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Abstract 

Fi tting binary lens models to gravitational microlensing event s is CUlTCllt h" e1 t illlc­

consuming and labour-intensive process. 

Example-based algorithms more commonly used ill the field of data milling wen' 

applied to simulat.ed and observed light curves in order to facilitate t he' f1ttini!, of ,\ 

Silllplc. scv('n-panundcl' binary l(~ns model wit 11 lllillilllal hlllllClll illt ('1'\'('l1t iOll. Aft ('1' 

examining some of the causes behind the poor performance of COlIWlltiollCll fittillg 

techniques, such as the ambiguity of binary lens light (,UlTes c1lld prcnwtnre ('(Jll\"('l'­

gence to local minima, attempts were made to OH'l'Come these difficulties b\" dcriyilli!, 

features of light curves to be used instead of the CUlTCS themselws. Algorithms to 

sd(,et feature's were t(~st('d and applied to silIlulah'd data ill OJ'd('l t() filld th()s(' m()st 

suited to regression. Regression algorithms using derinxl feat nr('s were f01lnd to be 

less successful than those using pre-processed light C1llTes. 

A number of data mining algorithms ,vere applied to sim1llated bimllT lllicwlClls­

ing events in a series of experiments aimed at determining the best ('ombinat ion of 

algorit hm, light curve: pre:-proccssing tcchniquc and trelining sct constn wt.ion, as 

measured by t he correlation between known model parall1eters awl fitt ing j'cS1l1 t s. 

An REP tree induction algorithm, enhanced with the "Bnggill,,( llH't e1-dnl () j('ch­

nique. proved most effective, achieving correlations in excess of (J.9 whell trained 

using data sets biased towards light curves exhibiting high variancc <\!ld scpi\rat('d 

into s1lbsets by proj('ct.ed orbital rRCIi1ls of the lens system and thl' cl'Ossing i1llglc of 

the source. 

As proof of concept, light curves from two renlmicwlcllsillg ('Wllis (En OS-2()()()-

5 and 2003-0GLE-267) were successfully fitted using these techniques. The jcsults 

indicate that example-based fitting holds promise as an aid to conwlllional fitling 

t('dllliq1lcs. F1lturc work is ITCOllllllcwlcd to extelld the' range' of fittabl(' liglI1 ('lll'VC'S. 

obtain error estimates from fits and fit more complicated models to the data. 
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1 Introduction 

1.1 Introduction 

Let's st art by defining '"Local Gravit ational :\Iicrolensing" (LG:\I). It is a rel­

atively new field of Astronomy, related to Gravitatiomd Lensing (GL) lmt with <I 

distinct literature and area of interest. Although the theory of Grm'it<,tiowll LClls­

ing has been understood since at least 1936 H], obs('rYations ollh' l)('u)llH' ]lossi hIe 

by the 1990s as the challenge posed to observers c011ld (mh' lw met by the ar!wllt 

of modem computillg power alld digital illstnullcllts such as tIl(' CCD chip. Al­

t hough pioneering observational groups overcame the original technical dl<dlengcs 

([5]. [6]. [7]). they were soon faced with the extrC1ordilwril~' tilllc-C'onSllltlillg tnsk of 

interpreting r-1icrolensing light curves. As of this \\Titing. LG:\I observatiolls arc 

poised to enter a new era of abundant observations (see e.g. [8]) ,,'hile tlH' cOIll]luta­

tional and t hCOl'ctical intcrpretatioll of those observat ions is st ill i\ t illH'-UlllSllltlillg. 

labour-intensi\'e task. 

The cxpollcntial increasc in computing powcr sillce t he 19~()s [9] t hat allo\\'(~cl ['m 

analysis of data intensive observations, also SH\\' the re-emerge11cc of Hll(,()l1YClltiowd 

numerical techniques that are now known by umbrella terms such ns "Evolutioll<H\' 

Computation" and "Data f'.vIining" (which has been referred to (lS "statistics plus 

markE'ting"). iv1arketing or not, tllPse tE'clmiqlles promised ~(,ll('l'alit~,. ('ilS(' of illl­

plclllcutation and power and the urge tu apply thclll tu c\lwlysis ()f LG:\I aualysis 

proved irresistible. 

This work originated from both the real 11eed in thE' LG:\I COlllrtl1111il\' to llll­

prove or speed up the interpretation of obsE'rnttio11nl (bt(-, as well as tu explore the 

applicability of primarily data mining methods to the field. 

1.2 Background 

BeforE' the aims of this project arc laid out in detail. the next Section (1.2) 

describes thc relevant theory of Gravitational Lcnsiug and the ('HlT('ut S\clle' uf affairs 

iu the field. 
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1.2.1 Gravitational Lensing 

Gravity and Light 

Accoruing tu General Relativity [10]. any lttassivc buuy should disl urI 1 he pal II 

taken by a ray of light. Although never observed in everyclav life. 1 he scale of 1WISS 

anel distance required for this effect to be obselTa hIe are C0111mOll in ilstnmOJl1\'. r\ 

natural consequence of the "bending" of light by massive bodies \vas to predict 11mt 

stars could affect light from background objects in this wav. Einstein made this 

predicl ion in HJ30 H]. 

Einstein was not optimistic about this effect ever being obsern:d. l)1\t t he first 

ubsc1Tatiun of a silllilar gravitational lcnsing cft'cd was lllaue by \ Valsh, Cms\\'(~ll 

and \\'eY111o.nn [11] in 1979. In this case the lens was a foreground galax\' and the 

background source of light was a quasar. The obsen'ation of such lensing phellOlll('WI 

grew into the field of Gra\'itational Lensing during the 1980s and yielded a wealt h 

of literature on the subject. 

Photometry of lensed sources reveal short deviations in fiux 011 a lime scale of 

)'ears (e.g. [12]), believed to be dlle to individmd sllb-so]ar-n)()ss b()dies in the Jells 

galaxy aligning precisely with the background source and so fort ui 1 ousl~' leading (() 

additional amplification while the alignment lasts. This phenomenon was dubbed 

"J\Iicrolensillg" because the angular radius of a single star's lensing infillellce \V,IS of 

the order of a micro arc second. See 2.1.1 for a definition of this size. 

Galactic Microlensing as opposed to lensing 

The furlll uf Gravitational Lensing, predicted by Einstein was 10 tdke pla('(' Oil it 

completely different distance and mass scale: both the bHckgrmmci source of light 

and the lensing body would be stars or SlllClll systems of stHrs in our gHIHXY. It was 

thought that lensing on this scale would be impossible to detect. as an obseryer 

\mule! have to monitor millions of background stars around the dock \"it h great 

precision to detect just one such an cvcnt when a foregrouud dnd backgroulld st (\)' 

lwppen to line up precisely enough with the observer for ie) lensillg effect to 0('('111. 
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Astronomical technology advanced dralllaticaJly \vit h t he advent of accessible COIll­

puter l)(l\,,-er ane! Paczynski [13] suggested that the tillle had ('()] I l(' for det(,(·t illg 

gravitational lensing in our own Galaxy (or in the Halo. at least), with st.,\rs cHting 

as the sources of light to be lensed. The "local" galactic scale involved here (as op­

posed to t he cosmic scale lensing discussed in l. 2.1 meant t hilt HCt lwl iUlC1ges of t I\(' 

background star could typically not be resolved. onl~' their combined flux awl hellc(' 

the magnification caused by the lens. Paczynski's predictioll lee! to the f0l'111nti()ll 

of sew'l'al observational grollps dedicated to the ddection of galact jc lellsing ('V<'llt s 

(notHuly l\IACHO [5], OGLE [6] and EROS [7]). TIl(; S\ll"vey gruups \n'n~ spect ,(('­

Hladv successful and the first joint detection of a lensing ('vent Oil the "C,d,\ct jc". 

'·local". scale was announced jointly by the MACHO and EROS collnhmatiolls ill 

1993 [1-1] and [15]. A new term was coined for this type of lellsing: Gravitatiollal 

.\licrolensing (GNI). To make a distinction het\n'l'n this kind of lellsillf!,. \\'l!(']'(' bolll 

the source and lens are in or near our own galaxy and arc of roughly stellar lll,lSS. 

and the type of :vIicrolensing that is seen ",hen the constituents of a galilxy t IHit js 

acting as a single lens cause perturbations, we will Hse t he term Local Cravit a tioll,d 

l\licrolensing (LGl\I) to describe the local galactic events. 

Apart from confirming predictions that LG;\I could be observed. the S1\l'WY ex­

pcriments had some grandiose scientific goals for this brand lH'\Y brallch of nstroll()llIY 

and the new possibilities it presented. Arguably the lllost imjlort allt goal was t () 

determine the heretofore unknown constituents of dark matter. S1ll'Yey groujl ]'('sult:-: 

prcsented strong cvidcncc [IG] t.hat. the majority of this "missing lW)SS" WilS llo1 to 

be found in the form of brown dwarfs or other ;"Iassiw Compact Halo Object s (:\ IA­

CHOs). LG:\1 has also yielded results in Calactic Structure, Stellm AtlllosplH'),('s. 

Variable Star Surveys and of course exo-planet research (e.g. [17. 18. H). 20]). 

By :2000, lllUl'C than 100 cvcnts had lJcen detected. placing L8:\1 Linllly 011 t ht' 

scientific lllap as an observable phenomenoll. 
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Binaries and planets 

.\Iicrolensing events where the lens is a binary st(lr s)!stern were pssenti,dly llois(' 

to the dark matter experiments but these types of ('Ycnts hold the promise of yieldillg 

detections in an entirely different field of astronom)'. nClmeh' the search for ('xtnl­

solar planets. In 1001, SOOll after suggesting the f('asihility of d!'t('ding L(;.\1 ('WlltS . 

.\1(10 &= Paczynski [21] drew attention to the possibility of det ect ing the preSCIlC(' of 

(In extra-solar planet during LGM events. They pointed out thnt the magnificc,tioll 

caused by a binary lens can differ markedly from that of a single lens so that ('\,('11 il 

secondary of yery small mass compared with the primary lens call be detcctcd if the 

magnification is monitorcd closely over time. Detection of th(' small s('co11datT 1('IlS 

in a binary is subject to yarious geometrical factors. including the projected orbited 

radius around its parent star, its mass ratio, the exact alignnlPnt of the source. lCllS 

ane! obseryer, etc. Nonetheless, l\Iao & Paczynski estimated that a planet wughly 

the size of Jupiter would stand a 5-10 per cent chance of being detected if its parc]}t 

star \\'ere acting as a lens in an LGM scenario. Even nenrh\' platwts ar(' ('xtn'Ill(~h' 

hard to detect by optical methods clue to the overwhelming brightness of their parcnt 

stars, but LGM relies on gravitational detection only and prollliscs cletl'ct ions Ht 

distances comparable to that of the Galactic Bulge. making it a potentially dfectiw 

alternati\'e to other planet detection techniques. 

Figures 1 and 2 sho\\' some theoretical binary LG'\1 light curvcs. Cencrnlly 

speaking. the smaller the planet. the smaller the disturbnnce to the norlllal single 

lens light cun'e, although the shape of the curve is highl~' dependent 011 g('Oluctry 

(i .c .. projected dist ance between primary and secondary, angle of transi tiOll of thc 

sourcc, and the proximity of the transition path to ('itlwr of th(' t\\.() l(,l1S(,S). 

It is not kno\\'n \vhat proportion of lenses nre single, binaries ur even lllultiple 

systems. As shown in [22], a system with one star and se\'cral planet an' bodies 

can be approximated fairly well by assuming that the effect of each planet on the 

light curve is independent of the others. Thus \ve cCln approxilllat (' (\ nllllt i-plc\lwt 

system by considering each planet \vit h the star HS H sepHrHte binHr\' S~·stl'lll. The 
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Simulaled binary lens curve no 1 

·168 r--r----;,----;,----;----,----,----,---,----,---, 
a=l 2 ang=70b=0 5005.f=l,mO=19,psl=0,q=02,rho=0,rs=0,le=27 5,lm=0 -­

·17 

-172 

-174 

-176 

-178 

·18 

.182 

-184 

186 

-188 

·19 '--'---''----''----'---'-----'-----'--'---'---' 
-40 -30 -20 -10 10 20 30 40 50 60 

days 

SIm\Jlaled hlnarylf'lns ClJrvf'l no 3 

-165 ,-------,-----,-----r----,-----,------,-----, 
a=1 1.an9=85 b=O 5005 f=l mO=19,psl=O,q=O 5,rh =O,r5=O,le=275,lm=0 --

·17 

-175 

·18 

·185 

.19.8LO---'.60==-----4.L0--...J.,LO---"----,LO---'40,----'60 

days 

Simulated binary lens curve no 5 

·176 ,------r------,,---,-------.---,------,--,-----, 
=0 7,ang=110 b=O 5005./=1 ,mO=19,psi=O,q=0 8,rho=0,rs=0,te=27 5,lm=0 --

-178 

·18 

·182 

-184 

-186 

-188 

·19 L-_--'==-----lL-_....L_-",--_..L.._-"-,--_-'-:-_-' 
·100 ·80 ·60 ·40 -20 20 40 60 

days 

Simulated binary lens curve no 7 
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Figure 1: Examples of binary LGYI light curves with large lllass ratio lenses. These 
C'vents all have lllass ratios (q) larger than 0.2 and projC'ctC'd orbital separation (0) to 
place them ,,"it hin the lensing zone. Although the crossing c1llgle (e) \\"as ChOCiCll t () 

product' a dramatic curve, the impact parameter (b) is actualh- qllite low (b = OSO()S 
for all). The unit of b is Einstein angular radius. which will be defined and discussed 
later ill the thesis. 
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Simulated binary lens curve no 1 
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Figure 2: Exalllples of slllall lllass ratio biuary LG.t\I light curves. These ('Vl'uts all 
have q ::; 0.08 and were chosen with specific geometry to produce light ('mn~s wit h 
L1rge distortions. 
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first practkally \lnCOlltw'~r"jf,J udt'(;l,ion of a plane! hy LG/>.1 WWi H'(;'CIllh- HlJd" 

by fjonu et a.1 (2004) [2[. l'nO[ to lui , landmurk thl' ouly Ca[lflJr]l\1(" W{'r<' ["irl,1 

(flIlTr()'~roJaI, ,nth ,10 12JJ "hid! ('onld h" ill~('rl'r"I , ( 'd "" "it.he, a pland or]nlmg ,. 

binary ,I >I.r or a hi~]wI-l!laHh-ml io bill","Y wll h rot,ot,lOll cfkct" 12 I ~onw 'pcctfl.<'lIiar 

binary kll" d~l{'(;I.jOll" hdW yielded mterl-stilli\ rr;;nlt" ill a variN,y of lipid, 'Iwh ~, 

1251 ond 12~1 Fii\nre" ~l and -1 8hm\' twn impr('S.<iw r~ai binary light Cm",,, from lhl' 
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Past Local Galactic Microlensing observations 

The initiHI l\Iicrolensing observations could be broa(Il~T crltcgorizcd illto "Slll'\'('VS" 

and "follow-up" (see e.g. [27] for a review of obseryations and results during this 

period). Survey groups generally observed millions of stars in dense ficlds sucll as 

the Galactic Bulge. nearby globular dusters ur the 1.\IC awl S.\IC and ('\'('ll l\131 

using wicle-field telescopes. The main purpose \\'as detection of as lllallY ('ycut s 

c1S possible, not detailed (high-frequency, low-noise) obsen'atiolls. Tvpical smwy 

group sampling rates were 1 or 2 points per en'nt ]leI' night. Follow-up groups did 

not in general detect any new events, but obserwd cn:nts that werc c1ctcct('d 1)\· 

the survey groups, at higher frequency and with l()\\'(~r noise, thallks to the gn'rltcr 

amount of time spent on each event. They were totally dependent Oil the S1llT(,\' 

groups to provide the astronomica.! connlluuity with timely alerts on detectioll of ;-l11 

ewnt in progress. Thanks to the cooperation of the Sllrve~' groups. follow-up groups 

obtained some impressive results. although the uncontroversial detectioll of an ('xt l'Cl­

solar planet W"lS not among them during the first round of expcrinll'llt s. D('spit (' 

the negative result. PLA::\ET was able to put some constraints Oll th(' (~xist(,Il('(' of 

planets around lenses in their detection rnnge [3]. 

Future LGM observations 

The initial experiments above not only proved that LG'\I was a viable He\\' ohsc1'­

\'ationHI field but also obtained important results. Sen'ntl Ul'\Y experiml'nts which 

can be described as "secolld phase" are plallned or already under \\'ay (such as [281. 

) building on the success and lessons of the first phase and SOllle of t h('se a1'C l'('­

vicw(:d in [29]. Plans for the Illedium-term future of ~Ii('rol('nsillg hnllH'ntly inYolv(' 

space-based missions (e.g. [30], [31], [32]). 

Modelling and Interpretation 

Past LG J\I experiments yielded a great Illany obscrHxl light CutT('S and ,\ good 

p1'Op01't ion of these differed from the "vanilla" single lens light ('\ll'\'cs ddincd 1)\· 

Paczynski [13]. PLANET, the follow-up collaboration of \yhich the ,\\It hot \\'r1S r\ 
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member between 1997 and 2000, ob~erved more than 120 CUlTC~ of \yhich 11 p('r 

cent were clearly anomalous by eye [3]. The bottleneck to obtaining scicntific l"('­

suits from LG~l obse:rvRtiolls is due: as llluch to tl1<' difficulty of interpn'tillg tl)(' 

curves a~ to observing thelll. Although the simple single lens ("urn's are rclRtivcly 

easy to model and to extract the relevant lens information from. interpretcltion of 

anomalous e\"ents requires a lot of effort. Difficulties with extrRcting illfonnn t iOll 

and attempts to overcome them form a major part of this thesis as \\"('ll as the \\'()rk 

of the observational groups. The: difficulty arises because evel1 the simple situation 

\';here a binary system is acting as the lCllS leacb to (l huge w\ri(~t\" in t IH'()n~t intl!y 

possible light curves. In addition, although the mat henlCltics of a binar)" 1('lls SC('­

nario is simple cnough to express in a few short equations, lllunerical cOlllputatioll 

is required to calculate the magnification caused by the lens. Faster methods ()f 

calculating Rmplification were devdope:d by AS(l(b in 2()()2 [33] butt he solu lion rc­

mains numerical. This computation time rules out the use of simple met hods that 

rely on approximations or the brute force of powerful computers and lllodellcrs ilrc 

required to come up \vith interactive and ingenious procedures to finc! solutions to 

each ~pecific curw. Section 3.2 describes in greater detail the difficultic::; in fittillg 

LG~d cmws. 

At present each observational group is applying t heir own set of met huds, () 1-

though successful attempts are obviously shared with the cOlllmunity. For exmnplc, 

PLANET successfully applied a staged method to at least t hrce cwnts ([25]. [3], [1]) 

but it is only applicable to certain types of events and took of the order ()f JllOllt hs 

to apply to some events. ?-.Iultiple: solution sds exist for caeh obscnnl light cmV('. 

necessitating data that are excellent both in quality and quantity in order to l~xdudc 

all but one of these possible solutions. The problem is disc\lssed fmther in Sectioll 

3.3.4 bela\\". 

Ambiguity IS one of the hardest problems to ~olye wlwn intcrpreting a light 

curve, and the resolution thereof was one of the dri\'ing factors in the establishment 

of follow-up observational groups. The problem is one of fundamental geometry 

1() 
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because very different lensing system geometries um produce yery silllilar (1ll'\'es. 

A curye ,yithout sufficient data to distinguish between multiple possibilities is of 

less benefit. Up to 2002, tlw survey groups did not in general hay(' ('llough drILl 

points in their light curves. necessitating a higher frequcncy of ohserv,d i()1J that 

was only attainable by follow-up observations. The '\IACHO-97-BLG-·n (,Wllt \\'C1S 

a good example of ambiguity of interpretation. The light Cllrye had Hll()1Wtlous 

features ascribed to a rotating binary by PLA:;\ET [2-l] anel a stat ic triple svstelll 

hy the ;\lPS collahoration [23]. Both groups had independent. high-quality dat a 

cO\'ering diH"erent parts of the light curve. .\Iudellen; with diH'crcllt cIat (\ S(:t Ci ("(Ill 

yerify or exclude each others' models. hut no one can gllanllltce t lwt t he\' h,1\'(' (he 

best solution, as parameter space is too large to search exhaustiwl\-. The lllctho(b 

introduced in this project do not soh'e these problems but attempt to provide all 

alt('rnative to r1!rrent LGT,I fitting tedmiq1H;s which could facilitate lrlod<'l('l's. 

Recent developments in LGM modelling 

The modelling of LG;\I events, and anomalous ones in part icular. has ,ldvanced 

since 2U()() at which time the state of the art \"as prubabh' t he del ailed ,uwlysiCi 

of EROS-BLG-2000-5 [1]. Advancement is crucial if Ul()(!cllers cue to llleet the re­

quirements of ambitions detection missions such ciS the .\ Iicrolcnsing PLlIl('t Fi Jl( [('I' 

[32], as there \vill be an enormous number of good candidates to model' Yct, 1ll()c;t 

binarv lens light r1!rve fitting and f'xclusion anal~Tsis is still hased OIl grid methods 

(c .g. [3-1 L [JG]). The:-;e methods step through the lllodel panllllet ('l' space gC11<'1'­

ating model curves at each grid point to compare with an obscrwd eycnt. If the 

grid is fine enough, the results are reliable but the computation tiUlp to pel'f()1'1ll rl 

near-exhaustive search i:-; often crippling. Dominik sumlllarizes and f111thc1' dev('lops 

the approach taken in [1] in [36], where the dimensionality of the binary light CU1\'(' 

fitting problelll i:-; reduced by first performing a fit tu :-;pccific rcgiOllCi ()f the cm\'('. 

Asada [33] took a large step towards decreasing fitting timc for biwuT lellS (,Wilt s ill 
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2002 by reformulating an equation at the heart of point -mass :-Iicrolcnsing lllet hod­

ology. This equation relates the position of the light source to the illlag(; ]>osi t iOllS 

for a given lens gcomctr~r and is a prer<'C(11isitc for calculating amplificatioll. f3do]'(' 

t hat paper, t he best formulation in use was a 5th-degree complex polvnUlllial which 

translates into two coupled 5th-degree real polynomials. :-I01'e abo11t this fmllluL1-

tion in 2.2.4. Asada [37] and Asada. Kasai and Kasai [38] then proceeded to 11:-:(' 

t heir new formulation to derive an analytical expression for the ca 11s(ic clIrve's of a 

hinary lens systelll. in itself another great advance. illllllediately applicabl(' to. fo)' 

example, planet det ection studies that. 11se caustic-crossing as t hei)' del c('( ion ('1'i­

terion. A good example of single-lens finite source fitting is given in [39] fOl' the 

observation of OGLE-2003-BLG-262, and Smith, Ivlao and Pacz~rnski HO] poillt out 

vet another ambiguity caused by the modelling of parallax in single lens light C\ll'WS. 

Finallv, the characteristics of binary lens light ClUT(:S in the \'icillitv of cusp caustics 

were definiti\'ely discussed by Gaudi and Peters in HI]. 

1.2.3 "Unconventional" Methods for Regression 

The terms "regression" or "curve-fitting", which will be used interchangeablv ill 

thc context of this project, refer to the process of extracting lllodel panllll('(,~rs from 

obseryations (although the problem is definecl clearly in 3.2). :-lethods \lsed ill this 

project incl\lde vario\ls forms of Data Mining algorithms, Artiflcial :\e1ll'al :\(,tworks 

anel Genetic Algorithms. So-called "conventional" methods as the terlll is \lsed here 

refers to algorithms that minimize ~X2 by performing a brute forcc grid sCHrch for 

the global minim\lm of the regression hyper-surface 01' by using local iuformatioll 

such as the ~ ,(2-gradient. A discussion of conventiollal ancll111com'clltiollalll]('t hods 

can he fO\lnd in Chapter 5. 

1.3 Thesis 

My thesis IS: 
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• UncOlwentional fitting techniques such as those m(m~ oftell Clppliccl ill t he field 

of Data I'dining or Artificial Illtelligellce research call be sllC'cessf11ll\' clllplowcl 

in the analysis of l\1icrol(;r}sing light (,1ll'\,('S, 

• These techniques are alternative and complcmelltary to \2-bdspd LG:\l pl}()­

tometric light curve fitting, 

• The 11se of these techniques provide a greater l('wl of autolllatioll to tl)(' light 

('urn~ fitting prucess than is attaillable with CUllvelltiOllHl tcdllliqll(,s. Cm­

rently, interpretation of observations by means of guided, C'om'cntiUlldl .6..\ 2_ 

minimisation is a burden on human modelers. 

• TI1P 11se of these techniques speeds 11p the fitting process. 

:\lost current fitting methods do not at first attempt to filld ,lll ex,lCj paralll('­

tel' set to model a given data set, nor attempt to fit the most complicated Ill()(kl. 

Instead. an iterative process is involved where certain parameters are detcrmined 

first by finrling an initi::tl model (e.g. [35]). Th(' primary ohjc('ti\'e of the 1llct hods 

explored in this thesis is to find these initial models much faster t hall what is C\ll­

rently the norm. If this stage could be speeded up. ,dl the specific object in'S set 

abm'e could be met. 

1.4 Overview 

Chapter 2 discusses current LGl\1 models. from the element an' fom parameter 

single lens model to the simple seven p::trameter hinar~' lells model and extellsions 

t u it. Section 2.2 discusscs the implelllcntatiun uf billary lells calcula t iUlls all( I t l}(:ir 

\'arious complications. The challenges facing modelers who attempt t() fit hillelrV lel1s 

e\'ents is explained in greater detail in Chapter 3. These include the nOll-lillcarity of 

LG:V1 binary lens e\'ents, model ambiguity, computatioll tilllc allCl the sllwll l'iHlillS 

of convergence of a typical fit. 

Chapter 4 illtroduces the cuncept uf dcrivillg amI select iug ligllt CUl'W feid mcs ilS 

an aide to fitting. Various features are discussed. calculated ,mel cVHhwtccl. Chapt er 
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:) is a short review of "conventional"' methods of 6. X2
- minilllisation and int rod \lees (\ 

common ground for comparison between these and the more ullconvcnticmallllet hods 

that follow in Chapter G, which discllssc;s and evaluates example-hased regression. 

This chapter forms the backbone of the cxplorat ion into fitting met hodologies. ('s­

pecially those based on data mining techniques. E\'aluation is based on silllulclted 

data \yhich is made more realistic by the introduction of silllulatecl noise. Chapter 

7 applies the best methods introduced in the preyious Chapter to actual LG:\I ob­

servatiollS ;:mel Section 8.1.S discusses the fut1ll'c: c:xtcllsic)]} of this llldhoC]()I()g\' to 

include extensions to the standard binary lens llludd. 
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2 Model 

The LG::\I scenario can be easily described by a fe\\- silllple equntions_ despit (' tIl(' 

extreme diversity of light curves that are t hcoreticallv obselTa ble based Oil (1 si III pIc 

point-lIlass binary lens morlc:l. Fctirly simple e([ucttions relate the relative positioIl of 

t he light source and t he lens, with respect to an obsen·pr. tot he image jlosi t iOlls and 

their magnification, although only some can be soh-ed analvticc,lly. The rcmnining 

equations have to solved by a variety of iterative. trial and enOL n1ll11erical tech­

niques. This Section describes the basic theory of LG\I while 2.2 C011('elltratcs on 

th(' df('ctiv(' solution of the equations pn'scllt(:d hen:. 

2.1 Theory of LGM 

2.1.1 Geometry 

Lens and source plane 

Figure 5 shows the basic LGr-.I scenario. A bright source III t he background is 

lensed by a TlHuisi,-e object between it and the obsCl"ver. Instead of obs('J"ving 111<' 

flux of the actual source, the observer llleasurcs the tot al flux froJll 011(' ()l" Jllort' 

lensed, distorted images of the source. Distorted images are not directly ohsclTahlc 

in the LGr-.l regime (with current technology) due to their SlllHl! Hngulnr S('pclrnt ion. 

v;hich is of the order of a milliarcsecond. Arguably the most import ant equation in 

LG\;I, Eq. 1, maps the position of the un-lensed source on the sky to the positiolls 

of its illlages (assullling a point-likc solll"cc). Figure G shm\·s S()lll(' ('Xillll pl(' illlag( 'S 

and the un-lensed position of the source on the sk\'. The shape. size and positioll ()f 

t he images vary significantly as the source position dlHngcs. 

The dcrivRtion of the equation that rclatcs source to image posit ion is hnc;cd 011 

silllple geOllletrical arguments and can be found ill l'.g. [13]. [-12]. III t he next Scct i011 

we introduce a convenient unit of distance that furt her simplifies it. 

In Local Gravitational Microlensillg, the typical distance 1whn'cll ohs(']"wr and 

source is of the order of 30000 light years, or roughly the distan("(' l)('t\\"('C11 \lS (\ltd 

t he centre of our galaxy. The lens call be Hllywhere ill this 1'(11112,(' \\-i t h ('X,1('t]y it,d f 
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_____________________________ -- -- •• >'" r"'" 

- - ' --'-

ri~ure 5: G lm-itatiollal .'I liuolel"lll!~ t~e(}lJle l ly, LI '.1st ral ion 01 a billMj lpn, dpfi r.::-t­
in!'; light from " b~ckgWlllld som~l', l\[ult.iple il1l"~e,, me fol'nwzi (2 [or a sint~k lew, 
:.1 or 5 for a biwu-y Jell·d, 

l\ lud more import"nt thA" the l'X~n rlist.fLnre to the len" i8 its nli[,;lluwnt with 

t.he soure-<> " nrl obsprwr Frnm the oh8('rVl'r ', point of vi ,'w, t.he ic"" Jl('('rl, to he 

ttligllecl w11-h rhe WIHC~ ."-' t.1,><1 t.ll~\· HI-,' with i" n fE'''' ltlilli nl'c.'~(,Ol](I, of ""d , oth('1 

Oil (he sky, The prl'('i'1011 o[ dli '~IllJlPllt <1 ~lwnds on t Iw m"", 01 th~ len' ~nd di8t~ n{'(' 

to it and is of the ordel of 'Jlillial"""-"'onrl~ [01 [,Cl\1 ~v~nt,_ It is til i, strin,opll1 

requirement on "h!~IllJle nT I-Im t m"h.' dn I.C\ 1 eV~n1 " mre n~rllrr ~ncp t h"l- rc,qnir"" 

tb~ m(\nit.(\rin!~ or million, nl _,tar, tn rl~' , f'('l . .imt" Ipw rlmpn <'\I<'nt8_ This <'xutin!,; 

gL~)lllclri~,<.I requiremeut "lluw" UO T<J Us" "Ul lL~ "ppt(Jxlmlllion, tlJ~ t .,itl Jpli l\- til(' 

tbmly wJthout <1q~ld<1 ill t~ ih dc., ur,i.C). Fil.,t, tlw l ~n' Can he ~,,1hl "thin" Th" 

approximatioll require, "JeJhill!~ ,"-'eI1Mio whelc the SlZP of th~ l~n, I'rojp~tPd onto 

th~ Ob-;l'rYer-,-;()urce axi.-; i.-; nq~li,~iLle as cOlllp~rL' 1 with th~ ob."·rv'·r-,ourc~ d1 ,t ~nN' 

Thi" l'l,,!uiremenl is del..-Iy met l1l I.Gl\1. TllC :;cconel approxllu"linll is to C"DIlS1d~r 

I-h~ 1011- d.'" PUillt , or in t.h~ ca"'" 0[" j,in ~ r\' Ul llLllh iplp 1'·lL,ing '.Io t.r"" ~a('h 1,0<1\' 

i, ap l'roxilIMt wl "'" " 1'0i11t. , 
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Lensing Equation and Angular Einstein radius 

\Vp now introduce a ~eneml l<:nsin~ equation that dpscrilws the rcl(\tionship 

lwtween source position and image positions as projected onto a plane in Ihe sky 

peqwndicular to the observer's line of sight andlocClted at the lens. \"cllid fm sllWlJ 

deflection angles. The equation is at the heart of nH1.ll.V :\Iicrolensing c(\lculations as 

many obsen"able quantities can be derived from it. including the total aJnplifical ion 

of the source. 

The point mass lensing equation was first derived by Paczynski [13] awl Kayser 

ct al. [-12]. The vCl"sion of the equation presented here uses complex c()onlina\.cs. a 

methodology introduced by Bourassa and Kantowski [43] ane! applied to LGi-.1 by 

\\"itt [44]. The use of complex coordinates is a cnlculCltional conveniellce. introdw"C(1 

b)" Bourassa ane! Kantmvski "because it is almost alwa\"s easier to S11111 ow'r complex 

functions than their components." The real and imaginary parts of thp complex 

nUlllbers Illap directly to real x- and y-coordinates, respectively. in I he lellS pICll)(,. 

The relationship between tlw s()ur("(~'s positioll and the position ()f its inlilg('s in 

the LG:\1 scenario is given by the dimensionless, normalized Equal ion 1 

( 1 ) 

where m; is the lllass of lens i, ( is the source position, the 2; are t lw lens p()si t iOlls 

and z is the image position(s), all unitless. z is the complex conjugatp of z. The 

sum is over the total number of lenses and the total lens mass is llonllalizecl to 1. 

The normalization of Equation 1 requires the introduction of the "angnlar Eill-

stein Radius", an intuitive and convenient unit of angular radius applicable to LG:\I. 

gin~n ill Equation 2 

fh = 
4G J\I 

(2) 

where 
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1 1 1 
(3) 

D/ is the distance to the lens, Ds the distance to the source. (; is the Grnvitc,ti()wd 

Constant and JI is the mass of the lens. 

Apart from simplifying the formulae associated with LG.\I. the angular Einstein 

ntdius is uf fundamental iIllportance to g,ravitationallcllsillg, and has a clem phvsi(,t1 

interpretation: the image of a point source that is exactly aligned with a p()illt lells 

appears to the obseryer as a perfect ring nround the lens with em emguLu l'c,dills of 

one angular Einstein radius. This is seen by putting ( = 0 ill Eq. 1 for (\11 i = I 

(single) lens. eE appears m yarious formulas and sets the angular distance scal(' 

for LG'\l en~nts. For example, as a SOUl'{'C nears the pusition of the lens 011 til(' 

sky its images moye towards the Einstein ring. Images arE: n()nllall~' found ill the 

proximity of the angular Einstein Radius vvheneyer nOll-negligible Ipnsinp, is t aki Ilg 

place. Extended (finite) sources cause extended images and these elongate along the 

ring when significant lensing is taking place. Fig. () shows t his effect. 

Amplification 

The angular Einstein diallleter uf a typical LG~I cn~llt with a lllClSS of (J.3.H,,", is 

slightly less than Imilliarcseconcl. making the angular scctle of LG'\1 d!'c:c\s t ()() sllwll 

to be resolyed by current telescopes. Observers thus hHve to den I wi t h the o \'(')' ,d I 

effect of lensing by measuring the combined flux from all illlHges of the source. The 

S01ll'CP is amplified hec80use the combiIlf~d flux from the imap,es is grcater than tll{' 

flux frUlll dIl un-lensed source (again, sec Fig. (j for an illustration). One silllple 

method of calculating the amplification when dealing ",it h Cl finit e sourCr' is ill fcHt 

exactly this: one simply divides the total image flux by thc source fiux to r('\riev(' 

the total amplification. Images of a point source are point::; thclllscly('s awl do llot 

have an area to add up hut their amplification can be calculated efficiclltly by taking 

t he determinant of the Jacobian of the soun'(~ to 1111age t ransforlll(l t ion ill Eq. I. 

given by 
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(1 ) 

which is yalid for each image i. The total amplificatioll is the sum of Eq. 1 owr 

all imag('s. 

1 
(5) 

clet J i 

where .Virnagc8 is the total nUlllber of images, ill ut her words the tot (II lllllU1H'r of 

solutions to Eq. 1. 

Caustics and critical curves 

From Eq. 5 we sec that cletJi = 0 for any of the images implies infinite Ctlllplifi-

catioll of a giY(,ll SOlll·("(~. This unnatural predictioll is a r<~sult of t 11<' aSSll111pt iOll of a 

point source and is obviously not attained in nature. The geometry \\'here det Ji = () 

does indeed occur during lensing events and can lead to extremely high mllpliiicH-

tion, the exact height of which is determined by geometr~' and the size of the SOUlce. 

These cletJi = 0 regions are therefore of utmost importance durillg a Iensillg (,Wllt 

awl oftcn cOlllpletely dictate the structure of the light ('m\'('. \\'itt H-l] fonlllt!,tt ('S 

these regions as a parametric curve in the image plane b~' Equation 6, 

lnl 1112 

( Z 1 - 2")2 + (22 - 2") 2 
(G) 

with 

rP c [0,27f] (7) 

These regions are closed curves for any lensing system with more tblll 011(' ICllS. 

and a single point at the position of the lens in the case of a single lens. The (,111"\,(,S 

can be described as an implicit function of image position or source positioll. \\'hell 

described as a function of illlage positiun they arc called ··criticalcurvcs". The S,llllC 

curves translated to the source plane gives source positions \\'l1('re lllClgllificcltioIl is 
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infinite and are called "caustic curves 

curves can be achieved via Eq. 1. 

TnUlslation between critical and callstic 

The C<ll1stic Cllrve description 1S particll1arl~' llscfll1 ",hen analyzing t 11<' s11'1](,-

ture of feat llres in an LG IvI curve. Peaks correspund to callst ic crossings 01' lIcar 

approaches by the source to a caustic cun'e. Generally. one is more interested ill 

caustic curves than critical curves as caustics are more closely related to tIl(: observed 

light CUlTe, There is a wealth of literature available on caustics awl LC::-l emvc Hllal­

ysis based on callstic crossings. One: of the most sl1C'('cssfnl ('nrrcnt met hods of lif~hl 

cur\'{~ analysis relies on detennining the angles at \yhieh the SUlln'(' pat h illtersect s 

caustic curves as a starting point in determining the ut her LG::-l jlit],(lmeters [11. 

2.1.2 Single lens 

The simplest lensing geometry to analyze is that of it single lens. Single Iells 

s)'stems are the only ones where lens amplification can be expressed anah,t icalh' 

and calculated by simply substituting the source position into the equation f()]' Hlll­

plificatioll. Single l('ns (,V(~Ilts can he thought of as th(~ "defanlt" (,VCllt ill that ,Ill 

event is considered to be caused by a single lens (by the principle of Occcun's razor) 

unless prO\'ed otherwise. The majority of LG~\l ewnts me clnssifi('d as single' ([45]. 

[3]). 

Parameters 

Figure 7 is similar to 5 but includes the parameters nsed to clesnib(' sillgl(, alle! 

binar'\' lens geometrv in this document. Seyeral other Pclnlll1cteriz(( tiolls C'xist J)\\ t 

most arc CIUellit at iycly similar. One point of nute is t ha t lIlost ut her pmd.lllct cri­

zations differ from the one used in this thesis ill t heir point of origin ,me! Utl its ()f 

angular radius. In this piece the point of origin is always t akcn to be the posit i01l of 

the primary. III most others, the origin is placed at the centre of mHSS of the biw\l,\,. 

Similarly, the unit of angular distance used here is the angular Einstein radins of 

t he primary. nut the binary lens. 

b is the impact parameter of the source pelt h to t he primcU'~' lcns projcch'cl Oll 
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imagc planc 

lel1:-' plalll' 

" "pfIIlary 
observer 

Figure 7: Parameters of the simple binary model. band e fully describe t he lin(~m 
path of the source. q and a describe the secondary lens. :\ at in the diagram. Ie, 
tm and Ino, respectively the angular Einstein Radius crossing time, time of closest 
approach to the primary and un-lensed source magnitude, describe the translation 
and scaling of the light curve in a time-magnitude plane. 

parallax and binary lens rotation effects projected onto the sourcc' s lllOVClllent. 

for example. b no longer represents the impact parameter. but rather the distance 

between source and primary lens at the time when a linear path wOllld hmT had its 

closest approach. to is the time corresponding to the source being at point iJ, that is 

t he time whell till; source on a lincar path is closest to t he primary 1('lls if the some(' 

path is linear. te has the unit of Days and is also known as the angular Einstein 

Radius crossing time. It sets the time scale for the LG:\l event and is typic(llly 

bet\yeen 10 and 20 days. although events with much shorter awl larger time scales 

have been obsen'ed. mo is simply the un-lensed magnitude of the source. 

Siting the origin at the position of the primary, unlike the standard parameter 

system which sites it at the centre of mass of the binary lens. facilitates ewnt COYll-

parisUll except ill the case of close binaries, where a bet t cr point -lens approxilllat iou 

is obtainC'd by placing the origin at the centre of mass of the bin<UT. COIll[JcH'ing 
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binary lenses to single lens systems for low mass ratio systems IS caSH'!' if we site 

the origin at the position of the primary, as the origin remaills in the same position. 

In thl' standard cooroinatl' system the origin would \lIO\'('. which \lIeallS (1)(' illqlacl 

parameter b would have 10 change in order to align the ccntred p('ak of I h(' 1\\'0 

cun'es in time. 

The Single Lens Equation 

Substituting n = 1 into Eq. 1 yields Eq. 8, the "singlc lcns" equation. n = I is 

the only case where an analytical solution for the image positions UUl he obtailled 

from the source position. The equation is second order in z and always yields I\\'{) 

physical illlage positions for every source position. 

1 
(==z-~ (8) 

To obtain the total amplificatioll, we replace the t'H) image pusitions ill Eq. S 

yielding the simple single lens amplification equatioll, 

TI1P caustic C1UVC in the single lens case consists of a single poinl at the lells posi-

tion. while the cOlTespomling critical curye is the Einstein ring. FlOlll the discussioll 

in Section 2.1.3 \ve expect the image positions to apprm.c:h the criticc.1 Cllrvc(s) as 

t he source position approaches the caustics. 1\ Muralh' this (\lso holds (me for Ihe 

single lens case, so that the image positions approach the Einstein !'ing ('Y('r Illon' 

closely as the source approaches the lens position. If the source em'prs I he ICllS P()-

sit ion complct ely, it illlplies that the illlages lllUSt coyer the ni I i('al ('llrWS (ll]([ forlll 

a continuolls ring coinciding with the Einstein ring. 
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2.1.3 Binary lens 

Binary lenses take centre stage in this thesis. The binary lens Systelll is ollh' () 

slllall physical step mvay from the single lens system in that the leusing S\'stClll COll­

stitutes two mClssive ob.iects in relative proximity (\\'ithin roughh' 1 () Eillst ('ill l'C)(jii 

of the primary body away from each other). If the hvo bodies are {'m(ller c;cpnr'\lcd. 

t hey can generally be cousidered as two independent single lenses. IIu\\'eH'l'. the 

introduction of the second body presents a step up in the cOlnplexit~, of amplitude 

calculations and especially modelling and fitting light cur\'CS. Binar\' lells fOl'lnalism 

is of great importance to LG?d theory as binary lens systems are used ac; an flPpl'OX­

imatiun fur planetary systems. It is cummunly aSSUllH~d that a plallP( (\l'~' Systelll is 

well described by considering each of its planets in turn with the central stell' (lS HIl 

independent binary system. This can be shown to be a reasou(lble nssUlllptioll ill 

the majority of cases but is in\'estigated in [22]. The great majOl'it\, of literature 

on planet detection by LG'\I uses binary lens systems as the model for plHlwtnrv 

systems. Billaries arc also im]lOl'tallt clue to the spectacular light ('U1'\'('S oIJsc['wd 

cluring caustic-crossing LG TvI events found \\'ith higher mass rat io binnries. If the 

first caustic crossing is well observed, it is sometimes possible to predict subsequent 

crossings leading to high quality data and frequent sampling of the C'lOc;siugs. Thec;C' 

highl\' detailed binClry light curves have been used to do sOllle 1l00'cl steilii!' atlllo­

::;phcre \\'01'k (c.g. [l~]) as \vell as allmving more lens illi'ul'lllaticJll tu lw ('xtntctc'cl 

from the event than is possible with a single lells. ~Iore ll('\\' origiual results h()\'c' 

been produced thanks to this extra information, e.g. [46]. Simpic bilHll'\' gcolllC'tn' 

leads to an unbelievably large nUIuber of theoretically possible light C\ll'WS nue! PWll 

smClll changes in the binary geometry can change a given light CllI,\,C c'olllplet el\-. 

Thi::; nOll-linear dependence of the light curve un the billCll'Y geOluct l'\' is discllssed 

in greater detail in Section 3.3.2. 
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Binary lens Parameters 

In this thesis we will adopt the Einstein radius of the primcu\' lens as tllc rlllglllm 

distance scale v:hen dealing with multiple lells systems. )\S Illcntiol1cd abov(' this 

is a conycntion and is FLdopt('d partly for its ('as(~ in comparing bil1ary S\'st('111S t() 

single lens systems. For the seune reason we put the origin of our ({XCS on t he sky ,ll 

the projectcd position of the primary lens. The secondary is placed un thc pusitive 

x-axis. There is no loss of generality by fixing the sc('(mdnrY's v-position. This 

geometry is illustrated in Fig. 7. 

\\'ith the above conventions, b rema.ins the impact parc:ullcter of the S()llrc(' pelt h 

to the primary lens, to is the time corresponding to the source at /3 alld fIlo is 

the un-lensed magnitude of the source star, and thu::; single len::; parameters relllain 

t hC' same. J\ddi tional binary parameters arC' r(,C]llired. U is the angl(' 1 )('t\\'(~ell t 1)(' 

positive x-axi::; and the impact parameter vector h. :\ute that 161 = h. 1/ IS the 

angular distance behveen the primary lens and the position of thc secolld,uy jcns as 

projected onto the sky. q is the mass ratio of the secolldmy to the prilllar\' lells. 

Binary lens equation 

Setting Tn1 = 1 and m2 = q in Eq. 1 and using only two lenses. \\'C have 

( 1 ()) 

wherc t he primary lens is at the origin and the secclllclcuT lCllS is OJl t he' posi five 

x-axis at distance n. The equation is agilin normali~pd and ll11itless. hllt ill tIl<' 

version presented here there is a slight departlllc hOlll the st Clndard l1()nmtli~(lti()ll: 

the masses do not sum to 1. This convention is introduced so thnt the mlllll'al 

unit of angular distance becomes the angular Einstein rndius of the prilllm'Y JellS 

mass. not the combined, binary lens mass. The aut hoI' f01lnd t his n()nllali~(\t iOll to 

be more convenient, \vith the side effect that direct comparison to angles used ill 

IllO!)t ot her l\licroiellsing work::; requirc (,Ull\'Crsioll b~' a fad or JT+I!. deri \'Cd 1>" 

COIn paring normalizations. 
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The amplification can no longer be written as an explicit function of sourcc 

position as was the case for single lenses. Instead the image positions Zi nccd to 

1)(' ntlculatcd first from Eq. 10 and then n~plclc('d into::i. Cnfortll1latch' Eq. 10 

cannot be solved analytically for the image position for a given source position. It 

yields either 3 or 5 solutions, corresponding to image positions. There rUe' n \"cHictv 

of \\"ays to solve this equation for the image positions to obtain amplificatioll and 

also a variety of \\'ays to calculate amplification without soh'ing it. .\Icthods itre 

discussed in Section 2.2. 

Caustics 

The ccnlstic curve for a single lens event consists of a single point at the origin, 

while t he critical curve is a perfect circle centred at the origin \vi t h radius 1 f) F. In 

stark contrast the caustics of binary lenses are complicated. jagged. closed ClllT('S. 

s()lIH'tinws merging into a singl(~ ('lll'V(~ awl sometimes divid('d illt() s('\Tnd dis.ioint 

curves. They do not in general coincide with the lens posit ions. As sho\\'l] n hoY(', 

"·itt has deriwd an elegant parametric description for thl' critical curn'S of ,\llY 

binary lens geometry, Eq. G. The binary lens equation 10 can then be used to lllap 

points on the critical curves to positions on the corresponding cau:-;tic cmyp. 

Figure 8 shows smne sample binary lens caustics and their corresponding critical 

curves. There is a variety of caustic curye morphologies (e.g. H 7]) and light (,lllTPS 

arc parametric curves acr()ss sH('h (,01llplint1cd causti(' 1',<'0111('t ri('s. h('lJ("(' ,l Im!',(' 

number of light curves types are allowed by the binary lcns model. SOlll(, prupcrtics 

uf binary caustic geometry are discussed in e.g. H8] alld [-19] and \W ,,'ill bricfh 

discuss general and asymptotic behaviour of LG'\I caustic curves. 

If the binnry is widely separated, the cri tical curves approach perfect rings around 

each lens of angular radius equal to the (ho of each lCllS i.e .. identical to two iwliyidual 

single lenses. As a decreases, the critical curves are deformed ulltil a point is l"e,1Chcd 

where the critical curves lllerge into a single curve. If \n~ let n ==} (J. the critical cur\"(: 

npproaches a perfect circle Rgain, centred at the projected centre of lllHSS ()f t 1](' tW() 
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lenses and with allgular radius equal to the (h; of a sillgle lens of the combillcd 

lllass. Schneider and \Veiss [50] (for the equal-mass case) and Erdl and Sdlllcider 

[Sl] (for the gcneral celse) pn:sented arlctlyticell derivations of the separation wlwJ"(' 

t he merging of critical curves occurs, as well as the corresponding nit ical em\'(' 

behm'iour . 

There is a COllventioll to separate binary events intu "stnmg lensing" biwu'\' light 

curves ,md :'weak lensing" binary events basecl on \yhct her t he source PCI t h nctuc,llv 

intersects a caustic curve or not. The distillction is useful due to the diHcrent 

conventional fitting techniques that apply to these two types of light curws. ('<lust ics 

are of central irnportmlcc to binary light curve analysis and planet detectioll t llCory. 

as all the lllajor features of a binary light curve arc generally a dircct result ()f the 

source's proximity to a caustic curve. 

Planet detection 

This Section aims to provide a brief review of the t hco1'\' uf detecting ext l'ii-soiar 

planets (ESP's) by LGld. There is a possibility of detecting a low lllass s(,(,(llldar:v 

lens in a binary lens system if the source path happens to (,l'OSS a caustic cur\'('. \dlieh 

wuuld cause an observable peak in the light curn~. Even planet ary lllass (lllass rat ius 

uf Cj < 0.(1) secondaries are theoreticc:dly detectable ill this WC1\' (e.g. [21]. [.32]. [S3]). 

The mass ratio ;'cutoff" of q < 0.01 is somewhat traditional and in fact not quite 

correct. A more realistic level is actually around q < 0.03 as that would correspond 

to a ten .Jupiter mass planet orbiting; a three; solar mass star. Caklllating; plilnl't 

dct eet ion probability is beyond the scupe of this thesis dnd is discllss('d mdy 1 nidh'. 

bllt as planetary LG1'vI light curves are just binary light curws where till' IllHSS 

rCltio is small, the techniques developed in this thesis to extract phy'siccd paU\lllcters 

from binary light curves should be relevant to planet detect ion t lwm)'. A planet my 

signature is expected to be a short time scale perturbation on an otherwise norllla] 

single lens light Cllrve. The alllplitude, shape awl d ma t iun uf t hc pert mba t i()n 

depends on the binary geometry and lllass rntio as \\'ell as the Wc\\' in which the 
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source path crosses a caustic curve. Planet detection utilizing LG)'1 has St~ell SOlllC 

remarkable recent results and successes. The first llllcontrm'('rsial detecti()n of ,\ 

planc:t by the OGLE and 1\10A collaborations o('clllTcd in 200:) [2]. A plallet of a 

remarkably Imv 5.5 Earth masses was detected during event OGLE 200.S-BLG-2DOLh 

[54]. 

If a lensing system does cont ain ct planet. I he probability of del C('1 ing i I is l1l()sl 

sensitiye to its projected orbital distance from its stelr. The most f<1yol\l'dblc sllch 

distance is between 0.618 (Je and 1.618 8E from the primal'\' lens. This distml('c hand 

is called the "lensing zone". a term coined b~; Bennett and Rhie in [S:3]. Plancts 

ill the lIletSS ratio range froIll unity down to q = lO<l stand (\ l'l'as(lllablc d)(ul('c uf 

being detected. The geometry of the lensing system del ermincs I he shape uf I he lighl 

C'un'e and hence the odds for distinguishing 1:1 planetary light curn' from a IlOl'lllCd 

single lens light curye through the parameter set (b. (). q. (J). Detection probability is 

critically and non-linearly dependent on these parameters. 

)'1any authors (e.g. [55], [52]) giYe detection pl'Obabilit\, as a f1lnction of pro­

jected orbital radius and mass ratio for a star with a single planet. This pl'Olmbilih' 

is generally accepted to be hetween 10 and 20 per cent fm a .Jupiler-lwlss 1<'llS ())'­

biting a star like our sun (q ~ 10-:1). I\ote that the term "detectiun probabilih'" is 

llsed loosely here, as it refers only to detecting e111 e1110111aly in all ot hcrwise nOllllrd 

single lens light curve assuming that the system consists of a primal'\' lens awl sC('­

onrieny lens and is undergoing em ohserved LGl\1 event. :VIost stwlies do not tak(' 

int 0 account the chances of detecting the c\'cnt in the firsl place m I he difIic1l1 I v 

of extracting pla.net parameters from such a perturbation. Parameter ('XlnlC'tiull ill 

the form of curve fitting proves to be extremely difficult and is fnlught "'ith cunbi­

guity. especially for an incomplete data set. 1\1ost of this thesis is dedi('ated to th(' 

extraction of these parameters from binary light curves. although thl' mass rati() to 

bc considered is in the range 0.1 < q < 1.0. putting it o1ltside of' the plandrll'\' rallge 

and into the range of larger binary perturbations. 
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2.2 Binary lens Calculations 

Binary LG:\1 light curves are of particular interest, as lllost pliUletan' S.\'stcllls 

can be approximated as binaries in the LG:\I context ([22] calculate a 1 to 1,~ ]leI' 

('cnt pro ba bili ty of lllul ti pIc planets inside the lcnsillg ZUllC for (l lllul t i pIc syst ('lll) 

and a lot of science information is potentially ayailable from bimtr.\' cm\'t's, The 

study and analysis of binary light curves requires em eHectiyc llleans to (,(llcul,ltC 

t hem. This Section discusses some met hods that arc ('urrent 1,\, in usc, makes sonl(' 

comparisons ami rnotiyates the use of the particular Hlet hods adopted for t hc rest 

uf this thesis. 

2.2.1 From lens position to source amplification 

LG""l photometry measures the total flux as a function of time through an ap{'r­

tme that contains the images of a background st ar t hat is being lensed by (1 fore­

ground object. The aperture also contains other "background" sources of light that 

dilute the amplification of the source star to some degree. The total flux as a func1i()]1 

of tillle forms a light curye. 

Section 2.1 introduced the equations governing a silllple :\Iicrolensing {'\'('nt and 

Figure 7 illustrated the seven parameters of the Simple Binan' Lens :'docl<:,1 (S13L:\ f). 

\\'{~ l'<'Ul]l in Table l. 

Source, lens and obseryer are in motion rclatiye to each other. making alllplifi­

ciltion 8. function of time. These dynamic effects me most easily dealt wit h if \H' 

consider a static lens and observer and project all lllU\'Clllcnt unto the SUllH'C pusi­

tion. By taking this approach we divide the calculation into el dnlr1lllic IlClrt t helt 

calculates the source position relative to the lens as a function of timC'. ,mel a bill(\\'V 

geollletry part that calculates the amplification of the source (1:-:; n runct ion of the 

lens system geometry. Geometrical parameters in the SBL:\l are a allel q. ,,'hile {y. (). 

Ie allel I III elcscri ue t he pat h of the source. The final paralllct cr III () is the l111-lcll:-;ed 

magnitude of the source. 
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Table 1: The seven simple binary model parameters (SBL'\l) 
:';ame Symbol Descnption 
Angular Einstem radius crossmg time t" 'I he tUlle It takes tor the sour("(, to 

Time of closest approach 

Un-l(,llsed llwgnitudc 

Angular impact parameter 

Crossing angle 

'\Iass ratio 

Orbital separation 

tm 

cross all allgular disL\ll('c of (J1l(' 

Einstcin radius 
The point ill time at which til(' 

lincar pat It of SO\ll"('(' is dosest t () 
the primmy. 

!lIO The 1lI1-kllS('d lllilgllit l1<1t' d til<' 

source star 
b The impact paralllct('r lwt\\Tt'll 

source path to the prilllm'Y l(,llS ill 
terIllS of allgular Eillstein riHlillci. 

e 01' "0 nq" The angle bet \\'c('n the illl paC't Pil-
in some di- rarnder alld th(' pociitiw x-axi:; 
agrams 
q 

() 

The ratio of the SeC()])(!clIY'::; Illil.";::; 

to that of til<' prilWll'\' 
The projected orbit al scpim1t i()t! 
lwt\\'(,(,ll the primmv and t 1)(' :;('c­

ondclrY in Einstein rndii 

2.2.2 Approaches to calculating amplification 

For any time t. \\'e first obtain the source position as a function of e. I. /J. I/(I (lnd 

I". An ext cnsion to this sim pic modd is to inc! udc a t cnest rial 0 1>:;c)'v(')" smut iOll 

by projecting it onto the source position, in which case we need to include folll' Ill'\\' 

parallax par81neters (1/), p, A and /3) in the calculat ion of the sourc(' pu:;it iOll rclat i V(' 

to the lens. This extension is discussed in Section 2.3.3. 

For a lincal' source movcmcnt model which neglects parallax dl'ccts. \\'(' ddillC 

, 1- t,n 
t =-­

I, 
(11 ) 

\\'here t is simply the observation time. The position of the SCHUTt' i:; subjcct ollk 

to scaled linear motion 

( = t' sin (e) + beos (e) + i (-[' cos (e) + /Jsin ((,i)) ( 1:2) 

where we are keeping for now with the description of source ]lu:;itiull ill the sb' 
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in the complex formulation. 

Binar~' rotation of the lenses could also be included into this equation but arc not 

considered in this thesis. In this simple linear model all mOYCllH'llt is contaillcd in 

Eq. 12 and t he lens binar\' gcometry remains static. Ind ueling lells biwllT rot at iun 

makes the secondary's position a function of time, leading to dynamic gClllllctr)'. 

\Ve now have source position as a function of time by combinillg Eqs. 1 nlld 

12. Unfortunately amplification cannot be explicit I)' expressed as a fUllctioll of 

source position for systems \vi th more than one lens. i\Iapping source posi tiOll t () 

alllplification presents the most chall(~nging part of the altlplificatioll (',dcuIat ion mid 

sc\'eral approaches exist. 

The first approach to cnlculating amplification is to obtain irnnge pusitiollS for ,) 

giyen source position and to calculate amplification from the image posit ions. This 

is a relatiYcly time-consuming numerical calculation. An alternatiyC' approach is to 

caJculatc source position from image position which is a yery efficient cak1lla! ion 

as source position is explicitly stated in terms of image positioll ,mel the lIludd 

parameters in Equatioll 1. The amplification contributed by ~) specific imnge positi()ll 

is also explicitly stated. The drawback is that the source position t hnt llwtciH'S il 

giwn image position is not necessarily the source position that \\'e are illt ('r(~st ('d 

in. This leads to a situation where many thousawl::; of image positiolls n('('d to 1)(' 

calculated first, before we can map image positions to an arbit ran' sourcc posit iOll. 

This method is described in the following Section 2.2.3. 

2.2.3 Solving for the source position from an image position 

The next Section describes one technique of calc\llating mnplificntiull by mapping 

from C1 grid of image positions to their corresponding SO\lrce positions. Equntion 10 

lllaps each image position z onto a single source position (. The key to this partic\llar 

technique is to realise that the amplification of a source is directly related to the 

ratio of the densities of sourcc point::; to their corrcsponding illlagc p(Jints. c.g. ([121. 

[56], [57]). If we create a uniform grid of image positions and t hell mC1 P ('dch t() t ll<'i r 
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.Y)n~sponrlini'\ s(~ ) rc<' )","lt1On" through sUl"li TUliclIl in ltJ. lh~ d~l\sity ()f COUll'{' 

l)(Jt;itions givo>s th~ 1Ullpli!i~dt.iOU at auy poiut l;ignre Y "hm"s an illllmrari'lH of this 

" 

.. / , 
i , 

\ .. 
J 'fr-, 

i ; , -

".-
L , 

" :l - ------'-------, 
",-',-

Fib\ure g: Au illu"lm\iou of l' ll.y-shootm g_ T lw fi p;m~ on t h~ k ft contaius a Hat distTi-
111ltion of l ~ns SyHtClll iUHU;{' IHhilio"" (alld the hitmry ]")'8 W'''''' P\I y IOJ ilhlstrnt )Oll) 

011 the ri ght, the illl ap;~ f'O"itious h ",,~ b'~'ll llH'PIWd to l heir WlTl"'t>0uding SOJlTr~ 
positions_ The de""it" of Wur .. e p""ition.~ b dil'Pct.\y proport.lOmu t,o t.)J(' tUllplifim­
t)on, "'" .:an lw SCf'n from tlw COilll'idcn~e of l'all"tir r Une" onu ray-,hoot mnxinnllO 
tlensit.,-, 

nay_,ho<Jting is ,,;ddy \1 ,",,1 dnd " Irers ""me particHllir udv.mt«!\es "l1d <ii,,,,]­

v>j,ntagc'" Over othN lllA\horls, .-li sell,.;",l in the ncxt S,,,'t1OIl, 

[ t[\y-~hoot i ng 

One of Ill(' primary a(hautages of r«y_" hooting i8 t hat it ;,; ato pxtrPllld,- simple 

pl'O{~,,-j m'\ r<~lllirinb\ nO mOre l'ompuIMio!laJ hi, 'kery I han thaI of ~mln nl in,; R sim) k 

fn nct.ion l'Pp eJl.I ".-llv, Eq_ t _ Th"f(' i" an wldi (ionai f\j I ViU,l H.i-:-" nvpr snh-ing fnr imnl';P 

I-'{)bit i on~ fro'" a giWll SOl"'" I~>sit.ion_ [n tl", lntter l'"-"e, th~ C'I 'MlLon to ""-, 0<)1\',,1 

for image p()I\i\ion" gl'O,,"S prohihitively in colllplexity 'l.'< a.ddi tiollal lel"~l"; 'tIe ",Jdpu 

10 \Jw "ysl~"', Tn contrAAt, Iay-shomill;', um d",u with a Iar~{' lll lmher of lell""" (~_g_ 

the s.'-,t.·", _ Ray_shootin i'\ a",p lili"" t i()n Ulay ,ili;o b{' wkulat.'d to llla~h i n~ ,u , mo, ,'­

hy inn,,"';i,,!; th~ ,lenslty of inlage I"", iti"ns t() Lw mapped to ,o\ll , 't' po"it io'''' ' Thi" 

Rr{,lIfa"y ~ limik d by "tOnlb',c ' I'dce and dal" ,",~,,'h ~o"~tl'. ,illt" on th~ .. 'aklll~lillg 

JJ 

Univ
ers

ity
 of

 C
ap

e T
ow

n



machine. These very requirements unfortunately greatly reduce the pract ical us(' of 

ray-shooting as a modelling technique in GM. A ray-shoot map can be constructed 

and H'usC'd for anv SOllrcc; path through a lC'nsing svstC'm. Imt a ucw 1l1clp !l('c'cls 

to lw constructed each time the secondary lells posit ion or mass rat io changes. 

These lllaps take a long time to calculate and consist of thousands of ddta p()ints. 

depending on the precision required. In addition to the calculation tilllc required. 

lllaps also require a large amount of storage space. A lllodeller at t pmpt illg t () V<ll'\, 

til<' binary paramdC'rs u and 11 for fitting it lllodd to data then faccs the choi('c of 

either het\'illg a large amount of pre-calculated lllet])S available, one f()J' t'eWh (1/.0) 

pair at some sampling frequency in q and 0, or to calculate H 11(,\\' IllH]) ('cH'h it('rHti(m 

if (q. 0) is allowed to vary continuously. There is another disad\'C1lltnge tu the ray­

shooting technique: to obtain the actual amplification of a source at a giY(,ll positioll. 

til<' d(;nsitv of SOllrcC' points nceds to he calculated. ThcrC' arC' r('lativdy efficiellt 

means of computing this density, such as convolving t he source's brightnC'ss profile 

'with that of the density map by means of a fHst Fomier transform. but this is elll 

additional computational burden. Simple ray-shooting was considered unsuitable for 

the fitting procedures in this project for the above reasons as \\'ell as the following 

considC'rations: 

• ~umber of points in the map required for small source size 11.s is V(,lY high if 

gooe! precision is required. 

• In this project I was primarily concerned with binaries. where the S()1ll,(,(' to 

image met hod is dI'C'ctive. 

• The ll111ubcr of ((J. a) lllaps n'C[uircd to fit a gellcral binarv light (lllY(' \\'ilS 

enormous, leading to huge storage space requirement s . .'\ ot e that ot her::; ha\'(' 

lived \"ith this restriction to produce good results. e.g. [3]. 
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2.2.4 Solving for image positions from the source position 

Obtaining the projected potiitionti of the images of it SOUlce on the sky le(\cl:; 

to a conceptually more direct route to oH'rall amplification than the rav-sllOotillg 

technique. Image positions are related to that of the source by Eq. 10. alld Eq. 

5 giYCs amplification ati a function of image pusi t iUllS. The C(,ll\ ral di1liclllt v is in 

mapping the source positions to image positions. Unfortunately. llUlllcricalllle\ hods 

have to be used as there is no general analytical solution to the It'n:-; eCjuHl iOll for 

systems with t\VO or more lenses. 1\lost numerical methods for root-finding progre:-;:-; 

from an initial guess to a given precitiion by iteration. if all goes \\"{~ll. There are fairly 

efficient mcthodti available in the literatme '""ith nlriolls strcngths awl \\'('akJl(~sses 

and this Section deals with selecting an appropriate method. The llwin criterion for 

sllccess is accuracy: amplification has to be correct to within at lee.st CJ.O()l llHlg ill 

order to be utied for fitting purposes, as the ohselTational noise 011 LC:"llight C'1ll"\'('S 

is of the order of 0.01 mag. Accuracy is also required due to tht' s('nsitivit~· of fil1('d 

model parameters to the light C\lrv(~. Ii ohllslncss is allot hel" nil (Tioll. 

The "best"' algorithm is then simply the fastest one that meets the abow criteri,\. 

Complex polynomial with Laguerre's method and deflation 

This method proved to be very elIect i ve in solving the binary lens ('qual iOll. 

Follmyillg [44], Eq. 10 is rewritten as Cl fifth degree complex polnlOlllinl imel tllC'll 

tiolved by any of a number of methods that apply speciallY to polnlOllliak The 

polynomial is obtained by multiplying the equation by its C'Olllplcx ('onjllgatc <Illd 

gat hering coefficients for powers of z, leading to 

where 

2 -(a, 

5 

L ;;iCi = 0 
i=() 
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(:2 4((a - (C 0 2 - (- ((/ + aq - 2q( + ~(? 

_qa2
( + 2«(qa + q2a + «(0

3 
- 2(0 2 

- (CJ(J2. 

(0 - 20 2«( + qa2 
- 2(1( - 2CJ«( 

-2«( + aq( + (2(12 + 20«(2 - (n:l , 

- ----:2 -') ---: 2 -
q( + ( - « - 2uC + 2(0 + «a - ([(1. 

- -2 
-(l( + ( . 

(15) 

(Hi) 

(17) 

(ltl) 

( I ~)) 

Laguerre's method (e.g. [59], first applied to Eq. 13 in [GO]) is useful (\s it 

docs not require an accurate initial guess for the roots of the polnwmi(1l: it stmts 

iterations from t he origin and this turns out to be close enough for COllyergcllcc. The 

particular yersion of the algorithm used in this thesis (horn Press U,)9]) iltlplellH'llts 

polynomial defiation so that each root that is found is fact Ul'cd out of the p()IYllolllial 

in order to simplify the task of finding the remaining roots. Critically. dcfiC1tion also 

guarC1ntees that the roots found will be unique, 'which avoids the enormous problelll 

of conyerging repeatedly to the same root or failure to find multiple. closely-spaced 

roots. Laguerre can solye any polynomial. whether the coefficients are complex or 

nut. The met hud is actually fairly simple and a concisc dcsnipt ion can he found in 

[59]. 

In pract i('c t he routs fuund aftcr using defiatiun uften Hccd "pulishing" l)~' ((Ilotlier 

method as a small error is introduced into the remaining polynOlnirll ,\"I1('n each root 

is factored out in turn. Laguerre's method itself can be used for this. but ~C\\'t()Jl's 

method \Yorks well in this case because it corwerges quadraticall~' if a fairh' accmate 

starting point is already known. 

A complication of the polynomial method is that it al\\'a~'s yields five solutiolls. 

\\'lwrC'as the original binary lens equation has either three or five. depcnding on 

geollletry and sourcc positiun. That means that the pol~'llulllial lllet hod yields t \Y() 

spurious solutions under certain circmnstances. The simplest \\'<1\' to elillliwltc tlj(' 

3(j 

Univ
ers

ity
 of

 C
ap

e T
ow

n



non-physical solutions is to test all polynomial roots in the original lens equat iOIl to 

see whether they are true solutions or merely solutions to the poh'llomial equation. 

Newton's Method 

:\ewton's method, a.k.a. Newton-Raphson C\J-R), is highly effectivc at fillding 

solutions to Eq. 10 when it has an initial gucss in close proxilllitv to the al"lmd 

solution. This is often the case when a snlClll change in the pclrmnctcrs hns 1)('('11 

made from the previous solution, such as a small increment of tillle ,Hlded to I. 

It has t he advantage that it can be applied direct Iy anel t hcrdore t he problem of 

spurious solutions presented by turning the binary lens equation into a polynomial is 

avoided. Unfortunately, the method is of little use bv itself when no accurate initial 

guesses for t he roots arc avaiL:\ ble, or when different roots are not widelv sepnra t('(1. 

in which case :\e\vton often converges to the same root from t\\'o different start in[2, 

positiolls. All is not lost as [59] (again) describes a variant of ;\'('\\'ton's m('\!tod 

that convergcs to a root from an initial guess that can he nmch further mVitV than 

the accurate starting points requircu by the original \'crsion. This lllak('s :\-H m~ll­

suiteu to calculating auditional points on a light Clll'\'C where imn[2,(' posit iOlls from 

t he previous time point arc available as initial guesses. If:\-R fails, the previolls 

points can be discarded and thc image positions founel bv the l'eJi<tble but sl()\wr 

Laguerrc's method instcCtd, Of course, the irml.gcs j)('IClllgillf!; tot lw SOlU"('(' at tIl(' 

first timc point of thc light curve still havc to be calclliated by a differcnt 1I)('t h()d 

such as Laguerre. 

Asada's Real Polynomial 

The method of choice for solving the binary lens Eq. 1() up to Hbout 2()()2 

appears to haye been the complex polynomial method described ahc)\'('. Asada 111(1<1(' 

a breakthrough in binmy lens modelling by rewriting the biliary lells ('cpmtion, i.C'. 

t he relation between source posi liOll aud image pusitious as a fund iOll of lcnsillg 

geometry, as a fifth-degree real polynomial with rectI coefficient s [33]. 

37 

Univ
ers

ity
 of

 C
ap

e T
ow

n



In Asada's regime one solves for tan(¢i) as the (oots to a fifth-degree real pol\"-

nOlllial, \vhere Oi is the angle between the position of image i Hnd the positiyp x-Clxi:.;. 

wit h t h(' coordirmte origin on the po:.;ition of the prirnano

• 

Asada defines the relationship bet\veen sourcc anel image angles (3 and e a:.; 

( e e-£) 
(3 = e - VI 1 e 12 + V2 1 e _ £ 12 . (20 ) 

He defines 

(21 ) 

VI and V2 are the masses of the primary and secondary lenses, allel { i:.; thl' billelry 

separation vector. 

;'\ote that Asacla uses the Einstein radius of the total lllHS:'; of prlmary pIll:'; 

sccondary as his unit of angular radius, whereas this t hcsi:.; \1:';(':'; t he lila:.;:.; ()f t]l(' 

primary only. Also, lens masses VI and V'2 are normalized to the total mi1SS. III 

practice the unit difference requires a minor conversion from the units of this t he:.;i:.; 

to Asada 's, pre- and post-calculation of amplificatioll. 

Eqs. 22 and 23 show Asacla's polynomial for tan(cb) and its coefficicllt:.;: 

• 4 J . ~ (n5 tan" ¢ + (/4 tan ¢ + (f;j tan' G) + (/2 tme 0 

+ a 1 t an ¢ + CLu) tan ¢ = 0, (22) 

where, if we define the coordinates for the source, image and separation wctors 

as 

(3:r .!3y ) = (pcOSy,PSill Y ). We,By) = (rcosQ,1"Sino) anel (C.ry) 

spectively. with p, ,. and L 2': 0 we have 

00 

( r. 0), r('-

(23) 
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-2e:lr/'cs2 + C"p2S'2 

-v(5erics2 
- 4ep2S2). 

(12 -2p2CS - 4Cri( C 2S - 5':1) 

a:l 

+f2(4p2CS - 2p"CS) + 4("lc2 s - 2C"r/CS 

+v[f(2pS' + 8r}C2S - 2(}Sd) 

- lOe /CS' + 2£:l p,S']. 

p2 + C(2p:lC:l _ lOp:lCS2) 

+t2( -2r}C2 + 2ris,2 + p") - 2Cl p:lC + c"r/ 

+v [C( -2pC - 4p:lCl + GpY:SL) 

+ G(! p2C2 
- 2(l pC] 

+v2 [2. 

0.. -2p2CS + 8Cp3C2S - (2C±r/CS + 2p"CS') 

+4(1 p:1C2 S - 2e4 (lcs 

+v[C(2p8 - 4p:lC2 S' + p:lS<l) 

- 2e2 p2cs + 2(l pS]. 

as (lC2 
- 2CpY>l + e(2(?e2 + (/'C 2

) 

-2("(}C3 + c"rie2 

+v[-e(2pC + pY,'S2) + 2(Lfl2('2 - 2(lpC1 

+v2 f2 

C is simply cos( ¢), S is sin( 1». 

After obtaining all values of tan( <Pi), each ill turn is substituted int () 

. Hdtall 0) 
r cos (IJ = - . 

R2 ( tan 0) . 

\\"here 

(2 1) 

( 27) 

(2D) 
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(
f2 (Y (. 2C2 ( (') .) 
t p . -.p . - /h + P . tHll- 0 

Q(e2 2(: C~ 1) , (2c2 - pc) . - .p .. + tHll (j) - P ,) . (3() ) 

p( C tan (p - 8) 

x [p8 + 2( ( - pC) tan 0 - p8 tanL 01. (31) 

in order to obtain the image :r and y position on the sIn' fwm 

(.r,y) = (rcm;(¢),rcos(c,»)tan(m)) 

The Jenkins-Traub algorithm is used to solve this polynolllinl. The procedure is 

still not analytically tractable but Asada's formulation provides nunwnl\lS adviHl­

tnges over the complex polynomial method: 

• A real polynomial is much easier to solve than a complex one permitting t hl' 

use of efficient algorithms such as Jenkills-Traub. 

• Real roots are all genuine solutions of the lens equation. There arc three rcnl 

roots if the source is outside of a caustic region and five ,,·hCll illside, ('()IT('-

spowling to the ll111uher of images present in each cas(~. This is ill cout nlst 

to the complex polynomial method which always prm'ides five complex wots. 

Some of those roots correspond to physical images whercas two ,\)'(' spurious 

side-effects of the conversion of the binary lens equation into a cOlnpl('x jloh'-

nOInial. In practice all roots of the complex polynomial havc to be substituted 

back into t lw binary lens equatioll to check wlwt lwr they COlT('SPOlld to g('1l11il)(, 

IIllages. 

• Asada's formulatioll docs not require complex mit llllld ic. caslllg t he coding 

burden. 
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Tabk 2: I3irmry modd param<:1er ranges for a('('urilcy checks 
Parameter ;\IlIlllllUm Range 
n(RE) O.G 1.G 
8(°) 0 360 
b(8E ) 10-:3 1.0 
q 10-5 1.0 

2.2.5 Quantitative Comparison 

Several methods of obtaining amplification from source positiOIl \ycrt' discuss('d 

above and this Section compares them based on the speed and a("("U1"<I("\" of the 

method as implemented. 

Internal consistency 

The comparison data were obtained simply by calculating a set of lOOO randoYll 

billar~" lcns LGIvI lig;bt curv(~s, utilising; cach mdhod in tUnl. Th(' sd ()f (,Wilt 

parameters was generated once and thereafter reused. so that all methods caku]cctcd 

light curves for the same set ofrandom model pcuameters. Each light curvc containcd 

--100 data points. The first test was for "internal consistew'Y" of ('cHI! cnJeuled iolt 

method. i.e. \vhether the same calculation always generates the SCUllC answcr. To 

measure consistency. cHch point on a light CUl,\,C was cakula( cd tcn (imcs. TIl(' 

standard deviation of (he magnitude for each curve point ,,"as calculated and t]l<' 

maximum such standard deviation for the entire curve was Sewed. En~nt param('t ('rs 

were selected from a flat distribution over the ranges given ill Table 2. The rangc 

chosen mostly coincides with the ranges used for events throughout this thesis but 

incluelcs smaller q anel smaller Ii ill order to challenge the alg;urit 11m. GCllc1"<llly. 

the ranges presented the region of maximum interest where binary eHeel s (\1'(' most 

pronounced. 

Puiut source cakulatious were considered. for which the lll()st suit ((hie tllct llO( b 

were the complex polynomial- and Asacla-type C'alculat ions. 
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Results In the ranges specified in Table 2. both methods consistcntly rctulllcd a 

maximum standard deviation oyer any given light curve of 5.26836 x lO~(). el nUllllH']" 

which is assumed to be machiIl(~ accuracy for the calculatiol1 perfontwd. This ,,"as 

sufficient ly low to allay fears of internal inconsistency in point lens C"ellcula I ions. 

Inter-method consistency 

AJgorithlllS could be compared with one another in el similar ""elY. The (Jllly 1m) 

serious contenders for point source calculations were the complex POI~"I1Ol11ial Cllld 

Asada methods. Light curves were calculated for the same set of model par'll11eters. 

once b~" each algorithm. The absolute value of relatin; difFerencc betweel1 t hcs(' two 

lllethuds was calculated for each point OIl a curve awl the maxilllulll diffclClll"l' ovcr 

elIl entire curve was recorded. The distribution of this measurelllent is plot t ed ill 

Figure 10. 

Distribution of logarithm of maximum curve difference 
0.06 ,----,.-----,.-----,.-----,------,,-----,,-----,,-----, 

10000 events --~~~ 

0.05 

0.04 

c 
a 
U 0.03 

C1l .... 
'+-

0.02 

0.01 

0 
-16 -14 -12 -10 -8 -6 -4 -2 0 

log(ldifferencel) 

Fii!,ure 10: Distribution of absolute value of n~latiYc error 1)('t,,"c('11 tl)(' complex 
polynomicd and Asada's methods for point source binary lens lllelgnit ud(~ C"Cllculat iOIlS 
( mag(b)-mag(a) ) 

ma9(a) 
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Figure 11: Ten sample plots of curves v;ith identical parameters ('alc111at cd lJ\' 
Asada's met hod and the complex pol:vnomiRI met hod, plot ted Oil the salllC nxcs. 
The sample consists of curves that differed at least one dat a point b~' lllore t hall ()ll(' 

per cent. It appears from these plots that differences ,up ollly likdv at pxt rPIllt' alll­

plification during caustic crossings where the poillt source approximatioll will haw 
failed ill any case. 
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Figure 10 shows that a small number of light cnnTS cont ain at least Oll(' point 

of difference of more than a per cent. These curves arc re-plottcd in Figure 1l. III 

each and every sample case investigated. the diffc)'cnc(' ()('cnrrcd at til<' Y('ry pcak 

of a caustic crossing, where the point source approximat ion will haw failed ill all\, 

case. 

The above investigation instills a degree of confidcllC(' t h,lt sillgl!, lells ('«kulat iOlls 

are correct for either type of methodnsed for binary lens u\lcuiatiolls in this thesis. 

Of course, it Ulay be that both methods arc incorrect or tlHlt H coding ('nor or 

incorrect parameter translation causes a consistent systematic errOl'. This s('cnMio 

can lw inycstigat(~d further by consideration of yet another rcfel'!'nc(' calc1llation. 

preferably fruUl all external source. 

Speed 

If accuracy is one aspect of the calculation lllet hod choice. specd is the ()t h(,!. 

Some care was taken to optimise both the complex and Asacla algurit hms and im plc­

mentations. Figures 12 ancl13 are two call-tree diagrams, produced lw the excellellt 

open-source tool VALGRI:\TD [Gl], that show tlw exec1ltioll time in profikr "C01lnts" 

for both algorithms. 

('al1- tree diagrams simply plot the path tak<~n t hrongh sonrce mde d 1lI'i llg t 1)(' 

('xccution of a program. The timing or "count" at each node include the totalcullllt 

of all nodes beneath it as well as its own. It is thus a siltlple grnphiull display of 

how much time is spent in each pnrt of a progralll and its subroutines. 

To minimize dependency on hardware configuration. the numbers should be COll­

sielercd in i:l strictly relMive sense. A simple comparisoll shu\\'s that this illlplclllCll­

t a tion of the Asada algorithm outperformed the implcment ation of the com plex 

polynomiallllcthod by almost a factor of ten ill this case. The Asada source aJllpli­

fication calls (for C\ nUlllber uf curve::; and source posit iUllS) t ak!' ,ll)()ll t 1 S() lllilli()11 

counts. Of these, about half are spent on peripheral calculations nne! hnlf ill the 
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Jenkins-Traub root finder which calculates tan(c;)) in this implelllentation ("-.Jellk­

insTraub::rploy"). In the complex case. the total "CalAmp" count is I-HJO lllilliOll, 

25 per c('nt of c:x('cntion time is sp('nt on finding the complex polnlOlIlial ro()ts hy 

Laguerre's algorithm ("SourcetoImageApprox" and children). and a fmt her 75 pcr 

cent on polishing these roots ("N ewtonlmages" ). Clectr!y t here is nn nrg\llIH'llt fur 

using unpolished roots to save CPU time, but remember that the algorithllls sl!m\' 

similar accuracy with the settings as tested. 

pv13aseE vent: :Cal( std: :vector<d ... 
149458498 

1494584n 

pv BaseE vent: :Cal( double) 
149458498 

149458498 

AsadaEvent::CaIAmp 
149458498 

31348000 105237394 

AsadaEvent: :getAsadaParams _ Zl\K I OAsadaEvent 14caIAsadalmag ... 
31 348 000 105 23 7 394 

10016400 

std::_ Rb _ tree<std: :string. std ... 
10016400 

9608400 

sId: :string: :string(char cons1. .. 
17850000 

1cnkinsTraub: :calcsc 
9931 520 

78863 on 

1enkinsT rauo: :rpoly 
78863 on 

44379751 

1 enkins T rauo:: rxsh fr 
44379751 

lcnkinsTraub: :quocht 
9738 595 

10 118 812 

.fcnkHlsTrduh. :realll 
I II 138 X 12 

Figure 12: Call-tree with "counts" for the Asada-based alllplification ('"kula! ion al­
gorithm. The call to calculate amplification for a given source position is "CaL\lllp". 
which is rcspusiblc for ISO lllilliull counts. 
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pv BaseE vent::C a1( std:: vector<d .. 
1396350810 

1396350810 

pv BaseEvent::Ca1( double) 
1396350810 

1396350810 

pvEvent::Ca1A1l1p 
1396350810 

1 386 226 026 

pv Event: :Sourceto11l1age 
1 386226026 

1 023 534 312 352550353 

pvEvent: :Newton11l1ages 
1 023 534 312 

pvEvent :Sourceto11l1ageApprox 
352550353 

1 021 308 905 

mnewt 
1 021 308 905 

50462157 110120607 208278912 

1udcmp usrfun 
504621579 208278912 

dvector 
120189818 

97856437 89 340 671 

338461070 

zroots 

338461 070 

321 951 832 

laguer 
321 951 832 

Figure 13: Call-tree for the complex-based amplification algorithm. The enll to 
calculate amplification, "CaIAmp" is responsible for 1400 millioll COUllt:-:. all order 
of magnitude more than the Asada method for the cquiyalent ealcnlclticJll. 
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Final choice of algorithm 

Thc Asada implemcntation was thus chosen for all subsequent point SOlll'C'C (',d­

culat ions based on its comparable precisioll but faster exeC'u t ion I illle. 

2.3 Extending the standard model 

In Se:ction 2.2 the: fOllndations \\'('re laid for tl)(' binary I('n:->. point-s()\lJ'('. 

rectilinear-source-rnotion calculations, the "SBLl\!". The sewn pauunel <'rs in I his 

model are the minimulll required to build a binary gn)yitatiowt! lens model, but 

t here is room for extending it to include additional effects. Inclepcl. I here is litt 1(' 

motivation to stop at the seven parameters we haye exaltlined so far ('x('(~pt for (l bias 

towards simpler calclliations! The principle that driy('s the inclusion or otl)(,l'wisc' of 

any imaginable effect should be Occam's ra:wr. Hence in 8.1. 5 the CUlls<'queIlC('S ()f 

neglecting more complicated models is gauged. 

Light curves that cont.ain caustic crossings. or where the sourc(' nppr()(H'h('s el 

caustic. require extensions to the standard model to take the source's finite size' illt () 

account. This is clearly a shortcoming of the standar<illlodel which predicts infinitc 

aItlplification for a point source. 

EYcnb with prccise timing information or evcn just a particular gccJllH'lrv nc('d 

to take non-rectilinear source motion into account as \wll, whet her this projccl cd 

movement is due to a rotating lens system or the Earth's lllovelllcnt. SOl1IC of 

these effects are easy to include into the lllodel and require only (\ small illCTC(lSC ill 

computation tin1P above that required for the standard model. huI SOllie aj'(' lIot. 

The challenge poscd by tlw dfects tu be discussed in this Chapter is thaI tllC)-' arc 

often negligible but occasionally of utmost importance'. so t hat inc! ueliug I helll (',111 

lead to an entirely different light curve. Even when the extra effects ,U'e ('elS\' I () 

calculate, they are generally not independent. Each additiollal pilrallwtcr adcl('d 

therefore adels one dimension to the search space as far as fitting a 11lodel 10 the 

C1U\'C is concerned. The number of models to be tested in a grid-based s('Clldl or til(' 

parameter space rises rapidly with the number of dimensiolls ,,(hen their cfi'e'd s Oil 
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t he model arc dependent on each other. 

The standard model consists of the minimulll number of panmlPtcrs required to 

enCOltlpaSS the basic geometry and dynamics of a binary lens system and som(c. III 

this Section, we plan to address the issues raised here by considering a 1ll1l111H'r of 

"optional" extensions to the standard model. Extensions arc as:-;cs::;('d (in Sect iun 

8.1.5) and/or included in our fits based on their import ance as an obsernlblc df('ct , 

which we will attempt to measure (in a fairly crude way) using d ~.\ 2-11H'tric 1 () 

compare extended light curves with standard light curves for a \'(lrictv of generCltcd 

en'nt::;. 

2.3.1 Resolved source effect 

The finite source ciJect unfortunately requires H tedious, numerical ccdculMion 

\\'hich tClkes many times as long as the point source equivalent. In this S('ction the 

basic theory is set out, as well as some methods of calculation. 

Theory 

This effect IS conceptually simple: a reed source is a disc of light (of v(lrving 

intensity across the disc) with finite area. Different parts of the source cHe rlI11plified 

by different factors and t he total amplification is sirnpl~' t he integral of <llllplifica 1 iOll 

over the entire source. Even though the amplification of the parts of the source' Oil 

a canstic curve is infinite, the area of the SOlUTe that is exactly OIl top of the OU('­

dilllensional CClustic curve is Cln infinitesimal f{"(1clion of tlw tot <11 source IUlllillosit v. 

The finite SOllI'Ce scenario is illustrated in Figs. 14 and 15. in which tlm'(' SOltn'('S 

of different sizes cross a caustic struct.ure along the same source pat h to gin' t hre(' 

different light curves. The basic effect of Rs on light curves is to smuot h peaks 011 t . 

making them broader and less pronounced with increasing source size. as OllC would 

expect t hwugh dilution of th<: caustic eff<:ct. A furtlwr 20 example Hs-aH"cd('d light 

curves are shown in Figure 52 

An upt illlist ic llluddler lllight think t hat the effect ('an be ignored exccpt iu l"('­

glUns of high amplificatioll, i.e., peaks in the light cun'e due to CMlstic crossmgs. 
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Occurrence 

It i" pussib]" to ,nocld 1 hn "'xpod nd ,li,triL1l1 ion of fini t" "l1n ,'~ silO'" aft (" 'Jl<Lkinl'( 

'-,,"io\ls fL.9Snln ptions a.i)(}m tlw l~l\s "'1(1 "<lurr~ populm.ion, Gala~t i~ 1n0< Ipl, and 1110' 

lil;p, The pIUpO';P or iookJIl~ "t the di~trihution nf finite :;nurcp" ~nd henc~ til<' 

distrilmtic)jj nf R" II, tillS thfois IS to det erm;[le wh~lh~r th,' panl.lnN.er ll ff(b tL) 1,.-. 

;wlndc,j 1Il 11 je~list.ic mod~l FL)l' this pllrpOL:;f' it is "rg\lol,ly _' uffici{'llt 1.0 look at 

10 the PL\.\'ET 5-YCl1l' rr-sult" whirll plares !YJILstmims OIL th~ IL\I1ulwr nf I'I ~ TLet~l'\' 

comp"ILion, in t.hr "",crvcd "t.dla!' popuil1c;un, Thi, sludy 111so provides the In""t 

r~liahle fits for II , dllr to thr high SHlILpllIlg trc<jut'llc\' un PLAXET light cur,,"" 

Th~ distnllllt.ion of upper liHlits to H. from PI is showll in Figure 1~ 

, 
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Fi~nrc lR: Di,tribntioll uf "pper 11mit" (.() n" from PLANET P_ for r Wllts mN'I.iug 
PLA\'FT rritpria._ 

PLANET point-s out t,h,,\. el ,,,, to" "dr--ct,i()n effect the actual dl,triIJllti()n of H, 
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could be fairly inaccurate. Qualitatively the anS\\'cr to t IlP qU('stion 011 inc] USiOll 

posed here remains the same, which is that effects of resoh'ing the source nced to \)(' 

Ulken into account in the majority of cascs when modelling realistic- light cmws. 1\ 

large number of sources in the PLANET data han~ resoln~d auguhu SOUlU' radius ill 

the region of O.GleE . placing them well to the right in the scatter plot shown in Fig. 
2 

53. which implies average values of L':.l \/) well in exccss of 1. Fig. 53 anel those like 
( .0. 

it in Section 8.1. 5 compare light curves created by t he simple 7 -paraJllcter bin <ll''\' 

lens model to those created from an extended model. The comparison is Illade hy 

way of t he ~ ~ 2 -measure. 

Calculation methods 

:-Iet hods of calculating amplification of a finite source can be di.\'iclecl into tW() 

categories: those that integrate amplification over the source surfC1C'c. which is t Iw 

direct application of Eq. ??, and those that integrate over the images instead. 

Source integration seems a more direct method but care must be taken in the 

handling of infinite amplification wh(~n tlw SOIlr(,(' profile iuters('ct s a caustic. This 

complicates numerical methods attempting direct source iutegratioll. For excullp]c. 

any finite smnrnation method that relics on sampling the source C1lnplificat ion in 

the region of a caustic which does not take the caustic bound(u~' into 'l(,(,OUllt. 

introduces an unbounded error into the integration due to the infinite alnplificnti()ll 

on t J1(; c a lIstic curves. 

An alternative is to integrat.e over the images themseh'es. as amplificatioll call 

be obtained by dividing the flux of the images by the flux of the SO\ll'ce, which is 

it simple llumerical sUIllmation exercise. This method was adopted for this thesis. 

mainly due to its simplicity, and is describeel further helem'. 

Image integration 

This Section describes the method of choice adopted for finite source calculatiolls. 

It is a version of image plane integratioll uased Oll that of [53] but aclclPtcd to usc (\ 

recursive flood-fill algorithm described below. 
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The idea is to start \vit h the set of all images t hctt correspolld to the (,(,llt mid 

of the source. In fact the images of any point cont ained \vit hin the iinit c som('(' 

profil(' will do. These image points call carh SIllTOIllHling pixd (also in t 1)(' illlClgc' 

plane) recursively. \Vhen a pixel is called, it maps itself back to the som('(' planc 

to check whether it maps onto the source by Eq. 1. If so. it adds itself to th(' 

integration, weighted by the brightness of the source at the mapped radius frollt t ll(' 

source centroid and calls all surrounding pixels to perforlll the smlle chcck If not. 

t h(' failed pixel do('s not call <'lIly oth('r pixels. 

Any source brightness profile can be accommodated III this \\"elY at lllillilwll 

calculation cost. This is an extremely simple and quite cfficicnt W()y to p('rform 

image plane integrations, as the expensive source-to-illlage calculation is perfol'1llcd 

only once to find pixels that are guaranteed to lllap back onto the sourcc'. Tl)(']'eaft e:1'. 

image-to-source mappings arc calculated 'which an: computationally ('hc'ap. 

The algorithm does suffer from some pitfalls. The size of an intcgr<1tion ele1ll(,llt 

in the image plane needs to be calculated before the calculation (,OlllllH'n('cs. If thc' 

adopted pixel size is too large, the calculation will be irwcc1ll'ate. while a pixel sii,(' 

that is too smallieacls to a long calculation time. Cnfortunately the required pixel 

sizc' depends on the: alllplification, which is exactly what W(' arc' tn'illf,'; t() calcul,tI(, 

in the first place. 

To avoid this chicken-and-egg scenC1rio. various met hods were t csteel to cst i III n t (' 

amplification in order to find a reasonable pixel size. The sill1plc'st and pwbabh' the 

most reliable method was just to base the pixel size for the next point ill a light CUI,\,(' 

on the size uf the previous point's pixel size, adjusted to CUlTect for the elTOl' ill tIl(' 

preyious point's size. Pixel size can also be based on a point source H.lllplitic(l( i01l 

which is available in any case as one source-to-inwgc lllr1pping is required to find 

the first image positions for the recursiYe integration. This is not ideal. as resolwd 

source calculations are mostly required in regions of high alllplificcl1 ion \\'hel'C' til(' 

]loint source amplification tends to infinity. 

In all cases, a fina'! check cau be made to ensure t he,t t he pixel SIze. ,\lid thus 
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the number of integration elements and the accuracy is within an acceptable ['ClIlgc. 

Calculations \vith too few pixels are rejected and recalculated with it smaller pix<'i 

sizt'o Calculations that arc taking too long can he terminated and restartl'd with a 

larger pixel size. 

UnfortunMely, this method suffered an additionC11 shortcoming t hC1t \nlS not 

taken into account during calculations in this thesis. Dominik [03] shmyecl t helt 

it is possible to miss the initial, seed pixel in a disconnected image a\together if tl)(' 

source overlaps a caustic region but its centroid falls outside tht' caustic regioll. (llld 

the source does not include a caustic cusp. In this casc, the flood-fill algorithm prc­

sented here would miscalculate the total ClIllplification. Fortunately. this errOl" lind 

no bearing on the results of this thesis as a point-source model was used throughout. 

The plots and distributions in the Future Work Section 8.1.0 should be margimdly 

affected, hut not the conclusions. 

Alternative methods 

[G3] provides details of Hll efficient algorithm using Grecll's llH'thod to tum t]l(' 

int egral over t he image surface into a one-dimensional int egral around the bord('l"s 

of the images. 

Ray shooting calculations were discussed in Section 2.2.3 abow. Rm" shoot maps 

have the huge ach"antage that they can be used to producc light ClllTes for r('so]wd 

sOlll,("('S simpl~" bv cOIlvolving by the SOllrce profile. COll\'O]lltioll (',Ul ()f «)urs(' ]J(' 

performed efficicnt ly using the FFT algorithm. The dra,,"back is the loni', calculclt i()ll 

time required to produce the maps, as well as the high precisioll required for slllidl 

source sizes: the smaller the source, the higher the density of poillts that arc l"('Cjuil"('(l 

to maintaill a given precision. 

Effects on binary fitting 

The resolved source effect presents a challenge to LG:\I light curw lllociplling alld 

fittillg. It illtroduces a llew variable illto amplificatioll calculatiolls which call1lot ill 

general be fitted for independently and requires many times more CHiculntioll till[(' 
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than the point source approximation requires. The most effect i vc wa\" t () a pproa('h 

t he problem. barring miraculously effective new calculation Ilwt hods. is t () t IT and 

s('parat(' the resolved source~ effects from the: calculatioll of the other C;\I \"i1riahlcs. 

For example. if the light curve is modeled in regions where the resuln'cl somcc hns 

little effect on the light curve, this calcula.tion could be clone using the point s()mn' 

approximation. For the majority of curves, a finite sourcc affects Ollh" t h(' caust ic 

crossing regions of the light curvc, corresponding to the high amplification ])('(\ks. 

The:l"C: are notabl<: exceptions, for cxample \vllC're a SOlUTC approaches or n()ss('s ,\ 

caustic cusp or where a source's path nUlS paralld to a caustic curv(, as dClllullstrc\l('d 

in Figure 16. Given an observed light curve, it is not possible to exclude ,1 resolved 

source a priori, and the validity of fitting a model to an LG::\I light cm\'(' h~" first 

approximating the event by a point source and then including t he effect in a final 

fit is irm:stigaterl in Section 8.l.5. Figure 53 in that Section shem"s the consC'CjuC'llces 

to ~\2 of neglecting t.he resolved sourcc effcct OWl' the paranwter rangc's d(,sCTih(~d 

in Table 4. 

2.3.2 Blending 

The st andard scenario assumes that the backgro\lnd SU11lU' of light t hilt is lCllsC'd 

IS the only source of light during a lensing cwnt. This assumptioll is brokell ill 

all lensing events to some degree. Background, ull-lellsed light is always prC'c;('nt 

in the crmwiC'ci fields in which GM observations takC' placc. This effect is kn()Wll 

as ··blending'·. A luminous lens can alsu contribute to blending and ill fact S()lll(' 

\Yorkers estimate thnt the majority of lenses towards both the Galnctic Bulgc <mel 

the .\Iagellanic Clouds are stars in the Milky Way (e.g. [64]. [65]). 

Occurrence 

It is further argued in [65] that binar~" events that exhibit a blenciing factor 

of f > 0.17 should be quite representative of blending for all LG\[ C'vcnts. Th(' 

distribut ion of the blellding paralllcler I report cd !J\" .\IACH () ill their 2{)()() rcslll t s 

H5] and plotted in [65] shows that the majority of c\"(;nts have I < 0.5. which llJ(',lllS 
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that moderate to serious blending can be assumed to be present in all recllistic LG'\1 

('\·ents. 

It is difliclllt to determine to what dcgn;e: a given C\'e:nt is affected by bl(,lldilll2, 

unless a detailed fit is performed. Even if good data arc available. it is hard tu 

cletermine f for a single lens event due to a serious degeneracy between f Clnd b. tIl(' 

impact parameter (e.g. [66]). 

Theory 

A blended event contains a fraction of un-lensed light. elil u ting the signal from 

the lensed light source. Figures 19 and 20 illustrate nlrying degrees of blclldilll2, for 

a t~'pical caustic-crossing event and the cvcnt's geometry, respcct i\·ch·. 

If we assume that the total flux from a source of light in onr aped nn'. A/i/c"rI. 

is due partly to Microlensing amplification Agm of a source st ar with flux L" and 

partly due to light from an un-lensed source Lrl the situation is as elcsc:ril)('d ill 

Eq. 33 which is valid for any fraction and source of un-lensed light. \ylwt her hOIll a 

11lluiuoLls source or a background star: 

AgmLs + Lr 
Ali/end = L 1 

s + ~:r 
(:33) 

The blending parameter f is then defined as 

(31) 

and 

Ali/end = fAgm + (1 - f). (35) 

Equation 3·5 shows that the blending effect is easy to ccllculate. In Celses wIH'l"(, 

t he blending parameter f is the only parameter that changes from one light ("urn' 

calculation to the next, it is not necessary to recalculate: the standard lllodel billm)' 

alllplification. Instcad thc standard model amplification is ttlcrch· modifi('d lJy llS(' 

of Eq. 35. 
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Effects on binary fitting 

It is not possible in gener8l to ignore blending \"hile fitting for billar)' ('WIltS. 

so blending sh()uld ideally bc fi tkd silllllltallC()uslv with ot l)('\' ]lH],(llll('t('l'S as ()Il(' 

cannot assume that it is possible (0 separate its ('ffect. Unfortunately the blelldillg 

effect introduces another variable into the LG r..1 light CUlTe lllodel pcl rei lllct ('\' s(,(1tch 

space. (Figure 53 much later in Section 8.1.5 illustrates the consequences ()f ignoring 

the resolved source effect during LG M binary lells fitting.) 

2.3.3 Parallax 

"Parallax" deals with the effect of the obselTer's lllovelll('nt on ,m LG)'1 light 

curve. It can be a complicated extension to the lllodeL The simple form of jl,ll'Cl11ClX 

\\'as introduced by Gould [67] but has been considerabl)' expandl'd upon. Although 

these models are beyond the scope of this thesis. which sets out to p1'OYe that 

unconventional methods c::tn ::tid the fitting procedm<'. it must he lIot ed t ha t t ll<'y 

add additional degeneracies to a r..Iicrolensing fit. There arc also ('wnt s \\' hich ('()uld 

not be explained without the introduction of higher-order pnrnlLix effects ([Gi:S].) 

:.\onetheless , the simple parallax which is referred to here as "clllnUet] parallax" 

illustrates the effect well and is discussed below. This cxtension incorp()nll es t l}(' 

Earth's movement into the equation for the source position. The effect um b(' tnkr'll 

into account by modifying our linear equations of relative s()un'(' lIlotioll giv('Tl ill 

Eq. 12. 

The notion of p::trallax may also be extended to differences 1)('t\\'(,(,11 light ('11\,WS 

llleasurcd at different observatories, an effect which was lllmklll'd bv PLA;\'ET ill 

[1]. 

Theory 

Calculations are simplified by projecting all relatiye mm'PIll<'nt III the ohS('rWl­

lens-source-system onto the sourcc. This holds true \"hen \\'(~ wish to illclude tIl<' 

obsCl'vcr's lllOVClllCllt , assumed to be the orbit allllotioll of the Emt 11 mound the Sllll. 

\\'hen this movement is projected onto the source. t he source posit ion is (\ fUllCtioll 
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of the Earth's orbital motion, as described below. The eqnations below arc ~tat('d 

,,-ithout proof but follmv the derivation by Dominik in [60]. 

If we define 

awl 

1-:1' 
f! = (t8cmi.-­

TF 

where 

• tp is the time of Earth's perihelion 

• T is the Earth's orbital period 

• ( is the Earth's orbital eccentricity 

• .T is the distance to the lens as a fraction of the distance to the sourc(' 

• (/8cmi is the Earth's orbital semi-lllajor axis, 

and furt her use 

(3()) 

( :37) 

• 9, the longitude in the ecliptic plane from the perihelion t()wards thl' Em-th's 

motion 

• '\. the latitude mcaslllnl from the ecliptic pIalI(' t() the ('dipti(' llorth ]lolc'. 

we can define 

:ld t.) = P ( - sirup (cos ~(t.) - f) + cos 9\11 - (2 sill ~(t)) . (3~» 
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If 

(I ()) 

\YC finally ha\"e 

\yherc p( t) is the movement of the source in a direct ion parallel to the 111l]H'l'­

tllrbed source path, and d(t.) is the source' s lllOVelllPnt in a dir('ct ion urt hO).',OllClI 

to the S()IllT(, path or in fact in the dircction of th(' impact parnllH'te)" Y('ct ()]" I). I.' 

is a rotation angle in the lens plane describing the relative ori('ntatioll of h to til\' 

sun-Eart h Systelll. 

T,,"o of the parameters 'ljJ and p described in this S('ction are ('y('ut properties 

that have to be determined by fitting and I shall refer to thelll as ··t lw jlmalhx 

pmarncters". The rcmaining; paramctcrs like '< and 6 call h(' direct ly (kdl1("('(1 fmm 

the source's coordinates. 

A further look at the above equations is in ordcr. First. note that if p is Zl,["O, 

1'1(t) ancl.r.·2(t) are zero as well, and Eqs. 41 amI 42 reduce to thc simple )"cctiliu('m 

motion of the standard model, where 

I - till 
p(t) = T(t) = --

t,. 

and 

cl(t) = b. (Il) 

Secondly, the physical interpretation of p is as the Earth's SCllli-lllajor axis jJm-

jected onto the lcns plane. This paralllc\er is a llleasure of till' "(\llWIlIlC' of palallax 

ill a light curye. In genera.! if p increases, parClllax efleets iUCTeclse cIS wcll. 
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Tllis !yre ofp".rn.ll~x hegins to h"v~ n pronO\ll\ced d l,'ct on 1.C,"\lligh! cur",", for 

pifr<'! Qf'b<'l'ilwQ in 1(j~1 ,,!fprt" ~wnb with I, < f.: 
Thr~~ th ~l'I'!' li ('allight ('lll','''>< "'ith ""tying d~gl''"'''l of IMI'"ll ~., And undC1'I"ing 

gpnlIl~t.ry ar~ ~hown in I'i gu l'f';; 21 lind 12. T W~!ltv 1ll0i ~ pllrnll"x ~XarIl pi,,, ap' ~h"w " 

in rigul'!' ~l. 

.'" , 

- ' " 5 : 

-1 7 5 ' 

- ' 8 ' / 
---

·2: 

"'0'; -­
,r.o - 0.25 

'1C _ 0.5 

Fig1lrc ~1: Thn ", li ght emve;;. cnrh bused on the s.~m~ st~nd"rd mod~1 p"r"m~t~r;; 
hut with tlw nddl!ion of diff'·,Ynl nmoun1", nF ]'lanul"., (1-') 

\\'h~Il all mnvcm"n1 18 pF>Jcdcd on1o dw HJll[CC, WC can chink o[ parall'L" '-'-~ 

llllPooing ~ rq"ulm pcr!urb"tion ont·o t.lw otherwi"c ff'<-tilinc1l-[ ~Olll~r' path 

EfTl'd~ 011 Linary iitti"g 

I 'nrnllnx most I)' "lTcCl.i; oini" ICI~~ ""cllb oI lon;',c r timc H'll.lc so it Ulav bc ro;;.~' hl~ 

t·o ignoTt' th is df~"t fm , hott. tit"~ :;('r.le :;iHgle lells "\'~Ilts 1'h~ :>catl~r plot Ul 

Figure 3;1 ~nrl the anr<'d()t~l ,'xmnple in l,'ig'll'e 22 ~bov(' "how th ,,! th~ ~itual-inn for 
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binary lens eyents is Ycry different, where a non-zero yalue of p causes ('ollsidcr(\hl(' 

perturbation to strong binary lens events (most of tllP events in our parallleter range 

are stron~ or ca1lstic crossin~). vVlwn~ pantlhx is mod"l"d. it introduc('s at l('C)st. 

two new variables to be fitted, once again multipl~'illg by a large factor the alll()llllj 

of time required for a fit. As with the other extensions to the stHllclHnl modd. it 

\HlUld be ideal if a giYen light curve could be approached by first fitting the st dndard 

model and then refining the model by adding parallax parallleters to the st andard 

parameters. 
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3 LGM Light Curve Fitting Considerations 

3.1 Introduction 

We shall uegin this Chapter by dearly defining the fit t illg pm Llclll ill S('('t ion 

3.2. In Section 3.3 it is attempted to explain why fitting LG:-I billet!'\' lells lllodels 

to obseryations presents a particular challellge alld "'hv "com'elltiolletl" fit t illg ;dgo­

rithms often fail. Chapter 4 deals with the topiC' of feature splcctioll "'hid} Htlc}11]>ts 

to pose the problem in a form that is more suitable for a particular ]l1ll'pose. \\']lCt ]Wl' 

tlwt be to prolllote undcrst.anding or improvc fit tiug dlicicll(,Y. 

Ideally. a modeller shonkl at.tpmpt to fit the observatiolls with the rnodd the)t 

hilS thc highcst a priori probability of cOlTedly dcsnibiug the physical sit uatioll. U 

a model is insufficient to describe the observations, the model call be extended to 

include more complicated or unlikely scenarios. followillg the P!'illCi pIe of Occm 11 's 

razor. The desired output is thus the set. of the fc\\'cst model parallleters that best 

describe the observations. To qualify the term "best" may present a challellge to 

the llloddler. It Illay well ue that a lllOdd fits the observed iOllS ('xt ['('lll('\V \\'<'11 

by standard modelling criteria. On the other hand. the moddler lllCl\' 1)(' CI\\',1}'(' 

of additional constraillts from data not included in t hc fit. such as spect l'oscopic 

informa tion t hat is not directly included in t he light curw of all LG:- I (,\,(,l1t. 1\ 

particular set of parameters may also present a physically irnpossiblc "it uatioll. 1\11\' 

additiunal information that the muddler has, such as a pruhabiJit\, distributioll fm 

a givell parameter, should be taken into ac('oullt whcn lllodelling. but in this t hc"is 

we will focus exclusively on photometric clata and modelling. 

In t he Sections to follow, we begin by fitting the st cmdard mociel to m"tificial de,t n 

generated using the same model. This model is mathelllMic:all~' "imple Cllld CHpt 1ll'CS 

the essence and main difficulties inherent in fitting LG:-I obscl'\'ations, but it is llot 

complete and various crucial extensions arc left out at first. The cOllsequcnccs of 

ignoring extellsions are investigated in Section 1).1.5 aud reed obscn'atious m(' finally 

fitted in Chapter 7. 
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3.2 Definition of the fitting problem 

This Section aims to dpfine the central thesis more clearl~'. in oj her WOl'ds \\'h C\ 1 

is implied by "fitting a light curvP". 

3.2.1 Input 

In this thesis we focus entirely on the photometric light ClllTes of LG'\f ('\'('lItS. 

"Reduced" or processed light curves are simple x-y plots of the flux 1lH'i\s1ll'cd 

throl1~h an <lj)('rturc that ('ontains a \Jad:~l'Ou!l(lli~ht S()Ul'l·('. also (,Ollt ailling I('ss('r 

('ontribul ions from ot her light sources. vs. time. 

There is quite a lot of additional informal ion available frOlll the t eles('u]lc. uf 

\yhich the most important is the photometric error estimate. The HctuHl OilS('l'Vcl­

tional uncertainty or error is not trivial to obtain ane! is oftcn in it::;elf thc result of 

considerable data reduction ane! calculation. 

In the resulting x-y plot, source brightness, plotted 011 thc v-axIs. (',m \)(' ill 

magnitude or flux. The absolute value of thc hrightIH'ss is oft('ll ullknowll. jlrilllarily 

because LG'\1 lIluddlers are not really COIlccl'lwd with t his a ilsolu t (' nd ll(' (lS Wl' 

deal with the ratio of lensed brightness to un-lensed brightness. or CIlllplificHti()ll. 

Light curn's can also be plotted with amplification 011 the y-axis. Hltlwugll this 

lllav include a blending factor and is not necessarily equivalcnt to .\Iicl'Olcnsing 

amplification obtaincd from, (o.g., Equation D. 

The time axis for a given event spans anything from an hour to sC\Tral ~'(,(\),o;. 

Te('hni('all~', S1llTeV groups require observations oypr several y('ars to jll'Ove that 

an cvent is rcally clue to LG1\1 and llot allot her fUl'lll of iJrightll(,so; fillct natiOll. 

Obsel'Yations of the actual event need to include time before aml nne!' mllplifiC'<1tioll 

in order to establish alld confirm the ull-Iensed baseline. The unit of tilll<' is IUc)::;\ 

often e!ays and typically giYeIl in Julian Date. Light curves to date consist of 1('110; to 

a few hundred data points. From the photometric point of \'ie,,' alld for t Iw P11lPOS(' 

()f this thesis, that is the sum total of the input infol'lllatiull avctilabk to th(' light 

curve lllodcller. Of course additional data may well be HvailHble that could illflu(,ll(,(, 
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certain parameters in the fit. For example. the colour of the sourCe' kllO\\'ll [mill 

spectroscopy may be used to constrain the blending paralllcter or the likelihood of 

a hinarv S011rce. This inforrrmtion is often c\'1lcial and should he l1sed \\,11(,11('\'('1' 

available, but we focus here on photometric data only and will aSSl1me hert' thnt llO 

additional information is availahle to us. 

3.2.2 Output 

The desired output of any fitting procedure is the set of phvsicnl P,1ri1llH'tcrs 

describing the lensing event. The only way to relate the observcd light elllY<' to 

these physical parameters is by way of a model, such as those explored ill Chapter 

2. 

3.2.3 Fitting as Mapping 

In general fitting CClIl be sUIllmarised as lllapping fnllll one vedOl' spacc to ((ll­

other. 

In the LG:,I scenario the two spaces in question are the light (,U1've space ('ollsist­

ing of time-brightness data points and the lllociel parameter space which consists of 

(in this cas<: continuous) variables ent<:r<:d into a light cl1rn~-prodl1('ing Inodel. :vlap­

ping frolll Illodd parallleters to light curve is a SiIllple operation as each P()illt ()ll 11[(' 

light CUlTe is uniquely determined by the parameters and lllodel. ('ven t hOl1gh the 

mapping is not mathematically explicit (see Section 2.2). During fittillg wp arc 1111-

fortunately concerned with the inverse problem. that is mapping from light elllW to 

model parameters which is neither uniquely determined nor cxplicit nor allalvtieallv 

tractable. 

:,Iany met hods exist for tackling this type of problelll. C()nvcnti()wl1 "fit tillg" is 

perhaps the simplest of these. Faced with the lack of a unique mappiug frolll ligltt 

cur\'C to model parameters (which I shall call the "illycrse" mapping), the fittc] 

attelllPts to find a moclel parameter set matching a given light em\"(' 1n' lllapping () 

llUllluer of parametcr sets to their corrcspunding light l'lU'\'('S (the "fOlward" llldp­

ping") until one of the generated light curves matches the obserwd liiSht cur\'(' thr1t 
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is being fitted. 

Gradient-based algorithms ntt.empt to nse the imprm'C'mC'nt in it mcasnJ"(' of prox­

imity between generated light curves and the target light cur\'(' t () gnide t he next 

choice of model parameters to map. Genetic Algorithms choose the next pi1nllllet ('1 

set to map to its light curve based on manipulations of the "!Jcst" of it set of C111"1"('nt 

parameter set candidates, as judged by some measure uf proxilllity. Artificial ::\('11-

ral ~ctworks attcmpt to approximate the nnknown im'crsc mapping itsdf hv 11sillg 

samples from the known "[orward" model mapping. 

A st atistical fitting method currently enjoying success as applied to billan' lells 

fitting is :'Iarkov Chain l\Ionte Carlo (e.g. [70]). The method is particularly well 

sl1itcd to finding all locctl minima aronnd an initial s('ed location. and can also 1)(' 

llsed to determine the covariance matrix at the minimum. 

There is also a host of stntistical techniques from the fidd of Data :"Iining \yhich 

attempt to infer the inverse mapping from samples of t hc fonninl mappmg. ::;onl(' 

of which me tc::;tcd and applied in this tlwsis. 

3.3 The Challenge 

At first, the binary lens fitting problem docs not seem pilrticularly difficnlt t () 

soh"e. The cwemge light curve consists of tens or ew'n hnndreds of dat a point::; alld \\"(' 

on Iv llf~ed to extmct ct few pmamctcrs from this CllITe, e.g. 7 for the standard hillaJ")' 

lens lllodel (S13L:"l) and about twice that cUllount, dcpending, Oll which ext cllsiollS iln' 

included in t he model, (i.e., finite source effects. lens system rot Htiull. etc.) Problcllls 

that look a lot worse than the LGl\I fitting problems often po::;e no ChilllclIg<, for 

conwntional fitting techniques. These may have many more parameters or far lloisier 

data than are generally available for LGM light curves yet are easier alld less labour­

iutcllsive to fit. \Vhat. makes the LG?\I binary !ellS light cmw fit tillg, problelll ::;0 

difficult? This Section discusses the complicating factors. 
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3.3.1 Fitting considerations in general 

This Section describes some aspects of fitting problems in general t helt combille 

to ddcnllilH~ their diHiculty. 

Output Dimensionality 

One of the most important considerations in a fitting problem is the dimension­

ality of the search space, or the number of model parameters ill the case of LC:\ [ 

light curve fitting. The number of model parameter sets that \nmlcl llccd to 1)(' 

tried randomly bdon~ tlw corrcct OtiC is fOlllHl s('al('s (~xjloll('lltiaJly with tIl<' output 

dimension. The standard model has 7 output parameters. I.e. /1/1' mo. I). O. (J 2\]](1 (f. 

This is enough to present a serious challenge to "brute furcc" mcthods th,d siltlph' 

check sets of model parameters to see whet her the\' lllap reaSOlla bl\' ,,'ell to a giV<'1l 

input light curve. 

To illustrate this (simplistically), if we decide that a fn'CjlH'llC\, of lOO steps 

per parameter is sufficient to sample the output space. \\'C h(1\'(' to COlll]Jlltc lOll 

light (,l1rv('s to chc('k CV<TY lllOdd in our sample. C()]llhill<'d wit h tIl(' Sllbstdllt ial 

computation time and even denser sampling reqllired of LG:\1 biwu\' lCllS light 

CUl'\'es. it is clear that brute force methods are impractical. As we slwll see. the 

more successful fitting methods developed in this project rc1\' Oll t hc recillctioll of 

the dimensionality of the search space. 

Analytical formulation or the lack thereof 

LG:\1 benefits from the existence of a powerful and simple model tl1<1t nppl'OXl­

mates the photometry of events in just a few equations (see Sectiun 2). This 11121lh­

ematical formulation enables us to extract physical parallleters frolll n giv('n ligh1 

curve by fitting. Unfortunately. the model equations cannot be soh'cd alla1\'!icalh' 

for aIllplificatioll frolll source positiou but ha\,(' to b(' llI111H'l'ically appmxiulat('d. 

Analytically soluble problems are generally much faster to fit thelll ll1\ll]('rical 

ones thauks to the puwerful mathematics that CClll be \mmght to bcm (JU such 

problems. If we had an analytical formulatioll for the lllapping from light ('urv(' to 
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model parameter space ,ve would have solved the entire problem, as onr fontllllCl(, 

wendd provide an explicit solution in the form of the model pClrameter H'ctor fOl' 

any r;iwn lir;ht Cllrve. No fllrther fitting reqnircd, Unfortllnatelv, Ilot oilly d() \w 

lack em analytical formulation for the inverse mapping but in fact for the fmmm\ 

mapping as well. Light curves can be calculated by soh'ing llllmcricnllv for t hc' 

image positions corresponding to a given source position (Eq. 1) and image positious 

can be substituted into Eq, .5 to obtain amplification, but the lack of nil explicit 

analytical formnlation drives ns to nllmerical aIlC1lysis which introducc's a ll1lgc' ("ost 

in calculation time as well as lllunerous uncertaint ies in precisioll Hnd H("Cllr,\Cv. 

Data quality 

LGC\I photometry dat a are generally of guod quality, bv which we ll)(',Ul that 

t he signal to noise ratio of follow-up observations in particular iCi sufficiently high 

to expose the required amount of information. The signal quality reqnircd in cm\cl" 

to produce accurate model parmneters from light curve fitting is determincd bv the 

properties of the inverse mapping. LGM data quality is in fact required to \w of 

ratlH'r high quality (low noise) and qnHntity (high sampling fn~qll('lj('Y) ill mder 1 () 

avoid serious ambiguities in the model (see Section 3.3.1 beluw). Data of exccplicJllal 

quality enable the modelling of subtle effects, for example those lllodelled ill ~11. 

Non-linearity 

The term "non-linear" is used somewhat loosely in this context to meall tlwt the 

inverse mapping (and hence the forward mapping, too) is complicc,ted: (\ sltlc,ll 

adjustment in model parameters may lead to a large change iu the light cm\'(' 

genera.ted by the model. In other words the amplification is a 1l0n-lillear fllllctioll 

uf mudd paraIlleters, The terlll "nOll-linear" iCi OftcIl \lCicd colloq\lially to cksni\)(' 

badly behaved mappings, where a small change in input parameters can lead to nil 

entirely different set of output parameters, or vice versa. 

Fitting prublemCi with this q\lality req\lire high salllpliug frequeucy wheu 1)('1-

forming any form of grid search of the output space. The problelll is (,()llljlUlllH\C'd 

72 

Univ
ers

ity
 of

 C
ap

e T
ow

n



ill cases of high dimensionality, as a large number (samples per jlClrallll't ('r) wi II 1)(' 

raised to the power of another large number (dirnensirllls) to determillc t hc 1111111-

bcr of parame'ter sets re'qllircd to pcrform a brute' force scarch of output spac(' . 

.'\on-linearity abo brings about the problem of premature CCJl1VcrgcllCC. LGJ\1 IlO\J­

linearity is described in some detail below (Section 3.3.2). 

Premature convergence 

In general a modeller cannot know whether a successful fit is in fetct t 11<' 1)('sl 

solution to the given problem. In the case of light cun'ps all Lcv('ll!Jcrg-).Imqllarcll 

algorithm (section 5.1) may determine that a certain set of model panmll'tCl'S ]lj'()­

duces a light (,lll'VC that fils Uw modd with a low \2 awl that Ill<' lll()del is at a loud 

minimum in the x2-space. That is, any small change in .\ 2 produces a model worse 

than the current best, but the local minimum is not llt'cess,uih' the glubnl millimlllll. 

In the case of Levenberg-l\Iarquardt and other gradient-based algorithllls it is lllen'h' 

the first minimum that the algorithm has corne across. trm'ding fl'Olll its startillg 

jlositioll OIl the rcgressioll surfa(,c. 

Premature convergence is common for highly lloll-lillear lllappings such ns the 

SBL.\l. The more convoluted the mapping. the more local lllinilllil exist emel the I(~ss 

information about the global solution is available to a fitting algorithm operating ill 

the regression space. 

It is important to note that X2 l'ClllHlllS simplY a ll)('aS1ll'C' of t 1)(' g()()clll(~SS of 

fit given our imperfect observations and our error est illlal es. The \. 2 1ll('aSmC ,1Iso 

assumes normally distributed observational errors and e\ linpn)' cll'l)(,lldc'll(,c Ull the 

model parameters. In short, even if we did find the global \ 2-111ininllllll. \n' wOllld 

have no guarantee that we had the "true" solution to our fitting problclll. 

Ambiguity 

An ambiguous input vector is defined here as an input n~ctor that maps to lllore 

than Olle output vector, awl thus a GJ\I light curve is CllllbiguUW:i if lll(Jn~ lhall u!l(' 

model parameter set can produce it or a close lllMc:h 10 it. The defillitioll is used 
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loosely because it does not define how closely the two light curn's need to reselllble 

e8,('h other before they 8,re said to be "equ8,r', or how different model panullet('rs 

lleed to he to qnalify as ·'different". \V(, willnsc the term to meitH that two cnrves are 

similar enough so th8,t they cannot be statistically distingnishecl frolll Ollr' allot her. 

assuming typical observational error::; and using the ...::.\ 2-111eC1Snl't'. As ie\ rull' ()f 

thumb, models are taken to be different if they belong to different COll\'(:rgencp wells 

in the comparison space. 

Ambiguities are always a hindrance to fitting (dgorithms. but their nl'gC1tiw effl'ct 

call be minimized if they are known. Anyone of an allowed set of s()lutiolls to <1 light 

curve i::; of course a local minimum in x2-space. so a lIlapping that contains 1llany 

ambignities also contains lots of local minima which prescnts the fittinl2, challcnge 

discnssed abm'e in Section 3.3.1. From this perspective models with mnbigllitics can 

be seen as an opportunity to find an entire set of good solutions if the relatiollship 

bct\\'een valid model parameter sets are knmvn. For example. if an LG~I billie\rV lells 

solution is found to have low mass ratio and projected orbital separation (J = 1.1 (1/:. 

then the modPller knmvs thaJ there is mlOther valid model with (} = 0.9 fh that is cds() 

a good solution (see Section 3.3.4). Unfortunately ambil2,uitv jw defillitioll 111(\k('s 

it hard to decide which of the solutions is the correct OllC. Various dcgC'npl'Ctcics ()f 

LGi\I light curve::; are discussed in Section 3.3.4. 

3.3.2 Non-linearity in LGM 

Section 3.3.1 introduced the complications that arise frolll H 1l01l-lill('c1r IlWppillg. 

This Section attcmpts to investigate, and where po::;::;iblc quantih', tIl<: sl'wlit" of 

lion-linear effects in the mapping of model parameters to light curves ill LC:'d. 

Small parameter adjustments 

Figure 23 illustrates anecdotally the effect that a ::;lllall model parallldel adjust­

ment can have on a binar:\' lens LGJ\I light curve. Figures 19. 21 and 14 are also 

goocl examples of this, although ill these cases olle cxtcllsiull parcullct cr is bcilll2, 

vmied across its entire range. 
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Largc light CUl'\'C changes caused by tiny changes in model paramet ers Me tIl(' 

defining characteristic of the non-linear LG T\1 mapping. A small change in the 

model parameters docs not ncccssmily canse a COlTcspondingh' small challge ill t]l(' 

light cur\'e. Here we were defining "change" as a visible differcnce b\' eye. Imt the 

lllore formal measure of ~X2 between the original curve and the lllodified one Hlso 

registers Rn enormous change for the small adjustment. Regression surfaces other 

than ~X2 may not display this non-linear behaviour. i.e., a small change in lllodel 

parameters mer\, lead to a corresponding small change on this Il\'pot hetical regressioll 

score fU11d iOll. 

3.3.3 The convergence well 

Anot her consequence of the non-linear mapping frolll model paramcters t() am­

plification is the :'narrowness" of the regression convergence well S1llTOlllH ling t h(~ 

glolml lllininllllll of the n~gressiOll hyper sllrface wll('11 aU('lllpting t() ('xtrrwj Illode] 

parameters from an LGT\I light curve during fitting. 

An Cl11alogy is in order here. Imagine that the regression h~'pcr surface is repre­

sented by a table top. The solution we are looking for is represented iJy a pit in the 

table and the ailll of regression is to find this pit. The difficultv of this tHsk arises 

from the fact that the table top is very bumpy. and every hollow repreSl'11ts a local 

minimum. \Ve arc also blindfolded and can only examinc the heig,ht of the table top 

!J\' to\lchin~ one point OIl it at a time. Lllckily we have SOlll<' tools. Usillf!; <I gnldi(,llt 

descent algorithm to find the global minimum is comparablc to placing a lllarble 

somewhere on the table and allowing it to roll around until it scttll's in H hollow, 

\vhich helps a bit. The problem of premature c011verge11ce to a local minimulll st ill 

fits this analogy: the marble will settle in the first hollow it finds. rcgmdk:-;s of 

,yjwtlwr this is the deep(~st one 011 the tal lIe. 

The com'ergence well in this scenario corresponds to the sIze of the unique. 

correct, deepest hollow that we are trying to filld. III c\ silllplc prubll'lll. t hl~ ('11t in' 

table top would slope gently towards the target holluw (solution), nnd ,w mmld find 
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it easily by placing the marble anywhere on the table. Unfortunately the adual c"S(~ 

in LG:\I fitting is a nightmare scenario. in \vhich the table-top is contorted <Inc! the 

size of the average convergence well is (comparing the convergence VOI1l111C' ill seVC'll 

dimensions with the two-dimensional table top) just about O.()S' - ::s x 1 () - 10 of t h(' 

surface of the table, or 1/5Gth of a millimetre Heross. llluch too snwIl to S('(' wit h 

the naked eye l 

Convergence well calculation 

The previous Section used a rough estimate for the size of t he conv(~rgCIlC(' \ycIl 

and in this Section it is attempted to .iustifv this estimate \)\' calculatioll. Adlllit­

tedly, the "convergence well size" is a crude measure of the difficulh' of (\ fitting 

problem, as the well diameter actually varies widely along the piU<lllleter <lX('S of the 

regressioll hyper surface and also varies with the location of the global lllinilllulll in 

parameter space. Yet. it is a single number that provides a simple qmmtificatioll 

of this aspcct of the fitting problem. Or18 way to nwasll!'C tl](' lllC'an si:;,(' of the 

COll\'ergence well is to use a fitting algorit hm t hat simply runs dO\\'llhill Oil the l('­

gression hyper surface from its start position allCl stops Ht the first loc<lllllillilllll111 it 

finds. If the solution found by the algorithm is corrcct, the initial st <lrting posit iOll 

of the fit must have been inside the convergence \\'ell of the solutioll. By recording 

the SHccess rate; of fits to a larp;c IlllIllhcr of randomly generat (,d light C1ll'VC'S. t 1](' 

distrilmtion of the Llx2-convcrgcllcc well siz(~ of binary lens fits to LC:\llight. ('IUTes 

can be determined. Note that during this investigation \w will kecp vcuinllI('s s\lch 

as the number of data points in the curve and the size of the obsel'\'at iOlln] ('I'1OI'S 

fixed at reasonable values of lOO data points \\'ith an "C'1'1'0r" of 0.01 mag. 

Figure 2-1 shows the results of such a simulation. lOG curves W('1'e fitted uSlllg 

the Amoeba (Downhill Simplex) method (e.g. [59]). Enc·h curve \\'its ntnd{)mh' 

generated from the standard parameter ranges ill Table -1. The starting position 

and the lllaximulll lllodel paramc1er st.art ing elTOl' o\'( '1' all s('\'en pal'rllll('t ('1'S W( '1'(' 

recorded. An example of how the "maximum error" fur a p;i\'('11 fit is C'nlcuLl1('d is 
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Table 3: Sample of "maxim1lm error" calc1llation. Units an: specifi(:d ,IS a fractioll 

of the range in each parameter. 
Parameter Actual Start 
a 0.19 0.22 
e 0.56 0.49 
h 0.132 (J.91 
mu 0.33 0.34 
q 0.37 0.42 
tf' 0.02 0.07 
tm 0.91 0.88 
:;!aXlmum Error 

Difference 
0.03 
0.07 
(). (J9 
0.01 
0.05 
0.05 
0.03 
0.00 

shown in Table 3. A fit \vas considered to be successful if the k of the sol1ltion 
d.o·f 

model was less than 1. 

The main result from this simulation is that the COllyergcnc(: \Yell is slllC111. The 

distribution of convergence well sizes peaks at about 2 per cellt of the allowcd pa-

rameter range. All parameters mostly need to be \Yithin a few percent of the correct 

value to haye a reasonable chance of a successf1l1 fit with a simple: gradiellt nwthod' 

This is a severe constraint that makes LGM binary lens fitting so int rae! able t () 

conwntional fitting methods. Only 5 per cent of the events had a CCJllwrgence \yell 

that stretched out further than 20 per cent of the allowed parallleter range. l\ute 

t hat we do not mean 20 per cent of the parameter search \'UIUlllP. but illst PHd t h,1l 

all parameters need to be within 20 per cent (absol1lte) of their COlTect VrlhH's. 

The convergence radius is likely to vary for different model pHl"Cl1Ilet ers. and 

Figure 25 plots the success rate of Amoeba fits as a function of the start ('nOl' 

for each paramder in tUfn. Note that these calculations ,\'ere different from til(' 

ones that proclucecl Figure 2~ in that all parameters \\'(~rc set to thcir correct valncs 

except the parameter under investigation, which WHS perturbed. As H reSlllt t hl' 

implied conyergence well size by parameter reprctients the best c(\se sccnmi(). ",here 

all parameters but one were spot on before commcncing the fit. All parameters Wl'rC 

allowed to "ary during a fit which explains the dismal conwrgence \yell size of all 

"casy" panuucter tiuch as rno. If all the ot her pi:\ramcl crs \\'tTl' fixed at their ('OlTce! 

values during the fit, it would be hard to imagine that the rOlltinc wunld not bc ~lbll' 
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to recoyer the correct vC'tlue for mo. ~'hat happens in practice is t hat the downhill 

simplex method searches in all parameter directions and is attracted to and ca\lght 

11p in local minima, despite startin!l; out prrtnrlwd in only a sillgle parartl('t('l". 

Although a's distribution peaks around 8 per CCllt. a fair llullllwr of (,\"Cllts (2() 

per cent) can 1)(' fittcd succcssfully CV<'ll if (/ is initially pert mlwd hy llWr(' th<lll l() 

per cent (absolute). () seems particularly hard to fit. Its clistrilmtioll peaks moulld (j 

per cent and very few events (less than 5 per cent) that cue perturlwd by lllor(' t he1ll 

-to per cent arc successfully fit. b is a rnore forgiving parameter \\'ith " blO,H] peak 

at about 12 per cent. In additiclll, 23 per cent of ewnts will lw fit ted succ('ssf\llh' 

eV<'n if b is initially pcrtur1)(~d by more than cHJ per C('llt. 1110 is also relatiV<'ly ('<lSY 

to fit. Thc peak is hard to discern on this scullplc but looks to be betweell 10 nnd 

15 per cent, with 10 per cent of events fittable despite starting off lllore th,lT! /10 per 

cent (absolute) from their target. q is, perhaps surprisingly, " fairly easy lit and 

distributed much like b. tc peaks around 10 per cent - harder t h"n cxpected. Onh' 

15 per cent of events can be successf\llly fitted if they start out pertnrl)('d hy Ilion' 

than -10 per cent. Finally, trn is fairly hard to fit agC'tin, peaking around perhaps (oS per 

cent. There are however a fairly large percentage of events (17 pcr cent) tlwt can 1)(' 

fitted correctly even if they start at more than -to per cent (absolute) p(,ltmlmtioll. 

The figure shows that even if all six of the other st andard lllodel peUCllIl('t crs 

st art out exactly correct, the parameter under inyestigaticlll ::;till neecls to 1)(' kllown 

fairly accurately to be fitted successfully. 

3.3.4 Ambiguity in LGM 

Ambiguity and its associated clwllenges were discussed in general in S('ct ion 

3.3.1. This Section deals with ambiguities that are specific to LG:-I light curves 

and t he model used to describe them. Two ambiguous cun'ps arc shown ill Figure 

26. The caustic geometry anclmodel parameters of the t\',;o curves cliffer cOlllplctcl\·. 
~ 2 

\"(~t their -Y- is uIlly 27. The two very differcnt bimlry lew; cau::;tic gCOlll('( ries ,\1(' 
d.o.] " 

plotted in Figure 27. 
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Distribution of convergence well size when perturbing all parameters 
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Figure 2~: Distribution of convergence well size for multiple fits to 100 rawlmll 
(','ellts. The convergence well was defined as the absolute diHerellce bet We'ell the 
correct parameter and the random starting parameter for \yhichever parall1et cr this 
was the largest. Note that the final bar at 0.2 ill fact represents ('wnts thnt ('(Ill ]J(' 

fitted at 20 per cent absolute perturbation or more. 
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The known binary lens LG:~v1 model ambiguities are discussed helm\'. 

Orbital separation 

There is a well-known LG 1\1 binary lens ambiguity behYccn light C1ll'YCS \\'i t h 

orbital separations a and l/a (e.g. [71]. This is particularl~T sewre fOl' small \'a111('s 

of tIl(' mass ratio (J <lnd is dc:monstrated as om c:xample ambiguity ill Figlll'(,s 2(j 

ami 27. This type of ambiguity ha::; been obserwd and rc::;ultcd ill 11)(' illclhilily 

to discriminate on photometric grounds alone between n wielc hilliu'\' cmel c1 clo:-;c 

binary solution in the case of cvent MACHO-99-BLG-47 [72]. Fortllll(1tel~' ill t 11<11 

case the physical implications of one of the two possible lllodels excluded itself Oil 

the groullds of plausibility. 

Blending 

TIl<' "hknding" dfc:ct was previously discussc:d in Section 2.3.2. Here \\T focus 

on the serious ambiguity it introduces to LGl\llight. Clll'WS. especiaJ1\' tlm,(~ ('(,lLc;ed 

by single lenses. The ambiguity is well-described in [66]. 

III CSS('ll(,C. a blcll(l(~d light source appears to ]w l('ss amplified thell\ it ad 1lalIy 

is because a pOl'tion of the total flux in the aperture Ol'iginales from an llll-lcnscd 

source. This adclitiomd un-lensed flux obscures t he change in flux hom the ICllScd 

source. Blending WOl'ks against amplification, which is depenclent Oil impact parillll-

eter b for single lens light curves. This leaels one to suspect that all (,Wilt wit h (\ 

small impact parmneter FlIld lots of blendinp; can rw mistakell for all ('\'('111 with d 

large impact parameter ancllittle blending, as is indeed the case. 

Wozniak and Paczynski [66] quantify the amhiguity by notillg that ill 1 h(' lilllit 

()f!J» 1 (h. 

(15 ) 

where 11 is the source-lens distance in this single-lens system. 

If the quantities Fa and F(t) are defined as the un-lensed brip;htlless of the 
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aperture and the brightness as 1-1 function of time resp{'cti\'d~' then 

FU) 
Fo 

(If) ) 

by sullstitution. Nott: that in these eqnations I correspollds to the 111('lHlinf.', 

parallleter ucfillCU in Section 2.3.2. It is easy to ycrify that snbstituting 

into Equation 48 yields (:xactly the same cq11atioll' Th11s all)' (II. Ii). 111 ,1) set is 

also a yalid solution if (I, b. lm) is a valid solution. \Yozlliak Hlld P,1('zulski also show 

that in the limit of b « 1, 

F(t) 
--= 1+ 

Fo 

so that any set (Ie, be, trnC~)) is a solution if (f. h. t,l/) is n solutioll. 

These ambiguities raise grave concerns for the accuracy of conclusiolls drawll 

from phot ometric data of single lens light curyes if blending is ignol'(·d. The alllbi­

guity effect of blending on binary lens curws is less pronoullced (e.g. [G2]) but (',m 

be expected to affect any weak binary evellt in a marmer similar to the OllC di:'iCnss('d 

here. 

Parallax 

The parallax extension to the 7-pararneter model adds 2 paraJlletcrs ll('cdcd to 

uesni bc !loll-lillear rclat i vc lllot.ioll of the lCllsing syst elll. These ((i all( 1 ti') \\Tn' 

discllssed in 2.3.3 above and are used to model the effccts of tIll' EClrth's orlJit ()ll ,lll 
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LG:\I light CUlTe. Smith, ivlao and Paczynski [-10] discussed a constallt nccTlcratioll 

model which serves as a good approximation to the normal parallax effect. Usillg 

this modd t.lwy discovered a degeneracy which affects \H'nk parallax evcllts. i.c .. 

events with te dose to the bottom of t.he range of where parallax can 1)(' ulJserwd. 

The degeneracv is in the two parallax parameters and tc' 

An extension to the parallax model made by Gould in [68] also introduced a W'W 

form of parallax degeneracy. 

Weak parallax vs. planetary perturbations in long time scale, asymmetric 

events 

III aho1lt 1 per cent of planetary events, planets can gi\'(' rise to IOllg tilllc scal(, 

perturbat ions [3]. These are highly degenerate wit h parallax ('\'ents of the t Vj)C 

discussed in [67]. This degenera.cy has also been observed, \yhich led to the disq1lc11-

ification of event OG LE-1999-BLG-36 as a planct ary ewnt. 

Close and wide binaries vs. planetary events at high amplification 

Extrcnw separation ((J « 1 fJ E and (/ » 1 fh), rncdiml1 mass ratio hillmi('s 

generate caustic pattcrns close to the primary lells that arc allllost illdistillguishalJl(' 

from those caused by medium separatioll, planetary compcmions (q « 1 fJ E ). This 

degeneracy is discussed in, e.g., [71]. It has also been obserwcL if that is tllP c()rrcct 

term in so far as the degeneracy was an issue during analysis ([73]). 

3.3.5 Sampling parameter space 

Possibly the simplest (and most. brutal) way of fitting (\ light C\uTe is to decide 

on a sampling frequency in parameter space and to sill1pl~' step through HII sr1Illplc' 

models looking for one that generates a light curw that closely matches t he ddt i1 

curve. Assuming the sampled curves adequately coyer the allo\YC'd parameter ranges. 

the method has the advantage of being exhaustive. Of coursC'. the problclll \\'itll 

L(;:\l is that a vast llUlllber of salllple lllodels arc required. The author did dtt('Illpt 

a naive library-based fitting solution without success, to be comp<ued t() :\L-w L\: Di 
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Stefano [7~l. 

Storage restrictions 

If the sampling requirements of this library are to be lllet. there i:-; e;till til(' 

restriction of storing the calculatecllight curve for each grid point ae; they are Ilceded 

for ("0111 paring with () 1>e;crvcd light ("urv(~e; wll<'n Ii 11 illg with i\ iiI llCUY-l me;( 'd ltwt J \()d. 

The number of data points per curve that need to be storcd is a nUll-trivicll is"llc, lm\ 

if we assume that 100 points are good enough to distinguish behn'Cll light (1l!"\,ce; 

to a level that produces a usefully small list of canclidat C lllodel" 011 (Oll! P') rie;oll, \\"(' 

are faced with the prospect of storing 200 points of data of size "double" J)('r emY<'. 

A slllall test shows that gzip compresses lOU light CUl"WS of l()() x- illld y-poillts ciwh 

into about 70kB. For a library method that needs to fit. say. all 7 st alldard ltlodel 

parameters and a sampling spacing of 5 per cellt per pc\l"(unctcr \\"C ilrl' fc\c('d with 

C~O) 7 X curVf:S x O.7kB = 1.28 x 10'1 x O.7UJ = xD(i(;13 (fl()) 

of storage. Although this number is attainable on a personal COlllputel" OIlC hilS 

to wonder whet her this is the right approach. 

3.3.6 Computation time 

COlllPutatiun tillle is a limiting factor when fitting binHrY lens LG'\I light ClllVl'S 

due to the iteratiyl', non-analytical nature of the amplifiCHtioll cillc\llntioll. \Vc 

have seen s(:'\"eral different methods of computing alllplificCltioll CIS () functioll of t illlc 

described ill Section 2.2.5. Regardless of the method used. amplificatioll caiculaticll}e; 

[tre non-trivial and t[tke such a long time that brute force is excluded ae; all LCi\[ 

fitt iIlg operatiull. 

::)7 
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4 Feature Selection 

4.1 Introduction 

The input to our fitting problem is an observer LG:'-I light curw. In thi:; Section 

we will simplify the actual problem by assuming that the ob;-;prv('l"s ha\'(~ pj"()vid(~d 11:; 

with a rcdu("(xL clcancd light curvc. This lllay have required the relll()\"cd of ()utlic'l:;. 

t he combination of data points frum different obst'rnltmies, reseedillg of photolllPt ric 

errors and the like. 

\\'c can now feed this light curve directly into our rq!,rcssiun nlgori t hlll:; or pr()c'( ':;:; 

it furt her. In fact, praeti tioners agree t hat regression perfonw1llc(' oft en 1 )(,lIdi t;-; 

from fnrther processing of the inputs, a.k.a. ··pre-proccssing". One wry illlpmtmtt 

form of pre-processing is feature selection or construction. Thi:; i:; the Pl"()("(':;:; of 

constructing new input variables from the existing (HlPS through trDn:;fo1"111a1 io)):;. 

dri ven by dOlllaill-spccific knowledge or by relllO\"illg reel unelant varia hIe:;. The In t t C'l 

is often referred to as subset selection but we will use the term "feat ure sclect ion" t () 

refer to any change made to the original in])u t set. by eit her tnm:;fmlllillg. n'11l()vi ng 

or adding variables and their derivatives. 

~e\\" inputs can be any set ofmllnbers derived from or combined with the origin()1 

inputs. The aim is to find a transformation of input parameters thnt ha:; lllUl"(' 

predictive power than the parameters theIllselyes. as measurecl again:;t all \l11:;('e11. 

testing data set. 

There are good reasons to reduce the number of inputs to fitting C1lgoritll1n:;. The 

yast majority of classifiers and regression algorithms function progrp:;:;i\'CI~' \)('11('1" a:; 

the number of inputs is reduced, provided that it is !lot reduced to t h(' point wIH']"(' 

critical inforlllation that cuuld be usecl in the idc!ltifil'ntiun uf d gi\"l'n light (:1\1\"(' i:; 

lost. 

The somewhat counter-intuitive reduction in success rate \\'ith i!lCTpn:;illg input 

inforlllation is lllustly duc to the "curse of dilllensionality" (i.e. [7S]). Th('l"l' i:; (\ 

point at which adding input parameters docs nut justify the clllmgclllellt uf the il1put 
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space that comes from increasing its dimension. In this \Yay. feature selection is nlso 

related to data compression and, risking a philosophical statement. "underst anding". 

in that the more compact. the' pmarrlC'ter set used for a cOlllpll'te d('scriptioll of the 

data is. the better \Ye understand it. 

The problelll of finding the Lest input vector is tllCtt of maxilJlising the ,1l1HJ\lllt 

of relcycmt information in the input vector while minimising the dimension of (he 

input space. Using the correct input vector is Hbsolutel~' crncicd to successful ('p­

proximation or fitting, but the question is how to find this input wctor. 

One can do so by trial and error, which consists of selecting different combillcl t iOlls 

of input yectors by intuition or at random, training a regression algorithm awl 

cl}('cking performance: a prohibitively slow process \\'ith no gw\rantecs offercd Oil 

finding the best solution. Fortunately, the next Sections describe a selection of nlOrc 

realistic. formal methods that were investigated. applied Hnd en.luHtcd for LGi\1 

binary lens light curve fitting with the standard model. 

Goal The goal of this Chapter is to find a represcntation of an L(;\1 light ('\lIT(' 

that pcri'onns optimally at rq,;rcssion, presllmablv bdh~r than the light (,lUV(' d()('s 

by itself. I shall diyide the process of deriving an optimal fea ( me set fur f1 t t ing LG:\ I 

binary lens light curves into three dependent Scctions: 

1. Constructiun. l\'ew fcatmes are created or derived frolll the light ('\11'\'('. 

2. Evaluation. ~e\V and original features need to lw (:,\'Hludtcd for their predictin' 

utility. 

3. Sean-h. \Ve require a feature-set searching Illethodology to clerin' t he optimal 

set. 

4.1.1 Know your data 

Defore we even st art deriving new features, it is highly rccollllll('Jl(kd to get t () 

knO\\' the re.", input data (i.e. [76]). Vle need tu know what tIl(' t\'piccl1light cm\'(' 

!)() 
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Table -1: Standard Binary Lens Model (SBL~I) nmges used throughout. 
Parameter :;Ill1unmn l'VIaXlll1UIll 
0.(8E ) 0.6 1.7 
8(°) a 360 
b(8E ) 0.001 1.0 
III 0 (n Ul Y ) 18 21 
q 0.1 1.0 
tc(doys) 5 25 
lrn(duys) -10 10 

looks like, ,yhat the "typical" outlier looks like. what kind of degeucnlci('s ('(Ill he 

expected, etc. A knowledge of the data will illlproye our understanding of results to 

follow. 

There are Illany ways of looking at our data. \'"e shall start with a visual inspec­

tion of a number of randomly sampled light curves before mO\'iug on to stell ist iCel1 

properties of the complete training sample. Figure 28 shows 50 light curws selected 

at random from the sample constructed from the parameter ranges s11o\\,11 in Tah1e 

-± using 1 he st auelard model. 

A few simple observations from the figure. First. Hlmost e111 c:urws arc ind('ecl 

yisihly perturbed from the typical single lens light curn:s. ~I()st are aS~'lmlletrical. 

Secondly. a lot of curves have ouly a single peak and of t hest' it \\'ould SP('Ill tll()1 

mHlly arc fairly similar. This indicates large areas of dcgcncntcy WhCll all l'lllptillg 

to recover model parameters for curves with a single peak. 

~Iany curves seem to be crossing a largish caustic area. shmyillg 1 hl' distinct iw 

caustic entry and exit spikes and an area of increased amplificatioll ",hil(, \\'ithill t 1)(' 

region. ~lany show peaks that arc not due tu ad ual caustic crossiugs and so llmst 

be a caustic cusp approach. 

Statistical description of binary light curve data 

In order to use a simulated light. curve as an input \'('ctor. we takl' t hl' st ('jl of 

(Teatitlg it fl'Olll samples at 100 regularly spaced points bd\\u'll a sl cuI and ('1)(\ 

puint CIt t1ll - 2tc ± 0.5 tf' and tm + 2tc ± 0.5 if" The uncertainty ill the stetrl (\ltd l'nd 
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Figure 2~: 50 randumly ::;clected light curvc::; from the pantlllct('r l'((llgC::; III Tahle 
using the standard model. This is our input space of choice for stud\" of the stctlldard 
model. 
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point reflects the fact that we do not know what tr and t TrI are before fitt iug. Om rel\\' 

data thus consist of 100 evenly-sampled time points and 100 matchillg, llIagllit \ldl' 

points. As we shall sce below (in Section 4.2.1) \\T can discard all hut two of tIl(' 

time points with no loss of input information. lei-wing llS with 100 nlClgnificat iOlls 

and the start and end times of the curve. 

Figures 29 to 32 are distribution plots where the values on the x-nxis arc dcriv('d 

from the extremes of the range and the y-axis is a count. As the actual n\lue of t 1)(' 

COUllt is not inll)(Htant (but the amplitude of (he dist ribut ion is). t he v-axis s('(\I(' 

was omitted. 

Figure 29 shows the distribution of start times for a sample of WOOO rand()]ll 

events with parameters selected from Table -1. This distribution is () fUllctiOll of the 

ranges chosen for f r. and t m , as well as an additional 1lllCcrtaillh' of (J.S I( for ('(jch 

CU1Te's starting poiut. There is uot much else tu leal'll £'r0111 this distrilmtiou lJ\lt it 

begins to place the light curves into context. 

- .--- -- t--
t--t--

t--
-- --

-,..--

-
- -- -

~ rh 
-64.08 -31.78 0.57 

Figure 29: The distribution of curve start times (in dnys) for 10()O() sLmclimlltl(J(kl 
events. randomly generated from the ranges in Table 4. 

Figure ~30 shows the distribution of start magnitude for all lOO()() CUlTes. This 

distriuution is technically a function of allmodd parameters. as well as om chui«' of 

light curve start and end ranges, 1m - 21,. ± 0.51,. and 1m + 2/.,. ± Cl.S/,. Of ('()ms\', tIl(' 
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magnitude this far from the peak of amplification is almost direct I~' related to the 

fiat distribution of start magnitudes chosen for the experiment. The distributioll at 

points closer to the centre of the curves arc m01'e intcn:stin!2,. 

-r---
r--- - r---

r---

- f--

9~ 

17.57 19.26 20.91) 

Figure 30: The distribution of curve start magnitudes (mag) for] (lOOO stalldard 
modd events. randomly generated from the ranges in Table -1 

:\Iagnitude distributions at points deeper into the curn's are plotted in Fi!2,u1'('s 

31 and 32 which are at position 33 a.nd 50 out of a hundred magnitude points. 1'('-

spectively. Position 50 corresponds on average to the ('cntre of each cur\'('. Both 

these distributions are complicated functions of the ranges chosen in Table L Doth 

arc highly asymmetrical as one would expect of a fiat distrihution ill iIllpc\('j pa-

rameter b: single lens amplification scales approximately as the inwl's(' of b ,)t high 

amplification. and we know that a large number of light (,111'\"e \\'ill resemble single 

The rather smooth, unimodal distributions discussed abow suggest th,)t (lw1'<­

IS no clear discriminator for a classifier or regression routine ,,·hell looking at ,\ll~' 

given lllagnitude point ill isolation. Relationships betwccll points arc likely to play 

t he largest role when discriminating between models. 
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r--
r-

1--- r- -
t--r- - t--r-

r- f--

- t--r-

r- -

r-

~rrrrf n 
14.76 17.79 20.8;/ 

Figure 31: The distribution of curve magnitudes (mag) at point lllllllbcr:U for 100()() 
standard model events, randomly generated from the ranges in Tclble -J 

r-r- - r-
- I- -

r- I- t--r-
I-- -

t--
r-

I-
r- -

-
r-

r- I-

rfff !] 
13.85 17.29 20./4 

Figure 32: The distribution of curve start magnitudes (lllag) at point lllllllhcr 50. 
which corn;spunds tu the average peak pusition. for WOOO standard lllod,,1 cwnts. 
randomly generated from the ranges ill Table ·1 
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4.2 Construction: Creating new features by transforming the light curve 

In this Section we shall derive many features from an existing light curw. ei t 1]('1 

h)" transformation or by us(' of domain knowledge or hv 111111Ch. The \"ilst lllilj mi ty 

of these will then be mercilessly discarded in Section cl.3 ","hen we eyal \lrl (c their 

actual worth in fitting. ;":onetheless the prediction is that C1t least some useful nc\\" 

features or transformations will be discowred v;hich haw the pot(,lltial to Lwilit cdc' 

the fitting process greatly. 

4.2.1 Domain-specific construction 

This Section deals with ff,Rtures that are specific to light (,111"\"(,S. Latcr Sectiolls 

willusi' generic feature construction methods in which the input wctor is consici('l"ed 

to be .iust a vector of values. Here we will attempt to incorporate properties of the 

standard model and its resulting light curves into features that should hilw high 

information content or predictive power. The number awl position of peaks. for 

example. \V(' know these numbers say something Rhout rnod(~1 parnnH't('J"s. If \\T 

haw' a large nlUuber of peaks, we must have lllultiple caustic crossillgs whidl P\lt 

constraints on the parameters a.. q and b and e. Peak number is (\ gelleric ('Ullccpt 

but we suspect it is significant due to our domain-specific knowledge. 

The most obvious features of an LG:'I billary lens light CUlTes CU"e the ]lCelks 

cmd troughs of the curve, but any hit of information can potentialh" SN\"(' c1S i\ 

feature. An infinite number of features may be extracted froltl a single c:urn~. hOll! 

the obvious to the more obscure, such as the slope at stmt awl end-p()illt, lllOIlH'llts 

of thc nlClgnitudc, dc. A good selection requires an iutuitivc approach. based Oll 

the modeller's knowledge of the problem. v\'hen a large number of plausible f('e1tme 

selections have heen ma.de, selection methods from Section 4.3 will be us(~d to lHUTo\\" 

t he candidates clmvn formally to the optimal set. Figure 28 sho\\"s eXRlllple binan" 

lens curves and the reader is invited to select a minimal set of features that (";11"]"\" 

ltlaximulll inforlllation regarding the possible lens geometry t bat WelS n~s]J()llsil)1c for 

these cun"es. 
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The curve itself 

A first choicc of a featurc set is not to choose one at all and to us(' the ('Ilt ire 

CUlTe as input, thus retaining all infonllatiun cont ained in t hl' obs(,lTat iOlls. This 

type of input was used successfully in [77] to fit thc stcmdard Illodel to silllulatl'd 

light curves, although the sampled curyc data ""cn' supplclllcnted ,,"ith their OWl! 

extremum data. 

This t)"pe of input is unsatisfactory for several reasons: 

l. EYcn for this direct approach SOllle pre-processlllg IS required. A saJl1plil!i!, 

frequency, start- a_nd end-point need to he choscn to ensurc thnt all C1U-V('S C,lIl 

be turned into a uniform, evenly-spaced format for comparison by t hc fit tini!, 

algorithm. 

2. LG~l binary light curves are highly non-lineal' and subsequent h" requirl' it hii!,h 

sampling frequency to enable a successful fit by Artificial :\"eural ;'\ctwork. 

This leads to input vectors with yery large dimcnsionalit)". III [77], input 

wctors had up to 117 entries. Large dimensionality brings about thl' "CllrSl' 

of dinwnsiomtlity" whereby the success rate deteriorates with increClsini!, illp1lt 

dimension despite the input of more inforlllation. 

3_ LG::,r light curves often contain gaps ill coverage. for cXHlllplc due to h,HI 

weather. Some algorithms require full input vectors and this raises the iss1ll' 

of wlwt to do where data are missing. The ":\Iissing Data" problelll (c.g. 17KI) 

is a nOll-trivial drawback to the 1IS(' of th('s(' ali!:orithllis. Otll<'[" f('Htlll·('S. s1I(h 

as pre-fitting by simple models, lIlay be less sl'nsitiw to gaps ill coven'g!'. 

:\" onet heless, raw light curve data proved effective ill the eXlwrilllcIlts ill I([t e]" Sec­

tiUllS. Perhaps t hat is because they do 110t lose iufonllClt iU11 elml lllodent Hli!:uri t lUllS 

have becollle more robust against the problem of lllissing nllues'! 
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Extrema 

LG'\l binary lens curves often have strong peaks and deep t1'Oul:',hs. l\S discussed 

in Section 2.1.1, these are closely related to geometricc11 fe<ttures of the billC1r\' lens 

systcm and the projected source path across the system. implying t hat feMmes 

based on the CUlTe extrema should be rich in gconlPtrical informC1 lion wll ich is 

closely linked to model parameters. The (t,mag)-coordinates of ('xtrprna \\'('n~ used ilS 

additional input to the light curves thelllseives in Section 0. Higher-ordcr c'xtl'CIllUltl 

data. such as the second derivative magnitude at a peak/trough, can abo 1)(' used. 

Unfortunately, extrema are often missed in practice due to bad weather or late alerts. 

leading to missing inputs and potentially crippling fitting problems. 

Statistics and Moments 

A single light curve can be described by various statistics and it is casy to imaginc 

that some of these have a high information content. The mean. maxillllllll and 

lIliniltlultl of both tilllc and lIlagnitudc values should proV(' useful. IIigll<'r order 

moments such as variance. skew and kurtosis could also be valuable as a rough 

indication of the asymmetry or number of caustic crossings in c1 curn'. All ()f till' 

aboH' were calculated for both time and magnitude ntiues. 

Derivitaves 

Derinttives of light curves may be useful as \vell. One could specui<lte that 

these would show a dear signature of peaks and troughs and lnH\' be llsed "'it It 

th(' m:1gnituric at start and (~nd points of the curve. p(~rltaps to pl'O\'idc illforlllatio1l 

un t he impact parameter, etc. Derivatives unfortunat ely CO\'Pl' a \'en' wide l'Cmge 

so in this thesis it was decided to use the tangent angle at each point as a lllOl'<' 

smoot hI y-varying replacement for the first cieri vati YC. The second deri vat i Y(, \\'itS 

used as calculated. 

Several numerical schemes were considered for calculating cicri\'ativ('s. Loedl 

approxilllat iOll with smooth fUIlctiolls such as splines was a \'in hIe opt iOll 1m t ill 

t he end a simple difference method was used where t he slope WilS silllplY t l)(~ slope 
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of the linearly in!l'rpoldt.<."<.llighl ell""'_ Ie w,." illtl'n,»eiHg t·" llL\t~ th~ difliwler uj 

appwximaciIlg a VO e('Illid lly Iluisy lighe CUlV(' 11l it;, ~Ilti[~h- with a ~l1npl~ ~lllnClth 

fUll("liuH. Fig11H' .13 ilh, slmH'" 1.1", pmh!"m. TIl<' li!(hl- curve' iH th" fi1'.l1[('" nClt 

wdl approximatoo hy C]wby, ]wv pCllynomials, eYPll ll sillg poh'Tlomi81, wit h 200 

oofficipnt ' _ Th i8 '-sup i, dis~us"pd further in SC'<:tioll 4.~.~ 

Statiotics on thc "lope wel'C HI"" inclndpd 
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Figure 33 Chl'by:;hey >tpproxillmlion of a IlUIl-lill~'" bue b idy tYPlca] binary I,'n" 
light cnrv~. T hp HPPl"(}ximat.l(111 is poor , PWH at 200 poh:llomial copflkicnts. ;':olP ill 
particu];u t.he di'lllal f~ ilure of the ~O-wl'l[kicne VOlyuulllhl Wllll·h is slill in~"pahk 
of rc:;olviIlg the lIlullipl(' p~aks ill till" cwnl. 

Smoothing 

i\Jl(}thIT ~a",li,"'l p f~al 11rp ""I. COHsist ' of th ~ mo"i llg awrage of \' light emw 

points T wo sud, cnrv,,,, we're add,~1 into Ih,' Ii,! ot f" >ltUl"" the ti l',t \\'it li ,," 

averaging length of 5 lh ta PU;Ilt.,;. the next with an Hvpraginf', lpnf',th of 20 poinT'_ 

n!J 
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This simple form of smoothing has some potentially undesirable propcrti(~:-" sllch 

as the dilution of peaks and troughs. Hmvever, this is not necessarily a handicap 

as p(:ak and trollgh information is already etvailetblc in all1lndarwc in ot her features. 

Instead. t he point of t he smoothed curves would be to accent U<'1.1 e longcr- terln 1 n~nds 

in the light curve. 

Simple fits 

An LG'\1 light curve may be well defined by the parameters of a lllodel 1 h,lt is 

simpler to calculate than the standard lIlodel. For exmnple. fittillg a 101 h-<icgrce 

polynolllial to a lighl curve would yield 11 paralllcfers Clud if 1 he fit \\"('n~ good. 1 hes(' 

parameters would contain most of the useful information that \Y(1S conl ained ill the 

original curve. Fitting an alternative model to the data seems c01.111tcr-intuitiw. HS 

the aim of the entire fitting exercise including feature extraction is to fit the LG~I 

binary lens model to the light curve in the first placc. The advantage is thal simpl(> 

lllodels are much faster to calculate and lllay contain all the relevant infonllati()ll 

implicit in the data in a much more compact form, e.g. a few parameters - pwyided 

a suit able model can be found. 

This is subject of course to the existence of a satisfactory simple Illodel. 

Single lens fits to binary curves The most effcctin: \\"ay to reducc thc difficulh" 

of a fit is to reduce the number of parameters that need to be fitted. 011(' \\"ilY 

partiall~' to etchiew this is by first fitting a singlp-lpns model to a light emw to 

ubt (lin an estimate for t e, t 1110 rno and Ii, dramaticCllh' reducing the regressiull se(\)"eh 

space. The single lens model provides a very poor description of the llldjorit\, of 

binary lens light curves. Figure 34 provides a. quantification of the lHllllber ()f billmy 

lens CUlTes wit h parameters in the ranges specified in Table -! that mc sucCPssfulh" 

fitted by a single lens model. The criteria for success are ;::.(~~ < 2.0 etllel Fn1o ,· < n.l. 

where Fm(l:r is the mHxilll11111 eITor after fitting of dlly fit panullc1 ('1". The eOllllJincd 

success rate of less than 4 per cent exposes the limit<1tiolls of the single lcns fit. 
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Single lens fits to hlnary light curves 
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Figure 3-t The distribution of ~ for single lens fits to stalldard model billaJT <i.oJ 
events with parameters in the range specified in Table 4. 

10l 

Univ
ers

ity
 of

 C
ap

e T
ow

n



A visual illustration of single lens fits to binary en'nts \yas considered useful 

and is shmvn in Figure 35. l\Iost seem reasonable. There appears t () ])(' d slll,d] 

percentage: that one feels the fitting routine could have done hetter at and C;Olll(' (l]"(' 

clearly too ambiguous to fit as a single lens. 

Single lens fits may be used in this way to reduce the parameter space b\' aSS1ll11-

ing that these parameters carryover to the hinary Icns prohlem in question. and 

t hen subsequent Iy varying binary parameters. Altcntatively. t he single IClls pmmll­

eters may be varied in a subsequent binary fit that used the single lens \";dues ,1S ,t 

starting point. Finally, single lens parameters rrla~' be used as features ill 21 bindl"," 

lens regression but that was not attempted here due to the lo\\" combined S11CC('SS 

rate of.i11stl per cent. 

4.2.2 Generic Models 

One can make the distinction between domain-specific models such as t Iw single 

lens fit froltl Scctiollt2.1, and "generic" models such as those oht aill<'d frmtl s1>('("t ral 

analysis or general linear regression, which will fit any obscl"\'21tion giwll ellough 

terms in the expansion. Both methods can be used during feature cOllstruct ion. 

If a light curve is fitted by, e.g., a Fourier expansion, the fiuite number of Fomicr 

cocfficients in an approximating expansion can be used as fcatures for a ]"('g,rc:-;:-;ioll 

algorithm. It is possible to achieve significant dimension rcdllctioll with this proc('ss, 

prm"ided that the Fonrier fit is good, which means that high approximatioll c1ccm21CY 

is c1chievcd \yith a small number of coefficients. U ufortuna tely \w shHll sec t 1121 t ItlUst 

light curves are not well approximated by gcueric models. 

Polynomials and Chebyshev Polynomials 

All smoot h functions can be approximated by pol)"uOllli21ls. Th(: ,tilll ill t I!is Scc­

tion was to replace an entire light curve with a polynomial approximatiou to reduce 

the input dimension. The simulated light curves that are to Iw fitted cont (lin 100 

points. If we could approximate the light curve well wit h Cl ot h-dcg]"('c ]l()lYlHJltlial 

to use as a proxy we \vcmld reduce the input dimension from IOO parmneters to .illst 
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Figure 35: Single lens fits to 50 nmdoltl bilHll'Y PWllts. 
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G. 

Various polynomial approximation algorithms exist, (
) (J' 
~ '0' [5D]. 

met hod \Yas chos['n 1)['cause it is highly efficient and arbitrarily accunll ('. ill t houl!,h 

the polynomials produced by the method are not the "Best Fit" or "\Iilli\L-,x" 

polynomials. An example of a Chebyshev polynomial fit to Cl biwuv light curve is 

ShO\Yll in Figure 33. The light curve in this figure is not \wll-approximnt(·d b\' t 1)(, 

Chebyshev polynomial. A 5-coefficient polynomial is little more t hall all asnllllld­

rical hump, \Yhereas a 20-cocfficicnt polynomial did not r['solw the C1llTC'S lllultiple 

peaks. A 200-coefficient polynomial began to approximat e t he light curn' as .iudged 

by eye. but at that stage the polynomial expallsion had too lllCm~' coefficicnts to 

achicw dimension reduction. 

Figure 36 shows 20 more 20-coefficient Chebyshev polynomial approximatiolls 

to randomly generated light curves. By eye, the figure indicates that smoot h CUlTes 

arc approximated \vell. Unfortunately curves with discontinuities arc yerv poorly 

approximated. Based on the pass8,ble performance of the Cheb~'shev polnlOminls. 

it \Yas decided to add the 20 coefficients of 8, Chcbyhe\' approximation to the f('clture 

set. 

4.2.3 Linear Transformations 

Linear transformation of a dataset is a fairly efficiellt operatioll awl can lead t() 

a trallsfonl)('d sl't with desirable prop(~rti('s as far as rCI!,l'<'ssioll is (,Oll<'(Tll('d. 

peA 

Pcrhaps the most famous of these is Principal CmllpOlll'nt Analysis [7!J]. where 

an input set is transformed linearly to a llew coordinate system where (,deh "XIS 

is chosell in turn so-as to maximize the variance of the data alollg tlwt ()xis. The 

direction of each new axis (component) of the transformation often \'iclds illsight 

into the data. Used in combination with the proportion of total variallce of the data 

set alollg each llC\\! axis, we have a powerful toul for understanding U\lr dat a as wdl 

as red Ilcing its dimension. U llderstanding follows from cuwlysis uf t he direct ion ()f 
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ncw axes. Are t hey mostly along the axes of the original coordinate svst e1ll! If so, 

tllP original data set is probabl~r the most compact wm' of describing the datel and 

\\T can skip til<: tnmsforrnatioIl. If the new axes point into directions in p,mlllH'tcr 

space that are quite different to the original axes, the data are better described by 

a lineal' combination of the original input varia bles. 

PCA was performed on our input data set of light C1ll'WS \vith the \\'EKA soft­

\n\l'(~ package [7G]. The relative strength of t he linear cont ri bu tion of eClch light 

curve point by index for the first 4 principal components of our cln t n set is shown ill 

Figure 37. The first 10 principal components were addcd to our set of featmcs f()J 

subsequent selection or rejection. 
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Figme 37: PC A results for binary light curves generated from Table 4. The first 4 
('olllpOlwnts CIl,(, shmvn, a('c()unting for ltlon~ thall !)(5 pCI' ('('nt of til<' t()ted \'<Il'i,lll<'('. 

One could interprct the iiglll'c ill a straight-fol\vmd lllelllner. The principal (())ll-

poncnl, respollsible for 88.4 per cent of the totnl vnrinllce, is nlmost the SC1l11C CIS 
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Table S: PCA of standard model data set, showin~ components cm'('rinf'-, moJ'(' than 
98 per cent of vClriance. 

Component Covered Variance 
1 0.88413 
2 0.04257 
3 0.02819 
4 0.00601 
5 0.00574 
6 0.00331 
7 0.00291 
8 0.00225 
9 0.00204 
10 O.OOlSS 
11 0.00146 

Cumulative 
0.88413 
0.92G7 
0.95489 
0.9609 
0.96664 
0.96995 
0.97286 
0.97511 
0.97716 
().97~7 
0.98016 

the mean of magnitudes for the light curH'. The points closer towards the m'Cnl~(' 

peak position of the entire data set are slightly less important than the outhin~ 

points. This \vould appear to correspond to the variance introduced to all poillts by 

the uIl-lensed magnitude Ina which :;imply parallel shifts the cmY(' up or dmnl. Tlw 

second component appears to be symmet rical around the ccnt re of the m'craf'-,c of 

light cur\'l~S in our sClm pie. Curves t hat are asymmetricell \\'it h increclscd nHlf'-,lli t uell' 

on t he right will have a high value for the second component. Those skewcd t owmds 

the left will have a negative value, and perfedly :;)'rnrnetrical CUI'Y(,S \yill hclW a 

sl'cond COlllPOllCllt vahw dosc to her(). 

The third component appears to be rnea:;uring the centntilllagllit uele' agaillst the 

magnitude in the \viugs. as the wings' contributions are positiye \\'hereHs cOlltrihu-

tions from the centre are negative. \\Te could spcclllMc that the third COlllPOllcllt 

should be correlated with impact parameter b. 

Additional components become harder to interpret. The fourth COlllPOllCll1 ap-

pear:; to be allut her indication of a:;YlIlltldry although lllore Pl"OllOl lIlcc'd t hall t lJ(' 

asymmetry me<1surement of the secund compOllellt. 
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4.2.4 Genetic Programming 

Feature construction by Genetic Programming is a fairly new 1 pchniquc (c.g. 

[80]). Genetic Programming is a versatile technique for cH)l\'ing an analytiC'nl solu­

ticm to all)' problem that can be written as a function. based on c'xample data [i'\lj. 

In its simplest form it is a straight-forward application of the Genetic Algorithm 

where individuals of the population are function trees t hat are evohul to approxi­

lllatc best t he functional mapping illlplicu by the cxcullplc cIal a. 11 shuuld be l)()\('d 

that the simple Genetic Algorithm has been successfully applied to :-Iicrolensing 

problems in e.g. [82], and in fact also 18ter in this thesis as a finc-tuning techniquc. 

Genetic Programming is a different technique, in that a fUllction is c\'olycd instead 

of a model parameter set for a pre-determined functioll. 

This S('ct ion wOllle! he equally at howe in t he final 1'l'gl'l'ssj()n Chapl ('1. hilt 

Genetic Programming is applied here as a feature constrnction technique. The idea 

\"as to cvolye an analytical, functiona.l mapping betm'cn the input light CUlY(' and 

each st andard model parameter in turn. The Genetic Prognmlllling algorithm vms 

adapted from [83] to allow the use of mathematical functions. A population size of 

2000 functions. to a maxilllulll of IO() gellcrations, was chosl'll. 'I'll(' fitn('ss bUl('t iOll 

was a standard ~X2 over the training set which consisted of 10000 randoIll c\"Cnts. 

To avoid running out of memory and evolving down complicated cnl-de-sHcs. t hl' 

maximum depth of any formula tree was set to 6. Apcut from the Genetic Program­

ming parameters, our input consisted of the set of input ~Ii(,l'Olcnsing ntria blcs Hnd 

a sC't of operators that the: algorithm chooses from to insert at hl'anc'h node's ill tIl(' 

formula tree. The input to these nms was simplv a single we-tm cOllsisting of lJ](' 

magnitude yalues of a given light curve. Table 6 shm,'s the list of opcrntors used in 

the runs. These were selected ad-hoc based on past experience. 

Figure 38 shows the result of a single Genetic Programming nUl for the fom 

"difficult" parameters of the standard model. The plots are of the distrihutioll of 

rdativc enOl' for the data set of the predicted lllOUe! panullctcr vs. lhe Cll·tual 

parallleter valne. 

108 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Table' G: Gc:netic Programming opc:rators uSe'd for Fe'atme COllstl'1lction. 
Operator DescnptlOn 
AcId simple addition 
Subtract simple subtraction 
Divide protected division: check for zero denominator 
;"lult.iply simple multiplicatioll 
Ln protected logarithm: In of absolute n1lue. chC'ck for Z(,l'O 

Constant a random constant within set range 

The actual formulae gc:neratc:d by the I'1m are not reproduced here as thl'\' 1'<111 

over several pages awl are not really hlllllClll-readablc dcspil e bt~illg nest ri('\ ('<I t() a 

maximum tree depth of G. Analytical yes. elegant. no. 

In this single rUll, Genetic Programming was largely ullsucccssful at fitting the 

parameters (1, e. band q. Not too much can be read into the rcsults of just one such 

Genctic Programming r1m. For example, \\T dOld kno\\' ,dwt lwr the algori t hill failed 

to produce a formula for b because this was intrinsically difficult or just becHusc we 

were unfortunate enough to choose a "bad" random seed. This type of Ullccrt (lillty is 

a consequence of the stochastic nature of Genetic algorithms. The cyolwcl fOl'ltluLH' 

for the four model parameters were not added to our feature set beccllv..;e thev ('ctill'd 

to do much better than .iust choosing thc centre of the model panlllH'ter rallge as (\ 

fit ,'alue. 

Conclusions Genetic Programming is all exciting new technique with applicatioll 

in many ficlds. Unfortunately thc:y w(~n~ found wanting in th(' LC:\I binary l('lls 

model feature selection problem. The negative result was probabl.\' dllC to () (,Olll­

bination of the genuine difficulty of the problem and the unsophistici1t('d versiun ()f 

Genetic Programming applied. Sources like [81] suggest a variety of cOlllplicnt('d 

techniques that may enjoy more success. 

4.3 Feature Evaluation 

The worth of a feature can be simply defined. The ultimate m('asur<~ of ils 

SU(,Cl~Ss is its predictive ability on an unseen tcst sd. Huwev('r. predict in' SlllC(,SS i" 

a function of the set of features used, not (Uly incli,'idual f('at m(' in isolfltiun. 
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Figlll'C 3S: Relative cnOl' distrilmtio11 fur standard lllodel panllllct ('rs wh('r(' C(,l1('t i(' 
Programming has provided a functional mapping as feature for subseqUt'llt regres­
sion. The rcsults an: disconraging as the error distri hn tioll CllCOIllpass til(' ('II ti n' 
range of the model parameters. llO 
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.\Iany different feature selection algorithms exist. The lllost l"elia ble (,\"ednat iOIl 

method is exhaustively to train a classifier for each feature subset. somethillg which 

is more than likely prohibitively timc-consnming. Fortnnatelv. alternative llleClS1lr('S 

of feat ure set s' predictive power exist. These arc discussed and applied wit h vario\ls 

search algorithms in the following Sections. 

4.3.1 Filters and Wrappers 

Feature selection algorithms can be di \'ided int 0 t \\"() cat egories: Wrcl ppcrs and 

filters. "\\'rapper" methods tra.in regression algoritlnlls Hnd nsc the CLlssitic,lti(Jll 

accurac~' of the trained regressor on an unseen test set as the rneClsnH' of sncc('ss. 

"Filter" methods use an alternative measure of predictive ability (han (he (raining 

of a regressor. The measure of prcuictivc ability in the absencc of act Hal ('yahl<l( ion 

on a test set is an approximation, but the relative dfici(;ncy of filter methods llwk(:s 

t hem vastly preferable to wrapper met hods on real world problems wit h lllnm' po­

tential features to select. \Vrappers and filters may share the sallle featnrp splect iOIl 

search techniques, the distinction is solely in the ,\'ay calldidate featnl"e subsets me 

evaluated. 

4.3.2 Benchmark Computation time 

Computation time and hence efficiency of the methods of c,'aluatioll and search 

were maj or factors in the selection of a feature set froIll the 6()()+ candida t (' fea t nrcs 

constructed from each light curve in Section 4.2. A few simple tests with sm,lll elM,) 

sets and feature subsets indicated that some search and c\'alllHtion IIlct hods w(,1"e 

much lllore efficient than others. There \vas little point in apph'ing an incHici(,llt 

method to the large feature set constmcted in Spction1.2 so it was d('('id('d t () 

perform a stuJy to Jeterminc the rdatin: running timc and dliciclWV of yarious 

feature evaluation and search methods. 

The timing stud~' used a wrapper around the feature e\'aluation and scarch (\1-

gorit Inns from the \\'eka Jata mining library [76] Ull a set of light ('\ll"VCS cOllsist illg 

of different numbers of attributes in thc form of lCycnly smnplcd lWlgnitlldc ]Joints. 
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Table: 7: Eval1lation and Search algori t hIllS in Speed Test. 

CfsSubsetEval 
CfsSubsdEval 
CfsSubsetEval 
C'hiScj11alwlA ttri III 1 teEval 
GainRatioAttributeEval 
InfoGainAttributeEval 
OneHAttributeEval 
ReliefFAttributeEval 
Snllluctrical U nccrtAttri III 1 tcEval 

Search 
BestFirst 
GCllcticScan'h 
GreedyStepwise 
Ranker 
Ranker 
Ranker 
Ranker 
Ranker 
Rank<T 

Ewnt parameters were selected from Table 4 as usual. The idea was lIot to find 

a s1lbsd of llmgllitnd(~ points to form a gCll1lilH~ feat nrc sd. hnt llH'l"<'lv to t ('st fm 

com]lut at ion time and consistency as a functioll of the n1ll11ber of bot h inst allCCS 

(light curves) and attributes. The full data set was reduced in tum to sets with 10. 

20. 40 and 80 attributes and 50. 100. 200 and 400 instances anel all combinations 

from these two ranges. 

This left the choice of feature evaluation and search algorithms. SOlllC fCclt 11\'(' 

selection algorithms were rejected outright on performance considerations. III pClI'­

ticular. \Veka's Support Vector l\Iachinc algorithm "SV:,IAttributcEval" \\'as too 

slow Oil the test set so it w01lld Ilot be f(~asiblc to s(~lcd f(~atnres ()Il onr lntl (Lltd s<'l 

of ()OO+ attributes and 5000 instances. 

Some feature evaluation methods only work for nominal or discretiz<,d cldSS vilri-

ahles. In otl1(:r words, tl1(:se: arc not re:ally regression featnre selectors b11t classificrt-

tion feat me selectors. A large number of evaluators fell into this category so instcad 

of rejecting them the variable we were attempting to reCOHT WetS discretizcd int() 10 

categories on an equal-frequency basis. 

The evaluation amI search algorithm cUlubirmtiulls ChO::;Cll are Sh()Wll in Table 7. 

The entries at the bottom the table all require the use of the R,mker c,lgoritlull for 

their search. CfsSubsetEval was given a choice of three sectrch methods. 

Table 15 shmv::; tillling result::; for a single nUl of the ccUldidatcs ill '1'2Ibl(' 7 fur 

the smallest data set which conta.ined only 50 instances 2mel 10 attrib\ltes cctch. 
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Tablc 8: Bankcd pcrformann: on small data set. SO illstall(,(,S. 10 attrillllt(,s. 'I'll<' 
time units are machine-dependent. :\ umbers should be interpret eel 1)\· usi ng t Il<'i I' 
ratios. 

Eyaluation 
ClsSubsdEval 
SYIllmetrical U ncertAttri bu teEval 
IIlfoGainAttributeEyal 
GainRatioAttributeEval 
ReliefFAttributeEval 
ChiSq uHrcdAtt ri 1m tcEval 
CfsSubsetEval 
CfsSllbsetEval 
OneRAttributeEval 

Search 
GrccdySt CpW1SC 

Hanker 
Ranker 
Betnker 
Ranker 
Rankcr 
Genet icSearch 
BestFirst 
Ranker 

TUllc 
31 
83 
145 
150 
208 
315 
343 
·l()2 
1583 

These runs were fast in general but there was a lot of variatioll ill l'111l1llllg tilll<'. 

CfsSllhsdEval with GrcedyStc]lwisc S('ardl was lll()),(' thall t,,'i('(' as fast as its llcarc'st 

rival. SymmetricalUncertAttributeEval with Ranker. \\'hich WHS in t111'11 twice clS 

fast as its nearest rival InfoGainAttributeEvrd with H,mker. The Hank(')' semel! 

method appears to be effective for small data sets. OneBAttributeEval ",ith Hanker 

is considerably slower than any other method and almost 50 times slower t 1lC\1l tll(' 

winner. Finally, the speed of CfSuhsdEvaJ depends strongly on t lw sear(,h algorit hill 

it is 11sed with: it ranked fastest using GreeclySt epwise and second slowest USlllg 

BestFirst. 

:\ ext are results for the largest ciat a set under test, with 400 inst (\JJ('('S ,111<1 i)() 

attributes. Comparison with Table 8 should proyide us with a crude cst illlClt e as t () 

hm;; evaluation and search time scales \;;ith the number of attributes and illst (\11<:('S. 

CfsS11bsetEval ,vith GreedyStepwise is still the fastest. CfsS11hsetEv;11 with DestFirst 

lllakes a dralllatic llluve up the table frolll sccond sluwest to secund fastc's!. It is ()llh-

about twice as slow on the large data set than it is on the slll()l1 (Jlle. indic<1ting t hilt 

this method scales very well to large data sets. ReliefFAttributeE"cd with H<1llkcr 

drops dramatically down the table to the last spot and a speed IIlme t hilll t 111'<~(' 

times as slow as the nearest method, indicating yery bad scaling fOl' this lllet h()d. 

The rest of the lllethuds arc all roughly 0-10 tillles as sluw un t he large clat <1 s('\ ilS 

t hey are on the small one. 

113 

Univ
ers

ity
 of

 C
ap

e T
ow

n



T:1hle 9: TIankeQ performance on large dat:1 set. ·WO instances. K{) at trihut(,s. 
Eva1uatlOll Search Tlllle 
CfsSu bset E\,:11 G reedyStepWls(' 201 
CfsSubsetEval 13estFirst 912 
SnmnetricalUncertAttributeEval Ranker 1170 
Ir'lfoGainAttrilmteEval Ranker 1192 
GainRatioAttributeEval Ranker 1303 
ChiSquaredAttributeEval TIanker 1-!08 
CfsSubsetEval GeneticSearch 2504 
OneRAttribllteEval Ranker G893 
TIdidFAttrilmtcEntl TIankcr 22075 

This very crude speed test has at least raised duubts on grounds of executioll time 

about a single contender from uur choice of evaluation and search algorithm. IlClmdy 

TIeliefFAAttributeE,"al with Ranker. Theoretical perforlllance mUllbers are ayaihlhle 

for most of these algorithms, but it was decided to test the \Vcka illlplementatioll 

that \yuuld be used in the final feature selection. 

4.3.3 Benchmark Accuracy 

Section .1.3.2 provided crude timings of the various candidate algorit hms to 1)(' 

used for feature selection in Section 4.4. Another equally import ant cunsiclerati()Jl 

is the effectiveness of the candidate feature selection methods. 

This Section attempts to henchmilrk the accnran' of the candidate llH't llOds 

against a test data set for which the attributes \vith 1110st lllerit as predictors are 

known in advance. The candidate that fares well in this Sectioll as \\'cll as the tillling 

Section is chosen to perform feature selection on the full light curve elnt a set. 

One could expect the various evaluation and search algorithrns to have; differcllt 

dq2;rees of succ('ss has('d on the difficulty of thc sc:l('cti()n prohlem. Thrce' dat a 

schemes of increasing difficulty were created as benchmarks. Each set c()nsist cd ()f 

SOO instances of 100 attributes each. 20 of the 100 attributes \\"('1"(' relevant to the 

regression and the remaining 80 were simply random numbers betm'cn 0 <md I.D. 

:'\ominal evaluators split the target value into four categories on all equal-frequC'ncy 

hasis. 

In the three different data schemes, the targets ,,"ere 
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l. simply the sum of 20 random attributes. 

20 

LII; (Sl) 

2. the sum of the squares of 20 random. centred attrill1ltes. 

20 

L (a; - 0.5)2 (S2) 

3. the sin of the sum of squares of 20 random. centred attributes 

20 

sin (L (0; - 0.5)2). ( S3) 

Results arc ShOWll ill Tabl(~s lO, 11 awl 12. The tahl('s show a start Jillg varian!(' 

in t he relative accuracy of the methods emploved . .\ one of the bendullmks was all 

easy target. In all cases the target value was a function of all t\\"('nty relcnmt pm<1l11-

eters. Case 1 was a simple sum and the correlation-based e\'alllator CfSSllbs('t Eval 

fared extremely well with a true positive success rate of H:'i J)('r C(,llt. III the llcxt 

t,,'o CRses we ddibemtdy destroyed corrdation between attrihutcs awl tIl<' tnq~d 

variable by using squares of centred values of a fiat distrilmtiull alld sUlllllling I I l<'ll 1. 

The tables were turned a.nd CfsSubsetEval fared poorly at both problellls. All hough 

all methods struggled with case 3, ReliefF AttributeEval appeared to be a fairly COll-

sistent performer on all cases. OneRAttributcEnll boasted impressive perfonnallcc 

on the more difficult cases but fared worst on the ('as), case 1. .\ote that til(' S1l<'(,('SS 

of an evaluator that simply chose 20 parameters out of 100 at random would hewe 

scored a respectable 20 per cent success rate. It appears tlwt CfSSllbsctEv,d bun] 

so badly at uncorrelated but relevant attributes that it acti\'ch' deselected I i]('ll1 ill 

CRse 2. 

4.3.4 Conclusion from the Benchmarks 

Results from the previous Section warned against nmve applicatioTl of <l sillgi(' 

evaluator and search algorithlll cOlllbination. Att ribu t es t hat arc high Iv (,UlTd,\t ('( I 

with the target attribute will most likely be selected by CfsSllhsetEnd hllt l<'kn1l1t 
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Table 10: Case 1. Benchmark Acc:uraC\" 

ReliefFAttribu teEval 
CfsSubsetEval 
CfsSubsetEval 
Snlllllet rical U ncert Attri bu teEval 
IllfoGainAt t ributcEval 
GainRatioAttributeEval 
ChiSquaredAttributeEval 
CfsSubsetEval 
OneRAttributeEval 

Search True h)sitin' 

Ranker 
GreeclyStepwise 
BestFirst 
Ranker 
Ranker 
Ranker 
Ranker 
GeneticSearch 
Ranker 

0.85 
0.85 
0.85 
0.-15 
(J. 15 
OA5 
O. -15 
OA 

O.J5 

Table 11: Case 2. I3clldllllark A('cllracy 

Fab<' 
Posi­
tiw 
0.15 
0.0 
(J. 0 
0.35 
0.35 
D.33 
0.ii5 
O.G 
D. GS 

EvaluatIOn Search True I\)sitivc FalsI' 

OneHAttributeEval 
RclicfFAttrilmtcEyal 
Symmetrical U ncertAttributeEval 
IllfoGainAttributeEval 
GainRatioAttributeEval 
ChiSquaredAttributeEval 
CfsSubsetEval 
CfsSubset Eval 
CfsSllhsi't Eval 

Ranker 
Ranker 
Ranker 
Ranker 
Ranker 
Ranker 
GeneticSearch 
GreedyStepwise 
I3estFirst 

0.3S 
(U5 
0.3 
0.3 
0.3 
0.3 
0.1 
0.05 
(). ()5 

Posi­
tiw 
OAS 
(J. :)S 
0.7 
0.7 
0.7 
0.7 
0.9 
0.95 
(J. ~J!j 

Table 12: Case 3. Benchmark Accuracy 
E\"aluatlOll 

()nC' RAttribllt(;EvaJ 
CfsSu bset Eval 
CfsSubsetEval 
R eliefFAttribut eE\"al 
CfsSubsetEval 
SVlllluctl'ical U llccl'tAttl'ibutcEval 
rilfoGainAttributeEval 
GainRatioAttributeEval 
ChiSquaredAttributeEval 

Search True i)OSltlw Ldse 

H ankr~r 
GreedyStepwise 
I3estFirst 
Ranker 
GeneticSearch 
Ranker 
Ranker 
Ranker 
Ranker 

llG 

n. ;~ 
0.3 
0.3 
0.2 
0.2 

U.15 
0.15 
0.15 
0.15 

Posi­
tin' 
n.7 
O.? 
O.? 
0.8 
0.8 
(). b5 
0.85 
U.K:) 
0.85 
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attrihutes that are not correlated in a lincar sense "'ill not be select cd bv this 

method. In fact no single attribute selection scheme attained consist(,lItl~' good 

rrsults and srvrral methods should he used on t h(' filial dat a sd. D1)(' to sp('('d 

and high success rate for correlated attributes, CfsSubset E\'al wit h Grc('dvSt CjlWiSl' 

will he used, ReliefFAttributeEva.l with Ranker ,vill also he used clu(' to its rdilliw 

success with all cases above. Ironically it was the slm\"('st mct hod under t ('st in the 

performance benchmarks. Finally, InfoGain with Ranker ,,,ill also be used. du(' to 

the fact that it is fast and works on discrctizcd data. "'hich is iln alternatiw din'ctioll 

tu t ak<: in uur feature selectiun plan. 

All algorithms in tlw abov(~ tests hav(~ a 111ll11b(~r of panlltl<'t(TS t() cOllfignre their 

use. \VEKA defaults were used for all runs, but these were not necessmih' optilllal 

and are problem-dependent. Nonetheless, experiment ation ",it h t hosc param('t ('rs 

indicated that the settings were not critical in determining the success of any of the 

methods attempted above and that the conclusions hold. 

4.4 Feature Selection Results 

In this Section, a set of features constructed from gcncratcd. binary light curv('s 

IS selected as input attrihutes for optimal regn~ssioll. \\'e llHrrmncci the spb:t i()ll 

lllethodolog~' down to just three algorit hms in Section 4.3 and t hcs(' t hrcc mdh()(b 

will be applied to the full feature set generated in Section -1.2. 

\\'e get a little ahead of ourselves because pre-processed light curycs \"('1"(' 11s('d 

for feature selection. The pre-pro('f~Ssillg algorithm as \Yell as TnotiYatioll for its 

llse are discussed in Section G.!.3. Suffice to say at this stage that the raw dalil 

created by simpl~' generating light curyes from the pnrmnctcr l'imges ill Tahl(' 1\ 

required a pre-processing stage in order to tremendously E'nhClnce the clCCnl"ilCY of 

feature selection and regression. The process translates and scales light C1l!"WS to 

a common base magnitude and start time. Although accuracy is illCT('as('d for tIl(' 

SI3L\l paralllclers a. fJ, Ii and!], it is no lunger possible to fit fur I,. I", ,llld !I/o aitlT 

pre-processing. These are fitted for in a subsequent fine-tnning Strlgl'. 
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TRble 13: S1ll11ll1my of Rl! potential featmcs for rcgressioll. 

Name 

.r, 

/Ji 
turn.l'i. furnYi 

xma.r 
l:TT/zn 
.];(l(if:v 
.1:8dev 
.Tskcw 
:rclJrt 
)l77la:r 
y77lzn 
,ljadf:v 
ysdcv 
yskf:w 
yClLl't 
slopf:i 
slopeturn:L'i, 

slopeturnYi 
slopeTT/a:r 
slopemin 
slopeadev 
slopesdel' 
slopeskew 
sloperurf 
slopslopci 
5srrwoth i 
20srnooth i 
ehebyfit, 

peai 

Descriptioll 

x-axis of curve; time. if not pro­
cessed 

)J umber of fea­
hUTS ill set 
100 

y-axis; processed magnitude 100 
(:z:, y) of first seven light curve ex- 14 
trema 
:\Iaximum x-value in curve 1 
:\Iinimull1 x-value in curve 1 
Absolute deviation of all x-values 1 
Standard deviation of all x-values 1 
Skew of all x-values 1 
Kurtosis of all x-values 1 
j\Iaximum v-value in curve 1 
l\linimum y-value in curve 1 
Absolute deviation of all v-values 1 
Standard deviation of all v-values 1 
Skew of all v-values 1 
Kurtosis of all v-values 1 
First derivative of y to x 99 
(:r, )I') of first seven extrema 14 

1Iaximum y'-value in curve 1 
l\Iinimum y'-value in curve 1 
Absolute deviation of all y'-values 1 
Standard deviation of all y'-values 1 
Skew of all y'-values' 1 
Kurt.osis of 'all y'-values 1 
Second derivative of y to x 9S 
5-point smoothed y 95 
20-point smoothed y SO 
First 20 Chebyshev-polynomial co- 20 
efficients of fit t.o y 
First 10 Principal Components of .y 10 

\Ye summanze the full list. of features available (al! dcri\'cd frolll 100 t illl(,­

magnitude point.s) in Table 13. 

For maximum accuracy, a separate feRture set \vas derived fm each binarv lIIode] 

paramdcr. Differentiating fcatllr<: sds in this way may ]ll'()vide S(llll{' illsight illto 

model behaviour. 

4.4.1 CfsSubsetEval with GreedyStepwise 

The CfsSubsdEval wit.h GrccdyStcpwisc l'Illl cOlllpleted \\'ithin tW() homs Oil it 

2.8GHz PC running 10-fold cross-validation. The features selected fm ('(\ch of the 
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Table 1-1: CfsSllbsr:tEval with Crr:cdyStqm'isc fcatlln: sr;]ection n'slllts fOl' all fitt(ihlc 
Parameters 

a 
yO 

y57 
turnyO 
xcnrt 
~'sdev 
yvar 

tangenW 
tangent22 
tangent27 
tangent29 
tangent33 
tangent66 
tangent71 
tangent78 
tangent82 
t angent88 
tangent 96 
tangent98 

slopeturnyO 
slopeslope9 

slopeslope36 
slopeslope61 
slopeslope90 

chebyfit6 
peal 

() 

y81 
turnx1 
turny1 
tnrnx;~ 

turnx5 
tangent1 

tangent44 
tangent46 
tangent49 
tangent 50 
tangent53 
tangcnt55 
tangent97 
5srnooth16 
5smooth79 
20smooth6 
chebyfit1 

pea2 

b 
turux7 

slopesdev 
chebyfitfi 

chcbyfit19 

q 
turnx4 

tangent 31 
tangcnt36 
taugcut13 
tangent44 
taugcnt46 
tangeut54 
tangent55 
tangent56 
taugent57 
tangentG6 
tangent67 

slopetlll'nxl 
slopeturnx2 
slopetllmy2 
slopetnrnx3 
slopetumx4 
slopctumy4 
slopeturnx5 
slopetllmy5 
slopeadcv 
slopescle\' 
slopcvar 
slopecmt 

slopeslope43 
slopeslope45 
slopeslope"16 
slopcslopc47 
slopeslopc48 
slopcslopc49 
slopeslopc50 
slopeslope51 
slopeslopc52 

pea23 

four stancLud model parameters which are fittable after pn'-processin).?, ell'(' showll ill 

Table 1-1. 

Table 14 contain::; a varymg munIJcr of fcat \Ires per lllodel paralllct cr. '1'1)(' 

CSF.CS method selects only those features that are correlated \\'ith the tm-get \',11-

ues. but not highly correlated with values that haw already becn ::;dcctccl. Docs thc 

selection make intuitive ::;ense? 

Feature::; that had the highe::;t predictive power for proj('('tcd orbital separat.ioll 

(a), according to this algorithm, arc three brightnC'ss ""Iucs at the st mt awl cl()se 
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to the centre of the light curve. The brightness of the first extremUlll \VelS Clls() 

important. A hand-\vaving argument indicates that the first extremum "'ill indecd 

carry SOlll(, information on the value of u.; from Sectioll 2.1.3 "'f' knm\' t 11M t Iw 

value of CI is crucial in determining the size and position ()f spikes in the light ('l\l'\'C 

due to its importance (with q) in generating the magnification ci:Hlstic pC1ttem of <1 

gi\'Cn e\'ent. In the extreme case where a is outside of the "lensing zOlle" (rollghly 

0.618 el-"' < (J < l.618 eE ) binary effects would be hard to ohscrH'. whi('h implies 

that the only extren11tm in the curve will be at the single lens illl1plifi(,(ltioll peale 

The paramet ers ,l}8d~I' and !Jvar alsu pruvid(~ an iudi('atiou of t he ext (~llt of binary 

features in the light curve and have been selected. After these, the algorit hill seh·tcd 

tllP value of tangents at points all along the light CUl'\'es, as \\'ell as second derivatiw 

information across the curve. The selection of the kurtosis of timc values (.U'II!'!) \vill 

havc: to P1'Ov(' its worth as this p::tramcter seems intlliti\'el\' meaningless afte), pre­

processing: light. curves have been scaled and translated to a common time st art iug 

point 8THi scale. Finally, a middle-order Chebyshev polynomial ('odficic'nt (1w[ the 

second PCA coefficient are also selected. 

The crossing angle e should also be connected to the best indicator of stnlCt.Ul'(' 

ill the light curve, due' its role in determining whi('h path the S()1ll'('C' tak<,s tl}]'()ugll a 

caustic pattern. After one sample of the brightness curve ncar its cncl, the follmving 

parC1meters chosen made sense: the relative time-position of most uf the tUl'llillg 

points and one brightness as well. In fact, somewhat curiously. thc positions of light 

curve troughs were chosen, not the peaks in between. This kind of feature provides 

high-level information on the structure of tlw curve. After those came a SC'[CCtiOIl 

of tangents at the \'ery edges and near the centre of the CUl'\'C. The S\'nllllct ry ill 

selection \\'as pleasing and helped the algorithm to pass another sanitv check. Om 

light curve data set is symmetrical around the average peak position and this should 

be reflected in the feature selection at all timps. A Chebyshe\' PolnlOmial ('or'ifi('icllt 

and a PCA coc~fficic:nt of low order were also sdected. 

Selected features for impact parameter b welT strange. Thc most prcdic:tiv(' 
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feature according to CfsSubsetEval with GreeciyStcpwise selection was the tilllC­

position of the eighth turning point ane! thRt did not make intuitin' sellse. Aft C1' 

t h8t the st 8ndmd deviation of t8ngents (sf opcrlc u) ,,'as sciected. a merii ulll-Cll'd('l' 

Chehvshev coefficient and a very high order Chehvshcy coefficient. 

Features selected for mass ratio q seemed fairl~' sensible. Thev included SOllle 

tallgent poillts, a large amoullt of turllillg poillts ill tbe Lirst (kri\·ali\·(,. llHlSI of Ill<' 

first deriyative statistics and a large number of second deri\,atiycs at the (,{,lit I'e of 

the curve. 

Alt hough most ofthe selections did make sense, there wcre SOllle t h(\ t were almost 

certainly incorrect, for example the kurtosis of x-values. These cxnlllpics lllakf~ it 

clear that feature selection algorithms cOllld not be cOIllpletely t rust (~d in ,111 ('ases. 

4.4.2 ReliefFAttributeEval with Ranker 

The ReliefF AttributeEval with Ranker nm would hayc taken da~'s t () C()jllpl<'t.e 011 

an 2.8GHz PC' in stark contrast to the CfsSubsctEval \"ith GrcedyStejl\\'is(' sci(,C'tioll 

nm. This was expected bas(~d on the results of the speed tests jlerforllled in Sed ion 

1.3.2. To speed up the process, the algorithm was instructed to use onlv WOO 

examples at a time during its nearest neighbour comparison plwsc, ,md no CTOSS­

yRlidation was performed. Results are shown in Table 15. 

The algorit h111 selected a much more uniforlll set of features ,HT()SS the fo1ll' llloriel 

pammeters we are investigating. Tangents played a large part in all select i011S. The 

top features in all cases were light curve tangents from the ccntre of t he em\'('. 

followcd by second derivative;s close to the centre. extrelllum lwight i 11 fol'l 11 at ion and 

the occasional ,v-value itself. 

Although the selection seems feasiblc, it is clearly \'Cry different horn that 11wde 

with the CfsSubsctEval with GrccdyStcpwisc sciectioll algorithlll. eWll though both 

algorithms have the same goal and should idee-lily have giycn silllilm rcsult s. 
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Table 15: ReliefF \vith GreeclyStepwise Feature Selection Results for All Pcmllll('(prs 
a () b q 

t Clngent50 tangent49 tangent52 tangent52 
t angent51 tangent50 tangent53 tangent39 
tangent52 tangent51 tangent44 tangcnt56 
tangent48 tangent48 slopevar tangent41 
tangent49 tangent52 tangent55 tangent61 
tangcnt53 tangent47 tangent54 tangent38 
tangent47 tangent53 slopesdev tangent44 
tangent65 tangent45 tangent47 tangent43 

slopeslope49 tangent46 tangent46 tangcnt62 
tangent46 tangent40 tangent40 tangent45 
tangent60 tangent54 tangent56 tangent40 

turny2 turny2 tangcnt45 tangent54 
turny4 tangent44 tangent48 tangcnt42 

tangent66 turny4 tangent43 tangent59 
slopeslope51 slopeslope34 slopeadcv tangent46 

tangent54 slopeslope35 tangent51 tangcnt57 
tangent64 slopeslope59 turuyO tangent55 

slopeslope67 tangent43 turny2 tangent60 
tangent45 tangent41 tangent58 tangcllt47 
tangent97 turny1 tangent57 slopeslope67 
tangent44 turnyO tangent41 tangent53 
tangent67 tangent55 tangent23 tangent63 

turny 1 tangent36 tangent49 tangent58 
tangent59 tangent42 tangent24 tangent35 
tangent96 tangent59 turny4 tangent36 
tangent95 tangent37 tangent93 tangent37 
tangent37 tangent39 tangent50 tangent48 

ymax tangent56 ymax tangent34 
tangcnt93 turny3 tangent92 tangcnt6 el 
tangent94 tangent60 tangent42 tangent 51 
tangcnt43 tangent27 turny1 slopeslope37 
5smooth50 tangent57 tangent62 slopeslope31 
5smooth51 turuy6 tangent87 tangent65 

y52 tangent35 tangent21 slopeslope39 
tangent61 tangent38 tangent86 tangent67 
5S111ooth49 ymax tangent94 turuy4 

y49 ysdev yadev tangent33 
5smooth46 yaclev turny3 tangentG8 
5smoot h 45 tangent29 tangcnt39 tangellt66 
5smooth48 tangent61 tangcnt22 slopeslopc33 

~'sdev y'var tangent90 slopeslope41 
5smooth47 y39 tangent91 tangent50 

yadcv 5sn{ooth45 tangent77 slopcslope57 
slopeslope53 y40 tangent95 slopeslope59 

y51 5sn{ooth51 5smooth46 y38 
tmnx1 slopeslope33 ysdev turnyO 

y47 y47 5:011100th45 y36 
tangent41 slopeturny7 tangent61 y35 
tangent58 5S111ooth50 tangent20 y37 

y53 tangent62 tangent9G turuy2 
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4.4.3 InfoGain with Discretization and Ranker 

A third and final algorithm was used to select features and to C'Olnpare to tll(' hm 

all-';Ol'ithltls chosen in the bCIlchmarkiIlI-'; Section. It was dlOS('ll priltlarily l)('('()llS(' 

of wide usage in the literature but also because it \Yorks on dis('l'('t ized dat a. a 

new consideration in our feat.ure select.ion regime. The algorithm \Y(\S Llst ill these 

calculations, completing in minutes on an 2.8GHz PC. 

Data were discretized by simply dividing the available nmges into ten bills each. 

~ lore complicated discretization schemes exist, for exam pie su pCl'vised algori t hills 

t hat attempt to discretize dat.a in conjunction with a measurc of classificatioll ]lcr­

forrmmcc. \Ve chose a simple sc!wrne h(,l'e to avoid confusing the iSS1J('. 1 ()-fold 

cross-validation was applied. 

R('sults arc shown in Table 1G. 

Once again a set of features were selected that seenwd feasible. This tilllC tll<'],(' 

wen: some similarities with t.he selection mad(~ by the CfsSlI hsetEval \\'i t It C I'<'c<!vS­

t epwise selection algorithm. The PCA parameter pea 1 is selected for ([ in bot h Celses. 

as arc some extremum information and values of brightncss close to ]l('''k. Th(' selec­

tion for e has more in common with the ReliefFAttributeEval nlgorit hlll's select i()ll 

but its selection for q with heavy emphasis on the smoothed curve is SOlllPt !ling IlC\\'. 

4.5 Conclusions and Comparison of Feature Selection Algorithms 

SUlllC conclusions call be drawn from the featurc select iun algOl'il hms nUl (I boY(' 

in Sectioll 4.4. 

1. Constructed features play the dominant role. RC1W lllHgnitndc \'Clines me not 

selected at C111 by CfsSubsetEval. Instead, the slope C1ll'V(, rmd turlling poillts ill 

the light curve and slope curve playa major role. Even lllOl'<' esoteric ic<11m('s 

like PCA components and Chebyshev Polynomial copfhcicnts arc freC[ucnth' 

scIected. These ceJllstructed, selected feat ures will be ('Olllpared wit It ltl()['(' 

lllundane benchmarks in the Sections to follow. 
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Table 16: Features selected by InfoGain with Ranker on discretized data. 
a 7) b q 

peal ysdev slopevar 20Slll00tld 1 
y49 yadev slopesdev 20S11100th40 

5S11100th48 Y111ax slopeadev 20slllootld2 
5S11100th 49 yvar tangent19 20smooth43 
5Slllooth47 peaO tangent20 20slrlooth3U 

y51 yave tangent21 20S111ooth44 
turny1 pca24 tangent77 20smooth38 
turny3 chebyfitO tangent22 5smooth49 

y52 20sI1100th30 tangent79 5S11100th48 
y48 20S11100th29 tangent78 5S11100th47 
y50 20smooth28 tangcnt80 20S11100th45 

5Slll00th50 20sI1100th31 tangent18 5Slll00th46 
5Slll00th46 20S11100th27 tangent23 5S11100th50 

:.';j3 20Slll00th32 yadev y49 
y47 tangent49 tangent76 20Slll00tb37 
y54 tangent48 tangent81 pca24 

5Slll00th 45 tangent47 turnyO 20S11100th46 
5sI1100th51 20S11100th26 tangent46 5S11100th51 

20slllooth41 20sI1100th33 tangellt45 y52 
5S11100th44 tangent50 tangent53 y51 

y46 tangent51 tangent75 y48 
5Slll00th52 20S11100th50 tangellt47 5smooth45 
20S11100th42 20sI1100th51 tangent24 y53 
20smooth39 20S11100th34 tangellt55 20S11100th36 
20S11100th40 20S11100th25 tangent17 y50 
20S11100th43 tangen1.46 5S11100th26 peaO 

Jo45 20S111001.h49 tangent52 20Slllooth47 
y55 20811100th48 tangent82 5S11100th52 

20S11100th38 tangent52 tangent74 y47 
5sI1100th53 20811100th35 5Slll00th27 y54 
5Slll00t h43 20811100th47 5sll100th25 yave 

y56 x35 tangent42 20S11100th35 
y57 x67 20s11100th14 5sll100th53 

5sI1100th54 x73 20s11100th16 5Slllooth44 
20Slll00th44 x55 tangent44 20S11100th48 
20sttlooth37 x83 tangent56 y55 

y58 xave tangent48 20Slll00tb34 
y59 x34 5S11100th24 5Slll00th43 
y44 x84 5smooth69 5Slll00th54 

5S11100th42 x54 20smooth67 y56 
chebyfit4 x9 tangent54 20sll1ooth49 

20S11100th45 x46 tangent43 y46 
5Slll00th55 x66 tangent58 y45 

y43 x49 20smooth66 peal 
20S11100th36 x60 tangent25 20sIllootb33 
5smooth56 x48 5smooth68 chebyfitO 
5S11100t1141 x61 y72 5S11100th42 

turny4 x47 y71 20S11100th50 
y60 x7 tangent51 y57 

5S11100th57 x8 20S11100th13 5sll1ooth55 

Univ
ers

ity
 of

 C
ap

e T
ow

n



2. Different algorithms did not necessarily select similar fpatme sets. CfsSuh­

setEval anel ReliefFAttributeEval broadly agreed Oil t Ill:' selected f('at lll(' sets 

hut there were differences. especially in the selectioll for the Illass rHfio II. 

3. Selection of obviously incorrect parametprs like the kurtosis of x-values (1lH'(lll­

ingless after pre-processing) did lIot instill collfidetlcc' ill feat me s('l('ct iOIl ,11-

g,oritlulls. l\'OllPtheless, intuitively sensible parameters were choscn in lllust 

cases. 

These feature selections were carried over tu the following Clwptcr fur Jitting 

accuracy compansons. 
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5 Fitting the Standard Model 

This thesis is directed at easing the difficulty that conH'ntiollal fitting t('dllliq\l('~ 

have with fitting model light curves to observations. Hundreds of 1'egrcs:-;ioll awl 

CLUTe-fitting techniques arc in usc in ('VlTV field of sci(~n('c ellHI indll~(ry Imt (',wit 

problem has specific properties \vhich make SOllle met hods mol'(' appliu\ble t he\ll 

ot hers. The "conventional" techniques of lllociellers lll()~t h' 5t Hrt outwit h ill! i 11 i t i <11 

guess somewhere in search space and attempt to approach the global lllillilllllill ill 

the regression surface, most often :'(2 as a fUllction of model paramdcl'~ whcn fitting 

a ('urve. by iteration. The most effective of these (such as Lcvcnbcrg-.\Idl'Cjwmlt) 

use gradient information to make each iteration progress optirrwlly tmnmJ:.; t 1)(' 

solution. wit 11 various refinements to avoicl pitfalls such as overshooting t he ~olu t ion 

[59]. These methods mostly fail dismally wit h the SBL.\1 and light Clll'Y(, dat a. cluc 

to a number of problems discussed in 3.3. 

The "unconventional" (in the context of regression in AstrolloIllv) tcdllliqll(,~ di:;­

cussed here attempted to overcome the challenges posed in the LG'\1 scenario bv a1'-

riving at a solution through an entirely different process that cloes not involw 1l0001llal 

regrcssion itcration, or else changing the paraltleter space and l'cgrc~~ion flllwt iOIl 

so that a cOllventional technique lllay succeed. Pmwll's '\letho(1. Libn\l'~' ~lct ll<Jd~. 

Levenberg-.\Iarquard's r-.1ethod, Amoeba (Downhill Silllplex) cmel othcr:; ill('lllriillf2, 

gradient methods were considered "conventionar while Geuetic Algo1'i t hlll~. ~t(\ tist i­

cal data mining (such as those in the \YEKA soft','are package) and Ilclll'allletwOl'ks 

\\'crc consiucrcu "unconvcntional" in this role. 

5.1 Conventional Optimisation / Regression 

A gcneral di~(,ll~~i()n OIl the topic can I)(~ fCJlllld III (' {f 
'0' [[)~J]. hllt thi~ S('dioll 

presents a summary in the context of LGl\1 binary lens light curve fit t inf',. 

One could divide conventional minimisation algorithms into gradient - alld llOll-

gradient methods . .l\Ton-grauicnt llldhous arc often silllple. and I'd,\' Oil ('Vidllat iOIl 

of the fUllction that is to be minimised, not its gradient. Gn,dient lllct h(Jd~ id:;o 
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require the evaluation of the function's gradient by analytical or mllnericdl 1!j('i\l\S. 

often leading to faster convergence than non-gradient met hods. 

Conventional methods are generally based on finding the lllinimuIll of a H'gn'ssioll 

hyper-surface that is a measure of the "closeness" of Cl test sulutioll tu the ObS(TVcd 

light cur\'e. ~X2 is a commonly used as this measure of guodness of fit. 

A modern approach that is being successfully emplm'ed in billiUV l('wi fittilli!, 

(e.g. [70]) is the stochastic i\Iarkov Chain Monte Carlo met hod. again using ~ \ 2 CIS 

a measure of goodness of fit. 

The dat a mining and Artificial Neural N etwork-based techniques \York on (\ dif­

ferent principle. There is no measure of goodness-of-fit <mel no iteratin' search ill 

Illodel paramet er space. The mapping bet ween model paraltlet ers and input light 

cmve, or derived features of it, is directly approximated b,' Cl c()mplieHtcd hlllet ion 

that is derived from example data. 

There are several advantages to using conventional met hods: 

1. They \York very well on problems with simple regression surfaces that h,)\'(' 

only a few minima and are relatively smooth. 

2. They are wry fast \vhen the ~x2-f\lncti(m is easy to calculate. Gl'adiCllt 

mcthods such as I.A~v('nbcrg-~Iarquardt mc (,lllTclltly the illdustry st ,Illdmd, 

primarily due to their speed. 

3. They are well-understood. Their theory is generally simple ,mel their ]H'hdvi()\Il' 

is predict able. 

4. Algorithms often proyicle error information in the form of conU'ianC'c llli1tri('(~s 

or uncertainties in the solution, provided noise is Gaussian alld other sudl 

lllild assulll ptiollS. 

5. Any local solution can be run to machine accurdCY, provided Olle h(\s the t iIllt'. 

12t) 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Yet 1 the disadvantages of conventional minimisation techniques render t I]('UI nl­

most useless when applied in isolation to some problems, in particulnr fitting LG J\ r 

hinarv lC'ns light rurvcs, The disadvantagcs that hring this disaster clhout include: 

1. :'vIost convcntional algorithms will only find the !l('al'est llllIllll1UIlL !lot tl](' 

global minimum. To converge on the global minimulll t hey require a st artinf!, 

point that is close to this minimum to begiu \\'it h. How "c1osc" depcnds ()Il 

t he geometry and smoothness of the regressioll surface. 

2. Gradient methods require a smooth regression surface. The\" "Iso l"l'Cp]!l"e r) 

prefera bly inexpensiye method to calculate gradieuts for the functio!l t 11(1 t is 

being minimised. 

3. Some methods are not robust, i.e. they occasionally fail to COll\"crge at all. A 

\\"ell-knmvn example is the N(~wton-rhphson algorithrn. 

Thes(' methods arc to he put to usc fitting LG~1 hinary light cmws. This Secti()1l 

will illustrate the shortcomings of conventional lllet hods LJy att Clll pt ing to Ii t simple 

LG::VI binary lens light curye models to curves generated 1)\" the SHUH' modcl. 

5.1.1 x2-minimisation by conventional algorithms 

Some pessimism is in order here. as LG 1\1 bin"ry light curn' regressioll smfr)('cs do 

not fulfill any of t he requirements for successful application of cOll\"cntiollal regn~ssioll 

methods. 

l. The regression surface is utterly non-linear and dellSeh" populated \yitb local 

llllllllll a. 

2. Gradicnts of the regression sllrfarc arc t'xp(:nsiv(' to calclllate. 

3. \Ye Iwye already determined that the size of the regressIon \\"('11 ill il typical 

problem is so small that all parallleters are rcqllinxl to be \\"it hill :2 pcr ("('lit ()f 

the correct solution if downhill methods arc to succeed (see Sectiou 3.3.3). 

12U 

Univ
ers

ity
 of

 C
ap

e T
ow

n



The next few Sections illustrate some typical problems \dwn using cOllvCllti()wd 

llwthods to fit simple LGl\I models to data. 

Amoeba Algorithm and Local Minima 

Section 3.3 mentions the existence of numerous local minima as a major challcllge 

to conventional methods \vhen fitting binary lens models to data. The Am()eba 

method discussed in 3.3.3 is well-suited to illustrating this problern. The success 

rate of Amoeba fits was plotted as a function of the starting error in ;).;).;). '1'1)(' 

amoeba method's success or failure is determined almost exclusively by tlw size 

of the convergence well, as is the success rale for all downhill methods that arc 

incapable of escaping a \vell. 

Fit history 

Figure 39 displays plots of the course of Amoeba fits to light CllrWS. 
~ 2 
_A_ is 
ri.()./ . 

plotted as a function of time for a sample of 6 randomly chosen light cmws. These 

pluts provide some insight intu an algorithm's convergellce pruptTti('s. III this case 

Figure 39 relates a sad tale of premature convergence as (~(;; OftCll drops sll21rph" 

indicating fast convergence. but remains high which means that the algorithm is 

conyerging to a local minimum. 

Conclusions 

A few observations from the experilllents perforllled abuve. 

1. Amoeba does not work by itself. Simple downhill algorithms sllch as Amoeba 

arc most ly llsdcss for LGl\I binary fitting unless a highly accurate initial gness 

is available. From Section 3.3.3 this guess would haw. to be accurate tu better 

than about 2 per cent of the allowed parameter range in all P8l"rllllpters. 

2. Neither would other "greedy" methods. The Amoeba method ,,"as llsed h(,]"(, 

as a representative of all methods that simply rush t U\\"ctrds the llCcln'st l()("fll 

minimum. Figure 39 indicates that the regression sj)8ce is littered with local 
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U1ll11111a and these 1Il1Il1Illa would trap any algorithm t hat WetS incapet ble of 

extricating itself from a local convergence well. 

3. Amoeba converges rapidly. Apart from the bleak results offered ill Figure 3~). 

it at least shows that the Amoeba method is capable of cOl1\'erging \'PIT rapidlY 

to a local minimum and this ability mClkes it useful as Cl fine-tullillg nigorithlll. 

5.2 Common procedures 

5.2.1 Parameter space and ranges 

The range of parameters shown in Table 4 \vas chosen frolll which to prod11('e 

simulateu curves fur fitting. 

These ranges were specifically chosen to include those piuts of the binnrv leus 

parameter spnce that produce light curves that are discernible from single lClls ligbt 

curves. Had t his not been the case, there would have been llO photomctric basis 

for fitting a binary lens model in the first place. The ranges chosen arc ill fact 

sllwllcr than the full range where pcrt.urbations o('('ur. For example. unly \,<tI11es uf 

(1 between 0.6 eE and 1.7 (h arc considered, although values of (/ fr()m (IS l()\\' (IS 

0.2 eE to even greater than 5 eE can cause perturbations to the sinE',le lells em\'{' 

with reduced likelihood (e.g. [62]). The choice made was a cOlllprOlllisp betweell 

generality and precisioll. as t.he fitting success rate declines \\'ith the broadcnillE', of 

thc allowcd parallleter spacc. The l'i:tllge of (/ that is being im'cst igat('d c()incides 

with the lensing zone (see [21] for a discussion on this "zone") nnd S() includes lllost 

binary ewnts that are likely to be detected. 

5.2.2 Light curves for fitting 

Fitting methods ,vere developed and tested on simulated light curws. \\'hich 

differeel from real light curves in the following respects: 

l. Completcness. Artificial light curves hau llO gaps ill (·()\'Cl'CI1!,C. as is frcq\lcnt h' 

a problem with real elata. 
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2. Artificial curves were initially noise-free. Although no noise "'as nddcd t() light 

curn~s, an uncertainty of 1 per cent vvas assumed throughout. 

3. Artificial curves consisted of exactly 100 e\'enl~' distributed lllagllificat i()lI 

points, starting at a random time t,t(lr/, where 

tSt (1rt - lill 
-3 < < -2 

te 
(S I) 

and ending at a random time tend in the range 

tend - till 
2 <. < 3 

Ie 
(SS) 

Real curves frequently consist of at least as mCUl\' clat a. bllt the\' arc not pn'cisch' 

eyenly distributed. 
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6 Example-based Regression 

Introduction In this Chapter, example-based algorithms alld t he feat mes s(,lecjcd 

in Section 4.4 were used to perform regression on LG'\1 hinc\l"\" lens lii',ht (,1I1"WS. 

Clean. eyenly sampled, simulated light curves built from the I-]larmlleter SBLl\1 WCle 

used in preceding Sections, but in this Chapter simulated noi:-;e a1\(I t(~lllporal gC\]l:-; 

an~ add('(l. Although we arc dealing wit h a rcgl"c:-;:-;iOll pl"ohl('lll. t 11<' 1 Cl"lll "d,I:-;:-;ifi('r" 

is used interchangeably with the term "regressioll algori t lUll" throughout. This 

reflects the data mining origin of UlallY of the algorithms tested in this Section. 

The goals of this Chapter were 

l. to find suitable algorithms for LG'\1 binary" light cur\"(' regressioll. 

2. to tc'st tlw f(~at Ilrcs selected III Section 1.1 with n'Cll dassifi(Ts all( I Cli',ainst 

benchmarks, 

3. to take the first step towards creating a regression schclllc for anal\"~is of re,ti 

LG'\I CVf~nts. 

Training data consisted of 10000 sample light curws gcnerated randolllly from 

the ranges gi\"Cll in TaLle 4. In fact this trainillg set WCIS split into b() per cellt 

training data and 20 per cent "unseen" testing delta to test classifier gencralizntion. 

All features selected in Section 4.4 were calculated for the datc) set. Although ,I 

nuiety of libraries were used (TORCH [84]' JAGA [83], .100::\E [85]) and Smll(' 

algorithms were constructed from scratch. the final calculatiolls were ]lerforTll('d 

using t he excellent \ VEKA package [7G]. WEKA was llsed t hwugh bot hils G U I 

and its Jcwa API. 

Some of the algorithms used in this Sectioll haw a large ll11111ber of SettillgS. 

introducing a new set of variables into the search for suitable classifiers. \\'Iwre this 

\\"as the case. the defaults suggested hv the authors of \\'EKA \\"('1"(' lIsed. \Vhere 

a large llllluber of settings were available. SOllle ('x]J('riulCllts \\"l'1"(' p('rf()J"llH'd t() 

determine suitable settings, but these tests were llot pc)rtic1l1Cll"ly ngoWlls. \\"h,lt 
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t he~e experiments did show was that regression accuracy \yas much le~s dcpende1lt 

on any algorithm's parallleters tha.n on the quality of data and features passed i1lto 

the algorit hm. 

The remainder of this Chapter documents seyeral experil1lents that \H'rp pcr­

forl1lc:d in ordc:r to fit the standard model to a sinllllatecl. idcal light ('mvf'. Each 

experiment attell1pted to ans\ver a specific question in the search for it gCllcral n'­

gression technique for LG M billary lens light cur\'(~s. 

6.1 Benchmarks and Pre-processing 

6.1.1 Benchmarks 

Hcsults frotll regression expcrimcnts in this S<'ctioll could not h<' int ('rpr('l<'d ill 

a \'aCUUIll. hence a benchmark comparison was inventecl t () bc used 1 hroughou 1 as 

proofs. Another sanity check which was performed occasionally \H\S to run regressioll 

algorithms 011 data sets with randomized target parameters. which of course should 

always provide null results and form a sensible baseline to COlllpare the algorithllls 

to. 

The first benchmark algorithm was a simple Powell fitter adapted from [SD]. The 

Powell algorithlll cloes not require gradicnt inforlllation. Thc sccond bl~nchtllark was 

a classifier invented for the purpose, called the "Cached Fit t er". The Cnc:lll'd Fill cr 

consisted of the following algorithm 

l. Create a set of 10000 noiseless light ("unTS randornl~' from a fixed par(\]nctel 

range and store them. 

2. Pre-process these light curves to facilitate comparison. 

3. To fit a new light curve, simply pre-process it awl calculate (1(;; betwecll each 

stured curve cmd the processed input curve . 

..±. Storcd lllodel parallleters corrcsponding to t he 100n~st valu(' an.' 1'('\ unll'd as 

the best fit. 
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Table 17: Correlation between predict.ed and actnal variables for a noise-frc(' traillillg 
set for parameters c/, e, band q. CF refers to Cached Fitter and PF to a Powell 
Fitter. 

Data Set 
(1 

fj 

b 
q 

CF, preprocessed 
0.08 
0.01 
0.34 
-0.04 

CF, scrambled 
0.08 
0.00 
0.05 
0.Cl5 

6.1.2 A look at the benchmarks 

P F, preprocessed 
-0.10 
Cl.Ol 
0.12 
llCl3 

PF. scralllhled 
-0.07 
-CUlt 
Cl. OG 
·0.02 

This Section tested the Cached Fitter and PmH'll lH'nchuwrk ngn illst pn'-

processed data sets and a data set \vith randomized target paramcter seb. 

Data 

A data set of 10000 noise-free light curvcs was genernted from the rallges in Table 

4. This data set was pre-processed and fit with the CachedFitter nnd PmndlFittcL 

The target parameters \vere then scrambled and re-fit. 

Model 

The simple: binary lens model. 

Results 

Table 17 shows t.he correlation of the fittr:d variahle to tIl<' actual for both t:nws 

of fitters u:-;ing the three differcnt data :-;ct:-;. 

The benchmarks fared very poorly, illustrating the difficulty of fitting hillcH\' 

light cun-es with naive algorithms. The only sign of a statisticcllh- significClllt fit W,lS 

the Cached Fitter's ability to produce correlation of 0.34 for the illlpact paralllctCl' 

b. The scrambled data sets provided null results as expected and also indicated tile 

error bouud on t hc:-;c correlation rc~mlt:-; wa:-; at least a:-; large as 0.07. 

Conclusions 

This :-;imple experimcnt provided us with a null rc:-;ult as well as Cl j)('udlltlmk t() 

be used for comparison to algorithms explored further on. 
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6.1.3 Pre-processing of light curves 

Rec=tl ?\Iicrolensing events c=tre not regularly sampled c=tnd hc=tn~ \',uiable start- Hlld 

end-times. Unfortunately many of the features to be used reh" un t he Ltd t 1)(1 t 

our idealized light curves contain exactly IOO e,"enly-spaced points with no gaps. 

Real light CUlTes also have their time axis denoted in Julian date and the CllITCS 

need to be centred on some feature. A form of pre-processing where light. Cllrws 

are translated in time to a point of reference and interpolated at regular intervals 

is therefore required in order to extract sensible fedtmes. For eXCIlnplc, t hc x- ,1Ild 

y-positiOllS of extrema in the light curves are llleaningiess in a noisy light ClUTe 

unless some forlll of smoothing is applied. 

Training curves and the cnrvcs to be fitted were suhjected to til<' sm[l<' PH'­

processing algorithm. A related question \vas whether training curn'S should ])(' 

noisy or not and so both noisy awl clean training curves were tested. 

"Peak" pre-processing The following simple algorithm \yas used for cClltering 

and found to be fairl.'" robust to anomalous light curw shapes. SOIllC aspects are 

discussed in more detail below. 

1. Invert the light curve around the time axis, in other words t 11(' hrightest point. 

in the curve now has the highest value, and the faintest point in the curw is 

at O. 

2. Find the time corresponding to the brightest point. 

3. Translate the light curve in time to this point and discard points fnintt'l" t hall 

20 per cent of the peak brightness as measured from the faintest point ill t 1[(' 

C11rve. 

cl. Scale tlw time axis so that the C11rve starts at -(J.G 11nits alld PlIds at (J.G ullits. 

There arc a fe\\' apparent disadvant ages to these forllls of pre-processing. Firstly. 

one cannot expect to regain the translation and scaling jliucullctcrs like Ie, t", ,11\(1 
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1710 from a processed curve as this information has been purposefull)' H'lIl()wd. III 

pre-processed curve:::; ,ve shall therefore concentrate on the more difficult pal'alll<'tcrs 

u. e. band q which can still be fitted for. Secondly. pn~-pro('('ssinl!; is Ilot pcrf('ct: 

for example, large gaps in the light curve around the ("u t -ofr point s could lead t () rl 

curve that starts or ends prematurely and is not centred correctlY. 

On the other hand it was hoped that pre-proces:::;ing ,n11l1d present the feat me­

selcction and training algorithll1:::; with more potent information than a 1"<1W Jigllt 

CUlTe would. 

6.1.4 Pre-processing noisy curves 

The above centering routine was required in all cases. :\oisy data required addi­

tiemal processing as discussed in this Section. 

Smoothing 

\Iany feature extraction operations reqUlre a smooth curve but ullfort ullat ely 

SllloOt hillg is llot a straight-forward uperatioll. This is llldiniv due t () (he ("onflict 

bet,,'ecn Sll100t hing too much, which passes over and hides features and Sllloot hillg 

too litt Ie. which leaves spurious extrema and phantom features in the ("urV<'. Get( i ni!, 

the balance right proved to be challenging. 

Several classes of smoothing algorithm were considered. 

Splines Fitted B-:::;pline:::; were used to smooth nOIsy light curve datr). In this 

methodology the user chooses the order of splines to be used that COIlI}('ct a S('t 

of evenly-spaced nodes as well as the size of a smoothing penalt,-. The 13-splillc 

coefficients are then calculated to optimize the combined Ii ttin?; (mel slllooth i 1l!2, 

penalties. A detailed description of B-splincs can be found in P.g. [86]. 

In practice. setting the order did not luwe a large effect on the resulting Sllloot hed 

CU1'ye and third order splines were used throughout. Finding the correct :-ill1oothing 

parallleter ,yas cOllsiderably more difficult because no single \'alne suited all (,III"V('S. 

An ite1'atiYe solution was ultimately implemented th,1t start(·d with ,11m\" SlIloothill!2, 
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penalty. If the resulting, smooth curve had more than 16 extrema. the sllloothing 

penalty was increased and t.his process was repeated \lntil the l1ullllwl" of extre1lla 

fell below 16. This process was found to he reliahle. 

A note on other smoothing techniques A number of altcruatiyc sllloothillg 

techniques were considered. Perhaps the simplest was s1lloothing by all mTragillg 

window passed over observations. This method was \lllS\li table due 1 () t hl' fact 1 ha 1 

smoot hing diminishes localized features such as small peaks which are significant in 

billary lellsillg. 

A promising variation on windowed Sllloot hillg is the Savit;.-:ky-Golay SlllO()t hillg 

algorithm which also sums data points in a moying window 1m1. with specific \\"(·ights 

designed to preserve all features, including the size of cxtrema [59]. Unfortlmatelv 

the method is only applicable t.o evenly-spaced data which ruled it out for usc with 

nOIsy curves. 

U nconwntional smoothing techniques like fitting by a neuralnct,\-ork ,,-(mId hei\"(, 

prm-iclecl a smooth approximation to even highly non-linear curve'S but were not 

attempted on suspicion t.hat a paramet.erized representation of the network w011ld 

not Iw uniquc. 

That left fitted splines as the most obvious choice, although t IlPre \\"cIS surpris­

inglv little publicly availahle source code for reliable fitted b-spline' algorit hlllS. Thl' 

public FORTRAl\ implementation from [87] was com'cIted to C' ++ to perform the 

task. 

More on Truncation 

An algorithm that aims to centre a noisy lip;ht curve in time as well as shift it 10 

a baseline magnitude also requires a decision to be made all where to l1'111lC(\1e the 

light curve. This also turned out to be n. non-trivin! exercise. The requirelllent s for 

a truncation met hoclology are at least the following: 

l. The method should never over-truncate, in other words discm-d p~irts ()f tll(, 
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curve with high information content. 

2. The method should be consistent III its truncation C1cross cdl possibl(' light 

cun"es. 

3. The method needs to be robust to noise, including gaps in obsern,t iOJls. 

The ann of trullcation was to take Cl light curye that contained an arbitralT 

number of observations of an un-lensed (no measurable nH,gllificcltioll) SOlll"('(, rllld 

a smaller number of observations of lensing in progrcss and to (runcn t (' t h(' C1lrV(' 

before and nfter the lensed portion of the light curve. lecn"ing just enough of the emY<' 

on either ::;idc to include a return to the un-Icnscd baselillc to withill obsclTatiolutl 

enor. 

As noted above, a simple method \VClS finCllly adopted. It discanled ill! p()illt s 

that were fClinter than 20 per cent of the distance \wtween the brightest and failltest 

points in the curve. Below are some alternati\"e methods that were cOllsidered b\lt 

not used. 

Slope-based truncation A first attempt cit tnmce1tion used the instnlltClllcoUS 

slope of the curve to attempt to find the points where magllificatioll of t h(' som('(' 

becomes obvious. The method was rejected due to several fatal tL,ws. 

The first \vas the large nncert.ainty in the first derivative of a lloisv ('mY<', ]('(\d­

ing to fabc po::;itivc::;. Thi::; could be partially cOlllPcn::;atcd for 1)\· a "ltl()otlrillg 

algorithm but it was hClrd to smooth optinwlk Too much smoothing led to ,m 

algorithm that wOllld miss a short-lived magnification distinct from the IlWill !Jerde 

Too little smoothing and t.he number of fabe positives remained large. All CClll<1lh" 

serious issue was caused by gaps in the data, leading to H'ry misleading lllllll('ri­

cal derivative::;. These in turn could be compell::;atcd for by illtcrpo]at iOll. \n[t t ili" 

introduced unacceptable llIlcertainty into the process. 
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Fit-based truncation Another obvious technique was to fit a model to n llOlSV 

light curve and to truncate the light curve based cit her on the model pnnllll<:t ('),S ()j' 

hy llsinp; a smoot h model for slope-hasl:d ml:thods. The paradox is t ha t OllC call1lot 

fit the correct binary lens LGI'v! model to the curve because that is tuo hard allel 

is after all the aim of the truncation exercise to hegin with. A simplified model 

has to be fitted and no problem-specific simplified model ,,·as dccmcd sufticicut. 

Approximations of the Chang-Refsdal type [48] were rejected because t he~" aSSUllle 

small lllass ratios. Sinp;lc lens fits e\1"(: also inad('quatc for the lllajorit\· of himl!"y 

(-'\"euts. Finally. generic "mudel" fits like Chebyshev polyuolllials \\"<'n' found want illg 

in Section 4.2.1. 

Standard deviation-based truncation This method was based ou data points 

moving outside of a standard deviation band of poiuts iu the un-lensed portiolls of 

t he light curve. The procedure measured the standard clevia tion of t he tell left -Yllost 

[Joints in the data set. It then started at the left-Illost drlta point aud ulovcd the' 

point of truncation to the right until it found three consecutive dat a point s u}(Jrc 

than three a away from the mean of the ten left-most points. TIlP proced1ll"(, W,\S 

repeated in mirror-image on the right-hand sicle of the light cur\"('. The diifen'IH'l' 

bet,,"een the left- and right truncation points made up a ,,"iclth and finallv C\ region 

uf the CUlTC wit h t hrce times the initial width and cent red (\ t the lllid-puint of the 

initial selection was retained for fmt her processing. 

This method was also found wanting and abandoned, mainly because in C\lJ"VPS 

wit h very noisy wings it led to over-truncation (discarded too mnch of t IlP c\ll"ve). 

Interpolation 

Several of the implied light curve features discussed in Section 4.2 iJllplic:itl~· 

require <111 interpolation scheme when <1pplied to real light curves. EveTt the silllple 

feature cunsistiug uf the light curve itself rcquires cqualh" spaced points which calluut 

be achieved without interpolating the irregularly-spaced real data jloillts. 
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Three interpolation schemes were attempted for this purpose: fitted splille's. 

cubic splines and simple linear interpolation. Fitted splines haw the advalltage th,\1 

th('y arc rohust to noise hut thcy do not pr(,S(,IT(, d(,tail('d features ill t 1)(' cllrve. 

Cubic splines pass through all points in the curve but are very sensitin' to lwist' alld 

introduce false features into the curve between data points. LillPilr interpoLlti(lll 

passes through all points and is completely robust to noise as it is boundecl b\· 

successiye data points but unfortunately is not n'r~' accurate. 

Experimentation led to the final adoption of linear interpolation for fcc-thin' se­

lection where required. 

6,2 Classifier Comparisons (without Feature Selection) 

6.2.1 Introduction 

In this Section the main category of regression algorit hm is int rod uccd. It was 

mentioned in Section 6 that many algorithms and approaches were ilttelllp\ed but 

eventually the bulk of the work was perforllled with the exccllent \VEKA "d,lI (\ 

mining" package [76]. 

1-1 \VEKA classifiers were tested, spanning a Yaridy of dHssifier cntcgorics. Thc 

Least .\IedSq, LinearRegression, SimpleLinearRegression and PaceRcgression algo­

rithms \\'ere useci to perform simple regression. l'\eural IH't\H)rks arc represC'llted h\' 

thp l\IultiLlyerPerCf~ptron and RBFNetwork classes. S:\IOReg is a support v('ctor­

based regressor. IBI. IBk. KStar and L\VL are nearest-neighbo\lr-lmsed lilzy classi­

fiers and DecisionStump, M5P and REP Hre tree-inducing cla:-;sifiers. 

6.2.2 Fitting raw light curves as a benchmark 

In this experiment pre-processed light curves t hemselws were fit \vit b the c!a:-;­

sifiers listed in Table 18. 

Goal 

Tu set a benchmark for fitting a11(l feature selectiun b\' fitt ing t he laW light C:\lr\'('S 

themselves. This benchmark was an Rcid test for the fcHture sd('cti()n proc('ss ill 
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Tahir' 18: l(c:.v to raw light Clll'VC: hc:nchrnark classificMioll. 
Key ClassIfier 
1 fUllctions.LeastKIeclSq 
:2 fUlld ions. LincarRegrcssioll 
3 funct ions. PaceRegression 
-1 fl111ctiOllS. SimpleLinearR egression 
5 lazy.IBk 
6 trees.DecisionSturnp 
7 trees.:d5P 
8 trees.REPTree 
9 functions.?\I ul tiLayer Percept ron 
10 functions.RBFNetwork 

C'hrrptr'r 4. If thr' selected feature sds fared no better thelll the raw emw thell til(' 

validity of the process would be doubtable. 

Data 

An input instance consisted of the first ancllast time yalues in the CUl'W nnc! cdl 

100 eyenly-spacecl magnitude points from t he same light curves as used ill pn'vi()us 

Sections. The light curves were noiseless and pre-processed. 

Model 

The standard 7-parameter LG;\I binary lens model (SBL?\I). 

Classifiers 

A subset of \\'EKA classifiers were used as a represellt at ive set of algorit IllllS ill 

c.g. Section 6.3.1. In particular, the Sl\IOreg, KStnr nnd L\\'L dnssificrs \\'ere left 

out for performance reasons due to the large size of the input vectors. 

Results 

Tables 19 show results for the classifiers used on these unprocessecllight curws, 

with the kev to classifiers given in Table 18. These results arc COlllpalnj to those of 

a dat a set of selected features in Section 6.3.1. 

The first thing to notice about these results are that thcy all heat t hc 1\\'0 

\)('mlllllClrk algorithllls ill Sectioll G.1.1 with easc, despite beillg used with allllost 

identical dnta. This bodes \vell for the use of example-based regresSlUll. HavillI', 
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Table: 10: 
classifiers. 

Data Set 
a 
e 
b 
q 

Pn:-processcd lip;ht curves without fc~ature selection usr'd \\'itll simple 
Correlation between target and predicted "cuin bles Oll cm Ullseell tr:st sct. 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (lO) 
0.36 0.35 0.36 0.25 0.71 0.20 0.35 0.60 0.38 0.27 
0.31 0.32 0.32 0.18 0.68 0.23 0.46 0.56 (U6 0.01 
0.23 0.23 0.24 0.17 0.64 0.26 0.37 0.57 0.24 0.12 
0.36 0.36 0.37 0.30 0.55 0.29 0.36 0.46 0.19 0.25 

Tn ble 20: Trnilling time (seconds) of default classifiers 011 light C1llT(,S "'i t h jW f(~cl t 1llC' 

selection. 
Data Set (1) (2) (3) (4) (5) (6) (7) (8) (9) ( 10) 
a 285.47 44.76 13.40 0.54 0.22 2.34 402.96 8.78 2985 17.77 
(} 273.34 44.22 13.23 0.52 0.06 2.52 346.96 8.98 2954 17.50 
b 284.36 37.13 13.29 0.49 0.06 2.50 332.94 7.63 2938 17.46 
q 308.31 46.29 13.36 0.49 0.05 2.45 355.69 8.26 2736 17.1:~ 

said that, none of the algorithms produces a correlation value better t hall fl.71. 

which is not good enough for pra.ctical fitting pllrposC's. To p11 t the best nd \lCS 

in perspective. the best result (for the ndup of (J, "'ith all IEk lH',1n'st llcighb(Jur 

algorithm) corresponds to a mean absolute error of 0.15 fir:; ill our rnllg(' of Cl.G (h.' < 

One algorithm's performance completely outstrips the rest: the simplc lBK 

llcarcst -llcighuour algor it hm bcats all other algmit hllls fur all four lllOdd palrtlll-

eters. 

Timing 

Table 20 shows the training times of all classifiers on the light curVC' dalet sets. 

The traininp; times are not prohibitive except pr:rhaps for the ncnralnd\\'Ork (\[\llti­

LayerPerceptron). The LeastMedSq andl\I5P Tree algorithms were also fairly slow 

and bad value for computing time, given their mediocre correlation results. 

Conclusions 

This Section determined that example-based regressIon \\'as (111'('(\(1\, lllore ef-

fccti\'c than bellchlllarks cven when used Ull light cur\'es t h('111SchTS. 0111\· lllill()[, 

pre-processing was applied to the input dnta. 
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6.3 Classifier Comparisons (with Feature Selection) 

In this Section we compare the fitting performance of se\'f~rcd classifier al~orit hms 

from t he \\~EKA library on simulated SBL]\:1 events, Although t his experiment is 

easily performed thanks to \VEKA, it needs to be noted how harel it is in gCll<'l'cd 

to placc such a variety of algorithms Oil a l'OllllllOI! platform, Before s\\'itching t() 

WEKA, this thesis used algorithms from a variety of sources, including third partv 

libraries (as mentioned in Section G), home-grown code and 2-1 el a pt cttions frulll, for 

example. [59], 

6.3.1 General Classifier And Feature Set Comparison 

Goal 

To compm'e the performance of feat1ll'e sets selected hy CfsSllhsetE,'al. Hl,lief­

FAttributeEval and InfoGain algorithms using 10 different, real-ndued, regn::-;sion 

algorithms from \\'EKA, Both feature sets and algorithms were (:\'Cllu at ecl , 

Data 

Data consisted of features selected by the three algorit hms ill Section ·1.·t Lighl 

curvcs \\'('rc pn~-jlr()cl~ss('d and each modd parameter had its OWl! f('al m'(' s('1 awl 

trained its own specialist classifier. Original light CUl'WS consisted uf 100 l~\,(~llly­

sampled, lloise-free points from curves generated using the parameter ranges in Tn ble 

4, 

Model 

I-parameter SBLr-.I (Standard Binary Lens ..\Iodel), 

Classifiers 

The following 10 \VEKA algorithms, v,:hich span a number of general tcclllliq1H's, 

were used, The first three were simple statistical regression te('hnique's. the next two 

were represent at ivc ncural networks: the typical lmck-pruPdgd t iUIl nnt! t i-la\u' ]Jcr­

ceptron Rnd a radial basis function network. Sirn pIc line2-ll' regressIOn n 19mit !tillS 
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Table 21: Key to CfsSubsctEval feat1ll'l' set classifi('l's 
Kc\' ClassIfier . 
1 c tunctlOns.Least::lleciSq 
2 fund ions. LinearRegression 
3 functions. PaceRegression 
4 fllnrtions.l\lultilayerPerceptron 
5 functions. RBF~ etwork 
6 functions.SimpleLinearRegression 
7 lazy. 18k 
I) trees.DecisionStump 
9 trees.M5P 
10 trees.REPTree 

Table 22: Performance of 10 cXalllplc-hasccl regression aigmithllls Oil 11)(' 
CfsSubsetEval-selected feature set. Results are in the form of the correlatio11 t)('-
tween known cmd fitted vmiables. 

Data Set. (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
Q 0.50 0.51 0.51 0.55 0.34 0.31 0.52 0.3-1 0.5-1 0.56 
(i 0.60 0.61 0.61 0.63 0.48 OA1 0.6-1 CU2 0.65 O.G2 
b 0.51 0.52 0.52 0.54 0.48 0.51 0.36 0.-16 0.57 0.55 
q 0.51 0.51 0.50 0.27 0.31 0.31 0.42 0.34 0.54 0.51 

were represented primarily for benchmarking purposes. as \\'C·tS t hl' very simple de-

cision stump single-node tree. 1Bk is a nearest-neighbour algorithm and finally tm) 

ach'anced decision-tree inducing algorithms, :-I:)P and R EPTJ'f~(, \H'J'f' llsed. F11ll 

desniptions of all til<' algorithms arc availabl(~ in [7G]. Th('y ar(' list('d ill Tabl(' 21. 

Results and Discussion 

Table 22 shows the results of the CfsSubsetEntl-based 1'1111 wit h all tt'll alg()­

rithms, with the legend given in Table 21. Similarly Tables 2:~ and 24 sil()w 1 hl' 

sanw type of results for RciidFAttrihuteEval- and 1nfoCain-sdected {'('atm(' se1s. 

Overall, the experiments were partially s11cC(~ssf111. :\lost classifiers fi t 11l<' mod('l 

Table 23: Performance of 10 example-based regression algurit lUllS 011 1 he 
ReliefFAttributeEval-sdected feature set. Results are in the form of tile corrc!(\-
tion between known and fitted variables. 

Data Set (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
Q 0.45 0.45 0.45 0.53 0.00 0.23 0.56 0.21 0.6-1 (J.;")8 

e 0.59 0.63 0.63 0.59 0.44 OA-1 0.56 0.45 0.66 0.63 
b 0.60 0.60 0.60 0.59 -0.02 0.52 0.53 0.-15 0.67 0.60 
q 0.44 0.44 0.44 0.44 0.30 0.19 0.45 0.26 (U-1 () .51 
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Table 2cl: P('rformanCf: of 10 ('xamplc-based regressioll algorithms on til(' IllfoCaill-
selected feature set. Results are in the form of the correlntion bet\wcn kllO\\'1l illld 
fitted varia hies. 

Data Set (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
a OAO OAO 0.41 0.45 0.21 0.31 0.66 0.31 0.55 0.58 
0 0 . ..t2 0.55 0.55 0.54 0.03 0.41 0.59 OA1 0.62 0.61 
b 0.57 0.57 0.57 0.50 0.03 0.52 0.53 OA5 0.62 0.66 
q 0.30 0.30 0.30 0.33 0.25 0.30 0.48 0.30 0.30 OA-1 

Tnble 25: The highest correlation between knowll and fitted variables hom thrc(, 
sc\('ction mc:thods and ten classifiers. 

Parameter Selection ~1ethod ClassIfier 
a InfoGnin IBk (nearest neighbour) 
H RelidFAttrilmtcEval M5P (trev) 
!J ReliefFAttributeEval M5P (tree) 
q CfsSubsetEval M.sP (tree) 

COITVliltlOll 
0.66 
0.66 
O.G7 
0.51 

parameters to an accuracy of betweell 0.4 and 0.5 as measured by the correlat iOll 

between the actual and fitted variables. These were not gooe! CllOllgh to 1)(' called 

a s11ccessf111 fit b11t this experiment allowed tllP drawillg of SOlrw cOllcl11SiollS abo11t 

example-based regression and determined the choice uf parameters alld algurit hillS 

to be used in su bseql1cnt experiments. 

:\otahle failures incl11ded the radial basis f11Ilction lH:nralllctwnrk clnssifi('r (Ill\lll-

ber 5 in Table 22). It exhibited erratic behaviour and often failed to fit a paralllet cr 

at all, with a correlation of close to zero. Simple linear rcgressiun (6) and tl)(' dc­

cision stump algorithms (8) fared poorly as well. This was to be expected as thcs(' 

algorithms are wry simple and we have already established that til(' LG:-I billary 

lens problem is complex. 

All three feature sets performed similarly and there were hest results ill ('crt nill 

parameters for all three selections. The ?v15P tree-inducing algorithm fared wn' \'1'(,11. 

achieving the best results for three out of four paralllclers. Table 25 sllllllWlriz('s the 

best results across all selection methods and classifiers. 

It should be noted that the majority of the remaining classifiers did not fare lllllcl! 

worse thall the challlPiolls ill Table 25. If we were to choose a subset ()f the classifiers 

used here, one could argue to retain at least three: t hc lEk nearest lleighbour s(,<Hch, 
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the :'II5P tree inducer and the REP tree inducer. TIlt' HEP is pmticulml~' useful 

because it is so fast and almost matches :'lISP in performance. 

Table 25 should be compared to the benchmarks in Section 6.2.2 where no f(',\Iur(' 

selection was used at all. This leads to quite a shock: ,,"ith uo feal un' selecti()ll ,\I 

all, the IBk nearest neighbour classifier in fact slight ly out perforllls (\ II hul Oil(' of 

the feature selections with correlations of 0.71 for u. 0.68 for 8. O.G4 for !J "u<1 (J.SS 

for q. Of course the feature-selected data sets had far fewer inputs t() the "lgorill1111s 

than the 100 brightness points present in the pre-processed lighl ClIryes. Still. t.hl' 

overall goal was not cOlllpression of inputs but regression perfonw\Ilc('. 

Timing 

'Training tillle" is of secolldary illlPort etnee ill a sl raighl-forward ('ase or LC.\1 

regression because the classifiers can generally be trained once and t hen reused. 

;\onetheless, training and testing time could be illlportant if classifiers arc t() \)(' 

trained dynamically; for example, if used iteratively where each iteratioll is per­

formed on a subset of the preceding parameter space. Training and testing tillle'S 

were recorded awl are briefty discussed lwn~. 

\ Yhile t here is not a large dispersion in the fitt ing accuracy of the \"ario\ls alg()­

rit hms in this experiment, their training and testing times differ ellorlllOllsh". Tel bles 

26 and 27 shmv the time taken to train each classifier awl ('valuate the Ullseell l('st 

set from the CfsSubsetEval-selected data using the trained classifier. Simple )"('I-',1"<'S­

sions and tr('('s were the fast(~st to tUlin. The slowest classin(Ts \\"Crt' t h(' ICHst ll}('di,\Il 

squared. mult i-layer perceptron and l\I5P-tree algorit 11ms. Thes(' took millut ('s to 

train instead of the seconds or even fractiolls of a second required by the L1Sl cst 

methods. 

Testing or evaluatioll time was similar and fast for all algori t hlllS exccpl t 1)(' 

nearest -neighbour IBk algorithm. This makes perfect sense as t his t~'I)(' of algoril hill 

eakulat cs llearest ueighbours for every evaluat iOIl. al t bough ill I'd urn it docs not 

require training. 
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Ti:1ble 26: Tri:1ining time (seconds) for 10 cli:1ssifiers using the CfsSubsetEYn] h'cltmc 
sets. 

DataSet (1) (2) (3) (4) (5) (G) (7) (8) (9) (10) 
u 102.50 1.28 1.07 199.47 8.12 0.13 0.02 O.GO 171.54 l.94 
{j 80.77 0.34 0.45 109.75 2.19 0.07 0.02 0.38 159.37 l.22 
b 45.56 0.13 0.04 16.56 0.87 0.01 0.01 (J.OG 1~18.37 0.33 
q 121.87 2.73 1.69 331.38 5.05 0.15 0.02 0.74 172.19 2.6(j 

Ti:1ble 27: Testing time for 10 classifiers using the RcliefFAttributeEyn] feature sets 
(scC'Onds) . 
DataSet (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
(l 4.70 4.26 4.30 4.79 3.97 3.91 72.46 4.07 6.66 4.51 
{j 4.58 4.36 4.38 5.89 4.19 3.98 54.81 4.22 5.69 5.17 
b 4A1 4.11 4.17 4.40 4.06 4.12 18.02 4.11 4.24 ·1.30 
q 4.02 3.98 4.07 4.72 3.83 4.06 94.97 4.03 4.00 4.19 

Summary of results and Conclusions 

This Section produced useful results as well as a n\lmber of questions that will 

need tu be adclressecl. To summari:w the results: 

• All but one of the classifier algorithms used in t his experiment ]wrformed {"didy 

well. Radial basis function neural networks (or the \ YEK.\ implemcnt a (ion of 

these) were too erratic to usc. 

• IBk nearest neighbours and the :t\I5P tree ind\lcing algorithm fared best on 

feature selections. although IBk is a fairly slow nlgorit hm to apply. It d()cs not 

require training. M5P is slow to train. 

• The REP classifier had good overall performance and is very fast to train. 

• Dnta sets containing selected feC1tures outperformed the corrcsponding bcnc:h-

mark data sets that used light curves themselves for C11l but one clnssifier (IBk). 

• The IBk classifier applied to light curyes thcIllSelycs outperformed the' daLl 

set s ("ont aining sd(~ctcd f(~atllrcs. 

The following conclusions CC1n be made: 
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1. Feature selection docs not necessc=trily improve pcrforlllclllC(' of clnssifiers O\"(T 

those using simple, pre-processed data. 

2. The classifiers t hat take the longest to train are not ne('essaril~' the lwst. 

3. The IBk, M5P and REP algorithms would be best to continu(' with. 

-±. :\ one of the fea ture selection lllet hods W('l'e ()verall winllcrs. 

ReliefFAttributeEval-based selection WelS good owrall but is ItllH'h slower 

than the other two methods (CfsSubsetEval and InfoGain). 

\Ye are also left with SOIIle new questions: 

1. These results apply to noise-free data. Everything lllay yet chang(' \vl1('11 lwis(' 

is added in the next Section. 

2. The best results ,vere obtained for the IBk classifier using no fcat me sl'i('ctiOll 

at all. Perhaps even better performance could be achieved In' selecting () subset 

of points froIIl the curve'? 

3. There were good results from all three h'pes of feature selcction. Could t hc 

best features be combined? 

6.4 Noisy Data 

R('al data ('ontain vanous sources of noise' awl an at t (,1ll]>1 \\'as llla( k 1 () work 

wit h noisy dat a sets, even if these dc=tta sets were cOlnplet ely sill11l1at cd. Till' g()(ll of 

introducing noise into our simulations was to determine if ('xampll'-b<1s('d regression 

techniques could fit real l\1icrolensing events. 

6.4.1 Motivation for simulating noise 

These experiments deals with example-based regression and \\'(' shall s('l' til,\! 

Illany thousands of examples will be required in order to achievl' c\('cl'ptablc reOiultOi. 

Thousands of fully analyzed, real LGl\I events 8re required as exalllples fut' tnlilling 
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if we are to extend our methods to fitting unknown eyents from the te les('opt's. 

Unfortunatelv the total number of Microlensing events obseryed to elate are of thl' 

order of a few t housanrl and a much smaller fl1lmher of these an: hinary events. )<:Y('l1 

the relati\'ely small number of candidate binary lens events have not ahnlYS lH'C11 

completely Hnalyzed. 

The simulation needs to include realistic obselTational effects, including nOlSC 

and temporal gaps in coverage. A model for these: effects was required to pmgn'ss 

further. 

6.4.2 Modelling noise 

At first. a model for noise was developed uel.sed on OGLE obsPl'YntiollS nnd 

analysis of three binary eycnts [88]. The noise characteristics of these ('ypnts \Wl'C' 

chosen uecause they were samples froltl the OGLE-III survey [89] and fairly typical 

of modern l\Iicrolensing suryeys. Plots of the three binary ('vents are shown in Figure 

-W. 

;\Iicrolensing data shmv frequent gaps due to bad weather. daylight awl other 

outag('s as wdl as noise dependcnt 011 crowding in the fideL data r('duct ion nl<'t hod, 

magnitude of the source and various other obsen'ational feu·tors. TIll' s()urces ilnd 

distribution of noise are often complicated and hard to modeL leading to em dPpl'OrWh 

where a simple curve was fitted to sample data from thcse thrcc OGLE C\,(~lIts, 

instead of attempting to model noise from first principles. 

6.4.3 A Fitted Noise Model 

It was found that the photometric nUlse from t hc t hrcc OGLE ('Wilts 

OGLE-2003-BLG-170, OGLE-2003-BLG-267 and OGLE-2003-BLG-291 was \\,('11-

approximated by an exponential fUllction shown in Equation 56 

(Sb) 

where Ao, rno and eo are parameters fit to photomctric: error (lS (l blllct ion of 
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I~Il"{xl orii\htIle", [ur a uata x c coulmIllIlg " II uh'PrW\lions from th~ Ihr .... Or:U:: 

",,'cl,b aoove , AIl "''''''l!Illj>CIOU OIl tlw ;;"Ol"~ OIl noi",,' w~, rf'Cjl1iN'rl in ord ~r t() 

preform this fi t. >Lm\ thi" ",a" 1, 11,,1 tl", l!JJ("rhim)' ill l'hOt.O[ll0tric ('ITen W,1;< "'l"nl t() 

f.hp r~p()rtprl photomptri~ rrrm it"plf pl11s 0.0,1 "m)l;, Ol.her, " illll'l i[.I'iIl~: a''' llmp llOIl~ 

Wl'!'-' 111,,1 pilOtomplric prror W"~ a flln~lioll sokh' of ICll" !llH~"itllu~ ;mu 11",( (iw 

"'-'Ill' Iloi,l' modd wuld h ~ "ppliffi t() ~ ll OGLF.-ob"~rwrl pvclll" 

[ 'h ~ fi t is ,11Own in Fii',l1r~ 11. The lloise lJlou{'1 apjwaro 10 b~ pl'sslmisllc at till' 

brigill l'ud o[ t h~ 'C."Jp , mo"t likp]y d\1p 10 til{' "sslIlapl;olls lU",k Oll I he dl'V LH lioll 

of wJ!ort~xl ViJocoIllcCril- erroL Tili" W~, c(J lI si ,I,'",,1 ,J.('~"pt~hl" ,", cl'lmg Oll the 
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Figll rl' 41 An np()npnt,i~.1 fit, t,o a fll!wti()" or phot,Olllecnc l'UOr vs, origilIIll"" [ur 

rhr'" OGLE (,V'·Ilr.~. 
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Temporal Gaps 

A ulOclcl of OGLE ob~ervation~ alsu needs to address tClllpund gdps in th(' (1)­

servations as these are a major feature of all photumet ric :-Iicrolensing obscrnlt ions 

and could have a major influence on the fit. Another silllple nppr()(wh W(lS adoptl'd 

under the following a~sumptiomi: 

1. t he time between discrete () bservations wns depeucien t oul v ou the i\ bsol \l t(' 

magnitude of the lens event and 

2. til(' thr(,(, OGLE binary events 2003-0GLE-13LG-170. 2003-13LG-207 illHI2()()3-

BLG-291 are representative of LGJ\I observations of binary lens evcnts. 

C~ing this approach, ob~ervation time point~ were generated by roulette-wh(,l'l 

sampling of the distribution of OGLE time gaps at n gin:u leus brightness (Illagni­

tude). If, for example, OGLE performs additional observations whilc the source is 

~trongly lensed, this will be reflected in the sampled time gaps because the distri­

bUtiOll of OGLE time gaps at hright magnitude will pcak at a day or less. Simibrh' 

the distrilmtion of OGLE time gap~ lwaked at sc\'(:ral davs fm silllple [lH: .. :ciirw ob­

servations during the surveying stage. 

This approach allowed for the indirect inclusion of obseryatiollnl effects such C1S 

bad weather. daylight, observational outages and the like. An apparent \Y('aklll'ss 

was that gaps at a given brightne~s were determined stochastic-allv. so that pl'riodic 

cffects like rcgular breaks o11e to daylight or InOllthly detcrioratioll duc to th<, full 

moon did not occur periodically, but stochastically instead. This could have nf["l;dcd 

t he value of processed features for light curve analysis if t he~' \\'ere based un fn'CJucncy 

transforms like Fourier or wavelet analysis. As the features considered in Chaptcr ,1 

were not in this category, this was not seen as a major weaklless. 

Another aspect of simulating time gaps in this \Vely "'as that these gaps WCI"C 

based 011 ab~olute tillle, not tc-~calcd time which illlplied that CYl'nt s wit h a lUllgl'l" 

duration (higher I.e) contHined more observations on a\'C'l"C1ge than cycnts with low 
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t e' To prevent inclusion of events that were practically impossi hie to anal~'z('. e\'Cnts 

\\'ith less than fifty observations were discarded, leading to a f,-bias in the generated 

data set. The bias was considered acceptable for the purposes of this expcrillH'llt. 

6.4.4 A simulated data set 

Fifteen example, simulated light curves are reproduccd in Figure -12 as ,\ sallitv 

chcck ancl to get a general feeling of the nature of the simulated dal a. These should 

he compared to the three genuine OGLE events shown in Fignr<' 10. 

6.5 The effects of Noise on fitting 

6.5.1 Experiments with the OGLE noise model 

In this Section the noise modd from Section GA.l was used to gellerate a silll1l­

IHled data set for testing the extension of example-based fitting tcchniq\\('s to noisy 

data. \\'hen dealing with noisy data onc may wonder whether it is best to tTHill 

the algorithms with noise-free or noisy curves to obtain the best performance Oil 

noisy test curves. Two experiments were performed in this Section for comparisoll 

although the results arc also relevant in isolation. 

Experiment A - OGLE noise model for both training and testing curves 

A noisy data set of 10000 light curvcs was created. of which 1SOCJO were used 

for training and 2000 for testing. Pre-processing was applied to the training alld 

testing curves in the manner described in Section G.l.~~ above awl featm<' sel('('1 iOll 

was uwlert aken anew for t he noisy data set. In these experilllellt s we dis('Cm ll'd all 

curves with less than 50 points, whereas the previous noise-free ('xpcrirncnts wen' 

performed on curyes that contained as fe\\' as 20 points. III order to allow for direct 

comparison, the noise-free experiments frolll Sectioll 6.3.1 were re-rull hen' with 

C'fsSu hset E\'al featun~ sd['ction. 

In Section 6.3.1 we managed to eliminate a few of the classifiers as either too slow 

t () t raiu or silllply incH·cctivc. Only six classifiers \\'en~ llsed ill these ('xpcrilllCllts 

nnd they are givell in Table 28. The first three are simple algorithms included fur 
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Tahk 28: Key to CfsSubsctEval feature set rlassifi('l's after ('limillcttiollS. 
Key ClassIfier . 
1 tunctiolls.LeastIvledSq 
2 fund ions. Linear Regression 
3 functions.PaceRegression 
1 lazv.IBk 
S tre~s.:\I5P 
(j tn'('s.nEPTn~(~ 

Table 29: Correlation between predicted and actual \'ariables for noise-fre(, light 

curves containing at least 50 points. 
Da t a Set (1) (2) (3) ( 4) (5) (6) 
(1 O.·H 0.56 0.56 0.66 0.61 0.63 
() 0.58 O.GO 0.60 0.60 0.70 0.61 
b 0.53 0.53 0.53 0.47 0.60 0.57 
!j 0.50 0.50 0.50 0.51 0.54 0.51 

benchmarking \Yhile the last three were the best performers from Section G.3.l. 

Results 

Table 29 shows results for noise-free data with CUlTCS \\,it h less than 50 points 

discarded. Comparison to Table 22 sho\Ys that the llCW data sd perforltled slightly 

better than the previous experiment where onl), curves with 20 points or less w('re 

cliscarded. This \vas not unexpected; perhaps one surprising Hspect of the result \\-()S 

that a data set that contained a large number of curves with f('\ycr than 50 p()ints 

fared almost as \Yell as the current set. 

Table 30 shows th(~ H'sults as correlation h(:twccIl predicted and actual \'i\hlCS of 

parameters Cl, e, band q respectively for the noisy data set. All six classifiers fared 

poorer on noisy data. The reduction in correlation W(1S roughly 0.1 to 0.2 ('xccpt for 

the IBk classifier which showed a large decline for all model paramcters. The noisy 

fit for mass rRtio q only manages a correlation of 0.13 as opposcd to the noisc-frec 

correlatiOl1 of (J.Sl. 

Experiment B - OGLE noise model and perfect training curves 

This experilllent WetS similar to the preceding one but trainillg dett a \\,('1'(' (Tca ((>d 

free of noise, whereas the testing data were created \\'ith noise. Thc gOc)1 W(lS t() 
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Table: 30: Corrdation he:tw(;(;n pre:dictcd and actnal variahles on iln OGLE nOlS(' 
model training set for pannneters a. e, band q. Both training cmd test ing ClllWS 
are: nOlsy. 

Data Set (1) (2) (3) (4) (5) (6) 
a 0.44 0.44 0.44 0.30 0.49 0.42 
e 0.39 0.41 0.41 0.21 0.44 0.39 
b 0.36 0.36 0.36 0.21 0.39 0.34 
q 0.29 0.29 0.29 0.13 0.34 0.30 

Table 31: Corn;lation hr:twccn pre:dirtcd and actllal variahks for OGLE noise model 
test curves. with classifiers trained on noise-free training sets. Only IBk llcmcst 
neighbours and M5P classifiers were used. 

Data Set II3k KI5P 
a 0.17 0.06 
e 0.24 0.22 
b 0.18 0.36 
q 0.08 0.12 

determine whether hetter results could be obtained for I est curves I hat ('0111 (lilled 

noise if the training curves were noise-free. 

Results 

Results are shown in Table 31. They arc disastrous and shO\\' poor cOlTclat iOll 

between target and fitted binary lens parameters, 

Conclusion 

This experiment showed quite clead\' that training curves should he nuisv if Ihl'Y 

are to be used to fit noisy light curves. 

6.5.2 Quantifying Noise Effects 

The fitting experiment in Section G.5.1 demonstrated H c()llnpse ill the fittillg 

ability of the previously reliable IBk and even :'-I5P algorithms when faced wilh a 

realistic noise model based on OGLE observations. 

This Section sought to establish the point of failure as more awl 1110]"(' Iloise ",as 

introduced into the simulated data sel. At whi('h stage do ('xcllllph'-lJdS{'d (Idssiiicrs 

become useless? 
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6.5.3 A parameterized noise model 

A simpler noise model that enabled a parameterized. gradual introduction of 

different kinds of noise was developed for this experiment. The lllodel takes Olll\' 

two parameters. The first is simply the standard de\'iation of Gaussian noise around 

the LG ~l binary lens nH)( lei's Illagnitude. (T. The oj her kind of "n()is(''' deals wit 11 

irregular sampling of light curves. It was assumed t hat light curves arc sampled at 

regular intervals twice per day. However a parameter P(]ap was introduced j () guvcm 

gaps in this regular sequence. On generation of each point of the sequcnce a gap of 

one full day would be introduced with probability [lq(1P' 

The t,yO parameters p(]OP and (J were used to controllloise in cutificicd light CHrWS. 

6.5.4 Regression as a function of noise 

This Section contains hvo studics into the behaviour of exall1ple-driv('n fit t ing 

algorithms as a function of increasing noise. Noise is introduced \'ia Gaussian per­

turbation and the likelihood of gaps in the dHta. 

Experiment with Gaussian noise 

The aim was to detenuine the effect of Gaussiau noise on fit t iug aCCUl'CICy. Fea­

tures were re-selected for each noise level and each paramet er. ensuring upt illlal 

fitting at each stage. 

Tahle 32 shows the correlation lwtwecn tlw four binary lens rnor\el P,lPlllld(']'s 

and t heir predictions, as fitted by four differcnt algorit IllllS. The Gaussian nois(' 

parameter is set to 0 per cent, 1 per cent, 2 per cent, 5 per cent and 1U pcr ccnt 

respectively. 

This f:xperiment 8,llo\wd 11S to In8,kc 1:1. fe\v interesting ohservations. 

Table 32 shows that fitting accuracy docs declinc with increasing noise as ex­

pected but with an interesting catch; there is some evidence that introducing; noise 

"'ith standard deviation of 1 per cent in f8,ct improved fitting as compared to tl}(~ 

nuiseless case. One hand-waving argument for this illlProvelllent is that 1 he addit ion 

()f a small alllount of noise enabled bot h t he feature selection (mel trHining (,lgori t lUllS 

1(j() 
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Table 32: Correlation between predicted and actnal model pc\ralllcters for a C:allSSiall 
noise model as standard deviation is increased from zero per cent to ten pe1" C(,llt. 

parameter (J (per cent) LinearRegressioll Ink I\15P REPTrcc 
a 0 0.55 0.67 0.cl2 O.G·l 
(1 1 0.54 O.G2 0.3c1 0.62 
u 2 0.50 0.59 O.3c1 0.58 
a ,) 0.54 0.51 0.59 Cl.5G 
u 10 0.40 0.3c1 0.50 O.cl3 
() 0 0.63 O.G3 0.72 0.65 
() 1 0.61 0.33 0.6:3 0.62 
() 2 0.60 0.51 0.66 0.62 
() 5 0.5G OA6 0.61 0.57 
() 10 0.29 0.19 0.3c1 0.29 
b 0 0.48 O.clG 0.57 0.5c1 
b 1 0.50 0.cl1 0.58 0.:)6 
b 2 0.48 0.37 0.53 0.53 
b 5 0.40 0.25 O.cl3 O.cll 
b 10 0.23 O.17 0.35 0.28 
q 0 0.48 O.cl8 0.51 0.5c1 
q 1 0.53 0.cl9 O.GO 0.38 
q 2 OA8 OA7 0.55 0.5c1 
q ;) 0.42 0.31 OA3 0.cl2 
q 10 0.17 0.07 0.26 0.20 

to m'oid over training, leading to better performance on an unseen test set. Selected 

features were briefly examined in order to justify the selection half of this arg1l111cllt. 

Selected feat mes are not shown here (although sec Table Jcl I'm c\ silllilar d,tt (l S('t 

with 2 per cent Gaussian noise and 10 per ccnt chance of lllissing c\ ciclV'S wort h 

of data) but a comparison of features selected for orbital sepmntioll (J. of noiselcss 

and slight ly noisy data (1 per cent) shmvs a \'ery similar set. PCA parallJ('t (,1'S wer(, 

discarded in favour of Chebyshev polynomial coefficients. Similarly for paraml'tcr 

Ii, the y-position of the ,!th turning point of the tangent (,Ill've \\'dS dis('c\J'(lcd hut 

other parameters were very similar. q, which sho\\'s pcrlwps the lllost illlPl'O\'('llH'llt 

from 0 per cent to 1 per cent noise was even harder to interpret. It lllc\int (lincd 

a similar set but added PCA parameters and selected a few lllore featlll'(,s of cad 1 

type. Examining the feature selections were inconclusiye. 

Certain classifiers were more robust to Gaussian noise thall otlwn.;. III this ('x-

periment the M5P regression tree shows the slllallest declille ill dIiciell('\' wi t 11 lloise 

while the nearest neighbour routine IBk sho\\'s the Lugest. This is i\ sigll ificallt 
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result because IBk was the most efficient algorithm in a noiseless cnviromllent and 

indicates that one's choice of algorithm \yould be dependent on t he qualit~, of \'om 

data. 

The behaviour of fit.ting accuracy as a function of noise also differs considerahly 

for different lllodel parallleters. For exalllple, ({ relllains fairl\' well-fit t l'd ('wn at l() 

per cent noise while it becomes very hard to fit q at this level. This result inclic:<1t(:s 

that the mass ratio q has a more subtle effect on the curve than does project eel 

orbital separation a, rendering it vulnerable to Gaussian noise. 

Finally we note that some algorithms show a cClllsiderable varIancc: III perfor­

llHHlCp enm when applied to very similar data. :YI5P seems to fall into this category. 

Table 32 shows the results of single classifier nUlS anel the fact that .'lISP achieves 

correlatioll of only 0.42 for the classification of a for a lloiseless elM a set \\'hile achic\'­

ing 0.59 in the presence of 5 per cent Gaussian noise indicates cC)llsidcrabll' vcuiclllcc' 

in an individual run's efficiency. The other algorithms behaw less errat ie-alh'. Vmi­

ancl' in performance is unlikely to be due to the set of selected features. as these nrc 

selected using H)-fold cross-validation and hence quite robust. 

Experiment with gaps 

This experiment examines the effect of gaps in simulated light curVE'S caused by 

artificial "observational outages". 

Table 33 shows the correlation of the four binar~' lells ll10del parameters 'with their 

prcdictiolls as fitted by all .\15P algorithm. The probability of lllissillg a dav':) \yortl! 

of observations (Pgap) is increased from 0 per cent to 40 per c('nt. One cClll:)idernti()1l 

in this experiment is the minimum number of data in a silllulated light CUl'\'('. III t ])(' 

previous experiments this was set to 50. In this experiment the introduction of g(lPS 

prod1lces curves with fewer data points so the threshold for acceptillg a SillllllM('d 

light curn' was decrcased to ju::;t 20 point::;. 

Allot hcr puillt to con:)ider i::; that although the illit ietl rem' light ('1ll'VC will ('(illt aill 

these gaps. curves are pre-processed in the way described in Section 6.l.3. in other 
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T:=tble 33: Correlation between prwlid('d and actll:=tl variahles for a Ilois(' lllodel as 
the probability of missing a day's worth of observations (PyaI') is illcrcHscd from () 
per cent to elO per cent. Fcmr classifiers \\'('1'(' llS('Cl. 

parameter Pgap Linear Regression Ink KI5P HEP 
(J 10 0.52 0.51 0.54 0.60 
(1 20 0.51 0.35 0.60 0.58 
(1 40 0.55 0.35 0.63 0.62 
e 10 0.59 0.52 0.63 0.57 
e 20 0.56 0.39 0.61 0.56 
e 40 0.51 0.30 0.54 0.47 
b 10 0.49 0.36 0.54 0.53 
b 20 0.47 0.33 0.51 0.47 
b 40 0.43 0.27 0.46 0.43 
q 10 0.48 0.34 0.52 0.47 
q 20 0.46 0.30 (HO 0.46 
q 40 0.32 0.24 0.38 0.34 

words curves will first be smoothed whereafter the gaps will actually be filled h\' 

interpolation. Tnw information loss cmmot bp recO\'prpd in this \yay lmt t h(' jlr('-

processing routine may lead to some robust ness to missing dat a. 

First, a comparison across classifiers. As in the previous experiIllent with Calls­

sian nuisc, the 1I3k ncarest-neighbuur classifier which was so sllccessful when rtpplicd 

to noise-free data showed most sensitivity to temporal gaps. It is the worst perforlller 

at Pgap of 40 per cent in all four model pHrameters. The rest uf the result s told ,1 

story of general decline with the increase of temporal gaps as expected. ctllhollgh 

the regressions of certain model parameters were IIlore robust than ot hers. III par-

licular. regression of (J awl H seellled quite, rohust and this lIlade S('IIS(' as th('s(' arc' 

pararnet ers that tend to affect the entire light emw. q \H1S most seri()usl\' af['ect ('d 

by temporal gaps which could have been the result of curves where impOl'tclllt ]l(,(1ks 

were missing from the data, making the measurement of q impossible. It is ('(lSY t () 

see this would be the case for low mass ratios (small q) wher(' the s('('onclnrY JellS 

would hav(' a birly local effect on an otherwise sin~le-lens li~ht ClUTe'. 

Finally there is one feature of the results that seem hard to explain. which is the 

robustness and in fact improvement of fitting performance \yith in(']'('asin~ !)ijO!J for 

the projected orbital separatioll o. Perhaps the argulllent about nuist' pn'wutillg 

over- training raised in the discussion of the pre\'ious experimcnt's results is i1ls() 
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relenmt here. 

Noise Experiments: Conclusions 

\Ve have examined both Gaussian nOlse added to brightness obserntt ion,; awl 

the effect of temporal gaps. The results are largely consistent and indicate that: 

l. :'-J8tllrally. noise does have a detrimental effect on f'xample-bm;ecl fitting 

2. There are a number of regression algorithms that arc quite robust to noise. 

3. For these algorithms the addition of noise should not ])l'OH' a ma.ior obstacle. 

4. A small amount of noise may actually lead to improved regression perforlllance. 

Experiments from here on included noise for additional realism. The silllple noise 

model was usee! wit h Gaussian noise at 2 per cent and PyaI' of 10 per cellt. 

6.6 Experiments to Improve the Fit 

6.6.1 Classifiers adjusted for higher accuracy 

In the previous experiments all classifiers "\T~rC llsed wit 11 their d('falllt scl1 illgs. 

Thl'l'c was no reason to doubt these vVEKA default settings. bllt classifieat ion prob­

lems are unique and require fine-tuning on a problem-by-problem bc,sis. 

Goal 

The goal was to see if classifiers with more puwerful settings resulted in C1 1)('11 ('1' 

fit and whet her the additional training time that the settings required were \\'(llt h 

it. 

Data 

A simulated, noisy data set of 10000 events \vas used. based on the noise lllodd 

in Section 6.5.4. The standard deviation was set to 2 per cent awl the probability 

of skippillg a day's obsel'Vatioll set at 10 per cent. CfsSllbsctEval f('at1ll'c sdceti()ll 

was used for each parameter, and this selection is shown in T8blc 3~1. 

1 (j 1 
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Tablc 34: CfsSubsdEval featurc selectioll for a "slightly lloisy" d(\1 (\ set: C(\\ISSiall 

noise with standard deviation of 2 per cent anel a probability of missing it dill"s 
observatiolls set at 10 pcr cellt, 

II () b 
yO tnrnx2 slopesdev 
yl turnx3 slopeslope21 

y-l3 turnx5 slopeslope35 
y-l5 turnx7 slopeslope63 
v:)() xval' cheb.vfitG 
\'57 tangcnt20 
\'99 t angent45 

tlirnyO tangPl1t49 
tmny 1 t angent52 

tangel;t 19 tangent79 
tangent20 chebyfitl 
tangent23 pea2 
tangent2-l 
tangent25 
tangent27 
tangent29 
tangent31 
tangent32 
tangcnt33 
tangent3-l 
tangent35 
tangent 3G 
t angcntG2 
tangentG5 
tangentGG 
tangcntG7 
tangcnt69 
tangent71 
tangent72 
tangcnt7-l 
tangent7G 
tangent78 
tangent 80 
tangent81 
tangent82 

slopetul'llYO 
slopeadev 
slopf'cnl't 

slopeslope8 
slopeslope 15 
slopeslope 17 
slopeslope37 
slopeslopf"lO 
slopeslope58 
slopeslope61 
slopeslope8-l 
slopeslope88 
5smooth43 
5smooth5-l 
5smooth55 

20smooth40 
20smooth-l1 
20smoot hn 

chehyfit 2 
pe~d 

If 
tnl'nxL! 
yskew 

tclllgcnt35 
tangent39 
Umgent.lO 
tangent 41 
tangent-l3 
tangentll 
tangent -l5 
tangf'ntlG 
tangent."l2 
tangent 5:3 
tangent5l 
tangent 55 
tangent56 
tangf'nt57 
tangent58 
tangent 59 
tangent GO 
tangentGG 
tangentG8 
tano'ent69 

slop~tnrn~'2 
slopf'tnl'nx:~ 
slopetnrny3 
slopetul'nx-l 
slopcturn~'-l 
slopf'tnl'n~-::i 
slopetnrn~'G 
slopcadc\' 
slopesdcy 
slopeval' 
slopeclll't 

slopeslope 15 
slopeslope-l5 
slopeslope-l6 
slopeslopf'l7 
slopf'slopf'l8 
slopeslol)('·19 
slopeslope50 
slopcslope51 
slopeslope52 

pca27 
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Tahir' 35: Kc:~' to CfsSubsetEval feature set classifiers with mol'(' jl()\\Tl'ful settings. 

Key 
1 

2 

5 
6 

7 

Model 

Classifier 
functIons. Least J\IedSq 

funct ions. Linear Regression 

h met ions. Paec:TI egression 

lazy.IBk 

trees.~I5P 
trees.:d5P 

trees.TIEPTree 

The 7-pnrameter SBL~I. 

Classifiers 

Change 
Sam pIe SIze for hnear regression 
im proved to 100 from .J. 
No additional at t ri bu t e select ion 
performed. 
Estimator changed from I3mTs to 
ordinary least squares . 
.J clistance-\yeighted 1Iearest 

neighbours consiclered instead of 
1. Cross-validation eneblecl. 
Regression tree enabled. 
~Iinilllum nUlllber of inst nllces re-
el ul'eel to 2 frolll ,l. 
Pruning switched off. 

The list of more powerful classifiers is given in Table 3·5. 

Results 

Table 36 shows regression results for the modified regression algOlit lUllS awl t he'il' 

unmodified (default settings) benchmarks. It is apparent that \\'ith the: possible ex­

ception of the IBk algorithm, adjusting the default settings to attempt te) boost 

fitting puwer silllply eliel not work. Even for IBk, the 01le algorithlll where (\ (·011-

sidera ble imprm'ement was made, the more powerful setting unh' brought fitting 

accuracy in line with what the other algorithms were already achieving. 

ConcI usions 

This experiment leads to the following conclusions: 

l. Improving the classifiers themselves by increasing their cOlnplexit~, has little 

effect on regression success. 

2. This in turn indicates that the ability to fit light CUl"n:s IS bound bv the' 
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Table 3G: Correlation hetween targ;ct and fitted model parameh'rs for hig;h- ]l()\wr 

settings on st(lndard algorithms vs. their default setting;s. 
Data Set I :2 3 =I S G 

,.., 
{ 

u 0.50 0.53 0.53 0.59 0.6.5 D.G5 D.G1 
C/ with default settings 0.50 0.53 0.53 O . .t 7 O.GG O.GG O.G1 
e 0.54 0.55 0.5S 0.63 0.G3 0.63 0.57 
e with default settings 0.54 0.55 0.55 0.53 O.G2 O.G2 O.G:~ 

b 0.51 0.51 0.51 0.50 0.57 0.57 0.45 
b with default settings 0.51 0.51 0.51 0.38 0.5D O.SD (). SCi 
q 0.46 0.46 0.47 0.=15 0.55 0.5.5 (US 
q with default setting;s 0.46 0.46 0.-17 n.30 n.51 O.fJl O.fJl 

complexities inherent in the problem, not the complexity of all)" gi\"f~ll classifipr. 

3. ?vlost of the algorithms used in this and the Sections abow are alreadv pcr-

forming '",·ell. given the data set . 

.t. To improve accuracy dranmtically ())l(' \vould hay(' to adjust tIl(' illPllt dat C\ 

in some way. For example, the model parameter ranges in Table .[ cO\lld be 

subdivided to minimize degeneracy, or additional features \\'ith lllOj'(' predicti\'(' 

power would have to be used. 

6.6.2 Biasing for High Variance 

The previous Sections used a data set cousistiug of 1()(J()(J C'\'('uts t hat \\'('re' rall­

dOll1l)' selected from the standard model par(lmeter ranges gin'll iu Table 4. A U1ll11-

ber of these curves are quite similar to single lens cur\·es. making a binmy lllod('1 

inappropriate. A good example is the case of small mass ratio Cf with small binary 

separation Cl and large impact parameter b: tllP small secondary Iplls canses a lllillor 

perturbation at large impact parameter that will Ilot yield am' iuforttla( iOIl ott (II(' 

crossing angle e, for example. The parameter ranges in Table 4 ,,'cr(' chosen S() t Iwt 

(Ill of the sample events were in the "lensing zone". or zone of hUi!;c l)(,1't 1ll'iJ,l! iml, 

hut large perturbations were not guaranteed. 

In this experiment 70000 new, noisy events \\'ere generated ill the sallle' wa\' and 

from t hc sallle range as for the previous experilllcnt s, but all C\'( 'uts \\'i (h()llt ,\ large 

\'ariancc in the processed brightness (Yl'() ,. < 0.4) \wn' discnnlcd. In ot her well'( Is 
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t he data were purposefully biased toward disturbed events. Processed brightness 

refers to the final :v-value of a light curve after pre-processing as discussed in SectioYl 

G.l.3. TIl(' point of the: high-variance: bias was to prrse:rv(' ('vents that an ohserver 

would classify by eye as "binary lens" due to its large depart ure from a sillgle-lells 

light curve. 

Goal 

To determine if a daia set skewed towards the inclusion ()f strongly pert mi)('d 

light curves results in lllore effective regression. If this turned out to be the ("(bC. 

ew~nts that showed large perturbations could be fitted with a dat it set consisting of 

highly perturbed events, perhaps achieving better results. 

Data 

The origillal data set consisted of 70000 events. After selecting ew~nts based 011 

(VI.'ar > 0.4), 8204 events remained. This number was close enough to the lOOOD 

C\Tllts used in previous Sections so that the size of the dataset should not hav(' 

illfluenced result:--;. 

The data set was subjected to feature selection yielding t he set of feat mes for 

each parameter as given in Table 37. It was interestillg to COlllj)cUl' this t () hl(, t () 

Table 34 in Section 6.6.1: features selected in the absence of high-variallce bias. Th(' 

features selected for the high-variance data were almost completelY contailled in tile 

uubiased data set, with the exceptiou of specific, silllilar feat un's such as adj,lCcllt \'­

points. In other words, similar but fewer features were selected for the hip;h-varianc(' 

set. "'hat conclusions could be drawn from this selection'? Perhaps t hat fpc. t \!res ill 

the high-variance set were more clearly defined so t hat fewer derin'd features w('r(' 

required to reach the same conclusions about a model parameter fif: It ,YC\S hard t() 

tell withuut further tests beyond the scope of this experilllent. 

In addit ion to the CsfSubsctEval-sclcdecl feature s(~t. t lw pn'-pruu'ss('d ('\uTes 

t hemseln~s ,,"ere also tested using the same high-yariance bias for purposes of proof. 
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Table 37: CfsSubsetEval with GreedyStepwise Feature Selectioll Heslllt s for a clat it 
set biased towards large variallce, 

a e b 
turllXO y63 yadev 
t.urny1 turnx1 slopetul'lly1 
turny2 tUrIlx3 s1opetumy2 
tum\,3 turny3 slopesclev 
ysd~v tangent47 slopevar 
,vvar tangent49 s1opeslope43 

tangent16 tangent50 s1opcslopc45 
t.angent 19 tangent53 s1opeslope57 
tangent21 slopeturnx3 chebyfit8 
tangent2G s1opeturny6 chebyfit9 
tangent28 slopeave 
tangent31 slopeskew 
tangent46 5sl1100th33 
tangent53 20SIllooth2 
tangent70 chebyfitl 
tangent72 
tangent.75 
tangent76 
tangent81 
tangent98 

s1opeturny5 
slopeadev 
slopcsdcy 
slopevar 
slopeenrt 

slopeslope31 
s1opeslope65 
slopeslope89 
s1opeslope96 

('hebyfit (i 
chcbyfit14 

peal 
pea4 

q 
ymax 
:vskew 
yeurt 

tangent42 
tangcllt45 
tangent46 
tangcnt53 
tangent 54 
tangent5G 
slopcc:urt 

s1opeslopc49 
siopeslopc5G 
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Tahle; 38: Ke;y to classifie;rs used on the; variance-hiased data Sl't. 
Key ClassIfier . 
l' tunct Ions. Linear Regression 
2 lazy.IBk 
3 trees.ld5P 
-J trees.REPTree 

Model 

The st andard 7-parameter LG:\I binary lens model. 

Classifiers 

Four quite different classifiers with proven track records from preyious Sectiolls 

were used. 

Results 

Results are shown in Table 39 with the key to classifiers in Table 38. Results 1m 

an unbiased data set as well as a data set consisting of pre-processed C\11'\'es without 

feature selection are also shown. 

The effect of biasing for high vanance brought about a large impr()\'PIIlPllt ill 

fitting performance. The most dramatic improvement was a correlation increase of 

0.2. achieved for the IBk nearest-neighbour classifier. but performance was in('l'cased 

for all classifiers and model parame;te;rs (except. parallleter 1/ \\'itll the TIEr trel'. llllt 

this was cOIlsidered to be within margin of error). Comparison to the curve-onlv 

data set (no feature selection) shows that classifier performance on a sct of selected 

features is on a par \vith the benchmark, non-feature-selecteel curves for all model 

parameters. In particular, the M5P tree performs best OIl a feature set. as oppo:-;cd 

to light rllrve;s. 

This experiment proves that biasing the training elat a to i llelUCi<' olll~' high­

variance events leads to substantially better regression performance. \ Yc haY{' not wI 

considered the other implications of this bias. Firstly. if instancps of 0111' algOl'ithlllS 

arc trained ollly Oll high-variance cvcnts, these classifiers wuuld ob\'i()\lsly not \)(' 

capable of fitting low-variance events which cOllstitutes a loss of gCll('rc1iitY. It llldY 
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Tablc 39: Corrdation lwtw(;cn targct and regression variables fOl' all llnseen higll­

variance test set. Results for the same classifiers using a hiased. curves-ollly dellet 
set (no feat11re selection) and the 11nbiased data set from Section G.G.l are incl11ded 

for comparison. 
Detta Set 
a 
(1 without bias 
(1 curves only 

b . 
b without bias 
b curves only 
q 
q without bias 
q curves only 

(1) 
0.67 
0.53 
0.45 
0.68 
0.55 
0.41 
0.59 
0.51 
0.31 
0.51 
0.46 
0.09 

(2) 
0.67 
0.47 
0.79 
0.67 
0.53 
0.75 
0.52 
0.38 
0.63 
0.43 
0.30 
0.58 

(3) 
0.76 
0.66 
0.55 
0.74 
0.62 
0.65 
0.62 
0.59 
0.39 
0.54 
0.51 
0.36 

(4) 
0.69 
0.61 
0.70 
0.71 
0.63 
0.63 
0.57 
0.56 
0.58 
0.49 
0.51 
0.49 

be etrgued that this is not a serious loss as \ve can implv from the improvements in 

this experiment that low-variance events were not well fit to begill \,"ith. Obserwrs 

can easily discriminate high- and low-variance e\"ents before fitting. which lllcallS 

tlwt events c011ld be f11nneled down two different paths for regrcssioll: this bdtr'r-

performing high-variance method and an alternative met hud speciali,"cd t () lo\\"-

variance events. Secondly, binary events that me detected are likely to h,we high('r 

variance due to t he obvious selection effect. Thet t means t hett these lllet hods sho11ld 

still be applicable to a large proportion of events t hat an~ easil)" dist illguished as 

hinaries a-priori. 

Another question that comes to mind regarding bias is \\"hat (;H'cd high-vmiml('(l 

bias has on the model parmnder distrib11tions that \\T are llOW traillillg with and 

hence which parameter ranges can be successfully fit using these met hods. Figu[(ls 

-13 to 46 sho\\" the distributions of simple model petrmnetcrs (J. q. b nnd f) in the bi,lsed 

elatn set. The distributions of band q are fairly flat. \"hieh means that high-\"nrinnce 

bias is not imposing a restriction on the ranges of these parameters that call ])(' 

successfully fit (within the ranges used in these experiments. in am" case). ;\Iodel 

parallleters nand () are affected by the bias. Eveut:-; with (J.G Of:' < (/ < lOt" h(\\'(' 

higher variallce than those with 1 () E < a < l. 7 () £', heuce this j)etretlllcter l"rmge wi II 
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dominate training. In e the effect is the most dramatic. Honghh' speakillg ('wnls 

\\'ith -900 < e < 90° have high variance vvhereas the rest do llOt. Th(' ('xpLm2ltioll 

appears to he simplc: evcnts in thc favonrcrlrangc are those wlJ('I'e the SOl\\'('C jlrlth 

int ersects the typically large binary caustic stmct ure to t he right of 1 he prilllmy 

lens (for these model parameters) as shown in Figure 8. The nmgc of e \\'ith low 

variance reflects the large number of events that miss caustic structure altogct her 

due to an unfavourable crossing angle on the "wrong side" of t he projected binary 

lens. 

r--
-

--
r--r--

-

-
>--

0.6 1.15 1.7 

Figure 43: Distribution of a (e E ) for a variance-biased data set. 

,.---
...2.ll 

~ ~ 

n 20 :1 14 11 22 r 
0,02 179.96 359.9 

Figure 44: Distribution of e (0) for a variance-biased data set. 
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I 

0.1 
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I--- '----1---
I---

0.13 0.25 

Figure 45: Distribution of b (fh) for a variallce-!JiClsed de,L-} set . 

.---- .----
1---1--- 1---1---1---

....-- ....--r-
I---
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0.55 

Figure 46: Distribution of q (mtio) for a \"ariallCe-binsed data set. 
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Timing 

Timings of both test and training nUlS ,vere similar to those of the bielsed dell d 

set. 

Conclusions 

1. Biasing t he training and testing events for high vanance leads to lllu('h Ull­

proved fitting performance. 

2. The price to pay for better performance i:-; that a smaller subset of ('Wilts ('(Ill 

he fitted. 

6.6.3 Discrete classifiers 

Previous experiments in this Chapter determined continuous model parameters 

from continuous observations. In this experiment both the features ane! t lwir t mget 

values were discretizecl, allowing access to a number of classification algorithms that. 

\\'ere not a\'ailahle to continuolls data. 

Goal 

To determine the effects of discretization of the input and target data awl to 

evaluate classification performance of a number of discrete classification algorithms. 

Data 

The base data consisted of the same set of noisy events (10000 of them) used in 

the experiment in Section 6.6.1, but with each attribute and target \'nlue discrctizf'd 

iuto 10 hins. The CsfSubsctEval-sdcct(~d fcatnrcs sdc('t ('d in S('('t i()n G. G.I W('l'(' 

used for this experiment and once again there was a comparison to d lwnchlllark of' 

pre-processed light curves \vith no feature selection. Each y-point in the benchlllmk 

curves was also discretized into 10 bins. 

Model 

The st andard 7-parameter SBLl\l. 
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TahIr' -10: Key to discrete classifiers used on tIl(: stalldard Iloisy dnta sct. 
Kev Cla::;::;lficr 
1· trees.Icl3 
2 trees.H8 
3 trees.RandomForest 
4 tree::;. Randolll Tree 
5 trees.REPTree 
(j haycs.DayesNct 
7 rules.OneR 
8 trees. DecisionStllYllp 

Classifiers 

'\lost of the classifiers used in this experiment (Table -10) work onl\" on discrete 

data sets and could therefore not be used directly on the input elMn. For Cl d<'1e1il('d 

discussion on these classifiers, see [76]. 

Results 

Results are shown in Table 41 in the form of the percentage of cOlTectly clmisified 

parameters for each data set, classifier and model parameter. UllfortllIlat(dy ()Ile 

could not deriye a sensible correlation measure for discretc c1assificat ion for direct 

comparison with previous experiments, but some of these results look illlpn~ssiV('. 

Each model parameter was split into ten bins. and t lIP Rcllld()lllForest lW\Ilc1ges t () 

correctly classify e from its curve in two thirds of cases. The other lllodel panullctc'rs 

fair less well, with the best result obtained for Cl being 35 per ccnt from its emY<' 

using Random forest while b attains 24 per cellt frOlll RalldolllForcst alld q readles 

allllost 22 per ccut, again u::;ing the prc-procc::;::;ed light C\llTt~ all( [ (Ill' H (lll([OlllFor('s( 

algori t hm. 

Clearly the best discrete classifier in our experilllent is the RHnclomForest rollti 11(,. 

but a few performed well including J48, the REP and even the Ba~Ts:\(,t. Iu nll C,lses 

the classifiers fared better on light curves than on feature-selected data sets. 

It was helpful in this case to view the confusion matrix for classificatloll ,1S 

well. Table -12 ::;how::; that of classifying lllmld pmalllc( cr {f wi (h (he H CllldOlll Fm('st 

classifier. For this classification the success rate wns around ;3() pCI' ccut. but tIl(' 
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T<1hl(' 41: The perccnt<1gc of correctly cbssified model parameters for each data s<'l 
<md each model parameter using discrete classifiers. Classifier type ke\'" cHe ShOWll 
in Table 40. 

Data Set U) (2) (3) (4) (5) (6) (7) (8) 
discrete a 21.00 27.35 30.15 20.05 24A5 26.10 17.95 16.90 
discrete (J 35.95 43.70 47.15 40.50 40.55 -16.10 27.30 21. 50 
discrete b 15.40 18.25 16.85 16.00 17.60 18.05 18.0::> 12.50 
discrete iJ 12.60 15.45 18.50 12.75 16.60 18.05 15.65 14.95 
discrete a, curves only 25.75 3l.50 35.35 25.85 26.90 20.15 17.70 16.);") 
discrete O. curves only 52.55 57.45 66.85 5l.4(] 52.05 4-1.G(] 2Q.05 22.% 
discrete b, curves only 16.00 19.30 24.20 19.05 17.00 12.05 1-1.60 12.6::> 
discrete q. curves only 16.50 17.70 2l.80 17.80 16.90 1-1.00 1-1.90 lUJ5 

Table 42: The confusion matrix for the RandomForest classificHtion of nlOdd jlC'-

rameter a from selected features. Category names are in unit:-; of tho 
a 5 c cI e f o· h j classified as 

'" 783 150 30 15 13 10 14 13 23 23 a= ( -inf-O. 710095] 
266 428 159 37 15 23 22 21 28 27 h= (0. 710095-0.82()()8.1] 
74 201 298 130 61 23 26 33 26 25 c= (0.820084-0.930072] 
35 64 1-13 263 151 75 48 31 32 23 d= (0.930072-1.0-1006] 
2-1 3-1 54 173 250 163 80 49 52 36 c= l.04006-l.1500-19] 
3-1 32 26 70 174 215 173 131 70 58 f= l.1500-19-l.2G00:37] 
26 36 25 44 82 163 235 179 146 82 g= l.260037-1.370025] 
39 41 34 39 61 115 174 200 207 152 h= l.370025-1.480013] 
74 31 37 28 42 61 135 203 259 252 i= l.4800 13-1.590002] 
81 54 40 20 35 58 78 115 256 301 j= (1.590002-inf) 

confusion mHtrix shows that the situation is in fact better than indicated bv this 

single number: the matrix shows quite clearly that ,,·hen a parameter WH" mis-

classified. it was mostly classified in an adjacent bin. This can be seell frolll the 

stn·ngth of the diagonal and ari.iae('nt diagonals in tl](' matrix. 

Timing 

All the discrete classifiers in this experiment trained and tested \"Cr~' nlpidh-. 

Training times arc given in scconds in Table 4:~. T('sting timc "'as sUh-S(,(,()lld for 

all classifiers except the nearest-neighbour-based IB 1 algorithm due to its lllclllY 

Euclidean distance calculations. 

Conclusions 

1. Discrete classificatiun performs \vell. 
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Table -13: Training time (seconds) for all the set of discrete classifiprs used ill this 
Section. Several hac! sub-second training times. 

Data Set (1) (2) (3) (4) 
discrete a 9.33 2.09 37.96 5.09 
discrete e 1.06 0.49 1Ll.S 1.19 
discrete b 0.22 0.20 3.79 0.35 
discrete q 15.08 7.49 160.74 22.26 
discrete n. curves only 11.30 5.56 158.77 18.04 
discrete e, curves only 16.17 8.05 177.16 22.91 
discrete b. curves only 15.54 7.78 167.75 23.23 
discrete q. curves only 3.28 1.67 29.19 3.85 

(5) 
3.31 
0.76 
0.3:3 
13.:30 
11.70 
14.01 
13.76 
2.35 

(6) 
0.51 
0.06 
0.03 
1.27 
1.49 
1.29 
1.48 
0.25 

(I) 
0.17 
0.02 
0.01 
(). G4 
(J.G} 

0.62 
O.G2 
0.12 

(8) 
(1.:32 
0.02 
(Ull 
061 
(Uil 
O.G2 
(). (jO 
0.12 

2. \ Yhen parallleters arc incorrectly cli:\ssifiecl t hey arc lllOSt ly placed ill adj ac( 'Ilt 

categories; a reassuring sign that the algorithms are performing s('llsibk 

3. The algorithms tested faired better on the light-curn~ data itself than on s('-

lected. derived features. 

The success of discrete classification as evidenced in this C'xperimPllt opells lip 

several possibilities for fitting schemes. For example. (','ents call be classified illt 0 

"m'ious bins or parameter subspaces. The choice of subspace coulc! 1)(' based OIl 

a division that minimizes known degeneracies in the model. Thc I1cxt ex]wrill1cl1t 

cxalllines the effect that reducing the modd panullclcr ntllgc lllClY hav(' on regressiol1 

accuracy. 

6.6.4 Dividing the Input space 

So far we have considered the model parameter range from Table -± clS om rallge 

of interest as it encompasses most binary lens pcrturhCltions to the sillgle lells curve. 

In this experiment the parameter space was subdivided in an at t Plllpt to boost 

efficiency. Of course, if applied in this way to real-world e,'ents. a fit would have 

to be perforllled per sub::space. Although each ::subspace might t akc tillle to train. 

interrogation time for the methods examined so far is always wry Cjllick so this docs 

not represent a serious criticism of the approach. 

SOUle care need::s to be taken when conduct iug this experim('ut so as not to 

inadvertently increase the density of samples in our range. which "'mIld lllilk(· for <111 
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unfair comparison to results from experiments like those in Section G. G. 2. For this 

reason, the experiment is split into two parts. The first part is nlll wit h a smnpl(' 

density similar to that of Section G.G.2 and the second part is run with a m1lch higlwr 

sample dcnsity. This allowed for the separation of e£Tects clue to sample dellsit,· ,·S. 

t hose of reducing light curye degeneracy clue to the choice of parmneter sniJspClc<c. 

Goal 

To determinc the effect of dividing the input space into subspace; that reduc(' 

the theoretical degeneracy of light curves. The effect of sHmple d(?l1sity is also 

inycstiga ted. 

Data 

The data range from Table 4 used in preVI01lS cxpcrime11ts ,,'as red1lced. 1'10-

jected orbital separation a was reduced to O.G ()~. < (J < 1.0 O~· from O.G () ~ < ({ < 

1.7 ()E. The crossing angle () was reduced to just 0° < () < 90~. These particnhu 

choices were made based on t he known degeneracies discussed in Sect ion 3.3.'1. Ollly 

1250 events were generated in this range in the first phase so that the clcnsit~· of 

samples mlllld be cOlllparable to pn?vio1ls ('xpcrillw11ts. A s1lbsC(ll)(,l1t ('XpCri11H'l1t 

\\'(lS nUl with much higher sample density. 

Model 

The st andard 7 -parameter SBLf\!. 

Classifiers 

Four classifiers with a pWYCIl track recorel were used in this experiment. 1')1'('11 

in Table 38. 

Results 

The results in Table 44 show that the data set consisting of event:,; from a reduced 

panllllctcr rallge outperforms the full range despite the COllstant sctlllpl(' dellsity. The 

fCHt is made more impressive by the fact that the correlations n]'e higher thrill t host, 
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TRblr; ~4: Corrr;IRtion br;twecn targd and 
sifiers and just 1250 events. 

Data Set M5P LinearRegression 
(1 0.75 0.70 
e 0.70 0.73 
b 0.64 0.56 
q 0.46 0.47 

IBk 
0.52 
0.68 
0.34 
0.32 

fitted model parameters usillg fOllr c]as-

REP 
0.68 
0.71 
0.62 
0.45 

Table ~5: Correlation between target and fitted model purmnt'ters usillg fOllr ClcIS­

siners and a large set of 30000 events, still uperatiug on H reduccd pmmu('t ('[" l"Ctllg('. 
Both selected features and pre-processed light cun'es by themseh"es \\"{'l"{' t('sted. 

Data Set }lISP LinearRegression Ink HEP 
(1 0.86 0.72 0.66 0.84 
(1 curves 0.90 0.39 0.92 0.89 
() 0.81 0.72 0.67 0.79 
U curves 0.84 0.56 0.88 0.83 
b 0.75 0.59 0.50 0.71 
b curves 0.76 0.35 0.80 0.76 
q 0.64 0.52 0.49 0.6"1 
q cun"cs 0.59 0.42 0.72 0.67 

in Table 39, even though the parameter ranges eire srn(lller (for parmlletcr:-; (j and fj) 

which means that the absolute error has decreased considerabl~·. 

Density of events 

The same experiment was repeated to inve:-;tiga te t he effect of deusi t.Y of Sillll p]e 

events on fitting accuracy. Model parameter ranges were left the same but this tilll(, 

3UUOU events were generated, split into a training set of L,1()()() awl (l t(':-;t s('( of (j()()() 

events. Keeping with the comparisons lIl(ldc ill previous Sections. the dat il scI s ("()1l-

t (-lining selected features were (llso compared to a nUl ecmt (lilling onl\" pre-proccssed 

curves. Results for both data regimes are shown ill Tuble 40: the COlTl']atioll he-

tween target and fitted moclel parameters usillg the same fOll!" classifiers as ill th(' 

This experiment yields the best results so far in this thesis. The ~I3P 1 ret' cln;;­

sifier reaches a correlation of 0.86 between fitted and target yariables on a featm('-

ba:-;ccl dat a set; the Lest of allY regressioll schellle based on seleded features so fm. 

Ho\\"e\"er, some of the curve-based regressions fair even better. The 1Bk ill i!;or i 1 hIll 
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applied to processed curves yielded 0.92 for model parameter (l and 0.88 for pCll"alllC­

ter U. IBk also yields the highest ever correlation for b. at 0.80 using C111"WS awl q at 

0.72 ,dso using curves. :f\fSP also fares very well with comparable jl<'rforJllnl)('C llsing 

either curves or feat ure sets as input. It is important to note that our SUbSjlcH'C in 

t he model parameter range was a reduction in (L and f) only. yet relllarbl bh· hetter 

results are achieved for parameters band q as well. 

Conclusions 

1. Reducing the parameter space of our experiment in a (lnd () leads to n dnmldtic 

imprm'ement in fitting performance. The performance improvement was not 

due to increased sample densit.y. The most likely explanation for the improw­

ment would he the removal of known model degeneracies whell the jlnnllllcj('r 

range is reduced specifically in this way. 

2. On the other hand, increasing sample density ClIso led to Imge illlprm'(,lll('nts 

in performance, with the best results a.chieved so far out of am' experilllC'nt. 

6.6.5 Meta-classifiers 

There is anot.her avenue of exploration to be followed in order to hoost the 

passable results obtained so far. So-called "meta-classifiers" usc a combinatio]) of 

regression algorithms or re-train an existing classifier based on its resid11als \yit h 

respect to Cl given problem (e.g. [76]). 

Goal 

To determine if meta-classification is a viable regressioll strategy for L(;::'l billar)' 

C\Ults, by testing a number of representative lllc1a-classifiers. 

Data 

The noisy. feature-selected dataset considered in Section G.G.l is used here and 

t he results from that Sectiun arc a suit able benchlllark t () measure this ('x]>crilll(,ll t 

against. 

It-\() 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Model 

The standard 7-paraulCter LGl\I binar~' leus llludd (SDL.\I). 

Classifiers 

Two scenarios were considered: where the underlyiug classifiers \nT(~ t hrcc of 

those known to perform well on their OWll (IBk ~ISP and HEP classifiers) cwd <l. 

second scenario where the underlying classifiers were simple (e.g. Dc("isiollStlUllp. 

LinearRegression, ZeroR). 

Results 

Results for the strong underlying algorithms are Sho\Yll ill Table .. Hi. Adapt iwHe­

gression and Bagging shmv a negligible imprm'ement over the pcrfOJ"lllallCe of the 

:\II5P algorithm working by itscIf. The "Voh'" algorithm llsing :\Ii"iP. IBk (lllel t]l(' 

REP tree fares slightly better than NI5P does lw it:-;elf for parmneters (f. f1 cUld If. 

but in fact slightly worse for b. 

Things got more interesting when the results for weak uuderlyiug classifiers W('\"(' 

considered, shown in Table 47. The outstanding result from this part of t]1(' experi­

ment \yas the performance of (3), Bagging with a REP tree underlying. It reached a 

correlation uf 0.74 for (J awl above O. (j 1 for the rettlaining paraIllet Cl"S. The 13aggillg 

classifiers in Table 4G do not fare this \vell, peaking at 0.G8. In the ("Hse of the :\ISP 

Hlgorithm. it looked like the meta-classifiers had wry litt Ie effect Oil the perfOl"]Wlll("l' 

of the uuderlying. Yet for the REP tree, the Bagging algorithlll enhanced the ,\("("\l­

racy of the llnderlying sllhstantially, as call be seell from the lmdcr]ying's 1wnclllllark 

perfonllClllcc (7). Similarly to the ~15P UlHlerlyillg. 13agging \\'it h Lin('arHl'grcssiull 

appeHrs to perform no better thHn LinearRegrcssion by itsdf. Our first obscrvMioll. 

t hen, is that the performance of a meta-classifier call be criticedly dqWlld(,llt Oil 

the type of underlying classifier in the realm of the LG:\I biuary lensillg pmblt'111. 

The same ambivalence was seen for the AdaptiveRegression meta-c1assifil'r. which 

enhanced the performance of the underlying DccisiullStUlllP algorit hlll. bllt not that 

of elll .\I.5P tree. 
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Table 46: Correlation between target and fitted model parameters using three mcta­
classifiers. The met a-classifiers used the ~IGP tree a::; t he underlying algori t lUll, 
except for the Vote algorithm that used IBk, l\I5P anel REP tree. 

Data Set 1\I5P tree AdaptiveRegressioll Bagging Vote 
a 0.66 0.66 0.66 0.68 
f) 0.62 0.63 0.66 0.68 
b 0.59 0.59 0.60 0.56 
II 0.51 0.51 0.53 0.53 

Table 47: Correlation betwccu target and fitted lllodd paraul<'t ers llsiug I hrec llwl (l­

classifiers and comparisons, with key in Table 48. The data sets used are eXC1ctly 
t he same as for those shown in Tahle 46. 

Dataset (1) (2) (3) (4) (5) (6) (7) 
a 0.53 0.50 0.74 0.51 0.53 0.31 0.61 
f) 0.55 0.5ci 0.68 0.54 0.55 0.44 0.63 
b 0.51 0.52 0.61 0.52 0.51 0.47 0.56 
q 0.46 0.46 0.64 0.47 0.46 0.31 0.51 

Table 48: Kf~Y to meta classifiers llsed on the standard nois\, data set. 
Key Classifier . . 
I' LmearRegressJOn 
2 AdaptiyeRegression (Decisionstump underlying) 
3 Bagging (REP underlying) 
-! Vote (LinearRegression, ZeroR and DecisionStump underh'ing) 
5 Bagging (LinearRegression underlying) 
(j DecisionStulllp 
7 REP 

Table 49: Correlation between target and fitted model paralllcters usillg t hre(' met (l­
clas::;ifier::; and compari::;on::; on a data set con::;isting of processed curycs wit hout 
feature selection. Classifier keys are the same (Table 48). 

Dataset (1) (2) (3) (4) (5) (6) (7) 
a 0.32 0.40 0.74 0.30 0.32 0.16 0.61 
f) 0.29 0.41 0.69 0.30 0.29 0.19 0.48 
b 0.22 0.40 0.75 0.24 0.22 0.20 0.63 
q 0.27 0.36 0.64 0.31 0.27 0.30 0.49 
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Timing 

The training time attributed to met a-classifiers used in this expcrim('Ilt rell bel' 

obviously depended on that of the underlying. The use of ,111 algOl'it 11lll t h'lt is !l()t 

that slmv to train but benefits from meta-classifiers. s11ch as REP, appears t() be i\ 

workable solution. 

Conclusions 

In summary 

1. :vIet a-classifiers can boost the performance of some classifl('l's 

2. REP and the DecisionSturnp appear to benefit in this test \\'llPreas the :\I5P 

algorithm does not. 
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7 Fitting Real data 

In this Chapter the techniques of example-based fitting that had been pxpcrimcllt('d 

with in previous Chapters are finally applied to real d<lta. The g()[d of this ScC'1ioll 

was still to prove the concept of applying example-based fitting to LG~I cwnt s, n()t 

to fe-analyze the published data thoroughly. 

Only two real events were fitted using this methodology alld lwncp this Chaptc]' 

suffers fl'Olll a selectioll effe('t. The two ('hOSCll ('V('llts hot h showed st 1'Ollg billalT 

features and were fairly complete in their coverage of the light CU1'\'(', making titclll 

similar to the events the classifiers \vere trained with. A lllnnber of ('Ycnts \'1'('1'(' 

considered for which no fit was attempted. lVIACHO-98-BLG-3:j was <l (olltrm'('rsiid, 

possible planet detection but the planetary perturbation would ha\'e becn WiI." too 

small to pass the high variance n:quircrrH'nt.. It could ha\,(' lwell att('lllpt('d wit h i\ 

training set specially prepared to detect planetary signals. but this was bCYOlHllll(' 

scope of the thesis. OGLE-2003-BLG-170 had too fc\\" data points dming tIl<' ;-wt uid 

event to attempt a fit. OGLE-2003-8LG-291 appearcd to be all obvious case of 

binary source instead of binary lens ~Iicroiellsing. OGLE-19!)D-BLG-2:L ~IACI-rO-

07-8LG-11 and other candidates with puhliclv availahle data W('l'(' not ntt('lllpted 

simply because of time constraints. 

Although the small number of real fits casts some doubt on the \'Hliclity of this 

Section. there is no reason to suspect that more evpnts could not have becn SIlCC'('SS­

fully fitted. The method worked as designed when applied to OGLE-2003-BLG-2G7 

and EROS-2000-BLG-S. which merely required extension of the training parame­

ter range awl lilllitation of t.raining events along simple linC's su('h (IS the lllillillllllll 

number of peaks in a given training curve. 
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7.1 Preparation 

7.1.1 Classifiers and Example Data 

A final choice of regression algorithm needed to be miide. TIlt' results of om 

experiments implicated three classifiers, which were compared OllC'P more usillg spc­

cially prepared data sets. As in some previous experiments. t\H) data sets per lllodel 

parmuder were c()nstnlct(~d: the first was a feature-selcct cd sd using tIl<' CSfSllh­

S(?t E\'al and Greedy-Stepwise selection algorithm. The second data sd cOllsisted of 

just the pre-processed y-values from our light curves, ClS discussed in Section G.l.J. 

Lessons from previous experiments were applied. SOOOO events wcre used ill each 

data set: the largest set to date. Constructing as large a data set as was practicnl WilS 

motivated by Section 6.6.4. Events were biased toward high variance' b~' excludillg 

all e\'ellts \vit h a pre-processed variance ill y-wtlucs slllaller t hall O.eL 11101 iVctl cd hy 

Section 6.6.2. The pi:lrameter space was divided into four by splitting the nmgcs 

of two parameters, a and e into 0.6 eE < (J < l.O eE , 1.0 f}E < (J < l.7 f}ro' cmel 

0° < e < 120° , 240° < e < 360°, as motivated by Section G.6.~. \'ote thnt no ('Wilts 

were generated wit h 120° < f) < 240°. That's because the distri b11 liOll of f} for ('vellts 

with high variallCC included a ncgligible llumber of events wi1h f) ill this range. Tlte 

upper limi t of impact parameter Ii was actually ex1 ended from O.2S f} E as used ill all 

previous experiments, to 1. 0 e E. It WC1S thought tlwt t his extension would ,lllow for 

a larger number of events to bc eligible for fitting without reducing the algorithms' 

accuracy too much, as events were already biased tmvards high varinnce ,,-hich \\"emld 

exclude dalllaging training evcnts which did not show lllllCh billar), d('\-iat i()ll. 

The classifiers used arc givell ill Table 50. The choice of these t Im'v \\-(\S \mscd ()Il 

their strong performance in the experiments. IBk \\'as imprm'ed from its stawlcud 

configuration (as suggested by Section 6.6.1) to take four llcnrest Ilcighbours jilt 0 

account. and scale their contributions by the inverse of their Euclidean dist aucl' to 

the input vector. The l\ISP tree algorithm was left at its default settiugs hascd on 

it s previous success in this coufiguratioll and the REP t rec was cOlllbiucd \\-j t 11 the 

"Bagging" meta-algorithm as this proved highly successful in experimcnt G.G.5. 

1i)G 
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Table 00: Choice of thre'e regression algorithms uSe'd Oll tIl(' final training data set. 
Kev ClasslflCr 
l' IBk-nearest-neighbour classifier wIth 4 nearest neIgh­

bours and d- I distance scaling. 
2 l\I5P tree with default settings. 
3 TIEP tree with the Bagging meta-algorithm. 

Selected Features 

The data sets used in this Section \,;ere optimized for effl'cti\'(' regression llsillg 

results from all pre\'ious experiments and selected features are bridiv rcvisited he]'e. 

There \w're four data ran?;es to consider for each of t Iw four lllodel paralllet crs t () 1)(' 

fitted. corresponding to the divisions in e and a. Selections using thl' CsfSuhsct.Ev(\] 

and Greedy-Stepwise algorithms are presented in Tables 51 to 5-1. 

The feature selection results were largely as expected. There are stl'Ollg Slllll­

larities between features selected for model parameter ranges which result ill cwnts 

that are flipped arouncl the y-axis of the light curve. For example the cvents frolll 

Table 51 arc llliITor images in the y-axis (statistically speaking) of those ill Table 

53. The same applies to Tables 52 and 54. If feMme selection \\U'l' pcrfect. 011l' 

would have expected these matching tables to contain identical resulb. but they do 

not. Overall the selecteel features make sense by way of a hall<l-\vaving arglll11C111. 

but the' real test of their merit is a quantitatiw ('()]llparisoll of traillillg reslllts ()~ 

ulldert akcn below. 

Training Results and final algorithm selection 

Correlatiun results for each cumbiuation of all four panuu('\cr ]'(luge suiJdivisiotls. 

three classifiers, two feature sets (pre-processed curves and selectee! features) <111<1 

four model parameters are given ill Tables 55 to 58. 

The training results of our final classifiers arc strong. achi('\'illg corrclntions bc­

tween target and fitted variables above 0.7c± on unseen test sets for some combillatioll 

uf da! a set and classifier, for each lllodel parameter in all four ntuges. C()]Tda ti()IlS 

as high as 0.94 are achieved for a.1I parameters but q. which rpnclws n mnXillllllll of 
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Table 51: CsfSubsetEval with Greedy-Step-\Vise feature selection for a set of 
50000 events with high-variance bias and slight noise Ilsing model panlltwter raltges 

0.6 BE < a < 1.0 BE, 0° < B < 120°, 0.001 BE < b < 1.0 BF;. 0.1 < q < 1.0. 
a e b q 

turnxl y98 t.angentl0 :v14 
turnx6 t.urnx6 tangent56 y99 
t.urnx7 ysdev tangent93 turnxO 
'ymax t.angent.53 slopeturny5 turnyl 
yskevv slopet.urny5 slopeturny6 turnx7 

t.angent.34 slopeturny6 slopevar ymax 
tangent.43 slopeadev slopeslope35 ysdev 
tangent.62 slopesdev slopeslope60 yvar 
t.angent.66 slopevar slopeslope64 };skew 
t.angent.86 slopeslope32 slopeslope66 t.angent.45 
slopeadev slopeslope35 slopeslope68 t.angent.53 
slopesdev slopeslope48 slopeskew 
slopevar slopeslope62 5S111ooth 11 
slopecnrt slopcslopdi1 dlCbyfitS 

slopeslope24 slopeslope66 cheb}:fitlO 
slopeslope29 slopeslope68 c:hebyfit 12 
slopeslope38 5S111oothl pc:a4 
slopeslope70 dwbvfitJ 
slopeslope73 chebyfit5 
slopeslope76 chebyfi t9 
slopeslope82 

chebvfitl0 
("heb~fitI2 
cheb~fitl3 
dwbyfitU Univ
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Tablr; 52: CsfSubsdEval with Grw'd,v-Step-V\'isC' feature sdectioll f()]' a set of 
50000 events with high-variance bias and slight noise using model panmwt('l nlllgcs 
l.n UF < (J < 1.7 fh, n° < fJ < 1200,0.001 fJr; < b < 1.0 UF. 0.1 < !J < l.O. 

n g b 
1'4 Ylllax 1'1 
y5 1'min tUl"nxO 

1'99 yadev turnx3 
turnyO ysdev yaclev 
turny3 tangent60 tangent51 
1'aclev slopeturny5 slopeturny6 
yeurt s1opeturnx6 slopeaclev 

s1opeturnx5 slopetul"ny6 slopesdev 
s1opcturnx6 slopeskew slopevar 
s1opeturux7 slopeeurt s1opeslope62 

slopeave s1opeslope43 s1opeslope65 
s1opeslope24 s1opeslope46 
slopeslo]1e27 s1opeslopc49 
5sltlooth81 s1opeslope53 
chcbditfi s1opcslopc56 
chcb\~fit10 s1opeslope60 
cheb)"fit12 s1opeslope63 

pea8 s1opeslope79 
pea11 5smooth3 
pca12 chcbyfit5 

chebyfit6 
c:hehvfit8 
chcb)~fit10 
chebyfit16 

ymin 
tangcnt 56 
slopeadev 
slo]1esdev 
slopevar 
slopcc:urt 
5S11100th1 

20sltlooth48 
clIP byfi t 1 0 

Table ·33: C'sfSubsetEval with Greccl,v-Step- \iVise feature selectioll for a set ()f 
50000 events wit 11 high-variance bias and slight noise using model pnrn flwter l"Cl11l',es 
0.6 fJ E < a < 1.0 eE , 240 0 < e < 360°,0.001 fJ F < b < 1.0 fJ El 0.1 < (I < 1.0. 

u f) b 
turnxO y1 turnx3 
turnyl turny4 ymill 
turnx7 ylllm tangent42 
1'lllin ysdev tangent73 
yskew tangent61 s1opcturny7 

tangent3 slopetul"ny2 slopevar 
tangcnt26 slopesdev pea6 
tangent31 s1opeslope30 
tallgellt35 slopeslope34 
t angent61 s1opeslope36 
tClng(,lltfi7 slop('s]o]1('51 
slopeadev slopcslope67 
slopesdcv chebyfit3 

slopeslope 14 c:hcbyfit5 
slopeslope20 
slopeslope40 
s1opeslope42 
ch('b~"fitlO 

pc:a26 

(/ 
turllxl 
xcurt 
1'skew 

tangcnt45 
SlOpcturllx3 

slopeave 
slopeskcw 
5sl1looth28 
5S11100t!t83 
chcb\"ht5 
dH'h)"ht~ 
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Table 5-1: CsfSubsetEval with Greedy-Step-\Vise feature selectioll for a set of 
50000 events with high-variance bias and slight noise using mudel parmue\ cr nmgcs 

1.0 (h < a < 1.7 (h, 240° < (J < 360°, 0.001 (JE < b < 1.0 (JE, 0.1 < q < 1.0. 
a e b q 

.vO y95 y48 tumy5 
y95 turny4 tllrny4 ymlll 

turnxO ymax turnx7 tangent43 
turny2 ymin ymin slopeadev 
turny3 xellrt tangent48 slopcsclev 
.vadev yadev tangent76 slopevar 
~Turt tangent39 tangent86 slopecurt 

tangent92 slopeturny3 slopeaclev 5S111ooth95 
slopeave slopeturny6 slopeslope34 20S11100th33 

slopeslopc69 slopeturnx7 chcbyfitlO 
slopeslope72 slopcskew 
20smooth9 slopeeurt 
chebyfitG slopeslope35 
dw hvh tl 0 slopcslopc38 
cheb~htl2 slopeslopc42 
chebyfitl4 slopeslope49 
chebyfitl6 slopeslope52 

pea8 slopcslope55 
pca13 chebyfit5 

chebyfit6 
ehebyfit8 

c:hebyfitlG 

Ta ble 55: Correlation between target and fitted model parameters for the l"C1llgc 

0.6 (JE < (l < 1.0 (JE,O° < (J < 120°,0.001 (JE < b < 1.0 (JF.O.l < II < l.(). list(~d hy 

algorithm type. 
Dataset IBk (4 neighbours) 
a 0.78 
a(cul"l'eonly) 0.94 
f} 0.48 
&(curvconly) 0.84 
b 0.46 
b(curveonly) 0.83 
q 0.62 
q(cllrveonly) 0.70 

M5P (default) 
0.89 
0.87 
0.69 
0.73 
0.63 
0.76 
0.60 
0.53 

H){) 

REP with hagging 
0.91 
0.94 
0.76 
0.84 
0.67 
0.85 
0.G5 
0.74 
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Table 56: Correlation between target and fitted lllouel pc1n-lllleters for the ]"(mge 

0.6 BE < a < 1.0 BE.240° < B < 360°,0.001 BE < b < 1.0 BE.O.1 < q < 1.0. listed hy 
algorithm type. 

Dataset II3k (4 neighbours) 
(J 0.80 
(J(curl'f'-only) 0.92 
o 0.58 
8(curveonly) 0.84 
b 0.64 
b(curveonly) 0.84 
q 0.56 
q(c:url'eoTlly) 0.67 

M5P (default) 
0.88 
0.84 
0.67 
0.74 
0.66 
0.77 
0.54 
0.59 

REP with bagging 
0.90 
0.92 
0.72 
0.86 
0.69 
0.88 
0.61 
0.75 

Table 57: Correlation between target and fitted model parameters for thl' range 
1.0 fJE < (J < 1.7 fJE,O° < 0 < 120°.0.001 fiE': < h < 1.0 ()£.U.l < (J < l.O. listed iJ\' 
algorithm type. 

Dataset II3k (4 neighbours) 
(J 0.64 
a(cur7.'f'-only) 0.82 
e 0.66 
U(curveonly) 0.92 
b 0.74 
b(curl'eonly) 0.91 
q 0.61 
q(curl'eonly) 0.78 

M5P (default) 
0.64 
0.70 
0.83 
0.87 
0.77 
0.85 
0.62 
0.56 

REP \"ith bagging 
0.7:3 
0.84 
0.86 
0.92 
0.80 
0.92 
0.65 
0.78 

Table 58: Correlation between target awl fitted model parallleters fOl' tIl(' rallge 

1.0 BE < a < 1.7 BE.240° < B < 360°,0.001 BE < b < 1.0 B£.O.l < q < 1.0. listed h\' 
algorithm type. 

Dataset II3k (4 neighbours) 
(1 0.70 
a (cl1Tveonly) 0.85 
e 0.69 
8(curl'conly) 0.94 
b 0.80 
b(curveonly) 0.94 
q 0.64 
q(curveonly) 0.80 

:t-.I5P (default) 
0.68 
0.78 
0.84 
0.89 
0.80 
0.86 
0.63 
0.69 

lUI 

REP with hagging 
0.76 
0.86 
0.87 
0.93 
0.83 
0.93 
0.67 
0.81 
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0.81. 

REP with Bagging applied to pre-processed curves (no feature selection) appears 

to do particularly ,vell, although simple 1Bk with J nearest nci?;hbours clol's out per­

form it slightl~' on occasion. Classifiers trained on extracted features appear to Lli!, 

behind in all cases. 

Conclusions 

\Vith the final experiment completed, we made our choice of algorit hill. exalllple 

data and pre-processing tedllliquc. 

Data: 

l. Parameter 0.6 tie < ([ < 1.7 (jE, split. into two sets at l.() fit"' 

2. All of paramet er (j except 1200 < (j < 2400
. split into a set frulll 0° t () 1200 

and another from 2400 to 3600
. 

3. Parameter 0.001 eE < b < 1.0 eE 

4. Parameter 0.1 < q < 1.0 

.5. 50000 training events per data set 

G. Pre-processed curves only. I3ased on raw pcrfol'lnancc onl~'. feat mC-Sdl'('t('d 

sets were not used. 

Classifiers: 

1. REP with I3agging was chosen to be used throughout. Although IBk also 

performed well, it had a slower classification time ,yhich would also COUllt 

against it in bulk fitting operations. 

7.1.2 Fine-tuning 

The regression experilllents in Chapter G achieved correlations of up t () (J. ~ 1 for 

model parameters, but even at this accuracy the fitted model pHl'mnctl'l's would 

1 !)2 
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not build a curve that \vas a good uHltch to the target cun'e Oil C1 .:.). \ L-bn:-:is. 'I'll(' 

exam ple-based fit at no time attempts to minimize .6. ,L. e\"Cll though it is at t ('Ill pt i Ilg 

to di:-:con:r modd pmamder values by other nwCt.llS. 

Still, the minimulll valuc of .6. \;2 COlTCSpuwls t () the nHtXillllUll likelihood Illodd 

parameter set (e.g., [59]). Therefore a further, finc-tuning oj)erMioll is required to 

complete the fit, which performs a more traditional .6.yL-bascd fit usillg the r('sult 

of the example-based regression as a starting point. 

Unfortunately, traditional fits to l\1icrolensing en'nts fare p()orl~', as sh()wll ill 

Scctiou 5.1. The startiug point of a traditionaL gradi('ut-ims('d algorithm has () 1)(' 

wi thin t he convergence well of the event in order to find the true minimlUll of (he 

x 2-surface. Hence the problem: example-based fits are required to be (lc('uri1tc to 

less than the size of the convergence radius. which \\'C hav(' seeu is a distributi()1l 

that peaks at a mere few per cent. 

Fine-tuning Techniques 

Two fine-tuning techniques were employed for the tillal tits. TIl<' first was a pub­

licly Ct.vailable [90] implementation of the industry :-:tCt.lldmd Lewllbcrg-:\ImCjllardt 

gradient -based method while the second was a bespoke im plemellt at iOIl of a Geuc( ic 

Algorithm. The Levenberg-Marquardt algorithm \VHS cxtn'mel~' fdst (O(s('c()lIds)) 

but was prone to premature convergence, while the GA was \'t'lT slow (O(holll's)) hn( 

much more robust.. The model parameters from the result of exalllplp-lms('<1 tittillg 

WitS us('o itS the starting point for both aJgori t hms, although t hey ,,'en' iJl('mjlma( ('<I 

in different ways. 

An important OllllSSlOn should be mentioncd here. The ~larku\' Chnin :-Ioute 

Carlo method has recently been successfully applied to biwHv It'IlS problems to fi llt'­

tune seed solutions [70]. This method appears adept at filldillg all local lllinillJa 

ill x2-space around the location of a seed solution anel also j)l'Oyidcs a ('()variallc(' 

Illatrix for elTor estimation at the minimultl. The ulcthod WetS uut ill\'('s( igatcd ('()]' 

fine-tuning in this thesis because it unfortunately escaped thl' (mthm's (,(tclItioll 
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T:1hle S0: T:1hlc of Genetic Algorithm parameters used for fine-tuning eXilmpl('-h(\~('d 
fit results. 

Parameter Value Description 
Population Size 1000 The number of light curves calculated for 

each iteration. 
l\Iutation Rate 0.005 The probability that a bit in an incli"icl-

UCl.l'S genotype will invert. 
Cross-owr Probabilit.\, n.R Tlw probability that a fitJl('ss-selcctcd in-

Sdect ion Slope 100 

Elitism 5 

Bits per parameter 16 

until a ven' late stage. 

dividual will cross (wer its phenotype wit h 
a partner. 
The evolutionary pressure - fittest incliyid-
uab are 100 times more likel.\' to repro­
duce. 
The fittest 5 indiyiduals automatically 
survive the iteration. 
The number of bits for each model paral1l-
eter in each inclividual. 

For the Levenberg-r-.,1:1rquardt :1lgorithm, the starting point was simply set equal 

to the exalllple-based fit result. Lcvcnberg-Marquardt is (ttl un];uumlcd algorit hlll. 

In the case of GA, which is bounded, the bounds wer(, centered around the regressioll 

solution. The GA was also "seeded" with the regression solution, meaning that this 

parameter set was re-inserted into the fitting population at each iteration. GA 

fitting parameters an~ gi\'f~n in Tahle 59. 

7.2 Fits to Observed Events 

:'Iore than a thousand LGl\I events had been detected at the time' ()f writing. 

It was decided to apply the methodology developed here to t,\'O billelry ('Wilts t() 

complete the proof of concept. As we shall see the fits were both sU("("('ssful. Imt 

very few conclusions could be drawn from such a sHlall number of fits. There ,,'as 

abo a selection effect as two events were chosen (hat \\'Cre in good agn'('lll('llt wit 11 

t he training data used in the experiments in previous Sections. 
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7.2.1 EROS BLG-2000-5 

The EROS collaboration [7] issued an alert on G '\lay 20()() that EHOS BLG-

2000-5 \\'as a probable Microlensing event. The follcny-up group .\lPS [~1] isslwcl 

a subsequent alert on 8 June 2000 that the event '\'CIS rapidlv brightening (in a 

manner inconsistent with single lens f\1icrolensing). The PLA~ET collnbonll iOll 

acted on these alerts and proceeded to gather data for one of the most detailed light 

CUlTes e,'er observed for an LGM event, ,vith lllore than IJU() data p()ints from f()m 

observatories by the time of publication of their lllocieling pajwr [1 J. 

This event was chosen due to the a.vailability of a complete singlc-iJcmcilight ("mv(' 

from a single site. (I-band data from the South African Astronolllical ObSCTyatOlT) 

which eliminated complications caused by the requirement to align obscrvatiolls 

frolll scpclrat c sit cs. It was also a fairly easy t arg('t as t 11(' light ("111T("S cowrag(' ()f 

t he event was fairly complete, including t he first caustic crossing and the dellsity 

of observations exceeded that of the simulated eHellts used for traillillg. Th(' cwnt 

exhibited strong binary lensing features in the form of a caustic ent ry and ('xit, as 

well as a caustic cusp approach. 

Data 

Only I-band DOPHOT-photometry data from a single site (SAAO) were used. 

The same minor cleaning process as used by PLA\'ET in [1] ,yas (I]lpli('d. wllC'rchv 

da t a point s t aken during seeing of more than 2.1 arcscc()Jl(ls and lllcaSUH'llH'llt s wi t h 

uncertainty of worse than 3 per cent were discarded a-priori. Tlwt left () total of 

~28 observations. dmyn from 515 in I-band taken at S:\AO. 

First Attempt 

The very first attempt at fitting. using the cli:1ssifiers tri:1ined ill Sectioll 7.l. L 

failed to find any reasonable solutions, with a minimulll ~;~ across the fom qllart.ers 

of om fit of ~802 after fine-tuning with Levenlwrg-:darquardt. This failme ,\'as 

fmtunatcl~' casily explaincd by the fact that the actual orbital scpmatioll ()f the' 

event as fit by PLAl\'ET is (1 = 2.55 et;. where the Einstein rnciius is in Olll ullits. 
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that is using the mass of the primary, only. That value was larger than the top of 

the range for a used to train the classifiers, at (J = l.7 eE and thus impossible (0 fit 

with our classifiers. The training range needed extension. 

Enlarged Parameter Space 

The range of orbital separation a was subsequ('ntl~' extcnded to includ(' (1)(' 

rcgiuns 0.2 OE < (] < 0.6 HE aml l.7 HE < (] < G.O HE. As these two ncw rClllges wen' 

split into t,,'o ranges each bye, a full fit now required example-based regressioll Hllel 

fine- tuning of eight regiolls in total, after which the best sol u( ion was scl('ctcd Oll (\ 
2 

lowest ~-basis. 
d.o.1 

The first fit \vas unsuccessful, as was evident from the huge ,'alm:s of d;,2, (abow 

teu thou:-;and) iu all parallleter ranges after fiuc-tuning. ~I()dds \\TH' clcarh' ill("()l"-

red by eye. and in fact this kind of inspection revealed the (ell-talc sign" of prClllH-

turc convergence to a poor local minimum, despite the parameter stHrtillg point.s 

prm'ided by the example-based fits. Fine-tuning by GA and Lewnberg-:\Iarqwml1 

both failed, but why? 

Unfortlmat.cl~' a fe,v minnte" of visual in"pcction reveal:-; the an"w('r that tIl(' 

SBL:\I cannot possibly be a good model to fit (0 (he light curw of EHOS'" BLG-

2000-5. The event is H very clear case of "strong lensing", i.e., H CHustiC is entered (mel 

exited at least once. The SBLl\I predicts infinite amplification and a discontinuous 

step on canstic entry and exit. Obviously this light curve clcws not di:-;pla~' infi lli (' 

amplification, but it is inft1lenced by the effects of resolving the ,,01lrC(, in other wm'" 

as well. The light curve's caustic crossing peaks are rounded and t here is no sign of 

discontinuity. In fact, the duration of the caustic exit is aW1lnd two (mel (I hr11f dny" 

from peak to trough, instead of a discrete step. 

I t is precisel~' these features that ruin the fine-tuning part of t he lit. (IS large 

discrepancies from the S8LM are measured around all regions of high alllplifica( ion 

or steep slope. eYCll whell each SBLM parallleter is COlTect: the SBL~I doc" uo( 

include resolved source effects. 
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The correct approach would have been to extend the model to include resolved 

source effects throughout, as discussed in Sections 2.3 and 8.l.5. HO\\"cvcr. the scoJle 

of this the:sis was the: S13LM and an interim soll1tion to detnmine wll('tll('r tIl(' fit 

could succeed, without widening the scope too much. was simph" to remove 11)(' 

parts of the light curve that were dearl," in conflict with an as:mmption ()f zc!"() 

SOl1rce resolution. These parts are the tops of all peaks as well as the caustic exit 

region, although the light curve in its entirety is still sent to the eXCllllple-h,lset! 

portion of th<: fit, which re:l[uircs lwak information and should be lllllCh 1ll0l"(' roll1l"t 

to noise. 

The trimmed light-curve was successfully fit by the fine-tuning opcrMiOlL cIt 

least to /02f = 17 which sounds fairly high if taken at face valu('. Praditiollcrs 

who analyzed this event in great detail [1] concluded that the uncert ainties reportcd 

for pho1 or11e1 rv were too small. No such COlT('("tiOll had 1 )('('n appli('d 11<'1"(" which 

increased the value of X2 above \vhat would normall," be expccted of a good fit. In 

addition. this result \vas obtained using genetic fine-tuning only. which is knowll for 

extremely slow convergence dose to the solution anelmav not have Cl11ite CllTivcd ,It 

the global minimum. 

The SBLr-.r parameters obtained from our s1 andard iit t illg plO«'dmc arc giwn 

1Il Table 60 (in the units used in this thesis). and the light cmws elr(, plot1ed ill 

Figure ·n. Parameters derived by the PLANET colla\)mdtion ill [1] me (lbo showll 

in the Table, translated into the SBL;\I. The lllass ratio q d(ws not llced translatioll. 

The lens equation in the PLANET pap(~r is stated ill terlllS of the (angular) Einstein 

nHlius of the total binary Illass. whereas the S13L:-I ill this thesis uses 1he Eins1<'iu 

radius of the primary. Translation requires scaling of PLA:\'ET p,11"(\1netcr die by a 

factor of JT+Cj while the Einstein raclius crossing time is "calcd by t llP im"erse of 

this factor. PLANET utilized a parameterization which makes SOllle of their fi1 t('<1 

parameters hard to translate into the S13L:-I. In particular. the usuClI cli"tall(,(, of 

closest approach to the prilllary or celltre of lllass of 1 he billarv ,,"as rcplc)('('d In" 

the distance of closest approach to the caustic cusp, which is it,,(,]f dq)('Jl(ll'111 on 
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Tahl(' GO: S13L:\I paramctc:rs in thc:sis units for c:vent EnOS DLG-20()()-:J 11sing t Iw 
example-bC'lsed fitting procedure with genetic finc-tuning. 

Parameter Example-Fitted Value Fine-tune Value PLA~ET [1] 
0(8£) 2.269 2.31 dt,.=Ul28 implies 0=2.549 
8(°) 296 345 0'=74.18 implies f}=344.18 
b(fh) 0.161 0.321 
mo(mag) ~jA 17.64 
q 0.806 0.743 0.7485 
tc(days) ~jA 64.52 t;.=99.8 implies t,,=75.5 
tm(days) ?:\jA 18.04 

tlH' (~V(,llt g(~Ollldrv. Tlw htted, ull-Icnsed source lIlagnitude is not ]ll'('S('llt('d ill the 

PLA.'\ET paper - only the recalibrated, un-lensed magnitude. 

Another issue is that PLANET's much more detaileclmodelling procc:ss included 

parallax and c:xt('nd('d sourC(: dfc:cts, which the SBLl\I did not. A part from t h('se 

t Hmslation and comparison issues, the fitted results present ed here show good agrcc-

mcnt with the PLANET results. 

Discussion 

Enos 13LG-2000-5 was successfully fitted using the lllet hudologv in 1 his 1 hcsis 11p 

to the limitations of the SBLl\I. The example-based portion of the fit (,C'lllle to withill 

one per cent of the fine-tuned value for G, while the \,oorst-fiUed pnrmnctcr "ons I), 

at a difference of 16 per cent of the total range under consideration. These val11t's 

were close enough to a deep local minimum (in all likelihood the global minilllUlll) 

to allow a fin(,-tuning algorithlll to S\1('('('('(\' altho11gh not (\ gradi('1l1-1ms('d lllet hod 

like Levenberg-~\larquardt, indicating that the example-based result \YiiS 11nlikely to 

be inside the covergence well. 

Achieving S11ccess \vit.h t.his fit was import ant. The sam(' (:vcut ]11'0\'('(1 diffic111t 

and time-consuming for practitioners using standard fit t ing met hodologi(,s. I t is fair 

to say that an example-hased fit would have been a useful aid. 

7.2.2 OGLE-2003-BLG-267 

OGLE-2UU3-I3LG-2G7 was discovered in 2U03 lrv the OGLE-III Early \\°<llllilig 

System [92]. The event is another example of strong lensing. appnrcntho f('<1tmillg 
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a caustic crossing and two cusp approaches (ill the binary lens intcrprctntion). The 

caustic crossings are covered by OGLE observations and the event \yas lllodeled by 

OGLE in [88]. 

Data 

Data are publicly available and consist of 259 I-band points rednced b\' ciifiercllce 

photometry [88]. At first, data were not cleaned or changed in all\' "'a\' bllt for 

subsequent fits the error estimates were adjusted by simply adelillg 1 per (,Cllt to all 

errors. The effect \vas to reduce the large dependency of y2-based fine-tuning 011 (\ 

slllall llUmber of points with very small enur estimates. 

First Attempt 

The classifiers trained in Section 7.1.1 failed to fit the eWllt. 6 \ :!-\'cllnes \\'ere 

in the hundreds of thousands after fine- tUlling. Visual inspectioll rewaled that t lH' 

fits to some regions of parameter space produced a curve fairly similar to the data. 

but missing the cusp approached on either side. 

Multi-peak Criterion and Error Adjustment 

It was decided to introduce some information spe('ific to the light (,1U\'C illt () 

the fitting procedure. The classifiers were re-trained with a data set of t'Wllts that 

had 3 peaks in brightness or more. This criterion was applied both to the classifier 

data sets as \\'cll as th~ Gendic filw-tlllting algOl'itllltl. which ,,'as achi<'vcd silllply 

by assigning a low fitness value to individuals in the GA popnlation that did ltot 

meet the criterion. The "high variance" restriction introduced in Sect iOll G. G. 2 \vas 

dropped for this training set, as a minimum peak number criteriolt ,,'as C'ollsi<lercd 

strict enough to eliminate the large proportion of irrelevant traillillg ewnts that did 

not resemble the t argct cvcnt. 

Unfortunate!)' fits using this criterion were still Ullsuccessfu! until the OCLE 

l'ITUl' estilllates \\'e1'e adjusted. The lesson frum the S13L.\1 fit tu EnOS 13LG-20()()­

.s \\'as t hnt the SI3L.\1 model is not H perfect descriptiull of rc"l LG'\l l'Wllt s ,md 
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therefore allowances have to be made. The data were adjusted by nddiug a COllst nllt 

\'alue of one per cent to the OGLE error estimatcs. as \\"cll as trullcating the ]Jenks 

and caustic exit data points for the fille-tuning portion of the fit. 

This illllllediately led to the successful fitting uf two degencrate lllodels tot he 
2 

light curve. \vith -liJ = 19 and 24, respectively. The models were Cjuite ch-;c in (Ill 

parameters but e. which differed by roughly 180 degrees. The cause of degeucracy is 

simple in this case: one solution is a near time-reversed versiou of the ot.her. As the 

peaks were truncated for the fine-tuning portion of the fit. both Ill()(kls were viahle. 

The)" 2-value of the complete curve, withuut peak trullcation (and without additiollnl 

fitting) fanmred the first solution (solution A ill TEl ble G 1) at "~:f = 3171 vs 122:)0. 

respectively. Subsequent fine-tuning fits with extended models and all available daLl 

should not have any difficulty in choosing the best of tilt' tm) solutious. as Figme 

48 shows a large difference over data points not included in til{' SI3L\I fill('-tlllll' fit. 

The fit was not. pursued further at this st age. Both solutions and their llludel light 

CUlTes are shown in Table 61 and Figure 48. 

Fitted parameters from two close binary models (lllullbprs 1 awl [)) ill d stnd\' by 

.laroszyriski et al [88] are also shown in Table 6l. Their moe!el paralllet('rs req\lired 

scaling by the factor yIT+(j, as was the casp with PLA:\ET for EROS I3LC-2()()()-fi. 

before they could be directly comparee!. The binary paramet ers ([ and II frolll till' 

paper are shown in the Table for two difi"erent models. the first being wry silllilm 

to the SBL:\I while the second incl\ldes binary rotatiou awl pHrdlldx ('Heets. TIl(' 

fine-tuned Solution B shows reasonable agreelllent with models 1 and [) from [1:)1:)]. It 

would have been optimistic to expect perfect agreement. given tlte 1l111111wr of ]loints 

at peak excluded in the S8L1\1 fit. 
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8 Discussion, Conclusions and Future Work 

This is the final Chapter, devoted to a discussion of the thesis. conclusions t h,) t nUl 

be drm\"ll and suggestions for future work. 

Overview of Thesis and Results The lllajority of effort fur this thesis \Wllt 

into developing reliable software for the simulation of LG'\1 ewnts using t hl' stml­

dard binary lens model and testing the regression capability of vmious "1ll1COllV<'ll­

tional", mainly example-based algorithms, as applied to the 8BL.\I and simulated 

light eUlTes. The lllOdel ami this illlPiclllent atiull uf it was dis('ussl~d in d(,tclil ill 

Chapt er 2. A highlight was the int roduction of Asada's [33] lllct hod of lCllS ilIlrl,l!,l' 

calculation, which led to a factor of six improvement in calculation spccd. CllC1pt l'l' 

3 showed. by way of small studies such as the COll\'ergenee \\'ell size ('()lculation III 

Section 3.3.3, \vhy SBL'\1-fitting is particularly difficult. 

Chapter .J discussed the derivation and usc of "feat mes" from binary !ellS light 

curn:s that could be used for regression. There \\'ere sewral results frolll this Clw]l­

tcr. It was found that series expansions arc poor approximations of biw\ly !ellS 

light curves, as are fits to binary lens events using single lells models. Cl'llcti(' Pj'()­

gramming, an r:xtrr:lllcly gr:nr:ral and powl:rful techniquc. also faill'cl at providillg a 

mapping between light curves and lllodel paramet ers t ha t would haw bccll ([('('mat l' 

enough to either fit the parameters by itself or sen'e as an aiel to fitting. GClll't ic 

Programming is a wide area of research, however. and although this illlplcllll'lltd­

tion failed it would be premature to abandon the method altogether ill futurc work. 

FeMme sd('ctioTl algorithms were tested against simpll' lWllcllllwrks for s]w('d awl 

accuracy. and proven to work - some better than others. 

Feature selection on simulated SB11\l events proceeded wi (11 t 111'('(' C()lllPl't i tlg 

algorithms in Section 4.4. Selection algorithms fayoureel derived features illstead 

of light CUl'Ye points themselves. Overall, the three competing algorithms sl'lcl'1l'd 

similar. but not identical, features. That incunsist CIWY Hnd t he select ion or SUltll' 

features which clearly bore no relevance to the parameter lllapping Ht cdl shuwed 
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that the selection methodology was far from perfect. 

Chapter 5 set the scene for the data mining-based fits that follmwd. It dClllOll­

strated tIl(: problem of premature convergence that gradient-based llH't hods 11 (\v(' 

with the SBL:\1. 

III Chapter 6. experiments were performed that varied the compositioll of daUl 

sets, feature selection and regressioll algorithms. to determine the lllost dfccti\'(' 

combination of these to fit the SBLM to simulated light curves. A benchmark was set 

by two conventional algorithms, namely Powell's met hod awl a simple (,(Jlllparison 

library. Thereaft er. the pre-processing methodologies fur noiseless as \Yell itS noisy 

light cur\'es were developed. Pre-processing ,vas found to be of cardinal impurtan('c 

in SBL1\1 fits. The algorithm developed here included smoothing b~' fitted B-splincs, 

truncation of the light curve outside the region of interest and interpolatioll to fill 

in gaps in obsCl'vations. It proved to be fairl\' rdiabl<: in subsequcnt ('x])(TilllCut s 

and greatly facilitated fitting accuracy, probably due to the rccinctioll ill mode] 

dilllensionalit~· that it brought about as parameters mo. t c and t III wen' clillliw)t cd 

from t he fit. 

The first experiment compared the fitting accurac~' of ten exalllple-based algo­

ritllllls, using pre-prucessedlight curves; the second perforlllcd the Sallll' experimeut. 

using selected features instead of the light curves themselves. Tlw experimcnts were 

useful because the two neural network algorithms were discarded on the spot dw' 

to inconsistency and performance issues. Three algorithms performed very well ill 

these experiments and subsequent ones: the REP tree inducpr. the .\I5P tre(' in­

cluccr and the simple, nearcst-ucighbour, I13k algorithlll. These ('xpcrinH'uts cdso 

shO\n~cl that pre-processed light curves out -performed the dat a set s consist ing of 

algorit hmically-selected, derived features. 

Section 6.-1 introduced artificial noise into the experimcnts b~' w()~' of t\m differellt 

noisc simulation models. The first was based on the lIoise and gap distrill1lt iOlls of 

act ual 0 bscrva tions while the seeoud used a sim pic moclel to add G a Ilssiau nuise 

and randomised gaps to sirrmlC1ted data. The effect of noise on fitting necme)(',Y 
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was subsequently tested and found to be damaging to accllracy. especinll\' for SOlll(' 

classifiers. such as the IBk nearest neighbour classifier. It was also established 

in a small experimcnt that noisy light Clll'ves arc fitted mOl'e n(,(,lll'ateiv llSlllg <Ill 

algorithm trained on noisy light curves than 011 idealised light l'Ul'\'es. Furt hel 

experiments with noise showed that the mass ratio, q, is much hnrdcr t () fit wit h 

increasing Gaussian noise than the other parameters. 

A subset of successful classifiers \vere nm with pm'cUllctc'rs set awn\' fnllll their 

ddaults in em attempt to improve, their aCClll'acy. This did Ilot yield \vort hwhilc 

results. indicating that the accuracy of example-lmsed S13L~I fit:-; is C(lllS\ railled 

more by difficulties in the problem and how it was posed t hiUl short cOlllings of thc 

algorithms themselves. Building on this result, an experiment was performed biasing 

the training events towards high brightness yariance. This procedure led to a largc' 

improw'ment in accuracy, prcsumably bccause a large 111lmlwr of ('YeIlt·s which W('['(' 

too similar to the single lens model and hence not uniquely fittable !J\' nn~' lllcthod. 

were excluded. 

Discrete classifiers were put to the test in Section G.G.3 and found to be effec\.iVC'. 

although a direct comparison with their regression counterparts was not possi hlc'. 

e p tot hat point a panundcr range l'overing the "lcnsillg ZOIl(," hCld bC(,1l lIS('( 1. 

but Section 6.6.4 experimented wi!h dividing the example data sets along pnrc\lll('tcl 

bOllllclaries corresponding to known degenel'C1cics or timc-symlllPtries. IlHllll'iy i1t (J "'. 

1.0 e E and e = 1800
• T",<'o large improvements in fitting accuracy \\'('1'(' achievcd ill 

this \\'ay: the first by avoiding ambiguity in the input elata. the second b)' illcreasing 

t hc dcnsi ty of samples ill the trainillg set. This cxpcrinH'nt brought rcgresslon 

correia! ion aboye 0.9 for some model parameters for \ he first t illl(,. 

The final experiment (Section 6.6.5) npplicd metn-algorithllls of vmiolls killds 

to light curves. For example with "yoting". the idea is that algorithms of clifi('l'l'llt 

types should complement each other and that taking the meall prediction mmld 

rcsult ill higher accuracy than is obtainable wit h a single algorit hlll. III practic(' 

results were not improved and could turn out worse than the best of the cllgoritllllls 
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did by themselwti. Results were mixecl; most mcta-algoritllllls slightly illlprowd 011 

t he accuracy achievable by a single classifier. Success was also dcpend('nt Oll \\'hich 

llll'ta-algorithm was appliC'd to which single algorithm. A strong comhination was 

discO\'ered when the Bagging meta-algorithm was used with the HEP treC'-inducing 

algorithm - the result was quick to train and of comparable accurac\' to the (much 

tilower) IBk, nearest neighbour algorithm, which was also more susceptible to nois('. 

Bagging with an REP-tree combination was chosen for examplc-baticd fitting of the 

S13L\1 model to light curves of real l\IicroleIlsing ('wnts in (,hapt('r 7. 

Fits to observed events started with the training of classifiers combillillg all the 

results from the preceding experimentti. II3k, :\I5P and REP tree (with 13agging) 

algorithms were trained using large data tiets of 50000 events with simuiatcdlloisc, 

biatiecl towards high variance and trained on a model parameter space divided into 

fonr parts. Test sd correlations were high: IJCtWC(~ll ().1.1 all< I (). U·J for all prtnllll<'­

tel's. A fillal comparison was made between elM a sets cOllsisting of select cd fent nrcs 

and simple pre-processed light curves. The REP algorithm with R,ggillg and di­

rect use of curves outperformed the other two algorithms and the altemntiw ('Y(~llt 

description once again, and this combination was applied to the o\Jsern'd ('yents. 

Fin<'-tulling methodology was also developed in Sectioll 7.1.2. f!;i\'illf!; llS tIl<' opti()n of 

a \'ery fast Levenberg-I\Iarquarclt algorithm that frequently conyerged prclllat melv 

or a slow but robust Genetic Algorithm to start from the result of ,m ('xalIlplc-bnscc! 

fit and complete it based on a x2-111ctric. 

TllP first event to li(" attf~mpted was EROS-BLG-2000-5. a densely-salllpled. 

strong binary lentiing candidate. The classificrs traincd earlier failed t () find a su("­

cctisful fit because the event's projected orbit al separCltion. (1, was outside the PCI­

rameter range used for training the classifiers. Thiti was easily corrected bv trninillg 

four additional classifiers on extended ranges, \vhich yielded a better ('xmnpl('-bns('d 

fit, but still did not converge to a good solution during Genetic fille-tullillg. Success 

was achieved by realizing that the lilllits of the 8131.\1 had lH'ell n~adl<'d. The ('Y('llt 

showed non-negligible deviations from the SBL~I and these \\"ere sn\Jo(clging the fit. 
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The removal of small regions of the light curve nJ the Iwaks of amplificatioll and the 

caustic exit led to a successful fit. 

The second event W8S OGLE-2003-BLG-267: another cHustic-cmssing t'wnt but 

with nmch sparser sampling and more noise than EROS-BLG-20()()-o. The stalldard 

example-based fit also failed for this event and led to a slight change in approach 

wherehy classifiers \vel'(: retrained on a data set that only contained (,\,(,Ilts with Illon' 

than three amplification peaks. Error estimates were also ad.iusted upwards and the 

small regions at peak and caustic exit were relllO\'ecl. The training restrict i()n ()f 

high variance was dropped, however, broadening the scope of fittablc ('\'('l1ts (with 

three or more peaks). The fit was successful after applving thesc changes. 

The Verdict Successful fits to real (as opposed to simulated) eWllts were Hch icv('d 

\vith example-based methods, although only two were attempted. Perhaps the first 

question to answer was whether the effort of developing an example-bascd Illethod­

ology was justified at all. At the inception of this thesis, fitting billarv lel1s YlIodels 

to ~li('rolcnsing events was a painful, lllClllual undert aking. It has in fad rCJlliliucd 

so, despite the enormous advance in computational pmH:r Hvailnble to practitioll­

ers over the past few years. The difficulty of this fitting problelll lllCH llt t Iw t the 

thesis objective has remained relevant - any aid to the fitting process should still 

be welcomed by the commnnity. and example-based methods present an intriguing 

altcmati ve approach. Unlike most rcgrc::;sion algorit hlllS, t hey ,tn' not based ou it 

~ 2-metric at all. Of course it is fairly obvious from fits to rcal obscrn,t ions th'lt 

the example-based method is not fully autorni:1ted at this stage. either. l\Imc work 

is required before this goal can be achieved, but there is f'\UT hope t hilt it c01l1d 

be. Based on the work performed here, the verelict is that example-based regressio]] 

lllethods can Lc successfully applied to LG~I binary lens hts aud haw a place ill til(' 

future of the analysis of these events. 
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8.1 Future Work 

This short section deals \vith a number of topics that merit further im'e.c;tigatioll 

or fall outside of the scope of this thesis. 

8.1.1 Fits to More Observed Events 

An obvious shortcoming was that the methodolog~' was only applied to two n~al 

events due to time constraints. Future work should attempt to fit all ullhias('d 

;.;<tlllple of all binary lell;'; event;.; ohserved to date. 

8.1.2 Error Estimates 

This thesis prescnted many fitting results without ('ITOI' cstimat('s - all ullfortu­

rmte con;.;equence of example-based fitting. Although the \'arious algorithms' aCCll­

racy for the training and testing data. sets were ahvays measured, the nigorithllls ill 

this thesis do not provide an indication of the uncertainty for any indiyiciual fit wit h­

Oll t further work. These numbers are not analytically a\'ailablc as t hey would have 

j)('en for some of the more conventional algorithms such as Lcvcnjwrg-.\[arquClnlt. 

for which t he final Jacobian matrix provides an error estimat e ullder ass\ lInp( ions 

of normally distributed Hoise, etc. 

In practice it is likely that all example-based fits would he followC'd hy a fill(,­

tuning operation using conventional algorit hms, most of which proyide t he user \\'i tII 

error estimates. As last resort, and actually likely to be the most accurHtc cstilllHtc of 

unccrt ainty anyway, ,\ 2 should be calculated as a function of ]wrt urbations hom the 

solution, in each model parameter. Such a calculation would yield all (-'nor ('stilllate 

for tlwt partic11lar solution. It is impossible to know with ccrtaint\' \\'I]('tl1<'r ,lny 

given solution is the global solution, regardless of fitting met hodology. 

8.1.3 Model Ambiguities 

Ambiguity ill the modd ca11ses great difficulty for CX,llllplc-based mct lwds \H'­

C<luse it leads to conflicting training data. Ambiguities were cle,dt \\'ith ill n l'<ltlwr 
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casual way in this thesis by dividing t IlP input parameter space al()ng I he bound­

aries of knmvn ambiguities. This trick will not work ,yhen the model is ('xtellded 

to include additional effects like parallax and hl(:nding I)('caus(' t lH' ambiguities get 

more complicated and numerous. A new approach would be required. perhaps kccp­

ing to the data mining theme and utilizing the rapidly growing field of clusterillg. 

or pre-classifying events automatically and training a specialist algori t hltl in e<\ch 

category. 

Perhaps another type of "model ambiguity·· that needs to be provided for in 

Future \york is the handling of events that are simplv impossible to fit. III the 

SBL~I there arc in fact large areas of the parameter space ,,·here a yalue fur, sav. 

(j (mass ratio) simply cannot be extractcd because no caustics ,Yen, crossed rllld 

the binary event looks exactly like a single lens event. The dala sets lls('d in this 

thesis attempted to deal with this issue by creating training sC'ts bi"sed towmds hi,l',h 

variance or only including events with a minilllum number of peaks. These llH't h()ds 

were effective but quite crude. 

8.1.4 Feature Selection 

Some time was dedicated to feature selection techniques awl these were hlirly 

successful. Feature sets performed almost as well as pre-processed light ("U1"\'('S de­

spite containing a fraction of the: amount of data in the origill"l curV('. There is 

hope that more work in this area could boost the efficiency of trailling dat,1 \Jrlsed 

on features. The technique could benefit greatly from all algorithmic nppwclch to 

constructillg features in the first place. The features used in this thesis were n 

somewhat random selection. 

8.1.5 Fits Using Extended Models 

The 7-parameter SBLM formed the basis of much of this thesis·s LG:-I light 

curw fitting strategy because it docs a good job of describing most light Cll1"WS. 

but it is by no meallS cOIllplete. Extellsiolls to the S13L:'I arc described ill Sect ion 

2.3 and this Section explores the consequences to fitting of includillg, ,mel in frlc1 
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excluding, known extensions to the SBLl\I. 

Additional parameters present serious challenges to fitting algorit hms. The first 

is simply that the regression search space grmvs exponentially with the nUllli){'r of 

model parameters that have to oe fitted. That essentially disqualifies met hods that 

are linearly dependent on the parameter search space size. such as naive. library­

based met hods. Secondly, some extensions are hard to calculate in the llUlllcricnl 

computational sense. most notably the resolved source e£fect \\'hich takes lll()n~ thall 

100 times as long to calculate an amplification point ill this illlplement at ion as 

the point lells model we have been llsinf!; till llOW. Thirdly. Il<'W clcf!;cll!'l"rtcics an' 

introduced with new parameters. The problems associated with degeneracies arc 

severe and are discussed in Section 3.3.4. Finally. "scale" pan1111Pt ers {e. {II/ cllld 

nlo are no longer separable from the rest of the lens parameters as \\'as t he cast' in 

the SBL:'-I. The parallax effect is dependent on absolute time. or at least is now 

deprndent on the time of year and tlw time: scale of all evcnt. (e. 

Perhaps the most effective way to deal with additional parallleters \\'(mld 1)(' to 

break the fitting process into parts such that some parameters are resol\'(;d before 

ot hers. thus brea.king the exponential dependency of fitting; spclce volume 011 jli1-

rameter number. This technique was employed throughout this thesis as m~ll as ill 

successful advanced fits in the literature (e.g., [1]). 

In the case of extending; the SBLl\I, orw could start 1n' fitting the SBL;\,f. )"csolw 

its panuueters and then apply cxtcnsions. Unfort Ilnatcly '\Iicrolcllsinl', llwdd pa­

rmneters are not generally independent and we have not in\'estigMcd whet het" this 

a pproach would be valid - that is, whether the global miuimum of the regressiolt 

surface using an extended model would necessarily be dose to the SBL\I minilllUll1. 

Therefore the next Section is a short investigation on whether extensiolls to tlie 

SBL:'-I can be treated as perturbations or would have to be includcd at all staf!;l's of 

the fit. 
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Tnhle G2: Ranges of model extension ]lclrallH'ters H,. I alld p. 
Parameter KIillimum Klaxirnum 
Rs 0 0.05 BE 
f 0 1.0 
P 0 LOBE 

Light curve changes due to Extensions 

The impact on our fitting procedure of extending the simple I-parallleter S13Ud 

can be investigated by measuring the effect the new parameters haw on all S131.\1 

light curve. In other words, we generate a set of paranwtcrs for tIl(' st alldard lllod('1 

and compare its corresponding light curve to the light cun'e that is gellerated by all 

extended model that has stcmdard parameters equal to that of the st andard lllodel. 

One way of making this assessment is to look at 

and their S8LM counterparts. Fig. 49 shows 

L; 2 

the 8 behne'en extellded cur\'es 

the distributioll of I~I;~ for lO(J() 

extended morlr:! light curves as compared with the S13L:\1 C1!rVC' with the same I 

st andard parameters as was used for the ext ended CUITC. The extensioll panHllct ('rs 

were randomly selected from the ranges given in Table G2. The extellsioll p,tnlll}('­

tel'S R", f and p were considered~ resolved source size (in Einsteill radii), blcnding 

parameter and the parallax scale parameter, respecti\'e!y. The secolldary parallax 

pararnetcrJI was not considered, as 4) is irrelenlllt unkss (J is nOll-Z('ro. 

Fig. 49 is quite alarming. The distributions for p and f peak at a ,~;~ \'al11e dose 

to l(){)() and arc allllost cntirely ah()v(~ 1, which shows that anv inc! \lSiOll of bl('IH lillf!, 

or parallax radically alters the simple model curves. These parameters need to be 

taken into account if there is any chance of them occurring ill genuine LGI\1 eWllts. 

R.s has a bi-modal distribution and in fact most \'alues of R., will llot cause (I 

significant change in the corresponding simple model light cur\'('. Figs. 50, 51 Hlld 

52 iU'e useful for illustrating the point made by Fig. 49 and discussed ill 2.3. The 

parallax parameter p drasticaJly alters light-cnrve shape, cansing larg(' d('virlt iOlls 

to the simple model light curve. In some cases parallax-affected ('urws look lib, 

completely different events. 

\Ve can extract more detail by plotting lugC7,;;) as a fUllction of t hp ddditi()Jl(1 I 
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FiR1ll'C 49: 1'110 rlistrihution of IOR( ~~f) for tIl(; r:xtr:nsiOll parameters 11.,. I alld fJ· 

:'\ote that a completely flat distribution over the allowed range of ('etch exteuded 
parameter was used in constructing these logCZ;~ )-distributiollS. III other words, 
these give some indication of the sensitivity of light curves to model extensi()ns ()ll i\ 

basic level but do not reflect the actual occurrence of the underlying physical effects 
ill observed light curves. 
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mod~1 pflultn~(~r ""p'lrllkly, A,., shown in Fil';, 53, TIl(' Il\lItlIl('r of ]loint,; "hov(' 

I '~l og( o.o.f o .""ro,,,, with lhe "'dlll.s of (he uislribll tioll pl(As ill Fig. 1~, The.,-,' r lob 

pr()\'id~ ~ridit i oHnl in[nrnMtion III tIl<' [ori n o[ tl,,' ,'XIO'",inn I'an""<'i."r Itl"~nil<1dr' 

thfl! i, "''luir,'d to Lilli"" ~igH iJicfllltlX'rlurbalious , A" 1L01r'tl ill S(~lio,,2,3,1, lll(' 

nlgorit.hm u",,-'<1 (0 cllkuh,I,' ~xl "lHk'tl Ho m"" illlL plifi< aliull in this t.ll('si.' ", llkrr"l 

from fill IIIIIt-'.UWC), ill wille ,it",,(io] o.; wI","" II", sourc" ",'erhp., u cU1",ti~ (but not 

II Clkp), This lIlHc('nrfl' y wuuld "hIlost ('~rtillulv not tlla!.e,mlly "lIed t.he ('xt('nri,'d 

'Olin'" l'!'~l]lt~ ple"'H\l',l h""" 

III Ihe ~llS~ of .r (hletldi 11 :<:), OIlly ~l1J'V\'., 1 hat. 1Hl' T" Hcri('H.11.\' l111t.OIWh,', I uy bl,·'l! 1-

".' , m~ h"Vl' a J::j 01 less than 1 Tllis end of til(' plot COlTf'<jJOllri, to I) OIl the x-axi" 

denotm~ ,,'ro differen", b(1w\~'n t lw st Alldfird modrl ,,"I UP for f of I. dliU (h,' ex­

k nu('d ",'Hing for f If\ng ing from 1 nt this ~lI d lo 0 at t.hp ri~ hl u[ Iht, plol , I n"1 

aboar anv ,'nlllP of f ."mnlipr t ho,n O.!) will l' flllSP ,i gll ificllnt. cipvi l'l ion fW11L lh~ "LIn­

daI'd 1IIud(,1. 

T he si1llnt ion is P'luA.1ly ""r ious [or 1-', A~ the st"lId""ci 1I1Odl'l vfllm' of {J " ~ej'(j, 

1he x-~xi., ,how, the valup of I-' direcU,Y, Any 'lOH-~ew vflllle o[ {J lit all is li.wl\' 10 

l'flllSP Hlfljor d~"if<lioH ' [ro ln the' slandard l!iodl'llighl l'lln'e. 

Fillfilly, ,Iw ",'a lwr plu( .,how" lhat H,. ' '''''' imJr'r'tlI""-,, little or nn df(~'t on I,he 

l'll,-,," [ur a lrU-!\l' rflIl!\~ u[ " l~nt'l<. TIl<' .4aIluard rmxld default, valne for F!, is ''I':<1in 

z~w. \h~ x-axi." lnUl"iu(e" uirr'dly iaro th" vah", of R" I/owl'wr ",niter i, larte 

~llough (0 ~x('(..,u J,~~ = 1 for ill· k,~"t "Ol'O(' en,m., flt nil vAl ne, of FI, from Rbtll1 t 

H, = o,rx),'i, iudic"lill!>; tlMt, uot ("~'" t,h i" "xl .... nsion pnmnwter r.an rpnsonRbly j, ~ 

kft onto of hillarv li !>;ht elm:" r.akul" tions 

dIStribution of st.andard and ('xt ~n sion pfl.r ometrr \'nlue.< Wfl.S I, ot l1Sf"d .0],,1 t Iw rf'bul("< 

wunld be hi!\hly (kp'clldellt on th,,,('. I/m","vl'r, tlw n''' llts A.rr' f~H.""i"!'; <'lJ OlI!';h t" 

Wflnanl Ilw cuudu,ioll lh ll l lhe"" wdl-kllUWIl ('x\('Il."iOIb r;mmot 1)(' ('Xr-llllt('tl froll! 
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-

fits to real events because they have more than just perturbatory effects in general. 

It is also unlikely that the SBLf.-I globalminimulll will always be close to the global 

minimum of the' f:xtf:nried model. 

Does t hat mean that all SBL.YI fits arc invalid? Pract i tioner experience indica (('s 

otherwise. This topic requires a more detailed analysis. in particular ",it h the 11S(, 

of realistic model pararneter distributions. 
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