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Abstract

We give a review of regression-based Monte Carlo methods for pricing high-dimensional
American and Bermudan options for which backwards methods such as lattice and PDE meth-
ods do not work. The continuous-time pricing problem is approximated in discrete time and
the problem is formulated as an optimal stopping problem. The optimal stopping time can be
expressed through continuation values (the price of the option given that the option is exercised
after time j conditioned on the state process at time j). Regression-based Monte Carlo methods
apply regression estimates to data generated by artificial samples of the state process in order to
approximate continuation values. The resulting estimate of the option price is a lower bound.
We then look at a dual formation of the optimal stopping problem which is used to generate an
upper bound for the option price. The upper bound can be constructed by using any approx-
imation to the option price. By using an approximation that arises from a lower bound method
we have a general method for generating valid confidence intervals for the price of the option.
In this way, the upper bound allows for a better estimate of the price to be computed and it
provides a way of investigating the tightness of the lower bound by indicating whether more
effort is needed to improve it.
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1 INTRODUCTION

The valuation of derivative securities which early exercise features, such as American and
Bermudan options, is a challenging problem in mathematical finance. Even in the simple Black-
Scholes framework with one state variable, a closed form expression for the price of an American
put option is not available and so it must therefore be computed numerically. Backwards methods
such as lattice methods and finite-difference methods for PDEs were traditionally believed to be
the most natural way to approach to the problem of early exercise. This is because early exercise
decisions require knowledge of the value of the unexercised product and by working backwards
this value is always available. For this reason Monte Carlo simulation, which is a forward method,
has been believed until recently, to be ill-suited to this problem because knowledge of the value
of the unexercised product is not readily available in a process which evolves through time.

When there is just one or two state variables, backwards methods do not present a challenge.
However, where the problem is high-dimensional (in the number of state variable required to
describe the state space at each exercise time), these techniques are not practically feasible. In the
financial engineering practice such high-dimensional problems arise frequently, such as the LIBOR
market model, and are thus of considerable interest to both researchers and practitioners. In this
paper, we focus on high-dimensional American and Bermudan options, the pricing of which
amount to solving an optimal stopping problem which is subject to what is commonly referred
to as the “curse of dimensionality”. It becomes essential to adapt the Monte Carlo simulation
technique in order to cope with this problem.

More recently various methods using Monte Carlo simulation have proven successful in ap-
proximating the price of these products. The lower bound methods we consider use approximate
dynamic programming (ADP) to develop a (sub-optimal) exercise strategy via linear least-squares
regression. Monte Carlo is used by simulating paths of the state process, for which different
exercise strategies are approximated and then used to estimate the value of the product. The
supremum over all exercise strategies of the mean, in the martingale measure, of the discounted
payoff process of the product is the value of the product, and the solution of the so-called primal
problem, and therefore the lower bound is an unbiased estimate. In §3 we examine two such
regression-based methods for finding lower bounds for the price of American and Bermudan op-
tions: The method of Tsitsiklis and Van Roy [6] and the Longstaff-Schwartz method [11] which
has become particularly popular.

We also consider upper bound methods which are based on the idea of hedging against a buyer
of the product who has perfect foresight. Adding a hedge of zero initial value to the discounted
payoff process of the product does not affect the mean in the martingale measure, and thus the
value of the product which is the supremum over all random exercise strategies. However, if the
buyer uses the best possible exercise strategy amongst all random times (perfect foresight) this
results in an increase in the value of the product, and adding a hedge of zero initial value gives
an upper bound for the price. Rogers [13] and Haugh and Kogan [3] independently developed a
dual formulation of the optimal stopping problem. They show that the infimum over all hedging
portfolios of the mean, in the martingale measure, of the sum of the hedging portfolio and the
discounted payoff process of the product, is the value of the product, and the solution of the dual
problem. An upper bound for the price of the product can therefore be obtained by approximating
the optimal hedge, which is an unbiased estimate. In §4 we see how Rogers and Haugh and Kogan
use approximate value functions to estimate the optimal hedge using Monte Carlo and arrive at
an upper bound for the price of a Bermudan option. We also consider Andersen and Broadie’s
approach [14] in arriving at an upper bound for the price, in which the product with a sub-optimal
exercise strategy is chosen as an approximation to the optimal hedge. In this way Andersen and
Broadie are able to construct a confidence interval for the price of the option since the exercise
strategy they use is estimated using a lower bound method.



2  PRICING AMERICAN AND BERMUDAN
OPTIONS

In contrast with a European option which can be exercised only at its maturity date, thus
precluding exercise choices from being made on the part of the holder during the life of the
option, American and Bermudan options possess early exercise features. This permits the holder
to exchange the option for cash, at his discretion, at a range of dates from start until maturity,
either continuous for an American option or discrete for a Bermudan option®. In these types of
options, the holder has always the need to make an optimal decision: as each new exercise date
is reached, conditional on the value of the asset, should the option be exercised or not*? In
determining the price, we therefore take into account these extra exercise rights.

Let us assume for a moment that the value process of an American option is already known.
A no-arbitrage argument (see [1] Chapter 12) shows that the option cannot be worth less than
it’s intrinsic value, since if it was, a rational agent simply could buy and immediately exercise
the option to make a sure profit on the difference in values. Also, if the American option’s value
exceeds it’s intrinsic value, a rational agent would choose not to exercise, as more could be gained
by selling the option itself in the market. It is only in the case where the value of the American
option and it’s intrinsic value are equal, that it would be an error not to exercise early. An investor
would be at fault if he was to ignore this exercise opportunity because as time passes, the number
of these opportunities will diminish and thus the option value will decrease. Moreover for the
period, during which he has chosen not to exercise, the no-arbitrage argument does not hold, thus
the option value may become less than its intrinsic value. If the option is exercised he would hold
cash that would grow at the risk-free rate. So although the values are equal, their rates of change
are not. So in the case where the option value and the intrinsic value are equal, more money is to
be made by exercising the option rather than waiting.

The assumption that the option price is already known, implies knowledge of when to exercise.
This is not, however useful, because typically we need to know when to exercise in order to
determine the option value. The value of an American option is the value achieved by exercising
optimally. Finding this value entails finding the optimal stopping time — by solving an optimal
stopping problem — and computing the expected discounted payoff of the option under this rule.
The embedded optimization problem makes a difficult problem for simulation.

1. For example, the American put grants the holder the right to exchange, at any time until expiration, the underlying
asset for an agreed amount cash. If the underlying asset is worth X; at time j, the holder of the option can exchange it for
cash with value K, known as the strike. In effect, the payoff upon exchange at time j is (K — X;)*. Other typical examples
of such options occurring in the market are American straddles (with payoff | X; — K|); Bermudan swaptions; convertible
bonds; installment options, etc. Bermudan options are uncommon in stock markets and FX markets, but they are very
common in the interest rate markets. A major application of the valuation of such options is in getting out prices and
hedges for Bermudan swaptions.

2. For an American call on a non-dividend paying stock, it is clear that early exercise is never optimal (see [2] Chapter
9). This is because at time j, the owner has all the exercise opportunities open the owner of the European call whose
price is bounded below by (X; — Ke™" (L=1))*, where L is the maturity date. The price of the American call, ¢j, must
therefore be at least as much as the European call and so always exceeds its intrinsic value, i.e. ¢; > (X; — K)*. In the
case of the American put, however, it can be optimal to exercise early if it is sufficiently deep in the money. In this case,
the profit is obtained earlier so that it can start to earn interest immediately. The European put price can be greater or
equal to it’s intrinsic value (Ke™"(:=7) — X;)" and the American put price, p;, is bounded below by it’s intrinsic value, i.e.
pi > (K=Xj)*.



2.1 PROBLEM FORMULATION

The holder of an American option is free to choose any exercise time T before or at the given
expiration time L. This exercise time may be stochastic but only in such a way that the decision
to exercise before or at a time j only depends on the history up to time j. The problem of pricing
an American option can be cast into the form of an optimal stopping problem — the problem of
valuing an American option consists of finding an optimal exercise strategy and valuing the
expected discounted payoff from this strategy under the equivalent martingale measure. It is
well-known that in complete and arbitrage-free markets the price of a derivative security has this
representation. In this paper we will concern ourselves with probabilistic approximation methods
in the context of discrete optimal stopping, therefore we present the optimal stopping problem in
discrete time rather than the original optimal stopping problem in continuous time [3, 4, 6]. The
finite-exercise Markovian formulation is described below 3 .

Information Set Let the financial market be defined for the equally-spaced discrete times
with values in {0,...,L}. It is described by the complete filtered probability space
(Q, F, (Fj)j=0,..,L, Z), where the state-space () is the set of all realizations of the financial
market, F is the o-algebra of events at time L, and & is a probability measure defined
on F. The discrete time filtration (.7:]) j=0,..,L, is assumed to be generated by the state

variables or underlying assets of the model (Xj) j=0,..,L, that evolve in a state space R,
and are assumed to be Markov with the initial state Xy = x is deterministic. The process
(Xj)j=0,...,L records all necessary information about financial variables including the prices
of the underlying assets as well as additional risk factors driving stochastic volatility or
stochastic interest rates. There are other various possibilities for the choice of the process
(Xj)j:O,...,L~ The most simple examples are geometric Brownian motion, as for instance,
in the celebrated Black-Scholes setting. More general models include stochastic volatility
models, jump-diffusion processes or general Lévy processes. The model parameters are

usually calibrated to observed time series data.

Exercise Dates The holder of the Bermudan option is permitted to exercise it at any one of the
pre-specified exercise dates T in ), the class of all stopping times with values in {0, ..., L}.
We require that for all j < L we have

{lwe® T(w) <jteF
In other words, T must be an Fj-stopping time.

Option Payoff Let the nonnegative adapted process {ﬁj € R:j=0,...,L} be the payoff of the
option, where fzo, le, ..., hy are square integrable random variables such that for j =0,...,L

hi = £(j, X)),
for some Borel function f(j,-). Let {B; € % : j = 0,...,L} be the risk-free bank account

]
process defined by B; = exp < / rsds> , where r; denotes the instantaneously risk-free rate
0

of return at time s, which may depend on current and past state variables X, ..., X]-. In an
arbitrage-free and complete market, using the numéraire process (Bj) j=0,..,L, there exists a
risk-neutral measure, 2, equivalent to &, under which the price processes of all discounted

3. Here we consider a discrete-time version of the optional stopping problem, by requiring that the option be exercised
at pre-specified intervals — that is we treat the option as Bermudan. Although this lowers the value of the option the
difference in values is small and vanishes as the difference between allowable exercise times goes to zero.



state-contingent claims relative to the numéraire are martingales and may be determined as

the expected value of their discounted payoff processes [7]. We assume that the discounted

i

payoff process of the American option, h; = B—] , satisfies the following integrability
1/ j=0,...,.L

condition:

E Lmax ’hj‘] < oo,
=0,...,L

where E[-|;] denotes the expected value under the risk-neutral probability measure 2,
conditional on the time j information F;.

Option Price Let {\7] € R:j=0,...,L} be the value process of the American option price,
conditional on its not having been exercised prior to time L. We have the following optimal

stopping problem characterization of the value process, (V]) j=0,...,.L (See [7]), denominated in
time j dollars:

B]ET(XT)

d
, x € R4,
B;

Vi(x) = esssupE

C—
]
€T}

where 7} is the class of all stopping times 7 taking on values in {j,...,L}*. This can also
be interpreted as the value we get in mean if we sell the option in an optimal way after time
j—1 given X; = x, i.e, the value of a newly issued option at time j starting from state x.

Vv
Letting the discounted value process of the option be denoted by V; = <B]> , We can
i)
j=0,...,.L
rewrite the above denominated in time 0 dollars >:
Vi(x) = esssup E[h:(X¢)|X; = x], xe R (2.1)

T€T;

Equation (2.1) defines the Snell envelope®, (Vj)i=0,...,1, of the payoff process (h;);-o,...L-
The problem of pricing a Bermudan option, the “primal” problem, is that of computing from

(2.1)

Vo = esssup E [h¢(X¢)] = E [he (X)) (2.2)
e

Continuation Values The Q-value function is defined to be the value of the option at time
j given X; = x and subject to the constraint that the option be held at time j rather than

4. We have that V; = o(j, X;) for some function v(j, -) and ]E(flrl.+l |F;) = ]E(flrl.+l |X;j). And since the initial state was
assumed to be is deterministic, we have that V}, is deterministic.

5. In suppressing explicit discounting, we have assumed that the discount factor over one period has the form D; ;11 =
B;/Bj1. But this assumption was unnecessary because the formulation in (2.1) is independent of the choice of risk-free
measure. All we require is that the expectation is taken with respect to the risk-neutral measure consistent with the choice
of numéraire implicit in the discount factor. For example, under the time L forward measure, we take Djj1= B].LJrl /BL,

with B].L denoting the time j price of a bond maturing at L.

6. Given a filtered probability space (Q, F, (F})j=o,....,2) then an adapted process (V;);—,.... is the Snell envelope with
respect to 2 of the process (/;)=o,...L i
i Visa Z-supermartingale
ii V dominates i, i.e. V; > h; 2-as. forall j € {0,...,L}
iii If (Wj) j=0,....L i a Z-supermartingale which dominates h, then W dominates V



exercising it, i.e. the continuation value of the option:

Q]-(x) = esssup]E[hT(XT)|Xj =x|, j=0,...,L—1, (2.3)

T€T 11
For time L we define the corresponding continuation value as
Qr(x)=0, xe®f,
because the option expires at time L and hence we do not get any money if we sell it after

time L. The value of the option at time 0 is Qp.

2.2 VALUE ITERATION AND (Q-VALUE ITERATION

The dynamic programming formulation [10] generates a sequence of Vi, Vy_1,...,V, of value
functions, and can be written as follows:

Vi(x) = hr(x)

Vi(x) = max{hj(x), E[Vjs1 (X4 1)|X; = 2]}, j=0,...,L—1. (2.4)

A primary motivation for this discretization is that it facilitates exposition of computational
procedures, which typically entail discretization.

The option value, Vj, represents the maximum of exercising the Bermudan option, giving a
time 0 value of /;, or continuing at time j, giving a time 0 value of E[V;1(Xj;1)|X; = x]. Note
that V; represents the time 0 value of a Bermudan option newly issued at time j, not the value of
the option issued at time 0 which may may have been exercised prior to time j.

The optimal exercise strategy is thus fundamentally determined by the conditional expectation
of the payoff from continuing to keep the option alive. The price of the option is then given by
Vo(Xo) where X = x is the initial state of the economy.

In a paper by Kohler [9], the option values in Equation (2.1) with the discrete-time Markovian
formulation are shown to satisfy the value iteration above (see Proposition A.1 of the Appendix).
From (A.1) of the Appendix, we have the following equivalent representation of
Q-values:

Qj(x) = esssup E[h(X¢)|X; = x]

T€(‘7j+1

= E[Vi1(Xj1)[Xj = «], j=0,...,L—-1, (2.5)

so that in the value process V; 1 at time j + 1 determines the continuation value, Q, at time j. The
Q-value at time j determines the option value at time j, as in (A.2) of the Appendix:

Vi(x) = max {h;j(x),Qj(x)}, j=0,...,L—1, (2.6)
It also follows that (V});=o,..,. defined in (2.4) is the Snell envelope of (h;);=,..,L (see Proposition
A.3 in the Appendix).

As a natural analogue to value iteration given in (2.4), we could use Q-value iteration instead. By
substituting (2.6) into (2.5) we obtain the following representations of Q; introduced by Tsitsiklis
and Van Roy (1999) [6]:

QL(x) =0 (2 7)
Qj(x) = E[max{hj+1(Xj+1), Qj+1(Xj+1)}X; =%, j=0,...,.L—1 '




The above formulation (denominated in time 0 dollars) allows a direct and recursive computa-
tion of the continuation values (and hence value functions through Equation (2.6)) by computing
conditional expectations.

Comparing (2.7) with (2.4) we see that in the value iteration, the maximum occurs outside the
expectation and as a consequence the value function will not be differentiable. In contrast the
maximum will be smoothed by taking it’s conditional expectation in the Q-value iteration. Since
it is always easier to estimate smooth functions there is some reason to focus on continuation
values, as in [11] and [6].

In principle, Q-value iteration can be used to price any Bermudan option. However, in applic-
ations the underlying distributions will be rather complicated and therefore it is not clear how
to compute these conditional expectations in practice. Moreover, in practice the algorithm suffers
from the “curse of dimensionality” — that is the computation of the conditional expectations grows
exponentially in the number d of state variables. This difficulty arises because computations in-
volve discretization of the state space, and such discretization leads to a grid whose size grows
exponentially in dimension. Since one value is computed and stored for each point in the grid,
the computation time exhibits exponential growth.

2.3  STOPPING TIMES

Pricing of American options entails solving the primal problem defined by Equation (2.2) via
the dynamic programming recursions discussed in the previous section. However instead of
focussing on values it is also convenient to view the pricing problem through stopping times and
exercise regions. In Equation (A.2) of Proposition A.1, we see that:

Vj(x) = Elhe (X )IXj], j=0,...,L—1, (2.8)

where 77 = min{k € {j,...,L}|Qx(Xx) < hp(Xy)}. In particular, we have that Vp(x) =
E[he: (X¢+)], where the optimal stopping time T* is given by:

™ = Tg — min{k S {0, .. .,L} : Qk(Xk) < hk(Xk)} (2.9)

Since Qr(x) = 0 and hp(x) > 0 there exists always some index where Qi (Xy) < hi(Xg), so the
right hand side above is indeed well defined 7. We may interpret T* as follows: in order to sell the
option in an optimal way, we have to sell it as soon as the value we get if we sell it immediately
is at least as large as the value we get in the mean in the future, if we sell it in the future in an
optimal way.

We also have the following representation of Q-values, equivalent to (2.7) (shown in Proposi-
tion A.2 in the Appendix), on which Longstaff and Schwartz (2001) [11] focus:

Qj(x) = K[l

(Xe:

Tit1

)|X]:x]/ ]:O//L_lr (2'10)

N
T

We see that in Equation (2.10), knowledge of Q;(X;) amounts to knowledge of an optimal stopping
rule t*. Using (2.9) and (2.10), the dynamic programming principle can be rewritten in terms of
optimal stopping times T;, as follows (see [4]):

7 (x) =L

Ti(x) = Ty (X)) 2Bl (X ) Xp=]} T Ty (%) <l (X )IXj=]y F= 00 L=, (2.11)

T+l )

7. From (2.6), we see that Q (X)) < hi(Xj) is equivalent to Vi (Xy) < hx(X), so we may rewrite the optimal stopping
time as " = 7§ —min{k € {0,..., L} : Vi(X) < Ipe(Xi)}-



This formulation in terms of stopping times (rather than in terms of value function) plays an
essential role in the least-squares regression method of Longstaff and Schwartz [11].

Unless the dimension of the state space is small, the pricing problem becomes intractable
(when traditional methods such as binomial trees are employed) and calls for the approximation
of Q-value functions in (2.7) and (2.11). Several authors, especially Longstaff and Schwartz [11],
and Tsitsiklis and Van Roy [6], have proposed the use of regression to estimate Q-values from
simulated paths of the state process and thus to price American and Bermudan options. Each
continuation value Q;(x) is the regression of the option vale Vj;1(Xj,1) on the current state
Xj = x, and this suggests an approximation procedure: approximate Q;(x) by a linear combina-
tion of known functions of the current state (see §2.4) and use regression (typically least-squares)
to estimate the best coefficients in this approximation (see §3).

2.4 PARAMETRIC Q-VALUE FUNCTIONS

An approximation architecture (see [6]) for the Q-values is a class of parametrized functions from
which we select Q][m] (x, ﬁ]) R x R™ — R, which assigns values Q][-m] (x, ,8]»), forj=0,...,L—1,
to states x, where B; = (Bj1, .., ,Bjm), is a vector of free parameters. The objective becomes to

choose, for each j =0, ..., L — 1, a parameter vector ,8]- that minimizes some approximation error
so that

Q" (x, B) ~ Qj(x) = E[Viya (Xj41)[X; = ).

In choosing a parametrization to approximate the Q-value function, a measurable, real-valued

feature vector, e™(x) = (el,...,em)/, is associated to each state x € R?. The feature vector is
assumed to satisfy the following conditions (see [4]):

1. Forj=1,...L —1, the sequence (ek(X]))k>1 is total in L?(0'(X;)).
2. Forj=1,...L—Tand m > 1,if }3" ; Ager(X;) = 0as. then Ay =0 fork =1,.

Such a feature vector is meant to represent the most salient properties of a given state®. In
a feature based parametrization, Q][m](x, Bj) depends on x only through e(x), hence for some
function f : " x ™ — R, we have Q][m](x, Bj) = f(e(x),B;). The function f represents the

choice of architecture used for the approximation.
In [11, 6] linearly parametrized architecture of the following form is considered:

Q" (x,B)) = 2 Birer(x) = Bie" (x), (2.12)

i.e., the Q-value function is approximated by a linear combination of feature vectors.

Tsitsiklis and Van Roy [6] go on to define an operator &, that maps vectors in R to real-valued
functions of the state, by:

m
Z Brex(x

8. One could use a different feature vectors at different exercise dates, but to simplify notation we suppress and
dependence of on j.



Given a choice of parametrization Q][-m], the computation of appropriate parameters, g, calls for
a numerical algorithm. Approximate Q-value iteration generates a sequence of deterministic para-

meters B;_1,Br—2, ..., Bo leading to approximations Q[Lm_]l(-, Br-1), Q[Lm_]l(~,ﬁL,2), el Q([Jm] (-, Bo)
to the true Q-value functions Q;_1,..., Q.

2.5 APPROXIMATE (Q-VALUE ITERATION

The approximate Q-value iteration, suggested by Tsitsiklis and Van Roy [6], involves a se-
quence of orthogonal projection matrices (H?‘) for j = 0,...,L — 1 that projects any function in

L?(Q) onto the span of {e1(X;), ..., em(X;)}, with respect to a weighted quadratic norm |[V|[;,

defined by:
1/2
Wil = ([, V2mian)
i xefd

where 71; is the probability measure on R that describes the probability distribution of X; under
the risk-neutral dynamics of the process. In other words the projection operator is characterized
by:

'V = arg%ibn ||V — @b||,,

where b € R". Note that the range of the projection is the same as that of ® and therefore, for
any function V, with || V|7 < oo, there is a weight vector b such that H}”V(x) = ®b(x) =b-e"(x)
for X; = x. Working with the regression representation of Q; in Equation (2.7), the algorithm
generates iterates satisfying:

Q" (x,BL) =0,

m m . (2‘13)
Q" (x, Bj) = TU"E[max{hj1(Xj41), Q1) (Xj1, Be) X =], j=0,...,L—1.

The approximation algorithm offers advantages over Q-value iteration because it uses a more
parsimonious representation: only m numerical values need to be stored at each stage. The
algorithm generates approximate Q-value functions by mimicking Q-value iteration, while sacri-
ficing exactness in order to maintain functions within the range of the approximator (the span of
the feature vector).

Equation (2.13) can be interpreted as follows: given the state X;;; = z and paramet-
ers Bj,1 at time j+ 1, the approximate Q-value at time j, is given by computing the pro-

jection of ]E[max{th(XjH),Q][T]l(XjH,ﬁjH)HXj = x| at time j + 1 onto the span of ¢”(x).
In other words the approximate Q-value at time j, is that ®f;(x) = ®b(x) which minimizes
Emax{h;,1(z), ®B;11(z2)}|X; = x] — ®b(x)||r,. The approximate option value is then given by:
J+ j+ j j pp P 8 y

V" = max{ho(Xo), Q([)m] (Xo)}-

2.6 APPROXIMATE STOPPING TIMES

The option value achieved by following some specific exercise strategy is dominated by an
optimal strategy. Any stopping time T (for the Markov chain X, X3, ..., X}) determines a value
(in general suboptimal) through:

VD (Xo) = Efhe(X)] < VT (X).

10



In other words, any algorithm that gives a sub-optimal stopping rule T can be used to compute
a lower bound on the Bermudan value V}. To get a good lower bound, we need to find an stopping
time T that is close to some optimal exercise policy T*. The method of Longstaff and Schwartz
[11], discussed in the proceeding section can be used to generate a candidate exercise rule that
defines a lower bound price process.

Working with the representation of Qj, as in (2.10), in terms of approximate stopping times:

Q][-m](xr Bj) = IL'E[h ) (X m)|Xj = x],

j+1 j+1

[m]

the approximate Q-value iteration can be written in terms of the sub-optimal stopping times T
as follows (see [4]):

%ﬁuﬁﬁ:L
), 1) = g x L
m

Tl ) <TE g X IX=ap =00 L
j+1 0 T+

From these stopping times, we obtain the approximation of the value function:

Vy' = max {ho(Xo),hT[m] (XT[m] )} .
0

0
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3 REGRESSION-BASED MONTE CARLO
SIMULATION

In general, it is not always possible to compute the projections involved in the algorithms (2.13)
and (2.14) and also calculating the conditional expectations poses a challenge as the state space,
R?, is potentially high-dimensional.

Regression-based Monte Carlo methods use regression estimates, generated from N artificial
samples of the state process as numerical procedures to compute the above projections in (2.13)
and (2.14) approximately. The algorithms in the proceeding sections construct estimates of the
continuation values and (sub-optimal) estimates of the stopping time? .

3.1 APPROXIMATE PROJECTION OPERATOR

Tsitsiklis and Van Roy [6] firstly define an approximation to the projection operator. In partic-
ular they perform a Monte Carlo simulation of the underlying variable (X]-) j=0,..,L € R i.e., for
n=1,...,N they generate paths (X](")) j=0,...,L. The data generating processes is assumed to
be completely known, i.e., all parameters of the process are estimated from historical data. The

sample of states (X}l) ), (X](N)) are artificial independent Markov processes which are identic-

,,,,,

define the approximate projection operator for j =0,...,L —1:
A N
(v = argmin ) (V(X[") — (@b)(X]"))* 1)
n=1

As N grows, this approximation becomes close to exact, in the sense that ||1AI;”V — H;"V| |, con-
verges to zero with probability 1.

Forj=0,...,L—1, given H}", these so-called Monte Carlo samples are then used recursively
to generate a vector of parameters [3}” = ( ﬁ' cee 72”) € N minimizing (3.1), in order to estimate
Q; by using a modified version of the approximate Q-value iteration of (2.13):

Q" (x, B") =0,
Q" (x, B") =TU"Efmax{hj 1 (Xj11), Q1) (X, Bl X = 2], j=1,..,L-1.  (.2)

or by using a modified version of the approximate stopping times in (2.14):

" (x, g1y =L

[m] my - R
G (6 BT =y () 2B ) (X ) X1}
j+1 j+1
[m] . - _
+ Tl x) <tvE |, (X ) )%=} j=1,...,L-1  (3.3)

T+ Tt

9. This kind of recursive estimation scheme was firstly proposed by Carriere (1996) [12] for the estimation of value
function. In Tsitsiklis and Van Roy (1999) [5] and Longstaff and Schwartz (2001) [11] it was used to construct estimates of
continuation values.

12



As opposed to the original version of the algorithm, in which projections posed a computa-
tional burden, this new variant involves the solution of a linear least-squares problem, with m free
parameters, and admits efficient computation of projections, as long as the number of samples N
is reasonable. The computation of the projections in the above algorithms entails solving a linear
least-squares problem of which the m-dimensional parameter ﬁ;” is the solution, i.e.:

N
Bl = argmin ) (E[Y;|X; = X"'] - (@b)(X]"))?, (3-4)
n=1

where Y; is given by either of the conditional expectations in the above algorithms, i.e.:

Y =Yj(X ( j+1s- - - XL, Q]+1/ .- Q ) [m] (XT[m] )/ (3-5)
+1 j+1
o m] ]
m m m
Yj = Yj(Xj+1/ Q]‘+1) max{h]+1( ]+1) Q]‘+1(Xj+1r,3]’+1)}r (3.6)

so that the approximate projection (see [4]) gives:
Q" (X;, B = IIME[;| X;] = E Bliep (X i=1,...,L-1. ()
We remark that under the assumptions made about the vector e, ,B;" has the explicit solution *°
Bl = (A T'EYe" (X)),  j=1...,L-1 (3.8)
where A}” is an m x m non-singular matrix, with coefficients given by
(A" 1<k1<m = Elex(Xj)er(X;)). (3-9)
and then the option value is given by
Vg = max{ho(Xo), T EIQ;" (X))
or
V()[m] = max {hO(X()), ﬁgl]E[th[m] (XT1[m] )]} .
(n)

However there is an additional obstacle that we must overcome. For each sample X i we

must compute IE[Y]|X]] in (3.7), or the expectations in (3.8) and (3.9). The variables inside the ex-
pectations have the joint distribution of the state of the underlying Markov chain and approximate
continuation values at future times. This expectation is over a potentially high-dimensional space
R? and can therefore poses a computational challenge which we deal with in the next section.

10. We want to minimize the expected squared error in this approximation with respect to the coefficients g7 (see [5]),
so we solve for ﬁ;” in

9 /
aTj,IE[(lE[Y/IX;] —B (X)) =0
— E[e" (X)E[Y;|X]] = E[e" (X))e" (X))]p
— B =E[e" (X;)e" (X))] B[ (X)) E[Y[X;]
Now since e(X;) is measurable with respect to X; and by the Tower property, we have that
Ele™(X)E[Yj|Xj]] = E[E[Yje" (X;)|Xj]]
= E[Y;e" (Xj)}.

13



3.2  APPROXIMATE CONDITIONAL EXPECATION OPERATOR

The second approximation made by Tsistsklis and Van Roy [6], is to evaluate numerically
the conditional expectation E[Y;|X;] by Monte Carlo simulation and thus to find the coefficients

in (3.2) and (3.3). For each sample of states (X](n)), and successor state (X](Z)l), they define the
approximate conditional expectation by:

B[y X = x"] =", (3.10)
where Y]-(") is given by either
Y](n) = Y](n) (X](jlr)l’ v Xén)’ Q;II’I/N/ sy QZ,TH,N) = h(rrlz)qﬂN(X(rnl)r{lN)’ (3'11)
i+ i+

in the case of the Longstaff-Schwartz algorithm (cf. (3.5)), or
N
v =y (X1, Qi) = max{y (X[1), QN (X)L A1), (3.12)
in the case of the Tsitsiklis and Van Roy algorithm **(cf. (3.6)). The computation of coefficients

ﬁ](m’N) = (‘B](;” ’N),. ,B](:Z N)) € R™ are described below.

The algorithms in (3.2) and (3.3) can be modified further by making this approxima-

tion to the conditional expectation so that Q”mN = fI;"llAE[Y]|X] = X](n)] = fI}"Yj(n)

CD[%J. ( ](n)) 2. This implies the application of a regression estimate to the approximative

sample {(em(X](”)))jzo,mL, (Yj(n))j:O,...L} for n = 1,...,N to produce the coefficient estimates
(m,N)
B
The modification of the approximate Q[m}—value iteration of (3.2) is thus given by:

Qi N (x, ") = 0
N, g _ XMy onmN x() gmN)
QN (x, /3j )y = H]’” max{hHl( X)), QU (X B ) (13)
N .
\ wwﬁajﬂ>¢$ e (X))}
:‘B] . (x), ]—1,,L71
and of the recursive stopping times, T/, of (3.3), by:
Tg’m’N _
n,m,N n, m N
Y =1 n n 1 n n n
Y P oz, G, 0} T R <t x®)
RS N T T
=il n n m n o 1 n m, n)\y 7 :1/ '/L_lr
P ({2l em (x0T S0 (X0 <) em(x() I
(3.14)

11. In the case of the Tsitsiklis and Van Roy algorithm, the approximation in (3.10) is:

Bmax{hj1 (Xj41), Qh (X, B1) HXj = X" = max{ny (X1, Qe (x (1, 1))}

12. Because [E enters linearly in the approximate Q-value representation and effectively allows for the noise in the next

(n)
state X] )

possible with approximate value iteration, because the dependence on I is nonlinear.

to be averaged out, fI}”Yj(") is an unbiased estimator of IQI;”]E[Y]»\X]» = X]W}. Such unbiasedness would not be

14



Both algorithms are applied in connection with linear regression. Here the estimate

(Q;?fm'N)jzole is defined by (cf. (3.7)):

Q)N e ) = M1y = B o) = 3 B ep ), G135

where for j=0,...,L—1, ﬁ](m’N) € R is the linear least-squares estimator (cf. (3.8)):

2
ﬁ](m’N) =arg min Z ( —b- em(X](n)))

beRr™ "/
1Y
=(AlmN)) N; ”) j=1,...,L—1, (3.16)
where A](-m’N) is an m x m matrix, with coefficients given by (cf. (3.9)):

" 1 n n
(A](' M) cktem = N L ek(X} ))e’(XJ( ). (3.17)
n=1

Note that limy_,eo A(-m’N)

]
matrix A(.m’N) is invertible for N large enough.

= A}” almost surely. Under the assumptions for the feature vector, the

Fmally, from Q"N we have the following approximation for V"""

Vg™ = max{ho(Xo), 2 QN (xo, 85"},

N

and from the variable 7", we can derive

N
V(;n'N = max {ho XO Z nmN XO }

3.3 METHOD OF TSITSIKLIS AND VAN ROy

1 Generate N independent paths of state vector, X, conditional on initial state, Xy (Markov chain)

2 At terminal nodes set Q mnN)( é")) =0foralln=1,...,N
3 Apply backward induction: for j=L—-1,...,1

b o ) ) e
Vi N><X}?1> max{h() (x")), QN (x7))}
3-2 StQ(nmN)( ]@) Y, ﬁ )8,(( )( ]{n))wheretheﬁ](.f’m

are the estimated regression coefficients
End for

4 Set VI"N(Xo) = (EN, max{h(™ (x{"), QN (x{"))}/N.

15



wit

In full detail, a typical iteration of the algorithm in (3.14) proceeds as follows:

Given Q""™N (x, 5§mrN)) _ ﬁ(m,lN) )

j+1 j+

e™(x), the vector ,B](.m’m

is found by minimizing

N m 2
S (mastihoeh, Earverodti - £
n: f—

h respect to Bjx.

The exact solution is given in (3.16).

In other words, we regress

max{hJH( ]+1) Yl :B]+1k ex( ]+1)} which is the option value at time j+ 1, on the span of
features at time j.

3.4 METHOD OF LONGSTAFF AND SCHWARTZ

]

51”1,]\]

While the algorithm described above is that of Tsitsiklis and Van Roy [6], Longstaff and

Schwartz [11] omit states X}”) where h(”)(X](n)) < 0 when estimating the regression coefficients,

in (3.14), i.e. the regression involves only in the money paths, which appears to be more

efficient numerically. This representation of the regression leads to a modification of (3.14) (see

[4]):

AN

MmN _ 1

pra

In particular, they take V"N(

where

N 2
s(mN) _ : () om ()
B; = arg min ,;:1 ﬂ{h}”)(xj(">)>0} (Yj b-e (Xj ))

(3.19)

In effect, the regression step (3.1) of the algorithm of Tsitsiklis and Van Roy, is modified in

ctice 13:

(3.1%) Forj=L—1,...,1 regress

(1) (+r(n)
VnmN(X( )) A h]il(X]T;l)
j+1 j+1 VnmN(X( n)

j+2

)

j+1

Rl

]+2> h](+)l(

VN (X)) on (e (X)), . ep(x ("

j+1 m

X 2 B e and !
X](i)l) ,B](_TlN) ~em(X](")) and &}

]

), where

determined by the exercise policy, /""", implicitly defined by Q"™ (X (n)) fork=j+1,.

13. The assumptions made for the feature vectors also need to be replaced by (see [4]):

1. Forj=1,...,L —1, the sequence (e (
2. For1 <]<Lflandm>1 1fIl,1

X;
Zk 1 Arer(X

)iz is total in L? (0(X;), Il{h >0}d ),

;) =0as. then/\k—Oforl<k<m

16

) to be the realized discounted payoff on the nth path as

, L.




3.5 THE LOwER BOUND ON THE OPTION PRICE

Haugh and Kogan [3] characterize the worst-case performance of the lower bound in the
following theorem:

Theorem 3.1. The lower bound on the option price, Vo (Xo), satisfies
L ~
Vo(Xo) > Vo(Xo) —Eo | ) 1Q;(X;) — Qi(X)| . (3.20)
j=0

where Q]» is an approximation to the Q-value function.

Proof. At time j, the following six mutually exclusive events are possible: (i) Q;(X;) < Qj(X;) <
hi(X)), () Qj(X)) < Qi(X) < hi(X;), (i) Qj(X)) < hi(X;) < Qi(X)), (iv) Qi(X)) < hj(X;) <
Qi(Xj), ) hi(X;) < Qj(X;) < Q;(X;), (vi) hj(X;) < Qj(X;) < Qj(Xj). We define T; = min{s €

{j,- - L}N.T : Qs(Xs) < hs(Xs)} and

Vi(X;) = E [hfj(xfj)|xj} .

For each of the six scenarios, we establish a relation between the lower bound and the true option
price.

(i), (ii) The algorithm for estimating the lower bound correctly prescribes immediate exercise

of the option so that V;(X;) — V;(X;) = 0.

(iii) In this case the option is e~xercised incorrectly. E(X]) = hi(X; and Vi(X;) = Qj(X;),
implying V;(Xj) — V;(X;) < |Q;(X;) — Q;(Xj)|.
(iv) In this case, the option is not exercised though it is optimal to do so. Therefore,
V(X)) = B [Via (X101,
while
Vi(Xj) = hj < Qi(X)) + (Q;(X;) — Qi(X))) = E [Vi11(Xj11)IX;] + (Qi(X)) — Qj(X;)).
This implies

Vi(X)) = V(X)) < B Vi1 (Xj1) = Via (X41) [

(v), (vi) In this case the option is correctly left unexercised so that

Vi(X)) = Vi(X)) = E [V (Xj31) = Vi (Xj0)1%;]

Therefore, by considering the six possible scenarios, we find that

V-

(X)) = Vi(X;) < 10;(X) = QX)) + E [Visa (Xi11) = Via (X41)1;]

Iterating and using the fact that V (Xy) = V(X ) implies the result. 0O
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While this theorem suggests that the performance of the lower bound may deteriorate linearly
in the number of exercise periods, numerical experiments indicate that this is not the case. If
the exercise strategy that defines the lower bound were to achieve the worst-case performance,
then at each exercise period we erroneously would not exercise, i.e., the condition Q]-(Xj) <
h(X;) < Q;(X;) would satisfied. If this were to occur, then at each exercise period, the state process

would be close to the optimal exercise boundary. In addition, Qj would have to systematically
overestimate the true Q-value so that the option would not exercised when it is optimal to do so.
In practice, the variability of the underlying state variables, X;, might suggest that X; spends little
time near the optimal exercise boundary. This suggests that as long as Qj is a good approximation
to Q; near the exercise frontier, the lower bound should be a good estimate of the true price,
regardless of the number of exercise periods.

3.6 (CONVERGENCE RESULTS

Clément, Lamberton, and Protter [4] prove convergence of the Longstaff-Schwartz proced-
ure as the number of feature vectors m — co. The limit obtained coincides with the true
price Vp(Xp) if the assumptions made for the feature vectors in §2.4 hold; otherwise, the
limit coincides with the value under suboptimal exercise policy and thus underestimates the
true price. In practice (3.18) therefore produces low-biased estimates. The convergence of

Vo[m} (Xp) = max {ho(Xo), IT"E [hT[m] (Xr['”] )] } to V) is a direct consequence of the following result:
1 1

Theorem 3.2. Assume that the feature vectors satisfy assumption 1. of §2.4, then, for j = 1,...,L, we
have
lim ]E[hT/[m](XT/_[mJ)U}] = E[hr (Xy)|Fj],
in L2,
Proof. See Theorem A .4 in the Appendix. O

In the following theorem, m is fixed, Clément, Lamberton and Protter [4] look at the conver-
gence of Vg"m’N (Xp) as N, the number of Monte-Carlo simulations, goes to infinity.

Theorem 3.3. Assume that the feature vectors satisfy assumptions 1. and 2. of §2.4 and that for j =
L,...L=1, Z(Bj-e(X;) = hj(X;)) = 0. Then Vé”’N(XO) converges almost surely to Vo[m}(Xo) as N

N
goes to infinity. We also have almost sure convergence of & h(T'Z,)m,N (Xiﬁ?n,,N) towards E[h_g (X )]

h T!
n=1 7 ) ] ]

as N goes to infinity, for j=1,..., L.
Proof. see Theorem A.5 in the Appendix. O

3.7 FiNAL COMMENTS

These ADP methods have performed surprisingly well on realistically high-dimensional prob-
lems (see [11] for numerical examples) and there has also been considerable theoretical work (e.g.
[6, 5, 4]) justifying this. In practice, standard least-squares regression is used and because this tech-
nique is so fast the resulting Q-value iteration algorithm is also very fast. For typical problems
that arise in practice, N is often taken to be on the order of 10000 to 50000 [10].

In practice it is quite common for an alternative estimate, V,, of V) to be obtained by simulating
the exercise strategy that is defined by "N for different paths. V, is an unbiased lower bound
on the true option value. That the estimator is a lower bound follows from the fact that £ is
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a feasible adapted exercise strategy. Typically, V, is a much better estimator of the true price than
vy N (X,) as the latter often displays significant upward bias.

Many more details are required to fully specify the algorithm in practice. In particular, model
parameter values and the parametric family of approximating functions need to be chosen. The
success of the method depends on the choice of basis functions of the feature vector. Polynomials
(sometimes damped by functions vanishing at infinity) are a popular choice [6, 11], however in
this case the number of basis functions required could grow quickly with the dimension of the
underlying state vector X;. Longstaff and Schwartz [11] use 5-20 basis functions in the examples
they test. Problem-specific information is also often used when choosing basis functions. For
example, if the value of the corresponding European option is available in closed form then that
would typically be an ideal candidate for a basis function. Other commonly used basis functions
are the intrinsic value of the option and the prices of other related derivative securities that are
available in closed form. Rasmussen (2002) [17] investigates improvements based on the control
variate technique
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4 DUALITY-BASED METHODS

While the approximate dynamic programming (ADP) methods of the previous section have
been very successful, a notable weakness is their inability to determine how far the approximate
solution is from optimality in any given problem. Throughout, we have formulated the Bermudan
option pricing problem as one of maximizing over stopping times. Haugh and Kogan (2004)
[3] and Rogers (2002) [13] have independently established dual formulations in which the price
is represented through a minimization problem. Duality-based methods that can be used for
constructing approximate upper bounds on the true value function Vy(Xp), which are unbiased,
by using Monte Carlo simulations. The Longstaff-Schwartz method in previous section yielded
estimates T MN of the optimal stopping time 7* in order to approximate a lower bound on the
value function. Haugh and Kogan showed that any approximate solution, arising from ADP
could be evaluated by using it to construct an upper bound on the true value function.

4.1 UPPER BOUNDS FOR BERMUDAN OPTIONS

In this section, we develop a method for finding upper bounds for American option prices "4
by Monte Carlo due to Rogers (2002) [13] and Haugh and Kogan [3]. The price of such options,
Vo(Xo), is usually written in the form of the primal problem:

Vo(Xo) = esssup E[h¢(X¢)],
€D
as in (2.2). The restriction to the set of stopping times, .7, corresponds to the fact that the holder of
the option cannot see the future. As we have already seen, this supremum has a natural maximum
element which is to exercise when the exercise value is greater than or equal to the continuation
value 3.

If we were to increase the set of stopping times to include inadmissible stopping times, the
price of the option would clearly go up and there is one stopping time that gives the highest price:
the time defined by being the point of optimal exercise when foresight is allowed. Thus we have
that:

E hi(Xi)],
[ max, hi(X;)]
is an upper bound. However, allowing the holder to see into the future means that the price is
much higher and the estimate is not particularly useful. To tighten the upper bound Rogers’ took
a martingale, M;, with My = 0, that he subtracted before taking the maximum. Because M;
is a martingale it will continue to be a martingale if stopped at a bounded stopping time by the
Optional Sampling theorem. Therefore, for any such hedge M;, the value of the option is
Vo(Xo) = esssup E[h¢(X¢) — M|

€9

14. Both Rogers and Haugh and Kogan formulated the problem in continuous time, i.e., for American options, but the
notation being used here is restricted to discrete time, because we are interested in pricing American options numerically.

15. Joshi [15] remarks that this reflects the buyer’s price for the option in that the buyer chooses the exercise strategy
which determines the amount he can realize. The seller on the other hand must hedge against the possibility of the buyer
choosing any exercise strategy — even if the buyer chooses an exercise date at random, in which case there is a positive
probability of exercising at the maximum along the path of the payoff process.

16. M; can be viewed as the discounted price process of a portfolio of initial value zero or a hedge (a self-financing
trading strategy).
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Passing to exercising with maximal foresight gives still a higher number,

E[f&f‘.ﬁ{hj(xj) - M},

which is still an upper bound for the price. It is a theorem of Rogers’ that there exists a choice for
M; which makes the upper bound above equal to the price of the option:

Theorem 4.1. ROGERS’ DUALITY RELATION.

Vo(Xo) = i]r\IAfJE[/.g(}fffL{hj(Xj) - M}, (4.1)
where (Mj) j=0,1,....L is a martingale. The infimum is attained by by taking M; = M]’f, where M]* is the
martingale part of the Doob-Meyer decomposition of the option price process '7:

vi(x;

) =M — A

] /
where (Ay) is a non-decreasing, predictable process, null at 0.
Proof. See Theorem A.10 of the Appendix. O

Joshi [1] expands on the original idea of Davis and Karatzas (1994) [16] to provide the following
interpretion of Rogers’ result for Bermudan options: it is possible for the seller of the Bermudan
option to hedge perfectly by investing in its initial value at time zero and trading appropriately at
each exercise date. To understand intuitively why it holds, it is useful to interpret the right hand
side of (4.1) as the seller’s price.

The seller of an option is subject to the exercise strategy chosen by the buyer of the option and
is obligated to cover its payoff regardless of the buyer’s choice of exercise date, even in the event
that the buyer will use the optimal strategy or worse, in the case that the buyer exercises when the
payoff process is a maximum along the path as if he is exercising with maximal foresight (which
may result from choosing this date at random). Equality in (4.1) of Rogers’ result says that even in
these cases, the seller can hedge his exposure, by investing the buyers price, i.e., the buyer’s and
seller’s prices are the same '°.

The seller can hedge perfectly under the assumption that the buyer is following the optimal
strategy, and so “buys” (or dynamically replicates) one unit of the Bermudan option to hedge
with for the buyer’s price. At each exercise date, there are four possibilities according to the
optimal exercise strategy and whether or not the buyer decides to exercise. In the two cases,
where the buyer and seller agree then there is perfect hedging. If the buyer exercises and the
seller does not when the optimal strategy says not to, then the derivative with optimal strategy —
the value of the hedging portfolio — is worth more than the exercise value, so that the seller makes
extra money when selling his replicating portfolio and is more than hedged. If the buyer does
not exercise and the seller does when the optimal strategy says so, then the seller can exercise
and buy the unexercised option with one less exercise date (worth the continuation value) for
less than the exercise value and continue dynamically replicating and is ahead again. Rogers
implicitly suggests that the extra cash can be used to buy numéraire bonds (or any instrument
which is always of non-negative value). In this way, the seller can hedge against exercise with
maximal foresight. We therefore take this optimal hedge and evaluate the expression in (4.1) to

17. That every supermartingale (77;)o<j<; has this unique decomposition is proved in Proposition A.g of the Appendix.

18. If the seller’s price is not high enough to cover against any exercise strategy, he is not truly hedged — he needs to
be hedged against the possibility that the buyer’s ineptitude by luck imitates seeing the future. Thus a seller’s price that
did not allow for hedging against maximal foresight would not be sufficient. We have to be hedged if exercise occurs at a
sub-optimal time.
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get the seller’s price.

Haugh and Kogan (2004) [3] formulate the pricing of American options, in a similar way
to Rogers (2002), as a minimization problem over the class of supermartingales, 7 (rather than
the class of martingales). They give the following upper bound on the option price for any
supermartingale 7,

Vo(Xo) = esssupE [hr(X7)] = esssup E [h(X¢) — 717 + 7]

€D TED
< esssupE [he(X¢) — 11| + 1
€D
<E max, (hi(Xj) — ;) | + o, (4-2)
=0,

where the first inequality follows from the Optional Sampling Theorem for supermartingales.
They then show that there exists a choice of supermartingale 7r that makes the upper bound
equal to the price of the option.

Theorem 4.2. DuaLiTY RELATION OF HAUGH AND KoGAN.
Vo(Xo) = infIE LmaxL (hi(Xj) — ﬂj)] + 71

The infimum is attained when 71; = V;(X;), where V;(X;) is the value process for the American option,

Vi(X;) = esssup E [hT(XT)
T€T;

x|,
Proof. Similar to the proof of Rogers’. Taking 7t; = V;(X;) we have:

V()(X()) < IEy LmaXL (hJ(X]) — V](X])):| + V()(XO) < Vo(Xo).

.....

Where the second inequality follows from the fact that V;(X;) > h;(X;) for all j. O

Haugh and Kogan [3] define the dual function:

F(j,m) = Bl max {is(X) = m}[X] + 43)
and the dual problem, which is to minimize the dual function at time 0 over the space of super-
martingales, 77;. Theorem 4.2 therefore shows that the optimal values of the dual problem given
by
inf F(0, r) = infE hi(X;) — 7t , .
inf F(0, 77) = in [}.ggﬁﬁ{ j(Xj) = i} + 7o (4-4)

and primal problem of (2.2)
sup E[h¢(X+)]
€9

coincide.

Theorem 4.2 implies the following characterization of the Bermudan option price:
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The discounted option price, V;(X;), is the smallest supermartingale that dominates the discounted
payoff of the option, hi(X;), at all exercise periods.

Haugh and Kogan [3] make an interesting remark, that the reverse implication holds, i.e. that
the characterization above can be used to prove Theorem 4.2. Note that the dual function F(j, 77)
is a supermartingale, because both terms on the right in (4.3) are supermartingales. For all j,
F(j,7t) > hj, and so F(0, ) > Vp, because V;(X;) is the smallest supermartingale that dominates
hi(X;) . On the other hand, when 7; is chosen to be the option price, then Vy(Xo) > F(0, ),
so that the values of the primal and dual problems coincide. Theorem 4.2 therefore expresses the
above characterization of the Bermudan option in a constructive form, which can be used to find
an upper bound on the option price, if we can find a good approximation to the supermartingale
minimizing (4.2).

4.2 A SPECIAL CASE OF THE OPTIMAL MARTINGALE

Glasserman [10] specialises the continuous time optimal martingale of Rogers’, of Theorem 4.1,
that was specified by the Doob-Meyer decomposition in Theorem 4.1, to a discrete time version. In
particular, he shows that the infimum in (4.1) can achieved by constructing an optimal martingale
that he defines as follows:

Mj_k]ZlAk, ji=1,...,L (4.5)
with My = 0, where the martingale differe;lces Aj are given by:
Aj=Vi(X;) = Qj-1(Xj-1), j=1,...,L (4.6)
That this process is indeed a martingale follows from the property of the differences
E[A/]Xj1] = E[V(X;) ~ E[V;(X,)|Xj1] Xja] = 0.
He then uses induction to show that:
Vi(X;) = max{hj(X;), hj11(Xjr1) = Bjrr, .. ho(Xe) = Ap— ... = Aja ),

forallj=1,...,L, and that:
Vo(Xo) = max, {1(X}) — M;},

thus verifying that optimality is attained in (4.1) by the martingale defined in (4.5) and (4.6) *°.

Kohler [9] uses the regression representation of the Q-value function of (2.7):
Qj-1(Xj-1) = E[max{h;(X;), Qj(X;) }|Xj_1],

to arrive at a similar result:

19. Since an upper bound on the price of a Bermudan option can be constructed simply by evaluating F(0, 7r) over an
arbitrary supermartingale 7;, and in particular, if such a supermartingale satisfies 77; > V;(X;), then the option V(Xo) is
bounded above by 7y. The standard proof of this characterization is also given in Proposition A.3 of the Appendix.

20. This holds at j = L because Vi, (X1.) = h(Xy). Assuming it holds at j, then using

Vici(Xj—1) = max{hj_1(Xj_1), E[V;(X)|Xj-1]}
max{h]-,l (Xjfl)r V](X]) — A]}

we see that it extends to j — 1. The option price at time 0 is
Vo(Xo) = max{ho(Xo), E[V1 (X1)|Xo]} = V1(X1) — Ay

Rewriting V4 (X7) using the induction hypothesis gives the result of Rogers’ theorem.
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Theorem 4.3.

Vo(Xo) = iZI;I/IfIE[jI:T(l)?,).(L{hj(Xj) - M;}] = ]E[jg?)?.).(L(hj<Xj) — M]*)],
where ‘
]
M; = g(max{hs(xs)rQs(Xs)} — E[max{hs(Xs), Qs(Xs) }Xs-1])- 4.7)

Proof. See Proposition A.8 in the Appendix.
O

Unfortunately, since Rogers’ proof is non-constructive and depends on knowledge of the price
process for the American option, we cannot apply it in practice, thus obtaining the optimal super-
martingale is of course a task of a similar complexity to the original optimal stopping problem.
However, there are various characterizations of the martingale associated with the optimal value
function and these suggest alternative strategies for constructing approximate martingales. To this
end, Andersen and Broadie [14], suggest using a price process or exercise strategy that has been
found using a lower bound methodology, for example the method of Tsitsiklis and Van Roy [6]
or Longstaff and Schwartz [11], respectively, in order to construct these approximate martingales.
This is discussed further in §4.3 and §4.4.

4.3 CoMPUTING THE UPPER BOUND

If Mj is a martingale that is close to the optimal martingale M;, then we can use

].g(}aXL{hj(Xj) — M;} (4-8)
to estimate an upper bound for the option price. Glasserman [10] gives a way of extracting

martingale differences from approximate value functions \7j, which involves computing, along a
simulated path Xy, X3, ..., X, the differences

~

Ap = V(X)) — E[V;(X))|Xj1], (4.9)

as an approximation to (4.6), such that M]- = Z{(Zl Ay with My = 0. The first term on the right
of (4.9) is just the value of the approximation V] along a simulated path of the Markov chain.

We use a conditionally unbiased .7;_j-measurable estimate of the conditional expectation in
the second term in (4.9), in practice. Denoting this estimate by llAE[-|X]-,1}, the Ajs of (4.9) are clearly
martingales since

E[V; — E[V:(X))|Xj1]|X;-1] = 0.

Thus the Mjs are also martingales and can be used to construct Monte Carlo estimates of V(Xp),
for which E[max;—,. r{h;(X;) — ]\7[]-}], will be an upper bound *'.

21. Note that it is not true for approximate Q-value function, Qj, that
Qi(Xj) =E[Vi11(X))|Xj], j=0,...,L—1

Therefore by evaluating the differences A i = V](X]) - Qj,l(Xj,l), as an approximation to (4.6), the approximation Mj
will not give a valid upper bound for Vy(Xj) in (4.7). This is because E[A;|X;_1] # 0, i.e., the A;s are not martingales.

24



The conditional expectation in (4.9) can be estimated using a nested Monte Carlo simulation.

At each step Xiq of the Markov chain, we generate N successors X;l), ., X](N) and use

o1y 1§ g ox
EI7,6) Xj) = 2 3 7(x),
n=1

then these N successors may be discarded and a new one generated to get the next step X; of the
path of the Markov chain.
The simulated values

A S o )
A= V(X)) — 5 L Vi), (4.10)

are martingale differences and it follows that using this A]- is guaranteed to produce a high-biased
estimator, even for finite N.

When the supermartingale 77, defined by Haugh and Kogan [3] in (4.3), coincides with the dis-
counted option value process, V;, the upper bound F(0, ) equals the true price of the American
option. This suggests that a tight upper bound can be obtained from an accurate approximation,
\7]-, by defining an approximate supermartingale 7; in such a way that when the approximate
option price, V]-, coincides with the exact price, Vj, 7; equals the discounted option price, V;. They
propose using either of the following two recursive definitions of the approximate supermartin-
gale, 71, to get an upper bound on the value of the option Vj(Xy) (by evaluating the dual function
at time 0, F(0, /), in (4.4)):

Vi(Xj)

The above approximate supermatingales 22, are defined in such a way that when V;(X;) = V;(X;)

7o = VO(XOA) . 4 N (4.11)
i1 = A+ Vi (X)) = Vi(X)) = E [(Via (X)) = V(X)) T X1,
or
, . +
. [ Visi(Xje1) Vi1 (Xj1)
FSTPIE o QMRS L RN o | ke AET ) ‘Xj : (4.12)

Vi(Xj)

then 7; = Vj(X;), since when V;(X;) = V;(X;) then the positive part of the expectations in (4.11)
and (4.12) is zero, because of the supermartingale property of V;(X;). It is not clear how to
compare upper bounds determined by (4.11) and (4.12), but the properties of the bound obtained
by (4.11) are simpler to analyze.

The first of the above definitions of the supermartingale 7; can be rewritten as:

j—1
7ty = V(X)) — ;)]E[(Vs+1<xs+1) = Vs(X:)) 1 1Xs)-

By omitting the positive part of the expectation and taking V;(X;) = V;j(X;), the above reduces to
the definition of Glasserman’s special case of the optimal martingale (plus a constant) in (4.6):
]
i = Vo(Xo) + ) (Vs(Xs) = Qs-1(Xs-1)) = Vo(Xo) + M7,

s=1

22. 7 is an adapted supermartingale for any approximation \7], since
Ej[#j:1 — 7] <0,

by construction, for either definition of 7;. Also, when \71 = Vj, tj = Vj, because the latter process is a supermartingale
and the positive part of expectations in (4.11) and (4.12) equals zero.

25



in the notation of Theorem 4.3. So we have that F(0, ) = V(Xp) as expected, since 7 is still a
supermartingale.

By omitting the positive part in the definition of 7, the upper bound is in fact tighter. It
coincides with the supermartingale 77; at j = 0 and is always greater than 7; for j > 0. Therefore,
it leads to a lower value of the upper bound defined by (4.3).

Andersen and Broadie [14] pointed out that in general tighter upper bounds can be obtained
using the martingale component of the supermartingale 77;. To this end, Haugh and Kogan con-
struct upper bounds from approximate value functions, taking 7; to be the martingale defined

by

7o = VO(XOA)/ . . . (413)
w1 =+ Vi (X)) = Vi(X)) = E [V (X)) = Vi(X)] X))

Rogers [13] and Haugh and Kogan [3] implement the kinds of estimates in (4.10) and
(4.13) in connection with linear regression. For example, an approximation to the continuation
value denoted by Qj could result from the parametric approximation (see for example Haugh
and Kogan’s [3] use of a “multilayered perceptron with a single hidden layer” or the linearly
parametrized architectures of Tsitsiklis and Van Roy [6]. Then the associated approximate value
function would be given by \7](9{) = max{h;(x), Q](x)}

n,m,N
Q

(3.14) we can estimate the above martingales, for each X; and X}l), LY, X](N) , by

In particular, given estimates Qj(Xj) = (X, ,8]<m’N) ) of the continuation values as in

~ J nm N (m,N) P~ n,m,N (m,N)
W = Y (max{ (), QN (X, BN = Blmadha(X,), Q2N (X, BN X, 1))

s=1
] m 1 N n n m

= 3 (max{s (%), QN (X, M) = 5 37 mahs (667, QN ) ).
s=1 n=1

This in turn can be used to construct Monte Carlo estimates of V), for which the expectation

is greater than or equal to V).

As a consequence we get two kinds of estimates with expectation lower than or higher than
Vo(Xo) respectively, so we have available an interval in which our true price should be contained.
Andersen and Broadie [14] use a suboptimal exercise policy to provide a lower bound for the
price of the option. The dual value defined by extracting a martingale from the suboptimal policy
gives their upper bound. We see this in the proceeding section.

4.4 UPPER BOUNDS FROM STOPPING TIMES

Andersen and Broadie [14] use the upper bound methodology developed by Rogers [13] to
formulate another computational algorithm based on Monte Carlo. A distinguishing feature of
their approach in constructing upper bounds, is the use of an approximate exercise policy to
approximate the optimal exercise frontier, as opposed to an approximate option price, to estimate
the bounds on the true price of the option.

If 7j for j =1,...L is a sequence of stopping times with the property that 7; > j for all j, then
7; has the interpretation of being the time at which the Bermudan option, issued at time j, should
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be exercised (under some policy). These stopping times might, for example, be constructed from
an approximation, Q; to the Q-value function through

7 = min{k € 7 : Iy (Xp) > Qu(Xp)}, (4-14)

forj=1,...,L, as in (2.9), where Q; might be specified through the regression representation of
Tsitsiklis and Van Roy [6].

Alternatively, 7, may derive from a direct approximation to the exercise frontier as in the

method of Longstaff and Schwartz [11] in (3.18), where 7; = 2N in which case it is not ne-

cessary to have an approximation to the value function available. Instead we can define a lower
bound process given by:

Vi(X;)) = Elhg (X5)[X)], (4.15)
as in (2.8), where 17] (Xj) is the value of a Bermudan option newly issued at time j and following
the exercise strategy prescribed by (3.18). Defining the sequence of stopping times 7; in effect

allows us to the evolution of the lower bound process 17](X]) in terms of these newly issued
options. For an given exercise strategy 7;, Andersen and Broadie [14] define an adapted exercise
indicator process (;)jo,..,. that equals 1 if exercise should take place at time j (given .%;) and 0
otherwise. The indexed stopping time is defined as

T =min{k € J;:1; = 1}. (4.16)

If 7j is close to the optimal strategy 77, then V( ]-) should be close to V;(X;). Because v, i(X;) can
be computed for any adapted exerc1se strategy, specification of an exercise strategy through lj or
T; suffices to compute an upper bound.

Regardless of how T; is defined, if these stopping times define an sub-optimal exercise policy,
the differences in (4.9) can be rewritten, as Glasserman [10] does, in terms of the lower bound
process of (4.15):

~ A

Aj = Vi(X)) — E[Vj(X))|Xj ]
IEth )13] = Bl (X)X
{ X])| ]] [h'rj(XT]v)|Xj*l] if l]‘ZO,

] ])

. 1
Elhe (Xo)|Xj 4] if =1 (4-17)

which would define a martingale for j = 1,...,L — 1, and give a valid upper bound for the option
price.

Note that at time j, if continuation is prescribed, then the lower bound process V; i(X;) is given
by:

0,(X;) = Elly (o) |Xj] = E[E[hg (X1 X111 X)) = [V (X1 X,
but if exercise is prescribed, then V; i(Xj) = hj(X;), and EJ ]+1( Xj+1)|X;] now represents the
continuation value at time j and exerc1ses accordmg to 711, even though exercise was specified at
time j. Thus, in the exercise region
E[ Vi1 (Xj0) | X)) = By, (Xr,,)|X]]

So in either region we need to estimate the same quantity E[V 1(X;1)[X;] for j=1,...,L -1,
with a slight difference in interpretation. Andersen and Broadie [14] suggested using sub-Monte
Carlo simulations (or nested simulations) to evaluate the conditional expectations in (4.17), in
their method for computing upper bounds, described presently:
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1. The path Xy, Xj, ..., Xp of the underlying Markov chain is simulated.

2. Foreach j=1,...,L along the simulated path, either continuation or exercise is recommen-
ded by the indicator process ;.
(i) If continuation is indicated, use a nested Monte Carlo simulation to estimate

hx,

]) = IE[th (er)lxj]'

N; subpaths are simulated, originating from X; and stopped according 7; > j, when

x (™)
1

7j, which is different in general for each n = 1,..., Ny 3. Store the average of hi,(Xy;) over
the Nj subpaths.
(ii) If exercise is indicated, use a nested Monte Carlo simulation to estimate

l; = 1, resulting in each subpath X , ng) terminating at the random stopping time

E [th+1 (XT/+1) ‘X]L

in the same way as step (i). N, subpaths are generated, originating from X; and stopping
at the first time, 7; > j + 1, such that Iy, = 124. Store ‘7]-(X]-) = hj(X;) and the average of

he,, (Xx;,,) over the N, subpaths.
3. These quantltles are then used to estimate (4 17) for j = 1,...,L and then setting
M =M+ + A we can compute rrllax {hj(X;) — M;}. The above procedure is repeated
j

N3 times (i.e. for N3 separate simulations of the original process Xy, ..., X;) and then
averaging the results gives the desired upper bound ]E[,rrl1axL{hj(X i) — M}
ji=1,...,

In their paper [14], they apply their method in combination with stopping rules defined as in
Longstaff and Schwartz [11]. They compute the upper bound in Rogers’ formulation of the dual
problem, by defining a martingale *> 7t; by:

o = V(Xo), R R

M1 =+ Vi (X)) — V(X)) — LE | ]+1(Xj+1) = V(X)X j=0,...,L—
This representation is equivalent to (4.13), the difference here is that the exercise strategy has been
specified. Of course, whether or not exercise is indicated, the term E [Vi,1(Xj1) — Vj(X;)| X;]

1 418)

will vanish when the stopping rule defining V(Xj) prescribes continuation. Thus we can rewrite
(4.19) as
= V(X Z E[Vi(Xk) — Vi1 (Xe1) | Xe1), (4.19)
k=1
forj =1,...,L. The method for computing the upper bound defined by (4.18) is essentially the

same as what was described above: in the continuation region we need to estimate \7]-(Xj) =
E[h,(Xr;)|X;] and the conditional expectation drops away; in the exercise region the conditional

23. Observe that whereas each subpath used in (4.10) evolves for exactly one step of the Markov chain, here each subpath
evolve for a random number of steps determined by the stopping rule.

24. In the exercise region, it is likely that the stopping time 7;,1 = j + 1 will indicate exercise after one step, thus these
nested Monte Carlo simulations are expected to be quicker than those in the continuation region.

25. If continuation is indicated at time j then I; = 0 and we have that V is a martingale:

Vi(X) = Elhg(Xe)] = E[E[i (Xg)[Xj1]|X] = E[Elhr,, (X)X ] X]
= E[Valx].

Thus E[rtj41|X;] = 7}, so that 7; is a martingale in the continuation region. Also, if exercise is indicated, clearly 7; is a
martingale too.
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expectation can be rewritten as ;(X;) + ]E[Y/]+1(Xj+1)|Xj] so we estimate Elhq,, (Xr,,)|X;]. It
is also worth mentioning that it is stralghtforward to combine the two approaches. The explicit
approximation, Qj, could be used in some regions of the state space to estimate Mj while nested
simulations to estimate the A;s could be used in other regions.

4.5 TIGHTNESS OF THE UPPER BOUND

Andersen and Broadie [14] rewrite (4.19) as:

-1
mj = Vo(Xo) + kz [Vie1(Xj1) — Vi (X)) X))
)

in order to investigate the tightness of the bound.
Defining the difference process as ¢; = V;(X;) — Vj(X;) > 0, and using the Doob-Meyer de-
composition of V;(X;) they then rewrite (4. 19) as:

i
mtj = M; + Vo(Xo) —eo — Z(ek —Elex|X¢1]), j=1,...,L (4.20)
k=1

By taking M; = 71; — Vo(Xp) in the dual problem in (4.1), they arrive at the following upper bound,
Vo, on the price of the Bermudan option:

Vo(Xo) < Vo(Xo) = Vo(Xo) +]E[].g(}é_f<L{hj(Xj) — 7}

= (X0 + Bl max (0) = M; ~ Vo(X0) +e0-+ e — Blek X 1)

j
< Vo(Xo) + EJ maXL (Y (ex — Elex| Xe1]))],
----- k=1

since k; ( ) < V(X]) < Vo(Xo) + M]
Andersen and Broadie relate the worst-case performance of the upper bound determined by
the martingales in (4.18) to the accuracy of the original approximation, V; i(X;). Because ¢ > 0 and
Elex|Xk_1] > 0, we have:

Vo < Vo(Xo) + ]E[] max, Z er)] < Vo(Xo) + E| Z ej]- (4.21)
== j=1,...,.L

Equation (4.21) shows that if the lower bound is uniformly close to the true price, e.g., if ¢ < ¢,
then the upper bound will differ by at most Le from the true value. Thus, the upper bound
deteriorates at most linearly with the number of exercise dates. The quantity of interest is in fact,

from (4.19):
k

max (h]-(Xj) — V](X]) +) E [Vie(Xx) — Vi (Xkl)}>] :

=L =1

E

In practice the upper bound appears to be much better than the worst case bound — while we
would expect it to increase with the number of exercise periods, it is not clear that it should
increase linearly. In fact, the quality of the upper bound should deteriorate with the number of
exercise periods, but not in a linear fashion. In pricing American options when, if the horizon, L,
is fixed, while the number of exercise dates in [0, L] is allowed to increase, decreasing the interval
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between exercise periods, Tsitsiklis and Van Roy [6] show that the approximation error, |V] - Vi,
is bounded above by a constant times v/k, where k is the number of exercise periods *°.

4.6 FiNaL COMMENTS

Andersen and Broadie [14] go on to analyze their algorithm in (4.18) by including the noise
that is introduced in the estimates for the martingale 77, by the nested Monte Carlo simulations.
They replace \7j(Xj) by 17](X]) + €j, where €; is a pure noise term. If continuation is indicated
then €; is normally distributed with mean 0 and variance 1/Nj (the standard deviation is zero at

points of exercise). They replace ]E[VjH (Xj1)1X;] by ]E[V]-H (Xj1)IX] + e}, where e;- is normally
distributed with mean 0 and variance 1/Nj. Including these noise terms in (4.18) they get:

. N ~ ~ ~ ~ / /
fti =R+ V(X)) +e — Visi(Xjo1) —€j-1 — i1 (E[Vj(xj) = Via(Xj—1) X + € — €j—1) .
(4.22)
Then by induction, they write
ﬁ'] =TT + €,
where € is a sum of mean zero noise terms. So in effect, their algorithm generates the noisy
estimate given by:
hi(X;) — m; — €).
jir(},a..?(,L( ]( ]) ] )
Andersen and Broadie then show that by using their algorithm’s noisy estimate above, they still
arrive a valid upper bound, which will be biased high for finite samples N; and N,. The bias will
be lower for higher values of Ni and N,. Letting m denote the index at which /;(X;) — 7r; assumes
its maximum, they get

]E[].B(}ﬁﬁ(hj(xj) =1 — &)] = E[hm(Xm) — 7tm — En]
E [ (Xm) — 70m]
E

[ji%fﬁ(hj(xj) - )],

where the first equality follows from the zero mean of &

Based on N3 independent simulation trials used in calculating the estimate of the upper bound
above, denoted by py = E[max;—, . 1 (hj(X;) — 7; — &)], and N independent simulation trial
used in calculating the lower bound Vj, Andersen and Broadie give an interval for which the
100(1 — a)%-probability confidence interval for the price of the Bermudan option Vj must be

tighter than:

. Sy S
Vo — Zl—a/Zﬁ, Vo + po +z1-a/2 N + N |/

where §y is the sample standard deviation of V and $p is the sample standard deviation of .
zy denotes the xth percentile of a standard Gaussian distribution. Because Vp is biased low, i.e.
]E[VO} < Vp, and Vp + o is biased high, this confidence interval is conservative, but the computa-
tional effort and precision associated with Vy and gy can be set separately through the choices of
N and Nj3. Typically the time required to compute Vj is less that required to compute py. Taking

26. In the case of perpetual options, when L — co, while the interval between exercise times remains constant, Tsitsiklis
and Van Roy [6] show that the approximation error, |V; — Vj|, can be bounded above by a constant, independent of the
number of exercise periods.
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this into account it is possible to reduce the standard errors appearing in the confidence interval
given above. The spread between the estimated lower and upper bounds gives an indication of
whether additional computational effort should be dedicated to improving the exercise policy —
for example, by increasing the number of basis functions. Based on their computational results in
[14], Andersen and Broadie suggest using the point estimate, Vg + %ﬁ, as an estimate of the price
of the Bermudan option, instead of using the lower or upper bound.

The method of Andersen and Broadie [14] involves for each of the N3 outer simulations, paths
with exercise opportunities at steps 1,..., L and for each of the Nj or N, inner simulations, addi-
tional paths of up to L steps each. Thus the worst-case computation time required to approximate
Po is proportional to:

d x N3 x max(Ny, Np) x L2, (4-23)

implying that the computation time is linear in d, the dimension of the problem. In practice inner
simulations are often stopped very quickly, and so the actual computational time of the method
is closer to linear in L. See [14] for numerical results.

The method of Andersen and Broadie [14] is a general method for generating valid confidence
intervals for the price of Bermudan options. By approximating the solution of the dual problem
associated with the primal problem via an approximation of a lower bound, the upper bound can
be used to compute a better price estimate as well as indicating whether more effort is needed to
improve the lower bound. In practice, the lower bound is determined very quickly and the upper
bound is then used to demonstrate the tightness of the lower bound.
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Appendix

ProrosiTioN A.1
Forj=0,...,L—1,set
7 =inf{j <k < L|Qk(Xk) < he(Xy)}-

Then the following holds:

Furthermore, we have

where T" = 1j.

PRrooOF

Kohler [9] proves Proposition A.1 by induction: For j = L we have

and any 7T € 7, satisfies

So in this case we have

Vi(x) esssup E[h:(X:)| Xy = x] = E[h(X1)|XL = x]

€9
= IE[hTE (XTZ )]

For j =0,...L — 1 assume that for j < k < L we have
Vie(x) = Elhes (X)) [ Xp = x].
Let T € .7} be an arbitrary stopping time. Then
he(Xe) = help—jy + he(Xo) Loy
= (X)) le—jy + hmax{r, 41} Xmax{ot+1}) Lz -

Since 1;_jy and 1., are Fj-measurable, we have

Efhe(X0)[X;] = Ehj(X)Le—jy [X] + Elhmaxio 41} Xmax{rt+13) L3 1 X

= (X)) e—jy + Yoo h Elmaxge, it1) (KXmax{z,i+1) | X
Now since max{t,j+ 1} € 7,1, we have that

E [hmax{T,j+1} (Xmax{T,j+1}) |Xj] = IE[]E [hmax{T,j-i-l} (Xmax{T,t-H} ) |X]'+1] |X]']/
and since IE:[hmax{vf,]ﬁrl} (Xmax{T,t+1})|Xj+1] < Vj+1 (Xj+1)r we have that

Ehe(X0)[Xj] < hj(X)Lzjy + Loy E[Vig1 (X41) |1 X]]
= max{hj(X;), E[Vis1(Xj31)| X}
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By definition of 77, we have that on {7} > j}
max{t/,j + 1} = 7.
Using this and the induction hypothesis we have that
Elhe (Xe)IX) = hi(X) gy + Loy Elmax e j+1) Xmax{er j+13) 1X]
= hj(Xj)ll{Tj*:j} +l{rj*>j}]EUE[th§1(ergl)\XjHHXj]
= hj(Xj)ﬂ{T].*:j}+l{rj*>j}]E[‘/j+1(Xj+1)|Xj]-

We next show that
Qj(X;) = E[Vj11(Xj31)|X]- (A1)
By the induction hypothesis, and because 7,1 € 7,1 we have
B[Vt (Xp)|X}] = E[E[hey | (Xe) [Xja]|X;] = B,
< esssup E[h:(X7)|X;] = Qj(X;).

TE tqj+1

(%) 1]

Furthermore the definition of Vj, implies that

E[Viy1(Xj1)|Xj] = Elesssup E[h(Xe)|Xjy1][X;]
T€,71:+1

> esssup E[E[ht(Xq)|Xj1]|X;] = Q;(X;)-

€Ty
Therefore we have that E[V;1(X;1)[X;] = Qj(X;). Using this we have that
Efhe (Xe)IXj] = (X Loy + Ly Q4(X))
= max{h;(X;), Qj(Xj)}-
Summarizing the above results, we have

Vi(x) = eSSS;PIE[hr(Xr)\Xﬂ < max{h;j(x), E[Vj;1(Xj11)|X; = x|}

max{h;(x), Qj(x)} = E[hz+ (X)|Xj = x],

which proves

V](x) = max{hj(x), Qj(x)} = ]E[hT]_*(XTj*)|X]- =x]. (A.2)
Also, we have that
Vo = esssupEh(X¢)]
€9
= esssup E[ho(Xo)Lir—0} + Mmax{r,1} (Xmax{z,1} ) L{r>0}
€9

E [10(X0) g (x0)= Qo(x0)} + i (X g (x0) <0 (%))
E[ho(X0)Liny (x0)>00(x0)} T EIVA(X1) X)Ly (x0) <0 (X0)})

= Elho(Xo)Lny(x0)2Q0(X0)} T Qo(X0) L (x0) <o (x0)}]
E[max{/o(Xo), Qo(Xo)}] = Effizs (Xe+)]. O
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ProrositioN A.2

Forj=0,...,L—1 the following relations hold:
Qj(x) = IE‘[hT

j+1 ]+1

)|Xj = x]
Qj(x) = E[max{hj1(Xj11), Qj+1(Xj+1)|X; = «]

Proor

For the first relation, we have from Equation A.1 that Q;(x) = E[V;1(X;;1)|X; = x], so

Qi(Xj) = E[E[he (Xe )Xj4a]X]]
= Elhe, (X))
For the second relation, because
e, (Xen ) = (K)o =iy +he, (X D 541

= i (XG0 (6402000 (0} Tl (Ko )M (%40 <Q0 (X530

Using the first relation we can conclude that

Q;(X;)

I
EJ

[JH( J+1 {hj+1( j+1)>Qj+1(X j+1)}+hj*+1(X ]'*+1)1{h1+1(xj+1)<Qj+l(Xj+1)}‘X]'}

= BIER (X)L hy 1 (x541)2Qpun (X)) + i, (X )1 {hM( Xj)<Qi (X} X1 1 X
= Bl (X0 g (10)2 Q0 (X)) HE M (KXo MKl (x0) <010 (55,01 X1
= KE[n ]+1( J+1) {hj11(Xj11) = Qjr1(Xj1) }+QJ+1( ]+1) {hj+1(Xj+1)<Qj+1(Xj+1)}| f]

= E[max{hj;1(Xj11), Qj+1(Xjr1) HXjl-

ProroSsITION A.3

The sequence (V; is a 2-supermartingale. It is the smallest 2-supermartingale that dominates

) j=0,....L

the sequence (hf)jzo... L

Proor

We have:

Vi1 (x) = max{hj_1(x), B[Vj(X})|Fj-1]}.
isa Q—supermartingale dominating (hf)jzo... ;- Let us now consider a
. Then U > V and if U; > V; we have

It follows that (Vj)]:() 1
..... ]:0,.A.,L
Uj_1 > E[U;|Fj_1] > B[V}|Fj_q]

whence
Uiy > max(hj_1, E[Vj|Fj4]) = Vj1

A backward induction proves the assertion that (U;) dominates (V;). O
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THEOREM A .4
Assume that ey, (X;) is total in L*(0(X;)) for j =1,..., L, then we have
lim B (X ) 1] = Elh (Xg) 1],
] ]

m—+o00

forj=1,...,Lin L*(¢(Xj)).

PROOF
We proceed by induction on j. The result is true for j = L. Let us prove that if it holds for
j+1,itis true for j (j < L —1). Since

h m](X [m]) = 15Xy 2 om0} + I ) (X m]l)ﬂ{hj(xj)qs;n-em(xj)}

j+1

for j < L — 1, we have

lE[th[m] (er[m]) = hg (X )IFj] = (1(X) = Bl (X )1 ()2 prrem ()} =~ Vi ()2 Bl (X, )1
+]E[hTm (XTm) = oy (X DT Ly () <o ()
By assumption, the second term on the right side of the equality converges to 0 and we just have
to prove that B" defined by:
B = (hj(X;) = Elhe., (X )IF1) Mgy ()2 p-em ()} — Ly ()2 e, (X)) )7

converges to 0 in L?(¢(X;)). Observe that

1BF'll2 = 11(X) = Bl (X DT (0, 1750 (%) 200 ()} — Lgen (X)) >y (%) =Elhe (X, )L}

< [1(X5) = Bty (X DIy (35) -l (6 IF D)< 1B ()~ Bl (eI

< [1B7" - " (Xj) = Blhy,, (X, )| F]l]
Sllﬁm "(Xj) — 11 ( [hr, (X ) IFGDI A+ T (BB (X ) F5]) = Bl (X)) [

But A ]
ﬁm em(X> H h [m]( ) Hm ]E[h,[[m]( ["‘ >|‘F]

] !
j+1 /+1
since I1" is the orthogonal projection on a subspace of the space of Fj-measurable random vari-
ables. Consequently

1B} [l <= |[E[h [m m] )| Fj] = Elhg (X, )1 Fjlll2 + [T E Ry (X )1 F] = Bl (X, 1 Fl 2

The first term of the right side of the inequality tends to 0 by the induction hypothesis and
the second one by the assumption that for j = 1,...,L — 1, the sequence (ex(X;))x>1 is total in

L2(0(X;)).
THEOREM A.5

Assume that the feature vectors satisfy assumptions 1. and 2. of §2.4 and that for j = 1,...L —1,
P (B - e(X;j) = hj(X;)) = 0. Then Vm'N(XO) converges almost surely to Vo[m] (Xo) as N goes to infinity.

We also have almost sure convergence of 4 Z hinmN(Xg,)m/N) towards E[h i) (X n)] as N goes to
n=1 7 j j j

infinity, forj =1,..., L.
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Proor

The proof is based on Lemma A.6 and Lemma A.7 and is similar to the proof of Lemma
Lemma A.7, therefore, we omit it. The lemmas make use of the following notation:

Notation
Given a parameter b™ = (b'ln,---,bT,l) in B x ... x R"™ and deterministic vectors k =
(ki,...,k1) € Rt and x = (xq,...,x1) € R x - x R, we define a vector F = (R,...,F)
by:
F (b™,k,x) = kg
Fj(bm,k, x) = kj]l{kabj'-”‘em(x/-)} + F]‘+1 (bm, k, x)ﬂ{kj<b]f'"e"’(xj)}'
for j= 1,...,L—-1

We have L
F(v™ kx)*kﬂBﬁ‘f‘ Y kilg,..B, yBc +kilB,..B; ;s
i=j+1
with

Bj = {k; < bl ¢"(X;)}.

We remark that F;(b™, k, x) does not depend on (bf', ..., b}’il) and that we have

F](bm, h], X]) = h_L_’[m](XT[m])

j
(b(m’N)/h(n) X](n)) = h”(r;l',)m,N(XS;,)"l,N)-
j j

F;

For j=2,...,L we denote by G; the vector valued function
G;(b™, k, x) = Ei(b"™, k,x)e" (xj_1),
and we define the functions ¢; and ¥; by
¢;(a") = EF;(b", hi(X;), X;)
pi(a™) = EG;(b", hi(X;), X;)

Observe that with this notation, we have
B = (AT (B"),
where " = (B}, ..., BI" ), and similarly, for j =1,...L -1,

N
ﬁ](m,N) A(m N) Z ]+1 m,N h](n),X](n))’

where " = (,BgmN),,ﬁ(L’iiV))

LEMMA A.6

Forj=1,...,L —1, we have:

L
[Fj (b, hj(X)), X;) — Fi(c, hj(X;), Xj)| < (Zhi( ) <Z Lypnx X;)|<]bi—cille(X i)}) ,
=]
using the notion above.
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PrOOF
Let Bj = {hj(X;) < bj-e(X;)} and B; = {h;j(X;) < ¢j-e(X;)}. We have:

L1
Fy(b, hj, Xj) = Fy(e, hj(Xj, Xj) = hj(X;) (1p; =1 ) + Y hi(Xi(Lp, B,y — g, 5 g5 ) T ho(Xe)(Mee g | —Tpe
i=j+1
But
|1p; — HB]-\ = Lgpe(x) <hj(x))<cie(X)} T Leje(X;) <hy(X;)<bje(X;)}
< ]1{\hj(xj)*cj'€(xj)\SV’]'*C;'\\e(Xj)|}

Moreover .

i

g5 8 =g, 5,5l < Y Mg, — g | + L — Dl
=
- 2 |IlBk llBk

this gives

L L—1
|Fj(b, hi(X;), Xj) — Fi(c, hi(X;), Xj)| < Z |hi (X)) Z g, — 1
=] =]
Combining these two inequalities, we obtain the result.

LEMmma A7

Assume that for j = 1,..., L =1, Z(B]" - e(X;) = hj(X;)) = 0 them ﬁ](m’N) converges almost surely
to B
]

Proor

We proceed by induction on j. For j = L — 1, the result is a direct consequence of the law of
large numbers. Now, assume that the result is true for i = j,..., L — 1. We want to prove that it is
true for j — 1. We have

it N = i j j
By the law of large numbers, we know that A](TiN) converges almost surely to A" ; and it remains

to prove that & Z Gj(,B(m'N),h](.")(X](")), X]@) converges to §;(B"). From the law of large num-
n=1

N
bers, we have the convergence of & ) Gj([%m,h](.n)(X](n)), X](n)) to (p™) and it suffices to prove
n=1

that:
. 1 Y m n n n mopimximy X\ =
li Z (Gj(ﬁ( ,N),h]( )(X]( )),X]( )) G;i(B ,h](- )( ]( ))/ ]( ))> 0.

N—oo N o
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We note G = L 3= (G080 10 ™y Y _ cgm 1™ x™) ™)) We have:
enote Ly NZ ](ﬁ 71 ( )/ ] ) ](,B AL ( ] )/ ] ) . € have:

n=1
N
G| s%ge(x}ﬂw( N, B (x), x (M) — G, M (M), X
<l%|e X" |Z|h(” () 21]1 :
- N & S g =X <18 = e ™))

Since, fori =j,...,L—1, ﬁ(m’N) converges almost surely to B, we have for each € > 0:

N L
limsup Gy| < limsup & Y [e(X\"))| Y 1" (X" IZ]l{\h X))l <ele(X))]}
n= l i=j
= Ele(Xj-1) Zlh DL (x0)—Br-e(X0) | <ele(X) [}

where the last equality follows for the law of large numbers. Letting € go to 0, we obtain the
convergence to 0, since for j = 1,..., L, Z(B]" -e(X;) = hj(X;)) = 0.
PROPOSITION A.8

Let . be the set of all martingales My, . .., My with My = 0. Then

Vo = Mlgf/ﬁ[]g(l),aXL(h;(Xj) - Mj)] = IE[].g(l)ﬁ?fL(hj(Xj) - M7,

where .
]
M]* = ;(max{hs(xs)r QS(XS)} - ]E[max{hs(xs)/ QS(XS)}|XS—1]‘

PRroOOF

We first prove:

J
max {h;(X;) — ;(mﬂx{hs(Xs)f Qs(Xs) } — E[max{hs(Xs), Qs(Xs) }[Xs-1]) } = max{ho(Xo), Qo(Xo)}-

j=0,...,.L
(A3)
To do this we observe that we have by (A.1) and (A.2), we have:

M\.

max, {hj(X;) — ﬂ(max{h s(Xs), Qs(Xs) } — E[max{hs(Xs), Qs (Xs) }|Xs—1]) }
j
= max {;(X;) — }_(max{hs(Xs), Qs(Xs)} — Qs-1(Xs-1) }-
j=0,...,.L i—1

38



Forj=1,...,L, we have that:

j
Z maX{hs Xs Qs(Xs)} Qs l( 5— 1))

5=

-

hi(X;) — Z(Qs(Xs) Qs-1(Xs-1)) = (hi(X)) — Qj-1(Xj-1))

IN

= Qo(Xo). )

Furthermore for j = 0 we get:

i (max{hs(Xs), Qs(Xs)} — Qs—1(Xs-1)) = ho(Xo),
s=1

which shows that

j
max {h;(X;) — ;(max{hs(Xs)/ Qs(Xs)} — Qs—1(Xs-1)) } < max{ho(Xo), Qo(Xo)}-

j=0,...,L

But for j = T* we get in the case of Qy(Xo) > ho(Xo) by definition of T*:

*

hr*(XT*) - (max{hs(xs)/ QS(XS)} - Qs—l(Xs—l))

1
*—1

= hT*(XT*) - (QS(XS) - stl(Xs-l)) ) (h'r* (XT*) - QT**l (XT*fl))

1
= Qo(Xo),
and in the case of Qy(Xp) < ho(Xp) (which implies T* = 0) we have:

~

wn
Il

-
|

w
Il

*

e (Xe) — Y (max{he(Xe), Qa(Xe)} — Qs1(Xe1)) = ho(X).

s=1

This proves (A.3).
As shows at the end of Proposition 1:

Vo = E[max{ho(Xo), Qo(Xo)}]-
Thus we have, using this and (A.3), that:

]E[jI:I(l)?.).(L(hj(Xj) — M;7)] = E[max{ho(Xo), Qo(Xo)}] = Vo.

Thus it suffices to show: For any martingale My, ..., My with My = 0 we have:
E[ max (h]'(Xj) - M])] > sup E[h¢(X¢)] = V.
j=0,...L €T
But this follows from the Optional Sampling Theorem, because My, ..., M| is a martingale with
My = 0 and 7 is a stopping time we know:
E[M.] = E[My] =0,

and hence
Effre (X)) = Elfe(Xc) — Mc] < E[ max, (X)) = M,
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ProrosiTiION A.9
Every supermartingale (71,)o<n<N has the unique following decomposition:
T, =M, — A,

where (M) is a martingale and (A, ) is a non-decreasing, predictable process, null at 0.

PrOOF
It is clearly seen that the only solution for n = 0 is My = g and Ag = 0. Then we must have
7[]'+1 — 7'[]‘ = Mj+l - M] — (Aj+1 — Am)
so that, conditioning both sides with respect to /; and using the properties of M and A
—(Ajp1 — 4j) = E[mtj1|Fj] — 7

and
Mjy1 — Mj = mjq — E[mjq|Fjl.

(M;) and (A;) are entirely determined using the previous equations and we see the (M;) is a
martingale and (4;) is a predictable non-decreasing process (because (7;) is a supermartingale).

O
ProrosiTioN A.10

Vo(Xo) = i]I\lAflE[fOIaXL{hj(Xj) - M}, (A.g)

j=0,...,

where (M;)j=o,1,..., is a martingale. The infimum is attained by by taking M; = M]’f, where M]* is the

martingale part of the Doob-Meyer decomposition of the option price process:
Vi(Xj) = Mj — 4;

Proor

Since the Srnell envelope process, V;(X;) = ess Sup ¢ 7 IE [hT(XT) X]} , is a supermartingale it has a

Doob-Meyer decomposition given in proposition . We have from the definition that

Vo(Xo) = esssupE[ht(X¢)]
€9
= esssup E[h(Xr) — M<]
€9
< E hi(X;) — M;)].
> []f(}/aX’L( ]( ]) ])]

The inequality follows from the fact that V; is dominated by the martingale
zj = E[max—o,...; [ (Xk)||X;]. Taking the infimum over all M proves that V5(Xo) is bounded

reeer,
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above by the right-hand side of (A.4). On the other hand, since /;(X;) < V;(X;) = M; — Aj,

iﬂflE[jg(}?fL{hj(Xj) =M} < B[ max {;(X;) — Mj}] + Vo(Xo)

IN
o)
L &
o

bel

N

VX)) = M7} + Vi (o)

]E[ji%ﬁfL{*Aj}] + Vo(Xo)

as claimed O
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