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Abstract

Joint models for longitudinal and survival data are a class of models that jointly analyse an out-
come repeatedly observed over time such as a bio-marker and associated event times. These
models are useful in two practical applications; firstly focusing on survival outcome whilst
accounting for time varying covariates measured with error and secondly focusing on the lon-
gitudinal outcome while controlling for informative censoring. Interest on the estimation of
these joint models has grown in the past two and half decades. However, minimal effort has
been directed towards developing diagnostic assessment tools for these models. The available
diagnostic tools have mainly been based on separate analysis of residuals for the longitudinal
and survival sub-models which could be sub-optimal. In this thesis we make four contribu-
tions towards the body of knowledge. We first developed influence diagnostics for the shared
parameter joint model for longitudinal and survival data based on Cook’s statistics. We evalu-
ated the performance of the diagnostics using simulation studies under different scenarios. We
then illustrated these diagnostics using real data set from a multi-center clinical trial on TB
pericarditis (IMPI). The second contribution was to implement a variance shift outlier model
(VSOM) in the two-stage joint survival model. This was achieved by identifying outlying
subjects in the longitudinal sub-model and down-weighting before the second stage of the
joint model. The third contribution was to develop influence diagnostics for the multivariate
joint model for longitudinal and survival data. In this setting we considered two longitudi-
nal outcomes, square root CD4 cell count which was Gaussian in nature and antiretroviral

therapy (ART) uptake which was binary. We achieved this by extending the univariate case



based on Cook’s statistics for all parameters. The fourth contribution was to implement in-
fluence diagnostics in joint models for longitudinal and survival data with multiple failure
types (competing risk). Using IMPI data set we considered two competing events in the joint
model; death and constrictive pericarditis. Using simulation studies and IMPI dataset the de-
veloped diagnostics identified influential subjects as well as observations. The performance
of the diagnostics was over 98% in simulation studies. We further conducted sensitivity anal-
yses to check the impact of influential subjects and/or observations on parameter estimates by
excluding them and re-fitting the joint model. We observed subtle differences, overall in the
parameter estimates, which gives confidence that the initial inferences are credible and can
be relied on. We illustrated case deletion diagnostics using the IMPI trial setting, these diag-
nostics can also be applied to clinical trials with similar settings. We therefore make a strong
recommendation to analysts to conduct influence diagnostics in the joint model for longitudi-
nal and survival data to ascertain the reliability of parameter estimates. We also recommend
the implementation of VSOM in the longitudinal part of the two-stage joint model before the
second stage.

Key words: Joint model, diagnostics, Cook’s distance, two-stage, VSOM.
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Definitions

An observation could be unusual with respect to its y-value or x-value in a simple linear
regression model. The unusual observations are formally categorised as outlier, leverage,
influential points, and residual according to their impact on the regression model, i.e. with

respect to x- or y- values.

Definition 1. Outlier: an outlier is defined as an unusual observation with respect to either
x-value or y-value. An x-outlier makes the scope of the regression estimates too broad, which

is usually considered less accurate.

Definition 2. Leverage: Leverage — a data point whose x-value (independent) is unusual, y-
value follows the predicted regression line though. A leverage point may look okay as it sits
on the predicted regression line. However, a leverage point will inflate the strength of the
regression relationship by both the statistical significance (reducing the p-value to increase
the chance of a significant relationship) and the practical significance (increasing r-square).
Unfortunately, leverage points have no impact on the coefficients because the point follows

the predicted regression line.

Definition 3. Influence: influential point— a data point that unduly influences the regression
coefficients (estimates). A point is considered influential if its exclusion causes major changes
in the fitted regression function. Depending on the location of the point, it may affect all

statistics, including the p-value, r-square, coefficients, and intercept.

Definition 4. Residual: a residual is the difference between the observed value and the mean
value that the model predicts for that observation. Residual values are especially useful in

regression because they indicate the extent to which a model accounts for the variation in the

vi



observed data

vil



Chapter 1

Introduction

In medical research it is usually the case where data are typically recorded repeatedly over
planned time points. Study designs that collect or record data repeatedly on an outcome vari-
able for each subject at some selected time points are not only common in medical research but
also other scientific disciplines (Rizopoulos 2012). The main focus of such study designs on
the response variable is to either evaluate population average longitudinal trajectory or subject
specific trajectory over time. In the process of collecting data for the response variable other
covariates that are considered to have an effect on the response variable may also be recorded.
In longitudinal study designs it is common to observe events that may be of interest to the
investigator especially in medical research. As an example while the investigator could be
recording biomarkers such as serum bilirubin levels among patients who are treated for liver
cirrhosis there could be deaths or relapse of the disease among other events that may be of in-
terest. Statistical models are useful in many fields such as engineering, finance, space science,
biology, pharmacology and medicine just to mention but a few.

In the past three decades, the longitudinal (measurement) and the event process were anal-
ysed separately until recently. There has been statistical methodology that has been developed
that allows the two processes to be jointly analysed using a modeling framework commonly
known as joint modeling for longitudinal and event-time (survival) data (Henderson, Diggle,

and Dobson 2000; Hsieh, Tseng, and Wang 2006; Rizopoulos 2012; Tsiatis, Degruttola, and



Wulfsohn 1995; Wulfsohn and Tsiatis 1997) through semi-parametric maximum likelihood
while the Bayesian approach using markov chain monte carlo (MCMC) techniques have also
been developed (Chi and Ibrahim 2006; R Brown and G Ibrahim 2003; Wang and Taylor 2001;
Xu and Zeger 2001).

There are different classes of joint models namely; latent class joint models which are primar-
ily useful for predicting the occurrence of an event (Proust-Lima et al. 2009, 2014) which are
handy in personalised medicine and shared parameters joint models which assess the strength
of association between a bio-marker and risk of an event (Henderson, Diggle, and Dobson
2000; Rizopoulos 2012; Tsiatis and Davidian 2004), this is the main focus of this thesis.

This statistical modeling framework has the advantage that it accounts for non-random drop
out due to the occurrence of an event in the measurement process. In the event process with
an endogenous time-dependent covariate, it accounts for measurement error in the bio-marker
as well as assessing the strength of association between the time-dependent covariate and risk
for an event (Rizopoulos 2012). Parameter estimation of joint models for longitudinal and
survival data and their respective scenarios are presented in Chapter 5 Section 5.1.

An equally important step in statistical modeling is to validate the model for different aspects
such as assumptions made, measures of influence and model adequacy. There are different
approaches that have been developed with the most common being based on residual analysis.
The standard practice is to plot these residuals and then visually see the performance of the
model. There are, notwithstanding, tests based on hypothesis for assessing model fit. There
are also other techniques that are used such as robust estimation and influence diagnostics that
have been developed as tools to assess specific aspects of statistical models.

An assessment of joint modeling mentioned above is done using residuals from the separate



sub-models. Influence diagnostics of the joint models have not been fully developed (Ri-
zopoulos 2012; Rizopoulos, Verbeke, and Molenberghs 2010). The technique for influence
diagnostics in the joint modeling framework has been using qualitative graphical displays to
isolate departures from model assumptions and influential subjects (Dobson and Henderson
2003). It was observed by Dobson and Henderson (2003) that lack of computing power to do
a full case deletion and re-estimation for each subject which was not practical at the time.

There has been work on model assessment tools using multiple imputation of residuals by
Rizopoulos, Verbeke, and Molenberghs (2010). This is motivated by the fact that there is
attrition in the longitudinal outcome due to occurrence of an event. This non-random drop
out makes the use of standard goodness of fit measures from residuals unattainable because
there is no reference distribution available and hence residual plots based on observed data
alone can be misleading because they do not have standard properties. The main idea in this
work is to augment the observed data with randomly imputed data points that would otherwise
have been provided had the subject not dropped out. This creates complete data from which
residuals can be calculated and plots produced, this is based on Bayesian techniques. Analysis
of these residuals is again through separate sub-models as reported by Rizopoulos, Verbeke,
and Molenberghs (2010). There has also been a Bayesian approach to assessing influence
measures for the joint model by Zhu et al. (2012) motivated by a multi-center clinical trial of
breast cancer. This work involves independently perturbing the joint model, subjects and ran-
dom effects for both sub-models. These perturbations are done to priors and all components
of the Bayesian joint model. These are finally combined for all the three perturbations to the
prior which creates a sampling distribution from which data is obtained. These data permit

an assessment on simultaneous sensitivity of all components of the Bayesian analysis. The



proposed methods are able to detect outliers, influential observations and assess the sensitivity
of inference to various unverifiable assumptions on the Bayesian analysis of joint models. An-
other Bayesian approach that has been studied using Q-functions for case-deletion is by Tang,
Tang, and Zhu (2017) with applications to skew-normal distributions. In this work a modified
likelihood displacement diagnostic statistic is used. This is because it is difficult to evaluate a
likelihood displacement of observed data using Q-functions. A quantity that is a Q-function, is
calculated which evaluates the effect of the i*" observation on the maximum Q-function after
excluding the i*" observation from the estimation of 6.

An assessment of goodness of fit has been done for joint models using Akaike information cri-
terion (AIC) and the Bayesian information criterion (BIC) (Baghfalaki, Ganjali, and Verbeke
2017; Park and Qiu 2014; Zhang et al. 2014). The work of Baghfalaki, Ganjali, and Verbeke
(2017) mainly focuses on distributional assumptions which has the potential of misleading
inferences if there is heterogeneity of random effects in the shared parameter joint model,
while Park and Qiu (2014) focus on separate goodness of fit assessment and diagnostics for
the two sub-models. The goodness of fit by the two authors is based on both extensions to
AIC and BIC which accounts for the number of parameters and sample size. On the other
hand, Zhang et al. (2014), developed a quantifiable change in AIC and BIC for fitting survival
data with and without the longitudinal data. This is done by decomposing the AIC and BIC
into additive components from which the goodness of fit is derived. Using this approach, it is
possible to compare longitudinal outcomes in terms of their contribution to the overall fit of
the survival data. Model assessment is done in two parts based on likelihood theory by using
the conditional density of the random effects given the longitudinal part which is replicated in

the survival part of the model. This motivates an idea to decompose Cook’s statistics (Cook



1977; Cook and Weisberg 1982) for diagnostics of the joint model from the joint conditional
density given the random effects.

There has been little work on developing influence diagnostics for joint models based on the
full conditional density of the joint model (Rizopoulos 2012) despite availability of software
packages to fit these joint models and an increase in computer processing power. In this thesis
we develop case-deletion (influence) diagnostics for the joint model based on Cook’s statistics
(Cook and Weisberg 1982) on the full parameter set which includes fixed effects, variance
components and association parameter of the joint model. We approach this by decomposing
and calculating Cook’s distance for the joint model parameters. Case-deletion diagnostics are
possible to implement because computing power has increased in the last decade and software

is readily available to do a full case-deletion diagnostics on the joint model.

1.1 Contributions

In this thesis we have developed influence diagnostics for joint models for longitudinal and

survival data and made the following contributions towards the body of knowledge:

(i) We have developed case deletion diagnostics for shared parameter joint models based on
Cook’s statistics. This is important because influential subjects and/or observations have
an impact on statistical inferences hence need to investigate them. We have conducted
simulation studies for the case deletion diagnostics to evaluate their performance and

results are published in Singini, Mwambi, and Gumedze (2018) paper (see Chapter 5)

(i1) We have implemented the variance shift outlier model (VSOM) for the two-stage joint

survival model. The VSOM is important in medical research especially laboratory based



when the data points are not enough to guarantee the required statistical power after ex-
cluding influential or outlying data points in the modeling process. It is known that
two-stage joint model is straight forward to implement and it is not computationally
intensive (Mauff et al. 2018, 2020), hence the VSOM is ideal to augment in the longitu-

dinal process at the discretion of the researcher.

(iii)) We have performed case deletion diagnostics in a multivariate joint model involving
two longitudinal outcomes using the IMPI data set. We have demonstrated the devel-
oped case deletion diagnostics using CD4 cell count which is measured on a continuous
scale and ART uptake which is binary. This is important in clinical trials, since it is
common to have more than one longitudinal outcome from some known family of dis-
tributions and these outcomes are likely correlated, which is dealt with by fitting a mul-
tivariate joint model conditional on random effects. It is, therefore, equally worthwhile
to investigate influential subjects and/or observations in the multivariate joint model for

longitudinal and survival data.

(iv) We have illustrated case deletion diagnostics in joint model for longitudinal and survival
data with multiple failure types. In clinical trials it is typical to observe competing events
which could be correlated, therefore, if the joint modeling is considered for analysis
then case deletion diagnostics should be performed to evaluate the impact of influential

subjects on model estimates in the competing risk setting.



1.2 Rationale

It is a well-known fact that outliers and/or influential data points can lead to making statistical
inferences that could be misleading in clinical trials. There is need for guidelines on design,
conduct and statistical analysis of clinical trials that have the potential of having outliers and/or
influential data points. When drawing inferences from a joint model for longitudinal and
survival data, it may lead to overestimation of treatment effects especially in clinical trials.
It is, imperative, therefore to conduct a sensitivity analysis after fitting the shared parameter
joint model conditional on random effects. The sensitivity analysis is based on case deletion
diagnostics evaluated from the Cook’s statistics. This gives confidence about the estimates of
treatment effect if they remain subtly the same with and without influential data points. Case
deletion diagnostics is the main aim of this thesis on joint model for longitudinal and survival
data. We illustrated these diagnostics on longitudinal CD4 cell count and ART uptake as the
outcomes of interest with constrictive pericarditis and death as the time-to event outcomes
(Mayosi et al. 2014). We also designed simulation studies to evaluate these diagnostics before
illustrating them on real data set. We further provide a discussion and recommendation on
the implementation of these case deletion diagnostics using JM Package and JMBayes

Package in R statistical software.

1.3 Objectives

The following are the objectives of this study:

(1) Implement case deletion diagnostics for joint models for longitudinal and survival data,



evaluate their performance in simulation studies and illustrate them on real data set from

a multi-centre clinical trial (IMPI).

(i) Implement a variance shift outlier model in a two-stage joint model for longitudinal and

survival data.

(ii1)) Implement case deletion diagnostics for a multivariate joint model for longitudinal and

survival data.

(iv) Implement influence diagnostics for joint models with multiple failure types (competing

risk).

1.4 Thesis outline

In this Chapter we have introduced the thesis, rationale and its main objectives. This Chapter

under this Section also provides an outline of the thesis which is divided into eight chapters.

Chapter 2 reviews linear mixed models (Laird and Ware 1982), Cox model (Collett 2015;
Cox 1972b) and their respective diagnostics. In this Chapter, we also describe the motivating
data set (Mayosi et al. 2014) that is used to illustrate diagnostics for the joint model. This is
necessary because it provides insights about the variables that are used in the joint model as

outcomes and predictors.

In Chapter 3, we review joint model for longitudinal and survival data (Henderson, Diggle,
and Dobson 2000; Rizopoulos 2012; Tsiatis, Degruttola, and Wulfsohn 1995). This review is

necessary because it lays the foundation for understanding joint models for longitudinal and



survival data which are the basic building blocks for case deletion diagnostics. A review of

existing model assessment tools and diagnostics is also given in this Chapter.

In Chapter 4, we implement case deletion diagnostics for the two-stage joint model using the
variance shift outlier model (VSOM) (Gumedze and Chatora 2014; Gumedze et al. 2010). We
begin by introducing the two-stage joint model and its formulation, then the VSOM with its

hypothesis tests. This implementation is illustrated using the IMPI data set.

Chapter 5 introduces the linear mixed model and its estimation, the survival model (Cox
1972a) and its estimation. We then introduce the shared parameter joint model, its formu-
lation and estimation after which we develop case deletion diagnostics for this joint model
based on Cook’s statistics (Cook and Weisberg 1982). These diagnostics are evaluated in
simulations studies with different scenarios before being illustrated in real data set from a
cardiology multi-centre clinical trial (IMPI) by the Mayosi Research Group (Mayosi et al.

2014).

Chapter 6 introduces the multivariate joint model for longitudinal and survival data, its formu-
lation and estimation (Rizopoulos 2012). We develop influence diagnostics for this model and

illustrate the diagnostics on real data set (IMPI).

In Chapter 7, we apply case deletion diagnostics to joint models for longitudinal and survival
data with multiple failure types i.e., competing risk. We first introduce the joint model with
multiple failure types, its formulation and estimation after which we illustrate case deletion

diagnostics using the IMPI data set.

In Chapter 8, we provide a discussion, draw conclusions and identify potential areas for further

research.



Chapter 2

Literature review

The structure of this review is as follows: Section 2.1.1 is the review of linear mixed model
and diagnostics for linear mixed model. Section 2.3 is the review of extended Cox model and

diagnostics for the survival model.

2.1 The linear mixed model

Introduction

In this Chapter we introduce and review the linear mixed model which is a sub-model in the
joint models for longitudinal and survival data. This is important because it lays the foundation
for understanding the estimation of the joint model and subsequently will lead to developing
diagnostics for the joint model.

We review the joint model for longitudinal and survival data by firstly reviewing its history
and evolution. This involves starting with time to event models with time dependent covariates
and its extension to the two staged approach to joint modeling longitudinal and survival data.
Diagnostics based on this approach are derived from the sub-models since the two staged strat-
egy is based on fitting the linear mixed model and extracting the fitted values from the linear

mixed model to be used as time dependent covariates in the Cox survival model.
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2.1.1 Review of the linear mixed model

The goal of this Section is to review the general structure of longitudinal data, review stan-
dard methods used for analysing such data (model fitting) and the techniques that are available
for model checking (diagnostics). This is important because it will set the scene into the joint
model formulation as well as joint model diagnostics. The motivating data set has longitudinal
measurements for both discrete outcomes for example ART uptake in HIV positive subjects
and Gaussian outcomes for example (square root CD4 cell count) in HIV positive subjects.
Study designs that collect longitudinal measurements have two main aims under investigation
and these are: an assessment of a cross-sectional effect and longitudinal effect. The cross-
sectional effect investigates how the effect of treatment differs on average at specific time
points, while the longitudinal effect investigates if there exists differences in the treatment ef-
fect (Rizopoulos 2012, p.16).

It is well known that longitudinal measurements from each subject over time are positively
correlated. This, therefore, means that standard statistical tools which are based on the inde-
pendence assumption such z-test and simple linear regression based on ordinary least squares
estimation (OLS) can not be used for longitudinal data analysis. In order to provide valid
inferences from the analysis of longitudinal outcomes, there is need to account for correla-
tion. There exists techniques in literature for standard longitudinal data analysis that accounts
for this including marginal models such generalised estimation equations (GEE). In the past
decades linear mixed models (LMM) have been extensively studied and developed in the last
decades (Diggle, Liang, and Zeger 1994; Fitzmaurice, Laird, and Ware 2012; Molenberghs

and Verbeke 2000) among others. Suffice to say that the optimal technique to analyse lon-
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gitudinal data is using linear mixed effects modeling which accounts for both the within and
between subject correlation structure through random effects.

The linear mixed model has design matrices for both fixed and random effects; fixed effects
are essentially population level coefficients while random effects adjust for individual differ-
ences in response to an effect.

The random effects and random errors are assumed to be independently and identically dis-
tributed. Interpretation of the fixed effects is exactly the same as in the simple linear regression
setting. This is interpreted as; assuming that there are covariates in the design matrix X, the
coefficients B for each covariate is the change in the responses Y on average for a one unit in-
crease in the corresponding covariate X whilst adjusting for all other predictors in the model.
Interpretation of the random effects b is from the view point of assessing how regression pa-
rameters for the ™ subject departs from the population. The chief advantage of mixed effects
models is that besides estimating parameters that describe how the mean response changes
in the population, it is also possible to predict subject-specific response profiles over time.
This is the main reason for their use in the joint modeling for longitudinal and survival data
framework (Rizopoulos 2012). In addition, these models handle data that is not balanced and
random effects account for correlation between repeated measurements for each subject parsi-
moniously. These models assume that the longitudinal responses are independent conditional
on random effects.

Models with few random effects may not sufficiently capture the correlation structure in the
data, and, therefore, linear mixed model that allows for appropriate covariance matrix for the
subject-specific error component that depends only on one subject are used. Several proposals

have been made in literature on modeling the covariance matrix which results in different se-

12



rial correlation functions, with first order autoregressive, Gaussian and exponential structures
being the most frequently used (Molenberghs and Verbeke 2000; Pinheiro and Bates 2000).

Parameter estimation of linear mixed models is based on maximum likelihood principles,
where the integral of log likelihood function of the observed data given full parameter vec-
tor has a closed form solution. This is a conditional distribution of longitudinal responses
given random effects; which is normally distributed with mean and covariance matrix. The
log likelihood estimator of the fixed effects vector after maximising the log likelihood func-
tion conditional on the covariance matrix can be solved and corresponds to ordinary least
squares estimators. When sample sizes are small, maximising the log likelihood function for
fixed effects gives biased results (Molenberghs and Verbeke 2000). To address this problem,
the theory of restricted maximum likelthood (REML) developed by Harville (1974) has been
widely adopted. The reasoning behind this estimation procedure is to separate the part of the
data used for the estimation of the variance covariance matrix from the part used for the esti-
mation of coefficients and this corrects for the fact that coefficients have also been estimated.
Notably, neither the maximum likelihood nor the restricted maximum likelihood estimators
can not be written in closed form; therefore, to obtain the estimate of the variance covariance
matrix, numerical optimisation has to be done. The two popular algorithms that have had wide
implementation are Expectation-Maximization (EM) (Dempster, Laird, and Rubin 1977) and

Newton-Raphson algorithm (Lange and Hunter 2004).
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2.1.2 The formulation of the linear mixed model

The linear mixed model which a powerful and flexible tool for the analysis of correlated data

observed over time has the following formulation, using matrix notation:

Y =XB+Zb+e 2.1

where Y is the NV x 1 vector of responses, X is the IV x p design matrix for the fixed effects; 8
which is a p x 1 vector of parameters and Z = [Z1, ..., Z;|, where Z; is the p X ¢ design matrix
for the i random effects factor b = [bf, ..., b}] with b; being the ¢; x 1 random effects vector
such that ¢ = 2?21 gi» and e is the N x 1 vector of random errors. It is assumed that E(b) =0
and E(e) = 0 in addition that b and e are independent and multivariate normally distributed as

follows:

b 0 G 0
~N( . o’ ) ), (2.2)
€ 0 0 R(p

1
where v and p are respectively » x 1 and s x 1 ( with s < n(n2—|—)> vectors of unknown

variance parameters corresponding to b and €. If the random terms are correlated then the

1
dimensions of 7y may exceed ¢ i.e. 7y may be of dimensions r < q(q;—) The variance-

covariance matrix of the data, Y, can be written as follows using the formulation by Patterson

and Thompson (1971):
Var(Y) = 0*(ZGZ +R) = 0’H (2.3)
where
H=7GZ +R. (2.4)

The parametrisation above (2.3) is appeling because once the residual variance o2 is fac-
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tored out the variance matrix for the data; it reduces to -dimensional REML log-likelihood
maximization problem to unity. In this case ¢ = r 4+ s+ 1, which is the number of variance
parameters in model (2.1).

The matrix H is composed of two items that are used to model correlation and heteroscedas-
ticity i.e. the random effects ZGZ' and the within-group component R. The within-group
component R can sometimes be used to model directly the variance-covariance matrix of the
data without the need to incorporate random effects to adjust for correlation among observa-

tions.

2.1.3 Joint estimation of fixed and random effects

In this Sub-Section we briefly review how parameters are estimated in the linear mixed model.
Parameter estimation has mainly been done using least squares in the case of simple linear
model, which postulates that a value that has the minimum variance is the best linear estimator.
This principle can be extended to the linear mixed modeling framework. A lot of investigations
have been done that have showed that this approach is sub-optimal (Laird and Ware 1982). The
most widely estimation technique in linear models is based on maximising the likelihood on a
log scale.

In the following Section we will first deal with the joint estimation of fixed effects (3) and
random effects b and then proceed with the estimation of variance parameters 7, p and o2.
There are many methods for estimating both fixed effects and random effects simultaneously,
which include Henderson (1950)’s mixed model equations. One of the earlier proposals was

by Henderson (1950) and Henderson et al. (1959), who assumed that b and Y are Gaussian
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distributed as

b 0 G GZ
~N . o2 . (2.5)

Y X3 ZG H

In this case Y has the marginal probability distribution function N (X3,0?H), where H is as
defined in model (2.4) with G and R assumed to be known.

In the above formulation (Henderson 1950; Henderson et al. 1959) maximised the log-joint
distribution of (Y,b) to obtain estimators of 8 and b. This logarithmic function is not a

log-likelihood function since b is not observed. The marginal distribution b from 2.5 is thus
b~N(0,G)
and the conditional distribution of Y given b is
Y|b~N(XB+Zb,o’R).
Therefore the log-joint distribution of (Y,b) is given by
log f(Y,b) =log f(Y|b) +log f(b)

1
_ —2{n10g02+10gR+ (Y —XB—Zb)R (Y -XB - Zb)/UZ}
1
—2{Q1og02+10gG+bIG_1b/02}'

1
- _2{10g02+10gR—|—10gG+ (Y_Xﬂ)/R_l(Y_Xﬂ)/UQ}

1
— 22{b’(ZR—lz’ +G Hb—2(Y - XB)’R‘lzb}.
o
Estimates of 8 and b are obtained by solving score equations
X 'R Y-XB-X'R"'Zb)=0

ZR Y -XB)— (ZR'Z+G Hb=0.
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These equations are commonly refereed to as mixed model equations (MMESs) proposed by

Henderson (1950). The compact representation of these equations is of the following form;

XR !X XR !X B X'RYY
= . (2.6)
ZR X ZR'Z+G | |b ZR1Y

The above model (2.6) was re-written by Gilmour, Thompson, and Cullis (1995) as

Cy=WR1'Y,
0 0
where W = [X  Z],9 = (8',b') and C = W'R™'W + G** with G* =
0 G
0O O
and G** = , where the ‘+ ’sign is the Moore-Penrose inverse.
0 G

In the model (2.1) there is E(Y) = X8 and Var(Y) = 0?H, where H is the conditional vari-
ance of the error term given X is a known nonsingular covariance matrix. If H is known, the
fixed effects parameter 8 can be estimated using generalised least squares (GLS) to get
B=(XH'X)'X'H Y. 2.7)
the best linear unbiased estimator of 3. Suppose that X is not full rank, the generalised
inverse (X’H~1X)~! is used instead in the place of (X’H~1X)~! to get a solution for the
fixed effects B which is not unique let alone unbiased. On the other hand X,B is unique and
unbiased for X /. Estimates for 8 and b are obtained by solving score equations
X'RNYY-XB)-X'R™'Zb=0 (2.8)
ZR N (Y-XB)-ZR 'Z+G ' =0 (2.9)
These equations are called the mixed model equations (MMEs) as proposed by Henderson

(1950) and Henderson et al. (1959).
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Using GLS in estimating 8 is computer intensive since it requires the inverse of H which is

the n x n matrix. The joint estimators of 8 and b can be obtained by solving (2.6) or
Y=C'WRY, (2.10)

where 'cﬁ = (,3’ ,B)/. It must be noted that equation (2.10) just requires the inversion of C, a
(p+q) x (p+ q) matrix which is less computer intensive compared to H and R~ which is

also an n X n matrix which is computationally efficient.

2.1.4 Variance parameter estimation

There have been several approaches discussed by Searle, Casella, and McCulloch (1992)
for estimating variance components. Some of the approaches include analysis of variance
(ANOVA) which are optimal in balanced data settings only. This techniques uses the expected
mean squares which is difficult to apply in unbalanced data or modeling variation using com-
plex variance structures. A general discussion about challenges encountered by the above
approach for estimating variance components has been provided by Searle (1995) for unbal-
anced data.

There has been a lot of interest in the estimation of variance components in the past (Hender-
son 1953; Rao 1971). In his earlier work Henderson (1953), a three technique to estimating
variance components was proposed and these are called Henderson I, II and III. There is a
detailed account provided by Searle, Casella, and McCulloch (1992) about these techniques.
After his investigation Rao (1971) proposed a minimum norm quadratic estimation (MINQUE)
method for estimating variance components which results in estimates that are translation in-
variant in cases where there is unbiased quadratic forms of observations.

In recent times the standard methods for estimating variance components are based on max-

18



imum likelihood (ML) and residual maximum likelihood (REML) for both balanced and un-
balanced data. These estimation methods besides working for both balanced and unbalanced
data, they handle a wide range variance models compared to simple variance components.

It has been demonstrated that maximum likelihood variance estimators are biased downwards
mostly in small sample sizes. This is the case because no adjustment is done to estimates due
to the degrees of freedom after estimating fixed effects (Lin and McAllister 1984; Swallow
and Monahan 1984). It is for this reason that REML estimation techniques for variance com-
ponents are a preferred choice. There is an elaborate discussion provided by Searle, Casella,
and McCulloch (1992) about advantages and disadvantages between ML and REML. Maxi-
mum likelihood estimation for variance components alone has been an attractive research area
in the past four decades or so (Hartley and Rao 1967; Jennrich and Sampson 1976; Lindstrom
and Bates 1988; Molenberghs and Verbeke 2000).

In the next Section a review of variance components estimation is presented which is limited

to REML methods.

2.1.5 Residual maximum likelihood (REML)

REML maximises the likelihood of linearly independent error contrasts which hide in H as
presented in equation (2.7) when maximum likelihood estimation of variance components is
done (Anderson and Bancroft 1952; Patterson and Thompson 1971). These error contrasts are
a linear combination of the data Y which is orthogonal to the design matrix X. In REML the
linear combination are chosen as K'Y so that K'Y is full rank but not linked to fixed effects
B. These are residuals obtained after fitting fixed effects (8’s) hence E(K'Y) = 0 if and only

if K’X = 0 holds. This quantity suggests performing maximum likelihood on K'Y instead of
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Y.
In their work Lee and Der Werf (2006) have shown that REML log-likelihood can be viewed
as a conditional likelihood by assuming asymptotic Gaussian distribution for 8 given vari-
ance components values while Cook (1987) showed that the REML log-likelihood coincides
with the conditional profile likelihood for Y ~ N(X3,0?H) and KX = 0 we have K'Y ~
N(0,0>K'HK) and the residual REML log-likelihood function is

(r(p;K'Y) = —;{(n —p)log(27) + (n— p)logo? +log | K'HK| o

+ ;Y’K(K’H)_IK’Y, } |

where ¢ = (k'02)’, and k = (7/,p)’. The derivation of the probability distribution of K'Y
having chosen carefully K’ as an (n — p) x n matrix whose rows are (n — p) linear independent
rows I — X (X’X) !X’ has been studied by Patterson and Thompson (1971). Due to the fact
that T — X(X’X)~1X’ is symmetric, idempotent with rank n — p it can be written as KK’ such
that KK = 1. In their argument Patterson and Thompson (1971) say that since E(K'Y) =0
then K'Y lies in the error space where there is no information about fixed effects but does

have information about variance components.

The constants are ignored and the REML log-likelihood for the model is thus

1
(r(¢;Y) = —5{(n—p) logo? +log |H| +log | X'H1X| (2.12)
(Y -XB)YH (Y -XB)
+ J
0-2
1 Y'PY
- —5{(n—p)10g02+10g|H|+log|X'H_1X]+ . (2.13)
g

where /3 is the GLS estimate of 8 and P = H™1 — H 1X(X’H 1X) 1X’H1. It has been

shown by Khatri (1966) and Searle, Casella, and McCulloch (1992) that if K'Y = 0 where K’
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has maximum row rank, and H positive definite, then
K(K'H'K)'K' =P,
so that (2.11) and (2.13) are identical.

According to Gilmour, Thompson, and Cullis (1995) taking the derivative of REML log-

likelihood function of (2.13) with respect to o and kj,for g =1,...,r+ s gives

Hr(AY)  n—p N Y'PY

_ 2.14
Do? 202 204 ( 2)
Hp(BY) 1 N
o = —2{u~(PH2) - JQPHZPY}. (2.14b)

Setting equation (2.14a) equal to zero and solving gives the REML estimator for the error

variance as

»  Y'PY
g% = 5
n—p

(2.15)

which is computed iteratively because it depends on & through P. The REML estimate for
r is also computed iteratively. The iterative scheme for obtaining REML estimates based on

variance components has been given by Searle, Casella, and McCulloch (1992).

2.2 Model checking and diagnostics for linear mixed model

This Sub-Section reviews existing model checking and diagnostic tools for linear mixed mod-
els using standard model checking techniques which include residual analysis and influence
diagnostics to mention but a few. In general statistical models are assessed for model fit
through a number of ways which include, but not limited to, visual check of the estimated and
sample means over time, comparing the estimated and sample covariance structure, statistical
comparison of the selected model with higher order (saturated) models and diagnostics based

on analysis of residuals which is basically the overall mis-specification relative to the data
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itself as opposed to model comparison.

It is conventional practice during statistical analysis to examine residuals which help in assess-
ing model fit and/or adequacy. A residual is defined as the difference between the observed
value and the value predicted by the model. There are several methods that exist in literature
that have been proposed to assess linear mixed models based on residual analysis.

In the simple case of a linear regression these residuals are uncorrelated with predicted values
and with covariate. Plots of these residuals against predicted values and against predictor vari-
ables should appear random, symmetric about zero, with constant variance and no evidence of
outliers for a good model.

For data that is correlated a vector of residuals for each subject can be defined;
ri=Yi— X3, (2.16)
This vector of residual has mean zero and provides an estimate of the of errors,
e; =Y —X/;5. (2.17)
In the longitudinal data setting, residuals in linear mixed models are vectors which can be
plotted against the predicted mean response. For example a scatter plot of residuals,
rij = Yij — X};B. (2.18)
against the predicted mean response
fuij = X}, (2.19)
can be examined for the appearance of a systematic trend. If the mean model fits the data
well, plots of these residuals against the predicted mean response should not show systematic

trend about the constant mean of zero, the plot should also be useful for detecting outliers. This

should also be true for scatter-plots of residuals against selected covariates for the mean model
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(Fitzmaurice, Laird, and Ware 2012, Chap.5.3.4) and (Diggle 2002, Chap. 10). The fitting of a
smooth curve (e.g. a lowess curve) to the scatter-plot often helps in judging if curvature exists.
The problem with these residuals is that they may not display standard properties, which is
constant variance due to correlation. The covariance of these residuals is not identical to the

covariance of (true) errors.

Cov(ry) = Cov(e;) = X;. (2.20)

As a result of this, a plot of residuals versus predicted values may not show homogeneity of
the variance and it can further be shown that residuals and covariates may be correlated hence
plots may show systematic trend.

To work around this problem, these residuals are transformed so that they mimic residuals
from the standard linear regression, effectively forming residuals that have constant variance
and zero correlation. The transformation is implemented through the Cholesky decomposi-
tion of the lower triangular matrix which renders these residuals to be uncorrelated and have
variance that is unity. In a similar way, predicted values can be transformed giving means
equivalent to those used in a standard linear regression.

Plots of both decomposed residuals against predicted values should show a random symmet-
ric scatter around mean zero with constant variance and no outliers, the same applies to plots
of these residuals at observation level against transformed covariate values. These plots are

visually useful if a lowess curve is incorporated for ease of evaluating systematic trend.
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2.2.1 Case-deletion diagnostics for all parameters

This Section reviews some existing case deletion diagnostics for linear mixed effects models.
Measures of influence are the target of this Section and case deletion diagnostics are reviewed
using variance components and fixed effects. These have been chosen because they are based
on Cook’s distance.

Extensive research has been done on outliers in linear mixed models to identify influential ob-
servations. The developed techniques lead to case-deletion methods proposed by Cook (1977),
Cook and Weisberg (1982). Application of these ideas have also been adopted in the analysis
of time-to-event data (Hall, Rogers, and Pregibon 1982; Storer and Crowley 1985) as well as
in logistic regression (Hosmer, Jovanovic, and Lemeshow 1989; Pregibon 1981).
Case-deletion diagnostics assumes 6 to be a parameter vector of interest in the model under
consideration and 6 an estimate of 8 using appropriate techniques usually maximum likelihood
in the frequentist paradigm (Cook and Weisberg 1982). If one excludes the i** observation
from the full set of observations; refitting the model under the same principle produces é[_i]
of 6, which gives a measure of the difference between 9[—1‘] and é, which is used to evalu-
ate how the i*" observation impacts the estimate 6 and subsequent inferences drawn from the
model and this measure is called the Cook’s distance.

There has been a lot of effort to investigate influence diagnostics in linear mixed models.
In their work, Demidenko and Stukel (2005) extended a number of regression diagnostic ap-
proaches that are in use in linear regression to linear mixed effects model such as case-deletion
diagnostics. Their techniques included explicitly defined functions that do not require re-

estimation of the model. They adopted Cook’s statistics based on a generalization of Miller’s
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simple update formula for case-deletion in linear models.

Using a slightly different technique, Zewotir and Galpin (2005) developed a routine diagnostic
tools, which is not computer intensive. These diagnostics are derived from studentized resid-
uals, error contrast matrix, and the inverse of the response variable covariance matrix. The
computation of basic building blocks is done only once from the complete data analysis and
provide information on the influence of the data on different aspects of the model fit.

On their part, Pan, Fei, and Foster (2014) developed a case-deletion diagnostics tool using Q-
function, which is a conditional expectation of the logarithm of the joint-likelihood between
random effects and an outcome of interest. The diagnostics tool is able to identify influential
subjects and influential observations in linear mixed models.

The downside of case-deletion diagnostics is that, they are often times affected by swamping
and masking. When an observation is wrongly identified as influential as a result of the pres-
ence of another observation it is generally referred to as swamped per description by Barnett
and Lewis (1995); on the other hand, if an observation that is influential does not get detected
it is referred to as masked (Atkinson 1985; Chatterjee and Hadi 1988). To avoid the masking
effect, Rousseeuw and Van Zomeren (1990) compute distances based on robust estimates of
location and covariance. These robust distances efficiently expose outliers which then circum-
vents masking.

One of the common approaches in model assessments is case-deletion (Cook and Weisberg
1982). If we let o2 to be the variance component due to random effects and o2 to be the random

error and hence consider a full parameter vector ' = (8,02,02)" using diagnostic measures

2

and individual parameter 3, 0%, op

in model (2.1), one can calculate Cook’s distances using

these parameters. The components of the vector parameter space under case-deletion investi-
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gation include fixed effects (8) and variance components (02 and 062). Separate statistics are
computed for the fixed effects and the covariance parameters. The Cook’s statistic is presented
as a case-deletion measure, which is used to identify influential subjects.

Let’s us suppose that @ is a parameter vector of interest for fixed effects in the model and 0 is
a likelihood based estimate of § (MLE or REML). If the i subject or observation is removed
from the full set Y = Y7, Ys,..., ), refitting the model using the exact estimation principles as
before results in the estimate é[_i} of 8. A measure of the difference between é[_i] and  can
be used to quantify how the i subject influences the estimate 6 and its subsequent inferences.

The Cook’s distance defined below is a typical example;

A A

CD®) = (6 —8)'M (6,9, (2.21)

where M is the covariance matrix for all parameter estimates of 6 or é[_i}. In the simple re-
gression setting, E(Y) = X8 with Var(Y) = ¢2H, where H is the known covariance matrix,
leverage H; = % — X/(X'X)"1X; where ¥ = XA, the matrix X'(X'X)~!X is often re-
ferred to as the hat matrix.
The case-deletion diagnostic measure for regression coefficients 8 can be formed by taking
M=XH1'XorM= Xf_i]H[_i]lXH]. In this case X|_;) and H|_,; are matrices X and H
after deleting the i™ subject. This leads to the Cook’s statistic, which is extended to the linear
mixed model, where the estimation of 3 is likelihood based and H = ZQGZZ- +R,;.

The same model is adopted for evaluating Cook’s statistics for fixed effects parameters as

follows
CD(B) = By —B)M; (Bl —B). (2.22)

where M is the variance covariance matrix for fixed effects.
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2.2.2 Case-deletion diagnostics for variance components

Using the Cook’s statistic in our diagnostics approach based on model (2.1) above, proposed
by Christensen, Pearson, and Johnson (1992) and Cook (1977). Given a full parameter vector
0’ = (B,0p,0.)" using the diagnostics measures and individual parameter ag and 062 from this
model. The variance components of the vector parameter space under case-deletion investiga-
tion are (0% and 062).

The case-deletion diagnostics based on the Cook’s statistic for the variance components is

formulated as follows:

CD(Y) = g =)' My Ay =), (2.23)
where M is the covariance of the vector of variance components while ')7’ = (ag,oz) is the
variance component vector from the linear mixed model and ’7[—2'] is the variance component
vector after excluding the i subject from the model. Large values of C'D(vy) indicate that the
i subject needs to be investigated for being a potential outlier or exerting influence on the

estimation of parameters as shown by Zewotir and Galpin (2005).

2.3 Review of the survival model

This Section introduces the standard Cox survival model, which is widely used in the analysis
of time-to-event data. This, then, is extended to the model with time-varying covariates (Gill,
Keiding, and Andersen 1993) that are often encountered in longitudinal studies investigating
the relationship between a bio-marker and risk of an event. There is extensive literature on

estimation, inference and diagnostics on these models which will be reviewed.
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In epidemiology and clinical trials, the main aim of the study is to analyse the time until an
event of interest occurs. The dependent variable under such circumstances is the time to the
occurrence of an event often referred to as survival time. The original idea of survival data
was to estimate the probability of surviving, including making simple group comparisons of
survival distributions under varied conditions. This idea has evolved with time to statistical

modeling (regression) of survival data, which offers three basic advantages;
* simultaneously analysing multiple independent prognostic risk factors.
* assessing treatment differences while controlling for baseline characteristics.
* better calibration of predictions can be made.

The Cox model has been popular in the analysis of survival data including extensions to han-
dling time-dependent covariates. The underlying assumptions of the model are that, covariates

have a multiplicative effect on the risk (hazard) of an event (Cox 1972a; Cox 1972b).

2.3.1 Estimation of parameters in censored data

If we let T to be the random variable of survival times under consideration, the distribution
of T* is described by a survival function, which in essence expresses the probability that an
event occurs after time ¢. The probability density can be defined of surviving up to time ¢. A
description of an instantaneous risk of the event in the interval [¢, ¢ + dt] is the hazard function
which is an important function and has a central role because it has a unique relationship with
the survival function to be described in the following Sub-Section. A cumulative hazard func-
tion describing the accumulated risk up until time ¢ is interpreted as the expected number of

events observed by time .
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Censoring is an important concept in survival analysis, which means that survival times of
some individuals might not be fully observed due to a number of reasons. In clinical trials,
this might happen when the study stops before the full survival times of all individuals can be
observed, or a person withdrawals consent for further participation in the study, or for studies
that have long follow up time, participants have the potential of not being traced and hence
lost to follow up. In such cases, the study participants survives beyond the time of the study,
and the exact survival time is unknown. This is called right censoring.

There are, therefore, two possibilities in survival studies either the participant is observed to
fail at time T, or the observation on that participants ceases at time C. Then the observation is
min(T, C) and an indicator variable / shows if the individual is censored or not. The calcula-
tions for hazard and survival functions must be adjusted to account for censoring.

When the survival function is assumed to be of parametric form, estimation of parameters
of interest is based on maximum likelihood methods. Since censoring has to be accounted
for in survival analysis, the construction of the likelihood function proceeds by combining
information from the censored as well as un-censored observations. The formulation of the
log-likelihood must have the characteristic that all subjects contribute an amount to the log-
likelihood equal to the negative of the cumulative hazard function evaluated at their observed
event time 7;. Once the log-likelihood has been formulated, iterative optimisation proce-
dures, such as Newton-Raphson algorithm (Lange and Hunter 2004) can be used to locate the
maximum likelihood estimate for 6. Inference proceeds under classical asymptotic maximum
likelihood theory (Cox and Hinkley 1974).

Extensions to the standard Cox proportional hazards model have been investigated, these par-

ticularly handle “endogenous (internal) time varying covariates using the counting process
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formulation”, which is a relative risk model with longitudinal history (Andersen and D 1982;
Fleming and Harrington 1991; Gill, Keiding, and Andersen 1993). Parameters are estimated
by maximising the partial log-likelihood function through iterative procedures, just like in the
previous Section. The interpretation for regression coefficients are the same as those for stan-
dard survival setting. Special mention has to be made of the association parameter, which is
interpreted as the relative increase in the risk of an event at time ¢ that results from one unit

increase in the time varying covariate denoted Y;(¢) at the same time point.

2.4 The Cox model and extended Cox model

Introduction

In this Section, we review the standard time-to-event model proposed by Cox (1972b), which
will include model formulation and parameter estimation. Extensions to the Cox proportional
hazards model, which handle time-varying covariates, will be reviewed along in this Section
and we also review diagnostic approaches that exist for these models. This will lay the ground

for developing case deletion diagnostics in the joint modeling framework.

2.5 The standard Cox model

We review the Cox model, which is popular in the analysis of survival data including ex-
tensions to handling time-dependent covariates. The Cox proportional hazards model (Cox

1972b) is as follows:
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where h;(t) denotes the hazard function for the i*" subject at time ¢, ho; (t) denotes the baseline

hazard function and X is a vector of covariates, while 3 is a vector of log hazard ratios.

2.5.1 Estimation of parameters in censored data

If we let T* to be the random variable of survival times under consideration, the probability

of surviving up to time ¢ is given by:

o0
S(t) = P(T* > t) = / p(s)ds, (2.24)
t
where p(.) is the probability density function.
The description of an instantaneous risk of the event in the interval [¢,t + dt] is the hazard

function;

Pr(t <T* <t+dt|T* > t)

h(t) =1 t
)= % i £ 0
and it relates to the survival function as follows:
¢
S(t) = exp{—H(t)} = exp{— /0 h(s)ds), (2.25)

where H (.) is the cumulative hazard function describing the accumulated risk up until time ¢.

The interpretation of H (¢) would be, the expected number of events observed by time ¢.

2.6 Influence diagnostics for the Cox model

Case-deletion diagnostics in the Cox model are not the same as in the linear mixed model
because the likelihood function for the Cox regression model is not an expression of the sum
of a number of terms. In linear mixed model, these terms contribute to the log-likelihood

made by each observation. In the Cox model, excluding an observation in the model affects
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the risk set over, which quantities of the form exp(X;8’) are summed. This therefore renders

influence diagnostics for the Cox model difficult to derive (Collett 2015).

2.6.1 Delta betas

Informally, case-deletion diagnostics identifies influential observation(s) by iteratively exclud-
ing an " observation (n — 1) in turn during the estimation process. The effect of excluding
an observation in parameter estimation can then be calculated. It has to be noted that, this
procedure is computer intensive when the number of observation is large, in which case an
approximation to the degree by which B; changes when the it observation is excluded for
i=1,2,...,n is employed. If we denote the value of the j** parameter estimate after ex-
cluding the i*" observation as B(i); Cain and Lange (1984) showed that an approximation to
B — B(i) is based on score residuals (2.26).

Score residuals are used to identify influential subjects obtained by differentiating the loga-
rithm of the partial likelihood function with respect to the parameters 3;, j = 1,2, ..., p (Collett
2015). The i score residual, i = 1,2, ..., n for the p' explanatory variable in the model, X, is

defined as

o A (Gpr — wpi) Oy
rs. = 0i(Tpi — api ) +exp(X;B') Z —, (2.26)
’ ( g p> tr<t; 2-le R(t,) eXP(XiB')

where xp; is the i value of the p™ explanatory variable, ¢; is the event indicator, Ry, is the risk

/
. T X X ‘
set at time ¢; and ap = 2.1 % p(;B ) . Let rg, be the vector of values of the score residuals
>rexp(8'x)
for the i'"* observation, so that r's, = (rs,,,7s,,,- -- \Ts,;)» where rg ., j=1,2,...,pis the ith

score residual defined as follows

. G — 15)6,
ros :iji+eXp(Xiﬂ/) Z (ajr Ijz) r

— 2.27)
tr<t; 21 R(t,) eXP(XiB')
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An approximation to 3 — f3;, the change in 3 after excluding the it" observation is the i"
pp Q) g g

component of the vector
rsiVar(B )

where Var(B is the variance covariance matrix of the vector of parameter estimates in the
fitted Cox regression model. This i*" element of the said vector is referred to as delta-beta,
denoted as A; Bj, so that A, Bj R B — B(i). Using this approximation means that values of A; Bj
can be computed from quantities available after fitting the model to the full data-set. It can,
therefore, be seen that observations that influence a particular parameter estimate are those
whose values of delta-beta are large in absolute terms compared to the rest of in the data-set.
Using index plots of these delta-betas for predictor variables, observations that are influential
can be revealed. Plots of A; Bj, against rank order of survival times results in information
about the relationship between survival times and influence.

Use of the statistic A; Bj as an approximation to the actual change in the parameter after
excluding the i*" observation from the model fit, is therefore, appropriate in this setting, this
is so because observations that are considered to be influential on parameter estimates are
highlighted. On the other hand, a careful scrutiny of model based inferences after excluding

an observation from the fit are needed to examine the actual effect.

2.6.2 Infinitesimal jackknife statistic

In their work Cain and Lange (1984) defined case influence of subject 7 up on ,3 as B — ﬂij
We refer to subject as to opposed observation for consistency. This quantity, B — ,sz), is
calculated by excluding subject j and refitting the model to the data. This approach is known

to be computationally intensive and thus can be estimated by a one-step approximation using
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Newton-Raphson algorithm. An alternative that has been provided by Cain and Lange (1984)
is the use of the first-order approximation to B — ,ng) using weighted analysis, with subject j
given weight w;. They have demonstrated how the weights are incorporated in the likelihood
function. If all subjects have, say, weight unity w;, then considering 3 as a function of wyj,
that is, B(wj), it is noted that B(l) = B and B(O) = B(j). The approximation of B —,BEJ-) based
on Taylor series expansion about w; = 1, is thus, B — ,sz) & 9B/ow(;), where the derivative

is evaluated at w(;) = 1. This approximation is the same as that used in the infinitesimal

)
jackknife statistic (Efron 1981; Miller Jr 1974) and is the estimate of case influence in that,

when w;y = 0 effectively excludes subject j from the estimation process.

7)
2.6.3 Perturbed / Augmented regression

Another diagnostic based on principles of augmented regression was developed by Storer
and Crowley (1985). In this piece of work, Storer and Crowley (1985), derived score and
information matrix requiring minor modification to accommodate more general relative-risk
functions.

The score vector which they derived with respect to [ is;
Sk = %/os = Xi (v — pr) (2.28)

where (x = log(Lx) = Y0k — a(fx). The vector px is pi;, . . . , Pin, and

Cmy,
5 (I o)
i = 8a(6k) _ c(i)ERy \N=c1 ' (2.29)

o 3 (ﬁk expwl))

cERy \l=cy

The summation over ¢(i) is the overall combination of my, labels from R, that contain the label

1. The interpretation of p; in a way, the conditional expectation of y;, that is, the probability
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of y; = 1 given the covariate configuration of all subjects in the stratum and the fact that
y'y = my.. In the survival context p;, is a function of .

The resulting information matrix derived from equation (2.28) has the following formulation,

- (m /3,32> _ X UX), (2.30)

where Uy, = af, is a matrix with (7, j, k) entry
Cmy,

exp (0 )>
82a(9k) c(i,j)eRk<ll_£ l B 8a(0k) aa(ek)

96,00, ey 00, 00;
> (I et

cERy \l=c1

(2.31)

= Dij —DPi X Pj- (2.32)
As earlier said these derivations require minor modification to accommodate more general rel-
ative risk functions of the form f(X//). The analytical expressions of the score and informa-
tion matrix are thus, S(8) = X’(y — p) and I(8) = X'UX — Q respectively, where X = /g

and Q = > (y; — pi) x 9°0/op2 (Storer and Crowley 1985).

2.6.4 Likelihood displacement

There are times when the structure of the fitted model is sensitive to at least one observation in
the data set. In this case, it seems reasonable to identify such observations that exert influence
using a diagnostic tool that is designed to pick these observations given a complete set of
parameter estimates in the linear predictor. Such diagnostics have the capability to reflect
influence that individual observations have on the risk score. This is, thus, an extension on
information provided by delta betas (Collett 2015).

It is worth noting, that excluding a given observation from the data set may not be noticeable on
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some parameter estimates, as such, delta betas can not pick them as influential. An assessment
of changes in a set of estimated parameters might well be that, a form of the estimated hazard
function or values of summary statistics given the fitted model change markedly when that
observation is omitted from the model fitting. The other advantage for statistics that assess
influential observations on a set of parameter estimates is that, a single value of the diagnostic
is for each observation, which makes them easier to use than diagnostics like delta betas.

We had considered two diagnostics in this review for assessing influence primarily because
of their mathematical derivation and analogy with the linear mixed model diagnostics. This,
therefore, fits in well with implementation and development of diagnostics in the joint models
for longitudinal and survival data. Firstly, a commonly used approach for detecting influential
observations on the overall fit of the model that has been developed makes use of examining
the amount of change by which the value minus twice the logarithm of the maximised partial
likelihood, 210gf) under the fitted model changes when each observation is in turn excluded
from the model fitting.

A

Let —2log L(B) be the value of the maximised log-likelihood when the model is fitted to the
full data set and —210gL(,3 (Z-)) the value of the maximised log-likelihood after excluding an

ith observation from the full data set during the estimation process, which, therefore, has the

following diagnostic.

—2{log L(B) —log L(B;))}
which is appropriate to study the influence on the overall fit of the model.

The likelihood displacement case-deletion diagnostic is defined as:

LD; =2 |log L(B) —log L(B|_y)) |, (2.33)
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where ﬂA is the maximum likelihood estimate for all subjects or observations fitted in the model
and ﬁ (4] 1s the maximum likelihood estimate with the i™ subject deleted. This calculates how
much the log-likelihood would change after excluding subject ¢ in the model (Escobar and
Meeker Jr 1992). There has also been an investigation by Pettitt and Daud (1989) who, have
shown that an approximation of the above diagnostic is attainable based on Cook and Weisberg
(1982) approach as a likelihood displacement denoted as

LD, = r’SiVar(B)rSN (2.34)

A

where r,, is the p x 1 vector of score residuals and Var(f) is the variance-covariance matrix
of B the vector of parameter estimates. This statistic is computed in a straight forward manner,
using delta betas for each predictor variable in the model. In most cases, index plots or a plot
of likelihood displacement against the rank order of survival times provides an informative
visual summary of values of this diagnostic. Observations that have relatively large values of
the diagnostics are deemed to be influential.

Secondly, another commonly used case-deletion diagnostic for the Cox model is the DFbetas
given by

By —B

DFBetas[fﬂ = (2.35)
S.E.(B-4)

This is the difference between the estimated cox regression coefficient ,3 using all subjects and
B[_ﬂ that without the i subject standardised by the standard error of B[_i]. This is useful for

assessing the influence of subjects on the estimated regression coefficients (Therneau 1997).
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2.7 Description of the IMPI trial dataset

In this Section we introduce the IMPI dataset that is used to illustrate the developed diag-
nostics for joint models for longitudinal and survival data. We also provide descriptive and
exploratory statistics for this dataset. The IMPI dataset has been reported by Mayosi et al.
(2014) as Phase III multi center, randomized, double-blinded clinical trial. The trial was
a 2 x 2 factorial design for the evaluation of efficacy and safety of two treatments namely,
Prednisolone (P) Mycobacterium indicus pranii (Mw) for the treatment of presumed and
confirmed TB pericarditis. There were four treatment arms with the following allocations:
PtMw™, PTMw~, P~ Mw™" or P~ Mw~ where the plus sign stands for an active agent and
a minus sign stands for a placebo.

High morbidity and mortality have been associated with Tuberculosis pericarditis even if anti-
tuberculosis therapy is administered as reported by Mayosi et al. (2014). This is prevalent in
sub-Sahran Africa and Asia (20%), where a reduction in inflammatory outcome to TB peri-
carditis is assumed to improve patient’s conditions. Two thirds of the participants had con-
comitant human immunodeficiency virus (HIV) infection, which doubles morbidity to about
40% (Mayosi et al. 2014). It is being evaluated whether the effects of adjunctive glucocorti-
coid therapy and Mycobacterium Indicus pranii immunotherapy in patients with tuberculosis
pericarditis is efficacious. The primary efficacy outcome was a composite of death, cardiac
tamponade requiring pericardiocentesis, or constrictive pericarditis.

The trial recruited 1400 subjects from nineteen centers in eight African countries with Univer-
sity of Cape Town’s Groote Schuur Teaching Hospital acting as a coordinating centre between

January 2009 - February 2014.
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In this study, participants meeting eligibility criteria were randomly assigned to receive a
course of high-dose prednisolone tapered over the course of six weeks or placebo and they
were further randomly assigned to receive five injections of heat-killed Mycobacterium indi-
cus pranii. At the time of the study, it was a rapidly growing nontuberculous mycobacterium
species generally considered to have better therapeutic effects. The primary end point for
this study was a composite outcome of death, cardiac tamponade and constrictive pericarditis,
whichever occurred first. Study participants were followed up at weeks two and four; there-
after at months three and six during the intervention period with a subsequent six-monthly
follow up for four years (Mayosi et al. 2014).

The randomisation of trail participants was such that a total of 706 participants were ran-
domised to the prednisolone arm, which was compared to 694 randomised to the placebo arm.
In the Mycobacterium indicus pranii arm there were 625 participants assigned to the active
treatment and another 625 assigned to the placebo arm. The comparison between Mycobac-
terium indicus pranii and placebo was stopped early for futility in February 2013 (Mayosi
et al. 2014). The study power for non-adherence was 10% in the intervention groups, which
was a near match with 11% non-adherence in the prednisolone arm. There was a higher non-
adherence rate in the mycobacterium indicus pranii arm (21%), which was possibly attributed
to injection-site adverse effects (Mayosi et al. 2014). The trial experienced about 18% deaths
associated with TB pericarditis, HIV related death were 1.3%, other TB not related pericardial
effusion (3.3%), cardiovascular (1%) and unknown causes of death (3.5%).

The primary aim of the IMPI trial was to assess safety and effectiveness of prednisolone and
Mycobacterium indicus pranii in reducing time to the first occurrence of any of the composite

outcome which were death, pericardial constriction and cardiac tamponade. The study showed
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that prednisolone for six weeks and Mw for 12 weeks had no effect on the composite outcome
from all causes. Both treatments were associated with increased risk of HIV related malig-
nancy. The use of prednisolone, on the other hand, showed a reduction in the incidence of
constrictive pericarditis and hospitalisation. The study also showed that the beneficial effects
of prednisolone on constriction and hospitalisation were similar in HIV positive and HIV neg-
ative participants.

The focus of this thesis broadly was to assess the effect of two time varying covariates; namely
CD4 cell count and ART uptake, on survival outcomes, which are death and pericardial con-
striction. We used the joint modelling approach to specifically develop diagnostics for as-
sessing the effect of time varying covariates on survival outcomes. This was so because joint
modelling provides better insights into mechanisms that underlie both survival and longitu-
dinal outcomes (Rizopoulos, Verbeke, and Molenberghs 2010). There is a high co-morbidity
between HIV and TB in the IMPI trial 939(67%) hence interest in investigation the effect of
prednisolone among HIV positive participants who had CD4 cell count measurements and
ART uptake recorded repeatedly over the study duration.

We restricted this analysis to HIV positive subjects only who were in majority and presumed
to be sicker and we further focused on prednisolone which showed beneficial effects (Figure
2.1). The analysis was further restricted to a six months’ observation time because this is the
duration where CD4 cell count measurements were mandatory for all participation sites.

We further focused on those subjects (n = 587) that had at least two CD4 cell count measure-
ments for the joint modeling analysis. We defined an end point as the first occurrence of either
death or constrictive pericarditis in the first six months of study period. The trial collected

CD4 cell count measurements at baseline, two weeks, one and a half months, three months
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Figure 2.1: Kaplan Meier for constriction.

and six months together with information about ART up take during the scheduled time points.
In most participating sites, except South Africa, CD4 cell count measurements were collected
for only six months, therefore, the analysis excluded data from months 24, 36 and 48, which

would likely bias results and inferences from this statistical analysis.

2.7.1 Descriptive statistics of the IMPI data set

We will consider square root CD4 cell count (Gaussian) and ART (binary) uptake as the main
longitudinal outcomes in this analysis. At baseline, there were 644 (68.5%) measurements
taken and 587 (42%) had, at least, two CD4 cell count measurements. The number of CD4
cell count measurements decreased steadily with time from baseline until six months. The fol-
lowing figure shows the spaghetti plot (Figure 2.2) and the longitudinal profile of mean square

root CD4 cell count (Figure 2.2). The mean profile for the square root CD4 cell count seems
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to be linear, hence consideration of the linear mixed model.

Prednisolone Placebo

(V25%) el

Figure 2.2: Plot of v/C D4 cell count over six months.

The distribution of CD4 cell count is known to be skewed and this was consistent in the IMPI
dataset, as such the square root transformation has been adopted for modeling the longitudinal
CD4 cell count. From Figure 2.2, the predicted square root CD4 cell count from the model is

fairly linear which prompted the implementation of the linear mixed model.

2.7.2 A linear mixed model for longitudinal CD4 cell counts

We propose a linear mixed model which assumes a linear trajectory over time for the square
root CD4 for each subject, which means that it includes a single random effects term for each

subject. This, therefore, posits that the average longitudinal evolutions per subject are same
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but different at baseline for each subject.
Yij = Bo+Pred; B2+t 51 + b +¢€

biNN(O,O'g), EZ'NN(O,O'Q), (236)

b; Al e;

where Y;; is the CD4 cell count at the 4™ visit time for the i™ subject, S, is the intercept, Lij
is the CD4 cell count measurement time, Pred; is treatment effect, 3; is the fixed effect and b;
is the random effect. Results from model ( 2.36 )are summarized in Table (2.1) below. The
intercept is 13.14 which is the average square root CD4 cell count at baseline and the constant
rate of increase in the square root CD4 cell count in the Prednisolone arm is 0.25 per calendar
time. There is no difference between the two treatment arms with respect to increase in CD4

cell count (p-value> 0.40).

Table 2.1: Linear mixed effects models results.

Random intercept only Random intercept and slope
Parameter Estimate (Std. Error) p-value Estimate (Std. Error) p-value
Intercept 13.14 (0.28) <0.001 13.14 (0.26) <0.001
Prednisolone -0.25 (0.39) 0.52 -0.26 (0.37) 0.49
Time 0.16 (0.01) <0.001 0.17 (0.01) <0.001
Prednisolone x Time -0.01 (0.02) 0.59 -0.01 (0.02) 0.61
ol 5.03 - 4.71 -
o? 2.76 - 2.85 -
—2 Loglikelihood 13113.82 - 13145.96 -
AIC 13129.82 - 13159.96 -
BIC 13175.68 - 13200.08 -
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2.7.3 Case-deletion diagnostics for the linear mixed model for CD4 cell counts

The diagnostics considered for this model. which is the sub-model in the joint modeling
framework, is based on Cook’s distance. The approach hinges on re-estimating model param-
eters after iteratively excluding each subject or an observation. The estimation mechanism
could be based on maximum likelihood, restricted maximum likelihood or any novel estima-

tion procedure.

2.7.4 Identifying influential subjects in the IMPI dataset

We implement the Cook’s distance statistic to identify subjects that are potentially influential

using IMPI data as follows from model 2.21 above:
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Figure 2.3: Cook’s statistics for all parameters.

The following subjects: 174, 246, 277, 552 and 557 were identified as potential influential
subjects on the estimation of all parameters Figure 2.3. On the other hand, a similar set of

subjects as follows: 174, 246, 277, 511, 552 and 557,were identified as influential on the
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estimation of fixed effects parameters as in Figure 2.4 (a). Subjects identified as potentially
influential on the variance components were 87, 174, 277, 557 and 564. The Cook’s statistics
were implemented separately for the fixed effects and variance component isolated subjects
174, 277 and 557 as being potential subjects that required further investigation in both settings

(Figure 2.4(b)).
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Figure 2.4: Fixed effects and variance components.

2.7.5 Identifying influentials observations

We also implemented the Cook’s distance statistic at observation level using IMPI data to the
following model for all parameters:

CDij(0) = (O_i;;— )M~ (0_;; - 0). (2.37)
The evaluation of the Cook’s statistic was done after iteratively excluding the j™ observation
for the i™ subject from the model and re-estimating the parameters. The observations in this

case were square root CD4 cell count measured at the j® time point.

The same approach is in model (2.37 )was implemented for fixed effects at observation level.
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Observations are denoted with an underscore indicating the time point at which the CD4 cell
count was measured. As an example, observation 2_g means that it is the square root CD4
cell count for subject number measured at 6 months’ visit.

Observations that were identified as potential outliers or exerting influence on the estimation
process are 235,574,867,868 and 1950 which are linked to the following subjects and their
time for CD4 cell count measurement 68_¢, 158 _¢,246_¢ 5,246 _¢ and 552_¢. The evaluated
Cook’s statistic was, overall, on the entire parameter space (Figure 2.5). The same observa-
tions were identified as influential when the Cook’s statistic was evaluated on the fixed effects

Figure2.6 (a)
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Figure 2.5: Cook’s statistic for all parameters.

Those that were identified as having potential influence on the variance components are:
65_¢,68_¢,117¢,1584,246_¢.5,246_¢ and 552 _g. In this case observations that are identified
as influential on both fixed effects and variance components are 68_g, 1584,246_¢ 5, 246_¢

and 552_g. These observations, therefore, need further investigation Figure 2.6(b).
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Figure 2.6: Fixed effects and variance components

The case-deletion diagnostics using analogues of models 2.21 and (2.37) for subjects and
observations, respectively, in the two-stage joint model, the following subjects were identified
as influential 316, 320,468,474,506 and 571 Figure 2.7 (a). Adopting the notation that 1_
refers to an observation that belongs to subject identifier number one with a CD4 cell count
measurement taken at visit zero the following observations were identified as influential

23_0,205_6,473_0,473_9,506_¢ and 571_g as in the Figure 2.7 (b).
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Figure 2.7: Cook’s distance for the Two-stage joint model.

2.8 A generalised linear mixed model for ART uptake

There were a few missing data reported on ART uptake over the period under consideration.
At baseline there was 2% missing data on ART uptake, 1% and 4% at months three and six,
respectively. We modeled ART uptake using a generalised linear mixed modeling framework
for ART uptake, which is then further extended into the joint model for a binary longitudinal
outcome. We used the logit link function to model the binary outcome (Yes/ No), which was

recorded at baseline, week two, months’ one, three and six.

Pr(Yy; = 11X, i) = F(Xij + i), (2.38)
where X;; are covariates which vary between and within subjects and y; is the random effect

which represents unexplained specific covariates, which in essence adds a random intercept.
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The random intercept model is as follows:

logitPI‘(Yéj = I‘Xij,llli) = Oz—|—Xijb—|—,ui (2.39)
There was an improved ART up take from baseline (19%) to about 70% at six month visit
(Figure 2.8).

ART uptake over a six months' period
2% Placebo Prednisolone

.6
!

Proportion of ART up take
4
|

7%
61%
0%
35%
4
19%

T T T T ™ T T T T T
0% 0 1 2 3 6 0 1 2 3 6

ART BASELINE ART WK2 ART MON 1 ART MON 3 ART MON 6
Time points by treatment arm: O=baseline, 1= two weeks, 2=one month, 3=three months, 6=six months

Figure 2.8: ART uptake profiles during the six months’ period.

We fitted model (2.39) to the IMPI dataset and tabulated the results as follows

Table 2.2: Logistic mixed effects model results

Parameter Estimate (SE) p-value
Intercept -6.36 (1.08) <0.001
Treatment -0.16 (0.76) 0.84
Time 2.19 (0.31) <0.001
Treatment x Time 0.01 (0.17) 0.99
ol 47.87 -
02 31.83 -
—2 Loglikelihood 1862.80 -

To account for the subject specific nature of the trial we fit a mixed effects logistic regression
model with a random effect per subject (i.e., a random intercepts model). From this model,

we got the regression coefficient for treatment (Prednisolone) as —0.16. This —0.16 is the log
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odds ratio between the placebo and active treatment for each subject. There is, on the hand,
a statistically significant effect of time; log odds 2.19 p—Value < 0.001 but no significant
difference between placebo and active treatment over time (interaction effect) p—Value = 0.99

(table 2.2).

2.9 Summary and discussion

In medical research, often times, repeated measurements are conducted on subjects or indeed
repeated bio-marker samples drawn from subjects for analysis. At the same time interest may
be on observing an event of interest during a study period. There is a rich methodology for
analysing data that is correlated through repeated measurements as well as analysing time to
event data independently. There are cases when interest is in assessing the strength of asso-
ciation between longitudinal bio-markers and risk of an event. An equally important research
question could be to conduct an analysis on a survival outcome influenced by time-dependent
covariates measured with error. The other aspect to be considered for analysis could be ac-
counting for non-random drop out caused by the occurrence of an event in the longitudinal
outcome. Standard methods for conducting analysis to address the above are not attainable as
observed by Rizopoulos, Verbeke, and Molenberghs (2010) and Tsiatis, Degruttola, and Wulf-
sohn (1995). In the last two decades interest had increased to jointly estimate the two processes
through semi-parametric maximum likelihood (Henderson, Diggle, and Dobson 2000; Hsieh,
Tseng, and Wang 2006; Wulfsohn and Tsiatis 1997), whilst the Bayesian approach, using
MCMC methods has also been done (Chi and Ibrahim 2006; R Brown and G Ibrahim 2003;

Wang and Taylor 2001; Xu and Zeger 2001) among others. This joint estimation is commonly
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referred to as joint models for longitudinal and survival data. Joint models for longitudinal
and survival data are a class of models that jointly analyse an outcome repeatedly observed
over time such as a bio-marker and associated event times. These models are useful in two
practical applications; firstly, focusing on survival outcome whilst accounting for time vary-
ing covariates measured with error and secondly, focusing on the longitudinal outcome while
controlling for informative censoring.

There are different classes of joint models namely; latent class joint models, which are pri-
marily useful for predicting the occurrence of an event (Proust-Lima et al. 2009, 2014) and
shared parameters joint models which assess the strength of association between a bio-marker
and risk of an event (Henderson, Diggle, and Dobson 2000; Rizopoulos 2012; Tsiatis and
Davidian 2004) and this is the main focus of this thesis.

Interest on the estimation of these joint models has grown in the past two and half decades.
However, minimal effort has been directed towards developing diagnostic assessment tools for
these models. The available diagnostic tools have mainly been based on separate analysis of
residuals for the longitudinal and survival sub-models which could be sub-optimal. An assess-
ment of joint models is done using residuals from the separate sub-models and joint models
diagnostics have not been fully developed. The technique for joint model diagnostics has been
using qualitative graphical displays to isolate departures from model assumptions and influen-
tial observations by using summary measures (Dobson and Henderson 2003). This has been
in part due to lack of computing power to do a full case deletion and re-estimation for each
subject which was not practical as observed by Dobson and Henderson (2003).

As can be evidently seen in Section 2.7.2 of this Chapter, in Figures 2.3 and 2.5, with their

respective parameter based Cook’s statistics, there exist influential subjects or observations in
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the longitudinal as well as survival sub model. These influential subjects or outliers have an
effect of either over or under estimating treatment effects thereby leading to unrealistic statis-
tical inferences if not properly investigated.

In this thesis we develop Cook’s statistics for detecting influential observations or subjects for
joint model estimates in univariate (Singini, Mwambi, and Gumedze 2018) and multivariate
setting as well as implementing a variance shift outlier models in the longitudinal part of the
two-stage joint model. We conducted simulation studies to evaluate these diagnostic statistics.
These diagnostic techniques are further illustrated using data from a multi-center clinical trial

on TB pericarditis.
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Chapter 3

Review of the joint models for longitudinal and survival data

The purpose of this Chapter is two-fold; we will, firstly, review an introduction to the joint
model for longitudinal and survival data. This will lay the foundation for understanding the
building blocks for these joint models which is crucial in estimation and inference as well as
model checking, validity and influence diagnostics. This foundation will be used in the devel-
opment of diagnostic tools. Secondly, we will review existing model checking and diagnostic
tools for the joint model for longitudinal and survival data.

Estimation techniques for joint models have grown in the last two decades as reported by
Rizopoulos, Verbeke, and Molenberghs (2010). These methods are largely semi-parametric
maximum likelihood based on work done by Henderson, Diggle, and Dobson (2000), Hsieh,
Tseng, and Wang (2006), Tsiatis and Davidian (2004), and Wulfsohn and Tsiatis (1997) and
Bayes using MCMC methods by Chi and Ibrahim (2006), R Brown and G Ibrahim (2003),
Wang and Taylor (2001), and Xu and Zeger (2001).

There are different classes of joint models as previously stated; latent class joint models as
described in Section 2.9, and among others, shared parameter joint models, which is the main

focus of this thesis.
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3.1 Models for time varying covariates

The extended Cox survival model handles time-dependent covariate, instead of using baseline
measurements of a biomarker for prognosis in clinical research (Hippisley-Cox et al. 2007).
This type of approach ignores longitudinal measurements for prognosis, which may not be
optimal because useful longitudinal information is practically thrown way and also assumes
that there is no measurement error. The extended Cox model 3.4 below (Gill, Keiding, and
Andersen 1993), on the other hand, incorporates the observed longitudinal measurements but
also assumes that the covariate does not change between measurements, thereby, ignoring

measurement error, which may not be true.

3.1.1 The extended Cox model

In the analysis of time to an event; if the survival function is assumed to be of parametric form,
estimation of parameters of interest is based on maximum likelihood methods. Maximum
likelihood methods are used to obtain estimates of coefficients (8s) in the Cox proportional
hazards model. Like all likelihood estimations, the first step is to get the likelihood from the
sample data. The Cox model is unique in that it is a function of the survival times that have
been observed and unknown parameters (3). Maximum likelihood estimates are thus those
that are more likely given the observed data, which in essence maximises the likelithood func-
tion. The standard practice has been to maximise the logarithm of the likelihood function due

to computational challenges. It has been shown by Cox (1972b) that the likelihood function

54



of the proportional hazards model is as follows:

exp (X;8)
j=1 EleR(tj) exp (Xlﬂ/> ’

where X; is a vector of covariates for events at the j‘h event time, ¢; and the summation in the

3.1)

denominator is the sum of values exp(xl'Bl) over all individuals who are at risk at time ;.
Since censoring has to be accounted for in survival analysis, the construction of the likeli-
hood function proceeds by combining information from the censored as well as un-censored

subjects, which results in the log-likelihood of the following form:

() = zn:fsilOgP(Tz‘;e)+(1—5i)10g51(Ti;9), (3.2)
i=1

where §; is an indicator of whether the i subject has an event or not, and hence takes value one
for an event and zero otherwise. Using the relationship S(t) = exp{—H ()} the log-likelihood

can be re-written as follows:

0(8) = znj(si log hi(T3:8) — /0 . hi(S::0)ds, (3.3)
1=1

This formulation has the characteristic that all subjects contribute an amount to the log-
likelihood equal to the negative of the cumulative hazard function evaluated at their observed
event time 7.

Once the log-likelihood has been formulated, iterative optimisation procedures such as Newton-
Raphson algorithm Lange and Hunter (2004) can be used to locate the maximum likelihood
estimate for parameter @, say. Inference proceeds under classical asymptotic maximum likeli-
hood theory Cox and Hinkley (1974).

An extension to model (2.5 )can be formulated to handle “endogenous (internal) time varying
covariates using the counting process formulation” (Rizopoulos 2012), which is a relative risk

model with longitudinal history (Andersen and D 1982; Fleming and Harrington 1991; Gill,
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Keiding, and Andersen 1993). This is also called the extended Cox model.

hi(tYi(t), i) = ho(t) Ri(t) exp{XiB' + aYi(t)}, (3-4)
where X; denotes a vector of baseline covariates and Y;(¢) denotes the time varying covari-
ates and R;(t) is the risk set. The idea behind this model is to imagine that the occurrence
of events as a slow Poisson process (Rizopoulos 2012). The notation used in the counting
process is {N;(t), R;(t)}, which is the event process for the i subject with N;(¢) denoting
the number of events for subject ¢ by time ¢ and R;(t) is an indicator of the at risk process.
R;(t) = 1if subject i is at risk at time ¢ and R;(¢) = 0 otherwise.

Parameters B and « are estimated based on the partial log-likelihood function written as (Ri-

zopoulos 2012):

pi(8.0) = 3= [t exp {Xe +avi()
3.5)

—log {ZRj(t)Xiﬁ’ +aYj (t)}} }dN,-(t),
J

where R; is the risk set, /V; is the counting process, 3 is the coefficient of baseline covariates
and « is the time varying risk coefficient. The interpretation for regression coefficients are the
same as those for standard survival setting. Special mention has to be made, once again, of
« which is interpreted as the relative increase in the risk of an event (death or constriction) at
time ¢ that results from one unit decrease in the time varying covariate (square root CD4 cell
count) at the same time point.

To get around this problem, a two-stage joint survival model is proposed, which first fits the
linear mixed model for subject specific predictions and these predicted values are then used in
the survival model as time-varying covariates (Sweeting and Thompson 2011). The steps for

implementing this model are presented in Chapter 4 and the model formulation is 4.3.
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The problem with this approach is that, since the first step is stochastic in nature, the uncer-
tainty in the estimates has to be accounted for in the second stage, but this approach does
not account for this uncertainty. This problem has been dealt within the Bayesian framework
using importance sampling as reported by Mauff et al. (2018, 2020). The shared parameter
joint model utilises all repeated measures, accounts for measurement error, reduces bias and

maximizes efficiency. Shared parameter Joint models are useful in three ways namely:

* they adjust for non-random drop out in the analysis of the longitudinal outcome, which

is not the focus of this thesis (missing data).

* they provide an effective way of conducting analysis of survival outcome influenced by

time varying covariate measured with error.

* they assess the strength of association between a biomarker and risk of an event in

longitudinal studies.

The shared parameter Joint model shares common the random effects between the longitudinal

and survival processes as follows (Tsiatis and Davidian 2004):
p(Yi,Ti,6;) = /p(Yi|bi){H(Ti|bi)6iS(Ti|bi)}p(bi>dbia (3.6)
where b; is a vector of random effects that explains the interdependencies between the longi-

tudinal density p(.) and the survival density S(.). This model has been presented in Chapter 5

from estimation to inference.
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3.2 Bayesian Case Influence Diagnostics for Survival Models

The work by Cho et al. (2009) proposed and developed a Bayesian case influence diagnos-
tics for survival models which is a sub-model for joint models for longitudinal and survival
data. The developed influence diagnostic tool is based on case deletion for both the joint and
marginal posterior distributions using Kullback—Leibler divergence (K-L divergence). They
further decomposed the expression for computing the K-L divergence between the posterior
with the full data and the posterior based on single case deletion. They also investigated its
relationships to the conditional predictive ordinate. All the computations for the proposed
diagnostic measures were done using Markov chain Monte Carlo samples from the full data
posterior distribution. In their approach Cho et al. (2009) considered the Cox model with a
gamma process prior on the cumulative baseline hazard. Their theoretical relationship between
case-deletion diagnostics and diagnostics based on Cox’s partial likelihood are presented be-

low supported by simulated data and two real data examples were given (Cho et al. 2009).

3.2.1 Development of the Bayesian diagnostic tool

In their development of the influence diagnostic tool Cho et al. (2009) begin by letting, D be
full data and D_; to be the data with the i*" subject deleted. They also let /(3| D) denote the
likelihood based on the full data and ¢(3|D_;) denote the likelihood based on the data without
the i subject. The posterior distributions for the full data and the i*" subject deleted is
be defined as p(3|D) o £(S| D) (5)andp(5|D—;) x (8| D—;)w(3), respectively, where 7(/3)
is the prior distribution of 3. A typical choice of 7(5) is a N p(uo,X0) distribution or a

uniform improper prior. Further let K (P, P_;) denote the K-L divergence between P and
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P_;, where P denotes the posterior distribution of [ for the full data, and P_; denotes the

posterior distribution of 3 without the i*" subject as follows:

p(8|D)
K(P.P)= | p(ﬁlD)log{ o }dﬁ (37

K (P, P_;) measures the effect of deleting the i*" subject from the full data on the joint pos-
terior distribution of B and in general K (P, P_;) # K (P—;, P). Extensions and expression of

this statistic has been explained and eraborated with two examples (Cho et al. 2009).

3.3 Review of joint model assessment tools

In this Section we review existing model assessment tools for the joint model. The main focus
of the current joint model checking techniques have targeted separate analysis of residuals
from the sub-models (Dobson and Henderson 2003; Rizopoulos, Verbeke, and Molenberghs
2010). There have been investigations done in both the frequentist as well as the Bayesian

stream to assess different aspects of the joint model.

3.4 Influence diagnostics for joint model

The model formulation is such that; a relative risk model based on a conditional Gaussian pro-
cess is assumed and for discrete dropout time, using an appropriate probability density. This
model is popularly referred to as the extended Cox model. Responses and dropout are consid-
ered to be conditionally independent meaning that they are taken as a linear combination of
Gaussian random effects. The main technique for model diagnostics has been using graphical

displays to isolate departures from model assumptions and influential observations by using
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summary measures (Dobson and Henderson 2003). A preliminary analysis to fitting the joint
model is to check whether there is anything in the response, Y, that would allow subjects to
drop out for informative censoring, otherwise, the joint analysis is not worthwhile.

Letting R; be the vector of residuals for subject ¢ having removed the fixed covariate ef-
fect, at measurement time d, R, is the risk set consisting all subjects who have, at least,
d — 1 responses, R;; be the subset of R; corresponding to response before d. Using the
two-dimensional summaries of R;q given as p;q = (piq1,Ppia2)’ Which enables a qualitative
inspection of scatter plots of p;4 given a group code at each measurement time. Letting pgyq
be the sample mean of p;4 for subjects in group g, the Mahalanobis distance can be calculated

(McLachlan 1999). is presented as:

My, = (bja — ra)'Var(pia) ™" (Dja — Pra)- (3.8)
Permutation based tests on shuffles of group membership indicator g can be used for quan-
titative assessment to visually inspect the joint model for influential subjects (Dobson and

Henderson 2003). The influence diagnostics are evaluated using a one-step approximation

derived from the first terms of Taylor series of the log-likelihood at 9(2-) expanded about 0.

0 — 0 {—I@l(é)u(i)(é)}, (3.9)
where v ;) (9) and / (_i)l (é) are the observed score and information after removing subject ¢.
This was the case because a fitted joint model was computer intensive as such full case deletion
and re-estimation for each subject is not practical. In conclusion Dobson and Henderson
(2003) managed to develop exploratory techniques to assess model fit and influence in the

joint model setting. To assess model fit on the longitudinal sub-mode, they used the Akaike

and Bayes information criterion (AIC & BIC), which fitted the data well even after a penalty
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was used for complexity (Dobson and Henderson 2003).

3.5 Bayesian influence diagnostics for joint model

Influence diagnostics on the joint models have been studied by Zhu et al. (2012) using a
Bayesian approach motivated by the absence of such research done on these joint models.
In this Bayesian joint modeling framework, they used the shared parameter model with time
dependent random effects underlying both the survival and longitudinal sub-model. The model
formulation was done using the conditional independence assumption on the random effects
on both the survival and longitudinal outcomes.

The use of Bayesian influence analysis in the joint modeling framework is addressed in three
ways through model perturbation schemes. Individual perturbation of a subjects’ longitudinal
profile are done to reveal profiles that are significantly different from the rest of the subjects
contributing to the evolution process. In their approach Zhu et al. (2012), also did perturbation
to survival data designed to expose survival times that relatively have influential values. They
went further to perturb the common random effects for both parts of the joint model. This
allowed to detect survival times with influence which had low occurrence with respect to their
subject specific longitudinal profiles.

The generic perturbation scheme that Zhu et al. (2012) implemented was as follows: Letting
w be a vector in a set  C R, which represents a Euclidean space of dimension 1V where W/
is an integer. The perturbed model M = {p(Dy,b;0 w):w € Q} has the effect of indicating
various perturbations to the specified density p(Dy,b;#) such that [ p(Dg,b;0,w)DyDb =1

and p(Dy,b;0,w®) = p(Dy,b;0) for unique w’, which means that there is no perturbation.
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This process starts with perturbing subject’s individual longitudinal profile, repeated measures

within each subject, covariates, survival time and finally, the censoring indicator.

Finally, Zhu et al. (2012) perturbed the prior and all components of the Bayesian joint model
at the same time. They then combined the three perturbation schemes and obtained prior
sampling distributions given the data. This enables to assess sensitivity in all components of
the joint model while local influence measures are done using the first order and second order
influence, which quantifies the magnitude of influential direction in the joint model. These
proposed methods are able to detect outliers, ascertain unverifiable assumptions underlying

the Bayesian joint modeling framework.

3.6 Multiple imputation-based diagnostics for joint model

There is extensive work done on the residual based diagnostics of survival and longitudinal
outcomes modeled separately. The problem arises when these residuals are calculated based
on the joint fitted model and the observed data. This is mainly due to the non-random dropout
in the longitudinal process caused by the occurrence of events. A detailed account has been
given by Rizopoulos, Verbeke, and Molenberghs (2010), which presents both response vectors
for the observed and missing longitudinal part. In their attempt to address model assessment,
Rizopoulos, Verbeke, and Molenberghs (2010) propose a three step simulation scheme as a
result of the fact that there exists non-random dropout in the longitudinal marker. As already
discussed, this arises because the missing longitudinal measurement is as a result of the occur-
rence of an event, it is, therefore, misleading to calculate and analyse residuals whose refer-

ence distribution does not exhibit standard properties, let alone being directly available. It is,
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thus, proposed to impute the missing longitudinal data using a three step multiple imputation
scheme. Formally the three step simulation scheme is presented as:

s1:Draw 0% ~ N{0,var(0)}

s2: Draw Y ~ N{b;|y?,T;,6;,00} (3.10)

s$3: Draw ylm(e)(tij) ~ N{mf) (tij),62(€)}.
For respecified visit times ¢;; > T;,j = 1,...,n} that were not observed for the ith subject.
where 1;(t;;) = ¥ (t;;) 3 + zl-T(tij)bAi(Z)
This scheme has a Bayesian back ground, where the multiple imputation comes from the re-
peated sampling from the posterior distribution of the missing longitudinal response given the
observed data, which is then averaged over a posterior distribution of parameters. The idea
behind the multiple imputation is inspired by augmenting the observed data with randomly
imputed data points that would otherwise have been provided, had the subject not dropped out
as a result of the occurrence of an event. This creates a complete data from which residuals
can be calculated and plots produced.
Separate analysis of residuals is done for the joint model, i.e. the longitudinal part is assessed
for marginal as well as subject specific residuals versus fitted values. The same applies to
the survival part of the joint model, i.e. marginal survival plus cumulative hazard plots are
assessed including the survival functions of Cox-Snell’s plus Martingale residuals. In this cal-
culation of residuals, it is assumed that the variance of all residuals is the same as the variance
corresponding to the error terms of the sub-model, which is not a correct assumption. As noted
by Rizopoulos, Verbeke, and Molenberghs 2010 the merit of this simulation approach is that

the steps taken are simple and easy to perform, especially with the current computing power.
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3.7 Goodness of fit joint model

An important characteristic of assessing goodness-of-fit for joint models for longitudinal and
survival data is separate contribution from the model components. A novel decomposition of
the Akaike information criterion (AIC) and Bayesian information criteria (BIC) into additive
components that permits an assessment of goodness-of-fit is derived (Zhang et al. 2014). This
is done by developing a quantifiable change in AIC and BIC for fitting the survival data with
and without the longitudinal data.

We commence presenting the Akaike information criterion (AIC) which is an estimator of the
relative quality of statistical models for a given data set Akaike (1974). If there are more than
one model for fitting the data, AIC estimates the quality of each model, relative to each of the
other. In this way AIC provides a means for model selection, and it is presented as follows.
Let k£ be the number of estimated parameters in the model. Let L be the maximum value of

the likelihood function for the model.
AIC = 2k —2In(L)AIC = 2k —2In(L) (3.11)

In a situation where there is set of candidate models for fitting data, the preferred model is
the one with the minimum AIC value. The AIC, therefore rewards goodness of fit which is
assessed by the likelihood function, but it also includes a penalty that is an increasing function
of the number of estimated parameters. The penalty discourages over-fitting, which is desired
because increasing the number of parameters in the model almost always improves the good-
ness of the fit. We then, briefly discuss the Bayesian information criterion (BIC) (Schwarz

1978) which, like the AIC, provides a means for assessing the goodness of fit from a set of
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candidate models. The BIC is defined as:
BIC = kIn(n) — 2In(L). BIC = kln(n) — 2In(L), (3.12)

where [ is the maximized value of the likelihood function of the model M ; 0 are the parameter
values that maximize the likelihood function; xx is the observed data; n is the number of data
points in z otherwise the sample size; and £ is the number of parameters estimated by the
model (Schwarz 1978).

The approach proposed by Zhang et al. (2014), it is possible to compare the longitudinal
outcomes (binary) in terms of their contribution to the overall fit of the survival data (Zhang
et al. 2014). The assessment of the model is done in two parts, based on the likelihood theory
using conditional density of the random effects given the longitudinal part and the same for the
survival part. This quantification of change in AIC for fitting survival data with and without
longitudinal data helps to compare the longitudinal outcomes for their contribution to the

overall fit of the survival data.
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Chapter 4

Two-stage joint model for longitudinal and survival data

Introduction

In this Chapter, we introduce the motivation behind joint models for longitudinal and survival
data. There are a number of ways to model data that has time dependent covariate and these
are; using the extended Cox model or using the two-stage joint model or even further using
the shared parameter joint modeling of the two processes given shared common random ef-
fects. We start with the two-stage joint model since the extended Cox has been covered in the
previous Chapter and move on to the shared parameter joint model. We will summarise the
evolution and formulation of these joint models for longitudinal and survival data. We imple-
mented the variance shift outlier model in the two-stage joint model which identifies outliers.
The identified outliers are then down-weighted, at the discretion of a researcher, using a shift
in variance. There are currently no studies that have implemented a variance shift outlier
model in the two-stage joint model. Implementing a variance shift outlier model is important

because all observations are used in the model, thereby, maintaining the power of the study.

4.1 The Two-stage joint model for longitudinal and survival data

There are cases where a research question addresses two components, for instance, how does

a biomarker evolve over time, and is evolution of the biomaker associated with the risk of
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an event? In this setting, there is clearly a longitudinal and survival component that need
to be considered when addressing such a research question as previously spelt out. In the
past, traditional approaches to this were to fit a survival model with baseline biomarker values
as a predictor variable, which is considered sub-optimal as it does not use all the repeated
measurements in the model. The alternative to this shortcoming is to fit a time-dependent
survival model (extended Cox), which, then, makes use of all the repeated measurements. The
time dependent covariate model introduces a stringent assumption; that the biomarker stays
constant between successive measurements and that there is no measurement error.

There has been much work done by a number of authors; Dafni and Tsiatis (1998), Self and
Pawitan (1992), and Tsiatis, Degruttola, and Wulfsohn (1995) to deal the problems. It had
been proposed to have a two staged model, which, first, fits the linear mixed model and derive
maximum likelihood estimates and best linear unbiased predictors (BLUPs). After fitting the
linear mixed model, the fitted values are extracted and used in the survival model as time
varying covariates (random effects) as in the following steps (Bycott and Taylor 1998):

Step 1: Fit the linear mixed model as in model (2.1).

Step 2: Extract subject specific predictions from the fitted linear mixed model.

Step 3: Use these predictions as time-dependent covariates in the survival model.

The two-stage model is presented as follows:
Yi(t) = mi(t) +e; €~ N(0,0%), CRY
where

mz(t) = X/(t)ﬁ + Z/Z(t)bz “4.2)
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which are predictions obtained for subjects at time ¢ to be used as time-dependent covariate in

the model below:
hi(t|Yi(t),Xi) = hyg (t) exp{X,B + ozmi(t)}. 4.3)

In models 4.2 and 4.3 the fixed effects are the same, including those used in the shared param-

eter joint model.

4.1.1 A two-stage approach for the joint model

We adopted and introduce some notation from Rizopoulos, Verbeke, and Molenberghs (2010).
Let 77 denote the true event time for subject ¢, T; is the observed event time for subject 7, J;
is the event indicator (which equals one for a true event and zero otherwise), and, finally
Yij,i=1,2,...,n;5 =1,2,...,n; are the observed longitudinal responses. The two-stage joint
model was formulated in two steps: The first step was to fit the linear mixed model to the data

and the fitted linear mixed model is given by;

Y; =X;B+Z;b; +€;, 4.4)
where Y is a vector of observed outcomes for the subject, b; are random effects and assumed
to be distributed as b; ~ N(0,G); G is the covariance matrix for the random effects and
residuals; €; ~ N(0,R), where R = 021;; X; and Z; are design matrices for fixed effects and
random effects respectively. It is usually assumed that R = o°I;.

The next step was to extract subject specific predictions from the fitted linear mixed model
(4.4), which takes into account measurement error and are smoothed over measurement time

points. These predictions were then used as time-dependent covariates in the extended survival
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model:
hi(tlmi(t)) = ho(t) exp{X;T +10;(t)}, (4.5)

where 17;(t) = {m;(s),0 < s < t} is the fitted value for the longitudinal history of the i
subject (Y;) and X; is a matrix for fixed effects and 7 is a vector of coefficients for the fixed
effects. The fixed effects X; are primarily involved in the second step.

In the two-stage model, the uncertainty in the first stage is not carried through to the second
stage as noted by Sweeting and Thompson (2011). The problem of uncertainty not being
carried over to the second stage has been addressed by Mauff et al. (2018) using importance

sampling in the Bayesian framework.

4.1.2 The variance shift outlier model (VSOM)

The objective was to identify possible outlying subjects or observations at the first stage. We
adopted the variance shift outlier model of Gumedze et al. (2010) for down-weighting out-
liers. The variance shift outlier model does not remove outlying subjects or observations in
the modelling process as do standard case-deletion diagnostics. The removal of outlying or
influential observations in the estimation process may under power the study or throw away
useful information, on the other hand, VSOM down-weights outliers using the shift in vari-
ance implied by outliers (Gumedze et al. 2010). A two level VSOM was implemented in the
linear mixed model of the two-stage joint model to identify outliers and down-weight them
before extracting predicted values to be used as time-varying covariate in the survival model.
This involved fitting a VSOM at the subject level i.e. for (n) subjects and then a VSOM at the

observation level i.e. n; observations. We fitted a combined VSOM, which included outliers
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identified at subject level and those identified at observation level. If a subject was identified
as outlying and had simultaneously observation(s) that were identified as outlying, the corre-
sponding observation would not be included in the fitting of the combined VSOM. The reason
for this was so to avoid over-fitting the model. The fitted values (Yi) were then extracted from
the combined VSOM and used as time-varying covariate in the extended Cox model.
The results from the two-stage joint model, with a combined VSOM at the first stage, were
contrasted with those from the standard extended Cox model using AIC and BIC. Model
checking was performed using the influence diagnostics: dfbetas and likelihood displacement
under a VSOM at subject level, VSOM at observation level and the combined VSOM. The
results from the preceding implementation were compared.
The VSOM for the j™ observation from the i subject is given by Gumedze et al. (2010);
Y; =X;8+7Z;b+d;;(;;+€
~ N(X8,0*(ZGZ +wi;d;;dj; + R)) (4.6)
= N(X3,0%V),
where Y, X, Z and € are as defined in equation (4.4), d;; is the column vector of length n; with
a single non-zero entry whose value is one in the j™ position and Gij is an unknown random
coefficient (;; ~ N (0,w;;0?) for w;j > 0;
V = ZGZ' +w;;d;;di; + R, (4.7)
where if R = 0?1 then (4.6) can be written as;
Var(Y) = 0*(ZGZ' +wijd;dj; +1) = 6V, (4.8)
The variance of the 1 observation is inflated as O'2<Z;jG Z;ij+wij+ R;j), where 2] ; is the ith
row of Z and R;; is the 5™ diagonal element in R..

If the variance shift for the jthobservation is denoted w;j, which, in essence is the variance shift
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for the jMobservation associated with the random effect b;;. The magnitude of this variance
shift determines whether the j™ observation is an outlier or not. Observations with a relatively
large variance shift are considered outlying.
Extensions to non-normal data for the i" subject and the j™ observation being outlier with
inflated variance can be formulated using hierarchical generalised linear modelling techniques
(HGLMs) (Gumedze and Chatora 2014).
The VSOM for the i™ subject based on Gumedze et al. (2010) is given by:
Y =X;8+%Z;b; +d;(;+¢

~ N(XB,0%(ZGZ' +w;d;d,+R)) (4.9)

= N(X3,0%V),
where d; is the column vector of length n with a single non-zero entry whose value is one in

the it position and (; is an unknown random coefficient; (; ~ N (O,in'Q) for w; > 0;
V =ZGZ +w;d;d; +R, (4.10)

where if R = oI then equation( 4.9 )can be written as;

Var(Y) = 0*(ZGZ' +w;d;d; + 1) = o*V. (4.11)
The variance of the i subject is inflated as 0(Z,GZ; +w; + R;), where 2/ is the i*" row of
Z and R; is the i block diagonal element in R.
If the variance shift for the i subject is denoted w;, which is the variance shift for the jth
subject associated with the random effect b;. The magnitude of this variance shift determines

whether the i observation is an outlier or not. Subjects with a relatively large variance shift

are considered outlying.
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4.1.3 Descriptive summary of the variance shift outlier model (VSOM)

Outliers are data points that fall outside expected range of the rest of the data points 1.e. these
data points are far removed from the rest. Outliers are common in experimental research as a
result of a number of reasons such as transcription errors or malfunction in an experimental
equipment. In most cases outliers are quickly identified and action taken about them as per
prescribed methods in the analysis plan. It is sometimes not clear how to deal with outliers
especially when they are anomalous. There are established statistical techniques that detect
outliers in linear models such as the fixed effects model with extensions in the linear mixed
effects models. The traditional approach for detecting outliers is the case deletion technique
which may ultimately lead into excluding outliers from the final modelling process at the
discretion of the investigator. The variance shift outlier model is based on the assumption that
there is a shift in the variance parameter §; for the i*" data point herein after called subject
where ¢; is not known in advance but estimated from the observed data. The estimated values
of d; represent subjects likely to have inflated variance compared to the rest of the subjects
under consideration and therefore considered as outliers. The variance shift outlier model
offers an alternative to include “anomalous subjects” in the analysis by down-weighting them
using the variance shift estimate w; which in turn gives subject ¢ an opportunity to be consistent
with the rest and thereby get included in the analysis. This exercise has the advantage of

maintaining the study power if the sample size is barely adequate.
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4.1.4 Hypothesis tests on variance shift parameters

Hypothesis tests for the variance shift parameters are formulated using standard procedures
for hypothesis testing. The null hypothesis was that the subject or observation does not have
inflated variance (Hj : w; = 0) versus the alternative that the subject or observation has inflated
variance (H; : w; > 0). This was done using likelihood ratio test (LRT) statistic after account-

ing for the profile likelihood (Lee, Nelder, and Pawitan 2006). This statistic is presented as

LRT; = —2((6) — (00))], (4.12)

where £(f) is the log-likelihood for the alternative model and £(fy) is the log-likelihood of the
null model.

For the reason that under the null hypothesis, the variance shift parameter is zero, hence falls
in the boundary of the parameter space; it is impossible to use asymptotic theory for the dis-
tribution of the LRT statistics. This is so because, it defies regularity conditions (Self and
Liang 1987). Fitting the VSOM (Gumedze et al. 2010), showed that the 0.68x2 + 0.32x?
mixture distribution performed just as well, compared to simulation studies by Pinheiro and
Bates (2000), which qualified 0.65)(3 +0.35x7 mixture of distribution as appropriate. To solve
the problem of this unknown distribution and that of multiple testing, Gumedze et al. (2010)
proposed a parametric bootstrapping approach.

To solve regularity conditions under the null hypothesis, that the variance shift parameter is
zero hence lies in the boundary of the parameter space, we used the 0.65)((2) +0.35x% mixture
distribution on p-values of the likelihood ratio tests. The problem of multiple testing was ad-

dressed by adjusting the p-values using the Benjamini and Hochberg (1995) (B-H) procedure.
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The B-H procedure is performed in the following four steps:

1. Put individual p—values in ascending order: p; < ps < -+ < p,, corresponding to the

respective null hypothesis /;

2. Assign ranks to the p—values. As an example the smallest has a rank of 1, the second

smallest has a rank of 2.

3. Calculate each individual p—value’s B-H’s critical value, using the formula <Z> Q,
m

where;
a) 1 is the individual p—value’s rank.
b) m is total number of tests.
¢) ( is the false discovery rate which is a percentage chosen by the researcher.

4. Compare the original p-values to the critical B-H values from the previous step and find

the largest p—value that is smaller than the critical value.

The B-H procedure is broadly valid under three main assumptions i) when tests are indepen-
dent ii) when tests are independent and continuous iii) when there is positive dependence in
the tests. The main limitation of applying the BH procedure on the VSOM is that the tests

may not be consistent with the three assumptions.

4.1.5 Model fitting

The linear mixed model were fitted using the LME4 Package in R, while the VSOM used
the function mat.or.vec(nrow(dataframe), 1) to create a vector of zeroes elsewhere except at

the position of the subject where there was a one. The extended Cox model was implemented

74



using the Survival Package and all hypothesis tests on variance parameters were done in R

using the procedures descried in Section 4.1.4 above.

In the two-stage model the uncertainty in the first stage is not carried through to the second
stage (Sweeting and Thompson 2011) and, therefore, a model that accounts for measure-
ment error, utilises all available repeated measurements and reduces bias with a potential of
maximising efficiency, is based on the joint likelihood of the two processes and these are

longitudinal and survival processes discussed in the following Section.

4.2 Diagnostics for two-stage joint survival model using variance shift

outlier model

Introduction

Two-stage joint survival model is a class of models based on extended Cox survival models
with time-varying covariates. The two-stage joint model is considered to be superior over
standard modelling of survival outcomes with a time-varying covariate because they account
for measurement error in a time-varying covariate and do not assume that the value of the co-
variate remains constant between any two measurements (Self and Pawitan 1992). This model
is, particularly, useful because it addresses a research question that has the two components
and these are longitudinal and time-to-event (Tsiatis and Davidian 2001). The validation of
this model is done using standard Cox survival models, which is categorised into four parts,
namely: overall fit of the model, excess survival times, proportionality assumptions and in-
fluence diagnostics (Collett 2015). There is vast literature on these four aspects of model

assessment, but in this thesis, we only focus on influence diagnostics, which tis the main ob-
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jective of this research.

Excess survival times are assessed using martingale residuals that have a basic interpretation
of being the difference between the observed and expected number of events in the time in-
terval (0,;), for the i™ individual (Therneau, Grambsch, and Fleming 1990). These residuals
highlight individuals who have experienced an event too soon or too late on the basis of the
assumed model herein called excess survival times. An index plot of martingale residuals will
highlight individuals whose survival time is not well fitted by the model and these subjects
are considered as outliers. Plotting of these residuals against survival time, the rank order
survival times, or explanatory variables, may indicate whether there are particular times, or
values of the explanatory variables, where the model does not fit the data. Deviance residuals
are motivated by the fact that they are components of the deviance; which is a statistic used to
summarise the extent to which the fit of a model of interest deviates from that of the model,
which is a perfect fit of the data (Davison, Gigli, and A 1989). The deviance residuals can
be looked at as transformed martingale residuals that produce values that are symmetric about
zero when the fitted model is appropriate (Therneau, Grambsch, and Fleming 1990).
DFBetas are used to identify not only subjects but also observations that exert influence on
the parameter estimation. DFBetas compare the estimated parameter /3 and Bm where /3 is the
parameter estimate from the model and Bm is the estimate when subject ¢ is removed from the
model. If the difference between B[i] and B is large, then subject 7 is deemed to be exerting
influence on parameter estimation. An alternative influence diagnostic to DFBetas proposed
by Escobar and Meeker Jr (1992) is the likelihood displacement value and #;,x. An £pax value
is a measure of influence resulting from deleting a subject on the overall vector of parameter.

An /n,x value is based on an eigen system analysis of efficient score residuals (Pettitt and
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Daud 1989). Both likelihood displacement and /,,x examine the subjects’ influence on the
entire vector of coefficients. The idea behind likelihood displacement is that, if subject ¢ is
influential, then the vector BM will be different from the vector B , when this situation arises
examining the log-likelihood at such a solution results in a different log-likelihood (Pettitt and
Daud 1989).

Extensive research has been done on outliers in linear mixed models to identify influential ob-
servations. The developed techniques lead to case-deletion methods proposed by Cook (1977)
and Cook and Weisberg (1982). Application of these ideas have also been adopted in the anal-
ysis of time-to-event data (Hall, Rogers, and Pregibon 1982; Storer and Crowley 1985) as well
as in logistic regression (Hosmer, Jovanovic, and Lemeshow 1989; Pregibon 1981).
Case-deletion diagnostics assumes 6 to be a parameter vector of interest in the model under
consideration and 6 an estimate of 8 using appropriate techniques usually maximum likelihood
in the frequentist paradigm (Cook and Weisberg 1982). If one excludes the it" subject from
the full set of observations; refitting the model under the same principle produces 9[_1-] of 8
which gives a measure of the difference between 9[_ﬂ and  which is used to evaluate how
the i*" subject impacts the estimate 6 and subsequent inferences drawn from the model and
measure is called the Cook’s distance.

There has been a lot of effort to investigate influence diagnostics in the linear mixed model.
In their work, Atkinson (1985), Barnett and Lewis (1995), Chatterjee and Hadi (1988), Demi-
denko (2013), Demidenko and Stukel (2005), Pan, Fei, and Foster (2014), Rousseeuw and
Van Zomeren (1990), Zewotir and Galpin (2005), Zhang et al. (2014), and Zhu et al. (2012),
extended a number of regression diagnostic approaches that are in use in linear regression to

linear mixed effects model, which have been reviewed in Chapter 2 Section 2.2.
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In their work Schall and Dunne (1988) developed a unified approach to outliers in the general
linear models, by showing that testing for the different types of outliers in the linear model
(Y, X3,02,V), is equivalent to testing for outliers in the linear model (¢,0,02 \), where ¢ is
the vector of estimated residuals from the original model, and o2 N\ is its variance-covariance
matrix.

The variance shift outlier model (VSOM) by Gumedze et al. (2010), detects outliers and down-
weights influential subjects or observations using shift in variance parameters. Therefore, this
model does not exclude outliers and/or influential subjects or observations in the modeling,
thereby, throwing away potentially useful information. The model scans throw the data and
detects subjects or observations with inflated variance and down-weights them to be con-
stituent with the rest of the data.

It is not fully understood what impact influential subjects and/or observations in the linear
mixed model would have in parameter estimates when carried through to the next stage of the
two-stage joint survival model. In this thesis, we postulate the implementation of the VSOM
in the linear mixed model to identify outliers and at the discretion of the researcher down-
weight these outliers instead of excluding them from the analysis. This is in line with what
was proposed by Gumedze and Chatora (2014) and Gumedze et al. (2010); where situations
may arise that a researcher does not have enough data points, as such excluding outliers will
not only throw away useful information but also under power the study. This is the main mo-
tivation for the implementation of a VSOM at the first stage of the two-stage joint survival
model coupled with the fact that estimates from a two-stage joint survival model are reliable
and credible when importance sampling is used (Mauff et al. 2018, 2020). It is also known

that a two-stage joint survival models are not computer intensive even in the presence of an
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increasing number of random effects (Sweeting and Thompson 2011) hence their adopting is

widely expected with the recent development by Mauff et al. (2020).

4.2.1 Case deletion versus variance shift outlier model

Case deletion is an extreme case variance outlier model (VSOM). In case deletion parameter
estimates are iteratively re-estimated after excluding the ™ observation hence quantifying the
effect of the i™ observation on the fit of the model. This is done by computing the change
in aspects of the model that take place after removing the i observation. This approach has
roots from linear models with extensions to linear mixed effects models (Belsley, Kuh, and
Welsch 1980; Chatterjee and Hadi 1988). The variance shift outlier model adopted from Cook
and Weisberg (1982) by contrast; is a method for outlier detection and accommodation in both
linear models as well as linear mixed effects models. The VSOM assumes the variance of all
observations except for one unknown unit is 02 (Gumedze and Chatora 2014; Gumedze et al.
2010). The variance for the unit ¢ for example is assumed to be OéiO'Q(Oéi > 1). The unknown
parameter «; is estimated from from the data and acts as a variance inflator in the variance
for the ™ unit (Gumedze et al. 2010). The variance shift outlier model seeks to consider
units with inflated variance as possible outliers. This emphasis is different from case deletion
methods despite a direct link when the variance shift parameter for a unit goes to infinity as

observed by Gumedze et al. (2010).
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4.3 Illustration using VSOM - IMPI dataset

As described by Gumedze and Chatora (2014), there are two ways of implementing VSOM
and these are, firstly, scanning the dataset for outliers by fitting a null model at the observation
or subject level and the next stage is focused on down-weighting the outliers in the analysis.
Extra care has to be taken when deciding whether outliers are due to errors in the dataset in
which case corrections can be done or they (outliers) are unexplained data points hence they
could be candidates for down-weighting. Both of the above decisions are made in line with the
study aims as well as the application area for the analysis at the discretion of the researcher.
We fitted model 4.6 and 4.9 to the data which are respectively at observation and subject level.
The VSOM, ordinarily, proceeds by identifying outlying observations or subjects and then
down-weighting those observations or subjects that have inflated variance and viewed as out-
liers. This is the second step and is done when necessary or when desired by the investigator.
In this implementation, we fitted four models, one model is the linear mixed model which is
considered the null model. We, then, fit the VSOM observation level, thereafter we fit VSOM
at subject level and lastly we fit a combined VSOM. At the subject, level we don’t include ob-
servations that are identified as outlying for the subject which in a way deals with over-fitting.
The following notation was adopted, k = 1,..., N, where N = 587 was the total number of
subjects that had been indexed in the dataset. This, therefore, meant that the variance shift
parameter was denoted di, for k =1, ...,587.

The CD4 cell count measurements were mandated at baseline, week two, month one, three
and six. In South African centres, on the other hand, CD4 measurements continued beyond

the mandated period. The analysis of CD4 cell count is based on patient identifies (pid) and

80



their respective time point at which CD4 cell count was done. We provide the following table

as a guide to identifying observations in the analysis:
Table 4.1: Observation identifier guide.

Pid CD4 visit time Observation identifier
5 baseline (0) 50
5 week two (0.5) 50.5
5 month one (1) 51
5 month three (3) 03
5 month six (6) o6

It was shown that observations; 557,557¢.5,552g, and 564 5 were outlying in all the three
statistics used, namely variance shift (w;), residuals (Ug) and the likelihood ratio test (Figure
4.1). Observation 45 was outlying for residuals and likelihood ratio test statistics.

The definition of observations is taken from concatenating the participant study number with
the visit number at which CD4 cell count measurement was done e.g. 557¢,557.5,552¢ were
observations that belonged to participant 557 at baseline visit, 557 at week two and 552 at
week six respectively.

It was observed that fitting the linear mixed model and implementing the VSOM at both the
observation and subject level improves the model using the AIC and BIC statistics. There was
also improvement in residuals after combined VSOM was fit to the data.

The following subjects (144,235,248,322,404,405,428, and 27) were identified as outlying
as tabulated in Table 4.2. A subject level VSOM was implemented with an effect of improv-
ing the overall model fit (AIC for My = 11652 vs AIC for M3 = 11650.02) which compares
observation level VSOM against subject level VSOM.

None of the subjects identified as outlying by the first step in VSOM experienced the event of

interest, as such, they were all censored administratively at the last study visit. These subjects
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were characterised as follows; Subject 27 and 144 had three CD4 cell measurements taken at
baseline, three months and six months with (338, 314 and 465 /) and (140, 306 and 382 uf)
values, respectively. Subject 27 was randomised to the placebo arm and was not started on
ART, while, subject 144 was randomised to the treatment arm and ART experienced. Subject
235 also had three CD4 cell count measurements taken at two weeks, three and six months (78,
116 and 153 puf), started taking ART at three months’ visit and was randomised to the placebo
arm. Subject 248 had all CD4 cell count measurements (105, 81, 351 u/) taken at baseline,
two weeks and three months respectively. The subject was randomised to the placebo arm, and
exposure to ART was reported at month three and six. Subject 322 had three CD4 cell count
measurements taken at two weeks, one and three months (106, 367 and 448 ;). The subject
was randomised to the placebo arm and was exposed to ART from baseline, also referred to as
ART experienced. Subject 404 and 405 had all CD4 cell count measurements taken; at base-
line, week two, one month, three months and six months. The following are measurements
for subject 404: 226, 324, 261, 210, 350 pf. Subject 405 had the following measurements:
253, 289, 687, 434, 433 pl. They were both ART experienced, with subject 404 reporting
exposure at the last visit having been randomised to a placebo arm, while subject 405 reported
exposure to ART at the second visit; and was randomised to the treatment arm. Subject 428
had four CD4 measurements taken except the last visit (291, 308, 271, and 315 pf), and was
radomised to the placebo arm. Subject 552 had three CD4 cell measurements taken at base-
line, two weeks and six months (134, 136, 1020 /), equally, subject 557 had CD4 cell count
measurement taken at baseline, two weeks and three months (453, 1544, and 1125 uf). Both
of these subjects were randomised to the treatment arm with subject 557 having no exposure to

ART, while, subject 552 was ART experienced. Subject 564 was randomised to the treatment
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arm, and had the following CD4 cell count measurements: 368, 1181, 798, and 614 (1.¢) taken
at two weeks, one month, three months and six month, respectively. This subject reported
ART exposure at the three months’ visit.

The next illustration used the same data to fit a standard Cox model then a Cox model with
CD4 cell count as a time-varying covariate. We went further to calculate diagnostics for the
two setting using DFBetas and likelihood displacement. We restricted the modelling to treat-

ment and square root CD4 to be consistent with the linear mixed model.
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Figure 4.1: Observation level VSOM statistics plotted against observation index.

The p-values in Figure 4.1 and 4.2 were adjusted by using the B-H procedure described in Sec-
tion 4.1.4, which are results of multiple testing from a 0.68x3 + 0.32x? mixture distribution.

The largest p-value, p < (i/m)(Q, was considered to be significant and all p-values smaller
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than it were also significant.
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Figure 4.2: Subject level VSOM statistics plotted against subject index.

These p-values included, even, the ones that were more than the respective B-H critical val-
ues. The following subjects were considered as having large p-values after using the B-H
procedure: 144, 235, 248 and 322. A similar pattern was observed at observation level, where
observations belonging to corresponding subjects with large p-values were identified.

The subject level implementation of the variance shift outlier model is shown in Figure 4.2.



Table 4.2: Parameter estimates after fitting VSOM to the linear mixed model using IMPI dataset.

LMM! VSOM? VSOM? vVsoM*
Parameter Estimate (Std. Error) Estimate (Std. Error) Estimate (Std. Error) Estimate (Std. Error)
Intercept 13.37 (0.28) 39.62 (14.61) 35.42 (15.45) 55.07 (20.16)
Treatment -0.73 (0.40) -0.78 (0.40) -0.73(0.39) -0.77 (0.40)
Time in months 0.63 (0.03) 0.62 (0.03) 0.62 (0.03) 0.62 (0.03)
o? 9.45 9.11 8.99 8.73
o2 20.47 20.17 20.57 20.16
Wias_, - 84.40 - 83.97
Ws552_¢ - 129.77 - 131.22
W557_¢ - 4.01 - 5.53
W557_ 5 - 97.39 - 93.09
W564_ 5 - 82.75 - 81.84
w144 - - 83.87 -
w235 - - 55.19 55.60
w248 - - 58.88 59.42
w329 - - 63.22 63.37
w404 - - 26.35 26.54
w405 - - 41.99 42.05
w428 - - 50.50 50.87
war - - 51.64 51.83
-2 loglikelihood 11705.32 11652.36 11650.02 11606.39
AIC 11715.32 11672.36 11676.02 11640.39
BIC 11743.47 11728.65 11749.20 11736.09

Models: 1: Linear mixed model; 2: VSOM at observation level; 3: VSOM at subject level; 4: Combined VSOM
4 variance shift for subject or observation 4 (w; ), random effects (0'(21) and residual variance(az)

4.4 Illustration using two-stage joint model and VSOM

There were 27 constriction cases during the six months’ evaluation period. The variable se-
lection for the event constriction had the following risk factors evaluated at 10% level: Heart
rate, sex, NYHA class, peripheral oedema, definite tuberculosis and haemoglobin status.

The extended Cox model was fitted using square root CD4 as a time-varying covariate, then
went further to fit a two-stage joint model. Thereafter, we fitted the two-stage joint model
having implemented VSOM at observation, subject and combined VSOM. In all the imple-
mentations, we obtained DFbetas and likelihood displacement to assess influence of obser-
vations and subjects as in Figure 4.3. We noted from plot a and b that after implementing a
combined VSOM using the two-stage approach there were fewer observations that appeared

to be influential compared to the extended Cox model implementation.
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Figure 4.3: An index plot of DFBetas.

The same pattern was evident and consistent when a different statistic was implemented to
reveal influential observations. The statistic used on the overall fit of the model to assess
influence of observations is the likelihood displacement, which is similar to equation 4.12.
This is based on score residuals and evaluated using Cook’s distance techniques. It is clear
from the two-stage combined VSOM (Figure 4.4 d) that, some influential observations have
been down-weighted. The implementation of VSOM to the two-stage joint model has been
consistent with the rest except. When we compared treatment effect after fitting extended
Cox model with CD4 as a time-varying covariate, then a standard two-stage joint model, and
further, the observation and subject level VSOM, there were no significant changes observed
in the treatment effect. There was on the other hand, a better overall fit of the model using a

two-stage joint model with a combined VSOM based on AIC and BIC (Table 4.3).
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Figure 4.4: An index plot of Likelihood displacement.
Table 4.3: Parameter estimates for model comparison using IMPI dataset.
Model estimates
Characteristic Extended Cox two-stage JM  two-stage JM with VSOM; two-stage JM withVSOM;  two-stage JM with VSOM3
HR.(95%CI1) HR.(95%ClIL) H.R. (95 % C.I.) HR. (95 % C.1.) HR. (95 % C.1.)
Prednisolone 0.41(0.26,0.65) 0.42(0.27, 0.66) 0.42 (0.27, 0.66) 0.42 (0.27, 0.66) 0.42(0.27, 0.66)
v/CDA4 cell count 1.04 ( 1.00, 1.08) 1.05 (1.01, 1.11) 1.05 (1.01, 1.10) 1.05(1.01, 1.11) 1.05 (1.01, 1.10)
NYHA class: II-IV  1.57 (1.04,2.38)  1.58 (1.05, 2.39) 1.58 (1.05, 2.39) 1.58 (1.05, 2.40) 1.58 (1.05, 2.39)
Sex: Male 1.63 (1.02,2.62) 1.68 (1.05, 2.69) 1.67 (1.04, 2.68) 1.68 (1.05, 2.69) 1.67 (1.04, 2.68)
Definite TB 2.23(1.46,3.41) 2.28(1.49,3.48) 2.28 (1.49, 2.48) 2.28 (1.49, 3.48) 2.27 (1.49, 3.48)

Peripheral Oedema
Haemoglobim status
AIC

BIC

1.97 (1.30, 2.97)
1.18 (1.07, 1.31)
1113.59
1131.32

1.97 (1.30, 2.97)
1.18 (1.06, 1.30)
1112.38
1130.10

1.97 (1.30, 2.97)
1.18 (1.06, 1.30)
1112.51
1130.24

1.97 (1.31,2.97)
1.18 (1.06, 1.30)
1112.41
1130.14

1.97 (1.06, 2.97)
1.18 (1.06, 1.30)
1112.53
1130.26

Baseline covariates:- Prednisolone: Treatment vs Placebo; NYHA class: NYHA functional class, stage I-1I vs III-IV; Sex: Female vs Male; Definite TB: No vs Yes;
Peripheral oedema: NO vs Yes; Haemoglobin status < 10 vs > 10

Models:- two-stage JM with VSOM; is the two-stage joint model on which vsom is implemented at observation level, two-stage JM withVSOM)} is the two-stage
joint model on which vsom is implemented at subject level, and, two-stage JM with VSOM3 is the two-stage joint model on which vsom is implemented combining
observations and subjects

The goodness of fit performance for the two-stage joint survival model based on Cox-Snell
residuals was better than the standard extended Cox survival model (Figure 4.5). A similar
trend was observed when the VSOM was implemented at observation and subject level with

subtle differences between the two.
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Figure 4.5: Goodness of fit using Cox-Snell residuals

4.5 Summary

We have proposed and implemented a diagnostic approach for the two-stage joint model by
fitting the variance shift outlier model on the linear mixed model, which is a sub-model in the
two-stage joint model. This approach has been implemented on the multi-center trial on TB
pericaditis. We note that, the VSOM identifies and down-weights outlying subjects as well
as observations. When the VSOM is implemented at both the subject and observation level,
then later combined as one VSOM whilst taking appropriate action to avoid over fitting; fitted
values from the combined VSOM are used in the second stage of the two-stage joint model
as time-varying covariate. In the linear model there is both improvement in the overall model
fit contrasting AICs and BICs statistics after a combined VSOM as well as better estimates of
parameters after VSOM.

There is no significant difference in parameter estimates when the two-stage joint model is
implemented with the combined VSOM. There is, on the other hand, a better overall fit of

the model if the combined VSOM has provided predicted values to be used as time-varying
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covariate in the second stage of the joint model. This is evaluated using AICs and BICs from
the model fitted to the data.

The possible reason for AICs and BICs to be similar in Table 4.3, could be due to the fact
that there is no significant association between square root CD4 cell count and the risk for
constriction.

Further work on the proposed approaches is recommended on the implementation of the two-
level VSOM in competing risk setting. There is also a potential research area to assess and

evaluate the approach in non-Gaussian data as a time-varying covariate.
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Chapter 5

Joint models for longitudinal and survival data

Introduction

In this Chapter, we developed case deletion diagnostics for shared parameter joint model for
longitudinal and survival data. The developed diagnostics are based on Cook’s statistics (Cook
and Weisberg 1982). The case deletion diagnostics that we developed are motivated by Zeng,
Cai, et al. (2005)’s asymptotic properties of the likelihood from the joint conditional distribu-
tion of the joint model. We evaluated the performance the developed case deletion diagnostics
in simulations studies and illustrated them using real data from a multi-centre clinical trial
(IMPI dataset).

We used a shared parameter joint model for longitudinal and survival data from the types of
joint models, viz shared parameter and latent class joint model. This class of joint model
shares the random effects between the longitudinal and survival processes as follows (Tsiatis

and Davidian 2004):
p(Y3, T0,83) = [ p(Yilby) {H(Tulbi) %S (T, b;) }p(bi)db. (5.1)
where b; is a vector of random effects that explains the interdependencies between the longi-

tudinal density p(.) and the survival density S(.).
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5.1 Parameter estimation in joint models for longitudinal and survival

data

Parameter estimation is based on maximizing the log-likelihood for the joint distribution of
survival and longitudinal outcomes {75, d;,v;}. This is based on the following three assump-
tions, namely; the vector of time-dependent random effects b; underlies both the survival and
longitudinal process, there is conditional independence based on the random effects and that
parameter estimates are consistent and asymptotically normal as shown by Rizopoulos (2012)
and Tsiatis and Davidian (2001).

The primary estimation method proposed for joint models for longitudinal and survival data
are semi-parametric maximum likelihood (Henderson, Diggle, and Dobson 2000; Hsieh, Tseng,
and Wang 2006; Tsiatis and Davidian 2001). The estimation process for the shared parameter
joint model proceeds with a semi-parametric conditional score estimator, which treats random
effects as nuisance parameters (Tsiatis and Davidian 2001). In this particular case estimating
equations are deduced based on the derived sufficient statistic and parameter standard errors
are subsequently estimated using sandwich matrix estimator.

The maximum likelihood estimates are derived as the modes of the log-likelihood function
relating to the joint distribution of the observed outcomes {T;,d;,Y;}. Assuming that the
vector of time-dependent random effects b; are shared by both the survival and longitudi-
nal processes, the joint conditional distribution is as follows (Rizopoulos 2012; Tsiatis and

Davidian 2004):

p(Y;,T;,6;|b;;0) =p(Y;,T4,0i]i;0)p(Y;|by;0) (5.2)
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and
n;
p(Y,T3,0i|bs;:0) = [[ p{Y:(T3;) bi;0}, (5.3)
j=1

where 8 = (0/7,05,06;) denotes the full parameter vector as follows, 87 denotes parameters for
the survival outcome, 8y denotes the parameters for the longitudinal outcome and 6} denotes
the parameters for the random effects covariance matrix. Given that the observed history, the
censoring mechanism and the visiting process are independent of the true event times and
future longitudinal measurements, the marginal log-likelihood contribution for the i** subject
can be formulated as follows:

logp(Ti, Y;,0;;0) = log/p(Tz‘ﬁz‘,Yi,bi;a)dbi,

= 10g/p(Ti,5i,|bi;9,ﬂ) [ 1 p{Y:(Tij)|04;605} | p(bi;0)db;,
i=1

5.4

There is no closed form solution for the above integral since the random effects have to
be treated as nuisance parameters, therefore, maximising the log-likelihood function ¢(0) =
> i logp(T;,Y;,8;;0) with respect to @ can be achieved using standard optimisation algo-
rithms such as the Expectation-Maximisation (EM) (Dempster, Laird, and Rubin 1977) or the
Newton-Raphson algorithm by Lange and Hunter (2004). The EM algorithm is mostly used
in joint modeling (Rizopoulos 2012). The main approach for assessing the joint model has
been to use separate analysis of residuals for the sub-models. This has been so, due to the fact
that there is informative censoring as a result of the occurrence of an event. This, therefore,
does not yield residuals that follow standard properties of randomness. The other approach
proposed by Rizopoulos, Verbeke, and Molenberghs (2010) is the multiple imputation of the
missing part of the longitudinal sub-model due to the occurrence of an event, thereby, creating

a complete dataset.
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5.1.1 Estimation of based maximum likelihood

The primary estimation method proposed for joint models for longitudinal and survival data
and for brevity joint models are semi-parametric maximum likelihood (Henderson, Diggle,
and Dobson 2000; Hsieh, Tseng, and Wang 2006; Tsiatis and Davidian 2001). There have
been investigations done on the asymptotic properties of the semi-parametric maximum like-
lihood estimators under unspecified baseline risk function (Zeng, Cai, et al. 2005). Bayesian
estimation methods for the joint models have also been explored using MCMC techniques
(Chi and Ibrahim 2006; Lin and Wu 2006; Wang and Taylor 2001; Xu and Zeger 2001).
The estimation process for the shared parameter joint model proceeds with a semi-parametric
conditional score estimator, which treats random effects as nuisance parameters (Tsiatis and
Davidian 2001). Estimating equations have been developed that are deduced based on the
derived sufficient statistic and parameter standard errors are, subsequently, estimated using
sandwich matrix estimator.

The maximum likelihood estimates are derived as the modes of the log-likelihood function
relating to the joint distribution of the observed outcomes {7;,d;,y;}. Maximising the log-
likelihood function with respect to the parameter can be achieved using standard optimisation
algorithms, such as the Expectation-Maximisation (EM): (Dempster, Laird, and Rubin 1977))
algorithm or the Newton-Raphson algorithm (Lange and Hunter 2004). The EM algorithm
has been the mostly used in the joint modeling (Rizopoulos 2012).

Residuals are then derived from this dataset which are then plotted to assess the separate
sub-models. We will consider case-deletion diagnostics based on the Cook’s statistic for all

parameters, fixed effects and variance component parameters in the joint model.
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5.1.2 Joint model formulation

The joint model is formulated in three steps, proceeding with some notation as follows; T;
is true event time for subject ¢, T; is the observed event time for subject ¢, ; is the event
indicator, which equals one for true events and zero otherwise, and finally Y; are the observed
longitudinal responses. The first step is to assume that M;(¢) is known and this is the true and
unobserved value of a longitudinal outcome at time point ¢. The second step is to reconstruct
the covariate history for each subject from the observed longitudinal responses Y;(¢) and,
thus, a mixed effects model. The two steps outlined above share common random effects and

hence define a model for the joint conditional distribution due to Tsiatis and Davidian (2004).

5.1.3 Parameter estimation in joint models for longitudinal and survival data

Parameter estimation is based on maximizing the log-likelihood for the joint distribution of
survival and longitudinal outcomes {75, ;,y; } assuming that i.) vector of time-dependent ran-
dom effects b; underlies both the survival and longitudinal process, ii.) there is conditional
independence based on the random effects, iii.) parameter estimates are consistent and asymp-
totically normal.

As with all likelihood estimation joint models estimates are also obtained by maximising the
log-likelihood corresponding to the joint conditional distribution of the longitudinal and time-
to-event outcome. In this setting, the matrix of the time-dependent random effects is shared
between both the survival and longitudinal processes and thus these random effects adjust for
association between the survival and longitudinal outcomes including the subsequent correla-

tion between repeated measurements in the longitudinal process, which amounts to conditional
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independence (Rizopoulos 2012).

5.2 Parameterisation of the joint model

In this Section we cover different parameterisations of the joint model that has been intro-
duced in the previous Section. The parametrisations are for the association structure between
the event and longitudinal process involving exogenous time dependent covariates. We limit
our presentation of these parameterisations to those available in R, which is the main software
used for analysis in this thesis.

The standard joint model we have introduced assumes that the risk for an event at time point
t depends on the true value of the longitudinal bio-marker at the same time point, captured
by the parameter . This standard parameterisation is widely used due to the fact that, inter-
pretation of « is straight forward and clear. The parameterisation assuming the true value of
the bio-marker is commonly known as the current value structure (Rizopoulos 2012). It is not
always practical to expect this parameterisation to suit all situations in medical research and
other disciplines, in expressing the relationship between a longitudinal bio-marker and risk
for an event. There are four other association structures that may be considered in linking the
longitudinal and event processes, and this is without loss of other extensions.

The first parameterisation under consideration after the current value structure is the inter-
action effects parameterisation. This type of structure relaxes the strong assumption in the
current value structure, that says, that the effect of the level of the bio-marker is the same in all

the sub groups. The interaction effects structure includes in the linear predictor of the relative
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risk model, interactions terms of the bio-marker with baseline covariates as follows:

hi(t) = ho(t) exp{X'B1 + /[B2 x m;(t)]}, (5.5)
where 81 accommodates the direct effect of baseline covariates, to the risk for an event, and
B2 contains the interaction terms that link the association of m;(¢) in the different sub groups
in the data (Rizopoulos 2012).

The second parameterisation is the lagged effects structure, which uses, time lagged covariates
with the following formulation of the relative risk model:

hi(t) = ho(t) exp{X'B + am;[t — c,0]}, (5.6)
which claims that the risk at time ¢ depends on the true value of the longitudinal bio-marker at
time ¢ — ¢, where c is the time lag of interest.
The third extension that could be of interest is the time dependent slopes parameterisation,
which does not depend on the current or previous value of the longitudinal bio-marker. For
example, it is intuitively known that each patient has a bio-marker that follows a unique tra-
jectory in time, and therefore, it could be prudent to consider a structure that allows the risk
for an event to also depend on other features of this trajectory (Rizopoulos 2012). In this
parameterisation, the joint model uses both the current value and slope trajectories at time ¢,
on which the risk for an event depends and has the following formulation of the relative risk
model:

hi(t) = ho(t) exp{X'B + aym;(t) + aomi(t)}, (5.7)

where m/(t) = —m;(t).
The interpretation of «; is the same as previously stated in the standard joint model with

current value parameterisation, where as, ap measures the strength of association between the
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slope of the longitudinal trajectory at time ¢, with risk for an event at the same time point, while
holding m;(t) constant. This type of parameterisation is particularly useful in instances where
interest is in capturing differences in two patients that show similar true bio-marker levels at a
specific time point, but may differ at the rate of change of the bio-marker (Rizopoulos 2012).

Lastly but not least, the other parameterisation worth considering would be the one that allows
the whole history of the bio-marker to be associated with the hazard for an event. This structure
includes in the linear predictor of the relative risk model the sum of the longitudinal trajectory,

representing, the cumulative effect of the longidudinal response up to time point ¢ as follows:

palt) = ho(t) exp{XB +a [ mi(s)ds), 68
where for any particular time point, o measures the strength of association between the risk
for an event at time point ¢ and the area under the longitudinal trajectory up to the same time
point. In this case, the area under the longitudinal trajectory is regarded as a suitable summary
of the whole trajectory.

Finally, an extension to the standard joint model that could be under consideration is the
random effects structure. This structure includes, in the linear predictor of the relative risk

model only random effects of the longitudinal sub-model as follows (Rizopoulos 2012):

hi(t) = ho(t) exp{XB +ab;}, (5.9)
where « represents a vector of association parameters, each one measuring the strength of
association between the corresponding random effect and risk for an event. This structure is
more useful when a simple random intercept and random slope is assumed for the longitudinal
sub-model. In this setting random effects express subject specific departures from the average

intercept and average slope (Rizopoulos 2012).

In this thesis we focus on the current value parameterisation of the association structure based
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on the dataset (IMPI) that we used, which links square root CD4 cell count and risk of constric-
tive pericarditis. We consider this parameterisation based on two reasons, firstly it is known
that the current level of CD4 cell count is directly related to the health status of an individual
i.e. a measure of immunity (Post, Wood, and Maartens 1996; Rabeneck et al. 1993; Weinberg
and Kovarik 2010), and secondly, the Cook’s (Cook and Weisberg 1982) based diagnostics
that we have developed apply in all paremeteristaions without making major alterations to the

covariance matrix.

5.3 Case-deletion diagnostics for joint models for longitudinal and

survival data

Introduction

Joint modeling for longitudinal and survival data is a technique for analysing data that has
two main outcomes; these are the longitudinal outcome, often measured with error and the
time-to-event outcome, which causes non-random drop out in the longitudinal outcome due to
the occurrence of an event and this is not the focus of this thesis. In this thesis, the focus is
on the strength of association between a time varying covariate and the risk of an event. This
modeling strategy accounts for the effect of a time varying covariate measured with error as
well as accounting for non-random drop out. The type of joint modeling explored in this case
deletion diagnostics is the shared parameter model. In this approach the sub-model share a
common random effect in the joint likelihood.

The estimation of the joint log likelihood is done using numerical integration methods since

the log-likelihood for the joint distribution of the survival and longitudinal probability den-
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sities through common shared random effects has no closed form. The maximisation of this
log-likelihood is done using quasi Newton-Raphson Lange (2004) algorithm, which requires
similar computations to the Expectation Maximization algorithm. This is a hybrid approach

which proceeds with both the EM and later with direct maximisation.

5.3.1 Case-deletion diagnostics

Case-deletion diagnostics for the joint model using the Cook’s distance approach is motivated
by the fact that in both the longitudinal and survival outcomes there may be outliers or influ-
ential subjects or even observations that exert influence on model estimates. We will stick to
the definition of an outlier and influential subject or observation as provided by Cook (1977).
In its simplest expression, an outlier is an observation or subject that is not consistent with
the rest of the data under study, where as, an influential observation or subject is one that has
noticeable change in parameters when excluded in estimation.

A common approach used in model diagnostics in statistics is case-deletion and this assumes
0 to be a parameter vector of interest in the model under consideration and 0 an estimate
of @ using appropriate techniques usually maximum likelihood in the frequentist paradigm
Cook and Weisberg (1982). If one excludes the i" observation from the full set of observa-
tions, Y = (Y1,Y2,...,Y},) say; refitting the model under the same principle produces 9[_1-} of @
which gives a measure of the difference between 9[—1‘] and @, which is used to evaluate how the
i™ observation impacts the estimate 6 and subsequent inferences drawn from the model. This

measure is called the Cook’s distance due to Cook and Weisberg (1982) and has the following
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formulation:

Ci(0) =0, — )M (b,_,-0), (5.10)
where M is the covariance matrix for all parameters @ and it is positive definite (Cook and
Weisberg 1982). Model (5.10) evaluates the Cook’s distance C; after excluding the ith subject
or observation from the estimation process, thereby, quantifying the impact of the i™ subject
or observation on estimates of model parameters.

There are extensions of case-deletion diagnostics based on the Cook’s statistics to mixed ef-
fects model and this has been an active research stream (Banerjee and Frees 1997; Demidenko
and Stukel 2005; Lesaffre and Verbeke 1998; Pan and Fang 2002; Zewotir and Galpin 2005).
Because of the iterative nature of estimation a simple analytical expression for the change in
parameter estimates when a subject is deleted cannot be obtained. However, analytic expres-
sions for the change in 0 if we use 0 as a starting value and perform a one step iteration with
the ! subject omitted can be derived. Without loss of generality, such one step diagnostics
adequately estimate the fully iterated change in the parameter with the i*" subject deleted, for
models with non linear parameters, see (Pregibon 1981), who pioneered the idea.

We adopt the same approach and extend it in the joint model by decomposing the Cook’s
statistics and evaluate these diagnostics in simulation studies. We further illustrate this on a
multi-center clinical trial on TB pericardiatis data and all this is done using the available JM
package in R.

Cook’s statistics for overall parameters are given as in equation (5.11)
Ci(6) = (6, — 6N (6,_; —6), (.11
where M is the covariance matrix for all parameters 6 from both longitudinal and survival

sub-models. For the sub-models the parameter set is decomposed as 6 = (01,62), where 6, is
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the parameter set from a longitudinal sub-model and 6> is the parameter set from a survival
sub-model. Cook’s statistics for all parameters in the longitudinal sub-model are given by:
Ci(61) = (By1_y — )N By — 61), (5.12)
where M is the covariance matrix for all parameters in the longitudinal sub-model, which
includes fixed effects and variance components. Similarly, for the survival sub-model, 65 is
the parameter set and M, is the covariance matrix for parameters. In both sub-model C; has
the same interpretation as in model (5.10).
Analogous to the linear regression leverage matrix, Demidenko (2013) defined the n; x n;

leverage matrix for the linear mixed model for the i** subject as follows;

H; = @,

Y
where Y = Xzﬁ +7Z 161 which is the predicted outcome conditional on the estimated random
effects, lf)Z If we define V as the covariance matrix of the vector of observations, commonly,
known as the generalised variance Var(Y) = V = ZGZ' + X;; ¥, is the covariance matrix of

residuals for each subject and assuming that V; is fixed and after differentiating; the leverage

matrix can be presented as the sum of three components as follows:
H;, = H;; +Hi2 +H;s, (5.13)

where
H;j = XM 'Xv; 1

H;s = Z,DZ;V; (I —H;) and (5.14)

H;3 = 2X,Z;DZ';V; 1 (I —-H;;)

In this framework Hj; is the leverage for the fixed effects, H;» is the leverage associated with
the random effects and H;3 is the random effects variance, which is a measure of covariation

between the a change in the average profile and a change in position of subject-specific pro-
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files relative to the average profiles and this converges to zero.

We extend this by adopting a decomposition of the Cook’s distance for the joint model by
Zhang et al. (2014) using model (5.2). In this thesis we adopt a quasi-decomposition of Cook’s
statistics, which means that, the decomposition of the Cook’s statistics similar to what, Zhang
et al. (2014) used, but not analytically the same. We use a quasi-decomposition because the
shared parameter joint model is estimated iteratively using optimisation algorithms, such as,
Expectation Maximisation (EM) or Newton Raphson algorithm. This, renders, formulation of
analytical expressions for quantities of the Cook’s statistics difficult, however, software that
fits shared parameter joint models enables the calculation of Cook’s distance through the co-
variance matrix.

As a matter of emphasis, estimation of the joint model is done using optimisation algorithms,
such as, Newton-Raphson (Lange 2004) and the EM algorithm. The iterative nature of es-
timating the joint model makes it difficult to formulate analytical expressions for a Cook’s
distance as is the case in linear regression, where, a residual, mean square error and other
quantities are calculated. The available software that fit the joint model are able to calculate
Cook’s statistics based on the covariance matrix. We, thus formulate empirical Cooks statis-
tics for the joint model which are our influence diagnostics. The Cook’s statistics evaluated
in the shared parameter joint model can be composite or subsets of the parameter space in the
joint model.

Since the longitudinal and survival components of the joint model are conditionally indepen-

102



dent of random effects we can express the joint expectation as;
(Y3, T;,0;) = exp [p(Ty[bi) x p(Y|by)]

= exp {P(Tmbi Xp<Yi)|bi] (.15

= exp [p(Ti)|bi} X exp {p(Yi)|bi}
Using monte carlo methods after condition on random effects, the expectation is updated after
calculating parameters until it converges (Zewotir and Galpin 2005), this process therefore
enables formulation of an analogous of the hat matrix, H, which is used in calculation Cook’s
distance for the i*" subject or observation.
The implementation of these case-deletion diagnostics has been based on the following em-

pirical Cook’s statistic:

CO) =0 -0M 1@ _;-9), (5.16)
where M is the covariance matrix for @ from the estimated joint likelihood between the sur-
vival and the longitudinal sub-model under the joint model framework. This is derived after
iteratively deleting the i** subject from the longitudinal sub-model and re-estimating the joint
likelihood each time.

The variance covariance matrix of all parameters, which is estimated using the joint likeli-
hood between the two sub-models, is used to identify influential subjects based on the Cook’s

distance approach.

5.4 Simulation studies

Introduction

We conducted simulation studies for the joint model dataset, using an algorithm provided
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for in the JM package in R by Rizopoulos (2017). The main objective of conducting these
studies was to evaluate the performance of the developed case-deletion diagnostics. This
simulation starts by setting a number (n) for subjects to be included in the study, number of
planned repeated measurements per subject per outcome and the maximum time the follow
up will be done. This is followed by setting up parameters for both the longitudinal sub-
model and survival sub-model. In the longitudinal sub-model the parameters that are set up
are coefficients (/) and measurement error variance (o). The parameters to be set up in the
survival sub-model, on the other hand, are the intercept as well as coefficients for the baseline
covariates -y, the association parameter «, the shape parameter for the Weibull baseline hazard
and means for the exponential distribution for the censoring mechanism.

The assumed longitudinal sub-model from which data is simulated is;

Yi(t) = Bo + (Group)3y + (Time) Sz +¢; .17
which is a random intercept model. To investigate the impact of subjects or observations that
are influential on estimates of model parameters, we vary the variance components for the
model using different scenarios as tabulated in Table 5.1 below. This allows us to calculate
Cook’s statistics directly based on case-deletion techniques.

The following survival sub-model is used to simulate relative risk data

hi(t) = ho(t) exp{(Group) + am;(t)}, (5.18)
where « is the association parameter that links the longitudinal and survival processes through
common rand effects and m; is a representation of the repeated measurements.

To investigate subjects or observation that exert influence on the estimation of parameters in

the model; survival times are sorted in ascending order. The association parameter is varied
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as in Table 5.1 below, to investigate the effective of association and simultaneously insert an
influential subject in the survival sub-model. The simulations based on the above, then, start
by simulating random effects, the longitudinal responses, survival times and finally censoring
times from the exponential distribution. In addition, calculation of event times is done i.e.
min(7; < C;), after which an event indicator is also calculated, 0; = I(7;* < C;), which takes
the value one when an event occurs and zero otherwise. This exercise is followed by some
housekeeping, which include but not limited to, keeping the non-missing cases, i.e., drop the
longitudinal measurements that were taken after the observed event time for each subject and
deleting all unused objects. This process generates two datasets one for the longitudinal sub-

model and the other for the survival sub-model.

5.4.1 Simulated dataset

In the longitudinal dataset, random effects and measurement error are generated from a normal
distributions from model (5.17), which assumes that b ~ N(0,02), and € ~ N(0,02), respec-
tively. In the event-time dataset we assume the failure time 7;; follows a Weibull distribution

and the censoring times assumed to be non-informative following an exponential distribution.

5.4.2 Outliers from the Weibull distribution

The Weibull distribution is widely used in survival analysis in many disciplines in science,

including medical research, to a large extent, because of its ease of application and versatility.
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The general formulation of the Weibull probability density is

p—1
t—ry _/t—7\9
¢<> e (—), t>0o0rvy,n>0,0>0,—00<v<©
Fry={n\ n U
0, otherwise,

where ¢ is the shape parameter also known as the Weibull slope, 7 is the scale parameter and
«v is the location parameter. In most survival analysis the location parameter is seldom used
and, thus, it is set to zero, thereby, reducing the Weibull probability density to a two parameter
density (¢, 7). The density can reduce further to a one parameter density of 7 which is known
before hand.

The values of the shape and scale parameter play an important role in the distributional char-
acteristics of the Weibull density with the shape parameter having marked effects on the be-
haviour of the distribution. If the shape parameter takes some values, the density converges
to some known and widely used distributions, e.g. if ¢ = 1 the Weibull density reduces to an
exponential probability distribution with two parameters where A\ = 717 the failure rate.

As can be seen from Figure 5.1 the distribution can take different shapes depending on the
value and sign of the shape parameter. The same information can be looked at from the prob-

ability plot which gives a clear understanding as to why the Weibull shape parameter has an

effect on the density.
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Weibull probability density varying shape paramter
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Figure 5.1: Weibull probability density function with varying shape parameter.

In survival data analysis in medical research a characteristic of the Weibull distribution, where
the shape parameter has an obvious effect, is on the failure rate. This is important because it
defines the rate at which events occur.

The cumulative density function of the Weibull distribution is given by

F(t)=1 —e(t_nV)d’,

which is known as the unreliability function and the reliability function is one minus the

cumulative distribution function and, therefore, the reliability for the Weibull is

Rt = (1)

The failure rate function is, therefore, the quotient of the probability density function and the

reliability function
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Weibull failure rate varying shape parameter
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Figure 5.2: Weibull failure rate function with varying shape parameter.

In Figure 5.2, it can be seen that if the shape parameter is less that one (¢ < 1) the failure rate
decreases monotonically with time, which is also known as early life failure, if, on the other
hand, the shape parameter is set to one, there is a fairly constant failure rate also known as
useful life or random failures. It is seen from the same figure, that when the shape parameter
is greater than one, then the failure rate increases monotonically with time, a situation also
known as wear-out failure. Setting the shape parameter as a mixture of the illustrated three
distinct subpopulation produces the classic Weibull “bathtub curve.” The curve has all the
three settings when the shape parameter is less than one, equal to one and greater than one,
which is what is seen in accelerated failure time models. All three life stages of the “bathtub
curve” can be modeled with the Weibull distribution and varying values of ¢.

Using the “bathtub curve” from the mixture of the three settings above for the shape parame-
ter, it is expected that outliers or influential data points will be those that belong to either early

life (¢ < 1) or worn-out life (¢ > 1).
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The scale parameter in the Weibull probability density function has the same effect as chang-
ing the abscissa scale once it’s values are changed. When the value of the scale parameter
7 1s increased while holding the shape parameter constant, it stretches out the density. Us-
ing the axiom of probability that the area under a probability density function is constant and
integrates to one; it, therefore, follows that, “the peak™ of the curve for probability density
function decreases with an increase in 7. In summary, once the scale parameter is increased
while holding the shape and location parameter constant, the distribution gets stretched out
to the right and its height decreases while maintaining the shape and location. Conversely,
decreasing the scale parameter has the effect of pushing the distribution towards the left (zero)
and its height increases.

For simplicity, we arbitrarily set the following parameters in Table 5.1 below to simulate the
joint model dataset. The simulated datasets with different parameter specifications are used to
evaluate case-deletion diagnostics for the joint model. The case-deletion diagnostics are based

on the Cook’s statistics.

Table 5.1: Parameter value for the simulated joint model dataset.

Scenarios values

Parameter One Two Three Four
Global

Number of subjects 50 100 50 100
Number planned repeated measurements 5 5 10 10

Maximum follow up time 12 12 18 18

Longitudinal sub-model
Group 340 340 340 3.40
Variance components 090 090 041 041

Survival sub-model

Intercept -573 573 573 -5.73
Group 041 041 041 041
Association parameter 0.80 0.80 0.90 0.90
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The four datasets generated by the parameters in the Table 5.1 are, firstly, used to insert out-
liers in the linear mixed model by varying the variance parameter. This was done by changing
the measurement error (o) in multiples of ten for a random selection of ten percent of the
sample size in each scenario. The maximum of the simulated value is added to each of the ten
percent candidate data points to create influential subjects.

Simulating outliers in time needs deciding the distribution of 7| X;6, in this case a Weibull
distribution is assumed. An outlier in time is, therefore, defined in two ways, the first being
subjects that have large, herein after called “Too large”, survival probabilities than is expected
and, secondly, being those that have short, herein after called “Too early”, survival probabili-

ties than is expected. This is formally presented as

“Too large” if 0;; =1,
T;j = (5.19)

Weibull if (52']' =0

For a given indicator J denoting whether survival probabilities are “too large” or not. A similar
set up can be done for survival probabilities that are “too early.” A function of survival times

is then defined with an indicator as follows:
Jr(t) =Ia=1 11+ In—oll

Simulating with ‘cointoss’ given D = 1 at critical points with respect to T, it then follows that
D ~ Bin(1,7), which means that if D = 1, then 7" = “Too large” , for instance, time greater
than 99'" percentile. This, therefore, implies that 7" should not be changed and, subsequently,
if D = 0, then continue with standard simulations. Using the same approach for &/ =1 at
critical points with respect to & implies that ' ~ Bin(1,&), which means that if £ = 1 then
T =“Too early”. T is thus, distributed as Weibull, with mean 1/10 of the “normal” and uniform

on the short interval.
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From the above simulation scheme, a ten percent random sample is picked and identified,

whose survival times are contaminated as either being “too large” or “too early.”

5.4.3 Case-deletion for simulated longitudinal model

The simulated dataset from the previous Section has two components, thus a longitudinal as
well as a survival component. The distribution of the longitudinal dataset for scenario one
is as in Figure 5.3, the rest of the scenarios had similar distributions from those commonly
seen in longitudinal studies, especially, clinical trials. In the Figure 5.3, Y is the longitudinal

outcome and Time is the time at which longitudinal measurements are taken.

Data with ouliers Data without ouliers

15
|

10
|

Y-values

Figure 5.3: Scatter plot of simulated data point with mean profile.

We implemented case-deletion diagnostics to the simulated dataset using the linear mixed
model alone as a starting point for the four sets of the variance that were inserted. In this im-

plementation, we used the Cook’s distance statistic to evaluate and identify influential subjects
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as in model (5.20).

A

Cr(0)= Oy — )M (0 —0), (5.20)
In this model all parameters are held in 6 and M is the variance covariance matrix.
In the following Section a simulation schema has been proposed that will generate four sce-
narios on which the diagnostics will be evaluated. The scenarios are intended to mimic the

clinical trial setting, which is the primary focus of this thesis.

5.4.4 Case-deletion for simulated joint model for longitudinal and survival data

The first scenario, as in Table 5.1 showed that there were no differences in the two groups with

respect to survival probabilities. The log-rank test statistics comparing the two groups had a

p-value of 0.86.

1.00 4

Treatment
—+- Groupl

Group2
0.75
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L
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Figure 5.4: Survival probabilities of simulated data point.

The simulated event time dataset will be jointly modeled with the longitudinal dataset to eval-

uate the proposed diagnostics which are based on the Cook’s statistics.
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5.4.5 Scenario One

In this scenario, a total of 50 subjects were simulated, with five pseudo repeated measurements
planned and followed up for a maximum of 12 time units, mimicking a clinical trial. In this
simulation ten percent of the last simulated data points have been contaminated so that they are
influential. The longitudinal and event-time datasets that were simulated are modeled jointly,
conditional on random effects as shared parameters.

There are 88 % (44) events from the simulated event-time data, with the median survival time
of 3.26 time units, 95 % Confidence Limits (2.77, 5.08). After jointly modeling the two pro-
cesses, the group and time effects were significant in the two sub-models and the association
parameter, which is a measure of strength linking the longitudinal and survival processes was
also statistically significant (p-value < 0.001).

We went ahead to implement case-deletion diagnostics to the joint model based on the sim-
ulated dataset. The case-deletion diagnostics was implemented on the full parameter space,
which includes fixed effects and variance components from the longitudinal sub-model and
fixed effects, variance components and association parameter from the survival sub-model.
The case-deletion, as previously described in Chapter 2 Section 2.2, evaluates the contribution
of the 7' subject in the full model after exclusion in the next parameter estimation based on
Cook’s distance (5.20) which is derived from the hat matrix.

The following subjects: 8, 46, 47, 48, 49 and 50, were identified as influential as can been

seen from Figure 5.5 below, which is consistent with the values that are contaminated (10%).

113



(Scnl)

1.0

0.8 1

0.6 1

Cook's distance
&

0.4 .

0.2 1

0.0 4 ‘O.O...E.looO...t‘.O.-Oo.oo.o“c...o....oc..o

T T T T T T
0 10 20 30 40 50

Subject index

Figure 5.5: Cook’s distance statistic for simulated data.

5.4.6 Scenario Two

In this scenario, a total of 100 subjects were simulated, with five pseudo repeated measure-
ments planned and followed up for a maximum of 12 time units, mimicking a clinical trial. Just
like in scenario one this simulation had ten percent of the last simulated data points contami-
nated so that they are influential. The longitudinal and event-time datasets that were simulated
are again modeled jointly, conditional on random effects as shared parameters.

There were 80 % (80) events from the simulated event-time data, with the median survival
time of 3.94 time units, 95 % Confidence Limits (3.36, 4.76). After jointly modeling the two
processes ,the group and time effects were not statistically significant at 5% significance level
in the two sub-models and the association parameter, which is a measure of strength linking
the longitudinal and survival processes was also not statistically significant at the same level

of significance.
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We went ahead to implement case-deletion diagnostics to the joint model based on the sim-
ulated dataset. The case-deletion diagnostics was implemented on the full parameter space
similar to that in scenario one and identified the following as influential subjects based on
Cook’s distance (5.20).

The following subjects: 91, 92, 93, 94, 95, 96, 97, 98, 99, and 100, were identified as influ-
ential as can been seen from Figure 5.6 below which is consistent with the values that were

contaminated (10%).
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Figure 5.6: Cook’s distance statistic for simulated data

5.4.7 Scenario Three

In this scenario, a total of 50 subjects were simulated, with ten pseudo repeated measurements
planned and followed up for a maximum of 18 time units as a model for a clinical trial. Just
like in scenarios one and two, this simulation had ten percent of the last simulated data points
contaminated so that they are influential. The longitudinal and event-time datasets that were

simulated were again modeled jointly, conditional on random effects as shared parameters just
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like in the previous scenarios.

There were 76 % (38) events from the simulated event-time data, with the median survival
time of 2.92 time units, 95 % Confidence Limits (2.74, 4.26). After jointly modeling the two
processes, the group and time effects were statistically significant at 5% significance level in
both of the sub-models, the association parameter, which is a measure of strength linking the
longitudinal and survival processes, on the other hand, was not statistically significant (p-value
=0.11).

We went ahead to implement case-deletion diagnostics to the joint model based on the sim-
ulated dataset. The case-deletion diagnostics was implemented on the full parameter space
similar to that in scenario one and two. The subjects identified by the case-deletion diagnos-
tics are as follows; 46, 47, 48, 49 and 50 as shown by Figure 5.7 which is consistent with the

values that are contaminated (10%).
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Figure 5.7: Cook’s distance statistic for simulated data.
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5.4.8 Scenario Four

In this scenario, a total of 100 subjects were simulated, with ten pseudo repeated measure-
ments planned and followed up for a maximum of 18 time units as a model for a clinical trial.
Just like in previous three scenarios, this simulation had ten percent of the last simulated data
points contaminated so that they are influential. The longitudinal and event-time datasets that
were simulated were again modeled jointly, conditional on random effects as shared parame-
ters just like in the previous scenarios.

There were 88 % (88) events from the simulated event-time data, with the median survival
time of 3.18 time units, 95 % Confidence Limits (2.77, 4.07). After jointly modeling the two
processes, the group and time effects were statistically significant at 5% significance level in
both of the sub-models, the association parameter, which is a measure of strength linking the
longitudinal and survival processes on the other hand was not statistically significant (p-value
=0.14).

We went ahead to implement case-deletion diagnostics to the joint model based on the sim-
ulated dataset. The case-deletion diagnostics was implemented on the full parameter space
similar to that in scenario one and two. The subjects identified by the case-deletion diagnos-
tics are as follows; 42, 91, 92, 93, 94, 95, 96, 97, 98, 99, and 100, as shown by Figure 5.8

which is consistent with the values that are contaminated (10%).
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Figure 5.8: Cook’s distance statistic for simulated data.

5.5 Summary

We have simulated joint model datasets for four different scenarios, each scenario had the pa-
rameters set based mainly on sample size, number of repeated measurements, length of follow
up, measurement error in the longitudinal setting and association parameter in the survival
setting. There has been a scheme to contaminate ten percent of the last data points in each
scenario. This is what has been used as a bench mark to evaluate the case-deletion diagnostics
based on Cook’s statistics. In all the scenarios, the case-deletion diagnostics have been able
to identify the ten percent contaminated data points. In scenarios one and four, besides iden-
tifying the ten percent contaminated data points the case-deletion diagnostics also identified
subject 7 and 42, respectively.

The case-deletion diagnostics implemented in the IMPI dataset, therefore, perform just as

expected even in simulated conditions.
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5.6 Joint modeling CD4 count data and death using IMPI dataset

The linear mixed model that has been implemented is the one in Chapter 2.1 model (2.36).
This model posits that square root CD4 cell count of all subjects in the study have the same
trajectory in time but only differ at baseline, which means that each subject has his/her own
intercept and hence the random intercept only model. We fitted the random intercept and
random slope model to the data which was not better than the random slope only model com-
paring AICs as seen from the table 2.1.

We implemented Cox proportional hazards model with the following covariates; treatment,
New York Heart Association (NYHA) classification, which basically categorises cardiac fail-
ure in an ordinal manner, Creatinine, peripheral oedema, which are categorical covariates and
baseline weight (/10kg) and age are continuous covariates. The model is formulated as fol-

lows:

hi(t) = ho(t) exp{S1pred + Panyclass + J3creatn
(5.21)

+ fyweight + Ssoedema + fSgage + aYj(t)},

where pred, is treatment which, is placebo or prednisolone, nyclass is the New York Heart
Association (NYHA) classification, which basically categorises cardiac failure in an ordinal
manner, creat is creatinin clearance, weight10 is the baseline weight (/10kg), oedema is pe-
ripheral oedema and age is the baseline age. The parameter that measures the strength of
association between the longitudinal outcome and risk of death is denoted by «. This param-
eter has the interpretation that, for a unit increase in the longitudinal outcome the hazard of
constriction is 5. Model (5.21)has been chosen using the step-wise forward selection approach

having set the threshold for covariate inclusion in the model at 10%.
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Table 5.2: Estimates from joint modeling square root CD4 cell count and death.

Parameter Estimate Standard Error p-value

Longitudinal submodel

Intercept 14.19 1.10 <0.01
Treatment -0.74 0.39 0.06
Time 0.63 0.03 <0.01

Survival submodel

Prednisolone 0.51 0.37 0.17
NYHA class (III-IV) 0.52 0.36 0.15
Creatinine(>105) 1.37 0.40 <0.01
Peripheral Oedema (Yes) 0.31 0.37 0.41
Weight(/105) -0.33 0.17 0.05
Age -0.01 0.02 0.87
Association parameter 0.01 0.01 0.31

5.6.1 Identification of influential subjects

The case deletion technique that has been implemented using the IMPI data set is based on
the Cook’s distance approach. At the subject level, all parameters estimated from the joint
likelihood have been used to evaluate the Cook’s distance after excluding the i*" subject from
the model as in model (5.10). Subjects that have been identified as influential on all parameters
excluding the baseline risk function values within the intervals specified by the knots are: 140,
174, 277, 424 and 564 Figure 5.9. Those subjects that exert influence on the fixed effects
using the longitudinal sub-model are: 253, 277, 379 and 564, while those that exert influence
on the variance component in the longitudinal sub-model are: 140, 174, 277, 424, 557 and
564 Figure (5.10). In the survival sub-model, there seemed to be no influential subjects both

on the fixed effects and the association parameter Figure 5.11. It is, thus seen, that subject
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277 is influential in all the parameters using the Cook’s distance approach, on the other hand,
subjects: 174, 277, 424 and 564 are the most common influential subjects. Almost all of them
were not receiving or taking ART and had had low CD4 cell count (< 100ul) at end of the

study by definition of this analysis.
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Figure 5.9: Cook’s distance for all parameters in the joint model.
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Figure 5.10: Cook’s distance for fixed effects and variance components.
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Fixed effects for Cox sub—model
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Figure 5.11: Cook’s distance for fixed effects and association parameter.

The association parameter and fixed effects identify the following subjects as influential: 187,
258, 278, 328, 371, 384, 471 and 501. All of these have not been picked by the Two-stage
joint model case deletion diagnostics (Chapter 4 above) as well as the case deletion diagnostics

implemented in Section 5.6.1.

5.6.2 Identification of influential observations

At the observation level, the Cook’s distance formulation that has been implemented is as

follow:

Ci5(0) = Oy = )M (B - D), (522
where # and M are as in equation (5.22). The i jth notation denotes an observation taken at
time point j for subject 7. In this particular implementation it means a CD4 cell count collected
at time point j for subject 7.

The CD4 cell count observation 215_q denotes that this is for subject number 215 taken at
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baseline and 557_¢ 5 denotes that this is for subject number 557 with CD4 cell count taken at
week two, the rest of the underscore whole numbers denotes month at which CD4 cell count
was taken. The list of influential observations is as follows for all parameters: 215_¢,246_¢ 5
and 379_ Figure 5.12.

These observations have influence on the overall parameter space estimated by the joint model

using the above Cook’s distance formulation in equation (5.22).
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Figure 5.12: Cook’s distance for all parameters in the joint model.

Those observations that exert influence on the fixed effects using the longitudinal sub-model
are: 246_q.5,246_¢g and 552_g, while those that exert influence on the variance component
in the longitudinal sub-model are: 215_(,246_¢5,557_¢ and 557_¢ 5 (Figure 5.13). There

seem to be little to no influence on the CD4 cell count observed on fixed effects of the survival

sub-model and association parameter (Figure 5.14).
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Fixed effects linear in mixed model
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Figure 5.13: Cook’s distance for Fixed effects and variance components.
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Figure 5.14: Cook’s distance for fixed effects and association parameter.

5.7 Joint modeling CD4 count data and constriction

The linear mixed model is, as in Chapter 2.1 model (2.36) while the standard Cox proportional

hazards model, that has been implemented posits, that the risk of constriction depends on
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CD4 cell count, treatment arm, New York Heart Association (NYHA) classification which
is as stated in Section 5.6, gender, peripheral oedema, haemoglobin status and TB status at

baseline. The model is formulated as follows:

hi(t) = ho(t) exp{B1pred + Banyclass + Szasex
(5.23)

+ fyoedema + fshaemoglobin status + Ssdefinitetbp + aY; ()},

where asex is gender (male or female), definitetb is the TB status i.e. whether one had probable
or confirmed TB, haemoglobin status indicates whether the subject was anaemic or not at

baseline and the rest of the variable are as defined in Section 5.6 above.

5.7.1 Identification of influential subjects

Using the same formulation as in equation (5.23) above, subjects identified as influential for
constriction on the overall parameter space excluding the baseline risk function values within
the intervals specified by the knots. These are 174, 277, 424, 511 and 557 as in Figure 5.15.
Those subjects that exert influence on the fixed effects using the longitudinal sub-model are:
271, 303, 511 and 557, while those that exert influence on the variance component in the
longitudinal sub-model are: 174, 277, 424, 511, and 557 Figure 5.16. In the survival sub-
model, subjects that are influential on the fixed effects were quite a number of them, as follows;
9, 14, 17, 23, 64, 76, 184, 205, 217, 241, 266, 291, 315, 316, 320,468, 473, 474, 485, 486,
492, 506, 507, 562, 569, 571, and 578. As for the association parameter influential subjects

are: 9, 76, 266, 316 and 578 (Figure 5.17).
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Figure 5.15: Cook’s distance for all parameters.
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Figure 5.16: Cook’s distance for fixed effects and variance component.
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Fixed effects for Cox sub-model
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Figure 5.17: Cook’s distance for fixed effects and association parameter.

5.7.2 Identification of influential observations

Using a similar approach as in Equation (5.22) above; followed by the notation for CD4 cell
count observations in the preceding Section. Observation identified as influential on the over-
all parameter space for the full constriction model are:

215_0,246_05,277_0.5,957_¢ and 557_¢ 5 (Figure 5.18).

Those observations that are considered influential on the fixed effects in the longitudinal sub-
model are: 246_¢ 5,246_g and 552_¢ while those that are influential on the variance compo-
nent are: 215_¢,246_¢.5,277_0,557_¢ and 557_¢ 5 (Figure 5.19).

On the other hand there is one observation considered influential on fixed effects in the sur-
vival sub-model 567_q, while the association parameter does not seem to have influential

observations (Figure 5.20).
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Figure 5.18: Cook’s distance for all parameters.

Fixed effects linear in mixed model

0.05 26 596
80.04
% .
E 003 246_0.5
©
£0.02
8
§0.01

0.00

Variance components in linear mixed model
15 55720.5
(]
[0} 557_0
£ 10
I [
B 215286 _0.5
©
g s e e
S . ° . .30 [ .277301 . . ° . '-:
0 - T T T
0 500 1000 1500 2000

Observation index

Figure 5.19: Cook’s distance for fixed effects and variance components.
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Fixed effects for Cox sub-model
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Figure 5.20: Cook’s distance for fixed effects and association parameter.

Subjects that have been identified as influential are 7:8, 779, 733, 499, 468, and 396 which are
common to almost all parameters. There was a 52% reduction in the estimate of the hazard

ratio for the CD4 cell count and risk of death, after deleting the influential subjects.

Table 5.3: Joint model estimates for square root CD4 cell count and death before and after
deleting influential subjects.

M7 M8
Estimate (Std. Error) p-value Estimate (Std. Error) p-value

Parameter

Longitudinal sub-model

Intercept 14.19 (1.10) <0.001 14.12 (1.07) <0.001
Prednisolone -0.74 (0.39) 0.06 -0.63 (0.38) 0.10
Time 0.63 (0.03) <0.001 0.64 (0.03) <0.001
Survival sub-model

Prednisolone 0.51 (0.37) 0.17 0.51(0.37) 0.17
NYHA class (III-1V) 0.52 (0.36) 0.15 0.51 (0.36) 0.16
Creatinin(>105) 1.37 (0.40) <0.001 1.38 (0.40) <0.001
Weight(>105) -0.33 (0.17) 0.05 -0.34 (0.17) 0.05
Peripheral Oedema 0.31 (0.37) 041 0.30 (0.37) 0.42
Age -0.003 (0.020) 0.87 -0.003 (0.020) 0.89
Association parameter 0.006 (0.006) 0.31 0.006 (0.006) 0.31
-2 loglikelihood 11561.30 - 11398.62 -
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The joint model for CD4 cell count and constriction does not change parameter estimates after
deleting influential subjects (Tables tables 5.3 and 5.4).The p-values for joint modeling CD4
cell count and death as well as constriction increased, mostly statistically insignificant, when
influential subjects are deleted from the model. The estimate for the effect of treatment does
not change, whether, there are influential subjects or not when jointly modeling CD4 cell count

and constriction.
Table 5.4: Joint model estimates for square root CD4 cell count and constriction before and

after deleting influential subjects.

My Mo
Parameter Estimate (Std. Error) p-value Estimate (Std. Error) p-value
Longitudinal sub-model
Intercept 14.46 (0.43) <0.001 14.34 (0.41) <0.001
Prednisolone -0.75 (0.39) 0.06 -0.64 (0.38) 0.09
Time 0.63 (0.03) <0.001 0.64 (0.03) <0.001
Survival sub-model
Prednisolone -0.85 (0.42) 0.05 -0.84 (0.42) 0.05
NYHA class (III-1V) 0.35 (0.39) 0.37 0.35 (0.39) 0.35
Sex 0.61 (0.43) 0.16 0.61 (0.43) 0.16
Peripheral Oedema 0.50 (0.39) 0.20 0.51 (0.39) 0.20
TB Status (Yes) 0.81 (0.39) 0.04 0.81 (0.39) 0.04
Association parameter 0.009 (0.006) 0.16 0.008 (0.006) 0.17
-2 loglikelihood 12169.89 - 11956.40

My is the model with full data while, Mg is the model with influential subjects deleted.

5.8 Description of influential subjects

The subjects that are identified as influential from the Cook’s distance calculation have the
following characteristics; Subject 586 had only two CD4 cell count measurements taken at
baseline and one month, which had the same value of 134u¢. This subject was randomised
to the prednisoline arm, was never on ART and died 49 days after randomisation. Subject

557 also had two CD4 cell measurements taken at baseline and one month, which had also
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the same CD4 value at both visits of 164,¢. This particular subject was randomised to the
prednisolone arm, reported ART use at visit on third month and month six. The subject did
not experience an event during the study period. Subject 511 had all the CD4 cell count
measurements with a peak (1086 p¢) at week two visit and a dip (589 /) at the last visit. This
subject was randomised to the placebo arm, was not on ART and was censored at the last visit.
Subject 277 had two CD4 cell count measurements at baseline 1000 p¢ and at two week visit
565 pl. The subject was randomised to the placebo arm, was not on ART, had confirmed and
was censored at the last visit. Subject 246 had two CD4 measurements taken at week two (425
w0) and at the last visit (15 p¢). This subject was randomised to the prednisolone arm and was
censored at the last visit. Subject 174 had all CD4 cell counts taken, he was randomised to the
placebo arm, had relatively high CD4 cell count up to month three and went down by month
six and was censored after six months. Subject 303 had the first reading of CD4 cell count
after three months into enrollment (654 1./) and the next CD4 cell count was at the six month
visit (812 pf). The subject was 29.9 years old and randomised to the active arm, he was never
on ART. He did not experience constriction and was censored at the end of study. Subject
424 had all CD4 cell count measurements taken (690, 757, 772, 780, 920 () for study visits,
which were within normal range. The subject was aged 22.1 years, randomised to the placebo

and had not experienced any event at the end of the study as in Figure A.5.

5.9 Summary

We had implemented influence diagnostics on the linear mixed model using the motivating

dataset and identified influential subjects. The implementation had mainly focused on the
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Cook’s statistic applied to the entire vector space #. We noted that the Cook’s statistic was
able to isolate about the same influential subjects in fixed effects as well as random effects.
The influence diagnostics implemented on the Cox model has its origins similar to the Cook’s
statistic i.e. DFBetas and likelihood displacement. Both of these were able to identify influ-
ential subjects using the motivating data set. Implementation of these diagnostics was been at
subject level.

Standard joint model residuals diagnostics were implemented using the IMPI data set as shown
in the above Section. Case deletion diagnostics were implemented on the joint model on the
entire parameter space’s variance covariance matrix, which includes: fixed effects, variance
components and the association parameter. Using the Cook’s distance approach, all the sub-
ject identified as influential in the linear mixed model have also been identified as influential
in the joint model.

The next step was to use a similar approach at using the balanced survival data, further imple-
mentation would be using the variance shift outlier model within the joint model as suggested
in Chapter 8 Section 8.6. All the above diagnostic tools based on Cook’s statistics were imple-
mented in simulation studies and extensions to multivariate joint model for longitudinal and

survival data settings is presented in the following Chapter (6).
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Chapter 6

Diagnostics for multivariate joint model for longitudinal and

survival models

Introduction

In this Chapter, we introduced the multivariate linear mixed model starting with a setting
where interest is on multiple Gaussian outcomes. This setting is, then, extended to envi-
ronments where longitudinal outcomes are from a mix of exponential family of distributions
using generalised linear mixed effects models (GLMM). We also wrote the associated likeli-
hood functions for these types of models. We further motivated, why these models should be
implemented when analysing data that falls in this category.

The main contribution of this Chapter is the development of case deletion diagnostics for the
multivariate shared parameter joint model. We illustrated, the developed diagnostics using

IMPI dataset (Mayosi et al. 2014).

6.1 Multivariate linear mixed model

We assumed that the number of participants N,7 = 1,2,..., N and that there are n; repeated
measures for each participant. We also assumed that there are K Gaussian outcomes, which
could be extended to any exponential family using generalised linear model formulation for

each participant £ = 1,2, ..., K. The responses for each participant ¢ were collected in matrix
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Y; = [Yir]. We denoted Yj;, as the measurement of the ith participant, of the k™ outcome at
some time point. We further assumed that Y; = (y;1,¥s2, ..., v:k) is the n; X K response ma-
trix for the ™ participant, where each of the Y,;;.(k = 1,2,..., K) is the kit response in the
n; — vector of participant ¢. The multivariate longitudinal data can be modeled using the linear

mixed model for the ™ participant as in model (4.4 )of Section 4.1.1 rewritten as follows:

Yi=XiB+Zb;+e;,

where X is the n; X p fixed between-subject design matrix, B is the matrix of fixed effects
assumed to be common for all subjects, Z; is the n; X ¢ random within-subject design matrix,
b; is the ¢ X m matrix of random effects and, €; is the n; X m matrix of the measurement errors
associated with the response matrix Y

The distributional assumptions usually related to multivariate linear mixed models (MLMM)

are as follows (Gad and EL-Zayat 2018; Schafer and Yucel 2002):

o & =vec(e) ~ Np. (0,5, 2;) =X ®1,,, the rows of the ¢; are normally distributed with
mean zero and k x k covariance matrix 2. The vec is the vectorised operator that stacks

all columns of the matrix ¢; vertically.

* The random effects b; = vec(b;) ~ Ny, (0gm, ¥), where W is the gm x ¢gm unstructured

matrix and furthermore b; 1 ¢;.

* The marginal distribution of Y; has normal distribution with expectation E(Y;) — X;5

dispersion matrix V; of dimension n;m X n;m;

Vi= (In®Z)¥(Ln©Z;) +(S0L,). ©6.1)
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The responses Y; can be written as a vector Y; = vec(Y;), where §; ~ Ny (i = (I,

XZ)B ,'V; and can be modeled as:
Y = (In ©Xi)B+ (In®© Z)bi + 6, (6.2)

where i = 1,2,..., N and B8 = vec(83). The probability density function of Y; is given by

fatm | IV i)
- - _ 1 o (Y= IV Y=
fe(Y)=(2m) 2 Vil 5e 2
6.3)
n;m

_ 1 tr{fl[Yiinﬂ]V»_l[Yi*Xiﬂ]/}
=(2r) 2 ’Vi‘_ie 2 ' :

6.1.1 The likelihood function for the observed data

Given that the k£ outcomes are fully observed, the likelihood function for the observed data
for all parameters; § = (3,¥,%) can be obtained using maximum likelihood techniques as

follows:

14(6) = TLF(Yilbi,B,5) x £(b]®)

=1

Y8 % f (bl ) 64
1=1

g
= [T £(Yil6).
i=1
The maximum likelihood estimate of 6 can be obtained by maximising the likelihood function
in equation (6.4) above, which is based on the marginal distribution of Y; in the absence of
random effects. If the main focus is in the variance structure introduced by ¥ and ¥, random
effects are considered nuisance parameters.

The log likelihood function based on equation (6.3) for the sample can be expressed as:

n; N B
e@ﬂqH&mﬂzzm&mm

i=1 i=1

(6.5)
mM 1 Y 1 &,
= log(27r)—§ZIOgIVi\—§ZriVi r,
i=1 i=1
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where § = (8, ¥,Y) is considered the parameter matrix of interest, M = ZfL n; and

ri =vec(Y; —X;B) = Y;— (Im ®XZ-)B.
There are simpler alternatives to the above log-likelihood function that have been derived (Gad
and EL-Zayat 2018; Schafer and Yucel 2002). In the next Section 6.2, we applied the theory

shown in this Section and extended it to joint models for longitudinal and survival data using

the generalised linear mixed model framework.

6.2 Multivariate Joint Models - Theory

6.2.1 Multivariate Joint Model Specification

Joint models for longitudinal and survival data have gained a lot of attention in recent years.
These models have been extended to handle among others, multivariate longitudinal data,
competing risks and recurrent events. In recent times, there also exist several freely available
software packages for their implementation. From the aforementioned extensions, the one
that is most practically relevant is in the multivariate longitudinal data setting. Even though
this extension is mathematically straightforward, joint models with multiple longitudinal out-
comes remain difficult to fit in practice due to the high number of random effects, which is
computer intensive. This difficulty has also hampered to a degree, their practical application.
In this thesis the estimation parameters has been done using the Bayesian techniques based on
Dirichlet priors. The current version of JMbayes implements a novel approach that enables
fitting such joint models in realistic computing times.

We start with a general definition of the framework of multivariate joint models for multiple

longitudinal outcomes and an event time. Let D,, = {T;, TZ-U, 0i, Yi;i=1,...,n} denote a
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sample from the target population, where we let 7* denote the true event time for the i sub-
ject, T; and TZ-U are times at which participants are observed, and ¢; € 0,1,2,3 denotes the
event indicator, with O corresponding to right censoring (77* > T;), 1 to a true event (1;" = T;),
2 to left censoring (T < T;), and 3 to interval censoring (T; < T} < TY). Assuming K
longitudinal outcomes we let 1;;, denote the n;;, x 1 longitudinal response vector for the k™
outcome (k=1,...,K) and the ith subject, with elements Y; ;. denoting the value of the kth
longitudinal outcome taken at time point ¢;;5,j = 1,...,n.

To accommodate multivariate longitudinal responses of different types in a unified framework,
we postulate a generalized linear mixed effects model. In particular, the conditional distribu-
tion of Y}, given a vector of random effects b, is assumed to be a member of the exponential
family, with linear predictor given by:

e [E{Yir (0)[bir}] = mik (8) = X1 (6) B+ Zo (£ bi, (6.6)
where gi(.) denotes a known one-to-one monotonic link function, and Yj;(¢) denotes the
value of the k™ longitudinal outcome for the i subject at time point ¢, X;;(¢) and Z(t)
denote the design vectors for the fixed-effects 35 and for the random effects b;;, respectively.
The dimensionality and composition of these design vectors is allowed to differ between the
multiple outcomes, and they may also contain a mix of baseline and time-varying covari-
ates. To account for the association between the multiple longitudinal outcomes we link
their corresponding random effects. More specifically, the complete vector of random ef-
fects b; = (b14,b9; ... b; K)T is assumed to follow a multivariate normal distribution with mean
zero and variance-covariance matrix D. For the survival process, we assume that the risk for

an event depends on a function of the subject-specific linear predictor 7;(¢) and/or the random
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effects. More specifically, we have

hi(t|Hi(t), Xs(t)) = Aliglopr{t ST <t+ AT >t, Hi(t), X (t)} /At t >0
K Ly (6.7)
= ho(t)exp | YT Xi(®) + 3N fu{ Hi(t), Xi(t), bk, g}

k=11=1
where H;i(t) = {ni(s), 0 < s <t} denotes the history of the underlying longitudinal process
up to ¢, ho(.) denotes the baseline hazard function, X;(¢) is a vector of exogenous, possibly
time-varying, covariates with corresponding regression coefficients v. Functions fjx(.), pa-
rameterized by vector o;i, specifies which components/features of each longitudinal outcome

are included in the linear predictor of the relative risk model. Some examples motivated by the

literature are (subscripts [k have been dropped in the following expressions but are assumed):

f{Hi(t)aXi(t)abiaa} = O”/i(t) (683)
J{H (1), X5(t), bi, o} = arni(t) + agn;(t), with n;(t) = dﬁ;it) (6.8b)
FLHA(1), Xi(t),bs, ) = a /O pi(s)ds (6.8¢)

These formulations of f(.) postulate that the hazard of an event at time ¢ may be associated
with the underlying level of the biomarker at the same time point, the slope of the longitudinal
profile at ¢ or the accumulated longitudinal process up to ¢. In addition, the specified terms
from the longitudinal outcomes may also interact with some covariates in the X;(¢). Further-
more, note that we allow a combination of L functional forms per longitudinal outcome. In
this thesis we have not considered extensions or parameterisations for the following Equa-
tions (6.8b) and (6.8c). We have provided a description of these parameterisations in section
5.2 and potential research areas in section 8.6.

Finally, the baseline hazard function h(.) is modeled flexibly using a B-splines approach, i.e.,
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Q
logho(t) =Y Vhy»qBq(t,v), (6.9)
q=1

where B,(t,v) denotes the ¢'" basis function of a B-spline with knots vy, ... ,vg and 7y,
the vector of spline coefficients. To avoid the task of choosing the appropriate number and
position of the knots, we include, a relatively, high number of knots (e.g., 15 to 20) and appro-
priately penalize the B-spline regression coefficients 7, for smoothness using the differences
in penalty. It has to be noted that using the B-splines approach can be computationally chal-

lenging, and, therefore a balance has to be struck between flexibility and computational time.

6.2.2 Likelihood and Priors

For the estimation of joint model’s parameters we will use a Bayesian approach. The posterior
distribution of the model parameters given the observed data is derived under the assump-
tions, that given the random effects, the longitudinal outcomes are independent from the event
times, the multiple longitudinal outcomes are independent of each other, and the longitudi-
nal responses of each subject in each outcome is independent. Under these assumptions the

posterior distribution is analogous to:

n K ng

p(0,51Y%i) oc TT TT TLp(Wnij 1ok 0)p(Ts, T 65 lbi 0)p(bri | 0)p(6).
i=1k=1j=1

where 6 denotes the full parameter vector, which included fixed effects from both sub-models,

variance components from the GLMM and association parameters from the survival sub-

model, further

P(Yrij|bri, 0) = exp { [ykijwkij@ki) - Ck{z/’kij(bki)}} /%(‘P) — di(Yrij» @)}, (6.10)
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with 11 (bg;) and ¢ denoting the natural and dispersion parameters in the exponential family,
¢ (.),ar(.) and di(.) are known functions specifying the member of the exponential family.

The survival part of the model has the following expression:

U 1(5;=1) T 1(6;€{0,1})
P(Ti, T bilbi, ) = {hu(Ti| Hi(T2), Xi(T) } exp{‘/o hi<s|H@~<s>,Xi<s>>dS}

X {1 —eXp{ _/OTi hi(s|Hi(3)in(s))dS}}[(51:2)

T; Y 1(6;=3)

9 {p{ [ bl X)) ) e — hi<s|Hi<s>,Xi<s>>ds}} ,
(6.11)
where I(.) denotes the indicator function. The integral in the definition of the cumulative
hazard function does not have a closed form solution, and thus a numerical method must be
employed for its evaluation. Standard options are the Gauss-Kronrod and Gauss-Legendre

quadrature rules.

For the parameters of the longitudinal outcomes we use standard default priors, more specif-
ically, independent normal priors with zero mean and variance 1000 for the fixed effects and
inverse Gamma priors for scale parameters. The covariance matrix of the random effects is
parameterized in terms of a correlation matrix {2 and a vector of d,4. For the correlation matrix
) we use LKJ-Correlation prior as defined by Rizopoulos (2012) with parameter ¢ = 1.5. For
each element of d; we use a half-Student’s t prior with 3 degrees of freedom. For the regres-
sion coefficients «y of the relative risk model we assume independent normal priors with zero
mean and variance 1000. The same prior is also assumed for the vector of association param-
eters a. However, when o becomes high dimensional (e.g., when several functional forms are

considered per longitudinal outcome), we opted for a global-local ridge-type shrinkage prior,
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1.e., for the s-th element of o we assume
s ~ N(0,715),7 ! ~ Gamma(0.1,0.1),4 ™1 ~ Gamma(1,0.01). (6.12)

The global smoothing parameter 7 has, sufficiently, mass near zero to ensure shrinkage, while
the local smoothing parameter 15 allows individual coefficients to attain large values. Other
options of shrinkage or variable-selection priors could be used as well. Finally, the penalized
version of the B-spline approximation to the baseline hazard is specified using the following

hierarchical prior for 7y,

.
p(holmn) o< TH exp (—Q}W{OKWLO), (6.13)

where 73, is the smoothing parameter that takes a Gamma(l,735) prior distribution, with a
hyper-prior 77,5 ~ Gamma(10~3,10~3), which ensures a proper posterior distribution for Yho>»
K =AT'A, +10751, with A, denoting the 7" difference penalty matrix, and p(K) denotes

the rank of K.

6.3 Application on IMPI dataset at subject level

The marginal distribution of CD4 cell count looks linear over the period of six months with an
increasing trend. There is a similar trend observed with ART uptake, at baseline about 20%

of participants reported to be on ART, which steadily increased to about 70% during the six
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months’ time period (Figure 6.1).
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Figure 6.1: Distribution of CD4 and ART uptake over time.

The proportion of ART uptake by the participants included in this analysis looks linear in time
as seen in Figure 6.1, it is, therefore, reasonable to model the data using a linear model.

In this analysis, interest is on individual CD4 cell counts profiles over time and subject specific
response to ART uptake over the same time period. We therefore, postulated a generalised
multivariate linear mixed effects model for the two outcome as formulated in equation (6.6).
The main advantage of using multivariate linear mixed effects models is that, given the random
effects, these models account for correlation between the set of longitudinal outcomes under
study. In this particular case, it is assumed that given the random effects, the generalised
linear mixed model (6.6) accounts for correlation between CD4 cell count and ART uptake by
conditioning on random effects. In this analysis regression coefficients have subject-specific
interpretation in terms of changes in the mean response for a specific subject, which is assumed
to have come from a specific distribution usually normal with mean zero and some variance
covariance matrix.

In the next section we implemented case deletion diagnostics on the multivariate joint model
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(6.7) using the IMPI dataset.

6.3.1 Identification of influential subjects

We implemented case deletion diagnostics on the multivariate joint survival model based on
Cook’s statistics (Cook and Weisberg 1982). We evaluated Cook’s statistics using model
(5.10) of Section 5.3.1 as presented below in order to elucidate the different components of

the multivariate joint model.

A

Co@) =@ —0)M (9, —-0), (6.14)
where M is the variance covariance matrix for all parameters @ derived from the Markov
Chain Monte Carlo (MCMC) samples based on model (6.10 )using JAGS in R package. We
used the last parameters from the chain, after burn-in, under the assumption that, the model
will have fully converged by the time the last parameters are estimated. The parameter set 6
is decomposed as follows: 6 = 61,02 and M = (M1, M) for the multivariate GLMM and
the survival sub-models, respectively. The case of 0;1: k =2 is the number of longitudinal
outcomes, which are CD4 cell count and ART uptake.

The Cook’s statistics evaluated using variants of Equations (5.10) and (6.14) identified the
following subjects as influential: 424, 442, 475, 478, 570 and 584 on all parameters in both
sub-models as shown in Figure 6.2. The subjects identified by the developed case-deletion
diagnostics are characterised as follows;

Subject 424 had CD4 cell measurements taken at all the visit times from baseline CD4 values
(690, 757, 772, 780 and 920 1¢). The CD4 cell count values steadily increased from baseline
up to the time of administrative censoring, which were within normal range. This subject was

randomised to the placebo arm and reported ART use from baseline to month six. This subject
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was also identified as influential in Section 5.7.1 above.

Subject 442 had three CD4 cell count measurements, 566, 348 and 124 ./ taken at baseline,
week two and month three. The subject consistently reported to be on ART from baseline to
the last visit. The subject was randomised to the placebo arm.

Subject 475 had all CD4 cell count measurements taken except month number one as follows:
8, 63, 90, and 71 pf. This subject, despite having a steady increase in the CD4 cell count
values from baseline, the measurements were way below the normal range (500 - 1,500 pf).
The subject reported ART use at the last two visits only and was randomised to the placebo
arm.

Subject 478 had no recording of CD4 cell count at month one and month six. The three
measurements taken were at baseline, week two and month three as follows: 34, 96, and 302
1l, which were also relatively below normal range of CD4 cell count values. This subject
reported ART use only at month three and was randomised to the active arm.

Subjects 570 and 584 had no CD4 cell count measurements at month one with their respective
recordings as follows: 493, 174, 560, and 418 p¢ for subject 570 and 9, 15, 25, and 2 uf) for
subject 584. These two subjects reported consistent use of ART and were randomised to the
active arm. Notably, subject 584 had very low CD4 cell count readings compared to the rest

of the influential subjects. All of the influential subjects did not experience constriction and,
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thus, were either censored by death or administratively.
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Figure 6.2: Influential subjects for all parameters in the multivariate joint model.

We fitted the multivariate joint model excluding subjects that were identified as influential and
observed that there was a slight increase in posterior means for the treatment in the effect, but
not significantly different since the 95 % credible intervals overlap. It is noteworthy that there
is a significant association between CD4 cell count and risk of constriction in either scenario
based on the 95 % credible interval. By contrast, there is no association between ART up

take and risk of constriction based on the same metric. It is, further, observed that there is a

subject-specific effect of time for both CD4 cell count and ART uptake (Table 6.1)
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Table 6.1: Parameter estimates for multivariate joint survival model at subject level.

M; M

Parameter Posterior Mean(S.D) 95 % C.I. Posterior Mean (S.D) 95 % C.1.
Longitudinal sub-model

Intercept 12.80 (0.22) 12.35,13.23 12.78 (0.23) 12.34,13.24
v/ C' D4 Time point 0.65 (0.04) 0.58, 0.72 0.66 (0.04) 0.59,0.73
Residual o2 2.80 (0.06) 2.68,2.93 2.79 (0.07) 2.67,2.92
ART Uptake Intercept -4.73 (0.46)  -5.69, -3.87 -4.78 (0.45) -5.67,-3.91
ART Uptake Time point 1.70 (0.14) 1.43,1.96 1.68 (0.14) 1.41, 1.95
Survival sub-model

Prednisolone -0.94 (0.41) -1.79,-0.15 -0.92 (0.44) -1.80,-0.06
Gender (Male) 0.65(0.45) -0.18, 1.56 0.67 (0.45) -0.19, 1.67
NYHA class (ITI-IV) 0.42(0.39) -0.35,1.21 0.41 (0.40) -0.40, 1.17
Peripheral Oedema 0.48 (0.39) -0.29,1.19 0.50 (0.38) -0.31, 1.21
Definite TB (Yes) 0.83(0.43) -0.04, 1.63 0.82 (0.39) 0.02, 1.57
Haemoglobin status 0.18 (0.09) -0.01, 0.36 0.19 (0.09) 0.01, 0.37
Association parameter - /C' D4 -0.02 (0.01) -0.04, -0.01 -0.02 (0.01) -0.04,-0.01
Association parameter - ART Uptake 0.01 (0.01) -0.01,0.02 0.01 (0.01) -0.01,0.02

Models: M; is the initial model and My, is the model after deleting influential subjects
Influential subjects IDs: 424,442,475,478,570,584

6.4 Application on IMPI dataset at observation level

We implemented case deletion diagnostics at observation level for the multivariate joint model

survival model using the Cook and Weisberg (1982) formulation as follows:

A

oM _i;-0), (6.15)

C6.15(0) (é[

—ij] ~

where ¢ denotes the subject and j denotes the time point at which the subject came for a
scheduled visit as tabulated in Table 4.1 of Section 4.3.

The following observations were identified as influential after implementing the Cook’s based
case deletion diagnostics in the multivariate setting as is shown in Figure 6.3:
276,591,846,1491,2211,3144,366¢,456¢,4599 and 489

The observations had the following characteristics; Observation 27 had a CD4 cell count of
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465 pil, the subject did not report any ART use at this visit and was randomised in the placebo

arm.
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Figure 6.3: Observation level index plot for Cook’s statistics in the multivariate joint survival
model.

Observation 59; had CD4 cell count of 409 ¢, and was not on ART at this visit time. This
subject was randomised in the active arm. The next observation was, 84g with a CD4 cell
count reading of 164 u¢, was not on ART at the time of the visit and randomised to the active
arm. Observation 149; and 2214, reported to be on ART on this visit, had their respective
CD4 cell count of 123 and 149 u/; both of these subjects were randomised in the active arm.
Observations 3141 and 459¢ had CD4 cell counts of 223 and 50 u/ respectively, subjects of
these observations reported no ART uptake at the time of their visits. These subjects were
both randomised in the active arm. Subject 366, whose observation was 366, had CD4 cell
count of 225 ¢ and missing data for ART uptake at this visit. However, on all the subsequent

visits the subject reported no use of ART. This subject was randomised in the placebo arm.
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Observation 4564 and 489 had the following CD4 cell counts: 338 and 523 u/, respectively,
and both of these subjects reported being on ART at the time of the visit. The observation 456¢
came from a subject randomised to active arm, while 489¢ came from a subject randomised to
the placebo arm. Both of these observations came from subjects who did not experience any

event and thus were censored administratively.

Table 6.2: Observation level parameter estimates for multivariate joint survival model.

M3 My

Parameter Posterior Mean(S.D) 95 % C.I. Posterior Mean (S.D) 95 % C.I.
Longitudinal sub-model

Intercept 12.80 (0.22) 12.35,13.23 12.79 (0.22) 12.36, 13.23
v/ C' D4 Time point 0.65 (0.04) 0.58,0.72 0.65 (0.04) 0.58,0.73
Residual Ug 2.80 (0.06) 2.68,2.93 2.81 (0.07) 2.68,2.94
ART Uptake Intercept -4.73 (0.46) -5.69, -3.87 -4.72 (0.46) -5.69, -3.83
ART Uptake Time point 1.70 (0.14) 1.43,1.96 1.69 (0.15) 1.40, 1.99
Survival sub-model

Prednisolone -0.94 (0.41) -1.79,-0.15 -0.93(0.41) -1.82,-0.16
Gender (Male) 0.65 (0.45)  -0.18,1.56 0.63(0.43) -0.20, 1.51
NYHA class (III-IV) 0.42(0.39) -0.35,1.21 0.42(0.39) -0.35,1.17
Peripheral Oedema 0.48 (0.39) -0.29,1.19 0.49 (0.38)  -0.28,1.25
Definite TB (Yes) 0.83(0.43) -0.04,1.63 0.83 (0.40) 0.06, 1.64
Haemoglobin status 0.18 (0.09)  -0.01,0.36 0.19 (0.09) 0.03,0.36
Association parameter - /C D4 -0.02 (0.01) -0.04, -0.01 -0.02 (0.01) -0.04, -0.01
Association parameter - ART Uptake 0.01 (0.01) -0.01,0.02 0.01 (0.01) -0.01,0.02

Models: M3 is the initial model and My is the model after deleting influential observations
Influential observations IDs: 2767 591, 846, 1491, 2221, 3141,3660,4566, 4590,4896

We went ahead to carry out a sensitivity analysis by fitting the multivariate joint survival
model excluding influential observations (Table 6.2). There were subtle differences in param-
eter estimates comparing the full model M3 to the reduced model My, which had influential
observations excluded in the multivariate joint survival model. It was observed that almost all
of the 95% credible intervals for the posterior means overlap for these models, rendering the

differences in parameter estimates to be insignificant.
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6.5 Summary

We implemented multivariate joint survival model for our case deletion diagnostics; the mul-
tivariate joint model had two longitudinal outcomes, which can accommodate more repeated
measures outcome. The longitudinal outcomes that were used are, CD4 cell count, which
measured on a continuous scale and ART uptake, which was a binary response. The CD4 cell
count was square root transformed and modeled as under the assumption of normality in the
linear model while ART was modeled under the binomial assumption using the generalised
linear model. The two longitudinal outcomes were thus jointly modeled using the generalised
linear mixed effects modeling framework given the random effects on the basis that they come
from exponential family of distributions.

The estimation of multivariate joint model’s parameters was based on Bayesian techniques
using Markov Chain Monte Carlo (MCMC); this is an extension of the Gibbs Sampler known
as JAGS, which stands for “Just Another Gibbs Sampler.” The derivation of posterior distribu-
tion of model parameters given the data assumes independence for the longitudinal outcomes
as well as event times. In JAGS, the default number of iterations for the generalised linear
mixed model is set at 28000 and in the multivariate joint model it is set at 1000 iterations. The
MCMC samples used for evaluating Cook’s statistics for parameters were extracted from the
last row of the matrix that were estimated. In either case of MCMC, sample estimates burn-in
was at about ten percent of iterations, and therefore, the last row of the estimates are believed
to have been generated by a fully converged model.

The case deletion diagnostics approach that was used in the multivariate joint survival model

was the same as the standard one. We obtained estimates of all parameters, @, from the model
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that was believed to have converged from the MCMC samples and extracted the variance co-
variance matrix M. These estimates were for fixed effects from the multivariate generalised
linear mixed sub-model for the two outcomes, i.e. CD4 cell count and ART uptake. These
estimates also included variance components from the GLMM in addition to fixed effects and
association parameters from the survival sub-model. Evaluation of the Cook’s statistics was
by excluding the i subject and/or the i observation from the modeling process to get a new
set of parameter estimates for 6 and their corresponding variance covariance matrix M.

We, then, computed the Cook’s distances for each subject and/or observation using Equations
(6.14 )and (6.15), respectively. Influential subjects and observations were those that had rela-
tively large values of Cook’s distance and the Cook’s distances were plotted in an index plot
for each subject and observation.

Using the above case deletion diagnostics, the following subjects were identified as influential
424, 442, 475, 478, 570 and 584, while the following observations were identified; 27g, 591,
846, 1491, 2221, 3141, 3660, 456¢, 4590 and 489¢. We re-fitted the multivariate joint model
excluding influential subjects at first and later influential observations. We observed subtle
changes in treatment effect in either case Tables 6.1 and 6.2. The changes in treatment effect
as well as other parameters were not statistically significant as shown by overlapping 95 %
credible intervals for posterior means both at subject and observation level.

It was noted that the association parameter for CD4 cell count, which quantifies how the longi-
tudinal CD4 cell counts values are related to the risk of constriction was statistically significant
while that for ART uptake was not Tables 6.1 and 6.2.

The case deletion diagnostics that we implemented can be extended to evaluate Cook’s statis-

tics for fixed effects and variance components of both sub-models. These can further be ex-
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tended on association parameters quantifying CD4 cell count and ART uptake repeated mea-
sures to the risk of constriction.

The estimation of joint models becomes complete by employing numerical integration algo-
rithms, because the integral is intractable given shared random effects. The numerical inter-
generation in multivariate joint models is computationally intensive due to the fact that each
longitudinal outcome is assumed to have its own set of random effects over which integration
takes place. As a result, the dimensions of random effects vector gets large and increases
computational burden.

This analysis included 587 subjects from the IMPI dataset, which means fitting 587 multivari-
ate joint survival models to re-estimate parameters at subject level and about 2050 multivariate
joint survival models to re-estimate parameters at observation level. It took about 20 minutes
to fit one multivariate joint model on a Core i7 personal computer installed with Windows
10. This, therefore, meant that we would have to wait several days to run full case deletion
diagnostics on this dataset (= 8 days at subject level and ~ 28 days at observation level).

We were forced to fit and run the multivariate joint models on University of Cape Town’s High
Performance Computing (HPC) facilities and further used parallel computing on these facili-
ties. This reduced computing time by over 80 % (20 minutes to 4 minute) for one multivariate
joint model. This limitation led us to evaluating Cook’s statistics at subject and observation
level for all parameters. However, extensions to parameter specific diagnostic is straight for-

ward.
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Chapter 7

Diagnostics for joint models for longitudinal and survival data

with multiple failure types

7.1 Introduction

In the following Chapter we extended joint model diagnostics implemented in Section 5.3 of
Chapter 5 to multiple failure types. We begin with an introduction of competing risk in the
survival sub-model of the joint model. This is augmented by the longitudinal process modeled
as (2.1), which is a sub-model in the joint model application using the IMPI dataset with the
two failure types.

This Chapter contributes case-deletion diagnostics based on Cook’s statistics implemented in
the competing risk setting. We discussed results obtained from these diagnostics and their

application.

7.2 Multiple failure times

Multiple failure times or Competing risks concern the scenario where there is a possibility
of more than one cause for an event(s). These events could be causes of death in medical
research settings, only the first of these to occur is observed. In other settings, observations

after the first event may be observable, and may not be of interest. A competing risks model
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can be represented graphically with an initial state being generally event-free and a number of

different endpoints, as shown in Figure 7.1 below (Putter, Fiocco, and Geskus 2007).

cause k

event free

other
causes

Figure 7.1: A multi-state approach for cause-specific hazard.

In the medical field, there are some examples of multiple failure times for instance in bone
marrow transplantation, death from different kinds of infections are possible viz bacterial, vi-
ral, or fungal and even death due to relapse, let alone other causes. In rear diseases such as
cancer, death due to cancer may be of interest but there would be deaths due to other causes
such as surgical mortality and old age which are in essence are competing risks. In certain
situations, one could be interested in time to relapse, where the competing risk is death due to
any cause.

There, are equally, good illustrations in other fields that include failure of different components
in a system, in industrial reliability testing or time to part or full-time employment after grad-
uating from university. The subject of competing risks dates as far back as the 18" century
at the time Bernoulli (1760) studied the possible consequences of eradication of smallpox on
mortality rates. Understandably, the problem of estimation of cause specific failure probabil-
ities after exclusion (or changing) of one of the competing risks has been of great importance

and has been the subject of much debate in the 1970s (Gail 1975; Prentice et al. 1978).
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7.2.1 Approaches to multiple failure times (Competing risks)

The data observed in a competing risks model is represented by the time to event 7', the cause
of event is D, and possibly a covariate vector X. We made inferences based on the joint
distribution of 7" and D, possibly given X. The principle concept in competing risk models is
the cause-specific hazard function, which is the hazard of an event from a given cause in the
presence of other competing events for participant ¢ presented as follows:

Prob(t <T™ <t+40t,0; = k|T* > t)

., t>0 (7.1)
5t—0 ot

The cause-specific hazard can be estimated from the data as illustrated in the expression (7.2)
below, which constitutes all important information that can be observed from the data. It is
also noted that anything uniquely derived from the cause-specific hazard can be estimated.
In the past, techniques implemented for competing risks models treated these models as a
multivariate event time model, where each individual is assumed to have a potential event time
for each type of event. The earliest of these events is actually observed and others are latent.
Let T}, denote event time due to cause % then under this assumption we only observe T =
min{Tk} and D. In this case D is an index variable, which specifies which event happened
first. If a participant is censored for all events by end of study or loss to follow-up, D =0
where an extra censoring distribution C' ~ G is introduced and this distribution is assumed to
be independent of all the other events.

Anything that can be uniquely determined by the cause-specific hazards is estimable (Putter,

Fiocco, and Geskus 2007) with the cumulative cause-specific hazard defined by

Ap(t) = /0 "Me(s)ds (7.2)
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and the survival function given by

Sk(t) = exp (— Ak(t)).
It has to be noted that, although S () can be estimated, it should not be interpreted as a
marginal survival function; this interpretation is correct if the competing event time distribu-
tions and the censoring distribution are independent. This, therefore, means that, the marginal
distribution describes the event time distribution in the situation that the competing events do

not occur. If we define

K
S(t) = exp (— Z Ak(t)) (7.3)
k=1

then gives the probability of not having failed from any cause at time ¢. The cumulative
incidence function of cause k, I (), is defined by the probability Prob(7" < ¢, D = k) of failing
from cause k before time ¢. This can be expressed in terms of the cause-specific hazards as

follows:

L(t) = /0 "\e(5)S(s)ds (7.4)

There are several alternative names for this function, namely ‘crude cumulative incidence
function’ or ‘sub-distribution function.” The latter name has its origin in the fact that the
cumulative probability for an event from cause k& remains below one, I (c0) = Prob(D = k),
hence it is not a proper probability distribution.

As noted by Putter, Fiocco, and Geskus (2007), as events from causes other than k£ are treated
as censored, the naive Kaplan-Meier estimate of the probability of failing from cause £ before

or at time ¢ is estimating

1= Sy (t) = /0 " Me(5)S(s)ds
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The difference with the cumulative incidence function [ (¢) from equation (7.4) is that, S(s)
is replaced by Si(s). Since S(t) < Si(t), we get I (t) < 1— Si(t), with equality at ¢ if there
is no competition, meaning that if Z]K:L#k, A)j(t) = 0 which shows that there is bias in the
Kaplan—Meier estimator.

The estimation of the cumulative incidence functions proceeds as follows:

Let 0 <t1 <t2 <--- <ty be ordered distinct time points at which events of any cause occur.
Let dy; denote the number of participants failing from cause k at ¢;, and let d; = Zszl di;
denote the total number of events from any cause at ¢;. If there are no ties, only one of the
dy; equals one for a given j, and d; = 1. The expressions are also valid even when there are
tied events. Let n; be the number of participants that is at risk, these are participants that are
still in follow-up and have not experienced an event from any cause at time ¢;. The overall
survival probability S(¢) at ¢ can be estimated, without considering the cause of an event, by

the Kaplan—Meier estimator;

St =11 (1—%). (7.5)

7 <1
As demonstrated by Putter, Fiocco, and Geskus (2007) the discretized version of the cause-

specific hazard of equation (7.1) is
)\k(t):Prob(T:tj,D:k|T>tj—1), (7.6)

this quantity would be estimated by

dj;

A(ty) = =2

) (7.7)
1

which is the proportion of participants at risk that fail from cause k. Expression (7.5) can also

be written as follows:

St =11 ( %X tj> (7.8)

7t <1
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The unconditional probability of failing from cause k at ¢; , p(t;) = Prob(T' =t;,D = k) is

the product of the hazard and the probability of being event-free at ¢;, and is estimated as
Pr(ts) = M(t)S(tj 1), (7.9)
and finally, the cumulative incidence I (t) of cause k at ¢ is estimated as the sum of these

terms for all time points before ¢.

7.3 Joint model for longitudinal and survival data with multiple failure

times

It is common in longitudinal studies to observe multiple failure types besides collecting in-
formation about bio-markers. This simply means that during study follow-up each participant
may experience one of K distinct events or may be censored. In this Section, we limit our
focus on one longitudinal marker and time to two competing events. The longitudinal marker
considered here is square root CD4 cell count and the competing events are constriction and
death whichever occurs first.

In the time to event analysis we implemented a cause-specific hazard regression which as-
sumes separate relative risks for each event (Putter, Fiocco, and Geskus 2007).

These events could be analyzed separately using a Cox regression model by treating one event
as a censored observation. However, when interest is in assessing the strength of association
between a longitudinal time dependent marker on the risk of an event a joint modeling ap-
proach is appropriate.

In the case of handling multiple failures types the notation in the survival process is extended

as follows. Let the number of different failure types be K; therefore T3, ...,T7}. denotes the

157



true failure times for each one of them. The observed data for the it" subject, therefore, com-

prises of observed event times as follows:
T; = min(77, ..., Tj3,. Ci),
where C; is the censoring time and the event indicator is § € (0,1, ..., k) with zero correspond-

ing to censoring and 1, ..., k£ to competing events.

The Cox model for k™ competing event is as follows:
hir(t) = hox(t) exp{XiBr +apm;(t)}, k=1,2,....K (7.10)

which has the effect of baseline covariates X; and the current value for the longitudinal marker
m;(t). The joint model is completed by including a suitable mixed model for the longitudinal
outcome Y;(t). The estimation of the joint model is similar to the previously described process
for estimation of the joint model. The slight difference is in the construction of the likelihood
part of the event process.

K 15;=k
p(Ti,0:1b:,0) = ] [hOk exp{XiBk +04k*mi(t)}}
f=1

c (7.11)
xexp (=Y /0 hok(s) exp{X}B, + aimi(s) }ds ).
k=1

This part of the likelihood is computed by transforming the data into the competing risk for-
mat. In this format, there are k rows, one for each possible failure type. Event times 7; for
each subject are repeated £ times with two indicator variables one identifying the cause and
another indicating whether the corresponding event type is the one that occurred.

We fit the joint model to the IMPI dataset treating constriction and death as competing events.

We assumed a random intercept linear mixed model for the square root CD4 cell count for the
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longitudinal sub-model as in model (2.36) of Section 2.7.2 as follows;
Yij = Po+1ijB1+bi+ €
bi ~ N(0,07), i~ N(0,07),
bille;;
For the survival sub-model a cause-specific Cox model was implemented in the IMPI dataset

treating constriction and death as competing events as follows:

hi1 (t) = ho1 (t) exp{Predﬁn + almi(t)}
(7.12)

hia(t) = ho2(t) exp{Pred(511 + f21) + (o1 + a2)m;(1) },

where Pred is treatment, i.e. Predinolone (Active agent) or Placebo.

The formulation of parameters in model (7.12) above have mean that 5;; and « denote the
effect of treatment and square root CD4 cell count on the risk of constriction, where as (31
and o denote the additional effect of treatment and square root CD4 cell count on the risk of
death. If 21 = 0 it means that the hazard ratio for treatment is the same for both constriction
and death. It is also assumed in both of the cause-specific Cox models that the baseline risk

function is different and fully unspecified.

7.4 Results of case deletion diagnostics in competing risk

In this Chapter, we have outlined the theory behind analysis of competing events in standard
survival models using two approaches, namely cause-specific and sub-distribution hazards.
We have adopted the cause-specific approach for reasons specified in Section 7.2.1 evaluated
using equation (7.4). We further outlined extensions of analysis of competing survival events

in the presence of a bio-marker(s) that is measured repeatedly over time in Section 7.3. In this

159



analysis, we have focused on one longitudinal outcome, which is CD4 cell count. It is possible
to include multiple outcomes in the analysis using similar extensions described in Chapter 6.
The main contribution of this Chapter is to implement case deletion diagnostics for joint sur-

vival model in a competing risk setting.

7.4.1 Subject level case deletion diagnostics in multiple failure types

The approach taken is that of Singini, Mwambi, and Gumedze (2018) which is based on the
Cook’s statistics (Cook and Weisberg 1982)

C™(0)=0_;—0'M '@_,;—0). (7.13)
where M is the variance covariance matrix for all parameters estimates 6. The vector of
parameters @ are estimated using model (7.12), which includes fixed effects from both sub-

models, variance components from the linear mixed model and two association parameters for

each event.
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Table 7.1: Parameter estimates for joint survival model in competing risk at subject level.

M; Mg
Parameter Estimate (S.E) 95 % C.1. p-value Estimate (S.E) 95 % C.I. p-value
Longitudinal sub-model
Fixed effects
Intercept 12.66 (0.29) (12.09,13.24) <0.001 12.70 (0.29) (12.13,13.26) <0.001
Prednisolone -0.20 (0.39)  (-0.96, 0.57) 0.62 -0.21 (0.40)  (-0.93,0.57) 0.60
v/ C' D4 Time point 0.61 (0.07) (0.53,0.69) <0.001 0.62 (0.03) (0.54,0.69) <0.001
Variance components
Gy 4.66 4.66
Ob, 0.41 0.40
p -0.21 -0.21
Residual 6, 2.93 2.95
Survival sub-model
Prednisolone 0.51 (0.54) (0.17, 1.47) 0.21 0.62 (0.49) (0.23, 1.61) 0.32
Gender (Male) 0.67 (0.58) (0.21, 2.10) 0.49 0.56 (0.46) (0.23,1.37) 0.20
NYHA class (III-1V) 0.49 (0.42) (0.20, 1.03) 0.06 0.49 (0.35) (0.24,0.97) 0.04
Peripheral Oedema 0.47 (0.36) (0.23,0.96) 0.04 0.50 (0.35) (0.25, 1.00) 0.05
Definite TB (Yes) 0.66 (0.37) (0.31, 1.34) 0.24 0.66 (0.37) (0.32, 1.35) 0.26
Haemoglobin status 0.84 (0.13) (0.65, 1.07) 0.16 0.87 (0.11) (0.71, 1.08) 0.21
Prednisolone x death 5.32(0.68)  (1.38,20.49) 0.02 4.09 (0.65) (1.15,14.53) 0.03
Association parameter : constriction 1.09 (0.03) (1.02, 1.16) 0.01 1.08 (0.02) (1.04,1.12) <0.001
Association parameter : death 0.96 (0.04) (0.87,1.02) 0.17 0.95 (0.03) (0.90, 1.01) 0.08

Models: M5 is the initial model and Mg is the model after deleting influential subjects
Influential subjects IDs:- 97,185, 221,267,281, 359, and 497

The following seven subjects were identified as influential by using model (7.13 )above: 97,
185, 221, 267, 281, 359 and 497 as depicted in the index plot of Figure 7.2. The characteristics

of these subjects were:
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Overall parameters
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Figure 7.2: Subject level index plot for Cook’s statistics in competing risk for joint survival
model.

Subject 97 had CD4 cell measurements taken at baseline and week two only with the follow-
ing values (109 and 119 pf). This subject was randomised to the active treatment arm and
reported no ART experience. The subject was recorded to have died after 150 days. Subject
185 had three CD4 cell count measurements taken at baseline visit, week two, month three and
the last visit with the following values: 72, 160, 167 and 181 uf. The CD4 cell count values
increased at each subsequent visit the measurements were taken. This subject was randomised
to the placebo arm and reported ART use from baseline visit up to the last visit, where the
subject was censored. Subject 221 also had four CD4 cell count measurements taken except
the last visit as follows: 348, 149, 273 and 187 pf. The subject had no observed pattern for the
CD4 cell count with time and reported ART use on all the scheduled study visits. This subject

was randomised to the active treatment arm and did not experience any event. Subject 267
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had CD4 measurements taken starting from month one up to the last scheduled month with
these values: 180, 287 and 241 uf. This subject reported no ART experience at all, and was
ramdomised to the active treatment arm and had not experience any event of interest. Subject
281 had all CD4 cell count measurement taken as follows: 143, 157, 110, 229 and 281 u/
with no observable trend over time. This subject reported ART experience on all visits except
visit month three. The subject was randomised to the active treatment arm and was censored
at the last visit. Subject 359 had missing CD4 cell count measurement at month one visit only,
the rest of the CD4 cell count values were: 375, 465, 349 and 288 /. This subject reported
no ART experience, was randomised to the active treatment arm and experienced none of the
events under observation. The last influential subject was 497 who had low CD4 count on all
the scheduled visits (6, 32, 28, 82 and 87). This subject reported ART use starting from month
one visit up to the last scheduled visit. The subject was randomised to the placebo arm and
did not experience any of the events of interest.

We conducted a sensitivity analysis by re-fitting the joint model by excluding the seven sub-
jects who were identified as influential Table 7.1. There were little effects on the estimates
from the linear mixed model for both fixed effects and variance components. It was also ob-
served that there were marginal changes in parameter estimates in the survival sub-model,
especially for NYHA class and Definite TB. Estimates for the following risk factors: Treat-
ment, Gender, Peripheral Oedema and Haemoglobin status, were sensitive after re-fitting the
model without influential subjects in the survival sub-model (models M5 and Mg). The 95
% confidence intervals for the estimates, however, overlap despite the observed sensitivity,

therefore, not statistically significant.
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7.4.2 Observation level case deletion diagnostics in multiple failure types

We went further to illustrate the developed case deletion diagnostics at observation level using
the same approach as in model (7.13). At the observation level we evaluated the following

Cook’s statistic:

A

C™2(0) = B — )M @1, —0). (7.14)

ij] —
where M is the variance covariance matrix for all parameters estimates 6 for the i™ observation

at the 7 time point. The vector of parameters  are estimated using model (7.12), which in-
cludes fixed effects from both sub-models, variance components from the linear mixed model
and two association parameters for each event. We adopt the defining of an observation from
table 4.1 on page 81.

The following observations were identified as influential using evaluation from model (7.14)
above; 466,613,102 5,113, 1200, 156¢ 5, 2166, 2353, 3299 5, 3700 5, 3823,and 441¢ 5 (Figure 7.3).
These observations were from subjects with the following characteristics: Subject 46 had 139

1l of CD4 cell count at visit six and did not report any exposure to ART on all the six visits.
This subject was randomised to the placebo arm and did not experience any event. Subject
number 63 had 329 u¢ CD4 cell count measurement at visit three, reported ART use at visits
three and six. The subject did not experience any of the events and was randomised to the
placebo arm. Subject 102 had recorded 162 pf of CD4 cell count at week two visit and re-
ported to ART exposure on all the six visits but did not experience any event. This subject
was also randomised to the placebo arm. Subject 113 was randomised to the active treatment
arm, had a CD4 cell count reading of 282 u¢ at baseline. This subject reported ART expo-

sure at the last two visits and exited the study without experiencing an event. Subject 120
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had 112 p¢ CD4 cell count at study entry, reported ART exposure at the last two visits and
randomised to the placebo arm. Subject 156 had a reading of 248 ¢ of CD4 cell count at
week two visit, reported ART exposure at the last two visit and was randomised to the active
treatment arm. Subject 216 had 441 pf of CD4 cell count at visit six, reported ART use only
at the last visit and was randomised to the placebo arm. Subject 235 had 116 uf of CD4 cell
count measurement at visit number three, reported ART exposure at the last two visits and was
randomised to the placebo arm. Subject 329’s CD4 cell count reading was 21 puf at week two
visit, this subject reported ART exposure at week two and month three visits. The subject was
randomised to the placebo arm. Subject 370 had a CD4 cell count measurement of 64 ;¢ at
week two visit, reported no exposure to ART at all the visits and was randomised to the active
treatment arm. Subject 382 had a 406 i/ reading of CD4 cell count at visit three and this
subject reported ART use at all the visits having been randomised to the placebo arm. Lastly
subject 441 had a recording of 220 u¢ of CD4 cell count at week two visit, reported ART use
at the same visit and was randomised to the active treatment arm. All influential observations

came from subjects who did not experience the events of interest.
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Table 7.2: Parameter estimates for joint survival model in competing risk at observation level.

M; My
Parameter Estimate (S.E) 95 % C.1. p-value Estimate (S.E) 95 % C.I. p-value
Longitudinal sub-model
Fixed effects
Intercept 12.66 (0.29) (12.09, 13.24) <0.001 12.75(0.31) (12.15,13.35) <0.001
Prednisolone -0.20 (0.39)  (-0.96, 0.57) 0.62 -0.29 (0.40)  (-1.08, 0.50) 0.47
v/ C' D4 Time point 0.61 (0.07) (0.53,0.69) <0.001 0.62 (0.04) (0.54,0.69) <0.001
Variance components
Gy 4.66 4.65
Ob, 0.41 0.40
p -0.21 -0.21
Residual 6, 2.93 2.94
Survival sub-model
Prednisolone 0.51 (0.54) 0.17, 1.47) 0.21 0.52 (0.49) (0.16, 1.65) 0.26
Gender (Male) 0.67 (0.58) (0.21, 2.10) 0.49 0.66 (0.46) (0.17,2.55) 0.54
NYHA class (III-1V) 0.49 (0.42) (0.20, 1.03) 0.06 0.46 (0.35) (0.17,1.18) 0.11
Peripheral Oedema 0.47 (0.36) (0.23,0.96) 0.04 0.49 (0.35) (0.23, 0.96) 0.04
Definite TB (Yes) 0.66 (0.37) (0.31, 1.34) 0.24 0.66 (0.37) (0.32,1.34) 0.24
Haemoglobin status 0.84 (0.13) (0.65, 1.07) 0.16 0.84 (0.11) (0.63,1.12) 0.25
Prednisolone x death 5.32(0.68)  (1.38,20.49) 0.02 5.0(0.65) (1.17,20.51) 0.03
Association parameter : constriction 1.09 (0.03) (1.02, 1.16) 0.01 1.09 (0.02) (1.01, 1.18) 0.04
Association parameter : death 0.96 (0.04) (0.87,1.02) 0.17 0.94 (0.03) (0.86, 1.03) 0.20

Models: M is the initial model and My is the model after deleting influential observations
Influential subjects IDs:- 46, 613, 1021, 1130, 1200, 1561, 216¢, 2353, 3291, 3701, 3823, and 441

Overall the event rate was 9.7 % (57) with 30 deaths, 25 constrictions and 2 experienced con-

striction and later died.
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Figure 7.3: Observation level index plot for Cook’s statistics in competing risk for joint
survival model

Similar to Sub-Section 7.4.1 above, we re-ran the joint model with the two competing events
whilst excluding influential observation to investigate the sensitivity of estimates (Table 7.2).
The estimates by models M5 and My, just like estimates obtained at subject level, were not
sensitive to the change in the linear mixed model. This is for both fixed effects and variance
components.

The survival sub-model estimates had similar estimates with subtle differences for NYHA
class and Peripheral Oedema but not significant. The association parameter for constriction

was significant compared to that for death.
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7.5 Summary

We illustrated our case deletion diagnostics for joint models in multiple failure types as fol-
lows: there are two competing events that were used in the evaluation of the diagnostics,
which are based on Cook’s statistics and these were constrictive pericarditis and death. The
two competing events were treated as cause-specific in the survival sub-model (Section 7.3 of
page 157). We limited the illustration of the diagnostics to one longitudinal outcome; CD4
cell count which was measured on a continuous scale. We square root transformed CD4 cell
count to achieve normality, which is one of the assumptions adopted in joint models with a
continuous outcome, among others. We then modeled square root CD4 using a linear mixed
effects model.

The estimation of the joint model parameters was based on maximum likelihood with a slight
modification to the construction of the likelihood on the survival part of the joint model (7.11),
which incorporates multiple failure types.

We adopted a similar approach by Singini, Mwambi, and Gumedze (2018) to evaluate Cook’s
distance for the ™ subject and/or the ¢ 4™ observation (Equations (7.13) and (7.14)). We got
estimates of all parameters @ from the joint model, including their respective variance covari-
ance matrix M. These estimates were for fixed effects and variance components from the
linear mixed effects sub-model. The survival sub-model provided estimates for fixed effects
and association parameter for the two competing events including the interaction term for the
association between death and time. The calculation of Cook’s statistics was done using the
standard case deletion approach, which iteratively excludes the i subject and/or the ;" ob-

servation from the modeling process to get a new set of parameter 6 and their corresponding
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variance covariance matrix M.

Outliers or influential subjects and/or observations were those that had relatively large values
of the calculated Cook’s distance. We then plotted these Cook’s distances using an index plot
for each subject and observation.

Based on the calculated Cook’s distance for each subject, the following seven subjects were
identified as influential: 97,185,221,267,281, 359 and 497, with the following twelve observa-
tions, similarly, identified: 464,613,1021,113¢, 1209, 1561,216¢,2353,3291,37071,3823,and 441;.
We went ahead to conduct a sensitivity analysis by re-running the joint model excluding in-
fluential subjects at first and later influential observations. We observed some changes in pa-
rameter estimates in the survival component of the joint model with multiple failure types. on
the other hand, there were negligible changes in the linear mixed effects sub-model at subject
level. At the observation level, there were subtle differences in the estimates after re-fitting the
model both for the linear and the survival components of the joint model (Tables 6.2 and 7.1).
The changes in parameter estimates were not statistically significant as shown by overlapping
95 % confidence intervals at both subject and observation level.

It was observed that the association parameter for CD4 cell count, which quantifies how the
longitudinal CD4 cell counts values are related to the risk for constriction and death was sta-
tistically significant for constriction only (Tables 6.2 and 7.1). This result is consistent with
the original results from the main study (Mayosi et al. 2014).

The case deletion diagnostics that we have illustrated can be implemented for each of the
parameters being estimated, i.e. for fixed effects, variance components and association pa-
rameter.

Implementing case deletion diagnostics can be resource intensive in terms of computing time
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due to the estimation of the joint model which employs numerical integration techniques since
the integral is intractable given the random effects. In our case we implemented these diag-

nostics using parallel computing in order to be efficient.
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Chapter 8

Discussion, Conclusions and future research direction

8.1 Summary and diagnostics for joint models for longitudinal and

survival data

The development of effective treatment regimens is usually through conducting randomised
clinical trials which are regarded as phase III-IV studies. The design of these trials, is normally,
longitudinal in nature, where a biomraker or a set of biomarkers are repeatedly measured or
observed and recorded at selected time points of the study, which might be for short periods
of time, say three months or even extend for years. These biomarkers are what is consid-
ered as response variables at the time of statistical analysis. In medical research, it is often
of interest to observe simultaneously a survival outcome using the same longitudinal design,
e.g. death. Longitudinal study designs in medical research potentially have three main aims
under investigation and these are: an assessment of a cross-sectional effect, longitudinal ef-
fect and calculation of survival times. The cross-sectional effect investigates how the effect of
treatment differs on average at specific time points, while the longitudinal effect investigates
if there exists differences in the treatment effect. The calculation of survival times involves
estimating the risk of an event while adjusting for censoring, which is usually considered non-
informative (Rizopoulos 2012, p.16). In the past three decades or so the two main processes

which are, the longitudinal and survival process, were analysed separately.
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It is well known that longitudinal measurements from each subject over time are positively
correlated. This, therefore, means that standard statistical tools which are based on the inde-
pendence assumption, such 7-test and simple linear regression based on ordinary least squares
estimation (OLS) can not be used for longitudinal data analysis. In order to provide valid
inferences from the analysis of longitudinal outcomes, there is need to account for correla-
tion. In the past decades, linear mixed models (LMM) have been extensively studied and
developed (Diggle, Liang, and Zeger 1994; Laird and Ware 1982; Molenberghs and Verbeke
2000) among others. These models account for both the within and between subject corre-
lation structure through random effects and it is useful in medical research including other
disciplines of biological sciences.

On the other hand, the most commonly used approach to analyse a time to event outcome is the
semi-parametric Cox proportional hazards model (Cox 1972b). This model can be extended
to handle time varying covariates which make use of all information collected as opposed to
using baseline information only which was the standard practice some four decades ago. The
extended Cox model also known as Anderson and Gill is widely used based on the counting
process formulation (Andersen and D 1982; Fleming and Harrington 1991). The motivation
for this formulation is to imagine that the occurrence of events is a realization of a slow Pois-
son process (Rizopoulos 2012). This model is ideal when the time-varying covariates are
external or exogenous in nature under the following three assumptions: (1) the covariates are
predictable (2) measured without error and (3) a complete path for the covariates is fully spec-
ified. When modeling internal or exogenous time-varying covariates for example, biomarkers
it is unrealistic to make such assumptions because biomarkers do not have the same value be-

tween follow-up visits, which could be months apart, at the same time the covariates are mea-
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sured with error and their complete path cannot be fully specified. It is therefore imperative
that using the extended Cox model for analysis of endogenous covariates such as biomarkers
is not optimal, which therefore begs a modeling framework that is specifically designed to
correct for special features of endogenous time-varying covariates (Rizopoulos 2012).

It has been outlined that the extended Cox model is ideal for exogenous time-varying covari-
ates, as such, not appropriate for longitudinal biomarkers. In cases where the main objective of
a statistical analysis is to assess the strength of association between endogenous time-varying
covariates and survival times; the recommended modeling framewrok, that has been an ac-
tive research area for the past two and a half decades, is joint modeling for longitudinal and
survival data (Faucett and Thomas 1996; Henderson, Diggle, and Dobson 2000; Tsiatis, De-
gruttola, and Wulfsohn 1995; Tsiatis and Davidian 2004; Wulfsohn and Tsiatis 1997). The
motivation towards this modeling framework has been to marry the survival model with an
appropriately specified measurement model for the endogenous covariates to account for the
limitations in the extended Cox model (Rizopoulos 2012).

There are several approaches taken towards jointly modeling a time-to-event outcome and a
longitudinal outcome, with the initial one being a Two-stage approach. The Two-stage joint
model could be preferred because of its simplicity, since it does not need numerical computa-
tion of the likelihood. The Two-stage joint model is done in two main steps (Self and Pawitan
1992), the first is to fit a linear mixed model just as in model (4.4). When this is done, ex-
tract the predicted values from the model which are, then, used as time-varying covariate in
the extended Cox model. The predicted values have the effect of accounting for measure-
ment error and there is no assumption that the time-varying covariate is constant between two

consecutive measurements. The Two-stage joint model is relatively easy to implement us-
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ing standard software but it has been shown that it produces biased results (Dafni and Tsiatis
1998; Sweeting and Thompson 2011; Tsiatis and Davidian 2001). This is, particularly, so
because the errors generated from the first step are not carried through to the next step of the
extended Cox model. It has, however, been shown by Mauff et al. (2018), that the bias that
the Two-stage joint model produces is addressed using importance sampling in the Bayesian
framework. In this set up Mauff et al. (2020), propose for the correction of estimates derived
from the two-stage approach using importance sampling weights. All the parameter estimates
obtained from the survival sub-model, the longitudinal sub-model and random effects (vari-
ance components) are considered a weighted sample from the full posterior of the joint model
(Mauff et al. 2020).

We recognise that diagnostics as well as model assessment tools have not been fully developed
for the Two-stage joint model. We were, therefore, motivated by the simplicity of implement-
ing a Two-stage joint model and the recent development that corrects for the bias that we
proposed, a diagnostic approach based on the variance shift outlier model (Gumedze et al.
2010). In our approach we fitted the linear mixed model (4.4) to the longitudinal outcome
and run diagnostics based on Cook’s statistics to identify outliers. Once we have identified
outliers and/or influential subjects, we then implement the VSOM to the longitudinal sub-
model to down-weight these subjects (model (4.9)). We then extracted the predicted values
from the down-weighted model and used them as time-varying covariate in the extended Cox
model. We accounted for multiple testing by adjusting p— values using the Benjamini and
Hochberg (1995) procedure, while the problem of regularity conditions under the null hypoth-
esis, where the parameter lies in the boundary of the parameter space, was addressed by using

a 0.65x3 + 0.35x% mixture distribution on p-values of the likelihood ratio tests.
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We implemented this in a univariate joint model, but this approach can be extended in the
multivariate joint model, where the computational benefits would be enormous as has been
discussed in Chapter 6.

Another approach to joint modeling that has been an active research area is the shared param-
eter joint model. The estimation of these joint models that have been studied are based on
semiparametric maximum likelihood (Henderson, Diggle, and Dobson 2000; Hsieh, Tseng,
and Wang 2006; Wulfsohn and Tsiatis 1997). There has been investigations by Zeng, Cai,
et al. (2005), who established that estimators from the joint likelihood are not only asymptotic
but also efficient. In the Bayesian paradigm, estimation of these joint models through MCMC
techniques have been studied by Chi and Ibrahim (2006), R Brown and G Ibrahim (2003),
Wang and Taylor (2001), and Xu and Zeger (2001) among other authors. The other type of
joint modeling framework is known as latent class joint model, which are commonly used for
personalised medicine and prediction modeling (Proust-Lima et al. 2009, 2014). These mod-
els are beyond the scope of this thesis, which focuses on joint models that assess the strength
of association between a bio-marker and risk of an event (Henderson, Diggle, and Dobson
2000; Rizopoulos 2012; Tsiatis and Davidian 2004).

Despite their adoption and application, joint models in medical research model checking for
these shared parameter joint models is done by separate analysis of residuals for the sub-
model and joint model diagnostics are not fully developed. The approach towards joint model
diagnostics has been using qualitative graphical displays to isolate departures from model as-
sumptions and influential observations by using summary measures (Dobson and Henderson
2003). This had been in part due to lack of computing power to do a full case deletion diag-

nostics and re-estimation for each subject which was not practical as observed by Dobson and
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Henderson (2003).

There has been studies on model assessment tools using multiple imputation of residuals by
Rizopoulos, Verbeke, and Molenberghs (2010). This is motivated by the fact that there is at-
trition in the longitudinal outcome due to occurrence of an event. This non-random drop out
makes the use of standard goodness of fit measures from residuals unattainable because there
is no reference distribution available and hence residual plots based on observed data alone
can be misleading because they do not have standard properties. The main idea in this study is
to augment the observed data with randomly imputed data points that would, otherwise, have
been provided, had the subject not dropped out. This creates complete data from which resid-
uals can be calculated and plots produced, this is based on Bayesian techniques. Analysis of
theses residuals is again through separate sub-models (Rizopoulos, Verbeke, and Molenberghs
2010).

There has also been a Bayesian approach to assessing influence measures for the joint model
by Zhu et al. (2012) motivated by a multi-center clinical trial of breast cancer. This work
involves, independently, perturbing the joint model, subjects and random effects for both sub-
models. These perturbations are done to priors and all components of the Bayesian joint
model. The three perturbations are combined to priors which creates a sampling distribution
from which data is obtained. These data permit an assessment on simultaneous sensitivity of
all components of the Bayesian analysis. The proposed methods are able to detect outliers,
influential observations and assess the sensitivity of inference to various unverifiable assump-
tions on the Bayesian framework. Another Bayesian approach that has been studied using
Q-functions for case-deletion is by Tang, Tang, and Zhu (2017), with applications to skew-

normal distributions. In this work, a modified likelihood displacement diagnostic statistic is
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used. This is because it is difficult to evaluate a likelihood displacement of observed data using
Q-functions. A quantity that is a Q-function is calculated which evaluates the effect of the i*"
subject on the maximum Q-function after excluding the i" subject from the estimation of 6.
An assessment of goodness of fit has been developed for joint models using Akaike informa-
tion criterion (AIC) and the Bayesian information criterion (BIC) (Baghfalaki, Ganjali, and
Verbeke 2017; Park and Qiu 2014; Zhang et al. 2014). The work of Baghfalaki, Ganjali,
and Verbeke (2017), mainly focuses on distributional assumptions, which has the potential of
misleading inferences if there is heterogeneity of random effects in the shared parameter joint
model, while Park and Qiu 2014 focus on separate goodness of fit assessment and diagnostics
for the two sub-models. The goodness of fit by the two authors is based on both extensions
to AIC and BIC, which accounts for the number of parameters and sample size. On the other
hand Zhang et al. (2014) developed a quantifiable change in AIC and BIC for fitting survival
data with and without the longitudinal data. This is done by decomposing the AIC and BIC
into additive components from which the goodness of fit is derived. Using this approach, it is
possible to compare longitudinal outcomes in terms of their contribution to the overall fit of
the survival data. Model assessment is done in two parts, based on likelihood theory by using
conditional density of the random effects given the longitudinal part, which is replicated in the
survival part of the model. This motivates an idea to decompose Cook’s statistics for diagnos-
tics of the joint model using both survival and longitudinal sub-models given that parameter
estimates from the joint likelihood are asymptotic and efficient (Zeng, Cai, et al. 2005).
There has been little work done on developing diagnostics for the joint model parameters ob-
tained from maximum likelihood estimation on the joint distribution conditional on shared

random effects. This is true for such settings as univariate, multivariate and multiple failure

177



types joint models. This, therefore, means that if there are influential subjects and/or observa-
tions in the dataset which is practically feasible, there would be misleading inferences based
on the estimated obtained. In the case of clinical trials, where the objective is to evaluate treat-
ment effect, it could misinform researchers about the true effect of an active treatment. We
propose to develop case deletion diagnostics for joint models based on the Cook’s statistics
(Cook and Weisberg 1982). We build on the case deletion diagnostics by Singini, Mwambi,
and Gumedze (2018) and extend this to multivariate joint models as well as joint models in
competing risk. We begin by evaluating our case deletion diagnostics in simulation studies
as outlined in Chapter 5 Section 5.4. We then illustrate these case deletion diagnostics on a
dataset on multi-centre trial on tuberculaosis pericarditis (IMPI) using univariate joint model;
and further extend to multivariate as well as joint models in competing risk setting. The lon-
gitudinal outcomes in the IMPI dataset are square root CD4 cell count (continuous) and ART

uptake (binary), while the competing events are constrictive pericarditis and death.

8.2 Results

The analysis of the square root CD4 cell count dataset from the IMPI trial (Mayosi et al.
2014) revealed that the time and prednisolone effects are statistically significant (see table
2.1). There is, also, an observed increase in the level of subjects’ CD4 cell count over time
and subjects who received ART at each schedule visit have higher CD4 cell count levels rel-
ative to those who are not on ART treatment at each schedule visit (see Figures 2.8 and 6.1).
The main treatment, prednisolone time interactions effect is not significant. This means that,

time does not modify the effect on prednisolone on the subjects.
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We conducted simulation studies to evaluated the case deletion diagnostics using four different
scenarios. In each scenario we, artificially, inserted outliers to be identified by the diagnostics
based on Cook’s statistics. Each scenario had the parameters set based mainly on sample size,
number of repeated measurements, length of follow-up, measurement error in the longitudinal
setting and association parameter in the survival setting (see table 5.1).

The simulation for the joint model dataset was successful after getting guidance and a template
of R code from Professor Dimitris Rizopolous in 2018 (see customized version in appendix
A.1). The overall setting was meant to mimic a clinical trial and thus, included such variables
as sample size, number of planned repeated measurements and maximum follow-up time. The
longitudinal data had the following to be set up for simulation; 3 for group effects and o while
the survival part had «y for baseline covariate effect, a the association parameter, ¢ the shape
parameter from the Weibull distribution and, lastly, the means for the censoring mechanism
from the exponential distribution.

We used a scheme that contaminated ten percent of the last data points in each scenario and
this is what had been used as a bench mark to evaluate the case-deletion diagnostics. We in-
serted an artificial outlier in the longitudinal dataset by inflating the variance i.e. o2 for the
last ten percent of the data points. In the survival data set we changed values of the shape
parameter to anything less than one, for early life (survival) and anything greater than one, for
late life since the Weibull distribution has “bath tab” properties (see Figure 5.2). In all the sce-
narios, the case-deletion diagnostics have been able to identify the ten percent contaminated
data points, at least, more than 95% of the time (see Figures 5.5 to 5.8), using model (5.10).
In scenarios one and four, besides identifying the ten percent contaminated data points the

case-deletion diagnostics also identified data point 7 and 42, respectively. This is expected as
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the data generation process is stochastic and thus, would generate some influential data points,
which could be identified by the case deletion diagnostics.

The focus of analysis for illustration of case deletion diagnostics using the IMPI dataset was
on HIV positive subjects, who were presumed to be sicker and were in majority 939 (67%)
subjects. There were 713 (76%) subjects who reported no exposure to ART. In the shared pa-
rameter joint model we considered 587 (42%) subjects who had, at least, two CD4 cell count
measurements, which is a requirement to fit the joint model using the JM Package in R.
There were a total of 57 (9.7%) subjects, who experienced events; 27 (4.6%) had constrictive
pericarditis, which is the main event of interest in this analysis, 32 (5.5%) died which is a
competing event and two (0.3%) experienced both events (PIDs: 64 and 473).

We implemented the developed case deletion diagnostics at subject and observation levels
(see Equations (5.11 )and (5.22), respectively. This was done for all parameters and further
decomposed for fixed effects, variance components and association parameter in the case of
the survival sub-model (see Figures 5.9 to 5.20). In all these illustrations of case deletion di-
agnostics on IMPI data set, be it, at subject or observation level; the overlap for the identified
subjects was mostly for all parameters in the joint model and all parameters in the linear mixed
effects sub-model (see Figures 5.9 and 5.10 and Section 5.7.1). There was no overlap in the
identified subjects in all parameter in the joint model and those identified in the survival sub-
model for both fixed effects and association parameter (see Figures 5.9 and 5.11 and Section
5.7.1). We then proceeded to conduct a sensitivity analysis by excluded influential subjects
and/or observations to assess the degree of change in parameter estimates. There was about
15% upward change on the effect of prednisolone on the longitudinal sub-model after exclud-

ing influential subjects (see table tables 5.3 and 5.4) and this was in both constriction and
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death. On the other hand, there were subtle difference in parameter estimates in the survival
sub-model, when influential subjects were excluded in the joint model. This, therefore, sug-
gests that, if the analysis can be treated as intent to treat, inferences about the treatment effect
would not be different whether there are influential subjects or not. This pattern is expected to
be similar if the sensitivity analysis was conducted at observation level.

We have proposed and implemented a diagnostic approach for the two-stage joint model by
fitting the variance shift outlier model on the linear mixed model which is a sub-model in the
two-stage joint model. This approach has been implemented on the multi-center trial on TB
pericaditis. We implemented the VSOM (Gumedze and Chatora 2014; Gumedze et al. 2010),
that identifies outlying subjects as well as observations and at the discretion of the researcher,
down-weights these outliers. Our implementation of the VSOM was at both the subject and
observation level, then later combined as one VSOM whilst taking appropriate action to avoid
over fitting, which involved excluding observations that had a subject already identified as
outlying. The predicted values from the combined VSOM are used in the second stage of the
two-stage joint model as time-varying covariate. In the linear model, there is both improve-
ment in the overall model fit contrasting AICs and BICs statistics after a combined VSOM as
well as better estimates of parameters after VSOM (see Table 4.2).

It was observed that, there was no significant difference in parameter estimates when the
two-stage joint model is implemented with the combined VSOM. On the other hand, a better
overall fit of the model was noted when the combined VSOM had provided fitted values to be
used as time-varying covariate in the second stage of the joint model. This is evaluated using
AICs and BICs from the model fitted to the data (see Table 4.3 and Figure 4.5).

We ran a multivariate joint survival model for our case deletion diagnostics; the multivariate
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joint model had two longitudinal outcomes, but can accommodate more repeated measures
outcome. The longitudinal outcomes that were used were CD4 cell count which measured on
a continuous scale and ART uptake, which was a binary response. We transformed the CD4
cell count to square root and modeled it under the assumption of normality in the linear model
(2.1), while ART was modeled under the binomial assumption using the generalised linear
model (6.6).

The estimation of multivariate joint model’s parameters was based on Bayesian techniques
using Markov Chain Monte Carlo (MCMC); this is an extension of the Gibbs Sampler known
as JAGS (see Section 6.2 of Chapter 6). The case deletion diagnostics approach that was used
in the multivariate joint survival model was extended from the standard one, which is based
on Cook’s statistics (model 5.10). We obtained estimates of all parameters @ from the model
that was believed to have converged from the MCMC samples. These MCMC samples were
extracted from the last row of the chain. Parameter estimates that were obtained, include vari-
ance components from the GLMM in addition to fixed effects and association parameters from
the survival sub-model. Evaluation of the Cook’s statistics was by excluding the i subject
and/or the ij™ observation from the modeling process to get a new set of parameter estimates 6
their corresponding variance covariance matrix M. We, then, computed the Cook’s distances
for each subject and/or observation using (6.14) and (6.15), respectively. Influential subjects
and observations were those that had relatively large values of Cook’s distance, which were
plotted in an index plot for each subject and observation (see Figures 6.2 and 6.3). We re-
fitted the multivariate joint model, excluding influential subjects at first and later influential
observations. We observed subtle changes in treatment effect in either case Tables 6.1 and 6.2.

The changes in treatment effect as well as other parameters were not statistically significant
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as shown by overlapping 95 % credible intervals for posterior means both at subject and ob-
servation level.

It was noted that the association parameter for CD4 cell count, which quantifies how the
longitudinal CD4 cell counts values are related to the risk of constriction was statistically sig-
nificant, while that for ART uptake was not significant (Tables 6.1 and 6.2).

We used the IMPI dataset to illustrate our case deletion diagnostics for joint models in mul-
tiple failure types. The two competing events that were used in the evaluation of the diag-
nostics, which are based on Cook’s statistics, were constrictive pericarditis and death. The
two competing events were treated as cause-specific in the survival sub-model (Section 7.3
of page 157). We limited the illustration of the diagnostics to CD4 cell count only in the
measurement model. We then modeled square root CD4 cell count using a linear mixed ef-
fects model. The estimation of the joint model parameters was based on maximum likelihood
with a slight modification to the construction of the likelihood on the survival part of the joint
model (7.11), which incorporates multiple failure types. We adopted a similar approach by
Singini, Mwambi, and Gumedze (2018) to evaluate Cook’s distance for the ith subject and/or
the ¢ jth observation as in models (7.13) and (7.14). We got estimates of all parameters 6 from
the model estimates, including the respective variance covariance matrix M. The calculation
of Cook’s statistics was done using the standard case deletion approach, which, iteratively,
excludes the i™ subject and/or the ij™ observation from the modeling process to get a new
set of parameter estimates 6 and their corresponding variance covariance matrix M. Outliers
or Influential subjects and/or observations were those that had relatively large values of the
calculated Cook’s distance. We, then, plotted these Cook’s distances using an index plot for

each subject and observation (see Figures 7.2 and 7.3). We, then, went ahead to conduct a sen-
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sitivity analysis by re-running the joint model excluding influential subjects at first and later
influential observations. We observed some changes in parameter estimates in the survival
component of the joint model with multiple failure types, by contrast, there was negligible
sensitivity in the linear mixed effects sub-model at subject level. At the observation level,
there were subtle differences in the estimates after re-fitting the model both for the linear and
the survival components of the joint model (Tables 6.2 and 7.1). The changes in parameter es-
timates were not statistically significant as shown by overlapping 95 % confidence intervals at
both subject and observation levels. We observed that the association parameter for CD4 cell
count, which quantifies how the longitudinal CD4 cell counts values are related to the risk for
constriction and death was statistically significant for constriction only (Tables 6.2 and 7.1).

This result is consistent with the original results from the main study (Mayosi et al. 2014).

8.3 Remarks on case deletion diagnostics

We observe that case deletion diagnostics based on Cook’s statistics (Cook and Weisberg
1982) does not in any way mean that the study design, data collection or primary analysis
methods are questionable. In any case, this is one way by which more confidence is placed
on the primary analysis conclusions. When inferences drawn from an analysis which has in-
fluential subjects and/or observations are comparable to those drawn from an analysis without
influential subjects and/or observation, for example, treatment effect in a clinical trial, one
would place more confidence in the conclusions as opposed to a case where this was not done
(Jansen et al. 2006).

In medical research studies, biomarkers are repeatedly collected over the follow-up time of the
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study, while observing the occurrence of and event (survival analysis) such as death, disease
relapse. In this case a shared parameter modeling framework called joint models (JM) would
be a natural choice for performing a statistical analysis. The advantage of shared parameter
joint models is that, if interest is on the longitudinal outcome, they account for non-random
drop out dues to the occurrence of an event. If, on the other hand, interest of analysis is on
a survival outcome; they account for measurement error. No assumption is made that the
biomarker remains constant between two successive measurement and an assessment of sur-
rogacy with its quantification is made between a biomarker and risk of an event (Baghfalaki,
Ganjali, and Verbeke 2017; Henderson, Diggle, and Dobson 2000; Hsieh, Tseng, and Wang
2006; Tsiatis and Davidian 2004; Wulfsohn and Tsiatis 1997).

We note that the estimation of shared parameter joint models has been an active research area
in the past two and a half decades. However, model assessment for these joint models is done
using separate analysis of residuals from the sub-models, which could be sub-optimal. There
has been inadequate development in model diagnostic tools to assess influence on parameter
estimates or to perform sensitivity analysis (Baghfalaki, Ganjali, and Verbeke 2017; Dobson
and Henderson 2003; Rizopoulos, Verbeke, and Molenberghs 2010; Singini, Mwambi, and
Gumedze 2018).

There has been low uptake on the use of two-stage joint model, possibly, because of the bi-
ased results that the model produces (Dafni and Tsiatis 1998; Sweeting and Thompson 2011;
Tsiatis and Davidian 2001). We note that recent methodological developments to correct the
bias (Mauff et al. 2018, 2020) would render the two-stage joint model useful and popular.
This is the case because the two-stage joint model is relatively easy to implement in standard

software and it is not computationally intensive compared to a shared parameter joint model
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which requires numerical integration techniques conditional on random effects (Mauff et al.
2018; Self and Pawitan 1992). It, therefore, motivates the idea to identify influential subjects
and/or observations, then implement a combined VSOM at the discretion of the researcher at
the second stage of the two-stage joint model. This has been seen to improve the model fit
based on AIC and BIC. The possible reason for AICs and BICs to be similar in Table 4.3,
could be due to the fact that there is no significant association between square root CD4 cell
count and the risk for constriction.

We extended the case deletion diagnostics from the univariate joint model to multivariate joint
model. In the multivariate setting, there were more than one longitudinal outcome, which
could be from any exponential family of distributions. This, therefore, means that, one can
formulate the measurement model using the generalised linear mixed model (??) given ap-
propriate assumptions. The advantage of multivariate joint model is that, the account for
correlation between longitudinal outcomes conditional on random effects (Rizopoulos 2012).
We used the same IMPI dataset to implement case deletion diagnostics on the multivariate
joint model based on Cook’s statistics for all parameters (6.14) (see Figures 6.2 and 6.3). The
case deletion diagnostics that we implemented can be extended to evaluate Cook’s statistics
for fixed effects and variance components of both sub-models. These can, further, be extended
on association parameters quantifying CD4 cell count and ART uptake repeated measures to
the risk of constriction. We were forced to fit and run the multivariate joint models on Univer-
sity of Cape Town’s High Performance Computing (HPC) facilities and further used parallel
computing on these facilities due to computational challenges. This reduced computing time
by over 80 % (20 minutes to 4 minute) for one multivariate joint model. This limitation led

us to evaluating Cook’s statistics at subject and observation level for all parameters, however,
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extensions to parameter specific diagnostic is straight forward.

Lastly but not least, we illustrated the case deletion diagnostics in competing risk setting, as it
is common in time-to-event studies to observe more than one event. We focused on the cause
specific competing risk and not the sub-distribution hazard. Our implementation of the case
deletion diagnostics in multiple failure types identified influential subjects and observations
(see Figures 7.2 and 7.3). We further carried out a sensitivity analysis by excluding influential
subjects or observations (see Tables 7.1 and 7.2).

We have developed empirical influence diagnostics for the parameters of the joint model as
a composite Cook’s statistics, 6. The subsets of the parameter space in the shared parameter
joint model includes fixed effects from both the longitudinal and survival sub-models, vari-
ance components and association parameter represented as 6. The focus of this thesis was on
the composite Cook’s statistics. However, these statistics can be decomposed to components
which detect influential observations or subjects for fixed effects, variance components and
association parameter of the joint model, all of which are estimated by the conditional joint
distribution of the two processes i.e. longitudinal and survival process conditional on random
effects.

Estimation of the joint model is done using optimisation algorithms, such as, the EM algo-
rithm. The iterative nature of estimating the joint model makes it difficult to formulate ana-
lytical expressions for a Cook’s distance as is the case in linear regression, where, a residual,
mean square error and other quantities are calculated. The available software that fit the joint
model are able to calculate the Cook’s statistics based on the covariance matrix.
Implementing case deletion diagnostics can be resource intensive in terms of computing time

due to the estimation of the joint model, which employs numerical integration techniques,

187



since the integral is intractable given the random effects. In our case, we implemented these

diagnostics using parallel computing in order to be efficient.

8.4 Thesis contributions

In most clinical trials, the objective is to assess treatment effects and this therefore means es-
timating the effect, which depends on the data collected (Akacha et al. 2017; Council et al.
2010; Mallinckrodt et al. 2013). This implies that the validity of any statistical methods of
analysis depends on study design and data collected from which estimates are obtained. In
this thesis, we have considered diagnostics for joint survival models, which can be applied
to IMPI trial dataset and similar trials. We have developed case deletion diagnostics for joint
models for the IMPI dataset after evaluating them in simulation studies. The work on these
case deletion diagnostics have been published (Singini, Mwambi, and Gumedze 2018).
Secondly, we have implemented a combined variance outlier model in a two-stage joint model
using IMPI dataset. In this work, we have considered identifying influential subjects and/or
observations in the longitudinal outcome and down-weighting them in the second stage of the
two-stage joint model. The down-weighting of influential subjects and/or observations has to
be sanctioned by the domain researcher. This work has been submitted for possible publica-
tion in the journal of Communications in Statistics - Simulation and Computation.

Thirdly, we have implemented case deletion diagnostics in multivariate joint model and joint
models with multiple failure types (competing risk). These two settings are important in med-
ical research as they account for correlation in the measurement model as well as assess asso-

ciation between repeated measures of biomarkers with risk of events (Rizopoulos 2012). We
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have illustrated these diagnostics using IMPI dataset.
Finally, we have proposed extensions and R code for these case deletion diagnostics at various
levels, for instance, fixed effects, variance components and association parameter depending

on the investigator’s interest.

8.5 Conclusions

In longitudinal studies, especially, in medical research, the response of interest could be a time-
to-event outcome in the presence of a time varying endogenous time-varying covariate. The
appropriate analysis method in this case is the shared parameter joint model, which adjusts
for measurement error in the time-varying covariate and quantifies the association between
the measurement model and risk of an event (Crowther, Abrams, and Lambert 2012; Hen-
derson, Diggle, and Dobson 2000; Rizopoulos 2012; Tsiatis, Degruttola, and Wulfsohn 1995;
Waulfsohn and Tsiatis 1997). Parameter estimates obtained from these models are unbiased
compared to the two-stage approach (Dafni and Tsiatis 1998; Sweeting and Thompson 2011;
Tsiatis and Davidian 2001). However, there is inadequate literature on model assessment
based on the full conditional joint distribution, just as there is lack of influence diagnostics
on the full conditional distribution of the joint model. In clinical trials, influential subjects
and/or observations can over or under estimate treatment effects (Pregibon 1981). In order
to draw valid inferences in the presence of influential subjects and/or observations using the
shared parameter joint modeling framework, we have developed and implemented case dele-
tion diagnostics on the full conditional joint distribution. These case deletion diagnostics were

illustrated on the IMPI dataset with square root CD4 cell count and ART uptake as time-
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varying covariates while constriction and death as survival outcomes (Mayosi et al. 2014).
This is the first study to develop and implement case deletion diagnostics used in joint models
for longitudinal and survival data based on a full conditional joint distribution. The estimation
of joint models has been an active research area in the past two to three decades, however,
models assessment and diagnostics have been lacking except for separate analysis of residuals
for the sub-models (Rizopoulos, Verbeke, and Molenberghs 2010). Development of full case
deletion diagnostics was even difficult in the past because of computing power and unavailabil-
ity of software (Dobson and Henderson 2003). Computer processing power has significantly
improved in recent years (Dufour et al. 2012) and software is readily and freely available to
implement full case deletion diagnostics on the joint model, for instance the JM Package by
Rizopoulos (2010) in R.

In this thesis, we have endeavoured to develop case deletion diagnostics for the shared param-
eter joint based on Cook’s statistics (Cook and Weisberg 1982). We have justified the theory
for these diagnostics on the basis of work done by Zeng, Cai, et al. (2005) and made exten-
sions to multivariate and multiple failure types in the joint model framework. We have also
implemented a VSOM in the two-stage joint model, which is deemed to be easy to implement
(Self and Pawitan 1992; Tsiatis, Degruttola, and Wulfsohn 1995), especially, in multivariate
setting (Mauff et al. 2018, 2020). We are wary of the fact that our case study could not be
generic for all clinical trial designs including the software being used to implement our devel-
oped case deletion diagnostics because joint model assessment and diagnostics are evolving.
The main objective of this thesis is to develop diagnostics for the full conditional joint distri-
bution for the joint model; evaluate these diagnostics in simulation studies and illustrate them

using IMPI trial dataset.
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We encourage researchers to be mindful when selecting a primary model and then consider
performing a sensitivity analysis as studied by Mallinckrodt et al. (2013). In the case of influ-
ence diagnostics for a joint model, run the joint model on the full dataset, then implement case
deletion diagnostics to identify influential subjects and/or observations and later run the same
model excluding influential subjects and/or observation and compare parameter estimates. In
this way, the researcher will be able to identify and initiate investigations on these influential
subjects and/or observation to ascertain whether they are due to data entry errors or they are
just influential or outlying. We further recommend that researchers make an effort to under-
stand software implementation for case deletion diagnostics with the corresponding out-put
from the joint model in order for researchers to be able to extract requisite components to be
used for calculating Cook’s statistics. We further note that, handling influential data points
depends on many considerations as described by Welsch (1980). In any case the identification
of these data points is valuable in that it demonstrates the instability of statistical inferences
regarding the effect of regression coefficients, hence risk factors upon prognosis.

We have demonstrated that case deletion diagnostics in joint models can reveal influential
subjects and/or observations. These influential subjects and/or observations have different de-
grees to which the affect parameter estimates obtained from the joint model. In most cases,
the parameter estimates that were sensitive to influential subjects were from the longitudinal
component of the joint model. We observed subtle changes in parameter estimates from the
survival component except in Chapter 5 Section 5.6, where there is about 10% difference in
the parameter estimate for the treatment effect. This justifies the importance of performing
case deletion diagnostics for joint models especially in clinical trials.

In as much as we have highlighted the importance of case deletion diagnostics for joint models
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with extensions to different settings, this thesis, also stresses on the practicality and importance
of implementing these diagnostics, for instance in multivariate setting where there are evident
computational challenges due to the dimensions of random effects (see Chapter 6).

The trial dataset that we illustrated case deletion diagnostics on, was from a cardiology multi-
centre clinical trial, which also collected HIV related data (CD4 cell count and ART uptake).
The HIV data was not routinely collected as would have been if the focus was on HIV and
hence has missing CD4 cell count and ART uptake. Our analysis of HIV data in the IMPI
trial, despite it being a cardiology study, provided useful information concerning the effect
of prednisolone on CD4 cell count and ART uptake trajectories overtime. The missingness
mechanisms of both CD4 cell count and ART uptake, have underlying assumptions that can be
investigated using sensitivity analysis (Iddrisu and Gumedze 2019; Mallinckrodt et al. 2013).
The missingness mechanisms for both CD4 cell count and ART uptake are beyond the scope
of this thesis.

Carefully conducting model assessment and implementing of case deletion in a joint model
diagnostics provides useful tools to assess different aspects of the model on the full condi-
tional joint distribution. In the case of influence diagnostics, an investigation can be instituted
on influential subjects and/or observation to reveal underlying characteristics of these subjects
and/or observations. Once the underlying characteristics are revealed, knowledge could be
gained by domain experts on the possible causes and further, the effect this has on parameter
estimates.

In the IMPI trial most subject identified as influential had low CD4 cell count, reported mini-
mal or no exposure to ART and neither experienced the events of interest. It would, therefore,

seem plausible to report these subjects to domain experts (cardiologists) for further clinical
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investigations.
Analysts conducting case deletion diagnostics do not necessarily have to perform these diag-
nostics on all parameters individually, i.e. fixed effects, variance components or association

parameter but on clinically/ study relevant parameter(s).

8.6 Further research

The shared parameter joint model considered in this study is mainly used to assess the strength
of association between a longitudinal biomarker and risk of an event (Baghfalaki, Ganjali, and
Verbeke 2017; Diggle 2002; Henderson, Diggle, and Dobson 2000; Rizopoulos 2012; Tsiatis,
Degruttola, and Wulfsohn 1995). The diagnostics developed in this joint model may further
be investigated in other joint model formulations e.g. latent class joint model (Proust-Lima
et al. 2009, 2014).

In this thesis, we have used the current value parameterisation of the biomarker, it would be
important to investigate other parameterisations to assess the performance of the developed
diagnostics. These parameterisations are: interaction effects, lagged effects, time-dependent
slope, cumulative effects and random effects (Rizopoulos 2012).

The joint model diagnostics based on Cook’s statistics identifies influential subjects and/or
observations. A sensitivity analysis helps to evaluate the level of effect these influential data
points have on parameter estimates. An implementation of a VSOM with the guidance of the
domain researcher could be worthwhile, to investigate its performance on the measurement

sub-model with a possibility of introducing a frailty term on the survival sub-model.
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A.1 Joint model simulation data sets R code

library (MASS)

library (splines)

n <— 100 # number of subjects

K <= 5 # number of planned repeated measurements per subject,

per outcome

t.max <- 10 # maximum follow-up time

FHEHFAHF A A A A A HAH AR AR AR A

# parameters for the linear mixed effects model

betas <- c("GroupQO" = 3.3493, "Groupl" = 2.8444,
"GroupO:Timel" = 1.5125,
"Groupl:Timel" = 1.2533, "GroupO:Time2" = 2.4739,
"Groupl:Time2" = 2.2994,
"GroupO:Time3" = 2.5379, "Groupl:Time3" = 1.8489)

sigma.y <- 0.8034 # measurement error standard deviation

# parameters for the survival model

gammas <- c (" (Intercept)" = -5.7296, "Group" = 0.4092)

# coefficients for baseline covariates

195



alpha <- 0.3917 # association parameter
phi <- 1.6458 # shape for the Weibull baseline hazard
mean.Cens <- 12 # mean of the exponential distribution

for the censoring mechanism

D <- diag(c(0.6968, 2.1259, 1.5260, 1.2329)"2)

FHEHH AR AR A AA AR ARSI F AR AAA

Bkn <= ¢ (0, 19.5)

kn <- c¢(2.1, 5.5)

# design matrices for the longitudinal measurement model
# but this can be easily generalized

times <- c(replicate(n, c(0, sort(runif(K-1, 0, t.max)))))
# at which time points longitudinal measurements are

supposed to be taken

group <—- rep(0:1, each = n/2)

# group indicator, i.e., "0’ placebo, ’'1l’ active treatment

DF <- data.frame(year = times, drug = factor (rep(group, each
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X <- model.matrix(~ 0 + drug + drug:ns(year, knots = kn,

Boundary.knots = Bkn), data = DF)

Z <- model.matrix(~ ns(year, knots = kn,

Boundary.knots = Bkn), data = DF)

# design matrix for the survival model

W <— cbind (" (Intercept)" = 1, "Group" = group)

G i

#simulate random effects

b <- mvrnorm(n, rep (0, nrow(D)), D)

# simulate longitudinal responses

id <= rep(l:n, each = K)

# linear predictor

o o

eta.y <- as.vector (X %$*% betas + rowSums(Zz * b[id, 1))

yl <- rnorm((n-5) * K, eta.y, sigma.y)

# Inserting five outliers in the longitudinal dataset
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y2 <— rnorm(5 *x K, eta.y, (2+«sigma.y))

y <- c(yl,y2)

# simulate event times

eta.t <- as.vector (W %$x% gammas)

invS <- function (t, u, 1) {

h <- function (s) {

group0 <— 1 - group[i]

groupl <- group[i]

NS <- ns (s, knots = kn, Boundary.knots = Bkn)

XX <- cbind(group0O, groupl, groupO*«NS[, 1],

groupl«NS[, 11,

group0«NS[, 2], grouplxNS[, 2], groupOxNS[, 3],
groupl«NS[, 31)

727 <— cbind (1, NS)

¢ Qo

fl <- as.vector (XX %+x% betas + rowSums(ZZ x b[rep (i, nrow(ZZ)),

exp (log(phi) + (phi - 1) * log(s) + eta.t[i] + f1 * alpha)
}

integrate (h, lower = 0, upper = t)S$value + log(u)

}

u <— runif (n)
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trueTimes <— numeric (n)

for (i1 in 1:n) {

Up <- 50

tries <- 5

Root <- try(uniroot (invS, interval = c(le-05, Up),

u = ufi], i = 1)$root, TRUE)

while (inherits (Root, "try-error") && tries > 0) {
tries <- tries - 1

Up <- Up + 200

Root <- try(uniroot (invS, interval = c(le-05, Up),

u = uli], 1 = 1i)Sroot, TRUE)

trueTimes[i] <- 1f (!inherits(Root, "try-error")) Root else NA

na.ind <- !is.na(trueTimes)
trueTimes <- trueTimes[na.ind]

W <- W[na.ind, , drop = FALSE]
long.na.ind <- rep(na.ind, each = K)

y <— y[long.na.ind]

X <- X[long.na.ind, , drop FALSE]

Z <- Z[long.na.ind, , drop FALSE]

DF <- DF[long.na.ind, ]
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n <- length(trueTimes)

# simulate censoring times from an exponential distribution,
# and calculate the observed event times, i.e.,

min (true event times, censoring times)

Ctimes <-— runif(n, 0, 2 * mean.Cens)

Time <- pmin(trueTimes, Ctimes)

event <- as.numeric(trueTimes <= Ctimes) # event indicator

igdssdsdssdsdsadadsadadsadad it aaRaaRkddadi

# keep the nonmissing cases, i.e., drop the longitudinal measurements
# that were taken after the observed event time for each subject.

ind <- times[long.na.ind] <= rep(Time, each = K)

y <— y[ind]
X <= X[ind, , drop = FALSE]
7z <- Z[ind, , drop = FALSE]

id <= id[long.na.ind] [ind]

id <- match(id, unique(id))

dat <- DF[ind, ]

dat$id <- id

datsSy <- vy
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dat$STime <—- Time[id]
datSevent <- event[id]
dat.id <- data.frame(Time = Time, event = event, group = W[, 21])

names (dat) <- c("time", "group", "id", "y", "Time", "event")

#summary (tapply (id, id, length))
ftable (event)
#n

#mean (event)

# delete all unused objects

rm(y, X, Z2, id, n, na.ind, long.na.ind, ind, Ctimes, Time, event, W,
betas, sigma.y, gammas, alpha, eta.t, eta.y, phi, mean.Cens, t.max,
trueTimes, u, Root, invS, D, b, K,

times, group, i, tries, Up, Bkn, kn, DF)
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A.2 Summary statistics for variables used in the joint model

Table A.1: Summary statistics for candidate variables in the joint model for longitudinal and
survival data.

Prednisolone ? Placebo ?
Covariate Category/Units no. data (%) ® (N=293) no. data (%) ® (N=294)
Age —mean (sd.) years 293 (100%) 36 (9.4) 294 (100%) 34.6 (9.0)
Weight —mean (sd.) kg 283 (96.6 %) 58.8 (1.3) 288 (98 %) 59.0 (1.2)
NYACLASS —no. (%) 293 (100 %) 294 (100%)
I-1I 191 (65.2 %) 199 (67.7 %)
I-1v 102 (34.8 %) 95 (32.3 %)
Creatinine —no. (%) 285 (97.3 %) 284 (96.6 %)
<105 250 (85.3 %) 252 (85.7 %)
>105 35 (12.0 %) 32 (10.8 %)
Peripheral Oedema —no. (%) 293 (100 %) 294 (100%)
Yes 96 (32.8 %) 101 (34.4 %)
No 197 (67.2 %) 193 (65.7 %)
Sex —no. (%) 293 (100 %) 294 (100 %)
Male 159 (54.3 %) 172 (58.5 %)
Female 134 (45.7 %) 122 (41.5 %)
TB Status —no. (%) 293 (100 %) 294 (100 %)
Definite TB 64 (21.8 %) 65 (22.1 %)
Probable TB 229 (78.2 %) 229 (77.9 %)

4 Active treatment and Placebo arm
b Available data point for model fitting
¢ Subjects with at least two CD4 measurements were 587 and all were HIV positive

A.3 Influential subjects

The following tables present influential subjects identified by case deletion diagnostics based

on Cook’s distance.
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Table A.2: Joint model vs Linear mixed model.

Joint model

Linear mixed model Yes No
Yes 174,277, 511, 557 246
No 424 0

Table A.3: Joint model vs Two-stage joint model.

Joint model

Two-stage joint model ‘ Yes ‘ No
Yes | 0 | 316, 320, 468, 506, 571

No 174, 246, 277, 511, 577 0

Table A.4: Joint model vs Standard Cox model.

Joint model

Standard Cox model ‘ Yes ‘

No
Yes \ 0 \ 23,205, 291, 316, 320, 468, 473, 474, 486, 578

No ‘ 174, 246, 277, 511, 577 ‘ 0

Table A.5: Two-stage joint model vs Standard Cox model.

Two-stage joint model

Standard Cox model ‘ Yes ‘ No
Yes | 316,320,468 | 23,205,291, 473, 474, 486, 578

No 506, 571 0
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A.4 Cook’s distance decomposition

In this Section we decompose the Cook’s distance for the linear mixed model as a build up
from the linear regression model. Using the following formulation for the linear regression

model
Y = X[ +¢. (A1)

The case-deletion diagnostics based on the Cook’s distance for the simple linear regression
model is presented as
A ri

Ci=0-pi= (X' X)) tal, (A.2)
1—hy
where 3 is the ordinary least squares estimate for the full dataset, Bi is the estimate after

excluding the ith case, x; is the i*" row vector of X, r; is the residual and by is the leverage.

Leverage (h) is calculated as the partial derivative of the predicted value with respect to the
corresponding dependent variable. This, therefore, means that the i*” leverage indicates how
the predicted value of the i*” case is influenced by the i*” observation. For the simple linear
regression model (A.1) leverage can be show to be

hi = ggﬁ = X}(X'X) 71X, (A.3)
Yi

where § = X3 and X{(X'X)~1X; is commonly known as the hat matrix.
The influence of a case 7 as proposed by Cook (1977) is measured by the squared distance

between B and Bi scaled by the variance presented as;

1 A A A A 1 r.2
2 M _ X1\ f[fIX A
My = mo? (6= B)M(5 ~ i) = mo?1 —lhi2 i i (“4)

A decomposition of the Cook’s distance is made to the following linear mixed model condi-
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tioned on random effects;

Y =XB+Zb+e,
(A.5)

b~N(0,62D),  ¢~N(0,0°R).

The assumptions about the random effects and error terms suggest that the variance covari-
ance matrix of Y can be written as 02V; where V; = R + Z;DZ;. Under independence and
normality assumptions of the random and error terms and if D is known the estimates of the

fixed effects parameters can be obtained using generalized least squares as follows:

N N

B=Y"XViX Y X{Vitlys= M!S, (A.6)
i=1 i=1

where M = YN, X{V;1X; and S = SN ; X{Vty; although estimation of 3 and D in lin-

ear mixed models is by maximum likelihood or restricted maximum likelihood.

Analogous to the linear regression (A.3) leverage matrix, Demidenko (2013) defined the

n; X n; leverage matrix for the linear mixed model framework as follows:

where ¥ = X; B + Zif)i which is the predicted outcome conditional on the estimated random
effects, b;. Assuming that Vj is fixed and after differentiating; the leverage matrix can be
presented as the sum of three components as follows,

H; = Hi; + Hi2 + H;is,

H;; = XsM XV

(A7)
Hip = Z;DZ;V; ' (1-H;;)  and

His = 2X;Z;DZ{V; 11— Hyy)

In this framework, Hj, is the leverage for the fixed effects, Hjs is the leverage associated with
the random effects and Hjg is the random effects variance, which is a measure of covariation

between the a change in the average profile and a change in position of subject-specific profiles

205



relative to the average profiles.
The compact form of the above decomposition is presented as follows and available in most

standard software.

A

CDi(0) = (0 =0 )M (O —0_y), (A.8)
where 6 is the parameter space and M is the variance covariance matrix with corresponding

leverage.

A.5 Profiles of influential some selected subjects
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Figure A.5: CD4 cell count profiles for influential subjects
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A.6 Distribution of mean square root CD4 over survival time

The survival times for subjects considered for death are displayed in the following figures. It is
noted that some subjects with relatively high mean square root CD4 cell count had experienced
an event earlier in the study i.e. less than one month. There are also subjects who had low
mean square root CD4 cell count who had experienced an event late into the study and most

of them were censored at the end of the study.
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The survival times for subjects considered for death are displayed in the following figures.
It is noted that some subjects with relatively high mean square root CD4 cell count had
experienced an event earlier in the study i.e. less than one month. There are also subjects
who had low mean square root CD4 cell count who had experienced an event late into the

study and most of them were censored at the end of the study.
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The survival times for subjects considered for constriction are displayed in the following fig-
ures. It is noted that some subjects with relatively high mean square root CD4 cell count had
experienced an event earlier in the study i.e. less than one month. There are also subjects who
had low mean square root CD4 cell count who had experienced an event late into the study

and most of them were censored at the end of the study.
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