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Historical introduction

Local connectedness is one of the fundamental topological concepts. His-
torical facts confirm that this concept and the closely related local arcwise
connectedness are older than the concept of a topological space. A short
account of the history of these ideas in their classical setting may be found
in [30].

One of the great stimulants in the study of local connectedness of frames is
the classical result of Henriksen and Isbell[26] that the Stone-Cech compact-
ification X of a completely regular space X is locally connected iff X is lo-
cally connected and pseudocompact. In 1991, Baboolal and Banaschewski[l]
showed that this result transfers to frames. Among other goals in the study
of frame theory, the transfer of results from spaces to frames was bound to
continue. In his article, The point of pointless topology, Johnstone[33] gives
an informative historical survey of the subject. The next to be considered was
the fact that any completely regular space Y containing X as a dense sub-
space is locally connected for locally connected and pseudocompact X ([26] ).
Again, Baboolal and Banaschewski[1] realized that under the assumption of
the Boolean Ultrafilter Theorem (BUT), a frame counterpart of this result
also holds. In 1991, through the study of congruences of frames, Chen[16]
provided the frame counterpart, without assuming the BUT.

In 1996, Li[37] defined weak locale quotient morphisms and proved that lo-
cal connectedness is preserved under such morphisms, a generalization of
Whyburn[46]’s result that local connectedness is preserved under quotient
maps of spaces. Banaschewski[14] introduced the notion of a fully comple-
ment closed subframe, and established that various familiar kinds of sub-
frames are of this type. Moreover, he showed that any such subframe of a
locally connected frame is locally connected. Baboolal[3] takes a uniform ap-
proach to local connectedness. He constructs a uniformly locally connected
reflection for a locally connected uniform frame. One of its applications
is that if a completely regular frame is locally connected and pseudocom-
pact then every compactification of it is locally connected. This was then a
strong temptation, so Baboolal’s question whether the necessity part of the
Baboolal-Banaschewski’s local connectedness thecrem can also be obtained
using the same methods is considered here.



Synopsis

In this thesis, we undertake a systematic study of local connectedness of
frames. Among other central ideas in this study is that of a connected
congruence on a frame. We show that the two definitions of a connected con-
gruence in literature (section 2.2 ) are not equivalent, and hence introduce a
new term for one of them. We also prove that, using Baboolal’s methods, if
the Stone-Cech compactification 5L is locally connected then L need not be
locally connected for completely regular frame L. This happens in chapter
5.

Cutline of the thesis

Chapter 0: This chapter contains definitions and some results which a
reader is assumed to be familiar with.

Chapter 1: The notion of a connected frame is defined and basic results
pertaining to it are proved. The dual concept, coconnectedness, is also dis-
cussed. Furthermore, a relatively new idea of relative local connectedness,
which is due to Siweya[40] turns up.

Chapter 2: Closed homomorphisms and congruences are the crucial tools
in this chapter. Two definitions of a connected congruence are presented,
and it is established that they are not equivalent and hence a new term,
Chen-connectedness, is introduced for the one due to Chen. The latter is
characterized by a connected quotient frame L/© for a congruence © on a
frame L. Then a specific look at open congruences and local connectedness
occurs in the last section, where Li’s work on weak locale quotient homomor-
phisms is presented differently.

Chapter 3: This chapter concerns compactification and local connectedness
of frames and the relation between the two ideas. The compact (completely)
regular coreflection of a frame obtained by Banaschewski and Mulvey[7] as
a frame counterpart of the Stone-Cech compactification is briefly discussed.
Most results in this chapter can be found in [1].

Chapter 4: This is devoted to fully complement closed subframes. They are
useful because any fully complement closed subframe of a locally connected
frame is again locally connected and because many familiar subframes such
as open, closed and equalizer subframes are of this form.

vi



Chapter 5: Here we finally turn our minds to uniform local connectedness.
Through a close investigation of property S and property S* among other
concepts, the sufficiency part of the Baboolal-Banaschewski’s local connect-
edness theorem is obtained differently. A proof that the necessity part of the
theorem cannot be obtained in the same approach is also given here.

vii



Chapter 0

Preliminaries

0.1 Introduction

In this chapter we provide definitions and some basic material that are nec-
essary in order to read this thesis. For general introductions to frame theory,
the reader is referred to [5], [32] or [43]. Further details and proofs of results
regarding congruences on a frame can be found in [5], chapter 6.

0.2 Frames

A complete lattice is a partially ordered set with arbitrary meets and joins. A
frame L is a complete lattice in which z A\ z; = \/ z Az; for all z and {z;};
in L, where A and \/ denote binary meet and arbitrary join respectively.
The bottom (zero) element is denoted by 0 and the top (unit) element by
e. For an element a € L, its pseudocomplement denoted by a* is given by
a*=\V{zeLl|lzNha=0}

For any topological space X, the lattice X of all open subsets of X is an ex-
ample of a frame, where finite intersections and arbitrary unions correspond
to finite joins and arbitrary unions respectively. A subset M of a frame L is
called a subframe of L iff M is closed under finite meets and arbitrary joins
in L. For frames M and L, a map h : M — L is a frame homomorphism
iff h preserves finite meets and arbitrary joins (including the top and bot-
tom elements). A frame homomorphism h : M — L is said to be dense iff
h(z) = 0 implies z = 0 for all z € M. Dually, h is called codense iff h(z) = ¢
implies z = e. Any frame homomorphism 4 : M — L has a right adjoint
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h.: L = M, given by h.(y) = VV{zr € M |h(z) < y}. The category of frames
and frame homomorphisms is denoted by Frm. Herrlich and Strecker’s book
Category Theory[28] provides the necessary background on category theory.

0.3 Frames and Topological spaces

We denote the category of topological spaces and continuous maps by Top.
Remember that, for any topological space X, the lattice OX is a frame.
Also, any continuous map f : X — Y induces the frame homomorphism
Of : OY — DX defined by Of(0) = f71O). It is easily seen that this
correspondence defines a functor ©: Top — Frm.

In the opposite direction we have a contravariant functor £ : Frm — Top.
This works as follows: for each frame L, L L is the space of all frame homo-
morphisms £ : L — 2 with open sets £, = {£ € L |£(a) = 1}, and for each
frame homomorphism h : M — L, the associated map Xh : ¥L — ¥M is
given by Sh(€) = o h for each £ € £L. The identity (Eh)™1(E;) = Epq)
shows that £h sends open sets to open sets hence is continuous. XL is called
the spectrum of L, and ¥ is called the spectrum functor. There exist at least
two more ways of describing the spectrum of L, but here we shall use the
above.

The functors ¥ and O are adjoint on the right ([5], proposition 3.2) with
adjunctions iy, : L — OXL and ex : X = ZOX, where 7, is the frame
homomorphism given by 7.(a) = £, and £y is the continuous map defined

by ex(z) = ¥ where
o~ J1 ifze0
x(o)"{o ifz ¢ 0.

A frame L is called spatial iff the homomorphism 7, is an isomorphism while
a space X is said to be sober iff the continuous map €y is a homeomorphism.
Then we have a well-established fact ([5], proposition 3.5) that the functors
9 and ¥ induce a dual equivalence between the full subcategories SpFrm
and Sob, of spatial frames and sober spaces, of Frm and Top respectively.



0.4 Congruences, Nuclei and Quotients

A congruence © on a frame L is an equivalence relation which is a subframe
of L x L. The poset (under set inclusion) of all congruences on L, denoted
by €L is a frame with bottom ALY = {(z,7)|z € L} and top VL = L x L.
In this congruence frame meet is intersection and join is given by the con-
gruence generated by union of congruences on the frame L. This frame has
been studied by many others (Johnstone[32], Frith[24], Banaschewski[5]).
For any frame homomorphism h : M — L, its kernel defined by
ker(h)={(z,y) € M x M |h(z) = h(y) }

is a congruence (ker(h)=(h x h)71[AL], and (h x h)~! preserves equivalence
relations and subalgebras) and any congruence is a kernel of a homomor-
phism.
A nucleus k on a frame L is a map k : L — L which satisfies the following
conditions for any z,y € L:

(i) = <k(z)

(i) z <y = k(z) <k(y)

(iil) k(z A y) = k(z) A k(y)

(iv) k(k(z)) = k(z).
These maps feature in Banaschewski’s[11] look at Tychonoff Theorem. Any
nucleus k on L is associated with a frame Fix(k)={r € L|k(z) = =} and
then an onto frame homomorphism k : L —Fix(k). Also, any congruence
© € €L determines a nucleus kg defined by ke(a) = \/{z € L|(a,z) € © },
and gives rise to a quotient frame L/© in a natural way. Furthermore, L/©
is isomorphic to Fix(©;). '
The following congruences are very important as will be seen in chapter 2.
Foranya € L, V, = {(z,y) | zVa = yVa} is the least congruence containing
(0,a). Any congruence of this form is said to be closed. The corresponding
nucleus is ¢, : L — L defined by 0,(z) = = V a, and the associated quotient
map is 7, : L =1 a, given by 7,(z) = aVz. Nuclei and quotients of this form
are also said to be closed. Then we also have the least congruence containing
the pair (e,a) , given by A, = {(z,y) |z Aa =y Aa}. The corresponding
nucleus a, : L — L is defined by a,(z) = a A 7, and the associated quotient
map A, : L = | a by A.(z) = a A z. Congruences, nuclei and quotient maps
of this form are said to be open.
For any a,b € L, we let O, = ({O|(a,b) € O}, that is, the smallest con-
gruence on L containing (a, b) called the congruence generated by (a,b). For



any congruence © on L we define 81 = {(a,b)|(a,b) € 0, a < b}.

0.4.1 Lemma

For any a,b € L,

(i) Ow=A,NV,iffa<b

(ii) As =0, and V, =6,

(iil) A,AV, = Al and A,VV, = V¥, that is, A, and V, are complementary.
As a consequence of the above, we have the following fact:

For any congruence © on L, © = \/{A, N V| (a,b) € BT}, that is, any
congruence can be expressed in terms of these complements.

0.4.2 Proposition

(i) The map V : L — €L defined by V(a) = V, for any a € L is a
partial order embedding which preserves A and /. In fact V is a frame
homomorphism.

(i) The map A : L — €L defined by A(a) = A, for any a € L is a dual
partial order embedding which takes A to V and \/ to A .

(iii) The correspondence L ~» €L is functorial such that, forany h : M — L,
the frame homomorphism €h : €M — €L takes a congruence on L to
a congruence generated by the image of h X h. Also, Ch(®) < @ iff
® < (h x h)"YO) iff (h x h)(®) < O, meaning (h x h)~! is the right
adjoint of €h.

Now recall that a frame is Boolean if each of its elements has a complement.
Then we have the following characterization:

0.4.3 Lemma
The frame homomorphism V : L — €L is an isomorphism iff L is Boolean.

Proof. (=) Suppose V is an isomorphism, and for any a € L consider
the congruence A,. Then there exists s € L such that V, = A,. Since
(a,e) € A, then (a,e) € V, which means aVs = sVe =e, thatis,aVec=e.
Also, (0,5) € V, implies (0, s) € A, so that s Aa =0 A a = 0. This implies
that s is a complement of a. Hence L is Boolean.

(«<=) Suppose L is Boolean, and consider any © € €L. Then by the remark



just before the above proposition, @ = \/{A, N V,|(a,b) € @ }. Since
L is Boolean then ¢ has a complement a such that A, = V.. Hence
O = V{Veens | (a,d) € OF } = Vygepp =V, where t = \/{aAb| (a,b) € ©F }.
Thus V is onto. Being a partial order embedding, V is one-one and therefore
an isomorphism. O

0.4.4 Lemma

For any a € L,
(i) AavO={(z,9)|(zAa,yNa)€ O}
(i) Vo VO = {(z,9) | (xVa,yVa) €O}

This leads to the following;:

0.4.5 Lemma

(i) Aa VO =(Ae VO
(11)V v(8; = ﬂ(V V@)

Proof. (i) N(A.V &) =N{(,v)|(xAa,yAa)€B;}
={(z,y) | (xAa,yAa) €NO;}
= A, V() ©;
(ii) similar to the above. O

The following familiar construction shall be employed in chapter two.

0.4.6 Lemma

Let L and K be frames, and h : L — K be an onto frame homomor-
phism. Then the map h : L/Ker(h) — K given by h([z]) = h(z) for all
[z] € L/Ker(h) is well defined, that is, [z] = [y] => h([z]) = A([y]). More-
over h is an isomorphism. Furthermore, if ¢ denotes the quotient map, then
Ker(g)=Ker(h) and ho g = h. O



Chapter 1

Basic concepts of connectedness

1.1 Introduction to connectedness and local
connectedness

We study the notion of connectedness and, indeed of particular interest, local
connectedness of a frame. These concepts are defined and accompanied by
some basic results. K7iZ and Pultr[36] study some aspects of connectedness
in coproducts of frames. Our terminology and notation is that of Baboolal
and Banaschewski[l].

1.1.1 Definition

(1) For any frame L, ¢ € L is called connectediff c = avband aAb =0
implies that ¢ = a or ¢ = b for any a,b € L.
(ii) A frame L is called connected iff its top element e is connected.

For a better appreciation of the idea, we look at:

1.1.2 Examples

(1) Any complete chain (totally ordered set) is a connected frame.

(ii) The frame of all open subsets of any connected topological space X is
connected. Moreover, X is connected as a topological space iff OX is
connected as a frame.

(iii) The four-element Boolean frame 4 is not connected.

Remark. The bottom element of any frame is always connected.
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1.1.3 Lemma

In any frame L, an element a is connected iff the top and the bottom of | a
are its only complemented elements.

Proof.(=) Suppose a € L is connected and let u be any complemented ele-
ment of | a. Then 4 V u° = a and u A u° = 0. Since a is connected it follows
that either v = a or u =0.

(<) Given that a and 0 are the only complemented elements of | a, let
a = uVv where uAv = 0. Then by assumption, © = a(v = 0) or u = 0(v = a).
Hence a is connected as asserted. l

As an immediate consequence of the definitions of a connected element and
a connected frame, we have:

1.1.4 Lemma

In any frame L, a is connected iff the frame | a is connected. O

1.1.5 Definition

(i) A frame L is called locally connected iff each of its elements is a join of
connected elements.

(ii) For any frame L and a € L, a (connected )component of a is a maximal
connected ¢ < a.

(iii) A subset S of a frame L is called chained iff, for any a,b € S there exist
to, b1y . by € Ssuchthat a =5, 8 A gy #0forall k=0,1,...,n-1,
and b =t,.

Remark. In general, local connectedness does not imply connectedness.
Consider the four-element Boolean frame 4. It is locally connected but not
connected. In fact, it is known that none of the two concepts imply the other.
See Willard[48], p.198 for a counterexample in a space setting.



1.1.6 Lemma

In any frame L, the join of any chained set S of connected elements is
connected.

Proof. Let ¢ = \/ S and consider any a,b € L such that ¢ = ¢ V b and
aAb =0, Then, for any t € 5,t < a ort < b since t is connected.
Now, suppose there exist u,v € § with ¥ < a and v < b. Then by assump-
tion, there exists tg,%;,...,t, € § for which v = f, tx A tge1 # 0 for all
k=0,1,...,n—1,and v = t,. Here if i is the first index such that ¢; < b
then0 < iand 0 < t;_1Af; < aAb = 0, a contradiction. It follows that ¢t < a
forallt e S ort <bforalltelS, and therefore c=a or c=b, as required.

Remark. In Top, connected components of elements of a space form a
partition. In particular, for any two distinct elements of a given space the
corresponding connected components are either the same or disjoint. This
also motivates the following:

1.1.7 Corollary
In any locally connected frame L, different components of any element of L

are disjoint.

Proof. Let & and ¢ be components of any a € L. If b A ¢ # 0 then
b V ¢ is connected by Lemma 1.1.6 and hence, by maximality of & and c,
b=bVe=c. O

1.1.8 Corollary

In any locally connected frame L, each element is the join of its components.

Proof. For any a € L, consider the set C = {z € L|0 # z < a, z connected}
and put

z ~ y iff there exists a finite sequence 2y, 24, ..., 2, in C such that
T=2zp,zk N2k #0forallk=0,1,...,n~1and y = z,.

It is painless to check that this defines an equivalence relation on C.
Let B be an equivalence class of C. Then B =[2] = {y€ C|ly~ z, 2z € C}.
For any v,y € B, y ~ ¢ hence B C C is chained, and \/ B € C. For any
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such equivalence class B, let z € C and y € B such that z A y # 0. Then
z ~ y and hence £ € B. Since y < ¢ and connected for each y € B, now
\VV B < a and connected hence maximal in C. Thus \/ B is a component
of a. Since L is locally connected, a = \/ C and therefore a is a join of its
components. L]

The following lemma gives a characterization of connectedness of frames in a
corresponding manner to the result that a topological space X is connected
iff each continuous function from X into a discrete space is constant. Here,
the relevant comparison frame is the Boolean algebra 4.

1.1.9 Lemma

A frame L is connected iff each homomorphism 4 — L factors through the
unique homomorphism 2 — L.

Proof.(=>) Let a,b € 4 such that a,b# 0 or e. Then for any h:4 — L,
h(a)Vh(b) = e and h(a) Ah(b) = 0, hence h(a)=e or h(b)=e so that defining
h:4— 2by h(a) =1 or h(a) = 0, gives the desired factorization.

(<) IfuVov=-¢eand uAv =0 we obtain h: 4 — L by letting h(a) = u
and h(b) = v, and since this factors through 2 — L we must have u = e or

v == ¢ 80 that L is connected. O

Though simple, the next lemma is quite useful in this study, and its utility
will be exhibited in several important subsequent results.

1.1.10 Lemma

Any dense frame homomorphism h : M — L reflects connected elements.

Proof. Let ¢ € M with h(c) connected. If ¢ = aV b and a A b =0 then
h(c) = h(a) V h(b) and h(a) A h(b) = 0, hence h(c) = h(a) or h(c) = h(b),
that is, h(a) = 0 or h(b) = 0. Since h is dense, a = 0 or b = 0 so that c=qa
or c=b. Therefore c is connected. O

Remark. It is then evident that any dense frame homomorphism with a
connected codomain has a connected domain. However, not every homomor-
phism that reflects connected elements is dense:



Counterexample. Define 4 : 3 —» 2 by h(zr) = eif z = e or h(z) = 0 if
z =g or £ =0. Then h is a connectedness-reflecting frame homomorphism
which is not dense (h(a) = 0 but a # 0).

1.1.11 Lemma

Any dense onto homomorphism h : M — L whose right adjoint preserves
disjoint binary joins preserves connected elements.

Proof. Given any connected c € M,let h(c) = aV band a A b = 0. Then by
hypothesis hh(c) = ho(a) V he(b) and h.(a) A ha(b) = h(0) = 0. Now since
¢ < h,h(c) we have ¢ = (¢ A h.(a)) V (¢ A k(b)) and hence c=cAh(a)or
¢ = ¢ A h(b). Then it follows that h(c) = a or h(c) = O

We now turn to the dual notion.

1.2 Coconnectedness
In this section, we define coconnectedness and prove some basic facts con-

cerning it. Some of the facts obtained here will be used in chapter 4 to
establish results on complement closed subframes.

1.2.1 Definition

In any complete lattice L, an element a is called coconnected iff a = b A ¢
and bV ¢ = e implies a = b or ¢ = c.

Remark. In any frame, an element a is coconnected iff T a is connected.
By dualizing Lemma 1.1.3, we obtain the following:

1.2.2 Lemma

In any frame L, an element a is coconnected iff the top and the bottom of
1 a are its only complemented elements. O

10



1.2.3 Lemma

In any frame L, the pseudocomplement of any connected element
s coconnected.

Proof. Suppose a € L is connected and let o* be its pseudocomplement.
Consider the frame homomorphism h : 1 a* — | a given by h(z) = z A a for
all z > a*. If h(z) =0, that is, z A ¢=0 then by definition of ¢* we have
z < @*. Already z > a*, thus z = o* which implies that A is dense. Since
a = h(e) is connected then by Lemma 1.1.10 e is connected, thus 1 a* is
connected and therefore a* is coconnected. O

Motivated by the above lemma, we also have:

1.2.4 Lemma

In any frame L, the pseudocomplement of a coconnected element
18 connected. O

Next, we see that more is true:

1.2.5 Lemma

The complement of any complemented coconnected element of a frame is
connected.

Proof. Let a be a complemented coconnected element of a frame L. We
show that «¢ is connected. Consider the frame homomorphism h : 1t a —| a°
defined by h(z) =z A a® for all z €1 a. It is readily seen that h is one-
one. For h onto: Take any u €] o and put y = vV a. Then y €t a and
u=uV0=(uAe)V(eAa®)=(uVa)Aa*=yAa®=h(y).Inall, his an
isomorphism. Since @ is coconnected, 1 a(= ] a¢) is connected and therefore
a® is connected. O

Remark. It should also be noted that the complement of any complemented

connected element of a frame is coconnected (this is simply because the frame
homomorphism A :| a —1 a° given by h(z) = z V a is an isomorphism).

11



1.2.6 Lemma

The right adjoint of any frame homomorphism preserves coconnected ele-
ments.

Proof. Let h : M — L be a frame homomorphism and ¢ € L a cocon-
nected element. Then define g : 1 h,(a) =1 a by g(z) = a Vv h(z) for each
z > hy(a). That g is a frame homomorphism rests on the fact that & is.

We show that g is dense: Suppose g(z) = a for some z > h,(a). Then
aV h(z) = a which implies k(z) < @, and thus, by the properties of k., we
have z < h,h(z) < h(a). Hence z = h.(a), and therefore g is dense. Now,
since 1 a is connected, then, by the density of g, 1 h.(a) is also connected.
Therefore h.(a) is coconnected. O

1.2.7 Definition

(i) For any subset P of a frame L, a and b are called cochained in P
iff there exists t;,1s,...,t, in P such that ;, = a, ; V t;,; # e for all
1=1,2...,n—1andt, =b.

(i) P is called cochained iff any two of its elements are cochained.

Note that being cochained is an equivalence relation.
(iil) The corresponding equivalence classes are called cochain components.

1.2.8 Lemma

The meet of any cochained set of coconnected elements of a frame
18 coconnected.

Proof. Let P be a cochained set of coconnected elements of a frame L, and
put a = A P. Takeany b,c € LwithbAc=aand bV c=e. Thent > afor
anyt € P. Sincet € P, t is coconnected so b < ¢ or ¢ < t. Now suppose there
exists u,v € P such that b < u and ¢ < v. Since P is cochained, v and v are
cochained in P, so there exists i, ¢, ...,t, € S such that u =g, txVige #e
forall kK =0,1,...,n—1and v = t,. So we have b < {3 and ¢ < t,. Let 7 be
the first index such that ¢ < ¢;. Theni >0 ande > ¢, ;V; > bVec=c¢,
which says e > e, a contradiction. Then ¢t > bfor allt € Port > c for
all t € P. Since a = A P, it follows that a = b or ¢ = ¢. Therefore a is
coconnected. O
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1.3 Relative local connectedness

A topological space X is called locally connected in another topological space
Y iff there is a basis of Y such that ONX is connected for every basic open set
O. In his paper [23], Fox encompasses these spaces. Here we briefly study the
notion of relative local connectedness of a frame which was first introduced
by Siweya[40] (he calls it “local connectedness with respect to along”) as a
point-free version of that of Fox.

1.3.1 Definition

Let h : M — L be a frame homomorphism. Then L is said to be locally
connected relative to h iff there is a basis B of M such that h(b) is connected
for each b € B.

1.3.2 Lemma

Any frame which is locally connected relative to an onto frame homomorphism
is locally connected.

Proof. Let h : M — L be an onto frame homomorphism with L locally
connected relative to h. Take any a € L. Then a = h(z) for some z € M.
Also, £ = \/,.p b where B is the basis of M for which k(b) is connected for
all b € B. Hence a = h(\ 5 b) = V,.p h(b) with A(b) connected since L is
locally connected relative to h. Therefore L is locally connected. O

1.3.3 Lemma

Any domain of a dense frame homomorphism whose codomain is locally con-
nected relative to the homomorphism is locally connected.

Proof. Let h : M — L be a dense frame homomorphism with L locally
connected relative to h. Consider any z € M. Then z = \/,. b for the given
basis B of M. Since L is locally connected relative to h, h(b) is connected.
Being dense, h reflects connectedness and hence b is connected. Therefore
M is locally connected. 1
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1.3.4 Proposition

Let h : M — L be a dense, onto frame homomorphism and L be locally
connected relative to h. Then h preserves connected elements.

Proof. Let h : M — L be a dense frame homomorphism with L locally
connected relative to h, and @ € M a connected element. We show that
h(a) is connected. Suppose h{e) = £V y and z Ay = 0. Then there is a
basis B of M such that a =/, b with h(b) connected. Since h is dense, by
Lemma 1.1.10, it reflects connected elements so b is connected. Then we have
h(a) =z V y = V,ep h(b) which implies h(b) < z V y. Since z A y =0 and
h(b) is connected, we deduce that h(b) < z or h(b) < y hence b < h.(z) or
b < h.(y). Taking joins over all such b yields a = \/, .5 b < hu(2) V h,(y) and
because h, preserves meets h,(z) A h,(y) =0. Since a is connected, a < h,(z)
or a < h,(y). Suppose a < h,(z). Then h(a) < z and we already have
z < h(a) thus h(a) =z, and y = yA(x Vy) = yAh(a) =y Az =0. Hence
h(a) is connected. O

Remark. The above result is a partial converse of Lemma 1.1.10.
Under the same hypothesis the following result was proved in [40].

1.3.5 Theorem

(i) h. preserves disjoint binary joins.
(ii) h. preserves and reflects connected components. O

By combining Lemmas 1.3.2, 1.3.3 and Theorem 1.3.5 we get the following:

1.3.6 Proposition

Let h : M — L be a dense, onto frame homomorphism. Then L is locally
connected relative to h iff M and L are locally connected and the right adjoint
of h preserves disjoint binary joins. O

Compactifications will be discussed in chapter 3, but for now recall that a
compactification h : M — L of a frame L, with the right adjoint h,, is perfect
with respect to a € L if h,(aV a*) = h.(a) V h,(a*), and (M, h) is a perfect
compactification of L if it is perfect with respect to every element of L ([2]).
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As an example of the above proposition, a compactification of a frame is
relatively locally connected iff it is perfect and its domain and codomain are
locally connected.

We observe that the equivalence in the above proposition still holds when
local connectedness of the codomain is dispensed.

1.3.7 Proposition

Let h : M — L be a dense onto frame homomorphism. Then L is locally
connected relative to h iff M is locally connected and the right adjoint of h
preserves disjoint binary joins. O

The above characterization of a relatively locally connected frame can be
expressed without mentioning the right adjoint of the homomorphism as
follows:

1.3.8 Theorem

Let h : M — L be a dense, onto frame homomorphism. Then L is locally
connected relative to h iff M is locally connected and h preserves connected
elements.

Proof. (=) By Lemma 1.1.11 and Theorem 1.3.5.

(<) Suppose M is locally connected and h preserves connected elements.
According to the above proposition it suffices to show that h,(z V y) =
h.(z)Vh,(y) for any =,y € L with zAy = 0. Always h,(z)Vh.(y) < h.(zVy).
Since M is locally connected, we can write h,(z V y) = V ¢ for connected
elements ¢ € M. Then hh,(z V y) =V h(c) so that z V y = \/ h(c), a join of
connected elements. '

Let d be one of the the ¢’s above. Then h(d) = (h(d) A z) V (h(d) A v) and
(h(d) Az) A (h(d) Ay) = 0, which implies h(d) = h(d) Az or h(d) = h(d) Ay
< h(d)<zorh(d) <y < d< hz)ord < h.(y) = d < h.(z)Vh.(y).
Thus h,(zVy) < h,(z)Vh,(y) and hence h,(zVy) = h,(z) Vh,(y). Therefore
L is locally connected relative to h. O

We close this section by mentioning that, as Siweya[40] remarks, relative local

connectedness is also useful in the construction of uniform spread completions
studied in [41].
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Chapter 2

Closed homomorphisms and
Chen-connected congruences

2.1 Introduction

In this chapter we study closed homomorphisms and Chen-connected congru-
ences. As frame counterparts of closed continuous functions between spaces,
closed frame homomorphisms turn up in works of Dowker-Papert[21], Pultr-
Tozzi[39] and Chen[16]. In[18], Chen studies a stronger version of these,
namely stably closed homomorphisms. Here, we define and characterize
closed homomorphisms in terms of closed congruences and look at some of
their general properties. In addition, we study basic properties of congru-
ences needed later in the chapter. Moreover, we show that connectedness of
a congruence as an element of a congruence frame is not equivalent to con-
nectedness of a congruence in the sense of Chen [16, 17]. Thus, we introduce
the term Chen-connected for the latter and investigate the idea. The em-
phasis in the last section lies on open congruences and weak locale quotient
morphisms, where Li[37]’s work is presented in a slightly different way.

2.1.1 Definition

A frame homomorphism h : M — L is closed iff h,(h(z) V z) = z V h.(2) for
any z € M,z € L.

Remark. In the above definition, if & is the inclusion map then M is called
a closed subframe of L.
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2.1.2 Lemma

A frame homomorphism h : M — L is closed iff h(z) < h(y) V z implies
z<yVhz) forz,y € M and z € L.

Proof.(=) Suppose h is closed and h(z) < h(y)Vzforz,y € M and 2z € L.
Then z < h.h(z) < ho(h(y) V 2) = y V hi(2), that is, z < y V h.(2).

(<) Suppose that h(z) < h(y) V z implies £ < y V h.(z) for z,y € M and
z € L. Then, for any u € M with u < £V h.(2), we get h(u) < hh.(2) V h(z)
hence u < h,h(u) < h.o(h(z)Vhh.(z)). Since h, preserves order and hh,(z) <
z, then u < h.(h(z) V hh.(2)) < ho(h(z) V 2). Thus £V h,(2) < h,(h(z) V 2).
Conversely, if h(z) < h(y) V z implies £ < yV h.(2) for z,y € M and 2 € L
then the set {a € M |h(a) < h(z) vz} C {a € M|a < h.(2) Vz}. Thus
V{e € M|h(a) < h(z) vz} < V{a e M|a < h2) Vz} < h(2) V z, that
is ho(h(z) V 2) < h.(2) V z. Therefore h,(h(z) V 2) = h.(2) V z, meaning h
is closed. o

2.1.3 Theorem

A frame homomorphism h: M — L is closed iff (h x h)™H(Va) = Vh,(a) for
each V, € CL.

Proof. First we show that it is generally true that (h X h)™1(V,) > Vi (a).
For any (,y) € Vh,(a), we have £Vh,(a) = yVh,(a) hence h(z)Va = h(y)Va
which implies (z,y) € (b X h)~(V,). Thus Vi, (o) < (h X h)"H(V,).

(=) Suppose h is closed and let (z,y) € (h X h)"*(V,). Then h(z) Va =
h(y) V a, and hence, by the closedness of h, = V h.(a) = y V h.(a), which
implies that (z, y) € Vi, (s). Hence (hxh)™1(V,) = Vp, () for each V, € €L.
(<) Suppose (h x h)™1(V,) = V() for each V, € €L. We show that A is
closed. Since h(h.(h(z) Vy))Vy = h(z) Vy for any z € M,y € L, we have
(he(h(z) VY), ) € (h X B)"(V,) = V). Hence ho(h(z) Vy) =z V h.(y).
Therefore h is closed, as desired. O
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2.1.4 Lemma

For any frame homomorphism h: M — L,

(i) Ch(AY) = A, for each AY € M.
(i) €h(V3T) = Vi, for each V3! € €M.

Proof. (i) Recall that €h(AM) = ({© € €L | (h x h)(AM) C O}

First we show that (h x h)(A1) C Ag, @ Let (z,y) € (h x h)(A}Y), then
(z,y) = (h(s), h(t)) for some (s,t) € AM. For such (s,t), sAa=1tAa a.nd
hence h(s) A h(a) = h(t) A h(a). Therefore (z,y) = (h(s),h
Secondly, we show that ® D AL  for any @ € €L with (h x h)
It is sufficient to show that (h( ) e) € ®. Trivially, (h(a),e) = (h h)(a e)
and (a,e) € AM, thus (h(a),e) € (h x h)(AM). Hence (h(a),e) € ®.

Note that these two steps show that Af, is the smallest congruence on L
containing (h x h)(A}). Hence €h(A}) = Af, for each A}Y € M.

(i1) Similar to (i). O

~~ ‘
v

2.1.5 Lemma
If h: M — L ts an onto frame homomorphism then so 1s €Ch : €M — €L.

Proof. Suppose h : M — L is onto and let ® € €L. Then ¢ = \/(A, N V)
for some (a,b) € ®*. Recall that (a,b) € ®* means (a,b) € ® with a < b
in L. Since h, preserves order, h,(a) < h,(b) and thus (h.(a), h.(b)) €
Ah.(a) N Vh,m)- Now define © = V(Ah.(a) n Vh.(b)) in €M for such a and b.
Then Ch(©) = Ch(V(An.(a) N Vh.)))

=V Ch(An.(a) N Vh.(p))

V(€h(An.(a) N CA(Vh. (1))

V(Akha(a) N Vin o))

Viapea+(Ba N Vb) (h is onto)

‘I>

Therefore €h is onto as asserted. O
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2.1.6 Theorem

Leth: M — L and g: L — K be frame homomorphisms.
(i) If h and g are closed, then g o h is closed.

(i) If g o h is closed and g is one-one, then h is closed.
(iti) If g o h is closed and h is onto, then g is closed.

Proof. (i) Suppose g and h are closed and let (a,b) € (go h % go h)™1(V,)
for any V, € €K. Then, ((g o h)(a), (9o h)(b)) € V.

= g(h(a)) VI = g(h(b)) Vz

= g.(9(h(a)) V 2) = 9. (9(h(})) V 2)

= h(a) V g.(z) = h(b) V 9.(z)

= hi(h(a) V 9.(2)) = hu(h(b) V 9.(2))

= aV hg.(z) = bV h.g.(1)

fol (a, b) € Vh.g,,(a:)-
Thus (goh x go h)™H(V;) C Vi,g.(z)- The other inclusion always holds, and
therefore g o h is closed.

(i) Suppose g o h is closed and g is one-one. Then the latter implies that
(9 x9)" (Vyy) € V. Conversely, for any (c,d) € V,, we have cVy = dVy,
and thus g(c) V ¢(y) = g(d) V g(y) which implies that (g(c), 9(d)) € V).
Hence (c,d) € (g x 9)"Y(Vg(y)), and therefore V, C (g % g) (V@)
This establishes that ¥V, = (g x ¢)™ (V)
Now, (h x h)"(V,) = (h x h)7*(g % 9) " (V)

=(goh x goh) ™ (Vyy)

= Vh.g.(s(»))

= Vi)
The last step since y < g,9(y) by definition of right adjoint and g.g(y) <y
again by definition of g, and the assumption that g is one-one. Thus h is
closed.
(iii) Suppose g o h is closed and h is onto. Then, by the above lemma, €h is
onto, thus (€h)o(hx h)™! =ider. Also (hxh)to(gxg)(Vs) = Vg (s for
each V, € €K since goh is closed and then (€h)o(hx k) to(gx g)"}(V,) =
(€h)o(Vh.g.(z))- Hence (9% 9)""(Vs) = Vi gu(z) = V. (z) for each V; € €K.
Therefore g is closed. O
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2.1.7 Theorem

A quotient frame homomorphism q : L — L/© is closed iff © is closed.

Proof.(=>) Suppose g is closed. Then ¢,¢(a) = aVg¢.(0) for any a € L. Hence
© = ker(q) = {(z,9)| ¢:4(z) = ¢a(¥)} = {(z,9)|zV &(0) =y V& (0)} =
Va.(0), Wwhere z,y € L. Therefore O is closed.

(<) Given that O is closed, then ® =V, forsomez € L. Let ¢g= (—) V2 :
L — 1 z. Then, by definition of right adjoint, ¢, is the inclusion map 1 =z — L.
For any a € L, such that a €1 z, one gets q.(¢(a) Vb) = qu(aVzZ VD) =
aVb=aV q(b). Therefore q is closed. O

2.1.8 Lemma

Let L be a frame. Then for anya, b€ L,
(i) Vo< Apiffand=0
(i) A, < Viffavb=e.

Proof. (i) (=) Suppose V, < A, and take (0,2) € V,. Then (0,a) € A,
which implies 0 = 0Ab=aAb.

(<) Suppose a Ab = 0 and let (z,y) € V, then £V a = yV a so that
(zVa)Ab= (yVa)Aband consequently z Ab =y Ab. Therefore V, < A;.
(ii) (=) Suppose A, < V, and take (a,e) € A,. Then (a,e) € V,;, which
means aVb=eVb=e.

(<) Given that a Vb = e, let (z,y) € A, then z Aa = y A a so that
(zAa)Vb = (yAa)Vb and hence (zVb)Ae = (yVb)Ae, that is, zVb = yVb.
Therefore A, < V. O

2.1.9 Lemma

For any family {A,|a € I} of open congruences on a frame L and an arbi-
trary congruence © on L, © N|J,c; Do = Uy (O N A,).

Proof. This simply holds by set theoretic properties of intersection and
union. M

Replacing intersection with join and union with meet in the above lemma
yields the following result which appears in [3]:
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2.1.10 Lemma

For any family {A.|a € I} of open congruences on a frame L and an arbi-
trary congruence © on L, OV A o, As = N (O V Ay).

Proof. For any (z,y) € Ay (©V Ay), (z,y) € OV A, for each e € I and
hence by an earlier result, we get (z Aa,yNa) €O forallae ]

= (VzAa,VyAa)€O

= (tAVa,yA\a) €O

= (£,y) €OV A,L,=0VAA,

= (z,y) € OV A A,.

Hence A ;(OV D) SOV A Aa.

Conversely, © V A e; Qs < OV A, for each a € I which implies that
OV Auecr 2o S AOV A,). Therefore OV A o, As = A, (OV A,). 0

2.1.11 Proposition

If two families {©;|i € I} and {A,, |i € I} of congruences on a frame L
satisfy the following conditions:

() A{@iliel}=A{Aqlicl},

(ii) O;ve; =V (14 7),

(i) 8; < A,, foralliel,

then ©; = A, foralli € I.

Proof. Forany j €I, ©; = (A{©:|t € I})VO; (by the above lemma)
(MAli € IHVE;  (by(i))

/\ieI (s, vV ©y)

= A, VO;. ( by (i) and (iii) combined)

This implies A,; < ©;. By (iii), ©; < A,;. Thus A, =©; forallie I. O
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2.2 Chen-connected congruences

First we give the two known definitions of a connected congruence, and then
immediately establish that the two definitions are not equivalent.

2.2.1 Definition

(i) As an element of a congruence frame €L, a congruence © is connected iff
O=0VvVPand PAV =A implies © =P or®@ =V for &,V € €L.

(i1) A congruence G on a frame L is called connected iff L/O is a connected
frame (Chen[16]).

Remark. The first definition above corresponds directly to that of a con-
nected element of a frame (Definition 1.1.1) and hence seems to be more
natural than the second one. The later is due to Chen and involves a quo-
tient frame, however it has the following quotient-free equivalence which is
often used (see for example Chen[16] and Baboolal[3]).

2.2.2 Lemma

A congruence @ on a frame L is connected (in the sense of Chen) iff Agyy <
©,Vony <O tmply A, <O orV, <0, foranyz,y € L.

Proof. A congruence O is connected iff L/O is connected iff

Ole] = Bla] v B[] and B[a] A B[b] = O[0] imply B[a] = B[0] or B[b] = B[0]
iff ©le] = Bla V b] and Bla A b] = O[0] imply B[a] = B[0] or B[b] = B[0]
iff (aV be) € © and (a A b,0) € 6 imply (0,a) € © or (a,e) € O, iff
Aavy O, Vop <O imply A, <O or V, <06, for any a,b € L. 0

Observation. The above two definitions of a connected congruence are not
equivalent:

Consider the four-element Boolean frame 4 and recall the fact that the frame
homomorphism V : L — €L is an isomorphism iff L is Boolean. Then 4 is
isomorphic to €4. Since 0 € 4 is connected then so is Vy in the sense of
Definition 2.2.1(i). We claim that V; is not connected in the sense of Chen:
Let  and y be the non-trivial elements of 4. Then clearly V 5, < Vp and
Dgvy < Vo but V, £ Vo and A, £ V. Hence Vy is not connected in the
sense of Chen. O
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Remark. It is now necessary to rename one of the above concepts of con-
nectedness of a congruence. Hereafter,

2.2.3 Definition

A congruence © is Chen-connected iff L/© is a connected frame.

2.2.4 Definition

Let © be a congruence on a frame L. Then V, is called the closure of ©
(denoted by ©) iff a is the largest element such that (a,0) € ©.
Note that © =V, < ©.

Remark. (i) Recall that every congruence © on a frame L determines a
nucleus on L defined by ke(z) = \/{y € L|(z,y) € ©}. Then, in the above
definition, a = ke (0) for the associated nucleus ke.

(i) As an immediate consequence of the definition of a pseudocomplement
a* of any a € L and that of a closure of a congruence, we get A, = V..
(iii) The frame homomorphism ¢ : L/© — L/© defined by g(©[z]) = ©[x]
for any = € L, © € €L is dense: Suppose g(6[x]) = ©[0]. Then 8[z] = B[0].
It follows that (z,0) € © hence z < a, where © = V,, and thus z € ©[0].
Since © is an equivalence relation, it follows that ©[z] = ©[0]. a

2.2.5 Proposition

Let (8;)icr be a family of C_hen-connected congruences on a frame L. If there
exists an ig € I such that ©;V ©;, # V or ©; VvV O, # V for all i # iy then
A ©; is Chen-connected.

Proof. Suppose that Azvy < A©; and Vipy < AS;. Then A,y < 65
and V;,, < ©;, and hence, by Chen-connectedness of O,,, we have either
Ay, < 09;,0rV, <6, Assume A, < O;, and take any ¢ # 4. If V, < ©;
then V, < ©;: To see this, let ©; = V, where a = \/{x € L|(0,z) € ©;}.
Since (0,z) € V, < ©;,(0,z) € ©; hence z < a and thus V, < V,.

Now we have V=A, VvV, <O;,VV, =6,V 6;, therefore V = ©,, vV ©;
contradicting ©; V ©;, # V. Thus A, < ©; for all i # iy which implies
A; < A©;. Similarly, if V, < 6;, then V,; < ©; for all ¢ # %, otherwise
A, < ©; which leads to the same contradiction. Thus we get V, < A 6; and
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therefore A ©; is Chen-connected. 0

Remark. The above proposition corresponds to the result in general topol-
ogy which says that the union of a family (A4;); of connected subsets of a
topological space is connected provided that there exists an index iy € [
such that A;, is not separated from A; for all ¢ # ¢5. (Two subsets A and B
of a space X are (mutually) separated iff ANB = @ = BN A). For more on
this concept see Kelly[34], p.54 or Willard[48], p.192 .

2.2.6 Lemma

For any frame L, L/A, is isomorphic to | a for each a € L.

Proof. Define the frame homomorphism o : L —| a by h(z) = z A e
for all z € L. Then for any z €] a,z = = A a so h is onto. Moreover,
ker(h) = {(u,v) € LxL|h(u) = h(v)} = {(u,v) € LxL|uAe = vAa} = A,.
Consider the following factorization of h:

L —% L/ker(h) —— la

where h([z]) = h(z) for z € L. By Lemma 0.4.6, it follows that A is an
isomorphism and therefore L/A, £| a. O

Remark. Dually, L/V, &1 a.

2.2.7 Proposition

For any frame L,

(i) A, is Chen-connected iff a € L is connected.
(i) If © € €L is Chen-connected then © is Chen-connected.
(iii) V, is Chen-connected iff a € L is coconnected.

Proof. (i) We employ the above lemma. Note that ¢ € L is connected iff | a
is connected iff L/A, is connected iff A, is Chen-connected.

(ii) Suppose © is Chen-connected. Then by its denseness, the frame homomor-
phism L/© — L/© reflects connectedness. Therefore © is Chen-connected.

(iii) similar to (i). O
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2.2.8 Lemma

(1) Ifa € L is connected, then V,« is Chen-connected.
(ii) For any frame homomorphism h: M — L, if © € €L is Chen-connected
then (h x h)~1(0) is also Chen-connected.

Proof. (i) Suppose a is connected. Then by the above proposition A, is
Chen-connected, and hence so is Vg = 4A,.

(ii) Suppose Vzny < (A X h)7'© and A,y < (b x h)7'O for any z,y € M.
Then Ch(Azry) < Ch(h x h)71O and €h(A,y,) < €h(h x h)~1O. By lemma
2.1.4, Viaynnty < Chih x k)10 < © and Apavag) < Ch(h x h)~10 < ©.
Since © is Chen-connected, it follows that V) < © or Apy) < © in CL.
Applying (hx h)~! to these inequalities yields: (Ax k)™ (Vi) < (hxh)™1O
or (h x h)"Y(Apm)) < (h x h)~1O. It follows directly from the definitions of
these congruences that V, < (h x k)™ (Vi) or Az < (b x h)"H(Ang))
and hence V, < (h x h)™'© or A, < (h x h)71©. Therefore (h x h)™1O is
Chen-connected. O

Remark. The above proof of part (ii) is different from that of Chen[16).
Ours involves the characterization of a Chen-connected congruence, and
Chen’s argument rests on the fact that M/(h x h)~1(©) — L/O is a dense
embedding.

Recall the definition (1.2.7) of cochained elements of a subset of a frame.
Now we apply this definition to the specific case of a congruence frame as
follows:

Let K be any set of congruences on L. Then, we define an equivalence re-
lation ~ on K such that, for a, 8 € K, a ~ g iff @ = S or there exists
o, - - -5 in € K for which o = pg, pp V pig1 # Viorallk =0,1,...,n -1,
and p, = . If o ~ 3, we say that « is co-chained to § in K. Moreover, K is
called co-chained iff for any o, 8 € K, « is co-chained to S in K.

2.2.9 Lemma

In any frame L, the meet of any co-chained set K of Chen-connected congru-
ences 1s Chen-connected.

Proof. Suppose v = AK with Ay, < 4, Vzy £ 4. Then for each
u€ K, v < phence A, < g or V, < pu. Suppose there exists ¢, 5 € K such
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that A, < a, V, < . Since K is co-chained, there exists ug, ti1,..., 14 € K
such that ug = a, pr Ve # Viork=0,1,...,n—1, and py, = . If i is
the first index such that V, < u;, then 0 <iand V=A, vV Vy < ;1 V ps,
a contradiction. It follows that A, < p forall p € Kor V, < u for all
i € K, and therefore A, < v or V, <+ so that v is Chen -connected. O

2.2.10 Definition

Let L be a frame. Then for a,b € L define b < a iff there exists a Chen-
connected congruence © on L such that A, < 8 < A,

2.2.11 Lemma

For any connected b < a in a frame L, b<a.

Proof. Any connected b < a implies A, < A with Ay Chen-connected. O

2.2.12 Lemma

Let L be a frame and a € L. If a = \/{b € L|b < a} then a is a join of
connected elements.

Proof. Let A, ={be L|b<a} and
K = {0 € €L | © Chen-connected, A, < O < Ay, be A}

On X, we apply the equivalence relation ~ described above, and let B be the
set of all equivalence classes associated with the relation. Then by its defini-
tion, each equivalence class ® € B is co-chained, and hence, by Lemma 2.2.9,
A\ @ is Chen-connected. Also, for any &, & € B such that ® # &', we get
(A®)V (A P) = V because of the definition of ~ and the fact that A ® € &
(® is closed under meet). Now, for ® € B, let k(®) = \/{b € Aa| AP < Ay}
Take (c,d) € A ®. Since A® < A, for all b, then cAb=d Ab for all b and
hence cA Vb = d A\ bso that (c,d) € Ayp = Ayg). Thus AP < Ay
From the definitions of a and k(®) above, we get a = \/{k(®) | ® € B}. Then
it follows that A, = A{A ®|® € B} = A{Aks) | ® € B} since, as a map, A
sends joins to meets. Then by Proposition 2.1.11 we have A ® = Ags) for
each ® € B, and hence k(®) is connected. Thus, from a = \/{k(®)|® € B}
we deduce that a is a join of connected elements. O

26



2.2.13 Corollary
Ifa=\{beL|baa} for any a € L then L is locally connected.

Proof. Suppose a = \/{b € L|b < a} for any a € L. Then by the above
lemma, a is a join of connected elements. Thus L is locally connected. [

2.3 Open congruences and local
connectedness

As elements of a congruence frame, open congi‘uences are special elements.
As seen in the above two sections, they feature in the general study of con-
nectedness. Here they turn up in our brief look at weak locale quotient
subframes which correspond to weak locale quotient morphisms studied by
Li[37]. We also give a characterization of a locally connected frame in terms
of connected open congruences.

2.3.1 Definition

A subframe M of a frame L is called a weak locale quotient subframe iff
any complemented congruence @ € €M is open whenever the congruence
generated by © on L, €i(©), is open. Here : is the inclusion map M « L.

2.3.2 Lemma

For any frame homomorphism h, €h preserves complemented congruences.
Proof. €h is a frame homomorphism. O
When adapted to the corresponding one-one frame homomorphism

h : M — L, this concept of a weak locale quotient can be characterized in
terms of closed congruences as follows:
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2.3.3 Lemma

A one-one frame homomorphism h : M — L is a weak locale guotient ho-
momorphism iff each congruence ©® on M which is complemented in €M is
closed in €M provided that €h(©) is closed in €L.

Proof. (=) Suppose h is a weak locale quotient homomorphism and let
€h(0©) be closed in €L for any © € €M with ©° € €M. Then (€h(O))° =
Ch(©¢) is open, so that by the property of h, ©°¢ is open. Hence © is closed.
(<) Suppose each congruence © on M which is complemented in €M is
closed whenever €h(©) is closed in €L. Consider the one-one frame homo-
morphism h : M — L. If €h(®) is open then (Ch(©))° = Ch(O°) is closed.
By hypothesis, ©°¢ is closed hence © is open. Therefore h is a weak locale
quotient homomorphism. O

2.3.4 Definition

A subframe M of a frame L is called an equalizer in L iff
M = {z € L|g(z) = h(z)} for some frame homomorphisms g,k : L — N.

2.3.5 Proposition
Any equalizer subframe is a weak locale quotient subframe.

Proof. Let M be an equalizer subframe in L for some frame homomorphisms
g,h: L — N and © a complemented congruence on M with ©°¢ € €M such
that €i(©) = A, for some a € L and the inclusion map i : M — L. Then
go 1= ho i. By Lemma 2.1.4 we have Ay, = €g(A,), for a € L. Since ©
is complemented, it suffices to show that a € M.

Now, Ay = Cg(A,) = Cg(Ci(O)) (by hypothesis)

= €(g o ¢)(O) (€ is functorial)
= €(ho i)(O) (9o i =ho 1)

= Ch(Ci(©)) (€ is functorial)

= Ch(A,) (again by hypothesis)
= Ap(a) (by Lemma 2.1.4)

that is, Aya) = Ap(e) Which implies g(a) = h(a) since A : N — €N is one-
one. Thus a € M. Consequently, © is open in €M and therefore M is a weak
locale quotient subframe. O
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We now appeal to open frame homomorphisms.

2.3.6 Definition

A frame homomorphism h: M — L is open iff h*(h(z) Ay) = z A h*(y) for
its left adjoint A* : L - M, z € M and y € L.

2.3.7 Lemma

A frame homomorphism h : M — L is open iff one of the following equivalent
conditions 1s satisfied:

(i) h(x — y) = h(z) — h(y) for z,y € M.

(il) ho(y — h(z)) =h*(y) — z forc € M and y € L. O

Joyal and Tierney[31] proved the above result, and it was later used to es-
tablish the next theorem by Chen[16], where like with closed ones ( Theorem
2.1.3), open homomorphisms are related to open congruences in a nice way:

2.3.8 Theorem

A frame homomorphism h : M — L is open iff (h x h)"1(A,) = Ape(q) for
eacha € L.

Proof. First, we show that in general Ap.(q) < (h x h)~!(A,): For any
(z,y) € Ape(a) we have z A h*(a) = y A h*(a)

— h(z) A hh*(a) = h(y) A hh*(a)

= h(r) Aa=h(y)Aa (since a < hh*(a))

= (h(z),h(y)) € Aq

= (z,y) € (h x h)"1(A.), and hence Ap-() < (h X h)"H(A,).
(=) Suppose h : L — M is open. We show that Ap.q) > (hxh)"1(A,). Take
any (z,y) € (hx h)"Y(A,). Then (h(z), h(y)) € A, which implies h(z) Aa =
h(y)Aa so that h*(h(z) Aa) = h*(h(y)Aa). Then zAR*(a) = yAh*(a), which
implies (z,y) € Aps(a). Thus (h X h)71(A) < Ape(s) and hence equality.

(<) Suppose (h X h)y ™1 (A;) = Ape(q) for each ¢ € L. We show that h
is open. Since h(h*(h{z) A ¥)) Ay = h(z) A y then (h*(h(z) A y),z) €
(h x h)"Y(Ay) = Aps(y) which implies h*(h(z) A y) A h*(y) = = A h*(y) and
hence h*(h(z) A y) = z A h*(y). Therefore h is open. (]
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Remark. Note that the above argument is different from the one given by
Chen[16], but similar to that of a closed version in Theorem 2.1.3.

2.3.9 Theorem
A quotient frame homomorphism q: L — L/© is open iff © is open.

Proof. (=) Suppose q is open. Then for any z € L, we have ¢*¢(z) =
¢*(a(z)Ae) = zAg*(e). Hence © = ker(q) = {(u,v) € LxL|q*q(u) = ¢"¢(v)}
={(u,v) e L X LiuAg*(e) =vAg(e)}
= Age(e)-
Thus © is open.
(<) If © is open then ©® = A, for some a € L. Define ¢ : L —| a by
g(x) = z A a. At this point, note that we employ the fact L/A, is isomorphic
to | a. Then ¢* is just the inclusion | ¢ — L. Now, for any z € L and
y€la, ¢*(g(z)Ay) = ¢*(xNaAy) = ¢ (zAy) = 2 Ay = 2 A¢*(y). Therefore
¢ is open. O
For the next proposition we require, among other facts, the following result
which is due to Vermeulen[42]. We state it without a proof.

2.3.10 Lemma

Let h : M — L be a one-one frame homomorphism, and © a complemented
congruence on M. Then in the pushout square

M M, L

T
M/© I L/en(®)

he is also one-one. O
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2.3.11 Proposition

Any closed subframe is a weak locale quotient subframe.

Proof. Let M be a closed subframe of L, ©® a complemented congruence on
M and @;(©) closed for the inclusion map ¢ : M — L. Consider the following
pushout square:

M — L

i | |

M/@ —& L/¢i(®)

Then by Theorem 2.1.7, py, is closed and hence so is uy o ¢. Since pr 0 ¢ =
te © upr, we deduce that ig o pps is also closed. By the above lemma, ig
is one-one so that by Theorem 2.1.6(ii) pp is closed and again by Theorem
2.1.7, © is closed. Therefore M is a weak locale quotient subframe. O

Remark. In the above Proposition, if closed is replaced by open then a
new result emerges similarly. Moreover, the later can be obtained differently:
According to Banaschewski[13], any open subframe is an equalizer and hence,
by Proposition 2.3.5, a weak locale quotient subframe. In addition, we shall
prove, in chapter 4, that any weak locale quotient subframe of a locally
connected frame is locally connected.

2.3.12 Definition

For any frame L, a congruence © on L is called a Chen-connected component
of L iff © is Chen-connected and for any Chen-connected ® € €L with
OV ® # VL we have © C &.

2.3.13 Lemma

Any Chen-connected component of a frame is a closed congruence.

Proof. Let ® € €L be a Chen-connected component of L. Then © is Chen-
connected and hence so is its closure ©. By definition of a closure, © < © and
by that of a Chen-connected component © < ©. Hence © = O. Therefore O
is closed. O
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2.3.14 Lemma

Open congruences on any locally connected frame are meets of Chen-connected
OpETN CONGTUENCES.

Proof. Let L be a locally connected frame and © an open congruence on
L. Then © = A, for some a € L. Since L is locally connected a = \/ z, for
connected r < a. By Proposition 2.2.6, A, is Chen-connected. Therefore
G:AazAsz/\Az‘ O

2.3.15 Proposition

A frame L is locally connected iff each open congruence is a meet of Chen-
connected open congruences.

Proof. (=) Clear from the above lemma.

(<) Suppose A, = A A, for any @ € L and A, Chen-connected. Then z
is connected. Clearly A, < A, and so z < a. Since A A, = A, we have
A, = Ay, and hence ¢ = \/ z. Therefore L is locally connected. O

2.3.16 Lemma

Let h: M — L be a one-one frame homomorphism. If the bottom of €L can
be expressed as a meet of Chen-connected congruences then the same can be
done with the bottom of €M.

Proof. Suppose AL = A ©; for Chen-connected ©; € €L. Then by Lemma
2.2.8, (h x h)~}(©;) is Chen-connected for each i. Hence

AM = (b x h)"YAL) = (h x R)"HA ©;) = A(h x h)~1(©;), where the first
equality holds because h is one-one. [
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Chapter 3

Compactifications and local
connectedness of frames

3.1 Introduction

Henriksen and Isbell[26] particularly investigate local connectedness in the
Stone-Cech compactification. In his book Stone Spaces, Johnstone[32] gives a
brief history and the actual construction of the Stone-Cech compactification
of frames. In 1980, Banaschewski and Mulvey[7] studied this compactifi-
cation in a different way, and put together constructive arguments show-
ing that compact regular frames and compact completely regular frames are
coreflective in the category of frames. These results also appear in [5]. A
comprehensive view of all compactifications of a frame occurs in [12]. In a
uniform setting, Banaschewski and Pultr[9] construct the compact regular
coreflection of uniform frames giving some application on the completion on
such frames. As in [1], here we briefly discuss compactifications and their
relations with local connectedness of frames.

3.2 Compactifications of frames

We recall a few concepts.
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3.2.1 Definition

(i) A frame L is said to be regulariff a = \/{z € L|z < a} for each ¢ € L,
where z < a(z is rather below a) means there exists some y € L such
that tAy=0and aVy=e.

(ii) In any lattice L, a subset J C L is called an ideal iff, for any finite £ C J
one has \/ B € J, and € J whenever x < z and z € J.

(ii1) An ideal J of a frame L is called a regular ideal iff, for each x € J there
exists y € J for which z < y.

(iv) An element a € L is called compact iff a < \/ E implies a < / F for
some finite ' C E for all £ C L. L is called compact iff the top e is
compact.

Recall that a compactification of a frame L is a compact regular frame M

with a dense onto homomorphism A : M — L. Any frame which has a

compactification is said to be compactificble. Banaschewski and Mulvey[7]

show that, for any frame L there is a compact regular coreflection of L given
by the largest regular subframe R L of the frame ZL of all ideals of L and the
join map \/ : RL — L. Tt is then clear that a frame L has a compactification
iff the coreflection map \/ : RL — L is onto. We point out here that the
coreflection map is always dense, a fact to be used in the proof of Proposition
3.2.5.

Now we need the following:

3.2.2 Definition

(i) A frame L is called completely regulariff a = \/{x € L |z << a} for each
a € L, where £ << a (z is completely below a ) means there exists a dou-
bly indexed sequence (ZTng)n=01..; k=0,1,..2+ such that £ = z,9, Tnk <
Tnk+ly; Tnan = @, and Tpg = Ty g foralln =0,1,...and k = 0,1, ..., 2™,

(i1) An ideal J of a frame L is a completely regular ideal iff, for any a € J
there exists b € J such that a << b.

Remark. Banaschewski and Mulvey[7] establish that, given the Axiom of
Countable Dependent Choice (CDC), any compact regular frame is compact
completely regular. In addition, for any frame L, its compact completely
regular coreflection is given by the join map \/ : CRTL — L where CRZIL is
the frame of all completely regular ideals J C L. The characterization that
a frame has completely regular compactifications iff it is completely regular
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rests on the familiar fact that the dense homomorphism \/ : CRZIL — L
is onto iff L is completely regular. It is well-known that a Tj-space X is
completely regular iff the frame DX of its open sets is completely regular.
Also, X is compact iff DX is compact([5]). Thus CRZL is the frame analogue
of the Stone-Cech compactification 8X of a Tychonoff space X. Hence it is
herein denoted by L as usual. Furthermore, it has been proven in [2| that
BL is a perfect compactification as defined therein.

3.2.3 Lemma

In any frame L, if z << aVb and aAb=0, then t A a << a.

Proof. Suppose r <<aVband aAb=0. Thenz <aVband aAb=0.
So, there exists y € L such that y Az = 0 and (aV b) V y = e which implies
(xAa)A(bVy)=0and aV (bVy)=e Thus zAa < a, and by symmetry
zAb<b. Then note that z; < z2 <... <z, <aVh and a Ab =0 implies
the condition zy Aa < x3Aa < ... < , Aa < a. Therefore, by the definition
of the relation <=, the desired result follows. O

We then have:

3.2.4 Lemma

For any frame L, the right adjoint of \/ : BL — L preserves disjoint binary
joins.

Proof. Consider the map k : L — BL defined by k(a) = {z € L| z << a} for
all a € L. We first show that & is the right adjoint of \/. Note that k(a) is an
ideal of L by familiar properties of <<. That this ideal is completely regular
comes from the interpolating properties of <<. Fora < b € L,z € k(a)
implies £ << a < b so that z << b. Thus = € k(b). This says k preserves
order. If \/ J < afor J € SL and a € L then for any z € J we have z < \/ J
so that £ < a. Since J is completely regular, there exists b € J such that
z << b. But b € J implies b < @ s0 £ << @ meaning that z € k(a). Hence
J C k(a). Conversely, if J C k(a) then \/ J < \/k(a) < a. Hence \/ J < a iff
J € k(a) for any ¢ € L and J € SL. Being the right adjoint of \/, the map
k preserves meets.

Now we show that k preserves disjoint binary joins. Let z € k(a Vv b) for
any a,b € L with aAb = 0. Then z << &V b and by the above lemma,
zAa<<aand zAb~<<b therefore z can be expressed in the desired way
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asz = (z Aa)V (x Ab). Hence k(a Vb) C k(a) V k(b). The other inclusion
follows because k preserves order. In all, k(a) V &k(b) = k(a V b). O

The next result says connectedness of a frame is a necessary and sufficient
condition for its compact(completely) regular coreflection to be connected.

3.2.5 Proposition

A frame is connected iff its compact (completely) regular coreflection
is connected.

Proof.(=) Given a connected frame L, let ¢ : K — L be its compact
(completely) regular coreflection. Then g is dense, and hence, by Lemma
1.1.10, it follows that K is connected.

(<) Suppose that K is connected and consider any h : 4 — L. Since 4 is
compact and completely regular, there exists f : 4 — K such that gf = h.
By Lemma 1.1.9, f : 4 — K factors through 2 - K and hence h : 4 — L
factors through 2 — L. Therefore L is connected. O

3.2.6 Theorem

For any completely regular frame L, \/ : BL — L preserves and reflects
connected elements.

Proof. Recall that L has compactifications iff the frame homomorphism
\V : BL — L is onto. Then by Lemmas 1.1.11 and 3.2.4, we conclude that
\/ preserves connected elements. Note that \/ : SL — L is dense. Then by
Lemma 1.1.10, it also reflects connected elements. O

A similar result on normal regular frames comes up later (Proposition 3.4.5).

3.3 Local connectedness of 5L

In this section we present a characterization, due to Baboolal and Banaschewski,
of local connectedness of SL, for any completely regular frame L.

3.3.1 Definition

A frame is called pseudocompact iff for any sequence gy << a3 << as... in
L with \/ a, = e, there exists a k € N such that a; = e.
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Remark. An alternative definition of a pseudocompact frame which involves
real numbers has been used by many authors, for example Banaschewski[15]
and Markus[38]. The latter gives several characterizations of a pseudocom-
pact completely regular frame. The above definition is due to Gilmour as
quoted in [1], and is more appropriate here because it is closely related to that
of a completely regular frame. It is known that a space X is pseudocompact
iff OX is pseudocompact ( [6] ).

3.3.2 Lemma

In any locally connected pseudocompact frame L, if a << b, then only finitely
many components of b meet a. O

Remark. Baboolal and Banaschewski[l] give a technical but choice-free
proof of this lemma, which is used in proving the following:

3.3.3 Theorem

For any completely reqular frame L, BL is locally connected iff L is locally
connected and pseudocompact. O

Remark. The above theorem is the frame counterpart of the classical result
that, for any Tychonoff space X, its Stone-Cech compactification 8X is
locally connected iff X is locally connected and pseudocompact(Henriksen-
Isbell[26]). Furthermore, it is the main result of {1]. We omit its proof due
to its length.

3.4 Normal regular frames, property WS§
and local connectedness

We recall the following:

3.4.1 Definition

A frame L is normal iff, for any a,b € L with a V b = e, there exist u,v € L
such that uVa=e=vVbanduAv=0.
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It is a well-known fact that any normal regular frame has a compactification.
We refer the reader to [12], p.109 where a characterization of compactifiable
frames is given. For any normal regular frame L, we consider the compact
regular coreflection \/ : RL — L, where RL is the frame of all regular ideals
of L. The following three lemmas serve to show that the map + : L — RL
defined by r(a) = {z € L|z < a} for all @ € L is the right adjoint of the join
map \/: RL — L.

3.4.2 Lemma

For any normal regular frame L, v(a) is a regular ideal.

Proof. Let z € r(a) and y < z. Then y < z < a, and by the property of the
relation <, y < a, which means y € r(a). This shows that r(a) is a downset.
Now, let z,y € 7(a). Then z < a and y < ¢, so that by a general property of
the relation <, we get £V y € r(a). So, r(a) is also closed under finite joins,
hence it is an ideal. For regularity: Since L is normal, < interpolates. So,
for each z € r(a) there exists some y € L such that £ < y < a which implies
y € r(a). Therefore r(a) is a regular ideal. 0O

3.4.3 Lemma
For any regular ideal J anda € L, \/ J < a iff J C r(a).

Proof.(=) Suppose \/ J < a and let z € J. Since J is regular, there exists
y € J such that z < y. But y < \/J < a, 50 £ < y < a which implies that
z < a and hence z € r(a). Thus J C r(a).

(<) Suppose J C r(a). Then \/ J < Vr(a) = a and hence \/ J < a. O

3.4.4 Lemma

The map v : L — RL is a lattice homomorphism.

Proof. 1t is easy to see that r preserves order, zero, and arbitrary meets
including the top. So, we only show that it preserves all binary joins. First
note that x < aVbimplies £ < cVb for some ¢ < a: if y is such that Ay = 0
and aVbVy = e, then by normality of L, there exists u and v with uAv =0
such that ¥ VbV y = e = a Vv which implies that z < ¥ Vb and © < a. Now
it follows that z < a V b implies ¢ < ¢V d for suitable ¢ < a and d < b,

-
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proving that r(a V b) C r(a) V r(b). The converse inclusion follows from r
being order-preserving. Hence 7(a V b) = r(a) V r(b), and therefore r is a
lattice homomorphism. O

Remark. It is now clear from the above lemmas that the map r is the right
adjoint of the homomorphism \/ : RL — L. In view of Lemmas 1.1.10, 1.1.11
together with Lemma 3.4.4 we obtain the following counterpart of Theorem
3.2.6.

3.4.5 Proposition

For any normal regular frame L |\/ : RL — L preserves and reflects
connectedness. O

Of remarkable strength in this context, is the notion which was first trans-
lated into the frame setting with a slight change in terminology by Baboolal
and Banaschewski[l], the idea of property W S.

Now the reader may need to recall the definitions of a cover and a refinement
discussed later in chapter 5. Then we have the following:

3.4.6 Definition

A regular frame is said to have property WS iff every finite cover of L has a
finite refinement consisting of connected elements.

Remark. In its original term, as property S, this notion was first considered
for metric spaces by Sierpinski in 1920. Later on, Wilder[47] introduced
the topological and relative version which motivated Wallace[44]’s definition
that a topological space X has property S iff every finite cover of X has a
refinement consisting of connected elements. More on the term later.

3.4.7 Lemma

Any reqular frame L with property WS is locally connected and
pseudocompact.

Proof. Let L be a regular frame with property WS and consider z < a in
L.Then, aV z* = e so that {a,z*} is a cover of L. Now, by property WS,
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there exists a finite refinement C C L consisting of connected elements so
that ¢ < a for any ¢ € C provided that ¢ £ «*, that is, z A ¢ # 0. Then we
get the following inequality:

r=\V{zAc|lceC}

=V{zAclzAc=0,ceC}VV{zAc#£0,ceC}

<V{zAc|lc<La,ceC}

<V{cle<a,ceC}

<a.
So z lies below a join of connected elements, which in turn lies below a. Since
L is regular, a is the join of all elements rather below it, and hence is a join
of connected elements. Therefore L is locally connected. It remains to show
that L is pseudocompact.

Suppose ap << a; << a; << ... is any sequence in L with \/a, = e,and
putp:=ay;V(azAa})ViasAai)V...and g:= (a2 Aaf)V(agAa})V....

Note that in the join of p and ¢, one has a1 V {az A af) = a; and a; V (ag A
ay)V(agAad)V(ag Aa}) = ag with a)._, Va, = e for each n. Then a, < pVgq
for each n. Since \/a, = e, it follows that pV ¢ = e. Now if C is a finite
refinement of the cover X' = {p, ¢} guaranteed by property WS then each
c € C is less that or equal to one of the elements

a1, agNaj, asAas,...orag Aay, agAaj,...

because ¢ < pV q and pA g = 0 and thus by the connectedness of ¢ we have
¢ < porc <gq, and the elements in either sequence are disjoint. Since C is
finite and refines K, there exists some n € N such that a; V(a2 Agg) V...V
(@nt2 A @) = e and hence ay 42 = e. Therefore L is pseudocompact. O

Next, we characterize property W .S in terms of R L for normal regular frames.

3.4.8 Proposition

A normal regular frame L has property WS iff RL is locally connected.
Proof.(=>) Suppose L has property WS, and let a € J for J € RL. Then
there exists & € J such that a < b which implies that a* Vb = e. Hence

{a*, b} is a cover of L. By property W S, this cover has a finite refinement of
connected elements say C C L. Then \/ C = e implies \/{r(c)|c € C} =L
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by Lemma 3.4.4 and hence there exists z. € r(c) for each ¢ € C such that
V{z.|c€ C} =e. Forany c € C, a Az, # 0 implies a A c # 0, hence ¢ £ a*
and therefore ¢ < b. This means \/{r(c)|a A z. # 0} C J, and since a is
the join of the a A z. # 0 then @ belongs to \/{r(c)|a A z. # 0}. It follows
that J = \/{r(z) C J|zconnected}. Note that these r(z) are connected by
Proposition 3.4.5. Therefore RL is locally connected.

(<) Suppose RL is locally connected. Then by Lemma 3.4.4, a;V...Va, =€
in L implies r(a;) V...V 7(as) = L in RL. So, C= {r(ay),...,r(as)} is a
finite cover of RL. By local connectedness of RL, each r(a;) is an arbitrary
join of connected elements. Since RL is compact, each such join can be
reduced to a finite join of connected elements. Then X = {\/J|J € C} is
a finite cover of L. By Proposition 3.4.5, the elements of /C are connected.
Since J C r(a;) implies \/ J < a;, K refines {ay,...,a,}, and therefore L has
property W S. O

With Countable Dependent Choice, the necessary condition of Lemma 3.4.7
suffices to imply property W S for normal regular frames. This results in the
following characterization of property W S:

3.4.9 Proposition

Assuming CDC, a normal regular frame L has property WS iff L is locally
connected and pseudocompact.

Proof. (=) This follows directly from Lemma 3.4.7.

(<) Suppose a normal regular frame L is locally connected and pseudocom-
pact. Then by the axiom of CDC, L is completely regular and RL = SL.
Now by Theorem 3.3.3, RL is locally connected and then Proposition 3.4.8
guarantees that L has property W .S as desired. 0

Remark. We point out that, as remarked in [1], in 1956, Henriksen and
Isbell[26] proved that a regular space X has property S in the sense of
Wallace[44] iff every finite open cover of X has a finite refinement consisting
of connected open sets. In this context, the latter amounts to saying that the
frame of open sets of X has property W 5. This term attempts to partly em-
phasize that, as a topological concept, it originates with Wilder. We reserve
the original term property S for uniform frames, in chapter 5, which will be
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the direct frame counterpart of Sierpinski’s version. Collins[20] investigates
this idea for uniform spaces.
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Chapter 4

Fully complement closed
subframes

4.1 Introduction

The idea of a fully complement closed subframe was first introduced by
Banaschewski[14] in 1994. In the same paper, he shows that any such sub-
frame of a locally connected frame is locally connected. As in[14], among
other results, a point-free version of Whyburn’s result (see [46]) that quo-
tient maps preserve local connectedness is presented here. Moreover, we
provide detailed proofs of several facts stated in[14] and relate the kinds of
subframes involved.

4.2 The Basics

4.2.1 Definition

Let M be a subframe of a frame L. Then,

(1) M is said to be complement closed in L iff, forae M andbe L,aAb=0
and a Vb = e implies b € M.

(11) M is said to be fully complement closed in L iff the frame
M, = {z € M|z < ¢} is complement closed in L, for each c € M.

Remark. M is fully complement closed in L ifa Ab=0and aV b = ¢ for
a,c€ M,be Limplies b € M.
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4.2.2 Lemma

Any fully complement closed subframe is complement closed.

Proof. Suppose M is a fully complement closed subframe of a frame L.
Then for each ¢ € M, M, is complement closed in L.. In particular, for
c=¢e, M, = M is complement closed in L, = L. O

4.2.3 Examples

(1) Any Boolean subframe of a frame is fully complement closed.

(2) Any subframe of a totally ordered frame is fully complement closed.

(3) For any topology © on a set X and any equivalence relation R on X,
M={Ue€9O|z e Ul (zy) € Rimplies y € U} is a fully complement
closed subframe of . The elements of M are said to be R-saturated.

(4) Any intersection of fully complement closed subframes of a given frame
is also fully complement closed. More examples will emerge from later
results.

Remark. Note that the first two examples are of different natures in a sense
that a subframe of a totally ordered frame has fewer complemented elements
than a Boolean subframe of a frame.

Regarding example (3):

Let M ={U € O]z € U,(z,y) € R implies y € U}. For any U € M, let U°
be its complement in X. If z € U¢ and (2,y) € Rthen z € X and z ¢ U
with (z,y) € R, which implies that y ¢ U otherwise z € U, contradicting
U e M. Thus y € U¢. This implies U¢ € M. Hence M is complement closed
in .

Now, let My = {O € M|O C U} for each U € M. Suppose O N Q = () and
OUQ=UforO€e Mand Q€ 9O. Forany z € Q,(z,y) € R, z € U since
Q CUand U € M hence y e U = OU Q. Then, either y € O or y € Q.
If y € O then z € O because O is H-saturated, and this says ONQ # 0, a
contradiction. So, y ¢ O but y € Q. Hence ) € M. This shows that My is
complement closed in Oy for each U € M. Therefore M is fully complement
closed in ©. a
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4.2.4 Definition

Let M be a subframe of a frame L. Then,

(i) M is called nearly open iff, for any £ € M with =* € L, it follows that
e M.

(ii) M is called closed iff the identical embedding i : M < L is a closed
homomorphism, that is, . (i(z) Vy) =z Vi.(y) for all z € M,y € L.

4.2.5 Theorem

The following types of subframes of a frame L are fully complement closed:
(i) Any nearly open subframe;

(ii) Any closed subframe;

(i) Any equalizer;

(iv) Any weak locale quotient subframe;

(v) Any open subframe.

Proof. (i) Suppose M is a nearly open subframe of L and let a Vb = ¢
and a Ab =0 for any a,c € M and b € L. We show that b € M. By the
definition of the pseudocomplement a* of a, b < a* hence b = a* A b. Note
that a* A b = a* A c. Since M is nearly open, a* € M, and therefore b € M.
Thus M, is complement closed in L., meaning M is fully complement closed
in L.

(ii) Let M be a closed subframe of L. Then, the inclusion map i : M — L
is a closed homomorphism. Consider its restriction ¢y, to the subframe M.
of L.. Since M € M and (ijp,)(z) = i(z) for all z € M, then ¢y, is also
closed so that M, is a closed subframe of L.. f aVb=cand a A b = 0 for
a,c € M. and b € L, then a V (ija,)«(5) = (ijas.)x((4as,)(a) V b) = ¢ and
a A (ijar,)«(b) = 0 hence b = (ijar,)«(b). This implies b € M,. Thus M, is
complement closed in L.. Hence the result.

(iii) Let M be an equalizer subframe of L. Then M = {z € L|g(z) = h(z)}
for some frame homomorphisms g,h : L — N. For each ¢ € M, consider
the subframe M, = {z € M|z < ¢} of the corresponding L.. Clearly, M,
is an equalizer subframe of L. for the restrictions of g and h to L., gL,
and hjz, respectively. Let aV b =cand aAb =0 for a,c € M., b € L.
Then for such a, gju,(a) = g(a) = h(a) = hja(a)- The same holds for c.
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Also gia,(a) V g(b) = g(c) and gja.(a) A g(b) = 0. The same identities hold
for h and hja,. Hence gja,(a) V h(b) = h(c) and gjum.(a) A h(b) = 0 which
implies that h(b) = (g, (a))®. Similarly, g(b) = (g/m.(a))® in N. Since N
is a bounded distributive lattice, complements in N must be unique. Thus
g(b) = h(b), and so b € M. Since b < c it follows that b € M,. Hence M, is
complement closed in L,. Therefore M is fully complement closed in L.

(iv) Suppose M is a weak locale quotient subframe of L. First we show that
M is complement closed in L. Secondly, we prove that M, is a weak locale
quotient subframe of L, and hence deduce the asserted result.
Let aVb=eand aAb=0fora € M,b € L. Then the complemented
congruence V¥ = {(z,y) € M x M|z Va = yVa} on M generates the
corresponding VX on L. Since b is the complement of a in L, it follows that
VL is the complement of V¥ and consequently VZ = Af . Because M is a
weak locale quotient subframe, VM = AM for some s € M hence Af = AL,
but then s = b, therefore M is complement closed in L.
Note that for any & € €M, ® N (M, x M) € €M, and for © € €M, if
{(zy)eMxMi(z/\c,y/\)€®}then@ﬂ(M x M) = ©.
Let G) € €M, have a complement ¥ € €M.. Then © has complement
TNVM :6NnT =©NT) = A =AY thus 6n ¥ nV¥ =

AM. Since AM C 6,06 v VUM = V™ = 6V ¥. The second part since
OV ¥)N (M, x M) 20V ¥ =V and the later contains (0,c). On the
other hand, (c,e) € © V ¥ and hence by transitivity (0,e) € © V ¥. So we
have G)v(\IlﬂVM) OVI)N@VIM) =yMOTM =M,

Now, let © generate Al<. For simplicity, indicate by " " the congruence gener-

ated in the larger framAe. Since © C © we have © C © and since the latter is
in €L, it follows that ©® C ©. In addition, since s < c and 6 = AL we have
&={(z,y)eLxL|(@@Acyrc)e b}

={(z,y) ELx Lz AcAs=yAcAs}

= AL
Hence © C AL On the other hand 6 D © and therefore 6 D . Since
(s,¢) € © and (c.e) € Ci) we have (s,c),(c,e) € O so that (s,e) € 6. This
implies AX C ©. Thus AF = 6. Then it follows that © is open, but this

implies © = AM and s € M. Consequently, s € M, and hence © = AM-,
This shows that M, is a weak locale quotient subframe of L.. Now, by the
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first step, M, is complement closed in L.. Therefore M is a fully complement
closed subframe of L.

(v) Suppose M is an open subframe of L. Then in view of the remark after
Proposition 2.3.11 and part (iv) above, M is fully complement closed in L.0J

Remark. As proved earlier( Lemma 2.3.3 and Proposition 2.3.5), any closed
or equalizer subframe is a weak locale quotient, so facts (ii) and (iii) in the
above theorem are consequences of (iv). Also, it seems to be more natural
to establish (v) by using the fact that every open subframe is nearly open
(a— 0=a*soi(a—0)=1i(a) = i0) =0 <= i(a*) = (:(a)*).

4.3 Fully complement closed subframes and
local connectedness |

4.3.1 Definition

A subframe M of L is called equationally closed iff any x € L satisfying the
equations aV £ = b and a A £ = ¢ for some a,b,c € M belongs to M.

Remark. In [39], Pultr and Tozzi investigate the connection between these
subframes and quotient spaces. They also define equationally closed homo-
morphisms and show that open and closed homomorphisms are of this kind.
Consequently, open subframes and closed subframes are equationally closed.

4.3.2 Lemma

Any equationally closed subframe is fully complement closed.

Proof. Let M be an equationally closed subframe of a frame L. For each
c € M, suppose aVh =cand aAb = 0forae€ M,b € L. Since M
is equationally closed, it follows that b € M. Thus M is fully complement
closed. (]

Remark. The converse of the above result does not hold in general as
indicated by the following:
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Example(Banaschewski[14])

M = ee

eb

AN
/

®a

o)

/\
\/

a0

M is a fully complement closed subframe of L which is not equationally
closed.

4.3.3 Lemma

Any equalizer subframe is an equationally closed subframe.
Proof. Let M be an equalizer subframe of L and let aVz =band aAz =¢

for a,b,c € M and any x € L. Then, there exist frame homomorphisms
g,h: L — N such that M = {z € L|g(z) = h(z)}. For such g and h, we get

9(a) v g(z) = g(b), g9(a) Ag(z) =
h(a) V h(z) = h(b), h(a) A h(z)

Since a, b, c € M we obtain the following equations:

h(a) V g(z) = h(b) = h(a) V h(z) and h(a) A g(z) = h(c) = h(a) A h(z).

9(c) and
= h(c).
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Then g(z) = g(z) A (h(a) V 9(z))

= g(z) A (W(a) V h(z))

= (9(z) A Wa)) V (g(z) A h(z))

= (h(a) A h(2)) V (9(2) A h(z))

< h(z),
that is, g(z) < h(z). By symmetry, h(z) < g(z). Hence g(z) = h(z), and
this implies z € M. Therefore M is equationally closed. O

Remark. This lemma strengthens part (iii) of Theorem 4.2.5. It should
also be noted that the latter, alternatively, follows from a combination of the
above two lemmas.

4.3.4 Proposition

Any complement closed subframe of a locally connected frame has a cover of
connected elements.

Proof. Let M be a complement closed subframe of a locally connected
frame L and for the set 8 = {z € M |z coconnected} define the subset B
of M by B = {AS|S a cochain component of &}. By Lemma 1.2.8, each
a € B is coconnected and for any ¢ € &, a V ¢ # e implies that a and ¢ are
cochained hence belong to the same cochain component. Since a is the meet
of the latter, a < c. Let C' = {z € L| z connected }. For each s € C, put
§=\V{z € M|z < s*}. Then by Lemma 1.2.3, s* is coconnected and hence
so is § by Lemma 1.2.6.

For any a € B and s € C, s £ ¢ implies a V § # e thus, a < 5. It follows that
aAs<§As<s*As= 0,thatis,aAs=0. Let a =\ {s € C|s £ a} then
ahNa=aAV{seC|s%a}=V{aAs|s€eC s<a}=0. Moreover, since
L is locally connected a =\/{t e C|t <a}ande=\CsothataVa=e.
By definition of B, for any s € C there exists a < § in B and s % 0 clearly
implies s £ @ and hence s < a. This shows \/{@|a € B} = e. Since M
is complement closed, @ € M for each ¢ € B and by Lemma 1.2.5 G is
connected. Hence M has a cover of connected elements. O

4.3.5 Theorem

Any fully complement closed subframe of a locally connected frame is locally
connected.
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Proof. Let M be a fully complement closed subframe of a locally connected
frame L. Then for any ¢ € M, M, is a complement closed subframe of L.. In
addition, L. is locally connected. Hence by the above proposition, M, has
a cover of connected elements, that is, ¢ = \/ z for connected z < c in M.
Therefore M is locally connected. O

To appreciate the beauty of the generality of this theorem, we list some nice
immediate consequences.

4.3.6 Corollary

Each of the following types of subframes of a locally connected frame is locally
connected.

(i) Any nearly open subframe;

(i) Any weak locale quotient subframe;

(i) Any equationally closed subframe;

(iv) Any open (closed)subframe;

(v) Any equalizer subframe.

Proof. Each of these types of subframes of a locally connected frame is fully
complement closed and hence by Theorem 4.3.5 locally connected. O

Remark. Part (ii) was first established by Li[37] in terms of locales as a
point-free generalization of the classical result by Whyburn[46].

For the next theorem we need the following two lemmas:

4.3.7 Lemma

A frame homomorphism h: M — L with M regular is closed if h(a) Vb=e
implies a V h,(b) = e.

Proof. Let h(z)Vy € L for z € M and y € L. Then h.(h(z) Vy) € M.
Since M is regular, A,(h(z) Vy) = V{s € M|s < h.(h(z) V y)}. Next
we observe that s < h.(h(z) V y) implies h.(h(z) V y) V s* = e and then
h(h.(h(z) V1))V h(s*) = h(e) = e, which implies h(z) VyV h(s*) = e so that
h(z V s*) Vy = e. Hence by assumption we get z V s* V h,(y) = e, that is,
§*V(zVhi(y)) = e which means s < £V h,(y). Thus h.(h(z)Vy) < zVh,(y).
On the other hand, hh.(y) < y so h(z) V hh.(y) < h(z) V y and hence by
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definition of h,, we have z V h.(y) < h.(h(z) Vy). In all, h(h(z) Vy) =
z V h,(y). Therefore h is closed. O

4.3.8 Lemma

Any frame homomorphism with a reqular domain and compact codomain is
closed.

Proof. Let h : M — L be a frame homomorphism with M regular and L
compact. Also suppose h{a) Vb =e fora € M and b € L. Since M is regular,
a=\{t € M|t =<a}sothat \/[{h(t)|t € M,t <a}Vb=e. Since L is
compact h(tp) V b = e for some t; € M with ¢y < a and thus tj Va = e. Now
b= (h(ty) AN h(to)) Vb= (h(t§) Vb) A (h(ts) V) = (h(t;) Vb) Ae=h(t}) Vb
Hence h(t}) < b. Applying h. to this inequality we obtain h,h(t) < h.(b), so
that ¢ < h,(b). Then aV h,(b) > aVi} = e and thus a V h.(b) = e. Therefore
by the above lemma, we conclude that h is closed. O

Finally, we are ready for the following:

4.3.9 Theorem

Any regqular subframe of a compact locally connected frame is locally con-
nected.

Proof. Let M be a regular subframe of a compact locally connected frame
L. Then by Lemma 4.3.8, the identical embedding i : M «— L is closed. In
view of the remark following Definition 2.1.1, M is closed. Therefore, by
Corollary 4.3.6(iv), M is locally connected. O

Remark. This result was first established via a study of connected con-
gruences by Chen[16] as a solution to the problem posed by Baboolal and
Banaschewski[l]. Li[37] obtains the same result through a study of weak lo-
cale quotient morphisms, and observes that the regularity of L(in the original
conjecture) may not be required. Here our proof simply capitalizes on the
fact that M is closed. Moreover, this theorem is a frame version of a central
result in the theory of Tychonoff spaces (see [26]) which says any Tychonoff
space containing X as a dense subspace is locally connected if X is locally
connected and pseudocompact.
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Chapter 5

Uniform Local Connectedness
of Frames

5.1 Introduction

Local connectedness of a uniform space has been studied by many authors
like Baboolal[4] and Collins[20]. In this chapter we look at the notion of
uniform local connectedness of a uniform frame introduced by Baboolal[3].
The concept of property S briefly discussed in chapter 3 and property S*
also comes into the picture. An analogue of Gleason’s uniformly locally
connected coreflection of an arbitrary uniform space(see [25]), the uniformly
locally connected reflection for a locally connected uniform frame is given.
As in [3], we shall see that this approach leads to the sufficiency part of the
Baboolal-Banaschewski’s local connectedness theorem. The proof given here
is different from the original one in [1} and it is credited to Baboolal. As
our main result, we show that the necessity part of the local connectedness
theorem in question cannot be obtained similarly.

As a matter of notation and terminology, we fix some basic essentials from
the theory of structured frames.

5.1.1 Definition

A subset A of a frame L is called a cover of L iff the join of A is the top of
L. We denote the set of all covers of L by Cov(L).
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51.2 Some Notation

For A, B € Cov(L) and z,y € L,
() Az =\/{ye Alynz+ 0},
(ii) AB = {Az |z € B}.

(i) ANB={zAy|lze€ A ye B}.

Remark. By calculating the join, one can see that AB and A A B are covers
of L for any A, B €Cov(L).

5.1.3 Definition

For any A, B € Cov(L) and 2,y € L,

(i) We say that A refines B (written A < B) iff for each z € A there exists
y € B such that z < y.
(i) B star-refines A (written B <* A) iff BB < A.

5.1.4 Definition

Let 4L be a set of covers of a frame L and a,b € L. Then,

(i) a € L is said to be HUL-strongly below b or a is uniformly below b written
a <y b iff Ca <bfor some C € UL .

(i) UL is said to be admissible iff for each a € L, a = \/{z € L|z Qy a}.

(iii) UL is called a uniformity on L iff it is admissible, a filter relative to the
relation < and satisfies the star-refinement condition, that is, for each
A € ML there exists B € L such that B <* A.

Remark. A uniformity without the star-refinement condition is called a
nearness. The latter was introduced by Banaschewski and Pultr[8] and later
revisited by Banaschewski[10]. Herrlich[27] investigates the concept of a near-
ness in a topological setting. Our study heavily involves uniformities.

5.1.5 Definition

A uniform frame is a frame L together with a specified uniformity on it. We
denote the given uniformity by L. The elements of L are called uniform
covers of L.
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5.1.6 Examples

Let L =2. Then Cov(2) = {{e}, {0, e}} and one can easily verify that:
(1) {{0,e}} and Cov(2) are uniformities on 2.

(2) {{e}} is not a filter hence not a uniformity on 2.

The following fact will be used several times in later results.

5.1.7 Lemma
In any uniform frame L, if x <y y then z < y.
Proof. Suppose = <y v in a uniform frame L. By definition of the relation
<yz, there exists A € YL such that Az < y. Let 2 = \/{a € A|laAz =0}

By definition of 2z, zAz =0 and Az V z =\ A = e. Since Az < y, it follows
that z V y = e. Therefore z < y. O

Recall that a frame L is regular iff ¢ = \/{z € L|z < a} for each a € L,
then we have the following:

5.1.8 Lemma

Every uniform frame is regular.

Proof. Let L be a uniform frame. Then a = \/{z € L|z <y a} for each
a € L by admissibility of the uniformity. Now, in view of the above lemma
we have a = \/{z € L|z < a} for each a € L. Hence L is regular. O

5.1.9 Lemma

Let A, B € Cov(L).
(i) If AC B then A< B.
(ii) A < B does not imply A C B.

Proof. (i) Suppose A C B. Then a € B for any a € A. Sincea < a, A < B.
(ii) In Cov(2), {0, e} < {e} but {0,e} Z {e}. O

Remark. It is immediate from its definition that refinement is transitive.
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5.2 Property S and Uniform Local
connectedness

5.2.1 Definition

Let L be a uniform frame. Then,

(1) L is said to have property S iff, for any uniform cover A of L there exists
a finite cover B of L consisting of connected elements such that B < A.

(ii) L is said to be uniformly locally connected iff, for each uniform cover
A of L there exists a uniform cover B consisting of connected elements
such that B < A.

(iii) L is said to be totally bounded iff the finite uniform covers form a basis
for the uniformity on L.

5.2.2 Proposition

In any totally bounded uniformly locally connected uniform frame, each uni-
form cover is refined by a finite uniform cover consisting of connected ele-
ments.

Proof. Let L be a totally bounded uniformly locally connected uniform
frame and let A € {L. Since L is uniformly locally connected, there exists a
uniform cover B consisting of connected elements such that B < A. By total
boundedness there exists a finite uniform cover C < B. Then ¢; < b; for
each 1. Since C is finite, C < B, = {by, ...,b,} C B. Then B, is the required
finite uniform cover consisting of connected elements with B, < A. O

5.2.3 Corollary

Any uniformly locally connected uniform frame which is totally bounded has
property S.

Proof. Let L be a totally bounded uniformly locally connected uniform
frame and let A be a uniform cover of L. Then by the above proposition,
there exists a finite uniform cover C' consisting of connected elements such
that C < A. Therefore L has property S. O

55



Remark. Note that the above argument establishes a stronger fact than our
assertion since the finite cover required for property S need not be uniform.
In what follows, by local connectedness of a uniform frame we mean local
connectedness of the underlying frame.

5.2.4 Lemma
Any uniform frame having property S is locally connected.

Proof. Let L be a uniform frame which has property S and let a € L. Then
by admissibility, a = \/{b € L|b <y a}. Recall that for each b€ L, b <y; a
implies the existence of a uniform cover C such that Cb < a. By property S,
there exists a finite cover D of L consisting of connected elements such that
D<C. Letu=\V{deD|d<a}andv=\{d € D|d £ a}. Consider any
d € D with d £ a. Since D < C, there exists ¢ € C such that d < ¢. Hence
¢ % a. Also, Cb < a implies that any element of C whose meet with b is not
the bottom lies below a. Since ¢ € C and ¢ £ a it follows that cA b = 0.
Hence dAb < cAb= 0s0dAb=0 ThusvAb= 0. SinceuVv=e
we then get b < u. Consequently, b < u < a for any b <iy;, a. Now we have
a=V{be L|bayra} < V{u|b<yra} < a which implies ¢ = \/{u|bysa},
a join of connected elements. Therefore L is locally connected. O

5.2.5 Lemma

Any uniformly locally connected uniform freme is locally connected.

Proof. The argument is similar to that of Lemma 5.2.4. The only little
adjustment is: instead of the finite cover D consisting of connected elements
given by property S, we have, due to uniform local connectedness, a uniform
cover U of L consisting of connected elements such that U < C. O

Next we construct the uniformly locally connected reflection of a locally

connected uniform frame.

5.2.6 Proposition

In any locally connected uniform frame L,
let C = {d € L|d is a component of some c € C} for each C € UL.
Then B = {C|C € ML} is a basis for a uniformity {L on L.
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Proof. We first show that C € Cov(L) for each C € UL.

Obviously, C € Cov(L) which means e = \/{c|c € C}. Since L is locally

connected, each c is a join of its connected components, so ¢ = \/{d|d € C}

and thus e = \/{c|ce C} =V{Vd|de C} = V{d|de C} = V. Hence

C € Cov(L).

Next we show that if E = C A D for some C,D € UL then E < C and

E < D:Letu€ E. Then u is a connected component of some m € E, where
m = cAdfor some c € C and d € D. So u < m and thus « < ¢ and u < d.

Since u is connected, v < p < c and u < ¢ < d where p and ¢ are connected

components of ¢ and d respectively. Thus E < C and E < D as asserted.

By the star refinement property, for each C' € 4L there exists F' € UL such
that F <* C. We show that F <* C : Let t € F. Then ¢t is a connected
component of some s € F. Since F' <* (|, there exists ¢ € C such that
Fs <c Hencet < s < Fs < c. Let v be a connected component of ¢ such
that v > t. Then ¢t < v < ¢. Moreover, we claim that Ft <wv:Let z € Fsuch
that zAt # 0. Then z is a connected component of some s’ € F) in particular,
2 <s'sothat tAs’ 5 0 and hence s A s’ 5% 0 because s As’' > t A s’ Since
Fs < ¢, we have s' < c and from z < s’ < c we obtain z < c. Now 2 At # 0
and ¢t < v imply 2z Av 3 0 and hence z < v since v is a connected component
of ¢ and z < ¢ is connected. This says that any element of F whose meet
with ¢ is not the bottom lies below v. Hence F't < v.

By admissibility of UL, a = \/{b € L |b<ayy a} for any a € L, where b <igyz a
implies the existence of C' € UL such that Cb < a. Let w € C with wAb # 0.
Then w is a connected component of some ¢ € C and cAb > wAb # 0
implies ¢ A b # 0. Hence ¢ < Cb < a. Thus w < a for any such w so that
Cb < a. Hence b <Iy; a and then a = \/{z € L |z <, a}.

Therefore B = {C|C € 4L} is a basis for a uniformity I on L. O

5.2.7 Proposition

On any locally connected uniform frame L, the uniformity UL defined above
is finer than UL and L is uniformly locally connected with respect to ML.

Proof. For any C € UL, take any z € C where € € {IL. Then z is a
connected component of some ¢ € C. This implies z < ¢ for such ¢ € C. Thus
C < C. Since {IL is a filter relative to <, it follows that C' € {{L. Hence (L is
finer than YL. Also, for any D € {IL there exists C € UL such that C < D.
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Already by its definition, €' consists of connected elements. Therefore L is
uniformly locally connected with respect to UL as asserted. O

5.2.8 Definition

A frame homomorphism h : M — L between uniform frames is said to be
uniform iff h[C] € UL for each C € UM.

We briefly speak categorically.

The category of uniform frames and uniform frame homomorphisms is de-
noted by UniFrm. In addition, the categories ULCUniFrm and LCUniFrm,
of uniformly locally connected uniform frames and locally connected uniform
frames respectively, are full subcategories of UniFrm.

Next we recall the following:

5.2.9 Definition

Let .4 be a subcategory of B and B € Ob(B).

(1) An A-reflection map for B is a B-morphism r : B — A, where A € Ob(.A)
with the following universal property: For any B-morphism f : B — A
for some A' € Ob(A) there exists a unique A-morphism f': A — A’ such
that the triangle

commutes.

(ii) The category .A is called a reflective subcategory of B if and only if each
B € Ob(B) has an A-reflection.

5.2.10 Theorem
ULCUniFrm is a reflective subcategory of LCUniFrm.

Proof. By Lemma 5.2.5, every uniformly locally connected uniform frame
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is locally connected. Hence ULCUniFrm is a subcategory of LCUniFrm.
It remains to show that any uniformly locally connected uniform frame has
a reflection map. Let (L,4L) € LCUniFrm and consider 1L as described
earlier. Then, by Proposition 5.2.7, (L, {4L) is a uniformly locally connected
uniform frame. Since UL C 1L the identity map idy, : (L, UL) — (L,4L) is
a uniform frame homomorphism. In the following diagram:

(L,UL) —2= (M, UM)

idLJ, idMJ,

(L, L) —2 (M, uM)

Let g : (L,UL) — (M,UM) be any uniform frame homomorphism into a
uniformly locally connected frame M and let h : (L,{IL) — (M,UM) be
defined by h(z) = g(z) for all z € L. It suffices to show that A is a uni-
form frame homomorphism. It is evident , from its definition, that A is a
frame homomorphism. Let C € UL (a basic element) for C € UL. Since g
is uniform, g[C] € UM. By uniform local connectedness of M, there exists
D € M cousisting of connected elements such that D < g[C].

Next, we show that D < h[C]: Let d € D. Since D < g[C), there exists c € C
such that d < g(c). Since L is locally connected, ¢ = \/ z;, where the z; are
connected components of c. We now have d < g(c) = g(Vz:) = V g(z;)
and hence there exists some j such that d A g(z;) # 0. Let u = g(z;)
and v = \/{g(z:) |7 # j}. Since d < \/ g(z;), we have d < u V v and
un v=ga;) AV{g(:) i # 5} = V{ole;) A gl(s) [i # 5} = 0, the last step
since distinct components are disjoint and hence so are their images under
g. Since d is connected, we have d < u or d < v. Since d A u # 0 we have
d < u = g(z;) = h(z;). Thus D < h[C). Since UM is a filter, in particular,
an upset and D € UM, it follows that h[C] € UM. Hence h is a uniform
frame homomorphism. Therefore ULCUniFrm is a reflective subcategory
of LCUniFrm. O

Next we characterize totally bounded uniform frames.
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5.2.11 Lemma

A uniform frame is totally bounded iff each of its uniform covers is refined
by a finite cover.

Proof.(<«) Suppose L is a uniform frame such that each of its uniform covers
is refined by a finite cover. Let A € UL. By the star-refinement property,
there exists some B € UL such that B <* A. Take a finite, not necessarily
uniform cover F = {fy, fa, ..., fa} with F' < B. Then, for each f; € F there
exists some b; € B such that f; < b, and thuse= f;V..Vf{ < V.. Vb,
which implies that by V ... V b, = e. Since {Bb|b € B} < A, then for each
i,Bb; =\/{z € B|z Ab; #0} < a;in A. Let D = {Bb, ..., Bb,}. Then for
each ¢ € B, ¢ Ab; # 0 for some j,( otherwise cA (by V...V b,) = 0 and hence
¢ = 0) which implies ¢ < Bb;. Thus B < D and then D < A, where D is a
finite uniform cover of L. Therefore L is totally bounded.

(=) Suppose L is totally bounded. Then, by definition of total boundedness,
each uniform cover of L is refined by a finite uniform cover. O

5.2.12 Proposition

(1) Any uniform frame having property S is totally bounded.
(i) Any uniform frame having property S, has property S with respect to each
of its coarser uniformities.

Proof. (i) Let L be a uniform frame such that L has property S and let
A € L. By property S, there exists a finite cover B of L consisting of
connected elements such that B < A. Therefore, by the above remark, L is
totally bounded.

(ii) Suppose a uniform frame L has property S with respect to L and let 'L
be any coarser uniformity on L. Take any A € {{'L. Then A € {L. Hence
by property S relative to 4L, there exists a finite cover B of L consisting
of connected elements such that B < A. Therefore L has property S with
respect to 44'L. O

Remark. It would be interesting to know whether a result similar to the
second part of the above proposition holds for uniform local connectedness.
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5.2.13 Proposition

A locally connected uniform frame has property S iff its uniformly locally
connected reflection has property S.

Proof. (=) Let (L,4L) be a locally connected uniform frame having prop-
erty S and let (L,UL) be the uniformly locally connected reflection of (L, {1L).
Then, for any basic element A € {IL, we have A € $IL. Since (L,4L) has
property S, there exists a finite cover B of L consisting of connected elements
such that B < A. We show that B < A :Since B< Athenbe B implies
b < a for some a € A. Since b is connected, clearly b < ¢ for some connected
component ¢ of a. Hence B < A, which means (L, {1L) has property S.

(<) Suppose (L, {1L) has property S. Since $LL C {IL, it follows from Propo-
sition 5.2.12 that (L, L) has property S. O

5.2.14 Definition

A cover A of L is called normal iff there exists a sequence (Ag)x of covers of
L such that A = A; and Agy <* Ay forallk =1,2,3....

Remark. According to Baboolal[3], any uniform frame (L, IL) has a finest
uniformity Uz L on L consisting of normal covers of L. In 1957, Henriksen and
Isbell[26] already demonstrated the importance of normal covers of a space
where a locally connected space is characterized in terms of such covers.

The next result, which is mentioned in Banaschewski[13], connects uniformi-
ties and compactifications.

52.15 Lemma

A frame is uniformizable iff it is compactifiable. 0

5.2.16 Proposition

Let L be a uniformizable frame. Then L is locally connected iff L is uniformly
locally connected with respect to its finest uniformity.

Proof. For a uniformizable frame L, let UpL be the finest uniformity on L.
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(=) Suppose L is locally connected. Then by Proposition 5.2.7, (L,ﬁFL) is
uniformly locally connected and UpL C UpL. Since $pL is the finest uni-
formity on L, it follows that 1L C 4rL and hence UpL = {UpL. Therefore
(L, UpL) is uniformly locally connected.

(<) Suppose (L, UrL) is uniformly locally connected. Then by Lemma 5.2.5,
L is locally connected. O

5.2.17 Lemma

Let h : M — L be a dense onto frame homomorphism with h, : L — M its
right adjoint. Then a < b iff hoh(a) < b for a,b e M.

Proof.(=>) Suppose a < b in L. Then, there exists ¢ € L such that aAc= 0
and bV = e. Applying h to the latter yields h(h.h(a)Ac) = hh.h{a) ARh(c) =
h(a) A h(c) = 0, the second last equality because h is onto. By denseness of
h, we deduce h.h(a)Ac = 0. We already have bV ¢ = e. Therefore h.h(a) < b.

(<) Suppose h,h(a) < b. Then by definition of k., we have a < h.h(a) < b.
Hence by a general property of the relation <, it follows that a < b. O

5.2.18 Definition

A uniform frame homomorphism h : M — L is called a surjection iff h is
onto and the uniform covers h[A] with A € UM, generate UL.

5.2.19 Theorem

Any dense surjection between uniform frames reflects uniform local
connectedness.

Proof. Let h : M — L be a dense surjection with L uniformly locally
connected and let A € UM. Then by the star-refinement property of UM,
there exists B € UM such that B <* A. Since h is uniform, h[B] € L.
By uniform local connectedness of L, there exists C € L consisting of con-
nected elements with C < h[B] and since h is surjective there exists some
D € UM such that h[D] < C. Now consider h.[C] = {h.(c)|c € C}. Since
each ¢ is connected and h is onto we have hh.(c) = ¢ connected. By dense-
ness of h, h.(c) is connected. We show that D < h,[C] which would imply
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h.fC] € UM : Let d € D. Then h(d) < c for some ¢ € C. Thus, by the
property of h,, we get d < h.(c). Now, we claim that 4.[C] < A: Let c€ C.
Since C < h[B] there exists b € B such that ¢ < h(b). In addition, Bb < a
for some a € A so that by Lemma 5.1.7 we have b < a and hence h,h(b) < a
by Lemma 5.2.17. Thus h.(c) < h.h(b) < a.

In summary, for any A € UM, h,[C] is a uniform cover of M consisting of
connected elements such that h,[C] < A. Therefore M is uniformly locally
connected. O

The above result has an application in the study of a completion of a uni-
form frame. In their article, Samuel compactification and completion of uni-
form frames{9], Banaschewski and Pultr describe the completion of a uniform
frame using compact regular coreflection of uniform frames. A systematic
study of the completion is done in {10].

Before we apply the above theorem, we recall some concepts.

5.2.20 Definition

A frame L is complete iff any dense surjection i : M — L is an isomorphism.

5.2.21 Definition

A completion of a uniform frame L is a complete uniform frame M together
with a dense surjection h: M — L .

According to Banaschewski and Pultr[9], any uniform frame has a unique
completion vy : CL — L. The reader is referred to {10] for the description
of CL. Also, Kriz[35] gives a description of uniform completion in locales.
Banaschewski[15] characterizes Cauchy complete uniform frames in terms of
this completion. In a classical setting, a brief discussion of the completion of
a uniform space appears in {26]. Also see Isbell[29].

We are now ready to give the promised application of Theorem 5.2.19.
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5.2.22 Corollary

The uniform completion of any uniformly locally connected uniform frame is
uniformly locally connected.

Proof. Let L be a uniform frame which is uniformly locally connected. Con-
sider the uniform completion v : CL — L of L. By definition of a completion,
v is a dense surjection. Since L is uniformly locally connected, by Theorem
5.2.19, CL is also uniformly locally connected. O

Remark. In her PhD thesis[45], Walters-Wayland shows that a completely
regular frame L is pseudocompact iff L is totally bounded with respect to
each of its uniformities. We employ this result in proving the following fact.

5.2.23 Proposition

Let L be a completely regular frame. Then, L is locally connected and pseu-
docompact iff L has property S with respect to each of its uniformaities.

Proof. (=) Let L be a locally connected and pseudocompact completely
regular frame. By the above noted Walters-Wayland’s result, L is totally
bounded with respect to each of its uniformities. Since L is locally con-
nected, by Proposition 5.2.16, L is uniformly locally connected with respect
to its fine uniformity. Hence by Proposition 5.2.13, L has property S with
respect to its fine uniformity and hence with respect to each of its uniformi-
ties by Proposition 5.2.12.

(«<=) Suppose L has property .S with respect to each of its uniformities. Then
by Proposition 5.2.12, L is totally bounded with respect to each of its uni-
formities. Again by the result of Walters-Wayland, L is pseudocompact and
by Lemma 5.2.4 L is locally connected. O

5.3 Property S* and (Uniform) Local
Connectedness

In this section, we define property S* introduced by Baboolal[3]. We aim to
show that if h : M — L is a dense onto frame homomorphism between com-
pletely regular frames and L is locally connected and pseudocompact then
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M is locally connected. This will yield the sufficiency part of the Baboolal-
Banaschewski local connectedness theorem. Note that, in view of Proposition
5.2.23, our hypothesis implies that L has property S. Proving that such an &
reflects property S would complete the proof. However, we do not have such
a direct proof at the moment. We will appeal to the fact that property S is
equivalent to property S* which is reflected by dense uniform frame homo-
morphisms.

Recall the definition of a Chen-connected congruence in chapter 2.

5.3.1 Definition

A uniform frame L has property S* iff given any A € UL there exists a finite
number of Chen-connected congruences 91, s, ..., ©, such that A ©; = AL
and for each : there exists a; € A such that AaL‘_ < ©,.

Remark. Note the vague similarity between this definition and that of prop-
erty S. The latter requires connected elements of the uniform frame whereas
the former involves Chen-connected congruences on the uniform frame.

5.3.2 Proposition

If the codomain of any dense uniform frame homomorphism has property S*
then so does its domain.

Proof. Let h : M — L be a dense uniform frame homomorphism and
suppose L has property S*. Let A € M. Then, by star-refinement property,
there exists B € UM such that B <* A. Since A is uniform, h[B] € L.
By property S* of L, there exists Chen-connected congruences ©,,6,, ...,0,
on L such that A ©; = AL and for each i, there exists b; € B such that
Ay < 0;. Now, put ®; = (h x h)~1(6;). Then, by Lemma 2.2.8, &; is
Chen-connected and so is ®; by Proposition 2.2.7. Since &; < ®; for each
i and \©; = Al it follows that &, A ... A®, < B A ... A D, = AM
the last equality by Lemma 2.3.16. This implies ® A ... A &, = AM_ Since
B <* A, there exists a; € A such that Bb; < q; for each i = 1,2, ..., n and
b; € B. By Lemma 5.1.7, b; < a; and hence b} V a; = e. Next, we show that
A, < d; = Vi‘f : Since A, is the largest congruence containing (ay,e€), it
suffices to show that (a;,€) € Vf ora; Vz;=2;Ve=e. Since b} Va; = e,
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it is sufficient to show that b} < z;. For any (s,t) € A,,,

we have s A bi =fA b,; = h(S) A h(bz) = h(t) A h(b;)
= (h(s), h(t)) € D) < ©;
= (s,t) € (h x R)"1(6;) = ¥;.

Thus Ay, < ®;. Since (b;, €) € Ay, we have (b, e) € ®; and because b} Va; =e
it follows that (b;, b} Va;) € ®;. Now we have (b Ab;, b A (b} Va;)) = (0,b]) €
®;. But r; is the largest element of M such that (0, z;) € ®;, hence b} < z;.
Thus z; V a; = e so that (a;,e) € V,, = ®; and hence A,, < ;.

In summary, for the A € YM we began with, @, ..., ®, are the disjoint Chen-
connected congruences and for each ¢ we found a; € A such that A, < &,.
Therefore M has property S*. O

5.3.3 Lemma

If a < b in any frame and A, < © in the congruence frame then A, < ©.

Proof. Suppose a < b in a frame L and A, < © in €L. Then there exists
z € Lsuchthat aAz = 0and zVb = e. Let ® = V,, where ¢ is the
largest element of L such that (0,c¢) € ©. To prove the assertion, as in the
above proof, it suffices to show that ¢V b = e. We note that A, < © implies
(a,e) € O so that (aAz,eAz) = (0,z) € ©. By the property of ¢, we deduce
that z < ¢. Thus bV¢ = e. Hence (b, ¢) € V.. Finally, since A, is the smallest
congruence containing (b, e), and V. = © we have A, < ©. |:|

5.3.4 Proposition

For any uniform frame having property S*, each of its open congruences is a
meet of Chen-connected closed congruences.

Proof. Let L be a frame which has property 5* and let A, be any open
congruence on L. By admissibility, a = \/{z € L|z <y a}. By definition of
<y, for such z, there exists A € UL such that Az < a. By star-refinement,
there exists B € L such that B <* A. Since L has property S5*, there is
a finite number of Chen-connected ©y, ..., 0, such that A ©; = A and for
each ¢ = 1,2, ..., n there exists b; € B such that A,, < ©;. Also, B <* 4
implies that there exists some a; € A such that Bb; < a; so that b; < a; for
i=1,2, .., n and hence A,, < €; by Lemma 5.3.3. Since ©; < ©; for each
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iand A ©; = A we have A{6;]|i=1,2,..,n} = A.

Assume A, V O; = V for all i. Then A, V A{O;|i=1,2,...,n} =A, VA =

AA,V ©;]i=1,2,..,n} = V. Hence A, VA{O;]i = 1,2,..,n} = A,

and thus A, = V. The latter implies (0,e) € A, so that 0 = z A e = z,

contradicting the hypothesis (z # 0) in the admissibility condition. Hence

there exists at least one j for which A,V ©; # V. Consider 6y, ..., ©, such

that A, V ©; # V. We show that A, < A{6;| AV O; #V} < A,:

For the first inequality, recall that b; < ¢; and A, < ©; for all i. Then

a; Az # 0 otherwise we get A, VA, = Ay, = Ag = V so that O;VA, = V,

a contradiction. Now, a; Az # 0 together with Az < a implies g; < a. Hence

A, < A, < 6;. Therefore A, < A{9;| A,V 6; # V}.

For the second inequality, note that A{©;|i=1,...,n} = A < A, and then
A{éiIAzV@i7év}/\/\{éiléiVAz :V} S Az

which implies A{6;|A; VO; # VIAA{O: VA, |O:; VA, =V} <A,.

Then clearly, A{6;| A,V ©; £ V}AV = A{6:i|A; V ©; # V} < A, This
verifies the second inequality. Hence A, < A{6;|A,V ©; # V} < A,.

Since a = \/{z € L|z <y a}, it follows that A, = Ay(serizausa} = A As.
This says A, is a greatest lower bound of the A;. Since A, < A{©;| A,V
6; # V} and A{©;|A, VO; # V} is also a lower bound of the A, we
get A, = A{6;|A. vV O; # V}. Since ©; is Chen-connected then so is ©;
for each i. Then we have expressed A, as a meet of closed Chen-connected
congruences, which completes the proof. [

5.3.5 Proposition
Any uniform frame having property S* is locally connected.
Due to its length and technicality, the proof is omitted. It appears in [3].

5.3.6 Lemma

In any locally connected frame L, if A, < © # V, where © is Chen-connected,
then there exists a Chen-connected Ay such that A, < Ay < O.

Proof. Let L be a locally connected frame and let A, < © # V with ©
Chen-connected. Since L is locally connected, a = \/{z € L |z connected}.
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We claim that for some of these z, © V A, # V : Assume the contrary, that
is, A; VO = V for all such z. Then,

Vo = VoAV = VoA (A V) = (VoAAL)V (VeAB) = AV(V.A8) = V,A8.

Hence V., < 0. This would imply V, = \V V, < © for connected z < a
and hence A, V V, € ©. Thus V = O, contradicting the hypothesis © # V.
Hence there exists some connected z < a such that A, VO # V.

Let b = \/{z € L |z connected, z < a, A, VO # V}. Then, by properties of
A as a map, it follows that A, = A{A;| zconnected, z < a,A; VO # V}.
Since A, < O, we have A, VO = O, which implies A A, VO = ©. By
Lemma 2.1.10, we deduce that A(© V A;) = © for connected z < a. Now,
this implies ()(© V A;) = © for connected z < o with © VA, # V. The
latter implies that © V A { A; | zconnected, z < a,A, VO # V} = 0, by
Lemma 2.1.10 again. Then © V A, = ©. Hence A, < 0.

It remains to show that A,;, as defined above, is Chen-connected. Since A,
is Chen-connected and A, V © # V, it follows that A, V © # V and hence
by Proposition 2.2.5, A, A © is Chen-connected for all such z. For a fixed
and any z, we get

Doy AO)V (Aay AO) = OA (A, VA,,) <O V.

Again by Proposition 2.2.5, A{A; A ©| z connected, z < a,A, VO # V}
is Chen-connected. This says © A A, is Chen-connected. Since A, < O,
© A Ay = Ay. Therefore Ay is Chen-connected and A, < Ay < 6. O

5.3.7 Theorem
A uniform frame has property S* iff it has property S.

Proof.(=) Let L be a uniform frame having property S* and let A € UL. By
definition of property S*, there exists Chen-connected congruences ©y,...,0,
such that A ©; = A and for each ¢ = 1,...,n there exists a; € A such that
A, < ©;. Without loss of generality, we assume that ©; # V for all z,
otherwise any ©; = V could be deleted and the above condition would still
hold. Again, since L has property S*, it follows from Proposition 5.3.5 that
L is locally connected and by Lemma 5.3.6, there exists connected b; such
that A, < Ay, < ©; for alli. Thus b; < a; for each 5. Also, Ay, A AD, <
ANO; = A=A, that is, Ay, A... A A, < A,. Since A sends joins to meets,
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Apyv..vb, = Ae. Since A is one-one b V... Vb, = e. Hence {b, ..., b, } is a finite
cover of L consisting of connected elements and {b;,...,b,} < A. Therefore
L has property S.

(<) Suppose L has property S and let A € {{L. By definition of property S,
there exists a finite cover {bi, ...,b,} of L with each b; connected such that
{b1,...,b,} < A. The latter implies that for each b; there is some a; € A such
that b; < a;. Since A reverses order, it follows that A, < Ay,. Since b; is
connected, A;, is Chen-connected for each ¢. Finally, because A sends joins
to meets, we have

/\Ab‘. == Ab’. FAN /\Abﬂ = Avbi = A, = A.

Therefore L has property S*. O

We list some facts which correspond to early results involving property S:

5.3.8 Proposition

(i) Any totally bounded uniformly locally connected uniform frame has
property S*.

(ii) Any uniform frame having property S* is totally bounded.

(iii) Any uniform frame having property S* has property S* with respect to
each of its coarser uniformities.

(iv) Let L be a completely regular frame. Then L is locally connected and
pseudocompact iff L has property S* relative to each of its uniformities.

Proof. (i) This holds by Theorem 5.3.7 and Corollary 5.2.3.

(i) This holds by Proposition 5.2.12 and Theorem 5.3.7 .

(iii} By Proposition 5.2.12 and Theorem 5.3.7.

(iv) This follows from Proposition 5.2.23 and Theorem 5.3.7. O

5.3.9 Theorem

Let M and L be completely reqular frames. If h : M — L is a dense onto
frame homomorphism and L is locally connected and pseudocompact then M
is locally connected.

Proof. Since M and L are completely regular, they are compactifiable and
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hence uniformizable. Let UM be any uniformity on M. Then by the above
lemma, {h[C]|C € UM} generates a uniformity on L. Hence A is a dense
surjection. Since L is locally connected and pseudocompact it follows, by
Proposition 5.2.23, that L has property S. By Theorem 5.3.7, L has property
S*. Since any surjection is uniform, 2 is a dense uniform frame homomor-
phism. Thus, by Proposition 5.3.2, M has property S$* and hence locally
connected by Proposition 5.3.5. O

As a corollary, we obtain the promised sufficiency part of the Baboolal-
Banaschewski local connectedness theorem.

5.3.10 Corollary

Let L be a completely regular frame. If L is locally connected and pseudo-
compact then its Stone-Cech compactification SL is locally connected.

Proof. Let \/ : BL — L be the Stone-Clech compactification of a completely
regular frame L. Suppose L is locally connected and pseudocompact. Then
V is a dense onto frame homomorphism. Since L is locally connected and
pseudocompact, by the above theorem, SL is locally connected. O

To close this section, we show that the necessity part of the local connected-
ness theorem cannot be obtained in a similar fashion. We verify that for any
dense onto frame homomorphism % : M — L between completely regular
frames, if M is locally connected then, in general, L is not pseudocompact.
We do this by providing a counter-example. Recall the following familiar
facts:

fact 1. A Ty-space X is completely regular iff DX is completely regular.
fact 2. A space X is pseudocompact iff DX is pseudocompact.

5.3.11 Lemma
A topological space X is locally connected iff DX is locally connected.
Proof. (=) Suppose X is locally connected and let O € OX. Then, by a

familiar characterization of open sets, O contains a neighbourhood of each
of its points, that is, O 2 N, for each z € O. Since X is locally connected,
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each r € X has a neighbourhood base of open connected sets. In partic-
ular, each £ € O satisfies the latter condition since O C X. So we have
z € C; C N; C O and hence O = | J{C; | C; open and connected }. Therefore
DX is locally connected.

(<) Suppose DX is locally connected and let z € X. Then for each O € DX,
O =|J{C € DX |C C Oconnected}. In particular, since X € OX, we have
X =|J{C € OX |Cconnected}. Now, z € X implies z € C for some open
and connected C C X. Thus each z has a neighbourhood base of open and
connected sets. Therefore X is locally connected. O

Now, consider the dense embedding i : (0,1) = [0, 1]. Both (0,1) and [0, 1]
are completely regular since they are subspaces of the real space R which
is completely regular ( see for example Willard([48] p.95, Example 14.9 and
Theorem 14.10 or [22]). It can be shown that [0,1] is locally connected.
Recall that for metric spaces, compactness is equivalent to pseudocompact-
ness([19]). Then, being not compact, (0, 1) is not pseudocompact.

Counterexample. We transfer the above into a frame setting by using the
open set functor O, and get:

Oi = i1 9([0,1]) — OD((0,1)).

By fact 1, £([0,1]) and O((0,1)) are completely regular and by fact 2,
9((0,1)) is not pseudocompact. Since [0, 1] is locally connected, by Lemma
5.3.11, we deduce that ([0, 1]) is locally connected. That Oi is onto rests on
the fact that (0,1) C [0, 1]. We show that Oi is dense: Suppose Di(U) = 0.
Then i~} (U) = @ and hence U = #~1(U) = (), that is, U = @. Thus Oi
is dense. Therefore ¢=! : O([0,1]) — O((0,1)) is a dense onto frame ho-
momorphism between completely regular frames, where ([0, 1]) is locally
connected but O((0,1)) is not pseudocompact.

The space version of this counterexample was hinted to me by Professor
Baboolal. Many thanks.
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Concluding Remarks.

To avoid the danger of confusion, we remind the reader that the converse
of Corollary 5.3.10 holds in general (Theorem 3.3.3). The point here is that
one cannot establish it using the methods that led to the corollary.
We have not been able to answer the following question: Given a uniformly
locally connected uniform frame (L,4L) and another uniformity $'L on L
such that 'L C UL, is (L,4'L) also uniformly locally connected ?
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