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Abstract

The temperature corrections to the current algebra Gell-Mann, Qakes and
Renner(GMOR) relation in SU(2) ® SU(2), the temperature behavoiour of the
pion mass and the ¢? and T dependence of the pmw vertex function in the
space-like region are investigated.

There are no corrections at the leading order in quark masses for GMOR.
At the next order, the corrections are of the form mg . T?%, which are small
except near critical temperature. V

The pion mass is essentially constant, except near critical temperature,
where it increases with T.

At the critical temperature gnr(g>,T) vanishes independently of ¢*, sig-
nalling deconfinment. The extrapolation of the form factor to g% = 0 is used to
show that the pion radius increases with temperature and diverges at temper-
atures aproaching the critical temperature.

In the absence of experimental data at finite temperature, the agreement
between the theocretical results obtained using sum rules together with Vector
Meson Dominance and using a direct determination, was taken as evidence in

support of Vecter Meson Dominance at finite temperature.
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Chapter 1

Introduction

1.1 Quantum Chromodynamics

Most high-energy physicists will readily agree that quantum chromodynamics (QCD)
is today the well established theory of strong interactions; at least it has no serious
competitor.

Quantum chromodynamics is a non-abelian gauge field theory whose gauge group is
the color group SU(3). There are 3% — 1 = 8 gauge bosons that mediate the interac-
tions between the matter particles, called gluons, and the matter particles are spin %
quarks. Gluons are massless spin 1 bosons, as are the photons, but unlike the pho-
tons, they interact among themselves directly because they also carry colour charge.
The up and down quarks could be takenin some applications as massless since their
mass, of the order of a few MeV, is much smaller than the characteristic energy scale.
Quantum chromodynamics is a renormalizable field theory. The coupling constant g
is a function of the energy scale @ : g(Q) (running coupling constant) and it tends to
zero as the inverse of the logarithm of the energy scale when the energy scale tends
to infinity. This is the famous property of asymptotic freedom which allows one to
use perturbation theory at high energies, or more precisely in processes with large-
momentum transfers, so called "hard processes”. When the energy scale decreases,
the coupling constant increases, which leads to a breakdown of perturbation theory

as a series expansion in powers of (). Thus, ”soft processes”, processes at small-

7



1.2. QCD SUM RULES ATT =0 8

momentum transfers, or low energy properties of hadrons (mass spectrum, résonance
widths, scattering lengths...) cannot be studied by using perturbation theory. There-
fore an alternative expansion scheme or an approach to directly approximate QCD
nonperturbatively had to be developed.

The QCD sum-rule approach (introduced by Shifman,Vainshtein and Zakharov in
the late 1970’s [58] to describe mesonic properties) has proven to be a useful way
of extracting both qualitative and quantitative information about hadronic physics
(masses and coupling constants) from QCD inputs.

For zero temperature and zero density vacuum, quarks and gluons are confined in
hadrons. No free quark or gluon can be observed. The situation may change when the
temperature rises above a temperature estimated nowadays to be ~ 150 + 200MeV,
called the critical temperaturé T, . The system undergoes at this temperature one or
maybe two phase transitions With disappearance of the confinement and restoration
of chiral symme.try. Then one can obtain a gas of almost free quarks and gluons
(quark-gluon plasma-QGP).

The structure of hadrons at finite temperature (T" # 0 ) receives growing interest. in

relation to the physics of the hot hadronic matter and QGP.

1.2 QCD Sum Rules at T'=10

QCD sum rules formalism approaches the bound state problem in QCD from the
asymptotic freedom side. It s:tarts at short distances and moves towards large dis-
tances where confinement. effects become important, asymptotic freedom starts to
break down.

Shifman has compared the strategy of sum-rule approach to the quantum mechanical
many-body problem of some external objects injected into a complicated medium.
Over time, the external objects interact with themselves and with the mediiim and
will eventually develop into an approximate stationary state with a finite life time.
The medium is the QCD vacuum and the external objects are quérks or gluons with

definite quantum numbers created by external currents. The approximate stationary
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state with a finite life time is the hadronic resonance. The properties of the medium,
seen by the quarks, are characterized by vacuum matrix elements of quark and gluon

-~fields called condensates.
In standard perturbation theory these matrix elements vanish after normal ordering.

.. The nonvanishing vacuum expectation values such as :

0)

signal the breakdown of the asymptotic freedom by the emergence of power correc-

(07/0) and {0|G2,G2,

tions due to non perturbative effects in the QCD vacuum. The chiral condensate is
often taken as the order parameter for spontaneous chiral symmetry breaking.

g QCD sum rules are using momentum space correlation functions (also called correla-
tors) of local composite operators (currents). Each current is constructed using quark
or/and gluon fields which carry the quantum numbers (J, P and C) of the hadron
which is studied.

A current has the general form:

jr(z) = @l'g;

where 1 and j denote the flavor of the quarks and T' the tensor structure (I' =
1, Y., Ys, -.-) see Appendix B.
The correlator can be a function of two or more currents.

A two point. function is given by:

() =i [do-e™ - (0[T (jr(=),31(0))| 0) (11)

The two-point, function is represented in fig. 1.1, where the vertex I" depends on
. the current and the blob represents‘ all the possible diagrams which end in a quark-
. antiquark pair at the vertices. T denotes the time ordered product and |0) is the
physical nonpertiurbative vacuum state.

The basic idea of QCD sum rules is to match a QCD description of an appropriate
correlation function with a phenomenological one. The underlying concept is ”dual-

ity”, which establishes a correspondence between a description in terms of physical
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Figure 1.1: Graphical representation of the two-point function TI(¢?) . The lines are
indicating the current, and the blob stands for all possible diagrams which end in a

quark-antiquark pair at the vertices.

(hadronic) degrees of freedom and one based on the quark and gluons degrees of free-
dom.

A QCD sum rule calculation consists of three parts:

e an approximate description of the QCD part of the correlation function via an

‘operator product expansion ’(OPE);

e the description of the same correlator in terms of plysical intermediate states

via a ‘dispersion relation’;

e a procedure to match the two descriptions and to extract the parameters of

interest that characterize the hadronic part:

The OPE [63] expresses a correlator as a sum of products between c-number coef-
ficients and vacuum expectation valies of some operators ( 6n ). The c-number coef-
ficients, called Wilson coefficients, obey renormalization group equations and depend
on the parameters of the theory, and on the Lorentz indices and quantum numbers
of jr(z) and O/\n. The operators 5,1 are local gauge invariant operators constricted
from quark and gluon fields. The vacuum expectation values of the compoéite 'lo‘c'al
gauge-invariant. operators are called condensates.

1(¢*) = Cr- () + ¥ Cula) - (On) (1)

vac
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The operators (/:7,l in equation 1.2 are ordered by increasing dimension, and C,(q)
fall off by corresponding powers of g*>. At short, distances the operators with the
lowest dimensions dominate, and give power corrections to the perturbative contri-
butions stemming from the unit operator (I}). The essence of OPE is the separation
of short and long distance physics, the separation between perturbative physics (the
coeflicients) and nonperturbative physics (the condensates). This suggests that the
coefficients can be calculated from QCD via perturbation theory to any desired order
in the strong coupling constant [58], while the nonperturbative physics is isolated in
vacuum condensates. The sum rules are predictive because a relatively small number
of condensates dominate the description of many observables.

The values of the vacuum condensates in the OPE cannot be calculated analytically
fi‘om first principles. They are extracted from certain channels where experimental

information is available ( e.g. e*

e~ annihilation, 7 decays ) or they are estimated
numerically from lattice calculations.
At short distances the operators with the lowest dimension dominate. The unit op-
erator in (equation 1.2) has dimension d = 0 and C; - (I} stands for the purely
perturbative contribution. Since we are interested only in the vacuum expectation
values, we only have to consider spin zero operators. The higher dimensional opera-
tors are listed in Appendix B.
Expression (1.2) is an expansion in inverse powers of @2 and thus is useful in deep
spacelike region, for which Q? = —¢? is large and positive.
Renormalizable field theories can give good arguments only in perturbation theory
about the validity of an expansion like 1.2. Because nonperturbative effects are in-
; cluded, the validity of OPE in the presence of these effects could be questioned. Both
the coefficients and the condensates could, in general, contain perturbative as well as
;nonperturbative contributions. However, in practice, the simplified version described
,_éb(-)ve,is used (coefficients are evaluated in perturbation theory while the vacuum
expectation values describe the nonperturbative contributions). The use of this sim-

plified version is justified by the phenomenological success of QCD sum rules. There

‘seems to be a “window” in QCD where the simplified version of OPE applies [49].
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Different choices of the weight in the dispersion relation lead to different kinds of QCD
sum Rules (Hilbert, Laplace or Gaussian transforms , Finite Energy Sum Rules). Each
of them has advantages as well as shortcomings. If QCD could be solved exactly and
if OPE would be complete (i.e. in absence of nonlocal other contributions) all these
sum rules would give the same results.

The exact correlator [J(s) ( s = ¢2 ), is an analytic function in the whole complex
plane cut along the positive semi-axis with the branch point at the physical thresh-
old. If W(s) is a holomorphic function in the analytic region of [](s) such that

W (s*)* = W(s) (the weight function), using the Cauchy theorem one gets:

[1(s) - W(s)ds = —2i - /O W(s)-Im[](s)ds (1.3)

Csofls|=s2) |
where C's, is the circle of radius s,. The most popular types of QCD sum rules
are: finite-energy sum rules (FESR), where the weight function is W(s) = s, N
being an integer and Laplace sum rule (LSR), where the weight function is W(s) =
exp(—s/M?). LSR emphasizes the low-energy part of the hadronic spectral func-
tion whereas FESR enhances the high-energy region. FESR needs a very accurate
parametrization of the spectral function in order to control the propagation of the
experimental errors of the data, but has the advantage that it yields a set of decou-
pled equations for the condensates. The results depend strongly on the asymptotic
freedom threshold s,. The value of s, can be guessed from the data using the first
FESR (i.e. N =0 ). On the other hand, LSR do not require an exact parametriza-
tion of the data because the intermediate and high-'energy regions and their rather
big errors are suppressed. The inconvenience of LSR is that condensates of different

dimensions are present and they are strongly correlated [33].

1.3 QCD Sum Rules at T"# 0

At zero temperature the shape of a typical hadronic spectral function consists of
some delta functions plus resonances with increasing widths, followed by a smooth

continuum starting at some threshold s,. From fits to actual data, it is known that
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- fthe continuum is well approximated by perturbative QCD. Assuming that the quark
Flgconﬁnement takes place at some critical temperature T, one would expect that
-, by increasing the temperature, the resonance peaks in the spectral function should
~become broader. At Ty the resonance widths would then become infinite, signalling
quark deconfinement. The resonance melting when the temperature is increased,
would be accompanied by a shift of the asymptotic freedom threshold s,. The thresh-
old is expected to depend on the temperature. When the temperature is raised 3,(T)
~ would approach the origin. However, in calculations done in [2] and also from lat-
tice calculations it was remarked that either the deconfinement and chiral-symmetry

restoration phase transitions coincide or they occur at extremely similar temperatures

A generalization of QCD sum rules for finite temperature was proposed some time

“ago [9]. It was assumed that:

~ o the OPE continues to be valid, but now the vacuum condensates will develop

an a-priori unknown 7-dependence;

e the duality QCD-Hadron remains valid.

In matter with nonzero temperature it is not ‘the causal but the retarded or ad-
vanced Green function that posses useful analytical properties [39]. For a two-point
function, the basic object to be considered at finite temperature is the retarded (ad-

vanced) two point function:

N T) =i [dz- e 0(z) - ({[1r(2),3£0)])) (1.4)
r‘where ((...)) stands for Gibbs averaging:

(A - B) }:ex —=2)(n]A- BIn)/Tr(exp(«-—I;-)) (1.5)

{n) is a complete set of eigenstates of the QCD-Hamiltonian ( H |n) = E|n) ). The

operator product expansion of II{q?, T)-expression 1.2- can be written now as:

(¢*,T) = Cr - (1)) + 3 Cmla) - ((Om)) ©(16)
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The states |n) in expression 1.5 can be in principle any complete set of states (e.g.
hadronic (mostly pion) states, gluonic states ). It was suggested in [27] that at T < T,
the suitable set of states is the set of hadronic states because the original particles
forming the heat bath, which is probed by external currents, are hadrons, while the
summation over the quark-gluon basis of states would require taking into account the
full range of their interaction. The quark-gluon basis was first proposed in [9]. The
two approaches are complementary [19], as the information they provide is different.
The pion basis is suitable to determine the temperature dependence of vacuum coﬁ-
densates at low T'. It does not make use of the QCD-hadron duality and has little
relationship to the sum-rules program. The use of the quark-gluon basis (relying on
both OPE and QCD-hadron duality) allows a smooth extension of the program to
finite T

Beyond perturbation theory, the validity of the OPE, at any temperature, cannot be
proven from first principles since one does not know how to solve QCD exactly. How-
ever, at T = 0 one can solve exactly other field theories which bear some resemblance
to QCD, thus providing evidence in support of the assumption.

It has been suggested [27] that the QCD-hadron duality is not applicable at finite
temperature. No singular dynamical mechanism of a discontinuous nature that would
invalidate QCD-hadron duality was proposed. At very low temperatures the hadronic
spectrum is expected to change very little and the external current will still convert,
into quark-antiquark pairs. The temperature dependence of the quark and gluon
condensates is known and at very low T they also hardly change. It is reasonable to
assume that nothing drastic will happen to duality at low temperature. There is a
sort of temperature inertia [15] affecting both QCD and hadronic physics at véry low
T. At finite temperature, though, there are some new effects that must be considered.
There are contributions to the QCD and hadronic spectral functions in the space-like
region (as opposed to only the time-like region at T' = 0) and the heat bath can sup-
port condensates with non-trivial quantum numbers. However, these contributions

vanish smoothly as T approaches zero.



Chapter 2

Introduction to zero temperature

QCD

2.;1 QCD Lagrangian

GéillMann and Zweig in 1964 postulated that the physical hadrons are composite ob-
jects, made up of three quarks (baryons) or a quark-antiquark pair (mesons).The
quafks, spin 1/2 particles, are known as the six flavours: u (up), d (down), s
(strange), ¢ (charm), b (bottom) and t (top) and carry quantum numbers as isospin,
strangeness,etc. Being spin one-half objects, quarks should obey Fermi-Dirac statis-
tics and their states should be antisymmetric. A new internal quantum number was
introduced -colour- so that each species of quark may come in any of the three colours
a =r,y,v (red, yellow, violet). The physical hadrons are colourless, they are singlets
under rotations in colour space.
CIf ¢'(z) denote the quark fields, and if quarks are elementary, as it is usual for spin
“ %ﬁ'elds, the Lagrangian density for free quarks can be written as

Lguarks = Lo(z) = Z qu(x)(2 ?— mq)qj(a:) (2.1)

g=ud,.. j

where the metric g* =(1,-1,-1,-1) is used.
Renormalizable, unified theories of weak and electromagnetic interactions have shown

that, to avoid catastrophic violations of parity to order a, the strong interactions

15



2.1. QCD LAGRANGIAN 16

act on other quantum numbers than flavour. The gluons carry colour, and interact
between themselves. Weak and electromagnetic interactions are colour blind. Taking
the eight vector gluons, B*, a = 1 to 8 in the adjoint representation of SUL(3),
interacting universally with all quark flavors:

Ly=Lo+9Yy > T(e)tig (z)Bli(z) (2.2)

q ika

where t* matrices are t® = %X’, with A the Gell-Mann matrices (see Appendix A.3).

The standard QCD Lagrangian density:
. 1 5
EQCD = El - Z ZGZ (x)Gauu(‘r) ) (23)

GY = 0FBL — "Bt + g faeBiBY

Invariance under global transformations has direct physical consequences, like charge
conservation. Invariance under local transformations does also have direct physi-
cal consequences. The corresponding conserved current, and its associated charge,
are gauge dependent, but it does imply extensive relations among Green’s functions
(Slavnov-Taylor identities). The invariance under local transformations implies a zero
gluon mass, fact verified by Rutherford-likeangular dependence of high p; hadronic
jets. It is customary to split the Lagrangian density £ into £, and L;,; where L, is
obtained from L setting all interactions equal to zero and L,y = £ — L,.

In quantum field theory, all interesting physical quantities are derivable from the n-
point Green’s functions which are defined as the vacuum expectation value of the

time-ordered product of n fields:
G (21,22, .., 2n) = (O[T (§(x1)€(22).-£(24))] 0) (2.4).
where £(z) stands for a generic field. In Heisenberg representation:
£(t, T') = exp(itH)£(0, ') exp(—it H)
and |0) is the physical vacuum of ground state of H, which is defined by:

H|0) =0;(0]0) =1,
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where H is the full Hamiltonian of the theory in the Heisenberg representation.
_The evaluation of the connected Green’s functions in the perturbation theory is given

. by the Gell-Mann-Low relation:

oo o) = (0|76l (@2)-.£(a) exp [i [ ataL@w)) o)
o (o|r(exs i [ 2L liz))]0)

,Cmt is the interaction Lagrangian density and the upperindex means that all the

(2.5)

fields must be taken as free, |0) is the vacuum on which all the annihilation operators

appearing in the expansion of the free fields are acting.. The denominator in expression
2.5 is precisely the sum of all vacuum to vacuum transition amplitudes and it cancels

the disconnected vacuum graphs appearing in the calculation of the numerator.

The two point Green’s functions associated with the fields appearing in the theory
: are the so-called propagators. For example, in momentum space representation:

- the quark propagator (o refers to colour degrees of freedom and A refers to flavour)

( see fig.2.1 ) can be written as:

Figure 2.1: Graphical representation of the quark propagator SAB.

iS55 (B) = /d%exp (ipz <O‘T (g2 ()7 (0))'0: = 16,362 S(¥) (2.6)

and - the gluon propagator ( see fig.2.2 ):

can be written as:

iDY/ /d z exp(ikz) (0|T(B4(z) By (0))] 0) = 18ap D" (k) = 1646 D" (k) = 1655 D" (—k) .
(2.7)
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Figure 2.2: Graphical representation of the quark propagator D¥/.

In the lowest order of perturbation theory they turn out to be:

(0)AB ¢ cAB 1
1S, = 10y36"" ————— 2.
7P = ot (23)
and
. Ktk 1 .
DE¥ (k) = iy | ~0u + (1 — a) — 2.
L ( ) LWap Gu +( CL) k2+'ln }Cz'f"ln ( 9)
where a is the gauge fixing constant ( ¢ = —1 in Fermi-Feynman gauge and ¢ = 0 in

Landau or transverse gauge).

Three point. Green’s functions, corresponding to the triple vertex functions appear-
ing in Lgep (corresponding proper vertex functions which are Green finctions with
amputated legs) are, for example:

- for the fermionic vertex ( see fig.2.3 ):

1Saa(— K)igT% 5 (9, K, 0)1Saar ()i DA (q) (2.10)

= [ d*za*yexp(~ikz) exp(=ipy) (0 (T(galx)qu(y) B (0){0)

with p + ¢ + k = 0 (the flavour index was omitted).

and - for the triple glion vertex ( see fig.2.4 ):

igTs (p,q, k)iD%e(p)iDE (q)iD (k) (2.11)

= [ dzd*yexp(~ip) exp(~igy) (0|T(B(=) BL(y) B (0))] 0)

withp+q+ k=0.
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Figure 2.3: Graphical representation of the fermionic vertex S 55 -

2.2 Regularization (dimensional) and renormaliza-
tion

The lowest-order calculation in quark-gluon processes generally reproduces the par-
ton model results. The Feynman rules allow us to calculate Feynman diagrams at the
tree level (without loop diagrams) in the perturbative expansion based on QCD La-
grangian. But the dynamical effect of QCD does not show up at. this level. When the
rules are applied to calculate diagrams with loops, one finds divergent integrals due to
the behaviour of the integrands at high virtual momenta (ultraviolet divergences) and
divergences due to the behaviour of the integrands at low virtual momenta (infrared
divergences). A meaning must be given to the integrals. Although the divergences
are substracted out in the final physical answer on the basis of the renormalization
program, in the intermediate stage, one still requires that the divergent integrals be
mathematically manageable. The procedure which makes the integrals finite is called
| ;eg'nlarization. ‘It amounts to altering the Lagrangian £ to £, in such a way that £,
produces finite answers, and in some sense, as ¢ — 0, £, — L.
Any regularization must destroy some physical feature of the theory. If Lattice regu-

larisation, the most powerfull regulator for nonperturbative QCD is not used, because
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Figure 2.4: Graphical representation of the triple gluon vertex .

gauge and relativistic invariance are essential for QCD, the dimensional regularization
is used. It only destroys the scale invariance. |
The calculations are done in an arbitrary dimension, D — ¢; with the physical limit
e — 0.

If a convergent integral is of the form :

[ K2)"
QD/de'kz; )= ) 2.12
@m)? [@RFY SE) = (2.12)
with 7 and m integers and
Pk = Pkdko Pk K= () = () = (07

because f is analytic in the k0 plane, the integration can be rotated from (=00, 00)
to (—ioo, toc) (so called Wick rotation). The integration over (—co,00) is recovered
by defining a new variable k0 — kP = ik°. Thus, an ordinary Euclidean integral in

D dimension is obtained: .
%7 dkt °F dkP ) \ N2 [ N
i [ S / )] K= () 4 () + o (kP) = [kel* (213)

If dPky = d'k...dPk, introducing the polar coordinates dPkg = dlkg|- lke|° ™t dQp
and using the fact that /dQD = 27P/? /T (D/2) one gets:

dkP 2 T D-1 2 o
| st = Gy | kel el S k) 219
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The manipulations are valid for D positive integer, but the last formula can be used
to define the integral for arbitrary (even complex) D and arbitrary = and m.

The prescription:

dk* . dkPpA-D '
N de':‘f-w——"—-; D=4—¢ 2.15
/ (27_‘_)4 / (QTI')D ( )
R p4/D-1
ko= 0 kH
27

can be used, thereby explicitly introducing the scale-invariance-breaking arbitrary
(but fixed) parameter v, with dimensions of [mass] ™.

Renormalization takes care of the redefinition of the mass and coupling constant,
and the rea.djusf.rnent of the normalization of the Green’s functions by suitable multi-
plicative factors which may eliminate possible infinities in the Green’s function !. At
each order of perturbation theory, the process of removing divergencies turns out to
be a substraction of divergent pieces in the one-particle irreducible Green’s functions.
The question is whether the above substraction process can consistently be performed
to all orders with a finite number of muitiplicative factors (renormalization constants)
and parameters which will be redefined. The theory for which the above procedure
operates is said to be renormalizable. Quantum chromodynamics is a renormalizable
field theory.

One should note that the renormalisations are not all multiplicative. Additive

renormalisations can also occur.

IThe renormalization is not necessarily directed to the elimination of divergencies. It may be a

" finite renormalization.
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Chapter 3

Finite temperature formalism

3.1 Finite Temperature Green’s functions.

The thermodynamic state of the system is defined by the parameter 3, the inverse
ter.nperatl,lre’measured in energy units 8 = k—;“f’ where kg is Boltzmann’s constant.
[ can be thought of as a Lagrange multiplier which determines the mean energy of
the system. For § — oo the zero temperature calculations are regained.

The first step in the finite temperature calculations is the knowledge of the thermal
behaviour of quark and gluon propagators. A formalism was developed by Dolan and
Jackiw [14] to derive the finite temperature spinless Bose and Fermion propagators.
The Green’s function in finite temperature field theory is defined by:

_ Tr{exp(=BH)T(£(1)€(25)..(z))} - (3.1)
Tr{exp(—(H)} ‘

Gp(zy, T2, ..., Ty)

where H is the Hamiltonian governing the dynamics of the field £(z).

3.2 Spinless Bose fields

The finite-temperature 2-point function of spin-less fields, using expression 3.1, is

defined by:

_ Tr{exp(=BH)T (p(z)o(y))}
Tr {exp(—BH)}

23

Dp(z - y) = (T(p(2)e(¥))) (3.2)



3.2. SPINLESS BOSE FIELDS 24
which for non-interacting fields satisfies:
(Qz +m?) Dz —y) = 6%z — y) (3.3)

Boundary conditions must be specified in order to solve the above equation. These are

given for imaginary time. The time ordering is defined on the complex time interval
[Oa _’Lﬁ ] :

(p(z)p(y)) = Dz (x —y) iz, > iy, -
(T(p(z)e(y))) = (3.4)
| (p(y)p(z)) = D5 (z —y) iz, < iy,

and therefore;

Dg(z = y)l,,m0 = D5 (z —y)

=0 O (35)

Dp(z = y),,——ip = D5z —y)

To=—103

which leads to the following periodic boundary conditions:

(-]

Dg(z = y)l,,0 = Dslz — y)|,,—_is (3:6)

Using expression 3.6, Ds(p) can be express as a Fourier transform of Ds(z) :

—if
Dy(p) = [ dz, [ d'zexplipa)Dy(a) (3.7)
0
2mn
where p* = (wn, p) with w, = —_7;—2 cm=0,+1,....

p* is a space-like vector because

/@2

The imaginary time representation for the Green’s function is obtained by substituting

4212
Pt () <o

equation 3.7 in equation 3.3 and solving for Ds(p):

1

Dg(p) = (3:8)

pz —m2
By using Fourier integrals, the real time representahon of Dg(z —y) can be obtamed

By definition, the Fourier transform of Dﬁ( z) 1s Dﬁ (k), with:

>

ﬁ;(k) = /d4x§xp(ikx)D§(x) .
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Then,

| 5;(19) = [d*zexp(ik,z, — ??)Dﬁ(z) = [d*z exp(ik,z, — ??)DE (z, — 18, T)

= exp(—k,) [ d'zexp(ik,z, — k T)D3 (20, T) = exp(~Bk,) D5 (k)

- (3.9)
Defining the spectral function as:
p(k) =Dy (k) = D5 (k) ,
. equatioh 3.9 can be written as:
Dp(k) = (1+ f(k))o(k);  Dj(k) = flko)a(k) (3.10)
with:
f(ko) = (exp(Bk,) — 1)~ (3.11)

being the thermal Bose-Einstein distribution.

Knowing p(k), one can determine Dy(k), the Fourier integral transform of Dg(z):

Dp(k) = [ d*z exp(iks) [0(2,) D3 (z) + 0(—,) D5 ()]
oo — ' - <y -
. / dky | D(k,, k) Dg(k;, k)
T 2w kKt k- ki

sting the integral form of the #-functions and substituting equation 3.10 in the above
expression, one obtains:

o0 e

) : dktl) 4 (k:w k )

k=i [ e PP T)
Delk) =t | S m ki

—0o0

+ f(ko)p(k) (3.12)
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The spectral function p(k), can be obtained from the imaginary-time representation
for Dg(z):

— i —

Da(wn, &) = / dz, exp(—(27n/8)z.) / &z exp(—i k T)Dy(z)
0
—if
= /dmoexp(—(27m/ﬂ)wo)/d%exp(—i

. * dk
= / dz, exp(—(2mn/B)z,) / #exp(—ikomo)D;(k)
% I

z)Dg (2)

oo

> dk, exp(—ifk,) — 1 %0 dk, p(k,, k.
=i [ Sl L i) oty = [ Gl )

Zoo —o0

To determine p(k), Dg(wn, T is extended to a continuous function Dg(k,, ? and
B B

in the limit € — 0 :
— ) —
p(k) = Dg(k, +ie, k) — Dg(k, — te, k)
For the free-field case expression 3.8, with (k,) the sign function, p(k) becomes:
p(k) = 2me(k,)6(k* — m?)

Substituting p(k) in expression 3.12, the real-time Green’s function for spinless-Bose
fields is:
—_ 1 2
Dg(k) = — — +
a(k) k? —m?+ie  exp(Blk.|) =1

§(k* — m?) o (3.13)

1
where IR —1 " ns(|k,])-

3.3 Fermion fields

The Fermion fields formalism is developed analogously to the spinless-Bose fields one.
The anticommutativity of the Fermion fields must be taken into account.
The finite-temperature 2-point function of fermion fields, using equation 3.1, is defined

by:

: Tr {exp(—BH)T(¥(z)¥(y))}

Felop(gm) = TR (319)

' Sp(z - y)
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which for non-interacting fields satisfies:
(i @z —m)S(z—y) =16z - 7) (3.15)

Boundary conditions must be specified in order to solve the above equation. These are

given for imaginary time. The time ordering is defined on the complex time interval

[0, 0] :
(T(W(z)Y(y))) = | (3.16)

and therefore:

© 5p(z = Y)lgmo = S5z~ ¥)

To=0
S5(@ = Wereig = S —9)__, - (3.17)
These lead to the anti~pefiodic boundary conditions:
S5(2 = Ylay=0 = = 96(¢ = Y)lz,=is (3.18)
and than, to: '
Sele) = o (3.19)
where p# = (w,, P ) with w, = Qﬁj_ﬁll’»’f in=0,%1,.. .

By using Fourier integrals, the real time representatlon of Ss(z —y) can be obtained.
By definition, the Fourier transform of Sﬁ( z) is Sﬂ (k), with:

>

S5(k) = / d*c exp(ikz) S5 (z)
Then, analogously to the Spinless~Bose case: |

55 (k) = exp(—k.) S5 (k) (3-20)
Defining the spectral function as:

=> =<

p(k) = 5 (k) + 55 ()
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expression 3.20 can be written as:

5 (k)= (L= f(EDo(k);  S5(k) = f(k)o(k) (321)
with:
£ (ko) = (exp(BE,) + 1) - (322)
being the thermal Fermi-Dirac distribution.

As before, the spectral function p(k) can be obtained from the imaginary-time prop-

agator :

B 4 \ a7 dkyp(ke, )
S(wn, k)= / dz, exp_(—(2n+1)7r/ﬁ):vo)/d zexp(—i k T')S5(z) =1 E
0 . ) n — Mo

-0

. __> . . . __> i .
To determine p(k), Sp(wn, k) is extended to a continuous function Sp(k,, k£ ) and in
the limit € — 0 :

p(k) = Sp(ko + ig, k) — Sp(ko — ic, k)

In the non interacting field case ( equation 3.19 ), p(k) becomes:
p(k) = 2me(k,)(K + m)(k? — m?) .

The real-time Green’s function for Fermi fields is then:

i _2n(f+m)
(k—m)+ie exp(Blko|) +1

Sp(k) =

§(k* —m?) (3.23)

1
here = ng(lk,|) is the Fermi th ] factor.
wher opBIR) +1 nr(]ko|) rmi thermal factor

There are two important aspects that must be noted in expressions 3.13 and 3.23.

First, both of them allow one to separate a zero-temperature part and a thermal part,
which vanishes in the T = 0 limit. Second, one has to note that is the absolute value
|ko| which is featured in equations 3.13 and 3.23, while k, appears in equations 3.11

and 3.22.

3.4 Renormalization at finite temperature

In computing loop diagrams at finite temperature, one encounters divergencies which

must be taken care of. Fortunately, the renormalization at zero temperature suffices to
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make the theory finite at non-zero temperature. The temperature does not modify the

theory at short distances < 1/T" and thus the ultraviolet (short distance) singularities
“are the same as for T' = 0. '

The real-time expression for the free propagator equation 3.13, for example, can be

..split into a T' = 0 part and a T-dependent part:

=  =T=0 ==T
Dy=Dy '+Dy "

the temperature-dependent part containing a factor decreasing at least as:

exp(—0 [ko])§(k* — m?) | (3.24)

-

Divergencies can only arise from loop integrations [ d*k which do not contain ﬁ;#o.

- The 5-function in equation 3.24 puts the k-line on. the shell, and the [ dk integration

is then damped exponentially. Divergencies could come from integrations-pver other

loop momenta, which do not contain D‘E#O factors but the corresponding divergencies
are taken care of by T' = (0 counter-terms [6].

It is worth remarking that the formalism presented in this chapter only works at

one loop order, but a generalisation with auxiliary fields to higher orders exists.
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Chapter 4
Pions

The properties of hadronic matter should change as the temperature or density are
increased. A dilute system could be described in terms of pions, nucleons and other
hadrons. The spontaneous breaking of chiral symmetry is believed to be a property
of the strong interaction at zero temperature. If the temperature is finite, different
regimes appear, and for high temperatures the chiral symmetry has to be restored
according to asymptotic freedom.

Due to its small mass, the pion plays a special role in the dynamics of hot hadronic
matter. When the system is heated, the first particles to be procuced are the pions.
The low temperature hadronic phase regime is dominated by the lightest particle

occurring in the spectrum: the pion.

4.1 Gell-Mann Oakes Renner Relation

The low energy properties of the pions are essentially fixed by chiral symmetry. This
leads to a wealth of low-energy theorems derived in”current algebra at T' = 0. For in-
stance, the Gell-Mann Qakes Renner (GMOR) relation relates the pion decay constant
and mass to the quark condensate. and the quark masses [31]. For two light-quark

flavours:
FRopd = —(m, +ma)(@q) (4.1)

31
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where the decay constant f, ~ 93 MeV, (Tu) ~ <Ed) = (§q) ~ —0.01 GeV3.
To analyze the temperature corrections to GMOR. using sum-rules programe;. one
should start by studying the zero temperature GMOR.

One could start by considering the following two-point function (at T = 0):
o= / d*z exp(iqz) (0|T(A,(2)55(0))] 0) (4.2)
5 M 5

where A,(z) =: d(z)vs7,u(z) : and js(x) =: d(z)ivsu(z) : .The lowest order Feynman

diagram corresponding to expression 4.2, is depicted in fig.4.1.

Figure 4.1: Graphical representation of the two-point function II5,

One can define:
. 1
H5# = qyﬂs —— H5 = F(q"ﬂsy) .
Using equation 2.6, II5(¢%) becomes:
‘ 1 :
Is(g2) = ——J\L / d*z exp(iqz)Tr { f155 (2)3:5K (—2)} (4.3)

where V. = 3 represents the number of colours. Using 3.19 and working, for example

in momentum space in perrurbatlve QCD for the corrections ~ my:

: : ' d*k d'k
s(g%) = ”‘;iz/dd‘x eXP(iqx)/“—l/"—;}Zexp(——iklm) exp(ikax)

(2m)* S (2n) , ’ (44)
{q (Kl'*‘mu) (K2+md)}
Vs kJ2 m2

with ¢ — ky + k; = 0. By using v -Algebra, Appendix A.2, [I5(q*) becomes:

2 3 dk ke dk
Hs(q) = ——;2-5 {4(mu —— md)qlcr/ (27‘&')4 k2(k | 4muq / (27‘ 4 k;2 k: - Q) (}4 5)




4.1. GELL-MANN OAKES RENNER RELATION 33

The integrals in expression 4.5 are solved in Appendix C and the term of 5(g%) ~ my,
- in perturbative QCD, becomes:
2

05(g?) = iz (my + ma) In(~ ) (4.6

. To get the imaginary part (Im f(z) = —5 Discf(z)), Cutkosky’s rule &z — —2mi§(k?)
and Appendix C.4 were used.

Im I15(?) = (. + my) (47)

2

For the (nonperturbative) corrections to II5(q?) ~ m2

one has to look at the quark

condensate:

(0|T(Au(=)5i(0))]0) =

= {178t ()im |85 (0)} () (B (O () ) + (& (2)dE, (0)) i () (0)] }
<

Therefore the contribution ~ mf, 15

Ms(¢?) = 2= () »(1 + w) . (48)

q2 4q2
Another term of II5(¢q2) ~ m, is the one ~ <%71G2>. Defining:

Ws(?) =i / d*z exp(igr) {0|T(8* A.(z)8" AL (0))] 0)

with
8" Au(z) = (my + ma) : d(z)ivsu(z) = (M., + ma)js(z)
then
@“Tls, = ¢*Tl; = ig® [ dz expliar) (0|T(4,(x)}(0))]0)
=3 /d4a: (Q; exp(z’qa:)) <0 ’T(Ap(z)j;(())){ 0>’z mqls

or

Us(q°) = —i(my + ma)q’Hs(g") .
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We find for Vs :
wPT — Q_)

3
—=—=(m, +my)*q? ln(-—y2

8 2
(@)

U = 2(my, + ma) (@) + (ma + ma)? 2

which coincide with the known results {3]. From [5]

H

23 2 1 /a
\Ilé ” ) = -(mu + md)2§§ <?G2>

so that an other term of II5(¢?) ~ m, is:
as G2 1 «
1$¥ ) (¢?) = —i(m, + md)8 7 < SG2> (4.9)
To get the (perturbative) corrections to Il5(¢%) ~ m3 the propagators are substltu‘red

in equation 4.3. Working in coordinate space:
Tr { g% S8 (@)1S5 (—2)} =

oy z N imy, N m? i & img m2 % s
=Tr v - — Y2 =~k
V\omzt T arere | 8n272 ) P\ oA 4n2z?  8n2g2) |’ T

so that the mg term is:

—1 qama
é—;zmumd(mu + myq) =
Hence:
N 7 1
II5(¢°) = o —5MyMg(My + ma)— (4.10)

The complete expression of II5(¢®) to order O(m}) in perturbative QCD with the

leading non-perturbative corrections is:

.3 - g2 1 /o,
M (¢) 00 = gz (ma+ o) (= 1) = i(m, +ma) o (2262) -
2i (gq) 20 (3q) | 3i | '
+ p + (e + my) 2 + pmumd(mu"'md)?

To get an idea of the importance of various terms at a scale of g2 ~ —1GeV?, we
used: m,, ~ 5MeV; mq =~ 10MeV [20], and <9‘7§G’2> ~ (1-4) x 1072GeV* [8]. Hence

I15(¢%)|gep can be approximated as being:

II 2 ~ 4 3 In(: q2 . 1 asG2
(¢%)iqop = —ig g (ma + ma)In(~75) —i(m. 4+ ma) g (-

220D o )2 832
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By saturating equation 4.2 with the lowest hadronic state, the pion', ITs, becomes:

s, = [ d'zexplion) £(0]4.(x) In(o)) (x(p)] 51 0))]0)
Invoking PCAC (partial conservation of the axial vector current) (see [52]),

(014.(0)| 7(p)) = +iV2fupy

(018" Aul m) = (ma +my) (O ljs| ™) = V2 i

with fm = 93 MeV (neutral pion) and p, the pion’s mass. These lead to:

2fius 1
HS HAD = 'L LA 4.13
4D = o ) (1)
Invoking analyticity, the two point function Ils,, satisfies a dispersion relation :
Im I
I /d D# 2 - 2
5/.1 s + Q2 3 Q q

defined to a certain number of substractions which can be disposed of by taking a
sufficient number of derivatives.
The QCD-Hadron duality is implemented via expression 1.3. The first two sum rules

(N =0and N = 1) in this case are:

2f212 = —2(my +my) (7q) + é—%(mu + my)? /ds (4.14)
0
and
2f2p4:-1—(m +md)2<—%-G >+-§--(m +m )275 ds (4.15)
gty 8 u T ]2 u d | .

Equation 4.14 becomes the GMOR relation at leading order in quark masses. >

1The contributions from higher resonances :#’ ,7"... are ignored because the analysis is restricted

to energies below 1GeV , case in which these hadronic contributions are absorbed in the continuum.
2The explicit form of the trivial integrals appear only to compare them later with the integrals

appearing when the temperature corrections are considered.
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4.2 Gell-Mann Oakes Renner Relation at Finite

Temperature

At finite temperature, the propagators develop a temperature correction (see 3.23), a
term containing a Fermi factor. The decay constant fm, the pion mass u,, the con-
tinuum threshold s,, the quark condensate (Gg) and the gluon condensate (basically
independent of T except near the critical temperature), <%G’2> , become functions of
T. To derive GMOR relation at finite temperature, one should follow the same steps
as in the zero temperature case, the operators are just replaced with their thermal
averages.

II5 in this case is:

Os(¢%,T) = —= /d4x exp(qu)Tr{g/ﬁy S( )T( )75S,(§i)T(——x)} (4.16)

Using equation 3.23 and working, for example, in momentum space in perturbative

QCD for the corrections ~ my:

1= 3 [ et | S5 ] £

-{Tr{q (f;+m;) s (fgi:;‘g)}jL

exp(—ik, ) exp(ikyz)

u

(4.17)

k2

(£1 +mu)

omiTr {q»,s (Fr + ma) np(|eso|)8 (k2 — m2) e (f2 +ma) }
omiTr {m———;% (K2 + ma) nr(lkol)é }

+
with ¢ — k; + k; = 0. The forth trace term (the one with two Fermi factors) does not,

appear because it is real. One can observe that the first term in expression'4.17 is

the one obtained in 7 = 0 case.
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- By using v -Algebra ( Appendix A.2 ), [I5(q?) becomes:

) T o d4l€ ko
Os(¢*, T) = q {{( u d)qa/(Z'zr)‘lk:Q(k — Mg / (2m)4 k2(k )2}

' d“/cmq-(lc—(;{)—ma!f;{‘lC
2 2 U
wming (k)8 (1 —ml) [ ooy

aming(|(k = )8 (6~ g — ) [ ok ot (b 2 0) ek

(4.18)
To get the imaginary part, one could again use Cutkosky’s rule 2 — —2n1§(k?). The

imaginary part. of the first term is the same as for T = 0:

N . g;(mu + md)
For the other two terms:
2472 ¢ dk
2T = 2
i (0" T) = =2 | gy (ma = mala- & =)
Anp(Jko|)8 (k2 — m2) 6+ ((k — q)* — m3) (4.19)

+ mu@*np(|(k — q)o))8 ((k — ¢)* — md) 6% (k? — m})}

Unlike the zero temperature case (when only annihilation processes appear), at finite
temperature there are two distinct processes. One in which the virtual ‘guanta’
associated with the current will convert into gq pairs in the time-like region ¢? =
w?r— 7% > 4m? (annihilation) and the other for quanta with space-like momenta
q* = w? — 7% < 0 (scattering) will be scattering with quarks in the gas. In the finite
temperature case, [I5(g* T) has two components : oY (g2, T) (annihilation part) and
117 (g%, T) (scattering part). |

Using the results from Appendix C.4 (C.23),

Imngﬂ(qQ’T) = %(mu + myg) {1 —_ % ]dz {RF (‘?I f; +LU) . (I?Ig_ w)}}

-

which for a reference frame in which |¢’| — 0 becomes:

Im T (¢, T) = §-37—r(mu +ma) {1 —%np (g)} | (4.21)
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and using equation C.24:

I (¢%, ) = T2 (my +ma)s (w?) (4.22)

A remark here should be added: by chosing the frame | 7’| — 0, Lorentz invariance is
lost. It is known that finite temperature theories do not preserve Lorentz invariance
but the results are not sensitive to the choice of frame.

The temperature corrections have the opposite sign of T = 0 part.

From expressions 4.21 and 4.22 one see that for 7 — 0 we regain the results at
nonzero temperature.

By analogy with the zero temperature case, the first two sum rules (N = 0 and

N = 1), in the finite temperature case are:

7_(2 s0(T) 5
2FATYT )2 ma) (37 = oy () {4—3—T v [ as [1 _ zn,p(gff)}
0 (4.23)
and
' 3 - so(T) \/g
2f4(T)ud(T) = g;ﬁ(m" + my)? 3 <aSG2>T + / ds s [1 - 277117'(2—];):! (4.24)
A _

Where w? = s. The lower limit of the integrals is actually (m, + my)?. However,
the difference is of O(m;). Equation 4.23 becomes the GMOR relation at finite
temperature at, leading'order in quark masses. '

The following notations are used:

GMOR(0) = 2f2u’ + 2(ma, + ma) (gq) (4.25)
GMOR(T) = 2fX(T)p(T) + 2(my + ma) (39)r (4.26)
and
. GMOR(T)

The results from (3], away from the chiral limit (i.e. m, # 0) were used for the
temperature behavior of (gg);. The gluon condensate is basically independent of T,

except very close to the critical temperature [32]. The temperature behaviour of the
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asymptotic freedom threshold s,, can be obtained from the lowest dimension FESR
_ associated with the two-point function involving the axial-vector currents [21] and [2]

provided f(T) is known [3].

This sum-rule reads:

. it Sa (T) ) fo's)

."87T2f,3(T) N é / dz*v(2) [3 - Uz(:)] [1 - 2nF('2ff)} +/dz2v(Z) [3 - fu?(Z)] nF(é—%)
’ 0
where 'U(z) -1 = W 3

5,(T)/5,(0) and (@q)r / (@q), as well as the input f2(T)/f2(0) are shown in fig.4.2

2.0 T T T T - T T
‘ dashed line f&(T)/T(0)
1.8 +
doted line so(T)/s,(0)
1.6 - o N
solid line <qq>1/<qg>o"
1.4+ .

1.2 4

0.0 0.2 0.4 0.6 0.8 1.0 1.2
- T/T.

A

Figure 4.2: Showing fﬁ(T)/fﬁ(O),s,,(T)/s,,(T) and (gq)r / (ﬁq)o plotted against T'/T,
-“from [2]

For a wide range of temperatures, not close to T;, say T < 0.8T, the following scaling
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relation holds with a good approximation:

(1) (@@ _ 50(T)
f200) 7 (dq)  s0(0)

The temperature at which s,(7") vanishes is the critical temperature for deconfine-

(4.28)

ment (7). The temperature at which fr(7) vanishes is the critical temperature for
chiral-symmetry restoration (7,). However, in [2] it was remarked that either the de-
confinement and chiral-symmetry restoration phase transitions coincide or they occur
at extremely similar temperatures.

Using expressions 4.25 and 4.26, equation 4.27 becomes :
o 5(T)
RGMOR% 4_731;1;0*) + ﬁo—) { ds [1 - 2np(-é-\/7—§)}- - (429)

The expression 4.29, is not exactly analytically solvable, but it can be computed
numerically. The integration was done using a numerical 20 point Gaussian inte-
gration routine (positions and weights for the Gaussian integral are from [1]). For
5,(0) = 1GeV? (reasonable éhan'ges around this value have basically no change in the
result) a plot of RGMOR against T/T, can be seen in fig. 4.3:
The result is in agreement with expectations: since both fz(T) and (gq); decrease
with T, the same should be true for RGMOR. From sum-rule point of view, the
decrease of RGMOR with temperature is due to the decrease of s,(T") with tem-
perature because in expression 4.29, T?%/s,(0) < 1 in the temperature range under
‘consideration. _
The result. obtained in [61] using chiral perturbation theory expansion, indicate a
small deviation linear in pion mass that appears in3:

MF?

i (q)
when O(T?) 4 (two-loop, O(p®) calculation of the parameters entering GMOR(T))

(4.30)

corrections are considered. From dimensional arguments, a linear deviation can not
appear in the sum-rules approach. However, the two results agree from numerical

point of view. A numerical comparison between the two results is given in fig. 4.4.

3The notation used in [61] is used in 4.30.
4The square of pion speed becoming negative define a natural limitation of the O(T?) chiral

perturbation theory éxpansion.(see [61])
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Figure 4.3: Showing RGMOR plotted against T'/Tc



4.2. GELL-MANN OAKES RENNER RELATION AT FINITE TEMPERATUREFA2

0.0 —————

'
-0.2 | | o— O 1T'S

| ! eeccceens Toublan’s
-0.1 |

=-0.6 |
-0.8¢}

-1.0

MAfR/m* <qqdT

|
N

~1.6 |
-1.8

—2.0 — : s : —
0.0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0 I[.1

T/Td -

Figure 4.4: Showing the comparison between the chiral perturbation theory and sum

rules numerical evaluations of M2F2/m (gq)
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4.3 Pion mass

The first two sum rules (IV =0 and N = 1) at zero temperature (equations 4.14 and
4.15) and at finite temperature (equations 4.23 and 4.15) can be used to determine the
temperature dependence of the pion mass.' For s,(0) = 1GeV? (reasonable changes
around this value have basically no change in the result), C4 (O4) =~ —73—r-<a3G'2> o
0.07GeV* ({(2,G?)y = (@,G*) — =T (In 32 — 1) with A, = 275+ 65MeV (see [32]) )

T 1215 fA T

a plot of the ratio of pion mass at finite temperature - pion mass at zero temperature

against T'/7T, from both sum rules give reasonable results in 20% agreement one with

the other(see fig. 4.5 ).

10 T T T T T T T T T T
9 .
8+ -
7r .
S s} i
3
< 5¢ !
[l
T 4t :
3
3+ A
2F N
1 |
Dﬂ ! !

. A | T - J Lt R [T
o.c 0.1 0.2 0.3 04 05 0.6 0.7 0.8 09 1.0 1.1
' T/Te

Figure 4.5: The ratio u,(7)/u~(0) obtained by solving the first two sum rules. The
solid line corresponds to the first sum rule calculations, the doted one to the second

sum rule.
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On plotting both graphs, 4.28 was used as input.
The pion mass is essentially a constant up to the critical temperature. This result is

in agreement with results obtained using other methods ( see [30], [40], [57]).



Chapter 5

prm Coupling

5.1 Vector Mesdn Dominance

The storage-ring experiments have shown that in the ete™ — 777~ and ete™ —
K+ K~ processes, the cross sections are dominated by diagrams in which the timelike
virtual photon first converts into a vector meson, and then the vector meson decays
into the meson-antimeson pair. There was no evidence of a direct. decay of the timelike
virtual photon into 7¥7~ or K+ K~ pairs; It was reasonable to surrrﬁse that the vector
mesons contribute significantly to other electromagnetic processes in the spacelike
region as well [11].

The Vector Meson Dominance Model ( VMD ) was created on this assumption. In
it, the ( spacelike or timelike ) virtual photon is interacting with the hadrons only
through the known vector mesons ( w and ¢, the low-mass isoscalar vector mesons,
and p and p’ the observed isovector mesons ). The vector meson-photon coupling
is taken to be almost independent of ¢°. In the model, the pion form factor in the
spacelike ( g° < 0 ) region and in the timelike ( ¢ > 0 ) have the same functional
dependence. In the spacelike region, the form factor extracted from data on the
- electroproduction of pions [34], indicates that in this region the pion form factor is
dominated by the p meson.

The temperature variation of the electromagnetic pion form factor, is an important

information, required to calculate the dilepton production rates, in hadronic phase.

45



5.2. Gupe AT ZERO TEMPERATURE 46

It was usually assumed in these calculations that VDM remains valid at non zero
temperature, and, with few exceptions [22], that the p meson mass and width are
temperature independent. The validity of VMD at finite temperature is checked in
the next sections, by using the coupling constant g,..(Q?*) determined from the sum
rules (assuming the validity of VMD) and comparing the resulting pion form factor
with the data. At finite temperature, it is compared with a theoretical result not

i‘elying on VDM.

5.2 g, at zero temperature

The two point, functions programe, used to determine masses and decay widths, was
followed by its extension to the problem next in complexity, namely the determination
of dynamic characteristics of resonances such as their electromagnetic form factors
and three-hadron vertices based only on the fundamental properties of QCD. The
extension for a certain quark current consists in the replacement, of the two-point
functions with the three-point functions and the replacement of the dispersion relation
by a double dispersion relation.

Consider the three-point function:

Mu(q) = - [[ d' dyexp(~ig ) - exp(ip - 2) x (O[T} ()T )x(0)]0)  (5:1)

where J2(y) j=(z) are the usual p and 7 currents:

T2) = 5 ¢ [86) % wly) — ly) e dly)] 62
() = (o + ) 2 d(z) 5 ) (53)

I1,(q) can be written as:
M.(0) = Th(¢*) P, + Ty (P)a, 69

with P, = (p' + p), and qu = (P — D).

In the euclidean region p?, p%, ¢* < 0, where the virtnalities are large enough, I1,(q)
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.can be calculated in the framework of perturbative QCD. The corresponding graphs

.. are depicted in fig. 5.2.

By analogy with steps taken in the two-point function case,

n#(q)"—“%Nc(mﬁmd)Z’TT{/ [ d*= d*yexp(~ig -y) - exp(ip - ) | (2314/ (ﬁrk;“/ ((;:34

[exp(—iky - x) exp(iky - y) - exp(—ika(y — )) - 75 - S(k1) - 5 - S(ka) - ¥ - S(ka) —

exp(iky - z) exp(—iky - y) - exp(—iks(z — y)) - 5 - S(ka) - s - S(k2) - 5 - S(k1)]}

(5.5)

with N, = 3 (the number of colours ) and k), k; and k3 depicted in fig.5.3.

The first term in expression 5.5 comes from diagram (a) and the second term from

‘A diagram (b). In the first diagram: k; = k; — p and k3 = k; — p and in diagram (b) :

A kzz ki +p and k3 = k; + p so that:

| dk .

2r)’

[L,(g) = 5 Nalomu +ma)? [

4

‘ alk = p)s(k — 7)), ok + P)g(k + P
{Tr(vwwsvmnv) R0k p2(k— )2 Tr (vsYaYu Va5 ¥y) - k) kD)
(5.6)
but
ky(k+plplk+pla_ _ky(k—plp(k—p)a
ki(k+p)*(k+p)? k—-k  k*k—p)*(k—p')?
- Using y—Algebra from Appendix A.2, I,(q) becomes:
d*k 1
II = —47 - N.(m, +m, / ol

) e | G BEERE-EY s

{(k=pVuk-(k=p)+(k—p)uk-(k—p) —k, (k=p)(k-p)}
After a few calculations, to leading order in a; and quark masses ( see Appendix

D) | S
Hy(c‘n=§%-<mu+md>2<p+p‘)yln<-§—5> (58)

The next step is to calculate the imaginary part of I1,(q). The contact with the
“hadronic” world is done by ilsinfr the double dispersion relation:

/ds/d I“?“S” | (5.9)

)(s' —p'?)
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Figure 5.1: Graphical representation for the three-point function II,(q).

Figure 5.2:-Graphical representation of the lowest order QCD contribution to g,.x:

-
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with
Discll(p?,p?*) = (-21)’ ImI(p*, p?) (5.10)

From expression5.7 by using equation 5.10 and the integrals evaluated in [52] (pag
29), ImII,(q) becomes:
3 2 2 f ! ¥
Im ()| gep = a}-%—(mu + my) {q ss P, +ssq,(s—s )} (5.11)
where the following notation was used:

7 2 ¢ ?
Ax{s%—s «qz} —4ss ;pP=s;pi=s;
According to the philosophy of QCD sum rules, it is assumed that for s and s* values
above the continuum thresholds (s, and s;) ‘the hadronic speétral furiction can be

expressed in terms of QCD degrees of freedom.

ImI(s,s,¢*)| = RESONANCE PART + CONTINUUM (5.12)
HAD )

ImII(s, s, qz)IHAD = RESONANCE PART +6(s —s,)0(s —s,) ImII(s, s, q2)}QCD

(5.13)
The continuum is supposed to be well approximated by the perturbative QCD 5.11.
The hadromc part, of the correlator may be obtained after saturation with the pion

intermediate state. Expression 5.1 becomes:

I,(q) = i%- ff d's d*yexp(—ig - y) - exp(ip - z)x

(5.14)
gg{ (0@ 1)) (k) [ T2 )| (k) ) G (k) 52(0)] 0)
Inyoking PCAC (see [52] ),
OUOI*) =v2 fr-uif (5.15)
‘ <0 ‘jf(:r)] Tl':t> =2 fy-p? - exp(—ikz) (5.16)

. and using the current-field identity [56] :

LM |
jo= kot (5.17)

p
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Figure 5.3: Graphical representation of the lowest order QCD contribution £0 Gpmr-

The explicit momenta appear on each quark line.

Figure 5.4: Rho-meson dominance diagram with the explicit coupling constants.
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and VMD, one gets:

M1

gtk 9prn(q7) (5.18)
p M,

<7r(k1) }J;;] m(ka)) =

where ;7 is the isospin current (a=1,2,3 is the isospin index ), P, is the rho-meson
field and i, is pion’s mass. The experimental value of the coupling is f, = 5.0 £0.1,
as obtained from the decay rate of the rho-meson into e*e™ [50].

Being a function of g2, g, is a form factor. In the simpler version of VMD (single
rho-nieson dominance), the coupling would be strictly constant. Due to the radial ex-
gitations of the rho-meson ( the p(1450), p(1700),etc. ), which make a non-negligible
contribution, g‘;,,,, becomes a form factor. The naive VMD applied to the electromag-
netic pion form factor, for instance, predicts g,-»/f, = 1, while the experimental value
~is 20% higher. Hadronic models, such as the dual model [16], account for this dif-
ference by incorporating the rho-meson radial excitations. This gives g,.(0)/f, =1
but gorr(M?2)/f, ~ 1.2, in agreement with the experiment (g,rr(M?) = 6.06 +0.03
according to [50]). At the same time, naive VMD does not fit the data too well in
the spacelike region [16]. Much better fits are obtained by allowing a g*> dependence
of Gprn-

Note that in addition to the pion contribution, there are additional terms from the
pionic radial excitations (e.g. 7 meson). These contributions are included in the
hadronic continuum provided that the thresholds (contimuim onsét.s) s; ~ 5 >
1+ 3 GeV2

The hadronic part, of I1,(g) proportional with (p + p'),, becomes:

M} (p+p). 1 1
— 2 .4 2y, I [t
‘Hﬂ(q)l.HAD - 2f7r )U"Tr gPﬂ'ﬂ'(Q ) fp M3 + Q2 (p2 . ,Ua,z.r) (p)z ..... #?r) (519)
and : .
/ Q%) M? .
mIl(s,s, @), =277 w2 L Zoso s — ) .0)

M2+Q% f,
with Q% = —¢? > 0 and f, = 93.2 MeV. ‘

The QCD-Hadron duality is, as before, implemented via Cauchy’s theorem relation
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1.3. The lowest, dimensional FESR reads:

!

S0 So

//ImHl(s,s/)lHAD ds ds :://ImHl(s,s')lQCD ds ds "(5.21)
00 00 ’

By substituting equations 5.11 and 5.19 in equation 5.21, the region of integration in

the ss' plane is defined by the §-functions in relation 5.13. It is reasonable to divide

the ss* plane into three regions (see fig.5.5):

t
AN 1] : I
~ .
) .
LY .
31 \\ .ooooooooooooooo.
N
o .
\
1 N
1 N\
\
LN
- >
S1 So S

Figure 5.5: The integration region in the ss' plane. The solid and dashed lines are

the boundaries of the integration region after the substraction of the continuum in

”square” and ”triangle” versions.

Region I corresponds to the lowest resonance state contributions which are taken
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into account explicitly. At large s, s  the contribution is determined by the quark
~ loop of 5.2 (region II at a chosen sufficiently large value of s1). In region III, only
one of the variables s or s is large. The contributions of quark states coincide with
- the contributions of real hadrons if they are averaged over some (equal) region of
. .phase space. For not very large Q2 < s,, the contribution of region III is small [38].
The stability of the results relative to the chosen continuum model can be verified
by considering another model, where the continuum contribution correspond to the
region in fig. 5.5 separated from the origin by the dashed line. It turns out that
different shapes for the integration region do not introduce appreciable differences in
the numerical results (in fact for s, ~ 1.5 - 5, the results are practically the same in
the both models).

Using for example the triangle shape of the integration region equation 5.21 becomes:

M1

212 f2 g (QY) = = é(m +md)29_2_ ]ada:/zdy z -y
w I 2 2 U 3/2
pr+M 8 40 L Tz +Q)2 -2+
(5.22)

where s+s =z (z € (0,s,) Yand s—s =y (y € (—z,7) ). Evaluating analytically

the integral appearing in equation 5.22 (using C.5 ), one gets:

9enn(@?) _ 3 f7 @

where ]
2y _ So Soy , 1 Q*
I(Q ) - 16 (3 Qg) + ( + - Q ) (QQ + 250) (5'24‘)

The Gell-Mann Oakes Renner (GMOR) relation 4.1 was assumed.
According to Extended Vector Meson Dominance (EVMD) ( i.e. VMD which allows
a poséible Q? dependence of g, ), the electromagnetic pion form factor is given by:

M2 gmﬂr(QZ) :
pvup = 32 +Q2 7 (5.25)

Fr(Q)|

- which becomes after the substitution of equation 5.23:

2 3 f2 2 Sg 1 Q2
FAQ o = g 9 '{1“6'(3 o) Tl T SN (——-—~—-—Q2+250)}
(5.26)
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The determination of the electromagnetic pion form factor obtained from a three-
point function involving the electromagnetic current and two axial-vector currents
([38] and [48]), which projects the form factor directly, making no use of VMD, gives:

!

1 1 5,
F,,(QQ)IEVMD T 16n2 f2 (1 + Q%/25.)? (5.27)

Although equations 5.26 and 5.27 look structurally very different, they are numerically
very similar for Q? > 0.5 GeV?, if 5, ~ 2.18 GeV?, and s, ~ 1 GeV?. The latter
value leads to a very good fit of the data above 1 GeV?([38] and [48]. Although
s, ~ 2.18 GeVseems a high value, V8o = 1.47 GeV is well inside the resonance
region. : "
Also, the extrapolation of 5.23 to Q* = 0, for s, ~ 2.18 GeV?, gives ‘gpm(Qz)/f; ~ 1.
Since the correlators are different, the onset of continuum need not to be the same
in the two different cases. All one knows is that s, and s, should roughly be in
the region where the resonances loose prominence and the continuum takes over,
somewhere in the interval 1 + 3 GeV?2. The extrapolation to Q? = 0, of{any of the
above results should not be taken too seriously, as the OPE, the backbone of QCD
sum rules diverges. f ’

The good numerical agreement between equations 5.26 and 5.27 are shown in fig.5.6,

that may be seen as a reflection of the validity of EVMD.

The experimental data used in fig. 5.6 are from [4].

5.3 g, at finite temperature

. As we have seen in 3.23, at finite temperature, the fermion propagators develop a
temperature correction, a term containing a Fermi factor. To derive an expression for
'V‘gp,r,r at finite temperature, one should follow the same steps as in the zero temperature

case, the operators being this time replaced by their thermal averages.
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Figure 3.6: Showing the electromagnetic pion form factor at T = 0, determined from
the QCD-FESR without invoking VMD- curve (a)-compared with the result of the

independent QCD-FESR for g,.- plus VMD- curve (b).
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By analogy with 5.3,

Mu(q, T) = §Ne(mu + ma)*

Tr{// d'z d4yexﬁ(—iq'y)'e=<p(ip'-r)/ (Z:C)l“/ ((;:2“/ ((;4:)34'

[exp(—iky - z) exp(iky - y) - exp(—iks(y — z)) * v5 - S(k1. T) - v5 - S(k2, T) - ¥, - S(ks, T) =

exp(iky - z) exp(—iky - y) - exp(—tks(z =) - ¥5 - S(ka, T) - v - S(hko, T) - 5 - Sk, T}

(5:28)

o

with V. = 3 {the number of colonrs ) and &, k; and k3 the same as those used in
equation 5.5.

The diagrams in fig 5.7 show the various terms in I1,(q,T).

AN
N

Figure 5.7: The first order loop diagrams contributing to I1{g,T). In the diagrams, a
straight internal quark line indicates a zero temperature propagator and a line with

a slash through it indicates a quark propagator with the thermal insertion.

The first diagram corresponds to the zero temperature term I1,(q,0) = II,(q); the
next diagrams represent the temperature corrections { 3 diagrams containing one
Fermi factor each-a thermal insertion along one of the internal legs, the next 3 di-

agrams containing two Fermi factors each-one thermal insertion along two of the
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internal legs and the last one contains three Fermi factors?).

I1,.(¢, T) becomes:

HIJ-(Q:T) = %Nc(mu + md)2'
{Tr(vs%%’m%%) / @%5"(& T)-5°(k-p,T)-S"(k—p,T)- (5.29)
4
=T (V5 YaYu Y8V Yy ) / (—2;]%5“(16 + p’, T)- Sﬁ(k +p,T)- 57 (k, T)}
Defining
4
o) = | (Zﬁ’)ﬂ $°(k,T) - Sk —p,T) - S"(k = p, T) , (5.30)
one gets:
afy — d'k & (. Ak — Y. 1.__ . - . —
BT = [ Sk =g (6= ) { | g + 2 el = ) 605 =57
1 , \ 1 , , .
L2 el - (6% {(E‘-‘ET + 2mi m([ko — 51)) - 6((k — 7) )H

(5.31)
where np((k|) is the Fermi thermal factor defined in equation 3.23.

Similarly, because

Sa(k +p,1T) ' Sﬁ(k +p7T) : S’Y(kﬂT) & ‘:-.-k *Sa(k - p,)T) . Sﬁ(k _p7T) : S’Y(k}T)

(T = —‘[ (2;];4Sa(k+p',T)'Sﬁ(k-&—p,T)-S"(k:,T) - (5.32)

o [ Ak . , 1 , , .
D) = [ =0 =k { [ e - i) 8005 - 7))
- 1 .’ 2 1 : 2

e el =) (05— [+ 2l 502

(5.33)

- _.These lead to the following expression for the imaginary part of, for example I, (g, T) :

ImIl (s, s, Q% T) =ImIl(s,s, Q% 0) - F(s,s,Q%T) (5.34)

IThe thermal correction to IT,(g) containing three Fermi factors is real, i.e has no imaginary

part.
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with
F(s,s,Q?% T)=1—-n; —ny—n3 +nyng + nyng + nong (5.35)
where
1 [z +
ny=mng=ng ( 5\ 3 Y ) (5.36)
and
1 Q%+ =
N3 =ng ( “ (5.37)

2,/2(x+y)

Appendix D.2 provides a few more detailed steps that must be followed to get equa-
tion 5.35.

On the hadronic side, both f= and (gq) will develop a temperature dependence, and
so will do s,. The small variations of the rho-meson mass M,(T), can be safely ig-
nored. This is not necessarily in contradiction with Kawarabayashi-Suzuki-Riazuddin-
Fayyazuddin (KSRF) relation (see [26]) because even at T' = 0 this relation has no
rigurous justification (as it implies a massless p meson). The temperature corrections
to KSRF relation are not known.

The modest increase in the vicinity of T, as obtained from QCD sum rules ( [15]) and
from other methods ( [24] ) does not change qualitatively the conclusions. Making
use of equation 4.28 together with the results for f(T') and (gq), ( in the chiral limit
as well as for my # 0), and invoking the Gell-Mann Oakes Renner (GMOR) relation
4.1 at finite temperature ( which only gets modified at next to leading order in the

quark masses), the T' # 0 FESR now, by analogy with equation 5.23, reads:
9er(Q*T) _ 3 f2(T) Q*

f 812 (gq)2 Mz<Q2 + M) - 1(Q,T) (5.3.8)
where
1 3o(T) ) ‘A
x - ’
<Q2 8 / “ / Y Q4+2xQ2y+y 2)3/2 F(s,s,Q%T) (5.39)

The integration cannot be done analytically, as in the zero temperature case of equa-
‘tion 5.24, but has to be done numerically.
The results for the ratio grr(Q*, T)/gomr(Q?,0), calcnlated in the chiral limit (m, =

0), for two different values of Q?, are shown in fig.5.8. To compare the chiral limit
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gorn(T) / gpnn(0)

| "Fig’ure 5.8:

0.5 (1) 1(T)/12(0) i
041 (2)gona(T)/gonn(0) (Q2=1 GeV2 ) )

(3)x‘-’;/m‘?\(T)/gP“"(O) (Q‘:‘: 3 Geve)
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0.1 \

0.0 & et - - e - Lot - :
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The ratio of the prw form factors at finite and zero temperature as

functions of T/T,. Both curves were obtained in chiral limit, but for different values

of Q2.
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results and m, # 0 results, the ratio gorr(Q% T')/gprr(Q?,0) as a function of temper-

ature, was plotted for Q% = 1 GeV?. The comparison is depicted in fig.5.9.

1.4 T T T ™ T i T T T T - T T T T T T T

1.2 4

gpm(T)/gpm(O)

. ! N ! N §
). 0.F 0.2 03 04 05 06 07 08 0.9 1.0

L

0.0 :
(

T/Taq

Figure 5.9: The ratio of the pmm form factors at finite and zero temperatures as a
function of T/T,, for Q> = 1 GeV?. The solid line corresponds to the chiral limit

calculations and the doted line to calculations away from chiral limit.

Although @* = 1 GeV? was used in this figure, higher values of Q* give similar re-
sults.

It is important to remark that the vanishing of the ratio at or near the critical tem-
perature, is basically @%-independent, this providing analytical evidence for decon-
finement. |

The good agreement between the pion form factor using g,.»(Q?) plus VMD and that
obtained directly, without invoking VMD, persists at T' # 0.
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- 'To see how g, varies with Q* for a certain temperature, Jorr Was plotted against

Q*. The result is given in fig.5.10.

gpmv/f D

as a function of Q2% (at constant T)

T l}

0.8} (1) at T=51.44 MeV]

~(2) at T=89.15 Me
at T= 98.57 MeY

g ;m'r:/ Zf,;

0.2 f

0.1

0.0 - : - : :
0 1 2 3 4

Q2 (Geve)

Figure 5.10: g,/ f, as a function of @2, plotted for various constant temperatures.

Extrapolating the results from fig.5.10 to Q* = 0, one can see that g,».(Q? = 0)/f,

is finite and decreases as the temperature increases.

5.4 The mean square pion radius

. The same éxtrapolation to Q* = 0 from fig.5.10 allows the determination of the pmm
mean square radius, although the OPE breaks down at small values of Q. The prr
mean square radius is divergent at any temperature because of the mass singularities,

but the ratio (r?);. / (r?)_ is well defined.
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The prm mean square radius is defined as follows:

<r2> 6 3gp,r,,(Q2,T)
Y 0%y R To )

Using 5.38 : 2 o
@D 3 LDE iy aem
where
1% (2* — 9)
1QNT) =3 / de /dy (Q4 4 22Q? + y2)3/? F(sys,Q4T)

for T' = 0 one gets:

<T2>a _6 {_1_ N 9/2 + 21n(Q?/2s,) } (5.40)

M? So

As
oF 1

‘%_22 - T\/Z(:n + ) .

ng-(ng—1)-(2n; — 1) (5.41)

(r¥) / {r?), can be evaluated. Q? cannot be taken exactly zero, due to numerics, but
for Q2 small, after numerical integration (Gaussian integration routine here), a graph
of (r?),. / (r*) against T /T, was obtained. The result appears in fig.5.11. The ratio of
quantities which have mass singularities is well defined. By changing Q%over a wide
range in the vecinity of @2 = 0, results remain basically unchanged. Thus, the ratio
should be well behaved at zero momentum.

{(r¥) / (r?)_ increases with increasing T until the critical temperature, where it be-
comes infinite, signalling thus, the deconfinement, as one could have expected from

an intuitive point of view. Other values of @2, close to Q? = 0 give the same results.
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1 O ¥ T i 7 T g T T B v T T T 7

8t m——— Q2= 0.3 GeV?
Sl Q2 =0.4 GeV2

{r&>T /<r%>o
o

() . . 4 5 N \
0.0 .1 0.2 0.3 0.1 0.5 0.6 .7 0.8 0.9

T/Ta

; Figure 5.11: The ratio of the (strong) pion radius at finite and at zero temperatures
as a function of T/T,. The solid line corresponds to Q% = 0.3 GeV? and the dashed
line corrésponds to Q? = 0.4 GeV2.
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Chapter 6

Conclusion

6.1 Conclusion

The investigation of the current algebra Gell-Mann, Oakes and Renner relation at
non-zero temperature, in the framework of QCD sum rules found no corrections at

leading order in the quark masses. At the next to leading order, corrections of the

2 -
g

form m?2 - T? were found, but these are small except near the critical temperature.

The first two lowest order FESR sum rules were used to determine the temper-
ature dependence of the pion mass. u.(T) is essentially constant, except very close
to T¢,where it increases with the temperature. The results obtained using the two
different, order sum rules are in good agreement one with the other, and with a variety
of independent. determinations in different frameworks [3],[13], [30], [40], [57].

Finite Energy QCD sum rules (FESR) at T # 0, for a three point function in-
volving the rho-meson interpolating current plus two axial-vector divergencies were
used. The @? and T dependence of the prm coupling and the validity of Vector Meson
Dominance at finite temperature were investigated.
~ The pion form factor gonr(Q?) at zero temperature, determined from sum rules
together with VMD, was compared with the experimental data on the pion form
factor and also with a direct determination, i.e. with a theoretical result not relying

on VMD. The very good fit at T' = 0 was taken as a evidence in the support of VMD

at zero temperature. In the absence of experimental data at T # 0, the agreement
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between the two theoretical results (sum rules together with VMD and the ‘direct
determination), was taken as evidence in support of VMD at finite temperature.

The plot. of the ratio gprr(Q? T)/gpmr(Q%0) as a function of T/T, in the chiral
limit (g = 0) case, indicated the vanishing of the ratio at the critical tempera%:ure.
The same shape of the plots for different Q% (Q? = 1 GeV? and Q? = 3 GeV?, in
this case), is a indication that the vanishing of the ratio at the critical temperature is
basically Q%-independent, providing analytical evidence for deconfinement. The plot
of the ratio 9orn (@2, T)/ gomn(Q?,0) as a function of temperature, for Q2 = 1 GeV?
comp\aring chiral limit results (m, = 0) and away from chiral limit results (m, # 0)
provided again, analytical evidence for deconfinement. '

The extrapolation of g,.«(Q%)/f, vs Q? graph for three different temperatures, to
Q* = 0 proved that g,.(Q* = 0)/f, is finite and decreases as the temperaturetrin-
creases. The same extrapolation to Q? = 0 allowed the determination of the pr# rﬁean
square radius. Even if the prm mean square radius is divergent at any temperdture

because of the mass singularities the ratio (r2),. /(r?), is well defined. (r2);/ (r?),

o
increases with increasing 7" until the critical temperature, where it becomésfinﬁnite,
signalling thus, the deconfinement.

The increase in the pion mass around T, does not contradict the image that'i)idns,
rho-mesons etc. should be absent. from QGP as the mass of a particle is not an order
parameter for deconfinement. Rather it is the imaginary part of the propagator, i.e.
it’s width, which signal the deconfinement.

All these are consistent with one’s expectations that for temperatures exceéding

the critical temperatures, the pion will cease to exist.

6.2 Critical Assessment of the QCD Sum-Rule Ap-

proach

After all this discussion, the place the Sum Rules method occupies in the catalog of

the existing approaches to hadronic physics should be specified.
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. The QCD sum-rule approach to hadronic properties is now rather mature. Sum-rule
methods have produced phenomenological successes for a wide range of problems,
, .some far beyond the original application of meson masses and couplings.

Despite the popularity and apparent success of QCD sum-rules, there remain con-
cerns about the validity of various aspects of the approach. The sum rule method
is admittedly approximate. It requires a certain amount of guesswork and cannot
be formalized in the same sense as, say, the solution of the Schrédinger equation.
At the same time, it is not a model because any model requires ad hoc assumptions
and the accuracy of the corresponding predictions can not be controlled inside the
model itself. In the sum rule method, once the rules of the game are accepted (the
. condensates are introduced once and forever) there is no freedom left.

The nature of the sum-rule approach should be taken into account when accessing
the value of its predictions. It is not the quantitative predictions for hadron masses
and other properties that are the most important. Far more precise determinations
of the hadronic spectrum will ultimately be provided by the lattice calculations. It is
the quantitative relations and the qualitative insight that are the most valuable, and
which will persist to challenge numerical or model predictions.

It has been said that QCD sum-rules work well only when making ”postdictions”
;at;hér than predictions. One can say that the reliability of sum-rule approach, par-
.tic:ularly when applied to new observables and new domains, is not guaranteed with-
out some feedback from experiment. The usefulness of postdictions should not be
underestimated. After all, the data is provided by the experiment and what we seek
is understanding how it fits into a larger picture. This is what the sum rules can

provide.
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Appendix A

Generalities

A.1 Notations and conventions

Unless otherwise stated, the natural units i = ¢ = 1 were used. h = 7 where h
T

is the Planck constant and ¢ the velocity of light in vacuum. In these units mass,

momentum and energy are measured in GeV and length and time are measured in

units of GeV 1,

Some useful conversion factors:

1 kg =561 x 10% GeV
1m = 5.07 x 105 GeV~1
1s =1.52 x 10* GeV !

lfermi=1F=10"8cem =507 GeV™!
(1 F)? ' =10 mb

(1 GeV)~2 = 0.389 mb

where mb denotes the unit for cross-sections: 1 mb (millibarn) = 10~% cm?,
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A.2 ~-Algebra

The v matrices are taken to be of dimension D (4). There are D v* matrices:

,70 ,71 ,72 ,YD—I
I
and a matrix 7.
For D =4:
. I 0 . 0 ok
7’ = ;v =
0 -1 —ck 0

where o* are the 2 x 2 Pauli matrices:

They verify the anticommutation relations:

=15 (°) =1

{77} =207 = in"yy" "7
YA+ =0
with
g =0,u#v

900:1

gt=-1,fori=1,..,.D~1

\

9" = guu;

gou-l/gp.u =4
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-2 (Minkowski)
g“”(SW = (A.ﬁ)

4 (Puclidian)

=4 (A7)
Yy, = =29 (A.8)
Yoy, = 4g*° (A.9)
VYV = =297y (A.10)
() =" (A1)
t Yu p=0
(V)N =y, = (A.12)
-7 B#0
(%) = Ym0 (A.13)
T'I"(’)’#’)’y) = 4gyu . (A14)
TT(’Y#’YV’YU’Y/\) = 4(9#,,90,\ + JurGuo — gp.ogw\) (A15)
Tr(vs) = Tr(vuys) = Tr(vuve¥s) = Tr(vuveYoys) =0 " (A.16)

Tr(dy)=4a-b (A.17)

Tr(d f ¢ d) =4{(a-b)(c-d)+ (a-d)(b-c) = (a-)(b-d)] (A.18)
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A.3 Generators for the fundamental representa-

tion of SU,.(3)

For SU(3), t* = $A* with:

001 0 0 —1
. ol 0 )
N = F=L23M=1090 0 [:X¥={00 0 |;
0 0
1 00 ¢ 0 0
0 00 00 C 1 0 0
1
M\ = AT = A== ; A.19
00 1 0 0 —i ;|01 o | (A.19)
010 0 1 0 0 0 -2
and:
[t 0] =4y oo ‘ (A.20)

f are totally anti-symmetric. The only nonzero elements (up to permutations ) are:

' ~ 2 2
1= fio3 = 2f1a7 = 2fo4s = 2fo57 = 2f345 = —2 f156 = —2f367 = "\7—5f458 '\7—5f678
: a0



Appendix B

Currents and operators

The following set of currents, coupled to observed physical meson states have been

studied:
Js = %g; JPC =0+t
Jp =1 @5 JPC =0-+
v =TVulj JFC =1~
Ja = N Y585 JPC = 1+t
, jA’ ='§73u75q]' JFC = 1+~
i1 =1 G700y + 7,0, + 21,,0)g; JFC = o++

jT’ =1- m(’Yu’YSau + ’YL/’YSau. + %nuu’YSa)Qj ']PC =27

where 7, is a constant 7, = +1, —1, +¢, —%, defined by I',I', = 7,,,T", (see section

1.2).

The first six dimension set of operators with zero spin used in OPE are the fol-

lowing:
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I d=10
m-q4q d=4
Ge,- G, d=14
ql'1qqT2q d=26

?ﬁ.qa'#y%:qGZ,, d==6

a b =
fab G, G GS, d=6
where m and 7 are matrices in flavour space whose elements are proportional with
quark masses, A° are Gell-Mann SU(3) matrices , Tr(A% AY) = 26% | Tov = 50 [V, V]

and G, is the gluon field tensor.



Appendix C

Dimensional regularization

An integral of a polynomial in k* times f(k?) can be reduced to an integral 2.12 by

symmetrical integration:

/d‘Dk FEH kPR = %/d‘Dk FK2)K2, (C.1)

C.1 Feynman’s parametrization

When the energy-momentum of an internal line in a Feynman diagram is not com-
pletely fixed, there is a non-trivial integration to be performed in four-dimensional

space if one doesn’t use the set of clever tricks invented by Feynman:

1 B [‘(a + /3) 1 zo1 (1 __ é:‘)ﬁ—d
acb?  T'(a)T(B) {‘i laz+b(1—2)]"? (C.2)
and
1 _ Tle+B+7) }(M}dy @) -y o
acbfcr T ()T (B) T (7) 0 | Tlazy + (b~ a)z + (¢~ a) ) A ’

where a, 3, are real numbers and I" (2) is the Euler gamrﬁa function:
[(z) = /dt t*~Lexp(~t); Rez > 0
0

T'(z+1)=2I"(2)

(W
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")
F(-E)z—-z:—%

where v = 0.577215...(Euler’s constant )

C.2 Some integrals

Some of the ultraviolet divergent (undefined) integrals appearing during the calcula-

tions, can be evaluated using C.2 and C.3. For example:

dPk
I = / 27er2(k—-q)2’D:4+25

1

_ [ 4% T4 i 1 _
! /(2W)Dr()r(){d [(k 9z +k2(1—z)]*

de 1 de
G/da:/ 6/da:/ L ;
[(k —q)2z + k2 (1 — z)]* [(k—qz)? + q%x (1 — z)]

using the fact that

/de (k2)*  i(—a?)" " (ﬁ) FTR+a+e)l(f-—a—2—c)
( ) TAr2+e .

2m)P (k2 — a2)? (am)?

[ = 6T(e / [ 1_33)}

0

D= 4+2€ A
(C.4)

4

in the limit £ — 0

dPk 1 - i 1 ‘ 1 ‘
I= / (2m)P k2(k — q)? = (47r)2 {mg +In(4r) — v~ {da: In (q2:1: (1 - 1;)) + ..

Using Appendix C.3:

d"k 1 i 1 r
I= / (2m)P k2(k _‘q)z = (47r)2 {‘g +In(4m) —v—1In (—;—2-) + 2} . (C.5)

For convenience D — 4 is understood and the singular terms are dropped.

Similarly it can be proved that :

. R N o N A AN ,
U B = Ty 2 o (-5) -] (&)
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Iaﬁ_/ d'k  kKP
) @m) kA (k - q)?

_ 2 ap AR N NP SR B
~ o 17 (5 (+5) -5) +oe (5 (-5) + )
d*k 1
I=/(27T)4/f<:2 [(k — g)* — m?] (C.8)
SN P O Oy (s PRI P PR i
T ) Tt )T U T T T
o [ d% ke
= | e
S G SO (i N ol R i (C.9)
Tt T\ ) T\t T n(_“&?)Jr '
m2 4 2 2
(1—2-(}—2-+-—Z)1n<1—%)+%—2}
X o d% 1
Iu/(.?ﬂ)4(k2—m2)[(k-— 2 m?
=1 1n(m—)+@/1—43’mln i 2
(47)* Z g 1-4% 1
| C.3 " Logarithmic integrals:
For
| . v
I = /da: 2o (u—z (1 — 1)) (C.11)
i} . .
one gets:
_ vV1—4u+1
I, -——2+lnu+\/1~—4u1 i i (C.12)
Il-z-;-lo | . (C.13)
1( 13 VI—du+1
Ig=§{-—E+2u+1nu+(l-u)\/1—4ul M—l} (014)

Is = {I, = 31, + 3L} - (C.15)
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C.4 Integrals involving ¢-functions

To evaluate

= [ it (8 =)ot (- 0 = md)

one can use the fact that:

1 2
6ﬂﬁ—mbw§mﬂ%—{?-wﬁ%

I becomes:

Im/ di]fz 6t (Am2+q2+21?l}?]z——Zqo\/!?r%—mf,)
(@2m)ay/[ & |+ m2

where k = (k,, ?’),q = (g0, 7 ]), Am? = m2 — m?2, z = cosf ; with § - being the
angle between ¥ and 7.
But,
1 " —i2 i —
[dk=2n [az [|F] a|¥]
10
and
6(z — 2%)
6(f(2)) = F
therefore:
: aotHd
2m : I— 1
I=2(—27-T~)—4/dz / a| %6z -2 )3T
-1 00—2|7

are coming from the condition

%17 7| < &t
The limits of integration — < } k * < 5

—1 < z* < 1, therefore. The above leads to:

1 =
I = e
(2m)4 2’
therefore: : , .
d*k 1 = o
I=/-——-6+k2— 25+ ((k — )% — m2) = ——— 1 1
(277')4 ( mu) (( Q) md) (27,‘_)42 (C 6)
Similarly it can be proved that.:
a kot 2\ o+ 2 2 _ q” Am
I =/(2—7T)3k §+(k? — m2)6 ((qu) -mi) =L+ =) (C.17)
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where Am = m, ~ mgq.

In ImI5(¢%,T) from 4.19 the following integrals are involved:

1) = [ ekt (k- o)) (C.18)
() = [ k(RS (k- 0) = S0 (cag)
1(0) = [ gmyame(e = )5 (29 (& - ) (©.20)

Let us compute them:
1 d*k 1 — . 2
T) =5 | Goynelks |)_7l [8k0 =% )+ 6k, + [E]] 6 ((k - )

dk — 2
= / mnﬁ‘(l k 1) {‘5(‘1 240

where k = (k,,

&+ 2|F]17)2) +6(¢* + 24,

E|+2|k]1712)}

_
k }),q = (2,1 71), 90 = w, Am? = m2 —m2, 2z = cos# ; with § - being

—
the angle between k and 7 .
Therefore:

From the condition :

-1<4<1=>

and from the condition :

1<z <1l=>~

There is no support for the second case. These conditions give the limits of integration

" “in the case ¢q* > 0 (timelike). Hence :

E

IT) = 27r42lq[ / d kinF l)

t
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Changing the variable:

?}:“’”j'f d|%| = Tldz
_Zl_l:——w
T
L7 wt|7le
‘T(T)z(zw)ﬂfdmﬂ 7 )

1) = [ e (kDB (k= 0) = G [ dmmeEEE) (o)

Similarly one can prove that:

PT) = [ (10 = s (85 (k= ) = T [ dwmp(LLZZ)
2mt " Ve (mia ) T
(C.22)
so that :
1
3 1 Tle+w Tle—w
Iml’I§+)(q2,T) = é—%(mu +md) {1 - "2" /;d:l) I:TJ,F (""“‘—‘2—‘—') +ng (-"-—2-~—-
(C.23)
In the case ¢* < 0 (spacelike):
2w k|- (w+TNw- 7
-1< =T <1
2/ k|7
_in the limit ‘71 — 00
w
1< =<1
el
so that I_IZI — oo is part of the integration (the upper limit).
~ In the limit w — 0 '
-
1<l o
2[k] "
- .17 . : - - ,
So that i k l > o Is the lowest limit. Both w = —|7¢’| and w = |7¢’| contribute to
‘ 2;?! —w
the integral. Forw =0, z = ——— = 1.

17|
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1 1 1 170
Using the fact that 1 = %/da:, /da: = %/dx(l — z%), and / duﬂ(%g) =32
-1 Z1 1 0
w 2 N
(":”5—’5(W)When M‘i—>0),
7|
Im 1§ (g%, T) = -723’1’2(771u +ma)’8 (o)  (C.24)

C.5 Some useful integrals

The following integrals [35] were also used during the calculations:

/ \/a_d;_ﬁ? lﬁ(x +Va+ z?) | (C.25)
dz 1 =
/ (Varz) avaro (C.26)
So 2 Q2 2
In(2z + Q¥dz = —= - In(Q*) + [~2— + So) - 1n(~—2-— +25,) — S, (C.27)
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Appendix D

- Some calculations

D.1 Some integral evaluations
Some more detailed steps made for the evaluation of 3.7 are the following:

dk 1 '
(2n)t k2(k —p)i(k - p')? (D.1)

{(k=p)u k- (k'- p)+(k—p)uk-(k—p) =k, (k—p)(k—p)}

H,u(q) = —4i - Nc(mu + md.)2

or

M.(q) = —4i - Ne(mu + ma)* - {I, = (pu + B)] + (PuPa + Pab) Lo — (PP )Gpala }

(D.2)
where ,
d*k k2 ;
1= | G BT ()
d*k k, k*
b= EE ST .
and ,
d*k ko
L= | Gy T (D5
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I, being a function of p, + p;, a part of (pLLpa + p,pu) 1o will annihilate (pp')guala

and the other does not have the desired form. I1,(g) becomes:

I,(q) = —12i(m, + mg)*-
(D.6)

/d“k -k, _ +,)/ d*k 1
@) k=pP(k—py P (n) (k- p)(k - p)?
Substituting (k—p) = k (k—p — k—g¢q), and using the integrals evaluated in

Appendix C.2, one gets:

2

Mlg) = lma+ mPpu+p)(-5) (D)

D.2 A few more detailed steps to determine the
final form of F(s,s,Q%T)

The part in ImII; (s, s, Q% T) ( see 5.35 ) that contains all the information referring

to the thermal correction is F(s,s , Q% T).

F(s,5,Q%T) = 1 = np(lkol) = ne(lks = pol) = np

ko ”—p,o )+

¥e

np(|ko = pol) - nr (Ko ~ P, )

(D.8)

As in the zero temperature case, where integrals evaluated in [52] were used, to get

) + U‘F(Ikon 'nF(lko ~ Pol) + T’*F(lkOD np(

ko“p;

5.34, an integral of the following type was evaluated:

1= [dt 6() - 8((p - K)D) -6~ K)?) (D.9)
For converiie.r;ce, a frame where the three momentum of p* and p'* are parallel ( s
il p°) can be chosen. Then:
| 1 — —
6(K*) = —==7 {8(ko — | & |) + 8(ko — | & ])} (D.10)
2[ |
5((p — k)?) = 8 [p* = 2(kopo ~ | & || 7| cos 0)] (D.11)

5((F — k) = 8 [1;2 — 2(kop, — | % | ];

cos 9)] (D12
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R
where p* = (p,,| P )), P* = (p,, P {), k= (k,, ?i) and 4 is the angle between 7’
and % .
From D.12,
9 2.190 '
cosf = E*‘*:;—'—_—ng (D.13)
2[¥]|»
and substituting D.13 into D.11,
17’ p’}+!?lp'2
ko = 'é —7} . ] (D.14>
Po|P l+ 'P'lp,

_>
Choosing a particular reference frame where p* = (p,,0), p* = (p,,|p |), i.e. a frame

at rest with respect to the pion heat bath:

1 1 1 1 [z+y
ko=csPo=g{PP=5Vs=3 D.15
2p 2\/p_ 2\/5 2 2 ( )
o= po = =2y E Y (D.16)
o TP =TV 2 :
and
, z=y 2
ko — Py = —— e 9 (D.17)
2(z+7y) :
where the notation p? = s, ¢ = p — p, Q* = —¢* was used. In this notation:
1 jz+ 1 [z+1
T’:F(Ikoi) =N =ng ( 5 5 Y ) == nF(lko —Pol) =MNg =T ( —5 5 y )

a.nd
2 &
Q + ”"é'}é

2(z + y)

ko ‘“p;

T7,F<

|

F(s, s, Q2 T) =1-—1n1 —ng ~ Nz + N1N2 + Nang + Ning ' (D.18)

e

. so that D.8 becomes:
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