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Pref ace 

The numerical investigation of the oscillations of white 

dwarfs which is discussed below was begun at the suggestion of 

Professor Warner soon after the discovery of periocdic varia­

tions in several cataclysmic variables. Its completion within 

a reasonable time was greatly helped by the availability of a 

computer program for the solution of the equations governing 

the structure of white dwarf stars provided by Dr. W. B. Hubbard . 

Although the program could not be used in the original form for 

the present investigation, where the accuracy of the outer 

layers is critical, it provided an invaluable starting point 

and the coding of the equation of state of the core was used 

in an almost unaltered form. 

Results of the investigation which are of astronomical 

interest are presented below in the form of a paper which has 

been accepted for publication in the Monthly Notices of the 

Royal Astronomical Society. Details of the computer programs 

used are discussed in appendices 2 and 3. 

I am very grateful to Professor Warner for his help at 

all stages of this work and to Dr. Hubbard for making available 

the white dwarf model program. I am indebted to the Counc i .l 

for Scientific and Industrial Research for a bursary. 

Preface 

The numerical investigation of the oscillations of white 

dwarfs which is discussed below was begun at the suggestion of 

Professor Warner soon after the discovery of periocdic varia-

tions in several cataclysmiC variables. Its completion within 

a reasonable time was greatly helped by the availability of a 

computer program for the solution of the equations governing 

the structure of white dwarf stars provided by Dr. W.B. Hubbard. 

Although the program could not be used in the original form for 

the present investigation, where the accuracy of the outer 

layers is critical, it provided an invaluable starting point 

and the coding of the equation of state of the core was used 

in an almost unaltered form. 

Results of the investigation which are of astronomical 

interest are presented beLOW in the form of a paper which has 

been accepted for publication in the Monthly Notices of the 

Royal Astronomical Society. Details of the computer programs 

used are discussed in appendices 2 and 3. 

1 am very grateful to Professor Warner for his help at 

all stages of this work and to Dr. Hubbard for making available 

the white dwarf mOdel program. I am indebted to the Counci,l 

for Scientific and Industrial Research for a bursary. 
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Summary 

The second order differential equations governing the non-radial adiabatic 

oscillations of stars have been solved for a variety of white dwarf models. It is 

found that the inclusion of convection in the envelopes of the models with surface 

t empe ratures corresponding to those of HL Tau 76 and G44-32 does not alter the 

eigenvalues significantly and the periods of the lowest order modes are shorte r 

than the observed periods by a factor of about 2. The eigenfunctionl? of hot white 

dwarf models which include a hydrogen burning shell source in equilibrium show 

that the oscillations have a large amplitude only in the hydrogen envelope. The 

relevance of these results to the observation of periodic variations in cataclysmic 

variables is discussed. 
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Summary 

Th.c second order differential equations governing the non-radial adiabatic 

oscillations of stars have been SOlved for a variety of white dwarf models. It is 

found that the inclusion of convection in the envelopes of the models with surface 

temperatures corresponding to those of HL Tau 76 and G44-3Z da.,s not aHer the 

eigenvalues significantly and the periods of the lowest order modes are shorter 

than the observed periods by a factor of about 2. The clgenfunction~ of hot white 

dwarf models which include a hydrogen burning shell source in equilibrium show 

that the oscillations have a large amplitude only in the hydrogell. envelope. The 

relevance of these results to the observation of periodic variations in cat;l.clysmic 

variables Is discussed. 
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1. Int ro duction 

T he observational mate ri al on short pe r iod l ight variations in white dwarfs 

and cataclysmic variable s has been r e viewE<l by Warne r and Robinson (1972a). 

T hey find str ong suppo r t fo r an interpret at ion in terms of non-radial os cillations . 

In particula r they find it ne cessary to invoke grav ity mode os cillations to · 

explain the exis te nce of (mult iple ) periods longe r than would be expe cted for the 

r adial oscill ations of white dwarfs . More rece nt obse rvations have done little 

to change this view, and the nume rical investigation of Osaki and Hansen (OH, 

1973) has tende d to give it further support. 

OH find that they are able to explain the observed periods of the cataclysmic 

variables (15 to 7o~s) by g-modes provided that the mass of the white dwarf 
• 

excee ds about • 5 M • 
0 ' 

The requirement on the mass is in agreement with a determination of the 

masses of cataclysmic variables by Warner (1973) who finds that they appe ar to 

cluste r near 1. 2 M . Moreover the period luminosity relation which OH derive 
0 

could be used to explain the variation of the period of Z ·Carn (Warner and 

Brickhill 1974). However Bath et al (1974) have pointed out that such a comparison 

is not valid. In terms of the derivation given by OH the period is determined 

essentially by the core temperature. The observed 20 percent change in the 

period of Z Cam would therefore imply an unrealistic change in the thermal energy 

of the white dwarf. Thus if g-mode pulsations are indeed the c~use of the ob-

served periodicities, they must be confined to a region very near the surface. 

We have investigated the oscillations of a variety of hot white dwarf models 

of 1 and 1. 2 M • The results of these calculations are discussed in Section 5 
0 

of this paper • 

1. Introduc tion 

The observational material on short period light variations in white dwarfs 

and cataclysmic variables has been revicwed hy Warner and Robinson (1972a). 

They find s trong support for an interpretation in terms of non-radial oscillations. 

In particular they find it necessary to invoke gravity mode oscillations to 

explain the exis!J;)nce of (multiplo) periods longcr than wonld b.;) expected for the 

radial oscillations of white dwarfs. More recent observations have done little 

to change this view, and the numerical investigation of Osaki and Hansen (01{, 

lna) has tendcd to give it further support. 

OH find that they are able to explain the obsarved periods of the cataclysmic 

variables (15 to 70 .. 5) by g-modes provided that the mass of the white dwarf 
• 

exceeds about .5 M • • 
The requirement on the mass is in agreement with a determination of the 

masses of cataclysmic variables by Warner (1973) who finds that they appear to 

clnster near 1. 2 M . Moreover the period luminosity relation which OH derive , 
could he used to explain the variation of the period of Z Cam (Warner aDd 

Brickhiil 1974). However Bath et al (1974) have pointed out that such a comparison 

is not valid. In terms of the derivation given by OR the period Is determined 

essentially by the core temperature. The observed :::0 percent change in the 

period of Z Cam would therefore imply an unrealistio change In the thermal energy 

of the white dwarf. Thus if" g-mode pulsations are indeed the o~use of the ob-

served periodicities, they must be eonIined to a region very near the surface. 

We have Investigated the osclilations of a variety of hot white dwarf models 

of 1 and 1. 2 Mil' The results of these calculations are discussed in Section 5 

of this paper. 
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2. 

OH find some difficulty in understanding the long- period white dwarfs . 

Outstanding in this group i s HL T au 76 ( Landolt 1968), whose white dwarf 

.. 
character is well established and which has a complex spectrum of periods 

around 750 s . The pe r iods of the coolest model use d by OH are 210 and 291 

se.conds for · the first and second gravity modes of the se cond ha1"monic . This 

mode l is already ve ry much cooler than the obse rve d colours of HL T au indicate . 

However, OH suggest that convection may play an important part. in increasing 

the periods. We have investigated the oscillations of white dwarf models with 

effective temperatures corresponding to those of the long- period group . T he 

mode ls include envelope convection and an improved treatment of the ion pre s sure 

in the core. Although the eigenperiods are longer than those found by OH it is 

still not possible to explain the 750-s period in terms of the g-modes of lowest 

orde r. 

2. The Gravity Oscillations of White Dwarfs 

It is convenient to r eproduce here Ledoux' s discussion of the g-modes of 

white dwarf stars*. If we suppose that the time dependence of the perturbations 

has the form exp (iat) and that they can be developed in a series of spherical 

harmonics, Ym (S, ¢) , then the equations obtained by the neglect of the perturbation 
;, 

to the gravitational potential may be written 

dv [ i.- (t+ l) . Pr2 l 2/r1 p 
(1) = p w .................. 

dr O" 2 -r1P J 

and 

* Lectures given at the South African Astronomical Observatory, March 1972. 

I 2. 

OJ-! find some difficulty in ur.dcrstanding the long-period white dwarfs. 

Outstanding in this group is HL Tau 76 ( Landolt 1968). whose white dwarf 

charael"r is well establishod und which has a complex spectrum of periods 

around 750 s. The periods of lhe coolest model used by OH are 210 and 291 

seconds for the first and second &:rsvity modes of the second hannonic. This 

model is already very much cooler than the observed colours of HL Tau indicate. 

However, OH suggest that convection may play an important part.in increasing 

the periods. We have investigated the oscillations of white dwarf mOdels with 

effective temperatures corresponding to those of the long-period group. The 

models include envelope convection and an improved treatment of the ion pressure 

In the core. Although the eigenperiods are longer than those found by OH It Is 

still not possible to eJqllain the 750-10 period In te rms of the g-modes of lowest 

order. 

2. The Gravity Oscillations of White Dwarfs 

It is convenient to reproduce here Ledoux's discussion of the g-modes of 

white dwarf stars·. If we suppOse that the time dependence of the perturbations 

has the form exp (iat) and that they can be developed In a series of spherical 

harmonica, Y: (0, til), then tho equatloll5 obtained by the neglect of the perturbation 

" the gravitational potential may be written 

d. [ '- a.+ 1) P '] 
211'1 

• ":p p w (1) d, 0"' 
. .......... ....... 

"ct 

• Lectures given at the South African Astrcnomical Observatory, Maroh 1972 • 
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3. 

I ... .., 

dw 1 (if Ag) 
p v = + dr 2 p2/fl r 

(2) 

whe re 

A 
1 .2-f 1 .QJ2 = p dr ~p dr 

..................... ~ . (3) 

T he bound:iry conditions are 

at r = 0 v = 0, w = 0 . 
(4) 

.r = R :v = 0, w=O 

(Ledoux a nd Walrave n 1958). T he components of the displacement of an element 

with the equilibrium position (r, e, ¢) are given by 

cSr = 

r c'5e= 

i 
2 ) 

er + Ag 

1 

cr2 

r sine6¢= 
1 

cr2 

1/1\ _Q_ ___ _ 

p 
dw(r) 
dr 

1 
sin9 

~ (6, ¢) = a(r) Y; (8,¢) (5) 

'• (7) 

For the gravity modes of a white dwarf the frequency is small and p r 2
.fl;_p 

2 . -<< .t .(Q,+-1)/CJ' except very near the surface. In the degenerate core p varies 

with pll so that A~ 0 but ·!Ag! increases very rapidly in the transition zone 

2 
whe r e (J <<!Ag\ . Equations (1) and (2) then show that v and w must vary very 

slowly in the interior and for sufficiently high degeneracy the oscillations may be · 
(? · \\) 2 

la rge ly excluded from the core. This situation is illustrated in Fig, l~~ As (J 

2 
de creases with increasing order of the mode (0" + Ag) becomes negative in a large 

' I 

I 

, . 
. . 

OW 1 ,if Ag) 
P V • • d, 2 p21fl , , • • • • • • • • • • • • • • • • • • • • • • (2) 

where 

A 
1 1P , 

'" • P d, r" dI 
• • • ••• • • • • • • • • • • • • • • • • • (3) 

Tho boundary eonditions are 

" , • ° , • 0, w • ° ) 
) ..................... (4) 

~ , • R , • 0, w • 0 ) 

(Ledoux and Walraven 1958). The components of the displacement of an element 

with the equilibrium pOSition (r, e,~) are given by 

f<59a 

rsineO£p.. 

, 
< 2 ) 

0' dg 

, 
0-' 

-L 
0- 2 

,!r, 
P 

p 

dw(r} 
d, (5) 

~ ~ (9.¢)· b(r) ~ Y~ (s,¢' (6) 

, 
sine 

For the gravity modeli of a white dwarf the frequenoy is small and pr21li.p 

2 .« l.~.e.+-l)/O'" except very near too surface. In the degenerate oore p varies 

with pli so that A_O hut 'IAgl increaoos very rapidly in the transition zone 

where ~<-< [Ag]. Equations (1) and (2) then show that v and w must vary very 

slowly in the interior and for sufficiently high degeneracy the oscillations may be 
(p.II) 2 

largely (lxcludcd from the COre. This situation Is illustrated in Fig. l~; As (J 

decreases with increasing order of the mode (if "I" Ag) beoomes negative In a large 
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4. 

part o the co e and oscillations of long vertical wavelength are possible (Fig . 1 ( c)). 

For modes of low order the coefficients of w and v in equations (1) and (2) are 

both positive in the interior and the amplitude decreases more or less exponentially. 

The energy of the oscillat.ion is contained almost entirely in the envelope and the 

excitation energy is low. By contrast the excitation energies of the radial modes 

9 
of a while dwarf arc high and the growth times· are consequently very long ( ......., 10 

yr. see e . g . Vauclai r 1971). Clearly the high amplitude of tre g- modes in the 

envelope favours their excitation in white dwarf stars . At the same time it is 

apparent that the g- mode s may fulfil the requirement imposed by the rapid changes 

in period which have been observed in dwarf novae if it can be shown that the 

oscillat ions are confined to the surface layers even in these relatively hot stars . 

3. Input Physics, Techniq ues 

T he equation of state used in the models is that of Hubbard and Wagner (1970) . 

It includes the ideal electron gas pressure, valid for any range of density and 

temperature , the Coulomb correction to the ion pressure obtained by Brush, Sahlin 

and Telle r (1966) in the analytic approximation of Van Horn (1971), and the ex-

change pressure, usin~ the zero temperature form of Zapolsky (Salpeter 1961) at 

high dens ities and the finite temperature non-relativistic form of Hubbard (1969) at 

lowe r densities. Where nuclear energy generation is included we use the result of 

Bahcall and May (1968) for the p-p chain, neglecting factors due to electron screening 

and precise chemical composition. 

In some of the models the inward integration is started at the base of the 

model atmospheres of Wickramsinghe (1972). Since, for the purposes of this paper 

we are concerne d mostly with effective temperatures which lie outside the range of 

4. 

pad of (he core and osciUalions of long vertical wavelel1gth aro possible (Fig. 1 (e)). 

For modes of low o!'(~cr the coefiiCicnts of wand v in equations (I) and (2) are 

bolh positive in the interior ane: tr.e amplitude decreases more or less exponentially. 

The energy of the osoillation Is contained almo~t entirely in UloC envelope and the 

Qxcitr,Uon c<>ergy is low. By contrast the excitation energies of the radial modes 

of a whl\c dwarf arc high and the growth times' are consequently very long " ( ...... 1{) 

yr. sec e.g. Vauclair 1(71). Clearly the high ampliiudc of tic g-modes in the 

envelope [uvours their excitation in white dwarf stars. At the same time it is 

apparent that the g-modes may fulfil the requirement imposed by the rapid changes 

in period which have been observed in dwarf novae if it can be shown that the 

oscillations are confined to the surface layers even in these relatively hot stars. 

3. Input Physics, Technigues 

The equation of state used io the models Is that of Hubbard and Wagner (1970). 

It includes the ideal electron gas pressure, valid for any range of density and 

temperature , the Coulomb correction to the ion pressure obtained by Brush, Sahlin .. 
and Teller (1966) in the analytic appro.umaticn of Van Horn (1971), and the ex-

change pressure, usinl; the zero temperature form of Zapolsky (Salpeter 1961) at 

high densities and the finite temperature non-relativistic form of Hubbard (1969) at 

lower densities . Wherc nuclear cnergy generation is included we use the result of 

Bshc:lll and May (1968) for the p-p chain, neglecting factors due to electron screening 

and precise chemical ccmposition. 

In some of the models the inward integration is started at the base of the 

model atmospheres of Wickramsinghe (1972). Since, for the purposes of thil':! paper 

we arc C(lneerned mostly with effective temperatures which lie outside the rango of 
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5. 

Wi ck r ams inghe 1 s a tmospheres , we have used the surface conditions 

T = T , 
s e 

p = 
s 

2 

3f t. s 
. • . . . • • . • • • . • • (8) 

· (Schwa r zschild 1958, ? 89). This treatment is ce rtainly adequate for the 

ho LLcr stars since the solutions .co nve rge very r apidly in the radiative envelope s . 

Fo r coole r objects the envelope be come s uns table to conve ct ion and Lhe solut ion 

becomes sens itive to boundary condit ion. Pressure ionisation is t r e ated by the 

me thod sugge s te d by Eggleton, Faulkner and Flanne ry (1973) which is probably 

.su ff iciently accurate for the envelopes considered here. However we assume 

that temperature stratification in the convective zone is adiabatic and we have 

used the crude boundary condition (8). Suprisingly, temperatures and pre ssure s 

at the base of the convective zone are in good agreement with the more accurate 

calculations of B()hm and Cassinelli (1971) and of Baglin and Vauclair (1 973) for 

enve lope s of similar composition. This agreement is sufficient, as is discussed 

below, to ensure that the periods are unaffected by the approximate treatment, 

and may indicate that the atmosphere condition is less important than has been 

previously supposed (Van Horn 1971). 

The solution is followed inward using the opacity tables of Cox and Stewart 

(1970) for the radi~t_ive opacity. In the case of the hydrogen rich envelopes we 

have used the tables of Hubbard and Lampe (1969) for the conductive opacity and 

the analytic approxim~tion of Sweigart (1973) for other compositions . ·The 

inward integration is terminated when the value of ~ ~~ . falls below about 0. 5 • 

The temperature at this point is found to be insensitive to the limiting value 

chosen provided it is not so small that the analytic approximation to the conductivity 

table s beginr. to diverge ( p .2:, 10
6
). 

5. 

Wickr;1msing!1c's atmospheres, we have used the surface conditions 

T = T 

" " 
p • 

" 
2 

OJ[ , .............. 

(Schwarzschild 1%8, '? 89). This treatment is certainly adequate for tbe 

(8) 

hotter stars since lhe solutions.converge very rapidly in the radiative envelopes. 

For cooler objects the envelope becomes unstable to convection and the solution 

becomes sensit ive to boundary condition. Pres sure ionisation is treated by the 

method suggested by Eggleton, Faulkner and Flanne ry (1973) which is probably 

!>ufficiently accurate for the envelopes considered here. However we assume 

that temperature stratification in the convective zone is adiabatic and we have 

used the crude boundary condition (8). Suprisingly, temperatures and pressures 

;1t the base of the convective zone are in good agreement with the more accurate 

calculations of BIIhm and Cassinelli (1971) and of Baglin and Vaudair (1973) for 

envelopes of similar composition. This agreement Is suffiCient, as is discussed 

below, to ensure that the periods are unaffected by the approximate treatment, 

and may indicate that the atmosphere condition is less important than has been 

previously supposed (Van Horn 1971). 

The solution is followed Inward using the opacity tables of Cox and Stewart 

(1970) for the radial.ive opacity. in the case of the hydrogen rich envelopes we 

have used the tables of Hubbard and Lampe (1969) for the conductive opacity and 

the analytic approximiltion of Sweigart (1973) for other compositions. The 

inward integration is terminated when the' value of ; ~~ . blls below about O. S. 

The temperature at thili point is found to be insensitive to the limiting value 

chosen prOvided it is not so small that the analytic approximation to the conductivity 

tables begln$to diverge (f'-<:106). 
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6. 

In ge ne r al the integr ation terminates at a point whe r e the dege ne racy 

pa r am etc r has a value of about 20 . The core temperatures thus found ag r ee we 11 

wi th Lhc res ults of Lacis (Van Horn 1971) where his calculations incorporated the 

s anw opaci ty table s . 

The core solution is integrated from the centre, assuming an iso the rmal 

distri bu tion , to the fitting point. The central de nsity can then be varied to fit 

the surface gravity or the mass . If the final radius differs from the initially 

guessed value it is necessary to r epeat the proce ss. This procedure produced 

sufficient ly r apid conve rgence for most of the models considered here . 

. The linear second order differential equations governing adiabatic non- radial 

osc illations were integrated by a Runge-Kutta technique . The negle ct of the 

perturbation to the gravitational potential has been shown to be unimportant for 

t :::. 2 in the case of polytropic stars (Robe 1968). For the white dwarfs conside red 

here the approximation is in general excelle.nt because the oscillations have a very 

low amplitude in the interior. 

In what follows we denote the kth lowest order gravity mode of the 2., th 

harmonic by gkQ.. . ' ·--Thus, for example the lowest orde r gravity mode of the 

se cond harmonic will · be denoted by g12 and the corresponding period by P 12• 

T he white dwarf models are labelled according to their mass and their luminosity 

o r effective tempe rature. 
. -3 

A mode l of • 6 M and 10 L with an effective 
6 0 

temperature of 12000 k<.. is called • 6M-3L or • 6M 12T. 

4. T he Long P e riod White Dwarfs 

The variable white dwarfs HL Tau 76, R 548, and G44-32 occupy a small 

part of the two-colour diagram (Lasker and Hesser 1971). This may indicate that 

6. 

In g-cllCrai the integration terminates at a point where the degeneracy 

parameter has a value of aoollt 20. The core temperatures thus founel agree ",~1l 

wilh the results of Lacis (Van lIorn 1\171) wherB his calculations incorporated tho 

same opacity tables. 

The core solution is integrated from the centre, assuming an isothermal 

distribution, to the fitting point. The central density can then be varied to fit 

the surface gravity or the mass. If the final radius differs from the initially 

guessed value it Is necessary to repeat the process. This procedure produced 

suffiCiently rapid convergence for most of the models considered here . 

The llnear second order differential eQuations governing adiabatic non-radial 

oscillations were integrated by a Runge-Kutta technique. The neglect of the 

perturbation to the gravitational potential has been shown to be unimportant for 

t"2 in the case of polytropic stars (Robe 1966) . For the white dwarfs considered 

here the approximation is in general excellent because the oscillations have a very 

low amplitude in the interior. 

In what follows we denote the kth lowest orcter gravity mcde of the L th 

harmonic by gkt. ' ' - Thus, for example the lowest order gravity mode of the 

second harmonic will 'be denoted by g12 and the corresponding period by P 12. 

The white dwarf models are labelled according to their mass and their luminosity 

or effective temperature. A model of . 6 Me and 10- 3 Lo with an effective 

tempera\ure of 12000"'is called . 6M-3L or . 6M 12T . 

4. The Long Period White Dwarfs 

The variable white dwarfs HL Tau 76, R 548, and G44-32 occupy a small 

part of the two-colour diagram (Lasker and Hesser 1971). This may indicate that 
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t hey fo rm a cl::is s sep a r ate from other pe riodic whi te dwa r f s , all of which are 

~ pparcnlly mem be rs of close binary systems unde r going mas s exchange . Periods 

and effective tem pe r atu r es are li ste d in T able I. T he te m perature s have bee n 

der ived fron i the c alibration give n by Shipman (1 972) for DA s tars usi ng the UBV 

colours from Eggen and Green s tein (1965) and Gree ns te in (19 70). 

4 . 1 J\es tilts of mode l c a lculations 

P a r amete rs of some of the mode ls which we have used are summa rised 

in Table II and some prope rties of the g-mode oscillations in Table III. The 

following points are rele vant to the discussion. 

(1) In mos t mode ls with surface temperatures between 6000 I'. and 12 000 k 

the ene r gy of the oscillation is contained largely in the outer layers. The ene rgy 

of oscillation contained in a shell of unit thickness (dE/dr) reaches a maximum 

a t 0. 996R in model . 8M8T and has fallen to 1 % of this value at O. 95R. The 

corresponding points in model • 4M8T are at 0. 97R and 0. 82R. If a hydrogen 

rich composition is allowed to extend beyond the base of the convective zone the 

concentration of energy towards the surface can be considerably increased (compare 

the excitation ene rgies of models . 8M8T (a) and • 8M8T (b) in Table III). 

the 
In the more degenerate models /amplitude in the interior is sufficiently low 

to justify the neglect of the perturbation to the gravitational potential even in the 

case of t = 1 modes where the displacement at the centre . is finite (Fig. 1 (a)). 

An interesting consequence of too concentration of the energy of oscillation 

in the transition zorie is that the eigenfunctions corresponding to different modes g\<..L 

and gk_Qj are similar (Fig. l(a) and (b)) and the periods may be related by an 

equation of the form 

= 
r g/o..,'- + 1) 1~ 
L ~ (..e, + i) 

............... 

7. 

they fC"m u cluBs scpara:-.c from other periodic white dwarfs, all of which ar" 

a[lp:u'cnlly members of close binary systems undergoing mass exchange. Perious 

nnd efkctive tCmperatures am listed in Table I. The temperatures have been 

dcrivud from the calibration given by Shipman (1972) for n. ... stars using the UEV 

colours from Eggen and Greenstein (1965) and Greenstein (1970). 

4.1 "cauUs of model calculations 

Parameters of SOme of the models which we have used are 5ummarised 

in Table II and some properties of tile g-mode oscillations in Table Ill. The 

following points src relevant to the discussion. 

(1) In most models with gl.!rface temperatures between 6000K and 12 OOOt( 

the energy of the oscillation is contained largely In the outer layers. The «lergy 

of oscillation contained in a shell of unit thicknoss (dE/dr) reaches a maximum 

at O.990R in model .8M8T and has fallen to 1% of this value at O.95R. The 

corresponding points in model ... MOT are at O.97R and O.82R. If a hydrogen 

rich composition is allowed to extend beyond the base of the convective ZOllO the 

concentration of energy towards the surface can be considerably increased (compare 

the excitation energies of models .8M8T(a) and .6M8T(b) in Table nI). 

d .. 
In the morc degenerate models/amplltude in the interior Is sufficiently low 

to justify the neglect of the perturbation to the gravitational potential even in the 

case of t - 1 modes where the displacement at the centre · is finite (Fig. I{a». 

An interesting consequence of t~ concentration of the energy of oscillatlon 

In the tranSition zor", Is that the eigenfunctions corresponding to different modes g-"',L 

and gKt" are similar (Fig. l{a) and (b» and the periods may be relaL.ed by an 

equation of the form 

-
, 

[
,}(}.(+ 11 1T 

J., (,1. + 1) 
............... '" 
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I 
TABLE I 

The Long Period Wh_ite Dwarfs 

. 
Name Peri od(s) Reference. 

I T i e l 
I 

R548 9800 212. 9 Lasker & Hesser (1971) 
273.0 

HL 'I.'au 76 8700 746.2 Fitch (1973) 
494.2 

' G44-32 8600 600 

1638) . b"t l 
822 ) or i a ? 

Lasker & Hesser (1969)1 

.. -.,..:. 

8. 

, 
TABLE r 

T he Long Period White Dwarfs , 

, 

I I 
, 

I i 
Name T Period(s) Reference , , • ; 
R548 9800 212.9 Lasker &. Hesser (1971)1 

273.0 I HL Tau 76 8700 746.2 Fitch (1973) 
494.2 ! . 

G44-32 8600 600 I 
1638) . bltal 
822) or 

7 La.ker &. Hesser (1969) 
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TAI3LE II 

Parameters of cooling white dwarf models 

Model I M/M L/L T PT p T R Tc log r c 
0 0 e 

(K) 
- 2 

(dyn cm ) 
R - 2 

(dyn cm ) (10 6 K) (106 K) 
- '3 

1 gm cm· 

I 
. 2M8T(a) . 180 2. 60(- 3) 8370 1. 0 (1 4) 2. 6(13) 0. 9 14 . 0 

. 4MGT(a) . 388 2. 50 (- 4) 59 40 1. 0(15) 5. 1 (13) 0. 6 4 . 36 

. 4MST(a ) . 388 1. 00(- 3) 8350 2. 0(13) 2. 0(1 3) 0. 6 7.58 

. 4M8T (b) . 388 3. 97 (- 3) 8350 - 6. 4(16) 3.1 7. 48 

. 6Ml 3T (c) . 575 4 . 12(- 3) 13000 1. 2(6) 2. 2(14) 1. 3 11. 6 

. 6Ml3T(cl) . 575 1.92(-4) 6800 1. 2(6) 2. 2 (14) 1.1 11. 7 

. 8M7T(b) • 758 4 . 35 (- 4) 8340 - 8.9(15) 1. 2 2.77 

. 8M8T (a) . 758 4 . 35 (- 4) 8340 1. 0 (15) 1. 9 (13) 0.5 4.23 

. 8M8T (b) . 758 _1~00(- 2) 18000 - 1. 8 (16) 1. 7 4 . 03 

. 8Ml8T(b) .758 7.00(-2) 2890 0 - 1. 5 (15) 1. 9 14.0 

. 8M29T (b) . 758 . - 1. 5 (11) 0.4 . 31. 4 

(1) In models labe lled (a) or (c) we have use d the model atmospheres of 
-

Wickramsinghe or the surface condition (7) with hydrogen opacity tables (Iben 

mixture XII). In the former the hydroge n composition wa s extended at least to 

the base of the convective zone. The pressure at the transition between the hydrogen 

and the underlying helium is indicated in column 5. In the models labelled (b) the 

entire envelope was assumed to be helium. 

(2) The core composition of model • 6Ml3T ( c 
1

) is helim. The others are 

oxyge n. 

(3) The temperature s and pressures at the base of the convective zone are 

give n in columns 6 and 7. 

5 . 25 

6. 05 

6. 05 

6. 05 

6. 53 

6. 53 

6. 97 

6. 97 

6.97 

6. 96 

6. 95 
I 

g. 

TABLE II 

p :I.)':llneters 0 f h'te d f od I f coo .ng W , w'" m e , 

.-
• 

Mod(ll M/M L/L T PT PR TR 
, 

T, log pc , , , 
·2 ·2 ., 

.(1<) , (dyn em ) (dyn em ) (106 K) (106 K) ,gm Cm 
, 
, 

· 2MST in) ,180 2. GO(-3) 8370 1. 0(14) I 2.6(13) 0. 5 I 14 .0 

• 4MGT (a) . 388 2. SOH) 5940 1. OilS) S.I(13) , O. C 4.36 

I I 

.4MST(a) . 388 1. 00 (-3) 8350 2.0(1 3) 2.0(13} C. C 7. 58 

.4 M8T(b) . 388 3.97 i- 3} 6350 · 6.4(16) 3.1 I 7.48 

. 6M13T(c) .57 5 4.12(-3) 13000 1.2(6) 2.2(14) 1., 11.6 

.6M13T(c1) . 575 1. 92(-4) 6800 I 1.2(6) 2.2(14} 1.1 11. 7 

.8M7T(b) .758 4.35(-4) 8340 · 8 .9(15) 1.2 2.77 

, I i 
• SMST(a) .758 I 4.35(-4) 8340 1. OCIS) 1. ~ (13) 0.5 4.23 , 

• BMST (h) . 758 ,1,00(-2) 1$000 · 1.8(16) 1.' 4.03 

128900 
, 

.8M18T(b} .758 7.00 (- 2) · 1. 5(15) 1.5 14.0 

.8M29T(b) .758 , · 1. S{ll) 0.' , 31.4 

(1) In models labelled (a) or (e) we have used the model atmospheres of -Wlckramsinghc or the surface condition (7) with hydrogen opacity tahles (lhen 

mixture XlI). In ,he former the hydroge n composition was extended at least to 

the base of the convective MM. The pressure at the transition betweeD the hydrogeD 

and the underlying helium Is indioated In column 5. In the models labelled (b) the 

e ntire envelope was assu:ned to be helium. 

") The core ' composition of model. 6M13T (ch is ileUm. The others are 

oxygen. ' -

, 
(.1) The t.em;>eratures and pressures at the base of tl'..o convective zone are 

'given in columns 6 and 7. 

5. 25 

6. 05 
I 

6. 05 

6. 05 

6.53 

n.53 

6.97 

6.97 

6. 97 

6.96 

6.95 
I 
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TABLE III 

\0, 

TABLE III 

r:-modes of· cooling white dwarf models 

Model ~, P1(s) P 2(s) p SiS) El (10 ;;; ergs) 

• 2M8T (a) 2' 204 ' 289 361 3.90 

. 4MCT(a) 1 m '" 601 0 . 12 

2 2<1 '" on 0.11 

• 4MST (a) 1 ;40 <3' m L 81 

, 198 258 322 1. 83 

• 4M8T (b) 2 '" "5 366 17 .80 

· 6MI3T(o) 2 136 '" ' 218 21. 00 

• 6M13T(Ol) 2 121 1<5 m 

,SM7T (b) 1 408 511 557 6.10 

2 236 299' ,68 6.08 

, "7 213 275 6.08 

4 190 165 '5< 5.94 

.8M8T (&) , 2 168 200 O. 06 

.8M8T(b) 2 194 248 304 9.53 

.8M18T(b) 2 101 130 157 11.10 

.8M29T(b) 2 70 94 m 31. 30 

* The excitation energy of the gcmode - normalised at the surface: S r/R .. 1 

, , 

-, 
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Figure 1. The radial and horizontal displacements as a function of radius in 

model . 8M7T (b). The amplitudes are normalised inde pendently. At the surface 

the horizontal displacements (which decrease very rapidly with decreasing r/R) 

exceed the vertical displacements by a factor .....,10
3 

(b(R)/a(R) = g/R G-2). In general 
I 

· the kinetic energy associated with the horizontal displacements dominates so that 

' I, • 

the energy of the oscillation is contained largely in the surface layers. (a) The 

lowest orde1· mode 0< = 1) of the first harmonic (l = 1), (b) k = 1, £. = 2, (c) 

k = 2, R. = 2, (d) k = 3, iL= 2. The energies (in units of 10
44 

ergs) associated 

with the vertical and horizontal motions are respectively (a) 0.11, 61. 29, (b) 0.18, 

60. 34, (c) 1. 03, 70. 71, (d) 76. 63, 252. 86. 

, '" 

11 

.E!gut'c 1. Tho ra<llal acel norizontal displacemenls as a function of radius in 

mo<lcl . 8i\17T(b). The amplitudes are normalised independently. At the surface 

, 
the horizontal displacements (which decrease very rapidly with decreasing r /R) 

exceed the verlical displacements by a factor ..... 103 (b(R)/a(R) ~ g/Ro-~. In general , 
the kinetic energy associated with the horhanlal displacements dominates so that 

the energy of the oscillation is contained largely In the surface layers. (a) The 

lowest order mode (k" 1) of the first harmonic (l = 1), (0) k ~ 1, Jl. .. Z, (e) 

_ 44 . 
k .. 2, e _ 2, (d) k .. 3, .e. .. 2. The energies (In units of 10 ergs) assocIated 

with the vertical and horizontal motions are respectively (a) 0.11, 61.29, (b) 0.18, 

60.34, (e) 1. 03, 70.71, (d) 76.63, 252.86. 
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This relation follows immcdialcly from equations (1 ) and (2) if we note that in 

l 't' A 2 d I 2 2/(11 ) l 1c trans1 ·ion zone ,- g» er an Q., (u + 1) er // ~r 11 p . 

(2) For surface temperatures greate r than ~ 8000 [{the inclusion of convection 

in the rnodels does not affect the eigenvalue s significantly. To illust rate we compare 

the periods of models of . 4M with an effective temperature of 8350 K (Tables II and 
G 

III) . In model . 4MST (a) th,e hydrogen rich composition of the atmosphere is extende d 

to the lower boundary of the convective zone. (This is consistent with the DA spe ctrum 

of I-IL Tau and R548; Bagl in and Vauclair 1973) . In model . 4M8T(b) the entire 

envelope , including the atmosphere, is assumed to be helium, thus greatly 

increasing the extent of the convective zone. However the core 'temperature is 

only slightly altered and the period is increased by less than 5%. 

The depth of the convective zone of model . 4M6T (a) indicates that convection 

is unim portant even at 5900K in stars where the hydrogen rich composition extends 

sufficie ntly far inwards. 

Our results are in agreement with the work of Koester (1973) and of Chin 

and Stothers (1971) who find their core temperatures unaffe cted by convection for 

T ;:, 6000 K. Convection does modify the eigenfunct ions near the surface, resulting 
e 

in a reduction of the surface amplitude. This effect is responsible for the difference 

in the excitation energies of the oscillations (normalised at the surface) of the 

mode ls mentioned above. The inertia of this region is however insufficient to 

alter the periods significantly. For the same reasons we feel that the eigen-

frequencies are unlikely to be strongly affected by uncertainties in the conductive 

opacity in the electron-coupling zone (Hubbard and Wagner 1970). 

(3) The compos ition of the core is not critical. A change from Z = 2 to 

Z = 8 causes the period to increase by a few percent and results in an incre ased 

. , 

\5. 

Tilis relation follows immcdiai.(lly from equations (1) and (2) if we note that in 

the transition zonc,_Ag» 0-
2 and L (1/+ l)/IJ Z

/.> fr 2/{l\ pl. 

(2) For surface temperatures greater than "'-'8000kthe inclusion of convection 

in the models does not affect the eigenvalues significantly. To illustrate we compare 

the periods of models of .4M with an effective temperature of , 8350 K (rable~ II and 

III). tn modcl .4M8T(a) tlj,e hydrogen rich composition of the atmospiJere is extended 

to the lowcr boundary of lhe convective zone. (rhis is consistent with the DA spectrum 

of I-lL Tau and R548; Baglin and Vauclair 1~73). In model .4MBT(b) the enllre 

envelope, Including the atmosphere, is assumed to be helium, thus greatly 

incrcnsing the cxtent of the convective zone. However the corc temperature is 

only slightly altered and the period is increll.sed by less than 5%. 

The depth of the conveclive zone of model .4:11:6T(a) indicates that convection 

is unimportant cvcn at 5900k in stars whcre the hydrogen rich composition extends 

sufficiently far inwams. 

Our results are in agreement with the work of Koester (1973) and of Chin 

and stothers (1971) who find their Ci'jre temperatures unaffected by convection for 

T ;;,GOOO \(. Convection does modify the eigenfunctions ncar the surface, resulting , 
in a reduction of the ~urface amplitude. This effect is responsible for the difference 

in the excitation energies of the oscillations (norIDll.lised at the surface) of the 

models mentioned above. The inertia of this region is however insuffic1cnt to 

alter the periods significantly. For the same reasons we feci that the eigen-

frequencies are unlikely to be strongly affccted by uncertainties in tile' conductive 

opacity in the electron-coupling zone (Hubbard and W~gner 1970) • 

(3) The composition of lhe ccre is not critical. A change from Z m 2 to 

Z E 8 causes tho period to Increase by a few percent and results in an increased 
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am plilulc in the inte rior of the mode l ( c.f. mode ls . 6Ml3T(e) and . 6Ml3T(c1) 

but is unlike ly to affect our conclusions . If a hydrogen- rich composition is 

cxlc ndcd significantly beyond the base of the convective zone the frequencies are 

increased by a factor of up to ,...., 2 as a result of the de crease in density . We 

have not used any models in which the value of z in the enve lope is greater than 

2. Unless convection is important in these models at pressures ;z:, 10
17 

dynes 

the pe riods are unlikely to be significantly longe r than those found here . 

(4) At a given surface temperature the periods do not depend s trongly on 

.. the mass. We are able to de scribe this dependence with suffi cient accuracy for 

our purposes by the e quation 

= 50 M/M 
0 

s • • • • • • • • • • • • • (1. 0) 

- 2 
cm 

T he depende nce of the period ~12 on temperature is illustrated in Fig. 2. Results 

on mode ls which do not include hydrogen in the envelope ((b) and (c) mode ls) and 

which have oxyge n core s have heen combine d using the relation (10) to form 

0 
the c urve in Fig. 2 which represents P 12•• The masses of the models lie be tween 

. 2 M and • 8 M . The re is no indication that more massive models would not 
0 0 

fit onto the curve, on the other hand. it is clear that significant difference s will 

appear at lower 

Brickhill 1974). 

masses as electron degeneracy decreases (OH 1973 ., Warner and 

a w\ln a s~~race tem")ere.tur e of l?-0 00 1..<. 
The fact that ~model;._ of.2 M fits rather well onto the curve in 

0 

Fig. 2 indicates that it would be necessary to consider models of less than • lM . 0 ~-

to reduce the disc.repancy between the observed and calculated periods which we 

discuss below. 

In addition to the rela tions (9 ) and ()0) we find the following approximate 

relation between periods of different modes of the same harmonic: 

= p ~(1 + l/h) 
k ;... 

••••••••••••• • .•••••••• (1.1) 

, 
I 

1 

. , 

ampliludc in the interior oi the model (c.f. models .6;;U3T(cj and .6:'1113T(c1) 

but i~ unlikely to affoct our conclusions . if a hydrogen-rich composition is 

extended significantly beyond the base of the convective ZOl"lc the frequencies are 

Increased by a factor of up to ... 2 as a result of the decrease in density. We , 
have not used any models in which the value of Z in tile envelope Is greater than 

Unless convection is important in these models at pressures '" 10
17 

dynes 

the periods are unlikely to be Significantly longer than those found here. 

(4) At a given surface temperature the periods do not depend strongly on 

_ the mass. We are able to describe this dependence with suffiCient accuracy for 

our purposes by the equation 

p I<.f, • 50 M/M • 
, • • • • • • • • • • . •• (tC) 

The dependence of the period ~12 on temperature Is illustrated in Fig. 2. Results 

on models which do not include hydrogen In the envelop(! ((b) and (c) model5) and 

which haVe oxygen cores have been combined using the relatien (f';» lo form 

, 
lhe carve in Fig. 2 which represents P,:>. , The masses of the medels lie between 

. 2 M and. 6 :'1 . There is no indicatien that mere massive models weuld not , . 
fit onto the curve, on the ether hand it Is clear that significant differences will 

appear at lewer masses as electren- degCllElracy decreases (OH 1913., Warner and 

Brickhill 1974). 
,- a wi\.~ a -s .... '!"fnce tem~erature of \2.~~()K 
The fact that\lllcdelA cf. 2 M. Jilf. rather well cntc the c urve in 

Fig. 2 indicates tha~ it wculd be necessary to consider models of leBs than . IM. ~ 

to. reduce the discrepancy between the ebserved and calculated pe riedB 'which we 

discuss below. 

In addition to. the relations \'9) and ()Ql we find the follewing: apprO)<imate 

relatien between periods of different modes of the same harmenic: 

•••••••••••••••••••• •• (11) 

.-
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h v:Hies betwe en 3 and 4 but is eon::, "dnt to within "'""' 5% for a particular model 

and g; iven value of~ - The periods are somewhat longe r than those found by 

Osaki and Hansen; '··the increase is presumably a result of the improved treatment 

of the ion pressure in the cores of our models. 

4. 2 The Effects of Rotation 

The (2 v + 1)-fold degeneracy of the periods corresponding to the kth mode 

of the ~ th harmonic is rem ove d by rotation. For slow rotation the frequencie s 

become, relat ive to axes rotating with the angular velocity of the star, 

(12.) 

where cr k).., is the frequency in the non-rotating star' Sl. is the rotation frequency 

and 

(R 2 2 2 J
0 

p (a + J_.,(,t_.+ l)b ) r dr 

where a(r) and b(r) are given in equations (5) and (6) 

(Ledoux and Walraven 1958). 

We have calculated values of Cy_.£, for a number of white dwarf models. As 

k increases the va lue of b dominates over a in the outer part of the star and C~.t 

approaches 1 For the low order modes (k.::::; 4) the values are scattered 
Q, (,a,-+ 1) • . 

between . t.(.t- + 1) and zero. 

I , 

\ 8. 

II varie s between 3 and 4 but is con~ • .Int to within ~5% for a particular model 

and given vaIn", of,i,. The periods are somewhat longer than those found by 

Osnki nnd Hanson; 'the incruase is presumably a re5ult of the improved treatment 

of the ion pressure in the cores of our models. 

4.2 The Effects of Rotation 

The (2 t- + I)-fold degeneracy of the periods corresponding to the klh mode 

of the t. th narmonic is removed by rotation. For s low rotation the frequencies 

become, relative to axeS rotating with the angular velocity of the star, 

........... (1" 

where cr k).. is the frequenoy In the non-rotating star, .n is the rotation frequency 

Ckl, .. 

wooro air) and b(r) are given in equations (5) and (6) 

(Ledoux and Walraven 1958). 

We have calculated v:lllles of C\<,L for a number of white dwarf models. As 

k increases the value of b domi.nates over a in the outer part of the atar and C"'J!. , 
approaches For the 1¢W order modes (k 1G 4) the values are scattered 2.. (.a..+ 1) ' . 

-.-;;;"',-" between ,t.(.l.. + 1) and zero. 
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Modes with a non- ze ro vah e of m correspond physically to waves travelling 

with ;:rngulo.r ve locity-() _ ~ ,.(II in the rotating frame . The absolute angular 
k~m/' . 

velocit ies are the n -CJ,i<J/m +Jl(l - CkQ.) .and the observed frequencies are given 

by 
er = 
· k t m (13) 

For CJ.
1 

>>Jl the frequencies are evenly spaced and lie close to the non-
. <L . 

ro tat ing frequency Cf • If a' is compar abie with SL (which is not unlikely for 
kl 

P ,..J 500s) arbitra rily long periods are possible. 

Resonance between low orde r g-modes and the tidal perturbation of a binary 

partner is therefore somewhat more probable (in the case of a white dwarf) than 

was argued by Cowling (1941). However there is no convincing evidence for such 

a resonance in the existing data on periodic white dwarfs. 

4. 3 Discussion 

Comparing the observed periods with our theoretical results it is immediately. 

clear that the pulsations of R548 are easily . understood in terms of the · g-modes of 

low order while the periods of the other two stars correspond to P 4:l or higher 

orders. It is interes~ing that the ratio of the two periods of R548, 1. 283 ..± • 003, 

is very close to the values found in model calculations (1. 28 - l. 29) and predicted 

by equation 4 for the ratio of periods of the third and fourth harmonics. This 

identification would imply an .Q..; = 1 mode at 670s. 

The white dwarf character of HL Tau 76 is well established (Landolt 1968, 

Greenstein 1970), and photometric data on the rapid-variability is fairly exte nsive 

(Warner and Nather 1972, Warner and Robinson 1972a, Fitch 1973). Power 

spectra show a strong peak at 115. 79 c/d (f ) with additional peaks 
0 

at 

.. ' 

IS. 

:-'lodcs wi th a non-zero value of m eorrospond physically to waves travelling 

with ongular veJocity-G'" KJ~ i.u the rotanng frame . The absolute angular 

vdocities are then -cr~).jn +Jl(l - ~Q.) .and the observed frequenc ie s are given 

by 
..................... (13) 

For O"kL»J1. the frequencies aro evenly spaced and lie close to the nou-

rotating frequency cr . If (j is comparable with,n,. (which is not unlike ly for 
kt 

p ~ 5008) arbitrarily long periods are possible. 

Resonance between i6w order g-mOO(ls and the tidal perturbation of a binary 

partner is therefore somewhat more probable (in the case of a white dwarf} than 

was argued by Cowling (1941). However there is no convincing evidence for 5uch 

a resonance in the existing data on periodic white dwarfs. 

4.3 Discussion 

Comparing the observed periods with our theoretical results it is immediately 

clear that the pulsations of R548 are easily, understood in terms of the 'g-mode5 of 

lOw order while the pcriods of the other two stars correspond to P 41 or higher 

orders. It is interes~lng- that the ratio of the two periods of R548, 1. 2_83 .:! .003, 

is very close to thc values found in- model calculations (l.28 -1.29) aod predicted 

by equation 4 for the ratio of periods of the third and fourth harmonic5. This 

i~ntification would Imply an 1- .. 1 mode at 670s. 

The white' dwarf character of HL Tau 76 is well established (Landolt 1968, 

Greenstein 1970) , aud photometriC data on the rapid-variability is fairly extcnsive 

(Warner and Nathcr 1972 , Warner and Robinson 1972a, Fitch 197.3). Power 

~peetra show II strong peak at 115.79 old (f ) with nddltlonal , peaks " 
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2. t'" 

frequencies which diffe r from f0 by integral multipl - s of 7. 41 c /d (F) . The fact 

th ::tl Lhc spacing of the peaks near the harmonics 2 f 0 and 3 f 0 is the same indicates 

th:i.L some sort of modulation process is involved. The addit ional peaks could be 

explained ' n te rms of non- line ar effe ct s between the g- modes of a rotating slar ; 

howeve r Fitch's suggestion tha t .the m odulation frequency F is the orbital frequency 

of a faint binary companion is appealing. Fitch has shown that the spectrum can 

be unde rstood in te rms of a pulsational period of 746s , which is non-sinusoidally 

modulated at the frequency F, and one othe r period a t 494s. 

T he similarity of the light curves of doubly pe riodic cepheids led Fitch to 

sugge st that the 746 and 494:-s periods should be associated with the fundamental 

and first overtone radial modes. The large discr:epancy between the periods and 

the oretical pe riods for the radial oscillations of a white dwarf makes the identification 

very im probable . 

From Fig . . 2 and using the relations (9) and (11) we predict the following 

approximate periods for the ~ = 1 g-modes of a white dwarf of low mass: 375, 

500 , 625, 750, 875 , etc . If one is prepared to admit that the modes g
2 

and 

g
4 

for example can be highly excited while the amplitude of the other modes 

remains low then the periods can be fairly easily explained. However the 

comparison would certainly be more satisfactory if the theoretical periods were 

longer by a factor of ,.,.,2. 

Although at this, stage it is probably unwise to attach too much significance 

t o the discrepancy we fee l that there is some evidence to suggest that HL Tau is 

in fact relate d to the stars which , are discussed in the following se ction. The 

binary period of 3~ h. suggested by Fitch is typical of these objects whose pulsations 

are apparently ass66'iated with the accretion of mass onto the white dwarf component. 

1 

frequcncies which diffcr from f" by Integral multiples of 7.41 c/d (F) . The fact 

th~l the sp~cing of the pcaks near the harmonics 2 fg and 3 fg is the same indicates 

thnt some sort of modulation process is involved. The additional peaks could be 

explained in terms of non-linear effects between the g-modcs of a rotating star; 

howevor Filch's suggestion that .the modulation frequency F is the orbital frequency 

of a faint binary companion is appealing:. Fitch has shown that the spectrum can 

be understood in terms of a pulsational period of 746s , which is non-sinusoidally 

modulated at the freQ~ncy F, and one other period at 494-s. 

The similarity of the light curves of doubly periodic cepheids led Fitch to 

suggest that the 746 and 494-'periods should be associated with the fundamental 

and first ove rtone radial modes. The large disc:r:epancy between the periods and 

theoretical periods for the radial oscillations of a white dwarf make~the identification 

very improbable . 

From Fig:. Z and using: the relations (9land (11) we predicl the following 

approximate periods for the .t., .. 1 g-modes of a white dwarf of low mass: 375 , 

500, 625 , 750, 875 , etc. If one is prepared to admit that the modes gz ilnd 

g4 for example can be highly excited while the amplitude of the other modes 

remains low then the periods can be fairly easily explained. However the 

comparison would certainly be more satisIactory if the theoretioal periods were 

longer by a factor of ...... 2. 

Alt hough at this . stage it is probably unwise to attach too much significance 

to tho discrepancy we feel that the re is some evidence to suggest that HL Tau is 

in fact related to the stars which .are discussed in the following section. The 

binary period of Sa- h. suggested by Fitch is typical· of these objects whoae pulsations 

are apparently assocIated with the accretion of mass onto the white dwarf component. 
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2.1 . 

It h:i.s already been suggested that G44- 32 is related to AM CVn , a binary in 

which mass is being tt·ansfcrred to the white dwarf component and which exhibits 

a 120-s pe riodicity (Warner and Tiobinson · 1972 a and 1972b). Mass acc ret ion would 

r aise the appa r ent te m pe r ature of the white dwarf and could easily account fo r 

the dis crepancy between the obse rve d and calculate d per iods of HL Tau. 

5. The puls at ions of the Cataclysmic Variable s 

The sta rs which we conside r in this section are short period binary systems 

in which mass is being transferred to a partner of small dimensions which is 

probably a white dwa:d. T he pe riodic light variations at ....... 30s which concern us 

are consistent with this view and it would be very difficult to account for the 

general propertie s of the cataclysmic variables using any other single mode l. 

Excluding, for the pre sent , the old nova ~ Herculis'> and AM CVn in which 

the mas s transferred is helium, the sta rs are eithe r dwarf novae or nova-like 

variables. In the dwarf novae the periodic variations have been observed only 

during outbursts, at maximum luminosity or immediately following.* In cases 

where the luminosity decreased significantly while the pulsations were visible the period 

has increased on a similar timescale arid the correlation with luminosity is 

apparently the same from one outburst to another ·(Warner and Robinson 1972a, Warner 

1974b). 

T he observed properties of the ......, 30:-s pulsations in the nova-like variables 

are similar. The amplitude is low (~. 01 mag) and variable but in this case the 

period (and luminosity) remains within fairly narrow limits. Other observational 

* Recent observations of rapid vari.ability in dwarf novae have been summarised 

by Wa r ne r (1974a). 

i 
j 

It has already been sugge sted that G44-3Z Is related to AM eVn, a binary in 

which mass is being: transferred to tbe white dwarf component and which oxhibits 

a 120-$ periodicity (Warner and Robinson "1972a and 1972b). Mass accretion would 

raise the apparent temperature of the white dwarf and could easily account for 

the discrepancy between the observed and calculated periods of HL Tau. 

5. The pulsations of the CataclysmiC Variables 

The stars which we consider in lhis section are short period binary systems 

in which mass is being transferred to a partner of small dimensions which is 

probably a white dwa:d. The periodic light variations at ~30s which concern us 

are consistent with this view and it would be very difficult to account for the 

ge:1.eral properties of· the cataclysmic variables using any other single model. 

Excluding, for the present, the old nova LQ Hereulis)and AM eVn in which 

the mass transferred is helium, the stars are either dwarf novae or nova~like 

variables. In the dwarf novae the periodic variations have been observed only 

during outbursts , at maximum luminosity Or immediately following.· In cases 

whEire the luminosity decreased significantly while the pulsations ~re visible tM period 

has Increased on a slmtiar timescale and the correlation with luminosity Is 

apparently the same from one outburst to another -(Warner and Robinson 1972a , Warner 

1974b). 

The observed properties of the _ 30,.spulsations In tM nova-like variables 

are similar. The amplitude is low (-0:- . 01 mag) snd variable but in this case the 

period (snd luminosity) remains within fairly narrow limits. other observational 

•.. ~ 
• Recent observations of rapid variability in dwarf nOVae have been summarised 

1 by Warner (1974a) . 
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p ·opc rtics of the nova- li (C variables also indicate that the y arc closely related 

to the clwarf novae . In particular their structure is probably similar to that 

of the Z Cam stars at standstill. (Warner and Van Citters 1974, Nather and 

Hobinson 1974 (NH), Osaki 1974) . 

It is clear that the observed periods of the dwarf novae canhot be associated 

with the rotation of the condensed object as in the m odel of Bath, Evans and 

Pringle for DQ He r (1974) since it would not be possible to account for the ob-

served pe riod changes . As Bath et al (1974 ) have pointed out, these obse rvations 

also place a severe· constraint on models based on oscillations of t he star. 

However because the g-modes of a white dwarf whose core is sufficiently 

degenerate do in fact have a large amplitude only in the surface layers such 

mode ls are not immediately excluded. Moreover it seems unlikely that the 

alternative proposed by Bath (1973) (in which the period is associated with the 

Keplerian mot ion of hot spots in the disc) is applicable to the pulsations of the 

nova-like variable UX UMa (NR 1974).The ,._, 30-s period of this object varies 

. 6 
slowly from night to night but is present for ,,...., 10 s which is considerably longer 

3 
than would be expected on the basis of the hot spot model ( H 2 x 10 s; Bath, 

Evans and Papaloizou 1974 ). Several other objections to this model in the case 

of UX UMa have been raised by NR. 

· 5. 1 The St ructure of the Condensed Obje cts 

Warner's (1973) determination of , the masses of the cataclysmic variables 

·· indicates that the most probable mass for the white dwarf component is 1. 2 M • 
. 0 

His method gives a result which agrees , to within observational error, with an 

indepe ndent determination of the mass of EM Cyg by Robinson (1974). These 

j 

I 

I 

1 

pl"opcrlics of the <lova-like variables also indicate that they are closely related 

to til" dwarf nova(3. In particular their structure is probably similar to thal 

of the Z Cam stars at standstill. (Warner and Van Citters 1974, Nathcr and 

Robinson 1974 (NR), Osaki 1974). 

It is clear that the observed periods of the dwarf novae can'not be associated 

with the rotation of the condensed object as in the model of Bath, Evans and 

Pringle for DQ Her (lDN) since it would not be possible to account for the ob-

served period changes. As Bath et al (1974 ) have pointed out, these observations 

also place a severe constraint on models based on oscillations of the star. 

However because the ,,-modes of a white dwarf whose core is sufficiently 

degenerate do in fact have a large amplitude only in the surface layers such 

models are not immediately excluood. Moreover it S<lems unlikely that the 

alternative proposed by Bath (1973) (in which the period Is associated with the 

Keplerlan motion of hot spots in the disc) Is applicable to the pulsations -of the 

nova-like variable UX UMa (t-."R 1974).The ,..... 30-s period of this ohject varies 

slowly from night to night but is 
, 

present fo r ""' 10 s which is considerably longer 

than would be expected on the basis of 
3 the hot spot model (~2 x 10 .,, ; Bath, 

Evans and Papaloi'lOu 1974). Several other objections to tbis model in the case 

of UX UMa have been raised by NR. 

· 5.1 The Structure of the Condensed Objects 

Warner's (1973) determination of·the masses of the oataclysmic vsriables 

- indicates that the most probable mass for tM while dwarf component is 1. 2 Me. 

His method gives a result which agrees, to within observational error, with an 

independent determination of the mass of EM Cyg by Robinson (19.14). Tbese 
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authors find value s of O. 70 M and O. 93 M r espe ctively with an e r ror of 
0 0 . 

about 0. 2 M in each. 
0 

The lum inosity of the nova- like variable s and of dwarf novae at maximum 

2 
arc probably between 1 and 10 L . In the case of the dwar f novae the op tical 

0 

(and ultra- violet ) luminosity falls through 2 to 4 m agnitudes on a timescale 

of .;:;:; 10 
6 

s indi cat ing that the emission originates in the accretion disc. T his 

conclusion is in ag reement with the apparent size of the object, deduced from the 

obse rved colours during outburst and has been .confi rmed by Warner's (1 974a) 

obse rvat ions of the eclipses of Z Cha. Determination of the luminosity of the 

whi te dwarf is difficult because it is possible that a very small fraction of the 

total radiation is emitted at obse rvable wavelengths . For example the s urface 

temperature of a mode l of 10 L is 130 000 \<.. The corresponding black body 
0 

curve r eache s a maximum at - 200 R and the ratio F \ /F at 3500 R is le ss 
r. max 

- 4 
than 5 x 10 However observations from outside the atmosphere (Rappaport 

et al 1974, Holm and Gallaghe r 1974) indicate that the luminosity of the white 

dwarf does not greatly exceed that of the disc. It is possible that the int rinsic 

luminosity of the star is considerably less than 10 L but the surface temperature 
0 

would still be very high as a result of the process of mass accretion. (Lynden 

Bell and Pringle 1974). 

We assume that the enve lope of the white dwarf is not greatly expanded 

since it would not otherwise be possible to e:>..rplain the short period of the pulsations. 

On the othe r hand the small surface area of the white dwarf of ,._ 1 M then 
0 

implie s that it would contribute a very small fraction of the luminosity at optical 

wavelengths regardless of the surface temperature. Observations of the phase 

c hange s in UX UMa during eclipse by NR indic'ates that the pulsating object is 

f 

-' 

I 

2."3. ' 

, -

author~ find values of 0.70 M", and O.!l3 M respectively with an enol' of • 
abo"t O. 2 ~\ in each. 

The luminosity of the nova-like variables and of dwarf novae at maximum 

are probably betWC(lf> 1 2 
and 10 L. • In the case of the dwarf novae the optical 

(and ultra-violet) luminosity falls throlll;h 2 to 4 magnitudes on a timescale , 
of :=S.10 s indicating that the emission originates in the accretion disc. This 

conclusion is in agreement with the apparent size of the object, deduced from the 

observed colours during outburst and has been .confirmed by Warner's (1~74a) 

observations of the eclipses of Z Chao Determination of the luminosity of the 

white dwarf is difficult because it Is possible that a very small fraction of the 

total radiation Is emitted at observable wavalengths. For example the surface 

temperature of a model of 10 L , is 130 000 \(. The correSpOnding blaok body 

curve reaches a maximum at -200 R and the ratiO F, IF at 3500 R is less 
" max -. than 5 x 10 . However observations from outside the atmosphere (Rappaport 

ot al 1~74, Holm and Gallagher 1974) indicate that the luminosity of the white 

dwarf does not greatly exceed that of the disc. It is possible that the intrinsic 

luminosity of the star is considerably less than 10 LI) but the surface temperature , 

would still be very high as a result of the process of mass accretion. (Lynden 

Ben and Pringle 1974). 

We assume that the envelope of the white dwarf Is not groatly expanded 

since it would not otherwise be possible to explain the short period of the pulsations. 

On the other hand the small surface area of the white dwarf of ""1 M, then 

implies that it would contribute a very small fraction of the luminosity at optical 

wavelengths regardless of the surface temperature. Observations of the pbase 

changes in UX UMa during eclipse by NR indic'ares that the pulsating object is 
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aboul the same size as the disc . We suggest that the pul sations are observed 

as a result of a reflection effect off the disc or surrounding material. 

Since the re levant layers of the white dwarf are necessarily in a highly 

perlurbcd state it is not pos sible, at this stage , to calculate accurate periods 

for the g-modes . Nonetheless we fee l that our results concerning the location 

and excitation energies of the oscillations in equilibrium models do provide some 

insight into the probable nature of the g-mode oscillations in the cataclysmic 

variables . 

5. 2 The g-mode s of Models in Thermal Equilibrium 

T he models we have used have masses of 1. 0 M or 1. 2 M and the 
0 0 

-2 
luminosities range from 10 to 10 L 

0 
In general the envelopes were assumed 

to be of solar composition and the inward integration was continued to the point 

where the luminosity L(r ) was reduced to zero as a result of the inclusion of a 

nuclea r energy source in thermal equilibrium. The core temperatures of these 

models are consequently lower than those of cooling white dwarf models of the 

same luminosity. 

The results of our calculations are summarised in TablesIV and V. The 

excitation energies listed in Table V are normalised at the surface so that 

6r(R) R. Since the first node in dr is less than about O. 01 R from the 

-3 
surface the amplitude of the light variations would probably be large if or(R)/R ';i:) 10 

The values listed in Table V should therefore be multiplied by a factor of - 10 
-5 

The amplitude of the oscillations in the core is very small in all the models 

in which the composition of the envelope is rich in hydrogen (Fig. 5). In the 

more luminous models the low amplitude in the interior is partly due to the 

.. 

-..;, 

about the same size as the disc. Wt2- suggest that the pulsations arc observed 

as a result of 01 reflection effect ofithe disc Or surrounding material. 

Since the relevant layers of the white dwarf are necessarily in a highly 

perturkd state it Is not possible, at this stage, to calculate accurate periods 

for the :;-modes . NO:lethcless we feel that our results concerning the location 

and excitation energies of the oscillations in equilibrium models do provide some 

insight into the probable nature of the g-mode oscillations in the cataclysmic 

variables. 

5,2 The g-modes of Models in Thermal Equilibrium 

The models we have used have masses of 1. 0 M , or1.2!>'l , and the 

luminosities 
-2 

rango from 10 to 10 L . • 
In general the envelopes were assumed 

to tc of solar compOsition :md the inward integration was continued to the point 

where the luminosity L(r) was reduced to zero as a result of the inclusion of a 

nuclear energy source in thermal equilibrium. The core temperatures of these 

models are consequently lower thsn those of cooling white dwarf models of the 

same luminosity. 

The results of our calculations are summarised in Table$IV and V. The 

excitation energies listed in Table V are normalised at the surfaoe so that 

Dr(R) ~ R. Since the first node in or is less than about 0.01 R from the 

-, 
surface the amplitude of the light variations would probably he large if 6r{R)/R ., 10 • 

The values listed in Table V should therefore tc multiplled by a 
-, 

factor of -10 

The amplitude of the oscillations in the cOre Is very small In all the models 

in which the composition of the envelope is rich in hydrogen (Fig. 5). In the 

more luminous models the low amplitude in the lnl<!rior is partly due to the 
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TABLE IV 

Parameters of hot white dwarf models 

R T PT * Mode l L/L0 8 
e 

I - 2 
(10

6 
K) ' - (10 cm) (K) (dyn cm ) 

1. OM-2 L (a) 1.1(- 2) 5. 51 21300 1. 4(19) 11. 6 
' 

1. OM- 2L (b) 1.1(- 2) 5. 51 21300 .. 1. 4 (19) 17 . 0 

1. OM- 2L (c) 1.0(- 2) 5. 51 20600 - 13 . 3 

1. 21'1-ZL 7. 0(- 3) 3. 80 22700 3. 2(19) 10. 4 

1. 2M-1L 1. 0(- 1) 3. 86 438 00 3. 6(19) 20 . 6 

1. 2MOL 1. 0 3. 96 76900 5. 7 (1 9) 34 . 3 .. 

11 . 2M1L 1. 0(1) 4 .16 133300 1. 1 (20) 60 . 1 

* T he pressure at the base of the hydrogen rich envelope . 

TABLE V 

P e riods and e xcitation energies of hot white dwarf mode ls 

Model P 2 (s) 

1. OM- 2L(a) 2 56 . 4 78 . 4 

1. OM- 2L(b) 2 56 . 2 78. 2 

1. OM- 2L(c) 2 80 . 8 97.2 

1. 2M- 2L 2 41. 1 56 . 9 

1. 2M- 1L 2 29 . 8 43.l 

1. 2M OL 1 37 . 4 55.1 

2 22 . 0 33 . 3 

3 15 . 7 23 .7 

4 12 . 2 18. 4 

1. 2MlL 2 16. 0 26 .1 

-- - - - -

p 3(s) El (1045 

ergs) 

101. 1 3 . 0 

89 . 9 3.0 

107. 8 77. 0 

'l. 9 

51. 5 4.0 

57. 8 8. 1 

39 . 1 8.0 

30. 5 8.0 

23.8 8. 0 

33 . 8 17.0 

E (1045 
2 

ergs) 

0. 22 

0. 23 

24 . 00 

0. 13 

0.20 

34.00 

0. 44 

0. 43 

0. 44 

1.1 D 

log <J e 
') 

(gm '!/ m 

7. 56 

7.56 

7. 50 

8 . 25 

8 . 25 

8 . 25 

8 . 23 

E (1045 
3 
e r gs) 

0.60 

2. 10 

21. 00 

3. 90 

0.05 

6. 90 

0. 12 

0. 08 

14 . 00 

'2. 5 . 

TABLE IV 

Parameters of hot white dwarf models 

R T PT 
, 

1 Model L/L~ , , log 'J ] -, 
(10

6 
Kj" (10 em) O<} (dyn em ) (e;m em) I 

1. OM-n (a) 1. 1(-2) 5. 51 21300 1.4(19) 11.6 1. 56 

11. OM-U (b) 1.1(-2) 5.51 21300 . 1.': (19) 17.0 7.56 

I 
11. OM-2L (e) 1. 0(-2) 5.51 20600 13.3 7. Sf 

k 2~1-Z.L 7. 0(-3) 3.80 22700 3.2(19) 10.4 8.25 
, , 
1. 2:'-1-IL 1. 0(-1) 3. 86 43800 3. 6(19) 20.6 8.25 

1. 2MOL 1.0 3.96 76900 5.1(19) 34.3 8.25 

11. 2"UL 1. 0(1) 4.16 133300 1.1(20) 60.1 8.23 

, The prossure at tho base of the hydrogell rich ellvelope. 

TABLE V 

Periods and excitatlon enerS.:!es of hot white dwarf models 

Model PI (s) P 2 (s) p 3(S) E (1045 
1 

E (1045 , E (1045 , 
ergs) ergs) ergs) 

1.0M-2L(a) 2 56.4 78.4 101.1 3. 0 0. 22 0.60 

1. OM-2L(b) 2 56.2 78.2 89. 9 3.0 0.23 2.10 

1. OM-2L(e) 2 80. 8 97. 2 107. S 17.0 24.00 21.00 

1. 2M-2L 2 41.1 66.9 .1. 9 O.lS 

1. 2M-IL 2 29.8 43. 1 51. 5 '.0 0.20 3.90 

1. 2M OL I 37 . 4 55.1 51.8 '-1 34. 00 0.05 

2 22.0 33.3 39. 1 S. 0 0.44 6.90 

3 15.7 23.7 30.5 S.O 0.43 0.12 

4 12.2 18.4 23 . 8 S.O 0.44 0.08 

1. 2M1L 2 16.0 26. 1 33.8 17.0 1.10 14.00 
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as sumpt ·on that the luminosity is derived from the hydrogen burning shell 

source . The effe ct of this assumption in reducing the core temperature is not 

important for the coole r models, but the hydrogen rich composition of the 
( 

envelope is still critical. . To illustrate this point we compare the models 

l M-2 L (a), (b) and (c) . Mode ls (a) and (b) have hydrogen rich envelopes of 

the same mass which extend inwards to the point where the energy r e lease due 

to the p- p chain is equal to the luminosity at the surface , but in mode l (b) it 

was assumed that the the rm al structure was not affected by nuclear re actions 

and the integrat ion was continued inward keeping L(r) constant and using a 

helium composi tion. The inward integration was then terminated . when the 

temperature gradient became small (Section 3). Mode l (c) has the same mass 

and luminosity as models (a) and (b) but the entire envelope was assumed to be 

he lium . The inward integration was stopped on . the same condition as in model 

(b). 

T he periods and eigenfunctions of the g-modes of model (b) were found to 

be almost identical to those of model (a) despite the fact that the •core temperature 

of the latter is increased by a factor of "' 1. 5. The comparatively lOw opacity 

of the helium envelope of model (c) results in a core temperature which is 

considerably lower than that of (b) but the excitation energies of the oscillations 

are nevertheless increased by a factor of about 10, (Table V). The difference 

arises because the low inertia of the hydrogen increases the natural frequency 

of the envelope with the r esult that its oscillations become largely uncoupled from 

the core. Increased temperature in the envelope would strengthen this effect (see Appendix). 

As the order. of the mode increases (0"
2 

+ Ag) becomes negative throughout 

a large part of the interior and a coupling between long wavelength oscillations 

~7 . 

assumption that the luminosity is derived from the hydrobcn burninb shell 

source. The off<>ct of this assumplion in reducing the core lemfl'3rature is' not 

impor t:;mt for the cooler models, but the hydrogen rich compo5ition of the , 

envelope is still critical. , To illustrate this point we compare the models 

IM-2. L (a), (b) ar.d (0). l>Iod<>ls (a) and (b) have hydrogen rich envelopes of 

the same mass which extend inwards to the point where the energy release due 

to the p-p ch:<in is equal to the luminosity at the surface, but in model (b) it 

was assumed that the thermal slructure was not affeoted by nuclear r(lactions 

and the integration was continued inwa:l'd keeping L(r) constant and using a 

helium composition. The inward integration was then terminat.ed.when the 

temperature gradient became small (Section 3). 1{odel (c) nas the Same mass 

and luminosity as models (a) and (1)) but the enUre envelope was assumed to be 

helJum. The inward integration was stopped on ·the same condition as in model 

(b) • 

Tbe period~ :l.nd eigonfunctions of the g-modes of model jb) were found to 

be almost ide.ntical to those of model (n) despite the fact that the 'COre temperature 

of the latter is increased by a factor of '" 1. 5. The comp:l.ralively low opaoity 

of the helium envelope of model (c) results in a core temperature which is 

considerably lower than that of (b) but the excitaticn energies of the oscillations 

aro neverthelcss increased hy a hctor of about 10, (Table V). The difference. 

:l.rises because the low i!l(}rtia of the hydrcgen increases the natural frequency 

,of the envelcpe with the result that its oscillstions become largely uncoupled from 

the core. Increased temperaturo in the envelope would strengthen this effect (see Appendix). 

As the order, of the mode increases (0'2 + Ag) becomes negative throughout 

a large part of the interior and a coupling betwee.n long wavelength oscillations 
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in Lhe core wilh short wavelength oscillations of the envelope be comes possible 

(Fi . 5(c)) . For models with helium envelope s this is the case even for the modes 

of lowest orde r . 

Suppose r
0 

is a point such that 

R 

1 dE/dr dr = ~E 
0 

where E is the excitation energy of the oscillation. We may use the mass 

coi1ta ine d above this point as a quantitative measure of the eJo..'tent to which the 

oscillations are confined to the surface layers. For the mode g
12 

of models 

of lL
0 

and 10-
2 

L
0 

this mass is 2 x 10
28 

gms and 3 x 10
27 

gms respeetively. 

43 
The the rmal energies of the corresponding regions are ,.,, 4 x 10 ergs and 

42 
- 1 x 10 ergs. 

5. 3 Discussion 

Following the suggestion by Kraft (1963) it has frequently been supposed that 

the dwarf nova · outburst is caused by a thermal instability in the hydrogen rich 

envelope of the white . dwarf. Starrfield et al (1974) find that their fully implicit 

calculations do not reproduce the observed light curves .of dwarf novae. However · 

they suggest that the kinetic energy of the expanding envelope of the white dwarf 

may be transferred to the accretion disc which is heated by shock waves. The 

disc is the source of the optical luminosity which explains the observed structure 

of the objects and the rapid decline from maximum. 

Although the thermal structure of the white dwarf immediately following the 

runaway is probably not very similar to that of the models it is . clear that the 

2..13 . 

in the core wilh short wavelength oscillations of the envelope becomes possible 

(F ig . ~ (c)) . Fo r models with helium envelop~ 8 this is the case evan for the modes 

of lowest order. 

Suppose rc is a point such that 

R 

J dE/dr dr .. iE 
o 

whare E is the excitation energy of the oscillation. We may use the mass 

coiltain~d above this point as a quantitative measure of the extent to which the 

oscillations are confined to the surface layers. 

of lLt) 
-2 28 

and 10 Le this mass is 2 x 10 gms 

For the mode g12 of models 

and 3 x 1027gms respectively. 

" 10 ergs The thermal energies of the corresponding regions are .... 4 x 

" 10 ergs . 

5.' Discussion 

Following the suggestion by Kraft (1963) it has frequently been supposed that 

the dwarf nova outburst is caused by a thermal instab1llty in the hydrogen rlch 

envelope of the white. dwarf. Starrfield at al (1974) find that their fully impliCit 

calculations do not reproduce the observed light curves of dwarf novae. However-

they suggest that the kinetic energy of the expanding envelope of the whitQ dwarf 

may Ix! transferred to the accretion disc which is heated by shock waves. The 

disc is the source of the optical luminosity which explains the observed structure 

of the objects and the rapid docline from maximum. 

Although the !hennal structure of tho white dwarf immediately following the 

runaway Is probahly not very Similar to that of the models it Is clear that the 
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2.9 • . 

tcmpc rature above t he s he ll source will be high and given that convec t ion is no t 

very e xtensive it seems highly probable that the gravity oscillat io ns will be 

confine d to the envelope . Comparing the obse r ved energy of the outburst (IV 1040 ergs) 

wiLh the exc itation energie s listed in Table V, it is apparent that g-mode oscillat ions 

may we ll be exc ited. · T he observation of s hort- period variations of the r ight sort 

. of freque ncie s may be regarded as evidence in favour of models of the dwarf novae 

based on a the r mal instability. Howeve r we cannot confirm the s uggestion that 

the obse rved incre ase in period is caused by cooling of the white dwarf · (Warne r 

and Robinson 1972a , Warner and Brick.hill 1974). It is unlike ly that the thermal 

energy of the layers above the site of the instability is less than 10
43 

ergs. A 

significant change on the timescale of the observed period change would therefore 

imply a luminosity of ....., 10
6 

L
0 

which is not consistent with observations. 

The timescale on which the period changes is in fact more closely related 

to that of ·the changing luminosity of the disc. We are therefore led to consider 

alternative models of the dwarf nova outburst in which the increased luminosity 

is associated with a sudden increase in the rate of mass accretion, (e.g. Bath 

et al, 1974; Osaki 1974). In these models the oute r layers of the envelope 

would be most highly perturbed by the outburst. The temperature would be 

increased by the dissipation of the kinetic energy of the infalling material at the 

surface and by the adiabatic heating of the envelope above the transition zone 

(the increase in pressure is more or le ss constant in the envelope 
2 

D. P = (DJ.\II/4MR )g 

so that 
b.T 

T 
changes as _l_ ). 

p The excited g-modes would have a high amplitude 

in the outermost layers which cool fairly rapidly, accounting for the observed rapid 

change in period. 

I , 
I , 

temperature above the shell source will be high and given that convection is not 

very Qxll;)nSiyc it seems highly probable that the gravity oscillations will he 

confined to the envelope. Comparing the observed energy of <0 the outburst ('" 10 

with the excitation energies listed in Table V, it is apparent that g-mode oscillations 

may well he excited. · The obS<!rvation of short-period variations of the right sort 

of frequencies may be regarded as evidence in favour of models of the dwarf novae 

based on a thermal instability. However we cannot confirm the suggestion that 

the obse rved incrcaS<l in ~riod is cau.ood by cooling of the white dwarf (Warner 

and Robinson 1:172a, Warner and Brickhill 1974). It is unlikely that the thermal 

energy of the layers above the site of the Instability is less than 1Q43 ergs. A 

significant change on the timescale of the observed period cbange would therefore 

imply a ' luminosity of _10
6 

Lo which is not consis~nt with observations. 

The timescale en which the period changes is In fact more closely rela~d 

to that of 'the changing luminosity of the disc. We are therefore led to consider 

alternative models of the dwarf nova outburst in which the increased luminosity 

is associated with a sudden increase In 'the rate of mass accretion, (e .g. Bath 

ct ai , 1974; Osaki 1974) . In these models the cuter layers cf the envelope 

would be most highly perturbed by the outburst. Thc temperature would be 

Increased by the dissipation of the kinetio energy of the infalling material at the 

surface and by the adiabatic heating of the envelope above the transition wne 

(the increase in pressure is more Or less constant in the envelope t;,. p "'{CiM/4M~2)g 

so that 
l;T 

T 
changes as The excited g-mooos would have a high amplitude 

ill the <Jutermost layers which cool fairly rapidly , accounting for the observed rapid 

change In period. 
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30. 

The pcrturbalion in the envelope would probably be greatest in the equatorial 

r egion i1 d. ca Ling that the mo des likely to be excited are those having a hi gh value 

of m , i . e . the travelling waves . This raises the . interesting possibility that the 

·excitat ion of g ravity osc illations in white dwarfs acc reting mass is associated 

wit 1 lhe transfer of the kineti c ·ene r gy and momen um of the i nfalling material 

to the outer laye rs of the star , in a similar way to that in which gravi ty waves 

a re exciled on the surface of the sea. T he observational idcnti f cal ion of the 30-s 

period in UX U Ma with an m = 2 mode travelling in the dire ction of rotat ion of 

.. the disc (NR 1974) is in agreement wi th this sugges tion. We note that coherent 

pulsation s have been observed in AM CVn (Warner and Robinson 1972b). It is 

hi ghly improbable that these could be excited by nuclear reactions. 

T he pulsations of the old nova DQ Herculis differ from those of the dwarf 

novae. The perioci is longer (71-s) and constant to a fairly high degree. It has 

Pe rsisted at about the same amplitude for 20 years (e.g. Nather and Warner 

1969). Observations of polarisation changes during the 71-s cycle indicate that 

the pulsations may originate in the strong magnetic field · of a rotating object 

(Nather et al 1974). Oscillation theories are not excluded by these observations 

however (cf. Angel 1969) and the similarity of the observed phase shifts to those 

of UX UMa (NR, 1$_74), and the sinusoidal nature of the oscillations are in favour 

of such a model. In . particular we note that the phase shift begins as the disc 

goes into eclipse. If· the pulses originate near the white dwarf it therefore seems 

probable that they are partially reflected off the surface of the disc in which case · 

the observed radiation would be polarised by electron scattering. Observations 

of the polarisation of light from UX UMa would test this ·suggestion. 

-

-' 

3D. 

The pcrturb~lion in the envelope would probably be greatest in the equatorial 

region indiO:lting- that the modes llkcly to bc excited are these having a high value 

of m, i.e. the travelling waves. ThIs raises the_interesting possibility that the 

excitation of gravity oscillations in white dwarfs accreting mass is associated 

with the tr:lnsfer of the kinetic .energy and momentum of the inialling material 

to the outor lnyers of the star, in a similar way to 'that in whIch gravity waves 

arc cxci\cd on the surface of the sea. T he observational identification of the 30-5 

period in UX UMa with an m = 2 mode travelling in the direct ion of rotation of 

__ Ihe disc (NR 1974) is in agreement wilh this suggestion. We note that coherent 

pulsations have been observed in AM eve (Warner and Robinson Hi72b). It is 

highly improbable that these co~ld be excited by nuclear reactions. 

The p~lsations of the old nova DQ Herculis differ from those of the dwarf 

novac. The pcriod is longer (71-8) and constant to a fairly high degree. It has 

persisted at sbout thc same amplitude for 20 years (e .g. Nather and Warner 

1969). ObaervatlonB of polarisation changes during the 7l-s cycle Indicate that 

the pulsations may originate in the strong magnetic field' of a rotating object 

(Nather et al ISH). Oscillation theories are not excluded by these observations 

however (cf. Angel lS69) and the similarity of the observed phase shifts to those 

of UX UMa l1'<"R, ~S.74}, and the sinusoidal nature of the osclllations are In favour 

of such a model. In _ particular we note that the phase shift begins as the disc 

goes into eclipse. If· the pulses originate near the white dwarf it therefore seems 

probable that they are partially refiected off the surface of the disc in which case 

the observed radiuion would be polarised by electron scattering. Observations 

of the polarisation of light from UX UMa would test this suggestion. 
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3 \. 

The constant nature of the oscillation suggests that the amplitude in the 

interior is relatively high. This may be caused by the type of coupling discussed 

previously or because of a comparatively high temperature in the outer part of 

the core. Such an oscillation would probably not be excited by the process of 

mass accretion. On the other hand it is clear that g-modes could have been 

excited by the 1934 nova explosion. The slow. decrease in amplitude of the 71- s 

pulsation suggests that this is in fact the case (Warner et al., 1972). 

'· 

. ...... :1. 

I 

31. 

The constant nnturc oi the oscillation suggests thal the amplitude in the 

interior is relatively higll. This may be caused by the type of coupling discussed 

previously or because of a comparatively high temperature in the outer part of 

the COl'e. Such an oscillation would probably not be excited by the proC(lSS of 

mass accretion. On the other hand It is clear that g- modes could have been 

excited by the 1934 nova explosion. The slow· decrease in amplitude of the 11- s 

pul sation suggests that this is In fact the case (Warner at al .• 1972). 
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APPENDIX 1 

To compare envelopes of diffc\rent dens ity we wri te equations (1) and (2) 

in the form 

cl~ [ Q_, k!-r \\ R'- J pa/ 1( w d l'-\ r e er" pr:p · A-n Ri 

~w_ l I\~ + 0-1- 1 ~i- \1 Ra.-~ 2:/rii v d Mr-

whe re we may r egard p as a function of the m ass of the ove rlying laye rs 

2 2 
only. If we negle c ~ the terms R /(~~r) and Cf , and assume that the value 

of A (at a given pressure) remains constant, these equations show that (j changes 

·as 1/f . Accordingly, if the density of the envelope is reduced, the point at 

which (Ag +cr2) changes sign moves outwards and the amplitude in the interior 

is decreased. 

Alte rna tively , sufficiently far from the surface 

elim{nation of w between equations (1) and (2) yields 

comparison with the equation of a damped harmonic oscillation shows that in the 

transition zone where the solution oscillates the vertical wavelength (with respect 

\1. 
to Mr) is proportional to () fi /[ Q.(Q.'\\) (-J\~"\-Cr'2·')1 ~. A reduction in p in the 

enve lope would the refore necessitate a corresponding increase in er if the 

average wavelength (mode) is to remain unchanged. · Moreover it is clear that 

(I • 2J 

(1.3) 

.. 

APPENDIX t 

To compare envdoP!"S of diffo,,:ent density we write equations (1) and (2) 
, "" 

in the form 

~~r l i~'\\ R' J ,,a/l) 
w e " p~, p . 4- n 8" :l. 

"'" l I\q + ()" '- 1 "t-~ R '-~ 'Ac V d Me 

where we may regard p as a function of the mas~ of the overlying layers 

only. 
, Z 

If we neglee ~ the terms R f(e1lp) and <r , and assume that the value 

of A (at a given pressure) remains constant, these equations show thater changes 

' as 1ff" Accordingly, if thc density of the envelope is reduced, the point at 

which (Ag +02) changes sign moves outwards and the amplitude in the interior 

is decreased. 

Alternatively, sufficiently far from the surface 

elimination of w between equll.tions (1) and (2) yields 

comparison with the equation of a damped harmonic o5clllll.tion shows that In the 

transition ~or.e whero tho solution osoillates the vertioal wavelength (With resPect 

. It,. 
proportior.al to <r e ;tI!..U1 .. 't\lC1'l~....r'i1 . A reduotion in E' in the 

cnvelope would thcre!ore neoessitate a corresponding increase in cr if the 

average wavelen~h (mode) is to remain unchanged. ' Moreover it is clear that 

(\.1) 

(I .2.l 

(1.'0) 
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3 3 . 

the oscillations would be shifted toward the surface. 

'6 
If we suppose that in the. enveJope p varies with ? we may write 

A (t 
If o and g remain constant at a given pressure then A is proportional to ~ . 

However, in the changes in the white dwarf envelopes which concern us, the 

reduced degeneracy corresponding to a decrease in density results in an increase 

in O so that the assumption that A is constant is reasonable. 

I . 

33, 

the osci1l:l.tions would be shifted toward the surfo.cc. 

~ 
If we suppose lhat in the ,envt:10pe 'P' varies with r we may write 

A 

If 0' and g remain constant at a given pressure then A i~ proportional to I: . 

However, in the changes in the white dwarf envelopes which concern us, the 

reduced degeneracy corresponding to a decrease In density results in an increase 

in 0 so that the assumption that A is can.stant is re ;lsonable. 

, 
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APPENDIX 2 

The White Dwarf Models 

The equ a tions gover1 ing t h e s tructure of non-rotating 

sta rs in equ ilibrium may be written in the form 

iE 
dr 

dL 
r 

dr 

dT 
dr 

\ 

dT 
dr 

= 

= 

= 

3 = 4ac 

r -1 2 
= f 2 

L r p K 
4nr 2 T3 

T dP 
p dr 

(2 .1) 

( 2. 2) 

( 2. 3) 

(2. 4a) 

(2. 4b) 

where (2.4a) .holds provided the temperature gradient thus found 

is not greater (in absolute magnitude) than the adiabatic gradient 

given by equation (2.4b); in which case the temperature gradient 

is assumed to be given by (2.4b). In addition the pressure, 

density and temperature are related by the equation of state, 

so that, given any two, the third can be found from a relation-

ship of the form 

p = p (p,T). ( 2. 5) 

APPENDI X 2 

The White Dwarf Models 

Th e equations gove rning the structure of non-rotating 

stars in equi l ibrium may be written in the form 

(2.1 ) 

- 4lfr'p (2 . 2) 

- 4'1fr' PE (2.3) 

dT J 
L r -'- K (2.4a) 

dr • ", 4lfr' T ' , 
dT r , -l T dP (2.4b) - dr dr f' P 

where (2.4a) holds provided the temperature gradient thus found 

is not greater (in absolute magnitude) than the adiabatic gradient 

given by equa tion (2.4b); in which case the temperature gradient 

is assumed to be given by (2.4b) . In addition the pressure, 

density and temperature are related by the equation of state , 

so that, given any two, the third can be found from a relation-

ship of the form 

·-
- p (p,T). (2 • 5 ) 
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35. 

The opacity it and the rate of energy r elease s are un i quely 

determined (for a g i ven c omposi t ion) by the state of the gas . 

We may wr i te 

A' n. . = 1{ (p , T ) ( 2 • 6) 

= t: ( p ,T) ( 2 • 7) 

Thu s, g ive n the values of "'· 
• 1 Mr , Lr a nd T at any point (r) in 

the star, it is possible, using equations 2.1 to 2.4, to find 

the values of p , ~ _, sand hence to find p , T, Mr and Lr at a 

neighbouring point r + 6r. 

To solve the equations for the models used above the 

following procedure was adopted. The effective temperature 

and surface gravity were specified together with an assumed 

value for the mass. The radius and luminosity were calculated 

and the surface temperature was found from the condition T = s 

T or was taken from the model atmosphere. e The pressure was 

likewise given by conditon (8) or by the model atmosphere. The 

numerical integration then proceeded inwards to the point where 

t he temperature gradient became very small (section 3) as a 

.result of the reduced luminosity or because of the low opacity. 

For a white dwarf the depth at this point is generally small 

(<.lR). The conditions at the base of the envelope depend 

only on the . surface temperature and gravity and are not altered 

by the assumed mass and radius of the star. 

At the c entre Lr and Mr are zero and the temperature was 

taken to have the value found at the base of the enveiope. 

1 

.' 

35, 

The opacity K and the rate of ~ release c are uniquely 

determined (for a given composition) by the state of the gas. 

We may write 

K, '" K (p,T) (2. 6) 

• (p , T) (2 . 7 ) 

Thu s , given the values of P, Mr ' Lr and T a t any point (r) in 

the star, i t is possible, using equations 2 . 1 to 2.4, to find 

the values of p , It. I t and hence to find P, T, Mr and Lr at a 

neighbouring point r + br . 

To solve the equations for the mOdels used above the 

"foll owing procedure was adopted . The effective temperature 

and surface gravity were specified together with an assumed 

value for the mass . The radius and luminosity were calculated 

and the surface temperature was found from the condition Ts -

Te or was taken from the model atmosphere. The pressure was 

likewise given by conditon (8) or by the model atmosphere . The 

numerical integration then proceeded inwards to the point where 

the temperature gradient became very small (section 3) as a 

result of the reduced luminosity or because of the low opacity . 

For a white dwarf the depth at this point is generally small 

« . lR) . The condition s at the base of the envelope depend 

only on thc , surface temperature and gravity and are not altered 

by the assumed mass and radius of the star. 

At the c~ntre Lr and ~ are zero and the temperature was 

taken to have the value found at the base of the envelope . 
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The c entral density was guessed and the solution f ollowed 

outwards , assuming constant temperature , to the point where 

the pressure had fallen to t he value of the bas e of the enve l ope . 

The radius at this point was compared with t he expected r adius 

at the base of the envelope (for t he new ma ss) given by 

~k 

r e = [1~+~E1c]' D ( 2. 8 ) 

where MC is the mass of the core, ME is the mass of the envelope 

and D the depth of the envelope. If r differed from the core e 

radius the outward integration wai repeated with a new central 

density given by 

= p' + (r -r ) I o e c [

drc 

dp 
0 

dr 1 
dM: 

where p ~ is the new central density, p
0 

the previous 
dr 

density and r c the core radius. The derivatives d c 
Po 

( 2 • 9) 

central 
dMC 

and -­
dpo 

are initially a crude estimate based on the relations for 

cold white dwarfs. After the second outward integration they 

were derived from the previou~ results. 

The process was repeated until the discrepancy was reduced. 

If the final value of r differed from the radius at the base e 

of the envelope it was necessary to repeat the whole procedure 

(by rerunning the program with the new value of the mass). In 

general this was only necessary once because the state of the 

env~lope at any given depth is largely independent of the mass 

chosen. In practice it was found that it was also possible to 

The central censity was guessed and the solution followed 

outwards, assuming constant temperature , to the point where 

the pressure had fallen to the value of the base of the envelope . 

The radius at this point was compared with the expected r adius 

at the base o f the envelope (for the new mass) given by 

D ( 2 • 8 ) 

~eMC is the mass of the core, ~ is the mass of the envelope 

and D the depth of the envelope. If re differed from the core 

r adius the outward integration was repeated with a new centra l 

density given by 

p'+(r-r)/ o e 0 

dre ] 

dMe 

where p' is the new central density, p the previous 
o 0 dr 

density and rc the core radius. The derivatives d c 
Po 

(2.9) 

central 
dMe and .,....,...... 
uPo 

are initially , a crude estimate based on the relations for 

cold white dwarfs . After the second outward integration they 

were derived from the previous results . 

The process was repeated until the discrepancy was reduced. 

I f the final value of re differed fram the radius at the base 

of the envelope it was necessary to repeat the whole procedure 

(by rerunning the program with the new value of the mass). I n 

general this was only necessary once because the state of the 

envelope at any given depth is largely independent of the mass 

chosen. In practice it was found that it was alsO poss i ble to 
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specify the mass and luminosity a t the s urfac e and to guess 

the radius. The central dens ity was then varied to fit the 

Mass . In this c ase the repeated integration from the surfa ce 

wi th a new value of R would in general .result in a slightly 

I different core t emperature . Eowever convergence was still suf f ici-

ently rapid because t he structure of the core was only weakly 

dependent on the temperature and because it was usually possible 

to guess the radius fairly accurately on the basis of the table 

given by Hubbard and Wagner (1970) or using previous results. 

The algorithm used in all the numerical integrations can 

be represented 

p(r+6r) = p(r) + (D p 1 + 2D p.,_ + 2. Dp;s + Dp1~ )/6 ( 2; 10) 

where 

Dt:> 1 = 6rp' (r , M,p,T) [=fir [- G~;r) (p(p(r) ,T(r)) J (2.lla) 

i Dp2. = 6rp' (r+6r/2 ,M+DMi/Z.., p + Dp1/Z. I T + DT 
1
/2. ) (2.llb) 

Dp3 = 6rp' (r+6r/2 ,M+DMJ2- I p + Dp~/2. ,T+DTz/2..) (2.llc) 

1 
i 

and 

-1 
Df!.1- = 6rp' (r+6r, M+DM

3 l 
I p + Dpa I T+DT ) 

3 
( 2 . l ld) 

The advantage of this method over the finite difference 

I 
techniques is that the step size can be readily altered. The 

l 

37. 

specify the mass and luminosity at the surface and to guess 

the radius . The central density was then varied to fit the 

Mass. In this case the repeated integration from the surface 

with a new value of R would in general -result in a slightly 

different core tanperature. P'o~,'ever convergence was still 5ufflci-

ently rapid because the structure of the core was only weakly 

dependent on the t~~perature and because it was usually possible 

to guess the radius fairly accurately on t he basis of the tabl e 

given by Hubbard dnd Wagner (1 970) or using previous results. 

The algorit~~ used in all the numerical integrations can 

be represented 

where 

p(r+lIr) - p(r) + (DPI + 2DP .. + 2.Dp~ + Dp..)/6 

[- " [- GM(r) 

'" 

Df',:! .. lIrp ' (r+llr/2,M+D:.!,;z. • p + D~/2.,T+DT2/2 . .) 

DP4" brp'(r+br, I1+DM I ,p + Df'~ ' T+DT I ) 

(2.Ha) 

(2 . 11b) 

(2 .lle) 

(2.11d) 

The advantage of this method over the finite difference 

techniques is that the step si ze can be readily altered . The 
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increment 6r wa s varied so tha t r ema ined within specified 

limits . Since the error in the integration i s of fourth order 

in 6r it could easily be checked by reducing the step size 

(i.e . by changing the r equirement on QE 
p 

) . 

The coding of the equation of s tate was taken directly 

from the program made available by Dr . Hubbard with some small 

changes to improve the a ccur acy of the t hermodynamic functions . 

In this program the ion pressure was found using t h e analytic 

form given by Van Horn (1971). The results wer e checked by 

direct comparison with the Monte Carlo data (Brush ,Sahlin and 

Teller 19 6 6 ) . Th e electron pressure is given by an analytic 

approx imation at low density (p ~ 10 3
) and by integration of 

t h e Fermi-Dirac Integrals at higher densities. The subroutine 

was checked against the results of Cox (1968, p. 1165). 

At a given point in the star the pressure and temperature 

were generally known and the density was required (see above). 

Since the subroutine provided by Dr. Hubbard could only be 

used to find the pressure, given the temperature and density, 

it was necessary to solve equation (2.5) iteratively. At each 

step the increment in the density was found by requiring that 

6P = (j p I 6T (jT 
p 

+ (jpl 
ap T 

6p ( 2 .12) 

where 6P and 6T are the corresponding increments in P and T. 

The partial derivatives included the effects of changes in 

the electron molecular weight ~ . e Using this new value of 

t he density w- wa s found (see b e lQw) and hepce the electron e 

density and the electron pressure, the ion pressure and the 

I 38. 

increment Ar was varied so that ~ remained within specified 
p 

limits. Since the error in the integration is of fourth order 

in Ar it could easily be chec~ed by reducing the step size 

(Le . by changing the require.'l'Lent on ~ ) . 

The coding of the equation of state was taken directly 

fram the program made available by Dr. Hubbard with so~e small 

changes to improve the accuracy of the thermodyn~'\\ic functions . 

In this program the ion pressure was found using the analytic 

form given by Van Horn (1971) . ~he results were checked by 

direct comparison with the Monte Carlo data (Brush ,Sahlin and 

Teller 1':166). The electron pressure is given by an analytic 

approximation at low density (p ~ 10') and by integration of 

the Fermi-Dirac Integrals at higher densities . The subroutine 

was checked against the results of Cox (1968, p . 1165) . 

At a given point in the star the pressure and teQperature 

were generally known and the density was required (see above) . 

Since the subroutine provided by Dr . Hubbard could only be 

used to find' the pressure , given the temperature and dens1ty, 

it was necessary to solve equation (2 . 5) iteratively . At each 

step the increment in the density was found by requiring that 

+ ,p I --arT " (2.12) 

where nP and nT are the corresponding incremen ts in P and T . 

The partial derivatives included the effects of changes in 

the electron molecular weight ~e Using this n ew value of 

the density ~e was found (see b~low) and hence the electron 

density and the electron pressure, the ion pressure and the 
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r a diation pressure. I f t h e to t a l pressure d i ffered from the 

r equired value more than a fa c tor of 10- 5 the proc e ss was 

repe ated using a new value of the density based on the latest 

v a lue of the partial der i vat i ve apj 
<J p T 

As s oon a s t he 

discrepanc y in P was suff ic ient ly small s and K we r e evalu ated 

u sing the fina l -va lue o f p and t he next increments in P, M,L 

and T c alculated . 

In t he treatment of ionisat ion sugg e sted by Egg leton , 

Fa ulkner and F l annery the ratio of atoms in t h e (i+l)th state 

of ionisa tion to those in the ith is given by 

+ n. 
l 

n . 
= 

+ w 
w 

where w and w+ are the statistical weights of two adjacent 

s tates of ionisa tion, n is the degeneracy parameter, x the 

( 2. 13) 

i onisa tion potential and 6µ is a correction term which describes 

t h e effects of pressure ionisation. They suggest the form 

(2.14) 

where a = 0.523/Z and x · = 13.5 z 
0 0 

The correction depends 

only on the electron density and in their formulation the ratios 

need only be evaluated once at each point in the star. In our 

case it was still necessary to solve the equations iteratively. 

Each time the subroutine was called the temperature and density 

were given together 

the values of ~e 

with 
() UY 

e 
d p 

an approximate value for w- based on 
<lUY e 

e and aT"" found at the previous step. 

a9. 

r adiation pressure. If the. t otal pressure differed from the 

required value more than a factor of 10- 5 the process was 

repeated Using a new value of the density based on the latest 

v alue of the partial derivative "I r;>T As soon as the 

discrepancy in P was sufficiently small c and K were eva l uated 

using the final value of p and the next incre~ents in P,M,L 

and T calculated . 

In the treatment of ionisation suggested by Eggleton, 

Faulkner and Flannery the ratio of atoms in the {i+l)th state 

of ionisation to t hose in the ith is given by 

(2.13) 

where wand w+ are the statistical weights of two adjacent 

states of ionisation, n is the degeneracy parame ter , X the 

ionisation potential and 8~ i s a correct ion term which describes 

the effects of pressure ionisation . They suggest the form 

(2.l4) 

where a o ~ 0.523/2 and X~ - 1 3.5 2 The correction depends 

only on the electron density and i n their formulation the ratios 

need only be evaluated once at each point in the star. In our 

case it was still necessary to solve the equations iteratively . 

Each time the subroutine was called t he temperatur e and denSity 

were given together 

the values of ~e ' 

value for. (J"e based on an approximate 
.~. 

ond found at the previouS step. ..--
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This value was then used to f i nd t he electron density and 

hence a new value of w and the processes repeated until the e 

difference between successive v alue s bec ame sufficiently sma ll. 

The degeneracy parameter n was assumed to be given by 

n = log c.ue - 1.5 log kT - 90.8925 (2.15) 

whic h is stric t l y only valid in regions of low degeneracy. 

Since part i a l ionisation was only included for Helium and 

Hydrogen the degeneracy parameter did not reach values greater 

than about 2 and the errors in n were less than about 1, 

corresponding to an error of a factor of e in the ~atio 

However it was found that use of the correct value of n 

(found in the electron pressure subroutine) made very little 

d ifference to the models and was very time consuming. 

Sin ce nuclear energy generation was assumed to be due to 

the p-p chain only, and factors due to electron screening and 

precise chemical composition were neglected, the evaluation 

of E was trivial. From Bachall and May (1968) 

where 

T 

and T 
6 

is the temperature in 10 l:. K. 

The evaluation of the radiative opacity from the tables 

of Cox and Stewart presented some difficulties as it was necessary 

I 
4·0· 

This v a lue wa s then used to find the electron density and 

hen ce a new value of ~e and the processes repeated until the 

difference between successive value s bec~e sufficient l y sm~ll. 

The degeneracy parameter n was ass~~ed to be given by 

n = log ~e - 1 . 5 log kT - 90.8925 (2 . 15) 

which is s t rictly only valid in regions of low degeneracy. 

Since partial ionisation was only included for Heli~~ and 

Hydrogen the deg eneracy parameter did not reach values greater 

than about 2 and the errors in n were less than about 1, 

corresponding to an error of a factor of e in the ratio 

However it was found that use of the correct value of n 

(found in the electron pressure subroutine) made very little 

difference to the mOdels and was very time consuming. 

Since nuclear energy generation was ass~~ed to be due to 

the p-p chain only, and factors due to electron screening and 

precise chemical composition were neglected, the evaluation 

Of £ was trivial. From Bachall and May (1968) 

, _ 2/1 - t 2 - ) - 2 - l 
M 4 . 72xlO pT . e X (1+O . 4l7t + 12 . 6t +36 . 6t ) 

where 

and T , is the temperature in 10 l.K . 

The evaluation of the radiative opacity from the tables 

of Cox and Stewart presented some difficulties as it was necessary 
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to extr apolate the i r r esu l ts into r egions of higher d ensity 

and l ower t emper a ture . The procedure a d opted wa s a s follows . 

For po i nt s whic h wer e with in t he r a nge of t heir results the 

opacity wa s f ound by linear interpolation in t h e t ables using 

the t hr ee close st grid points . If the opacity was not given 

at any on e of these points the fourth neig hbouring grid point 

was u s ed . Thus if the density at the required point fell 

b e t ween the v a lues pi and pi+l used in the tables and the 

temperature between Tj a n d Tj+l the opacity was f ound on the 

assumption t hat it wou ld lie on the plane defined by the opacity 

at three of t he points (i,j), (i,j+l), (i+l,j+l).' (i+l,j). 

If the opacity was k nown at less than three of the points . 
the required v alue wa s given by 

1{ = k p /T 3 

(c.f. Schwar~ schi ld 1958, p.68,70). 

The constant k was found from the requirement t~at the 

formula gave the correct value of the opacity at one of the 

four closest grid points (provided it was known at least one 

of these points) or to have a value that had been found previous-

ly. The opacity found by this technique varied smoothly and k 

changed slowly through the envelope. To get some idea of 

possible errors arising from the extrapolation of the tables 

k cou ld be artificially varied. It was found that the resulting 

changes in the models were generally small. 

In order to solve the equations governing the non-radial 

oscillations the functions r
1 

and A were required at each point 

1\1. 

to extrapola te their results into regions of higher density 

and lower temperature. The procedure adopted was as follOws. 

For paints which -were within the range of their results the 

opacity was found by linear interpolation in the tables using 

the three closest grid points. If the opacity was not given 

at anyone of these points the fourth neighbouring grid point 

was used. Thus if the density at the required paint foIL 

between the values Pi and Pi + l used in the tables and the 

temperature between T
j 

and T
j

+
l 

the opacity was found on the 

assumption that it would lie on the plane defined by the opacity 

at three of the paints (i,j), (i , j+l), (i+l , j+l)/ (i+l,j) . 

If the opacity wa~ known at less than three of the points 

the required value was given by 

(c.f . Schwar'ZSChild 1958 , p . 68,70) . 

The constant k was found from the requirement tpat the 

formula gave the correct value of the opacity at one of the 

four closest grid points (provided it was known at least one 

of these points) or to have a value that had been found previous­

ly . The opacity found by this technique varied smoothly and k 

changed slowly through the envelope. To get same idea of 

possible errors arising from the extrapolation of the tables 

k could be artificially varied. It was found that the resulting 

changes in the rr,odels were generally small. 

In order to solve the equations governing the non-radial 

OSCillations the function s r, a nd A were required at each point 
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in t he esu ilibrium model and to facilitate the treatment of · 

convection r 2 was a l so requir ed (equation 2 . 4b) . 

The gammas were found using t he expressions 

where x 
p 

r3 = 

r i = 

r = 
2 

= £ Cl PI 
p' () T T 

1 + 

1/(1 - l/x /( r - 1) + xT) p 3 

= T 
p El () T 

p 

and CV is the specific heat at constant density, including 

the contribution due to ionisation. In general the partial 

derivatives were found from the derivatives of the expressions 

used in the coding. They could be checked against the values 

found by calculating the pressure and internal energy at 

neighbouring points in the T,p plane. The partial derivatives 
() U () P 

e e 
~ and ~ (where the Ue and Pe represent the energy 

density and pressure due to the electron gas) were found from 

analytic expressions even at high density. Although the 

absolute error in these functions was fairly large (up to ~so 

percent), the resulting changes in the thermodynamic functions 

were negligible. 

A was found from the expression 

A = 1 3.2. 
p dr 

1 £2 
r

1
p dr 

• > 

in the equi libriu m model and to facilitate the treatment of 

convection r , was also required (equat ion 2.4b). 

The gammas were found using the expressions 

, -

where Xp • -" 

" . , 

" . , 

r, 

1 + 

• Xp + 

• 1/ (1 -

;PI n, X, 

X, I r, - " 

l/xp/(T ) - " + XT) 

, 
~; I - , 

p 

and Cv is the specific heat at constant density , including 

the contribution due to ionisation . In general the partial 

derivatives were f ound from the derivatives of the expressions 

used in the coding. They could be checked against the values ' 

found by calculating the pressure and internal energy at 

neighbouring paints in the T,p plane. The partial derivatives -
aUe aPe 
~ and ~ (where the Ve and P e represent the energy 

dens ity and pressure due to the electron gas) \>"ere found from 

analytic expressions even at high density. Although the 

absolute error in these functions was fairly large (up to ~50 

percent) , the resulting changes in the thermodynamic functions 

were negligible. 

A was found from the eKpression 

A • 
,,,,, 
? dr 1 "" r ,P dr 
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where .92 
dr was given at each point by equation (2.1) and d p 

dr 

was given by the condition 

~ = dr 

Q.12 dT 
Since dr dr 

l£1 . dT 
CJT p dr + ~1 dp 

(Jp T dr 

d ., d l ~ j ~ and * T were known at each point. 

Alternatively the gradients could be found by numerical 

differentiation of p and p as functions of radius in the 

star. The two methods were found to be in satisfactory 

agreement . 

where ~ was given at each pOint by equation (2.1) and 

was given by the condition 

!!£ 
dr 

Since ~ 

• 

, 

lEI dT 
aT P dr 

, 

dT 
dr lEI ~T I( and JEI were known at each point . arT ' 

Alternatively the gradients could be found by numerical 

dif ferent iation of p and p as functions of radius in the 

star. The two methods were found to be in satis factory 

agreement. 

d, 
dr 
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Appendix 3 

J 

Calculat ion of Non - radia l Eigenfunction s 

1 
The second order equations govern i ng the n on-radial 

1 oscillations of stars can be written in the form l 
I 

d u 01._ + ( .Q, ( .Q, +l) o r
2

] ( 3. 1) = u y dr r1P 0 2 r i P 

l 
1 
l 
I 

~ 1 I = -Ay + (Ag + 0 2 ) u ( 3 • 2) dr r 2 

(Led o ux and Wa lraven 1958, p. 520) 

where u = r 2or and y = ·p'/p p is the Sulerian perturbation 

to t he p r es sure. The boundary conditions at r = R follbw 

d irect l y from the requirement that the Lagrangian perturbation 

to the pressure at the surface be zero; 

U(R) = R2 (or (R)), y (R), = g (R) (or (R)) ( 3 • 3) 

For an assumed value of 0 2 these equations can be integrated 

directly from the surf ace and the divergence of u and y near 

2 
the centre can be used to find the eigenvalues 0R after a few 

trial integrations. 

To understand t h e divergence of the inward integrations 

near the centre it is best to consider the equations again in 

the form (1) and (2). Sufficiently close to the centre these 

equations may be written 

Appendix 3 

Calculation of Non-radial Eigenfunctions 

The second order equations govern i ng the non-radial 

oscillations of stars can be written in the form 

-

-

£.L 
r, p 

- Ay + 

+ 

1 
r' 

(
1 (1+1) 

0' 

(Ledoux and Walraven 1958, p . 520) 

~l r, P 
y (3 • 1) 

( 3 • 2 ) 

where u ~ r<6r and y • p'/p , p is the Sulerian perturbation 

to the pressure. The boundary conditions at r • R follow 

directly from the requirement that the Lagrangian perturbation 

to the pressure at the surface be zero; 

U(R) • R«6r(R », y{R), = g(R) (6r{R» (3.3) 

For an assumed value of o' these equations c an be integrated 

directly from the surface and the divergence of u and y near 

the centre can be used to 

trial integrations. 

, 
find the eigenvalues OR after a few 

To understand the divergence of the inward integrations 

near the centre it is best to consider the equations again in 

the form (1) and (2) . Sufficiently close to the centre these 

equations may be written 
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dv 
dr 

dw 
d r 

= 

= 

.Q, ( .Q,+ 1) 
o2 w 

45 . 

(3 . 4) 

( 3. 5) 

At e a ch point in the star v and w are directly related to u and 

y; 

v 
YT' 

= Up 
1 

I W 
- Yr. 

= y pp I 

so t ha t their divergence is also simply related. 

( 3. 6) 

The inward integration becomes divergent as soon as the 
of 

coefficients Aw and v are both positive since if v for example 

is sl i ghtly too large relative to w the ca.lculated increment s 

in v and w will tend to increase the error. To illustrate 

suppose that v and w are both positive. If now v is rela tively 

too large the increment in w, (o 2v/r 2 )dr (where dr is negative), 

will tend to reduce w further so that near the centre the functions 

v and w (and u and y) will tend towards infinity with opposite 

sign regardless of the precision of the numerical technique used. 

It was found that if u, for example, took large positive 
z. 

values near the centre when G was slightly greater than an 

eigenvalue,o~, it would tend towards - 00 if o 2 was smaller than 

0
2 

• This chang e of sign as o 2 was varied through an eigenvalue 
k 

could be used to find the eigenvalue to the desired degree of 

accur a cy. The p rocedure adopted was as follows. The equations 

were integrated from the surface with a trial value of o 2 using 

t he numerical technique described in Appendix 2. In t h is case 

t he step size wa$ not varied automatically but it was necessary 

.to make the increments in r very much smaller near the surface 

t h an in the interior. The values of the functions A, g and 

dv 
d< 

dw 
d< 

t U.+1) 
0' 

w (3. 4) 

(3 • 5) 

At each point in the star V and ware directly related to u and 

v (3.6) 

so that their divergence i s also simply related . 

The inward integration becomes divergent as soon as the 
of 

coefficientsAw and v are both positive since if v for ex~~ple 

is slightly too large relative to w the calculated increments 

in v and W will tend to increase the error. To illustrate 

suppose that v and ware both positive. If now v is relatively 

too large t he increment in W, (o'v(r')dr (where dr is negative), 

will tend to reduce w further $0 that near the centre the functions 

v and w (and u and y) will tend towards infinity with opposite 

sign regardless of the preCision of the n~~erical technique used. 

It was found t hat if u , for example, took l arge positive 

• values near the centre when ~ was slightly greater than an 

eigenvalue,ak I it would tend towards - ~ if a' was smaller than 

a~. This change of sign as a' was varied through an eigenvalue 

could be used to find the eigenvalue to the desired degree of 

accuracy. The procedure adopted was as follows. The equations 

were integrated from t he surface with a trial value of a' using 

the numer ical technique described in Appendix 2 . In this case 

the step si~e was not varied automatically but it was necessary 

to make the increments in r very much smaller near the surface 

than in the interior. The values of the functions A, 9 and 
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p/f 1p at each po i nt were found by interpolation in tables 

gener a t ed by , the white dwarf model program . The i ntegrat ion 

wa s continued to a point fairly close to t he c e ntr e ( 'V . OS R) 

where t he functions had a lready begun to diverg e considerably . 

The value of u at this point, u 
0 

say, was stored i n the mac hine 

and the integration was repeated with decreasing values of er i. 

until the sign of u changed. 
0 ' 

The value of o 2 at which u
0 

would be zero was determined by assuming that u varied linearly 0 ' 

with o 2 and the integration was repeated using this value untit 

successive values of o 2 were sufficiently close. Convergence 

was usually very rapid, the change in o between the t h ird and 

the fourth integrations was usually less than rv .ol per cent. 

Once the eigenvalue had been thus established the equations 

were integrated from the surface and from the centre (a t r = o, 
. 

u = o and y = o so that it was necessary to use a power series 

development) to a point near 0.5 R using a reduced step size. 

The closeness of the fit at this point provided a test of the 

accuracy of the procedure used to find the eigenvalues. 

The program was also used to find the eigenfrequencies of 

polytropes by interpolation in the British Association tables. 

The values found were in excellent agreement with the results 

of Robe (1968). 

I 

p/f,P at each point were found by interpolation in tables 

generated by, the white dwarf !!'.odel progrM'l. . The integrati on 

was continued t o 'a point fairly close to the centre ( ~ .05 R) 

where the funct i ons had already begun to diverge considerably. 

The value of u ot this point, u 
0 

say, WM stored '" the machine 

end t he integration we, repeated with decreasing v a lues oC IT' 

until the sign of U
o 

changed. The v alue of 0' at which U
o 

would be zero was determined by assuning that U
o 

varied linearly 

wi th 0' and the integration was repeated using this value unti! 

successive values of a~ were sufficiently close. Convergence 

was usually very rapid, the cha nge i n a between the third and 

the fourth integrations was usually less than ~.Ol per cent. 

Once the eigenvalue had been thus esta blished the equations 

were integrated from the surface and froI!'. the centre (at r = 0, 
, 

u - 0 and y - a so that it was necessary to use a power series 

development) to a point near 0.5 R using a reduced step size. 

The closeness of the fit at this point provided a test of the 

accuracy of the procedure used to find the eigenvalues. 

The program was also used to find the eigenfrequencies of 

poly t r opes by interpolation in the British Association tables. 

The values f ound were in excellent agreement with the results 

of Robe (1968). 
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