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Abstract. We analyze the finite element method for a class of mixed variational
inequalities of the second kind, which arises in elastoplastic problems. An abstract
variational inequality, of which the elastoplastic problems are special cases, has been
previously introduced and analyzed [31], and existence and uniqueness results for this
problem have been given there. In this contribution the same approach is taken; that is,
finite element approximations of the abstract variational inequality are analyzed, and
the results are then discussed in further detail in the context of the concrete problems.
Results on convergence are presented, as are error estimates. Regularization methods
are commonly employed in variational inequalities of this kind, in both theoretical as
well as computational investigations. We derive a-posteriori error estimates which en-
able us to determine whether the solution of a regularized problem can be taken as a

sufficiently accurate approximation of the solution of the original problem.
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1 Introduction

Mixed finite element approximations play a central role in a variety of problems of con-
tinuum mechanics. Perhaps the most prominent example concerns finite element methods
for problems with the constraint of incompressibility, such as the Stokes or Navier-Stokes
equations for viscous Newtonian fluids, and analogous problems in elasticity. There exists a
large body of literature devoted to the development of stable and convergent finite element
schemes for this class of problems; comprehensive surveys may be found in the monographs
by Brezzi and Fortin [7] and by Girault and Raviart [14].

Another popular mixed problem which arises particularly in the context of elasticity is
that obtained from the Hellinger-Reissner variational principle. In this problem it is not a
constraint which produces a mixed or saddle-point problem; rather, such a problem arises
from the fact that both the stress and the displacement are treated as unknown variables.
Details of finite element approximations of this class of problems may be found in the work
by Brezzi and Fortin cited earlier, as well as in a number of papers devoted to this subject
(see, for example, Johnson and Mercier [25], Arnold, Brezzi and Douglas [1], Arnold, Douglas
and Gupta [2], Arnold and Falk [3], Pitkdranta and Stenberg [30] and Stenberg [40, 41]).

There is now a sizeable literature on the numerical approximation of variational inequali-
ties (see, for example, the works by Glowinski, Lions and Trémolieres [16] and by Hlavacek et
al [21]), which includes investigations of variational inequalities arising in plasticity. Analyses
of finite element approximations of the elastoplastic problem have enjoyed limited but steady

attention, in contrast to the voluminous literature devoted to computational and algorithmic



aspects of this problem. Havner and Patel [19] and Jiang [22] analysed approximations of
the so-called rate problem; this is an elliptic variational inequality in which the primary
unknowns are the velocity, rather than the displacement, and the plastic multiplier. Reddy
and Griffin [33] and Han [17] have considered finite element approximations of the holo-
nomic or time-independent problem which arises as a typical step when time-discretization
is introduced in the full problem. These works are all displacement-based. Mercier [27] and
Oden and Whiteman [28] have both studied finite element approximations of versions of the
closely related Hencky problem of plasticity. Johnson [23] has considered a formulation of
the elastoplasticity problem in which stress is the primary variable, and has derived error
estimates for the fully discrete (that is, time and space) problem (see also related work by
Hlavécek [20] and a summary account in [21]).

With regard to work on mized variational problems in the form of variational inequalities,
little has appeared. Johnson [24] has considered fully discrete finite element approximations
in the context of plasticity, and Brezzi, Johnson and Mercier [9] have treated finite element
approximations of the time-independent Hencky problem for elastoplastic plates. Brezzi,
Hager and Raviart [8] studied problems which arise in the context of the obstacle problem
for a membrane, and the unilateral contact problem. The variational inequalities in all these
works arise as a result of the problems being posed on convex subsets; that is, these are
variational inequalities of the first kind.

In an earlier work Reddy [31] has considered the problem of mixed variational problems
which take the form of variational inequalities. This work was motivated by mixed varia-
tional problems which arise in elastoplasticity; these are mixed problems either because of
the constraint of plastic incompressibility, or because the problem is of Hellinger-Reissner
type, so that the stress is treated explicitly along with the displacement and plastic strain.
Furthermore, the problems take the form of variational inequalities of the second kind; that
is, these are inequalities because of the presence of a nondifferentiable functional. The issues
of existence and uniqueness of solutions to these problems have been addressed in [31].

The aim of this contribution is to return to that work, and to consider finite element ap-

proximations. The problem is of some importance in engineering applications, and the par-



ticular model treated here forms the basis for one approach to large-scale finite element codes
for the simulation of elastoplastic behavior [12, 34]. The variational inequality considered in
the present work is time-independent, and arises typically either when time-discretization is
introduced into the time-dependent problem, or alternatively when the applied forces vary
linearly with time — the problem of proportional loading — so that the problem reduces to
one which is time-independent. To place matters in proper perspective, it may be worth
mentioning that the problem considered here is a more general version of the Hencky prob-
lem, which has been the subject of much investigation in recent times (see [42] and references
therein), and which differs from the present problem in that it applies to isotropically elastic,
perfectly plastic materials; neither of these restrictions are present in the problem considered
here.

While the problem treated here is motivated by applications in elastoplasticity, there are
clearly other areas in which it would be of interest, for example, problems involving frictional
contact [11]. Furthermore, as indicated earlier, a study of finite element approximations of
mixed variational inequalities of the second kind, that is, those involving a nondifferentiable
functional, appears to be lacking.

The plan of the rest of this work is as follows. In Section 2 we give full details of the
elastoplastic problem. In Section 3, we present some of the mixed formulations for the elasto-
plastic problems: these come about due to the constraint of plastic incompressibility, and/or
as a result of inclusion of the stress as a variable (the so-called Hellinger-Reissner formula-
tion, in the context of elasticity). These problems are special cases of an abstract problem,
which is then formulated in Section 4; the main results of [31], which concern existence and
uniqueness of solutions to these problems, are reviewed here for use in subsequent sections.

We consider finite element approximations for the abstract mixed variational inequality
problem in Section 5. We prove some convergence results, together with error estimates.
In Section 6 we apply the results of Section 5 to the elastoplastic problems formulated in
Section 4. We elaborate on the error estimates of finite element approximations.

The main result on the solvability of the abstract mixed variational inequality is proved

in [31] by introducing a regularizing sequence. In applications, the regularizing sequence



technique is also used for numerical computations. A regularization method depends on a
small parameter € > 0, and convergence is obtained when £ goes to 0. However, as ¢ — 0,
the conditioning of a regularized problem deteriorates. So there is a tradeoff in the selection
of the regularization parameter. Theoretically, to obtain more accurate approximations, we
need to use smaller values of £. On the other hand, if € is too small, the numerical solution
of the regularized problem cannot be computed accurately. Thus, it is highly desirable to
have a-posteriori error estimates which can provide computable error bounds once solutions
of the regularized problems have been found. We derive such a-posteriori error estimates in

the last section.

2 The elastoplastic problem

We consider the problem of quasistatic behaviour of an elastoplastic body which occupies a
bounded domain 2 C R¢ with Lipschitz boundary I'. The plastic behaviour of the material
is assumed to be describable within the classical framework of a convex yield surface coupled
with the normality law. We adopt the equivalent form of the flow law in which the dissipation
function, rather than the yield function, is employed. This formulation has been studied in
some detail both theoretically and computationally in the works [32, 34].

Full details of the formulation considered here are presented in [31]. As indicated in
that work, this formulation may be arrived at by approximating rates, for example, by an
Euler backward difference. The effect of this assumption would be that the rate problem
is approximated by a sequence of incremental problems, in the sense that it is required to
determine the response of the body to forces at time ty + At, given the complete state of
the body at time t,. The boundary value problem which we consider arises in a typical
time-step.

Alternatively, the problem considered here arises when there is proportional loading;
that is, the applied forces vary linearly with time, so that a time discretisation is rendered
unnecessary. This is in fact similar to the formulation adopted in [17, 33].

The elastoplastic material under consideration is assumed to undergo nonlinear kinematic

hardening; the nonlinear term takes the form of an exponential decay, and is one which is in



current use in numerical treatments of this class of problems (see, for example, [38]). The
assumption of a hardening material, apart from the fact that it represents realistic material
behaviour, serves also to allow for a complete analysis within a Sobolev space framework,
the special case of perfect plasticity requiring that the displacements be sought in the space
BD(Q) of functions of bounded deformation (see, for example, the text [42] and references
therein).

Of special interest here is the classical assumption of no volume change accompanying
plastic deformation. This is an assumption which is conventionally accommodated by ex-
pressing the yield condition in terms of the stress deviator. We treat this constraint explicitly
through the introduction of a Lagrange multiplier.

Under these circumstances the equations governing the problem are [31]:

the equilibrium equation

dive +b=0, (2.1)
the constitutive equations
o = Cle—p). (2.2)
x=o" -0l € aD(p), (2.3)
the strain-displacement relation
e(u) = 5 (Vu+ (Vu)"), (2.4)

and the condition of plastic incompressibility
trp:=1-p=0, (2.5)

or pgr = 0. Here and henceforth summation is implied on repeated indices, unless otherwise
stated. Equations (2.1)-(2.5) are required to hold on €2; we take the boundary condition to
be

u=0 on I. (2.6)

D

In the above, o denotes the stress tensor, 0" = o — 5 (tro)I the stress deviator, b is the

body force, € is the strain tensor, u the displacement vector and p is the plastic strain tensor.



The subdifferential 9D of D is defined to be the set
dD(p) = {x € M": D(q) > D(p) + x - (¢ — p) Vg€ M},

where M? is the set of all real symmetric d x d matrices, and x - ¢ = Xi;¢i;-
The quantity C' is a fourth order tensor of elastic coefficients, which has the symmetry
properties
Cijkr = Cjirt = Chaij (2.7)
and we assume that
Ciji € L>(Q), (2.8)

and that C' is pointwise stable: there exists a constant ¢y > 0 such that
Cijua(2) GijCr > 0GijCij, V¢ € MY, ace. in Q. (2.9)

Equation (2.3) characterises nonlinear kinematic hardening, as mentioned earlier, and
this is represented by the term oy appearing there. This term is the back-stress, which we

assume to be given by

ao(p) = h(|p))p, (2.10)

where h(-) is a scalar-valued hardening function (see, for example, [38]). The function h(-)

is assumed to be of the form

h(Oé) = h[] + hleilla, (211)

where hg, h; and v are scalars whose values depend on the material constitution. Here v is

a constant with

v > 0; (2.12)

furthermore, it is assumed that hg, h; € L*°(2), and that
ho(x) > m9 >0, hy(x) >0, a.e. in, (2.13)

for some constant 79. We will also require the assumption that a constant 6 € (0, 1) exists
such that
hi(x) < Oho(x)e?,  a.e. in Q; (2.14)



this is a reasonable approximation for a wide range of materials. The consequences of the
approximations embodied in this hardening law are discussed in [31].
The function D : M? — [0, oo], which is known as the dissipation function, is a gauge,

that is,

D(g) > 0, D(0) =0, (2.15)

D is convex and positively homogeneous. (2.16)

For realistic models of plasticity it is necessary to assume further that

D(q) = 0 if and only if ¢ = 0, (2.17)

D is continuous, (2.18)
and that

D(q) < oo for all g € M“. (2.19)

The properties (2.15)—(2.19) ensure that D is a norm on M¢. Furthermore, the properties

of convexity and positive homogeneity imply that
[D(p) — D(q)| < D(p — q),
and since all norms on M? are equivalent, it follows that
D is Lipschitz continuous on dom D. (2.20)

Remark 2.1 The property (2.20) is true under rather weak assumptions. Indeed, let

, _ ¢ piminf 2@ PO —x-(a—p)
8D(p)—{XeM .lq_)pf PR > }

One has @ D(p) C 0D(p). It is proved in [36] that for a proper, lower semicontinuous function
D, if |x| <k, x € & D(p) at any point p € M? where &' D(p) exists, and if D(py) < oo at

some py € M?, then

D(p) < o0, Vpe M

D is Lipschitz continuous on M¢.



The relationship between the dissipation function and the possibly more familiar yield
function may be summarised as follows (see [37], Section 15, for further details, and [13] for
a discussion and further developments in the context of plasticity).

Lemma 2.2 Set
K={xe€M*:x-q<D(q) forallqgec M}

Then
D(p) = SUD X+ P (2.21)
K = aD(0); (2.22)
X €0D(p) & pe€ Ng(x). (2.23)

The set K is convex, and is referred to as the region of admissible (generalised) stresses;
its boundary is known as the yield surface. Here Nk () denotes the normal cone to K at x.

The function D, by virtue of its properties as a gauge and the property (2.18), admits a
polar function f : M¢ — [0, oc], defined by

—sup 2L .
f(x) =sup o (2.24)

This function is known in the present context as the canonical yield function: it is a gauge,
and also has the property
f(x) =0 if and only if x = 0. (2.25)

It derives its name as a yield function from the fact that its level set at unity describes K:
K={x:f() <1} (2.26)

For y € K and x € dD(p),
x-p=fx)D(p) (2.27)

We also observe from (2.25) and (2.26) that
x €int K = Ng(x)=1{0} = f(x) <L (2.28)

The polar function f is also a norm on M¢?. Since all norms on M? are equivalent there

then exists a constant ¢ > 0 such that

Xl <cf(x)<e, VxeK, (2.29)

9



where | - | denotes the Euclidean norm on M?. Thus it follows in particular from (2.3) and
Lemma 2.2 that
(0 —0)” | < e (2.30)

ExaMPLE. A simple and popular example is that corresponding to the von Mises yield
condition, for which

K={xeM": |x| <k},

D D

where x = 0" — gy and k is a positive scalar; then

D(q) = klq| = k\/qijaij (2.31)

and the canonical yield function is given by

3 The variational problems

As a prelude to presenting the variational formulations of the elastoplastic problem of the

last section, we define the spaces

Q ={q= (i) : 45 € L*(Q), ¢ji = g5}, and Qy ={q € Q:trq=0},
where H () is the space of distributions which together with their first derivatives are in
L*(€2), and whose traces on I' vanish. Both V and @ are Hilbert spaces with inner products

8%1' 61)1-
Q aCEj 6:1:]-

(u, v)y = dr and (p, Q)Q:/Qp'q dr = /sz‘qu‘j dr,

and norms ||v||y = (v, v)"2, ||q||q¢ = (g, q)"/?. Furthermore, Qy is a closed subspace of Q.

We define the product space V =V x @) which is a Hilbert space with the inner product

(@, )y == (u,v)v + (p. q)q

and norm |||l = (7, ﬂ)lv/Q, where T = (u,p) and ¥ = (v, q). We also define Vi =V x @y, a

closed subspace of V. The topological dual of a Hilbert space X is denoted by X*.
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We define the operator 4; : V — V* by

(v ) = [ [C(elw) —p)- (e(v) — @)+ o0(p) - q] do

= /Q [Cijri(eij(u) — pij)(ert(v) — qra) + (00(p))i5qi5] dv, (3.1)

the linear functional

1.V >R, (l,z_)):/b-vdac
JQ

and the functional
j: V=R @)= [ Dig) dr, (3.2)

where as before © = (u,p) and T = (v,q). The functionals [(-) and j(-) are easily shown
to be bounded and, from the properties of D, j(:) is a convex, positively homogeneous,
non-negative continuous functional. Note that, however, in general, j is not differentiable.

As with the dissipation function D, convexity and positive homogeneity of 7 imply that
j is Lipschitz continuous on V. (3.3)

We remark also that the Lipschitz continuity of j is assured under weaker assumptions, as
implied by Remark 2.1.

The classical problem defined by (2.1) - (2.5) is formally equivalent to ([31])
Problem P;. Find uw = (u,p) € V, such that

(Ayvu, v —u) + j(©) — j(m) — (l,Lv—7u) >0, VveV,.

We also have the following result.
Theorem 3.1 [31] Problem P; has a unique solution. O
This result depends in particular on the fact that the operator A; is Lipschitz continuous

and strongly monotone. That is, there are constants ag, «; > 0, such that

|Ajw — AT

v < alllg -7y, (3.4)

(Am— Am,a—1v) > oolfu -7l (3.5)

forallw,7 € V.

11



The main concern here is not with variational inequalities of the form of Problem P,
but rather with mized variational problems associated with P;. Two such mized variational
problems are considered in [31]: the first is

Problem P,. Find @ = (u,p) € V and A € A such that

(Ayu, 7 —a)+ @) — j@) + b, (T @, \) >{,7 ), Vo= (v,q) €V, (36)
bi(@, ) =0, VpeA, '
where A = L?(Q) and the bilinear form
b :VxA— R, bl(ﬁ,u):—/,utrqd:r. (3.7)
0

The second mixed variational inequality considered in [31] may be obtained by extending
to the case of elastoplastic materials the classical Hellinger-Reissner variational problem [7]
for elasticity, and at the same time relaxing the constraint of plastic incompressibility. Let
E be the elastic compliance tensor, inverse to C'. The tensor E is bounded, symmetric and
pointwise stable. We set ¥ = Q, ¥ = ¥ x Q, and for @ = (0,p) and 7 = (7,¢) in ¥ define
the operator A4, by

Ay =Y, (A, T) = /Q [(Eo +p) -1+ (00(p) — o) - q] dz. (3.8)

Define N = V x A, the new space of Lagrange multipliers, where A = L?(2), and the bilinear
form by : ¥ x N — R,

Mam:f/

7-€e(v)dr — / ptrgdr, n= (v,u), 7= (71,q). (3.9)
Ja Ja

Problem P;. Find & = (0,p) € ¥ and m = (u, \) € N such that

where the linear functional g : N — R is defined by (g,n) = [, b- v dz.
There are many mixed finite element methods in elasticity which take as a variational
basis not the appropriate reduction of Problem P3, which is (after setting p = ¢ = 0 through-

out):

12



find (o, u) € ¥ x V such that

/EU-Td.r—/e(u)-de = 0, Vrel, (3.11)
Ja Q

/e(?))-od.r = /b-?)d.r, VvelV, (3.12)
Ja Jo

but instead the version of the Hellinger-Reissner formulation in which the differentiability
condition on the displacement is transferred to the stress. For this purpose it is necessary

to define the spaces
W =[L2(Q)]* and H = {1 = (1) : 7j = 7ij, 75 € L*(Q), divr € W},

where div 7 is the vector with components 07;;/0z; (with summation implied on j). The

space W has the standard L? product norm, while H is endowed with the norm
71 = (17115 + [div ][5y

It is straightforward to derive the alternative Hellinger-Reissner formulation for elasticity in

the form: find (o, u) € H x W such that

/Ea-7dm+/u-div7dm = 0, VreH, (3.13)
Ja Q

/v-divadm = —/b-?)d.r, VoeW. (3.14)
Ja Jo

This problem has formed the basis of most investigations of mixed finite element methods
for elasticity problems [1, 2, 25, 30, 40, 41], though the formulation (3.11) (3.12) is favored
in many engineering applications (see, for example, [29]). An exception is the work [39], in
which the abstract conditions for stability in the works cited above are given an interesting
mechanical interpretation. Numerical examples are also given in [39].

The appropriate generalization to elastoplasticity is

Problem P,. Find& = (0,p) € H=H x Q and m = (u,\) € L = W x A such that

(Ao, T — ) + j(T) — j(@) + bs(T —7,m) >0, V7= (r,q)€H, (3.15)
bo(o,m) = (g,m), ¥n=(v,p) €L
where
Ay H - H, (AQE,T):/Q[(Ea—i-p)-7'+(ag(p)—a)-q] d, (3.16)

13



and
bs(T,n) = / (vdivr — ptrq) de. (3.17)
0

Problems Py - P, can be conveniently studied as special cases of an abstract mixed

variational inequality, which we now formulate.

4 The abstract problem

Let W and N be two Hilbert spaces, A an operator from W to its dual ¥*, b : W x N - R
a bilinear form, and j : ¥ — R a functional. The bilinear form b is assumed to have the
following properties:

(i) b(-,-) is bounded, so that there exist bounded linear operators B, B? defined by
B : V= N*  (BY,n)=>b(p,n) and BT : N =0 (BTn,¢) =b(h,n)

for all ¢y € W and n € N. B" is thus the adjoint operator of B. The kernels of B and B”

are defined by
KerB={y € ¥ : ByY=0} and Ker B = {ne N: B'n=0}.

(ii) There exists a constant 3 > 0 such that

sup b(1p,n)
vewv ||[Ulw

26 HnHN/KerBTa Vn € N. (41)

The operator A is assumed to be Lipschitz continuous on W : that is, there exists a constant

oy > 0 such that
1A — Allu- < anll¢p = Y|lw, Vo, €. (4.2)

For any given ¢, € (Ker B)~, let A: ¥ — U* be the operator defined by
Ax = A(x + ¢1) for all y € KerB. (4.3)

The operator A is required to be strongly monotone on Ker B : that is, there exists a

constant o > 0 such that

(Ap — Ap, ¢ — ) > allp — ¢lf5, Vo, € KerB. (4.4)

14



We assume also that
J is convex, nonnegative and continuous, but not differentiable. (4.5)

Remark 4.1 The assumption (4.4) replaces that of strong monotonicity of A on Ker B,
which was assumed in [31] (see (3.3) in that work). The strong monotonicity of A on Ker B
is an insufficient assumption, since it is readily established, as in the analysis of the auxiliary
problem (3.8) in [31], that A is actually required to be strongly monotone on the affine
set ¢; + Ker B. The assumption (4.4) guarantees this. Note that the condition of strong
monotonicity of A on ¥ implies (4.4).

The mixed problems defined in Section 3 are all particular cases of the following general

Problem P. Given f € ¥*and g € N*, find (¢, m) € ¥ x N such that

(46, 6 =) +50) — @) F 0 —6m) 2 (= d), Ve W,
bén) =(gm), Vn e N.

This problem is approached in [31] by introducing a regularized version of the problem,

which reduces the inequality (4.6); to an equation. We introduce the family of functionals

Je + ¥ — R parametrized by € € (0,1] , and with the following properties:

Je is convex and differentiable, with Gateaux derivative j. : ¥ — U*; (4.7)
Je(¥) = j(¢) as € — 0, uniformly with respect to ¢ € ; (4.8)
7e()lw- < e, Y ew. (4.9)

The constant ¢ is required to be independent of £ and ) € ¥ .

The regularized problem then takes the following form.

Problem P.. Find ¢. € ¥ and m. € N such that

<A¢aaw*¢€>+ja(w)7j6(¢€)+b(w*¢aam€) 2<faw*¢€> vw € \IJ,

(4.10)
b(p.,m) ={(g,n) V¥n € N.

15



Since j. is differentiable, the inequality (4.10); reduces to a variational equation

(Ade, ) + (Ji(e), ¥) + b, me) = (f.4h), Vel (4.11)

Then we have
Theorem 4.2 Assume that conditions (4.1)  (4.5) and (4.7)  (4.9) hold, and that g €
Im B, the range of B. Then
(a) there exists a unique solution (¢.,m.) € ¥ x (N/KerB") to Problem P.;
(b) there exists a solution (¢, m) € ¥ x N to Problem P. Furthermore, ¢ is unique, and is
the strong limit of ¢, as € — 0. O
In [31], this theorem is proved for the case Ker B = {0}, and when the condition (4.8) is

replaced by the less general condition

0<Je(¥) —j(¥) <cie, Vyel.

It follows readily from the proof in [31] that the result holds with the somewhat more
general assumptions (4.1) and (4.8). The weaker assumption (4.8), in particular, allows
the possibility of treating more general types of yield conditions, such as nonsmooth yield
functions (see, for example, [5]).

In [31], it is shown that Problem P, satisfies the conditions of Theorem 4.2, that it has a
solution (u,p,\) € V x A, and that (u,p) is unique. It is also shown that Problem Pj3 has a
solution (o, p,u, \) € ¥ x N, with (o, p) being unique. Furthermore, it may be proved that
the Lagrange multiplier u is unique, though not the multiplier .

To obtain similar results for Problem P4, which was not treated in [31], we need to show
that A, is Lipschitz continuous on H = H x (), and that A, is strongly monotone on Ker Bj,
defined by

Ker B; = {(T,Q)EHZ/?)'diVT dr =0, Vv € W and /,utrq de =0, Vu e A}
Q Ja
= {(r,q) e H: divr =0and trqg =0, a.e. in Q}. (4.12)

We also have to show that the Babuska-Brezzi condition holds: that is, that a constant

G > 0 exists such that
bs(

1)

il

su
€

> fn ||L/KerB3T : (4.13)

ks
il

7

!
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The functional j is as in Problems Py and P, and its fulfilment of properties (4.7) (4.9) in
respect of the von Mises condition has been established in [31].

Lipschitz continuity of Ay on H follows from the fact that

(47— A7) < c(l o7 llg + 12— a o) [ 7 lloxo: (4.14)

as has been established in [31], and using also the fact that || 0 ||g<| o ||z for o € H.

Whereas A, is strongly monotone on ¥ x 3 (for Problem P3), it is not strongly monotone
on H = H x Q. Instead, we show that (4.4) holds. We have, given &, = (01,p;) € (Ker B3) ™,
with Ay7 = Ay(5; +7), and for 7, 7 € Ker By,

(Agg — AgT, o —T) = (Ay(@+T1) — A(T+71),0 —T)
= [ {B@=7) (0= 1) +loolp+p1) = oola+p1)] - (p— )} do
> ag(lo—7I%+p—qll)
= a(lo-7H+Ip—qld)
= w||7-7|% (4.15)

for some constant ay > 0. Here we have used the fact that dive = 0 and divr = 0, since

o, T € Ker Bs, and also the inequality
[00(q) = o0(r)] - (¢ — )
[(Oho + hae™"19)g — (Bho + hie™™)r] - (q — 1) + (1 — O)holq — r[?

(1= 0)molg —rf?

v

vV

(see also Lemma 2 in [31]).

Finally, it is straightforward to show [40] that the Babuska-Brezzi condition (4.13) holds.
Thus Problem P4 has a solution @ € H, n = (u, \) € L, and & is unique. It may furthermore
be established that u is unique.

For the convergence analysis of finite element solutions later, we introduce a formulation
equivalent to (4.6). For this, we need the notion of the subdifferential 95 : ¥ — 2¥" defined
by

0j(6) = {6 € W 1 j(0) > j(8) + (6" % — @), Vi € W),
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We observe that the problem (4.6) is equivalent to the problem of finding ¢ € ¥, m € N
and ¢* € U* such that

(Ad,¥) + (o7, ¥) + b(p,m) = (f,¢¥), VeV,
b(p,n) = {(g,n), Vné€N, (4.16)

¢ € 9j(¢).

Remark 4.3 From the equivalent formulation (4.16), it is easily seen that if ¢* € WU* is
unique, then m € N is unique in N/KerB?. In the case when there is no constraint, such
a ¢* € ¥* is indeed unique (see [17], Proposition 4.2). For the mixed problem P, however,
the uniqueness of ¢* (and hence that of m € N/KerB”) depends on both b and j. It is
not difficult to see that we have uniqueness for ¢* if and only if the following condition is

satisfied:
If ¢* € 0j(¢), then there is no my € N/KerB” such that ¢* + BTmg € 9j(¢). (4.17)

Usually, however, the condition (4.17) cannot be verified, or is not easily verified.
For a mechanical interpretation of the non-uniqueness of m, see [31].
Remark 4.4 In the case of plasticity with the von Mises yield condition (see earlier, equa-

tions (2.31) and (2.3)), we have W =V =V x @), and j is given by

i) = [ kol do

where k is bounded, measurable and nonnegative. Then (4.16)3 is equivalent to the two

conditions (with ¢* = (u*,p*)):

p(z) =k |§Ei;| if p(x) 20 and |p*(z)| <k if p(x) =0, (4.18)

which hold a.e. in . Whereas we have uniqueness when p(x) # 0, Va € €, in general
we have no a-priorit control over the solution p, and p* fails to be unique. This is easy to
appreciate if it is observed, from (2.3), that p* is equivalent to the quantity o” —ol’(p) (= o
when p = 0), and (4.18)y expresses the fact that this lies in the set of admissible stresses,

D

which on its own does not determine o~ or p* uniquely.
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Note also that by application of the arguments leading to (2.29) we have uniform bound-
edness of {p*}:
Ip*(z)] < k a.e. in Q. (4.19)

Remark 4.5 In certain other applications (cf. [15], [18]), ¥ = [H'(Q)]¢ or [H}(2)]%, and j

is of the form
jW) = [ KV de (4.20)
where k£ is bounded, measurable and nonnegative. It can be proved that ¢* € 0j(¢) is

equivalent to the two conditions

vy _ g Vo(2) ; T - (g i x) =
0'(@) =k gy M V6@ A0 and [F@] <k if Vo) =0

Once again, the uniqueness of ¢* depends on the form of b (cf. the condition (4.17) above).
We still have uniform boundedness of {¢*}, though.

5 Finite element approximation of the abstract mixed variational

inequality

To study finite element approximations of the mixed problems of Section 3, we first consider
that of the abstract Problem P. Let W, C ¥ and N, C N be finite dimensional subspaces,

h > 0 being a discretization parameter. We assume that

lim inf [|[¢p —¢plly =0, V¢ €U,

h—0 whe\yh

]lgr(lm;g]fv}h |In —npl|ln =0, VneN.

The finite element approximation to the abstract Problem P is

Problem P,. Find ¢, € ¥, and m; € N;, such that

(Adn, Yn — dn) + J(W0n) — 3(@n) +b(bn — dn,ma) > (f,hn — dn), YV € Uy,

(5.1)
b(on,nn) = (g,mn), Vny € N.

Let
Zn(9) = {&n € Wp : b(&n,nn) = (g, 1), Vup € Np}
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and introduce the discrete operators By, and B} through the relation
b(¥n, nn) = (Brton, na) = (B, n), Y Pn € Wp, Yy, € N
The kernels of By, and B} are defined by

KerB, = {wh e vy, : b(wh,nh) =0 VYn, € Nh}, (52)
Ker Bl = {n, € Ny : b(¢p,n) =0 Vaby, € Uy}, (5.3)

For any given ¢y, € (KerB,)~, we will also require the operator Ay, : ¥, — W defined by
Apxn = A(xn + ¢1p) for all x;, € Ker By, (5.4)

Applying Theorem 4.2 to Problem P, we have
Theorem 5.1 Assume that the conditions of Theorem 4.2 hold, with the exception that the

condition (4.1) is replaced by its discrete counterpart

sup b('l/)h, nh)

———— > kullnnllNjkersrs Vi € Ny, for some £y > 0, (5.5)
Y€V ||1/)h||\11 "

and the condition (4.4) is replaced by the condition that a constant oy > 0, independent of
h and independent of the function ¢1, used in defining Ay, in (5.4), exists such that

(Andn — Aptbn, don — n) > agl[thn — éul[% for all ¢y, ¢y € Ker By, (5.6)

Then, if Zn(g) # 0, Problem P, has a solution (¢n, my) € W, X Ny, ¢n being unique.
Furthermore, (¢n, mp) € Wy, X Ny is a solution of Problem Py, if and only if there ezists a

oy € Yy, such that

(Adn, Yp) + (h n) +0(Yn,mp) = (fitn), Vb € Uy,
b(dn,nn) = (g,mn), Ynu € Ny, (5.7)
op € Onj(on),

where

Onj(on) = {6y € V5, 1 j(n) = j(dn) + (Ph, n — dn), Von € Wy} (5.8)
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To study the convergence of the finite element solution, we first derive an error estimate
for ¢ — ¢. We will denote a solution of (4.16) by {¢, ¢*, m}.
Theorem 5.2 Assume the conditions of Theorems 4.2 and 5.1 hold. For any &, € ¥, set

1(&n, &, 9") = j(&n) — J(9) — (", En — @)

Then there 1s a constant ¢ > 0, independent of h, such that

6 dullo < |_inf (16— &llo+ 116, 6.6)") + inf Jm—mlly|.  (5:9)

EneZ

Proof. For any &, € Zy(g),

|6 — dnllw < || — &ullw + llon — &nllw- (5.10)

Now write ¢, = don + @11, where ¢y, € Ker By, ¢1, € Zi(g) N (KerBy,)~, and define A, as
in (5.4) by this ¢,. Observe that &, — ¢y, € Ker By,. Thus, by property (5.6) we have

aollon — &lly = o llgon — (& — du)lls
< (Anon — An(&n — d1n), bn — &)
= (Adn — An. dn — &n)
= (A¢n. dn — &n) + (Ad — A, O — &n) + (AD, & — o).

We add the two inequalities

(Adn, &n — on) + 7(&n) — J(dn) > (f. &n — dn),
(Ad, on — @) + j(Pn) — J(B) +b(pn — ¢, m) > (f, dn — &)

to obtain

(Adn, En — bn) + (Ad, on — @) + 5(&n) — J(d) + b(dn — ¢, m) > (f, & — @)

that is,
(Adn, dn — &n) < (Ad, dn — &) + 5 (En) — 3(B) + b(dpn — &, m) — (f, &{n — ¢).
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Hence

aol|on —&lls < (Ad, & — @) +5(&) — 5 (9) + b(&h — ¢, m) — (. & — &)
+ (Ad — A&n, dn — &) + b(Pn — &n, )
= J(&) — (@) — (o7, & — &)
+ (Ad — A&n, dn — &) + b(Pn — &, — )

for any nj, € Ny, and so

ag || o — &nlla

< U(&n 0. 07)| + oull¢ — &ullwllén — &allw + [16]l [[¢n — &nllwl[m — nalln-

Thus

lon —&nllw < ¢ [||¢ — &nllw + |1 (&, &, ) Y? + [Im — ”h||N} , Vo € Ny (5.11)

Combining (5.10) and (5.11), we get the desired error estimate. O

In the special case when Ker B, C Ker B, b(¢, — &, m — ny) = 0 in the proof above.
Then we have

Proposition 5.3 If we further assume that Ker B, C Ker B, then

6~ dnlle < inf (6~ &llw + (& ¢.69]"?)

The nature of the bound on the term |I(&,, ¢, ¢)| will depend on the particular form
taken by the functional j. In elastoplasticity j is Lipschitz continuous (see (3.3)), and so

(&, ¢, 0%)| < g — &nllw. (5.12)

To bound inf ||¢ —&,||lw by the more standard approximation quantity inf |[¢ — ¢p|w,
§n€7Zn(9) YreTy,

“h

we need the following result ([7], p.55).
Lemma 5.4 Assume that the discrete inf-sup condition (5.5) holds; then

1]

inf — < |14+ =—] inf — .
St o=l < (14 B0) ng ol
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An obvious consequence of Theorem 5.2 and Lemma 5.4 is the following convergence
result for ¢y.

Theorem 5.5 Under the assumptions of Theorem 5.2, if (5.12) holds and if

1
— inf — —0 ash—0, 5.13
o whfelq,hH(ﬁ Un|w (5.13)

then
o — ¢ in Wash— 0.

If the pair {¥,, N,} of finite element spaces is such that kj, is bounded away from 0,
independently of A, then the condition (5.13) is automatically satisfied. In order to have
convergence, however, we do not require kj, to be bounded away from 0, as long as k;, does
not tend to 0 too fast (in the sense that (5.13) holds).

Now we consider the convergence of my. Here it is necessary to turn again to the motivat-
ing problems for further information about the behavior of the sequence {¢;}. We identify
Uy with U, and view ¥} as a subspace of U*: for any v; € ¥y, we extend v} from ¥} to ¥*
by setting (¢, ¢) = 0, V¢ € ¥, . Now in Problems P, - P4, ¢, is the ordered pair (un, pp)
or (o, pn), and we find that, from the Lipschitz continuity of D,

oy, € Onj(on) = |p)lle- < ¢, for a constant ¢ independent of h. (5.14)

Hence,

{¢#}} is weakly pre-compact in U*. (5.15)

Thus every subsequence of {¢;} contains a subsequence weakly converging in W*.
Using the discrete inf-sup condition (5.5), the relation (5.7) and the boundedness of the
sequence {¢;}, we find that

b(en, m
ththN/KerB[ < wi‘éghw
— sup () — (A, ) — (B )}

Yr€W ||1/)h||\11
< c([[fIl +[I¢nllw + [[¢]

we) - (5.16)
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Since ¢, — ¢ in ¥, {||¢n||lw} is uniformly bounded with respect to h. Thus, under the
Babuska-Brezzi condition ([4, 6])
kp > ky >0, (5.17)

we can modify my, by elements in Ker B}, the modified multiplier being denoted once again
by my, such that {||my||x} is uniformly bounded with respect to h. Therefore we can find

a subsequence {my } and an element m € @), such that
my — m weakly in N, as h' — 0. (5.18)

Since {¢; } is weakly pre-compact in U*, we can find a further subsequence of the subsequence

{3}, still denoted by {¢%}, and a ¢* € ¥*, such that
¢i, — ¢*  weakly in U*, (5.19)

From (5.19), the strong convergence ¢, — ¢, the approximability of any ¢ € ¥ by finite

element functions and the continuity of j, we get

o* € 9j(¢). (5.20)

Now fixing a finite element test function ¢, € Uy Wy, taking the limit in the first relation
of (5.7) along the subsequence h', and then approximating an arbitrary test function 1) € ¥

by vy, we obtain
(Ag, ) + (¢", ) + b(v,m) = (f.4)), Vi €T (5.21)

From (5.20), (5.21) and Theorem 5.5, we then know that {¢, 0", m} is a solution of (4.16),
in other words, {¢, m} is a solution of Problem P.

So far, we have proved
Theorem 5.6 Under the assumptions of Theorem 5.5 together with the condition (5.17),
we have

my — m  weakly in N,

where my is a suitably chosen solution of (5.1).
Usually, we can say more about the convergence of the multipliers of the discrete problems

for Problems P, - P4. From the assumption that D is positively homogeneous (cf. (2.16)),
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we find that

[ Dlan(a)dz > [ Dlpn(e)) do+ Bian —pn), Y an € Qs

is equivalent to the two relations

(P, Pn) = /QD(ph(-T))df and  (pj, qn) < /QD(Qh(-T))d-Ta Van € Q. (5.22)

Here W, will be a product space of the form ¥, = X, x ()5, where ()}, is the space of discrete

plastic strains. Since D is a norm on M? (see Section 2) we have

| DGa@) da < clallays, Va e (K@),

so that

Dl o) < ¢, for a constant ¢ independent of A. (5.23)

Indeed, if (5.23) is not true, we can find a subsequence {p},} and a q € (L?(£2))?*¢, such
that

lallLiyaxe =1 and (pp/,q) — oo.
Let Il,.q € Qu be the (L%(€2))%*-projection of ¢ to Qp, then since (p},, ¢ — Ilq) = 0, we
have
(Phr: I q) = (phs, @) —= 00 (5.24)
On the other hand, since
g — Hh’qH(L?(Q))dxd —0 ash —0,

the sequence {Il;¢} is bounded in (L'(€2))%*¢. But then from (5.22), we get

<p2/,thq> S /QD(Hh/q(J})) dx S CHthqH(Ll(Q))dxd S C

which contradicts (5.24).
We incorporate the property (5.23) of elastoplasticity solutions in a more general assump-
tion, namely, that,

{#},} is pre-compact in U*. (5.25)
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Also assuming

KerBI' = {0} (5.26)

as is the case for the applications in the next section. We can then further show that
my, — m  strongly in N, for a subsequence {m;}. From now on, we will use {my,} and {¢;}
to denote the convergent subsequences {my } and {¢}, }.

To prove the strong convergence of my,, we write
||ﬁ1—mh||N S ||Th—nh||N+||nh—mh||N, Vnh GNh. (527)

By the condition (5.17),

1 b —
lnp — mp||ly < — sup (. 1on mh).
ky YrEWY ||wh||‘11

Now we have
b(Yn, np — myp) = b(y, m — my) + b(¢n, np — M)

and so, from (4.16) with ¢* and m being replaced by ¢* and m, and (5.7), we get

b(thn, m —my) = —(Ap — A, Yn) — (0" — @}, Un)-

Thus

I —mally < = sup o {—(AG — Adn, U} — (8" — B ) + b, — 1)}

k1 YreV, ||7>bh||\1/

< c|llé = dnllw + 116" — ¢l

we + [l = nalln] -
Combining with (5.27), we now have

I =l < ¢ (6 = dulle + 116" — &3]

v+ ||T7’L — nh||N) , Vnh € Ny,. (528)

We summarize this result in the following
Theorem 5.7 Under the assumptions made in Theorem 5.6, together with (5.25) and (5.26),
for a subsequence {my},

myp — m  strongly in N.

Remark 5.8 Theorem 5.2 provides an error estimate for ¢p—¢;,. To estimate the convergence

order, for some applications, it is inappropriate to use (5.12) to bound |I (&, ¢, ¢*)|. Such is
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the situation when ¥ = [L2(Q2)]? and j(v)) = / k |¢| dz. One needs to dig into the special
Ja

structure of the finite element space W, and try to construct an interpolant &, from the set

Zn(g) in such a way that no loss in the order of convergence is introduced. For some other

applications, however, (5.12) readily leads to an optimal error estimate. As an example,

when ¥ = [H'(Q2)]* and the non-differentiable functional j is of the form (4.20). Then
(60, 6, 6") becomes

1. 6. 6") = (&) —§(6) — [ kA~ V(& — @) da

for some measurable vector function A satisfying |A(z)| < 1 a.e. in €. In this case, the

estimate

(&, ¢, 07)| < |V — D)l 10y < cllén — ¢llw

does not cause loss in the order of convergence, and the optimal error estimate is

16— oulle < /[mf|w &l + iﬂnmnmﬂ
€Ny,

§n€Z

1
< o|(1+ o) ing, o=l 4 it o=l

6 Application to the elastoplastic problems

We return now to the mixed problems of Section 3, and apply the results of Section 5. We
discuss in detail finite element approximations of Problem P4 only, since the corresponding
treatments for Problems Py and Pj3 follow in a similar way (and are in fact more straightfor-
ward).

The condition (4.17) takes a common form for all problems. Since in all cases

- /Q D(p(z)) dx, (6.1)

condition (4.17) states that there is no A\g € A/Ker B” such that

¢ € dj(6) o /Q[D(q) D) =+ ND)-(g—p) de>0 VgeQ.  (62)
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By setting ¢ = 0 and ¢ = 2p, and by using the fact (see (2.27)) that p*-p = D(p), we obtain
the condition

/Q)\gtrp dx = 0. (6.3)
The inequality (6.2) takes a slightly different form in the elastic domain, which is defined by
Q°={2r € Q:p(r)=0ae.}. From (6.2) it follows that

/ D(q)dz > / p*-qdx —I—/ Aotrq dx. (6.4)
e JQe Qe

It is not easy to verify that there is no Ay # 0 satisfying (6.3) and (6.4). On the other hand,
in the fully plastic case, that is, when Q¢ = (}; it is a straightforward matter to verify (4.17).

Also common to all the example problems is the question of the existence of a regularizing
sequence j. satisfying (4.7) — (4.9). For the case of the von Mises yield condition (see (2.31))

one may set

jo(0) = [ D.(q) da.

D.(q) = k/|q|* + &2

k(lgl —¢/2), if [¢] > ¢,
klql*/(2¢), if |q| < e,

for example. We recall also from (3.3) that j is Lipschitz continuous.

where

or

D.(q) =

Going on now to finite element approximations of Problem P,, we will assume for sim-
plicity that the domain €2 is polygonal (resp. polyhedral) so that €2 is completely covered
by triangular (resp. tetrahedral) elements. We make the identification ¥ = H = H x @,
N=L=WxA ¢=7=(0,p), Y =7=(7r,q9), m = (u,\), n = (v,u), A = A, and
b, ) = bl ).

Suppose that we choose H, C H, W, C W, Q, C Q and A, C A; then H, = H,xQ, C H
and L, = W, x A, € L. We define
Problem P, ;. Find 5, = (on, ps) € Hj, and my, = (up, \p) € Ly, such that

(AT, T — On) + j(Tn) — (@) + b3 (Fr — Thymp) >0, V7 = (Th,qn) € Hy,

bs(@n,nn) = (g,nn), Ynp = (vn, pn) € L.
(6.5)
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Various finite element spaces have been constructed for the purpose of obtaining stable
and convergent approximations for the purely elastic case (see [7]). For the purpose of
illustration we consider here the element introduced by Johnson and Mercier [25], in the
context of the two-dimensional problem and assuming isotropic elasticity. In this case the

operator A, takes the form

(Ao, T) = /Q [(iaD +p> P4 ﬁ(tr o) (tr7) + (oo(p) —0)? - q| dz, (6.6)

where A and p are Lamé’s constants. The polygonal domain (2 is partitioned into triangular
elements, and the Johnson-Mercier element is constructed as follows: a generic element K

is subdivided into three subtriangles K;, 7 = 1,2, 3, these having a common vertex at the

centroid of K. We then define the space Hg by
Hig ={r € H: 7|k, € [P(K;)]”**, j =1,2,3},
where Pj(K) is the space of the polynomials of degree < 1 on Kj, and the space H), by
Hh:{ThEH: Thlk € Hy, /QtrThdx:O}.
The space W), is simply defined by
Wy = {v, € W |k € [PL(K)]*}, (6.7)
and we define @), and A, by
Qn={am € Q: alx € [P(K)*?}, Ay =P, (6.8)

where P = {v € L*(Q) : wv|x is a polynomial of degree one}. Then with this choice of
spaces it can be shown [25] that the elastic version of Problem P4, (which is obtained by
setting p, = g, = 0) has a unique solution, and that, if o € (H?(Q))**? and u € (H*(Q))?,
then

o — onllo < Ch?, |lu— upllo < Ch?, (6.9)

where || - ||o denotes the product L%-norm.
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The proof relies on the fact that the elastic version of A, is Ker Bj-elliptic, that Ker Bj, C
Ker B¢, and that the discrete condition (5.5) holds, with a constant kj, independent of h.
Here, B¢ and Bj, are defined through the bilinear form

be(T,v) :/vdiVde
0

be(7,v) = (B°1,v) = (B 1,v), VreHuveW,

and

be(Th,Uh) = <B§T7)h,7'h> = <B§Th,vh>, VTh S Hh,vh e W,.

The operator 1212,]1, defined by AQ,h = Ay(Ty + 1) for all 7, € Hy,, where 7y, € (KerBy,)~
satisfies b(a1p, ny) = (g, ny) for all n, € Ny, is shown to be strongly monotone on Ker By, in
the same way as the corresponding result is derived for A, (see (4.15)).

Properties of the operators Bj, and B] follow also by exploiting the properties of the
elastic problem: it follows readily from the definition (3.17) of b = b3 and the properties
of its elastic part, that Ker B, C Ker B, and that the bilinear form satisfies the discrete
Babuska-Brezzi condition, with Ker B]' = {0}. The property Ker B, C Ker B follows firstly

from
{on, € Hy, : /Qdivah-vh dr =0 forallv, e Wy} C {0 € H: dive =0}
as in the elastic case, and secondly,
{pn € Qp /Qﬂhtrph dv =0, Vu, € Apy C{peQ: trp=0}.

Thus Problem P, has a solution (o, ps) € Hy and (up, A\y) € Ly, and (o, pp) is unique.
Furthermore, it is possible to show that the multiplier uy, is unique; setting g, = pp, in (6.5),

this problem reduces to

/ [0,?-71? N (trop) (tr7)

2 Nt ] dl'—l-/ﬂuh-diVThd.’I) = 7,/9 ppmh dz, V1, € Hh,(6.10)

/ v, -divoy de = —/ b-vpdr, Vv, € Wy, (6.11)
Q Q
and this problem, which is a minor variation of the elastic problem, has a unique solution.
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In order to obtain an error estimate which extends to the present problem the estimate
(6.9) which is valid for the elastic case, we return to Proposition 5.3, and set ¥ = 3 where
Y has the same definition as in the previous problem. We also note that A, is strongly

monotone on i, and set
Zu(g) = {Tn € Hy : b3(Tn,nn) = (g, nn) Yn, € Np}.
Then by following the steps taken in the proof of Theorem 5.2, using the inequality
ai|[on — Thl& < (A90h — AoTh,0h — ), VOn,Th € Hy
and noticing that KerB;, C KerB, we find that

5 s lle<c¢  inf . B 1/2)
-z <e_inf (7 Tulls+lp - anly?)

Applying Lemma 5.4, we then find that if 0 € (H'(Q))**?, p € (H*(Q))**2,
lo = anllo < ch, lp—pullo < ch.

Note in particular the reduction in order; the elastic problem yields an error estimate of
O(h?*). This reduction is due to the presence of the nondifferentiable term.
We may also obtain an error estimate for ||u — up||o. We first write down the continuous

analogue of (6.10), that is,

1 1
/Q lﬂaD.TD_’_m(trJ) (trT)] dx—l-'/QU'diVTd-T:*/Q p-Tdr, VreH

which, together with (6.10), implies the relation

/ (v — up) - divry, dz
Q

1 1 .
= —/Q [(pph) 'Th+@(O'D —op) TP+ )\+utr(0—ah)tr7h+ (u— ) - divr, | dx,
V1, € Hy.
Now from (5.2) of [25],
vp, divT,
sup V) 5y

ThEHp ||Th||H
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Hence we have, for all v, € W,

15 ||Uh - Uh||0

1
< sup (v — up, divry,)
mety |1l
—1 (O—Dio—]?) 'ThD tr(U*Uh)tI'Th .
= Sup / P —Pn) Th+ + + (u —vy) - divry,| dx
met, ||Thllm Jo [( ) 2u A+ ( )
< clllp=pnllo+ 1o = anllo + [|u — valo] -

As a result, from the triangle inequality we get

o= wnlo < ¢ o= pallo + lr = ullo+ inf Jlu = vilo] < ch
vp €Wy

7 A-posteriori error analysis of regularizing sequences

Because of the difficulty in dealing with the nondifferentiable term j, one rarely solves the
finite element system (5.1) directly. In practice, there are several approaches to circumvent
the difficulty caused by the non-differentiability. One approach is to introduce a Lagrange
multiplier for the non-differentiable term, and the problem (5.1) is solved by an iterative
procedure, for detail, see, e.g., [15]. Here, we concentrate on another approach, namely, the
regularization method. The idea of the regularization method is to approximate the non-
differentiable term by a sequence of differentiable ones. The regularizing sequence technique
has been used in proving Theorem 4.2 ([31]). Here, we use the technique as a numerical
method to solve the mixed variational inequality. It is easy to give an a-priori error estimate
which implies convergence of the regularization method (cf. [31]). Our main concern in this
section is to derive a-posteriori error estimates for solutions of the regularized problems. We
will derive such an a-posteriori error estimate for solving Problem P,. For Problems P3 and
P4, the same techniques presented here can be employed to give similar a-posteriori error
estimates.

As in [17], we need a result from convex analysis (cf. [10]).

Let V', A be two normed spaces, V*, A* their dual spaces. Assume there exists a linear

continuous operator F' € L(V,A), with transpose F* € L(A*,V*). Let J be a function
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mapping V' x A into RU {4+o0c}. Consider the minimization problem:

vlg‘f/ J(v, Fv). (7.1)
Define the conjugate function of J by
']*(7)*’ M*) = sup [<7)a 7)*> + <ua :u*> o '](7)’ ILL)] : (72)
veV,ueA

Theorem 7.1 Assume that
(i) V is a reflexive Banach space, A a normed space.
(ii)) J:V x A — RU{+o0} is a proper, lower semicontinuous, strictly convex function.
(1ii) Fug € V', such that J(ug, Fug) < oo and p— J(ug, p) is continuous at Fuy.
(iv) J(v, Fv) — 400, as [|v]| = oo, v € V.

Then problem (7.1) has a unique solution u € V', and

—J(u, Fu) < J(F*u*, —p*), Yu*e A (7.3)

We will apply Theorem 7.1 to derive an a-posteriori error estimate for the regularizing
technique for solving (3.6), that is, Problem Py, and its discrete version, in the context of the
von Mises yield condition. Instead of the Problem P,, rather, we consider a slightly more

general problem, namely, the constraint b, (@, u) = 0, V u € A is replaced by

bi(@, p) = (g, 1), VpeA (7.4)

In this way, one will see more clearly how to employ the techniques presented here to derive
a-posteriori error estimates for Problems P53 and P,. We choose the following regularizing

function for the dissipation function:

D.(q) = k+/]q|* +&*. (7.5)

First, we need to rewrite the problem (3.6) in the form of (7.1). To do this, set

S = {S = (Sij) 185 = S5 € L2(Q), 1<4,5< d}
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and identify S* with S. We make use of the spaces V, ), A and V =V x Q used earlier in
Problem P,, and define the operator F': V — S by

Fuo=¢(v), YoeV.
Let
Z(g) ={v eV :b(v,pn) = (g,n), YA}

We now define the energy function on V' x S by

[EC G- (s—a)+ Hlla) +Fla b o] do, if 7€ Z(g)

400, otherwise,

J(v,s) = (7.6)

where
H 1 h 2 1 hq(1 —va 1 h —va
(CY)—§ o +§ 1( — € )—; 1 e
(cf. (2.10) and (2.11)). Then it can be shown that the problem (3.6) with the more general

constraint (7.4), is equivalent to the minimization problem

uweV, Ju Fu)=inf J(v, Fv).

eV

In order to use Theorem 7.1, we need to compute J*(F*s*, —s*), for s* € S*. We have

J(F*s*,—s*) = sup [(v,F"s*) —(s,s") — J(v,s)]
7EV,s€S

= sup [<F@7 5*> - <S= S*> B J(@, 5)]
veV,seS

= sup /Q[e(v)-s*—s-s*—%C(s—q)-(s—q)—H(\q|)—k\q|—l—bv} dx

vEZ(g),s€S -

%/ Cts* - s*do+ sup [ [e(v)-s* +b-v]do+ K(|s*])] du,
Q veZ(9) /9

where
K([s*]) =T(t(]s™)), (7.7)
with
T(t) = ([s"] — k)t — H(1),

and t(|s*]) = 0 if |s*| < k, t(]s*|) > 0 being the unique solution of the equation (the unique

solvability is guaranteed by the assumption hq > 0)
(ho + hie ")t = |s*| — k if [s*| > k.
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Next, we deal with the term

sup [ [e(v)-s" +b-v]dx.
veZ(g) /9

We have

sup [ [e(v)-s"+b-v]dx = / le(ue) - s* +b-uldr+ sup [ [e(v)-s"+b-v]dr
Q

veZ(g) 7 veZ(0) /2

/ le(ue) - 8" +b-u.]dx
0
~ H/k@y§+wax:QVEGZWL
Q
+0o otherwise.

Applying (4.11) to the problem (3.6), we find that

(A, v) + (jl(u),0) = (b,0), Vo€ Z(0),

that is,
et = ) = @4 1o+ 2L o= [ v
Q /|p.|2 + 2 Q
Vo e Z(0).
Hence,
kpe
— C(e(ue) = pe) + hllpe)) p: + === =10, (7.8)
V[pel? + &
/ C (e(us) — pe) - €(v) do = / b-vdr, VveKerB. (7.9)
0 0
With (7.9), we choose
s* = —C (e(ue) — pe); (7.10)
then
sup [ [e(v)-s"+b-v|dr = / [—C (e(ue) — pe) - €(ue) + b - u] du.
vez(g) 19 Ja
Therefore, with the choice (7.10) for the dual variable s*, we have
J%F%ﬂf):AJ%C&WJpJ-&meJ
(7.11)

— C(e(ue) — pe) - €(ue) +b-u. + K(|C (e(ue) — pe)|) | da.
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Now consider the difference
J(te, Fu.) — J(u, Fu).
By Theorem 7.1, an upper bound for the difference, with s* given by (7.10), is
J(u., Fu.) — J(u, Fu)
< J(ug, Fu.) + J(F*s*, —s")

= [ Ipel® + € — lp| — 2 Cle(u,) — -I T
o [l Tor D b+ KO —pD) i

In the derivation above, we used the relation (7.8). We then turn to a lower bound of the

difference. Taking v = 4. in (3.6);, we obtain
/Q B |p| — K |p| —b- (ue — u)] do
> [ O (etw) ~p) - ((ew) ) = (elw) ~ ) — h(pD)p- (.~ p)] do. (7.12)
Thus
J(tae, Fu.) — J(u, Fa)
= /Q[é ¢ (G(uﬁ) _pE) ’ (E(UE) - ps) + H(‘p5|) + k |pg| —b- Ue
— 5O (e(w) —p) - (ew) —p) — H(pl) k] +b.u] &
= /Q {eol(e(u) = p) = (e(ue) = po)* + H(|p-|) = H(pl) = h(|p) p - (p- — p)} dz

where we have made use of (7.12).
Now define the function
Hy(a) = H(a) — L hoa* = h i(1 —e ) — lae”"‘}
1 3 1o 12 > ;

the part of H related to h;. Then

H'(a) = hi(1 —va)e "™ > —e *hy > —0hy,
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using (2.14). Hence,

H(|pc|) — H(|pl) — h(lpl) p - (P — p)
= Lho(lp]* = Ip)* = 2p - (p- — p)) + Hi(lpe]) — Hi(|p|) — hae “Plp - (p. — p)

h
o |pe — pI* + Hi(lp-) — Hi(Ipl) — H{(p| — Ip])

= 2
> B0 = B ol
> 10k _20)% - —
Thus
J(a., Fu.) — J(u, Fu)
> [ {heol(elw) — e(w)) — (0= pIF + 5 (1 0) holp — p.f*} da
> a(|lu—ulfy +llp = pellg)
where

Ke
v=1n(1—-6) min1 0 :
o 2770( )mln{ 7C[]+7][](1_0)/2}’

the last inequality is obtained using the trick employed in proving Lemma 2.1 in [33].
Combining the two bounds on the difference J(u., Fu.) — J(u, Fu), we then have the

a-posteriori error estimate for the regularizing technique for solving the problem (3.6).

Theorem 7.2 Under the assumptions made on the problem (3.6), the following inequality

holds:
a (lu—ully +1lp — p:l3)
k|p.|

<
- /"[\/Ipﬂﬂ%‘? (y/Ip-2 + 2+ [p.]) (7.13)

FH(pl) — b)) IpeP + K(1C(e(m) p5>>] .

To see more clearly the effectiveness of the a-posteriori error estimate (7.13), we consider
the simpler case when the material undergoes linear hardening, that is, when the function
h(c) in (2.11) is of the form

h(a) = hy,
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and hg(x) > ny > 0, a.e. in 2. We can compute

1 2
K(|s*) = — [(|s*| — k
(Is"1) 2 [(Is*] = k)+]7,
where
t, ift>0,
t+:
0, ift<0.

In this special case of linear hardening, the a-posteriori error estimate assumes the simpler

form
o (|Ju—ul [V + lp = pellg)
= Jq \/|p€‘2 + g2 (\/\ng 424 ‘p€|> (7.14)
1 2
2
ol 5 [0 ) p)l - )] ] .
where
Ke
o= %nomin l,i .
co+10/2
It
(1C (e(ue) = pe)| — k)4 < holpe], (7.15)
then from (7.14) we have
k |p.| e?

([l ey + o= pol5) < [ o
/I + 22 (IpP + 22 + [p.])

which indicates that (7.14) (and (7.13), at least when h; is small) is a useful a-posteriori

error estimate. To prove (7.15), we notice that from (7.8),

k
Cle(ug) — pe) = 0+ —
(e(u:) — ) (h+ pgug?)p

Thus

and so

ke?
Vip?+2 (VIp2 + 22+ Ip.])

C(€(us) = pe)| = k = holpe| -
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Obviously,
kg2

V2 e (VI + 22 + Ipe)

ho|p:| — < holpe|.

Therefore, (7.15) follows.

For the finite element system (5.1), we can also use the regularization technique. So
instead of solving (5.1), which is difficult because of the presence of the nondifferentiable
term, we solve a sequence of regularized problems:

Find Upe € V}, and Phe € Qh; such that

(Aup e, vp — upe) + Je(vn) — Je(Une) + 0V — Une,Dre) > (byvp —upe), Yo €V,

b(une,qn) = (9.an), Yan € Q.
(7.16)

We can apply the results in Theorem 7.2 to the discrete problems, (5.1) and (7.16), to obtain

the a-posteriori error estimate

a(|lu—uclly + [lp — pel 1)
k ‘ph,s 52

< /[
Jo \/‘ph78|2+52 (\/|ph’€|2+52+|ph’€|) (7.17)

 H ()  holpn P+ K(Cle(un.) — ph,5>|>] d.

Note that the computable error estimate (7.17) can help one to determine whether a
solution of the regularized problem can be accepted as the solution of the original finite

element problem.
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