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ABSTRACT

Author: Arnold Peter Keet

Department of Matheniatics, University of Cape Town.
Title: Topics in the algebraic theory of higher degree forms.
Date: March 1991.

Let d>2 be an integer and let F be a field. A form of degree d over F is a polynomial
of homogeneous degree d with coefficients in F. In degree d=2 there is an extensive theory
of quadratic forms. We consider forms of degree d>2.

The following are among the new results we have proved:

1. A nonsingular form over a field of characteristic zero has nonzero Hessian. This was
proved by Harrison in degree d=3. We use some basic algebraic geometry and rational
differential forms to give a proof valid in all degrees d>2.

2. The formal differences of split forms constitute an ideal in the Grothendieck ring of
higher degree forms. This generalises a well-known result for quadratic forms to higher
degree.

3. In the monoid of equivalence classes of nondegenerate forms of degree d>3, with the
tensor product operation, the submonoid generated by the equivalence classes of the
hyperbolic forms is free. This is a small step towards answering a question posed by
Harrison.

4. Let the base field have characteristic zero. In every odd degree d>3 there are no
nontrivial families of additive invariants of the forms of degree d. In every even degree d
there is a nontrivial family of additive invariants of the forms of degree d. The most
familiar example is the family of discriminants of quadratic forms. Our proof involves the
symbolic method for representing invariants of the forms of degree d.

5. We give a new proof, in characteristic zero, that a nonsingular form of degree d>3
has a zero Lie algebra. Our proof involves a certain Schur functor and invokes the basis
theorem of Akin, Buchsbaum and Weyman.

6. Let F be a field of characteristic zero and let K|F be a field extension. Let f be a
form of degree d>3 in more than three indeterminates with coefficients in F. Then if f is
equivalent over K to a hyperbolic form, f must already be equivalent to a hyperbolic form
over F. Compare this with the degree 2 case where, for example, the forms ¥(xx2+yx2) are
hyperbolic over € but not over R.



INTRODUCTION

The theory of quadratic forms has a long history. For centuries quadratic forms
have been of interest in number theory, and they are important in geometry. The work of

Witt, Pfister and Knebusch has lead to a rich algebraic theory of quadratic forms..

By comparison the algebraic theory of hlgher degree forms is scanty. Harnson
[HARI] showed that there is a Grothendieck ring of higher degree forms. As an abehan
~group it is freely generated by the isomorphism classes of nondegenerate, indecomposable
forms. At this level the algebra is simple. But there are indecomposable forms in every

dimension and the problem of classifying them up to isomorphism is daunting.

Let d be an integer >2. Let F be a field. We assume throughout that d!#0 in F. Let
'V be a vector space of finite dimension over F. Let #:Vd » F be d—multilinear and

symmetric. We discuss several topics in the algebraic theory of such higher degree forms.

Chapter One is introductory. No ﬁew results are proved.

- We make use of the symmetric algebra functor S(_) from the category of free
modules M of finite rank over a fixed commutative ring R, to the category of graded
Hopf—algebras over R. S(M) is the quotient of the tensor algebra of M over R, by the
2-sided ideal generated by the set {mén—nem: m,neM}. ’

| In particular, the graded Hopf—algebra structure on S(V*) enables us to establish
isomorphisms between the following F—vector spaces: |

@d(V) the space of symmetric d—multilinear forms #:Vd - F ;
Sd(V*) the grade d component of S(V*) ;

F4[x1,...,xn] the F—vector space of forms of degree d, having chosen a basis

*
X1y..,Xp Of V .



We introduce the notion of symmetric space of degree d due to Harrison [HARI1}.
This is a pair (V,0) where fe @d(V), generalising Witt’s quadratic spaces. Following
Harrison we explain how isomorphism classes of symmetric spaces correspond to
GLn(V)—equivalence classes in Sd(V*) and to GLyp(F)—equivalence classes in Fq[xj,...,xn).
Further we give Harrison’s definitions of the direct sum of symmetric spaces and the
corresponding orthogonal sum of forms of degree d, and his proof that these operations are

compatible with the GL(V), resp. GLy(F)—action.

Finally we include a proof of the proposition that if R is an integral domain with
more than d elements; and peR][t;,...,ts] has degree <d in each t;; and p(ry,...,tn)=0 for all

Iy,...,In€R ; then p=0. This theorem is used repeatedly in the sequel.

Chapter Two is divided into three parts.
(1) In the first part we discuss the properties: nondegeneracy; nonzero Hessian; and
nonsingularity of a symmetric space.

These definitions and most of the results are due to Harrison.

Using basic algebraic geometry we give proofs that as is well-known, changing the
base field to the algebraic closure k of F, the subsets of: nondegenerate forms; forms with
nonzero Hessian; and nonsingular forms are all Zariski open in @d(V?k).

We give a proof based on the formal Chain Rule for polynomial maps, of the
well-known result that, in 19—th century terminology, the Hessian is a covariant of weight
2.

We introduce the hyperbolic forms, suggested by my supervisor Dr K.R.Hughes,
which are higher degree analogues of the hyperbolic symmetric bilinear forms. In dimension
>3 and degree >3 the hyperbolic forms are nondegenerate, but have zero Hessian. Harrison
[HAR2 p521] states that nondegenerate forms with zero Hessian are hard to find! Harrison
[HAR2, Propl.l] proved that, when the ground field has characteristic zero, any

nonsingular symmetric space of degree 3 has nonzero Hessian.



We extend this result to all degrees d>3, using basic algebraic geometry and rational

| differential forms. |

(2) In the second section we introduce Harrison’s definitions of indecomposability, and |
the centre of a symmetric space of degree >3. We give some examples of symmetric spaces,

and we compute their centres. Then it is clear that in a given degree d>3 there are

nondegenerate indecomposable symmetric spaces in each dimension. We also compute the

centres of the hyperbolic forms. |

(3)  We define the notion of split symmetric space directly extending the vﬁeld case of

the definition in degree 2, due to Knebusch [MH p12], to higher degree. We show that in

- - dimension >3 all the hyperbolic forms are split, and we give an example showing that in

| each degree >3 there are split forms which are not hyperbolic. We state Harrison's
definition of the tensor product of sy_mrhetric spaces, and we include a proof_ that the tensor
product of noridegenerate symmetric spaces is nondegenerate, a special case of Harrison;s
~more general result [HARI1 >p128].-We prove that the direct sum of nondegenerate split

. symmetric spaces is split; and the tensor product of a nondegenerate split symmetric_ spaee
and a nondegenerate sym’metr_icv space is split. Then it is clear that the set of formal
differences of split symmetric spaces is an ideal in the Grothendieck ring. Harrison [HAR1
p136] raised the question of the structure of the monoid of isomorphism classes of
absolutely indecomposable nondegenerate symmetric spaces under tensor product. We use
our calculation of the centres of the hyperbolic“ forms to show that the submonoid

‘generated by their isomorphism classes is free.

Chapter Three is concerned with families of additive invariants.

In the theory of quadraticbforms the invariants
dn = discriminant of quadratic forms in n indeterminants play a major role.

(dn) is a family. of additive invariants:



Let f(resp. g) be a quadratic form in p(resp. q) indeterminants xl,...,xé
(resp. yi,...,¥q) Let fig(xy,...,Xp,¥1,---,¥q) = (X1, Xp)+&(F 1--,¥q)-
| Then d,(fig) = dp(f).dq(g). | ‘ |

We give an _example of a family of nonconstant additive invariants in each even
degree. | |

We prove that there are no nontrivial families of addiﬁive invariants in odd degree,
~ relying on the lucid treatment of the symbolic methodvby Grosshans et al [GRS]), of which

- we require only the case of a single symmetric tensor of step d (or a form of degree d).

Chapter Four is concerned with the Lie theory of a d—multilineér form #:Vd 4 F,
and is divided into three parts. | | _
(1)~ In the first part we define the algebraic isometry group of a symmetric
| ‘d-multilinear form 4, and its Lie algebfa. We prove that equivalent forms have conjugate
| algebraic isometry groups and Lie algebras. We show that the Lie algebra of a direct sum of
forms is the. direct sum of the Lie algebras of the forms. We reduce the problem of ’
calculating the isometry group of a form to the indecomposable case. We show that the
connected component of the identity in the isometry group of a direct sum of forms, is the’
directv product of the connected componenté of the identity in their various isometry
groups. |
(2) In the second part we calculate the algebraic isometry groups of the hyperbolic
forms, and their Lie algebras. Assuming characteristic zero, we compute their radicals and
show that fhey are 2—step solvable. -

In the course of our calculations we encounter the space of (d+1)—multilinear forms

Va1 4 F which satisfy:

(@) @V Va,Vgey) 18 symmetric in vy,...,vd
d+1 . \ o

(b) 21 @(V1ye-s ¥y Vg4 pvi) = 0, the  denoting omission.
i= _ :



Given a symmetric (d+1)—multilinear form 6: Vd*1 4+ F and M in the Lie algebra of 4, the
form ¢:Vd*14 F defined by

WV Vgag) = 0(v1,...,vd;Mvd+l) satisfies (a),(b) above.
(3) In the third part we show that the space of forms satisfying 2(a),(b) above is the
space L /\(V*) where ) is the Young diagram
go with d rows and L, is the Schur functor of Akin et al [ABW II.1.3].

u!

In the proof we consider actions of the group of permutations of 1,....d on the
letter—place algebra with letters a,,...,a4q,; and places 1,...,n; and we appeal to the Basis
Theorem for L /\(V*), due to Akin et al [ABW I1.2.16].

In the rest of the chapter we assume characteristic zero.

We deduce from a proposition of Schneider [SCHN Prop 2] the following:

Let M be a nilpotent endomorphism in the Lie algebra of § such that Mr#0, Mr+1=0 with
r>1 so that we have a flag V=MV ) MV ) ... ) MrV ) {0}
(*) Thenif vieM'V fori=1,...,d and ZXr;» dr, we have O(V1iye-Vg4eq) = 0.

We prove this independently of Schneider’s proposition. The starting point of the
proof is the observation that the form ¢ of (2) above is in the space L /\(V*) above. Then
we use the dual basis of a basis of V w.r.t. which the matrix of M is in Jordan canonical
form, and obtain from it a standard basis of L /\(V*). We express 9 as a linear combination
of these basis forms. From the identity

WV 1V q-MVA, Vg 41) = WV 1V g MV g4 Va)
we obtain relations between the coefficients and deduce that certain of them are zero.

We also give a Lie algebraic proof of Schneider’s result [SCHN Theorem] that when

@ above is nonsingular, its algebraic isometry group is finite.

We also include a short proof of the proposition (*) above in the case of r odd.



Ch#pte1i Five is a miscellany.
(1) Our initial formulation of the main result of the first part was a highef degree
analogue of the Weak Hasse—Minkowski Theorem: o
Let (V,0) be a symmetric space over an algebraic number field F. Let p be a prime
of F, finite or infinite. Let Fi,'be the completion of F at the prime p. Let (Vp,0) be the
syr;imetric space obtained from (V,0) by the base change F - Fy. _Supposve that-for all
primes p of F, (Vp,0p) is isomorphic to a hyperbolic symmetric space. Then (V,0) itself is
1somorph1c to a hyperbolic symmetric space. | |
| But we later realised that when the base field F has characteristic zero and KIF is
- any ﬁeld extension: glven a (d+1)~multilinear form ¢: Wd*t 4 F with d22, if the extended
' form ¢K: W?K -+ K is equivalent to a hyperbolic fo}m, then ¢ must itself be equivalent. to
| a hyperbolic form. Compare with the quadratic case: ¥(xx2+yx2) is hyperbolic over € as
- x24+y2 = (x+iy)(x—iy), but is not hyperbolic over R.

The proof makes use of our calculation of the Lie algebras of the hyperbohc forms

. and their radicals.

(2)  The second part concerns the lift of a form on' the residue field of a complete
discrete valuat‘ion ring (DVR) to a form o.n the ring. Let R be a eomplete DVR with
maximal ideal M and residue field k. In degree d=2 this lift is unique up to equivalence.
We show that in each degree d>3 there exist two nonsmgular symmetric d—multilinear
forms (R3)d + R which reduce mod M to the same form k3 - k , but have nonisomorphic
| centres and hence cannot be equivalent, even after a base change R - L where L is any

field containing R.



(3) in the last part we piove a result we obtained while tfying to émulate Kneser’s |
[KNE] beautiful treatment of composition of bihary quadratic forms in the ternary cubic
case. We had hoped that we cQuld improve on Waté:hquse’s approach' [WAT2]. | v

We proved that: If F is a field of characteristic zefo, with algebraic closure K, t_hén
any nonsingular ternary cubic form ih uy,uguy is of the form' f= det(Eﬁiai) with
d1,a2,ageM3(K). The starting point of the proof is Van den Bergh’s result [VDB Thm 32] '
tha_t the Clifford algebra Cr of a noﬁsingular ternary cubic form f has a rank 3 linearization:

i.e. there is an F—algebra homomorphism ¢: Cs - M3(K).



CHAPTER ONE

Throughout this chapter:

d >1 is a fixed positive integer.
F is the ground field and d!#0 in F.

- Vis a vector space over F of finite dimension n.
Aisa commutative F—algebra.
A% A = VA |
VA = HomA(VA,A)
S(V A) is the symmetric algebra of the free A—module v A of rank n, and is a
graded Hopf-—algebra. See [ABW L3].

| Given a positive integer k
@k(V) is the F—vector space of symmetric k—multilinear forms §: Vk 4 F;
and | | |

Gy is the group of permutations of 1,...k.

We will see that there are natural group actions:
| GL(V) acts on the left on S(V;) as graded Hopf—algebra automorphisms; and for each
positive integer k, Gy acts on the left on Sk(VI:) commuting with the GL(V) action.
Apart from 1ntroduc1ng the required terminology: | | |
(a)  Wefill in some details, following [ABW 1.3], not given in [HARI §1]): we expla.m the
polarisation isomorphism between
the F—vector space Fg[xy,...,Xn] ova forms of degree d over F,

and the F—vector space of symmetric d—multilinear forms 6 Vd- F.



(b)  Weinclude a proéf of the well-known theorem that:
If R is an integral domain with more than d elements ; p(tl’;'_"tn) is a polynomial 6f
degree g'd in each t; with coeficients in R ;and e
p(rl,...,rn)=0 for all Typenly in R ;
then p=0.

We will then have achieved the main results of this cha.ptér i.e..givén that d!'#0 in F
we can:

. *
(1) identify peSq(V ) with its polarisation fp e @d(V).

(2)  identify pe @ Si(V ) with the induced polynomial map f(p): V- F.
k_

We summarize the contents of this chapter.

Iﬁ 81 we definea G d—action on the spacé of d~multilinear maps f:Vd-o F, and we
let Gd act on (v*)”‘? so that the canonical isomorphism between these spaces is a
G d‘—isomorphism.

We can then define the isomorphic spaces of symmetric d—multilinear maps
0:Vd—0F, and symmetric tensors in (V*)Qd.

In §2 we introduce the symmetric algebra functor S(_) from finite dimensional
vector spaces over F to graded Hopf—algebras over F. | |

In §§3—6 we use the comultiplication in the HOpf—zilgebra S(V*) to describe the
polarisation isomorphism of S d(V*) with the space of symmetric tensors in (V*)Qd , Or
what comes to the same thing, the space @d(V) of symmetric d-multilinear maps
H:Vd: -F. | |

In §§9 and 10 we describe a method of polarising which will be useful in some of our
Ié.ter computations. ‘

In §§11-13 we describe some GL(V)-actions and we see that polarisation is a

- GL(V)~map.
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In §14 we define the notion of symmetric space of degree d. The isomorphism classes
of symmetric spaces of degree d were used by Harrison [HARI] to construcf the
‘Grotvhendieck ring of degree d forms. In §§ 17-19 we define the addition of two such
isomorphism classes. A symmetric spa.'ce of degree d on the véctor space V is, §vhen d!#0
in F, the same thing as an element of S d(V*). Isomorphic symmetric spaces of degree d
over the same vector space V, will have the corresponding elements of S d(V*)
‘GL(V)—equivalent. | |

In §20 we prove the theorem stated in (b) ‘a.bove. An immediate consequence of this
result is that if the ground field F is infinite and V has dimension n, then S(V*) may be
identified with the affine coordinate ring of the affine algebraic group AF This motivates

| the Hopf—algebra structure on S(V ) in the general case.

1. Let V be an n—dimensional vector space over the base field F. We will define what
is meant by: a symmetric tensor in (V )Qd ; and a symmetric d—multilinear map f;Vd_. F.
We will see that the F—vector space of these symmetric tensors is canonically 1somorph1c

to the F-vector space of these symmetric d—multlhnea.r maps

We will identify the following F—vector spaces by the canonical isomorphisms:
the space of all d—multilinear maps tvi,F
y (V) 2 (V) |
To define symmetry we ihtroduce some left G'd—actions..
First we explain the left action of G4 on the space of d—multilinear maps. f: vd -»V F
given in (*) below. |
A‘GL(Vd) acts on the left on the space of d—multilinear maps f:Vd+ F by
of = foar'l for ¢ in GL(V4d). |
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We héve a representation r: Gg= GL(Vd) with
| r(m)(vyy...,v4) = (v1r'1(1)""’v7r‘1(d))'
Check: ' | vr(p'lr)(...,vi,....) = (""v'/r'l(p'l(i))"")
=r(p)(...,v7r_1(i),...) |
= 1(p)or(m)(...,v}5-.)-
Therefore Gq acts linearly on the left on the F—vector space of all d—multilinear
maps A F, byrmeans of r and the above left action of GL(Vd) :
(*) - wf=fo(x(m))! ie w.f(...,vi,...)‘ = f(""v';r(i)"“)‘ |
We define a left action of G4 on (V*)@d by requiring the canonical isomorphism to
be a Gg—isomorphism. | | | |
| We now describe this action in terms of coordinates. Let v,,...,v_ be a basis of V
“over F,and 16t xy,..x, be the dual basis of V . |
For each map a: {1,...,d}~ {1,...,n} we have X 188X 4 € (V*)‘gd and these form
a basis of (V*)ad over F. | | |
Let t=3X(t|al..ad)x q®..8x , ¢ (V*)@d.
Under the canonical isomorphism t corresponds to the d—multilinear map
f: v

- F with f(v Vod ) = (tlal...ad).

al,o..

Let mbein Gg. 7.f corresponds to m.t, and

m.f( Vol Vod ) ={( Vo(m1) 1 ofnd) )
so-mt = X( t|a(nl)...a(wd) )x ;®...8x 4. |

A d-multilinear map f: vd -+ F is called symmetric if 7.f={ fof all 7in G d4

A tensor t in (V*)@d_ is called symmetric if 7.t = t for all 7in Ggq. vSinc_e the
canonical isomorphism is a  Gg—isomorphism, the ‘space @d(V) of symmetric
d—multilinear forms |

. - R
- Vd - F is isomorphic to the space of symmetric tensors tin (V )@d.



12

In §§2—8 we show that, when d!#0 -in F, there is a canonical isomorphism between
the F-vector space Sd(V*) —which after a choice of basis, say xj,...,xn of V*, is
isomorphic to the space Fg[xy,...,xn] of forms of degree d in xl,...,x,v1 over F —and the space
of symmetric tensors in (V*)ed. By §1 this gives an isomorphism $§ d(V*) ~ @d(V)
which is called the polarisation process. Any p ¢S d(V*) defines a polynomial map
~{(p): V- F. When ¢ in @d(V) is the polarisation of p we will see that

f(p)(¥) = O(v,..v). |

2. Let R be a ring. We denote by S(_) the symmetric algebra functor from the

category of finitely generated free R—modules to the category of commutative graded

R—Hopf algebras. Akiﬁ et al [ABW §1.1,81.3] describe this latter category and the functor

S. ‘
Each peS(V*) defines a polynomial'map f(p): V- F, as follows.

Let veV. We define the map e S(}V*) +F by requiring

) ey(p) =D(v) when p eV’

(ii) e, is an F—algebra homomorphism.

) *
Givenp € S(V ), we define themap f(p):V-F by f(p)(v)=e_ (p).

3. Following Akin et al [ABW §1.3] we show that there is an isomorphism p» 6, from
. * : *
the F—vector space Sq(V ) to the F—vector space of symmetric tensors in (V )@d, and
“that 0p(v,...,v)=f(p)(v). |
We first give a coordinate—free description of this isomorphism pr 0p and its
inverse _ |
. a_’ pg‘ ) \J
R : * ed * \ed
Given a symmetric tensor 6 ¢ (V )™ = (5,(V )™, to get p,

" we apply the component
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* ed * g -
(V)™ +84(V) of dold multiplication:

s(v')®d
Jme lﬁ(d-z)
s(v")ela-1)

lme la(d':*)

lm

(V')

*
Given peSq(V ), to obtain the symmetric tensor .f, we multiply p by 1/d! and apply
* *
the component Sq(V )~ (V )®d of d—fold comultiplication:

S(V')
1A
S(V*)@2
| Ael

i A e 1%(d-2)
s(v')®d

This latter map is called the polarisation process.

We now describe the above maps in terms of coordinates.
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4. Lét vy,...,va be a basis of V, and let xy,...,xn be the dual basis of v

" In this chapter a will denote a map a: {1,...,d} = {1,...,n}, and i will denote an
n—tuple (i,...,in) of nonnegative integers with sum d. We define the content c(a) of
to be (iy,...,in), where for» k=1,...,n ixis the number of instances of k in the list

al,...,ad. Clearly if ¢(a)=(iy,...,in) then iy+...+ip=d.

- 5. First suppose that 8 = §0(Va1""’va d)xale...sxa 4 is a symmetric tensor.

. ' . * k
' »Then AV Vo) € F and x 1..x 4 € Sd(V ) depend only on the content.of a. The

number of a with a given content (iy,...,in) is

{d [ dy d—ip—...,,, ) - __d!
| 2] In if..dnl

So the image of # under d—fold multiplication is

. ' ! N TR

Py = z-—,———ri d1 _ (p()l11...111)x111...xnn
.1 n
1

where (pﬂli""i")=0(va1""’vad) for any a of content (ij,...,i ).

6. Secondly, we describe the polarisation process.

. : *

Since d!#0 in F, any p in Sq(V ) is of the form

| ! e
p= Y —2— (pliv.inseftaxde.

i il. ....ln!
Now
CA( xill...x:,“ ) = ( x@®1 + 18x; )'L..( x,®1 + 1ex; )"

iy in .
=33 1[3;]...[1;1] xitdL xindngx]t. . xfn
J1= Jr_1= :

Jn

1
’ : . * * . .

so the component in Sq-(V )8V of A( xiL..xi")is

n . . . n . . .
P ik.xlll...xll(k'l...x,llnaxk = X -aa—(xlll...x}ln)@xk.
k=1 k=17%k
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The polarisation process therefore involves

Sa(V') p (1/d1)p
Al v (1/d1)3 o) .

ad=1 "“ad
* *

. | |
2 5
Ael] : w(1/d!) 2 ) pex ex
. od=1 a(d-1)=1a(d-1)ed = d-1) od

(Sqo(V )8V oV’

Ael}
Asl] BYCVLD) P ax"‘ pex_®..8x_,
. a Tal ad a a
ed
(V)
Since axa 5x3 depends only on the content of a we have a symmetric tensor.
v al ad .
d! - . . il in
Let p= Eﬁ'_f;r (plit...in)x1 - Xn® .
i _

Then, as -a——a— -a-—é—xlll in

= 0 if @ does not have content i, and
=i4...ip! otherwise;

the polarisation of p is

O = (1/d')2(p|11 ln)“!_“—r lo)=i 1'...in!.xal®...®xad
= E(P|11 1222)_1 Xo()® P afg)’

This is a symmetric tensor which on d—fold multipiication gives back p.
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7.  Notice that 0p(val,...,vad) = (plij...in) where (iy,...,in) is the content of a, as in

§5 with fand Py

8. It follows from §6 that, regarding 6’p as a d-multilinear map 0p: Vds F,
05(v,...,v) = f(p)(v) the evaluation of p at v.

9. Akin et al [ABW §1.1,§1.3] show that all of‘§§1—8 remains true even if F is just a
- commutative ring, V is a free F module of rank n, and V* = HomF(V,F') which is also a
free F~module of rank n. |
In particular let F— A be a base change, where A is a commutative F—algebra.
If V is a vector space of dimension n oﬁer F then V A= VfA is a free A—module
- of rank n. We have a natural homomorphism S(V*)——o ‘S(V‘:) of graded Hopf—algebras and
a commutative square | ' '
91 Sa(V') —— Sd’(V;)
(v T vy ™
in which the vertical arrows are the polarisations. The square commutes because
pola.risé.tion is defined in terms of d—fold comultiplication and SV(V*)——o S(VZ) is a
: homomvorphism of graded Hopf—algebras. We expand slightly on this.
Let A be a commutative F—algebra. |
| Then V A is a free A—module of rank n and so is V‘: = Hom , (V@A,A).
* *
- Given x ¢ V. we have x®l: VBA— FBA ¥ A s0 x81 ¢ §y(V,). Hence we have an
F—ﬁnea.r map V*——o S(VZ) which extends to a graded Hopf-algebra homomorplﬁsm
S(V")— S(VBA)"). | .
.Wé will write p, ,-0A for the images of p ¢ Sd(V*), g € (V*)ed under the above

_homomorphisms.
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In particular let A = F[xy,...,xn], where xy,...,xn is the dual basis of thé basis
Vy,..-,vn Of V. Then by §8§5,7
9.2 o  P(XpyeesXn) = BOp(V 10V 0 g) X g1 X g
. . a

= (0p) 5 (v,-..,v) where v =xv+...+XnVn.

10.  The definition of the polarisation process in Hopf—algebra language is useful in
theory, as we saw in §9. To compute it we will often use the following method. Let

pE Sd(V*). Let A denote the ring of polynomials in Aj,...,Aq with coefficients in F.

" Then 5(v1,.-.,vd) = the coefficient of A;...Aq in' (d")Lf(p o ) Avet...+Aqvq )

Proof: - Since §8 is still valid for p, and @ N = (0 p) A» the above coefficient of
A1...Ag = the coefficient of Ay...Aq in

(d!)'1.}(0p)A( Avi 4.4 Agvd ooy Ay 4o Aava )

= (dh- EG()p( Vol Vg ) = 0 vl;...,vd ) by symmetry of 6p. s
71€Gq : ,

*
A choice of basis for V gives a preferred basis for S(V ) consisting of the
*
monomials in the dual basis of V . A change of basis of V then results in a change of basis
* . :
for S(V ). This leads us to define some natural GL(V)-actions, and we see that the

diagram 9.1 above is a diagram of GL(V)—maps. §§11—13 contain the details.

11. The choice of basis vy,...,vn of V with dual basis xy,..xp of V* deﬁnes an
isomorphism ¢: V— F™ such that: if e,,...,en is the usual basis of F%; and 1y,...,r5 is the
dual basis of (Fn)*, then ¢(vi) =ei and rjop =x;. Let peS(V*) with
p= 2(p¢|i1...in)xi1‘...x31“.
Then p= E(pwli1...in)(r19<p)i1...(rno<p)i“

= S(¢ ) %o lic-in)riL.ri?).
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. *
Let wy,...,wn be another choice of basis of V with dual basis yj,...,yn of V . This choice

defines another isomorphism $: V-F" and p= S(¢*)( 2(p¢|i1 in)ril r,i,n )-

Therefore 2(p¢|11 1n)r1 = §( ('d) )‘logo ) (E(p li..dn)ril r:,“)
The diagram
| Fog—Z% , Fn
<A

o % * * *
commutes, and (¢ )lop = (poy!) = (o).

12.  We see that the coefﬁments (p li...in) transform by the natural left action of
, aeGL (F) on S((Fn) ) by S( (a )t ). More generally o0eGL(V) acts on the left on
S(V ) by the graded Hopf-algebra automorphism §( (a*)'l') When F— A is a base
_change by a commutative F—algebra A, then aeGL(V) acts on the left on S(V A) by the
graded Hopf—algebra automorphism §( ((a®1) ).

13.  0eGL(V) acts on the left on { £ V34 F, f d—multilinear } by

(a.)(vyy--yva) = f(o'lvl,...,a'lvd). We transfer this to a GL(V)-action o.n (V*)de 4by
‘requiring that the canonical isbmorphisni be a GL(V)—isomorphism. The Gg—actions
defined in §1 commute with these GL(V)-actions, so the spaces of symmetric
d—multilinear mapé, and éymmetric tensors in (V*)ed are invariant under the

GL(V)—a,ctlon

Let F— A be a change of base by a commutative F—a.lgebra oceGL(V) acts on the
left on { f: (VA) - A: fd_—-multlhnear w.rt. A} by
(0.f)(my,...,mq) = f( (0®1)-'my,..., (¢®1)-tmgq ).
We transfer this to a GL(V)-—action on (V;:)Gd by requiring that the canonical
- isomorphism be a GL(V)—map. There are actions of the group Gq, of permutations of

1,..,d , on these spaces generalising those of §1. These Gg—actions commute with the
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‘ ‘ * :
GL(V)—actions, so the A—submodules of: symmetric tensors in (V A)Qd ; and symmetric
maps £ (V A)d—+ A are invariant under these GL(V)—actions. With these GL(V) actions',

- the diagram 9.1 above is a diagram of GL(V)—maps.

We summarise §§14—19.

Let V be a vector space of finite djmensioh n over the base field F. Suppose that d!#0in F.
We have seen that the symmetric d—multilinear forms §: Vd— F correspond 1-1 by an
- F-linear isomorphism to the peSd(V*). When we choose a basis of V we can specify
| peSd(V*) as a homogeneous degree d polynomial in Fa[ t4,....,tn ]. = We call elements of
F4[ ry,...,n | .forms of degree d. In the other directidn, a degree d form in ry,...r; only
determines peSd(V*) up to GL(V)~—equivalence. We define the notion of symmetric space
of degree d over F. We show that an isomorphism class of symmetric spaces of degree d is

| tv'he same as a GL(V)—equivalence class in Sd(V*) or a GLn(F)—equivalence class of forms
~of degree d in Fy[ rl,...,fn ]- We then define the direct sum of symmetric spaces of degree d

-and the corresponding orthogonal sum of forms of 'degree d.

14 Let V be an n—dimensional vector space over F. Let 6 Vd— F be a Sym}nétric
* d—multilinear form. Then we say that (V,d) is a symmetric space of degree d. We say
that two symmetric spaces (V,0), (V',8") of degree d over F are isomorphic if there is a
vector space isomorphism ¢: V— V' such that 8'( ¢(v1),...,¢(va) ) = &(vy,...,va)-

We continue to assume that d!#0 in F.

*
15.  Given any peSq((Fn) ), (Fn,0p) is a symmetric space of degree d.

For " 0eGLy(F) 0 )

= a.()p by §13, so the symmetric spaces (Fn,0,) , (Fn,d

o.p a.p

corresponding to équiva.lent polynomials are isomorphic.
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16.  Given a symmetric space (V,0) of degree d, there is a unique peSd(V*) with 0p-$ 6.
- After a choice of coordinates ¢: V— Fn we have §( v(cp‘l)* )p € Sd((Fn)*). A different
. choice of coordinates will by §11 result in a form of degree d in the same
GLx(F)—~equivalence class.

17. Given two symmetric spaces (Vi,ﬂl), (Vé,ég) of degree d over F, the map

000y (VioV)d — P with 8005 (Vi v21)sns(Viavad) | = 0(Vitesvia) + 02(Vatye..svad)

is. d—multilinear and symmetric. We define (V1,8;)8(V2,8,) to be (V 8V 3,0,00,).

'Now 61@0s( (vi,v2),...,(v1,v2) ) = 0i(vyye..,v1) + 0o(va,...,v2). Therefore if we choose bases
‘xi,_...,xn of VT and yy,...,yn of V: then Xi,....Xn,¥1,...,.¥m is a basis of

' * .
(VIQVZ) and pgleaz(xl)“-)xn)yla'")ym‘) = p01(x1""’xn) + p02(y1)'°')ym)7 by §92

18 When py(xy,...,Xn), pz(yll,...,ym) are two forms of degree d with coefficients in F,
the notation: pp;pg is used for *the form pl(xl"”’xn) + pgixn 41 %0 +m)"
Here p;1eSq((Fn) ), p2eSa((F=) ) and piip2eSq( (FreFnm) ). Let (Fn,6;) , (Fm,0;) be the
symmetric spaces corresponding to py, p'z respectively. Then (Fn,lﬂl)e(Fm,Hz) is thé
_ s&mxhetric Space corres_ponding to piip2. |

Next 'we show that we can add tWo_ isomorphism classes of symmetric spaces of

degree d (resp. equivalence classes of forms of degree d) to get another isomorphism class of

symmetric spaces of degree d (resp. equivalence class of forms of degree d).

19.  Iffor i=12 (Vi,6) & (V'4,05') then (Vy,0)8(Va0s) ¥ (Vi',00')8(V2',05') by

taking the direct sum of the two isomorphisms. If oi.p; =pi fori=1,2 where 01eGL,(F),

. 5] 0 .
02¢GLp(F) then o= [ 0 02] € GLn+m(F) has o:(pitp2) = p1' +p2’. Later in 2§3.2 we

~* define the product of two isomorphism classes of symmetric spaces.

- We conclude with an important result which we will often use in the sequel.
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20. Proposition: Let R be an integral domain with more than d elements. Let
peR[ty,...,tn]. If p has degree <d in each t; and p(ry,...,r5)=0 for all

Iy,...,fn € R, then p=0.

Proof: We use the Vandermonde argument explained by Rowen in [ROW p129]. Let
C0,C1,---,¢d be d+1 distinct elements of R. The proof will be by induction on n. Suppose

d
n=1. Then p = a,+ast;+...+aqt;. Setting t; = ci i=0,...,d we get

1 ¢co +-- Cod ag
1 ¢y -+ ¢ ld ag
=0
1 cd . ea Cdd a’d
Since det( ch) = I (c—k)#0 weconclude that a;=0 for i=0,...,d. Suppose that

0<k<1<d
the proposition is true for polynomials in ty,...,tx. Let p = po + pPity4; +...+ Patflsy

where for i=0,...,d p;is a polynomial in ti,...,tx; and each p; has degree <d in tj for each

d .
j=1,...,k. For each c;j i=0,...,d; and all ry,...,rx € R p(ry,...,Ik,Ci) = % pj(rl,...,rk)cji = 0.
=0
We conclude as in the case n=1 above that pj(ry,...,rx)=0 for all j=0,...,d and all

ry,...,Tx €R. Therefore p;=0 for j=0,...,d and p=0. ‘ a.

21. It follows from §20 and §3 that when F is a field and d! # 0 in F:

(i)  if (V,0) is a symmetric space of degree d and §(v,...,v)=0 for all v, then 6=0.
*

(ii)) peSq(V ) may be identified with the polynomial map f(p): V— F of §2.
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CHAPTER TWO

This chapter is divided into three parts. We outline the contents of each part.

(1) In the first part we discuss the conditions: nondegeneracy, nonzero Hessian and
 nonsingularity of a symmetric space. Most of the results are due to Harrison [HAR1],
[HAR2]. o |

| - The above three conditions are invariant under the GL(V)—action on the set of
| s&mmetric spaces (V,6) of degreé d. |

Over the algebraic closure of the ground field, the subseté of the afﬁne algebraic
yariety of all symmetric d—multilinear forms on a given vector‘space, consisting of:

(a) the nondegenerate forms | |

(b) the forms with nonzero Hessian .

(c) the nonsingular forms
are all Zariski open.

We _will see that, in 19th century terminology [TUR p206], the Hessian of a form is
‘a covariant of weight 2. _ | | »

We introduce the hyperbolic symmetric’ (d+1)—multilinear forms defined for each
d>1 and for each vector space V, which for d=1 are the classical hyperbolic bilinear forms.
We show that the hyperbolic forms are nondegenerate, but that when d22 and dim(V)>2
they have zero Hessian. | | ;

- Harrison [HAR2, Propl.1] pfov_ed that, when the gvround field has characteristic
zéro, any nonsingular symmetric space of degree 3 has nonzero Hessian. The degree 2 case

is trivial. We extend this result to all degrees d>2..

(2) In the second part we introduce the condition of indecomposabilify, and the centre

of a symmetric space of degree d>3, both defined by Harrison [HAR1 p128,p133].v
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We give some ekemples of symmettic. sj)aces and we compute their centres. It is
~ then clear. that there are nendegenerate indeeomposable symmetric spaces in each
;.dimension. - v | |

We compute the centres of the hyperbolic symmetrie spaces of degree d>3.

(3) In the thitd part we introduce the notion of split synimetric space— a direct higher
degree generalisation, in the field CV&SC, of Knebusch’s definition [MH p12]. We show easily
that the hyperbolic symmetric spaces are split, and give an example in eaeh degree d>3 of a |
split space which is not hyperbolic. We prove that in a fixed degree d>3, the direct sum of
nendegenerate split syinmetric spaces is split, and the tensor product of a nondegenerate
split symmetric space and any nondegenerate symmetric space is a nondegenerate split

symmetric space. Then it is clear that in the Grothendieck ring of degree d forms, the set of

- formal differences of isomorphism classes of split spaces is an ideal.

Harrison raised the question of the structure of the monoid of absolutely
indecomposable nondegenerate symmetric spaces under tensor product [HAR1 p136] In our
final result we use our calculation of the centres of the hyperbohc symmetnc spaces to

show that the submonoid generated by the hyperbohcs is free.

1 Let V be a vector space of dimension n over the ground field F. Suppose that d!#0 in

F. Let §:Vd+ F be a symmetric d~multilinear form.
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We will define the condition of nOndegenera.Cy' of § and show that it is -
~ GL(V)-invariant.
1.1 Definition: We say that 0 is noﬁdegeherate if for any nonzero veV the
symmetric (d—1)—multilinear form 8,: Vd-5 F defined by Ov( vz,;..,vd )= & v,va..,va)

is nonzero. Otherwise we say that @ is degenerate.

1.2 Proposition: Let 0eGL(V). Then @ is nondegenerate iff .0 is
_ nondegénera.te. '
Proof:  Oy(va,...,va) = O(v,vs,...,vq) = 0.0(0v,0v3,...,0v4) = (0.0) ;y(0v2y...;0vn) .

and as v; runs through V so does ov;. o

Because of the isomorphisms
: *
(O%4V) 2 Sa(V) 2 Falxy.-.,xa]

the second isomorphism depending on a choice of basis xy,....xn of V , there are
: ' *
corresponding conditions of nondegeneracy of peSq(V ),

and of forms of degree d in xj,...,Xn.

We loosely state the next proposition before its formal proof: Letv peSd(V*) hvavev
polarisation 6. Let veV. Let pveSd_l(V*) have polarisation 4. Then d.py is the'directi'onal
derivative of p in the direction v. | -

1.3 Prdposition: Let vy,...,vn be a basis of V with dual basis x,...,xn of V*.
Let #:Eaivi. Under the isomorphism of 1§3 let pe 8, py—4,. Then
. i ] . |
¥Yai P = d.pv.

i=1

In particular, if ()v =0, then p is a polynomial in xl,...,x,,-l.
n
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Proof: Let B = F[xy,...,Xn,A]. Then

% a; zip = the coefficient of A in p(i1+a1A,....,xn+an/\)—p(xl,...,xn)
i=1 '
= (by 1§9.2) the coefficient of ) in O(-..2vi®(xi+aid) ... ) = Og(....Ivi®xs,...)
Since Ivi®(xi+ajA) = (Ivi®xi)+ve) and 6 is symmetric this coefficient is

d.BA(v®1,vaiﬁxi,...,Eviexi) , where A = F[xj,...,Xn] |

= d.(Bv)A( Tviex;,...,2vi8x; )

= d.py by 1§9.2 a

~ Now vs}e show that the generic symmetric d—multilinear form on V is nondegenerate.

‘ 14 ~ Proposition: ~In the affine algebraic variety of all symmet'ric d—multilinear
forms 6, the subset of all nondegenerate forms is Zariski open.
- Proof: Fix bases of V and of the space of (d—l)—-multilineai forms on V. 8 is
- nondegenerate iff the map v» 4, isa monoinorphism. |

With our choice.of bases this linear niap is represented by a matrix whose entries
depend linearly on 4. 0 is nondegenerate iff one of the nxn minor determinants of this
‘matrix is nonzero. o | v |
1.5  Now we discuss the Hessian of the generic form of degreé d in 1y,...,1n. It is aﬁ
i example of what in 19—th century terminology is called a covariant of wéight 2. |

A covariant of the form of degree d in ry,...,ry is _a_polynomial in the indeterminate
coefficients of the form and ry,...ry; which has a certain kind of GLn(F)—invariance.

’ To simplify the discussion let us assume that.the base field is infinite so that by

1§21(u) we can identify a polynomlal with its mduced polynomial map.

Let G: Vn 4 x Fn 4 F, where V nd is the space of all polynomials of degree d in

'rl,,..,rn and G is a polynomial map.
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GLy(F) acts on the left on the F—algebra of all such maps G by
(0.G)(p,v) = G(oLp,0°tv) = G(poa,s-tv).

Here we identify polynomials p with the induced polynomial maps p: Fn+ F, and we have

the picture
Fr.y Fo B F
o-lvh v
G is a covariant of weight gel if 0.G = (deto)8G for all geGLy(F).
1.6  Definition: Let peF[ry,...,In). the Hessian H(p;ry,...,tn) of p is the
polynomial |

‘ d
et T ).

When d>2 the Hessian is a polynomial in ry,...r, and the coefficients of p.
Given peSd(V*) we can only define the Hessian as above after a choice of
coordinates. The next proposition states that the Hessian is a covariant of weight 2. Once
this is known it is clear that the condition of nonzero Hessian does not depend on the
choice of basis.
1.7 Proposition: Let 0eGLy(F). Then
H( o-Lp;ry,...,tn ) = (deto)?H( p; a*rl,...,a*rn ).
Proof: The proof is based on the formal Chain Rule for polynomial maps. We set up
the notations to state this Chain Rule.

Suppose that p;eF[ry,...,15) fori=1,...m.

P1
Let P=|. |. We define the derivative matrix P’ of P by P’ = i ).
: y ( —glf)J_ )
Pm
q1
Suppose that qieF[sy,...,5k), i=1,...,n. Let Q = |+ |. Then for peF|ry,...,r5),
Qn

poQ stands for p(qy,...,qn)€F[s1,...,5k]-
P10Q
: — ’ — i) i
With P as above welet PoQ =] - and we let P/oQ = ( 'B%OQ ).
: i
PmoQ
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Now we can state the formal Chain Rule: (PoQ)’ = (P’0Q).Q’.

For peF|ry,...,Iq] , aeGLn(F) we have the following equalities of nxn matrices:

nCa P’

) (o= | ﬁai) = (199"

* * * n
Now (o-Lp)(ry,...,fu)=p( 0 Iy,...,0 In ) and o r; =3 ojtj.

n

(2) Let A= J— .| then

)L‘cfnjrJ
J-_
(83) A’=o0 and

(4) oLp=poA. |
(6) (o7t.p)’ = (poA)’ (by (4))= (p’0A).A’ (by the Chain Rule) = (p’oA).c (by (3))

and (olp)’t isa column with i—th entry E (gp— o A)aj; .

=
Let
n
b1 2 0j1Ij
(6) B = : = J:I : . Then
bn ) ar.,nrJ
J_

(7) B’ =9t and
322
Iy
(8) (otp)'t=Bo (9 oA.
1
Now ( gjgar—-p) (o-Lp)’t’ (by (1)) = ot[(a{—ﬁ JoAl.o (by (8),
the Chain Rule,(3)and (7)). Taking determinants and recalling the definition of A in (2) we

get the result. o
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Now we can define the condition of nonzero Hessian for a symmetric d—multilinear
form.
1.8  Definition: Let vy,....vn be a basis of V with dual basis xy,...xn of V . We
say that the symmetric d—multilinear form 6 V- F has nonzero Hessian when

2
det( & p,)¢0.
0x;0x 1
By §1.7 this condition does not depend on the choice of basis, and the condition of

nonzero Hessian is invariant under the action of GL(V).
‘It is easy to see that a degenerate form has zero Hessian.
19  Proposition: If 8 has nonzero Hessia,h then 4 is nondegenerate.
Proof: Suppose that 6 is degenerate. Then there is a basis uy,...,un of V, with dual
basis xi,...,xn of V*, such that 0un=0. By §3 H)‘Z—np 0= 0. Therefore the matrix

ik .
(‘&.j_a)—{ip 0 ) has zero n—th row and so has zero determinant. 0

Harrison [HAR2 p521] states that nondegenerate forms with zero Hessian are hard
to find. We will see that the higher degree analogues of the symmetric bilinear hyperbolic
forms have zero Hessian when in n)>3 variables, but are nondegenerate.

We now define the hyperbolic forms.

1.10 Let d be an integer >1. Let @d(V) denote the vector space of all
symmetric d—multilinear forms ¢ Vd+ F on the F—vector space V.

Put W = Ve( ()4(V)) and define ¢: Wd*L. F by

d+1 . -
W (V1,00 s (Vgapbys) 1 = T 0i(ViyeesViye-sVg4q), Where vy indicates that v is omitted.

1=

We call these forms hyperbolic. When d=1, ¢ is the well-known hyperbolic symmetric
bilinear form.

A simple check shows that ¢ is symmetric, mutilinear and nondegenerate:
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(i)  +is symmetric: Let 7 be a permutation of 1,...,d+1.

Va1 051) o (V1) On(as)) ]

d+1 .
=i£1 0 Vg veees Vi e Y r(d+1) ]

d+1 .
=i£1 0.vy s Va(i)=1 Va(i)+1 7 Ya+1 ] (each 07'( )1s symmetric) |

= 9 (v1,01),...,(vd+1,0d+1) ] (addition in F is commutative) |
(ii)) ¢is multilinear: One can easily prove this using only multilinearity of each
fe @d(V) , but for ease of notation we appeal to symmetry of ¥ and check: |
Y (av' +bv'’ ,a.0 +b.0"") [(v1,8),...,(va,04) ]
. 4 . | |
= af'(vi ,..,vqa) + 3 abi(v',vy..,vi.va) + b (vye,ve) +
i=1 '

+Xboi(v' ",vl,...,\‘ri,....,vd)v (each 6; is multilinear)
i=1 '

= ay{(a.v' +b.v' ",a.0' +b.8" ' },(v1,01),...,(va,04)] +
+ by (v'",0 ), (vi,00),,(Va,0a) ] |
(i) Pis nondégenerate: Supposé’that for 'some (v,0)eW we have
W (v,0),(v1,01),---,(Va,04) ] = 0 for all (vy,8y),...,(va,0a) € w.
Let véO ‘and let 8, be nondegenerate. It follows that v=0.

Now let fi=...=04=0 to see that 0=0.a

~ We now choose convenient bases of V and @d(V) to get a form of degree d+1
corresponding to 7, so that we can compute that 9 has zero Hessian.
1.11  Let uy,...,up be a basis of V. Let (iy,...,in) be an n—tuple of nonnegative integers with
sum d. _ |
d
Define: 0i i € @ (V) by requiring

=1 if a has content (1,, ).

o. (Ul ) =
11...1p Ya1 ad. 0 otherwise
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form a basis of @d(V),’ and (uy0),...,(un,0);...,(0,6 |

Then the 4. . L.
1y...1 11...1n

In

fofm a basis of Ve®d(V).

e

Let R N

We calculate p p 3 at the end of 1§9.2

i ,...vdenote the dual basis.
n : _

Let A = F[ry,...,In;..., J-

R TR

p,w( r”""rn;""si1...in"")

n
= T..( Y e:or; b) . . @8, .
¢A[ ,(izlel T ij+...ip=d 11.--In s.11"‘1n )’ ]

= @SB (o) 5, iy Tat-ad
( the first sum is over all n—tui)les i of nonnegative integers (iy,...,in) with sum d; and the
second sum is over all maps a: {1,...,d}= {1,...,n} )

_ (d+1)2 d! 11 in

S rl ...rn
1 11' . ln'

il...in

because the 0i1 i

. are symmetric, and we calculate the number of « with a givén content
n
as in 1§5.

Note that p ” is homogeneous of degree d+1 with degree 1in the S,

in

~ and degree din 1y,...,rn. Also p¢=0 unless (d+1)!#0 in F.
112 - Claim: When d>2 and dimV>2, ¢ has zero Hessian.

Proof: We will use the dual basis of §1.11 to show that p " has zero Hessian.

. , SO —-62——_ p¢ = 0 and the matrix of second

.dp
6sj1“ _ jnas

order partial derivatives of p¢' has dimp( @d(V)' ) =

Py is hnear in the Si.. -
ll...ln
n+d-1

n—1 | of its columns all

i ,-..), of dimension <n. Therefore
. n . .

o n+d-1
the wedge product of these columns will be zero whenever | .

contained in a subspace, over the field F(r,,...,rn;...,sil

> n, which is the case

iff d>2 and 1>2. O
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Now we discuss nonsingularity of a symmetric d~multilinear §: Vd:» F ; or the

correspondmg peSd(V ) or the form feF4[xy,...,xy] defined by p and a cheice of basis
.,Xp of V ' '

First we define the singular locus of & over an extension of the base field, and s.ee
how this locus changes when we replace # by an equivalent form. The singular locus of 0.
over an extension field is defined so as to be compatible with the usual definition of the
singular lecus of the form f as the set of common zeros of its first order partial derivatives.

Let (V,6) be a symmetric space of degree d over F. Let K be a field containing the
ground field F. _ _

The homomorphism of graded Hopf—algebraé S(V*)—o S( (VFK)* ) defined in 1§9 is
a monomorphism. |
113 Definition: The singular locus of  over K _

Sg(0) = { weVEK : O (u,w,..,w ) =0 for all ueVgK }
with by as defined in 1§§9. | '

- For 0eGL(V) let oK ¢GL(VEK) be the umque K-linear automorphism of V?K

with aK(vea),—a(v)@a for all veV,aeK. |
1.14 Proposition: SK(e. 0) = oy Sy (9). '
Proof: - weSy(0.0) means that (0.60)y(u,w,...,w)=0 for all ueVgK. By 1§§9,13
(0.0)g = o0k 50 weSy(0.6) means that for all ueVeK

0 = oy O (u,w,...,w)

= O ( oglu,optw,..optw). 7

As u runs through VeK so does oz tu therefore weS (o 0) means optweSy(6).0
115 Let vy,...,vy be a basis of V with dual basis x,...,xn of V. Then vil,...,vz8l isa

basis of V@K over K with dual basis ‘x81,...,xz®1 of (V?K) N v K.
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Proposition: Suppose that d!#0 in F.Then weSK(H) iff for alli=1,...,n

w is a zero of a(;i—gfﬁp 0K;
Proof: weSK(ﬂ) = HK(visl,w,...,w) =0 for all i%l,...,n
since 6 is K-multilinear and vi8l,...,vo81 si)an VgK over K. '
The result follows from §1.3, and the assumption that d!40 in F.o
Let k be the algebraic closure of the ground field F. | |
116  Definition: ~ 0is nonsingular if S, (0) = {0} and singular otherwise.
| Next we show that there is a homogeneous polynomial G in the coefficients of the
form f of degree d in xl,;..,xn, such that G(f)=0 iff fis singular.
| The proof avoids classical elimination theory‘ and appeals instead to elementary

| algebraic geometry.

' - 117 Proposition: . Let V be a vector space of dimension n over k, and suppose

that d!'#0 in k. Then in the projective algebraic variety on the vector space of all symmetric
d-multilinear forms #:Vd-+ k, the set { [0 : 8is siogular } is Zariski closed of
| vcodimensvion L. -
Proof: Let x,,....%q be a basis of V.
| Let W denote the vector space of all polynomials of homogeneous degree d—1 in
Xy,...,Xn With coefficients in k.. _ |
Let P(W) denote the projective space of all lines in W.
- Let X denote the product of n copies of P(W).
Let Y = { ([fi],.. [fn] )eX : for some aelPn-1 vfi(a.)=‘.0 for all i=1,...,n }
Claim: Y is irreducible of codimension 1 in X. | |

- Before we prove the claim we will deduce Prop 1.17 from it.
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Since d!#0, Prop 1.15 applies:
6 is singular iff 31% Py i=1,...,n have a common nontrivial zero in V.

Having proved the claim, it follows by [SHA Thm 3’ p56] that Y is the set of zeros of an
irreducible polynomial, homogeneous in each of [fy],...,[fs]. Substituting -a% py for fi, we
get a polynomial in the coefficients of p g and @ is singular iff this polynomial vanishes.
Proof of the claim: First we show that Y is closed. Consider the projection map

XxPn-14 X. Let Z be the closed subset of XxPn-1 consisting of all ( [fy],...,[fa] ;2 )
with f;(a)=0 for all i=1,...,n. Then Y is the image of Z under the projection map. By [SHA
p45 Thm3] Y is closed. |

Next we apply [SHA p61 Thm8] to show that Z, and hence Y, is irreducible: We
consider the projection map

Z~ Pn-1 and observe that
(a) it maps Z onto [Pn-t
(b)  given aePn-t the fibre over a is the product of n hyperplanes in P(W), so that all
fibres have the same dimension and are irreducible.

Finally we apply [SHA p60 Thm?7] to show that Y has codimension 1 in X.

Let X’ be the product of n—1 copies of P(W).

Consider the projection X- X’: ( [fi],[fa],---,[fn] )P ( [f2);-.-,[fn] ) and let

™ Y- X/ beits restriction to Y.

Let x’ = ( [fa),.-,[fn] ) € X’ and let Z(fs,...,fn) = { aePr-t : f(a)=0 ,i=2,...,n }. By
[SHA p57 Corb] Z(f,...,fn)#0 so ( [fa),[f2],--,[fa] ) € 74(x’) and 7x’) # @. Consider the
dimension of 7-1(x’). There are two cases:
Case 1: Z(f,,...,fn) has dimension > 1.
Then by [SHA p57 Cor5] 7-{(x’) is isomorphic to P(W).
Case 2: Z(fs,...,fn) has dimension 0.
Then 7-(x’) is isomorphic to a union of finitely many hyperplanes in P(W). By [SHA p60
Thm?7] Case 2 is generic and dimY — (n—1)dimP(W) = dimP(W) — 1.0
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We will refer again to [SHA] for results on rational differential forms in the proof of
the next propositibn. '
1.18 Proposition: Suppose that the base field F has characteristic zero. If the
symmetric d~multilinear form #:Vd- F is nonsingular, thén 0 has nonzero Hessian.
Remark: Harrison [HAR2 Propl.1] proved this proposition in degree d=3.
Proof: Let k be the algebraic closure of the ground field F. With basis and
coordinate map w:V?k-» ko as in §1.15 we have a form pek|ry,...,r] associated with 0k as in
1§11.

By §1.15 we must show that if the 3%1) i=1,...,n have no nonzero common zero in
kn, then det( 3-—52 ) #0.

Suppose that the -ap— i=1,...,n have no common zero in Pn. Then we may define a
regular map

x: Pn-Ly Po-t by x(x)—(gp—( ) b 7,,PL(x) ).
By [SHA p51 Thm8, remark after Def2 on p49, p60 Thm7] x is a finite mapping with
image Pn-1 The induced homomorphism

x*: k(Pn-t)» k(Pr-1) on the function fields is an embedding. Let yj,...,yn be
homogeneous coordinates on Pn-1, Then

Let f(Pn-t) denote the graded k(Pn-1)—vector space of rational differential forms on
Pa-1, By [SHA Thml p167] x : An-(Pa-t)+ An-(Pn-1) is an embedding. Therefore

04 ( dA...rd(R) ) =

=d( P/ P onnd( B/ B

= det( 3(7—-)[3%/32‘} )d( )A Ad(rn)
24i,j<n.

and so the above determinant is nonzero.
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_ For 2SJSD a(r—j?7r—l)= rlgl_—j and

” gaﬂ el
3—%ﬁ '52_ 7’%3??_3?1 / ( ?ip—
Therefore
(*) det [Ef%?fl?p— 3;%—13%] $#0
| 24, j<n.
We now perform some elementary row and column operations on the Hessian matrix -
v. a—-%— 1<i,j¢n , after which we W1ll see by (*) that its determinant is NONZzero.
Replace the first column C; by 1 /(d-—l) [ 1:Ci+...414Cp |- Then by Euler’s theorem
the new first column is (.. Bp— Jt i=1,..n. .
Next for 2<i<n replace the i—th row R; by ?ip— Ri— ?ip— R; this yields the matrix
‘with Cl = ( ag—l,o,...,o ) and with (1,1)-minor equal to the matrix of (*) above. The

determinant of our new matrix is therefore equal to (*), hence the Hessian of p is nonzero.o

2 In the second part we discuss indecompeSa.bi]jty and the centre of a fqrm. We aleo
consider some examples of symmetric spaces. ‘ |

Fix the base field F and the integer d>3. Let (V,0) be a symmetric space of degree d
over F. We recall Harrison’s definitions [HAR1 p128,p133]. | |
2.1  Definitions: The symmetric space (V,0) is decomposable if

(V,0) ¥ (V1,0,) @ (Va,05) with 0; and 0, nomzero.
| v‘OtherWise we say that 0is indecomposable.
The centre of (V,0) consists of all endomorphisms f of V for which

O fvy,va,v3,...,vd ) = o( vl,fvz,yg,...,vd)

for all vy,...,vqgin V. We wi.ll denote tﬁe centre of 6 by Z(0).
This centre is an F—subalgebra of End(V) and when 4 is nqndegeherafe the structure of the

centre decides the decomposability of 4.
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2.2  Harrison [HAR1 Prop4.1] proved the following:
Let (V,0) be nondegenerate. Then
(i) Z(0) is a commutative F—algebra.
(ii) - Z(0) has no idempotents except 0,1 iff (V,0) is indecomposé.ble. |
 Since Z(9) is a commutative Artin ring by [AM Thms8.7], Z(6) is a finite product of

commutative Artin local rings. Further, a commutative Artin local ring has a unique prime

ideal which is the set of all nilpotent elements in the ring.

| It is easy to see that equivalent forms have conjugate centres.
2.3 Proposition: Let 0¢GL(V). Then Z(0.8) = 0.Z().0".
Proof: feZ(0.0) means that for all vy,...,vq € V
(0. 9)(fv1,V2,...,vd)=(a. 0)(v1,fV2,..,.,vd_) |
& U (cfo)o Wy, 07 Wy,...,07vq) = W0 vy, (07 Ho)ovy,...,07vq)
for all vy,...,vg € V.
Since o'lvl,...,d'lvd run through V as vl,...,vq4 do we have: |

feZ(0.6) & oHoeZ(0).0

Next we show that the centre of a direct sum of nondegenerate forms is the direct
product of their centres. Harrison’s result that the centre of a nondegenerate decomposable

form has id'empotents other than 0,1 is an immediate consequence.

2.4  Proposition: Suppose that (V,0) is nondegenerate aﬂd
(V,0) & (Vi,0)e ... o(Vi,b).
Then Z(0) 8 Z(8y)x ... xZ(bk).
| Proof: | By Prop2.3 we may assume that (V,0) = iV1,01)e ... ®(Vy,&). Since (V,0) is

- nondegenerate so are all the (Vi,05). If the result holds for k=2, then an easy induction

argument establishes it for all k>2. So we assume that k=2.
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- Let {eZ(0®0;). Write f as a matrix w.r.t V=V @V, :
fi f
f= [f;: f;;] where f;;:V;- Vi
We will show that when i#j f;;=0, and that f;;¢Z(6;) for i=1,2.

' Xy Xd | ,
For all V1 yerr va in V@V,
0y( fyx1+112y1 ,X2,..,%d) + Oo(f2rx1+f22¥1 ,¥2,--,¥d)
= 0y(x1, fuxot+f19y2,X3,-.,Xd) + 02y, f2ix2+22y2 ,Y$,---,Yd)-

Set yil,...,yd all zero to see that f;1€Z(0,). Similarly f2,¢Z(6;). To see that f;;=0, set
x1=0,y3=0 and invoke ndndegeneracy of 0,. Similarly, f3;=0.0

2.5  Harrison [HARI 4.3] proved the following: Let F~R be a base extension by a flat
' commutative F—algebra R. Let (V,6) be a nondegenerate symmetric space of degree d»3
. over F. Let (VR,0R) denote the symmetric space obtained from (V,f) by extending 6 to
0R= fe1. VR=
Then Z(0g) ¥ Z(0)gR.

VeR- FeR~R.

Our next result is that, roughly speaking, if :Vd+ F is symmetric d—multilinear and
| nondegenerate, and feZ(0), then the singular locus of § over any extension field is invariant
~ under f.
- 2.6 PrOstitiOn: Let (V,0) be a nondegenerate symmetric space of degree d>3.
Let feZ(6), and let K be a field containing F. Then 181( Sy(6) ) C Sy (6).
Proof: ~ Let aeSK(0). Then for all xeVgK 0K(a,...,a,x)=0. .By §2.5 feleZ( 0K) SO
- for all er?K

O ( (fel)a,...,(f81)a,x ) |
=0y ( a,...,3, (fe1)d-ix ) =0. - o
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2.7  Harrison [HAR1 p137] proved that the centre of a nonsingular symmetric space of -

dégree d>3 contains no nonzero nilpotents. Suppose that (V,6) is nonsingular. |
Let (V,0) ¥ (Vy,0))e...(Vi,0)

be the decomposition of (V,f) as a sum of indecomposables. Theﬁ each (Vi,0;) is

nonsingular and by 2.4 |
Z(0) © Z(01)x...xZ( ).

* Each Z(6;) is a commutative Artin local ringv with no ﬁilpotents. The unique prime ideal of |

Z(6;) is {0}, so Z(63) is a field.

We close this part with some examples of symmetric spaces of which we will
compute their centres to decide their indecomposability. We w111 conclude that there are
indecomposable symmetric spaces in each degree d>3 and each dimension. Th1s is in
marked contrast to the degree 2 case, where we have diagonalizability.
- Examples: |
(i) Let A be an associative finite dimensional F—algebra with unity. Let T: A~ F be
. F-linear and such that | |
T(ab) is a nondegenerate sAymmetric bilinear form.
For eacampie: _
(a). A=K with K|F a finite seperable field extension and T= Tra.ceKIF Harrison’s
example [HARI Prop4.5] is more general.
(b) A= My(F) and T=trace.
Define (A,0) by 6(ay,...,aa) = T(Za ;..a_;)
the sum over all permutations = of 1,...,d.
An easy check shows that 4 is symmetric and d—multilinear. |
0 is also nondegenerate: . For suppose that #(ay,...,aq)=0 for all as,...,ad.
Set az=...ag=1. By symmetry and nondegeneracy of T(ab), and since d!#0, it follows that

a1=0.
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Consider the centre of 6.

Claim: Let feZ(0). Then fa = ac+ca where ceA commutes with all elements of
[A,A] = {xy-yx: x,yeA}.
Proof: For all aj,...,ag in A

o faj,aza;z ,...,aq ) = 0( a,fazas,...,aq )
Set a4=...=ag=1. Since T(ab) is symmetric we have
| 6( fa,az,a3,1,...,1 ) | |
= (d-3)!{ 3T[ (fa;)azas ] + 3T as(fas)az ] }
= (d-3)4 3T ay(fag)as | + 3T[ (fag)asas ]} = O( arfanasl,....l).

As d!#0 we have for all a;,a5,a;in A
(*) Tl (fay)azas + as(far)as ] = T as(faz)as + (faz)asas ).

By nondegeneracy of T(ab) we have: for all aj,a;in A

(far)az + as(fa;) = ay(faz) + (faz)a,.

Set a;=1 and put (1/2)f(1) = c. Then fa = ac+ca. Substituting in (*) we get after some
rcancelation, : ‘

_c[al,a2]=[51,a2]c and we have proved the claim.o _

In case (i)(a) A = K is commutative and it is clear from the Claim that Z(&):‘K.

In case (i)(b) A = My(F) = f/n(F), as a Lie algebra and we have [A,A] = #n(F), .
the matrices with zero trace. The subring of Mp(F) generated by tﬁe matrices with zero
trace is the full ring Mu(F). Since the centre of My(F) is F, we ha’;'e Z(6)=F.

Since these 4 are all nondegenerate we conclude that each fis indecomposable.

28 Remark: = There are degree d>3 indecomposable symmetric spaces in each

-dimension.
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2.9 Example(ii): Let W=V |, W= @d’l(V) where d»3. We define the

hyperbolic degree d symmetric space ( W@W,, ¢) by

d ]
Y (x1,0),...,(x4,04) ] = 2 0i(x 1, X1y, Xd)

1=

as in §1.10, where we checked that ¢ is symmetric d—multilinear and nondegenerate.
- 2.10  Next we compute the centre of 9. Write ,

feZ(y) as a matrix [g: g;] of linear maps fij: Wj» Wi
By §2.6 f( Sp(%) ) C Sp(¥). Since W3 = Sp(4), we must have f,=0. As

o} (57 57 81 = 0 o) ) - [5)
we have -
(*) (f220)(X2,...,vxd) = 6(f1x2,x3,.--,Xd). |

s GBS (5 ) [a) 1 = v (557 ()50
we hgve (faix1)( x2,.--,%xd ) = (fa1x2)( x1,X3,...,X4d )-
‘Therefore the d—multilinear form a:Vd- F defined by:

a(xy,-.,Xd) - (farx1)(x2,.--,%a) |
- is symmetric and determines f21.. .
Since [ f[gl] ,[’62] ,...,[’éd"],[%] ] is symmetric in x;, x; we have —

O £11x1,X2,...,Xd-1 ) = O x1,{11%2,X3,...,Xd-1 )

for all xi,...,xg-1 in V, and all fe(s)d-(V).
If d-1>3 we can take ¢ as in Example (i) and conclude that fu is multiplication by a
scalar. We are left with the case d—1=2. In this case we have # corresponding to some
symmetric matrix B, and for all x;, x; iri \Y%

(f1x1)tBxy = xtB(f;x3) hence f;;tB = Bfy;.
Taking B=I we get f;t=f;;. So fy; is a symmetric matrix which commutés with all

symmetric matrices, thus fj is a scalar in this case also.
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From (*) above we see that fy; = f;; a scalar.
Given AeF and ae®.d(V), define
x| = Ax .

0]~ M+a(x,—,....m)])

We have seen that every element of Z(¢) must be of this form, and now we check that

feZ(%):

jcl ‘X2 Xd :
¢[ f[gl]’[02]’.“’[0d] ] 4
= Ai(x2,...,Xd) + x1,X3,...,Xd) + I Abi(xy,...,X1,...,Xq)
i=
d K
= A L0i(xy,,...,Xiye.,Xd) + &(Xy,..-,Xq)
i1 .

1=

which is symmetric in xi,...,x4. Therefore feZ(%).
As an F—vector space the centre of ¢ is Fea@d(V) and the multiplication is
536 -l )
6 Mle p  L0s+re I ) ‘ .
- ed . . d o
So the centre of 9 is F @ (V), the trivial extension of F by @ (V), which is

: thé unique prime ideal of the centre.

3 In this part we introduce the concept of orthogonality in a symmetric space. Split
symmetric spaces are those with a sdf—orthogonal subspace. We define the tensor product
~of two symmetric spaées of degree d.. Harrison explains in [HAR1 §§2,3] how the '
Grothendieck ring of forms of degree d over F is constructed from the set of isdmorphism
classes of nondegenerate symmetric spaces of degree d, by n_ieans of the direct sum (1§17)
.- and the ‘tensor product (§32) The elements of this Gr(.)tvhendiecvk ring are formal
- differences of isomorphism classes of nondegenerate symmetric spaces of degree d. The

significance of Prop3.3 is that the set of formal differences of isomorphism classes 'of |

‘nondegenerate split symmetric spaces is an ideal in the Grothendieck ring.
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Fix the base field F and the integer d>3, and suppose that d!#0 in F Let (V 0) be a.

symmetric space of degree d over F

31 Let Whbea subspace of V. Harrison [HARl p128] defined the orthogonal subspace

W:to W by | |
W* = { xeV: 0(w,x,x3,...,xq)=0 forall weW and all x;;,...,xaeV } -

A symmetric space (V,0) is split if there is a subspace W of V with Wt=W.

Remark: This definition of a split space is an extension 6f the field case of the

definition of split symmetnc bilinear forms due to Knebusch, [MH p12] to degrees 23.
None of the spaces in the example (1)(a) above is split as
ajra; means that T(ajasa3..aq) =0 so aa;=0 on putting a4=...=ag=1 and by
nondegeneracy of T(ab).
In degree 2 over a field of charactefistic 2

(i) ‘bthe split spaces coincide with the hyperbolic spaces

_(ii) | the direct sum of nondegenerate split spaces is split, and the ténsor product of a

nondegenerate space with a nondegenerate Spllt space is split. .

The hyperbolic space ( Ve®d(V) ,¥) of §L10 has @d(V) self—orthogonal :

Y (0,0),(0-,02),(x3,03),...,(xd,0d) ] =0;and _ | |

W (x,0),(0,6,),(x3,03),...,(xa,0d) ] = 0 for all 6y,...,04, and all x3,...xq just means

that | | .
Oo(x,x3,...,x4)=0 for all 0 and all xs,...,xq, SO we can take 02 nondegenerate to get

- x=0. ' | | |

In degree d>3 , the split forms are not all hyperbolic. We give an example to show

“this. ' . S
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~ Example: Let ey,....en be the usual basis of Fa. Define (Fn,0) by
b(e,€hq) =0 '
unless some ofi)=1 and, for some 2<k<n, all the other a(i)=k in which case
- el,e;,...,ek y=1/d. |
. The corresponding form on degree d is : .
P = Xyxgd-1 +ot xxpd-t. In the Hessian matrix ( 3;%)% ) thg first row is
(d—1).( 0,x2d-2,...,xnd"2 ) ;
thé first column is the transpose of this;
the diagonal is (d—1)(d—2)x;.( 0,x2d73,...,xpd3 );
and all other entries are 0. Let us calculate the Hessian determinant by expanding along

the first row:

n . -
H(P;X) = xln‘1;2 #(Xid-2)2(x2r---xi---vxn)d-a'.

i=

Since 2(d—2)>d—3 the monomials in this sum are all distinct and H(p;x)’#O. We conclude
by §1.9 andv§1.12 that 4 is nondegenerate, and not hyperbolic.
B(ey,e1,Xs,...,xa)=0 for all x3,....xqin V,so Fes( (Fe;)".
Suppose that x = ajey+...+anen € (Fe;)".
This means that 64(e;,x,xs,...,xa) =0 forall xj,...,xq in Fn.
‘For i>2 set x3=...=xq=e; to get a;=0.

‘Therefore (Fe;)* = Fe,.

32 Let (V,0) , (W,p) be symmetric spaces of degree d over F. We will define the
| symmetric space (V®W,f8¢) also of degree d over F. Let vj,...,vn be a basis of V. and let
| W1,...,Wn be a basis of W. Then the set of vi@w; for 1<i<n, 1<j<m is a basis of

VeW. For each map :{1,...,d}- {1,...,n} and each map @:{1,...,d}~ {1,...,m}

et : o

foy( valewﬂl"”;vadewﬂd )= O(Val"‘:"vad)"p(wﬂl""’wﬂd)‘
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This extends uniquely to a d—multilineé,r map
- B8y (VGW)d—+ F such that for xy,...xqin V, and yy,...,y4 ih W
09 X18y1,...,Xd®Y¥d ) = O(XpysXd)- @Y 1o r¥d)- ‘ | |
It is easy to check that this tensor product operati_onb is compatible with the relation
of isomorphism. | | _ |
" Next we check that when ¢ énd @ are both nondegenerate so also is #®y. This is
| ihe ﬁeld case of Harrison’s more general result [HARI p128 second paragraphj. For suppose
| z = ¥ ajjviéw; has (08y), = 0. - |
Then for all xs,...,xq €V, and all ys,...,yq €W we have
0 = 0op( Yaijvi®w;j,xo®y3,...,Xd®¥d )
= ¥ aij Q(vi,xz),...,xd)tp(Wj,yg,...,yd)

= ¢ X Zaij0(vi, X2y, Xd) Wi Y2 n¥d )-
i )

Since p is nondegenerate and wy,...,wp are linearly independent

- Ya;50(v1,X2,...,Xd) = 0 for j=1,...,m; |
i

ie ﬂ(gaijvi,‘}(g;...,xd) =0 for j=1,..,m.
i .

Since § is nondegenerate and vy,...,vy are linearly independent each a;;=0.

Harrison [HAR1 Prop4.2] proved“that when (V,d) and (W;ga) are nondegenerate
then Z(fey) © Z(6)®Z(y). |

Harrison [HAR1 Prop2.1] showed that with ® as in 1§17 and ® just defined, the
- Grothendieck construction may be applied to obtain a ring whose elements are formal
differences of isomorphism classes of nondegeneraté symmetric spaces of degree d. A
| consequence of the next proposition is that the set of formal differehce_s of isomorphism_

classes of nondegenerate split symmetric spaces is an ideal in this ring.
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3.3  Proposition: Let d be an integer 3. Then
(i) | the direct sum of two nondegenerate split symmetric spéces of degree d is split;
(ii)  the tensor product of a nondegeﬁerate split symmetric space of degree d and a
nondegenerate symmetric space of degree d is split. |
Proof: (1) Suppose that (V;,6;) i=1,2 are split. For i=1,2 there are subépaces M; of
Vi with M= M; We will show that (M@My)* = (MeMy). For i=1,2 let my,n; € Ms ;
© Vi3-.,Vid € Vi Then N | '
(0:005)[ (m1,ma),(n1,0),(V13,V23),---»(V1d,V24) |

= 0y(myny,v3,...,V1d) + 02(m3,n,vas,...,v2d) = 0, since M; ¢ My for i=1,2.
Therefore M @M, ¢ (M@M,)".
Suppose (vl,w}gj' ¢ (M;8M;)*. Then for meM; ; vs,.‘..,vd € Vywe have

0 = (8:@0)[ (v1,v2),(m1,0),(v3,0),...,(va,0) ] |

= 0y(vy,my,V3,...,v4) S0 v1eMT = M;. Similarly v,eM,.0

(ii)‘ Suppose that (V,0) is a nondegenerate split symmetric space of degree d, having a
Self—orthogonal subspace M. Let (W,yp) be a nondegenerate symmetric space of degree d.
We will show that the tensor productvof these symmetric spaces has M®W self—orthogonal.

First we will show that MeW ¢ (MeW)*. By multilinearity of 68 and since the
mew with meM,weW span MeW; we need only calculate that for |

_ﬁl‘l,mgeM; V3y...,Vd€V; W, Wo,...,WdeW

68 p(m Bw |, m®W,,V3®W3,...,Vg®W¢) = O(ml,mg,V3;...,Vd)(p(W1,...,Wd) =0

since M ¢ M*.
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Secondly, we show that '(M®W)* C MeW. Let wy,...,wy be a basis of W. Suppose

q | o .
that % vi®wic (M8W)". Then for meM; v,...,vj€V; and any map a:{2,...,d}- {1,...,n}

1=

0= to

‘n
Y v.ew. me OW. . Va®
o 11 MOW (9 V3BW 530V wad)
n

= 'E10(vi,m,v3,...,vd).qp(wi,wa2,...,wad)

1=
n 1 1
= gp(iil()(vi,m,v3,...,vd).wi N JOSRIN )
- Since p is nondegenerate we conclude _that

‘n
X 0(vi,m,vé,...,v('i).wi = 0.

1=

- Now wi,...,Wn is a basis of W; meM and v:';,...,v('1 € V are arbitrary.

Therefore all the v;arein M™ = M so Iview; ¢ MeW.o

The final result of this chapter is an application of our calculation of the centres of

the hyperbolic forms. We show that in the monoid of isomorphism classes of nondegenerate

. symmetric spaces of a given degree d, with the tensor product operation; the submonoid

. generated by the isomorphism classes of the hyperbolic spaces of degree d is free.

3.4  Proposition: Let ( Fre[ ©d-i(Fn) ],9n ) be the hyperbolic symmetric space
defined in §1.10. If wmldb...@'quq ] 'wnl@..'.@'qbnp with m<...<mq and n...<np, '
then p=q and m;=n;, for all 1<i<p.

Proof: By Harrison’s result [HAR1 Prop4.2] and §2.10

R R
v ~ *xglicpli

Z( 4y @00, )2 }522 Z(p,) SQ [F*o }(F™)).
We will prove more generally that if

R q

() (P 2 () (W)
with dijV1$...§dimFVp and | dimFW15...5dimFWq , then p=q and
_dimFVi=dimFWi for alli.
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Let A;=F*V;. Then A;is a I-graded F—algebra with
AiO, =F,Ai; =V; ;and Aij =0 ig all other grades j.

ol
Let B = qu Aj.
1=

Being a temsor product of I-graded F-algebras, B is a I—graded F—algebra. As an

F—vector space | o
B=oa( Alale...@Apap ) |

where the direct sum is over all maps a: {1,...,p}- {0,1}.

where the direct sum is taken over all maps which take the value 1 exactly j times.

Note that:

(i) InB X118 ®Xp o, - Y118 8Ypgy = 0
,if_f for some i: adi=fi=1 or xiai=0 or Yiﬁi=0'
(ii)  Bis zero in grade greater than p.
(iii)B is generated as an F—algebra by its grade 1 elements.
(iv) Bis alocal ring with maximal ideal M, say.
(v)  Fork>1 Mk is spanned by the homogeneous elements of B of grade k.
(vi) For k21 dimpMk/Mk+

1
= 24 DMy where nj=dimpV;
1<i1<. . . <iglp '

- = the coefficient of tPk in (t+n,)...(t+np).
Suppose that C is the tensor producf of the F*W; for 1<i<q , where Wj is an -
F—vector space of dimension m;.Then C is a local ring With maximal ideal N, say.
If By C then fovr each nonnegative integer k Mk/Mk+t~ Nk/Nk+t 5o that

(t-+n,)...(t+np) = (t+m)..(t+mg). N o
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CHAPTER THREE

In this chapter we study families of additive invariants of the forms of a given
degree d over a field of characteristic zero. Our main result is 2.7 that there are no
nontrivial families of additive invariants when the degree is odd.

In 2.6 we give an example of a nontrivial family of additive invariants in each even
degree. We have not attempted to find all families of additive invariants in even degree.

First we summarise the required background material on invariants of a form.

1 We give a brief account of the symbolic method for describing invariants of a single
form of homogeneous degree d in xy,...,xn. This is the theory of Grosshans ef al [GRS] in
the special case of L=L- with all the letters of L "belonging to" Sd(V*). In this case
Super[L|P] = Sy’m[L|P].. The underlying algebra of this Hopf—algebra is the algebra of
polynomials in the (a|i) where aeL , ieP. This is the letter—place algebra of Desarmenien
et al [DKR p66]. |
1.1 . Let the ground field F have characteristic zero, Grosshans et al [GRS bottom p50]
- comment on the necéssity of this condition. By 1§21(ii), if U is a finite dimensional-
© F—vector space, we can identify the F—algebra S(U*) with the F—algebra of polynomial
maps |
¢: U= F.

Let V be a vector space over F with basis vy,...,vn and let xy,...,xn be the dual
basisof V. Let W = Sd(V*). Let F[W] denote the F—algebra of polynomial maps
@ W- F. o

.We define what is meant by an invariant of the form of degree d.

1.2 GL(V) acts on the left on F[W] as follows: for peF[W] and ¢eGL(V)
. *
(0.9)(p) = ¢(o71p) = ¢( S (¢ )p ).
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We are interested in the GL(V)-invariants: ¢F[W] such that for some integer g

o.p = (detc)8¢p for all 7eGL(V). We call g the weight of .

We describe the GL(V)—action on F[W].
1.3  The monomials xl x},“ of degree d form a basis of Sd(V*). Given feSd(V*) we
have |

. 1 ' *
f= E ,_‘.d_._rt (f)xl x:,", and the til ; form a basisof W .
. n . .

«edq
Since F is inﬁnite we can, by 1§20, identify F[W] with the F—algebra of polynomials in
these t,

1...1n

Given a map « {1,...,d}—o {1,...,n} we define ty = til i. where (iy,-..,in) is the
s n

' contegt of a (184). Setting x  =x_;..X 4 We can express

f=2%t(f)x, whichis the image under d—fold multiplication of the symmetric |
tensor
' ita(f)xale...sxad.
_ : * '
1.4  To calculate o.t g ve must first compute the action of ¢t on feSq(V ). We have

o1f = Sa(0 )(2 t (Dx,)

='§ ta(f)g T 0fs ( where

908 = Y0181 adpd )
= 2:( 3 04gt )(D%g-

Now we check that the above coefficients of the Xg are symmetric. For any permutatlon T

of 1,...,d .

Yo t =Yg t
o a,for "a o aom,fom "aoT

= E o ﬂt o recalling the definition of o of

d!

Therefore o-Lf = E TR [ E o ]X1 X% where fis arbitrary with content i.

aﬂa

Hence a.tﬂ’= iaaﬂ a
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1.5  We define the letter—place algebra. Let L be a countably infinite set whose elements '
| will be called letters. Let P = {1,..n} where n—dlmFV The elements of P w1ll be
called places. Let [L|P] = { (a|i): aeL, ieP }. Elements of [L|P] will be ca.lled
letter—places. |

Let Sym[L|P] denote the graded Hopf—a.lgebra of polynomials in the letter—places
' w1th coefficients in F. ' |
- 1.6 We describe an action of GLa(F) on the letter—place algebra. Let GLy(F) act on

Sym[L|P] as graded Hopf—a.lgebra automorphisms such that
for aeGLn(F) and (a|j)€e[L|P}: o.(a]j) = E au(all)
=1

1.7 We define the umbral linear functional U: Sym[Ll PJ- F[W] ‘'The image of ¢ under
U will be denoted <U,p> and is calculated as follows:
. (i) Uis Flinear. » '
(i) . On a monomial of the form ¢ = (a| l)i.‘..(a|n)in
<U,p> =0 unless the degree ij+...+in=d in which case
| <U,p> = t; g
(iii) On the general monomial ¢, we write ¢ = p;...¢r such that for d1st1nct
letters a1,...,ar €ach ;i is a monomial in the (a;j|1),...,(a;|n) and then
<U,<p> = <U,p>...<U,p> where each factor <U,p;> is caiculzited as in (ii)
- above. | _ .’ ‘
The letters of L are called in, 19—th century termmology, equivalent symbols
 since (ii) holds for all letters a. _
18 It follows easily from §1.4 and §1.6 that the umbral linearr functional is a

GLy(F)—map.
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Since the umbral linear functional is clearly surjective, and GLy(F) is completely
reducible; (quoting from Grosshans et al [GRS p49]) it follows that an invariant in F[W] is

the image under the umbral linear functional of an invariant in the letter—place algebra

" SymlL|P].

1.9  The Standard Basis Theorem yields an explicit 'bas.is for Sym[L|P] as a vector space
over F, given linear orderings of the sets L and P. The GLy(F)—invariants of Sym[L|P] can
then be specified in terms of this basis. We assume from now on that L is linearly ordered,
and that P is linearly ordered by 1<...<n.
To state the Standard Basis Thebrgm we need to:
' (i)v Define the Laplace pairing
| Ext(L)xExt(P)—o Sym[L|P] denoted (w,u)» (w|u) '
where Ext(L), 'Ext(P) denote the exterior algebfas generated by L, P respectively.

(ii) Explain what is meant by a standard Young diagram with entries from a linearly

-~ ordered set.

1.10 The Laplace pairing is defined by requiring
(a)  bilinearity _
(b) if weExt(L), ﬁeExt(P) are monomials of different lengths then (w|u) =0
() if w=ay..ax, with ay,...,ax ¢ L and u=jy...jk , with jy,...,jx € P then

(wlu) = det( (aplja) ) .
 1.11 The'Laplace expansions {see Doubilet et al [DRS p194] ) for calculating a
ldeterminant can be concisely statéd in terms of comulti.plication in the Hopf—;algebras |
Ext(L) and Ext(P). See Akin et al [ABW L2] for details of the comultiplication on an
exterior algebra. |

We state the relevant results of Grosshans et al [GRS 2§2] in our special case.

Let w,u be monomials of the same length in Ext(L),Ext(P) respectively.
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(i)  Suppose that u=u'u'’,and Aw =1 w(l)gw(2)' Theﬁ o
(wlu'u'') = % sgn(lw(z)l.lu' ])(w(l)lu')(w(z)lu' ') where |_| denotes the
~ length of a monomial, and for nel sgn(n)=(-1)n. '
(i) Similarly, if- w=w'w'',and Au= Eu(l)au(z) then
(w'w''|u) =T sgn(|w"’ l-Iu(l)l)(W"Iu(l))(W' ugg))-
1.12 Let A be a linearly ordered set. A Young diagram D on A is a sequence of words
(W1,...,wg) in the alphabet A with A;=length(w;)>...>\g=length(wg). We then' say

-that D has shape (\y,...,Ag). If wi = x.;...x., . we picture D as:
. B ¥ i P ¥

x11x12'f”"x1)\1
' v:¢c21x22....x2/\2 |

v “gAg S ,
_ _We‘ call x;1%;o...%;  the i—th row of D and we call

X
2] |
the j—th column of D.

We say that D is standard if:

(i) when a precedes b in the same row of D then a<b;

(i)  when a precedes b in the same column of D then agh.

1._13 Definition: - Let D = (wy,...,wg) and E = (uy,...ug) be Youhg diagrams’of

the same shape in the alphabets L, P respectively. We define Tab(D|E) ¢ Sym[L|P] by
“Tab(D|E) = (wi|uy)...(wg] ug) : |

1.14 The Standard Basis Theorem asserts that the Tab(D|E) where D, E are standard

- Young diagrams of the same shape in the alphabets L, P respectively, constitute a basis for

Sym[L|P] as an F—vector space.
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1.15 We can now describe the GLy(F)—invariants of Sym[L|P]: a basis for the F—vector
space of these invariants is given by the Tab(D|E) where E has , say, g rows all equal to
12 ..... n and D is standard of the same shape as E. This Tab(D|E) has weight g. ‘

- 1151 Remark: Unless each letter in D occurs exactly d tlmes by the
definition of the umbral linear functional in §1.7, we have <U,Tab(D, E)> = 0. |

' 1.16 © By §§1.8,1.14,1.15 a GLy(F)—invariant @eF[W] of weight g is a linear combination
of the <U, Tab(D|E) > with D|E asin §1.15. '

2  We now discuss families of additive invariants of forms of degree d. Let thebgrofmd'_
'ﬁeld have characteristic zero.

2.1  Definition: Suppose that for each positive integer n  I,; is an invariant of
»vt‘he form of degree d in" xy,...,x5. The fﬁmily of invariants il,Iz,Ia,f.. is said to be additive
if when f (resp g ) is a form of degree d in Xj,...,Xp (T€SP Xy,...,Xq) then

I q(f18) = Ip(0)14(g). .
The family of discriminants of the quadratic forms is the most familiar eﬁcample;

2.2  We will consider invariants I of the form of degree d in xl,...,xp,xé,l,...;xp,q and

calculate

I(frg) where f is a form of degree d in xy,...,.xp, and g is a form of degree d in

X1y...,Xq-
Recall (£28) (X1 Xprq) = £(X1yersXp) FE(XpapperesXpsq)-
Note that
| (ti,‘..ipi‘ ipeg (28
iy i i ipummipeg=0

= 0 otherwise.



- 54

23 Let D, E be Young diagrams of the same shape in L, P respectively; where E is the -

diagram
1...p (p+1) ... (p+q)

1...p (p+1) ... (p+q)
with g equal rows; and D is the diagram (wj,...,wg).
* We calculate <U, Tab(D|E) > (f.g).
We will see that if this is honzero then for i=1,...,g we can write wi = wiw 1 ' such
that: w1 has leng‘fh P, wi " has length q and the diagrams |

D' = (w;',.,wg') and D'' = (wl' ",--»Wg' ') have no letters in common.

Let r= [p+q) and for i =1,. ,g let the component in Extp(L)aExtQ(P) of

Aw; be 2 w1 aiewi,ai'
a=1

By §1.11(ii)
wy |1..p (p‘+1) ... (p+q)

Tab . :
wg | 1..p(p+1)... (p+q)
g _
= 'H1 (wil 1...p (p+1) ... (p+a))
8 T | - :
T W Pq, ‘e
=] [ 2 (U7 l1m) ,ai|<p+1).-.<p+q) )
- i=1 ai=1 o
= (—l)p_qg ‘5: Tab A Tab)| : . the sum taken
| - W og 1...p . Wg,ag (p+1)...(p+q)
-over all maps « {1,...,g}- {1,...,r}. We will denote
¥ |LP Wig |(PH1)-(p+a)
: : and T by
) 1... wl! 1
Weag 1P Weag |(PH1)-(p+0)
D! |E1 and D('l' ]E2 respectively. It follows by §2.2 that when D , Déy'

have a letter in common then < U, Tab(D_|E;)Tab(D ' |E ) > (frg) =
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Suppose that D;y and D&' have no letters in common. Then L is the disjoint union
- of subsets L’ and L'’ such-that the entries of D& , D&' come from L', L'* respectively.
We can write | |

Tab( D.|E,) =5T; , Tab(D'|E, )_ET" where
1

(a). each T, is a monomial in the (a,ll)11 (alp)ln withain L' and i;+...+ip =d
(b) - each TJ is a monomial in the (a[p+1)-]1...(a|p+q)-]q' with a in L'’ aﬂd
jit+jg=d.
. Then ‘ :
<, Tab(D&|E1)Tab(D&' |Eg) > (fg)
=<U,2 ? T1T_] > (fig)
—-22<UTT3'>(f1g) ‘

1]
=3I <U,T;>(f)<T, S' '>(g) see notes (i),(ii) below

= <U,Tab(Da|E )>(f).<U,Tab( o |E'')>(g) see note (iii) below
Notes: | ' - |
- (i)  Weobtain S_] from T_] by substituting (a|k) for (a|p+k) throughout.
(i) In <U,T;>, <U,Tab(D_|E") the letters of L' belong to the form of degree d in
X1,..,Xp; and in <U_,S"j ">, <U,Tab(D;¥' |E'")> the letters of L' " belong to the form of
degree d in x;,...,Xq.
(iii) | E' = E, is the diagram. with g rows all equal to 1l..p, and E'’ ’is the
: diagrafn with g equal rows all equal to 1...q.
931 We conclude that
<U, Tab(D|E)> (f1g)
= (-1)"® 3'<U, Tab(D_ |E') >(f).<U, Tab(D),' |[E'') >(g) where %' indicates
o ' v '

~ the sum over all a such that D;y ,D&' have no letters in common.
We stress that the letters of D, D'a , D('I' belong to the forms of degree d in p+q, p,

. and q_variables respectively.
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2.4  Let E be as defined at the start of §2.3. Let D have the same shape as E, and let the

entries of D be equivalent letters all belonging to the form of degree d in x,... Recall

Xpeq*
remark 1.15.1 that <U,Tab(D|E)>=0, unless each letter in D occurs exactly d times.
Suppose that the letters of D form the set {aj,...,a;} of distinct letters .

of L. |

For each permutation = of.l,...,r le_t 7r.D denote the diagram obtained from D by

replacing each a; by aﬂ_l(i). Since ajy,...,ar are equivé.lent letters for each such .7r
<U,Tab(7.D|E) = <U,Tab(D|E)>.

.2.5 The absence of nontrivial families of additive invariahts in odd degree will be
déduced from the following elementary lemma.

We keep the notations of §2.4. v
Lemma: Suppose that d is odd. Suppose that a;b are distinct letters of D such that a
appears in a row of D iff b appears in that row. Then <U,Tab(D|E)> = 0.

Proof: Since a,b are equivalent letters, if we let D' denote the diagram obtained
from D by intérchanging a and b throughout then <U,Tab(D|E)> = <U,Tab(D'|E)>.
' But | |

(..b...a...]1..n) = —(...a...b...|1...n) therefore

<U,Tab(D' |E)> = (~1)4<U,Tab(D|E)> | | 0

26 We are now ready to prove that there are no nontrivial families of additive
‘invariants in odd degree. First we compute an example showing that there are nonconstan@
additive invariants in each even degree.
‘Example: Let Dn|En be a pair of Young diagrams in L, P respectively, wher’e each
diagram has d equal rows with: |

| the rows of D, = ay...a,

the rows of E, = 1..n.



57

Let I = (1/n!).<U,Tab(Dp|Ep)>. Wl‘lend is odd and n>2 we know by lemma2.5
that I, = 0.
Suppose that d is even.
_ If f is a form of degree d in one variable x: f = ty...1(f)xd then
I(f) = <U,(a]1)d>(f) = t...(f) so I;#0.
We will use the method of 2.3 to show that I;I,I;,... is a family of additive
invariants i.e. that | |
I .q(frg) = Ip(f).Iq(g) when f, g are forms of degree d in- xi,...,Xp ; X1,-.,Xq
respectively. ‘
By Akin et al [ABW 1.2] the component of A(a;...a;,,) in Extp(L)eExta(P)

-~ is ?fsgn(a)aal...ao_peaa(p +1)2o(p+q) where the sum is over all permutations ¢ of

1,....p+q such that ¢1<..<op and o(p+1)<...<o(p+q). Such a permutation is called a
(p,q)—shuffle of 1,...,p+q , and there are (p-;q] of them. The splittings of D into D;! , |

7 D&' with no common letters are determined by these (p,q)-shufﬂes o. By the final

equation of §2.3

| Ip+q(f.Lg)
= 1/(p+q)! . < U,Tab(D,,q|E,.q) >(f18)
aal...aa_p 1...p
=(—1)pqd2(sgna)d<_U,Tab - Tt ]>(f)
' aal...aa_p 1l...p

Bg(p+1)2o(p+q)| 1

s s e e s s seses e saee
. . -

.<U,Tab >(g) the sum over -all

1...
| | 2o(p+1)2a(p+q)! 9
(p,q)—shuffles 0. Since d is even and for each ¢
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...a 1...
op p

<U,Tab|: "1 |

' ‘aal...ao_p L.p
2o(p+1).. 2o(p+q)| -0
<U,Tab|: o !
2o(p+1)2o(p+a)|1...q

Ip+q(f"'g) = I5(f)-1o(8)-

> =pll;, and

> = q!I it is clear that

Now we prove the main result of this chapter.
2.7  Proposition: Let F be a field _of characteristic zero. When d‘ is odd and
Ii,I3,I3,... is a family of additive invariants of the forms of degree d with coefficients in F
‘then all the I, are constant. !
We first prove the following lemma. ‘
2.8 Lemma: - I IyIp]s,... is a family of additive invarianis of the forms of degree d
" then all the nonzero I, have the same weight. | “
~ Proof: Suppose I,#0 and I#0. Then there are forms {; g of degree d in x,_,.;.,'xp and
' kl,...,xé respectively with I (f)#0 and Ig#0. For all AeGLp(F) , BEGLy(F) we have
| (detA)BP.(detB)BAL(f).14(g)
= I,(A.f).Io(B.g)
=1,,(Af1B.g)

A0
= Ip+q( [0 B (f"'g))

ADO

= (detA)Br*a(detB)Br+a Iy(f).Io(g), 50 gp = Bprq=8a - o

8p+q
)
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* Proof of Pr6p2.7: ' Suppose that Iy has weight g>0 and Ix(f) # 0. Then for every

positive integer N INk(f.Lf.L....Lf) # 0. By lemma2.8 and §1.16

Ik = %<U,Tab(D;|E)> where E has g rows all equal to 12 ... Nk. Suppose that
1 . : ' '

Dis ohe of the Dj, with <U,Tab(D|E)>(fs....f) # 0. Suppose D = (wy,...,wg). Then by an
induction argument based on §2.3.1, it must be possible for each i=1,...,g to write
Wi= W, . Wiy with all wjj of length k, and such that the dié.grams

| le = (w11 yoees wgl)""’DN = (w1N prer ng) have no letters ih common. Each vof
.the above diagrams Dj has g rows and k columns, and each letter in it is repeated exactly
d times. Up to ‘renami'ng the letters, there ‘are only finitely many possibilities for such
diagrams. Therefore for large N there must be distinct i, j such that Dj, D; are the same
- except for the naming of the letters. But then by Lemma 2.5 | |

<U,Tab(D[E)> = 0, a contradiction. . . , o
2.9 Remark: We have not attempted to ﬁnd all the families of additive invarianfs in even

degree.
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CHAPTER FOUR

In this'chaptér we study the Lie theory associated with a d—multilinéar form
: Vi~ F | where F is an infinite field and V is a finite dimensional vector space over F.
We briefly review our reference works.
[SER] gives a rapid account of the Lie algebra of an algebraic matrix group.
"[BOR'] develops thé Lie theory of an algebraic group in analogy with the analytic.‘
Lie theory. | '
[CHE1] is an earlier treatment which deals explicitly with algebraic subgroups of
some GL(V), where V is a finite dimensional vector space over the base field. - |
[WAT1] gives a more general theory in functorial language, but doés not contain all
_thé results we need. _ | | |
" [CHEZ2], [BOU] contain proofs of a proposition, which we will apply in Chapter 5,
- concerning the behaviour of the radical of a Lie algebra under change of base field.
This chapter consists of three parts. We describe the contents of each part.
Let V be a fixed vector space of finite dimension over the base field F.
(1) In §1.1 we define a.lg'ebra.ivc subgroups of GL(V), and their Lie algebras. In §1.3 we
define for a d—multilinear form @ Vd- F, the group G(6)={ceGL(V) : 0.6=0 } - of
‘isometries of ¢ and ﬁre show in §1.4 that it is an algebraic subgroup of GL(V). In §1.5 we
characterise the Lie algebra of 6. In §1.7 we characterise G(4) and its Lie algebra for
symmetric 0. In §1.6 we show that for 7eGL(V), G(7.0) (resp. its Lie algebra ) is the |
conjugate by 7 of G(0) (resp. its Lie algebra). In §1.8 we show that the Lie algebra of a
.direct sum of forms is the direct sum of the Lie algebras of these forms. In the remainder of
this part we reduce the problem of calculating the isometry group of a form to the case of -

an indecomposable form. We can then deduce that if
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1=

| & »=

(V,0) = (Vi,0;) with the (V3,0;) indecomposable, then
. 1 .

I ox b=
et

G(8), = G(6;),  where for an a.lgébraic group G, G, is the connected

i
component containing the identity.

(2) In the second part we calculate the isometry groups and Lie algebras of the
hyperbolic forms. In §§2.1-2.4 we calculate the algebraic isomefry groups of the
hyperbolic forms. In §2.6 we calculate the radicals of these algebraic groups, and show that
“they are 2—step solvable. Here we need to assume characterictic zero. In §§2.7-2.12 we
~ calculate the Lie algebras of the hyperbolic forms. In §2.13, assuming characteristic zero,
we calculate the radicals of these Lie algebras rederiving 2—step solvability. In §2.2 and
§2.11 we encounter, in the course of our calculations, the space of (d-+1)-multilinear forms
@: V&*1s F which satisfy | |

(a) @V 1y3¥d,Vgsy) 1S Symmetric in vy,...,vg

- d+1 o :
(b) 21 @V1yee s Viyeoy VgapVi) = 0.
i= :

* This turns out to be the space L )‘(V*) where A is the diagram
| go  with d rows, and L, is the Schur functor defined by Akin et al [ABW II§1.3].

o

We defer the proof of this to the third part.

(3) In the third part we consider Schneider’s result [SCHN Prop2] that:

If 0 V&L F  is a symmetric (d+1)—multilinear form where d>2 and (d+1)!'#0 in F;
0eG(0) is unipotent with (o —1)r#0, (o—1)r*1 =0, r21; then the image of (¢ —1)r is a
subspace of singular points of §. Our main result Prop3.4 follows easily from Schneider’s
'pro«positioh. We give an independent proof, valid only in characteristic zero,»which is
‘- elementary but rather long. Our proof is of interest as it involves the space of forms
L )‘(V*) defined at the end of (2) above. We use the Lie algebra of 4, rather than G(6)

itself.
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We observe that if M is in the Lie algebra of 4, then the form |
WV 1y sV, Vg ay) = Q(v,,...,vd,Mvd,l) satisfies conditions (2)(a),(b) above.
In §§3.9-3.17 we prove that the space of these forms is L ,\(V*) as claimed. By [BOR
I(7.3) (1)] or [CHE1 II§13 Propl, 11§14 Prop5] when in characteristic zero:
unipotents ueG(6) correspond 1-1 by M = log(1+(u—-1)) , u = exp(M) to
nilpotents M in the Lie algebra of G(6). Furthermore
(u=1)r # 0, (u—1)r+t - 0 iff Mr#0,Mr*1=0; and
| (u—1)r has the same image as MTr.

- We use the Basis Theorem for L /\(V*) due to Akin et al [ABW 1I§2.16]) to set up our
proof. Not only do we need (d+1)!#0, we also appeal at crucial moments in the proof to the
fact that a negative rational number cannot equal a positive rational number. We also give
a characteristic ze'r0>pr00f of Schneider’s result that when 4 is nonsingular, G(4) is finite.
We use the result [CHE1 II§14 Prop3] which implies that when M is in the Lie é.lgebra of 6,
$O aré the separable and nilpotent components of the additive Jordan decdmposition of M.
o By Prop3.4 we know that the nilpotent component is zero. We show in Prop3.6 that the

- separable component of M is also zero. This means that G(6) has zero Lie algebra.
Therefore by [BOR I (3.3)Cor] or [CHE1 II§8Thm5] G(6) is finite. As a inatter of interest,
in §3.7 we give a short proof that if M is a nilpotent in the Lie algebra of § and MT#O,

‘Mr+i=0 with r odd, then the image of Mr is a subspace of singular points of 6.

1 We describe algebraic subgroups of GL(V) and their Lie algebras.
Fix the base field F. Let V be a vector space of dimension n over F. First note that
GL(V) has the structure of an affine algebraic variety over F. If we specify a basis of V

then MeGL(V) is represented by a matrix ( mj; )eA?‘Z with det( mjj )#0.
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1.1  Definitions: An algebraic group is an algebraic variety which is also a
group, such that the group operations are morphisms of algebraic varieties. An algebraic
matrix group is an algebrejc group which is a closed subgroup of soﬁie GLn(F). |

An algebraic subgroup of GL(V) is a subgroup which after a choice of basis for V may be
ideﬁtiﬁed with an algebraic matrix group. -

An algebraic subgroup of GL(V) has an associated Lie algebra. The Lie algebra of
GL(V) is denoted &/ (V)\; as an F—vector space it is End(V), and the Lie bracket_is
' [M,N]=MN-NM. | |

Let G be an algebraic subgroup of GL(V). We describe the Lie algebra of L(G) of G.
‘Let F[e] denote the F—algebra generated by ¢ with €2=0. Suppose that G is defined by the
equations p,,AeA. Then L(G) consists of all M¢eEnd({V) such that
I+€eM in End( V?F[E] ) satisfies all the equations p,; and L(G) is a Lie subalgebra. of
- #/(V): see [SER pLAL3(v)].

We will prove that the direct product of two algebraic groups is an algebraic group,
“with Lie elgebra isomorphic to the direct sum of their Lie algebras. In the more general
'theory expounded by Waterhouse [WAT1], if G; and G, are affine éroup schemes |
represented by the Hopf—algebras A; and A, respectively, then G;xG, is an affine group
scheme represented by the HOpf—algebra ARA,.
12 Proposition: . Let Gy, Gy be algebraic subgroups of_'GL(Vl),'GL(Vz). Then
G xG, is isomorphic to an algebraic subgroup of GL(V8#V2) with
" L(GxGy) ¥ L(G1)eL(G>)

Proof: © Under the correspondence (81,82) € GixGy [ ] e GL(V®V,) with
| gieG; i=1,2; we see that G;xGy is an algebraic matrix group. Given M in End(Vlevz) we

have I+eM in (GxGo)(k[e]) iff

- I+EM1 . .
I+eM = 0 I+ eM, with I+eM;in Gi(F[e]) fori=1,2.0
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Next we define, for a d—multilinear form 4, the group G(0).‘ We show that it is an
algebraic subgroup of GL(V) and characterise its Lie algebra L(0). |
1.3 . Let V be a vector space of finite dimension over the ground field F. Let 6: Vd» F
be a d—multilinear form. 0eGL(V) acts as usual on the left on the space of such forms 4 by

0.0(vy,...,va) = o vy,...,07vq).

. We define G(0) = {0eGL(V) : 0.0 = 0 }, the stabilizer of 6, and call it the group of
_ isometries of 4. | | | ’ '
14 Proposition: G(0) is an algebraic subg#oup of GL(V).

Proof: Let Wi,...,Wn be a basis of V. ceGL(V) ié represented w.r.t this basis by a

4matrix (0ij) and 0.6=0 iff for all vy,...,vq in V:~

0(0‘1v1, 20Wg) = 0(vy,...,vq). For each v1,...,vn' this condition is that a
polynomial in the oij and (deto) ! must be zero. _ : a
1.5  Proposition: The Lie subalgebra L(b’) of f/(V) consists of all MeEnd(V)

- such that |

d _

¥ 0(vy. Vi MV, Vi, va) = 0 forall vy,...,vg in V.

i=1 .
Proof: First note: with ¢2=0 and MeEnd(V) the inverse of I+eM in GL( VeF[¢] )

is I-eM. Let 06: (VaF(e])d ~ Flé, bé the extension of 4. Since V@F[e] is spanned by V
6ver Fle], MeL(é) means that : for all vy,...,vg in V _ _
6 e( (I—eM)vy,...,(I—eM)vq ) = O(vy,...,va). The résult follows easily from €2=0 and(
the multilinearity of 4. o |
| We show that the algebraic isometry groups and Lie algebras of equivaleni_: forms
- are conjugate. | - | o
16 Proposition: Let 7¢GL(V). Then
(1) . G(r.0) = 1.G(6).7t
(i) L(7.0) = 7.L(6).71
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Proof: | (i) o € G(7.0) iff 7.6(ctvy,...,0lvg) = T.0(vy,...,vq) for a.ll‘ Vi..,vd in V.
Now _ | | '
1.0 Wy,...,07lvg) = 4 (T'la'lT)T“lvl,v...,(T'laflr)r'lvd] and the 7-tv; run through V
as the vi do. Therefore
oeG(r.0) iff (710" 1T) 1= 71lgT¢€ G(0) 1ff o€ TG(0) 7L

The proof of (ii) is similar. | | o
‘ We characterise the algebraic isometry group and Lie algebra of‘a. symmetric d—multilinear
form. |

LT Pr0position: Let 0: V&s F be a symmetric d—multilinear form. Suppose
~ that d'#0 in F.
() o eG(0) iff O(ov,...ov) = O(v,...,v) for all veV.
| (i) MeL(6) iff 6Mv,v,..,v)=0 forall veV.
Proof:- (i)  Theform o.0— 4 is symmetric and d—multilinear with

| (0.0 — O)(v,...,v) = 0(V,...,0v) — O(v,...,v) = 0 for all veV. Therefore by 1§21(i)
we have g1in V a '.
(i) By (1) M e L(9) iff 0[ (I—eM)v,...,(IF-eM)v ] . (v,...,v) for all veV. By the

. multilinearity of § and since ¢2=0, this condition is equivalent to

d , :
L g(v,...,Mv,...,v) = 0 for all veV, where Mv is in the i—th place.
i=1 ' , o
- The result follows by symmetry of 4. : : o

Our next result is that the Lie algebra of a direct sum of nondegenerate symmetric
spaces of degree d>3 is the direct sum of their Lie algebras.

1.8 Proposition: Let (V,0) be a nondegenerate symmétric space of degree d>3

over a field F with d'#0 in F. Suppose that (V,0) =_él(vi,oi). Then L() =iélL(0i).
g v ) . . 1_'= ’ =
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Proof: Let r=2. We write endomorphisms of V@V, as niatrices
| My Mp | . - |
My My, where each Mjj: Vj-» V; is a linear map.. By §1.7(ii) -, such an

endomorphism is in L(6) iff '

6180 [;I/I“ xlz] (Vl] ,[VI] ) e [VI} ) = 0 for all v;in Vy, and all v; in V,. By

21 DMa2j\V2) "{V2 ve) ' .

definition of the direct sum of §; and 0, (1§17) and their multilinearity, this means that

01(M11v1,v1,..'.,v1) + 02(M22V2;V2,;..,V2) + W(M1ava,vy,...,v1) + 82(Mavy,va,...,v2) =0
for all vy in Vy, and all vy in V,. Since d>3 each of these four terms has a different content _
in v4,vy, 50 by 1§20 each term is identically zero. Thé vanishing of the first 2 terms means
that My; and My are in the Lie algebras of 8y, 0, respectively. Since # is nondegenerate so
are 6, and 0, The vanishing of the 3rd term, an application of 1§21(i) and the
nondegeneracy of ; yields Mj;=0. Similarly My;=0. The rest of the proof is a simple

‘induction argument. D

1.9  Suppose that (V,0) is a nondegenerate symmetric space of dégree d>3 over a field F
in which d!$0. We wﬁil reduce the calculation of G(4) to the indecomposable case. Harrison
~ [HARI1 p129] made the |
~ Definition: A subspace of V is called a summand of (V,0) if V= WeW™. H_arrisbn
proved [HARl penultimate sentance in the proof of Prop 2.3] that when (V,f) is
_nondegenerate: | ‘ |
V=Wu..1W \?here the W; are nonzero indecomposable summands of (V,0);
and that any nonzero indecomposable summand of (V,6) is one of these Wj.
We note the simple
Lemmal: Let 0€¢G(0) and let W be a nonzero indecomposablé summand of (V,0). Then

oW is a nonzero indecomposable summand of (V,0). | u!
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In the above orthogonal sum

V=W;1..1 W, wegroup together the summands (Wj,6) which are in the same
isomorphism class:

V = U; 1 ... + Uy, where t is the number of distinct isomorphism classes of the
(W3,0), and Uj is the orthogonal sum of all the (W;,6) in the j—th isomorphism class. If
0eG(0) then by Lemma 1 oW; is one of the W; and of course (oWj,0) ¥ (W,0). We
have proved v
Lemma 2: G(V,0) is the direct product of the above G(U;,4) for 1<i<t.o

We have reduced to the case V = W1 i.... W where the W; are the nonzero
indecomposable summands of V, and all the (Wj,6) are isomorphic, say to (W,#). In this
case we have
Lemma 3: G(V,f)) v Gr X [G(W,9)]r a semi—direct product of the group G; of
permutations of 1,...r ; with the direct product of r copies of G(W,¢). The group operation
is: |

(m301y-ee,00)(0; Tty -, Tr) = (W0p ; 05107y e aprorr).

Proof: For each i=1,...,r fix an isomorphism 3 : (W,¢)~ (Wy,0). Let 0eG(V,d). By
Lemma 1 and [HAR1 penultimate sentence of Prop2.3] there is a permutation 7 of 1,..r
with oW, = W_.. For each i let o, = (7 .)Lo.7;, so that the following diagrams of
isomorphisms of symmetric spaces commute:

(W, , 0)—% (W5, 0)

Tj I . T ri
(W,9)—"— (W,9)
Consider the composite ¢.0’ of o, ¢’ in G(V,0), where

o is defined by (m; 0y,...,07) , and

o’ is defined by (7’; a1/,...,0¢").
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Then the folloWing diagrams of isomorphisms of symmetric spaces commute

o o

LW ' Wog 'W7r(7r' i)

I T ] Tr'i l Tr(r'i) . ;

W —W + W . hence the result. o
o3 o _ _

Suppose that the nondegenerate symmetric space (V,6) has:
V = Wii....W; where the W; are the nonzero, indecomposable summands of (V,6).
- By the above lemmas; since a finite product vof irreducible affine varieties is an irreducible
| afﬁne:variety [SHA p24 Thm3]; and by the characterisation of the connected component of
an algebraic group éontaining the identity as the unique irreducible algebraic subgroup of
finite index, [WAT1 5.2] or [BOR (1.2)], we have: |
Proposition: " The connected corhponent of G(V,0) containing the identity is equal
‘to the direct product of the connected components of the G(W3,6) containing the identity.o
| ‘Since the Lie algebra of an algebraic group is equal to the Lie algebra of its
connected component containing the identity, [BOR (3.3)Cor], we have another proof of

Propl.8.

2 In the second part we calculate the algebraic isometry groups and Lie algebras of

the 'hyperbolic‘forms. We will apply our knowledge of these Lie algebras in Chapter 5 when
~we study hyperbolicity in a change of base field. An interesting feature of these calculations

" is the appearance of the space of multilinear forms p: Vd+ia F with A = Ao —shaped
| o

symmetry. This is the space L /\(V*) of Akin et al [ABW 11§1.3].

| F>irst we calculate G(%) for the hyperbolic forms.9.
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2.1  Let d>2 be an integer. We suppose that (d+1)!#0 in F. Let V be a finite dimensional
vector space over F. In 2§1.10 we defined the symmetric (d+1)-multilinear hyperbolic
form
[ Ve(e4(V)) ]+ F.
We will wﬁte endomorphisms of V ©( @d(V) ) as matrices
[g E] of linear maps where A, D are endomorphisms of V, @d(V) respectively;
and B: @d(V)-V, C: V- ed(V) are linear maps. Let

o= lg I';] be in G(). We will show that:
(1) B =0 whichimplies that AeGL(V).
(2) Do=A1.
(3)  Identifying a linear map C: V -+ ed(V) with a (d+1)—multilinear form

I': Va4 4 F by C(vgq,)(vy,.,va) = T(vy,...,V4,v4,,) the constraint on C is that the
form

: Vd*1 5 F  defined by

O(Viyers¥qaq) = T(VyeeyVa,A g, ) = C(Atvy, )(Vy,...,va) must satisfy

(a)  @(vy...,Va,V4q,,) i symmetricin vy,...,vq

d+1 .
(b) E1qp(v1,...,vi,...,vd,,l,vi) = 0.
1=
A B
Let 0 = be in G(%). Then ¢ leaves the singular locus of ¢ over F invariant.

Now d(V) is the singular locus of 7 over F. Therefore B=0. Since B=0, A is invertible.
This proves (1).
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We have for all veV and all feed(V)

=& ) (2 96 \
ie (d+1)6(v,...,v) = (d+1)(Cv)(Av,...,Av) + (d+1)(D0)(Av Av) Since (d+1)'#0 we
have, by 1§20 that for all v and all ¢
- (i)  Collecting terms of degree 1 in 6, degree d in v

(DO)(Av,...,Av) = 4(v,...,v) |
& (DO)(v,...,v) = 0(Atv,...,Aty), wfﬁch prc;ves (2).
(ii) Collecting terms of degree d+1 in v, degree 0 in 6,
 (Cv)(Av,..,Av) = 0. |

2.2  We multilinearise the identity (ii) by the method of 1§10. Let /\1,...,/\&,,1_ be

indeterminants and consider

d+1 d+1
C{E AV A( T Avi),..)

= 2 ’\al""\a(d+1)C(va1)( Ava2 yeoes Ava(d+1) ). We compute the. cogfﬁcientv of

1/dY)Ar... A4, assisted by the symmetry of the C(v;) to get
d+1

d+1 R : .
3 C(vl)(Avl, Avi,..,Avy,) =0 forall vy,...,vy4,, or
i=1 ' o
d+1 : '
I C(A lv,)(vl, Vi, oV44) =0 for all vy,...,vyq,,. We identify a linear map -
i=1 _ '

C: V- ed(V) w1th a (d+1)-multilinear form |
I: VA*L F by T(vyeyvgqe) = C(vq4)(ve--.,va). Then we have:

I'(vi,...,Vd,V44,) is symmetric in vy,...,vq , and

d+1
T T(vyeosVipeoy Vg4 pAtvi) = 0.
i=1

Therefore an element [C D) of G('¢p) can | be identified with a pair (A,p) where |
AeGL(V) and '
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P(ViyeosVqsy) = TV, va,Alvy, ) = C(A vy, )(Vy,...,va) is such that:

} () @Vis¥d,Vgsy) is symmetricin vi,...,vy,g

d+1 o
(b) E <p(v1, WViy»Vgep¥i) = 0 . We have now shown (3).

We will prove later in Prop3.12 of part 3 that th1s is the space L /\(V ) where A is
the Young diagram Ro and L ) 18 the correspondmg Schur functor defined by Akin et,a.l

[ABW I1§1.3].
: AO
From (A,p) we recover CD by
(DH)(vl,...,vd) = O(A-tvy,...,Avq)
(Cvd+1)(vl; Vd) (P(Vl, ’Vd:Avdﬂ)
23 Now that we have identified G(%), asa set, with GL(V) x L ,\(V ) we can 1nterpret _
-_ .matnx multiplication as a multiplication in n this set.

To multiply (Al,gol) (Ag,gog) we calculate the product of the correspondmg matrices

Al 0] A2 0] — AA2
C; DyJ{C2 D2) = \CiA+D,Cy

Dng) which corresponds, say, to (AlAg,ga)
where - o ' |
| @1y Vd, A1AsVgy)
= (Ci1A2 + D1C2)(v4+y) (ViyeosVd) |
= Cy(Aavy,)(vye..,va) + Dl(Cgvd;l)(vl,...,vd)
= gol(vl,...,vd,Alszd,l) + Co( vy, )(Artvy,..., A lvg)
= gol(v;,...,vd,Alszd+1) + gog(Al'lvl,...,Al_’lvd,Al'l_AlAgvd) and therefore

- p= 1+ A, We have proved:
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2.4  Proposition: Let ¢ [ V o @d(V) )]d*1 5 F be the hyperbolic symmetric

(d+1)—multilinear form defined in 2§1.10. With X = go we will see( Prop3.2 below) that
, o

L, (V) is the space of (d+1)-multilinear forms ¢: Vd*1 5 F such that:

(a) vy, .,vd,vdﬂ) is symmetric in vy,...,vd;

(b) d;l(p(v[’ ViysVqspVi) = 0. Then the algebraic group‘ G(%) is isomorphic to a
Semidirect product GL(V)NLA(V*). (A,p) corresponds to 2 ](; where
Dd=A.0,
C(vgs)(Viyeisvd) = @(Vy,...,vd,AVy4,,). The group law is:
(A1,<P1)-(A2,<.02) = (AAz01+A L))
where as usual (Ay.92)(Vyy...,Vq4y) = @2(Ar vy, Arlvg,,). ' : o o

Next we will show that these a.lgebra.ic groups G(¢) are connected. Then we will
éompute their radicals and show that they are 2—step solvable.
2.5  Since a product of irreducible varieties is irreducible, it follows that G(zb) is
connected. We can also deduce this as follows:

| Let G be an algebraic group. Suppose that G = G[NGQ is a semldnect product of

' connected algebraic groups G;, G2. Then G is connected.
Proof: Let (g1,82)¢G and let ey, e; be the identity elements of Gy, G, respectively.
Since Gy is connected, (g1,82) is in the same connected component of GG as (e1,82), and
since G; is connected (e;,82) is in the éame connected component of GGy as (ej,ez). The
‘connected components of an algebréic group are disjoint [BOR (1.2)].0

GL(V) is connected since it is open in A" ,and L )‘(V*) is connected since it is

- an AN . Therefore from the above proposition we conclude that G(¥) is connected.
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2.6  We keep the notations of Prop2.4.
Proposition: Suppose that the ground field F has characteristic zero. Then the

* * ' . :
radical of G(¢) is F ®L,(V ), which is 2—step solvable.

Proof: First we show that the radical R of GL(V) is F . Clearly R contains F .
e1(y) (v
e 4 \
SL(V) R 4/(v
L, F
\ / \ v
{0}

(V) is simple [JAC p137 Thm6], so 4/(V)nL(R)={0}. Since F has characteristic zero,
# (V) = F ® 4/(V). Therefore for dimension reasons L(R) = F = L(F*). By [CHE1
II§12Corl] R=F . Now let R denote the radical of GL(V)L,(V"). Let

m GL(V) ¥ L /\(V*) -+ GL(V) be the projéct‘ion. 7 is an epimorphism of algebraic
groups, thereere it maps a connected normal solvable subgroup onto a connected normal

solvable subgroup. The closure of a normal solvable subgroup is a closed normal solvable

o subgroup [WAT1 4.3]. Since the closure of an irreducible subspace is irreducible, it follows

- that the closure of #{R) is contained in F*, the radical of GL(V). Therefore R is contained

in F ML /\(Vf). By §2.5 F aL /\(V*) is connected ; and it is clearly a closed subgroup of |
" GL(VJML,(V"). Since F" is normal in GL(V) it is clear that F xL,(V') is normal in

GL(V)uL /\(V*). The first derived subgroup of F L /\(V*) is contained in {1}xL /\(V*).

Since '

) * .
(1,01)-(1,02)=(1,01+2), {l}xL/\(V ) is abelian. 0

We will now calculate the Lie algebras of the hyperbolic forms. Then we will
calculate the radicals of these Lie algebras. We will apply these results later when we study

“hyperbolicity under a change of base field.
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2.7  Definition/Notation:

We keep the notations of 2.1 and make the following definition. Let 121 be an integer, let

| £VEaT be a polynomial map, let AeEnd(V), and let (vy,...,vr) €Vr. Then we define
the directional derivative of f at (vy,...,v;) in the direction (Avl,...;Avr) to be the coefficient
-of ¢, where ¢2=0, in |

f(vit+eAvy,...,vr+eAvy)—f(vy,...,vr). We denote this polynomial.map by

- d Af Ve F _
2.7.1 Remark: Suppose that f:Vr - F is r—multilinear. Then
, T : '
dAf(vl,...,vr) =.Z1f(v1,...,vi_l,Avi,vi,,l,...,vr).
. i=
' : A B '
2.8  Proposition: The conditions for |~ p | € End( Ve(ed(V)) ) to be in the

Lie algebra of ¢ are:

(1) B=o.

(3)  The (d+1)-multilinear form ¢:Vd+*1 4 F defined by
@(V1,--,VdsVq+y) = C(vg.+)(vy,...,va) must satisfy:

(a)  is symmetric in vy,...,vg;

' d+1 .
(b) E1,go(v1,...,vi,...,vd,,1,vi) =0
i=

ie. zpeL /\(V*) (see Prop3.12 below).
So as an F—vector space we can identify -the Lie algebra of ¢ with End(V)eaL /\(V*),
The Lie bracket is |

[(Anp),(Anp2) | = ( [Al,A2] dyp, 1 —dA v2)
}Proof. - Suppose that M = [ D] is in the L1e algebra of G(w) This means that
I+eM is in the algebraic matrix group of the extensmn of ¢ to V?F[e] so that by 2.1
B=0. We have proved (1).
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- We will again identify linear maps
C: V- 0d(V) with (d?i-l)_—jmultilinear forms B
gb: VA4 F by @(vi,,¥d,Vgey) = C(vd+;)(v1,...,vd). By Propl.7 for é 8 to be
in the Lie algebra of 9 means that for all v,§: o

_ A 0)(v) (v v

o=+ (¢ o) (3} (3) - (3)) ) |
= dd(Av,v,...,v) + DO(v,...,v) + C(v)(v,...,v). By 1§20 we have /
(i)  DO(v,...,v) = —d0(Av,v,...,v) (terms of degree d in v, 1 in 6)

(i) C(v)(¥V,sv) =0 (terms of degree d+1in v, 0 in 0)

- d
2.9  We polarise (i) by the method of 1§10: substitute ¥ Ajv; for v, where the A; are
- i=1 -

‘indeterminate, and find the coefficient of (1/d!)A;...Aq. Since D@ is symmetric we.get
| DO(vy,...,vq)
= (l/d!)(—d g AV 115V jor1V ;) (Summing over all.permutations of 1,...,d)

d . .
= (d/d!)(d-1)! £ O(Avi,vy,...,Vi,...,v4) because #is symmetric
il ‘ ‘

1=

= —d 0(vy,...,va) by 2.8.1 and symmetry of 0. This proves (2).

210 We polarise (ii) in the same way: We let Ay,...,Aq,, be indeterminate and conipufe
- .the coefficient of A;...A4,,in C( BAivi)(...,.EAsvi,...) which is

§C(vgl)( Vd2""’va(d+1) ) summing Qver all permutations ¢ of 1,...,d+1

o d+1 . . '
=d! B C(vi)(ViyViy-sVgsy)  Since each C(vy) is symmetric. It follows that the

1=

(d+1)—multilinear form
@: Vd*1 4 F corresponding to C as in (3) must satisfy:

(a) go(vl,...,vd,vd,,;) is symfnetric in vy,...,vq

d+1 )

(b) . 2:1 QO(Vl,...,Vi,..-,qu,Vi) =0
1=

. ) . N * )
ie. peLl,y(V) (see Prop3.12). | | |
So as an F—vector space we can identify the Lie algebra of ¢ with End(V)eL,(V ). .

[+]
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1

2.11 We must still compute the Lie bracket. Suppose that [‘é“ DOJ i=1,2 arein the
i _

Lie algebra of 9. Now

éi 81] é; 82] = [CIA“:_*‘_]‘%TC,Z D?Dzl and if ¢ is the (d+1)—multilinear form

corresponding to C1A+DC,

(V1,3 ¥asVg4q) = (C1A2+DCa)(Vy4y) (V1y.--,vd)- Let @y, 2 similarly correspond to -
Cj, Ca. Then v ‘

(C1A2+D(Ca)(Vasy) (VireesVa)

= Cy(A2vg,y) (Vir--svd) + Di( Ca(vyyy) )V, vd)
€ d ~ .
= Q01(V1,..-,Vd,A2Vd4,1) —.E102(Vd¢1)(A1Vi,V1,...,Vi,...,Vd)
i= :
| d L
= ¢1(V1)"')Vd)A2vd+1) -—‘E (pg(A1Vi,V1,...,Vi,...‘,Vd,Vdﬂ).

1=

" We can nbw calculate the Lie bracket:

[ (An,01),(A202) ]
= ( [A,Aq],p) where

OV sV gsy)
o d .
= (V1o Vd,A2Vg4y) — B l(Pz(A1Vi,V1,---,Vi---,Vd,Vdfl)

1=1
d . .
- QOQ(V],...,Vd,A[Vd +1) + ) 1(PI(A2Vi,V1;---;Vir~-,Vd)Vd+1)
. 1= .. '

o =d Az((p1) —d Al((pz). This completes the proof of Prop2.8. | o
2.12 Let L denote the Lie algebra of G(¢). Assuming that the ground field has

characteristic zero, we compute the radical of L. The projection L - f/ (V) is an

epimorphism of Lie algebras, and a solvable ideal is mapped onto a solvable ideal by a Lie

aigebta epimorphism. The argument at the beginning of the proof of Prop2.6 shows that

the radical of (V) is F. Therefore the radical of L is contained in the ideal

© M=FeLy(V). Now [MM] ¢ {0}eL (V") which is abelian. We have proved:
Proposition: Let the ground field F have characteristic zero. Then the radical of -

*
the Lie algebra of 9 is FeL,(V ) and is 2-step solvable.
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3 In the third and last part of this chapter, we assume characteristic zero and prove a
‘proposition which is implied by a result of Schneider [SCHN Propé]. Working in
cha.ra.cte‘ristic zero enables us to use Lie algebra methods and, we believe, simpl'ify
~ Schneider’s proof. ' |
Schneider’s Prop?2 is equivalént to the following:vLet

(a) 0 Vd*14F bea symmetric_(d+1)—multilinear form, '
(b)  MeEnd(V) be a nilpotent eiement of the Lie"glgebra of 6 such that for some integer
r>1, Mr # 0, Mr*t = 0. | - | -
Then the image of Mr consists c_antirely of singular point's of 6.

- The main steps in our proof are
(1) Theform $(vi...va,Vge) = O(Vi;va,Mv,,) satisfies 2.2(a),(b) above.

(2) We prove as promlsed in §2.2 that the space of (d+1)—multilinear forms satlsfymg
2. 2(a) (b) is the space L (V ), where A = E with d rows. |
;

(3)  We note the Basis Theorem for L )‘(V*) due to Akin et al [ABW IL.2.16]. We choose
an ordered basis for V w.r.t. which the matrix representing M is in Jordan canonical forrﬁ.
~We use the dua.l of this basis to define a standard basis of L )‘(V*). ‘
(4) By symmetry of 6 ¢(v1,...,\;d_1,Mvd,vd,1) = Y vy...,Mv4.,va) and we have
relations between the coefficients in the expressioﬁ of ¥ as a linear combination of the
standard basis forms. | |
(5) We deduce from thesé relations that certain coefficients are zero, whence the result.

We state Schneider’s Prop 2.
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3.1  Let (V,0) be a symmetric space of degree (d+1)>3 over a field F in which (d+1)! # 0
then: , | |

[SCHN Prop2] Let o # 1 be a unipotent element of G(f), such that (o—1)r # 0,
(0=1)r*1 = 0. Then (o—1)rV is contained in the singular locus of 6.

In §§3.2,3.3 we deduce our main result Prop3.4 from Schneider’s Prop2.
3.2 Suppose that the ground field F has characteristic zero. Let G be an algebraic group
defined over F with Lie algebra L(G). Then by [CHE1 §13Thm10,§14Prop5]:
(i)  If 0€G is unipotent with (¢ —1)r#0, (¢ —1)r*t=0; then

I
M = logo = log[l+(c—1)] = ¥ (-1)k-t Qk:—l—)k isin L(G) and
. k=1

Mr#0 ,Mr=0.
(ii) If MeL(G) is nilpotent with Mr # 0, Mr+1=0; then

T .
c=expM = % IlaMk isin Gand (0-1)r#0, (o-1)r*t=0.
k=0 " _

3.3 In 3.2 above, suppose that G = G(0) , where (V,0) is a symmetric épace of degree |
(d+1) over a field F of éharacterisfic zero. Let MeL(0) be nilpotent with |
Mr#0, Mr+t=0, rzi. By 3.2(ii), 3.1 and 1§21 we have

for all vy,...,vq.: O(vy,Mrvy,...,Mrvy,) = 0. Consider H(Mrlvl,...,Mrd"lvd,l) where
the r; are nonnegative integers with sum )>rd, and we set MO=I. By symmetry we may

assume that r;is the least of the ry’s. If r;>1 we can write

(..., M iv,...)
- d+l r—1 I ri+1 I . . .
=-% M v,M ;... M v M d+ly ). Repeating this process, and since
1=2 .

Mr+t = 0, we end up with an integer multiple of 0(v1,vaz',...,M.fvdﬂ) which is zero.

So Schneider’s Prop2 implies
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3.4 Proposition: Let d be an integer >2. Let V be a vector space of ﬁm‘té
" dimension n over a field F of characteristic zero. Let (V;0) be a symmetric space of degree
.. d+1 over F. Suppose that M is a nonzero nilpotent element of the Lie algebra of § with

{0}=Mr*tV c MfV C ... CMV c MOV = V.,
- Let ry,...,r4,, be nonnégative integers with sum > rd. Then if v; € MUV fori=1,..d+1 we
have §(v,...,v4,q) = 0. | |
|  We will give a proof of this proposition, independent of Schneider’s Prop2.

First we continue our discussion.

We state the result on additive Jordan decomposition in. a Lie algebra. Then we
prove that if 4 is nonsingular, the Lie algebra of § contains no separable elements.
3.5 Let L be the Lie algebra of an algebraic subgroup of GL(V). Let MeL and let

M = M + My be the additive Jordan decomposition of M with M; separable and
- Mp, nilpotent. Then by [BOR (4.4)] or [CHEL I§14Prop3] M5 and My are in L.

| Therefore to prove that L = {0}, we can proceevd in 2 steps

(i)  show that there are no nonzero separable elemenis inL
(i)  show that there are no nonzero nilpotents in L. )
- 3.6  Proposition: Let F be a field of characteristic zero. Suppose that g. Vd+t 5
F is a nonsingular symmetric (d+1)-multilinear form with d>2. Let M be a separable
element of the Lie algebra of 6. Then M=0. |
Prdof: Let B be a ‘basis of V consisting of eigenvectors of M. For beB let A(b)
denote the eigenvalue of b. Suppose that for some bjeB A(b;)#0. Since @ is nonsingular
there is some bseB with |

f(by,...,bs,bz) # 0. Since M is in the Lie algebra of 6

dfd(Mby,by,...,by,ba) + é(by,...,b;,Mbs) =0 i.e.

{ dA(by) + A(bs) }8(by,....by,bs) = 0 and it follows that

A(bz) = (=d)A(by). Similarly we find byeB with
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A(bs) = (—d)A(b2)=(—d)2A(b,), and for each k=1,23,... thereis a by in B with
A(b) = (—d)k-1A(by); which is absurd as we are in characteristic zero with d>2.
3.7 As a matter of interest we note the following: Suppose that d is an integer >3 and |
0: Vd 5 F is symmetric and d—multilinear. Let M be a nilpotent in the Lie algebra of 4,
with Mr#0, Mr+i=0 where r is odd. Then there is a short proof that all the points of MrV
are singular: , | ‘
| Since M is in the Lie algebra of 0
O(My 3 20-2¥ )+ O MY Y5y a¥ )+ oot BT 0¥y MYa) = O
for all yy,...,yq in V. Taking y; = Mrz; for i=2,...,d—1 we have
My, Mrzy,..., Mrz,_,y4) = —0(y,Mr23,...,Mrz,_,Myq)
for all yy,23,...,24.,,¥d in V. Therefore |
| O(Mrx(,Mrxa,...,Mrx4_,,Xq)
= —f(Mr-ix;,Mrx,,...,Mrx 4 _;,Mxq)

= (=1)r8(x;,Mrx3,...,Mrxg) _
= —0(x1,Mrx3,...,Mx4) since ris odd. Put x;=xg4. Then by symmetry of §
0= 20(Mrxq,Mrx,,...,Mrx4_;,Xq)

| = 20(Mrxy,.:.,Mrx4,Xq)

= 2(—1)70(x2,Mrx3,...,Mrxq,Mrxq) , | g
3.8  Let (V,0) be a symmetric space. of degree d+1, with d22. Let M be any elerh_ent of
the Lie algebra of 0. Then the form 4: Vd*t5 F defined by
WV VayVqay) = HVy,e.,va,Mvy,,) satisfies:

(a)  ¥(vy...,va,vq,,) is symmetricin vy,...,vq

- od+1 . .
(b) 21 YV 1oy Viyeey VgapVi) = 0.

1=
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In §§3.9 through 3.17 we will analyse the space of (d+1)-multilinear forms <p:'Vd"1 - F.
| saﬁisfying (a),(b). Then we will be equipped to prove Prop3.4. Our intention is to i(ientify
the above space of forms with the space L /\(V*) defined Alby Akin et al [ABWv]I}§1.3],
| where A is the diagram fe with d rows.
:
1n the next section we set up some of the symbolic method language in order to describe
the space of all (d+1)—multilinear forms ¢ : Vd*t 4 F.
3.9 Let d be an integer >2. Let the base field F have chéracteristic zero, and let V be a
vector space of dimension n over F. Fix a basis .al,...,an of V*. |
The F—vector space of (d-i;l)—multilinear forms $: Vd*14 F
o (VD v BA+D) _ g vty Rt g |

. S( a )O(d+l) gr S( (V*)d"l) v S(( Vd*l)* )- Since F H_as characteristic zero we |

" can identify S( (Vd"l)* ) with the F—algebra F[Vd*1] of all polynbmial maps f: Vd+15F,
a ~ We will use the symbolic method of Grosshans et al [GRS], whic_h.in this case
amounts to the letter—place algebra (see Doubilet et al [DKR] or Doubilet et al [DRS] ), to
describe such f. We identify V with Sy(V), and let L =L- bé a set of negatively signed
<lefters each belonging to one of the d+1 factors V=S,(V) of Vd+1, Let .
“P=P-={1,...,n} be the set of places all negatively signed. Then Super[L|P] = Sym[L|P]
', since L=L- and P=P-. The umbral lineéf functional U has
<U, (alj)>(v-..,vd) = @aj(vi) when a belongs to the i—th factor of Vd+t
N Let ay,...,aq,, be letters of L such that for i=1,...,n a; belongs to the i—th factor of
Ve, | :

Let to = {ay,..,344¢}- Then restricting the umbral linear functional, we have an

isoniorphism ‘ | | |

U: Sym[Lo|P] - F[ Vd+].
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Let Gg,; be the group of permutations of 1,...,d+1. In the next section, §3.10, we B
define a G4,—action on Sym[L|P] such that with the usual Gd41;action .on F[ Vd+t] the
~above isomorphism is a Gg—isomorphism. In §3.11 We use the Standard Basis Theorem for
Sym[Lo|P] to express a multilinear ¢ ¢ F[Vd+*1] in terms of a standard basis. In §3.12 we
formulate the conditions §3.8(a),(b) in terms of the G4, ~action.

3.10 Recall the fepresénta_tioﬁ 1: Gy, ~ GL( Vd+t) of 1§1 and let G, act on the left
on the F—algebra F[ Vd+1] of polynomial maps f: Vd*14 F by
i = for(n)t = for(rt) for meG,,, and feF[Vd*1]. Then
(rD(vin) = 1 vy ).
Gy, acts as F—algebra automorphisms on the left on Sym([Ly|P] by
m(ai}j) = (a;lj). We have
<U, { 7] (3 |i0"ay 0™ ]} > (h¥a)
<U, { (2 30" (2 gy, 1™ } > (V1ni¥auy)
[ (v 1"y (v DT
= <U,[ (3 13 (ay, | 3™ >0r(M) YV 1yery Vg )
= { m<U,(a; |3 (3, | %>} (Vi ¥ ga)-

Therefore with the above Gg,—actions, the umbral linear functional provides a

G, ~isomorphism Sym[Lo|P]x F[ V™.
311 Order Lo by ai<..<ag,, and P by 1<..<n. By the Standard Basis Theorem,
. "1_1nder our identification Sym[L9|P] = F| Vd*l], a (d+1)—multilinear form ¢: Vd*l-oF is
identified with an element of Sym[Lo|P] of the form

X ci;Tab(D;| E;) where
i) - DiIIEj is a pair of standard Young tableaux of the same shape with entries in Lo, P
resi)ectively; | |

(ii)  each D; has d+1 entries and each letter of L, appears exactly once in D;.
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3.12 We formulate 3.8(a),(b) in terms of the G4, —action. Let Gq denote the subgroup of
G, consisting of all 7 with n(d+1)=d+1. For 1<i<d let

S d41 € G4+ betheswopofi and d+1, and let

Sd4+1,d+1 be the identity. |
Proposition: The F—vector space of all (d+1)—multilinear forms ¢: Vd*t =+ F such
that

a .o = ¢ forall 7eGgq (i.e @(vy,...,v4,Vq+,) is symmetric in vy,...,vq
d+1

d+1 d+1 )
(b) ¥ S di1? = 0 (which given (a) means that R PViyeesVipeoy Vg apVi) = 0.)

i=1 i=1
* *
is isomorphic to the image of the linear map d, : A)‘(V ) - S X(V ) defined by Akin et

al [ABW II§1.3], where X = o with d rows. We say that such forms have o —shaped
o b
symmetry.
3.13 Before proving the proposition we describe d A in this special case.
A= go.-.O with d columns
Ay ¥ * * * ) * * * od
ANV ) =AYV )eA{(V )e..eAY(V ) (withd AYV ) factors) = A(V )e(V )
* * *
S;\(V ) =Sa(V )eV .
We will calculate d, by the direct method of Akin et al [ABW top of p222)]. For
*
Xy,..-yXgey iDLV we calculate d)\[ (x1Ax4,,)8x2®...8xq | as follows:
Picture (xjAxq,;)®x2®...8xq as
X1 xdﬂ_
X2
J.{d *
We multilinearise x;Ax4,, using the comultiplication A of the Hopf—algebra A(V ).
A( xiAxy,,)

= (x181 + 18xy).(x4,,®81 + 18x4,,)
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= (x1Axq,)®1 + 18Xy, — X4,®X1 + 18(x;Axy,,). The multilinear terms are
X®Xg,q — Xq.8%1 . We take (x8x4,,)8x:®...8xq — (x4,8X1)®X28...8X4
and picture it as

X1 xd+1 . X4+ X1

X2 X2
Xd Xd

then we multlply in S(V ) down each column and tensor the results together endmg up in
Sd(V )@V

d,| (xled+1)@x2§...®xd ] = (xlxz...xd)@).cd*1 — (Xg4X2--Xa)8X] .

| 3.14 Proof of Prop3.12 : The proof extends over §§3.14-3.16. Suppose ¢
satisfies 3.12(a),(b). We have. .
% = ¥ cjjTab(D;|E;) as above in §3.11. By (a) and the way Gy., acts on
~ Sym[Lo|P] | |

¢ = 3¢y 'EliT 73 Tab(7rD |Ej). Recall that 7eGacGy,, fixes d+1 , and the
d

tableau 7.D; is obtained from D; by replacing each entry ay of D; by a7r'k.

3.15 Suppose the pair D|E satisfies 3.11(i),(ii). Suppose that for i< j<d, D has the
letters a4, a; in the same row, the r—th row say. Let seGq denote the swop of i and j. The
group Ggq splits up into left cosets Ga/{1l,s} modulo the subgroup {1,s}. For each coset
{mms}, =.D and =s.D differ only in the r~th row, in which the only difference ié that a

~and 3 are swopped. Therefore |

Tab( m.D|E ) + Tab( 7s.D|E) = 0 and so

1/d! & Tab(r.D|E)=0.
meGq
3. 16 We now have ,
" ‘(*) ¢ ="3ci 1/d! & Tab( 7.D;|E; ) where D1 is standard and for all 1<pq<d
_ meGq
D; does not have ap, aq in the same row. There are only two such standard D; w1th the
’ \

required content:



85

(1) ap ad+1
a2

(2) a
a2

344y

Suppose that D is one of the tableaux (1), (2). Note that if si,d+11r = sj’d+1p

with 7, p € Ga then evaluating at d+1 we get i=j, and hence 7 = p. Therefore

d“ﬁl 1/d! % b(
1/d4! Tab( s. .
1=1 7!'6Gd l’d+1
(**) =1/d!' ¥ Tab( 7.D|E ).

o Aﬂ'EGd,l

(rD)|E)

If D is the tableau (2) above and E is the following standard tableau with entries from P:
. pr then the sum (**) is (d+1)a,_o..0a_  #0. |

P2 ' v P1 Pas

b | |

 If D is the tableau (1) then, for any standard tableau E of the same shape with entries
»fr(I)m P, we see that the sum (**) is zero by an argument similar to 3.15‘, this time splitting

Gg4., up into left cosets modulo the subgroup {l,sl d +1}. So D must be the tableau

ad
and we can express ¢ as a linear combination ‘
| ¢ = Zc(E).o(E) where the sum is over all standard E of the same shape as D -

with entries from P , and

. @(E) = 1/d!E Tab( 7.D|E).
TeGq
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317 When E is the standard tableau’

Pt pd+1
P2

Pd
with entries from P, then
WE)

= 1/d!¥ Tab( n.D|E)
1eGq

1/d 5 { (25110)(2g 11 1Pas)(2 q1P2)-(a 4l Pa) —
Telag

(a1 1Pav)(@aedl P2 5| P)---(a_yIpa) }

= 1Y T (2|02 p1P2)-(a41Pa)(agulPary)
TeGq

i

Y}

_—i/d! ) (aﬂlPd+1)(aﬂ2|P2)~-(a7rdlpd)(ad+1lpl)
T1€Gq

which we identify with the (d+1)—multilinear map

E) = 0...0 @ —_ (0] 0...0 ® .
oE) = (o, 0...00,, ) pdn (apd+1 ap 00, Jea,

. A simple check shows that each ¢(E) above satisfies 3.12(a),(b). By the Standard Basis
Theorem of Akin et al [ABW I1.2.16], the 9(E) with E standard form a basis of L A(V*)'
This concludes the proof of Prop3.12. | o
| 3.18 Proof of proposition 3.4:

- We follow the five steps outlined at the start of this part.

Step 1: We define ¢ as in 3.8 and note that it satisfies the conditions (a),(b) of
Prop3.12. '

Step 2: Was accomplished by proving Pr0p3.1'2.

‘Step 3: | We apply the Standard Basis Theorem for ‘ L A(V*) using a convenient basis

X : ’
of V . Since M is nilpotent with Mr#0, Mr+*!=0 thereis a basis of V of the form

r r T .
B = { v,Mvy,..,.M 1v,;v;,,Mvz,...,M %3;..;¥p,Mvp,...,M Pvp } with I=I2T22.. 2p.
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' We order the basis B by

Mj‘vilv< Mjﬁvi2 means 1i;<iz , or else i;=i, and ji<j, . Notice that if i;<i, and
iji2 # 0, then ijil #0 . Let B* be the dual ordered basis of V*. To simplify the
notation we will ofteﬁ denote elements of the basis B by by,bs,...etc , and then bt,b:,...etc
will denote the corresponding elemehts of the dual basis B*. | |

We will use the linearly ordered set B as our set of places.
319 " Some definitions and notations: If E is the standard tableau

by by,
by d+t

, {)d
~ with entries from B we define ,
* * * * * * *
AE) = (b;0...6bg)®by,; — (by,@b20:..6bg)8b
‘We have ¢ = Ec(E).¢(E) where the sum is over all standard

N Ho —shaped tableaux E with entries in B, and the coefficients

a- : _
¢(E) are in the ground field F. If beB and b=Miv; we say that b has power j and vector
vi. Given a tableau E with entries f;om B, the power of the tableau E is the sum of the
. powers of the entries of E; and the vector tableau of E is the tableau obtained from E by
replacing each entry of E by its vector. Given elements by,...,bq of B we let
[bysbg] = b10...0bg(bi.bg) - “ |
We will prove Prop3.4 by showing that c¢(E)=0 for all standard tableaux E of
‘power rd—1 | | ' | ' |
~ Step 4: We have the identity
;b_(vl,...,Mvd,vd,l) = Yvy,...,MV4,5va) immediate from the definition of ¥ and the

-symmetry of 4.
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Step 5: - From the identity of Step 4 we deduce various relations between the
coefficients ¢(E).

The proof is broken up into a number of lemmas. v
| Suggestion to the reader: At the first reading assume that d=2, so that A = Ho-
In higher degrees the extra difficulty is only notational. |
Lemma1:  Let E be the following standard tableau with entries from B:

bl 'bdh
by

by
Then for ay,...,a4,, in B
YwE)ay,...,a4,) =0 unless the content of (ay,...,a4,() €quals the content of E
and either | | |
(a) bysy = 234+ when YE) = |by,...,bg| or
(b) by=ay,, when WE)= ~|bgspba,--sbal.
Since E is standard at most one of (a) or (b) holds.
| , ‘l:’roof: Immediate from the definitions. ' ' o

Lemma 2:  Let E be the following standard tableau with entries from B

a1 g4
dg -
a4
Then
YWagydge) = |ay,...,aq | ¢(E).
Proof: Suppose that F is the following standard tableau with the same content as E:
g; Dyt

bq
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" Then since the least entry in F is by, and the least entry in E is ay; a;=by. As aj<ay,, ,

) bi<ay,; soif ¢(F)(ay,...,.aq.) # 0 we must, by Lemma 1, have by, = a4, From this and
the fact that E and F are standard with the same content it follows that E=F.o

Lemma3: Let E be the following standard tableau with entries from B:

bl bd"’l
2
bd
Suppose that Mb,,=0. Then ¢(E)=0.
Proof: By Lemma 2 |by,...,ba[c(E) = ¢(by,...,ba,bys;) = O(by,...,ba,Mby,,) = 0.0

Lemma 4: Let E be the following standard tableau with entries from B:

by by,
b2 d+

b
M’ll)i1
bi*l

bd . - 7 :
Suppose that b;<bji. Then there is a unique standard tableau F of the same shape as E ,

with first row b; bi, consisting of
b; by
b;_,
i+l
by
and with the entry Mb,,, inserted somewhere below b;. Furthermore,

Iy Biye by, Mbs| o(E) = |by,...,Bs,....bd, Mby,, | (F).
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Proof: @ By Lemma 2

|by,...,bi,-..,ba,Mbs | ¢(E)
= 9(by,...,D1,-..bg,Mbs,by.,)
= ((by,-..,Ds,...,ba,Mbs,Mby,,)
= f(by,...,bs,...,ba,Mby,,,Mby)
= 9(by,-..,D1,-.-,ba,Mby,,,b1)

= |bl,...,f)i,...,bd,Mbd,llc(F) by Lemma 2 again.

Lemma 5:  Let E be the following standard tableau with entries from B:
Mb, by,, |
2
by

Suppose that Mby, #0.

Then the following tableau, F, is standard

2 .

bg |
- and for each i=2,...,d there is a unique standard tableau F;
by bi
b;
_ Bd
with the entry Mby,, inserted somewhere below by. Furthermore

d
IMbl,b2,---,bd| = _|b2,---,bd,Mbd+1| . EIC(Fi).
1= .
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Probf: By temma 2
Y(Mby,bs,...,ba,by, ) = |Mb1,_b2-,...,bd|c(E) '

= §(Mbybs,....ba,Mby,) |

= §(bs,...,ba,Mby,,Mb)

= 9(ba,...,ba,Mby,1,b1)

= % ¢(F)(F)(ba,-.-,bd,Mby ,,,by)- |
" Note that since by<Mb, and by, <Mby,, and E is standard, by is less than all of
ba,...,ba,Mby,, Therefore any standard F with the same shape and content as E must be
“one of Fy,...,Fq. The result now follows from Lemma 1, noting that condition (b) pérta.ins.
. Lemma 6 Let E be _the foilowing standard tableau with entries from B, and power > rd—1:

b1 by,
by d+1

bq | : ' _
‘Then ¢(E)=0, unless E has power rd—1 and the vector of each entry is not killed by Mr.
" Proof: By Lemma 3 and Lemma 4, if ¢(E) # 0 then c(E) is a rational linear

combination of nonzero c(F)’s where the tableaux F have the same vector content and the

~ same power as E, and have the form

8.1 a.d4,l
a3

ad
‘where a, hés zero power and the pdwer of ay,, is <r—1. The maximal power of such an F is
rd—1. So if ¢(E)#0 and has power >rd—1, then E and all the F's must have power rd—1.
Therefore the vector of ay,, has power r—1 and the vectors of ay,...,ad have power r. By
Lemma 3 the vector of ay,, is not killed by Mr, and .since as,...,aq have power r their.
; vectors are not killed by Mr. By definition of the ordered basis B, and since a;<as, the

vector of a, is also not killed by Mr. Because the vector contents of the tableaux E and the
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F’s are equal, the vectors of E are not killed by Mr. o
From now on: |
(a)  wefix the vector content of our tableaux
(b)  we assume that all these vectors are not killed by Mr
| (c)  we assume that all tableaux have power rd—1.
| Lemma 7: Consider all the standard tableaux E with entries from B:
| E; lY)d +1 |
ba |
which have a certain fixed vector content, and power rd—1. There is a rational constant Cy
~ such that:
if Mby,#0, and by has power i, then ¢(E) is a positive rational multiple of (—1)iC,.

" Proof: Let F be such a tableau:
ay a'd+1-
a ‘
aq

with vector tableau

W[ wd+1 '
W2

Wd .
We will argue by induction on the power of a;. Suppose that a; has power 0 so that a;=w;.

- Then for i=2,...,d a; = Mrwj, and a,,, = Mr-lwy,,. Any other standard tableau F;: .

| b, bd+1 . -
2

bq
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with the same vector content; power rd—1; and for w.hich b, has pbwer 0; must have:
by=a,;=wy; first row w; Mf-tw; for some 2<i<d for which w;<Mr-tw; ; and first
column wl,Mrwz,...,Mrwi_l,Mrwi,,l,...,Mrwd together with- the entry Mfwd,,l inserted
somewhere below w;. By Lemma 4 it follows that there is a constant Cg such that for each
of the above standard tableaux F, c(F) is a positive rational multiple of Cy. Lemma 5
enables us to prove the result in the case b of power i+1, having established it for bg of
~ power i. o | | |
We now complete the pvrobf of the proposition by showing that the constant C, of
Lemma 7 must be zero. We need to distinguish a number of cases.
Suppose that the fixed vector content of our tableaux is wiSwa<...{waswy,,.
-Case I wi<wa. |
- The tableaux
Eg: Mrw Mr'iwa

W2
Mrwy

Mr“.’d 41

By . Mrw,; wo
Ml"l\v3
Mrw 4

Mrwg .y
afe standard of power rd—1. Now
¢(wz,Mf°lw>3,Mrw.1,'...,Mfwd,l,Mrwl) =0 by Lemma 3 and
= —|wo,Mr-twsMrwy,.. . Mrwy, |( c(Ef)+c(E2) ) by Lemmas 1,3. Since
¢(E{)+c(E2)=0, and by Lemma 7 both c¢(E;) and ¢(E,) are positive rational multiples of

 (=1)rCy ,we have Cy=0.
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Case II: W=W;=W<W3.
The tableaux
E: Mr-iw wy

Mrw
Mrw,

MrWd*l

" Ea: Mr - iw. Mws
Mr -ty
Mrwy

Mrwg,,
are both standard of power rd—1.
| Mr-tw,Mrw, Mrwy,...,Mrwy,,|c(E,) |
= 1,/)(Mr'1w,Mfw,lerW4,...,Mrwd;l,w:;) by Lemma 2
= g(Mr-tw, Mrw Mrwy,..., Mrw,,,,Mw3) |
= Y(Mr-tw, Mw3,Mrwy,... Mrwy, ,Mr-lw)
=—|Mr-lw,Mw3,Mrwy,...,M*wy,,|c(E2) by Lemmas 1,3.
If r=1 then by Lemma 3 c¢(E;)=0, so ¢(E;)=0 and by Iemma. 7 Co=0. If r>1 then since by
Lemma 7 both c(E;) and ¢(E,) are positive rational multiples of (—1)rCo, we have C=0.
Ca.Se 1 W=W =Wy=W3.
We distinguish 3 subcases depending on 2r—1(mod 3). |
(a)  2-1=3i | |
Then vby Lemmas 1,3 zb(Miw,Miw,MIW4,...,Mrwd;I,Miw) = 0, because the only standard

tableaux with the required content have first row: Miw Mrw; for some 4<j<d+1.-
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() 2-1=3i4l |
a Firstly suppose that i+1>r—1. Since 2r-1=3i+1, we have i+1>r-1 i{f 4>r1. The only
. int.eger r with 1<r<4 and 2r-1 = 1 (mod 3) is r=1. But then the tableau
w Mrotw

Mrw

Mrwy

M":’dn
“is not standard. |

Next we suppose that i+1<r—1. By Lemma 3, the tableau E:
- Miw Mitw o |

Miw
Mrwy

M;wd'+1
is the only possiblé standard tableau with that content and c¢(E)#0. Therefore
—|Miw,Mi*tw, Mrwy,...,Mrw,,, | c(E) | _
= ¢(Miw,Mi*1w,MrW4,...,MfwdH,Miw) by Lemmas 1,3
= ¢(Mi*1w,Mif1w,MYW4,...;Mrwd‘l,Mi‘lw)
= —|'Mi*lw,Mi*lw,MrW4,...,Mrwd,,l|c(F) by Lemma 1 'wl.lere the tableau F ‘
Mi-tw Mitw

Mittwy
Mrwy

Mrwd,,l
_is the only possible tableau of that shape and content with c(F)#O. It follows from

Lemma 7 that Co=0.
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(c) 21 = 3i+2.
Let E be the tableau:
Miw Mitly

Mi+iw
Mrwy

M;’wd,1
- “We must have i+1<r, sinceif i+1>r then 0>r.
S [Miw,Mi*lw,MfW4,...,Mf;;bd*llc(E)
= ¢(Miw,Mi+1w,MfW4,...,Mfwd+1,Miw) by Lemma 1
= Y(Miw,Mi*2w,Mrwy,..., Mrw,, ,Miw)
= —|Miw,Mi*2w Mrwy,...,Mrw,,,[c(F) by Lemmas 1,3
‘where F is the tableau: ’
Miw Miﬂw
Miw
Mrwy
M;wd‘ﬂv
Wlﬁch is the only possible standard tableau with that content and c(F)¥0.
If i+2 =r then by Lemmas 3,7 co;o. |
If i+2 < r then by Lemma7 Cy=0.
~ This completes the proof of Proposition 3.4. | _
320 By §§3.4;3.5;3.6; and [BOR I(3.3)Cor] or [CHEL II§8 Thm3] it follows that

when 6 is nonsingular then G() is finite.
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CHAPTER FIVE

A Miscellany | 7
This chapter consists of three rather disparate parts, motivated by a desire to
generalise fundamental results on quadratic forms. The first two concern the behaviour of
forms under a change of the base. The third part arose from an attempt to understand
composition of higher degree forms. Our initial formulation of the main result of the first
part was an extension to highef degree of the weak Hasse—Minkowski_ Theorem [SCHA
v_p193 lemma7.4(i)], which states that if f is a quadratic form defined over an algébra.ic
~ number field F and if for all primes p of F, including the infinite ones, f is equivalent to a
hyperbolic form over the completion of F at the prime p, then f is equivalent to a
. hyperbolic form over F. _ | |
1) In thé first part we prove the following: Let the base field ‘F have characteristic zéro,
~ and let K|F be a field extension. Let ¢ : Wd*t o F be a symmetric (d+1)—multilinear
form with d>2, and lef Pk - WKd"1 -+ K bé the extended form. Then if ¢k is equivalent
over K to a hyperbolic form, the form ¢ must itself be equivalent over Ftoa hyperbolic
form. |
The higher degree analogue of the weak Hasse—Minkowski theorem is an immediate
consequence.
Compare with the quadratic case, where e.g. ¥(xj2+y;2) is not hyperbolic over R
but becomes hypérbolic over C. |
The proof uses the following two general results about the extension K|F :
(i)  [WAT1 p94], or [CHEL p192] : Let V be a finite dimensional vector space over F.
Let G be an algebraic subgroup of GL(V). Let Gk be the algebraic subgroup of GL(V?K)
obtained from G by extension of scalars. Let L(G), L(Gg) be the Lie algebras of G, Gy
- respectively. Then L(GK) = L(G)FK.

This result does not require F to have characteristic zero.
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(ii) [BOU 5.6] or [CHE2 p107] : Let L be a Lie algebra over F with radical L;. Then the
radical of the Lie algebra LgK over K, is LK. |

This result requires F to have characteristi¢ Zero.

We also apply our calculation, 4§§2.7-2.12, of the Lie algebras of the hyperbolic
forms and their radicals. Recall that to compute these radicals we needed to be in
cha.facteristic Z€ero. |
. (2) in the second part R is a complete discrete valuation ring with maximal ideal M and
- residue field k.l We consider the base change R - R/M=k. |

‘Notation:  If N is an R—module and neN, we set

n(mod MN) = n ¢ N/MN.

"Let #: (Rn)d -+ R be a symmetric d—multilinear form. Then we define the
symmetric d—multilinear form
 B:(kn)d~k by

0 vyyeyva ) = K Vyy...,vq ) (mod M) € k.

It is easy to see that this does not depend on the choice of vj,...,vqg. When d=2 it iS known,
| . [SCHA p26], that if ¢, ¢ are two such nonsingular symmetric bilinear forms with ¢ = 6
then ¢ aﬁd ¢ are equivalent over R.

We give an example for each d>3 of two nonsingular symmetric d—multilinear forms

¢, ¢:(R3)d- R, with p =8, but the centre of ¢ not isomorphic to the centre of 6.
(3)  The third part derives from an attempt to follow M.Kneser’s [KNE] treatment of
composition of binary quadratic forms in the ternary cubic case. As W.C.Waterilouse
. points out in his paper [WAT2] on composition of forms, Kneser’s approach via Clifford
algebras does not automatically génera.liz_e to higher degree. Clifford algebras of higher

degree forms are not well behaved. Apart from the Clifford algebras of quadratic forms,

| ~ “only the structure of the Clifford algebras of binary cubics is known [HAI]. We hoped to

" use Van den Bergh’s [VDB] result on the existence of a rank 3 linearization of the Clifford

algebra of a nonsingular ternary cubic form to study composition of such forms.
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What we could prove is that if F is a field of characteristic zero with algebraic
closure K, then any nonsingular ternary cubic form f over F is of the form

f( uguzuz ) = det( usa; + uzee + uzas ) with ay,as, a3 e M3(K).
1 We state the main proposition of this section.
1.1 Proposition: Let F be a field of characteristic zero. Let (W,d) be a symmetric space
over F of degree >3, and let W have dimension >2 over F. Let K|F be a field extension.
Suppose that the symmetric space ( WK , 0K ) is isomorphic to a hyperbolic symmetric
space over K. Then ( W,8) is isomorphic to a hyperbolic symmetric space over F.

See the Appendix at the end of this chapter for a proof of the case dim W = 2.
Proof: There is no loss of generality in assuming that for some F—vector space V,

W =V e (edV) ), where dimp(V) >1, ¢ is the hyperbolic symmetric
(d+1)—multilinear form defined in 2§1.10, and

there is some oeGL( Wy ) with fp = 0.9 .
We must show that there exists a peGL(W) with p.0 = 9.

We will break up the proof into a series of lemmas.

First we characterize those symmetric (d+1)—multilinear forms on W which are
equivalent to the hyperbolic form .
1.2 Lemma: Suppose that ¢ : Wd*t 4 F is a nondegenerate, symmetric,
(d+1)—multilinear form such that
(a) W =UeS with dimpS = dimped(V)
(b)  os,s,ws,...,wyq,,) =0 for all seS, all ws,...,wy, W
()  ¢(u,...,u) =0 forall ueU.
Then ¢ is equivalent to the hyperbolic form 7.
Proof: Since F has characteristic zero we can, by 1§13, prove the lemma by showing
that the polynomial maps W-F corresponding to ¢, 9 as in 1§5, are equivalent.

Let vy,...,vy be a basis of V and let x;,...,x, be the dual basis of V*. Then the

(xfa1 1)GJ...GJ(xn@l“) where (iy,...,in) is an n—tuple of nonnegative integers with sum d,
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form a basis of @d(V). Let
“(t]i...in) be the corresponding element of the dual basis of ( Qd(V)' )*'. Now
Wy (%,0) 1) = (+1)0(V,...,v). With the basis
Xnj-o(t}ig--in),... Of ( V e ed(V) )* the polynomial map corresponding to ¥ is
(d+1)% (t]i1...in) in‘Q..x,i,“ v;/here the sum is over all n—tuples (iy,...,in) with sum d.
Let - |
| {sil...in.l (ig---sin) is an n—tuple of nonnegative integers with sum d } be a\basis of
| S* and let uy,...,un be a basis of U* Together these form a basis of (UeS)*
" By (a), (b) and 1§21 with this choice of basis the polynomial map W-F correspondmg to
| is of the form | |
(s)u up® where the sum is over all n—tuples of nonnegative integers
v(il,...,ln) W1th sum d, and each li;...in(s) is a linear for’m'in the iy
- If the forms were not linearly independent then ¢ would be degenerate. So these
- forms are linearly independent, and we can make an invertible linear ché.nge 6f variables
(5) » (d+1)(tlir.in) -

u.l H xji

111

-completing the proof of the lemma.o

We isolate condition (b) of Lemma 1.2. |
1.3 Deﬁmtlon Let ¢ Wd*1 4 F be a (d+1)-multilinear form. Then we define |
B ; T(¢) = { teW : ¢(t t,w3,...,Wq,,) =0 for all ws,.. ,wdﬂeW }.
1.4 It is easy to see, by an argument like that of 2§1.14, that
for all TeGL(W) T(T¢) 7T(¢)
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We investigate T(¢) for the hyperbolic form v, and characterize it in terms of the

Lie algebra of . o
1.5 Lemma: (i) T('w) ={(0,0):0¢ ©d(V) } and in terms of its Lie algebra
C )T = {weW: L), L lw=0)
Proof: (v,0) € T(¥) # ¢ (v,0),(+,0),(0,05),(,0),...(v,0) ]=0 for all 65, and so v=0.

| Clearly (0,8)eT(¢) so we have proved (i). In 4§2.12 we calculated the first derived algebra
of the radical of L(¢): ' _ -
o - (0 0 '
[ L(¥)r,L(¥)c ] consists of all endomorphisms of W of the form [C 0] such that
.. the map 'WA*L.F defined by C(wq.)(wy,...,wq) has |
: 0 0)(0 . -
- —shaped symmetry. Clearly c ollel =0 Suppose that v#0. Then since dim(V)>1,
0 , | - | .
there is a basis vy,...,vn=v of V with n>1. Let Xy,...,xn be the dual basis of V . Consider .
the element of the first derived algebra of the radical of L(9) corresponding to the form -
(x1©...0x1)®xp — (xnexlle...®x1)®x1. Then (Cv)(vy,...,v1)=1#0. So when v#0 (v,6) is
not killed by [ L(%): , L(#): ] and we have proved (ii).o

Now we turn our attention to the form §: Wd*t 5 F for which we have some

oeGL(Wy) such that 6 = 0.9y
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16 Lemma: = T(f) = { weWp : [L(8)e, L(f)e Jw =0}
Proof: By 8§14 . » ,
T(6g) = 0. T(yy). By 481.6(ii) L(6y) = o.L(¢).0"L Also conjugation by o maps
the lattice of solvable ideals of L(6y) isomorphically onto the lattice of solvable ideals of
o L(¢k). Therefore | _ _
L(¢K)r = 0LL(fg)r.o and
[L(6g)r, L(O)e]-w =0
iff o-L[L(0)r, L(0g)i-0.07Lw =0
iff [oLL(fg)r.0, o LL(fg)r.0].07tw =0
| iff [L(¢g)nL(¥g)d.otw =0
| A Qlﬁch by Lemma 1.5 means that o-tw e T(¢y) ie. we a.T(¢'K) = T(fg) | by 1.4.h

In the next Lemma we show that for any peGL(W), T(p.d) can be char&cteriéed
similarly in terms of the radical of the Lie algebra of p.8.
17 Lemma  For any peGL(W) T(p.0) = { weW : [L(p.0); , L(p.0)]w =0} a
subspace of W with dimension equal to dimg( @4(V) ). | |
Proof: We have for all peGL(W)
(A)  L(p.fg)r = L(p.6):pK [CHE2 p107 Prop3] or [BOU §5.6].
(B) L(p.0g) = L(p.O)pK [CHE1 pl20 Prop2].
Define the linear map |

a: W - Homg( [ L(p.0)r, L(p.0): ], W)

by a(w)(f) = f(w). We will prove the lemma by showing that kera = T(p.6).
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- Applying —-@K we obtain
ol : Wy » Homp( [L(p.0)c , L(0.0): ], W) g K. Now
Homp( [L(p.0)c , L(p.0):] ,W ) g K

© Hompy( [L(p.0)r , L(p.0)]gK , Wi )

2 Homy([L( (.0 )r» L((0.0)g )] , Wi ) by (A) and (B).

By Lemma 1.6 the kernel of a®1'is T( (p.0)y ). Since K|F is flat, ker(a®1)='kera?K. It

follows that kera C T(p.6). The canonical embedding | " |
W~ Wy maps T(p.0) into T( (p.0)g ). If kera# T(p.0) then we contradict
dimpker(a) = dimpker(a®l) = dimp T( (p.0)g )-0

- We have established that
for every peGL(W) the form p;() satisfies (a), (b) of Lemma 1.2 |
Now we try to find peGL(W) such that p. 0 also satisfies condition (c) of Lemma 12
 In 4§§2.7-2.12 we calculated L(yy). We found in 4§2.10 that if
XeL(yy) then, by Lemma 2, X.T(yy) C T(¥). By 4§1.6(ii) and [CHE1 p129,
" Prop2] we have A _ | _
L(8) = L(o-9) = o.L(¥ )0 and L() = L(O)gK. Also by 1.1
T(0g) = T(o.9g) = o.T(Yg) so '
XeL(0x)
& Xeo.L(Py).ot
& oXo e L)
» o Xo.T(vy) € T(¥g)
3 X.oT(¥y) C oT(¥y)
3 X.T(0g) ¢ T(6g). Now L(f)=L(f)gK and by Lemma 1.7
T(0x) = T(6)gK, and T(0) is a subspace of W. Therefore
X.T(6) ¢ T(§) for all XeL(6), and we have a homomorphism of Lie algebras



104

L(6)+ g W/T(0)).

18  Lemma The above canonical homomorphism of Lie algébras is an’
epimorphism. } '
Proof: By 4§2.11 we know that the canonical homomorphism of Lie algebras

L(vg) + #( Wy /T(¥g)) is an epimorphism. The following square commutes:
o.L(0g)-0"=L(¥y ) —— s W [aT(0y) ) = AW /T(¥g) )

L( 0K)—'* f/( WK/T( 0K) )

The horizontal maps are the canonical ones; the upward map is f+ of.c; and the
downward map is f» 7117, All the homomorphisms in the squaré, éxcept perhaps the
bottom one, aré known to be epimorphisms, so the bottom one is too. Bﬁt
L(0) 2 L(OEK and pA Wy /T(0) ) ¥ A W/T(6) )gK
so the bottom epimorphism comes from applying ___@K to the homomorphism
L(0) » g/ W/T(6) ). Since K|F is faithfully flat the proof is finished. o
1.9 Let U be a subspace of W complementary to T(6): |
W = U @ T(d). We will write endomorphisms of W as matrices '
‘é g] where A, D are endomorphisms of U, T(6) respectively, and C: U - T(0) is
a linear map. By Lemma 1.8 there is some ((13 ]% ] e L(6). So
| for all ueU, teT(6) '
B fi-(i)1-
&0 Cu-lil-Dt]’ltl""’(ltl J=0 - - |
1:20[ g),,[g] ]+ 0] [Cu-?—Dt]’(bl].""’(g] | +dé| (g),,(g],[g) ] = 0 because |

'F has characteristic zero and T(4) is a subspace of W, so that 1§21(i) applies. Since F has

-

characteristic zero, we deduce from 1§20 that the terms of degree 1 in t, and d in u sum to |

Z€10:
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f{ (Dt-?— dt] ,(3),,(3] ]=0. Since ¢K is nondegenerate HK is too, hence so is 6. By
definition of T(4) and after an application of 1§21(i) we conclude that
| Dt=—dt. Therefore we have o
[(13 _g) € L(0). Let
p= (—(d+1§'10 (1) e GL(W). Note that
T(p.6) = pT(6) = T(6). Also '
L(p.0) = p.L(6).pt , so we have
p[é _g] pt= (3 _g] ¢ L(p.6). Tt follows that for all ueU
(o) [ _g] [g](g][g] =0 ie.
(p.0) g),,[g] ] =0 forall ueU.

This completes the proof of the proposition. | ' o

2 Let R be a complete discrete valuation ring with parameter 7. Scharlau [SCHA
'p26,Thm6.13] shdws that a symmetric bilinear form over the residue field R/#R lifts:

uniquely up to equivalence, to a symmetric bilinear form over R. This is not true in degree

- d>3 as the following example shows.

2.1 Example:  Consider the following symmetric d—multilinear forms
0,0: (R3)d 2 R defined below.

Let ej,eg,e3 be the usual basis of R3.

Define |
(e 13e0e.3) = 1 if al=...=ad
al™""ad? _ 0 otherwise.
Define for al<...<ad
| e ...e ) =1if al=..=ad
ool ad’” _ r if al=1, a2=...=ad=2
= 7 if al=2, a2=..=ad=3
= 0 otherwi se.

Clearly ¢ and 6 are equal mod 7R. It is easy to see that ¢ is nonsingular, and that the

projections onto the submodules Re; are in the centre of ¢. We will show that @ is
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nonsingular and has trivial centre. Then it follows that <pv and @ cannot be equivalent.
,2.2 We show that @ is nonsingular. The quotient field K of R is complete w.r.t. the
unique extension of the given valuation to K. Let 2 be the algebraic closure of K. Then
' [LANG p291,Prop4] the valuation exténds uniquely to Q. If #is singular then there exists
x=(x1,X2,x3) € 23 with x#0 and

(1) 0= d(x,..,x,e;) = x4t + mxpd-t _

(2) 0= 4d(x,...,x,e2) = xd-t +(d—1)wx1i2d'2 + mx3d-1

(3) 0=dx,..,xes) =x3d1 + (d—1)7rx2)£3d'2 .

If x,=0 then by (1), x;=0 and so by (2) x3=0. Suppose that x2#0. Then

(9 (u/x)ier=0

(5) 1+ (d-1)m(xs/x2) + m(x3/x2)d1=10

(6)  (xa/xz)dt + (d=1)n(xs/x2)d2 = 0
I (x3/x3) = 0 then by (5) and as d—1#0, we get ord_(x1/x2)<0. But we also have by (4)
that ord_(x,/x2)>0. Therefore x3/x; #0 and hence from (6) | |
(7)  xs/xs + (d-1)7 = 0, with d-140. By (4) ord (xi/xs) > 0 and by (7)
'ord7r(x3/x2)>0: together these contradict (5). It follows that x2=0, 50 as observed above

X1=X9=x3=0.
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2.3 LetL be ahy field ektension_of K. Let 0L: L3- L denote the extension of 4. We will
show that the centre of 0L is L This is elementary linear algebra. Taking coordinates w.r.t.
the usual ordered basis ejeses; of L3 we will represent endomorphisms of L3 by matfices.
Suppose that A = (a{j)eMs(L) is in the centre of 0] .

BL(Ael,e2,e3,...,e3) = 0L(e1,Ae2,e3,...,e3) =0, so

M) an=0.
0 = 0; (Aesezey....e) = fp (enAezey,....e1), 50
(2) ag;=0.
0= 0L(e1,Ae2,e3,.e2,...,e2) = 0L(e1,e2,Ae3,e2,...,e2), SO
(3) a23=0. | | |
' 0L(Ae1;e3,e3,...,e3) = GL(eI,Aeg,eg,...,eg) =0, o
(4) ax=0.

OL(.Ael,ez,el,....,el) = 0L(e1,Ae2,e1,...,e1) so if d=3 maz;=ays, and if d>3 0=a,, ; but since

‘ by (4) .8.21=0

(5) 212=0.
. '0L(Ae2;e3,e§,e3,...,e3) = 0L(e2,Ae3,e2,e3,...,e3) so if d=3 mazy=mais+ass, and if d>3
mazs=0 ; but since by (2) a13=0,vand by (3) a3=0, in any caée »
~ (6) a32=0.
0L(Ae1,e2,e2,...,e2) = OL(el,AeQ,vez,...,e_g) SO matag=Tmasn dnd S0 by (4)
(7). ap=aj. |
0; (Aezesses,....es) = éL(eg,Aea,e3,...,e3) 50 Tase+azy=maz; and so bvy (6)
(8) azo=azs. i | .

We conclude that the centre of 4 is L. _ - s
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3 The main result of this part is that any nonsingular ternary cubic form f over a field
of characteristic zero is of the form
| f(uy,uz,u3) = det( ujoytusaotusas ) where ag,ag,a;3 are 3x3 matrices with entries in
the algebraic closure of the ground field.
Let F be the ground field, and let K be the algebraic: closure of F. Let F be of
characteristic zero. | | | |

3.1  Van den Bergh [VDB §3 Thm2] showed that given any nonsingular ternary cubic

" form f, over a field of characteristic zero, its Clifford algebra has a rank 3 linearization.

This ammounts to finding three 3x3 matrices a;,a2,a3 with entries in the algebraic closure |
of the ground field, such that |

(uiq + u2as + uszas )3 = f(uy,uz,uz)l for a;ll u3,s,u3 in the ground field.
3.11 Remark: Notice that if, for a nonempty Zariski open subset of points
(ull’,uz,us)eAii,. the minimal polynomial of u;a;+usa+usa; were equal to its characteristic
polynomial then we would have | |

f(uy,uz,u3) = det( uia; + w202 + usas ) for all ujuzuz in the ground field.

3.2  Definitions: Let }(tl,...,tn) be a form of degree d with coefficients in F. Let _
F{;ﬁl,...,xn} denote the free noncommutative F—algebra generated by the indeterminates
X1,...,Xn. Let It denote the 2—sided ideal of F{xi,...,x,} generated by

{ ( Zuix;)3 — f(ul;...,un) : (u1,...,un)eF;n } . The Clifford algebra Cs of the form fis
F{xy,...,xn}/Is. | | |
A rank m linearization of Ct is an F-algebra homomorphism
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© As stated in 3.1, Van den Bergh showed that for every nonsingular ternary -cubic form f
over F, Cs has a rank 3 linearization
p: Cgo M;3(K). By Definition 3.2 this means that there exist ay, ag,a3 € M3(K)
such that | '
| (njatugastuszas)d — f(ujuzu;) = 0 for all ujuauzeF, so that we can put
p(xi)=ai. |

~ 3.3  Proposition: ' Let feF[t,,t2,t5] be a ternary cubic form. Suppose there are _

ay,a,a3eM3(K) with
(ajui)3 — f(uyugus)l = 0 for all (uy,upus)eF3. Then if f is not a cube in
Kltytats] |
| det( Euidi ) = f(uy,uzus) for all (u,,uz,ﬁ3)5F3.
~ Proof: Since ( Zujes )3 - f(ujupua)l = 0 for all (ul,ug,u3)6F3, and F has
vcharacteristic zero, we know, by 1§20, that this equation is in fact true for all
' (u,,ug,ug) eK3. We will show that the minima_l polynomial of Zuja; has degrée 3.
Define the map a: Aﬁ - M3(K) by
a(uguguz) = Zuje; . « is a morphism of affine algebraic vzirieties over the
algebraically closed field K. We will prove that: |
 (1) * The subset of M;3(K) consisting of matrices with minimal polynomial of degree 3 is
Zariski open. : V
"~ (2) The inverse image under a of this 6pen set is not empty.
Then it follows by Remark 3.1.1 that det(Zuja;) = f(uy,uzu3) on a nonempty Zariski open

subset of A3 , and hence on its Zariski closure Ag .
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" Proof of (1): Consider the pairs XeMp(K), (xo.....: x,.JePa-t with

xo 4+ XX + ... + x,.Xn-1 = 0. The above matrix equation amounts to the vanishing
j of n? polynomials in the entries of X and the x;, and these polynomials are all linear .in the
"i Xi Therefore by [SHA p44 Thm1] these pairs form a Zariski closed set in Mny(K)xPn-t. The
image of this closed set under the projection onto Mp(K) is exactly the set of matrices
- whose minimal polynomial has degree less than n. By [SHA p45 Thm3] this image is a
Zariski closed subset of Mny(K). This proves (1) - a
- Proof of (2): Suppose that none of the matrices Zujoy with " (uguzus)eK? has
minimal polynomial of degree 3. We argue towards a contradiction.

Define Yb = { (uy,uz,u3,x) eAI% : x3—f(uy,ugu;) =0}

First we show that Y is irreduci'b.le. '

'Y reducible < x3—f(uy,uq,u3) splits into factors in K[u;,uz,ug,x].

One of these factors is linear in x so that f(ul;ug,ug) is a cube in K[ﬁl,ué,ua_], a
. contradiction. Therefore Y is irreducible and so is its Zariski open subset U = {
(ﬁ,,ug,u3,x) €Y : x#0 } '

Deﬁne f: U - Ms(K) by v(ll1,ll2,113,x) h (1/x)(u1a1+u2a2+u3d3). Then every
metrix in the image of g s.atisﬁes t3—1=0. Since we have assumed that every matrix
ujaytuzaztuza; has minimal polynemial of degree <2, the same must be true of every
matrix in the image of 4. Let w be 5 primitive cube root of ‘1. Set

Pt =(t-1) (b= Pot)=(t-1) (102 pa(t)=(t-w)(t-2).

Since U is irreducible, for some i=1,2 or 3 we have:

every matrix in the image of § satisfies pi. | _

If A = (1/x)(uieq+usaetusas) € image(f), then also (1/w)A € image() and both A
| v:and (1/w)A satisfy pi(t). Therefore A satisfies two distinct monic degree 2 polynomials

.Pl(t) and w?pi(t/w) ,so A is scalar.
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The condition: uja;+usas+uszas is scalar defines a Zariski closed subset of Aﬁ , and
f(u1,uz,u3)#0 defines a Zariski open subset of Aﬁ : S0 uia+uzaptuzas must be scalar for
all uujus in K. But then (Zujo;)® = f(ujuzu;g) for all ujuguz in K means that,

applying 1§20, f(t;,t2,t3) is a cube in K[ty,ts,t3], contrary to assumption.n
APPENDIX TO PROPOSITION 1.1
Descent of hyperbolicity also holds for binary forms.
Proposition: Let d > 2 be an integer. Let F be a field of characteristic zero. Let

f(X,Y) ¢ F[X,Y] be a form of degree d+1. Let K|F be a field extension. Suppose that
@B GLy(K) with ( aX + BY )( /X + 6Y )d = {(X,Y). Then there exists

76
201 ¢ GLy(F) with (aX +bY )(cX + e¥ )d = f(X,Y).
Proof: If § = 0 then £(X,Y) = ( @ydX + f+dY )Xd , and [‘f’fd gﬁ] ¢ GLy(F) as

f ¢ F[X,Y]. So the proposition is true in this case, and similarly if ¥ = 0. Supppse that

v+ 0and 6 # 0. Not both a and  are zero. By symmetry in X and Y we may suppose
at0. Wehave 0# ayd ¢ F. Let Z=X/Y,and put g(Z) = (Z + B/a)( Z + §/7)d. Then
g € F[Z]. Since F has characteristic zero the minimal polynomial of §/a over F contains no
repeated roots, so it is either (a) Z + f/a or (b) (Z + B/a)(Z + 6/v).

In case (a) f/a ¢ F and dividing g by Z + f/a we have ( Z + §/v )d ¢ F[Z]. Because F
has characteristic zero /6 ¢ F. In case (b) dividing gby ( Z + B/a )( Z + 6/y) we have
(Z + 6/a)d-t e F[Z] , with d—1 > 1. So 6/v € F because F has characteristic zero. On
division of g by ( Z + /6 )d we conclude that §/a ¢ F. In each case we have f=xa, §=
y7y with x,yin F; and f(X,Y) = ( aydX + xaédY)( X + yY )d. f ¢ F[X,Y] so |

[?7" ’y‘“&d] ¢ GLy(F).0
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