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Abstract

The field of virtual sculpting aims to create computer models by mimicking an artist’s studio and
materials on computer. There are many ways to implement virtual sculpting. One method is to use
a class of transformations known as the spatial deformations. Spatial deformations alter the spatial
position of an object’s primitives, resulting in warping. This warping effect is controlled to produce
features of an object, thereby allowing an artist to ‘sculpt’ an object. While an object’s primitives
are altered, its connective structure is left intact. This limits spatial deformation to warpings that

do not change topology, since it is necessary to change geometry for topology alteration.

This dissertation attempts to produce an interactive method for topology alteration by using a spatial
deformation known as Direct Manipulation of Free-Form Deformation (DMFFD]}. Since DMFFD isa
spatial deformation, it is impossible to use it by itself to alter topology. However, a process developed
for animation can be used in conjunction with DMFFD to alter topology: A n-dimensional object
is extruded to (n+1) dimensions, and then deformed. From the deformed extruded object, it is
possible to extract a topologically altered original object.

This dissertation attempts to adapt this process to virtual sculpting by making it interactive. A 3D
object is extruded into 4D and given tetrahedral connection information. This tetrahedronalisation
allows an object to be unambiguously extracted from the extruded object. 3D DMFFD is adapted
to 4D to deform the extruded object. Extrusion is performed by intersecting a 3D hyper-plane with
the extruded object to obtain a point set which is then triangulated. Optimisations are developed for
the extrusion, deformation and extraction phases in order to make the process interactive. Models

of various sizes are tested to prove interactivity.
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Chapter 1

Introduction

Computer graphics has grown quickly, becoming an important field in computer science. Exploited
in a diverse range of fields, whole industries have been created around it {(e.g., cinematic effects
and scientific visualisation). It essentially involves the display of discrete data on a computer, but
the acquisition of this data has become a problem necessitating active research. One aspect of
the data acquisition problem is object creation, with the current standard being to digitise clay

macquettes [14].

Many modelling packages have been created that seek to replace the digitising of clay macquettes.
In many instances, the artist must know how the computer scientist has designed the modelling
package in order to properly use it [35]. Virtual sculpting was invented to allow object creation
without prior computer science knowledge being required. Its pioneers made the comparison of an
artist being able to sculpt with a clay-like medium [51] thereby lessening the learning curve for
a designer. To this end, anything that is possible in clay should be possible in virtual sculpting,
including:

e Object Separation: The ability to tear a piece off an object.
s Hole Creation: The ability to create holes in an object.
e Object Joining: The ability to join objects.

The above items are examples of topology alterations. If virtual sculpting is to provide a viable
alternative to other methods these operations must be available.
Current graphics hardware is optimised to accept objects represented by a polygonal mesh. In

essence, a polygon mesh consists of two properties [23] (Figure 1.1):

¢ Point Set: Points in space (known as vertices) defining the object’s boundary.

o Connection Information: Information concerned with how individual vertices are connected

to define a surface.



Figure 1.1: Connectivity Information: A point set is given connectivity information in order to
attain structure.

If an object is to undergo a topology alteration, it is necessary for the connectivity information to
be altered. For example, if a sphere is to become a torus, it needs a hole through the middle of it.

To create a hole, the connectivity information of the sphere must change.

1.1 Virtual Sculpting

Virtual sculpting aims to provide an environment for the creation of computerised objects in a
manner that resembles traditional sculpting. It is therefore vital that any virtual sculpting scheme
be interactive. It is a relatively old field, with Parent introducing the topic in 1977 [51] by using
a decay function to implement it. As the field developed, better means than decay functions have
been used for implementation [46]. This dissertation uses virtual sculpting implemented with a form

of spatial deformation based on work done by Gain [26].

spatial position of vertex aliered

Figure 1.2: Spatial deformation: Objects are deformed by altering the spatial positions of their
vertices.

1.1.1 Spatial Deformation For Virtual Sculpting

Spatial deformation achieves a warping effect by altering the spatial position of an objects vertices
(Figure 1.2). One of its attractions is that it is independent of object representation. Therefore
connection information is not altered under spatial deformation.

Free-Form (FFD) deformation, introduced by Sederberg and Parry [55] is an instance of spatial de-
formation. FFD has the advantage that it can be used interactively on relatively complex objects [6].



It is also able to simulate a clay medium relatively well, making it easier for an artist to perform
sculpting. A detraction of FFD is that an artist cannot directly manipulate an object to deform it.
This poses a usability problem as object sculpting becomes less intuitive.

Direct Manipulation of Free-Form Deformations (DMFFD) alters FFD by allowing an artist to

directly modify an object while being efficient enough to be interactive on relatively complex meshes.
It is the chosen method for the implementation of virtual sculpting concerning this work.

1.1.2 Topology Alteration Under Virtual Sculpting

Topology alteration should adhere to the following properties:

e Interactivity: Interactive feedback is crucial to virtual sculpting. It must therefore also be
present in any scheme that attempts to change the topology of an object under the guise of
virtual sculpting.

¢ Validity: The object must conform to certain standards of mathematical correctness and the
external realism of the object should not be compromised by the topology change process. The
former implies that C} continuity be present and the latter implies that artifacts such as self
intersection be eliminated.

e Multifariousness: Intentions by the artist must be modelled with ease.

Spatial deformation deforms an object by changing the spatial positions of its vertices. But for a
topology change to take place, connectivity of the object must change: It is not enough to alter the
spatial position of the vertices. Therefore, it is impossible to change the topology of an object using
spatial deformations alone.

1.2 Dissertaion

This dissertation is focused on providing a scheme for altering an object’s topology under virtual
sculpting, implemented with DMFFD.

Problem Description

To alter an objects topology using DMFFD whilst adhering to interactivity and vaelidity

The multifariousness property is considered to be in the realms of usability, and as such is not
considered in this dissertation.

Dissertaion Overview

This dissertation is presented as follows:



Chapter 2 Prior Art: A brief review is presented of past and current techniques used to alter
the topology of an object under the guise of modelling. These techniques are compared with
the properties of section 1.1.2

Chapter 3 Foundations: Necessary background information is established for understanding
this dissertation. An in depth discussion of virtual sculpting is given, as well as a formal
presentation of FFD, DMFFD and topology. A structure, developed for producing animation,
known as a space-time object, is presented and motivated for use. Space-time objects can
be divided into three parts; extrusion, deformation and extraction. The disadvantages of

space-time objects in virtual sculpting are discussed.

Chapter 4 Extrusion: The extrusion part of the space-time object is enhanced for virtual
sculpting. A three dimensional (3D) object is extruded into four dimensions (4D). An efficient
means for creating 4D face and edge information is discussed. Various enhancements are made

by exploiting coherence which enables extrusion speed up.

Chapter 5 Deformation: A formal mathematical presentation of FFD and DMFFD in 3D
is presented. DMFFD is then extended into four dimensions. A discussion of the interactivity
of DMFFD in 3D, and hence in 4D is presented.

Chapter 6 Extraction: An unambiguous interactive extraction is presented. Extraction
involves intersecting the 4D object with a 3D hyper-plane, thus obtaining a point set in 3D.
The point set is then triangulated, resulting in an object that is potentially topologically
altered. The topology change is reliant upon the deformation of the 4D object.

Chapter 7 Results and Evaluation: Timing results are shown demonstrating that optimi-

sations in this dissertation enable interactivity.

Chapter 8 Conclusion and Future Work: Interactivity is achieved with the optimisations.
A test for self intersection as well as a refinement/decimation scheme are subjects for future

work.



Chapter 2

Literature Review

Various methods for altering an objects topology are presented and evaluated in this chapter.

This chapter is partitioned as follows:

e Section 2.1 - Topology Alteration Techniques: Various techniques to change the topology
of a model are examined. There are three fields that are concentrated upon:

—~ Bection 2.1.1 - Volumetric Modelling: An object is modelled using 3D cells called
voxels, resulting in the internals being represented.

— Section 2.1.2 - Implicit Surface: Objects are represented using an implicit function.

- Bection 2.1.4 - Boundary Representation Modelling: An infinitely thing boundary
representing a surface is used to model the object.

s Section 2.2 - Evaluation: Topology alteration techniques are evaluated.

o Section 2.3 - Summary

2.1 Topology Alteration Techniques

2.1.1 Volumetric Modelling

Volumetric structures explicitly represent an object’s volume using 3D cells. Current rendering hard-
ware requires that volumetric objects be converted to polygonal meshes, and this is most commonly
done by using marching cubes [42] or some variant of it. Volumes provide an intuitive means to
represent complex topologies. They are also easy to edit interactively and therefore are appropriate
for model creation. The internal volumetric data structure has many applications, for example,
medical imaging or the representation of diffuse materials such as clouds [17], but is unnecessary



for modelling the appearance of solid objects [2], since the internals seldom need rendering. An in-
finitely thin skin that models the surface of a solid object will suffice (this field of modelling is called
boundary representation). This in conjunction with higher overhead costs compared to boundary
representations is the reason why volumetric data structures are not standard.

Volumetric Sculpting

Influenced by 2D paint programs, volumetric sculpting involves editing a voxmap, analogous to a 2D
bitmap, but composed of voxels [38]. Voxels are the 3D equivalent of pixels. Whereas pixels can be
visualised as a square with equal length and breadth, voxels are a cube with equal length, breadth
and height. Voxels are flagged to represent material or space, with volumetric sculpting providing

an interface with which these flags are altered. Thus material can be created, or removed.

Volumetric sculpting was first introduced by Galyean and Hughes [29]. Voxalised objects are sculpted
using tools which are also Voxalised. Voxels are axis aligned in a static voxmap lattice thus incurring
aliasing problems when an object’s surface lies at strange angles relative to the major axis. Galyean
and Hughes attempt to solve the problem by using a low-pass filter to sample both the tool and the
object. While the modelling technique is free-form, it cannot achieve fine detail due to the relatively
sparse sampling of the voxels. To increase efficiency, the voxalised object is polygonised using an

incremental marching cubes algorithm that is only performed on the modified region.

Wang and Kaufman [59] extend volumetric sculpting to allow several objects in the world space to
be sculpted independently. Each object to be sculpted has its own coordinate system within world
space, with sculpting only affecting the local coordinates of the object.

Ferley et al. [21, 22] eliminate the restrictive use of a static voxmap while still maintaining interac-
tivity. Voxels are composed of eight corners, each corner with a flag that represents whether it is in
material or space. Corners and voxels are stored in balanced binary trees, respectively, with voxels
that are on the boundary between space and material being stored in a separate binary tree. The
user is able to add corners at any moment, thereby providing an unlimited voxmap size. Interactivity
is achieved by rapidly determining the boundary voxels, which is accomplished by examining the
corners that are changed due to tool interactions.

Agarwala [2] generalises the voxel approach by the use of slabs. Like Ferley et al., slabs consist of
eight corners, but differ by having a coordinate system and not being constrained to a cuboid shape.
Therefore the sides need not be parallel. The local coordinate systems of the slab are aligned to the
surfaces they represent, providing an extraction that is not aliased compared to voxels.

Distance Fields

A distance field is a regularly sampled scalar field representing the minirnum distance to an object.
Distance is calculated with any pre-defined metric, and if it is signed, can represent the exterior
and interior of an object (Example 2.1). Distance fields have many applications besides computer



Example 2.1 - Distance Field Of Unit Sphere

Any metric will suffice to calculate distance. The unit sphere described by /2% +y2 = 1 can be
represented by the following distance functions:

e Buclidean Signed Distance: f(z,y) =1 — /z? + 2
o Algebraic Signed Distance: f(z,y) =1~ /22 + 3?
¢ Unsigned Distance: f(z,y) = (1 - (z* + ¢*))?

A regularly sampled distance map for the Euclidean signed distance could be as follows:

Key

e - Sample Value
{x,v) - cartesian coordinate

(‘1 .5,2) ('0»512) (0.5 2) (1 512)
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graphics, such as path planning for robotics [40] and the generation of swept volumes [54].

Gibson [31] proposed sampled distance fields for volume rendering. She proved that while volumetric
models have advantages over surface models when objects have complex topologies, they represent
objects built from intensity based data badly e.g. data from CT scans. Distance fields were shown as
a viable alternative. Surfaces can be easily generated from the level set (zero value) of the distance
field, while surface normals could be reconstructed from the distance field gradient. Distance fields
also allow for the representation of objects with complex topologies.

A variant of the distance field, the adaptively sampled distance field (ADF) [24] was suggested by
Perry and Frisken. A problem with regular distance fields is that dense sampling is required for
areas of high curvature. An object that has local portions of high curvature will have a regularly



Example 2.2 - Producing A Sphere Using An Implicit Surface

The function:

Hov.2) = /(20 — 2)2 + (o — 1)? + (20 — 2)2 = 3

Defines a sphere with radius 3 and center (x4, Yo, %o)

sampled dense distance field imposed upon it, even though dense samplings are redundant for the
portions of low curvature. ADF’s solve this problem by adaptively subdividing the distance field at
high curvature. The result is a distance field that requires less space than traditional distance fields

with good curvature approximation.

Kizamu [52] was created as a virtual sculpting tool to exploit ADFs. Both the object and tools are
embedded in the ADF. Sculpting is implemented by applying CSG operations to the object and
the tool distance fields. There are two types of operations: differencing and additive. Topology
alteration can be achieved by using a tool for differencing with the object for example using a
differencing tool with a sphere to make a donut. It can also be achieved by using an additive tool,

for example, a tool that adds a handle to a mug,

2.1.2 Implicit Surface

Set theoretic operations are the basis of Constructive Solid Geometry (CSG). CSG uses operations
in conjunction with primitives to produce more elaborate shapes [23] including topology alterations

(Example 2.3). CSG Primitives are usually represented by polygonal models.

Implicit surfaces generalise CSG but with primitives being represented by an implicit function and
set theoretic operators defined as part of the function [56). Introduced by Blinn [9] and refined by
Wiyvill et al. [62], implicit surfaces are objects composed of isosurfaces determined from a 3D scalar
field [10]. They are defined by the following equation:

f(P)=c, PeR,ceR (2.1)

P is an arbitrary point in space, and f(P) is the level-set value associated with it, usually propor-
tional to the distance between P and the intended surface. Points in space are in one of three states

according to their implicit value:

e f(P) = 0: P is on the surface.
e £(P) < 0: P is on one side of the surface (nominally the inside)

e f(P) > 0: P is on the other side of the surface.

Level Set Modelling

As the name suggests (see above), level set models are defined as iso-surfaces of an implicit surface.
Museth et al. [48] present level set functions, a speed function applied to the iso-surface that



Example 2.3 - Topology Alteration Using CSG

Assume three primitives: A small fat cylinder, a long thin cylinder, and & thin . The union of these
primitives resuits in a conglomeration of the shapes, but differencing them alters the topology of
the small fat cylinder:

are able to blend, smooth and emboss the surface. It has the benefits of producing smooth non
self intersecting models that can easily have its topology altered {such as surface joining and hole
creation). The volumetric nature of it iraplies an overhead in computation time and memory. But
techinques developed limit computations to a narrow band around the level set of interest [1] making
computational complexity proportional to the surface area of the model. This limits the process to
models that do not have very large surface areas. Also, due to the implicit nature of the surface being
modelled, a volumetric representation becomes necessary. Conversion between this representation
to a B-Rep (Section 2.1.4}is also an overhead.

Constructive Solid Geometry

Constructive Solid Geometry (CSG) uses simple solid shapes (primitives) that can be easily defined
to build more complex shapes using boolean operators [47]. The boolean operators are union,
difference and intersection, and can easily change an objects topology (Example 2.3). The resulting
model is stored in a tree, with leaf nodes being primitives, and branches being boolean operators.

Skeletons

Implicit surfaces based on skeletons [43] are defined by a set of skeletal elements s;(¢ = 1...n) each
with a set of associated field functions f;:

F(P)y =" wifi(d(P,s:))
=1

where d(P, s;) is the distance metric (which is not necessarily a Euclidean metric [58]) from P to s;,
and w; is a weighting coefficient. Skeletons can be any geometric surface; points, lines, curves, etc.
The blending properties of implicit surfaces mean smooth surfaces are created by skeletal interaction.
An object’s topology is altered by skeletal interaction, for example, a hole can be created in a sphere
by intersecting it with a cylinder biased with a negative weight.



Volumetric Implicit Surfaces

Volumetric implicit surfaces are voxalised objects with voxel density values obtained using an implicit
function. This approach combines both the advantages of volumetric representation and implicit
surfaces. Implicit objects are usually polygonised to take advantage of graphics hardware, and this
is generally done using a marching cubes [42] approach.

Hua and Qin [36, 37] use trivariate B-Splines [20, 23] to define an implicit function. The trivariate
B-Spline functions define several hyper-patches in 3D space. Assume there are N B-Spline patches
over a sculpting workspace, each with an arbitrary location and orientation, the implicit function is
defined as follows:

N
F(P) =" s:(Ti(P))
i=1

s is the generic trivariate B-Spline functions with transform T embedding points from 3D (R*) to
the parametric domain of 5. The object represented by the implicit trivariate B-Spline function
is discretised into voxels, each containing a scalar value sampled at a grid point derived from the
implicit function.

2.1.3 Subdivision Modelling

Pioneered by Catmull and Clark [13], subdivision modelling defines a smooth surface or curve as
the limit of successive refinements:

G =lmGi =F(G:), nie Nt

where G is the initial shape, and F is the subdivision transformation. The closer n becomes to
infinity, the more accurate the subdivision surface becomes. F' consists of two distinct phases [60]:

o Splitting: An edge or face is split into two edges or four faces respectively

e Averaging: A new vertex introduced to the model is positioned at a fixed affine combination
of its neighbour’s position.

A classic example of subdivision models are fractals [5]. Subdivision’s popularity is due to its
simplicity and ease of use.

McDonnell and Qin [44, 45] base their sculpting tool on Catmull-Clark subdivision solids. Subdi-
vision solids consist of an initial control lattice that is recursively subdivided, thereby refining the
space encompassed by the lattice. McDonnell and Qin use a modified radial-edge data structure [49]
to represent the solid. This data structure allows one to efficiently determine component neighbours
and simplices. Topology is changed and updated relatively easily due to this data structure. Parts
of the solid can be easily removed to change genus, and resubdivided to produce a smooth model.
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2.1.4 Boundary Representation Modelling

Boundary Representation (B-Rep) models consist of interconnected polygons that form a surface
mesh [23]. The mesh describes an infinitely thin hollow shell (a surface) around the interface of
the object, and, therefore, B-Rep modelling has also been referred to as surface modelling in the
literature [2]. B-Rep modelling is currently the standard means of object representation due to
mainstream graphics hardware being optimised for rasterisation between polygon meshes. It is for
this reason that other modelling representations usually convert to B-Rep. Since surfaces do not
model volume, altering the topology is not trivial.

Surface meshes are not easy to create or edit, with a multitude of modelling packages designed to
this end (such as 3D Studio Max and Maya). These packages are notorious for being difficult to use,
making laser scanning a clay maquette [53, 14, 41] the current industry standard (e.g. for films).

The field of spatial deformation [6, 46, 30] (Section 3.1.1) was developed to provide an intuitive and
powerful means for creating B-Rep models. It essentially repositions points in space, which in turn
warps the mesh. A user would start with an easily defined base mesh (e.g. a sphere) and through
spatial deformation create more complex models. Active research in the field has produced spatial

deformation techniques that are both powerful and easy to use [26].

Higher Dimensional Deformation

It is impossible for objects to undergo a topology alteration with spatial deformation alone (see
Section 3.1.1 for an explanation). But a topology alteration can be attained [12, 4] by extruding the
object into an extra dimension, spatially deforming the extruded object, and extracting a possibly
topologically altered object compared to the original. Topology alteration relies on two things:

¢ Deformation: The type of deformation that is performed on the extruded object.

e Extraction: The place in the extruded dimension chosen to extract the object.

The correct deformation and extraction can be derived from experimentation, therefore it is a viable

and predictable method.

2.2 Evaluation

Since volumetric sculpting represents an object’s internals, hole creation can be easily accomplished.
Additive operations such as creating an arch on a surface can also be performed with ease. But
the discrete nature of voxels make it necessary for a large number of voxels to be present in order
to avoid aliasing. Voxalised objects must also be converted to B-Rep models via a marching cube
scheme in order to exploit current graphics hardware. It would be difficult to achieve interactivity
and a fine level of detail for large objects using a volumetric approach.
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Regularly sampled distance fields also suffer from aliasing: A distance field must be finely sampled
to represent high curvature. Fine sampling is wasted on low curvature, therefore regularly sampled
distance fields have a large overhead in terms of space. This is effectively overcome by adaptively
sampling the distance field resulting in fine sampling for high curvature and sparse sampling for low

curvature.

CSG is limited to constructing complex objects using primitives, resulting in a lack of ‘blobiness’
that is easily produced using implicit surfaces. Complex topology can easily be represented, but
operations to change topology are limited to boolean operations with other CSG objects, therefore
it suffers from the lack of smoothness inherent in all objects built using CSG.

Skeletons produce smooth ‘blobby’ objects due to the properties of implicit surfaces. But it is difficult
to produce sharp edges e.g., a crease in a surface. Topology alteration and the representation of
complex topologies are inherent to this method. A B-Rep model is produced by determining the
level-set of the implicit surface (the zero value of the implicit function) and can be converted to a B-
Rep format by using a voxel based partitioning schemed with marching cubes. This could potentially
degrade interactivity for large data. Skeletal interaction is often non-intuitive, with alteration of the
implicit function’s coefficients leading to unexpected changes [36].

Volumetric implicit surfaces have demonstrated promise, but the method presented in [36] is not
able to produce sharp creases. It is well suited as a means to represent and alter complex topology,
combining the best features of implicit functions and volumetric sculpting. Inevitably, it also has
some of its undesirable features, such as having to convert to a B-Rep format using a marching cubes
like algorithm.

Subdivision surfaces defer the topology alteration problem to the base mesh, where the connection
information must be changed. The more iterations applied to the base-mesh, the smoother the
surface becomes. This may potentially have a negative impact on interactivity. Subdivision surfaces
does not lend itself to the virtual sculpting metaphor of warping a clay-like substance.

Higher dimensional deformation has the added cost of having to extrude an n-dimensional object
to an (n+1)-dimensional object, and then after a deformation, extract it to produce a topology al-
teration. In applications designed to exploit higher dimensional deformation such as animation [4],
interactivity is not necessary. It is also not able to perform object joining unless the object has
been previously split. But the deformation algorithm for 4D can be adapted from code and concepts
produced in [26], and it also has the added advantage that it can be applied directly to B-Rep
models, as well as producing topology alterations that conforms to the properties specified in Chap-
ter 1. Adapting bigher dimensional deformation to be interactive would make this method, apart
from not being able to perform object joining, ideal for topology alteration under virtual sculpting.
Higher dimensional deformation is the chosen method for topology alteration for this dissertation.
Overcoming its pitfalls will be the aim of this dissertation.
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Advantages

Disadvantages

Volumetric Sculpting

¢ Can represent complex
topology.

e Topology can be altered
easily.

¢ Current graphics hardware
not optimised for volumet-

ric representation.

s Incurs aliasing problems.

Level Set Modelling

¢ Uomplex topology alter-
ations are possible.

e Resulting model is smooth.

¢ Model cannot be too big.

¢ Overhead in terms of B-
Rep creation.

Distance Fields

e Complex topology can eas-
ily be represented and al-
tered

o Limited resolution unless
adaptively sampled.

Constructive Solid Geometry

e Topology can easily be
changed.

® Powerful method for object
modelling.

¢ (omplex shapes [imiled to

unions of primitives.

s Topology alterations do
not produce smooth sur-

faces

Skeletons

s Topology can be easily and
smoothly changed by skele-
tal interaction

e Ihmcult to model objects
with sharp changes in con-
tinuity.

Volumetric Tmplicit Surfaces

e lopology can easily be
changed.

¢ Powerful method for object

modelling.

e Suffers from same problem
as implicit surfaces and vol-

umetric sculpting.

Subdivision Modelling

s Topology alteration is O

continuous and smooth.

e Does not lend itselt to vir-
tual sculpting.

Higher Dimensional Deformation

e Conforms to properties of
topology alteration intro-
duced in Chapter 1.

e Works for B-Rep.

¢ Does not lend itself to ob-
ject joining.

e Not interactive.

2.3 Summary

Current topology alteration techniques in the literature have been examined, and evaluated. The
techniques evaluated were volumetric sculpting, distance fields, skeletons, constructive solid geom-
etry, volumetric implicit surfaces, subdivision modelling and higher dimensional deformation. A
motivation for choosing higher dimensional deformation was presented in the conclusion of the eval-

uation section.
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Chapter 3

Foundations

In this chapter, the necessary background information needed to understand the remainder of this
dissertation is established, in particular virtual sculpting, topology alteration and a data structure

that is able to alter an object’s topology, namely the space-time object.

This chapter is partitioned as follows:

o Section 3.1: A detailed introduction to virtual sculpting is presented, highlighting prop-
erties that are essential for all implementations. Details concerning the chosen method for

implementation are then discussed:
— Section 3.1.1: Spatial deformations are given a mathematical formalism, after which
their disadvantages and advantages are discussed.

— Section 3.1.2: A high level explanation of free-form deformation is presented, with a

discussion concerning its strengths and weaknesses.

— Section 3.1.3: An overview of direct manipulations of free-form deformations is ex-
pounded with reasons as to why it is a better option than free-form deformation.

e Section 3.2: Mathematical details of topology in an intuitive setting are given.

e Section 3.3: Aubert and Bechmans' [4] space-time object is presented, with emphasis on its
topology altering abilities. This method is motivated for use under virtual sculpting and, in ad-
dition, each of the three stages comprising a space-time object, namely extrusion, deformation
and extraction are discussed.

-~ Bection 3.3.1: The shortcomings of space-time objects under virtual sculpting are anal-

ysed.

o Section 3.4 - Summary
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3.1 Virtual Sculpting

A common problem in the field of computer graphics is the acquisition of three dimensional (3D)
models. One approach is to triangulate a point cloud acquired by laser scanning a clay maquette
[53, 14, 41]. It is the current industry standard due to its relatively accurate depiction of the input
clay maquette and because it allows the designer to work in a familiar clay medium.

Despite its relative accuracy, laser scanning has many undesirable properties: It is expensive, time
consuming, has limited resolution, produces unnecessarily large data-sets with artefacts [32, 15] and
is unable to digitise occluded or hard-to-reach surfaces. Furthermore, after the artist surrenders the
magquette to the laser scanner, his/her job is done. What appears on the computer may be slightly
different to what was envisaged. Although laser scanning has many disadvantages, it is still the
standard method of 3D model acquisition, a case in point being the special effects industry [16].

Virtual sculpting is a computational modelling technique that emulates traditional sculpting [8]. It
offers several advantages over the costly and cumbersome laser scanning of clay models: models
can be edited without needing to resculpt, the artist controls the entire creation cycle and artifacts
due to laser scanning are eliminated. If virtual sculpting is to resemble traditional sculpting, an

implementation should possess the following:

o Interactivity - In a physical medium, such as clay, changes occur instantaneously. Virtual
sculpting should therefore provide interactive feedback®.

s Flexibility - It should be possible to replicate the full range of shapes possible under conven-
tional sculpting.

e Aesthetics - The final object should appear smooth, exhibiting C; continuity?. Physical
properties such as volume preservation and gravity can be ignored.

¢ Correctness - The model must be geometrically correct and thus should not self-intersect,

since this looks aesthetically unappealing and may cause some renderers to fail.

There are a variety of manners in which virtual sculpting can be implemented [46, 30, 6]. This work
uses virtual sculpting as implemented by Gain [25, 26]. Gain adapts a form of spatial deformation
for virtual sculpting.

3.1.1 Spatial Deformation

Spatial deformations are a collection of non-physical® deformable models that are efficient enough
to be interactive and powerful enough to provide a means for virtual sculpting. In essence, spatial
deformations alter the spatial positions of points in space.

1Generally accepted to be fifteen updates-per-second.
?Existence and continuity of first derivatives.
3Non-physical meaning it is not based upon Newtonian physics
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A spatial deformation is performed by embedding an object from world space into a deformable
space, and then warping the deformable space. The warping effect of the deformable space is carried
through to the embedded object, after which the deformed object is extracted into world space.

The initial embedding from world space object coordinates, X = (z,y, 2), to coordinates of the
deformable space i = (s,t,u), can be described formally as a mapping D : R* —» R*. The dimen-
sion of the deformable space is algorithm specific and thus cannot be assumed. Analogously, the
extracting of an object from the deformable space to world space can be described by the mapping
£:R* — R®. These two mappings are used to define the following equations:

EX)=U (3.1)

DU) =X (3.2)

Equation 3.1 is known as the embedding equation and is used to embed objects into deformation
space. Equation 3.2 is known as the deformation equation, as it maps coordinates from deformation
space to world space. When the mappings D and £ are composed, a mapping F : R® — R* — R®
that maps undeformed world space coordinates to deformed world space coordinates is produced.
This mapping defines spatial deformation:

F(X)=Do&(X)=DU)=X (3.3)

Spatial deformation is therefore a composition of the embedding equation with the deformation

equation. It is vital that these equations be efficient if spatial deformation is to be interactive.

Limitations of spatial deformations
In a virtual sculpting paradigm, spatial deformations have the following limitations:

e Mesh Degradation: This is due to the underlying representation of polygonal meshes (Sec-
tion 1). Meshes use vertices as primitives. Linearly connected vertices are able to model
straight lines perfectly, but are not so suited to modelling curvature. It is necessary that a
large amount of closely spaced vertices be present to approximate high curvature. Spatial
deformation alters the spatial position of vertices, potentially making vertices that were close
together far apart, thereby degrading curvature. This problem can be solved by using an
adaptive refinement scheme, that adaptively inserts vertices as soon as curvature degrades.

e Topological Invariance: It is necessary that the relationships governing the vertices, edges
and faces (i.e. the connectivity information) change in order to alter topology [57]. Spatial
deformations only alter the spatial position of points leaving the connectivity information
constant. Thus it is impossible to alter the topology of an object using spatial deformations
alone.
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Topological invariance is not as straightforward to solve as the mesh degradation problem. This
dissertation addresses this problem.

3.1.2 Free-Form Deformation

Free-form deformation (FFD), introduced by Sederberg and Parry [55), is a spatial deformation
technique able to provide a warping mechanism that resembles traditional sculpting. A deformable
space is set up by arranging points, known as control points, in a regular cuboid lattice structure.
Object vertices are then embedded in the lattice structure, and are evaluated as a weighted sum
of the control points. The deformable space, known as a hyper-patch, is warped by altering the
spatial position of the control points. Warping is carried through to the object vertices that are now
evaluated as a weighted sum of the warped control points. Sedarberg and Parry describe this process
as embedding an object in a maleable substance such as jelly, and then warping this substance to
warp the embedded object (Figure 3.1).

y

y

Fond

X

X

Figure 3.1: The Free-Form Deformation Jelly Metaphor: [Left] An object is embedded in a
maleable jelly like substance from world space coordinates [Right] The jelly substance is warped,
with the warping effect carried through to the embedded object. The object is now in ‘warped’
world space coordinates.

Deformation is performed by altering control points with no input required from the embedded
object. FFD is therefore considered to indirectly warp the object. This poses usability problems
because deformations become less intuitive. Even worse is if a control point that needs altering is
occluded by the embedded object. FFD has the following properties:

e Local Deformation: Imposing a hyper-patch over a small area of the object or by using
using a B-Spline basis allows for deformation over a local portion of the object [20].

o Volume Destruction: In contrast to real sculpting, FFD does not preserve volume. It is
possible to enforce volume preservation [55], but this could possibly reduce cognitive overhead
since object shapes may change more drastically than intended under deformation.
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o Interactivity: FFD ig efficient enough to be interactive; one of the required properties of
virtual sculpting and topology alteration.

3.1.3 Direct Manipulation Of Free-Form Deformation

Direct manipulation of free-form deformation [35] attempts to solve the usability issues of FFD by
allowing the user to specify deformations directly on the object. Given a FFD deformable space,
DMFFD functions by calculating the spatial reconfiguration of lattice control points to comply with
a user specified warping of the object. After which, the FFD is process is used to warp the object.
Since the user is not required to alter the lattice, control points are hidden. The heart of the DMFFD
algorithm is calculating a pseudo inverse for a matrix of B-Spline basis weights evaluated for each
control point (see Section 5.1.2 for a detailed explanation). This is inefficient and has potential to

violate the interactive property needed for virtual sculpting.

3.1.4 Virtual Sculpting As Implemented By Gain

This dissertation uses DMFFD as improved and implemented by Gain [26, 25] as a means for virtual
sculpting. Gain has enhanced DMFFD for virtual sculpting fixing many of the problems inherent
to spatial deformations, FFD and DMFFD. The following features were implemented:

e Adaptive Refinement And Decimation: An efficient refinement scheme that adds extra
vertices to areas of curvature that get degraded under deformation was implemented. Alterna-
tively, a decimation scheme that removes vertices when curvature sampling is deemed to fine

was also implemented [27].

s Efficient Pseudo-Inverse Calculation: DMFFD pseudo-inverse calculation was improved
beyond the method presented by Hsu et al [35]. Improvements allow interactive calculation of
the pseudo-inverse [25].

e Efficient Self-Intersection Test: A sufficient self intersection test that is efficient was
developed. A necessary self intersection test was also developed, but due to its inefficiencies,
it degrades interactivity [28]

All the above features do not degrade the interactivity requirement of virtual sculpting unduly.

3.2 Topology

The topology of an object is one of many factors that determines the relationship between an objects
vertices, edges and faces?® (i.e. the connectivity of the object). In 1750, Euler [3] produced his famous

4Q0ther factors being curvature, planarity etc.
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formula for the geometry of a simply connected (genus 0) polyhedra:
v—ed f=2 (3.4)

This relates the number of vertices (v), edges (e¢) and faces (f) in a polyhedron. In 1813, the
mathematician Lhililier observed that for solids with holes, this connectivity formula did not hold.

Instead, a polyhedral solid, with n holes abeyed the following formula:
vee+ f=2-2n (3.5)

The number of holes in an object determines its genus: An object of genus n has n holes. Equa-
tion 3.5 is a direct consequence of an object’s topology: Objects with different topologies must
necessarily have different connectivity pertaining to their geometry. Objects with identical topology
can have matching connectivity.

3.2.1 An Intuitive Description Of Topology

A Topology defines a relation between two spaces which are the same if a homeomorphic function®
exists between the two spaces. In determining if two spaces differ topologically, it is not possible to
test the infinite number of mappings between them and conclude that none of them are homeomor-
phic. Instead, mathematicians prove spaces are topologically distinct by determining a relationship
pertaining to one of the space’s topology that does not hold for the other space. These relationships
are called topological invariants, and as the name implies, they are constant for spaces with the
same topology. For spaces consisting of polyhedra with genus 0, Euler’s equation {(equation 3.4) is
a topological invariant. Analogously, Lhiilier’s equation {equation 3.5) is a topological invariant for
spaces consisting of polyhedra with holes. Thus these two spaces are not of the same topology.

Section 1 details topology alterations that are important under virtual sculpting.
The Donut And The Tea Cup: An Intuitive Test To Determine Topological Equivalence

There is a common mathematical joke that says a topologist cannot tell the difference between a
donut and a tea cup. The reason is that a donut is topologically equivalent to a tea cup. This can
be intuitively shown by the fact that a donut can be spatially deformed into a teacup without a
connectivity change. An intuitive test as to whether one object is topologically equivalent to another
is if the object can be warped into the other.

3.2.2 Simplicial Complex Objects
A simplicial complex K is a collection of simplices in R such that [34]:

1. Every element of a simplex K is itself a simplex in K

5 A function that is injective, surjective, continuous and has a continuous inverse.
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2. The intersection of any two simplices in X is a face of each of them.

The first of the above points implies that simplices used to build an object are simplicial complexes
themselves. The second point implies that the intersection of faces will be a simplex in X. An
N-Simplex is a simplex that conforms to the two above points in dimension N (See Figure 4.3).

3.2.3 Manifold Objects

A manifold X of a point x € R™ is a set X of points that contains an open ball of radius ¢ > 0,
¢ € R® centered at . A manifold object has a manifold set X for every point contained in it.

>

Figure 3.2: 2-Manifold And Non 2-Manifold Objects:[Left and Middle] A 2-Manifold object:
for every point, an open ball in R? exists [Right] A non 2-Manifold object: There exists at least one
point that does not have an open ball neighbourhood that exists in R?.

A 2-Manifold object has every point with a manifold whose open ball is in R? - a disc. Polygon meshes
that are 2-Manifold are ‘well behaved’ with no more than two faces sharing an edge (Figure 3.2.3).

Features such as texturing and neighbour calculation rely upon these restrictions, therefore 3D
polygon meshes that are 2-Manifold (hence manifold) and simplicial complexes are used in this
dissertation, and likewise, all objects produced are also 2-Manifold and simplicial complexes.

3.3 Space-Time Objects

Aubert and Bechman [4] proposed using a time extruded object in conjunction with spatial deforma-
tion for the purposes of animation. A time extruded object, called a space-time object, is an object
that has been extruded into an extra dimension representing time. Therefore a 2D object produces
a 3D space-time object, and a 3D object produces a 4D space-time object (Example 3.1). Extruding
a n-dimensional object to a n + 1-dimensional objects allows the extra dimension to represent time,
with cross-sections representing the spatial position of the n-dimensional object at that time.

Assuming a space-time object has been linearly extruded and left undeformed, the original non-
extruded object can be extracted from it by intersecting it with a hyper-plane.®

It is impossible for spatial deformation to alter the space-time object’s topology, but after deforma-
tion, this assertion does not necessarily hold for the object extracted via hyper-plane intersection.

8 A hyper-plane can be considered a generalisation of a plane existing in one dimension less than the current space.
Therefore a hyper-plane in 3D space is a 2D plane and a hyper-plane in a 4D space is a 3D volume.
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Figure 3.3: Topology Alteration Of A Circle: A circle is extruded into a cylinder after which it
is deformed. Depending on the extraction, a separation will pertain to the circle.

Example 3.1 - A Three Dimensional Space-Time Object

A 3D space-time object is a two-dimensional (2D) object that has been extruded in 3D with the
third dimension representing time. Assuming the 2D object was a disc, then the 3D extruded object
would be a cylinder. If the disc was moving with a constant velocity, the cylinder would be slanted
with a constant gradient towsrds its movement.

Thus a space-time object can be deformed in such a way that a topologically altered non-extruded
object can be extracted from it.

A powerful spatial deformation tool called Deformation of Geometric Model Editor (DOGME) [11, 7]
was developed with the ability to deforme space-time objects. DOGME in conjunction with space-
time objects was aimed at producing a novel means for animation: A 3D object is extruded into
4D, with each instance of the fourth dimension representing the objects position during that time.
Deformations made to the space-time object produce ‘special effects’ on the extracted object. This

process is performed in three stages:

s Extrusion: A 3D object is extruded to produce a 4D space-time object.
¢ Deformation: The 4D object is deformed using a spatial deformation.

¢ Extraction: A 3D object is extracted from the 4D space-time object.

Each of the three stages will now be explained according to the implementation of 4D animation [4]:

Extrusion

Space-time objects are limited to manifolds’ in order to make concrete the adjacency relations
between vertices, edges and faces. Only vertices from the original model are embedded, with each
vertex given by four components - (z,¥, 2,t) - where ¢ is the time (fourth) dimension. Embedded
faces and edges and their connectivity are deduced via linear interpolation of the embedded vertices.

"This is not a big limitation since most models available are already manifold.
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Extrusions are not necessarily constant due to the fact that movement is modelled through time
(Example 3.1).

Deformation

Deformation is performed using DOGME, a powerful general form of direct spatial deformation
which allows a generalised mapping to and from multiple dimensions. Extrusion functions can be
‘plugged’ into DOGME in order to accormplish this mapping.

Extraction
The extraction algorithm is a three stage process:

¢ Edge/Hyper-Plane Intersection: Edges of the space-time object are intersected with the
hyper-plane. This step provides an extracted point set.

e Extracted Edge Creation: Edges are created by connecting two vertices resulting from the
intersection of the hyper-plane with a face of the space-time object.

e Connectivity Information: Connectivity information for the extracted object is deduced

from the connectivity information of the space-time object.

Dogme’s power is the ability to be abstract in terms of deformation. Since the deformation function
and its dimension of operation is not specific, it is difficult to optimise it for topology alteration
specifically. An interesting thing to watch out for is the development of deformation functions for
DOGME specifically targeted to topology alteration. The method of Toplogy alteration used in this
disseration ‘copies’ DOGME in extruded to a higher dimension to achieve topology change. But
deformation is adapted specifically for topology alteration by using a form of Free-Form Deformation

that is adapted for four dimensions.

3.3.1 An Analysis Of Space-Time Objects For Virtual Sculpting

For this method to be viable, it must conform to the requirements of topology alteration (Sec-
tion 1.1.2) and virtual sculpting (Section 3.1). The following issues conflict:

e Interactivity: It is not vital that animation be performed in interactive time. It can instead
be completed as a pre-process, and therefore space-time objects do not necessarily guarantee

interactive rates.

e Validity: The validity of the model is compromised by the face structures in the space-time
objects. The faces have the ability to become non-convex under deformation, and therefore
produce ambiguous extractions (see Chapter 6 for more details).
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This dissertation aims to address the above issues to make space-time objects viable under virtual
sculpting.

The space-time object will provide topology alterations that are aesthetically pleasing in terms of
continuity. It is for this reason that it has been chosen as the basis for topology alteration.

3.4 Summary

A detailed introduction to virtual sculpting was presented, with an explanation of spatial deforma-
tions - specifically, free-form deformation and direct manipulations of free-form deformations - as the
means whereby virtual sculpting is implemented in this dissertation. Analysis of the shortcomings
of spatial deformations (including both FFD and DMFFD), specifically shortcomings for topology
alteration, was presented. An intuitive foundation into the mathematical field of topology was given,
with emphasis on what a topology alteration with respect to a computerised model implies. The
definition and advantages of a manifold model was explained using the notions of topology. A means
of breaking the topology of an object by using a space-time object in conjunction with spatial de-
formation was introduced, along with reasons for and against using it for virtual sculpting in its
current form.
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Chapter 4

Extrusion

The extrusion process is discussed in this chapter. Extrusion is the first stage in the topology
alteration process. Unlike [4], connection information is built into the extruded model. This is vital
for an unambiguous extraction scheme {Chapter 6). The extrusion process is performed as part of
the 3D model loading process. The user expects to wait a certain amount of time whilst the model
loads, and it is during this time that the model is extruded. After an extraction, the object has to
be extruded again. This can be performed in a thread whilst the user is examining the topology
change. Extrusion therefore does not have to be interactive but must be made as fast as possible so

as not to degrade the interactivity of the process as a whole.

The chapter is partitioned as follows:

¢ Section 4.1 - The Extrusion Process: A high-level overview of the extrusion process is
presented, followed by an indepth explanation of each of its components:

¢ Section 4.2 - Optimisations: Optimisations are presented to improve extrusion performance
time. These include:

—~ Section 4.2.1 - Structural Decisions To Decrease Memory Usage: A 4D structure
is much larger than its 3D counterpart. Decisions taken to decrease this structure are

presented.

— Section 4.2.2 - Vertex Embedding Coherence: Vertices are embedded with a linear

coherence. Exploiting this coherence considerably improves extrusion time.

— Section 4.2.3 - Generslisation Of Structure: The 4D structure can be generalised,
so that only the first layer need be built, after which, all other layers can be extrapolated.

s Section 4.3 - Summary.
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4.1 The Extrusion Process

The extrusion process produces a manifold 4D object from a 3D model. The 3D model is assumed
to be a manifold triangle mesh containing only vertex and face information. A High-level overview

of the process follows:

1. 3D Neighbour Creation: Neighbour information is determined for the 3D model as a once
off pre-process (Section 4.1.1).

2. 4D Point Set Creation: Vertices from the 3D model are embedded in 4D within levels.
Each level consists of all the vertices in the 3D model with a 4D offset unique to the level
(Section 4.1.2).

3. Connection Information: The 4D point set is given connection information in the form of
4D prisms {Section 4.1.3).

4. Subdividing Prisms Into Tetrahedra - Prisms are subdivided into ietrahedra to yield
planar and convex faces (Section 4.1.4).

5. Edge Information - Ordered edge information is produced for use in the extraction process
{Section 4.1.5).

4.1.1 3D Neighbour Creation

Neighbour information for the 3D model is created as a once off pre-process. In order to conserve
space and increase efficiency, neighbour information is not created for the 4D model. Neighbour
traversal in 4D therefore relies upon neighbour information in the 3D model. 3D neighbour calcu-
lation is performed as follows:

¢ Vertex Ordering: The three vertex indices for each face are numerically ordered in ascending
order. Assume these ordered indices are vy, v1 and vs.

o Edge Creation: Three ordered edges, that reference the face they originate from are created

from the ordered vertices. They are: eg = {vg,v1), €1 = {vg,v2) and e3 = (v, v2).

¢ Edge Sorting: The edge storage structure is sorted by imposing a lexical ordering on it. The
ordering is as follows:

e1 = (vg,11) < ez = (vg,v3) => {wg < vq) or (Vg = v2 and v; < v3)

o Neighbour Creation: Adjacent entries in the storage structure are examined. If they are
identical, the faces they reference are neighbours.

The above algorithm stores neighbour information in an implicitly ordered fashion: For a particular
face, the first item in the face neighbour structure (face neighbour 1) will correspond to the face’s
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least edge with respect to the lexical ordering, the second item (face neighbour 2) the second least
edge and the third item (face neighbour 3) the largest edge index (Example 4.1). This fact is
exploited for extraction optimisation.

The data structure for 3D objects consists of vertices and triangle connectivity information. Each
triangle has three references to its three triangle edge neighbours that are built using the above

procedure.

4.1.2 4D Point Set Creation

Each Vertex {z,y, ) from the 3D model is embedded in 4D by appending an additional component
to it {z,y,z,t). This is an iterative process; each iteration embedding all the vertices of the 3D
model with a different 4D offset.

The number of iterations defines the number of levels, whilst the 4D offset defines the distance
between levels. There is a fine balance between these two variables: Small offset values produce
unnecessarily elaborate objects, whilst big values produce sparse objects. Conversely, a small number
of levels produces a sparse object, whilst a large number of levels produces too intricate an object.
Experimentation is needed to choose the correct number of levels and the distance between them.
A sparse object results in extractions that may sample curvature poorly after deformation, whilst a
too detailed object will produce objects with unnecessary density. For efficiency sake, it is desirable
to produce the least number of levels possible, by decreasing the number of iterations. A refinement
scheme may be necessary to ensure extractions do not degrade curvature (Chapter 8).

4.1.3 Creating Connection Information

Figure 4.1: Creating 4D Prisms From 3D Triangles: Vertices of triangle faces in the 3D model
are mapped to their counterpart in a 4D level. 4D vertices are then mapped to their equivalent in

the next level thus producing a prism with 4D vertices.

Triangles are a popular choice for the connection information of a 3D mesh for the following reasons: !

1We assume non-degenerate triangles.
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Example 4.1 - Calculating neighbour information

Assume the following 2D model, neighbours for face Fp are to be calculated:

0

The following edges are created from the faces and inserted into the edge array (edge (z,y)p,
denotes an edge comprised of vertex indices z and y derived from face F,):

o Fo: (3,4)rg, (3,5)Fy., (4,5)py

8 Fi: (0,3)r,, (0,4)ry, (3,4)my

e Fg: (1,8)p,, (1,8)r,, (3,8)m,

e Fy: (2,4)ry, (2,5)ry, (4,5)ry
Edges are sorted in the array and are as follows:
E={(0,3)r, (0, 8)py, (1,3 ry, (1,B) g (2, 4 g, (2. B) g, (3, ) ;s (3. 4) iy (8. B) 1 (3, B)
(4,5) g (4,8} g}
Edges that are identical are as follows:
{(3,4)r, (3:4)ry1(3,8) ro, (3,6) ;g (4,8) o (4,8) s }
Therefore Face Fy will have the following neighbours:

¢ Face Neighbour 1. F; with edge (3,4)

o Face Neighbour 3: F; with edge (3,5)

e Face Nelghbour 3: Fy with edge (4,5)

Note: The ordering of neighbours correspond to the ordering of edges.
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o Convexity: A triangle is the simplest polytope in 2D (it is a 2D simplex) and is thus convex
[3].
e Planarity: A plane is defined by three non-collinear vertices, therefore a triangle is co-planar

to the plane that its vertices define (i.e. it can only exist in one plane).

s Tessellation: A surface can be comprised of a collection of triangles which fit together without

overlapping or leaving gaps [61].

This dissertation assumes 3D models to have triangular connectivity. Extrusion must produce a 4D

object with connectivity information equivalent to its 3D counterpart.

L

R

Figure 4.2: Components Of A Prism [Left] The 5 components of a prism: Three quads and two

triangles [Right] A prism, with nine edges and six vertices.

4D Connection information is derived from the 3D model’s triangle connectivity. Vertices that
comprise a triangle are mapped to their 4D equivalent in a particular level. These are then connected
to their counterparts in the next level, thus producing a prism with 4D vertices (Figure 4.1). A prism
consists of three quads and two triangle faces (Figure 4.2) with nine edges and six vertices. The
three edges linking the triangle faces will be referred to as vertical edges in this text.

O-simplex = point @, 1-simplex = edge (line)
Vs

2-simplex = triangle 3-simplex = tetrahedron

Figure 4.3: Simplex Sets For The First Four Dimension: Each n-simplex is the minimal convex

set that can exist in n-dimensions.

A prism is not a simplex and therefore not necessarily convex or planar in 4D. Figure 4.4 demon-
strates how the quad of a 4D prism can become non-convex under deformation, thus making the
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entire prism non-convex. A 3-simplex is the tetrahedron (see Figure 4.3) and is suited to represent-
ing a 3D surface in 4D because it has the same properties as a triangle (convexity, planarity and
tessellation). This is vital for an unambiguous extraction (see Chapter 6).

Figure 4.4: Non-convex (Juad After Deformation: A quad has the potential of becoming non-
convex under deformation, thereby making a prism that incorporates it non-convex. [Left] A convex
quad before deformation [Right] The resulting deformation which is a non-convex quad.

4.1.4 Subdividing Prisms into Tetrahedra

A simple polyhedron is topologically equivalent? to a sphere, thus having polygon faces that are
topologically equivalent to a disk [3]. It is well known that simple polyhedra (such as prisms) can
be efficiently triangulated® without needing to add extra vertices (Steiner vertices) [50]. Tetrahe-
dronalisation? is more difficult as Schoeiihardt demonstrated using a prism (Figure 4.6) [19].

Tetrahedronalising a simple polyhedron is accomplished by connecting all vertices via line seg-
ments [50]. For a prism, this amounts to splitting the quads diagonally into triangles. The three
quads per prism can each be split in two ways (Figure 4.5) resulting in eight tetrahedral subdivision
schemes.® Of these eight schemes, six will subdivide into three tetrahedra (Figure 4.15),while the
remaining two will subdivide into four tetrahedra. The two cases that subdivide into four tetrahedra
require a Steiner vertex, and are the examples that Schofihardt demonstrates. These prisms have
therefore been given the name Schoiihardt polyhedra and occur when the quads are split with diag-
onals that do not share a vertex [19] (Figure 4.6). Tetrahedronilsation of a mesh of prisms should
produce the following:

e Simplicial Complex - The resultant 4D connection information must be a simplicial complex

2See Section 3.2.1 for an intuitive explanation into topological equivalence.

3Triangulating a polyhedron implies tessellating the polyhedron with triangles.

4Tetrahedronalisation implies tessellating a polyhedron with tetrahedra.

5There are two methods of splitting a quad into triangles, and there are three quads per prism. Thus there are
2% == 8 ways to tetrahedronalise a prism.
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(Section 3.2.2).

e Minimal - Tetrahedral subdivision must result in the least number of tetrahedra, and the
need to add a Steiner vertex must be avoided.

Figure 4.5: Decomposition of Quadrilaterals into Triangles: The two ways in which a quadri-

lateral can be split into a triangle via a diagonal.

The simplicial complex property ensures that the extracted model will be a simplicial complex whilst
the minimal property is crucial for ensuring efficiency and memory conservation.

To ensure the minimal property, prism tetrahedronalisation is restricted to three tetrahedra, and
throughout this dissertation, prisms will be interchangeably referred to as tetrahedra in clumps of
three. The number of tetrahedra in a level can thus be determined by multiplying number of faces
in the 3D model by three. Tetrahedra emanating from a prism share vertices, edges and faces which
are stored adjacently. Determining the index of a tetrahedra makes it trivial to determine the index
of its two adjacent neighbours (Section 4.1.3).

Figure 4.6: Schoiihardt Polyhedra: Prisms whose diagonal quad face splits do not share a common

vertex.
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Minimal Manifold Tetrahedronalisation

The minimal manifold tetrahedronalisation scheme used in this dissertation requires vertices to have
a unique identifier with a less-than relationship imposed. ® Prism quads are split by diagonals
that emanate from the least verter identifier [18] in the quad. This scheme ensures a minimal and
simplicial complex object:

e Minimal: Schofihardt polyhedra are avoided because two diagonals will always share a vertex.
The least index of the entire prism will be the least index of two quads that contain the vertex
(Figure 4.7).

e Simplicial Complex: Quad faces that are shared by independent prisms must be diagonally
split in a consistent manner. Let vp be the least index of a quad face @ of prism Pj. Assume
{J is also shared by prism Pj, thus vy is also shared by prism Py, and is therefore also the least
vertex index of @ in Fy.

Smallest Vertex Index

Figure 4.7: Quad Split From The Least Vertex Identifier: Prism quads are split using diagonals
emanating from the least vertex identifier in the quad. Two quads will share the least vertex identifier

of the whole prism, and therefore will contain diagonals emanating from the same identifier

SThis dissertation uses vertex indices; unsigned integers that have a pre-defined less-than relationship (<).
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Figure 4.8; Pri=sm Rotation For Abstraction: The stz cases due to treating each one of the six
vertices as the least vertex. Each vertex has an abstracted representation in brackets (Vy — Vil
assigned to vertices (1] — Vg) according to fahble 4.1,

Adopting a level of abstraction makes tetrahedronilastion simpler to deseribe.  The ahstraction
expresses the prism in a canooical form by wsiog six vertives Vi, Ve, Vi, Vi, Vi, Vi with 1,
always represcnting the least vertex. The other verticss are given values that reflect the rotation of
the prism resultiog from assipniog Vi to the least index (Figure 4.8). Table 4.1 is 4 look-up table
used to assign vertex values that reflect the rotation, Expressing quads using four vertices, Vy, will
he the least ndex for the guads (17, Vi, Vi, V) and (V5 Vi, Vi, Vi), All that remains is to
aplit the third quad (17, V5. V5, Vi), The potential diagonals are (Vg Vi) and (¥, V5, ), with
the diagonal containing the least index being chosen, The following tetrahedra witl resmlt:

e (Vi Vi) < (Vi Vi )i
— (Vr Vi, Vi V)
— V5 Vi Vi Vi)
— (Vr, Vi, Vi Vo)
o (Vi Vi ) € VR g
— (Vs Vi Via Vi)
= Wi Wrea Mo Vi
= (Vi Vi Vi, Ve
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|Smallest Vertex !| Vo Vi, Vi, Vi, Vi, V.[u]
}

Vi o e Ve WV, W
Va R R R S S ¢
! Vs ST R O (A A
| Va Vi % W W W W
1 Vi o Va Ve W W VW
Va a WV WOV Wl W

Table 4.1: Prism Vertex Abstraction: Columos represent an abstraction of vertices assuming
that Vr, always represents the smallest vertex. This Lable reflects the vahies of these abstractions
assuming the prism is totated for V5, to be assigned the least vertex index (Figure 4.8).

Although thete are six tetrahedronslisation schemes {Figure 4.15). there are anly two unique schemes
(first two rows of Figure 4.15) as shown by the abstraction. The other fout are rotations of these
lwo cases. The two unigue cases differ in the diagonal chosen for the quad that does not contain
the smallest vertex. This can be seen in the abstraction scheme, whers tetrahedronalisation relies
on what diagonal is chosen [or this quad. To distinguish how a priem was tetrahedronalised, it will
be calegorized as either (Vr,, Vi, J-smaller or (V5 , Vi, )-smaller.

Meiphboury Traversal

Memaory is conserved by not storing peighbour information for the 4D model. Traversal of 4D
neighhours is therefore dependant upon the neighbour information of the 3D model. A tetrahedron
face in the 4D model will share edges with nine other faces per level - the three tetrahedra praduced
[rom the three prisms that neighbour the ptism where the tetrabedron was derived.

The triangle used to conslruct the prism whets the current tetrabedron was derived is determined
by taking the modulus of the index of the current tetrahedron by three (integer division - defined
for this section by E).

Neighbouting tetrahedra are determined by multiplying neighbour informarion vettieved from the
30 model by three and then adding a constant. This i achieved due to embedding coherence (Sec-
ticn 4.2.2). The nalculated reference represents tha Brst tetrahedron detived from the neishbouring
prism, with the adjzeent two references being the other two neighbouring tetrabiedrs. Neighbouring
41} prisms therelore differ by a factor of theee compared to neighbouring 3D triangles. Assume #n is
the munber of tetrahedra in a level, A denotes the cuvrent level and p the current fetrabedra index,
the neighlowing teirahedra reference is calenlated as follows:

Niz) = (B{p).getindexO f Neighbour{z)) x 3+ x4 =z € {0,1,2} (4.1}

Example 4.2 is an in depth example of 4D aeighbour calenlation.
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Example 4.2 - Determining Tetrahedral Neighhonrs

Aseuming we have the tollowing 20 madel that will be cxtruded:

This example shall letermine Lhe Letraledral oeighbonrs of the tetrabedrs that ere derived from
the prism produced by face 2. Each 1tlangle face will reprezanc one pristn per level of tha 40 model.
Each prism is syhdivided ety theee Letzaliedra Therefore the number of tetrehedra per laval (7} is
the number of toimngle fuces multiplied by thees:

n=3xd4=12
If the lndex of the current tetrahedron is 7, then the original teiangla face will ba 7)) = 2,
Fare 2 hisg Eaces 1, B and 3 {in Lhal order] az face neighbours. Therefore the nine neighliours per

lewe! sro s follows:

a A=10

Meighboor 1: Ml =1=340x12=3
B
v 4
& 0
Meighbour 2: MO =0x340bx 12=0
i 0
+ 1
L]
MNeighhour 3: N{3l=3 w3 +0nli=9
- * R
+* 10
# 11

a A= g7

Meighbour 1 N{1l=1 =242 2 12 =3+ 12z
M & 3 4 12r
L w d 4+ 1¥c
| ® 54 L
Meighbour 2: N(1) =034+« 1t =04 122
— w 04 1%
= | + i3z
= 3 4+ i%p
MNoighbour 3 N3] =828 +ox 12 =04 1%
- = B 4+ ilx
= lF= 1%r
+ |1 =12z




1.1.5 Edge Information

Edge information is stored in the 4D faces using au array structure” for efficient random access. Edge
information is vital to the extraction process: Edges are used as inpul Lo the hyper-plane intersection
algorithm (See A.1Y, the heart of the extraction process. FEdge information must comprise the

following:

o Ordering: Edge ordering 1= necessary for the production of exiracted triangles with correct

windings.

» Consistency: Two different tetruhedra that share an edge must shave a reference to that
edre,

» Efficiency: The calculation of edge nformation must be efficient so ax to comply with the
snteractivity requirement of virtual seulpting,

Edges are arranged in o specific order to enable consistent retrieval across all tetrahedra. Edge
ordering depends upon whether a prism is {Vi, Vi, J-smaller og (Vi Vi, )-smaller and is asaigned
according 1o Figure 4.10,

Edges agsigned to a tetrahedron must be checked against neighbouring tetrahedra alveady defined.
I no neighbouring tetrahedra have a reference to the edge, it 15 created, with a reference being
assgned. Otherwise, the refersnce is retrieved from the neighbouring tetrahedron.

Retrieval of edge information from neighbours requires that the following be caleulated:

s Neighbour Identification: Retrieval of all neighbouring tetrabedra using Equation 4.1

* Orientation: The orentation of the neighbouring prism must be determined so a3 to know
which of the three neighbouring tetrahedra to examine.

s Classification: The prism’s classification of (V3,, Vi, J-smaller or (V. V), J-smaller st
he determined,

Orientation 1 ascertained by ordering the vertex indices of the neighbouring prisms and determining
if the least vertex index of the neizhbouring prism is shared by the current prism (Figure 4.9). It is
accomplished by testing the least index from the shared edzes of the constituent triangles (Figure 4.2)
of the current prism againat the ordered vertices of the conatituent triatyples of the prism peighbours,
Thig is refiant upon 3D neighbour inforiuation pertaining to the triangle that produced the current
prism, Triangle nelghbours one and two (Section 4,1.1) will share edges that are made up from the
least vertex index of the triaugle. Due to coherence (Section 4.2.2%, prism neighbours one and two
will also share edges that contain the least vertex index of the prism. Therefore Lhe least vertex of
the eurrent prism iz tested to determine if it is the least vertex of pristn peighbours one and two.

TWe nsed the STL vecror for onr implementation,
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Figure 4.9: Orientation By Determining Least Vertex Index Of Neighbouring Prism:
Neighbonrs 1 and 2 will share edges that contain the smallest vertex index - vertex index 0 - of
the current prism due to 3D neighbour generation (Section 4.1.1). To determine the orentation
of neighbours 1 and 2, the unknown vertices must be tested to determine if they are smaller than
veriex index 0. To determine the orientation of neighbour 3, the unknown vertex must be tested
against the lesst vertex index of the shared edge, namely vertex index 1,

Prizm neighbour three will share an edge whose least vertex must be determined. It is determined
by the prism’s classification of (V7,,173, J-smaller or (Vg , V7, J-smnaller since i denotes the smallest
vertex of the third edge shared by the thind neighbour (Section 4.1.1). The least vertex index s
then tested to determine whether il is the least verlex index of the third prism neighbouwr, There

are twelve orientations, illustrated in Figure 4.14,

| et

3ot

w1

e e

t3ed

Fignre 1.10: Edge Ordering: The two umque coses considered for edge ondering. Row 116 we-
smaller while row 2 18 re-smaller, Nolation: {xey means tetrabedron ¢ edge index #, where
rcfl.2,3} and y € {1,2,3,4,5,6}.
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The edge creationfassignment alporithm is split into two sections:

1. The creation/assignment of vertical edges of undeformed tetrahedra

2. The creation/assignment of non-vertical edges.

This subdivision makes vertical edge creation/assignment much easier than non-vertical edges he-
cause the latter i3 performed at a diffevent stage; namely the vertex embedding stage, where edge
cunsisténcy is not important. NOTE: In the following sections, edges will he assigned fereated ac-
cording to Figure 4,10,

g
\ /ﬂ L
£ futy
e -

¥ -—— Edges

r
%

Edge 1

L Ezqei ‘1

Figure 4.11: Vertical Edge Reference Assignment: References for vertical edges ave identical
to the vertices in the Jower lapers that comprise themn.

Creation/ Assignment of Vertical Edges

During the vertex embedding stage, there is no connectivity structure in place therefore aszigninent
does not need to take edge consisiency imto account, Vertical edpes result from vertices in one layer
being connected to their counterpart one layer higher (Figure 4.11). These edges are created and
assigned references that are identical to the vertices in the base of the prism thus ensuring unigue
teferences. Assipnment of vertical edges to the prism is trivial since edge references (or edge indices
in this case] are determined by examimng vertex indices in the lower layer [Figure 4.11).

Vertical edges are aszigned as follows {according to Figure 4.11)%:

o {(Vi, Vi, )-smaller: fieq(i,05) = vy, faea(ve, va) = v and taeufvn, va) = 0

o (V. Vi J-smaller: f1en{tta, i) = wa, faeg(n,in) = vy and tgegfvg, va) = v

Moatation: tze, neans tetrahedron # edge index o, where © € {1,2,3) and ¢ € {1.2,3,4,5,6].
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Creation/ Assignment of Non-Vertical Edges
Caleulation of non-vertical edges [all into two categories:

» Edges Already Created: Edges that heve already created by neighbouring tetrahedra, and
thus must not be recreated so as to be consistent.

¢ Edges Yet To Be Created: Edges that have not been crcated by any totrabedra.

Creating/assipning new edpes to tetrabedra is relatively simple. Edges are created and assigned
referemces values cortosponding to the nesxt free position (nfp) in the storage structure;

« (Viy, Vi, )-smaller
ties (v, ) = nfp bexlve, m) = nfp, fiealvp, va) = nfp, frealvn, o) = nfp, tieplva, tg) = nfp
tae (g, ¥s) = nfp, tgeslin, vz) = te, foeg{mn, vs) = f1eq, teeg(us, va) = nfp, taeelus, ve) = tieg
tae1 Vs, v5) = nfp, taealts, va) = taes, taes(ve, vs) = nfp, faes(vy, s} = dz61, faeqlvr, ve) = t1€g

s (Vi,, ¥, J-smaller
trex(an, ve) = nfp, hes(on, va) = nfp, tresl{vy, 3] = nfp, treg{o,vs) = nfp, tieglva, vs) =nfp
toey (vy,v5) = tyeq, taca(va, us) = L165, f2ealmy, vz) = tre3,faea{uy, t) = nfp, tees(ts, ve) =nfp

tyer(vs, vs) = nfp, faealvs, vg) = taes, tyes(vy, te) = nfp, taes(ty, vg) = taes, taep(v1,ve) =184

Assigning edge information to tetrabhedra where the cdges bave aleeady hoen created by a neighbour
impliea retrieving the cdge refercnee from the neighboure, There are twelve cases to consider, each
case dependont upon the prism neighbowe’s orientation. Note: The following notation is used
to to degeribe each caser FNXY — e, means Face Neighbour X tetrahedvon Yo owith edge e,
where X is one of the throo face neiphbour prisms, and Y is one of the three tetrahedra that the
posm will subdivided into (X,Y € {1,2,3}) and cdge e. 1s one of the size edges in a tetrahedron
{z € {1,2,3,4,5,6}). Cases one and three of the twelve cases according to Figure 4.14 will be
detailed hore {ses Appendix C for all twelve cases). See Figure 412 fon a pictorial representation:

s Case 1: Neighbonr 1 has alrcady produced edge information,
Orientation: o < vy and »q i9 the smallest vertex index in Neighbour 1
trey = FN11 —ea, tae; = FN1.2 — ey, 3e) = FNLI — a3, baey = D181, faep = bagy

s Case 3; Neighbour 1 has already produced edge information,
Orientotion: ty < t4 and o) i5 sot the smallest vortex index in Neighbour 1
tier = FW1.1 —eo, tuey = FN1.2 —eq, tye; = FN1.3 = e, Ize; = ey, taes = e

4.2 Optimisations

Efficiencies in the extrusion process aim to make extrusion as fast as possible. Extrusion is a pre-
process and procecds when the wser loads & 3D model, It s not designed to be interactive, with the
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Figure 4.12: Cases One And Three Of Neighbour Orientation: (#ote: Triangle of interest
iz shaded), Case 1 (Above) will result in a different tetrahedral subdivision compared to case 3
(below). Orientation is thus necessary to choose the correet tetrahedra to obtain edge references
from.

smeall hit in titne that it takes deemed aceeptable due 40 a user expecting a titne lag immediately
after loading the model. Nevertheless, extrusion aims to be as fast as possible to minimise the wait

[see Chapter T for extrusion results).

4.2.1 Structural Decisions To Decrease Spatial Redundancy

The 4D model i3 larger than ite 30 comnterpart. To save space, information that can be officiently
deduced from the 3D model is dizcarded from the 4D model. This includes neighbour and hormal
information, althouph a full list of edges need be kept for the extrusion process. Edpes are more
prevalent than vertices and faces, as is evident by Duler's formula. This might affect cache per-
formance, hut extraction usce only a small portion of the cdges, most of which can he predicted
{Section 6.2). Cache is thercfore not severely affected. The 4D model is comprised of vertices, edges
and tetrahedral faces,

1.2.2 Vertex Embhedding Coherence

The: 4D model consists of interconnected levels, each level comprising all the vertices of the 3D
model with a 4D component added. 3D vertices are embedded in the same order for cach level,
therehy providing lincar coherence. This allows a vertex’s counterpart in any level to be calculated
Ly adding s constant comprising the number of vertices in the 300 mode! multiphed by the level
nurmber. Vertices in level 0 have a direct mapping to their 3D counterparts. For example, the third
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Example 4.3 - Calculating A Vertex’s Counterpart In Any Level

[2]1':] . .1:1 1 i .
w8 % & S }_ et 2 ;

' Ml 147 Lovels
2 Ay .3 —— }“ 20 % % }—LE‘.'EH
: 0 .‘ .’ 1 ._o|4 .‘m., -.u 5 i
2 ® 3 i
Lewel 0
T L 1
Vartex T has been ideotified in leyvel 00 s canmuter patl in leveis | and 2 ares

o Level 1! 34+ 1 x4=7

i w Lewvel 2 5 4+2xd=11

Varbex B s mupped Looita S0 cotnlerpart ol 1z Speodd = 1,

vertox embedded in level O will be the third vertex of the 3D model. In the same manner, verticcs
can be mapped to their 3D counterpart by taking the modulus of s value with the rumber of
vertices i the 3D model {Sce Example 4.3). Embedding coherence makes the following possible:

+ Vertical Edge Calculation: Vertical edpges can be ealculated during the embedding stage
without the need for connectivity information. For example, a vertical edge ¢ with vertex

index  will also have a vertex index & + number of vertices in 3D madel.

» Tetrahedral Neighbour Calculation: Determining the 3D triangle that produced the prisin
where the tetrahedron was detived and determining a ncighbour for any levels relics on coher-
ence {Example 4.2},

Figure 4.13: Determining The Least Index Of The Third Quad: Assuming a prism is rotated
such that v is the smallest index; in order to determine which one of the tewo unique cases for
tettahedral subdivision the prism is, the result of whether t¢ or vz is smaller must be calenlated
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Tetrahedra

Tetrahedronalisation requires that the least vertex of hoth the prism and third guad be determined.
Five comparisons are required o determine Vi, and another three enmpatisens to defermine if
(Ve , ¥V, )-smaller or {Vf,, Vi, }-smaller. Due to coherence, vertex indices comprising the triangle
in the lower lovel will be smaller than their higher level counterparts. Therefore vertices cnmprising
the triangle on the higher level can be ignored. Thus three comparisons are required to order the
vertices of the lower triangles, with the least vertex heing Vi, and the scoond least being the least
ip the third quad. Prisms can therefore be classified as Vi -smaller or Vi, -smaller. Thiz has
implications for the following:

s Tetrahedronalisation: Tetrahedronalisation s morc cficient, with ondy three compares re-

quiired #s opposcd to eight,

# Prizsm Classification: Classiication is often deduced in conjunction with least vertex deter-
mitiation and can be obtained for free during lower trzangle vertex ordering.

¢ Extraction: Extraction optimisations {Section 6.2} requirve prism classification.

4.2.3 Generalisation of Structure

After bullding the frst level, the 40 object conaizsta of vertices in combination with fetrahedral
and edge information for the first lovel, This information can be cxtrapolated for all subscguent
levels due to colierence. Tetrahedra in subsequent levels can be deduced by adding eonstants to the
vortices that comprisc the tetrahedra in the ficst level. Edges in subscquent lovels are caloulated in
the zame manner,

Tetrahedronalisation and edge creation/assignment, the most expensive parts of extrusion, only has
to be built for the fivst level. All other levely are extrapolated from the first level resulting in a

considerable improvement in time.

4.3  Summary

An cfficicnt means for creating a 4D model by extruding a 30 model has been presented. Vertices
are emhedded in 4D, [ollowed by the ereation of connection information for each level. Connection
information is derived from the 3D model, with triangles connected to their counterparts in subse-
quetit levels to form prizsms. Prisms ate not simplex, and therefine have the potential to become
non-convex under deformation. This has negative implications {or the extraction process, therefore
prizms are subdivided into tetrabedrs, 4 simplex. Edges are then assigned m a consistent ordered

manner to tetrahedra. Optimisations are developed from the coherenee of vertex embedding.

The extruded model s now ready to be both deformed and cxtracted.
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Chapter 5

Deformation

The deformation process is detailed in this chapter. A form of spatial deformation known as Direct
Manipulation of Free-Form Deformation {DMFFD) is the chaosen means with which to warp objects,
DMFFD is a spatial deformation, it therefore results in chject primitives (vertices) attaloing new

spatial positions. This dissertation uses triangle meshes as the compuiterisad model for deformation.

The chapter 15 partitioned as follows:

s Section 5.1 - The Deformation Process - A high level overview of the deformation process
iz presented. The process can be subdivided into two subprocesses, Free-Form Deformation
{FFD) and Direct Manipulation of Free-Form Deformation (DMFFD):

— Sertion 5.1.1 - Free-Form Deformation: The algorithm and mathematics hehind
FFD is presented.

— Section 5.1,2 - Direct Manipulation Of Free-Form Deformation: A means by
which DMFFD works in conjunclion with FFD is explained along with the mathematics
hehind DMFEFD.

¢ Section 5.2 - Adapting Deformation To Four Dimensions: 3D deformation muat be
adapted to 4D in order to warp extruded objects.

— Section 5.2.1 - Adapting FFD To 4D: The mathematical changes needed to adapt
FFD from 3D to 4D are explained,

— Section 5.2.2 - Adapting DMFFD To 4D: Differences between the mathematics of
40 DMFFD as compared to 3D are detailed.

¢ Section 5.3 - Optimisations: Optimisations required to make deformation interactive are
explained:

— Bection 5.3.1 - Previous Optimisations: Optimisations that 4D deformation uses as
a foundation to build upan.
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— Section 5.3.2 - 4D Deformation Optimisations: 40 deformation optimisations that
helps in the overall topology alteration process.

e Section 5.4 - Summary

5.1 The 1Yeformnaiion Process

FFD: Dfinition af Deformable Space FHZ: Deformation of Ghject

————

_"‘"“-\-\___\_\_\_‘_
i
9 T TN
:zr_Dn-'.FFL::.] /{(FFD\}EI
e O

'\\ £

T

DMFED: Calculation of Control
Point Pasitions

Figure 3.1: The Deformation Process State Machine: [1] Setting up the deformable space by
the FFI} pracess [2] The adjusting of the coniral points by the DMFFD process [3] The deformation
process a5 performed by FFD with new control point positions.

Deformation is implemented vaing a point baved scheme [26] known as Direct Manipulation of Free
Form Deformation {DMMFD) [35] {Section 3.1.3). DMFFD is an efficient and simple interfacs to 2
hyper-patch warping technique called Free-Form Deformation [33] (Section 3.1.2). DMFED can be
decoupled from FFD allowing each process to be explained ssparataly,

The FFD process is composed of the following sub-processes:
# Cubeid Coordinate System: A coovdinate system is defined on 5 euboid volumetric space,

+« Hyper-patch Definition: The cuboid vohume is sobdivided by inposing a lattice of control
points. The collective volune descxibed by the control points in conjunction with the spline
basis Iz knowt as the hyper-prich.

» Vertex Embedding: Object vertices are converted from B into the cuboid coordinate sys-
lLem.

» Control Moint Translation: The lattice control points arc spatially translated, therely
warping the hyper-patch.

» Deformation: The warping effect of the hyper-parch is cammicd through to the embedded
object.

The DMFEFFD process consists of the [ollowing sub-processes:



s Foature Specification: A point within the hypor-pateh s given a post-deformation spatial
position.

+ Cantrol Paint Reconfiguration; The FFD lattice control paints are reconfignred to define
a doformation that reflects the features.

Even though DMFFD and FFD are decoupled, they cannot be performed in isclation. Deformation
is performed in the following order {Figure 5.1);

1. Deflnition of Deformable Space: The fivst two sub-processes of FFD.
2. Calculation of Control Poiut Positians: The DMEFD process.

3. Deformation of Object: The kst three sub-processes of FFTY

5.1.1 Free-Form Deflormalion

Cuboid Coordinate System

=
v

Figure 5.2: Cubeid Coordinate Systern: The origin (Xp) and three orthogonal vectors L
vompeize the cuboid coordinate system.

FFD is a spatial deformation and thorefore abjects intended for deformation most be embodded in
its deformable space. This requires the deformable space to have a coordinate system impased tpon
it, It consists of a point deseribing the origin and throe vectors (see Ggure 5.1.1):

» Xp: The origin poiut, representing the ovigin of the deformable space with respect to the the
world space origin.

—
r

» 5 Vector that spans the length of the deformable space.

e T Vector that spans the hoight of the deformable space.
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o [f: Vector that spans the breadth of the deformahle space.

The coordinate svsiem as described by Sedarberg and Parry o [55] is more general than the one
specified above since It s able to deserihe any parallepiped volume. Restricting the vectors 3T
and T to be orthogonat results in a cuboid deformable space that makes emhbedding more efficient

{Section 5.1.1).

Hyper-patch Definilion

- - - G

Figure 5.3: Control Point Lattice: [Left] A lattice of control points [Right}] The space describerd
by lattice control points superimposed on the cubcid coordinate svatom.

A lattice of control points is imposed on the enhoid volume (Figure 5.3). The control points are
analogous to spline control pointz and the lattice should be thought of as & peneralisation of a
control polyeon for spline interpolation fapproximation in 3D, Each individual deformable swolume
that a portion of control points, in conjunction with the spline basis describes, 1s known as a cell,
The collective volurae that the cells describes ig called the hyper-pateh. The hyper-pateh s not the
convex hull of the lattice points since the nature of the b-apline basiz function implies that scme of
the lattice points will not be involved with the hyper-patch (Figure 5.4). The hyper-patch is the
FFD instance of the class of deformable spaces belonging to spatial deformations,

Assuming there are [, and n control points for each of the §, T, T dimensions, there will then he
! x 1 x n eontrol points in total with cach control point Py, being the 'th §'th £'th contrel point
along the §, T, T dimensions respectivaly,

Vertex Embodding

A point & = (x,y,2) in world space is expressed in hyper-patch deformable space by adding a
parametric combination of 8, ’f, i to Xy (3]

A=Xp+s8+ T +ulstuel (5.1)

The (s,t, %) values for X can be calenlated by using the following cquations [55}:
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Figure 5.4: Lattice Hyper-Patch Relationship In Two Dimnensions: The hyper-patch is the
deformable volumne desceribed by the lattice. Not every lattice point will be part of the hyper-patch,
The nature of the basis function nsed for deformalion in conjunction with the lattice points will
define the hyper-pateh,

= e (5.2)

The abeve equations assume a general parallelepiped deformable volume. but they can be stmplified
by restricling the volume to a cuboid shape (Section 5.1.1) (See Appendix B for a proof of these

equations):

s = StX-Xo)
8.8
- T- (X — X
T
_ T (¥ —Xy)
A 70 (5.3

The embedding nemarion & that embeds A to cubold coordinates I can be expressed as follows:
ElXy=(s,tu)=U {5.4]

If X accurs in the deformable space, then s, t,u € [0, 1). Points outside the deformmable space {e.g.
points with s, £ u € (—oe, 0} U {1, 0e)) will cause extrapolation errors and are ignored. Equation 5.4
with its compaosite equations (Equations 5.3) form the FFD embedding equation, and are the FFD
instances of Equation 3.1. Hence an embedded object has had the world coordinates of s vertices

converted to the local deformable coordinate syweem.
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Control Paoint Translalion

Figure 5.5: Control Point Translation: Control paints arc given new apatial positions (tranalated)
thereby distorting the deformable space which they desenibed. [Left] Lattice before control points
arc translated [Right] Warped lattice resulting from translating the right most control points.

Control points Fiy arc given new spatial positions resulting in a redefinition {warping) of the Ly per-
patch (Figure 5.3). The warping effect on the byper-patch is carried through to the embedded
abject. Deforination is thus achieved by altering the contral points of the lattice while the mesh is
lelt along, I is for this reason that FFD is considered to indirectly deform the obioet,

Deformation

Deformation warps a peint &' in world space to X, its warped equivalent. Tt is realised by cvaluating
embedded object points within the hypor-patch as a weighted sum of the eontral points, with cach
contrel point welghted by a polynomial B-Spline basis function A", Let & vector, known as a knot
vector be dofined a8 & non-decreasing sequence {$n. 45, ..., } with £; € [0,1], then a B-Spline basis

12 defined as follows:

_."I.,"f{t] D 1 if ti_ <t fi.H.]_ and L = ti+1
2 1 otherwise
3 T— 1y - i Rt A |
A A SHR PN T T 2 S S
wlt) i‘i+p—f.'JP 1) iy — gy 1)

This dissertation makes use of a cubie B-Spline baas, which has the following attractive properties:

¢ Flexible: The cubie polynominal is efficient due to its low degree while it models the nercased
derivative continuity and flexdbilicy of higher degrees relatively well [26],

s Loacal Control: The B-Spline bagiz allows fow local control, meaning that individual cells and
not the entire hyper-patch will he affected by 2 warping.

The FT'D instance of the deformation fynetlon {Equation 3.2) becomes:
a+i—1 bfim—I edn—I

HEX) =Hishu)= 37 3 3> MEN{AP )Py =X (
k=0

=il F=1

=]
=]
——r

See Figure 3.1 For a pictotial example of deformation,
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n.1.2  Direct Manipulation of Free-Form Deformation

DMFFD belongs to the class of poine-based deformations singe deformations are specified using
points within the deformable space. It therefore directly warps an object, providing an easy interface
to FED. While there are many configurations the control points can attain to satisfy the specified
deformations, DMEFFD provides a solution that changes the configuration in a least squared sense

(Figure 5.6),

Feature Specification

A feature is a point constraint within the hyper-patch that specifies its position after deformation [46).
The DMFFD medel allows the user to apecify multiple features per deformation, A feature consisis
of two variables:

s O The origin of the feature m world space. C's embedded location must occur in the interior
of the hypor-patch.
s A The displacement veetor representing the intended position of the feature after deforma-

tiomn.

Features can be considered ag input to the DMEFD process, whose output is a control point recon-
figuration,

Control Peoine econfiguration

The post deformation position of cach featare st he € + AC,, Expressing this using Equation 5.5:

a+i—1 b+m—1 edn—1

Ve, HIEC) = 3 Z Z NHECH] ) NTECH] ) N E(Ca )]} Pepp = Cs + AL,

i=(l
(5.6}

In the above eqnation, there is only ouve set of unknowns: The spatial positions of Fjj,. The atm is
to find spatial positions for Pz, such shat Yx, H{E(C,)) = + AC,. Py can be expreased as:

s P The initial spalial position in che lattice bofore deformation.

» APy The displacement vector deseribing its new position after deformation.

Therefore Py = (Pye + &) Equation 5.6 can now be rewritten as follows:

ptif—1 B-tn—1 c4n-1

P, Uy b AC, = Z Z Z AUAECDNPECT) N )-(Pise + APg) (5.7)
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Figure .6 DMFFLY: [Abive] An object is ernbedded in w point lattice wich featnres spocifving post
deformation pusitions [Below] The deformed object resulting Irowm the warped lctice, The warpod
lattice’s contenl points are repositioned in a loast squarcd sense.

A series of lincar equations is imposed on the above eguativn, That is, cach variable in the above

equalion is placed o matrix lorre. B now bocumes:
C+AC=BH(¥+ A
= AC =DBAF (5.5)
e Eacl Oy and AC, is placed in s v 3 madrix O and AC respectively. The rows represent the
nurnber of fesdyres and their displacoments vectons,

s Each contral poinl Pip oand sheir associatod control swector AP Is placed in madriz P oand
AT respectively, LThe mucrices have dimensions s = 3, with rows reproscating control peints

and ity associzted displaccment veclors,

e The B-Spline basis fmetions A wre cxpressed inomatriz B The dimensions of vhis matriz are

rowog, with wedght entrics in eolumn 7 infucncing row 5 of P and AP,



Solving couation 5.8 will yield the desired values for AP, This is achieved by calculating an inverse
for B (B~1%:
B 'BAP=1B 'AC

= AT =B LAC

It is assumed that B is non-singular, since a singniar matrix will be the result of user errars (eg
apecifying two features for onc point) that can be checked for, There are three possible states that

B ran altain:

1. B iz exact: H B is square (r = &) amd non-singular, an exact inverse B=! can be found,

2. B is under-determined: If {r < #), B is under-determined. This occurs when there are
more unknowis in AP than features. There are infinite configurations pertaining to the new
spatial positions of Fi;r that will satisfy the featuwres. An example of when this would happen

is when users specify less features than there are numbers of control points.

3. B is over-determined: If (+ > &), B is overdetermined. This will occur when there are more
features than unknowns in AP, For example, if a user a user trics to create an undulating
surface that has more undutations than control points [358]. There is no spatial conflguration
for the control points that will satisty all the features,

Since it iz not possible to produce an cxact mvetse for the last two cases, a formulation known as
the pseudo-inverse {denoted by Bt} 1s used:

AP = BTAC (5.9)
The pseudo-inverse of B is a unique matrix caleulated by [35]:
» Under-Betermined: Bt = BY(BRT 171,
» Ovper- Detrvmined: B = E{E‘TB:I_I.
It bas many desirable properties;

s [[ B is a square non-singular matrix, then the psendo-inverse formulation will prodoce the

ccact Inversec.

o If B is under-determined, a configuration that makes || AT || as close to zero as possible is
calculated.

» If B is overdetermined, a configuration that minimises the covor (e | AP — AL | is as

cloge to zero ag possible) is caleulated.
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5.2  Adapting Delormation To Four Dimensions

Extruded objects {Chapter 4] exist in four dimensions, and delormation must therofore be adapted
to four dimensions. An overview of the 4D} deformation process 15 presented with emphasis on
amendments to 3D deformation. Adapting deformation to four dimensions implies adapting both
FFD} and DMFFD to 4D, Adapting FFD to 4D consists af:

+ Hyper-Cuboid Coordinate System: A coordinate system that is gencralised to 4D must
be produced,

Hyper-patch Definition: The hyper-cuboid system is subdivided by imposing a lattice of

4T control points to define a deformahble volume in 4T

4D Vertex Embedding: Vertices are embedded from global 4D space to the hyper-couboid
space.

* 4D Control Point Translatien: Analogous to the 3D case, 4T} control points arc spatially
altersd resulting in the hyper-patch becoming warped,

o 4D Deformation: Deformation of the hyper-pateh is carried through to the embedded abject.
While adapting DMFFD to 4D inchides:

+ 4D} Feature Specification: Foatures are expressed in 4D, therefore both € and AC are

cxpressed in 4D,

= 4P Control Poimt Reconfipuration: 1D Conrol poimds are reeonfipured to affect a defor-
mation that reflects the features.

5.2.1 Adapting FFD To 4D
Hyper-Cuboid Coordinate System

A coordinate systetn describing a hyper-cuboid space defincs the 4D embeddable space. The coor-
dinate system is almost identical to Lhe 31 systemn, with the following alterations:

s Four Dimensions: The origin Xy and vectors 57,1 oxe expressed in 40 { X, §T.0¢ B
by appending a fourth component.

e Extra Vector: A vector V that is orthogonal to & T, is croated to describe the fourth

dimcnsion.

The origin scalar Xy measures displacerent from the 4D origin (0,0,0,0), The §,T and F vectars
measure the length, breaduh and height in 4T, Length, breadth and height are in the 30 hyperspace,
therefore the appended 4D component, is 0. The veetor ¥ being orthogonal to §, T and U describes
4D vompooent (Example 3.1).



Example 5.1 - Hyper-Cuhoid Coardinate System

Agsume the AL cease. ‘The cuboid coonlinie syestem coulil e definel] Ty elie followbng:

a Xg=1{1,1,1]
o =100

« T=(0,1.0]

a O =(0,0,1}

:: ‘The anitlpgons liyper-cubald coordlnace syatam could be defined as follows;
! & Xo=(L[,[,1,1}

« S=[1,000

P =0, 1,00

« O =(00,1,8)

» V={0,00M !

Note: The ¥ reprascobys an exhruded ubjeclh wilh exlruslon helght 5.

Hyper-Patch Definition

4D Control pointas are imposed on the hyper-cuboid coordinate system to define the deformahle
hyper-patch, The 40 lattice differs from 3D in the following wavs

¢ Four Dimensions: Control pointa are expressed in 41 and have an extra index to represent
the extra hyper-cuboid vector (V), Therefore, if there are {,m. n and o control points for each
of the §, ’f, ﬁ, Vv dimensions, there will be § % s % # x 0 control peints in total with Prigy
representing the f'th #'th j'th and £'th control poing,

s Extra Dimension: Contral points are set along four dimensions, and therefore are placed

along an extra vector, V.

41} Vertex Embedding

Vertices that are embedded in the hyper-cuboid coordinate system are described by local coordinates
in 4D, An equation that provides for the ¥ dimension s appended to the embedding equations

(Equations 5.3): 5
- V(X — Ko

T 5.10
V. (5,10

The embedding equation is therefore:

E(X) = (ot u ) =14 (5.11)

o4



41D Deformaticn

Thea deformation equation takes into aceount the fourth dimension:

a+i-1 bdim—1 cdn—1 dto-1

HIE(XY) = His,t,u,0) = Z Z Z Z NE)NPO) N ) NP () Prsjy = X
{3.12)

5.2.2  Adapting DMITFD To 4D
4} Conirol Point Reconfiguration

Equation 5.7 is expressed in 40):

Ve, HE(C,)) =

at+l—-1 btm—1 e+n—1 d4o—1

Z Z 3 Z NECN) NP IECH ) NEECe) (Paige + AThie)
=0 =0

_c,+ﬂ~.c:,

As in Fguation 5.7, the only set of unknowns is (Paije + APhiz). Converting the above equation
to a series of linear equations is identical to Equation 5.8 with the [llowing differences:

s O and AC have dimensions r x 4.

o P and AT have dimensions s = 4,

A 4D pzendo-inverse BT 15 created, with the same properlies as its 3D counterpart, and is used to
calcilate new spatial positions of the 4D control points.

5.3 Optimisations

Optinisations ensure that the deformation process does not hinder any of the propertiss nesded
for virtual sculpting (Section 3.1}, specifically the mteractivity property. Efficiencies for 3D virkual
sculpting, developed by Gain [25, 26], are used as a {oundation for deformation improvements.
Additional optimisations pertaining to 412 deformation are also developed,

5.3.1 Previous Efficiencies

Efficiencies that were developed from Gain include [25, 26]:

» Implicit Definition Of Control Points: yper-patch control points are not explicitly stored
in memory. lastead, they are caleulated by exploiting the coherence of a point labtice. All
that iz sloted is the orgin of the lattice, and the space betwean control points,
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» Efficient Pseudo-Inverse Calculation: The pseuwdo-inverse {87} is the sinple most com-
putationally introsive task within DMFFD. Making it efficient iz esseotial for the interactivity
requirement of virtual sculpting. A combination of normal rquations and exploitation of the
sparsencss of B produces an efficient caleulation of the pseudo-inverse {See pp 51-54 of [25]
and pp 52-55 of [26] fur a more detadled explanation).

+ Efficient Basis Palynomial Caleulation: The costly tecurspve pature of B-Spline polyme-
mial evaluation {known as Cox-de Boor recorsion} can be deprecated by a more efficient direct
polynomial evaluation provided that knots are uniformly spaced in the knot vector {[20], pp
153-156),

s Only Deforining Points Within Warped Cella: The nature of the B-Spline polyoomial
hasis implies that a local deformation i performed during warping. Therefore, not all ebject
points will be deformed, and anly those points in cells undergoing warping need be ealeulated
using Eguation 5.5,

Althongh these optimisations were implemented for 3D, they arve trivially extended 4o 4D,

5.4.2 4D Deformation Efficiencies
Tetrahedron Tagging

The extraction process will benefit immensely if the deformation proesss retorns a list of deformed
tetrahedra. Tetrahedra that are not deformed do not have to be extracted as extraction will result in
trianples identical ta the ones in the 3D model used to build it. Deformed tetrahedra require extrac-
tion sinee the thres tettahedra that comprizse the prism may not be be aligned to the hyper-plane
after deformation, and therefore produces a point cloud that will need an unambiguous triangula-
tiok. The extraction process can therefore substitute the oripinal model’s triangle information for
the undeformed tetrahedra and append to it mnformation extracted fom the deformed tetrahedra to
makr an efficient and acourate extraction.

The deformation process taps all tetrahedra that are deformed, and returne a vector containing
references to the tagped tetrahedra.

Emibedding Cohernnee

It is assumed that the criginal 3D object (see Chapter 4) s already embedded in a deformable
space. This information can be used to produce embedding information for the 4D object. The
extruded obiect consists of levels of 3D objects, each level with a different 4D offset.  The only
difference between a point and its counterpart in the next level is the 4D offset. By analogy, the
anly difference between an embedded point and its counterpart in other rmbedded levels is the 4D
offset. An extruded object is therefore embedded by providing 4D offset information to the 3D
embedded object. Caleulation of 4D offsets are efficient due to the coherence of the poiot lattice,
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Even though obtaining embedded information is efficient, it takes up a large amount of space to
embed all the 40 model’s points. 4D Points are therefore embedded only when required, which is
just before deformation. Points in levels that are not deformed are therefore not embedded.

5.4 Summary

The deformation process, as it pertains to virtual seulpting and topology alteration has hesn ex-
plained. Deforination consists of FFD and DVEFD, with DMFFD providing an intuitive interface to
FFD. The mathematics behind both FFD and DMEFFD have been detslied for the 3D and 4D casea.
Optimisations are presented that make deformation interactive and help the topology alteration
proceds, specifically the extraction stage.

The 40 model, after it has been deformed is now ready to be used in the extraction process.



Chapter 6

Extraction

Fatraction is the final stage of the topology alterntion process. 1t aims to extract a topelogically
altered 3D ruodel from the extroded dD model. This is achieved by intersecting a 213 hyper-plane
with the 41 model resnliing in a 3D point sel chae 19 then Ananpgulated. Optimizalions are introduced

te make the process interactive so as not to violate the required proporeies of virtual sculpting.

This chapter i3 partitioned as follows:

¢ Section 6.1 - The Extraction Process: The exlraction process is cxplained, with ernphasis
o1 it heing a hierarchical process; the hierarchy ronsisting of the model, fetrabedra and edges,

It 18 divided inte two parts:

- Bection 6.1,1 - Point Sct: A point sct is created from hyper-plane 4D ohject tnlersoc-
figm,

— Seclion 6.1.2 - Trianpulation: The poin sen is triangulaled to lorm a 30 model

* Section 6.2 - Efficiencies: The speed of the exiraction process is improved araking i, inter-

active, Dlficiencies partain to each level of Lhe exeracition hierarchy:

— Beclion 6.2.1 - Elliciencies Al The Edge Level
— Seclion 6.2.2 - Ffficiencies Al The Telrahedral Level
— Sectinn 8.2.4 - Bllicicocles AL The hModel Level

e Section 6.3 - Sununary

6.1 The Exiraclion Process

(thtaining an extracted 3D model is accomplished tn two stepa: & 3D point sot s constructed by

interscering a hyper-plane with the 403 model after which, the point set 4 friangufated,
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= crealing friargle
4D MODEL faces for 30 model :2:

Tetrahedron \‘ = tlangulaticn of paint set

f ®
Edge = point set

Figure 6.1: The Extraction Hicrarchy: At the bottom of the hievarchy arelhe edges, from which
points are extracted. In the middle is the tetrahedra where the pomnt set is triangulated. At the top
i2 the model, where triaugle faces for the 3D model are mreated.

Extraction is a three levelled hierarchical process (Figure 6.1);

1. The Madel: At the top of the hMerarchy is the 4D model. The 4D model consists of vertices,
pdges and tetrahedra (Section 4.2.1)! all the elements required by extraction.

2. Tetrahedra: Next in the hierarchy are the individual faces that make up the model the
tetrahedra. Tetrahedra are composed of four vertices and six edges.

3. Edges: At the botrom of the hierarchy are the edges. Edgzes arc passed to the hyper-plane
edge intersection algorithm where a point is produced if an interseetion occurs.

The extraction algorithm attompts to produce points for each of the six edges of & tetrahiedron, for
each tetrabedron in the 4D model. This is only achicwable if the hyper-plane intersects the edges
of the tetrahedron. The production of the point set occurs at the edge level, triangulation at the
tetrabedra level and ereation of the 3D model at the model level (Figure 6.1).

Properties Of The Model

The 4D model is the result of extruding (Chagter 4) a 3D model. Like the 3D model, the 4D model
is & mavtfold simplicial complex (Section 3.2.3 and Section 3.2.2) consisting of vertices, edges and
tetrahedva. To conserve space, no normal vector information is stored i the 4D model.

Properties O The Tetrabedron Used In Extraction

A non-degenerate tetrahedron is a fally eonnected polyhedron consistimg of four wnigue vertices.
(Figure 6.2). The following properties make a non-degenerate tetrahedron pertinent to hyper-plane
intersection:



Figure 6.2: A Non-degenerate Tetrahedron: A fully connected polybedron congsting of fonr
unigue vertices.

¢ Planarity: The four unique vertices that constitute a non-degenerate tetrahedron defines a

a0 hyper-plane. Non-degenerate tetrahedra are therefore embedded in cxactly one hyper-plane
in 4D,

o Convexity: Non-degenerate tetrahedra are convex. When intersected with a hyper-plane, a
point sct that lics on a convex hull is produced which can bhe unambiguously triangulated.
Hyper-plane intersection with a non-coovex polvhedra produces a point set whose connection
iz ambiguous (Figure 6.3].
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Figure 6.3: Non-Convex/Convex Polyhedra Plane Intersection: [Left] A non-comvex polvhe-
dra will produce a point sct that is ambiguous. There are multiple ways to connect the extracted
paints, only one is a correct colnection (connection 1) [Right] A convex polyhedra intersected with
a hyper-plane will produce a point set that can only be connected in one unambiguously correct way

The planarity and convexity conditions of a tetrahedoon do oot bold For a prism. Under deformation,
the gquads that constitute the prism may become non-convex and non-planar. Planarity and convertly
ensure that an extracted point set with the following characteristies is produced:

¢ Unambiguous Connection: An upambiguous connection scheme can be determined due the
convexity of a tetrahedron (Figure 6.3 demonstrates that a plane intevsection with a non-convex
shape will produce connection ambionities).
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» Convexity: The extracted point set will lic on & convex hull. The resulting connection will

produce a convex polygon, amcnable t0 a geperalised triangulation schetne,

» Non-linearity: Points will not be linear eombinations of each other. Thercfore a non-

degenerate eonvex poiot set whose comection is a straight line will not be produced.

Properties Of Edges Used In Extraction

An edge in Euelidean apace ia defined as an unordercd pair of cnd points which specify a line segment
that connects them [33]. Any point on the linc can be expressed as a linear combination of the two
end points, If an edge is defined by the eod points Xy and X, a point & on the edge can be expressed
by the linear parametric equation x = (1 — )X, +tX;, where t £ [0,1]. The valuc of ¢ determines
the position on the line where & is situated. For cxample, when $ = 0, 2 = &y, and when ¢ = 1,
z = Xy [Figurc 6.4). This imphies that if + < 0 or ¢t > 1, ¥ is not on the edge [line segment).

- #
‘x:—,-!;.ﬂ R el - T R e e T e e

=0 t=0.5 =1

Figure 6.4; Paints On An Edge: The position of a point on an edge is determined by the value
of ¢ pertaining to the linear parametric equation =z = (1 — X, +X, wherc £ £ [0, 1] When £ =10,
the point iz the beginning end point, when ¢ = (1.5, it ig in the middle and when ¢t = 1, it is the laat
end point.

6.1.1 Constructing the Point Set

Extractecd vertices are obtained by intersccting the edges of the 4D model with a 3D hyperplane.
The algorithm that intersects an edge with a hyper-plane (Section A1} praduces a value for ¢ that
denates the position of the intcrscetion (Figure 6.5) when used with the linear pacametric equation
of an edee (Scotion 6.1). £t € [0, 1], the hyper-plane does not interseet the edpe and can therefors be
ignered, Section Al presents a detailed explanation of the hyper-plane edge intersection algorithn,

The point produced by applving t to the linear parametrie squation is in 4D, To acguire 4 3D
vertex, the 4D vertex must be projected indo 3D. An orthogonal projection in w is used because
it is cfficient and the 4D component is not required. The projection is implemented by removing
the 4D compiment from the point. This implics that points only diflering by their 4D components
will be mappesd ta the sanie 3D coordinate. But all undefortned points intersected by a byper-plane
orthogonal to the fourth dimension will have the same 4D components, and differ everywhere else,
This may not be the case however after the 4D object has Leen deformed: A deformation could
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result in the 4D object self intersecting thereby producing 4D peints that may project ontoe each
other. For topology alteration, this is avoided by strictly controlling the defarmationa so that this
situation does not arise. Deformations that produce self intersections are normally the result of a
user specification.

Edges shared between neighbouring tefrabedra must not make separate extractions for each tetra-
hedrom as this will result in multiple vertices with the same coordinates. An incorrect peometry for
the 30 model will then be produced, leading to rendering problems such as tears. This is avaided
by storing a reference to the extracted point in the edee and a flag that indicates an extracted point
has been produced. Netghbouring tetrahedra share references to shared edges and can thus easily
determine if an edge has already undergone extraction and obtain its extracted point. Note; In
peneral, edpes are avoided as places to store information due to the fact that there are o many

edges in a model; this is the only instance where information is stored in an edge.

6.1.2 Triangulation

The aim of triazgulation is to produce a geometry consisting of triangles that tessellate the peint
set resulfing from the edge hyper-plane intersection. If 16 required for rendering properties such as
lighting and back face caleulation, A pon-degenerate tetrabedron intersection with a 3D hyperplane
will result in four possibilities [3]:

1. Nothing: Oceurs when the hyper-plane does not intersect the tetrahedron.
2. Omne Vertex: Occurs when the hyper-plane intersects the apex of a tetrahedron,
3, Three Vertices: Ucents when three edges intersect.

4. Four Vertices: Occurs wien four edges intersect.

Figure 6.5 Plane Edge Intersection: A point on the line, when evaluated with the linear para-
metric equation of a line, has a specific value for t where the plane intersects the line. Note: &y
cocurs when ¢ = 0, and X ocours when ¢ = 1.
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Example 6.1 - Triangulation Of Convex Point Set. Compared To Non-Conves Point Set

Amsuming we have 4 convex point set consisting of foar ponsta {0,1,2, 3}, the aim i to produece
triangulations whese union i identicad to the convex bull of the poiol, sew:

0
%
1
LY %
2
%
3

" fe s trllel o Lrkangulated this poink soh: 4 poists = 2 Lriangles:
» Triangle 1. {0.1,2}
o Triangle 2 {1,4,2}

This. approach can be gooeralized lor all poiot setz thet contein four points aod are convex. A
example of & noo-cormvex sot:

o
L
—
&
b
1 % %03 I
Using the convex approach, an incermoct ttangulatioon of 1he pome sel A peoduced, The coresct

Lelangulation weuld have lresn a3 follows:

Casc 1 implies the tetrabedron is nod involved in the exiraction and can therefore be ignored. Case
2 is avoided with a slight ozcillation of the vertex positions o w. Cases 3 and 4 are the expected
outcome of a non-degenerate tetrahedron hyper-plane intersection. IF three vertices are produced,
triangulation happens immediately. I four vertices are produced, these vertices will lic on the convex
huil, thercfore it can be decomposed into two triangles with ease [Eaxample 6.17,

The order in which the three vertices of a triangle are storcd deterines the ordering of the twe
vectors that define the 2D plane il s incident upon, 4 third vector, nawely the surface normal
can be calewlated from these lwo vectors, which o turn can be used to determine if the face is
back-facing. It is generally accepted practicoe that vertioes ordered in an anti-clockwise fashion are
defined to produce vectors whoss nornal will be front-facing, Triaogle faces are therefore zaid to
have an anti-clockwize winding, An extracted 3D model must prodoce windings that are identical
to the 3D model used for extrusion. Therefore, if a toanele was back-facing in the oripinal, the
cquivalent triangle must be back-facing in the extracted model, Because points arc generated from
41 edges, the order in which the edges are traversed to produce the extracted vertices will determine
the winding {Figure 6.G).
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Figure 6.6: Edge Traversal Determines Triangle Windings: The order in which edges are tra-
versed determines the windings of the tesulting triangle, In the above diagrams, edges are traversed
in numerical order.

Edges are traversed according to the ordering in Figure 4.10. Traversal of edgea for extraction
happens in the following order: Edge 4, Edge 1. Edge 5, Edge 2, Edge 6, Edge 3, Thiz heuristic
seheme ensures extracted vertices are ordered with correct windings.

If four verfices results from an extraction, there are two ways, each with anti-clockwise windings,
in which the vertices can be triangulated (Figure 6.7). This i3 because the four vertices are aligped
in the 3D hyper-plane, but not necessarily in the 2D plane. The best triangulation schetne is a
Delaunay Triangulation, since this minimises the maximum angle over the two triangulations {39,
The four points lie on a convex hull, thereby making hoth toangulation schetnes corvect, but not
necessarily optimal. A decision i taken for the sake of efficiency to triangulate consistently rather
than optimally resulting in a heuristic for each of the six prisms of Figure 4.15 that are alwoys
trianpulated in a consistent manner whenever an extraction resubts in four points.
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Figure 6.7: Four Point Triangulation: There are two eorveed ways to drlangulate frur prints.
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Figire 6.8 Hyper-Plane Tetrahodronalised-Prisin Intersection Frisms result from eonoeeting
the same triangle in corresponding levels. Lhe veselt of inderseeting o hypor-plane with s Lelrahe-
dromalised prism will produce four relanglos

Tntersectinn OFf Self-intersecting Prisms

Chie ol the problems wich dhis approsch is thal the windings becoms incorrect if a post-deformation
pri=m self intersects. A tost to determine self intersection before deformatian in order to correet the
pratlem iy needed. This problem i not scbved mothis disserearion (Tiefor 40 Chaprer 8 Seclion 8.2
far fulure work) as it is owdside Ws scope. T4 s, bowever, essential in nrder to obtain a correctly

working model

Resnlt (M A Hyper-Tlane Tetrahedeonalised-Trisnm Intersectinon

Tiderzecting a telrabedrenalleed prism with a hyper-plane cesults o a point zet that produces four
triangles. Prisms result from connecting triangles in carresponding levels of the 413 abijeet (See-
tlan 4.1}, therefore prism extraction produces four triangles as output where only one {5 used as
inpul {Flegute 6.8,



6.1.3 Production Of Normal Information For The Extracted NhWodel

Due to conservation of space, no normal information is stored in the 4D model. If normal information
were stored in the 4D model, it would need updating after 5 deformation, which wonld hinder
interactivity since a Jacobian calculation would be required [26], The exiracted 3D model needs
normal information for vendering, Exact normal information produced by using a Jacobian is deemed
nnnecessary for rendenng, instead aormal information is calculated by averaging normals for all
faces incident on a vertex. If this were to be done for every face it would hinder interactivity,
but optimisaticns (Section 6.2} reduce the sct of vortices needing normal recaleulation to a subset

consisting of vertices involved in the 4D deformation.

6.2 LEfficiencies

6.2.1 LEificiencies At The Edee Level
Extracted Vertex Storage

A reforence to the extracted vertex i3 stored in the edge where it was produced after the first
extractinn fquery. All subsequent extraction gueries are immediately handed the refercnce thereby
avoiding hiyper-plane intersection. An cdge that has been involved in an extraction will caly he
nsed again if it is shared by another tetrahedron, In this case, if the edge is intersected with the
hyper-plane again, two extracted points with the same coordinates wounld be produced. Instead

extra calculations are avolded and a viable rosult 19 prodoced.

Hyper-plane Caleulation

The production of a 30 hyper-plane involves using the 4D determinant in order to defermine the
notmal of the hyper-plane. This is computationally costly, and it may be the case that the user would
want to extract more than one 3D model. If this is the case, the natnre of cxtrusion construction
{Section 4.1.2) guarantees the 4D model will always be aligned to the fonrth dimension. Therefore
to produce a 3D hyper-plane for extraction, the normal {1,0,0,0)7 is a that is needed. The point
on the hyper-plane, a user determined value, is the only attribute that needs adjusting,

G.2.2 EMliciencles At The Tetrahedral Level
Tetrahedral-Kdee Intersection

Intereection of a hyper-plane and a tetrahedron will result in at most four points (Section 6.1.2),
A tetrahedron has six edpes, but oot all edges need be tested; testing is only performed until four
extractions have been produced. This will only be efficient for tetrahedra that produce four points,
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Union Gf Feur Iriangles
l¢fentical Te lts Comvex Hull

Figure 6.9: Four Extracted Triangles [dentical To Its Convex Hull: The result of triangulat-
ing extracted points from an undeformed tetrahedronalised prism produces four triangles that are
identical to s convex hull, The convex hull in tuen s ideniical to the triangles that consiituie the
undeformed prism. Therefore, these four triangles can be substituted with one of the friangles that
make up ihe prism

ginee ietrahedra that produce three points will siill cherk all edges for a potential extraction.

Prism Intersection

A teirahedronalised prsm intersected with a hyper-plane will result in an extracted poini set that
produces four triangles (Seciion 6.1.2), If ihe prism is undeformed, the union of these four triangles
will be identical to its convex hull That is, all faur triangles will have identical normals and thedr
unjon will be cotermingus to the iriangles that comprise the undeformed prism (Figure 6.8). It makes
no setse io extract an undeformed prism, therefore, the extraction algorithm refnrns the original
trismple nsed to build the wndeformed 4D prism. Hyper-plane edge intersection amd triangulation
are avoided resulting in less triangles, Normal information is nod recalenlated sinee it stays the same.

This approach is problematic when an undeformed prism neighbours o deformed prism: A deformed
prism will produce four iriangles, whereas an undeformed prism will produce one triangle. This
reqults in the undeformed triaegle haviog an edpge with two neighboors ineident upon it awd the
medel is no longer a simplicaal complex {Section 3.2.2) (Figure 6.10). This is repaired by sphiting
the undeformed triangle in fwo {Figure 6.10). Vertices do not need their normals updated, and the
two ‘children’ triangles will have identical normals fo their parent.

A deformed prism will have an undeformed neighbour provided only cne vertical edge has heep
deformed {(Figure 6.11). Thus, a deformed prism can only ever have one undcformed neighbour,

The deformation process faps teirahedra ihai have been deformed {Seciion 5.3.2). To determine if
an undeformed prism neighbours a deformed prism, the neighbour equation (Egquation 4.1) 15 used.
Net all nine tetrahedral neighbours need be examined since tetrahedrs in clumps of three {prisms)
share vertioes; therefore if one tetrahedron io a clump of three has not been deformed, the whole
prism is undeformed, If a neighbour 1s undeformed, the model will be in a non simplicial complex
state and will nead repairing, Sphiting the undeformed triangle into two involves fwo operations:
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Figure 6.10: Consistent Triangulation After Deformation: [Left] The vertex vy has been
deformed with prisms that embody the vertex also being deformed resulting in extractions of four
triangles. The left most prism does not embody vy therefore producing an undeformed prism with a
one triangle extraction. This results in a non-simplicial complex with the left-maost iriangle having
an edge with two neighhours incident upon it. The vertex that is present along the non-conforming
edge is drawn as a square [Right] The model is corrected by splitting the undeformed triangle into
twis trismgles.

: - Deformed

/><:__ Neighbaur

1

Deformed Edge

/.-'r__ fﬂDefﬂrmE‘d I

" Neighbour

| S Undeformed

Neighbour

Figure 68.11: Deformed Prism Neighbours: If a deformoed prism has an undeformed prism neigh-
hour, then at wost only one vertical edge has been deformed.

63



1184.8! —inbo
(18,64) - n.ch)

Orelared Yertices

T YT
(a8 |\ A\Clockwise Verte
GC R

Maxt Anti:
Clochwise Yortox

n=18

26,148) = [a,cn

| i218.6) —fanic)

Fizure 6.12: Splitting The Undeforined Triangle With Corrcct Windings: Lefi] The next
anti-glockwise vertex is not on the shared edge - friangles wre {ane) (nb.c] Right] The next anti-
cloclowise veriex s on vhe shared odge - triangles are (a.o.u) (o)

s New Vertex: The vertes on the edge that bas two neighbours st be determined. This

vertex 1y not part of the edwe, and thercfore canses the non-conformity (Figure 6,107,

s Triangle Winding: Split triangles must bave the sarme witulibng e che orlginal viangle.

Determining the vertes ndex along the non-conloring edge deponds upon which one of the hres
prism neighboury were andelormed, and which of the two cases for tetrabedri] subsdivigion the prism
belongs ta. Using the edges of the sevond of the three tetrahedra® denived [rom 1he deformed prism,

the verlex s
a y-less:

Neighbour 1 Undeflormed: Extracted [rom edze 1.
— MNeiphbour 2 Undelormed: Falracted [rom edse 4.

— Weiphbiour 3 Undelormed: Exlracted from edee &
& in-less:

Neighbiour 1 Undeflormed; Faxtracted [tom edge 4.
— Weiphbiour 2 Undeformed: Extracted from edese 1

— MNeighbonr 3 Undeformed: Extriscted from cdpge 2.

Umnece the new wertex incex has been delarmined, it must be used 1a split the undetarmed (elangle
in two with appropriate windings, This is accomplished in looar steps (Figare 6,14 depicts the [irst
bwo slepa, and Figure .15 che last owo slepss

Yising the recand tetrahedra is au arbilrary chioice.
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Determine The Triangle That Produeced The Deformed Prism And Order Its Ver-
tices: The triangle in the 30 model that produced the deformed pristn s determined by
dividing its index wilh three using integer division. Its veriices are ordered (assume ordered
vertices arc (&, y, z))and asscciated with its neighbours in the following way(Scetion 4.1.1): If
the undeformed neighbour is neighbour 1, the edge s {7, 1), neighbour 2 {7, 2} and neighbour
3 [y, z).

Determine The Position OF The Least Vertex Of The Edge In The Undeformed
Triangle: The position of the least indox of the adge shared by the undeformed triacgle is
determined in the undeformed triangle’s vertex array,

Detormine The Next Anti-Clodowise Vertex: The next anli-clockwise vertex is deter-
mined. The triangle vertex array hold three indiccs referencing its three vortices in anti-
clockwise order, ¥ the position of the curvont vertex of interest in the array is x, the position

of the next anti-clockwise vertox is (r + 1)mod 3

Split Undeformed Triangle In Extracted Model: The undeformed triangle is split in
two with appropriate windings, Assume the ordered indices of the triangle are {a, , ¢} and the
new vertex is n. Triangle creation is divided in two ¢oses, depending upon the orientation of
the indeformed weighbour (Figure 6.12);

— Case 1: The next anti clockwise ndex ({2 + 1)mod 3} is the othor vertex in the shared
edge. The two Lriangle faces are created with the following vertices (Figure 6.12 - left):
# (@7, 0]
# [, b

— Case 2: The next auti clockwise index {[z + Tymod 3] is not other vertex in the shared
edge, The two triangle faces created with the following vertices (Figure 6,12 - vight):

+ fa,e.n)

# (n, e, B
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6.2.3 Vertical Edge Lxiraction

AET

« |azersaction Point

Vertical Edges

Figure 6.13: Deformed Prism Vertical Edge Intersection: Aninterséction of a deformed prism
that encompasses its vertical edges need not have its tetrahedra extracted.

A full extraction is not always required for a deformed prism. I the hyper-plane intersects a deformed
prizsm’s three vertical edges and does not intersect its base triangles (Figure 6.13), it 1s not, necessary
to intersect its subdivided tetrahedra, A connection scheme will potentially be ambiguous only
if edges making np the triangles of the prism are intersected. It is then necessary to mvolve the
tetrahedra in the extraction. The result of intersection will be a single triangle as opposed to four
triangles.

Since the prism has been deformed, edeges have to undergo extraction in order to produce the
deformed cootdinates. There are three vertical edwes, resulting in three extracted points whoch
can imumediately be triangulated. A potential problem arises when a prism whose vertical edges
intersects a neighbouring hyper-plane prism whose edges do not. The problem iz resolved identically
to Section 0.2.2, with triatieles being split in two. Posms whose vertical edpes nndergo intersection
are Hageed as werlical, while prisma that need tetrahedral intersection are flagged as tetrafiedral
Dhuring preism interséction, prisms neighbours are checked for the following flags:

e Vertical: If the current prism is tetrahedral, a correction must be made.
» Undeformed: Correction is needed if the current prism is tetrahedral.
# Tetrahedral: Coreections are needed if the current prism is undeformed or vertical.

# Flag Not Set: The prism is ignoted and no cotrections are made. When the intersection
algorithm cyeles through the prizm, its fag will be set. and a quitable checle wil]l be made.

Table 6.1 summarises the fitst of the above three items, I at least one prism’s neighbour fag has
not been set, no decision can be made to correct the extracted 3D model. In this case, the decision
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be made once all a prisms neighbours have had their fAlags set.

is deferred until the Hag i3 set {done just after the prism has been extracted), A Decision can anly

Prism Typs Undeformed Vertical Tetrahedral
Undeformed || No Correction | No Correction Correction
Vertical No Carrection | No Comrection Clorrestion
Tetrahedral Carrection Comrection No Correction

Table 6.1; Prism Corrcction Classification: A cell in column & and row y means the prism with
classification in eoluomn z neighbours the pristm with classification in row g This table depicts the
eazeq when correction to the extracted model will be necessary.

6.2.4 Ifficiencies AL The Model Level

Exacl Level Calculation

A hyper-plane intersects a 4D model at a particular level. This level will contain most of the
tetrahedra, barring the deformed tetrahedra, whose edges will be {ntersected. An exact and efficient
calculation to determine the start and end indices of all tetpahedra existent upon a level can eliminate

many unnecessary checks to determine if prism interseciion occurs,

The index of the start tetrahedra in a particular level is the level number multiplied by the number
of tetrahedra per level. The index of the last tetrahedra is the nunber of the pext level, multiplied
by the munber of tetrabedra per level, with one subtraction. Due to coherence, the mmdices of all
tetrahedra belween the start and end are all Lhe tetrahedra present in that level,

Since deformed tetrahedra tnay not be alipned to other levels, exact extraction will also have to
exarmne all deforimed tetrahedra, Tetrahedral intersection teats are therefore reacricted to deformed
tetrahedra.

Deformed Tetrahedra Extraction

Extraction of an ondeformed 4D object will produce the original 3D object. It is the deformed
regions of the 4D object that produces the topalogy alteration. Deformed tetrahedra are examined,
and extracted if an intersection oecurs, This reaunlts in a subset of the extracted maodel, therefore

the remainder of the extracted maodel must be built. This can be achieved in two ways:

o Imptlicit Usc Of 3D Model: The original 3D model is altered by appending informaticn
produced from the deformed extractions. Due to the redundancy of informaiion to the original
3D maodel, strueture from nom-deformed areas of the mesh do not need to be explicitly bnle.

» Exact Deformed Extraction: The extracted model ia built by an exact extraction appended
to a deformed extraction.
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An implicit use of the 3D model 16 the preferred means for extractions, but altering the original
model implies thet another extraction will not be possible. If mote than one extraction would be

required, then exact deformed extraction is he more viable

6.3 Summary

The extraction algorithm has boen described. Exfraction is performed by imtersecting a hyper-plane
with the extruded modeal. This results io a point set which is then trianpulated, Efficiencies aimed at
speeding np extraction are introduced. Efficicncies pertain to a three levelled extraction hierarchy:
{1}the model, (2)the tetrahedra and (3ithe edges. Efficiencies aim to reduce nnneeded operations
and decrease the mumber of resulting triangles,
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' DETERMINE THE TRIANGLE THAT PRODUCED THE DEFORMED PRISM
AND ORDER ITS VERTICES
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Chapter 7

Results and Evaluation

7.1 Testing Criteria

Results are obtained as an average of 100 timings. The visual c++ profiler was avoided due its erratic
nature, mstead a high resolution timer function was used with fimings captured in milliscoonds,
Results wore abtained on a PO with the following specifications:

» Processor: Dual Pentium 4 1.68GHz.

e Ram: 2.25GD.

s Video Card: Geforce 2 MMX with £ MB an board ram.
¢ Operating System: Microsoft Windows XP.

» Developruent Platform: Microsoft Visual O+, verdion 6.0,

Interactivity is defined as 15 updates per second. In other words, for a topology alteration to be
interactive, it cannot take longer thao 67 milliseconds,

7.1.1 DBlodels

Tem models were chosen to teat topology alteration, See Table 7.1 for a pictorial deseription of the
models. Models chosen differed in vertex and pelyhodron count, with the Stanford Bunny having
the highest vertex and polygon count. The models are:

» Cube: A low polygon and vertese cottnt with a simple topolosy. It was tsed cheoughout the
development stage to test the algorithm.

» Dolphin: A relatively low polygon and vertex count, the dolphin is typical of a polygon that

might have been produced using virtnal sculpting.
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H-Wing: A mare detailed polygon mesh, it represeats a model that may have been lascr
scanned, and then substantially simplified.

Rifle: The rifle has a complex copologye: The trigger prodecior gives ic geaus |-
Bass Guilar: More complox than the eifle, hut with o simple fopologs,
The Sting Ray: The scring roy has i complex topolopy with penus 1,

Mondo Man: Mondo man’s bead floacs abiowe his bodv. U'he portion where his legs are

attached to hix torso 13 alwn genns 1.
Cow: The Lradimional Stanlord cow which has bheoon simplificd.
Sphere: A larege sphere.

By The Stanford bunny ased ta test imits of the topology alteration algoniclea, 1L was
adso nged o fest if odels lived the lnenr regression. As i 1580 wuch bigper than Lhe previous

mcdels, i is left oun of the graphs.

Cubc

Number O Vertices: 8
Number Of Triangles: 12
Heoher Of Edges: g0

- Liolphin
Sheober Of Vertiees: {69

MNumber Of Triangles: 237 i o e
Nunber OF Bdaes: 704 -

T X-Wing

Number Of Vertives; ¥
Number Of 'ITiangles; 1289 "ﬁ?&‘
Nhunber OF Ddpes: 2062 -.,‘j_? i

Hiie
Number Of Yertices: f119
Number Of 'I'riangles: 1845 11:1'{%‘-*?%

Nuwber O Bdees: #2268 \‘

.
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Bass Gultar

Number Of Vertices: f419
Number Of Triangles: 2258
Number Of Edees: J671

The Sting Hay

Number Of Vertices: 2928
Number Of Triangles: 3755
Number Of Edpes: 6688

MMonido Man

Number Of Vertices: 2178
Number OFf Triangles: 4084
Number Of Edges: 6260

Cow

Number Of Vertices: 2004
Number Of Triangles: 5804
Number Of Edges: 8708

Sphere

Number Of Vertices: 4098
Number Of Triangles: 192
Number (Of Edges: 12288

| Bunny
Number Of Vertices: F5247

Number Of Edges: 105386

Number Of Triangles: 66451

Table 7.1: Maodels: The models and their respective vertex and
triangle count ysed to determine results,
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7.2 Resuolls

7.2.1 Exirusion

Extrusion timings sre dependant, upon the most numerous components of the moded; the edges. This
is due to 4D edees being cotnputed and stored for extraction. Unfortunately, there are more edges
than vertices or faces [Euler's law). Timing results (Figure 7.1) were fitted using a linear regression,
with the Stanford Bunny being tested to comfirm the result, Extrusion optimisations improves timing
results by a factor of 2. The optimisations prevent unncecssary caleulations after the computation
of the first lovel, thercfore a factor of more than two was experted. The bottleneck is due to the
standard template library {STL) vector class as it ig inplemented in Microsoft Visual O++ 6.0: 4
call to reserve memaory is not ag efficient as on another platform. This was only discovered after

implementation.

7.2.2 Deformation

Optimising the embedding algorithm produces significantly improved results as demonstrated by
Figure 7.2. All models tested in Figure 7.2 were extruded using ten levels. Optimised embedding
tesults on average in an improvement factar of 18, Optimisations use embedding information from
the 3D maodel, the only calculation being the 4D component, which needs to be caleulated just
once per level. Embeadded coordinates for the 4D model arc calculated just before deformation, In
addition, optimisations introduced in [26] and adapted to 4IF aid the interactivity of the deformation
process.

7.2.3 Extraction

Extractions arc tested afier deforming roughly sighty pereent of the specified eells for each model
per Ievel (Figure 7.3} A lincsr regression is fitted 4o the date and tested against the Stanford
Bunny. In order to test optimnisations, the sphere is extracted with deformations that span different
proportions (Figure 7.4). Figure 7.4 shows that extracting only deformed faces is an improvement
over extracting the whole object. Timings are logarithmic due to edges staring results from previous
exfractions being wsed in gubsequent caloulstions.

7.2.4 Owverall

Timings for a deformation that results in a topology alteration after extraction arc presented (Fig-
ure 7.5). Interactivity is breached if times exceeds 67 milliscconds. Results show that it is 8 model's
triangle count, and not its vertices, that detormines the time for topology alteration. The cow has
less vertices than The Sting Ray, yot its friangle eount s much larger, resulting in longer overall
topology alteration time.
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Figura 7.1; Extrusion Timings: Graphs representing extrusion timings [Top] Extrusion timings
for one level [Middle] Extrusion timings for five levels [Bottom| Extruston timings for ten levels.
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Figure 7.2; Lattice Embeddiog Timings: Unoptitmised stnbedding times Y3 e aptimised conn-
tErpart,

Fxlrusion titnings rely not 8o tmuch on the amount of levels chosen as on the complexity of the
model. Even though performance deprades stk more extrusion levels, it does wot require tmany
levels to perform a topology alteration. Also due to optimisations, the first level of extrusion is
the mest performance demanding step, while redundaney dramatically redhuees the time veeded to
extryde the other levels. Optimisation also sids in the deformation and extraction performance of
exiruded objects. Lastly, it iz in the intereata of memory conservation to keep the extruded levels

to o roiniroim.

The amount of levels needed 15 deformation and model complenaty dependant. An extmded object
that has a large portion altered due to deformation would be s candidate for an increase in extresion
levels, thereby potentially reduecing the altered portions. The preceding sentence uses the word
‘potentially’, singe the amount an object is altersd also depends on the deformation. A level oumber
of five was used (o render the pioures for this chapter. Five levels of extrusion performed as well
as ten for all models. Less than five levels produced warping artefacts for some of the models that
should not be present o this technique, such as foo mech deformation slong the x.v or £ aodses.
Four larger models such as the Stanford Bunny, less than fve levels produced suitable results. This
is because a less sparse (finer) lyper pateh works better with lots of vertices, and produces more
lucal warping effects. The number of levels chosen for an extruded ohject is therefore dependent o
the complexity of the model. The more complex the tmodel, the less the number of extrusion levels
neaded,

The topology alteration process presented in this disseration has one serious flaw; Tt is ool able to
combine objects. A 4D modeller based upon [12] is able to produece desired reaults. These were not
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Fignte 7.3 Extraction Timings: Timings for the extraction process,

however persued for this project as it was thought to be cutside the scope of the project.
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Figure 7.5: Overall Topology Alteration Timings: Timing results for the topology alteration
process ag a whole,

The above pictures all had five extrusion levels. The sphere hole was produced by a vector onginafing
from ite x, ¥,z origing with its w axis orginating from the fifth extruded level, The deformation vector
kept the x,y and z parts the same, by emanated towars the ficst level in the w-axis. For all object
zeparations, the x, vz origing were at the exact place where the separation was wanted, with the w
coordinate being the first level. Depending upon the orientation of the model, the resulting vector's
%,%% components changed, while the w component always headed towards the fourth level,

Deformation performance 1z dependatt upon the type of deformation used. The reason being is
that a deformation which results in a large proportion of the object being deformed will require
a more thourough extraction and produce more resulting triangles. A more thourough extraction
implies that the more prisins that are deformed, the more tetrahedra need to be extraced and prisin
neighbours need checking for non-deformed neighbours,
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Chapter 8

Conclusion and Future Work

The focus of thiz dizsertation is an producing an efficient means of altering a 3D model’s topology
under virtual seulpting inplemented using spatial deformation.

Ideas proposed by Aubert and Bechman in [4] were extended to fit requirements needed [or virtual
aculpting, Their approach was chosen because it altered topology with moat of the topological
requiremnents posed in Chapter 1, with the excoption of mtcractivity, Extenstons thercfore alm to
make an unambiguous topology alteration process interactive.

The topology alteration process is split into three sub-processes: (1) Batruston, (2) Deformation and
(3] Ertruction. A 3D object s extruded into AD, afier which, the 4D object is deformed and then
intersected with a 3D hyper-plane, thus producing a 3D extracted abject with potentially altered
tapolopy.

The extrusion process emnbeds a 30 object into mmltiple 4T3 layers, each layer having a unique 4th
coordinate.  Vertices of triangle faces i the 3D model are identified in 4D and are cownected in
consecutive 4D levels praducing 4D prisms. Prisms are then subdivided into tetrahedra resulting in
ronnectivity information that is a 3-simplex,

30 Direct Manipulation of Free-Form Defortmation (DMFFD) (Section 3.1.3) is adapied to 4D for
deformation of the extraderd object.

A 3D hyper-planc is intersected with the 4T extruded model to praduce a point sct which is then
trianpulated, Duoe to 4D tetrahedral connectivity, the point set can be trianpulated unambigususly.
Depending on the deformation specified, the exiraction produces an abject with altered topology.
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8.1 Optimisations

Optimisations to the extrusion process (Chapter 4) invelve exploiting spatial eoherence produced
by the embedding process, Edee and tetrahedral computation benefit from coherence. All sub-
gerquent tetrabhedronalisations and edpe caleolations after the first level exploit coherence for their

calenlations.

Extrusion time 18 lingarly dependent upon the number of edees in 8 model. Therefore extrusion
time increases with model complexdty. This does not hinder interactivity as extrusion is designed
to be a pre-process performed in conjunction with the loading of the 30} model. The Stanford
bunny, considered to be a large model for virtual sculpting, takes 580ms for a ten levelled extrusion.
Optimised extrusion results in a speed up by a factor of two.

4D deformation {Chapter 5) builds upon optimisations produced by Gain in [25). The most impor-
tant of which is an optimised means for the calculation of a pseudo-inverse (Section 3.1.4). The
optimised embedding algorithm uses embedding information pertaining to the 30 maodel, It results
in a speed up by a factor of 18,

Extractinn optimisation only intersect tetrahedral faces of the 41 object that were deformed. The
resulting triangulated point set is appended to the original model,

The topolopy alteration method can achieve a deformation and extraction in interactive time (15
frames a seconds), with the extrusion as a pre-process, Although hole creation and surface separation
can be achieved, surface joining is not possible. This is due to the nature of the space-time object,
which is unt adept at object joining. Self intersecting of tetrahedra result in triangles with meorrect

windings and produces models with ‘holes'.

8.2 Future Work

There are several areag for future research which pertain to this dissertation:

* Refinement/Decimation: A refinement/decimation scherne would eliminate errors due to
sampling. The curvature of the 4D model may be degraded after deformation, resulting in
an extraction that does not smoothly approximate the curvature, This can be remedied, to
some extent, by sampling the extrusion more densely resulting in a 4D object with more levels
closer to each other. A refinement scheme makes this ubmecessary, allowing for a velatively
small extruded object. A decimation scheme will eliminate samplings that are too dense, thus

reducing unnecessary detail.

» Self Intersection Test: A problem with extraction is that tefrahedra may become self
imtersected after deformation resulting in them being turned inside out. This produces point
sets that get trianpulated with incorrect windings. A self intersection test has been developed
for 3D virtual seulpting in [28]. Adapting this test to 4D will eliminate the tetrahedra self
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intersection problen,

» Surface Joining: Deforming @ higher dimensional objoct and then extracting a potentially
topulogically altercd ohject will not be able to ereale & joining of surlaces, Eilher attempting
to adapd this method [or surface joluing, or using ancdher scheme in a hybrid combination

would be intevesting future research,
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Appendix A

Geometry

A.1 Plane-Line Intersection

A planc is definod by a normal & and a point P on the plane, while an edze is defined as two vortices.

To inlersecl an edge ' with a plane, we requive the following varialles; (Figure A1)
» P - A point on tho plano.
e & - A normal to the plaue.
e [’ - The starling vertex of an cdge that Intersorts the plane.

o % - The end veriex of an edge that interscets the plane.

Wi find a sohution for ¢ soch thar the following parsoetric equalion lor o loe will vield o poiot Py

on Lhe plane:
By = ylt) « (L—0)P + tPy tE (0,1 (a1

Since £y is assumod to be on the plane, the dot prodoet of thoe vioctor from Pota By and N will he
TOTE
N-(Ph—Py=0D [A-2]
Reowriting cquation A.l to Fy = y(#) = Fy +H (P — Fy ), and substitating this for By in equation A2,
we pol:
NP (B =Py =Py =0 (A

SRaEr W use the terns edee and oes udeechazoeably e,
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P

Figure 4.1: Plane-Line Tntersection

Solving for & gives:

¥ (tiB-P)) = §-(F-R)
EX-(B—P)) y~Edrin)
: N.o(P- A

sl (TSR (A.4)
. U_"’z —%)

Subsliluling § ol equation At into equaticn A1 yislds Lthe desired resull. The [ollowing eade is used
to produce plane-line inkerscecions:

Point planebinelntersect{Point startEdreVertex, Point endEdpeVertex) {
Yecter vl = pointdnPlans - atartBEdgeVertex;
Yector v2 = endBEdseWV¥ertex - startEdgcV¥ertex;
float © = vl,detproduct(planeliormal) / v2.dotproduct (planelorzal);

return (1—t}*staItEdgeUcrtcx + t#endBEdgeVertox;
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Appendix B

Linear Algebra

B.1 Proofs for Equations 5.3

The proof of how & 3s deved s given here, The other coordinates, namely # and @ follow trivially.

X

B

3 S g

Figure B.1; Prujection Of A Ontn 5: Ta determine the local coordinates of X in the & direction,

A st be projocted ooto & to produens &)

Freem the above figure, it can be seen that & 15 the prajection of & onte 5




But if 5, T, U are orthogonal, then § =T % 7, therefore the previous equation can be written as:

_ 8 (x—Xy)
T
Solving the shove equation:
2 e (ERE )
5.8
_ & lIEx = Xo | cost
&R
A = Xo || eosd
(&

Using Figute B.1 in conjunetion with basie trig, it can sasily be shown that || X — Xy || cost =|| &0 ||

| % — X || cosd
&l
_ sl
El
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Appendix C

Consistent Edge Generation For
Tetrahedra

Assigning edge information to tetrahedra where the edges have already been created by a neigh-
bour implies retrieving the edge reference from the neighbour. There are twelve cases to consider
(Figure 4.14), each case dependant upon the prism neighbour’s orientation. Note: The following
notation is used to to describe each case: FNX.Y —e, means Face Neighbour X tetrahedron ¥ with
edge e,, where X is one of the three face neighbour prisms, and Y is one of the three tetrahedra that
the prism will subdivided into (X,Y € {1, 2,3}) and edge e, is one of the size edges in a tetrahedron
(z € {1,2,3,4,5,6}):

e Case 1: Neighbour 1 has already produced edge information.
Orientation: ve < vy and v is the smallest vertex index in Neighbour 1
tiey = FN1.1— e, toey = FN1.2 - ey, tge; = FN1.3 — e3, toe3 = t1€1, lzes = they

¢ Case 2: Neighbour 1 has already produced edge information.
Orientation: ve > vz and vy is the smallest vertex index in Neighbour 1
t1e3 = FN1.1—e3, tseg = FN1.2 — ey, taes = FN1.3 — e1, tgey = t1e3, taeg = taey

e Case 3: Neighbour 1 has already produced edge information.
Orientation: ve < vy and vy is not the smallest vertex index in Neighbour 1
tiey = FN1L1— ey, tye; = FN1.2 — ey, tge; = FN1.3 — e3, toes = t1eq, lzes = i€y

e Case 4: Neighbour 1 has already produced edge information.
Orientation: vy > vs and v; is not the smallest vertex index in Neighbour 1
t1es = FN11 — ey, teeg = FN1.2 — eg, tzeg = FN1.3 — ey, loeg = ties, tzeg = fpey

8 Case 8: Neighbour 2 has already produced edge information.
Orientation: vy < vy and vy is the smallest vertex index in Neighbour 2
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ties = FN21 - e, tzeq = FN22 - ey, tgez = FN23 - e1, t1eg = taey, taeg = lgey

Case 86: Neighbour 2 has already produced edge information.
Orientation: vy > v3 and vy is the smallest vertex index in Neighbour 2
t181 =FN2.1 -~ €3, t2e1 =FN22 -~ €4, t3€1 = FN23 -~ €3, t184 = t2€1, t3e5 = t261

Case 7. Neighbour 2 has already produced edge information.
Orientation: vy < vg and vy is not the smallest vertex index in Neighbour 2
ties = FN21— ey, they = FN2.2 —eg, tgeg = FN2.3 — eq, t1e4 = loey, lgeg = ey

Case 8: Neighbour 2 has already produced edge information.
Orientation: vy > vz and vy is not the smallest vertex index in Neighbour 2
tiey = FN21 ~ e, they = FN2.2 — eq, tsey = FN23 — eq, t1e4 = toey, fges = tpey

Case 8: Neighbour 3 has already produced edge information.
Orientation: vy < vz and vy is the smallest vertex index in Neighbour 3
t1e2 = FN3.1~ €3, 5266 = FN3.2 ~ €4, t3€2 = FN3.2 ~ €3, t185 = 5263, t285 = t3€2

Case 10: Neighbour 3 has already produced edge information.
Orientation: vy < va and vy is not the smallest vertex index in Neighbour 3
tlez = FN3.1~ €2, tge(,- = FN3.2 ~ €2, t382 w= FN3.2 €2, t165 = tzea, t2€5 = t382

Case 11: Neighbour 3 has already produced edge information.
Orientation: vy > vs and vs is the smallest vertex index in Neighbour 3
tieg = FN3.1 ~ €1, trey = FN3.2 ~ €1, tyeq = FN3.2~ e, ti1eg = fa€g, faey = igzes

Case 12: Neighbour 3 has already produced edge information.
Orientation: v > v3 and vs is not the smallest vertex index in Neighbour 3
t1eg = FN3.1 ~ ey, tgeg = FN32 —eg, tyep = FN3.2 — ey, t1eg = lgeq, fres = tyen
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