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- Abstract

Propositional systems are deductively closed sets of sentences phrased in the

language of some propositional logic. The set of systems of a given logic

is turned into an algebra by endowing it with a number of operations, and =~

into a relational structure by endowing it with a number of relations. Cer-
tain operations and relations on systems arise from some corresponding base
operation or relation, either on sentences in the logic or on propositional
valuations. These operations and relations on systems are called power con-
structs. The aim of this thesis is to investigate the use of power constructs in
propositional systems. Some operations and relations on systems that arise
as power constructs include the Tarskian addition and product operations,
the contraction and revision operations of theory change, certain multiple-
conclusion consequence relations, and certain relations of verisimilitude and
simulation. The logical framework for this investigation is provided by the
definition and comparison of a number of multiple-conclusion logics, includ-

ing a paraconsistent three-valued logic of partial knowledge.
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Preface

Alfred Tarski presented his calculus of deductive systems in a series of papers
between 1930 and 1936. The systems in question are sets of sentences from
some formal language, that are closed under certain inference rules. This
means that a system contains all the elements that can be inferred from it.
Tarski’s purpose was to facilitate the investigation of certain metamathe-
matical properties of systems. To this end, he defines some relations and

operations on systems:

e The inclusion of a system [ in a system A indicates that A is logically

stronger than I
e equality between systems coincides with logical identity;
e the product of two systems is their intersection;

e the addition of the systems I' and A is the set of all sentences that may
be inferred by the union of I' and A.

o the negation of a system I' is obtained by forming, for each element
~ € I', the smallest system containing its negation —y, and then taking

the intersection of these sets.

In this thesis I will be concerned specifically with propositional languages,

and accordingly, with sets of propositional formulas, or formule sets, and the
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propositional systems they give rise to by closure under the inference rules

of some propositional logic.

There are many more useful relations and operations on formula sets, in

addition to those listed above:

e A formulaset A is called a multiple-conclusion consequence of a formula
set I' if, whenever all the elements of I' are true, then at least one

element of A is true.

A wverisimilar relation orders formula sets according to their closeness

to the truth.

A formula set I' explains a formula set A if, whenever at least one

element of I' is true, then at least one element of A is true.

A formula set may be simulated by another formula set in a different

logic.

A formula set may be contracted by another formula set.

A formula set may be revised by another formula set.

Leaving propositional systems aside for a moment, let us turn to the
concept of a power construct. Given any set of elements A4, one‘ can form its
power set P (A), the set of all subsets of A. Further, if A is endowed with
some operation f, one can define a power operation f*, which is based on
f, and operates on elements of P (A). Similarly, given any relation r defined
on A, one can define a power relation of the same arity on P (A). A power
construct is defined as any such power operation or relation, obtained by

- powering some base operation or relation.
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Power constructs abound in propositional systems. The aim of this thesis

is to point out and discuss existing power constructs in propositional sys-

tems, and explore new ones. Most of the operations and relations mentioned

above can be defined as non-trivial power constructs. This includes Tarski’s
product and addition operations, contraction and revision operations, as well
as certain multiple-conclusion consequence, verisiinilitude,' and simulation re-
lations.

The outline of the thesis is as follows: Consequence relations can be
studied either semantically (model-theoretically), or syntactically (proof-
theoretically), or abstractly. Chapter 1 describes the syntactic and abstract
approaches to the study of consequence relations, and relates the two ap-
proaches to each other. The relations of logical and explanatory strength
are characterized in terms of an abstract consequence operator. The chap-
ter concludes with a semantic definition of the consequence relation of a
multiple-conclusion version of classical propositional logic, abbreviated Mcc.

In Chapter 2 the semantic definition of consequence of Chapter 1 is re-
fined, and applied to a multiple-conclusion logic, MCK, based on Kleene’s
strong three-valued truth tables. A proof system for MCK is given, and sound-
ness and adequacy results proved. MCK is presented as a logic of growth in
information. Unlike classical logic, it is not explosive, which makes it suitable
as reasoning mechanism of an agent presented with conflicting information.

A further refinement of the consequence relation of MCK yields the logic
©MCK, which is equivalent to the paraconsistent Logic of Paradox. The
consequence relation of oMCK is strictly stronger than that of MCK, and
strictly weaker than that of Mcc. This provides a new semantics for the

Logic of Paradox.
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In Chapter 3 the calculus of deductive systems, and the concept of power
constructs, are introduced formally. The calculus of deductive systems of a
certain class of logics is then characterized as a power algebra of theories.
Two alternative algebraic characterizations of calculi of deductive systems
are also given. Namely, the calculus of oMCK-systems is characterized using
the Llndenbaum/Tarskl construction, and the calculus of MCK- -systems is

'cha,ractemzed model-theoretically as an aigebm of meanings. The cha,pter‘
concludes with a discussion on the simulation of one logic by another.

Chapter 4 deals with relations of verisimilitude. I show that power rela-
tions may be used to define a parameterized theorylike order on formula sets.

- The order is based on a likeness order on propositional valuations that incor-
porates a notion of relevance to the truth. These ideas are also translated to
the three-valued logic oMCK.

In Chapter 5 I show that the theory change operations of contraction,
expansion and revision can be characterized as power operations in an algebra
of theories enriched with a set of unary power operations. I also show that
revised belief sets can be described in terms of a theorylike order on formulas,
as defined in Chapter 4.

Parts of this thesis have been published, or presented at conferences."
Namely, part of Chapter 4 appeared in (Britz & Brink, 1995) and (Brink &
Britz, 1999), part of Chapters 3 and 5 appeared in (Britz, 1999), and part
of Chapter 3 appeared in (Brink ef al., 1993). Conference contributions in-
clude “A new semantics for the Logic of Paradox”, read at the 42nd Annual
Conference of the South African Mathematical Society, and “Relating, and
operating on, formula sets”, read by co-author Chris Brink at the 4th In-
ternational Seminar on Relational Methods in Logic, Algebra and Computer

Science.
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Chapter 1

Introduction

Logical consequence relations can be described either semantically (model-
theoretically), or syntactically (proof-theoretically), or abstractly, by a set
of postulates. In this chapter I characterize a certain class of consequence
relations syntactically and abstractly, and show how these characterizations
relate to each other. This is done in Sections 1.2 and 1.3. The results
presented in these sections are general, in that they do not depend on any
specific logic. The chapter concludes with a simple case study, which shows
how these general results apply to a specific logic, in this case, a multiple-
conclusion version of propositional logic called McC. First, however, I define

some terminology that will be used in this and subsequent chapters.

1.1 Preliminaries

The formal language L of classical propositional logic, or PC, is built up
from a denumerable set of sentential symbols Ly = {p;,ps,...}, the binary

connectives A and V, the unary connective -, and the parentheses ( and ).

" The elements of L are called well-formed formulae, or wils. The set L is

£ e i e A ¢ o o Tmem e B A T
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defined inductively, as follows:

1. Every element of Ly is a wif.

2. If a and J are wils, then so are (a A ), (@ V ) and (~e).

Where there is no ambiguity, the parentheses will be omitted from a wff.

The symbols o and 3 are used here as metalinguistic variables that range
over L. I will continue to use lower case Greek symbols «, 3, v, §, ... as
variables to refer to wifs from L. To refer to sets of wils, also called formula
sets, 1 will use upper case Greek symbols I', A, £, .... The empty set is
denoted by 0. The power set of L is the set of all subsets of L, and is written
P(L).

The connectives of L can also be viewed as operations on wifs, with -«
being the outcome of applying the unary operation = to the wif o, and a A
and « V 3 being the respective outcomes of applying the binary operations A
and V to the wifs & and 3. Hence L may be viewed as an abstract algebra,
generated by Lg. Wdjcicki (1988) mentions that this perspective is due to
Lindenbaum, and first stated in print by Tarski (1935). As is commonly
done, for example in (Wéjcicki, 1988), I will identify the language L with the
abstract algebra (L, A, V, =) associated with it.

Any algebra A = (A, 2, f£, f3), with base set A and operations fZ, f2
and f; of the same arity as A, V and - respectively, is said to be of the same
similaritéj as L. The class of all such algebras is called the similarity class
of L. Further, if h, is an n-ary mapping from Lo into A, then there is a
homomorphism h, extending Ao, from L into A. Namely, h is defined by:

h(a) = hola) if a € Ly;
heAB) = f5(h(a),h(B));
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haVp) = fi(h(a),h(B));
h(=a) = f; (h(a)).

This means L is a free algebra in its similarity class, with set of free generators
Lo. Wojcicki (1988) gives an exposition of the basic theory of logical calculi,
including this result. The following definitions are standard terminology in
textbooks on lattice theory such as (Davey & Priestley, 1990), and are listed

here for later reference.

Definition 1.1 A preorder on a set A is a binary relation < on A which is

reflexive and transitive.

Definition 1.2 A partial order on a set A is a binary relation < on A which

is reflezive, transitive and antisymmetric.

Lemma 1.3 Zorn’s Lemma. If every chain in a partially ordered set (A, <)

has an upper bound in A, then the set A contains a mazimal element.

Definition 1.4 An egquivalence relation on a set A is a binary relation on

~

A which is reflexive, symmetric and transitive.

Definition 1.5 A congruence relation on an algebra A is an equivalence

relation on its base set which preserves the operations of A.

Definition 1.6 A meet-semilattice is a structure (A,A) such that A is a

binary operation which is associative and commutative.
Definition 1.7 A lattice is a structure (A,A,V) such that

1. A is a non-empty, partially ordered set;
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2. for every x,y € A, their meet z Ay and join x V y erist, where the
meet of two elements is their greatest lower bound, and the join of two

elements is their least upper bound.

A lattice A has a zero element 0 € A if 2 = 2 V 0 for every z € A, and

has a unit element 1 € Aif 2 =z A 1 for every z € A.

Definition 1.8 A distributive lattice is a lattice (A, A, V) which satisfies the

distributive laws:

(Ve,y,z€ A)rA(yV2)=(zAy)V(zA2)];

(Vz,y,z€ A)zV(yAz)=(zVy) Az V=2)].

Definition 1.9 A De Morgan lattice, also called a quasi-Boolean algebra, is
a structure (A, A, V,=,0,1) with unary operation -, zero element 0 and unit

element 1 such that
1. (A,A,V) is a distributive lattice;
2, o= o
3 ~(aAfB)=—aV -f;
4. ~(aVp)=—-aA-p.

Definition 1.10 A Kleene lattice is a De Morgan lattice (A, A,V,=,0,1)
such that
ah=aA(BV-B)=al-a

Definition 1.11 A Heyting algebra, also called a Brouwerian algebra, is a

- structure (A, A\, V,=,-,0,1)such that

1. (A, A, V,,0,1) is a De Morgan lattice;
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2. a=> 3 is the greatest element in A such that o A (a = §) < 3.
Definition 1.12 A Boolean algebra is a structure (B, A,V,—,0,1) such that
1. (B,A,V) is a distributive lattice;
2. aVl=caand a Al =« for ¢ll a € B;

3. aVra=1landaA—~a=0foralacB.

The two-element Boolean algebra By= {{t, f},A,V,, f,t}, with base set
{t, f}, meet A, join V, complement —, zero element f, and unit element ¢, is
of the same similarity as L. Any mapping vo : Lg — {¢, f} can therefore be
extended to a homomorphism from L to Bs. That is, any truth assignment
vy of truth values to sentential symbois can be extended to a valuation v :

L — {t, f}, such that:

1. f a € Lo, then v(a) = v (a);

2. viaeAB)=v(a) Av(B);

3. v(aVvp)=v(a)Vv(F);

4. v(—a) = wl(a).

Let Valy denote the set of truth assignments {vp : Lo — {¢, f}}, and let
Valy denote the set of homomorphisms {v: L — {t, f}}. A valuation v sat-
isfies a wif v iff v(y) = ¢t. A valuation v which satisfies every element of a
set of wils T' is called a model of T'. T will call a valuation which satisfies at
least one element of T' a co-model of T'. The set of models of I' is denoted
Mod;c (T'), and its set of co-models CoModsc (I'). T' is called satisfiable if

it has a model, and co-satisfiable if it has a co-model. A tautology is a wif



CHAPTER 1. INTRODUCTION 6

which is satisfied by every valuation, and a contradiction is a wif which is not
satisfied by any valuation. Given any formula set I and wif 3, if 3 is satisfied
by every valuation which satisfies I', we say 3 is a semantic consequence of T',
and write I' Fpe 8. If I is a singleton set {a}, we write o =pc B. If @ =oc §
and 8 [ec @, o and B are called semantically equivalent, written o ~pc f.
The Lindenbaum /Tarski construction provides a standard way of turning
the set of equivalence classes under & into an algebra. Since Rlpe 18 a
congruence relation on L, we may form the quotient set L/ ~sp¢, consisting of
equivalence classes of elements of L. Let [a] denote the ~vpc-equivalence class
of @, let 1 denote the equivalence class of tautologies, and 0 the equivalence
class of contradictions. Also, being a congruence relation, ~po preserves the
operations on L. The meet, join and complement operations on L/~ can

therefore be defined by:

[ Al8] = [anpl;
Vg = [aval;
=[a] = [~al.

This yields a Boolean algebra Loc = (L/ Mooy A, V, =, 0, 1), called the Lin-
denbaum algebra (also referred to as the Lindenbaum/Tarski algebra) for

classical propositional logic. The partial order < on L/ & is:

[o] <[B] iff & f=pe B

The Boolean algebra B, = {{¢, f},A,V,, f,t} can also be used to define
a matriz semantics for PC. More specifically, the tuple (B2, {t}) determines
" the logic PC. The set {t} is called the set of designated elements of B,. The
semantic consequence relation for PC can then be reformulated as a matriz

consequence relation: Given any formula set I' and wif 8, we say § is a
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matrix consequence of I if, for any homomorphism v : L — B, v () € {¢}
whenever v(I') C {t}. I will not present any general results concerning
matrix consequence relations, but will only refer to specific cases as they
occur. The interested reader may consult (Wéjcicki, 1988).

To conclude this section, I define a number of other standard concepts

that will be used in subsequent chapters.

Definition 1.13 A filter in a lattice (A, A, V) is a non-empty set of elements
from A which is upward closed under the partial order of the lattice, and

closed under finite meets.

For each z € A, the upclosure of z, that is, the set {y : z < y}, is a filter,
called the principal filter generated by z. A filter is called proper if it does
not coincide with A. A proper filter of A is called an ultrafilter if the only
filter properly containing it, is A itself. A filter F is called prime if it is
proper and, for any z,y € F,zVy € F impliesz € Fory € F. Ina

Boolean algebra, the notions of an ultrafilter and a prime filter coincide.

1.2 Proof systems

Consequence relations are traditionally defined as relations between P (L)
and L. This is understandable in view of the emphasis placed on proof the-
ory, where one is interested in the single consequences of a set of premisses.
But, more generally, a consequence relation can be defined as a binary re-
lation on P (L). It is then referred to as a multiple-conclusion consequence
relation. The roots of this idea can be found in (Gentzen, 1969; Carnap,
1943; Kneale, 1956; Gabbay, 1971; Scott, 1974; Shoesmith & Smiley, 1978).

Avron (1991b; 1992) uses multiple-conclusion consequence relations on finite
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-multisets as a general framework within which to investigate logics. Since
then, they have been used sporadically in a number of diverging applica-
tion areas. For example, Wisniewski (1991; 1994) uses a multiple-conclusion
consequence relation to address the problem of the reducibility of questions
in erotetic logic, and Miller (1996) uses it in the specification logic Forum.
Gentzen-style sequent calculi are also formulated in terms of sets of pre-
misses and conclusions. I will use the term ‘consequence relation’ to refer to
multiple-conclusion consequence relations; when I refer to a single-conclusion
consequence relation, I will state so explicitly.

Consequence relations are characterized in three ways: semantic, syn-
tactic or abstract. The semantic characterization depends on the logic in
question, hence I will defer any discussion of it until Section 1.4 and Chapter
2. For the present, I will focus on the syntactic and abstract characterizations
of consequence relations. -

The syntactic characterization of a consequence relation is as a derivabil-
ity relation in a formal proof system. So we first need to clarify what is meant
by a formal proof system and a derivation. The proof system I will describe
is in the Hilbert-Frege style, but the notion of a derivation was adapted by

Shoesmith & Smiley (1978) to allow for multiple-conclusion inferences. -

Definition 1.14 An inference rule 1s an ordered pair of sets of formulae,
written in the form

" (ph “'1pn) » Y2 (ph -'~7pn) yoees fm (ph apn) V
61 (pl, ...,pn) 5 62 (pl; ...,pn) 5oy 5k (;pl,...,pn) ’
where I'= {y;: 1 <1 <m}, A={4;:1<j<k}, and where each

r (pla "'73}71) /& (p1, ...,pn) =

Yi (P1y oo Pr) and 85 (p1, -.., pr) 18 @ Wf from L built up from sentential symbols

~ chosen from py,...,Pn.

An inference rule is actually a schema for an infinite set of rules, one
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for each uniform substitution of wifs for the symbols py, ..., pa. 71, ..., Ym are
called the premisses, and &, ..., 8 the conclusions of the rule. Rules with an
empty premiss set or conclusion set are allowed. k

A set of inference rules constitutes a formal proof system. Usually, espe-
cially in single-conclusion logics, the definition of a formal proof system also
allows for a set of axioms. But an axiom is just an inference rule with an
empty premiss set, and no special provision need therefore be made for it.

An inference rule @ (py,...,pn) /¥ (Pi, ey Pn) 18 applicable to a formula set
¥ if there exists a uniform substitution of wifs «y,..., ¢, for the symbols
D1, ., Pn such that @ (ey,...,e,) C . That is, every element of @, with
each p; replaced by «y, is in 2. A derivation from I" to A in a formal proof
system S will be defined in 1.15 as a rooted tree with nodes labelled by wifs.
I will use the terms child, parent, ancestor, descendant, root and leaf as is
customary in standard texts on graph theory such as (West, 1996). A branch
in a tree is a sequence of wifs, that is an ordered list, starting at the root
and ending at a leaf. If the order of wifs and number of occurrences of each
wif in a branch is not important, a branch can also be regarded as a set
of wfls. The length of a branch is the number of nodes appearing in it. An
initial subsequence of a branch ¥ with length n is a sequence of wifs ¥’ which
differs from ¥ only in that the last m, where m < n, elements of ¥ have been
removed. To expand a branch ¥ with « means to form a new tree by adding
o as a child to the leaf of X. This tree has a branch (Z; o) having the initial
subsequence ¥ followed by the leaf a. The branching factor of a tree is the
maximum number of children of any node in the tree. Both the length of

each branch and the branching factor are assumed to be finite.

Definition 1.15 A proof tree from I' in a formal proof system S is created

as follows:
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1. Create an unlabelled root node. Then continue to expand the tree by

any finite sequence of repetitions of steps 2 and 3.

2. Choose any branch ¥ in the tree. (Initially, there is only one, consisting
of the root node.) Pick any element o from I'. Expand ¥ with « to
obtain a new tree which differs from the old tree only in that the branch

¥ has been replaced by (Z; «).

3. Choose any branch ¥ in the tree (initially, there is only one), and pick
any inference rule ® (py,...,pn) /¥ (p1,...,ps) from S applicable to T,
to obtain ¥ (o, ..., ). Suppose ¥ (o, ..., ) = {¥1, ..., ¥x}. Tk > 0,
add &k new children 1y, ..., ¥ to the leaf of the branch ¥ to obtain a
new tree which differs from the old tree only in that the branch ¥ has
now been replaced by & branches (Z;¢1),...,(Z;¢%). I k& = 0, then

mark the branch closed.

Let {(T) denote the set of leaves of the tree T', excluding the leaves on
closed branches. An initial subtree of a tree T is a tree T” such that it is
possible to obtain T from T by repeated application of steps 2 and 3 of
Definition 1.15.

Definition 1.16 A derivation from T to A in a formal proof system S is a
proof tree T starting from ', and with [ (T) C A. We write I' s A, and say
A is derivable from T in S, and Fs is the derivability relation of S. |

Note that, if each inference rule of a proof system has a single conclusion,
any derivation will consist of a single branch. The notion of a derivation
then coincides with the well-known concept of a proof in a single-conclusion
logic, where a derivation from I' to « is a sequence of wifs starting from T" and
terminating in o. Such a proof system will be called a single-conclusion proof

system, and its derivability relation a single-conclusion derivability relation.
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1.3 Abstraction

The abstract characterization of a conseqﬁence relation is by means of a set
of properties, and is related to the syntactic characterization by a theorem
of Lo§ & Suszko (1958). The theorem was initially formulated for single-

conclusion consequence relations, but I state and prove it below for the more

general case.

Definition 1.17 An abstract consequence relation & is any binary relation

over P (L) satisfying the conditions:

1. UTNA#0 then I' F A. (sharing)
2. HTFAand T CIVand A C A/, then IV I A, (weakening)
3. UT, ¢ Aand '+ ¢, A then T+ A. (cut)

4. T+ A iff there exist finite I' C T and A’ C A such that I F A,

(finiteness)

5. For any substitution e: Lo — L, if I' - A then (') F e (A).

(uniform substitution)

For singleton sets, I will drop the set notation, and thus write v - A

instead of {y} F A, and I' - § instead of T' - {§}.

Theorem 1.18 A binary relation &+ is an abstract consequence relation iff

there exists a formal proof system S such that & is the derivability relation

for S.

Proof. Given a proof system & with derivability relation g, we first check

that s satisfies the conditions of an abstract consequence relation.
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1. Sharing: Suppose a € I' N A. Construct a proof tree consisting of a
single branch of elements from I' terminating in a. This constitutes a

derivation from I' to A.
2. Weakening: Any tree establishing I' Fg A also establishes IV g A’.

3. Cut: Suppose ', Fs A and I' Fs ¢, A. Append a derivation from I, ¢
to A to every branch of a derivation from I' to ¢, A which terminates

in ¢. The resulting tree is a derivation from I' to A.
4. Finiteness: A derivation is finite by definition.

5. Uniform substitution: This property follows from the definition of an
inference rule and its applicability, which allows for uniform substitu-

tion of variables.

Conversely, let  be a relation which satisfies the conditions of Definition
1.17. We have to find a proof system & with derivability relation ks such
that Fs=F. Let S be the set of all proof rules I'/A such that I' and A are
finite, and ' = A. Note that this includes the case where I' or A is empty.
By the finiteness property of i, it is sufficient to show that ' F A iff '+s A
for finite I and A.

Left to right: Suppose I' F A. Then it is an inference rule, and hence
there is a derivation from I' to A.

Right to left: Suppose I' s A. The proof proceeds by induction on the
number of steps followed in a derivation T from I' to A. T will show that
for each initial subtree T; of T' created by steps 2 and 3 of Definition 1.15,
T'HI(T}).

Base case: If step 2 is executed first to obtain a tree with single leaf a EA T,

then I' I a by the sharing property. If step 3 is executed first, it means some
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inference rule 0/ {1y, ..., ¥« } is applied to obtain a tree with leaves %, ..., ¥%.
By the definition of S, @ F {+1,...,4}, and by weakening, I' F {¢y, ..., ¥; }.

Inductive step: Let T; be an initial subtree of 7. Assume that for each
proper initial subtree T; of T}, I' - I (T;). T} is formed by an application of
either step 2 or step 3 of Definition 1.15 to an initial subtree T;..;. Suppose
it is step 2. That is, some branch ¥ in Tj_; is replaced by a branch (%; e),
where a € I'. By the sharing property, I' - [ (T3).

Else, step 3 is applied to T;_;. That is, choose some branch ¥ of T;_,
with leaf ¢, and some inference rule

¢’1 (ph -*-7;071) 3 “-’ém (pla "'3pn)

O/V =
/ "’1{)1 (pla“wpn)?'")"pk (ply“'ap’n)

applicable to £. This means there are wifs v, ..., @, such that ® (ay, ..., @,)
C ¥. Let ¢, € 9, and let Ty, be the tree obtained from T;-1 by rémoving all
descendents of ¢;. By the inductive hypothesis, I' F [ (T,). This can also
be written ' F ([(Ty,) — ¢1),é1, where {(Ty,) — ¢ is the set obtained by
removing ¢; from [ (Ty,). By weakening, I',® — ¢, F ({(T4,) — ¢1),¢1, V.
By weakening the inference rule & - ¥, we have I',® + ([(Ty,) — ¢1), V.
By the cut property, I',® — ¢; &+ ({(Ty,) — 1), ¥. Now let ¢, € ¢ —
¢1. As above, I' & ({(Ty,) — ¢2),¢2. By weakening, I''® — ¢; — ¢ F
(I(Ty) — 1), (L {(T4,) — b2) ,¢2,¥. By another application of cut, I, & —
¢1— ¢ b (L(Ty) — 1), ({(Ty,) — ¢2), ¥. Repeating this procéss m times,
once for each ¢ € ®, we obtain I' - | J 4 {{ (T4) — ¢}, ¥. Since each Ty was
obtained from T;.; by removing the descendents of ¢, every other leaf of Ty
is a leaf of T;.;. Therefore | J,cq {{(T4) — ¢} C1(Tj-1) — 0. Thus '+ {(Tj)
by weakening. This proves the inductive stép. Since T is a derivation from

I'to A, [{(T) C A. Hence T + A.
O
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The result of Theorem 1.18 can also be stated in terms of consequence
operators. Like so many other other fundamental concepts in formal logic, the
notion of an abstract consequence operator is due to Tarski. The formulation -

I adopt is from (Rybakov, 1997).

Definition 1.19 (Tarski, 1985) An abstract consequence operator is a map-

ping C : P (L) — P (L) satisfying the conditions:

. rce() ' (inclusion)
2. c(Cc()) ccm. (closure)
3. T C A then C(I') CC(A). (monotony)
4. C(D)=U{C(A): A CT and A is finite}. (finiteness)
5. (Ve: Lo — L) e(C(I)) CC(e(T)). (uniform substitution)

Definition 1.20 Given any formal proof system & with single-conclusion
derivability relation -, the syntactic consequence operator Cny : P (L) —

P (L) for S is defined by
Cnp(I)={a:TFa}.

Theorem 1.21 (Rybakov, 1997) A mapping C : P(L) — P (L) is an ab-
stract consequence operator iff C is the syntactic consequence operator of

some single-conclusion formal proof system. O

Theorem 1.21 implies that, given any abstract consequence operator C :

P(L) — P(L), one can define a single-conclusion derivability relation ¢ by:

The aiff aeC(l).
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Then a« € C(I) ff ' k¢ o iff @ € Cny, (I'). Thus, given any abstract
consequence operator C, we have C., = C.

Definition 1.20 assumes that all the proof rules of S have single conclu-
sions. In the remainder of this section I will show how this restriction can be
relaxed.

The consequence operator of Definition 1.20 operates on formula sets that
are thought of conjunctively, as a set of premisses. If a is a consequence of
T, then there is a proof tree in which the elements of ' appear in a single

“branch with leaf . In a multiplé—conclusion logic, the consequence operator
has a natural counterpart, which I will call an entecedence operator. (A
similar suggestion was recently made by Zwart (1998).) An antecedence
operator operates on formula sets that are thought of disjunctively, as a set
of alternatives or options. If o is an antecedent of A, then there is a proof
tree from o such that each branch terminates in an element of A.

The next definition generalizes Definition 1.20.

Definition 1.22 Given any formal proof system S with derivability relation
b, its syntactic consequence operator Cny : P (L) — P (L) is defined by

Cn(T)={a:TFa},
and its syntactic antecedence operator Anp i P (L) = P (L) is defined by
Anp (A)={a:alt A}.

Cny (T') is called the propositional system (or just system, for short) which
I’ gives rise to, and An (A) the propositional co-system which A gives rise
to. Since Cni ([') =T if and only if I' = {¢ : [ I ¢}, a system is also called
a deductively closed formula set or deductive system. {Cn (') : T € P (L)}

is the base set of Tarski’s calculus of propositional systems (Tarski, 1930a;
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Tarski, 1930b; Tarski, 1935), which is partially ordered by the relation of

logical strength:

Definition 1.23 Given any formula sets ' and A, T' is logically stronge?
than A (A is logically weaker than T), written A <¢n T, iff Cnr (A) C

Theorem 1.24 (Wdjcicki, 1988) The set of abstract consequence operators

of L forms a complete lattice under the relation of logical strength. - [

Definition 1.25 Let T and T be formula sets in a logic with syntactic con-
sequence operator Cn. ' and L are called =cy,-equivalent iff they give rise

to the same system, that is, if they have the same deductive closure:
['=c, L iff Cn (D) =Cn(X).

The set Any (A) is useful in applications of multiple-conclusion logic. For
example, in erotetic logic (Belnap & Steel, 1976; Harrah, 1984; Wisniewski,
1994), one of the prerequisites for a question ¢ to be reducible to a question
s, is that every direct answer to g has to imply some direct answer to s. This
defines an ezxplanatory relation on direct answer sets. Let I' be the set of

direct answers to ¢, and A be the set of direct answers to s. Then,
[ explains A iff (VyeTD)[yF A
iff TC Ane(A)

The set of propositional co-systems is therefore partially ordered by the

relation of explanatory strength:

Definition 1.26 Given any formula sets T' and A, T’ explains A, written
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Definition 1.27 Declare two formula sets = 4,-equivalent iff they give rise

to the same co-system:
['z=40 A iff An(T) = An(A).

Thus T' =4, A if they are equivalent as answer or explanation sets. We
will encounter the antecedence operator again in subsequent chapters. The
" next theorem shows that syntactic antecedence and consequence operators
are characterized by the same set of properties, namely those of Definition

1.19.
Theorem 1.28

(i) A mapping A: P (L) — P (L) is an abstract consequence operator if and

only if A is the syntactic antecedence operator of some formal proof

system.

(ii) A mapping A : P(L) — P(L) is an abstract consequence operator if

and only if A is the syntactic consequence operator of some formal

proof system.

Proof. (1) Given a proof system S with derivability relation I and syntactic
antecedence operator An, we have to check that An satisfies the properties
of an abstract consequence operator. By Theorem 1.18, F is an abstract
consequence rglation, and the properties of Definition 1.17 therefore apply to
it.
1. Inclusion: If & € I', then a - T' by sharing. Therefore o € An (I'), and
hence I' C An (I').

2. Closure: If & € An(An(I")) then o - An(T"). By the finiteness of +,
there is a finite subset {71,...,7} of An(T') such that aF {v,...,7.}.
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By weakening, & F {71, ..., 7a}, . For each ;, since 7; € An (M), i
. By weakening, 71, b {v2,..., 1}, . By cut, a b {72,y Yn}, L.
Similarly, by another n—1 applications of cut, o - I'. Hence € An(T).

3. Monotony: If I' C A and a € An (T'), then a T, and so, by monotony,
at A. Hence a € An(A).

4. Finiteness: It follows from the monotony of An that
| J{An(A): A C T and A is finite} C An ().

Conversely, it follows from the finiteness of I that, for any o € An (T'),
there exists a finite A C T such that a € An(A). Hence a €
U{An(A): A CT and A is finite}.

5. Uniform substitution: Let & € An(I') and e : Ly — L. Then e(a) €
e(An(T')) and o = T'. By the uniform substitution property of t,
e{a) F e(T'), hence e (@) € An(e(T')).

Conversely, let A be an abstract consequence operator. Let S be the
proof system with inference rules all /¥ such that ¥ is finite and o € A ().
Denote its derivability relation by F, and its corresponding antecedence re-
lation by An. I will show that, for any formula set A, A(A) C An(A), and
An (D) C A(AD).

Suppose a € A(A). Then, by the finiteness of A, there is a finite Ay C A
such that o € A(Aq). By the inference rule a/Ay, o F Ag. By monotony,
a b A, Therefore a € An (A).

Conversely, suppose a € An(A), that is, « F A. The proof proceeds
by induction on the number of steps followed in a derivation T' from o fo
- A. I will show that each initial subtree T of T" created by steps 2 and 3 of
Definition 1.15 preserves the property a F 1 (1}).
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Base case: If step 2 is executed first to obtain a tree with single leaf «,
then o F « by sharing. If step 3 is executed first, it means some inference
rule §/ {¢1,...,%+} is applied to obtain a tree with leaves ¢y, ...,1;. By the
definition of S, @+ {t1,..., %1}, and by weakening, a F {¢4, ..., 91 }.

Inductive step: Let T; be an initial subtree of T. Assume that for each

>prope'r initialksubtree T; of Ty, a F L (T3). T;f is formed by an application of

either step 2 or step 3 of Definition 1.15 to T}-;. Suppose it is step 2. That
is, some branch ¥ in Tj_, is replaced by a branch (¥;«). By the sharing
property, o F [(T}). Else, step 3 is applied to Tj—;. That is, choose some
branch ¥ of T;.; with leaf o, and some inference rule

qsl (pl:v ypn)
P (Pl, '":?n) y ooy Pk (ph '--apn)

O/¥ =

applicable to X. Let Ty, be the tree obtained from 7;_; by removing all
descendents of ¢;. By the inductive hypothesis, o F [(Ty,). This can also
be written a F {(Ty,) — ¢1,¢1, where [(Ty,) — ¢ is the set obtained by
removing ¢; from [(Ty,). By weakening, o F [(Ty,) — ¢1,¢1, V. Also, by
weakening the inference rule ¢; F U, a, ¢y & [ (Ty,) — ¢1,¥. By the cut
“property, a [ (Ty,) — ¢1, ¥. Since Ty, was obtained from T}, by removing
the descendents of ¢y, [ (Ty,) — ¢1 C {(Tj-1) — 0. Therefore a - I(T}) by
weakening. This proves the inductive step. Since T is a derivation from « to
A, I(T)C A. Hence a k- A.

(ii) The proof is similar to that of (i), and of Theorem 1.21. O

Theorem 1.28 states that any given abstract consequence operator C is
also the syntactic consequence operator of some formal proof system. As on

page 14, let k¢ denote the derivability relation of such a proof system. Then

I'Fe aiff o € Ony (1) iff a € C(T).
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Theorem 1.28 states that a given abstract consequence operator A is also the
syntactic antecedence operator of some formal proof system. Let -4 denote

the derivability relation of such a proof system. Then
aba Aiff a € Anp  (A) iff o € A(D).

Given two arbitrary abstract consequence operators C and A, it is not in
general possible to find a single formal proof system with derivability relation
 such that C = Cn. and A = An.. However, if we only consider abstract
consequence operators that are compatible in a sense made precise below,

this is possible. This is proved in Theorem 1.31 below.

Definition 1.29 An ordered pair of abstract consequence operators (C, A) is

called compatible if, for any formula sets I' and A,
(T'F¢ 8 implies Tk 4 6) and (y Fa A implies v F¢ A).

Definition 1.30 Let (C, A) be a pair of compatible consequence operators.
Define the relation Feq by:

Chea iff The A and T' 4 A

The compatibility condition ensures that the intersection Feq=t¢ N F4
contains at least all those pairs (I',8) such that I' ¢ §, and all pairs (v, A)
such that y F4 A.

Definitions 1.22 and 1.30 enable us to define a consequence relation on
the one hand and two consequence operators on the other, in terms of eaéh

other.

Theorem 1.31 Let (C, A) be a pair of compatible abstract consequence op-

- erators. Then bFca is a consequence relation. Further, Cny., = C and

Anp., = A.
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Proof. The intersection of any two abstract consequence relations is again an
abstract consequence relation. This is proved by checking that ¢4 satisfies

the conditions of Definition 1.17.

1. Sharing: HI'NA# Qthen 'Fe Aand I'F4 A, Hence I' by A.

2. Weakening: Suppose I' Fey A and T' C IY and A C A'. By the
definition of Fe4, I' F¢ A and T' F 4 A. By the monotony of € and A,
IMbe A" and I 4 A’ Hence IM Feq A,

3. Cut: Suppose I',;¢ Feq A and T Feyq &, A 'By the definition of k¢4,
MNobte Aand T',¢o g A and ' Fe ¢, A, and T' 4 ¢, A. By the cut
rule for Fe and b4, 'Fe A and I'4 A, Hence I' o g A

4. Finiteness: Let ' Feq A. Then I' /¢ A and I' -4 A. By finiteness of C
and A, there exist finite subsets I'g and I'; of I', and finite subsets Ag
and Ay of A such that Iy F¢ Ag and I'y 4 A;. Hence, by weakening,
Lo, Tt Fea Do, As.

5. Uniform substitution: Let ' Fey A ande: Lg — L. Then T ko A
and I' F4 A. By uniform substitution of C and A, e(T’) F¢ e(A) and
e(I') 4 e(A). Hence e(T') e e(A).

This completes the proof that k¢4 is a consequence relation. Next,

Y€ Cnre, (T) iff Theany
‘ iff T e vyand T by (by Definition 1.30)
iff veC(T) (by Definition 1.29).
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Similarly,

) € Am-w(&) iff & FC.A A
| " iff §Fc A and & k4 A (by Definition 1.30)
iff § € A(A) (by Definition 1.29). a

1.4 A case study

In the previous section, no mention was made of any particular logic, apart
from fixing the propositional language L and the properties of a consequence
relation. The definition of a propositional logic with language L, also re-
quires either a proof system, or a model-theoretic description of semantic
consequence. In this section I will follow the latter approach in the definition
of a multiple-conclusion extension of classical propositional logic, abbrevi-
ated Mcc. The logic MCC is a tuple (L, Fycc), where EyccC P (L) x P(L)
is a multiple-conclusion semantic consequence relation which coincides with
classical semantic consequence on P (L) x L. The main result of this section
is Theorem 1.37, which shows that Fyec is in fact an abstract consequence
relation in the sense of Definition 1.17.

Valuations, models and co-models in MCC are defined as set out in Section
1.1. Given any formula set I, its set of models is denoted by Modycc (I'),
and its set of co-models by CoModycc (I').

Definition 1.32 For any formula sets I' and A in MCC, A is ¢ semantic
consequence of I', written I' Eyce A, iff Modyes (I') € CoModycc (A).

In Sections 1.2 and 1.3, consequence relations were defined syntactically
and abstractly. These two descriptions were related in Theorem 1.18. The-

orem 1.37 relates that result to Definition 1.32. We do not actually have
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to exhibit a set of proof rules for MCC, since Theorem 1.18 guarantees its
existence. It is sufficient to show that the semantic consequence rel&tion has
all the properties of an abstract consequence relation.

(Remark: An alternative route would be to reformulate Definition 1.32 as
a matrix consequence relation. One would then apply a general result relat-
ing multiple-conclusion matrix consequence relations to abstract consequence
relations. More specifically, the result needed is the following: Every con-
sequence relation determined by a finite set of finite matrices (in this case
a single matrix), is a finitary, abstract consequence operator as defined in
1.19. The reader can consult (Wéjcicki, 1988) for more details, in particular
Theorems 3.1.3 and 4.1.7.)

The semantic property which corresponds to the finiteness property of

an abstract consequence relation, is that of compactness, proved in theorem

1.35.

Definition 1.33 A logic is called compact if, whenever every finite subset of

a formula set T is satisfiable, then so is T.

Corollary 1.36 derives the finiteness property from compactness. The
following terminology, which will be discussed in more detail in Section 3.1,
will come in handy: The power operation =% of the negation operation - is

defined by
-t (A)y={-6:8 € A}.

Lemma 1.34 For any formula sets T and A, T Eyce A f TU-TA s

unsatisfiable.
~ Proof.

I A ff (VoeVal)[(3yeT)[v(y) = f] or (36 € A)[v(5) =1]]
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iff (Vv e Valy) (BaeTUu-*A) [v(e) = f]

iff T'U~-1A is unsatisfiable.: o : O

Theorem 1.35 MCC is compact.

Proof. The proof is taken from Enderton (1972). Suppose every finite subset

of £ is satisfiable. Let o4, ag,... be an enumeration of elements of L. Let

Ag = %, and for each n > 0,

A, U apyy if every finite subset of this set is satisfiable;
A'n-{-] =1 .
A, otherwise.

Then every finite subset of each A, is satisfiable.
Let A =|J, An. Then every finite subset of A is a finite subset of some

A,, and is therefore satisfiable. Define a truth assignment v by:
vip) =tiff pi € A,

Extend v to a valuation on all wifs. Then, for any ¢, v(¢) = t iff ¢ € A.
Therefore A is satisfiable. Since & C A, so is Z. , O

Corollary 1.36 If ' =ycc A then there ezist finite subsets To C T' and
Ao C A such that To Eyec Ao.

Proof. The proof uses Lemma 1.34. Suppose 'y ¥ A for every finite I'y C T'.
That is, [o U =% A is satisfiable for every finite 'y C I". Let ¥ be any finite
subset of TU=1A. Then ¥ = [ZU=TA for some finite ['y C T and Ay C A.
Therefore ¥ is satisfiable. By compactness, I' U =T A is satisfiable. Hence
FEA.

Next, suppose I' ¥ Ay for every finite Ag C A. That is, T U =%TAp is
satisfiable for every finite Ag € A. Let ¥ be any finite subset of ~+T U A.
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Then £ = —=*Ty U Ay for some finite ['y C I' and Ay C A. Therefore =3 is
satisfiable. By compactness, ' U—=TA is satisfiable. Hence I' ¥ A. O

Corollary 1.36 uses compactness to prove finiteness. The converse also
holds: Given a formal proof system and a completeness result, compactness
can be proved from finiteness. Since I have not given any formal proof system
for the logic under consideration, I will not prove that this is the case. This

route will be followed for the logic MCK, which is the topic of Chapter 2.

Theorem 1.37 There exists a derivability relation Fyce such that, for any

formula sets T and A, ' Eycc A iff T Fycc A.
Proof. We have to check that the conditions of Definition 1.17 hold for Fycc.

1. Sharing: Suppose N A # 0. Let «a € TN A. Any model of T is a

model of «, and hence a co-model of A.

2. Weakening: Suppose I' Eyoc A and I' C TV and A C A’ Any model
of I is a model of I' and hence a co-model of A. Since every co-model

of A is a co-model of A, the result follows.

3. Cut: Suppose I', ¢ FEyce A and T' FEyec ¢, A. Let v be a model of T.
Then v is a co-model of {¢} UA. So either v is a co-model of ¢ or v is
a co-model of A. If v is a co-model of ¢, it is a model of ¢ and hence

a model of I' U {¢}. So v is a co-model of A. Therefore I' zyec A.
4. Finiteness: This follows from Corollary 1.36.

5. Uniform substitution: Let ¢: Lo — L, v € Val; and v € L. Define the
truth assignment vgoe: Lo — {t, f} by:

vo 0 e(pi) = v (e(pi)).
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Extend vo 0 € to a homomorphism voe : L — {t,f}. Then visa
model of e (7y) iff v o e is a model of 7. Suppose 4 Eucc 6. Then every
model of v is a model of 6. Let u be a model of e ('y) Then u o e is
a model of 7. Hence u o e is a model of (). Thus u is a model of
8, and e(7) Ewcc €(§). Now suppose I' Fyec A. By finiteness, there
exists finite subsets {v1,...,7%} € I and {4;,...,6n} C A such that
{1y r¥n} Emcc {61,.+,6m}. By the deﬁnition of a valuation, u is a
model of {¥1,..., 7} iff u is a model of vy A ... Ay,, and u is a co-model
of {&1,..,6m} iff u is a model of §; V...V 8. Let vy =y A... Ay, and let
§ = 81V...V8,. Then v [Eycc 6 as above, and therefore e () Eyoc € (8).
The result follows by weakening. O

The relations of logical and explanatory strength were defined in terms of
syntactic consequence and antecedence operators, in Definitions 1.23 and 1.26
respectively. Theorem 1.28 characterizes these relations in terms of abstract
consequence operators. Let Cnycc denote the syntactic consequence operator
of McC. The next theorem gives the semantic counterpart of the syntactic

characterization of logical strength.

Theorem 1.38 For any formula sets ' and T, Cnyec (') € Cnuee (Z) iff
MOdMC'C (F) Q MOdMCC (E)»

Proof. Suppose Cnyec(I') C Cnyec (). Let v € Cnyee (I'). Then ' Fyee
and hence, by Theorem 1.37, I' Eucc 7 Thﬁs every model of T is a
model of v. Every model of T' is therefore also a model of Cnyec(I).
Since I' € Cnycc(I'), the converse also holds. Therefore Moducc (') =
Modycc (Cnyce (T)). Similarly, Moduce (£) = Moduce (Cnuec (£)). Now let
v € Modyes (E). Then v € Modyee (Crnec (£)) € Modyee (Crec (T)) =
Modycc (T). '
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Conversely, suppose Cnyec (T') € Cnycc (B). Then there exists a wif o
such that @ € Cnyec (') and @ ¢ Cnyec(¥). Therefore T Fuce @ and
Y Fycc a. So there is some valuation v such that v € Modyece (2) but v ¢
Modycc (a). Hence v ¢ Modyec (T'). Therefore Modycc (T) 2 Modye (2).0

Corollary 1.39 For any formula sets T and X, Cnycc (I') = Cnyee (2) iff
MOdMCC (P) == MOdMCC (2). |

Thus the logically strongest system is the set of all wifs, which has no
models, and the logically weakest system is the set of tautologies, with set
of models Val,.

Let Anycc denote the syntactic antecedence operator of McC. The equiv-
alence relations =¢, and =4, are not the same, for example, the sets {p, ¢}

and {p,p A ¢} are =¢,-equivalent, but they are not =4,-equivalent.

Theorem 1.40 For any formula sets I' and A, Anyec (I') C Anyec (A) iff
COMOdMCC (F) g OOMOdMCG (A).

Proof. Suppose Anycc ([') € Anyec (A). Let v € Anyec(A). Then v Fyce A
and hence, by Theorem 1.37, 4 Fycc A. Thus every co-model of v is a co-
model of A. Every co-model of Anyce (A) is therefore also a co-model of A.
Since A C Anyee (A), the converse also holds. Therefore CoModycc (A) =
CoModyce (Anyce (A)). Similarly, CoModyec (T') = CoModycee (Anyee ().
Now let v € CoModycc (I'). Then v € CoModyce (Anycc (I') € CoModycc
(Anyce (A)) = Modyec (A).

Conversely, suppose Anycc{I') € Anyec(A). Then there exists a wif «
such that o € Anyec(I') and o ¢ Anyec(A). Therefore o f=yee I' and
a Fuce A. So there is some valuation v such that v € Modye (@) but
v ¢ CoModucc (A). Hence v ¢ CoModycc (T'). Therefore CoModycs (T') €
CoModycc (D). O
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Corollary 1.41 For any formula sets I’ and A, Anycc (I') = Anycc (A} iff
COMOdMCC (P) = GOMOdMCC (&).

Definition 1.26 orders co-systems according to their explanatory strength:
The weakest co-system is the set of all wifs, with set of co-models Val,, and
the strongest co-system is the set of contradictions, which has no co-models.
In terms of the example of erotetic logic mentioned on page 16, this means
that a smaller direct answer set is stronger, allowing fewer direct answers,
while a weaker answer set allows more possible answers to a question.

To summarize, the three semantic relations on formula sets described in

this section are:

(i) Consequence: I f=yce A iff Modyee (T) C CoModyec (A).
(ii) Logical strength: A <y I' iff Modyco (I') € Modyee (A).
(iii) Explanatory strength: A <, I' iff CoModyec (I') C CoModyec (A).

These relations may also be defined syntactically, as relations between

systems and/or co-systems. They then read:

(i) Consequence: T Fyce A iff Cryee (I) N Anyec (A) # 0.
(ii) Logical strength: A <¢, I' iff Cnycce (A) C Cnyec (D).
(iii) Explanatory strength: A <4, I' iff Anyec (') C Anyec (A).

These relations can all be refined in useful ways. In Chapter 2 I will consider
a refinement of the semantic consequence relation of Definition 1.32. Chapter
. 4 deals with refinements to the relations of logical strength and, to a lesser

extent, explanatory strength.



Chapter 2

Three-valued logics of partial

knowledge

In Chapter 1 consequence relations were characterized abstractly, as binary
relations on P(L), and syntactically, as derivability relations in formal proof
systems. In Definition 1.32, the semantic consequence relation of the logic
MCC was defined an example of a consequence relation. This relation, or
rather, its single-conclusion restriction, is the standard definition of seman-
tic consequence, both for two-valued and for many-valued logics. There are,
however, some natural refinements of this definition, that trivialise in two-
valued logics, but are useful in many-valued logics. In this chapter, 1 will
define two logics, called MCK and oMCK respectively, that each employ a
refined notion of consequence. MCK and oMCK are both multiple-conclusion
three-valued propositional logics based on Kleene’s strong three-valued truth
tables; as such, they are logics of partial information, where partial informa-
tion about a proposition may be due to either lack of knowledge or unde-

~ finedness.

The consequence relation of oMCK is an example of a power relation

29
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between formula sets, based on a structure which T will call a semi-bilattice
of truth values. This point will be elaborated in Chapter 3, where I will

discuss power constructs in more detail.

2.1 Background

Lack of information about the truth of certain statements can only be dealt
with indirectly in classical logic. Tarski’s Vsemantic account of truth (Tarski,
1931) formalized what it means to say “p is true” or “p is false”, but provides
no way of asserting explicitly that no information about p is available. Thus
statements about lack of information are made through omissions from that
which we do know. A knowledge base indicates which statements are true;
their negations are false, and everything else is unknown.

Logics of partial information change the semantics (and, correspondingly,
the proof theory) of classical logic in order to deal with the expression of lack
of information in a more direct fashion, while remaining as close as possible
to classical logic. Two approaches suggested in the literature to achieve this
goal are supervaluations and many-valued semantics.

Van Fraassen (1966; 1969) proposed the use of supervaluations as a se-
mantic way of dealing with non-denoting terms. On this view, propositions
may lack a truth value. A compound proposition, of which some constituents
may lack a truth value, is a,séigned a truth value only if any assignment of
truth values to the variables lacking truth values, would assign that value
to it. For example, if p lacks a truth value and g is false, then the proposi-
tion ¢ V p V —p is true, since any classical assignment of a truth value to p
would make p V —p true. Supervaluations yield the same contradictions and

tautologies as classical propositional logic, but differ in another important
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aspect from classical valuations - they are non-truthfunctional. For example,
pV —p is true, even if p lacks a truth value, but if both p and ¢ lack a truth
value, then so does p V q. ‘ o o

An alternative way to deal with truth value gaps, is to introduce a third
truth value which is on a par with the classical truth values. Many different
three-valued logics have been proposed, assigning different meanings to the
third truth value. To name but a few, there are the three-valued logics of
Lukasiewicz (1930), translated in (Lukasiewicz, 1967) (to deal with future
contingent sentences , or with undetermined events, as in (Slupecki, 1964)),
Bochvar (1938), translated in (Bochvar, 1981) (to deal with meaningless sen-
tences), Reichenbach (1944) (to deal with causal anomalies in quantum me-
chanics), and Kleene (1952) (to deal with undetermined propositions, and
applied to recursive function theory).

The advent of the computer and information sciences gave rise to a num-
ber of new applications of three-valued logics of partial knowledge. For ex-
ample, the logic of partial functions LPF of Blamey (1986) is used in the ax-
iomatization of the formal specification system VDM (Barringer et al., 1984;
Jones, 1986; Gibbins, 1988). LPF is used to reason about program correctness
involving undefinedness. Blikle (1991), together with Konikowska & Tarlecki
(1991), use a three-valued logic of McCarthy (1967) for the same purpose.
A three-valued Kripke-Kleene semantics is also used to reason about logic
programs (Fitting, 1985; Fitting, 1991b; Liu & Moore, 1998), and Bergstra
& Ponse (1998) use Kleene logic to provide an operational semantics to ACP
process algebra. Avron (1991a; 1991b) characterizes a number of the three-
valued logics I have mentioned here by studying their consequence relations.
For a more general account of many-valued logics, the reader can consult

(Urquhart, 1986; Bolc & Borowik, 1992; Malinowski, 1993).
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Logics with four or more truth values have also been proposed for com-
puterized reasoning. Belnap’s (1977a; 1977b) four-valued logic has become
a standard reference in this regard. It is defined semantically in terms of a
four-element quasi-Boolean algebra, with elements true (¢), both (b), none
(n) and false (f). The intuition of the four values is to indicate which subset
of the set of classical truth values {¢, f} is assigned to each atom in a knowl-
edge base, with v (p;) = n indicating that the truth assignment v assigns no
classical truth value to p;, and v (p;) = b indicating that v assigns both the
classical truth values ¢ and f to p;. The partial order associated with the
lattice is called the truth order <,. f is the minimum element with respect

to the truth order, ¢ is the maximum element, and b and n are incomparable.

As follows:

oy
\/

This yields the abstract algebra By = {{t,b,n, f},A,V, -}, with opera-
tions defined by the following tables: |

Alt b n f Vit b n f -

t]t b oo f el b ot ¢ s
bi{b b f f bt b t b bib
nin f n f- nit t n n n|n
f f f f t b n flt

Belnap uses these truth tables to define a logic for reasoning amidst in-
consistencies. It turns out that the resulting logic is exactly the relevance

logic of first degree entailments FDE of Anderson & Belnap (1975). The
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entailment relation —¢pC L X L of FDE is characterized as follows by the

four-element quasi-Boolean algebra By:
¢ —eor ¥ iff for every homomorphism v : L — By, v (¢) <; v ().

The idea of providing FDE with a four-valued semanticsin a quasi;Boélea,n
algebra (also‘c&lled a De Morgan lattice, see Definition 1.9), originated with
Dunn (1966; 1976). A number of other relevance logics have since been given
a four-valued semantics (Restall, 1995). A number of different axiomatiza-
tions also exist for FDE, both in the Hilbert style and as a Gentzen style
sequent calculus (Pynko, 1995a; Font, 1997).

I have thus far not mentioned another central theme in Belnap’s exposi-
tion, namely that of knowledge approximation. On this view, the four truth
values ¢, b, n and f are partially ordered by a knowledge order <;. Accord-
ing to the knowledge order, n is the minimum element, & is the maximum
element, and ¢ and f are incomparable. This lattice is isomorphic to the
power set lattice of {¢, f}, ordered by set inclusion. Thus the order is one
of growth in information. Endowing B4 with the knowledge order, yields the

following four-valued structure, called a bilattice:

N,
| \ﬁ/

Figure 2.1: The Belnap bilattice

Following Scott (1970; 1972), Belnap argues that the knowledge order is
" crucial to the choice of connectives in a logic. Namely, the connectives should

be monotone with respect to the knowledge order:
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Definition 2.1 An n-ary connective f in a logic characterized by an abstract
algebra A with corresponding n-ary operation f is monotone with respect to
a given partial order <y on elements of A if it preserves the order <i. That

is, whenever a; <y by, ..., @n <k bn, then also f (a1, ..., an) <k by, .y bp).

Put more simply, the definition says that no increase in the truth value

of sentential éymbols with respect to the knowledge order, can result in a

. decrease (again with respect to the knowledge order) in the truth value of
any wif. The intuition behind the monotony condition is that an increase
in information about the truth of an atom can not result in a decrease in
information about the truth of a compound wif. The monotony condition
determined Belnap’s choice of connectives: A, V and - are all monotone with
respect to the knowledge order on the four-valued bilattice.

Ginsberg (1988) generalized the four-valued bilattice to bilattices with
more than four values. Arieli & Avron (1996) recently showed that many
useful logics with bilattice semantics can be charaterized in terms of the four
values. There are many different applications of logics based on bilattice
theory, especially in an artificial intelligence context. Belnap’s original mo-
tivation was to create a tool to reason about inconsistent knowledge bases.
A number of authors have since built on his approach, with the same aim
in mind (Kaluzhny & Muravitsky, 1993; vLa,kemeyer, 1996; Arieli & Avron,
1997). Another fruitful application area of bilattice theory is in the seman-
tics of logic programming (Fitting, 1985; Fitting, 1991a; Fitting, 1994; Stark,
1996; Ruet & Fages, 1997).

Returning to three-valued logics, the strong three-valued truth tables of
Kleene (1952) was motivated by the undeterminedness of certain proposi-
tions, but, as Kleene himself noted, the third (undetermined) truth value is

also susceptible of another meaning - that of the unknown. It is this reading
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that has led to the definition of LPF (Barringer et al., 1984; Blamey, 1986;
Gibbins, 1988). The logics MCK and oMCK, which I will define in Section 2.2,
are similar in aim to LPF, but they only have the operations of the strong
Kleene systerh. The logic KL, which I define below, is ususally referred to as
Kleene logic, and is based on Kleene’s strong truth tables.

The language of KL is the propositional language L of Section 1.1. Its set
of truth values is {¢,u, f}. The abstract algebra for KL is the Kleene lattice
Ks = {{t,u, f} ,A,V, =}, with base set {t,u, f} and operations A, V and —
defined by the following tables:

Alt u f Vtuf =

t |t u f t 1ttt _t_—f—_

ulu u f ult u u uju
f f f t u f flt

The partial order associated with X3 is the truth order depicted below,
and defined by: a <; fiff a = a A S.

The algebra K3 is of the same similarity as L (see Section 1.1). Any as-
signment of elements of X3 to sentential symbols can therefore be extended to
a homomorphism » : L — K3. Let Vals denote the set of all such valuations.

The semantic consequence relation of KL is defined as follows:

Definition 2.2 Given any formula set I' and wff o, T k= o iff for every
valuation v € Valz, v(a) =t whenever v(I') C {t}.
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As in the case of the four-valued bilattice, the elements of K3 can also
be endowed with a second order. Namely, the structure ({t,u, f},-), with
the meet operation defined by the table given below, is a meet-semilattice,

as defined in 1.6.

t u f

t it u u

uiu u u

u u f

The partial order associated with the meet-semilattice is the knowledge order
<k, defined by:

o<y Bifa=a- 6.
Endowing the base set of K3 with both the truth order and the knowledge
order, one obtains the following structure, which I will call a semi-bilattice:

<
<kt 4

Figure 2.2: The Kleene semi-bilattice

In the next two sections I will discuss the model theory and proof theory
of the logics MCK and oMCK, both of which are based on the three-valued
semi-bilattice. In Section 2.4 I will comment on some properties of these

logics, notably that of paraconsistency.
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2.2 Model theory

The strong truth tables of Kleene do not fix a unique logic. In order to do
that, we also need a syntactic notion of derivability, or a semantic conse-
quence relation. A standard way to define a semantic consequence relation
employs the notion of a logical matrix. In its simplest form, a logic is deter-
mined by a single matrix which consists of an abstract algebra of the same
similarity as the language of the logic, and a set of designated elements. For
example, the determining matrix of the logic PC, presented in Section 1.1,
is the tuple (B, {t}). More generally, a logic is determined by a class of
matrices M. The matrix consequence relation determined by M is defined
as the intersection of the matrix conseQuénce relations deterrnirvledrby each

matrix. A detailed account of matrix consequence relations can be found in

(Wéjcicki, 1988).

Definition 2.3 Let M = (A, D) be a logical matriz. The matriz consequence
relation |=p determined by M is defined by:

I'Em A iff for any homomorphism v from L to A,
ifv(0) C D thenv(A)ND # 0.
Definition 2.4 Let M = {(A4;, D;) : i € I} be a class of matrices. Then
I'Em A iff for every M € M, T |=pr A

Semantic equivalence of wifs in a logic with a matrix consequence relation

= is then defined as in classical logic:
pmm P iff ¢ Fam ¢ and ¥ Fu ¢

To take the definition of a matrix consequence relation into account, the

terminology of Section 1.1 generalizes as follows. In a logic determined by a
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single matrix, a valuation v which assigns a designated value to each element
of a formula set T, is called a model of I'. If I' has a model, it is called
satisfiable. A wif ¢ is called a tautology if it always takes on a designated
value, that is, if evéry valuation is a model of ¢. In a logic determined by
a class of matrices M = {(A,D;):i € I}, v is a model of T if it assigns a
designated value to each element of T' in each determining matrix (A4, D;) .
Note that the concept of a model has no meaning if the abstract algebras
of the matrices in M differ. A tautology is similarly defined as a wff which
takes on a designated value in each matrix (4, D).

The abstract algebra K3 defined in the previous section forms the basis of
any definition of matrix consequence based on Kleene’s strong truth tables.
Designating only ¢ yields the logic KL, with determining matrix (Ks, {t})
and single-conclusion semantic consequence relation of Definition 2.2. Des-
ignating both t and u yields the logic of paradox LP (Priest, 1979), with
determining matrix (K3, {¢,u}) and single-conclusion semantic consequence

relation defined as follows:

Definition 2.5 I' = a iff for every valuation v, v(a) € {t,u} whenever
v(I) C {t,u}.

I will defer a discussion of the intuition behind LP until Section 2.4.

Definition 2.6 Let A be any algebra of the same similarity as L, and let <
be a partial order on its base set A. Let Valy be the set of valuations, i.e.
homomorphisms, from L to A. The pointwise partial order < on Valy is

defined as follows: For any v,w € Valy,

v <w iff (Vp:i € Lo) [v(p:) < wip:)].
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The knowledge order <y on the Belnap bilattice of figure 2.1, and that
on the Kleene semi-bilattice of figure 2.2, are examples of a partial order on
an algebra of truth values. The knowledge order on the Boolean algebra B,,
which determines classical propositional logic, is the discrete order, which
leaves f and t unrelated.

Definitions 2.2 and 2.5 both ignore to some extent the truth order on the
elements of K3. The former regards v and f as equally untrue, while the
latter regards u and ¢ as equally true. The truth order gives an indication of
how close a wif is to being true or false. This information is lost if a simple
partition between designated and non-designated elements of the algebra is
used. The truth order of a logic can be used in one of two ways: either define
a corresponding connective in the logic, or use it at the meta-level in the
definition of semantic consequence.

Lukasiewicz (1967) followed the former route. To obtain his logic, add a
binary connective —, to L, and define a corresponding binary operation in

K3 as follows:

-, 16 u

iy iy

t |t u
u {t £t u

f 1ttt

The truth order is used in Lukasiewicz logic in that v (¢ —, ¢) = ¢ iff
v{¢) <: v(9). Unlike the connectives of KL, —, is not monotone with respect
to the knowledge order <y, in the sense of Definition 2.1. My motivation for
requiring the connectives to be monotone with respect to the knowledge order
is similar as for Belnap’s four-valued logic. Suppose, for example, that the
truth values of both p; and p; are unknown. So, according to the truth table

for —, pi = p; is true. Now suppose the truth value of p; becomes known,
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say p; is true. In accordance with the truth table for —,, this increase in
information forces a retraction of the fact that p; —. p; is true. p; —, p;
now becomes undefined. This means that an increase in information about
atoms causes a decrease in information about certain composite wifs. This
is not the case with material implication, which is monotone. The property
of monotony in three-valued logics is studied by Blamey (1986).

The second option mentioned above, is to use the truth order at the
meta-level in the definition of a semantic consequence relation. This option
is followed in Definition 2.7 below. This defines a three-valued multiple-
conclusion logic based on Kleene’s strong truth tables, abbreviated MCK.
This is, in effect, what Belnap did to arrive at the logic FDE as a useful four-
valued logic for reasoning about knowledge bases. A similar relation was used
by Gibbins (1988) to give semantics to the sequent calculus LPF3. It also
receives a brief reference in (Avron, 1991b). The minimum and maximum
truth values in Definition 2.7 are taken with respect to the truth order of the

logic, with mine, § = ¢ and max<, 0 = f.

Definition 2.7 For any formula sets I and A, AA is a semantic consequence

of I' in MCK, written I' Fycx A, iff
(Vv € Vals) [ming, {v(y) : v € I'} <, maxc, {v(d): 6 € A}].

This yields a logically weaker relation, in the sense of Definition 1.23,
than that of Definition 1.32. If only classical, two-valued valuations are
considered, the refinement trivialises, so that Definition 2.7 coincides with
Definition 1.32.

Consider again the semantic consequence relations of KL and LP, defined
in 2.2 and 2.5 respectively. Generalized to multiple-conclusion consequence

relations, they read as follows:
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Definition 2.8 Given any formula sets T and A, T |y A iff Vo € Vals,
v(A)N{t} # 0 whenever v(T') C {t}.

Definition 2.9 Given any formula sets T' and Zl, [' = A iff Yo € Vals,
v(A)N{t,u} # 0 whenever v(T) C {t,u}.

Since the single-conclusion restrictions of these relations coincide with
Definitions 2.2 and 2.5 respectively, I will use the names KL and LP to refer to
the respective multiple-conclusion relations as well as their single-conclusion
restrictions. The respective determining matrices of KL and LP are (K3, {¢})
and (K3, {t,u}). Unlike these logics, MCK is not determined by a single
matrix, but by both these matrices. Further, the sets {t} and {t,u} are
precisely the proper filters (defined on page 7) of K5. MCK could therefore
also have been defined as the matrix consequence relation obtained from the

following set of matrices:

Muck = {{K3, ) : f is a proper filter of X3} .

Finally, the relation fyck can also be formulated as follows: A is a se-
mantic consequence of I' iff, whenever every element of ' is true, then at least
one element of A is true, and whenever every element of A is false, then at
least one element of I is false. This is the formulation used by Gibbins (1988)
to define the logic LPF3.

The following three theorems compare the logical strength of the conse-

quence relations of MCK, KL, LP and MCC.
Theorem 2107 }::MCK A 3ﬁr P:KL A and r P:LP A,

Proof. This follows from the fact that the consequence relation of MCK is

determined by the matrices for KL and LP. O
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Theorem 2.11 If [ | A then T Fycc A.

Proof. Suppose T' = A. Then v(A) N {t} # @ whenever v (T) C {t}. Let
v € Val, and suppose v € Modycc (T'). Then v(T') C {t}, and hence, since
v € Vals, v(AYN {t} # 0. So v € CoMod(A). O

Theorem 2.12 If T |z A then T Fuce A.

Proof. Suppose T' |=p A. Then v (A) N {t,u} # @ whenever v(I') C {t,u}.
Let v € Val, and suppose v € Modycc (I'). Then, since v € Vals, v(A)N
{t,u} # 0. But v (A)N {u} = @ since v € Valy. Sov(A)N{t} 5 0. That is,
v € CoMad (A). ' 0

Corollary 2.13 IfT Fycx A then T Fycc A. O

We still have to check that Fyex is an abstract consequence relation (but
also read the remark on page 23). This can be done directly, as was done
for the relation Fycc in Section 1.4, or, alternatively, we can define a syntac-
tic consequence relation for MCK, and then prove that Definition 2.7 is its
semantic counterpart. It then follows from Theorem 1.18 that the semantic
consequence relation is an abstract consequence relation. I will follow the
latter approach in Section 2.3.

Definition 2.7 takes the truth order seriously, but ignores the knowledge
order. A consequence relation can be weakened by incorporating aspects of
preferential reasoning that are based on the knowledge order. This approach
is followed, for example, by Arieli & Avron (1996), who use the knowledge
order as a preference relation to reduce the set of models considered in defin-

ing a consequence relation for a four-valued logic with bilattice semantics.

- Namely, only the models that are <;-minimal are considered. Thus I' en-

tails A if every <j-minimal model of T iAs a model of A. This yields a

L L o TR A
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non-monotonic consequence relation, which fails the weakening condition of
Definition 1.17. The idea behind this approach is that as little knowledge as.
possible about I' should be assumed.

Alvarado & Nufez (1997) also proposed that the knowledge order be used
to weaken the consequence relation, this time of a three-valued logic based
-on Kleene’s strong truth tables. Their proposal is that I' entails A if every
model of T' is below some model of A in the knowledge order. The idea
behind this approach is that I' should entail A if, for every world v in which
every element of ' is true, there exists some world which is approximated
by u, in which some element of A is true. This then yields a modal logic of
knowledge and belief, with accessibility relation determined by <.

The knowledge order is already implicitly present in the semantic conse-

quence relation of KL, as the next theorem shows.

Theorem 2.14 Given any formula sets T and A,

: min{v(y) :vy € '} < max{v(d): 6 € A} or
DEw A iff (YweValy) | St
rréitn{v(y) vy e} <, msz?x{v(é) 1§ e A},

Proof. Suppose ' Fy, A, and let v € Vals. Then, by Definition 2.8,
v{A) N {t} # 0 whenever v(I') C {t}. Suppose ming, {v () ty €T}H £y
maxc, {v(6) : 6 € A}. Then ming, {v(y):v €'} = f and maxc {v(d) :
§ € A} =t. Hence ming, {v(y) : v € I'} <y maxe, {v(8): 9 € A}.

Conversely, suppose either mine, {v (v) : v € I'} < max<, {v(d): & € A}
or ming, {v(7y) : v € I'} <x maxc, {v () : 6 € A}. Suppose also v (I') C {t}.
Then, for both inequalities, max<, {v(6):d € A} = t. Hence v (A) N {t} #
0. , a

Thus A is a semantic consequence of ' in KL iff max<, {v (6) : § € A} does not

represent a decrease in either truth or knowledge from ming, {v (y) : v € T}
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Definition 2.7 strengthens this relation by disallowing an increase in knowl-
edge as sufficient reason for A to be a consequence of T'. In particular, if
v(y) = u and v () = f, then v Eycx 6, whereas this does not show that
¥ Fiw 0.

Definition 2.7 can be strengthened by taking into account the knowledge
order, without strengthening it so much that it coincides with the conse-
quence relation of KL. This is achieved by combining Definition 2.7 with the
relation of Alvarado & Nifiez mentioned above. We thus obtain the following

relation, describing a logic which I will call oMCK:

Definition 2.15 For any formula sets I' and A, A is a semantic conse-

quence of I' in oMCK, written I Eoyex A, off
(Vv € Vals) (3w € Vals > v) néin{'v (7):veT} < max {w(é):4¢€ A}} .

This relation is strictly stronger than Fycx in the sense of Definition 1.23.
For example, the law of the excluded middle Foycx gV —¢ holds in oMCK, but
not in MCK. On the other hand, it is strictly weaker than Fyc. For example,
p A —p Fuce ¢, but p A =p Boucx ¢ I will defer further comparisons of these
relations until Section 2.4, after I have presented the proof theory of MCK
and oMCK.

A remark about the name oMCK: ¢ is traditionally read as a modal pos-
sibility operation. This is also the purpose of incorporating the knowledge
order into Definition 2.15. It strengthens Definition 2.7 by weakening the cri-
terion that max<, {v(6):40 € A} be at least as true as ming, {v (7) vy eT}
is, to demand instead only that there must be some valuation w, which is com-
patible with v but possibly more informative, such that max<, {w (6) : 6 € A}
~ is at least as true as ming, {v(v): v € I'} is. However, as I will show in the

next section, Eoycx does not define a truly modal logic. In fact, the next the-
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orem states that the consequence relation of oMCK coincides precisely with
the consequence relation of LP. But, since the semantic intuition of the two

logics differ, I prefer not to call oMCK by the name LP.
Theorem 2.16 For any formula sets I' and A, T Foyox A iff T Epp A

Proof. Suppose I’ F,uck A. Then there exists some v € Vals such that
either v (') C {t} and (Vw > v)[w(A)N{t} = 0], or v(T) C {¢,u} and
(VYw >, v) [w(A) C {f}]: If the latter holds, it follows immediately that
I A Else v(T) Ct. If v(A) C {f}, it also follows immediately that
I ¥ A. Else v (A)N {u} # 0. Pick any w € Val, such that v <; w. Then
w(A) € {f}, and, by the monotony of the connectives with respect to <,
w(l) C t. Hence I' ¥y A.

Conversely, suppose I' ¥, A. Then there exists some v € Vals such that
v(T) C {t,u} and v (A) C {f}. Hence, by the monotony of the connectives
with respect to >, (Yw > v)[w(A) C {f}]- Thus I' Foyer A. 0

The following lattice summarizes the relative strength of the semantic
consequence relations discussed and introduced in this section, and related

in Theorems 2.10 to 2.13 and 2.16.
E:MCC

N
N

%zp;&cx

: }'—'omcx = l=LP

2.3 Proof theory

In this section I will define proof systems for MCK and oMCK, and prove

that they are sound and adequate with respect to the semantic consequence
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relations of Definitions 2.7 and 2.15 respectively. This is not strictly speaking
necessary for oMCK, as existing proof systems for LP could easily be adapted
to allow for multiple conclusions, but it will be instructive to compare the
two similarly defined proof systems.

Recall from Theorem 1.18 that a relation F is an abstract consequence
relation (as defined in 1.17) if and only if there exists a formal proof system
with derivability relation . The syntactic derivability relation Fyex defined
by the formal proof system for MCK in 2.17 below, is therefore an abstract
consequence relation. The Completeness Theorem 2.25 then proves that Fyex
coincides with the semantic consequence relation Fyce of Definition 2.7.

The proof system for oMCk is similarly defined in 2.27. Its completeness

is proved in Theorem 2.31.

Definition 2.17 The formal proof system of MCK consists of the following

inference rules:

ook

- pp/ ag
2.p/-p
3.-=p/p

4. png/p

5. pAg/gq

6. =p/~(pAq).
7. =q [~ (pAq)
8. pa/phq

9. ~(pAgqg)/ —p,—q
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The proof system given above is in terms of the conjunction and negation
connectives. Disjunction and material implication are then introduced as

follows:
(‘b\jg[) = —1(—1¢,f\ "ld))’
$DY = PV

The next three lemmas illustrate the use of tree proofs, as defined in 1.15,

to prove theorems in or about the proof system of Definition 2.17. Let

depict a finite branch in a tree proof with elements v, ..., s, and let

¢

P
depict a finite branch with first element ¢ and final element .

Lemma 2.18 I' Fyck @AY iff I Fyck ¢ and T Fyex .

Proof. Left to.right: Suppose I' Fyck ¢ A, Since proof trees are finite, there
exist ¥1,...,¥n € I' such that vy, ..., Fucx & A . The following trees are
proofs of I' Fyck ¢ and T’ Fycy 9.

N n
PAY PAY
l — by rule 4 !_ by rule 5

¥

© s e
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Right to left: Suppose I' Fyck ¢ and I' Fyex 9. Since proof trees are finite,
there exist vy, ...,vm € I, and yp41,...;1n € T such that v, ..., Ym Fucx ¢
and Y1y - Yo Fuck Y. The sets {71, ...;Ym} and {¥m41,--,7n} need not be
disjunct. The following tree is a proof of I' Fyck ¢ A 1.

T

Yn
@
Y

— by rule 8
¢AY

Lemma 2.19 F }“MCK 1 ((;é/\ w) iﬁr E—MCK _‘¢7 _‘zjbe

Proof. Left to right: Suppose I' Fyck = (¢ A %) Then there exist vy, ..., v, €

I such that y1,...; % Fuck (¢ A ¥). The following is a proof of I' Fycx
=, ~p.

’):1
"J;’ﬂ
# ;\\d{— by rule 9
—¢ —p

Right to left: Suppose I' Fyck =@, ~9. Then there exist 7y, ...,7, € I' such
© that 71, ..., ¥n Fuck —¢, 1. The following is a proof of T' bycx = (¢ A ).
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2

I SO

7

/N

—g -
by ruleﬁ—-] l——by rule 7
~(@AY)  —(eAY)

d

Lemma 2.20 For any wffs ¢ and ¥, ¢ Fuck ¥ iff ¢V 2 byck ¢ D ¥ and
ﬁ(é:)@b) ‘—MCKQxb;\—‘w' ‘

Proof. By eliminating the disjunction and material implication connectives,
the right-hand side can be written as follows: = {@d A =) Fyck — (P A %)
and ¢ A =Y Fyck P A .

Left to right: Suppdse ¢ Fuck . The following are proof trees for
= (P A —¢) Fuex = (@A —p) and $ A~ Fycx ¥ A 1 respectively.

/ — by rule 9 l — by rule 4
¢ ¢ ¢
by assumption — E — by rule 6 ' — by assumption
¥ —(¢AP) '
by rule 2 — — by rule 5
) —Y
by rule 7 — l — by rule 8
A
~($ A ) yATY

Right to left: Suppose = (¢ A =) Fucx ~ (@ A ~9p) and ¢ A~ bFyex ¥ A 9.
The following is a proof of ¢ Fyck ¥.
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¢
’ — by rule 2

"_5"1¢
} — by rule 7

~(¢ A =¢)

i — by assumption

i

~(8 A=)

\ by rule 9

/ \ byrflel

%

—— by assumption

B
-

-

O
Lemma 2.24 will be used in Theorem 2.25. The proofs of Lemma 2.24
and Theorem 2.25 are loosely based on similar proofs in (Urquhart, 1986).

But first, I introduce some new terminology.

Definition 2.21 Let - be any abstract consequence relation. A formula set

[ is called \--inconsistent if there exists ¢ wff ¢ such that 'k ¢ and I' b —,

Definition 2.22 Let b be any abstract consequence relation. A formula set
[ is called F-prime if, for any formula set A such that I' - A, there is some
element ¢ € A such that T' - ¢.

This definition can also be formulated as follows:

Definition 2.23 A consequence relation F* is called T-prime if, for any A
such that I' B* A, there is some element ¢ € A such-that T' F* ¢.



y
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Which formulation of primeness is used in a proof, depends on how one
wants to apply it. In some proofs, an extension of a formula set T' to a
prime formula set I which contains I, is called for. Definition 2.22 is then
appropriate. In other proofs, such as Lerﬁma 2.24 below, an extension of the

consequence relation is called for, making Definition 2.23 more appropriate.

Lemma 2.24 For any formula sets I and A, if ' Fuck A, then there is a

[-prime consequence relation F* extending byex such that T'F* A.

Proof. Consider the family F of abstract consequence relations that are
logically stronger than byek, such that for every € F, ' ¥ A. By Theorem
1.24, the supremum of any chain of elements of F exists. This supremum is
also in F, so by Zorn’s lemma, F contains a maximal element. Let H* denote
such a maximal element. [ will show that +* is [-prime. Suppose it is not.
Then, by finiteness, there exists a finite set of wifs £ such that ' * X, but
I' ¥* « for any a € £. Let ¢ € ¥ and let I, be the derivability relation of
the proof system obtained by adding the proof rule '/t to the proof rules of
F*. By maximality of F*, [' -y A. T will show that every proof tree from T
using inference rules of Iy, is also a proof tree from I' U {1} using inference
rules of F*. It then follows that I', ¢ F* A.

The proof is by induction on the size of the proof tree. For the base case,
consider any proof tree I' ; @ which consists of a single leaf node «. Then
« is either a premiss (that is, a € I'), or « is the conclusion of a proof rule
with an empty premiss set, or the premiss set ' is empty and o = . In all
three these cases, the tree is also a proof of I', ¢ F* ¢.

Next, suppose that every proof tree from I' using inference rules of
with fewer than n nodes, is also a proof from I'U {4} using inference rules of

F*. Consider any such proof tree for I' F; T with fewer than n nodes and set
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~of leaves T. By the induction hypothesis, this is also a proof of I',% F* 1.
. The proof tree for I - T can grow in three ways: (i) by appending a premiss
to a leaf of the tree, (ii) by applying a proof rule of F* to a branch, and (iii)
by applying the proof rule I'/% to a branch. I will show that each of these
steps is also a valid step in the expansion of the tree for I',¢p F* T.

In what follows, A denotes a leaf in a proof tree. T — X denotes the formula
set T — {A} if there is only one leaf labelled A, and T if there is more than
one leaf labelled A. (i) Appending a premiss 7 € I' to a leaf A, will result in a
proof tree for I' by T — A, The proof tree for I', ¢ F* T can be expanded in
the same way. (ii) Applying any proof rule /A other than I'/+ to a branch
with leaf A of the tree, will result in a proof tree for ' -y T — A, A. The same
proof rule can be applied to the proof tree for I', ¢y F* T, résulting in a proof
tree for I',¢p F* T — A, A. (iii) Applying the proof rule I'/¢ to a branch with
leaf A, appends % to the branch. The resulting tree is a proof of I' F; T — A, 2.
Since ¢ is in the premiss set T' U {¢}, the proof tree for I',9 F* T can be
expanded in the same way, resulting in a proof of I3 F* T — A, ¢.

This shows that each step whereby a proof tree from I' with fewer than n
nodes can be expanded, using inference rules of I, is also a valid step for the
expansion of the proof tree from I' U {¢} ﬁsing inference rules of H*. Hence
a proof tree for I', b F* A exists.

By weakening I +* X, we obtain ' F* A, ¥, and hence I' F* 4, A, T~ {3},
and by weakening I', ¢ F* A, we obtain I',9 F* A, T — {¢/}. By the cut rule,
' AE — {¢}. Repeating this argument for all o € £, we get T F* A a

contradiction. Therefore F* is [-prime. O
Theorem 2.25 For any formula sets T and A, I Fycx & iff T Fucx A.

Proof. All instances of the proof rules are elements of Fyck, as can easily

be checked by truth tables. For example, suppose v (= {¢ A 9)) = ¢, then
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v(pAY) = f,s0v(¢) = forv(y) = f. Hence v(~g) =t or v(-¢) = t.
Next, suppose v (=¢) = f and v (%) = f. Then v(¢) =t and v(¢p) = t. So
v(p A) =1t Hencev(—(pA)) = f. Therefore Fycx is contained in Fyox.

Conversely, suppose I' Fycx A. T will show that I' Bycx A. By Lemma
2.24, there exists a [-prime consequence relation H* extending Fycx in which

[' ¥* A. Define a function vg : Ly — {t,u, f} as follows:

tiff (I'F* pand I' ¥ —p),
vo(p) = | fiff (T F* —pand ¥ p),
u otherwise.
Extend vg to a valuation v € Vals. T will prove by induction on the length

of wifs that, for any wif ¢,

tiff (I'F* ¢ and [ ¥* =),
v(g)=| fiff ([ F* - and T ¥* 4), (2.1)

u otherwise,

Suppose the claim 2.1 holds for all wffs with fewer than n connectives. Let
¢ be a wif with at most n connectives. Suppose ¢ = —1). By the induction

hypothesis, the claim holds for 1. Therefore,

[ tiff o (v) = f,

v(~) = | fiffo(¢) =t,

K otherwise

[ 1 iff (T F* b and T #* o),
= | fiff ([F* and 'K ),

u otherwise

[ {iff (T ¢ and [ F* =g),
= | Fiff (TF —¢and T ¥* 4),

u otherwise.
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The claim therefore holds for ¢. Else ¢ = ¢ A £, where the number of
connectives in 1 and ¢ are smaller than n. By the induction hypothesis, 2.1

holds for ¢ and for €. Therefore,

v(bAE) =t iff v(¢)=tand v(f) =1t
iff (TH* ¢ and T'F* =) and (I F* ¢ and [ ¥ =¢)
if TH ¢YAEand T K -, ¢ '
iff TH ¢AEand TF (P AL).

The second last line above follows by Lemma 2.18, the prime property and

weakening. The last line follows by Lemma 2.19.

v(@AE) =f iff v(@)=Fforv()=f
iff (CF* =g and T ¥ ) or (I'F* =£ and T ¥* £)
iff TH -4, —¢and T ¥* 9 A€ and
(TF* = or T ¥* £) and (T ¥* ¢ or T F* =€)
Mt TH = (pAE) and T K Y AL

The third line above follows by the prime property and Lemma 2.18. The last
line requires some further explanation. Suppose first that I' is F*-consistent.
['F* =, ¢ implies I' * —p or ' F* —¢, and hence I' F* =) or T' F* £,
| Similarly, T' F* =, —¢ implies I' ¥* ) or T' F* —£. Next, suppose that T is
inconsistent. I' ¥* ¥ A€ implies T F¥* ¢ or T' ¥* ¢, and hence T' H* ~¢p or T' F*
€. Similarly, I' ¥* ¢ A ¢ implies T' ¥* ¢ or ' F* =€, Therefore T' F* =), —£
and T F* ¢ A € together imply (I' =* —¢p or T ¥ §) and (I' ¥* ¢ or T' F* =¢).
Equation 2.1 therefore holds for all wils.

I will now show that T' By A. There are two cases. Case 1: T is F*-
consistent. Let ¢ € I'. By the sharing property, I' Fycx @, and hence I' F* ¢.
[' is F*-consistent, so I' ¥* ~¢. By 2.1, v(¢) = t. Let v € A. By the
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definition of F*, I' ¥* A, therefore I' ¥* . By 2.1, v (%) # t. Thus, V¢ € T,
v(g)=tand Vi € A, v () # ¢

Case 2: T' is F*-inconsistent. Let ¢ € I'. By sharing, I' Fycx ¢, and hence '
' ¢ By 21, v(¢) # f. Let ¥ € A. By the definition of F*, T' ¥* A,
therefore I' ¥* 9. Since I' is F*-inconsistent, I' F* ¢, =), and hence I' F* =),
Therefore v () = f. Thus V¢ € T, v(¢) # f and Vip € A, v(¢p) = f.
Therefore T’ Eyex 4. O

Recall from Definition 1.17 that the finiteness property of an abstract
consequence relation  states that I' + A iff there exist finite [V C I" and
A" C A such that IV F A’. The consequence relation of MCK satisfies this

property:
Corollary 2.26 MCK satisfies the finiteness property.

Proof. Tree proofs are finite by definition. The result follows from the Com-

pleteness Theorem for MCK and Theorem 1.18. O

I will now discuss the proof system of the logic oMCK, which was defined
in 2.15. The proof system and completeness result for eMCK resemnble that
of MCK closely. The only difference between the proof systems is in the first

inference rule.

Definition 2.27 The formal proof system of oMCK consists of the following

inference rules:
1.0/a,-q

2.p/-mp

3. ——p/p
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4. pAg /P
5 phq/q
6. -p/~(pAq)
7. =g/ ~(pha)
8. pa/pAg
9. ~(pAg)/ ~pP,q

Disjunction and material implication are introduced as for MCK. Lemmas
2.18, 2.19 and 2.24 all hold if Fyck is replaced by Foyek. They are proved in

the same way, with Fycx replaced by Foycx.
Lemma 2.28 T'Foyck @AY iff T Fouek @ and T Fopyex . O
Lemma 2.29 I‘ }_OMCK ™ (¢ f\ ¢) ?;ﬁr l’_OMCK _‘QS? ﬂqp’ D

Lemma 2.30 For any formula sets T and A, if T Fouex A, then there is a

[-prime consequence relation F* extending F,ycx such that T ¥* A. O
Theorem 2.31 For any formula sets I and A, T Foyex A iff T Fonex A.

Proof. All instances of the proof rules are elements of E ok, as can easily be
checked by truth tables. Consider, for example, proof rule 1. Let v € Vals.
Then ming, {v(y):y € 0} = t by definition. If v(g) =t or v(q) = f, let
w = v. Then max<, {w(q),w(—q)} =t. Else, if v(q) = u, let w = v except
that w(g) = t. Then v <; w and maxc, {w(g),w(—¢)} = t. Therefore
0 Fomex ¢, 7. |

Conversely, suppose I' Fouex A. T will show that I' Foyex A. By Lemma

2.30, there exists a I'-prime consequence relation F* extending Fo,ucx such
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that ' ¥* A. Define a function vo : Ly — {t,u, f} exactly as in Theorem
2.25, and extend vg to the valuation of equation 2.1.

Let € A. By rule 1, @ Fomex ¥, —1p. Therefore § F* 3,-1). By
weakening, I' F* ¢, 9. By definition of F*, I' ¥* A, and so I' ¥* 4.
Therefore, by the primeness of F*, I' F* —¢p. By equation 2.1, v (¢) = f.
So maxe, {v(¥):¢ € A} = f. Let w >, v. By the monotony of the
connectives of oMCK, w(¢p) = f . Now let ¢ € I'. Then v(¢) = ¢ or
v(¢) = u. There is therefore no w >; v such that mine, {v(¢): ¢ € I'} <,
maxc, {v(#) : 9 € A}. Hence I' Foyex A. a

In this section, I presented proof systems for the logics MCK and oMCK, in
Definitions 2.17 and 2.27. The proof systems resemble each other closely, the
only difference being in the first axiom. There are two other closely related

proof systems: Replacing the first axiom in Definition 2.17 by

L. p,-p/q

yields a proof system for KL, while dropping the first axiom in Definition 2.17
altogether, yields a proof system for FDE. (See (Pynko, 1995a) for a different
Hilbert style axiomatization of LP and FDE, which proves this point.) So we

have the following lattice of syntactic consequence relations:

E‘_'MCC

I"KL' : }_.OMCK = E_LP
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2.4 Paraconsistency

In this section, I discuss some interesting and useful properties of MCK and
oMCK, most notably that of paraconsistency, defined in 2.32 below. The roots
of contemporary paraconsistent logic dates back to the work of Lukasiewicz
(1910), translated in (Lukasiewicz, 1971), Vasil’év (1910) and Jaskowski
(1948), translated in (Jaskowski, 1969). Since the 1950’s, many formal sys-
tems of paraconsistent logic have been defined. The collection Paraconsistent
Logic: Essays on the Inconsistent (Priest et al., 1989) surveys the field of
paraconsistent logic until the early eighties.

Recall from Definition 2.21 that a formula set T' is inconsistent if there
exists a wif ¢ such that T+ ¢ and I' F ~¢. In classical logic, there are no
non-trivial inconsistent dednctivé systems; the only inconsistent deductive
system is L. That is, if I' is inconsistent, then Cn(I') = L. A logic which
has this property, is called ezplosive. In an explosive logic, all inconsistent
formula sets therefore belong to the same =¢,-equivalence class, as defined

in 1.25.

Definition 2.32 A logic is called paraconsistent if there exist inconsistent

formula sets that are not =cn-equivalent to L.

The proof-theoretic aim of paraconsistent logics is to provide a framework
for reasoning about systems that may be inconsistent. Well-known examples
of inconsistencies are the set-theoretic paradoxes such as Russell’s paradox:
Let X = {z:z ¢ z}. Then both X € X and X ¢ X. Inconsistencies also
have to be dealt with in data bases and in legal systems. Formalisms such as
theory change (which I will discuss in Chapter 5) deal with inconsistencies

in knowledge bases by avoiding them, and by removing them once they are
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located. Paraconsistent logics, on the other hand, reason non-explosively in
the presence of inconsistencies.

I will call a formula set A co-inconsistent if there exists a wif ¢ such that
oA ahd ~¢ I A. The following definition then provides a natural dual to

the notion of paraconsistency.

Definition 2.33 A logic is celled pathological if there exist co-inconsistent

formula sets that are not =4,-equivalent to L.

Paraconsistency and pathologicality are characterized by the absence of

certain inference rules. In a (multiple-conclusion) paraconsistent logic,

p,-p/0

is not a valid rule of inference, while in a pathological logic,

@/Q7 —q

is not a valid rule of inference. This puts KL in the class of explosive, patho-
logical logics, LP and oMCK in the class of paraconsistent, non-pathological
logics, and MCK and FDE in the class of paraconsistent, pathological logics.
There are several paraconsistent logics based on Kleene’s strong truth
tables. Examples are Sobocinski logic (Sobocinski, 1952}, the logic of paradox
LP (Priest, 1979; Priest, 1987) , the semi-relevant logic RM3; (Anderson &
Belnap, 1975; Dunn, 1986), the equivalent system rRM3 (Avron, 1986), and
the logics oMCK and MCK defined in 2.7 and 2.15. All these logics, except
MCK, are determined by a three-valued matrix in which the third truth value
is designated. The consequence relation of MCK is not determined by a single
matrix (K3, D) - it is the intersection of the consequence relations determined

by (K3, {¢t}) and (K3, {t,u}). This point was also made on page 41.
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Quoting da Costa (1974), Arieli and Avron (1996) state that no stan-
dard three-valued logic in which the non-classical value is not designated, is
paraconsistent. It is not clear what is meant by ‘standard’, but I assume
these are logics based on Kleene'’s strong truth tables. This would make
the paraconsistent, three-valued extension Cg 2 of the calculus ¢; (da Costa,
1974; Mortensen, 1989), in which the third truth value is not designated,
non-standard. However, MCK still provides a counter-example to Arieli and
Avron’s statement.

LP was introduced to accommodate the logical paradoxes (Priest, 1979).
These include both the set-theoretical paradoxes, such as Russell’s paradox,
and the semantic paradoxes, such as the Liar’s paradox. A wif in LP can be
either true (and not false), or false (and not true), or paradoxical (both true
and false). This yields a three-valued logic based on Kleene’s truth tables,
but in which the third truth value indicates that a wif is paradoxical, as
opposed to being undefined or undetermined. Since a paradoxical wif is true
(as well as false), the third truth value in the matrix for LP is also designated.
The semantic consequence relation of LP Qas defined in 2.5, and its multiple-
conclusion counterpart in 2.9. The semantic consequence relation of oMCK
was defined in 2.15, and in Theorem 2.16 I showed that LP and oMCK are
in fact the same. Therefore, although the intuition behind these two logics
differ, technically all results obtained for LP, also apply to oMCK.

MCK is pathological, in the sense of Definition 2.33. But, given an incon-
sistent formula set, all the classical tautologies follow. In this respect, MCK

resembles the logic RM (Anderson & Belnap, 1975).

Theorem 2.34 Gliven any inconsistent formula set I' and classical tautology

¢) F l:MCK ¢‘

Proof. By monotony with respect to the knowledge order <j, no classical tau-
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tology can be false in MCK. By the inconsistency of T', ming, {v(v) : v € '}
can’t be true. Hence T’ Fycx ¢ by Definition 2.7. 0

As mentioned on page 38, in a logic determined by a class of matrices,
a tautology is a wif which is assigned a designated value by each valuation
in each determining matrix. So in oMCK, a tautology is a wif which is never
false, and in both KL and MCK, a tautology is a wif which is always true.
Neither KL nor MCK have any tautologies, since the valuation which assigns
the value u to all sentential symbols, will also assign the value u to any wif.

In oMCK, the situation is less bleak. The completeness result 2.31 assures
us that a wif in ¢MCK is always designated if and only if it is a theorem. The-
orem 2.35, stated in (Priest, 1979) for LP, further assures us that oMCK has
the same theorems as classical logic, and Theorem 2.36 shows that material
implication in ®MCK can be read as a semantic entailment operation.

Because MCK is pathological, it is not possible to define a connective in
MCK which functions as a semantic entailment operation. For if — is intended
as such an entailment operation, then the Deduction Theorem should hold.
That is, if ¢ Fyck ¥ then Fycx ¢ — %. And this is not possible, since then
¢ — ¥ would have to be a tautology.

Theorem 2.35 oMCK and MCC have the same taulologies.

Proof. Every tautology in LP is a tautology in MCC, since the latter has a

stronger consequence relation.

Conversely, suppose Fycc ¢. Then (VYw € Veal,) [w(¢) = t]. Let v € Vals.
Then v < w for some w € Valy, and w(¢$) = t. Therefore Foycx ¢- O

Theorem 2.36 Given any formula set T' and wffs ¢ and ¢ in oMCK, if
L, ¢ Foucx ¥ then T Foyex @ D 9.
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Proof. Suppose T', ¢ Fouck . By proof rule 1, Foyck @, ~¢. By weakening,
Iy ¢ Fowek ~@, 9 and T' Fopex @, 9,9, By the cut rule, T' Foyex —¢,%. By
Lemma 2.29, T Fouck = (¢ A —¢0). By the definition of D, I' Foyex ¢ D . O

In Pc, a formula set is consistent if and only if it has a model. The
trademark of paraconsistent logics is that inconsistent formula sets can have
models. Theorems 2.37 and 2.38 relate consistency in oMCK and MCK re-
spectively to the existence of a valuation which makes every element in I’

true.

Theorem 2.37 A formula set T in oMCK is consistent if and only if there

ezists some v € Valz such that v(T) C {¢}.

Proof. Suppose I' is inconsistent, that is, suppose there exists a wif ¢ such
that T' Foyck ¢ and T' Foyex . Let v be any valuation. If v (T') C {¢}, then
v(g) =‘t and v (—¢) = t, which is impossible, since v(¢) =t iff v(—~¢) = f.
Therefore ' € {t}.

Conversely, suppose I is consistent. I will construct a valuation v such
that v (I') C {t}. Let A = {~¢: ¢ € T'}. Then I' ¥,yox A. For suppose this
is not so. Then there exist ¢1,..., ¢ € A such that T' Foyex ¢4, ..., dm. By
Lemma 2.29, T' Foyek = (—m¢1 A ... A ¢, ). But since for each ¢, I' Foyex =04,
by Lemma 2.28 we have I' Foycx —é1 A ... A —¢,,. This contradicts the
consistency of I'. Therefore I' Fouck A.

Let ¢, az,... be an enumeration of all wifs in L. Form a chain of formula

sets ['g,I'1,..., where

F0=I‘,

Dy U {aig1} if Ty, cigr Fowek A,
Fiygp =
I'; otherwise.
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Then for all 7, I'; ¥omcx A. Let IV be the union of all the elements in this
chain. By finiteness, [V Fouex A. T will show that I is prime, aé defined
in 2.23. Suppose I is not prime. Then there exists some ¥ such that
I Fomex & but there is no element ¢ € ¥ such that I'' b ycx o. By finiteness,
there exists finite Xo C I such that IV Foyex Zo. Say Lo = {o1,...,00}.
Since I'Y is maximal with respect to the property that A cannot be deduced,
I, 0; Foucx A for each o; € L. By finiteness, there exists finite Ag C A such
that I, 0; Fomck Ao. The following is a proof tree for I' Foycx Ao, where
Ag = {8}, ...,6m}. This contradicts the assumption that [ is not prime.
v

ooooo

Define a function vo : Lo — {t,u, f} as follows:

tiff (I Fomex p and TV Fopex —p),
vo(p) = | fiff (I'tomex —p and I Foyex p),
u otherwise.
Exi:end vo to a valuation v € Vals. As in the proof of Theorem 2.31, it can
be proved by induction on the number of connectives in a wif that, for any

wif +,
tiff (I Fowex % and TV Foyex =),

U(w) = | fiff (FI Fomex % and T Foyex 1{)),
u otherwise.
Let vy € T. Sincé IV Fomex A and =y € A, v(y) = t. Hence v(I') C {t},

as required. ‘ O
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One of the ‘nice-to-have’ properties of MCK and oMCK that I have used,
and will uée in Chapter 3, is that all their c:[o‘nnec‘f:i'ves are monotone with re-
spect to the knowledge Qrderi This is also a shortcoming since, consequently,
both MCK ahd OMCK are expressively incomplete. That is, there are some
truth tables that are not realized by e‘m)'e’r wif in the logic. For example, there |

is no wif ¢ in MCK or oMCK which has the following truth table:

S 5,‘%3
L

It can easily be made expressively complete for monotone truth tables
by the addition of the constants ¢ and u to the language, but to make it
expressively complete in general, the language L has to be enriched with
a non-monotonic connectiv.e.such as the definedness operation of Barringer,

Cheng & Jones (1984), or Lukasiewicz implication.



Chapter 3

An algebraic perspective

The content of this chapter is best described by the title of the thesis, for it
deals with power constructs and propositional systems. More specifically, it
deals with power constructs in Tarski’s calculus of deductive systems. Power
constructs are introduced in Section 3.1 as operations and relations on some
power set P {A), that derive from some corresponding base operations and
relations defined on the set A. The calculus of deductive systems was already
mentioned in the preface, and again alluded to on page 15. It is the topic of
Section 3.2.

The main result of Section 3.2 is Theorem 3.20, which characterizes the
calculus of systems of a certain class of logics as a power algebra. In Section
3.3 I apply this result to the calculus of LP-syst‘ems. I also discuss the
algebraic characterization of LP in terms of Kleene lattices. In Section 3.4
I apply Theorem 3.20 to the calculus of MCK-systems. I show that MCK
is not algebraizable, but that the calculus of MCK-systems is isomorphic to
a semantically defined structure called a latfice of meanings. 1 also show
that the consequence relation of oMCK is a power relation in this lattice of

meanings.

67
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In Section 3.5, I define a simulation between formula sets in two different

logics as a power relation of the pointwise knowledge order on valuations.

3.1 Power constructs

Let A be any set. Its power set P (A) forms a Boolean algebra of sets
(P(A),N,U,"), with operations intersection, union and complementation.
Conversely, Stone (1936) proved that any Boolean algebra is isomorphic to
a field of sets; a study of Boolean algebras is thus essentially a study of the
calculus of sets. Apart from the set-theoretic operations defined on 7 (A),
each operation f defined on A gives rise to the following power operation f*

on P (4).

Definition 3.1 Let f: A™ — A and X1,....,Xn C A. Then ft: P(A)" —
P (A) is defined by

f+ (Xi,...,Xn) == {y € A: (33&'] € Xl) (333,1 < Xn) [f (&‘5‘1, ,xn) e y]}

Similarly, given any n+1l-ary relation r on A, one can define an n-ary

power operation rT on P (A).

Definition 3.2 Let r C A™! and X,,... X, C A. Then vt : P(A)" —
P (A) is defined by |

T (X1, X)) ={y € A: (3z; € X1) ... (Fzn € X)) [(21, .0, Znyy) € 7]}

Given any n-ary relation r on a set A, one can also define an n-ary power
relation v+ on P (A). In particular, the binary power relation of a binary

relation is defined as follows:
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Definition 3.3 Let r C A?. The power relation of r is the relation r+ C
P (A, defined by: v+ =rd Nri, where

(Xl,Xz) & 7‘3- 2:5 (Vfcl & Xl) (33‘,‘2 < Xg) [(Sl’,'hxz) - 7’] s and
(X1, X2) el iff (Vzp € X3) (321 € X1) [(z1,29) € 7).

The relations r§ and r are called weak power relations.

For any algebra A = (A4, {fi}iez) with set of operations {f;},.;, the power
algebra of A is a Boolean algebra over P (A), endowed with the power oper-
ations { ff}z. cr in addition to the usual set-theoretic operations. The power
algebra of A is written P (A) = (“P(A) , MU {f5+}£ez)'

A relational structure (A,{r;},.;) consists of the set A with set of re-
lations {r,-}ie ; defined on it. The power algebra of this structure is the
Boolean algebra (73 (A),n, U}, {r? }z‘ef)’ endowed with the power opera-
tions {rf } r in addition to the usual set-theoretic operations. Joénsson &
Tarski (195?; 1952) investigate the properties of Boolean algebras endowed
with additional (additive) operators, abbreviated BAQ’s, the power algebra
of a relational structure being an example of a BAO. Jénsson (1993) gives a
more recent survey of the field. Power algebras are also referred to as com-
plex algebras, for example in (Gratzer, 1979; Goldblatt, 1989), due to their
application in group theory.

In analogy to the formation of a power algebra, one can construct the
power structure of a relational structure (A4, {r;},.;). This is the relational
structure (P (A), {rf }iE J> , consisting of the power set P (A), with power
relations {r}},_, defined on it

The use of power relations is relatively new, the first references being
(Smithson, 1971), where they are used in fixed point theory, (Plotkin, 1976;
Smyth, 1978), where they are used in domain theory, and (Whitney, 1977),
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where they feature in a universal algebraic context. The first general investi-
gation into the properties of power structures, is that of Gratzer & Whitney
(1984). Brink (1993) gives an overview of power structures and their ap-
plications, and establish some universal-algebraic properties. The following

results from this paper will be used later in this chapter.

Theorem 3.4 (Brink, 1993) For any algebra A and congruence relation =

over A, =% is a congruence relation over P (A). O

Theorem 3.5 (Brink, 1993) For any algebra A and congruence relation =
over A, the power algebra P (A/ =) of the quotient algebra A/ = is isomor-
phic to the quotient algebra P (A)/ =% of the power algebra with respect to

the power congruence. O

The first applications of power constructs to logic are due to Brink (1984;
1986). One such application is in Hyperboolean Modal Logic, abbreviated
HBML, axiomatized by Goranko & Vakarelov (1999). In the possible worlds
semantics of HBML, the set of worlds forms a power algebra, called a hyper-
boolean algebra. The modalities of HBML correspond to the operationé of
this algebra. Goranko & Vakarelov show that hyperboolean algebras provide
an algebraic semantics for HBML.

Other applications of power constructs to logic are in the semantics of
the relevance logic R™ (Brink, 1989a), in verisimilitude (Brink & Heidema,
1987), which is the topic of Chapter 4, and in theory change, which is the
topic of Chapter 5.

In (Brink et al, 1993) power constructs are generalized to fuzzy power
constructs. In fuzzy set theory, introduced by Zadeh (1965), the character-

istic function of a set X is extended to a membership function ux from the
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universal set A to the interval [0,1]. For any y € A, px (y) indicates the ex-
‘tent or degree to which z is an element of X, with pux (y) = I indicating that
y is definitely a member of X, and px (y) = 0 indicating that y is definitely
not a member of X. A crisp set X is characterized by the property that
px (A) C {0,1}. Let Ps(A) denote the fuzzy power set of A. The fuzzy set
extension principle (Zadeh, 1975; Dubois & Prade, 1980) extends Definition

3.1 to a crisp power operation on Py(A):

Definition 3.6 Let f : A™ — A and X;,...,X,, € A. The crisp n-ary power
operation ft: Py (A)" — Ps(A) is defined by

HpHiXy, .. Xa) (y) =sup {mi-ﬂ (ﬂxl (3’1) y e Xn (xn))  f (331, ”’?xﬂ) = ?J}'

The fuzzy set extension principle can be generalized to include both crisp
and fuzzy power operations and relations on Pf(A). The generalization em-
ploys a standard concept in fuzzy set theory, namely a-cuts: Given any fuzzy
binary relation p on A and « € [0, 1], the a-cut R, is a crisp binary relation
on A, defined by:

Ro = {(z,y) : pt (=,9) 2 a}.

Definition 3.7 Let p be a fuzzy binary relation on A. The fuzzy power
relation p* on Py (A) is defined by:

ppr (X1, X2) = sup {oz : X}R;Xg} .

If p is a crisp relation, then Definition 3.7 coincides with Definition 3.3 on
crisp sets. Further, if p is a crisp operation, then it coincides with Definition
3.6, and with Definition 3.1 on crisp sets.

Let @, denote the set-theoretic complement of K, on A:

Qo ={(2,9) : o (2,9) < @} .
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The following relation does not coincide with that of Definition 3.7, but it
also generalizes both Definitions 3.3 and 3.6:

po+ (X1, Xs) = inf {o: : X]_Q;XQ} .

Fuzzy sets and systems form a vast research field, with a journal dedi-
cated to it. The fuzzy power constructs presented here generalize their crisp
counterparts in a natural way. Their usefulness merits further investigation,
but I will not diverge in this direction here.

The following results are stated here for later use, and can be found in
standard textbooks on Universal Algebra, such as (Gratzer, 1979; Burris &
Sankappanavar, 1981):

Definition 3.8 Let f : A — B be a homomorphism. The kernel of f,
written ker (f), is defined by

ker (f) #{(a,b) €AXA: f(a)=f(b)}.

Theorem 3.9 Homomorphism Theorem. Let f : A — B be a homomor-
phism onto B. Then there is an isomorphism ¢ : A/ker(f) — B defined
by f = iov, where v : A = Afker(f) is the natural map defined by
via) =a/ker(f). | O

Theorem 3.10 Second Isomorphism Theorem. If r and s are congruence

relations on A, and r C s, then the map h : (A/r) [/ (s/r) — A/s, defined by

h((afr)/(s/r)) = a/s

is an isomorphism from (A[r) [ (s/r) to (A/s). O
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3.2 The calculus of systems

Tarski (Tarski, 1930a; Tarski, 1930b; Tarski, 1935) defined his calculus of
deductive systems as part of an investigation into the properties of certain
metamathematical concepts, such as the axiomatizability, irreducibility, com-
pleteness, and atomicity of systems. A Tarskian system is defined in terms
of an abstract consequence operator, as defined in 1.19. The set of systems
is turned into an algebra by the addition of certain operations on systems.
Tarski does not fix the language of the logic, but I will assume that the

language is L, as defined in Section 1.1.

Definition 3.11 (Tarski, 1935) The Tarski calculus of deductive systems is
an algebra ({Cn(T):T C L},-,+,7), such that, for any systems ® and ¥,

1.9 ¥ =0NnY,
2.0+ =Cn(2UY¥);

3. 0= Naes Cn({-a}).

The calculus of (deductive) systems is, as Tarski noted, closely related to
an algebraic version of intuitionistic logic. It is in fact a De Morgan lattice

(see Definition 1.9). The addition of an operation = defined by

¢ =U=Cn (U {T':Cn(®)-Cn(I) C Cn(‘?)})

rcL
turns it into a Heyting algebra (see Definition 1.11), which is the algebra of
intuitionistic logic.
The equivalence relation =¢, of Definition 1.25 divides P (L) into equiva-

lence classes, such that I' is =¢,-equivalent to L iff Cn (I') = Cn(X). There
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is therefore a one-one correspondence between elements of the calculus of
systems, and elements of P (L) / =cn.

The positive fragment of the calculus of systefns is obtained by drop-
ping the negation operation. This yields the algebra ({Cn (") : ' C L},-,+),
called the positive calculus of systems. Brink & Heidema (1987) define a cer-
tain power algebra which is isomorphic to the positive calculus of systems in
classical propositional logic. This result is published in (Brink & Rewitzky,
1999), and generalized in Theorem 3.20 below.

As I mentioned in Section 1.1, the language L can be viewed as an ab-
stract algebra, with operations A, V and —. As such, it has a power algebra
(P(L),At, vt =T), with power operations A*, VT and —*. Following Defi-

nition 3.1, these power operations are defined as follows:

Definition 3.12 For any formula sets ' and L, the power connectives AT,

V* and =% are defined by:

PAYY = {pAY:deT andyp € 3}
PvtE = {pVe:peTl andyp € X};
-t = {~¢:9€T}.

Definition 3.13 (Pynko, 1995a) Given any consequence operator Cn, the
property of conjunction, PC, is defined as:

For all ¢,p € L, Cn(p Ayp) =Cn(g,9).
The property of disjunction, PDI, is defined as:
ForallTU{¢$,¢v}C L, Cn(T,¢V¢)=Cn([,¢)NCn(T,¢).

The properties of De Morgan, PDM, are defined as: For all ¢,¢ € L,
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1. Cn(~=¢) = Cn(¢);
2. Cn(~(éVy))=Cn(=¢A-);
3. Cn(=(¢A9))=Cn(~¢V-9).

Lemma 3.14 (Pynko, 1995a) The Logic of First Degree Entailments, FDE,
is the weakest logic satisfying PC, PDI and PDM. O

Lemma 3.15 (Pynko, 1995b) The Logic of Paradoz, LP, is the strongest
paraconsistent ‘logz'c satisfying PC, PDI and PDM. O

Lemma 3.16 MCK satisfies PC, PDI and PDM.

Proof. Suppose ¢ A Fyok 8. Then ¢,9 Fyck 6 by rule 8 of Definition
2.17. Conversely, suppose ¢, Fycx 6. Then ¢ A1 Fyck 8 by rules 4 and 5.
Therefore MCK satisfies PC.

Next, suppose I';¢ V ¢ Fycx 6. By rule 2, I', ¢ Fycx ——¢. By rule 6,
I, ¢ Fuck = (—¢ A —~9). By the definition of disjunction, T',¢ Fyck ¢ V 9.
Hence I', ¢ Fyck 6. By a similar argument, ', 9 Fycx 6. Conversely, suppose
['é Fuck 8 and T',9 Fyex 6. By rule 9 and the definition of disjunction,
Lo Vp byck =g, ~np. By rule 3, ', ¢ V ¢ Fyck ¢,%. By the assumption,
I', ¢ VY Fyck 6. Therefore MCK satisfied PDL

PDM (1) follows from rules 2 and 3. PDM (2) and (3) follow from the

definition of disjunction as well as rules 2 and 3. ]

Recall from the discussion on page 57 that proof rules 2 to 9 of Definition
2.17 are shared by KL, LP, MCK and FDE. Since these are the only rules used
in the proof of Lemma 3.18, it also constitutes a proof that each of these

logics satisfy PC, PDI and PDM.
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Lemma 3.17 Given any consequence operator Cn which satisfies PC and

PDI, and formula sets T and &,

(i) Cn(ThAtE)=Cn (T UL,

(ii) Cn (D VT E) =Cn(l)NCn(Ty).

Proof. The results follow from the finiteness property, PC and PDI. J

Lemma 3.18 For any consequence operator Cn satisfying PC and PDI, =¢,

is a congruence relation on the algebra (P (L), AY,V7T).

Proof. We have to check that =g, preserves power conjunctions and power
disjunctions. Suppose I'1 =¢, ['; and &; =¢, Z2. Let ¢ € Cn () AT Zy).
Then ¢ € Cn (T, U ZX;) by Lemma 3.17. So there exist some finite I’ € T'y
and Yo C I; such that ¢ € Cn (o U Zy). T'o € Cn () and Lo C Cn(Xy),
hence ¢ € Cn (T2 UL,). So ¢ € Cn (L, AT T2). Therefore Cn (I'y A X)) C
Cn(T'y AT Z;). By a similar argument Cn (I3 AT Zy) € Cn ([ AT E,).
Therefore I'y AT 2y =¢, T2 AT 0. V
Next, suppose ¥ € Cn ([ V¥ Z;). Then ¢ € Cn(T1) N Cn(Z,) by
Lemma 3.17. Therefore 3 € Cn (I';) N Cn(Z;). Hence v € Cn (T VT I,).
Therefore Cn (I'y VT Z;) € On (T2 vt E,). By a similar argument, Cn(Iyv*
33) € Cn(Ty VT ;). Therefore 'y VT Iy =¢, [ VT Iy O

The relation =¢,, does not, incidentally, preserve power negations in all
logics. For example, in PC {p,p A g} =sc {pAgq}, but {“ﬁp,ﬂ(bf\q)} is
not =pc-equivalent to {—(p A ¢)}. This means that =¢, is not in general a
congruence relation over the algebra (P (L), AT, v, —1).

Since =¢y, is a congruence on (P (L), At,vt), we may form its quotient

algebra, called the algebra of theories. Thus theories are =¢,-equivalence
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classes in P (L). I will sometimes refer to a theory I' as shorthand for the

=con-equivalence class of T.

Definition 3.19 The algebra of theories in a logic with consequence operator
Cn is the structure (P (L) ] Scn, AT, V1), with meet operation At and join

operation V' defined by:
TAT[E] = [LATE];
[Tjv*t[Z] = [PvtE].

The next theorem generalizes a similar result for PC by Brink & Heidema

(1989).

Theorem 3.20 Let Cn be any consequence operator satisfying PC and PDI.
There is an order-reversing isomorphism between the positive calculus of
systems ({Cn(T): T C L},-,+) and the algebra of theories (P (L)/ =cm
S AT, V).

Proof. Cn is an order-reversing homomorphism from (P (L), At,v*) to the
positive calculus of systems, with meets and joins in (P (L),A*,V*) cor-
responding to joins and meets in ({Cn(T) : T C L}, ,+). The algebra of
theories (P (L) / =c¢n, AT, V) of Definition 3.19 is the quotient algebra of
the power algebra (P (L), AT, V"), obtained by factoring out under the ker-
nel of Cn. The Homomorphism Theorem (see 3.9) therefore applies. O

Brink & Heidema (1989) show that the positive calculus of systems in
PC is isomorphic to an algebra obtained via the Lindenbaum/Tarski con-
struction. Recall from Section 1.1 that the Lindenbaum algebra for PC is a
Boolean algebra of equivalence classes of wifs Loc = (L/®pc, A, V,—,0,1).
The semantic equivalence relation = was defined in terms of the seman-

tic consequence relation |=pc. However, since the completeness result for PC
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states that ¢ |=pc ¢ iff ¢ Foc ¥, we may also regard =, as a syntactic
equivalence relation, defined in terms of the syntactic consequence relation
Fec. The partial order on elements of Ly then becomes that of syntactic

copsequence:
o] <[] ff abpe B.

Let F' be a filter (as defined in 1.13) in Lpc. Then F is an element of
P (L/=pc). Since the elements of L/ azpc are equivalence classes of wifs, we

may form the union over F of its elements. This yields a formula set U (F),

defined by:
U(F) = U z.

zeF
Lemmas 3.21 and 3.22 show that we may think of filters in £, as representing

deductive systems.

Lemma 3.21 For any filter F in Loe, the formula set U(F') is deductively
closed. Further, given any deductively closed formula set T, the set I'/ mtpe=

{[v] : v € I'} is a filter in Lpc.

Proof. Suppose U(F) Fpe tp. By finiteness, there exist ¢y, ..., ¢, such that
@1y ooy On Fpc Y. Therefore ¢y A ... A ¢y, Fpc . Hence [¢9] € F. So ¢ € U(F).

To prove the second part of the lemma, suppose I' = {y: ' bpc v}. Let
F = {[y]: v € I'}. We have to show that F is a filter. Suppose z € F' and
z < z. Then z = [y] for some v € [' and z = [§] for some wif §. So v by 4.
Hence [§] € F'. Next, suppose [oq],...,[am] € F. Let y = [a1] A .o Ala] =
[a1 A ... Aay]. Then ay,...,a, € I', and hence o A ... Ay, € I'. Therefore
yeF. O

Lemma 3.22 There is a one-one correspondence between filters in Lo and

deductively closed formula sets.
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Proof. Let I be any deductively closed formula set in L. Then U(T'/ azpc) =
Uzer/aee © = T Next, let F' be any filter in Lpc. Then U(F)/ mope=

{la]:acU(F)} ={[d:a€U,pe}=F. O

Theorem 3.23 (Gericke, 1963) The set of filters of a distributive lattice is

a distributive lattice under sel inclusion. , .|

Since Lpc is a Boolean algebra, {L/ x5, A, V) is a distributive lattice.
By Theorem 3.23, the set of filters in Ly is also a distributive lattice. Let
F (L] mpc) denote the set of filters of Lzc. The filter lattice of Ly is the
structure F (ﬁpc‘) = (F(L/~pe),N,+). Its meet operation N takes the in-
tersection of two filters, and its join operation -+ generates a filter from the
union of two filters. Its bottom element is the filter {[1]}, consisting only of
the equivalence class of tautologies, and its top element is the filter L/ ~vpc,

representing the inconsistent deductive system.

Theorem 8.24 (Brink & Rewitzky, 1999) Let (L, A, V) be a distributive lat-
tice. Then meets and joins in the filter lattice (F (L),N,+) are the power

operations of joins and meets in (L,A,V). That is,

FNnG = FV*TG,
F+G = FATG.

Theorem 3.25 (Brink & Rewitzky, 1999) The positive calculus of systems
({Cnpc(T): T C L}, ,+) is isomorphic to the distributive filter lattice

(F(L/mpc), vV, AT). a

A formula set I'g is called a base for T' if Cnps {To) = I'. Every formula set
which is =pc-equivalent to Iy, is therefore also a base for I'. If there exists a

base for I’ which is finite, then T is called finitely axiomatizable. The finitely
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axiomatizable systems correspond to principal filters in the filter lattice, that
is, filters generated by a single element. The algebra of finitely axiomatizable
systems is therefore isomorphic to the principal filter lattice.

A third characterization of the positive calculus of systems in PC is via
the semantics of the logic. Associate with each formula set I' its set of mod-
els Modyc (I'), and call this the meaning of I'. Two formula sets have the
same meaning if and only if they have the same deductive closure, and so,
after factoring out under this equivalence, there a one-one correspondence
between the elements of P (L) / =pc and the set of meanings of formula sets
Mec = {Modp (I') : ' € L}. Theorem 3.26 below assures us that meanings
of formula sets in PC are closed under both intersection and union, and that
rthe map Modsc which takes any formula set to its meaning is a homomor-
phism. Theorem 3.27 then applies the Homomorphism Theorem (see 3.9) to
prove that the power algebra of theories of Definition 3.19 is isomorphic to

the distributive lattice of meanings.

Theorem 3.26 For any formula sets I'y, T'; € P (A),

Modpc (F At E) = Modpc (I') N Modpe (2);
Mofgpc (F V+ 2) = Modpc (F) U Modpc (E) .

Theorem 3.27 The algebra of theories (P (L) [ =pc, AT, V) is isomorphic
to the distributive lattice of meanings Mpc = (Mpc, N, U). O

3.3 The algebra of LP

The calculus of systems in LP is the structure ({Cn. (I'): T C L},-,+) de-

fined in 3.11. This calculus can also be cast as a power algebra of theories.
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Theorem 3.28 There is an order-reversing isomorphism between the posi-
tive calculus of systems ({Cnyel' : T C L}, -, +) and the algebra of theories
(P(L) ] =u, AT, VH).

Proof. This follows from Lemma 3.15 and Theorem 3.20. O

The algebraic characterization of several relevance logics, including FDE,
which was discussed on page 32, are as algebras based on a De Morgan lattice.
This makes De Morgan lattices central to the study of relevance logics. De
Morgan lattices are also central to the study of many-valued logics. The
algebraic characterization of both Lukasiewicz logics and Post logics, namely
as Lukasiewicz algebras and Post algebras respectively, are based on Heyting
algebras, defined in 1.11. In turn, Heyting algebras are based on De Morgan
lattices.

In view of the above, it is no surprise that De Morgan lattices also play an
important role in the algebraic characterization of LP. Recall from Sections
1.1 and 2.2 that valuations are homomorphisms from the free word algebra
L to some specified similar algebra. In the case of LP, this algebra is the
Kleene lattice K3, defined on page 35, which is aléo a De Morgan lattice. X3
has the same role in the variety of Kleene lattices as B, has in the variety of

Boolean algebras:

Theorem 3.29 (Kalman, 1958) The variety of Kleene lattices is generated
by the three-element algebra Kj. O

Pynko (1995b) characterizes LP algebraically in terms of Kleene lattices.
The Lindenbaum/Tarski construction outlined in Section 1.1 does not suffice
for the algebraic characterization of LP, since the relation of semantic equiv-
alence of wifs in LP is not a congruence on the free word algebra L. For ex-

ample, pA(qV —¢q) m; p, but it is not the case that = {p A (¢ V =g)) ~r —p.
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Blok & Pigozzi (1989) give a very general framework for the algebraization of
a logic, which encompasses the Lindenbaum/Tarski construction. Informally,
a logic with derivability relation I is algebraizable if there exists a class of
algebras K such that - can be interpreted in the equational consequence
relation of K, and vice versa. For a detailed exposition of algebraizability,
the reader can consult (Blok & Pigozzi, 1989; Font & Jansana, 1996).

One characterization of algebraizable logics is in terms of the Leibniz

operator.

Definition 3.30 Let A be an algebra and F' C A. The Leibniz operator
4 maps subsets of the base set A to congruence relations on A. Namely,
Q4 (F) is the largest congruence relation on A compatible with F in the

following sense:
(Va,B € A)[ifa € F and (o, 5) € Q4 (F) then g € FJ.

Definition 3.30 is obtained as a theorem in (Blok & Pigozzi, 1989), and
can therefore be taken as the definition of the Leibniz operator, as I have done
here. Note also that the. use of the Greek symbol () for the Leibniz operator

marks an exception from the notational convention set out in Section 1.1.

Definition 3.31 Let (A, F) be a mairiz, with algebra A of the same simi-
larity as L, and let & be the derivability relation of a formal proof system S.
F is called an S-filter on A if the matriz consequence relation determined by

(A, F, as defined in 2.8, is logically weaker than the derivability relation of
S. '

Thus F is an S-filter on A if and only if F is closed under all the inference
rules of S. The S-filters on L are precisely the deductive systems of the
calculus of systems, and the set of tautologies T" of S is an S-filter in the

word algebra L.
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Theorem 3.32 (Blok & Pigozzi, 1989) Let S be a formal proof system and

K a variety of algebras. The following two conditions are equivalent:

(1) S is algebraizable with equivalent semantics K.

(ii) For every algebra A , the Leibniz operator Q4 is an isomorphism between

the lattice of S-filters and the lattice of K-congruences of A. O

Theorem 3.33 (Blok & Pigozzi, 1989) A formal proof system S is algebraiz-

able if and only if the Leibniz operator salisfies the following two conditions.

(1) Qg is injective and order-preserving on the positive calculus of systems.

(ii) §y, preserves unions of directed subsets in the positive calculus of sys-

tems. ‘ 1

The Tarski congruence of a logic with consequence operator Cn is the
largest congruence relation © over the free word algebra L which is compat-
ible with every deductive system of the logic, or equivalently, if {a, ) € O,
then Cn(a) = Cn(B).

Lemma 3.34 (Font & Jansana, 1996) For any logic with consequence op-
erator Cn, its Tarski congruence relation © = (HOL(T):T'=Cn(I)}. O

Lemma 3.35 (Pynko, 1995b) The Tarski congruence of LP is the following
congruence relation on the free word algebra L:

0 ={ {a,8): Cny (@) = Cne (B) and Cnyp (ma) = Cnee (7F)}. 0

We can now form the quotient algebra of L under the congruence relation

O, to obtain the ‘Lindenbaum’ algebra Lip = (L/BG,A,V, ).

Lemma 3.36 (Pynko, 1995b) L is a De Morgan lattice. O



CHAPTER 3. AN ALGEBRAIC PERSPECTIVE 84

Theorem 3.37 L., is a .Kleene lattice.

Proof. We know that L is a De Morgan lattice. The result follows from
the observation that the identity a A —a A (8 A =8) = a A ~a also belongs
to O. O

Theorems 3.23 and 3.37 tell us that the filter lattice of L5, the structure
F (L) = (F(LMPO),N,+), is a distributive lattice. The power algebra of
Lip is the structure P (L) = (P(LO),AT, VT, =T). By Theorem 3.5,
this algebra is isomorphic to the quotient algebra P (L) /O%t. Since OF is
a. proper subrelation of =, the Second Isomorphism Theorem (see 3.10)
* applies. Thus the quotient algebra P (L/O) /(=L /OT) is isomorphic to the
algebra of theories P (L) /=..

Theorem 3.38 (Pynko, 1995b) Let K be any Kleene lattice and F' a proper
inconsistent filter in K. Then the matriz (K, F') determines a matriz conse-

quence relation for LP. ‘ O

Theorems 3.37 and 3.38 characterize LP in terms of Kleene lattices. How- -

ever, this is not sufficient for the variety of Kleene lattices to be an equivalent
algebraic semantics for LP. Font & Jansana (1996) point out that LP is not
algabraizable. They also discuss a number of related concepts and algebraic

characterizations of sentential logics, but I will not pursue them here.

3.4 The lattice of meanings in MCK
Without further ado, we can state that:

Theorem 3.39 MCK is not algebmizable..
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Proof. The matrix consequence relation of MCK is determined by the matrices
(Ks,{t}) and (K3, {t,u}). This point was made on page 41. Both {t} and
{t,u} are therefore MCK-filters. K3 is a simple algebra, that is, it has no
congruence relations other than the identity relation /i, and the universal
relation Ux,. Thus Qx, ({nu,’ }) = Ug, and Qg, ({t}) = Qx, ({t,u}) = I,.
This means that Qx, is not injective on the MCK-filters of K3. The result
follows from Theorem 3.32. O

Despite this negative result, the positive calculus of MCK-systems can be

characterized in alternative ways.

Theorem 3.40 There is an order-reversing isomorphism between the posi-
tive calculus of systems ({Cnyex (T') : T C L}, -, +) and the algebra of theo-
ries (P (L) | =cnyees AT, V).

Proof. The result follows from Lemma 3.16 and Theorem 3.20. O

The second characterization is as a distributive lattice of meanings. Recall
that the meaning of a formula set in PC was defined on page 80 as its set of
models. There is a one-one correspondence between meanings of formula sets
and deductive systems in PC. The same definition of the meaning of a formula
set does not suffice for MCK, as MCK is determined by the class of matrices
{(Ks, F) : F is a proper filter in K3}, as opposed to a single matrix. There
is therefore no one-one correspondence between elements of some subset of
P (Val3) and deductive systems in MCK. Consider, for example, the wffs ¢
and (p V —p) D ¢. The same valuations assign the value ¢ to both these wifs,
namely those v such that v(q) = ¢. But, since ¢ ¢ Cnyuc ((pV —p) D q),
Crycx (q) # Cnuck ((pV —p) O ¢). Both determining matrices of MCK has

to be taken into account in the definition of the meaning of a formula set in
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MCK. This is the case in Definition 3.41 below. Lemma 3.42 then states that
two formula sets have the same meaning if and only if they axiomatize the

same deductive system.

Definition 3.41 The meaning of any formula set I’ in MCK s a tuple
muck (I') = (Mo (T) ,my (I)), where

il

mo(T) = {oiv(D) C {t}};
mi (1) = {oiv(D) € {t,u}}

Lemma 3.42 For any formula sets I' and ¥, Cnyek (I') = Cnyex (2) iff
Muck (F) = Mimck (2)

Proof. Cnuck () = Cnyex (B) i [' Fyex ¢ for each ¢ € Cnyex (£), and
¥ Fuck ¥ for each ¢ € Cnyek (I'). That is,

(Vo € Cryex (2)) (Vv € Valg) min {v{y):veT} <v(¢),and
(V) € Cryex (T')) (Vv € Vals)min{v (§) : 6 € £} < v (¥).

Or, equivalently, (Vv € leg) min{v(y):v €T} =min{v(d):6 € L}]. For
any valuation v, this minimum is £, w or f. In the first case, v € mg(T') N
my (I') and v € mo(¥) N m; (). In the second case, v € m; (I') — mqo ()
and v € my () — mo(X). In the third case, v ¢ (mo (') U my (') and
v ¢ (v0(Z) Umy (). a

Definition 3.43 Lei Myck denote the set of meanings of formula sets in
MCK. Define the operations M and W on elements of Mycx by:

Muck () @myck () = (mo () Nmo (B) ,my (I) Nmy (2))5
Muck () Wmyek () = (Mo (D) Umg (B),m1 () Uumy (T)) .
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Lemma 3.44 shows that these operations are well-defined in that there

exist formula sets with meanings myck (I')Mmycx (£) and myck (L) WUmycex (Z)

respectively.

Lemma 3.44 For any formula sets I' and ¥ in MCK,

(i) mo (L) Nmo () =me (T AT E);

(i1) my (T) Oomy () =my (T AT E);

(iii) mo (T) U mo (£) = mo (D VF 5);

(iv) my (D) Um,y () = my (T V* ).

Proof. (1)

(i)

(iii)

v € mo () N mo ()
it (V¢eT)|vl¢)=1 and (V¢ € Z)[v(¢) =1]
iff (Ve T ATE)[o(e) =1

iff v € mo (DAY ).

vem (0)Nm(X)

iff (VoeT)[v(8)€ {t,u}] and (V¢ € X)[v(d) € {{,u}]
iff (Ve AT E)[v(d)e {tu}]

iff v e m ((TATE)).

v € mo (') Umg(X)

iff (VoeT)[v(¢)=1] or (V¢ Z)[v(s)=1]
iff (Ve Vvt E)[v(g) =1

iff v e mo((CVTE)).
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(iv) v e€m (T)Umi (D)
iff (V¢eT)[v(4)€ {t,ul] or (Vo€ T)[v(¢) € {t,u]]
iff (Ve VrE)[w(g)e {t,u}]
iff v e my ((TVHE)) -
Theorem 3.45 There is an order-reversing isomorphism between the posi-

tive calculus of systems ({Cnyex (T') : T C L}, -, +) and the distributive lat-
tice of meanings Myck = (Mycx, M, U).

Proof. Lemma 3.44 shows that myck is a homomorphism from the power al-
gebra (P (L), At, V1) to the lattice of meanings of formula sets ( Mycx, M, U).
Lemma 3.42 shows that =gy, is the kernel of mycx. The Homomorphism

Theorem (see 3.9) therefore applies. The result then follows from Theorem

3.40. | O

As T explained on page 16, a formula set ¥ may also be construed as
an explanation set ¥ describing the co-system Anycx () of Definition 1.22.
Recall that the equivalence relation = sy, on P (L), defined in 1.27, is deter-
mined by the antecedence operator Anycx. Let X’ denote the set-theoretical
complement of X in Vals.
Definition 3.46 The composite map myck 0 =+ : P (L) — Myck 5 defined
by:

(muck 0 =F) () = muex (=1T)
= (mo (-7T),mu (=7T)).

Definition 3.47 The dual meaning of any formula set T' in MCK is a tuple
M (1) = (md (), mé (T)), where

mg(F) = my ("!+F)!
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= {v:v ()N {t} # 0}
mi () = mg(—s“"l’)’
= {v:v()n{t,u} #0}.

Lemma 3.48 For any formula sets I' and I, the following are equivalent:
(i) AnMCK (F) = AnMCK (E) .
(ii) Myek © -+ (F) = Miyek © ~t (E) .

(“l) mﬁqcx (F) = micx (E) .

Proof. Anyuek (I') = Anyex (2) iff ¢ Fyck T for each ¢ € Anyek (), and
¥ Fuck & for each ¥ € Anyek (I'). That is,

(V¢ € Anuck (2)) (Vv € Vals)v(¢) <max{v(y):v €T} and
(Vi € Anyex (T)) (Yo € Vals) v (¢) < max{v(8): 6 € T} .

Or, equivalently, (Vv € Vals)max{v (y) : v € T} = max{v(§): § € Z}. For
any such v, this maximum is f, v or ¢. In the first case, v € mgo =+ (I') N
my o= (T'), and v € mgo = (£) N'm; 0 =7 (). In the second case, v €
my 0~ (I') —=mg o=+ (T') and v € my 0 =% (X) — mg 0 =+ (Z). In the third
case, v ¢ mgo =T (I')Umy o=+ (') and v ¢ mg o ~* (£) Umy o = (X).
Therefore (i) is equivalent to (ii).

Further, mycc 0o =% (I') = mycco =+ () iff (mgo=7* (') = mpo—+ () and
myo-*t ([) = myo-+ (X)) iff (moo~T (I) = mgo-* (L)' and my 0=+ (T) =
my 0 =% (B)) iff mie, (T) = mie (2). O
Lemma 3.49 For any formula sets I and ¥ in MCK, the map mycx 0 =1 :
P (L) = Mycx is @ homomorphism, with

M0 = (TA*5) = e 0= () Urmya 0 =* (5)

Mok 0 = (F vt }3) = Myek 07 (L) M myex 0 -+ (x).
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Proof.

muck © =T (TAYE) = mye (=* (D At )
— (o (< (T A% 5)) s (= (DA 5)))
= <m0 (—1+F v -1+E) 1My (—-+F vt —'+E)>
= Myek ("‘+F) U myex ("+E)

= myuck 0 T (T) Wmyek 0 =1 (2).

Mok © -"+ (P V+ E) = TMMcK (—‘+ (F \;+ E))
= (mo (=T A* ~*5) ,m; (<*T A* =*5))
= Mnck (_‘+F) M Mycx (“+E)

= Muck © "‘+ (F) m Muck © -1+ (E) N B

It follows from Lemmas 3.48 and 3.49 that = 44, is a congruence relation
on the power algebra (P {L),A*,VT). We may therefore form the quotient
algebra (P (L) / = anyees AT, V), called the algebra of co-theories in MCK.

Theorem 3.50 There is an order-reversing isomorphism between the algebra
of co-theories (P (L) | = anyex, AT, VT) and the distributive lattice of meanings
(MMCM @$ L@) .

Proof. Lemma 3.49 shows that the map mycx © =% is a homomorphism, and
Lemma 3.48 shows that =4, is the kernel of mycx 0 =*. The result then

follows from the Homomorphism Theorem. O

Corollary 3.51 The algebra of theories (P (L) [ Zcnya, AV, VT)is isomor-
phic to the algebra of co-theories (P (L) [ = ngexs AT, V), the map =% being

an order-reversing isomorphism. O
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I conclude this section with an algebraic characterization of some of the
consequence relations of Chapter 2 in the algebra of meanings (Mycx, @, V).
The order reversing isomorphism —* from the algebra of co-theories to the
algebra of theories makes it possible to describe these relations purely in

terms of the latter, instead of in terms of both theories and co-theories.
Theorem 3.52 The following three conditions are equivalent:

(1) T kg A

(ii) TAT =TA s incon‘sistent‘

(iii) mo (I AT =AY = 0.

Proof. mo(T' At =tA) = @ iff for all v € Valz, v(I' AT =TA) € {t}. The
equivalence of (ii) and (iii) then follows from Lemma 2.38. Also, for any

v € Vals,
v(TAY=YA) € {8} i (D) € {t} orv(=%A) € {1}
iff v([)E€ {t} orv(A)N{t}#0
iff v(T) C {t} implies v (A)N {t} # 0.
Therefore (iii) is equivalent to (i}. O

The semantic consequence relation of oMCK, defined in 2.15, is another

example of a power relation:
I Fouex A iff (Vv € mo(D)) (Fw € m§ (A)) [v <x w] and
(Yo € my (I) (Fw € m§ (A)) [v <k w]
o (T) (<4)¢ me (A) and m, (D) (SK)F mé (A).

This is an example of a power relation between sets of a dual nature. The

meaning of I' is the tuple {mg (I'),m,; (T')), and the dual meaning of A is
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the tuple (mg(A), m{(A)). The consequence relation, when phrased as a
power relation of the knowledge order <; defined by the Kleene semi-bilattice,
relates the meaning of I' to the dual meaning of A. This construction is quite
general, and can be applied to any logic with a bilattice semantics, provided
the meaning and dual meaning of formula sets are suitably defined.

Let My, = {Mod, (T): T C L} and M, = {Mod (T'): T C L} denote

the set of meanings of formula sets in KL and LP respectively.

Lemma 3.53 For any formula sets I’ and &, Cny, (T') = Cny, (Z) iff mo (T)

Proof. Crg, (I') = Cng, (X) iff Mody, (T) = Mody, (Z) iff {v:v(T).C{t}}
={v:v(X) C{t}} ff mo(T) = mo (). 3

Theorem 3.54 The algebra of theories (P (L) [ =k, AT,V?') is isomorphic
to the distributive lattice of meanings My, = (Mg, N, U).

Proof. The proof is similar to that of Theorem 3.45. a

Lemma 3.55 For any formula sets T and £, Cnyp (T') = Cne (2) iff my (T)
=my ().

Proof. Crype (T') = Cnge () iff Modye () = Modye (2) iff {v: v (') C {t,u}}
={v:v(Z) C{t,u}} iff m () =m, (2). O

Theorem 3.56 The algebra of theories (P (L) /=i, AT, V') is isomorphic
to the distributive lattice of meanings Myy = (Myp, N, U).

Proof. The proof is similar to that of Theorem 3.45. O
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3.5 Simulation

In the previous section, the consequence relation of oMCK was characterized
as a power relation on the meanings of formula sets. This illustrated that the
power construction of Definition 3.3, based on a pointwise knowledge order on
valuations, can be viewed as a consequence relation. This section explores the
application of the power construction, again based on a pointwise kno&ledge
order on valuations, to the meanings of formula sets in two different logics.
I will show that this relation can be viewed as a simulation relation. A
simulation is defined as a mapping between the algebras of theories of the
respective logics. I will show that the algebra of theories of certain three-
valued logics, such as KL, is simulated by the algebra of theories of MCC.

Simulation relations have their origins in the algebraic theory of automata
(Ginzburg, 1968) and program semantics (Milner, 1971). Bisimulation, a
relation of simulation equivalence, was introduced by Park (1981), and used
by Bergstra & Klop (1988) and Hennessy (1988) to give the semantics of
processes in terms of labelled graphs or transition systems. Bisimulations
have also been used as a translation mechanism between process algebras
and modal logic, and between modal logic and first order logic (Van Benthem
et al., 1994).

A labelled transition system is a triple (S,I,—>), where S is a set of
states, [ is'an index or label set, and —» C S x I x S is a ternary relation.
The relation — can also be written as a set of binary relations over S,

indexed by elements of I. This leads to the following definition:

Definition 3.57 A transition structure is a pair & = (S,{Ri}iec1), where I

is an index set, and each B; C § x S is a binary transition relation.

Definition 3.58 (Bergstra & Klop, 1988) A simulation of a transition struc-
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ture 8§ = (S, {Ri}icr) by a transition structure 8" = (§', {R.}ic1) is a binary
relation ~ C S X S’ such that, foranya € S, € S andi € I, ifa~f and
aR;o then 38" € 5" such that BRB and o' ~ 3.

The following picture shows a simulation between the transition struc-

tures S = (S, R) and &' = (5, R').

s g
a I
R ‘ R
o g

To illustrate the idea of one logic simulating another, I will use the logics
MCC and KL, defined in 1.32 and 2.8 respectively. Recall that the algebra of
theories in a logic with consequence operator Cn, (P (L) / =cn, AT, VT), was

defined in 3.19.

Definition 3.59 Let Cn be the consequence operator of a logic satisfying PC

and PDI. The transition structure induced by Cn is the structure
(p (L) /—Z—Cn:\ :>G'n) .

Its base set is that of the algebra of theories (P (L) [ =cn, AT, V"), and it has

a single transition relation, defined by the natural order on this algebra:
=y iffeviy=uy.

The transition structure of KL is the structure (P (L)/ =k, =x.). By
Theorem 3.20, there is an order-reversing isomorphism between (P (L) / =,
,=>«e) and the structure ({Cny () : T C L}, C), induced by the positive

calculus of KL-systems of Definition 3.11. Similarly, the transition structure
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of McCC is the structure (P (L) /=wce, =mcc), Which is isomorphic to the
structure ({Cnycc(T) : T C L}, C).

The simulation relation between the transition structures of two logics
is induced by a knowledge order <; on the truth values that formulas in
the logic can assume. This order is defined for any logic with a bilattice
semantics (Ginsberg, 1988), and the same idea therefore applies to any such
logic.

The relation <} between sets of valuations is the powér order of the

pointwise knowledge order on valuations defined in 2.6.

Definition 3.60 For any formula sets T' in KL and A in MCC, the relation

<} is defined by:

F<tA iff Modal <} Modycos
iff (Vv € Mod T') (Gw € ModyccA) [v < w] and
(Vw € ModuceA) (Fv € Modi, T') [v < w].

In Section 3.4 I showed that the consequence relation of oMCK can be
defined as a power relation in the lattice of meanings of MCK. Definition
3.60 is another example of a power relation on sets of valuations, but this
time between different logics. |

As explained in Chapter 3, the knowledge order < signifies an increase
in information. The power relation <} lifts this order to sets of valuations,
or theories. If I' <f A, then every model of ' approximates some model of
A, and every model of A is approximated by some model of I'. I' can be
viewed as an approximation of A, since an increase in information in I' can
result in A.

Recall that the connectives of KL are monotone with respect to the knowl-

edge order, in the sense defined in 2.1. This means that an increase in
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knowledge can never cause a retraction of the truth or falsity of any wif. The

following lemma is a consequence of this property.

Lemma 3.61 For any formula sets I' in KL and A in Mcc, T <f A iff
MOdK[,I_\ N Valg = MOndc&—

Proof. Suppose ' < A. Let v € Mody,I' N Val,. Then v € ModyccA b}}
<}. Next, let w € ModyccA. Then (v € Mody,T) [v <; w]. Hence, by the
monotony of the connectives, w € Mody,I.

Conversely, suppose Mody,I' N Valy, = ModyccA. Let v € Mody,T.
Let w € Val, such that v <; w. By the monotony of the connectives,
w € Mody,I', and hence w € ModA. Finally, let w € ModyccA. Then
w € Mod T, and w <; w. Hence I' <f A. 0

Corollary 3.62 IfT g{ Yand T g;j A then ¥ =yec A O

Theorem 3.63 <} is a simulation of (P (L) [ =k, =«w) by
('P (L) /—=-MC<37 :>MCC)- [

Proof. Let T and I” be formula sets in KL, let A be a formula set in‘MCC,
and suppose ' <} A and I' =, I[". Then Mody.I' N Val; = ModyccA by
Lemma 3.61. Let A’ = IY. Then Mod, ' N Val, = Modyc4\', that is,
IV <} A Also, Mody ' C Mody, I, so Mody,I' N Valy, C Mody I N Val,.
Therefore, by Lemma 3.61, ModyccA C ModyccA', that is, A =y A, O

Theorem 3.63 is illustrated below.

KL + MCC
<k
r
=KL

F!
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Informally, the theorem states that the relation of logical strength is pre-
served under an increase in information. The simulation relation <} signifies
an increase in information, while the relation => is that of logical strength.
The models of a theory I' in KL are three-valued, and therefore represent par-
tial information, whereas the models of a theory A in MCC are two-valued,
and represent complete information. The simulation relation indicates that
there is a special relation between the consequence operators of KL and MCC.
Namely, if I' approximates A, then, for any I such that I' =, I, there is
some corresponding A’ approximated by A, such that A =y A

Lemma 3.61 uses the fact that the connectives of KL are monotone with
respect to the knowledge order. Other three-valued logics based on Kleene’s
étrong truth tables often have an additional, non-monotonic connective. Ex-
amples are the implication connective —, of the three-valued logic Lj; of
Lukasiewicz, and the unary definedness connective of Barringer, Cheng &
Jones (1984). I will briefly consider the simulation of such logics by McCc.

Let K be any three-valued logic based on Kleene’s strong truth tables, and
with semantic consequence relation that of Definition 1.32, where ModiI' =
{v:v(I') € {t}} for any formula set I' in K. Note that this excludes logics
such as MCK and LP, but includes logicsvsuch as L. A

Lemma 3.61 does not in general hold for K. Consider, for example, the
wils p — ¢, =pV g and pV —p in Ls. It is easy to check that p — ¢ <} —pVgq
and p — ¢ <{ pV —p, but =p V q is not logically equivalent to p V —p.

Let Po(L) denote the set of finite subsets of L. The elements Po(L)/ =«

are finitely axiomatizable theories over L.

Theorem 3.64 <}is a simulation of (Po(L) [ =«,=«) by
(pa (L) /EMCC} :?’Mcc)-

Proof. Suppose I' <} A and I' = I". Since ', A and I are finite, there



CHAPTER 3. AN ALGEBRAIC PERSPECTIVE 98

exist wifs @, 8 and o/ such that @ =« T, f =« A, and &/ = ¥, and o <} 3
and a = ¢'. Define an equivalence relation on valuations as follows: Let
v & w iff they agree on all propositional variables appearing in a, 8 or &'. Let ’
t={w:w=rv} Ifve Moéixa’, then © C Modka'. For each o C Mody o/,
pick any classical valuation z >, v, and let ¢; be a wif with Modkdy = Z.

Let 8/ = BV (V,#5). Then 8 =ucc ', and o <f f'. O

The result obtained in Theorem 3.64 raises the question: Under what
circumstances is one logic simulated by another? The simulation relation is
defined in terms of a knowledge order on valuations, so the same knowledge
order would need to be used by both logics (although both logics need not
use every truth value). The characterization of the class of logics simulated
by MCC (or, more generally, any logic) is an open question, which may merit

further investigation.



Chapter 4

Theorylikeness

Verisimilitude, or truthlikeness, concerns the ordering of theories according to
their closeness to the truth. The word ‘theory’ is not used here in the exact
sense of Definition 3.19, but in a broad sense, accommodating the many
perspectives in the literature on verisimilitude. Originally, the notion is due
to Popper (1963), for whom it was a necessary ingredient in his philosophy
that science makes progress by discarding one scientific theory in favour of
another which is closer to the truth. On Popper’s definition, one theory is
closer to the truth than another if and only if it has more true consequences
and fewer false consequences. However, Miller (1974) and Tichy (1974) later
showed that Pdpper’s ordering on theories was flawed in that all theories that
have some false consequences are incomparable. The similarity approach to
truthlikeness started at this time, with the proposal that truthlikeness be
described by means of a similarity relation between theories. The cutcome
of this line of investigation is summarized in the books by Oddie (1986) and
Niiniluoto (1987a), the survey paper by Brink (1989b), and the collection
edited by Kuipers (1987b). Developments in verisimilitude since then are

surveyed by Niiniluoto (1998) and Zwart (1998).

99
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The problem of verisimilitude, as conceived by Popper, deals with order-
ing theories relative to a theory which pronounces upon the truth or falsity
of all facts. This complete truth assumption has been shared by many, but
not all, subsequent authors on verisimilitude. Dropping the complete truth
assumption yields a parameterized, theorylike order, where two theories are
ordered relative to a given third theory. Some examples of such parameter-
ized orders in the literature are Kuipers’s (1987b; 1992) ‘naive’ and ‘refined’
structuralism, Niiniluoto’s (1987a) truthlikeness for singular sentences, and
van Benthem’s (1987) investigation into the link between verisimilar orders
and conditional assertions. In this chapter I will show that such a theorylike
order can be defined as a power relation.

In an artificial intelligence context, the problem of choosing between pos-
sibly conflicting information lead to the development of research areas such
as non-monotonic reasoning and theory change. In this context, theories may
also be ordered relative to given background information. In Chapter 5, I
will deal with the topic of theory change and its relation to theorylikeness.

I will refer mainly to the following two existing approaches to truthlike-
ness: the structuralist approach of Kuipers (1987b; 1992), and the power re-
lations approach of Brink & Heidema (1987), and Burger & Heidema (1994).
Section 4.1 describes Kuipers’s structuralist approach, as it applies to propo-
sitional logic. In Section 4.2, I generalize the power relations approach to
truthlikeness by dropping the complete truth assumption. This yields a pa-
rameterized order of theorylikeness. This order is then compared to the ‘re-
fined’ theorylike order of Kuipers (1992). I will show that the power relations
approach escapes certain shortcomings of the structuralist approach. Section
4.3 describes the theorylike power order obtained in Section 4.2 syntactically,

first in terms of certain relevance criteria on the consequence relation, and
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then in terms of closure operators. In Section 4.4 I discuss many-valuedness

in verisimilitude, with reference to the logic oMCK of Chapter 2.

4.1 Structuralism

Kuipers’s ‘naive’ structuralist definition of truthlikeness is formulated in
terms of set-theoretic structures, and applies readily to a model-theoretic
treatment of truthlikeness in classical propositional logic. The description
given below is restricted to this application, with structures from the outset
being identified with classical propositional truth assignments. A constituent
of a formula set I' is defined as a maximally consistent set of literals ¥ such
that ModycX C ModycI'. Thus each model v of I' corresponds to the con-
stituent of I' having v as model.

The structuralist approach does not make the complete truth assumption;
it defines a preorder on P (L) relative to an arbitrary, fixed formula set T,
which may be viewed as a description of an incomplete truth. The models of
I' represent empirical possibilities, and elements of Valy — ModpcT', empirical
impossibilities. The latter is not necessarily describable by any formula set,
as the following argument by Brink & Heidema (1989) shows: Let Rg be
the cardinality of the natural numbers, and let ¢ = 2%. The Lindenbaum
algebra Lp¢ has cardinality Rg, hence P (Lpc) has cardinality ¢. On the other
hand, P (Val;) has cardinality 2°. Thus not every subset of Val; is the set
of models of some formula set.

A theory approzimation ® is a formula set, together with the claim
Modyc® = ModpcI'. (Kuipers calls @ a theory, but this term is already
used in this thesis to refer to an equivalence class of wffs, in the sense of

Definition 1.25.) Thus the theory approximation @ is true iff it describes
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exactly the same empirical possibilities as I'. In approximating ', ® can
make two kinds of mistakes: it can exclude some empirical possibilities, and
it can include some empirical impossibilities. These two sets are given by
ModpcI' — Modec® and Modpc® — ModecD respectively. ¥ is said to be

closer to T than ® is if it makes fewer mistakes of each kind.

Definition 4.1 Given any formula sets I', ® and ¥, ¥ is at least as close

toI' as @ is, written @ Cp° U, iff
(Ni) Modecl' — Modpc¥ C ModpcI — Modpc®, and
(Nii) Modpcw — Modpcr g Modpc@ - MOdeF.

The superscript ns in £}° indicates that the definition is obtained by a ‘naive
structuralist’ approach. The following equivalent formulations of Definition
4.1 are derived in (Kuipers, 1987a; Kuipers, 1992) and (Zwart, 1998). The

first is in terms of the symmetric difference operation:

Definition 4.2 For any sets X and Y, their symmetric difference X —, Y
is defined as:

X—Y=Y-X=(X-Y)U{Y -X).

The union of the sets Modpc'— Modpc ¥ and Modpc W — ModpcI" describes

the total mistakes of ® in approximating I'.
Lemma 4.3 ® CP* U ff Modpcl' —s Modec ¥ C Modpc' —; Modpc®. O

The second equivalent formulation is in terms of the matches made by ®
and W respectively. An instantial match made by ® is an empirical possibility
which is correctly included by @, and an ezplanatory match made by @ is an

empirical impossibility which is correctly excluded by ®. The next lemma
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then states that every instantial match made by ® is also made by ¥, and

every explanatory match made by @ is also made by .
Lemma 4.4 & Tp° U iff
(Ni") Modpe® N ModpcI' C Modpc VU (1 ModpcT
(Nii') (Modpc® U ModpcT')' C (Modpe® U ModpcI')' .
The third equivalent formulation is formulated syntactically:

Lemma 4.5 @ CF ¥ if Cn(I)NCn (@) C Cn(¥) and An(®)N An (') C
An (9). |

The ‘refined’ structuralist approach to truthlikeness generalizes the naive
approach, but now the order is based on an underlying ternary relation of
structurelikeness, which indicates which of two structures is more similar to a
third. In the context of propositional logic, the relation determines which of
two valuations is more similar to a third valuation. Kuipers (1992) proposes
that the relation of structurelikeness also be defined in terms of the symmetric

difference operation.

For any valuation v € Val,, let vy denote its restriction to Lo. Then

vg' (t) = {pi € Lo :v(p:) = t}.
Definition 4.6 For any v,w € Valy, let

ve-sw = vy () —swg (1)
= (05" ()~ w5 () U (w5” (&) —v5" (+)
= {pi € Lo:v(p:) #w(p)}.

Definition 4.7 For any u,v,w € Val,, w is at least as similar to v as u is,

ffv—sw Cv—su.
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Thus the symmetric difference v —, w is the set of sentential symbols on
which v and w differ, and w is at least as similar to v as u is iff w agrees
with v on all those sentential symbols where u agrees with v.

A second component in the refined structuralist approach is that of relat-
edness of structures. This condition concerns the domain of the structure-
likeness relation. Since the domain of the symmetric difference operation of
Definition 4.6 is Valy, this component trivialises in the context of proposi-

tional logic.

Definition 4.8 Given any formula sets ', ® and ¥, U is at least as close

tol' as @ is, written ® CF° W, iff
(R1) (Vu € Modpc®) (Vz € ModeoI') (Fw € ModecW) [w—;5 2 Cu —, 2], and

(Rii) (VYw € Modec¥ — (Modpc® U ModpcI')) (u € Modee® — ModpT')
(3z € Modpel'} [w—52 Cu—; 2]

The refined structuralist truthlike order of Definition 4.8 states that ¥ is
at least as close to I' as @ is, iff every approximation of an instantial match
made by ® can be improved upon by an approximate instantial match made
by ¥, and every explanatory mistake made by ¥ is an improvement of some

explanatory mistake made by ®. (Rii) may be reformulated as:

(Rii") (Yw € Modso¥ — ModecT) (3u € Modse® — ModyoT)
(32 € ModecT) [w—52 Cu—, 2]

Zwart (1998) divides the similarity approach to truthlikeness into two
strategies: content proposals and likeness proposals. Content proposals place
the emphasis on Popper’s intuition of increasing the number of true conse-

quences of a theory, and accordingly, on the logical strength of the theory.
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Likeness proposals place the emphasis on the truth or falsity of the atoms of
the language, and accordingly, on every model of the theory. This distinction

is already alluded to by Kuipers (1987b) when he says:

- Hence, one problem is to define judgements of the form “structure
x is closer to the actual possibility than y”, the other problem is
to define “the set of structures A, or theory A, is closer to the set

of empirical possibilities than B”.

In this categorization, Kuipers’s ‘naive’ definition of truthlikeness is a
content proposal, while his ‘refined’ definition is a likeness proposal. The
next section, which deals with the power relations approach to verisimilitude,

also belongs to the category of likeness proposals.

4.2 Power relations

In this section, I extend the power relations approach introduced by Brink
& Heidema (1987), by exhibiting a parameterized theorylike partial order
on propositional formula sets. That is, formula sets are ordered relative to
an arbitrary third formula set, which may be viewed as a description of the
truth. In Section 4.3, I show that this order is equivalent to an order proposed
by Ryan (1992) based on the notion of natural consequence. I also give an
algorithmic, syntactic description of the order.

The truthlikeness proposal of Brink & Heidema (1987; 1989) orders for-
mula sets in classical propositional logic relative to the truth, which is as-
sumed to be complete. In (Brink & Heidema, 1987), the language is finite,
while in (Brink & Heidema, 1989) the language has denumerably many sen-

tential symbols. Recall from Section 1.1 that Ly denotes the set of sentential
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symbols of the language L. Brink & Heidema assume that the truth is de-
scribable by the constituent Lq.
By Definition 2.6, the pointwise partial truth order on Val; is given by:

v <, wiff (Yp: € Lo){v(p:) <s w(p:)].

In the power approach to truthlikeness, this relation is used to order
valuations according to their closeness to the truth. A truthlike order on
formula sets is obtained by lifting this relation to a power order on sets of

valuations, as defined in Section 3.1:
Definition 4.9 (Brink & Heidema, 1987) For any formula sets I and A,

r g? A 2ﬁ MOdpcr S?‘ MOCipcA
iff (Yv€ Modpcl') (3w € ModecA) [v <y w] and
(Yw € ModecA) (v € ModeoT) [v < w].

In view of Theorems 3.20 and 3.27, this order may be viewed either as
an order on deductive systems, or as an order on theories (that is, =pc-
equivalence classes of formula sets), or as an order on meanings of theories.

The first step in extending the definition to a theorylike order, is to pa-
rameterize the pointwise truth order on valuations, so that valuations are
ordered relative to an arbitrary third valuation. The order then states that

w is closer to v than u is iff w agrees with v everywhere u agrees with v.
Definition 4.10 For any valuations v,w and z,
v <, wiff (Vp: € Lo)[if vip) = 2(p:) then w{p:) = z (pi)].

This order was proposed by Britz & Brink (1995), but it is not difficult

to see that it coincides with Kuipers’s structurelikeness relation based on the
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relétion of symmetric difference of Definition 4.6:
v<,wifw—;2Cv—, 2.

The resulting power order then becomes:

Definition 4.11 For any formula sets T’ ancf A,.

<A iff (Vve ModpcT) (Gw € ModpcA) v <, w] and -
(Yw € ModpcA) (Fv € ModpcT) [v <, w].

Definition 4.10 orders valuations relative to a single valuation. In Defi-
nition 4.22 below, I will generalize this definition to an order on valuations
relative to a formula set. But first we need to establish some preliminary
- results and terminology.

An important concept in the ordering of theories is that of relevance.
Schurz & Weingartner (1987) noted that the case against Popper’s original
.proposal depends upon introducing certain irrelevancies as consequences in
the construction of its argument. By placing certain relevance criteria on the
classical deductive consequence relation, these irrelevant consequents can be
disallowed. The notion of relevance which I will use, coincides with that of

Ryan (1991), where it is called natural consequence.

Definition 4.12 Two valuations u and w are called i-equivalent, written
wz=w, iff (Vo0 g # ) ulps) = w(p).
Definition 4.13 A formula set ® is isotone in a sentential symbol p; iff

Yu € Modee® and Yw € Valy such that v =; w, if u(pi) < w(pi) then
w e MOdpcq).

Definition 4.14 A formula set ® is antitone in a sentential symbol p; iff
Yu € Modoc® and Vw € Valy such that v =; w, if w(p;) <¢ u(p;) then
w € Modpc®.
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Informally, ® is isotone in p; iff increasing the truth value of p; preserves
satisfaction of @, and it is antitone in p; iff decreasing the truth value of
p: preserves satisfaction of ®. Note that isotonicity and antitonicity are
defined model-theoretically, and as such are not syntax-dependent concepts.
However, if we restrict ourselves to single wifs, the variables in which a wif is
isotone (antitone) can be characterized syntactically. This characterization

is stated, but not proved, in (Ryan, 1991):

Theorem 4.15 (i) A wff ¢ is isotone in a sentential symbol p; iff there
exists some wiff ¥, written in disjunctive normal form and logically

equivalent to ¢, such that p; does not occur negatively in 1.

(i) A wff ¢ is antitone in a sentential symbol p; iff there exists some wff 1,
written in disjunctive normal form and logically equivalent to ¢, such

that p; does not occur positively in .

Proof. 1 will prove (i). The proof of (ii) is similar. Suppose ¢ is isotone in
pi, and that ¢ is written in disjunctive normal form, where no disjunct is a
contradiction. Say ¢ = é; V ... V §,. Suppose p; occurs negatively in §;, for
some j < n. Then §; = y A —p; for some conjunction of literals v, where
p; does not occur positively in . Consider the wif 7, syntactically identical
to &y V ...V d,, except that §; has been replaced by +, that is, —p; has been
deleted from §;. '

I will show that 1 is semantically equivalent to ¢. Let v(¢) = ¢t. Then
v{d;) =t for some k < n. If k = j, then v(y) =1, else v (§) = ¢ trivially.
Hence v (3) = t. Conversely, let v (¢0) = t. If v(éz) = ¢t for some k < n, then
v(p) =t. Else v(vy) =t and v(—p;) = f. Let w =; v with w(p;) = f. Then
w(y) =t and w (~p;) = t. Therefore w(¢) = . Since ¢ is isotone in p; and

w =; v, v(¢) = £. This argument shows that the deletion of any negative
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occurrence of p; from ¢ yields a wif which is semantically equivalent to ¢.
Since there are only finitely many negative occurrences of p; in ¢, they may
all be deleted from ¢ to obtain a wif which is semantically equivalent to ¢.
Conversely, suppose ¢ is written in a disjunctive normal form containing
no negative occurrences of p;, say ¢ = §; V...V d,. I will first show that each
disjunct §; of ¢ is isotone in p;. Let é; be such a disjunct, and suppose that

v{6;) =1, w=;vand v(p;) <; w(p;). There are three cases:

1. Suppose p; does not occur in ¢;. Then v and w assign the same truth

value to all sentential symbols occurring in ;. Hence w (§;) = t.
2. Suppose §; = p;. Then w(p;) =v(p:;) = t.

3. Suppdse 8; = v A p;, where p; does not occur in . Then w(4;) =t by
(i) and (ii) above. v

The proof now proceeds by structural induction on the number of dis-
juncts ; in ¢. If ¢ = &y, then ¢ is a primitive conjunction, and hence is iso-
tone in p; by ‘the argument given above. Now suppose that the claim holds
for every wif in disjunctive normal form with fewer than n disjuncts. Let
¢ =061V ..V, Suppose v(¢) =t, w=; vand v(p;) <;w(p;). Then either
v{6 V..Vd,_1) =torv(d,) =t By the induction hypothesis, the claim
holds for both &; Vv ... Vv On-1 and é,. Therefore either w(d, V...V §py) =1
or w(4,) =t. Hence w(¢) = ¢, which proves that ¢ is isotone in p;. O

For example, p A q is isotone in both p and ¢, but antitone in neither;
- pV =g is isotone in p and antitone in g; p is isotone in itself, and both isotone
and antitone in g, and pV —p and p A —p are both isotone and antitone in

both p and q.
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Two sets that T will frequently refer to, are:

&, = {p;: P is not antitone in p;};

®_ = {p;:® is not isotone in p;}.

Informally, p; € ®, iff it is not the case that decreasing the truth value of
p; always preserves satisfaction of ®. Similarly, p; € ®_ iff it is not the case
that increasing the truth value of p; always preserves satisfaction of ®. If  is
the singleton set {¢}, then @, is the set of all sentential symbols that occur
positively at least once in every disjunctive normal form of ¢. ®_ are those
sentential symbols that occur negatively at least once in every disjunctive

normal form of ¢. These sets are used in Definition 4.16 below.

Definition 4.16 For any formule set I' and veluations v and w,

uw=prw iff (Vp; € Dy)[if u(pi) =t thenw(p:) =1] and
(Vp: € L) [if u(pi) = [ then w(p:) = f].

Lemma 4.17 If ModscT' = {v}, then u <r w iff u <, w.

Proof. T' is logically equivalent to the set of all literals satisfied by v. Thus
vip;)) =t iff p; € Ty, and v(p;) = f iff p; € T-. Therefore, u <p w iff
(Vp:) [if v(p:) =t and w(p;) = ¢t then w(p;) = t], and (Vp;) [if v (p:) = f and
u(p;) = [ then w(pgj = f]. That is, u <, w. O

Lemma 4.18 =<r is a preorder.

Proof. Reflexivity follows directly from Definition 4.16. To prove transitiv-
ity, let v <r v and v <p w. That is, (Vp; € I'y) [if u(p;) = ¢ then v (p;) = ],
(Vpi € T-) [if u(p;) = f then v(p) = f], (Vps € [y)[if v(p:) = ¢ then
w(p;) = t], and (Vp; € L) [if v(p:) = f then w(p;) = f]. Therefore,
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(VpieTy) [ifu(p;) =t thenw(p;) =t] and (Vp; € T-)[if u(p;) = f then
'w(pi) = f] That is, u <p w. C

Definition 4.19 below maps any given formula set I‘Aa,nd valuation u, to
a formula set I',. Lemma 4.20 states that I', describes the set of valuations
that are closer to I' than u is, according to the order <p. This upclosure
is then used in Definition 4.22 to obtain the final order on valuations which

will be used to define the parameterized power order on formula sets.

Definition 4.19 For any formula set T and valuation u, the formula set T,

is defined by:
Tuo={p:pielyandu(p)=t}U{-pi:p;el- andu(p) = f}.
Lemma 4.20 Mode (T,) is the <p-upclosure of u.

Proof. A valuation v satisfies Iy iff for any p; € Ty such that u(p;) =
t, v(p;) = t, and for any p; € . such that u(p;) = f, v(p:) = f.
That is, Modec (I'y) = {v : (Vp; € T4) [if u(p;) =t then v(p:;) =] and
(Vpi e T) [if u(pi) = f then v (p;) = f]} = {v: v <r v} O

Lemma 4.21 For finite I', Modec (T') is <p-upclosed.

Proof. Suppose u <r w and v € Modec (I'). By Definition 4.16, (Vp; € T'y)
[if u(p;) =t then w(p;) = t], and (Vp; € T_) [if w(p:) = f then w(p:) = f].
Therefore, for each p; such that u (p;) # w(p;), one of two cases hold: either
u(p;) =t and [ is antitone in p;, or v (p;) = f and I is isotone in p;. Let v
be =;-equivalent to u, and v (p;) # u(p;). Then v € Modsc (I'). Repeating
this argument for every p; such that v (p;) # w{(p; )v, we get w € Modec (T').
O
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Lemma 4.21 holds for any finite formula set I'. A related property of
formula sets is that of convezity. T is called convex if it 1s <,-upclosed for all
z € Modee (I'). That is, if v € Modsc (T') and v <, w, then w € Modpc (T').
Convexity is a desirable property in Kuipers’s refined theorylike order, and
I will return to it later in this section.

The next definition contracts the order =<p, so that the models of I" are
all maximal and equivalent. For non-models of I, the order coincides with

that of Definition 4.16.

Definition 4.22 For any formula set I' and valuations u and w,
U SI" w iﬁw e Modpc (P) U Modpc (Pu) .

Modyc (TYU Modyee (I',) is the set of models of I' vt T',. If T has a single
model v then I' is equivalent to a formula set [, in which each sentential
symbol appears exactly once, either negated or unnegated. The sets I, and
[ therefore forms a partition of the literals in I'. Namely, they are the
subsets of positive and negative literals in I'. T, is the set of those literals
satisfied by u. Hence w is closer to v than u is iff w agrees with v on at
least those sentential symbols where u agrees with v. This yields the same
order on valuations as defined in 4.10, which is therefore a special case of

Definition 4.22.

Example 4.23 Consider the formula set I' = {pV ¢,—~r} in the proposi-
tional language generated by the variables p, g and r. The models of T is
the set Modec (T') = {ttf,tff, ftf}. Further, I'y = {p,¢q} and I'_ = {r}.
The pre-order <r on valuatioﬁs relative to I' is obtained as. follows: Let,
for example, u = fff and v = tff. To see if v <r v, we apply Definition
4.16. Namely, we (':heck whether, if u (p) =t then v(p) = ¢, if u(q) = ¢ then
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v(g) =t,and if u(r) = f then v (r) = f. Since this is the case, u <r v. Any
two valuations can be ordered in this fashion, giving rise to the pre-order
below. Note that the set of models of I' is <p-upclosed, as proved in Lemma

4.21. O
tf

tff ftf it

N

Jit

Now that we have an order on valuations, it is easy to obtain a theorylike

power order on formula sets as an instance of Definition 3.3:

Definition 4.24 Given any formula sets ®, ¥ and ', ¥ is at least as close
toT as @ is, written & <} U, iff

(Ti) (Yv € Modpe®) (Jw € Modpc¥) [v <r w], and
(Tii) (Vw € Modpc¥) (Fv € Modpc®) [v <r w].
(Tii) is equivalent to:
(Vw € Modpc¥ — ModpcT') (v € Modpe® — ModpcT) [v <r w).

Thus (Tii) may justifiably be read: Every explanatory mistake made by ¥
is an improvement of some explanatory mistake made by ®.

I conclude this section by relating the theorylike order of Definition 4.24
to Kuipers's refined theorylike order of Definition 4.8. As I noted on page

106, the pointwise order on valuations of Definition 4.10 coincides with that
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of Definition 4.8. Technically, the difference in approach in the formulation of
the two orders is that Definition 4.24 orders valuations relative to an arbitrary
formula set, and then lifts this order to a power relation, whereas Definition
4.8 incorporates the parameterization in the power relation itself. The next

lemma and example clarify the relationship between the two orders further.

Lemma 4.25 For any valuations u and v, and formula set T, the following

relationships hold:
(i) If u <r v then (32 € Modp.T) [u <, v].
(ii) If (Vz € ModecT') [u <, v] then u <r .

Proof. (i) Suppose u <rv. If v € Mod,.I', then let z = v. Else, u <p v. Let
z € ModpeI' such that v <r 2. Define 2’ by:

, z(p;) ifp; e N, UT.
2 (pi) = { }

v(p;) otherwise.

Then 2’ € ModscT, and u <, v. To sce this, let p; € L. If p; ¢ Ty UT_,
then 2’ (p;) = v(p;) by definition. Else, if p; € I'y and u(p;) = 2’ (p;) = ¢,
then, since u <r v and v <r 2z, v(p;) = z(pi) = 2’ () = ¢. Else, if p; € T4
and u(p;) = 2'(p:) = f, then, since v <r 2z, v(p) = z(p) = 2 (p;) = f.
Else, if p; € '~ and u(p;) = 2/ (pi) = f, then, since u <r v, v(p;) = 2z (p;) =
2" (p;) = f. Finally, if p; € T'- and u (p;) = 2’ (p;) = ¢, then, since v <r 2,
2 () = 2 (p) = v (pi) = ¢

(ii) Suppose that (Vz € ModpcI') [u <, v]. Then (Vz € ModpcT) (Vpi) [if
u(pi) = z(p:i) then v (p;) = z (p;)]. If p; € Ty then (Iz € Modpc') [z (p:) =
t], and if p; € T~ then (3z € Modecl) [z (pi) = f]. Therefore (Vp; € T') [if
u(pi) = 1 then v(p;) = 1], and (Vp; € T_)[if u(p;) = 0 then v(p;) = 0].
Thus u <r v. O
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The next example shows that the converse of neither of the implications

in Lemma 4.25 hold:

Example 4.26 Let ' = {p V g, —r} be the formula set of Example 4.23. Let
u=1tft,v=fffand z= ftf. Then z € ModycT' and u <, v, but u f_prv.
Therefore it is not the case that (3z € ModecT') [u <, v] implies u <r v.

Further, let w = fft. Then w <r u, but w £, u. Therefore it is not the case
 that w <r u implies ‘(\7’2 € ModpcT) [w <, ul. O

Lemma 4.25 and Example 4.26 provide some insight into the difference be-

tween the orders of Definitions 4.8 and 4.24. Recall from page 112 that T is
| convex if it is <,-upclosed for all z € Modyc (T'). It follows from (i) that, for
any convex formula set I, (Tii) implies (Rii). For suppose (Vw € Modpc V)
(Fv e Modpg‘i)) [v <r w]. By Lemma 4.25, (Vw € Modpyc¥) (Fv € Modpc®)
(32 € ModscT') [v <, w]. Since T is convex, (Rii) follows. On the other hand,
in Example 4.26, (Rii) holds for ® = {p A -g Ar} and ¥ = {~p A =g A —=r},
whereas (Tii) does not. Thus (Tii) distinguishes between more formula sets
than (Rii) does. Intuitively, (Rii) says that every explanatory mistake v made
by ¥ is not as bad as some explanatory mistake u made by ®. The criterion
used to determine this, is the existence of a model z of [' which is closer to v
than to u. Kuipers (1997) later proposed that this criterion be strengthened
to require that z be a model of I' — ®. This strengthens condition (Rii), but
not sufficiently to coincide with (Tii).

Schurz & Weingartner (1987) argue that irrelevant consequences of the
theories to be ordered should be disallowed in determining a Verisiﬁlilar order.
Their proposal is content—basea, and the truth is assumed to be complete. 1
will argue that, not only should irrelevant consequences of the theories to be
ordered be disallowed, but so should irrelevant consequences of the theory

relative to which the order is defined.
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The instantial clause (Ri) seeks to.relate every approximate match of
& relative to each constituent of I', irrespective of the relevance of each of
its elements. The next two examples illustrate that this sometimes lead to
counter-intuitive results. (The relatedness criterion does not apply in this
respect, even for non-propositional structures, since it only captures local
relevance between structures, and not relevance to I' as a whole.)

As a first example, consider the formula set I' = {p A ¢}, phrased in a
propositional language generated by the variables p, ¢ and r. The value
assigned to r by any valuation v is irrelevant to whether v is a model of T,
and should therefore also be irrelevant to how close v is to being a model of
I'. This is, however, not the case. For suppose we want to order the wifs
¢ =pA-gArand ¢ =-=pA -gA-r relative to [, Intuitively, ¢ should be |
closer to I' than 1 is, since ¢ agrees with [ on p, whereas ¢ disagrees on every
atomic claim made by I'. But, since tft —ttf € fff —sttf, (Ri) pronounces
that ¢ [Zf® 4. This is because (Ri) looks at each constituent of I' separately
when seeking to improve the approximate instantial match fff. And while
every sentential symbol in the language is relevant when ‘considering a single
constituent of ', some parts of the constituent (in this case, the truth value
of r) may actually be irrelevant. This irrelevance of r is only expressed by I'
as a whole.

As a second example, consider the formulaset I' = {p V ¢, ~r} of Example
4.23 again. Let ¢ = pA—-gArand ¢ =pAgAr. Let u = tft, w = tit,
and z = tff. Then v <r w, but v £, w. Thus ¢ <f ¢ but ¢ ZF* . The
fact that I’ is isotone in ¢ makes the latter counter-intuitive. Since ¢ does
not appear negated in I', an increase in the truth value of ¢ should make #t¢
at least as close to being a model of I' than ¢ft is.

The theorylike order of Definition 4.24 escapes these kinds of counter-
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intuitive results, since the relevance of each literal to I' is taken into account

in the order on valuations relative to I,

4.3 Syntactic perspective

Ryan (1991; 1992) defines an order on valuations based on a natural conse-
quence relation, and suggests its power order as an order of verisimilitude.
I will show that the natural consequence relation coincides with the order
on valuations obtained in Definition 4.22. Superficially, the verisimilar order
based on the natural consequence relation has the appearance of a content-
based order, but Theorem 4.33 shows that it is equivalent to the likeness
order of Definition 4.24. In Corollary 4.40, I give an alternative syntactic
description of Definition 4.24, which is computationally more efficient than
the syntactic description in terms of natural consequences.

In (Ryan, 1991), the natural consequence relation is defined as a binary
relation on the language of some logic. I will assume that the logic is PC,

and define the relation between P (L) and L.

Definition 4.27 v is a natural consequence of ®, written ® =%, iff
Modpe (3) C Modpe (1), 4. C &4 and - C ®_.

'I;he purpose of this definition is to rule out irrelevancies in the conse-
quence relaiion. Note, for example, that if « is a natural consequence of @
and p; does not occur positively (negatively) in @, then it also does not oc-
cur positively (negatively) in . This prohibits the introduction of irrelevant

disjuncts in consequences. The order on valuations is now defined as follows:

Definition 4.28 u Cr w iff every natural consequence of I satisfied by u is

also satisfied by w.
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Definition 4.29 (Ryan, 1992) For any formula sets T, ® and ¥,

PCET iff (Vve Modeo®) (Fw € ModecU) [v Er w] and

(Vw E Modpc\lj) (3’0 S Modpc@) [v g[‘ w] .

Theorem 4.33 below states that the order on valuations of Definitions 4.22
and 4.28 coincide. The theorylike order of Definitions 4.24 and 4.29 therefore

also coincide.

Lemma 4.30 Given any formula set T' and wff ¢ such that T =8 ¢, Modpcd

is @ <r-upclosed superset of ModpI'.

Proof. Let T' = . Then ModycI' C Modpc¢. Let u € Modped and u <p
w. We have to show that w € Modpc¢p. By Definition 4.16, (Vp; € T'y) [if
u(p;) =t then w(p;) = t] and (Vp; € I'_) [if u(p:) = f then w(p;) = f]. By
Definition 4.28, ¢+ C I'y and ¢ C I'_. Therefore, (Vp; € ¢4) [ifu(p:;) = ¢
then w(p;) = ] and (Vp; € ¢ ) [if u(p;) = f then w(p;) = f]. That is,
u <4 w. It follows from Lemma 4.21 that that w € Modsc¢. O

Lemma 4.31 Every consequence of I' whose meaning is <r-upclosed, is a

natural consequence of I'.

Proof. Let ¢ be any consequence of I' such that Modpc¢ is a <p-upclosed
set. Suppose ¢ is not a natural consequence of I'. Then either ¢ € T'y or
¢- € T'_. Say ¢ € Ty, then there exists some p; such that I' is isotone in
p; but ¢ is not. Since ¢ is not isotone in p;, there exist valuations u and w
such that u =; w and u(p;) < w(p) and u € Modpcd and w ¢ Modpcd.
Since Modpc¢ is <pr-upclosed, u #r w. It follows from the definition of
<r that (3p; € T+ ) [u (p;) = ¢ and w (p;) = f] or (3p; € T_) [u (py) = £ and
w(p;) = t]. Since v =; w, 1 = j, and since u(p;) < w(m), pi € T_,
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contradicting the fact that I' is isotone in p;. Therefore ¢ must be a natural

consequence of ['. The proof if ¢_ € I'_ is similar. O

Lemma 4.32 Every natural consequence of I satisfied by u is a consequence

of TVt T,.

Proof. Let T' CF ¢. By Lemma 4.30, Modpc is a <p-upclosed set. Since I k=
¢, ModpcI' C Modpcp. Further, u € ModpcI' C Modpcg, and Ty, is the <p-
upclosure of u, therefore ModocT'y C Modpcp. Thus ModpcT' U Modpc I, =
Modec (' VT T,) C Modpcp. Hence I' VT T, = ¢. |

Theorem 4.33 For any formula set ' and valuations v and w, v <r w iff

u L w.

Proof. Suppose u <r w, that is, w € Modpc'U ModpcT'y. Let ¢ be a natural
consequence of I' satisfied by u. Then Modscl' U ModpcI'y € Modpcd by
Lemma 4.32. Therefore w € Modpc. So u Cr w.

Conversely, suppose v Cr w. Let ¢» € ' vt I',. Then I' C* ¢ and
u € Modpc (Ty) € Modpe (T VT T',) € Modpctp. Therefore w € Modpci).
Hence w € Modpe (I' VT T,). O

Consequently, instead of considering all the natural consequences of a
formula set as required in Definition 4.28, we need only consider the logically
strongest natural consequence of I', namely 'V* ', when determining which
of two valuations are in closer agreement with I'. This eliminates the need
to calculate all the natural consequences of I', as well as check whether every
natural consequence of I' satisfied by u is also satisfied by w. Instead, we
only have to check whether u € Modpe(T'VTT,) implies w € Modpc(I'VTT,).

Burger & Heidema (1994) describe the truthlike order on formula sets

of Definition 4.11 in terms of two closure operators T and | on P (Vals).
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vThe upclosure of @, written T @, is the <;-upclosure of Modyc®, and the

downclosure of @, written | @, is the <;-downclosure of Modpc®. That is,

19 = {v:(Jue Modpcq)‘) [u <; v]};
12 = {u:(Jve Modec®)[u <; v]}.

The next theorem shows that, if @ is finite, then the sets T ® and | @
are the meanings of some formula sets, denoted by A® and 7® respectively.
That is, Modec A ® =1 & and Modyc 7 @ =) &. A finite formula set is
logically equivalent to the conjunction of its elements - any discussion of

finite formula sets may therefore be formulated in terms of single wffs.

Theorem 4.34 (Burger & Heidema, 1994) The upclosure and downclosure
of any given wff ¢ in disjunctive normal form are the respective meanings of

wffs A¢ and 7 ¢, that are obtained as follows:
1. If ¢ is a contradiction, then so are A¢ and 7. Else:
2. Replace all negative literals in ¢ with the tautology to obtain A¢.

3. Replace all positive literals in ¢ with the tautology to obtain 7. O

Call a wft positive if it can be written in disjunctive normal form using
only positive literals, and negative if it can be written in disjunctive normal
form using only negative literals. Burger & Heidema (1994) show that A
is the logically strongest positive wif that is logically weaker than ¢. That
is, ¢ F=pc A and for any positive ¢ such that ¢ Erc ¥, D@ Epc P, T is
the logically strongest negative wif that is logically weaker than ¢. That is,
¢ E=pc V¢ and for any negative ¢ such that ¢ =pc ¥, T e ¥.
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Theorem 4.35 (Burger & Heidema, 1994) For any finite formula sets ®
and ¥,

<Y iff Modee® C Modoo VW and ModpcV C Modpe 2N @
iﬁ ModeVQQModpcv\If andMOdpcA‘IlgMOdpc&@. O

-The order of Definition 4.24 can similarly be described syntactically, in
terms of closure operators. The closure operators become parameterized,

since the order.of Definition 4.16 is with respect to some formula set.

Definition 4.36 For any formula sets ' and ®, let

tr® = {v:(Jue€ Modoc®)u <r v]};
Ir® = {u:(Fve Modsc®)[u <r v]}.

Lemma 4.37 1 and |r are closure operators.
Proof. The proof follows from the reflexivity and transitivity of <p. O

The next theorem guarantees the existence of formula sets A, ¢ and 7.,¢

such that Modee &y ¢ =1 ¢ and Modec 7y ¢ =1, .

Theorem 4.38 Given any wffs ¢ and v in disjunctive normal form, 1, ¢
and |, ¢ are the meanings of some formula sets Ny and 7,p, that are

obtained as follows:
1. If ¢ is a contradiction, then so are A.,¢ and \74¢. Else:

2. Replace every positive literal in ¢ in which v is antitone but ¢ not,
with the tautology. Replace further every negative literal in which v s
isotone bul ¢ not, with the tautology, to obtain [\.¢.
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3. Replace every positive literal in ¢ in which v is isotone but ¢ not,
with the tautology. Replace further every negative literal in which « is
antitone but ¢ not, with the tautology, to obtain <7,¢.

Proof. If ¢ is a contradiction, the result is immediate. For the remainder of
the proof we assume that ¢ is consistent. Let ¢ be the wff obtained in (2)
above. I will first show that 1, ¢ C Modec€, and then that Modec¢ CT, .
Let w €1, ¢. Then Ju € Modpcé with u <, w. Hence,

(Vp: € v4) [if u(p:) = ¢ then w(p;) =] and
(Vp; € v-) [if u(p;) = f then w (p;) = f].

In the formation of £, all the positive occurrences of sentential symbols in
which ¢ is not antitone and + is antitone, were removed. Thus £ is antitone
in these symbols. £ is in disjunctive normal form because ¢ is. Therefore

+ © 74+ Hence,

(Vp: € £4)[if u(p;) = t then w(p;) = 1] and
(Vp; € =) [if u(p;) = f then w(p;) = f].

In the formation of ¢, literals are replaced by the tautology. ¢ is therefore
logically weaker than ¢. Therefore u € Modoc¢p C Modpc€. € is a natural
consequence of itself, so it follows from Lemma 4.30 that Modec€ is =<¢-
upclosed. Hence w € Modpc€, and T, ¢ C Modpo€. |

Next, suppose ¢ = &; V ... V é,, where each disjunct §; is some primitive
conjunction, say 6; = [; A ... Al,,. Consider any such conjunction é;. Replace
any positive literal +p; in §; in which + is antitone and in which ¢ is not
antitone, with the tautology, to form ¢'. Let w € Modpcd'. If w € Modpcd
then w €f, ¢. Otherwise, if w ¢ Modyc¢, then w is j-equivalent to some
u € Modecd; € Modpcd. Since p; ¢ v+ and u(p;) = ¢, u X, w. Therefore
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w €1y ¢. The argument for the deletion of a negative literal is the same. £ is
formed by a finite number of such deletions, and each deletion preserves the
property Modyc¢' C1, ¢, where ¢’ is a wif obtained ¢ by a single deletion
from a formula obtained by (zero or more) previous deletions from ¢. Hence

Modpc€ CT, @
The proof of (3) above is similar to the proof of (2). O

Theorem 4.39 below shows that the theorylike order on formula sets of
Definition 4.24 can be described in terms of the up- and downclosure opera-
tors of Definition 4.36. The theorem does not hold if ® is contradictory, and

is therefore formulated and proved only for finite, consistent formula sets.

Theorem 4.39 For any finite, consistent formula sets ®, ¥, and T,

&< U iff (Modpc¥ N ModpcT # 0 or Modpe vr ® C Modye yr ¥) and
(M(}dpc &I‘ ‘P g MOdpc AP (I) U MOdch) B .

Proof. Left to right: Supppose ® <} ¥ and Modee¥U N ModpoT' = 0. Let
u € Modpe 7r ®. Then Jv € Modpc® with u <p v. Since @ <}t ¥ by
assumption, Jw € Modpc ¥ with v <p w. That is, w € ModpI' U Modypcl',.
Since Modpc® N ModpcI' = @ by assumption, w ¢ Modp.I. Thus w €
Modpcly,, that is, v <p w. By Lemma 4.18, v <r w. Hence u € Modpc /- V.

Next, suppose ® <t ¥, and let w € Modpc Ar ¥. Then Jv € Modpc¥
with v <r w. So Ju € Modpc® with v <r v. Thus u <r v or v € Mod.I'.
If u <p v then u <p w by Lemma 4.18, and therefore w € Modyc LHNr @
Else v € Modp.I', and hence, by Lemma 4.21, so is w. Therefore w €
Modpc Ar @ U ModpcT .

Right to left: Conversely, suppose that either Modpc¥ N ModpcI™ # 0 or
Modpc7r ® C Modpes7r ¥, and that Modec Ar ¥ C Modee Ar ® U Mods T
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Let u € Modpc®. If ModpcW N ModpcT # @ then v € ModpcU N ModpcT.
Since v € ModpcI', u <rv. Else Modpc U N ModpeI' = ) and Modpe 71 @ C
Modpc 7r U. So u € Modpc® C Modpe 7r © C Modp: 7r ¥. Therefore
Jv € Modpc¥ with u <r v. Hence u <r v.

Now let w € ModpcW. Since Modpe 7 ¥ C Modpe A1 @ U ModpcT' by
assumption, w € Modyc OAr @ or w € ModpT. If w € Modpe Ar @ then
Ju € Modpc® with u <r w, and so u <p w. Else w € Modpcly and u <r w
for any u € Modpc®. O

Corollary 4.40 For any finite, consistent formula sets T', ® and ¥,

<t iff Cn((Ar®)V*HT) CCn(ArY) and
| ((7r¥) AT T is consistent or Cn(7r¥) C Cn(vr®)).

Proof. The proof follows from Theorems 3.27 and 4.39. O

Theorem 4.35 is a special case of Theorem 4.39. For let I' be the set of all
the sentential symbols of a finitely generated propositional language. Then
ModpT' C Modpe &r @, and hence Modpe Ar ¥ C Modoe Ar @ U Mod: T iff
Modpe A1 ¥ C Modpe Or @, Further, if ModpeW N ModecT # @ then 7rV is
tautologous, and hence Cn (7r¥) C Cn (yr®). Therefore ((7r¥) A+ T is
consistent or Cn (7r¥) F Cn (yr®)) ff Cn (yr¥) C Cn(7r®). The addi-
tional conditions in the formulation of Theorem 4.39 as opposed to Theorem
4.35 are needed because the order is a power relation of <r, whereas the
order used in the up- and downclosure operators, is <p. Special provision
therefore has to be made for the fact that I' may have models that are not
<r-equivalent, but are <r-equivalent. _

Theorem 4.38 and Corollary 4.40 provide the following algorithm to cal-
culate which of any two wifs ¢ and v is closer to a third wif +:
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1. Write ¢, ¢ and + in disjunctive normal form.

2. Calculate v4, v-, ¢4, ¢—, ¥4 and P_.

3. Derive the wits 7,¢, V¢, &,¢ and A1) as described in Theorem
4.38.

4. Check whether Cn ((Ar®) VI T') C Cn(Ar¥) and either (7,3) Ay is
consistent or Cn (Yr¥) C Cn (Yrd).

In calculating the sets v4, v—, ¢4, ¢-, ¥4 and . above, we cannot
assume that literals do not appear redundantly in any wif. That is, we cannot
depend upon the syntactical form of a wif when calculating its monotonicities.

The existence of an efficient algorithm to determine the monotonicities of a

wif is an open question.

4.4 Three-valued likeness

In both the structuralist and the power approach to verisimilitude, the ab-
sence of the complete truth assumption lead to a parameterized, theorylike
order, which is defined relative to a description of an incomplete truth. Ni-
iniluoto (1987b) suggests that situations where the incomplete truth assump-
tion applies, be described formally in a semant.icaiiy indeterminate language.
In a propositional language, this means that wils are allowed to be neither
true nor false. Since the third truth value u of ©MCK may be interpreted as
‘of indeterminate value’, its semantics allows for semantic indeterminism. In
this section I extend the power approach to truthlikeness to the logic oMCK.
Although oMCK has the same axiomatization as LP, they assign a different
interpretation to the third truth value. It is thus with good reason that I use

the name oMCK here, instead of LP.
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This section hinges on the observation that there is a one-one correspon-
dence between consistent sets of literals in L and three-valued valuations. An
advantage of a three-valued approach to verisimilitude, is that a three-valued
valuation can distinguish between variables that are asserted, variables that
are denied, and variables that are irrelevant. Given any consistent set of

literals I, let zr be the valuation defined by:

tif p, €I
ar(p) = | fif =p; € T}

u otherwise.

Conversely, any three-valued valuation z gives rise to a consistent set of
literals:
Lo ={p:i:2(p) =t} U {-pi:z(p) = f}.
The meaning of I', can be described in terms of the pointwise knowledge

order on Vals:

Modoyex . = {v € Valz:v(I,) C{t,u}} by def. 2.9 and Theorem 2.16
= {veValg: (Vp,eI,)[v(p:) € {t,u}] and
(V-pi € T2) [v (pi) € {f,u}l}
= {v € Vala: (Vpi)[z(p:) <k v(p:) or v(p:) <i 2(pi)]}-

Call two valuations v and w compatible at p; if v (p;) <p w(p:) or w(p:) <
v(p;), and call v and w compatible if they are compatible on all sentential
symbols. Then Mod,ucx]', is the set of all valuations that are compatible
with z. The symmetric difference operation of Definition 4.6 generalizes to

Vals as follows: For any valuation v € Vals, let vy denote its restriction to

Lo.
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Definition 4.41 For any v,w € Vals,
v—sw=(v5' () Nws" (/) U (v5" (f) N5’ (2)) .

Thus v —; w is the set of all p; such that v and w are incompatible at p;.
Definition 4.42 below orders three-valued valuations relative to a consis-
tent set of literals I'. Lemma 4.43 shows that this definition implies that the
closer a valuation is to I', the fewer incompatibilities it has with zp.  The
notion of relevance to I' is captured by the fact that only the elements of I'

determine the order..
Definition 4.42 For any v,w,z € Vals,
v <, wiff (VoeT,)[v(d) <cw(d)].

Ifv,w, z € Val,, then Definition 4.42 coincides with Definition 4.10, hence

the use of the same notation in the two definitions.
Lemma 4.43 Given anyv, w and z in Vals, ifv <, wthen w—,2 Cv—,2.

Proof. Suppose v <, w. We have to show that v is incompatible with z
at pi whenever w is. If w is incompatible with z at p;, then w(p;) = ¢
or w(p;) = f. Suppose w(p;) = t. Then z(p;) = f. So —p; € T;, and
w(~p;) = f. Therefore v (—p;) = f, and hence v is incompatible with z at
p;. Now suppose w(p;) = f. Then z(p;) =t. Sop; € I';, and w(p) = f.

Therefore v (p;) = f, and hence v is incompatible with z at p;. O

The converse of Lemma 4.43 does not hold. For example, let I' = {p},
w(p) = u and v(p) = t. Then w —; zr = v —, 2zr = §, but v (p) £; w(p).
Definition 4.42 forces more informative valuations to be preferred to less

informative ones. In the example just given, w is less informative than v
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‘13, and should therefore not be preferred to it. Definition 4.42 is therefore
based on two principles: it prefers valuations that are more informative, and
it prefers valuations with fewer incompatibilities with z.

As in the two-valued case of Definition 4.11, the order of Definition 4.42
can be lifted to a power order on formula sets. The power order prefers ¥
to @ iff every approximate instantial match of ® is improved upon by some
é,pproximate instantial match of ¥ (in the sense of increasing the compati-
bility and informativeness), and every explanatory mistake made by ¥ is an

improvement of some explanatory mistake made by &.

Definition 4.44 Given any formula sets ® and U, and consistent set of

literals T', U is at least as close to I as @ is, written ® <2 U, off

(Ti,) (Vv & MOdOMCKQ) (Ew & MOdQMCK\p) [U SZF w]} and

(Tii") (Vw € Modouck V) (Fv € Modowek®) [v <. w)].

This theorylike order on formula sets in ©oMCK does not coincide with the
theorylike order on formula sets in PC of Definition 4.24, as the following

examples show.

Example 4.45 Let I' = {p, ¢} in the propositional language generated by p

and ¢. The order <, on valuations is given by the following Hasse diagram:
it
W N\
/ N,/ \
N / \ /
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The theorylike order < on wffs is shown bélow. In order to simplify the
diagram, not all =,yck-equivalence classes are represented. For example, the
tautologies, such as p V —p, are <}-equivalent to p & ¢, as are —p V q and
pV g pA(—pVg)is <}-equivalent to p (it is not =,uck-equivalent or <3-
- equivalent to p A g). Similarly, ¢ A (~g V p) is <-equivalent to ¢, and so

A —g-
pA™q <
G-

Unlike in PC, inconsistent formula sets in oMCK are not all equivalent to L,

on.

N4

TpA g

and unrelated by <3 to every consistent formula set. For example, pA —p and
g A ~q are unrelated by <}, whereas p A ~p <} ¢A—gand gA—-q <F pA-p
vacuously. Also, -p <} p A —p, but, since p A ~p is inconsistent, ~p and

p A —p are unrelated by <{. O

Example 4.46 Let © = {p} in the propositional language generated by p

and q. The order on three-valued valuations is the following:

tt —ty— tf
ut ——us— uf

ft—fu—Iff



CHAPTER 4. THEORYLIKENESS 130

This order on valuations reflects the irrelevance of ¢ to £. The resulting the-
orylike order <3 correspondingly does not distinguish between, for example,

pand p A g, or between g and g A —g. O

Definition 4.44 can be adopted for three-valued logics other than oMCK as

well. If, for example, oMCK is replaced by KL, the following theorem holds.

Theorem 4.47 Given any formula sets ® and ¥, and set of literals T', ® <}
W in KL if ® <f ¥ in pC.
Proof. Suppose ® <} W. Let v € Modpc®. Then v € Mody,®. So Jw €
Mody, ¥ such that v <,. w. That is, (V¢ € I') [v(p:) <¢ w(pi)]. Define v/
by:

w (pi) i w(p) = or w () =f;}
v(p:) if w(p) =u
Then w <; w' and w' € Val,, and hence w' € ModpcW. Also, (Vp; € T'y) [if
v(p;) = t then w' (p;) = t] and (Vp: € ) [if v(pi) = f then w'(p;) = f].

w' (pi) = {

Hence v <r w'. This proves (Ti). |
Next, let w € Modpc¥. Then w € Mody, V. So Jv € Mody, ® such that

v <, w. That is, (V¢ € T') [v (p:) <¢ w(p;)]. Define v by:

v(p:) ifv(p) =torv(p) = J; }
w(p) ifo(p) = u.
Then v < v' and v/ € Val,, and hence v' € Modpc@. Also, (Vp; € T'y) [if
v'(p;) = t then w(p;) = t] and (Vpi € I'_) [if v’ (pi) = f then w(p:) = f].
Hence v' <p w. Therefore & <{f W. This proves (Tii).

v (p) = {

Conversely, suppose ® <{ W. Let v € Mod, ®. Define v’ by:

vi(p) fv(p)=torv(p)=f;
v (}‘31') = 2r (p,') if v(pi) =y and zp (pg’) 75 U;
tif v(p:) = v and 2r(pi) = u.
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Then v < v’ and v/ € Modec® and v <, v'. Since & <F ¥, Jw € Mod,c ¥
such that »' <p w. Therefore v' <,. w, and hence v <,. w. Since w €
Mody, ¥, this proves (T1").

Finally, let w € Modg, ¥. Define w' by:

w(p) fw(p)=torw(p)=rf;
w (pi) = zr(—p;) if w(pi) = u and zr (p;) # u;

tif w(p;) = vand zr (p;) = u.

Then w <; w' and @' € Modyc¥ and w' <,. w. So Jv € Modp® such that
v <r w'. Therefore v <, w', and hence v <,. w. Since v € Mody, P, this

proves (Tii’). a

I conclude this section by suggesting an application of the order of Def-
inition 4.44. As explained above, a three-valued valuation 2 répresents a
consistent set of literals, which may in turn represent the observed outcome
of some experiment. An outcome does not provide complete information,
thus each p; may be true, false or unknown. The experiment may be re-
peated, producing different results, forming a set of observations I'. This set
is construed disjunctively, as a co-system. This is where it differs from the
formula sets considered thus far - empirically possible worlds are construed
syntactically, not model-theoretically. The question then is which theory
approximation is most likely to have the range of elements of I as possible
outcome. Different theories may be formalized and tested against the ob-
served outcome. Although none may produce I' exactly, they can be ordered
according to their informativeness and their incompatibilities with elements
of I'. Since oMCK is paraconsistent, inconsistencies in theory approximations

are accommodated naturally, unlike in classical logic.
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Chapter 5

Theory change

Logics of theory change or belief revision, as put forward initially by Al-
chourrén, Girdenfors & Makinson (1985), and hence called the AGM ap-
proach, deal with changing information. A change operation operates on a
deductive system and a wif, and yields another deductive system. The three
kinds of changes considered are ezpansion (adding new information), revi-
sion (adding new information while retaining consistency) and contraction
(removing information, while at the same time retaining as much information
as possible). The behaviour of these operations are characterized by sets of
postulates.

Various representation results exist for logics of belief revision, includ-
ing representations in terms of remainder sets (Alchourrén & Makinson,
1981; Alchourrén et al., 1985), epistemic entrenchment (Gardenfors, 1984;
Gardenfors & Makinson, 1988), systems of spheres (Grove, 1988), and pref-
erential models (Katsuno & Mendelzon, 1991). In this chapter I present
another rebresenta,tion of logics of belief revision, as a calculus of belief sets.
A calculus of belief sets is obtained by enriching a calculus of deductive sys-

tems, as defined in 3.11, with certain a set of unary operations, indexed by

133
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elements of L.

The calculus of belief sets is isomorphic to an algebra of theory change,
obtained by enriching the algebra of theories of Definition 3.19 with a cor-
responding indexed set of unary operations.The theory change operations
arise as power operations of the conjunction and disjunction connectives of
the underlying logic. Expansion is characterized as a power disjunction and
contraction as a power conjunction operation.

The next section gives the necessary background to logics of belief re-
vision. A number of calculi of belief sets are presented in Sections 5.2 and

5.3.

5.1 The AGM approach

The AGM approach to theory change deals with ways of incorporating belief
changes into a belief sel. Belief sets are taken to be deductively closed sets
of formulas, that is, they are the Tarskian deductive systems of Definition

3.11. Let B denote the set of belief sets:
B={Cn(I'):I'C L}.

In logics of belief revision, the idea is to accommodate changes to a belief
set in such a way that consistency is retained. The consequence operator Cn
of the logic is assumed to satisfy the four conditions of Definition 1.19, as

well as:
5. f 8 € Cn(T,a) thena D B € Cn (). (deduction)

A number of additional assumptions are also made about the connectives.
It is assumed that A, V, =, D, and > are available in the logic, and that

they behave as Boolean connectives in the following sense:
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1. A and V distribute over each other.
2. The De Morgan properties hold.
3. O is material implication.
4. ¢ is the biconditional defined from material implication.
5. For any wif ¢, ¢ V =¢ € Cn () and Cn(¢ A —¢) = L.

This means that the fragment of the logic containing only the above-
mentioned connectives coincides with PC, and that the corresponding Lin-
denbaum algebra of equivalence classes of wifs defined in Section 1.1, is the
Boolean algebra L. It also means that the logic is explosive, and that the
only inconsistent belief set is the universal set L. Unlike in paraconsistent log-
ics, inconsistencies cannot be accommodated in non-trivial belief sets. Logics
of belief revision address this problem by avoiding inconsistencies altogether.

The three kinds of belief changes considered are expansion, contraction
and revision. I' + ¢ reads “I" expanded with ¢”, I" * ¢ reads “I" revised with
¢", and T' — ¢ reads “I" contracted with ¢". The expansion of a belief set
with a wif is defined uniquely: For any belief set I' and wif ¢,

D4o=Cn(TU{d}).

Expansion does not generally retain consistency in a belief set. If ¢ € T,
then T' 4+ —¢ is inconsistent. This raises the question of how a belief set T
should be expanded by a wi ¢, while at the same time retaining con;istency.
An operation intended as an answer to this question, is called a revision
operation. A set of postulates captures the properties usually required of a

revision operation. The AGM postulates for revision are:

K=*1 Closure: For every ¢, I * ¢ is a belief set.
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K#2 Success: ¢ € T x ¢,

K+3 Expansionl: Dx¢ C T + @.

Kx4 Expansion2: If -¢ ¢ T then P+¢CTxe.

K+5 Consistency preservé,tion: I' x ¢ is inconsistent iff =i¢h.

K+6 Extensionality: If - ¢ <+ ¢ then I'x ¢ = T « 1.

K#7 Conjunction 1: T'* (¢ A ) C (I * ¢) + 1.

K*8 Conjunction 2: If =¢p ¢ I'x ¢ fhén (Tx@)+9p CTx{dA P).

These postulates are discussed in (Alchourrén et al., 1985), as well as in
survey papers on belief revision, suchras (Géardenfors & Rott, 1995).

Coﬁtracting a belief set T with a wif ¢ amounts to a minimal weakening
of I' such that ¢ can no longer: be derived. The AGM postulates K-1 to

K-8 provide a yardstick with which to compare and categorize contraction

operations. They are:

K-1 Closure: For every ¢, I' — qﬁvl‘is a belief set.

K-2 Inclusion: I' — ¢ C I'.

K-3 Vacuity: f ¢ ¢ 'then T — ¢ =T.

K-4 Success: If ¥ ¢ then qé.é I'— ¢.

K-5 Recovery: I' C (I' — ¢) + ¢.

K-6 Extensionality: f F ¢ &> ¢pthen I — =1 —1.
K-7 Conjunction 1: (I'—=¢NT —¢) CT — (A1)

K-8 Conjunction 2: f ¢ ¢ ' — (¢A¢) then T —(¢AY) CT —¢.
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A standard way to define a revision operation in terms of a given contrac-
tion operation, is by means of the Levi identity. The revision of a belief set
[ with a wif ¢ is obtained by retracting the beliefs in I' that are inconsistent
with ¢, and expanding the resulting belief set with ¢:

Tx¢=(T—~¢)+o.

Theorem 5.1 (Alchourrén et al., 1985) If the Levi identity is used to define
a revision operation from a contraction operation which satisfies K-1 to K-/
and K-6, the revision operation thus obtained satisfies Kx1 to Kx6. If, in
addition, the contraction operation also satisfies K-7, the revision operation
satisfies Kx7, and if the contraction operation also satisfies K-8, the revision

operation satisfies Kx8. &

5.2 Algebra of theory change

Theorem 3.20 states that the positive calculus of systems (B, -, +) of Defini-
tion 3.11 is isomorphic to the power algebra of theories (P (L) / =¢n, AT, V*)
of Definition 3.19. It is more convenient notationally to work with elements
of P (L) /=cn than with elements of B, but, noting that one can move freely
between the two notations, I will usually talk about ‘a belief set’, instead of
‘a =gn-equivalence class of wis’. I will show that, if the calculus of systems
is enriched by a certain set of unary operations, the power conjunction and
disjunction operations can be viewed as theory change operations: expansion
is characterized by a power disjunction and contraction by a power conjunc-
tion. This yields a calculus of belief sets, isomorphic to an algebra of theory
change.

Alchourrén, Gardenfors & Makinson (1985) describe the contraction of

a belief set I' with a wif ¢ syntactically in terms of the maximal subsets of
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I’ that fail to imply ¢. I will show that the power disjunction of belief sets
yields an algebraic description of contraction. To contract I' with ¢, a belief

set containing —¢ is picked out by a rejection function, and disjoined to T'.

Definition 5.2 A rejection function is a function R : B x [ — B such that,

for any belief set T' and wff ¢:
1. R(T,¢) is a belief set containing —.
2. R(T,¢) is inconsistent iff ¢ € Cn (D).
3. If$¢ T then T C R(T, ).
4. Ifb ¢ & ¢ then R(T, ) = R(T,¥).

The rejection function may also be viewed as a set of unary rejection
operations on B, indexed by elements of L, thatis {Ry : ¢ € L}. If ¢ € T then
R(T, ¢) is a belief set which has no models in common with I'. Any subset
S of T containing ¢, and any subset S’ of R(I',¢) containing —¢, also have
no models in common, since Modl' C ModS C Mod¢ and Mod (R (T, 4))-C
ModS" C Mod-¢. Disjoining I' and R (T, ¢) yields a contraction of I' with
¢. This claim is supported by Theorems 5.9, 5.12 and 5.14.

Refinition 5.3 Let [ be a belief set. Define the operation —pg, called the
contraction defined by the rejection function R, as follows: For any wff ¢,
'-r¢=TvVv*+R(T,¢).

Lemma 5.4 For any rejection function R, —g satisfies postulates K-1 to K-6

for contraction.

Proof. Let T' be a belief set and ¢ a wif..
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K-1. The power disjunction of any two belief sets is a belief set, so I v*

R (T, ¢) is a belief set.

K-2. TVt R(T,¢) > T in the algebra of theories, therefore, by Theorem °
3.20, T —r¢ C T. |

K-3. f¢¢Tthen T —pé=TVv*t R(T,4) =T.

K-4. Suppose ¢ € ' VT R(I',¢). Then ¢ € R(T,¢). But =¢ € R(T,¢), so
R(T', ¢) is inconsistent. Therefore ¢ € Cn (0).

K-5. Let u € . Then u Ao =(pV-9)Ad e (L VFR(T,9)) AT Cn(g).
Therefore p € (T VY R(T,¢)) At Cn(¢) = (L' V* R(T,¢)) + 4.

K-6. If F ¢ ¢> ¢, then R(T,¢) = R(T', %) from the definition of R. O

This shows that IVt R (I, ¢) can with justification be called a contraction
of T' with ¢.

We now turn to a particular rejection function, namely the function R,

defined by:
Cn(~4) if ¢ € T }

Rp(f‘,<ﬁ)={ ,
Tifé¢T.

Lemma 5.5 For any belief set T and wff ¢, if ¢ €T + —¢ then o € T.
Proof. Let '+ ¢ F ¢. Then T'F =g D ¢, s0 ' ¢, O
Lemma 5.6 For any belief set T and wff ¢, if €T then p € T — —¢.

Proof. Let ¢ € T'. If T is consistent, =¢ ¢ T, and therefore I' — —¢ = T by
K-3. If T is inconsistent, =¢ € I', and therefore [' = I’ — —¢ + —¢ by K-5.

The result follows from Lemma 5.5. ]
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Lemma 5.7 For any belief set I', wff ¢ and contraction function — satisfying

K-1to K-6,T — ¢ <TV* R,(T,¢) < TV* Cn(=9).

Proof. f ¢ ¢ I'ythen'—¢ =T =TV* R, (I',¢) < T'V*Cn(—¢). Else ¢ € T'.
Let 4 € IVt Cn(=¢). Then p € I'and ¢ F p. By K-5, T — ¢+ ¢ = I.
Therefore y € ' ~ ¢+ d CT' — ¢+ —u. Hence p € I' — ¢ by Lemma 5.5. O

Lemma 5.7 states that the contraction defined by R, is the maximum
(that is, it yields the smallest belief set) of all contraction functions satisfying
K-1 to K-6. The contraction defined by R, has another useful property. If
its arguments are restricted to those pairs (I', ¢) such that ¢ € ', then —p,
is monotone in both arguments, with respect to the natural order C on the
calculus of belief sets. This is proved in Lemma 5.8. The AGM syntax-based
representation of the contraction defined by R, is as the intersection of all
the maximally consistent subsets of I' that fail to imply ¢, and is called the

full meet contraction function.

Lemma 5.8 For any belief sets I' and ¥:

(i) Ifp €l and I C U, then'—p, ¢ C ¥ —p, ¢.

(ii) If¢ €T and Cn(¢) CCn(y), then I —p, ¢ C T —p, 9.
Proof.

(i) If ¢ € [ and T C U, then R, ([, ¢) = R, (¥,¢) = Cn(~¢). So [ v+
R, (T,¢) 2 ¥ V* R, (¥,4).

(i) If Cn(¢) C Cn(y) then Cn(—¢) C Cn(=¢), so 'Vt R, (T, ¢) >
r'v*t R, (I, ¢). O
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Theorem 5.9 A contraction function satisfies K-1 to K-6 iff it is defined by

a rejection function.

Proof. A proof from right to left is given by Lemma 5.4. For a proof from left
to right, suppose — is a contraction function satisfying K-1 to K-6. Define

the function R_ : B x L — B by
R_(T,¢)=Cn(=¢) A" (T = ¢).

We have to check that R_ (T, ¢) is well-defined. —=¢ € R_ (T, ¢) because
Cn(=¢) C R_(,¢). Also, if ¢ € Cn(() then —¢ is a contradiction and
so R_ (T, ¢) is inconsistent. Else R_ (I, ¢) is consistent since ¢ ¢ T' — ¢ by
K-4, and so ¢ ¢ (I' — @) + —¢ by Lemma 5.5. Finally, suppose ¢ ¢ T'. Then
[=T—¢CT—¢AT Cn(=¢). O

Lemma 5.10 For any wff ¢, the operations of contraction with ¢ and power

disjunction with a rejection of ¢ are interdefinable.

Proof. Let ' be a belief set and ¢ a wif. If — is a contraction operation,
let R.. denote the rejection function defined by —, and if R is a rejection

function, let —p denote the contraction defined by R.

T—p ¢ = I'vtR_(T,9)
= TV (Cn(=¢) AT (T - ¢))
= (DvtCn(=¢)) AT (T VT (T —¢))
= T—¢At (DV Cn(=¢))
= [ — ¢ by Lemma 5.7.

PVER_,(¢) = LV* (Cn(=¢)A* (T —Rr¢))
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i

(T v* Cn(=¢)) A* (TVH (T =g ¢))
(TV* Cn(=¢)) AT (T VI T Vvt R(T,¢))
= T'VFtR(T,9¢). U

]

The properties required of a rejection function by Definition 5.2 are suf-
ficient to prove K-1 to K-6, which shows just how weak these postulates are.
K-7 and K-8 are the only postulates that address the interaction between
the connectives in L and the contraction function. In order to obtain a rep-
resentation result for syntax-based contraction functions that satisfy K-1 to
K-8, a preference relation can be used, the most familiar being the orders on
the maximal subsets of T that fail to imply ¢ (Alchourrén et al., 1985), and
the epistemic entrenchment relations on elements of I {Géardenfors, 1988). 1
will follow a similar route here, and place additional criteria on the rejection

function K.

Definition 5.11 A rejection function R is called a K-7 rejection function if
for any belief set T and wffs ¢ and ¢, R(T, ¢ A ) < R(T,¢) VT R(T,%).

The order on elements of B is set containment, therefore the expres-
sion R(T',¢ Ayp) < R(T,¢) vt R(T', ) can be written R(I',¢)NR(T,9) C
R(T,¢ A ). Definition 5.11 goes part of the way in turning conjunctions in
L into set intersections in B. Any wif which is rejected both when rejecting

¢ and when rejecting 1, must also be rejected when rejecting ¢ A 1.

Theorem 5.12 A contraction function satisfies K-1 to K-7 iff it is defined

by a K-7 rejection function.

Proof. Right to left: Let R be a K-7 rejection function. By Theorem 5.9,
the contraction function defined by R satisfies K-1 to K-6. To prove K-7,
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let p € T —p¢NT —p e, that is, u € (T V* R(T,¢)) N (I vVt R(T,)).
Then p = vV oy Ve forsomey €I, o € R(T,¢) and oy € R(T,¢). So
o Vay € R(T,¢)VtR(T,9) > R(I',¢A+). Hencep e TVYR(T, ¢ A9) =
I'—r(eAY).

Conversely, let — be a contraction function satisfying K-1 to K-7. De-

fine a canonical K-7 rejection function R_ as in Theorem 5.9: R_(T',¢) =

Cn(~¢) A* (T = ).

R_(T,¢) V" R (T,%)
= (Cn(=¢) A* (L' = ¢)) V* (Cn(-~¢) AT (T — )
B (cn(wv—.«p);ﬁ (T = ¢) v+ (T = ) A+ )
(=) V* (T =) A* (Cn (=) V* (T - ¢))
Cn(=(¢A$))AY ((T —¢) v* (T —¢)) by Lemma 5.7

Cn(=(¢AP) AT (T = (pA ) by K7
= R_(I'¢AY).

i

IN

Therefore R.. is a well-defined K-7 rejection function, which proves the the-

orerm. O

Definition 5.13 A rejection function R s called a K-8 rejection function if,
for any belief set T and wffs ¢ and o, ¢ ¢ R(I',¢ Av) implies R(T,¢) <
R(T, ¢ AY).

The definition says that, if ¢ is rejected when rejecting ¢ A 1, then any
other wif rejected when rejecting ¢ A ¢, must also be rejected when rejecting
¢. Definitions 5.11 and 5.13 work together to turn conjunctions in L into set
intersection in B. For suppose R is both a K-7 and a K-8 rejection function,
and both ¢ ¢ R(I'y¢ Ay) and o ¢ R(I',¢ A¢). Then R(I',¢) N R([,9) =
R(T,¢ Ad), that is, R(I', ¢ Ap) = R(T',¢) vt R(T,4). It will of course not
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always be the case that both ¢ ¢ R(T',¢ A¢) and ¢ ¢ R(T,¢ A ¢), but at
the least the combination of Definitions 5.11 and 5.13 serve to sandwich the
rejection of a conjunction between the intersection of the conjuncts on the

one hand, and one of the conjuncts on the other hand.

Theorem 5.14 A contraction function satisfies K-1 to K-6 and K-8 iff it is

defined by a K-8 rejection function.

Proof. Right to left: Let R be a K-8 rejection function. To prove K-8,
suppose ¢ ¢ I' —p (¢ A ), ie. ¢ ¢ T V¥ R(L, oA ), L.e. either ¢ ¢ T
or ¢ ¢ R(I''¢Aep). f ¢ ¢ [then ' —p (§A)) =T =T —p¢. Else
é¢ R(I,pA). Let pu € T —p(¢A®), ie. p € TVt R(T,¢At). Then
u=vVaforsomey eland o € R([,¢ A). Soa € R(I',$) by Definition
5.13. Therefore u €e TVt R(T',¢) =T —g ¢.

Conversely, let — be a contraction function satisfying K-1 to K-6 and K-8.
Define a canonical K-8 rejection function R_ as in Theorem 5.12: R_(I',¢) =
Cn (=) A+ (T — ¢). Suppose ¢ ¢ R_(T,6A%). Then ¢ ¢ T' — ($A ).

Therefore

R_(T,¢A9) = Cn(=¢V -4) AT (T — (¢ A))
C Cn(-¢V ) At (T — &)
C Cn(=¢) AT (T ~¢)

R (T,¢).

This proves that R_ is a well-defined K-8 rejection function, which proves

the theorem. .|

Theorems 5.9, 5.12 and 5.14 mutually characterize contraction and rejec-

tion functions. Existing representation results relating contraction functions
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to, for example, selection functions, epistemic entrenchment relations and
systems of spheres, therefore also apply to rejection functions.

Theorem 5.16 below makes the relation between rejection functions and
selection functions explicit, but first, some comments on the algebraic char-
acterization of contractions in PC: Theorem 3.25 states that the distributive
filter lattice F (Lpc) is isomorphic to the positive calculus of systems in PC.
Thus belief sets correspond to filters in Lpc. The principal filters in Ly¢ give
rise to a maximum contraction function, resulting in the smallest possible
belief set. This contraction is defined by the rejection function R, defined
on page 139, and corresponds to the AGM full meet contraction function.

At the other end of the spectrum, the ultrafilters in Lyc give rise to
minimal contractions, resulting in the largest possible belief sets. Let ' be
a belief set and ¢ € I'. The AGM syntax-based representation of a minimal
contraction is as a maximally consistent subset of I' which fails to imply ¢,
called a maaxi-choice contraction function. As pointed out by Grove (1988),
there is a one-one correspondence between complete and consistent belief
sets containing —¢ and maximal subsets of I' that fail to imply ¢. With each
maxi-choice contraction I' — ¢, Grove associates a complete and consistent
extension of —¢. In the filter lattice, this translates to the observation that
each ultrafilter F' containing —¢ defines a*minimal contraction I' V* F, and
each minimal contraction — defines an ultrafilter (I’ — ) A* {~¢}. In terms
of systems of spheres, this corresponds to the Stalnaker assumption that
there is a unique maximally consistent extension of ¢ which is closest to
I'. This is the ultrafilter disjoined to I'. The smaller the filter R (T, ¢) is,
the coarser is the corresponding Grove system of spheres, with the coarsest
system corresponding to R(I', ) being a principal filter.

In the semantic characterization of contraction functions, each model u
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of —¢ has a maxi-choice contraction I' — ¢ associated with it, obtained by
adding u to the models of I'. All maxi-choice contractions arise in this way.
This translates to the observation that each model of ~¢ defines a minimal
contraction I' V* F', where F' is the unique ultrafilter having u as model.
Every minimal contraction arises in this way, but different models of —=¢ may
give rise to the same minimal contraction.

Let I' L ¢ denote the set of all maximally consistent subsets of I' that fail
to imply ¢, also called remainder sets, and let f(—¢) denote the set of all
complete and consistent extensions of —¢. As mentioned above, there is a
one-one correspondence between I'L ¢ and f(—¢). This correspondence is

made explicit in the following lemma:

Lemma 5.15 Let [ be a belief set and ¢ € [', with ¢ ¢ Cn(B). Each element
of ' L¢ has exactly one complete and consistent extension containing —¢.
Conversely, each A € f(—¢) s the extension of exactly one element of ' L ¢,
namely TN A.

Proof. Let ¥ € I'L¢. ¥ must have at least one complete and consistent -
Vextension containing —¢, for else we would have ¢ € Z. Next, suppose &,
and X, are two distinct complete and consistent extensions of ¥ such that
—¢ € &, and —¢ € ¥y. Then there must be some wif ¢ on which they differ.
Say 3 € ¥, and = € Zy. Therefore —=¢ D ¢ ¢ Ly and —¢p D —p ¢ I,.
But then Z ¥ —¢ D ¢ and £ ¥ —¢ D —. Since ~¢ D ¢ =¢, (m¢ D
Y) D ¢, ZF (=4 D ¢) D ¢. By the Deduction Theorem, I,—¢ D 9 ¥ ¢,
contradicting the maximality of Z.
Conversely, let A € f(—¢). Then A is an extension of 'NA and 'NA C T
cand TNAF ¢ Toseethat TNA € 'L, suppose ' A g U CTI. Then
Iy € ¥such that ¥ ¢ TNA. So—¢ € A,andyy Dpe 'NA C V.
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Therefore ¢ € ¥. Hence I' N A € I'L¢. Finally, suppose £, 2, € I'L¢, and
1,22 CA. Then B, UE; CTand £, UE F ¢, 50 2y = Ls. O

Theorem 5.9 gives a syntactic representation of contractions in terms of
rejection functions. On the other hand, Alchdurrén, Gardenfors & Makinson
(1985) give a syntactic representation of contractions in terms of remainder
sets. A contraction of I' with ¢ is expressed as the nonempt& intersection of
elements from [' L¢. 'Conversely, if s is a selection function which picks out
a nonempty subset of I' L@, then [} s(I' L&) describes a contraction of I' with
¢. Lemma 5.15 provides a method to translate directly between rejection

functions and remainder sets:

Theorem 5.16 Let T be a belief set and ¢ € T, with ¢ ¢ Cn(0).
(i) For any rejection function R, T —p ¢ = [)s(TL¢), where s(TLg) =
{TNA:A € f(~¢) and R(T,$) C A}.
(ii) For any selection function s, [\s(I'L¢) = I'V* R(L', ¢), where R(T', ¢) =
(H¥ € f(-¢):TN¥ e s(TL)}.
Proof. (i) Let R be a rejection function.
P-r¢ = DVFR(T,¢)
= TNR(T,$) by Lemma 3.17
= (A€ f(~9): RT,9) C A})
= [{{TNA: A€ f(~¢) and R(T,¢) C A}.
(ii) Let s be a selection function. |
(1s(Tlg) = [UTNE: Ve f(~¢) and TN Y € s(T'Lg)}

rn (ﬂ{w € f(~4): TNV e s(F.Lgb)})
= TV [ {¥ € f(=¢):Tn¥es(TLe)}.
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The result follows from Lemma 3.17. O

I have shown in this section that the power disjunction of a belief set and
a rejection of a wil may be regarded as the contraction of the wif from a
belief set. The power conjunction of two belief sets, one of which is of the
form Cn (¢), may similarly be regarded as the ezpansion of a belief set with
¢. The addition of a belief ¢ to a belief set I' is written ' 4+ ¢, which is
defined in the calculus of belief sets as I' + Cn (¢). Theorem 3.20 shows that
this operation can also be written as the power conjunction of two belief sets:
F+¢=T+Cn(d)=Cn(TUCn(¢))=T At Cn(e).

The Levi identity can be used to define a revision operation in terms of

contraction and expansion:

Px¢ = (F=-¢)+¢
= (DVYR_(I,=¢)) At Cn(4)
= (I'AT Cn(¢)) V¥ (R-(T,~¢) AT Cn ()
= (T AT Cn(¢)) v R_(T,-9)
= (I'+¢) Vvt R_(I,~¢).
Theorem 5.1 applies to the revision operation *: If — satisfies K-1 to K-4
and K-6, then = satisfies Kx1 to Kx6. If, in addition, — also satisfies K-7, *
satisfies K7, and if — also satisfies K-8, * satisfies K+8. In the special cases
where either ¢ € I or ~¢ ¢ T', the expression (I' + ¢) VT R_ (T, ~¢) obtained
above simplifies to I' — —~¢ and I' + ¢ respectively.
To summarize, in this section I have shown that the theory change op-
erations of contraction, expansion and revision can be characterized alge-

braically as operations in a power algebra of theories, endowed with a set of

unary rejection operations {R4},c;. This yields the algebra of theory change

(P (L) =, AT, Vv, {Ré}ée};)‘
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Equivalently, the theory change operations are characterized in the calcu-
lus of belief sets (B v+, {Rs} b€ L) , which is the positive calculus of deductive
systems endowed with a set of unary rejection operations. In particular, the
contraction of a belief set I with a wif ¢ can be written as the power disjunc-
tion of I' and a belief set containing —¢, and the expansion of a belief set T’
with a wif ¢ can be written as the power conjunction of T' and the belief set
generated by ¢.

The two fundamental operations that can be performed on any belief set
are conjunction and disjunction. Model-theoretically, conjunction represents
the elimination of models, and disjunction represents the introduction of
models. Theory change operations arise as special instances of conjoining

and disjoining belief sets.

¢ The expansion of a belief set with a wif is accomplished by conjoining
an acceptance of the sentence. In the algebra of theory change, the

only acceptance function maps wits to their deductive closure.

e The contraction of a belief set with a wif is accomplished by disjoining
a rejection of the wif. To this end, a rejection function is introduced
in the algebra of theories. The rejection function maps any wif ¢ to a

belief set containing —¢.

5.3 Extensions

The algebraic characterization of contraction presented in the previous sec-
tion can be extended in various ways, making allowance for multiple con-
tractions (Fuhrmann & Hansson, 1994; Fuhrmann, 1997), erasure opera-
tions (Katsuno & Mendelzon, 1992), and base contractions (Hansson, 1989;

Fuhrmann, 1991). Some results in these directions are given below.
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Multiple contractions

The original AGM approach to theory change only allowed theory change
operations that operated on a belief set and single wif to deliver a changed
belief set. One generalization of this approach is to allow multiple contrac-
tions. The idea is to generalize the definition of a contraction function to
operate on a belief set and a formula set, instead of a belief set and a single
wif. Two variations of multiple contractions considered are packege contrac-
tions and choice contractions. In the former, a belief set is contracted by all
the elements of a formula set, while in the latter, a belief set is contracted by
at least one element from the formula set. An algebra for theory change can
be used to model both package and choice contractions. If the condition that
belief sets are deductively closed is dropped, package contractions emerge as
a generalized form of base contraction. I will briefly discuss base contractions
later on in this section, while I will consider choice contractions here.

Fuhrmann &_Hanssbn (1994) motivate a generalization of postulates K-1
to K-6 to accommodate choice contra,cfions with arbitrary formula sets. The
following postulates are adapted from (Fuhrmann & Hansson, 1994), with
the additional condition added that the sets to be removed are deductively
closed. This does not have any real impact on the representation result
obtained below, and is done to clarify the presentation.

Let ', ® and ¥ be belief sets. A choice contraction is a function — :

B x B - B such that:

C-1 Closure: T — @ is a belief set.
C-2 Inclusion: T —=® C T

C-3 Vacuity: f ® € T'then ' — & =T.
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C-4 Success: If ® # Cn(0), then @ Z T — @,
C-5 Recovery: If ® C T then ('~ @)+ & =T.
C-6 Extensionality: f ® = ¥ then ' — ® =T — ¥,

A corresponding generalization is required in the definition of a rejection
function which defines a choice contraction function. Choice rejection func-
tions are defined in 5.17 below. Theorem 5.18 then states that postulates
C-1 to C-6 are satisfied precisely by those contraction functions that can be
defined by a choice rejection function. However, unlike in Lemma 5.10, the
choice contraction —p_, defined by the choice rejection function R.. defined
from the choice contraction —, does not give us back the contraction —. This
is because Lemma 5.7 does not generalize to choice contractions: there is no

unique maximum choice contraction.

Definition 5.17 A choice rejection function is a function R : B x B — B

such that, for any belief sets I and ®:

1. R(T,®) is a belief set which intersects ~+ .

2. R(T',®) is inconsistent iﬁ‘@ = Cn (0).

3. If® LT thenT C R(T,®).

4. If® =V then R(I',®) = R(I', ¥).
Theorem 5.18 A contraction function satisfies C-1 to C-6 iff it is defined
by a choice rejection function.

Proof. Left to right: Suppose — is a contraction function satisfying C-1 to
C-6. Define the function R_ : B x B — B by:
Cn(~t (& -T)AY (' = @) if & # Cn (0);

R.(I'®) =
( ) Lif @ =Cn(0).
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We have to check that R_ (T, ®) is well-defined: ®n(I'— @)’ = 0iff ® C - @
iff ® = Cn (D) iff R_([,®) = L. Else there exists some ¢ €. such that
~$ € R(TI',®). Therefore ~+® N R_(T,®) # 0. Conditions (1) and (2)
therefore hold. Next, suppose ® ¢ . Then ' =T - & > -+ (®—-T) At
(T — ®) = R (', ®). Condition (3) therefore holds. Finally, condition (4)
holds because — is syntax-independent.

~ Right to left: The proof of C-1 to C-6 mimics that of Lemma 5.4. O

Erasures

Katsuno & Mendelsohn (1992) argue that certain modifications to a knowl-
edge base do not adhere to the AGM postulates for revision. They propose
an alternative set of postulates for a ;:lass of modifications called updates.
A corresponding set of postulates governs the erasure of information from a
knowledge base. The postulates for update are in the same relation to the
postulates for erasure, as the postulates for revision are to the postulates for

contraction. In the notation used thus far, the postulates for erasure are:

E-1 Closure: [ —; ¢ is a belief set.

E-2 Inclusion: ' —. ¢ C T

E-3 Vacuity: f ~¢ € 'then ' —; ¢ =T

E-4 Succéss: If ¢ ¢ Cn(0), then ¢ ¢ T —. ¢.

E-5 Recovery: If ¢ € T then (I' —. ¢) + ¢ =T

E-6 Extensionality: f F ¢ > then [ —. ¢ =T —. 9.

E-8 Disjunction: (I'y V¥ ') —c ¢ = (1 —c ¢) VT (I'z —c ¢).
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The first six postulates for contraction are the same as the first six pos-
tulates for erasure, except in that the vacuity postulate is weaker. The dis-
junction postulate for erasure applies to a disjunction of belief sets, whereas
the disjunction postulate for contraction applies to a disjunction of wils.

As in the case of contractions, the erasure of ¢ from I' can be modelled
in an algebra of theory change as the power disjunction of F with a rejection
of ¢. The rejection function defined by an erasure operation has to change
to reflect the changes in the postulates. Condition 3 of Definition 5.2 differs

from condition 3 below, and a fifth condition is added:

Definition 5.19 An erasure rejection function is a function R, : BxL — B

such that, for any belief set T’ and wff ¢:

1. R.(T,¢) is a belief set containing —¢.
2. R.(T, ) is inconsistent iff € Cn (D).

3. If~¢peTl then C R. (I, 9).

4. IfF ¢ &> o then R (T',¢) = R.(I',4).

5. Re(Ty VT Te,¢) = R (T1,¢) VT R (T2, ¢).

Theorem 5.20 An erasure function satisfies E-1 to E-6 and E-8 iff it can

be defined by an erasure rejection function.

Proof. Let R be an erasure rejection function. Define the operation —pg :
B x L~ B by:
I'-péd=TVv"R(T,q¢).

E-1, E-2, E-4, E-5 and E-6 are proved as in Lemma 5.4. To prove E-3,
let ~¢p € I'. Then I' —p ¢ =T v+t R(I',¢) =T by property 3 of an erasure
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rejection function. This leaves E-8:
(T V¥Ty) —r¢ = (D1 VY Ty) vH R(Ty VYt Iy, )
= Iy VI vE R (T1,6) VT R (T3, )
= Ty V* R (I1,6) V* T2 V* B, (T, 6)
= (T1—r¢) V" (T3 —rd).
Conversely, let — be an erasure operation. Define the function R_. :

B x L — B by:
R_(T,¢) = Cn(=¢) A" (I' - ¢).

R_ has properties 1 to 4 of Definition 5.19. This is checked as in the proof
of Theorem 5.9. Further:

R_(T1V*T3,¢) = Cn(=¢) At ((T1 V' T2) —¢)
= Cn(~¢) At ((T1—¢) VT (T2 — ¢))
= (Cn(=¢) A* (1~ ¢)) V¥ (Cn(=¢) A* (T2~ ¢))
= R_(Ty,9¢) vt R_ (T2, ¢).

This shows that R_ is a well-defined erasure rejection function, which proves

the theorem. : O

Base contractions

In Section 5.2, belief sets were defined as deductively closed elements of
P (L). One can do away with this requirement and define belief sets simply
as elements of P (L). A belief base for a belief set I' is any set of wifs ® such
that Cn (®) =T, that is, ® =¢, I

A rejection function as defined in 5.2 operates on belief sets. Unlike
the postulates for contraction, rejection functions can easily be adapted to

operate on belief bases.
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Definition 5.21 A base rejection function is a function R : P(LYyx L —
P (L) such that, for any belief base I' and wff ¢:

1. ~¢ € Ry(T, ¢).

2. Ry (T, ) is inconsistent iff ¢ € Cn (D).
9. If$¢ Cn(T) then T C Ry (T, ).

4 IfF ¢ < 4 then Ry (T, ¢) = Ry (T, 8).

Of these, condition 3 may call for debate. Its intention is clear: If ¢
cannot be derived from the knowledge base, nothing in it should change when
rejecting ¢. This can be phrased in various ways, but does not influence the
essence of a rejection function, which is to reject a wif in a consistent way.

~The base contraction —; obtained from Definition 5.21 is defined by:
-y ¢= vt R{;(F,Qf’).

This function does not satisfy the inclusion postulate for contractions, but it

does satisfy the weaker condition of deductive inclusion (Fuhrmann, 1997):
C-2' Deductive inclusion: ' ' — ¢.

Instead of finding a suitable definition for base rejection functions, based on a
set of postulates governing base contractions, Definition §.21 can be regarded
as the fundamental concept, and used to find a suitable set of postulates to

govern base contractions.

5.4 Preferential reasoning

Non-monotonic reasoning is concerned with defeasible inference relations,

that do not satisfy the monotony or weakening property of Definition 1.17.



CHAPTER 5. THEORY CHANGE 156

An increase in information may thus lead to a retraction of previously ac-
cepted premisses. Non-monotonic logics are characterized abstractly by cu-
mulative consequence relations, and semantically by preferential model struc-
tures. These two approaches are related by Makinson (1989), and by Kraus,
Lehmann & Magidor (1990).

The idea to study non-monotonic logics by their consequence relations,
originated with Gabbay (1985), while their semantic characterization was
advocated by Shoham (1988). Different classes of non-monotonic logics
may thus be characterized both abstractly, by the properties of their con-
sequence relations, and semantically, by the properties of their preferential
model structures.

A preferential model structure can be defined more generally, but for the
purpose of the ensuing discussion, it suffices to regard it simply as a preorder
on the set of propositional valuations Valy. That is, a preference relation <
is a reflexive and transitive relation over Valy. (For technical reasons, some
authors have assumed irreflexivity, but I will not do so here.) In addition, <
is assumed to satisfy the following smoothness condition: For any belief set
® and any w € Mod(®), there is some v € Mod(®) such that v < w and v is
<-minimal in Mod(®). So Mod(®) has no infinitely descending chains. The
intuition behind a preference relation is that it orders valuations according
to how close they are to being a model of some belief set I', with the models
of I' being <r-minimal in the order.

Let < denote the strict counterpart of <, that is, v < w iff v < w and
w £ v. A preference relation <r is called I'-faithful if it satisfies the following

properties:
1. Ifv,w € Mod(I') then v £r w.

2. Ifv & Mod(I') and w ¢ Mod(T') then v <r w.
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3. T =¢n A then <p=<,.

Preference relations have been used to link non-monotonic reasoning to
~ belief revision (Makinson & Gardenfors, 1991; Makinson, 1993), and to
verisimilitude (Ryan & Schobbens, 1995). Boutilier & Becher (1995) use
preference relations to link belief revision to aebductive reasoning, the pro-
cess of finding a plausible explanation for a given set of observations. The
antecedence operator of Definition 1.22 induces a relation of explanatory
strength on formula sets, defined in 1.26. These concepts may be useful in
a multiple-conclusion formulation of abduction, since they accommodate the
disjunctive treatment of observations. This would be appropriate in cases
where observations represent possible alternatives, for example in experi-
mental observations.

Katsuno & Mendelzon (1991) use preference relations to characterize the
AGM postulates for belief revision semantically. Their results are obtained
for finite belief sets, that can be represented by single wifs. Katsuno &
Mendelson also discuss a number of revision operations proposed in the lit-
erature (Borgida, 1985; Dalal, 1988; Satoh, 1988; Winslett, 1988) in terms

of preference relations.

Theorem 5.22 (Katsuno & Mendelzon, 1991) A revision operation o sat-
isfies postulates K*1 to K*8 for finite belief sets iff there exists, for each
finite belief set T, a I'-faithful total preorder <p such that Mod (I’ o ¢) =
Min(Mod(4),<r). ' O

Here, Min (Mod(¢),<r) denotes the set of <p-minimal models of ¢. To
obtain a representation result in terms of preorders that are not total, pos-
tulate K*8 has to be replaced by the weaker K*9 and K*10. These postulates

are rephrased here in terms of belief sets instead of single wifs:
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K*o IfoeTl*x¢gandyp el xdpthen =T %1,
K*10 T (¢ V) C(T* @) AT (T x9).

Theorem 5.23 (Katsuno & Mendelzon, 1991) A revision operation o satis-
fies postulates K*1 to K*7, K*9 and K*10 for finite belief sets iff there exists,
for each finite belief set T, a D-faithful preorder <p such that Mod (T o ¢) =
Min (Mod(¢),<r). O

Consider the preorder on valuations of Definition 4.22, and used to define
a theorylike power order on formula sets. Its converse <{ is a [-faithful
preorder, as Lemma 5.24 shows. Therefore, by Theorem 5.23, it defines a

revision operation o which satisfies postulates K*1 to K*7, K*9 and K*10.

Lemma 5.24 < is a [-faithful preorder.

Proof. Let I' be any belief set. Let <[ be the converse of the preorder of
Definition 4.22. We first check that <[ is I'-faithful:

1. f v,w € Mod(I') then v < w and w <[ v by Definition 4.22, so
v L5 w.
2. fv € Mod(T') and and w ¢ Mod (') then v < w by Definition 4.22,

and v Ar w by Lemma 4.21. Hence w €1 v. So v <p w.

3. If T =c¢n A then <f=<Jj, since the order is syntax-independent. [J

- For every belief set T, the revision operation o obtained from the prefer-
ence relation <[ has the property that Mod (T o ¢) = Min (Mod(qﬁ) , 5;)

Syntactically, ' o ¢ can be described in terms of the weak power relation
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(<E)T of the preference relation <f:

Pog = {w:Min(Mod(9), <) C Mod(v)}
- {¢ : (V’o <f -minimal in Mod (¢)) (3w € Mod (1)) fw = 'v]}
= {¢: (W <f -minimalin Mod($)) (Fw € Mod (A 9)) [w = o}
= {¥: (v e Mod(4)) Bw € Mod (¢ A 9)) [w <1 0] }
{w:enu(<Hie}.

This provides the final example of the use of power constructs in rea-
soning about propositional systems. Namely, the revision of a system I' is
defined in terms of the power relation of a parameterized preference relation

on valuations.

5.5 Concluding remarks

The algebra of theory change (P(L)/=,A*, V", {Rs}scr) is a natural exten-
sion to Tarski’s calculus of deductive systems. It characterizes the operations
of theory intersection, addition and contraction algebraically. It also provides
an algebraic framework for the df;scription of a parameterized verisimilar or-
der on theories, as well as a simulation relation between different logics. It
is general enough to accommodate diverse aspects of consequence relations
such as paraconsistency, partial knowledge, many-valuedness and multiple
conclusions.

The operations for intersection, addition and contraction, and the rela-
tions for theorylikeness and simulation all arise by lifting an operation or
relation on elements of a set to a power operation or relation on sets. Cer-
tain consequence relations and belief revision operations also arise in this

way. In some of the case studies and examples considered in the thesis, the
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power construction is not the most direct means of achieving a result, but
in most cases, it is. This shows that the power construction is an integral
feature of deductive systems.

Some of the results obtained are inconclusive, for example, the results
on simulation, and on the use of the power construction in the definition of
multiple-conclusion consequence relations. It would be instructive to see if
new logics, and new relationships between logics, can be established by these
means. However, most of the results obtained, in particular the establishment
of a parameterized theorylike order and the algebraic characterization of
theory change operations, confirm that the power construction provides a
natural and elegant mechanism to address a diverse range of problems. The
use of an algebra of theory change as a calculus to reason about revisions
and contractions, merits further investigation. The generalization of power
constructs to first order logics was not considered here, and also merits further

investigation.
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