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ABSTRACT

Alfred Frolicher introduced the concept of a smooth structure which does
not use norms. The spaces with such a structure, named Frolicher spaces or

smooth spaces are being studied in recent years.

Frolicher and Kriegl showed that these spaces are objects in a cartesian
closed category, which Cherenack denoted by FRL. The latter proved that
FRL is topological over sets and intensively compared Frolicher spaces with
differential spaces in the sense of Sikorski. Other comparisons of these spaces
with smooth manifolds, diffeological spaces and convenient spaces can be

found in Frélicher, Kriegl, Michor, Cap, Teichman and Tore’s works.

In this thesis, we introduce the concept of dimension on Frolicher spaces.
We define the concepts of Frolicher spaces of constant dimension, Frolicher
spaces of class DS, pre-Frolicher spaces, pseudomanifolds and then present
new results for the symplectic geometry in the constant dimensional case.

Examples and applications to mechanics are provided.
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Chapter 1

Introduction

An intuitive abstract representation of a geometric object, considered to-
gether with a differential structure, constitutes a topological construct which
is referred to in studying the motion of various phenomena. A differentiable
manifold (we will say manifold for short) is known to be used as a classic
model for this purpose, that is, a Hausdorff topological space which is locally
Euclidean. In Mechanics for instance, which we mainly focus on through-
out this thesis, the motion of a particle represented by a physical system is
determined at each instant according to its phase, momentum, velocity, etc.

which, in turn, are completely described by differentiation.

Note that the progress of research in science have often required that a man-
ifold be locally homeomorphic to a space richer than the Euclidean space,
for instance, a Banach space or a locally convex topological space. In fact,
the differential structure obtained on a topological manifold by construct-

ing local charts and atlases unfortunately breaks down in many cases. For
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CHAPTER 1. INTRODUCTION _ 5

instance, material related to the gravity regime of the very early universe
[34], or generalized models of space-time which should be used in Cosmology
possess a lot of singularities and should be modelled on other spaces than

manifolds.

Therefore, many generalizations of the concept of manifold were proposed
as about four decades ago. Such are for instance the concept of a manifold
with boundary, a manifold with corner, a Banach manifold, and in the very
early eighties the concept of a manifold modelled on convenient space was
introduced by A. Frolicher, A. Kriegl and P. Michor [26], [39]. Nevertheless,
it is worth observing that the point in these innovations should not be the
modelling space for the manifold structure, whether it was Euclidean, Banach
or convenient, but rather the idea of working out a differential geometry on
the topological space without thinking of its local similarity with a modelling
space. The topological construct together with such an additional differential
structure generated by a ring of functions is generally called differential space.
In order to face earlier developments in Differential Geometry, a category
of modelling objects would be required to be cartesian closed. A recent
comparative study by P. Cherenack {17] proved the non-cartesian closedness
of the category of differential spaces and the closedness between this category
and the category FRL of Frolicher spaces. Cherenack also presented the two
concepts of tangent structures on a Frolicher space before he devoted his
works to the Riemannian structure on these spaces, with applications to

Cogmology. (see [16], [17], [18]).

This thesis is devoted to the Symplectic Geometry on Frolicher spaces. Since
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the whole area is still a matter of investigation, we present the very first steps
towards the concepts of tangent structures and of dimensionalization in FRL,
before we discuss our results about the Symplectic Geometry of particular
classes in FRL. These are objects of FRL whose geometry coincides ei-
ther with that of differential spaces of constant dimension, or with smooth

manifolds. This work is organized as follows.

The first chapter gathers the existing concepts so far defined in the category
FRL, which is briefly compared to that of diffeological spaces in the sense
of J.M. Souriau [66] and convenient spaces in the sense of A. Frolicher, A.
Kriegl and P. Michor (see [26], [39]. Finally it emphasizes the link with
differential spaces in the sense of Sikorski [54], [34], [60]. The chapter ends
with a characterization of the concept of diffeomorphism which will play a

key role in the whole work.

The second chapter introduces the concept of tangent structures: the kine-
matic tangent structure provided by structure curves and the operational

tangent structure defined via structure functions.

The third chapter presents the dimensionalization process for Frélicher spaces,
following the concept of M-independence and M-basis. It is shown that a lo-
cal diffeomorphism built from M-independent smooth functions determines
the dimension n of the operational tangent space at a given point. Such an
integer n is called an M-dimension provided that each M-basis in the germ
of smooth functions at this point has a common cardinality equal to n. Then
follows a discussion of the concept of Frolicher spaces of constant dimen-

sion. These are defined as those Frolicher spaces with the same AM-dimension
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at each point. The definition of the concept of constant dimension in terms
of the so-called local basis of smooth vector fields will be very useful as
this basis stands for a local chart used to express many geometric concepts

in local coordinates when the construct under consideration is a manifold.

In the fourth chapter we deal with the so-called pre-Frolicher spaces which
are differential spaces whose differential structure generates the Frolicher
structure on the same underlying set. The latter will be called the DS-
Frolicher spaces. Furthermore, we briefly prove some results from our
investigations about Frolicher spaces generated by the differential struc-
ture, with an additional property of being locally diffeomorphic to Frolicher
subspaces of R™ of constant dimension equal to n. We call them DS~

pseudomanifolds.

The fifth chapter presents the concept of a symplectic structure on linear
Frolicher spaces and in the general case. We shall show that the Poisson
formalism of mechanics may be introduced from the symplectic structure or
in a more general setting. We finally obtain the usual canonical presentation

of symplectic forms on Frolicher spaces.

In order to achieve the main goal of this investigation, we devote the last
chapter of this work to the presentation of a geometrical setting for classical
mechanics in the language of Frolicher spaces. We deal with Lagrangian
and Hamiltonian finite-dimensional systems on DS-Frélicher spaces and the
transition between them by the Legendre transformation. We shall finally
investigate the symplectic geometry and mechanics of the Frdlicher space

resulting from the gluing of two pseudomanifolds.



Chapter 2

Preliminaries

In this chapter we present basic concepts and the terminology Frélicher
spaces. The definition of the concepts will be followed by examples of
Frolicher spaces generated by sets of maps. It shall be indicated that the
smooth structure due to Alfred Frolicher, called Frolicher structure, has
some connection with other well-known differential structures such as the
differential structure introduced by Sikorski, the convenient structure due to
Frolicher, Kriegl and Michor, and the diffeological structure due to Souriau.
From the fact that the category FRL of Frolicher spaces is cartesian closed,
most objects constructed are either initial or final. We then show that this
kind of construction of objects leads to a characterization of diffeomorphisms
which will play an important role in the rest of the thesis. We compare the

Frolicher structure with the smooth structure of manifolds in later chapters.
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2.1 Concept of a Frolicher space

In his paper titled Catégories cartesiennement fermées engendrées par les
monoides, A. Frolicher (see [24, pp. 373-374]) showed that the submonoid
M = C®(R,R) of C*(or smooth) real functions of the monoid Ens(R, R)
of all real functions generates a cartesian closed category. Furthermore, he
presented together with A. Kriegl, in a more general setting, the definition
of the objects of this category which they called stnooth spaces (see [26]).

In subsequent work these spaces were called Frolicher spaces [39], [17].

Definition 2.1.1 A Frolicher structure on a set M is a pair (Cp, Far)

where Cpy and Fypy generate each other by setting

Cy =TFy={c:R— M, foce C*(R,R) foral fe&Fy} and
Fu=8Cy={f: M —R; foce C®(R,R) forall ceCy}.
Then Cuy is the set of structure curves, and Fys is the set of structure
functions. The triple (M, Cpr, Fur) is called a Frolicher space. A Frolicher
structure (I'Fo, 8T F) is said to be generated by a set Fo C RM of func-
tions, while ([ ®Co, BCy) is said to be a Frélicher structure generated by a set

Co C MR of curves.

Note that the Frolicher structure was defined in the most general case in the
sense that the source of curves is any set S and the range of functions is any
set R so that Cpy € M* and Fjy C RM. In [24], only the case S = R was
considered by Frélicher. In this work, we deal with the case § = R = R.

Hence, from Definition 2.1.1 above we have Fy; 0 Oy = M.
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We shall denote by C the set Cg and F the set Fg. The triple (R,C, F) is

called the canonical Frolicher space on the real numbers.

2.2 Topology underlying a Frolicher space

From the definition of a Frolicher space, the initial topology is naturally
induced on M by all real-valued functions f: M — R. This is the weakest
topology, denoted by 7, under which these functions are continuous. We
observe that the generated Frolicher structure has another topology induced

by the structure curves. We shall denote this topology by 7¢.

Note that in their book [26], A. Frolicher and A. Kriegl showed that the
subbasis for 77 is U = {f~%(0,1)}ser . In his doctoral thesis, Dugmore [21,
p.10] noticed that the basis of 77 is B = {f~1(0,00) } 5, In [17], Cherenack
remarked that the given topologies 77 and 7¢ coincide when the Frolicher
space under consideration is a smooth manifold. We note finally that from
the study by A. Cap [13, pp. 3-4], a Frolicher space (M, Cpr, Far) whose initial
topology coincides with the final topology is called a balanced space, that
the space is Hausdorff if the two topologies are both Hausdorff and that a

compact Hausdorff balanced Frélicher space is called a base space.

Unless otherwise indicated we shall restrict ourselves to the class of base
spaces. In fact any Frélicher space can be associated with one which is

Hausdorff up to an equivalence relation.
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2.3 Smooth maps between Frolicher spaces

Definition 2.3.1 A map ¢ : (M,Cp, Fyr) — (N,Cyn, Fn) between Frilicher

spaces 15 called o smooth map (or map of Frolicher spaces), and denoted
by M-map, if

0 Go C Fum-
That is, g o @ € Fa whenever g lies in the set Go C RM, generating the
Frélicher structure (Cpg, Fpr) on M.

Note that in this work, Gy, Fo, or Go generally stands for a set generating the

Frolicher structure.

Proposition 2.3.1 A map ¢ : (M,Cy,Fy) — (N,Cn, Fn) between Frélicher

spaces is smooth if and only if
(P*C() g CN-
That is, p o ¢ € Cy, whenever ¢ lies in Co € M® which is the set of all the

curves generating (Car, Far).

Proof. Assume that ¢ : (M,Cpy, Far) — (N,Cn, Fy) is a smooth map.
Suppose that (Cps, Far) is generated by Cp and (Cn, Fn) generated by Fp.
That is, go ¢ € Fy for all ¢ € Fy by assumption. Let ¢ € ¢.Cy. Then
c¢=od for some d € Cy. Now, for any g € Fy, we have

goc=go(pod)=(goyp)od & C®(R,R).
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Hence, ¢ € Cy.
Conversely assume that .y C Cy. That is, w o ¢ € Cy whenever ¢ € Cp.
Then go (poc)=(goy)oce C°(R,R) for all g € Fy, which makes go¢p

into a structure function on M. D

Corollary 2.3.1 ¢ : (M,Cy,Fuy) — (N,Cn, Fn) is a smooth map if and
only if fowoce CP(R,R) for each f € Fy and each ¢ € Cpy.

Corollary 2.3.2 Given two smooth maps ¢ : (M,Cy, Fpy) — (N,Cn, Fn)
and n: (N,Cy,Fn) — (P,Cp, Fp). Then no ¢ is a smooth map.

It is proved in [26, p.4] that Frolicher spaces are objects and smooth maps are
morphisms in the so-called category of Frélicher spaces. We denote this
category by FRL. It follows that for a given Frolicher space (M, Cas, Far) the
set C*(R, R) := M containing all constant functions has a natural Frolicher
stucture in which structure curves are all maps ¢ : R — M such that the
associated map ¢ : R x R — R defined by &(s,t) := c(s)(t) is smooth
together with c¢. Likewise, the sets Cpy = C®(R, M) and Fps = C*(M,R)
become Frolicher spaces. Thus I' : Fpy — Cpp and © : Cpy — Fpr are

functors in the category M, where

I'Fo, = {c:R— M| foceC®R,R)foral feF} (21)
®Cy = {f: M —R| foce C®°R,R) forallce o} (2.2

for .7‘—[) G RM and Co g_ MS.
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Lemma 2.3.1 The functors I and ® are order reversing; that is

Cl - Lo m (I)C]_ 2 (I’Cz, (23)
fl §f2=>Ff13Ff2 (24)

Proof. Let f € ®C, and ¢ € ;. Since C; C Gy, it follows that ¢ € C; as
well. Then foc € C®(R,R) and f € ®C; which proves the first inclusion.

The second assertion is proved in the same way. O

Corollary 2.3.3 If Fy € M(M,R), then Fy C OI'Fy . Similarly, if
Cg - M(R,M), then CD Q F@CQ

Proof. The proofis a straightforward consequence of Lemma 2.3.1 above., [J

The following interpretation of this corollary is very useful. That is to say
that generators are smooth maps in the generated structure. In fact, note
that Fy C Fy = OI'Fy (tesp. C C I'®Cp) has the initial Frolicher struc-
ture induced by (Cz,,, Fry)(resp. by (Ce,,, Fe,,)) which corroborates the

interpretation.

Definition 2.3.2 Let Fy (or Cy) be the set generating a Frolicher structure
(C,F). The structure is said to be finitely generated (resp. countably
generated) if 7y (or Cy) is a finite set (resp. countable set). Otherwise the
structure is said to be infinitely generated. If M is a vector space and Fy
is a set of linear functions then the Frolicher structure is said to be linearly

generated.
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Examples. 1. Let E be a vector space and E* its algebraic dual. Then
the Frolicher structure (I'F, ®I'F), where F' C E* separates points in E, is
linearly generated and one has F C ®I'F.

2. Let M be the truncated real line R* = R\{0}. The set Fy = {idg~, .|}
yields structure curves that are all smooth real functions whose graphs do
not cross the z-axis. One can see that the composition of such functions with
idgs and |.| lies in C*°(R, R), making the generating functions into structure

functions.

3. The set of real numbers together with all C* real functions shall be
denoted by (R,C, F) and called the canonical Frolicher space.

Definition 2.3.3 A Frélicher structure (Cyr,Fps) on a set M such that
Fu = M(M,R) is said to be discrete.

Definition 2.3.4 A Frélicher structure (C,F) is said to be finer than an-
other (C', F') on the same underlying set M if 7' C F. The structure (C,F)
is said to be coarser than (C',F') if C' CC.

Examples. 1. A discrete Frolicher structure on M is one that is finer than
any other Frolicher structure on M. This is a straightforward consequence
of the definition above. In fact, it follows from the definition that a discrete
Frolicher structure is the Frolicher structure generated by an empty set of
curves and in which all functions are smooth. Hence the topology underlying
a discrete Frolicher space is discrete. For instance, if 5 = RR then Cg = R
and Fg = Fy . So the discrete Frélicher structure on R is infinitely generated
by Fo.
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2. Consider the Frolicher structure generated on R by the set Fo = {idg, ||},

where |.| is the absolute value. Then structure curves are given by
Cr=TFy={c:R— R |idgoc and |.|]oc are C*(R,R)}.

These structure curves are all real functions ¢ : R — R whose absolute
values are C®. Their graphs are flatter in a neighborhood of any point
where they cross the z-axis and a tangent line at such a point is horizontal.
Furthermore, Cg C C, where C = C®°(R,R) is the set of structure curves in
the canonical Frolicher structure (C, F) on R. Hence, the structure (C, F) is

coarser than the structure generated by {idg, |.|}.

Proposition 2.3.2 Let (C,F) and (C', F') be two Frélicher structures with

underlying set M. Then (C,F) is finer than (C', F') if the identity map
idy : (M,C, F) — (M,C, F")

is a smooth map.

It follows from this proposition that (I'Fy, ®'Fy) is the coarsest Frolicher

structure generated by the set 7y and in which all the generating functions

are structure functions, and (I'®Cy, () is the finest Frolicher structure gen-

erated by the set Cy and in which all the generating curves are structure

curves.

Proposition 2.3.3 The following identities hold for the functors T and ®:

rer =T, (2.5)
rd = d. (2.6)
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Proof. Let 7y € M(M,R). One has that Fy C ®I'F, by Corollary 2.3.3
above. From Lemma 2.3.1, the functor I' reverses order and one obtains
the inclusion I'Fy 2 T'®I'Fy. But I'Fy € I'®I'F; as stated in the second
assertion of Corollary 2.3.3, which gives the second inclusion and proves the

first equality. The proof of the second equality is similar. D

Example. Let M = R and Fy = {idg}. The generated Frolicher struc-
ture (C,F) is the canonical structure on R, where ¢ = F = C®(R,R).
Clearly, idg is smooth with respect to (C, F). In this case, the two structures
(T'idg, ®lidg) and (I'®idg, Pidg), generated by {idr} := Fp and {idg} := Co

respectively, coincide.

One can see that for Fy = {idg}, ['Fp yields C=(R, R). To show the equality
®I'Fp = C*°(R, R) reduces to proving the following assertion:

foge C®(R,R) forall ge C®(R,R) implies f e C*(R,R).

Observe that if we assumed that f is not smooth but fog € C*(R, R) for all
g € C°(R, R), then the particular case g = idg would lead to a contradiction.
This ends the proof.

The following section provides some typical Frolicher spaces considered as
either initial or final objects in the category FRL. It is proved that this
category has initial and final objects. Also, products and coproducts, limits

and colimits exist. (see for instance [26], [39]).
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2.4 Frolicher structure on cartesian products

and subsets

Proposition 2.4.1 Let {Fi}ics = {(Mi,Cus., Fur,) bics be a countable family
of Frolicher spaces. There exists an initial Frolicher structure induced by the
family {F;}icy such that P = H M; is the underlying set.
i€J
Proof. It suffices that we obtain a characterization for the structure curves
on the product. We use natural maps between the set P and the structured
sets M;. Obviously these maps are the natural projections of P onto each
member of the family n; : P — M. Let Fy; be the generating sets on M;
for all j € J. Then njFq; : P — R form the generating set Fy for the
structure on P. Consider the set
Fo = U”"ffm = Uieg{fiom | fi € Fu}.
ieJ
It follows that the structure curves are maps ¢ = (¢;)ies : R — P such that
(fiomog) € C®(R,R) for all i € J. The latter holds if and only if ¢; € Cyy,
for all i € J. Hence the generated Frélicher product space is (P, ' Fy, ®I'"Fp),
where the structure curves in I'Fp are maps whose components are structure

curves in the factors M; of P. 0

Corollary 2.4.1 The space (R*,C,F) is an initial object in FRL generated

by the natural projections m; : R® — R (1=1,...,n).

Proof. We know from the preceding section that idg generates (R,C,F).

Then m;0idg (i = 1,...,n) generate the product Frolicher structure on
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R™. It follows that the structure curves for (R”,C, F) are the usual smooth

curves ¢: R — R*; ¢ = (¢y, ..., ¢n) Where each ¢; is a C* function on R. O

This result was proved by Jan Boman in 1967 (see [11}, [9]) and is one of
the most important first steps toward the construction of smooth structures

which need not involve norms in their definition.

Proposition 2.4.2 Let (M,Cpr, Far) be a Frolicher space. Let A C M be
a nonempty subset. There exists on A an initial Frolicher structure induced
by the structure (Car, Fpg) such that (A,C4, F4) is a Frolicher subspace of
(M, Cur, Frs)-

Proof. Note that a natural map between A and the structured set M is the
inclusion map ¢ : A «— M. Let Fopr € Fur be the set generating (Car, Fur).
Clearly o* Fopnr = Fom|A yields the set generating the Frolicher structure on
A. The resulting object is (A, ' (Foarja), T Forma), making the map ¢ into a

smooth map. 0

Corollary 2.4.2 There exists on the set Q, of all rational numbers, a dis-

crete Frolicher structure induced by the canonical structure defined on R.

Proof. The Frélicher structure on Q is obviously generated by idg = idg|Q.
It follows that {idg} yields only constant maps ¢ : R — Q as structure
curves, as idgo ¢ must lie in C* (R, R) for all ¢ € I'{idg}. Hence all functions
f : Q@ — R shall be structure functions, turning the corresponding topology
into a discrete topology. [
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2.5 Frolicher structure on coproducts and quo-

tient sets

Proposition 2.5.1 Let (M,Cy, Far) be a Frélicher space and p an equiva-
lence relation in M consistent with a smooth function f: M — Z, that is,
a pbif and only if f(a) = f(b). Then there exists a Frélicher structure on
the quotient set M/p, making the natural projection map

g: M — M/p

a smooth map.

Proof. Let (M,Cuy,Fur) and (Z,Cz, Fz) be Frolicher spaces. Since p is

consistent with f, then it is easy to observe that there exists a unique map
o: M/p— 2

such that ¢ o g = f. We shall only show that this map ¢ is smooth, making
M/ pinto a Frolicher space. In fact, ¢([a]) = f(a), where [a] is the equivalence
class of ¢ € M. Now let

Co = ¢.Com,

where Cypy is the set generating the structure (Cps, Far).

Consider the curves € € Cy, where € = goc for ¢ € Cyps as generating Frolicher
structure on M/p. Hence, for all ¢ € Cpy, p o gocis smooth by construction.
It follows that ¢ € ®Cy. Thus (M/p, I'®Cy, ®Cy) is the quotient Frolicher
space. Finally, note that since ¢.Cop yields structure curves on M/p for all

¢ € Cop, q 18 a smooth map. This ends the proof. ]
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Proposition 2.5.2 Let (M;,Cpy,, Fus, )ics be a family of Frélicher spaces and
LesM; their coproduct. There exists a Frilicher structure on Ui M, in

which the injection maps j; 1 M; < Ui ;M; = M are smooth maps.

Proof. There are obviously the injections maps j; of M; into Li;cy M;. Let
Uies{dioci | ¢ €Com}=0Co
be the set of curves generating the structure. Then (M,T®Cy, ®Cy), which

is a final object in FRL, is a Frolicher space whose underlying set is the

coproduct. (1

2.6 Diffeomorphisms on Frolicher spaces

Definition 2.6.1 A diffeomorphism of a Frélicher space (M, Car, Far) onto
a Frolicher space (N,Cn, Fy) is a smooth bijective map ¢ : M — N such
that ¢ is smooth.

Proposition 2.6.1 Let (M,Cy, Far) be a Frélicher space. Consider a set
N and assume that ¢ : (M,Cps, Fpr) — N is an injective map. Then there
exists on the image (M) C N a Frélicher structure making ¢ a diffeomor-

phism of M onto o(M).

Proof. Let Cgy be a generating set for the Frolicher structure (Cpr, Far) on
M. Then theset Cop = {C: R — (M) | ¢=yoc, c € Cop} yields a final

structure on (M) . The structure functions are given by

8Co={f: p(M) —R| foFeC®(R,R) for Te Co}.



2.6 Diffeomorphisms on Frélicher spaces \ 21

It follows that the structure functions are all maps f : @(M) — R such that
fopoce C®(R,R) for all ¢ € Copr. In turn, the set I'®C; yields structure

curves as follows:
I'eCo={y:R— o(M)| foyeC®R,R) forall fe dCy}.
Then (p(M),T'®C,y, Cy) is a final object in FRL. Hence the map
0 (M,Cpp, Fu) — (0(M),I'®Co, PCy)

is injective by assumption, surjective by construction and smooth since one
can see that @,Cop € I'®Cy, also by construction. It remains to show that
™! is a smooth map. Note that v = ¢ o ¢, where ¢ € Cyps are structure
curves on @(M). Then the smoothness of ¢! results from the fact that the
map

ptoy=¢plopoc=c
lies in Cp for all v € Cypr). Thus ¢ is a diffeomorphism. O

It can be remarked that if Fgps is the generating set for the initial structure
on M, then the structure (I'®Cy, Cy) where Cy = @, Com coincides with the
structure (@.Conr, (0™2)* Forr). Indeed, for each f € Fopr and each ¢ € Copr,

we have that

foptopoc= foce C®R,R).

Remark. We can see that the final structure obtained above does not mix
with the existing Frolicher structure on the set N which is the range of the

map . It will not be the case in the following propositions.
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Proposition 2.6.2 Let M be a set and (N,Cn,Fn) a Frélicher space with
the smooth structure (Cy,Fn) generated by a set Gy C RYN. Let ¢ be an
injective set map of M into (N,Cn,Fn) such that Goar) © @ generates a
Frélicher structure (Cpr, Far) on M. Then the map ¢ between (M,Ch, Far)
and (N,Cn, Fn) is a diffeomorphism of M onto its image (M), where

Cu = (" Goppan)) Fur = T (" Gojom))-

Proof. Since ¢(M) C N, let us consider the initial Frolicher structure
induced on ¢{M) by (Cn,Fn). The generating functions of the induced
structure are the restrictions gy,as) of the generating functions of (Cy, Fn),

where t € T for a countable set of indices T". It follows that the set of

structure curves on @{M) is

Cotrry = {C: R — (M) | gy o€ € C®(R,R) forall t €T},
and the resulting set of structure functions is

Forry ={9: (M) — R | goce C®R,R) forall ¢€Cpun}-
Then ¢ : (M,Cuxr, Fur) — (0(M),Coary, Fo(rry) is smooth if and only if

goypoce C*(R,R)
for all § € Gopo(ar), ¢ € Conr- Equivalently, ¢ is smooth if and only if
Gipan) © p o c € CP(R,R)

for all g; € Gy and ¢ € Goyr- But gyp(ar) © ¢ € Fur by assumption. Therefore

the proposition holds. [
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Proposition 2.6.3 Let (M,Cp, Fu) be a Frélicher space. Consider the map
0 : M — RT defined by the formula

o(p) == (fe(p))ter

for all p € M, where T is a countable set of indices and f; are generating
Junctions for (Car, Far). If ¢ is injective on M, then ¢ is a diffeomorphism
of M onto its image (M), where this image is endowed with the initial

Frolicher structure induced by the canonical Fréolicher structure of R7.

Proof. Consider on RT the canonical Frélicher structure generated by
smooth natural projections 7. Then (0(M), Copany, Foary) is an initial object
in FRL as a subspace of RT and the structure is generated by the restrictions

Mo (M) - It follows that
Corty = {C: R — (M) | myppny o€ € C*(R,R), forall te T}

yields € = (¢;)ter Where each ¢; € Cg = C*(R,R) by the definition of the

Frolicher product structure given in Section 2.4. Then the condition
€ € Cpnry if and only if 7rt|¢(M)r o (¢;)ter € CP(R,R)
also reduces to
€ € Cpary if and only if ¢, € C°(R, R). (%)

Hence ¢ is smooth if and only if poc € Cy(pry. That is, (fi)eeroc lies in Cyppy).
But (fi)ier 0 ¢ = (fi © ¢)ter, Where f; oc € C*®°(R,R). Then according to (x)
one has that poc € Cyary. Now we use the fact that ¢ is smooth to show that
o™l (M) — M is smooth. It suffices to show that Fas 0 ™1 C Fr).
Observe that Fas = Fps 0 ¢! o . This ends the proof. O
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2.7 Comparison with some other smooth struc-

tures

In this paragraph we are interested in some connection between the Frolicher
structure and other differential structures that can be defined on the same
point set. For basic concepts we refer the reader to [66],[39], [41], [36],(9] and
[17]. Note that M is used by certain authors for FRL.

Carlos Tore [66] notes that every Frolicher space is a diffeological space de-
noted by Pi(M), where M € M. Structure curves form the set P (M)
and are identified with 1-plaques (also called plots by Iglesias (see [36])),
while structure functions are diffeological morphisms from (M, P,(M)) into
(R, P(R)). It follows that there exists a functor ¢ : M — PM between the
two categories, which is one-to-one on objects, and is an embedding. Also
one can read in [39] that convenient spaces are linear Frolicher spaces with
smooth curves and associated functionals. Finally, we note that Frélicher
spaces and differential spaces in the sense of Sikorski are closely related. The
following proposition is due to Cherenack’s comparative study of the two

structures in [17].

Definition 2.7.1 The pair (M, F) is called a (Sikorski) differential locally
subcartesian space generated by functions fi, fa,..., fn: M — R if

(1) for all open coverings {U;}ier on M and for all functions g : M — R,
the following sheaf theoretic property holds:

If g,Ui:flei foreach i€l andeach j=1,2,...,n, then g€ F.
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(2) wo (f1, foy.os fu) € F forall we C®(R").

Theorem 2.7.1 A Frilicher structure (Cps, Far) on a set M induces a differ-

ential structure in the sense of Stkorski on the set Fur of structure functions.

Proof. Let ¢c: R — M be a structure curve on M. Let {f;},  =1,...,n)
be a collection of functions generating the structure (Cps, Far). Assume that
{U.}ier is a covering of M and g : M — R is a function on M such that
g, = fju, foreach ¢ € I and each j = 1, 2, .... n. It follows that for all
structure curves ¢ € Cu one has fjy, oc € C°(R, R) for each ¢ € I and each
i=1,2, ....n;ie, g © Ce-ry(uy) € C(R,R). Since the sets ¢! (U;) cover
R totally, it turns out that goc € C*(R,R). Then g € Fu.

Furthermore, assume that w : R® — R is a C* function and {f1,..., fn}
is a collection of structure functions. Then foc € C®(R,R) (:=1,...,n).
Hence

(f]OC,..-,anC)= (fl:'-‘,fn)oc
is a structure curve on the product R", and from the Boman Theorem [11]

one has wo ((f1,..., fu) 0¢) is in C®°(R,R), turning w o (f1,..., fn) into a

structure function on M. O

Definition 2.7.2 Let (M, Fu) and (N, Fy) be differential spaces. A map
[ (M, Fy) — (N, Fn) 1s called differentiable map if f satisfies the
condition f*Fn C Fu.
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Lemma 2.7.1 Let (M,C) and (N, D) be differential spaces. Let (Cpr, Fus)
and (Cy, Fn) be the associated Frilicher structures on M and N respectively

generated by C and D. If p: (M,C) — (N, D) is a smooth map then
¢: (M,TC,e1rC) — (N,I'D,dI'D)
is a smooth map.
Proof. Assume that ¢ : (M,C) — (N,D) is a smooth map between
differential spaces. That is,
gopeC forallge D ().

Observe that since C generates the Frolicher structure (I'C, ®I'C'), one has
that C C ®I'C. Then () becomes

gop e drC forallge D. (1)

Moreover, D generates (I'D, ®I' D) so that (1), which is equivalent to ¢*D C @I'C,

means that ¢ is smooth as a map between Frolicher spaces. 1

Lemma 2.7.2 Let (M;,Cy) and (M2, C3) be differential spaces and ¢ a dif-
feomorphism of (M, Cy) onto (M, C2). Then

@w (Ml, FCl, @FCI) o (MQ, PCQ, @FCg)

is a diffeomorphism of the associated Frolicher spaces.

Proof. From Lemma 2.7.1, it turns out that ¢ is smooth as a map of

differential spaces and smooth as a map of Frolicher spaces.
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Moreover, ¢ is a diffeomorphism as a map of differential spaces. Then ™!
exists and is smooth in both settings. Hence it follows that ¢, considered as
a diffeomorphism of differential spaces, sends structure functions of (M;, C})
onto those of (Ms,C;) and vice-versa. That is, ¢! maps C, onto C; as
follows:
(g™Y'CL=Cs  ¢*'Cy=Ch.

We need only show that ¢, considered as a diffeomorphism of Frélicher spaces,
(i) maps structure curves of the Frolicher space (M, Cas,, Far, ) Onto structure
curves of the Frolicher space (Mz,Cyy,, Far,) with respect to the structures

generated by the differential structures C; and C, respectively. That is,

0. LC, =TCy, (¢ 1. TCo =TCy; and

(ii) sends @I'C; onto ®I'Cy, and ®I'C; onto #I'C, such that
lp*(‘PFCQ) =z @FCl, (tp'l)*(QI‘CI) = @FCg

We show the identity
(cp‘l)*(q)I‘Cl) = (I)FC2

The other identity may be proved in a similar way. Let us prove first that
@FCQ (_: (w'l)*(q)FCl)

Let f € ®I'C,. That is, f is a structure function on M,. Then fo«y €
C*(R,R) for all v € I'C,. Note that v € I'C, is of the form v = ¢ o ¢ where
¢ € I'C,. Therefore

foy=fo(poc)=(fop)oce C(R,R).
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It follows that f o ¢ € ®T'C,. Hence f € (¢~1)*®I'C,. This proves the first
inclusion ®T'C, C (¢~ 1)*(®I'C;). Now we prove the reverse inclusion. Let
g € (p™1)*®I'C,. Then, for all v € I'C}, one has that go (pov) € C*(R,R)
according to the structure on My. Then w oy € I'C,. Hence g € ®T'Cy
which proves the inclusion (¢~!)*(®T'C;) € ®T'C,. Thus the desired equality
follows. O



Chapter 3

Tangent structures

In this chapter, we define basic notions related to the tangent structure on a
Frolicher space. Note that there are two existing approaches to the notion of
tangent vectors. On a Frolicher space, a tangent vector may be defined either
from smooth functions or from smooth curves. Adapting the terminology
used by A. Kriegl and P. Michor [39] on convenient spaces, we shall call
operational tangent vectors those defined from smooth functions since
their sets are closed under both operations of vector addition and scalar
multiplication. We call kinematic tangent vectors those defined from
smooth curves. It is known that curves describe the motion of a body in the
study of a mechanical system. We remark that the set of operational tangent
vectors is a linear space while that of kinematic tangent vectors does not, in
general, have a linear structure. The tangent bundles are defined and the
existence of a natural Frolicher structure on them is proved. This chapter

also introduces the notion of smoothness for tangent vector fields. It should

29
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be noted that certain tangent vector fields on Frolicher spaces are not locally
representable by vectors. That is, some tangent vectors on a Frolicher space
may fail being extendable to a vector field. This work does not deal with

these cases.

3.1 Operational tangent vectors

3.1.1 Concepts and properties

Lemma 3.1.1 Let (M,Cuyr, Far) be o Frélicher space. Then the set F of

structure functions is a real algebra.

Proof. The proof is immediate. We may emphasize the fact that Fs is
closed under pointwise multiplication. In fact, any structure functions f and

¢ define on M a map
@ M —R% pro(p) = evy(f, g).

 is smooth as the evaluation map ev is smooth ( [26],[39]) and defines in

turn a smooth function

w: R —R; woev(f,g) =w(f(p), g(p))

Letwo(f,g) := f-g. It turns out that f-g € Fys since, from Theorem 2.7.1,

Fur has the differential structure associated with the Frolicher structure. O

Let (M,Cps, Fpr) be a Frolicher space. The smooth derivations on M are

smooth linear operators that satisfy the Leibniz rule on Fj;. Denote their
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set by Der(M). Then at each point p € M such an operator d : Fpy — Fy

induces a map
dp: Frg — R; dpf = (df), forall fe& Fpy.

One can see that (df), = evy(df). Since d is a smooth derivation and the

evaluation map is smooth, it follows that (df), is smooth.

Proposition 3.1.1 Let d be a smooth derivation on a Frélicher space (M, Cpr, Fir)-
The map d, = ev, o d is a smooth linear operator and a derivation on Fy.

That s,

(1) dp(f +Ag) = dp(f) + Ady(g) and
(i) do(f - 9) = f(p)dp(g) + 9(p)dy(f)

forallpe M, f,g € Fy, X €R.

Proof. We have just shown that d, is a smooth map. It remains to show
that d, is linear and satisfies the Leibniz rule. In fact, since d is a derivation

by assumption and Fjs is an algebra one has

dp(f +Ag) = (d(f + Ag))p
= ey, 0d(f+ Ag)
= evp(df -+ Adg)
= (df)p + evy(dg)
= dpf + Ad,g.
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Moreover,
evpo0d(f-g) = evy(fdg+ gdf)
vp(fdg) + evp(gdf)
= evy(f)dpg + evp(g)dpf
= f(p)dpg + 9(p)dpf.

il
4

In the following we shall denote the map d, by v.

Definition 3.1.1 Let (M,Cy, Far) be a Frolicher space. An operational
tangent vector v at the point p € M is a smooth derivation on the

algebra Frr. That is, for all f,g € Fy and A € R,

(a) v(f + Ag) = v(f) + Mv(g) and
(6) v(f-g) = f(p)u(g) + 9(p)u(f).

T,M denotes the set of all operational tangent vectors to M. The set T,M
is called the operational tangent space to M atp e M.

Lemma 3.1.2 The operational tangent space T,M to M at the pointp € M

is o linear space.

Proof. Let us show that the sum o(v,v;) of operational tangent vectors

at a point of M is an internal operation. For all f, g € F)y, one has

o(vi, 1) = o(dpf,dpg)
(df)p + (dg)s
= ev,o (df +dg)
= (df + dg)y.
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Since d is a smooth derivation, df + dg € Fy. Hence, o(vq,v2) € T, M.
Let p(A,v) be the scalar multiplication of v € T,M by a real A. Similar to
the first part of the proof one has that

(A, v) = Mdpf) = Adf)p = ('\(df))p = (d(Af))p € oM. O

Proposition 3.1.2 The operational tangent space T,M at the point p of a
Frélicher space (M,Cys, Fur) 18 a linear Frilicher space.

Proof. From Lemma 3.1.2 above T,M has a linear structure. Moreover we
observe that for all f € Fu and d € Der(M), (df), yields an obvious map
from T,M into R by setting

(df)p(v) = v(f). (3.1)

The Frélicher structure on TpM is the one which is generated by these func-

tionals. 0

Definition 3.1.2 Let (M,Cuy,Fu) be a Frélicher space. The operational
cotangent space at p € M, denoted by TyM, is the algebraic dual of the
operational tangent space ToM at p € M. The points of T;M are called

covariant vectors or covectors.

It follows from this definition that the operational cotangent space T M
is a linear Frélicher space if T,M is finite dimensional, then one has that

dim T,M = dim T} M.

Proposition 3.1.3 Let (M,Cp, Fu) be a Frélicher space and p € M. A

linear map v : Fpyr — R is an operational tangent vector on M at p if and
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only if v satisfies the following conditions:

o(f) = 0 if fis constant;

where a3 := {{f = f(p)) - (9 — 9(p)); f,9 € Fu}.

Proof. (==) Assume that v is an operational tangent vector. That is, v is
a linear derivation.

(i) Then for any constant ¢ € R and the function f : M — R such that
f(z) = c for all z € M, one has that v(f) = v(c) = v(1-¢) = cv(l). But
v(1) = v(1-1) = 1v(1) + 1v(1) = 2v(1). Hence v(1) = 0. Thus v(f) = 0.

(ii) Furthermore, as the derivation at p € M, v satisfies the Leibniz property
v(f - g) = g(p)v(f) + f(p)v(g). It follows that

0 = u(f-g)— F@)u(g) - 9@)(f)
= v(f-g— f(p)g —g(p)f + f(p)g(p))
= Wf(f - F) - (g — alp))]

(=) Conversely, assume that the linear map v vanishes on constants and
on the set a2 := {{f — f(p)) - (9 — 9(0)); f.9 € Fu}. One has to show that
v has the Leibniz property. Now,

0 = o[(f—f(p) (g—9p))]
= v(f g— f(p)g —9(®)f + f(P)g9(p))
(f f) flp)v(g) — g(p)o(f) + v(f(p)9(p))
(f-9) — flp)v(g) — g(p)v(f).

Thus, v(f - g) = g(p)v(f) + f(p)v(g)- U

i
<

I
e
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Note that the notion of a higher order tangent vector agrees with that of the

usual higher order derivative in a Euclidean space.

Definition 3.1.3 Let M be o Frélicher space, p € M and k € N. A linear
map v® : Fpr — R is called a k-th order tangent vector on M at p if
the following conditions hold:

vB(f) = 0 if fis constant
(k) = 0,

v
aﬁ;+1

where af*' = {(f1 — fi(®)) - (ferr — fosa(P)) | fioo. ., for1r € Fue}. The
set T,Sk)M of all k-th order operational tangent vectorsto M at p € M fora
k € N is merely a linear space called the k-th order operational tangent

space on M at p.

3.1.2 Tangent map

Lemma 3.1.3 Let ¢ : (M,Cp, Fu) — (N,Cn,Fn) be a smooth map be-
tween Frolicher spaces and v € T,M. Then the pair (v, ) induces on N an

operational tangent vector in a neighborhood of ¢(p).

Proof. Forall g € F, goy is a structure function on M since ¢ is a smooth

map. In the neighborhood of ¢(p) € N, define a linear map ¢.,v by

a1 Fn — R; @upu(g) = v(go ).

Note that the linear map ¢.,v inherits the properties of derivation from those

of v. Hence, ¢.,v is the induced tangent vector at o(p). O
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Definition 3.1.4 Let ¢ be a smooth map between two Frélicher spaces M
and N. Letp € M andv € T,M. The smooth linear map @.p : T,M — Ty N
defined by pup(v) = v(go ) for all g € Fy is called the tangent map asso-
ciated with ¢ at p.

3.1.3 Properties of operational tangent vectors

Lemma 3.1.4 Let (M,Cy, Fur) be a Frélicher space. The following condi-
tions are equivalent:
(i) n tangent vectors vy, ... ,un € T,M are linearly independent;

(ii) For all smooth functions f € Fuy, the map
0: Fu — RY fes 0(f) = (i(f), .., va(f))

is a surjection;

(iii) There exist n smooth functions fi, ..., fn € Fu such that v,(f;) = 6y,

where 0;; is the Kronecker symbol;

(iv) There exist n smooth functions f1, ..., fn € Far such that det(vi(f;)) # 0.
Proof.
(i) = (i) Suppose that vy, ..., v, are linearly independent tangent

vectors at p € M and 8, which is a linear map by construction, is not
a surjection. Then 6(Fy) G R" is a linear subspace of R®. Accord-
ing to the Euclidean structure on R™, there exists a non-zero vector

(a1, az,...,an) € R such that

av(f)+ ... +anva(f) = (v + ... +anvs)(f) =0
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for all f € Fyps. Then

v+ . oy, =0
with o3, ... , o, not all zero. Equivalently, v{, ... ,v, are linearly
dependent, contradicting linear independence of {vy,vg,...,vn}.

(i) == (iii) Let {e; | 1 < j < n}, where e; = (§ij)1<ij<n I8 the
canonical basis for R". Since 8 is surjective, there exists f; € Fu such
that

0(f;) = & forall i=1,2,...,n

which turns out to be the rule v;(f;) = &; (4,7 =1,...,n).

(iii) = (iv) The rule v(f;) = 6; (4,7 = 1,...,n) above induces
an n X n-lower and -upper matrix whose determinant is equal to 1.

Therefore, det(vi(f;)) # 0.

(iv) = (i) Let v;(f;) = d;; define an n x n-matrix associated with the

homogeneous linear system

7

dDou(fi)h=0

i=1
of 7 equations in ¢ unknowns. The zero vector is obviously the unique

solution. Hence the vectors wvy,...,v, are linearly independent. ]

Examples of operational tangent vectors.

(1) Let G be the Frolicher subspace of R? defined by all pairs (z,y) € R?
such that zy = 0. A structure curve on G is a curve ¢ : R — B; U By, where

By = {(2,0) | z € R} and B, ={(0,y) | y € R}, while a structure function
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on G is a real-valued function f : G C R? — R such that f is smooth on
the z-axis and the y-axis. Note that f: G C R? — R; where

f(z,y) = fi(z) along the z — axis,

f(z,y) = fa(y) along the y — axis;

for fy and f; are smooth real functions that intersect at the origin. It follows
that at p = (0,0), df = v(f) provides two linearly independent operational
tangent vectors which are partial derivatives with respect to z and y. Thus
TwnG = R~

Contrary to this, for all p # (0,0), one has p = (z,0), where z # 0 or
p = (0,y), where y # 0. Then, as the derivative in the direction of the
z-axis is equal to 1, the derivative in the direction of the y-axis shall be

equal to 0 and vice-versa. Thus dim T,G = 1 for p # (0, 0).

(2) On the set Q of rational numbers considered as a Frolicher subspace
of R, only constant functions are structure curves. The resulting topology
generated by the structure curves is discrete. Then every singleton {p} is
an open neighborhood of p € Q. Consequently the only operational tangent
vector is the zero vector. That is, T,Q = {0}.

3.2 Tangent bundle, vector field, Lie Bracket

Let (M, CM,]-'M) be a Frolicher space. Note that as p runs through M,
the map (df), associated with f € Fj globally determines a smooth map
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denoted by df on the disjoint union
UpEMTpM = UpEM{p} X TpM

But the right-hand side is a subset of M x Der(M) which, in turn, is a
product of Frélicher spaces. So df is a map defined on UpepTpM such that
(df Yy, it = (df )p. It follows that there is a natural map

sending each tangent vector v € T,M to the attachment point p € M. That
is, UpemTp M is a bundle, which we shall call the tangent bundle. Then w is

the natural projection of the tangent bundle.

3.2.1 Operational tangent bundle

Definition 3.2.1 The disjoint union of all operational tangent spaces on a
Frilicher space (M, Car, Fapr) 18 said to be the operational tangent bundle
on M and denoted by TM. The tangent spaces T,M at each point p € M
are the fibers of the tangent bundle TM.

Proposition 3.2.1 There exists on the operational tangent bundle TM «

Frilicher structure in which the natural projection is a smooth map.

Proof. Observe that the set of obvious functions on T'M which generates

the smooth structure is

Fr={df | fe Fu}U{fom | f e Fu}
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Hence df and fom are structure functions in the generated structure

according to Corollary 2.3.3 in Chapter 2. The smoothness of 7 follows. [

Definition 3.2.2 A map X : (M,Cym, Frr) — (UpemTpyM, T Fr, ®T Fr)
sending p € M to v € T,M such that m o X = idys is called the tangent

vector field.

Proposition 3.2.2 A tangent vector field X on (M,Cuy, Far) is smooth if
and only if X transforms a structure function into a structure function. That

is, X(f) € Far whenever f € Fi.

Proof. From the definition of smooth maps we know that for X to be smooth
it is enough to check that its composition with the functions generating the

structure is a structure function. That is,
X is smooth iff (fon)oX € Fyy and df o X € Fur.

The first statement is trivial since (fon) o X = fo(mroX) = foidy. Note
that since X (p) is a tangent vector at p € M, the second statement gives, at
each point p,

(& 0 X)p = (d)pX(2) = (XF)(p).
Then as p runs through M, X is smooth if and only if X/ = X(f) € Fu,
which ends the proof. O

We shall denote by X(M) the set of all smooth tangent vector fields on M.

Definition 3.2.3 Let ¢ be a diffeomorphism on a Frélicher space M. A

smooth vector field X on M is said to be p-invariant if

dp(X) = X.
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Definition 3.2.4 Let M be a Frélicher space. The algebraic dual of TM,
denoted by T*M, is called the cotangent bundle on M. That is,

T*M := Upem T, M.
It follows that
(1) T*M = {(p,0) | 6 : T,M — R islinear}. Then there is a natural
smooth projection 7 : T*M — M,

(2) toany smooth tangent vector field X on M there corresponds a smooth

function X* : T*M — R defined by
X*(0) = 0(X(r(8); 0eT"M. (3.2)

Proposition 3.2.3 The cotangent bundle T*M on o Frolicher space M

carries ¢ natural Frolicher structure generated by the set

{(X* | XeX(M}IU{for| feFu}

Proof. The proof is similar to that of Proposition 3.2.1 above. (]

3.2.2 Lie bracket

Definition 3.2.5 Let M be a Frilicher space. The operator
[, ]:%X(M)xX(M)— X(M)

defined by
X, Y] =XY-YX

is a smooth derivation colled the Lie bracket.
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It is easy to show that this bracket is bilinear, skew-symmetric and satisfies
the Jacobi identity. Then X(M) together with the bracket [, ] is the Lie
algebra of vector fields on M.

Proposition 3.2.4 The set of all p-invariant smooth vector fields on a
Frolicher space M is a subalgebra of the Lie algebra X(M) of smooth vector
fields on M.

Proof. The proof is immediate. O

Proposition 3.2.5 Let (M,Cuy,Fyr) and (N,Cy, Fy) be two Frélicher spaces
and ¢ a diffeomorphism of (M,Cas, Fy) onto (N,Cn,Fn). Then ¢ induces
amap dp from X(M) to X(N) such that dy is an isomorphism of Lie

algebras.

Proof. Forall X € X(M), g € Fpy, define the image Y € X(N) of X under
the map dp by setting

Y(g) = (X(gop)) oyt

One has dyp : (M) — X(N). It is easy to show that dy is linear,

invertible and preserves the Lie bracket. ]

3.3 Kinematic tangent vectors

In Physics, curves usually describe the motion of a body. The velocity is

then determined by the rate of change which fixes the direction of a tangent
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at any point of the trajectory. Following this approach, we shall call those
tangent vectors involving smooth curves kinematic in order to distinguish

them from operational tangent vectors that we defined on smooth functions.

Definition 3.3.1 Let M be a Frélicher space, a € R and x € M. Denote by
v the set of all smooth curves ¢ € Cyr such that ¢(a) = z. By a kinematic

tangent vector to the space M with foot point a we mean
d
Xea(f) = 'd‘t’(f 0 C)j=q = df (c(a)), (3.3)

where c € Cyy".

Definition 3.3.2 A tangent cone space at a point p of a Frélicher space

M, denoted by T,CM, is the set of all kinematic tangent vectors at p.

Definition 3.3.3 The cotangent cone space of a linear tangent cone
space, denoted by T;CM, is its algebraic dual. The direct sum of tangent
cone spaces is called the tangent cone bundle and denoted by TCM. The
algebraic dual of TCM is called the cotangent cone bundle and denoted
by T*CM.

Examples of kinematic tangent vectors
1. T,CQ = {0} for all p € Q since structure curves on Q, for the Frolicher
structure are only the constant functions ¢ : R — Q. Thus Cg = Q and

foc has a constant value such that (3.3) is always zero.

2. Let G be the Frolicher subspace of R? defined by all pairs (z,y) € R?

such that zy = 0. It follows that for all structure curves ¢ one has

foc:R—R; foct)= f(x,0) or foc(t)=f(0,y) VEER.
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It turns out that along the z-axis there exists at least one non-zero tangent
vector v,. The resulting kinematic tangent space T,CG is then a straight

line for all p # 0, similarly on the y-axis.

At p = (0,0) all the kinematic tangent vectors lie on By = {(z,0) | z € R}
oron By = {(0,9) | v € R}. Then the kinematic tangent space at p = 0
yields the whole of G.



Chapter 4

Dimension in Frolicher spaces

Before we discuss the concept of dimension, we first define the concept of
M-independence of structure functions in a neighborhood of a fixed point of
a Frolicher space. Then we come to the concepts of smooth basis and that of
M-dimension. It turns out that if the considered Frolicher space is a smooth
manifold, then M-dimension coincides with the topological dimension. A
Frolicher space whose M-dimension is the same at each point is said to be

of constant dimension.

4.1 Concept of M-independence

Definition 4.1.1 Let M be a Frélicher space, p € M, U an open neighbor-
hood of p and G,(U) the germ of smooth functions at p in U. Let f,g1,...,9n
be in Go(U). Then

45
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(a) f is said to be M-dependent on g, ..., g, if there exists w € C®(R")
such that
f=wo(g,...,gn) (4.1)

Otherwise, f is said to be M-independent of g1,..., gn.
(b) Aset F={f1,...,fm} C Fu is said to be M-independent at p if none
of the functions f; (fori=1,...,m) in F is M-dependent on the remaining

others.

It follows that every finite subset of F is M-independent at p.

Example. Let (R*,C,F) be a Frolicher space with the canonical Frolicher
structure defined by all real-valued smooth functions and all smooth curves.

Then the set P = {my,...,%,} of natural projections is M-independent.

Lemma 4.1.1 Let A be an open subspace of a Frélicher space (M, Car, Far).
IfF={f1,..., fa} is M-dependent at p € M, then the restriction of F to
A denoted by Fia = {fua, ... ,faja} is also M-dependent at p.

Proof. The proof is immediate. O

Definition 4.1.2 Let M be a Frélicher space, p a point in M and U «
neighborhood of p. A smooth function f is said to be M-independent on
smooth functions gi,...,gn al p if f is not M-dependent on ¢1,..., gn.

Lemma 4.1.2 Let M be a Frolicher space, p € M and U an open neighbor-
hood of p. Then T,U is isomorphic to T,M.
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Proof. The inclusion map ty : U — M is an embedding. That is, the

concept of tangent vector is a local concept. ]

Lemma 4.1.3 Let M be o Frolicher space, p € M and U be an open neigh-
borhood of p. Let ¢ = (f1,.,fn) be such that fi,..,fn € Gp(U) and
w € C®(R"). For allv e T,M,

v(wo p) = Z Diw(p(p)) - v(fi),

0
where D; = e is the i-th partial derivative of w.

Proof. Let v € T,M. According to Lemma 4.1.2 above there exists 9 € T,U
such that v = ¢,,0. If ¢ = (f1,..., fa), then one has

v: (UCy,Fy) — (R*C,F).

Then ¢ is clearly smooth and the pair (p, 0) induces a vector Yup0 € T R™
It follows that for all w € C*(R"™),

Pupd(w) = D(p"w) = 0(w(fy, ..., fu).

Moreover, since o is a derivation on the set of all smooth functions on R"

at p, one has

dwo(fr,.... f)) = Z Duw((p)) - 9(f)-
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4.2 Concept of M-basis and M-dimension

Definition 4.2.1 Let (M,Cp, Fur) be a Frolicher space. A set B C Fu is
said to be a M-basis of Fyr at p € M if B is M-independent in an open
neighborhood U of p and for any f € Go(U) one has f =wo (g1,92,...,0n),
where n = card(B) and w € C*(R,R).

Lemma 4.2.1 Let (M,Cu, Fu) be a Frélicher space and { f1,..., fu} be an
M-basis in an open neighbourhood U of p € M. Then the map

1/) = (f17~-~3fn)
is a diffeomorphism of (U,Cy, Fy) onto (Y(U), Cywy, Fuw))-

Proof. Let 9 be the map ¢ : U — R" defined by

¥(p) = (fu(p)s---, fulp)) VP EM.

Note that since {f1,..., fn} is an M-basis, the smooth functions fi,..., f,
separate points of U. Then the map v is injective. Also from Proposition
4.1.1, the subset ¥(U) C R"™ carries a Frolicher structure. Thus ¢ is a

diffeomorphism and the lemma holds according to Section 2.6. O

Lemma 4.2.2 Let (M,Cuy,Fu) be a Frélicher space. Consider the map
given by

(p) = (fi(p), ..., falp)) forall pe M,
where {f1,..., fu} 18 an M-basis in an open neighbourhood U of p, then the

associated tangent map

Yup : oM —> T¢(p)¢(M)
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8 an isomorphism of linear spaces.

Proof. The map 1., is linear. By Lemma 4.2.1 ¢y is a diffeomorphism.
Then ¢! exists and (¢™1)uy(p) = (Yup)~!. This means that 4., is an isomor-

phism.

Now assume that X is a smooth vector field on M and Y is a vector field on

P(M). It follows that for all w € Typ(M),

w =Y (¥(p)) = Yup(X (¥ (¥()))) = ¢upX (p)-

Thus there exists a vector v := X(p) € T,M such that w = 9,,(v). O

Lemma 4.2.3 Let M be a k-dimensional variety in R® and p € M. Let
{m1,..., 7} be the set of n smooth projections on R® and {#1,...,#n} their
restrictions to M. Then {#i,...,7n} is M-independent at p if and only if
dim M =n.

Proof. (=) Suppose that {#,,...,#n} is M-independent at p and assume
that dim M =k < n. Let U be an open neighborhood of p in R®. Any
a € U can be written ¢ = (ai,..., 0k, Gks1, .- -, 8y). Define ¢ = (#y,..., 7).
According to Lemma 4.2.1 the map 9 is a diffeomorphism of M onto ¥(M) C
R* and +(a) = (ay,...,a;) for all a € U. Now let b = (ay,...,a;) and G

be a neighborhood of  in R*. One can define a smooth map
n= (nlz'--:nn—k) G ng e Rn_k

where m(b) = ag for I =1,...,n—k suchthat U= {(b,9(b)) |be G}. It

follows that ax; = m o ¥{(a) = Fxf{a). Consequently,

ﬁkﬂzmo(frl,...,frk) (l=1,...,n—k).
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This is in contradiction to the assumption above. Therefore, k = n.

(«=) Conversely, assume that dim M = n. Then M may be considered as

an open neighborhood of each point p € M. Let {#,...,#,} be the set of

restrictions to M of natural smooth projections my,...,m,. One asserts, ac-
cording to Lemma 4.1.1, that #q,..., 7, are M-independent since m1,...,m,
are M-independent at any p € M. O

Proposition 4.2.1 Let M be a non-empty subset of R", where R" is en-
dowed with the cenonical Frolicher structure. The restrictions #y,...,7n
to M of natural projections my,...,7n are M-independent if and only if

n = dim T,M for everyp € M.

Proof. (=) Assume that {myu,..., T} is M-independent at p € M
and suppose that dim T,M = k < n. According to [47], there exists a k-
dimensional variety S C R” such that U = SN M is a neighborhood of
pin M and C®(S);y = C°(R™)y. Then the set {mys,...,Tns} is an M-
dependent set at p € U according to Lemma 4.2.3. This is in contradiction

to our assumption. Thus, k = n.

(<=) Conversely, suppose that dim T,M = n and {#,..., i} is M-dependent
at p, where each #; is the restriction of the projection m; to M. That is, for
at least one mj, in the list, there exist an open neighborhood W of p and a

map w € C®(R™!) satisfying

Mo xwo(7!'1,...,7]',;0..1,’”'1'0.;,1,...,ﬂ'n)
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where both sides are functions restricted to W. Consider the homomorphism

of linear spaces defined by
0 T,M — R v p(v) = v(f).

It is known from Linear Algebra that such a ¢ is an isomorphism, a property
which fails in the present case. Thus dim 7,M < n. This is in contradiction

to the assumption. Thus, the maps 7y, ..., &, are M-independent at p. [J

Proposition 4.2.2 Let (M,Cpr, Frr) be a Frilicher space and p € M. The
set Fo = {f1,..., fa} C Fu is M-independent at p if and only if dim T,M = n.

Proof. Let ¥ be defined as in Lemma 4.2.1 above. It is easy to see that

fi = (7ril1/;(M)) O’w Vie {1, consy n}

and since ¥ is a diffeomorphism according to Lemma 4.2.1, the maps f1,..., fa
are M-independent at p if and only if the restrictions #, ..., 7, of m1,...,m, to
Y(M) are M-independent at ¥(p), meaning that dim (M) = n. Further-
more, since (M) is a nonempty set in R™, the conditions above on the
restrictions of the projections imply that dim Ty ¥(M) = n according to

Lemma 4.2.1. Thus from Lemma 4.2.2 one concludes that dim T,M = n.0J

Proposition 4.2.3 Let (M,Cy, Fu) be a Frélicher space and p € M. A

subset Fo = {f1,-.., fo} C Fur ts M-independent at p if and only if for each

open neighborhood U of the point p and for each w € C®(R") we have
Vw(fi(p),..., fa(p)) =0 whenever wo (f1,..., fa)y =0,

where V is the gradient vector for the C*(R") function w evaluated ot the
point (fu(p), ..., fa(P)).
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Proof. (=) Assume first that {f1,..., fn} is M-independent at p in the
neighborhood U in which, for w € C*(R"),

wo(fl:"'sfn)zo-

Consider the map ¥ : (U,Cy, Fy) — R™ such that

'J)(p) = (fl(p)’ SR fn(p))

for all p € U, where each f; is the restriction to U of maps F T
From Proposition 4.2.2 it follows that dim T¢(p)¢(U ) = n. Now, assume

that # := (#,...,#,), using natural projections onto (I/). Therefore

wo(fl,...,fn)w:().

Furthermore, let p = ¢(p), o = D;s. Then 9; € TJ)(@@(U ) such that for all
@ e C(p(U)), D;p0 designates the i-th partial derivative of @ evaluated at
p. Then 0y, ..., D, are linearly independent and 9;(#,) = d;; (4,7 =1,...,n)

since dim T¢(ﬁ)zf)(U ) = n. It follows that

0 = O{wod)
= Pwo (fy,...,7n))
= Yr Dw(®&y(p), ..., () - 0:(y).
In other words,

> Diwl(i(p)) - () = 0

which leads to Dw(fi(p), ..., fa(p)) = 0. Equivalently, one has the required
identity
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(<=) Conversely, let F = {f1,..., fa} € Fu be given such that

wo(fr,...,fa)w =0 impliesthat Vw(fi(p),...,fa(p)) =0 (4.2)

We need to show that Fy is M-independent at p € M. Suppose that Fy is
not M-independent at p. Then there exist an open neighborhood U of p, an
ip € {1,...,n} and a smooth function § € R*"! such that

fiofU =fo (f?! v 1f’io—17fia+1)- . '7fn)lU'

Note that the proof holds for any index ¢ € {1,...,n}. We may consider

ig = 1, for instance, then
fiv =00 (fa,..., fa)
which is equivalent to
(fi—8(fay. s fa))u =0 (4.3)
This equation induces at each point z = (z1,...,z,) € R™ a function
w:R" — R
such that
(Z1y ooy Zn) P w(T1,...,2n) =21 — (22, ..., Zp)

whose partial derivative with respect to z; is not equal to zero. (Note that
in this case Dyw = 1). This is the negation of Equation 4.2. Thus fi,..., fa
are M-independent at p. ]
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Proposition 4.2.4 Let (M,Cy, Fur) be a Frolicher space, p € M and vy, ..., v
a set of linearly independent tangent vectors at p. Then any set {fi,..., fx}

of structure functions satisfying the condition
vi(f;) = &, where i,7=1,...,k (4.4)

18 M-independent at p.

Proof. We need to show that if {fi,..., fc} satisfies Equation 4.4, then the
condition in Equation 4.2 is also satisfied. Let U be an open neighborhood

of p and w € C(R*) such that wo (f1,..., fi)jv = 0. Then
Vi=1,...,k Uj(wo(fl)"'afk))zo'

That is,

Vj‘—‘l,...,k, Zth(fl(p)>:fk(p))vj(fz)zo

=1

According to Equation (4.4) satisfied by {f1,..., fk}, we shall have

(Djw(filp), - s fe(P)))j=1,.0 = Vw(fi(p),..., fe(p)) = 0.
Then from Proposition 4.2.3, the set {fi,..., fi} is M-independent. O
Lemma 4.2.4 Let (M,Cy, Fu) be a Frélicher space and B an M-basis at

p € M with respect to Fpr. Then every smooth function defined on B is a

restriction of o unique tangent vector at p.

Proof. Let B C Fjs be an M-basis at p € M, v5 : B — R a smooth
function on B and oy, ..., 0, € B. Letw € C*(R"™) and o € Fpr be such that
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there exists a neighborhood U € 7x of p satisfying ajy = wo (ou,...,om)w.

Consider now a map v defined such that
> Diw(as(p),.. ., on(p)) - vo(e) = v(a). (4.5)
gl

We show that the map v is well defined as a functional on Fjs. That is, v
is independent of the choice of any w in C®(R"™). For, if we assume that

another map, § € C*°(R"), also satisfies the condition

Q= fo (021, ‘e ,O{n)|U.
It follows that
wolay,...,an)w =80 (ay,...,o)u. (4.6)
Then
(w—8)o(ay,...,on) =0. (4.7)

Since o, ..., a, € B, they satisfy the condition in Equation (4.2). Hence
forall j=1,...,n, Dj(w — 6)(ai(p), ..., an(p)) =0.
That is,
Vi=1,...,n, Djw(ai(p),...,an(p)) = D,-B(oﬁ(p), o (p)).
Then we may write

ZD’iw(al (p)s RN an(p)) ’ 'UO(ai) = Z Die(al(p)i v )an(p)) ' U()(CE.,')-

i=1
The defined function has the property mentioned in Lemma 4.1.3 satisfied

by all tangent vectors defined on the basis B. This vector v is unique. [J
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Proposition 4.2.5 Let (M,Cy, Far) be a Frolicher space, p € M and B an
M-basis with respect to the structure (Car, Far). Then the map n of T,M
into R® defined by

(Vv e T,M), n(v)=vs

is an isomorphism of linear spaces.

Proof. Note that the map 5 is linear, by definition, surjective according to
Lemma 4.2.4 above and injective since one can see that its kernel contains

only the null vector. O

Corollary 4.2.1 Let (M,Cys, Fur) be a Frilicher space, p € M and B any
M-basis at p with respect to (Cpr, Fag). Then the following holds:

(a) If Card B < oo then dim T,M = Card B,

(b) If Card B = co then dim T,M = 2Cerd B,

4.3 Concept of dimension

Definition 4.3.1 Let (M,Cy, Far) be a Frilicher space, p € M and U an
open neighborhood of p. If Card B = n for each M-basis ot p, then n is

called the M-dimension of M at p (or differential dimension at p).

Note that the so-called M-dimension at a point is a local concept. A Frolicher
space may have distinct M-dimensions at distinct points. Later we shall

make this concept more precise.



Chapter 5

Particular classes of Frolicher

spaces

5.1 Frolicher spaces of constant dimension

Definition 5.1.1 A Frolicher space is said to be of constant dimension
if either '

(i) dim T,M = dim T,M for any p,q € M,p # q and for allv € T,M, there
ezists a vector field X on M such that X(p) = v; or

(ii) for each point p € M there exists an open neighborhood U of p in M and

a local basis of vector fields over U making £(U) a free module.

Examples.

(1) The Euclidean space R" is a Frolicher space of constant dimension n

57
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whose canonical M-basis is the set of all n smooth natural projections.

Also ——am, cee, —8- form a basis for the module of vector fields over an
ozt oz
open neighborhood of a point z = (zy,...,z,) € R™ ]

(2) An n-dimensional smooth manifold M is a Frolicher space of constant
M-dimension n. On the one hand, all tangent spaces on manifolds are
vector spaces of a same dimension. On the other hand, an M-basis for
M is described as follows. For each z € M, recall that in any local

chart, (U, @), (z1,...,2%5) € p(U) C R™ are called local coordinates

for z. If #y,..., 7, are natural projections on R™ restricted to o(U),
then
Z; = 1?ri(xlv R ,mn)
= Ti(p(z))

= (mop)z) Vi=1,...,n
Then #1,...,#, and ¢ induce smooth functions denoted by (i,...,(n

in the neighborhood U of z such that
G:UCM —R, =Mooy Vi=1,...,n.

Since ¢ is a homeomorphism of U onto ¢(U) € R™ and #,. .., 7, are
M-independent at ¢(z), (i,...,(, define an M-basis at each z € M.
Recall that functions f: M — R on smooth manifolds are smooth if
and only if f o ¢~ is smooth for each chart ¢ [61, p. 41]. It follows
that, locally smooth functions on a smooth manifold M are smooth on

the whole of M, as it is required for a Frolicher structure.
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5.2 Pre-Frolicher and DS-Frolicher spaces

In the second chapter, we noted that for every Frolicher space (M, Cpr, Fir)
there is a natural differential structure in the Sikorski sense turning (M, Fy)
into a differential space (d-space). The converse is clearly not true since, for
(M, F) to be a d-space, we need no structure curves. But in becoming a
Frolicher space it happens that the generated structure (I'F, ®I'F) is finer
than the differential structure. That is, 7 C ®I'F with the same structure
curves. The geometry on a differential space should be similar to that of its

generated Frolicher space if the following equality holds:
OI'F = F.

Observe that the class of such spaces is nonempty. In fact it obviously con-
tains the Euclidean space R™ and all smooth manifolds. Note that the canon-
ically induced Froélicher space @ of rational numbers is not a member of this
class. We emphasize the fact that the geometry on a pre-Frdlicher space
coincides with that of the generated Frolicher space, on the so-called of class
DS.

Definition 5.2.1 A differential space (M, F) is said to be a pre-Frolicher
space if its differential structure coincides with the set Fp of structure func-
tions in the generated Frolicher structure (TF,®T'F) on M. A Frélicher
space (M,Car, Fu), where the smooth structure (Car, Far) is generated by
that of the pre-Frolicher space is called Frilicher space of class DS, or DS-
Frélicher space, for short.
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Theorem 5.2.1 Let (M, C) and (My, Cs) be differential spaces. If (M, C1)
is a pre-Frélicher space and ¢ : (My, Cy) — (M,, Cs) is a diffeomorphism
of differential space, then (M, Cs) is a pre-Frolicher space.

Proof. From Lemma 2.7.2, the diffeomorphism ¢ : (M, Cy) — (Ma, Cs)
between differential spaces is a diffeomorphism of the corresponding Frélicher
spaces (M1, I'Cy, @I'Cy) and (M, I'Cy, ®T'C,). Assume that (M;, C1) isa pre-
Frolicher space. That is, ®I'Cy = C;. We need to show that ®I'Cy = C,.

From the assumption, we have
(¢™)(@rC) = (¢7") Cr.

Then (¢~ })*(®I'C;) = C; according to the first equality in Lemma 2.7.2.
Also, one has that (p~2)"(®I'C)) = ®I'C; as shown in the last identity of
Lemma 2.7.2. Hence, ®I'Cy = ;. 0

Proposition 5.2.1 Let (M,Cy,Fur) be a DS-Frolicher space of constant
dimension n. Then for an open neighborhood U of p, there exist a local basis
{Wy,...,W,} of the module X(U) at any point p € M andn smooth functions
ayy ..., 0m € Go(U) such that Wi(oy) = &5, where 8;; is the Kronecker delta

function.

Proof. The proof is based on a straightforward interpretation of Definition
5.1.1. Let p € M and U an open neighborhood of p. Then Wy, ..., W,, are lin-
early independent tangent vector fields in ¥(U). Therefore, Wi (p), ..., W.(p)
are linearly independent tangent vectors in T, M. Thus, from Lemma 3.1.4,
we have that W;(p)(«a;) = §;;. Since it holds for all p € M, we conclude that
Wi(ay) = 6;;. a
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Lemma 5.2.1 Let (M,Cyy, Fu) be a DS-Frélicher space of constant dimen-
sion n. Ifv'*,...v™ € Ty M is a basis at the point p € M then there exist
a neighborhood U of p in M and smooth functions o, ..., on in Go(U) such
that v* = (doy),.

Proof. Assume that v™*,...,v™ form a basis B on TyM. Then there exists
a basis of vectors vy, ...,v, which is dual to B. It follows from Lemma 3.1.4
that there exist smooth functions o, ..., a, € G,(U) such that v;(a;) = 65,
where §;; is the Kronecker delta function. Hence by Equation (3.1), the latter

can be written as (da;)p(v;) = 8;;. That is (dey;), = v*™. 0

Corollary 5.2.1 If (M,Cy, Furr) is a DS-Frolicher space of constant di-
mension n, then for every point p € M there exist n  smooth functions
i, .-, an € Gp(U) such that {(dar)y, ..., (dow)p} is a basis on Ty M corre-

sponding to a basis {vq,...,v.} of the tangent space T,M.

5.3 Pseudomanifolds

In this section, we investigate the class of Frélicher spaces which are locally

diffeomorphic to non-open subsets of the Euclidean space R™.

Definition 5.3.1 A Frolicher space (M,Cp, Fur) is called a pseudomani-
fold of dimension n, where n € N, if for every point p € M there exist an
open neighborhood V of p in M and a diffeomorphism ¢ of (V,Cy, Fy) onto
©(V') which is a closed n-dimensional subspace (N,Cy,Fy) of (R™,C,F).
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It follows from the definition above that for all ¢ € M, there exist
V € 75, ¢ € V and a diffeomorphism ¢ : V — @(V) := N; (V) C R"®
such that

int(N) =N and dim T,N = dim T,R".

Definition 5.3.2 Let (M,Cyr, Fur) be a pseudomanifold of dimension n and
x a point in M. We say that a structure curve c passes through =z if
c(a) = z, where a € R. The set of curves passing through = with foot point

0 € R will be denoted by C3f.

Definition 5.3.3 Let (M, Cyr, Fu) be a pseudomanifold of dimension n and
forze M, let {f1,...,[n} be an M-basis at z. In a neighborhood of z, let
¢ be a diffeomorphism defined by w(z) = (fi(z),..., fa(z)). Two smooth

curves ¢y and ¢y C'?f are said to be tangent at z if

(d(p o c1))o = (d(p o c2))o- (5.1)

Lemma 5.3.1 Let (M, Cy, Fur) be a pseudomanifold of dimensionn, z € M
and ¢ € CS°. Let ¢ : (M,Cyr, Fre) — (R™,C,F) be a map defined by
o(z) = (fi(z),..., fu(z)) in a neighborhood of each point x € M, where
{fi,.--+ fn} is an M-basis at x. Then

a ~c <= (d(poa)) = (dlpoc))

defines an equivalence relation on C’Rf. Also, Equation (5.1) above only
depends on the basis {f1,..., fu} at £ and not on the choice of the smooth

Junctions.
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Proof. 1t is obvious that ~ is an equivalence relation. Let us show that

Equation 5.1 does not depend on the choice of the smooth functions fi,..., fa-
Suppose that {g1,..., 9.} is another M-basis. Let
Yi={(q1,...,94): U — (U) CR"

We know that (U) is a Frolicher subspace of R® and both ¢, ¢ are diffeo-
morphisms of U onto ¢(U) and ¢(U) respectively, according to Lemma 4.2.1.

Then
(d(pocr))o = (dlpod™togpoci)lo

= (dlpoy™))pm(d®oci)o
= (d(¢ o9y (¥ o c2))o
= (d(poytotoc)o
= (d(p o c2))o-
[

We shall denote by ¢ an equivalence class of curves so obtained and use the

construction above in the following lemma.

Lemma 5.3.2 Let M be a pseudomanifold of dimension n and p € M. Let
U be a neighborhood of p in M and ¢ the equivalence class of all the curves
tangent at p in the sense of Lemma 5.3.1. Then the map n: R" — T,CM
given by

v n(v) =¢,

is a bijection.

Proof.
(1) Let us note first that if M is a Frolicher space, U a neighborhood of a
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point p € M and ¢ = (f1,...,f,) where fi,..., f, form an M-basis at p.
Then the formula

co(t) = o™ (ip(z) + tv),
wheret € R and v € R", clearly defines a smooth curve which passes through

pE M.
(2) For all v and v’ in R™, the identity n(v) = n{v') means that &, is tangent

to & at p. It follows from Definition 5.3.3 and from (1) above that

(dlpocy))o = (dlpop ) (p@)+tv))
= (d(p(z) + tv))o

= .
Similarly, one shows that (d(¢ o ¢y))o = ¢'. Hence v = v'. Therefore, 7 is
injective.
(8) Let 8§ € T,CM and c its representative. Let v = (d(yp o ¢))o be a vector
in R™. It follows from (2) above that

(d(p o cy))o = (d(p o c))o-

Then ¢, is tangent to ¢ at p. Hence 8 == ¢ = &, = n{v). (]

Theorem 5.3.1 Let (M, Cys, Far) be o pseudomanifold. Then at any point

p € M, the tangent space coincides with the tangent cone space.

Proof. Since M is a space of constant dimension n, then in a neighborhood
of every point p € M there exists a diffeomorphism of U onto a closed subset

of R*. Moreover, T,CM is a vector space and there exists an isomorphism
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of R™ onto T,CM. Then dim T,CM = n and since dim T, M = n, it follows
that T,C'M is isomorphic to T,M for all p € M. O



Chapter 6

Symplectic Frolicher Spaces

In studying dynamical systems with applications to quantum theory, a physi-
cist expects the phase space of the system to be modelled on a differential
construct equipped with a Poisson structure or with a symplectic structure.
The geometry of this space is usually that of smooth manifolds. This chapter
is aimed at introducing a model of phase space more general than the one
which is usually considered in differential geometry. We show that although
there are no local charts in the definition of Frolicher spaces, a symplectic
structure can be defined. This structure plays a major role in building a
generalized symplectic framework for analytic dynamics.

It is shown that the fundamental Darboux form holds for a symplectic form
w on a symplectic Frolicher space of constant dimension. We also deal
with Hamiltonian systems as well as Lagrangian systems, using the Leg-
endre transformation which links them. These usual concepts are defined in

the Frolicher space language.

66
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6.1 Basic concepts

Recall that the Frolicher spaces we deal with in the remaining part of this
work are of class DS. As stated and proved in Section 5.2 above, geometric
concepts in this class of Frolicher spaces coincide with those of differential
spaces which generate them. Therefore, the main reference is W. Sasin ( [54],

[55]).

Definition 6.1.1 Let (M,Cy, Fur) be a DS-Frélicher space and X(M) the
Fr-module of all smooth derivations on Fuy. Then a global k-differential

form on M is a Fp-k-linear mapping
w:EM)x ... xE(M)— Fu,

where k=1,2,... .

Note that the sum Q(M) = @Q"(M), where Q°(M) = Fy, is a graded
k>0
algebra over R under the canonical operations of addition and scalar multi-

plication. In this algebra we define the operation of exterior differentiation

by the usual formulas as follows.
Definition 6.1.2 Let (M,Cyr, Fur) be a DS-Frélicher space.
(1) If a€ QM) then (do)(X)= X(a) forany X € X(M);

(2) If k>1 and weQ¥(M) then
k+1
(dw(X1,. o Xewr) = (1) X (w(Xy, ., Xy Xig)
i=1
- Z("l)i+jLU([Xi, Xj], Xl, e ,)?i, . as ,)?j, P ,Xk+1),

i<
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Jor any Xy, ..., X1 € E(M).

Clearly, this operator d : QF(M) — Q**'(M) satisfies the axioms of the

usual exterior derivative.

Definition 6.1.3 Let (M,Cy, Fur) be a DS-Frélicher space and TM its

operational tangent bundle. Let T*M be the smooth cartesian product given
by
TEM = {(vy,...,0) ETM x ... xTM; w(v)=...=7r(w)},

for k = 1,2,... and w the projection of the bundle TM. Then we call
pointwise differential form a smooth mapping w : T*M — R such
that wir,mx...xT,m 15 skew-symmetric R-k-linear is said to be on M for each

pEM.

We shall denote by A*(M), for k = 1,2,... the set of all pointwise differential
forms on M. Note that the direct sum A(M) = @ A¥(M), where A® := Fy

k>0
is made into a graded algebra over R. As stated in [54, p.3], it is proved that

the graded algebras A(M) and Q(M) are isomorphic on a differential space

of constant dimension. This holds for DS-Frolicher spaces as well.

Let E be a linear Frolicher space of dimension n. That is, £ has both
Frolicher structure and linear structure with smooth addition and smooth
scalar multiplication. Note that a tangent space at any poeint of E coincides

with E. Then the algebraic dimension n of E is its M-dimension.

Definition 6.1.4 A symplectic structure on E is a bilinear smooth form

w which is skew-symmetric and nondegenrate.
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Definition 6.1.5 A symplectic structure on a linear Frélicher space E is a

skew-symmetric and nondegenerate bilinear smooth form w on E.

Definition 6.1.6 A symplectic linear Frolicher space is a linear Frélicher

space E which carries a smooth symplectic structure w.

Lemma 6.1.1 Let E be a vector space of finite dimension n and E* its dual.
Let A*(E*) denote the space of antisymmetric covariant tensors on E. For

any w € A2(E*) there exists a basis {f*,..., f*"} of E* such that
W = fl* A f2* + ... +f2(p—1)* A f?.p*'

The integer p depends only on w. That is, p is independent of the choice of

the basis.

Proof. We refer the reader to the proof in [30, pp.152-153]). O

Corollary 6.1.1 If w is a symplectic form on a finite dimensional vector
space E then the space is even dimensional, that is, dim E = 2p, where p is

a nonzero integer.

Example: Consider the skew-symmetric and nondegenrate bilinear form wy
on (R?™,C, F), given by
wo: R X R* — R; (T, 7) — wo(T, %) = Z Tignli = Tilfitn,
i==]
where Z,7 € R?. Then wy defines a symplectic canonical structure on R?".
The pair ((R?™,C, F), wy), where R?" is considered with its canonical Frélicher

structure, is a symplectic linear Frolicher space.
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Definition 6.1.7 A map ¢ : (E,w) — (E',w') between linear Frolicher

spaces 15 called symplectic smooth map if

% 7

W =w, e

w(z,y) = w'(p(z), p(y))

for all z,y € M. A smooth symplectic isomorphism on a symplectic linear
Frélicher space M 1is called either a smooth symplectic transformation,

or an M-symplectic transformation or M-symplectomorphism.

Observe that if dim M = dim M’, such a map ¢ always exists. In this case,

M and M’ are said to be symplectically equivalent.

Proposition 6.1.1 Let E be a linear symplectic Frolicher space of dimen-
sion n. The group of all smooth symplectic transformations on E, denoted by
Spm(n,R), is a Frolicher-Lie group with respect to the composition of maps

and
A € Spp{n,R) &= ATJA = J,

where J is a 2n X 2n-matriz such that J?> = -1, JT = - J.
6.2 Symplectic Frolicher spaces
Definition 6.2.1 Let (M,Cu, Fur) be a Frolicher space of constant dimen-

sion. We call M-symplectic form w (or symplectic form, for short) on M an

exterior form which is M-closed and M-nondegenerate.
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Recall that the M-nondegeneracy of the 2-form w is equivalent to one of the

following statements:

(1) Forall XY € (M), w(X)Y)=0 impliesthat X =0,

(2) Forallz € M and Y, € T, M, if w,(X,,Y;) =0 then X, = 0 where w,
is a skew-symmetric smooth bilinear form associated with the exterior

form w at the point z;

(3) The map «’ : TM — T™* M is an injective morphism of vector bundles
if w is weakly M-nondegenerate or an isomorphism if w is strongly

M-nondegenerate;

(4) The map u® : £(M) — Q*(M) is an injective morphism of modules
if w is weakly nondegenerate or an isomorphism of modules if w is
strongly nondegenerate. In the latter case, the inverse of w’ is denoted

by w* and satisfies

WP(X) =ixw=a if and only if (u*)7!:=wla) =X = X,.

Furthermore, a M-closed exterior differential form w on a Frélicher space M
is the one which vanishes under the exterior differentiation, that is dw = 0.
Later on, we shall omit M and simply say that w is closed and nondegenerate.

Also we shall denote by the usual d the operator d.

Definition 6.2.2 Let M be a Frélicher space. The pair (M,w) is called
a symplectic Frolicher space provided w is a closed and nondegenerate

2-form on M.
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Let (M,w) be a symplectic Frolicher space. Then it is worth considering
each of the concepts of a vector field, exterior form and flow respectively in

a restricted set that is called domain.

Definition 6.2.3 A domain of a vector field X on a Frélicher space M
is a set denoted by Dx which is a Frdlicher subspace dense and smoothly
included in M such that X : Dy — TDy is also a smooth vector field,
where TDy CTM.

Proposition 6.2.1 Let (M,w) be a symplectic DS-Frélicher space of con-

stant dimension n. Then n is an even integer.

Proof. For all p € M, one has that dim T,M = n as M is a Frolicher
space of constant dimension n. Let w be a symplectic structure on M. It
follows that w, := w(p) is a symplectic structure on T, M. Then from Lemma
6.1.1 it follows that dim T,M = 2m, with 2m =n, m € N, m s 0. Hence
dim M = 2m. 0

6.2.1 Normal form of symplectic forms

Theorem 6.2.1 Let ((M,Cp, Fur),w) be a symplectic DS-Frilicher space

of constant dimension 2n. For every point x € M there exist an open neigh-

borhood U of x in M and 2n smooth functions ¢*,...,¢",p1,...,0n € Go(U)

such that . -
wiy = Z dq' A dp;.

i=1
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The latter form is called the canonical (-normal or Darboux-) form of

w.

Proof. Since (M,Cuy, Fu) is a DS-Frolicher space of constant dimension
2n, it turns out that for any z € M there exists an open neighborhood U of
z, Wi,...,Wp,W,..., V, in X(U) forming a local basis over U and smooth

functions €', ..., e" "1 ..., e¥ in the space of germs G.(U) such that
Wi(e’) = &, Wi(é") =0, Vi(¢)) =0, Vi(e") =4y,
where d;; is the Kronecker delta symbol. From Lemma 5.2.1 it follows that
det,..., de" de™t, ..., de™

form the basis dual to Wh,..., W, Vi,...,V, in the dual space. Then from
Lemma 6.1.1 one can choose functions ¢',...,q"%, p',...,p" in G.(U) such
that {dq',...,dg" dp',...,dp"} form the basis in which wyy has the normal

form .
w* = wy = Z dg* A dp;. {

i=1
Theorem 6.2.2 Let (M, Cyr, Fur) be a Frélicher space of constant dimension
nand N C M. If (N,Cn,Fn) is a Frélicher subspace of (maximal) constant
dimension, that is, dim N = dim M = n then every local basis of smooth
vector fields {W1,..., W} on M induces a local basis of smooth vector fields

{Vi,...,Va} on N.

Proof. Let p € M and U be an open neighborhood of p in M such that

{Wi,...,W,} is a local basis over U. Observe that in this case, the inclusion
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map ty: N« M is smooth and (tn)ey 1 T,N — T,M (i(p) = p for all
p € N) is an isomorphism so that ¢y is an embedding. Consider V4,...,V,

in X(U N N) as candidates for the local basis on N. We note that
Vilp) = (uw)o Wilp)-
Hence, using Equation 3.1 we have

Vilp)funw) = d(fjunn)(Vilp))

= d(funv)(en )i Wilp)

= (evaw)*d(f) (") Wilp)

= (Wif)inaw-
This proves that V; are smooth tangent vector fields. Thus, Vi,...,V, form
a local basis on N. a

Lemma 6.2.1 Let ((M,Cy, Fu),w) be a pseudomanifold of dimension 2n
endowed with symplectic structure w and N C M. If (N,Cy,Fn) is a
Frilicher subspace of constant mazximal dimension then there exists on N

a symplectic structure induced by w.

Proof. Let ¢t : N — M be the smooth inclusion map. That is, ¢ is
the identity map of M restricted to N and for all p € N the equality
dim T,N = dim T,M holds and ¢,, : T,N — T,M is an isomorphism of

vector spaces. Hence,

dim T,M = 2n = dim T,N
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for all p € N. Then dim N = 2n.
Furthermore, for all v;, v, € T,M one has

cFw(vy, v2) = W(tapl, Lapta)
= w(v1,v2).
Hence, the pullback :*w is a nondegenerate 2-form on N. One concludes that
N together with this pullback is a symplectic Frolicher space, turning ¢ into

a symplectic transformation on M. ]

Definition 6.2.4 Let (M;,w;) and (M,,ws) be symplectic pseudomanifolds.

A smooth map ¢ : My — M i3 said to be symplectic or canonical if
©rwe = wy.
That is, for all x € My and all v,w € T, My one has the following identity
Wiz (V, W) = Wap(z)(Pra; Prs),

where wy, is the evaluation of wy at the point x, woyy) is the evaluation of

wo at the point w(z) and ., is the tangent (or derivative) of ¢ at z.

It follows from the above definition that
‘P*w2|¢(m = Wy

always holds for symplectic pseudomanifolds and turns the chart ¢ into a

canonical diffeomorphism.

Note that the set of all canonical diffeomorphisms of a symplectic pseudoman-
ifold M forms a Frélicher-Lie subgroup of the Frélicher-Lie group Diff(M) of
all diffeomorphisms of M with respect to the composition of maps [26]. This

subgroup is denoted by Diff,, (M) which is used in plasma dynamics.
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6.2.2 Examples of symplectic Frolicher spaces

1. The Euclidean space R*" is a symplectic Frolicher space of constant di-
mension with respect to the canonical symplectic structure
n
wy = de’ Ady,
i=1
where z; and y; are co-ordinate functions if IR?" is considered as a smooth

manifold.

The two following theorems provide our second example of a symplectic linear

Frolicher space.

2. Consider the Euclidean Frélicher space R*" together with its canonical

symplectic structure wq.

Theorem 6.2.3 There is a canonical symplectic structure on the linear Frélicher

space CE(R?) of smooth functions on R?™ with compact support K C R*".

Proof. The exterior differential k-form w : T2C'P(R?*") — R, defined by

w(v7,vp) = /K (.9} du, )

is a symplectic structure on Cg(R?"). Recall that in (*), p is the Lebesgue
measure on R?") v; is a derivation in a direction f and v, is a derivation in
a direction g. {f,g}o = wo(X}y, X,) is the Poisson bracket on the Lie algebra
of smooth functions on R*™ considered as a symplectic manifold such that

Xy (resp. X,) is the vector field associated with the function f (resp. g).

Then |, 11 9}0 dp is a bilinear and nondegenerate 2-form. Moreover, it can

be observed from the definition of w that w(vy,v,) in the formula (*) does
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not depend on a point h € CP(R*™) such that vs, vy € ThCF(R?). Note
that any such A4 is also a vector since the space under consideration is linear
(see [39, 276]). Then from this invariance of w with respect to vectors in
C®(R™), it follows immediately that the exterior derivative of w is zero.

That is, w is closed. O

3. Let M be a DS-Frélicher space of constant dimension n.

Theorem 6.2.4 There is a canonical symplectic structure on the cotangent

bundle T*M, where M is Frolicher space of constant dimension n.

Proof. To obtain this canonical symplectic structure on T*M, and on TM,
we construct local bases of TU and T*U by the process of lifting a local

basis over an open neighborhood U of a point p € M as described below.

Let (M,Cus, Far) be an n-dimensional Frolicher space of class DS and TM
its tangent bundle. Since the associated pre-Frolicher space (M, Fy) is a
differential space of constant dimension n, it is known [60] that TM is 2n-
dimensional. Let Wy,..., W, € X(U) be a local basis on (M, Cps, Far). Let
¢ : U xR* —s 7=HU) be given by

AP, 11,y Ta) = ZriWi(p)
i=1

where p e U, r; € R for all i = 1,...,n. One can show that the map ¢ is
a diffeomorphism. We only show that the composition with the functions
generating the Frolicher structure on TM, which is induced on n~}(U), are

structure functions on U x R™. That is,

(aomog)(p,ry,.. . ma) = a(n(3_riWi(n)) = alp),
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which proves that
aomod=aopr;, with pri: UxR" — U.

Similarly, one gets for da the following

fi

(a0 O)prry, o r) = dal 3 riWi(p)
i=1
Y ()
i=1

= L n(Wa)o)

Now, fix r € R™ and let ¢, : U — 7n~}(U) be given by
¢-(p) = ¢(p 7).
Then define the lifts W, ..., W, of vector fields W1, ..., W, by setting
Wi(v) == (¢:)Wilp),

where v € 77}(U), p = n(v) and &.(p) = v.

In a similar way, fix p € M and define ¢, : R* — 771 (U} by

¢p(r) = ¢(p, 7).
9 9 » | o o )
Then let YT € X(n7*(U)) be the lifts of 5T B € X(R™)
defined by
d 5}

bz(’u) = (¢p)*rb-r;|ra
where v € 77}(U), with v= Zriﬂé(p). Of course v € T,M and
i=1

p:mH(U) — R p(v) =7, where 1= (r5,...,Ta).
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It follows that {W,..., W, i,, ceey i} is a local vector basis on 7= }(U).
lon 2} Oty

In the similar way, we construct a local vector basis on the cotangent bundle
as follows. Consider the canonical projection 7 : T*M — M sending each
covector onto its attachment point and let ¢ : U x R® — 771(U) be given

by the formula
¢lp,r) =Y W, (6.1)
jem]

where W}*(W;) = é;; and U an open neighborhood at the attachment point.
The map ¥ is a diffeomorphism and satisfies the identity

Wi(w) = (4r)p Wi (D)

forwer'(U), rw)=p r=wWO),... w(Walp)))

. O %, %
Define the lifts R € X(v—(U)) by

%, .
Byt (w) = (wp)*ra}‘i |7

~ 9
Note that {Wl,...,Wn,a—yl,...,b—:J;

T*M considered as a Frolicher space.

} is a local vector basis on 7~ 1(U) C

Now, for o € T* M, let T, 7" M be the tangent space on the cotangent bundle

at the covector a. Define a 1-form on T* M by the formula
04(v) = a(TaaV)

for any v € To(T*M). We shall be interested in the normal expression
of the 1-form 6. Let ¢1,...,¢n € Fu be the dual functions for the local
basis {W,...,W,} on an open neighborhood U of a point ¢ € M. So,
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Wi(p;) = 65, where 4,5 = 1,...,n. That is, (dg;)(W;) = d;;, where

di,. .., dy, form the dual basis on T*M. Observe that the lifts Wl, v W
of Wy,..., W, to T”M satisfy the condition

T*aﬁ;i = Wi(r(a)),
for any covector o € 771(U). It follows that each i-th coordinate of the
covector a in the dual basis {dy, ...,dp,} is a smooth function of pi,...,p,
given on 7 (U) by
pi(a) = a(Wi(r())).
Moreover, we obtain n other smooth functions ¢y,..., ¢, given by

¢=pior, for i=1,...,n

such that the following identities

ot

Wi(p;) =0
hold for 4,j = 1,...,n. In fact, for all a € 7~}(U) one has
raWid'(e) = Wilpion)()
(W) opi) o7)(a)
4 W? [e] ‘Pi

= 6%'_7'3

where §;; is the Kronecker delta function, since 7o a = idp.

Now we have the following:

{Wl, o W, Bi:i:’ e 52—«-} is local basis on X(n~!(U)), which is a free mod-
1 i

ule over smooth functions defined on 77*(U) C T*M. Then

6:To(T*M) — R; v 0(v) = a7sav)
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is such that N
O(Wia) = a(rWi(a))

= a(Wi(r(@))
= pi(a)
and
(@) = alraze(@)
= a(z(r(a)
= 0.

Then pi1,...,Pn,a1,...,q, are M-independent smooth functions such that
{dp1,...,dpn,dq,...,dg,} is a basis of T2(T*M) in which one can write ¢

in the following form

T
O~y = Zpidqi.
[

Then, taking the exterior derivative of both sides yields the 2-form

wp = zn:dqi A dp;.

gzl
Observe also that wp is obviously symplectic, making the cotangent bundle

a symplectic D8-Frolicher space of constant dimension. il

Definition 6.2.5 The exterior form wg 18 called the canonical 2-form on

the cotangent bundle T*M. The 1-form @ is called the Liouville form.

6.3 Poisson Frolicher spaces

We introduce the Poisson structure on Frolicher spaces in a more general

setting which need not be induced by the symplectic structure. We shall show



6.3 Poisson Frélicher spaces _ 82

that the two structures are closely related in the sense that every symplectic
Frolicher space is Poisson. The converse is not true since the zero bracket
turns any Frolicher space into a Poisson space. Observe that we deal with two
structures since for most of the configuration spaces of mechanical studies
one needs both the Poisson structure on the structure functions as well as

the symplectic structure on the phase space.

Definition 6.3.1 Let (M,Cpr, Fur) be a DS-Frélicher space. An almost

Poisson structure on (M,Cy, Fu) is a smooth map
{, }:fMXfM—*fM

sending (f1, fo) to {f1, fa} and satisfying

(1) {, } s real bilinear in f, and fo,
(2) {f1, f2} = —{fe, i} antisymmetry,

(3) {f, fofs} = {f1, o} fa + fo{ 1, s}  Leibniz identity

whenever f1, fa, f3 € Fa. Note that {, } is also called the almost Poisson
bracket and the pair ((M,Cpr, Far), {, }) is said to be an almost Poisson

Frolicher space.

Interpretation. Observe that for a fixed h € Fj, the almost Poisson

bracket { , } induces a smooth map

{h‘:'}:-FM_"-FM-
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Of course for all f € Fyy, one has {h, }(f) : M — R. We denote it by

PifM —)M(MJR%

where M (M, R) denotes the underlying set of the Frolicher space of all func-
tions defined on M. Then from cartesian closedness the map p is smooth
if and only if the associated map p: Fy X M — R is smooth. Observe

that p is linear and has the Leibniz property. Let

plf, ) = (df )a.

It turns out that globally p is a smooth derivation on Fys. Hence {h,-} is a

smooth vector field induced by h. We shall denote it by X,.
Furthermore from the skew-symmetry of the bracket { , } the identity
Xu(f) = =X;(h)

follows.

Proposition 6.3.1 The set of all almost Poisson structures on (M, Cps, Fas)

is a module over the ring Fu.

Proof. The proof is a straightforward consequence of the properties of the

bracket { , }. O

Definition 6.3.2 A Poisson structure on a DS-Frélicher space (M, Cyr, Fas)
is an almost Poisson structure on (M,Cpr, Fu) which satisfies the Jacobi
identity:

{f1,{fe, fs}} +{fo, {fs, 1i}} + {f3. {1, f2}} = 0.

The pair ((M,Cp, Fu),{ , }) is called a Poisson DS-Frolicher space.



6.3 Poisson Frolicher spaces ‘ 84

Observe that the derivation { , }, together with the commutative multipli-

cation and the addition of functions turn the F,, into a Lie algebra.

Example. Consider the Abelian Lie algebra of the Fy-module of vector
fields X, ..., X, Y1,...,Y, on a DS-Frélicher space (M, Car, Far), such that

[XiiXJ'} = {Xiayj] = [KvYH =0.
For all f, g € Fp define the map { , } by

{£,9} = Y_(Xu(f)¥ilg) — Xi(g)Vi(f)).

i=1

Then { , } is a Poisson structure.

Proposition 6.3.2 Let {, }1,{, }2 be Poisson structures on a DS-Frélicher

space (M,Cp, Fur). Then the difference { , }1 —{, }2 15 an almost Poisson
structure on (M, Cp, Fur).

Proof. {, }1—{, }2is obviously bilinear and antisymmetric. One can only

check the Leibniz property. In fact, for all f, g, h € Fps one has

h{{ﬂ 9}1 - {fa 9}2] = {f, hg}l - {f, hg}z
= {f,khg+h{figh —{f h}29 — h{f, g}2
= ({fihh = {fih})g+ ({f g} — {f,g}2)h.

O



Chapter 7

Geometrical formalism of

mechanics

In this chapter we show that classical mechanical systems can be formu-
lated on a configuration space endowed with the Frolicher smooth structure.
Therefore, we shall study both Hamiltonian and Lagrangian systems. Then
we observe that the Legendre transformation which links these two different
but closely related formulations of mechanics is a smooth map. The chapter
ends with a model of gluing symplectic structures from two different config-
uration spaces whose maps, functions, exterior forms and vector fields agree
along a transversal intersection. It will be observed that integral curves can
exist on the points of the boundary of pseudomanifolds although they are
singularity points.

85
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7.1 Hamiltonian systems in Frolicher spaces

Let (M,Cp, Fpr) be a DS-Frilicher space of constant dimension 2n and w a

symplectic structure on (M, Cps, Far). Let
o (Fm,{, ) — XM),[,])

be a smooth map sending H € Fp to a vector field Xy := o(H) and
satisfying

Xy =w (dH).
So this distinguished vector field Xy which is generated by w and H is

uniquely determined by the equation
w(XH, ) = dH()

The field Xy surely exists if the associated map w, is bijective, or on a
restricted domain in the general case. The uniqueness follows from the non-

degeneracy of w.

Definition 7.1.1 A vector field Xy attached to o function H € Fp such
that ix,w = dH is called the global Hamiltonian vector field and H is

the energy function.

In fact, note that in mechanics Xy is considered as the Hamiltonian system
and H carries the total energy of the system, while ((M,Cuy, Fu),w, H) is
said to be a dynamical (-Hamiltonian in this case) system. As a consequence

of this definition, note that the 1-form generated by the symplectic form w
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and the function H is dH. That is,

ixgw = 9 _(Bu, H.dp; + O, H.dg)

f=]

if Xg = Z('r',-Wi + 8;Vi) in the basis {Wy,..., W, Wi,..., Vu}.

i=1
Proposition 7.1.1 Let (M, Cys, Fir),w) be a symplectic DS-Frélicher space
of constant dimension 2n. The Hamiltonian vector field Xy associated with

the Hamiltonian function H : M — R can be writien as

Xg =Y (=Ow,H Vi+8yH W)

i=1

with respect to a local basis {Wy,... , Wn, Vi,...,Vo,} on X(U), where U is
an open neighborhood of a point p € M. Hence Xy = (0y,H,—0w, H) in this

basis.

Proof. In the basis {Wi,...,W,,Vi,...,V,} the vector field Xy can be

written as
k13

Xy = Z(TiWi +5;V3).

i=x]

Since N
ixgw = Y_(O H - dp; + 0w, H - de?),
j=1

one has the identification

(dg” A dp;)(riW; + 5;Vj, ) = Oy, H - dp; + 0w, H - dg’ .
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Expand the left-hand side and use the duality between W; and V;, dg’ and
dp;. Hence
(riW; + 5;V;)(dg’ Adp;) = (rjWj(dg;)) A dp; — (r;Wi(dp;)) A dg?
+ (s;Vi(de?)) A dp; — (s;Vi(dpy)) A dg?

Identifying again both the sides of the equation
ridp; — s5d¢’ = Oy, H - dp; + 8w, H - dg’

one obtains
r;=0y;H, s;=-0wH
which proves the result. O

It follows that every integral curve ¢ of the Hamiltonian vector field Xy
should have 2n components ¢'(t),...,q"(t),pi(£),...,pn(t) satisfying the
identities

gi=0pHoc and p;j=-—0w,Hoc

with respect to the local basis {Wy,..., W,, Vi,..., Vo }.

Definition 7.1.2 A vector field on a symplectic DS-Frélicher space (M, w)
is said to be locally Hamiltonian if at every point p of M there is an
open neighborhood U 3 p such that X restricted to U is Hamiltonian. Hence
X = Xy and H is the Hamiltonian function associated with Xgy. That
18,

ixjpw = dH|U.

We shall denote by L, the set of all locally Hamiltonian vector fields.
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Proposition 7.1.2 A vector field X on a symplectic DS-Frélicher space
(M,w) is locally Hamiltonian if and only if Lxw = 0.

Proof. Note that X = Xy satisfies ix, = dH. Thus Lyw = 0 follows from
Cartan’s identity Lx = ixd + dix, which ends the proof. O

Definition 7.1.3 A smooth function f on a DS-Frolicher space is said to
be a first integral of a vector field X, = {h,-} if {h,f}=0.

The following material is standard in the setting of DS-Frolicher spaces as
well as in the setting of smooth manifolds. It emphasizes the conservative

properties of Hamiltonian vector fields in the DS-Frélicher spaces setting.

Proposition 7.1.3 Let ((M,Cpy, Far),w) be a symplectic DS-Frélicher space
and H € Fpr a Hamiltonian function for the vector field X = Xy. Then H
is constant on the trajectories of the flow of X and the energy is conserved

in the system. That is,
Xu(H)=0.

Proof. We have Xy(H) = Lx,(H)={H,H} =0. O
This shows that H is a first integral of Xj.

Proposition 7.1.4 Let ((M,Cur, Far),w) be a symplectic DS-Frélicher space
and X = Xg alocally Hamiltonian vector field with Hamiltonian function H.

Then H oc is constant if ¢ is an integral curve for Xy. That is, the integral

trajectories of a Hamiltonian system lie on the energy surfaces H = Const.
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Proof. Note that ¢ is an integral curve for X if and only if é(¢) = X (c(t))
for all t € R. By the chain rule we show as follows that the derivative of

H o ¢ vanishes. In fact,

ditH oc(t) = dH(c(t))- &t)
= dH(c(t))(Xu(c(t)))
= w(Xg(c(t)), Xu(clt)))
= 0
since w is skew-symmetric. H

Proposition 7.1.5 Let (M, Cuyr, Fp),w) be a symplectic DS-Frélicher space.
The set L, = {X € X(M) | Lxw = 0} of all locally Hamiltonian vector fields
is a real Lie subalgebra of X(M).

Proposition 7.1.6 If X is a globally Hamiltonian vector field and Y € L,
then [X,Y] is a globally Hamiltonian vector field.

Proof. Let X,Y € L,. Using Cartan’s identity [Lx, iy] = ijxy] one has

ixyw = [Lx,iv](w)
= Lyiyw—iyLxw
= Lyiyw
= Lx(dh)
= d(Lxh).

where h = Hjy is the Hamiltonian H of Y restricted to an open set U.

Hence {X, Y] is globally Hamiltonian. 0O
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Observe from Proposition 7.1.6 that L? is an ideal of L, and L,/L? is an

Abelian Lie algebra.

Definition 7.1.4 A smooth function on a symplectic Frélicher space of class

DS is called o Casimir function if {f, g} = 0 for any g € Fu.

Note that a Casimir function is naturally associated with the zero vector field

{f:}

7.2 Lagrangian systems-Legendre transforma-
tion

Let L:TM — R be a smooth function on the tangent bundle considered
as a DS-Frolicher space associated with the pre-Frolicher space (M, Fu).
Recall that when TM is considered as a velocity phase space of a mechanical
system the real-valued function L is called the Lagrangian of the system.
It is proved that the Legendre transformation £ :TM — T*M given in
term of L by the formula

< L(u),v >= %(L(u + t)) =0, (7.1)

for uw,v € T,M, pe M, t € R is a smooth map as a map of differential
spaces ([58, 38-39]). According to Lemma 2.7.1 it follows that the map £ is

smooth as a map of Frolicher spaces.

Definition 7.2.1 The Lagrangian function L is said to be regular if the
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Legendre transformation L is a local diffeomorphism, and hyperregular if

L is a diffeomorphism.

Definition 7.2.2 [2, p.214]/ If ¢: 1 C R — TM is a smooth integral
curve of a vector field X on TM, then the smooth curve moc: I — M
is called a base integral curve of X. Similarly o base integral curve of a

covector field X* for a smooth curvec: I CR — T*M is Toc: ] — M.

Theorem 7.2.1 Let (M,Cu, Fur) be a DS-Frilicher space provided with a
symplectic form w and L be the Lagrangian function. If L is hyperregular
then the Legendre transformation is a symplectomorphism. In this case every
Hamiltonian vector field Xy is associated with its corresponding Lagrangian
vector field Xg. The integral curves of Xg are mapped by L onto integral
curves of Xg. Furthermore, the vector fields Xg and Xg have the same base

integral curves.

Proof. Assume that L is hyperregular. Then we define a form wy, by
wr, = L'w. (7.2)

We can see that w;, is the pullback under £ of the canonical symplectic 2-
form on T™ M is a symplectic form on T'M. It is nondegenerate. Furthermore
one can see that it is closed because

de = d(ﬁ*wg) = E*dwg = 0,
as d commutes with the pullback map. Thus w;, turns T'M into a symplectic

Frélicher space. It follows that

L:(TM,wy) — (T" M, wp)
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is a symplectomorphism. In the sequel, let E:TM — R be the energy

function given by
E(v) =< L{v),v > —L(v), (7.3)

where v € TM. Then, taking
H=EoL™, (7.4)

one has a Hamiltonian function H : T*M — R. Hence one obtains the
Lagrangian tangent vector field Xg on T'M and the Hamiltonian tangent

vector fleld Xy on T*M respectively as follows:
’I:XEUJL == dE, and 'I;XHUJO = dH. (75)

Also observe that
L.Xg=Xy.

That is, for any tangent vector field Y € X(T™*M) there exists a tangent
vector field X € X(TM) such that £,X =Y. Then the identities in (7.5)

can be written as
wr(Xg, X) = (dEYX, and wy(Xg,Y)=(dH)Y. (7.6)
Now let v € TM and w € T,(TM). We know that £ : TM — R so that
Xg: TM — T(TM); v~ Xg(v).
Moreover,

Lo : Ty(TM) — Te)(T*M); w i Loy(w) == v
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is an isomorphism of linear Frolicher space since £ is a diffeomorphism. It

follows that

oL Xa(0)),0%) = wi(Xp(v),w)
= dE(v) -w
= d(H o LY(v) - w
= dH(L(v))-
= dH(L(v))-
= w(Xz(L(v)),v").

Low(w)

u*

Recall that w is nondegenerate and v* is arbitrary. Therefore,
ﬁ*X E = X H-

Furthermore we know that £ is a diffeomorphism which maps the fiber T,M
of TM onto the fiber Ty M of T*M over the same point p € M. That is, £

satisfies

ToL =m,
where 7: T"M — M and n: TM — M are the two natural projections.

Let Cg be an integral curve of Xg. As E = L*H, it follows that Cy = Locg

is an integral curve of Xy. Hence
mocg=ToLocg=ToCH.

Therefore, the base integral curves wocg and Toc¢y of Xg and Xy respec-

tively, coincide. 0
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7.3 Classical mechanical systems on Frolicher

spaces

7.3.1 System without potential

Definition 7.3.1 A DS-Frélicher space (M,Cpr, Fur), together with a pseudo-

Riemannian smooth form g is called o pseudo-Riemannian DS-Frélicher

space.

Theorem 7.3.1 Let ((M,Cp, Fur), g) be a pseudo-Riemannian DS-Frolicher

space of constant dimension n and L : TM — R the Lagrangian given by

L) = 50(0,0),

where v € TM. Then L is hyperregular and the associated Legendre trans-

formation satisfies
L{v)(w) = g(v, w)

for allv,w e T,M, p € M. The energy function
1
E=L= ag(v, v)

and the associated Hamiltonian is given by

Proof. Define a function ®,,,, : R — R by

@, () = L(v+tw), for teR.
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Then )
D, ,(t) = 59(0 + tw, v + tw)
1 1,
= §g('v,'v) +tg(v,'w) + §t g(waw)'
Hence
d
Eg‘bv,w(t)‘t:() = g('U, w) = [:('U)('U)) (77)

is the Legendre transformation £ associated with L which is its fiber deriva-

tive. This proves the first part of the theorem.

Now we note that £ is bijective according to the properties of g. For L to be
hyperregular we need to show that £ is a diffeomorphism of Frolicher space.
It is enough to show that £~! is smooth since £ was assumed to be smooth.
That is, we compose £~ with generating functions of the structure on TM

as follows. For an arbitrary smooth function o € Fy,,

(i) (@om)o L7 is a structure function on T* M. Indeed,
(aomolL'=ao(moL ) =aorT

is a structure function on T*M.

(ii) Now we show that da o L' is also a structure function on T*M.
Let p € M and U be an open neighborhood of p € M. Let {Ws,..., W,} be
a local basis over U. That is, there exist W, ..., W} smooth 1-forms such
that W} (p)(W;(p)) = d;, where i,j =1,...,n according to Lemma 3.1.4.
When considering the diffeomorphism ¢ : U x R® — T*U such that

W(p,1, ) = D TiW; ()
j==1
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as constructed in Equation (6.1) above, one shall have to work out the
smoothness of da o £L7! from that of do o £7! o1. According to the
properties of the 2-form ¢ which is a nondegenerate function, there exist

unique vector fields Ay, ..., A, € X(U) such that
WiH(X) = g(Ai, X)

where X € X(U), i = 1,...,n. Note that L(u) = i,(g9) = g{u,-). Then
solving Equation (7.7) gives the identity

L7HW; (p)) = Ai(p),

where p € U. It follows that for all (p,7) € U x R™ Equation (3.1) in Chapter

2 leads to
da(Lrop)(p,m) = L' oy(p,7)(a)

= ﬁ—l(ZTiWi*(P))(a)

= Z"‘i’z—l(W}*(P))(a)
=1

= ZT:'Aé(P)(a)-

i=1

Observe that since A; (for i = 1,...,n) are smooth vector fields and « is

a structure function on U we have proved that doo L7} o1 is a structure

function on U x R™. Therefore
dao ;C-l & FT"‘U-

But since da € Fry is a generating function, then one concludes that £71

is a smooth map.
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Recall finally that H = E o £L7!, and E(v) =< L(v),v > —L(v). Hence

B@) = glo) - 3900,
1
= 59(”71’)
= L.

So
H(e) = (EoL™)(a)

= E(ta)
= 9t @), £ (@)
O

Note that in this case the Lagrangian vector field X is called the geodesic
spray [2, p.225] and ((M,Cpm, Fu), L) is said to be a classical mechanical
system without potential.

7.3.2 System with potential

-Theorem 7.3.2 Let ((M,Cp, Fu), g) be a pseudo-Riemannian DS-Frolicher

space of constant dimension n. Let V : M — R be a smooth function and

L:TM — R be the Lagrangian defined by
L(v) = 59(v,0) — (V om)(v) (79)
where v € TM. Then L is hyperregular, the Legendre tmnsfomation 18
L)(w) = g(v, )
and the energy function E : TM — R is given by

E(v) = -;- 9(v,v) + (V o m)(0). (7.9)
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Furthermore, the associated Hamiltonian H :T*M — R s given by

H=LoL'+2Vor, (7.10)

Proof. The construction is similar to that in Theorem 7.3.1. A straightfor-

ward computation yields £(v)(w) = ¢g(v, w), turning £ into a diffeomorphism.

So, L is hyperregular. Now computing the identity £ =< L(v),v > —L(v)

we have

B) = 39(v,9) + (V om)(o).

Let v = L }(a), for some o € T*M. Hence from Equatioh (7.8) it follows

that
H(e) = E(L7(a))

= Zg(L7(@), LN (@) + (V o m)(£7 (@)
= )+ Vom
= (59(0,9) ~ L)) + L(v) + (V o m)(0)
= L(v) +2(V om)(v)
= LoLYa)+2V on)(£(a))
= LoL Ya)+2(Vor)la)
O

The pair (M, L) where M is a DS-Frolicher space of constant dimension and
L the Lagrangian defined by Equation (7.8) is called a classical mechanical
system with potential V.
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7.4 Transversal intersection of symplectic pseu-

domanifolds

This application aims to glue geometrical objects from two pseudomanifolds
of the class DS which have a transversal nonempty intersection in order
to obtain new objects for the geometry of the glued space. In case that
they are symplectic pseudomanifolds one obtains the resulting symplectic
structure. Note that geometrical objects are the underlying sets as objects
in the category FRIL. We shall glue smooth functions, vector fields, exterior

forms, exterior derivative and integral curves.

7.4.1 Gluing pseudomanifolds

Definition 7.4.1 A transversal intersection of two connected DS-pseudomanifolds
(M1, w1) and (Ma, ws) is a nonempty set A = MiNM, satisfying the following
conditions with the smooth coproduct M, U M, :

(1) (My LU My, T®Cq, ®Cy) is a Frélicher space whose structure is generated

by the set of curves
50 == {L1 o [ cy € CMI}U {Lz O ¢y I Cs € CMZ},

where ¢y ~ My L My, 15 — M U My are the insertion maps.

(2) (A D(Fanga N Fagga), T (Fanja N Faga)) is @ Frolicher space with
the induced structure from that of My and M,.

(3) feFu ifandonlyif fiu, € Fuy o7 fisey € Fsy-



7.4 Transversal intersection of symplectic pseudomanifolds 101

{4) TpM = (Ll)*prMl & (Lz)*prMz forp € A

(5) (ta)wTpA = (t1)apTpMi N (t2)pTpMa, where ca + A — My LM, is the

inclusion map.

Definition 7.4.2 Let f; € Fu, and fo € Fpp such that fyja = foa, the
smooth map fy Ll fo : My LI My — R defined by

HU o = fr (7.11)

f)_ ] f2§M2 = fgy (712)

is called a conjunction map.

Clearly, fi U f, is smooth by construction as f; and f, are smooth by as-

sumption. Also, it is easy to observe that fy L fo € ®Cy = Fu.

Definition 7.4.3 A vector field X € X(M) is said to be tangent to the
subspace A if for any point p € A there is a tangent vector v € T,A such
that

X(p) = (ta)wpv.
We shall denote by Xa(M) the set of all smooth vector fields tangent to M

which are also tangent to A.

Lemma 7.4.1 Let (M,w) be a symplectic pseudotnanifold and X € Xa(M).
LetY : A — TA be a vector field defined by
(ta)wY (p) = X(p), pel. (7.13)

Then'Y is smooth as a tangent vector field on A and Y is unique.
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Proof. Observe that since X is smooth, it follows by construction that Y is
also smooth. Moreover, one can see that (5 is an embedding, so Y is unique

since (ta)sp is an isomorphism of linear Frolicher spaces. 0

Definition 7.4.4 The vector field Y defined in Equation (7.18) above is
called the restriction of X € Xa(M) to the subspace A and is denoted
by X{A.

Proposition 7.4.1 If (M = M, U M, Cpy, Fu) is a DS-pseudomanifold,
then '
E(M) = X5(M). (7.14)

Proof. The inclusion X5 (M) C X(M) is obvious. We need only to show the
réverse inclusion. Let X € X(M). Then X € Xpy,\a(M), for j = 1,2. This
follows from the assumption that A is closed as boundary, making M;\A an
open set. Hence X € Xuym,\a)(M). That is, X € Xp,(M). It follows that
X(p) € (1j)spTpM; whenever pe A, j=1,2. So

X(p) & (LI)*prMl N (Lg),prM2,

which is equivalent to

X(p) € (ta)wIpA.
Thus X € Xa(M), which proves the reverse inclusion. 0
Definition 7.4.5 A pair (X,, X3) of vector fields X, € Xa(M;) and

Xy € Xa(My) is said to be consistent on A if Xya = Xga. The unigue
vector field denoted by X, U Xo such that

Xy U Xops, = Xi, i=1,2
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is called the conjunction of vector fields X; and X,.

Proposition 7.4.2 Let *X*p(M;2) = {(X1,X2) € Xa(M;) x Xa(Mz)} be
the set of all pairs of vector fields X, € Xa(M;) and Xo € Xa(My) which

are consistent on &, Then the correspondence
X(M) — *X*5(Myp)
is bijective.

Proof. The proof is a straightforward consequence of Proposition 7.4.1 and

Definition 7.4.3 above. _ |

Proposition 7.4.3 Let (M = M1 M, Cpy, Fis) be the pseudomanifold fol-
lowing a transversal intersection along A. Let ¢ : R — M be a smooth
curve on M such that c(t) lies in My fort <0, c(t) lies in My fort > 0 and
c(0)e A. Then

c'(0) € (ta)reo)(To)Dd).

Proof. Let c_ denote the restriction of ¢ to (—o0, 0] and ¢, the restriction

of ¢ to [0, +00). Since ¢ is assumed smooth, it turns out that
¢ (0) = (11)se(c-(0) = (t2)se()¢; (0)-
It follows that
d(0) € ()ue@Te@ M1 N (@)ectoTeeyMz = (a)eer)Te@D)-  (7.15)

O
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Corollary 7.4.1 For every smooth vector field X € X(M; U M,) there is an

integral curve at singular points.

Proof. We only observe that a pieceWise curve defined by

o0 ={ a(t) for t € (—o0,tq]

cat) for t € [tg, +00)

such that ¢; : [y, +00) — M, is an integral curve for X; € *%*a(M;3). On
the other hand ¢; : (—00, tg] — M, is an integral curve for X3 € *X2a (M, 5).

Then c;(fg) = c2(to) € A is a smooth integral curve for X € X(M). O

Definition 7.4.6 Two k-forms wy € Q¥(My) and w, € QF(Mz) are said to
be consistent on A if

AW = t5aWs, (7.16)

where i (Tesp. iaa) is the inclusion map of A into M; (resp. M,).

Let ﬁk(M) = {w Uws : wy € Q¥ (M), wy € QF(My); tjawr = thawa}

denote the set of all A-consistent k-forms on M.

Definition 7.4.7 The conjunction of A-consistent k-forms w;, and ws

is the k-form defined by
wi Uwy : E(M) % ... x (M) — Fy, (k-copies of X(M))
such that
(Wi Ww) (X U Yy, ., X UY) i=wn (X, .., X)) Uae(Yy, ..., Ye) (7.17)

where X; UY,,..., Xy WY, € X(M).
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Proposition 7.4.4 If w; and w, are A-con&istent k-forms on M = M; M,
then dw, and dws are A-consistent (k + 1)-forms on M.

Proof. Since the pullback map commutes with the operator of exterior

differentiation d, (] dw; = t35dw, follows from ¢jaw;y = 15 wa. O

Definition 7.4.8 The (k-+1)-form dw = dw,Udwsy obtained from w = w;liw,

is called the exterior derivative of the k-form w.

Definition 7.4.9 The set Q(M) = @}C;O?Z.k(M ) together with the natural
operations of addition and multiplication and the operator of exterior dif-
ferentiation d is a graded algebra colled the de Rham algebra on the
pseudomanifold (M, Cyr, Far)-

Theorem 7.4.1 Let (My,w;) and (M, ws) be symplectic DS-pseudomanifolds.
Then wy Llws i3 a symplectic form on M = M; U M, and w; U wy assigns to
any tangent vector field X = X ;U Xy a unigue 1-form a = oy Uas on M,

where ay, o are A-consistent 1-forms on (My,w;) and (M, w;) respectively.

Proof. (i) Observe that w; U we is symplectic by construction. (ii) We
need to show that w; L wgv maps X; U X, into a; U ap, where X; € X(M;),
a; € QY (M), 1 = 1,2. In fact, in the usual way we know that ‘

wi X mixw=wX,)=a
uniquely yields a 1-form since w is nondegenerate, and

w(X, ) = w Uwa(X1 U Xy, )
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by definition. It follows that
w1(X1, ) Uwa(Xs, ) = oy U an. (7.18)
(i) It remains to show the correctness of the definition of oy U ap with
respect to wy and ws. That is, we show that a; and o3, images of w; and wo,
are A-consistent. We have
(Gam)(®) = ai((ta)wv)
= wi(X1(p), (t12)4pv)
= wi((t1a)spt, (L14)sp?)
= (faw1)(y,v)
= (aw2)(u,v)
= wa(X2(p), (t2a)epv)
= (3p02)(v),
where v € Tp,M, p € M and u € T,A satisfies
(¢1a)spu = Xu(p)

(t2a)spt = Xo(p)

according to Lemma 7.4.1 above. ()

Corollary 7.4.2 There is o bijective correspondence between the module of
smooth tangent vector fields and the module of smooth 1-forms on M. Two
Hamiltonian vector fields Xy, and Xy, associated with the Hamiltonian func-

tions H, and H, yield a Hamiltonian vector field Xy given by
XH = XH1 [ XH2,
where H = Hy; LU Hy and

(X, uXp,) (W1 U we) = d (Hy L Hy). (7.19)
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7.4.2 Gluing Hamiltonian systems: an example

Consider the canonical pseudomanifold (R*2,C, ) and

Ml = {(qla 6'2; q3aP1mP2,P3, 0; Oa Oa 01 09 0)5 qiapi € R; = ]-a 2’ 3} ..C_ Rm

M2 = {(OyOaOy 0,0,0,6%?{?,?1,?2,?3)}?,?{ € Ra 7= 1; 213} C ]Rm
two pseudomanifolds. Then M; and M, are obviously Frolicher subspaces
of R'? which are considered as configuration spaces for two mechanical sys-
tems with 6 degrees of freedom. The configuration coordinates (¢, ¢?, ¢*) or
(3*,3% 2°) and the momenta (p;, p2, p3) or (B, Ps, P3) determine together the
instantaneous states. Then R*? can be considered as the phase space of the

system.

In the Hamiltonian formulation the equations of the motion for such a clas-
sical system are written in term of first order differential equations
d_q‘ _0H dp OH
dt  Op;’  dt gt
A Hamiltonian function H(q,p) defining the system in case of absence of

i=1,2,3. (7.20)

constraining forces and of time dependence is the total energy of the system,
that is, the kinetic plus the potential energies. Similarly to some observation
made by Eledrisi [22] on structured spaces, we note that on a pseudomani-

fold, the set of singular points lying in the transversal intersection is
A= M;NM,={0}. Thatis, pp € A if and only if py = (0,...,0) € R*.

Assume that (M, w;) and (Ms, w,) are symplectic with symplectic A-consistent

forms given by

3
Wy = qui/\dpi, wa = Zd@“‘/\dz_}i.

i==1 i==1
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Consider two potential functions V; : M; — R, V5 : My — R such that
Vi(po) = Va(po) and two Hamiltonian functions given by

1 - p?
Hi=Ti+V= 52%4“"’1
i=1

3
1 < P?
Hy=To+ Vo= 5{;_:154'1/2

where m designates the mass of material points. We need to calculate the

Hamiltonian vector field in each case. Then we shall obtain the corresponding
integral curves in M; and in M.

From the identity

OH JH
Xu (8—19,-’—8—(1,
we obtain s
N A
Xn, _g[m aqu 57~ 3¢ o, (7.21)
3
- D; ?Y_z_ i_avz 5,
X”";;{m*aqi]aaﬁ 57 95, 72

The integral curves for X, (j = 1,2) are those which satisfy the (Hamilton-
Jacobi) equations

dq" oH i D OH

55 el o 5 e e 2

dt Bp,- ' dt 6q,- (7 3)
That is, the integral curves are solutions of the system

¢ _ Wi dp 9V

e S — i, 2
dt m 8¢’ dt dqt (7.24)
which can be glued for the mechanics on M = M, U M,.
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Note that the potential functions are arbitrary. Hence, assuming without

loss of generality that %E,i is a constant we have

2(0) = (Z R LT

i=1

Similarly for Xy, one has

2 v, t)

_ 21
V(t) = (Z; Epit1



Chapter 8

Conclusion

Qur investigation achieved the task of showing that a set endowed with a
Frolicher structure can carry an additional structure turning it into a con-
figuration space for the geometric formalism of a mechanical system. The
additional structure may be a Poisson structure in its general setting or a

symplectic structure inducing a Poisson one in a natural way.

In dealing with this material, we noticed that two different tangent structures
can be defined on a Frolicher space. We proved that the kinematic and the
operational tangent structures coincide when the space under consideration

is of constant differential dimension.

The study revealed that the categories FRL of Frélicher spaces and DSP of
differential spaces are closely related. It was observed that in working out the

geometry on subspaces, the category DSP presents good behavior compared

with FRL, where the poorness in structure curves yields lot of structure

110
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functions. The consequence of this behavior is that all functions defined on
the subspace become smooth, with the effect of turning the resulting topology
discrete. Clearly, all singletons are open sets in this case. It follows that only
the zero vector is a smooth derivation at every point, that is, the geometry

collapses.

In order to avoid this imperfection possibly not needed, we worked out a
class of Frolicher spaces whose structure is generated by a differential struc-
ture in the Sikorski sense. We proved that smooth maps in a differential space
are also smooth in the generated Froélicher space, that a diffeomorphism in
the generating structure conserves its properties in the Frolicher generated
structure and that the structure curves generated on the differential space
are those of the Frolicher space. Hence, the whole set of Frolicher structure
functions coincides with the differential structure, making their geometry
look alike. We called such differential spaces pre-Frolicher while the gener-
ated spaces are said to be Frolicher spaces of class DS. We ensured that this
class is nonempty as it contains smooth manifolds and the Euclidean spaces
R™. We also ensured that certain Frolicher spaces do not lie in this class. An
example is the space Q of rational numbers. Therefore, all the tools related
to the exterior algebra used in this work are those which already exist in the

theory of differential geometry on differential spaces.

Our study focused on those DS8-Frolicher spaces which are locally diffeomor-

phic to some closed subsets of R" of constant maximal dimension.

We have worked out the canonical 1-form and the resulting symplectic 2-form

on the cotangent bundle to a IDS-Frolicher space of constant dimension by
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the technique of using a local basis. This allowed us to obtain the canonical
expressions of symplectic forms, symplectic gradients, the Hamilton-Jacobi
equations, and to a possible geometrical formalism of mechanics in this class.
The link between the Lagrangian and the Hamiltonian systems was made
possible by a smooth Legendre transformation. We checked that the conser-
vative properties in the Hamiltonian formalism of mechanics also hold in this

setting.

The last application showed that, up to an equivalence relation, two sym-
plectic pseudomanifolds which have a transversal intersection may be glued

in order to obtain a space which is a symplectic DS-pseudomanifold.

This study has opened the way to many questions of differential, symplectic
or Riemannian geometry. Deep investigations should be made for the general
setting of the exterior algebra on Frolicher spaces. It is also worth noting
that not all Frélicher spaces satisfy the inverse function theorem. A class
of those which have this property should be worked out, opening the way
to a study of flows and smooth actions of Frolicher-Lie groups on Frolicher

spaces.

Note finally that this study can be extended to investigating the behavior
of the symplectic structure on a Frolicher quotient space resulting from an

equivalence relation on a symplectic Frélicher space.
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