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Abstract

The recent sub prime crisis has resulted in an increased focus on risk man-
agement and monitoring in the financial industry. One of the essential com-
ponents of risk management and monitoring is a reliable ex-ante covariance
matrix of various financial time series. Therefore a reliable model which can
handle a large number of time series is required to calculate an ex-ante or con-
ditional covariance matrix. Some of the more common models used for this
purpose are multivariate GARCH models. However, their use is restricted
in practice as they are typically limited to modelling only a small number of
time series.

A group of conditional covariance models which overcome this limitation are
orthogonal factor models. Three specific orthogonal factor models are inves-
tigated in this thesis, namely the O-GARCH, O-EWMA and O-SV models.
Moreover, a number of adjustments which can be made to the data and var-
ious model output are examined. Finally the suitability of the method used
to calculate the factors is investigated.

The models are fitted to two different types of data. The first data set con-
tains the returns of seven shares listed on the Johannesburg Stock Exchange
and the second contains the exchange rate returns of five major currencies
with the South African Rand. The three models of interest and the various
adjustments are investigated in the context of these two data sets.

It is very difficult to make any definite conclusions from the results as it is
not appropriate to assume that the results would generally be true for any
financial data set. Although the results cannot be used to draw any definite
conclusions, they do give some indications which can be further tested. For
example, the results suggest that overall one of the three models is preferable,
namely the O-SV model.
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Chapter 1

Introduction

1.1 Background

Risk management and monitoring have become increasingly important in the
financial industry, especially after the recent sub prime crisis. This includes
internal monitoring, regulatory requirements and client requests. One of the
essential components of risk management is a reliable ex-ante covariance ma-
trix of the relevant asset returns. An ex-ante measure is essential because a
forward looking measure is preferable to a historic measure as historic risk is
not necessarily a good predictor of future risk. A few of the purposes of the
covariance matrix in risk management and other applications in finance are
briefly discussed.

The ex-ante covariance matrix is required to calculate the ex-ante tracking
error of a fund. This is often requested by clients and it may also be speci-
fied in a fund’s mandate that the tracking error must remain within a certain
range to ensure that the level of risk in the fund is appropriate. Another pur-
pose is diversification, whereby an investor can use the covariance matrix to
determine which assets may help to lower the overall risk of a portfolio. Fur-
thermore the covariance matrix may be used to assist with asset selection,
where investors or fund managers need to decide on an appropriate com-
promise between the returns and the risks. In this context the variance of
the portfolio’s returns is commonly used to measure risk. Another common
measure of risk is Value-at-Risk (VaR) which is often calculated assuming
normality of the returns, in which case the covariance matrix of asset returns
is required to compute the variance of a fund. Besides these purposes men-
tioned there are many more, such as asset pricing, pairs trading, hedging and
so forth.



Moreover the need to calculate a covariance matrix is not restricted to that
of asset returns. The covariance matrix of some other quantity may also be
necessary, for example exchange rates returns. Even though an exchange rate
is not an asset in and of itself, it affects the value of a portfolio which holds
assets in a variety of currencies. Therefore the correlations of the relevant
exchange rates are important. For the the above reasons, and many others,
it is vitally important for stake holders in the financial industry to model the
variance and correlation of the returns of various financial quantities.

It is common practice to use a multivariate GARCH (generalised autore-
gressive conditional heteroscedasticity) or factor model to determine the ex-
ante or conditional covariance matrix. In some cases a multivariate GARCH
model may also be a factor model. A recent review of the multivariate
GARCH and factor models commonly used in practice to model covariances
are given in Bauwens et al. (2006). The main models discussed include, inter
alia, the vectorised GARCH (VEC) of Bollerslev et al. (1988), the BEKK
of Baba, Engle, Kraft and Kroner (Engle and Kroner, 1995), the constant
conditional correlation (CCC) of Bollerslev (1988), the dynamic conditional
correlation (DCC) models of Tse and Tsui (2002) and Engle (2002), the full-
factor multivariate GARCH of Vrontos et al. (2002), the orthogonal GARCH
(O-GARCH) model of Ding (1994) and Chibumba and Alexander (1996) and
the generalised orthogonal GARCH (GO-GARCH) model of van der Weide
(2002). Another important model that was introduced after 2006, models the
multivariate volatilities via conditionally uncorrelated components (CUCs)
(Fan et al., 2008).

1.2 Rationale for using an Orthogonal Factor
Model

There are two major problems with many meaningful multivariate GARCH
models. The first is the large number of parameters which need to be es-
timated and this number typically increases quadratically with the number
of time series being modelled. Due to the large number of parameters, the
likelihood function will be fairly flat which results in convergence problems
in the optimisation routines that make it difficult to accurately estimate the
parameters (Fan et al., 2008). Hence many of these models are only used
in circumstances where there are only a few time series being modelled and

2



this greatly restricts their use in practice. The second major problem is that
many of the multivariate GARCH models require constraints imposed on
them to ensure that the covariance matrix generated by the model is in fact
positive semi-definite. This is a necessary but not a sufficient condition for
a matrix to be considered a covariance matrix.

A multivariate GARCH and factor model which avoids both of the above
problems is the orthogonal GARCH model (O-GARCH). This model was
first suggested by Ding (1994) in his PhD thesis and then developed by
Chibumba and Alexander (1996). A more general form of this model is con-
sidered in this thesis, that is a class of orthogonal factor models.

Orthogonal factor models overcome the problem that only a few time series
can be modelled simultaneously and the positive semi-definite restrictions.
Additionally the orthogonal factors are constructed out of principal compo-
nent scores which has the benefit of ease of implementation.

1.3 Aims of the Thesis

It is apparent that many papers written on covariance factor models have
focussed on testing various methods of calculating the factors. However, only
one method is used to construct the factors in this thesis, that of principal
component scores. This approach is chosen due to its simplicity and relative
ease of implementation which ensures its suitability for wide usage by the
relevant market participants. Therefore as opposed to focussing on differ-
ent methods of calculating the factors, the focus of this thesis is on finding
alternative methods to improve the model fit. These methods involve investi-
gating different ways of modelling the conditional variance of the factors and
testing various methods of adjusting the data and model output. The reason
for this focus is to retain the simple idea of principal components while still
attempting to find other methods to improve on the model.

Therefore the aims of this thesis are:

1. To provide a detailed understanding of both the theory and steps neces-
sary to implement an orthogonal factor model to ensure understanding
and ease of implementation. This is necessary as a review of the liter-
ature suggests that the model steps of a general factor model have not
been described in detail. In general, papers focus on a specific model



and even then the steps of the specific model are typically not described
in sufficient detail to ensure easy implementation in practice.

2. Both van der Weide (2002) and Fan et al. (2008) suggest that the
principal component method has a number of problems associated with
it. Therefore one of the aims of this thesis is to try to ascertain whether
this choice of factors has a negative impact on all the orthogonal factor
models when fitted to the data sets in this thesis.

3. To analyse and compare three different orthogonal factor models and
the various model adjustments in the context of South African data.
This includes examining the reasonability of the results.

4. Additionally the models are fitted to two data sets to determine if there
is much of a difference in the appropriateness of the models when fitted
to different data types.

1.4 Outline of the Thesis

A broad overview of general multivariate factor models, the model form and
notation are given in Chapter 2. Furthermore, this chapter briefly discusses
a few of the commonly used factor models. Chapter 3 gives an overview of
the theory behind a general orthogonal factor model and describes the three
specific orthogonal models tested in this thesis in more detail. The various
adjustments made to the data and model output are given in Chapter 4.
Chapter 5 investigates the properties and characteristics of the two data sets
used in this thesis. In Chapter 6 the results of the conditional mean models
fitted to the data sets are analysed. Chapter 7 is devoted to the resulting
model parameter estimates and their interpretation. Chapter 8 reviews the
model results in their entirety, as well as comparing the different models
and the various adjustments. In conclusion, Chapter 9 discusses the aims
achieved in this thesis, as well as future work which is beyond the scope of
this study.



Chapter 2

Introduction to Multivariate
Factor Models

In this chapter a general factor model is described along with some of the
more commonly used factor models. The main differences between these
models are the methods used to construct the factors which give rise to the
estimated covariance matrix.

2.1 Overview of the Model and Notation

In this thesis the factor models will be fitted to two different types of data.
The first data set contains stock market prices and the second exchange rates.
These time series generally display a trend over time so they are converted
to log returns to remove the trend. However, even after the trend has been
removed these log returns are typically non-stationary. This is because the
volatilities and correlations change over time. Therefore in the present study
these quantities are allowed to change over time by modelling the conditional
volatilities and correlations where the conditional information is a data set
containing all the log returns up to the current time point.

Hence to calculate the conditional volatilities or correlations the conditional
means first need to be removed. In this thesis the conditional mean is esti-
mated by fitting an autoregressive moving average (ARMA) model or vector
autoregressive (VAR) model to each series of log returns. The fitted resid-
uals of the ARMA or VAR model should have a zero conditional mean.
These residuals can then be used as they are or, as suggested by Alexan-
der (2003), Tsay (2005) and Fan et al. (2008), they can be standardised or
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whitened. However any two series of residuals (whether adjusted or not) will
typically have non-zero conditional correlations so the conditional volatilities
and correlations of all the series would need to be modelled together, that is
a multivariate model is required. To overcome the difficulties of multivariate
volatility modelling the residuals can be converted to factors where any pair
of factors have zero conditional correlations over time. These factors may
be standardised by multiplying each factor by a constant which means that
the standardised factors retain the property of zero conditional correlations.
This allows the conditional volatility of each series of standardised factors
to be modelled separately with a univariate model. The standardised fac-
tor volatilities can then be reverse engineered to determine the conditional
volatilities and correlations of the log returns, which are used to construct
a conditional covariance matrix. This process is summarised in Figure 2.1
along with an introduction to some of the notation used.

2.2 Mean and Covariance of Returns

The modelling process and notation are now considered in greater detail.
Let z; be a column vector of the log returns of N assets (or some other
quantity such as exchange rates) at time ¢ with ¢ = 1,2,--- 7T such that
z¢ = (214, 206, + » 2n¢) ! where z; is the log return of the ith series at time
t. Although the log returns z; are not stationary because the covariances
are assumed to change over time, to simplify matters they are assumed to be
stationary for the purposes of calculating the unconditional mean and covari-
ance matrix. Therefore assuming that z; is stationary let the unconditional
population mean and covariance matrix be denoted as

Elzi)] = p an N x 1 vector
Var(z) = S an N x N matrix

with the sample estimates of the mean and covariance matrix given by i and
S respectively.

However, the main focus of this thesis is on the conditional covariance matrix
and therefore the information sets upon which the data are conditioned need
to be defined. Let F; be the information set available at time t (that is a
o-algebra generated by {z¢, z¢—1, -+, z1}). Let the conditional mean and
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Figure 2.1: Flow Chart of the Modelling Process and Notation
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covariance at time ¢ be denoted as

E[Zt|Ft—1] = Mt
Var[zy F;—1] = St

with the sample estimates of the conditional mean and covariance given by
i and S; respectively.

In theory the conditional mean of asset returns should be zero otherwise a
trader could estimate the return at some time point in the future using the
information today. If this were possible then arbitrage opportunities exist
and markets would be considered to be inefficient. However in practice if a
conditional mean is fitted to the data it may be statistically significant (i.e.
not zero). This could be because some markets may not be as efficient as
hypothesised (e.g. less liquid third world stock markets). Futhermore, re-
gardless of the market, if the asset is thinly traded then it is likely to have a
non zero sample conditional mean. However perhaps a more common reason
for obtaining a non zero estimate of the conditional mean is that there may
be a few extreme returns adjacent to each other which can induce a non
zero conditional sample mean. Thus in practice there may be a statistically
significant conditional mean and therefore for the purpose of calculating the
conditional covariances this mean needs to be removed.

2.3 Mean and Covariance of the ARMA or
VAR Residuals

There are a number of methods which can be used to estimate the conditional
mean. For example an autoregressive moving average (ARMA) model could
be fitted to each series of asset returns or a vector autoregressive (VAR)
model fitted to all the series collectively. Therefore the conditional mean
corrected series of log returns are given by

e = Zy— gt an N x 1 vector

which is essentially a vector containing the innovations of the ARMA or VAR
model. However the actual residuals are never known and only the sample
innovations can be observed as

€ = 2z — [t an N x 1 vector.



These sample innovations é; are a function of gi; which in turn depends on
the estimated parameters in the ARMA or VAR model. Therefore the sta-
tistical properties of the sample innovations depend on the method used to
fit the ARMA or VAR model. Hence the means and covariances of the the-
oretical residuals e; are considered instead of the sample residuals as these
are not dependent on the method of fit. For practical purposes it is assumed
that the sample residuals €; have the same conditional and unconditional
means and covariances as the actual residuals e, which is not an unreason-
able assumption to make.

The conditional means of the residuals e; are zero because the residuals are
constructed by removing the conditional mean from z;. Similarly the uncon-
ditional mean is also zero because E[us] = p = E[zy).

The conditional covariance of the residuals e; is the same as the conditional
covariance of the log returns z; because removing the conditional mean has no
impact on the conditional covariance. However the unconditional covariance
matrix will not be the same. So let ® be the unconditional covariance of es.
Therefore assuming that the means and variances of €; and e; are the same

Elé] = 0 an N x 1 vector
Varléy] = ® an N x N matrix
E[é|F,-1] = O an N x 1 vector (2.1)
Var(éy|Fi—1] = St an N x N matrix (2.2)

such that & is the sample estimate of ® and as previously mentioned S, is
the sample estimate of S;. No symbols are required for the unconditional and
conditional sample means as they will always be exactly zero by construc-
tion. It is obvious that the conditional sample mean will be zero because €; is
constructed by removing the conditional sample mean. However the reason
that the unconditional sample mean is zero is because the ARMA or VAR
model is fitted so that the sample residuals have an unconditional sample
mean of zero.

2.4 Mean and Covariance of the Adjusted ARMA
or VAR Residuals

Before the residuals é; are converted to factors they can be standardised
or whitened as suggested by Alexander (2003) and Fan et al. (2008). This
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is done by adjusting the residuals by the unconditional covariance matrix L3
such that the adjusted residuals can be represented as a linear combination of
the unadjusted residuals €;. These adjustments are discussed in more detail
in Section 4.2. Therefore let y; = (y1s,yor, -+ ,ynt). be used to represent
the adjusted residuals such that y; is a linear combination of the ARMA or
VAR sample innovations é; with

y+ = Bé
= Bz — i) an N x 1 vector (2.3)

where B is an N x N invertible matrix. In the case where B is the identity
matrix y; will simply be the unadjusted residuals é;.

Some statistical properties of the adjusted residuals should be noted. Both
the conditional and unconditional mean of y; are zero because any linear
combination of the sample innovations €; will have a zero conditional and un-
conditional mean since the innovations é; themselves have a zero conditional
and unconditional mean. The same reasoning applies to the unconditional
and conditional sample means.

On the other hand the unconditional and conditional covariance matrices of
y¢ and €; will differ unless B is the identity matrix. Let V be the uncondi-
tional covariance of y; and let the sample estimate of the covariance be given
by V. Hence

Elys) = 0 an N x 1 vector
Varlyg) = V an N x N matrix
= B®B”.

Similarly let V; be the conditional covariance of y; so that

Elys|F,1] = 0 an N x 1 vector
Varlys|Fi-1] = V4 an N x N matrix
= BS,BT.

where the sample estimate of the covariance V; is given by V;.
Therefore the data are now in a suitable form to be converted to factors.

This is because the general drift has been removed, the conditional mean is
zero and the residuals have been standardised.
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2.5 Factor Model

In the factor models adopted in this thesis it is assumed that a series of unob-
served variables or factors exist which are related to the adjusted residuals y;
in some respect. The adjusted residuals y; are assumed to be a linear com-
bination of the latent variables or factors x; with @y = (214, Tor, -+, one)T
where x;; is the i'" series of latent factors at time t. The adjusted residuals
and factors are connected via an invertible matrix A such that

Yyt = Axy (2.4)
for times ¢t = 1,2, --- ,T. Therefore £y = A~ 'y, which implies that

ElziFio] = E[A 'yl F]
=0 since Ely|F;_1] = 0,

that is the conditional mean of each of the factors is zero. Since the condi-
tional mean of y; is zero, the conditional mean of x; will also be zero because
x; and y; are linearly related. As a result the unconditional mean of x4 is
zero because E[E[x|F;_1]] = E[x¢]. Alternatively one could reason that the
unconditional mean of @; is zero because E[xy = E[A 'y, = 0.

Similarly the conditional covariance of the factors x; can be represented in
terms of the conditional covariance of the adjusted residuals y;. Let Dy be
the conditional covariance matrix of x4 so that

Var[a:t|Ft_1] = Dt
= VCLT[A_lyt’thl]
= Ay, (A an N x N matrix

and let Dy be the sample estimate of D;. The unconditional covariance ma-
trix of the factors x; will be discussed in more detail at a later stage within
the specific context of an orthogonal factor model.

Recall that a requirement of the factors x; is that they are constructed in
such a manner that any pair of factors are conditionally uncorrelated. This
is to allow each factor to be modelled with a univariate model instead of
modelling the data collectively with a multivariate model. By conditionally
uncorrelated it is meant that Cov(z, x| Fi—1) = 0 for i # j and for all times
t =1,2,---,T. This assumption implies that the off diagonal elements of
the conditional covariance matrix Dy are zero. Therefore let the conditional

covariance matrix Dy = diag{c%} where o2 is the conditional variance at
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time ¢ of the i latent factor (i.e. Var[zy|F,_1] = 02).

A probability distribution of the factors is also required in order to model the
conditional variances 7. However the distribution of the factors will depend
on the distribution of the ARMA or VAR residuals as the factors are a linear
combination of these residuals. It is common practice to assume that the
residuals of an ARMA or VAR model are normally distributed. However,
in this thesis it is assumed that the conditional distribution of the ARMA
or VAR residuals are normal as it is the conditional distribution which is
required in the factor models and not the unconditional distribution. Since
the factors are a linear combination of the residuals they will also be normally
distributed as a linear combination of normally distributed variables is also
a normally distributed variable. This result can be represented as

mt|Ft_1 ~ N(O, Dt) (25)

Finally the factors ; may be standardised using an invertible, diagonal ma-
trix W = diag{w;;}. Since the matrix is diagonal, standardising the factors
is equivalent to multiplying each factor by the same constant at every time
point. Therefore let uy = (uys, Uy, - ,une)? where uy is the 7" series of
standardised latent factors at time t with u;; = w;x;;. Therefore both the
unconditional and conditional mean of the standardised factors are zero and
the conditional covariance matrix is
Var[ug|Fi—1] = Var[Wa|F,_]

= Var[WA 'y |F,_4]

— WA—I W (A—I)TwT

= WDW?" an N x N matrix. (2.6)

Therefore the standardised factors are modelled as
u|Fi_y ~ N(0,WD,WT). (2.7)
On the other hand the unconditional covariance matrix of u; is not relevant

to the model so it is not discussed.

Hence if a model is chosen for the conditional variances of the standardised
factors u; then an estimate of D, can be obtained using the relationship in
equation (2.6) to give

D, = (W HhVarfuF,_ (W)™t (2.8)
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Furthermore the covariance matrix Dy can be reversed engineered to deter-
mine the conditional covariance matrix of the log returns z;. Therefore V;
can be estimated in terms of Dy using the relationship in factor model (2.4)
to give

Vi = VarlyFi-i]
= Var[AzFi_i]
= AD,A". (2.9)

Consequently an estimate of Dy will provide an estimate for V;. However
what is required is the conditional covariance matrix of the log returns z;
which is S;. St can be computed as a function of V; by invoking the result

Sy = Var|zdFi 4]
= Var|é|Fi_4]
= Var[B 'y Fy_4] using equation (2.3)
— B—l ‘/t (B_I)T.

Therefore S is related to Dy as follows

St 2 B_IW(B_I)T
= B '[AD,A"|(B™")T"
[B~'A]D,[B~*A]".

Therefore the aim of estimating and forecasting S; is achieved. The form of
S; above ensures that it is always positive semi-definite without the need for
an external constraint to be imposed. This is because Dy is positive semi-
definite and is multiplied on one side by a matrix and on the other side by
the transpose of the same matrix. This property is an advantage because a
number of multivariate volatility models require additional constraints to be
imposed to guarantee that the covariance matrices are positive semi-definite
e.g. RiskMetrics™ (Alexander, 2003).

Finally for reasons that will become apparent at a later stage, it is desirable to

consider the data in one large matrix in addition to the vector notation used
above. Recall that y, = A, which can also be represented as y! = x] AT.
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Since this equation is true for all times ¢ this can be formulated as a matrix
over all times t =1,2,--- ,T to give

xr
Y201 "2 a7 o yoxaT (2.10)
Yr TT

where Y and X are T x N matrices such that Y' = (yy,y2, - ,yr) is
analogous to a data matrix and X7 = (z1, 2, -+, ®7) is a matrix of latent
factors. Therefore Y is a matrix for which each column represents one series
of adjusted residuals from time t = 1 to t = T" and each row represents the
adjusted residuals at one time point for series 1 to N.

2.6 Variants of the Factor Model

The factor models discussed in the previous section have omitted two key
details. These two details are what distinguishes the various models from
one another. The first detail is the form A will assume and the method
used to estimate A and the second is the choice of model or process for the
conditional variance of u; (the it standardised latent factor at time t). The
same process or model is fitted for each series but the parameters are allowed
to vary for each i. For example a GARCH(1,1) may be fitted to each series
of standardised factors with different parameters for each series.

Consequently there are four main variants of the factor model which will be
considered. These four variants are:

1. Orthogonal Generalised Autoregressive Conditional Heteroscedasticity
(O-GARCH) model of Chibumba and Alexander (1996)

2. Generalised O-GARCH (GO-GARCH) model of van der Weide (2002)
3. Full-Factor Multivariate GARCH model of Vrontos et al. (2002)

4. Conditionally Uncorrelated Components (CUC) model of Fan et al.
(2008)

A brief discussion of the choice of A and conditional variance model, as
well as the main advantages and disadvantages of each variant are discussed
below.
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2.6.1 O-GARCH Model

The O-GARCH model was first suggested by Ding (1994) and later extended
by Chibumba and Alexander (1996). The model simply uses an orthogonal
matrix A, with the columns consisting of the eigenvectors of V, the un-
conditional sample covariance matrix of y;. They can be decomposed by
considering the definition of principal components which give z; = afy:
where a; is the eigenvector of 1% corresponding the the i'" largest eigen-
value or alternatively a; is the i column of matrix A. This converts into
x; = ATy, which can be converted to factor equation (2.4) using the fact
that the inverse of A is its transpose. Therefore A is invertible as required
and its inverse is given by its transpose. This choice of A results in each col-
umn of X consisting of the principal component scores of Y, which contains
the conditional mean corrected data.

The second key feature of the O-GARCH model is that each series of stan-
dardised principal component scores (factors) are modelled using a GARCH(1,1)
process. Hence an advantage of the O-GARCH model is that it is quick and
easy to implement. This is because the principal component scores are easy
to calculate, a GARCH(1,1) model is easy to fit and both concepts are well
known.

However van der Weide (2002) points out that although O-GARCH is easy
to implement it may be problematic because A may be difficult to identify.
Simulation studies performed by van der Weide (2002) suggest that the O-
GARCH estimate of A is generally not very close to the actual value of the
orthogonal matrix A used to simulate the data. These simulations involved
choosing a value for the matrix A and a value for the matrix of latent fac-
tors X. The data matrix Y is calculated using model equation (2.10) (i.e.
Y = XAT). Then an O-GARCH model is fitted to the data Y to obtain
an estimate of the matrices A and X. These estimates are then compared
to the values of A and X which were used to simulate the data matrix Y.
This process is repeated a number of times. van der Weide (2002) found
that on average the estimated matrix A was fairly different to the matrix
A used to simulate the data. Hence he concluded that there is a problem
identifying the true value of A. This problem is believed to be due to the fact
that estimation is based solely on the unconditional information V' (van der
Weide, 2002). Typically identification difficulties occur when the eigenvalues
of V are quite similar as this causes problems identifying A using the eigen-
vectors. To overcome the identification problem in the O-GARCH model
van der Weide (2002) developed a model called GO-GARCH (Generalised
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O-GARCH).

This leads to the second disadvantage which is the fact that if real world
data could be represented by a factor model why should A be orthogonal.
Therefore a disadvantage of O-GARCH is that A is constrained to be orthog-
onal, which represents only a small subset of all invertible matrices (van der
Weide, 2002).

On the other hand an advantage of the O-GARCH model is that if the
columns of the data matrix Y are closely correlated then only the first few
principal components need to be included in the model (Alexander, 2003).
In other words, a GARCH(1,1) model is only fitted to the first few standard-
ised principal component scores. The remaining scores are excluded from the
model as they are considered to be background noise. This is because in a
highly correlated system the first few principal components usually account
for a large percentage of the variability in the system. This concept will be
discussed in more detail at a later stage.

However, if the data are not closely correlated then the data will need to be
placed into groups so that the data within each group are closely correlated
(Alexander, 2003). Each of these groups are modelled separately using an
O-GARCH model. Therefore each group will have an estimate of A and
St where the dimensions may be different for each group. These matrices
from each group S; can be used to construct part of one large conditional
covariance matrix which includes all the groups. However the covariances of
series in different groups will be missing as these have not been modelled.
Alexander (2003) gives a suggestion for modelling these missing conditional
correlations using the estimates of A from each group and by estimating the
conditional correlations of the principal components across groups. However
this large conditional covariance matrix Sy for all the groups is not guaran-
teed to be positive semi-definite. Hence the conditional covariance matrix of
all the log returns Sy will not necessarily be positive semi-definite and will
require certain constraints (Alexander, 2003) to be adhered to, to ensure that
it is positive semi-definite. Having to group the data is therefore a major
disadvantage as it removes the benefit of quick and easy implementation and
the conditional covariances may have to be adjusted away from their initial
estimates to ensure that S is positive semi-definite.

The last disadvantage of O-GARCH is that the factors are not necessarily
conditionally uncorrelated. By conditionally uncorrelated it is meant that

Cov(x, xjt|Fi—1) = 0 for i # j and for all time ¢t = 1,2,--- 7. This is
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because the factors are the principal component scores which are only uncon-
ditionally uncorrelated. However the factor model assumes that the factors
comprising the vector x; are conditionally uncorrelated. This assumption is
evident in factor model (2.5) where D, (the conditional covariance matrix
of @) has zero off diagonal elements. Consequently fitting a GARCH(1,1)
model to each of the standardised factors separately inherently assumes zero
conditional correlations. Instead a multivariate model which allows for non-
zero conditional correlations should be fitted. The CUC model of Fan et al.
(2008) overcomes this problem by constructing the matrix A such that X
gives a matrix of conditionally uncorrelated components (CUCs).

2.6.2 GO-GARCH

The GO-GARCH model of van der Weide (2002) also assumes that each
series of standardised factors are modelled using a GARCH(1,1) model but
A is no longer restricted to being orthogonal but has the advantage of being
chosen from the wider range of invertible matrices. In addition van der
Weide (2002) advocates that GO-GARCH solves the identification problem
of the O-GARCH model by constructing an invertible matrix A using the
Singular Value Decomposition. Two of the matrices in the decomposition are
estimated using the unconditional information (V') and the third is estimated
using the conditional information. Hence

A = PAU

where P is a matrix such that each column is an eigenvector of V', A is a
diagonal matrix with the diagonal elements given by the eigenvalues of \%
and U is an orthogonal matrix estimated by maximising the log-likelihood
which contains conditional information.

However a disadvantage of GO-GARCH is that it is more complex to imple-
ment than O-GARCH as some of the parameters in A are estimated simulta-
neously with the GARCH(1,1) parameters. This may result in convergence
problems. In response to this problem Boswijk and van der Weide (2006)
subsequently developed a new method for estimating the GO-GARCH pa-
rameters which is easier to implement and less likely to experience problems
with convergence. Although this development improves the problems of GO-
GARCH it is still more complicated to implement than the O-GARCH model.

Another disadvantage is that the comparative study in Fan et al. (2008)
suggests that the GO-GARCH model provides a poor fit for the data sets

17



considered in their paper. In fact the model resulted in a negative conditional
correlation between the return of Intel and the S&P500, which is highly un-
likely in practice.

2.6.3 Full-Factor Multivariate GARCH Model

The full-factor multivariate GARCH model of Vrontos et al. (2002) models
each series of standardised factors using a GARCH(1,1) model and A is a
triangular matrix. Consequently a disadvantage is that A is restricted to
being triangular and invertible which represents a small set of all possible
invertible matrices.

The matrix A is estimated by one of two methods. The first is using the
maximum likelihood estimates and the second involves invoking the Bayesian
paradigm and using Markov chain Monte Carlo algorithms. However the
problem with using the maximum likelihood approach is that estimation of
the triangular matrix is dependent upon the ordering of the series of returns.
This ordering problem is overcome by using the Monte Carlo method. On
the other hand an advantage of maximum likelihood is that the expected
Fisher information matrix and the partial derivatives of the log likelihood
are available in closed forms which simplifies calculations. Obviously the
Monte Carlo approach does not have the advantage of closed forms. Yet
another advantage with the maximum likelihood approach is that the Fisher
scoring algorithm is not sensitive to the starting values.

2.6.4 CUC Model

The final model considered in this section is the CUC model of Fan et al.
(2008). The CUC model overcomes the conditional correlation problem in
O-GARCH by constructing an orthogonal matrix A such that X gives a ma-
trix of conditionally uncorrelated components (CUCs). Therefore this model
has the disadvantage of constraining A to be orthogonal, as did O-GARCH.
Another problem is that the conditionally uncorrelated components do not
always exist and their existence first needs to be tested before implementing
the model.

Once A has been selected and the CUCs (factors) determined each series
of standardised factors are modelled using an extended GARCH(1,1) model.
The extended GARCH(1,1) model differs from the usual GARCH(1,1) model

18



in that the conditional volatility at time ¢ depends on the square of all the
series of the standardised factors at time ¢ — 1 and not just on the square of
standardised factor at time ¢ — 1 of the series which is being modelled.

Moreover the model is mathematically complicated and very detailed making
it difficult to grasp for the practitioner. In addition due to its complexity
it also makes the model difficult to implement, although Fan et al. (2008)
do provide some software. Despite all the difficulties and disadvantages, the
model appears to be very sound, as it accounts for the conditional correla-
tions in an accurate and sophisticated manner.

2.6.5 Focus of the Model Variants

After reviewing the four variants of the factor models it should be evident
that there is a common thread. All the variants model the standardised
factors using a GARCH(1,1) model, or an extended GARCH(1,1) in the case
of the CUC model. Hence the focus of these models has been on the choice
of A and not on the choice of the conditional variance model. In contrast the
focus of this thesis is on the conditional variance model and to some extent
on other small adjustments such as the choice of B, W and conditional mean
model.
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Chapter 3

Orthogonal Factor Models

In this thesis an orthogonal factor model is considered to be a factor model
if it satisfies three requirements. The first is that it must satisfy equation
(2.4), that is y; = Axs. Secondly the model must satisfy equation (2.5),
that is x¢|F;_; ~ N(0, D) with D; = ATV, A. Finally the columns of A
must consist of the eigenvectors of V', the sample covariance matrix of ys.
Therefore A is orthogonal such that the specification of A is the same as
in the O-GARCH model. To recap, this choice of A results in each column
of X consisting of a series of the principal component scores of Y. Conse-
quently ., for t = 1,2,---T, are the principal component scores for the it
asset or time series, with factor weights given by the columns of A. Therefore
let a; be the i column of A so the equation &, = ATy, can be formulated as

T
Tt aj Yt
T
Lot a, Yot
T T T
TNT ar YnT

Consequently it is evident that z;; = afys for ¢t = 1,2,---T which implies
that a; contains the factor weights of the i** asset or time series.

As a result of the three basic specifications above orthogonal factor models
have a number of advantages when used in practice. This is the reason that
they are the focus of this thesis. The first practical advantage is that A is
quick and easy to calculate. Secondly when there are missing observations
or when some (but not all) of the assets are thinly traded, the covariance
estimates of the returns are fairly reliable. This is important as many of
the multivariate GARCH models cannot readily handle data of this nature,
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whereas orthogonal factor models only require reasonable estimates of the
factor weights to obtain a model with an acceptable fit (Alexander, 2003).

This chapter therefore begins by discussing the general properties of orthogo-
nal factor models and then proceeds with a discussion in more detail of three
specific orthogonal factor models.

3.1 Important Properties of the Factors

A number of important properties of the factors arise from the fact that
they are constructed as the principal component scores of Y. Thus to fully
understand the factors a brief definition of the eigenvalues and eigenvectors
which are used to construct these principal component scores is necessary.
Therefore let A be the diagonal matrix containing the eigenvalues of V such
that A = diag{\;} where ), is the i" eigenvalue of Vand A\ > Ay -+ > Ay,
Consequently A is a matrix where each column is an eigenvector of V' with
the eigenvector in the first column corresponding to the eigenvalue A\; and
the second to Ay and so forth. Thus the definition of the eigenvectors and
eigenvalues of V is

VA=AA o ATVA=A. (3.1)

As a result one of the properties of the factors is that they are unconditionally
uncorrelated because this is a property of the principal component scores. For
the purposes of proving that the factors are unconditionally uncorrelated
it is necessary to assume that x; and y; are stationary for ¢t = 1,2,---T.
Therefore Var(z:) is assumed to be the constant for t = 1,2,---7 and
Var(ys) is assumed to be constant for t = 1,2,---T. Since x; and y; are
related as x; = ATy, the variances are related as Var(zy) = ATVar(y;) A.

This relationship is also applicable if the unconditional covariance matrices
are replaced with the estimates of these matrices. Thus let Var(a;) be the
estimate of the unconditional covariance matrix of the factors and recall that

V is the unconditional covariance matrix of y;. Therefore

—

Var(z,)) = ATV A since x, = ATy,
= A using definition (3.1).
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Since A is a diagonal matrix the off diagonal elements of the sample esti-
mate of the unconditional covariance matrix of x; are zero for t =1,2,---T.
Therefore the factors are unconditionally uncorrelated.

Yet another property, which can be observed in the proof, is that the 5
eigenvalue is the sample variance of the i** series of factors for i = 1,2,--- N.
Hence the proportion of volatility that the i** factor contributes to the system
as a whole is

Y
SV

With regard to this, Alexander (2003) suggests that when the log returns z;
are highly correlated then only a few series of factors will account for most
of the variation in the system. For example if the first three series of factors
represent 80% of the variation then

=3
0.8 = =1

SV N

On the other hand in systems where the returns z; have low correlations,
the series should be grouped so that the series in any one group are highly
correlated. This was discussed in detail in Section 2.6.1.

Due to the fact that a few factors often account for a large proportion of
the volatility of the system Alexander (2003) advocates using only the first
few series of principal component scores. There are two advantages to using
only the first few series. Firstly fewer conditional variance models need to be
fitted and therefore fewer parameters need to be estimated. Secondly using
only the first few principal components will result in some of the background
noise in the system being excluded, that is the volatility of the remaining
series of principal component scores are excluded. Due to excessive noise be-
ing excluded from the system Alexander (2003) suggests that the estimates
of the covariance of the returns z; are more stable. However, whether this
is more desirable depends on the purpose for which the correlation estimates
are to be used. For example, a supposedly more accurate, non-smoothed
estimate may be preferable for some purposes and a more stable estimate for
others.
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3.2 Model Details Using Only h Factors

Owing to the benefits of using only the first few series of principal com-
ponent scores, as described in the previous section, the new model details
are briefly given assuming that only the first h series are used. (If all se-
ries are included then h = N.) Let the new factor vector at time ¢ be
mgh) = (214, Tog, -+, Tne)? and let the new factor loadings be summarised
in the matrix A® . Thus A®™ is an N x h matrix with the columns of
AWM consisting of the first h eigenvectors corresponding to the largest h
eigenvalues Ai, A9, - -+, A\, of the covariance matrix V. However AM is not
orthogonal as it is not square. Although (AM™)T A is a h x h identity

matrix, AP (AM™)T is not an N x N identity matrix unless h = N.

Therefore the new factor vector is calculated as
h
2" = (AM)Ty,
where the reworked model assumptions are

zM|F,_, ~ N(0,D{) with

DM = diag{o?} fori=1,2,---  h.

As a result of the model having a new vector of factors there will also be a

new vector of adjusted factors. Let this vector be uih) = (uqyg, U, * - - ,uht)T

which is related to the new factor vector :I:,Eh) via an h x h diagonal, invertible

matrix W), Thus the relationship is ugh) = W(h)a:,(:h).

Previously, in the system where all N series of principal component scores are
included, the conditional covariances of y; and the factors x; were related via
equation (2.9). However when using only A series, the conditional covariances

)

of y; and azih are related as

Var(yg Fi-1) = V4
AM DM (AT,
Thus an estimate of Déh) can be obtained by modelling the conditional
volatility of each of the h series of standardised principal component scores.

Once this estimate has been obtained the conditional covariance of the ad-
justed residuals y; (that is V) can be obtained which is ultimately used to
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calculate St. The relationship between V; and S; is the same regardless of
whether NV or fewer series are included in the model. The same is true of the
sample estimates V; and S;.

From this point onwards all orthogonal factor models are assumed to use h of
the possible N series of principal component scores and therefore the details
above apply. However if A = N then the details of this adjusted factor model
will be identical to the initial factor model.

3.3 Overview of the Three Main Orthogonal
Factor Models

An important detail of orthogonal factor models which need to be consid-
ered in detail is the choice of model for the conditional volatility of the stan-
dardised factors which is then used to estimate the covariance matrix Déh).
Three different conditional volatility models are evaluated in this thesis and
are summarised as follows:

1. O-GARCH: Models the conditional volatility of the standardised fac-
tors using a GARCH(1,1) model.

2. Orthogonal Exponentially Weighted Moving Average (O-EWMA): Mod-
els the conditional volatility of the standardised factors using an IGARCH(1,1)
model.

3. Orthogonal Stochastic Volatility (O-SV): Models the conditional volatil-

ity of the standardised factors using a stochastic volatility model intro-
duced by Shephard (1994).

Each of these three models are now discussed in more detail.

3.4 Orthogonal GARCH
The O-GARCH model has already been discussed in some detail and is briefly

revised here. The model assumes that each of the first A standardised prin-
cipal component scores follow a GARCH(1,1) model. The representation of
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the GARCH(1,1) model is given by

Uiy = Oy €t with o;; and €; are independent
er ~ N(0,1) independent over ¢t and ¢
2 2 2
oy =Var(ug|Fi1) = aio+aiug,y + 6o,

where «; 0, ;1 and 3; are unknown parameters. The parameter constraints
are a;o > 0, a; 1,0 > 0 and to ensure stationarity 0 < a;; + 3; < 1 for
i =1,2,---,h. The parameter «;; measures the extent of the markets re-
action to the returns observed at the previous time step. Although this
representation does not directly incorporate the returns, they are indirectly
incorporated via the standardised principal component scores u,(gh). The
parameter (3; represents how persistent the volatility is (Alexander, 2000).

Therefore the larger [; is the greater the persistence.

In addition to interpreting the parameters, an interpretation of the term ¢; is
required. Thus €; is an error term which is taken to be a white noise process
over time t = 1,2,---T for each 7« = 1,2,--- N. The errors are assumed to
follow a normal distribution because this is the most common assumption
made when fitting a GARCH(1,1) and more importantly it is an assumption
of the factor model in this thesis. The reason for choosing the standardised
factors to be normally distributed was discussed in more detail in Section
2.5. Despite this choice being made it is possible to use other distributions
for the errors €;, such as a Student’s t distribution, but these will not be
used in this thesis.

Beside interpreting the model, there are also some requirements to consider.
The representation of the GARCH(1,1) model given above makes it evident
that for a series to follow a GARCH(1,1) process the series must meet two
requirements. These are that the unconditional mean is zero and that the
conditional mean is zero, in other words the series is not autocorrelated.
The first assumption is evident as Eluy| = Eloy €] = FEloy] Elei] = 0 be-
cause o, and €; are independent and Ele;] = 0. The second is evident in
that Eluy|Fi_1] = Elog €i|Fi—1]) = oy Eleq|Fi—1] = 0u Ele;] = 0 since oy is
known given information F;_q, the error term ¢; is independent of informa-
tion F;,_; and E[e;] = 0. Each series of standardised factors meet these two
requirements (see Section 2.5).
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3.4.1 Parameter Estimation

The parameters o; o, ;1 and 3; are estimated for each factor series individu-
ally, in other words without any information from any of the other series. The
parameters for a given series of standardised factors are estimated by choos-
ing the parameters which maximise the conditional log likelihood function.
Hence the estimated parameters are maximum likelihood estimates. The log
likelihood of the i** series of standardised principal component scores is

=T
1 u?

LL(up, -, wir, g, 01, B;) = =Tlog(V2m) — Z |:l0g(git) + 50_31

— it

where o0 is a function of the parameters «; o, ;1 and ;. The maximum of
the likelihood or log likelihood cannot be found analytically so a numerical
technique must be invoked.

3.4.2 Forecasting the Conditional Volatility

Once the parameters have been estimated they can be used to forecast the
conditional volatility given the information up to the current time. Let 03 .
be the forecast of the conditional variance at time ¢+ k given the information
available at time t. For the case k =1

2 R 2 2
T 1)t = Qi + Qi1 Uy + Bioy
and for k > 1
2 _ 2
Otk = Qo+ (g + Bi) O t+k—1]t

using the approximation that uj,,, = o7, ;, for I > 1 since v, is unknown
given the information at time t.

Two advantages of O-GARCH are that the conditional variance forecasts
converge to their long run mean and secondly that this forecast varies ac-
cording to k, that is how far into the future the forecast is made (Alexander,
2000). This is important as the forecasts of some models remain constant
after k is greater than a certain number.

3.5 Orthogonal Exponentially Weighted Mov-
ing Average Model

The orthogonal exponentially weighted moving average (O-EWMA) model
is very similar to the O-GARCH model and was likewise developed by Carol
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Alexander (2000). In fact, an O-EWMA model is an O-GARCH model with
the restrictions that o; o = 0 and ;1 = 1 — 3;. Therefore each of the series
of standardised principal component scores are essentially modelled using an
IGARCH(1,1) model without drift which is a special case of a GARCH(1,1)
model. Hence IGARCH(1,1) has the disadvantage of being more constrained
than a GARCH(1,1) model. Thus the IGARCH(1,1) model is represented as

Uit = Ojt €t
ex ~ N(0,1) independent over time and i
a?t =Var(uy|F,—1) = ﬂiait_l +(1-— Wi)u?’t_l (3.2)
where 7; is an unknown parameter, 0 < m; < 1l and ¢ =1,2,---  h.

As in the GARCH(1,1) model, the errors ¢; are assumed to follow a nor-
mal distribution. This is because it is a common assumption to make for
an IGARCH(1,1) model and more importantly the standardised factors in
this thesis are assumed to be normally distributed. Once again due to the
fact that an IGARCH(1,1) model is simply a special case of a GARCH(1,1)
model the requirement that the conditional and unconditional mean of each
series of standardised factors are zero is applicable.

Equation (3.2) can be rewritten to further facilitate interpretation of the
model. The conditional variance equation above can be represented as a sum
by iteratively substituting an equation for af’tfl to give

t—

[aary

oy = m loq+(1—m) [Wf_luit—k]-

1

e
Il

In this representation it is clear that an assumption about ¢ is required.
One such possibility is to assume that o2 is the unconditional variance of
the " series of standardised principal component scores or to assume that
it is ud.

Thus the representation above can be compared to the exponentially weighted
moving average (EWMA) of the squares of the standardised scores which is

[Wf_luit—k] .

WE

O'Z-Qt = (1 _7Ti)

=
Il

1

The two expressions for 0% above are very similar and in fact tend to the
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same value as ¢ — oco. This is the reason for the model name O-EWMA.
However if a drift term is included in the IGARCH(1,1) model then the two
equations would not be as similar. This is one of the reasons for using an
IGARCH(1,1) with no drift. A further reason is market convention.

With regards to market convention, one of the models frequently used to cal-
culate the conditional covariances of a group of asset returns is RiskMetrics™
developed by J.P. Morgan and Reuters (1996). RiskMetrics™ models the
conditional variance of each series of asset returns using a driftless IGARCH(1,1).
The conditional covariance of each pair of asset returns is also modelled us-
ing a driftless IGARCH(1,1) except that instead of the square of the asset
returns the cross product is used.

However the covariance matrix constructed from these estimates is not guar-
anteed to be positive semi-definite. Therefore to ensure that the covariance
matrix is positive semi-definite the same smoothing constant (m;) must be
used for all the IGARCH(1,1) models (i.e. for each of the squares and cross
products). As a result the same market reaction (1—m;) and persistence 7; are
assumed for all the assets and cross products (Alexander, 2003). Therefore
an advantage of O-EWMA over RiskMetrics™ is that the covariance matrix
will always be positive semi-definite while still allowing a different smooth-
ing constant to be used for each series of standardised principal component
scores. Even if the same smoothing constant is used for all the standardised
principal components, the smoothing constant will be different for each of
the assets because the matrix A is used to convert the covariance of the
standardised principal component scores to the covariance of the assets.

J.P. Morgan and Reuters (1996) suggest using a smoothing constant of 0.94
for daily returns and 0.97 for monthly returns based on the weighted average
of the optimal smoothing constants over different asset classes. The optimal
smoothing constant for each series is chosen by minimising the root mean
of the predicted errors. RiskMetrics™ then take the weighted average of
the optimal smoothing constant over 480 different time series to arrive at a
smoothing constant of 0.94 for daily returns and 0.97 for monthly returns.
These weights are calculated using the root mean squared of the prediction
errors.
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3.5.1 Parameter Estimation

The parameters are estimated separately for each series of standardised prin-
cipal component scores. Considering a single series, the parameters are esti-
mated by choosing the parameters which maximise the conditional log like-
lihood function. The log likelihood of the " series of standardised principal
component scores is

t=T

2
LL(Uil, s, U, 7Ti) = —TlOg |:log Uzt u_lzti|
t=1 2 Tit

where o;; is a function of the parameter m;. The maximum of the likelihood
or log likelihood cannot be found analytically so numerical techniques are
required to estimate ;.

Although the estimate of 7; can range between 0 and 1, Tsay (2005) suggests
that usually a value between 0.9 and 1 is chosen when fitting an IGARCH(1,1)
model directly to the asset returns, with 0.94 being the most common. How-
ever, for the data sets used in this thesis the maximum likelihood estimates
of m; are often considerably less than 0.9. This results in autocorrelation
being induced into the errors €;; which violates the important model assump-
tion that the errors are a white noise process. These results are discussed
in more detail in Section 7.2.2. Therefore the log likelihood was maximised
with the constraint that the estimate for m; must be such that the errors e;
have no significant autocorrelation up to lag 5. In essence this means that
the likelihood is maximised over a range which is smaller than 0 < m; < 1
and that this range depends on the autocorrelation of the errors €;;. An error
series was considered to have no significant autocorrelation up to lag 5 if the
Ljung-Box Q-statistic was not significant at the 5% level. However if a series
has a significant Q-statistic for any choice of m; then the original maximum
likelihood estimate for 7; is used.

3.5.2 Forecasting the Conditional Volatility

Once parameter estimates have been calculated these can be used to forecast
the conditional volatility using the information up to that point in time. Let
Uzt +xe e the forecast of the conditional variance at time t + k£ given the
information available at time ¢. For the case k =1

2 _ 2 2
Tjrqi1)t = Ti0y + (1 — m)us
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and for k£ > 1

2 2
Titvklt = Tipt1ft

. . . 2 o 2 . 2 .
using the approximation that u;,,, = o7, for { > 1 since u7,; is unknown
given the information at time t.

One disadvantage of O-EWMA is that the covariance forecasts do not con-
verge to their long run mean but are constant regardless of how far ahead the
forecast is, that is they have a constant term structure (Alexander, 2000).
This is evident in the fact that no matter how far into the future, that is
how big k is, the conditional variance forecast is equal to the one step ahead
forecast.

3.6 Orthogonal Stochastic Volatility Model

As noted earlier, one focus of this thesis is on modelling the conditional
volatility of the standardised factors in a variety of manners. Hence a possi-
ble alternative to fitting a GARCH(1,1) model to each series of standardised
principal component scores is to fit a stochastic volatility model to each series.
Thus let the orthogonal factor model where each series of standardised prin-
cipal component scores are assumed to follow a stochastic volatility model be
termed Orthogonal Stochastic Volatility Model (O-SV). A name is given to
the model because as far as the literature reviewed suggests, no paper has yet
reported the implemented of the model. The stochastic volatility model used

in this thesis is the Gaussian local scale model which is found in Shephard
(1994). The O-SV model is described in more detail below.

Some of the notation in the O-SV model differs from that in the O-GARCH
and O-EWMA models because not all of the previous notation is suited to
the O-SV model. For example the conditional volatility of u; is no longer
represented as o2 as it was in the two previous models but is given by 1/7;
for t =1,2,---T. Therefore in the O-SV model ~;; is the precision of u; or,
in the previous notation, 7; is analogous to o;;%>. The model is described at
times 0 and 1 and then extended to a general time ¢.

3.6.1 Model Description at times 0 and 1

The conditional distribution of the i** precision at time 0, denoted =g, is
assumed to follow a gamma distribution with parameters a;o > 0 and b;y > 0
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and is denoted as
72‘0|F0 ~ G(CLiO, sz) fOI' 7= ]., 2, ce h
The precision at time 1 relates to the precision at time 0 as follows

Y = exp(ri1) Yio M (3-3)
with 7;; following a beta distribution such that

i~ beta(wi a;o, (1 — wi) aio).

The notation used to represent the gamma and beta distributions above is
explained further in Appendix A.1 along with the probability density func-
tions. It is evident from the form of the beta distribution that the parameters
of this distribution must be positive and therefore the constraint 0 < w; < 1
is required to ensure that both the beta parameters above are positive. The
two distributions above also include the parameters a;o and b,y where each
is the starting value of a time series of parameters. Lastly r;; is a function
of w;, a;o and b;5. This parameter r;; is used to ensure that the mean of
log[yi1/7i0] is zero as discussed in detail at a later stage.

Updating equation (3.3) is used to move from the model at time 0 with
distribution ;| Fy to the model at time 1 with distribution ~;;|F;. However,
before determining the distribution of ~;;|F; the distribution 7;;1|Fy must be
found. This can be done by applying statistical theory to the fact that ~;;
is the product of a non-random quantity exp(r;), a gamma random variable
with parameters a;y and b,y and a beta random variable with parameters
w; ao and (1 — w;) a;o. Therefore the distribution of ~;;|Fy is

YirlFo ~ G(w;ap, exp(—ri)bi).
The proof is given in Appendix A.2.

Additionally there is one more distribution required in order to compute
~i1|Fi. This is the distribution of u;;|y;; which is assumed to be

winlyn ~ N(O, v7).

Although this conditional distribution of the standardised principal com-
ponent scores are normal, the information upon which the distribution is
conditioned ~;;" is different to that in the O-GARCH and O-EWMA models,
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that is Fy. Consequently this is a slight deviation from the general factor
model specification in equation (2.7).

The distributions of ~;;|Fy and wu;|y;; has been introduced and now it is
possible to calculate the distribution of v;;|F;. Let f(-) denote a probability
density function. Using the fact that f(A|B) = f(A, B)/f(B), the probabil-
ity density of (v;1, F1)|Fp can be broken up as

F(virs FilFo) = f (| Fo) f (Fy |yan, Fo)-

However f(Fi|via, Fo) is equivalent to f(u;1|v:1) since Fy C Fy and F contains
u;; but Fy does not. Therefore f(v;1, F1|Fpy) can be determined because both
f(’721|F()) and f(uzlh/zl) are known. Hence

f(’Yil,FlfFo) = f(’Yil‘Fo)f(Uil‘%l)

ysi%0 (exp(—1i1 )bio)“ 0 exp(—Yiexp(—Ti1)bio) o
F(u)i CLZ‘0>

1 ( Vil o )
——CTP | — 5 U
vV 27r/%‘1 2
_U121%1

Vﬁiaw_lexp(—%lexp(—ﬁl)bio)\/%‘1696]? (—)) X

(< (<ri)b) 1 2
Eea:p 7i1)bio )

['(w; ai) V2r

wWiQg — 1
Vit or/2 1€$P(—7i1[€$p(—7"i1)bi0+ 5”?1])) X

((exp(—rﬂ)bio)“’i“io 1 )
['(w; a) V2 '

This shows that f(vi1, F1|Fo) can be written as the product of an expres-
sion containing v;; (first bracket) and an expression which does not con-
taining ;1 (second bracket). Bayes theorem implies that the distribution
of f(7i1|F1) can be determined by looking at the mathematical form and
parameters of the term containing ;. Hence the form of the first bracket
is a gamma probability density function with parameters (w; a;o + 1/2) and
(exp(—ri1) bio + zu?;). Therefore the conditional distribution of ~;; given F
is

’}/1'1|F1 ~ G(wz ;0 + %, 633]9(—7”1'1) biO + %ufl)
Thus let a;; = w; a0 + % and b;; = exp(—ry) bio + %ufl to give

%‘1|F1 ~ G(aila bz‘l)-
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3.6.2 Model Description for a General Time ¢

To apply the steps above to a more general time ¢ the conditional distribution
of the standardised principal component scores, the updating equation and
the distribution of n;; are required for a general time ¢. Firstly the conditional
distribution of the factors is assumed to be

wirlyie ~ N0, ')

This conditional distribution does not totally conform to distribution (2.7)
which is the conditional distribution that the standardised factors are as-
sumed to follow in this thesis. This is also the case for time 1. The dis-
tribution does not conform to the general factor model as the conditional
information is the precision v;; and not F;_;. However the O-SV model will
still be considered to be a factor model even though it does not strictly meet
the definition used in this thesis for a factor model.

Secondly the updating equation of the precision is needed along with the
distribution of 7n;; for a general time ¢. The precision at time ¢ relates to the
precision at time t — 1 as follows

Yit = 635]?(7"1'75) Yit—1 it
with the distribution of 7;; assumed to be

e ~ beta(w; a; -1, (1 —w;)a;i—1).

Now that the necessary information is available the same steps used to update
~io| Fo to v:1|F1 can be applied to the remaining times ¢. Applying these steps
demonstrates that the distributions of ~;|F; and ~;|F;_; are both gamma
distributions provided that the parameters a; and b;; assume certain values
(given below in equation (3.4)). Thus the conditional distributions of the
precision are

%t‘Ft—l ~ G(wz‘az‘,t—h exp(_rit>bi,t—1) and
’Yit|Ft ~ G(am bit)

provided that the parameters a;; and b;; are

1
Qi = W;Qip—1 + B and
1
b = exp(—ri)bit—1+ = uft. (3.4)

2
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Therefore the parameter values a;; and b; ensure that the gamma densities
are conjugate over time for each i, that is v;|F;_1 and ~;|F; each follow a
gamma distribution for ¢ = 1,2,---h and all t = 1,2,---T. This conjugacy
makes the model easier to work with. Additionally the parameters a;; and b,
can be represented as sums which are determined by repeated substitution
in the recursive equations (3.4) to give

t—1
1
ai = Wi+ 3 szk (3.5)
k=0
t = k—1
bi = exp(— kz_; Tik) bio + B ;[(Uit—k) 111 exp(—Tis-1)]- (3.6)

Therefore the model can be summarised and represented in matrix form. For
1=1,2,--- hand t = 1,2,--- ,T the complete Gaussian local scale model
of Shephard (1994) is

u® Ty ~ NIy

Yie = exp(Tit) Yit—1 Nt (3.7)

e ~ beta(w;a;—1, (1 —w;)a; 1)

rie = —E[logni)] = ¥(ais—1) —(wiaii1) (3.8)

’Yz'o’FO ~ G<ai0> bz’O)

where the w;’s and the starting parameters a;y and by are unknown, (-)
is the digamma function and I'y = diag{v;;}. The parameter w; largely de-
termines the rate at which the precision of the i** standardised principal
component score changes because the mean of 7;; is w; for all ¢.

As mentioned for time 1, the rather curious parameter r; is necessary to
ensure that the conditional variance of the standardised principal compo-
nent scores do not consistently display an upward or downward trend. This
is desirable because in practice the conditional variance of the asset re-
turns (and hence the standardised principal component scores) do not con-
sistently exhibit an upward or downward trend. Therefore to ensure that
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the model has no such trends the expected log return of v;; should be zero,
ie. Ellog(vit/vit-1)] = 0 for t = 2,3,---,T. The log ratio can be fur-
ther decomposed using equation (3.7) to give log(Vit/Vit—1) = it + log(nit).
Therefore to ensure that the expected log returns of v;; are zero E[r;] must
equal —FE[log(ni)]. If ry = —FE[log(ni)] as in (3.8), then it will satisfy
E[ry] = —E[log(niy)] as required. The value of E[log(n;)] is calculated us-
ing the fact that if Z ~ beta(a, ) then Ellog(Z)] = () — (o + 3).

3.6.3 Estimating the Conditional Variance

One of the major differences between a stochastic volatility model and a
GARCH(1,1) or IGARCH(1,1) model is the form of the conditional variance.
At each time point a stochastic volatility model outputs a distribution of the
variance, in this case v, |F; or 7| F;—1. On the other hand a GARCH(1,1) or
IGARCH(1,1) model outputs the estimated conditional variance as a single
value and not a distribution. Therefore when applying the O-SV model a
value from the estimated conditional distribution of the precision needs to
be calculated in order to obtain a single estimate of the conditional variance.
For example the mean or median of the inverse of the precision are possible
statistics which could be used to calculate a single point estimate of the con-
ditional variance.

Consequently it may be considered intuitive to use E[1/v;|Fi—1] or E[1/7;|F}]
to estimate the conditional variance. However this does not tie in with the
conditional variance used in the O-GARCH and O-EWMA models which
is 02 = Var(uy|F;_1). Therefore to estimate a comparable statistic in the
O-SV model the distribution of u;|F;_; is required. Shephard (1994) gives
a method for calculating this distribution. This method is outlined below.
The two key steps can be proved by applying Bayes Theorem. Thus

f(uit|thl) = /0 f(uit,%t\th)d%t
= /0 S (el vie) f (Vi Fy—1) dryi

Since the distributions of w;|v;; and ;| F;_1 are both known, all that remains

35



is to evaluate the integral to give

1 T <2wi ai,ztfl+1>

X
eap(—rit)bie-1 r <—2wiai’t*1> 7 (2w; a; 1)
7 i t—

Wi —1 2

f(Uit|Ft—1)

2wijagp—1+1
9 -2
2
) eap(=rie)bie—1
W@ t—1

1+

(3.9)

(2 Wilti t—1

Hence u;|F;—; follows a central Student’s t-distribution with 2w;a; ;1 de-
grees of freedom and scale parameter exp(—r;)b; 1—1/w;a;1—1. Once again let
o2 = Var[uy|F;_1], as this is the notation used in the previous two models.
Therefore the conditional mean and variance of u; are

Elug|F,-]) = 0
& bl — 2 i Qi —
oy, = Varfuy|F,] = (e:vp( rit)bis 1) ( Wil t—1 )

Wiy t—1 2wiai,t71 -2

_ exp(—ﬁt)bi,t—l (3 10)

wii—1 — 1

However the conditional mean only exists if w;a;;—1 > 0.5 and the condi-
tional variance only exists if w;a;;—1 > 1. For that reason a;; must be at least
greater than one to calculate the conditional variance since w; lies between
0 and 1. This is a problem because the starting parameter a;, is often close
to zero, for reasons that are discussed in the next subsection. If a;o &~ 0 then
;1 = w; Ao +% R % since 0 < w; < 1 and hence the conditional variance (and
possibly also the mean) do not exist at time 1 and possibly at some of the
other early times too.

Although the conditional variance estimate (3.10) appears to be very differ-
ent to the O-EWMA estimate, it is in fact fairly similar. This can be shown
by using two approximations that will facilitate the interpretation of the con-
ditional variance estimate. The first approximation is that if w; is relatively
large then exp(—r;) will be very close to w; (Shephard, 1994) and the second
is to assume that a;o = 0 and b;y; = 0. However these approximations are not
actually used when implementing the model.

Firstly Shephard (1994) states that if w; is relatively large (say greater than
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0.8) then exp(—r;) will be very close to w; so that

2 Wy bi,tfl
o R —1
Wi Qi p—1 —

bi,tfl

Q-1 — 1/%’ .

Another implication is that under the assumption that w; is very close to 1,
as time increases a;;—1 will become much larger than 1/w; (which is approx-
imately one) so that

By substituting a;:—; with recursive equation (3.5) and b; ;1 with recursive
equation (3.6) the estimate thj becomes

t—1 t—2 k-1
big—1 exp(— D _j_1 Tix) bio + % Zk:o[(u?,t—k) Hl:() exp(—7i1)]

. t—1 1 t—2 K
CLz,tfl a;o wi + 5 Zk:() wi

However this estimate can be further simplified by once again applying the
approximation that if w; is relatively large then exp(—r;) will be very close
to w; (Shephard, 1994). Replacing exp(—r;;) with w; gives

— t—2
bit—1 N biowf 1+Zk:0[<uit—k)wﬂ

t—1 i—2
@it—1 Qiow; + Y oWy

In addition if the approximation that a;o = 0 and b;p = 0 then

t—2
big-1 k=0 [(u?tfk)wzk]
A1 2;20 wk

fori=1,2,---handt=1,2,---T.

Therefore under certain conditions the i conditional variance estimate (3.10)
is approximately an exponentially weighted moving average of the squares of
ith series of standardised principal component scores. Hence the conditional
variance estimates of the O-SV and O-EWMA models are analogous if wj; is
close to 1 and a;p ~ 0 and b;y ~ 0.
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3.6.4 Parameter Estimation

The unknown parameters which need to be estimated are w;, a;o and b,y for
all factors ¢ = 1,2, - - - h. These parameters are estimated by maximising the
log likelihood for each series separately. The log likelihood of the i*" series is

t
LL(u1, -+, wr,ws, Gio, big) = —Tlog(v/2m) + la;log(exp(—rit)bii—1/bit)
t=1

+log(I'(air)) — log(I'(wiaii—1)) — %ZOQ(WP(—Tn)bi,t—l)]

Il
N

which is found in Shephard (1994). There are a number of steps required to
determine that this is in fact the likelihood.

Firstly the multivariate distribution of the i*" series of standardised principal
component scores (i.e. the likelihood) is decomposed into the product of
the conditional distributions f(u;|F;—1) using Bayes theorem. Hence the
likelihood of the ¥ series can be decomposed as

L(wir, -+ wir, wi, Gio, bio) = f(wir|Fr—1) f(wir—1|Fr—a) - - f(ua|Fo) f(Fo)-

The second step is to find the conditional distributions f(u;|F;—1) and the
distribution f(Fp). The conditional distributions have already been calcu-
lated in the previous subsection and the distribution f(Fp) is assumed to
be 1. Taking the log of L(u;, -+ ,wir,ws, a, bio) gives the log likelihood, as
required.

Although this calculation gives an analytical formula for the log likelihood
of the " series, it cannot be maximised analytically with respect to the
three unknown parameters w;, a;o and b;y. Therefore the values of w;, a;
and b,y which maximise the likelihood must be found using numeric tech-
niques. However using numerical techniques to maximise the log likelihood
with respect to all three parameters simultaneously, for a given series, does
not result in the log likelihood converging to a maximum. This occurred for
the data in this thesis when using the MATLAB optimiser, although this
may not be the case in general. The multivariate optimisation routine (in
MATLAB) simply diverges.

For this reason the parameters a;y and b;y are assigned values. This is of
little consequence because the value of the log likelihood appears to be fairly
insensitive to the starting parameters a;p and b;y. This is demonstrated in
the results section. In addition the choice of a;y and b;y do not make a big
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difference to the model parameters a;; and b;, except for the first few time
steps. This is because as time ¢ gets larger so the first term of a; (see (3.5))
and by (see (3.6)) tend to zero since w! will tend to 0 as ¢ increases because
0 < w; < 1. Moreover a similar approach was used for the starting value o
in the GARCH(1,1) and the IGARCH(1,1) models, that is a value is assigned
to the starting value o3 instead of estimating it by maximising the likelihood.

One possible choice for the starting values are a;o = 0 and b,y = 0, which
can be justified in the Bayesian paradigm because these values would result
in a non-informative prior distribution that ~;o|Fp is a non-informative prior.
Shephard (1994) does not explicitly mention which values he assigns to a;
and b;p but merely states that Harvey (1989) assigns a; = 0 and by = 0
in a related model setting. However, choosing a;o = 0 and b,y = 0 exactly
results in problems estimating r;; as a minus infinity, plus infinity situation
arises. This is evident in equation (3.8). Therefore a value close to zero but
not exactly zero is used for both.

3.6.5 Forecasting the Conditional Volatility

Once the model has been fitted to obtain parameter estimates the conditional
volatility can be forecasted using the information up to that point in time.
Let ait Tt be the forecast of the conditional variance at time ¢ + k given the
information available at time t. The one step ahead forecast can be derived
using the probability density function f(u;¢41|F;) which has already been

derived as the density in equation (3.9). Therefore in the case of k =1

2 . €$p(—7”i,t+1)bz't
O 441t :

wiay — 1

On the other hand, to determine O’it+k|t for k > 1 the distribution of f(u; syx|F})
is required but to calculate this the distribution of f(v;.x|F:) is needed.
However the distribution of f(7;4x|F:) for £ > 1 cannot be found without
knowledge of future observations of the standardised principal component
scores u; 4 for [ > 0. This is because these observations are inherent in b; 14,

for { > 0.

Since neither of the distributions f(u;+4x|F:) or f(vit+x|F:) can be deter-

mined an alternative method to calculate o7, HE needs to found. One possible
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solution is to use 1/E(7; 1% | vit) as an estimate of o2 since the distribu-

i t+k|t
tion f(7i etk | %t) can be determined. The reason that F(7; ¢ |7i¢) is used
instead of £/ ( \ i) is because the latter requires a certain criterion to be
satisfied but thls Crlterlon is not always met. This is discussed in more detail

below.

However, there are two difficulties with using E(7; s+x | 7:¢) as an estimate for
127& . The first is that this forecast will not be directly comparable to the

O-EWMA and O-GARCH forecasts as these are 02t+k‘t Var(u; k| Fy) and

not o ki = = 1/E(Vit+r | vit) as is the suggested case for the O-SV model.
The second is that the formula involves v;; which is assumed to be known,
when in fact only an estimate of 7; exists. Therefore E[v;|F;] is used as
a point estimate of ~;; in the formula in place of the actual value as it is
unknown.

There are two ways to calculate E(7v; ¢4k |7:¢) (Shephard, 1994). The first
method uses the standard stochastic volatility model which has already
been discussed. However the second method involves adapting the standard
stochastic volatility model to deal with missing observations or irregularly
spaced data.

Method 1

To calculate E (Vi ik | Vi), Vit+r needs to be represented as a function of ;
only and none of the other v;,4;’s for ¢ <1 < k. Such an equation can be
found by repeated substitution into the updating equation (3.7) to give

I=k
Yit+k = Vit [H €Ip(7’z',t+l) Th,t+l]-

=1

This equation contains the variables 7;;,; which each follow a beta distri-
bution with parameters w; a;¢4;—1 and (1 — w;) @i44—1 for 1 < 1 < k. In
addition the equation contains 7;;4; for 1 <[ < k where each r;4; is also
a function of the parameters w; and a;;4;—1. Therefore both 7;,4; and ;4
are only a function of the a’s and w;’s which do not depend on future obser-
vations so there are no problems with unknown future observations. Hence
E(%it+x | 7it) can be calculated using properties of the beta distribution to
give

1=k
E[%,Hk‘%’t] = it [H €$p(7”i,t+l)] Wf-
=1
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However this assumes that ~; is known when in fact it is not. Hence
E[vi|Ft] = ai /by is used as a point estimate of v;; so that

1=k
Q;
Eigtn | vl = b_: [H €$P(7‘z‘,t+l)] Wf~
=1

The reason that E(1/7;4x|7it) is not used as an estimate of aft%‘t is be-
cause it requires that w;a;4y; > 1 for [ = 0,--- ,k — 1. This translates to
requiring a; ,4; to be at least greater than 1 if not larger for [ =0,--- k-1

which is a problem because this condition is not always met.

Method 2

In contrast the second method does not use the standard stochastic volatility
model but adapts it to allow for missing or irregularly spaced observations.
One way to think about it is that there are observations at times 1,2,--- ,t
and then the next observation is only at time ¢t + k so that the data are
essentially irregularly spaced. In this adjusted model let time 7 be a symbol
which actually represent time ¢, so that the difference between time 7 and
7 + 1 is not necessarily one time step but may be more than one time step.
The details of the adjusted model with irregularly spaced/missing observa-
tions are given below for i = 1,2, -, h (Shephard, 1994).

u™T, ~ N(O,T, 7}
Yir = GSUP(T:T)%‘,TA Nir
A =t =t
M~ beta(w az,_y, (1-w)ai, )
riy = —E[log(nir)] = ¥(aj, 1) = (i ai, )

%’0|F0 ~ G(“?m b;'ko)

: A 1 * * * 1,2 x 2
with aj, = w;"aj . + 5 and b}, = exp(—r};) b + ju;. The stars * in-

dicate that the parameters are from the adjusted stochastic volatility model
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with irregularly spaced data and not from the standard stochastic volatility
model with regular spaced data. The parameter r}_ is calculated using a dif-
ferent formula to the standard model but with the same purpose of ensuring
that the expected log return of the precision is zero. It is calculated using
the fact that if Z ~ beta(«, 3) then Ellog(Z)] = ¥(a) — (o + ).

Therefore using the information in the adjusted model above E[v; 41| 7ir]
can be calculated to give

A,
EWiz+1 7] = %r GZUP(TZTH) w; T

As previously mentioned, the expectation assumes 7, is known when it is
not. Therefore ~;, is again replaced by the single point estimate El|v;,|F;| =
af./bi.. If this is substituted into E[v; 41| 7ir| then this expectation becomes

*

1T

b

T

AT+1

E[%,TH | Yir] e$p(ri,f+1) W

Hence if t, =t and t,,1 =t + k then A,y = k so this result reduces to

*
T

*
biT

Elirs1 | vir] 637])(7’ZT+1) Wf-

Once again the reason that E[1/7; 11k | 7i] is not used as an estimate of o7, ke

*

is because it requires that w>" ai .4 > 1. This translates to the requirement
that af _, is at least greater than 1 or possibly even larger which is a problem
because this condition is not always met.

It is important to note that t; = 1,5, = 2,--- ,t, = t because there are no
irregularly spaced data between time 1 and time t. Therefore o, = a;; and
b;. = by because A, =1 for t, = 1,2,--- ,¢t. In this case the estimate of

Eirs1|7vr) with t; =t and ¢,41 =t + k becomes

a; *
Eliry1|vir] ~ b—n GJJP(T@TH)Wf-
it

This result can be compared to the result in the first method where there
are no missing observations which is

I=k
a;
ElVigsr | 7] =~ b_z [H eiUP(Ti,tH)] wy .
* L=
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Hence the only difference between the results from the two methods is that
the one estimate of E[v; 4| vit] contains [Hﬁj exp(ri7t+l)] and in place of

this the other contains exp(r;, ;). However, Shephard (1994) shows that
these two estimates are similar for w; around 0.93 provided that the forecast
is not too far ahead, that is k is not too large.

In this thesis the second method, which assumes irregularly spaced data, is
used to estimate E[7; ¢4k | 7it) so that aft LhlE is estimated using 1/ E[; t+x | Yit]-

To summarise, the one step ahead variance O'zt e 1S forecasted using 1/ E[7; 111|Fi]
and the k step ahead forecast ait & Where k > 1is estimated using 1 JEirs1 | Yir]
where t. = t, t,,1 = t + k and all observations before time ¢ have a time
step of one between them. However for the case k& = 1 the estimate of
1/ E[y;i 41| Fi] is the same as the estimate for 1/E[v; ;41| 7vir]. Therefore for

all integers k > 0 the forecasted conditional variance is
bit

aip exp(ry )Wy

Uz'2,t+k\t = 1/E[igtn | V) =
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Chapter 4

Details of the Model
Adjustments

This chapter discusses adjustments made to the raw data as well as adjust-
ments made at various stages in the calculations for fitting the orthogonal
factor models. There are three main steps in the calculations in which ad-
justments can be made. These three stages are the calculation of the vectors
z¢, Y and uy, following the notation introduced in Figure (2.1)). These three
stages and the associated vectors are:

1. The method used to calculate the log returns z;.

2. The method used to adjust the log returns z; to obtain the adjusted
residuals y;.

3. The method used to adjusts the factors x4 to obtain the standardised
factors ug.

4.1 Step 1: Return Calculations

The orthogonal factor models are fitted to two data sets, the first data set
contains daily closing share prices and the second daily exchanges rates. Both
of these are expected to display some sort of trend over time. Share prices
typically increase over time and exchange rates can increase or decrease over
time depending on the relative inflation and interest rates of the two regions,
among other things. Thus the data as is, are not conducive to statistical
analysis. To overcome this problem the data are converted to continuous log
returns which should not display a trend over time. The log return calcula-
tions are discussed in this section.
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Thus let P; be the closing share price or exchange rate on day ¢t. Therefore
the annualised log return Ret; at time ¢ is calculated as

Ret, = 250 [In(P,) — In(P_1)].

The 250 is there to convert the returns from continuous daily returns to con-
tinuous annualised returns based on the assumption that on average there
are 250 trading days in a year. The returns are annualised because it is more
intuitive to work with annualised returns.

However in the case of shares, the return calculations are a bit more compli-
cated than this when there are dividends or share splits.

4.1.1 Adjustment to Returns for Dividends

The dividend adjustment discussed here is for a cash dividend as the value
of the dividend is known on the declaration date. This is important because
the monetary value of dividends paid in another form may not be known on
the declaration date, for example dividends paid in the form of shares. The
reason an adjustment is required is discussed before describing the adjust-
ment itself.

On the last day to trade (LDT) an investor who purchases a share will re-
ceive a dividend D. However if an investor purchases the share the next day
then the investor will not receive the dividend. Therefore purchasing the
share on the LDT involves purchasing a certain percentage of the company
plus the promise of cash D at a known future date. However purchasing a
share the following day only involves purchasing that same percentage of the
company but without the cash payment D. Hence these two share purchases
are not comparable due to the difference of the future cash payment D. As
a result the log return needs to be calculated in a manner which allows for
the dividend so that the purchases are comparable.

Thus some theory is considered before a practical solution is given. To de-
velop the theory it is assumed that stock markets do not close. Let time ¢t be
the end of the ¢t"* day which is the LDT for the cash dividend of amount D.
Therefore up to and including time ¢ the purchaser will receive the dividend
but not after time ¢. Hence one may think that

P7 = P/ + Present Value of D (4.1)
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where P, is the share price at the instant before the time ¢ and P," is the
share price the instant after time ¢. If this statement were true then the daily
log return from time ¢~ to ¢ is

log(P;") — log(P/")

which is not zero if equation (4.1) is true. Consequently, assuming equation
(4.1) is true, the return is only non zero because of the dividend and not be-
cause of any other change in the underlying company. Thus if an adjustment
is not made for the dividend then the return series may appear more volatile
than it should be. Additionally these two purchases are not comparable but
this calculation implicitly assumes that they are. Hence if equation (4.1) is
true then the return from time ¢~ to time ¢* should be zero. Therefore it
should be calculated as

log(P;" + Present Value of D) — log(P;")
to ensure that the dividend does not incorrectly affect the return.

However these calculations above assume that equation (4.1) is true but it
is not the case since it assumes that the share price P;” is known at time
t=. This is incorrect as the share price is not previsible so P, cannot be
known at time ¢~. One possible way to overcome this is to use forward prices
instead of share prices because forward prices are previsible. If the P,’s are
forward prices then formula (4.1) is valid. The reason forward prices are
not used to calculate returns is because they depend on the strike price and
maturity date and not just on the underlying share price. Therefore there
is a conflict between practical requirements and theoretical accuracy when
calculating the returns.

For practical purposes equation (4.1) is assumed to be true. However even if
equation (4.1) is true, it cannot be applied as is. This is because in reality
markets do close and finding an appropriate rate to use for the purposes of
discounting the dividend is tricky and the rate may be inaccurate. Hence
equation (4.1) needs to be tweaked for practical application.

Firstly in practice stock markets do close so F;, the closing share price on day
t, replaces P,” and P, 1, the closing price on day ¢+ 1, is used to replace P;".
P, is used to replace P, instead of the next available price which would be
the opening price on day t + 1 because daily returns are required.

46



Secondly calculating the present value of each dividend is not practical. One
reason is that it is very time intensive to discount each dividend because
the interest rate of an appropriate term at that time which reflects a simi-
lar level of risk to the company must be determined. In fact it may not be
possible to calculate such a rate which meets all the necessary criteria and is
calculated in an objective manner. Additionally the difference between the
present value of the dividend and the actual value D is very small because
the time between the LDT and the payment date is usually short (a week or
two). Therefore whether the dividend is discounted or not should not have
a material impact. Hence in practice the value of the dividend D is used
instead of the present value.

Thus if day t is the LDT for the dividend of amount D then for practical
purposes the log return is calculated as

Rett+1 = 250 % [l’fl(PH_l + D) — lTL(Pt)] (42)

Although this is not theoretically correct, for practical purposes adjustment
(4.2) is reasonable and probably close to the best which can be achieved given
the practical difficulties.

4.1.2 Adjustment to Returns for Share Splits

In addition to these difficulties share splits also need to be considered. In the
case of share splits one share after the split will no longer reflect the same
proportion of the company as one share before the split therefore an adjusted
price needs to be determined. If there is an m for n share split at the start of
day t then for every n shares the owner held at the end of day ¢t —1 the owner
will have m at the start of day t. Hence the return should be calculated as

Ret; = 250 [In(P; * %) —In(P,_1)]

where P, is the published closing share price at time ¢ which reflects the price
after the split.

4.2 Step 2: Calculation of the Adjusted Resid-
uals y;

The calculation and in particular the adjustment of the returns z; have been
dealt with so the next step is to calculate the residuals y; using the returns
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z¢. Recall in Figure (2.1) that z; and the adjusted residuals y; are related
as

Y = B(Zt - ﬂt)

where fi; is the estimated conditional mean of z; and B is an N x N invert-
ible matrix used to standardise the residuals. Thus the first adjustment to
z; involves removing the conditional mean and the second involves taking a
linear combination of the residuals.

4.2.1 Removing the Conditional Mean

As previously discussed in Section 2.2, the conditional mean of the returns
z; should in theory be zero if markets are arbitrage free. However because
this is not always the case in practice, the conditional mean of the returns z;
needs to be removed in the process of calculating y;. This is because model
(2.5) assumes that the factors @ have a zero conditional mean which requires
that the adjusted residuals y; need to have a zero conditional mean.

The conditional mean is removed from the data by fitting an ARMA(p,q)
model or, as suggested by Fan et al. (2008), a VAR(p) model to the returns.
For each of these two models fitted (ARMA(p,q) and VAR(p)) a method for
choosing the values of p and of q in the former are required. In the case of the
ARMA (p,q) model the values of p and q are chosen separately for each series.

A quick and dirty method is used to choose the value of p and where appli-
cable q. It involves using the Akaike Information Criteria (AIC), Bayesian
Information Criteria (BIC) and the Likelihood Ratio Test. The values of p
and q are chosen by selecting the model with either the smallest Akaike Infor-
mation Criteria (AIC) or the smallest Bayesian Information Criteria (BIC)
up to and including p and q equal to six. However for sample sizes greater
than 7 the BIC imposes a greater penalty than the AIC does for additional
model parameters. This is applicable in this thesis as the sample size of each
of the data sets is greater than 7.

Therefore in the case of a VAR(p) model, selecting a model using the BIC
will result in the same or a smaller value for p than that selected by the AIC.
If both criteria indicate using the same value of p then that value is used
but if the one suggested by the BIC is smaller then a likelihood ratio test is
performed to determine whether the additional parameter or parameters are
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zero at the 5% significance level. If this test indicates that the parameter or
parameters are significantly different from zero then the value of p as recom-
mended by the AIC is used, otherwise the value of p as recommended by the
BIC is used.

Similarly in the case of the ARMA(p,q) model, selecting a model using the
BIC will usually result in the same or a smaller values for p and q. However
in this case there are two parameters so the model selected by the BIC will
not necessarily be nested in the one selected by the AIC. Therefore if the
model selected by the BIC is not nested in the model selected by the AIC
then it is not possible to perform a likelihood ratio test on the two models
selected. In such a situation the values of p and q recommended by the BIC
are used. On the other hand if the model selected by the BIC is nested in
the model selected by the AIC then a likelihood ratio test is performed to
determine whether the additional parameter or parameters are zero at the
5% significance level. If this test is significant then the values of p and q
recommended by the AIC are used, otherwise the values of p and q recom-
mended by the BIC are used.

Hence the model selection procedure for both the ARMA (p,q) and the VAR(p)
models are very similar. Although these model selection procedures are un-
acceptable if the focus of the thesis is only on fitting these models, they are
adequate for the purpose required. In other words these models are simply
used to remove the conditional mean which in theory should be zero anyway.
Hence in the bigger picture using this method as opposed to a more rigorous
model selection process should have little impact on the fit of the conditional
covariances.

4.2.2 Linear Combination of the Residuals

Executing the steps above will provide an estimate of the sample residuals
€ = z¢— pt

where fi; is an estimate of E[z¢|F;_;]. Instead of converting theses residuals
directly to factors, it may be preferable to take a linear combination of these
for reasons that will be discussed shortly. Therefore the adjusted residuals y;
are calculated by multiplying the residuals by a chosen value of the matrix
B (see equation (2.3)).
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In this thesis two different values for B are tested. These two along with the
resulting implications for the adjusted residuals y; are described.

1. Each residual €} is divided by the sample standard deviation of that se-
ries of residuals (i.e. the ™" series), as suggested by Alexander (2000).
Therefore each series of the adjusted residuals y; has a zero sample
mean (since the mean of the residuals is zero) and a sample variance
of one. For this reason these adjusted residuals y; are called the stan-
dardised residuals. Recall that ® is the unconditional sample covari-
ance matrix of the sample residuals é;, as introduced in Section 2.3.
Hence let (ﬁij be the sample covariance of the i"® and 5 series of resid-
uals. Therefore to construct the standardised residuals y, the matrix

A1
B = diag {@f} is invoked.

2. The residuals are not adjusted so B is the identity matrix. If this
choice is made then y; is simply the unadjusted residuals és.

There is a possible third choice for B which could not be used because of
the difficulties which result when calculating the principal components. This
involves adjusting the residuals using the sample covariance matrix of the
residuals, as suggested by Fan et al. (2008). Thus B = &3 so that y; will
be the product of &~z and the sample residuals é;. This results in the sam-
ple covariance matrix of y; being the identity matrix. The implication is that
all the eigenvalues are one and any vector of the appropriate dimensions with
unit length will be an eigenvector. Therefore the principal components will
consist of any set of orthogonal vectors of the appropriate dimension with
unit length. van der Weide (2002) suggests that in such cases identification
problems occur with A.

Some of the reasoning behind the remaining two alternatives as introduced
above are considered. The first option can be used since it was suggested by
Alexander (2000). Moreover before computing the principal components of
any data set it is typical for each series to be standardised to have a sample
mean of zero and a sample variance of one (Manly, 2005). The reason for
this is to ensure that the variance does not have an unwarranted influence
on the principal components. Hence the eigenvalues and eigenvectors will
be those of the sample correlation matrix instead of the sample covariance
matrix, as is the case with the second choice.

In some circumstances it is believed that the variance of a series reflects
the importance of that series (Manly, 2005). Under these circumstances the
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variances should not be standardised to one. Although the variance may not
reflect the importance of a series in the case of the data used in this thesis,
the variance of a series may well reflect important information and this is one
reason for the second choice above. The other reason for the second choice
is simplicity as no additional calculations are necessary and an adjustment
may not be necessary.

4.3 Step 3: Adjustment of the factors x;

Once one of the possible alternatives for B has been selected and conse-
quently the adjusted residuals vector y; has been calculated, the factors x;
can be constructed as the principal component scores of y;. However before
modelling the conditional variances one final adjustment is required. This
is to calculate the standardised factors us. These standardised factors are
constructed as a linear combination of the factors x; using matrix W as
introduced in Figure (2.1)).

There are two possible choices used for W' in this thesis. The first is to let
W = I in which case the factors are actually not adjusted. The second
is to standardise the factors so that each series of factors has unit sample
variance. This adjustment was suggested by Bongers (2008) in the context
of an O-GARCH model.

A brief outline of the reasons for this adjustment are discussed. Bongers
(2008) uses simulation to demonstrate that the square parameter error of
a GARCH(1,1) model is smaller on average when this adjustment is made.
This suggests that the adjustment will improve the fit of the O-GARCH
model. However Bongers (2008) did not test whether this adjustment could
improve the fit of the O-EWMA or O-SV models. Hence the fit of these two
models using this adjustment will be tested on the two data sets introduced
in the present study, although no conclusions can be drawn for a general
data set from such tests. This adjustment is considered in more detail as
follows. Recall that it was demonstrated in Section 3.1 that the unconditional
sample variance of the i series of principal component scores is the ‘"
eigenvalue )\;. Hence each series of principal component scores are simply
divided by their sample standard deviation. To represented this adjustment
mathematically let A = diag{)\;}, where )\; is the i** cigenvalue of V such
that Ay > Xy--- > N\, for e = 1,2,--- , h. Therefore let W = (A(h))’% such
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that the principal component scores x; are multiplied by (A(h))_% to give

u, = (AM) g,

4.4 Summary of All the Possible Adjustments

For each of the three models, O-GARCH, O-EWMA and O-SV, there are
8 different model variations. These are given in the flow chart depicted in
Figure 4.1. Hence there are 8 different estimates of the conditional covari-
ance of the log returns z; at each time ¢t. Therefore in total there are 24
different outcomes to compare for each of the data sets. This clearly makes
the comparison of results difficult. For this reason it is not possible to graph-
ically compare all of the conditional covariance estimate for all the models.
However the statistics are fitted to all of the model variations considered.
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Figure 4.1: Chart of All Possible Model Variations
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Chapter 5

Overview of the Data Sets

Two data sets each consisting of ten years of daily data from the 21st May
1999 to 20th May 2009 have been used. A description of the exact data
contained within each data set as well as their characteristics are considered
in this chapter.

The purpose of using two data sets is that this allows two different types of
financial data to be modelled which gives an indication of how the model fit
varies for different types of data. Hence if a model fits both types of data
well then it may be considered preferable to a model which only fits one type
of data well. The reasoning behind this is that in practice a model should fit
a variety of financial data well because the required conditional covariance
matrix will typically be that for a variety of financial data and not just one
type. This is because the practitioner is usually interested in the relationship
between various financial data. If the model only fits one type of data well
then this would make it difficult to construct a reasonable covariance matrix
of different asset classes and other financial data.

5.1 General Description of the Share Data

The first data set consists of the daily closing prices of seven shares which are
listed on the Johannesburg Stock Exchange (JSE) from the 21st May 1999 to
20th May 2009. These data were obtained from McGregor BFA. The names
of these shares along with the sector in which they are classified are given in
Table 5.1.

It should be noted that four of the seven shares are from the banking sector.

o4



Table 5.1: Data Set 1 - Shares Selected and their Sectors

Share JSE Sector

ABSA Group Limited Banks

FirstRand Limited Banks

Standard Bank Group Limited Banks

Nedbank Group Limited Banks

Gold Fields Limited Gold Mining

Murray and Roberts Holdings Limited Other Construction
Pick 'n Pay Stores Limited Food and Drug Retailer

Initially the idea was that this would allow the share data set to be used as
is and also to be split into two groups. However there are already 24 model
estimates (see Section 4.4) which need to be tested for each data set and
splitting this data set in addition to using it as is will create an additional
48 model estimates which need to be tested. For this reason the data set is
not split into two in this thesis. However this is a possible extension which
could facilitate further testing of the models.

Table 5.2: Correlation of the Share Returns

ABSA First StdB Nedb GFlds M&R P’nP

ABSA 1.00  0.59  0.58 0.54 -0.02 023  0.28
FirstRand 0.59 1.00 0.65 0.57 0.02 0.28  0.32
Std Bank 0.58  0.65 1.00 0.58 -0.01 0.25  0.30
Nedbank 0.54 0.57 0.58 1.00 0.00 025 0.29
Gold Fields -0.02  0.02 -0.01 0.00 1.00 0.056  0.06
Murray&Rob 023 028  0.25 0.25 0.05 1.00  0.17
Pick ’'n Pay 028 032  0.30 0.29 0.06 0.17  1.00

Besides the correlations, a brief overview of the volatility over the ten year
period is also considered. A plot of the log returns of the JSE Top40 Index
is displayed in Figure 5.1 can be used to get an idea of the volatility in the
South African market. The figure indicates that over the ten years of data
there are periods of high volatility and periods of low volatility. For exam-
ple, from about May 2008 to May 2009 there is a period of high volatility
whereas the year 2005 was mostly a period of low volatility. In addition the
effects of important events can be seen on the returns, such as the burst of
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the dot-com bubble in March 2000 and the 9/11 attacks on America in 2001.

Annualised Log Returns

21-May-1999 25-May-2001 27-May-2003 24-May-2005 23-May-2007 20-May-2009
Date

Figure 5.1: Plot of the Annualised Returns of the Top40 Index

5.1.1 Summary Statistics of the Share Data

Now that a broad overview of the share data has been discussed a more
detailed discussion of the data follows. The summary statistics of the annu-
alised log returns are shown in Table 5.3.

The sample means of all the returns of the shares are positive, however
the medians are zero. This indicates that the data are asymmetrically dis-
tributed, which is verified by the non zero skewness. In fact all the distribu-
tions, except for that of ABSA, are positively skewed. A positively skewed
distribution is preferable for investors as extreme returns have a greater prob-
ability of being positive rather than negative.

With regards to extreme returns, the difference between the minimum and
maximum of each of the share returns is large and therefore a wide range
of returns are observed. This is supported by the kurtosis, which is greater
than 3 for each of the shares. Thus the distributions are more peaked than
the normal distribution and have fatter tails so there is a greater probability
of observing extreme returns.
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Table 5.3: Shares - Summary Statistics

Statistic ABSA FirstRand Std Bank Nedbank
Mean 0.180 0.129 0.212 0.034
Median 0.000 0.000 0.000 0.000
Standard Deviation 5.433 5.449 5.428 5.414
Coefficient of Variation 30.246 42.401 25.623 158.361
Kurtosis 6.836 4.863 5.179 5.215
Skewness -0.059 0.062 0.202 0.122
Minimum -44.896 -31.437 -26.181 -27.138
Lower Quartile -2.732 -3.030 -2.793 -3.100
Upper Quartile 2.944 3.205 3.106 2.915
Maximum 28.053 26.904 29.209 29.598
Jarque-Bera Statistic 1516.447 358.352 505.532 511.206
Statistic GoldFields MurrayRob PicknPay
Mean 0.218 0.310 0.183
Median 0.000 0.000 0.000
Standard Deviation 8.287 6.160 4.942
Coefficient of Variation 37.982 19.867 26.968
Kurtosis 6.958 7.136 6.471
Skewness 0.423 0.012 0.401
Minimum -39.528 -39.766 -24.142
Lower Quartile -4.314 -2.793 -2.336
Upper Quartile 4.572 3.508 2.680
Maximum 62.259 41.270 34.731
Jarque-Bera Statistic 1687.258 1761.695 1306.980
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In addition to the skewness and the kurtosis indicating non-normality, the
Jarque-Bera statistics also indicate non normality. Each of the Jarque-Bera
Statistics are much larger than 5.968 which is the 5% cut-off for testing the
null hypothesis that the data are normally distributed. Hence the kurtosis,
Jarque-Bera statistic and skewness all indicate that the share returns are not
normally distributed.

Lastly the standard deviation and the coefficient of variation are considered.
Gold Fields is the most risky as far as standard deviation is concerned but
with regard to the coefficient of variation Nedbank is the most risky. This is
most likely because the coefficient of variation adjusts the variation relative
to the mean and Nedbank has the smallest mean.

5.2 General Description of the Exchange Rate
Data

The second data set consists of daily exchange rates of the South African
Rand (R) against five major foreign currencies from the 21st May 1999 to
20th May 2009, the names of which are given in Table 5.4. Each exchange
rate is in the format of the number of Rands that are equivalent to one unit of
foreign currency. These data were obtained from the South African Reserve
Bank website

(http://www.resbank.co.za/economics/histdownload /histdownload.htm).

Table 5.4: Data Set 2 - Exchange Rates

Exchange Rates

Rand/Pound

Rand/Euro

Rand/United States of America $
Rand/Australian $

Rand/Yen

However the exchange rates may not be comparable over time due to outside
interventions, usually due to government interference. Therefore a brief his-
tory of the South African government policy and their intervention in South
African exchange rates is discussed over the ten year period of interest. Prior
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to 2000 there was substantial direct intervention in markets to ensure that
exchange rates were in line with policy objectives. However in February 2000
an inflation targeting monetary policy framework was initiated with an in-
flation target of 3% to 6%, to be met within two years. Hence, from this
point onwards, the South African Reserve Bank no longer intervened with
the objective of influencing exchange rates and exchange controls were also
relaxed. Of course government interventions in the other 5 regions (Euro
zone, America, Japan, United Kingdom and Australia) should also be con-
sidered but these are not discussed here.

In addition to the impact government policy has on exchange rates, the
governor of the South African Reserve Bank also plays a major role in de-
cisions which affect South African exchange rates. Therefore exchange rates
are likely to be more comparable over the period if there was a governor
in place for most of the ten year period. Tito Mboweni had been governor
from August 1999 to November 2009. Hence for most of the ten year period
considered in the present study there was one governor. Therefore, from the
perspective of South Africa and ignoring the other 5 regions, the exchange
rates should be comparable over the ten years from May 1999 to May 2009
as government intervention in exchange rates was minimal because for most
of the period the same policy and governor were in place.

Besides outside intervention, the correlations of the exchange rate returns

are also considered and are shown in Figure 5.5. These correlations are
noticeably higher than the correlations between the share returns.

Table 5.5: Correlation of the Exchange Rate Returns

R/£ R/€ R/US$ R/Aus$ R/Yen

R/£ 1.00 0.89 0.85 0.79 0.79
R/€ 0.89 1.00 0.82 0.78 0.80
R/US$ 0.85 0.82 1.00 0.71 0.87
R/Aus$ 0.79 0.78 0.71 1.00 0.63
R/Yen 0.79  0.80 0.87 0.63 1.00

5.2.1 Summary Statistics of the Exchange Rate Data

Now that a broad overview of the exchange rate data has been provided a
more detailed discussion of the data follows. The summary statistics of the
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annualised log returns of the exchange rates are shown in Table 5.6.

Table 5.6: Exchange Rates - Summary Statistics

Statistic R/£ R/€ R/US$ R/Aus$ R/Yen
Mean 0.027 0.056 0.030 0.046 0.056
Median -0.077 -0.099 -0.136 0.000 -0.092
Standard Deviation 2.778 2.773 2.958 2.654 3.477
Coefficient of Variation  103.973 49.746 97.343 58.053 62.196
Kurtosis 8.082 8.084 8.696 7.001 8.892
Skewness 0.600 0.618 0.675 0.310 0.527
Minimum -14.328  -14.726  -18.506 -15.411  -21.726
Lower Quartile -1.531 -1.526 -1.553 -1.452 -1.815
Upper Quartile 1.426 1.417 1.449 1.475 1.665
Maximum 23.373 23.961 26.379 18.026 28.524

Jarque-Bera Statistic 2821.997 2831.558 3544.657 1697.669 3711.841

The mean returns of the exchange rates are considerably less than the mean
returns of the shares. This is because an exchange rate in itself is not an asset
and therefore the share returns and exchange rate returns are not directly
comparable. An investor would not purchase a currency and simply hold
it. Typically an investor would purchase a bond in the desired currency or
invest the money in the bank in the desired currency and so forth. Hence the
returns would usually be greater due to the coupons received, the interest
earned and income received.

Assuming purchasing power parity holds, it is expected that on average all
five exchange rates should increase over the ten year period. This is be-
cause on average the inflation rate over the ten year period in South Africa
is greater than the inflation rates in the United States of America, Euro
zone, United Kingdom, Japan and Australia. Although the means suggest
an increase in exchange rates over the period, the medians of four of the five
exchange rates are negative.

All the exchange rate return distributions appear to be non normal as they
are positively skewed, have a kurtosis greater than three and the Jarque-Bera
statistics indicate a non normal distribution. The standard deviations of the
exchange rate returns are about half of what the standard deviations of the
share returns are, but the coefficients of variation are typically greater due
to the small means. The ranges are also much smaller. Therefore it appears
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that the exchange rate returns are less risky than the share returns. How-
ever, as previously mentioned, the two types of financial data are not really
directly comparable.
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Chapter 6

Results - ARMA (p,q) and
VAR (p) Models

It is important to get an idea of the conditional mean of the log returns
z¢ before applying the procedure in Section 4.2.1 to choose the number of
AR parameters p and the number of MA parameters q in the appropriate
ARMA(p.q) and VAR(p) models. This is necessary as a process should not
be mindlessly applied without understanding the relevant features of the
underlying data. To gain an understanding of the conditional mean of the
returns zg, the sample autocorrelations, partial autocorrelations and possibly
any cross autocorrelations and partial cross-correlations should be examined.
However the cross autocorrelations and partials are not discussed due to lim-
ited space.

Once the bigger picture has been considered the best values for p and q can
be selected for the ARMA(p,q) and VAR(p) models. These models can then
be fitted to the data to determine the parameter estimates. Each of these
fitted models needs to be tested to ensure that the model fits the data ade-
quately. If the model fit is not suitable then the model needs to be adjusted
accordingly.

As the conditional mean is not the focus of this thesis, only a quick overview
of the steps involved in selecting values for p and q are given in this chapter.

62



6.1 Model Representation

Before discussing any model results it is necessary to define some notation
and the model representations.

Recall from Figure 2.1 that e; = (e, ea, -+ ,ent) is an N x 1 vector of
the residuals of the ARMA(p,q) models or the VAR(p) model at time ¢.
In the case of the ARMA(p,q) models e; is the residual at time ¢ of the
ARMA (p,q) model fitted to the i** series of returns, z; fori = 1,2,--- N and
t=1,2,---T. Thus an ARMA(p,q) model is fitted to each series separately
so that there are N ARMA(p,q) models which may have different values of
p and q. Therefore an ARMA(p,q) model fitted to the i'* series of returns
z; can be represented as

Zit = Gt pi1Zig—1t pPi2 Zig—2 + 0t Pip Zig—p T+ (6.1)
it +0in €1+ 0ineiro+ - +0igeirq

where ¢; is a constant, p;1, pi2, - - - pip are the AR parameters and 6,1, 0,2, - - - 0;,
are the MA parameters.

In the context of the VAR(p) model, e;; is the i’ series residual at time ¢.
Unlike the ARMA (p,q) models, the VAR(p) model is fitted to all N series of
returns z; simultaneously. Therefore a VAR(p) model can be represented as

2zt = c+Ryzy 1+ Rz o+ +Rpze ptey

where ¢ is an N X 1 vector of constants and Ry, Ra, - R, are N X N ma-
trices containing the VAR parameters.

6.2 Autocorrelations and Partial Autocorre-
lations of the Returns z;

From the representation of the ARMA(p,q) model it can be observed that
the number of significant autocorrelations of a series is approximately the
value of q and the number of significant partial autocorrelations of a series
is approximately the value of p. However this is only approximate because
a stationary AR process can be represented as an infinite MA process and
visa versa. Therefore using the autocorrelations and partial autocorrelations
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to determine p and q is not a strict rule but simply a guideline.

On the other hand, a VAR(p) model is somewhat different to an ARMA (p,q)
model because to determine p the partial autocorrelations between series
need to be considered in addition to the partial autocorrelations of each se-
ries. Note that it is of little use to examine the autocorrelations in the context

of a VAR(p) model.

Consequently plots of the autocorrelations and partial autocorrelations of
each series and the partial autocorrelations between each series should be
examined to help determine p and q for the ARMA(p,q) and VAR(p) mod-
els. In spite of this, only figures of the autocorrelations of each series are
included in this study. All the plots are examined but only a few key figures
are displayed. The first reason for this is that plots of the sample partial
autocorrelations are almost identical to the plots of the sample autocorre-
lations. Secondly, plots of the cross partial autocorrelations are excluded
to keep the total number of plots displayed to a minimum. Therefore the
autocorrelation plots are simply there to give some insight into how the con-
ditional mean can be modelled.

Plots of the sample autocorrelations of the share and exchange rate returns
at various lags are found in Figures 6.1 and 6.2 respectively. The two hori-
zontal lines above and below the x-axis give an approximate 95% confidence
interval under the null hypothesis that the autocorrelations are zero. Thus
any sample autocorrelations which do not lie between these lines are consid-
ered to be significant and thus need to be modelled.

Although some of the share and exchange rate returns have one or two signif-
icant sample autocorrelations at fairly high lags these are not a concern. This
is because significant sample autocorrelations at fairly high lags are probably
spurious and due to a few large positive or negative returns which are that
particular number of lags apart.

With regard to the share data in Figure 6.1 it can be observed that the sam-
ple autocorrelation of most share returns are significant at the first two lags
and a number are also significant at lags 3 and 4. What is interesting to note
is that most of the sample autocorrelations at lag 1 are positive and then
most are negative from lags 2 to 4. Thus share returns appear to display
some momentum in the very short term, that is today’s return is positively
related to the previous days return.
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In contrast to the share returns, the exchange rate returns have very few
significant sample autocorrelations at lags 1 to 4. Another difference is that
the sample autocorrelations of the share returns at lag 1 are mostly positive
but they are all negative for the exchange rate returns. Additionally at lag
1 all of the autocorrelations of the exchange rate returns are very close to
being significant but none actually are. However at lags 5 and 6 most of the
exchange rate returns are either significant or very close to being significant.
The sample autocorrelations at lag 5 are all negative but at lag 6 they are
all positive. This is interesting because significant autocorrelation at lag 5
in the context of daily returns means that the exchange rate return today is
related to the return a week ago, that is the return last Monday can help to
predict the return on the coming Monday and so forth.

Furthermore, it is worth noting that despite the fact that markets are gen-
erally hypothesised to be arbitrage-free significant sample autocorrelations
can be observed in both data sets. Possible reasons for this were discussed
earlier.

6.3 Optimal Values of p and q

Now that a broad overview of the conditional means has been discussed, the
values of p and ¢ in the ARMA(p,q) and VAR(p) models for the share re-
turns and the exchange rate returns can be determined using the procedure
described in Section 4.2.1. These values are constrained to be a maximum of
6 each. The reason a maximum value of 6 is chosen for q is that in Figures
6.1 and 6.2 there are very few significant autocorrelations at lags greater
than 6 and in any case the ones which are significant at lags greater than 6
are considered to be spurious. Since the sample autocorrelations and partial
autocorrelations are very similar, the maximum value allowed when choosing
p is also 6.

The optimal values of p and ¢, determined using the procedure in Section
4.2.1 but up to a maximum of 6 for each series of share and exchange rate re-
turns for the ARMA (p,q) models are given in Tables 6.1 and 6.2 respectively.

In spite of the fact that the share returns generally had significant partial
autocorrelations at lower lags and the exchange rate returns generally had
significant sample partial autocorrelations at lags 5 and 6, the values of p
for most shares are fairly close to six but for most exchange rates they are
smaller. However, most of the values of q for both the exchange rate and
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share returns are close to 6. The discrepancies between the values of p and q
compared to the partials and autocorrelations are because of the relationship
between the AR and the MA terms in that a stationary AR model can be
represented as an infinite MA model and visa versa.

Table 6.1: Shares - Best fitting ARMA(p,q) Model

ABSA
FirstRand
Std Bank
Nedbank
GoldFields
MurrayRob
Pick 'n Pay

Wk O Ot O
W Ut oY W Ut ot O [

Table 6.2: Exchange Rates - Best fitting ARMA (p,q) Model

p
R/£ 2
R/€ 0
R/US$ 2
R/Aus$ 3
R/Yen 5

Tt W k= O O [

For the VAR(p) models, the optimal value of p, again determined using the
procedure in Section 4.2.1 but up to a maximum p value of 6, is found to be
6 for both the share and exchange rate data sets.

6.4 Parameter Estimates

Since the best values for p and q (up to a maximum of 6) have been de-
termined, the ARMA(p,q) and VAR(p) models can be fitted to the returns
using the number of parameters chosen. The parameters are estimated in
MATLAB by maximising the log likelihood.
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The resulting parameter estimates for each of the ARMA(p,q) models are
found in Appendix B in Sections B.1 and B.2 . In addition the estimates of
the model parameters of the two VAR(p) models can be found in Appendix
B in Sections B.3 and B.4.

The fit of each of the models will now be discussed. However the actual
values of the parameter estimates are not discussed as the conditional mean
models are not the focus of the thesis and there would, in any case, be a
large number of parameters to discuss.

6.5 Testing the Fit of the Models

Once the conditional mean models have been fitted the residuals need to
be tested to determine whether the conditional mean has been adequately
modelled. Two tests are performed to determine if the models fit adequately
and these are now discussed.

6.5.1 Ljung-Box Q-Statistic

If the conditional mean has been adequately modelled then the residuals
should have no significant autocorrelations. The autocorrelations of the
residuals are tested using a Ljung-Box Q-Statistic up to lag 10. The null
hypothesis of this test is that all the autocorrelations up to a lag of 2 weeks,
that is 10 working days, are zero and the alternative hypothesis is that at
least one of the autocorrelations in the first ten lags is not zero.

The reason for choosing 10 lags is that there is a compromise between the
power of the test and the number of lags tested. Choosing a low number of
lags will ensure that the test has a high power but then the autocorrelations
at higher lags are not tested. However choosing a high number of lags results
in a test with low power but the autocorrelations at higher lags will also be
tested. The reason that the results can be misleading if a high number of
lags is chosen is that the Q-Statistic sums up the squared sample autocor-
relations up to the chosen number of lags, in this case 10. Therefore if the
chosen number of lags is large and most autocorrelations are small except for
one or two then this will result in a small Q-Statistic which is likely to be
insignificant when it should in fact be significant.
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The Q-Statistics of the residuals from the fitting the ARMA (p,q) models to
the share and exchange rate returns are given in Tables 6.3 and 6.4 respec-
tively along with the associated probabilities of observing a larger Q-Statistic.
These probabilities are referred to as p-values.

The VAR(p) model is somewhat different in that it is a multivariate model
and therefore each series of residuals can no longer be associated with one
share or exchange rate. Therefore each series of residuals will be represented
by a number, that is series 1 to series 6. The Q-Statistic of the share and ex-
change rate residuals obtained by fitting a VAR(6) model and the associated
probabilities of observing a larger Q-Statistic are given in Tables 6.5 and 6.6.
Likewise, the probability is called a p-value.

Table 6.3: Shares - Q-Statistics and p-values for the optimal ARMA(p,q)
models

Qo p-value

ABSA 3.3497  0.9720
FirstRand 2.4119 0.9921
Std Bank 5.3626  0.8657
Nedbank 6.3293  0.7869
GoldFields 2.8067 0.9856
MurrayRob 1.3230 0.9994
PicknPay 2.5057  0.9908

Table 6.4: Exchange Rates - Q-Statistics and p-values for the optimal
ARMA (p,q) models

Q1o p-value

R/£ 2.7975  0.9858
R/€ 3.5110  0.9667
R/US$ 13.1305 0.2165
R/Aus$ 6.1345 0.8038
R/Yen 9.0388  0.5284

In all four Tables, namely 6.3, 6.4, 6.5 and 6.6, the tail probabilities are all
greater than 0.2. Hence even at the 20% significance level the null hypoth-
esis that all the autocorrelations up to lag 10 are zero cannot be rejected.
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Table 6.5: Shares - Q-Statistics and p-values for the VAR(6) model

Q1o p-value

Series 1  7.2929  0.6975
Series 2 2.5828  0.9896
Series 3 11.2320 0.3397
Series 4 7.5129 0.6763
Series 5  8.4009 0.5897
Series 6  1.1948  0.9996
Series 7 5.3074  0.8697

Table 6.6: Exchange Rates - Q-Statistics and p-values for the VAR(6) model

Qo p-value

Series 1 4.7982 0.9042
Series 2 4.6969 0.9105
Series 3 7.3336 0.6936
Series 4 4.2474  0.9355
Series 5 6.7298  0.7507
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Therefore based on this test, it appears that each of the ARMA(p,q) and
VAR(p) models adequately models the conditional mean.

6.5.2 Significance of the Model Parameters

For both the ARMA(p,q) and the VAR(p) models a t-statistic, calculated
under the null hypothesis that the particular parameter is zero, can be found
for each model parameter. If £ psereq 1S the value of the t-statistic then the
p-value is the probability of observing a more extreme value than f,pserved
given that the true parameter is zero. Therefore if a t-statistic is significant
then that model parameter should be included in the model as the null hy-
pothesis that the parameter is zero is rejected.

The p-values associated with each parameter for the ARMA (p,q) models are
given in the Appendix in Sections B.1 and B.2 and for the VAR(p) models
in Appendix Sections B.3 and B.4. Besides the constants ¢;’s , see equation
(6.2), most of the t-statistics of the ARMA (p,q) parameters are significant at
the 5% significance level. However, with regard to the two VAR(p) models,
many of the t-statistics are not significant at the 5% or even at the 10%
significance level. This suggests that fitting a VAR model to the returns is
probably unnecessary. However, even though many of the parameters are
not significant, the value of p used when fitting the VAR(p) models will still
be 6. This is because the aim of this step in the calculations is simply to
remove the conditional mean and not to find the best model. In any case the
Q-statistic suggests that this has been achieved.

Since the values of p and q selected are suitable, from this point onwards when
referring to the VAR(p) model, p is assumed to be 6 and for the ARMA(p,q)
models the values of p and q are assumed to be those in Tables 6.3 and 6.4,
unless stated otherwise.
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Chapter 7

Results - Parameters of the
O-GARCH, O-EWMA and
O-SV Models

The previous chapter dealt with finding the optimal values of p and ¢ for
the ARMA(p,q) and VAR(p) models fitted to the the log returns z; for
t=1,2,---T. The resulting estimate of the conditional mean using the op-
timal values of p and where appropriate q is ft;. Therefore the conditional
mean residuals can then be calculated as é; = z; — f1;. These steps are out-
lined in Figure 2.1 along with a number of steps which follow. This chapter
deals with the remaining steps in Figure 2.1 which are now briefly recapped.

After calculating the sample residuals é;, the next step in the model is to
adjust the sample residuals using the matrix B so that y; = Bé;. Recall

that the two choices for B are B = I and B = dz’ag{é;%}. The standardised
residuals y; are used to construct the principal component scores x; via an
N x N matrix of factor weights A such that ¢y = ATy,. The columns of A
are the eigenvectors of V, the covariance matrix of Yt.

Before the principal component scores are standardised and a conditional
volatility model is fitted, the number of series of principal components to
include in the model needs to be determined. This chapter discusses an
appropriate choice of h, the number of series to include, for the share and
exchange rate data sets. This is selected by examining the proportion of
variance explained by each series of principal component scores. Once h
has been selected the factors are standardised using the matrix W to
give 'u,,(gh) = W(h)wgh). The matrix W® may either be W = T or
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W™ — (AM)=3_ Finally, one of three possible conditional volatility mod-

els are fitted to the standardised principal component scores ugh).

To summarise, this chapter discusses the factor weights A, the proportion
of variance explained by each series of principal component scores and the
model parameters of the O-GARCH, O-EWMA and O-SV models.

7.1 Factor Weights and Proportion of Vari-
ance Explained

It is assumed that the conditional mean residuals é; have been calculated
Al
and adjusted, that is y, = Bé, such that either B = I or B = diag{¢;;*}.
Therefore this section is concerned with the matrix of factor weights A and
the number of series of principal component scores to include in the model.

Recall that the factor weights A are constructed so that the columns of A
consist of the eigenvectors of V' which is the unconditional sample covariance
matrix of y;. Additionally A is constructed such that the first column of A
is the eigenvector corresponding to the largest eigenvalue and the second
column corresponds to the second largest eigenvalue and so forth. Hence
the eigenvalue of V which corresponds to the i'® column of A is the sample
variance of the " series of principal component scores.

Thus the proportion of the total variance explained by the i*" series of the
principal component scores is the it eigenvalue divided by the sum of the
eigenvalues. Therefore the cumulative portion of variance explained by the
first h series of principal component scores can be calculated by summing
the first h proportions. These cumulative proportions can help to determine
h, the number of series of principal component scores included in the model
(Alexander, 2000). The cumulative proportions are given for the share and
exchange rate data sets in Tables 7.1 and 7.2 respectively. The actual eigen-
values used to calculate these cumulative proportions can be found in the
Appendix in Section C.1. In addition the factor weights A can also be found
in the Appendix in Section C.2.

Once a value of h has been selected using this method, each of the complete
orthogonal factor models need to be fitted using this value of h to determine
whether the resulting conditional covariance estimates for z; are reasonable.
The models need to be fitted for each of the conditional mean models, B
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Table 7.1: Shares - Cumulative Proportion of the Variance Explained by the
Principal Component Scores

[ B Number of Principal Components Included
1 2 3 4 5 6 7
ARMA 1 0.36 0.64 0.77 0.85 0.91 0.96 1.00
ARMA diag{gﬁj} 0.43 0.58 0.70 0.82 0.89 0.95 1.00
VAR 1 0.36 0.64 0.77 0.85 0.91 0.96 1.00

VAR diag{qﬁ-i} 044 058 0.71 0.82 0.89 0.95 1.00

Table 7.2: Exchange Rates - Cumulative Proportion of the Variance Ex-
plained by the Principal Component Scores

[ B Number of Principal Components Included
1 2 3 4 5
ARMA 1 0.83 0.92 0.95 0.98 1.00
ARMA diag{gﬁj} 0.83 0.92 0.95 0.98 1.00
VAR I 0.84 0.92 0.95 0.98 1.00
VAR diag{gﬁj} 0.84 0.92 0.95 0.98 1.00
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and W.

Hence, in the case of the share data set, the cumulative proportion of variance
explained by the principal component scores suggest that choosing h = 5,
that is including 5 principal components in the model, is probably appro-
priate. This is because about 90% of the variance of the share returns are
explained by the first 5 of the 7 principal components.

On the other hand, in the case of the exchange rate data set, the cumulative
proportion of the variances explained by the principal component scores sug-
gest that choosing h = 2, that is using 2 principal components in the models,
may be sufficient. However choosing h = 2 may be problematic in terms
of accurately modelling the conditional covariances as only 2 independent
sources of risk are included in such a model.

In spite of the fact that the results summarised in Tables 7.1 and 7.2 suggest
that the majority of the variance can be explained by the first few series of
principal component scores a preliminary study suggests that choosing h =5
and h = 2 are not suitable. To illustrate this a plot of the conditional cor-
relations of a pair of share returns and a pair of exchange rate returns are
considered.

Thus the models fitted to the share returns are tested using the first 5 series of
principal component scores instead of all 7. The resulting O-GARCH condi-
tional correlation estimates of the returns of ABSA and FirstRand are given

in Figure 7.1 where the conditional mean model is ARMA, B = diag{¢,, %}
and W = I. The choice of the conditional mean model, B and W in the plot
appear to have little impact on the resulting plot. It is clear from Figure 7.1
that these estimates are not appropriate as all of the conditional correlation
estimates are much greater than the unconditional sample correlation of 0.59
(see Table 5.2). The corresponding plots for the O-EWMA and O-SV models
have not been included as they are similar in the sense that the level of the
conditional correlations are very similar and therefore the resulting estimates
are also unreasonable. Likewise, the conditional correlation estimates of the
other pairs of share returns did not appear reasonable.

A plot of each of the O-GARCH, O-EWMA and O-SV model estimates of
the conditional correlation estimates of the returns of ABSA and FirstRand
can be found in the next chapter in Figure 8.2 when h = 7. Similarly in this

figure the conditional mean model is an ARMA model, B = diag{¢,,?} and
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W = I. The estimates using h = 7 are more reasonable and are discussed
in more detail in the that chapter.
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Figure 7.1: Plot of the Conditional Correlation between the Returns of ABSA
and FirstRand when h =5

The models applied to the exchange rate data set are tested using h = 2,
that is 2 principal components are included in the models. Despite this the
plots of the resulting conditional correlation estimates of the R/£ and R/€
returns are not included as it appears that the conditional correlation is 1
throughout the time period. This is also the case when h = 3. Although the
estimates do not visibly vary on the plots, they do in fact vary slightly but
are always extremely close to or equal to 1.

Thus instead of plotting the conditional correlations of the models where 2
or 3 principal components are included, the estimates are plotted where the
model includes 4 principal components as these estimates can visibly be seen
to vary on a plot. The O-GARCH conditional correlation estimates of the
returns of the R/£ and R/€ are given in Figures 7.2 where B = I and 7.3
where B = d@'ag{é;%}. In both these plots the conditional mean model used
is ARMA and W = I. Similar to the share data sets, the choice of the condi-
tional mean model and W make little difference to the results. On the other
hand it is clear from the two plots that the choice of B makes a noticeable dif-
ference to the conditional correlation estimates in the exchange rate data set.

It is clear from Figure 7.2 that the conditional correlation estimates are not
reasonable given that the unconditional sample estimate is 0.89 (see Table
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Figure 7.2: Plot of the Conditional Correlation between the Returns of the
R/£ and R/€ when B =1 and h =4
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Figure 7.3: Plot of the Conditional Correlation between the Returns of the
R/£ and R/€ when B = diag{¢,?} and h = 4
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5.5). However, it is interesting to note that in Figure 7.3 although the es-

timates still do not seem suitable, they are more reasonable. This indicates
a1

that using B = diag{¢,;>} may be preferable to using B = I as it appears

to result in more reasonable estimates for the conditional correlations.

The plots for the O-EWMA and O-SV models are not included as they are
similar in the sense that the level of the conditional correlations are very
similar. Likewise, the conditional correlation estimates of the other pairs of
exchange rate returns did not appear reasonable.

A plot of each of the O-GARCH, O-EWMA and O-SV model estiamtes of
the conditional correlation estimates of the returns of the R/£ and R/€ Ex-
change Rates can be found in the next chapter in Figure 8.4 when h = 5 and

1
the conditional mean model is ARMA, B = diag{¢;;>} and W = I. The
estimates using h = 5 are more reasonable and are discussed in more detail
in the next chapter.

Thus for the two data sets tested, it appears that the suggestion made by
Alexander (2000) that it is preferable to use only the first few series of prin-
cipal component scores is not applicable. Since the conditional correlation
estimates are not reasonable when using some but not all of the series of
principal component scores, the model results from this point onwards are
for the models which include all the series. In other words, for the share data
set h = 7 and for the exchange rate data set h = 5 from this point onwards.

7.2 Parameter Estimates

The next step is to standardise the principal component scores to give us =
Wa, where the two choices for W are W = I and W = (A)~z. Since
h = N, in other words all possible series are included in the model, W)
is equivalent to W, u,(th) is equivalent to u; and mgh) is equivalent to a;.
Therefore it is no longer necessary to include the superscript . Thus the
final step is to fit one of the three conditional volatility models to the stan-
dardised principal component scores. The resulting parameter estimates of

each of these models are now discussed.

79



7.2.1 O-GARCH Parameter Estimates

The first conditional volatility model fitted to the standardised principal
component scores is the GARCH(1,1) model. To recap the GARCH(1,1)
model equation is

oy =Var(ug|Fim) = aio+asug,  + o),

where «;; measures the extent of the markets reaction and [3; represents
how persistent the volatitlity is. Estimates of the O-GARCH parameters
o0, ;1 and [; for the share data sets can be found in Tables 7.3, 7.4 and
7.5 respectively and for the exchange rate data set in Tables 7.6, 7.7 and 7.8
respectively.

Furthermore each estimate has an associated t-statistic which is calculated
under the null hypothesis that the true parameter is zero. Hence a p-value
can be calculated for each t-statistic which is the probability of observing
a more extreme t-statistic. These p-values are all smaller than 0.02, except
for the p-value associated with asgg in the exchange rate data set where the

conditional mean model is a VAR model, B = diag{gg;%} and W = I which
has a large p-value associated with it. Hence the null hypothesis that the
parameters are zero can be rejected for all the parameters except for the
one case mentioned. This is interesting as many of the estimates of oy, are
fairly close to zero, especially in the case of the exchange rate data set. This
implies that the standard error of these parameter estimates are very small.
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Table 7.3: Shares - Estimates of the GARCH Parameters «;q

s B w Number of the Principal Component
1 2 3 4 ) 6 7
ARMA 1 1 3.6376e-5 1.5279e-5 3.2346e-5 1.5399e-5 1.1535e-6 1.6163e-6 2.1335e-6
ARMA I (A)_% 0.0258 0.0141 0.0637 0.0492 0.0057 0.0084 0.0133
ARMA diag{gzgi;%} 1 0.0827 0.0161 0.0411 0.0326 0.0028 0.0035 0.0048
ARMA diag{g%i_i%} (A)_% 0.0272 0.0157 0.0478 0.0407 0.0059 0.0082 0.0133
VAR I I 3.605le-5 1.4390e-5 4.0447e-5 1.6551e-5 1.0045e-6 1.2282e-6 1.5731e-6
VAR I (A)_% 0.0258 0.0135 0.0813 0.0532 0.0054 0.0069 0.0105
VAR diag{gzgi;%} 1 0.0864 0.0140 0.0048 0.0411 0.0025 0.0029 0.0036
VAR diag{g%;%} (A)_% 0.0282 0.0136 0.0056 0.0510 0.0053 0.0069 0.0104
Table 7.4: Shares - Estimates of the GARCH Parameters o
[ B w Number of the Principal Component
1 2 3 4 5 6 7
ARMA 1 1 0.1069 0.0736 0.1341 0.1344 0.0220 0.0347 0.0626
ARMA 1 (A)_% 0.1069 0.0737 0.1343 0.1348 0.0223 0.0353 0.0632
ARMA diag{gzgi_i%} 1 0.1083 0.0715 0.1132 0.1154 0.0225 0.0357 0.0629
ARMA diag{éi_i%} (A)_% 0.1083 0.0715 0.1132 0.1154 0.0225 0.0357 0.0629
VAR I I 0.1057 0.0729 0.1499 0.1456 0.0200 0.0327 0.0564
VAR 1 (A)_% 0.1058 0.0730 0.1500 0.1459 0.0203 0.0332 0.0575
VAR diag{gzgi_i%} I 0.1073 0.0659 0.0339 0.1321 0.0204 0.0333 0.0570
VAR diag{éi_i%} (A)_% 0.1073 0.0659 0.0339 0.1321 0.0204 0.0333 0.0570
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Table 7.5: Shares - Estimates of the GARCH Parameters [3;

it B |94 Number of the Principal Component
1 2 3 4 5 6 7
ARMA 1 1 0.8688 0.9131 0.8095 0.8218 0.9730 0.9571 0.9247
ARMA 1 (A)_% 0.8687 0.9130 0.8091 0.8211 0.9723 0.9563 0.9236
ARMA dz’ag{@;%} I 0.8662 0.9133 0.8441 0.8475 0.9719 0.9561 0.9240
ARMA dz’ag{éi_i%} (A)’% 0.8662 0.9133 0.8441 0.8475 0.9719 0.9561 0.9240
VAR I I 0.8695 0.9148 0.7766 0.8083 0.9755 0.9608 0.9340
VAR I (A)_% 0.8694 0.9146 0.7763 0.8077 0.9745 0.9598 0.9323
VAR diag{é;%} I 0.8655 0.9211 0.9612 0.8216 0.9745 0.9597 0.9328
VAR dz’ag{éi—i%} (A)’% 0.8655 0.9211 0.9612 0.8216 0.9745 0.9597 0.9328

Table 7.6: Exchange Rates - Estimates of the GARCH Parameters a;q

fig B w Number of the Principal Component
1 2 3 4 5)
ARMA 1 1 6.3204e-6  4.483e-7  2.000e-7  2.000e-7  2.000e-7
ARMA 1 (A)_% 1.1132e-2  8.052e-3  7.228e-3  9.911e-3  5.056e-3
ARMA dz’ag{q@j} I 4.5706e-2 3.1706e-3 8.7842e-4 1.5238e-3 5.6135e-4
ARMA diag{éj} (A)’% 1.0982e-2 7.6612e-3 4.6255e-3 1.0884e-2 5.9550e-3
VAR 1 1 7.1187e-6  3.4998e-7 2.0000e-7 2.0000e-7 2.0000e-7
VAR 1 (A)_% 1.2717e-2  6.5669e-3 7.6682¢-3 1.0592e-2 5.6547e-3
VAR dz’ag{qg;%} I 5.2831e-2  2.5163e-3  2.0000e-7 1.5642¢-3  5.8906e-4
VAR diag{cﬁi_i%} (A)’% 1.2649¢e-2  6.1099e-3  5.0933e-3 1.1550e-2 6.4189%¢-3
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Table 7.7: Exchange Rates - Estimates of the GARCH Parameters a;;

[ B w Number of the Principal Component

1 2 3 4 5

ARMA 1 1 0.0982 0.0609 0.0421 0.0398 0.0562
ARMA 1 (A)’% 0.0983 0.0617 0.0406 0.0398 0.0427
ARMA diag{gg;%} I 0.0974 0.0613 0.0342 0.0468 0.0424
ARMA diag{gg;i%} (A)_% 0.0974 0.0613 0.0342 0.0468 0.0423
VAR 1 I 0.0931 0.0597 0.0462 0.0382 0.0564
VAR 1 (A)’% 0.0933 0.0598 0.0448 0.0383 0.0438
VAR diag{qﬁé} I 0.0925 0.0596 0.1046 0.0449 0.0413
VAR diag{qg;%} (A)_% 0.0925 0.0595 0.0397 0.0449 0.0413

Table 7.8: Exchange Rates - Estimates of the GARCH Parameters 3;

[ B w Number of the Principal Component

1 2 3 4 5

ARMA 1 1 0.8971 0.9299 0.9493 0.9506 0.9264
ARMA 1 (A)’% 0.8969 0.9289 0.9522 0.9507 0.9527
ARMA diag{&i;%} I 0.8981 0.9295 0.9613 0.9426 0.9522
ARMA diag{ggiz%} (A)’% 0.8981 0.9295 0.9613 0.9426 0.9522
VAR 1 I 0.8994 0.9338 0.9449 0.9518 0.9254
VAR I (A)’% 0.8991 0.9331 0.9476 0.9516 0.9509
VAR diag{&%é} I 0.9001 0.9337 0.8954 0.9439 0.9527
VAR diag{qﬁé} (A)_% 0.9001 0.9337 0.9554 0.9439 0.9527




Furthermore there are a number of observations which can be made with
regards to the parameter estimates themselves. It is evident in both data
sets that the persistence of the conditional volatility, g;, is fairly high and
the extent of the markets reaction, a;q, to the observed returns are fairly low.
Thus the conditional volatility at a point in time dominates the conditional
volatility at the next time step.

Another observation relates to the choice of W. Recall the suggestion made
by Bongers (2008) that choosing W = (A)_% should reduce the square error
in the parameter estimates of a GARCH model. However for a given condi-
tional mean model and choice of matrix B, choosing either W = (A)~2 or
W = I give very similar parameter estimates for a;; and ;. The estimates

appear to be even closer when B = diag{@i_i%} than when B = I, in fact in
this case they are often identical up to the fourth decimal place. Therefore
this seems to suggest that the recommendation made by Bongers (2008) does
not make much of a difference.

7.2.2 O-EWMA Parameter Estimates

The second conditional volatility model fitted to the standardised principal
component scores is the EWMA model or IGARCH(1,1) model without drift.
Recall that two of the defining equations for this conditional volatility model
are

Uit = O €t

O'l-Qt = VCLT(Uit|Ft,1) = Wiait—l + (1 — Wi)ul%til.

The O-EWMA parameter 7; is comparable to the O-GARCH parameter [;
and 1 — 7; in the O-EWMA model is comparable to the O-GARCH param-
eter a;; where 0 < m; < 1. Thus one might expect the O-EWMA parameter
m; to have a similar value to the O-GARCH parameter (3; and 1 — 7; to have
a similar value to the O-GARCH parameter «;;.

Estimating the parameter 7; is tricky as certain values of the parameter m;
in the set 0 < m; < 1 induce autocorrelation into the squared residuals €%
(see the system of equations (3.2)). Therefore the idea is to try and select
a value of m; which maximises the likelihood function over a range of values
for 7; which do not induce autocorrelation. This is further investigated in
this section. The investigation involves examining how sensitive the log likeli-
hood function is to a change in the parameter 7; and which values of 7; in the
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set 0 < m; < 1 result in significant autocorrelation in the squared residuals €.

In the context of fitting an O-EWMA model, the criterion for determining
whether a series is considered to display significant autocorrelation or not
needs to be discussed. In this context, a series is considered to display sig-
nificant autocorrelation if the p-value, associated with the Q-statistic fitted
to the series, is smaller than 0.05. This Q-statistic is fitted under the null
hypothesis that the each of the lags up to and including the number of lags
tested are zero. Therefore the p-value is the probability of observing a larger
Q-statistic. A Q-statistic at lags 1, 5 and 10 are calculated for each series
of squared residuals €2 for i = 1,2,--- N. Based on the findings, one of the
three lags will be selected to be used for the remainder of this study when
fitting an O-EWMA model.

Consequently, for each series of squared residuals it is possible to determine
a subset of the set 0 < m; < 1 such that none of the values of 7; in this subset
induced significant autocorrelation in the squared residuals. In other words
the p-value, associated with the Q-statistic fitted to that series of squared
residuals, is greater than 0.05. The parameter 7; is estimated by maximising
the likelihood function over this subset of values. However, if no values of
in the set 0 < 7; < 1 induce significant autocorrelation then the estimate of
m; is what is typically referred to as the maximum likelihood estimate of an
IGARCH(1,1) model. In such a case, this estimate of m; will be referred to as
the unrestricted maximum likelihood estimate. On the other hand, if there
are values of 7; in the set 0 < m; < 1 which induce significant autocorrelation
then the resulting estimate of 7; is the value which maximises the likelihood
function over this smaller subset. In such a case, this estimate of 7; will be
referred to as the restricted maximum likelihood estimate. However, if all
values of m; between 0 and 1 induce significant autocorrelation in the squared
residuals then the unrestricted maximum likelihood estimate is used for ;.

Since the estimate of m; may be the restricted maximum likelihood estimate
and not the unrestricted maximum likelihood estimate, it is important to
consider whether the value of the log likelihood at the restricted maximum
likelihood estimate of m; is close to the maximum of the log likelihood func-
tion. Note that the lag used in the Q-statistic will affect the estimate of m;
and therefore the model results.

A plot of the log likelihood of each series of standardised principal component

scores can be found in Figure 7.4 for the share data set and in Figure 7.5 for
the exchange rate data set. The red dots on each series indicate where the
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log likelihood is a maximum over the range 0 < m; < 1 and the associated
unrestricted maximum likelihood estimate of the parameter m;. The value
of the unrestricted maximum likelihood estimates of m; are also indicated in
the legend. As the shape of the log likelihood is very similar regardless of
the choice of conditional mean model, B and W only one plot is included
for each data set. In fact, either choice of W give identical results for the
O-EWMA models so the choice of W is irrelevant. In these plots the condi-

Al
tional mean is modelled using an ARMA model, B = diag{¢;;>} and W = I.
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Figure 7.4: Shares: Plot of the Log Likelihood of the O-EWMA Model
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Figure 7.5: Exchange Rates: Plot of the Log Likelihood of the O-EWMA
Model
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For both data sets it is evident that choosing 7; anywhere between 0.3 and
1 result in the log likelihood function having a value which is similar to the
maximum value of the log likelihood over the range 0 < 7m; < 1. Hence if the
restricted maximum likelihood estimate is between 0.3 and 1 it should not
have a big negative impact on the likelihood function.

The p-values, associated with Q(1), Q(5) and Q(10) fitted to the squared
residuals, are plotted for each series for both data sets. The plots for the
share data set are found in Figures 7.6, 7.7 and 7.8 and for the exchange
rate data set in Figures 7.9, 7.10 and 7.11. The red dot on each series repre-
sent the restricted maximum likelihood estimate of m; and the value of these
estimates are also given on the legend. Therefore for any one series, the like-
lihood is maximised over the subset of values of m; between 0 and 1 where the
associated p-values are above the horizontal black line drawn at 0.05. For
example, the first series PC1 in Figure 7.6 will estimate 7; by maximising
the likelihood over the subset 0 < m; < 0.86 as this is the subset over which
the p-values are greater than 0.05.

In these plots the conditional mean is modelled as an ARMA process, B =

diag{éi_i %} and W = I. However, the plots of the p-values do vary some-
what across the different choices of conditional mean model and B but the
general idea is the same. They are similar in the sense that for most series
the p-values are the largest for values of m; close to 0 and values close to 1
but are very small in between the two. This is evident in the plots for both
the share data set and the exchange rate data set.

Hence it is apparent from the plots of the p-values that in general the re-
stricted maximum likelihood estimate of 7; is between 0.3 and 1 so the log
likelihood at this value of ; is similar to the maximum value of the log like-
lihood. Furthermore the difference between the unrestricted and restricted
maximum likelihood estimates of m;, for any one series, are much greater for
the share data set than the exchange rate data set and, in fact there is hardly
any difference in the estimates in the case of the exchange rate data set.
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Figure 7.6: Shares: Plot of the p-values of Q(1) fitted to the squared residuals
of the O-EWMA Model
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Figure 7.7: Shares: Plot of the p-values of Q(5) fitted to the squared residuals
of the O-EWMA Model

88



PC1-0.65
PC2-0.93
PC3-0.35
PC4-0.93
PC5-0.98
PC6 - 0.97
PC7-0.14
e  Optimal Pi
0.05 Line

Figure 7.8: Shares: Plot of the p-values of Q(10) fitted to the squared resid-
uals of the O-EWMA Model
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Figure 7.9: Exchange Rates: Plot of the p-values of Q(1) fitted to the squared
residuals of the O-EWMA Model
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Figure 7.10: Exchange Rates: Plot of the p-values of Q(5) fitted to the
squared residuals of the O-EWMA Model

Figure 7.11: Exchange Rates: Plot of the p-values of Q(10) fitted to the
squared residuals of the O-EWMA Model
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For completeness, tables of the unrestricted and restricted maximum like-
lihood estimates of m; for all the variations of the conditional mean model
and B are included. These estimates of m; for the share data set can be
found in Tables 7.9, 7.10, 7.11 and 7.12. From the tables, it is evident that
for a given series, conditional mean model and choice of B the unrestricted
estimate of m; is usually greater than any one of the restricted estimates of
m;. Hence the persistence of the conditional volatility is greatest when the
unrestricted estimate is used. The restricted estimates are usually smaller
because as the number of lags used in the Q-statistic increase, at least up to
lag 10, so the p-values tend to get closer to zero at values of m; close to 1.
Moreover, for a given series, the unrestricted maximum likelihood estimates
are very similar across the different conditional mean models and B but
where the restricted maximum likelihood estimates are concerned they start
to differ across the variations. This is mostly the case in Tables 7.11 and 7.12.

On the other hand the unrestricted and restricted maximum likelihood esti-
mates of m; for the exchange rate data set can be found in Tables 7.13, 7.14,
7.15 and 7.16. Unlike the estimates of 7; for the share data, the unrestricted
maximum likelihood estimates of m; for any one series is very similar to any
one of the three restricted maximum likelihood estimates of 7;. Additionally
the estimates of 7; in any one of the tables for a given series are very similar
across the different choices of conditional mean model and B.

It is interesting that the unrestricted maximum likelihood estimates of 7; for
both data sets, that is in Tables 7.9 and 7.13, are generally slightly greater
than the comparable O-GARCH estimates of ;. Therefore the conditional
volatility of the O-EWMA models are slightly more persistent and less re-
sponsive to market movements than the O-GARCH models. Moreover, ac-
cording to J.P. Morgan and Reuters (1996) a value of 0.94 is generally what
one would expect to be best for an EMWA model of the squared or cross
product of the returns which is more or less the region of the unrestricted
maximum likelihood estimates of 7; in Tables 7.9 and 7.13.
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Table 7.9: Shares - Unrestricted Maximum Likelihood estimate of the O-
EWMA parameter 7;

s B Number of the Principal Component
1 2 3 4 5 6 7
ARMA I 0.9410 0.9540 0.9800 0.9360 0.9810 0.9720 0.9620
ARMA dz’ag{q@i—i%} 0.9380 0.9560 0.9790 0.9440 0.9810 0.9720 0.9620
VAR I 0.9390 0.9540 0.9810 0.9340 0.9820 0.9720 0.9640

all
VAR  diag{¢;*} 0.9400 0.9570 0.9780 0.9440 0.9820 0.9720 0.9640

Table 7.10: Shares - Restricted Maximum Likelihood estimate of the O-
EWMA parameter 7; using Q(1) to determine the subset of possible param-
eters

fig B Number of the Principal Component
1 2 3 4 ) 6 7
ARMA I 0.8540 0.8980 0.8630 0.8980 0.9610 0.9690 0.8770
ARMA dz'ag{d;;%} 0.8580 0.9070 0.8630 0.9000 0.9640 0.9670 0.8770
VAR I 0.8600 0.8950 0.8540 0.8930 0.9790 0.9720 0.9040

Al
VAR  diag{¢;*} 0.8680 0.9050 0.8640 0.8920 0.9810 0.9720 0.9050
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Table 7.11: Shares - Restricted Maximum Likelihood estimate of the O-
EWMA parameter 7; using Q(5) to determine the subset of possible param-
eters

fig B Number of the Principal Component
1 2 3 4 5) 6 7
ARMA 1 0.4250 0.9230 0.8980 0.9110 0.9810 0.9680 0.1180
ARMA diag{gzg;%} 0.5220 0.9270 0.8930 0.9090 0.9810 0.9670 0.1550
VAR I 0.5380 0.9230 0.8770 0.9060 0.9810 0.9720 0.3210

Al
VAR  diag{¢;*} 0.6770 0.9290 0.8840 0.9110 0.9820 0.9720 0.3040

Table 7.12: Shares - Restricted Maximum Likelihood estimate of the O-
EWMA parameter m; using Q(10) to determine the subset of possible pa-
rameters

[ B Number of the Principal Component
1 2 3 4 5 6 7
ARMA I 0.5010 0.9380 0.4020 0.9300 0.9810 0.9680 0.1440
ARMA diag{gg;%} 0.6490 0.9320 0.3540 0.9330 0.9810 0.9680 0.1350
VAR I 0.6350 0.9350 0.3270 0.9220 0.9820 0.9720 0.3550

VAR diag{qgi?} 0.7710 0.9310 0.3000 0.9340 0.9820 0.9720 0.3370

Table 7.13: Exchange Rates - Unrestricted Maximum Likelihood estimate of
the O-EWMA parameter m;

[t B Number of the Principal Component
1 2 3 4 5
ARMA I 0.9350 0.9560 0.9660 0.9700 0.9640
ARMA d@'ag{gﬁi—i%} 0.9360 0.9540 0.9700 0.9630 0.9640
VAR I 0.9390 0.9560 0.9620 0.9720 0.9630

N
VAR  diag{¢;*} 0.9400 0.9540 0.9650 0.9650 0.9650
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Table 7.14: Exchange Rates - Restricted Maximum Likelihood estimate of
the O-EWMA parameter m; using Q(1) to determine the subset of possible
parameters

[t B Number of the Principal Component
1 2 3 4 5
ARMA I 0.9350 0.9560 0.9590 0.9700 0.9640
ARMA diag{éi_i% }0.9360 0.9540 0.9690 0.9630 0.9640
VAR I 0.9390 0.9540 0.9540 0.9720 0.9630

A1
VAR  diag{¢;*} 0.9400 0.9540 0.9650 0.9650 0.9650

Table 7.15: Exchange Rates - Restricted Maximum Likelihood estimate of
the O-EWMA parameter m; using Q(5) to determine the subset of possible
parameters

[t B Number of the Principal Component
1 2 3 4 5
ARMA I 0.9350 0.9560 0.9660 0.9700 0.9640
ARMA diag{(ﬁj} 0.9360 0.9540 0.9700 0.9630 0.9640
VAR I 0.9390 0.9540 0.9620 0.9720 0.9630

A1
VAR = diag{¢;*} 0.9400 0.9540 0.9650 0.9650 0.9650

Table 7.16: Exchange Rates - Restricted Maximum Likelihood estimate of
the O-EWMA parameter 7; using Q(10) to determine the subset of possible
parameters

s B Number of the Principal Component
1 2 3 4 5
ARMA I 0.9350 0.9560 0.9660 0.9700 0.9640
ARMA diag{(ﬁi_i%} 0.9360 0.9540 0.9700 0.9630 0.9640
VAR I 0.9390 0.9560 0.9620 0.9720 0.9630

A1
VAR  diag{¢;*} 0.9400 0.9540 0.9650 0.9650 0.9650
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However the value of m; used in any O-EWMA model from this point on-
wards will be the restricted maximum likelihood estimate where the relevant
Q-statistic tests autocorrelations up to and including lag 5. Hence the likeli-
hood is maximised over the subset of 0 < m; < 1 where the p-value of Q(5),
fitted to the squared residuals under the null hypothesis that all autocorrela-
tions up to and including lag 5 are zero, is greater than 0.05. Recall that this
choice was mentioned in Section 3.5.1. The reasoning behind this is that a
lag of 5 will ensure that any weekly effects are not present and the lag chosen
is small enough to ensure that the test still has sufficient power. Therefore
using a lag of 5 is a sensible choice to make.

The O-GARCH estimates of (3; should in fact be compared to these restricted
maximum likelihood estimates of 7; since these are the values which will ac-
tually be used in the O-EWMA models fitted in this study. However, this
makes virtually no difference to the exchange rate data set but it does affect
the comparison in the case of the share data set. In the case of the share
data the restricted estimates of m; in Table 7.11, that is those selected using
a Q-statistic at lag 5, are considerably smaller than the O-GARCH estimates
of f; for series 1 and 7 and are therefore more responsive to market move-
ments. However for the remaining series they are still generally larger.

Note that unlike the GARCH(1,1) models, a t-statistic for the estimates of
m; and the p-values associated with the t-statistics are not calculated for the
IGARCH(1,1) models. The reason for this is that the set of m; over which the
likelihood is maximised is determined by the autocorrelation of the resulting
squared residuals. Therefore it may be difficult to determine an appropriate
p-value, associated with the t-statistic, for the null hypothesis that ; is zero.

7.2.3 0O-SV Parameter Estimates

The final conditional volatility model fitted to the standardised principal
component scores is the stochastic volatility model of Shephard (1994). Re-
call that the main equation of this model is

Yit = eiﬂp(ﬁt) Yit—1 it
where n;; follows a beta distribution such that
e ~ beta(w;aii—1, (1 —w;)a;—1).
Since the precision ~;; is a random variable and not a constant, a point es-

timate for the conditional volatility is required. The point estimate used
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for the conditional volatility of the i’ series at time ¢ is 1/E[vit|vis_1], as
discussed in Chapter 3.

This section provides some justification for the fact that the log likelihood
of the conditional variance of the i*" series of standardised principal com-
ponents is only maximised with respect to w; and the values of the starting
parameters a;o and b;y are kept fixed. To investigate this the log likelihood is
maximised with respect to w; over an appropriate grid of values of a;y and b;g.
Thus by varying the values of a;o and b9, a plot of the maximum likelihood
estimate of w; against the values a;o and b;y can be constructed. Furthermore
the maximum value of the log likelihood, with respect to w;, can be plotted
against a grid of fixed values of the parameters a;y and b;q. Together these
plots give an indication of the effect the starting parameter a;y and by, have
on the results. These plots are similar for any one of the choices of condi-
tional mean model, B and W so for illustrative purposes a choice is made
for each and used throughout the plots presented in this section.

Firstly the share data set is considered. Figure 7.12 contains a plot of the
maximum value of the log likelihood of the first series, with respect to wy,
against a grid of values of a1y and b19. The shape of the curve is similar for
the remaining six series of standardised principal component scores so it is
not necessary to include these plots. Therefore from the plot it is evident
that the maximum value of the log likelihood is similar for most values of
the parameters a1y and byy on the grid. The only values which give slightly
poorer results are when a low value of by is simultaneously chosen with a
high value of aig. In fact choosing the starting parameters a9 and by close
to zero but not exactly zero result in one of the better outcomes. The reasons
that they should not be exactly zero are discussed in Section 3.6.

Additionally a plot of the value of w; which maximises the log likelihood of
the first series for various values of a9 and by is given in Figure 7.13. The
shape of the curve is similar to that of the maximum log likelihood curve and
the range of values of w; on the plot are very small. The shape of the curve
is similar for each of the remaining six series and the range of w; on each of
these other curves is also small.

Thus for the share data, the results should be similar regardless of the choice
of starting parameters a;o and b;y. However a low value of by and a high
value of a;y will give slightly less optimal results and should be avoided.

The exchange rate data set is now considered. Figure 7.14 and 7.15 contain
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a plot of the maximum value of the log likelihood for various values of a;g
and b;y for the first and fifth series respectively. Hence it is evident from the
two figures that the shape of the curves are quite different. The reason for
choosing these two series in particular is that as the number of the series gets
closer to five so the shape of the curve looks more like Figure 7.15 and less
like Figure 7.14 but as the number of the series gets closer to one so the curve
looks more like Figure 7.14 and less like Figure 7.15. In other words, the curve
of any series between one and five look like a combination of these two curves.

Although the shape of the curves vary for each series, they all have a rela-
tively small range of log likelihood values over the grid of a;o and b;y. Thus
the choice of a;p and b;y do not have a big impact on the value of the log
likelihood. In both these figures choosing a;o and b;y close to zero but not
exactly zero, due to the difficulties mentioned in Section 3.6, result in the
maximum log likelihood value being one of the larger values on their respec-
tive figures.

Furthermore a plot of the values of w; which maximise the log likelihood of
the first series is given in Figure 7.16 and a plot of the values of ws which
maximise the log likelihood of the fifth series is given in Figure 7.17. Once
again, the shape of the curve for any series between one and five is somewhere
in-between the shapes of the curves in Figures 7.16 and 7.17. Additionally
the shape of each of these curves are similar to that of their respective max-
imum log likelihood curves. However, the range of values of w; on any one of
the curves for the five series is small so the starting parameters a;p and b
make little difference to the results. Thus these plots once again demonstrate
that for the exchange rate data the choice of the starting parameters a;y and
bip only have a small effect on the results.

Hence in both data sets choosing a;o and by close to zero but not exactly
zero for each series results in one of the better outcomes within each series.
In addition the parameters a;o and b,y have very little impact on the results.

Consequently the parameters a;o and b;g are fixed for two reasons. The first
is that the optimisation algorithms in MATLAB have difficulty converging
when the log likelihood is maximised with respect to all three parameters
w;, a;p and by simultaneously. The second is that the choice of the start-
ing parameters a;p and b,y have little impact on the log likelihood and the
maximum likelihood estimate of the parameter w;. As the choice of a;y and
bio have little effect on the results, it is not necessary to invoke an optimiser
which can handle such a problem.
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Since the justification for the method of parameter estimation has been dis-
cussed the actual values of w; are now considered. These parameter estimates
are found in Tables 7.17 and 7.18.

It is evident from these tables that the values of w; are fairly large which im-
plies that the precision ~;, changes slowly. Therefore the conditional volatil-
ity can be said to be fairly persistent. Another observation which can be
made is that within any one series, the estimates of w; are similar across the
various choices of conditional mean model, B and W. In fact in the case

Al
where B = diag{¢,;>} the choice of W results in identical estimates of w;
up to the third decimal place. In the case of B = I the choice of W still
makes little difference but the difference is typically greater than in the case

A1
of B = diag{¢;*}. A similar phenomenon is observed in the estimates of

!
the O-GARCH parameters, that is when B = diag{¢,;?} either choice of
W give extremely similar parameter estimates. Thus it appears that when

B = diag{ég 2}, the suggestion made by Bongers (2008) is of little use and
in fact, is irrelevant in the case of the O-EWMA model.

Recall that the conditional variance estimate of the O-SV model is similar
to that of the O-EWMA model and that w; is comparable to m; under cer-
tain conditions. Similarly the O-SV parameter is also comparable to the
O-GARCH parameter (3;. Although all three of these parameters measure
persistence they do so in different ways which makes strict comparison diffi-
cult. However what can be concluded is that all three models, O-GARCH,
O-EWMA and O-SV, suggest that the conditional volatility is fairly persis-
tent.
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Table 7.17: Shares - SV parameter estimate of w;

it B |94 Number of the Principal Component
1 2 3 4 5 6 7
ARMA I I 0.9265 0.9335 0.9400 0.9136 0.9595 0.9607 0.9604
ARMA I (A)_% 0.9260 0.9331 0.9403 0.9132 0.9674 0.9665 0.9645
ARMA diag{¢;®} I 09208 09426 0.9512 0.9265 0.9671 0.9663 0.9645
ARMA diag{d;2} (A)"% 09209 0.9426 0.9512 0.9265 0.9671 0.9663 0.9644
VAR I I 0.9295 0.9336 0.9475 0.9088 0.9606 0.9629 0.9624
VAR I (A)_% 0.9292 0.9332 0.9495 0.9081 0.9693 0.9682 0.9675
VAR d’iag{é;-%} 1 0.9238 0.9438 0.9549 0.9255 0.9692 0.9683 0.9674
VAR  diag{d;?} (A)™3 09239 0.9438 09549 0.9255 0.9692 0.9682 0.9673
Table 7.18: Exchange Rates - SV parameter estimate of w;
it B w Number of the Principal Component

1 2 3 4 5

ARMA 1 I 0.9073 0.9367 0.9467 0.9490 0.9452

ARMA I (A)_% 0.9093 0.9396 0.9562 0.9630 0.9569

ARMA diag{gzgi_i%} I 0.9085 0.9412 0.9645 0.9584 0.9589

ARMA  diag{d;?} (A)3 09086 0.9412 0.9645 0.9584 0.9588

VAR I I 0.9114 0.9387 0.9444 0.9470 0.9439

VAR I (A)_% 0.9143 0.9422 0.9519 0.9613 0.9551

VAR diag{ggi_i%} 1 0.9131 0.9434 0.9594 0.9570 0.9591

VAR  diag{d;2} (A)™3 09131 0.9434 09594 0.9570 0.9591




Chapter 8

Results - Analysis of
O-GARCH, O-EWMA and
O-SV

There are a number of methods which can be used to evaluate the fit of a
model and the accuracy of its forecasts. Two methods are used to analyse
the results. These are by

1. Graphical output which is used to get a general overview of the results
before performing a more detailed analysis.

2. Various statistics which are used to give an objective evaluation of the
models considered.

Another possible method which could be used is simulation. However the
models in this thesis are not evaluated using simulation for two reasons. The
first is the flawed assumption that the form of the model generating share
prices and exchange rates is known. This is particularly problematic when
modelling share and exchange rate returns as it is unlikely that a parsimo-
nious models exist because the values are determined by market consensus,
in other words an average of the opinions of all market participants. These
opinions are formed by thousands of different pieces of information and the
interpretation of how these will affect share prices and exchange rates. There-
fore if a model fits the simulated data well it does not imply that the model
will fit real world data well as the simulated data might not be a good rep-
resentation of real world data.

The second reason is a problem specific to simulating from an orthogonal
factor model. The problem is that there may be more than one orthogonal
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matrix A and vector x; that can generate the same adjusted residuals y;.
Therefore even if the model fits the simulated data well, the model estimates
of A and x; may not be close to those that were used to simulate the data.

Thus in short this chapter examines the model results via graphical output
and various statistics. In terms of graphical output it contains plots of the
model estimates of the conditional variances and correlations which are com-
pared to plots of the underlying data and in terms of statistics three different
statistics are calculated using the model results.

8.1 Proxy for the True Conditional Covari-
ance

There are some difficulties in this thesis with regards to evaluating the models
because in order to evaluate a model the true value of what is being mod-
elled should ideally be known. In this case the conditional covariances of
the log returns z; are being modelled but the true value of these conditional
covariances are unknown. Therefore a proxy is required for the conditional
covariances.

It is intuitive to proxy the conditional covariance of the " and j™ series
of the log returns z; by the cross product of the i'® and j** series of the
conditional mean model residuals é; = z; — fi;. Hence this approximation
can be represented as

COU[Zit th|Ft—1] ~ (Zit - /lit)(zjt - ﬂjt)
= Gubje
This proxy can in fact be represented more generally. The more general
proxy introduced here is the proxy which is implied in the AMAD (adaptive
mean absolute deviations) statistic in Fan et al. (2008). Therefore a more
general proxy for the conditional covariance of the i and ;™ series of the

log returns z; is the sum of the cross products the i* and 7" series of the
conditional mean model residuals in the vicinity of time ¢ so that

l=v

COU[Zit th|Ft—1] ~ Z (Zi,t—l—l - ﬂi,t+l)(2j,t+l - ﬂj,t+l)
l=—v

l=v

= g Cit+1€C5t+1-

l=—v
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The sum is from time t — v to time ¢ +v where v is a relatively small integer.
Hence if v = 0 then this proxy is simply é;;¢;;. On the other hand if v is not
zero then including adjacent residuals may help to obtain a better estimate
by removing some of the background noise (Fan et al., 2008). However the
approach could have the disadvantage of giving a less accurate point estimate
of the conditional covariance as the estimate essentially smooth the series of
the conditional covariances.

Since a suitable proxy for the conditional covariances has been introduced
the actual results can now be compared to this proxy to evaluate model fit
and the accuracy of the forecasts.

8.2 Visual Comparison of Results

Before evaluating the models by means of a range of statistics measuring
model fit, it is beneficial to get an overview of the results first. This is im-
portant because statistics can lose valuable information as they summarise
the information into one number. Therefore to get an overview of the results
a few representative plots for the various models are presented. Although all
the plots are not included those that are representative are shown and give
some idea of how reasonable the estimates are.

Recall that each of the O-GARCH, O-EWMA and O-SV models have two
choices for the conditional mean model, and for B and W. However the
choice of conditional mean model, B and W result in very similar plots
within each of the O-GARCH, O-EWMA and O-SV models. Therefore it
is only necessary to plot one combination of these variations and thus an

ARMA model, B = diag{$,,?} and W = I is selected for fitting the three
models.

However including only one set of the variations for each of the three models
still results in a large number of plots. This is because the shares returns
have 28 different series of conditional variances and covariances and the ex-
change rate returns have 15 different series of conditional covariances. Thus
to prevent the number of plots included from becoming too great the condi-
tional variance of only one series of returns and the conditional correlation
of only one pair of returns are plotted for each data set.

Additionally plots of the underlying data are also presented in order to as-
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certain whether these estimates are reasonable. Firstly the log returns of a
series are plotted next to the conditional variance estimates of that series
to get a sense of which periods should have high volatility and which should
have low volatility. Secondly the cross product of a pair of returns are plotted
next to the conditional correlation estimates of that pair of returns. How-
ever it is difficult to compare the plots of the cross product of the returns
to the conditional correlation estimates. This is because time periods where
the cross product appears to be more volatile may be due to one or both of
the return series being more volatile and not due to increased correlation.
The conditional covariance estimates could have been plotted instead of the
correlations as this is easier to compare to the cross product. However the
reason the correlations are plotted is that it is easier to determine whether
a correlation estimate is reasonable than whether a covariance estimate is
reasonable.

In the case of the share data the first set of plots are of the model estimates of
the conditional variances of ABSA’s returns shown in Figure 8.1. Note that
the range of the y-axis for the O-GARCH and O-SV models are the same but
that of the O-EWMA model is about twice the range of the other two. These
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