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Abstract

A satisfactory theory of equivariant compactification for topological transfor-
mation groups has existed since the early 1980’s, and it is with the presenta-
tion of the major results of this theory that the first part of this dissertation
is concerned. This done, the second part begins with the introduction of the
concept of bitopology, goes on to provide an outline of the theory of bitopo-
logical compactification as established by Salbany, and concludes with the
development of a theory of equivariant compactification for what we have
coined ‘bitopological transformation groups’, largely analogous to the theory
for topological transformation groups.
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Chapter 1

Topological Transformation
Groups

1.1 Introduction

The subject of topological transformation groups arose as an offshoot of the
study of differential equations. Around the turn of the 20" century, mathe-
maticians such as Henri Poincaré, Aleksandr Lyapunov and Garret Birkhoff
developed techniques to study the behaviour of systems of differential equa-~
tions without ever having to actually integrate them. These systems typically
arose from classical dynamics, hence the current name of the theory that they
then began: dynamical systems.

Dynamical systems grew to comprise both the continuous and the dis-
crete. In the study of continuous dynamical systems one considers flows on
a manifold called the phase space that are parameterised by a real time vari-
able. Discrete dynamical systems, on the other hand, are usually specified
via a phase space and an iteration function that maps phase space homeo-
morphically orto itself. The system then evolves as the iteration function is
repeatedly aprplied.

It was noticed that in both of these cases, the ‘time’ variable ranges over
a topological group (R and Z respectively, both with their additive group
structure and usual topologies) that continuously parameterises transforma-
tions of the phase space. Substituting an arbitrary topological group G
for the classical time and a topological space for the classical phase space,
we obtain the structure known as a topological transformation group (or a
(-space if only the phase space is under consideration). Since these topolog-
ical transformation groups are essentially topological objects, it unsurprising
that researchers began to ask, and answer, topological questions about them.



In particular, a theory of equivariant compactification for these structures,
known as (/-compactification, was developed in the late 1970’s and early
1980’s (see 9], [1]).

Just before these developments took place, the notion of compactification
was extended in another direction by S. Salbany. Although bitopological
spaces had heen introduced by J. C. Kelly early on [19], a fruitful definition
of compactness for such spaces came only with Salbany’s thesis of 1970 [29].
Employing this definition, Salbany was able to develop a theory of bitopolog-
ical compactification with many pleasing analogies to the topological theory.

As things stood then, we had two very satisfactory theories of compact-
ification that were totally unrelated to each other. Having presented the
relevant results from each of them in Chapters 2 and 3, we set about unit-
ing the two in Chapter 4. We first define a bitopological transformation
group by replacing the topological components of a topological transforma-
tion group with Salbany’s bitopological equivalents, then seek a bitopological
counterpart to each result from the theory of G-compactification presented
in Chapter 2.

We present the fundamental result that a necessary and sufficient con-
dition for a (i/-space to have a G-compactification is that it be initial with
respect to its algebra of continuous G-uniform functions (see Theorem 2.2.13,
[9]), and then give an analogous characterisation for the existence of G-
bicompactifications of bhitopological G-spaces in terms of initiality with re-
spect to the bitopological equivalents of the continuous G-uniform functions
(see Theorem 4.2.10).

The first example of Tychonoff G-space that is not G-Tychonoff was given
in 1986 by M. Megrelishvili [24]. We present his construction in Example
2.2.15 and mention in Section 3.4 that it also provides an example of a
pairwise Tychonoff bitopological G-space that is not pairwise G-Tychonoff.

J. de Vries was able to show that it is sufficient that the topological group
G be locally compact for every G-space to have a G-compactification (see [8]
or Corollary 2.3.6). We obtain a bitopological version of this result: if the
parabitopological group G is locally bicompact and pairwise Ty then every
bitopological G-space is G-Tychonoff (see Corollary 4.3.10). It is important
to note, however, that we were only able to prove this by first showing that
such a parabitopological group is already a topological group (see Corollary
4.3.9).

It was established by Ju. M. Smirnov that there is an order isomor-
phism between the G-compactifications of the G-space X and the uniformly
closed, point-separating, invariant subalgebras of the algebra of all con-
tinuous G-uniform functions (see [1] or Theorem 2.4.4). We introduce a
partial order on the G-bicompactifications of a bitopological G-space and
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show that, under this ordering, there is an order isomorphism between the
G-bicompactifications and the uniformly closed, point-separating, invariant
subsemi-algebras of the semi-algebra of all continuous G-uniform functions
(see Theorem 4.4.4).

Proposition 2.4.5 proves that if a G-space has a G-compactification then
a sufficient condition for it to have a least G-compactification is that it be
locally compact. With Proposition 4.4.5 we reduce the problem of the exis-
tence of a G-bicompactifiable, locally bicompact bitopological G-space with
no least G-bicompactification to the problem of the existence of a pairwise
Tychonoff, locally bicompact bitopological space with no least bicompactifi-
cation, but know of no solution to the latter problem.

It is possible to characterise the existence of G-compactifications by the
admissability of uniformities coarser than a special uniformity that is natu-
rally induced by the action of a topological transformation group (see The-
orem 2.5.1). The bitopological transformation groups that we have defined
are naturally endowed with a special quasi-uniformity in a similar way, and
Theorem 4.5.1 characterises the existence of G-bicompactifications in terms
of the admissability of quasi-uniformities coarser than it.

V. A. Chatyrko and K. L. Kozlov (see [5] or Section 2.4) showed that, in
certain situations, the maximal G-compactification of a (G-space is equiva-
lent to some of the well-known classical T; compactifications of the underlying
topological space. In Section 4.4, we exhibit some special cases where the
maximal G-bicompactification of a bitopological G-space coincides with well-
known bitopolngical compactifications of the underlying bitopological space.

It is interesting to determine what changes and what remains the same when
we pass from a topologically symmetric setting to a topologically asymmetric
setting. This dissertation fulfills a small part of this obviously very broad
mandate. The following questions are intended as examples of what moti-
vated our study of the subject of this work.

ExaMpLE 1.1.1 Is every classical continuous dynamical system {R-space)
a subsystem of some classical continuous dynamical system with a com-
pact phase space? What about the classical discrete dynamical systems
(Z-spaces)? Does the same hold in the bitopological setting?

ExXAMPLE 1.1.2 Do greatest and least G-compactifications always exist?
What may be said of the order structure of the G-compactifications in be-
tween? When is it possible to obtain well-known T, compactifications of a
G-space as maxiimal G-compactifications of the same space? What answers
do these questions have in the bitopological setting?
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1.2 Preliminaries

The fundamentals of topology are presumed: the reader in need of illumina-
tion is referred to Kelley [18].

DEeFINITION 1.2.1 We shall take a left topological transformation group to
be a triple, (G, X, ©), where G is a topological group, X is a T5 topological
space and € : G x X — X is a map satisfying the following conditions:

1. Vz € X :9(e,2) =z
2. Vg, he GVz e X :0(g,0(h, z)) = O(gh, z).
3. © is continuous.

We call G the phase group, X the phase space and © the action of GG on
X. In fact, these names are used even in the case when X is only a set and
© only satisfies the first two conditions of Definition 1.2.1. For fixed phase
group G, the pair (X, 0), or just X if the action is understood, is called a
G-space. Note that any two G-spaces must have the same phase group G,
but may have different actions.

For each 7 € &, we have a continuous transition 8, : X — X defined by
8,(x) = ©(g, r) and for each x € X a continuous motion 6* : G — X defined

by #%(g) = ©{g, z).

NoTaTiON 1.2.2 Throughout this text, actions will be denoted by capital
Greek letters and their corresponding transitions and motions by their lower
case counterparts, as above.

Definition 1.2.1 referred to a left topological transformation group. This
because of the ordering chosen for the composition rule (2). Had we (just as
arbitrarily) chosen an action ¥ : ¢ x X — X that instead satisfied

Vg,he GVz € X : U(h, U(g,x)) = ¥(z, gh),

then we would have a right topological transformation group. Given any
right topological transformation group with action ¥™ we can define a left
topological transformation group with action W, that has exactly the same
group of transitions by setting (g, z) = ¥"(x,¢7!), and vice versa. The
theory for the one variety carries over to the other via the obvious modifica-
tion.



It is convenient to abbreviate the notation in certain cases and if the
action © is clear from the context then we may write g(z) or gz for ©(g,z). In
this notation, for example, conditions (1) and (2) in Definition 1.2.1 become

ex =z and g(hz) = (gh)z
or, for a right G-space,
ze =z and (zg)h = z(gh).

We extend this notation to subsets in the usual manner: if H C G and
A C X then

HA) ={hze X : he Huze A}.
A set A C X is said to be énvariant under G if G(A) = A.

Consider the transitions induced by the action ©. We have f, = idy and
0y 0 By, = g, by (1) and (2) from Definition 1.2.1. Since 8, is continuous for
any g € G and

99 o 99——1 = 98 == id,\' = 99@1 e} 99
we have that each 6, is a homeomorphism of X. Denote by Homeo(X) the
group (under composition) of homeomorphisms of X. Then g — 6, defines
a group homomorphism

o : G = Homeo(X).

The kernel of this homomorphism is called the “kernel of the action ©”. The
kernel consists of those elements of GG that induce the identity transformation
on X:

ker©@={g€G : gr=xforallz e X}.

If the kernel of O is trivial (o is injective) then we say that the action is
effective. Every action naturally induces an effective action as follows.

PROPOSITION 1.2.3 Let © be an action of G on X and let N = ker ©. Then
the action ©/ker® : G/N x X — X defined by (gN)z = gz is effective on
f¥‘

Proof. Clearly the kernel of ©/ ker © is trivial. The projection map 7 : G —
(G /N is open, hence for U an open set in X we have that

(©/ker ©) HU) = (7 x idx ) (O~ (U))
is also open and ©/ ker @ is continuous.

DEFINITION 1.2.4 Let X and Y be G-spaces. A mapping ¢ : X — Y is
called equivariant if it commutes with the group actions, that is,

w(gr) = gye(z) for all g € G and z € X,
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It is clear that invariant sets are preserved by such maps. An equivariant map

which is also a homecomorphism is called an equivalence or an isomorphism

of G-spaces and in this case the inverse ! of ¢ is also equivariant, for if
= @(z) then

¢ gy) = o Hgwlx)) = v (¢lgz)) = 9z = g¢ (U).

The concept of G-space isomorphism determines an equivalence relation for
which we shall write X ~ Y. If all that is required to make two G-spaces
equivalent iz an automorphism of (G i.e. if there is an automorphism «
(continuous) of G and a homeomorphism ¢ : X — Y with

p(gz) = alg)e(z)
then we say that they are weakly equivalent.

ExAMPLE 1.2.5 Let G be the cyclic group of order 5, whose elements are
the fifth roots of unity. Let X be the unit circle in the complex plane.
Then the action given by (g, z) = gz is inequivalent to the action given by
(g, 2) = g*2z. One way of seeing this is by considering the images of the arcs
[0,¢"]: it is not hard to show that a continuous map that commutes with
the group actions cannot be bijective. However, these actions are weakly
equivalent since g — g? is an automorphism of G.

DEeFmNITION 1.2.6 Let X be a (G-space. Then for each z € X, the set
Gz = {gr : ge G} C X is the orbit of the point z under the action of G.

Clearly, a subset of the phase space is invariant if and only if it is the union of
orbits. If A C X is invariant then so is X'\ A, since g(X \ 4) = X'\ gA (6, is
bijective). It follows from the fact that each 8, : X — X is a homeomorphism
that

glclA) = 6,(c1A) = cl,(A4) = clgA = cl A.

From this we see that the invariance of A implies the invariance of ¢l A and,
combining the facts above, also the invariance of int A. Note that if gz = hy
for some g, h € G and x,y € X then for any ¢’ € G,

gdz=ygg gz =g¢g 'hy € Gy

so that Gz C Gy. Conversely, Gy C Gz. It follows that the orbits Gz and
Gy are either disjoint or equal, and thus that they define a partition of the
phase space.



1.3 Constructions

1.

Let G be a T, topological group with group operation Q: G x G — G.
Then (7 acts on itself (on the left or the right) via Q, and is a G-space
with transitions given by the (left or right) translates of G.

. Let X be a G-space and let Z be a non-empty invariant set in X. Then

@‘Gg35GXZ~>Z

is a cortinuous action of G on Z. The G-space Z is then called a G-
subspace of X. Note that ©|g, 7 is the unique action on Z making the
inclusion mapping Z < X equivariant.

Let {X\ : X € A} be a family of G-spaces, each with associated
action 0. Let X = [],., X» with the product topology and define
O:GxX —>Xby

@(g! LII) = (@A(g, x)\)).ké:’\

for g € & and z = (z3)aen € X. In other notation, (gx)x = gz. O is
a continuous action of G on X, called the coordinate-wise action. The
coordinate-wise action is the unique action making all of the projections
7 ¢ X —» X, equivariant.

Let RY be the space of all real-valued functions on the topological group
G. The group G acts on RY, not necessarily continuously, by means of
the acticn © : G x RE — RE defined by

O(g, )(t) = f(ig).
We check: that O satisfies condition (2) of Definition 1.2.1:
((gh) ))(t) = ( (gh))
= [((tg)h)
= ( N(tg)
= (g(h/))(?)
Let RX be the space of all real-valued functions on the G-space X.

The group G acts on RY, not necessarily continuously, by means of the
action © : G x R* — RX defined by

Olg, @) = flg~ =),
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We check that © satisfies condition (2) of Definition 1.2.1:

((gh) (@) = [fl(gh)'z)
= f(h™'g7'z)
= (hf)(g™'(x))

(g(hf))(z)

i
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Chapter 2

G-compactification

2.1 Preliminaries

In this chapter we shall review the theory of compact 75 extensions for G-
spaces. As such, we shall only be interested in Tychonoff GG-spaces and so
we introduce the concept of uniform structure at the outset.

DeEFINITION 2.1.1 Let A and B be relations on a set X. We define the
composition of A with B to be

AoB={(z.y) e X x X : (z,2) € Aand (z,y) € B for some z € X}.

For the inverse of the relation A we write A™! = {(y,z) : (x,y} € A}. If
z € X then we shall take A{z] to mean {y € X : (z,y) € 4}.

Note that the above definition for the composition of relations is the reverse
of the usual definition one uses when dealing with functions. This does not
usnally lead to any confusion since it is mostly sufficient for the study of
uniformities to consider only compositions of a relation with itself (see also

[14}).

DEFINITION 2.1.2 A uniform space is a pair (X, U), where X is a set and the
unsformity U is a filter on X x X. Each element of U, being a subset of X x X,
is a relation on .X. We may thus speak of the composition and inversion of
elements of U. The uniformity must satisfy the following conditions:

LYAelU:A={(z,z) : z€ X} C A
2.VAeU,3BeU: B*=BoBC A.

3. AcelU= A1 el

11



Every uniformity gives rise to a completely regular topology. Since we have
already assumed that G-spaces are Ty, we have that every uniformisable G-
space is a ‘Tychonoff space. Indeed, we might well have added to the above
definition the requirement that any uniformity U must be separated, that is
(U = A, which is equivalent to requiring that the induced topology of U
be T,. We didn’t, but we may rest safe in the knowledge that this condition
will be fulfilled by our assumption that all G-spaces are Tychonoff.

It is well-known that the Tychonoff topological spaces are exactly those
that have 7, compactifications. When we compactify a G-space, however,
we would like the compactification to preserve the group action in the sense
of the following definition.

DerINITION 2.1.3 Let X be a G-space. A G-compactification of X is a
compact G-space Y such that X is isomorphic to a dense subspace of Y.

Then, by analogy to the standard topological case, we make the following
definition.

DeriniTION 2.1.4 A G-space X is said to be G-Tychonoff if and only if it
has a G-compactification.

We now cannot but follow in the footsteps of J. de Vries [10] and ask whether
it is the case that every Tychonoff G-space is G-Tychonoff. A first attempt
at answering this question might be to try the well-behaved Stone-Cech com-
pactification of X. Then for every g € G, the transition §; : X — X has a
continuous extension 6’ : X —» fX. Since the equalities

96 == idﬁx and 99 o] Qh = 99}1

hold on a dense subset of 5X | they hold on all of 3X . Thus O : GxpX = pX
defined by @(g, z) = 0, is an action of G on 3X extending the action of ¢
on X and each transition 9 is a homeomorphism of 3X. However, © is not
in general a continuous acmon of G on BX.

EXAMPLE 2.1.5 (de Vries [7]) Let + : R x R — R be the natural addition
mapping on R. Then R is an R-space via the action +. Now consider the

sets
A=Nand B={n+1/n : ne N\ {0}}.

They are both closed and disjoint in R and thus have disjoint closures in
6’& by the normality of R. Let y be an accumulation point of 4 in SR
If ¥ were continuous on R x SR at the pomt (0,) then y = 0Fy would
be an accumulation point of the sequence ( +n)n.§N ie. yeclAncB-a
contradiction.
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2.2 Existence of GG-compactifications

In the case that GG is the trivial group, {e}, the question of the existence
of G-compactifications for a G-space X reduces to the standard topological
problem of the existence of T, compactifications of X. Tt is not clear, however,
that more complicated groups will always allow G-compactifications of their
G-spaces. We thus address ourselves to the problem of characterising the
G-Tychonoff G-spaces.

Our approach will be analogous to the technique for solving the classical
topological version of this problem: we shall attempt to identify a family
of ‘elementary’ compact G-spaces and find a collection of equivariant maps
to these spaces that separates the points and closed subsets of X. These
elementary compact G-spaces take the place of the closed unit intervals in the
classical construction in that we then use the evaluation map to equivariantly
embed X into their product.

The spaces we seek vary from group to group and it is this realisation that
leads us to consider the space C(G) of all continuous real-valued functions
on the acting group G. This space is a subspace of the space RY with action
U described in Construction (4).

NoTATION 2.2.1 Let (X,U) be a uniform space and let Q° be the usual
uniformity or: R. The set of uniformly continuous functions from (X, U) to
(R, Q%) will be denoted by UC(X, U) or just UC(X) if no ambiguity arises. A
superscript ‘x” will always denote the set of all bounded members of a set of
real-valued functions, whilst a subscript ‘p’ on a function space or operator
will indicate that we are considering the space in question equipped with
the topology of pointwise convergence, e.g. C;(X), cl, A. Finally, we shall
denote the left and right uniformities on a topological group by £ and R
respectively.

In general, the action U is not jointly continuous on Cp,(G) or even UC, (G, R)
though it is separately continuous on both of these spaces. We thus restrict
our attention to the equicontinuous subsets of Cy(G).

DEFINITION 2.2.2 Let X be aset. Wesay that A C RY is pointwise bounded
if and only if A[z] is a bounded subset of R for each z € X.

LEmMA 2.2.3 (de Vries [8]) Let Z be an invariant, equicontinuous subset of
Cy(G). Then ¥ : GxZ — Z is jointly continuous. Moreover, Z C UC(G, R).

Proof. Since we are working in the topology of pointwise convergence, it is
sufficient to show that for each projection 7, : R — R, where s5 € G, the
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mapping 7,, o ¥ : G x Z — R is continuous at the (arbitrarily chosen) point
(g0, fo) € G x Z. To this end, let (g, f) € G x Z and consider the inequality

Haf) (<o) = (90fo)(s0}| < 1f(s09) — F(s090)] + |/ (5090) — fo(s0g0)l.

Let £ > 0. The condition on f that the second term on the right-hand side
of the inequality be smaller than £ defines a neighbourhood U of fp in Z. In
view of the cquicontinuity of Z at the point spg there is a neighbourhood V
of go in & such that the first term on the right-hand side of the inequality is
less than . Hence the left-hand side is smaller than ¢ for all (g, f) € V x U
and the continuity of ¥ is proved.

To see that Z C UC(G,R), note that f € Z = Gf C Z so that the set
G f is equicontinuous. In particular, if we consider the point e € ¢, we have
that for every £ > 0 there exists W € N, such that |f{sg) — f(g)| < & for
any s € W and g € G. This means precisely that f € UC(G,R).

COROLLARY 2.2.4 (de Vries [8]) Let Y be a pointwise bounded, invariant,
equicontinuous subset of C*(G). Thencl,Y is a compact, invariant, equicon-
tinuous subset of UCS (G, R) and is thus a compact G-space under the action
v,

Proof. We start with the observation that the equicontinuity of Y implies
that of its pointwise closure in R®. Now, if s € G, then the continuity of the
projection 7, : Cp(G) — R implies that

el Y)(s) = 7(cl, Y) C elmy(¥Y) = cl Y (s),

which is a bounded set in R. That cl, ¥ is compact follows from the fact
that it is a closed subset of the compact product [{ .- clY(s). Finally, as we
mentioned in Section 1.2, the invariance of Y implies that of cl, Y. Combine
these observatinons with Lemma 2.2.3 and the proof is complete.

DEerFINITION 2.2.5 Let X be a G-space, Q° be the usual uniformity on R
and f: X — R be continuous. We say that f is G-uniform if for any A € Q°
there exists a V' &€ N, such that for all z € X, f(Vz) C A[f(z)].

NOTATION 2.2.6 Let X be a (-space and let C be any set of real-valued
functions on X. Then Cg will denote the set of all G-uniform members of

C.

LEMMA 2.2.7 (de Vries [8]) Let X be a G-space with action © and let f €
C(X). The follcwing conditions are equivalent:

1. [ is G-uniform.

14



2. The set {f o 0" : z € X} is equicontinuous at e € G.
3. The set {f o 0% : x € X} is right uniformly equicontinuous on G.
Moreover, if f € C*(X) then {f o 6* : = € X} is pointwise bounded on G.

Proof. To see that (2) = (3) simply note that f o §*(Vg) = f 0 897(V). The
rest of the lemma is obvious.

LEMMA 2.2.8 (Smirnov [1]) Let X be a compact G-space and let f : X — R
be continuous. Then f is G-uniform.

Proof. Let Q be the usual uniformity on R, let A € Q and let B € Q be a
symmetric open entourage such that B* C A. The open cover {f*(B[z]) :
z € R} has a finite subcover {f~(B[z;]) : 1 <1i < n}. Since the action of
G on X is continuous we can find, for each y € X, a neighbourhood U, € N,
and V,, € N, such that

V,(U,) € fY(B[z;]) for some 1 < i < n.

Let {Uy;, : 1 <j <k} be a finite subcover of {U, : y € X} and set
V= ﬂle Vy,- Then, for any z € X, f(2) € f(V2) C B[z for some z; € R
and thus

f(Vz) € B[f(2)] € A[f ()],

COROLLARY 2.2.9 If X is a compact G-space then C(X) = C&(X).

LEMMA 2.2.10 (de Vries [8]) Let X and Y be G-spaces with Y compact, and
let ¢ : X = Y be a continuous equivariant map. Then f € C(Y) = fop €
C&(X).

Proof. Denote the action on X by © and the action on Y by ¥. Then for
every z € X we have

(fop)olb® = foy?®
and thus we obtain

{(Fog)ot™ - se X} C{fouy : ye Y}

As the latter set is equicontinuous, so is the former. The G-uniformity of
[ o follows from Lemma 2.2.8.

Let X be a G-space with action © and let f € C%(X). Then it is ob-
vious from Corollary 2.2.4 and the characterisation of G-uniform functions
given by Lemma 2.2.7 that X; =cl, {f 0 6” : = € X} is a closed, pointwise
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bounded, invariant, equicontinuous subset of C,(G) and is thus a compact
G-space.

-

PROPOSITION 2.2.11 (de Vries [8]) Let X be a G-space with action © and
let f € C5(X). Then the mapping ¢ : X — Xy defined by ps(x) = fof” is
continuous und equivariant.

Proof. That ¢y is continuous follows immediately from the observation that,
for every g € G, the mapping z — (¢; o 8,)(z) = f(gz) is continuous.
Equivariance follows from

(oplgr))(t) = f o 09°(t) = fltgx) = (gf 0 07)(t) = (gios(x))(t).

PROPOSITION 2.2.12 (de Vries (8]) Let X be a G-space. Then CE(X) sepa-
rates the points and closed subsets of X if and only if the conlinuous equivari-
ant maps from X to compact G-spaces separate the points and closed subsets

of X.

Proof. Let A be a closed non-empty subset of X, zp € X\ A and f € C§(X)
be such that f(xo) & ¢l f(A). This can be written as

(fot™)(e) & c{(fo8%)(e) : =€ A}

The continuity of the projection . : )Z'f — R implies that fo 8% ¢ cl{(fo
6*) : z € A}. Thus, using the notation of Proposition 2.2.11, we have
pr{zo) & cly;(A), where @y is a continuous equivariant function to a compact
(GG-space.

To prove the converse, consider a continuous equivariant map ¢ : X — Z
where Z is a compact G-space and assume (o) € clp(A). There exists
h € C(Z) such that h(zy) = 0 and h(A) = {1}. Now let f = hoy. It follows
from Lemma 2.2.10 that f € C&(X) and it is clear that f(zq) & cl f(A).

THEOREM 2.2.13 (de Vries [8], [9]) A G-space X is G-Tychonoff if and only
if C5(X) separates the points and closed subsets of X.

Proof. Clear from Proposition 2.2.12.

NOTATION 2.2.14 It follows from Proposition 2.2.12 that, for each C' C Cf
that separates the points and closed subsets of X, we have a G-compactification
of X with an equivariant embedding

Bo: X = [[X;
feC
where B¢ is the evaluation map with respect to {¢; : f € C}. This

G-compactification will be written 3-X.
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EXAMPLE 2.2.15 (Megrelishvili [24]) A metrisable G-space X such that the
set CE(X) does not separate the points and closed subsets of X.

Let T = [0, 1] be the unit interval of real numbers with its usual topology; let
Homeo(T) be the group of homeomorphisms of [ with the topology of uniform
convergence; let S = {1/n : n € N} and let

G = {g € Homeo(I) : Vs € S, g5 = s}.

Then Gy i3 a closed subgroup of Homeo(II). The natural action ©; : GyxI — I
is continuous and has countably many orbits. All points of S and the point 0
are fixed. All the remaining orbits are the intervals of the form (1/(n+1),1/n)
where n € N. The point 0 has a neighbourhood base consisting of the
invariant intervals of the form [0,1/n],n € N.

1. If {Ur : k € N} is a set of open neighbourhoods of 0 in the Gy-space
I such that Vk € N : G1(Ux) C Ugyy then Upyy = Lif ks € N is such
that {U, 1/k{)] C Us.

Let {(G»,1,,©,) @ n € N} be a countable set of copies of (Gy,I,8,).
We now define the product of topological groups G = [[{G, : n € N}
with natural projections denoted by 7, : G — G, and the topological sum
(disjoint union) X = {J{I, : n € N} with natural embeddings i, : I, — X.
The action © : G x X — X is defined in the following natural way:

O(g,z) = in(On(mn(g), 20))

where g € G, x € i,(I,) and 7,(z0) = =.

We now form a set ¥ by collapsing the set {7,(0) : n€ N} C X toa
point, while leaving the rest of X unchanged. The point {i,(0) : ne N} €
Y will be denoted by w. Let p : X — Y be the canonical projection. We
define a topology on Y such that a neighbourhood base of w € Y is given by
{Ax : k € N}, where

Ar = J{p(in (10, 1/k))) : n e N}.

At all other points we take the unsual neighbourhoods. It is easy to verify
that Y is homeomorphic to J(Xg) - the so-called metrisable hedgehog with
countably many thorns.

We define an action © of G on Y. Every point of the set p~'(w) is fixed.
Therefore, there exists a unique action © on Y under which p is equivariant.
Formally,

O(g, ) = p(O(g, 07" (2))).
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Each set A is invariant under © so that © is continuous at points of the
form (g,w), ¢ € G. The continuity of © on the rest of Y is obvious and we
thus have that Y is a Tychonoff G-space. It turns out that the closed subset,
F = {p(i,(1)) : n € N} of all “thorn tips” cannot be separated from the
point w by a continuous G-uniform function.

We proceed by assuming the contrary: suppose f € Cg(X) is such that
f(F) = {0} and f(w) = 1. There exist a sequence (U, )nen of neighbourhoods
of w and a sequence (V,)nen of neighbourhoods of the identity in G such that

YneN, Uy F =0and Vo(U,) C Upyy.

By definition of the neighbourhood base at w, we have A, C U, for any
ko € N. Since G has the product topology, there exists ny € N such that if
1 <k <ko+1and ny <n then 7, (Vi) = G,. Using property (1) of the
action ©y, and the fact that the restriction of © to each “thorn” p(I,,) is
equivalent to ©y, we see that

Ukg 41 2 U{p(im(ﬂm)) i ng <m}
and, in particular, Ug,1y N F % @ - a contradiction.

COROLLARY 2.2.16 There is a Tychonoff G-space that is not G- Tychonoff.

2.3 A Sufficient Condition

DEFINITION 2.3.1 (de Vries [8]) Let X be a G-space with action ©. A
function f € C*(X) is called locally equicontinuous if there exists a V € N,
such that the family {f o8, : g € V} is equicontinuous on X. The set of all
positive locallv equicontinuous functions on X will be denoted by LE(X).

Let f € LET(X) with V € N, such that {f o8, : g € V} is equicontinuous
on X and define ||f|| = sup,ex{|f(z)|}. The left uniformly continuous real-
valued functions on G separate its points and closed subsets so there is a
¢ € UC(G, L) such that

o(G) C [0, 1If1]+2), ¢(e) =0, s(G\V)={llfll+2}.

We now use ¢ 1o define a new function f, : X — R by
Jolw) = inf{8(t) + f(tz)}.

Qur aim is to show that fé € CE(X) and that, if we apply this construction
to a subset of LET(X) that separates the points and closed subsets of X, then
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we obtain a subset of C5(X) that separates the points and closed subsets of
X.

LeEMMA 2.3.2 (de Vries (8]) Let f € LET(X), V € N, and ¢ € UC(G, L) be
as described in the construction above. Then f, € CEH(X).

Proof. Firstlv note that for every z € X we have
0 < fy(z) < de) + f(z) = f(z) < [Ifll (2.3.1)

so that f;) is bounded. In order to prove that f¢ is continuous we introduce

the set
dp={te G : o) <||fI|+1}.

It is clear that Ay C V. Moreover, for all t € G\ A, we have by inequality
(2.3.1) and our definitions

$(t) + fte) > [|fIl + 1+ flte) 2 [|FI[+1 > folz) + 1

for all z € X. This implies that, for any x € X
folw) = jnf {6(0) + f(t2)}. (2.3.2)

Now let £ > 0 and x € X. By the local equicontinuity of f, thereisa W € N,
such that for all y € W and all t € V|, |f(ty) — f(tz)| < . Tt follows from
equation (2.3.2) that there exists r € A, C V such that

B(r) + f(rz) < fo(z) +e.

Fix any y € W. Because r € V we have, by the choice of W, f(ry) <
f{rz) +¢€, hence

Fo(y) < 8(r) + fry) < é(r) + f(ra) + & < fylz) + 2¢.

Similarly, f4(z) < foly) +2¢. This completes the proof that f, is continuous.
Finally, we show that f, is G-uniform. To this end, consider a point
(t,z) € G x X. Then

foltz) = inf{e(s) + f(stx)}
= inf{g(st™) = &(s) + 6(5) + f(s2)}

inf{g(st™") — d(s)} + fol).

v

Now because ¢ < UC(G, L), there is, for any £ > 0, a V € N, such that
{p(st™') — d(s)} < ¢ for all t € V™1, It follows that fy(tz) > fu(z) — ¢ for
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all z € X and t € V!, Now replace z by ¢z in this inequality, where ¢ € V;
because then 71 € V! we get

folz) = ot ) > fyltz) —e.

Combining these results, we see that | fs(tx) — fa(z)| < ¢ for all z € X and
t € VN V-1 We have shown that f, € CE(X).

LEMMA 2.3.3 (de Vries [8]) Let g € LEY(X), let F C X be closed and
let g € X \ F such that g(zo) ¢ clg(F). Then there erist a uniformly
continuous ¢ : R — [0,1] and a ¢ € UC(G, L) such that, letting f =) og,
we have fy(x0) & cl f4(F).

Proof. Giving R its usual uniformity, there exists a uniformly continuous
¥ : R — [0,1] such that ¢¥(g(z)) = 1 and ¢(clg(F)) = {0}. It is then
easily seen that f =1 og € LET(X) with f(zy) = 1 and f(F) = {0}. As
f(zo) = 1, there exists a V € N, such that f(izg) > 1/2 for all t € V. Since
[ € LEY(X), we may assume without loss of generality that {fof; : t € V}
is equicontinuous on X.

As in the construction at the beginning of this section, we may now select
¢ € UC(G, L) and, because of the preceding lemma, consider f; € CL(X).
Continuing, let A, be defined as in the proof of the preceding lemma. Then
by equation (2.3.2) we infer that

folwo) = inf {9(t) + f(tzo)} (2.3.3)

and because A4, C V, it follows that the right-hand side of {2.3.3) is at
least 1/2. In addition, by equation (2.3.1), we have for every x € F that
0 < fu(z) < flz)=0. Thus f,(F) = {0}.

COROLLARY 2.3.4 (de Vries [8]

) If LET(X) separates the points and closed
subsets of X then so does C5L(X).

COROLLARY 2.3.5 (de Vries [8]) If X is a Tychonoff G-space that admits a
uniformity U such that some V' € N, acts equicontinuously on X with respect

to U then X is G-Tychonoff.

Proof. In this case, if f : X — R is uniformly continuous with respect to
U, bounded and non-negative then f € LEY(X). Consequently, LET(X)
separates the points and closed subsets of X and the result follows.

CoROLLARY 2.3.6 (de Vries [8], [9]) If G is a locally compact topological
group then every Tychonoff G-space is G-Tychonoff.
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Proof. The joint continuity of the action implies that every compact V € N,
is equicontinuous on X [18].

This last corollary answers the topological questions posed by Example 1.1.1
in the affirmative since the usual topologies on R and Z, which are the ones
used for classical dynamical systems, are both locally compact.

2.4 Ordering G-compactifications

As with the standard compactifications, we can put a partial order on the G-
compactifications of the G-space X. We say that 5, X < 3, X if there exists
a continuous equivariant surjection ¢ : 5,.X —» £; X such that p o B = ;.
If the mapping ¢ is a homeomorphism (or if X < X < £ X) then
51X ~ B X.

In fact, this ordering turns out to be equivalent to the usual ordering on T;
compactifications when it is restricted to the G-compactifications. For if f;
and [, are dense equivariant embeddings of the G-space X into the compact
G-spaces 51 X and X respectively, and ¢ : X — 5 X is a continuous
surjection that leaves X fixed then, for any g € &, the mappings ¢ o 8, and
6, o  agree on the dense subspace f;(X) and thus on the whole of 5, X.
Thus, ¢ is already equivariant. Conversely, it is clear that any equivariant
surjection is already a surjection.

LEMMA 2.4.1 Let X be a G-space. Then CE{X) is a uniformly closed sub-
algebra of C*(.X).

Proof. To check that C%(X) is an algebra is straightforward. Now suppose
that F is a filter in C5(X) such that F — f € C*(X) uniformly. Let U
be the usnal uniformity on R, let B € U and let A € U be a symmetric
entourage such that A*> C B. There is an F € F such that if ¢ € F then
(f(z),9(z)) € A for all z € X. Since g is G-uniform, there is a V € N, such
that g(Vz) C Afg(z)] for all z € X. So

J{(Va) € A gVa)] € A7 oAlg(a)] € A0 A f (@) = A (2)] C Blf(a)]
Thus f € C&(X) and C5(X) is uniformly closed.

LEMMA 2.4.2 Let X be a G-space. Then C(X) is invariant under the action
described in Construction 5.

Proof. Let f € C(X), g € G and z € X with ¢, — 2. Then (gf)(z,) =
flg7 za) = flg ') = (9f)(z). We have shown that gf € C(X).
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From now on we shall speak of the invariance of subsets of C(X} for a G-
space X, and take it to be understood that this invariance is meant in terms
of the action described in Construction 5.

PROPOSITION 2.4.3 Let X be a G-space and let C C CL(X) be invariant
and separate the points and closed subsets of X. Then the G-compactification
BcX is equivalent (as a compactification) to the classical Ty compactification
obtained from C.

Proof. The classical T5 compactification obtained from C is typically con-
structed by using the evaluation map to embed X as follows:

e: X o [ [ ek £(X).

fec

If we now define v : So(X) = clye(X) by ¢(8c(z)) = e(z) and let 7 :

RC — R, Of : erc' 5&2[ — Xy and p, : R — R be the natural projections
on the given products then

mrop(fel(z)) = mple(z))
= f(=)
= pe(f 0 0%)
= e 0 97(Bo(z))

so that the equality 7f o ¢ = p. o d; holds on a dense subspace of §oX, and
thus determines the continuous extension of  to the whole of 5oX .

Because A-X is compact and [[,ccl f(X) is Tp, ¢ : BcX — ¢(fcX) =
cl,e(X) is already a homeomorphism if it is bijective. Let Z € ScX and
% € BcX and suppose (%) = @(4). We then have, for all f € C, n;(p(%)) =
7 (@(§)) or p.06p(Z) = pe 0 54(y). Now because for any z € X,

e 0 65(Bc(2)) = flg2)
= (97'N(2)
= pe 0 6g-17(Bc(2)),

the equality p, 0 d5 = o 0 dg-1¢ holds on B¢ (X) and thus on ScX. Invoking
the invariance of C we find, for any ¢ € G

jtg 00;(2) = pre0d4-17(T)
= He © 59“‘1‘(@)
= Jig 0 0¢(7)
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o & = 7 and ¢ i8 bijective.

THEOREM 2.4.4 The mapping BcX < C is an order isomorphism between
the G-compactifications of a G-space X and the uniformly closed invariant
subalgebras of C&(X) that separate the points and closed subsets of X.

Proof. It is well-known that the mapping ScX ¢« C is an order-isomorphism
between the T, compactifications of a topological space X and the uniformly
closed subalgebras of C*(X) that separate the points and closed subsets of
X.

If X is a G-space then the algebra of continuous functions extendable to
any G-compactification of X is a uniformly closed, invariant subalgebra of
Cx(X) that separates the points and closed subsets of X by Lemmas 2.4.1
and 2.4.2. Conversely, it follows from Proposition 2.4.3 that each uniformly
closed, invariant subalgebra of C7(X) that separates the points and closed
subsets of X gives rise to a G-compactification over which exactly that alge-
bra is extendable.

With this and the comments made at the beginning of this section, it
follows that the restriction of the classical order isomorphism to the G-
compactifications of a G-space X is as advertised.

ProrosITION 2.4.5 If X is a locally compact, G-Tychonoff G-space then X
has o least G-compactification.

Proof. The one-point compactification of X is the least T5 compactification
of X. We then know from the classical theory of compactification that there
is a least uniformly closed subalgebra C of C*(X) that separates the points
and closed subsets of X. Since X is G-Tychonoff, we have by Theorem 2.2.13
and Lemma 2.4.1 that C is a subalgebra of C%(X) and we thus conclude by
Theorem 2.4.4 that S-X is the least G-compactification of X.

2.5 (G-compactifications as Completions

There is a uniformity on any G-space X that is induced by the phase group
(G in a natural way. For each V € N, define

Ay = {(z,y) : y€ Vz}.

Then the set {Ay : V € N,} is a base for a uniformity on X that we shall
call U%. Note that the uniformity U7 characterises the G-uniform functions
on X in the sense that the G-uniform functions are exactly those functions
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that are uniformly continuous with respect to UY,. This allows us to give the
following characterisation of the property ‘G-Tychonoff’.

THEOREM 2.5.1 (de Vries [9]) The G-space X is G-Tychonoff if and only if
there is a uniformity U on X, compatible with its topology, such that U C UL.

Proof. If U C UZ then every bounded real-valued function on X that is
uniformly continuous with respect to U is uniformly continuous with respect
to US, and hence G-uniform. Since UC*(X, U) separates the points and closed
subsets of X. so does the superset C5{X) and X is G-Tychonoff.

Conversely, if X is G-Tychonoff then C&(X) separates the points and
closed subsets of X and thus the coarsest uniformity on X making every
f € C5(X) uniformly continuous is compatible with the topology of X. It is
clear that this uniformity, having a base generated by G-uniform functions,
is coarser than Ug.

If the G-space X admits a uniformity U such that U C UE it is said that
the action © is bounded by U. It is noteworthy that it is not always possi-
ble to bound the action by a uniformity compatible with the topology of X
{not every Tychonoff G-space is G-Tychonoff), in spite of the fact that the
topology induced by U is always finer than the topology on X.

NoTATioN 2.5.2 If X is a G-space then we shall write U* for the finest
totally bounded uniformity admitted by X.

PROPOSITION 2.5.3 (Chatyrko & Kozlov [5]) Let X be a G-space such that
U C U, Then ez X = BX.

Proof. In this case we have C*(X) = C§(X). As every continuous bounded
function can be extended to the completion of X with respect to the unifor-
mity U*, so can every continuous, bounded G-uniform function. Since the
completion of X with respect to the uniformity U* is 8X, it follows from
Theorem 2.4.4 that fSc. )X = BX.

PROPOSITION 2.5.4 (Chatyrko & Kozlov [5]) Let X be a G-space such that
the uniformity UL is compatible with its topology. Then Boroay X is the
Samuel compactification of X with respect to Ug.

Proof. Each function f € UC*(X,UL) can be extended to the Samuel
compactification of X with respect to UL. We have already noted that
UCH(X, UE) is exactly the set of bounded G-uniform functions on X and
since Ug; is compatible with the topology on X we must have C%(X) =
UC* (X, UL ). The result now follows from Theorem 2.4.4.
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Chapter 3

Bitopological Spaces

3.1 Preliminaries

DEFINITION 3.1.1 Let X be a set and let 77 and T, be topologies on X.
Then the triple (X, Ty, T5) is a bitopological space. If (X, T1,T>) and (Y, 81, 82)
are bitopological spaces then we say that f: X — Y is bicontinuous if and
only if f: (X,T7) = (Y,8;) and f : (X,Ty) — (Y, 8;) are both continuous
in the topological sense.

We define products of bitopological spaces so as to make them initial with
respect to the natural projections:

II(XA: Th &) = (H X 7 T80

AEA A€A AEA AEA

EXAMPLE 3.1.2 Let T, = {(z,00) : © € R} URU® (the so-called upper
topology on R) and let T, = {(—oc0,z) : z € R} URU® (the so-called lower
topology on R). Then (R, T,, 7)) is a bitopological space such that T,V 7} is
the usual topology on R.

NoTATION 3.1.3 If (X, Ty, Ty) is a bitopological space and z € X then we
speak of the Ty-neighbourhoods of z and the To-neighbourhoods of z. Nat-
urally, a Tj-neighbourhood of = is just a set 4 C X such that 2z € 4 and
there is a B € T, such that B C A. The definition of a Ty-neighbourhood is
similar. In the same way, we have Jj-open sets, Ty-closed sets, et cefera.

Our notation for the canonical function spaces is to be understood in a
bitopological sense from now on. In particular, when (X, 7, T3) is a bitopo-
logical space, BC(X) is the set of bicontinuous maps from (X,77,73) to
(R, T,, 7). Unless specified otherwise, function spaces will be equipped with
the bitopology of pointwise convergence.
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DEFINITION 3.1.4 (Satbany [29]) Let (X, 73, 7%) be a bitopological space
with A C X. We write cl® A for the closure of 4 in T,V T,. The set A is
pairwise closed if and only if A = cl® A

DEFINITION 3.1.5 (Salbany [29]) The bitopological space (X, Ty, T5) is pair-
wise Ty if and only if, for any z,y € X such that z # y, there exists a T-
neighbourhood of  and a disjoint Ty-neighbourhood of y or there exists a
Tp-neighbourhood of z and a disjoint J-neighbourhood of y.

The previously accepted definition of pairwise T5, as used by J.C. Kelly in
the study of bitopology in the 60’s [19], differed from Salbany’s above in that
the ‘or’ was an ‘and’. This definition was found to be too strong - under it,
a pairwise T3 bitopological space (X, T, T,) with both T and 7, compact
satisfied 3-1 = T,.

DEFINITION 3.1.6 (Kelly [19]) The bitopological space (X, Ty, 7o) is pair-
wise regular if and only if each point has a Tj-neighbourhood base of T,-
closed sets and a To-neighbourhood base of Tj-closed sets.

DEFINITION 3.1.7 (Fletcher [13], Lane [22]) A bitopological space (X, 77, T)
is pairwise completely reqular if and only if, for each x € X and disjoint J;-
closed set F, there is a bicontinuous function

f(XTL,72) = (1,7, T7)

such that f(z) = 1 and f(F) = {0}; and, for each Ts-closed set E not
containing z, there is a bicontinuous function

g. (X3 ('Tla j‘2) - (]{73-;5:3’!)

such that f(E) = {1} and f(z) = 0.

Pairwise complete regularity is initiality with respect to bicontinuous maps
into (I, T, 77) [29]. When we say that a set of functions separates the points
and closed subsets of a bitopological space, we mean this in the sense of the
above definition.

DEFINITION 3.1.8 The bitopological space (X, 71, Ty) is patrwise Tychonoff
if and only if (X, 77, T,) is pairwise completely regular and pairwise T5.

DEFINITION 3.1.9 (Salbany [29]) The bitopological space (X, Ty, T5) is bi-
compact if and only if the topological space (X, T1 V T5) is compact.
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A number of other definitions for the bicompactness of a bitopological space
had been proposed before Salbany gave the condition above. For example:
Fletcher, Hoyle and Patty suggested in [{12] that a bitopological space should
be considered bicompact if any cover consisting of open sets from both topolo-
gies, and containing at least one non-empty open set from each, had a finite
subcover. The objections to this definition are that it is not productive and
that it makes the bitopological space (R, T, 7;) bicompact.

A better behaved notion of bicompactness was given by T. Birsan in
[2]. It, however, fails to ensure that every bicontinuous map on a bicom-
pact quasi-uniform space is quasi-uniformly continuous. Salbany’s definition
above suffers from none of these shortcomings and leads to a satisfactory
theory of bicompactification.

DEFINITION 3.1.10 (Salbany [29]) A paircover of the bitopological space
(X,71,T2) is an indexed family {(U,Va) : X € A} such that, for each
Ae A, U, €T and V), € T, and, for each = € X, there is a A € A such that
z e UyN Vi

PRrOPOSITION 3.1.11 (Salbany [29]) The bitopological space (X, Ty, Tq) is
bicompact if and only if every paircover has a finite subcover.

Proof. Let Ty v T2 be compact and let {(Uy, V3) : A € A} be a paircover of
X. Then {UxNV, : A€ A} isa T,V T, open cover and so there is a finite
set {A; : 1 <12 <n}suchthat {Uy,NV), : 1 <i<n} covers X. It follows
that {(Ux, V»,) : 1 <1 < n}is a finite subcover of {{U,,V)) : A € A}

Conversely, let € be a (T, V T2)-open cover of X. For each z € X there
is a Ti-open set U/, and a Ty-open set V, such that z € U, NV, € €. Let
{(Us;, Vai) = 1 <1 < n} be a finite subcover of the paircover {(U,,V,) :
z € X} Then {U,, NV, : 1 <4< n}isa finite subcover of €.

ProposITION 3.1.12 (Salbany [29]) If a bitopological space is bicompact,
pairwise reqular and pairwise Ty then it is pairwise Tychonoff.

DEFINITION 3.1.13 (Salbany [29]) The bitopological space (X, T, T5) is lo-
cally bicompact if and only if every point has a bicompact Tj-neighbourhood
and a bicompact Ty-neighbourhood.

3.2 Quasi-Uniformities

DEFINITION 3.2.1 A quasi-uniform space is a pair (X, U), where X is a set
and the quast-uniformity U is a filter on X x X satisfying all of the conditions
of Definition 2.1.2 except possibly the symmetry requirement (3).
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If U is a quasi-uniformity then so is its conjugate U™ = {47' : A € U}.
A quasi-uniformity is a uniformity if and only if U = U™'. Each quasi-
uniformity U on a set X naturally defines a bitopological space, namely
(X, T (W), T(U™Y). Conversely, we say that the bitopological space (X, Ty, T5)
admits the quasi-uniformity U if and only if (X, Ty, Ty) = (X, T (W), T(U~1).
If a bitopological space admits some quasi-uniformity then it is said to be
quasi-uniformisable.

THEOREM 3.2.2 (Lane [22]) A bitopological space is quasi-uniformisable if
and only if it is pairwise completely regular.

NOTATION 3.2.3 For any quasi-uniformity U let U* = UVU~L. Let Q denote
the upper gquasi-uniformily on R, that is Q is the quasi-uniformity generated
by the base of all sets of the form

As:{(m’y) : x_y<€}

where £ > 0. Then we have (R, T7(Q),T(Q™ ") = (R, Ty, T1).

We extend our earlier convention of writing UC(X, U) for the set of uni-
formly bicontinuous real-valued functions on the uniform space (X,U) to
quasi-uniform spaces in an obvious way: if U is a quasi-uniformity then
QUE(X,U) or just QUE(X) denotes the set of quasi-uniformly continuous
functions from (X, U) iuto (R, Q).

DerFINITION 3.2.4 Let (X, 77, T>) be a bitopological space, let (Y, U) be a
quasi-uniform space. A set of functions € C Y X is equibicontinuous at the
point z € X if and only if for any A € U there is a U € NJ* and a V € N7z
such that for all f € C, f(U) C A[f(z)] and f(V) C A~[f(2)].

We shall make use of the fact that if (X,U) is a quasi-uniform space then
(U is a partial order, the specialisation order, on X. It is clear that (U is
reflexive, and its transitivity is obvious when one realises that ¢ < y &z €
cl{y}. The specialisation order is dependent only on the topology of U.

3.3 Bicompactification and Bicompletion

DEFINITION 3.3.1 (Salbany [29]) A bicompactification of a bitopological
space (X, 71, Ts) is defined as a bicompact, pairwise Tychonoff bitopological
space ()Z’, ﬁfﬁ, ;Jv’g) such that (X, T, T5) is bihomeomorphic to a (‘}1\/5‘ 2)-dense
subspace of X.
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We construet bicompactifications from point-separating sets of functions in
the same manner as one would in topology. A detailed description may be
found in [29]; we merely note that properties bicompact, pairwise Ty and pair-
wise regular are productive and hereditary to pairwise closed subspaces, and
that (I, T,lt, Tili) possesses all of them, as required by the usual construction.

We note in passing that the collections of bicontinuous functions that are
naturally associated with bicompactifications are not in general algebras, as
they are in the topological case. Rather, they are semi-algebras, closed under
addition, multiplication and scaling by positive reals only.

LEMMA 3.3.2 Let (X, Ty, T5) be a bitopological space and let C be a Q-
uniformly closed subsemi-algebra of BC*(X) that separates the points and
closed subsets of X. Then there is a bicompactification 8o X such that any
f € BC*(X) has a bicontinuous extension to ScX if and only if f € C.

Proof. Following Salbany [29], we have a bitopological embedding given by

the evaluation map
e: X o [[el F(x
fec

As usual, we define the bicompact, pairwise Tychonoff space So X = cl’ e(X)
and we have the restriction of the projection 7; : BcX — R extending f € C
over B0 X. _ _

If we name the two topologies on 8¢ X T; and T, then we also have the
classical T compactification e : (X, 71V T2) = (BcX, ‘3’1 VTo). It is well-
known that O(’?(;'X ‘Ii \4 72)1;( = (. NOW BC(,ﬁ(;X ‘.T[,jg) C C(BC}( 71
‘3’2) so if f € BC(X,71,7T3) has a bicontinuous extension to (ScX, 3’1 '3’2)
then f € C. We conclude that f € BC*(X) extends over ScX if and only if
fedC.

ProprosITION 3.3.3 The mapping BcX > C is an order isomorphism be-
tween the bicompactifications of a bitopological space (X, Ty, T3) and the Q°-
uniformly closed subsemi-algebras of C*(X) that separate the points and
closed subsets of X .

Proof. Let B X < B X. Then there is a bicontinuous surjection ¢ : S X —
Bc X that leaves X fixed. If f € C then, by the preceding lemma, there is
a bicontinuous | : fo.X — R that ﬁxtends f over BcX. Since f o ¢ extends
f over B X, we have that f € C’ and we may conclude that C C C'.
Conversely, if C C C’ then the projection ¢ of the product [] rec e F(X)
onto the subproduct [, cl® f(X) is a bicontinuous surjection such that
@|p x takes B X onto B¢ X and leaves X fixed. Thus fcX < S X.
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The bijectivity of the mapping 8o X +» C now follows automatically, but
we still need to check that it has the correct range when restricted to the
bicompactifications. To do this it suffices to note that, for a given bicom-
pactification, the semi-algebra of functions extendable to it is Q°-uniformly
closed and separates the points and closed subsets of X. These facts follow
from the observations that bicompact, pairwise regular, pairwise 15 spaces
are pairwise Tychonoff and that the Q°-uniform limit of bicontinuous func-
tions is bicontinuous.

It follows that every pairwise Tychonoff bitopological space X has a maximal
bicompactification. As might be expected, this bicompactification plays the
same role in bitopology as the Stone-Cech compactification does in topology
(see [15]).

DEFINITION 3.3.4 (Salbany [29]) The quasi-uniform space (X,U) is bicom-
plete if and only if the uniform space (X, U%) is complete.

DerFINITION 3.3.5 (Salbany [29]) A bicompletion of the quasi-uniform space
(X, U) is a bicomplete quasi-uniform space (X, U) such that (X, U) is quasi-
uniformly isomorphic to a U’-dense subspace of (X, U).

TuEOREM 3.3.6 (Salbany [29]) Fvery quasi-uniform space has a bicomple-
tion. If a quasi-uniform space is pairwise Ty then it has a unique pairwise T
bicompletion.

Just as the T3 compactifications of a Tychonoff topological space are the com-
pletions with respect to the totally bounded uniformities admitted by that
space, so the bicompactifications of a pairwise Tychonoff bitopological space
are the bicompletions with respect to the totally bounded quasi-uniformities
that it admits.

3.4 Bitopological Transformation Groups

NoTaTION 3.4.1 Let G be a group and let T be a topology on G. Then we
have an inverse topology 77! on G, defined by T-! = {A™! : A€ T}

DEFINITION 3.4.2 A parabitopological group (G, T, T1) a bitopological space
with carrier set (7, where (G is a group such that group multiplication m :
(GxG, TxT, TFPx T Y- (G,T,TY) is bicontinuous.

In fact, once the group multiplication is continuous with respect to one of the
topologies on G, it is already bicontinuous. This follows from the fact that
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group inversion is a homeomorphism between (G, T) and (G, T~'). From this
it follows that parabitopological groups are just the well-known paratopolog-
ical groups considered as bitopological spaces. This perspective was first
considered by Raghavan and Reilly [28].

Let (G,7, 7Y be a parabitopological group, let V € N7 and define

Lv ={{g,h) : g7theV}and Ry = {(g,h) : gh™t e V}.

It is readily verified that the sets {Ly : V € N2} and {Ry : V € N7} are
bases for quasi-uniformities, £ and R respectively, such that T(L) = T(R) =
7. However, we also have the two conjugate quasi-uniformities L~! and R~!
- they are easily seen to be the quasi-uniformities generated by the bases
{Ly : VeNT"Vand {Ry : Ve NT'} so that T(L™Y) = T(R™) = T-1L,
For more information concerning these quasi-uniformities, see [23].

DEFINITION 3.4.3 Let (G, T, T 1) be a parabitopological group. Further, let
(X, 81, 82) be a pairwise Ty bitopological space and let © : G x X — X be a
bicontinuous action of G on X. Then we shall say that the triple (G, X, ©) is
a bitopological transformation group and (X, 81, 89) is a bitopological G-space.

Associated with any bitopological transformation group (G, X, ©) is a topo-
logical transformation group (G, X, ©)*, where G becomes a topological group
under the topology TVT ! and (X, 8;, 82) becomes a Tj space with the topol-
ogy 81 V 8y. Similarly, if ¥ : G x X — X is a bicontinuous action of the
topological group (G, T) on the G-space (Y, 8), then W is also a bicontinuous
action of the parabltopological group (G, 7, 7T) on the bitopological G-space
(X,8,8).

On the bitopological space G-space (X,T,7), a bitopological property
generally holds if and only if its topological counterpart holds on (X, 7). In
particular, the sets BCE(X,T,7) and CXL(X,T) coincide and separate the
points and closed subsets of (G, 7, T) in the bitopological sense if and only
if they separate the points and closed subsets of (G,T) in the topological
sense. Applying this realisation to the bitopological G-space associated with
Megrelishvili’s counterexample (2.2.15), we have immediately the following
result.

ProrosiTioN 3.4.4 There exists a pairwise Tychonoff bitopological G-space
that is not pairwise G-Tychonoff.

DEFINITION 3.4.5 We shall say that two bitopological G-spaces are isomor-
phic if and only if there is an equivariant bithomeomorphism between them.
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Chapter 4

GG-bicompactification

4.1 Preliminaries

In this chapter we unite the theories of G-compactification and bicompactifi-
cation to obtain a theory of equivariant bicompactification for bitopological
G-spaces.

DEFINITION 4.1.1 Let (X, Ty, T3) be a bitopological G-space. We define a
G-bicompactification of (XA’,TL’ J,) to be a bicompact, pairwise Tychonoff
bitopological (G-space (X ,71,3“22 such that (X, 7y, T,) is isomorphic to a
(71 v T3)-dense subspace of (X, Ty, Ta).

Proceeding as we did in the topological case, we shall call a pairwise Ty-

chonoff bitopological G-space pairwise G-Tychonoff if and only if it has a
G-bicompactification and set about characterising these spaces.

4.2 Existence of (G-bicompactifications

This section follows essentially the same programme as its topological coun-
terpart, Section 2.2, and thus suggests that the bitopological definitions so
far adopted werce prudently chosen.

LEMMA 4.2.1 Let Z be an invariant equibicontinuous subset of BC,(G).
Then ¥ : G x Z — Z is bicontinuous. Moreover, Z C QUE(G,R).

Proof. Let us write (G, 7,71) for the acting group and (Z, Ty, T,) for the
space Z with the bitopology of pointwise convergence. It is sufficient to show
that for each projection 7y, : R — R, where sp € G, the mapping 7,, o ¥ :
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G x Z — R is bicontinnous at the (arbitrarily chosen) point (go, fo) € G X Z.
To this end, let (g, f) € G x Z and consider the equality

(90f0)(s0) — (9.f)(s0) = [f (soge) — f(509)] + [fo(s0g0) — F(5090)]-

Let £ > 0. The condition on f that the second bracketed term on the right-
hand side of the equality be smaller than § defines a neighbourhood U € N;O’.

In view of the equibicontinuity of Z at the point sgg, there isa V € Ngo
such that the first bracketed term on the right-hand side of the equality is
less than §. Hence the left-hand side is smaller than  for all (g, f) € V x U
and the upper half of the bicontinuity of ¥ is proved. The lower half is
obtained by negating both sides of the above equality and carrying out the
same argumeat.

To see that Z € QUE(G, R), note that f € Z = Gf C Z so that the
set Gf is equibicontinuous. In particular, if we consider the point e € G, we
have that for every ¢ > 0 there exists W € N7 such that f(g) — f(sg) < ¢
for any s € W and g € G. This means precisely that f € QUC(G,R).

COROLLARY 1.2.2 Let Y be a pointwise bounded, invariant, equibicontinu-
ous subset of BC*(G). ThenclyY is a bicompact, invariant, equibicontinuous
subset of QUC,(G,R) and is thus a bicompact G-space under the action 0.

Proof. We start with the observation that the equibicontinuity of Y implies
that of clf, Y C RY. Now, if t € @, then the bicontinuity of the projection
7 : BC,(G) — R implies that

(R Y)(#) = micl YV) C cl’ m(Y) = cl” Y (2),

which is a bounded set in R. That cl} ¥ is bicompact follows from that fact
that it is a pairwise closed subset of the bicompact product [{,.cl® Y(¢).
Finally, it follows immediately from the remarks made in Section 1.2 that
the invariance of Y implies that of cl; (V). Combine these observations with
Lemma 4.2.1 and the proof is complete.

DEFINITION 4.2.3 Let X be a bitopological G-space. We say that f : X —
R is G-uniform if and only if, for any A € Q, there exists V € N7 such that

Vo € X, f(Va) € Alf ()]

LEMMA 4.2.4 Let X be a bitopological G-space with action © and let f €
BC(X). The following conditions are equivalent:

1. f is G-uniform.
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2. The set {f 00" : x &€ X} is equibicontinuous at e € G.

3. The set {f o0 : z € X} is right uniformly equibicontinuous on G.
Moreover, if f € BC*(X) then {fo8® : z € X} is pointwise bounded on G.
Proof. Identical to the proof of Lemma 2.2.7.

LEMMA 4.2.5 Let the parabitopological group (G, T,T™1) act on the bicom-
pact bitopoloyical space (X, 81,8) and let f: X — R be bicontinuous. Then
[ is G-uniform.

Proof. Let A € Q and let B € Q be an entourage that is open in 7; x T, and
satisfies B2 C A. Now,

B? = U(B“"[m] X Biz])

zER
Fx B = (fx )| J (B x Blz))
TER
= JF x /7B z] x Blz))
z€R
= |J B =) x fH(Blz)).
T¢ER

By Proposition 3.1.11, the paircover { “I(B[ D, fYUB z])) @ z € R}
has a finite subcover {(f ' (Blz]), /' (B7'[x])) : 1 < i < n}. By the
bicontinuity of the action we have, for each z € X, a V ENY, alU, e N3
and a U/ € N¥ such that

VUL x Vo (Uy) € f7HYB Y ai]) x f71(Blay]) for some 1 < i < n.
Let {(U,,,U..) : 1 <j < k} be a finite subcover of the paircover {(U,,U.) :

zi3 Yy

z € X} and set V = ﬂ;f:l Vz,. Then, for each x € X, we have
Vle x Va C f7HB Y m)) x fY(B[z;)) for some 1 < i < n

and thus V=lz x Vo C (f x f)"Y(B?). Therefore, f(Vz) C B?f(z)] C
Alf{z)] for all 2 € X.

COROLLARY 4.2.6 If X is a bicompact bitopological G-space then BC'(X) =
BCL(X).

LEMMA 4.2.7 let X andY be bitopological G-spaces with Y bicompact, and
let ¢+ X — Y be a bicontinuous equivariant map. Then f € BC(Y) =
fope BCL(X).
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Proof. Identical to the proof of Lemma 2.2.10.

Let X be a bitopological G-space with action @ and let f € BC%(X). Then
it is immediate from Corollary 4.2.2 and the characterisation of G-uniform
functions given by Lemma 4.2.4 that X; = cl) {fo0® : z € X} is a pairwise
closed, pointwise bounded, invariant, equibicontinuous subset of BC,(G) and
is thus a bicompact, pairwise regular G-space.

ProrosITION 4.2.8 Let X be a bitopological G-space with action © and let
[ € BCL(X). Then the mapping ¢y : X — Xy defined by @p(x) = fo 0% is
bicontinuous and equivariant.

Proof. Tdentical to the proof of Proposition 2.2.11.
PRrOPOSITION 4.2.9 Let X be a bitopological G-space. Then BCE(X) sep-
arates the points and closed subsets of X if and only if the biconiinuous

equivariant maps from X to bicompact, pairwise regular G-spaces separate
the points and closed subsets of X.

Proof. Let A be a non-empty 7T)-closed subset of X, zy ¢ A and f € BOL(X)
be such that f(zo) € clg, f(A). This can be written as

(fob™)(e) &clg,{(fob)(e) : € A}
The bicontinuity of the projection
Te : (X7,81,82) = (R, T, T7)

implies that f o087 ¢ clg, {(f o 6) : = € A}. Thus, using the notation of
Proposition 4.2.8, we have p;(zo) & cls, ws(A), where ¢y is a bicontinuous
equivariant function to a bicompact, pairwise regular GG-space.

To prove the converse, consider a bicontinuous equivariant map

0 (X, T1,Te) = (2,84, 8;)

where (Z, 8}, 82) is a bicompact, pairwise regular, bitopological G-space and
assume @(zp) ¢ clg,p(A). There exists g € BC(Z) such that g(ze) = 1
and g(A) = {0}. Now let f = go . It follows from Lemma 4.2.7 that
[ € BCE(X) and it is clear that f(zo) & cly,(A). The same proof applies
when A is a non-empty To-closed subsef of X.

THEOREM 4.2.10 A bitopological G-space X is G-Tychonoff if and only if
BCE(X) separates the points and closed subsets of X.

Proof. Clear from Proposition 4.2.9.
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4.3 A Sufficient Condition

The arguments of J. de Vries that allowed us to prove that if the topological
group G is locally compact then every Tychonoff G-space is G-Tychonoff are
heavily reliant on topological symmetry. In this section, we will attempt to
work toward a similar result, but the reader will see that we cannot proceed
without strong symmetry assumptions. Indeed, the preliminary results are
only valid for the actions of symmetric parabitopological groups - that is,
parabitopological groups of the form (G, T, 7).

DEFINITION 4.3.1 Let the symmetric parabitopological group (G, T, 7T) act
on the bitopological G-space (X, 8;, 83) by means of the action ©. A function
f € BC*(X) is called locally equibicontinuous if there exists a V € N7 =
NI = N, such that the family {f o8, : g € V} is equibicontinuous on
X. The set of all positive locally equibicontinuous functions on X will be
denoted by LET(X).

Let f € LET(X) with V € N, such that {fo8, : g € V} is equibicontinuous
on X and define ||f|| = sup,ex{|f(z)|}. The left (quasi-)uniformly bicon-
tinuous real-valued functions on G separate its points and closed subsets, so
there is a ¢ € UC(G, L) such that

¢(G) S0, [If[+2], &le) =0, $(G\V)={[If]l+2}.
We now use ¢ to define a new function f : X — R by

folw) = inf{o(t) + f(tx)}.

Our aim is to show that f, € BC%(X) and that, if we apply this construction
to a subset of LET(X) that separates the points and closed subsets of X,
then we obtain a subset of BC&(X) that separates the points and closed
subsets of X.

LEMMA 4.3.2 Let f € LET(X), V € N, and ¢ € UC(G, L) be as described
in the construction above. Then fy € BCL(X).

Proof. Firstly note that for every x € X we have

0 < fol) < dle) + f(z) = f(z) < ||f]] (4.3.1)

so that f¢ is bounded. In order to prove that f‘,, is bicontinuous we introduce
the set
Ag={te G : ¢() <|IfI[+1}.
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It is clear that Ay C V. Moreover, for all ¢t € G'\ A4 we have by inequality
(4.3.1) and cur definitions

$(t) + f(tx) 2 [If|l+ 1+ fltz) 2 [If]| + 1> fo(a) + 1
for all z € X. This implies that, forany x € X

fo(x) = ti&fé{c_b(t) + f{t2)}. (4.3.2)

Now let £ > 0 and z € X. By the local equibicontinuity of f, there is a
W € N8 such that for all y € W and all t € V, f(tz) — f{ty) < e. Fix any
y € W. It follows from equation (4.3.2) that there exists r € 4, C V such
that _

o(r) + fry) < foly) +¢.

Because r € V" we have, by the choice of W, f(rz) < f(ry) + ¢, hence
folr) < () + flra) < d(r) + flry) + e < f(y) + 2.

The same argnment but with W € N5 yields foy) < fa(x) + 2¢ and com-
pletes the proof that f, is bicontinuous.
Finally, we show that f, is G-uniform. To this end, consider a point

(t,z) € G x X. Then

folis) = inf{6(s)+ f(sta)}
= il {p(st™) = $(s) + 6(5) + f(s2)}
> inf{p(st) = §(9)} + folo):

Now because ¢ € UC(G, L), there is, for any € > 0, a V € N, such that
lo(st™h) —¢(s) <eforallt € V7' It follows that fy(tz) > fy(x) — € for all
r € X and t € V™1 € N,. We have shown that fy € BCA(X).

LeMMA 4.3.3 Let (G,T,7T) act on (X,8$,,8:). If g € LET(X) separates
the point xy from an 8;-closed (83-closed) set F C X then there is an f €
BCY(X) separating xq from F.

Proof. Let F be an §;-closed subset of X with zq ¢ F. There exists a
quasi-uniformly continuous ¢ : (R, Q) — (I, Qly) such that ¥(g(x0)) = 1 and
Y(clgg(F)) = {0}. It is then easily seen that f = ¢y o g € LET(X) with
f(zo) = 1 and f(F) = {0}. As f(zo) =1, there exists a V € N7 such that
f(tzo) > 1/2 for all t € V, and since f € LET(X), we may assume without
loss of generality that {f o6, : t € V} is equibicontinuous on X.
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As in the construction at the beginning of this section, we may now select
¢ € UC(G, L) and, because of the preceding lemma, consider f¢ € BCL(X).
Continuing, let A4 be defined as in the proof of the preceding lemma. Then
by equation (4.3.2} we infer that

folwo) = inf {$(£) + f(tzo)}, (4.3.3)

and because A, C V, it follows that the right-hand side of (4.3.3) is at
least 1/2. In addition, by equation (4.3.1), we have for every x € F' that
0 < fo(z) € f(z) = 0. Thus f3(F) = {0} and [y & clafs(F).

Now suppose we carried out the same argument on the bitopological G-
space (X,83,8,). For F an 8s-closed set with z¢ ¢ F we would obtain an
fs € BCE(X. 85, 8,) such that fg{z) > 1/2 and f4(F) = {0}. Now consider
the function { fy(zo) — f5) € BC*(X,81,82). It is also G-uniform because the
topology on the acting group is symmetric, and clearly (fs(zo) — f,)(z0) &

clg-1(fo(o) = fo)(F).

COROLLARY 4.3.4 If (G, T,T) acts on (X, 81, 8;) and LET(X) separates the
points and closed subsets of X then so does BCEL(X).

CoRrOLLARY 4.3.5 If (G,7,7T) acts on a pairwise Tychonoff bitopological G-
space X that admits a quasi-uniformity U such that some V' € N, acts equibi-
continuously on X with respect to U then X is G-Tychonoff.

Proof. In this case, if f: X — R is quasi-uniformly continuous with respect
to U, bounded and non-negative then f € LET(X). Consequently, LEY (X)
separates the points and closed subsets of X and the result follows.

There can be no question that the results obtained in this section thus far
are not what one initially would have liked to prove. After all, we are trying
to develop an asymmetric theory of G-compactification, so our assumptions
of symmetry are most undesirable! Nevertheless, we shall be able to obtain
an analogue of de Vries's sufficient condition in Corollary 2.3.6.

LeMMA 4.3.6 If (X, T1,75) is a locally bicompact, pairwise reqular bitopo-
logical space <uch that (X,T1) is a Ty topological space then (X, T1) is a Ty
topological space.

Proof. Suppose (X,Ty) is not Tp. Then there exist z,y € X such that
z # yand, for any U € N2* and V € N’i*, UnV # 0. Let B; and ‘B,

be bicompact, pairwise closed bases for N2 and Ngl respectively. By virtue
of the local bicompactness of X, we may assume that | J B, and | B, are
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bicorapact. Then the family B, U B, of pairwise closed sets has the finite
intersection property and each of its members is contained in the bicompact
union |J B, UJB,. Thus there exists z € (1B, N B, = NN NN,
and X is not 77.

DEFINITION 4.3.7 A topological space (X, T) is called homogeneous if and
only if for any z € X and y € X, there is a homeomorphism ¢ : X = X
such that ¢(a) = y.

LEMMA 4.3.8 Let the locally bicompact quasi-uniform space (X,U) be such
that (X, T(U)) is a homogeneous Ty topological space. Then (X,T(U)) is a
Ty topological space.

Proof. Let < be the partial order induced by U and let x € C' C X, where C
is a chain in (X, <). Consider the family {t vy : y > z}. Each of its members
is pairwise closed and is contained in the bicompact set 1+ =. Furthermore,
the family in question clearly has the finite intersection property. Thus there
exists z € [Ty : y > z}, and z is clearly an upper bound for C. We
deduce by Zorn’s Lemma that (X, <) must contain a maximal element. But
then, by homogeneity, every element of X must be maximal. This combined
with the assumption that (X, T(U)) is Tp implies that (X, T(U)) is Ty. The
preceding lemma now tells us that (X, T(W)) is, in fact, already T5.

COROLLARY 4.3.9 Let the parabitopological group (G,T,T™) be locally bi-
compact end pairwise Ty. Then T = T71

Proof. A pairwise regular, pairwise T space is pairwise T [29], so that both
T and T~ ! are Ty. By the preceding lemmas, (G, 7) is a locally compact, T
space. The result now follows from a theorem of R. Ellis [11].

PRrOPOSITION 4.3.10 Let the parabitopological group (G,T,T1) be locally
bicompact and pairwise Ty. Then every pairwise Tychonoff bitopological G-
space (X, Ty, Ta) is pairwise G-Tychonoff.

Proof. We shall have the stated result if we can show that thereisa V € N7 =
N, that acts equibicontinuously on X with respect to a quasi-uniformity U
that is compatible with the bitopology on X. Let © denote the action of GG
on X, let V € N7 be bicompact, let z € X and let A € U and B € U with
B? C A, where U is a quasi-uniformity admitted by (X, Ty, 74).

By the joint bicontinuity of ©, we have, for each g € V, a U, € N7t and
a Wy € Ny such that W, (U,) € Blgz]. The cover {W, : g € VV} has a finite
subcover {W,, : 1 <17 < n}. By Lebesgue’s Covering Lemma there exists
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a W € N, such that for any g € V, gW C W, for some 1 < ¢ < n. Let
U= ﬂ?:l Uy,

Now consider the motion 6% : (V, L]y) — (X, U). Because it is bicontinu-
ous and V is bicompact, Theorem 4.7 of [29] implies that it is quasi-uniformly
continuous. It follows that there is a W' € N, such that h € gW' = hx €
Blgz] for all g € V. By Corollary 4.3.9, there is a symmetric V' € N, such
that V! C W/ NW. Let {h;V' : 1 < j < m} cover the totally bounded V.
Then h € V implies h € h;V' for some j. Since h;V' C h;W C W, for some
1 < i< n, it follows that hU C W, U C Blg;z| and, since g; € V' C hW’,
giz € Blhz] so that hU C B?lhz| C Alhz].

The other half of the equibicontinuity of the action of V on X can be
shown in exactly the same way. The proposition now follows from Corollar-
ies 4.3.5 and 4.3.9.

Unfortunately, Corollary 4.3.10 is insufficient to answer the bitopological
question posed in Example 1.1.1 because both (R, 7T, T;) and (Z, Tylz, T1z)
fail to be locally bicompact. We have been unable to answer the interesting
question of whether every pairwise Tychonoff bitopological R-space (Z-space)
is pairwise (-Tychonoff; it may be that a counterexample exists (see the con-
clusion). The following minor result is of little practical value.

PROPOSITION 4.3.11 Let the parabitopological group (G,7T,T~') have the
property that NI U (VN V™1 € NI for any V € NI. Then it is sufficient
for a bitopological G-space X to be pairwise G-Tychonoff that X admits a
quasi-uniformity U such that U* C UG

Proof. Let U be a quasi-uniformity on X such that U* C UZ and let A € U.
There is a V' € NY such that (VNV "1z € (ANAY)[z] C Ajz] forallz € X.
But (YNTx C Afz] for all z € X by the joint bicontinuity of the action. We
conclude that YNY U (V NV 1[z] C Alz] for all z € X.

COROLLARY 4.3.12 [t is sufficient for a bitopological R-space (Z-space) to be
pairwise G- Tychonoff that it admits a quasi-uniformity U such that U* C US,.

4.4 Ordering G-bicompactifications

As with the standard bicompactifications, we can put a partial order on the
G-bicompactifications of the bitopological G-space X. We say that 5, X <
B2 X if thers exists a bicontinuous equivariant surjection ¢ : 3 X — /X
such that ¢ o 8, = B;. If the mapping ¢ is a bihomeomorphism (or if
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In fact, this ordering turns out to be equivalent to the usual ordering
on bicompactifications when it is restricted to the G-bicompactifications.
For if #8; and B, are (77 V T3)- and (8; V 8,)-dense equivariant bitopologi-
cal embeddings of the bitopological G-space X into the bicompact G-spaces
(51X, T1, To) and (52X, 81, 83) respectively, and ¢ : 5,X — 81X is a bicon-
tinuous surjection that leaves X fixed then, for any g € G, the mappings
@ o b, and b, o ¢ agree on the (8 V 8y)-dense subspace 8,(X) and thus on
the whole of 8, X. Thus, ¢ is already equivariant. Conversely, it is clear that
any equivariant surjection is already a surjection.

LEMMA 4.4.1 Let X be a bitopological G-space. Then the set BCE(X) is a
Q*-uniformly closed subsemi-algebra of BC*(X).

Proof. To check that BCE(X) is a semi-algebra is straightforward. Now
suppose that F is a filter in BCE(X) such that F —» f € BC*(X) uniformly
with respect to Q°. Let B € Q and let A € Q be an entourage such that
A® C B. Thereisan F € JF such that if g € F then (f(z),9(z)) € ANA~! for
allz € X. Since gis G-uniform, thereisa V € NJ such that g(Vz) C A[g(x)]
forall z € X. So

J(Ve) C AN A7 g(Va)] € A%[g(x)) € A%[f(=)] € BIf(2)).
Thus f € BCE(X) and BCAL(X) is Q-uniformly closed.

LEMMA 4.4.2 Let (X,T1,T3) be a bitopological G-space. Then BC(X) is
invariant under the action described in Construction 5.

Proof. Let f € BC(X), g € G, and z € X with z, — = with respect to,

say, 7). Then (gf)(zs) = f(g7'2a) — f(g7'z) = (¢f)(z). The same proof
applies when one considers convergence with respect to 7, and this proves

that gf € BC(X).

From now on we shall speak of the invariance of subsets of BC(X) for a
bitopological G-space X, and take it to be understood that this invariance
is meant in terms of the action described in Construction 5.

PROPOSITION 4.4.3 Let (X, T, T3) be a bitopological G-space and let C C
BCE(X) seperate the points and closed subsets of X. Then it follows that
the G-bicompactification (B X, T, T2) is equivalent (as a bicompactification)
to the classicol bicompactification of (X, T, Ts) obtained from C.



Proof. The classical bicompactification of (X, Ty, T,) with respect to C is
usually constructed by embedding X as follows

e: X — Hcl;f(X).
fec

As in Proposition 2.4.3, we define ¢ : Sc(X) — clje(X) by o(Be(z)) = e(z)
and let m; - RO — R, 6 : [[;ec Xy = X;and p : RE — R be the
natural projections on the given products. The arguments of Proposition
2.4.3 applied to the G-space (X, Ty V T,) are sufficient to prove that ¢ is a
bicontinuous bijection, but are not enough to show that ™! is bicontinuous.

Recall that we established the equality p.08; = mpo@ on a TV To-dense
subspace of 3¢ X, which we may write y,06;0p™! = 7; now that we have the
bijectivity of ¢. A glance at our earlier calculations will reveal that the more
general equality i, 0dp 0 ™! = mg-1g, which is only well-defined because of
the invariance of C', holds for all g € G and e(x) where z € X. The equality
thus holds on the whole of 8¢ X and therefore the bicontinuity of the each of
the projections 7 -1 together implies the bicontinuity of oL

THEOREM 4.4.4 The mapping fcX <> C is an order isomorphism between
the G-bicompactifications of a bitopological G-space X and the Q°-uniformly
closed invariant subsemi-algebras of BCE(X) that separate the points and
closed subsets of X.

Proof. We established with Proposition 3.3.3 that SoX < C is an order-
isomorphism between the bicompactifications of a bitopological space X and
the Q%-uniformly closed subsemi-algebras of BC*(X) that separate the points
and closed subsets of X.

If X is a bitopological (7-space then the semi-algebra of bicontinuocus
functions extendable to any G-bicompactification of X is a Q°-uniformly
closed, invariant subsemi-algebra of BC%(X) that separates the points and
closed subsets of X by Lemmas 4.4.1 and 4.4.2. Conversely, it follows from
Proposition 4.4.3 that each Q°-uniformly closed, invariant subsemi-algebra
of BCL(X') that separates the points and closed subsets of X gives rise to a
G-bicompactification over which exactly that semi-algebra is extendable.

With this and the comments made at the beginning of this section, it
follows that the restriction of the mapping ScX < C to the set of all G-
bicompactifications of a G-space X is as advertised.

ProprosITION 4.4.5 There exists a pairwise G-Tychonoff, locally bicompact
bitopological (G-space with no least G-bicompactification if and only if there
exists a parrwise Tychonoff, locally bicompact bitopological space with no least
bicompactification.
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Proof. Let X be a pairwise Tychonoff, locally bicompact bitopological space
with no least bicompactification. Then the trivial group {e} acts on X and,
because BC*(X) = BCEL(X), the set of G-bicompactifications of X is order
isomorphic to the set of bicompactifications of X. Thus X has no least
G-bicompactification.

On the other hand, suppose that X is a pairwise G-Tychonoff, locally bi-
compact bitopological G-space with no least G-bicompactification. If X had
a least bicompactification then, by Proposition 3.3.3, there would be a least
Q¢-uniformly closed subalgebra of BC*(X) that separated the points and
closed subsets of X. This algebra would be contained in every Q*-uniformly
closed subalgebra of BC%(X) that separated the points and closed subsets
of X, and would thus imply the existence of a least G-bicompactification of
X by Theorem 4.4.4 - a contradiction.

We have been unable to find an example of a pairwise Tychonoff, locally
bicompact bitopological space with no least bicompactification. Indeed, it
seems that the existence of a one-point bicompactification for a pairwise Ty-
chonoff, locally bicompact bitopological space may not always be guaranteed.
As the preceding result shows, this problem is equivalent to its counterpart
in the theory of bitopological G-spaces.

4.5 (G-bicompactifications as Bicompletions

There is a quasi-uniformity on any bitopological G-space X that is induced
by the phase group G in a natural way. For each V € N,, define

Ay = {(z,y) : ye Vz}.

Then the set {4y : V € N.} is a base for a quasi-uniformity on X that
we shall call Ug. Note that the quasi-uniformity Ug characterises the G-
uniform functions on X in the sense that the G-uniform functions are exactly
those functions that are quasi-uniformly continuous with respect to Ug. This
allows us to give the following characterisation of the property ‘pairwise G-
Tychonoff”’.

THEOREM 4.5.1 The bitopological G-space X 1s pairwise G-Tychonoff if and
only if it admits a quasi-uniformity U such that U C Uy,

Proof. If U C Ug then every real-valued function on X that is quasi-
uniformly continuous with respect to U is quasi-uniformly continuous with
respect to Ug and hence G-uniform. Since QUE*( X, U) separates the points

43



and closed subsets of X, so does the superset BC,L(X) and X is pairwise
G-Tychonofl.

Conversely, if X is pairwise G-Tychonoff then BCE(X) separates the
points and closed subsets of X and thus the coarsest quasi-uniformity on X
making every f € BCZ(X) quasi-uniformly continuous is compatible with
the bitopology of X. 1t is clear that this quasi-uniformity, having a base
generated by G-uniform functions, is coarser than Ug.

NoTaTION 4.5.2 If X is a bitopological G-space then we shall write U* for
the finest totally bounded quasi-uniformity admitted by X.

PRrOPOSITION 4.5.3 Let X be a bitopological G-space such that U* C Ug.
Then 68C&(X]X == /BX

Proof. In this case we have BC*(X) = BC{(X). As every bicontinuous
bounded function can be extended to the bicompletion of X with respect
to the quasi-uniformity U*, so can every bicontinuous, bounded G-uniform
function. Since the bicompletion of X with respect to the quasi-uniformity
U* is BX, it follows from Theorem 4.4.4 that 53@5(){)}( = 3X.

PROPOSITION 4.5.4 Let X be a bitopological G-space that admits the quasi-
uniformity Ue:. Then Bpoyx)X is the Samuel bicompactification of X with
respect to Ug.

Proof. Each function f € QUE*(X,Ug) can be extended to the Samuel
bicompactification of X with respect to Ug. We have already noted that
QUE*(X,Ug) is exactly the set of bounded G-uniform functions on X and
since Ug is compatible with the bitopology on X we must have BCE(X) =
QUE*(X,Ug). The result now follows from Theorem 4.4.4.

44



Chapter 5

Conclusion

By this dissertation we conclude that, just as the theory of bicompactification
for bitopological spaces is largely analogous to the classical theory of Ty com-
pactification, the theory of G-bicompactification for bitopological G-spaces
is largely analogous to the classical theory of G-compactification, although
we did see some important deviations. That said, we shall mention a few
other ways in which the theory of topological transformation groups may be
extended to the asymmetric setting.

It has been found that the theory of quasi-uniform spaces when considered
with just their induced topology, as opposed to the bitopology given by
pairing the induced topology with the topology induced by the conjugate
quasi-uniformity, is rather less tractable than its bitopological counterpart
(see Kiinzi [20] for an overview). We would, in this case, be studying the
actions of paratopological groups, as opposed to the parabitopological groups
of this work. Of course, a theory of G-compactification would not be of
interest if one retained the requirement that G-spaces must be T3, since
every compact T space is Tychonoff and we are back in the symmetric world.
Research in this direction would be faced with many more difficulties than
are encountered in bitopology.

Researchers in asymmetric topology have always been aware of the strong
links between their field and the theory of partial orders. Indeed, L. Nachbin,
in his seminal work Topology and Order [26], introduced quasi-uniformities
precisely in order to study this relationship. Partial orders are also of interest
in the theory of topological transformation groups - a partial order on the
phase group captures our intuitive idea that time ‘flows in a certain direction’
{consider the usual order on R), and allows us to speak of the ‘asymptotic
behaviour’ of points in the phase space.

Given that each paratopological group has a naturally induced partial
order, further research could investigate the actions of ‘partially ordered
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paratopological transformation groups’. It may also be of interest to study
the actions of the ordered topological group obtained from the symmetrisa-
tion of a paratopological group equipped with its induced partial order.

Bicompleteness is not the only notion of completeness for quasi-uniform
spaces. Doitchinov has introduced the property D-completeness for the
class of quiet quasi-uniform spaces. Subsequently, Kiinzi, Romaguera and
Sipacheva [21] proved that a regular paratopological group is quiet when it is
given its two-sided guasi-uniformity. It may be of interest to examine the ex-
tension of the actions of a regular paratopological group over its Doitchinov
completion with respect to its two-sided quasi-uniformity.

We were unable to answer the intriguing question of whether or not every
bitopological R-space (Z-space) is G-Tychonoff. One possible way of solving
an even more general problem might be to obtain a bitopological version of
the work recently done by M. Megrelishvili and T. Scarr [25], where a method
for constructing G-spaces that are not G-Tychonoff is given.
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