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ABSTRACT

We develop a'number of new techniques‘and systemslto be used in the
design of beamlines for charged particle beam transport. A few of

these refer spécifically to beamlines to or from a cyclotron, while

others méy be.used in beamlines from any accelerator. In the former
category, we develop a method for determining the eigen—ellipsoid in

all six dimensions of phase space, when the beam under consideration
is.to be (a) extracted from a cyclotron, or (b) injected into a cy=
clotron. We also develop an alternative method to (a) above, which

uses the data derived from tracking (i) central momentum particles through
the extraétion elements pf an accelerator in 4-dimensional (x, x’; Yo

y”") phase sbace and (ii) a single particle with higher momentum. For this
purposelwe expand the convenient E-matrix formalism from a 2-dimensional
treatment to a S-Qimensional treatment, and relate this to the more usual

g-matrix formalism.

We describe the eight possible symmetry types of beams trahéport éystems
and examine their group properties. We also examine the second-order
aberrations in these systems.' We use thevsymmefry properties to examine
various configurations of two quadrupole triplets. This system may be
used to achieve unit magnification,'as is Qell known, or variable magni=
fication in one or both of the horizontal or vertical planes, independ=

ently of the beam parameters, as we describe.

We also develop’a,syétem>of quadrupoles which may be used for independent
horizontal and vertical beam control. We .calculate the optimum spacing

and field strength of these quadrupoles.

Dipole systems which are used to control the dispersed rays are discussed.
In particular we consider a system of two quadrupoles between two dipoles:
this system haslthe least number of beamline elements necessary to control
the position and direction of the dispersed ray while simultaneously per=

mitting momentum-selection.

We discuss the principles of- transfer beamline design and illustrate these



{and the techniques described above) by reference to the design of a spes=

cific transfer beamline between cyclbtrons. The design of a specific ex=

ternal beamline is also described and used to illustrate the techniques

developed.
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1. INTRODUCTION

A beam of charged particles which is obtained Fromvan accelerator often
has to be transported some distance from the accelerator to its destina=
tion, which may be either an external target or a post-accelerator which

will further increase the energy of the beam.

To fransfer the beam we use a beam transport system, made up of elements
such as quadrupole magnets for focussing the beam and dipole magnets for
changing the directibn of the beam. The beam transport system also has
to match the properties of the initial beam to those required at the
external target, or at the post-accelerator. These requirements differ
widely for various facilities, and may also vary greatly for different

uses or modes of operation within one Fability.

This matching of beam properties has become more important since the
advent of accelerators which deliver variable-energy beams- of a range

of particle types for a number of purposes. Not only must the beamlines
match the properties of all possible beams, but the tuning of thé beamline

must be such as to facilitate rapid setting up of the system.

The beam may be described by parameters in six-dimensional phase space,
namely horizontal and vertical size and divergence, bunch length, momen=
tum-spread, and correlations between these parameters. The problem,
then, is matching the beam in six-dimensional phase space to a variety

of possible requirements (in systems which are easy to operate).

Although this has been doné before, it has always been on an ad hoc basis:
specific solutions have been obtained which are applicable only to speci=
fic accelerator Facilities‘and in many cases these provide incomplete
‘matching. The correct correlations at the ends of the beamlines (e.g.

at injection into the main accelerator) have often not. been detérmined

or taken account of, and as a result the systems may not be capable of
achieving perfect matching. The beam parameters are seldom properly
separated for ease of operétion: by careful placing of the beamline ele=

~ments one beam parameter may be controlled without disturbing another.

What we have done is to analyse the matching requirements and to propose

a general, ordered system of matching, taking into account the characteristics
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of the real devices which must be used. We have also designed technigues
and systems for matching various parameters, which may be applied to beam=

line design in general.

Thus, when a new beamline is to be designed, these systems may be used
with the relevant initial and Fihal beam parameters and combined to form
a complete matching system. We have also developed methods for deter=

mining these parameters in certain cases.

The general method of beamline design which we have developed is illustrated
by means of an application to a specific cyclotron facility. This appli=
cation includes a transfer beamline between cyclotrons and the design of

external beamlines. from a cyclotron to various types of targets.

The mathematical formalism used to describe beam transport characteristics
will be introduced in chapter 2. In chapter 3 we discuss the properties
of a beam extracted from a cyclotron, and the properties required for ab
‘beam injected into a cyclotron for optimal acceleration. It is essential

to know these properties when'designing any specific beamline. -

In chapter 4 we give a brief description of the beam transport elements
and their relevant characteristics. These will be applied to various
systems. We discuss the properties of symmetrical systems in general

in chapter 5. In chapter 6 we describe quadrupole systems whose special
properties are indépendent of the beam parameters, while in chapter 7 we
‘discuss quadrupole systems which are dependent on the beam parameters.

Beamline systems containing'dipoles are described in chapter 8.

Transfer between cyclotrons is discussed in chapter 9. We illustrate
the methods involved by applying them tb the design of a transfer beam=
line at a specific cyclotron facility. In this beamline we make use of
'systems described in chapters 7 and 8, and of beam properties derived in

chapter 3.

The tfansport of an external beam to various types of targets is the sub=
ject of chapter 10. This is again illustrated by means of the design of
specific external beamlines, which make use of systems described in chap=

ters 6. 7 and 8.
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Conclusions are presented in chapter 11.

It may be noticed that in the preceeding paragraphs we have referred to
beams from accelerators in general and beams from cyclotrons in particular.
While chapter 3 refers exclusively to cyclotron beams and parts of chap=
ters 9 and 10 refer to a specific cyclotron facility, the theory developed
in the other chapters may be applied to any accelerator beam, provided that
it is borne in mind that beams extracted from various accelerators have
differing characteristics: e.g; cyclotron beams are generally more divers=
gent -and have a highef energy spread than those extracted from a Van de
Graaff accelerator; they are also pulsed beams rather than d.c. beams,

with the particles accelerated in "bunches”.

An additional factor which has to be taken intd consideration in designing
a beam transport system is that of cost. The total number of beamline
elements should be restricted, and the apertures of quadrupoles and dipoles
should be limited to bring down the costs of individual elements. This
impiies that we should attempt to limit the size of the beam along the

beamline. We have attempted, thereforé, to strike a balance between:

(a) minimizing the number of beamline elements
(b} minimizing the apertures of these elements, and

(c) providing easy tuning of the beamline.



2. MATHEMATICAL FORMALISM

\

2.1 Introduction

The co-ordinates, of an arbitrary charged'parficle'in phése—space may

be represented by a vector, X. The éomponents_of_this vector are

measured with respect to a specified reference'trajectory, which 1is

taken to be the trajectory of the central particle of the ensemble of

particles under consideration. The 6-dimensional vector X is made

up as follows:

where:.

] X, ] [ x ]
X5 : x’ '
*3 = | v : _ - (2.1)
X4 y”~
X vl
[ %6 ] [ ° ]

is the radial displacement of the particle'(by convention
positive x is to the left when positive dipole fields deflect-

the particle to the right):

is the angle the particle trajectofy makes in the radial

plane

is the vertical displacement of the particle (by convention

positive y is upwards)

is the angle the particle trajectory makes in the vertical

plane -

is the displacement of the particle from the. central particle

measured along the central trajectory

B ) ] i A
is the fractional momentum deviation of the particle —g
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The trajectory of the particle is often referred to as a ray, and X
then specifies ray co-ordinates.

We may express the co-ordinates of a ray at a point z, as a Taylor’s

1
expansion in terms of the co-ordinates of the ray at an earlier point
zy-  If we assume a linear relationship (i.e. first order terms only)
then we may write (PEN61, BROB4): '

X(z1] = R X(zol , | (2.2)

‘where R is a 6 x 6 matrix, called the first order transfer matrix. The
elements of R are found byisolving the equations of motion of a particle
in a magnetic field to first order. If we also include the second-order
terms of the solution then we can find a second-order transfer matrix T
whrre '

6 6

6
x, (z,) = I R,., x, (z) + I T T.. x,(z) x_ (z.))
- 130 0 | 521 k=1 ijk 7j 0 K 0

(2.3)

The transfer matrix therefore describes the effect of a beam transport
"~ element on a parficle. The effect of a system of elements is then de=
scribed by the total transfer matrix R[T] found from the product of the
individual matrices R[i] as follows '

= R, -~ R R 2.4)

Rty = Ry Ren-d Reay Ry Ren o !

If we now assume that we are dealing with static magnetic fields having -
midplane symmetry, then R has several identically zero elements and takes

the form [BRO74):

rRH Ry O 0 0 Ryg
Ryt Ry O 0 0 Rog
R = |o 0 R33' Ras 0/ 0 (2.5)
0 0 R43 Rygy 0 O
’ Ry Rgp O 0 T Reg
0 0 00 o 1 | _




13" Rq40 Ryze Rogs Rggs Ryos Rpgs Ryss Ry and

(arising from the symmetry of the field) we see that the horizontal

From the zero elements R
R48 ‘
.and vertical planes are decoupled, and may be treated independently.
The zero elements R15. R25. R35, R45 and R85 result from the fact that
none of the variables depend on %. The time-independence of the field
ensures that the momentum of the particle remains constant and indepen=
dent of the other parameters - hence the zero elements R81’ R82' R83' R
and RBS' A further result of the field being static is that (BRO72,

PENB1, EMMB3) .

64

det[R] = 1 (2.8)

Looking now at the decoupled subsystem of x, x; tand § we find that the
pairs of co-ordinates x and x; and £ and 8, are canonical. Then the
necéSsary and sufficient condition for the transformation matrix R to be

canonical is that it should be symplectic (DRA78, DRA79, SCH79) i.e.

RJR = J _ (2.7)
where
0 1 0 D
-1 0 0 0]
J = 0 0 0 1 (2.8]
0 0 -1 0

From equations (2.5) through (2.8) we can derive the following symplectic

equatioha:
Req = Ryg Rop 7 Ry Ryy - (2.9
Re, = Rig Roy - Rog Ry, (2.10)

These may also be derived using the equations of Brown (BRO72) which em=

ploy Green's functions instead of the matrix treatment.

In practice we are interesfed in the behaviour of the beam of particles
rather than in the behaviour ofvan individual particle. We assume that
the béam is pulsed and that we may consider a single pulse, or "bunch" of
particles. (For d.c. beams bunches follow each other without a gap in=

between.)
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There are two methods of extending equation (2.2) to encompass the be=
haviour of the bunch, termed the o-matrix formalism and the E-matrix
farmalism respectively. These will be dealt with individually below.

In each case'it'is assumed that every particle in the bunch can be re=
presented by a point in B6-dimensional phase space. The ﬁhase space volume

taken up by the points is .assumed to be an ellipsoid.

2.2 o-matrix Formalism

The equation of an n-dimensional ellipsoid may be written in matrix

form as follows (BRO72):

x(0)' o(@" x(0) = 1 L @an

where X(O]T is the'transpdse of the n-dimensional co-ordinate vector
X(1), and o(0) is an n x n real, positive definite, symmetric matrix.

Applying the identity

to equation (2.11), we get

[x0" R'] [Ro 'R [Rxtm] = 1 O (2.12)

Applying equation (2.2) to (2.12), we find that the equation of the new

ellipsoid (after transformation) becomes:

x(1T (117 x(1) = 4 ‘ - (2.13)

- where

(1) = Ra(0) R | - , (2.14)

Together with equation (2.6), equation (2.14) predicts equal determinants
for o(1) and o(0). This implies equal phase space volumes for the two
ellipsoids, and phase space is thus conserved under the transformation R.

This is an expression of Liouville's theorem (BANGB).

It can be shown (LOB70, BRO71) that the square roots of the diagdnal terms

of the o-matrix represent the maximum beam extent in each co-ordinate:

VYo, = x, (maximum) o (2.15)
ii i _ : , _
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The off-diagonal terms determine .the orientation of the ellipsoid in
phase space. These terms are often easier_to'interpret after convers=

sion to the (also symmetric) correlations rij' where

= r.. = _%j » 4 (2.15)

r..
ij ji
Y %11 3

The -interpretation of these terms may be seen from the two-dimensional

projection of the ellipsoid ontothe x - x” plane shown in.figure 2.1.

When this ellipse is upright {the axes of the ellipse coinciding with
the co-ordinate axes) then the correlation Tio is zero. This condition’
is termed a beam "waist"”, and in general may be applied for any rij which

is zero.

‘The area of.the 2-dimensional ellipse is given by:

l

A = 1 (det g)° _

= 1 (o, - 2%

T 999 922 912

1
= - 212
m [011 0yy U1 Lo 1] _ (2.186)
= xmax xint
=T xint xmax

The expression for the volume of the ellipsoid in the three dlmen51ons

x, x“and § contains the three correlations r12 r18 and r28 It may be

written as follows:

Ni=

{1 - (r,.2+0r, 2+ r, ) + 2r,

4
V=3 12 16 rr18’r28}J

_“[“11 922 %68

. (2.17)

'Thus for a fixed phase volume the correlations may not be chosen complete=
ly arbitrarily, as they are restricted to values satisfying equat1on (2.17).
We show the allowed values of the correlations in figure 2. 2 where the
surface of the 3-dimensional figure represents zero phase space volume
P051t1ve volumes are represented by surfaces w1th1n this: - any point on
the relevant surface represents_an»éllowed combination.of the three.cor:'

‘relations.
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Figure 2.1:

Centroid

Projection of a phase-space ellipsoid onto the x - x~ plane.
The two extreme points A'and B are shown, together with their

co-ordinates. The values of the intercepts x, and x~ are

int int
shown.



" . Figure 2.2:

(a)

"The surface representing zero volume ‘in 3-D phase space as a

function of correlations r,., r and r,.:

(al
(b)

12 26 . 167
lines of equal Tyor rzs-and r16 are shown; -
the extreme points on the surface are labelled with their
co-ordinates. . The three circles inscribing the surface
each represent one of the correlations as zera. '
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In the 4-dimensional phase space of x, x; £ and § we have derived furs=

ther restrictions on the correlations, using the symplectic conditions

expressed in equations (2.9) and (2.10).

Appendix A, the results being as follows:

g =

15 %29%8 ~ 911 %8 * %p %56 (2.18)
088
95 % 927 95 9296 * %26 Y56 (2.19)
%66
which may be rewritfen'as:
(o} o 1
11 7222
r,. = (=—/——) I(r r - r..) + r r (2.20)
15 055 088 12 -18 ,-28 16 " 56
O,, Onn 1 v
11 722,32 .
r = (—) I(r -r r.. .} +r r .. (2.21)
25 055 088 18 ) 12 ° 2B 26 SB

The derivation is shown in

The o-matrix method is used extensively in computer programs for beamline

design, the best known program being TRANSPORT [BRO77.V-CDL7Q, PAU75).

We have used this program for many of our computations.

is prihted in the following format:

QQQJQQ
H N | =
. ) N |~
[on .
o
W
>

(8]
(8]
-
wu
N
wu

Q
o
(o]

-
-
=]

)
N
(o]

o

o

2}
un
=]

with the interpretation of the ngn-zero elements being:

3

g,, maximum projection onto x-axis

The beam matrix

‘) ~
W
W

o

o

22

maximum projection onto x“-axis

maximum projection

onto y-axis
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94 maximum projection onto y -axis

/’055 maximum projection onto g-axis
//068‘ maximum projection onto §-axis

Ths correlation, between x and x”, of the projection onto

the x - x” plane. r12 /Oﬁ{ is the x-co-ordinate of
the particle with maximum x~

r34 correlation, between y and y°, of the projection onto

the y -y~ plane. rg, /G, is the y-co-ordinate of
the particle with maximum y”~

r15 correlation, between x and &, of the projection onto . the

X - 2 plane. Ty /«355‘15 the £-co-ordinate of the pars=

ticle with maximum x

r25 correlation, between x” and 2, of the projection onto the
x - ¢ plane. r25 /'055 is the f&-co-ordinate of the particle

-

with maximum x

r16 correlation, between x and &, of the projectiqn onto the
x - §d plane. T16 /<31{ is the x-co-ordinate of the particle

with maximum §

r correlation, between x” and §, of the projection onto the

26
x“~- 8§ plane. /022 is the x”- co-ordinate of the

T8

particle with max §

56 correlation, between & and §,of the projection onto the
2 - § plane. Teg /055‘15 the £-co-ordinate of the particle

with maximum §
THe advantages of the o-matrix include:

(i) the symmetry of the matrix, which implies that the minimum number

of variables is used in computation

{ii) dinterpretation of diagonal elements of the matrix as the square
of the maximum projections onto a given axis. This is useful

when apertures of beamline elements are compared to beam size.
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(iii) convenient incorporation of second-order effects on the beam

(CAR72a), (see section 4.8B) and

,‘(iv] use in predicting eigen-ellipses (see chaptér 3.

Disadvantages of the method are listed below:
(i) extra matrix multiplication incorporated in equation'(2.14j and

(ii) difficulty in interpretation of the matrix elements.

 The' latter arises from the fact that the o matrix-elements always refer to the projec=
Eigg ofthe.entire}ﬂlipsoidonto agiven plane, and not to the parametérs of

the ellipse actually in that plane (i.e: slice of the ellipsoid). ‘The
projection and the slice are depicted in figure 2.3 (for a 3-dimensional

ellipsoid).

The disadvantages'of the o-matrix method are avoidéd‘in_the E-matrix

formalism, described in the next section.

2.3 E-matrix Formalism

The alternative description of the phase sbace ellipsoid, represented by

E in the propagation eguation:

E(1) = RE(D) (2.22)

has been described previously for three dimensions, and the transfor=

mation from E to o carried out for a two-dimensional ellipse (LAR71).

We have described the ellipsoid in_all six dimensions in the E-formalism,

and have calculated the transformation from ¢ to E and vice versa for |

this 6-D ellipsoid. We give the mathematical details of the tranéformation

in Appendix B and the derivation of the symplectic eguations forE in Apbendix Alb).
We use the results here to determine the physical interpretafion of the

matrix elements E. ...
. ij :

From Appendix B we get: (for the 4-D subspace in x, x", 2, §)
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(a)

\

!

!

[ BN
| -

| 3

(b)

Figure 2.3: A three-dimensional ellipsoid showing »
(a) the x - x~ slice through the ellipsoid at § = 0, and

(b} the projection of the ellipsoid onto-the x - x~ plane,
where § = 0
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Opq * E11? B 5{22 * 5152 (a)
O " E12 B2 " Fip Foe : o LY
015 = Eqq gy }E12 s * Figfsg 1O
°{s = EisBes - A ()
Oy = E222 T+ E282 A | . ' (e)
0, = Ejpp By + Eog IESS : | (F) (2.23)
926  Eog Feg | ‘ (@
* 655 T Eg? v By e a5’ ! g m
Oce = E58‘E88 | o B - : (1)
°sé- il ESSZA - . ‘ -

16
€6 = T1e /%1

This is the x-co-ordinate of the particle with maximum momentum, re=

The expression for E,_. is then (from. equation (2.23d)

ferred to as the dispersion, d.

Similarly, from equation (2.23g] we have.
Es 7 T2s /%2

which is the x“-co-ordinate of the same barticle, referred to-as angular

dispersion, d’, while from (2.23i) we find

Ese = Tse v/ 955

which is the position in the bunch of the same particle. We call this

‘co-ordinate longitudinal dispérsion, m.
: S

From (2.23e) we find

= .’4 - 2‘
£22 Jogz U T26 )
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This implies that E is the intercept on the x“-axis of the projection

22
of the ellipsoid onto the x“- § plane (i.e. where x = £ = 0). This is

then the maximum value of x“in the x - x” plane.

Similarly we may interpret

s .= the x-co-ordinate of the particle with maximum

Bi2 °
x” in the x - x” slice

E11 = the value of x at which the ellipsoid cuts the x-axis

(i.e. for which x” = & = § = 0)

E55 = the value of ¢ at which the ellipsoid cuts the f-axis

» (x = x"= 8 = 0)

E51 = t = the f-co-ordinate of the particle with maximum
X, where x~ £ § =0

E52 = u = the 2-co-ordinate of the particle with maximum

x” where x = § = 0
Figure 2.4 shows the interpretation of the elements Eij'

The E-matrix elements Eij ti # j) are thus a measure of the skewing of

the slice of the ellipsoid in the (i - j) plane, whereas the o-matrix
elements O or rij (i # j) are a measure of the skewing of the projection
of the ellipsoidvonto the (i - jl plane. The former method is much .
easier to use when information about the beam is obtained from particle
tracking calculations {e.g. through the final orbits of & cyclotron}.

This information could typically consist of the following:

(i} horizontal emittance me

(i1} x din the x - x” plane
max

(iii) x~ in the x -~ x” plane
max

(iv] d {dispersion)

(v)] d° (angular dispersion)

(vi) m (longitudinal dispersion)
0

(vii) &, the minimum possible bunch length

(viii) & the fractional momentum spread

(ix) vertical emittance ﬂEy
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(a)

(e) ' (f) 3

Figure 2.4: Interpretation of the E-matrix elements.
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(x] Ymax 1N the y - y~ plane

{xi) y'ma* in the y - y~ plane

We have éhqwn in,Appendix C that it is a simple matter to construct
the E-matrix from this data, but constructing the o-matrix is more

complicated.

A disadvantage of the E-formalism is its inability to predict eigen-ellip=
ses, discussed in chépter 3. This is due to the arbitrary phase factor
which need not repéat itself after one cyclotron orbit. ‘Hehce the eqgqua=
tion

E = RE
e e

always implies that R is a unit matrix and thus yields no information

about Eeu (The arbitrary phase factor is defihéd in reference (LAR71).)

2.4 . 0Other Methods of Beamline Calculation

The simplest method 0?'determining beamline characteristics- is that using
graphical representations (KNO63, RANBS; RESE9) 'but.this method
is limited in its accuracy and is moré time-consuming than using com=

‘puter-calCulations.

Other possible methods include the following:

(i) use of a second-order differential eguation to solve for the
beam envelope parameters-(KND75]. This method has been used
mainly to supplement a basic computer program where a more so=

phisticated program would not fit into the cdmputer,memory;

{ii) a method of "transfer maps” which includes treatment of non-
linear elements (DRA79). This is useful specifically where .
non-linear elements are to be included in the beamline~ahd'

where accuracy to higher orders is essential;

(iii) solution of trajectory equations by a method of successive
approximatidns (FUJ77, FUJ78). This is clumsy when used to
- first order only, and is more useful only when higher order

(at léast 3rd order) terms have to be included;

(iv) use of a general transformation function to describe beamline



(v)

C(vi)
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elements (EMMSB], which is advantagecus when very broad

beams are encountered;

the ldmped element approach, ihcorporated in»combutef pro=

gram TU@TLE'[CAR?ﬁ, CAR72b, CAR73, BR074). This method involves
traciﬁg several thousand partiplés thrdugh.a sysfem of elements,
with each element‘represented by its transfer matrix. An ad=
vantage of this method is that the phase space afea 0% the beam
is not assumed to be elliptical (except at the entrance to the
beamline), and the distorting effects of multipoles and aber=

rations can be examined; and

raytracing techniques in which particles are tracked through
magnetic fields by means of numerical integration of the equa=
tions of mofion. This techniquevhas been incorporated into
the computer program RAYTRACE (SPE67, ENG70). This method is

often used in designing magnetic spectrographs as coefficients

up to fifth order can be deterﬁined (ENG79), but_it uses a lot

~of computer time.

In spite of the numerous methods available to the béam transport designer,

the one mbét often employed is the transfer matrix method,.usihg the

o-beam matrix.



3. EIGEN-ELLIPSES

3.1 Introduction

For beam transport calculations we need‘to know what the shape of the beam
ellipsoid will be at the start of the beamline. If the beam is being
injected into a post—eccelerator, we also need to know what beam ellip=
'soid is required tnere, so that we can match the transferred beam to

this ellipsoid. We will show here how to calculate the ellipsoid for
either the starting- er_end~point of the beamline if the accelerator is

a cyclotron.

_In a cyclotron the beam will travel round in & closed orbit if there

is no accelerating voltage. This orbit is termed an equilibrium orbit,
and its radius is dependent on the enefgy of the particle. (For a
'separated-sector cyclotron, the. "average radius” is dependent on particle

energy. )

The beam at any given point on this equilibrium orbit may then be repre=
sented by an ellipsoid, termed the eigen-ellipsoid (GORGE]. This is de=
fined as.that beam-ellipsoid which will be exactly reproduced after ope’

ofbit, or in the case of N-sector symmetry, after each (360/N)} degrees.

In practice the beam does not travel along an:equilibrium orbit, but
along a centered, aceelerated orbit (i;e.'a non—closed,spiral.path).

To determine the ideal beam ellipsoid along this orbit we would have to
track representative particles along the entire path. However, when
the number of revoletions through the cyclotron is large, the eigen-el=
iipsoid will be a good approximation to this'ideal beam, as the change
of radius (or average'radius) per revelution is then small.

If we know the transfer metrix. R, pf_the equilibrium orbit. (or of one
sector), we canlfindrthe expressionnfor the eigen—ellipsoid, oE.'from

the equation:
o = R oo R (3.1}

To find R we approximate each (small) segment of the magnetic field along

the orbit by a dipole with a non-zero field gradient. We traek.the cen=
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tral pérticle of the beam through these éuccessive dipole elements
and accumulate the effect of the dipoles into the total transfer

matrix of the orbit. We have written a computer program STRAY to
do this. The small dipole elements must be short enough, so that

halving their length does not significantly change the resultant matrix.

3.2 Solution of the Eigen-Ellipsoid Equation

We choose to calculate the eigen-ellipsoid at either a magnetic hill

or valley so that we can make the following assumptions:

(i) the beam is at a waist in the horizontal plane (x - x~ for § = D)

and the vertical plane (y - y7); and

{(ii) the off-momentum rays are travelling parallel to the central

orbit i.e. d’=0.

The following elements of the ellipsoid are thus zero:

012 = 034 = 026 = 0 , (3.2)

If we ndw also assume mirror symmetry about the centre of the orbit

then we find

Rﬂ' = R, _ (a)

Ras = Rag ' - (b)

Ryg = -Re, | | | @ 3.3
and R28 = -R51 v . fd]

This is shown in chapter 5.

Combining equations (3.1), (3.2} and (3.3) allows us to write (for the

subspace in x, x”, & and 8}):



956

Tor - o -
R .
o9 0 o5 gg| Ry Ry 0 Regf o4 0 045 o4 [ |Ryq Ry "Ryg O
0 032 955 U “{Roy Ryy 0 Ry 0 0pp 03 O Riz Rpqg Ryg O
g (o g g g g g g
2 - -R »
15725 55 TRB L Ryg "Rig 1 Reg 15 25 =55 56|10 O 10
96 U O55 Ygg 0 0 9 L J g6 O 956 966 | | M6 F2s Foe 1J
(3.4)
.
This leads to the expression:
95 = 956 ~ Nos 915 Rsp Tgg (3.5)
which implies that Ocg is undefined. If the eigen-ellipsoid is at a
‘valley a possible choice is ' »
= 0 (3.6)

i.e. no correlation between the particle momentum and bunch length.

If we now use the symplectic equations (2.18) and (2.19) together with

equations (3.2) and (3.6}, we also find

915 =0

and 925 T 922 91p
%6

Equation (3.5) also implies that

_ e

o} o}
16. R26 66

(3.7)

(3.8)

(3.9}

This defines the correlation between position (x) and momentum.

Anofher expression for %6 may be found from calculating the value for

926
. ZQFO:

which implies.

on the left-hand side of equation (3.4) and then setting it equal to
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' 26 :
g = - ———— g . ) [3-10]
16 . Ry, 66 _

A third expressidn for o comes from equation (3.4) in the form

16

which leads to

“16 © T-r, 66 (3.11)

Combining equations (3.10) and (3.11), we find
= - = (3.12)

This expression may also be -derived using the symplectic equation (2.9)

and the symmetry condition (3.3c]}. However if we combine equations

(3.9) and (3.11) .we find "

R R
16 . . 56
— = == | (3.13)

11 R28

Now R11 rélates the final beam width to the initial width, while R18

describes the broadening of the beam caused by the dispersion of the

system. On the right hand side of (3.13) we have R_., which describes

56
the lengthening of the beam as a result of the momentum spread, while

describes the angular broadening of the beam which results. For

Roe
the eigen-ellipsoid to be unchanged after the transformation R, this
puts‘é restriction on the magnetic field. In fact the field must be
isochronous i.e. shaped so that all particles take the same time to
traverse one orbit (or sector) for all momenta.

From equation (3.4) we find the expression for G411

o = R,,2q,, + R .2g + R . 2¢ + 2R.. R g

11 11 11 12 22 16 66 11 16 ~16

- Toggther with equation (3.11) this gives us



2

R R
) 12 16 .2
Oyq ° ( 2]022 + [1 m_— ) Oag (3.14)
1 - R11 11 -

which we rewrite as

011 = a + d

The two terms contributing to o11 arige from

a: the extent of the ellipse in the x - x~ plane, i.e. the
horizontal extent of the beam of particles with central

-

momentum, and

d: the dispersion i.e. the horizontal extent of particles
with higher (and lower) momentum. This term is always
positive, which cohfirms that particles with higher momenta
have 1argervradii than the central momentum particles, as

we would expect.

Figures 3.1a and 3.1b show the physical interpretation of é and d.

We can now solve for a if we know the horizontal emittance TE - We

———

know that /“52 is the maximum extent along the x“-axis in the x - x~
plane (8 = 0) because Oog ° 0. So, because Oqop = 0 as well, we can

state

» we get

Substituting for a, and solving for 9o
1
(1 - R112]2
O = TR £y | , (3.15]

12

which we use in eguation (3.14) to find

R R 2 :
. 12 ' 16
o = —— e+ | o (3.16)
11 1 - R112]2 X T - Ry, 66

We can now solve for o

R
s 7| 7| x (3.17)
12 11

o5 using equations (3.10) and (3.15) in (3.8):




- 3.6 -

(a)

- Q)

b - hill
(b) midline

edge of magnet

leptAp
valley midline

Figure 3.1: (a) The projection of the eigen-ellipsoid onto the x - § plane.

(b}  An equilibrium orbit shown in one quadrant of a 4-sector
cyclotron.
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-Looking back at équation {3.8) we can.see that positive 916 implies’

'_pqsitive o] We can understand that o must be positive by refer=

- ring to fiéjre 3.2. Consider particlesziith positive_rédial divergenCe
at the valley. , These must startiforward of the bunch centre, as they
will take a longer path through the sector magnet and-wili end up at the-
next valley with a ﬁegative divergence and a lag. Thus the positive

correlation is conserved.

If 025 is not correct, then the bunch length will oscillate on successive

orbits. 025 16

oscillate as well. These effects are shown in figure 3.3.

incorrect also implies o wrong and the bunch width will

Apprdximate values for the correlations'r16 and THe and r26 = 0 have

recently been derived empirically for a sector cyclotron (CHA79a, CHA79b). -

~The vertical components of the eigen-ellipsoid are gasily calculated:
They are analogous to the horizontal components when we put /\066 = § f 0

Thus from equation (3.16) we can find

v R _ .
0w = | —3% e (3.18)
33 1 -RrR.25| Y :
33

. and from equation (3.15)

1
- 2)z2
(1 R33 )

0'44 = = ey . [3.19}
34

or o from equation (3.4). These components of the

55 66 .
eigen-ellipsoid are determined by the beam entering the cyclotron, and

We cannot find o,

by the characteristics of the cyclotron other than the magnetic field,
such as the size of the accelerating gaps, the voltage distribution a=
long these gaps, etc. Initially assumptions have thus to be made about

' the bunch length and the momentum spread of the beam.

When making use of the eigen-ellipsoid to calculate the shape of the beam, -
we must remember to take into account .the effect of the stray field through

whichit baéses, either during extraction from the cyclotron, or during in=



- 3.8 -

Figure 3.2:

max.

Five particles of a single bunch shown at various instants in
time: at t = 0 the central particle crosses the valley; at

t = 1/8 the central particle crosses the hill; and at t = 1/4
the central particle crosses the next valley. (t is the periocd
of revolution of particles along an equilibrium orbit.) The

particles all have momentum p.
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jection into a cyclotron. We use the program STRAY mentiocned above
to find the direction of the beam and the transfer matrix of the stray

field regian.



4. BEAM TRANSPORT ELEMENTS

4.1 Introduction

A beam of particles traversing a field-free region will gradually

spread out, increasing in the horizontal and vertical extent. This is
due to the finite divergehce of the beam. To counteract this transverse
spreading‘ we use. magnetic.quadrupqles, which act as lenses to focus

‘the beam.

A pulsed beam traversing a field free region will also have its pulses
spread longitudinally. This spreading arises from the momentum-spread
of the beam, in that particles with higher momenta drift to the front
of the pulse and their distance from the central particle gradually in=
creases. We use bunchers to slow the front (faster) particles, and to
speed up the rear (slower) particles. The buncher thus acts és a lens

in longitudinal space.

Magnetic dipoles are used to bend the beam in the desired direction.
Dipoles also have focussing properties but, for a fixed change in beam
direction, these are not adjustable. Dipoles are not thus .considered as
IVariable focussing elements, but- as beam-bending devices with focussing
propertieé chosen and fixed before manufacture. Variable edge-angles
(which introduce vertical focussing) are possible with some dipoles but

this requires physical changes to the geometry which are best avoided.
We discuss below the characteristics and transfer matrices of drift

lengths, guadrupoles, bunchers and dipoles. We also give a brief de=

scription of the aberrations associated with them.

4.2 Drift Lengths

Drift lengths are field-free regions of beamline. The divergence of
a particle is thus not altered, and only its positional co-ordinates

x and y change due to its divergence, in the following manner:

x(1) = x(0) + L x"(0) ' (4.1)
x“ (1) = x°(0)
y(1) = y(@) + Ly (0) (4.2)
y (1) = y(o)
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where L -is the distance through which the particle has drifted.

The co-ordinate % specifying the distance from the centre of the bunch

changes in a similar manner. If we consider the momentum spread § as

the longitudinal divergence, then the equation

L

2(1) = p(0) + —26 : (4.3)

y

expressing the change in & takes the same form as (4.1}, (4.2].

The coefficient

: 2
1/'Y2 = 1 -v%c

is the relativistic correction.

The transfer matrix for a drift length L is thus

1. L 0 0 0 o0
01 0 0 0 0O

R ={0 0 1 L 0 0 (4.4)
8 0 0 1 0 @
00 0 0 1 L2
o 0 0 0 0 1

The effect of a drift length on an upright ellipse may be seen from

figure 4.1.

Figure 4.1:

The effect of drift length L on an initially upright ellipse,
showing individuél particles 1 through 5 moving only laterally

in x - x~ phase space.
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4.3 Quadrupole Magnets

The ideal quédrupole magnet has hyperbolic polesﬁ The shape.of the
resulting magnetic field is shown in figure 4.2.

Y

Figure 4.2: Field lines in a gquadrupole magnet. A guadrupole with this

configuration of polarities is termed positive for a beam travel=

' ling into the paper.

The equations of motion for a particle in a positive guadrupole field

are
2 .
d : o . .
a;; s k%% = 0 ' , (4.5)
d 2y _
2 Py = 0 (4.6)
dz* - . .
where k2 = ‘Bo . _1
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and  B_ is the magnetic field at the pole tip R
a is the, aperture radius
and . Bp is the magnetic ridigity of the particle (equal to the

ratio of particle momentum to particle charge SJ

Equations (4.5) and (4.6) have solutions

.

x -= [(cos kL) Xg ¥ (51nE5£] Xq
x” = (-k sin kL) xy * [(cos kL) xD’
(4.7)
y = [(cosh kL) y_ + (sinh kL) y_~ '
_ 0 -k 0
y” = (k sinh kL) Vg * (cosh kL) yD’

where L is the length of the guadrupole. These solutions imply focus=
sing in the horizontal'plane and defocussing in the vertical plane. If
the QUadrupolé polarities were reversed so as to form a negative guadru=

bole, then the Fodussing properties in x and y wquld be»feversed too.

From equations (4.7) we can write the transfer ‘matrix for a (positive)

quadrupole as follows (CHAB0):

[ cos kL -% sin kL 0 a a o |
-k sin kL cos KL 0 - "0 -0 0
R = 0 0o cosh kL % sinh kL 0" 0 (4.8)
0 0 k sinh kL cosh kL 0 0
0 0 0 0 1 L/ 2
. Y
-0 _ 0 0 0 0 1

If (for convenience) we look now at only the horizontal subspace we
see that the transfer matrix for a guadrupcle may be equated to the
transfer matrices for two drift-lengths qxon either side of a thin lens,

- with focel length ﬂ( as follows (KNOB3)

. 1 g .
cos kL = sin kL 1 d 1 .01 4 (4.9)
S _ X X :
-k sin kL cos kL | o 1|7V 1|0 1
X
1 kL - 1

where dX = TQ- tan "‘5 and 'FX TS—:LD_KL (4.10]
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The effect of a thin lens on. a barticle is to change its divergence while
leaving its displacement unaltered, i.e.
x(0) ' ' o -
. .11
f-m(U]/fx * X (0) (4.11)

x (1)
x (1]

If the lens is focussing in the horizontal direction, it will defocus

in the vertical, and the equivalent equations to (4.11) will be:

y{1l = yl(0) .
y () = y(0)/F + y7(0) (4.12)
~ 1 . : 1 kL ‘
where fy * K sirn KD and dy = X tanh. 5 | (4.13)
For small valﬂes'of k we.make the following approximations (STEBS)
1 2 . '
=Ff = £ = '/ 4.14
LA x y (kL) . | ( )
and d_ = d_ = L/2
X y _

i.e. the gquadrupole méy be approximated by a thin lens at its centre.
The action of a thin lens on a phase ellipse 1s shown in figure 4.3.

The representation of a quadrupole as a thih lens using the approxima=
tion (4.14) is extremely useful in the analytic treatment of systems
containing many quadrupolés (REGB7, BANBE, STEFE5, BRO71). Wé
will use it in chapter 5, while in chapter 6 we use a better approxima=

tion to equations (4.10) and (4.13)(REGB7), namely

Ffo= f_ .+ L/
X 0]
£ o= f_ - L/B
Yy 0]

(4.15)

for a positive quadrupcle.
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(b)

—— -

e e e o

FOCUSSING | DEFOCUSSING
ACTION ACTION

B ¢

i

Figure 4.3: Simultaneous effect of a thin léns on an x - x~ ellipse-FocuSé

sing action - ‘and on the corresponding y - vy~ ellipse-defocus=

sing action.
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4.4  Bunchers

Bunchers are uSéd'fo shorten the pulse length of a beam. Kiystron

bunchers (BAN66, HIN75b) are the type most commonly- used with Cycld=
tron_beams} They consist of a drift tube, connected to a radio-fre=
quency voltage, separated from earthed tubes on éither side by short

gaps. This is shown in figure 4.4.

o
1.

,

)

Figure 4.4: Buncher configuration. We assume that the gap width g is small

compared to D, the length of the drift tube.

The particle at the centre of the bunch should cross the gaps when the
voltage on the drift tube 1is zero to avoid a nett change in the beam

energy. The particles at the front of the bunch must be decelerated, and
those at thé back accelerated, to achieve a pulse shbrtening further down the
beamline. This implies that in the time taken for the particieS-with velo=
city v to cross from one gap to the next (D/v}, the phase of the voltage should

have.changed by =, (or [2n + 1]m). If the frequency of the voltage is f = 5o



- 4.8 -

then the length of the drift tube D may be found from the expression’

D .=z - o o (4.16)
AV w . .

At any gap the bunch length £ is not altered (assuming the‘gép lengfh

g is small compared to D), but the momentum spread changes, as éxpressed

by:
s8) - (o) - Y&
v
0
where V(2) = V sin (wf/v).
max v
Vmax being the .amplitude of the sinusoidally varying voltage, and
2 ' '
VIR
0 2 mg

the electric rigidity of the particles. If we assume that we use only

the linear portion of the sine wave for bunching, then we can write

V() =V wl/v
: max

For the longitudinal co-ordinates & and § we haQe thus

"

2(0)
vV :
-(max @) & + &(0)

V v
o]

2(2)

(4.17)
6{2) '

If_wé compare equations {4.17) to (4.11) we see that the focal length of

, is then half the focal length of each gap, i.e.

the tqtal buncher, Fb

o= 1 (Y% vy ' (4.18)

[In practice this is only approximately trué. The oorrect expression for

f_ is:

B (f /2)2
fop = _s8
£./2-D
o vV
where FS =
maxw

\

The aﬁproximation is valid for FS>>D, which is generélly true.]

The transfer matrix in longitudinal phase spéce is
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R55 RSB 1 )
= {4.19)

RSS 'RBS -1/Fb 1

Because we are not dealing with static fields here, Liouville's theorem is
not valid, and thus phase space is not conserved. The momentum spread

of the beam may be altered by the buncher. However if the buncher is
placed midway in the beamline then § will remain approximately the same.

This positioning of the buncher also results in minimum buncher strength.

A side-effect of longitudinal bunching is a radial defocussing due to the
variation of buncher potential in time. Hinderer (HIN75b)} has derived the
relationship between this defocussing action and the longitudinal focussing

as follows:

foo= 2%

where fr is the focal length in either tHe horizontal or vertical planes.
As the focal lengths of Klystron bunchers tend to be fairly long, the ef=
fect of the radial defocussing is not large. The effect may be further
reduced by arranging for horizontal and vertical waists at the centre of,

the buncher.

4;5 Dipole Magnets

The equation describing the trajectory of a particle of mass m, charge g

and velocity v through a dipole with field strength BO is

2
mv

-7;— = BOV

where pis the radius of the trajectdry.

If the length of the trajectory through.thebdipole is L, then the particle

is deflected through an angle o, where

Since p is proportional to mv, the deflection through a given magnet be=
comes less as the momentum increases, and particles with different momenta
are beﬁt through diF?érent angles. A beam with nolcorrelation between
horizontal position and momentum (upright ellipse in x - 6,‘r16 = 0) and

[y



- 4.10 -
4 . '

no correlation between horizontal divergence and momentum (upright
ellipse in x"- §, Tog = 0) is termed achromatic. An achromatic beam
passing through a dipole (<3600] will become dispersed, and can only
be made achromatic again by paésing the beam through another dipole

with the correct initial dispersion (r18) and angular dispersion (PZB].

We consider firstly a dipole with straight entry and exit faces ét
right angles to the central trajectory, shown in figure 4.5. We de=

fine the field index n as follows (PENB1]).

. _p B
n = B

ap

‘Figure 4.5: A dipole with entry and exit faces at right angles to the cen=
tral trajectory, momentum p. . The path of the dispersed ray

momentum(p +Ap) is also shown.

The transfer matrix of the dipole has been derived (PENG61, BRO72) to be



-

-

-n/'p - '

g L
- sin -yL“

cos k'L -

="'.2
P

1

K

(1 -.cos R [),
- R

= (k- L --sin;kvL) :
3 X S T

by
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We get various focussing effects depending on the value of n:

n<0 focussing horizontally, defocussing vertically

n=0 focussing horizontally, no effect in the vertical plane
O<n<1 focussing both horizontally and vertically

n=1 focﬁssing vertically, no effect horizontally

n>1 focussing vertically, defocussing horizontally

We now look at a dipole with arbitrary entrance and exit angles, 81 and

82 respectively, as shown in figure 4.6.

From purely geometrical considerations we can see that a particle will
be focussed horizontally by a negative edge angle, and defocussed by a
positive edge angle; To explain the effect an the verfical extent we
have to take into account the fringing field at the edge of the dipolé,
as shown in - -figure 4.7, The fadi;l component Bx of the horizontal field
BH causes a focussing force in the vertical direction {proportional to Ex

x‘l] for positive values of B8, ahd a defocussing fofce for negative values

of 8.

The effect of the edge angle may thus be compared to that of the thin-lens
effect of.a guadrupole, and the transfer matrix of edge-angle B is written

as follows:

1 0 0 0. 0 0
tan 8 0 0 0 0
o] _ .
R =| 0 o 1 0 0 0 (4.22)
0 o —-tan (8-y) 0 0
0 0 0 0 1 0
0 0 0 0 0 1

where § is a parameter depending on the shape of the fringing field

{ENGB4, BRO72)..

Positive edge-angles provide a useful means of achieving vertical focus=

sing in a uniform-field dipole. The edge-angles should not, however, be
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Bi (negative)
x focussed

central ray
/
\\ /
v
Figure 4.6: Dipole with edge angles 81 and Bzi
(a) - - -
N y
P Bu t
—_ — — S B
By
(b) .
”/’

Figure 4.7: Components of the fringing field:
(a) side view showing horizontal [BH) and vertical [By] com=
ponents at a point y>0
(b) plan view at y>0 showing radial [Bx] and longitudinal [BZ]

components of the horizontal field [BH].'
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too large, otherwise second-order terms may.cause undesirable effects

{BANGB].

Edge angles hay‘be éhosen to bring both the horizontal and vertical
point-rays to a focus at the same image point. The dipole is then
said to be "double-focussing” (CR0O51, ENGE7). A pair of identical
edge-angles is often used, thus forming a symmetrical dipole. The
double focussing edge-angles 81 = 32 may then be calculated from the

equation

tan 81 = tan 62 = '%‘tan,a/z

and the image and object distances, D, from

2

D = tan o/2

where o is the bending ahgle and p the bending radius.

A vast amount of literature on dipoleé exists, especially (LIVES) and
references therein. No further discussion of dipoles is thus warranted
here, as equations (4.20) through (4.22) are sufficient for our use in

subsequent chapters.

4.6 Aberrations

The aberrations present in a beamline represent a departure from the
‘ideal first-order design. The second-order terms are represented by

the matrix elements Ti. , which were defined in eguation (2.3):

Jk
6 ' 6 .6

- 3 . 5 ~ .3y
() = B Rx(0) BB T x(0) X, (0) (2.3)

The elements Ti’ may be classified as geometric when 1, j and k are

equal to 1, 2, %kor 4, because. the effects they produce are independent
of Qariations in momentum. When j or k is equal to B they are called
chromatic (BR0O78) because the resultant effects depend directly on parti=
cle momentum (and thus particle energy). The derivation of the second-
order matrix elements Tijk' whgre i=1, ..., 4, may be found in.(BRD72].
(TSjk are seldom examined because the ;hanges to the bunch length’ due

to second-order effects are immaterial for most beamline applications.
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In practice bunchers are usualiy tuned  about the theoretical (first-or=
der) settings 'to achieve the desired effect, making second-order bunch-
length calculations superfluous). . v '

1]

The second-order terms cause a shift in the beam centroid:

nem

T

S -
(= 2 1 "iik T3k

i (0} ' — i(4'23]

I

and a distortion of the ellipsoid'in'phase spéce:
.. (1) = R. . .
?13[ ) k.2 ik RJE OKZ[U] * .2 l,m[ K Tikl c’km[m} [n ijn oln[O?]

Lo (4.24)

Liouville's theorem is still valid and the distorted ellipsoid'does,not
increase its phase space volume during distortion. However, if we en=
close the distorted ellipsoid in a new ellipsoid, then it will give the

appearance of a phase space increase.

The only second-order terms arising from an ideal quadrupole are chroma=
Stic.. These arise from the_fact that the quadrupole strength k is in=

' versely proportional to the square root of particle momentum. Thus par=
ticles with homentum p + Ap are bent less than those with momentum p, and
a subsequent image will be blurred rather than sharp. An example is
given for a single quadrupole operating in point-to—pointvmode with object
distance P, focal length’f [?1/k2L); The rays with momentum p +Ap are
focussed a distance Az beyond the focus of rays with momentum p, where
(REGB3)

P2

[

p

Az = ar
p

® - 5°

At the position where the central momentum rays focus, the image is thus

'broadenéd by Ax, where
2
A = P X ’Q'
X P-Ff |0 p

The term in square brackets is thus the quantity_T12

5"

- It can be shown (STE65, DYM65b, COU71) that achramatic focussing is im=
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possible in a system consisting of magnetic quadrupoles only. The
.aberrations may be reduced, however, by using symmetrical systems (see

chapter 5]).

In dipoles we get geometric as well as chromatic aberrations. An exam=
ple is the geometric term T122, which arises when rays enter a flat-edged
dipole at an angle, as in figure 4.8a. The ray with +x6 is then bent
through a larger angle than the central ray, and is focussed to cross

the axis before the plane of the ideal image. This effect may be bor=
rected by using circular edges, as shown in figure 4.8b (LIVBS, BRO6S).
Further gedmetric effects arise in the fringing field region (ENG64, BRO7O0,
HEN74). ’

When second-order effects are large, they may have to be corrected.

This may be done by shimming the pole-pieces of the dipoles (LIVES, ENGG7)
and/or the addition of multipoles tn the beamline (BANG6). In either

case the first-order optics of the beamline is not affected.

Although the computer program TRANSPORT (BRO77) calculates the second-
order terms, the program TURTLE (BR0O74) is more useful in this applica=

tion, because it allows us to examine the distortion of the ellipsoid.

In practice the second-order contributions to the beam are small if the
beam extent in the elements is small, and correbting elements are gene=
rally only necessary for high resolution beamlines such as those for mag=

netic spectrometers (HIN75b).
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(a)
o xb
OBJECT
N
(b)
+Xo _
| ~Xo \\/
OBJECT PN\ Y/ IMAGE
\&/
Figure 4.8 : (a) Imperfect image fesultiné frdm flat-faced dipole.

(b) Circular pole faces correct this effect.
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5. PRDPERTIES OF SYMMETRICAL SYSTEMS

5.1 Introduction

It is often convenient to group beamline elements into symmetrical

systems because of the useful properties which these exhibit.

Six different kinds of beamline symmetry can be defined. All six have
not, however, been treafed toggther systematically before. These sym=
metries are defined schematically in figure 5.1, with examples of beam=
lines arranged according to symmetry in ?iguré 5.2:. ~ Historically,

mirror and anti-translational (i.e. rotation of translated system through
1800] symmetriés wefe examined first (PENG], BLIE4). Then anfi—mirror
symmetry (i.e. rotation thfough 180° after reflection) was studiedA(HERBBJ.
Subseqpently an analysis was made. (HAL76) Of cross—translational and cross-
mirrof symmetries (i.e..rotation through 900 after translation, and after
reflection, respectively). At about the same time a treatment appeared'
(KAR78) of the group of symmetries consisting of translational, cross-
“translational, mirror and cross-mirror, when only guadrupoles are presenti
in the beamline (i.e. no dipoles). (Note: if rotation through fQOO and ‘
-90° are regarded as distinct cases, then eight symmetries exist: see

section 5.8.)

We have used the symplectié equations (2.9) and (2.10) to simplify the
expressions in the matrix elements of the symmetrical systems. This

aids us in drawing conclusions about the properties of these systems.

In.thesectiohs below we show how the R-matrix of a symmetric system may
be obtained if we know the matrix M of one half-system. We discuss the
properties of the R-matrix derived for each case. We also examine the

T-matrix (second-order .effects) for some special cases.

5.2 Translational Symmetry

In this case the second half-system is identical to the first half-system,
. and ‘ '

Mt = M

where M is the ‘transfer matrix of the first half (see figure 5.7a and 5.2a).

If Rt describes the composite system, then

Rt => MM



and

M,]1 M

21

1

1M

M)

22

+ M)

22

-1

12

22

(M

1

11

+M.
22

22

+ M

(M

33

.34

40 (M

+
M52

(5.1)

26

__Z'S -
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(a)

e ey

translational

(b)

i

~ anti - translational

(c)

cross ~translational

(d)

e

mirror

(e)

anti - mirror

(f)

Cross - mirror

Figure 5.1:

Schematic representation of the beamline symmetries dis=
cussed. Note that for quadrupoles there is no distinction
between left and right (unlike dipoles), and symmetries (a) and
(b} are indistinguishable, as are (d) and (el. Althought sym=
metries (c) and (f) each have two possibilities for dipoles,
they involve bends in different planes (i.e. of little practis=
cal application) and these are thus usually restricted to qua=
drupole systems. :
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lsyMMETRY
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/’/
Figure 5.2: Examples of translational-type symmetries

(a) translational symmetry
{b) anti-translational symmetry

(c) cross-translational symmetry (dipoles seldom used)
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SYMMETRY

[
| PLANE
I |
(d) ,
Y
A !
k2 |
|
l
(e) I
Y
A |
ka I
K, !
(f)

USc &
kI W /N \ Ko

) (BEND IN PLANE) (BEND OUT
/ ‘ OF PLANE)

L\ 1Y : A Y

Figure 5.2 contipued: Examples of mirror-type symmetries
(d) mirror symmetry
(e) anti-mirror symmetry

(f) cross-mirror symmetry
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In the special case where

Mgt My =0 - :
. (5.2)
M. + M = 0
33 4
we get
-1 0 - j
0 0 0 Mg = Mss
0 -1
0 0 0 Mg * M,
R = 0 0 -
. 1 0 0 0
0 o 0 -1 0 0
M28,+ Moy (Mg = Mgzda 0 1 2T + Mg Mg+ Mo Mg
0 0 0 0 0 1 |

{5.3)

This system is doubly telescopic (i.e. the x, x7, y,.y’subépace.is exact=
ly repfoduced - with inversion in this case - at the image point: see
chapter 6). In addition, this system will have zero dispersion when
either M =M., =40, or when M = M52._ Similarly it will have zero

16 . 52 . 16
angular dispersion when elther I"125 = M51 = 0, or when MZB = —M51.\

5.3 Anti-translational Symmetry,

Here the sécond half-system is obtained by traversing the elements' of
 the first half-system in the same order after first having rotated it
by 1500 (HERSB). This is shown in figures 5.1b.and 5.2b. If there
are no dipoles present then this symmetry type is identical to trans=

lational symmetry.

d.v 'y .
Mat iffers only from M 1n.the signs of the elements.qu, M28’ I"]51 and

M52f _»Thus

’ Rat~ - Mat M



becomes

M, (M

11 )-1

TCY.

2111 22

at

M, (M, + M)

]

11

0 0
3 Mgyt
33*Ma4)
0 0
0 0

0

M, (M, +M_ ) - (M

16" 1122 16

ﬁzs(m11+”22] = MygMg,)
Maq) 0 0
My)-1 O 0

2 M,

;(M51 Mg " Ma2 Mg

+M )

52

(5.4)

_é'g_
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In the special case of equation (5.2), we again get a double-telescopic

sub-matrix, while the non-zero off-diagonal terms now become

Rig = Mg * Mgy) = Ry
Rog = “(Myg = Mgy) = R, (5.5)
Rog = 2 Mg = Mgy Mg * Mgy Mog)

We can see that the dispersion, R18' will now be zero for either
M16 = M52 = 0, or for M1B = —MSZ' Similarly the angular dispersion,
R

06" will be zero.For either M26 = M51 = 0, or for MZB = M51.

5.4 Craoss-translational Symmetry

For this symmetry the second half-system is obtained by traveréing.the
first half-system in the same order after first having rotated it through
a0°. This system is shown in figures 5.1c and 5.2c. This system is

not likely to be used with dipoles (HAL78), so we restrict our treatment
of it to quadrupoles aonly (KAR76). The rotation by 90° is then equiva=
~lent to a reversal of polarity in all the guadrupoles. We present trans=
fer matrices in the four dimensions x, x°, vy, v~ only, as these do not de=

pend on & or § in this case.

For M we find
ct |

LS 0 0

M, = M43 M 0 ] ‘ - | (5.6)
0 0 " M2
& 0 CYRRUY!

and



rM11”33 ' M21M34- Mﬁ2M33 * MooMay 0 0
Ret f .M1{M43 F MMy MMy Mo2Mag
o 0 MaM33 * Mgty o Mgy " 2Mag
- 0 0 MMy * Mool My My, v "22"aa |

e (5.7)

There are two special cases (KAR76) which each yield the identity matrix

+1 00 0

R = 0 +1 0 0 ’ (5.8)
ct - . .
0 0 +1 0
0 0 0 +1
These are (a) M22 = 1”33‘ ' M,]'1 = :m447 M12 = +M34v[#01 (5.9)
and (b) ‘M22 = :m33, M21 = +M43. M12 = M34 = 0 {(5.10)

These conditions may be interpreted as follows:

(i) for the upper sign, x traversing the first half-system forwards

behaves identically to y traversing the first half-system back=
wards; ' ' '

traversing the whole system then results in the initial beam being

reproduced at the end of the system (without inversion)

{ii) for the lower Sigﬁ, we find that x tfaversing the first half-system
forwards has the inverse relation to y traversing it backwards;

the nett result is that the beam arrives at the end of the system

inverted.

It is necessary to distinguish between (5.9) and (5.10) because if

M12 = M34 = 0, then we_must specify the relatlonshlps between I"l21 and M43

anq between either M11 and M44 or between M22 and M33. But }f M12 =_:M34
# 0, then itbis not necessary to specify relationships between M21 and M43

i
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and M44L and between M22 and M33.

" but only between M11

5.5 Mirror Symmetry

The second half-system is in this case obtained by traversing the first

half-system in the reverse order (sees figures 5.1d and 5.2d). Here
R = M M
m m
where
B . -
.M -
m22 12 0 0. 0 m52
"1 " 0 0 0 ey
Mm = 0 0 qu M34 0 1 ) ‘ 7 ‘ {5.11)
0 0 M43 M33 0 0
My Mg O o 1 Mog
0 0 0 0 0 1
and 2 M11M22-1 2 M12M22 0 0 0 2 M12M25
. M - ]
2 M21M11 2 M11 22 1 0 0 0 2 M11M28
Rm - YO ‘ 0 2 M33M44-T. 2‘M34M44 0 0
0 0 2 M43M33 2 M33M44—1, 0 0
2 Mg 2 Mg 0 -0 2t Mg
0 0 0 0 0 1

(5.12)

For the special case where the angular dispersion vanishes ap the symmetry

plane, i.e.
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M = O - _ I ) (5.13)

Al

we get R16' = RZS = R51 = .R52 = 0

implying that the system is then achromatic.

Another useful mode is achieved when we have parallel-to-point and point-

to-parallel transfer in the half-system:

M11 = N22 = M33,.= M44 = 0 : (5.14)

The complete system is then doubly telescopic with Vanishing angular

dispersion, i.e.

'f1 o o 0 0 2 MM i
0 -1 0 0 o 0
R = | 0O 0 4 0 o 0 ' (5.15)
0 0 o -1 0 0
0 2 MM b o 1 2 [m58—h16m263
0 0 0 0 o 1 |

A similafly useful . result arises when the half-system operates in

point-to-point and parallel;to-parallel'mode i.e.

M12 = M21 = m34 = M43 = 0 (5.16)

In this case we find that the complete transfer is doubly telescopic

with vanishing dispersion:
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1 0 0 0 0 0
0 1 0 0 Q 2 M11M28
Rm = o 0 1 0 0 0 {(5.17)
0 0 0 1 0 0
-2 M11M28 0 0 0 1 2 [MSS_M18M26]
0 0 0 0 0 1

5.8 Anti-Mirror Symmetry

For this symmetry, the second half-system is obtained by traversing the
first half-system backwards after first having rotated it by 1800 (see
figures 5.1e and 5.2e]. If there are no dipoles present then this is

equivalent to mirror symmetry. Thus

R = M M
am am

M

where Mam is equiyalent to Mm except in the sign of the terms Mm16’ m26°
Mm51 and Mm52' Thus for Ram we get
B M11m22—1; 2 My My 0 0 0 2 MMy g
2 MM 2 |\4‘11M2-2_1 o 0 0 2MyMg
Ram = 0 o - ,2 M33ﬂ44—1 2 M34M44 a .0
0 '0 2 MyaMag 2 MygM =1 0 .0
2 M21M18 2 M22M16> | 0 0. i 2(M58+M16M28
i 0 a ] 0 0 1
(5.18)

For the special case of zero dispersion in the half-system, i.e.

’
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M = 0 o ' : . (5.19)

we find that R is achromatic,i.e.

Rie = PRog = Ry = Rgp = 0
If we arrange for pqint—to-parallei and parallel-to-point transfer
through the half-system in both planes, i.e. .
Mg = My = My = My =0 R o (5.20)

then the overall transfer becomes doubly-telescopic, and dispersionless:

-1 0 0 0 0 0
0 -1 0 0 0 2'M,, Mo
Ram = 0 0 -1 0 0 0 (5.21)
0 0 0 -1 0 0
2 M, My 0 0 0 T2 (Mg, (M)
0 0 0 0 0 1

A doubly télescopic system with vanishingvangular dispersion results
when the»hal?-éystem operates in péint-to-point and parallel-to-pa:allel

mode, i.e.

Mz T Mo T Mag 7Ty (5.22]

implies that v : T

1 0 0o 0 o 2 MM,
0 1 0 0 0 0
R =10 0 1. 0 o0 0
am
0 0 01 0 0"
0 2MpMe 0 D1 2 Mt glg)
0 0 o o o 1 i
e
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Cross-Mirror Symmetry

Here the second half-system may be found from the first half-system

by traversing it backwards after a rotation by 900 (see figures 5.1f and

5.2f).

As in the case of cross-translational symmetry we assume that

'groés-mirror'symmetry will only be applied td guadrupoles and the 900

rotation is thus equivalent to a polarity change in all quadrupoles.

For Mcm we find
_M44
_MCm >= M43
0
_O_
‘and

F”11M44

cm 'M11M43

R takes
cm

ditions

M22

Mo =

M21

+h]+
= =2 =

1
]

* MMy M22”34 * MM
f MoaMa3  Moolaz * My Mg
o 0o MooMas *
0 0 MMyt

the form of the identity"

0 0 |
0 0
Moo My
My M

the total transfer matrix is

34

43

(5.23)

123 MaoMag Mol

"iaMas MyqMag M21M34J

{5.24)

matrix, equation (5.8), under the con=

(5.25)
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These conditions imply that the behaviour of the x-component of the
beam traversing the Firét half-system forwards must be identical {without/
.with inversion for the upper/lower sign) to the behaviour of the y-compo=

nent of the beam traversing the second half-system forwards.

5.8 Symmetry Groups

We find that the matrices for the second half‘system may, for each sym=
metry type, be calculated directly from the matrix M of the first half-

system (or from its inverse M_1] in the following manner:

M, = I NI Mo = I, M I,
M (D = I, M I, Mo (1) =I5 m I,
My = I, NI, Mo = I M I
M.(2) = I MI Mo(2) =1, m I

ct 6 B cm 7 7

where the (1) or (2) with the cross symmetries refer to rotations through
+900 or -90°. Here we treat these cross symmetries as if dipoles may be

included. The eight symmetries then form a complete symmetry group.

We find that the matrices Ii have values as shown on the next page:
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']

0
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The matrices IO through I3

-4 dimensions {x, x”, y and y“J.

have previously been derived (KAR76) for only

We find that'tho eight'matr.ices'IO thrOughAI7 form: the abellan elght group

As a check on the validity of this statement we have drawn up the group

table as follows:

Ig L I I I I Ig I
I, I I I, I, I, I I
I, I I '11 I I, I, I
I, L, I, I I, I I I,
I, I, I I, I, I, I, I
I I, I, I I I I I,
I I I, 15 I, I, I, I,
5 Tg Is Iy I3 I I Ig

This group table enables us to read off the product of any two'matrices

in the group (HAMB2).

5.9 Second-order. Terms

Symmetrical systems are convenient not only for their first;brder propers=

ties but also because many second-order terms vanish identically.

We start with Brown's theory (BRO72) and derive additional equations.
- We then apply the resulting method to symmetrlcal systems with glven pro=

perties to find the zero terms.

Brown firstly derives a general vector differential equation describing
the trajectory of a charged partlcle in an arbitrary static magnetic

fleld B p0558551ng midplane symmetry:

x°T o+ (1-n]h2x = hg + [2n-1-8]h3x2 + h xx + 1 hx +‘(2:n)h2x s
+ 3 (h" -n he + 2 8h31y2 +hyy - Lhy < -.hé

+ higher order terms _ (5.26)
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+ (y|x0 Yglxg Vg * (y|y06]y06 + (y|y0 81y 6

vy T+n h2y7= Z(S-n]h Xy + h'xy“ - h’x y + hx“y "+ n h y5 (5.27)
+ higher order terms
. 1 28
where n [ [———]] x =0
h B X :
y ? y =0
2
2°B
1
g = [ > (- qu x =0
2.h™ B Ix y =0 .
1/
and h = Py (5.28)
where g is the radius of curvature.
The next step is to express the salutions in a Taylar expansion
_ - - 2. 2 -
X = .(xlxolx + (x|x0 ]xU + (x]|8)6 + (x|x0 ]xU + [x|x 0 ]*OXO
' -2 ‘o - - 2..2 2 2
+ (x]xodlxoﬁ + (x|x0 ]xU. + (xlxocﬁxo 6*‘(x|6 1§ + (xlyO ]y0
. . 2, 72
+~(x|y0y0 ]yoyov + (x|y0 )¥q (5.29)
y (lygdyg * lyg dvg + Ulxgygdxgyg * v Ixgyg Ixgvg * (vlxq vgdxgyy

(5.30)

The first-order coefficients have a one-to-one correspondence with the

following five characteristic first-order trajectories:

(1)

(ii)

(iii).

(iv)

e
y

(v)

the unit sine-line function sx(t]'in the'bend-plane where

s5,(00 =0, s (0) =1: s (t) corresponds to [xlx0 ) and

S
X .

(t) to (x']x[J )

the unit cosine-line function cx(t] in the bend-plane where

(e}
- X

CXEOJ =1, c¥ (@) = 0: ¢ (t) corresponds to (x|x,) and
(t) to (x !xol; '

The dispersion function d (t) in the bend- plane where d {(0) = 0,

d
o X

(o) = o dx(t] corresponds to (x]6) and dX

(t) to (x 16];

the unit sine-1ike function sy(t] in the non-bend plane where

s (0) =0, s '(0] = 1; s (t) corresponds to ( ") .and
y y y ponds vlyg .

(t) to'(y'lyoll; and

v

the dnitbcosine'liné function c (t) in the non-bend plane where

c
y

() to (y |yg).

 cy(O] =1, cy’(0]'= 0: cy[t] corfeSponds to (ylyol and
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Figure 5.3 illustrates s (t), c (t) and d (t). s [t]'and c (t) are
X X. X - y y

similar in nature to sx(t] and cx[t).

Equations (5.28) and (5.30) are now substituted into equations (5.26)
and (5.27) to find differential equations for each first- and second-

order coefficient:

c kxz c, = 0 | oy"' + kyz ey T 0 (5.31)

s k*z s, = O sy" + ky2 s, = 0 (5.32)

a " kx2 a, = f, _  Q" ky2 Q- . £ (5.33)
where kx2 = [1-n]h2 and ky2 = nhz.

Equations (5.31) and (5.32), together with initial conditions for

c and s, represent the equations of motion for the first-order mono=
energetic terms. The solutions to equation (5.33i give the first-order
dispersion’d>< and the second-order terms, where the driving term f has
a characteristic form for each coefficient g. These driving terms are
"listed by Brown for f and f ., corresponding to solutions q1ij (or

11] 3ij

T1ij] and 931k (or Tsij]vrespectlvely.

The valué of g may be found using the Green's function integral

t : . )
glt) = J/ £ (1) G (t,7) dr (5.34)
0 :
where
G(t,T) = s(t) c (1) - s (1) c(t) . " (5.35)
leading to
' t ) t '
alt) = s(t) /£ (1) ¢ (1) dr - clt) JEAS NGRS (5.36)
§] : 6]

We also need to know the value of q~. This is:

' ) t t. : o
a’(t) = s () [ F( e () dr-c(t) [F()s (1) dr  (5.37)
0 o -
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(a)

Sx (0)=0
Sx (0)=1

Cyx(0)=1
Cx(0)=0

object plane

image plane

dyx (0)=0
dx (0)=0

Figure 5.3: The shape of (a) the sine-like function sx[t],
(b) the cosine-like function cx[t], and

(c) the dispersion function dx[t], in the magne=
tic midplane.
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Brown has treated the case of g(t) = 0 for mirror symmetry with paral=
lel-to-point 'imaging_ at the mid-point and d” = 0 (at the midpoint).
We will How generalize this treatment to take into account q’[t] = 0 as
well.  We will apply this to several different cases to find which g

and q are zero for each case.

We look at four cases of interest:

(i) if we have point-to-point imaging from the beginning of a sys=

tem to its end, then s(t) = 0 and

t
q(t) = -ct) /f (1) s (1) dr ' (5.38)
U .
(ii) if we have parallél-to-parallel imaging then c¢”(t) = 0 and
. ' t :
G (t) = s (t) [ £ (1) ¢ (1) (5.39)
0 ' | .
{iii) if we have parallel-to-point imaging, then c(t} = 0 and
ot
att) = s(t) /£ (1) e (1) g (5.40)
’ ' 0
(iv) if we have point-to-parallel imaging, then s”(t) = 0 and

t
Q(t) = - ¢ (t) {(F (1) s (1) dt (5.41)

If we apply the above four cases to symmetrical systems, then we can
state that: a second-order term is identically zero if its relevant
integfand f (1) s (1) or f (1) ¢ (T) is an odd function about the mid=
point -of the system. This has tovbe calcuiated for each system under

consideration. We can, however, make the following general statement:

if ¢ [T)-is an odd/even function, then c (T) and s (T)
will be even/odd functions and s (T) odd/even. This
implies that if a given q(t) is zero, then g (t) will

not be, and vice versa.

We now look at specific cases, state whether the first-order functions

are odd or even, and then list the second-order coefficients that are
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Zero.
(a i) Mirror symmetry with M = M =M = M =M = 0 (equations
moo22 33 a4 (5.13), (5.14))
cx(rl = odd sx(r) = even dx(r} = egven hit) = even
c (1) = odd s (1) = even
y y
Cx'(T] = even sx’(T] = odd dx’(rl = odd h’(t) = odd
~ c (1) = even s “(t) = odd
y y
h”"(t) = even
For f(r) odd, gq(t) = 0, i.e
T112 = T11e = T211 ™ T222 ® T226 = Tos ™ 134 ™ T233 = T2a4 = 0
T314 = T323 = Taze = Tarz ™ Taza = Tasg = O
(a 1ii) Mirror symmetry with M =M = M =M =M = 0 (equations
122 e a3 %8 (5.13) and (5.16))
CX(T] = even SX(T] = odd d(r) = even h(t) = even
c (1) = even s (1) = odd
Yy y
cx’(T]'= odd sx’(f] = gven d’(t) = odd h“(r) = odd
c “(1) = odd s “(1t) = even
y y
h”“(1) = even
For f(t) even, g(t)= 0, i.e.
Ta12 = T126 = T211 = To1e' ™ T222 = Togg = T13g = Toaz = Toag = O
T314 = T323 © Taag = Ta13 = Tans = Ty = O
(b i) Anti-mirror symmetry with M11 = M22 = M33 = M44 = M18 =0
(equations (5.18) and 5.20))
CX[T) = pdd sx[T) = even dx(T) = odd hit) = odd
c (1) = odd s (1] = even
y y
cx’(r] = even sx’(rl = pdd dx’(rl = even h“(t) = even
c “(t) = even s “(1) = odd
y y
h”“(t) = odd
* . . dx . _ dx
In the above treatment x“implies gt whereas we usually work - with 8 = prpp

_dx o xT X7 . .
Hawever 8§ = FE T hx Thus if hx<<1 [x<<pU) we can approximate
B =x". In this high-energy 1limit we can thus state e.g.
- tala 2y o (vl -2 :
Top™ (818570 = (x lxo ).
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For f(t) odd, q(t) =0, i.e _
Ta11 " Taae T 22 7 Tase ™ T133 = T1ag = Touz = Topg = Togq = O
=T =T =T :T = T = (0

T313 7 T324 ~ Tazs ™ Ta1s * Ta23 = Tags

Anti-mirror symmetry with M12 = M21 = M34 = M43 = M16 =0

(equations (5.19) and (5.22))

c (t) = even s (1) = odd - d (1) = odd h(r) = odd
c (t) = even s (t) = odd
| y y |
c "(tr) = odd s “(1) = even d “(t]) = even h”(t) = even
X ) X : . . ‘
c “(t) = odd s “(t) = even
Yy Yy

h”“(t) = odd

For f(t) even, g(t) = 0, i.e. _
= T1227 T126 = Tage = T133 " T1ag = To12 = Top ™ To3g = O

T111
T313 = T324 = T3ag = Taqq = Tap3 = T43 = O

The case of cross-mirror symmetry treated in 5.8 (i.e. only quadrus
poles) is identical to mirror symmetry except that only chromatic

aberrations will appear. =~ Thus we can state that

Il] for M11 = M22 =.M33 = M44 = 0, we will get
T116 = To26 = T33s = Tasg = O

(ii) FO? M12 = M21 = M34 = M43 = 0, we will get
T =T =_T :T :0

In the case of the translational-type .symmetries, systems with the

properties of

Mg 7 Moo T M3 T Mag 7 0r Ryg = Ryg = 0

Mag = Mog = Mgy = My3 =0, Ryg =Rg =10

are very seldom found which do not also belong to the mirror-type

symmetry group. Hence we will not treat them separately,here;

If we combine moré than one symmetrical system into a composite system

then we may find that further second-order elements disappear. We exa=

mine this arrangement below.

When two elements follow each other, then the-total first and second-order

transfer matrices are

and

Rij(2] = E Rik(1J Rkj(D]
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- : ) R,.(0) R__(0 5.42
(2) i Ril(1] lek(OJ + in Tilm[1) RQJ[OJ mk( J ( )
Using equation (5.42) we have calculated that in a system with transla=

0 for i # j, that

Tijk

tional 'symmetry where each half-system has Mij

Tisk = Vige Mig ¥ My5 M
where Vin are the second-order terms for the half—systém. Thus when
Mii = -1 fori =1, 2, 3, 4 the only non-zero second-order terms are

T and T

T 346 436 448

T T

T s T > T

116 126 216" 228" '336°

i.e. all geometric aberrations disappear, leéving only chromatic aberrations.

When two systems of ‘the type (a il follow each other, then T T

, 116" " 228°
and T are zero as well,. This is also true for two systems of

T338 445 _

the type (b 1) and (c 1i]. Hinterberger (HIN73) quotes this result with=
out derivation or proof for two systems of type (a 1i]). It is possible’
that he obtained these results from the output of the TRANSPORT computer
program for a specific system, as he also quotes T268 # 0. This may

have resulted from rounding errors in the calculation. Brown (BR0O79)

has also derived this result, except that he neglects to state that the
transfer matrix of his "unit cell” must be the negative of the identity

matrix for x, x7, y and y~. The result is not correct for a positive

identity transfer matrix.-

Thus we have found that the composite system with the least second-order
aberrations consists of two-half systems, one a translation of the other,

each made up of one of the following:
(a) a mirror symmetrical system which has (for its half-system)

Myg=typ = Myg = My = Mg =0

{i.e. point-to-parallél and parallel-to-point optics and zero

angular dispersion); or
{b) an anti-mirror symmetfical system which has (for its half-system)

Mg = Moy = M3z = My = Myg = 0

{(i.e. optics similar to that of (a) but with zero dispersion, not

necessarily zero angular dispersion); or

{c) a cross-mirror symmetrical system of quadrupoles only, with its

half-system requirement

M T Map T My T Mg 7 O
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6. QUADRUPOLE SYSTEMS INDEPENCENT OF BEAM PARAMETERS

\

6.1 Introduction

Within an accelerator facility it is often necessary to transport the
beam over quite 1long distances, and while ‘doing so, tb prevent the beam
from spreading out. Various combinations of quadrupcles are most com=
monly used for this purpose. . Where bossible these quadrupole éystems
should be independent of the beam pafameters. Then the quadrubole
settings depend only on the magnetic rigidity of the beam, and may be
rapidly altered whén a different beam is accelerated (i.e. the beam
parameters need not be measured at the entrance to the system before

the quadrupole strengths are set]).

The quadrupole units used to create many systems are the doublet and
the triplet. We will discuss systems made up of two doublets and two

-tripiets. Longer systems may be made up of several of these.

Because we are dealing only with quadrupoles here, we present discussion
in terms of the 4 x 4 matrices in x, x”, y and y~. The matrices with

the most desirable characteristics are Qf the form:

(R11 B R 0
R =10 Ry, O 0 ' o o (6.1)
0: | 0 Ryq O
0 0 0 Rys

These represent the imaging of the source at the end of the system, with

horizontal magnification R11, and vertical magnification R33.

Systems with such transfer matrices represent point-td-point and parallel-
to-parallel transfer, and are-described as doubly-teléscopic (HIN73)

i.e. horizontally and vertically. We now examine the optics of such
systems, and in particular we discuss two-doublet and two-triplet tele=

SCOpes.

6.2 Two-Doublet Telescopes.

Two doublet telescopes haVe_

R = R

11 22~ Rz = Ryy = -1 . R.=0 1i#; (6.2)
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i.e. they transport the beam with unit magnification, both horizontally
and vertically. The case where R11 = R33 = +1 is not realizable with

only four quadrupoles (KAR76].

Two doublet telescopes have been examined by various analytical methods
(MOL66a, MOL66b, NORG67, KAR76, DYM64, DYMB5a, LEEBQj. However we develop

a method here to determiﬁe a solution to the simplest system i.e. that which
has equal field_strengths in all four guadrupoles (with reverse polarity on
two of them) and equal drift lengths at each end of each doublet, as shown
in figure 6.1.

symmetry
‘plane

Qi Q2 Qs " Qa

dy L] de [L| d | d |L

Figure 8.1:> A system of two symmetrical doublets with a total length:-of

A (2d1 + d2 + 2LJ.

We see that this system has both translational symmetry and cross-mirror

symmetry. (The mirror symmetrical arrangement of two doublets does not
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produce telescopic optics (KAR76).)

From the translational symmetry requirement for satisfying equation
(6.2) we get (from chapter 5)

‘M11 + M22 =0 . (5.23a)

M33 + M44 =0 - (5.2b)

However for the cross-mirror symmetry requirement we get

Moo = “Mag
My = Moy (5.25)
Moy = a3

which implies, (because det [M] = 1) that

Mg = "Mag
Thus when equations (5.25) hold, the requirement of (5.2a) automaticals=
ly implies (5.2b), and we need only restrain the value of M11 + M22.

On multiplying out the matrices for quadrupoles and drifts, we get

M11 + M22 = 2 cos kL cosh kL + kK (2 d1 + dz](cos kL sinh KL - sin kL cosh kL)
- 2d,.d, k% sin kL sinh kL ' (6.3)
When we use the series expansion for cos kL, cosh kL, sin kL and sinh kL,

we find

a 4. :
=2 (1 - 5—%—) —-% kM3 24 « d)) - 2 d,d K2 (6.4

Myg * M 1 195

11 22
This result is derived by igngring terms in the sixth, and higher, powers
of kL. This is a valid approximation for kl<1. Equation (6.4) may be
solved for the field strength of the quadrupoles:

2

1
.BU = a (Bp) k= = a (Bp) [ 7 - 3 6 2]2 (6.5)
. . LT+ 2 L° (2 d1+d2] + 6 d1d2 L

We applied this solution to a test system with the following parameters:
- {
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0,4 m

1,7 m

0,8 m

0,0381 m

21,486 KG. m.

The resultant field strength for the quadrupoles of 1,4675 kG differs

by only 0,04% from the value of 1,4681 kG computed using the progrém

TRANSPORT.

The two doublet telescope is well suited to an initially (nearly).paral=

lel beam, but. for an initially highly divergent beam the beam extent be=

comes large in the horizontal plane in the second quadrupole for a - + - +

configuration, in the third for a + - + - configuration, and vice versa

for the vertical extent. This is illustrated in figure 6.2.

Figure 6.2:

Point and parallel rays traced through a two-doublet telescope.

When the direction of travel is reversed (or the quadrupole po=

‘larities reversed} the horizontal and vertical rays are inter=

changed.
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6.3 Two-Triplet Telescopes with Unit Magnification

The two-triplet arrangement 6f guadrupoles shown in figure 6.3 may be
made telescopic with unit magnification using an arbitrary selection of

 six quadrupole strengths which will satisfy equation (6.1), i.e. so that

Ryq ¥ R33 = 21 (6.6)

symmetry
~plane

Qi Q2 Qs Qs Qs Qs

o
F'
NQ_
—
g?.
—
_FL

—ﬁ'—- " . S v —— eI T — —— —— . — > — Gt— —— - — .

.- Figure 6.3: A system of two symmetrical gquadrupole triplets with a total

length of 4 (d, + d) + BL.
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‘It is, however, preferable to retain the'inhereht syhmetry already in fhe
geometry of the system. We thus look at the four symmetry types applica=

ble to systems of quadrupoles (see chapter 5J.

If we examine the half-system M, we can, with some manipulation, show
that with only a quadrupole triplet we cannot simultaneously get point-
to-point imaging, (M12 = 0, M34 = 0) and parallel-to-parallel imaging,
[P’I21 =0, M = 0J). We can, however, in certain cases get M = 0,

43
M33 = 0 (parallel-to-point imaging)} and M22 = 0, M44

lel imaging).  When this occurs we find that for quadrupoles @1 and Q3

11
= 0 (point-to-paral=

their strengths are equal, i.e. Q, = q3. (This is not, however, the .
-only condition that implies q, = q3.J When q, = A5 the triplet becomes

mirror symmetfical magnetically as well as geometfically.

We now consider the cases where the two half-systems are related by
'translational, mirror, cross-translational and cross-mirror symmetry.
respectively. ‘Thin-lens optics is adequate forvinvestigation of these
symmetries and provides a clear querstanding of the various édlutions

which exist, without the complexity of a more exact treatmqnt.v
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\

(a) In the case of translational symmetry we have for the quadrupole

strengths‘

.q1 = Qy ;q2 = q5. and qs = qs 4 : (6.7)
- and

R = MM

To find M we write the focal length of the ith quadrupole fi as
i kL
and multiply out the matrices of the drift lengths and thin lensee.

There are no solutions to the requirements R11 = RBS = +1; but for

R11 = R33 = -1 we require

(i) M, + M =0 o _
11 22 . » v : (5.2
Mag * Maq = 0 o

This leads to the solution (whefe d1 and d2 are now the drift

lengths to the quadrupdle centres]:
' 1
) 3 , 24 6 2,2, 3. . 2 _ ]5
o g,d,” + [ £,°0.%+(0,+d,){48,%d, %d, -0, (2d, +d,) (d, +d,)H g,°d, (2d, +d,) -2}
1 2 2 2 ‘
d,{(2d;+d))(d+d,) - 4g57d,"d,") (6.8)

Bz %

o -2(1 + 2g,g.d,d,)
2 (g,*84) d, (2d,+d,)

(6.9)

Here gs is arbitrary, restricted only by the necessity for the quantity

in the square brackets'in equation (6.8) to be positive.



(ii) A special case of the above solution exists when

M11 = M22 ='M33 = M44 =0 A _FB.1D]

implying 99 = 93 ° 9 * Gg
In this case we have two.symmetric guadrupole triplets, and equations

(6.8) and (6.8) reduce to

1

2 2 .2 2 2 2,2 2 ]
g," =gy = (20,%43d,0,%20,%)+ [(2d, %430, d,+20,7)" - 8d,“d,(d, +d))
2, 2
4d, “d, | (6:11)
and 1. Zg 2d d - | :
g, = - — - (6.12)
2 g1d2[2d1 + d2]

We can thus get four possible configurations i.e. we can start with
eifher positive or negative quadrupole polarities for each of the
"strong” or "weak” solutions (upper and lower signsrrespectively] in
equation (6.11). While the weak solution would be used. in practice,

the strong -solution will also be referred to in later sections.

(b)  For mirror symmetry we require

q, = 9g- q, Ag» .and 95 = 4, ‘ © (6.13)

Eguation (6.1) can only be solved when equation (6.10)} is valid, which

implies qa = qg- This case then becomes identical to case (a - ii) de=

scribed above.

(c) For cross-translational'éymmetry we require

q, = -q4.‘ q, = -qs,ﬁ and d3 = ~dg (6.14)

In solving equation (6.1) we find that -equation (6.10) cannot be valid.

Instead we require [frqm equation (5.9)):



and

(i)

far

(ii)

(iii)

(iv])

a7 2 Mgy '
Mo 7 LMy

M12 S M34 {6.15)

217t Mg

For the upper sign to be valid [R11 = R33 = +1) and for

M12 # 0, M21 # 0, in generalf we find

qq = -q, = dg _ | _ {6.18)

d +d . p

2 1 2 ‘

g = 3 (6.17)
! dqd;

There are two possible configurations of this type corres=

sponding to a polarity sequence and the reverse sequence.

As a special case of (i) above we can reguire

M12 = 0, M21 # 0

i.e. point-to-point but not parallel-to-parallel imaging, for
which the restriction d1 = d2 applies, and equation (6.17)

reduces to

g12 - Z (6.18)

Ancther special case of (i) above is for

M12 £ 0, M21 = 0

/

i.e. parallel-to®parallel, but not point-to-point imaging.

We now find d, = v 2 d2, and equation (6.17) becomes:

1
g 2 - 2+ 2 b . : (6.19)
1 d 2
1
For the lawer sign in equation (6.15), leading to R11 = R33 = -1

and FOF.M12 # 0, M21 # 0, we find
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with
g 2 - (6.20)
1 = .20
2d1d2 ,
and 2, | B
g = - —— (6.21)
2 2,2 )
1+ g1 d2
As in case (i) there are two possible configurations, correspond=
ing to the two possible polarity sequences.
(v]) There are no solutions for the case M1é = 0, qu %'O,'but‘for'
the case ‘
Mg 70, My =0

we find the restriction d1 = d2/2, for which equations (6.20)

and (6.21) become

g, = "8 = =3 o : - (6.22)

(d) For cross-mirror symmetry we require

a, = ~Gg» g, = -Ag and 93 = "9, | (6.23)

From this we find that equation (6.10) cannot be valid. Instead we

need (from equation-5.25J):

M = + M

11 =~ "33
M .= + M .

22 - _ : (6.24)
"2 T T Mg

M, = +M

21 43

which requires q1 = dg- This symmetry then reduces to ‘the cross-trans=

lational symmetry discussed in (cJl.

Invfigure 6.4 we show-point-to-point and parallel-to-parallel rays

through a number of the above systems:

The system described in section (a - ii) and section (b) which has both
translaticonal and mirror Symﬁétry’is shown for both the stfong and the
weak solutions in figures 6.4a and 6.4b respectively. The systems with

cross-translational symmetry described in sections (c - iv) - with inver=s



{a)

(b)

(¢)

(d)

Figure 6.4:
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unit magnification.
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sion - and in section (c - i) - without inversiaon - éfe illustrated in
figures 8;40 and 6.4d respectively. The guadrupcole strengths were: -
calculated using the computef program TRANSPORT, with the thin-lens strengths
calculated above as starting values (to the fitting routinel). £ These solu=

tions are for a system with the following parameters:

d, = 17m d, = 0,2m L=20,4m
' (6.25)-
Bo = 21,485 kG.m a=0,0381Tm '

Of the results guoted above, those in sections (a - ii) (¢ - 1), (¢ - ii)

and (c - iv]) agree with the derivations of reference (KAR78).

6.4 Modified Telescopes

We define "modified telescopes” as quadrupole systems thch provide

both point-to;point and parallel-tb-parallel transfer, and unit horis=
zontal'magnification Mx. but variable vertical maghification My (or unit
My and variable Mx] i.e.

R11 =+ 1, R33 o+ Rij =0 i#] (6.26)

or

Rig 727  Rgg =21 Ryy=0 i7] (6.27)

. If we reverse the polarity of each duadrupole in the system described
byvequatidn (6.26), we then have the other configuration, described by .

equation [6.27);

As soon as we require either qu # 1! or‘ R33 # 1| we lose the symmetry

of the quadrupole strengths which exist for a telescope, and the eqguations
(6.26) or (6.27) become too unwieldy for analytical treatment. In the

thin-lens approximation they take the form:

5
\ +

< - |
7 z. =
s " i1%1%18%1 Y 1,3,k PsiikBiB58k T i,3,k.1,m Csijk1m®i8i8kB18y T O

r . ’ :
M T deij 8485 * ©13k18i858k8) * T 818,838,8-8¢ 0

S i,j sij "i7) ijkl

{6.28)
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and

and a, b, ¢, d, e and f are functions of d1 and d, only.

2
In practice it is much simpler to solve equafions (6.26) or (6.27)
numerically, using the complete transfer matrix for each guadrupole and
not the thin-1lens approximation. Two methods of solution are discus=

sed in section 6.6.
We have six equations to solve, i.e.

a3 = M _

Ryp 721 R -
o . (6.29)
and Ry, = Ry = Ryy = Ry3 = 0

and the six unknown guadrupole strengths, so we expect 6 solutions for

R11,.R33 11 R33 > 0. We have calculated these

using the system parametefs given in equation (6.25). We present these

<0 and a Furthér 6 for R

solutions in figures 6.5 and 6.7 for |R33|.Z 1 only. . We can obtain the

results for |R <1 directly from these by traversing the system back=

2|
wards which gives the inverse magnifications.

For unit horizontal and vertical magnification, these systems are simple unit tele=.

scopes, with symmetries discussed in section 6.3. Thus in figure 6.5

1 -1, R33.i -1 in the form of plots of

~guadrupole strengths as functions of R33. Where the curves passfthrough

we show the six solutions for R

R33 = -1, the quadrﬁpole strengths for figures 6.5a, b, c and d are those
determined for both translational and mirror symmetry in section 6.3

{a - ii), while for figures 6.5e and f they are'those found in section
6.3 (c - iv) for cross-translational symmetry. It may be seen that

- the curves in figures 6.5c join with those in figure 6.5e at their
turning points, i.e. at maximum magnification. Figures 6.5d and S.SFI
afe similarly linked. = This linking is further illustfated in figure

6.6 in which the excursions of the'individuél quqdrupole field strengths
are plotted separately. Here the curQes of figure 6.5c - e are linked,

and also extended beyond unit magnification to include the reciprocai'

magnifications which would be obtained by traversing the system backwards.
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FigUre 6.7 shows the six solutions for Ryq = *1, Ryg 2 +1; The'
points R33 =‘+j in figures 6.7a and b were predicted by the calculations
of section 6.3 (c - i].for cross-translational symmetry, but thesé points
in figures 6.70, d, e and f are nof accounted for by thih;lehs theory _
.because it is Aot valid for high quadrupole fields. However, the curvés

in figure 6.7a join with those in 6.7c at their turning points, and similaf=

ly for figures 6.7b and d.

- Although a wide range of maghifications is made available, the quadru=
pole stréngths tend to be large at the extremes of this rénge. ‘If we
restrict the guadrupole fields to < 10 kG. for the e*ample considered
hére, we can:Still obtain O,125<|R33'<8. This is particularly useful
in the situation where the vertical beam extent is limited {(by a dipole
éberture for example) early in the beamline, but a large vertical beam

is required further on, e.g. at a target.

6.5 Zoom Lenses

We define "zoom lenses” as guadrupole systems which provide both point-
to-point and parallel-to-parallel transfer, with egual, variable hori=
.zontal and vertical magnifications.: This is thus analogous to the pro-=

perties of the optical "zoom lens”.

In the zoom lené system of R = R 3 # + 1 reversal of guadrupole pola=

11 3
rities does not affect the transfer matrix. Thus of the six possible

solutions to the set of equations

R. = R =M =M
mo3s o xTy (6.30)
R12 7 Ra1 T R3a™ Rez = 0 | .

only three are unique for each of R11<D and R11>D. The method of so=

lution of these equations is similar to that for equations-(6.28), and

is discussed in section 6.6.

We have calculated these solutions for the system with paramefers defined
in equation (6.25). The fesults for negative magnification are shown in-

figure 6.8, and those for positive magnification in figure 6.8.
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" The guadrupcle field strengfhs at unit magnification are idehtical_tol
the values foynd for the modified telesbbpe in section 8.4. Thus the
field strengths. for uhit magnification in figufe 6.8a corresbond tb
those of figures B;Sa and b, while fhose of figure 6.8a, for example,
correspond to unit magnification in figures 6.7a and b. At maximum
magnification the curves in figure 6.8b join with those of figure 6.8c, -

and similarly for figures 6.9a and b.

If, in the example given here, we limit the maximdm quadrdpole strengthé
to less than 10 kG.we can still achieve magnifications in the range

U.1<¥R <10, which is more than adequate for most,beamlinevgpplications.

1l

6.6 Methods of Solution to Modified Telescope and Zoom Lens Systems

We have used two methods of finding the quadrupolevsfrengths as a funcs
tion of magnification for the modified telescope and-zoom.iens'systems
(i.e. solutions to equations (6.29) and (6.30)). ~In both of them a
single solution for a given magnification is found after supplying an
initial guess as to the possible quadrupole strengths. fvThis'initial
guess will be similar to thé_solutions to the qnit'telescope fqr>mag=" o
nifications close to unity, and in the case of mégnifications very dif=»
: ferent from uﬁity, will be based on the adjacent éolutions already found.

The methods are described below.

(a)  Computer Program TRANSPORT

ooy xS il <= ol g el oy N el

The computer program TRANSPORT is used with constraints 0n~R11i R12, R21,

R33s Rgq @nd Ryq

these constraints are satisfied. This program uses a method of non-

, allowing the quadrupole strengths to be varied until

linear least-squares with differential correction (BR0O71) to find the

" desired soclution. We found that very often it would fit

R12 " Rp1 "Ry " Rg3 =0 Ry =21

giving arbitrary values of the vertical magnification R33, but when we re=

quired a specific value of Ry = My £ 1, it would put

Ryz = M, *+ A
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This is also a point on the modified telescope curveno? R vs. quadru=

33,
pole strength, so it was of use in constructing the curve. . For the
zoom lens calculation, however, it was most unsatisfactory, as we would

_get

= Y = . )\ ’ . . £
Rpg =100 Ryz = M~ | |
and in most cases the errors Y and A were too different to be able to
use the result. (An error of 0,1% was considered acceptable.) Hence

the need for an alternative method.

(bl Computer Program QUADS

We have written a compﬁter program QUADS whiéh uses an IMSL tIMSL:
International Mathematical -and Statisticai Library) routine for‘solving_”
‘the six simultanecus non-linear equations (6.29) or (6.30). The method
employed in the routine is at least quadratically convergent, (BROBS) ,
and requires 27 function evaluations-per iterative step.. We found .

‘this program satisfactory, especially for evaluating the zoom lens.

6.7 Conclusions

The two-doublet telescope provideseaconveﬁientn@ﬁhod of transferring a’
beam over long distances with direct imaging of the initial beam. How=

ever it does have disadvantages:

(i) the beam may become large inside the quadrupoles if it is

highly divergent initially;

(ii) the magnification is fixed at unity, and cannot easily be

altered;

(iii) there are no vanishing second-order chromatic aberrations

(Ti1g = Toog = T - T446 #0, T = Tapg # 0. T =T . #0).

B 226 336 126 216 436

If a two-doublet telescope is used, then sufficient $pa¢e should be left

between the guads in each pair. If necessary, the system may later be



- 6.22 -

upgraded to a two-triplet telescope by the addition of the two extra

quads.

We see that the two-triplet telescope is an extrehely versatile system.
By altering only the gquadrupole field strengths we can vary the mag=
nifications obtainable in either the horizontal plane or the vertical

plane, or both simultaneously. The ease with which we can change R11,

R33 from positive to negative values {or vice versa) is particularly

useful when matching a beam to a spectrometer {see chapter 10). An
additional advantage is that the chromatic aberration terms T T

T

116° 2267

336" T448 vanish (in the mirror symmetrical systems).

In practice a table of guadrupole field strengths as a function of mag=
nification may be drawn up for any given two-triplet configuration.
These results depend only on the geometry of the system and the magnetic
rigidity of the beam, but are easily scaled to a change in the latter.

The initial beam harameters do not affect the system at all.



7. ORTHOGONAL QUADRUPOLE SYSTEMS

7.1 Introduction

In most beamlings, whether between pre-accelerator and main accelerator

or between accelerator and target area, elements are required to enable

the size and shape of the beam to be varied. As we have meﬁtioned be=

fore, guadrupole lenses have suitable focussing propertieé. Uhfdrtpnate=
ly, however, thé action of a guadrupole is focuséing in 6ne plane‘but de=
focussing in the other, and various combinations of quadrupoles must be -
used to achieve overall focussing in both planes. As .a result, the changes .
to the beam shape in one plane are difficult to decouple from changes in

the cher. \

In &an idealised situétion we would like to have these beam shaping quadrU=
poles resfricted to é short section of beamline, probably betWeen two sets .
of slits, and operatihg in waist-to-waist mode. In such a section we

. then require a minimum of four quadfupolés to transform a double waist

at thé initial slit into another double waist,bf given size at the final
slit. With four quadrupoles, however, altering the field strength qf'

any one.or more quadrupoles to vary the size of the beam in the horizontal
plane unavoidably affects the beam in the verfical plane, and vice versa’
i.e. the shaping in x and y is not inﬂepéndent, and all quadrupoles must

be adjusted in a complicated manner. However, by using an additional

two quadrupoles, we can separate the shaping in x and y, making them in=
dependent of each other. .= The quadrupoles which control the x-shaping

-are then said to be "orthogonal” to those which control the y-shaping.

This hrinciple has been incorporated into the transfer beamline at SIN {MAR75],
and discussed by Joho (JOH75) but the quadrupoles‘are distributed through=
'out the transfer beamline, and their operation is not as simple as in the

specialised waist-to-waist section we propose here.

7.2 Concept

'TheAway in which we prdpose to operate the system is shown in figure 7.1.
Here we represent the quadrupoles by thin lenses and the initial waist by
'a'point source. The rays drawn are those of haximum'divergence at. the

initial waist for x and y réspectively. The.quadrupoles 03 and QS (con=



—= ¥

Qr Q2 0,3. - Q. Qs Qs

Figure 7.1: A system of six quadrupoles (represented as thin-lenses) in an orthogonal arrangement. The rays

shown have maximum initial and final divergences both horizontally (x) and vertically (y).

_Z'Z_
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trolling x only) are orthogonal to Q and Q [controlllng y only).. The’
quadrueoles 01 and D serve only to separate x and y into orthogOnalﬂ
modes.

Thin- lenses and point sources are, of course, only theorefical approxi= .
mations, and we might eXpect to achieve only approximate orthogonality

in practice. However we shall show that the independence of x and y is’

remarkably good.

We have mentioned that the beam should not become too large inside the -

" quadrupoles tQ'avoid the cost of large aperture quads.' From figure'7.ﬁ
we can see that the horiiontal beam size becomes lafge in 03 and DS‘ and
the vertical size large in QZ and 04. The optimum selution for limiting
the size will be such that x in 03 should equal x in QS, this size be=
ing equal to y in Q and Q ‘We can determine the placing of the gua= -
drupoles in the system to achleve this optlmum sizing,using thin-lens op=

tical theory, as follows:

We stated in chapter 4 that the focal length of a gquadrupole in the
focussing plane is . ' ’

fc = TR ) » {4.10]_
and in the defocussing plane it is

. 1 '
L : .13
fd - k sinh kL _ (4.13)
The (first-order) approximation for thin lens optics was given in equa=

‘tion (4.14)

i = -f. = 2

i.e. fc fd 1/k“L
~where ¢ refers to focussing, and d to defocussing actions. If we put
fo = 1/k2L. weé can then apply the more realistic (second—order] approxi=

mation [REGB7);

f £+ L/B . ' (7.1)
c 8}

FO'— L/B (7.2]

We now apply equafions (7.1 and (7.2) to the quadrupolee in figure 7.1

to find the optimum spacing for the quadrhpolee. The equations in the



- 7.4 -

following two sections will be fully derived in Appendix D: only‘the

more important .steps. are shown as eqqationS‘(7.4] - (7.35).

It 'should be noted that the drift lengfhs D, through D, are meésured to

1 7

" the centres. of the quadrupdles, such that

MM~

I D, = T ' T (7.3)
1 . o

1 71

where T is_the‘total length of the system.

7.3 Double Waist

We first treat the'caée where both x and y are at a waist inifially.

'This treatment applies to a double waist at the end of the system as well.
We assume a point source, so that we may apply point-to-point optics.

This is a valid approximation if the waists are narrow, i.e. if x is small
compared to x”~, and y small compared to y~. With this‘assumption we

find that the only beam parameters entering the calcuiation are thetinitial

divergences xi' and yi',land the final divergences x_.” and yf’, as well as

.F
- the magnetic rigidity of the beam.

The thin-lens eguation for the rays affected by Q1,,is,»fpr X

1 1 1 1 4
D1 D2 FC fD + L/6 . | (7.4)
which specifies an x cross-over at the centre of Q2. Introducing the

distance from the initial waists -to the centre of 02 as the parameter

E =0, + D, leads to

1o oE-D) |
fD T T T w [7.5]
Similarly for y we have
L A ‘ ' © (7.8)
D1 r fd Lo P ,
: 6 0

where the distance r is defined in figure 7.2 . Also shown in the figure

is Yor which, from geometrical considerations, can be calculated as

D.D ' .
| = 7 12 X .
Yo T Yy [ r +. Dq]‘ . : (7.7)




Figure 7.2:

o G =
D2 e D3 =
yz X3
V

Q4 Q> o - Q3

Schematic representation of the first three quadrupoles of figure 7.1 showing the size of the
beam in Q2 and Q3, for the case of an initial double waist.

- G/ -
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When we combine equations (7.5}, (7.6} and (7.7}, we find

3D1[E-D1)

Vo = v F 1+BD,](E-D,])-EL S (7.8)

We want Yo to be @ minimum (to restrict the beam size in 02). Hence,
differentiating and putting dyz/dD,| = 0, together with eguations (7.5)
and (7.8), we find

E
D, = D, = 3 | | C(7.9)
. D - -
I T ‘ o v
and FO“ =3 5 - . (7.10)

We also require the horizontal beam size x3 in‘quadrupole 03 to be of the

same order as yz. _From'figure 7;2 it can be seen that x3 is directly
proportional to D3. Equation (7.8) can be re-written using equation
(7.9) giving _ ' '
3D1 - L o
y2 = y:.L 4D,| ga;fjjij s _ (7.11)
which, for small L and putting D1 + D2 + D3 = G becomes
Yo = 2y:.L [G-DsJ : _ ‘ | (7.12)

i.e., y2 is proportional to the difference between the composite length =

G and the drift length D3. Thus Yo decreases with increasing D3, while
X4 increases with D3. The minimum quadrupole aperture is thus reached -

3 is Chdsen such that they are equal, i.e., X3 = Voo giving

o, - 2, | (7.13)
3 e : | ,

when D

If we want the same (minimum) beém size in 04 and QS as well, we find'

from the symmetry shown in figure 7.1 that

D3 = D4 = D5 . 4 : (7.14)

Equations (7.9) and (7.11) will also apply to a double waist at the end
of the system as well, and we find that

DB = D7 : : - (7.15)



_7.7-

and

x 30, - L ] ‘ : ,
£ 7
Og = Ve 40, [307 T }' : ' (7.18)

Thus, using equations (7.3), (7.8) and (7.11) to t7.48), we can solve
for all the drift lengths in terms of the initial-and final.divergences.

For the special case of equal ratios of horizontal to vertical divergen=

ces initially'ahd finally, i.e.,

vy, Ly ,
;—,—J; = ';:;F- = 1 o : (7.17)
i f : '
then 0, = D, | | (7.18)
and 40, + 30, = T - ' (7.19)

which leads to 480,° - (20U * 31D, + 2T = 0, .20

1
giving>two solutions for D1.' In many cases it will be found that the
smaller value is less than the guadrupocle length L, and the larger so=

lution has to be used.

7.4 Waist in One Dimension Only

The treatment below is a general one, in that even if the system undeb
consideration does not start at a waist, we may theoretically always in=-
crease (or decrease) D1'until a waist in at least one dimension is reached.
Then we extend it further a distance P (as sﬁown’in figure'7.3] until a
waist in the other dimension is found. Equation (7.4) still holds -

true, but equation (7.6) now becomes

1 1 _a . : .
5, P v TF, T L. (7.21)
o % 7o .
and equation (7.8) becomes .
R SE(PE + D,E - D,P - 0,°) -
Y2 Y [E "Rt TEE D) - ] (7.22)
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Qr Q2 - Qs

Figure 7.3: Schematic representation of the first three quadrupoles of figure 7.1 for the case where the

initial y waist is at a distance P behind the initial x waist. e
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Putting dyz/dD1 = 0 as before, now leads to the result

2
oo L EL[ 3P 3P ;} |
D1 = £ + e 1 (1 + Lt E ) (7.23]-
. and thus
2 v
y'2 = y . |28 + P + = 3P , “(7.24)
* 3P 3p° 1
P - ~ 2
3P+ 2L 1 1. (1 + 3 + EE—] }
Putting X3 = V¥, as before we now find
N B ] o [7'253
3 .x", D x~ D . . - ’

If we éssume'fhat'we have a double waist at the endlof the system, then
equations [7.14] to (7:16) will be wvalid. These, togéther with eqguations
(7.3) and (7.23) to (7.25) completely define the system.

We have wriften a computer program ORTHO to calculate the following

quantities:

EL 3P 3P? ;]
D, 5 [1 (1= =7 |, (7.26)
v, 2 E-D
D, = —— |26 +P + 3 d
3 X4 3P 3p°1 o
_ = - 2
B r2l (- F) )
(7.27)

: y Sy . V.12 3
al 3 =% o o+ l1e?- 2S00 +,9{—7—J D 2]
-x . - X 3 3

g ST f X f
D7 =
' 24
v (7.28)
A= E + 30y v 20, - T - o 7.29)
The input to the -program consists of: L, T, P, y'l./x'i and»y’F/x’{,

1° D3, D7 and A are

calculated. Those values which result in A-= O give a solution to the

AA range of velues for E is used, for each of which D

system. Some solutions may be discarded in practice because of the re=

striction that Di>L‘for i=1, ..., 7, i.e. all seven drift lengths must -
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be_sdmewhat larger than the effective length of a quadrupole. Other
solutions, while physically possible, give equal maximum valueé of x
and v which do not necessarily correspond to the smallest maxima obtain=

fablé. These should also be discarded.

Having found the inter-quadrupole spacing, we can find the focél lengths
of the guadrupoles (and hence the field strengths) from the folldwing

equations.

£ = S ET (7.5)
1 E 5 , =2
D. {EC. + PC. + 3P (E - D)2 } L
g . 32" " 1 ) - (7.30)
2 - 2 - 2
Dy (C, * 3D,° + 3PE) + EC, + PC, + 3P(E - D)
where C2 = BD1 (E - D1)'- LE . (7.313
vD i .. .
- . _3_L . '
fyos = =t . | (7.32)
20,0, C _ _ o
£ - 3 72 5 - --% -~ (7.33)
D, (30,% + €;) + 20,C, N
where C. = 6 D.% - 2 DL (7.34)
5 - 7 7 3
D
. 7 _L '
and  fg =z - F (7.35)

" The polarities of the quadrupoles have not been incorporated into these

2° f4 and fs_

require negative signé. The method of choosing polarities is discussed

equations yet. - Either the set‘f1, ¥3 and f5 or the set f

in the next section.

7.5 Quadrupole Polarities

We-define the "normal” quadrupole polarities for any given system as
those which result in.minimUm beam width in the guadrupoles. This im=
plies‘that if-x’i> y’i.thén Q1 should bevposiffvé (x—focussingj. The
subsequent quadrupoles always have alternate polarities (see figure 7.1).

Cdnveréeiy,'if X’i< y’i then the normal polarity‘of 01 is negative. If.

v_x'i =vyfi the normal polarity seqguence is then determined in a similar man=
nervby the ratio y’f/X'%. If this is greater than unity, the normal pole=

rity faor Qs is negative and the alternate polarity sequence implies 01
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positive. If, however, we wish to change x_. and Ye from their optimum

.F

values so that y’f/x’ <1, than we should use the reverse polarity sequence.

..F
We may do this because x’i = y’:.L sets no normal polarity for 01. However,
if x’:.L is very different from y’i, conflicting requirements at the initial

and final quadrupoles may result in large beam extent in the quadrupoles.

7.6 Results

We have used the program TRANSPORT to test the validity of our approxi=
mations. We used equations (7.30) to (7.34) to find initial estimates
for thequadrupole strengths. The results of our investigation are

discussed below and summarized in Table 7.1.
We consider both the case P = 0 (initial waists in x and y coincident)

and the case P # 0 (initial waists not coincident) in a system which we

have chosen to be 13 m long, with gquadrupoles of effective length L = 0,40 m.

{a) P=0

We examine a special case where y’i/x’i = (y’f/x’f)_1 and we choose
y’i/x’i = 0,75 and thus y’f/x’f = 1,33. From the results of program
ORTHO we find: ' -

01 = D2 = D8 = D7 = (,86667 m and D3 = D4 = D5 = 3{17777 m.

For an emittance of 37 mm.mrad, we have selected initial values:

-

x, = 0,5 mm, x.. = B mrad, y. = 0,667 mm, = vy . = 4,5 mrad.
i i i i
Using the calculated distances between gquadrupole centres, we then used
TRANSPORT to fit waists at succeeding quadrupoles, and so to form a final
double waist. In figure 7.4 we show the beam envelope plotted through

this system. From this we can see that x in §, and 05 is nearly identi=

3
cal to y in 02 and 04. The actual ratio y’f/x’f is 1,23, compared with
the design value of 1,33 used in the thin-lens treatment. The plot shows

optimum values of x

P and yf, i.e., for which the system is properly ortho=

gonal.
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-TABLE 7.1: A range of final beam parameters obtainable fdr the special
case discussed in the text.

[} X y -
Quadrgp?le f ¥ y £ Figure
polarities (mm) (mm) X ¢
Normal 0,64 0,52 1,23% 7.4
Normal 7,00 0,52 13,46 7.5(a)
Nérmal 0,64 0,32 2,00 7.5(b)
Reversed 0,40 0,88 0,454 -
Reversed . 0,40 7,00 0,057 - 7.6(a)
Reversed 0,35 0,88 0,398 7.6(b)

a Thin-lens design value = 1,33

If we alter only 03 énd 05 to change x. from its optimum value of 0,64 mm

.F

to 7,0 mm, is unaffected and remains equal to 0)52.mm. This is demon=

y
.F g .
strated in figure 7.5(a). If, instead, we alter 02 and 04 to change Ye

from 0,52 mm to 0,32 mm, x, is completely unaffected and remains equal

to 0,64 mm as shown in finge 7.5(b). ~If each of these two cases the
final ratio y’_F/x’_F is increased relative to the thin-lens design value
-(refer to Table 7.1). The_System as designed works well for 'y’f/x’f >1.
For y’f/x’f,<1 the system should be used with the quadrupole polarities
reversed. This is illustrated in figure 7.6(a), where x now behaves simi=
larly to y in figure 7.5(a); and-in figure 7.6(b) where x behaves like y

in figure 7.5(b). In the reverse polarity cases illustrated, the ratio

y'_F/x’f is decreased relative to the design valuef

With théée two modes of operation of the system, a vérvaide range of

'sizes of the finai waists can be obtained. The range can in principle

be extended even further than shown above, but the size of the beam in

the fourth or fifth quadrupole may become large, depending on the emittance.
The position of the waists alsd shifts slightly: .fqr example, in figure '

7.5(8) where x,. is much greater than the thin-lens design size, the beam

.F
becomes large in 05 and the x-waist is no laonger in the middle of 04.

" This implies that any subsequent alteration to Ye will also slightly af=

fect Xge This defect is exaggefated in figure 7.6(a) because reverse

polarities are'léss favourable for the case iilustrated where x"i >y’i.
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Figure 7.4: Beam envelope plot for a system designed for yi’/xi’= 0,75 and

Ve /x_F = 1,33 showing optimum values of X g and Ye©

MY Y / / 4 |4

“(a) 0
e
ey /A wu U
® J -
seml A P A % 1 F

Figure 7.5: Beam envelope plots for the syétem shown in figure 7.4 with:

(a) x,. increased to 7 mm and y{ unaltered; and

.F
(b) Ve decreased to 0,32 mm and X g unaltered.
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Figure 7.6: Beam envelope plots for the system shown in figure 7.4, but
with reverse polarities, giving

{a) Ve = 7 mm and kf unaltered from thé optimum value for
this polarity sequence; |
(b) Xo

this polarity sequence.

= 0,35 mm and Y unaltered from the optimum value for
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If the input beam is such that y’i/x’i-is larger than the thin-lens
design value, then the maximum value of y in the quadrupoles increases
and that of x decreases, and vice versa for smaller y’i/x’i. This ef=
fect may be seen in figure 7.7, plotted for y’i/x'. = 1,0 instead of

i ‘
0,75. The orthogonality of the quadrupoles is not affected, however.

(b) P #0 | _ -

Here we consider a system designed for P = 0,5 m, y’i/x’i = 0,6 and

Y f/x P 2,5.

Figure 7.8 gives the beam envelope plot for an emittance of 37 mm.mrad,
with x’i = 6 mrad and y’i = 3,6 mrad, with the vertical waist 0,5 m be=
fore the horizontal waist. = Note that D1 is no longer equal to D2.
The actual ratio y’f/x’1C is 2,492 — very close to the thin-lens de=
sign value of 2,500. .

In all the above cases we have started with x small compared to x°, and
the orthogonality of the quadrupoles is very good. If we start with
larger X4 and‘yi (implying smaller x’i and y'i respectively for any
given emittance) we find larger waists within quadrupo;es Q2 to QS

and there is thus more effect on one dimension when the other is varied
(i.e., the orthogonality becomes: degraded]. However, this only becomes
noticeable when x or y (in mm) is larger than x“ory” (in mrad) respec=

tively.

7.7 Conclusiaon

We have demonstrated that the orthogonal quadrupole system gives excel=
lent independent control over the hofizontal and vertical focussing pro=
perties for both coincident and non-coincident initial waists. While
it is in principle possible to accomplish the same focussing with only
four quadrupoies, using a computer-linked control system and look-up
tables, for example, this also requires very precise knowledge of the
_initial beam parameters. In practice these are rarely so well-defined,

and manual tuning is almost always reguired. The orthogonal guadrupole
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-Scm

Figure 7.7: Beam envelope plot for the system shown in figure 7.4 with

Figure 7.8:

larger maximum y in the gquadrupoles which is obtained.

Beam envelope plot for a system with P = 0,5 m, Yy

and Ye /x_F =

2,5.

Ix.C
i

yi’/xi’ = 1 (i.e., larger than the design value) showing the

0,6
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system described here_is considered to provide sufficiently improved

ease of operation to warrant the cost of the two additional gquadrupoles.

THe advantage of the orthogonal guadrupole system over the two-triplet
‘telescope (with modified telescope ‘and zoom lens capabilities) is the
eaee with which the system may be tuned, expecially when the waisf

size is to be altered in only one dimensian. The fange of possible
magnifieations is also greeter, with lower guadrupole field strengths.
A disadvantage of the orthogonel guadrupole system is its dependence on
initial beam parameters._ This.system should therefore only be used in

such sections of beamline where:

(i) the initial conditions are unlikely to vary greatly, and

(ii) we require the beam leaving the system to be easily adjustable.

Exemplee of such eebtions are given in chapters 9 and 10. A furtﬁer
disadvantage of the orthogonai guadrupole system is that no chromatic
aberration terms vanish. However if a two-triplet telescope is used
with” non—unif magnifications, then the symmetry of the system is lost

and all chromatic aberration terms are also present.



8. DIPOLE SYSTEMS

8.1 Introduction

Dipoles are used in beam transport systems for one or more of the fol=

lowing reasons:

(i) to send the beam in the desired direction,
{(ii) to achromatise a dispersed beam, or

(iii) to disperse an achromatic beam.

We are not concerned here with situations in which dipoles are used

only to bend the beam. We will discuss the behaviour of the off-momen=
tum rays in two-dipole systems only, as 3 or more dipoles are rarely
used for dispersion matching. (A single-dipole system is described in

section 3.8.)

Of interest are the situations where

(a) a beam with arbitrary dispersion is to be achromatised. The
reverse of this situation gives arbitrary dispersion to an

achromatic beam;

(b) the momentum spread of a beam is to be reduced by removal of
the rays with extreme momenta. This is achieved by placing
a "momentum-selecting” slit to cut out the dispersed rays at

~a position onhorizontal focus (of the central-momentum rays)(REEBS).

This situation may occur together with (al.

" We introduce here the concept of resolving power. The resolVing power

R1 expresses the capability of a system to separate particles of different
momenta, and is defined as the ratio of horizontal momentum dispersion
to image size (BROB7):

R

i, 16 ‘ '
RT = —/— ' -(8.1)
2Riq %o
where x_ is the half-width of the source slit. The higher the resolving-

0
power, the more effective the action_of the momentum-selecting slit he=

comes. To increase R1, we require a large dispersion R a small mag=

16°

nification R and a small object slit. This implies that the horizon=

11
tal rays should travel in a point-to-point mode between object sl1it and

momentum-selecting slit.



Although systems consisting of only dipoles can achieve this point-to-
point mode (LIVBY, HIN6Y9, ENGG67) we-examine systems which contain
quadrupoles as well. Quadrupoles‘agd versatility to a system, and

are essential if we wish to achieve (a) above. Quadrupoiesvsituated :
between the dipoles affect the dispersed.rays. It is often convenient
to locate af least one quadrupole ét tor near} a waist in both x and y
so that the dispérsed rays may be controlled without affecting the cen=
tral momentum rays. Quadrupoleé may also be placed.before fhe first
dipole and after the last dipole to control the optics of these central
moméntum rays (e.g. to ensure that the vertical beam height is not too
.large in the dibbles]._ Telescopic optics for the system is often de=

sirable.

We examine systems which-have either mirror or anti-mirror symmetry.

These are easily achromatised:

mirror symmetrical systems are achromatic if the dispersed
ray is parallel to the central ray at the symmetry plane,

M,. = 0 (see equation (5.13))
angl -mirror symmetrical systems are achromatic if the dlspersed
ray crosses the central axis at the symmetry plane, M 0

‘[see equation (5.13)). 16

The anti-mirror symmetrical system cannot be used with a momentum-select=

ingrslit at its symmetry plane because of the zero dispersion there.

8.2 One Quadrupole between Two Dipoles

The syStem'with one guadrupole between two dipoles is the simplest one in
which an initially achromatiﬁ beam may be made achromatic at the exit to
the system (except the case of a deflection through 360° whibh reguires

no guadrupoles). It has been discussed by various authors‘[PEN81. STEBS,
ENGB7,LIVB§,JOH75L We examine the systém here because it illustrates the

principles of achromatising in a relatively simple way.

The mirrorisymmetrical-case is shown in figure 8.1a, and the .anti-mirror
symhetrical one in figure 8.1b. The transfer matrix of the half-system

M is calculated sas Followé:



(a)

Figure B8.1: Achromatic systems with

(a) a mirror symmetrical arrangement
(b} an anti-mirror symmetrical arrangement

of one quadrupole between two dipoles.
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... (8.2)

We have made the following assumptions:

(i) the dipole has a uniform field i.e. n = O, and

(ii) * the dipole has zero edge angles.

These assumptions imply that the vertical extent of the beam is not
affected by the dipole, and we have thus not.included the terms affectlng
(y, y ") in equatlon (8. 2]

The expression for dispersion and angular dispersion at the symmetry

plane are (for a quadrupole of length 2L):

g Mg - cos kL (P - Pcosa +.Dysina) + SLE sina (8.3)
n ’ .
' Mrg = cos kL sin o - k sin kL (p - pcosa + D1 sin a]. (8.4)

From equation (8.3) we see that we cannot get M =0 except with a very

. _ 16
strong quadrupole (kL >ﬂ/2] for o <180°. In practice this excludes the case of
anti-mirror symmetry with one quadrupole for many achromatic deflection sys=

tems (for high energy beams at least).

We can find the condition for achromatlc transfer in mirror symmetrlcal

systems by puttlng equatlon (8.4) equal to zero. Then

sina ,
K tan kL= p(1 - cosa) + D, sina » (8.5]

and the resultant dispersion at the symmetry plane is

M16 = p(1 - cosa) '+ (D1 + L/2) sina ‘ (8.6)

for quadrupole strength;

5 _ 2 (Bn ) sina . (8.7)

0 L p(1 - cosa) + D, sina

Equations (8.8) and (8.7) are derived from (8.5) wifh the assumption

that kL <1.



- 8.5 -

Edge angles on the dipoles may be necessary for the contfol 0? the ver=s
tical extent of the beam. If the angles on the edges facing the sym=

metry plane are both B, then equétion (8.7) becomes

B _ a (8p) tanB (1 - ¢05a ) + sina (8.8)
0 L (p + D1 tanB J{(1 - cosa ) + D1 sina ’

We cannot place a momentum selecting slit exactly at the position of
maximum dispersion because of the brésence there of the quadrupolé.

Nor can we use this system to achromatise a beam with arbitrary Eisper=
sion because we have only one control over the dispersion - we need two
if we are to correct both the position and the direction of the dispérsed
'ray entering the sebond dipole. However, the system is useful for de=
flection of achromatic beams when the achromatism is to be maintained

(HIN75a).

8.3 Two Quadrupoles between Two Dipoies

This system is similar to the one with only one quadrupole between the

dipoles, but has several advantages over it:

(i) for mirror-symmetrical systems a . momentum-selecting slit may
be placed at the symmetry plane, (or anywhere between the two

quadrupoles) where ‘the dispersion is greatest;r

(ii) for anti-mirror symmetrical systems the guadrupoles can steer
the dispersed ray correctly‘without‘having to be too strong,
especially if the distance between the guadrupoles is relatives=

ly large;

(iii) with two controls over the position and direction of the dis=
persed ray we can recombine an arbitrarily dispersed beam, or give

- an initially achromatic beam an arbitrary dispersion.

The system is shown in figure 8.2a for mirror symmetry, and in figure

8.2b for anti-mirror symmetry.

The expressions for M18 and M28 are now:

: 1
. = - a in a- — si ina
qu cos kL {p P cos + 01 sin a) + . sin kL sin .
+ D, [cos KL sina - k sin kL (p - pcosoa  + D, sinal]  (8.9)
and
M = cos kKL sin@® - k sin kL (P - pcos & + D1 sin @) (8.10)

25



(a)

Figure 8.2: Achromatic systems with two quadrupoles between two dipoles in
" (a) amirror symmetrical arrangement

(b) an anti-mirror symmetrical arrangement
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‘Equation (8.10) is independent of C. and for the case of mirror symmetry

2
D2 may be chosen to suit thevopticé of the central momentum rayé.

16

If we apply the thin-lens approximafion, then M ='D'impliés.that the

quadrupole field strength

g = KoL
=';1 . sin o
' D, “pl1 - cos a) + D, sin o

This is the condition for the anti-mirror symmetric system to the achro=

matic. . \

fhese systems have not been widely used in the past. However, we feel -
that the mirror symmetric system is particularly useful as the length of
beamline required is limited and the number of elements needed is small
while great versatility is available. These properties are useful for
beam transfer lines between accelérators. . We will discuss the mirror

- symmetric system further in this context in chapter 3.

We note in passing that after private communication between ourselves and
the group at ICPR in Japan, such a two-dipole two-quadrupole system is
incorporated into their published beamline between an existing linear ac=

celerator and their proposed séparated-sector cyclotron (WAD79}. -

8.4 Systems with Many Quadrupoles

Increasing the number of quadrupoles in é two dipole.systém does not

change the principles illustrated in figures é.2a and 8.2b about the,po=
sition or direction of the dispersed fay at tﬁe symmefry plane. The.ver=
satility of the system does however improve with the number of quadrupoles,
e.g. the mirror symmetric system described in (JOH75) with four guadrupoles
between two dipbles has a much higher resolving power than the system with
‘only two quadrupoles. Probably the maximﬁm humber of quadrupoles required
is nine, as in the‘"double-monochromatdr" proposed by Hinterberger (HIN74a,
HIN74b} and now in use at Hahn-Meitner Institute (VICKSI). If the second
bend is to be far removed from the first bend, then further systems of either
two-doublet or two-triplet telescopes mQy be used in addition to the ' nine

guadrupoles.

'The VICKSI double-monochromator is shown in figure 8.3. It is a mirror-
symmetrical system consisting of two double-focussing dipoles, separated

by three quadrupole triplets. With suitable quadrupole settings any one



Figure 8.3a: Double-monochromator showing (schematically) the horizontal point rays (solid lines), for

(i) achromatic mode - the off-momentum rays are drawn ----
(ii) non-dispersive mode - the off-momentum rays are drawn ---s-.-.-

Based on a figure in reference (HIN74a)

~.
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Figure 8.3b: Double-monochromator with central tripiet switched off, showing [schematically) the horizontal

point rays and the off-momentum rays (drawn ----) for double-dispersive mode. Based on a fi=

gure in reference (HIN74a).

_6'8_
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of the following modes may be obtained:

_[a] . doubly—teleSCOpio,_non-dispersive, with

Myg = Moq = Maq = My =0

resultiog in

R11 = R22 = +1, 'R33 = R44 = -1, R =0, R #0

This is shown in figure 8.3a.

(b) double dispersive, with

Myp = Mgy = 0

resulting in

R11 = R22 = R33 = R44'= -1, R16 £ 0, st £ 0

This 1is shown.in figure 8.3b. The central triplet is not. used in this

mode. However if we do use the central triplet we can also get

Mag = Mpp = Mgy = Mg = 0,

vresulting in
R11 = R22 = -1, ‘R ,'= R = +1, R #0, R, =20
(c) .doubly-telescopic, achromatic, with

Mg = Myq = Mag = Mgy = Mg = 0

resulting in-
Ry TRz =1 Ryg =Ry =1 Ryg = Ryg = 0

This is shown in figure 8.3a.

(d)  approximately doubly-telescopic, isochronous, with

MigMog = Msg

resulting in

Reg = 0
In this mode the normal pulse stretchlng due to the momentum spread of
the beam 1s compensated For by making the partjcles with higher momenta
take longer paths through the second dipole. Negative values of R56 may f
also be set, which is most useful when the beam fs being matched to a '

time-of-flight spectrometer.
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A corresponding anti-mirror symmetrical double monochromator similar to
the mirror-symmetrical one can also be constructed by flipping either

dipole through 180° (HIN74a).

The double monochromator is well suited to beams being prepared for
external targets whére a high resolution is required. This is dis=
cussed in chapter 10. It is ipevitably a fairly large system, and

is thus unlikely to find a place in transfer beamlines between accelerators.



9.  BEAM TRANSFER BETWEEN CYCLOTRONS

8.1 Introduction

The function of the transfer beamline linking a pre-accelerator and a

main accelerator is at least two-fold:

{i) it physically transfers the beam from the extraction elements
of the pre-accelerator to the injection elements of the main

accelerator, (which is usually in a different room) and

(ii) 4t has to match the characteristics of the beam extracted from
the pre-accelerator to those required for optimal acceleration

in the main accelerator in all six dimensions of phase space.

The first of these functions is easily achieved with dipoles of the cor=
rect deflecting angle together with some quadrupoles to transport the
beam. However the second function is only accomplished with careful-
planning. This matching may be very difficult to accomplish if the
positions of the two accelerators are fixed with a limited length of
beamline allowed (for example where an existing building is used to

house the accelerators.)

A further requirement of the transfer line is that it be easily tuned for
optimum matching. This is necessary because the quality of the beam ex=
tracted from the pre-accelerator is not always readily'reprodUCible, and
whatever the quality extracted on any given occasion it still.has to be
matched to the requirements of the main accelerator without delay. If
the pre-accelerator is to provide many different types of beams (e.g.
variable energy beams and/or several different types of particles) then

the ease of tuning would facilitate rapid changes of beam.

The best method to provide ease of tuning is to separate the beamline into
sections, each of which affect only one phase space variable[BEC?S],oronepaif
aof canaonical variables. Where this is not possible, as with horizontal

and vertical beam extent, then within a section the variable beam element

~ parameters should only affect the beam in one plane at a time. This

separation of variables will be discussed in more detail later.
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Another aid to rapid tuning of the system is the provision of a diagnos=
tic line (DEV75, JOH75]). If the beam may be readily switched between
this line and the transfer line, then the characteristics of the beam
may be easily checked, and the common beamline tuned, without possible
damage to later elements or to the main accelerator. The diagnostic
line is also likely to have more space available for diagnostic equipmenf

than the main 1line.

9.2 Design of a Transfer Beamline

The separation of variables necessary for convenient beamline tuning re=
quires that the beam be achromatic during its size control and bunch
length control. This implies that we need an achromatizing section
earlier in the beamline, and a dispersing section later in the beamline.-

The beamline may thus be divided as follows:

EXTRACTION FROM PRE-ACCELERATOR

CHARGE Ip- - == — = = — — = = ===, i
STRIPPING F-->—--------1
: :
;~= == ===~ - | ACHROMATISING v
t
t 2 DIAGNOSTIC LINE
A
|

BUNCH LENGTH MATCHING

CHARGE, ENERGY

SELECTION Y

BEAM SIZE MATCHING

~=-~3- - — — ~4 DISPERSION MATCHING

{

INJECTION INTO MAIN ACCELERATOR

The dashed lines show possible positions of the stripper, diagnostic

line and selection of energy and/or charge states.

In addition to this division of beamline functions, we will also require
some focussing elements between extraction and achromatising, and between
dispersion matching and injection. A possible arrangement of a transfer

line is shown in figure 9.1.
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EXTRACTION | | |
SYSTEM FOCUSSING ' - \
AAA

VvV Vv I ACHRQMATISING
WAIST /
(POSSIBLE STRIPPER / |
POSITION) |
ENERGY
| SELECTION
\_ DIAGNOSTIC
\LINE
N\
WAIST e | =
(POSSIBLE BUNCHER TN
POSITION) -+
=
ACHROMATIC SECTION <= BeEAM
OF BEAM LINE
SIZE
MATCHING
<
P
, <
7 WAIST e | — !
(POSSIBLE BUNCHER
POSITION)

INJECTION

( SYSTEM

/

I DISPERSION
MATCHING

FOCUSSING I | /

Figure 9.1: Possible layout of a transfer beamline showing separate func=
tions of each section. Quadrupoles shown are schematic only,
to indicate certain functions. Others may be necessary in any

practical system.
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3.3 Application to a Specific Transfer Beamline

" As an illustration of the principles which we have described in this and
preceding chapters, we apply them to the deéign of a specific transfer

beamline.

This beamline will be used between the solid-pole injector cyclotron
(SPC1) and the main separated;sector cyclbtron (SSC) at present being
designed and constructed at Faure in the Western Cape by the National:
Accelerator Centre of the Council for Scientific and Industrial Research.
The characteristics of the cyclotrons and a description of the facility

-may be found in references (TEC76, ANN78, ANN73).

- SPC1 will be used to agcélérate light ions with a maximum proton energy.
of 8 MeV. At a later stage a second solid-pole cyclotron (SPC2) will
be designed to pre-accelerate heavy ions, with a maximum'energy/nucleon .

of 40 MeV.

The transfer line between SPC1 and the SSC is shown in'Figurevg;Z. We

now describe the various stages of the beamline design.'

9.4 Parameters of the Beam from an Injector Cyclotron

At fhis stage the properties of the beam extracted from SPC1 are uncer=
tain, and we have made the assumption that the emittances of a 100 ¥

4 MeV proton beam ih the horizontal (x, x”) and vertical (y, y~) planes
are identical and eqﬁal to 12 ™ mm. mrad. We assume that these are the
maximum emittances of any beam to pass through the beamline. For cal-=
‘culation purposes, however, we have used an 8 MeV (i.e. maximum.energyl
beam with these emittances, as all the beamline elements must also be
able to handle the higher energy particles. In pfaqtice the 8 MeV pro=
ton beam will be limited to approximately 10 pA, with correspondingly -

smaller emittances.

We beéin by considering the representative particles distributed round
the relevant eigen—ellipse at the deflectioh radius of SPC1. These
particles placed on a centered, accelerated orbit, are followed through

a possible set of deflection elements and out into the fringing field
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Figure 9.2: Diagram of the transfer beamline from the light-ion injector SPC1 to the SSC.
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by means of'the ray-tracing computer code GOBLIN. A momentum spread
of 0,5% half-widfh is assumed.-and particles with the central momentum
+ 0,5% are displaced both radially and longitudinally from the central
particle and similarly followed out of the'injectof. The information
Athus obtained enables us to construct, by the method described in Ap=
pendix C, a phase ellipsoid of a fairly realistic beam in 6-dimensional

phase space.

The angle at which the beam is extracted from SPC1 is not convenient for
our beamline, so we alter the beam direction using dipole m1 (see figure
9.2). .We uee the quadrupole triplet g1 - g3 to focus the beam to a

double waist at slit s1. This may be seen from figure 8.3a, in which
the. horizontal . and vertical beam envelopes are plotted. It may be

seen (from figure 8.2) that the distance from m1 to s?1 is quite large.
This assists us in focussing.any (reasonable) beam extracted from SPC1

to a waist. In theory we require only two quadrupoles to focus both x
and y to waists but the addition of the third quadrupole allows us to
choose the size of,tﬁe horizontal waist as well. Frem_the descriptien

of the next section of beamline we will see that'we prefer a small x-waist
at s1. This is also a possible location of a foil stripper, and a waist
is required to minimise the effect of beam broadening caused by the strip=

per (HIN75bJ.

8.5 Making the Beam Achromatic

This section of beamline stretches from st to the buneher b1. Its pur=
pose is both to make the beam achromatic, and to separate the dispersion
from its x-1like behaviour so that a momentum-selecting slit can operate
efficiently. It is this latter purpose that necessitates the inclusioni
of two dipoles, m2 and m3, rather than only the one necessary to achro=

matize a dispersed beam.

We have chosen a mirror-symmetrical system, with twovquadrupoles bethen

the dipoles. (This system is discussed in chapter 8.) The anti-mirror
symmetrical system would not be_seitable here because the momentum-selecting
slitAcould not be placed at the position of maximum dispersion. [(see figure

8.2).
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When this system is operated in achromatic mode it Qill make an initials=
ly achromatic ,beam achromatic agaih after the second dipole:' heﬁcé we
call it an "achromat”. In . the mode of operation shown in ?igures 9.3a‘and b
however, the begm has a positive initial dispersion (i.e. before m2).
The guadrupoles between the dipoles, g6 and q7, are adjusted to steer
the dispersed beam correctly into the second dipole so that the beam
‘recombines after m3. However with a different beam from SPC1, (e.g.
a'redesign of the extraction elements p? SPC1 could alter the beam dras=
tically}) the dispersion before m2 could be negative. Then the symmetry
of the system implies that it would be as easy to achromatize such a
beam as one with the initiél dispersion positive, as the system is only

.slightly perturbed from its achromatic mode.

For the optimum operation of fhe.momentum-selecting slit, s2, we require
a high resolving,power, as defined in equation (8.1}. This implies
that we should aim for small x-waists both at s1 and at s2. The small -
x-waist at s2 has another advantage, in that the horizontal cbmponent

of the beam is then hardly a?Fected by the settings of the dispersion-
handling quadrupoles. For this reason we focds y to a waist at s2 as

well (see figures 9.3a and b).

We could use double-focussing edge-angles on dipoleé m2 and m3 to achieve
this point-to-point operatidn'in x and y between s1 ana 52. and between
s2 and b1. However the double-focussing distance for symmetrical 459
dipoles is 4.828 timestﬁe dipole radius and this is too long for our
system, Another reason for not using doublé-focussing dipoles is that
the quadrupolés between the dipoles disturb the double-focussing action.
We have therefore used quadrupole doublets before m2 and after m3 (still
preserving mirror symmetfy). These accomplish the focussing of both

X and_y to waists at the symmetry plane and at the end of the system.

If the beam from SPC1 is not very dispersed, the symmetry of the achro=
mat is fairly high. For highly-dispersed beams the system operates less

like an achromat, and its symmetry is somewhat degraded.

9.6 Buncher

If a flat-topping resonator is not inétalled in the SSC initially, then
a fairly short bunch length (of less than 4° phase half-width) will be
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needed at injection if single-turn extraction in the SSC is desiréd
'(TEC78]. A buncher is thus required in the transfer beamline to com=

press the bunch length to at least this value.

We can decouple the control of the bunch length from the other parame=
ters by placing the buncher at a narrow achromatic double-waist, as

shown in figﬁre 9. 3a. The achromatism ensures that the dispersed rays
are not affected by the buncher settings, and the radial defocussing
action of the buncher becomes negligible because the beam is narrow in
both x and y. {See section 4.4.) @ The bundher may thus be tuned af=
ter the other beamline parameters are set without disturbing them. This
is very important for tuning up the beamline correctly, with and without

" the buncher on.

The extraction elements of SPC1 are highly non-isochronous, so that al=

‘though we assume a phase of 4° half-width (i.e. &_ = 18,8'mmJ in the

last orbit in SPC1, by the time the beam has reacged the slit s1 the

bunch length is already greater than 56 mm-{half-width). The dipoles m2
and m3 do, however, help to focus the bunch length somewhat. The nett
result is that placing the buncher ét the position marked b1 in figure

9.2 is equivalent to placing it apﬁroximately in the centre of a longer
beamline with an average bunch length growth rate in‘the first half e=

gual to the actual bunch length growth rate immediately before the buncher.
This may be seen from the equal, but opposite, slopes to the plot of bunch
length in figure 9.3c. This placing of the. buncher ensures minimum buncher
strength. _

We can célculate the focal length of the buncher, fb‘ if we know the
transfer matrix A of the beamline prior to the buncher, and the transfer!
matrix C of the beamlineafter the buncher. ~ Then the total 4-dimensional

transfer matrix R of the system is (ignoring radial defocussing effects):

2 C1‘2 0 c| [ ° 0 J [—A'H' Ar2 X AﬂsT
Cor Cp O L |07 00 Aar A 0 Ay
R= Cs1 C52 1 Gy oo 10 Asp Asp b Agg
o o o0 1| |00 1| o 0 o1

{(9.1)
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We may now find the final beam ¢ from the initial beam 00 and R. Thus:
.. 0 . 0 0 0
= R .
%56 T Ferfer%11 T RadRea%22 * RosTes%ss T RegleeTes
(R.R._+R._R Jo. 2+ (R._R_+R R Jo .0
51752 * R5oRg17%12 51765 © "55°61°015
+ (R_,R_ +R_R,Jo. 2+ (R_R_+R _R _Jo_0
51766 "56761°°16 52765 * R557g2°%25
R.R_+R R 3004 @®mR_ +r R Jo 0O
52766 © "56°62°026 15566 © 56765 56

for an upright ellipse in g, § space - (9.2)

If we substitute the elements Rij from equation (9.1) into (9.2) we

are both

find a quédratic equation in 1/Fb. The‘two.solutions for {b
physicai and correspond to the conditions of waist and bust formed by
 The bunch

focussing elements in the horizontéi or vertical planes.
'length for the waist is smaller, but resulfs in aislightly increased
energy'spread, whereas the bust coﬁdition leads to a_largeAbunch length,
parallel in the sense that it is only slowly varying, with a huch re=‘
duced momentum spread. We may find this setting very useful for re=
'ducing the momentum spread in the SSC when the introdudtibn of a flat-
topping resonator makes é large bunch length abceptable. fhe parameters

for the two cases are tabled below.

- A :
’ Bunch length = .
Focal length at valley p at valley
+‘b {(m) (mm) (%)
Waist 7,467 16,39 0,521
! . .
i Bust : 14,537 72,789 0,114
: o .

The bunch length-along the beamline is plotted fOf the waist case in

figure 9.3c.

9.7 Beam Shéping

We control the size of the beam with the six quadrupoles g10 through g15
shown in figure 9.2. - We put the beam_shabing quadrupoles in an achro=

matic section of beamline so that the beam shaping may be independent of
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diSpersioh, and the dispersioﬁ'control indepehdent of the beam shaping.
We can furfhen éeparate the control of the variables by using an orthos=
gonal quadrupole system, described in chapter 7. This allows us to
control the horjzontal beam extent independently of the vertical beam

extent and vice versa.

The orthogonal quadrupole system as shown inlfigure 9.3a does not operate
in point-to-point mode,vbut focusses x down to a narrow waist beyond the
dipole m4. The reason for the waist only after m4 will be discussed in.
the next section. The sysfem focusses .y down to a ?airly broad bust '
(also after m4). This is not a departure from the orthogonal quadrupole
syétem, but merely an alternative mode, as may be seen from figure 7.6a.
In practice the last quadrupole in an orthogonal quédrﬁpole system may

be given one of two valueé. each of which willlachieve r. = 0. if the

12

polarity is positive, or r = 0 if the polarity isvnegative. The

34 .
one setting will produce a final x (or y) waist, and the other a final

x (or y) .bust.

9.8 Dispersion Matching

The beam injected.into'a cyclotron requires the higher momentum particles
to have a larger radius for optimal acceleration. This implies that

the beam should be dispersed. The exact amount of dispersion fequired in
the cyclotron may be calculated by means of the eigen-ellipse theory which .

we developed in chapter 3.

The beam in our transfer linme is, however, still achromatic just beyond
g15, and we now need to introduce dispersion. A convenient system for
doing this is the mirror-symmetrical system consisting of two dipoles se=
parated by two guadrupoles. This system would allow us to tune the dis=
persion very conveniently, and provides the beam qualities, at the symmetry
plane, suitable for a momentum-selecting slit. However we»alfeady have_

a momentum-selecting slit in our system (at s2). We choose, therefore,

.to introduce the dispersion by means of one dipble, m4, and to control it
by means of the guadrupoles q16 and g17. A slight variation in the field
strengths of these guadrupoles has a relatively large effect on thefihaldis=
persion'due to the long distance the beam travels through the SSC vacuum

chamber to the injection elements.
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We focus the beam to a y-waist in .g16 and an x-waist in g17 to minimize
the effect of the dispersion control on the horizontal and vertical size.
In practice'y is a bust rather than a waist, but_the fact that r34 =0
hglps te minimize the effect of adjacent elements.

9.9 Injection into & Separéted-Sector Cyclotron

The injection elements of the SSC consist of two dipoles, m5 and mB, and
a magnetic inflection cHannel (mic) in the first sector magnet. These

are not variable beamline elements, but must be considered as fixed sec=
tions of our beamline. We need to find the required beam behaviour

through these elements, and to do this we take the following steps:

{i) we use the magnetic field of the SSC to calculate, using
program STRAY, the eigen-ellipse of the equilibrium orbit
at injection energy. This we do using the method we de=

scribed in chapter 3;

{ii) we trace this eigen-ellipse back from the midline of the
first magnetic field valley, (i.e. midway between two sector
magnets) through the mic, and the stray field around it to
the dipole mg. This is also done with STRAY, and results
in a transfer matrix for the section from SSC valley midline
to mb. Similarly we find the transfer matrices. for the
section from mB to m5 and from m5 to beyond the SSC valley
vacuum chamber. For this latter section we pay particular
attention to the direction of the central particle, and éd=

just the dipole m5 to bend the beam in the required direction;

(iii) we combine the transfer matrices of the various sectionswith
those of m6 and mg to find the required beam outside the val=

ley vacuum chamber.

We can now design the system consisting of the guadrupole triplet g18, q19
and gZ0. This system provides an interface bétween‘the separated-func=
tion beamline and the beam required at the first magnetic valley. (It
is analogous to the quadrupole triplet g1, g2 and g3, in reverse.) In
practice the settings of the dispersion-handling quadrupoles g16 and g17
are alsodetermined using the reverse direction beam\i.e.jthey.are chosen

such that the beam is achromatic after having passed through m4 in reverse.
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9.10 Conclusions

We have designed a transfer beamline capable of matching a wide range
of beam parameters to those required for optimum beam transmission

through a separated-sector cyclotron.

The beamline provides flexibility and independent tuning of the bunch
length, the dispersion, the horizontal beam size, and the vertical beam

size.

Prbvision is made for a diagnostic .line (see figure 9.2) and a future
link with a beamline from SPC2 (also shown in figure 9.2]'50 that com=
mon heamline elements may be used. The number of elements in the beam=
.line is close to the minimum possible number (see figure 9.1) so that

" the beamline is, in spite of its versatility, also an economic one -

always a major factor in beamline design.
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10.  EXTERNAL BEAMLINES

10.1 Introduction

If the beam extracted from the main accelerator is to be used for one
specific purpose only, then the layout of the beamline will be determined
by the particular beam parameteré to be matched at the target. If, how=
ever, the extracted beam is to be used for a variety of purposes, then

we recommend ° that the beamline has certain'characteristicsz

(i) as much of the beamline as possible should be common to all

branches - this saves on beamline elements;

(11) the first step should be to make the beam achromatic: the
subsequent steps are then independent of the momentum-spread

of the acceierator;

(iii) a beam shaping section early in the beamline is most convenient
- for‘example, an orthogonal quadrupole system {see chapter 7)
allows independent horizontal and vertical beam control over

a wide range of magnifications;

(iv) if a high resolution is required at one or more targets, then

a double-monochromator should be included in the beamline.

10.2 Application to a Specific External Beamline

We illustrate the matching of an extracted beam to various types of tar=
gets by means of the beamlines we have designed for the National Accelerator

Centre. These external beamlines are shown in figure 10.1..

The shape of the extracted beam is found by tracking the eigen-ellipse

out through the extraction elements of the SSC.

We start by making the beam achromatic: ~the quadrupoles QX1 and QX3 direct
. the dispersed ray correctly into dipole MXZ so that the beam emerging from
MX2 is achromatic. The angles of bend of the septum magnet (SM) and di=
" poles MX1 and MX2 are dictated by the geometry bf the SSC.  Thus the sys-
tem from MX1 to MX2 is not quite anti-mirror symmetric. However it ope=
rates in a manner'similar tQ the anti-mirror symmetric system described

in section 8.3 and shown in figure B.2b. . We do not require>aumomentum—

selectihg‘slit here as we have a double-honochromator'further along the

beamline in which to place this slit. The point where the dispersed ray
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‘crosses the central trajectory is fhus a convenient place for

a y-focussing guadrupole i.e. @x2. The quadrupole doublet Qx4 and QX5
focusses the beam to a double waist in the centre of the switching
magnet MI1. This mode of operation results in the minimum dispersion
introduced by MI1 (TEC76]. This dipole is acfivated when the beam is
to be sent to the isotope producfion area. The beamline to this area

is described in section 10.3.

From the double-waist in the centre of the (switched off) dipole MI1,
the beam enters the orthogonai quadrupole system consisting of the six
quadrupoles‘OXB through @x11. This system controls the size of the
beam entering either the radiotherapy area or the double-monochromator

en route to the experimental area.

At slit SX1 we have thus an achromatic beam of the desired size, which

we can proceed to match to target requirements.

10.3 Beamlines to Isotope Production Area

The beamlines to the isotope production area consist of a group of five
horizontal lines and one vertical line. The gg® dipole, MI2, when acti=
vated, deflects the beam downwards through the floor into a basement
vault. This ve?tical beam can be used when liquids (or sclids of low
melting point). are to be irradiated. A target-changing system will en=
able a number of different types of target to be irradiated. When MIZ2 is
switched off, the beam passes through to the switching magnet, SWI, which

directs the beam along one of five possible lines to the targets.

The six quadrupoles {QI1 through QIB) in the horizontal line are arranged
in an orthogonal guadrupole sysfem to permit beam shaping. The quadru=
poles are not, however, used in this optimum mode because this would re=
sult in a very large beam size in the dipole MIZ. Enough flexibility re=
mains, though, to vary the beam size on target in the horizontal lihes
from as little as 0,6 cm (half-width ih x and v) to as much as 5,0 cm,
"while~stf11 keeping the beam half-width in MIZ below 1,2 cm. Thié is
illustrated in figures 10.2(a) and (b) respectively. '
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The vertical beam has only four guadrupoles to shape it, but again this
is quite adequate as may be seen in figures 10.3(a) and (b), which show ‘
respectively a minimum beam size of less than 0,6 cm (half-width in x

and y), and a maximum beam size of.3,0 cm. The beam height in MI2 still
remains less than 1,2 cm. (Note the interchange of the x and y plots
‘due to the 90° vertical plane deflection.) The maximum size required
for the vertical beam is smaller than that of the horizontal beam be=

" cause of the different types of targets to be used in the two areas.

Where only the final size of the beam (and ﬁot divergence or correlation)
is of importance, as in this case, then one x-focussing guadrupole at a
'y-waist, and one y-focussing quadrupole at an x-waist are in theory suffis=
cient to shape the beam. This is virtﬂally the case in the vertical
beam. In the case of the horizontal beam we have a longer beamline, and
require a limited beam-height through the switching magnet, SWI. Hence

the need for the extra two guadrupoles.

We have specified that in the first part of the beamline we obtain a nar=
row waist in the centre of MI1. This will ensure that MI1 introduces the
minimum amount of dispersion. We do not, however, attempt to make the
beams achromatic on the targets, as this is not necessary for isotope br0=

duction.

10.4 Transport to the Radiotherapy Units

The radiotherapy area 1s divided into three treatment rooms. At present

neutron therapy is planned, with a maximum beam energy of 60 MeV deuterons
at a maximum beam current. of 100 uA on target. Our calculations are done
for this beam, with an assumed emittance of 8 ™ mm.mrad. The possibility
of using one of these treatment rooms for proton therapy  is under conside=

ration.

From the slit SX1 the beam-to the radiotherapy area passes undeflected
through the dipole MP1. We arrange a quadrupole triplet on either side
of this dipole so that the six guadrupoles QT1 through QT6 form a unit
telescope (see section 6.3) between SX1 and the centre of the switching

magnet SWT. This switching magnet, when activated, deflects the beam
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through 45° to the left or to the right,-and when switched off allows
the beam through undeflected. Here again the waist in the centre of
SWI ensures that minimum dispersion is introduced by the dipole (DRABE). Some

angular dispersioh is introduced, however, but this can be accommodated.

In each of the three beamlines we then arrange a two-doublet telescope
(see section 6.2) to transfer the beam from the switching magnet to a

slit (STL, STC or STR for the left, centre, or right beams respectively).

We arrange the subgequent quadrupole triplet to provide a beam with

equal horizontal and vertical extent. This symmetrical beam enters the
isocentric unit, pictured in figure 10.4a, which consists of two 450 di=
-poles, bending in opposite directions, and a 900 dipole. The unit may
in principle be.rotatedrabout its axis through 3800 for patient‘irradia=
tion from all angles. The edge angles on. the dipoles are chosen to pro=
vide equal horizontai and vertical beam extent on the target, as well as
zero dispersion. The beam spot size on the target is then invariant
under rotation of the isocentric unit. The beam envelope plotted in
figure 10.4b shows the'beam shaping by the orthogonal quadrupole system
(from MI1 to SX1) and the beam passing through the two-triplet unit tele=
scope (From SX1 to the centre of SWT), the 2-doublet telescope (from the
centre of SWT to STC}, the quadrupole triplet (from STC to the entrance
to MTC1) and the isocentric -system (MTC1 to the target 20 cm beyond MTC3).

The beam envelope plots for the left- and right-hand units after the -

switcher SWT are very similar.

10.5 Transport to the Experimental Area

The philosophy for the beamlines to the:experimental area is that the
beam-spot size and shape be determined at thé-entrance slit SX1 of the
double-monochromatof system. - [This system encompasses the two 900 di=
poles, MP1 and MP2, and the nine quadrupoles, QP1 through QP9, in between.
The operation of the system is described in section 8.4.) The orthogo=

- nal gquadrupole system may be readily tuned to deliver this beam spot size.
The beam should then be transported by telescopic\systems with unit trans=
fer matrix to the target points, except for dispersion and energy selection

in the double-mohochromator.
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IF; however, a beam.spot is reqguired with y<2,5 mm or y>4,5 mm, (assuming
a vertical emittance of 3 m mm.mrad.) then the beam will not fit through
the 25 hm gap of the dipoles MP1 and MP2. In this case wevoperate the
two quadrdpole triplets (QR1-through QR6) in modified telescope mode.
This has been described in section 6.4. The system can also be operated
in zoom lens mode [éee section 6.5) if both x and y are required to be

either especially large, or especially small, at the target.

The switching magnet SWR can direct the beam into one of six lines. In
each of these a two doublet-telescope (see section 6.2) transports the

beam from the waist at the centre of the.switcher to the target point.

Although not shown in figure 10.1,.we plan to extend.the beamline beyond
dipole MP2 to another 900 dipole, MP3. This beamline requires a triplet
on either side of MP2 for felescopic tfansfer, and a further two-triblet
telescope to transport the beam over the long distance to MP3. After
MPS‘We can use seven guadrupoles to match the beam to a magnetic spectro=
meter. A similar extension to the beamline may bé.made to a time-of-

flight spectrometer.

The matching of the beam parameters to the requirements for high resolus=
tion in various types of experimental systems has been thoroughiy described
by various authors, especially (LEH78), also (HIN79, MAI79, ABD75, HEN74,
‘SMI79, BLO71, LAU78, FAL76, SCH76, REI7S5, ENG79). These experimental
systems include magnetic spectrometers, time-of-flight spectrometers,
energy-sensitive detectors and optical spectrometers {for beam;foil spec=

troscopy).

We have made preliminary calculations using the characteristics of a pos=
sible magnetic spectrometer and time-of-flight spectrometer (MER79) and
Have arrived at the conclusion that the beamline as presently desigﬁed
should be able to match all reasaonable beam parameters required on target,

including dispersion matching.
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1. CONCLUSTONS

Although the field of beam transport is not a new one, we have developed
a number of new techniques and systems which . should be of use to the

beamline designer. We summarize these below.

We have developed a method of solving for the eigen-ellipsoid in all six
dimensions of phase space. This information is necessary in two cases,

i.e. where

(a) the beam under consideration is extracted from a cyclotron and
it is necessary to know the shape of the beam entering the beam

transport system, or

(b) the beam is to be injected into a 6yc10tron and it is necessary

to know the requirements to which the beam must be shaped.

We have developed a method of calcuiating the extracted beam ellipsoid

in 6-dimensional phase space when central momentum particles have been
tracked through the extraction elements of an accelerator in 4-dimensional
(x, X, y; y”) phase space, and the pafticle with higher momentum is also
followed through. This 1s relatively easy with the E-matrix formalism,
which we have expanded from a 2-dimensional treatment to a 6-dimensional

formalism.

We found it necessary (in the above .two methods) to derive the symplectic

conditions for both the o-matrix and the E-matrix faormalisms.

We have described the eight possible symmetry types of beam transport

'Systems and examined their grdﬁp properties.

We have examined the second-order aberrations in these systems and drawn

conclusions about the systems with the least number of aberrations.

Although the two-triplet unit telescope is well known, we have examined
methods of using this system to achieve variable magnification in either

one or both planes, independently of the beam parameteré.
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Quadrupoles affect both the horizontal and vertical comﬁonents of a
‘beam. We have, however, been able to separéte the hori;ohtal and
vertical beam controi by means of an orthogonal guadrupole system.
We have calculated the optimum épacing and fiéld strengths of the
quadrupoles in this system, which is useful for beam shaping, either in

a transfer beamline, or soon after extraction in an external beamline.

We have proposed a dipole system with two quadrupoles between two di=
poles as the one requiring the least number of elements and the shortest
length of beamline_ necessary

(a} to control both dispersion -and angular dispersion and

(b} to allow a good placing of a momentum-selecting slit.

This system. is useful in a transfer beamline for making the initial beam
~achromatic while simultaneously cutting out the particles with momentum

which is toc high or too low.

We have discussed the principles of transfer beamline design and illustrated
these by means of the design ofva specifib transfer beamline. The methods

used also illustrate the new technigues we have described above.

The design of a specific external beamline is also described, which ih=
cludes beamlines to isqtope production units, radiotherapy treatment rooms
and experimental areas. - Again, the methods used illustrate the new tech=

niques we have developed.
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APPENDIX A

DERIVATION OF SYMPLECTIC EQUATIDNS FOR BEAM MATRICES

\

Using the symplectic equations of the transfer matrix elements:
Rsq = Rag Ror ™ Rog Ry :
Rop = Rig oo 26 12

we can find interrelationships between the beam matrix elements.

(a) o-matrix notation

We start with an uncorrelated ellipoid [cijo_= 0 i # j) and apply a

transfer matrix R,'then
o = Rco RT

~The final beam matrix eleméhtsvare‘thus (where 96 = Y6 )

Gis R 055' : ' R ',_ | (A.1)
Oos = Rog Ogg o | - (A.2)
oce = Reg osé. - , . (A.3)
0 O
915 = Ryq Rgq Oqq * Ryp Rop 055+ Ryg Rog g (A.4]
Og5 = Rgq Roy 0440 * Ryp Roy 0,57 + Ryg Rog 965 (A.5)
919 R112 0.1101 " R122"’22O ’ R152 966 _ (A.6)
°12 T Ryq Ry °11O * Rip Roy °22O " Rig st 0889. (A-7)
o] = R 25 94+R 25.04+R 82 9eq ' j' ' ’(A,gj

22~ 21 91 22" 922 2

We can then solve for elements of R in termsbofielements of o.

‘From equations (A.1), (A.2) and (A.3) we find

R16 = 018/088 o S | ' - (A.
RZB = 028/088 v _ . | o (A.
Ree = 0.0/0qc o _ (A.

56 56" "66

- R__R ' ~ (2.

- R._R A . (2.

9]).

10)

11}



_A-2_

"If we substitute equations (A.9) and (A.10) into (2.89) and (2.10) we
get

Rgq = logg Ryq = o5 Ryql/ogg (A12)

R = (¢

52 (A.13)

15 Rop ™~ 025 Ryp)oge

Now using equations (A.9), (A.11) - (A.13) in (A.4) we find

o = (R, R ° . R

Oyg _ 2 g © . 2 g 90
15 11 R21 %11 1216 = (Ryq” %4 * R ) 26

12 22 22
088 . v | 0'86

Rig Ry 049

%45 956
%6

+

which, incorporating equations (A.B) and (A.7) becomes

915=(%2 = %16 926y%18 - (%, - %16 ) %26 + %16 956
%6 %66 %6 66 966
(e} (o] (e} Ne) ) (e}
12 %15 -
) 2 918 11 %26+ 718 956 (A.14)
966
- Similarly, using ‘equations -(A.10) - (A.13) in (A.5), we find
' 2 0 2 0, %16 ) 0 0, 928
= — = g —_—
05 = (Ryy oy * Rypogy ) o= = Ry Ry Ty * RyRp % ) ——
66 o : 66
026 956
 ——————
966
which, together with equétion (A.7) and (A.8) becomes
G Gan = Gas Gon * O ~ Oee S 4
0, . 222918 %12 928 i 26 56‘ o  (A15)

O66

Equationé (A.14) and (A.15) can be converted to correlation equations as
follows:

dividing equation (A.14) by (%11 955)%, we get:

™ 01 g .
2
Lz

15 5 5 r,. - r..)+r _r : (A.16)
"~55 66 - )

T12 T1g 26 16 56

Similarly equation (A.15) becomes

o o__ 1 o

11 22,° ' ' .

r = (=—) (r,.-r,,r, ) +tr _r (A.17)
25 ,
Occ 088 16 12 "26° 2§ 56 _



{b): E-Metrix Notation

Again, we start with an uncorrelated ellipsoid‘[Eij

apply a transfer matrix R.

E

r g0

and we find

R..
13

0

=E,./E.,
13 J3
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- Then

0

Substituting equation (2.9) into the expression for E51

E51

and using

E51

But if we
E51
Similarly

.

. 0
Rs1 Bag

(A.19), we find

(R21 E16

R11 E2g)

E,, E

11 Eog

~21 16

chooseE21

- E E

= 11

ESS

for E52:

R52 E22

(R E

(see equation B.23) then

Ri2 E26) &

22 16

12 E28

-E

22

1 # j) and

(A.18)

(A.19)

, 1.e.

(A.20)

(A.21)

(A.22)

The symplectic equations for the beam matrices are thus equations (A.16)
and (A.17) (alternatively (A.14) and (A. 15])f0r the og-matrix, and (A 21)
ang (A 22) for the E-matrix.
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'APPENDIX B

RELATIONSHIP BETWEEN THE o - AND E-MATRICES

We discuss the transformation between the g~ and E-matrices for the
four-dimensional phase space in x, x°, £ and §, the other two parameters

v, ¥’ being independent of these.

We start with matrices'EO and 00 such that

0..0 = E..QA = 0 i#]
ij ij

and can then state that (LAR71)

o7 < Eii i=1,2, 3, 4 (B.1)

The matrices E0 and 00 are‘then transformed by the matrix R as follows:

E = REC
implying:
[ ' » -\" O 0 ' 0-
Ejr By EBys By Ri1E41 Riz a2 0 Rig Fgp
| 0 0 . 0.
Erp Eoo Eog Eog | = | RaqByy Raz B2 0 Rys EFge
: - 0 0 0 0
By Bsp Bss Bog | | ReqBay Roy By Ess Rog Fgp
e e e, E 0 o o e 0
61 "2 "B5 - 66 ' 66
... (B.2)
and g = R qo RT'
implying
) 2 0 2 0 2 0
01 = Ryq oqq P Ryp op *Ryg ogg (8.3)
) | 0 0 o
912 Riq Roq 091 * Ryg Rypop +VR15 R28._"65 (8.4)
) . .o 0 0
045 T RypRgpoqq PRy Rep o * Ryg Rse 966 (B.5)
_ g :
916 = Rig %s . (8.8)
) 2 0 2 0 2 0 .
Oy . Ry oy *R 0y * Rog s (B.7)



- 0 0 0
g =
25 Ro1 Rgq 9447 * Ryp Rop 09p * Ryg Rog ogg (B.8)
o = R o] 0
26 26 786 . ' (B.9)
’ 2 0 2 0. 2 0
g =
55 Rsy 091 * Ry Opp * 055 + Rgg g (B.10)
o = R.. O 0 (B.11)
56 56 ~ 66 :
o = o, | | (B.12
66 66 -12)
If we now use equations (B.1) and (B.2) in equations (B.3) - (B.12)
we get:
_ 2 2 2 '
04y E11 + E12 + E18 - (B.13)
Oyp = Eqq By * B Byt g Fog (B.14)
945 = Eqq Bgq " EBip B5p T By Fog (8.15)
05 ° E16 E86 | (B.16)
3 2 . 2 2 ;
022 = E21 + E22 + E28 {(B.17)
Op5 = Epq Bgy * Ep Bop * Fop Fog (8.18)
0o © E26 E88 (B.19)
_ 2 2 2 2
Opg = E51 + Egy * E55 + E58 {(B.20)
Ocg = E56 EBB (B.21)
- 2 _ _ :
Ogg = EBB _ v | | (B.22)
The submatrix ‘E11 E12 contains irrelevant phase information
E21 E22
and we choose. the phase such that (LAR71)
E21 = 0 : (B.23)
From transformation (B.2) we see the following is always true:
E = E = E = E = E = 0 (B.24)

15 25 61 62 65



_B.B_,

Using equatidn (B.23) in (B.14), (B.17) and (B.18), we how get

o1 = Eyp BEop v Eig Eog (B.25)
B 2 2 .

0y = Epot * Eoe / . (B.26)

Ope = Eno Byt oo Egg | (B.27)

The transformation from E to ¢ is thus completely defined by equations
(B.13), (B.15), (B.16), (B.19) - (B.22), and (B.25) - (B.27). We now .

use these equations to solve for E in terms of ¢.

From equations (B.16) and (B.22)

E16 = 018// osé = T Y/ T4 (B.28)

similarly from (B.19) and (B.22)

E26 = 026// Og ° r28 v 022‘ (B.29)

‘

and from (B.21) and (B.22}

| ESB = 058/ /_066‘ = FSB / Oce (B.30)

Using equation (B.28) in (B.26):

- _ 2 i
EZZ - [022 Y 6 /086] . (B.31)

2.43
[022 (1 - 1]

and (B.28) (B.29) (B.31) in (B.25) yields:

12 = 942 7 %16 %28"%s

(B.32)

The expression for E11 is derived from eguations (B.13), (B.28) and (B.32):
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1
2

E = = ( - /o ]'2'0 2
11 [011 012 916926" %66 16

2,. o
992 " 926 ‘955  OF
1
- - 2 2 ]5 (B.33)
= [011{1 (12 = T16%26] T1g )
: 2
1 r26

We use .(B.29), (B.30) and (B.31) in (B.27) to find

Egp = 055 7 0y 55/0
[°22 = 02 0s)
(B.34)
_ g 1
23 . (ryg = ryglsg)
1-r26

and this result, together with (B.28), (B.30), (B.32) and (B.33) in (B.15)

gives

E51 = 0 [012 - 016026/066][025—026058/088]- 9 6%g

2 0,
92 = 956 /% o 66
i . 2 2 1
011 = (045 7 059,57 %) %6 :
2 o]
Oy - 0. 70 66
s 22 26 BB ~ (B.35)
¥ 955 } [ T1s = (T2 TgT26) (Tog TogTsg) = TgTsg
. 2 2] 2
L [r12 T16726) T16 T - Iy
: _
1 r26

The expression for E55 comes from equation (B.20) using (B.30), (B.34) and

(B.35):
2 2
Egg 055 = (0yg = 0pg 05/ 0gg) = Igg /g
- 2/0
%2 7 %26 "9g8
_ 21 3
g - (o] - 0 [e) g [¢] - O [¢) g - O [¢)
PRk (%2 7 %6%6” %67 (%5 = 95%6" %6’ 16_56,
2 o
- 0 [e]
22 = %6 %68 66
- . 2 2
919 7 (945 16‘%6/066] 9186
6 - G 2/o OSS

(B.36)



- (r T .r ]2 r 2
= o.-{1 - 25 16" 56 56
55 ==
' 1 - r 2
26
- [r - (r r .r.J)(r - r.r ] - r _r TZ 2
15 12 16 26" 25 26" 56 167 56°| }
1-r 2 |
26 -
: 2 2
T - (ryy = g Tog) T16
. ’ 2 -
1-r

26 -

The'physical significénceof‘theelements of the beam matrices are dis=

cussed in chapter 2.
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APPENDIX C

CONSTRUCTION OF AN INITIAL BEAM MATRIX

We show here how an initial beam matrix can be constructed from the
information available from particle-tracking calculations if that in=

formation consists of the following parameters:
(i) horizontal emittance TE
(ii) Xax 1M (x -~ x7) plane
(iii) x max in (x - x7) plane
(iv) d, the x-co-ordinate of the particle with maximum momentum
(v) d°, the x -co-ordinate of this particle
(vi) m, the 2-co-ordinate of this particle
(vii) 20. the minimum possible bunch length
(viii) 6,the fractional momentum-spread

(ix) vertical emittance hey

(x) Y max

-

(xi) vy nax

We initially assume a matrix o° in (x, x; %, &) phase space with no cor=

relations other than r, .. Then we can state that

12
vo o . )
011, max
o] .
o =X 2 . :
22 . max : (C.1)
o _ 2
055 h lmax
s] 2
956 = §

The emittance in the(x - x7)plane is

1
a} u] 02,2 -
= - . C-2
me, = Mogg O T oy ) : (2
which gives the expression for 0;;:-
A |
3 ) .
o © . (x 2 x” 2 € 2] : (C.3)
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w; now'trahsfbrm o to the desired matrix g by means of the transfer .
matrix R. Thisvmatrix must introduce the dispersion, tﬁe angulér h
dispersion and the bunch length correlations, but no fﬁrther skewing éfv
the ellipse in the plane of»[x - x") {i.e. the plane ih whicﬁ

£ =§=20). HenceR takes the form:

r .
1 0 0 Ryq
0 1 0 R : : ,
R =| 28 : ' , - (C.4)
Req Rsp 1 Rgg
o o o0 1 |

Applying the symplectic equations (2.9) and (2.10) to (C.4), we find

= - ' ' - (€.5)
Y Rog

- - - - | . (C.B)
Rez = Rqg - SR

If we now perform the transformation

we find the following expressions for the elements of g:

0 2
. 2 < C.7
991 91t Rig s : o (C.7)
o = g,.° R_R._.o " (C.8)
12 12 16 26 966
0 2 . . - o
) c.9
922 922 " R es | [(€.9)
- (C.10)
%48 Ri6 %66 -
= : ' (c.11)
926 Ro6 %86 :
= C.12
956 Ree g6 , (C.12)
_ 2 o . _ 2 o 0 ) -2
055 = o Rpg Oyq * Ryg 0y " 2Rig Ry 94y T 055 T Reg Igg
’ (c.13)

From section 2.3 we know that
d = Tye /P11 T %48 /Tes
From equation (C.10) we then find

R, . = / = C.14)
Rig 916”966 9/ Jogg (
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Similarly
_RZB. = 026/086 = d7// Ocs : : - | (C.15)
and RSB = 058/086 = m/ [QBB‘ o (C.1S)'

Thus the terms of the desired ellipsé are:

~ 2 2 :
%11 T Xmax + .d 1 . : (C.17)
) 2 - 2 _ 2.7= .
942 f [xmax X nax €, ) + dd , 4 (C.18)
: - -2 L2 - S
95y X max + d v . - -(C.18)
016 = dé§ (C.ZOJ
Oog = d’é . ' | {C.21)
Ocg = M 8 : (C.?ZJZ
| _ 4.2 2. .d2_ . 2_ . 2. .2 2,2
: 055 h (6 ) xmax * (6) xmax Z_%E_ (xmax xmax - Ex )
2 2 S '
+ 20 + m (C-23)

‘The remaining two terms can be found from the sympleCtic equations (A.14)

and (A.15). They are ,
2 -2 2.3

. . d i o 5 _ |
%5 ° 8 [xmax Xmax - €y ) 5 *max + md , (C.24)»
. ,d’ 2 - 2 _ 2 % d . oL 2 . s
and  Oy5 = 5 max  Xmax el t g X .+ md (C.25)

If, however, we choose to represent the beam in terms of the E-matrix,

then a more direct method is possible. From section 2.3 we know that

: E112 * E122 - xmax2
E22 = x'max
F11B2 = &y
Thus 511_ = Ex/x’max
and By, s (xmax2 - EXZ/Xm;X 21%
Also E1S = d
Fs = @
E = m

56
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B = 2

E88 = 4§

From the symplectic equations (A.21) and (A.22) we find the remaining

two terms:
d’sx :
Y I v
o max
and 1
_ d x” = d (x- 2 . € 2/ 2]2
E - max _ ma x  “max
52 i ()

O,y = 2

33 Ymax
o = -2

44 ymax ,
o = ( 2y 2 2

34 Ymax Ymax €y

and
E33 »= Ey/y max
E44 =y max
_ 2 .2 - 2.3

E34 - (ymax Ey /ymax )

The relationships between the o- and E-matrix formalisms can also be used
to check the consistency of the values calculated via either one ‘of these

methods.
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APPENDIX D -

DERIVATION OF EQUATIONS FOR ORTHOGONAL QUADRUPOLE SYSTEM

{a) . Double Waist

We start with equation (7.4):

S | 1 — 1
D, ' D, f_ £+ L/B

from which (7.5) follows directly, i.e.

- D, (E - D)) _ _%
E - .

Equation (7.6) is derived directly from opfics:
L 1

—
= - f
1 d 3 5

To find y, we see that (from figure 7.2)

Y o Y DY

D, + r r r

{(7.4)

(7.5)

{7.8)

(D.1)

where Yq is the extent in 01 of the "y-ray”. In equation (D.1) we

have assumed that yi' is small so that we may approximate tan[yi'] by

yi’. From equation (D.1) we find

_ [D2>+ r) D1 )
y2 r yi
I e S
Yy r 1
_ ) D,I [E-D1] .o
yl 1

(7.7)

{D.2)

We now find the value of r using equation (7.6), having first substituted

‘equation (7.5) into (7.8) i.e.



D E-D '
t -5 o — 0 Lo
r o= 0 6 1 - E 3
'fo - L/6 + D1 D1 [E~D1] L
. —-—-——-—-————.__.‘.D
E. 3 1
{3 0, (E-D,) - EL}O
- L L (0.3)
30, (E-D,) - EL + 3 D,E , A
Then eqguation (D.2) becomes
i ) (E—D1] {3 D1 (E-D1] - EL + 3 D1E} + D1{3 D1 [E-D1] - EL}
Y2 Yy | 30, (E-0,) - EL
1 1
: 3 D1(E-D1J
R E[1 " 3D,(E-D,) - EL ] (7.8)
1 1
If we now differentiate equation (7.8) with respect to D1 to find the
minimum y, we get
. ) 2
d v, 3 E°L (E-2 D,)
———=0=y.’ - -
dD i 2
1 [3 D, (E-D,) - EL]
leading to D1 = D2 = E/2 - (7.9)
If we substitute equation (7.9) into t7.8] we find
L 30,2
y. = y. 2D [1 + ]
2 i 1 2
3 D1 2 D1L
4p, (3D, -L) . '
-y, [ L L } | | (7.11)
3D, - 2L . -

1

We can find Yy, in terms of D, from figure 7.2 when we put yé = Xg

2 3
i.e. y, = ,D3 X4
. and thus
o v 40, (3D, - L) _—
3 X, 30, -2L '
i 1
From the symmetry we have Dy = D, = Dg ' , - (7.14)

The analogy of equations (7.9) and (D.4) for the end of the system are:

D, = D, | s
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-

x.° 4D. (3D, - L)

f : 7 7 ‘
D, = —. - ' o : (7.18)
5 p 30,-21L . ,
which may be solved for D7:
. . , A
y Vo y. 2|32
D7 =, 4L + 3 D3 ;i, * 116 L2 - 72 LD3 —)-(i, + 9 032 (X—.F-)
| f . f £
24 - wes (7.28)
(b) Waist in One Dimension Only
The focal length of 01 is again found from
1 R I | '
3 ot D = f . T f + L/B . : . [7.4)
1 2 c o
and (from figure 7.3)
1] 1. 1
D, + P T  f, U/ -f_ . (7.21)
1 : d o
.The equivalent of eqguation (D.1) is now
Yo o= Y- V0 0P ' (D.5)

Dz'+ by T T

(02 * r) (D1 + P)

-

and ¥y R T

R A -
TN 1

r

(D.8)

r

- [to, + P) (E-D,) }
e - - + D + P
L 1

Again, we substitute the value of fo from (7.4) into (7.21) and solve

- for r:

1 1 : 1 1 1
L — = + = D ———mrmad +
r

D, + P fo-L/6 . D, *P D, D

(0, + P)[3 D (E-D,) - EL]
3 D,(E-D;) - EL + 3 E(D, + P
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Using (D.7) we can find ¥, in equation (D.B) as follows:

‘((01 + P) (E-0,) {3 D,(E-D,) - EL + 3 E (D, *+ P}

Y. = oy — A : D
2 yl[ (D,+P) [3 0, (E-D,) - EL]] * (0P
= A - P _ _ .
y;” [E+ P+ 3EL(E-D) (D, +P) (7.22)
3 0,(E-D,) - EL
d y2
Putting —— = 0 gives us
d D,
{3 D, (E-D,) - gL} {E-P-2 01} - .3 (E-D,) (01 +P) (E-2D0,) = O
" ie. D°[-3P] +D, [6EP + 2EL] - 3E°P + ELP - 2L - 0 (0.8)
ER P 1 _
| EL 3p 3p2 1
-—.and. thus w.D1 = E +V§E'[1 -..(1 +__E B ) J - - (7.23)

”

Note that we use a minus sign for.the last term in (7.23), otherwise we

would get D1 >E.

Equation (D.8) reduces to equation (7.9) when P = 0. This is not so ob=

vious in equation (7.23).

We now use equation (7.23) in (7.22):

. EL : : E
yo T Yy [E+P+3E (a:,"C](E+P+3—lF-,-C]] (D.9)
EL EL
3 {E + 3P C}{gg C} + EL
EL 3P 3pl 3
whe_re C = 3 (1 + —L' + = ] : (D.10)
2
. 3P -
Then y., = y. [2 E+P + ~ > ]
2 i 3P 3p23
3P 2L {1- (1« V) (7.24)
To find 03 we look at figure 7.3 to find that
Y2 %3 4 .5
e T | (D.11)
3 3 2 P
y E-D o
. B _2 1 \
Thus D3 = X 5 (7.25)

i 1
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oy 2 E-D
and D. = —_|2E +P + 3P Wov.an
3 X3 - P | 32} D
3P+ 2L {1 - 01+ Tt E )

We still need to derive equation (7.30) from which equation (7.33) then

follows with P = 0.

We find, for 02,

_—_+1—=—-—._l__—.._-
D2 +r D3 f2 + L/6
D, (r + D)
: L Y2
ahd thus f, *5 = D, + r D, |
Dy (E - D, * 1)

(D.12)

We use equation (D.7) for r to find

Dy [(E-D,){30, (E-D,) - EL + 3E (D,+P)} + (D, +P){3D, (E-D,) - EL}]

1

f, + L/B = '
2- [Dy + E 01]{301 (E-D,) - EL + 3E (D,+P)} + (D,+P) [3D, (E-D,)-EL]
, , . (D.13)
: 2 ,
. D, {EC, * PC, + 3P (E - D)7} o
f, = 5 5~ "8 (7.30)
D3{Cz+3D1 + 3PE} + EC, + PC2_+ 3P (E-D1J ,
wherg c, = 80, (E-D,) - LE , o | : (7.31)

We have thus shown how the equations in chapter 7 were arrived at.
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