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Abstract

A key feature of the local bond market is that trade is concentrated in a few liquid government
bonds. We review and implement the filtered term structure model proposed by Gombani,
Jaschke and Runggaldier that defines an arbitrage free pricing system that is consistent with

liquid bond prices.

The model is derived in two stages called the underlying and perturbed models. The underlying
model defines the theoretical arbitrage free term structure. It is assumed to be a multi-factor,

affine HJM type model where the stochastic factors satisfy a linear diffusion equation.

Gombani et al. argue that the differences between the theoretical and market prices should
be interpreted as unobserved errors. The perturbed model models the prices of the observed

bonds as their theoretical values distorted by noise.

Assuming that the information available at any point in time is the market prices of a finite
number of liquidly traded bonds, the perturbed model is used to derive a continually updated
pricing system that is arbitrage free with respect to the observed prices. The method is based

on the Kalman filter.

We implement a particular three-factor version of the model and calibrate it to the South
African market. We discuss the relevant data and numerical and statistical techniques including

principal component analysis and yield curve construction.

We apply the formulas for pricing European options on zero-coupon and coupon bearing bonds
for Gaussian HJM models to the perturbed model and present two examples to demonstrate the

application of the model to bond and option pricing.
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Chapter 1

Introduction

In this report we review and implement a filtered term structure model in the South African
market. Below we provide a brief overview of some yield curve models in order to place the

model that we implement in context.

Term structure models provide a description of how interest rates change through time. The
classical approach models the evolution of the yield curve in terms of the behaviour of the in-
stantaneous risk-free rate (called the short-rate). The basic idea is that in a risk-neutral world
the process followed by the short-rate determines the fair value for any future cash flow which
in turn allows the entire term structure of interest rates to be determined, see for example Hull
(2003). The value of the short-rate at time ¢ is denoted r(¢) and the general form of the process

specifying the dynamics of the short-rate is assumed to be
dr(t) = p(t,r(t))dt + o(t,r(2))dW(t), (1.1)

where W (t) is a Wiener process.

The simplest of the short-rate models, called one-factor models, assume that the process for
the short-rate is driven by a single source of uncertainty in which case W(t) is one-dimensional.
Two of the most well known of the early one-factor short-rate models are the Vasicek (1977)
model, where the short-rate dynamics are assumed to follow a mean reverting Gaussian process
and the Cox, Ingersoll and Ross (1985) model (CIR hereafter) where short-rate dynamics are

1

assumed to follow a mean reverting square-root process.” The major difference between these

! For the Vasicek model, the dynamics of the short-rate under the martingale measure are given by
dr(t) = (b — ar(t))dt + odW (¢), (a > 0),
where a and b are constants. For the CIR model they are given by

dr(t) = a(b — r(t))dt + o/rdW (1).



two models is that under the Vasicek model (and in fact Gaussian models in general) there is
a non-zero probability of negative interest rates, while under the CIR model interest rates are

nonnegative.?

One of the main reasons for the popularity of the Vasicek and CIR models is that under both
models bonds and bond options can be priced analytically. Jamshidian (1989) derives a for-
mula for valuing European options on zero-coupon and coupon bonds under the Vasi¢ek model
that is similar to the Black-Scholes formula for pricing equity options. For the CIR model,
a formula for the valuation of options on zero-coupon bonds is provided by Cox et al. (1985);

a formula for the valuation of European options on coupon bonds is derived by Longstaff (1993).3

There are two basic types of term structure models, equilibrium and no-arbitrage. Equilibrium
models start with assumptions about economic variables. The dynamics of the term structure
are then derived from these assumptions. The Vasicek and CIR models are examples of equilib-
rium term structure models. The main disadvantage of equilibrium models is that they do not
uccessarily fit the observed initial termn structure. By a process called ‘iuverting the yield curve’,
the model parameters can be chosen to make the fit as close as possible but the possible shapes
of the yield curve are limited. For example, the Vasi¢ek model cannot produce an inverted curve.
This can be problematic, for instance when pricing derivatives it seems unreasonable to use a

model that does not price the underlying bonds correctly.

A no-arbitrage model is designed to be exactly consistent with the observed initial term struc-
ture. For short-rate models this is generally achieved by making one or more of the model
parameters time dependent. The first of the no-arbitrage models was proposed by Ho and Lee
(1986). Ho and Lee’s model was originally formulated in terms of a binomial tree but a con-
tinuous time limit of the model that fits into the short-rate framework can be derived, see for
example Jamshidian (1988). The Ho-Lee model fits the initial term structure exactly and is
analytically tractable: both bonds and European bond options can be valued analytically. The
disadvantage of the model is that the volatility structure is inflexible and all rates are equally

variable. The model is also not mean reverting.

Some equilibrium models can be converted to no-arbitrage models by making the drift of the
short-rate process a function of time. In particular Hull and White (1990a, 1990b) derive exten-
sions of the Vasi¢ek and CIR models that fit the observed initial term structure. The extended

version of the Vasicek model is analytically tractable while in general the extended version of

2Under the Vasitek model the short-rate is characterised by a Gaussian distribution while under the CIR model
short-rate is characterised by a non-central chi-squared distribution.
3Longstaff’s approach is consistent with Jamshidian’s and it is in fact possible to generalise Jamshidian's

approach for other analytically tractable one-factor models in a natural way. See Brigo and Mercurio (2001).



the CIR model is not.*

Many other short-rate models have been suggested. A notable class of model that we have
not mentioned above are the lognormal models such as Black, Derman and Toy (1990) and
Black, and Karasinski (1991). These models guarantee nonnegative interest rates but are not

analytically tractable making calibration to the market more difficult.

The major problem with all one-factor models is that since they assume that all yield curve
movement is driven by a single source of uncertainty, rates of all maturities are perfectly corre-
lated which implies that all rates move in the same direction. For this reason one-factor models
such as those described above are generally acceptable when the instrument being priced de-
pends only on a single point on the yield curve. If however the correlation of interest rates
is relevant to pricing it is necessary to use a model that allows for more realistic correlation
patterns. Models that allow a wider variety of term structure movements and volatility shapes

can be achieved by introducing additional factors.

Two or three factors are usually required to give a realistic description yield curve dynam-
ics over time. This observation goes back to Litterman and Scheinkman (1991) who show that
in general almost all of the variation in the returns on any fixed income security can be explained
by three attributes of the vield curve which they call level, slope and curvature. These factors as
well as the percentage of historical yield curve variation explained by them can be estimated by
a principal component analysis of historical yield curve volatility. Principal component analysis

is discussed further in Section 3.5.

Numerous two-factor short-rate models have been suggested. A particular example is the Bren-
nan and Schwartz (1979, 1982) model where the second factor is chosen to be the yield on a
perpetual bond (called a consol). The Brennan and Schwartz model therefore incorporates both
the level and steepness of the yield curve. This can be seen by noting that if the short-rate is
interpreted as the level of the curve then the steepness of the curve is implied by the consol yield.
Other well-known examples of two-factor models are Hull and White (1994) and Longstaff and
Schwartz (1992). Balduzzi, Das, Foresi and Sundaram (1996) derive a framework for three-factor
affine short-rate models. In particular they consider an example where the three factors are the
short-rate, the mean-reversion level and the volatility of the short-rate and show that the model
describes the level, slope and curvature of the yield curve. A problem with the multi-factor
short-rate models such as those discussed above is that as they become more realistic, inversion

of the yield curve becomes more difficult.

Heath, Jarrow and Morton (1992) (hereafter HINI) propose a different approach. Instead of

*A version of the extended CIR model that is analytically tractable has been proposed by Jamshidian (1995).



modelling the instantaneous short-rate, they propose a framework where the evolution of the
vield curve is modelled in terms of the process followed by instantaneous forward rates. In this
case the initial forward rate curve is an input to the model, hence HJM type models automat-
ically fit the observed initial term structure and inversion of the yield curve is not required. A
further advantage of the HJM framework is that it allows for complete freedom in the choice of
volatility structure. It can also be shown that many short-rate models can be recast in terms of
the HJM framework, see for example Chiarella and Kwon (2001). A key problem with general
HJM models is that they are computationally intensive and often have to be implemented us-
ing Monte-Carlo simulation since trees are generally non-recombining. The HJM framework is

discussed further in Section 3.4.

A commonly cited drawback of the HIM framework is that it is expressed in terms of instanta-
neous forward rates which are not directly observable in the market. This led to the development
of the LIBOR market model (Brace, Gatarek and Musiela 1997, Jamshidian 1997, Miltersen,
Sandmann and Sondermann 1997) which is expressed in terms of traded forward rates. It is
however worth noting that in most markets, including the South African market, only short
dated forward rates are traded. This means that to calibrate the LIBOR market model, longer
dated forward rates need to be estimated via some type of curve construction procedure. This

procedure often involves the construction of instantaneous forward curves.

The model that we propose to implement in the South African market, derived by Gombani,
Jaschke and Runggaldier (2005) fits into the HJM framework. The model is derived in two stages
called the underlying and perturbed models. The underlying model is assumed to represent the
‘true’ dynamics of the yield curve. These dynamics are assumed to be stable through time.
The observed market prices are however assumed to be affected by ‘errors’ such as liquidity
adjustments. The perturbed model adjusts the ‘true’ dynamics by incorporating an error term
to account for deviations from the theoretical market prices. This model has a useful application
in the South African context since the Bond Exchange of South Africa (BESA) publishes two
types of empirical yield curve called ‘perfect fit’ and “best decency’ but do not provide any link
between the two. The ‘perfect fit’ curves price the instruments from which they where created
exactly whereas the ‘best decency’ curves will be smoother than the ‘perfect fit’ curves but do
not necessarily price the input instruments exactly. Gombani et al.’s model can be used to pro-
vide a theoretical connection between the two types of curve. The theoretical arbitrage free term
structure is determined by calibrating the underlying model to historical yield curve volatility
via a principal component analysis of historical “best decency” forward curves. A ‘perfect fit’
curve constructed from the market prices of liquid bonds is then used to determine the market

prices for the perturbed model.

The next chapter gives an overview of the South African fixed income market. Some well



known results and notation used later are set out in Chapter 3. Chapter 4 reviews Gombani et
al.’s model focusing on the particular three-factor case that we propose to implement. Where
necessary we provide details omitted in the original paper. We also consider the application of
formulas for pricing European bond options for Gaussian HJM models to the proposed model.
Implementation of the model is considered in Chapter 5 where we discuss the calibration of the
model and the relevant data and numerical techniques including yield curve construction. A
significant part of the calibration process is the implementation of the Kalman filter. Gombani
et al. do not discuss the solution of the differential Riccati equation needed to calculate bond
prices. We discuss two possible methods for solving the relevant equation. The final chapter
concludes with two examples that demonstrate the application of the model to bond and option

pricing in the South African market.



Chapter 2

Overview of the South African fixed

income market

The Souch African hond 1narket 39 amonegst the most liguid ad largest of the etnerging markets.
A Toy Teature of the Jocal bond market s that the market capitalisation and trade is concen-
trated in a few lignid government bonds. This is illustvated by Figure 2.1 below which shows
a breakdown of che market capitalisation of the South African and US Loud mwrkets as of 30
June 2006."

Figure 2.1: Breakdown of the South African and US bond markess by percentage of market

capicalisacion (30 Junc 2006]
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As of 30 June 2006, the market capitalisation of the South African bond market was apprecd-
mately R731.3 billiow. The US market was abiont 233 times larger® than the loeal markes with

a market capitalisation of approcdimately $26.4 tritlion,

The market capitalisation of the South African bond market has grown by abont 56% over
the past five years from approximarely R468.8 hillion as of 259 Tgne 2001 1o approximately
T731.3 billieee as of 30 Jung 2006, The exteul to which the market comnposition has changed
over the period can be seen by comparing Figure 2.1 with Figure 2.2 below which shows a similar
breakdown of the South Africau market for 29 June 20012 Specifically, although the current
cotceltratiom in government honds s particalarty ligh it has decreased considerably siuee 20001
The percentage of parastatal bunds has also decreased while the percentage of bonds issued by
corporates has increased. Securitised and asset backed instruments have been introduced and
make np over 109 of the market. The percentage of loating rate notes has approcimate ly don-

bled and the percentage of nllation Tinled bonds has inereazed sirnificantly.

Figure 2.2: Breakidown of the South African homl market by pereeutage of market capitalisation
(29 Jure 2001

Fleglirg: 1.3%  fatar ir<ag 3 0%

Mangpal: 0.2%

Bonds are listed on the Bond Exchange of Sonth Africa (BESA). The details of the main South
African government botds at present are given in Table 2.1 below. Some of these are used in

the viekl eurve construction process and form the basis of the calibrated model that we discuss

*Ising an exchange rate of R7.15 to the doliar,
Pt Sturie Data' spreadsheet, Tiond Fxehange of South Africa, 29 June 2001, available from

www honcesehange oo ga,

i)




later. We also use the bonds in Table 2.1 in the examples in the final chapter.

Table 2.1: South African government bond details

Bond code Issue date Coupon rate Maturity date Coupon dates Book close dates
R194* 1 Apr 2001 10.00% 28 Feb 2007/08/09 | 28 Feb / 31 Aug | 18 Feb / 21 Aug
R153* | 22 Jun 1989 13.00% 31 Aug 2009/10/11 | 28 Feb / 31 Aug | 18 Feb / 21 Aug
R206 11 Aug 2005 7.50% 15 Jan 2014 15 Jan / 15 Jul 5 Jan / 5 Jul
R201 27 May 2003 8.75% 21 Dec 2014 21 Jun / 21 Dec | 11 Jun / 11 Dec
RI57* | 18 Jan 1991 13.50% 15 Sep 2014/15/16 | 15 Mar / 15 Sep | 5 Mar / 5 Sep
R203 7 May 2004 8.25% 15 Sep 2017 15 NMar / 15 Sep 5 Mar / 5 Sep
R204 11 Aug 2004 8.00% 21 Dec 2018 21 Jun / 21 Dec | 11 Jun / 11 Dec
R207 17 Jun 2005 7.25% 15 Jan 2020 15 Jan / 15 Jul 5 Jan / 5 Jul
R186* 1 Apr 1998 10.5% 21 Dec 2025/26/27 | 21 Jun / 21 Dec | 11 Jun / 11 Dec

* The R194, R153, R157 and R186 are ‘triple-redemption’ bonds, meaning that a third of the principal is
redeemed at each of the dates in the maturity column of the above table. The bonds are however priced as if

the entire principal was to be redeemed on the middle date using the standard BESA bond pricing formula,
see BESA (2005).

2.1 Bond indices

The first indices for the South African bond market were introduced by the Johannesburg Stock
Exchange (JSE) in 1983. The indices, collectively called the JSE-Actuaries Fixed Income Index,
consisted of price and yield indices for various sub-sectors of the market but did not include an
overall bond index. These early indices were however not widely accepted and were replaced by

a new set of indices collectively called the JSE-Actuaries Bond Performance Index in 1988.

The JSE-Actuaries Bond Performance Index consisted of values for a ‘Price Index’ and ‘In-
terest Yield’ for four term sub-indices and an overall All Bond Index. The Price Index and
Interest Yield were simply the weighted averages of the clean prices and running yields, respec-

tively, of the bonds in each category.*

Indices are primarily used as a benchmark for measuring portfolio performance and the main
drawback of the JSE-Actuaries Bond Performance Index was that only approximate total returns
could be calculated from the index values. This problem was addressed by the introduction of
the current indices called the BEASSA Total Return Indices. launched by the Bond Exchange
of South Africa (BESA) and the Actuarial Society of South Africa (ASSA) in July 2000, see
BESA, ASSA (2000).

*The Indices were back-dated to January 1986. The Price Index values were based to a level of 100 on 1
January 1986.

12



The BEASSA Total Return Indices consists of three main indices:

o The All Bond Index (ALBI) which consists of the top twenty® listed bonds ranked according

to a dual market capitalisation and liquidity ranking system.®

e The Government Bond Index (GOVI) which consists of the South African government

bonds that are ranked in the top ten in the dual ranking.

e The Other Bond Index (OTHI) which consists of all the bonds in the ALBI that do not
belong to the GOVL

The ALBI is also split into four sub-indices by term to maturity. In particular the term splits

are for bonds with terms to maturity of 1-3 years, 3-7 years, 7-12 years and greater than 12 years.

The index constituents are reselected quarterly with the reweightings taking effect on the first

Thursdays of February, May, August and November.”

The index values as well as the index modified durations. convexities and other statistics are
published daily by BESA.

The advantage of the above total return indices is the simplicity with which accurate total
returns can be calculated: if the value of the index is Iy at time t = tg and I; at time t = t; > {g

then the total return for the period tg to t; is given by the formula®

1
total return = = — 1. (2.1)
Io

Also, unlike the previous indices, the current indices are replicable in the sense that the actual
performance of a replicating portfolio will match the performance implied by the published index

values if the portfolio manager can trade at the prices used to rebalance the index.

2.2 Yield curves

The first yield curve for the South African market, called the JSE-Actuaries Yield Curve, was
introduced concurrently with the JSE-Actuaries Bond Performance Index. The curve was con-
structed by first using a type of cluster analysis to group a weighted set of input bonds into five

clusters and determine centre points of these clusters. The curve was then constructed by using

5The number is subject to change at the discretion of the index selection committee.

50Only bonds that pay fixed semi-annual coupons are eligible for sclection for the ALBIL Bonds are also required
to have a term to maturity of greater than one year for the entire period for which the selection is being made.

"Special reweightings may occur at the discretion of the index selection committee.

8Coupons are assumed to be reinvested proportionately across the index.

13



cubic splines to join these centre points, see Mcleod (1990, An example of a curve for 30 June

2006 penerated using this methodolony iz show in Figure 2.3 below.

Figure 2.3: JSE-Actuarics Yield Curve (30 June 2006]

9.5 T T T T T T
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The JSE-Actuaries Yield Curve was however less thaw ideal — shortcomings included the fact
that the curve was constreted Trom bomls with varving credic quality and the faet that the
eurves would not necessarily value any of the input bonds correctly. The JSE-Actuaries Yield
Curve was voplaced by the current curves, called the BEASSA zero-coupon eurves, which have
been pullished o their present lovmat sinee December 2001, see Etheredge (2003). The BE-
ABBA zero-coupaon curves are publizshed daily by the Bond Exchange of South Africs and consist

of various curves created from instruments in the local bond and swap market.

The vero-coupon bond curves are constriucted from the bonds belonging to the GOV index.
and 4 variety of moneyv-market inscromencs. Two different types of zereeuipon bond oirves
arc published namely ‘perfect fit’ and ‘hest decency’, The ‘perfect fit’ curve prices the inpus
instroments exactly. That is 1o say if the cash lows of any of the inpue bonds are walued asing
the ‘perfect fir' curve, the warket price of 1he bond is oldained. Gonds thal are nol inputs inoo
the curve constroction process will however not necessarily be priced correctly by the curve. The
‘best docency’ curve aims to balance the requirements of pricing accuracy and smoothness - ic
will be smoother than the ‘perfect 67 curve but will not necessarily value the input instruments

exacily. Tor details of the curve construction procedure see Etheradge (20004,
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Implementation of our model requires both ‘perfect fit’ and "best decency’ type forward and
zero curves. The details of the calibration procedure and our curve construction process, which

is similar to Etheredge (2003), are discussed in Chapter 5.

‘Perfect fit" and ‘best decency swap curves are also published. The swap curves are based
on the same construction process as the bond curves, except that that the input instruments
are swap rates instead of bonds. Again the ‘perfect fit’ swap curves will price the input swaps
exactly, while the ‘best decency curves’ sacrifice some degree of pricing accuracy in return for
smoother curves. The model that we discuss can be calibrated to swap curves in a similar way
using the procedure outlined later, and can provide a theoretical link between the ‘best decency’

and ‘perfect fit’ swap curves.

2.3 Other instruments and derivatives

Until recently the market for South African swaps has been largely an interbank market. Swaps
trade over-the-counter (OTC) and are usually standard fixed vs. floating swaps linked to JIBAR?
where payments are exchanged quarterly. The local banks mainly trade swaps with maturities
up to 10 years. Longer dated swaps with maturities up to 30 years are primarily traded by

foreign banks.

A market for options on South African bonds exists but is currently a lot less liquid than
the underlying bond market. The most liquid derivatives during the 1990s were options on
Eskom bonds. During this period asset managers were very active in the options market and
there were numerous market makers (banks) trading options. At this time only OTC options
traded and physical option contracts were exchanged. Many international and domestic players
stopped trading the South African options market after the 1998 emerging market (Russian)

crisis and option turnover decreased significantly.

In the last few years option trade has been concentrated in options on South African gov-
ernment bonds — very few, if any Eskom options trade. Option pricing tends to be based on
the price of options on a single benchmark bond, currently either the R153 or R157. To price
options on other South African government bonds, the market convention is to calculate the rel-
evant implied volatilities from the benchmark bond volatility using a relatively naive volatility
conversion formula. Options with 3, 6, 9 and 12 month expiries trade, with 3 month options

being the most liquid — the longer dated options tend to exhibit wider bid-offer spreads.

9 Johannesburg Interbank Agreed Rate.

15



In Section 5.3 we discuss how the perturbed model can be calibrated to a benchmark option
price. The second example in Chapter 6 then compares the prices implied by the perturbed
model for options on other (non benchmark) bonds with the prices obtained using the market
volatility conversion convention. The model that we implement provides a more sophisticated
methodology for pricing options on less liquid bonds which is consistent with observed yield

curve dynamics.

16



Chapter 3

Preliminaries

This section sets out some well known results and notation used later.

3.1 Some interest rate definitions and notation

The fundamental objects of fixed income modelling are zero-coupon bonds. A zero-coupon
bond with maturity date T is a contract that guarantees to pay the holder 1 unit of currency

at time T. The price of a time T maturity zero-coupon bond at time ¢ < T is denoted by p(t, T').}

The time t, T — t year zero-coupon rate or spot rate is denoted by Y (¢,7). This is the in-
terest rate earned on money invested at time t to be returned at time T. We will assume that
Y(t,T) is a continuously compounded interest rate. Since buying a T-maturity zero-coupon

bond at time t is equivalent to investing p(¢, T) at time t to receive 1 at time T it follows that
p(t, T)e¥ &I — 1 (3.1)
The price of the zero-coupon bond p(t, T) is therefore given by

p(t.T) = e Y&IUT-1), (3.2)

The time ¢, time-weighted yield of the zero-coupon bond maturing at time T is denoted by

y(t,T) = Y (1, T)T — 1). (3.3)

'The definitions that follow are subject to the assumptions that:

e There is a frictionless market for zero-coupon bonds of every maturity T > 0.

p(T,T)=1for all T > 0.

e For every fixed t, p(¢. T) is differentiable with respect to T

There is no risk of default.
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The price at time t of a coupon bearing bond with cash flows c¢; occurring at times 7 for

j=1,...,mis given by

k
Alt.em,Tm) =Y ep(t.Ty). (3.4)
Jj=1

For t < S < T, the continuously compounded forward rate F(¢,S.T) is the continuously com-
pounded rate at time ¢ for the period S to T. A simple no-arbitrage argument, see for example
Bjork (1998), shows that F(t,5,T) is given by

Inp(t,T) —Inp(t. 5)
T-S

F(t,5,T) = . (3.5)

The instantaneous forward rate, f(¢,7), is the rate at time ¢ for the infinitesimal interval
[T, T + dT] and is given by

f(,T) = lim F(t,T.T+AT)

— = _ linf Inp(t, T+ AT) — lnp(t,T)
AT—0 AT
Alap(t,T)
T

(3.6)

Solving the differential equation (3.6) gives the zero-coupon bond price p(t,T) in terms of the

instantaneous fOrV\"ard rates:
T
p(t, T) = exp {7/ f(t. s)ds} . (3.7)
t

The instantaneous short term risk-free rate or short rate at time ¢ is denoted by r(#). The short
rate is defined as the instantaneous forward rate at time ¢ for the infinitesimal interval [¢,¢ + dt],
that is

r(t) = f(t,1). (3.8)

The money-market, account is defined as the investment that continually accrues interest, at the
prevailing risk-free rate. Assuming a value of 1 at time ¢ = 0, the value of the money-market

account at time ¢ is given by

M(t) = exp { /0 t 7'(5)ds} . (3.9)
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3.2 Matrix functions

Both the underlying and perturbed models are formulated in terms of matrix functions. Matrix

functions and the rules for differentiating and integrating them are defined as follows:?

The matrix function A(t) defined by
A(t) = laj()], 1y i=1,....n, j=1.....m, (3.10)

is an n x m matrix with the functions a;;(t) as entries.3

The derivative and integral of the matrix function A(?) are defined by

d_fiﬁ = {%(Lij(f)} (3.11)

/ut A(s)ds = Uut as;(s) dsLxm. (3.12)

The rules for differentiating and integrating matrix functions are similar to those for ordinary

and

functions. In particular for matrix functions A(¢) and B(t¢) and constant matrix C of suitable

dimensions we have

a—tC’A(t) 5 CEA(”’ (3.13)
d dA(t) | dB(t

p (A(t)+ B(t)) = T (3.14)
d B dB(t) dA(1)

E{A(t)B(t) = A(t)T + TB(t)’ (3.15)
-t 't 't

/ (A(s) + B(s))ds = / A(s)ds+ [ B(s)ds. (3.16)

3.3 Matrix exponential

For any constant n x n matrix, A, and scalar, 7, the matrix exponential, ¢7. is defined by the

power series expansion

oc
=% (fz)kA (3.17)
k=0
We use the MATLAB function expm to calculate matrix exponentials. Although it can be shown
that the series (3.17) converges for all values of 7, it does not converge fast enough to use as an
approximation, see Grewal and Andrews (2001). Moler and Van Loan (2003) discuss the various
possibilities for calculating the matrix exponential, including Padé approximation and scaling

and squaring, the techniques used by the function expm.

2See Grewal and Andrews (2001), Zill and Cullen (1992).
3The functions a;;(t) are assumed to be defined on a suitable interval I.
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3.4 The Heath-Jarrow-Morton drift condition and affine HJM

models

As discussed in Chapter 1, the HIM framework (Heath et al. 1992) models the evolution of the
vield curve in terms of the process followed by instantaneous forward rates. The well known
HJIM drift condition specifies the relationship between the parameters of the forward rate pro-
cess. The most commonly used version of the condition states the relationship between the drift
and diffusion coefficients when the forward rate dynamics are specified under the martingale

measure:4

HJM drift condition: If the dynamics of the instantaneous forward rates, specified under

the martingale measure Q, are given by

HFET) = alt, T)dt+ot, T)dW(t)
F0,T) = f(0.7), (3.18)

where W (t) is an n-dimensional Q-Wiener process, o(t,T) is an n-dimensional vector valued
function, o(t.T) is a scalar function and f*(0,T) is the observed forward rate curve at time
t = 0 then the relationship between the drift coefficient, o(t,T). and diffusion coefficient, o(t.T),

must be

o (t.T) = o (t.T) /tT o (1) ds. (3.19)

In the above formula' denotes transpose.’ O

Condition (3.19) implies that although the volatility structure of an HJM type model can be

specified freely; once it has been chosen the drift parameters are uniquely determined.

An n-dimensional HJM model is said to be Markovian if there exists an n-dimensional Markov
process x(t), such that the forward rates can be expressed in the form f(¢t.T;x(t)). The notation
implies that the effect of the Wiener process enters only through the variable x and any further

dependence on ¢t and T is deterministic.

Further, a Markovian HJIM model is said to be affine if the forward rate process can be written

in the form
f@&,T;x(t)) = h(t, T)x(t) + ho(t,T), (3.20)

4See for example Bjork (1998).
®Expanding the matrix multiplication in (3.19) gives

n T
a(i,T):Z(n (I,T)/t ai (1, 8) ds.

The multi-factor HIM drift condition is often cited in this form, see for example Hull (2003).
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where h(t,T) and ho(t,T) are deterministic functions. The model derived by Gombani et al.
(2005) that we propose to implement fits into the affine HJM framework. Conditions on the
volatility parameters under which a general HIM model can be written in affine form are derived
by Chiarella and Kwon (2001).%

3.5 Principal component analysis of the yield curve

Principal component analysis (hereafter PCA) is a multivariate statistical technique for simpli-
fying a dataset by reducing its dimensionality. The discussion below is based on Johnson and
Wichern (1992).

Suppose that a dataset consists of n observations of the p random variables Xi, Xa,..., Xp.
Algebraically, PCA aims to explain the variance-covariance structure of the dataset through a

few linear combinations of the original variables:

Suppose the covariance matrix associated with the random vector X = [Xi, Xo,..., X}] is

given by £ = [0 ], where 0;; = cov(X;, Xj;), i.j = 1,2,...,p. If the linear combinations

Vi = Xy + anXo + -+ (X, = 60X
Yo = f12Xy + £2Xo + - + X, = (X
. pey : (3.22)
Yy = 6pX1 4 lpXp + - + lpX, = OX,
then it follows that
var (V;) = 822& i =1,2,....p (3.23)
cov (Vi Y;) = ¢ .5 =1.2.....p.

The principal components are defined to be the uncorrelated linear combinations Y; = £,X, i =

1,2,...p that have maximum variances subject to the constraint that £¢; = 1.7

Specifically the first principal component is the linear combination £ X that maximises var(¢] X)
subject to 16 = 1.

5n general, a term structure model is said to be affine if zero-coupon hond prices are of the form
p(1,T) = 0A(t,T)+B(tAT)r(z), (3.21)

where A(¢,7") and B(¢,T) are deterministic functions. Duffic and Kan (1896) discuss the general theory of affine
term structures.
7 Since for any particular coefficient vector, &, var(#; X ) can be increased by multiplying #; by a constant, the

cocfficient vectors are required to be of unit length.
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The second principal component is the linear combination £, X that maximises var(£,X) subject
to £y = 1 and cov(# X, 04X ) = 0.

The ith principal component is the linear combination £, X that maximises var(¢;X) subject
to £;¢; = 1 and cov(£ X, £5X) = 0 for j < i.

It can be shown, see Johnson and Wichern (1992), that the principal components are deter-
mined by the eigenvectors and eigenvalues of the covariance matrix. The covariance matrix, 3
can be diagonalised® as ¥ = QAQ’ where A is the diagonal matrix of the eigenvalues of ¥, namely
A1 > A2 > ... > Ap, and @ is the matrix with the corresponding eigenvectors, e; > e3 > ... > ¢p,
as columns. The matrix @ is orthogonal, that is QQ' = Q'Q = I.

The ith principal component is given by
Y = euX1 + e X0 + - + (‘,In'Xp = X (3.24)

fori=1,2,..., p, and

var(V;)) = €eXe; = A, i = 1.,2, ..p (3.25)

cov (Y, Y;) = €¥e; = 0, i # J
The total variance explained by the principal components is equal to the total variance of the
original variables. This follows from the fact that the sum of the diagonal entries of a matrix is

equal to the sum of its eigenvalues,® see for example Strang (1998), hence

p p

P P
Zvar(Xi) = Zgii = Z/\i = Zvar (Y. (3.26)
i=1 i=1 =1 i=1

It follows from (3.26) that the proportion of the total variance explained by the ith principal

component is
Ai
AM+A+ .o+

Although p components are required to reproduce the total system variability, a large percentage

(3.27)

of the variability can sometimes be explained by a small number of components, say k. In this
case the first k components can replace the original p variables as they contain almost as much

information.

The original variables can be expressed as a linear combination of the principal components: a

8 All symmetric matrices can be diagonalised and will have real eigenvalues and orthogonal eigenvectors, see
for example Strang (1998).
9This number is called the trace of the matrix.
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particular observation, z = [z1,29,...,2p], of the random vector X = [X7.X5,..., X} can be

expressed as

P
T = Zajej. (3.28)
j=1

The a’s are called the principal component ‘scores’.

PCA can also be interpreted geometrically. By viewing the observations of the random vec-
tor X = [X1,X2,...,Xp] as m points in p-dimensional space, PCA can be interpreted as a
rotation of the original dataset to a new coordinate system where the new axes represent the
orthogonal directions of maximum variability. In this context the scores are the representation
of the original data in terms of this new coordinate system. Replacing the original data with the
first k principal components is equivalent to projecting the original data onto the k-dimensional

hyperplane that best approximates the data.

A PCA of historical yield curve data!? can be used to determine the main types of yield curve
shift that occurred over the period. Figure 3.1 below shows the coefficient vectors of the first
three components of a PCA of historical South African forward curve data for the period 30
June 2003 to 30 June 2006.1! The principal components are calculated from the covariance
matrix of the forward curve shifts. Construction of the forward curves and PCA 1is discussed

further in Chapter 5.

As mentioned in Chapter 1, most movement in the yield curve can usually be described by three
main types of shifts. In other words, most of the curve volatility can be explained by the first
three principal components. For the components shown in Figure 3.1, the first three components
explain approximately 90.2% of the curve volatility. Usually the first three principal components

can be interpreted as level shifts, slope changes and curvature changes.

The first component is called a level shift since it describes a shift that is usually close to
parallel. In other words level shifts cause the curve to move in the same direction across all
maturities. For the components shown in Figure 3.1, a positive level shift implies that the entire

curve shifts upwards while a negative level shift implies the entire curve moves downwards.

Slope changes, which are defined by the second component, represent a steepening or flattening
of the curve. Slope changes cause short-dated and long-dated rates to move in opposite direc-

tions. For the components shown in Figure 3.1, a positive slope change represents a steepening

08pecifically, a history of discrete approximations to the historical vield curve shifts, where for each date the
curve is approximated by a vector of interest rates corresponding to a common term vector.
The principal components were calculated using curves with a monthly term vector. However, to highlight

the discrete nature of the coefficient vector only every third point is plotted.
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of the curve while a negative slope change causes the curve to fHatten,

The third component defines enrvature changes which canse shori-dated and long-dated rages
to move in the apposite direction to rates in the middle of 1he curve, For the compornents shown
in Figure 3.1, a positive curvature shift causes short-dated and long-dated rates to move up-
wards and races in the middle of the curve ta e downwards, causing the enrve to becomc less

“humped”, Conversely s negative cirvalure change canses 1he cneve o hecotne more Ioped”

An arbitrary shilt in the yield curve can be expressed (approximately) as a linear combinarion
of i level shifi |, slope change and covvalure change. The cocthicients of this Tinear eombination,
the scores, can be thought of as three rendom variables that determine the shifts in the yviehl

gurve. The raudiu variable 11'(2) esscntially determines the values of the scores,
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Chapter 4

The model

The model that we propose to implement in the South African market was developed by Gom-
bani et al. (2005). They derive an arbitrage free pricing system to price illiquid bonds that is
consistent with the observed prices of a finite number of liquidly traded bonds. The model is

derived in two stages called the underlying and perturbed models.

The underlying model defines the theoretical arbitrage free term structure. It is assumed to
be a multi-factor, affine HIM type model, like (3.20). where the stochastic factors satisfy a
linear diffusion equation. As a result of the affine nature of the model, the term structure at

each point in time is determined by the state vector defined by the stochastic factors.

Since the initial forward rate curve is an input to an HJM type model, the theoretical prices
implied by the underlying model at time ¢ = 0 will correspond to the observed prices.! This is
however generally not the case at times after ¢ = 0. Given the prices of as many zero-coupon
bonds as there are stochastic factors (in our case three), the value of the state vector can be
reconstructed such that the prices of these zero-coupon bonds correspond with the prices im-
plied by the underlying model. The prices implied by the underlying model for other bonds will

however generally not correspond exactly to the current observed term structure.

Gombani et al. (2005) argue that the differences between the model and market prices should
be interpreted as unobserved errors. They justify this setup on the basis that uncertainty is
introduced by various factors such as model misspecification, liquidity constraints and bid-offer
spreads as well as the fact that since the term structure is actually infinite dimensional there
will always be some residual error when using a finite dimensional model, see Gombani and
Runggaldier (2001).

The, second stage of the process, the perturbed model, models the prices of the observed bonds

!Provided that the instrument being priced is valued correctly by the initial forward rate curve.
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as their theoretical values distorted by noise. The available information is assumed to be the
prices of N liquid zero-coupon bonds and the perturbed model is formed by adding an extra

factor of dimension N to model the extra uncertainty associated with each of the observed prices.

By defining an extended state vector, the perturbed model can be written in the same form
as the nnderlying model but for the perturbed model the available information is insufficient. to
reconstruct the extended state vector. Stochastic filtering techniques, in particular the Kalman

filter, are used to estimate the extended state vector.

4.1 The underlying model

The underlying model defines the theoretical arbitrage free term structure. As described in
Gombani et al. (2005) the underlying model is assumed to be a multi-factor affine HIM type

model where interest rates and bond prices are functions of n abstract factors.

Given a filtered probability space (2, #, %, Q), the abstract factors, x(t), are assumed to satisfy

an n-dimensional linear diffusion equation of the form?

{ da(t) = A(t)z(t)dt + B(t)dTV (t) 1)

x(0) = 0,

where A(t) and B(t) are n x n matrix valued functions® and 117(t) is an n-dimensional Wiener

process. The instantaneous forward rates are defined by
F(6T) = Ct, T)a(t) + G, T). (4.2)

where C(t,T) is an n-dimensional vector valued function and G(¢.T) is a scalar function. Both

C(t.T) and G(t,T) are assumed to be differentiable with respect to t.

From this point forwards, we are going to consider a three-factor model. As discussed in Section
3.5 three factors are usnally sufficient to explain most of the volatility of the term structure. A
pleasing feature of the perturbed model is that there is a closed form solution for bond pricing
which is not the case for a general HJIM model. Thus three factors do not significantly compli-

cate pricing.

2Gombani et al. (2005) show that the assumption that (0) = 0 is not restrictive,
3The matrix functions A(t) and B(t) are required to be locally bounded. Also A(t) and A(s) are required to

commute for all s, ¢ > 0, see Gombani et al. (2005). We will later assume that A and B are constant matrices

which therefore trivially satisfy these regularity conditions.
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It is possible to write the underlying model in the usual HJAI form. Differentiating (4.2) with

respect to t gives
df(t,T) = [Cy(t, T)x(t) + C(t, T)A(t)x(t) + G¢(t, T)} dt + C(t,T)B(t)dW (1), (4.3)

where Cy (t,T) and G; (t,T) denote derivatives of C (¢,T) and G (t,T) with respect to ¢t. Com-
paring (4.3) with (3.18) shows that the underlying model is a three-factor HJM model with drift
coeflicient

a(t,T) = Ci(t, T)x(t) + C(t, T)A(t)x(t) + G¢(t. T), (4.4)

and diffusion coefficient
o(t, T)=C(t, T)B(t). (4.5)

In the general HIM framework, o (and hence «) may depend on previous values of the forward
rates. In this case however, ¢ and o are deterministic functions of ¢ and 7. A deterministic
volatility structure results in a so called Gaussian HJM model. Under a Gaussian HJM model,

forward rates are normally distributed.

The functions C(t,T) and G(t,T) cannot be chosen arbitrarily - using the HJM drift condi-
tion (3.19) Gombani et al. (2005) show that C(¢,T) and G(¢,T) must satisfy the following
conditions:

C(t,T) = C(T)eli Als)ds, (4.6)

where C(T) = C(T,T) is a locally bounded function, and

G T) = (0, T) +%/Ot 3r(s. T)ds. (4.7)

where f*(0,T) are the observed forward rates at time zero, 3r(t,T) denotes the derivative of
S3(t.T) with respect to T and 3(¢t,T) is given by

2

T
B(t.T) = /t C(t,u) B(t)du

(4.8)

Equations (4.6) to (4.8) show that functions chosen for f*, A(t), B(t) and C(T) determine the
functions C(¢,T) and G(t,T).

From here onwards we assume that A(t) = A, B(t) = B and C(T) = C are constant ma-

trices. In this case equation (4.6), the condition on C' (¢, T), simplifies to

C(t,T) = AT, (4.9)

*General Gaussian HIM models are discussed in Section 13.3 of Musiela and Rutkowski (1997).
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Choosing A(t) = A, B(t) = B and C(T) = C to be constant results in stationary volatility:
Noting (4.9), the diffusion coefficient (4.5) can be written in the form?®

O‘(t,T) _ CeA(T~t)B
= [gl(va) oo(T —t) o3(T - t) }
(4.10)

Thus volatility is stationary since o (¢, T) is only a function of time to maturity, T — t.

If we further assume that A is invertible then there is a closed form solution for G(t,T): ©
2
G(tT) = f0,T)+ {HCA AT~ |cateAT 0 g }

+CA™] [e (T—) _ eAT} BB A1,
(4.11)

4.1.1 Solving for x(t)

Assuming that at time ¢, we have exactly three observed bond prices, we can, in general, de-
termine the state vector x(t): If y(¢,T) ft f(t,s)ds is the time ¢, time-weighted yield of the

zero-coupon bond maturing at time T then from (3.7), (4.2) and (4.9) we have

y(t, T) = /tT C(s)e s 2(t) + /tT G(t. s)ds.

If the observed bonds have maturities 77 < T < T3, we can write

y(t, T 1 (1) B at, s)ds
y(t,Te) | = H) | z2t) |+ | [2G(ts)ds (4.12)
y(t, T) z3(t) TGt s)ds

where H(t) denotes the 3 x 3 matrix

tTl C(s)e5=ds

H(t) = tT2 C(s)eAs—ds

tTa C(s)eAsDds

SIf we were considering the one-factor case, defining ¢ = CB and ¢ = — A would reduce (4.10) to

o(t.t) =ge *TH,

which is the volatility structure required to recast the Hull-White (extended Vasicek) model in the HIM framework,

see Bjork (1998).
8See Gombani et al. (2005), Bjork and Gombani (1999).
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The factors can be reconstructed from the observed bond prices if (4.12) can be solved for x(t)
which can be done provided that H(t) is invertible. The factors z(t) are said to be observable

as their values can be reconstructed from the available information.

4.2 The perturbed model

In practice the underlying model described above should give a reasonable description of the
long-term, time series features of the term structure. However at times t > 0 it is likely that the
underlying model will not fit all the observed prices exactly.” Section 4.1.1 shows that at times

t > 0 the underlying model can only be fitted exactly to three zero-coupon bond prices.

Gombani et al. (2005) argue that the differences between the model and actual prices should be
interpreted as unobserved errors and that the prices of the observed bonds should be modelled

as the theoretical values implied by the underlying model perturbed by noise.

Assuming that there are N observed bonds, the underlying model is extended to the perturbed
model by adding an extra factor, £(t), of dimension N to model the extra uncertainty associated

with each of the observed prices.

For the perturbed model the available information, which is assumed to be the prices of the
observed liquid bonds, is insufficient to reconstruct the factors exactly. Stochastic filtering tech-

niques, in particular the Kalman filter, can be used to estimate the factors.
The perturbed model is defined as follows:

Assume that the maturities of the observed zero-coupon bond prices are Ty.....Tn. Then

the perturbed version of (4.2) is given by

dz(t) = Ax(t)dt+ BdW(t) (4.13)
d(t) = Ad()E(t)dt + Be(t)dWe(t) (4.14)
f(t.7) = CET)a(t)+ Ce(t, TIEW) + G T) (t <T). (4.15)

where 11(t) is an N-dimensional Wiener process that is independent of 1V, 2(0) = 0 and
£(0) = 0. For fixed T, the function C¢(¢.T) is an N-dimensional row vector of locally bounded

functions. The function é(t, T) is assumed to be differentiable with respect to t.

"Since the model is fitted to the initial term structure, at time t = 0 the prices implied by the underlying
model of any instruments that are priced correctly by the initial forward curve will correspond to the observed

prices.
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The components of £(t), namely &;(t), @ = 1...., N represent the extra uncertainty associ-

ated with each of the observed bonds.

By defining an extended state vector

_ x(t)
F(4) = 7 4.16
(1) { o } (4.16)
the perturbed system can be written in the same form as the underlying model:
dz(t) = A(t);%(t)—}—é(z‘)dﬁ/(t), (4.17)
f(t,T) = C(t,Ta(t)+ G, T), (4.18)
with .
i = |40
L0 Ag(t)
B(t) = B0 ,
| 0 Bel(t)
cwr) = [ cnm .

- [wo
wo = [10).

The functions C(t.T) and G(t,T) have to satisfy similar no-arbitrage restrictions to C(t,T') and
G(t,T), see Gombani et al. (2005). In particular

C(t,T) = C(T)eli Als)ds (4.19)

where C(T) is a locally bounded function, and

G, T) = f*(O,T)+% /0 3p(s. T)ds, (4.20)

with

2 2

T -~ ~
3(.7) = / Gt 1) Be () du (4.21)

t

T
/ C(t,u) B(#)du
t

= 3(t.T) + }

Typically one would recalibrate the underlying model on a daily basis to deal with the fact that,
at times after the model has been calibrated, the prices implied by the model do not correspond
with the prices observed in the market. The perturbed model is an improvement on the under-
lying model in the sense that recalibration to the market is built into the model. Essentially
the extended state vector ensures that the prices of the liquid bonds given by the perturbed
model will be consistent with the market prices and the prices of illiquid bonds implied by the

perturbed model will be arbitrage free with respect to the market prices of the liquid bonds.
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4.2.1 Choice of parameters

From here onwards we focus on a particular choice of parameters that results in a model similar
to the one considered in an earlier paper by Gombani and Runggaldier (2001). Specifically we

look at the case where

A¢ =0, Be = bl and C{(T) = x(1,_, 1,;(T). (4.22)

where b is a scalar and y(7,_, 1;)(T) denotes the indicator function.®

This choice of parameters equates to adding a perturbation driven by the Wiener process W?(t)
for each of the observed bonds p(t,T;) where the ith perturbation, £*(¢), only affects the prices

of bonds with maturities less than or equal to 7;. This can be illustrated as follows:

Suppose that for the bond p(t,T), T is in the interval (Tjx_;.Tx) with 1 < k& < N. If Ag,
B¢ and CE(T) are chosen according to (4.22) then (4.14) becomes

d(t) = bdWe(t). (4.23)

and (4.19) simplifies to

C@t.T) = [C(1,T), Ce(T)) (4.24)

and (4.20) shmplifies to

- T—-Ty )t if +t<Th_
G(t,T) = G(t,T) + b2 ( ok J L e (4.25)
Ai(Tk_l)Q + Tt - 51,2 if > Te_q,
where G(t,T) is given by (4.11). (See Appendix A for derivations of (4.24) and (4.25).)
From (3.7) and (4.15), the price at time ¢ of a bond maturing at time T is given by
F(t,T) = e~ Ji Cts)s®+Ce()0+G(t)ds (4.26)
where from (4.16), (4.18) and (4.24)
Ce()E(t) = CL()E () + ...+ CF ()N (1), (4.27)

If T < T;.1 then Cg(s) = x(1,_,,1;)(8) = 0 for all t < s < T. Therefore since T € (T_1, Tk,
Cé(.s){i(t) = 0 for i > k and it follows that the values of ¢¥*1(),... €N(t) have no effect on
pt.T).

& The indicator function, X(1; 1) (T) is defined by

1 fTe(Tio1, Ty
T =
X(THLTJ( ) { 0 otherwise.
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4.2.2 Summary of the perturbed model

For the choice of parameters discussed above, the perturbed model can be summarised as follows:

dz(t) = Ai(t) + BdW(1).

f,T) = C@t, i)+ G(t.T), (4.28)
where _
. z(t)
x(t) = ,
(t) e } :
s [ A 0}
100
5 B o0 }
0 b]
cwm = |[cwn) cum |,
. W
and
cit,T) = AT,
CE(T) = X(Tio1, Ty
\ o} (T =Teq)t it t<Tp
G, T) = Gt T)+b { TP AT 3 0 s T
G, T) = f*(O,T)-l—%{HC’AchTBH?A HCAICA(Tt)BH2}

LOAL [eA(T—t) _ eAT] BR' A1 (4.29)

4.2.3 Estimating #(t)

For the perturbed model the dimension of the extended state vector Z(t) is 3 + N, the sum
of the dimension of z(t) and the number of observed bonds. This means trying to determine
#(t) using the method of Section 4.1.1 results in a system of N equations in 3 + N unknowns.
Consequently, the matrix H (t) is not invertible. This implies that it is not possible to solve the
equation for Z(t), or in other words the extended state vector is not observable. Gombani et
al. (2005) therefore resort to Kalman filtering. a stochastic filtering technique, to estimate the

state vector at each point in time. The Kalman filter is discussed in Section 4.3.2.
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4.3 The ‘projected price system’

The perturbed model can be used to derived a formula for zero-coupon bond prices that are
arbitrage free with respect to the observed bond prices. Gombani et al. (2005) call the term

structure implied by this formula the ‘projected price system’.

Gombani et al. (2005) derive the ‘projected price system’ in three steps. Firstly they use the
usual martingale measure method to define a pricing system using a particular observed bond as
the numeraire. (For details on martingale measure pricing and numeraires see for example Bjork
(1998).) They then show that it is possible to extend this formula to the general case where the
numeraire is unobservable. Lastly they show that by choosing the unobserved money-market
account as the numeraire, computing the projected system reduces to computing the conditional

mean and covariances of the extended state vector 7(t) which can be done using the Kalman
filter.

We follow the notation of Gombani et al. (2005) and define martingale measure pricing as
follows:

Definition 4.1 For a numeraire N(T) with martingale measure Q on a filiration %, the price
system defined by the triple (Q, N, &) for the Fr-measurable claim X is

11, 7(X) = N(1)E® Rg; ‘ 3@} | (4.30)

where I, 7(X) denotes the price at time t of the claim X that matures at time T. In particular,

for the observed bond prices one then has

pt.T) = NOES | 75| 7] (431)
O

Usually the money-market account is chosen as the numeraire. In this case however, Gombani
et al. (2005) choose the numeraire to be the normalised price of the bond with longest maturity,”
g((é”%::) . It follows from Definition 4.1 that under the corresponding martingale measure Q*,

1

p(t.T) = p(t. Tn)E® [m

ftjl for t <T < Ty.

As noted in Section 4.2.3 above, the factors of the perturbed model are unobservable as they
cannot be reconstructed from the observed bond prices. This corresponds to only having partial
information available. The partial information available from the observed bond prices corre-

sponds to a sub-filtration, denoted f., of the model filtration #. Assuming that the information

9This choice is for convenience; the same results are achieved if the numeraire is defined using any of the other

observed bond prices as E(%HT:; and the corresponding martingale measure @ is used to take expectations.

33



available at time 7 is given by ,9'2}, Gombani et al. (2005) define the ‘projected price system’ as

follows: 10

Definition 4.2 The ‘projected price system’ is denoted by p(t,T) and is given by

(. T) = p(t. Tw)EQ” [;(—TIT—N)| ﬁt} fort <T < Ty. (4.32)

. . N : . . 5 : p(t, T
Since p(t. ’liN) € %, the projected prices, p(t,T), are F-adapted processes. Also, since %
is a (QV, #)-martingale VT < T the ‘projected price system’ is arbitrage free.

The above definition requires the nmmneraire to be observable (?tfmeasurable). Gombani et
al. (2005) prove the following proposition which extends the definition of the ‘projected price

system’ to the general case where the numeraire is not observed.

Proposition 4.1 If N(t) is a numeraire with corresponding martingale measure Q on F such
that N(t) ¢ #;. Then, letting

. 1
N)= ——
[
one has
Pt T) = N(1)EQ mlT) 2,

If the unobserved money-market account M is chosen as the numeraire, with corresponding

martingale measure Q, then it follows from Proposition (4.1) that

[E {M(T “%H‘%}

(L T) =
EQ [M t)"gz t}
1
Z . .
= { M(T) | } because .%; C Fr.
B[] ]
(4.33)
From Definition 4.1 _
PET) _ e [L‘ 54}} , (4.34)
M(t) M(T) '

The concept of consistent price systems for sub-filtrations is derived in a general setting in Gombani, Jaschke
and Runggaldier (2004).
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therefore

 [152]9] - = [o[{] 4
M(t) M(T)
= EQ [ ‘ } since 3‘} C %.
(4.35)
Substituting the above equation into (4.33) gives
peT) | &
plI,T) = ik ’ } (4.36)

EQ | | &)

Equation (4.36) is used as the definition of the projected prices.

4.3.1 Computation of the projected prices by Kalman filtering

This section discusses how the projected prices derived in the previous section can be computed.
Gombani et al. (2005) show that if %, is defined as the filtration generated by the N observed
bond prices (j(t,T;));—;, .y, or equivalently the filtration generated by time-weighted yields,

~~~~~

(g(lL Ti))izl,‘..,N, Where
ﬂ(f.T) 710% / f f 8 ds (4.37)

then the pricing formula (4.36) can be written as

p(t.T)| &
EQ [ M(t) 1 ‘%t} — exp {—Q(T, T) + %l}(t,T) + I‘Q(t,T)} , (4.38)
dEGitd

with
G, T) = IEQ[ rT|3@} (4.39)
Nt T) = var® fT|ft} (4.40)

Yy
La(t. T) = cov [ (t,T) /jssds

} . (4.41)

From equation (4.38) it is clear that that if the conditional mean and variances (4.39) - (4.41)
can be calculated then so can the projected prices defined by (4.36).

Gombani et al. (2005) show that the values of §(t,T), I'1(t.T) and Iy(¢t,T) can in fact be
calculated in terms of the conditional distribution of the extended state vector Z(t) given the
observed bond prices. This conditional distribution corresponds to the solution of a stochas-
tic filtering problem where the factors Z(t) form the unobservable component of the system.

Kalman filtering can be used to find this solution.
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Before discussing the Kalman filter some notation needs to be introduced. From (4.15) and
(4.37) with C(t) = C(t.t) and G(t) = G(t,t), the yield dynamics can be written in the form

T ~
dy(t,T) = ff(t,t)dt-{—/ df(t.s)ds

= —C(Hi(t)dt — G(t)dt + (/tT é(ts)dsB) AW () + (/tT ét(t.s)ds> dt.

(4.42)
To simplify notation Z(t) is defined as
3(t, 1) — [ G(t,s)ds
- T,
g(t. Ty) — [[2G(t. s)ds
sy = | PO AT G (4.43)
y(t,Tn) ftTN G(t. s)ds
giving
@) [ C(t.5)dsB
Clt ftT? C(t,s)dsB -
dzZ(t) = — Z(t)dt + . dW(¢). (4.44)
() [ C(t. 5)dsB

By defining C¢(t) and V(t) as the terms in the first and second brackets in (4.44) respectively,

the partially observed system can be written in the form

di(t) = A#(t)dt + BdW (1) (4.45)
Ce |

dz(t) (OE(H)dt + V() dW (2).

Il

The system is partially observable since the value of z(t) can be calculated from the observed

bond prices using (4.43) but, as discussed in Section 4.2.3. the value of #(t) cannot.

The sub-filtration generated by the observed bond prices can be defined as
F=0{i(s), s<t}, (4.46)

since the information provided by p(#,T) and () is the same.

4.3.2 The Kalman filter

The Kalman filter is an algorithm for determining the optimal estimate of the unobservable com-

ponent of a partially observable stochastic system like (4.45).}! The Kalman filter was initially

HThe Kalman filter can in fact be applied in a more general case where an extra component of uncertainty
is introduced when measuring the observable component, see for example Grewal and Andrews (2001) (discrete

time case) or Lipster and Shiryayev (1977) (continuous time case).
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derived in discrete time in an engineering setting.!? See Kalman (1960). The continuous time

version of the filter that can be used to estimate Z(t) is often referred to as the Kalman-Bucy
filter.

The optimal estimate of Z(t) given by the filter is the expected value of Z#(t) conditional on
the filtration generated by the observed bond prices. It can be shown. see for example Lipster
and Shiryayev (1977), that the estimate is optimal with respect to any quadratic function of the

estimation error.

The Kalman-Bucy filter provides a complete statistical characterisation of the state of the sys-
tem at any point in time in the sense that at any point in time it provides the conditional
distribution of the component being estimated and continually updated this distribution based
on the available information. The conditional distribution is Gaussian and thus is determined
by its mean and variance. The conditional mean (required to calculate §(t,T)) is propagated in
feedback form by a system of linear differential equations. The corresponding covariance matrix

(required to calculate Ty (. T) and To(t, T)) is propagated by a nonlinear differential equation.

The Kalman-Bucy method yields a closed system of equations for the estimate that has a unique

continuous solution.

For simplicity the specific case of the Kalman-Bucy filter presented in Gombani et al. (2005) is
reproduced below. The general version of this proposition is derived in Lipster and Shiryayev
(1977).

Proposition 4.2 Let the system (Z(t), 2(t)) satisfy (4.45) and ZF; be given by (4.46). Then the

conditional distribution of (1), given %, is Gaussian with mean

#(t) = EQ [g:«(m gi‘t] : (4.47)

and covariance matrizc
P(t) = var@ [gt«(m yit} : (4.48)

which 1s deterministic
P(t) =E® [(&(t) — 2(1)) (2(1) — 2())'] - (4.49)

Assuming that the matriz

1/2

D(t) = [V()V(t)] (4.50)

12The principal nses of the Kalman filier have been in been in vehicle (racking and navigation. In fact, one
of the first applications of the filter was in the design of the navigation system for NASA’s Apollo project, the
manned mission to the moon, see McGee and Schmidt (1985). Recently the Kalman filter has been applied to

various problems in finance. See Gombani and Runggaldier (2001) and references therein.
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is inwvertible, the conditional mean has dynamics
di(t) = Az(t)dt + Bdi(t), (4.51)

with #(0) = 0,
B(t) = <]§V(1‘)’ + P(r)Ce(r)’) D@ty ™ (4.52)

div(t) = D(t) 1 [dE(t) — Ce(t)2(t)d1] . (4.53)

(“;—E” = AP+ POA — [ BV'() + POCL| (DOD/(1) ™ x
BV + Pycin)] + BB
(4.54)
with initial condition I_’(O) =0. 0

Integrating (4.54) is computationally intensive however, since (4.54) is deterministic its values

can be precomputed. Two methods for integrating the DRE are given in Section 5.4.

Proposition 4.2 provides a way to calculate the conditional mean, variance and covariance of
y(t,T). Gombani et al. (2005) show that 3(¢,T), T'1(¢,T), and I'o(¢,T) are given by

§(t.T) = EQ [.17(@ T)|32}] = [T C(t, s)dsi(t) + [T G(1, 5)ds
Ty (t,T) = var® [g(t,:r)| 9}} - (ftT é(t,s)ds) 1) (ftT C”(t,s)ds)

Ty(t,T) = cov® [fot f(s, s)ds,ﬂ(t,T)] jt} = (fé C{(s, s)p(s)e"i(t_s)ds) (ftT c'(t, s)ds> .
(4.55)

Substituting (¢, T), T'1 (¢, T) and T'1(#, T) as above into (4.38) it follows that the projected prices
p(t,T) are given by

p(t, T) = ex

5 Y(t. 8 s
(/Ot C(s, s)f’(s)eA(t—S)) (/tT C'(t. S)ds)} } . (4.56)
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4.4 Pricing options

Formulas for pricing European options on zero-coupon and coupon bearing bonds in Gaussian
HJM models have been derived by several authors. Below we apply the formulas presented
in Musiela and Rutkowski (1997) to the perturbed model. Both option pricing formulas are

formulated in terms of the zero-coupon bond price volatilities, denoted by S(t,T).

It can be shown, see for example Bjork (1998), that if forward rates are specified by (3.18)

then the zero-coupon bond dynamics (under the martingale measure) are given by

dp(t,T) = p(t,T) {r(t)dt + S(t,T)dWV ()}, (4.57)
where

St,T)= - /tTo(t, s)ds. (4.58)

From (4.28), it follows using similar arguments to Section 4.1, that for the perturbed model the

diffusion coefficient of the forward rate process is given by

o(t,T) = C(t,T)B. (4.59)

Therefore from (4.58) the zero-coupon bond price volatilities under the perturbed model are

given by
T
S(t,T) = / C(t,s)Bds. (4.60)
t

The value of a European option on a zero-coupon bond is given by Proposition 4.3 below.

Proposition 4.3 Options on zero-coupon bonds The price at time t € [0, T] of a European
call option with expiry T and strike price K on a zero-coupon bond which matures at time U > T

is given by

Cy =p(t,U)N(h1(p(t.U),t,T)) — Kp(t. T)N(h2(p(t.U), 1. T)). (4.61)
where N(-) is the cumulative probability distribution for the standard normal distribution,

In(-/K) —Inp(t.T) = 503 (t.T)

L, T) = .62
hi2(-,t,T) oot (4.62)
and
T
/z%(t,T):/ |S(s.U) — S(s,T)) ds. (4.63)
t
]
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The value of a European call option on a coupon bearing bond with cash flows ¢; occurring at

times T} for j = 1,...,m is given by Proposition 4.4 below.

Proposition 4.4 Options on coupon bonds The price at time t < T of a Furopean call

option with expiry T < Ty and strike price K on a coupon bearing bond is given by'3

Co=>"p(t.Ty) J{ — Kp(t,T)Ja. (4.64)
j=1
where
T =PdS eop (1, Ty) 4734 > Kp(t, T) (4.65)
£=1
forgj=1,..., m
m 1
Jo=P3S ep(t,Ty) 472" > Kp(t.T) (4.66)
=1
where ((1,...,(m) 15 a random variable that has a Gaussian distribution under P with mean zero
and covartance given by
T
cov (Ce, ) = vg; = / (5. TeT) -~ (5. Ty, T) ds (4.67)
¢
forj £=1..... m where vy (s, Tp.T) = S (s, T¢) — S (s,T). O

3 Any coupons that will be paid during the life of the option are known at the trade date and therefore will not
affect the option price. Therefore in the case where the underlying bond pays coupons before T, these coupons
can be excluded. This is consistent with Black’s model which is formulated in terms of the forward bond price
and therefore excludes any coupons paid during the life of the option. (The formula for Black’s model is given
in Appendix C.) The probabilities in (4.65) and (4.66) have to be estimated numerically — by vectorising the
code, a Monte Carlo type simulation can be done relatively efficiently in MATLAB using the functions munrnd

or lhsnorm.
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Chapter 5

Implementation in the South African
Market

This chapter discusses the implementation of the underlying and perturbed models in the local
market. In particular we discuss yield curve construction, calibration of the underlying model
using PCA, calibration of the perturbed model to a benchmark option price and two numerical
techniques for integrating the DRE (4.54).

In general, a model can be calibrated in two broad ways, either by using some type of sta-
tistical technique to calibrate the model parameters to historical data or by implying the models
parameters from the current market prices of liquidly traded derivatives. The simplest analogy
for the difference between the two approaches is the difference between using historical or im-

plied volatilities for Black-Scholes pricing.

Given the functional form of the underlying volatilities specified by (4.10), the function pa-
rameters can either be estimated from a time series of historical forward rates or calibrated to
observed market volatilities. As a result of the lack of liquidity in the option market, South
African implied volatility data is either unavailable or unreliable. We therefore choose to esti-
mate the historical volatilities and use these volatilities to determine the parameters A, B and
C. Although this means that the option prices implied by the underlying model are not nec-
essarily going to correspond with the observed market prices, the calibration of the underlying
model is intended to capture the general form of the bond market volatility. This does not seem
unreasonable since we will show that the perturbed model can be fitted to one option price. As
mentioned in Section 2.3 the South African bond option market essentially derives prices from

one liquid option price.

Since the yield curves form an input into the calibration process we will discuss their con-

struction first. Various curves are needed to implement the two models: the underlying model
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is calibrated using a PCA of historical forward curves, an initial forward curve is required for
both models and daily zero curves are required for updating the perturbed model. We will
use ‘best decency’ type curves to calibrate the underlying model. We are thus assuming that
‘best decency’ curves are the best representation of the ‘true’ yield curve dynamics and that the

‘perfect fit’ curves are obtained after an error adjustment.

The initial forward curve and daily zero curves need to be ‘perfect fit’ curves. Since it makes
more sense to discuss the construction of ‘perfect fit’ curves before discussing the construction of
‘best decency’ curves we will discuss the construction of ‘perfect fit' curves first and then show
how a constraint can be relaxed to obtain ‘best decency’ curves. The details of the calibration

of the underlying and perturbed models are then discussed in Sections 5.2 and 5.3 respectively.

5.1 Yield curve construction

Forward and zero curves are needed but market information is obtained in the form of coupon
bearing government bonds. The relevant curves therefore have to be constructed from the yields
of these bonds. Although the zero curves published by BESA are derived by constructing in-
stantaneous forward curves (Etheredge 2003), these forward curves are not published. One
possibility for obtaining forward curves would be to use some sort of interpolation technique to
work back to instantaneous forward curves from the published discrete zero curves, but this is
not ideal since there is a loss of information due to the repeated interpolation. Also, since for
the perturbed model, we want curves constructed only from the most liquid bonds, we may not
necessarily want the same input set used by BESA. We therefore construct our own curves. We

begin with a discussion of the selection of input instruments.

5.1.1 Instrument selection

To determine the liquid bonds we use the same liquidity measure used in the BEASSA Total
Return Indices selection process, namely the twelve month average value traded, see BESA,
ASSA (2000).! Figure 5.1 below shows twelve month average value traded for the government

bonds that satisfy the Index selection requirements.?

!The trades included in the averaging process are standard turnover and option exercises. Both legs of
repurchase (repo) trades are excluded. The value traded is defined to be the clean consideration of each trade.
For bonds that have been in issue for less than a year, the averaging is done over the months that the bond has
been in issue. The initial issuance is not included in the calculation, see BESA, ASSA (2000). (Data: ‘Detailed
turnover’ spreadsheets published by the Bond Exchange of South Africa, available from www.bondexchange.co.za)

2To be eligible for sclection a bond must pay fixed semi-annual coupons and is also required to have a term to
maturity of greater than 1 year for the entire period that the selection is being made. The unlabeled black lines
show the other government bonds that are or were in issue namely the R201, R124, R126, R133, R151, R152,
R177, R184, R203, R204, R206 and R207.
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Figure 5.1: Average monthly Lrmover of South African government bowds
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dated bond and was included Lo anchor the long ond of the curve. To ensure thae Lhe short
rnd of the curve was well defiued we sed the 30 and 60 day treasury Tills s adiditonal input

mstrumerls.

We will later perfortn a POA on ke shifts in the historical forward curves, see beclion 5.2
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the date whers the input set changes to the following date 7s caloulated using s carve constricted

from the new set of mpac honds.

" The rletails of the B350 are given belom, The delails of L other bonds were gven in Table 21,

Bunc cove | Isaue date Caupen race Watneiy date t’aupm: catve Book cluse dales
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Our curve construction methodology is similar to Etheredge (2003). Like Etheredge the con-
struction of both the ‘perfect fit’ and ‘best decency’ type curves is done in two steps. Firstly
quadratic forwards are used to generate a discrete approximation to the forward curve at the
points corresponding to the cash flows of the input instruments. An interpolation technique is

then used to generate a continuous instantaneous forward curve and corresponding zero curve.

5.1.2 Constructing ‘perfect fit’ curves

We require that the initial forward curve and the zero curves used to update the perturbed
model price the input bonds exactly. The instantaneous forward curve, f(¢,7T), is said to price
a bond exactly if the present values of the bond’s individual cash flows, discounted at the zero

rates determined by f(¢,7'), sum to the bond’s market price.

In the South African market bonds trade on yield-to-maturity not on price. It is however
possible to associate a unique market price with a given yield using the BESA bond pricing
formula, see BESA (2005). We denote the market (all-in) price of a bond trading at a yield-to-
maturity of y at time ¢ by A (t,y).*

Assuming that a bond with market price A (t,y) has cash flows ¢1...., ¢, occurring at times

Ty, ..., Tyx. The forward curve, f(t,T), is said to price the bond exactly if

k T
Alt,y) = che_ft T f(ts)ds (5.1)
7=1

The above "perfect fit’ condition (5.1) can be rewritten in terms of discount factors. Recalling
that given an instantaneous forward curve f(¢,T), the corresponding discount factors D(t,T)
arc defined by

D(t,T) = p(t,T) = e~ J I(t)ds, (5.2)

equation (5.1) can be written as

k
Alt.y) =) ¢D(.Ty). (5.3)
j=1

Our first aim is to estimate D(¢,T) at discrete points corresponding to the cash flows of the

input instruments.

“The R153, R157, R194, R186 and R150 pay coupons semi-annually. Their yields are therefore quoted as
semi-annual rates. The three and six month treasury bill rates are discount rates. The time / corresponds to a
settlement date. In the South African market standard settlement is ‘t+3’, that is, trades settle three business

days after they were traded.

44



Let G = (G1.Ga,...,G,) denote the set of instruments used as inputs for the curve construction.
Define the time vector T = [t. 17, ..., Tn], where ¢ denotes the time corresponding to the for-
ward curve date and Ty < Ty < ... < Ty is an ordered list of terms corresponding to the cash
flows of the full set of input instruments. Also define the p x (N + 1} cash flow matrix C as

follows:

—A;(t,y) forj=0andi=1.....p
Cig+1) = { (54)

Cij for j=1.....Nandi=1,....p.
where A; (t.y) is the market price of instrument G; at time t and ¢;; is the cash flow correspond-
ing to G; that occurs at time T}. (If G; does not have a cash flow corresponding to time 7} then

Cij = 0)

The first step of the curve construction procedure is to use an optimisation technique to search
for the vector of discount factors that corresponds to the smoothest quadratic approximation to

the forward curve, subject to the constraint that the input instruments are all priced exactly.

If we denote the vector that we are searching for by D, where D = [Dy, D1, ..., Dy, where

Dy = D(t.t) and D; = D(t,T;) for j = 1,..., N, then the requirement that all the input

instruments are priced exactly can be expressed in matrix notation by

CD = 0. (5.5)

In addition to the above ‘perfect fit’ condition, for D to be a valid discount vector it must also

satisfy the following constraints:
[ ] DO = 1.
e D;>0forj=0....,N.

e D is strictly decreasing, that is D; > D;j_; for j=1,... N. (5.6)

Quadratic approximation

For a particular discount vector D = [Dg, Dy, ..., Dy], the corresponding quadratic approxima-
tion to the instantaneous forward curve is found by fitting parabolas to the zero rates implied
by consecutive sets of three discount factors and differentiating the fitted curve at the middle

point.® (See Etheredge (2003) for details of the calculations.)

®The relationship between the discount factors and zero-coupon rates, Y(t,T), is given by

D(LT) = e YEDT-D,
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Using this procedure each discount vector determines a vector of quadratic forward rates. We
denote this vector by f? = [ff, cee f;{,] where f]q is the quadratic approximation to the instan-

taneous forward rate f(¢,7}).

The aim of the optimisation is to find the discount vector that corresponds to the smoothest
forward curve. In a similar way to Etheredge (2003) we use two measures of smoothness. The

global smoothness measure defined by

N 2
S :Z(f]‘.h ]‘Ll) . (5.7)

j=2

measures the smoothness of the general shape of the curve. The local smoothness measure
defined by

Nofproga oo N\
Sy = S AR i B i B . (5.8)
;;(E~*G1 Ti—Tj2)
measures the change in the slope of the curve between consecutive points. We use the MATLAB
function for constrained nonlinear optimisation problems, fmincon, to find the discount vector

that minimises

S =51+ 99, (5.9)

subject to the ‘perfect fit" and discount factor validity constraints discussed above. The dis-
count vector corresponding to a bootstrapped zero curve is used as the starting point for the

optimisation algorithm.

The minimalist interpolator

For the discount vector found by the optimisation the corresponding discrete forward rates
F(t,T; — 1,T;) are given by®

_ InD(t.7;) —InD (t.Tj_1)
Ty —Tja

F(t,T; - 1,T;) . (5.10)

Since we need forward rates for all maturities T — ¢ we need to interpolate to construct the

Equating the above equation with (5.2) gives

T
Y, TYT —1t) = / St s)ds.
t
Differentiating with respect to T gives

16Ty =y - 92D,

from which it follows that an approximation to the instantaneous forward curve can be found by approximating
3Y (+.T)

aT
SRecall that f(t; 71, 7%) is the continuously compounded forward rate at time ¢ for the period T} to T5.
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instantaneous forward curve from the discrete forwards. A comprehensive review of interpola-
tion methods used for curve construction is presented in Hagan and West (2005). In this paper,
Hagan and West note that one of the major problems with many common interpolation schemes
is that they implicitly assume that the discrete forwards, F(t.T; — 1,T}), apply only at T}, the
right end-point of the interval [Tj_1,7;] and not over the entire interval. The minimalist inter-
polator is one of two new methods introduced in this paper that correctly interpret the discrete

forwards as being properties of the whole interval.

Hagan and West’s minimalist interpolator models the instantaneous forward curve by the quadratic
f)=a; +b; (1 —71521) +¢5 (7 — Tj,1)2 for mj_1 <7 <75 (5.11)

forj=1...., N,wherer=T—-t, 7;=T; —tand t f(7) = f(t.T).

The interpolated curve must be consistent with the discrete forward rates, this is assured by

requiring that

;/J f(7)dr = Fyfor j=1.....N, (5.12)
Tj—-1J75 4

T —
where F; = F(t,T; — 1,Tj).
Integrating (5.11) and defining h; = 7; — 7;_1 the above requirement becomes

b. .
Fj=aj+ 2h;+ %]h?- for j=1..... N. (5.13)

The second constraint ensures that the curve is continuous by requiring that

ajp1 = aj +bjhj+¢ghd for j=1,...,N - L (5.14)

Constraints (5.13) and (5.14) define a system of 2N — 1 equations in 3V unknowns. Most inter-
polation techniques impose a further N +1 constraints by requiring the first or second derivatives
of (5.11) to be continuous. Instead for this method, Hagan and West (2005) determine the for-
ward curve paramcters by minimising a penalty function which they define to be a weighted

sum of:
o the sum of squares of the changes in the first derivatives at the points 71, ...7, — 1
J(r)=bj+2¢(r —70) for i1 <7< 7 (5.15)

.]1’]' = bj—+—l - bj - QPjhj (5.16)
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e a sum of the second derivatives of f (7) weighted by the length of the interval [r, 7;_1]
f"(r)y=2¢forrj_1 <7< 7 (5.17)
.]2,]' = 2(‘,]‘}?]' (518)

For w € (0,1) the penalty function is given by’

n

n-1
Po=wd Ji+1-w)) J3, (5.19)
J=1 Jj=1

Hagan and West (2005) show that the above constrained minimisation problem can be trans-
formed into a system of linear equations using Lagrange multipliers from which the coeflicients
aj. bj. ¢j. j=1....,N can be determined using Gaussian elimination.

Recalling the zero-coupon rate Y (t,T) = TL_t ftT f(t.s)ds, the zero curve, Y(r) = Y (t,T) cor-

responding to f(r) is given by

/O " f(s)ds
i1

7
l . Iy
{E <0khk + %h% + %hi) +aj (1 —715)+ EJ (1 — Tj)Q +
k=1

Y(r) =

S

S

The zero curves generated by the above methodology are similar to the ‘perfect fit’ curves
published by BESA. Figure 5.2 below shows the forward curve and corresponding zero curve
constructed for the 30 June 2006.8 The forward curve is shown in black and the corresponding

zero curve is shown in blue. The BESA ‘perfect fit’ zero curve is shown in green.

‘Perfect fit’ curves constructed in this way are used for the initial forward curves for both models

and the zero curves used to update the perturbed model.

5.1.3 Constructing curves for the PCA

The underlying model is calibrated to observed historical volatility. This is achieved by estimat-
ing the matrices A, B and C from (4.10). The three factors are estimated via a PCA of historical
forward curves. The curves used for the PCA are ‘best decency’ type curves. Since the parame-

terised volatility functions will in any case only approximate the volatility functions implied by

"The results are sensitive to the choice of w, we use w = 0.8 as suggested by Hagan and West (2005).
8The inputs instruments for the curve construction were the R194, R153, R157, R186 and the 30 and 60 day
treasury bills.
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Fimure 5.2 Forward and cero curves (30 June 2006)
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For the input instruments discussed Section 5.1.1, allowing a mis-pricing of 2 basis points,
that is ¢ = 0.0002, results in forward curves that yield smooth principal components. Figure 5.3
shows the monthly forward curves for the period 30 June 2003 to 30 June 2006 that were used

to generate the components shown in Figure 3.1.

Figure 5.3: Monthly forward curves (30 June 2003 - 30 June 2006)
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5.2 Calibrating the underlying model

We have shown that choosing the underlying model parameters A, B and C to be constant

matrices results in stationary volatility. We now calibrate the underling model by estimating A,
B, and C.

Given a history of forward rate curves it is possible to estimate the volatility functions o;(T — 1),
1 = 1,2, 3, using principal component analysis. Assuming that we have a history of m + 1 in-
stantaneous forward rate curves for dates t, 1 + A, ..., t+mA, we can approximate the curves

by the vectors

ft. 1) fit+ At + A) flt+mA. t+mA)
f(t,z‘.+ A) | f(HAfHQA) . f(t—l—mA,t.-l-(mﬂ—l)A)  (5.22)
flt.t + pA) JFt+At+ (14 p)A) ft+mAt+ (m+ p)A)

We used A = 1 month, thus our curves were observed monthly and each curve had monthly
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points.

The volatility functions can be estimated from a PCA of the historical forward curve shifts

defined by,
[F+ G +DAE+ G+ 1DA) - fUE+AE+jA) /A
fE+0+DA T+ (G +2)A) = fE+jA 1+ (G +DA)/A
[fit+ G+ DAL+ (G +p+DA) — ft+ A1+ (G +p)A)] /A
for j=0. 1, ..., m— 1. Specifically the estimate for o,(T — t) is given by
Ui(A)
(2A
U(i) ) = \//\—iﬁzu
ai(pA)

(5.23)

(5.24)

where \; and ¢; are the ith eigenvalue and eigenvector of the PCA respectively. (See for example

Wilmott 2000.) The PCA can be performed in MATLAB using the function princomp.

To specify the parameters, A, B and C' we then use (4.10) and (5.24) and find matrices that

minimise

XP:H{ a1(jA) o2(jA) o3(jA) ] —CeAJ'ABH,
j=1

(5.25)

For the estimates of the volatility functions, as given by (5.24), from a PCA of the forward

curves shown in Figure 3.1, the matrices that minimise (5.25) are:

[ 01237 —0.2435 —0.2249 |
A = | —00184 00090 -0.0601
02205 —0.1526 —0.2281

0.1079 —-0.7587 —0.1190
B = 0.3035  0.1307 -0.0568
-0.0399 -0.5110  0.0657

c = [—0.0694 0.0554  0.1037 | .

(5.26)

The estimates of the volatility functions from the PCA, as given by (5.24), are shown by the
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dutted lines in Figare 5.4 helow 1® The approximations implied Ly [4.10) using the natrices
specified abive are shown by the solid lines,

Figure 5.4: Volatility functions
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Once the matrices 4. 12 and € have been specified the shape of the curve is delermined by the
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5.3 Calibrating the perturbed model

The periurbed model s formulated in ters of 4 nnmber of Lynid zeco-coupon bond  prices,
bhowewver, in the Sonch Africsn market 1he liguid Londs ave all eoupon bearing. To implemenc
the perturbed miodel we thevefire define the required zero-coupon bonds be the zero-coupon
honds coeresponding oo the cash flows of the most liguid coupon bearing bonds, The prices
of these zero-coupon bonds are determined from g ‘perfeet fit” zero curve construcled from the

prices of the lipmd conpon bonds.

Once the wnderlving model hes been calibrated using PCA as discussed in the previous sec-
tion, the extra parameter in the perturbed model, b can be uged o calibrate the model 1o the

miarlel price of 4 beuchmark oplion.

In the Suuth African market bond options are traded on implied volatilice, with the price being
determined nsing Black's mode!. ' Since we later compare our model prices with Black's wodel

we wive g brief overview ol Dacl's maodel below.

For an option traded at time ¢ with expiry T the assumnptions noderlving Black's model are as
followes:

s The distribution of wderlving bomd price ac time 1 is lognormal,

HHluck’s toodel isoased to price Foropean options. 1or American oplions, the market cses the ‘lntsinsie-

correction’, that is the price is taken to e max (Earopean price, intrinsie valae].
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e The standard deviation of the logarithm of the bond price at time T is given by o+/(T — t)

where o is the volatility of the forward bond price.

e The expected value of the bond price at time 7' is equal to the forward price at time t.

The forward bond price at time ¢, denoted Ap, is given by

Alt,y) — 1T

Ar = 1+rfr x (T - t)

(5.27)

where I is the present value of the coupons that will be paid during the life of the option
and rfr is the (simple) risk-free rate for the period T — t.

The formula for Black’s model is given in Appendix C.
The perturbed model is calibrated by finding the value of b for which the option price im-
plied by Proposition 4.64 is equal to the market price of the benchmark option. Table 5.1 below

shows the details of a benchmark, three month at-the-money call option on the R153 on the 30
June 2006.14

Table 5.1: Three month R153 at-the-money call option details

Underlying instrument:  R153
Trade date: 30 June 2006
Trade settlement date: 5 July 2006
Expiry date: 30 September 2006
Expiry settlement date: 5 October 2006
Spot yield:  8.55%
Strike yield:  8.55%
Implied volatility:  4.10%
Risk-free rate:  7.10%

Call option premium: R 7,485 per R1 million nominal

Using the above option price to calibrate the perturbed model implies that!®

b= 0.0271. (5.28)

11t is important to note that South African bond options are struck on yield not on price. For European
options this has no effect on option prices. Smit (2000) discusses the effect of the strike convention on American
options, in particular she shows that the effect is dependent on term of the option and the shape of the underlying
yield curve.

15Using A, B and C as given by (5.26) as the underlying model parameters and the initial forward curve shown
in Figure 5.2.
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5.4 Numerical integration of the differential Riccati equation

Once we have found estimates for the parameters of the volatility functions oy (T — t), o2 (T — t)
and 03 (T — t) pricing essentially reduces to the calculation of P (t), the solution to the DRE

(4.54). Below we consider two possible methods of direct numerical integration of the DRE.!6

5.4.1 Vectorising the DRE

The first possibility is to vectorise the DRE and integrate the resulting system of ordinary
differential equations (ODEs), see Dieci (1992). Specifically. if we denote the element in the ith
row and jth column of P by 151'3- fori.j=1,..., n + N then the DRE, (4.54), can be rewritten
componentwise as the (n + N)%-vector differential equation

dp

— = ft,p 5.29
where we have set

p= [P, Par,. - Pnsyts - Pl Ny (na vy ) - (5.30)

The resulting system of ODEs can then be solved using any numerical integration scheme.
The explicit Runge-Kutta schemes are the usual choice. (Dieci 1992) We use the MATLAB
function ode45 which implements the explicit Runge-Kutta(4,5) formula described in Dormand
and Prince (1980).

5.4.2 Matrix formulation of the backward differentiation formulas

For large-scale problems Dieci (1992) argues that implicit numerical integration methods should
be used. In particular he shows that the matrix formulation of the backward differentiation
formulas can be used to take advantage of the structure of the DRE .17 In particular the DRE

reduces to an algebraic Riccati equation (ARE) after discretisation:

16There are several other possible methods, see for example Benner and Mena (2004).
7 Dieci (1992) considers DREs of the form

PO = 5 (1) + Asa (1) P(1) — P(1) A1 (1) — P(£) Ara (1) P(1)

X(0)=0 (5:31)

where A1, A12, A21, A2 are matrix valued functions. We can write (4.54) in this form by setting

Au(t) = CL(DWD'(0) V(B
Ai(t) = CLO) (D)D) Cel(t)
An(t) = BB +BV(#) (DOD' 1) V(B

An(t) = —ALQ).
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Define

; Y (5.32)

where dzgt) is given by the differential Riceati equation (DRE) (4.54).

The matrix formulation of the BDF applied to (5.32) is (Dieci 1992)

p—1
P (tk1) = Zajp(fk—j) + R3S (ther. P (tesr)) - (5.33)

j=0

where h is the step size and 1 < p < 5 is the order of the formula. The coefficients «; and 3 for

the various order methods are given in Table 5.2.

Table 5.2: Coefficients for the p-step BDF methods

pl B g o (¥9 3 (4
1] 1 1
2 4 1
21335 | ~3
3| 8 | 18 _9 | 2
11 I 11 11
4| L2 | 48 | _ 36 | 16 | _ 3
25 25 25 25 25
5| 60 | 300 | 300 | 200 | _ 75 | 12
137 | 137 137 | 137 137 | 137

Expanding (5.33) gives

N
L

P (trs1)

ajP (te-j) + hBf (tks1, P (tks1))

- O

= > ajP(tej) +h {Aﬁ(ml) + P(tgs1)A - [l?v”(tkﬂ) + P(tkH)Cé(tkH)} x

N .

o,
(o]

(D(tkse) D' (k1)) " [Bv(tk+1)’ + P(rkH)Cé(f)} '+ BB’} .

(5.34)

Rearranging terms, noting that — P (tx11) = —%115 (tge1) — P (tge1) %I’, gives the ARE
p-1

- - _ 1\ - _ -1
7=0
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[EV, (tke1) + P (trg1) Ct (tk+1)} B (D (fkse1) D' (the)) ™

[BV' (te1) + P (te1) Co (tk+1)]l =0.
(5.35)

The value of P(tx,1) is found by solving the ARE (5.35). This can be done using MATLAB’s

care function which solves AREs of the form
AXE+FEXA- (EXB+S)R ' (BXE+S)+Q=0. (5.36)
Equation (5.34) can be written in this form by setting

-1 1
‘4, = }1,5‘4 - 5[ => A= }1,614/ - 5]

EF=1

B = C; (ths1)

S = BV (tx+1)

R = b3 (D (tk1) D' (tes1)) = R = %D (tk41) D' (tey1)
p-1

Q=hBBB +> ol (tej) .
=0

(5.37)

We implemented both of the above approaches in order to check our solutions.
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Chapter 6
Examples

This chapter focuses on two examples to demonstrate the application of the model to bond
and option pricing. The first example shows bond prices derived from both the underlying
and perturbed models and compares these prices with market prices. The second compares the
prices implied by the perturbed model of options on various government bonds with the prices

obtained using market conventions.

6.1 Example 1

In Section 4.1.1 we discussed the fact that at any point in time the underlying model can be
fitted to three benchmark zero-coupon boud prices. Figure 6.1 below shows the daily market
prices as well as the prices implied by the underlying model of the R153, R157 and R206 for the
period 30 June 2006 to 30 September 2006 where at each date the underlying model is fitted to

the 2. 5 and 10 year zero-coupon bond prices.

The market prices are calculated from the closing yields of the day using the BESA bond

pricing formula.! The underlying model prices are calculated as follows:

The underlying model is calibrated to the market data for the 30 June 2006 as discussed in
the previous chapter. Specifically A, B and C are given by (5.26) and the initial forward curve,
£(0.T), is assumed to be the "perfect fit’ curve constructed using the R194, R153, R157, R186

and the 30 and 60 day treasury bills as input instruments shown in Figure 5.2.

At each time? t, we use the curve construction method described in Section 5.1 to construct a
zero curve using the input instruments’ current market yields. Equation (4.12) is then used to

calculate the current value of the underlying model state vector, x(t), from the 2, 5 and 10 year

'Data: I-Net Bridge.
2For each trade date, say d, from 30 June 2006 to 30 September 2006, t is the time in years between the
settlement date for 4 and the settlement date for 30 June 2006.

58



(time weighted) yields implied by the zero curve. Given the value of z(t), the forward rates for
any term are determined by (4.2) and the coupon bond prices can be calculated using (3.4) and
(3.7).

As expected, fitting the underlying model to the three benchmark yields gives the general di-
rection of bond price movements but the prices of the coupon bonds implied by the underlying

model are not exactly equal to the market prices.

The sharp drop in the R153 and R157 prices on 28 August and 12 September respectively
are a result of the bonds going ex-coupon.® To eliminate this effect we can rather compare the
vields implied by the underlying model price with the traded yields. The prices implied by the
underlying model can be converted back to yields using the BESA bond pricing formula. These

vields are shown together with the market yields in Figure 6.2 below.

The underlying model prices (or equivalently implied yields) are highly dependent on the choice
of the benchmark zero-coupon bonds. As this example is purely illustrative, the 2, 5 and 10
year zero-coupon bonds were chosen arbitrarily. For this particular choice of zero-coupon bonds
this choice the average errors in the R153, R157 and R206 yields were 6, 3 and 3 basis points

respectively. The maximum errors were 9, 6 and 11 basis points respectively.

3The settlement date for 28 August 2006 is 31 August 2006, the book close date of the R153. The settlement
date for 12 September 2006 is 15 September 2006, the book close date of the R157.
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Figure 6i.1: R153. R157 and R20G market prices and prices implied by 1he nuderdying model
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Figure £,2; R153. R1567 wul R206 craded viclds and yields implied by the underlying model
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A similar exercise using the perturbed model illustrates the advantage of using the perturbed

model over the underlying model.

Figure 6.3 shows daily market prices and prices implied by the perturbed model of the R153,
R157 and R206 for the period 30 June 2006 to 30 September 2006. The perturbed model prices

are calculated as follows:

As for the underlying model the perturbed model is first calibrated to the market data for
the 30 June 2006 as discussed in the previous section with A, B and C given by (5.26), f*(0,T)
as shown in Figure 5.2 and b given by (5.28).

At each time t, the coupon bond prices are given (3.4) with the zero coupon bond prices given
by the projected price formula (4.36). Essentially all that needs to be determined in order to
evaluate (4.36) is the current value of #(t) since the value of P(t) and all the integrals are all

deterministic. (See Appendix B for details on calculating the integral of G(t,T).)

The current value of #(¢) is approximated using Proposition 4.2. Assuming that #(#~) denotes

the previous value of I at time ¢, it follows from (4.51) that

B(t) = a(t™) + Ai(tT) (t — t7) + B(t7)ow, (6.1)
where
S =D(t7) oz — Ce(tT)E(tT) (t—t7)]. (6.2)
from (4.53) and
57 =2(t) - 2(t7) (6.3)

The current value of Z(t) is calculated using (4.43) from the time weighted yields of the liquid
zero-coupon bonds. These time-weighted yields are determined by a zero curve constructed

using the current market yields of the input coupon bonds as discussed in Section 5.1.2.%

Figure 6.3 shows that the input bonds are priced correctly by the perturbed model - the prices
of the R153 and R157 implied by the perturbed model are consistent with the market prices
over the whole period. The prices implied by the perturbed model for bonds that were not
inputs to the curve construction procedure will be arbitrage free with respect to the prices of
the liquid bonds but will not necessarily correspond with market prices as can be seen from the
R206 graph. The yields implied by the perturbed model are shown together with the market
yields in Figure 6.4.

4The R194, R153, R157 and R186.
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Figure 6.3: R153, R157 and R206 market prices and prices implied by the peraubed model

114 - -
R153 all=in (tradeg)

A0-Jun -0k 15-Ju -08 Of=4ug=08 2**&&‘3@ 12-Sup-06 A0-56p-CA

1 r
* o Iﬁ\j‘w\f\/\*“'ﬂfl -
7,34 -
132 -
o L/\_/J’M g
e ——— F16T gi=r (taced) ——— R157 a Hin [perdrbed modul; |
18— . ——t

30-Jun—08 18006 Oh-Aug-0f  2e-Aug-E 12-Sep-n€  20-Sep-26

[0 T T T 1
096
0ah
HE"]
082
— H2OE all=in (Iraded) - - R296 all-in {oarurbec ~ode |
i 18-.ul-08 CB-Auy-C8 24-Avg-08 2-Sep-0R W-Sap-16

(i3




Figure 6,4: R1563, R157 and R206 traded yields and yields implied by the perturbed model prices
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6.1 Example 2

We have mentioned the fact that reliable implied bond option volatilities are only available for
short dated options on one or two benchmark bonds, currently the R153 or R157. To price
options on other bonds, the market convention is to use a relatively naive volatility conversion
formula to convert the implied volatility of the benchmark bond into implied volatilities for the
other bonds.

A calibrated yield curve model can be used to calculate prices of options on any bond. This
example compares the prices of options on various bonds across the curve implied by the per-
turbed model (that has been calibrated to the benchmark option price as discussed in Section

5.3), with prices calculated using the market volatility conversion convention.

In Section 5.3 we discussed the fact that the South African market uses Black’s model to price
bond options. Although the options are struck on yield. Black’s model is formulated in terms
of the (forward) bond price and the quoted volatilities, used as an input to the model, are
price volatilities. The market convention used to determine at-the-money implied volatilities for
bonds other than the benchmark bond is to assume that forward yield volatilities are constant
across the curve and then to use the relationship between yield and price volatilities to convert

the benchmark at-the-money implied volatility to volatilities for other bonds.?

The relationship between the underlying bond’s forward price, Af, and its forward yield which

we denote yp, is given by

dAFp N
— ~ — Dy, 6.4
Ar YF (6.4)
or 5A .
F OYFr
— &~ —-Dyp—". 6.5
Ar YPo o (6.5)

where D is the modified duration of the bond at the forward yield at the option maturity date.
The terms §¢f_§ and %f are percentage changes in the forward price and yield respectively.
Since volatility is the measure of the standard deviation of the percentage changes in the value
of a variable, Equation 6.5 implies that the relationship between the forward price volatility, o,

and forward yield volatility, oy, is given by® (Hull 2003)

o= Dypoy. (6.6)

SFor in-the-money or out-the-money options the standard market convention is to adjust the implied price

volatility by 25 basis points per standard option strike where the standard strikes occur every 25 basis points.
5The relationship follows from the fact that if the standard deviation of the random variable X is ox, then

the standard deviation of the random variable Y = ¢X, where ¢ is a constant, is oy = |c/ox. (Rice 1995).
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Equation (6.6) is used to convert the benchmark bond’s forward price volatility to a forward
yield volatility. The forward yield volatility of the non benchmark bond is assumed to be equal
to the yield volatility of the benchmark bond. Equation (6.6) is then used again to convert
the yield volatility back to a price volatility for the non benchmark bond. based on the non

benchmark bond’s modified duration.

The procedure can be summarised by the volatility conversion formula

_ Dyr
Dy Ubgp

Ob. (6.7)

where ¢ is the forward price volatility of a bond with modified duration, D, and forward yield
yr, and Dy, yp, and op are the modified duration, forward yield and price volatility of the
benchmark bond.

Table 6.1 below shows the prices of three month, at-the-money call options on various gov-
ernment bonds for 30 June 2006. The implied volatilities in column 5 are calculated using (6.7)
with the R153 implied volatility as the benchmark.” The call premiums are calculated using
Black’s model as discussed in Section 5.3. A risk-free rate of 7.10% was used for the calculation
of the forward yields and option premiums. The premiums are quoted in Rands per R1 million

nominal of the underlying bond.

Table 6.1: Market implied volatilities and at-the-money call premiums

Trade date: 30 June 2006 Trade settlement date: 5 July 2006
Expiry date: 30 September 2006 Expiry settlement date: 5 October 2006

Bond Spot/strike Strike Forward Modified Implied volatility Call premium
vield price yield duration (market conversion) (Black’s model)
R194 8.515% 1.02877 8.776% 1.28 1.70% 2,008
R153 8.550% 1.15745 8.818% 3.06 4.10% 7,485
R206 8.665% 0.95459 8.955% 5.33 7.24% 11,979
R157 8.650% 1.30513 8.937% 5.58 7.57% 17,137
R201 8.660% 1.03033 8.949% 5.61 7.62% 13,661
R203 8.650% 0.97653 8.937% 6.97 9.45% 16,423
R204 8.635% 0.97562 8.919% 7.34 9.93% 17,364
R207 8.560% 0.91322 8.829% 7.91 10.60% 17,563
R186 8.350% 1.23835 8.578% 8.96 11.66% 26,637

Figure 6.5 below shows forward price volatilities plotted against modified duration. The call

"The forward yields, strike prices and modified dirations arc caleulated using the trade and maturity settlement

dates.
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aption premiums, as a percentage of the strike prices.® are plotred against modified daration in

Figure 6.06.
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Fimure 6.6 shows that volatility conversion convention used by the market impliss an approsi-
mately lincar relationship belween 1he modificd duration of | he inderiying bond and the oplion

premiuim (as a percentage of price).

To compare the prices Implied tne the periurbed maodel with the prces oblained nsing mar-
ked conventions we price the same three month call oprions on the various government botds

using Proposition L.61. The resulting premiums are shown in Table 6.2 below.

It is wasiest to compare the premiums graphically, Figure 6.7 below shows the option pre-
miums implicd by the perturbed model together with the premiums caleulated vsing market
convintions. Again the promiums are cxpressed as o percentage of price and are plotted against

tewoedifedl duration.

Black's formula ran be used to convert the option prices mplied by the perturbed model back

to iraplicd volatilities, Thoese Implied volatilities ave shown together with the implied volatilitics

®Since tne option premiums are expressed in Rands per B million nominsl of the underdving hond, the
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Figure 6.6: At-the-money vall preminms (Black’s madel)
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Explry dale: 30 Septernber 2006 Expiry settlement date: 5 Octobor 2006

oy | Spatiurie: i T plie valarilicy [ Call premicm
vield priey | (perrrbed moeeld [perturbed modii)
LN L ST 7,205 2,953 !
R1% R8O L.15745 5105 I TATE
R2DE : L 09559 7005 11,523
RIAT, LA ] 1.30513 T.H% 15,441
- Ran L X b 1.03033 T2 12805
Rany LR -1 097653 SR 15,5385
T B.0A5N 097362 10.40% 15,261
T £.6007% i BT el 103eE 1770
HIRG BN 124535 L 13% 22 622

cilenlied using the warket convention in Figure 6.8 below.

Figures 6.7 and 6.8 sugyest that yicld volatilitics arc in fact not constant across the curve, The
price of the R194 option implied by the perturicd model is higher chan che price calenlated using
market eotventions while, except for the R203 and B204 the premioms imphicd by the pertarbed
wadel for options on hands that are longer dated than the R153 are less than the premiume
fmplind by market conventions. The differenee is most significant for the RISG wheve the pre-
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Figure 6.7 At-the-mouey eall prewnivms (Perturbed model)
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mivan caleulated using market conventions (as a percentage of pricel is approximarely 30 busis
poitds higher than huplied by the perturbed model. This suggests that the market method is
tuconsistent with the observed dynamics aud 1hos there is theovetical mis-pricing, The theoreti-
vl mik-pricing implies that options the R153 and R194 are cheap relitive to options on the TVLSG,
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This implies that the RI186 jmplied volasilicy shoald be lower than is assumed by the mar-
ker, which suggests Lhat vield wolatilivies of long-dated bonds have been lower than those of
short-dated bonds. We cannot compare the historical volatilivics of the particular bonds di-
rectly ws thoir terms to maturity shorten over time, however Lo get some idea of whether this is
in fact true, we can luok at the volatihicies of generie par botds with consiant mmturicles equal to
the surrent maturities of the particular bonds that we are considering, Figure 6.9 below shows

volatilivies ealoulated from monthly par eurves fram 30 June 2003 to 30 June 2006,

Figure 6.9; Par bowd volatilities
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As expected the volatility of the par bond corrcsponding to the R1S6 is lower than the volatilities

of the par bond correspomding to the other bonds.




Chapter 7

Conclusions

We have discussed a recently proposed yield curve model that assumes that the yield curve
dynamics are driven by a ‘stable’ process and that observed market prices deviate from these
theoretical prices due to ‘errors’ (possibly caused by such factors as liquidity constraints and
bid-offer spreads.) The model fits into the affine HJM framework. Features of the model include
a closed form solution for bond prices and a means to update the model daily via the Kalman

Filter.

The model is particularly well suited to the South African market since two sets of yield curves
are published by the Bond Exchange of South Africa and the model can be used to provide a
theoretical connection between the two types of curves. The underlying model can be fitted to
the dynamics of the ‘best decency’ curves but does not necessarily price bonds exactly. The
perturbed model adds an error term to achieve market prices determined by the ‘perfect fit’

curves.

We have illustrated the process of linking ‘best decency’ and ‘perfect fit’ curves by calibrating
the model to curves that we construct using a similar methodology to BESA. As an application
we discuss the relatively naive volatility conversion used by the market to price options on less
liquid bonds and show that the model can be used to determine the relative value of different
bond options. This allows an end user to evaluate relative cheapness of option prices and pro-

vides a market maker with a more accurate means of valuing illiquid options.
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Appendix A

Simplifications resulting from the

choice of A, B: and C¢(T)

Simplification of (4.19) to (4.24):

Since A is constant

Cit,T) = 7(T)cftTA(s)ds
= O(T)eAT-D),
(A1)
Also since A4 is of the form
} A0
A= . A2
[ﬂ%} | W
we have
. AR 10
k
= A3
0 1o } (A3)
This implies that
2 3
Ar _ n T 59 T 3
(1o Alo] 2] a2|o] =] 4% o0
= o= + 57 +
K ojo] 2 ofo| 3] 0o
[ I+rar a2 gade .o
| 0 K
_ [ eA7 |0
0| T ]
(Ad)
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Substituting

into (A1) and recalling that C(T) = [ C. Ce(T) } gives

c = [Cd‘(“), Q(T)}
= [C@t.T), C(T)].
(A5)
O
Simplification of (4.20) to (4.25):
Since B¢(t) = 1, (4.21) simplifies to
B, T)=3(t.T)+ \ / Ce(t, u)du (A6)
¢
Differentiating (A6) with respect to T gives
N o1 (T 2
Br(t.T) = Br(t,T) + —= / Ce(tu)du (A7)
aT || J;
Substituting (A6) into (4.20) gives
- \ 1 [t o | [T 2
Gt T) = f*(O,T)—{——/ Br(s, T) + — / Ce(s.u)du|| |ds
2 Jo aT ||/,
~ 1 t 1 t o T 2
— 0TV += | Br(s,T b A
10, )+2/0 Br(s, )d8+2/0 5T /s Ce(s,u)dul| ds
1 ftd |7 2
- n+: | 2 :
G(t, )+2/0 o /s Ce(u)du |l ds,
(A8)

where C¢(s,u) = C¢(u) follows from (A5). The first term is given by (4.11); the second term is
calculated as follows:

Since C¢(T') is defined by CE(T) =X, ,1)(T) fori=1,.... N, we have

T
/ C’g(u)du:[‘];TX(TO’TI](u)du 1T Xy (Wydu _/‘STX(T‘HTN](U)du,}. (A9)
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Since

0 if T<Tp_1
T T—-Tey if Th 1 <TL<T &0<s<Ti
/ X@am@du={ T—s  if Tyq<s<T<T (A10)
e Tr, — s if Tp1<s<Tpy<T
Ty — T if s<Tp 1 & T <T,

it follows that
2 N 2

= Z (/ST X(Te_1, T (u)du) ) (Al1)

k=1

ATQ@MU

Taking the derivative of the above equation with respect to T gives

T
/ Ce(u)du

2 N 2

d
dT

T
T d T
(/S X (Te_1.T] (U)JU) ﬁ/s X(Tp 1,1 () du.

(A12)
Now from (A10),

d T
ar J,

1 if T 1 <T<T}
X(T._ u)du = Al3
GSEARY { 0 if T<Te1<TorT>Tk (A13)
therefore assuming Ty < T < Tn, T will lie in exactly one of the intervals (T} _1,7g]. This

implies that exactly one of the terms in (A12) will be non-zero. Therefore

d T 2 T
ET /S C’g(u)du = 2./3 \/(kalek:.(u‘)du
_ [ 27Ty i s < T (ALD)
2(T —s) if s> Ty 1,
where (Tx-1.Tk] is the interval containing 7. From (A14) it follows that
1 [t T 2 T—Th)t if < Tk
—/ 4 / Ce(u)dul|| ds = ( L F 12 L bors Tk (A15)
2 Jo dT || /s ) (kal) + Tt — §f, if > T ;.
|
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Appendix B

Integral of G (¢, T)

Implementing the perturbed model requires evaluation of the integral

T ~
/ G(t,s) ds. (B1)
i
For the choice of parameters specified in Chapter 4, C;‘(t, s) is defined by

(T - Ty 1)t if t<Tp_,

G, T) =G, T)+ b
(.7) (t.T) {—%(Tk~1)2+Tt%t2 if ¢ > Ty,

where (Tx_1,Tk] is the interval containing 7.

The integral of the first term of (B2), G(t,s), has to be computed numerically but the inte-

gral of the second part can be calculated analytically as follows:
Let I(t,s) denote

](t ) (8 — Tk;l)f if ¢t <Tr_q
,8) =
—%(Tk_1)2+8t4 %fQ if t>Te 1,

where (Ty_1, Tk is the interval containing s.

There are two cases for calculating ftT I(t,s) ds. The relevant case is determined by where

t and T lie with respect to the maturities of the N observed bonds:

Case 1: t lies in the same interval as T

If ¢ lies in the same interval as T', that is Tp_; < t < T < T}, as in Figure Bl then
/ I(t,s)ds = / —(Tk_1)? + st — =% ds
J Jt 2 2

= Slmay o+ Laro o),
(B4)

79



Figure B1: t lies in the same interval as T
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Case 2: t and T lie in different intervals
Figure B2: ¢ and T lie in different intervals

t T
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If t and T lie in different intervals, that is T;_1 <t < Tj and Ty_1 < T < Ty with j < k, asin
Figure B2 then

T T, ,
/t I(t,s)ds = /t 2(T] 1)? +5t——f ds+ Z/ (s—Ti_1)tds

i=j+1
/ 9 — Ty 1 t ds
1 t iy
= o — 242 —
™\ —5[(T 1)? + ] (T f)+2[(TJ) t}fz 5 (T — Ti-1)
=741
t
+o(T' Tpo1)?.
(B5)
It follows that
T _ T T
/ G(t,s) ds = / G(t, s) ds + b2/ I(t.s) ds, (B6)
t t t
where the first term is calculated numerically using (4.11) and the second term is given by either
(B4) or (B5) depending on the values of ¢t and 7. O
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Appendix C

Black’s model

The value at time ¢ of a European call option with a strike price of A (7. ystrike) that expires at
time T, on a coupon bearing bond trading at a spot price of A (z‘s. yspot) is given by (Hull 2003)!

K N(dy)

Co=SN) = 155

with

_ In(S/K) +1In(1 +rfr x 7) + 7/202

di =

1 o7
dy =di — o7,
T=T—1,

g = A(ts>yspot) -1

141 x (ks — 1)

ci
I =
;1+rfr><(Ti~ts)’

K= A(Ts, Ystrike)
1+rfr x (Ts—-T)°

where t5 and Ty are the times corresponding to the settlement dates of the trade and expiry
date respectively, ¢; are the coupons, paid at times T;, that occur between the trade and expiry
settlement dates, o is the implied volatility and rfr is the (simple) risk-free rate. N(-) is the

standard normal cumulative probability distribution function.

!The formulas below are adjusted to take into account the fact that the BESA bond pricing formula prices

bonds on a settlement date.
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