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ABSTRACT

The consistency problem of guantum mechanics may be
resolved by regarding any measurement performed on an atomic
system as essentially involving an interaction between the
atomic system and a_macréscopic measuring apparatus and the
subsequent behaviour of the apparatus in producing a signal
to indicate the result of the measurement. Of central
importance in such an approach, therefore, is the study of
large quantal systems.

Along these lines, two approaches to the consistency
problem have been provided; one, by the Italian group of
Daneri, Loinger and Prosperi, based on a time-independent
ergodic theory of large quantal systems; the other by the
Belgian group of George, Prigogine and Rosenfeld, based on a
time-dependent theory.

In this thesis these two theories are compared and are

shown to be equivalent.
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1. INTRODUCTION

The measurement problem of guantum mechanics ariées from
the interpretation of the axioms of the theory concerning the
measurement of a system of atomic dimensions.

The "Copenhagen interpretation”!) of quantum mechanics
emphasizes the fact that the measurement problem arises from
the necessity of ﬁsing classical concepts in the laws
governing individual atomic processes, since these are the
concepts that are of direct experience to the human observer,
~and since any observation on an atomic system necessarily
involves the use of a measuring appératus of macroscopic
dimensions. The description of an atomic process therefore
cannot be separated from the experimental conditions of
observation which includes the specification of the appératus,
which indicates the result of each measurement with a signal
of macroscopic nature. It is precisely the production of
.the signal at the macroscopic level which makes it possible

to describe the behaviour of the atomic system in terms of
thé'familiar~clasSical concepts.

It is to be stressed‘that this approach to the measurement
problem maintains the objectivity of the physical description,
thus ensuring its validity for all possible observers.
(Thisvprincipie was not upheld in the approach bf von Neumann
(ref. 2) chapters 5 and 6), in which the.human Observer is
included in the dynamical system.) |

In terms of this approach, the measurement problem of

quantum mechanics reduces to a consistency problem which may



be summarized as follows:

Let the state of a system of atomic dimensions be éiven
by the state vector |[¢(o)> at tiﬁe t = 0 and let the
observable of interest be represented by the operator A.
Assume that the measurement is‘a maximal one. This'impliesv
that the spectrum of A is non~-degenerate. Without loss of
generality it may be assumed for_convenience of notation that
the spectrum of A is discrete. Let {[¢r>} denote a complete
orthbgonal basis of eigenvectors of A for the Hilbert space
of the atomic system and let a, denote the eigenvalue of {¢r>.

Then |[¢ (o)> may be expanded in the form

oy =Y ¢ ld.> . (1.1)
r

Let.the observation of A be performed at time t = O.

According to the measﬁrement axiom of guantum mechanics,
if the observation yields the result ay the state of the
system immediately after the measurement is given by l¢k> and
the probability for the occurrence of this result is given by
|c, 7. At a later time t the state of the system is given,
on the basis of the SchrBdinger equation, by

“Lyte
B> =e™ o> | 1.2)

K

In density operator notation this situation can be
represented more conveniently as follows:

Let p = |¢><¢| denote the density operator corresponding

to the pure state |¢>. Then before the measurement



P o) =]|d > (0)]= ch NI ) (1.3)

Denote by pk(o) the density operator for the system for

the case in which the result of the measurement was'ak.
plo)=1¢><¢l . (1.4)

At a later time t

e

L
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On the basis of this information the probability of finding

the system in the state |x> at time t is given by

) |
U () = Er(p ) Py) (1.6)

where P is the projection operator onto the state | x> -

x>
If the result of the measurement at time t = O is not known by

the oObserver, he will assign to the probability le>(t) the

value
2 Y
u x>(t)=-§;ch( U\x>(t) (1.7)
on the basis of the addition law for probabilities. From eq.

(6) this becomes

M(t) _E]c * tr(p(t) l>c>) = tr{plt) |x>) , (1.8)



where

| N o, -iHE gHt
ol) = Tlelo® =Tled e P 1o.5¢o e (1.9)
K K '

Eg. (9) therefore gives the density operator for the system at
time t on the basis of the fact that the measurement at time
t = O was performed, but without the knowledge of the outcome
of this measurement.

Now suppose that no measurement Qas performed at time
t = 0. The density operator for the system at time t would

“then be. given by

L

| - H LKt
p(t) = \¢(t)><¢(c)l=ZcKcLe*‘ t\de><¢K‘[e*‘ , (1.10)

K k'

which differs from the density operator given by eq. (9) by
the adaitional interference terms k # k'. In effect the
measurement at time.t = O has resulted in the elimination of
these interference terms = an irreversible change in the
density operator which alters the predictions that may be made
on the results of future measurements by an observer who knows
théfhthis initial measurement was performed but does not know
the result of thé measurement.. This change in the "state" of

the system is formally referred to as the reduction of the

state vector of the system.

The consistency problem of quantum mechanics 1is whether
it can be shown that the reduction of the state vector of the
atomic system does indeed come about as a result of the

interaction between this system and a macroscopic measuring



apparatus when the entire measuring process, consisting of
the interaction between the atomic system and apparatus and

| the subsequent evolution of the apparatus, resulting in the
formation of a macroscopic signal, is freated on the basis-of

quantum mechanics.

A model of the measuring process has been provided by‘
Daneri, Loinger and Prosperi?®) (referred to as the "Italian
group") who have deVeloped a time-independent ergodic theorys)
which they use to describe the behaviouf of the measuring
apparatus. Their analysis shows how the reduction of the
_State vector of the atomic system takes place as a result of
the interaction between the atomic system and a macroséopic
measuring apparatus and the subseguent recording of the
information by the apparatus. The irreversible nature of
.this change in the state of the atomic system is entirely due
to the mécroScopic character of the apparatus and the nature
of the recording process.
| More recently George, Prigogine and Rosenfeld ') (referred
td as the "Belgian group") have provided a time-dependent
theory of large quantal systems which gives a characterization
of the macroscopic level of description of such systems.

This theory is also used to describe the measurement process
'in guantum mechanics.

" The aim of this thesis is to compare the approach of the
 Italian group to the consistency problem, with the approach of
the Belgian group, and to investigate whether they are

~equivalent.



2. ERGODIC THEQCRY OF. LARGE QUANTAL SYSTEMS

2.1 Macroscopic Observables

The considerations below briefly indicate the type of
observables corresponding to macroscopic measurements which .
may be made on a large body (one composed of many (e.g. 102%3%)
particles). | |

Such a measurement has an accuracy much more limited than
that imposed by the uncertainty relations of quantum mechaﬂics'
and determines only an interval of values of a number of
microscopic observables, therefore a macroscopic measurément
does not determine a state vector for the system but only a
manifold of state vectors. Since, according to experiencé,
macroscopic méasurements may be éarried out simultaneously
without reciprocal limitations on the accuracy of the
measurements, the result of carrying out simultaneously all
the macroscopicvmeasﬁrements possible with the greatest
possible accuracy, is to determine a manifold of state vectors
which represents the maximum information about the system
‘obtainable by measurements of this type. These manifolds,
which are referred to as "cells", effect a subdivision of the
Hilbert space of the system into orthogonal subspaces.

1In the.ergodic theory of the Italian group.(ref. %)
sect. 9) the macroscopic description is outlined as follows:

One macroscopic observable is the "energy" of the sysﬁem
“andiit is assumed that a measurement of this observable

determines an interval



a?l?"a+]

(Eq,E..) = (E,,E, + AE) (2.1.1)
:of values of the unperturbed hamiltonian H(%) of the syétem.

. The choice of g (o) depends on the system concerned. For
example, in a weakly coupled gas, gle) ig chosen to be the
hamiltonian corresponding to non-interacting particles.

-The manifold of eigenstates of H(°) whose eigenvalues lie iﬁ
the interval (Ea’Ea+l) is denoted by Ca and is referred to as
the energy shell correspohding to that particular specification
of the macroscopié energy. It is assumed that AE is large
enough for.Ca to coincide practically wiﬁh the manifold of
eigenstates, of the complete hamiltonian H, with eigenvalues

~in the interval (Ea’Ea+l)' This ensurés that éach energy
shell is practically invariant.

There may be further macroscopic constants of the motion.
(The existence of at least one other macroscopic constant wili
be an essential requirement for the system to serve its
purpose_as a measuring apparatus.) These macroscopic

_constants will be denoted collectively by J and will be
treated as a single observable. The spectrum of J can-also

be divided up into intervals

(TK)TK'*I) = (TK;TK+AT) e - (2-1.2)
This generates a subdivision of each energy shell Ca into
subspaces Cox (referred to as "channels") corresponding to

“the intervals (Jk’Jk+l) of eigenvalues of J.

Concerning the remaining (non-invariant) macroscopic



observables, the most accurate measurement of these observables
determines a subspace of Cak denoted by Cakv’ where v is a
collective index denoting an interval of values for each of
‘these 6bservables. The subspace Cakv is referred to as a
"cell". A statement as to which cell the state vector of the
system is in would be a complete macroscopic specification of
the state of the system. The macroscopic description'is
therefore only concerned with the occupation probability of

the cells C .

akv

Each macroscopic observable is therefore of the form

A =3 Xaky P{aKu] ! (2.1.3)
aKw
where P[akv] denotes the projection operator onto the cell
C and o is the eigenvalue of A associated with that cell.
akv akv ‘
Let {Qakvi} be a basis such that the set of vectors {Qakvi}i

(a,k,v fixed) spans ﬁhe cell Cakv'

The "coarse-graining projection operator" (more precisely

a superoperator) C defined by

CA = Zo(mw 0 kv px

-l
= ZuftrF’[qKﬂ} Er( P[OKD]A) F{OK}J.‘\ , (2.1.4)

where A is any operator, will be used in the comparison between
the ergodic and superspace theories.

The problem of the choice of the macroscopic observables
(equivalently the cell subdivision) has not been solved in
general, but the following are a few criteria for the choice

of these observables for familiar systems:



The hamiltonian for the system may be written as
H = H o+ H (2.1.5)

where the unperturbed part H(°) is assumed to give a complete
separation of variables and would therefbre, taken alone,
produce no approach to thermodynamic equilibrium. The
perturbation 5(1) mixes the many degrees of freedbm left
uncoupled by H(°X and is entirely responsible for the
irreversible behaviour of the system. The following are a

few examples:

1. Non-conducting crystal: H(°) contains the harmonic part

of the forces while H(!) describes the anharmonic part.

2. Electron;phonon system in metals: H(%) describes the
free harmonic vibrations of the lattice and the conducting
electrons in the periodic field of the ions at their
equilibrium positions, while H{!) describes the

intermolecular interactions.

3. Dilute gas: H() describes a gas of non-interacting
molecules while H(l) is the potential of the intermolecular

forces.

When H(1) is considered to be a sufficiently small
perturbation, the basis of eigenstates of g (o) seems to be of
special significance. If the statistical assumption is made
that the system is homogeneous, the macroscopic observables

are usually chosen to be diagonal in this representation.



10

In other words, the‘basis {Qakvi} could be chosen to coincide
with the cet of eigenstates of H{9). For such systems the
offfdiagonal matrix elements of the density operator refer
“only to correlations between the excitations (phonons in
example 1., phonons.aﬁd’electrons in 2., molecules in 3.).
These vary on a very short (atomic) time scale and can not be
“.regarded as being observable at the macroscopic level

“For the case of a dllute gas, the way in which the cella
are constructed may be described briefly as follows:

First consider a single particle in a rectangular box.
‘.The different wave-number vectors E form a lattice of points
in three-dimensional k space. These points can be grouped
into energy shells C, corresponding to the interval (Ea,Ea+AE)
of”kinetic energy. These energy shells are approximately
‘spherical fof sﬁfficiently high energies. Each shell is then
divided into smaller volumes, approximately cubic, and such_
'that .each "cube" ﬁas the thickness of the energy shell it is
in. Each "cube" in a particular energy shell'ccrresponds to
roughly the same sizé interval cf values of kx’ ky and kz.
. Although AE is smail on the macroscopic scale each "cube" is
large enough to contain very many lattice points. For this
.system each cube defines.a "cell" in.the.Hilbert spacelof the
sYstem.and each lattice point in the cube corresponds to a
basis vector for the cell. Thus the eigenstates |&> have
~ been érouped together on the basis cf similarity of properties
associated with energy and momentum componénts rather than
simply in terms of enérgy only. | This can be generalised to

the case of a gas of N particles by considering the 3N -
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and let the-three—dimensional wave-vector space be subdivided
into cubes of volume (K')°. According to von Neumann (ref.
2) ch. 5, sect. 4) a complete set |x> of single-particle
#states can be found such that each | x> represents a state in
which the particle is in a particular cube in CO—ofdinéte
space and a particular cube in wave-vector space. (Here Y
denotes a suitable set of indices referring to the cubes in .
question.) v.This set is not orthogonal, but a complete
orthogonal set {]x'>} can be obtained from it by application
of the E. Schmidt orthogonalization process, such that for
each state |x'>, the uncertainties in the vaiiables r and p

" are still of the order of L' and K' respectively. For the
_one-dimensional case, Qon Neumann claims (ref. ?) p; 407)
that these uncertainties are greaﬁer than L' and K'
respectively, by a factor of the order of one or two powers
of ten.

From the basis {[x'>} for a single particle, a basis
'{{XN>} of N-particle states can be constructed where each
.IXN> is a properly symmetfized éroduct of single-particle
states |x'>. Each ]XN> would then be characterized by the
occupation numbers of the cubes in co-ordinate and momentum
space.

A description of the system in terms of probabilitiés
for the states [x,> would include inhomogeneities and
correlations on the hydrddynamiéal scale Lh. If L' is chosen
to be closer to the hydrodynamical scale than to the atomic_
scale the dispersion K' of the momentum in state |y> would

then be very small (since K' = h/2L'), even on the microscopic
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"scale, so that as far as the macroscopic level is concerned,
the description in ferms of probabilities for the states IXN?
includes the macroscopic description in terms of the
probabilities for the eigenstates of g (o), The descriptidn
in terms of probabilities for the states |XN> is still a
fine-grained one. The cell subdivision is performed ih a
way analogous to that for a homogeneous system except now on
the basis of similarity of properties in both configuration

and momentum space.
For the theory of the measuring apparatus it 1s, however,
not necessary to discuss the problem of constructing the cell

subdivision for inhomogeneous systems.

2.2 Ergodic Behaviour and Approach to Equilibrium

In the theory that follows, time averaging over an
infinite period is used. The motivation for this (ref. ©)
p. 11) is as follows:
| Since macroscopic measurements require a time interval T,
very large compared with time intervals involved in atomic
processes, and since the macroscopic observables wefe chosen
to evolve on such a long time scale, the time average of any
guantity, over a time interval of duration T, is all that is
relevant when felatiﬁg the macroscopic description to the
microscopic behaviour of the system. Now it is known from
experience that a macroscopic system, once all connections
with the surroundings havé been cut, will tend to an

equilibrium state in which it will persist indefinitely except
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for small fluctuations. The time average'will be the same
over any time interval T except during an initial period of
relaxation. Since ergodic theory is not concerned with the
relaxation process, the equilibrium state of the system may

ke defined by extending the time average over an infinite

time interval. This time average, extending over all the
macroscopic states the system actually passes through, ié
independent of the orxrder in which they have been passed; it
is therefdre equivalent to an ensemble average defined by a
distribution indicating the relative frequencies of occurrence
of the various states. This distribution characterizes the
equiliﬁrium state of the system. It is the purpose of
ergodic theory to provide this distribution and to explain in
what sense the syétem tends to the equilibrium state described
by this distribution.

The ﬁacroscopic body is treated as a spatially limited

system composed of a large but finite number of particles.

The energy spectrum (total or unperturbed) of ;he system is
therefore discrete even though the density of the levels 1is
very high owing to the iarge numbgr 0f degrees of freedom and
to the large spatialvéxtension of the system. The general
solution of the Schrddinger equation is therefore a Fourier
series in time and is consequently an almost periodic function
of the time. In-addition the microscopic laws of dynamics
are time-reversal invariant, which implies that for any motion,
thé‘time-reversed motion is also possible.

It is one of the basic problems of statistical mechanics

to overcome the apparent conflict between the irreversible
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behaviour at the macroscopic level and the reversible
behaviour at the atomic level. Mathematical considerations
alone do not provide a satisfactory solution to the problem
and a certain approach to the interpretation of the theory
seems to be essential. The problem of the recurrence,
mentibned above, can be dispelléd by the fact that the period
for the recurrence is of the order of 1/§E, where §E gives a
measure of the spacing between the energy levels of the

' system. For typical systems gE i1s so small that the period

- may be regarded as being of infinite length.

Ergodic theory is not concerned with the temporal
behaviour of the macroscopic phenomena, but rather with the
justification of'the‘approach to equilibrium and the
.statistical properties of the state of eguilibrium (e.Q. the
: ﬁicrocanonical ensemble) . The purpose of the theory is to
provide the conditions under which the time average, over an
infinite time interval, of the occupatidn probability of the
Qarious phase cells, may be replaced by a sﬁatistical average
defined by a stationary distribution over the phase cells.

This distribution must be independent of all the details
of the initial state of the system, other than the information
concerning the macroscopic constants of the motion.

It is also essential that the statistical fluctuation of
any macroscopic observable be very small at equilibrium - say
of the order of N~! where N is the number of degreesvof
freedom. (This is required by any theory of statistical
mechanics. It is also a necessary requirement for |

‘understanding how macroscopic irreversibility can exist in
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" contrast with the reversible phenomena on the atomic scale,
since the statistical irreversibility,expressed by ergodic

theory is asymptotic (ref. %) p. 5).)

The Ergodic Theory of the Italian Group
Suppose the system is observed, at time t = 0, to be in
“the macrostate defined by the cell Cakp’ i.e. the state vector

¥(o) is in the cell Cak .. V¥Y(o) will therefore be of the form

u

‘11;(0) ,uzbo(/“i. ki , | - (2.2.1)
where the suffix a has been dropped for convenience of
notation.

Let Ukv(t) denote the probability of finding the system

" in the macrostate Ckv at time t.

Skv T
A 2
U.(t) = z: (i LACIDR , (2:.2.2)
_ = .
- where Sk denotes the dimension of the cell Ckv' Conditions

., are requlred under which, in a subsequent observation, the

system will be in some cell Cke with a probability very close’
k _
to unity and independent of the initial microstate V(o). The

cell Cke will then be the equilibrium macrostate of the
k

channel C, . " If M denotes time averaging, i.e.

™Moo= dim [ dt

T—» 00 o

(2.2.3)

the above requirement is equivalent to
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Mum(t) X 6"% . . (2.2.4)
Clearly, since
O £ U, y,lE) =1 vt , (2.2.5)
the condition that
| V= e '
MU (e * & < (2.2.6)
o »xe
is equivalent to
| V= e
u_(t) x% <, (2.2.7)
O VD #+£e

for almost all £t > O.
Let Sy denote the dimension of channel Cj and S, the
dimension of the cell ckv' The following ergodicity

'_conditions, introduced by the Italian group®) are sufficient

for the above requirements:

o Skv —%Ht 2 Seu ‘ ' - 8
M£ ,Lz__::-}(n‘n(»be D-K/“j)l 3 ® -s—-K | (2.2.8)

e SR Y “mHE Skvé
IM{ (Agne” Oug) (Raie” Dl =57 Cuudy  (2:2:9)
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with the following additibnal requirements:

S
K»
_;_<K | (»:teK) y T . (2.2.10)

wy
A
®
R

Conditions (8) and (9) express the ergodic behaviour of

the state vector Y(t) in each channel Ck and are assumed to

hold for all values of k.
With ¥ (o) as defined by eq. (1) and Uy (t) by eq. 2),

Sk —%‘Ht N
MU = MY (N, ,e" ¥O)I
L= .
.S‘» -;‘;Ht .
= M 0 %uy ( i cpj )
L= M) -
£ HL '—l"Ht R
- FHE
=M E - uk,ui dKM‘)‘ ( ﬂKDL 5, € ﬂKH‘- ) ( KL ) (4 ‘ nK,u‘,j‘)
L My M) ) v
~ 2 '1':""Ht 2 4
» M ZE l K/ujl | ki © K,u])l o (2.2.11
L Mj |
. ‘ 1, S S '
@ sl )= = =09 (2.2.12
[ E; | &N)"] S« Sk bt .
| /
as required. The condition
(2.2.1

E;‘O%pir_= b

expressing the normalization of ¥ (o), as well as the conditions
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f,(8) and (l0), were used to obtain eq. (1l2), and conditibn (9)
- was used to obtain eg. (ll). Thus the ergodicity conditions
(8) and‘(9),-and condition (10), are sufficient to ensure

_that

Ukt > e (2.2.14

for almost all t > O.

In density operator notation, if

p(o) = [T Moy , (2.2.15

then

LHt

Siy | | |
p(t) ef‘bhlr(ow(x}[/(o)(e“ o - (2.2.16

fl

Since for a macroscopic observable A as given by eqg.
(2.1.3) we have that A =CA, where C is the coarse-graining

projection superoperator defined by eq. (2.1.4),

{A> = tr(pA) = tr(pCA) = tr(CpCA) | (2.2.17
. where the last equality uses the fact that € is a projector.
This shows that the "macroscopic part" of p is given by Cp.

Now -

tr (PCOK'va(t) ) Auk'u(t)

it

(2.2.18
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‘therefore, from egs. (2.1.4), (1) and (12), and using the
fact that y(t) is confined to the channel Ck' the following
Yesults are obtained: |

For almost all t > O,

|
Cpo(t) = 3—. UK"U“:) {?K'u]
Ky KD
- |
= Zg‘ U, (6 ‘?«»1 (2.2.19)
pE} KV
-yl Sep oLlep (2.2.20!
D SK\) K Lol SK by} L] .
or from eq. (19)
t ~ (""‘L = - . |
CP( ) _LD_.SKv 6»eKP[KD] SKEK PEKCK] ) (2-2.21

for almost a;l t > O. The index a was dropped for convenience
of notatién. |
Condition (9) expresses the assumption that the
correlétions in the system at time t = O do not contribute to
the macroscopic description, in the sense that the time
average_of-Ukv(t), fof any cell Ckv’ is independent of the
initial correlations. The idea is that this is true not only
for the time average over an infinite time_but_dver any time
intérval.of duration T (where T is of the order of the time
needed for a macroscopic measurement on thé system), provided

- the interval taken is outside the period of relaxation of the

apparatus.
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Conditions (8) and (9) toéether express the. assumption
that the state of the system in the course of its evolution
over a very long time interval is such that the total time it
“'spends in each cell is proportional to the ‘dimension of that
cell. This justifies the use of thé microcanonical ensemble,
restricted to thévchannel Ck, (polymicrocanonical ensemble),
as the equilibrium distribution, as expressed by eg. (20).

- Condition: (10) is asymptotic in the sense that it is assumed
to be true only for a very large system, the inegualities
becoming equalities in the limit of an infinite system.

This condition has not been proved in general, but in the

case of a weakly coupled many-body system the cell
corresponding‘to the Fermi-Dirac or Einstein-Bose distribution
hag this property (ref. *) p. 310). For a classical system

composed of N components and with a separable hamiltonian,

H(P) = ST H (R) o (2.2.22

it has been proved (ref. 7)) that the microcanonical

dispersion of any sum-function,

N
F(P) = 5. ﬂ(ﬁ)" R | (2.2.23
i=1
tends to zero as N tends to infinity, under certain additional
conditions on H(P) and £(P).
Ergodicity conditions (8) and (9) are rather restrictive
in the sense that they apply to all initial conditions.

Less restrictive ones would apply to the overwhelming majority
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of initial conditions, for it is possible in principle that
the system caﬁ be prepared in aﬁ initial state such that it
'will subsequently show non-thermodynamical behaviour (e.g. by
inverting the velocities of the particles of a system that
has been behaving thermodynamically). These ergodicity
conditions do not anticipate such an ordering of the system
at the atomic levei.

Under such circumstances, the macroscopic description in
terms of ergodic theory would not be releventl It is
emphasized that the pufpose of statistical mechanics is to
show that the state of e system, when its constituents are
free to evolve and interaet with one another according to.the
laws of mechanics, tends statistically towards macrostates of
~greater and greater probability. On the basis of a
macroscopic measurement at one instant, the macroscopic laws
exXpress what we may expeet the result of a future measurement
to be. The irreversibility in the macroscopic description
therefore does not conflict with the reversibility of the
microscopic description. They are complementary descriptions
which apply to different conditions of observation (ref. °)
p. 5). Under the conditions of macroscopic observation the
observer has extremely limited control over the variables
describing the motion of the particles, and on the basis of
the knowledge he ﬂas about a very few controllable quantities,
he is only able to make statistical predictiens about these

gquantities.
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3. RESOLUTION OF THE MEASUREMENT PROBLEM BY THE

APPROACH OF THE ITALIAN GROUP

3.1 Example of a Typical Measuring Process

Consider the measurement of the energy of a charged

particle by means of a proportional counter:

<. r

FIG. 1. Schematic representation of a proportional counter

T - tube (cathode) _ B - battery (of voltage Uo)
E‘— central electrode (anode) ¢ =~ condenser

R =~ resistor (which serves to reset the counter after each count)

(The following description is taken fromvref. %) sects.
8 and‘lO.) |
" The macroscopic constant of the motion, U, is the averége
potential difference betWeen the two electrodes when the gas
in fhe tube is in thermal equilibrium and the electrodes are
in electrostatic and thermal equilibrium. Here a particular
value Uk refers to an intervél (Jk, Jk + AJ) where J denotes

the fine-grained potential difference = a quantity which
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fluctuates and which ié thus only measured macroscopically
with an error greater than AJ. |

The energy of the apparatus is assumed to have been
macroscopically determined to be in the interval (E, E + AE),
and the system is initially at equilibrium and charged to a
gi&en potential Uo' The charged particle gbes through the
counter producing a number of ions, determined within limits
by the velocity of the particle. | This interaction takes
place within a short time interval T. The apparatus is now
ih a non-equilibrium state corresponding to a new value Uk of
the constant U. At this instant the macroscopic state of
the apparatus is characterized by the averagé potential
_ difference between the electrodes, which is still,UO, the
number of ions and by the spatial and energetic distributions
bf the neutral ions and molecules. This transition needs an
exchange of energy whiéh is negligible on the macroscopic
scale, hence the state vector of the apparatus does not move
into a different energy shell.

The electrons produced by the passage of the charged
particle migrate towards the central electrode.(anode)
producing secondary ions. The total number of ions and
electrons produced is determined, within limits, by the
number of ions and electrons initially produced by the charged
particle. The ap?aratus now evol&es spontaneously towards
equilibrium; and when all the electrons produced have reached
the central anode, thé potential difference between the anode

and cathode has dropped from Uo to Uk where Uk is given by

U = u-2n | (3.1.1)
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where N is the number of ions and e, A and C are respectively
the elementary charge, the ion multiplication coefficient and
the electrostatic capacity of the counter and condenser

together.  The new potential difference U, is thus

k

approximately a function of the Velocity of the charged

‘ particle as it passed through the tube.

In practice, the drop in potential is amplified and

. registered by electronic instruments connected to the

electrodes, but this further amplification has a relaxation

time quite different from the discharge time of the tube and

hence need not be included in this description of the

apparatus. The transition of the state of the apparatus

from channel Uo to channel Uk is already a macroscopic changs,

‘and the further stages in the measurement process, involving

the electronic apparatus, is not essential to this theory.
Denote by CO the invariant channel corresponding to the

‘initial value UO of‘the constant U, and by C, the channel

k

corresponding to the value Uk' Cke denotes the equilibrium
| | k
manifold corresponding to the situation in which there is

thermal equilibrium within the gas and within the electrodes,

there are no ions in the gas and the voltage is U A

K
non-equilibrium manifold Ckv corresponds to a situation in

which the voltage is U, and no ion is present in the gas, but

k
the gas and the electrodes are not in thermal equilibrium, or
to situations in which there is a fixed number, N, of electrons

in the tube and the voltage has the value U given by

U = u +.e.C'.\N ) . (3.1.2)
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3.2 General Theory of the Measuring Process

The theory given in this section is based on the work of
the Italian group given in ref. 3).

Let A be the observable of interest of the atomic system
under consideration. Assume, for convenience of notation,
that the spectrum of A is discrete and non—degenérate. In
lihe with the example given in section 3.1, the apparatus is:
assumed to be, at time t = 0, in a state ®o in the
equilibrium cell COeo of the channel Co‘ If the particle is
in the state ¢k (where ¢k is an eigenstate of A), the
interaction between the apparatus and object brings the
apparatus into a state Qk € Ck' The apparatus is assumed to
- be ergodic in each channel Ck, hence its free evolution takes
it into the equilibrium cell Ckek' (In the example of the
proportional couhter thislcorresponds to the migration of the
‘electrons to the anode and the establishment of thermal
equilibrium in the gas, electrostatic and thermal equilibrium

in the electrodes.)

Let the initial state of the atomic system be given by

¢ = Y c. o . _ - (3.2.1
K

Therefore the initial state of the combined system, apparatus

+ atomic system, is given by

TE) .= e o 8 - (3.2.2
K .

The interaction between the two systems lasts for a short
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time 7. It is assumed that the time scale on which the
eigenstates ¢, vary and the time scale on which the apparatus

evolves is very much longer than 1T so that ¢k and ¢, are

k
- almost stationary over the time interval during which the
interaction occurs. If ¢k does change during the time
interval T, a corresponding error occurs in the measurement

of A.

The hamiltonian for the combined system may be written as

HI+n = H14-Hn+‘ﬂu

(3.2.3

T )

where HI and HI describe the free evolution of the atomic

I
system (I) and apparatﬁs (IT) respectively, and HINT’ which
is effective only during the time interval (0O, 1), describes
the interaction between sYstems I and IT (e.g. the‘productién
of ions in the tube of the proportional counter as the charged

particle passes through the tube). The considerations of the

previous paragraph are expressed by
Hinr > H1+Hn . (3.2.4

Hence

f}(‘z):e Z:qu’n‘i’o

R
o
>
z
-
O
x
o
HOI
o

T 8y, (3.2.5
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where the last equality holds by virtue of the linearity of
: the evolution operator. From the above considerations
concerning the interaction between systems I and II, eg. (5)

can be written as

T = Sc o8 .  (3.2.6

" In the case of a continuous spectrum for the observable
A, the spectrum can be considered to be divided into intervals

6f the form

I, = (9,0, +da) = (a;,q.,,) . (3.2.7
This subdivision depends on the apparatus and the way it
~interacts with the atomic system. This generates a
‘subdivision of the Hilbert space of the atomic system into
orthogonal subspaces spanned by the sets S.l given by
S‘-' = £¢G:QEIL3 . (3.2-8

In this case the initial state of the atomic system is given

by

b) = To &

L

(4, 6004, (3.2.9
OEI‘-_

and each ¢. plays the role of one of the ¢; in the case of a

discrete spectrum. - T

Returning to eq.,(6), the state of the combined systemn,
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at a later time t > 1T, is given by

[}

(o) = o~ T MIE e b g
K

(3.2.1¢

It
O
R
o
v
-
[l
by
=]
&

Now the description of the apéaratus at the macroscopic
level is only concerned with the probability of finding the
state vector of ﬁhe apparatus iﬁ some cell Crv (where r
denotes a particular value of the constant of the motion and
V the remaining ﬁacroscopic observables). The probability
of finding, at any time t > 0O, the atomic system in the staﬁe

X and the apparatus in the cell C., is given by

U(x, ¢y 3t) = S d(xn ,T®) ]

r» sk M -Em_E N
I F h B .
= _Z:l( r»a.’che 3 Dl  (3.2.1]
L-
S i i .
rw = [ £ [
£ 2 '
= }ZCK(x)eF\ : ¢‘<)( rvi‘)e § )6'-K\ (3.2.14
LY

Hyt 303, .o

It
(Al
—_
X
o

‘ S i

s H_ 2 Trw -z

nE ¢P)\ EZ I(ﬂrvi.leh
i=y

. where eq. (10) was used to obtain eg. (1l) while eq. (12)

results from the invariance of the channels Cy -
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From the considerations of section 2.2, in particular -
the result expressed by eq. (2.2.14), the term in brackets {y
in eq. (13), for values of t larger than the relaxation time
of the apparatus, may be replaced by Gve . Thus eq. (13)
becomes, for large t,

-_‘;.Ht . a2

U(x ,C ;8 = le 171 (%, e" ¢.) |

o) , (3.2.1
vwhich is independent of the initial phase relations between
-the different states ¢k, and independent of any quantity

referring to the apparatus, other than the factor Gve which
r

indicates that the apparatus is in the equilibrium state
 corresponding to the channél c..
| This result may be expressed in density operator
notation as follows: .

Let pI, DII and pI+II denote respectively the denéity

operators for the atomic system, apparatus and combined system.

Using the bra=-ket notation

I+X

o

~
\J
]

| Te) > ¥ © |

]

Too e >(h, 118 >CE, | . (3.2.1

At time t = 1, using egq. (6),

PTHE) = T 1o >Ch 113 < L (3.2
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From eg. (10) for t > 1

-

' . -EHE B e iy g EH_t
T e ot a0 e N SR s g F
L4

F}+u(t)

I

1

% T If.
Kch € Cu pKK.(t) pKK.U‘-) . : (3.2.17

Since the macroscopic description of the apparatus is
only concerned with the occupation probability Ukv(t) for the

‘different cells'Ckv, and since the matrix elements of the

operator pii,(t) for k # k' are off-diagonal for all t in the

basis lﬂkvi> (since |%, > and ]@k.> are in different invariant

k
manifolds), pﬁi,(t) is irrelevant to the macroscopic

description of the apparatus. Equivalently it is easy to

'show that

I

Cp . (t) = o Ve

K T

s (3.2.1¢
where C is the coarse-graining superoperator defined by eq.
(2.1.4).

I+II

Hence from eqg. (17) we have that p (t) is equivalent

to the expressidn

BUTHE) = Tle Ppwlt-Cpn(o . | (3.2.1¢
K ) .

-By virtue of eq. (2.2.21) regarding cpii(t), eq. (19) may

be written as

LI+D 1 T
t) = —_
g () ZK el B S chekz . (3.2.2¢
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This is equivalent to the result expressed by eq. (14)
but is much more convenient for the comparison with the
Belgian approach. One obtains from eqg. (20) an expression
for the density operator pI(t) referring to the atomic system.
alone by. taking the trace of the components referring to the
apparatus. This amounts to averaging over the apparatus
states, and yields the éxpression

I + I |
p (t) = ;\CKI p(t)g—— tr P

e tke)

= Sl ltet) | - (3.2.2

or, by rewriting pik(t) in full,

, LMt ' .
B = Tlele™ ™ a3 s eh (3.2.2
. K

’

e

which is independent of any quantity referring to the apparatus
and which is consistent with the reduction rule of quantum
mechanics as given in Chapter 1.

It is not always the case that the cells Cke correspond

to permanent equilibrium states, but they may refzr to

' transient macrostates of sufficient duration for the result of
the measurement to be recorded (by some other macroscopic
process), or observed directly (For example, in the case of a

spark chamber (ref. %)), the spark may be observed directly).

lThe requirement that the manifolds Ck are constants of the
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‘motion, is replaced by the condition that the transition

probability between states in different manifolds Ck’ Ck' is
sufficiently weak for the apparatus to indicate the result of
“the measurement sufficiently accurately, in the sense that
the signal'produced by the apparatus is strongly correlated
with the state of the atomic system that triggered the
apparatus.

The ergodic approach described above does not deal with
this more genefal situation, but it can be shown that the
"decay of the tfansient macrostate, being a much slower process
than the atomic interactions that gave rise to it, may be
easily separated from the latter processes, For a time
intefval shorter than the decay time of a transient state, of
the kind considered here, the channels Ck are effectively
invariant, and the ergodic approach given above is valid over

such a time interval, provided the second ergodicity condition,

expressed by eq. (2.2.9), is modified to becoﬁe
lMiZ(nKDL ,e .Q. .)(D e ﬂKnﬂli\)S\

MY S S Y  (3.2.2
S, il

KK 'K T

Following the interpretation, given in section 2.2, of
the operation of time averaging, M, condition (23) exprésses.
the assumption that the correlations, at time t = 0, expressed

by a phase relation between the state vectors Q and Q

kluj klluljl
(in different channels Ck., Ck")’ does not contribute to the



occupation probability of the cell Ck after a sufficiently
long time t. Up to now this was a trivial result of the

strict invariance of the channels C but it now has to be

K’
stated as an assumption, due to the fact that the channels are
not strictly invariant in this case.

This discussion is relevant to the theory of measurement
since it concerns the step from eq. (11) to eq. (13). It is
in this step that the initial phase relations between the
state vectors ¢k’ pertaining to the atomic system, are
eliminated, as can be seen by the fact that eq. (11l) involves
the coefficients C, while eq. (13) involves only |ckl2.

This step employed only the invariance of the channels and
not the ergodicity conditions (2.2.8) and (2.2.9). It might
appear that the reduction of the state vector, ¢, could be
achieved without the ergodicity conditions, but without.these
‘conditions, the macroscopic description, in terms of the cell
subdivision, is meaningle§$. Secondly, the apparatus has to
be shown to tend to equilibrium, thereby producing a signal
at thé macroscopic level to indicate the result of the
measurement - an essential requirement for the macroscopic
éystem to serve its purpose as a measuring apparatus.

| When the manifolds Ck are not strictly invariant, the
step from'eq. (11) £o eq. (13) must be made using ergodicity
condition (23). ' Thié emphasises the idea that it is the
ergodic nature of the evolution of the apparatus, after it
has been triggered by the interaction with the atomic systemn,

that is responsible for the reduction of the state vector of

the atomic system.
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4.  SUPERSPACE THEORY OF LARGE QUANTAL SYSTEMS

4.1 Basic Modes

In the study of quantal systems composed of many
particles, it is usually éonvenient to considerAthe
hamiltqnian H separated into an unperturbed part H(9) and a
perturbation H(!), where the eigenstates of o), forming a
complete orthogonal basis of representation .in Hilbert space,
representvcertain basic modes convenient for a description of
the svstem. Typical examples were given in section 2.1.

This decomposition gives rise to a complete dynamical
description of fhe system in terms of certain generalized
co-ordinates and their conjugate momenta, in such a way that
H(%) is a function of the momenta iny. H(1) may be a
function of both co-ordinates and momenta. The preciée mode
of description of the system is relevant to the formulation
of the assumptions that are made on the time behaviour of the.
system, but otherwise the physical results of the theory are
independent of the basis of representation.

The theory is concerned with systems having such a large
number of degrees of freedom that this number may be taken as
infinite, and consequently the volume of the system as
infinite. As a result, the energy spectrum of.H(°) (and
that(of H as well) will be a continuum, with possibly a
discrete set of eigenstates embedded in it (ref. ‘) p. 92).

Both possibilities can be incorporated in the notation

(o .
H? = h [ (m) Imd>dmlm| (4.1.1)
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. More generally, the density operator can be used to
describe statistical ensembles of systems and in the study of
large quantal systems is much more convenient than the
description in terms of the state vector. The density
operator describes density distributions in states and
cofrelations between pairs of states. - This makes possible
the apprOaéh of the Belgian group in which the time evolution
is given in terms of a "dynamics of correlations", (ref. ?)
p. 6), in which the correlations play the role of dynamical
variables.

Referring to the basis {|m>} introduced in section 4.1,

eq. (3) can be written as

L%(f"lPlM‘) = -,‘;Z"Km\\—\lrﬁ”}(m“lp{m‘>-<m1p\m“><m"\‘ul.a>} (4.2.4)

(where, in the limit of an infinite system, the summation is
to be replaced by an integration).

Eg. (4) describes the evolution of the system in terms
of transitions between the basis states [m>.

The considerations of the rest of this section are_ﬁaken
from ref. !°%) pp. 542-547.

Introduce new variables v ahd N (to be understood as
representing infinite sets of indices of the same form as m)

R

given by

» = m-m N = g(mem) (4.2.5)

A matrix element <m|[A|m'> becomes <N+kv|A|N-)v> and is

written as Av(N)‘ Eg. . (4) then becomes
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1
ke Rl

lipv(N) = %Z{Hv—v'(N+lz,‘)p»'(N+ = )—H

= .(N-%‘)g‘(N*’%—’-’)B . (4.2.6)

. . _
Introducing the operators n~V such that for any function

NE(N) = F(NzZ) (4.2.7)
eq.. (6) becomes
Lg%pv(N) ~ -g(»if—?(N)lv‘>pv'(N)‘ . (4.2.8)
'whe?e %v]#ﬂN)|v'> is an operator in N-space defined by
<P IH(N) D =,,‘i[n”'Hv‘_v\(N)n'”~i”‘ﬁv-v.(N)n"] . (4.2.9)

Eq. (8) is formally diagonal in N and describes the
"evolution of the;system in terms of transitions between
_matrix eléments pv(N) with different coefficients v and with
the same coefficient N. Nonzero matrix elements pv(N), for
v # {o}, describe spatial correlations and/or inhomogeneities
in the systemn. In the case of a gas of fermions, for
example, consider the expréssion for the binary correlation

function in the formalism of second quantization,

n(n,R) = tr[f(q)\f(q)ﬂr(q)\lr(q)pl (4.2.1¢

where, for convenience of notation, r: and r, are written as
. B ~ ~
' + . .
scalars, and where ¥ and ¥ denote the field creation and

annihilation operators respectively.
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Expand ¥(r) in plane waves as follows:
I-)_a.

T(e) = -lzgoKeLw (4.2.11

where ay is the &nnihilation operatof for the momentum state

hk. Using eq. (11), eg. (10) becomes

hl(l’; 1'3.) =

l {r-k)r i(P=l)n .
E:%;re ' e tr{GKQL.apcr Pl , . (4—2-12

Now

[}

Z <nla: q:' a, a'_\n‘><n'lp[n.>

+ 4
vl:r[oK o a, Q. P]

]

>l 0: af a, arlp(N) p_v(N) . (4.2.1-
VN

For k # 2 # p # r, eq. (13) becomes

tlf‘[o: a:' a, a. p] = % [q: at a, a ]lK ‘L"p"‘r(N) P“K"L I (4.2.1¢
~i.e. the binary correlation function is contributed-to only

by the matrix elements pv(N) with at most four nonzero
coefficients v. The condition Zk Vi = O is a consequence of

the conservation of the number os particles. In a similar

way it can be shown that matrix elements of the form p_lk L
describe density fluctuations.

In general, it can be shown that matrix elements pv(N)

for which there are four or more nonzero coefficients v
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satisfying Zk kvk = 0, describe homogeneous correlations

between two or more particles, while those for which

Ek kvk # O are inhomogeneous terms. Since this theory is to

-~ be applied to the description of a measuring apparatus, the

considerations for inhomogeneous systems will only be dealt
with briefly, since fhey are not of central interest to the
' measurement problem in quantum mechanics.

The c¢omponent po (N) gives the probability of the
momentum configuration N = {nk}.

From the above considerations, it can be seen that eq.
(8), equivalent to the Liouville equatidn {3), describes.the
time evolution of the system in terms of ;ransitions between
"states" of different correlation (and for inhomogeneous
syéfems; states of different inhomogeneity), corresponding
to matrix elemeﬁts pv(N) with different numbers of nonzero
coefficients wv. The choice of the basis {|m>}, discussed in
section 4.1, defines what ié meant by the terms "correlétion"
and "inhomogeneity".

The dynamics of correlations, discussed in the following
~ sections, leads to a clear physical picture of the mechanism
of irreversibility in the behaviour of a large quantal system,
'which would be much more difficult to obtain in_the usual

Hilbert space formulation .of guantum mechanics.

4.3 Mathematical,Preliminaries

In this section the concepts. of superspace, superoperator
and supervector are introduced by means of which the Liouville

equatidn (4.2.3) can be written in the form of a linear
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equation, and projection superoperators introduced to exploit
this linearity. The following definitions are taken from

ref. *) sect. 2.1.

Definitions

1. Density operator p(t) = |¥(t)><¥(t)]|, corresponding to

the pure state |¥(t)> in the Hilbert space of the system.

2. If B denotes the Hilbert space of the system,. the

corresponding superspace is defined as t&xﬁ++ where ot
denotes the dual space of F. The density operator p(t) is a
vector in #x®T ag is any operator on . Vectors in

superspace will be called supervectors in order to distinguish

them from vectors in Hilbert space.

3. For any supervectors A and B in superspace, the scalér
product is defined as tr(A+B), whefe A+ denotes the Hilbert
-space operator adjoint to the operator A. The expectation
- value of the operator A, in the state fepresented by the

density operator p, is given by
. + .
(A = tr(pA) = tr(pTA) , (4.3.1

since p is self-adjoint, hence <A> is given by the scalar

.~ product of the supervectors p and A.

4, It is possible to intréduce linear superoperators which

act on supervectors.



42

L
5. For any linear superoperator O, its adjoint 0' is defined

by the relation

tr[AY(0B)] = tr((O'A)B] . O (4.3.2)

6. The transposition of a (linear) superoperator O, denoted

by A0, is defined by the relation
tr[(A*QjB] - tr[A;,(OB)] . , (4.3.3)
From egs. (2) and (3),
(O AY* = A0, | (4.3.4)

or by replacing O+ by O,

(OAY = A*O ' ' (4.3.5)

and since, for any two superoperators O and Q,

(OO)T - 9o ‘ : "(4.3.6)

the adjoint of any expression involving products of operators
and superoperators is simply obtained by taking the adjoint

of each operator and superoperator, and inverting the

order of factors in each product.

7. A superoperator O is said to be factorizable when there
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exists a pair of supervectors M and N such that for any

supervector A,

It

OA M AN . - (4.3.7)

O is denoted by M x N and 0" by Mt x nt. The traﬁspose of O

is given by the relation
A(MxN) = (NxM)A . (4.3.8)

If O=M x N and Q = R x S, then 0Q = MR x SN, i.e. 0Q is
- factorizable. |

A unitafy transformation in *, given'by the unitéry
operator U, is equivalent to ablinear transformation in'ﬁ-x?$+

given by the superoperator U, where U= U x U+. Now

Uuu = (Uxu+)1-(UxU+) = (U+xu)(UXu+)

= Uruxu'u = uut xuut _ - (4.3.9)

= (Usxu*)(ut xu) = (Uqu')(k;lxu*)f

= ud o, ,, (4.3.1C
where eq. (9) is obtained from the unitarity of.U. In

addition, ufu = 1 since UU+ X UU+ =1 x 1 =1, using again
the unitarity of U, hence Wis a unitary superoperator.

Using this fact,



trf (ua)(uB)] = tr{(W WAy

B] = tr[A"B]
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+

, (4.3.11

i.e. the scalar product of supervectors is conserved under a

unitary transformation in superspace.

8. Define the Liouville superoperator

L o= z[Hx1 - 1xH]

where H denotes the hamiltonian of the system.

equation (4.2.3) becomes

LAY = Lp(t)

(4.3.12

The Liouville

(4.3.1:

The solution of eg. (13) may be formally written as

p(t) = ¢ p (o) .

Now

T = ekt

]

may be written as

(4.3.1¢

(4.3.1:

(4.3.1

which shows that T(t) is factorizable. Moreover, since L 1is

self-adjoint, T(t) is unitary.
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9. A superoperator O satisfying the condition (OA)+ = OA;

for any self-adjoint supervector A, is said to be adjoint-

symmetrical.

Projection Operators and Superoperators

The strict mathematical definition of a projection’

superopérator P on # x® would require P to satisfy the

conditions
1. p* =P (idempotency)
2. P = P+ (self-adjointness)

Conditions 1. and 2. ensure that, for any density

supervector p and observable A,
(Pp) = Pp | (4.3.17
and that

(A = tr[(Pp) Al e @ (4.3.1¢
‘where R denotes the set of real numbers.

Now ;ondition 1. and the results (17) and (18) are the
only properties of P required for £he purposes of thié
physical theory. For this'reason; condition 1. may be
. replaced by the weaker condition of adjoint-symmetry
introduced in definition 9 above. Note that the usual
(factorizable) projection superoperators are adjoint-— 4
symmetrical. | a

A projection superoperator (ref. “) p. 9) is now defined
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and complementary subspaces, suitable for the development of
| tﬁe physical theory, by the introduction of the projection
superoperators P_ and P_ (ref. v p. 12). Fer homogeneous
systems for which bulk flow properties are ef no concern,

these projectors are defined as

5= ZmePm s (4.4.2)
m
R = Y P xP, , (4.4.3)
m+m .
where the basis {|m>} is that discussed in section 4.1. In

the limit of a continuous spectrum, definition (2) is to be

interpreted as

P - gidm'clm" P, xP,

m ™m ’

(4.4.4)
(m'ym)e Q1
whefe Qm’denotes an infinitesimal neighbourhood of the point
(m , m ). The'projector Pc is to be interpreted along
similar lines.
'As an example of this decomposition, consider the case

of a dilute homogeneous gas. The component Py = Pop of the
density supervector p describes only the density distribution
over the states |m>, while Pe = Pcp describes only the spatial
correlations between the particles. The subspaces defined
'by Pc and PO are called the correiation subspace and vacuum
- of corfelations subspace respectively. |
| More_generally, for inhomogeneous systems, and systems

for which long range-correlations are involved, such as may
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occur in dense gases or liquids, the projector Pc need only

include the effects of the short-range corrélations (ref. %)

p. 12), and PO then includes the inhomogeneities and long-—
range correlations. The discussion of homogeneous systemé
is sufficient for the description of the measuring process in
this approach to.the measurement problem in quantum mechanics,
but for the sake of completeness, the decomposition of
superspace, in terms of PO and Pc, will be discussed briefly
for the more general case of an inhomogeneous system. The
projectors Py and P will be defined below in a way which
makes itvpossible later to show the equivalence of the
macroscopic levels of description of the supérspace and
ergodic theories.

Referring to the example of an inhomogeneous gas, and to
the basis {]XN>} inﬁrodupea in section 2.1, define P, and P,

as

= Tl <l (4.4.5)

R
96N

P o= le%N><x‘Nl . (4.4.6)
XnFXy

As discussed in section 2.1,:Pop satiéfies the above
requirement of including macroscopic inhomogeneities and long-
range correlations, while Pcp includes the short-range
correlations. More precisely, it is importan£ to note that

Pcp‘describes only the short-range correlation effects; since

in practice only the two length scales Lm'and Ly, occur, and
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inhomogeneities and correlations on some intermediate length
scale do not arise. .

The superoperators PO and Pc, defined by egs. (2) and
(3), satisfy the requirements, for projectors, of idempotency
and adjoint-symmetry, as well as the conditions of

complementarity and orthogonality.

Idempotency:
a
P = (LR x PP xP ) = (P xP )Py xP,)
m m o
= PPy x PP = 5 (P x Pm)csmm, = P ] (4.4.7)
mm' mm'

where the last line above uses the orthogonality and -

In the limit of a

idempotency of the projectors Por Proe

continuous spectrum, the Kronecka delta Gmm' becomes the

- Dirac delta function G(m-m').

00
i
]
30U
X
B'U
<
g
= U
X
0
<

mim' mHm
K+ K K *K
- Z: P xXP = P . , o (4.4.8)
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Adjoint-symmétry and Complementarity:

obvious from the definitions of PO and Pc.

Orthogonality:

oU
[P R
it
3]
3 0
x
3 U
~—
Y
X
K_-U
~

m K&K m KK
) !gq(PKxi‘)éKK‘ = o . ' (4.4.9)

Similarly PcPo = 0.

4.5 Reduced Prbperties

The theory of large quantal systems, involving the use
of the density operator p, is based on the following
considerations:

It is impossible for a macroscopic observer to ascerfain
" the outcome of a single measurement performed on a system
_Whose initial state is macroscopically specified. The only
possible prediction is the average result of a large number
of such measurements performed on similar macfoscoﬁic systems.
It is assumed that this averaging process is weighted by ﬁhe
density operator p, which is constructed at the initial time
in such a way as to be compatible with the macroscopic
information the observer has obtained about the system. The

observable value of any macroscopic quantity of interest is
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taken to be the average_value, weighted with p, of the

corresponding microscopic quantity, as follows:

<A(t)>rnccro = r{Apt)] = g%lA”(N)e”(N’t) | (4.5.1)

The classical aﬁalogue of eq. (1), in the case of a
fluid or a gas, 1is

CAEY = (Y (A" AlExd, Ea ) Rl xd, ted,E) (4.5.2)
where fN is the.N—particle distribuﬁion function and
_A({§i},{gi}) is the dynamical function corresponding to the
microscopic observable.

Now the macroscopic description must be such tﬂat thé
outcome of any macroscopic measurement, because of the very
large number (N) of partiéles in the.system, will be very
close (presumably} within an error of order N~!) to the
average value pfedicted‘by the ensemble (given by p(t) or
£ (t)) - ':In classical mechanics this is believed to be the
césevfor quantities the dynamical functions of which depend
on a small humber of co-ordinates and momenta only (ref. '?)
p. 6). These are referred to as reduced quantities.
Typical examples are local density, hydrodynamical_velbcity,
local energy density, and binary correlations in velocity or
density. Referring to the guantum statistical operator A
corresponding to the reduced classical quantity A({§i},{gi})
(through the use of Weyl's rule), this meaﬁs that the only

nonzero matrix elements Av(N) of the operator A are those
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with only a few nonzero coefficients V. More precisely, if
A({§i},{gi}) is a function of n positioﬁ co-ordinates X
‘the only nonzerc matrix elements of the operator A will be
those with at most 2n nonzero coefficients v (ref. ') p. 547).
In section 4.2 it was shown that thé only nonzero matrix
elements of the operator corresponding to the binary
cbrrelation function nz(§1,§z) are those with at most four
_nonZero coefficients v. Therefore, referring to eq. (1), it
';is evident that only those matrix elements p, M,t), of the
density operator p(t), with a few nonzero coefficients v are
relevaﬁt for calculating the macroscopic quantities_at time t.
When the asymptotic limit of an infinite system is taken; tﬁe'
restriction to a "few" degrees of freedom becomes a
restriction to a finite nunber of degrees of freedom.

The above considerations for the matrix elements, in the
v-N notation, of an observable A corresponding to a reduced
quantity, apply not only to a fluid or a gas as considered
here, but to any many-particle systemn. The information
contained in p(t) is therefore redundant, and the
specification of the macroscopic state at time t merely
amounts to stating some properties of the matrix elements of
this type. For this specification to be an adequate
- macroscopic description of the system, it must be possible to
predict, at least approximately, the results of. future
measurements. ForlthisApurpose, some closed description for
’the time evolution of the relevant matrix elements is
therefore necessary. The work of the Belgian group in this

direction (e.g. refs. ?/'°%)), which provides such a contracted
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4.6 Outline of the Approach of the Belgian Group in the v-N

Notation

The Liouville equation in the v-N notation, introduced

in section 4.2, was given by eq.‘(4.2.8) as

L& e, (N, )

= TR RN [0, (N,E)

The formal solution of eq. (1) is given by

pv(N E) =

Now

'where C is the closed contour in the z plane, enclosing the

—

-t (N)E

2. vle |»'>p, (N,0)
UI

Lt { -tz

e ==

e
2ﬂii dz z -t

»
=
P

(4.6.1)

(4.6.2)

(4.6.3)

(4.6.4)

singularities'{zi} of the resolvent R(z), as shown in fig. 2.



FIG. 2

Using eqg. (4), egqg. (2) can be written as a paif of

coupled equations

alt) = - §dz & (o IR (1) 0> p (o) + L(o IR I¥Dp, ()]
c vFO
and
p(E) = 1;L§ dz e.th{<DlR(i‘)io>p°(o) +Z<v[R(z)1»‘>pv‘(o)§
v V3o

[

where, for convenience of notation, the index N has been
dropped. '
The decomposition H = H(®) + g(}) gives rise to the

decomposition = #(0) 4+ #(1)

Now

R (2)
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(4.6.5)

(4.6.6)
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= fﬂm(i).(ﬂ"” (21, , C(4.6.7)

‘neo

where

R (z) = ;:“:;@7 . (4.6.8)
Using eq. (7), it can be seen that any "matrix element”
<vla(z)]v'> describes a superposition of processes each
starting from a correlated state v' and ending with the state
v, but involving different‘numbers n of interacﬁions which
give rise to a change of correlation.
For example, consider the term n = 2 in the expansion of

‘<Q|&(z)[v'> using eg. (7).

<D1R (2) [D\>n=1 = <'D] R(O)(Z) [ ﬂ(l) R(O)(z) ]1 ‘DI>

I

<o | RO (2) B O R @) # R (@) [

T (0RO (2) > H#O D L RV () [ DG HOBHGIRT @Y. (4.6.9)

Expressions of this form appear in the'integrand in egs.
(5) and (6). |
Using the convolution theorem for Laplace transforms twice,
the contribution of such a term to the integral in egs. (5)

and (6) may be written in the following way:
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_izk , € T2 LB e-T)
N'TL%dze * <D[R(z)]v>n=1 = 5 &OM:1 So dr {(vie [pd> x
c : ! : ,

o » ) . . (o ) | - (o)
o180 s e T IBRTR) s ra aaETTT  L (406.103

Each term in ﬁhe summation over v" giVes the contribution
due to the possible transitions v' » v, via v" as an
intermediate state of correlation of duration (1. -_Tl)r
The term v" = O gives the contribution due to the transition
which has the vacuum of correlations as an-intermédiate state.

An irreducible transitioﬁ, denoted by a suffix'irr,vis
one which does not involve the vacuum as an intermediate
state.

4The following irreducible transitions (ref. 11y appendix)

are central in the theory:

T = RIS (ERO@HO I el
o, (z) = <01§(ﬁ“_’a‘°’(z))“\»>m B | (4.6.12
Cle) m IR HI I, e
P (z) = <»1R‘°’(z)§(ﬂ“’ R () 10,  (4.6.1¢

The operators defined by egs. (ll); (12), (13) and (14)
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are referred to as the irreducible collision operator;
destrucﬁion (of correlations) operator, creation operator and
prOpagation operator respectively.

The vacuum to vacuum transition <o|R(z)]|o> may be
pérformed in an arbitrary number of collisions (ref. 11
p. 421). This gives

* n

ColR (2)]0> = ¥ == [T ()] . (4.6.1°
l"\:O2

Using the four operators defined by egs. (11), (12), (13) and

(14), similar decompositions of the other transitions

appearing in egs. (5) and (6) are possible (ref. 11‘)vpp. 421,

422). . Egs. (5) and (6) then become

p, (£) = 2—:;:% dz é—LZti [;I:S)] [po('o) + 5 Q—v(z)pv(o)] , (4.6.1

n=0o
I v +0

e (t) = RO ) - (4.6.1

b

‘where pb and‘p; are defined as’

Cp(t) = lm%é "th o () e, (0) (4.6.1

e () 1m‘§’4 —cztcu-(z)gzbl:ilﬂ] [po(o)J,lz Q-v,(z)p‘(o)]a. (4.6.1

The set of equations (1l6) - (19) is equiValeht to the
Liouville equation. In the limit of an infinite system,

- under the conditions given below, many simplifications occur
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in rhese equations.

It is required that, iﬁ this limit, all local properties
(e.qg. hydrodynamical variables, intensive thermodynamic
propertiee, binary correlations) have finite values
independent of the volume of the system. In the case of a
gas, for example, this ar least requires the average
| concentratlon of particles to be finite.  In general this
condition is ensured provided the follow1ng two condltlons,
which are the main assumptions of the theory of the Belgian

. 10)

.group (ref. p. 542), are Satisfied:

I. The density operator p(o), taken as_the initial
condition, must be compatible with the requirement that all
reduced properties are finite in this limit. This imposes a
certain singularity condition (ref. 10) p. 550) on the matrix
elements pQ(N,o), concerning their dependence on the volume

of the system.

- II. At the initial time all spatial correlations must be of
finite extension. Physically this assumption means that
after a finite time initially correlated perticles separate
off and thus no longer interact with each other,
mathematically, it imposes the requlrement that Py (N,0) =
'p{ k}({N },0) be;a regular funotion of the arguments k (In
thls limit the summation Zv that occurs in egs. (16), (l8)‘

and (19), is to be interpreted as an integration with reepect

to the variables k).

It can be shown that condition I. is persistent in the

course of time (ref. !?) p. 52).
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For a finite system the singularities, in the z plane,

- of the expre551ops gfz), ZvSV(z)pv(o) and Zv,va,(z)pv,(o)
all lie on the real axis. The time evolution of the system,
‘given by egs. (16) - (19), is therefore periodic and no

convenient approximations can be made on these equations;
As the limit of an infini£e system is approached, these
singularities become more and more dénSé, and in the limit,
form a finite discontinuity along the real axis (ref. ?)
sects. 4 and 5)

Now in the expressions for {¥(z), 9 (z ) and P v'(Z)’
given by egs. (11), (12) and (14), summations with.respect to
"coefficients v" are implied. For example, consider the_term

.[@(z)lnzl in eq. (ll), given by

[T(2)] = (ol H R () H |0
n= : ler
- Z <O! ﬂ(t)lvu>< i R(O) lDu><D“ ﬂ(‘)\0> , . (4.6.2C
since R(°)(z) is diagonal in v. In the limit of an infinite

system, the summation with respect to v" becomes an integral
. with respect to the variables k (see condition II. above).

Moreover, expression (20) takes the form of a Cauchy integral

(ref. ') p. 564). This is because the various terms in the
sum Zv" are regular functions of the variables k. This in

turn is due to the fact that the particles of the system are.

-assumed to interact through short-range forces. Systems of

particles interacting through long-range forces require a more
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detailed analysis and will not beé considered here.

| 'Similarly'the other terms.[@%z)jn in expression (11l) can
be put into the form of Céuchy integrals. Similar
considerations apply to Qv(z) and @vv?(z)' Now condition iI.

ensures that pv(N’O) is a regular function of the arguments

Xk, hence the expressions Zva(Z)pV(O) and ZV.va,(Z)pv,(O)
also become Cauchy integrals.
Referring now to egs. (16), (18) and (19), the Cauchy

integrals T (z), ngb(z)pv(o) and Zv,va,(z)pv.(o) are to be
evaluated for Im Z > O. This is because the solution of the
Liouville equatioh for t > o is required. ‘(If the solution
for t < o is required, these integrals must be evaluated for
Im z < o. | If there is a difference in the solutions, it is
indicative of non-invariance under time-reversal and hence,
‘possibly, of thermodynamic behaviour. It is interesting to
see how the asymptotic limit of an infinite system must be
taken before the dist;nction between advanced and retarded
solutions appears;)

Because they are Cauchy integrals, these terms are
regular functions of z in the half plane Im z > o. It is
assumed that they may be continued analyticall§rinto the
. lower half plane. These continuations must have singularities
in the lbwer half plane otherwise they would be cqnstants.
Since only short-range interactions‘are consi@ered, these
singularities will be simple poles. (In the case of a many-
body system interacting through long-range forcés, such as
gravitational or coulomb forces, branch points may occur on

the real or imaginary axes (ref. '%) p. 564).)
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Concerning the positions of these poles, only an
intuitive argument is possible in this general discussion.
If it is assumed that the range of the initial correlations
jgiVen by pv(o) is of the order of Lm' Where-Lm denotes a
characteristic atomic distance (for example the range of thé
inter-particle forcés), Lm is the only characteristic length
appearing in the . terms in gquestion. If it is true that most
of the particles have velocities in the neighbourhood of some
average velocity v, then from a dimensiénal argument (ref. %)),
the pbles in question must lie at an effective'distagce Té—1
below the.real axlis, where T, = Lm/v denotes.a chafacteristic
. collision time scale. In the case of an anharmonic solid Te
would be given'by Ty = a/c where a denotes the'lattice
diéﬁance and ¢ the velocity of sound in the solid (ref. ?)
p. 53). .

The main. conclusion of this discussion is that the poles
of T(z), Zv9§,(z)p (o) and I..P (z)p,, (o) lie at a distance

v A\CARRVAVEL

of the order of Tc_l

below the real axis. Therefore pé(t),
given,by eq. (18),‘tends asymptotically to zero with a
relaxation time Qf the order of Toe

If tﬁe range of the initial correlations is 6f the order
vof L say, then p&(t) should decay with a relaxation time of
the order of L/v, but it is emphasized that these
considefations on the time behaviour of p&(N,t) are.to be

understood as applying to a certain class of observables,

namely thermodynamic ones which, as far as correlations are

concerned, are only concerned with short-range atomic

correlations (ref. %) pp. 193-195). The matrix elements
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Av(N) of these observables are therefore regular functions

of the arguments k (see condition II. above). This point is

referred to in section 4.12, and in chapter 7 in the

comparison with ergodic theory.

In order to develop egs. (16) - (19) further, it is

convenlent to use the superspace formalism introduced in

sections 4.3 and 4.4. These equations may be redeILVed in

an exactly analogous way using the projectors PO and PC

4.7 Superspac

The Liouville equation

,_.
o/loz
lsa o]
il
r—.
o]

can be written as a set of coupled Liouville equations

(4,7.1)

“) p. 13), using the projectors Po and PC defined by egs.

(4.4.2) and (4.4.3), as follows:

Ltk = L‘co o3 Lec & )
where LOO = PO L PO ’ Loc = Pé L PC "Lco = Pc L PO and
Lcc - Pc L Pc

By application of Laplace transform methods to eq.
the solution to this equation can be written as
—oL t £ L T

plt) = &7 fp (o)~ dre = L, p (%)

o

(ref.
(4.7.2)
(4.7.3)

(3),

(4.7.4
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Define

-l : o
Tc(t) = @ ' T‘—(z) S ~-l.Pc LP -2 ] (4-7.5)
[
where T_(z) is the Laplace transform of T_(t) such that
| -izt
T (F) = mg,ue . (2) , (4.7.6)
Cc

 where C is_the contourvgiven in fig. 2.

By definition of'PO and PC, the matrix elements of Po
are of the form pO(N) while those of po are of the form.pv(N)
(v # {o}). Now Té(t) describes the time evolution starting
‘with p (o) and ending with p.(t) and confined to the
‘cqrrelation subspace. The matrix elements of Tc(t) pc(o) in
the v-N notation are precisely the terms p&(N,t) given by eq.
(4.6.18) . The considerations of section 4.6 concerning the
matrix elements pé(N,t) apply directly tb Tc(t) pc(o), and
are summarized by the assumption that for any regular

supervector Ac; not invariant,
. ¢ v
T.(t)A =0 (4.7.7)
with the understanding that this expression decays to zero on

a short collision time scale. Assumption (7) is referred to

as the asymptotic hypothesis (ref. !'*) p. 1334). The

discussion in section 4.6 concerning the singularities of the
expression Zv’ pvv.(z) pv.(O), applies to Té(z) Ac as follows:

For ahy regular supervector Ac’ Tcxz)'Ac’ defined for
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Im z s 0, 1s regular in that half plane, and in the
asymptotic‘limit; has a finite discontinuity along the real
a#is; Continued aﬁalytically into the lower half plaﬁe,
WE(Z) Ac has simple poles at a distance below the real axis
depending on the range of the interaction potential and the
regularity_of Ac'

. This results in the following equivalent expression otf

the asymptotic hypothesis (c.f. ref. *) p. 13):

{im Z?E(Z)Ac = O , 4 (4.7.8)
3 +1i0
which expresseé the aSSumption that ?é(z) is regular in,the
vicinity of +io.
Except for additional points of clarification (referring
:"to the example of a dilute gas or a fluid), the main results
of the rest of this section are taken from ref. *) sect. 2.4.

Using eqg. (7), eqg. (4) becomes

~tL T

.t
plt) = -Lg dre < L., e (E-T) (4.7.9)
o .
for large t (i.e. for t >> t_).  Denoting by 5c(t) the
asymptotic form of pc(t) in time,
~ e - L , '
Pc(t) - ~Lg dr e ce Lco po(t_fc) . - (4.7.1C

[}

Provided Lc po(t—r) is regular, assumption (7) may be

o
applied to the integrand in eqg. (10). In the example of a

4homogeneous.gas or fluid, the condition of regularity of an
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operator refers to the spatial dependence of the operator
(see condition II. in section 4.6). Now the spatial

dependence of Lc (t=1t) comes in through the spatial

o Po

dependence of LcO which involves the short-range forces

between the particles. Hence Lc

o po(t‘r) is regular to the

extent that the expression

: -iL T
I(r) = e ° L, p(t-7) (4.7.11)

decays to zero on the collision time scale'rc, introduced in

section 4.6, because of the short-range spatial dependence of

Lco' Hence the integrand in eq. (10) is only appreciable for
small‘values of 1 and this equation can be written as
~ e il T - : ‘ .
B e = ~ifdve L A (t-®) . (4.7.12)
o .

Substituting eq. (12) into eq. (2) and using the 7 notation

to denote asymptotic values,

. t -iL

'L,a’o(t.) = LAO -, dr e L R (4.7.13)
Eq. (13) can be written as
LA (t) = ©F () i | - (4.7.14)
where @ is given by
il T e, ~

(-, +iL { dee L e F3p(t) = o . . (4.7.15)

(<]
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The above integral with respect to ¢ may be extended to
an integral over'the'range (0,%) on the grounds that the
superoperator @, describing the asym?totic.eVolution of
bo(t), is expected; by construétion, to involve only ldng
term transients on a time scale tg >> 1, This results in

the following equation for 0:

© = Loo-il, { dz e L, © ©(4.7.16)

which may be solved by iteration as follows:

o .= 0 corresponds to the unperturbed'motion
() = 0).
0, = 0(0) obtained by substituting @ = O.in the

R.H:.S. of eq. (16) corresponds to a system
for which the collisions may be regarded
as instantaneous.

etc.

The series obtained by such a scheme must converge on
physical grounds for systems exhibiting suitably separated
time scales (ref. '*) pp. 1335, 1336), i.e. provided the
asymptotic evoiution generated by © is on a long time scale
tp >> 1. As can be seen by comparing egs. (13) ‘and (14),

0 takes into account the finite duration of the elementary
ColliSiOn‘processes, since eg. (13) shows explicitly

~ the 7 integration'over a time interval of order Tor while eq;
(14) is of Markovian form.

Eg. (16) may be written as




- ; _ where C is defined by

Eg. (12) then becomes

B(t) = CE (D)

e e 1
¢
i
\

.“-—J—L—-—A ‘:A

used for determining @ and C.

superoperator" (of correlations) since it describes the

A-.___..._ ——

state of the correlation subspace.

Rewriting eq. (18) as

% - | . iC = Vodxenuwcr L 9%

. (O o il T e
iC = [ _l e ce L eL J i ce . L

l | ™ BT
= L Lco + —CLCC [-—"S A'E/T;_("C) L'c:oe 39

cC (o}

Multiplying from the left by -iL__, this gives

C is called the "creation

.67

(4.7.17)

(4.7.18)

(4.7.19)

‘Eqs. (17) and (18) are a pair of coupled equations and may be

combined effect of processes leading from a vacuum state to a

(4.7.20)

(4.7.21)

(4.7.22)
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ce = L _+L__C . ' - (4.7.23)

Consider the asymptotic equations (14) and (19).

Substitute eq. (17) into eq. (14). This gives

LB(E) = LB (e +L B () . | (4.7.24)

o0 o oc

Therefore, usingAeq. (19),
ocC

L) = LB (8 +L A . | (4.7.25)

Now from egs. (19), (14)‘and (23),

LA = LCE(Y) = COpL
= Lc-éé'(t)u_cc'(ié(t) . (4.7'.‘26)

Therefore, using eq. (19),
LA () = Lo R (E) + L B(E) . , (4.7.27)

According to egs. (25) and (27), the solutions, 5o(t)
and Bc(t), of the asymptotic equations (14) and (19) are
exact solutions of the Liouville equations (2) and (3). It

is for this reason that it will be possible to define 5 (t)



and Bc(t) for all t » o and to give these supervectors a
physical interpretatibn. Moreover, the form of eq. (14)
makes possible a comparison with various kinetic equations
(e.g. the Boltzmann equation) previously derived empirically.

At this stage it is convenient to explain the approach
of the Belgian group in more detail.

The Liouville equations, expressed in the form of egs.
(14) ahd (19), can be expanded as a set of coupled equations
for the matrix eléments pV(N,t). This is an infinite set of
equations in an infinite number of unknowns, and no solution
is possible from this approach. However, equations for the
matrix elemenfs pv(N,t), relevant to reduced quantities, may
be obtained by truncation of this set of equations. One
obtains equations for reduced properties depending on one
particle, twb particles, etc., up to any number of particles
depending on the degree of accuracy required (ref. 12y p, 27).
Assumption I. in section 4.6 is essential for this truncation
process to work and td yield reduced equations which are
independept of the volume of the system. For example, the
Boltzhann equation, which describes the evolution of the one-
particle density operator may be obtained.

| Since egs. (14) and (19) are asymptotic equations, the

solutions Eo(t) and ﬁc(t)'are without any physical
interpretation until they are related to po(o) and pc(o).
In sections 4.8 ahd 4.9 furfher properties of Eo(t) and Bc(t)

are established which give them physical meaning.

4.8 Heisenberg Picture and Time-reversal

(The theory of this section is taken from ref. “) sect. 2.5).



In the Heisenberg picture, any time dependent operator

A(t) satisfies the Liouville equation
LA(E) = -LA(E) , (4.8.1)

where I is time independent.

Time-inversion of a supervector A(t) and the superoperator

0(t) is defined as follows:

_ (4.8.2)
A(t)

Aty , 0(t) = O'(-t)
Hence

A (t)

LA T = -A"(-£)L

(4.8.3)

]
.
pog
+
|
r
1}
—
>l
G

i.e. A(t) satisfies the Liouville equation.. As a result, the
" asymptotic components.io(t) = P A(t) and ic(t) = Pc A(t),
wheré i(t) denotes the asymptotic form of A(t), satisfy the
equations of motidn

&) = e PR (o)  (4.8.4)

>R

and
Al) = CA () . (4.8.5)

The validity of egs. (4) and (5) requires the observable

A(o) to be regular. This is the case for thermodynamic
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quantities (see the second last paragraph of section 4.6).
Note that A (o) = A+(o) = A(o), since A(o) is time independent
and A is self-adjoint, hence A(o) is regular provided A(o) is
regular. The asymptotic equations (4) and (5) therefore
apply to A(t) whenever the operator A refers to thermodynamic
 quantities.

Define M = © and D = C. Taking the time-inverse of

eqs._(4.7.l7), (4.7.23) and (4.7.18) gives

M = L, +DLg, (4.8.6)

mD = L, *+ 0L, ' (4.8.7)
® in : -

iD = (Tave L, T.(®) . (4.8.8)

In obtaining eq. (8) from eqg. (4.7.18) the interval of
integration had to be changed from (o,») to (o,=»). In
general, the operation of time-inversion can be carried out
more simply by taking the adjoint and changing the sign pf L
wherever it appears. |

From eqs. (4.7.17), (4.7.18), (6) and (8) )

o ‘0 | -
0 = Lo-if sx¥(ve ' (4.8.9)

o

o .
M = L —LS 4 éﬂ

o0
o

Y () , (4.8.10)




) = Lo T(aL,, . ~ (4.8.11)

(]

Now ¥ (t) describes an evolution from the vacuum {of

correlations) to the vacuum with only correlated states as

- intermediate states. In other words ¥(t) represents
irreducible collision processes and is therefore called the
irreducible collision operator.

The Laplace transform of ¥(t) is given by
T, (x) = L T@L, ' (4.8.12)

where Té(z) is the Laplace transform of Tc(t). (Q{(z) is
" the superspace counterpart of ¥(z) defined by eg. (4.6.11).)
Let N_ = 1 + DC, then from egs. (4.7.17), (4.7.23), (6)

and (7),
N,& = MN, . : (4.8.13)

From egs. (4.7.18), (8) and (11),

© o0 C M L0 ' :
N, o= - [de(Tave  w(ren e (4.8.14)

o
[} [}

. In general No will have an inverse and eq. (13) gives

o = NN . (4.8.15)




as follows:

equivalently by

p(t) = P, o)
Hence, from eq. (13),
~r "'.et'v —Lnt
NOPo(t) = NoeL PO(O) =

From egs. (6) and (7).
M(R+D) = (R + D)L

Hence

= (R +D)Lp(b)
= M(R +D) p(t)

or equivalently

: (R+D)p(t) = € (R +D)p(o)

tZ[(R+D)p(t)] = (R+D)ig p(t)

The asymptotic density supervector p(t) may now be

related to the exact density supervector p(t) for all t > o

e Noﬁ;(o)

/

The time evolution of Bo(t) is given by eq. (4.7.14) or

(4.8.16)

(4.8.17)

(4.8.18)

(4.8.19)

(4.8.20)
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Comparing egs. (17) and (20), it can be seen that if the

initial condition for 50 is chosen as
~ -\
B (e) = N [p(o)+Dp (0)] ’ (4.8.21)

then this relation holds for all later times t, and is the
required relationship between Bo(t) and p(t). This can be

shown as follows:

NB(E) = & EN, B (o)

o o

= NN [A (0) 4 D (0]

et (R + D) p(o)

(R +D)p(t)

u

%(t)+I)Q(t) . (4.8.22)
where egs. (17), (20) and (21) were used. Therefore
B (t) = N;‘[%(t)+Dpc(t)] Vezo (4.8.23)

as required.

In sect. 4.9 further properties of j(t) and its time
evolution are derived (following ref. ") sect. 2.7) which
make it possible to provide a macroscopic level of description

for the system.




4.9 The Projectors T and fl and Subdynamics

Using eqg. (4.7.19)

(R+CHA(E)

(R+CI(R(E)+A ()

)

(R + C)p,(E)

B, (t)+ g (t)

it

g {t) , (4.9.1)

i.e. p(t) is contained in the subspace defined by the
'projection superoperator Pa =P, + c. That Pa is a projector

can be seen as follows:

Idempotencf;

%zz(P"+C)1=P1+P°C+CP°+C1

=]

='%+0+C+0=Pq ' (4.9.2)

Adjoint-symmetry:
" From egs. (4.7.17) and (4.7.18) it can be seen that C is
a functional of iL. Now iL is adjoint-symmetrical since for
2 .

any self-adjoint supervector A,

(iLAY = —ia*l

= -t AL

tLA , (4.9.3)



where the last equality follows from the fact that L changes
sign on transposition, hence C is adjoint-symmetrical as well.
Since Po is adjoint-symmetrical (Po is a projector), so is

Po + C.

Similarly Pb-= Pc - C is a projection superoperator.
Now

%»Pb - (R+C)(E-C) |

I. . - 1_.
= RR+CP-RC-C" = o0 . (4.9.4)

Similarly P P, = 0, hence Pb defines a subspace of superspace,

b
orthogonal (and complementary) to that defined by Pa‘
Similarly P, = P0 + D and Pb = Po - D are projection
superoperators which define orthogonal and complementary
subspaces of superspace. (Recall from sect. 4.8 that the

notation = denotes time-reversal.)

Now define

N = | +CD . (4.9.5)

The following relations are of interest: /

= %N' = N_P - (4.9.6)

R RR =R (4.9.7)
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Note that © and its time-inverse n may be written as

6 =RBRLPR , M =PRLR | (4.9.8)
"Eq. (4.8.18) and its time-inverse give
mpP = RL , Pe = LP (4.9.9)
respectively. Define the superoperators r and A by
t = RLR , A = PRLEP (4.9.10)
(Clearly & = X.) They satisfy the relations
;;z; = LP 3 AR = RL (4.9.11)
From eq. (4.8.13) and its time-inverse,
N,& = M N y NoB o= AN (4.9.12)
Now from egs. (4.7.19), (4.8.16) and (4.8.23)
ple) = (R+C)p(t) = B p (k) oy
-ie(t‘to),,,
= Re po(ta) ogt <t
-io(E-t) . ‘
-0 (k=) o =
= Pe N, P pl(t) , (4.9.13)




where

~ -18¢t
S(t) = Pe- -3 VE >
(£) o © N, R =©
From eqg. (12) ONO'1 = No'ln, therefore
~ -t -iMt —
L(t) = %Noe P vVt zo .

Now the R.H.S. of eqg. (16) is the time-inverse of the R.H.S.
of eq. (15), therefore L(t) is inv.ariant under time-reversal.

Furthermore, using egs. (6),

o~ ~ _Let -} —Letl L
L) (L) = Re " 'N RPPe NP
.iet, A =Y
= R NO 0P e 0 a

~ie(t+t) 4 _
L 2 NlP

=P¢:e o a o /

Tt +t,) Ve ot

2 2

v
o

the limit t,r t in eq. (14),

(4.9.14)

(4.9.15)

(4.9.16)

(4.9.17)
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pt) = fip(e) . (4.9.18)
where
T = gN;'E; . (4.9.19)

From eq. (17), taking t; =vt2 = o, i = 1 (i.e. 0 is
idempotent) and since each factor in the expression for I in
eq. (19) is a functional of iL, I is a functional of iL and
is therefore adjdint-symmetrical. Hence T is a projection
superoperator. - Since % (t) is time-reversal invariant, so
.is I.

Aléo from eq. (17),
S":_(t)ﬁ - 5w = Ty . (4.9.20)
Now from egs. (14), (18) and (20),
S | - Fle) = E(e-t,)BLe) . (4.9.21)

From egs. (9) and (19),

PON B = LRNB = LT Ny (4.9.2}2)
but from egs. (9) and (12),
REN, R = RN B
_enN'BL - AL L (4.9.23)
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From egs. (22) and (23),

LT = fTL , . (4.9.24)
therefore
-LLC —~ ~ -iL.c

e T - Te = Z(t) ) - (4.9.25)

According to eq. (18) and the fact that it is a projector,
5(t) is given, for all t » o, by the projection of p(t) onto
the subspace defined by the projector 1. This subspace is
. called the "asymptotic subspace", sometimes referred to as
the I subspace. From eq. (25) it can be seen that p(t) is
an exact solution of the Liouville equation which now éppears
as the equation of motion not only in the full superspace,
but in the asymptotic subspace as well.

Consider the supervector il defined‘by

g = EbN =) . (4.9.26)

Now

A o~ — ~| N-—l— :

mmw = RN R ENER = o | (4.9.27)
since P, P_ = oO. Similarly i = o, therefore ﬁ and T are

b a
orthogonal projectors. In addition, using egs. (6).




Similarly 55(ﬁ+ﬁ) = P, , therefore

i

(B+P)TT+) =

D
pUI
+
s Ul

but Fa and Fb are complementary, hence I +.
 are complementary projectors.

- Define

plry = fiple)

therefore from egs. (11), (12) and (26),

= = -ilt
pit) = PN R e p (o)
~ .4 -LAE
= l:;:Ncg P p(o)
-igt -

= %(t) p(O) y

where £ (t) is defined by

(4.9.28)

(4.9.29)

and

(4.9.30)

(4.9.31)



a = -0 =LAE = =-itg bt -
L) = e N e Pb = Re Nc.F!‘:
Using egs. (6),
A A = o ~-LAL = _~I =(AL
E(t‘)Z(t&) = Pche \PPche Zpb
= o =LAkt LAk,
- BN RN %
= =t ~iA(E +8)
= P\,Nc-e F;
=2(t‘+t1) Vt‘,tlzo
Now
A A ~
L(EYTT = TR(t) = Z(t) ’
a -ttt A A =t
S(t) = &R - frette

The proof of these relations is similar to the proof of the

analogous relations for I (t) and I.

The subspace defined by the projectidn superoperator
is called the "fluctuation subspace".

component p(t) of p(t), given at any time t > © by the

The fluctuation:
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(4.9.32)

(4.9.33)

(4.9.34)

(4.9.35)

projection of p(t) onto the fluctuation subspace (or f subspace) ,
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is an exact solution of the Liouville equation, as can be
seen.from eq. (35). The Liouville equation is therefore the
equation of motion in the fluctuation subspace as well-as in
the asymptotic subspace and complete superspace.

The complete dynamical evolution of the system, given in
terms of the supervector p(t) in superspace, is thus |
separated into two independent evolutions (subdynamics) ,
given in terms of the projections, p(t) and H(t), of p(t) onto
the subspaces M and fi respectively. Both p(t) and p(t),
appearing as exact solutions of the LiOuvillé equation, are
confined to their corresponding subspaces. The physical

interpretation of the asymptotic and fluctuation subdynamics

is given in section 4.12.

4.10 Invariants of the System

Let ¢ = @O + @c be an invariant (constant of the motion)
of the system. From eq. (4.8.1) this means that L% = O,

which is equivalent to the following pair of equations:

(4.10.1)

I
(o]

Lbo§ + L

o oc§c"’

£ L8 =0 . (4.10.2)

From eq. (2), operating from the left by —iTc(T) and

integrating over the interval (o,t) yields (ref. *) p. 24)

Lot '
5L§° deT (eIl &, + [T()-11% = o . - (4.10.3)
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If ¢, is a regular supervector, not itself an invariant,
the fundamental asymptotic assumption (4.7.7) (or (4.7.8))

ensures that"

lim T (£}, = o (4.10.4)

Eso0

as well as the existence of the supervector C(O)éé with

C(o) = _nga»c T(e) .,y s . | (4.10.5)
s%nce by taking thg limit t +}w in eq. (35, oniﬁobtains
Cle)g, = & . (4.16.6)
Substitutingreq. (6) into eq. (1) yields
[Log*Loe C(] 8, = o . o (4.10.7).
This implies (ref.‘“).p. 24) that
©% = o . ' (4.10.8)
The proof of eqg. (8) is as follows: /'
| Recgll egs. (4.7.18)‘and (4.7.17)'given as
C = —if T (v lpe | | (4.10.9)

(-]

and
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6 = L rL,.C , (4.10.10)

0 by iteration:

:espectively, and consider the following solutions for C and

Clo) = —Lgm dve T (w) L, B, = Lo+ by Clo) (4.10.11)
o
L B+ 1 -
C() = -Lg e T (e)L, e 8, = Lo+ Ly CIN (4.10.12)
etc.

From eq. (7) G1¢O =0, i.e. 0:¢ = O, hence from eq. (12)

e\t

CHéd = '-ng drTc('r)Lco eL )

- T (L8 - C2F

o
and
8,8 = [Loy*locC(N18
= [ L ¥l C(0)] 8 =.o ,
etc.

These results together with eg. (6) show that

(4.10.13)

(4.10.14)
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-

0% = o | (4.10.15
and
Cd = cCd = 3§ - | . (4.10.16
Using ed. (16),
g = (R-C)}
- % -8 ] o' , | '(4.19.1:
therefore
g - AN.P§ = 0o (4.10.1;

which shows that ¢ must be confined to the asymptotic

subspace, i.e.
T =&, ~ (4.10.1

whenever ¢ is an invariant such that @c is regular and non-
invariant.
In terms of the Laplace transform Tb(z) of Tc(t) and

C(z) = fi'Tc(z)Lco, eq. (3) can be written (ref. “) p. 24) as

Leg, + [(Mlx)-41§ = o (4.10.2



c()8, + [27(2) =118, = o .  (4.10.21)

Using the asymptotic assumption in the form of condition

(4.7.8), the assumed properties of @c_imply that

lim 27, (2)$, = © . (4.10.22)

Z >+i0

and ensure the existence of the expression

lim C(2)3, = € (o) &, = & - | (4.10.23)

Zy+l0

Egs. (23) follow from egs. (6) and (21).

Now

¥, () = L@l = i, C(2) © (4.10.24)
therefore
-, (+i0)§, = L, C(+0) g, = L, Clo) &, © (4.10.25)

and, consequently, eq. (7) may be written as

[Lyo - i¥, (400)]1& = 0 (4.10.26)

(ref. p. 25), and this was shown to be equivalent to eq. (8) .

Now consider the case where o, has the properties
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(Lop- tT, (+i0) 1 & - o (4.10.27)‘
and
3, - €&, - - - (4.10.28)
From egs. (1) and (21)
[Loo- b, (2112 + 28§, = o (4.10.29)
where 9(z) = -iL__ T (2) ‘(ref. *) p. 25). The proof gf eq.

. (29) is as follows:

'From egs. (1) and (21)

Loo 8, + Loc[C(E)E,+2T ()] = o (4.10.30)
therefore
[+ Ly C(2)18 + 2L, T(2)8 =0 | (4.10.31)

or equivalently, using eq. (24),
[Loo-LwyL(z)]§ + 1z28(2)§, = o , o (4.;.10.‘32)

as required.

Now from condition (27) and eq. (29),

.29(2)§c = O , : (4.10.33)
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which implies that @c is a regular supervector. In addition,

using condition (28) and egs. (4.7.17) and (4.7.23),

(=] =]

L§ =L §o.‘-'Lor_ §c+l‘co§o+l‘cc§¢

= [loo*LoeC1 +[Leo+Ll. 18,

oo

- 03 +CO0%, | | (4.10.34)

tﬁerefore, using condition (27),

L = o . (4.10.35)

The results (8), (16), (19),(33) and (35) may be summarized

as follows:

For any invariant supervector ¢, the condition that @c

 be regular and non-invariant is equivalent to the conditions

[L°o~i’{f,_(*io)]§'= o (4.10.36)

(or equivalently 0¢ = O (see eq. (26) and the subseqguent

statement)) and

5. = C3 (4.10.37)

which in turn imply the relation
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3 - T4 | (4.10.38)

Now it can be shown that the above three sets of
conditions on ¢ are equivalent:
Tt is first shown that

3 - T8 = & = CB © (4.10.39)

as follows:

The left hand equation is equivalent to
P+D) = & ) (4.10.40)

By equating components in the Po and Pc subspaces, eq.

' (40) gives

%Hloc(%*fD)é = ¢, (4.10.41)
gnd

Coose(R+0)8 = &, (4.10.'42})-
:but eq. (41) implies that ' - )

Cr:;'~5—c-(%+0)§ = Cd . | | (4.10.43)

A comparison of egs. (42) and (43) shows that ¢_ = Cé, which
is the right hand equation of relation (39) .

Secondly it is shown that 09 = O as follows:
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It is given that L® = O hence that POL® = 0, or

equivalently

loo®, *Loc® = © - | (4.10.44)
Using rélation (39), eg. (44) gives

[Loo*LocClE, = - (4.19.45)
. or equivalently; using‘eq. (4.7.17),

63, - o " (4.10.46)

[N
o

8¢ = o . , - (4.10.47)

Together; the results (39) and (47) may be summarized as
foilows:

‘For any invariant é{ o = I implies thét 0% = 0 and
¢c = C@O.

Comparing this result with the equivalence relations
involving eqs; (36), (37) and (38), the following is seen to
‘be true: |

For any invariant ¢, the condition ¢ = Mo is equivaient
to the conditions that ¢ be regular and @c be non-invariant.

' iIn other words the asymptotic subspace contains all the

regular invariants and only the invariants which are regular
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(this result is stated in ref. *) p. 25). Singular

invariants are confined to the fluctuation subspace.

4,11 Condition of Dissipativity

Since homogeneous systems are of central importance in
this thesis, L00 may be taken to be zero. Considering eq.

(4.10.26) and the subsequent statement, this implies that for

any supervector $,

8% = o o T, (+i0)d = o . (4.11.1)

Consider a system for which Wk(+io) 0. From the
0

equivalence relation (1) this implies that = 0, but sincé,'
according to eq. (4.7.14), © is the infinitesimal time
displacement operator in the asymptotic subspace, this implies
'that.all supervectors in the asymptotic subspace are

stationary.

The condition.

¥, (vio) ® o | | (4.11.2)

is called the Condition of Dissipativity (ref. *) pp. 25, 26).

The physical interpretation of this condition is given in .
. /

section 4.12.

4.12 Physical Interpretation of the Theory

Macroscopic Observations and Subdynamics

Two requirements that were imposed on the operators
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representing the observables for which the theory holds are
that they be regular operators and that they correspond to
‘reduced quantities (see section 4.5 and the second last |

" paragraph of section 4.6). Thefmodynamic quantities are of
this type. .

The set of observables defining the macroscopic level of
observation is further restricted by the consideration of
time scales. - A macroscopic measurement is one that takes a
very long time compared with the time for microscopic processes.
The interaction between the macroscopic system and the
- macroscopic observer (or observing device) lasts for a time

finterval T >> Tar where Tor introduéed in section 4.6, is the
characteristic time for atomic processes. Quantities which
-decay to zero at a rate of the order of To will thereforé not
contribute to the results of the measurement.

These considerations show that p(t) is the only part of
the density supervector that is relevant to the macroscopic
description, since the expression tr[p(t)A] decays to zero
with a relaxation time of the order of T whenever A
Vrepresents an observable of the type described in the first
paragraph of this section. In setting up an initial value
problem by giving p (o), resulting from a macroscopic
‘preparation of the system, it would not be possible to specify
the component p(o). Because of its rapidly decaying
behaviour, as described above, this would imply a‘specificatipn
of the origin of time,’t = 0, to an accuracy of the order of
T e Since a macroscopic measurement requires a time interyal

C

of duration T, this would be impossible.
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The results of section 4.9, in particular the conclusions
following egs. (4.9.25) and (4.9.35), to the effect that Bft)
evolvesvindependently of p(t) and in the i éubspace,
orthogonal to'the ﬁ subspace to which p(t) is confined, makes
it possible to associate the subdynamics in the i subspace
with the macroscopic level of description of the system on
the basis of quantum mechanics.

The conc¢lusion of the above considerations is that’the
operators A representing macroscopic observables are subject

to the conditions that:
1. they are regular operators,
2. they correspond to reduced properties, and

3. tr (pA) # O for an arbitrary supervector 0 in the i
subspace. Since the only part of A relevant to the i
subdynamics is the component ﬁA, this is equivalent to

the condition that A = TA.

Non-dissipative Systems

By definition (4.11.2), W£(+io) = 0, therefore, from the
equivalence relation (4.11.1), 6 = 0. From eq. (4.9.15),
this implies that E(t)_is independent of time, therefore all
supefvecters in the i subspace afe invariant. The whole
“evolution of the system therefore has to be described in the
ﬁ subspace in terms of microscopic observables. For such a
system there is no description at the macroscopic level and
all processes occur in a reversible way at the rate of atomic
interactions. o

.The decomposition of the hamiltonian H = gl0) 4 H(l) is
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equivalent to the decomposition of the Liouville superoperator

L =L 4+ L(1) ywhere
Lo = .;:[H“’, ] 4 2 A B (4.12.1)

Consider the set of invariants of tne system with respect
to L(9), These are linear combinations of the supervectors
|m><m| constructed from the eigenstates |m> of H(), Denote
by BO such an invariant supervector. Consider B = BO + Bc
(where B, is as yet undetermined). According to egs.

(4.10.36) and (4.10.37) the conditions for B to be an

invariant of L are that

B = CB (4.12.2)

C o
and
eB = o -

(4.12.3)

For a non-dissipative system © = O and only condition (2)
remains, hence any invariant of L(9) may be extended to an
invariant B = B, + B .of L, by defining B_ = CB, (ref. '°) pp.
791, 792). It is the existence of this class of invariants
which prevents a non—dissipative.system from tending to
equilibrium. This is analogous to metrical decomposability
of the energy surface in classical ergodic theory (ref. ®) p.

A

265) .
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- Dissipative Systems

Eor dissipative systems q&}+io) ¥ O, hence I (t) is‘timé
dependent and describes new channels of evoluﬁion in the T
subspacé,'which fqr a hon—dissipative system Qould.have been
invariants of the motion. The macroscopic observables now
evolve as a result of these long term processes occurring in
the ﬁ subspace.

The condition of dissipativity expresses the possibility
of these long term persistent effects occurring as a result
of the combined effect of the elementary processes téking
place at the atomic level. It is only for such a system
that there exists a macréscopic level of description, in terms
of the variables of the ﬁ subspace, of the kind discussed at
the beginning of this section. |

~

According to eg. (4.7.18) o (t) is a dependent variable,
while 5O(t) is an independent variable. This result made it
possible to derive eq. (4.7.14); an independent equation of
motion for bo(t). The physical interpretation of this
propérty is that a macroséopic observer has no c¢ontrol over

~ the correlations; (The casé of turbulent fluid motion, in
which long—range correlations are produced by external
macroscopic actioﬁ, is not considered here.) These are
produced by the interactions between the elementary
~constituents of the system and are cohtinually being created
and destroyed at the rate of the elementary processes (c.f.

' the discussion in réf. 12) pp. 19, 20,. This behaviour is
expressed by the transitions, between states v,V of different
correlation, in egs. (4.6.16) - (4.6.19). In agreement with

the fact that it is impossible to define the initial time
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t‘%,o, at which a macroscopic measurement is made, to an
accuracy of the order of Tor the correlatione chosen for the
initial condition at time t = o must be chosen as ifbthey'
have appeared by the_same mechanism as those which appear at
later times (c.f. ref. '2) p. 20). This is expreesed by the
condition 5c(°),= Cﬁo(o) which expresses the fact that they
were created from the vacuum of correlations by the eiementary
-.collision processes. The dynamics of correlations shows
.therefore that any accidental correlatione, produCea by‘the
intervention of an external observer, may be disregarded at
the macroscopie level of description, since they are
dissipated instantly (more precisely, after a time interval
of the order of rc); This is expressed mathematically by
the confinement of these non-dynamical correlations to the
subspace i and the rapidly decaying behaviour of 5(t).
The following considerations are concerned with the

approach.to equilibrium. |

| The conditions for the supervector B to be an invariant
in the I subspace are given by egs. (2) and (3). For a
dissipative system‘O # O (since WL(+io) # 0) and requirement
(3) is consequently a very restrictive one which can only be
satisfied by a very small class of observables (ref. '°) pp.
791, 792)'. According to the discussion involvingreqs.
(4.10.36) ->(4.;O.38), the supervector B must be regular.
Now it can be shown'!®) that for a weakly coupled N-body
system, the only regular invariants ere those of the form
f(H), where H denotes the hamiltoﬁian. It is plaUSibievthat
this is true for any dissipative system. -  For such a system,

this points to its ergodicity as follows:
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Consider such a syétem prepared, at time t = o, in a

- non-equilibrium étate described by the statistical mixture

p (o) such that the energy density is known to be in the
interval (E,E+AE). The time evolution of 6, (t) is given by
eq. (4.7.14), or equivalently by

Be) = 50y . | (4.12.4)

The non-vanishing of 0 is not.sufficient to ensure that Bo(t)
E constant, but the further condition (which always seems to
be true) that the supervector -i® be negative semi~-definite,

is sufficient, since the quantity
; + . 2 . .
8 _‘tr(% %) = tr(% ) :{4.12.5)

satisfies the properties

¥ > o _ (4.12.6)
and
X4 3 ~2 S ~2
3t att"‘(Po)=t"'(§E°) /
/
= tr(28 F) = tr{2B(-i8)8] < o (4.12.7)

where the last inequality is a result of the negative semi-
~definiteness of -io0. Conditions (6) and (7) are sufficient

for the result
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-0t ~ - ' :
e " R (o) 5 £ () (4.12.8)
to be satisfied.
Now uéing relation (4.10.39), Bc(m) = CBO(W) follows

from p(t) = p(t), but from the equivalence of eq. (4.10.38)

and the pair of egs. (4.10.36) and (4.10.37), it is also true

that the pair of equations, 5c(m) = Cﬁo(m) and Obo(m) = Q,
imply that

LA(w) = o . (4.12.9)
Eq. (9) shows that §(®) is an invariant of L. From the

above considerations concerning the regular invariants, D ()
is assumed to be. of the form £ (H). Since the ehergy density
was found to be in the interval (E,E+AE), f(H) will be the ’
_ corresponding microcanonical ensemble. (For macroscopic
observables this ensemble is equivaient to the corréspohding

canonical ensemble (ref. ’) chapt. 5 sect. 25).)

Summary and Further Points of Interpretation

The éondition of dissipativity allows for the existencé
of a macroscopic description[ confined to the I subspace, in
terms of p(t). Because I is not a projector in the strict
mathematical sense (I is not a factorizable superoperator),
this‘descriétion cannot be given in terms_of a pure state of
the form |¥><¥|, but only in terms of a mixture p(t). A

macroscopic observer can only describe the "state" of the

system at any initial time, t = 0O, as being given by a
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supervector p(o). * On the basis of this information, the
evolution of p, given by 5 (t) = f(t)B(O)'for_t > O, ihdicates
what the results of future measurements may be. For a

dissipative system the behaviour of §(t) is irreversible.

On the other hand, the description of the system at the
atomic le&el involves the entire superspace (ﬁ+ﬁ). The |
initial condition méy be given as a pure state, and the time

evolution of this pure state may be observed. This
‘description could just as well be given in the Hilbert space
formulation. The behaviour of p(t) is thus reversible, but
does not conflict with the irreversible behaviour of 5 (t).
The conditions of observation are completely different.  The
irrevérsibility of the macroscopic motion is not due to any
preferred direction in time of the supervectors I and I(t).
in section 4.9 these were shown to be time-reversal invariant.
Equivalently, o (t) is a solution of the Liouville equation
which is time-reversal invariant. For a dissipative system
the irreversible behaviour comes from the fact that the
initial conditions are restricted to a certain clasé, and
‘that the subsequent measurements are of the same restficted
type. (The symmetry in time of T (t) does lead one to the
conclusion that fhe retrodiction one makes on the state of
the system, on the basis of the knowledge of p (o), is the
same as the prediction one makes on the basis of the same
information. In other words p(~t) = p(t).)

| The argument was put forward that an invariant is regular
~if and only if it is a function of H. If this is trué, then

all invariants in the II subspace are functions of H. Hence
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for the macroscopic description, all the other invariants

(the singular invariants which are confined to the fi subspace)

may be ignored. They do not prevent the approach to

“equilibrium of P(t). According to the argument following
eq. (9), p(») depends only on the interval of energy (E,E+AE)

and not on any further specifications of 5 (o).
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. 5. RESOLUTION OF THE MEASUREMENT PROBLEM

BY THE APPRQACH OF THE BELGIAN GROUP

Denote by I the system, of atomic dimensions, to be
observed and let the observable of interest be represented by
the hermitian operator A; benote by iI the system, of
macroscopic dimensions, which serves as the apparatus, and
choose the origin of time as the time instant at which the
ﬁéasurement interaction occurs.

In order to serve és the measuring apparatus, system II-
hés to have éertain characteristics. .= The Hilbert spéce of
system II has a complete orthdgonal basis {!km>}km'with the

following specifications (c.f. ref. *) p. 36):

1. The correlations between states |km> with common index k
is very much stronger than the correlations beﬁweenrstates
with different indices k. The latter correlations must be
sufficiently weak so that to each manifold k there corresponds
a transient macrostéte of sufficien£ dufation'to be observed,
or registered directlf by macroscopic means. If the
apparatus is to register a permanent record, each manifold k

will be invariant.

2. Before the measurement interaction the apparatus will be
in the equilibrium "state".of some manifold k = o. - This
manifold must be effectively invariant at least for a time
intefval longer than the duration of the experiment. | At this
'stage pII wili be given as the equilibrium ensemble for that
manifold.  The manifold k = o is a subspace of the energy

shell corresponding to a given energy interval (E,E+AE), as
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is the case in the ergodic approach.

3. Without loss of generality,'it is assumed, forl
convenience of notation, that the spectrum of A is discrete
and non-degenerate (recall the discussioﬁ following eq.
(3.2.6)). Let A|¢k> = ak[¢k> and let the initial state of

system I be given by

[ (0)y = Jc o> - (5.1)

During the measurement interaction, of atomic durafion T
-at-time t = 0, between systems I and II, each eigenstate [¢k>
icauses the manifold k to be occupied with a probability equal
“to ey 2.

The discussion 6f the duration and strength of the
interaction, compared with the hamiltonians of systeﬁs I and
' iI, is the samekas that given in section 3.2. The interaction
‘conserves the coarse~grained energy, given by the interval
(E,E+AE), of system II, hence the manifolds k that may be

occupied all correspond to the same energy shell.

Following the terminology of section 2.1, the manifolds
k are henceforth referred to as channels.

With the above specifications of system II, the measuremént
process may be described as follows:
denote the hamiltonians of systems

Let HI’ H and HIN

IT T

I and II and the interaction between I and II respectively.

Define the Liouville superoperators

] . Lm\' - %[Hm-rn 1 (5.2)
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Let |¢o> denote any state vector of system II in channel-
k = o. As in the ergodic approach, the interaction at time

o between systems I and II has the following effect:

o+
It

¢
-;(HI+ Hy +H

i -t LA
'"‘)t(ZcKWKN@o)) = L Se" 11‘4’967‘*‘1 R %

~ T e3> (5.3)
W
taking T ~ o. In the superspace notation this is written as
RGN R T | - .
e (e Cal 6 O<hal - 18,0<8, 1)
Kk

2 10 Cald Dol 1803l - (5.9

K

The following projection superoperators, defined on the

superspace of system IX, will be'required:

P m Tk mdCrn] xR > (5.5)
P o= Y llkmd{xm| x |xkm>{em|] (5.6)
R = 1-K (5.7)

where, in the limit of an infinite system, any summation is

\ _
to be understood as an integration. The projection Pkk pII
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is denoted by Pyt
Consider a statistical mixture pég of states of the form
[§o>.‘ From eqg. (4) the interaction between systems I and II

hés the following effect:

19, 0€8al - 18 0CE L = 18500l 185<8, 1, (5:8)

hence for the supervector pii, making use of the linearity of

the evolution superoperator for the composite system,

16 0C 0l fog = [65< 01 £

KW

(5.9

From eg. (9) and the linearity of the evolution superoperator,

the interaction between systems I and II, for the case in

which system II is initially in the state represented by the

density supervector pig, is represented by

‘L( Lx_+ Lu+ L\NT)

€ Z c, .M> >< b Z c c:‘l¢&><¢K.|p:K‘ (5.10)

taking T = o.

According to condition 2, péé is the equilibrium
distribution for the channel k = o. On the other hand pii

for k # o will be a non-~equilibrium distribution for channel k.
After the measurement interaction systems I and II evolve

independently of one another according to their respective

Liouville superoperators LI and LII' Therefore the denéity.

supervector for the combined system at any time t > o is given,

using eg. (10), as
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* -L

pI-HI(t) = Z S CKI e

L.t ~tL_t o . .
T o I .

6 ><él e ™ p . (5.11)
Since system II is to be treated as a macroscopic system, the
terms
_LLnt I

- .
pKK‘(t) = &

K k!

(5.12)

occurring in the R.H.S. of eq. (1ll) must be replaced by
L(t)pyy., where I(t) defined by eq. (4.9.15) denotes the
ésymptotic evolution superoperator for system II.

The evolution of the components pii. for k # k' is very
important in'this.discuseion. It appears as a factor in the
term ckc;,[¢k><¢kJ-pii, which, since it has ckc;, as a factor,
exhibits the contribution to the density supervector for the
combined system due to the phase relations, which existed
before the interaction, between the states |¢k> and f¢kp>.
These components must be shown to have no effect on observations
on the combined system whenever system II is observed as a
.macfoscopic system. This is shown to be the case in the

following way:

First it is necessary to make a further assumption.
4. The supervector pii, is regular for each pair (k,k').
.This assumes that the interaction between systems I end IT
does not introduce any extraneous ordering of the elementary
_constituents of system II.
Using condition 1 it is possible to make the approximation

LOCP = O 3 (5.13)

K K!
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where L is to bhe understood as referring to LII' Since by
e : 1T .
deflplt;on of_PO and Pc, PO Pryxr = © for k # k'( it follows
that for k # k',
oo iy
oo Pt = © ’ co P = © ’ - (5.14)

Egs. (13) and (14) imply that for k # k',

.oox i '

LPKK‘ = Lcc PKK‘ ? _ . (5.15)
therefore, for k # k',

-ttt ¢ ""Lcct T ' _

e P = € Pt . ~ (5.16)

Eq. (16), tégether with assumption 4 and the asymptotic
hypothesis (4.7.7), shows that for k # k' the expressioh
pii.(t) decays to zero on the atomic time scale. In.terms

of the decomposition of the superspace of system II by means

of the projectors ﬁ and II, this result is expressed by

~ =il
fe™ oL, = 0 (kaw) ., BERCIRY)
or equivalently, from eq. (4.9.25), by
R(t) o, = © (k) . (5.18)

This shows that, for k # k', pii, is a supervector in the

fluctuation subspace of system II.
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It now remains to study the expressions of the form
-l t '
em pii which appear in eqg. (11).

In order to make clear the equivalence of this approach

" to the measurement problemn With that of the Italian group,

the hamiltonian HII is written as

<

K ! . ’
Hoo= STHY + O M ) (5.19)
K K4k
- 1] v
where Hk = PkkHII, Hkk = Pkk HII (k#k') and, by virtue of
condition 1, Hkk X Q0. (For convenience of notation the

‘subscript II is occasionally dropped.)

In order that system II tends to equilibrium in edch
channel k, it is necessary to have a condition of dissipativity '
on the evolution of system II in each channel k. This.

céndition is stated as
5. .Q':(\LLO) £ o0 | | (5.2.0)
where
S " ’ 4(5.21)A
and

-1 4L S I | (5.22)

According to the discussion in section 4.12 on the

regular invariants of dissipative systems, and on the basis of

condition 5 (eg. (20)), the only regular invariants of Lk are
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functions of Hk. Considering the evolution of pii “at the

macroscopic level, the discussion in section 4.12 on the

approach to equilibrium shows that
(6 P = FIHSY (5.23)

where f(Hk) is‘the microcanonical ensemble (or equivalently
the_canonical ensemble) corresponding to the energy'interval
(E,E+AE) introduced in condition 2.

Returning to eq. (11) and using the results (18) and
(23), the density supervector for the composite system, where

system II is observed as a macroscopic system, becomes

pHI(E) = Tc, c:,e'iL‘t1¢K><¢K,'\ £(r) o5 8., Vivo

KK . ' .

_ , -ilgt - . ‘

= 2:|CK{ e ]¢K><¢K\2(t)pkK Vt>o (5.24)
K .

E 2 —LLIC : K .

= el e 6.5 8] F(H)  + (5.25)
.3

Eq. (24) expresses the result that all trace of the coefficients
ckd;, for k # k' has been eliﬁinated. Statement (25)
expresses the fact that in each channei k, the apparatus tends
towards a unique equilibrium state, and once system II has
reached equilibrium, the state of the composite system is

described by a statistical mixture of states k, each of which.

corresponds to system I being in a particular state




Mot

ER |  (5.26)

Fle-

¢, () = e

with the apparatus in the unique equilibrium macrostate

defined by the supervector f(Hk). In addition, the

statistical weight of state k is [ckl2 and this is independent

of any reference to the apparatus (system II).

’

It is possible to obtain a formal expression referring

only to system I, as was done in the ergodic approach,

'resulting in eq. (3.2.22). From eq. (24), writing

-iL.t “EHoe by t
eL 1 - eﬁ 1 X eﬁ I ) , (5.27)
one obtains
g 2 ~EHt fHot |
p(t) = el e | o >< b 1 e . (5.28)
¥

This is precisely the result required by the measurement

algorithm of quantum mechanics.

Two points which must be stressed for the sake of the

comparison with the ergodic approach are:

1. The demonstration of the vanishing of the phase relations

between the eigenstates [¢k> of the atomic system (system I)

was made possible through the asymptotic hypothesis. This

was done in the derivation of eq. (18).

2. The formation of a permanent record of the result of the
measurement by the apparatus (system II) required a condition

of dissipativity to be obeyed in each channel k.
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6. MODIFIED MACROSCOPIC DESCRIPTION

The macroscopic'description involving the i subspaée may
be formulated in an alternative way which is exactly
equivalent, since it arises as a result of certain exact
properties of the evolution in the i subspace and of the
properties 6f the superoperator I. The modified description,
given in this‘section, makes it easier to show how the
macroscopic description involving the i subspace isvconsistent
with the formal reduction rule of gquantum mechanics, and to
formulate the comparison with the ergodic approach.

| The macroscopic description cannot be formulated in terms
of eigenstates and operators as is done in the description of
an atoﬁic system. If the result of the measurement of the
observabie A at time t = o is to show fhét A is in the
interval (a,a+da), p(o) is not to be constructed on the basis
of equai a priori probabilities and random phases as a mixture
- of eigenstates, of the operator A, with eigenvalues in the
'range (a,a+da). This is due to the dissipativity of the
system. On the basis of such a measurement, the state of the
system is described instead by a density supervector p(o), the
" structure of which is determined by the projector T as well as
'by the results of the measurement. This is explained in more
aetail later on in this section. |

The evolution of 5(t) is.given by the Liou&ille equation,

and for any macroscopic observable B-

(B)t = tr[BA(E)] . -_ (6.1)




Both 5o(t) and 5C(t) are relevant to <B>,, but because the

evolution of p(t) can also be given by egs. (4.7.14) and

(4.7.19), the macroscopic description may be given in terms
of 5o'alone. Using eq. (4.7.19) and thé transpositibn |
property of projection superoperétors given by definition 6

in section 4.3,

By, = tr(8 B(t)] = er[BY(F )+ F(D))]

It

tr[B (R +C) A (L)] = tr[B" R A (£)]

Q

L}

tr[(BR)TE(D)] - - (6.2)

Now BPa is self-adjoint since

)
-5
@
]
~—
3
@
+
St
+

(BPa )+ -

(85)"(eHT - B8R (6.3)

Q

[}

where the second equality on the first line uses the adjoint-

symmetry of Pa+

which follows from the adjoint-symmetry of P_-
The supervector BPa has replaced the supervector B as the
macroscopic observable.

The macroscopic description may therefore bevgiven in
terms of 50 alone which describes a probability distribution
over the states |m>. This distribution evolveé according to

the Markovian equation iéo = Qp. (eq. (4.7.14)), which

o
describes the evolution of this distribution without reference

to phase relations at all. Thislimplies that no quantal
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interference effects occur at the macroscopic level, except
for the quantum statistical effects which are inqorporated
in the construction of the basis states |m>. Furthermore
it can be seen from the structure of Pa that the modified
macroséopic observables BPa are diagonal in the representation-
corresponding to the basis {|m>}. The supervectors BPa,
which appear as the macroscopic observables in thig modified
description, therefore commute with each other, as is requifed
for them to be simultaneously measurable.
In this description, a complete macroscopic determination

of the state of the system, at an arbitrary initial time t = o,
involves an observation of the complete set {8} of
macroscopicvobservables, represented here by the set {BPa} of
commuting'operators. (The macroscopic observables form a
complete set in the sense that a self contained description
in terms of them is possible.) Such an observation
determines'bo(o) as follows:

~ Let lmi> be a simultaneous eigenstate of the operators
{BPa}. The supervector lmi><mi| represents a dynamical
state of the system which is consistent with the specification
of the system given by the results of the macroscopic
measurement, but undergoes rapid changes on the atomic time
scale as a result of the elementary collision processes.
The asymptotic form of !mi><mi[} after a time interval of the
order of several collision times To? is given by the
supervector 51(0) = ﬁlmi><mi"‘ The component 52(0) = Pobi(o)
' gives a diagonal distribution over the basis states | m>
compatible with the measured values of the observables BPa.

~

For the macroscopic description in terms of the i\
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subspace to have any meaning at all, it must be true that the
statistical fluctuation of each observable BP_ is negligible
in the state bé(o)f Hence 5;(0), defined ébove, gives the

required initial state.

'According to the measurement axiom of guantum mechanics/
a measurement} at time.t = o, of the macroscopic observables
{BPa}, which ‘are diagonal in the representation corresponding
to the basis {|m>}, results in the off-diagonal matrix
elements of p(t) (in that representation) being equated to
zero. Since these matrix elements are not explicitly
included in the modified picture, which is entirely in terms
of 50, the formal reduction rule brings about no change in
~the macroscopic state of the system. - The macroscopic
description hés thus been shown to be consistent with the
reduction rule of quantum mechanics. |

This can be interpreted physically as followsﬁ

The formal elimination, in the reduction rule, of the
phase relations between the basis states |m> takes into
account the uncontrollable perturba?ion in the system, at the
'atomic_level,'caused.by the measuring’process and resulting
in the randomization of the "correlations". However, prior
to the measurement, no assumption about the correlations was
made other than the fact that they were created by "collisions"

(recall the discussion on dissipative systems in section 4.12).

The dynamics of correlatibns,shows how. the correlétioné are
continually being created and destroyed at the rate of atomic
processes. The correlations given by the supervector 5c(t)
c?

are dissipated at the rate of the order of =t but are
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continually being replaced by fresh ones at the same rate,
this time scale being so short compared with macroscopic
times'that it is regarded as instantaneous. This process-is
expressed by the equation 5c(t) = Cﬁo(t) (eq. (4.7.19)).

The perturbation produced by the measuring process
disturbs.thé correlations during the time interval T (ideally
Tc << T < tR’ where tR is a characteristic macroscopic time
interval) needed for the measurement, by introducing "non-

- dynamical" chreiations represented in the theory by the
supervector 6c(t), As discussed in section 4.12, the theory
shows how all correlations are continually dissipated on the
~atomic time scale, but ohly the "dynamical" correlations are
continually being festored. The accidental (non-dynamical)

~ correlations do not persist longer than a few elementary
_collision times. Thus, in the macroscopic description, the
measuring process does not affect the dynémical corrélations
‘which are always given by eq. (4.7.19). Thié is why it is
possible, in the modified macroscopic description,.to exclude
them from the "state vector" 50 and to incorporate them in

the observables BPa.

The purpose of introducing the modified macroscopic
description is to facilitate the discussion of the measuring
process and the comparison with the ergodic approach. On
the othervhand, the description in terms of the i éubspace is
"convenient for discussing the invariants of the systeﬁ, since
the equation of motion for p is the same as that for the
_ complete density supervector o, hence the set of invariants

of L provides the complete set of invariants for the
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.microScopic description as well as the complete set of
possible invariants for the macroscopic description. A new
equation of motion forlﬁ might introduce a new class of .

.invariants.
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7. COMPARISON BETWEEN THE ERGODIC AND

SUPERSPACE THEORIES

7.1 Macroscopic Description

For the purpose of this comparison a modified form of
the Tl subspace description of the macroscopic level of
quantum mechanics was introduced in section 6. In this
modified formalism thé supervector for the macroscopic
description is 50, while the observables are the supervectors
BPa for certain supervectors B discussed in section 4.12.

Also for the purpose of this comparison a coarse=-graining
superoperator C was defined by eq. (2.1.4).

Recall from section 6 that for any. supervector p, the
éomponent 50 = Poﬁp gives a type of coarse—-grained probability
distribution over the states [m>. In conjunction with the
supervectors BPa, where the supervectors B satisfy the
conditions 1, 2 and 3 in the section on macroscopic observables
in section 4.12, bo(t) gives the macroscopic state of the

system at time t through the relation

<Blseer = CBR%w ~ er[(BR)T A (D)) - - .11

-]

This compares directly with the corresponding expression

<CB‘>ch = tr{(CB)Y(Cp(t))] (7.1.2)

in the ergodic approach (c.f. eq. (2.2.17)) .
Thus the macroscopic state of the system at time t may

be given by 5O(t), or equivalently by Cp(t), and the

o
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,mecroscopic observables are the Supervectors BPa, or -
‘equivalently the operators CB. |

Since 50 and the observables BP_ are diagonal in the
representation corresponding to the basis'{|m>}, and since
cp and the observables CA are diagonal in the basis {[akvi>},'
the two bases play equivalent roles in the two theories.

The superspace approach shows how the macroscopic
description arises partly from the dynamics of the system.
However, because of the condition that all supervectors B,
corresponding to macroscopic observables, are subject to
conditions 1 and 2 in section 4.12, and because of the
essential requirement that any macroscopic obserVable has a
negligible dispersion in the equilibrium state B(w), it is~
clear that coarse-graining is to a large extent implicit in

the superspace theory.

7.2 Discussion of the Measuring Process oOn an Atomic System

In the ergodic approach to the measuremenffproblem eq.
(3.2.10) gives the state of the composite system of atomie
system I and apparatus II at time t after the measurement

interaction. This equation can be rewritten as
v “fuge ~E gt |
[T (5))> = Tce (o > e 13> (7.

where l¢k> is any state in the channel Ck' In density
operator notation eq. (1) was expressed equivalently by eq.

(3.2.17) as
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or by defining

T oL I be = i[ Hyb ] $
eq. (2) can be written as
FUEE) - T e T leoCad e T IRCE] 020
' Consider the factor
x Sl t |
B8 = e T 145 1 (k=ex) ~ (7.2.5)
~appearing in eq. (4). The only part of this factor that is

relevant to a macroscopic measurement, performed on the
apparatus at time t, is the coarse—gralned part Cpii.(t).

For k # k' this is equal to zero, since the matrlx elements- of
pii,(o) link invariant channels, which implies that pii,(t) is
also off—diagonal for all times t. Since in eqg. (4), or
equivalently eq. (2), the operator pii,(t) is multiplied by
the factor ckc;,, which describes the phase relations between
the eigenstates [¢k> and |¢k,> of the atomic system at time

t = o, this results in the elimination of these phase

relations, as discussed in the péragraph‘following eq. (3.2.17).

The corresponding situation in the superspace approach is

(7.2.3)
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repeated below. It was shown in section 5 that pii., for
k # k', is a supervector in the i subspace of the superspace
of system II (recall eqg. (5.17)), and hence is rejected from
the description of the composite system I + II in which system
" IT is to be treated as a macroscopic system.

Naturaliy this is stronger than the corrésponding
statement in the ergodic approach, which deals only with the
final equilibriunt state of the apparatus. According to the
superspace approach, any term k # k' in the sum in eq. (5.11)
decays to zero on the time scale Tor the atomic time scale of
the apparatus, and hence is irrelevant to the description of
the composite system on the macroscopic time scale even before
the apparatus has reached equilibrium.

It may appear that the terms involving the factors ckc;,,
for k # k', have been eliminated without the need for the
criterioh~of ergodicity in the ergodic approach, or
dissipativity in the superspace approach. This is however
not the case, since without ergodicity the macroscopic
description, in terms of the cell subdivision, would be
meaningless, while in the superspace approach, there would be
no macroscdpic level of descriptioh in terms of the ﬁ subspace.
This was discussed at the end of section 3.2 and at the end of
section 5 respectively.

For the more general situation in which the channels C,
are not strictly invariant, for example in the case of the
spark chamber, the results of the superspace approach,
regarding the decay of the supervectors pii,(t), for k # k',
still applies, but statement (5.23), regarding the approach

to equilibrium in each channel k, now applies only for times

‘
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t of the order of the relaxation time tR (associated with the
channel in question).and less than the decay time of thél
transient macrostate corresponding to that channel.

In the ergodic approach to this situation (recall the
end of‘sectioﬁ 3.2), in order to show that the terms k # k'
vanish, it was necessary to introduce the efgodicity
- condition (3.2.23). As discussed at the end of section 3.2,
this ergodicity condition shows more explicitly that the
vanishing of the terms k # k' is of ergodic nature, and
cohpares more closely Qith the corresponding explanation
given in the superspace approach. This situation is not
discussed further, and thé channels are assumed to be
invariant.

It was shown that the conditions of ergodicity or
dissipativity are essential for the apparatus to approach
equilibrium in each channel, and hence to register the result
of the measurement with a signal of a macroscopic.kind.

This is in anj case an essential part of the measuring
process, for without it system II would not be a measuring

apparatus.

7.3 Approach to Equilibrium

According to the ergodicity conditions (2.2.8) and
(2.2.9), any state vector ®(o) in a particular channel Ck' in
a given energy shell, evolves in such a way that the time
average of thé norm of its projection onto any cell Ckﬁ is
proportional to Skﬁ"the dimension of that cell. The system

is not ergodic in the strict sense that in the course of time
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the state vector @(t) passes arbitrarily close to.every
possib%e state vector in that channel. This would reqﬁire
the cqnaition, analogous to the condition of metrical
_indecomposability in classicalvergodic theory, that eéch
‘channel C. cannot be decomposed into orthogonal, invariant

k

Subspéces. Instead, the Italian approach considérs ergodic
observables defined in terms of the cells Ckﬁ. In this
approach the ergodicity conditions require a type of extended

- condition of metrical indecomposability, in the sense that

~ each channel Ck cannot be decomposed into orthogonal.invariant
subspaces such that any cell is a subspace of one of ﬁhese
invariant subspaces. This allows the state vector &(t) to

" visit each cell, in spite of the existence of microscopic
invariants of the motion.

In the Belgian approach the situation is similar. Here
it is known thaﬁ there exist singular invariants of the
motion, but these do not prevent the approach to equilibrium
of the macroscopic state, provided there are no regular
invariants besides the hamiltonian Hk corresponding to the
channel in question.

Ergodicity condition (2.2.9) states that Eﬁewinitial
correlations in the system do not contribute to the
macroscopic description (at equilibrium) in terms 6f the time
average of the occupation probability of a particular cell

C This is equivalent to the result in the Belgian

kv”
approach that the supervector p(o) is irrelevant to the
'macroscopic level of description.

According to eqg. (2.2.12), obtained from ergodicity
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conditions (2.2.8) and (2.2.9),

Sww

Sk

MU (8) = (7.3.1).
According to this result, the equilibrium macrostaté in
channel Ck is the.microcanonical ensemblé corresponding to
that channel (referred to in ref. 1'7) as £he polymicrocanonical
ensenble) . _

This ié equivalent to the statement (eg. (5.23)), in the
Belgian approach, that

Be) P, = F(HY | (7.3.2)

where f(Hk) may be taken to be the miqrocanonical ensemble or
" the canonical ensemble for channel k, since, in thé limit of
"an infinite system, these ensembles are equivalent for reduced
quantities. |

According to egs. (2.2.10),

x 8, - (7.3.3)
w

SKK)
SK
This expresses the condition that the macroscopic observables
have a vanishingly small dispersion with respect to the
‘ microcanonical ensemble for the channel C - This condition

is also assumed to be true in the Belgian approach (sect. 4.5),'

as it is believed to be satisfied by reduced properties.



124

7.4 Concluding Remarks

In section 2.2 of the Italian approach, it was stressed
thét the results of the theory, concerning the irreversible
behaviour of the apparatus, apply asymptotically (in the
sense Of the limit of an infinite system).  This point is
'also implied in the Belgian approach, since it is - only in the
“limit of an infinite system that the component pg(t), given
by eq. (4.6.18), shows exponentially decaying behaviour in
time, instead of periodic behaviour. The asymptotic
hypothesis (condition (4.7.7)) thefefore only applies to the
limit of an infinite system.

In both theories, therefqre, the reduction of the sﬁate
vector of an atomic system is a process which occurs as a
reéult of the irreversible behaviour of the apparatus, after
_'the measurement interaction, and its approach to equilibrium,
which is a process of asymptotic character.

| According to these two theories, the reduction of the
state vector of the atomic system is an asymptotic phenomenon,
which does not conflict with thé time—independent‘Schrédihger
equaﬁion.

If the description of a large system in terms bf the
macroscopic observables is to have any meaning at all, it is
essential that this mode of description is sufficienﬁ to
describe any possible macroscopic interaction between this
system and any other large system. In the Belgian approach
it is to be understood that a macroscopic observer canlonly
interact with the component E of the density supervector p of

the system (ref. %) sect. 4). Only under special (and
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impossible) experimental conditions can he observe the

behaviour of the entire system at the atomic level, given by

the complete density supervector p. In this case the
description in terms of p would not apply.  This was
discussed in the summary of section-4.12. In the Italian

approach the macroscopic observables are to be understood as
having the same significance (ref. 3) sect. 11).

Since in both theories the apparatus is treated as such
a macroscopic system, the measurement process performed by
the apparatus on the atomic system is objectively defined,

without the need for a human observer to be involved.

~w==00000=~=
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