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Abstract

Over the last decades much progress has been made in the investigation of hyper-
convexity in metric spaces (see for instance [1, 2, 4, 9, 11]). Recently Kemajou
et al [3] have published an article concerning hyperconvexity in 7Ty-quasi-metric
spaces. In 1964 Isbell [2] introduced and studied the concept of an endpoint of
a metric space. The aim of this dissertation is to begin an investigation into
hyperconvexity and endpoints of Ty-quasi-metric spaces. It starts off with basic
definitions and some well-known properties of quasi-pseudometric spaces. We
conclude by commencing an investigation into hyperconvexity and endpoints of
Th-quasi-metric spaces. In this dissertation several results obtained for hypercon-
vexity and endpoints in metric spaces are generalized to Tj-quasi-metric spaces,
and some original results for hyperconvexity and endpoints of Tj-quasi-metric
spaces are presented. We also discuss for a partially ordered set the connection
between its Dedekind-MacNeille completion and the g-hyperconvex hull of its

natural Ty-quasi-metric space.
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Introduction

The term hyperconvex space appeared first with N. Aronszajn and P. Panitch-
pakdi in their famous paper [1] to refer to those metric spaces that have the
extension property for nonexpansive mappings. Hyperconvex spaces are also
called injective spaces. In [2] Isbell has shown that every metric space X has an
injective hull Ty, which is compact provided that X is totally bounded. He also
showed that all injective hulls of X are isometric. In particular a metric space
and its completion have exactly the same injective hull. It is well known that a
metric space is hyperconvex if and only if it is injective in the category of metric

spaces and nonexpansive maps (compare [4, 11, 9]).

Chapter 1 is dedicated to well-known results about quasi-pseudometric spaces
and it follows the outline of [3] and [8]. We have given a complete proof of Exam-
ple 1.1.1, because most of our main results do make use of this Ty-quasi-metric u

and in [3] its proof was not given.

In Chapter 2 we have [3] as our main reference and most of its results are due
to these authors. It is devoted to the concepts of convexity in Tj-quasi-metric
spaces. Analogously to Isbell [2], Kemajou et al have shown that every Ty-quasi-
metric space X has a g-hyperconvex hull ) x, which is joincompact provided that

X is totally bounded [3, Proposition 8] . They also showed that all -hyperconvex



hulls of X are isometric and a Ty-quasi-metric space X is g-hyperconvex if and
only if it is injective in the category of Ty-quasi-metric spaces and nonexpansive

maps [3, Theorem 1].

In Chapter 3 we present some of our main results concerning extensions of Ty-
quasi-metric spaces and [4] is our main reference in this chapter. Most of the
results in this chapter can be found in [5], but the proofs in this chapter and
[5] respectively may sometimes differ. In [4] Dress introduced and studied the
concept of the tight span of a metric space and proved among other things that
every metric space X has a tight span T, which is compact if and only if X is
compact, where X denotes the completion of X. It is known that Dress’s theory
is equivalent to the theory of the injective hull of a metric space due to Isbell. In
this chapter we show that large parts of the theory developed by Dress do not
use the symmetry condition and when appropriately modified hold essentially

unchanged in the quasi-metric setting.

Chapter 4 contains our other main results pertaining to endpoints (resp. start-
points) in Ty-quasi-metric spaces and most of our results are similar to those
of Isbell [2] and they are essentially contained in [6] and [7], in which we have
modified most of the results in [2] to hold essentially in the quasi-metric setting.
During his investigation on the hyperconvex hull of a metric space Isbell [2] intro-
duced the concept of an endpoint of a (compact) metric space and proved among
other things that the hyperconvex hull of a compact metric space is equal to the
hyperconvex hull of its subspace of endpoints (compare also [9]). We present the
concept of an endpoint (resp. a startpoint) in partially ordered sets and among
other things give their characterizations. We also discuss for a partially ordered
set X equipped with its natural Tj-quasi-metric d the connection between its
Dedekind-MacNeille completion DM (X) and its g-hyperconvex hull Qx.



Finally in Chapter 5 we present our conclusions, which contain most of our sum-
marized major results. In this chapter we also present some open problems en-

countered during the investigations of the materials in this dissertation.



Chapter 1

Quasi-pseudometric spaces

In this chapter we are going to discuss the basic definitions and some properties

of quasi-pseudometric spaces.

1.1 Basic definitions

1.1.1 Definition. (/3, Definition 1]) Let X be a set and let d : X x X —
[0,00) be a function mapping into the set [0,00) of nonnegative reals.

Then d is called a quasi-pseudometric on X if

(a) d(z,x) =0 forallz e X,

(b) d(z,y) <d(z,z)+d(z,y) foralz,y,z € X.

If further,

(¢) d(z,y) =0 =d(y,x) implies that v =y for all z,y € X, we shall say that d

18 a Th-quasi-metric.

The ordered pair (X,d) is called a quasi-pseudometric (resp. Ty-quasi-metric)

space.



If d is a quasi-pseudometric on a set X, then d~! defined by d~!(x,y) = d(y, )
whenever x,y € X is also a quasi-pseudometric on X called the conjugate of d. As
usual a quasi-pseudometric d on X such that d = d~! is called a pseudometric.
The function mapping d*(z,y) = max{d(z,y),d (z,y)} = d(z,y) V d"}(z,y)
whenever z,y € X is a pseudometric on X. (Here V is used to denote a supremum,
i.e. for any z,y € X,d(z,y) V d ' (x,y) means sup{d(z,y),d ' (x,y)}).

Observe that d® is a metric on X, whenever d is a Ty-quasi-metric on X.

One must note that the following inequalities hold for any quasi-pseudometric d
on X.

d(z,y) < d*(z,y) and d"(z,y) < d*(z,y) whenever z,y € X.

1.1.1 Example. For any x,y € R, define u(x,y) = max{x —y,0}. Then d
is a Ty-quasi-metric on R. We shall write x—y to represent this Ty-quasi-metric,

(i.e. x—y = max{x — y,0} whenever x,y € R).

Proof. Observe that u*(x,y) =| x — y | whenever z,y € R.
Let z,y,z € R. Then u(z,z) = max{z — 2,0} = 0 and u(x,z) + u(z,y) =
max{z—z,0}+max{z—y,0} > max{x—y,0} = u(x,y). lfu(z,y) =0 = u(y, x),

then u®(z,y) = 0. Therefore z = y and wu is a Ty-quasi-metric as required. O

1.1.2 Definition. (/3, Definition 3]) Let (X,d) be a quasi-pseudometric
space. Then X s called metrically convex if for any points x,y € X and non-
negative reals v, s such that d(x,y) < r + s, then there exists z € X such that
d(xz,z) <r and d(z,y) < s.

1.1.2 Example. ([3, Ezample 4]) Consider the so-called Sorgenfrey Ty-
quasi-metric on R which is defined for each x,y € R as follows: d(x,y) =z —y

if x >y and d(x,y) = 1 otherwise. Then d is not metrically convez.



1.1.3 Definition. A map f : (X,dx) — (Y, dy) between two quasi-pseudometric
spaces (X, dx) and (Y,dy) is called nonexpansive provided that dy (f(z), f(y)) <

dx(x,y) whenever x,y € X.

Amap f:(X,dx) — (Y,dy) between two quasi-pseudometric spaces (X, dx) and
(Y,dy) is called an isometric map provided that dy (f(z), f(y)) = dx(z,y) when-
ever x,y € X.

Two quasi-pseudometric spaces (X, dx) and (Y, dy) will be called isometric pro-

vided that there exists a bijective isometric map between them.

1.2 The topology of a quasi-pseudometric space

1.2.1 Definition. (/8, 1.1.2]) Let (X, d) be a quasi-pseudometric space. For
each x € X and € > 0, By(z,e) = {y € X : d(z,y) < €} denotes the open e-ball
at x. The collection of all open e-balls yields a base for a topology 7(d) on X,
(i.e. a subset G of X belongs to T(d) if and only if for each x € G there exists
€ =€, > 0 such that By(z,€) C G). It is called the topology induced by d on X.

If 7 is a topology on X, such that 7 = 7(d) for some quasi-pseudometric d on X,
then X is said to be quasi-pseudometrizable.

Observe that if d is a Ty-quasi-metric on X, then 7(d) is a Ty-topology on X.
For an arbitrary quasi-pseudometric d on X an interesting simple connection

between the topologies 7(d) and 7(d™') is given by the following result.

1.2.1 Remark. ([12, Remark 2.1.5]) Let d be a quasi-pseudometric on a
set X. If 7(d) has a base B of (infinite) cardinality x, then 7(d~') has a base of

cardinality k. This means that 7(d) is second countable if and only if T(d™1) is



second countable.
Proof. See [12, 2.1.5]. O

Let (x,)nen be a sequence in a quasi-pseudometric space (X, d). The convergence
of (zn)nen to © € X with respect to 7(d), called d-convergence and denoted by
Tn <, x, can be characterized in the following way:

Tp Loy = d(z,z,) — 0.

Also

oD 1 = d Y (z,2,) = 0 < d(z,,z) — 0.

The following proposition contains some simple properties of convergent sequences

in quasi-pseudometric spaces.

1.2.1 Proposition. (/8, Proposition 1.1.2]) Let (x,)nen be a sequence in a
quasi-pseudometric space (X, d).

1. If (Zn)nen 18 d-convergent to x and d—'-convergent to y, then d(x,y) = 0.

2. If (xp)nen is d-convergent to x and d(y,z) = 0, then (x,)nen is also d-

convergent to y.

Proof. See [8, Proposition 1.1.2]. O

1.2.2 Proposition. (/8, Proposition 1.1.6]) Let (X, d) be a quasi-pseudometric
space, then

1. Given € > 0, any ball By(z,¢€) is 7(d)-open and a ball Cy(x, ) is T(d~)-closed,
where Cy(z,e) = {y € X : d(x,y) < €} whenever e > 0. The ball Cy(x,e) need
not be 7(d)-closed. Also, the following inclusions hold

7



Bys(x,€) € By(x,€) and Bgs(z,€) C Bg-1(z,€),

with similar inclusions for the closed balls.
2. The topology T(d®) is finer than the topologies T(d) and 7(d™'), indeed 7(d*) =
7(d) V 7(d™Y) (see [14]): This means that:

e any 7(d)-open (closed) set is T(d®)-open (closed), similar results hold for
the topology T(d™1),

e the identity mappings from (X, 7(d*)) to (X,7(d)) and to (X,7(d"')) are

continuous,

o a sequence (Tp)nen 1 X is 7(d®)-convergent if and only if it is T(d)-convergent

and 7(d~1)-convergent.

3. For every fized v € X, the mapping d(z,-) : X — (R, |- |) is 7(d)-upper semi-
continuous and 7(d~1)-lower semicontinuous.

For every fized y € X, the mapping d(-,y) : X — (R, | - |) is 7(d)-lower semicon-
tinuous and T(d~)-upper semicontinuous.

4. The mapping d(z,-) : X — (R, | - |) is 7(d)-continuous at x € X if and only if
clyy(Ba(z,€)) C Cy(x,€) whenever e > 0.

Proof. The proof of this proposition can be found in [8, Proposition 1.1.6]. Let
us give a proof of 1 as in [8], there is a minor misprint in its proof.

For y € By(x,€) we have By(y,€,) C By(z,€), where ¢, = € — d(x,y) > 0. Also
ifye X —Cy(x,e) and ¢, = d(z,y) — e > 0, then By-1(y,&,) N Cy(z,e) = 0 or
equivalently By-1(y,e,) € X — Cy(x,¢). Indeed if z € By-1(y, g,) NCy(z, ), then

d(z,y) < d(xz,z) +d(y,2) <e+e, =d(z,y).



a contradiction.
Since d(z,y) < d*(z,y) and d~*(z,y) < d*(z,y) for all x,y € X, then the given

inclusions hold.



Chapter 2

Convexity in 1j-quasi-metric

spaces

The theory of convexity in metric spaces is well developed by several authors (see
for instance [1, 2, 4, 9, 10, 11]). A metric space (X, m) is called hyperconvez (see
9, Definition 2.5]) if (;c; Ci(@i, i) # 0 for each family (z;);c; of points in X
and a family of nonnegative real numbers (r;);e; for which d(z;,z;) < r; 4+ r;
whenever i, j € I, where C,,(z,7) denotes the closed ball of (nonnegative) radius
rat x. In 1964 Isbell [2] and independently, in 1984 Dress [4] constructed the
hyperconvex hull of a metric space. A metric space (X, m) is called injective (see
2,9, 11]) provided that for any metric space (Y, p), any subspace A of (Y, p) and
any nonexpansive map f : A — (X, m), f can be extended to a nonexpansive
map g : (Y,p) — (X,m). It is well-known that a metric space is hyperconvex
if and only if it is injective (see for example [2, 9, 11]) in the category of metric
spaces and nonexpansive maps. In this chapter we are going to discuss some
recent known results pertaining concepts of convexity in Ty-quasi-metric spaces
due to Kemajou et al [3], which they call Isbell-convez, but we are going to call

this concept g-hyperconvez in this dissertation. Kemajou et al have shown that a
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Th-quasi-metric space is gq-hyperconvex if and only if it is injective in the category
of Ty-quasi-metric spaces and nonexpansive maps [3, Theorem 1]. Most of the
results in this chapter will be needed later in proving our main results in Chapter

3 and 4, respectively.

2.1 Hyperconvexity in Tj-quasi-metric spaces

2.1.1 Definition. (/3, Definition 2]) A Ty-quasi-metric space (X, d) will be
called q-hyperconvex if (;c;(Ca(zs,73) N Cg-1(x5, 53)) # O for each family (x;)icr
of points in X and families of nonnegative real numbers (r;)icr and (8;)ier for

which d(z;,x;) < r; + s; wheneveri,j € I.

2.1.1 Example. (/3, Example 1]) The set R of the reals equipped with the

Ty-quasi-metric u(z,y) = v—y whenever x,y € R is g-hyperconvez.

2.1.2 Definition. ([3, Definition 5]) If (X,d) is a Ty-quasi-metric space,
a family of closed balls (Cq(x;, i), Cq=1(xi, 8;))icr with 1, 8; € [0,00) and x; € X
whenever i € I is said to have a mixed binary intersection property (MIB in
short) if for all indices i,j € I, Cy(x;,r;) N Cy-1(z5, s5) # 0.

If (X, m) is a metric space, a family of closed balls (Cy,(x;,7;))ier with r; € [0, 00)
and x; € X whenever i € I is said to have a binary intersection property (BIP

in short) if Cpy(x;,1;) N Crp(xj,7;) # O whenever i,j € 1.

2.1.3 Definition. (/3, Definition 6]) A Ty-quasi-metric space (X,d) is
called Isbell-complete if every family (Cy(x;,1;), Cy-1(xs, 8i))icr of closed balls,
where 1;,5; € [0,00) and x; € X whenever i € I, having a mized binary intersec-
tion property satisfies (;c;(Ca(xs,1:) N Cy-1(x5, 53)) # 0.

11



A metric space (X, m) is called hypercomplete if every family of closed balls
(Co(xiy7:))ier with r; € [0,00) and x; € X whenever i € I, having a binary
intersection property satisfies (;c; Cn(2i,7:) # 0.

2.1.1 Proposition. (/3, Proposition 1]) A Ty-quasi-metric space (X, d) is

q-hyperconvex if and only if it is metrically convex and Isbell-complete.

Proof. See [3, Proposition 1]. O

2.1.2 Proposition. (/3, Proposition 2]) (i) A Ty-quasi-metric space (X, d)
is q-hyperconvex (resp. Isbell-complete, metrically convez) if and only if (X,d ')
is a g-hyperconvez (resp. Isbell-complete, metrically convex) Ty-quasi-metric space.
(13) If (X,d) is a g-hyperconvez (resp. Isbell-complete) Ty-quasi-metric space,
then the metric space (X, d*) is hyperconvex (resp. hypercomplete). The cor-
responding statement about “metrically conver” does not hold as the following

example shows.

Proof. See [3, Proposition 2]. O

2.1.2 Example. (/3, Ezample 5]) Consider the points of the unit circle in
the Euclidean plane C. The distance d(py,p2) from p1 € C to ps € C is set equal
to the arc length measured counterclockwise from py to pa. Then d is a Ty-quasi-
metric on C, which is clearly metrically convex, but d® is not metrically conver,

since d® does not admit any values between 0 and .

2.1.1 Corollary. (/3, Corollary 2]) Each metric space (X, m) that is g-
hyperconvex (resp. Isbell-complete) is hyperconvex (resp. hypercomplete).

The above corollary shows that considering metric spaces, the class of hypercon-
vex (resp. hypercomplete) spaces is contained in the class of q-hyperconvex (resp.
Isbell-complete) spaces.

One must note that each metric space is a quasi-pseudometric space.

12



2.1.4 Definition. (compare [12]) A Ty-quasi-metric space (X,d) will be
called bicomplete provided that the metric space (X, d*) is complete or, equiva-
lently a Ty-quasi-metric space (X, d) will be called bicomplete provided that the

uniformity Uys induced by d° is complete.

It is well known that every hyperconvex metric space is complete, similarly in the

case of Ty-quasi-metric spaces we have the following result.

2.1.2 Corollary. (/3, Corollary 3]) Every g-hyperconvezr Ty-quasi-metric

space is bicomplete.

Proof. See [3, Corollary 3]. ]

2.2 qg-Hyperconvex hulls of T-quasi-metric spaces

Isbell [2] called a mapping of metric spaces e : X — E an injective hull of X if £
is injective, e is an isometric embedding, and no injective proper subspace of E
contains e(X) metrically. He shows that every metric space has an injective hull
and all of its injective hulls are equivalent, where two injective hulls e : X — F
and f : X — F are said to be equivalent if they related by an isometry i : £ — F,
such that 1 oe = f.

2.2.1 Definition. (compare [2, page 71]) A mapping of Ty-quasi-metric
spacese : (X,d) — (E, p) is called a q-hyperconvex hull of X if E is ¢-hyperconver,
e 18 an 1sometric embedding, and no q-hyperconvex proper subspace of E contains

e(X) quasi-metrically. In such case we will simply call (E, p) the q-hyperconvex
hull of X.

2.2.2 Definition. (/3, Definition 7]) Let (X,d) be a Ty-quasi-metric space
and let FP(X,d) be the set of all function pairs f = (f1, f2) where f; : X — [0, 00)

13



whenever i € {1,2}.

We define a Ty-quasi-metric D on FP(X,d) as follows:

D(f,9) = sup{fi(x)—gi(x) : * € X} Vsup{ga(x)—folz) : + € X} whenever
fig€ FP(X,d).

2.2.1 Remark. (/3, Remark 3]) One must note that D*(f, g) = sup{|fi(z)—
g1(z)| - x € X} Vsup{|fo(z) — g2(x)| : © € X} whenever f,g € FP(X,d) is a
metric on FP(X,d). Furthermore (FP(X,d), D) is q-hyperconvez. Therefore by
Corollary 2.1.2 we have that (FP(X,d), D) is bicomplete.

Proof. See [3, Remark 3|. O

2.2.1 Lemma. (/3, Lemma 1]) Let (X,d) be a Ty-quasi-metric space. For
any a € X, set f,(xr) = (d(a,x),d(x,a)) whenever x € X. For any a,b € X
we have d(a,b) = D(fa, fo). Therefore, ex : (X,d) — (FP(X,d), D) defined by

ex(x) = fi is an injective isometric map.
Proof. See [3, Lemma 1]. O

We shall say that a function pair f € FP(X,d) is ample if for all x,;y € X, we
have d(z,y) < fa(x) + fi(y). The set of all ample function pairs on a Ty-quasi-
metric space (X, d) will be denoted by Px. (In such situations we may also write
Px,q) in cases where d is not obvious).

We say that f € Px is minimal (extremal) among the ample pairs if for each
g € Px such that ¢1(x) < fi(z) and g2(x) < fo(x), then g = f.

By Qx we shall denote the set of all minimal ample pairs on (X, d) with the
restriction of D to @ x X (Qx, which for convenience we shall also denote by D. It

is known that D is indeed a (real-valued) Ty-quasi-metric on Qx X Qx [3, Remark

6).

2.2.2 Lemma. (/3, Lemma 3]) Let (X, d) be a Ty-quasi-metric space.
Each f € Qx satisfies fi(x)— fi(y) < d~H(z,y) and fo(x)— fo(y) < d(z,y) when-

14



ever z,y € X. Hence f1 : (X,d™') — ([0,00),u) and fy : (X,d) — ([0,00),u) are
nonexpansive maps, where u denotes the restriction of the Ty-quasi-metric defined

m Bxample 1.1.1.

Proof. See [3, Lemma 3]. O

2.2.1 Proposition. ([3, Proposition 3]) Let (X,d) be a Ty-quasi-metric
space and [ € Px be such that f1 : (X,d™') — ([0,00),u) and fy : (X,d) —
([0,00),u) are nonexpansive maps, where u denotes the restriction of the Ty-

quasit-metric defined in FExample 1.1.1. Furthermore suppose that there is a

sequence (ap)nen n X such that lim, . fi(a,) = 0 = lim, . fo(a,). Then
/€ Qx.

Proof. See [3, Proposition 3. O
2.2.3 Lemma. (/3, Lemmas 4, 5, 6 and 8]) Let (X,d) be a Ty-quasi-metric
space.

(1) For each a € X, f, is a minimal ample pair.
(i) If f € Qx such that fi(a) = 0= fa(a) for some a € X. Then f = ex(a).
(1ii) A function pair f belongs to Qx if and only if

filz) =sup{d(y, 2)—fa(y) : y € X} = sup{(f2)2(y)—fo(y) 1 y € X}
and

fa(x) = sup{d(z,y)—fi(y) - y € X} = sup{(fo)1(y)—fi(y) - y € X}.
(iv) D(f.g) =sup{fi(z)=gi(z) : v € X} = sup{ga(2)—fa(x) : 2 € X} whenever
fr9€@Qx.

(v) D(f, fa) = fila) and D(fa, ) = fa(a) whenever a € X and f € Qx.

15



Proof. See [3, Lemmas 4, 5, 6 and §]. ]

2.2.2 Proposition. (compare [4, Section 1.3]) Let (X,d) be a Ty-quasi-

metric space. Then Qx consists of all functions pairs which are minimal in Px.

Proof. Obvious from the way (Qx is defined. ]

2.2.3 Definition. Let (X, d) be a Ty-quasi-metric space. Then (X,d) is
called joincompact provided that the metric space (X, d®) is compact.

A Ty-quasi-metric space (X, d) is called totally bounded provided that the metric
space (X, d?) is totally bounded.

2.2.3 Proposition. (/3, Proposition 8]) If (X,d) is a totally bounded Tp-
quasi-metric space, then (Qx, D) is a totally bounded Ty-quasi-metric space, too,
(i.e. the g-hyperconvex hull Qx of a totally bounded Ty-quasi-metric space X is
always totally bounded).

Proof. See [3, Proposition 8]. ]

2.2.1 Corollary. (compare [3, Corollary 5]) If (X,d) is a joincompact Ty-

quasi-metric space, then (Qx, D) is also a joincompact Ty-quasi-metric space.

Proof. Suppose (X, d) is joincompact, then (X, d) is totally bounded as (X, d*)
is totally bounded by the compactness of (X, d*). By Proposition 2.2.3 (Qx, D)
is totally bounded, too and hence (Qx, D*) is totally bounded. Since (Qx, D) is
g-hyperconvex, then (Qx, D*) is complete by Corollary 2.1.2. Therefore (Qx, D)

is joincompact as (Qx, D?®) is compact. ]

2.2.4 Definition. (/3, Definition 8]) Let (X, d) be a Ty-quasi-metric space.
Then it is called injective provided that for any Ty-quasi-metric space (Y, p), any
subspace A of (Y, p) and any nonexpansive map f : A — (X,d), f can be extended
to a nonexpansive map g : (Y, p) — (X, d).
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2.2.1 Theorem. (/3, Theorem 1]) A Ty-quasi-metric space (X,d) is g¢-
hyperconvex if and only if it is injective.
Proof. See [3, Theorem 1]. O

2.24 Proposition. (/3, Proposition 7]) (i) (Qx, D) is ¢-hyperconvez.
(17) ex :(X,d) — (Qx, D) is a g-hyperconvex hull of (X, d).

(1ii) (X, d) is g-hyperconvex if and only if for each f € Qx there is @ € X such
that f = f., (i.e. (X,d) is g-hyperconvex if and only if Qx = ex(X)).

Proof. See [3, Proposition 7]. O
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Chapter 3

A concept of an extension in

To-quasi-metric spaces

Let X be a subspace of a metric space (Y, d). Then Y is called a tight extension
of X provided that for any metric p on Y such that p < d and agrees with d on
X x X we have that p = d. In 1984 Dress [4] gave an independent, equivalent
approach to Isbell’s theory of the injective hull of a metric space that is based
on the concept of a tight extension. He showed that every metric space X has a
tight extension Tx which is compact if and only if X is compact, where X is the
completion of X. He also showed that T’y is a maximal tight extension of X, (i.e.
if Y is a tight extension of X, then there exists an isometric embedding Y — Ty
that keeps X pointwise fixed [4, Section 1.14]). In this chapter we are going to
show that most of the results in Dress [4] can be modified to hold essentially
unchanged in the quasi-metric setting. Indeed we manage to show that every
Th-quasi-metric space X has a maximal Ty-quasi-metric tight extension, namely

its g-hyperconvex hull Q) x.
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3.1 Tj-quasi-metric tight extensions

In this section we are going to generalize some important results about tight ex-
tensions of metric spaces from Dress [4] to our quasi-metric setting and most of
the results in this chapter can essentially be found in [5]. The following proposi-
tion shows that if (X, d) is a Ty-quasi-metric space, then for each g € Py, there
exists f € Qx such that f < g, (i.e. below each ample function pair there is a

minimal ample function pair).

3.1.1 Proposition. (compare [/, Section 1.9]) For every Ty-quasi-metric
space (X, d) there ezists a retraction map p : Px — Qx, (i.e. a map that satisfies
the following conditions):

1. p(f) < f forall f € Px. (In particular p(f) = f for all f € Qx, since each
f € Qx is minimal).

2. D(p(f),p(9)) < D(f,9) whenever f,g € Px.

Proof. Let f € Px, define a function pair f* as follows,
fi (@) = sup{d(y,2)= foly) : y € X} and fi(x) := sup{d(z,y)-fi(y) : y € X}
whenever z € X.

The proof will proceed by showing the following claims first.

3.1.1 Claim. For each f € Px, f* < f, with equality if and only if f € Qx.

Proof. Since d(y,x) < fo(y)+ fi(z) whenever z,y € X and thus d(y, z) — fo(y) <
fi(z). Therefore f;(z) = sup{d(y,xz)—fa(y) : y € X} < fi(x) whenever z € X.
In a similar manner, we can show that fj(x) < fa(x) whenever x € X. Thus
ey
f[r=f e forany v € X, fi(x) = sup{d(y,2)~foly) : y € X} = fi(2) and
f3 (@) = sup{d(z,y)—f1(y) : y € X} = fo(x) & f € Qx by Lemma 2.2.3 (iii).

[
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Given z,z € X, the definition of f* gives fo(z) + fi(2) > d(x,2) and f;(z) +
fi(2) > d(z, z). This is so because

f5(@) + fi(2) = sup{d(z,y)—fi(y) 1 y € X} + fi(2)
> d(x,z) — fi(z) + fi(2)
=d(x,z)

whenever z, 2z € X. Similarly we have

fo(z) + fi(2) = fo(z) +sup{d(y, 2)— fo(y) - y € X}
> fo(x) +d(x, 2) — fo(x)
=d(z,2)

whenever z, z € X.
Define q : Px — Px by f + q(f), where

o(f) = 5[+ ) =5+ fi o+ £3) = G+ 1) 5(fa + 13))

whenever f € Px.

3.1.2 Claim. For each f € Px,q(f) belongs to Px and q(f) < f, with
equality if and only if f € Qx.

Proof. Let f € Py and z,y € X we have that

20



() + F5(2)) + 5 (Hi) + £ )
(o) + 1) + (3 (2) + )]

[2d(z,y)]

(q(f))2(z) + (¢(f)r(y) =

(V4
S [\3|»—w|>—t[\:>|>—~

—
8
<
~—

This shows that ¢(f) is ample, (i.e. q(f) € Pyx).
Since f* < f, then q(f) :=3(f + f) < 3(f + /) = [,

(f)=fes(f+fM=fef+f=2fef=fefcx

3.1.3 Claim. If f,g € Px,D(q(f),a(9)) < D(f,9).

Proof. Let f,g € Px and x € X. Then

)= fa(y) 1y € X}

)=92(y) + 92(y)— fo(y) 1 y € X}

< sup{d(y,z)=ga(y) : y € X} +sup{ga(y)—foy : y € X}
< gi(z) + D(f,9).

fi(z) = sup{d(y, z
< sup{d(y,z

Therefore fi(z) — gi(x) < D(f,g) and hence

sup{(¢(/)1(z)—(a(9)(z) : € X} < gsup{fi(z)—gi(z) : 2 € X }+5sup{f(z)-

re X} <3D(f,9)+3D(f,9) = D(f,g)

Similarly we can show that sup{(q(g))2(z)—(q(f))2(z) : € X} < D(f, g) when-

ever f,g € Px. Thus D(q(f),q(g9)) < D(f, g) whenever f,g € Px.
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3.1.4 Claim. If f € Px,n € N, then ¢"(f) is ample, (i.e. ¢"(f) € Px

whenever n € N).

Proof. Let us show this by induction on n. The case n = 1 is obvious by Claim
3.1.2.

Let n € N, f € Px and assume that ¢"(f) € Px. Now we have that ¢"™'(f) =
q(q"(f)) € Px, because ¢"(f) € Px by our assumption and ¢(f) € Px whenever
f € Px by Claim 3.1.2. O

Iterating the map ¢ one obtains for every f € Px a sequence of function pairs
f>q(f) > A(f) > o > ¢"(f) > ... > 0 in Px. Hence the map p(f) :=
lim,, ... ¢"(f) exists, where the pointwise limit pair is taken with respect to the

usual topology 7(u®) on [0, 00), where u is the Ty-quasi-metric in Example 1.1.1.

Since for each n € N, ¢"(f) < f and D(¢"(f),q"(9)) = D(a(¢"")(f),a(¢""")(9)) <
D(¢"'(f),¢" (9)) < ... < D(a(f),a(9)) < D(f,g). Then for each n € N, ¢"

satisfies conditions 1 and 2, too.

Hence p(f) € Px and satisfies condition 1 and 2, as ¢"(f) € Px and satisfies

condition 1 and 2 whenever n € N and f € Pyx.

3.1.5 Claim. If f,g € Px such that f < g, then g* < f*.

Proof. In fact

fi(z) = sup{d(y,z)— fo(y) : y € X} > sup{d(y, z)—g2(y) : y € X} = gi(x)

and

f3 () = sup{d(z,y)— fi(y) : y € X} > sup{d(z,y)—g1(y) : y € X} = g5(x)

whenever x € X. This shows that ¢g* < f* whenever f,g € Px such that
f<g. O
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To complete the proof we need to show that p(f) € Qx whenever f € Px.

Let f € Px. For all n € N we have p(f) < ¢"(f) and hence by Claim 3.1.5 we
have p(f)* = ¢"(f)".

So 0 < p(f) —p(f)* < ¢"(f) = a"(f)" = 2(¢"(f) — ¢"*'(f)) (compare [10, Proof
dmmmmmsmawﬂwﬂza<ﬁ+wmwsmfwvwﬁwu»~o
as n — oo, then p(f) = p(f)*. Therefore by Claim 3.1.1 we have that p(f) €
Qx. O

3.1.1 Lemma. (compare [4, Section 1.3]) Let (X,d) be a Ty-quasi-metric
space and let f € Px. For each x € X, set p,(f) := ((p=(f))1, (p=(f))2) where

(pe(f))1(2) = fi(2) if z # = and
(pe(f)1(z) = sup{d(y, z)—fa(y) : y € X}.

and

(p=(f))2(2) = fa(2) if 2 # = and
(0 (/))elz) = sup{d(z, ) Fu(y) - v € X},

Then for each x € X we have,
(a) p.(f) € Px whenever f € Px.
(b) p. satisfies conditions 1 and 2 of Proposition 3.1.1.

Proof. Let f € Px and x € X.

(a) To show that p,(f) € Px we shall consider the following four cases.
Case 1: If z = x = y, then the assertion holds as d(z,z) = 0.

Case 2: If z # x and y = x, then
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(p2(f))2(2) + (P2())1(y) = fa(z) + sup{d(m,y) — fo(m) :m € X} VO
> fa(2) + (d(z,y) — f2(2)) VO
= d(z,y).

Case 3: If 2 = z and y # z, this can be shown in a similar manner as in Case 2.
Case 4: If z # x and y # z, then

(P=(f))2(2) + (= (f))1(y) = fa(2) + 1(y) = d(2,9).

Hence p,(f) € Px whenever f € Py and x € X.

(b) By the way p, was constructed we have (p,(f))1(z) < fi(2) and (p.(f))2(2) <
f2(2) whenever z € X and f € Pyx. Therefore p,(f) < f whenever f € Px and
x e X.

Also
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This implies that

D(p.(f),12(9)) = sup{ (P2 (£)1(y)—(pa(9))1(y) : y € X}
vV sup{(pz(9))2(y)—(p=(f))2(y) 1 y € X}
= sup{ f1(y)=91(¥), (= (/)1 ()= (P2 () () : y € X — {z}}
V sup{ga(y) = fo (), (Pu(9))2(2)— (P2 (f))2(2) 1 y € X — {2}}
<sup{fi(y)=91(y). D(f.9) 1y € X — {z}}
Vv sup{g2(y)—fa(y), D(f. 9) 1y € X — {x}}

= D(f,9).
Hence D(p.(f),pz(9)) < D(f,g) whenever f € Px and x € X. O
3.1.1 Remark. We next note that Proposition 3.1.1 can also be proved by

Zorn’s Lemma (compare [4, Section 1.9]).

Proof. Let P be the set of all maps from Py to Py satisfying conditions 1 and 2

of Proposition 3.1.1. Define an order on P as follows:

A
=
=
=
=
=
=
A
=
=
=

p=q <= ()

whenever f,g € Px and p,q € P. Then P # () as p, € P whenever z € X, where
pe is the map defined in Lemma 3.1.1.

Now let us show that < is a partial order on P.

1. Reflexivity is obvious as every map equals itself.

2. Let p,qg € P be such that p < ¢ and ¢ < p. Then we have that for any
fig€ Px and z € X,

p=q= (p(N)h(x) < (@(N(@), (p(N)2(2) < (g(f))2(z)
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Moreover

This implies that

and

and

Therefore p = ¢ and = is antisymmetric.
3. Let p,q,s € P be such that p < ¢ and ¢ < s. Then we have that for any
f,g€ Py and z € X,



Similarly

Therefore by the transitivity of < on [0, c0) we have that (p(f))i(z) < (s(f))1(z),

(p(f))2(x) < (s(f))2(2) and D(p(f),p(g)) < D(s(f),s(g)). Thus p <'s and < is

transitive. Therefore (P, <) is a partially ordered set.

Let K C P be a nonempty chain and define a map s : Px — Px as follows

s(f)(x) := (infrex (k(f))1(2), infrerc(k(f))2(2))

whenever z € X, where the infima are taken pointwise in [0, 00).
It is easily seen that s(f) € Px whenever f € Py, since K is a chain (compare
[3, Proof of Theorem 1]). Then for each f € Px and each k € K, we get

s(f) <k(f) < f

Furthermore for any f,g € Py and k € IC we have

D(f,9) = D(k(f), k(g))
> sup{(t(f))1(z)=(t(g)h(x) : z € X}
v sup{(t(g))a(2) = (t(f))2(x) : © € X}

whenever t € IC and t < k.
Fix z € X. In the following u is the Tj-quasi-metric defined in Example 1.1.1. For
each n € N choose k], k, € K such that k/,, k! < k and such that the decreasing

sequence (k! (f))1(z)) converges to infreic(k(f))1(z) and the decreasing sequence
(k”(g))1(x)) converges to infrexc(k(g))1(x) with respect to the usual topology

27



7(u®) on [0, 00).

For each n € N set t,, = min{k/,, k'}. Then the sequence ((t,(f))1(x)) converges

n’''n

to

infrex(k(f)(x)

and the sequence ((t,(g))1(x)) converges to

infrexc(k(g))1(z)

with respect to the usual topology 7(u*) on [0, c0).
Therefore

D(f,9) = D(k(f), k(g))
> inf (k(f))1()— inf (k(g)): ().

T keK ke

A similar argument works for the second coordinates.

Hence

D(f,9) = D(k(f), k(g))
> sup{inf (k(f))1(z)= Inf (k(g))1(2) : w € X}

ke
v sup{ inf (k(g))a() = inf (k(f))a(x) : 2 € X} = D(s(f), 5(g).

We have shown that K has a lower bound s in P. By Zorn’s Lemma P has a
minimal element, say m.

To show that m(f) € Qx whenever f € Py we make use of p, (z € X) defined
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in Lemma 3.1.1. For each x € X we obviously have that p, € P and p,om < m.
Hence by minimality of m,p, o m = m whenever x € X.

It follows that for each x € X, p,.(m(f)) = m(f) whenever f € Px. Thus by the
definition of the elements of @) x we conclude that m(f) € QQx whenever f € Px
by [13, Remark 2]. O

3.1.2 Proposition. (compare [4, Section 1.11]) Let A be a (nonempty) sub-
space of a Ty-quasi-metric space (X, d). Then there exists an isometric embedding
T:Qa — Qx such that T(f)|a = f whenever f € Q4.

Proof. Fix ag € A and choose a retraction p : Py — @ x satisfying the conditions
1 and 2 of Proposition 3.1.1. Furthermore let s : Q4 — Px be defined as s(f) = f

whenever f € ()4, where
fi(z) = fi(x) whenever z € A and f,(x) = fi(ag) + d(ag, *) whenever z € X — A
and

fo(z) = fo(x) whenever x € A and fo(z) = fa(ag) + d(x, ag) whenever
re X — A

We prove that f € Px by considering the following four cases:

Case 1: Suppose x € A and y € A, then fo(z) + f1(y) = fo(z) + fi(y) > d(z,v).
Case 2: Suppose 7 € X — Aand y € X — A, then fo(z) + fi(y) = (f2(ag) +
d(z,a0)) + (fi(ao) + d(ao,y)) > d(z,ap) + d(ag,y) > d(z,y).

Case 3: Suppose r € X —A and y € A, then fo(x)+ f1(y) = (d(z, ao) + falag)) +
fily) = d(w, ag) + d(ag, y) > d(z,y).

Case 4: Suppose v € Aand y € X — A, then fo(z) + fi(y) = fo(z) + (fi(ag) +
d(ag,y)) > d(x,ao) + d(ag,y) > d(x,y). Thus f € Px.

Define 7 = po s : Q4 — Qx. Since for each f € Q, p(f) < f, then p(f)|a <
fla = f. Hence 7(f)|a = p(s(f))|a = p(f)|a < f. Therefore by minimality of f
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on A we have 7(f)|a = f whenever f € Q4.
Given f,g € Q4 we have

where the last equality follows from the definition of f and g, because D(f,g) =
D(f,g) on A and if x € X — A we have that

fi(x)=g1(x) = max{ fi(ao) — g1(ao), 0}
= fl(ao);gl(ao)

and

g2(x)— fo(x) = max{gs(ag) — fa(ao),0}
= g2(ao)— f2(ao).

Therefore D(7(f),7(9)) = D(p(f),p(@) = D(f,g) = D(f.g) whenever f,g €

Q4. Therefore 7 is an isometric embedding as required.

]
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The following definition can also be found in [3].
Let us recall that given two Tp-quasi-metric spaces (Y, e) and (X, d), then (Y] e)
is called an extension of (X, d) provided that (X, d) can be embedded into (Y] e)

quasi-metrically.

3.1.1 Definition. (compare [3, Remark 7]) Let X be a subspace of a Ty-
quasi-metric space (Y,d). Then Y s called a tight extension of X if for any
quasi-pseudometric e on'Y such that e < d and agrees with d on X x X we have
that e = d.

In [3, Remark 7] it was shown that for any Ty-quasi-metric space (X, d) we have
that the isometric embedding ex : X — Qx is tight, (i.e. Qx is a tight extension
of ex(X)).

3.1.2 Remark. (compare [4, Section 1.12]) For any Ty-quasi-metric tight
extension Y1 of X, any To-quasi-metric extension (Ya,d) of X and any nonex-
pansive map ¥ : Yy — Yy satisfying ¥ (x) = x whenever x € X, 1 is necessarily

an isometric map.

Proof. Otherwise the quasi-pseudometric p : Y; xY; — [0, 00) defined by p(z,y) =
d(v(zx), ¥ (y)) would contradict the tightness of the extension Y] of X. O

3.1.3 Proposition. (compare [4, Section 1.13]) Let (Y,d) be a Ty-quasi-
metric tight extension of X. Then the restriction map defined by f +— f|x when-

ever f € Qy is a bijective isometric map from Qy to Qx.

Proof. Choose a retraction p : Px — Qx satisfying the conditions 1 and 2 of
Proposition 3.1.1 and let ¢ : Qy — Qx : f — p(f|x) denote the composition of
p with the restriction map Qy — Px : f — f|x. Then % is nonexpansive and
Qy and Qx are Ty-quasi-metric extensions of X. According to Remark 3.1.2 1
must be an isometric map, since )y is a tight extension of X, because Q)y is a

tight extension of Y and Y is a tight extension of X.
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By Proposition 3.1.2 there is an isometric embedding 7 : Qx — @y satisfying
7(f)Ix = [ whenever f € Qx. Then we have ¥(7(f)) = p(7(f)|x) = p(f) = f
for all f € Qx and thus v is necessarily surjective. But a surjective isometric
map on a Ty-quasi-metric domain is necessarily bijective. So 7 : Qx — @y has to
be the map inverse to 1 and thus for any f € )y we necessarily have the formula
flx =7(W(f))|x = ¥(f) € Qx, that is, the restriction map Qy — Px : f — flx
maps @y already onto )x, without having to be composed with the retraction
map p. Hence we see that for any Ty-quasi-metric tight extension Y of X the

restriction map Qy — Qx : f — f|x yields a bijective isometric map between
Qy and Qx. O

3.1.3 Remark. By Proposition 3.1.8 we see that if (Y,d) is a Ty-quasi-
metric tight extension of X, then the g-hyperconvex hull Qy of Y is isometric to
the q-hyperconver hull Qx of X, (i.e. in the case that X is a (nonempty) subspace
of (Y,d), where (Y,d) is a Ty-quasi-metric tight extension of X, then Qx and Qy

are indistinguishable up to isometries).

3.1.4 Proposition. compare [9, Theorem 2]) Let X be a subspace of a Ty-
quasi-metric space (Y,d). Then the following conditions are equivalent:

(a) Y is a tight extension of X.

(b)  d(y1,y2) = sup{(d(z1,x2) — d(x1,y1) — d(y2,22)) VO : 21,29 € X} whenever
y,y2 €Y.

()  fylx(z) = (d(y,z),d(x,y)) with x € X is minimal on X whenever y € Y
and the map ¢ : (Y,d) — (Qx,D) : y — fylx is an isometric embedding that

keeps X pointwise fized, (i.e. Qx is a mazimal tight extension of X in the sense

of Dress [4]).

Proof. (a) — (b): Let Y be a Ty-quasi-metric tight extension of X. By Proposi-
tion 3.1.3 the map Qy — Qx defined by f +— f|y defines a bijective isometric
map between @y and Qx. By [3, Remark 7] the extension Q) x of X fulfils condi-

tion (b) of Proposition 3.1.4. Hence the extension Y of X, as a subspace of Qy,
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fulfils condition (b), too.
(b) — (c): For any z1,22 € X and y; € Y we have that

d(z1,22) < d(x1,91) + d(y1, 2).
Therefore for any x1, 2o € X and y;,y2 € Y we see that

d<xlax2) - d(‘rlayl) - d(y2>x2) < d(yhx?) - d(y27$2)'

Consequently for any y;,y2 € Y we have by (b) that

d(y1,y2) = sup{(d(z1, v2) — d(z1,91) — d(y2, 72)) VO : 21,29 € X}
< sup{(d(y1, x2)—d(yo, 22)) : 22 € X}
< d(y1,12).

Similarly

d(z1,z2) < d(z1,y2) + d(y2, x2)

whenever 1,25 € X and y, € Y.

It follows that for each x1, 29 € X and y1,y, € Y we have that

d(z1,22) — d(ya, x2) — d(z1,y1) < d(x1,y2) — d(x1, y1)-

Thus for any y;,y2 € Y we see by (b) that
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d(y1,y2) = sup{(d(z1, v2) — d(y2, 72) — d(x1,51)) VO : 21,29 € X}
< sup{(d(z1, y2)—d(x1,11)) - 21 € X}
< d(y1, 12)-

Hence we conclude that d(yi,y2) = D(fy,|x, fy.|x) whenever y;,y, € Y.

As we have just shown, for any y;,y> € Y we have that

d(y1,y2) = SUP{d(xhyQ);d(iUh.%) crp € X}

and

d(y1,y2) = sup{(d(y1, x2)—d(y2, x2) : 22 € X'},

Substituting z2 € X for y and x; € X for y;, respectively, we obtain the two

equations

folx (22) = d(y1, 22) = SUP{(d(%,m);d(%,yl) tx € X}

whenever y; € Y and x5, € X,

and

(fy2|X)2(371) =d(x1,12) = SUP{(d(ﬂfl,ZEQ);d(y%%) tx9 € X}

whenever y, € Y and z; € X.
By [13, Remark 2] the restriction f,|x is minimal on X whenever y € Y.
(¢) = (a): Let ¢ : Y xY — [0,00) be a quasi-pseudometric on Y such that ¢ < d

and ¢|xxx = d|xxx. By (¢) and since f,|x is minimal whenever y € Y we have
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d<ylay2> = D<fy1‘X7fy2‘X)
= sup{d(y1, ) —d(ys,z) : v € X}
= sup{d(z,y)—d(x,y,) : x € X}

whenever y;,ys € Y by [3, Lemma 7].
Then by substituting

d(xl,yg) = SUP{d(xhb);d(yQ,b) 19 € X}
into the formula

d(ylayQ) = Sup{d(xlayQ);d(xhyl) AT X}7

we obtain

d(y1,y2) = sup{sup{(d(z1,x2) — d(z1,y1) — d(y2,22)) VO : 29 € X} : 21 € X}
< sup{(q(z1,2) — q(21,91) — q(y2, 22)) V0 : 21,22 € X} < q(v1,y2)

whenever v,y € Y by our assumption. Consequently ¢ = d. Therefore condition
(a) is satisfied. O
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Chapter 4

Endpoints in Tj-quasi-metric

spaces

In this chapter we intend to generalize results due to Isbell [2] to the category of
Th-quasi-metric spaces and nonexpansive maps. During his investigation on the
hyperconvex hull of a metric space Isbell [2] introduced the concept of an endpoint
of a (compact) metric space and proved among other things that the hyperconvex
hull of a compact metric space is equal to the hyperconvex hull of its subspace
consisting of its endpoints (see also [9]). It turns out that in the quasi-metric
setting it is natural to consider also the dual concept of an endpoint, which we
shall call a startpoint. In this way we succeed in generalizing several results on
endpoints of metric spaces to the quasi-metric setting. Indeed we manage to show
that the g-hyperconvex hull of a joincompact Ty-quasi-metric space is isometric

to the g-hyperconvex hull of the subspace of its endpoints and startpoints.
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4.1 Collinearity in 7Tj-quasi-metric spaces

4.1.1 Definition. (compare [9, page 184]) Let (X,d) be a Ty-quasi-metric
space.

1. A finite sequence (x1, 9, ...,x,) in X is called collinear in (X,d) provided
that d(x;, zy,) = d(x;, xj) + d(xj, vp) whenever i < j < k < n.

2. An element x € X 1is called an endpoint provided that there exists y € X such
that d(y,x) > 0 and such that for any z € X collinearity of (y,x, z) implies that
x = z. In such a case we say that y witnesses that x is an endpoint of (X, d).
The set of endpoints of a Ty-quasi-metric space (X, d) will be denoted by E,.

3. An element x € X s called a startpoint of (X,d) if it is an endpoint of
(X, d™1).

The set of startpoints of a To-quasi-metric space (X, d) will be denoted by Sy.

Since for a point € X to be an endpoint (resp. a startpoint), one needs ay € X
such that d(y,z) > 0 (resp. d(z,y) > 0), then y # x. Hence a Ty-quasi-metric

space possessing only one point cannot have an endpoint (resp. a startpoint).

4.1.1 Remark. Note that (xq,x2,23) is collinear in the Ty-quasi-metric

space (X, d) if and only if (v3,22,71) is collinear in (X,d™1).

In the following example we are going to find the endpoints and startpoints of a

special two point space.

4.1.1 Example. Let X = {0, 1} be equipped with a Ty-quasi-metric d de-
fined as follows:

Set d(1,0) = a,d(0,1) = b and d(1,1) = 0 = d(0,0), where a,b € [0,00) such that
a+b# 0. We shall denote this space by (Xap, d).

Case 1: If a = 0, then 0 is the only startpoint in (Xu,d) and 1 is the only end-
point in (Xap, d).

Case 2: If b =0, then 0 is the only endpoint in (X, d) and 1 is the only start-
point in (Xup,d).
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Case 3: If a,b € (0,00), then both 0 and 1 are endpoints and startpoints in
(Xap, d).

Proof. Case 1: If a = 0, then d7'(0,1) = d(1,0) = a = 0, thus 0 and 1 are not
endpoints and startpoints in (X, d), respectively. Since d~'(1,0) = d(0,1) =
b > 0 and (z,0,1) is collinear in (X, d) if and only if = 0, then 1 witnesses
that 0 is a startpoint in (X, d). Also d(0,1) =b > 0 and (0,1, z) is collinear in
(Xap, d) if and only if x = 1, then 0 witnesses that 1 is an endpoint in (X, d).
Case 2: If b = 0, then d~(1,0) = d(0,1) = b = 0, thus 0 and 1 are not startpoints
and endpoints in (X, d), respectively. Since d=1(0,1) = d(1,0) = a > 0 and
(x,1,0) is collinear in (Xg,d) if and only if # = 1, then 0 witnesses that 1 is a
startpoint in (Xg, d). Also d(1,0) = a > 0 and (1,0, 2) is collinear in (X, d) if
and only if z = 0, then 1 witnesses that 0 is an endpoint in (X, d).

Case 3: This case can be obtained by combining Case 1 and Case 2 to conclude

that 0 and 1 are both endpoints and startpoints in (X, d). O

4.1.1 Lemma. (compare [9, page 184]) If (x1, 22, x3) and (x1,23,24) are
collinear in a Ty-quasi-metric space (X, d), then so are (1, xa,x4) and (e, T3, T4).

(Hence (x1,x2, T3, x4) is collinear.)

Proof. Since,

d(x1,24) < d(x1,29) + d(z2, 24)
< d(x1,xa) + d(xe, x3) + d(x3, 24)
=d(x1,23) + d(x3,24)
= d(z1,14),
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then d(xy,z4) = d(xq,x2) + d(x9, x4) and d(xs, z4) = d(xe,x3) + d(x3,24). Hence
d(x1,24) = d(z1,22) + d(22, x3) + d(23,24). Therefore (21, xq,x3,24), (21, X2, T4)

and (xg, 3, x4) are collinear in (X, d) as required. O

4.1.2 Lemma. (compare [2, 2.6]) Let (X,d) be a joincompact Ty-quasi-
metric space and f € Qx. Given x € X such that fo(x) > 0 there is y € X such
that (fa, f, fy) is collinear in (Qx, D), (i.e. given an x € X such that fy(x) > 0
there is y € X such that d(z,y) = fo(z) + fi(y)).

Similarly for each x € X such that fi(z) > 0 there is y' € X such that (fy, f, fz)
is collinear in (Qx, D), (i.e. given an x € X such that fi(x) > 0 thereisy’ € X

such that d(y',z) = fo(y') + fi(x)).

Proof. Assume that m € N is such that = < fy(z). (This is possible by the
nonarchimedean property of R). Consider n € N such that n > m. Suppose for
all y € X we have d(z,y) + £ < fo(z) + fi(y). Then set ho(z) = fo(z) — L if
z =x and hy(z) = fo(z) whenever z € X — {x}. Then (0,0) < (f1, h2) < (f1, f2),
but (f1,h2) is an ample function pair on (X,d), so that f is not minimal- a
contradiction.

Therefore for each n € N such that n > m, there is y, € X such that fo(z) +
J1(yn) < d(z,yn) + =

By joincompactness of (X, d) there are y € X and a subsequence (yy, )ren Of
(Yn)n>m such that d*(y,,,y) — 0. Then we get that fo(z) + fi(y) < d(z,y) <
fo(@) + fi(y), because we have that |f1(yn,) = f1(y)] < d*(yn,,y) and |d(z, yn,) —
d(z,y)] < d°(yn,y) whenever k € N, because f is a minimal ample pair (see

Lemma 2.2.2). The second statement is proved analogously. ]

With a closer look at the first part of the preceding proof, we obtain the following

corollary.

4.1.1 Corollary. (compare [2, 2.6]) Let (X, d) be a Ty-quasi-metric space,
f€Qx,xr € X and € > 0. Suppose that fo(x) > 0. Then there is y € X such
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that d(z,y) + € > fo(x) + f1(y). Similarly suppose that fi(x) > 0. Then there is
y' € X such that d(y',z) + € > fo(y') + fi(x).

4.1.3 Lemma. (compare [2, 2.6]) Let (X,d) be a Ty-quasi-metric space,
f be an ample function pair on (X, d) such that for all x € X there is y € X
such that d(z,y) = fo(z) + fi(y) and for all x € X there is y' € X such that
Ay, z) = fo(y) + fi(x). Then f is a minimal function pair on (X,d).

Proof. Suppose that h is a function pair on (X, d) such that h < f, say ho(zg)+€ <
fa(zg) for some x5 € X and € > 0. Then by Corollary 4.1.1 there is y € X such
that d(zg,y) > fa(zo) — € + fi(y) > ha(xo) + h1(y). Hence h is not an ample
function pair on (X, d) and f is therefore a minimal function pair on (X, d). The

second case is dealt with analogously. [

4.1.1 Proposition. Let (X, d) be a Ty-quasi-metric space. Fizy € X and
set a; <, ag if and only if (y, a1, az) is collinear in (X,d). Then <, is a partial

order on X.

Proof. For each a € X,a <, a as (y,a,a) is collinear (X,d). Therefore <, is
reflexive.

Let b,¢ € X be such that b <, c and ¢ <, b, then (y, b, ¢) and (y, ¢, b) are collinear
in (X,d). Hence d(y,b)+d(b,c) = d(y,c) and d(y, c)+d(c,b) = d(y,b). Therefore
(d(y,c) +d(c,b)) +d(b,c) = d(y,c), thus d(c,b) + d(b,c) = 0. By the Ty-property
of X we have that b = c. Therefore <, is antisymmetric.

Let b,c,e € X be such that b <, c and ¢ <, e. Then (y,b,¢) and (y,c,e) are
collinear in (X, d). Therefore (y, b, €) is collinear in (X, d) by Lemma 4.1.1. Thus
b <, e, which implies that <, is transitive. Hence <, is a partial order on X as

required. ]
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4.2 Endpoints in g-hyperconvex hulls of 7j-quasi-

metric spaces

Given an arbitrary Ty-quasi-metric space (X, d), it is natural to ask the following
questions.

1. When does it possess endpoints (resp. startpoints)?

2. Do (Qx, D) and (X, d) have the same endpoints (resp. startpoints)?

3. How is the g-hyperconvex hull (Qx, D) of (X, d) related to the gq-hyperconvex
hull (@p, D) of its subspace B, where B = E; U S,?

The results in this section will try to answer the above questions.

4.2.1 Proposition. Let (X, d) be a joincompact Ty-quasi-metric space. More-
over let two distinct points y,a € X with d(y,a) > 0 be given. Then there is a
startpoint s of (X,d) and an endpoint e of (X,d) such that (y,a,e) and (s,y,a)

are collinear in (X, d).

Proof. Consider M, , = {d’ € X : (y,a,d’) is collinear in (X, d)}. It is nonempty
as a € M,,. Then M, , equipped with the restriction of the partial order <,
in Proposition 4.1.1 is a poset. Let K € M, , be a nonempty chain. Let us
consider a net z; = k where k£ € K, which is directed by the linear order of the
chain K. Since (X, 7(d?)) is compact, we know that there is a subnet (zy,)ccr of
(xx)rex converging to some point x in (X, d®). Let us show that z is an upper
bound of K in M, ,. Indeed for each e € E we have that d(y,a) + d(a,zy,) =
d(y,xr,) as xp, € M,,. Taking limits in R equipped with its usual topology
we have d(y,a) + d(a,z) = d(y,x), since |d(a,zy,) — d(a,z)| < d*(zg,,x) and
|d(y, xr,) — d(y, x)| < d*(xy,,x) whenever e € E.

Thus (y,a,z) is collinear in (X,d) and x € M,,. Since (xy,)ccp is a subnet
of (xk)kek, given k € K we see that k <, k. eventually. By definition of <,, if
k <, ke then we have that d(y, i) +d(zk, zx,) = d(y, zx, ). Taking as above limits,
we get that d(y, zy) + d(x, x) = d(y,x). Consequently (y,zy,z) is collinear in
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(X,d) and k =z, <, x. Thus z is an upper bound of K in M, ,.

Hence by Zorn’s Lemma, M, , has a maximal element, say m. Of course m # v,
as y # a. We show that m is an endpoint of (X,d): Indeed let x € X such
that (y,m,x) collinear in (X, d). Since (y,a,m) is collinear in (X,d), we see
that a« <, m <, z. Thus (y,a,x) is collinear in (X,d) and therefore x € M, ,
and m = z by maximality of m in M, ,. Hence m is an endpoint of (X,d) and
(y,a,m) is collinear in (X, d) as required. Applying the same argument to the

space (X, d™!) we obtain the second part of the statement about startpoints. [

The above proposition yields the following corollary.

4.2.1 Corollary. Let (X,d) be a joincompact Ty-quasi-metric space. More-
over let two distinct points y,a € X with d(y,a) > 0 be given. Then there is an
endpoint e and a startpoint s in (X, d) such that (s,y,a,e) is collinear in (X, d).

Proof. By Proposition 4.2.1 there is a startpoint s € X such that (s,y,a) is
collinear in (X, d). In particular d(s,a) = d(s,y)+d(y,a) > 0. Therefore applying
Proposition 4.2.1 again we get an endpoint e € X such that (s,a,e) is collinear.

Then (s,y,a,e) is collinear by Lemma 4.1.1. O

4.2.1 Lemma. Let (X,d) be a Ty-quasi-metric space. If x is a startpoint
with witness y and (x,y, z) is collinear in (X, d), then z is also a witness that x
is a startpoint in (X, d). Similarly if x is an endpoint with witness y and (z,y, x)

is collinear in (X, d), then z is also a witness that x is an endpoint in (X, d)

Proof. Since y witnesses that « is a startpoint in (X, d), then d(x,y) > 0. Note
that the collinearity of (x,y, z) in (X, d) implies that d(z, 2) = d(z,y) +d(y, z) >
d(xz,y) > 0. Let a € X be such that (a,z, z) is collinear in (X, d). Since (x,y, 2)
and (a,z,z) are collinear in (X,d), then (z,y,x) and (z,z,a) are collinear in
(X,d™1) by Remark 4.1.1. Applying Lemma 4.1.1 we have that (y, x, a) is collinear
in (X,d™1) and again by Remark 4.1.1 we have that (a,x,y) is collinear in (X, d)
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and thus * = a, as y witnesses that x is a startpoint in (X,d). Therefore z
witnesses that z is a startpoint of (X, d). The result about endpoints is proved

analogously. ]

4.2.2 Proposition. (compare [2, 2.12]) Let (X,d) be a joincompact Tp-
quasi-metric space. Then x is an endpoint of (X, d) if and only if x is an endpoint

of its q-hyperconvex hull (Qx, D).

Proof. Suppose that z is an endpoint of X. Then there exists y € X such that
d(y,z) > 0 and the collinearity of (y, z,a) in (X, d) implies that x = a (x) when-
ever a € X. Let w € Qx be such that (y,z,w) is collinear in (Qx, D). (Take
note that here we are considering X as a subspace of @Qx). Then 0 < D(y,z) <
D(y,w). It suffices to show that + = w so that we can conclude that x is an
endpoint of (Qx, D). Since (X, d) is joincompact and wy(y) = D(y,w) > 0, then
by Lemma 4.1.2 there is u € X such that (y,w,u) is collinear in (Qx, D).

Since (y,z,w) and (y,w,u) are collinear in (Qx, D), then by Lemma 4.1.1 we
have that (y,z,u) is collinear in (Qx, D). So x = u by assumption (*). Con-
sequently D(y,z) + D(x,w) = D(y,w) and D(y,w) + D(w,u) = D(y,u) by
the two collinearity assumptions. Since x = wu, the second equation becomes
D(y,w) + D(w,z) = D(y,z). Thus the first equation becomes (D(y,w) +
D(w,z)) + D(x,w) = D(y,w), which implies that D(w,z) + D(x,w) = 0. Since
D is a Ty-quasi-metric on ()x, then x = w. Therefore = is an endpoint of Qx as
required.

Now let us show that each endpoint of (Qx, D) is an endpoint of (X, d). To this
suppose g € Qx is an endpoint in (Qx, D). Then there exists f € QQx such that
D(f,g) > 0 and such that for any h € Qx the collinearity of (f,g,h) in (Qx, D)
implies that g = b (%*). Since D(f,g) > 0 and Qx is a Tp-quasi-metric tight
extension of X (where X is identified with ex (X)), then by Proposition 3.1.4
(b) there are sequences (Z,)nen, (Un)nen in X such that the increasing sequence
(D(zp,yn) — D(xy, [) — D(g,Yn))nen converges to D(f,g) with respect to the
usual topology on R. (Since here and in the following X is identified with ex (X),
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for each x € X, we shall identify x with ex(z) = f,).

By joincompactness of (X,d) there are a subsequence (ng)ren of (n)yeny and
z,y € X such that d*(z,,,x) — 0 and d*(y,,,y) — 0. Consequently |D(x,,, f) —
D(xz, f)| < d*(zy,,x) and |D(g,yn,) — D(9,y)| < d*(Yn,,y) whenever k € N.
Therefore D(f,g) = D(z,y) — D(x, f) — D(g,y) and thus D(z,y) = D(x, f) +
D(f,g) + D(g.y). Since D(z, f) + D(f.9) + D(9,y) = D(z,y) < D(z,f) +
D(f,y) < D(x, f)+ D(f,9) + D(g,y), then it follows that D(f,y) = D(f,g) +
D(g,y) and D(z,y) = D(x, f)+ D(f,y). Thus (f,g,y) and (z, f,y) are collinear
in (Qx, D). By assumption (xx) we conclude that g = y. Since (z, f,y) is collinear
in (Qx, D), then by Lemma 4.2.1 x is a witness in X that y is an endpoint in
(@x, D).

Let us show that ¢ = y is an endpoint in (X, d). To this let a € X be such
that (z,y,a) is collinear in (X, d). Then (z,y,a) is also collinear in (Qx, D) and
since x witnesses that y = ¢ is an endpoint in (Qx, D), then y = a and we can

conclude that y = ¢ is an endpoint in (X, d). O

4.2.2 Corollary. Let (X,d) be a joincompact Ty-quasi-metric space. Then
x 1s startpoint of (X,d) if and only if x is a startpoint of its q-hyperconvex hull

(@x, D).

Proof. By Proposition 4.2.2 each endpoint of (X, d ") is an endpoint of (Q(x 4-1), D).
Thus each startpoint of (X, d) is a startpoint of (Q(x -1y, D™'). By [3, Proposi-
tion 4] s : (Q(x,a-1y, D7) — (Q(x,a), D) is an isometric bijection where s(f1, fo) =
(f2, f1) whenever f € Q(x,4-1). Thus each startpoint of (Qx 41y, D7) is a start-
point of (Q(x,q), D). Hence each startpoint of (X, d) is a startpoint of (Qx,a), D).
Similarly by [3, Proposition 4] s : (Qx,a, D) — (Q(xa-1), D) is an isomet-
ric bijection where s(fi, fo) = (fa2, f1) whenever f € Q(xq4. Thus each end-
point of (Q(x.q), D™') is an endpoint of (Q(xq-1), D) and by Proposition 4.2.2
each endpoint of (Qx,4-1), D) is an endpoint of (X,d™"). Thus each startpoint
of (Q(x,a),D) is a startpoint of (X,d). Take note that the copy of (X,d) in
(Qx.4), D) is isometric to the conjugate copy of (X,d™!) in (Q(x,4-1), D7), (Le.
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e(x,a)(X) is isometric to the conjugate of e x q4-1)(X)). O

4.2.1 Example. Consider the space (Xap,d) of Example 4.1.1, where a,b €
(0,00). In Case 3 of Example 4.1.1 it was shown that 0 and 1 are both startpoints
and endpoints in (X, d).

We can identify the g-hyperconvex hull Qx,, of (Xa,d) with the rectangle [0, a] x
[0,0] equipped with the Ty-quasi-metric

p((z1, 1), (22,92)) = max{xl;i@, y1¥y2}

whenever (x1,11), (x2,y2) € [0,a] x [0,b].

It is readily checked that we obtain exactly the following minimal function pairs
(f1, f2) on (Xap, d): Namely (f1(0), f1(1)) = (z,y) and (f2(0), f2(1)) = (b—y,a—
x) whenever (x,y) € [0,a] x [0,0].

Hence we can identify the points of Qx,, with the points of [0, a] x [0,b]. Obviously
in this way via the embedding ex,, : (X, d) — (Qx,,, D) the point 0 of (X, d)
is identified with the function (fo)1 = (0,b) on X and the point 1 of (X, d) is
identified with the function (fi1); = (a,0) on Xgp.

Let us show that (0,0) and (a,0) are both startpoints and endpoints in (Qx,,, D).
Let (x,y) € [0,a] x [0,b] be such that ((x,y), (a,0),(0,b)) is collinear in ([0, a] x
[0,0],p), then a > x = y+a > a. Hence x = a and y = 0. Therefore (0,b)
witnesses that (a,0) is a startpoint in ([0, a] x [0,b], p), as p((a,0),(0,b)) = a > 0.
Similarly collinearity of ((0,b), (a,0), (x,y)) in ([0,a] x [0, b], p) whenever (x,y) €
[0,a] x [0,b] will imply that v = a and y = 0, hence (0,b) witnesses that (a,0)
is an endpoint in ([0,a] x [0,b],p) as p((0,b),(a,0)) = b > 0. Analogously we
can show that (a,0) witnesses that (0,b) is both an endpoint and a startpoint in
([0,a] x [0,b],p). Observe that p((0,0),(z,y)) = 0 = p((x,y), (a,b)) whenever
(x,y) € [0,a] x [0,b]. So there is no point (x,y) € [0, a] x [0,b] which can witness
that (0,0) and (a,b) are startpoints and endpoints in ([0,a] x [0,0], p), respec-
tively.

Let us show that (0,0) is not an endpoint in ([0,a] x [0,b], p), to this assume
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that (z,y) € [0,a] x [0,b] witnesses that (0,0) is an endpoint in ([0, a] x [0,0], p).
Note that p((z,y),(0,0)) > 0 and thus (z,y) # (0,0). Let y = max{x,y}. Then
((z,v),(0,0),(0,7)) is collinear in ([0, a]x[0,b], p) if y = x and ((x,y), (0,0), (g, 0))
is collinear in ([0,a] x [0,b], p) if y =y. Thus no element of [0, a] x [0,b] can wit-
ness that (0,0) is an endpoint in ([0,a] x [0,b], p). Analogously we can show that
there is no element in [0,a] x [0,b] that can witness that (a,b) is a startpoint in
([0,a] x [0,0], p). In fact it will follow from Proposition 4.2.2 and Corollary 4.2.2
that (0,b) and (a,0) are the only startpoints and endpoints of ([0,a] x [0,0], p).
Therefore (0,b) and (a,0) are the only startpoints and endpoints of (Qx,,, D).
Thus we have shown that (Qx,,, D) and (X, d) have exactly the same endpoints
(resp. startpoints).

The following result shows that given a joincompact Ty-quasi-metric space (X, d),

any point f € Qx — ex(X) lies between some points of X.

4.2.3 Proposition. Let (X,d) be a joincompact Ty-quasi-metric space and
x : (X,d) — (Qx, D) be the standard isometric embedding of (X,d) into its
q-hyperconver hull (Qx, D). Then for each f € Qx — ex(X), there exists a
startpoint s and an endpoint e in (X, d) such that (s, f,e) is collinear in (Qx, D).

Proof. Since X is identified with ex(X) in Qx, then given = € X we shall identify
fz with z.

Fix y € X. Since (Qx, D) is a Ty-space, we have that D(f,y) > 0or D(y, f) >0
whenever f € Qx — ex(X). Otherwise if D(f,y) = 0 and D(y, f) = 0, then
f=f, € ex(X)- a contradiction.

We consider only the first case, (i.e. fi(y) = D(f,y) > 0). The second one
is analogous. By Lemma 4.1.2 there is ' € X such that (v/, f,y) is collinear
in (Qx,D). Then D(y,y) = D/, f) + D(f,y) > 0. Therefore by Corollary
4.2.1 there are a startpoint s and an endpoint e in (X, d) such that (s,y,y,e) is
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collinear in (Qx, D). It follows that

D(s,e) < D(s, f)+ D(f,e)

(D(s,y) + Dy, f)) + (D(f,y) + D(y €))
D(s,y") + D(y',y) + D(y,e)
D(s,y) + D(y, e)
D(

I IA

s, €).

Therefore D(s,e) = D(s, f) + D(f,e) and hence (s, f,e) is collinear in (Qx, D)

as required. O

4.2.4 Proposition. (compare [2, Remark 3.2]) A bicomplete Ty-quasi-metric
space (X,d) is g-hyperconvex if for every € > 0 there ezists a g-hyperconvez Ty-
quasi-metric subspace S of X such that every point of X is within € of some point
s in S with respect to the metric d°, (i.e. for each x € X we find an s € S such
that d*(z, s) < €).

Proof. Let f be a minimal ample pair of functions on (X, d). By our assumption
for each n € N we can find a subspace S5,, of X such that S,, is g-hyperconvex
and given any y € X there is s, € S, such that d*(y,s,) < 27". Consider the
restriction f|g, of f to S,. That restriction is ample on S, hence by Proposition
3.1.1 has a minimal function pair on S, below it, so that there is p, € S, with
(d(pn,.),d(.,pn)) < fls,, since S, is q-hyperconvex. We shall show that (p,)nen
is a Cauchy sequence in (X,d*). Let ¢ > 0 and m € N such that 27™ < e.
Suppose first that fo(pm,) > 0. Then by Corollary 4.1.1 there is z,, € X such that
€+ d(Pms 2m) = fa(pm) + fi1(2m), since f is minimal on (X, d). Furthermore there
is a,, € Sy, such that d*(z,,, a,,) < €. Hence fo(pm) < e+ (d(pm, 2m) —d(Pm, am))+
(s ) — F1(@m)) + (Fr(@m) = fi(zm)) < €+ & (5, @) +0 -+ d*(a, 2) < 3¢
whenever m € N such that 27" < e.

Similarly one shows that fi(p,,) < 3¢ whenever m € N and 27 < e.

Hence for any n,m € N such that max{27" 27} < e we have d(pm,pn) <
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fo(pm) + fi(pn) < 3(€ + €) and thus d*(pp,, pn) < 3e.
Therefore (p,)nen is a Cauchy sequence in (X, d*). By bicompleteness of (X, d)
there is p € X such that d*(p,,p) — 0. We are going to show that f = f, on
(X, d). Consider any € > 0 and any y € X. There is m € N such that 27 < ¢,
and also there is k € N such that £ > m and d*(p, px) < €.
Furthermore there is b € S such that d*(y,b) < e.
Therefore d(p, y) — fi(y) < (d(p,y) —d(pk, b))+ (d(px, b) = f1(0)) + (f1(b) = fi(y)) <
d*(p,pr) + d*(y,b) + 0+ d°(y,b) < e+ €+ 0+ e = 3e.
Since € > 0 was arbitrary, we have d(p,y) < fi(y) whenever y € X. Analogously
one shows that for any y € X we have d(y,p) < f2(y). By minimality of f we
conclude that fi(y) = d(p,y) and fo(y) = d(y,p) whenever y € X. We have
shown that for each f € @)x, there exists p € X such that f = f,. Therefore
(X, d) is g-hyperconvex by Proposition 2.2.4.

O]

4.2.5 Proposition. [2, page 73] Let (X, d) be a joincompact Ty-quasi-metric
space possessing more than one point with a d°*-closed set K not containing some

point of B = FE;USy. Then X is not a Ty-quasi-metric tight extension of K.

Proof. Suppose that x is an endpoint of (X,d) and K is a d*-closed subset of
X such that z € X — K. Then the definition of an endpoint in (X,d) gives
y € X such that d(y,xz) > 0 which witnesses that z is an endpoint of (X,d).
Furthermore H = K U {y} is d*-closed and thus joincompact. In the light of
condition (b) of Proposition 3.1.4 it suffices to show that f,|m is not minimal
on H whenever f € Qx where f,|yg := (d(z,.),d(.,z)). Then X is not a tight
extension of H, so certainly not of K. Of course, we have that f,|y € Py. If
feln € Qpg, then by joincompactness of H and Lemma 4.1.2 there is k € K
such that d(y, k) = (fulr)2(y) + (folmg)1(k) = d(y, z) + d(z, k). Since y witnesses
that x is an endpoint of (X, d), then x = k—a contradiction. We conclude that
feln ¢ Qu. Obviously the case that z is a startpoint of (X,d) and K is a d*-
closed subset of X such that x € X — K can be treated similarly.
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]

4.2.6 Proposition. (compare [9, Theorem 4]) Let (X,d) be a joincompact
To-quasi-metric space. Then there is a bijective isometric map QQx — Qg where
B=FE;US,.

Proof. In light of Proposition 3.1.4 we must show that X is a Ty-quasi-metric tight
extension of B. Indeed we can show that d(x,z5) = sup{d(b, bs) — d(x1,b1) —
d(xe,bs) V 0 : by, by € B} whenever 21,25 € X in the sense of Proposition 3.1.4
condition (b), so that we can conclude that X is a Ty-quasi-metric tight extension
of B. Let x1, 25 € X. Suppose first that d(zy,x2) = 0. By the triangle inequality
for any by,b, € B we have that d(by,by) < d(by, 1) + d(x1,x2) + d(22,b2) =
d(by, z1)+d(xg, by). Therefore d(xy,x2) = 0 = sup{d(by, ba) —d(x1,b1)—d(z2,b2)V
0:b1,by € B}. Let us consider now the case that d(z;,x2) > 0. By Corollary
4.2.1 there are a startpoint s and an endpoint e in (X, d) such that (s, zq,x2,€)
is collinear in (X,d). Thus d(s,e) = d(s,z2) + d(za,€) and therefore d(s,z;) +
d(x1,22) + d(zg,€) = d(s,x2) + d(z2,€) = d(s,e). Consequently d(z1,x2) =
d(s,e) — d(s,z1) — d(zy,e). Hence the pair (B, X) satisfies the condition (b) of
Proposition 3.1.4. Thus X is a Ty-quasi-metric tight extension of B. Hence by

Proposition 3.1.4 there is a bijective isometric map between @) x and (), namely
fr flg, where f € Qx. ]

4.3 Ty-quasi-metrics induced by partial orders

In this section we will illustrate the concepts of a startpoint (resp. an endpoint) in
the case of Ty-quasi-metrics induced by partial orders. Given a partially ordered
set (X, <).

Define a function mapping d: X x X — [0, 00) as follows:

d(xz,y) = 0 if and only if z < y and
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d(z,y) =1 if and only if £ y.

Then it is easily seen that d is a Ty-quasi-metric on X. We shall call d the natural

Tv-quasi-metric d of <.

Proof. Let x,y,z € X, then d(x,z) = 0 as x = x. To show the triangle (d(z, z) +
d(z,y) > d(z,y)) inequality we consider four cases.
Case 1: x < z and z < y, then by transitivity of < we have z <y and d(x, z) +
d(z,y) = d(z,y).
Case 2: z < z and z £ y, then d(z,2) + d(z,y) =1 > d(z,y).
Case 3: © £ z and z < y is similar to Case 2.
Case 4: x £ z and z £ y, then d(z,2) + d(z,y) =2>1 > d(z,y).
If d(xz,y) =0 =d(y,x), then <y < z and by antisymmetry of < we have that
r=y.

[

Observe that if d is the natural Ty-quasi-metric induced by a partial order <,

then d~! is the natural Th-quasi-metric induced by >.

Given a partially ordered set (X, <). Let us first note that Proposition 4.2.1 is
useless for an infinite partially ordered set X with its natural Ty-quasi-metric d,
since d° is the discrete metric and therefore 7(d*) is compact if and only if X is
finite.

In the following let us give some characterizations of endpoints (resp. startpoints)
in partially ordered sets equipped with their natural Ty-quasi-metrics.

Let (X, <) be a partially ordered set and y € X. Set Ty :={zr € X : y <z} and
ly={reX z <y}
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4.3.1 Lemma. Let (X, <) be a partially ordered set, d its natural Ty-quasi-
metric and x € X. Then x is an endpoint of (X, d) if and only if there isy € X

such that x is a mazimal element in X— T y.

Proof. Suppose that z is an endpoint of (X, d). There is a witness y € X with
d(y,z) > 0, thus y £ z, such that for all a € X, collinearity of (y,z,a) in (X, d)
implies that © = a. Let a € X— 1 y be such that x < a. Then (y, z, a) is collinear
as d(y,a) = 1,d(y,z) = 1 and d(z,a) = 0, hence x = a as y witnesses that z is
an endpoint in (X, d). Thus = is maximal in X— T y.

Suppose z is maximal in X— 1 y. Since y £ x, then d(y,z) =1 > 0. Let a € X
be such that (y,x, a) is collinear in (X, d). Then 1 > d(y,a) = d(y,x) +d(z,a) =
1 +d(z,a) > 1, hence d(y,a) = 1 and d(x,a) = 0, thus y £ a, x < a. Therefore
x = a by the maximality of x in X— T y. Hence x is an endpoint in (X, d)

witnessed by . ]

4.3.1 Corollary. Let (X, <) be a partially ordered set, d its natural Tp-
quasi-metric and x € X. Then x is a startpoint of (X, d) if and only if there is

y € X such that x is a minimal element in X— | y.

The following definition can essentially be found in [15, Definition 1-4.21].

4.3.1 Definition. Let (X, <) be a partially ordered set. An element x € X
1s called completely j-irreducible if either x is minimal in X, but different from
the smallest element, or the set | © — {x} has a largest element, which will be

denoted by x*. Dually one defines completely m-irreducible elements in X .

4.3.1 Proposition. (a) FEach completely j-irreducible element x in a par-
tially ordered set (X, <) is a startpoint in (X, d) where d is the natural Ty-quasi-
metric of X.

(b)  (compare [15, Remark I-4.23]) Let X be a complete lattice equipped with its
natural Ty-quasi-metric d and x € X. If x is a startpoint in (X,d), then z is

completely j-irreducible.
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Proof. (a) Let x € X be j-irreducible. Suppose first that z is minimal in X, but
not the smallest element. Then there is y € X such that « £ y. Therefore x is
minimal in X— | y and z is a startpoint in (X, d) by Corollary 4.3.1.

Suppose now that | x — {z} has a largest element z*. By Corollary 4.3.1 it
suffices to show that x is minimal in X— | 7. So let a € X with a < 2. Then
a €] © — {x} and consequently a < z". Hence a ¢ X— | 2 and z is minimal in
X— | 2*. By Corollary 4.3.1 z is a startpoint in (X, d).

(b) Let y € X witness that x is a startpoint in (X,d). If z is minimal, then
z is j-irreducible, as it cannot be the smallest element in X, because x £ y as
d(xz,y) = 1.

If z is not minimal in X, then §) #| x — {x} C| y, since x is minimal in X— | y
by Corollary 4.3.1. Since X is a complete lattice, then z* := \/(| z — {z}) exists
and x < z7, as t < y. Thus | x — {z} has a largest element, namely ™. We

have shown that x is completely j-irreducible in either case. ]

4.3.2 Corollary. (a) Fach completely m-irreducible element x in a partially
ordered set (X, <) is an endpoint in (X, d) where d is the natural Ty-quasi-metric
of X.

(b)  (compare [15, Remark 1-4.23]) Let X be a complete lattice equipped with its
natural Ty-quasi-metric d and x € X. If x is an endpoint in (X, d), then z is

completely m-irreducible.

We recall that an element = in a complete lattice X is called completely join-
irreducible if for each subset E of X, x = \/ E implies that there is e € E such
that © = e. Completely meet-irreducible elements are defined dually (see [16,
Definition 10.26]).

One must take note that in a complete lattice the completely j-irreducible el-
ements are exactly the completely join-irreducible elements and the completely

m-~irreducible elements are exactly the completely meet-irreducible elements.

4.3.3 Corollary. Let X be a complete lattice and d its natural Ty-quasi-
metric. Then x € X is a startpoint in (X,d) if and only if x is completely
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join-irreducible. Similarly x € X is an endpoint in (X,d) if and only if x is

completely meet-irreducible.

Let us recall that a subset E of a poset (X, <) is called join-dense provided that
for each x € X there exists £’ C E such that z = \/ £’ (see [16, p. 53]). Dually

one defines the concept of a meet-dense subset of a poset (X, <).

4.3.2 Proposition. Let X be a poset equipped with its natural Ty-quasi-
metric d.

(a) If E is a meet-dense subset of X. Then all endpoints of (X, d) belong to E.
(b) If E is a meet- and join-dense subset of X, then all endpoints of X are
endpoints of E.

Proof. (a) Suppose that x is an endpoint of (X, d). Then by Lemma 4.3.1 there
is y € X such that x is maximal in X— 1 y. Since y £ x, by our assumption on
E there must be e € E such that x < e and y £ e. Hence by maximality of z we
obtain x = e. Therefore x € F.

(b) Let us continue the proof of part (a) dealing with endpoints: By our as-
sumption on F, in the proof of part (a) we can find ' € E such that ' < y and

y &£ e = x, then x is maximal in X— T y’. We conclude that ¢ € E witnesses

that © € F is an endpoint in E. O
4.3.4 Corollary. Let X be a poset equipped with its natural Ty-quasi-metric
d.

(a) If E is a join-dense subset of X. Then all startpoints of (X,d) belong to E.
(b) If E is a join- and meet-dense subset of X, then all startpoints of X are
startpoints of E.

Let (X, <) be a linearly ordered set and let a,b € X be such that a < b, but that
there does not exists a z € X such that a < z < b. As usual, then the pair (a, b)

is called a jump in X.
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4.3.3 Proposition. Let (X, <) be a linearly ordered set equipped with its
natural Ty-quasi-metric d. The first elements of jumps in X are exactly the end-

points of (X, d) and the second elements of jumps in X are exactly the startpoints

of (X,d).

Proof. Suppose that (a,b) is a jump in X. Then a is a maximal element in
X— 1 b. Hence by Lemma 4.3.1 a is an endpoint of (X, d).

To prove the converse assume that a is an endpoint of (X, d). Then by Lemma
4.3.1 there is y € X such that a is a maximal element in X— T y. Since < is a

linear order, we have that a < y and (a,y) is a jump in X. O

4.3.1 Example. In Z equipped with its usual linear order and its natural
To-quasi-metric d, each point is an endpoint and a startpoint, while in the subset
N of Z each element is an endpoint and all elements except 0 are startpoints.

The closed unit interval of rational numbers equipped with its usual linear order
and the Ty-quasi-metric induced by that order does not have any endpoints nor

startpoints.

4.3.5 Corollary. Let (X, <) be a partially ordered set equipped with its
natural Ty-quasi-metric d. If for some ¢ € X, | ¢ consists of two elements, then c
is a startpoint in (X, d).

Similarly if for some ¢ € X, T ¢ consists of two elements, then c is an endpoint

in (X,d).

Proof. Suppose that | ¢ = {¢, m} with m # ¢. Obviously ¢ is minimal in X — | m,
hence a startpoint by Lemma 4.3.1.

Analogously one shows the second statement about endpoints. [

4.3.6 Corollary. Let (X, <) be a partially ordered set equipped with its
natural Ty-quasi-metric d. FEach atom in a poset X with a smallest element is a
startpoint of (X, d). Similarly each co-atom in a poset X with a largest element
is an endpoint of (X,d).
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4.3.4 Proposition. Let X be a partially ordered set equipped with its natural
To-quasi-metric d. A largest element 1 cannot be an endpoint of (X, d). Similarly

a smallest element 0 cannot be a startpoint of (X,d).

Proof. Since for each x € X,z < 1, then d(z,1) = 0. Thus there cannot be an
element in X witnessing that 1 is an endpoint in (X,d). The statement about

startpoints is proved similarly. O

4.4 The Dedekind-MacNeille completion of a par-
tially ordered set versus the q-hyperconvex

hull of its natural Tj-quasi-metric space

The following definition can be found in [16].

Let (X, <) be a partially ordered set and A C X. Then we define the set of upper
bounds of A, that is, A* = {z € X : a < x whenever a € A} and the set of lower
bounds of A, that is, A' = {x € X : z < a whenever a € A}. Let DM (X) =
{AC X : A" = A}. Then the partially ordered set (DM (X),C) is a complete
lattice and it is known as the Dedekind-MacNeille completion of X. Furthermore
¢ : X — DM(X) defined by ¢(x) =] x is an order-embedding such that ¢(X) is
both join-dense and meet-dense in DM (X). In light of [16, Theorem 7.41] this
is indeed the characteristic property of the Dedekind-MacNeille completion of a
partially ordered set (X, <).

4.4.1 Proposition. Let (X, <) be a partially ordered set and d its natural
To-quasi-metric. Let D be the natural Ty-quasi-metric of (DM (X),C). Then
(X,d) and (DM(X), D) have ezxactly the same endpoints.

Proof. For the proof we consider X as a subset of DM (X)) where it is identified
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with ¢(X). By Proposition 4.3.2 each endpoint of (DM (X), D) is an endpoint
of (X,d), since X is both meet-dense and join-dense in DM (X). Suppose now
that x is an endpoint of (X, d) with a witness y € X. Let f € DM (X) be such
that (y,x, f) is collinear in (DM (X),D). Thus y € z,x < f and y £ f. Since
X is meet-dense in DM (X) there is f’ € X such that f < f" and y £ f’. Thus
x < f < frand (y,z, f') is collinear in (X, d). Hence f' = x and thus f = z, too.
Therefore y witnesses that x is an endpoint of (DM (X), D). O

4.4.1 Corollary. Let (X, <) be a partially ordered set and d its natural Ty-
quasi-metric. Let D be the natural Ty-quasi-metric of (DM (X),C). Then (X,d)
and (DM (X), D) have exactly the same startpoints.

4.4.1 Example. (see [16, p. 169]) Considering Py as a subset of DM (Py).
By Proposition 4.4.1 and according to Corollaries 4.4.1 and 4.3.3 in the complete
lattice DM (Py) the set of endpoints of P, becomes the set of the (completely)
meet-irreducible elements of DM (Py) and the set of the startpoints of Py becomes
the set of the (completely) join-irreducible elements of DM (Py).

Let (X, <) be a partially ordered set equipped with its natural Ty-quasi-metric

d.

We shall say that X is o-hyperconvez if for any A C X and families (7;)zea, (Sz)zea

in {0, 1} such that d(x,y) < ry+s, whenever x,y € A, it follows that (), ,(Cqa(x,75)N
Cy-1(x,8,)) # 0. Take note that if (X,d) is g-hyperconvex then (X, <) is o-
hyperconvex. Hence given a partially ordered set (X, <) with its natural Tp-
quasi-metric d the concept of o-hyperconvexity is weaker than the concept of

g-hyperconvexity.

4.4.2 Proposition. Let (X, <) be a complete lattice and d its natural Tp-

quasi-metric. Then (X, d) is o-hyperconvez.

Proof. Let A C X and (7;)zea, (Sz)zea be families in {0, 1} such that d(z,y) <
Ty + s, whenever z,y € A. Set R={r € A:r, =0}and S={r e A:s, =0}
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Note that RN .S contains at most one element, since (X, d) is a Ty-space. This is
so because if z,y € RNS we have d(z,y) <r,+s, =0and d(y,z) <r,+s, =0,
thus d(z,y) = 0 = d(y,x), hence v = y. Since d(r,s) < r, + s; = 0 whenever
r € Rand s € S, then R C S'. Since X is a complete lattice, \/ R exists. Then

VEE(Moer T2) 0 (MNaes L #) = (MNaca Cal@,72)) 0 (Naea Cat (2, 52)),

because Cy(z,r,) = X ifx € A— R, Cy(x,r,) =Tz ifx € Rand Cy-1(x,s,) = X
ifre A-S, Cy-1(z,s,) =] xif x € S. Thus (X,d) is o-hyperconvex. O

The following example shows that o-hyperconvexity does not imply g-hyperconvexity

in a partially ordered set when equipped with its natural Ty-quasi-metric d.

4.4.2 Example. Let X = {0,1} be equipped with its usual order < and its
natural Ty-quasi-metric d. Then (Qx, D) can be identified with ([0, 1],u) (see [3,
Ezample 8]) where u is the Ty-quasi-metric defined in Ezample 1.1.1. It is known
that (X, d) is not g-hyperconvez, although (X, <) is a complete lattice and hence
o-hyperconvex by Proposition 4.4.2.

The following result shows that given a partially ordered set (X, <) equipped
with its natural Ty-quasi-metric d, (Q(x,q4), D) contains the Dedekind-MacNeille
completion DM (X)) of X.

4.4.1 Lemma. Let (X, <) be a partially ordered set and d its natural Ty-
quasi-metric. Let Fx be the set of all those minimal ample functions pairs (fi, f)
on (X,d) such that f; : X — {0,1} (i =1,2).

Consider any arbitrary function pair (f1, f2) + X — {0,1}. Then the following
conditions are equivalent:

(a) (f1,f2) € Fx.

() frH{0} = (fz{0})* and f; {0} = (fi'{0})".

(e) (fy{op* = f2{0} and fi(x) = sup{d(y,2)~fo(y) : y € X} whenever
reX.
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Proof. (a) — (b): Let (f1, f2) € Fx, given x € X, consider the equation

fi(z) = sup{d(y,z)—fa(y) s y € X }.

Since the functions fi, fo and d attain only the values 0 and 1, we see that these
equations are equivalent to the equation f; {0} = (f;'{0})*. This is so because
given x € X, we have that fi(x) = 0 if and only if (for any y € X,d(y,z) =1
implies that fo(y) = 1) if and only if (for any y € X, fo(y) = 0 implies that
d(y,z) = 0) if and only if x € (f;'{0})".

Similarly one verifies that the equation f, '{0} = (f; '{0})! is equivalent to the
equations fy(x) = sup{d(z,y)—fi(y) : y € X} whenever z € X and condition (b)
holds.

(b) — (c): By (b) we conclude that (f,'{0})“ = f,'{0}. Furthermore the
second part of (c) is equivalent to f; {0} = (f, '{0})%, as we have just noted
above. Hence condition (c) is satisfied.

(c) — (a): Observe that (f; {0} = f, {0} and f,; {0} = (f, '{0})" together
imply that f; {0} = (f; '{0})". But the latter equality is equivalent to fo(x) =
sup{d(z,y)—fi(y) : y € X} whenever x € X, as we have observed above. Thus
(f1, f2) € Fx and condition (a) holds. O

4.4.3 Proposition. Let (X, <) be a partially ordered set with its natural
Ty-quasi-metric d and Fx be defined as in Lemma 4.4.1.

The map v : (Fx,<p) — (DM(X), C) defined by (f1, f2) — f5 {0} is an order-
isomorphism between Fx (endowed with the specialization order <p induced by
D) and the Dedekind-MacNeille completion (DM (X),C) of X. Furthermore for
each v € X, ¥(f,) =] x.

Proof. By Lemma 4.4.1 each set f, {0} € DM(X), as f € Fx. For each z € X,
fe € Fx. Also for each z € X, we have that (f,); {0} =] 2. The specialization
order <p induced on F'x by the Ty-quasi-metric D is defined by f < ¢ if and only
if D(f,g) =0 whenever f,g € Fx. Hence we have for any f,g € Fy,
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D(f,g) = sup{ga(z)—fo(z) : # € X} = 0 if and only if
w(f) = f2 {0} € g2 {0} = ¥(9)-

This implies exactly that go < fo with respect the usual pointwise order on
the real-valued functions. In particular v is injective. Furthermore for A C X
with A% = A we define f, : X — {0,1} so that A = f;'{0} and f,(x) =
sup{d(y,z)—fo(y) : y € X} whenever z € X. Then f = (f1, fo) € Fx according
to Lemma 4.4.1 and ¥ (f) = A and hence 1) is surjective. We conclude that the set
Fx can be identified with the ground-set of the Dedekind-MacNeille completion of
Xand ¢ : (Fx,<p) — (DM (X), Q) is an order-isomorphism satisfying ¢ (f,) =/

x.
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Chapter 5

Conclusions

In Chapter 3 we have shown that if X is a subspace of a Ty-quasi-metric space
(Y,d), then the g-hyperconvex hull @y of X is quasi-metrically contained in the
g-hyperconvex hull @)y of Y. In the case Y is a Ty-quasi-metric tight extension
of X, then @)y is contained in ()x quasi-metrically. Hence we have that Q) x is a
maximal Ty-quasi-metric tight extension of X. In Proposition 3.1.1 it has been
shown that via Zorn’s Lemma, below each ample function pair there is a minimal

ample function pair.

In Chapter 4 we have shown that the g-hyperconvex hull Q)x of a joincompact
Ty-quasi-metric space X is isometric to the g-hyperconvex hull Qg of B, where B
is the subspace of X consisting of its endpoints and startpoints. We also showed
that every joincompact Ty-quasi-metric space X having at least two elements with
a nonzero distance between them has at least one endpoint (resp. startpoint). In
the case of a joincompact Ty-quasi-metric space X, every point in Qx — ex(X)
lies between some points of X in (Qx, D). We showed that for any joincompact
To-quasi-metric space (X, d), its g-hyperconvex hull (@ x, D) has exactly the same
endpoints (resp. startpoints) as (X, d). Therefore in constructing the hull of a
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joincompact Ty-quasi-metric space one does not get new endpoints (resp. start-
points). In Lemma 4.3.1 and Corollary 4.3.1 we have given a characterization of
endpoints (resp. startpoints) in partially ordered sets, when equipped with their
natural Tp-quasi-metric d, namely that a point € X is an endpoint in (X, d) if
and only if there is y € X such that z is a maximal element in X— T y. Similarly
x € X is a startpoint in (X, d) if and only if there is y € X such that z is a
minimal element in X— | y. We also showed that in a partially ordered set X
equipped with its natural Ty-quasi-metric d its Dedekind-MacNeille completion
DM (X) is contained in its g-hyperconvex hull Qx. In Proposition 4.4.1 and
Corollary 4.4.1 it has been shown that for a partially ordered set (X, <), (X,d)
and (DM (X), D) have exactly the same endpoints (resp. startpoints), where d
and D are the natural Ty-quasi-metrics for X and DM (X)), respectively. We have
observed that in a complete lattice the endpoints (resp. startpoints) in our sense

are exactly the completely meet-irreducible (resp. join-irreducible) elements.

During our investigations of the materials in this dissertation we encountered the

following open problems. We hope to study these questions in future work.

5.0.1 Problem. Given a Ty-quasi-metric space (X, d) compare the set of
endpoints (resp. startpoints) of (X, d) with the set of endpoints (resp. startpoints)

Of (QXa D) .
In this dissertation we established that these two sets coincide if 7(d*) is compact.
5.0.2 Problem. Given a Ty-quasi-metric space (X, d) when does it possess

endpoints (resp. startpoints)?

In this dissertation we established that a Ty-quasi-metric space (X,d) possess
endpoints (resp. startpoints) if 7(d*) is compact and X has at least two elements

with a nonzero distance between them.
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5.0.3 Problem. Given a Ty-quasi-metric space (X, d) compare the ¢-hyperconvex
hull Qp of its subspace B consisting of its endpoints and startpoints with the g-
hyperconvexr hull Qx of X.

In this dissertation we established that the two sets are isometric if 7(d®) is

compact.

5.0.4 Problem. Given a partially ordered set (X, <) equipped with its nat-
ural Ty-quasi-metric d compare the j-irreducible (resp. m-irreducible) elements in

(X, <) with the startpoints (resp. endpoints) in (X, d).

In this dissertation we established that the j-irreducible (resp. m-irreducible)
elements in (X, <) are exactly the startpoints (resp. endpoints) in (X, d) provided
that (X, <) is a complete lattice.
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