07/08,/03

[
[
{
1.00027222, 1.00027310]
[
[
[
[

0.99910776, 0.99950619

[
[
[
[
[0-99893489, 0.99893480
[ J
[0.99637617, 0.99637617]
[ ]
[ )

1.00265412, 1.00265412

Table 6.14: Interval parameter estimates of JSE-Over Samples

3 months, respectively. The three data sets are taken from around the later end of the overall

Anglo share prices provided.

6.4.3 JSE-Over interval AR(1) analysis results under d; metric

Table 6.14 gives the interval parameter estimates for 9 sets of JSE-Over daily index. The data
serles used for estimating the first set of parameters is taken from period of 1 month, period 06
May 1987 to 08 June 1987 (22 days). The second and third sets of parameter estimates utilise
series over a period of 2 and 3 months (44 and 65 days), respectively: from the later half of
the overall JSE-Over index data. The 4" 5% and 6'* sets of parameters are calibrated from

data of 1 month, 2 months and 3 months, respectively. The three sets data the 7", 8 and
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Absa Metric | 7.3871 7.6310 7.8835 83883 8.8932 9.3981 9.6506 9.9030
Interval Series

06,/05/87— = 0.0040 0.1000 0.2000 0.4000 0.6000 0.8000 0.9000 1.0000

07/08/87 2 0.9960 0.9000 0.8000 0.6000 0.4000 0.2000 0.1000 0.0000

Table 6.15: Changes in the metric with respect to weights using Absa data

T

Anglo Metric | 39.9646 40.9930 42.0099 43.1659 44.1397 44.6343 45.1363
Interval Series

05/04/95— | 225 0.0040 02000 04000 06000 0.8000 0.9000  1.0000
28/07/95 2 1.0000  0.8000  0.6000 0.4000  0.2000 0.1000  0.0000

Table 6.16: Changes in the metric with respect to weights using Anglo data

9" are taken from around the middle of the overall JSE-Over index data provided. The last
three sets of parameters are again calibrated from data of 1 month. 2 months and 3 months,
respectively. The three sets are taken from around May 2003 up to around mid August 2003,
within the overall JSE-Over index levels provided.

The choice of the combination of parameters @ = 2.0 and 3 = 1.5 is only shown for
illustration purposes, from among many possible combinations. In fact other combinations
tried gave results that were not materially different to the ones obtained in Tables 6.12, 6.13,

and 6.14. The changes in the metric with respect to changes in « and 3 and therefore with

respect to the changes in the weights <55 and ﬁj are given in Tables 6.15, 6.16 and 6.17.
The effect of choosing o and § in such a way that as ;25 approaches 1 and therefore a—iﬁ

approaches 0, is that the fitted model intervals get tighter and conversely as ;% approaches 0

and therefore Zj_a approaches 1, the fitted model intervals get wider.

JSE-Over Metric | 744.402 763.684 768.339 787.410 807.382 817.420 827.570
Interval Series

06/05/2003— | ;25 0.004 0200  0.400 0600 0800 0.900  1.000
07/08/2003 25 0.996 0.800  0.600 0400 0200 0100  0.000

Table 6.17: Changes in the metric with respect to weights using JSE-Over data

113



Absa observed closing & observed low-high series
against
Absa forecast low—high
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Figure 6-40: 5-day low-high forecast of Absa prices from Interval AR(1)

6.5 5-day Low-High Forecasting and Comparisons

Figure 6-40 gives 5-day low-high forecast following 1 month (22-day) series from 6 May 1987 to
8 June 1987.

From Figure 6-40 it can be seen that the forecast is bad in that the interval of low-high
prices does not enclose the actual closing share price, nor does it enclose the actual low-high of
the share price. The next Figure 6-41, gives the plot of the 5-day forecast following a different
one month series, from 4 April 1995 to 5 May 1995.

The forecast matches the actual closing and the actual low-high closing prices only on the
first day of forecast, and on the second day and beyond it overestimates both the actual low-high
values. However, the interval-valued AR(1) performs better than classical low-high forecast.

Figure 6-42 depicts the plot of 5-day forecast of low-high Absa prices from both the classical
and the interval-valued AR(1) models. The sample used is a 3 month sample starting on 5 May
1987 to 7 August 1987. Both models perform fairly well, however the interval-valued forecast

performs slightly better than the classical model in that it encloses all the actual closing prices
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Absa observed closing & observed low-high series
against
Absa forecast low—high & interval forecast series
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Figure 6-41: 5-day low-high forecast of Absa prices from Interval AR(1)

and most of low-high values.

Figure 6-43 gives forecasts from a 2 month sample (taken from the middle of the Absa Time

Series), the forecast looks perfect but the interval-AR(1) model performs slightly better than

its classical counterpart.
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Absa observed closing & observed low-high series
against
Absa low-high forecast series
& Absa interval forecast series
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Figure 6-42: 5-day low-high forecast of Absa prices from Interval AR(1)

Absa observed low-high series vs
Absa forecast low—high series &
Absa interval forecast series
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Figure 6-43: 5-day low-high forecast of Absa prices from Interval AR(1)
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Absa observed closing series
Absa observed low—high vs
Absa AR1 low=high forecast &
Absa interval forecast
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Figure 6-44: 5-day low-high forecast of Absa prices from Interval AR(1)

Figure 6-44 is the forecast from a 3 month sample taken from the middle of the Absa time
series.

The interval-valued AR(1) forecast seems to track the actual low-high Absa values, better
than its classical counterpart.

Figure 6-45 gives 5-day forecast of the 1 month Anglo sample from the beginning of the
time series. The forecasts do not look good for both models, however in comparative terms the
interval AR(1) forecast is marginal sample, winner.

Figure 6-46 gives the 5-day forecast of Anglo prices from a 2 month series, taken between
05 May 1987 to 06 July 1987. The forecast looks good for the first 3 days and performs badly
from the fourth day onwards.

Figure 6-47 gives a 5-day forecast of Anglo prices from a 2 month series-that starts at
the middle of the time series. The forecast looks perfect and again the interval-valued AR(1)
performs better than its classical counterpart.

Figure 6-48 gives the 5-day forecast of Anglo prices from a 2 month data series that starts
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Anglo observed closing vs
Anglo low—high forecast
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Figure 6-45: 5-day low-high forecast of Anglo prices from Interval AR(1)
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Figure 6-46: 5-day low-high forecast of Anglo prices from Interval AR(1)
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Figure 6-47: 5-day low-high forecast of Anglo prices from Interval AR(1)

at the later end of the overall Anglo time series. The forecast looks perfect, however there is

no real difference in terms of performance between the interval-valued AR(1) and its classical

counterpart.
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Figure 6-48: 5-day low-high forecast of Anglo prices from Interval AR(1)

Figure 6-49 gives a 5-day forecast of the JSE-Over index with parameters from a 1 month

time series. The interval-valued AR(1) model gives the same resuits as the classical low-high

AR(1) model.

Figure 6-50 gives a 5-day forecast of the JSE-Over Index using parameters from a 3 month

sample. The forecast does not give good results at all, but again the interval AR(1) model

performs better than its classical counterpart.

120



JSE-Over abserved closing & low-high senes
Vs
JSE-Over low—high & interval forecast

55500
E "““Q —&- e .
e o ¢ ® »
55000
3
® 54500
>
>
@™
€ 54000 |
= AR1_Forecast_LH
53500 Int_AR1_Forecast_LH
——  Observed LH
—— QObserved closing
53000 t ; 3
9505126 95,/05/30 95706/01

Date

Figure 6-49: 5-day low-high forecast of JSE-Over Index values from Interval AR(1)
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Figure 6-50: 5-day low-high forecast of JSE-Over Index values from Interval AR(1)
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Chapter 7

Concluding Remarks

In this mini-dissertation we propose a new methodology for forecasting low and high market
prices of traded financial instruments. This is a novel and fresh approach in analyzing financial
data. We have contrasted Interval Analysis and traditional Time Series Analysis. The analysis
of this research was confined to the AR(1) model, and comparisons were made in the forecasting
power of the two methodologies. There is no conclusive evidence from the results as to whether
the interval-valued AR(1) model is a better prediction method than the classical AR(1) model
used to model lower and higher stock prices. As a matter of fact in standard time-series analysis
AR(1) modelling of stock prices is far from realistic and adequate. Extension of this work could
include modelling by traditional AR(p) as well as the interval AR(p) under dg.

The AR(1) model is known, as seen from the time series analysis of the given to be a bad
model for predicting of stock prices. A more general ARMA(p. q) with p > 1,9 > 1 needs to
be investigated. It is clear from the Time Series analysis of both low and high stock and index
levels that AR(1) model is not an appropriate model for market prices but can be used to model
market returns. Rather than using one method or the other it would a good idea to use any
tool to complement the already existing techniques. For the traditional Time Series modelling
the current state of the technology is mostly confined to single Time Series analysis tools, which
makes 1t rather tedious to handle time series for low prices and then separately go through the
same estimation and forecasting process for time series of high prices/index values.

The outstanding challenges in the interval analysis toolkit are to develop optimisation tools

that can deal with interval parameter estimation for two dimensions and beyond, so that Interval
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AR(p) for p > 2, can be estimated. Research in this direction would hopefully improve the power

of interval forecasts.
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Chapter 8

Appendix: Mathematica Programs
for Interval AR(1) Parameter

Estimations

This section of the appendix provides a listing of the Mathewmnatica codes written to perform

the following:

1. Optimisation procedure of the least squares minimisation for low-high classical AR(1)

parameter estimation.

2. Optimisation procedure of the general metric for interval-valued AR(1) parameter esti-

mation.

3. Global optimisation using interval techniques.

8.1 Main Optimisation Routine

arlParameter[xx_List]:=
Module[{x,v.XX. XY b},
{x.y}=Transpose|Partition[xx,2,1]];

XX=Sum|Transpose[{{1.x[[i]]} }].{{1.x[[i]]} }.{i.Length{x]}]/Length{x]:
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XY =Sum{{Lx{{}y{1) (. Lengthly]}}/Lengthly];
b=Inverse[XX].XY;

b//N

]
arlForecast[x_,n_]:=NestList[(a+b#)&,Last[x],n]/.{a->ar]Parameter[x][[1]],

b->ar]Parameter(x][[2]]}

8.2 Codes for Minimising the Sum of the Metric dg; @t, o+ Elyt,l)

dG[x_Interval.{ml ,mu_}{fl_,fu_},y Intervalalpha beta ]:=

Module[{d2,mid},

d2=Sqrt{(1/2)Abs[x[[1,2]-mu-Max[8*y[[1,1]],A%*y[[1,2]],
fury[[11]]fuy([1,2]]]] 2

+[(1/2)Abs[x[[1,1}-ml-Min[f*y [[1,1]] 8%y [[1,2]],

fury[[13]] fu*y[[1,2]]]12];

mid=Abs[(1/2)(x[[1,1]]+x][[1,2]])

-(1/2) (ml+Min[fl*y [[1, 1], 87y {[1,2]],fu*y {[1,2]]
+mu-+Max{fi*y[[1,1]},8*y[[1,2].fu*y{[1,1]],

fury[[1.2]));

{alpha/(alpha-+beta))*d2+(beta/(alpha+beta))*mid

)
dGparalxl_List.xh_List.a_.b_]:={ml mu,f,fu}/ NMinimize[{ Apply Plus.
dG[#[[1]]. {mLmu} {f.fu} #[[2].a.b)&/@Transpose[{Drop|Interval
/@Transpose[{xl.xh}].1],Drop|Interval/@Transpose[{xLxh}],-1]}]].
ml<=muf<=fu},{mlmuf fu}][[2]/{x]_x2_yl_y2 }->{Interval[{x1.x2}] Interval[{y1,y2}]}
Sla_.b_tseries_]:=Apply[Plus,Map|(a+b#][[1]]-#[12]]) " 2&.
Transpose[{ Drop|tseries,-1],Rest[tseries] }]]]
IsParaltseries_|:=

EnclosingRectangle[IntervalMinimum]

Sla,b,tseries].{a,0.75,1.0},{b,0.75.1.35},
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Tolerance->0.001]{[2]]

8.3 Codes for Interval Optimisation

BeginPackage["Intervals*"]
IntervalPlot::usage = "IntervalPlot|expr,{x,x0,x1} opts...] plots expr as a
function of x."
IntervalPlot3D::usage = "IntervalPlot[expr,{x,x0,x1},{y,y0.y1},0pts...] plots
expr as a function of x and y."
IntervalMinimum::usage = "IntervalMinimum|expr,{x,x0,x1},...,opts..] finds
the global minimum of expr as a function of the given variables."
IntervalMinimumConstrained::usage = "IntervalMinimum[expr.{x.x0,x1}....,constraint, opts..] finds
the global minimum of expr as a function of the given variables.
Search is restricted to those regions satisfying constraint."
RectangleGraph::usage = "RectangleGraphll] gives a Graphics or Graphics3D
of the list of pairs or triplets of intervals.”
RectangleGraphColor::usage = "RectangleGraphColor|(l] gives a Graphics or Graphics3D
of the list of pairs or triplets of intervals. Components are colored
randomly."
EnclosingRectangle::usage = "EnclosingRectangle[l] gives a list of intervals
that enclose the given list or lists of intervals."
FeasiblePoint::usage = "FeasiblePoint->p is an option of IntervalMinimumConstrained giving an
initial feasible point."
Options]IntervalPlot] = { Tolerance -> 0.01 }
Options[IntervalPlot3D] = { Tolerance -> 0.05 }
Options{IntervalMinimum] = { Tolerance -> (.001 }
Options|IntervalMinimumConstrained] = { Tolerance -> 0.001,
FeasiblePoint -> Automatic }
Begin["*Private*"]

Needs["Utilities‘FilterOptions*"]
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Needs|"PriorityQueue‘"]

(* works for intervals or lists of intervals *)

length[i_] := Max[i]-Minl[i]

{(* split an interval into two *)

split[i_Interval]:=

With[{m={(Min[i]+Max[i])/2}, {Interval[{Min|i],m}],Interval[{m Max|i]}]}]
(* split Cartesian products *)

split[l_List] := Distribute[split/@l List,List]

(* normalize *)

Set Attributes|interval, Listable]

intervalli Interval] := i

interval[i_ ?NumericQ] := Interval[i]

interval|_] := Interval[{-Infinity,Infinity }] (* junk *)

(* midpoint *)

Set Attributesmid, Listable]

mid[i_Interval]:= (Min[i]+Max[i])/2

(* avoid invisible rectangles/cuboids *)
rect[l:{xi_,vi_}]/;length[yi]==0 := Line[{Min/@l, Max/Gl}]
rect[{xi_,yi .zi }|/:lengthfzi]==0 :=

With [{x0=Min[xi],x1=Max[xi],y0=Min|yi],y1=Max[vi],z=Min][zi] },
Polvgon[{{x0,v0,2},{x1,y0,2},{x1,y1,2},{x0,y1,2} }]

]

(* infinite boundaries *)

infecolor=RGBColor|1,0,0];

huge=10.0"6;

rect[{xi_ _.vi_}]/;Min[yi]==-Infinity||Max|yi]==Infinity :=
{infeolor, rect[{xi, vi /. DirectedInfinity[d:(-1|1)] :> d huge}]}
(* 1D *)

rect[l:{x_}] := Line[{{Min[x],0},{Max[x],0}}]
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rect(l:{_,_}] := Rectangle[Min/@], Max/@l]

(* 3D %)

rectl:{_._._}] := Cuboid[Min/@l, Max/Ql]
RectangleGraph[l:{{_}..},opts_ __7OptionQ)] :=
Graphics[{Thickness[0.01]rect/@l}, {opts}]
RectangleGraphColor[1:{{_}..},opts __ ?OptionQ] :=

Graphics[{ Thickness[0.01],{Hue[Random[]],rect[#]}&/@l1}, {opts}]
RectangleGraph{l:{{_, }..},opts___7OptionQ] :=
Graphics[{Thickness[0],rect /@1}, {opts}]

RectangleGraphColor{l:{{ , }..},opts___ ?OptionQ] :=

Graphics[{ Thickness[0],{ Hue[Random|}],rect[#]} & /@1}, {opts}]
RectangleGraph[l:{{ , , }..opts___ ?OptionQ}] :=
Graphics3D[{EdgeForm|Thickness|0]],rect/@l1}, {opts}]
EnclosingRectangle[l List] := Apply[IntervalUnion, Transpose]l], {1}]
IntervalPlot{expr_, {x_Symbolx0_ ,x1_} opts__ 7OptionQ|:=
With[{tol = (x1-x0)Tolerance /. {opts} /. Options|intervalPlot|},
\odule[{finals}.

finals = refine[Function|x,expr],

Interval/G@N[{{x0x1}}], tol];

Show|RectangleGraph|finals],

Evaluate([FilterOptions[Graphics,opts]],
PlotRange->{{x0,x1},Automatic}, Axes->True]

I
IntervalPlot3Dexpr _ {x_Symbolx0_x1_}{y_Symbolyv0_ 1 }opts_ _7OptionQ):=
With[{tol = (x1-x0)Tolerance /. {opts} /. Options[IntervalPlot3D]},
AModule[{finals}.

finals = refine[Function[{x,y}.expr],

Interval/@N[{{x0.x1} {y0.¥1}}], tol;

Show[RectangleGraphifinals].,

Evaluate[FilterOptions|Graphics3D,opts]],
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PlotRange->{{x0.x1},{y0,y1},Automatic}, Axes->True,
BoxRatios->{1,1,0.5}]

I

refine[f , init_, tol ] :=

Module[{new = {init, {}}, finals = h[], i, j},

While[new =!= {},

{i,new} = new; (* dequeue one *)

j = interval[f@@jl;

If] lengthlj]<tol || Max[length/@i] < tol,

finals = h[Append]i,j], finals]

[(*else*)

Scan| (new = {#, new})&, splitli] | (* queue new ones *)

]

B

List@@Flatten|finals, Infinity, L]

]

IntervalMinimum|expr , ranges:{ Symbol, , }..,opts _ 7OptionQ] :=
With[{vars = First/@{ranges},n = Length[{ranges}],

tol = Tolerance /. {opts} /. Options{IntervalMinimum],
dom = NfInterval /@ Rest /@ {ranges}]},

With[{f = Function@@Hold [vars, expr]},

Module[{div = NMakeQueue[Min[#1[[2]]] < Min[#2[[2]]]&], fs.
minmax = Infinity, fin = h[], new},

EnQueue[div, {dom, f@@dom}];

While[!EmptyQueue[div],

new = DeQueue[div]; (* get smallest one *)

U[ Min[new|[[2])] >= minmax, Continue[] ]; (* no longer in the game *)
(* split it *)

new = split[new[[1]];

fs = interval[Apply[f, new, {1}]];
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new = Transpose[{new, fs}];

{(* update minmax *)

minmax = Min[Max /@ fs, minmax];

(* stopping criteria *)

Scan|

H[ Min[#[[2]] < minmax, (* requeue *)

If[ length[#([2]]] < tol || length{#{[1,1]]] < tol,

fin = h[#, fin], (* no further division *)

EnQueue[div, #] (* divide further *)

J]&, new I;

I

DeleteQueue[div];

fin = List@QFlatten]fin, Infinity, hl;

fin = Select|fin, Min[#[[2]]]<minmax&]; (* throw away non-minima *)
{new, fs} = Transpose[fin];

{Interval[{Min/[fs], minmax}], new}

1l

IntervalMinimumConstrainedfexpr |, ranges:{ Symbol, , }.., cond ,opts__ ?OptionQ)] :=
With[{vars = First/@{ranges},n = Length[{ranges}|,

tol = Tolerance /. {opts} /. Options|IntervalMinimumConstrained],
dom = N[Interval /@ Rest /@ {ranges}]},

With[{f = Function@@Hold[vars, expr], t=FunctionG@Hold[vars, cond]},
NModule[{div = MakeQueue[Min[#1[[2]]] < Min[#2][2]]]&], fs.

fx = Infinity, fin = h]}, new, in, out, ok, fp},

fp = FeasiblePoint /. {opts} /. Options|[IntervalMinimumConstrained];
If] t@afp, fx = fG@fp |; (* feasible point *)

EnQueue[div, {dom, {G@dom}];

While['EmptyQueue|div],

new = DeQueue[div]; (* get smallest one *)

H] Min[new[[2]]] > fx, Continue[] ]; (* no longer in the gamne *)
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(* split it *)

new = split[new([[1]]];

(* apply constraint *)

states = Apply|t, new, {1}];

in = Flatten[Position[states, True, {1}, Heads->False]];
out = Flatten[Position[states, False, {1}, Heads->Falsel];

ok = Complement[Range|Length[states]], out]; (* not discarded *)

(* update fx, the value of f at a feasible point *)
fx = Min[Apply[f, mid/@Part[new, in], {1}], fx];
new = Part[new, ok];

(* range intervals *)

fs = interval[Applylf, new, {1}]];

new = Transpose[{new, fs}];

(* stopping criteria *)

Scan|

[ Min[#[[2]] <= fx, (* requeue *)

U length[#[[2]]] < tol || length[#][[1,1]]] < tol,
fin = h[#. fin]. (* no further division *)
EnQueuel[div, #] (* divide further *)

J1&, new |:

I:

DeleteQueue[div];

fin = List@@Flatten(fin, Infinity, h;

fin = Select[fin, Min[#[[2]] <= fx&]; (* throw away non-minima *)
fin = Select[fin. tQ@#[[1]]='=False&]; (* not outside feasible region *)
{new. fs} = Transpose[fin];

{Interval[{Min[fs]. £x}]. new)

il

End][]
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Protect[IntervalPlot, IntervalPlot3D, IntervalMinimum,
IntervalMinimumConstrained, RectangleGraph, EnclosingRectangle]

EndPackage]]

8.4 Codes for PriorityQueue

BeginPackage|["PriorityQueue'"]
MakeQueue::usage = "MakeQueue|pred] creates an empty priority queue with
the given ordering predicate. The default predicate is Greater.”
CopyvQueue:usage = "CopyQueuelq] makes a copy of the priority queue q."
DeleteQueue::usage = "DeleteQueuelq] frees the storage used for q."

EmptyQueue:usage = "EmptyQueuelq] is True if the priority queue g is empty."

EnQueue::usage = "EnQueuela, item) inserts item into the priority queue g."
TopQueue::usage = "TopQueue[q] returns the largest item in the priority queue q."
DeQueue::usage = "DeQueue[g] removes the largest item from the priority queue q.

It returns the item removed."
PriorityQueue::usage = "PriorityQueue]...] is the print form of priority queues."
Begin["‘Private'"]

SetAttributes|queue, Hold All]

Set Attributes|array, Hold AllComplete]
makeArray[n_] := array@QTable[Null, {n}]
MakeQueue]pred :Greater] :=
Module[{ar,n=0}.

ar = makeArrav(2];

queuelar, 1, pred]

]

CopyQueue[queuelal_.n0_,pred_]] :=
Module[{ar=a0,n=n0},

queuelar, n, pred]
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EnQueue|q:quetefar_,n_pred ], val_] :=
Module[{ij}.

If] n == Lengthlar]. (* extend (double size) *)
ar = Join[ar, makeArray[Lengthlar]]] |

n++4;

ar[[n]] = val; i = n:

While| True, (¥ restore heap *)

j = Floorli/2];

[} < 1 || predfar{[j], ar[i]], Breakf |
{ar[[i]], ar[[il]} = {ar[lj]], ar[[i]]};

i=j;
J;
q
]
EmptyQueuelquenefar ,n_ pred ] :=n==10

TopQueue[queue[ar_n_.pred ]| := ar[[1]]
DeQueue[queuefar_n_.pred_]] :=
Module({i,j.res=ar[[1]]},

ar{[1]] = ar([n]}: arf/]] = Null; n

J=1

While[ j <= Floor[n/2], (* restore heap *)
i=2j;

I[ i < n && predfar[fi+1]], ar[[il]], i++ ];
If[ pred|ar([i]], ar([j]]];

{ar{li)], axl[i1} = {arlll), ar[i)} J;

j=1i

l:

°]

DeleteQueuefqueuelar .n_,pred ]| := (ClearAlllar.n]:)
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queue/:Normal[q0 _queue] :=

Module[{1={}. q=CopyQueue|[q0]},

While['Empty Queue[q], AppendTo[l, TopQueue[q]]; DeQueue[q]];
DeleteQueue]q]:

1

]

Forinat[q_queue/;EmptyQueue[q]] := PriorityQueue]]

Format[q_ queue] := PriorityQueue[TopQueue[q], "\[TripleDot]"]
End]]

Protect| MakeQueue, CopyQueue, DeleteQueue, EmptyQueue,
EnQueue, TopQueue, DeQueue, PriorityQueue |

EndPackage|]
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