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Abstract 

The portfolio selection method developed by l\Iarkowitz gives a rational 

investor a way of evaluating different investment options in a portfolio using 

the expected return and variance of the returns. Sharpe uses the same op­

timization approach but estimates the mean and covariance in a regression 

framework using the index models. Sharpe makes a crucial assumption that 

the residuals from different assets are uncorrelated and that the beta esti­

mates are constant. When the Sharpe model parameters are estimated using 

ordinary least squares, the regression assumptions are violated when there is 

significant autocorrelation and heteroskedasticity in the residuals. Further­

more, the presence of outlying observations in the data leads to unreliable 

estimates when the ordinary least squares method is used. 

\Ve find significant correlation in the residuals from different shares and 

thus we use the Troskie-Hossain model which relaxes this assumption and ul­

timately produces an efficient frontier that is almost identical to the Markowitz 

model. The combination of the GARCH and AR models to remove both au­

tocorrelation and heteroskedasticity is used on the single index model and it 

causes the efficient frontier to shift significantly to the left. Using dynamic 

estimation through the Kalman filter, it is noticed that the beta coefficients 

are not constant and that the resulting efficient frontiers significantly out­

perform the Sharpe model. 

In order to deal with the problem of outlying observations in the data, 

we propose using the Minimum Covariance Determinant, (MCD) estimator 

a.s a robust version of the Markowitz formulation. Robust alternatives to 

the ordinary lea.st squares estimator are also investigated and they all cause 

the efficient frontier to shift to the left. Finally, to solve the problem of 

collinearity in the multiple index framework, we construct orthogonal indices 

using principal components regression to estimate the efficient frontier. 
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1 Introduction 

1.1 Subject background 

In his landmark paper entitled "Portfolio Selection", Harry Markowitz (1952) 

showed how an investor faced with the problem of selecting an optimal port­

folio can use the mean and the covariance structure of the asset returns to 

construct the efficient frontier. Using the Markowitz mean-variance formula­

tion, the portfolio managers' problem of optimal portfolio selection reduces 

to selecting a portfolio that lies on the efficient frontier. Although several 

other portfolio optimization techniques have been proposed since Markowitz 

proposed his method, the lVlarkowitz formulation remains the basis for many 

of the newer techniques. Although the optimization process is relatively 

straightforward, the central problem in portfolio theory is estimating the 

inputs. Sharpe estimates the inputs through the single and multiple index 

framework. This h&') the advantage of extending the estimation to time-series 

regression models. Troskie, Hossain and Guo (2005) further refine the index 

models through the Troskie-Hossain model by improving on the estimation 

of the covariance structure. Regression models however make strong assump­

tions about the estimated parameters. For example in the single index model 

framework, if Rit represents the return from the i-th share and It is the return 

on the market or some other market proxy at time t, then Sharpe, (1970), 

uses the following relationship between the returns: 

(1.1 ) 

with 
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E(eit) 0, i = 1, ... ,p 

E(e;t) 2 
(J" ei 

E( eiteis) 0, t i= s 

E( eit1t) 0, t = 1, . .. N, 

E(eitejt) 0, ii=j (1.2) 

From the above formulation, it is clear that Sharpe assumes that the residuals 

between the stock returns are uncorrelated and there is an assumption that 

the regression coefficient is constant. For a portfolio manager who uses the 

Sharpe formulation, these assumptions need to be tested before the model 

is implemented. From a risk measurement point of view, it is particularly 

important to investigate the assumptions that the estimates of the betas and 

the residual variance are constant because these are the critical inputs that 

contribute to portfolio risk. If the beta coefficients are in fact not constant, 

then the portfolio manager would like to use the most recent estimates of the 

betas since these reflect the most current market conditions. 

The models used in portfolio theory estimate the parameters from his­

torical data. The problem with financial data is the effect that outliers and 

influential observations can have on the parameter estimates. The challenge 

we face is to find estimation methods that are rob'ust. Several robust proce­

dures have been proposed by Huber (1981), and Rousseeuw and Leroy (1987) 

and these methods have shown to be very effective particularly in a regression 

setting. 

In financial data, we are also interested in identifying the factors that 

explain the variation in the share returns. This is very useful for portfolio 

management because it can help in understanding the covariance structure 

of the returns which is a critical input in the portfolio optimization process. 
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Principal components analysis lends itself to be a very useful tool for this, 

particularly due to the fact that it requires less restrictive assumptions than 

other regression type models. 

1.2 Objectives of the Study 

The ~Iarkowitz and Sharpe models make a number of restrictive assumptions 

particularly regarding the constant parameter estimates. \Ve would like to 

use models that are dynamic in the sense that they can adapt to changes 

in the underlying parameters over time. Dynamic models should in theory 

be expected to give us results that are more useful in practice because by 

allowing parameter estimates to change with time, we are able to use time as 

an additional explanatory variable for variation, and since time is predictable, 

we should be able to reduce the residual risk. lvIore precisely, the objectives 

of this thesis are to: 

• Evaluate the Markowitz formulation as a tool for asset allocation and 

critically analyze the underlying assumptions that are used in develop­

ing this model. 

• Review the theory of the Kalman Filter and evaluate its usefulness 

in dynamic estimation of the mean and covariance structure of asset 

returns. 

• Contrast the optimal asset allocations that result from fitting the Sharpe 

single and multiple index models, the Kalman Filtered and the Troskie­

Hossain, (Hossain, Troskie and Guo, 2006) improvements to Sharpe. 

Particular attention will be paid to investigating how the efficient fron­

tier shifts ill the different cases. This will allow us to contrast how the 

optimal a.'3set allocation differs in each ca.'3e. 

• Investigate the role that principal components analysis can play in port­

folio theory using the Sharpe multiple index model framework through 
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principal components regression. In addition, the idea of Dynamic 

Principal Components will be used in order to compare the effect it 

has on risk reduction in portfolio optimization . 

• Introduce models that are robust in the sense that the parameter esti­

mates are not greatly influenced by influential observations. As Huber, 

(1981, pg1) puts it, " ... robustness signifies insensitivity to small devi­

ations from the assumptions." This is precisely what we would like to 

achieve because we will be using models that depend on certain assump­

tions, and we would like to see what improvements to the estimation 

of risk we can get from using robust estimation. 

1.3 Scope and Limitations 

The results we will get from using various models in this thesis depend on 

certain statistical assumptions regarding the underlying distributions, inde­

pendence, autocorrelation and homoskedasticity. Although the data we 

use may not satisfy some of these assumptions, we will still cautiously use 

the models assuming these assumptions are not seriously violated. In other 

words, we expect that these minor violations should not have a serious im­

pact on the financial interpretation of the results. The thesis will try to use 

a wide variety of statistical models, each of which has a lot of underlying 

theory and mathematics, some of which is beyond the scope of this thesis. 

Robust estimation theory is a typical example where this thesis will only be 

able to state and use the main results without proving much of the under­

lying theory. The reader is directed to the references for a more rigorous 

treatment. 
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1.4 Plan of Development 

The thesis starts by reviewing Modern Portfolio Theory using the Markowitz 

framework in Chapter 2. This is fundamental because our goal throughout 

this thesis is to construct the efficient frontier that an investor will face when 

trying to choose the optimal portfolio. In Chapter 3 we introduce the single 

and multiple index models from Sharpe (1970) and the Troskie-Hossain Im­

proved Sharpe models. We will also discuss the issue of autocorrelation and 

heteroskedasticity that is often problematic in regression models. In Chap­

ter 4 we introduce the Kalman filter and then we use state space methods 

to estimate the regression coefficients from the index models. \Ve will then 

use the estimates derived from the Kalman filter to construct efficient fron­

tiers. Chapter 5 looks at various methods of robust estimation that can be 

used in robust portfolio optimization. Finally, Chapter 6 looks at the idea 

of principal components and we investigate the role that state space and 

autoregressive models can help in producing dynamic principal components. 
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2 Markowitz Portfolio Theory 

2.1 Assumptions of the Markowitz Model 

The ~larkowitz portfolio selection algorithm gives us a powerful tool for 

constructing the efficient frontier. Given that different assets have differ­

ent characteristics, the Markowitz Nobel Prize winning formulation gives a 

principle that can be applied in choosing the best possible combinations of 

asset weights in a portfolio. The key concept that is used in developing the 

theory comes from the idea that a rational investor who bases investment 

decisions on the expected return and variance of asset returns would want a 

portfolio that provides the highest level of expected return for a given level 

of risk. The measure of risk that the investor uses is the covariance structure 

of the asset returns. The assumptions of the Markowitz frameworks are as 

follows: 

• Investors evaluate portfolios by considering only the mean and variance 

of returns. 

• This is done over the same one-period time horizon. 

• Investors are rational, in other words they prefer a portfolio with a 

higher expected return to one with a lmver expected return for a given 

level of risk. 

• Investors are risk averse because they prefer a portfolio that has a lower 

variance to one with a higher variance for a given level of return. 

• Individual securities are infinitely divisible such that we can hold them 

in any proportion of the portfolio. 

• Taxes and transaction costs can be ignored. 
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2.2 Markowitz Formulation 

In our portfolio we have a vector of p stocks. Let the price of a stock at time 

t be Pt and define the log return as 

(2.0) 

The vector of returns for a p set of stocks can then be written as, 

(2.1 ) 

\vith the vector of expected returns 

(2.2) 

and covariance matrix of returns 

(2.3) 

The portfolio weights are Wi for each stock. These must satisfy 

P 

LWi = l. (2.4) 
i=l 

Let Wi be proportion invested in the i-th asset and assuming no short selling, 

then 

o ::; Wi ::; l. (2.5) 
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The portfolio return Pt at time t is 

p 

Pt= LWiRt. 
i=l 

The expected return of the portfolio is 

p 

E(Pt )= L wifli = flp 

i=l 

and the variance is 

var(P) w~w 
p p 

L L WiWjaij = a;. 

i=l j=l 

with aij the ij - th element of :E 

(2.6) 

(2.7) 

(2.8) 

\Ve can change the expected return and variance of the portfolio by chang­

ing the weights. \Ve thus need to find an optimal set of weights that gives 

the best trade-off between expected return and variance. 

2.3 The Efficient Frontier 

A portfolio is called efficient if it gives the highest possible return for a given 

level of risk. we can evaluate this using the efficient frontier. The efficient 

frontier is a 2-dimensional plot of portfolio combinations that have minimum 

variance, that is, any point on the efficient frontier represents a combination 

of portfolio weights that give the least possible variance for a given level 

of return. Equivalently, any point on the efficient frontier gives a portfolio 

that has the highest expected return for a given level of risk. The efficient 

frontier plots various minimum variance portfolios with the expected return 

on the y-axis and risk, measured with the standard deviation, on the x-
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aXIS. Ruppert (2004 pg. 153) points out that if we use the no short selling 

constraint, we cannot solve the optimization problem using Lagrangian. Thus 

in order to construct the efficient frontier, we need to solve a constrained 

quadratic optimization problem. Ruppert (2004 pg. 160) recommends using 

the portfolio variance as the objective function and the no-short selling rule 

as one of the linear constraints. 

Minimize 0"; wT:Ew (2.9) 

such that Jip w T J.L 

and 0 < Wi:::; 1. (2.10) 

Letting 0 < Wi < 1, means that short sales are not considered in this 

model. 

2.4 The Optimal Portfolio 

The portfolio optimization algorithm above gives us a set of minimum vari­

ance portfolios or risky portfolios that a rational investor would choose. In 

practice, investors do not just hold risky assets, they also hold a risk-free as­

set in the form of cash or bonds. The investor can even short sale bonds by 

borrowing in order to invest in the risky portfolio, depending on the investor 

attitude to risk. The presence of the risk-free asset dramatically changes 

the set of minimum variance portfolios that a risk-averse investor will ac­

tually hold. The efficient frontier that the investor faces after applying the 

quadratic programming problem in equation (2.9) above is shown as the solid 

curve in blue in Figure 1. 

Now if we take into account the presence of the risk-free asset, the investor 

can choose to hold a portfolio that contains risky assets from the efficient 

frontier and the risk-free asset. This portfolio that the investor will hold 

is shown as the straight line that is tangent to the efficient frontier this is 
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tangent portfolio is the one that has the highest reward to risk ratio, shown 

by the slope term (E(RA) - RF)/ CT A. Ruppert (2004) refers to the slope 

term as the Sharpe ratio, of the portfolio. Any other portfolio other than 

this optimal portfolio, when combined with the risk-free asset, would have a 

lower gradient hence it will have a lower reward to risk ratio. Note also that 

the gradient cannot be greater than (E(RA) - RF)/CTA because if it was, it 

would not even touch the efficient frontier hence it would not be attainable. 

Any rational investor who is faced with the efficient frontier in Figure 1 will 

thus have an overall portfolio that consists of the tangent portfolio and the 

risk free asset, and this overall portfolio lies somewhere on the straight line 

which is the Capital Allocation Line, (CAL). Of course the precise overall 

portfolio that the investor will actually hold depends on the degree of risk 

aversIOn. 

2.5 Empirical Investigation of the Markowitz Model 

2.5.1 Objectives and background of the Investigation 

In the application of the Markowitz model, our goal is to use empirical data 

to construct the efficient frontier and also to get an idea of the asset allo­

cation in the optimal portfolio. Using the 1larkowitz assumptions, we will 

solve the optimization problem that is shown in equation (2.9). As we build 

other models later in the thesis, we will frequently compare the results to 

the Markowitz Model in order to explain the reasons or situations in which 

Markowitz mayor may not be a suitable model for portfolio analysis. 

2.5.2 Data used in the investigation 

The data we use in the analysis comes from monthly share price data from the 

Johannesburg Stock Exchange (JSE). This data was obtained from Datas­

tream Advance, the online data bank, and also from the JSE Data Bank 
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Table 1: Shares used in the Portfolio 

Share 
ABSA GROUP 
ANGLO AMERICA.N 
BARLOWORLD 
BIDVEST GROUP 
GROUP FIVE 
ILLOVO SUGAR 
FIRSTRAND 
LONMIN (JSE) 
MR PRICE GROUP 
PICK N PAY HOLDI~GS 
SHOPRITE 
SABMILLER 
SAPPI 
SASOL 
STANDARD BANK 

from the Department of Statistical Sciences at the University of Cape Town. 

The data was then converted into the monthly log returns by differencing 

the log prices. We decided to use data from January 1996 to February 2008. 

vVe needed to choose the time period that we felt was long enough for us 

to confidently use some asymptotic results regarding the convergence of the 

estimates to their true quantities. At the same time, too long a time period 

would not be a true reflection of the current estimates especially since they 

may change over time. vVe chose to work with a portfolio consisting of 15 

shares which are shown in Table 1. The choice of the number of shares, (15 in 

our case), becomes a crucial one as we shall see when we discuss the Troskie­

Hossain ~lodel, in Chapter 3. A portfolio that has too many shares will be 

so diversified that it will have very little company specific risk and since this 

thesis is about estimating risk, we may loose some important insights. 

vVe used the risk-free rate of 11.89% per annum and the proxy for the risk 
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free rate that we decided to use was the JIBAR (Johannesburg Inter Bank 

Agreed Rate). This is quoted as a nominal annual compounded quarterly 

rate (NACQ) so since we are working with monthly log returns, we perform 

a simple transformation to the JIBAR rate in order to convert it from the 

annual compounded quarterly rate to the effective monthly log rate. 

2.5.3 Method of Investigation 

The estimation of the mean and covariance matrix for the analysis was per­

formed in Eviews 3. The constrained quadratic optimization procedure that 

we need, (shown in equation 2.9), was performed in 1IATLAB 7. In im­

plementing the procedure, we use the ma.ximum likelihood estimate of the 

covariance matrix from normal theory which Ruppert (2004 pg. 141) recom­

mends for portfolio analysis. This was used together with the sample mean 

which we used as the estimate for the vector of expected returns. Assuming 

that the vector of returns R t rv N(J.L, b), for t = 1, ... , N, the maximum 

likelihood estimates for the mean J.L and variance b, are given by, 

(2.12) 

The risk-free rate was added to the analysis in order to determine the 

optimal risky portfolio. The crucial assumption we made in addition to the 

standard 1Iarkowitz assumptions is that the historical estimates of the mean 

and variance that we calculated from the data are the best estimates of the 

expected returns and risk that the investor uses. 

2.5.4 Results 

The efficient frontier obtained from the analysis is shown in Figure 2. The 

optimal portfolio is marked on the efficient frontier. The investor will thus 

hold this portfolio and the risk-free asset in proportions that will depend on 
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2.6 Analysis of the Results and Conclusion 

The efficient frontier we obtained gave us the set of portfolio weights that 

we need in order to construct a minimum variance portfolio. The differ­

ent points of the efficient frontier are as a result of different weights. The 

optimal portfolio had a high proportion (about 43%) in a particular stock, 

Lonmin. Looking at the estimated vector of expected returns and covariance 

matrix that we used as inputs, we notice that this particular share had the 

highest expected return and a relatively low standard deviation. This is not 

surprising since the optimization process penalizes high standard deviations 

and favours high returns. In addition, further observation of the covariance 

matrix shows that Lonmin is negatively correlated with Pick n Pay holdings. 

This is crucial because looking at Equation (2.8), the presence of negative 

correlation reduces the overall risk of the portfolio due to the negative com­

ponent of the summation. vVe will tackle this issue of the presence of negative 

correlation when we discuss the Troskie-Hossain 110del in Chapter 3. 

22 

Univ
ers

ity
 of

 C
ap

e T
ow

n



3 Index Models of Asset Returns 

The l\Iarkowitz model assumes that the asset returns are related to each other 

through the covariance matrix but does not attempt to explain how they are 

related. If a model could explain exactly how the asset returns from different 

assets are related then it would be a very useful tool because we would be able 

to get a better understanding of the underlying market dynamics. This is 

exactly what 'William Sharpe (1970) did when he proposed the index models. 

Before we introduce the Sharpe index models, we first review some key results 

from the multivariate normal distribution. 

3.1 The Bivariate Normal Distribution 

The Index models that are used depend on some fundamental results from 

regression theory. A particular result that is used comes from the properties 

of the conditional multivariate normal distribution. If Rt v-.N(f.lr, 0";) is the 

return on a specific share and It v-.N(f.LI,0"7) is the return on the overall 

market such as the JSE All-Share Index or some other market proxy, and 

the covariance between the market and the share is 0" rI, then using matrix 

notation we can write the following, 

( ~' ) - N [ ( ;:; ) , (:;, ~;) 1 (3.1) 

That means we can write the joint distribution of share and market re­

turns and partition the mean and covariance matrix as shown in Equation 

(3.1). Using the property of conditional normal random variables it follows 

that the conditional distribution of RtiIt is given by 
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(3.2) 

and 

Var(RtIIt ) (3.3) 

This can now be written as 

3.2 The Sharpe Single Index Model 

In the single index model, Sharpe (1970) proposes the following relationship 

between the return in the i - th share at time t, Rit, and the return on some 

index It. 

\vith 

E( eit) 

E(eiteis) 

E( eitIt) 

E( eitIt) 

0, t =1= s 

0, t = 1, ... N, 

0, t = 1, ... lv, 
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Equation (3.4) states that the return on a share depends on some constant 

ai and the product of the return on the overall index It and some other 

constant /3 i plus some random noise eit that follows a normal distribution. 

Equation (3.5) states that the error term has a mean of zero and constant 

variance. Equation (3.6) shows that the error terms for different time periods 

are uncorrelated, (no autocorrelation) and Equation (3.7) states that the 

error terms are uncorrelated with the index. Finally equation (3.8) states that 

the error terms of different stocks are uncorrelated. This means that the only 

relationship that individual stocks have between each other is through the 

market index. This last assumption as shown by Troskie, Guo and Hossain, 

(2008) is not satisfied in practice, but for the moment we will Ckssume that it 

holds. 

3.3 Sharpe Single Index model in Portfolio Theory 

Given the Sharpe Index model assumptions, the portfolio selection problem 

is solved using the estimated parameters from Equations (3.4) and (3.5). If 

E(It) = 11] and var(It) = (J~ is the expected return and variance of the 

market returns, then the expected return from share i, is given by 

(3.9) 

Note that the time index is not needed since the model assumptions are that 

ai, Pi and 11] are all constant with respect to time. The variance of the 

returns is given by 

var( (};; + ,3;1t + eit) 
2 2 2 ;3 i (J] + (J ei 

2 2 
(Jii = (Ji (3.10) 
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Equation (3.10) shows that the greater the slope term Pi1 the greater the 

contribution that the market risk a} will have on the overall risk. In addition, 

the overall risk also consists of the risk that is specific to the share O;i. The 

covariance of the returns between different stocks (the off-diagonal elements) 

are given by 

E((n - E(Ri))(Rj - E(RJ)) 

E(f3i (I - f-Ll) + ei)(.3j (I - f-Ll) + ej) 
2 f3;/3 j 0 1 , (3.11) 

the last line of equation (3.11) following because E[3i (I - Jil )ej] = 0 and 

E[eiej] = 0 for i =I- j. The equations above give us the inputs to the portfolio 

selection problem 

where 

and 

Minimize 0; = wT:Ew 

snch that fIp = w T J-L 

and 0:::; Wi :::; 1. 

i=l 
p 

L Wi(OOi + ,3i f-Ll) 
i=l 

p p 

(L WiOOi) + (L wJ3Jf-Ll 
i=l i=l 
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with 

p P 

0"; 0"7(L WJJ)2 + L O";iW; 

O"ii 

i=l 
p p 

""' ""' W W 0" DD 'J 'J 
i=l j=l 

2 0". , 

i=l 

(32 2 2 d 
i 0" I + 0" ei an 

O"ij (3i/3j O";' 

or more generally, 0" ij is an element from the following covariance matrix, 

2 
0" e1 0 0 

0 2 0 
cov(R) = 0"7 f3f3 , + 0" e'2 

0 2 
0" ep 

The single index model assumes that we know the values of ai, (3i and O";i. 

Rupert (2004 pg. 174) recommends using the least squares estimates. If the 

model assumptions are not seriously violated, then the least squares estimates 

are the best. In fact to be more precise, the Gauss-Markoff Theorem tells 

us that the least square estimates are the best linear unbiased estimators. If 

however these assumptions are violated, then ordinary least squares estimates 

give very unreliable estimates. In later chapters we will use other e8timating 

techniques that are more robust compared to the lea.'3t squares estimates 

when the assumptions are violated. 
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3.4 Empirical Investigation-Sharpe Single Index Model 

3.4.1 Objectives of the Investigation 

Using the Sharpe index model, we would like to estimate the parameters 

Oi, 3; and o-;i using historical data from the Johannesburg Stock Exchange. 

These estimates will then be used in order to estimate the mean and co­

variance matrix of the asset returns which we will then use as inputs in the 

optimal portfolio selection algorithm. \Ve would also like to compare the 

efficient frontier that we get using the Sharpe single index model to that of 

the l\larkowitz model which we found in Chapter 2. \Ve will be interested 

in comparing the changes in the composition of the optimal risky portfolio 

when we move from the Markowitz model to the Sharpe model. 

3.4.2 Data used in the Investigation 

For consistency and comparison purposes, we will use the same share data 

we used in Chapter 2, (see Table 1), with the only addition being the index 

on the JSE AllShare Index over the same time period. 

3.4.3 Method of Investigation 

The data were analyzed in Eviews3 and the parameters were estimated using 

least squares. Eviews3 gives us information on the parameter estimates, 

standard errors and the overall fit of the model. The estimates that Eviews3 

gives for the standard errors are the unbiased estimates. Using the estimated 

parameters, the mean and covariance matrix were calculated and these were 

then used in Matlab7 in the optimization process. l\latlab gives the efficient 

frontier and details on the composition of the optimal portfolio. The vector 

of expected returns and the covariance matrix were calculated from Equation 
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Table 3: Sharpe Single Index Model Estimates 

Share a· , (3; (3; t-stat (3i stderr ae; adjusted-R2 
Absa -0.00036 1.078 9.78 0.110 0.082 0.40 
Anglos -0.00064 1.305 16.70 0.078 0.058 0.66 
Barloword -0.00281 1.001 10.87 0.093 0.069 0.45 
Bidvest 0.0009 0.784 9.77 0.080 0.059 0.40 
Group 5 0.00281 0.726 4.18 0.174 0.128 0.10 
Illovo 0.00026 0.727 6.91 0.105 0.078 0.24 
Firstrand 0.00279 1.025 9.73 0.105 0.078 0.39 
Lonmin 0.00814 0.872 7.97 0.110 0.081 0.30 
l\Ir price -0.00276 0.944 5.93 0.159 0.118 0.19 
Pick n pay 0.00569 0.624 5.32 0.117 0.087 0.16 
Shoprite 0.00784 0.600 5.09 0.118 0.087 0.15 
SAB -0.00344 0.866 12.20 0.071 0.053 0.51 
Sappi -0.00791 1.158 9.37 0.124 0.092 0.38 
Sasol 0.0055 1.069 9.86 0.108 0.080 0.40 
Standard B 0.00131 0.942 10.48 0.090 0.067 0.43 

(3.13) and these were used to solve the quadratic optimization problem in 

Equation (3.12). 

3.4.4 Results 

Table 3 shows the various estimated coefficients. The beta or slope coeffi­

cients are very important statistics because they are crucial inputs into the 

estimation of portfolio risk. In addition to getting the parameter estimates, 

we would also like to know how reliable these estimates are. Keeping in 

mind that our results are only estimates of the true unknown values, it is 

good practice in any statistical estimation work to always give the standard 

errors of the estimates. The adjusted R-Squared statistic has also been in­

cluded which gives us a rough indication of the proportion of variation that 

is explained by the market. 

Figure 3 shows the efficient frontier produced froUl the Sharpe single index 

29 

Univ
ers

ity
 of

 C
ap

e T
ow

n



model. Foc oompa"i:;on, tl", oorresp0nding effi~ient frontier obtained from 

.\la,·kowit7. is plott.",1 on th .. sam .. g,..,.ph. Thp !(r""" lin" shows III<' Sharp" 

whik tl.) bh~) ft']Jre".'Ilt~ the ~lafkowitl m,,,ld. Tj~' optimal fi~k} I~)ltfolio 

is R1:;o ~l""nl Oll the wrve8. T]", graph ckarly "how~ that foc mu<t of the 

1",.,.ls of ,~x P"e\ cd Id',m. tloc' Sharpc' U10\~'1 Io",s a higl.'r ri"k sinn' i l i. shiftwl 

to the right. :'\otiee ,llio thm although the Sharpe optimal ponfolio htloS a 

~lighlly highc~' rdum, it lotIoS a ~ig"ificalltly higl.'f risk. That Ult'anS Ilmt 

either tl", Sharp'" model i" m..,rustimatiug the risk or the I-.Jmkowitz model is 

u,,,wrest.imating the risk. As it. stands, it looks as if raliflllai in"""t.or would 

pn,{c'r th,' t-.lal'kowi'~ IUOOd 1x'<.<lllS(' it is UlOn' dficic'nt. 

o 0'" 

o 0"' 

o 0"' 

00' . , 
o 0" , 

! o 0,. 

o 0,-, 

00<2 

""" """ " "'" 

Fib'Uf(' 3: Shaflx' Siugle Jnde." Effkieut Frontier 

Table' 4 cOHlpart's thc' (\Ol"I~)f<ilio" of UK' optimal risky pOitfolio bo',"W'll 

,he Sharpe aud the t-.1ll1'kmvitz model". 'I he (x)lllpcoeilioll a",1 ",eights of th" 

sharffi .ow 'Illite di!T"fl'llt. T l.,,"-' dilkrmeos will han' a big iHlpact ill I~)r,fol~) 

pPl'fonnallc('. It is t,hll" ,'pry impc~t.oJl' '0 cry and ulld"f~talld U.) f,'fI."'<)IIS for 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Table 4: Composition of the Markowitz and Sharpe Optimal Portfolios 
Share Markowitz Sharpe 

Firstrand 6.18% 0% 
Lonmin 42.69% 45.51% 
Pick n Pay Holdings 0.53% 2.46% 
Shoprite 29.27% 20.83% 
Sasol 21.33% 31.2% 

these differences so that, depending on the situation, the practitioner will be 

able to decide which of the two models is appropriate. 

3.4.5 Conclusion 

The results from the Sharpe model are quite different to those of the Markowitz 

model in that they suggest that the rvIarkowitz model is more efficient than 

the Sharpe model. Does this mean that Markowitz is better? Probably not, 

because we still need to get a better understanding of how the covariance 

structure of the returns affect this. In order to investigate this issue, we now 

present the Troskie-Hossain Improved Sharpe model proposed by Hossain, 

Troskie and Guo, (2005) in the following section. 

3.5 The 'froskie-Hossain Improved Sharpe Model 

The Troskie-Hossain Improved Sharpe lVIodel is an extension of the Sharpe 

Index 110del with the relaxation of a crucial assumption regarding the cor­

relation of the residuals. Under the Sharpe model, the only relationship 

different shares had between each other wa.') through the market index. If 

the error terms are correlated, then it means that there is some correlation 

between the share returns that cannot be explained by the market. Recall 
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that the Sharpe model was formulated as, 

(3.15) 

with 

E( eit) 0, and 2 2· E(eit ) = (Jei Z = 1, ... ,p (3.16) 

E( eiteis) 0, tIs (3.17) 

E( eit1t) 0, t = 1, ... N, (3.18) 

E(eit1t) 0, t = 1, . .. N. (3.19) 

This implies that 

(3.20) 

o 

Sharpe assumes that all eit, i = 1, ... ,p, t = 1, ... , N are uncorrelated. 

In the Troskie-Hossain Improved Sharpe model, this assumption is relaxed 

by assuming that the disturbances eit of the different stocks are dependent 

(correlated). Troskie, Guo and Hossain (2008) have found evidence of this 

correlation on the JSE shares. 

Thus 
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or 

E(ee') = n = (3.22) 

with 

cov(R) =a;f3f3' + n = q, (3.23) 

For portfolio P = w'R we have 

E(P) = w'(a + f3flI) = J-l p (3.24) 

and 

var(P) w'(a;f3f3' + n)w 

w'q,w =a2 . (3.25) 

These inputs to portfolio selection can then be used in Equation (3.12) 

to solve the quadratic programming problem. To estimate D, let 

ell e12 elN 

E= 
e21 e22 e2N 

(3.26) 

epl epN 

(3.27) 
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Troskie, Guo and Hossain, (2008) recommend using the unbiased estimator 

~ 1 ~ ~, 
O=--EE. 

N-2 
(3.28) 

and 

(3.29) 

This means that the Troskie-Hossain model will be different to Sharpe 

depending on the magnitude of the off-diagonal elements of n. 

3.6 Empirical Investigation of the Troskie-Hossain Im­

proved Sharpe Single Index Model 

3.6.1 Objectives of the Investigation 

The aims of the investigation are threefold. Firstly, we would like to compare 

the efficient frontiers produced from the Troskie-Hossain model to the Sharpe 

model. Secondly, if there are any differences then we would like to use the 

covariance matrix of the residuals in order to explain these differences because 

the only difference between the models is due to the off-diagonal elements of 

the residual covariance matrix. Thirdly, if we can explain these differences, 

then we would like to determine what impact will this have for a portfolio 

manager. 

3.6.2 Methodology 

The method used is identical to the one used in the Sharpe model. The 

only difference is that we use the covariance matrix from the Troskie-Hossain 

model instead of the one from the Sharpe model. 
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Table 5: Risk-Return properties of the optimal portfolio 

Method Expected Return Standard Deviation 
11arkowitz 19.8% 21.89% 
Sharpe 20.16% 25.01% 
Tros-Hos 19.68% 21.93% 

Figure 5: Single Index Residual Correlation 1Iatrix 

1.00 -0.36 0.07 0.27 0.03 -0.03 0.49 -0.21 0.18 0.26 0.19 0.10 -0.18 -0.30 0.56 

-0.36 1.00 -0.19 -0.35 -0.01 0.04 -0.44 0.31 -0.26 -0.22 -0.27 -0.14 0.24 0.33 -0.53 

0.07 -0.19 1.00 0.42 0.31 -0.18 0.14 -0.22 0.17 0.42 0.37 0.13 0.09 -0.11 000 

0.27 -0.35 0.42 1.00 0.22 -0.01 0.47 -0.31 0.23 0.39 0.42 0.13 -0.08 -0.32 0.26 

0.03 -0.01 0.31 0.22 1.00 -0.03 0.07 -0.14 0.05 0.27 0.11 0.18 0.10 0.01 0.05 

-0.03 0.04 -0.18 -0.01 -0.03 1.00 000 0.11 0.02 -0.27 0.07 -0.08 000 0.04 -0.05 

0.49 -0.44 0.14 0.47 0.07 000 1.00 -0.45 0.05 0.34 0.35 0.14 -0.18 -0.36 0.51 

-0.21 0.31 -0.22 -0.31 -0.14 0.11 -0.45 1.00 -0.24 -0.31 -0.37 -0.13 0.08 0.08 -0.29 

0.18 -0.26 0.17 0.23 0.05 0.02 0.05 -0.24 1.00 0.15 0.20 -007 -0.12 -0.20 0.06 

0.26 -0.22 0.42 0.39 0.27 -0.27 0.34 -0.31 0.15 1.00 0.39 0.28 0.10 -0.21 0.33 

0.19 -0.27 0.37 0.42 0.11 0.07 0.35 -0.37 0.20 0.39 1.00 0.10 -0.07 -0.20 0.15 

0.10 -0.14 0.13 0.13 0.18 -0.08 0.14 -0.13 -0.07 0.28 0.10 1.00 -0.08 -0.17 0.21 

-0.18 0.24 0.09 -0.08 0.10 000 -0.18 0.08 -0.12 0.10 -007 -0.08 1.00 0.32 -0.09 

-0.30 0.33 -0.11 -0.32 0.01 0.04 -0.36 0.08 -0.20 -0.21 -0.20 -0.17 0.32 1.00 -0.17 

0.56 -0.53 000 0.26 0.05 -0.05 0.51 -0.29 0.06 0.33 0.15 0.21 -0.09 -0.17 1.00 

The correlation matrix of the residuals shown in Table 5, shows the pres­

ence of negative and positive correlations. This is a problem because Sharpe 

assumes that these are zero. vVe can actually do a formal statistical test in 

order to test for the significant correlations. vVe can use the distributional 

properties of the sample correlation to test for significance a.', follows: 

The null hypothesis is 

Ho : p = 0, 

the alternative is 

HI : P oj=. o. 
The test statistic T is given by 
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T = r rn='2
2 

"" t n - 2 . 
V~ 

Using a multiple t-test with the Bonferroni corrected significance level, the 

null hypothesis is rejected for most of the correlations. In order to investigate 

how the presence of these correlation affect portfolio risk we observe that the 

total portfolio risk can be written as, 

var(P) w'((J~{3{3' + n)w 

w' (J~{3{3'w + w'nw (3.30) 

Notice that it is the second term, w'nw, in Equation (3.30) that differ­

entiates Sharpe from Troskie-Hossain. Haines, (2008) pointed out that the 

w'nw term is very important in portfolio risk. This term can be written 

as 

w'nw 

p 

P 

LWiWj(Ji,j 
i,j 
p p 

LW;(J; + LWiWj(Jij 
iofj 

(3.31) 

Sharpe assumes that LWiWj(Jij = 0, while Troskie, Hossain and Guo do not. 
iofj 

If there are positive covariances, Sharpe underestimates portfolio risk and 

if there are negative covariances, Sharpe overestimates it. That is a heuris­

tic explanation because it does not explain what would happen if there are 

both negative and positive correlations. Negative covariances are very good 

because they reduce the portfolio risk. Keep in mind that the optimization 

process is trying to minimize portfolio risk so it will be biased to selecting 

shares with these negative covariance because they will result in the lowest 

risk. From the particular correlation matrix that was obtained in our em-

37 

Univ
ers

ity
 of

 C
ap

e T
ow

n



pirical study, we found more negative correlations than positive correlations. 

Sharpe did not pick these negative correlations up and so this resulted in 

higher portfolio risk. This explains the right-shift of the efficient frontier. 

How does this impact on a portfolio manager? 'Well, recall that using the 

Sharpe model we can decompose the total portfolio risk into two parts as, 

Var(P) = d({3'W)2 + w'!1w (3.32) 

The first term, CJJ({3'w)2 is called the market or systematic risk and the 

second term w'!1wis the stock-specific or unsystematic risk. A portfolio 

manager, no matter how skillful, cannot get rid of the systematic risk. The 

benefits of portfolio management result from the fact that the manager can 

add value by reducing the unsystematic risk. This confirms the importance of 

estimating the w'S1w term properly. \Vhat happens as the number of shares 

in our portfolio becomes arbitrarily large? Assuming the Sharpe model is 

correct and that we have N shares in an equally weighted portfolio, Elton and 

Gruber, (1995) showed quite easily that the specific risk term w'S1w ---; 0 

as iV ---; 00. vVhat if the Sharpe model is not appropriate, specifically what 

happens when the off-diagonal elements of the residual covariance matrix are 

not zero? Then it can be shown that in this case we have 

w'S1w ---; a-ij as N ---; 00. (3.33) 

So with the Troskie-Hossain model, we cannot simply ignore these co­

variances no matter how large the portfolio is. Notice that because w'S1w 

converges to the average covariance a-ij, it may well be possible that there 

are both large negative and positive covariances, meaning that a-ij is near 

zero anyway which would produce similar results to Sharpe. If however the 

majority of the covariances are negative, then this \vill result in a substantial 

difference in the estimation of risk and it will cause a significant left shift of 

the efficient frontier. In any case, it is quite evident that Sharpe can lead 
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to an inaccurate measure of portfolio risk. We need to keep in mind, as 

Troskie, Guo and Hossain, (2008) point out, that portfolios are not equally 

weighted so the contribution of a few large covariances in the residual co­

variance matrix can make a big difference. That means the estimate Troskie 

Guo and Hossain (2008) used, w'!1w ----+ aij as N ----+ 00, from an equally 

\veighted portfolio may actually be an underestimation of risk if we drop the 

assumption that the weights are equal. 

3.6.4 Conclusion 

The study of the Sharpe index model as well as the Troskie-Hossain Im­

proved Sharpe Model has provided valuable insights into portfolio construc­

tion which we can summarize as follows: 

• The efficient frontier and the optimal portfolio produced from the 

Sharpe Model can be very different to those produced by Markowitz. 

• If the assumption that the residuals between different stocks are un­

correlated is dropped and we use the Troskie-Hossain model, then we 

can get a very different looking efficient frontier when compared to the 

Sharpe model. 

• The Troskie-Hossain model produces an efficient frontier that is very 

similar to l\larkowitz. However Troskie-Hossain may be preferred be­

cause it is quite easy to generalize it to include time series issues such as 

autocorrelation and heteroskedasticity in the residuals. This is because 

if the residuals are auto correlated or heteroskedastic, we can use AR 

or GAReH terms in the least squares estimation. 

• The Sharpe model can overestimate the portfolio risk when there are 

negative covariances in the residual covariance matrix and underesti­

mate the risk when they are positive covariances. 
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• Since the portfolio optimization process is an algorithm that minimizes 

portfolio risk, the presence of negative covariance terms in particular, 

will have a big impact since the optimizer will tend to favor these lower 

covanances . 

• Even when the portfolio size becomes arbitrarily large, we simple can­

not ignore the w'S1w term because unlike in the Sharpe model, Troskie 

et al., (2008) showed that this term does not always vanish. 

3.7 The Sharpe Multiple Index Models 

The Sharpe and the Troskie-Hossain models of asset returns model the re­

turns on the share as a function of a single market index as 

(3.34) 

The random error eit term represents any other variation in the returns 

Rit that cannot be explained by the index It. There may well be other in­

dices or fundamental variables that can explain movements that the market 

index cannot. This would be very useful because some of the variation that 

was previously unexplained by the single index model can now be attributed 

to another factor meaning that the residual variance can be reduced. From 

a financial modeling perspective, this reduction in the variance is very im­

pOl"tant because it could improve the ability of the model to forecast. l\Iore 

formally, the multiple index model can be represented as 

1, ... ,p, t=l, ... ,N, (3.35) 

with each Ii representing the return on an index with the following as­

sumptions 

40 

Univ
ers

ity
 of

 C
ap

e T
ow

n



E(e7t) 2 
(J ei (3.36) 

E(eiteis) 0, t =I- s = 1, ... , lv, (3.37) 

E(eit1jt) 0, j = 1, ... ,A£, t = 1. ... N, (3.38) 

E(eitejt) 0, t = 1, ... ,N. (3.39) 

E(Ijtht) ejk, j, k = 1, ... ,"U (3.40) 

Kote that as for the Sharpe model, the assumptions regarding lack of 

correlation of residuals are still used and the only new assumption we need 

is regarding the correlation of the indices. Equation (3.40) shows that the 

indices that are used are assumed to be correlated with each other. The 

expected return on each share is now given by 

1, ... ,po (3.41) 

This can be written more clearly by introducing 
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Then 

(3.42) 

with 

(3.43) 

and 

(3.44) 

The covariance matrix of R t is given by 

E[Rt - E(Rt)][Rt - E(Rt)]' 

E[a + .8It + et - a - .8ILI][a + .8It + et - a - .8ILIl' 

E[.8(It - ILl) + et][.8(It - ILl) + etl' 

.8E(It - ILl) (It - ILd.8' + E( ete~) Slllce E(Ite~) = 0 

.8C.8' + n 
<1>. (3.45) 

Kote that using the assumptions of Sharpe, the matrix n =E( ete~) is a 

diagonal matrix since Sharpe assumes the residuals are uncorrelated. Our 

primary objective is to now use the multiple index model in the portfolio 

allocation problem. If w is the vector of portfolio weights and Ep and a; 
represent the expected return and variance of the portfolio, then we have 

(3.46) 

and 

a; = var(P) = w'<I>w. (3.47) 
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The portfolio problem is then 

Minimize O"~ = w T q.w 

such that J-L p = w T J-L 

and ° :::; Wi :::; 1. 

(3.48) 

(3.49) 

3.8 The Troskie-Hossain Improved Multiple Index Model 

The Troskie-Hossain improved multiple index model modifies the Sharpe 

multiple index model by relaxing the assumption that the residuals between 

different shares are uncorrelated. More formally, the Troskie-Hossain model 

can be represented as. 

1, ... ,p, t = 1, ... , N, 

with the following assumptions 

E(e7t) 2 
0" ei 

E( eiteis) 0, t =1= s = 1, ... ,N, 

E(eit1jt) 0, j = 1, ... , 1U, t = 1, ... N, 

E( eitejt) 0, t = 1, ... ,N. 

E(Ijtht) ejk, j, k = 1, ... ,M. 

(3.50) 

(3.51) 

(3.52) 

(3.53) 

(3.54) 

(3.55) 

Using the matrix representation similar to the one used for Sharpe above 

we now have 

(3.56) 
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with 

(3.57) 

and 

(3.58) 

The covariance matrix of R t is given by 

E[Rt - E(Rt)][Rt - E(Rt)l' 

E[a + f3It + et - a - f3ILI][a + f3I t + et - a - f3ILIl' 

E[f3(It - ILl) + etl [f3(It - ILl) + etl' 

f3E(I t - ILl) (It - ILd f3' + E( ete~) smce E(Ite~) = 0 

f3Cf3' + f2tros 

q>. (3.59) 

The matrix f2tros=E( ete~) under the Troskie-Hossain model is no longer 

diagonal. \Ve need to be very careful when we estimate this matrix because 

unlike the single index model, the multiple index model now contains a large 

number of parameters. Using the incorrect degrees of freedom can make 

a substantial difference particularly when time-series models are used. De­

pending on the type of work, one may prefer to use either the consistent 

estimators or the unbiased estimators. For our purposes we prefer to use 

the unbiased estimators. To estimate f2tros from a data set of l'v~ points and 

a model with AI + 1 (including the constant term a) parameters, Troskie, 

Hossain and Guo (2008) recommend using, 

~ 1 ~ ~, 

f2tros= N I EE . -A -1 
(3.60) 
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3.9 Empirical Investigation of the Multiple Index Mod­

els 

3.9.1 Objectives of the Investigation 

\Ve would like to investigate the effect of using multiple index models on 

the efficient frontier and on the composition of the optimal portfolio. The 

Sharpe multiple index model will be compared to the Sharpe single index 

model in order to investigate the differences that result from using multiple 

explanatory variables instead of a single index. Particular attention will be 

focused to how the level of risk of the optimal portfolio changes depending on 

the model used. The Sharpe multiple index model will be compared to the 

Troskie-Hossain multiple index model in order to determine the differences 

in the resulting efficient frontier, particularly with respect to risk. 

3.9.2 Data used in the investigation 

Table 6 shows the list of indices that were chosen initially. The indices were 

obtained from the Datastream Database and they were converted into log 

return series to be used as the explanatory variables in the multiple index 

models. 

3.9.3 Methodology 

\Vith the multiple index models we are now faced with an additional problem 

of actually choosing the explanatory variables that we will use in our model. 

Unlike the single index model that assumes that the market index is the only 

explanatory variable, we now have to decide not only which variables to use 

but also how many variables to use. This is not an easy process but this 

is certainly an area that an experienced practitioner can add value it terms 
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Table 6: Explanatory Variables 
Index Variable 
Jse Banks xl 
Jse Financials x2 
Jse Financial & Industrials x3 
Jse Gold l\Iiners x4 
Jse Industrials x5 
J se Mining x6 
Jse All Share x7 
Jse Platinum x8 
Jse excl. Resources x9 
Rand USD Exchange rate xlO 

of identifying the explanatory variables. In the investigation carried out, we 

start by choosing ten indices as possible explanatory variables. The indices 

were selected on the basis of their macroeconomic relationships with the 

underlying shares. vVe are not sure which of these variables have a significant 

relationship with the shares so we will use a backward stepwise elimination 

procedure. In this model selection algorithm, we start by fitting a regression 

model with all 10 explanatory variables. vVe then look at the t-statistics 

in order to decide which variables can be eliminated. A t-statistic with an 

absolute value of less than 1.96 (the 5% significance level) is considered to 

be insignificant. vVe however do not start by eliminating all the insignificant 

variable at once, rather, we remove the least significant one first and then 

refit the models with the remaining variables. This process of eliminating 

insignificant variables continues until we have 5 explanatory variables for each 

share. Note that different shares will have different explanatory variables but 

our aim is to get 3 or 4 common indices that will give a reasonable fit for all 

the shares. At this stage we make use of the adjusted R2 and the Schwartz 

Criterion, which are both ways of evaluating different models. \Ve favour 

models with the highest adjusted R2 statistic and models with the lowest 

Schwartz Criterion statistic. 
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3.9.4 Results 

The model selection procedure indicated that there were 3 explanatory vari­

ables that explained most of the variation in all the 15 shares. These were 

the Jse Gold Index (x4) , Jse All Share index (x7) and the Rand/USDollar 

exchange rate (xlO). The associated regression coefficients Pgold, /3 jse , and 

(3 exch together with the t-statistics are shown in Figure 6. 

Figure 6: Multiple Index 1Iodel Betas 

Share /3g0ld t-stat /3ise t-stat /3exch t-stat 
Absa -0.26 -4.05 1.29 11.06 -0.45 -3.17 
Anglos 0.10 2.21 1.23 14.57 0.38 3.70 
Barloword -0.08 -1.38 1.06 10.36 -0.43 -3.51 
Bidvest -0.22 -4.70 0.96 11.49 -0.29 -2.87 
Group 5 -0.04 -0.34 0.74 3.73 -0.35 -1.45 
Iliovo 0.08 1.16 0.67 5.53 0.15 1.05 
Firstrand -0.25 -4.06 1.22 11.03 -0.45 -3.32 
Lonmin 0.18 2.72 0.75 6.41 0.58 4.09 
Mr price -0.15 -1.51 1.05 5.88 -0.53 -2.44 
Pick n pay -0.18 -2.49 0.76 5.88 -0.42 -2.67 
Shoprite -0.17 -2.45 0.72 5.75 -0.67 -4.46 
SAB -0.06 -1.40 0.92 11.29 -0.07 -0.70 
Sappi 0.01 0.18 1.15 8.05 0.08 0.49 
Sasol 0.09 1.29 1.01 8.36 0.41 2.79 
Standard B -0.27 -5.43 1.16 12.79 -0.36 -3.26 

Figure 7 shows the efficient frontier produced from the Sharpe multiple 

index model. For comparison purposes, the efficient frontier from the Sharpe 

single index and Markowitz models have been plotted on the same graph. It is 

immediately noticed that the Sharpe multiple index model has shifted to the 

left from the Single index model. The left shift means that there has been a 

reduction in the model estimate of portfolio risk in moving from the Sharpe 

single index to the Sharpe multiple index model. There are two possible 

reasons for this reduction in the estimate of risk. Firstly, the beta estimates 

changed when multiple indices were used and secondly, the introduction of 
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Figure 9: Multiple Index Residual Correlation Matrix 

1.00 -0.27 -0.04 0.11 -0.01 0.02 0.39 -0.07 0.10 0.16 0.04 0.06 -0.18 -0.23 0.45 

-0.27 1.00 -0.09 -0.26 0.04 -0.01 -0.36 0.20 -0.19 -0.12 -0.15 -0.11 0.24 0.26 -0.46 

-0.04 -0.09 1.00 0.36 0.29 -0.16 0.03 -0.11 0.11 0.37 0.29 0.11 0.11 -0.03 -0.15 

0.11 -0.26 0.36 1.00 0.20 0.06 0.36 -0.19 0.16 0.30 0.33 0.08 -007 -0.26 0.07 

-0.01 0.04 0.29 0.20 1.00 -0.01 0.03 -0.10 0.03 0.25 0.07 0.18 0.11 0.05 0.01 

0.02 -0.01 -0.16 0.06 -0.01 1.00 0.06 0.07 0.06 -0.25 0.14 -0.06 0.00 0.01 0.02 

0.39 -0.36 0.03 0.36 0.03 0.06 1.00 -0.35 -0.05 0.25 0.23 0.10 -0.18 -0.30 0.39 

-0.07 0.20 -0.11 -0.19 -0.10 0.07 -0.35 1.00 -0.16 -0.22 -0.26 -0.10 0.07 -0.02 -0.15 

0.10 -0.19 0.11 0.16 0.03 0.06 -0.05 -0.16 1.00 0.09 0.11 -0.10 -0.11 -0.15 -0.06 

0.16 -0.12 0.37 0.30 0.25 -0.25 0.25 -0.22 009 1.00 0.31 0.25 0.12 -0.14 0.23 

0.04 -0.15 0.29 0.33 0.07 0.14 0.23 -0.26 0.11 0.31 1.00 0.06 -0.06 -0.11 -0.03 

0.06 -0.11 0.11 0.08 0.18 -0.06 0.10 -010 -0.10 0.25 0.06 1.00 -0.08 -0.15 0.16 

-0.18 0.24 0.11 -0.07 0.11 0.00 -0.18 0.07 -0.11 0.12 -0.06 -0.08 1.00 0.32 -0.08 

-0.23 0.26 -0.03 -0.26 0.05 0.01 -0.30 -0.02 -0.15 -0.14 -0.11 -0.15 0.32 1.00 -0.08 

0.45 -0.46 -0.15 0.07 0.01 0.02 0.39 -0.15 -0.06 0.23 -0.03 0.16 -0.08 -0.08 1.00 

different from zero. In particular, most of these significant correlations were 

in fact negative correlations. This explains why the Sharpe multiple index 

model overestimates risk because these negative correlations, had they been 

taken into account, would have actually resulted in a reduction of risk. 
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3.9.5 Conclusions 

The investigation using the Sharpe multiple index models revealed the fol­

lowing insights: 

• The Sharpe multiple index model resulted in a lower residual variance 

than the Sharpe single index model and this contributed to the left 

shifting of the resulting efficient frontiers. 

• The Sharpe multiple index model produced an efficient frontier that 

was quite different to Markowitz, the difference being that the Sharpe 

model had larger estimates of portfolio risk in almost all the regions of 

the risk-return space. 

• The Troskie-Hossain multiple index model produced an efficient frontier 

that was quite different to the corresponding Sharpe model but which 

was very similar, (in fact almost identical), to the Markowitz model. 

This is because the covariance matrix of returns estimated using the 

Troskie Hossain model can be shown to be very similar to the l\larkowitz 

mle covariance estimate. 

• The multiple index models showed, through the Troskie-Hossain model, 

that there were significant correlations between the residuals from dif­

ferent shares, multiple correlation tests revealed that the majority of 

the significant correlations were negative. These negative correlations 

result in the reduction of portfolio risk, causing the left shift of the 

efficient frontier. 
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3.10 Time Series Errors and Heteroskedasticity-Dynamic 

Models 

\Vhen the Sharpe index models were discussed ill previous sections we stated 

the following assumptions: 

E(e7t) 2 
(J ei (3.62) 

E(eiteis) 0, t -=/= s = 1, ... , N, (3.63) 

E(eit1t) 0, t = 1, ... N, (3.64) 

E(eitejt) 0, t = 1, ... ,N, (3.65) 

Z, J 1, ... ,p, i-=/=j. 

The reason these assumptions were used is because they gIVe elegant 

results for the least squares parameter estimates in terms of simple matrix 

algebra. f\loreover, if the above assumptions are satisfied then we can use 

the Gauss-Markoff theory which we use introduce below. 

Theorem 3.1. Gauss-Markoff 

The maximum likelihood estimates of the linear model are the best linear 

unbiased estimates. (EL UEj 

This is a very powerful result, it tells us that the estimates from the 

least squares method will be the best because they have minimum variance 

amongst all other linear unbiased estimators. For us to use the Gauss-Markoff 

theorem, we need to ensure that the assumptions of the regression model are 

satisfied. In particular, we need to ensure that the assumptions represented 

in Equation (3.62), constant residual variance and Equation (3.63), no au­

tocorrelation are satisfied. If these assumptions are violated then we can no 

longer rely on the ordinary least squares estimates to be BLUE. Fortunately, 

if our regression model violates these assumptions we can rnodify the regres­

sion to take these factors into account. If it turns out that the residuals are 
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auto correlated, then we use autoregressive (AR) models for the residuals and 

if the residual variance is non-constant (heteroskedasticity), we can use Gen­

eralized Autoregressive Conditional Heteroskedasticity (GARCH) models. 

3.10.1 Autoregressive Models 

\Vhen the regression model violates the assumption of no autocorrelation in 

the residuals, we can use the following model for residuals: 

E(Vt) = 0 

E( v;) = (J; 

(3.66) 

(3.67) 

(3.68) 

(3.69) 

This is referred to as an autoregressive model of order p, written AR(p), 

with Equation (3.67) adjusting for the serial correlation in the residuals that 

could lead to unreliable estimates. 

3.10.2 GARCH(p, q) Models 

If the residual variance is not constant, then we need to model the residual 

variance using the GARCH(p, q) model proposed by Engle (1982) defined as 

q P 

2 '"' 2 '"' :2 (J = W + LB;et - i + LA.i(Jt-i. (3.70) 
i=l ;=1 

Equation (3.70) is a higher order GARCH model but for most practi­

cal purposes, the GARCH(1, 1) defined below is used to model the residual 
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variance. 

Rt 0: + 13ft + et (3.71) 

et (JtCt (3.72) 

(J2 2 2 w + Be t _ 1 + A(Jt_l. (3.73) 

Ct '"" N(O, 1) 

The GARCH(l,l) formulation thus models the conditional variance as 

time varying. This type of model works very well for stock market data which 

has shown to exhibit correlation in volatility which Cont (2001) refers to as 

volatility clustering. Engle (1982) and Bollerslev, Chou and Kroner (1992) 

have shown how this model can be used to model stock volatility and interest 

rates. The advantage of using GARCH(l,l) models in finance is that if the 

volatility is not constant, then it allows us to get the most recent estimate 

of the residual variance. Note that higher order models GARCH(p, q) can 

also be considered, but for the purpose of this study we \vill restrict the 

investigation to GARCH(l,l). The main disadvantage of using higher order 

GARCH(p, q) models is the considerable loss in the degrees of freedom. 

3.11 Empirical Investigation of the AR and G ARCH 

Index Models 

3.11.1 Objectives of the Investigation 

\Ve would like to investigate the effect that serial correlation in the residuals 

and heteroskedasticity in the residual variance has on the efficient frontier. 

\Ve will focus on the Sharpe single index model which we estimate using the 

least squares method. \Ve will start by estimating the regression using the 

AR(p). \Vl1at will be of particular interest is the effect of the combination 

of both the AR(p) and the GARCH(l, 1) model in the estimation because 

the aim is to get the model as close a., possible to satisfying the Gauss-
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Markoff theorem. This is very important because if the model satisfies the 

Gauss-Markoff theorem, then the regression will yield the best linear unbiased 

estimates. 

3.11.2 Data used in the Investigation 

The data used will be the same as the data used in the Sharpe single index 

empirical investigation. 

3.11.3 Method of Investigation 

The first step in the process involves using the ordinary least squares regres­

sion results to check if the assumptions have been violated. For the AR(p) 

models, we need to test for significant autocorrelation in the residuals and 

for the GARCH(l, 1) model, we test if there is significant autocorrelation in 

the squares of the residuals when we have removed the autocorrelation in the 

residuals. Eviews gives us a very convenient way of doing both these tests 

using the Q-statistic. If significant AR(p) terms are found then we add the 

relevant AR(p) term in the regression and the regression is performed. The 

investigation is performed on following models: 

1. The Sharpe single index AR(p) models. 

2. The Sharpe single index AR(p)-GARCH(l, 1) model. 

Since serial autocorrelation and heteroskedasticity are now taken into ac­

count, the resulting regression estimates are different to the least squares 

estimates. vVe use the new estimates to compute the mean vector and co­

variance matrix: to use in the efficient frontier. 

3.11.4 Results 

Table 9 shows that many of the shares in the portfolio had significant auto­

correlation \\Thich would violate the regression assumptions. The effect this 

55 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Table 9: Autocorrelation 
Share AR(p) t-Statistic 

Absa - -

Anglos AR(2) -1.95 
Barloword AR(l) -1.90 
Bidvest - -

Group 5 - -

Illovo AR(2) -1.96 
Firstrand - -

Lonmin AR(3) 2.73 
Mr price AR(3) 2.56 
Pick n pay AR(l) -3.75 
Shoprite - -

SAB AR(l) -2.27 
Sappi - -

Sasol - -

Standard B - -

autocorrelation has on the efficient frontier is shmvn in Figure 10. 

The efficient frontier shows very little difference between the efficient fron­

tier estimated using AR terms and the ordinary least squares. The only real 

difference is in the extreme regions of the risk-return space where the Sharpe 

model is more efficient than the AR model. The composition of the resulting 

optimal risky portfolios of both methods are identical. This result means that 

for portfolio analysis, the presence of autocorrelation alone may not have a 

serious impact on the efficient frontier. 

Table 10 show the shares that had significant GARCH(l, 1) terms. These 

terms are as a result of significant correlation in the squared residuals which 

violates the assumption that the errors should be independent. It would be 

very interesting to see how this affects the portfolio analysis so we will fit the 

relevant GARCH terms and perform the portfolio analysis. This is exactly 

what is reported by Hossain, Troskie and Guo, (2005). 
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• Autocorrelation in the residuals violates the regression assumptions and 

share returns exhibit a considerable amount of autocorrelation when 

estimated using the Sharpe single index model. 

• The presence of autocorrelation made a very small difference to the 

efficient frontiers. 

• Share returns can show autocorrelation in the squares of the residu­

als, meaning that even if the residuals are uncorrelated, they are not 

independent since the squares can be autocorrelated. 

• The combination of both AR(p) and G ARCH (1, 1) terms in the regres­

sion gives the "best" results because by correcting for both the auto­

correlation and heteroskedasticity, the residuals will be much closer to 

satisfying the Gauss-Markov theorem. 
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4 State Space Models with the Kalman Filter 

4.1 State Space Analysis 

Suppose we have a set of observations Y = { Yl, Y2, Y3, ... Yn} that are associ­

ated with a series of unobserved B={p1, (32,133 1 ••• pn }. State space techniques 

give us a way of determining the properties of the unobserved variable when­

ever we observe Y. We would like to use state space modelling techniques 

to model financial variables that are not observed in the market. For exam­

ple, on the Johannesburg Stock Exchange, we can observe the stock prices 

and hence the returns. If we decide to use the Sharpe single index model as 

defined in the previous chapter, we have 

( 4.1) 

vVe can observe Rit and It but the Pi is not a market observable quantity 

so we may decide to model the Pi as a state variable. This is precisely 

what we intend to do later in this chapter because one of the main aims of 

this thesis is to provide dynamic estimates of risk and return using these 

unobserved quantities. For now, we will start this chapter by developing the 

mathematical theory behind state space modelling using the Kalman Filter. 

4.2 The Kalman Filtering Algorithm 

The Kalman Filter is a recursive estimation algorithm for state variable esti­

mation that was developed by Rudolph E. Kalman, (Kalman, 1960) for dis­

crete data linear filtering problems. The method has been used primarily in 

engineering applications, in problems involving tracking systems and motion 

prediction. In financial applications, it has been used to model unobserved 

macroeconomic variables such as inflation by Burmeister et al., (1986). In 
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presenting the Kalman filter, we will use the general multivariate case used 

by Shumway and Stoffer (2000 p. 313). 

Let Y t be the vector of observations available at time t. The linear model 

that Shumway and Stoffer (2000 p. 313) consider has the following form, 

Vt '-'"' N(O, R) 

Xt = <.PXt-l + Wt, Wt '-'"' N(O, Q) 

(4.2) 

(4.3) 

Equation (4.2) defines the signal or measurement equation and Equation 

(4.3) is the state equation. The state variable Xt is unobserved. \Ve would 

like to investigate the propereties of Xt every time a new measurement Y t 

becomes available. From equation (4.3), we have 

This is the prior estimate of Xt befo're Y t is observed. If we let 

p;-I Var(xtIYt_I) 

<'ppt-I<'p' + Q t-I 

( 4.4) 

(4.5) 

quat ion (4.5) represents the prior variance of the state variable Xt before 

Y t is observed. If at time t -1 we make a prediction of Y t - I , then the error 

in the prediction et is given by, 

The Kalman gain K t is shown by Shumway (1988 p.l77) as the quantity, 

K - pt-IA'(A pt-IA'+R)-I 
t- t t t t t (4.6) 
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The posterior mean and variance of the state variable Xt after Y t IS 

observed is given by Shumway (1988) as 

E(XtIYt) 

Var(XtIYt) 

CPXt-l + Ktet 

p~-l _ KtAtP~-l 

(4.7) 

(4.8) 

To summarize, the Kalman filtering process thus has the following stages. 

1. Assume an initial distribution of the state variable, in our case, we let 

(Xt-lIYt-l) "" N(CPXt-2,P~=i). 

2. l\Iake a prediction at time t - 1 about the time t value of the state 

variable; in our case the best estimate we can make is E(XtIYt-l) 

CPXt-l 

3. Using the signal equation Y t 

using Yt = AtCPXt-l. 

AtXt + Vt, make a prediction of Y t 

4. Now at time t look at the actual observed value of Y t and compared 

with Yt then calculate the error et = Y t - Y t 

5. Kow update (filter) the posterior distribution as using the error from 

the previous step, ie update it to get E(XtIYt) = CPXt-l + Ktet and 

Var(xtIYt) = p~-l - KtAtP~-l which we can write as (XtIYt) "" 

N( CPXt-l, pD 

6. Now go back to step 1 and repeat. 

4.3 Rationale behind the Kalman Filter 

Before we use the Kalman Filter we need to investigate several issues. The 

first issue is that of convergence. In other words, how can we be sure that the 

Kalman Filter actually filters the noise from the system such that after a large 
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number of steps, the estimate of the state variable is close to the true value? 

This is important, because if the Kalman Filter never converges, then it will 

give unreliable results. The derivation of the Kalman Gain that we used 

was from a purely statistical standpoint. However in the original derivation 

by Kalman, (1960), the Kalman gain is chosen such that it minimizes the 

variance of the posterior state variable. In other words, each time we filter, 

a correction is made to the prior state variable that would minimize the 

posterior state variance. 

Another interesting feature of the Kalman filter is that it gIves more 

weighting to the most recent observation. This is a useful feature because it 

allows the filter to use more recent estimates of the parameters. For example, 

ordinary least squares gives equal weighting to all data points and this may 

not give the best estimate of the current state. In later sections, we will be 

using the Kalman Filter in financial applications and this feature of weighting 

of observations will prove to be very useful in dynamic estimation of risk. 

The usefulness of the Kalman Filter is summarized by l\Iaybeck, (1979 

pg. 4) as follows: "... it processes all available measurements regardless 

of their precision, to estimate the current value of the variables of interest, 

with use of (1) knowledge of the system and measurement device dynamics, 

(2) the statistical description of the system noises, measurement errors, and 

uncertainty in the dynamic models, and (3) any available information about 

the initial conditions of the variables of interest." 

4.4 Estimation of the Parameters 

In the derivation of the Kalman Filter above, we assumed that the para­

meters are known, but this is not the case, in practice we actually need to 

estimate these parameters from the data. Conveniently, since we have as­

sumed normality, we can use the maximum likelihood estimates. Assuming 
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that the signal (observation) and state equations are given by, 

Y t = Atxt + Vt, Vt '-""' N(O, R) 

Xt = <l>Xt-1 + Wt, Wt '-""' N(O, Q) 

(4.9) 

( 4.10) 

Shumway and Stoffer (2000 p. 321) show that conditional on Y t - I , the 

one step ahead error is distributed, 

(4.11) 

The parameters R, <I> and Q can then be estimated by the method of 

maximum likelihood. 

4.5 Smoothed State Estimates 

The Kalman filter can be very sensitive to outlying observations and because 

it gives the most weight to the most recent observation, if that observation is 

outlying, then the current state variable will also be contaminated. In addi­

tion, because the Kalman Filter is a discrete estimation algorithm, it assumes 

that the state variable only changes when a Ilew observation is introduced. 

In practice, the state variable changes continuously and so it would be very 

convenient if we could adjust the estimates in order to smooth them out. This 

could help in clearly identifying any trends in the state variables, enabling 

better forecasting. In order to smooth out the state estimates, a backward 

recursioIl algorithm, such as the one suggested in Shumway (1988 p.l77) is 

often used. Smoothing is very important especially when dealing with macro­

economic variables in finance. For example, if we model the beta estimate 

of the Sharpe single index model, we expect that if this beta changes, then 

it docs so gradually instead of changing at discrete time points. The reason 

\ve will sometimes use smoothed estimates is because smoothing indicates 
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gradual changes in the state variables which is "vhat we expect to happen in 

practice. 

4.6 Application of The Kalman Filter to the Single 

Index Models 

The derivation of the Kalman Filter gave important insights into the prop­

erties, assumptions and estimation techniques involved in state space mod­

elling. The recursive nature of the Kalman filter allows the development of 

dynamic time-varying models. The Sharpe single index model assumes that 

the regression coefficients are constant. However in practice, there is evi­

dence that the betas change over time. Bowie, (1994) h3...<; explored various 

methods of accounting for changes in the betas using dynamic models. \lVe 

will focus on using the Sharpe single index model 3...'3 a basis for developing 

dynamic models through the Kalman filter. Recall that the Sharpe single 

index model uses the following relationship between the returns Rit and the 

market proxy index It. Note that there is no time index on the beta since it 

is assumed that beta is constant with respect to time 

(4.12) 

Using the Sharpe single index model but modeling Pi as a time-varying 

unobservable state variable, the dynamic single index model becomes, 

Rit = O:i + PiJt + eit 

Pit = /3it - 1 + Wit 

i = L.p and t = 1.. .. N. 
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The above specification is similar to the state space specification in Equa­

tion (4.9) with 

Y t Atxt + Vt 

R;t ( CYi, It) C3~J + eit and 

Xt <PXt-l + Wt 

This is essentially the time varying capital asset pricing model (CAPM) 

with varying slope. Tsay (2005 p.510). Equation 4.13 is referred to as the 

signal equation while equation 4.14 is known as the state equation. If E(It) = 

Il I and var(It) = (J7 is the expected return and variance of the market returns 

then the expected return from share i, is given by 

(4.15) 

The variance is given by 

var(Q:i + PitIt + eit) 
2 2 2 Pit(J I + (J ei 

2 (Jit (4.16) 

Both results look similar to the Sharpe formulation but note that the beta 

estimates ,Sit are now time dependent. This is very useful because we now 

have a model that is able to give dynamic estimates of mean and variance. 

In other words, at each time step we can evaluate the one step ahead foreca'lt 
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of the mean and covariance matrix. The covariance structure is given by 

( 4.17) 

i =1= J 

Kow that we have estimates for the expected returns and covariance ma­

trix, we can go directly to the optimization procedure to get the efficient 

frontier. If /-{pt is the expected return and a;t is the variance of a portfolio at 

time t then the procedure we apply to get the efficient frontier is as follows: 

Minimize a;t WT~tW 

such that flpt WTPt 

and 0 < 'Wi ~ 1. 

The expected return and variance of the portfolio are defined as, 

i=1 
p 

= L 'Wi(ai + PitflI) 

i=1 
p p 

a;t = LLwi'Wjaijt. 

i=1 j=1 

( 4.18) 

(4.19) 

Notice that in this case, the inputs to the portfolio optimization are time 

dependent so we get a series of efficient frontiers for every time point. In our 

investigation, we are interested in the most recellt estimate of the efficient 

frontier so we will use the one step ahead estimate of the betas. 

4.7 The Dynamic Mean Model 
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Instead of using the Sharpe model in which the share returns are related to 

the market, we propose to use the following dynamic model for the share 

returns. 

( 4.20) 

(4.21) 

( 4.22) 

The model is called the Structural Equation Model Harvey (1990 p. 19). 

It is also referred to as the local level model and it h&'3 been used by Durbin 

and Koopman, (2001) to model the annual flow volume of the Kile river. \Ve 

will use this model for the &'3set returns. \Ve can estimate the above model 

quite e&'3ily using the Kalman filter, treating Equation 4.20 as the signal 

equation. ~ote that unlike the Sharpe model, we do not make any assump­

tion about the relationship between the share returns and market returns. 

In addition, we will assume that the residuals between different shares are 

correlated. In Equation (4.20), we are treating the mean return /lit as the 

dynamic time varying state variable which follows a random walk. \Vhen we 

fit the above model, our aim is to get estimates for the vector of means and 

the covariance matrix which we can then use in portfolio optimization. To 

estimate the vector of expected returns at time t, we simply use the most 

recent estimate of /lit for each share. For the covariance matrix of returns, we 

use the estimate of the variance of the residual in the signal equation. Using 

the notation from equation (4.22), we use R. This gives us a complete set 

of inputs for the portfolio selection model. It will be very interesting to see 

how this model performs compared to the l\Iarkowitz model because like the 

l\larkowitz model, there is no need to specify the relationship between asset 

returns and the market index. This reduces the number of parameters to be 

estimated by the model because we no longer need to estimate betas which 
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means we lose less degrees of freedom. A further advantage of using the dy­

namic mean model is that we do not need to have estimates for the expected 

returns and variance of the market index which means that the sampling 

error associated with these estimators is not brought into the model. 

4.8 Empirical Investigation of The Kalman Filter in 

Portfolio Theory 

4.8.1 Objectives of the Investigation 

The Kalman filter gives us a method of dynamic estimation of unobserved 

variables and we would like to apply this method of estimation to the Sharpe 

Index }'lodels. The investigation will start by comparing the results from 

the ordinary least squares estimation of the Sharpe single index models to 

the dynamic estimation using the Kalman filter. ~What will be of particular 

interest is to investigate how the dynamic beta estimates change over time 

because this could certainly add value in dynamic portfolio construction. The 

proposed model for asset returns that treats the mean as the state variable 

(Equation 4.20) will also be investigated and compared to the }'larkowitz 

model. The investigation will conclude by evaluating the difference between 

the efficient frontiers constructed from dynamic betas to those constructed 

from ordinary least squares betas. 

4.8.2 Method of Investigation 

The dynamic estimation of the Sharpe index model is performed in the 

Eviews package using the state space method. Eviews gives a great deal of 

flexibility in terms of the model specification of the dynamics for the signal 

and state equations. \Ve will focus on the time-varying estimation method 

that enables us to model the beta estimates as a random walk. \Ve could 

have chosen to model the betas with autoregressive type models such as 
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,Bit = C + ¢(3it-l + 'Wit 

with c and ¢ constants. 

( 4.23) 

but preliminary investigations showed that the random walk model repre­

sented by 

( 4.24) 

provides a much better fit with a lower residual variance in the signal 

equation. The random walk model for the betas was used as the beta dy­

namics for all the shares. Once the model parameters are estimated in Eviews, 

the beta estimates are used as inputs in the Sharpe index models, the only 

difference is that instead of using the constant beta estimates from the least 

squares estimates, we use the one step ahead forecasts of the betas from the 

Kalman filter. The one step ahead betas, together with the residual variance 

from the signal equation, are used to construct the one step ahead mean and 

covariance matrix. The efficient froutiers are then constructed using these 

inputs in 1latlab7. 

In addition to using the Kalman filter in the Sharpe single index model, 

the following model was estimated in Eviews. This is a well known structural 

equation model Harvey (1990 p. 19) and it treats the mean return as the 

dynamic time-varying state variable. 

( 4.25) 

The inputs for the portfolio optimization from this model were then used 
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Table 11: Least Squares vs Kalman Filter Estimates 
Share !3 LS !3Kal (Jei(LS) (J ei(Kal) Ris 2 RKal 

Absa 1.07 1.02 0.082 0.075 40% 50% 
Anglos 1.30 1.58 0.058 0.052 66% 73% 
Barloword 1.00 1.02 0.069 0.064 45% 52% 
Bidvest 0.78 1.14 0.059 0.055 40% 48% 
Group 5 0.72 1.73 0.128 0.122 11% 18% 
Illovo 0.72 1.04 0.078 0.074 25% 33% 
Firstrand 1.02 1.33 0.078 0.069 40% 51% 
Lonmin 0.87 1.14 0.081 0.073 31% 44% 
Mr price 0.94 0.94 0.118 0.115 20% 23% 
Pick n pay 0.62 0.50 0.087 0.081 17% 27% 
Shoprite 0.60 1.37 0.087 0.082 15% 25% 
SAB 0.86 0.66 0.053 0.047 51% 60% 
Sappi 1.15 1.49 0.092 0.082 38% 50% 
Sasol 1.06 0.76 0.080 0.075 40% 48% 
Standard B 0.94 1.09 0.067 0.061 43% 52% 

estimates may think that he has a low beta stock when in fact the beta at 

that time is very high. \Vhat is most useful about dynamic estimation of the 

beta is that it also gives the manager an idea of the direction of the betas 

in terms of whether or not the beta has peaked. As an example, looking at 

the very last estimate of the dynamic beta in Figure 12, it is clear that the 

final estimate of beta is quite low suggesting the start of an upward trend. 

These signals are very important because what is of greatest importance to 

the manager is the future value of beta not the historical value. 

The dynamic estimation of the Sharpe single index model USlllg the 

Kalman filter gave estimates for the regression parameters shown in table 

11. The surprising result is that some of the beta estimates from the Kalman 

filter are much higher that the least squares estimates while some are nearly 

identical to the least squares. The Kalman filter model also resulted in a 

much higher R2 statistic than the least squares estimation for all the shares. 
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These results will have a significant impact on the estimates of risk relative 

to the market. The much higher beta estimates from the Kalman filter mean 

that the shares have a much higher market risk than the least squares es­

timate would suggest. An investor that uses the least squares estimates of 

beta would underestimate the sensitivity of the share returns to the market 

returns over that period. It is important to bear in mind that the difference 

between the beta estimates is because the least squares estimate assumes that 

the betas are constant over the period of investigation while the Kalman filter 

allows the beta to change with time, giving the most recent estimate. The 

dynamic nature of the Kalman filter estimates ensures that the most recent 

observation has the most weighting meaning that it responds much quicker 

to changes in the true betas. 

All of the shares resulted in a much lower residual variance than the least 

squares estimates as shown in table 11 . The residual variance is a measure 

of the stock specific risk which cannot be explained by the market index, 

meaning that by lowering the residual variance, the Kalman filter is able to 

explain a higher proportion of the variation in the share returns than the 

least squares estimates. The reduction in the residual variance together with 

the changes in the beta estimates will have a significant impact on portfolio 

selection since these are the key inputs when we use the index model. vVhile 

the reduction in the residual variance from the Kalman Filter will reduce the 

stock specific risk, the higher betas will increase the market or systematic 

risk, so it is not quite clear what the overall impact will be on the portfolio. 

To investigate this issue further, the efficient frontier using the Kalman filter 

is constructed and shown in figure 13. 
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Table 12: Composition of the Kalman Filter Optimal Portfolio 
Share Markowitz Sharpe Kalman Filter 
Firstrand 6.18% 0% 16.54% 
Lonmin (Jse) 42.69% 45.51% 52.70% 
Pick n Pay Holdings 0.53% 2.46% 21.30% 
Shoprite 29.27% 20.83% 0% 
SaBol 21.33% 31.2% 0% 
Standard Bank 0% 0% 9.45% 

Table 13: The Optimal Risky Portfolio 
Method Expected Return Standard Deviation 
Markowitz 19.8% 21.89% 
Sharpe 20.16% 25.01% 
Kalman Filter 25.92% 26.78% 

Table 12 shows the composition of the optimal risky portfolio estimated 

from the Kalman filter single index model. The composition of this portfolio 

is very different to both the Sharpe and the Markowitz model. Shares such 

as Shoprite and Sasol that were once in both models are now not part of the 

Kalman filter optimal risky portfolio and in addition, Standard bank is now 

included. These results show the impact that changes in beta estimates can 

have on the composition of the optimal portfolio. vVhat is most interesting 

about the Kalman filter optimal portfolio is that while it has a slightly higher 

standard deviation than the Sharpe model, it has a much higher expected 

return, which gives it a better reward to risk ratio. 
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Table 14: Composition of the Dynamic 11ean Optimal Portfolio 
Share Markowitz Kalman Filter Dynamic Mean 
Group 5 0% 0% 0.49% 
Firstrand 6.18% 16.54% 55.05% 
Lonmin (Jse) 42.69% 52.70% 0% 
Pick n Pay Holdings 0.53% 21.30% 8.19% 
Shoprite 29.27% 0% 36.27 
Sasol 21.33% 0% 0% 
Standard Bank 0% 9.45% 0% 

Table 15: The Optimal Risky Portfolio 
Method Expected Return Standard Deviation 
1Iarkowitz 19.8% 21.89% 
Kalman Filter 25.92% 26.78% 
Dynamic Mean 20.64% 22.8% 

There is a dramatic change in the asset allocation of the optimal risky 

portfolio produced by the Dynamic Mean model as shown in Table 14. vVhat 

is interesting to note is that a new share, Group 5, which had never entered 

the optimal portfolio in previous models, is now considered. The composition 

of the other shares also changes drastically and Firstrand now has the greatest 

weighting in the optimal risky portfolio. 
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4.9 Conclusions 

The empirical investigation using the Kalman filter in the single index model 

and the dynamic mean model leads to conclusions that can be summarized 

as follows: 

• The Kalman filter, when applied to the Sharpe single index model, gives 

dynamic estimates of beta that show how the beta estimates change 

over time. The dynamic beta estimates tend to oscillate above and 

below the ordinary least squares estimates. 

• The efficient frontier derived from the Kalman filter estimation is more 

efficient than the least squares Sharpe model in all regions of the effi­

cient frontier, particularly in the higher risk regions. 

• The composition of the resulting optimal risky portfolio from the Kalman 

filter is very different to the one from the Sharpe model. The investi­

gation revealed that the Kalman filter produced an optimal portfolio 

that had a higher reward to risk ratio because it had approximately 

the same risk as the Sharpe model but a much higher expected return. 

• Using the Dynamic Mean model to estimate inputs for portfolio selec­

tion requires less inputs than the Sharpe Index model. 

• The data used in the empirical investigation showed that the Dynamic 

Mean model outperformed l\1arkowitz and it had produced a similar 

shift to the Kalman filter Single Index Model. 

• The composition of the optimal risky portfolio produced by the Dy­

namic Mean Model was quite different to the one produced by both 

the Sharpe and the Markowitz model. 
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Finally, the most crucial observation is that the differences in the least 

squares estimation and the dynamic estimation from the Kalman filter model 

result from the fact that in reality, the betas are not constant and so any tool 

that can be used to more closely track them over time may lead to better 

portfolio management. Similarly, we can justify using the Dynamic Mean 

model instead of the 1larkowitz model because in reality we know that asset 

returns are not constant over time so a model that takes this fact into account 

may be more appropriate. 
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5 Robust Portfolio Selection Techniques 

5.1 Robustness and its Importance in Estimation 

In previous chapters we have been using sample data to estimate statisti­

cal quantities that are of interest to portfolio theory. We used the sample 

estimates based on the maximum likelihood estimators from the normal dis­

tribution, and because the sample size was sufficiently large, we assumed that 

the estimators were good approximations of the true underlying quantities. 

This would be true if all our observations belonged to the same distribution 

but it would be wrong if the data was contaminated. In a regression setting 

for example, the estimates derived from data that do not satisfy the distri­

bution assumptions due to contamination will be very unreliable. There are 

a variety of rea.'Sons why the data may be contaminated, it could be due to 

measurement errors or the presence of outliers or influential observations in 

the sample. Depending on the complexity of the problem, identification of 

these outliers may be easy but how to deal with them once identified is not 

as straightforward. 

\Ve would like to use models that are robust in the sense that the para­

meter estimates are not greatly influenced by these influential observations. 

1Iuch of the pioneering work in robust estimation is due to work of Huber, 

(1964) and Hampel, (1968). As Huber, (1981 pg.1) puts it, "robustness signi­

fies insensitivity to small deviations from the assumptions". This is precisely 

what we would like to achieve because we will use models that depend on 

certain assumptions, and we would like estimation methods that can resist 

contamination in the data. If we can use robust estimation methods, then we 

will have greater confidence that our sample estimates will be in the neigh­

bourhood of the true population parameters. \Ve will use robust methods 

to estimate portfolio risk and return in order to construct robust efficient 
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frontiers and will show that classical methods of estimating the mean and 

covariance matrix are very sensitive to outliers. 

5.2 Multivariate Robust Estimation Theory 

5.2.1 The Influence Function 

The starting point for developing the theory behind robust estimation is 

through the notion of the so called Influence Functions that were proposed 

by Hampel, (1968). We are interested in identifying the properties of an 

estimator to determine how it behaves when the underlying sample from 

which it is derived is contaminated. Suppose that H and Fa are distributions 

and consider the following set of distributions, 

:=: = {F I F = (1 - E) Fa + E H} (5.1) 

F is thus a mixture distribution of H and Fa and if E is sufficiently small, 

then the above set is called the contamination neighbourhood around the 

model distribution Fa with H being the contamination distribution. Huber, 

(1981) refers to the above formulation as the gross error model. Equation 

(5.1) tells us that each element generates realizations from Fa with probability 

(1 - c) and from H with probability E. The distribution of interest is Fa but 

because of contamination, the sample may belong to some other distribution 

F which is an element of the above set. If T is an estimator based on the 

sample, then although we want to estimate T(Fa), the contamination in 

the data means that T is now a estimator based on T(F). If for example 

T is the maximum likelihood estimate from the distribution Fa, then our 

sample estimate T(F) may not give us the true estimates of the population 

parameters from Fa. So we clearly need SOllle way of determining how much 

of an effect this has on our estimation. One way of doing this is to use the 

maximum bias defined 3.'3, 
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b = sup I T(F) - T(Fo) I (5.2) 
FE=-

So the maximum bias tells us the worst case error that we can make 

by using an estimator based on T(F) when we should be using T(Fo). We 

clearly want this quantity to be as small as possible or at the very least we 

want it to be bounded. Similarly, the maximum variance is defined as 

v = sup var[T(F)] (5.3) 
FE=-

Unfortunately as Huber, (1981) points out, equations (5.2) and (5.3) are 

not quite powerful enough to tell us the effect that contamination has on the 

data. Equation (5.1) defines a very large set indeed, we can make it more 

precise by limiting the set of distributions H to a special type, namely, when 

H = .0.x . In this case, .0.x is a distribution that gives probability 1 to a 

randomly chosen point x. This gives a new neighbourhood defined by 

(5.4) 

The set 2x now generates observations from Fo with probability (1 - E) 

and observations equal to x with probability E. This is a fundamental set in 

robust statistics and it is the basis of the so called influence function proposed 

by Hampel, (1968). The Influence function is defined for large samples as 

IF(x, Fo, T) = lim T((l - E)Fo + E.0. x ) - T(Fo) 
c---+O c 

(5.5) 

If the derivative exists, then the influence function can be written as 

(5.6) 

The influence function tells us two important properties of an estimator. 

It tells us not only how an infinitesimal amount of contamination affects 
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the estimator T but also how much an outlying observation x affects the 

estimator in the neighborhood 2x. Indeed, as pointed out by Huber, (1981), 

the influence function can be considered as a function of x. vVe want our 

estimator to be robust enough to resist the outlying observation x, so it 

would be favourable if the estimator T has a small or a bounded influence 

function. The maximum value of the influence function is 

, = sup IIF(x, Fa, T)I (5.7) 
x 

This tells us how outlying observations influence the estimator so we 

clearly want the above quantity, to be as small as possible to ensure that our 

estimator is not heavily influenced (asymptotically) by outlying observations. 

It turns, out as shown by Hampel et a1. (1986), that the influence function 

is all we need in order to evaluate the asymptotic bias of the estimator. It 

turns out that an estimator that has a bounded influence function also has a 

bias that is asymptotically bounded. This is a very powerful result because 

it implies that an estimator with a bounded influence function is robust in 

the neighbourhood defined by Equation (5.4). Our goal is to use estimators 

that are resistant to outlying observations and so in order to achieve this 

goal, we must use estimators that have a bounded influence function. 

In Chapter 2 when we discussed the Markowitz model, we used the maxi­

mum likelihood estimators p, (p xl) and t (p x p) assuming normality. These 

estimators are defined as 

(5.8) 
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vVe blindly used the above estimators without worrying about the possi­

bility of outliers contaminating the data. If we assume that the contamina­

tion can be modelled by Equation (5.4) then assuming that Fa '" N(J-L, b), 

Hampel, (1986) showed quite easily that the influence functions of the max­

imum likelihood estimates it and t are given by 

IF(x, Fa, it) 

IF(x, Fa, t) 

-J-L + x 

-b + (x - J-L)(x - J-L)' (5.9) 

This means that the maximum likelihood estimates it and t both have 

unbounded influence functions (since x can be arbitrarily large). Depending 

on the value of the contamination x, the influence that outlying observations 

have on the data can be very serious which may lead to unrealistic portfolios. 

In fact, Victoria-Feser, (2002) showed precisely how the optimal portfolio is 

influenced by contamination on the data. The conclusion Victoria-Feser, 

(2002) makes is that contamination in both the mean and covariance leads 

to irrelevant portfolios since even a small amount of contamination can be 

given a high weight in the Markowitz optimizer. 

5.2.2 The Breakdown Point of an Estimator 

The influence function formulation gives the behaviour of an estimator when 

there is a small amount of contamination. Although this is a very useful 

tool for evaluating estimators, it does not tell us how they behave when 

there is a large amount of contamination. \\Ie thus need another measure 

of robustness that can tell us how estimators behave when there is a large 

amount of contamination. Let Xd be an (n x p) data matrix with d of 

the rows of X contaminated with arbitrary large values and let T be the 

estimator with a metric 11·11. The breakdown point of a location estimator as 
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defined in Zuo, (2001) is given by 

B(T, X) = min {~ : snp IIT(X~)II = oo} 
n x:J 

(5.10) 

Intuitively, the breakdown point tells us the maximum proportion of out­

liers in a sample that an estimator can resist before it breaks down. In other 

words, the breakdown point is the highest level of contamination that an out­

lier can function before it starts giving arbitrarily large values. The sample 

median has a breakdown point of ~ because one would need to contaminate 

at least half of the data before the median starts to give arbitrarily large 

values. The sample mean has a break down point of * since it only takes 

a single observation to make the mean arbitrarily large. Surely, the break­

down point cannot be more than half because if more than half of the data 

is contaminated, it becomes difficult to identify which part of the data is 

outlying. The most robust estimators are those that have a high breakdown 

point because they lead to results that are much less influenced by outliers. 

\Ve ,vill later introduce some of these high breakdown point estimators in 

order to construct robust efficient frontiers. 

The definition in Equation (5.10) is for location estimates such as the 

mean. In robust statistics, we are also interested in the properties of scale 

or scatter estimates such as the covariance matrix. In portfolio theory, we 

need both type of estimates so we want our estimate of scale to also have a 

high breakdown point. Huber, (1981) gives various definitions of breakdown 

depending on the type of estimate. \Ve are interested in robust estimation 

of a square (pxp) covariance matrix C(X). Let 

be the eigenvalues of C(X). Then Zuo, (2001) defines the breakdown point 
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of a scatter matrix as 

(5.11) 

In this case, the breakdown point is that point when either the smallest 

eigenvalue Ap(C(Xd)) is driven to zero or when the largest one Al(C(Xd)) is 

driven to infinity. 

5.2.3 Affine Equivariance 

A crucial property of robust estimates that we need is the concept of affine 

equivariance. Let B = IbT were 1 is a (n x 1) vector of l's with a (p x 1) 

vector of constants b and let A be a (p x p) non-singular matrix. An estimator 

of scale, T(X) and an estimator of scatter, C(X) are affine equivariant if they 

satisfy 

T(XA + B) 

C(XA + B) 

(5.12) 

(5.13) 

The class of these affine equivariant estimators is very important because 

equations (5.12) and (5.13) define properties that we ,vould intuitively expect 

a good estimator to have. The robust estimators we use for the portfolio 

optimization possess this crucial property. 

5.2.4 Consistency and Efficiency 

Although robust estimators are designed to be resistant to contamination, 

they still need to satisfy other statistical properties if they are to compete 

with other classical estimators such a.s the maximum likelihood estimates. 
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The first property is that of consistency, which means that the estimator must 

converge in probability to the quantity it is trying to estimate. The other 

property we want the robust estimator to have is that of efficiency, meaning 

that we want it to have minimum variance. Many of the robust estimators 

we will use have minor modifications designed specifically to improve their 

consistency and efficiency. 
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5.3 The Minimum Covariance Determinant Estimator 

The l\linimum Covariance Determinant (l\ICD) proposed by Rousseeuw, (1984) 

is a robust estimator of location and scale for multivariate data. Its robust­

ness is due to its high breakdown point and it has the useful property of 

consistency. Given that the data set is an (n x p) matrix X, the MCD esti­

mator is defined for a given h, (} < h < n) as the classical covariance matrix 

of the subset (h x p) matrix of X that has the lowest covariance determinant. 

A more formal definition of the MCD estimator is given below, 

Definition 5.1 Let p :::; }, and X = {Xl, ... , xn} be a set of points 

in RP. Let h be a natural number, (~ < h < n). The l\1inimum Covariance 

Determinant problem for X and h, (MCD for short), is the problem to find an 

h-element set X/={ Xl,"" xd c X such that the determinant of the empirical 

covariance matrix of X', (det(cov(X/))) is minimal over all h-element subsets. 

The raw-MCD estimator of location T(X') = ilA/CD is just the average 

of the h points of X/ and the raw-MCD estimator of scale C(X/) = t AlCD 

is the covariance matrix of these points multiplied by a factor to improve 

consistency. The raw MCD estimators of location and scale, for a given h 

can thus be represented as the pair 

PAlCD 

a x Cov(X/) (5.14) 

with the constant a chosen to achieve finite sample consistency. The 

l\ICD is robust because by choosing the matrix of minimum covariance de­

tenninant X/, it deliberately ignores any outlying observations which would 

have otherwise made the determinant of the covariance matrix arbitrarily 

large. Apart from being a robust estimator, the benefit of using the MCD 
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estimator is that one can choose the number h depending on the suspected 

level of contamination. The number h is very important because the propor­

tion (1 - ~), represents the amount of contamination the outlier can resist. 

If the data set is highly contaminated, one chooses a low h close to ~ making 

the estimator more resistant to outliers. Although the raw-l'vICD estimator 

has a high breakdown point, Rousseeuw, (1999) points out that it is not very 

efficient for small samples hence a weighted J\ICD is preferred. The weighted 

ivICD estimator is computed from the following weights, 

1 l'f ( A )T""-l ( A ) < 2 Wi Xi - J1 M CD L.JMCD Xi - J1MCD - Ap,O.975 

W' , O l'f ( A )T""-l ( A ) 2 
Xi - J1MCD L.JMCD .ri - J1MCD > \p,O.975 (5.16) 

The above weights are used to calculate the reweighted l'vICD estimators 

P~!CD and as t~ICD 

2:n ,. ~. 

A* i=l'lL,X, 
J1MCD = ~n 

L...-i=l Wi 
(5.17) 

and 

(5.18) 

The reweight.ed l\ICD est.imator uses the raw estimators [iMCD and t AlCD 

t.o find the weights Wi for each observation by looking at their robust distance. 

Rousseeuw, (1987) adds that the raw estimates should be used only as a 

way to detect the outliers using Equation (5.16) and then one should use 

the weights to re-calculate the l\ILE estimates on the clean sample using 

Equations (5.17) and (5.18). 
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5.4 Empirical Investigation of the Minimum Covari­

ance Determinant Estimator 

5.4.1 Objectives of the Investigation 

\Ve now have a tool for robust estimation of the mean and covariance of 

returns for a multivariate data set represented by an (n x p) matrix X. In our 

C3.se the X matrix is the returns matrix. vVe propose to use the robust MCD 

estimators as the inputs in the Markowitz portfolio optimization problem. 

The primary objective will be to compare how the resulting efficient frontiers 

from both the raw-MCD and the reweighted-MCD estimators compare to the 

~Iarkowitz formulation. We would also want to compare how the optimal 

risky portfolios differ when robust estimators are used. The MCD estimator 

allows us to identify the outlying observations through the measure of robust 

distance defined as 

(5.19) 

Note that this is very similar to the classical Mahalanobis distance which 

Troskie proposed to use as weights in robust regression. 

(5.20) 

The only difference between the two is that the robust dist.ance is a robust 

modification of the Mahalanobis distance so it will be quite interesting to 

compare the performance of these two measures in outlier detection. In fact 

Rousseeuw, (1987) recommends using the robust distance as a way of outlier 

detection and as a basis for converting the rmv estimates into the reweighted 

MCD estimators. 
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5.4.2 Data used in the Investigation 

The data used was the identical set of returns that were used for the l\Iarkowitz 

formulation in Chapter 2. 

5.4.3 Method of Investigation 

The MCD estimator is constructed by selecting an (h x p) subset matrix of 

X that has the least classical covariance determinant. This sounds relatively 

straightforward but the problem is that the number of such (h x p) subset 

matrices of X, G), can be considerable large. For large data, looking for 

all the possible covariance matrices takes such a long time even on a good 

computer because the computations involved are very demanding. To solve 

this problem, Rousseeuw, (1987) proposed a faster method, the Fast-l'dCD 

method, which is a very clever algorithm that instead of considering all G) 
different matrices, it starts with randomly selected subset matrices then it 

uses an iterative procedure that converges to the solution. \Ve used this Fast­

l\ICD method and implemented it in MATLAB 7, using routines developed 

by Verboven and Hubert, (2004) in their comprehensive l\IATLAB toolbox 

called LIBRA which is a MATLAB library for robust analysis. The raw 

and the reweighted MCD estimates of the mean and variance were computed 

using the fast-MCD method and the corresponding efficient frontiers were 

constructed. 
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Table 16: Composition of the Robust Optimal Portfolios 

Share Markowitz Raw-MCD Reweighted-MCD 
Firstrand 6.18% 14.61% 14.61% 
Lonmin (J se) 42.69% 3.66% 3.66% 
Pick n Pay Holdings 0.53% 4.10% 4.10% 
Shoprite 29.27% 42.47% 42.47% 
Sasol 21.33% 35.16% 35.16% 

Table 17: Risk-Ruturn properties of the optimal portfolio 

Method Expected Return Standard Deviation 
Markowitz 19.80% 21.89% 
Raw-MCD 23.64% 25.53% 
Reweighted-MCD 23.52% 20.97% 

different. The share Lonmin which had 42% allocation with the classical 

estimator now only has 3.66% allocation under the MCD estimate. That is 

quite a major difference in the asset allocation. Although the proportions 

have dramatically changed, the composition of the optimal portfolio is still 

the same. Notice also that although the efficient frontier from the reweighted­

l\ICD estimate is different to the raw-MCD estimate, the proportions of the 

assets in the optimal risky portfolio are identical. This is really surprising 

considering that the raw-MCD covariance matrix is quite different to the 

reweighted one. 

A useful feature of the MCD-estimators is the flexibility that it glVes 

the practitioner depending on the amount of contamination in the data. 

Keeping in mind that the proportion of outliers that the l\ICD estimator 

can resist is (1 - ~), for (~ < h < n), we can achieve different levels of 

robustness depending 011 our choice of ~. In the efficient frontiers produced 

above, we used ~ = 0.9 meaning that the estimator could resist at most 10% 

of outlying observations. What would happen if we made our estimator even 
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market data, outlying data points may be times when the market crashes 

so we really should not give them a weight of zero because we know that 

markets do crash so these outlying observations may contain this important 

information. 

97 

Univ
ers

ity
 of

 C
ap

e T
ow

n



5.4.5 Conclusion 

The results from the MCD estimator showed that using robust estimators 

as inputs in the portfolio selection process can give very different results to 

the classical estimators. This means that the presence of outliers in finan­

cial data should never be underestimated because of their potential impact 

011 portfolio decisions. The efficient frontiers derived from the l\ICD estima­

tors all significantly outperformed the classical estimators which tells us that 

the majority of the outlying observations were the low returns. The robust 

measure of distallce that is derived from the MCD estimator managed to 

identify more outliers than the classical l\lahalanobis distance making it a 

more effective tool for outlier detection when data is contaminated. 

5.5 Robust Regression Techniques 

In the previous section, the vector of means and covariance matrix of returns 

were estimated directly from the data using multivariate robust theory. We 

can also use robust estimators obtained from regression models. Rousseeuw, 

(1987) and Huber, (1981) have suggested a variety of methods for robust 

regression to effectively deal with outliers. The motivation for using robust 

estimation in regression comes from the fact that the classical least squares 

estimators are heavily influenced by outlying observations and so the esti­

mates derived from that procedure can be very unreliable due to violation of 

the assumptions. vVe used regression models in the Sharpe index models in 

Chapter 3 using least squares estimates without worrying about the presence 

of outliers, so our results could be potentially inaccurate depending on the 

extent of contamination. The rest of this chapter will now attempt to address 

this problem using a variety of robust regression models. 
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5.5.1 Least Squares Regression 

The ordinary least squares parameter estimates (0 LS) of the linear regression 

model 

(5.21) 

are obtained if we minimize 

n n 

(5.22) 

The coefficient estimates are identical to those obtained from the maxi­

mum likelihood estimates assuming that the residuals are normally distrib­

uted, and if this is the case, then the least squares estimates are the best 

possible estimators. If this assumption is mildly violated in any way, then we 

need to identify the observations responsible for the departure from normal­

ity and deal with them either by down-weighting them or discarding them. If 

we are going to use the least squares estimators, we need to know exactly how 

sensitive our results are to these outlying observations to help us decide if the 

model is appropriate. One way to asses this is through the breakdown point. 

Recall from the previous section that the breakdown point is the highest level 

of contamination in the data that an estimator can function before it starts 

giving arbitrarily large values. As pointed out by Rousseeuw, (1987), a sin­

gle observation can potentially influence the estimates due to high leverage 

meaning that the breakdown point of the least squares estimators is given 

by 

B(T(m,X) =! 
n 

(5.23) 

This is clearly unfavourable and it gets even worse asymptotically be-
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cause the breakdown point tends to zero as the sample size increases. We 

thus clearly need an estimator with a higher breakdown point if we suspect 

contamination in the data and we detail some of the proposed estimators 

belmv. In addition, Dollinger and Staudte, (1991) showed that the influence 

function of the least squares estimator is unbounded, meaning that there 

is no guarantee that the bias will be bounded asymptotically if the data is 

contaminated. 

5.5.2 Least '!rimmed Squares Estimator 

The ordinary least squares estimator (OLS) looks at the sum of the squared 

residuals of all the data points but since a few outliers can heavily influence 

the estimates we need a way of excluding these potential outliers from the 

minimization process. One way to do this is to minimize the sum of a subset 

of the smallest h squared residuals instead of all them. The Least Trimmed 

Squares estimator (LTS), Rousseeuw (1987), is one such estimator, defined 

as the solution to the minimization problem 

h , . L 2 f3 LTS = mm (1');,n 
B 

(5.24) 
;=1 

with the ordered residuals (1'2h,n ~ (1'2h,n ~ (r2hn ~ ....... ~ (1'2)n:n-

The residuals are first squared then they are ordered and the smallest h 

of them are used to solve the parameters in Equation (5.24). This is a 

robust measure because the estimator trims the largest residuals which could 

potentially be indicative of outliers. The advantage of the LTS estimator 

is that it has a high breakdown point, in fact for a carefully chosen h, the 

breakdown point the LTS estimator can approach the ma..'<imum value of 50%. 

The LTS estimator is also asymptotically efficient which is a very desirable 

feature of an estimator. Equation (5.24) is not a trivial computation because 
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the estimator has to consider all the possible h-sized subsets and there are 

(~) of them, which could be a very large number indeed. Thankfully, there 

are some algorithms that can compute LTS quite quickly without having to 

do the all (~) computations. One such algorithm is the FAST-LTS method 

by Rousseeuw, (2000) which solves the LTS problem very quickly; this is the 

one \ve will use in our investigation. 

5.5.3 Empirical Investigation on the Least Trimmed Squares Es­

timator 

\Ve will apply the LTS estimator to our data using the Sharpe single index 

model. The approach we take is to model the asset returns Rib and the 

market returns It with the linear model, 

R;t = O'i + (3Jt + eit, i = 1, ... ,p; t = 1, ... , N, (5.25) 

\Ve have no idea what the true values of the beta coefficients are but we 

can estimate them from the data. \Ve could use the least squares estimator 

(OLS) but we know how sensitive it is to outliers so we will use the least 

trimmed squares estimator given by the solution to Equation (5.24). The 

least trimmed squares estimator is particularly suited to modelling returns 

because empirical studies by Cont, (2001) have shown that return distri­

butions have tails that are heavier than the normal distribution therefore 

trimming the large residuals can give us a much clearer picture of the asset 

dynamics. The computations will be performed in Matlab 7 using the FAST­

LTS algorithm using code supplied by Verboven and Hubert, (2004). Once 

again, similar to the 11CD estimator, the user chooses the amount of trim­

ming that is required depending on how much contamination is suspected. 

In this investigation we chose to trim the worst 10% outlying observations 

and we then used the estimated parameters to construct the inputs to the 

portfolio optimization problem. 
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Table 18: OLS vs Least Trimmed Squares Estimates 
Share (JOLS (JLTS (jei(OLS) (j ei(LTS) 

Absa 1.07 0.80 0.082 0.083 
Anglos 1.30 1.30 0.058 0.057 
Barloword 1.00 0.94 0.069 0.068 
Bidvest 0.78 0.80 0.059 0.059 
Group 5 0.72 0.80 0.128 0.128 
Illovo 0.72 0.61 0.078 0.078 
Firstrand 1.02 0.82 0.078 0.079 
Lonmin 0.87 1.07 0.081 0.082 
l\Jr price 0.94 0.89 0.118 0.117 
Pick n pay 0.62 0.44 0.087 0.088 
Shoprite 0.60 0.77 0.087 0.088 
SAB 0.86 0.78 0.053 0.053 
Sappi 1.15 1.09 0.092 0.092 
Sasol 1.06 1.08 0.080 0.080 
Standard B 0.94 0.74 0.067 0.068 

Table 18 shows the regression estimates from the OLS and LTS estima­

tors. The estimates of the beta coefficients from the LTS estimators are very 

different to the estimates from the ordinary least squares betas. The only 

exception is the estimation for Anglos which gave exactly the same estimate 

for beta. The difference in the estimated parameters shows how much of a 

difference outliers can make to the overall fit of the model. This difference 

will have a big impact to the portfolio selection since the optimization is very 

sensitive to small changes in the inputs. Interestingly though, is the fact that 

the residual standard errors from both the OLS and LTS estimators are al­

most identical. This is very surprising because it means that the estimate of 

the residual standard error from the ordinary least squares estimate is quite 

robust even if the data may contain outliers. 
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5.5.4 Lp Norm Estimation 

The ordinary least squares estimator is actually a special case of the more 

general class of Lp-estimators defined as solutions to minimizing the following 

problem 

n 

Lp = L I Y - Po - /3 1X j1 - ... /3pXjp IP 
j=l 

(5.26) 

vVhen p = 2 then we get the least squares solution which gives us a very 

nice solution for the parameter estimates. The least squares estimator is the 

best estimator when the residuals are normally distributed but when this as­

sumption is violated the Lp-estimator, when p = 1 gives much better results. 

Setting p = 1 gives the L1 norm referred to as the Least Absolute Devia­

tion (LAD) estimator. The computation of the LAD is usually done using 

an iterative process using the assumption that we have Laplacian distributed 

errors. This distribution assumption is particularly suited when the residuals 

have much heavier tails than those from a normal distribution. Although it 

has the same breakdown properties as the ordinary least squares estimator, 

it is preferred because it less sensitive to outliers and unlike other robust 

regression methods, the computations involved are not as complicated. 

5.5.5 Empirical investigation on the L1 Regression Estimator 

The Sharpe single index model that is usually estimated using ordinary least 

squares will be estimated using the least absolute deviation (LAD) regression. 

The minimization problem is performed in l\latlab 7 using the optimization 

toolbox. The optimization process was initialized using the OLS estimates as 

starting values for LAD miuimization. The estimated parameters were then 

used as the inputs in the portfolio selection problem in order to construct 

the efficient frontier. 
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5.6 Iteratively-reweighted Least Squares Regression 

5.6.1 M-estimation in Robust Regression 

The most general type of robust regression estimators belong to the family of 

the so called M-estimates proposed by Huber, (1964). Given the regression 

model, 

Y; (30 + (31 X i1 + ... (3p-X ip + ei 

x'{3 + e i (5.27) 

The M-estimates are derived from the minimization of the objective func­

tion 

n n 

LP( ei) = LP(Y; - xJ3) (5.28) 
i=l i=l 

The fuuction p( ei) is chosen appropriately to achieve robustness. Ordi­

nary least squares estimates are actually a special case of the M -estimates 

wheu p(ei) = e7- According to Fox, (2002), a well chosen function p(ei), 

should have the following properties, 

• p(ei) :2 0 

• p(O) = 0 

• p(ei) = p( -ei) 

If 'It, = p' (the derivative of p) then the estimates of the parameters from 

the minimization of equation (5.28) are derived from differentiating it with 

respect to the {3. The solution then becomes 
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n 

'"" A I L 1/J(Yi - X' (3)x; = 0 (5.29) 
;=1 

By choosing a weighting function w( en that depends on the residuals, 

the ordinary least squares estimator can be improved by down-weighting the 

outlying observations to achieve robustness. The estimated parameters can 

thus be estimated from 

n 

LW;(Yi - x'j3)X: = 0 (5.30) 
;=1 

This gives the solution to the weighted least squares (\VL8) estimator 

which minimizes the objective function L wre;. By carefully choosing the 

weighting function, we can penalize the outlying observations by giving them 

less weight so that their contribution to the sum L wre; , does not heavily 

influence the parameter estimates. 

5.6.2 Robust Weighting Functions 

The weighted least squares regression (vVL8) requires the specification of a 

weighting function that can handle the presence of outlying observations. 

Using a weighting function in a regression setting is sometimes referred to 

as bounded influence regression because the aim is to place some sort of 

upper-bound on the ability of individual points to affect the overall fit of the 

model. The ordinary least squares estimator (OL8) have a trivial weighting 

function that gives an equal weighting of 1 to all observations, meaning that 

a single influential point can potentially affect the overall estimated parame­

ters. \Veighting observations instead of deleting them, is particularly useful 

for financial data because as Troskie, (2004) remarks, outliers can be due to 

market crashes so we cannot just delete them because they are a crucial fea­

ture of stock market dynamics. In particular, deleting outlying observations 

in financial data may lead to the underestimation of the variance and hence 
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the risk of a portfolio. A variety of weight functions have been suggested to 

handle outliers but we focus on the weights proposed by Huber, (1981) and 

Tukey, (1960). 

The Huber weights can be written as 

(5.31) 

~With the value of k i derived from 

k~ __ ei 

z -- 1.3458J(1 -- hii ) 
(5.32) 

with ei being the residual, hi; is the leverage which is derived from the 

Hat matrix and 8 is a robust estimate of the standard deviation of the resid­

uals. The constant value of 1.3458 is called a tuning constant and it is chosen 

to ensure that the estimator is efficient which is a desirable property of an 

estimator. Note that the higher the value of ki' the lower weighting that 

the i-th observation will have giving that particular observation less influ­

ence on the overall fit. Equation (5.32) shows that observations with large 

residuals will have a high value of k i giving them less weight in the estima­

tion. This is useful if we want to remove the outliers that may violate the 

regression assumptions. The residuals however are not enough to produce 

robust estimates because they are not very good at identifying the influential 

observations which can have a much more disastrous effect on the estimates 

than outliers. Indeed these influential observations can have low residuals so 

if the weights only depend on the residuals, \ve may not detect these influen­

tial observations. To measure the potential influence of an observation, the 

diagonal elements of the Hat matrix are used. Equation (5.32) shows that an 

observation with a high leverage hi;, will be penalized by receiving a lower 
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,veighting in the regression. It is for this reason that the weights in equation 

(5.31) have been deliberately written a<; a function ei and hii' to stress the 

fact that the weights depend not only on the residuals, but on the leverage 

as well. 

The Tukey Bisquare weights are defined as 

0, (5.33) 

\Vith k now defined as, 

• _ ei 
ki - -----:-----:-r:;====:= 

4.6858)(1 - h ii ) 
(5.34) 

The tuning constant changes from the one used in the Huber weights in 

order to improve efficiency. 
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depend on the weights used to estimate them. This means that fitting a set 

of weights can be an iterative process because once the first set of weights is 

used, the model can be improved by using a new set of weights that depend 

on the residuals from the first iteration. This process can thus be contin­

ued, each time using weights from the previous iteration until the estimated 

parameters converge. Fox, (2002) summarizes the iteration process in the 

following steps, 

l. Initializes the process by finding the ordinary least squares estimates 

/3(0) = [X'Xr 1 X'y (5.36) 

2. At the k-th iteration, use the residuals from the previous iteration, 

e~k-l) to calculate the associated weights w;k-l) = w(e~k-l») 

3. Solve for the new parameters using the diagonal matrix of weights 
W(k-l) = diag{ w~k-l)} 

(5.37) 

4. Go back to step 1, and continue the process until the parameters con­

verge. 
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5.7 Empirical Investigation on Iteratively-Reweighted 

Least Squares Estimator 

5.7.1 Objectives of the Investigation 

\Ve \vould like to investigate the effect of using weighted least squares in es­

timating the regression coefficients of the Sharpe single index model. The 

aim is to use the Huber weighting function in an iteratively reweighted least 

squares estimation and contrast the results to other robust regression meth­

ods such as the least trimmed squares (LTS). Keep in mind that the LTS es­

timator deletes outlying observations while the Huber method down-weights 

them, we would like to see what difference this makes to the regression esti­

mates and the resulting efficient frontiers. 

5.7.2 Method of Investigation 

Using a similar data set to the one used for the Sharpe single index model, 

the regression coefficients from the single index model will be estimated using 

weighted least squares. The Huber weights will be used and the estimation 

will be done by iteratively re-weighting the observations until the coefficients 

converge. The computations will be performed in Matlab 7 and the regression 

will be performed for all the 15 shares. The regression estimates \vill be used 

to construct the inputs for the portfolio selection problem and the efficient 

frontier will be constructed. 

5.7.3 Results 

112 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Table 19: OLS vs Huber Iterative Least Squares Estimates 
Share (30LS (3WLS CTei(OLS) CT ei(1V LS) 

Absa 1.07 0.90 0.082 0.074 
Anglos 1.30 1.32 0.058 0.054 
Barloword 1.00 0.99 0.069 0.070 
Bidvest 0.78 0.79 0.059 0.059 
Group 5 0.72 0.75 0.128 0.126 
Illovo 0.72 0.71 0.078 0.076 
Firstrand 1.02 0.94 0.078 0.076 
Lonmin 0.87 0.95 0.081 0.083 
l'vlr price 0.94 0.90 0.118 0.103 
Pick n pay 0.62 0.53 0.087 0.073 
Shoprite 0.60 0.63 0.087 0.086 
SAB 0.86 0.84 0.053 0.051 
Sappi 1.15 1.10 0.092 0.087 
Sasol 1.06 1.07 0.080 0.081 
Standard B 0.94 0.80 0.067 0.056 

Table 19 shows the estimated parameters from the Huber iteratively 

reweighted least squares estimator compared to the ordinary least squares. 

Although some of the beta estimates from the two models are very similar, 

some of the shares give very different estimates to the OLS estimates. In 

addition, the residual risk from the Huber weights is lower that the OLS 

residual risk for almost all the shares and these differences will change the 

inputs of the portfolio selection algorithm. 
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variance than down-weighting them which explains why the Huber efficient 

frontier does not shift out to the left as much as the LTS andl\ICD. 

5.8 Conclusions 

The investigation of robust estimation that we applied to the portfolio selec­

tion problem leads us to conclusions that can be summarized as follows. 

• The classical estimates of the mean and covariance matrix used in the 

l\larkowitz model both have an unbounded influence function, mean­

ing that these estimates can be heavily influenced by the presence of 

outliers. 

• The MCD estimator of the mean and covariance matrix is a very robust 

estimator with a high breakdown point, making it a useful alternative 

to the classical estimators. 

• The efficient frontiers and the corresponding optimal portfolios pro­

duced from the robust MCD estimator can be very different to those 

produced from the classical estimator. The robust estimators resulted 

in a left-shift of the efficient frontiers compared to the classical estima­

tor, meaning that for the data used, the classical estimator overesti­

mated portfolio risk or it underestimated the portfolio return. 

• The l\lCD estimator gives a measure of the robust distance which is able 

to detect more outliers that the classic Mahalanobis distance. More­

over, these robust distances can be used as weights in a reweighted­

l\ICD estimator which is a more efficient estimator than the raw esti­

mator. 

• The classical ordinary least squares estimator (OLS) is not a robust 

estimator because it h&'3 a very low breakdown point and it has an 

unbounded influence function. 
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• The regression can be made robust by trimming the observations with 

large residuals (LTS) or by using Lp methods. These robust regression 

methods result in significant shift in the efficient frontiers. 

• Instead of deleting the outlying observations, down-weighting them is 

more appropriate for financial data and the resulting efficient frontiers 

do not shift out as severely. 

• Robust estimation methods can thus lead to more relevant portfolios 

that are not easily influenced by outliers. 
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6 Principal Components Analysis 

Principal components analysis is a technique that can be used to analyze 

multivariate data. The technique is used if a data set consists of many 

explanatory variables and one is interested in finding a smaller subset of 

the variables that can explain most of the variation. Principal components 

analysis can be used in a regression framework in Principal Components Re­

gression in which orthogonal indices can be constructed from the data. This 

is most useful if the explanatory variables are highly collinear and as Clark 

and Troskie (2006) have shown, collinearity can cause the beta estimates 

from multiple regression to be highly unreliable. We would like to use this 

technique to construct optimal portfolios and then compare the results to 

the multiple index model results from Chapter 3. We will first present the 

theory involved in principal components analysis using the approach taken 

by Anderson (1958 p.456). 

6.1 Theory of Principal Components Analysis 

The key result from principal components analysis is the existence of the 

following orthorgonal transformation, Anderson (1958 p.456) 

U=B'X 

with B'B= I and 

U'U= A = diag(>.J 

i = 1, ... ,p 

(6.1 ) 

(6.2) 

(6.3) 

U is an orthogonal matrix and X is the data matrix that is mean corrected 

with E(X) = 0 and B is orthogonal. The matrix ~ is the covariance of X and 

A is the covariance matrix of U with the diagonal elements as the eigenvalues 

from the solution to, 
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Ib - All = o. (6.4) 

b is the covariance matrix of X with the property that, 

b = BAB'. (6.5) 

The key quantities that need to estimated are the eigenvalues and and 

the corresponding eigenvectors. Anderson, (1958 p. 460) show how the 

maximum likelihood estimates can be computed by replacing the matrix b 

in Equation (6.4) with the maximum likelihood estimate :E. 

6.2 Principal Components and Regression 

Principal components can be used in multiple linear regression analysis espe­

cially when there is a large number of explanatory variables. 11ultiple linear 

regressions of the form 

y = X,6 + e (6.6) 

can give very unreliable results if the explanatory variables are highly collinear 

Clark and Troskie (2006). In addition, when there are a large number of ex­

planatory variables it becomes very difficult to find a smaller set of the most 

important variables that account for most of the variation. Principal compo­

nent regression models are a solution to the above problems because we can 

construct new indices from the explanatory variables that are orthogonal; 

hence we will not need to worry about collinearity. Remarkably, we can get 

a substantially smaller set of indices that explain most of the variation in 

the response variable which reduces the dimension of the problem. Principal 

components analysis gives a set of eigenvectors that we will write as 
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The score vector which is an orthogonal projection of the original data 

can be written as 

z=xv (6.7) 

Since we are choosing to use the first four principle components, we ex­

tract the first four Z vectors (Zl, Z2, Z3, Z4) and compute the regression equa­

tion 

(6.8) 

The above method is called principal components regression. Hossain 

Troskie and Guo (2007) point out, instead of using the first couple of principal 

components we can also use the principal components that give the best 

model fit from a variable selection procedure of all the p components. This is 

because sometimes the score vectors associated with the smallest eigenvalues 

can produce the best model fit in the regression. 

6.2.1 Dynamic Principal Components Regression 

In dynamic principal component regression, we are interested in refining the 

regression assumptions of the model in order to get more accurate estimates 

of the regression parameters. Once we have fitted the principal components 

regression model, we can check if the assumptions of autocorrelation and 

homoskedasticity are satisfied. If any of these assumptions are violated, then 

we need to correct for the autocorrelation by fitting autoregressive (AR) 

terms or by using GARCH models to account for the heteroskedasticity. 

1. An AR(p) model in which we fit the autoregressive terms for the resid­

uals in the regression. 

2. An AR(p)together with the GARCH(I,I) model in order to take into 

account both the conditional heteroskedastic variance and the autocor­

relation. 
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The above refinements to principle components regression mean that we 

can use the Gauss-Markoff theorem which states that a'3 long as the as­

sumptions are satisfied, the least squares estimates are the best (minimum 

variance) linear unbiased estimators. 
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6.2.2 Principal Components Kalman Filtering 

Principal component regression works by constructing a set of orthogonal in­

dices from the explanatory variables that are used in the following regression, 

(6.9) 

The beta coefficients are treated as constants but we propose to drop this 

assumption by treating them as dynamic time varying variables as shown in 

the following model, 

{3ti = {3t-li + Wti (6.10) 

\Ve can thus use the Kalman filter and treat the response variable as 

the signal equation and treat the beta coefficients as the state variables. 

This is 'what we propose and we will call it Principal Components Kalman 

Filtering. The advantage of this method is that it uses orthogonal indices 

derived from the principal components while at the same time using dynamic 

beta estimates for the beta.s. We intend to use this model to construct optimal 

portfolios from the efficient frontier. 
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Table 20: Explanatory Variables 

Index Variable 
Jse Financial & Industrials x3 
J se Gold Miners x4 
Jse Industrials x5 
Jse Mining x6 
Jse All Share x7 
Jse Platinum x8 
Jse excl. Resources x9 
Rand USD Exchange rate xlO 

6.3 Empirical Investigation of Principal Components 

Analysis 

6.3.1 Objectives of the Investigation 

The singular value decomposition of a matrix gives us a way of constructing 

orthogonal indices for principal components regression. \Ve would like to 

apply this method to our portfolio of shares in order to get estimates for 

the mean and covariance matrix of the asset returns. We are interested 

in investigating the effects of autocorrelation and heteroskedasticity on the 

efficient frontier derived from principal components regression. It will be very 

interesting to compare the results from these dynamic models to those from 

the Sharpe l\lultiple Index Model. Finally, we will explore the idea of using 

Principal Components Kalman Filtering in portfolio optimization. 

6.3.2 Data used in the Investigation 

The set of JSE indices that were used in the principal components regression 

are shown in table 20. 
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The monthly log returns of the indices were used to construct the X ma­

trix. The data for the individual shares and the indices spans from January 

1996 to February 2008. 

6.3.3 Method of Investigation 

The first step in setting up the principal components regression involves 

finding the singular value decomposition (SVD) of the X matrix. This step, 

which was performed in Eviews gives the eigenvalues and the corresponding 

eigenvectors. The score vectors were then constructed using equation (6.7) 

to give the Z indices. These new orthogonal indices are then used as the 

explanatory variables for the regression. Since we started with a set of 8 

indices, we had 8 different orthogonal indices to use in the regression. We 

could have chosen to use the indices corresponding to the highest eigenvalues 

but it was decided to use the method from Hossain Troskie and Guo (2007) 

which uses a variable selection procedure to choose the Zi indices that provide 

the best model fit. The score vectors that had the highest t-statistic were 

chosen as the explanatory variables. The following regression models were 

then fitted in Eviews 

1. An AR(p )model in which only the autoregressive terms were fitted. 

2. An Ar(p) together with the GARCH(l,l) model in order to take into 

account the conditional variance and the autocorrelation. 

3. A model with the beta estimates treated as state variables using Prin­

cipal Components Kalman Filtering. 
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Table 21: Residual Autocorrelation 

Share AR(p) t-stat AR(p) t-stat AR(p) t-stat 
Absa AR(l) -1.93 
Anglos - -

Barloword AR(l) -3.74 AR(2) -2.05 
Bidvest AR(l) -2.57 
Group 5 AR(l) -2.13 
Illovo AR(2) -2.00 
Firstrand - -

Lonmin AR(l) -1.58 AR(3) -2.50 
Mr price AR(l) -2.25 AR(3) -3.22 AR(6) -2.71 
Pick n pay AR(l) -4.68 
Shoprite AR(5) -2.07 
SAB AR(l) -2.21 
Sappi - -

Sasol - -

Standard B AR(l) -3.51 

6.3.5 Results - Dynamic Principal Components Regression 

The first adjustment we make in dynamic principal components analysis is 

to check for autocorrelation in the residuals of the principal components 

regression model. The test for autocorrelation in the residuals identified the 

AR terms shown ill table 21. It is clear that there was a significant amount 

of autocorrelation in the residuals from the principle components regression 

models. This clearly violates the regression assumptions and it means that we 

cannot use the Gauss-Markoff theorem meaning that the regression estimates 

may be unreliable. A dynamic model using the AR terms was fitted to 

account for the autocorrelation and the efficient frontier was computed. 
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Table 22: R-Squared Statistics 

Share R~LS R~R-GARCH R2 
KALMAN 

Absa 57% 59% 98% 
Anglos 80% 81% 98% 
Barloword 61% 65% 97% 
Bidvest 63% 65% 96% 
Group 5 17% 20% 57% 
Illovo 25% 27% 78% 
Firstrand 58% 57% 97% 
Lonmin 55% 59% 85% 
1Ir price 29% 38% 50% 
Pick n pay 33% 38% 85% 
Shoprite 35% 36% 79% 
SAB 54% 56% 97% 
Sappi 39% 39% 86% 
Sasol 41% 41% 84% 
Standard B 64% 64% 98% 

6.3.6 Results- Principal Components Kalman Filtering 

Table 22 shows the R-squared statistics for the three different principle com­

ponents regression models. The ordinary least squares regression model pro­

duces has the smallest R-square statistic. \Vl1en the AR and GARCH(l,l) 

terms are fitted to the regression, there is a slight improvement in the R­

squared statistic. If the principal components explanatory variables are then 

treated as time varying variables in the Kalman filter, there is a phenomenal 

increase in the R-squared statistic. The R-squared statistic reaches 98% for 

many of the shares. This is actually a very \vorrying result because it may 

suggest that we are now overfitting the model. Although the model has very 

good fit it may not be effective in terms of forecasting. This model needs 

much more investigation but nevertheless it is interesting to see how this 

affects the estimation of risk in our portfolio. 
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6.4 Conclusions 

The empirical investigation on the application of principal components in 

portfolio selection leads to the following conclusions. 

• Wl1en there are a large number of possible explanatory variables or 

indices, principal components are able to construct a much smaller set 

of indices that can explain a large proportion of the total variation. 

• The indices constructed from principal components are orthogonal which 

means that the problem of collinearity in multiple linear regression 

which was discussed by Clark and Troskie, (2006) "vas avoided. 

• Correcting the principal components regression model for autocorrela­

tion in the residuals can give a very different efficient frontier. 

• A dynamic model that combines both the AR and GARCH(l,l) terms 

in the regression improves the fit of the model and it gives more reliable 

estimates because it allows us to use the Gauss-1Iarkoff theorem. 

• Principal Components Kalman Filtering provided the best fit out of 

all the models fitted due to the dramatic increase in the R-squared 

statistic. The resulting efficient frontier shifts significantly to the left 

because of the ma.')sive reduction in the residual variance. It will be very 

interesting to investigate how Principal Components Kalman Filtering 

preforms in forecasting. 
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7 Conel usions 

After using a variety of techniques for dynamic and robust estimation we 

summarize the findings from the various Chapters as follows: 

Chapter 2: Markowitz Portfolio Theory 

The 1Iarkowitz portfolio selection method gives a rational investor a way 

of selecting the optimal asset combinations based on the mean and variance of 

the returns. In addition, using the risk-free asset in the portfolio dramatically 

changes the expected returns of the portfolio. Using empirical data from the 

JSE, we were able to use Markowitz to construct optimal portfolios. 

Chapter 3: Index Models of Asset Returns 

The Sharpe single and multiple index models do not give accurate esti­

mates of risk when the residuals are correlated. If there arc negative cor­

relations in the residuals, the Sharpe models will overestimate the portfolio 

risk. The Troskie-Hossain models are therefore more accurate since we found 

strong evidence of autocorrelation on the JSE. In addition, the combination 

of the GARCH and AR models in the estimation of the regression parameters 

makes the residuals much closer to satisfying the Gauss-Markoff theorem. 

Chapter 4: State Space Models with the Kalman Filter 

The dynamic estimation of the betas using the Kalman filter shows how 

the betas can dramatically change over time. The Kalman filter betas are 

very different to the least squares betas because the Kalman filter gives more 

weighting to the most recent observations. This has a big impact on portfolio 

risk because unlike the least squares estimates that assume that the beta is 

constant, the dynamic beta allows us to estimate market risk dynamically. 

\Ve were also able to use the Kalman Filter to directly estimate returns in a 

dynamic model and this method resulted in the best performing portfolios 
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Chapter 5: Robust Portfolio Selection Techniques 

\Ve can evaluate the ability of an estimators to resist outlying observations 

through its breakdown point and influence function. Since the maximum 

likelihood estimators of fL and I: have an unbounded influence function, they 

can lead to irrelevant portfolios when the data is contaminated. Robust 

methods give the most realistic portfolios because they are less influenced by 

contamination in the data. The investigation that was performed revealed 

that optimal portfolios constructed from robust estimators outperform those 

from the classical estimators 

Chapter 6: Principal Components Analysis 

Principal components analysis is a very effective tool for the analysis 

of high dimensional data. The optimal portfolios constructed from prin­

cipal components regression are more efficient than the Sharpe Multiple 

index models. \Vhen the effects of autocorrelation and heteroskeda'3ticity 

in the residuals are removed from principal components regressions using 

AR-GARCH models, the resulting efficient frontier leads to more accurate 

estimates of risk. The combination of Principal Components and Kalman 

filtering provides the best model fit; the R-squared statistics are so high that 

it needs further investigation. 
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7.1 Future Research 

The Kalman filter and GARCH models should be combined in order to get 

a more complete dynamic model. One could use the Kalman filter to model 

the betas in the state equation and then use GARCH models for the residual 

variance in the signal equation. Initially, this issue was tackled in this thesis 

but the likelihood functions proved to be quite complicated to solve. 
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Eviews code 

workfile rodwel1 146 
smpl2146 

'generating the log returns 

genr r1=log(absa)-log(absa(-1)) 
genr r2=log(anglos)-log(anglos(-1)) 
genr r3=log(barloworld)-log(barloworld( -1)) 
genr r4=log(bidvest)-log(bidvest( -1)) 
genr r5=log(group5)-log(group5( -1)) 
genr r6=log(iliovo )-Iog(illovo( -1)) 
genr r7=log(firstrand)-log(firstrand( -1)) 
genr rB=log(lonmin)-log(lonmin( -1)) 
genr r9=log(mrprice)-log(mrprice( -1)) 
genr r1 O=log(picknpay)-log(picknpay( -1)) 
genr r11 =Iog(shoprite )-Iog(shoprite( -1)) 
genr r12=log( sabmiller)-Iog( sabmiller( -1)) 
genr r13=log( sappi)-Iog( sappi( -1)) 
genr r14=log(sasol)-log( sasol( -1)) 

Appendix A 

genr r15=log( standardb )-Iog( standardb( -1)) 
genr jse=logUseover)-logUseover( -1)) 

'generating the returns of the indeces 

genr x1 =logUsebanks)-logUsebanks( -1)) 
genr x2=logUsefin)-logUsefin(-1)) 
genr x3=logUsefindi)-logUsefindi( -1)) 
genr x4=logUsegold)-logUsegold( -1)) 
genr x5=logUseindustrials)-logUseindustrials(-1)) 
genr x6=logUsemining)-logUsemining( -1)) 
genr x7=jse 
genr xB=logUseplatinum)-logUseplatinum(-1)) 
genr x9=logUsexresourses)-logUsexresourses( -1)) 
genr x1 O=log(rand)-log(rand( -1)) 
genr x11 =Iog( oil)-Iog( oil( -1)) 

scalar n 
n=145 

group marko r1 r2 r3 r4 r5 r6 r7 rB r9 r10 r11 r12 r13 r14 r15 

vector(15) marko_mean 

for%k%y1r1 2r23r34r45r56r67r7BrB9r910r1011r1112 r1213 r1314 r1415r15 
marko_mean(%k) =@mean({%y}) 

next 

matrix marko_cov = @cov(marko)*n/(n-1) 
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scalar rm 
scalar vm 

rm=@meanUse) 
vm=@varUse)*n/(n-1) 

'now we do single index model 
for %y r1 r2 r3 r4 r5 r6 r7 rB r9 r10 r11 r12 r13 r14 r15 

equation {%YLls.ls {%y} c jse 
{%yLls.makeresid {%yLresiduals 
stom( {% yLresiduals, {%y Lresidvector) 

next 

group trosres r1_residuals r2_residuals r3_residuals r4_residuals r5_residuals r6_residuals r7 _residuals 
rB _residuals r9 _residuals r1 0 _residuals r11_residuals r12_residuals r13 _residuals r14 _residuals 
r15 _residuals 

matrix residcor = @cor(trosres) 

vector( 15) beta 
vector(15) beta_tstat 
vector(15) beta_serr 
vector (15) sereg 
vector(15) alpha 
vector(15) adjusted_R 
vector(15) Rsquare 

for%k%y1 r1 2r23r34r45r56r67r7BrB9r910r1011 r1112 r1213 r1314 r1415r15 

alpha(%k)={%YLls.c(1 ) 
beta(%k)={%YLls.c(2) 

beta_tstat(%k)={%YLls.@tstats(2) 
beta_serr(%k)={%y}_ls.@stderrs(2) 
sereg(%k)={%y}Js.@se 
adjusted_R(%k)={%YLls.@rbar2 
Rsquare(%k)={%YLls.@r2 

next 

vector(15) sharp_mean 

for !i=1 to 15 
sharp_mean(!i)=alpha(!i)+beta(!i)*rm 

next Ii 

matrix(15,15) phi 
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phi=beta*@transpose(beta)*vm 

matrix (15,15) phi2 
matrix(15, 145) e 'e is the residual matrix E 

for%k%y1r1 2r23r34r45r56r67r78r89r910r1011r1112 r1213 r1314 r1415r15 

phi2(%k, %k)={%yUs.@se"2 
rowplace( e,@transpose({%YLresidvector),{%k}) 

next 

matrix(15, 15) phi3 
phi3=e*@transpose(e)/(n-2) 
residual covariance matrix 

matrix(15, 15) sharp_covariance 
sharp_covariance=phi+phi2 

matrix(15,15) troshos 
troshos=phi+phi3 

'now we do the multiple index model 

for %y r1 r2 r3 r4 r5 r6 r7 r8 r9 r10 r11 r12 r13 r14 r15 
equation {%YLmultiple.ls {%y} c x4 x7 x10 
{%yLmultiple.makeresid {%yLmultUesids 
stom({%yLmultUesids,{%yLmresidv) 

next 

'tros hos single index 

group mtrosres r1_multUesids r2_multUesids r3_multUesids r4_multi_resids r5_multUesids 
r6_multUesids r7 _multUesids r8_multUesids r9_multUesids r10_multUesids r11_multUesids 
r12_multUesids r13_multUesids r14_multUesids r15_multUesids 

matrix mresidcor = @cor(mtrosres) 'correlation of multiple index model residuals 
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vector(3) indexmean 
the indeces 

indexmean( 1 )=@mean(x4) 
indexmean(2)=@mean(x7) 
indexmean(3)=@mean(x10) 

group indices x4 x7 x10 

'mean of each of 

matrix index_cov=@cov(indices)*n/(n-1) 'covariance matrix of index 

'collecting all the betas for each share 
for %y r1 r2 r3 r4 r5 r6 r7 rS r9 r10 r11 r12 r13 r14 r15 
vector(3) beta_Way} 
for each stock 
vector(3) tstats_{%y} 

beta_{%y}(1)= {%YLmultiple.c(2) 
beta_{%y}(2)= {%YLmultiple.c(3) 
beta_{%y}(3)= {%YLmultiple.c(4) 

tstats_{%y}(1)= {%YLmultiple.@tstats(2) 
tstats _{%y}(2)= {%YLmultiple.@tstats(3) 
tstats_{%y}(3)= {%YLmultiple.@tstats(4) 

next 

vector(15) alpha_mult 
matrix(15, 15) phi2_multi 
(diagonal for Sharpe) 
matrix(15,3) beta_mult 
matrix(15,145) e_multi 
index 
matrix(15,3) beta_mtstat 

'vector of betas 

'the constant of each regression 
'the second term of the covariance 

'the p X m matrix of betas 
'e_multi is the residual matrix E for multiple 

'the pXm matrix of tstats 

for%k%y1 r1 2r23r34r45r56r67r7SrS9r910r1011 r1112 r1213 r1314 r1415r15 

alpha_mult(%k)= {%YLmultiple.c(1) 
phi2_multi(%k, %k)={%YLmultiple.@seI\2 
rowplace(e_multi,@transpose({%yLmresidv),{%k}) 

rowplace(beta_mult,@transpose(beta_{%y} ), %k) 
rowplace(beta_mtstat,@transpose(tstats_{%y} ), %k) 

next 

vector(15) sharpm_mean 
matrix(15,15) sharpm_cov 
index 

'identical to the sample mean 
'the covariance matrix under sharpe multiple 
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sharpm_mean=alpha_mult+beta_mult*indexmean 
sharpm_cov=beta_mult*index_cov*@transpose(beta_mult)+phi2_multi 

matrix(15, 15) phi3_multi 
phi3_multi=e_multi*@transpose(e_multi)/(n-4) 

matrix(15, 15) troshos_multi 
troshos_multi=beta_mult*index_cov*@transpose(beta_mult)+phi3_multi , 

'now we do state space model , 

for %y r1 r2 r3 r4 r5 r6 r7 rB r9 r10 r11 r12 r13 r14 r15 

delete {%YLss 
sspace {%YLss 
{%YLss.append {%y}=c(1) + sv1*jse 
{%yLss.append @state sv1= sv1(-1) 
{%YLss.ml 
{%yLss.makeresid {%yLssresids 

next 

vector(15) beta_ss 
vector( 15) alpha _ ss 
vector(15) rsquare_ss 

for%k%y1r1 2r23r34r45r56r67r7BrB9r910r1011r1112 r1213 r1314 r1415r15 

beta_ss(%k)={%YLss.@coefs(4) 
alpha_ss(%k)={%YLss.@coefs(1) 
rsquare_ss(%k)={%YLss.@r2(1) 

next 

vector(15) sharpss_mean 

for !i=1 to 15 
sharpss_mean(!i)=alpha_ss(!i)+beta_ss(!i)*rm 

next Ii 

matrix (15,15) phi2_ss 
matrix(15,145) e_multi 
vector(15) ss_se 
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matrix E 'e_multi is the residual 

for%k%y1r1 2r23r34r45r56r67r78r89r910r1011r1112 r1213 r1314 r1415r15 

phi2_ss(%k, %k)={%YLss.@se(1)A2 
ss_se(%k)={%YLss.@se(1) 

next 

matrix(15,15) phi_ss 

phLss=beta_ss*@transpose(beta_ss)*vm 

matrix(15,15) sharpss_cov 
sharpss_cov=phLss+phi2_ss 

'now we multiple index ss model 

for %y r1 r2 r3 r4 r5 r6 r7 r8 r9 r10 r11 r12 r13 r14 r15 

delete {%yLssmult 
sspace {%yLssmult 
{%yLssmult.append {%y}=c(1) + sv1 *x4+sv2*jse+sv3*x1 0 

{%YLssmult.append @statesv1=sv1(-1) 
{%yLssmult.append @state sv2= sv2(-1) 
{%yLssmult.append @state sv3= sv3(-1) 

{%yLssmult.ml 
delete {%yLssresids 
next 

'collecting all the betas for each share 
for %y r1 r2 r3 r4 r5 r6 r7 r8 r9 r10 r11 r12 r13 r14 r15 
vector(3) beta_ss_{%y} 
for each stock 

beta_ss_{%y}(1)= {%YLssmult.@coefs(6) 
beta_ss_{%y}(2)= {%YLssmult.@coefs(7) 
beta_ss_{%y}(3)= {%YLssmult.@coefs(8) 

next 

vector(15) alpha_ssmult 
matrix(15,15) phi2_ssmult 

'vector of betas 
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matrix(15,3) beta_ssmult 'the p X m matrix of betas 

for%k%y1r1 2r23r34r45r56r67r78r89r910r1011r1112 r1213 r1314 r1415r15 

alpha_ssmult(%k)= {%YLssmult.@coefs(1) 
phi2_ssmult(%k, %k)={%yLssmult.@se(1)"2 

rowplace(beta _ssm ult,@transpose(beta_ss_{%y} ), %k) 

next 

for %y r1 r2 r3 r4 r5 r6 r7 r8 r9 r10 r11 r12 r13 r14 r15 
delete beta_ss_e.loy} 
delete beta_{%y} 

next 

vector(15) sharpssm_mean 
matrix(15, 15) sharpssm_cov 
multiple index 

'the covariance matrix under sharpe 

sharpssm_mean=alpha_ssmult+beta_ssmult*indexmean 
sharpssm_cov=beta_ssmult*index_cov*@transpose(beta_ssmult)+phi2_ssmult 

'now we do principal components 
group pcax x3 x4 x5 x6 x7 x8 x9 x10 

matrix w 
matrix v 

matrix xmat=@convert(pcax) 
matrix u=@svd(xmat,w,v) 

matrix z=xmat*v 

vector z 1 =@columnextract(z, 1) 
vector z2=@columnextract(z,2) 
vector z3=@columnextract(z,3) 
vector z4=@columnextract(z,4) 
vector z5=@columnextract(z,5) 
vector z6 =@columnextract(z,6) 
vector z7 =@columnextract(z, 7) 
vector z8 =@columnextract(z,8) 

mtos(z1 ,z1 s) 
mtos(z2,z2s) 
mtos(z3,z3s) 
mtos(z4,z4s) 
mtos(z5,z5s) 
mtos(z6,z6s) 
mtos(z7,z7s) 

for%k%y1r1 2r23r34r45r56r67r78r89r910r1011r1112 r1213 r1314 r1415r15 

equation r{%k}zpc.ls {%y} c z1 s z2s z3s z5s 
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next 

vector(4) zsmeans 
the pc indeces 

zsmeans(1 )=@mean(z1s) 
zsmeans(2)=@mean(z2s) 
zsmeans(3)=@mean(z3s) 
zsmeans( 4 )=@mean(z5s) 

group pcindex z1 s z2s z3s z5s 
matrix pcincov=@cov(pcindex)*n/(n-1) 

'collecting all the index betas for each share 
for %y r1 r2 r3 r4 r5 r6 r7 r8 r9 r10 r11 r12 r13 r14 r15 
vector(4) betaz_{%y} 
for each stock 

betaz_{%y}(1)= {%y}zpc.c(2) 
betaz_{%y}(2)= {%y}zpc.c(3) 
betaz_{%y}(3)= {%y}zpc.c(4) 
betaz_{%y}(4)= {%y}zpc.c(5) 

next 

vector(15) alphaz 
matrix(15, 15) phi2z 
matrix(15,4) betaz 

'mean of each of 

'vector of betas 

'the constant of each regression 
'the second term of the covariance 
'the p X m matrix of betas 

for%k%y1r1 2r23r34r45r56r67r7SrS9r910r1011r1112 r1213 r1314 r1415r15 

alphaz(%k)= {%y}zpc.c(1) 
phi2z(%k, %k)={%y}zpc.@se"2 

rowplace(betaz,@transpose(betaz_{%y} ), %k) 

next 

vector(15) pc_mean 
matrix(15, 15) PC_COY 

index 

pc_mean=alphaz+betaz*zsmeans 
pc_cov=betaz*pcincov*@transpose(betaz)+phi2z 

for %y r1 r2 r3 r4 r5 r6 r7 rS r9 r10 r11 r12 r13 r14 r15 

delete betaz_{%y} 
next 

'identical to the sample mean 
'the covariance matrix under sharpe multiple 
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Appendix B 

MATLAB 7 code 

Quadratic Optimization 
[PortRisk, Port Return, PortWeights]=frontcon( ExpReturn, ExpCovariance, N umports, 
[],AssetBounds, [], []); 

portalioc (PortRisk, PortReturn, PortWeights, RisklessRate, BorrowRate) 

[RiskyRisk, RiskyReturn, RiskyWts] = portalioc (PortRisk, PortReturn, PortWeights, ... 
RisklessRate, BorrowRate) 

Robust Iteratively Re-Weighted Regression 

[b I ,stat I] = robustfit(jse,rl ,'huber'); 
[b2,stat2] = robustfit(jse,r2,'huber'); 
[b3,stat3] = robustfit(jse,r3,'huber'); 
[b4,stat4] = robustfit(jse,r4,'huber'); 
[b5,stat5] = robustfit(jse,r5,'huber'); 
[b6,stat6] = robustfit(jse,r6,'huber'); 
[b7,stat7] = robustfit(jse,r7,'huber'); 
[b8,stat8] = robustfit(jse,r8,'huber'); 
[b9,stat9] = robustfit(jse,r9,'huber'); 
[b I 0, stat I 0] = robustfit(jse,rl O,'huber'); 
[b II ,stat II] = robustfit(jse,r II ,'huber'); 
[b I 2,statl 2] = robustfit(jse,rl2,'huber'); 
[bI3,stat13] = robustfit(jse,rI3,'huber'); 
[b 14,statI4] = robustfit(jse,rl4,'huber'); 
[b 15,statI5] = robustfit(jse,r15,'huber'); 

Least Absolute Deviations 

ExpReturn=alpha+beta. *rm; 
ExpCovariance=(beta *beta'). *vm+ph i2 

%% 15. Minimizing the sum of absolute deviations 
%{ 
Minimizing the sums of squares of errors is appropriate when 
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the noise in your model is normally distributed. Its not 
uncommon to expect a normal error structure. But sometimes 
we choose instead to minimize the sum of absolute errors. 

How do we do this? Its a linear programming trick this time. 
For each data point, we add a pair of unknowns called slack 
variables. Thus 

yO) = a + b*x(i) + u(i) - v(i) 

Here the scalars a and b, and the vectors u and v are all unknowns. 
We will constrain both u(i) and vO) to be non-negative. Solve 
the linear programming system with equality constraints as 
above, and the objective will be to minimize sum(u) + sum(v). 

The total number of unknowns will be 2+2*n, where n is the 
number of data points in our "regression" problem. 
%} 

%% 

x = jse; 
y = rl5 
close 
plot(x,y,'o') 
title 'Linear data with noise' 
xlabel 'x' 
ylabel 'y' 

%% 
% formulate the linear programming problem. 
n = length(x); 
% our objective sums both u and v, ignores the regression 
% coefficients themselves. 
f= [0 0 ones(i,2*n)],; 

% a and b are unconstrained, u and v vectors must be positive. 
LB = [-inf -inf, zeros(l ,2*n)]; 
% no upper bounds at all. 
UB = []; 
% Build the regression problem as EQUALITY constraints, when 
% the slack variables are included in the problem. 
Aeq = [ones(n, 1), x, eye(n,n), -eye(n,n)]; 
beq = y; 

% estimation using linprog 
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params = linprog(f,[],[],Aeq,beq,LB,UB); 

% we can now drop the slack variables 
coef = params(l :2); 

% and plot the fit 
plot(x,y,'o',x,coef(l) + coef(2)*x,'-') 
title 'Linprog solves the sum of absolute deviations problem (I norm), 
xlabel'x' 
ylabel'y' 
mse=((sum((y-coef(l) - coef(2)*x)/'2))/143); 
alpha( IS)=coef( 1); 
beta( IS)=coef(2); 
phi2( IS, IS)=mse; 
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