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INTRODUCTION

In 1967 Robert F. Brown derived a formula which reiates
the Nielsen number N(f) of a fibre map f to the Nielsen numbers
N(?LN(fb), where ?’fb are induced by f. This work is concerned

to prove an analogous result for the A-Nielsen number, N(f,g,A).

In Chapter vae introduce the set of goincidences of two
maps f,g: X » Y,I'(f,g) = {xeX: f(x)=g(x)}. We partitionvthis
set info equivalence classes by means of the equivalence relation
of fixed end-point homotopy and theﬁ study some of thé geométry
of the equivalence classes. Webthen proceed to introduce thé
A-Nielsen number N(f,g,A) by means of an index, which we show
satisfies the axioms of Brooks ﬁ969]for a coincidence index.

Thereafter we show N(f,g,A) to be a homotopy invariant.

In Chapter II we introduce the class of fibre spaces. By
restricting ourselves to fibre spaces which are products of
closed, finitely triangulable manifolds, we derive an analogous
formula for coincidences as Brown has for fixed points. Some

suggestions for a complete analogue conclude the work.

I wish to thank Dr. H. Schlagbauer who supervised this
work throughout, guiding me through my first aquaintance with

this field.
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CHAPTER ONE

In this chapter we define an equi&élence relation on the set
r(f,g), thereby obtaining equivalence classes, called coincidence
classes. Some of the equivalence classes are said to be 'essen-
tial' and all maps f', g', f' homotopic to f and g' homotopic to g
will be shown to have the same number N(f,g,A) of these 'essential'
classes, & concept which imﬁlies the classes being non-empty. Thu;
N(f,g,8) is a lower bound on the number of coincidence points of
any pair of maps (f',g') which are pairwise homotopic to (f,g).
Restricting our spaces to compact ANRs, results in there being only
a fiﬁite number of coincidence classes of f and g, thus N(f,g,A)

is finite.

- DEFINITION 1.1 Two paths, C, D, I » X are said to be fixed end-

point homotopic if there is a map

™
=~

y(s,0) = c(0) = D(0) x, for all s

v(s,1) = c(1) =D(1) = x, for all se I

™
—

for all t

{
(@]
—~
&+
~—

v(0,t) =

v(1,t) = D(t) for all t € I

(@]




If C is a path then let CCJ denote the set of all paths that

are fixed end-point homotopic to C. Our next theorem shows fixed .

i

end-point homotopy to be an equivalence relation, written We

have

THEOREM 1.2 Let C, D, E be three paths in space X. Then C = C,

®
4

- C =D implies D= C, and C = D and D = E together imply C

Proof. Since C is fixed end-point homotopic to D and D is fixed

end-point homotopic to E there are maps ¢, ¢, : I x I > X such that

¥(s,0) = c(0) = D(d) =X all s e I
p(s,1) = c(1) = D(l)_= x, all s ¢ i
‘b(}o,t) = C(t)
p(1,t) = D(t)
and

#(s,0) = D(0) = E(0) = x_all s eI
¢(s,1) = D(1) = E(1) = x, all.s € f
2(0,t) = D()
¢(1,t) = E(t)

Reflexivity. Let A(s,t) : I x I » X be defined by A(s,t) = c(t), so

C is fixed end-point homotopic to itself.

y(1-s,t) has the properties that A(s,0)= C(0) =

Symmetry. A(s,t)
(o) = x_, A(5,1) = C(1) = D(1) = x, M0,t) = y(1,t) = D(t) and

“A(1,t) = p(0,t) = C(t) so D is fixed end-point homotopic to C.



Transitivity. Define A(s,t) by letting A(s,t) = y(2s,t) 0 < 5 < 1/2

A

= ¢(2s~1,t) 1/2 <

A
&
1A
—

Then A(s,0) = c(0) = E(0) = xOFA(s,l) = ¢(1) = p(1) = E(1) = x
Mo,t) = ylo,t) = clt), M1,t) = ¢(1,¢) = E(t). ~Since y(1,t) = #(o,t)

= D(t),.A is a continuous function fromI x I - X, so C is fixed end-
point homotopic to E. '

DEFINITION 1.3 Let X, %) € F(f,g). X, is said to be f,g equivalent

to x, if there is a path a : I + X such that fa is fixed end-point

homotopic to ga.

By the immediately preceding theorem, this relation is an
equivalence relation. T'(f,g) is thus partitioned into disjoint
equivalence classes called coincidence classes the set of all of

which being denoted by T(f,g).

DEFINITION 1.4 A compact ANR is a compact space which imbeds as a

neighbourhood retract of the Hilbert cube, I¥. A compact ANR is thus

a separable metric space [Brown, 19711.

In compact ANRs we can say a fair amount about the geometry

of T(f,g).

LEMMA 1.5 .Let f, g, be any two maps from metric space X to metric
space Y. If beX ~TI(f,g) there exists a neighbourhood N(b) contain-

ing no coincidence points of f and g.

Proof. Suppose that each neighbourhood N(b,%ﬁ, n € N contained at
least one x_  of Ir'(f,g). Then sequence {xn} converges to b so f(b)

= g(b) since {f(xn)} = {g(xn)}. Hence b ¢ I'(f,g), & contradiction.



Hence X - I'(f,g) is open so I'(f,g) is a closed subset of X.

LEMMA 1.6 [Brown, 19711. Let (Xd) and (Yp) be compact metric
spaces and let A be a closed subset of X such that ANI(f,g) = 6.
Then there exists a 6 > O such that d(x,A) < § implies p(f(x), g(x))

> 8; so x £ I'(f,g).

‘ (x)
:::::;,‘zi:::::::fg(ax)
f(a )

= X

Proof. The function h(x) = p(f(x), e(x)) : X >R is a map and A C X
is compact so set h(2)€(0,=) is bounded below by z > O. But X and Y
are compact so f and g are uniformly continuous thus there exist

g §

1° all

. N VA
> 0 such that d(xl,xz) < &, implies p(f(xl),f(xz)) <3
§

. . Z
X;» X, € X, and d(xl,xz) < §, implies p(g(xl),g(xz)) <3 Let

and let x e X such that d(x,A) < 6. Since A is

2°

[}

min (61362,%),

A

compact there exists-ax € A such that d(x,ax) = d(x,A). Then z

p(f(ax),g(ax)) < p(f(ax),f(x)) + p(f(x),g(x) + p(g(ax),g(x)) which

sum is less than % + p(f(x),eg(x)) + % so p(f(x),g(x)) > %—> 8§ as

required.



DEFINITION 1.7 A compact metric space (X,d) is gaid to bevunifdrml&‘
- locall&:coﬁtractible (ULC) if, given € > O there exists § > 0 such
that if :
W= {(i;x') e XxX: d(k,xi) < 8} then there exists a map 2 :
X x 1 4€X'such-that | | B
| Q(i;xi,O) = X, Q(x,x',i) = x!
B Q(x;x,t) =vx.for all t € I

and diam (Q((x,x')xI))< € for all (x,x') e W.
THEOREM 1.8 [Brown, 1971]. A compact ANR is ULC.

DEFINITION 1.9 Two maps f,g : X + Y are said to be €- homotopie for

€ > 0 if there exists a mep H : X x I +> Y such that

H(x,0) = f(x) for all x € X
H(x,1) = g(x) for all x ¢ X

diam(H(x x I))< € for any x € X. .

Letting H(x,t) = @(f(x),g(x),t) we obtain the following theorem

THEOREM 1.10 Let (X,d) and (Y,p) be any compact ANRs and let € > O
be given. Then by theorem 1.8 above, there is a § > O such that if

p(f(x),é(x)) < § for all x € X, then f and g are £ -~ homotopic.

DEFINITION 1.11 Let C be & path from coincidence point e to e'

of T'(f,g). Then paths fC and gC are said to be € - fixed end-

point homotopic if there is amap H : I x I - Y such that



f(e) = £(c(0)) = g(c(0)) = gle), all t ¢ I

H(0,t) =

H(1,t) = f(e') = £(c(1)) = g(c(1)) = gle') all t ¢ I,
(s,0) = £(c(s)) all s ¢ T

H(s,1) = g(c(s)) all s e I

diam H(I x I) < E all (g,t) ¢ I x I.

IxI

Clearly any two such coincidence points are f, g equivalent.

Our next theorem tells us that in compact ANRs any two sufficiently

close coincidence points are f, g equivalent.

THEOREM 1.12 There is a number z > O such that if e and e' are

any two coincidence points in I'(f,g) and d(e,e') < z, then e and e'

are f, g equivalent,

Proof.

T, , \S—
; N

By theorem 1.8 above there exists a § > O such that if W1=



{((y,y') e Y xY : p(y,y') < 8} then there exists a map Q W xI

+ Y such that @,(y,y',0) =y, 2(y,y',1) = y' and @,(y,y,t) =
y all t ¢ I. Since f and g are both uniformly continuous given
§ > O there is a B > 0 such that for all x, x' ¢ X with d(x,x') < B,
plf{x),f(x") < %3 ple(x),g(x")) <.g; Let e, e' ¢ I'(f,g) such that
d(e,e') < z, z being chosen by theorem 1.8 to give set'wo-=A{(x,x')
e X x X : d{x,x') < z} and map 2 : W_x I = X such that
Qo(x,x',O) = X, Qo(x,x',l) = x' and diam(Qo((x,x') X I)5 < B.
Let C(t) = Qo(e,e',t) so C is a path from e to e' such that
giam(£(c(I))) < % and diam(g(c(I))) < %. Hénce p(r(c(s)y, glc(s)))
< § for each s € I. Define H(s,t) = ,(f(C(s)) g(c(s)),t). Then H(O,t) =
2. (£(c(0)), g(c(0)),t) = Ql(f(e),é(e),t) = f(e) = gle) and similarly
H(1,t) = f(e') = gle'). We see then by theorem 1.10 that |

H is an e-fixed end-point homctopy sc e and e' are £, g equivalen

coincidence points. They are thus in the same element K of f(f,g).

This results in, amongst other things,

THEOREM 1.13 If X, Y, are any two compact ANRs and £, ¢ : X > Y

any two maps thenlf(f,g)l is finite.

- Proof. Any two distinct coincidence classes K, L of T(f,g) are
By theorem 1.12 at least a distance z apart, i.e., for any a ¢ K

and a' ¢ L, inf{d(a,a')} > z. Around each e in K put an open %
ball, hence KCU {Bz (e)}and K = TI'(f,g) N { U Bz(e)} so K is open

K = K <
et 3 et 3

in I'(f,g) the latter having the subspace topology. Since I'(f,g)



is closed in. X, I'(f,g) is compact so only finitely many coincidence

- classes exist.

THEOREM 1.14 Let (X,d) and (Y,p) be any two metric spaces and maps
f,g : X> Y. Then K, a coincidence class of f and g is closed in X

(and hence in I(f,g) with the subspace topology).

Proof. Let a be an accumulation point of K and let {xn} be a
Cauchy sequence in K tending to a. Then {f(xn)} = {g(xn)} so their
continuity impiies that f(a) = g(a) so a € I'(f,g). But theorem

1.12 above implies thatvall other coincidence classes are at least a
distance z 5 0 away from K so a could not have been in the closure

of any other class, so a e K so K is closed.

DEFINITION 1.15 In the function space Y™ the compact~open topology

is defined as follows: For each pair of sets ACX, BCY let (A,B) =
{stx:f(A)CB}. Then the compact-open topology on Y is that having as

subbasis all sets (A,V) where ACX is compact and V€Y is open.

We have

THEOREM 1.16 CHU]. If Y* has the compact-open topology and if X is

locally compact and regular, then we may regard homotopies of maps
from X into Y as paths in Yx, and every such path may be regarded as a

homotopy.

If X is path connected it is connected and locally connected,
and if coﬁpact too,then it is locally compact -and regular, hence the

above theorem applies to path connected compact ANRs provided the



‘relevant function spaces have the compact~open topology. Henceforth

in this wérk, all will be assumed thus topologised.

In what follows we shall write the composition of two functions

f:X~>Yand h : Y > 2% as hf : ¥ » Z, and the multiplication of two

paths F and F' by FF' where F¥F'(t) = F(2t), 0 2t < 1/2 and

F(2t-1), 1/2 s t < 1,

DEFINITION 1.17 For paths F in Yx and C in X let <F, C> be the

X
path in Y defined by < F, C >(t) = #{(t)(c(t)), F(O) = f e Y,

F(1) = f' say, £' ¢ Y .

' (x,)

f(x.)

t — — —————<F,C>—>
_—
Lﬁc/ 1
) X . Ty

LEMMA 1.18 Let F and F' be paths in Y such that F(1) = F'(0) and
let C and C' be paths in ¥ such that C(1) = C'(0); then
(1) <F7l, ¢~ = <F, o>}

(2) <FF', CC'> = <F, C><F', C'>.

-1 -1
Proof. By definiticn, for t ¢ I, <F ~ ,C >(t) = F(1-t){c(1-t)

= <F, c>“1(t). The definitions state that

<FF', CC'>(t) = FF'(t)(cc'(t))




[

e\ \e(v)

10

[FF'(t)(c(2t)) if0<t s 1/2
) | FF'(t)(c(2t-1)) if1/2 <t <1
(Flot)(c(2t)) if 0 gt g 1/2
) | Fr(2t-1)(c(2t-1)) if1/2 <t <1
<F, 0 (2t) if0 <t <1/2
) _:F',C'>(ét—1) ifl1/2 <t <1

<F,C><F',C'>(t) as required.

The next result shows that the operation <.,.> is also well
behaved in respect Qf fixed end-point hoﬁotopy. Note that in
path-connected compac£ ANRs we may, in view of HU's theorem,rewrite
our definition of fixed end~-point homotopy by requiring that there
exist amap Q : I * XI such that 2(0) = ¢, a(1) = ¢*, Q(t)(O)v'==

c(1) = ¢*(1) for all t ¢ I.

Q
~~
O
S
il
aQ
~~
O
S
-
ke
~~
ot
S
~~
-
]

LEMMA 1.19 If X, Y are path connected compact ANRs with F and F'

. paths in Y* such that CF1 = CF'] and C and C' are paths in X such

that C[C] = £C'] then [<F,C>] = [<F',C>].

<F,C>

/_\

\m)(c(t))




1

I
Proof. By hypothesis, there is a path ¢ in the function space Y*
with ¢(0) = F, ¢(1) = F', #(t)(0) = F(0) = F'(0), and ¢(t)(1) = F(1) =
F'(1); and @ in X" with (0) = ¢, 0(1) = c', a(£)(0) = c(0) = c'(0),

and 8(¢)(1) = ¢(1) = C'(1); for all t e I. Define a path & in Y’

by 8(t) = <&(t),2(t)> for t € I. Then 6(0) = <F,C>, &§(1) = <F'C'>

and 6 is a fixed end-point homotopy between <F,C> and <F'C'>,

DEFINITION 1.20 If F and G are paths in Y* then x € X is said to be
F,G related to x' ¢ X, written x - FG + x' if there is a path C in

X from x to x' with [<F,C>] = [<G,C>1].

X
| R L 7,0 (t)
s Sl i
? " @,0(t)
o
X Y

Coincidence points of pairwise homotopic maps are associsted -
to each other by being F,G-related. Sipce this concept operates
befween two different sets, it cannot be an equivalence relation.
However the next three results show that the F,G relation is as near

as it could be to being an equivalence relation on r{fr,g).

LEMMA 1.21 Let f, g : X > Y be maps and(F, G)the constant paths(f, g)
in Y* i.e. (F(t), G(t)=(f, g all t e I.

If x € I'(f,g)-then x - F, G+ x .
(o] [e} (o]

" Proof. Given the constant path x _, <F,xo>(t) = f(xo) = g(xo) =

<G,xo>(t), all t € I so <F,x > = <G,x > as required.
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LEMMA 1.22 If F is a path in Y from f to f' and G a path from
g to g' such that x_ ¢ r(f,g) and x, ¢ I'(f',g'); then x, = F, G>x

. . -1 =1
implies x, - F , G > X_.
Proof. We have a path C from xO to Xy such that [<F,C>] = [<G,C>].

The path ¢! goes from x; to x_ so by part (1) of Lemma 1.18

- -1 -

| -1 -1 -1
<F ',C >1 = [<F,C> 3 = [<G,C> 1 = (<G ,C '>] as required.

LEMMA 1.23 Let F, G, F', G' be paths in Y™ such that (F(0), G(0)) =
¢, g,),F(1) = F'(0) = £', 6(1) = G'(0) = g' and(F'(1), G'(1)) =(¢", g").
If x € rif,g), X, € r(f'g') and x, ¢ T(f",g") such that x - F,G > x,

- F',G' » x, then x_ -~ FF', GG' » x_.

and x 5 o 5

1

Proof. There is a path C from X to X, with [<F,C>] = [<G,C>].
Now FF' is a path from f to f" and GG' a path from g to g" whilst

CC' is a path from x_to x,. We apply part (2) of Lemma 1.18 to

5
prove that [<FF', CC'>] = [<FC><F'C'>] = [<G,C><G',C'>] = [<GG', CC'>]

as required.

LEMMA 1.24 Let F, G, F', G' be paths in Y* such that F(0) = F'(0) = f,
F(1) = F'(1) = £', G(0) = ¢'(0) = g and G(1) = G'(1) = g' with

CF1 = CF'] and [G] = [G']. If X~ FG - X, then X, = F',G' ~» Xq.

<G',C'>
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Proof. By hypothesis there is a path C, with (<F,C>] = ([<G,C>], By
Lemma 1.19 CF] = (F'] and [(C] = [c'3 implies (<F',C'>] = (<F,C>]
which by hypothesis equals [<G,C>] = £<G',C'>] by Lemma 1.19 again.

So (<F',C'>] = [<G',C'>] as requiregd.

The next result shows that if x ¢ ¥, K¢ f(f,g) and X, € L,
L e f(f',g’) and xois F,G related to x; then we may make a well
defined definition of coincidence class K being F,G related to

coincidence class L, this relatedness being independent of which

representatives xoand x, are F,G related.

THEOREM 1.25 Let F,G be paths in Y* such that (F(0), G(0)) =(f,g).

~and(F(1), 6(1))=(f'g"). Let X, € r(f,g) be contained in coincidence

class K of T(f,g) and let x

TR c'f(f'g'). Ir X - FG » x

1

then xé - F,G > xf, for any xé e K and any xf, e L.

Proof. Let H be the constant path in y* at.f and J the constant path

in Y* at g. Now since x_ and xé are in the same coincidence class K
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there is a path C in X from x_ to x' such that [fC ] = [gC 2.
fo) (o] (o] (o] (o]

But for each t e I <H,C >(t) = H(t)(c (t) = £{C_(t)) so fC_ =
<H,C >, Similarly gC = <J,C > so we have [<H,C >] = [<J,C >]

) o o o o~
so x_ - H,J + xé. Similarly [<H{Cl>j = [<J;C,>] so x; - HJg' »
x}, where H' is the constant path in Y* at £'and J' the constant

-1 -1

“ly > x end H=H",

path in Y™ at g'. By Lemma 1.22, xé - H
=1

J =J . Thus by Lemma 1.23 since X, - F,G + x, x, - FH', GJ' »

x| applying Lemma 1.23 again it follows that xé - HFH', JGJ' >

xj. Define a path ¢ : I ~» yX by

2s . 1-t
H(l—t) if 0 < s < 5 t #1
_ Ls+2(t-1) L. l-t . 43
v(t)(s) = F(*—gz;i———) if I
T . 13
Iiffi]?_—) if 5=<s <

(G) so by Lemma 1.24

Then ¢ shows CHFH'] = [F], Similarly CJGJ']

1
xé - F,G - x1.

Coincidence class K is said to be F,G-related to L if there is
xeK, x' ¢e L and x - F,G » x'.
Our next four results show that F,G relatedness between co-

incidence classes of different pairs of maps, behaves analogously

to that for individual members of those classes.

LEMMA 1.26 Let f,g : X > Y be maps and F the constant path in Y*
at £ and G the constant path in Y* at g. Coincidence classes K,K'

e T(f,g) are F,G related iff they are identical.

Proof. Suppose K - K' and let x ¢ K. By Lemma 1.21, x - FG » x;
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so by definition’K ;ﬁF,G - K'. On»the other handvif K-F,G+K'
for some x't?K.énd x' ¢ K'then there is & path C in X from x té x!
such that tfH;C>]_= E<G,C>J...But <F,C> = fC so [fC] = [gCl. Thus
x and x' aré in.the same coiﬁcidence class of T(f,g) so K NK' #_¢.

Coincidence classes are equivalence classes so K = K'.

LEMMA 1.27 Let F,G be paths in Y* with(F(0), 6(0)) = (f,g)and (F(1),
G(1) = (£',g"). Let K e F(f,g) and L e F(£',g') such that K - F,G »

- -1
L, then L - F 1,67 - K.

Proof. By definition there is a point x e K which is F,G related
S R -1 -1

o : ) ,
tox'eL., Bylemma 1.22 x' -F ,G »>xsoL-F ,G =K as

required.

Similarly from Lemmal.23, we have

LEMMA 1.28. Let F,F',G,G', be paths in Y* such that (F(0),G(0)) =

(f,g) ,F(1) = F'(0) = £', G6(1) = G'(0) = g'and (F'(1),G' (1)) =(t",g").

Let K e T(f,g), L

™

F(r'g') and M ¢ F(f",g") such that K - F,G > L

end L -~ F',G' > M; then K - FF',GG' > M.

Lemma 1.2k yields .

LEMMA 1.29 Suppose F,F' are paths in YX from f to f' and G,G!'
paths in Y* from g to g', such that [F) = (F'J] and [G] = [G'J.

If K e T(f,g) and L ¢ F(f',g") are F,G, related then K - F'G' » L.

These four results then yield
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THEOREM 1.30 Let (F,G) be a path in Y™ from (f,g) to (f',g'). Let
K,x* ¢ f(f,g) and L,L' € F(f',g'). IfK -F,6+ L and K -~ F,G » L'

then L = L' and if K - F,G + L and K' - F,G > L then K = K'.

Proof If K-F,G+L and K - F,G + L', then by lemma 1.27, L -

-1 - - -
F',6™ > K; so by Lemma 1.28, L - F 'F,6716 + L'. Define H to be
the constant path in Y* at f£' and J the constant path in v¥ at

I
g'. Define a path ¥ in Y* by

H(s) if 0 < s s:%
F-1(2s—t) if toscl
o > 5
P(t)s = 1 ot
F(2s+t-1) if >ss ; =
H(s) if 253 <s s 1
L

.w shows fhat EF-IFJ = [HJ. Now by Lemma 1.29, L is H,J related to
L' so by Lemma 1.26 L = L', as reguired. Forzthe second part of

the theorém suppose that K - F,G > L and K' - FG -+ L; then by Lemma
1.27, L - F'-I,Gn1 + K and L - F"I,G-1 + K' so first part of theorem

yields K = K' as required.

Theorem 1.30 states that an F,G-reletion induces a one-to-one relation

from T(F(0),G(0)}) into F(F(1),G(1)).

We next introduce the A-notation, as used by Brooks. Brooks considers co-
incidences, roots and fixed’points of mappings. These are character-

ised by letting A be one of the three following sets:

1. A =A1(X,Y), the class of all pairs of paths (F,G) in YX, used



17

in studying coincidences of two maps f,g : X > Y.

2. A= Az(X,Y,yO), the class of all pairs (F,G) € A](X,Y) such that
G(t)(x) = y, for all te[0,1] and all x ¢ X, used for studying
the roots of the equation f(x) = Yoo for an arbitrary map f :

X > Y,

3. 4 =1,(X), the class of all pairs (F,G)e A(X,X) such that G(t)(x) = x
for all t e[0,1] all x ¢ X, used for studying fixed points of an

arbitrary map f : X > X.

Since our work is based on his axioms it holds for Al’ Az'and A3‘

We thus use a general 4 in what follows, though our work will be Jone

with & = Al‘ Let A be the class of all pairs of paths in Y*.  We have

DEFINITION 1.31 An A-essential coincidence class K ¢ f(f,g) is one for

which (F,G)e & and (F(0), G(0))= (f,g) implies there being a coincidence
class K' € [(f',g") such that X-F,G +~ K'; otherwise K is called inessen-

tial.

The &-Nielsen number of f and g, denoted by N(f,g,A) is defined

to be the number of A-essential classes of [(f,g).

Theorem 1.30 tells us that an F,G relation defines a one-to-one function -
from the A-essential elements of T(F(0),G(0)) onto those of T(F(1),G6(1)),
whilst theorem 1.13 implies that, since N(f,g,5) < |F(f,g)|, N(f,g,n) is

finite where f and g are defined on a compact ANR.

TNVARTANCE OF N(f,g,A) UNDER HOMOTOPY.

In this section we define a function J which assigns an element of
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an abelian group A to each class in F(f,g). We will show that j assigns
the same element of A to any two F,G related classeswhilst if 'a class
K is inessential j(k) will be shown to equal zero. Thus the A-Nielsen

number will be shown to be a homotopy invariant.

DEFINITION 1.32 [Brooksl. A triple (f,g,A) is A-admissible if
f,g : X+ Y are maps, (f,g)e.A_,AgX and aclosed set NCX such that A¢Int (N)

and T(f,g) O (N-a) = ¢.

DEFINITION 1.33 An A-admissible index J is a function from the

A-admissible triples into an abelian group A such that

1. (Adaitivity) If ACX and {Ai} is a finite indexed class of

subsets of A such that

(a), (f,g,A) is A-admissible and (f,g,Ai) is admissible for each
i, and

(v), (A-yA)0T(r,g) = ¢ then j(f,g,A) = I, J(f,g,4,).

2. (Homotopy) If (F,G)eAand A an open subset of X such that (F(t),G(t),A)

is A-admissible for eachte [0,11 then J(F(0),6(0)a) = 3(F(1),6(1),A).

The Al index, which is the one we shall be using, has values'in
Hom(H*(YxY,YxY-D), H¥(X)) where H*(Z) is the total cohomology ring of 2
(with arbitrary coefficients) and D is the diagonal of Y x Y. This
index j(f,g,A) is the cohomology homomorphism induced by the map

h : X » (YxY,YxY-D) defined by h(x) = (f(x),e(x)).
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The Index.
Throughout this section H*(X,A) will mean H*(X,A,Q).
Recallvthat we think of R" as a subset Sn_— P of Snf For a
point X e Rn.let ‘xl denote its distance to the origin. Observe

that if f,g‘:-Rn - R" are maps having the property that, for ahy

sequence X,; X, ... in R® such that

Lim | x_| = o implies that
Lim [f(x )I = Lim ]g(x )l = o we can extend f,g : st » g"
me B e n ‘

by letting £(P) = P = g(P).

Choose . a genereator Y, € HI(RI,R1=O) T Q. We define generators
un € Hn(Rn,Rn-O) inductively, as on pg 54 of Brown as follows:

Having obtained generator Wo_q ve have the Klinneth isomorphism

a: BPMRPY RP0) g HY(RY,RY-0) - H™(R",R"-0) and we de-

fine y_ = a(_un_1 e ul)

Let xo'e R" and define d:(Rn,Rn—xo) + (R",R"-0) by d(x) = x - X

Let l:(Rn,Rn—ko) - (Sn,Sn—xo) and k: 8" » (Sn,Sn—xo) be inclusions.
Then d* is an isomorphism as 4 is a homeomorphism, 1%: Hn(Sé,Sn-xo) >

Hn(Rn,Rn—xo) is an isomorphism by the excision theorem since

n

n
S =R'- P and c1(P) = P QIht(Sn—xo) whilst k*: H™(s",S -x_) > H*(s™)

. . . . n . .
is also an isomorphism since 5= - xo is contractible,



Let X,Y be any finite connected polyhedra-and létvf =:(K,T) be a
triangulation of X. Recall that we can‘imbed]K] in R" for n equal

o the number of vertices of K, so we can imbed X,Y in r" C s, Since
X is an ANR end R" is separable metric, there is an open subset W of R
containing X and a retraction r: W+ X. If f,g: X > Y and (f,g,U) is

a A-admissible triple let r: W - X be as above and define V = r {U),

which is an open subset of W and hence of s,

3

Let Fu(f,g) be the set of‘coincidence points of f and g thaﬁ lie in U.
Define d: V > R by d(x) = .gr(x) - fr(x). If d(x) =0 then fr(x) =
gr{x), so r(x) ¢ Fu(f,g). Hence r(x) ¢ Fu(f,g) implies d(x) # 0,
hence a(V-r~'(r _(£,g)) € R® - 0. We write F for r_l(l‘u(f,g)) for the

rest of this section.

Let 1: (V,V-F) > s™,5"-F) be inclusion; we claim that 1% is an
isomorphism by excision. By lemma 1.5 Fu(f,g) is a closed subset of X.
Since f and g have no coincidence points on the boundary of U, Tu(f,g)
is the intérsectibn‘of r(f,g) and the closure of U. Therefore F is
closed in the compact space X, hence F is compact, hence F is closed

n

in S Since S" - V is a closed set in the open set s - F the ex-
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cision can be performed.

Wé haig tﬁe composition -
(8 8-0) &5 wi(y,vm) 2 K (s™,6"-1) X, 1(s™)
wheré k: 8% (Sn,Sn-F)vié'inclusion; then B a*(Un) = qv_ for
same q € Q. Defihe q =.jr(f,g,U). We use the notation'jr to indicate
that the definiﬁion appears to depend on £he'imbeddings of X in Rn,
Y in Rn, thé oﬁeh set W and the}retractioﬁ r: W+ X because the
'-définition of d and V aepehd~6ﬁ r and U. We Qill show in this section =
that the j? defined aﬁ@ve is a A-admissible index.
Consider the compositién

2 (R",R"-0) —HURT R ) H(s%,8%-x ) —, H(s")

. and defineivn = k*l*-ld*(un) e HY(s™) = q.

. ; ee s . . . ) ..n, N
Since the composition is an isomorphism vn is a generator of H (s).

LEMMA 1.33 The definition of v is indépendent of the choice of the point
x e R, ‘ - ' |
o) : : ,

Proof Brown bg 54-5.

Note also that we have a Kiinneth isomorphism a,a(upauq) = up+q’ whilst

if =% HPYY(sP*) 4 gPHYSP s?) is an isomorphism we also havé'

v = n¥ v @v ).
prq = ™ alvev))
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LEMMA 1.34 Let (f,g,U) be a A-admissible triple, let
FQF'C V' CVwhere F' is closed, V' is open, and 8" - V' is
in the interior of 8" - F'. Let d': (V',v'-F') > (R",R"-0)

be the restriction of d. If 1': (s",8"-F')» (V' ,V'-F') and

k': s® o+ (Sn,Sn-F') are inclusions, then

k'*(l'*)"ld'*(un) = Jr(f,g,U)'vr

Proof: We have the following commutative diagram where

1
h: (s",8%-F ) » (s",8"-F) is

inclusion ' -
=
u(v,v-F) 1, HNs",SP-F)
d* R k*
(g™ ,R"-0 - 1 (s™)
dl* %
n ¥ l‘*-l h ny
HY(V,V'-F') __, H (s ,5 -F')

THEOREM 1.35 If (f,g,U) is a A-admissible triple and Upseeeeslg

are disjoint open subsets of U such that (f,g,Ui) is A-admissible

s
for each i and ' (f,g) € U U.
u jop 4

S
1o neu).

then j (f,g,U)
Tr
i=]

Proof: Let F, r—l(Fu(f,g)fﬁUi) and Vi:=r~l(Ui). By Lemma 1.34

for the composition



S S
d*
H'(R",B™-0) — 'L Y v (Y v)-r]
i=1'1 1
L * ‘
I L H (s 8%-F) X w(s?)

* We know that k*l*’ld*(un) =3{f,8,0) * v _.

By definition, if we consider, for t = 1,..... .S
a
n,.n .n n
H'(R ,R-0 H{(V ,V -
CHE(RL,R-0)  HA(V,,V.-F,)
171 k*

v, Hn(sn,s”-Ft) , H'(s™)

then k* 1% = g% (un) = jr(f,g,U) C v where d, is the restriction

of d to Vt and lt and kt are inclusions. Since the Vi are disjoint

open sets and Pgi(f,g) c Vi then

s s s
n- n

U - U U - = @ -
BV (Y V)1 = LYY, 1-1(V Fylle @ B0V, V)

i * = | n -
so we can write d (un) (ul, ...... ,us), where u, € H (Vt’vt Ft)'
( N N . .

Let ht' Vt’vt_Ft) > (i=lvi’i=1(vi-Fi)) be inclusion; then dht = 4.
Furthermore, h:(ul, ..... ,us) = so
* * = * = = * : * = *
n¥ 4 (un) ht(Ul ...... u ) u, dt(“n)’ and thus 4 (un) dl(”n)

Diagrams
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s s
Uvyi.(Yyi)-
‘Hn[i:1V1,(i=1V1) F]
v -
* - Nt
i
n _ : Neen oN_
BV, T, Fi)*““iﬁ" H(s7,8"-F,)
commute for all i = 1,....s when all homomorphisms are inclusion-
induced. For x ¢ Hn(Sn,Sn-Ft) write m%(x) = (ui, ..... ué), then

¥on t ¥ = ! = ¥ * n_ '
himt (x) ug li (x). When i # t we have Vi €s Ft S0 1i can.

be written as the composition of inclusions
' n n n _.n
(vi,vi-Fi) + (s -F, S -Ft) + (5,8 —Ft)
and li* is the zero homomorphism.

. [ - :
Therefore since lt 1t’
m{*(x) = (O,..i.,O,lt (x),0,0.... ,0).

Let m,: (s™,s"-F) + (s“,s“-Ft) be inclusion. Then diagram

s s
n n,.n
U - :
HT Y V(Y V) Fj.«_ 1 (s",s"-F) ///f/ﬁs )
*
h: m{* m: [///// kt
n ¢ N DD N
BV, ,V,-F.) T H (s",8°-F,)
t
commutes,

because all homomorphisms are induced by inclusions.

Therefore, for X € Hn(Sn,Sn—Ft)

mi(x) = l*_lmé*(x) = l*-l(O,....,O,l:(x),o,....,o,)
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and

k¥(x) = k*m:(x) = k*l*-l(o,....O,l:(x),O,....,O)

In the first part of the proof we had

) = (upaeeeain) = (@80),. 0% ), so

%7371 % = ‘* %1 '
k¥1¥ dt(un) k¥l (gt)

K*1*71(0,. .. .,0,1%(1% 1(u.t)),o,....,o)

k*1*71(0,....,0,u,,0,....,0)

'-By the definition of direct sum

K12 % () = k%7 (uy,eeeu )
= k*1% 7 (u,,0,....,0) +..... +k*l*_1(0,....,0,us)
= paqe ) g% ' ®q#71 3%
k¥1% dl(un) .. + kX1* ds(un)

Applying the definitions of the j_, we have

.
J.(f.g,0) = v = izl((Jr(f,g,Ui) . vn}
S
= {izljr(f,g,ui)}" v, as reqd.

THEOREM 1.36 Let H,L: X x I -+ Y be homotopies and define ft(x) =
H(x,t) and gt(x) = L(x,t).
It (£, g, ,U) is A-sdmissible for all t e I,

then jr(fo,go,U) = Jr(fl;giaU)-

Proof: Let F' = {x ¢ u: H(x,t) = L(x,t)some t ¢ I}
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Then F' is a closed subset of I such that I‘u(f,g) G F'.

- In order to apply Lemma 1.34 we must prove that F' is

. oh n . . . n
~closed 1in S, so § -~V is in the interior of S - F',
It is clearly sufficient to show that F' is closed in X.
Let {x,} be a sequence of points in F' converging to a

J

point x in the closure of U. For each x, our definition

J

of F' guarantees a t, ¢ I such that H(xj,tj),= L(xj,tj).

J
Since I is compact, there is no loss of generality in as-
suming that the sequence {tj} converges to a point t e I.

By the continuity of H,L we have H(x,t) = L(x,t) so x ¢ F'

" so F' is closed in X and hence in S".

Now we can apply Lemma 1.34 to state that, for the composition

d* (X" -.1 '*
(R, BP-0) b, #P(v,vor') (1) yn(en ghipry B pn(en)

= - 1% ] o = ’ :
where dt(X) gtr(x) ftr(x) to have k'¥] dt(un) jr(ft,gt,q)

Define D: (V,V-F') x I » (R",R"-0) by D(x,t) = g,r(x) - f,r(x).
. ¥ = * 3 =
Then D is a homotopy between d_ and d, so d*¥ = a} ana Jr(fo,gOU)

Jr(fl’gl’U)' as required.

Given polyheara X,X',Y,Y', and maps f,g: X > Y,f'g': X' > Y', we

have maps f x f',g x g': X x X' > Y x Y'. If, after imbedding,
' v ' +n'
X C R and X'C R then X and X' c R x B = R""" . Furthermore
. 1
we have open sets W G R containing X and W' CR" containing

n
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X' and retractions r: W~ X, r': W' > X', Thus W x W' is an open
subset of Rn+n' containing X x X', and r x r': Wx W' » X x X'

is a retraction. If (f,g,ﬁ) and (f',g',U') are A-admissible triples
then f x f',g x g' have no coincidence points on 3(UxU') =

(Uxau') U (3UxU') where 3 denotes the boundary. Note also that
(rxr')-l(UxU') =V x V' and that the set of coincidence points of
fxf',gxeg" onUxU'is Fu(f,g).x Fu,(f'g'). We let F =

r-l(l"u (f,g)) as before and let F' = r'_l(Fu,(f,g)) here. 1If d; =

d x d' and lx,kx are inclusions then

1 1) )
Hn+n ( n+n , n+n -0) H
a* ) k*
X
n+n' 1;—1 n+n'. n+n' _n+n'
H (VxV' ,VxV'-FxF') , H (s ,S -FxF')

hence k;l;—ld*(u ) = (£xf',egxg',UxU").

x "n+n' Jr+r'
Our next result makes use several times of the identity
(X,Xx-A) x (Y,Y~B) = (XxY,XxY-AxB) which holds as both sides equal

(XxY ,X-AxY-B).

THEOREM 1.37 If (f,g,U) and (f'g'U') are A-admissible triples then

jrxr'(fo"gXE'aUXU') = jr(fagaU) ° j(f',g',U').

Proof. The argument depends on the diagram below. The o® denote

the appropriate Kllnneth homomorphisms or their restrictions to
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subgroups. Note that resulf_(w) proved justAélone is used several
times. By definition d =d x d'rahd 1 =1x1'. All diagrams
except (1) and (2) commute by the naturality of the Klinneth homo-
morphism. We observe that F C R®, F' C.Rn', so subdiagrams (1)
and (2) commute because they were induced by commutative diagrams

of spaces and maps.
Since the diagram on pg 29 cormutes

arl opk g 1) g 4 = (k*ﬁik'*)(l*&l'*)—1 (a*gd'*).
L x x x 1

We defined the u's dnd v's so that al(unaxun) =y

-1
* ] —
m ah(vr@v ) = v -

hence

3 xr,(fxf',gxg',UxU') LAY}

r n+n'

)

-1
%1% *
kxlx dx(un+n'

% Loy (ki %) (2%g1" %)™ (a%pa’*) (u_gu_,)

i

-1 -1 ' AL R
m* ah[k*l* d*(un)gk LR *(un,)]

n*_lah[Jr(f,g,U)'vnajr'(f“,g',U')'vn,]

(2803 (27" U) ¥ oy (v oy )

=0, (£,8,0)+3 {f'.e" U Dev 1
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o}

n+n' _n
,R1-0) + —
n
H(R",R"-0)
n' 1]
at® (R* B
| (R* ,R" -0)
X \Y »
G,UXV'-FxF') +—
. 0.2 d*gd‘*
n
H (V,V-F)
]
. g (V!
+n' ~
Hn (sn+n' sn+n' 8
. -FxF") —=
"* Hn+n'( n n' 1*@1!-)(.
shxs™ ' s"xs"
,5 xS -FxF') +———
n
” (s, s"F
1
- &Hn n' ]
(kxk')* (s !Sn =F')
K*qK ' ¥

In
mn

n+n'
(s%xs™') «
n
H (sM)g® (S7 )
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For C a path in X and r, s ¢ I define Ci : I > X by Ci(t) =
C(r+t(s-r)). Thus Ci is the restriction of C to the interval

{r,s1G00,1], reparametised so that it is again a path.

LEMMA 1.38 Let C : T » X be a path, then (cg)-1 = cg and

tctc®y = tc®s.
ar q

Proof. The first statement obtains as (C;)-l(t) = C(q+(l—t)(r—q)) =
C(r+t(q—r)) = Cg(t). For the second statement, we define the

required fixed end-point homotopy ¥ : I x I » X by

| rEtu(qvc(s-q)) + (1-u)(g+2t(r-q))3

‘ if0 <t < %
Y(u,t) =

Clu(g+t(s-q)) + (1~u)fr+(2t-1)(s-r))3

LEMMA 1.39 Let F and G be paths in Y* and let q,r,s € I. Suppose
for K(q) € T(F(q), G(a)), K(r) € F((F(r),G(r)) and K(s) ¢ F(F(s),6(s))
that K(q) - FZ, Gg » K(r) and K(r) - Fi,Gi + K(s); then

K(q) ~ F°, G° » K(s).
q q % ° (s)

Proof. By Lemma 1.28 on pg.15 K(q) is F;Fi,GZGi related to K(s) whilst
: rs r.s, _ .4 .4 .
Lemma 1.38 above means EFqFr’GqGr] = EFS,GSJ, so Lemma 1.29 on pg. 15 gives

the desired result.

Considering the first half of the proof of theorem 1.13,
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letting U, =, JJK.(BZ(e)) we have
i Z
3
LEMMA 1.40 1Iet X be & compact ANR and f,g : X > Y. Then for each
coincidence class Ki'of I'(f,g) there exists an open subset U, of X, K.G;Ui
i

such that U& Nnr(r,g) = Ki'

LEMMA 1.41 The definition of J(Ki) is independent of the choice of

the open set U, in X such that K. € U, and UiIT r(f,g) = K, .

Proof. Let Ui’vi be open subsets of X such that K, (- U K, c vfﬁi nr(f,g = K.,

V.0r(rg) =K. Ifxe u; =(u, NV.) then x ¢ T(f,g). Thus the addi-

tivity axiom of the definition of j means

[

1 =
u(f’gsUi) J(fsg,Ui nVi).

Similarly j(f,g,Vi) j(f,g,Ui n vi)

so . _ j(f,g,Ui) = j(f,g,vi) as required

LEMMA 1.42 Let F,G be paths in Y where X and Y are compact ANRs,
and r € I. Denote the coincidence classes of maps F(r),G(r) by
Kl(r), ..... ,Kn(r). Then there exist open sets U;,.....,U and € > 0

such that

(1) X.(r) €U,
, J J

(2) Uj nu,

= ¢ whenever j # k
(3) If |r-s| < ¢ anaXs)e T(F(s),G(s)), then there exists Jj such

that K(s) € U, end K(s) is FZ,GZ—related to Kj(r).

(4) 1If |r-s| < € then (F(s),G(s)Uj) is an A-admissible triple for
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Proof. This will proceed as follows:

We use theorem 1.8 and X being a metric space to give us open
balls of sufficiently small size with which we construct Ul,...,Un

whichvhot only satisfy (1) and (2) but (3) and(k) also,

Parts.(l) and (2).

From the proof of Theorem 1.13 above we can construct open
sets Ul,...... ,Ug satisfying (1) and (2). Let €' > O be the number
1]
guaranteed by Theorem 1.8. Then there exists § > 0,6 < E-E-such that

. . ]
%,x' € X,d(x,x) <8 and |r - s| < & together imply a(F(r)(x),F(s)(x")< Eﬁ-

1] . .
and d(G(r)(x),G(s)(x')) < Eﬂ- as F,G are both uniformly continuous.
0

For x € K,(r), choose €, >

J

Since (F(r),6(r)) is compact and X path connected, there is a

6 !'
so that €, =% and U(x,ex) c UJ

.. : 1 sets Ulx(1)se /ov)geunnn
finite set of connected open sets U(x(l),Ex(l))s sU(X(m)9€x(m))’

with x(k) ¢ I'(F(r),c(r), so that

m

u .
| r(F(r),olr)) & (2 (U(x(X)), e 1y}
Let U, = Uy {U(x(k), € ()} where the union is taken over those k
for which x(k) e Kj(r)' Let x € Kj(r); then x ¢ U(x(k),ex(k))

for some k. Since U(x(k),ex(k)) is an open and connected subset of

the ANR X which is locally path connected, there is a path C from

x to x(k) in U(x(k),e(k)). For t ¢ I,da(c(t),x) < € (k) < 8, which
implies that
p(F(r)(c(£)),F(x)(x) < 57 4 covrenenne. U (1)

(>8]

p(6(r)(c()),6(r)(x))< L pa(x)(c(t)),F(x)(c()) < & ...(2)

and thus by Theorem 1.8 [F(r)Cl =r(c(r)c3.
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We have shown that x and x(k) are in the same coincidence class

M of f(F(r),G(r)). Hence x(k) ¢ KJ(r) and X € Uj’ SO Kj(r) c Uj'

Further, U(x(k), € ) € Us when x(k) ¢ KJ(r), which implies that

x(k)

Uj c U3. Therefore the sets UJ =1, ,n, satisfy properties (1)

and (2).

Part (3).

Let El be the smallest of the numbers Ex(i)’ ..... €
n _

Since T(F(r),c(r)) € U U
n - J=1

xeX- jga UJ implies p(F(r)(x),G(r)(x))> z. Again using the uni-

, there exists a z > 0 such that

form continuity of F(r) and G(r), there exists e, > 0O, such that,

2

if |r-s| < €5 then p(F(r)(x),F(s)(x)) < z and p(G(r)(x),G(s)(x)) < 2.
: n
. . _ : _U
Thus, 1f,|r sl <‘52 and x € X ! UJ,
quivalently, r(F(s),c(s)) € j&a Uj' Let ¢ be the smaller of e, and

then F(s)(x) # G(s)(x).

ot

conditions (3) ana (4).

We now show. that the open sets Ul’ ..... ,U and € > O satisfy
n

Suppose |r-s| < ¢ and X, € K(s),K(s) e T(F(s),G(s)). Since

€ S ey € U, for some J = 1,..... ,n and hence x_ ¢ U(x(k),ex(k))

J
for some x(k) e Kj(r). Let C be a path in U(x(k),ex(k)) from x_ to x(k).

For any t ¢ I,F:(t) F(t') where t' = s + t(r-s), so

lr-t'] = |1-t||r-s| < |r-s] < e.

iA

. 3
Also, since € < € = § < 5 we have

A
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S
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—~~
ct
S
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ct
S
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‘x}
—
H
S
Q
—
ct
S—
»
(]
—~
2}
S—
(@]
—~
C+
S
»

Eﬂ'* E—2--by (1), (2) respectively

< g',

A
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end, by definition of ', [<FL,C>] = c<G:,c>J; So x_ - FL,6L + x(k).
s 's
By definition then, K(s) - F:,G: -> Kj(r). If there were a point

xé e K(s) such that xé € U , then by the same reasoning,

k’

K(s) - Fg,G: - F,(r). Thus by Theorem 1.30 k = j, so K(s) € U,

thus proving Part 3.

Part (4),

{UK(s)INU{ K(s)} = $,J # k, so since X is normal, there are

K(s)c K '

(s) Uj (S)CUk

V.V, such that UK(s)cu, T, cv, €V, cu', Uk(s) cu €
x(s)CUJ A B Y K(s) €U, k

ngvk gvk C U} whilst U3 NU! =¢,) #K implies I (F(s),G(s)) N

(VJ-UJ) = ¢ so (F(s),G(s),UJ) is A-admissible.

We now have the very important

THEOREM 1.43 Let F,G be paths in Y* from (f,g) to (f',g') and X,Y

compact ANRs. Let K ¢ I'(f,g). If K is F,G-related to some L ¢ T'(f',g")
then §(K) = j(L); and if K is not F,G-related to any element of

I(f',g') then j(K) = O.

Proof. Let x ¢ K ¢ f(f;g), and let B(s) be the set of points x' in
r'(F,(s),G(s)) such that x is Fi,Gz—related to x';
(F3(£),65(t)) = (F(s(1-t)),6(s((1-t))). By Theorem 1.30 B(s) is
either empty or a single coincidence class of‘f(F(s),G(s)). If
B(s) = ¢ then by the additivity of j, (F(s),6(s),¢) =
J(F(s),G(s),4) + 3(F(s),6(s),4) = 25(F(s),G(s),¢) so j(F(s),G(s),¢) = O

nov J(K) = j(F(o),G(o),U ) and j(L) = J(F(1),6(1),U ); hence to show

J
3(K) = 3(L) we must show j(K) = 3(F(1),G6(1),U

k

k), this then proving
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both parts of the theorem at once. We claim that, given r ¢ I, there
exists € > such that |r-s| <.e implies j(B(r)) = j(B(s)).. If this
holds then J(K) = j(L); to see this note. B(o) = {x' ¢ I'(F(o0),G(0)):
x' - Fg,Gg > XX € K}, = {x'" e T(f,g) : x} - f,g - x,x ¢ K} i.e,
B(o) = K, and |

{x' e T(F(1),6(1)) : x' - Fé,Gé + x,x € K} so

oy}
~~
= .
A
L]

td
—~
=
S’
1

A{x' e T(F(1),6(1)) : x'-¢',g'"> x,x € K} so

B(1) = L. Hence if |r-s| <eimplies J(B(r)) = j(B(s)) then
§(B(r)) = J(B(r+%) for all r eC0,1-53.
Hence J(K) = J(B(0)) = §(B(3)) = j(B(e)) =..... = 3(B(1-3)) = 5(B(1)) = §(L)

(a maximum of %-steps, for the nearest integer bigger than %0.

so j(K) = j(L).

We will let € be the number obtained from Lemma 1,42. Suppose
B(s) # ¢; then by Lemma 1.42 B(s) is ?Z,GZ—related to some
Kj(r) e T(F(r),c(r)). Now B(s) is Fz,Gz—related to K, so by Lemma 1.39
Kj(r) is FZ,GZ-related to K. Thus by Theorem 1.30 Kj(r) = B(r) and
B(r) # ¢. The contrapositive statement is that if B(r) = ¢, then

B(s) = ¢ and j(B(r)) = j(B(s)) = 0, so proving our claim when B(r) = 4.

Now suppose B(r) # ¢. Let U be the open set guaranteed by
Lemma 1.42 containing B(r) and |r-s| < €, then

UNT(F(s),0(8) = B(S))erreeiniineeneeneeeeenoennaennns (1)
There are two possible cases :
Case (1) UNT(F(s),G(s)) = ¢, and

Case (2) UNT(F(s),G(s)) # ¢. Firstly,z

Cage (1): If B(s) # ¢ then, by Lemma 1.42, B(s) _ Uj for same j, and
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B(s)vis F:,Gz—related to Kj(r). But we showed above that Kj(r) = B{r),

S0 Uj = U. Therefore U MNT(F(s),G(s)) = ¢ implies B(s) = ¢ in which

case (1) certainly holds. :

Case (2): SﬁmweUfﬂWNsLGh))#¢.TﬂexseUf1NFB)ﬁ@)h-

then X is in some coincidence,class M of F(s),G(s). By Lemma 1.42,

MCE Uj somé Jo But x e U r\Uj, so again by Lemma 1.42, U = Uj'

Hence M- € U and therefore M is F;,G:—related to B(r). By definition-

K is FZ,Gg—related to B(r), so Lemma 1.39 implies K to be Fi,Gi-related

to M which by Theorem 1.30 implies K = B(s). Thus, if x,e U NT(r(s),c(s)),
then we have shown that x_ ¢ B(s), so UNT(F(s),G(s)) € B(s). However

we have already seen that B(s) €U, so B(s) € UNT(F(s),6(s)), so

UNT(F(s),6(s)) = B(s), as required.

Now, by definition j(B(r)) = 3(F(r),G(r),U) and by (1) we have
j(B(s)) = 3(F(s),6(s),U) since Lemma 1.42 states that (F(s),G(sLUj) is
A-adﬁissible when Ir—s‘ < £. Finally F:,Gz is a homotopy from F(s),G(s)
to F(r),G(r) and for t ¢ I, Fg(t),Gg(t)=PTt'LG(t')Where |r-t'| < |r-s| < e.

So by Lemma 1.42 (F;,G:,U) is A-admissible. Therefore by the homotopy

axiom of j, j(B(r)) = j(B(s)), as required.
The following theorem is of major importance.

THEOREM 1.44 1ILet X,Y be compact ANRs and let F,G be paths in Y* such that

(F(o),G(0)) = (f,g) and (F(1),6(1)) = (£',g"'). Then N(f,g,A) = N(f'g's).

Proof. Taking the contrapositive of the last half of Lemma 1.43,
J(K) # 0 implies K is F,G related to some coincidence class L of

(f'g'), i.e. K is A-essential. Lemma 1.43 gbove implies then that
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3(L) # 0 so N(f,g,0) < N(£'g's). But K-F,G » L implies L-F 1,6"% » K,
(Lemma 1.27), so J(L) # O implies j(K) # 0 so N(f'g'a) < N(f,g,A),

so N(f,g,8) = N(f'g'A) as required.
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CHAPTER 1II

In this chapter we define the class of fibre spaces, and
note that a certain class of these are generalisations of
products. - Restricting ourselves to products, each factor of
~ which is a closed, finifely triangulable manifold (and hence a com-
pact ANR), will eﬁable us to derive a formula for computing the

A-Nielsen number N(f,g,A) for certain maps f,g.

Definition 2.1 [Brown] Let E and B be any two topological spaces

and p a continuous subjection from E onto B. Let Qp CEx BI

be the subspace {(e,a) ¢ E x B p(e) = a(0)} of the cartesian pro-
duct. Let p: gl 5 Qp be the map p(a) = (af0),pa). Triple (E,p,B)
is said to be a fibre space if there is a map A: Qp’+ EI such

that p) is the identity.on Qp.

Definition 2.2 [Dugundji] Let E,B be topological spaces and p

a continuous subjection of E on to B and Qp = {(e,w) ¢ E x L. ple) =
w(o)}. A lifting function for (E,p,B) is a map A: Qp -+ EI such
that A{e,w)[0] = e and pr{e,w)[t] = [t] for each (e,w) € Qp and

t e I.
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THEOREM 2.3 Definition 2.1 <=> Definition 2.2

Proof. Suppose pX is the identity on Qp. Then pAle,w) = (A(e,w)C0],
pi(e,w)) = (e,w) so A(e,w)[0] = e and prle,w)lt] = wlt].
<=. Given X(e,w)0] = e and pr(e,w)[t] = wltl, (e,w) = (A(e,w)C0],

"pMe,w)) = pr(e,w) means px is the identity on Qp as required.

re Ae,w)t]

As Dugundji observes, the role of X is to 1ift each path w starting

at w(0) to & path in E so that the whole family of ws is lifted

'continuously' into E, hence it is called a lifting function.

X is said to be a regular lifting function if w being a constant

path in B implies A(e,w) is a constant path in E.
We next define maps which preserve the fibre structure.

Definition 2.4 Let (E,p,B) and (F,q,C) be any two fibre spaces.

f: E > F is called a fibre map if for any e, e'e E, ple) = p(e')

implies qf(e) = qf(e').
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We see that f sends a fibre into a fibre.

A fibre map f: E » F induces f: B + C such that Fp(e) = qf(e)

T & Well Defined Map.

Let e € E and suppose p(e) = p(e'). As f is a fibre map
a(f(e)) = q(f(e")) so T(p(e) = f(p(e') and T is well defined.

As p, q, f are maps so is T and diagram.

E h +B

q

and f is unique in making diagram commute.

Definition 2.5 [Brown] Fibre space (E,p,B) is said to be locally

trivial if there exists a space X, an open cover {UB} of B, homeo~

morphisms h :p~l(U ) - UB x X and a projection n:vB x X » B such

B8 B

that ﬂhé =Dp.

Notice that if b € UB then hB(b) = (b,x) so hB—l(b,x) = b,

-1 . . . . o . . .
and as h is continuous in both variables it 1s contlinuous 1n

B
_1(

each separately; in particular X = p ~(b). X is called the fibre

of(E;p,B).
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Definition 2.6 [Brown]. Trivial Fibre Spaces

The fibre space (E,p,B) is said to be trivial if E = B x X.
Similarly fibre space (F,q,C) is trivial if F is the product C x Y,

where Y is the fibre of (F,q,C).

n

If f, g: E > F are any two fibre maps where E = B x X and
F =C x Y then they induce, in addition to f, g: B » C two further
maps fb,gb: X > Y as follows: each fibre b x X of E is an imbedding

of X in E by means of the homeomorphism i. say; the family {ib,beB}

b
is clearly a continuous family, whilst since F is also a product,
there is in addition to projection gq: F » C a projection qy: F > Y.
Define f ,g : X > Y by fb(x) = qlflb(x) and gb(x) = qlglb(x). There

is of course also projection P, E » X and a continuous family of

imbeddings ic: Y > c x Y (see diagrambelow).
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4

Note that if B: I + B is a path such that B(o) = b and B8(1) = b’
we may define two continuous families of mappings, {fB(t)}’

{gB(t)}: X > Y by letting f (t)(X) = qlfiB(t)(x), and gB(t)(x) =

B
q1gif3(‘c)(X)' .

THEOREM 2.7 Let B,C,X,Y be closed; finitely triangulable manifolds
such that the dim(B) = dim(C) and dim(X) = dim(Y) and suchthat
(E,p,B) and (F,q,C) are trivial fibre spaces, E=B x X, F=C x Y.

If f,g: E > F are two fibre maps such that f = T x fb and g = g x gb

then N(f,g,a) = N(f,g,0) - N(fb,gb,ﬂ')fof each pair (fb,gb), b ¢ B.

Since every connected polyhedron is a path connected com-
pact ANR the Nielsen number defined in Chapter I is the one used

here.
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The theorem above was motivated by the following theorem
for fixed points in Robert F. Brown, The Nielsen Number of a
Fibre Map, Annals of Mathematics (85) 1967, 484-93 and corrected

by Brown and Fadell (to appear).

THEOREM Let F = (E,p,B) be a locally trivial fibre space
with fibre Y where E, B and Y are connected finite polyhedra and
let f: E~ E be a fibre map. If one of the following conditions

1s satisfied

1]
(@]

(®) 7 (¥)

(¢) F is trivial and either nl(B) =QQor f=71x fb

then N(f) = N(T) N(f, ) for all f,, b € R.

As ‘may be seen, we have restricted ourselves to giving an
analogue for coincidence points for his last case only (with a
further restriction) and we shall indicate what theorems would

have to be proved to obtain a complete analogue

Definition 2.8 Two Coincidence Points x,x' being F,G Equivalent.

Let fo,fl,go,gl be maps from X to Y, x € T(fo,go), x' € T(fl,gl).
Let 3: I » X be a path such that 3(o) = x and 3(1) = x' and let F,G:
XxI> Y be two homotopies between fo and fl’ and g, and gl res-

pectively.
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Define two paths éF ,GG: I-+Ynvy
§.(t) = F(8(t),t)
8,(t) = 6(s(¢),t)

Then BF(o) = F(x,0) = fo(x) = go(x)) = GG(o)

£1(x') = g1(x') = 6,(1)

1]

GF(l) F(x',1)

If there exists a path § such that GF and §. are fixed

G

end-point homotopic, then x and x' are F,G equivalent.

[This requires that there exist a map K: I x I + Y such

that K(s,o0) = Fo(x),K(s,i) - Fy(x")
K(o,t) = GF(t),K(l,t) = GG(t)]
X Y
x!
§(t
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Definition 2.9 Two Coincidence Points being FB’GB - Equivalent

+ X " Te

PR (RPN (PO -

By BN R N
/’ /A
P b\’ﬁ' L7 /

X ., .
Let B: I -+ B be a path such that g(o) = b and 8(1) = b'

Let x ¢ I‘(fb,gb) and x" € T(f‘b,,gb,) and let 8: I » X be a path

such that 6(o) = x and 6§(1) = x'. Then the continuous families .

{fB(t)}’{gB(t)} 1nducevtwo homotopies FB,GB: X x I~ Y defined

by letting FB(G(t),t) = £,0,(6(t)) and G (6(¢),¢) = Ba(y)(8(8)).

Coincidence points x and x' are said to be~FB,GB

if the path 6§ is such that GF and 6G are fixed end-point
' B B o

- equivalent
homotopic.
We next have

LEMMA 2.10 Let A" be the class of ordered pairs of paths in Y*.

Then N(fb,gb,A") is independant of the choice of b € B.
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Proof: Let b,b' be any two elements of B and let B: I + B be a
path such that 8(o) = b and B(1) = b'. Then as in Definition 2.9
above we have continuous families {fB(t)}’{gB(t)} inducing homotopies

F_,G,:

g20g" X x I+ Y such that (fb,gb) x (fb,,gb,)-

But we showed

in Chapter I that the Nielsen number is a homotopy invariant so

N(fb,gb,A") = N(fb',gb,,A").

LEMMA 2.11 For e,e' ¢ I'(f,g)e-f,gre' iff p(e)—F,g—ple') and pyle)—

,G, relation is induced by 8

B

FefGB—+p1(e')where the F 8

Proof: Let f,g: E -~ F be any two fibre maps with e,e' ¢ I'(f,g). Then

fple) = q(f(e) = qlgle) = g(f(e)) and F(p(e')) = q(f(e')) = qlgle')) =
g(p(e')) so ple),ple') e I'(f,g). Further if e—f,g—*e' then there is
a path a from e to e' and a fixed end-point homotopy J: I x I » F

such that J(s,0) = f(e) = gle), J(s,1) = f(e') = gle') J(o,t) =
£alt)) and 3(1;t) = glalt)).

Then p(e)—F ,z—p(e') by means of path B = pa: I + B and homotopy

H: I xI + C where H = qJ sinée fR = qfa and éB = qga.
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Define path §: I » X by §(t) = py(a(t)). Then &(o) = py(e),

6(1) = py(e') and q;(J(s,t): I x I > Y is a homotopy such that

q19(s,0) fa(o)(8(0)) = Ba(o)0(0)sa1d(s,1) = £,046(1) = 8g(1)0(1)

g(1)

q;3(0,t) = fB(t)G(t) and qlJ(L) = 8(t), hence p,(e)—F ,GB—*pl(e').

®8(¢) B
Conversely suppose e,e' ¢ I'(f,g) and p(e)—F,g—ple') by means of
path B: I » B such that B(o) = p(e),B8(1) = p(e') and F(B(t)) is
fixed énd—point homotopic to’é(B(t)). Suppose too that p;(e)—
FB,GB—»p (e'). Thus there is a path 6: I > X such.thatd(o) = pyle),

1

6(1) = py(e') and a path T )G(t).fixed end-point homotopic to

B(t
gB(t)G(t) by means of K: I x I » Y such that

Ta(o)P1(e) = Eg(o)Pr(e)

K(s,o)
K(s,1) = £,,yprle’) = go(qypy(e’)

K(o,t) = )G(t)

Tas
K(1,t) = gB(t)G(t)

Since {1 } is a continuous family of homeomorphisms {i'(t)G}: I+ E

g8
)(6(1)) =e'. If § is

B(t)

is a path such that i )6(0) = e and i

B(o (1

(6(t) = B(t), each t € I, then the F',GB-relation

such that pi 8

B(t)
between pl(e) and pl(e') is said to be induced by B.

Since we are given that this is so

(K(S,o)) = r(e) = gle) all s ¢ I

“F8(o)
i?B(l)(K(S’l)) = f(e') = gle') all s ¢ I
i?B(t)(K(o;t)) = fiB(t)G(t)-éll tel

)(K(l,t)) = giB(t)G(t) all t e I

tg8(t
so e—f,g—e'.
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LEMMA 2.12 If B,C,X,Y, are clbéed, finitely trianguble manifolds
such that dim(B) = dim(C) and dim(X) = dim (Y) and T,g: B+ C

and fb,gb,: X + Y, are maps, then there are maps h,j,hb,jb, arbi-
trarily close to ?,é,fb,gb respectively (and hence homotopic to
them) such that T(ﬁxhb,jij) is finite, each coincidence point being
in the interior of some maximal simplex of B x X.

Proof: Schlagbauer, Theorem 1.7.

Note that since the Nielsen number is a homotopy invariant we have
that N(F,z,A") = N(K,7,A")
" - "
N(fb,gb,A ) = N(hb,jb,A ) each b ¢ B

hence N(fxfb,éxgb,A) = N(Exhb,jij,A), each b. ¢ B.

Definition 2.13 Let E,F be finite polyhedra and f,g: E > F map-
pings. A coincidence point & of (f,g) is said to be isolated if

there is an open set U in E containing e such that U N F(f,g) = e.

For e an isolated coincidence point of f,g define j(f,g,U) = j(f,g,e).

LEMMA 2.14 If e and p(e) are isolated coincidence points of (f,g)
and (f,g) respectively and if & lies in the interior of a maximal
simplex of some triangulation of E then

J(f,8,e) = 3(f,g,p (&) « 3(T,g,p(e)
Proof: Follows from Theorem 1.37
if we let X = B, X' = X (here the fibre) £ = T and f' = f. -

~ One result to be used shortly is
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LEMMA 2.15 Let b e I'(f,g). If K is a coincidence class of (f,g),

then plfkfﬁp_l(b)] is a single coincidence class of (fb,gb).

Proof: Let e,e' ¢ K flp-l(b) and let a: I > E be a path from

e to e' such that paths fa,ga: I >CxY are fixed end-point homo-
topic. The projection by qI:-C x Y »> Y shows that qlfa and

q,ga are fixed end-point homotopic in Y, whilst pla(t) is a patﬁ
in X such that bla(o) = pl(e) and pl(a(l)) = pl(e'). We may

unite a(t) = (b(t),x(t)) € B x X, hence qlfa(t) = ql(f(b(t)),

£ x(t)) = £,x(t) whilst pa(t) = x(t) so q fa(t) = £,p.a)t), and

s e - . ! 1 ro
similarly qlga(t) = gbpla(t) S0 pl(e) = 08, > pl(e ) as required.
We finally have then:

THEOREM. Let B,C,X,Y be closed, finitely triangulable mani-
folds such that dim(B) = dim(C), dim(X) = dim(Y) and such that
(E,p,B) and (F,q,C) are trivial fibre spaces, E = B x X and
F=CxY. If f,g: E~+ F are any two fibre maps such that f =
f x fb and g ='é X gb
then N(f,g,5) = N(F,g,a) - N(fb;gb,A")for each pair (fb,gb),
b ¢ B.
Proof: By 1emmav2.12 we may assume that T(?xfb,éxgb) has only
finitely many coincidences each of which lieé in a maximal sim-
plex of E.

Let K be a coincidence class of f,g, then by2.1lvp(K) is
contained in a coincidence class L of f,g. For e ¢ K pl[Krﬁp-lp(e)j

is a single coincidence class M of fb,gb.
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We will prove that

(1) vevinnenenannnn JK) = 3(L) » 3(M).

"bn) (which being finite in number are

1

isolated) and for each u = 1,....,r let KN p (bu) = (e ,...,e )

uy u,m.
Let M = pl[Kf\p-l(bl)] and let b be any element of p(K). Then
as K N p-l(b‘u) CGKand KN p-l(bl) CK, lemma 2. tells us that
-1
pIEKrjp (bu)] FB,GB—» M, hence
-1 :
3lp, (XNp (0 ))] = JM], all u=1,....,r
By the additivity property of the index J
m
u
J(L) = ) ,j(fb 8y b (eu,w))’ each u = 1,....,r.
w=1 u  u’rl
Applying the additivity property and lemma 2.
r u _ _
3K = ] ] J(Exf Lexe e )
"u=1 w=l ’
m
r u |
- Z J(f’g’bu) Z J(fbu,gbu,euw).
u=1l1 w=1
r —-— -
-3 R = 3(M) ) j(f,g,bu)
u=1
We must now distinguish two cases. Either p(K) = L or it is
not. If p(K) =L then
r
J(K) =] §(T,g,b))
: u=1
and equation (1) is identical to equation (2). Otherwise choose
b e L - p(K) and let a be a path from b to by and H: T x I+ C
g Cp

a homotopy such that b——?,§—+bl. Byl.25if x,x' ¢ X and x—F
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then the points of their respective coincidence classes are also

FB,GB-equivalent. But if the points of M are F,,G_-related

878
to any coincidence class N éf f, »&, then by 2.11 ib(N) CKN p_](b)
hence b e p(K), a contradiction. Hence M is inessential so j(M) =
0, so (2) implies J(K) = 0 and (1) is trivially satisfied too.

We have also shown that if K is essential then p(K) =L N
kgp (L), | |

Let L be any essential coincidence class of ?,é tﬁen by 2.
and (1) p-l(L) contains exactly N(fb,gb,A) essential coincidence
classes of f,g where by 2. N(fb,gb,A) is independent of the
choice of b ¢ B. Furthérmore we have proved thatvéach essential

< . . . - - . . -1 .
coincidence class of f x f,, g x g lies in p (L) for some essential

b

coincidence class L of T,g.

Therefore |
N(?xfb,éxgb,a) = N(fb,gb,A") - N(f,g,a")

Conclusion: We see that we have established what might be called

a first case for this formula for computing the Nielsen number.

To obtain such-a formula.for a broader class of fibre spaces,

such as those defined in the Brown-Fadell paper, the following

must be proved:

(1) Lemma 2. must be such that j(f,g,8) = j(F,z.p(e)) -j(fb,gb,¢;é(3))
for any fibre maps f,g.
(2) The Hopf construction such as is found in Brown 1971, pg 117

must be extended to this wider class of spaces.



REFERENCES

Robin B. S. Brooks and Robert F. Brown, A Lower Bound for

the A-Nielsen number, Trans. A.M.S., 143,(1969), 555-56L.

Robert F. Brown, The Nielsen Number of a Fibre Map,

Annals Math. 85, (1967), 48L-493,

Robert F. Brown, The Sefschetz Fixed Point Theorem, Scott,

Foresman and Company, 1971.

Robert F. Brown and Edward R. Fadell, Corrections to "The

Nielsen Number of a Fibre Map", to appear.

J. Dugundji, Topology,Allyn and Bacon, 1966.

S. T. Hu, Introduction to General Topology, Holden-Day,

San Francisco, 196k,

H. Schlagbauer, On the Dimension of Coincidence Sets, Abh.

Math. Sem. Hamburg, 37 (3/4), (1972), 236-2L5.





