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Abstract

The primary objective of this thesis is to develop rigorous Bayesian tools for com-
mon statistical challenges arising in modern science where there is a heightened
demand for precise inference in the presence of large, known uncertainties. This
thesis explores in detail two arenas where this manifests.

The first is the development and testing of a unified Bayesian anomaly detection
and classification framework (BADAC) which allows principled anomaly detection
in the presence of measurement uncertainties, which are rarely incorporated into
machine learning algorithms. BADAC deals with uncertainties by marginalising
over the unknown, true value of the data. Using simulated data with Gaussian noise
as an example, BADAC is shown to be superior to standard algorithms in both
classification and anomaly detection performance in the presence of uncertainties.
Additionally, BADAC provides well-calibrated classification probabilities, valuable
for use in scientific pipelines. BADAC is therefore ideal where computational cost is
not a limiting factor and statistical rigour is important. We discuss approximations
to speed up BADAC, such as the use of Gaussian processes, and finally introduce a
new metric, the Rank-Weighted Score (RWS), that is particularly suited to evalu-
ating an algorithm’s ability to detect anomalies.

The second major exploration in this thesis presents methods for rigorous statis-
tical inference in the presence of classification uncertainties and errors. Although
this is explored specifically through supernova cosmology, the context is general.
Supernova cosmology without spectra will be an important component of future
surveys due to massive increases in data volumes in next-generation surveys such as
from the Vera C. Rubin Observatory. This lack of supernova spectra results both
in uncertainty in the redshifts and type of the supernova, which if ignored, leads to
significantly biased estimates of cosmological parameters. We present a hierarchi-
cal Bayesian formalism, zBEAMS, which addresses this problem by marginalising
over the unknown or uncertain supernova redshifts and types to produce unbiased
cosmological estimates that are competitive with supernova data with fully spectro-
scopically confirmed redshifts. zBEAMS thus provides a unified treatment of both
photometric redshifts, classification uncertainty and host galaxy misidentification,
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effectively correcting the inevitable contamination in the Hubble diagram with little
or no loss of statistical power.
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Chapter 1

Introduction

1.1 Motivation

The rapid growth of the machine learning over the last few decades has meant that
machine learning algorithms are now used in many applications, even in the physical
sciences. The number of papers released on the application of machine learning in
science has grown exponentially in recent years (see [5; 63; 81; 123; 131; 139], to
list a few). This growth is driven by the availability of huge volumes of data, the
exponential growth of available computing power and the continuing development
of new algorithms.

This rapid growth in machine learning has helped facilitate the undertaking of large
‘big data’ experiments, where traditional data analysis methods would be on their
own insufficient to fully utilise the volume of data created. One example of this is
in astronomy, where large surveys such as those undertaken by the Vera C. Rubin
telescope in Chile and the Square Kilometre Array in South Africa and Australia
will observe orders of magnitude more data than any experiments that pre-date
them [91; 92; 66]. While these projects have many fundamental science objectives,
they also afford the opportunity for serendipitous discovery. The classification of
transients, and the discovery of new/anomalous types of objects in this large volume
of data is an important problem. Anomaly detection is critical at this junction
since manual inspection of this data volume is not possible at a meaningful scale,
and historically this would have been the primary mode of discovering unexpected
scientific or experimental phenomena. Machine learning is a vital tool in this context.

1
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Examples of work in this area include [142; 32; 34; 114], though more are shown in
section 1.3.

In these cases, results returned by machine learning algorithms need to be well
calibrated to ensure biases are not introduced into the analysis pipeline. This is
an important consideration since most machine learning algorithms do not return
calibrated probabilities as standard.

A problem encountered with the use of machine learning algorithms in scientific ap-
plications that is not typically encountered in other areas, is that the data often have
associated measurement uncertainties, which are rarely incorporated into machine
learning algorithms. Failing to account for these measurement uncertainties can lead
to inaccurate predictions, particularly in cases where the measurement uncertainties
are large. Additionally, failing to correctly account for statistical errors can result in
difficulty constraining systematic errors that arise elsewhere in the scientific analysis
pipeline. This is an important consideration, since accounting for these systematic
errors comprises a large portion of many analytical studies [76].

These large surveys are not just a challenge from a machine learning perspective,
they will have an impact on fundamental science as well. Surveys undertaken by
the Vera C. Rubin telescope will record photometric data from of order 105 type
Ia supernova candidates [91]. Observations of type Ia supernovae have been, and
are still, a vital probe for cosmology. Using type Ia supernovae to better constrain
cosmological parameters is difficult without spectroscopic follow-up, primarily since
the resulting photometric redshift uncertainties are large [72; 144]. Doing so is how-
ever necessary if research of type Ia supernovae is to stay competitive with other
methods, such as studies of the Cosmic Microwave Background (CMB) and Baryon
Acoustic Oscillations (BAO) [148]. Additionally, supernova type is not unambiguous
for photometric observations, and constraining errors on supernova classifications is
also an important step in ensuring that type Ia supernovae remain a useful probe
for cosmology. Moreover, frameworks developed for cosmological inference in the
context of photometric supernova observations need to deal with statistical, classi-
fication and systematic errors in a unified way in order to maintain a high degree of
statistical rigour.

The problems outlined in this section motivate the development of robust statistical
tools. These problems are to a large extent unsolved, and finding applicable solutions
has the potential to make a large impact on research in the respective areas of
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fundamental science.

1.2 Problem Formulation

As outlined in section 1.1, several of the problems in the field of astronomy are
strongly related to the fields of machine learning and Bayesian inference. This
thesis tackles two of these interdisciplinary problems.

The first is the problem of anomaly detection and classification in the presence of
measurement uncertainties on the data. This poses a unique challenge: how can
one perform these machine learning tasks when the exact values of the features
are unknown, or not known with certainty? This thesis tackles this problem using
Bayesian hierarchical modelling. This approach allows for statistically rigorous in-
ference of class labels in the case where measurement uncertainties are large relative
to the inter/intra-class variability. This is important since in this case determining
the true class of an object can be ambiguous even to an expert.

This technique can also be used to address the second problem this thesis tack-
les. The second problem is that of Bayesian inference, applied to cosmology for
photometric supernova observations. This is achieved using Bayesian hierarchical
modelling, which allows for the marginalisation over uncertainty in observed vari-
ables.

Bayesian hierarchical models are an ideal tool for these kinds of problems, since
they offer a means of combining the analysis of observed and model parameters in
a statistically rigorous way.

1.2.1 Aims and Objectives of this Study

Taking into account the motivation for this work, as well as the two problems dis-
cussed in the problem formulation, the aim of this work is to explore and develop
some rigorous Bayesian tools for use in astronomy and related fields, primarily based
on the framework of Bayesian hierarchical models. In the development of these tools,
the following objectives are proposed:

1. Develop a statistically rigorous framework for anomaly detection and classifi-
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cation in the presence of measurement uncertainties.

2. Test the proposed framework against existing approaches.

3. Create several hierarchical models for the observations of type Ia supernovae in
the context of a cosmological analysis under differing observational paradigms:

• Spectroscopic observations

• Photometric observations with host galaxy spectra

• Purely photometric observations

4. Determine the impact of increased redshift error in photometric observations
on our ability to constrain cosmological parameters.

1.3 Related Work

Classification and anomaly detection are well studied topics, both in general, as well
as in the field of astronomy. Some examples of transient and supernova classification
in astronomy are [105; 146; 101; 118; 111]. More general frameworks for anomaly de-
tection in astronomy have also been investigated [88], which rely on active learning.
A notable project on machine classification in astronomy was the Photometric LSST
Astronomical Time-Series Classification Challenge (PLAsTiCC) [60; 73; 95]. PLAs-
TiCC was a competition/challenge to the astronomy and data science communities
to help develop classification and anomaly detection algorithms for astronomical
transients. This competition was won using Gaussian process augmentation [9].

Another area in which the control of uncertainties is incredibly important when
deploying machine learning algorithms is in the medical field. An example of this is
in computer vision for medical images [120]. More general work has also been done
on this topic in the context of Bayesian neural networks [70].

The most notable work in supernova cosmology is the discovery of the accelerated
expansion of the universe due to dark energy [113; 43]. The volume of research in
this field has since grown substantially, with most research focusing around bet-
ter constraining cosmological parameters. This has been achieved to some extent
through better control of systematics [97; 127; 74; 132; 93; 68; 8; 20]. These sys-
tematic uncertainties include supernova redshift and type uncertainty introduced by
pure-photometric observations.
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1.4 Thesis Outline

The following chapters are organised into two literature review chapters, covering
the topics of Bayesian statistics and machine learning, as well as two studies that
deal with two independent applications of Bayesian hierarchical modelling.

1.4.1 Chapter 2: Bayesian Statistics

This chapter presents an introduction to Bayesian statistics and also introduces no-
tation and terminology on probability theory that is central to the research presented
in chapters 4 and 6. This chapter also includes a section on Markov Chain Monte
Carlo (MCMC), a numerical sampling technique often used in Bayesian statistics,
and is applied in chapter 6 as well.

1.4.2 Chapter 3: Machine Learning

This chapter presents a broad review of topics within the field of machine learning
and reviews a few specific algorithms that are used as benchmark algorithms in chap-
ter 4. It also reviews some commonly used metrics in machine learning and presents
a novel metric, the rank-weighted score (RWS), for use in anomaly detection.

1.4.3 Chapter 4: Bayesian Anomaly Detection and Classifi-

cation

This chapter presents the Bayesian Anomaly Detection and Classification (BADAC)
formalism for noisy data. BADAC is a statistically rigorous joint anomaly detection
and classification scheme for use when there are measurement uncertainties on the
associated data. This chapter proceeds by focussing on a specific case of the general
formalism, the case with Gaussian measurement uncertainties. This chapter also
presents a series of experiments that demonstrate the performance of BADAC on
simulated data against a series of benchmark algorithms.
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1.4.4 Chapter 5: Breaking BADAC

This chapter expands on chapter 4, by presenting a series of experiments that test
how robust the performance of BADAC is on data which violates the BADAC noise
model. This chapter illustrates how the performance of BADAC decreases in these
cases, and presents ways to address/mitigate this.

1.4.5 Chapter 6: Bayesian Estimation Applied to Multiple

Species for Photometric Data

This chapter presents an application of Bayesian hierarchical models in the field of
supernova cosmology. Bayesian Estimation Applied to Multiple Species for pho-
tometric data (zBEAMS) is an extension of the original BEAMS formalism. The
zBEAMS formalism jointly models observational and cosmological parameters in
a hierarchical framework, in order to fit for cosmological parameters in the case
where there are photometric redshift errors. This chapter then demonstrates that
the zBEAMS formalism is able to recover a fiducial cosmology using a series of cata-
logue simulations. Parameters are fit for using Markov Chain Monte Carlo (MCMC)
modelling.



Chapter 2

Bayesian Statistics

This chapter presents an outline on the fundamentals of Bayesian statistics. Sec-
tion 2.1 introduces some of the notation that will be used throughout this thesis.
While this may seem like over-clarifying for the most part, doing so accurately is
necessary since chapters 4 and 6 are notationally complex. Additionally, this leads
into a description of Bayes’ law that is intuitive to understand. Chapters 4 and 6
show original work that builds from this.

2.1 Introduction to Bayes’ Law

The field of Bayesian statistics owes its name to the Reverend Thomas Bayes
(b. 1701), an early pioneer on the subject [7]. The first written account of Bayes’
law in the form we know it today was however given by Pierre-Simon Laplace in
1814 [86]. Bayes had previously only described the law in words. Bayesian statis-
tics remains an active and fruitful area of research in spite of the fact it has been
around for almost three centuries. The field is coming to the fore because (1) it is
theoretically sound and therefore attractive in subjects with lots of data trying to
get optimal results, but (2) it is computationally demanding, and has only become
possible with the advent of Moore’s law. Another driver of the growth of Bayesian
statistics is its far reaching applications, especially those where results differ from or
are more interpretable than those produced by orthodox (or “frequentist”) statistics.
Bayes’ law was historically used to combine scientific measurements with differing
associated confidence levels, and this is where it still sees a lot of use today. An

7
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intrinsic feature of Bayesian statistics is that theories/models and data are viewed
on an equal footing. This footing is probability-centric, and as such, this section
presents an introduction to Bayesian statistics from a probabilistic viewpoint.

Consider two independent random events (or variables), A and B. The probabilities
of a specific outcome for each of these events can be written as P (A = a) and
P (B = b) respectively. The probability of both events A and B occurring is written
as P (A,B). Since it has been posited that A and B are independent, P (A,B) is
simply P (A)P (B), since the probability of independent events is just the product
of the probabilities of each event. In the more general case, events A and B need
not be independent. In this case, P (A,B) can be evaluated using the product rule:

P (A,B) = P (A|B)P (B) (2.1)

Here, P (A|B) is the probability of event A given event B. Even when events A
and B are not independent, there is a simple way to evaluate P (A,B), as long as
P (A|B) can be evaluated.

The probability of events A and B occurring, is the same as the probability of events
B and A occurring:

P (A,B) = P (B,A) (2.2)

P (A|B)P (B) = P (B|A)P (A) (2.3)

Here the order in which we write the variables in the joint distribution does not
matter. Equation 2.3 can be reordered such that P (A|B) is the subject of the
formula:

P (A|B) =
P (B|A)P (A)

P (B)
(2.4)

Equation 2.4 is a statement of Bayes’ law in its most simple form. It shows a simple
relation between P (A|B) and P (B|A). Specifically, the probability of A given B is
equal to the probability of B given A, multiplied by the ratio of the probability of
A over the probability of B. Section 2.2.1 describes the significance of this relation,
as well as why it is important for inference.
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2.1.1 A Simple Example

Consider a simple example1, inspired to some extent by the current global pandemic.
Consider an antibody test for COVID-19, with accuracy 90%. Assuming that the
prevalence of COVID-19 among the South African population is 2%, what is the
chance that Jack, a randomly selected member of the South African public, has
COVID-19, given a positive antibody test result?

Here, P (+|infected) = 0.9, the likelihood of a positive test result given infection, is
not the probability that Jack has COVID-19, but rather the probability he would
test positive for COVID-19 if it was known he was infected. The probability that
Jack is infected can be expressed using Bayes’ law:

P (infected|+) =
P (+|infected)P (infected)

P (+)
(2.5)

where:

P (+) = P (+|infected)P (infected) + P (+|not infected)P (not infected) (2.6)

is the evidence, found by summing the probabilities of all the circumstances under
which one may observe a positive test result. This means:

P (infected|+) =
0.9× 0.02

0.9× 0.02 + 0.1× 0.98
(2.7)

P (infected|+) = 0.1551... (2.8)

P (infected|+) ≈ 15.5% (2.9)

Why is this? It seems strange that Jack has a ∼ 15.5% chance of being infected given
a positive test that is 90% accurate. The reason becomes clear if we consider Jack as
part of a population. For a population of 1000, with a 2% COVID-19 prevalence, 20
people will be infected, and 980 will not. If every member of this population were to
be tested with an antibody test that was 90% accurate, 18 out of 20 infected people
would test positive, and 98 out of 980 not infected people would also test positive.
This means 18 of the (18 + 98) people who tested positive were actually infected,
corresponding to ∼ 15.5%.

This shows how prior knowledge about disease prevalence is an important aspect to
1Versions of this example are commonly used to introduce the idea of Bayes’ law.
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solving this problem. The above example highlights that in fact prior knowledge is
often an important aspect to making predictions, and demonstrates how this can be
done using Bayes’ law.

2.2 A Probabilistic View of Statistics

The use of probability is ubiquitous within all sub-fields of statistics. Differences
between these sub-fields often arise from which probability or probability distri-
bution is considered in a statistical analysis and how it is interpreted [3]. This
section expands on the introduction to probability theory and Bayes’ law presented
in section 2.1, and illustrates the need for a Bayesian approach in certain statistical
applications.

2.2.1 Bayes’ Law for Inference

Equation 2.4 showed Bayes’ law in the most simple form. This section presents a
formulation of this rule that is more useful for inference - “a conclusion reached on
the basis of evidence and reasoning” [134]. Consider a generic experiment. If there
are some observed data, D, and a model, M , with associated parameters, θ, that
is fitted to the data, then the probability distribution over these parameters can be
found using Bayes’ law:

P (θ|D,M) =
P (D|θ,M)P (θ|M)

P (D|M)
(2.10)

This formulation of Bayes’ law is important since the conditional probability of
θ|D,M takes into account that there is always some degree of subjectivity inherent
to the choice of model used to describe/make inferences from data. A great chapter
on Bayes’ law in the context model fitting is presented by [94].

Here, and throughout the rest of this thesis, the M is dropped from the equation
for notational simplicity, as shown in equation 2.11. It should however always be
assumed.

P (θ|D) =
P (D|θ)P (θ)

P (D)
(2.11)

Each of the terms in equation 2.11 have commonly used names: P (θ|D) is the
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posterior, P (D|θ) is the likelihood, P (θ) is the prior and P (D) is the evidence (also
referred to as the “marginal likelihood”), which is also sometimes denoted by Z.
The evidence term is calculated by marginalising over all possible parameter values,
as shown in equations 2.12 and 2.13 for discrete and continuous parameter spaces
respectively. Marginalisation is discussed in section 2.2.3.

Z ≡ P (D) =
∑
θ

P (D|θ)P (θ) (2.12)

Z ≡ P (D) =

∫
θ

P (D|θ)P (θ)dθ (2.13)

It should be noted that the evidence term is just a summation or integral over the
numerator in equation 2.11. What this means is that the term, P (D), acts as a
normalisation constant. This ensures that

∫
P (θ|D)dθ = 1. For some applications,

such as those discussed in section 2.3, the calculation of the evidence is not required
since it is independent of model parameters, and we are only interested in the best
fitting parameters. These parameters are found using a ratio of probabilities, both
of which have the evidence in the denominator, which cancels out. The evidence is
just a scaling factor in this case that is not needed.

2.2.2 Naïve Bayes

Naïve Bayes is the set of supervised learning classification algorithms that utilise
the conditional independence assumption commonly used in Bayes’ law. For data
with n features, xi, where i ∈ [1, n] and class label, y, the posterior over y given the
features is expressed with Bayes’ law:

P (y|x1, x2, ..., xn) =
P (x1, x2, ..., xn|y)P (y)

P (x1, x2, ..., xn)
(2.14)

The likelihood term, P (x1, x2, ..., xn|y), can be rewritten using the chain rule:

P (x1, x2, ..., xn|y) = P (x1|x2, ..., xn, y)P (x2|x3, ..., xn, y)...P (xn|y) (2.15)
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Now assuming the features are independent of one another, this can be rewritten:

P (x1, x2, ..., xn|y) = P (x1|y)P (x2|y)...P (xn|y) (2.16)

P (x1, x2, ..., xn|y) =
∏
i

P (xi|y) (2.17)

Naïve Bayes classifiers make predictions under the assumption stated in equation 2.17.
Despite the fact the independence assumption inherent in using Naïve Bayes is rarely
accurate, it is widely utilised in many applications, and is often effective in prac-
tice [145]. Investigations about why this is have also been done [155].

2.2.3 Marginalisation

For a multivariate problem, it is often the case that we wish to learn information
about the posterior distribution of a particular parameter without the conditional
dependence of another parameter/parameters. In this case, these parameters are
referred to as nuisance parameters. More specifically, the joint distribution is not
what is of interest, since the nuisance parameters are not key. We do not care about
them other than that they correlate with parameters we do care about. We only
care about the posterior for the parameters of interest. The nuisance parameters are
eliminated by a process called marginalisation. Marginalisation is the integration of
a multivariate probability distribution w.r.t. at least one of the variables:

P (A|B) =

∫
i

P (A|B,Ci)P (Ci|B) dCi (2.18)

where Ci is the continuous nuisance parameter. Or:

P (A|B) =
∑
i

P (A|B,Ci)P (Ci|B) (2.19)

where Ci is the discrete nuisance parameter. These are the same equations as are
used to calculate the model evidence in equations 2.12 and 2.13, since the process
of calculating the model evidence is similar to that of marginalisation, though over
all the model parameters (hence why the evidence is also referred to as the marginal
likelihood).

For the case where the posterior distribution has been obtained with MCMC meth-
ods, numerical marginalisation over a particular parameter is trivial, since one only
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need histogram the points in the axis of the parameter of interest to obtain the
marginal distribution [80]. MCMC is discussed in detail in section 2.3.

2.2.4 Priors

Prior probability distributions (commonly called priors) in Bayesian statistics in-
corporate beliefs about which values of the model parameters are probable before
(prior to) the measurement of any data. This can seem like a cause of confusion
since it seems to be a highly subjective choice. The incorporation of prior distribu-
tions is however vital in determining the posterior distribution, and choosing a prior
that encapsulates the researcher’s true prior beliefs is crucial to do so [41]. More
fundamentally though, we wish to obtain a posterior distribution for science, and
the only way to do this mathematically is through a prior.

An additional point about priors becomes apparent when one considers the sim-
ulation of some data. The values taken on by the variables that comprise this
simulation are selected by drawing them randomly from a probability distribution.
Using a prior distribution over a corresponding physical quantity for this is a useful
tool to ensure the data are representative of what one expects to observe in real-
ity. Prior distributions are therefore central in considering the mechanics of a given
simulation, or a statistical analysis in general.

2.2.4.1 Proper Priors

A proper prior is a prior probability distribution that integrates to one:∫
θ

P (θ)dθ = 1 (2.20)

An improper prior, is one that does not integrate to one. A prior that does not
integrate to one or cannot be normalised to integrate to one doesn’t make particular
sense as a probability distribution, since the probability of all possible outcomes
should sum to one. Using improper priors, particularly in hierarchical models, can
lead to biases [46]. This is discussed in some detail in chapter 6.

A corollary of this is that one should not use uniform unbounded priors. Particularly,
P (θ) = 1 should not be specified as a prior distribution, since this integrates to
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∞. This would indicate that one’s prior knowledge about the variable θ is that
it is equally likely to take on any value, which is generally not the case for model
parameters. This can be mitigated by using a top hat prior that is uniform inside
the range [α, β], and zero everywhere else. Here a glimpse of why Bayesian methods
are sometimes more suitable than their frequentist counterparts appears: failing to
specify an informative prior means inappropriate model fits can be applied to data,
which can lead to biased parameter estimation.

2.2.4.2 Informative and Uninformative Priors

An informative prior is one that expresses specific information about a variable
[80; 104]. An uninformative prior does not. Weakly informative priors express par-
tial information about a variable, and often ‘uninformative’ priors would be better
descried as ‘weakly informative’ since they do express some objective information
about the variable. For example, using a prior to constrain a variable to be positive
or below a particular limit is considered uninformative.

The choice about whether an informative or uninformative prior should be used
is often determined by whether it is appropriate to encode subjective or objective
information about the uncertainty of a variable [104]. Subjective priors can better
incorporate the true uncertainty associated with a particular variable into a statis-
tical analysis. Uninformative priors are also referred to as objective priors, since
the information they express objectively encapsulates uncertainty on they variables
they describe. Another way to say this, is that objective priors encode information
in a way that can be rigorously justified. The choice about whether to specify a
subjective or objective prior is however a philosophical one, and the use of either is
commonplace in practice [42]. A motivation for the use of objective priors appears
when viewing the prior and posterior relationship as: initial belief + data = updated
belief. An objective prior will typically lead to larger information gain when going
from prior to posterior distributions. This is useful when designing an experiment
where the objective is to yield the largest information gain given some observed data.
Something to note is that if we change our parameters to a new set of parameters,
θ′ = f(θ), an uninformative prior on θ may become a highly informative prior on θ′.
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2.2.4.3 Conjugate Priors

A conjugate prior is one that when paired with a particular likelihood function,
leads to a posterior with the same form of probability distribution as the prior
[80; 104]. Cases where a conjugate prior is appropriate make the job of determining
the posterior (and evidence) easier, since the the form of the posterior is known
and can often be solved for analytically [38]. Similarly, the integration required to
calculate the model evidence is typically tractable in cases where a conjugate prior
is used. An example of this is using a Gaussian likelihood and Gaussian prior, the
product of which given Bayes law yields a posterior that is Gaussian as well. Another
example is when the likelihood can be assessed using the binomial distribution:

P (x, n|p) =

(
n

x

)
px(1− p)n−x (2.21)

where n is the number of trials, x is the number of times a specified outcome occurs
within a series of n trials with two possible outcomes, and p is the probability of a
single one of these outcomes. In this case, the beta distribution is a conjugate prior:

P (p|α, β) =
pα−1(1− p)β−1

B(α, β)
(2.22)

where α and β are the hyperparameters and B(α, β), the beta function, is a nor-
malisation constant. The beta function is defined by the integral:

B(α, β) =

∫ 1

0

tα−1(1− t)β−1dt (2.23)

2.2.5 Graphical/Causal Models

Complex problems have, by definition, many variables. A large subset of these
variables are likely to be inter-related in some way, and modelling the dependencies
and causal relations between the variables can be difficult. Graphs are a useful tool
to deal with this, since they offer an expressive means of visualising the relationships
between variables in these problems.

A graph, in this context, is a pair G = (V,E), where V is a finite set of distinct
vertices and E is a set of edges between these vertices [77]. A causal model, also
commonly called Directed Acyclic Graph (DAG), influence diagram or probabilistic
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network model, is a type of graph where the vertices represent variables and the
edges represent relations between these variables [77]. An example of a graphical
model is shown in figure 2.1.

Figure 2.1: Figure taken from [77]. The vertices are represented by the encircled
letters, and the arrows indicate the relationship between these vertices (the ver-
tices represent variables). The direction of the arrows shows the causal relationship
between variables/vertices.

In the example shown in figure 2.1, the left diagram (a) shows arrows between a
subset of the variables. These arrows indicate a particular direction of causality
between variables, which is the reason DAGs are referred to as “directed”. DAGs
are also acyclic: any variable that is causally influenced by another variable, cannot
itself have a causal influence on that variable. This makes sense, since a particular
variable should not have a causal relationship with itself.

While DAGs are not a central component of this thesis, they are used in chapter 4
to visualise the model that is implemented.

2.2.6 Hierarchical Bayesian Models

For many multivariate statistical problems, the variables are connected in some way
determined by the structure of the problem [38]. Here the case where one variable
is hierarchically distributed w.r.t. another is considered. That is to say that the
hierarchically distributed variable is more easily expressed in relation to another
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variable than on its own. In such cases, the hierarchy formed by the model should
reflect the form and structure of the random variables and how they connect to
observables.

A simple example of a hierarchical model is when a noisy observation of a particular
quantity is made, though the true (unknown) value of this quantity is actually
the quantity of interest. In such cases a latent variable for the true value can be
introduced such that the observed value is hierarchically distributed around it given
the noise distribution:

P (θ|yo, yt) ∝ P (yo, yt|θ)P (θ) (2.24)

P (θ|yo, yt) ∝ P (yo|yt, θ)P (yt|θ)P (θ) (2.25)

where yo is the observed quantity, yt is the true value (model parameter) and θ are
the remaining model parameters. Note the introduction of the prior, P (yt|θ), which
incorporates the hierarchical structure of the data into this probabilistic model.
Here, one can say that the observed variable, yo, is hierarchically distributed with
respect to the underlying true value, yt.

Hierarchical models, however, need not be defined in a mathematically rigorous
way or in terms of statistical random variables, though this is the context where
they see most use throughout this thesis. A hierarchical model is any model that
makes use of some multilevel structure. For the most simple two-level hierarchy, a
hierarchical model makes use of a higher level model, and lower level sub-models, the
control/fine-tuning of which is often governed by the higher-level model. Broadly
speaking, there are two cases in which one may want to do this. The first is when
there is some inherent known hierarchical structure to the data. Some examples of
this are:

• Modelling disease prevalence and transmission characteristics among different
communities [109]

• Studying the effect of child support programs at different schools [39]

• Estimating cosmological parameters using supernovae of differing type [83]

In these examples, how an individual is modelled depends on a higher level parameter
(i.e. which school or community they belong to) as well as the low-level observed
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variables (data on their test scores, for example). The second case where one may
want to use hierarchical modelling is when the modelled data are too complex to be
accurately portrayed by a single model. Ensemble models are an example of this:
multiple models (which are likely suited to different data sub-spaces) are used to
make predictions, and their predictions averaged over to produce an overall final
result that is often better than any of the individual models. This second case is
discussed further in the context of heterogeneous data in section 2.2.6.1 below.

2.2.6.1 Modelling Heterogeneous Data

An area where the use of a hierarchical modelling approach is useful is in the mod-
elling of heterogeneous data [39]. Heterogeneity refers to the variation of structure
within data. In the context of Bayesian hierarchical models, heterogeneity can more
generally refer to the variation of structure within any of the random variables, even
if they are not observed variables (data). This variation can manifest as clustering
in random variables [39]. In some cases, these clusters are not well described by a
single model, and employing multiple models to describe each cluster or a subset of
clusters is a better approach. These models comprise a sort of ‘ensemble’. For this
method of hierarchical modelling the ensemble of models typically displays a similar
hierarchical structure to that of the data/variables being modelled.

2.3 Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC) is a way to do inference. It is a numerical
sampling technique used to approximate posterior probability distributions that are
not analytically solvable.

Consider a mathematical system consisting of a single random statistical variable, θ.
A Markov chain is such a system where the future state of the system, or next value
of θ, is dependent only on the current state, and is independent of previous states.
This means that all the information required to predict the future state is encoded
in the current state only. MCMC utilises this property of Markov chains in order to
sample from a probability distribution. The samples made by the chain would ideally
be independent, but may however be correlated in some cases, and this needs to be
tested for. In order to ensure the samples are independent, every alternate sample
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can be dropped from the chain, or every third sample kept, or every fourth sample
and so on, until it is found that the samples in the chain are statistically independent
of one another. This process is called thinning, and is commonly applied to most
problems that are tackled using MCMC. More sophisticated (optimal) approaches
to implement thinning have been studied [121]. The ‘Monte Carlo’ part of MCMC is
so named after the area in the Principality of Monaco famous for gambling, because
it makes use of stochastic processes to determine the next state of the Markov chain
[94].

How exactly the MCMC algorithm works to return the desired posterior probability
distribution depends on the method of sampling that is used. This section provides
a description of MCMC using the Metropolis-Hastings [99; 58] sampling algorithm.
The algorithm works in the same way for the case with many parameters, or if θ is
multidimensional, but here the single parameter case is considered for simplicity.

Pseudocode for this algorithm is summarised in Algorithm 1, though a full descrip-
tion of the algorithm follows.

Algorithm 1: Pseudocode for MCMC using the Metropolis-Hastings algo-
rithm
input : θinit, n, step size
output: chain
chain=[ ]; // ‘chain’ is initialised as an empty list
for i← 1 to n do

if i=1 then
θcurrent = θinit;
chain← θcurrent; // θcurrent is appended to list, ‘chain’

else
∆θ ∼ N (0, step size); // ∆θ is drawn from a normal
distribution
θproposed = θcurrent + ∆θ;
r = P (θproposed|D)/P (θcurrent|D);
u ∼ U [0, 1]; // u is drawn from a uniform distribution
if r>u then

θcurrent = θproposed;
end
chain← θcurrent; // θcurrent is appended to list, ‘chain’

end
end

The MCMC algorithm is used to deliver an approximation of the posterior distribu-
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tion, but can also be used to find a maximum a posteriori (MAP) estimate, the value
of θ that maximises the approximate posterior. In the most general case, this is not
easily done, although it should be possible to calculate the posterior probability for
any given θ for MCMC to be viable.

MCMC approximates the posterior by making use of a random walk in the θ-space.
An initial point in the θ-space, θinit, is chosen from where to begin the random walk.
The value of the posterior is then calculated for θinit, which after the initial step is
called θcurrent. This is found using Bayes’ law and the relevant data. Then, a new
point in parameter space is proposed, θproposed, given a randomly drawn value from
a proposal probability density function (PDF). A PDF expresses the probability
distribution of a continuous random variable. It is defined over the sample space
of the variable, and allows us to draw at random a value for that variable. The
PDF does not provide the probability of drawing a particular value, but rather the
probability that the drawn value will lie in a particular interval. The PDF is > 0

everywhere, and integrates to 1. The value drawn from the proposal PDF specifies
the size of the jump to the next value of θ. The proposed point is then:

θproposed = θcurrent + ∆θ (2.26)

where ∆θ ∼ N (0, α) is the proposal PDF, and α is a hyperparameter for the step
size. The proposal PDF needn’t be Gaussian, though is should have mean zero
and should take hyperparameters that tune the location and stretch of the distribu-
tion [25]. If the proposed point has a higher associated posterior probability than
the current point, it is accepted, and appended to the Markov chain. If the proposed
posterior probability is lower than the current one, then the Metropolis-Hastings ac-
ceptance criterion is used to determine which point is appended to the chain. If the
point is accepted, again the proposed point is appended to the Markov chain. Now
the proposed point is used as the current point for the next step of the algorithm.
If the point is rejected, the current point instead is appended to the chain.

The Metropolis-Hastings acceptance criterion states that if the posterior probability
of the proposed point is lower than that of the current point in parameter space,
then the proposed point is accepted with probability [94]:

r =
P (θproposed|D)

P (θcurrent|D)
=
P (D|θproposed)P (θproposed)

P (D|θcurrent)P (θcurrent)
(2.27)
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This means that if the proposed point has a posterior probability of 0.01 times that
of the current point, there is a 1% chance the point will be accepted. Similarly, if
the proposed point has a probability of 0.99 times that of the current point, there
is a 99% chance the point will be accepted.

The choice of θinit is usually made by drawing a random sample from the prior
distribution of θ:

θinit ∼ P (θ) (2.28)

In some cases this initial choice may be far away from the peak or the bulk of the
posterior distribution, in which case the chain will not be stationary. A Markov
chain is described as stationary if its distribution does not change in time/with
iterations. If the chain is not stationary, it does not deliver a good approximation
to the posterior. A way to mitigate this is by using ‘burn-in’ [104; 100]. Burn-in
is when an initial number of steps in the random-walk are removed from the chain.
Since it is not in general known how many steps need to be removed, one approach
is to discard all points in the chain before it hits 50% MAP value for the first time.
This is often required for cases where the chain is initialised in an area of very low
posterior probability. One thing to note is that this would not be an issue if the
algorithm could run for infinite time, since the portion of the chain after what would
have been discarded through burn-in is infinitely longer than the initial portion.

The distribution of points in the Markov chain gives the approximation to the poste-
rior for sufficiently many steps, n. The value of n cannot be determined in general,
but one can check whether the chain has converged under certain metrics using
methods discussed in section 2.3.3. An example using MCMC to sample a one-
dimensional posterior is shown in figure 2.2, first for 100 samples and then for 10000
samples. It is not trivial to see why the Metropolis-Hastings algorithm converges,
though distinct proofs are given by [125] and [140].

How quickly the algorithm converges, or how efficient the sampler is, is largely
determined by the step size (or width of the proposal PDF). If the chosen step size
is too small, any step proposed by the random walk will have approximately the same
associated posterior probability as the current step. This will result in all proposed
jumps being accepted, and the algorithm will take a long time to converge to the
true posterior. Conversely, if the chosen step size it too large, any step proposed
by the algorithm will yield a proposed posterior probability that is far from the
bulk of the posterior distribution. In this case, most steps will be rejected, and the
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Figure 2.2: Left panel: Histogrammed MCMC chains (shown in orange) of the
recovered posterior plotted alongside the true posterior (black solid line). Here the
MCMC algorithm has run for 100 steps. Right panel: Histogrammed MCMC chains
(shown in orange) of the recovered posterior plotted alongside the true posterior
(black solid line). Here the MCMC algorithm has run for 10000 steps. The right
panel illustrates the algorithm’s recovered posterior distribution converging toward
the true posterior after a large number of steps. The Metropolis-Hastings acceptance
criterion means that the random walk can explore local minima. This also allows the
random walk to explore all modes of a multi-modal distribution. This is illustrated
in the right panel where convergence to the true posterior in the region of the smaller
mode is just as good as at the peak of the posterior.

algorithm will also take a long time to converge to the true posterior. These two
outcomes can be tested for by checking the acceptance ratio of the sampler. The
acceptance ratio is the number of accepted steps over the total number of steps.
Ensuring the step size is suitable for a particular application is necessary in order
to ensure an efficient sampler.

Approaches to learn the correct step size as the sampler runs can increase the ef-
ficiency. Additionally, some samplers can vary their hyperparameters (step size,
covariance structure) conditioned on θ i.e. depending on where the sampler is in
parameter space. These are called adaptive MCMC techniques, and can be useful
when sampling posteriors with highly irregular shapes. A few examples of these
techniques are [78; 54; 55; 49; 103]. One should note however, that the convergence
guarantees do not apply to these methods, since the proposal PDFs they implement
are not reversible, a requirement given by the proofs by [125; 140].
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2.3.1 Block Metropolis-Hastings

The block (also called block-wise or component-wise) Metropolis-Hastings algorithm
is a modification of the standard Metropolis-Hastings algorithm that is used in
cases where the parameter space is very high-dimensional. This algorithm differs
from the standard one in that ‘jumps’ are not made in all dimensions at once,
but rather only a few at a time (in blocks). This aims to mitigate the curse of
dimensionality: in very high-dimensions it is much easier to make a jump to a
proposed point that has a very low posterior probability. In these cases, the random
walk used by the standard algorithm struggles to converge to the true posterior.
The choice of block size, the number of parameters/dimensions to adjust at once, is
dependent on the particular problem. Adding blocks decreases the efficiency of the
sampler [141], while having the potential to improve the acceptance ratio in very high
dimensions. A sampler with k blocks will have to generate k times more samples
than an equivalent sampler with one, in order to yield the same effective sample
size [126]. Approaches to automatically determine the ideal blocks (optimised for
sample efficiency) have been investigated [141], and are shown to be effective at
increasing sampler efficiency relative to naïve MCMC methods. These methods are
particularly suited to problems where a subset of the variables are correlated. While
they do not guarantee improvements in sampling efficiency in all problems one may
tackle with MCMC, they offer significant advances for a subset of these problems
that are often encountered.

A simple approach to deal with which parameters to vary, however, is randomly
selecting n parameters at a time, where n is the block size. While this is not
optimal in terms of sampling efficiency, it is effective on a broad range of problems.

The block Metropolis-Hastings algorithm is used to sample a 1000-dimensional pos-
terior in Chapter 6.

2.3.2 Gibbs Sampling

Gibbs sampling is a MCMC algorithm that can be used to sample a multivari-
ate probability distribution. The Gibbs algorithm aims to approximate the joint
posterior (the posterior over all parameters), by iteratively sampling the individual
conditional posteriors. It works by sampling only one parameter at a time, while the
others are held fixed [37; 19; 94]. This means that the Gibbs algorithm is suited to
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cases where the joint posterior is difficult to sample, but the conditional distributions
are known.

For the simple case of two parameters, θ1 and θ2, the joint distribution, P (θ1, θ2|D),
can be found using Gibbs sampling given conditional distributions P (θ1|θ2, D) and
P (θ2|θ1, D), which can be sampled from. Additionally, if only the marginal distribu-
tions are of interest (consider here the marginal distribution on θ1, P (θ1|D)), then
performing a numerical marginalisation on the joint posterior is a simple histogram-
ming of the sample points in the θ2 direction.

2.3.3 Convergence

There are generally two main challenges to deal with when using MCMC in any
application, namely burn-in and convergence. Section 2.3 introduced the idea of
burn-in, which is a way to mitigate the fact that the Markov chain may have been
initialised in a low posterior probability region of parameter space. Convergence is
a condition met by the Markov chain, when it is said to have a distribution that is
the same as (or sufficiently similar to) that of the posterior it is sampling. Testing
for convergence is of the utmost importance in terms of validating any statistical
analysis using MCMC. It is however not trivial to test for, since for any real example
one would not have access to the ‘true’ posterior against which to compare the
distribution of the chain. The two challenges of burn-in and convergence are subtly
related, as will be made clearer in this section.

A good way to validate any statistical analysis using MCMC is to run multiple chains
from different random seeds, and compare the results. One of the ways used to test
for convergence is the R̂ statistic, initially introduced by Gelman & Rubin [40].
This statistic has since been updated [16; 38; 143], though the general idea remains
the same. The idea is that after burn-in, the variance and mean estimates of the
multiple chains should be the same. Additionally, the chains should be stationary.
This is checked for by comparing mean and variance estimates of the entire chain
against with-in chain estimates of the same quantities.

Calculating R̂ for a given parameter requires splitting each of the chains used to
sample the distribution. This ensures the first and second halves of the chains are
stationary (they have the same mean). For a given parameter, θ, with m chains
(after splitting) each of length n (again, after splitting), the between-chain variance
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(B) and within-chain variance (W ) are calculated using the equations below [38]:

B =
n

m− 1

m∑
j=1

(θ̄j − θ̄)2 (2.29)

W =
1

m

m∑
j=1

[
1

n− 1

n∑
i=1

(θij − θ̄j)2

]
(2.30)

Here, θ̄ is the average θ calculated across all chains, and θ̄j is the average θ of the
jth chain, where j ∈ [1,m].

The total variance, V̂ar
+

(θ|y), is then calculated by a weighted sum of the between-
chain and within-chain variances. The ‘+’ in V̂ar

+
(θ|y) indicates that this quantity

overestimates the ‘true’ posterior variance.

V̂ar
+

(θ|y) =
n− 1

n
W +

1

n
B (2.31)

In the limit as n→∞, W and V̂ar
+

(θ|y) both tend towards the true variance. The
(square root of the) ratio of these quantities is therefore monitored for convergence,
with an R̂ ' 1 indicating the chains have converged:

R̂ =

√
V̂ar

+
(θ|y)

W
(2.32)

Figure 2.3 shows an example of multiple chains sampling a posterior distribution. It
shows an illustrative example of how convergence is determined using the method
discussed here.

If the MCMC algorithm could be run for an infinite amount of time, then there
would be no need for burn-in since the posterior mass would be infinitely more
dense than the initial region of the chain. See in figure 2.3 for example, chain 1 was
initialised at ‘-5.0’ (a region of very low posterior probability), yet after a few steps
this region is not explored again by any of the chains. For this example, the sampler
converged to the true posterior very quickly. For more complex examples, this quick
convergence is not guaranteed, and assessing the stationarity of the chains may be
required to determine how many iterations should be discarded with burn-in.
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Figure 2.3: Plot showing 5 MCMC chains with different initialisations on the same
posterior used in the illustrative plot in figure 2.2. Top pane: the first 1000 iterations
of the chains. Bottom pane: the next 5000 iterations of the same chains. The first
∼ 100 iterations in this case show the burn-in phase of the chains. This is best
illustrated by chain 1 (shown in light blue), which has an associated θinit that is
furthest from the bulk of the posterior mass. The chains in the top pane have an
associated R̂ = 1.24 (not yet converged), and the chains in the bottom pane have
an associated R̂ = 1.01, which indicates the 5 chains have converged over 1000-6000
iterations. For this example, convergence was reached after approximately 6000
iterations. The distribution of these chains in the θ-direction can therefore be said
to have converged to the posterior of θ, P (θ|D).

2.3.4 Covariant Proposal Functions

Section 2.3 briefly introduced the idea of adaptive MCMC techniques. The idea be-
hind these techniques is that the sampler can vary its hyper-parameters conditioned
on the posterior as it samples. These techniques help with regard to sampling
efficiency and convergence. This section deals with one such example: covariant
proposal probability density functions (PDFs), see for example [50; 51; 21].

A covariant proposal PDF is defined in more than one dimension, where its basis
vectors are not independent of one another. That is to say, when a jump is proposed
in a particular axis, it has an impact on the jumps made in the other axis/axes.
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Covariant proposal PDFs need not be adaptive, though they often are for practical
reasons: for any real application, the covariance matrix of the sampler given posterior
samples needs to be learned. Alternatively, an initial MCMC algorithm can be
run, just to find the covariance matrix of the chains that result from sampling the
posterior. Here the focus is on the mechanism behind covariant proposal PDFs and
how and why they work, rather than how they are determined in practice.

Consider the proposal function shown in equation 2.26 (stated here again):

θproposed = θcurrent + ∆θ

For the multi-dimensional case, this can be generalised as follows:

ΘΘΘproposed = ΘΘΘcurrent + ∆ΘΘΘ (2.33)

where ΘΘΘ ≡ (θ1, θ2, ..., θn)T for n dimensions. Here, ∆ΘΘΘ ≡ (∆θ1,∆θ2, ...,∆θn)T is a
sample drawn from the proposal PDF.

A typical choice for the proposal PDFs in each ith dimension is N (0, αi). This
choice may fail or be inefficient if the posterior, P (ΘΘΘ|D), has a strong covariance
structure. That is to say that at least 2 of the dimensions θi are strongly positively or
negatively correlated with one another. In this case proposed jumps in the correlated
dimensions are more likely to land in an area of parameter space with low associated
posterior probability if a conditionally independent proposal PDF is used. This will
result in the sampler being less efficient, and in some cases it will fail to converge.
This is demonstrated by the illustrative plot shown in figure 2.4.

This can be solved by multiplying the ‘jumps’ proposed by a univariate Gaussian
proposal PDF (like the proposal PDF for the independent case discussed above) by
a matrix, C. The matrix, C, can be found by estimating the covariance matrix of
the chain, and then using the Cholesky decomposition of the estimated covariance
matrix. The Cholesky decomposition is given by:

CCT = A (2.34)

where A is a positive definite matrix, and the estimated covariance matrix in this
case, and C is a lower triangular matrix.
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Figure 2.4: Left pane: the ellipse represents a 95% credible interval (CI) for a
posterior distribution, in this case a 2-dimensional correlated Gaussian. Centre
pane: 1000 samples drawn from a 2-dimensional Gaussian proposal PDF. Right
pane: the same proposal PDF as that shown in the center pane, though linearly
transformed by covariance matrix, C. Here the posterior and both proposal PDFs
are centred at (0, 0). If the proposal PDF from the centre pane was used to propose
a point from the centre of the posterior, many of the proposed points would lie far
outside the 95% CI. Conversely, using the covariant proposal PDF shown in the
right pane for the same jump would result in approximately 95% of proposed points
lying inside the 95% CI. This serves as motivation that using the proposal PDF
shown in the right pane would be a more suitable choice in this case.



Chapter 3

Machine Learning

This chapter presents an introduction to machine learning, with a specific focus on
supervised machine learning. Since an aim of this thesis is to produce a rigorous
algorithm for classification and anomaly detection, we need to compare the standard
tools that are used to do this. The chapter begins by providing a broad overview of
the field of machine learning. It also focuses on some key areas of machine learning,
which are particularly aligned with the scope of this thesis. It then provides detailed
information on some specific algorithms that are used in the remainder of this thesis.
Section 3.5 shows detailed explanations of a number of existing algorithms, which are
used as benchmark algorithms in chapters 4 and 5. Section 3.7 presents a selection
of applicable metrics for use in machine learning, and introduces a novel metric, the
Rank-Weighted Score (RWS), designed for use in anomaly detection tasks.

3.1 Introduction to Machine Learning

Machine learning is an area of study that bridges the fields of statistical inference
and computer science. Classical programming involves explicitly coding a machine
to produce a desired output, given inputs. In machine learning however, the ma-
chine is programmed to learn, given some external information that can not easily
be included in an explicit manner. This information is data. Machine learning
algorithms learn to automate a decision making process based on data, much like
humans learn to do things from experience. The ability of an algorithm to take over
tasks that would typically be thought of as human (or even super-human), is one

29
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of the most valuable contributions by the field of machine learning. Some examples
of this are in marketing [28], driving autonomous vehicles [130; 36; 22] and even
for government [52], with some researchers suggesting we will develop technologies
capable of doing any human job within the next 100 years [44].

Research in the field of machine learning is more prolific now than it has ever been.
The primary drivers for the growth of machine learning in the past few decades have
been the exponential increase in computational power, as well as the growing volume
of available data. While this growth is driven by applications in industry, it will
benefit in the fundamental sciences as well. Modern upcoming scientific experiments
(for example, the Vera C. Rubin Telescope and the Square Kilometer Array) will
collect orders of magnitude more data than any experiments that pre-date them.
The tools afforded by machine learning are essential in maximally utilising this
volume of data.

Machine learning algorithms are often categorised as either supervised, or unsuper-
vised [45]. Further explanation on these two sub-fields is given in sections 3.2 and 3.3
respectively.

3.2 Supervised Learning

Supervised learning is a sub-field of machine learning where the data that are fed to
the algorithm are labelled [57]. Usually we call these labels in classification and not
regression problems, since the values in regression problems don’t take on labels, y,
but rather values, y. Here, and in section 3.2.2, both types of problem are expressed
in a similar way. To express this mathematically: The data have features, X, and
associated labels, y. The algorithm learns a mapping from X → y, f . I.e. f : X →
y. When some new data, Xnew, are observed, the algorithm can predict labels for the
data given by: ypred = f(Xnew). The process whereby the algorithm learns f is called
training, and the process where an algorithm generates predictions given unseen
unlabelled data is called testing. Training reduces to minimising (or maximising)
some cost function in terms of the data, which is analogous to optimisation. The
‘algorithm’ is also sometimes referred to as the ‘model’ in this chapter. Further
explanation on training and testing is presented in section 3.2.1.

Some examples of the applications of supervised machine learning are:
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• Facial recognition

• Hand-writing recognition

• Identifying spam e-mails

• Weather forecasting

• Predicting housing prices

Supervised learning is the focal area of the remainder of this chapter, as well as
Chapter 4.

3.2.1 Training, Testing and Validation

Given a dataset of features, X, and associated labels, y, a machine learning algo-
rithm, f , can be trained to make predictions on some new data Xnew. Here the
question arises: how does one know if the results returned by the algorithm are sat-
isfactory? In this example, X, y are the training data. The quality of the predictions
made on new data, f(Xnew), cannot be quantified since there is no ‘known’ correct
answer.

The most common approach to dealing with this is to split the data, X, y, into two
sets: a training dataset, Xtrain, ytrain, and a test dataset, Xtest, ytest. Now only a
subset of the original data is used to train the model, and the rest is held out to
evaluate the model’s predictive power. If the dataset is large, this approach may
work well, and a 50/50 split of training/test data would be appropriate. If the
dataset is small, a 60/40, or even a 70/30 train/test split is a common choice, since
it is desirable to have as much data as possible to use to train the algorithm. One
of the main reasons to do this train/test split is to avoid overfitting.

Overfitting is when an algorithm has a significantly superior predictive performance
on the data on which it was trained than on some new unseen data, assuming the
training data are representative of this new data. It typically occurs when either
the model is made too complex in order to ‘explain’ the data, or if insufficient data
is used during training, which leads to the model not being able to generalise well.

Another approach to model training and evaluation is to use validation, or cross-
validation. These approaches address some challenges that arise when using a single
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test set, particularly on small datasets [82]. Validation is the process where an
additional split is made in the train/test split, such that there are three sub-datasets
(training, validation, test), and the validation set is used to tune hyperparameters
on an already trained model.

Cross-validation (more specifically k-fold cross-validation) is the process of splitting
the entire dataset into k disjoint partitions, where k is an integer usually in the
range [3,10]. Choosing a higher value of k helps guard against overfitting, however,
this comes at the cost of computational resources since k algorithms need to be
trained. An additional point worth noting for cases where the volume of training
data is small, is that choosing a high value for k can penalise the accuracy of the
evaluation step because set held out for evaluation is small. Once the value for k
has been selected, k model training and evaluation steps are performed iteratively.
For each step, the k-th set is held out for evaluation, and the model is trained on the
remaining k−1 sets. The result is k trained algorithms. The model parameters from
each algorithm can then be averaged to achieve a final predictive model. Alternately,
the k predictive models can be used as an ensemble of predictive algorithms that
‘vote’ if averaging of model parameters is not a suitable technique for a particular
algorithm.

3.2.2 Classification and Regression

Classification and regression are two common types of problems in supervised ma-
chine learning. Both classification and regression algorithms learn a mapping from
the X-space to the y-space. I.e. both types of algorithm find a mapping, f : X → y,
that minimises some error/loss.

For classification problems, the values of y are always discrete, as well as finite. This
means that a classification algorithm, f , outputs values that are elements of a finite
set, determined by the number of classes present in the training data.

For regression problems, the values of y are continuous. Thus, a regression algorithm,
f , outputs any value in the continuous y-space, even if that exact value has not been
encountered in training.

There is a subtle difference between classification and regression problems: every
regression problem can be made into a classification problem by binning the contin-
uous values, but the reverse is not true. Class labels can be categorical (e.g. cat or
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dog), which means they have no ordering. With continuous numerical values, one
can say 1.1 < 1.3, but obviously not cat<dog or cat>dog.

3.3 Unsupervised Learning

In unsupervised learning, the data are not labelled. This means an unsupervised
learning algorithm takes only the data as input, and has to find some underlying
pattern to that data [45; 3]. Some examples of the application of unsupervised
machine learning are [45]:

• Clustering

• Segmentation

• Dimensionality reduction

• Feature selection

Unsupervised learning algorithms have the potential to be incredibly powerful, since
most available data are unlabelled. The trade-off is that unsupervised learning
methods can be computationally intensive on large datasets. The primary reason
for unsupervised methods typically requiring more computational resources than
their supervised counterparts is that there are no human-annotated labels present.
The lack of labelled data means that no context/structure for the data is provided,
and this structure must instead be learned as well.

See for example figure 3.1 from [138], where the task is to cluster similar news stories.
In order to read the figure properly, two concepts need to be introduced, namely the
concepts of Markov stability and Sankey diagrams. A Sankey diagram represents
the flow of information within a system using arrows. The width of the arrows
corresponds to the volume of information that is transferred through the portion of
the system that the arrow represents. In figure 3.1, the number of arrows shown at
each step in the clustering process indicates the number of clusters, and the width of
each arrow represents the volume of information in that cluster. Markov stability is a
measure of the quality of clusters over time (or through iterations on the clustering
process) [30]. The clustering process splits the data into distinct partitions and
the Markov stability (analogous to the variation of information, V I(t), shown in
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Figure 3.1: Figure taken from [138]. The top four plots illustrate the data in a two-
dimensional space, where different numbers of clusters are assumed (28, 15, 9 and
5 respectively). The middle plot illustrates the stability of the clustering, using a
Markov stability plot (decreasing variance of information or increased stability from
left to right). The bottom plot is a Sankey diagram, showing the connection/flow
between clusters of different size.
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figure 3.1) provides a measure of probability that a particular item is likely to stay
in the partition in which it started. These distinct partitions can be thought of
as states of a discrete-time Markov chain. The transition matrix that governs this
discrete-time Markov chain is what is used to compute the Markov stability for a
given clustering. Clusters that are “stable” under the variation of information metric
comprise of individual stories which are unlikely to transition to a different cluster
throughout iterations of the clustering process.

For the example in figure 3.1, the Markov stability plot and Sankey diagram illustrate
how similar stories are clustered together in sub-topics, which are then clustered
into broader topics in a bottom-up manner. A common issue with many clustering
problems is that it is not clear how many clusters ‘should’ be present in the data, so
having an idea of the quality of the clusters (given by the Markov stability in this
case) is important.

The large volume of data as well as the complexity of the data makes the clustering
process difficult, since in order to create clusters in a lower dimensional space than
the raw data, distances between the data instances need to be computed, i.e. if one
wants to say that one story is similar to another. Even though the words/stories
have been converted into a vector space, this space is high-dimensional, which when
coupled with the volume of data makes clustering computationally intensive.

3.4 Anomaly Detection

Anomaly detection is an important area of research in the field of machine learning
that has gained huge traction owing to its large range of applications [110]. A few
examples of these applications include:

• security [135]

• fraud detection

• defect finding [96]

• data cleaning

• serendipitous knowledge discovery [27]



Chapter 3. Machine Learning 36

These are all problems where there is some standard behaviour that can be modelled
(or learned) given that there is a large amount of representative data, and there
is also a chance of aberrant behaviour with a small probability. This aberrant
behaviour is typically modelled as a deviation from the standard by some threshold
[128; 3].

Anomaly detection can be thought of as a special case of classification, where data
from the anomaly class is only present in the test data. Thus, the algorithm has
not seen any objects from the anomaly class during training. This is however not
always the case, since there may be contamination from anomalies in the training
data. In this case, unsupervised anomaly detection methods are ideal, since they
focus only on the features of the data, and do not require training.

In this case of unsupervised anomaly detection, the algorithm would explore the
data in order to find examples/instances of data that do not conform to the rest of
the data. Distinctions between anomaly/outlier detection and novelty detection are
sometimes made in the literature. The difference between these is that in novelty
detection, instances encountered in testing that are similar anomalous instances
encountered in training will not be flagged as ‘novel’, since the algorithm has already
seen them before. However, throughout this thesis, the terms ‘anomaly’ and ‘outlier’
are used interchangeably to describe any data instance that is found by an algorithm
to deviate from a common rule by some threshold.

3.5 Existing Algorithms

This section presents detailed descriptions on a number of classification and anomaly
detection algorithms that are used as benchmark algorithms throughout this thesis.
These algorithms are Random Forest in section 3.5.1, Local Outlier Factor in sec-
tion 3.5.2 and Isolation Forest in section 3.5.3. This is by no means an exhaustive
list, but each algorithm has been chosen given its suitability to the required tasks.
This section also presents justifications for the choice of algorithms discussed here.
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3.5.1 Random Forest

Random forest (also sometimes referred to as random forests or random decision
forests) is a decision tree-based method for classification or regression tasks [62;
13; 57]. An in-depth investigation into the workings of ensemble decision trees and
random forests is presented by [90].

A decision tree can be thought of as a set of sequential decision nodes - a means of
splitting information that enters the node through a single input into an arbitrary
number of outputs given a condition. In this case, the decision nodes are designed
in such a way as to split the data based on training labels. An example of a decision
tree is shown in figure 3.2.

Xi ≥ a

0Xj ≤ b

10

Figure 3.2: Decision tree for generic features X and associated class labels y, where
y ∈ Z ∈ [0, 1] in this case. I.e. this is an example decision tree for a binary (two-
class) classification problem. Here the branch down to the left corresponds to a true
condition, and the branch down to the right corresponds to a false condition. In the
case of classification, the terminal points on the decision tree are always the class
labels, yi ∈ y.

The random forest algorithm is an ensemble of many decision trees. Each decision
tree makes a prediction about the value (for regression) or class (for classification),
and the mean or most popular prediction is returned given the predictions by the
ensemble (mean in the case of regression, mode in the case of classification). The
random forest algorithm can therefore also be described as a ‘voting’ of randomly
generated decision trees. For an ensemble with K trees, K random vectors Θk for
k ∈ [1, K] are generated that are independent and identically distributed (i.i.d) [13].
Each tree in this ensemble we then write as h(x,Θk), where x is the input. Here,
x ≡ x1, x2, ..., xm is a particular instance of data with m features, which, along
with class label, y, is drawn from a distribution (that can be thought of as the full
dataset), X,Y such that xi, yi ∼ X,Y. The random subset of X,Y that is used for
training given Θk for k ∈ [1, K], is denoted by XΘ,YΘ.
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The ensemble of trees is written as:

h ≡ {h(x,Θ1), h(x,Θ2), ..., h(x,ΘK)} (3.1)

The parameters Θk (which have been randomly drawn) determine the structure of
the k-th tree, and which features xi ∈ x are used. An empirical margin function is
defined:

m(X, Y ) = P̂ (hk(X) = Y )−max(P̂ (hk(X) = j)) (3.2)

where j 6= y, P̂ (hk(X) = Y ) is the proportion of classifiers that correctly classify
the subset of features, XΘ as YΘ, max(P̂ (hk(x) = j) is the proportion of trees
that classify features, x as j, where j is the most popular label predicted by the
ensemble, unless y is the most popular prediction. In this case, j is the second most
popular label predicted. The empirical margin function, m, is the extent to which
the number of votes for the correct class outnumber the votes for the next best class.

Here there is still the question of at which values should the splits on the randomly
selected features occur? Approaches to deal with this vary with different imple-
mentations, but the most common approach is to split the data among every value
xi ∈ XΘ, and pick the solution that yields the largest information gain, or Gini cri-
terion [12]. The Gini criterion describes the level of variation within the predicted
classes corresponding to the set XΘ, yielding 0 for no variation (all the same class)
or 1 for the maximum amount of variation possible (all different classes). The ap-
proach of using the Gini criterion is encapsulated in the empirical margin function
in equation 3.2. One thing to note is that this approach is intractable for very
large XΘ.

How does random forest deal with overfitting, particularly in the case where a large
ensemble is used? The use of a large number of trees does not overfit the data. Take
for example the generalisation error on the ensemble as K →∞:

lim
K→∞

e = Px,y [PΘ(h(x,Θ) = y)−max(PΘ(h(x,Θ) = j)) < 0] (3.3)

where j 6= y, and x, y is treated as a random variable. The subscripts x, y and Θ

denote probability in the x, y-space and Θ-space respectively. This surmises that
for random variables, x, y, the generalisation error of the ensemble is less than 0 as
K →∞. Here this result is simply stated, though a proof is given by [13].

The randomness in the algorithm comes from the fact that each decision tree is
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generated on a random subset of features, as determined for the k-th tree by Θk.
As such, a random forest classifier can be sensitive to the initial random seed, since
there is no guarantee which subset of features will be selected. However, as the
number of trees is increased, this variance drops given that the generalisation error
of the ensemble is guaranteed to drop, which yields more stable predictions.

Random forest is used as a benchmark algorithm for classification of sequential
data in Chapter 4. The specific implementation used is that from scikit-learn [112]
(version 0.20).

3.5.2 Local Outlier Factor

Local outlier factor (LOF) is an anomaly detection algorithm, that outputs a ‘degree
of anomalousness’ (or outlier factor) relative to the local neighbourhood [14]. LOF
differs from anomaly detection methods that pre-date it, in that no thresholds are
used, and instead only the degree to which a data instance is clustered relative
to its local neighbours is considered. Comparisons to the data are made for the
k-nearest objects only. While the value of k should be at least 10 in order to
avoid statistical fluctuations, using a small number of neighbours against which
to measure anomalousness allows for reduced computational complexity, without
impacting significantly on algorithm performance.

The LOF is calculated given k-nearest objects, to the object of interest, p. The
distance between the object of interest and the k-th nearest object is called the
k-distance. The k-nearest objects to object p make up a neighbourhood Nk(p). The
LOF for object p is then:

LOFk(p) =

∑
o∈Nk(p)

lrdk(o)

lrdk(p)

|Nk(p)|
(3.4)

for objects o in Nk(p), where |Nk(p)| is a the number of objects that constitute a
local neighbourhood of object p, found by how many objects are closer to p than
the k-distance (the k-distance is defined below). The quantities k and |Nk(p)| need
not be the same if there are objects, o ∈ Nk(p), which are not unique. Here, lrdk is
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the local reachability density, given by:

lrdk(p) =
|Nk(p)|∑

o∈Nk(p)

reach−dist(p, o)
(3.5)

and reach−dist is the reachability distance of object p w.r.t. object o, given by:

reach−dist = max(k−distance(o), d(p, o)) (3.6)

where d(p, o) is just the distance between objects p and o. The k-distance of an
object p is defined for positive integers, k, as the Euclidean distance between points
p and o, d(p, o), where o is selected such that the distances from p to at least k other
objects are less than or equal to d(p, o), and the distances from p to at most k − 1

objects are less than d(p, o).

LOF is an unsupervised algorithm as standard, though it can be used as both a
unsupervised and semi-supervised learning method, depending on whether there is
suitable training data available for the problem being considered. In implementa-
tions of the semi-supervised algorithm [112] there is no change in the computation of
the LOF, rather, a new threshold is learned for what LOFs are considered anoma-
lous. The standard (unsupervised) algorithm assumes most inlier instances have
an LOF of around 1 and outliers have an LOF that is much larger [14]. The semi-
supervised implementation learns, based on computation of the LOF for the training
data, which LOF values correspond to inliers/outliers for a given problem. It is im-
portant to note that this semi-supervised approach fails when there is contamination
from anomalies in the training data, since the algorithm learns to flag these (which
have high LOFs) as inliers. Anomalies with similar LOFs to those seen in training
will therefore not be picked up in testing. In these cases the unsupervised algorithm
should be used.

LOF is used as a benchmark algorithm for anomaly detection in Chapter 4. The
specific implementation used is the supervised implementation from scikit-learn [112]
(version 0.20).
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3.5.3 Isolation Forest

Isolation forest is a decision tree-based anomaly detection algorithm, that isolates
outlying data instances from the rest of the instances [87]. The algorithm works by
iteratively creating nested decision trees on randomly selected features, which split
the data about random numerical values that are selected between the minimum
and maximum values for that feature. In the original Isolation Forest algorithm,
these splits were only made parallel to the axes used, though the algorithm has
been extended to allow for linear splits in any direction [56]. This is illustrated in
figure 3.3, which shows an example of extended Isolation Forest on some 2D data.

For a given decision tree, the path length (measured by the number of nodes passed
through in the decision tree) required to isolate an instance from the rest of the data
is used in order to compute an anomaly score. Anomalous instances will typically
require fewer splits in the decision tree (or a shorter path length) in order to become
isolated from the rest of the data instances, when compared with inlier instances.

Figure 3.3: Figure taken from [56]. Illustration of extended Isolation Forest on some
2D data. The splits made at each node of the decision tree are represented with
straight lines, which seek to find the shortest path to isolate the data instances
(shown by the solid black points).

The anomaly score is given by:

s(x, n) = 2−
E(h(x))

c(n) (3.7)

where h(x) is the path length of observation x, and c(n) is the average path length
followed by the inlier/normal data. Scores close to 1 correspond to anomalies and
scores close to 0 correspond to inlier objects.
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Isolation forest is used as a benchmark algorithm from anomaly detection in Chap-
ter 4. In the supervised implementation of Isolation forest, there exists the possibility
to provide the algorithm with labelled anomaly instances during training. However,
this violates one of the assumptions present in many anomaly detection problems:
that examples of anomalies are not known a priori. In Chapter 4, examples of
anomalies are not included in training.

3.6 No Free Lunch Theorem

The no free lunch theorem was first introduced in the field of statistical inference
[150]. The theorem is however also applicable more generally to optimisation, as
well as to the field of machine learning [151].

The no free lunch theorem states that there is no single algorithm that works best
on all possible problems. It was originally stated that “any two algorithms are
equivalent when their performance is averaged across all possible problems” [151].

The no free lunch theorem is often cited as justification for the fact that some domain
knowledge is needed when implementing a machine learning algorithm. This argu-
ment is also used in this thesis. In particular, it is not surprising that an algorithm
developed for a specific task outperforms more generally applicable algorithms on
that task. Similarly, an algorithm developed for a specific task may perform worse
than a more general algorithm when evaluated by average performance over a range
of tasks.

3.7 Metrics

The choice of metric is of utmost importance when evaluating machine learning
algorithms [10; 84; 117], and the study of metrics for learning algorithms is a sub-
field of research on its own. Different metrics can produce different results in terms
of ranking algorithms on a particular machine learning task. For this reason, it is
necessary to know whether a particular metric is applicable to a given problem.

This section outlines a number of metrics that can be used to quantify algorithm per-
formance for both classification and anomaly detection tasks. The Rank-Weighted
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Score, introduced and described in section 3.7.4, is a novel metric for use in gauging
algorithm performance on anomaly detection tasks.

Before the individual metrics are presented in detail, it is useful to introduce the
terms True Positive (TP), False Positive (FP), True Negative (TN) and False Neg-
ative (FN). These terms apply in classification problems, and more generally in any
problems that make use of an algorithm in order to produce discrete predictions,
where the true/correct labels are known. In such problems, each item/datum in the
dataset can be termed either a TP, FP, TN or FN once predictions over the dataset
have been made. Whether the item is termed ‘positive’ or ‘negative’ depends on
the output of the algorithm. The terms ‘true’ and ‘false’, rather intuitively, tell us
whether the prediction was correct or not. The number of TPs, FPs, TNs and FNs
in the dataset sums to the total number of items in the dataset, and these numbers
are usually presented in a table called a confusion matrix. One subtlety here is that
this description of the confusion matrix only applies to cases where there are two
possible prediction outcomes (positive or negative). For multiclass classification, the
confusion matrix is instead a n× n matrix, where n is the number of classes.

3.7.1 Accuracy

Accuracy is a metric that is used to gauge algorithm performance on classification
problems. Accuracy is defined as the number of True Positives (TP) divided by the
total number of objects for binary classification problems, but can be generalised
for multi-class problems as the number of correctly identified objects divided by the
total number of objects. Accuracy can be an inappropriate choice of metric if the
data are imbalanced. The task of anomaly detection is an extreme case of this.
In anomaly detection, there are typically far fewer anomalies than inliers, so an
algorithm that predicts only inliers could score a high accuracy, despite predicting
no anomalies (the task at hand). For this reason, accuracy is used to quote algorithm
performance in classification tasks only in the following chapters.

3.7.2 Area Under the Curve

The Area Under the Curve (AUC) metric is suitable for gauging performance in
any binary classification problem, though it has been generalised to the multi-class
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case as well [53]. It is found by calculating the area under the Receiver Operating
Characteristic (ROC) curve for the class of interest. The ROC curve is found by
plotting the True Positive Rate (TPR) against the False Positive Rate (FPR) for
different threshold settings. In order to do this, some sort of probability of belonging
to the class of interest is required for the objects being classified. An example ROC
curve is shown in figure 3.4.
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Example ROC curve (AUC=0.967)

Figure 3.4: An example ROC curve. The true positive rate (TPR) is plotted against
the false positive rate (FPR). The AUC is found by calculating the area under the
plotted curve over the plotted range. In this case, the AUC is 0.967.

The AUC has a range of [0, 1], where 0 represents all true objects belonging to the
class of interest being given lower probabilities than other objects, and 1 represents
all true objects belonging to the class of interest being given higher probabilities
than other objects. An algorithm performs perfectly under this metric with a score
of 1, and the worst possible performance is 0. Random guessing for classification
would on average yield an AUC score of 0.5 for either balanced or unbalanced data.
One consideration is that the AUC of the ROC curve is known to be problematic
for imbalanced data (of which anomaly detection is the extreme case) [29].

3.7.3 Matthews Correlation Coefficient

The Matthews Correlation Coefficient (MCC) [98] is a metric for assessing the per-
formance of a machine learning algorithm on a binary classification task (though it
has been generalised to the multi-class case as well).
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The MCC is defined as:

MCC =
TP × TN − FP × FN√

(TP + FP )(TP + FN)(TN + FP )(TN + FN)
(3.8)

where TP is the number of true positives, TN the number of true negatives, FP the
number of false positives and FN the number of false negatives in a test dataset.
The MCC takes on a value in the range [−1, 1], where −1 is the worst possible score
and 1 is the best. Random guessing would on average yield an MCC score of 0.

The MCC is useful for assessing algorithm performance on datasets with unbalanced
classes. When compared with accuracy for example, an algorithm could achieve an
accuracy score of 99% on an anomaly detection task if there were 1% outliers and
the algorithm predicted inliers only. The same algorithm would score an MCC of 0.

3.7.4 Rank-Weighted Score

This section introduces a new metric for quantifying an algorithms’ performance on
an anomaly detection task, which we call the Rank-Weighted Score (RWS). In addi-
tion to being insensitive to class imbalance - an important consideration for gauging
algorithm performance in anomaly detection - the RWS is sensitive to relative rank-
ing of anomalous objects. This means that algorithms which rank anomalous objects
as being more anomalous are preferred under the RWS. Compare this for example
to the Spearman’s rank correlation [136], which does not give higher weight to more
anomalously scored objects.

The RWS is calculated given a ranked list (most anomalous to least anomalous) of
the N most anomalous objects identified by an algorithm. It is defined as:

SRWS =
1

S0

N∑
i=1

wiIi (3.9)

where:
wi = N + 1− i (3.10)

The weight term, wi, gives linearly more weight to objects that the algorithm ranks
as more anomalous. The term Ii is an indicator variable: it takes on a value of Ii = 1

if the i-th object is a true anomaly, and Ii = 0 if it is not. S0 is a normalisation
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term, and is calculated by: S0 =
N

2
(N + 1). This means the RWS has a score

in the range [0,1], where 0 implies that no true outliers were found in the N most
anomalous objects ranked by the algorithm, while a score of 1 would mean that all
N most anomalous objects identified by the algorithm were in fact outliers. The
value of N must be chosen on a per problem basis, and kept consistent across the
various algorithms being considered to allow fair comparison.



Chapter 4

Bayesian Anomaly Detection and
Classification

The tasks of automated classification and anomaly detection are becoming more and
more important, even in the fundamental sciences. An example of this is in large
surveys in Astronomy. Experiments such as those that will be undertaken by the
Vera C. Rubin Observatory (previously named the Large Synoptic Survey Telescope
(LSST), though it will still produce the Legacy Survey of Space and Time) will record
millions of transients every night [92; 89]. Classifying these objects accurately will
enable much higher quality science and open the door to new discoveries, but this
is difficult due to systematic bias, contamination and noise.

This chapter presents Bayesian Anomaly Detection and Classification (BADAC), a
unified statistically robust approach to dealing with these challenges. Section 4.2
presents the formalism of the BADAC algorithm. Section 4.3 then presents a series
of simulations, which illustrate the performance of BADAC against a number of
benchmark algorithms. Finally, concluding remarks are shown in section 4.4.

4.1 Introduction

In any fully rigorous or scientific analysis, uncertainties must be quantified and
propagated through the full analysis pipeline. This is difficult to do with traditional
machine learning algorithms that do not explicitly take into account uncertainties
on the data or features. As machine learning is increasingly given authority for

47
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making more important and high-risk decisions, (e.g. in self-driving cars), and with
the potential for adversarial attacks [1], there is an increasing need for interpretable
models and rigorous statistical uncertainties on machine learning predictions.

In classification problems, class labels are typically inferred through the use of a
separation boundary that is learned from training data [35] and is based on a score
combined with a threshold. This threshold is often arbitrary or learned as a hyper-
parameter to minimise some chosen loss function [107]. Any resulting class “prob-
abilities” are systematically distorted in ways unique to the classification algorithm
used and are not true probabilities, though in some cases these can be calibrated
in a frequentist sense with more training data using isotonic regression or Platt
scaling for example [107]. Isotonic regression and Platt scaling are both a means
of transforming the probabilities output by an algorithm, such that the algorithm’s
calibration curve produces a desired response, a topic that is covered in some detail
in section 4.3. Isotonic regression achieves this by fitting a monotonic increasing
function to the output probabilities [4]. Platt scaling fits a logistic regression model
the classifiers output probabilities [116].

However, particularly in the physical sciences, we desire an algorithm that automat-
ically outputs unbiased, accurate probabilities, since knowing the probabilities of an
object belonging to various classes is typically more useful than the class label alone.
The classification process is often just one step in a multi-stage pipeline, and it is
important to propagate class uncertainties through the additional steps. This need
is especially true in cases where the true class labels of the training data are noisy or
subjective, or the training data are not representative of the test set. An example in
astronomy is provided by the photometric classification of type Ia supernovae which
are subsequently used for studies of dark energy. Hard label classification leads to
contamination from non-Ia supernovae that leads to biases in dark energy properties
while fully propagating class probabilities instead allows for unbiased results at the
end of the pipeline [83; 61].

In this context Bayesian methods are ideal [31], as they have been proven optimal
for classification for certain loss metrics, e.g. [33], and allow the option of both su-
pervised or unsupervised classification [24]. In the context of astronomy, Bayesian
techniques have been applied to the classification of transient objects such as super-
novae [26]. A common limitation in the classification of noisy data however, is that
the classes in the training data are typically represented by a single template with
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Figure 4.1: Figure taken from [64]. Spectral template compiled using a series of
supernova observations (28 type Ia supernovae). Here, the variability shown by
changing colour accounts for stretch: stretching the lightcurve in the time direction
causes changes within the resulting spectrum. Crucially, the templates have no
errors on them, and are assumed to be noise free.

zero variability (e.g. [129]). An example of this is illustrated in figure 4.1 from [64],
where a single template (albeit with some variability to account for stretch) is used
to fit supernovae observations. This allows straightforward Bayesian methods to be
applied but does not apply if there is significant intraclass variability. Ignoring this
intraclass variability also makes principled anomaly detection challenging: how un-
likely is an example if one doesn’t know the underlying distribution within a class?
Examples of recent work in this area include [147], [65] and [152].

The following sections address these limitations, constructing a statistically robust
supervised Bayesian method that can simultaneously be used for both anomaly
detection and classification in the presence of measurement uncertainties on all data.
This method works directly with raw data, requiring no feature extraction, and
requires minimal assumptions about the nature of the anomalies or classes.

4.2 Formalism

Here, the problems of supervised classification and anomaly detection in the presence
of Gaussian measurement uncertainties are considered. For this case, it is assumed



Chapter 4. Bayesian Anomaly Detection and Classification 50

that the data are a set of one-dimensional time series1 with features, yo, associated
measurement uncertainties, σyo , and class labels, τyo . Given some newly observed
data without an associated label, it is possible to formulate a model for determining
whether the new observed data ‘belongs’ to one of the known classes (classification),
or none of the known classes (anomaly detection).

Since there are no perfect measurements of the training and test data, it is useful to
introduce a model parameter, yt, which is the true (unknown) value of the data that
will be marginalised over in order to perform classification and anomaly detection.
A graphical representation of this causal model is shown in figure 4.2. (Refer to
section 2.2.5 for more on causal/influence diagrams).

τy yt yo

Σy

Figure 4.2: Directed acyclic graph illustrating the causal relationship between vari-
ables in the standard BADAC hierarchical model. Here, Σy is the noise on the
underlying signal, yt, giving rise to the observed variable yo.

In figure 4.2, τy and yo are the observed variables (data), though we are actually
interested in the model parameter yt. For the tasks of classification and anomaly
detection, the test data, do, interacts with this model through a probabilistic link
that is shown in figure 4.3. An important note is that this link is not a causal link.

Here the training data are always denoted by y. The test data are always denoted
by d (‘d’ for data), just because it is useful to differentiate between training and
test data in this formalism. A subscript o and subscript t are used to differentiate
“observed” (data) and “true” (model parameters) variables.

The measurement uncertainty (also sometimes referred to as noise), is given for the
training and test data by:

yo = yt + Σy

do = dt + Σd

As can be seen from the causal model shown in figure 4.3, there is no direct causal
1One should note though that nowhere is the “time” nature important. The data can equally

be thought of as a one-dimensional spectrum, or any generic spatial data.
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τy yt yo

Σy

τd dt do

Σd

X

Figure 4.3: Directed acyclic graph illustrating the causal relationship between vari-
ables in the standard BADAC hierarchical model, as well as a probabilistic link be-
tween training and testing data, which allows us to generate a classification scheme.
Here the probabilistic link is shown by ‘X’ with a red arrow. Noise on the training
data is shown as Σy, and the noise on the test data is shown as Σd.

link between training and test data. However, it is well established that information
from a large dataset can be used to make inferences about some new data, given a few
assumptions about the causal mechanisms behind the generation and observation of
the data. Logical inferences can work equally well in either direction, even if causal
influences only propagate forward in time [67]. In this case, the probabilistic link
‘X’ between each instance of training data and the test data is used to infer the class
label. This differs from an approach where test instances are compared to a class
mean/average. This is important since the averaged instances for a particular class
may look nothing like the actual individual instances that make up the class.

The posterior distribution for τd, the class label for the test data d, is shown in
equation 4.1. The expression for the posterior distribution is set up using Bayes’
law, given observed variables yo and do:

P (τd|do, yo) =
P (do, yo|τd)P (τd)

P (do, yo)
(4.1)

In general, the likelihood term P (d, yo|τ) in equation 4.1 cannot be evaluated since
both d and yo have associated measurement uncertainty. However, if we assume
our data have a known uncertainty distribution, then we can marginalise over the
uncertainty on the training data. In some special cases, such as the Gaussian case
we discussed below, this can be done analytically (as shown in equation 4.9). Using
the latent variables, yt, the likelihood in equation 4.1 can be written as the marginal-
isation over these latent variables, assuming d and yo are statistically independent
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of one another:

P (τd|do, yo) ∝ P (τd)

∫
dytP (do, yo, yt|τd) (4.2)

P (τd|do, yo) ∝ P (τd)

∫
dytP (do, yo|yt, τd)P (yt|τd) (4.3)

P (τd|do, yo) ∝ P (τd)

∫
dytP (do|yo, yt, τd)P (yo|yt, τd)P (yt|τd) (4.4)

P (τd|do, yo) ∝ P (τd)

∫
dytP (do|yt, τd)P (yo|yt, τd)P (yt|τd) (4.5)

Here, equation 4.2 is obtained by introducing the model parameter, yt, which is
then marginalised over in the integral. Marginalisation is discussed in some detail
in section 2.2.3. Equations 4.3 and 4.4 are then obtained using the product rule for
probabilities. Equation 4.5 is then found since the term P (do|yo, yt, τd) should have
no dependence on yo. This independence relation is illustrated in figure 4.3.

Once again, thus far this has been for a single one-dimensional training instance in
each class. The approach when considering the general case (multiple multidimen-
sional training instances) is however the same. For the general case, the features for
the training and test data are now {d} and {yo} respectively. The likelihood for a
new test instance {d} belonging to class τ - assuming the instances in the training
data are uncorrelated - is then given by:

P ({d}, {yo}τ |τ) =

∫
d{yt}τP ({d}|{yt}τ , τ)P ({yo}τ |{yt}τ , τ)P ({yt}τ |τ) (4.6)

Assuming n m-dimensional training instances, indexed by i and j respectively, the
multidimensional probability distributions in equation 4.6 can be expressed as fol-
lows:

P ({d}, {yo}τ |τ) =

∫
d{yt}τ

[
1

n

n∑
i=1

P ({d}|{yt}τ , τ)

]

×
m∏
j=1

P ({yo}τ |{yt}τ , τ)
m∏
j=1

P ({yt}τ |τ) (4.7)

For notational simplicity, the i and j indices have been dropped from the variable
names in equation 4.7. For completeness sake, the variables {d}, {yo}τ and {yt}τ
should read {dj}, {yi,jo }τ and {yi,jt }τ respectively. Here P ({d}|{yt}τ , τ) is the like-
lihood of observing the data {d}, conditioned on both the class type τ and the



Chapter 4. Bayesian Anomaly Detection and Classification 53

unknown true values of the training data. P ({yt}τ |τ) is the prior on the true value
{yt}τ given the class τ . Due to the uncertainties in the training data, the classi-
fication of just a single scalar data point requires an n-dimensional integral over
the n2 instances in the training data of each class τ . Section 4.2.1 focusses on the
case where this integral can be solved analytically, which fortunately corresponds to
many datasets in physical sciences.

In order to simultaneously perform anomaly detection and to normalise the pos-
terior probabilities in equation 4.9, the Bayesian evidence for K known classes,
P ({di}, {yo}τ∈K) is computed over the entire training data {yo}τ∈K , and for each
test data instance, i, giving:

P ({di}, {yo}τ∈K) =
K∑
k

P ({di}, {yo}τ |τk)P (τk) (4.8)

where the likelihood is given by equation 4.9. The evidence in equation 4.8 is used
as an anomaly score: lower evidence values imply a data instance is more anomalous
than test instances with higher evidence for one of the known classes.

If one has some prior knowledge of the anomalies, then a better alternative is to
create a K+ 1-th class with no training data but with a prior P (τK+1) that encodes
this knowledge. This is however more sensitive to model misspecification: for exam-
ple, using an anomaly prior performs worse when the noise is assumed uncorrelated
Gaussian but is actually either correlated or non-Gaussian. The anomaly results in
section 4.3 are therefore reported using equation 4.8 to rank instances.

4.2.1 Gaussian distributed data

This section deals with the case where the measurement uncertainties on all data
are Gaussian. The significance of this case is twofold: (1) to good approximation
this is actually the case that will be encountered in many astronomical experiments,
and (2) the resulting solution affords significant computational speed ups.

The posterior can be analytically evaluated in the special case of uncorrelated Gaus-
sian distributed test and training data, and for (improper) flat priors on {yt}τ . The

2Strictly speaking this should be nτ since the number of samples in each class will be different,
but this is suppressed to keep the notation relatively simple.
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two terms that then make up the likelihood are:

P ({d}|{yt}τ , τ) =
1√

2πσ2
d

exp

(
{d} − {yt}τ

σd

)2

and

P ({yo}τ |{yt}τ , τ) =
1√

2πσ2
y

exp

(
{yo}τ − {yt}τ

σy

)2

,

where σd is the measurement uncertainty on d, and σy is the uncertainty on yo.
Equation 4.7 can then be solved analytically. The intermediate steps are omitted
here, but the result is:

P ({d}, {yo}τ |τ) =
1

n

n∑
i=1

m∏
j=1

(2πσdσ
i
y)
−1

[
π

1
2
(Γd + Γiy)

]1/2

× exp

(
−1

2

(
Γd{d}2 + Γiy{yio}2

τ −
(Γd{d}+ Γiy{yio}τ )

Γd + Γiy

))
(4.9)

where Γd ≡ σ−2
d and Γy ≡ σ−2

y are the precisions of the data, n is the total number
of training instances and m is the number of datapoints per instance. Figure 4.4
demonstrates using BADAC for classification. The figure is a schematic example
that shows how BADAC generates classification probabilities for a binary classifi-
cation problem. The main figure represents the underlying known classes as error
envelopes, and the adjacent subplots show how the value for the “true” new observed
data is marginalised over. The figure shows this for the case where the data has two
features, though the idea is fully general for n-dimensional features.

Equation 4.9 is used in section 4.3 to evaluate BADAC on data with uncorrelated
Gaussian noise.

4.3 Experiments

To illustrate and test the performance of BADAC, a number of one-dimensional
datasets are simulated, and results compared with those from a series of benchmark
algorithms using multiple metrics. These metrics include the Rank-Weighted Score
(RWS), introduced in section 3.7, that is optimised for anomaly detection.
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Figure 4.4: Schematic representation of BADAC as a classifier. Left: a single test
example consisting of just two data points (black triangles with error bars). The
training data comes from two classes shown schematically as the blue (τ = 0)
and orange (τ = 1) 1-σ error envelopes. Which of these two classes does the test
data come from? Middle and Right: panels showing the unnormalised posterior
probability for the true value, yit, for the first (middle panel) and second (right panel)
data point, marginalised over the true value of the other point and conditioned on
belonging to either class (class 0 - blue or class 1 - orange). The relative area of
the corresponding Gaussian distributions in the middle and right panels gives the
probability for the data to belong to either class. As can be seen, the data is more
likely to come from class 1 (the orange class), in this case with a probability of 73%.
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4.3.1 Simulations

For all the following experiments, data are simulated from arbitrary mathematical
functions. Two base mathematical functions are used to build two “normal” classes
and three other functions are used as anomalies. Each function has parameters
which, when generating the data, are randomly drawn from a Gaussian distribution.
The class functions and their corresponding parameter distributions are given in
table 4.1.

Label Type Functional form Parameter distributions
0 Inlier y = sin(ωx) ω ∼ N (5, 2)

1 Inlier y = αx2 + βx+ γ
α ∼ N (0.5, 0.2)
β ∼ N (0.5, 0.2)
γ ∼ N (0, 0.2)

2 Outlier y = h if x ≤ x0, else y = 0
h ∼ N (1, 0.3)
x0 ∼ N (0.5, 0.2)

3 Outlier y = A exp
(
−(x−µ

w
)2
) A ∼ N (0.5, 0.2)

µ ∼ N (0.1, 0.05)
w ∼ N (1, 0.5)

4 Outlier y = 1
5
Σ5
i=1 sin(ωix) ωi ∼ N (30, 20)

Table 4.1: Description of the functions used to create the simulated data. 99% of the
test objects in the dataset are of the type “inlier” and 1% are “outliers”. Each class
has the corresponding functional form with parameters drawn randomly for each
instance from Gaussian distributions with hyperparameters specified in the table.

For each experiment, 15000 curves are generated with roughly equal number of
objects from class 0 and 1 as training data. In the test data, 1% outliers from
classes 2, 3 and 4 are added. Figure 4.5 illustrates some randomly drawn objects
from the training and test sets.

4.3.1.1 Experiment 1: Gaussian errors

The framework presented in section 4.3.1 is used to create a variety of experiments
to test BADAC in both anomaly detection and classification. Here the data are
simulated as described in section 4.3.1 with uncorrelated Gaussian errors on all data
points. The standard deviation of the underlying noise distribution depends on the
class, and is given by: σ0 = σ1 = σ2 = σ3 = σ4 = 0.1. This experiment is the ideal
case in which the noise distribution used for generating the simulated data is the
same as that in the mathematical formulation of equation 4.9.
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Figure 4.5: Illustrations of example objects from the simulated data. The plotted
error bars correspond to 1σ error of Gaussian noise. The functional form and dis-
tribution of hyperparameters used to generate these examples is shown in table 4.1.
The points are coloured by true type, where light blue circles correspond to a type
0 object, orange triangles to type 1 and dark indigo diamonds is an outlier. Only
type 0 and type 1 curves are used during the training phase.

4.3.1.2 Experiment 2: Compact Anomalies

This experiment tests BADAC’s ability to detect curves with a compact anomaly
embedded somewhere in them. The anomalous objects are constructed by placing a
narrow Gaussian on top of an object generated from the base class 0 (the sine curve)
as described in experiment 1. The parameters of the sine curve are randomly drawn
from the distribution described in table 4.1, and the parameters of the compact
anomalies are randomly drawn as described in table 4.2. An example of a compact
anomaly is shown in figure 4.6.

4.3.2 Comparison of algorithm performance

This section assesses the performance of BADAC on the simulated data discussed
in section 4.3.1. This performance is compared to that of a series of benchmark
algorithms, namely IsolationForest [87] and Local Outlier Factor (LOF) [14] for
anomaly detection, and random forests [13] for classification.

The sklearn [112] implementations of all of these algorithms are used for this com-



Chapter 4. Bayesian Anomaly Detection and Classification 58

Label Type Functional Form Parameter dists.
0 Inlier y = sin(ωx) ω ∼ N (5, 2)

1 Inlier y = αx2 + βx+ γ
α ∼ N (0.5, 0.2)
β ∼ N (0.5, 0.2)
γ ∼ N (0, 0.2)

2 Outlier y = sin(ωx) + A exp

(
−
(

x−µ
w

)2
) ω ∼ N (5, 2)

A ∼ N (1.5, 0.5)
µ ∼ U(0, 1)

w ∼ N (0.03, 0.01)

3 Outlier y = sin(ωx)− A exp

(
−
(

x−µ
w

)2
) ω ∼ N (5, 2)

A ∼ N (1.5, 0.5)
µ ∼ U(0, 1)

w ∼ N (0.03, 0.01)

Table 4.2: Description of the functions used to create the compact anomaly sim-
ulated data. 99% of the test objects in the dataset are of the type “inlier" which
are the same as class 0 and 1 in table 4.1. The remaining 1% are drawn from one
of two compact anomaly classes. These are narrow Gaussians added to a randomly
generated function of class 0. The parameters of the Gaussian are drawn randomly
for each object from a distribution with hyperparameters as specified in the table.

BADAC IsolationForest LOF
MCC AUC RWS MCC AUC RWS MCC AUC RWS

Gaussian 0.95 0.99 0.99 0.00 0.89 0.02 0.83 0.97 0.96
Com.Anom. 0.41 0.91 0.59 0.11 0.80 0.14 0.44 0.90 0.63

Table 4.3: Result summary for both the Gaussian error and compact anomaly (com.
anom.) experiments using three metrics (MCC, AUC and RWS) discussed in sec-
tion 3.7. The best performer is shown in bold. Note the particularly poor per-
formance of IsolationForest in the MCC and RWS metrics. BADAC significantly
outperforms the other algorithms in the Gaussian case.

parison. For anomaly detection, all algorithms receive only the input training data,
and the percentage of outliers of 1%. For classification with random forests, the input
parameter n_estimators=1000 is used. There are unsupervised implementations of
IsolationForest and LOF, but here the supervised methods only are considered.

Tables 4.3 and 4.4 below summarise the algorithms’ performance for the 2 experi-
ments presented in the previous section. Sections 4.3.2.1 and 4.3.2.2 present a more
detailed assessment of these experiments.
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Figure 4.6: Example of the compact anomaly simulations. The underlying function
from which the data were generated is shown as an orange solid line. The underlying
function with the compact anomaly superposed is shown as the light blue solid line.
The final data with noise are shown by the dark indigo scatter where the errorbars
represent the 1σ Gaussian measurement error.

BADAC Random Forests
Gaussian Noise 99.02 98.66
Compact Anomalies 95.51 95.18

Table 4.4: Comparison of BADAC’s classification performance to that of random
forests using average accuracy across both inlier classes.
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Figure 4.7: Probability scatter plot showing the computed log-probabilities returned
by BADAC for the data with Gaussian measurement error. Each point corresponds
to a test object, which is shown in the log(P0)-log(P1) space. Points that appear
high on the y-axis have a high likelihood of being type 1. Points that appear higher
on the x-axis (further to the right) have a high likelihood of being type 0. The points
are coloured by their true type, where light blue corresponds to type 0, orange is
type 1 and the dark crossed are anomalies.

4.3.2.1 Gaussian error performance

This section illustrates the performance of BADAC, as well as the benchmark algo-
rithms, on the data discussed in section 4.3.1.1 with Gaussian measurement error.
The formalism shown in section 4.2 is used to provide two probabilities, P0 and
P1, which are the un-normalised probabilities of belonging to class 0 and class 1
respectively. These probabilities are plotted in figure 4.7.

Plotting the unnormalised probabilities is useful for visualising the decision bound-
ary that separates both the known classes and anomalies. It also does not require
us to make any assumptions about the nature of the anomalies we expect to see.
However, to make use of these probabilities in an analysis pipeline, they must be
normalised. In order to normalise the probabilities, the Bayesian evidence must be
computed. In the case where one is interested in classification only, the evidence
would be P0 + P1. In the case where anomaly detection is of interest as well, the
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Figure 4.8: Probability calibration curve for the Gaussian case for BADAC and ran-
dom forests (in classification only). A perfectly calibrated algorithm on a particular
problem would return probabilities on the line y = x. This plot shows the proba-
bility, as returned by the respective algorithms, that each object in the test set is a
type 1. The true probability is found by measuring the fraction of true type 1 ob-
jects in a particular bin of calculated probabilities. The errorbars show the Poisson
uncertainties given by the number of objects in each bin. The x-coordinate for each
bin is given by the mean calculated probability in that bin. Random forest gives
poorly calibrated probabilities, while BADAC automatically returns well-calibrated
probabilities.

evidence is P0+P1+Panomaly, where in this case, Panomaly is evaluated using a top-hat
likelihood equal to 1/(b− a) over the range [a, b], and equal to 0 otherwise. Here a
and b are chosen to cover twice the observed range of the input data.

By binning the normalised probabilities for a single class, we can measure whether
or not they are calibrated. It is a well known problem that many machine learn-
ing algorithms give uncalibrated probabilities that do not correspond to the true
probability of an object belonging to a certain class [107; 154]. The reliability of
probabilities can be investigated by plotting a probability calibration curve: the
output probabilities from the algorithm for a selected class only are binned and
compared with the actual fraction of objects in that bin belonging to the class. This
result is shown for classification only for type 1 objects in figure 4.8, where the
calibration curve of BADAC and those of random forests are compared.



Chapter 4. Bayesian Anomaly Detection and Classification 62

0.0 0.2 0.4 0.6 0.8 1.0
False positive rate

0.0

0.2

0.4

0.6

0.8

1.0
Tr

ue
 p

os
iti

ve
 r

at
e

BADAC (AUC: 0.994, MCC: 0.95, RWS: 0.99)
LOF (AUC: 0.968, MCC: 0.83, RWS: 0.96)
I-Forest (AUC: 0.927, MCC: 0.00, RWS: 0.02)

Figure 4.9: ROC curves for BADAC, LOF and IsolationForest on the dataset with
uncorrelated Gaussian error for anomaly detection only. BADAC performs best
under the AUC metric shown in the legend. An ‘ideal’ algorithm would have a ROC
curve that reached the [0,1] vertex (in the top left corner), which would correspond
to an AUC of 1.

ROC curves (see section 3.7 for a description of ROC curves) for BADAC as well
as LOF and IsolationForest are shown in figure 4.9 in order to compare algorithm
performance in anomaly detection. A summary of algorithm performance on all the
datasets considered here in both anomaly detection and classification is shown in
tables 4.3 and 4.4 respectively.

4.3.2.2 Compact anomaly performance

This section illustrates the performance of BADAC and the benchmark algorithms
on the compact anomaly data discussed in section 4.3.1.2. It should be noted that
the compact anomaly data is generated with Gaussian noise, which is the type of
noise assumed in this implementation of the BADAC formalism, and is also the
same kind of noise as the data described in section 4.3.1.1. This means one would
expect the algorithms to have similar performance in classification in this section
as in section 4.3.2.1. For this reason, the classification performance of any of the
algorithms on the compact anomaly dataset is not discussed further here. This
section proceeds in the exact same manner as section 4.3.2.1, except here we are
interested in how robust the algorithms are to different types of anomalies (compact
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Figure 4.10: Scatter plot showing the computed log-probabilities for the test data
discussed in section 4.3.1.2. Each point corresponds to a test object, which is shown
in the log(P0)-log(P1) space. Points that appear high on the y-axis have a high
likelihood of being type 1. Points that appear higher (to the right) on the x-axis
have a high likelihood of being type 0. The points are coloured by true type, where
light blue corresponds to type 0, orange is type 1 and the dark crosses are outliers.

ones).

The importance of an algorithm being able to detect compact anomalies is twofold.
Firstly, compact anomalies are often interesting in science when one wishes to mea-
sure or detect aberrant behaviour of known sources. Secondly, an algorithm’s ability
to detect compact anomalies demonstrates its overall sensitivity in measuring small
variations within data.

The probabilities, P0 and P1, generated by the formalism discussed in section 4.2,
are shown in figure 4.10.

As can be seen from figure 4.10, the outlier data has significant overlap with type
0 data. This is because the compact anomalies were generated on top of type 0
data only. The varying scale/amplitude to the anomaly is responsible for where the
outlier data is positioned on the log(P0)-axis (further left indicates a more anomalous
object). Outlier points with high log(P0) values are likely associated with compact
anomalies with very low amplitudes.
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Figure 4.11: ROC curves for anomaly detection with BADAC, LOF and Isolation-
Forest on the dataset with compact anomalies. BADAC performs best under the
AUC metric, whose values in each case are shown in the legend.

Here the ROC curves for BADAC as well as LOF and IsolationForest are shown
in figure 4.11, in order to compare algorithm performance in anomaly detection.
Under the AUC metric, BADAC performs the best in this case. LOF is almost as
good, and actually performs better under the MCC and RWS metrics. A summary
of algorithm performance on all the datasets considered in both anomaly detection
and classification is shown in tables 4.3 and 4.4 respectively.

4.3.3 Computational performance

It is difficult to give a “fair" comparison of computational performance between
BADAC, random forests, LOF and IsolationForest, since unlike the benchmark al-
gorithms, the BADAC algorithm has no distinct training and testing phases. This
means that the computational complexity of these algorithms scales very differently
(depending on the amount of training and test data available). For example, for
a dataset with m training and n test examples, the computational time required
for random forests, IsolationForest and LOF would increase as f(m) + f(n). For
BADAC, the computational time required increases as f(n ×m). In fact the com-
putational time increases linearly as a function of n×m.

For an even comparison of computational performance, the same number of training
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Algorithm Training time (s) Testing time (s) Total time (s)
Random Forests 96.30 2.94 99.24
IsolationForest 1.62 1.21 2.83
Local Outlier Factor 13.21 27.25 40.46
BADAC - - 1281.82

Table 4.5: Comparison of the computational performance between the three algo-
rithms compared in section 4.3. All measurements were made on the dataset used in
experiment 1 (Gaussian noise) with 15000 training and 15000 test curves. There are
no values shown for testing and training times for BADAC, since there are no dis-
tinct training and testing phases. Measurements were made on a 2.9GHz processor,
where each algorithm was limited to use a single core.

and testing samples as were used in section 4.3.2 are considered here (15000 training
samples and 15000 test samples). The total time (training time + testing time)
is quoted in table 4.5. It should be noted, however, that there is ample room
for optimisation and parallelisation in the BADAC code and the timings could be
considerably improved.

As is evident in table 4.5, BADAC has a computational cost of around an order of
magnitude more than any of the competing algorithms that are considered. Ways
of mitigating this are discussed in the next chapter (section 5.7.2).

4.4 Concluding Remarks

This chapter has presented a novel statistically robust joint anomaly detection and
classification method, Bayesian Anomaly Detection And Classification (BADAC),
that is designed to take advantage of any knowledge of the underlying noise distri-
bution in the training and test data. Although the tests performed in this study
were for the case of Gaussian distributed data, the formalism is general.

This study presents a test of the classification and anomaly detection capabilities of
BADAC using simulated one-dimensional data. Several metrics are used to gauge
algorithm performance, including the novel Rank-Weighted-Score that rewards al-
gorithms for ranking more anomalous objects above those that have been commonly
seen. In the case where the correct noise model is known, BADAC outperforms ran-
dom forests at classification and both IsolationForest and local outlier factor (LOF)
at anomaly detection, due to its ability to correctly exploit uncertainty informa-
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tion. In the case of compact anomalies, which could emulate noisy spikes in data,
BADAC’s performance is comparable to LOF and superior to IsolationForest on
the simulated data. This study also demonstrates how BADAC produces calibrated
classification probabilities, which is crucial if a machine learning algorithm is to be
incorporated into a precise, scientific analysis pipeline.

While BADAC provides excellent performance by exploiting the extra information
about the underlying noise distributions, the computational limitations discussed
in section 4.3.3 mean that it does not scale well to large training datasets. In this
case one must either use prototype templates to represent the classes (e.g. through
Gaussian processes) or parametrise the data, to speed up classification and anomaly
detection with BADAC.

We find ourselves in an era of exponentially increasing data volume, driving the
need for machine learning algorithms. However, in the physical sciences there is
equal need for accurate propagation of uncertainties from all parts of an analysis
pipeline, including any machine learning algorithms. With its statistically prin-
cipled approach to both classification and anomaly detection, BADAC is able to
provide believable and interpretable probabilities in the presence of measurement
uncertainties, as required by high precision scientific analysis.



Chapter 5

Breaking BADAC

The previous chapter showed that for Gaussian errors, BADAC outperformed ran-
dom forests, LOF and IsolationForest under most metrics considered. This is per-
haps not surprising since BADAC was designed to use the extra information avail-
able, namely that there are uncorrelated errors on the data that are Gaussian dis-
tributed. This chapter presents a series of more challenging tests where the un-
correlated Gaussian BADAC formalism is used, but on data that do not obey this
model. Three experiments are presented, using the same framework as in the previ-
ous chapter: an experiment where the data have non-Gaussian noise in section 5.1,
an experiment where the data have correlated Gaussian in section 5.2 and an ex-
periment where the data have varying inter-class noise in section 5.4. This chapter
concludes with concluding remarks and future work in sections 5.6 and 5.7 respec-
tively.

5.1 Experiment 3: Non-Gaussian errors

For this experiment, and the experiments that follow, the data are simulated exactly
as in Experiment 1. A description of the functions used to create the data is shown in
table 4.1. For this experiment non-Gaussian errors are used instead of the Gaussian
errors of Experiment 1. For 80% of the y values (randomly selected) of any given
simulated object, the noise is drawn from a Gaussian distribution with standard
deviation as described in section 4.3.1, meaning the scatter matches the error bar.
However, for the remaining 20% of the values, the noise is drawn from a Gaussian

67
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distribution of five times the width, resulting in scatter dramatically underestimated
by the reported error bar.

5.2 Experiment 4: Correlated Gaussian Noise

This section presents a test of the sensitivity of BADAC to the uncorrelated noise
assumption, by using it on data generated with correlated Gaussian noise. Here,
only data from Class 0 is correlated, according to a “wedding cake” covariance matrix
(based on [75] and [79]):

Cij = σiσjδij + Vij, (5.1)

where

Vij =

ni,j∑
k=1

sk (5.2)

where i and j are indices of the data (in order of x value) and ni,j is the bin to
which the object belongs. To produce the step-like structure, ni,j = bmin(i,j)

N/5
c + 1

(where “bc” indicates the floor function, rounding down to the nearest integer). Here,
sk = 0.1 is used for each k. The result is that the data are correlated in such a way
that the points at higher x-values are more correlated than the lower ones.

5.3 Results for Experiments 3 and 4

This section presents results for both classification and anomaly detection for the
data discussed in sections 5.1 and 5.2 with both non-Gaussian and correlated Gaus-
sian noise. It should be noted that equation 4.9 was used to determine classifica-
tion/anomaly detection probabilities, despite the fact that the data does not have
Gaussian uncorrelated noise as equation 4.9 assumes. Thus the performance of
BADAC must be expected to decrease; the question is by how much?

In order to normalise the probabilities shown in figure 5.2, the evidence, Z = P0 +

P1+Panomaly, is computed as in the previous chapter. As before, Panomaly is evaluated
in order to determine the Bayesian evidence, using a top-hat likelihood equal to
1/(b−a) over the range [a, b] and equal to 0 otherwise. In this case, naively choosing
the width of the top-hat does not work, as the model used to determine P0 and P1 is
incorrect, and hence returns low probabilities. As a result, Panomaly is a much higher
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Figure 5.1: The covariance matrix used for correlating the class 0 data for exper-
iment 3. This is a “wedding cake” covariance matrix, the form of which is shown
in equation 5.1. The data are ordered by x-value starting at the top left corner (so
values near the beginning of a given curve would be more highly correlated than
those near the end). Class 1 and anomaly data remain uncorrelated.
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Figure 5.2: Probability scatter plot for the dataset with non-Gaussian noise (left
panel), and the dataset with correlated Gaussian noise (right panel). Each point
corresponds to a test curve, which is shown in the log(P0) − log(P1) space. The
line y = x has been added to each plot to highlight the bias introduced by using
the wrong model for the noise with BADAC. Here the bias is only visible in the
correlated noise case since only class 0 was correlated.
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Figure 5.3: Probability calibration curves showing the degree to which the prob-
abilities returned by each algorithm (in classification only) are calibrated for the
non-Gaussian case (left panel) and the correlated Gaussian case (right panel). Per-
fectly calibrated probabilities would lie on the line y = x. Here the probability
of an algorithm classifying an object as type 1 is considered. All objects within a
particular probability range are binned, and the fraction of correct predictions plot-
ted. The errorbars show the Poisson uncertainties given by the number of objects in
each bin. While non-Gaussian noise does not distort the probabilities dramatically,
correlated noise has a strong effect due to a fundamentally incorrect noise model
assumption. Despite this, BADAC outperforms both Isolation Forest and LOF in
all metrics considered for anomaly detection, but not surprisingly struggles with the
classification in the correlated noise case.

probability than P0 and P1, even for inlier data, when the incorrect model for the
noise is used. To get around this the height of the top-hat likelihood, 1/(b − a), is
equated to P0 +P1 computed for the object corresponding the 99th percentile. The
values of a and b can then be solved for. This enforces that the algorithm labels the
most anomalous 1% of objects (as determined by the algorithm) as outliers. This is
still a fair comparison with the benchmark algorithms, as both IsolationForest and
LOF receive the percentage contamination of 1% as an input parameter. Methods
to extend the BADAC formalism to be suitable for modelling data with different
types of noise are discussed in section 5.7.5.

As can be seen from the scatter of classification probabilities shown in figure 5.2,
there is more overlap of different object types than in the uncorrelated Gaussian
noise case in Experiment 1. Additionally, in the correlated case, there is a significant
bias introduced due to the noise from only one of the classes being correlated. Since
the model does not favour fitting this class, these classification probabilities are not
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Figure 5.4: ROC curves for anomaly detection with BADAC, LOF and Isolation-
Forest on the dataset with non-Gaussian error (left pane), and the dataset with
correlated Gaussian error (right pane). BADAC performs best in both cases under
the AUC metric (values shown in the legend).

BADAC IsolationForest LOF
MCC AUC RWS MCC AUC RWS MCC AUC RWS

Non-Gauss. 0.84 0.99 0.96 0.06 0.84 0.10 0.16 0.84 0.18
Corr.Gauss. 0.68 0.97 0.84 0.01 0.70 0.03 0.61 0.96 0.76

Table 5.1: Results for anomaly detection only: Non-Gaussian (Non-Gauss. in table)
and correlated Gaussian (Corr.Gauss. in table) noise. BADAC produces the best
performance in both experiments, showing some robustness to incorrectly choosing
the model of the noise. In the non-Gaussian case both IsolationForest and LOF
perform poorly in terms of MCC and RWS due to the wide tails in the data, which
allow for large noise fluctuations.

reliable. This is illustrated both by figure 5.2, where the diagonal dashed line shows
where type 0 and type 1 clusters should be separated, and figure 5.3, where the
classification probabilities are far from the calibrated line, y = x. This is due to the
fact that an uncorrelated Gaussian model for the noise is used, despite the fact this
model is wrong.

The ROC curves for BADAC as well as LOF and IsolationForest are presented in
figure 5.4 in order to gauge performance in anomaly detection. In these two cases,
it is surprising BADAC performs best, since the model for the noise is incorrect.
Random forests however achieves a higher accuracy in classification in these two
cases. A summary of algorithm performance on all the datasets considered in both
anomaly detection and classification is shown in tables 5.1 and 5.2 respectively.
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BADAC Random forests
Non-Gaussian noise 97.71 98.14
Correlated Gaussian noise 68.88 96.72

Table 5.2: Here the average accuracy of BADAC for classification over all classes
is compared to that of Random forests. BADAC performs reasonably in the case
of non-Gaussian noise but poorly on the correlated noise case, due to the incorrect
model assumption in the BADAC formalism. Random forests is more robust as it
can learn a model from the training data, while BADAC insists on interpreting the
fluctuations as coming from an uncorrelated Gaussian distribution. This relatively
poor performance of BADAC can be rectified by using, or learning, the right noise
model.

5.4 Experiment 5: Variable Inter-class Noise

A case where the classification performance of BADAC drops is when there is sys-
tematic difference in the noise between the different classes considered. In order to
demonstrate this drop in performance, several datasets with varying inter-class are
simulated using the same framework as in the previous chapter. Details of this sim-
ulation are described in section 4.3.1, and more specific details shown in table 4.1.
The difference for this experiment is that the noise on class 0 and class 1 objects, σ0

and σ1 respectively, is varied in order to see how sensitive BADAC’s performance is
to systematically different inter-class noise.

This experiment is performed using a grid of simulations, each with different [σ0, σ1].
The grid used is σ0 ≡ (0.1, 0.5, 0.9) and σ1 ≡ (0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9).
Diverging from the previous experiments, no anomalies are included in this experi-
ment, since the effect it aims to illustrate does not have a huge impact on anomaly
detection performance.

An important detail to note is that the drop in classification performance this exper-
iment aims to illustrate increases with data of higher dimension. As a result of this,
the proceeding analysis is done for the case where the data have 10-dimensional
features, as well as the case where the data have 100-dimensional features (as in
chapter 4).
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Figure 5.5: Classification accuracy for BADAC on 10-dimensional data (left pane)
and on 100-dimensional data (right pane). In both cases, 27 different datasets are
considered on a 3 × 9 grid, where each grid item corresponds to a case where the
noise of class 0 and the noise of class 1 differ systematically. Each block on the grid
is coloured by accuracy, where light yellow corresponds to 100% accuracy, and dark
blue corresponds to 50% accuracy. The classification performance is worst in the
case where σ1/σ0 � 1, though it is also low when σ0/σ1 � 1 (or any case where
σ0 ≈ σ1 is not true). Additionally, this drop in performance becomes worse in higher
dimensions, as shown in the right pane.

5.5 Results for Experiment 5

This section presents the results for the experiment described in section 5.4. It
begins by illustrating the degradation in classification performance caused when the
noise on the data from the two classes is different, and then presents a number of
viable solutions.

The classification accuracy of BADAC for this experiment is illustrated in figure 5.5
for the case with 10 dimensions (left panel), as well as with 100 dimensions (right
panel).

What causes this poor performance? Plotting the classification probability scatter
returned by BADAC gives insight into this, as shown in figure 5.6. Here, the proba-
bility scatters for both the test and training sets are shown. The probability scatter
for the training set is generated using an n − 1 scheme: for n training instances,
each instance is classified using the remaining n− 1 instances as ‘training data’.

As can be seen in figure 5.6, the misalignment between the decision boundary and
probability scatter is relatively consistent between training and test data. This
insight is important, since an additional step can simply be introduced to learn a
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Figure 5.6: Probability scatter returned by BADAC on the training set (left pane),
and on the test dataset (right pane). The dataset has 1000 training instances, 1000
test instances, σ0 = 0.3 and σ1 = 0.5. Class 0 objects are shown as blue points and
class 1 objects are shown as orange points. The decision boundary used to classify
test instances is shown by the solid black line. As can be seen, there is still clear
separation between the two classes, the classes are just misaligned with respect to
the decision boundary. This misalignment is consistent between training and test
data. This decision boundary yields an accuracy of 90.4% in this case.

new decision boundary. Here this is done using an implementation of Support Vector
Machines (SVMs) [116; 23]. However, there are many algorithms that can be used,
and an alternative is discussed below. Figure 5.9 shows how the SVM classifier finds
a new decision boundary on the training data, which can then be used to classify
instances in the test set.

This method of utilising SVMs to ‘calibrate’ the decision boundary given the training
data can be used on the same data as considered in figure 5.5. The result of this is
shown in figure 5.8. Figure 5.8 illustrates that this method of calibration improves
the performance of BADAC drastically in cases where the noise on the different
classes is systematically different. The classification accuracy is now near perfect,
with the exception of the top right corner in the low dimensional (ndim = 10) dataset,
where the magnitude of the noise is now comparable to that of the underlying signal.

If there is some reason why a linear decision boundary is preferred, instead a method
such a Linear Discriminant Analysis (LDA) (generalised by [119]) can be used for
this calibration step. This is illustrated in figure 5.9, where the scikit-learn [112]
implementation of LDA is used to learn the new decision boundary. Here, using
LDA to learn the new decision boundary does not work as well as one may naïvely
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Figure 5.7: Probability scatter returned by BADAC on the training set (left pane),
and on the test dataset (right pane). This scatter is the same as that shown in
figure 5.6 on the same dataset. Here the blue contours define the region of this 2D
parameter space where the SVM classifier determines class 0 objects. The orange
contours define the region of this 2D parameter space where the SVM classifier
determines class 1 objects. The solid line shows the original decision boundary. The
SVM decision boundary is learned from the training data (left pane), though the
same decision boundary is plotted alongside with the test data (right pane). The
SVM decision boundary is clearly a more apt choice than the original in this case.
Using the SVM decision boundary, the accuracy is now 98.2% on the test data,
where before it was 90.4%.
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Figure 5.8: Classification accuracy for BADAC on 10-dimensional data (left pane)
and on 100-dimensional data (right pane). This analysis is done on the same dataset
used to produce figure 5.5. Each block on the grid is coloured by accuracy, where
light yellow corresponds to 100% accuracy, and dark blue corresponds to 50% ac-
curacy. The accuracy with the learned SVM decision boundary is now near perfect
on the datasets considered in this experiment. In particular, classification accuracy
in the cases where the noise on the two classes is systematically different is vastly
improved.
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Figure 5.9: Probability scatter returned by BADAC on the training set (left pane),
and on the test dataset (right pane). This scatter is the same as that shown in
figure 5.6 on the same dataset. Here the dashed line shows the original decision
boundary, and the solid black line shows the new decision boundary learned by LDA.
Using the decision boundary learned by LDA, the accuracy score is now 96.8% on
the test data.

expect. The new decision boundary does not correctly classify a large number of
the class 0 (blue points) objects in figure 5.9. This is likely because LDA assumes
that each of the clusters are Gaussian, and in this case the blue cluster in particular
is clearly non-Gaussian. This is substantiated by the fact the blue cluster seems
to comprise of two distinct sub-clusters. Though it is not clear here, this can be
ascribed to shot noise, as it is not always a feature that appears when running this
analysis with different random seeds.

Regardless of which algorithm is used to learn the decision boundary, this approach
to calibrating BADAC incurs significant computational overhead when compared
with the implementation used in chapter 4. This is because the classification prob-
abilities for the training data need to be calculated as well - a step that is omitted
in the original implementation. For a balanced train/test sample (50% training
50% test data), this corresponds to around double the computational cost, though
this worsens with very large training sets. This somewhat limits the scalability of
BADAC, which is an important consideration in cases where minimising computa-
tional complexity is important.
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5.6 Concluding Remarks

This chapter builds on the work in chapter 4 by presenting a number of experi-
ments in order to stress-test BADAC, as well as to investigate the degradation of
performance if the assumptions made in the BADAC formalism are violated. Three
independent experiments are conducted in order to determine how sensitive BADAC
is to the incorrect modelling of the noise distribution. These experiments are: (1)
non-Gaussian noise, (2) correlated Gaussian noise and (3) varying inter-class noise.
This chapter illustrates exactly how the performance of BADAC decreases in these
cases, and also presents ways to mitigate this drop in performance.

Interestingly, for the experiments on non-Gaussian and correlated Gaussian noise,
BADAC still outperforms the other anomaly detection algorithms despite assuming
an uncorrelated Gaussian noise model. However the classification performance de-
grades, especially in the correlated case. It should be noted that with an incorrect
noise model, the probabilities of BADAC are no longer guaranteed to be calibrated
as standard. An approach to mitigating this using a self calibration step is shown
in the varying interclass noise experiment. This approach is shown to be effective,
though at additional computational cost, an area in which the standard BADAC
algorithm struggles already. However, if the noise distribution is known, the correct
noise model can be incorporated into the BADAC likelihood. This will however
incur additional computational overhead for most noise distributions as well.

The findings presented in this chapter mean that, even when the assumptions made
in the mathematical formalism do not accurately represent the data, BADAC still
performs well on the tests considered. As in the previous chapter, BADAC is suited
to use-cases where statistical rigour is important and computational cost is not a
limiting factor.

5.7 Future Work

This section presents possible extensions, of which there are many, to the work
presented in this chapter, as well as chapter 4.
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5.7.1 Dealing with Missing Data

The experiments thus far have assumed the idealised case, where there is data at
the same points for all training and test data. This is clearly unrealistic and an
important limitation, and must be dealt with for use on real data.

There are two approaches to do this. The first more conservative approach is to
sample from the prior distribution with the error also given by the prior distribution
for that class. If the data is missing from test data, the missing data can be sampled
in the same way, but in each case the prior for the class that it is being considered
must be used.

The second approach is to use some form of interpolation. A natural approach is to
use Gaussian processes, since these give both an expected value and Gaussian error
at the missing data. Gaussian processes need a covariance function, which encodes
how rapidly the underlying class varies. As a result each class will have its own
Gaussian process and covariance function which should be learned from the training
data. Test data should then be compared to training classes using the appropriate
Gaussian process for each of the training classes.

5.7.2 Template Construction

As shown in table 4.5 the full BADAC calculation is much slower than other classi-
fication or anomaly detection algorithms. This stems from the pairwise comparison
of all data in the test dataset with all data in the training set, something which
becomes computationally infeasible for very large amounts of training data.

Fortunately in the limit of large training data, the class distribution can be well
sampled, and a single template for each class (or as an intermediate step, each sub-
class) can be created. This will dramatically speed up BADAC, though at the cost
of having a non-Gaussian spread in general.

How should the class or sub-class templates be constructed? An elegant solution
is to fit a single Gaussian process to the data of each class [149]. This has the
advantage of automatically dealing with any missing data, but will not deal with
non-Gaussian or multi-model intra-class variability. To get around this limitation
one could use a Kernel Density Estimate summed over the training data in each
class at each value of the independent variable (or in bins). However, since this is
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still a sum over all the training data examples it will be slow. For computational
speed up, an approximation to the KDE sum should be used.

Probably the simplest approximation - which also preserves the Gaussian distribu-
tion - is to use the inverse-variance estimator ŷ with standard deviation σ̂:

ŷ = σ̂2
∑
i

yi/σ
2
i (5.3)

σ̂2 =

(∑
i

1/σ2
i

)−1

(5.4)

If the intraclass variability is highly non-Gaussian then it would be better to fit a
more appropriate low-dimensional distribution to describe this to create the tem-
plate.

5.7.3 Intraclass Variability

In the BADAC formalism, it was assumed that the variability in the observed data
for a given class was small relative to the measurement errors. If this is not the case
one can build more complex models for the intra-class variability. The simplest is
to fit for a global standard deviation, σ∗, at training for each class (for example by
using a validation subset of the training data). The intra-class variability model can
be made arbitrarily complex and the Bayesian evidence could be used to select the
best model.

5.7.4 Calibration and Zero-point Issues

In applying BADAC to real examples there may be systematic differences in the data
between test and training. This could for example be because the data comes from
different instruments or is taken under different conditions. As an example, consider
applying BADAC to images where there may be large-scale calibration differences
across the images. How can one deal with such effects which will invalidate the use
of the simple versions of the BADAC formalism presented earlier, along with most
anomaly and classification algorithms?

In the spirit of the Bayesian approach, one way to deal with such large-scale artefacts
is to model their effects and introduce nuisance parameters ϕ, with their own prior
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distributions P (ϕ), which are then marginalised over before classification or anomaly
ranking. Intuitively this means that the algorithm will exploit the freedom implicit
in the calibration model to try to fit each test curve to the training data and will
only highlight as outliers those data which are poor fits no matter the calibration
freedom.

A related problem is the issue of zero-points, which occurs if the examples in training
and test data are not all aligned on the x-axis. This is common when working with
time series data. In principle this can be dealt with in a similar way, by allowing
each data example to have an extra translation parameter which allows one to shift
all points in the example left or right. One must then marginalise over this nuisance
parameter when doing the fits.

Depending on the exact nature of the data these translation parameters may be well-
constrained. For example, one may be able to align all examples approximately, in
which case one can put priors on the translation parameters. However, the zero-
point issue does raise significant complications. For each pair in the training and test
sets one should in principle allow a translation parameter. This leads to n×M new
nuisance parameters where n,M are the number of training and test set examples
respectively. Unless the marginalisation can be performed analytically this will
typically be prohibitively expensive.

A cheaper alternative is to pre-align all the training data by class. Now there
is only one translation nuisance parameter per class and per instance in the test
set. However, the alignment of the training data will not be perfect in general.
This can be handled by adding an x-error bar to each data point in the training
data, corresponding to small errors in the alignment of the data. These x-errors
are perfectly correlated however (since the translation affects all data in the same
way) and the BADAC formalism would need to be extended to account for such
correlations, as done in e.g. [59; 124].

5.7.5 Non-Gaussian data

Often, the standard deviation is used as a proxy for the error distribution on an
observation, even when the distribution is non-Gaussian. Sections 5.1 and 5.2 tested
how the algorithm developed in the previous chapter (section 4.2) performs while
assuming a Gaussian error distribution, even when the error distribution is non-
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Gaussian. However, if the error distribution is known, the forms of the likelihood
can be replaced with the known non-Gaussian distribution. These could be the
binomial distribution in the case of count data, or the Poisson distribution in the
case of certain time series. Any appropriate distribution that can be modelled can
be used in this formalism. In the case of the binomial distribution, one would do a
summation rather than an integration over the latent variables. For any distribution
that doesn’t yield an analytically integrable form for P (τ |d, y1

o , ..., y
n
o ), one can do

the marginalisation numerically, though at increased computational cost.

5.7.6 Online Learning of New Classes

Once it has been confirmed that an anomaly represents a new class (i.e., if the
Bayesian evidence for the anomaly class is higher than that of any of the existing
classes) it can automatically be added to the training data as a new class (with a
single example) to be compared with. This provides an online-learning version of
the BADAC algorithm. Any future data belonging to the new anomaly class will be
automatically assigned the new anomaly class label.

This process in no way limits us to a single new anomaly class. The BADAC
formalism allows for the automatic addition of new classes as indicated by the data.
If a new kind of anomaly is different from any previously identified anomalies it will
be assigned to a new class, assuming the Bayesian evidence favours the addition of
another class.



Chapter 6

Bayesian Estimation Applied to
Multiple Species for Photometric
Data

The discovery of the accelerated expansion of the universe has dominated the field
of cosmology since the 1990s. Upcoming experiments such as the Vera C. Rubin
telescope in Chile will observe of order 105 type Ia supernova (SNIa) candidates
with photometric lightcurves only. Constraining cosmological parameters (such as
dark energy content) precisely is difficult in this case, since the resulting systematic
uncertainty is comparatively large.

This chapter begins by introducing the topic of supernova cosmology in section 6.1,
as well as describing how inference is typically done in the field in section 6.2. Some
current challenges in the field, as well as approaches to deal with these challenges are
then discussed in section 6.3. Finally, section 6.4 demonstrates how these challenges
can be dealt with using a series of experiments.

6.1 Introduction to Supernova Cosmology

Much of modern cosmology has been dominated by the study of the accelerated
expansion of the universe due to dark energy [148]. Type Ia supernovae (SNe Ia)
are a vital probe into the expansion history of the universe, since they are what
are known as standard (or more accurately standardisable) candles. The physical

82
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mechanisms behind the explosion of SNe Ia result in them having some intrinsic
emitted luminosity/brightness, which we can determine, given their environment.
We can thus create a distance measure, in this case the luminosity distance, for how
far away the SNe appear given their observed brightness. The luminosity distances
of these SNe can be compared to their redshifts, the speed at which objects move
away from us due to cosmic expansion, in order to gauge how fast the universe is
and has been expanding.

Studies of Type Ia supernovae led to the dark energy breakthrough in cosmology
[113; 122], but one can argue that they have been supplanted by Baryon Acoustic
Oscillations [6; 148] as the most precise way of constraining cosmology today. To be
competitive in the era of LSST [91], EUCLID and the SKA, supernova cosmology
faces several big challenges. One is that better control of systematics is required and
a number of sophisticated approaches are being developed to improve the control of
systematics (e.g. [97; 127; 74; 132; 93; 68; 8; 20]). Another critical problem is that
next-generation supernova surveys will be severely spectroscopy limited: LSST will
deliver over 105 Type Ia Supernova (SNIa) candidates with photometric lightcurves
only. The lack of spectroscopy introduces a number of challenges. First, the true
identity of any candidate without spectroscopic follow-up is ambiguous - photometric
colours only provide a probability for an object to be a SNIa, as opposed to a Type
Ibc or II supernova or other transient [129]. This is illustrated to some extent in
figure 6.1, taken from [69]. Secondly, the precise redshifts of the supernovae are
unknown. Photometric redshifts are fairly good if the candidates are known to be
SNIa, yielding RMS errors of σz ∼ 0.04(1 + z), depending on exact assumptions
[91; 72; 144]. The problem is that we are exactly in the case where we are not sure
whether each candidate is a SNIa or not, and the photometric redshift error is much
larger if the object is not a SNIa [102], precisely because they are not standard
candles.

A promising approach that dates back to the SDSS II supernova survey [61; 18; 108],
is to obtain spectroscopic redshifts for the host galaxies of the supernova candidates
and use this as a proxy for the supernova redshift. This will be particularly attractive
in the era of big redshift surveys such as 4MOST, SKA and Euclid, where huge
numbers of galaxy redshifts will be known. This has the potential to help remove
biases [108] and yield improved constraints [153].

However, even this approach has a serious problem: identifying the host galaxy is
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Figure 6.1: Figure taken from [69]. Top pane: Hubble diagram for a SN sample.
The opacity of the points is plotted corresponding to the probability of being a type
Ia, P (Ia|D), as per the colour-bar. Bottom pane: Hubble residuals of the sample
assuming a flat ΛCDM universe with Ωm = 0.3 and ΩΛ = 0.7. Contamination of
the sample by non-Ia SNe is illustrated by the light scatter points, which deviate
from the Hubble diagram.

also not unambiguous. The supernova can appear to lie in between two or more
galaxies or may live in a host that is too faint to be detectable (“hostless” galaxies).
In general, it should therefore be assumed that instead we have probabilities for the
supernova to belong to each of the nearby galaxies on the sky or to be hostless. Cur-
rent matching algorithms can accurately match the correct host galaxy about 91%

of the time when applied to data, potentially increasing to 97% by using machine
learning techniques [47]. However, even a 3% contamination may cause significant
biases on cosmological parameter inference and must be dealt with.

6.1.1 Photometric vs. Spectroscopic Astronomy

Photometry and spectroscopy are the two primary modes of observing electromag-
netic (EM) radiation in astronomy. Photometry makes use of all EM radiation that
the instrument is sensitive to, typically in order to build a spatial image of a par-
ticular region of the sky. Spectroscopy spreads the light from a particular point
on the sky into components of varying wavelength. Crucially, spectroscopic mea-
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surements yield a spectrum of the object being observed, from which, information
about absorption/emission lines can be used to calculate the redshift of the object
precisely.

This section does not aim to describe these two modes in detail, but rather high-
lights how photometric or spectroscopic SN observations change the way in which
one should approach the resulting cosmological analysis. Traditional SN cosmolog-
ical analyses (e.g. [122; 113; 2; 71]) proceed under the assumption that there are
both multi-band photometric observations, as well as spectroscopic follow-up mea-
surements. In this case, the photometric observations yield the total observed flux
in multiple bands, which can be used to determine the distance modulus of the SN.
The spectroscopic follow-up observations reveal absorption/emission lines that indi-
cate the presence of certain elements within the SN. These are used for two reasons:
(1) to determine the SN type (for cosmology we are largely only interested in type Ia
SNe), and (2) to accurately estimate the redshift. Many upcoming experiments will
observe thousands of SNe Ia with photometry only. Without spectroscopic follow-
up, these two vital pieces of information about SN type and redshift cannot be
obtained directly. In this case, producing a precise cosmological analysis is difficult.
The following sections provide an approach to deal with these problems.

6.2 Standard Inference for Supernova Cosmology

Traditional supernova cosmological analyses make use of spectroscopically confirmed
type Ia supernovae only, in order to make inferences about cosmological parame-
ters, θ. The light1 emitted from distant objects is subject to dilation along the line
of sight (LoS) between the source and the observer. Additionally, the source may be
moving away from the observer at the time the light was emitted, given by the ex-
pansion of the universe. These phenomena result in the redshifting of light between
the source and the observer. The observed (redshifted) light has wavelength:

λobs = (1 + z)λemit (6.1)

where z is the redshift. The redshift of distant objects is one of the measures used
in any cosmological analysis.

1In this case, ‘light’ refers to electromagnetic radiation in any wavelength.
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Another important measure is the luminosity distance, dL. The luminosity distance
is defined in terms of cosmological parameters in equation 6.5. More intuitively, it is
the distance calculated to an object based on its luminosity, and the observed flux:

dL =

√
L

4πF
(6.2)

where L is the luminosity, and F is the observed flux. This is useful in the case
of type Ia supernovae which have some intrinsic luminosity [11]. The luminosity
distance differs from a standard measure of distance for two reasons. Firstly, the
distance between the source and the observer increases between the time of source
emission and the time the light is observed. Secondly, the observed flux dilates along
the LoS due to the expansion of space. The luminosity and comoving distances are
related by:

dL = (1 + z)dM (6.3)

where dM is the transverse comoving distance, or simply the comoving distance for
a flat universe (when Ωk = 0).

The Hubble parameter for a given redshift in a ΛCDM universe is calculated by:

H(z) = H0

(
Ωm(1 + z)3 + ΩDE(1 + z)3(1+w) + Ωk(1 + z)2

)1/2

(6.4)

where H0 is the Hubble constant, Ωm is the energy density of matter, ΩDE is the
energy density of dark energy, Ωk is the curvature parameter and w is the dark energy
equation of state where w = −1 corresponds to Λ, the cosmological constant [133].

dL(z) =
c(1 + z)

H0

√
−Ωk

sin
(
H0

√
−Ωk

∫
dz′

H(z′)

)
(6.5)

The distance modulus for a type Ia supernova is usually estimated from its observed
light curve using the SALT2 model [48].

The distance modulus is defined as:

µ(z) = m−M = 5log10

(
dL

1Mpc

)
+ 25 (6.6)

wherem is the apparent magnitude of the object,M is the absolute magnitude of the
object and dL is the luminosity distance to the object in Mpc. Equations 6.4 to 6.6
provide a distance modulus-redshift relation in terms of cosmological parameters
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that can be fit for.

This section presented a supernova cosmological analysis for the case where all SNIa
data have well-measured spectra. However, this may not always be the case since
many SNe Ia are only measured photometrically.

In sections 6.3 and 6.4.2 that follow, the experiment that deals with the instance
where all SNe redshifts are spectroscopically confirmed is referred to as the ‘spec-
troscopic case’, and the experiment that deals with the instance where there are
photometric measurements only is referred to as the ‘photometric case’.

6.3 Inference with Type and Redshift Uncertainties

This section presents the experiment referred to throughout this chapter as the
‘spectroscopic case’. It examines the case where the supernova spectra are not
measured, but where the supernova redshifts are spectroscopically confirmed, given
the host galaxy. In this case, photometric observation of the supernova yields the
peak flux measurement, and the proximity of the supernova to its host galaxy, the
redshift of which is assumed to be spectroscopically measured independently of the
photometric observation.

The source of this uncertainty is that it is not possible to say with complete certainty
that a given supernova is part of a given galaxy.

6.3.1 Inference in the Presence of Redshift Uncertainties

This section provides a stepping stone to the fully general case, and describes how
redshift uncertainties impact on a supernova cosmological analysis. Spectroscopic
measurements yield very small redshift uncertainties, δz. When performing a cosmo-
logical model fit using only spectroscopically confirmed SNe Ia, these uncertainties
are dealt with by converting them into additional distance modulus uncertainty, δµ,
by adding them in quadrature. While this is not statistically correct, it works for
very small δz. This fails for typical photometric redshift uncertainties, as will be
shown later.

Here a general framework for incorporating the redshift uncertainty in a statistically
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rigorous way is presented. The posterior distribution over cosmological parameters,
θ, given data, D ≡ (zobs, µobs), can be expressed using Bayes’ law. The argu-
ments of the posterior can then be expanded in a hierarchical model to include the
true redshift, z, and true distance modulus, µ. These latent parameters are then
marginalised over, since we don’t know their true values2:

P (θ|D) ∝ P (D|θ)P (θ) (6.7)

P (θ|D) ∝
∫
P (D, z, µ|θ)P (θ) dz dµ (6.8)

Repeated application of the product rule allows for the expansion of this integral:

P (θ|D) ∝
∫
P (D|z, µ, θ)P (z, µ|θ)P (θ) dz dµ (6.9)

P (θ|D) ∝
∫
P (D|z, µ)P (µ|z, θ)P (z|θ)P (θ) dz dµ (6.10)

Now it is assumed that the true redshift values are independent of cosmological
parameters, and that the distribution P (µ|z, θ) is a delta function since µ is a deter-
ministic function of z and θ. This allows for the elimination of the µ-integral since∫
f(x)δ(x− x0)dx = f(x0):

P (θ|D) ∝
∫
P (D|z, µ)δ(µ− µ(z, θ))P (z)P (θ) dz dµ (6.11)

P (θ|D) ∝
∫
P (D|z, µ(z, θ))P (z)P (θ) dz (6.12)

Equation 6.12 shows the expression for the posterior distribution with general red-
shift uncertainties. For the case where the data are an estimate of the redshift and
distance modulus from the extracted SN lightcurve, this becomes:

P (θ|D) ∝ P (θ)

∫ ∞
0

P (zobs, µobs|z, µ(z, θ))P (z) dz (6.13)

Assuming zobs and µobs are independent, this simplifies to:

P (θ|D) ∝ P (θ)

∫ ∞
0

P (zobs|z)P (µobs|µ(z, θ))P (z) dz (6.14)

Here an important role is played by the redshift prior, P (z), which has no parallel in
2Hierarchical models and marginalisation are discussed in detail in Chapter 2.
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the usual supernova analysis where the redshift is known spectroscopically. In the
case of uncertain supernova redshifts, the Eddington bias must also be considered:
a supernova discovered with a 4m telescope with a redshift estimate of zobs = 0.75,
is much more likely to have a true redshift of z = 0.6 than z = 0.9.

The use of the incorrect prior, P (z), (i.e. not the prior from which the data were
drawn in the case of simulated data) leads to biased parameter estimation. This
was first shown by [46], and illustrated with a simple example.

The inclusion of this prior is crucial in any practical application. Though it was
stated that P (z) is independent of cosmological parameters, there is actually a weak
dependence on cosmological volume. Additionally, there is a dependence on SN
rates. These issues can be dealt with by introducing latent parameters, ϕ, into the
prior, P (z, ϕ), which can then be fit for or marginalised over. Here the problem
can actually be turned around, and the cosmological parameters marginalised over,
such that the posterior over the SN rates can be solved for. Doing this is trivial in
the case where all variables are simultaneously fit for using a numerical sampling
technique such as MCMC (as is done here).

While this will be an important feature for more realistic simulations, it is not
considered further here. Two special limiting cases are considered in the following
sections: (i) spectroscopic galaxy redshifts but unknown host galaxy, and (ii) pho-
tometric supernova redshifts alone.

6.3.1.1 Unknown Host Galaxy

Studies and surveys of galaxies produce galaxy catalogues that are useful for photo-
metric SN analyses as well. Photometric SN observations can use spatial information
to ascertain whether a SN belongs to a certain host galaxy. In this case, the host
galaxy redshift can be considered the same as the supernova redshift, which can
greatly reduce redshift uncertainty if there are spectra for the host galaxy. This can
however produce a new problem: how can we say with certainty that a photomet-
rically observed SN belongs to a particular galaxy? Galaxies close to one another
can cause confusion as to which is the true host. Additionally, the SN may lie in a
galaxy that is too faint to resolve in the photometric SN observation.

This problem can be dealt with by specifying a redshift prior, which incorporates
the probabilities of belonging to each candidate galaxy, which is then marginalised
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over:
P (z) =

∑
γ

P (z|γ)P (γ) (6.15)

Here P (γ) is the probability of belonging to a particular galaxy, and P (z|γ) is the
value of the redshift prior as in equation 6.12 evaluated at the redshift of galaxy γ,
zγ. I.e. P (z|γ) = δ(z − zγ).

P (θ|D) ∝ P (θ)

∫ ∞
0

P (zobs, µobs|z, µ(z, θ))
∑
γ

P (z|γ)P (γ) dz (6.16)

6.3.1.2 Photometric Redshifts

A useful second limiting subcase is the case where there is no spectroscopic host
information but instead only a photometric redshift estimate from the supernova
itself or from the host galaxy in the case where the host is unambiguous. In this
case we have an estimate for P (zobs|z).

For simplicity it is assumed that the resulting photometric redshift distribution is
Gaussian. This turns out to be a good assumption, though the generalisation to
an arbitrary distribution is in principle simple since marginalisation needs to be
performed numerically in this case. The formalism remains unchanged with the
new photometric redshift distribution.

Here we can continue from equation 6.13, a restatement of which is:

P (θ|D) ∝ P (θ)

∫ ∞
0

P (zobs, µobs|z, µ(z, θ))P (z) dz

If zobs and µobs are correlated, for example if they both come from the lightcurve,
then equation 6.13 becomes:

P (θ|D) ∝ P (θ)

∫
1

2π
√

det |C|
exp

(
−1

2
∆TC−1∆

)
P (z)dz , (6.17)

where ∆ =

(
µobs − µ
zobs − z

)
and C =

(
σ2
µ σµz

σµz σ2
z

)
is the covariance matrix.
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Assuming independent zobs and µobs for simplicity, equation 6.13 reduces to:

P (θ|D) ∝ P (θ)

∫
1

2πσzσµ
exp

(
−(zobs − z)2

2σ2
z

)
exp

(
−(µobs − µ(z, θ))2

2σ2
µ

)
P (z)dz

(6.18)

In the experiments shown in section 6.4.2, the marginalisation over redshift in equa-
tion 6.18 is performed numerically without considering correlations between zobs

and µobs, which is not generally true. However, such correlations can be included
by modelling the covariance function in terms of some hyperparameters that can be
marginalised over as well.

6.3.2 Contamination from non-Ia Supernovae

The previous section showed a derivation of the posterior in the presence of redshift
uncertainties, but assumed that all objects considered were SNIa. However, con-
tamination of supernova types will be a problem for photometric surveys as well.
This has been addressed by the BEAMS (Bayesian Estimation Applied to Multiple
Species) formalism for the case of spectroscopic redshifts [83; 79; 127; 61]. This sec-
tion presents the key ideas from these works using the same hierarchical approach as
the previous section. This will allow for a simpler task of combining these solutions
when tackling the fully general case (both redshift and type uncertainty).

Here it is assumed that the redshifts of the supernovae are known exactly, but the
type of the supernova is unknown. The supernova type is shown by the discrete
variable τ . The variable τ takes on one of two values in this case, τ = Ia for type Ia
supernovae, or τ = nIa for non-Ia supernovae.

As before, it is assumed that the data are estimates of the distance modulus and
redshift extracted from the lightcurve. Therefore, for data, D ≡ (zobs, µobs), we
have:

P (θ|D) ∝ P (D|θ)P (θ) (6.19)

P (θ|D) ∝
∑
τ

P (D, τ |θ)P (θ) (6.20)

P (θ|D) ∝
∑
τ

P (D|τ, θ)P (τ |θ)P (θ) (6.21)

Here the latent parameter, τ , is summed over since it is a discrete parameter. Equa-
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tion 6.21 is a result of the application of the product rule. Finally, the prior on τ is
independent of cosmological parameters, θ, which yields the following result:

P (θ|D) ∝ P (θ)
∑
τ

P (D|τ, θ)P (τ) (6.22)

For τττ ≡ [Ia, nIa], where τi ∈ τττ , this simplifies to the BEAMS [83] result:

P (θ|Di) ∝ P (θ)

[
PIaP (Di|τi = Ia, θ) + (1− PIa)P (Di|τi = nIa, θ)

]
(6.23)

where PIa is the probability of the SNe being type Ia, P (τi = Ia). Here it is assumed
that there are only 2 groups of SNe that need to be considered for a cosmological
analysis: SNe Ia and SNe non-Ia. SNe Ia are informative, and SNe non-Ia are
not. In general, one may have to also account for type-II SNe, which are weakly
informative of the cosmological parameters of interest. This can be accounted for
by instead summing over 3 possible SN classes in equation 6.23. Additionally, this
would require an extra model such that P (Di|τi = II, θ) can be evaluated. While
this may be a factor of more realistic simulations, it is not considered further here.

6.3.3 General Case: Type and Redshift Uncertainty

The preceding sections have presented approaches to dealing with type and redshift
contamination independently of on another. Here the general case is considered,
where both type and redshift uncertainty is modelled. Here it is assumed that the
type, τ , of the SN is unknown and that we have either a photometric redshift estimate
for the SN or other redshift information (either photometric or spectroscopic) of
potential host galaxies.

Here, as in section 6.3.1, the host galaxy information is treated as a prior, P (z), on
the SN redshift:

P (z) =
∑
γ

P (z|γ)P (γ) (6.24)

The redshift information needn’t be spectroscopic, which would just mean P (z|γ)

is a broader distribution than those assumed in section 6.3.1.1.

As in the previous cases, the posterior is expressed using Bayes’ law. The hidden
model parameters for the true redshift, distance modulus and SN type, z, µ and τ
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are then introduced and marginalised over. Application of the product rule allows
for the expansion of the posterior distribution as follows:

P (θ|D) ∝
∫
P (D, τ, z, µ|θ)P (θ) dτ dz dµ (6.25)

∝
∫
P (D|τ, z, µ, θ)P (τ, z, µ|θ)P (θ) dτ dz dµ (6.26)

∝
∫
P (D|τ, z, µ)P (µ|τ, z, θ)P (τ, z|θ)P (θ) dτ dz dµ (6.27)

∝
∫
P (D|τ, z, µ)P (µ|τ, z, θ)P (τ |z, θ)P (z|θ)P (θ) dτ dz dµ (6.28)

∝
∫
P (D|τ, z, µ)δ(µ− µ(τ, z, θ))P (τ |z)P (z)P (θ) dτ dz dµ (6.29)

∝
∑
τ

∫
P (D|τ, z, µ(τ, z, θ))P (τ |z)P (z)P (θ) dz (6.30)

where the last step accounts for the fact that τ is a random variable. Substituting
the prior on redshift given by the information from potential host galaxies gives:

P (θ|D) = P (θ)

∫
dz
∑
τ

P (τ |z)P (D|τ, z, µ(τ, z, θ))
∑
γ

P (z|γ)P (γ) (6.31)

Equation 6.31 is the main result of this section, showing the posterior distribution for
a single SN with both type and redshift uncertainty. Note that since the true redshift
of the SN is unknown, the type-redshift dependency, P (τ |z), must be modelled.
This is different to the approach taken by BEAMS [83], where this is assumed to be
constant.

Thus far, the formalism presented has been for a single SN. To compute the full
posterior for N SNe, collectively referred to as D where Di ∈ D for i ∈ [1, N ], the
same approach as before can be taken. Assuming the SN are independent of one
another, the N posteriors can be multiplied together:

P (θ|D) ∝ P (θ)
N∏
i

[∫
dz
∑
τi

P (τi|zi)P (Di|τi, zi, µ(τi, zi, θ))
∑
γi

P (zi|γi)P (γi)

]
(6.32)

Here there are now 2N nuisance parameters to marginalise over: τi and zi for each
SN. Correlations between SNe can however also be considered, as in [79].

In practice, the marginalisation over redshift required by equation 6.32 can be
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achieved efficiently through MCMC by allowing the redshift of each SN to be a
free nuisance parameter that is varied along with the cosmological parameters, θ.
If the SNe are correlated, then the type of each SN must also be introduced as a
nuisance parameter. This does not significantly alter the MCMC analysis [79].

At this point one can again ask what the data, Di, is for each supernova? At the
most basic – and correct – level this would be the lightcurve measurements in various
colour bands as a function of time. Extracting distance modulus and redshift infor-
mation from each SN in this case is not independent of cosmological parameters, and
would need to be fit for simultaneously using MCMC, requiring a not insubstantial
addition in computational time. This does however mean that the zBEAMS formal-
ism can be applied when working with the raw lightcurves. An added complexity
arises when one considers quality cuts performed on lightcurve data or selection
effects, such as those considered in [61; 17; 127]. These quality cuts may however
introduce additional sources of bias, since it is likely catastrophic redshift outliers
and type miss-classifications (which are often clipped from the analyses for practi-
cal reasons) are at the faint end of the SNe population. This has the potential to
introduce another source of Malmquist bias, though the effect is small compared
with typical selection effects. The idea behind the zBEAMS formalism, however, is
to consider all the data, and marginalise over the uncertainty associated with catas-
trophic outliers. Additionally, for the case of selection effects, the unknown number
of undetected SNe needs to be marginalised over as well, using for example simulated
telescope observations. This is, from a Bayesian perspective, more satisfactory than
performing quality cuts from the outset since the uncertainty as to which SNe are
excluded from the sample is marginalised over rather than specified upfront.

However, a convenient simplification is to consider Di = (zobs, µobs), assuming that
the object is a SNIa. In general this would be inappropriate if more than one type
of supernova contained useful information about the cosmological parameters θ.
However, since in the non-Ia case the derived redshift and distance modulus give
almost no useful cosmological information, one can simply take P (zobs|z, τ = nIa)

to be a wide uniform distribution or very wide Gaussian and use zobs, µobs derived
assuming the object is a SNIa [83; 127]. Then the fact that one is using the “wrong”
values for zobs, µobs has no impact. This is only an issue when the type of the
supernova is unknown.

In the proceeding experiments, selection bias and the impact of performing quality
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cuts is ignored since including them would required working at the level of the
lightcurves, which has been avoided for simplicity.

6.4 Experiments

This section presents an illustrative set of simulations to show how zBEAMS, as de-
scribed in section 6.3, recovers the correct cosmological parameters by marginalising
over unknown supernova types and redshifts. This section considers 2 cases, one
where there are spectroscopic redshift estimates from potential host galaxies, here-
after referred to as the spectroscopic case, and one where there are only photometric
measurements, hereafter referred to as the photometric case. Conceptually, it is
trivial to combine these cases when dealing with a dataset with mixed spectroscopic
and photometric measurements, however these two cases are kept distinct here.

For both cases, it is assumed that all objects are detected, no matter how faint.
Both cases also demonstrate the bias on cosmological parameters that is introduced
when using the standard likelihood, ignoring redshift and type uncertainties. This
section shows that zBEAMS is able to correctly marginalise over these uncertainties,
recovering the fiducial cosmology.

For all simulations, we assume a flat ΛCDM universe with a fiducial cosmology given
by the latest results from the Planck collaboration [115], i.e., H0 = 67.74 km/s/Mpc,
Ωm = 0.31 and w = −1. Inference over the parameters is done using Markov Chain
Monte Carlo (MCMC) methods, specifically the Metropolis-Hastings [99; 58] algo-
rithm for low-dimensional sampling and block Metropolis-Hastings when numerically
marginalising over redshift in the photometric case. Detailed descriptions of both
cases follow below.

6.4.1 The Spectroscopic Case

For the spectroscopic case, 1000 supernovae are simulated over a redshift range of
z ∈ [0.015, 1] and with a uniform redshift distribution. A reference dataset is created
without any redshift of type uncertainties, herein referred to as the unbiased dataset.
A dataset with both host galaxy redshift and non-Ia contamination is also created,
and is hereafter referred to as the biased dataset.
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Figure 6.2: Distance moduli for the 1000 SNe as described in the spectroscopic case
with two types of contamination: ∼9% host galaxy mis-identification and ∼5% non-
Ia contaminants. The black square datapoints represent SNe that have both the
wrong host (and hence incorrect redshift) and are non-Ia. The fiducial Ia distance
modulus is shown by the black dashed line. Figure 6.3 shows how zBEAMS is able to
untangle both forms of contamination with little to no increase in error contour size,
while applying the standard MCMC approach and ignoring contamination leads to
significant biases.

The unbiased SNe data is generated with a dispersion of 0.2 mag. For the biased
dataset, the host galaxies are assumed to have spectroscopically confirmed redshifts,
but the supernova is observed using photometry, hence the supernova type is not
known and it is not always clear which galaxy the supernova belongs to if multi-
ple galaxies lie within a small angular distance of one another. Additionally, it is
assumed that supernovae with z < 0.1 will be identified spectroscopically, and will
therefore not have associated type uncertainty. Here, a 5% type misidentification
is assumed where the non-Ia population is offset from the Ia population by 2 mag,
and has a Gaussian dispersion of 1.5 mag (similar to [61]). A more realistic dis-
tribution can be used with the same method, provided the form is known. A 9%

host misidentification is assumed [47], where the misidentified host redshift is drawn
from a normal distribution z ∼ N (ztrue, 0.1

2).

Figure 6.2 shows the distance moduli of the contaminated SNe Ia dataset. The
biased dataset is analysed using both the standard likelihood (which does not take
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Figure 6.3: Contour plots for w and Ωm showing the 68% and 95% credible intervals
for the spectroscopic case. The black cross shows the fiducial model from which the
data were generated. The black contours show the posterior distribution when there
is no type or host uncertainty in the data. The red solid contours show the biased
posterior distribution, i.e. when there is both type and host uncertainty, which
is not accounted for in the likelihood. The blue solid contours show the posterior
distribution when there is type can host uncertainty in the data, which is accounted
for with the zBEAMS likelihood. As can be seen, the zBEAMS likelihood is able to
handle both forms of contamination with little increase in computational complexity
or ellipse area. Top and right panels show the marginalised 1D histograms for Ωm

and w respectively.

redshift error into account) and with the zBEAMS likelihood. The latter makes use
of the zBEAMS posterior, shown in equation 6.32, to fully marginalise over both
type and redshift uncertainties and thus produce unbiased cosmological estimates.
In this analysis, the cosmological parameters, Ωm, H0 and w are solved for, while the
parameters of the populations (such as the magnitude offset and standard deviation
of the non-Ia population) are assumed to be known. However, it would be concep-
tually simple to solve for these simultaneously as done in earlier BEAMS papers
[61; 79]. Here, this step is not included owing to time constraints and because it
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is not central to the analysis, though these population parameters would need to
be solved for in a realistic setting (i.e. one where the population parameters are
not known). The marginalised posterior distribution is inferred for w and Ωm for
each of these three instances, and their respective contours are shown in figure 6.3.
The three cases are: (i) the standard likelihood used on the unbiased dataset, (ii)
the standard likelihood used on the biased dataset and (iii) the zBEAMS likelihood
used on the biased dataset.

6.4.2 The Photometric Case

This section deals with the case where the redshift of the SN or host galaxy is ob-
tained photometrically. In order to use zBEAMS in this case, the marginalisation
over redshift must be performed numerically, as the integral in equation 6.18 has
no analytic solution. We assume for this experiment that the redshift uncertain-
ties are Gaussian distributed with a standard deviation of 0.04(1 + z), though any
more realistic distribution can be assumed with little change in complexity. For
the photometric case, 1000 SNe are simulated from a redshift distribution given by
P (z) ∼ ze−βz over a redshift range of z ∈ [0.015, 1.4], with β = 3. This distribu-
tion is the same as the prior distribution used to solve for the SNe redshifts. For
completeness, one would need to solve for the value of β with the other parameters
simultaneously. Here, since the value of β is known exactly, this extra degree of
freedom is ignored. While this is not addressed here, this distribution could be ex-
tended to include modelling of instrumental selection effects, in addition to intrinsic
supernova rate information. As before, Gaussian errors with dispersion 0.2 mag in
the distance modulus are assumed. One can see the magnitude residuals for the
observational redshift in figure 6.4 (main figure) and for the redshifts recovered by
the zBEAMS analysis (inset figure).

As in the previous experiment, 3 cases are considered: (i) the standard MCMC
analysis is done on the photometric dataset, (ii) the standard MCMC analysis is
done when the redshifts are known exactly and (iii) the photometric redshifts are
fit for using MCMC with block Metropolis-Hastings sampling. Figure 6.7 shows
the resulting posterior distributions for these 3 cases. Note that result-(i) is clearly
biased with respect to the solid black contours which are obtained using the true
SNe redshifts (case-(ii)). The blue contours in figure 6.7 show the result when
applying zBEAMS to the biased dataset (case-(iii)). Block Metropolis-Hastings was
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Figure 6.4: Photometric Hubble residuals for the 1000 SNe considered in the photo-
metric case. They are drawn from the redshift distribution P (z) ∼ ze−3z, and have
photometric redshift errors drawn from a Gaussian with mean 0 and σz = 0.04(1+z).
The main plot (gold) shows the residuals plotted against the observed redshift, zobs.
The inset plot (blue) show the residuals plotted against the redshifts recovered from
the MCMC chains, z̄. The redshift uncertainties cause a large fraction of data, par-
ticularly at low redshift, to be more than 3σ away from the fiducial model (as can
be seen in the main figure). The photometric redshifts are fit for simultaneously
with the cosmological parameters, allowing zBEAMS to effectively put the SNe at
the ‘correct’ redshifts (as shown in the inset figure, where the residuals are scattered
about the fiducial model as would be expected given the Gaussian uncertainty on
distance modulus).

used to fit for 1003 parameters simultaneously (3 cosmological parameters and 1000
redshifts), i.e., numerically computing the posterior given by equation 6.18. The
block Metropolis-Hastings algorithm proceeds identically to the usual Metropolis-
Hastings sampling algorithm, except that parameters are updated in blocks instead
of updating all parameters every step. Here, the blocks (of variables to fit for at
each step of the MCMC algorithm) used were the 3 cosmological parameters and
a single redshift. Block sizes of 1-10 redshifts are however still suitable in terms of
achieving convergence.

Figure 6.6 illustrates the same data returned by the MCMC analysis on the re-
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Figure 6.5: Stacked one-dimensional histograms for all 1000 redshifts from the
zBEAMS analysis of the data in figure 6.4. For each supernova the histogram relative
to the true redshift is shown, demonstrating that zBEAMS recovers, on average, the
true redshift for each supernova. Each histogram is coloured by its redshift: black
corresponding to low redshifts and red corresponding to high redshifts, showing that
the recovered redshifts are less precise for increasing redshift, as expected due to the
(1 + z) scaling of the photometric redshift error and the flattening of the Hubble
diagram.

covered redshift posteriors as are shown in figure 6.5. Figure 6.6, however, better
illustrates the role that the Hubble diagram plays in placing constraints on the ‘true’
photometric redshifts. The top portion of the figure shows the redshift posteriors
of the low-redshift SNe, and the lower portion shows the redshift posteriors of the
higher-redshift SNe. The low-redshift SNe are are more easily constrained since
they lie on the steeper part of the Hubble diagram, where a small change in redshift
corresponds with a very poor model fit. The high-redshift SNe, by contrast, lie on
the flatter part of the Hubble curve, where even fairly large changes in the modelled
‘true’ redshift do not impact severely on model fit.

The block size is found to have little impact on convergence of cosmological parame-
ters in this case, as long as the blocks are small enough as not to significantly reduce
the acceptance ratio. The block size does however impact on algorithm speed. It is
assumed that each supernova redshift has a prior coming from the host galaxy (or
from the supernova lightcurve itself) which is taken to be Gaussian centred on the
observed redshift with standard deviation of 0.04(1 + zobs). The prior on the overall
SNIa redshift distribution was taken to be P (z) = ze−βz, where the value of β is
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Figure 6.6: Photometric redshift posteriors for the ‘true’ redshift model parameters
for the 1000 SNe considered in this case. Here, each row of pixels corresponds to a
particular SN, with the highest probability density being represented in black, and
a zero probability density in white. The x-axis (∆z) shows the difference between
the ‘true’ redshift for each SN, and the modelled redshift fit for in the MCMC
analysis. This figure illustrates that there appears to be no systematic bias in the
recovered redshift posteriors, since they are by and large symmetrically distributed
about a ∆z = 0. The low-redshift SNe (shown towards the top of the figure) are
more tightly constrained since they lie on the steeper part of the Hubble curve. The
high-redshift SNe are more poorly constrained owing to the flattening of the Hubble
diagram. Figure 6.7 illustrates that this does not have a significant impact on our
ability to constrain cosmological parameters.
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fixed at 3. In a case with real data, one would need to fit for these hyperparameters
as well.
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Figure 6.7: Contour plots for w and Ωm showing the 68% and 95% credible intervals
for the photometric case. The black cross shows the fiducial model from which the
data were generated. The black contours show the posterior distribution if the host
galaxy redshifts were spectroscopically confirmed. The red solid contours show the
biased posterior distribution, i.e. when the photometric host galaxy redshifts are
used, but not solved for. The blue solid contours show the posterior distribution
found using zBEAMS (the ‘true’ host galaxy redshifts are solved for numerically).
Top and right panels show the marginalised 1D histograms for Ωm and w respectively.

Block Metropolis-Hastings recovers the true redshifts of the low-z supernovae (σz =

0.02 for z < 0.25) well, with worsening performance as the redshift increases. This
is due to two effects: first the photometric redshift error scales with (1 + z) and
secondly the Hubble diagram progressively flattens out at z > 0.25 removing the
signal that allows MCMC to constrain the redshift. This can be clearly seen in
figure 6.5 where the stacked 1D histograms zi,chain − zi,true for the 1000 SNIa are
shown. It can be seen that while the error increases with redshift, the redshift
estimates show no systematic bias. The marginalised posterior distributions for w
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and Ωm for each of these instances are represented in the contour plots shown in
figure 6.7, which shows that zBEAMS recovers the correct cosmology, and contours,
as desired.

Figure 6.4 illustrates the origin of the bias when using the standard likelihood. A
large number of the data points are more than 3σ away from the model and some
are over 20σ away. This is an artefact of using the wrong redshifts. The inset shows
the same residual Hubble diagram when the data is instead plotted using the mean
redshifts recovered from the MCMC chain for each redshift. Very few datapoints
are now more than 2σ from the fiducial model, even at low redshifts where the
excursions were the strongest.

This allows zBEAMS to produce unbiased cosmology contours that almost match
the contour sizes of the perfect, spectroscopic case. Another approach to this same
problem might be to significantly increase all the µ-error bars of the points to ac-
count for the redshift uncertainties. Unfortunately, doing so yields biased results for
reasons discussed in section 6.3.1.2. Increasing the error bars further may reduce
bias in the estimated posterior but only at the expense of significantly inflating the
associated contours.

It should be noted that accurate sampling in realistic scenarios will not be trivial due
to the high-dimensionality of the posterior (more unknown parameters than data
points). Here, block Metropolis-Hastings was used to address this. Hamiltonian
Monte Carlo [106] and Diffusive Nested Sampling [15] may also be viable solutions,
and be well-suited to the high-dimensionality of this problem.

6.5 Concluding Remarks

This chapter has presented an introduction to some current challenges in the field of
modern supernova cosmology. These challenges could be split into challenges with
spectroscopic observations, and challenges with photometric observations, solutions
to which are presented in sections 6.3 and 6.4.2 respectively. For both of these cases,
zBEAMS gets contours that are close to the spectroscopic ideal, with little or no
loss in the constraining power of the experiment, while naïve approaches give results
that are biased at very significant levels.

These results indicate that the additional redshift uncertainties introduced in both
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the spectroscopic and photometric cases, can be accounted for within the statistical
formalism presented. For the photometric case, this statistical power does however
come at the cost of computational complexity, which will be an issue for very large
sets of photometrically observed SNe. This study finds that these redshift uncertain-
ties do not prohibit our ability to do precision cosmology. Ignoring the biases that
come from redshift uncertainties leads to catastrophic errors, but this can be dealt
with in a rigorous way without loss of constraining power. A corollary of this is that
large photometric surveys, such as those undertaken by the Vera C. Rubin telescope,
will still offer the requisite data to contribute to precision cosmology, despite lack
of spectra.

6.6 Future Work

This section lists a few natural extensions to the work presented in this chapter.

• The analysis presented in this chapter assumes that the probability of belong-
ing to a given host galaxy γ, encoded in P (γ), and the probability of being a
given type of supernova, τ , encoded in P (τ |z), are known a priori. The for-
malism presented in this chapter can be extended to allow these to be partially
known nuisance parameters that are estimated by available data.

• The zBEAMS formalism could be extended to include correlations with host
galaxy information, such as host influence on Hubble residuals via stellar mass
etc. [137; 85].

• The redshift distribution plays an important role for the photometric case.
Specifically, if the individual true SN redshifts are being solved for, one needs
to also fit for the redshift distribution. A much more complex model could
be used than the one we assumed which could include some systematic effects
and allow one to learn something about supernova rates.

• While the zBEAMS formalism was presented emphasising its generic nature
for any data D, in the examples, D was taken to be the measured distance
moduli. It would be useful to develop zBEAMS specifically for the case in
which D is the set of lightcurve flux measurements in different bands; i.e. one
step further back in the analysis chain.
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• Realistic supernova surveys censor the true SN population because of the mag-
nitude limits of the telescope and cuts performed during the analysis, result-
ing in Malmquist bias. Selection effects within a Bayesian framework have
already been extensively covered in e.g. [127] and could be incorporated into
the zBEAMS likelihood.
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