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The field of virtual 

materials on " .... '''I1nnt./>r 

U'.,'UU"l'. aims to create "'""""""nt" .. models 

There are many ways to UHjJ.~aw~ .. " 

HHHUL1\" .. ", an artist's studio and 

_." ...... .,.,. One method is to use 

deformations. oJlJ,"'"l,ru deformations alter the a class of transformations known as the 

,,-V'''O'.vu of an effect is controlled to nr'"'Irl""p 

features of an While an 

are its connective structure is left intact. This limits deformation to Ul"'rn'n~"" that 

do not since it is necessary to <To"m,ot,." for 'V~'V".JI'..Y alteration. 

This dissertation to an interactive method for tor)Ol()gy alteration a 

deformation known as Direct of Free-Form Deformation Since DMFFD is a 

for animation can be used in 

is extruded to 

This dissertation 

is extruded into 4D and 

allows an to be 

the extruded to obtain a 

itself to alter 'V~'V".JI'.Y 

",u,_., ...... with DMFFD to alter 'V~'V".JI'..Y 

From the deformed extruded it is 

this process to virtual Hl(1,1\,!!J'", it interactive. A 3D 

tetrahedral connection information. This tetrahedronalisation 

extracted the extruded 3D DMFFD is ad~Lptl~d 

Extrusion is perto.rrnled 

the deformation and extraction 

for 

in order to make the process interactive. Models 

of various sizes are tested to prove 
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4.1 Prism Vertex Abstraction: an abstraction of vertices ..."," ....... '0 

r .. r, ..... " .. nt." the smallest vertex. This table the values of these 

is rotated for to be the least vertex 

index 33 
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1.1 Information: A point set is information in order 

to attain structure. . . . 

1.2 ....... ' ......... deformation: are deformed pmntlC)nS of their 

vertices. . ....... . 

3.1 The Free-Form Deformation is embedded in a 

like substance from world space coordinates The 

is WA.rn~'l1 with the effect carried to the embedded The 
is now in '",,,, .. ..,<.11 world space coordinates. 

3.2 2-Manifold And Non 2-Manifold and <VU'''''''''I A 2-Manifold 
for every an open ball in A non 2-Manifold 

exists at least one that does not have an open ball 

in 

3.3 J.Ol00JLoe:v Alteration Of A Circle: A circle is extruded into a 

There 

that exists 

after which 

2 

2 

17 

20 

it is deformed. V€ipend:mg on the <>vt·,.",'TUHl a sel)aratl.on will n<>,'I"""1Tl to the circle.. 21 

4.1 4D Prisms From 3D faces in the 30 

model are to their r{)1,nT,<>,.n,,,,.T. in a 40 level. 40 vertices are then ..... ,... ... ~~ 

to their in the next level thus p .. JUU'''U'5 a with 40 vertices. 

4.2 The 5 "U!UI"UU~'U of a Three and 

and six vertices. 

4.3 U",UAllA"'A Sets For The Four Dimension: Each U-C'''''p''''.I\. is the minimal 

convex set that can exist in n-dimensions. . 

4.4 Non-convex 

non-convex under 

After Deformation: A has the ..,n1c<>nt:, of be(:omling 

that '1'1r·,.,1"n' ... ·"'I"',." it non­

The deformation 

4.5 

convex. 

which is a non-convex 

of 

can be 

The two ways in which a 
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4.6 

4.7 

4.8 

Prisms whose UlCl'5U.UGl face do not share a 

common vertex. . . . . . . 

From The Least Vertex Identifier: Prism are 

Ul"L5U'UGLlO:> <::IU1<' ... <l.Ll"5 from the least vertex identifier in the Two will 

share the least vertex identifier of the whole and therefore will contain U1<'~U'"<I.''' 

"""'a.A •. a."'."", from the same identifier . . . . . 

Prism Rotation For Abstraction: The six cases due to treatIng each one of the six 

vertices as the least vertex. Each vertex has an abstracted in brackets 

""~'151J'''U to vertices to table 4.1. . 

4.9 Orientation UE~te'rnlllllln.g Least Vertex Index Of Prism: 

4.10 

that contain the smallest vertex index - vertex 

index 0 - of the current due to 3D To 

determine the orientation of .. <::j'5".uvu", 1 and 2, the unknown vertices must be tested 

to determine if are smaller than vertex index O. To determine the orientation of 

"<::"5"uv"", 3, the unknown vertex must be tested the least vertex index of the 

U"""U"'." vertex index 1. ...... . 

cases considered for Row 1 is V2-

smaller while row 2 is 'Ua-'ISIIUUltlr Notation: means tetrahedron x index 

y, where x E {I,2, 

4.11 Vertical Reference ""~""~;,u"u"".u ... References for vertical are identical 

to the vertices in the lower that '"VI,"!!'''''' them. . ..... . 

4.12 Cases One And Three Of Orientation: of interest 

is 1 will result in a different tetrahedral subdivision ~~ ....... ~. 

to case 3 

obtain 

Orientation is thus necessary to choose the correct tetrahedra to 

r",fp .. ",n ... '~" from. . . . . . . . . . . . . 

4.13 The Least Index Of The Third a is rotated 

such that Vl is the smallest in order to determine which one of the two 

cases for tetrahedral subdivision the 

must be calculated . . . . . . . 

4.14 Face 

sidered for UelGeCLlIllg 

the result of whether V2 or V3 is smaller 

Detection The twelve cases that need be con-

from tetrahedra when UUlt1U',l1~ 

tetrahedron face of interest is shaded in 

4.15 Tetrahedral UE,COlm'tloSlt of Prisms: The six J.IU;~O:>lIUU:: ways to a 

into tetrahedra. Note: case case 1 and 2 are all other cases 

are rotations of these two. . . . . . 
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5.1 The Deformation Process State Machine: 

the FFD process The of the 

space 

the DMFFD process 

The deformation process as ,...o,"+".·..,~.rI FFD with new control 

5.2 Cuboid Coordinate ,",VI<T.""""'· H"'Rvn"",, vectors (j 

cuboid coordinate 

5.3 Control Point Lattice: The space described 

lattice control 

Lattice 

deformable 

sUlDeI'im.Dosed on the cuboid coordinate ''''''~''''m 

.n.",.al,AUJUllilUj.J In Two Dimensions: The nvy'''' .... n 

the lattice. Not every 

The nature of basis function used for deformation in 

with the will define the . . . . . . . 

5.5 Control Point Translation: '-IV;'''''''' 

deformable space which 

before control are translated 

the most control 

is the 

of the 

5.6 DMFFD: is embedded in a lattice with features """",,"UtT1 

deformation ,..."",1-1." ... " The deformed 

lattice. The Wl> .. n<.rl lattice's are l<::~'V"lL"JU~'U sense. 

6.1 The Extraction At the bottom of the h'o'r",,.,,..h,, from 

45 

46 

47 

48 

49 

51 

which are extracted. In 

the is 

set is 

0"""'5'"'' faces for the 3D model are created. 59 

6.2 A on.-aeg'enerllue Tetrahedron: A 

vertices ... 

6.3 

set that is amblguol1s 

one is a correct connection 

Ivh""rly'SI. intersected with a nVl'''''r,·nll'l.n"" 

connected in one uDiambi~~uclusly correct way 

6.4 Points On An The LJU~,HH.JH 

of t to the linear 

t = 0, the 

and when t = 1, it is the last end 

6.5 Plane Intersection: A 

.. ,,', ... 'U' .. "' .... ~'"> •• u''' of four 

ways to connect 

A convex 

be 

is determined by the value 

, where tEl] 

it is in the middle 

PV;'.IH;".I."'''' with the linear 

~'t ,.~ •.• ~ •• of a has a "lJ~'LW'L value for t where the intersects the 

Note: occurs when t = 0, and occurs when t = 1. 
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6.6 Traversal IJE~te,rnliIlles .......... ulne The order in which 

In the above 

are 

traversed determines the !UUUU~;" of the H;;"Ulk'UF, 

are traversed in numerical order ... 

6.7 Four Point ......... : ...... I5'u ........ , .... There are two correct ways to .. ..... ,' ............. ~ four 

6.8 In1teI'secti.on Prisms result from con-

in cOITe~lponding levels. The result of llll;er:,;,ecl;lllg a 

nT,",r!>,,..'" four 

6.9 Four Extracted laJlgJleS ...................... "'" To Its Convex Hull: The result of trian-

6.10 

from an undeformed tetrahedronalised nrr>nl1,.."''' four 

.... .,u.UUUv ... with one of the "11."-'11';,";;" that make up the 

""Ul.Jv~,.y the vertex also in extrac­

V2 therefore VHJUUll"U,'5 tions of four 0"'''''1!:.'''''' The left most 

___ ..... __ '"_ with the lel1;-mOst '.n>U1"'''' 

it. 

extraction. This results in a nOlll-SlmlDUC:lal 

with two U""ll<.Uuv,e .. incident upon 

is drawn as a square 

64 
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"VI.l""IU!', the undeformed into two 68 
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then at most 

If a deformed has an un<1etc)rm 

one vertical has been deformed. 
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tracted mesh consistent when an undeformed roTH.nU'., ".".F, ...... v 

6.15 ~v.a"""""UI5 The Extracted Mesh Consistent: The last two 

tracted mesh consistent when an undeformed 

7.1 Extrusion reI)reSeIlltlI:lg extrusion ..... u .. !,,, 

for one level 

ten levels. 

..... u .. !,,, for five levels 1 ........ '00 ... " .. 1 

for u .. ,.n.""5 an ex-

deformed extracted 

for "",,,,,U,'5 an ex-

deformed extracted 

7.2 Lattice times VS its VV"lU.U<I";U 
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'''''" ..... ;: .. has grown an in ,",VJLU",'U."" 

in a range of industries have been created around it 

and involves the of discrete data on a 

the of this data has become a active research. 

the is with the current standard 

UR''''''''''''.''''' 1-',""-"""",'0;' have been that seek to the 

In many In~il>i:lJl!;eS, the artist must know how the 

1-'<LU\.d,""t: in order to nr(\n".rl 

without 

artist able to 

To this 

use it [35]. Virtual 

Its plcmeers made the '"'v ....... ''''. 

creation 

of an 

lea.rmlllg curve for 

• Hole Creation: The 

The above items are .... .A'w .. , ..... ",'" 

alternative to other ""'::bl~'Ul!l 

to tear a 

to create holes in an 

to 

~"'r,"""''"' alterations. If virtual 

must be available. 

Current hardware is VI-""U'''''oc;u 

essence, a 

• Point Set: Points in space as tiCJL ..... "!'. the 

in virtual " .... lU .... ·O .... F.. 

is to a viable 

a mesh. In 

• Information: Information concerned with how individual vertices are 

to define a surface. 

1 
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.. .. 
.. .. 

II II 

.. .. 

1.1: \..!{)DlrleC:IOlVU.¥ Information: A point set is 
attain structure. 

information in order to 

!fan ~ ... ~v'O~ a it is necessary for the information to 

be altered. For "A.:ldUi-'l" if a is to become a it needs a hole .A .. VU,"''' the middle of it. 

To create a .. A.".A"·" of the must " ....... 0"'. 

1.1 

Virtual aims to an environment for the creation of v~ ....... ~ •• ~. in a 

manner that resembles traditional 

be interactive. It is a 

a 

dissertation uses virtual ""'''OJ.L .. ,,," uUi-"""""",.,,:U 
of deformation based on work done by Gain 

1.2: 
vertices. 

deformation: are deformed the pO!!ltlC)ns of their 

"..",.,,,, .. achieves a nn'~It",nn of an VOJ",""." vertices 

One of its attractions is that it is of 

connection information is not altered under deformation. 

Free-Form is an instance of de-

it can be used 

2 
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It is also to OlUlUl.",.<:: a medium 

This poses a ... "" ...... ,1' • .1 

Direct "VAeLUll ... UJ,G.J'UU 

.LUIJU""KY alteration should adhere to the 

becomes less intuitive. 

to u<::"v .. ,u it. 

an artist to 

'-UJ,UV1<::A meshes. 

"''''',.u .... ''' C01[lC€~rn:Lng this work. 

• Interactive tee,dbliCk is crucial to virtual O'-LLlIJ'"Ul,"". It must therefore also be 

1 

prElsellt in any scheme that GH<::H!VLO to under the of 

virtual 

• must conform to certain standards of mathematical correctness and the 

external realism of the should not be process. The 

former that be that artifacts such as 

intersection be eliminated. 

• Multifariousness: Intentions by the artist must be '''U'U'V'I£''U with ease. 

lrIllaLllun deforms an 

IJV'" .J,VU of the vertices. 

U"'UU.1U""lUl,'" alone. 

pmm;UJns of its vertices. But for a 

must cn13mg,e: It is not to the 

'h",,.,,,t,,,,.,,, it is Impo:ssUJle to the of an 

This dissertation is focused on a scheme for an LU~'U""J<.Y under virtual 

Iml)lernented with DMFFD. 

Problem 

multifariousness is considered to be in the realms and as such is not 

in this dissertation. 

Dissertaion Overview 

This dissertation is prElSent{~a as follows: 

3 
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• VU,a.I,l.Cl 2 Prior Art: A briefreview is prE~sel[lted and current .C"UUj,y' used to alter 

• 

• 

• 

• 

• 

the LUIJ'U1L.l<. 

the nrr,np,·t; 

of an under the of 'U\J'UC;'UH~. te(:nnllql1es are with 

of section 1.1.2 

3 Foundations: information is established for undelrstiaIl(iing 

this dissertation. An in discussion of virtual 

pre:sent;atl()ll of D MFFD and A 

prl~sentE!d and motivated for use. 

aei'anma,uan and extraction. The mSiaavaIILa,ges of 

in virtual are discussed. 

4 Extrusion: The extrusion of the is enhanced for virtual 

A three dimensional is extruded into four dimensions An efficient 

means for 4D face and information is discussed. Various enhancements are made 

"'AIJ01U1LU1~ coherence which enables extrusion up. 

5 Deformation: A formal mathematical pnlselllta,tlon of FFD and DMFFD in 3D 

is DMFFD is then extended into four dimensions. A discussion of the 

of DMFFD in and hence in 4D is prElSelrlted. 

6 Extraction: An .. "!'.<& ... ,,,, interactive extraction is pn~SentE!a 

involves the 4D thus 

The set is then Lrllmg;uULte(l, that is p01;entlaJll) 

altered. The ...... ' .... " .... "U."H~~'" is reliant upon the deformation of the 4D 

7 Results and results are shown delTIOlrlstra 

sations in this dissertation 

Extraction 

set in 3D. 

that UIJ',UU1-

8 Conclusion and Future Work: is achieved with the Op1GlmllSa,tlOns. 

A test for self intersection as well as a retinementjuc'Ju!JI""."uu scheme are 

work. 

4 

for future 
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Various methods for an OO.lec1ts t<lP01iog:y are pr~~se:nt€d and evaluated in this r·n~'nH·r 

This "'''''1-'"'''' is nl>lrht:ilW1M as 

,. Section 2.1- .LUIUU"U"", Alteration'l'echi[liqlues: Various technilques to the totlol()J(V 

of a model are examined. There are three fields that are concentrated upon: 

- Section 2.1.1 - Volumetric !VJ.UlUlt::lIIUlg An is l .. \'U,a .. ::u 3D cells called 

.""U1L.1UK in the internals 

- Section 2.1.2 - JLUAJI."""J." Surface: function . 

.. Section 2.2 - Evaluation: .I.UOOiIOI!'V alteration te<:hI1uqllles are evaluated . 

.. Section 2.3 -

2.1 

1 

Volumetric structures "AIJU''''.'.Y r~~pI'es~mt an volume 

ware 

done 

that volumetric OO:leC1GS be converted to nnlvorn?1ll> 

3D cells. Current .".,'u"' .... '" hard­

IIle:snes, and this is most cmIlIIIOIllj 

or some variant it. Volumes nrclvlcle an intuitive means to 

are also easy to edit "'."Ul"'.' 
for model creation. The internal volumetric data structure has many "'PI!''''v'''.lV'.", 

medical or the of diffuse materials such as clouds 

5 



Univ
ers

ity
 of

  C
ap

e T
ow

n

for ,u,,'ut:UU,1'. the appearance of solid 

skin that models the will 

An in­

of Ul\.'Ut:HH.11'. is called 

IUULl.a, .. with overhead costs '"'V'''I-'''''' to UV'''U1\..lcw. 

reIlrel5enlta1;iollS is the reason data structures are not standard. 

Volumetric 

Influenced by 2D programs, involves ""UIILUlll'. a voxmap, ""''''''''VI''''''''''' to a 2D 
Ul.J"''''JfJ, but I',-, ..... n",,,,.-I of voxels of can be 

visualised as a square with voxels are a cu be with 

and Voxels are .. ~'''!:>~.~ retlre:serlt material or space, with volumetric ~-'~'Y-""n nr" .... ""''".,. 

are altered. Thus material can be or removed. 

Volumetric was first introduced 

tools which are also Voxalised. Voxels are axis """'1"""''-' in a static voxmap lattice thus ."1'",.,..,., 
axis. 'oJ <11.1 V '.,.,M 

<>n,.,TYlTlT to solve the to __ ....... _ both the tool and the 

While the 'U'-"U",.UHlll'. tl~cn.m(lue is ... """-"',. ..... it cannot achieve fine detail due to the ,.""I<lt.",,1 

sparse """'''}'''''"'5 of the voxels. To increase "'UJ.L''''UL.~ an 

incremental cubes """"VB"U'''' n<>,"I"),,.,,,.<>1'1 on the modified 

n.""Uu"""" [59J extend volumetric to allow several in the world space to 

be 

space, with 

et al. 

to be sculpted has its Own coordinate 

attl~ctlmg the local coordinates of the 

within world 

""","UJ,,,"'," the restrictive use of a static voxmap while still ,UCUUI"""",UUJ'5 interac-

Voxels are of corners, corner with a that I"PT1TP,!':""'1t.!I: whether it is in 

material or space. Corners and voxels are stored in balanced with voxels 

that are on the between space and material stored in a ""'T.,.rJ~.T" tree. The 

user is able to add corners at any mClm,ent T.n,,,,.p'nv Dn)VIQUU!: an unlimited voxmap size. 

is achieved the which is "" .... "v .... pJ"" •. u:;u examunng the 

corners that are .... u'~ .. E;t:;u due to tool interactions . 

.,."rUT: •. ''''. [2] ITPTl"'''''.1 the voxel "nnr,,,,,r'h the use of slabs. Like et slabs consist of 

corners, but differ 

Therefore the sides need not be 

surfaces 

Distance Fields 

and not constrained to a cuboid 

The local coordinate ,",v"rplrn" of the slab are to the 

an extraction that is not aliased to voxels. 

A distance is a ____ ..... __ scalar re}:,re:seIlltiflg the minimum distance to an 

prE~<1I~nfle<1 , .. "'CU''-. and if it is can reI)reSeIlt the exterior 

and interior of an Distance fields have many ""p,!-'H,.aL.Vll1' besides ""tnn".-" .. 

6 
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2.1 - Distance Field Of Unit 
Any metric will suffice to calculate distance. The unit sphere described by 
represented by the following distance functions: 

.. Euclidean Signed Distance: I(re, y) = 1 -

.. Algebraic Signed Distance: I(re,y) = 1-

.. Unsigned Distance: /(re, y) = (1 - + 

= 1 can be 

A regularly sampled distance map for the Euclidean signed distance could be as follows: 

such as 

built from 

a viable alternative. 

while surface normals 

also allow for the rel=lre~len1~atllon 

volumes 

for volume that while volumetric 

scans. Distance fields were shown as 

be reconstructed from the rI .. ,t,,,,, ... ,,, 
of the distance 

Distance 

A variant of the distance field, the aUaU1GIVlelV " .... HjJ.1"'U ..... u'u ..... ,."'" 

Frisken. A 

areas of curvature. An 

7 



Univ
ers

ity
 of

  C
ap

e T
ow

n

"a.,.u~,,,,,-, dense distance field upon for the 

nf'rrti(U',!Oi of low curvature. ADF's solve this VLlJU.'''... the distance at 

curvature. The result is a distance field that l"P(1111'rp!Oi less space than traditional distance fields 

with curvature app[()Xilma,tion 

Kizamu was created as a virtual 

""'.U"' ..... .:,u in the ADF. 
the tool distance There are two of op,era,tlons: 

alteration can be achieved a tool for un""H'''''''.'''1<. 

tool with a to make a donut. It can also be achieved 

for t::.I\.c .... jJ.", a tool that adds a to a mug. 

Set theoretic UP'8[oH,lllW; 

in nrirn;·th"~,, to ...... , .... ,.,," 

Primitives are 

an 

Blinn 

and 

function and 

and 

V ..... I""'uu £"""",...,.,.."",,.. of isosurfaces determined from a 3D scalar 

the lUU.UW1UI<. 

= c, P E , c E lR. 

P is an in space, and is the level-set value associated with propor­

tional to the distance between P and the intended surface. Points in space are in one of three states 

ac(:orliine:: to their value: 

III = 0: P is on the surface. 

III < 0: P is on one side of the surface lnOimlnal1) the 

III > 0: P is on the other side of the surface. 

Level Set 

As the name "u,~"'''',''"'' level set u", ..... ,:u as iso-surfaces of an UUjJU...,l. surface. 

Museth et al. function "" ... , ..... ""u to the iso-surface that 

8 



Univ
ers

ity
 of

  C
ap

e T
ow

n

A small fat cylinder, along thin CVllnn'!T. and a thin. The union of these 
in a conglomeration of the shapes, but them alters the topology of 

small fat cylinder: 

B 

are to smooth and "'.u.uv,,,, the surface. It has the 

self interslectmg models that can have its "-"'--'JnJ 

"""'''''''UI"O of smooth non 

Jv ....... '" and hole 

The volumetric nature of it an overhead in time and memory. But 

np""''''uu'n limit "'VJ'Ui-"U~'''~''J'''' around the level set of interest 

to the surface area of the model. This limits the process to 

due to the nature of the surface 

....... "'''' .. ''' ... , a volumetric re)Jre!Sellta,ticln Olec(JlmE~S necessary. ;nn"""",,ir\!n bl~t.Wflfln this reI=,re!lentation 

to a also an overhead. 

Constructive Solid l:iE!OIlllel;ry 

defined 

d.tf .. .., .... ,· .. and lnl:p.r!Wp.r.t:lnn. and can 

model is in a with leaf nodes 

Skeletons 

Im];Jlicit surfaces based on skeletons are defined a set of skeletal elements = 1 .. . n) each 

with a set of associated field functions 

n 

= 
i=l 

where is the distance metric is not nec::eS!,arl a Euclidean metric 

and w. is a coefficient. ::5klele'torlS can be any gec:)mE~Ul curves, etc . 

.... J,. .. ",.~ surfaces mean smooth surfaces are created skeletal interaction. 

An ... t,,' .. ""'tir.... for a can be in a 

it with a with a np'''<1t.lvP 

9 
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Volumetric ..n,,..I1,,.,t: Surfaces 

Volumetric •.••• " •. _ •• surfaces are VUj~""""'t:u ~'_.,_~._ with voxel values obtained 

function. This combines both the of volumetric re}:lreElell1tation and Im])llClt 

surfaces. !mpncn; Otl:Jec1ts ygc>ni!led to take of grapmcs and this 

is 

The trivariate 

several hYlper-p~ttcJtles ""'''''U',HC there are N JJ-,jplme pal;CW~!l 

over a each with an location and on.entatl'on. the 

defined as follows: 
N 

= 
i=l 

8 is the O'Py,p,.'ir trivariate functions with transform T "'l1JlU""UUllUJ<" 

the domain of 8. The 

is discretised into each cOlrrt(l~mltng 

,,,,,,,,,,ron function. 

HU''-'~I'UH is 

from 3D ) to 

function 

derived from the 

Pioneered Catmull and Clark subdivision lUU'Ut:,UUllJ<" a smooth surface or curve as 

the limit of successive refinements: 

G= = n,iEW 

where is the initial and F is the The closer n becomes to 

........... the more accurate the subdivision surface becomes. F consists of two distinct 

An or face is into two or four faces ... """,",roh 

• A new vertex introduced to the model is !-'UiOHIIUIJlt:U at a affine combination 

of its """"n"'"'''' .... 

A classic t:A'UU!IJIt: of subdivision models are fractals [5J. Subdivision's is due to its 

and ease of use. 

McDonnell and base their UilJ'.U"J<" tool on subdivision solids. Subdi­

vision solids consist of an initial control lattice that is the 

space the lattice. McDonnell and use a modified 0.1.4''''''-'''''''''''' data structure 
to the solid . 

and Slm'pllices. .LVI.JV1'IJJ<"Y is and u,",'uo.'u",u ....... 'u.v .... 

of the solid can be removed to genus, and resubdivided to a smooth model. 

10 
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mesh 

the 

models consist of interconnected 

The mesh describes an thin hollow shell 

that form a surface 

around the interface of 

"',"''-''''"U''", has also been referred to as surface in the 

rellireslenjtatiion due to cur'feIlltly the standard means of 

Ul".''''''''';'-' for rasterisation between mainstream It is for 

this reason that other 'U,"IUCUUJ'l<. rE~presEmt,atil[)ns convert to Since surfaces do not 

model VnlllrflP .UJ,IU1\J",.1 is not trivial. 

Surface meshes are not easy to create or with a multitude of ... ~, .... "'.u .. "'" 1""'''''''''''0':;'' '-""'".'s .. "' .... to 
this end as 3D Studio Max and 

""a,11".'UO a 

The field of to nrrlVirlp an intuitive and 

means for models. It in space, which in turn 

warps the mesh. A user would start with an defined base mesh a and t.lmOU/l;h 

spatial deformation create more models. Active research in the field has nrl~rI11"pl"I 

deformation that are both and easy to use 

...... "0 ... "'.. Dimensional Deformation 

It is .... 1'u..",.u.'" for to a WJ}Q1()GY alteration with deformation alone 

Section 3.1.1 for an W!lOl()Il:;Y alteration can be attained 4] the 

into an extra Ull.n~I:UIU:JIl, "1-""'.""".1 .... "a.v<1u!> .• '" the extruded and <>vtr<>,,'t.i 

J.OI)Ol()gy alteration relies on two 

• Deformation: The of deformation that is no·,-tn.rrn on the extruded 

• Extraction: The in the extruded dimension chosen to extract the 

The correct deformation and extraction can be derived from expel:irrlen,taltion, therefore it is a viable 

and method. 

2 

Since volumetric an hole creation can be 

Additive such as an arch on a surface can also be with ease. But 

the discrete nature of voxels make it necessary for a number of voxels to be in order 

to avoid Voxalised must also be converted to models via a cube 

scheme in order to current hardware. It would be difficult to achieve HloeUILCLl 

and a fine level of detail for a volumetric »nnT",..'· 

11 
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"'a..IUIJ.''''U distance fields also suffer from """""""'''0' A distance field must be 

to curvature. Fine is wasted on low therefore 

distance fields have a overhead in terms of space. This is "Hi""t'h,,~hr 

sarnplmg the distance field in fine for curvature and sparse "''''',''.1', ...... '0 for low 

curvature. 

"'''',4£.'''0 in a lack of 'blobiness' 

that is 

'U~'U1\.Jj<, Y are limited to boolean nn'p.,.",ti" ..... " 

it suffers from the lack of smoothness inherent in all ~~.,~~'uu CSG. 

but 

therefore 

Skeletons h'n ..... h'''· OOje'cts due to the ... .,. ........ ~rtl"''' of 

to n~,,,""'''''' e.g., a crease in a surface. alteration and the rel>resellta,tlcm of 

~_ ... ".~ .. tot)Ol()IOE~S are inherent to this method. A by the 

level-set of the UUIJULIL zero value of the UUVULlL 

a voxel based with 

I.";""''''."",, interaction is 

and can be converted to a B­

cubes. This could p01GeniLlallY 

non-intl1itilve with alteration of the 

Volumetric UUpULlL surfaces have demonstrated but the method prE~selnted in is not 
able to nr .... I'1" ... " 

some ofits 

like 

creases. It is well suited as a means to rPT,rp!lPT.t. and alter 

'''''.1.1111'.,,.. of 

to convert to a " .. , ... ", •. UUj<, cubes 

surfaces defer the alteration n.,.'~hl,"Tn to the base where the connection 

oru,e-lmesn. the smoother the information must be The mOre iterations ~""J"~'~ 

surface becomes. This may T\n·t<>",Tl surfaces 

does not lend substance . 

... v, ...... 'U has the added cost of to extrude an n-dimensional 

to an and then after a U'C>L"JU, extract it to a tOtIOl()g'y al-

teration. In to UH)'.''''U such as animation [4], 

jOlnmllt unless the has is not necessary. It is also not able to ... <>,rtt,\'rrn 

been But the deformation for 4D can be code and COIlcelDts 

ter 1. 

from not 

and it also has the added that it can be "'IJIJU"'U Ullrt:!C:UY 

tOtlol()ltY alterations that conforms to the nT',,,n,~ ... ~;,,,, SPE~Cltlea 

dimensional deformation to be interactive would make this 

ideal for alteration under virtual 

dimensional deformation is the chosen method for 1'.nr"~It"nl alteration for this dissertation. 

)ve'rc()mi.ng its will be the aim of this dissertation. 

12 
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Volumetric 

Level Set n .... ",u."::£UillK 

Distance 

Const;rm:ti,re Solid Geomletr'Y 

Skeletons 

Volumetric UIlplllCllt Surfaces 

Subdivision n.l.",'U,cA,U.l.I'1§ 

....... ,"" ... .,.. Dimensional Deformation 

• Can 

• can be 

• 
ations are VU;O"'U.I1~. 

l1li 

• 

• can 

l1li Powerful method for 

• 

tal interaction. 

be 

and 

skele-

• opo ogy can easl y e 

• Powerful method for 

• 

• 
alteration intra-

duced in vu,,,,,,,,,,,,,. 1. 

• Works for B-Re 

• 

hardware 

not 

ric reI>reseIlta'tion. 

in terms of B­

Re creation. 

• Limited resolution unless 

• 

• 

• 

unions of ..... i,.,.,iti".oc 

not 

with 

tinuit . 

alterations do 

smooth sur-

• Suffers from same 

as UUl.lu.\,;u surfaces and vol­

umetric "'\';LUI.I'LU!,~. 

to VIr-

tual scul tin . 

• Does not lend itself to ob-

• Not interactive. 

alteration ":::'.1Ul"y'"n,,, in the literature have been exarnimlEld, and evaluated. The 

_~~' ........ '.~~ evaluated were volumetric distance constructive solid geom-

etry, volumetric .... p ........ SUI:Iwces subdivision dimensional deformation. A 

motivation for WHJU"',IUI!. 

uation section. 

dimensional deformation was prl~sentE~d in the conclusion of the eval-

13 
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In this the necessary """'''''7rrl11r1'rI information needed to understand the remainder of this 

dissertation is ,",,,,,,,,,,",'U,,,",,,,.1, in n"'rf".u·,, alteration and a data structure 

that is able to alter an 

This is "!>'rhj-,n",,,ri as follows: 

• Section 3.1: A detailed introduction to virtual is prElSelllted, .... o .... e' ...... o prop-

erties that are essential for all Details '"'", ..... "' .. ., ... 0 the chosen method for 

are then discussed: 

Section 3.1.1: deformations are a ... <." ....... " ... " ... ~ .... _.~ .... , after which 

their and are discussed. 

- Section 3.1.2: A of free-form deformation is prlesentEld with a 

discussion '-'v." .... ", ....... o its and weaknesses. 

Section 3.1.3: overview of direct P"""""'"'''' of free-form deformations is ex­

I-'V,"U"'<:;'-£ with reasons as to than free-form deformation. 

• Section 3.2: Mathematical details of "V~'V"'",_y in an intuitive sp.t,tm,!!' are 

• Section 3.3: and Bechmans' [4] is prElselllted, on its 

in ad­

deformation 

LU~/U!'''''' y ","",..niT"" abilities. This method is motivated for use under virtual u ... , ........ ... 

each of the three a SOJU'I''-T.l'm 

and extraction are discussed. 

- Section 3.3.1: The sh()rt(:oIILin~~s of under virtual "" ....... '" .. ,,,,, are anal-

• Section 3.4 - ~Ulm:m!;ll' 

14 
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1 

A common 

models. One 

in the field of '"'VJ, ..... 'u. •• ". ".,r"r,hi.·c is the a.L'-IU''''.''Ull of three dimensional 

is to cloud aC(lUlJrea 

It is the current standard due to its 

and it allows the to work in a familiar 

LI"',"I-'1!o'" its relative accuracy, laser ""au ... , .. !) has many unlcles:uable T\r,'u"'r1",,,><,' IUs 

has limited rp~:nI1'IT,lrm 

time 

and 

is unable to ""I'l,"""" occluded or hard-to-reach surfaces. J:<UJrtherrnOl:e after the artist SUlrre:nOlers the 

to the laser scanner, 

different to what was 

standard "":; ..... U'u 

What appears on may be Sll~~ntllY 

Virtual is a cOlnput~'J.ti()mtl ... vu,"' ...... '" ""''"'''''''-1'''''' that emulates traditional --, .. 1' .... ,'"' It 

and cumbersome laser of 

can be the artist controls the entire creation 

to laser """"""'''5 is to resemble traditional -_ ..• _,,- an 

• 

• 

• 

w,.::1.1,/;"'" occur 

therefore ,. .... """i.-Io interactive 

- It should be to reJ;Hlc,ate the full range of 

tional 

" ..... 'u,.'" - The final 
nr' ... n"rt:ip~ such as volume n,.,,,,,,,,,,.,,,~h( 

appear smlootn. 

and crr"'IV;t:V 

Virtual 

under conven-

• Correctness - The model must be 5""eJ"J''''''J"".::t11.Y correct not selt-irltel:se(~t 

since this and may cause some rerlde~reI'S to fail. 

There are a 

uses virtual 

for virtual 

as Im:plement(~d a form of 

This work 

'-'1-',"'.'0"" deformations are a collection of nn'n.T\h"",,,·,,, "''''',UU.uo.'''l''' 1U'-'U"''', that are ", ... ,,,,,:;u. 

"'"'JU/,\," to 
positio:ns of 

U"Jll"UiLUV accepted to be fifteen updates-per-second. 
2Existence and of first derivatives. 

in space. 

is not based upon Newtonian physics 

15 
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A deformation is perfo,rmled ",,,",u,,, ......... ,,,,,, an from world space into a deformable 

space, and then the deformable space. The effect of the deformable space is carried 

throW!:h to the embedded after which the deformed is extracted into world space. 

The initial from world space to coordinates of the 

deformable space U = t, can be described V : -+ r. The dimen-

sion of the deformable space is and thus cannot be assumed. the 

from the deformable space to world space can be described 

. These two mi:l.pp'm~~:-J are used to define the 

=u 

= 

3.1 is known as the CU,LOJ"'UUJLU!'. and is used to embed ~V,'~~'"U into rI.,l',w,rn"hro, ... 

space. 3.2 is known as the deformation as it maps coordinates from deformation 

space to world space. When the V and £ are a :F : -+ ]Rn -+ 
that maps undeformed world space coordinates to deformed world space coordinates is pr()dUlceej. 

This defines 

=Vo = = 
1J.IJ''''Ll.1:I.l deformation is therefore a __ ....... __ . of the 1t:UJlUCUUJLUK eqllatlOn with the aeltor]ma,tlon 

It is vital that these eql11at;iOIls be efficient if deformation is to be interactive. 

Limitations of _ .... __ . __ deformations 

In a virtual deformations have the limitations: 

• Mesh repTeslentiaticm of rue,"",,,.,...., meshes 

tion Meshes use vertices as ...... ; .......... "0<1 

<:t:r'<licrht, lines n .. "T"'·T,'V lUUIU"",UUJL!'. curvature. It is necessary that a 

• 

curvature. 

far ae~~ramIJlg curvature. an 

refinement SClleIJ!le, inserts vertices as soon as curvature uelgri:l.aes. 

IJIU'£UI .. ".<U Invariance: It is necessary that the rel.atilon.ships "."''''',. ... ,.,'". 

and faces the COIJtne(~tl"'ltv 

deformations 

constant. Thus it is uU.IJU'~""IJ'''' 

alone. 

16 

deformations 



Univ
ers

ity
 of

  C
ap

e T
ow

n

1(1)ol,oJrtCaJ invariance is not as str'aJ.~~httor·wa to solve as the mesh 
dissertation addresses this 

Free-form deformation S",1"rh",·". and is a 

mechanism that resembles traditional 

This 

deformation 

A deformable 

space is set up known as control cuboid lattice structure. 

vertices are then embedded in the lattice "tll"11£"""'" 

of the control The deformable space, known as a nVl)er-mLtCll. 

nn'Q;t;,nn of the control 

control 

in a maleable substance such as and then 

warp the embedded 

3.1: The Free-Form Deformation 
maleable like substance from world space coordinates 
with the effect carried to the embedded 
world space coordinates. 

WCJ./5U'UCU sum 

the 

describe this process 

this substance to 

is embedded in a 

Deformation is control from the embedded 

FFD is therefore considered to This poses ... .,c>u .. ,,,,,, 

because deformations become less intuitive. Even worse is if a control that needs is 

occluded the embedded FFD has the 

• Local Deformation: llU.jJU"UJ.!', a nv'n ... "_n>ou'n over a small area of the 

a D-.:mlme basis allows for deformation over a local nnlrl'"rm of the 

• Volume Destruction: In contrast to real FFD does not preserve volume. It is 

jJVOO4lUU" to enforce volume but this could reduce overhead 

since may ~"'~'-'J than intended under deformation. 

17 
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• FFD is e.U' ..... e ••• elt1otu.!;h to be one of the nU)nprt.H>!Oi of 

and alteration. 

Direct u ....... u!-'UJ''''''''uu of free-form attempts to solve the issues of FFD 

the user to !Oin,'""",, deformations space, 

DMFFD functions ",,,,",,finn of lattice control to with 

a user "1.";\.,Uleu the FFD is process is used to warp the 

the user is not are hidden. The heart of the DMFFD 

basis .. "' •. "-... ,,, evaluated for each 

control This is inefficient and has pol;en1Gial to 

violate the interactive nrr,nprt.v 

This dissertation uses DMFFD as and Im:pleme:ntE~O as a means for virtual 

has enhanced DMFFD for virtual many of the inherent 

to FFD and DMFFD. The were ...... w:" ... " •• "u. 

• .......... ,,,'-& Refinement And Decimation: An efficient refinement scheme that adds extra 

vertices to areas of curvature that n"<.,.,,,npn under 

a decimation scheme that removes vertices when curvature --"-r----,., is deemed to fine 

was also Im'plement€:o 

• Efficient Pseudo-Inverse Calculation: DMFFD 1.'",;UI.,'V-,UlV calculation was 

prc)ve:ments allow interactive calculation of the method Hsu et al 

the DseuaO-llr.lVe~rse 

• Efficient Self-Intersection Test: A self intersection test that is was 

A necessary self intersection test was also but due to its 'U~"U'J":;J"""'"'' 

it n""<'r!>,"""" 

All the above features do not ael,!;ra,ae the lULen:I.Ct.lVllcy of virtual 

is one of many factors that determines the. "'."" ••. V"""J,.!:' 

the of the In 

18 
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formula for the UP'~lTI,P1C"V of a connected 0) 

v-e+!=2 

This relates the number of vertices (v), (e) and 

mathematician Lhiiilier observed that for solids with 

a with n holes 

v - e+! = 2 - 2n 

in a nnllvhptil'l"m 

this cOllmelcthrity 

formula: 

In 

did not hold. 

The number of holes in an determines its genus: An of genus n has n holes. 

Hon 3.5 is a direct consequence an with different must 

nt;I;t:a,IlfU7"l'Y have different with identical tOt:IOl()gy 

A lOoololrv a relation hpj", .. ",,' .. n two spaces which are the same if a nomeonlorpnlC 

exists hpl~ .. "," .. n the two spaces. In if two spaces differ .V}'V"U",'''OJll.l' 

test them and conclude that none of 

m~Lthemiatllcl~rns prove spaces are LUlIVlOJj<,'''ru".)' distinct 

tOt:IO!()J!:V that does not hold the other space. These rel:atlIJns:mI1S 

is 

a tOI)Ol()g1ICal Arlal1og()UElly, Lhiilier's <>n""i-,nn 

spaces "V,,,,,,, ... j,j<, of ",ho';,.!> with Thus these two spaces are not of the same topology. 

~e<;tlcm 1 details toIIOl()gy alterations that are under virtual 

The Donut And The Tea An Intuitive Test To Determine .I.U'jJ' ... 'AUeiA •• CU 

There is a common mathematical that says a to[lOiIOIU:st cannot tell the n;tt .. ,.,pn,'p h,.hllT,ppn a 

donut and a tea cup. The reason is that a donut is tol}Ollogl,CaJlly 

be shown fact that a donut can 

\.,,,, .. 1)<."'. An intuitive test as to whether one 

into the other. 

"".'PUc""''' in ]Rn such that 

element of a -,-,-, .... K: is a Sirrlpl€iX in K: 

function that is injective, surjective, continuous and has a continuous inverse. 

19 
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2. The intersection of any two ",u'''.-''''-''o<' in JG is a face of each of them. 

The first of the above ljlUll'U""'t::lj used to build an 

Impwes that the intersection of 

""'''IJ''''~ that conforms to the two above in dimension N 

A manifold X of a x E )Rn is a set X of that contains an open ball of radius f > 0, 

f E )Rn centered at x. A has a manifold set X for every contained in it. 

A 2-Manifold 

A 2-Manifold has every with a manifold whose open ball is in - a disc. meshes 

that are 2-Manifold are 'well behaved' with no more than two 

Features such as 

nr .. "cr'ln meshes that are 2-Manifold 

and all 

3 

Aubert and Bechman a time extruded 

tion for the purposes of animation. A time extruded 

an 

th"'l'ptn .. ", 3D 

VJ""J.'''''.I~''''' are used in this 

with deforma-

that has been extruded into an extra dimension reIlre:seIlltirlg time. Therefore a 2D 

a 3D SPlILCe-UIIle and a3D n"'"lrll:1('~'!': a 4D !':n,~('p'_t.lmp 

a •• -'AU'''''''''''''''''''' to a n + I-dimensional allows the extra dimension to reI)reSeIlt 

with cross-sections the of the n-dimensional at that time. 

filjljU1UU.'I'. a RD:'I.Ce,..ume has been .... __ .J extruded and left UnlleI!orIlClea the non-

extruded can be extracted from it by mt~er!;ectlIllg it with a 

It is UUI>JU"", for deformation to alter the "U'~>LC-.ll'U'" "U!.IUAU!<..Y. but after deforma­

this assertion does not nelcessar hold for the 
6 A hyper-pla.ne can be considered a generalisation of a plane 

Therefore a hyper-plane in 3D space is a 2D plane and a hyper-plane 

20 

intersection. 
in one dimension less than the current space. 
a 4D space is a 3D volume. 



Univ
ers

ity
 of

  C
ap

e T
ow

n
... 'U .... "'.~y Alteration Of A Circle: A circle is into a after which it 

I-'''', .... '''''!'. on the a will "''''''T ""m to the circle. 

Thus a "'n~,rp...t.1 can be del:~orJmed in such a way that a LVlJv .. "I". ..... ""'lA.l' altered non-extruded 

can be extracted from it. 

A pov~erful detorrnation tool Deformation of lTelDm,etrl Model Editor [11,7J 
was to deforme SIJ,~ce"l>llme in 

time was aimed at a novel means for animation: A 3D 

with each instance of the fourth dimension the 

uu,_.,u'u with space-

is extruded into 

that time. 

Deformations made to the effects' on the extracted This 

process is perto,rrnled in three 

• Extrusion: A 3D is extruded to a 4D SlJil.Ce,..Llllne 

• Deformation: The 4D is deformed a 

• Extraction: A 3D is extracted from the 4D sp,;LCe-tllme 

Each of the three will now be eX]pH:lJ.llt!U """' .... " ........... 1'> to the Implementl~tl(m of 4D animation 

Extrusion 

in order to make concrete the 

between VP1't!('PIOl and vertices from the 

relations 

model are ',.",ucuu't:u, with each 

vertex four cOlnponent;s - (x, y, z, t) - where t is the time dimension. Embedded 

and their are deduced via linear UH,t:lJ,",VJ."'",'VU of the embedded vertices. 

7This is not a big limitation since most models available are already manifold. 
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Extrusions are not Utl\,tli:!lji:IJ.i constant due to the fact that movement is modelled "lll.UUj<.U time 

Deformation 

Deformation is "'o·rtn ...... form of direct 

which dimensions. Extrusion functions can be 

into accompli!lh this mClLppmg 

Extraction 

The extraction is a three process: 

Intersection: of the SDBLce-tlIIle are intersected with the 

an extracted set . 

.. Extracted are created rrnn"'rt.lnlT two vertices the 

intersection of the nUT'.,,. .. '" with a face of the "n"r"~t.l·m 

.. CClnlle<:ti'vit,y Information: information for the extracted is deduced 

from the ,",v"nL'y,"," information of the "'1>W"_T.""" 

to be abstract in terms of deformation. Since the deformation lUrlctllon 

and its dimension of tll"""lU'U is not it is difficult to it for alteration 

to watch out for is the of functions for 

to alteration. The method of used in this 

But 

deformation is tiv'''\,,,"\,(,,,U.r for "U~'U"Jj<..Y a form of Free-Form Deformation 

that is """'·""'.J""'lJU for four dimensions. 

1 

For this method to be 

tion and 

re<luirernel1ts of tOJ:I01()l!:Y alteration 

The .v •• v ...... '" issues conflict: 

.. Inte]['ac~ti It is not vital that animation be Derto,rrried in interactive time. It can instead 

\,UllH!J'lt::l,tlU as a pre-process, and therefore do not Utl,~tlljljilJ:uy 

interactive rates. 

The of the model is the face structures in the SDiM.;e,..tllmtl 

The faces have the to become non-convex under and 

""JUt"""'" <W.1Jll.lll"U'JU" extractions V"""I-""';< 6 for more ~~"~"VI 

22 
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This dissertation aims to address the above issues to make 1J""'"C-''''U1<' ~v_,~.~u~ viable under virtual 

The Sn<lLce-tlIIle will alterations that are "U"~'''''.U,Y IJ'''''''''''LUJO:. in terms of 

It is for this reason that it has been chosen as the basis 

A 

tions - 011<'''U1'''''''',Y, U1d,·L1UIIO of free-form deformations - as the 

means 111t:JUt:UL<:U in this dissertation. 

AU","AVA,'" \ """"AUU'!,> both FFD and "11"1.-" .• "" .... .1 shc)rtcOlnUlgS for torlol()gy 

was pr€ISerltecj. An intuitive foundation into the mathematical field of tol)01()gy 

with "U"I1"'a.o"o alteration with to a model HUlfJut::o. 

VaIu;a.I~es of a ma.nuolU 

a the to):IOi()gy 

formation was '''"'V''U'''''''', 
current form. 

with reasons it for virtual 

23 
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The extrusion process is discussed in this Extrusion is the first in the tot)01()GY 

alteration process. Unlike connection information is into the extruded model. This is vital 

for an unarrlbiji!:u()Us extraction scl1lerrle The extrusion process is as of 

the 3D model process. eXI)eCloS to wait a certain amount of time whilst the model 

this time that model is extruded. After an has to 

be extruded in a whilst user is ex:am,lmng 

hp",pf'~r,p does not have to be interactive but must be made as fast as so 

as not to of the process as a 

The rh~lnt .• >r is nJ>,rt.it·.lnT,,prl as follows: 

l1li Section 4.1 - The Extrusion Process: A overview of the extrusion process is 

followed an of each of its COlmp.on.enlts 

l1li Section 4.2- ~U!U"',j,~1\JH'" are prE~se:ntE~a to ,",nrf'''',p extrusion n,prTnrTrI 

time. These include: 

- Section 4.2.1- Structural Decisions To Decrease A 4D structure 

is much its 3D Decisions taken to decrease this structure are 

Section 4.2.2 - Vertex l!iInbedlding Coherence: Vertices are embedded with a linear 

extrusion time. 

Section 4.2.3 - Generalisation Of 1'\T.rnrn 4D structure can be 

so the need be after all can be extrap,ola,ted 

II Section 4.3 -

24 
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1 

The extrusion process 1-'1I..,uu";o:;;,, from a 3D model. The 3D model is assumed 

to be a manifold mesh CorlLaJlIllIlg A .H!l,,-U-!O:;;VO:;;l overview 

of the process follows: 

1. 3D ['OJ el2IJIIJ 

off pre-process 

eU!.nO(lUr UUIJHll"'L.'UH is determined for the 3D model as a once 

2. 4D Point Set Creation: Vertices from the 3D model are embedded in 4D within levels. 

Each level consists of all the vertices in the 3D model with a 4D offset to the level 

3. CClnIllectioin Information: The 4D set is connection information in the form of 

4D 

4. ~nh(].lVll(] Prisms Into Tetrahedra - Prisms are into tetrahedra to 

5. Im'orlrnation - Ordered llUl'm"LtlUIIl is for use in the extraction process 

LAU,.Ll"'" for the 3D model is created as a once off pre-process. In order to conserve 

space and increase CU!"""""Y 

traversal in 4D therefore relies upon 

lation is as follows: 

information is not the 4D model. 

"''''UAV'U in the 3D model. 3D .. " •. n .. .., .... , .... calcu-

• Vertex Ul'dl'!rilnl!': The three vertex indices for each are ordered in """""'''''''''''6 
order. these ordered indices are Vo, VI and V2. 

• Creation: Three ordered that reference the 

from the ordered vertices. 

• The "LU1"'~;C structure is sorted • ••• ,J __ ••• O a lexical on it. The 

• 1..<1.JacEmt entries in the structure are examined. If are 

The above stores .. ~ ..... , .. uv .... ordered fashion: For a 

the item in the face ""'."'''''''-' HC'~UIlJU'U 1) will to the face's 

25 
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least with to the lexical n .. ,I"'''''nO' the second item U""."'UUV'LU 2) the second least 

and the third item 

eXlplo'lted for extraction 

The data structure for 3D 

the 

has three references to its three tnan,gle 

,-----.-r-- 4.1). This is 

Each 

Each Vertex y, from the 3D model is embedded in 4D aploellaIng an additional -----r-"'-". 
to it y, z, This is an iterative process; each iteration O::;UJlUO::;'UUJlHl<. all the vertices of the 3D 

model with a different 4D offset. 

The number of iterations defines the number of whilst the 4D offset defines the distance 

between levels. There is a fine balance between these two variables: Small offset values nT,,\,.h,I"O 

elaborate whilst values sparse a small number 

of levels pr4JdlilCElS a sparse a number of levels too intricate an 

J1;xpermleIltatioifi is needed to choose the correct number of levels and the distance between them. 

results in extractions that may after whilst a 

will with unnecessary For ",u.''''''::''''';1 

to the least number of levels the number of iterations. A refinement 

scheme may be necessary to ensure extractions do not curvature 

4.1: .::,,'.' ..... 6 4D Prisms From 3D A'U'UJlI',A."". Vertices of .U''''''':'>'''' faces in the 3D model 

are to their I"nlI1T1i·OTl,..""e+ in a 4D level. 4D vertices are then to their "'UU"'<J..l'~I'" in 

the next level thus a with 4D vertices. 

choice for the connection of a 3D mesh for the " .... v ...... '" reasons: 1 

26 
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Assume the following 2D model, neighbours for face Fo are to be calculated: 

o 

The 
denotes an 

edges are created from the faces and inserted into the edge array (edge (x, U)F. 
comprised of vertex indices x and II derived from face F.): 

.. Fo: (3, , (3, , (4, 

.. F I : (0, , (0, , (3, 

.. F2: (1, , (1, , (3, 

.. Fa: (2, , (2, , (4, 

Edges are sorted in the array and are as follows: 

, (1, , (1, , (2, , (2, , (3, , (3, 

Edges that are identical are as follows: 

, (3, , (3, , (3, ,(4, } 

Therefore Face Fo will have the following neighbours: 

.. Fac .. Neighbour 1: FI with edge (3,4) 

.. Face Neighbour 2: F2 with edge (3,5) 

.. Fac .. Neighbour 3: Fa with edge (4,5) 

Note: The ordering of neighbours correspond to the ordering of edges. 
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• A TT.'''-.'".,,, is the -----r--- "-'''''''1'(U-''' in 2D is a 2D '''''11-11'<:;''1 and is thus convex 

[3]. 

• A is defined three non-collinear """.~"'<>" therefore a ""<'''51'1:; is l:U-·J.WCI.lUIJ: 

to the that its vertices define it can exist in one 

• Tessellation: A surface can be of a collection of which fit "U~'<:;"JLA"a without 

--•• --"0 or gaps 

This dissertation assumes 3D models to have Extrusion must I.>HJUllLt:; a 4D 

.,,..t,,,,1·,u information 

4.2: mllOllleJIltS Of A Prism 

with nine 

The 5 cornp<ments of a 

and six vertices. 

Three 

V,",'U£j.",,,,,'VU information is derived from the 3D model's T.rI,an,,.,,,, ('()lnn,prt:nT1 

and two 

Vertices that 

!"G'I-II-''''''''' to their 4D in a T\l>lrhl"11 level. These are then connected 

to their l:OllIn;en)ar~8 

consists of three 

thus Pf(>dUIClIllg with 4D vertices A 

and six vertices. The 

in this text. three the Ulanll;le faces will be referred to as vertical 

O-slmplex = point I-simplex = edge (line) 

2-slmplex = triangle &----411.. ]-slmplex = tetrahedron 

4.3: oU.U}J'j't::A Sets For The First Four Each " .... 11-"'''''' is the minimal convex 

set that can exist in n-dimensions. 

A and therefore not convex or 4.4 demon-

strates how the of a 4D can become non-convex under ue:mrmiUIIJIl, thus the 
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entire non-convex. A -,--_._-- is the tetrahedron and is suited to re[lre!!ent-

in 4D UCI.::ctll:;C it has the same nrc)nf',rt.IIRR rn"v."v,1c.v pUU.Lar.Ll;Y and 

This is vital for an 

A o 

4.4: Non-convex lelOlrmlltlon: A has the pOl;en1~1a1 CI.AJU"'Uj>', non-

ero'HillatllOn which is a non-convex 

in two ways 

via line seg­

The three 

tetrahedral subdivision 

schemes.5 "'-'''''''''''''', six will subdivide into three tetrahedra the 

into four tetrahedra. The two cases that into four tetrahedra 

CA'OW ... p"'" that demonstrates. These have 

the name ..., ...... "Vl.U!( ..... u. 

onals that do not share a vertex 

the 

are 

Tetrahedronilsation of a mesh of should 

ImplllCUl! '-,UJ.Uj.UlI::A - The resultant 4D connection information must be a "l ... p""""" '-""'UVl"'.I\. 

Section 3.2.1 for an intuitive explanation into equivalence. 
J.UiI'!1~'U"'.H'1!> a polyhedron implies tessellating the with trilm.g.les. 

4Tetrahedronalisation implies a polyhedron with tetrahedra. 
3There are two methods of splitting a quad into triangles, and there are three quads per prism. Thus there are 

23 = 8 ways to tetrahedronalise a prism. 
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• Minimal - Tetrahedral must result in the least number of and the 

need to add a vertex must be avoided. 

4.5: 

lateral can be 

ec()mposlt:lon of "'.T"' .. ' ..... into The two ways in which a .. ,,,," ... ,-

The ""'0'"'''''''''' nr(U)"rTov ensures that the extracted model will be a _ ........ _ .. _. '-'JlU!''':;oI\. whilst 

the minimal nrr,n"r1"ov is crucial for ""coU"'''" "''''''''0''''.1 and memory conservation. 

tetrahedronalisation is restricted to three To ensure the minimal nr()n,,",rTov and 

",.,vu.", .. ,JU" this referred to as tetrahedra in 

three. number of tetrahedra in a level can thus be determined number of faces 

and faces which in the 3D model by three. Tetrahedra <::";"'"''0",""'0''''' from a 

are stored 

of its two 

4.6: ,.;;o\OJUUJUU,<U 

vertex. 

the index of a tetrahedra makes it trivial to determine the index 

Prisms whose "'''''nUlLA'''' face do not share a common 

30 



Univ
ers

ity
 of

  C
ap

e T
ow

n

Minimal Manifold 

The minimal manifold (JL,l,'C;U"VI,'a.JJ'''a.",VU scheme used in this dissertation vertices to have 

a 6 Prism are 

that emanate from the least vertex 'rl#'nt,jtiP'!I" This scheme ensures a minimal and 

• 

• 

are avoided because two "''''F.u'Ua..li:I will share a vertex . 

The least index of the entire will be the least index of two that contain the vertex 

faces that are shared 

in a consistent manner. Let Vo be the least index of a 

Q is also shared , thus Vo is also shared 

vertex index of Q in 

4.7: From The Least Vertex ........ " ..... , ...... ,," 

the least vertex mentlner in the 

must be ""'"'0''''''''''' 
Assume 

, and is LUc;'H:L'UH:; also the least 

of the whole and therefore will contain Uli:LgUIIli:L11S C,Ula,lla.LIU,F. the same identifier 

6This dissertation uses vertex indices; unsigned integers that have a preHle:nml<1 less-than rel~Ltio.nship 
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--
"'.-,.,-_. ,.. "" 

,-"." 

"''' 

":.-. __ --l 

Figure 4.8: Pri . m Roh.tion For Abstraction: Tho ,iz cases due to trealiIl~ each one of the "Ix 

"ert,;"", ... the least vort.ex. Each \'C<tax has an ab'traden repre""ntation in bracket.'< (V,! - Vr, ) 

asBignoo to vertic"" (VI - V,) according to table 4.1. 

A<lopting " level of ah'traction makes wtrahcdronil""lion . impl"r t<> "",orl),.,. The al;rltractioll 

expr"""'" the pri,m in a canonical fonn by uoing ,i" verlloe. V,,, V,,, VI" VI" VI" Vi, with Vi, 

"hoay' representing the Ie",,! "ertex_ 'the other vert;""" are gh'en values that rcfIcct the rotation of 

the pri,m ""ultiug from ","i~niug VIt to the Ie""t iu<icx (Figure 4.B). 'Labk 4.1 i"" look_Up table 

uoon to ",",ign vertex "alues that reflect tho rotation. Expr",,";ng quad, using four ,erli""" VI. will 

be the loast index for th~ quad. (Vr" VI" V,,, }i, l and (V,,, V,,, Vi" "1. ). All that remain. i. to 

split the third qu.n (Fr" VI,; Vr" Vr,). The potentia! dia~ona!, are (VI,; Vr,) and (VI" Vr.), witl, 

tho diagonal containing th~ least inde" being choocn. The follo"in~ totro.hwra wUl ","ult: 

• (Fr"Vr, ) < (Vr"V,,), 

(Vr" Vr" Vr" Fr, ) 

(}j-" Vr" Vr" Vr, ) 

(}j-,. Vr" Vr" V,,) 
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Sm~l1e.t Vertex V, V" V, V, , V, 
V, V, V, V, V, V, >', , 
V, V, V, V, V, V. V, 

; V, V. V, V, F, V, V, 
V, V. V. V. V, V, V, 
V, V, V, V, V, V, V, 
V, V. V, F. V, V, V, 

Table 4.1: Pri~m Vertex Abstraction: Column., repre"'""t DIl abstraction of vertices assuming 
Ihat VI, alway' repr",ent. the ,mall""t ,·ert"". This Lable tellecl, the valu." of the... ab,lraclions 
as.suming the ptism i" totat.<l for VT, to t. ""signed the leasL "ertex index (Figur~ 4.8). 

Although the,," •. re .,ix tetrahedronati,atioo ""hemes (Figure 4.15). thete are only two unique schemes 

(first t .. o row, of FigUl'e 1.15) "" shol\'n by the abstraction. The other foot are rotation< of lh""e 

Iwo '"",,". The two unique cases diITer in the diagonal "h""en for the quad Ihat does not contain 

Ihe small"'t vertex, TIn. "all be seen in the ab.slta<:tioo ocl:terue, wher. telrahedronalisalion relies 

on what diagonal is chosen for thi' quad. Th di,tinguitsh ho .. a prism wa, wttoltedronalioed, it ",ill 

be caWgol:L;ed "" eith~r (V,,, t" r.maller or (~'[,' VI, )_.maller. 

M~mory is conse"'ed by not stoting oeighbour information for the 4D model. Tra''e.t'Sal of ill 

neighbout, i, th""efo<e dependant upon the neighbout information of Ihe 3D model. A tetrahedron 

face in the 4D model will 'hare edg~, with nin~ other faces per Im'el- !he three wttahedta produced 

froru the th"", prisms that neighbour the ptism ",here the tetrahedron w .... derivoo. 

The triaugle used to con.slruct the pri"", wloete the current tetrah<Jdron ";as derh'ed is determined 

by taking the modulu., of the index of the current lettahedron by Ihree (integer divi.<ioo _ defined 

for thi.'! section by ~), 

NeigWwuring tetr~n. are determined by multiplying neighbour infotmation retrieved from Ih~ 

3D model by th ... , and then &lding a constant. TIn, i, achiewd due to embedding coherence (Sec­

lien 4.2.2). The calculated reference representll lhe Iit.,1 tetrahedron derived from Ihe neighbourin~ 

prism, with the MiN'enl t,.,o references t.ing the other two neighbouring tetrahedra. Neighbouring 

ill prisms l herelote differ by a fadar- of three eorup...-ed to neighbouring 3D trinngle,. Assume 'I is 

the number of tetrahedra in a Ie,·e!. ), denotes the cUl'renl level and I'- the curront letrahed.rl!. index, 

,he neighboUl'ing tetrahedra refereD<'e i" ealeulated as follow", 

N(x) = (~(I-') . .QetI ndeIO f N d.Qh-bouY(I)) x 3 + 'I x ), '" E {D, 1, 2} (4.1) 

Example 4.2 is an in deplh example of <lD oeighbour mlcuiation, 
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Example 4.2 - Delel"minin Tetl"ahocl,,,,j i\eighbo",. 
A .. umL"' .... h .... tho tolLo,..Lnl;D mod<l ,h., ... 1 "" , ",,,,d.d· 1 

o 

hL, ".~P!. , ... LL ,L, t'",,"" W .. " ".0.]"",,0.] " ",,,,tour. of co, , .. , . ,,,,1 .. 'hat "'" doriYOd f,om 
the o";'m _do". t, r..,. ,. E .", ,.,]." ,,, ,,,' wiLl "0,.. .. " on. ""iom ,.." 1.,..1 of tho m m><lol. 
E"h _~ t, ",>,<it.;",,_ ",," H" ... ,",,,·.b,d'L Th"".,,.. tho ...,"',,., of to""","",. _ ",.01 (. ) io 
tho nurn'''' of ".,",le f", .. mult'''''e<I >" j.I"",, 

.-, .. - " 
If ,h. L"dox of , .. <u"'"", "" .. hodron" 7, ,0.., tho "",Ln. ] ",. ",L. fa.,. wi. "" "(7) = " 
P", , h", 'oo" " 0 """ , (;" Lb.L .. "",) .. f.,,, ".'. hL>ou". n .... <a'" ,"" "[". "..,Ob,,"", PO' 
) ... ] '"'' .. fol,,",", 

N.;~bLu'" 1, N(1) _ 1. '+Ox ,, _ , , , 
, 

N.",bbour', N(O) s O. '+0' 1>=0 , 
" " ".i.l.ho~" N{') _ , ,1-<-·0,12 _ . 

• • 
" " 

Ne.,,"bo~1 N(I) _ l ,,+>,12 _ .+12. 

, + 12. 
,+ ,,. 

• '+10. 
N~",hb_> 1«') _ 0"+<x" _ 0+1" 

0+1,. 

I 1+". 

L
' 2+" • 

. 

_--__ N __ .:._'"~ .. ,,c"''__N_'_'_'_-__ ' __ ._. __ '_. __ • __ '_'_-__ ._' __ ._'_. ______________________________ ~ • +"-
10 + 12. 
II -;- 12. 
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~.1.5 Edge Information 

Edge information is stored in the ill faces u'in~ an array structure' for efficient random acC<"".". Edge 

informatiOfl "' vital to the extractiOJl process: Edge, are used as input to the hyper-plane intenleclion 

algorithm (See .'0..1), the heart of Ihe exlraclion procc,.. Edge information mu,t com!>ri", the 

foll<nlin~' 

• Ordering; Edge oIdaing is n~o",,=y for tho production of extractoo trian~les ... ·i'b correct 

winilin~'. 

• Consistency, Two differ. nt. t. trahed", that ,b~re an edge must share a reference w that 

e<:l~e. 

• Efficieney' Tn., calculation of OOg"e information must he efficiem so a.. to comply with tJle 

intemctiuity requiremem of virtual .culpting. 

Ed~!)!I are ~rr~nged in a sp""ific order to enahle conois"'nt retriel'al aero,., all telraheilia. Edge 

orderi~ depend, upon ...,hetJler a prism is {V", ~i,)-smaller or {VI" Vi, )-smaller and is ""signed 

accordi~ \0 Figure -l.W. 

Edgeo ",signed to a tetrahedron must I", chechd ~g~inst n. ighlx>uriIli\ tetrahedra already defined. 

If 00 neighlx>uring tetralledra have a refurence to the ed~e, it i. ore~t.ed, with" reference bein~ 

... ":gned. OtJlenvi'e, th . ""fer. nc. i, retr;"""'" from the neighbouri~ tetralledron. 

Retrieval of .d~e information from nei~hbour. requlres that the following be calculated, 

• Nelgbbon< Identification, Retrie""l of ~]I neighb{lurin~ tetr~bedr~ usilli\ Equation 4.1. 

• Orientation: The orient.&tion of the neigl,hollring pri'm mu,t be determiIled "" "" to know 

which of the three neighbourin~ tetrahedra to examine. 

• Cla""ification: The pri,m". dossifioMiou of {vi" vi,)_sIIl>lller or {Vr" Vr. )-sIIUlller lllll". 

be determined . 

Orientation i, a....::ertained hy on1eriIli\ th . vertex iIldi"'" of the n6ghbouring pri.m., aIld <leterrniIling 

if the least vertex ind. x of the nei~hbo1lfiIli\ prism i, ,hared by the current prism (Fi~11fe 4.(1). It i, 

:w:ompli.h. d hy te'tin~ the Ic...,t index from tn., shared e<:l~.s of th . oonstit". nt tri~ngle. (Fig"re 4.2) 

of the ourrent prism again.9t the ordered vertices of the constituent trian~I"" of the prism neighbours. 

This i. rd~"Ult upon 3D neighbour information v<rtaining to the triangle that produce<:l th<J cnrrent 

prism. 1Hangle neighbours one and two (Section ~.l.l) will share edges that are made up from the 

least ",rtcx index of the triil.ll~le. Due to coherence (Section 4.2.2), prism neighbours one and two 

.. ;ill aloo oh..,.., edges that comain the Iea,t vert€x index of tbe prism. Therefure the least vertex of 

the current pri.nl i. te,ted to determine if it i., Ihe least ,·ertex of pri"n neighbours one and two. 

'w. ,...o .h . ~TL y ..... ~" fo< "'"' 'mpl.". .. n",;on 
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Figure 4.9: Orientation By Determining Least Vertex Index Of Neighhouring Prism: 
Yeighbours 1 and 2 mil .har~ ""15'" t.hat contoin the ,malle,t vertex index - vertex index 0 - of 
the current prisJJl due to 3D neighbour generai.iO<! (Sect.ion 4.1.1). To determine t he orientation 
01. neighbours 1 and 2, Ihe unknown ""rtices must be tested to determine if they are ,mailer Ihan 
,,<,«ex index O. To determine the orientat ion 0( ~bour 3, t.he unknown Y"rt"" must be test<ld 
a~aimt t he ie",t vertex index of the ,hared edge. namely vert.e>: index \. 

Prism neighbour three will 'hare an ed~e wr..:...e ie..,t vertex must be determined. It i, determined 

by the prism', ci""iikati<m of (I 'f" V" }-OIIlallcr 0< ("" \ '" )_suuillcr 'ince it denote' the 'Ulalle,t 

vertex of the third "<lge shared by the third neighbour (Section 4.1.1). The least veltex index is 

then test.ed to de\ermine whether it is \he least ""rtex index of t he Ihird prism neighbOllr. There 

are twelYe orient atiom, illustrat"d in Figure 4,1;'. 

Fig'u'. ·1.10: Edge Ordering: The 11<'0 unique CO,"" eon,ide,.."d for edge ord""ing. !low 1 is ...... 

smaller wlrile row 2 i, v._suuiller. Notal.ion; b,ey means tetrahedron x edge index v, where 

r E {L 2,3} and ~ E {I, 2, 3,4, 5, 6}. 
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The OO!;" creation/aBsignment a1go.:ithm is split into hm ,ectiollli' 

1. The creation/assignment of Yf'rtie&l oo~", of undeformed I~trahedra 

2_ The cre~tion/""signmem of non-wttical edges. 

Thill suhdivi,ioo maire, vat;'-... l ooge c:realion/"""i,o;nment much ~asier than non-va'tic~l edges he­

<:au"" the laU"" i, pedonnoo at a different 8lage; namely Ihe wrt~x embedding stage, where edge 

comi,tency i, not important. KOTE: hI the follmvin,o; "",tiom, oo~es will be assigned/ctealoo ac:c 

cording to Flgnre 4.10. 

/ , 
-- f"fIO 2 

J 
Figure 4.ll: Vertical Edge Reference Assignment: nefetences for vertical edges ~re identical 
to the ""ttices in the low~'" laye", that oomprise Ihem. 

Creation!As,ignment of Vertical Edges 

During the verte" embedding 81"'1;", there i, no conneetivity structure in place therelore ass.ignment 

d""" not nero to take edge consist<"llcy into ""coont. Va'lleal edges result from verti"" in one lay~." 

h.,ing connec\,oo t<.> l heir C<JUnt(."'p~Tt one layer higher (FIgure 4.11). These ooges are creatoo and 

as'i~noo reference, that are identical to the vetlice, in the hase of the pri,m thus en,urin~ uniq1.lO 

teleren""". A""ignITlf'-Ilt of vertical ed,o;~." to the prism is lrivial ,ince Mg~ fewI'ences (0.- ooge indices 

in thi' case) ar~ Mtermined by examining Yf';rt"" ind~ in the lower lay"r (Fi~ure 4.11). 

Vertical ed!;'" "r" "",'signoo "" follow, (according to Figure ~. 11)': 

'Not. tlon, 1.<, n-~on, " tre.bedr<'" " 'dl:' hide. " wl><1' ~ E fl,2,3) ""d ~ E (1, 2, a, 4,~, 6). 
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Creation! A~"ignIn"nt of Non-Vertical Edg<ls 

Calculation of TIQll"vcrtical edzes fall into two categories: 

• Edges Already Created: Ed~"" that have already created by ncir;hb0urin~ tetrahedra, and 

thm must llot be recreated so M 00 be comistent. 

• Edg .... Yet To Be Created: Edgell that have not bc<on ere~t.ed by MY tctrahedr~. 

C",ati~/a""iglring new edges to tetrahedra is relativc!y 'impie, Edg"" are ('re"""d and ",,'igned 

references values oorr""!>Ondin~ 1.0 t.he next { .. oo positkln (nfp) in the ",orage structure: 

• (V,,, V,, )_.maIler 
t,e,(v"Ii2) = nIp. t,e,(t'], v,) = nfp, f, •• (Vl,V:l) '" nfl', t 1",(v"t'.) = nfp, t,e'(Ii2,t'.) = nfp 

I,e,(v" v.) = "Ip, I,~, (u, ,"') = tl " ', I,e, (V:t, t'o) ,. tl "1, t,e, (t'" v,) = nfp, t,,,,,( "', v,) = t, e, 

l,e,(tJ,5 , vo) = nfl', he, (t'" "") = I,e" t,e, (v" t'.) = nfp, t,c, (v" v,) = I, "" t,e, (v" "') = I, ~< 

• (VI" VI, )_SIIIIUler 

I, e.( V:t, ~'l) '" nfl', tl .At." v,) = nfp, t, e,( v" v,) = nfp. tl e,( v" v.) = nfp, I, co( v" v,) = nfp 

t2e,(V" t',) = t,e" t,,,,(v,,v,) = t,,,,,, t, •• (v" V:l) ~ t,e" t • • «v"t'o) '" nfl', t,e, (~", "") = nfp 

t,ed v" u,) = nf P. t,",( v" "") = t,e" t.~, (t'" "") = nfp, t,e, (~'l ,v,) = t2C', t,e, (Vl, tit ) = t] e. 

A""i~in~ edge information to tetrabcdra ,',here tbe edge. have alre~dy been (·re~t.ed by a neighb0ur 

impliell retrieving the edge reference from the neighb0\U'. There are t"elYe Case!! to comider, each 

CMe dependant upon the pri'm I>eighb0W" , orientation. !\'ote: The follo ... ing not3tion i. u.cd 

to to ,leseribe each c",,": Fl'iX.Y - ". mC3Il. Face Neigliliour X tet,rahed.mn Y with edge e" 

where X is OTIC of the three {""" neighb0ur I'rism" and Y ... one of the three tetr~bcdra that the 

pri"m will .ubdivided int.o (X,Y E (t, 2, 3}) 1\lId edge ~. i. One of the ,i"" edge!! in a tetrahedron 

{% t (t, 2,3, 4, 5,6}). C",,,,,,, one and three of the twelve eM"" aceordin~ In Figu", 4.14 "ill be 

detailed here (_ Appendix C for all twelve ClL""'), See Figure 4.12 rot' a pictorial representation: 

• Cue 1: Neighbour 1 h"" alr".",jy produce'l edge information, 

Orientatian: v.! < V:l awl v, i, the smallest vertex index in Ncighb0ur 1 

II "' '" FNl,l - e" t •• , = FNL2 - e,; I,~, = F,VL3 - £" t,e, = !,e" t,., = t2"1 

• C .... e:l: Neighbour 1 ha. a\",1\dy p<oduced ed.&<, infonnation, 

~nlatioll: '" < t .. and t'] is not the "mall""t vertex index in Neighbour 1 

'let = FNLl- "" t' "1 = FN1.2-e" I,c, = FNt,3- "l, I,~, = t,£" t,~, '" I, "] 

4.2 Optimisations 

Efficiencies in the extrusion proc,,". ~im to mak~ extrusion "" [Mt M !>O,"ib1c. Ext.rusion i, ... pr ... 

proces, and proceed, wh"" the uoer loeds a 3D model. It '" nol designed to be intel.'act.i.ve, with the 
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,~ .......... , "')""'" 
"'''-'~'<~J 

~,,'~.~--~ '" 

Figure 4.12: C:>s~. On~ And T hree Of Neighl>our Orientation: (Nofe: Triangle of intBrest 
is shaded), Case I (Ab",-e) will ro,ult in a different wll'ahedral ,utciiv;,ion compan...J w case 3 
(below) , O!'ientatioo iB thu, ~'ary to cho= the correct lell"ahedra to obtain edge referene", 
from, 

Wlall hit in time Ihat il t,.)re, dc<:m:ted ,,",ceptablc doo to a use!' expecting a time lag immediately 

afler loading the model. NevertheleM, exlrusion aim, 10 00 a. fa,t as lX",ibic to minimise the wait 

(""" Chapter 1 for ext!"Uoon result~). 

4.2.1 St ructural D ecisions To Decrease Spatial Redundancy 

The 4D model i'llarger than ils 3D enuntcrpart. Th 'ave "1>""", information that can 00 efficiently 

deduced from the 3D model i, dillCarded frOUl Ihe 4D model. This include. neighl>our aud normal 

information, although a full li'lt of e-dges need he kept for Ih., extrusion procc"", Edge, arc more 

pn..,,'alent than vertices and fares, a, i, evident by Euler'. formula, This might affect c""he per.. 

formante, hut extractioll U1OC", only a "mall portiOll of the edge" most of which can be predicted 

(Sectiou 6.2). Cache is lherefore not "",,"rely a!fottOO_ The 4D model i, comprised of y"rtice" ed~e5 

and teu'ahedral faces. 

1.2.2 V"rt."" Bmhedding Colwrence 

Thc 4D model co""i,u of interconnected leveIB, eru:b level comprising all the verlices of the 3D 

model ""ilb a 4D component added. 3D vertices ru.-e embedcied in the """" order for each level, 

thereby p"oviding linc"" e<Jhcroncc_ Tbi, allow, a Yertcx'. counwrparl- in any level W be calculawd 

by addin~ a CO<lstant compril;ing lhe number of verlic", in the 3D model multiplied by the !evel 

numher_ Vert-i"", in !evel 0 have a direct mapping 10 thei, 3D counterpart,. For ex"",,ple, the lbird 
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Example 4.3 - Calculatin A Vertex'. Conntcr 

'.2 . • , r 'nbc" In 4:> lovol, Jo 
C· • 

• I .• ~l' '+'x. _ l1 

It. ln Any r...vel 

I'i 10 • 
0;8 • 

·,6 • 
"' • 

• 
C • 

",,.,,.;, ",~"""" LO ;,. ,D <o" ",~,,..,,t of 1, ,,,,,,,,", _ 1. 

• 

• 

11 ':" 
• 9 " 

,,, 
• 

" • 

5 

~I,'~"'" 

~L""" II 

~ level 0 

vertex embedded in level 0 will be the third vertex of the 3D model. In the ,arne malmer, vertice, 

tan be mapped to their 3D counterpart by taking the modulus of it, ""Inc with the numlxT of 

~ettices in the 3D model (Soo Example 4.3). EmbOOdin& rohe.-enC<l make« the foHowill,!; p<JII,ible: 

• Vertical Edge Calculation: Vertical ooge!l can he calculated during the embedding stage 

witho\lt the n-.l for connectivity information. For examplc, a wrticaJ edge ~ with vcrlcx 

index:r; will also have a vertex index:r; + numkr of "ertir"", in 3D model. 

• Tetrahedr!l! Neighbour Calculation: Determining the 3D triangle that ptoduced the prism 

whero the tctrahcdron wa.. deti~ed and determining a neighbour for any level, reli", on coher" 

enre (Exa:mp!e 4.2) . 

• 

F1gure 4.13: Determining The Le .... t Index Of The Third Quad: A",nming: ~ pri,m i" roi.atOO 
"\1m th~t v, i, the .mallest index; in order to dctcrminc which 0"" of the two unique cases for 
'''\tahedtal subdivision the pri,m is; the r""nlt of whether v, or tt3 is '!naller mu,t k cakulatecl 

• 
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Tetrahedra 

Telrahedronali,ation requi,,,,, thai the 1"",1 vertex of br>th lhe pri'm ~nd third quad be determined. 

Five comparisons are tequirect to delermipe VI" and anolher Ihree comparisons to uet.crmlpe if 

(Ilr" I'r. )-smaller or (Il[ .. V" )-small,,r. Due to co/:t""ence, verlex indi= comprising the triangle 

in lhe lrroer level willI", ,maller than their higher level counterp"':ls. Therefore vert.ic"" compri>lipg 

Ibe triangle on the highet level can be i~cd. Th"" tb,..,., comparison. are requirM to order the 

vertic"" of Ihe lower triangJes, ... itJ, the le""t vertex bein~ VI" and the ""cond least ooipg the least 

ip t.he third quad Pri,m, can Iherefore 00 classified as V,,_smaller or Vr,_sIIUu!cr. Thi. ha, 

implic.;.tioos fO< the following: 

• Tetrah"dronali"ation: ThlrahedrOll"Ii.~tion i" moee efficient, wilh only Ihree compares re­

quired as opposed to eight. 

• P rism C]aJ!sification: Classilic.;.tion i, oft.ep deduced in OOlljunction with le..,t verlex deter­

mination ruld can be obtained for free during lower lriangle "erlex ordering. 

• Extra.ction: Extractiop optimi,ation, (Soction 6.2) require pri.sm cJas,ification. 

1.2.:'1 Gelleralisation of Str ucture 

After building the lirsl level, the ill obi",,1 consist' of vertices in comhiAAtioo ... ith l;etmhedr~l 

and edge informatiop for the Ii",t level. Thi. ipformation can be extrapolated for all sul:>o.cQuent 

lewis due to coherence. Tetrahedra in ,ubsequent \evel' can be dMuced by adding constants to the 

verli""" that compri, e the tetrahedra in the fir"t level. Edg"" in .ubl;.cquent level. arc calculated in 

tile same manner. 

TetrahMronalisatiop and edge creation/.."ignment, the most expensive part>; of ext",,,,iop, only h.., 

to he buill "" the :fi"t level. All other level, are extrapolated from the :firSt le"el resulting in a 

considerable imptovement in time. 

4.a Suunnary 

An efficient means for creating a 4D model by extruding a 3D model has been presented. Vcrti= 

are embedded in 4D, fulkl ... ed by Ihe cre~tioo of connectioo infonAAtioo fO< ei>Ch level. Con.nectioo 

ipformatiop i, derived from the 3D model, wilh triangles OOlIP""ted to their counterpart, in ,ubse­

quent levels to form pri:;m'. Prisms are not sinlplex, and thetefo.:e have the potential to become 

non-convex under deformation. This ha, negatiye implic&tions for Ihe extraction process, therefore 

prism' are subdivided into :.elra.hedr~, a'implex. Edge,. are then ""'igned in a CO/l,istent r>rdered 

m3IIner to tetrahedra. Opti:ni:;atio,," arc developed from the ooherence of verlex cUlbcddipg. 

The extruded model is now ready to he hot.h deformed ~nd extr~cled. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

",''''-'''''''''' i'Nl!.,i,t> 
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'" ',tho .m~"""";" " fNl 
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"1 i, th o ""~~" indo, i, '"' 
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Or",,, lOt"""" > I/B 

"" i"mol"'" ind., of '"' 

' ''' ...."..,.,,.., :FN':' ",~> 
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,>Co He >;/'!boo' 1 '1"'1 0""''' 
' '''''' """""""' , If H'I "",, ("",""i",,, '~' , ") 

Oro.,,,,,,,,", "" > "', "', " oot ,ho ,""",~ 1 ""', '" ,N2 
'" ;, "",t1, •• m.o ..... d.,,>lFN2 

'''''. ""q.,bo"" IIFH31 «i." 
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"'I;' tho """ .... , ... '" In 'N' 
,>«_,.., ~N" •• ~, 

,,. ont"'" ~ '~' '" > "' 11 \ 
'~'" "",.", """ ......... ' In 'N, 

l'i~ute 4,14, l'''~~ N~ighh(}ur Cas". IbI' Edge De\ectiuIl The Iwe/", cases that n",d lw con­

,;d<,r"d 1m (let.ediIl~ nei~hboutin~ 8d~"" from n"i~hh(luring tetI'"hedra ""hen buildin~ le\rahcdron 

ed~8' (:'\ok Cllrr('nt h"" of illkr"" i, 'haded in .qr"~) 
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Figure 4 .1~; Tetrahedral DecUIIlpu,itiun u[ Prism", TIl(' .!1X ]")I'"ib[" way' to <i'H ,mjX"'" a 

~riom in l" Lhr"., t.etl'aheJ."i<, :'(M : Only C~,"' ('a.;" 1 '~l ct 2 ~[(' llniqll", a ll () ,)~" ca,~, ar~ ro w\ion, 

of the&e t"u . 
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Chapter 5 

Deformation 

The defurmation process i. detailed in this chapter. A form of spatial deformation known as Direct 

Manipulation of Free_PonTI De{",mation (D)"IFFD) is the ch"",n meM" with which to warp object. , 

D)!'IFFD is a spalial <!elormation, it th""ofore results in oI>j<;ot p;rimitive" (vertic." ) ,,\I.aming new 

'patial po!litiom, This dissertation uses triangle meshes as the computerised mooel for defol'Ination. 

The ci1apt,er j, partit.ioned ... ,IOU"",s: 

• S",,(ion 5.1 • The Deformation Prace"" - A high level Qvel'vle", of the <ieformation P""""" 

i. p~nted_ The proc,,"' eM be subdivided into twn '''bproce' .... , Fr~ForDl Deformation 

(FFD) and Direct Manipulation of Ftre--ForUl Deformation (DMFFD): 

- Section 5.1.1 _ Free_Form Deformation: The algorithm and mathematics hehind 

FFD is pre,ented. 

- Section 5.1.2 - Direct Manipulation Of Free-Form Defonnation: A mean. by 

which Dl>[FFJ) wnrks in conjunction "'it.h FFD is explained alon!'; ",ith the m~them"ti"" 

behind DMFFD. 

• Section 5.2 - Adapting Deformation To Four Dimension., 3D deformation muat be 

adapted lo 4D in ordor to ,,·at'p extruded object •. 

Section 5.2.1 _ Adapting FFD To 4 0 : The mathematical chang .. needed to adapt 

FFD from 3D to 4D = explained. 

- S~ctlon 5.2.2 _ Adapting DMFFD To 4 0 : Differences bet"'""" the malhematics of 

4D DMFFD as comp=d to 3D <= detailed_ 

• Section 5.3 - Optimisations: OptimiSll.tiom requi,..,d to make deform"tion int."rae\jvc "'<' 
explained; 

- Section 5.3.1 _ Previous Optimisation.: Optimi,ation, that 4D defonnation u""" as 

"foundation to build Up<Jn, 
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- Scdkm 5.3.2 - 4D Deformation O ptimisation., ID deformation optimi"atioru; th~t 

help in the o,eralltopology alteration procese. 

• Sedion 5.4 - Su m mary 

5.1 The ])efonna(;ion Process 

~--------.-< --
''3 (:j 

DMFFD: C,kulallon of Colltrol 
Point Pos itions 

Fi~ure 5.1: T h" Defor m ation P roCe8" State M achin,,: 11] Settin~ up the def",mable spare by 
the FFD p<ocess 12J The adjmting of the control point.!! by 1M DMFFD P«>eeSll [3] The deformation 
pro""", as petformed by FFD with new OOIltroi point posilioos. 

Defo<mation i" implemented using" point ba,...;! ""heme [WI known as Direct Manipulation of Frre­

Form Deformation (DMC>.IFD) [35J (Section 3.1.3). DNIFFD is an efficient and 'imple interface tn a 

hyper·patch warping lechnique called F,..",..Fnnn Deformation IMJ (Section 3.1.2). D.MFFD can be 

de<;[){lpled from FFD allowing eam process to be explained ""pIU"ately. 

The FFD process is comJ'O""d of tlte iOIlowin~ mb-proces;es: 

• Cuboid Coordinate System: A coc.:dinate ;ystem is defined nn a cuboid vol1.Ullctric 'pace. 

• Hyp~r_patch D~finition' The cuboid vol1.Ulle is subdivided by ilnpot<i.ng a l"ttic"" nf control 

pnint". The collecti"" volume descdbed by the conlTI~ points in conjunction with Ihe spline 

basis is koown "" tlte hYp"r-l'atch. 

• Vertex Embed ding: Object vertices are coov"rted ffnm lR' into tlte cuboid c(>Ordinate "y~ 

lem. 

• Con t rol Point Tra nslation: The lattice contr<i point" arc spatiilly tramlated, thereby 

"'iUJling the hYP"'-p"tch. 

• Deformation: The warpin~ ellect of tlte hypc-r·patch is carried through to the embedded 

object. 
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• Feature Specification; A point within the hyper_patdl i, given a pOot-deformation 'patiiil 

p",ition. 

• Control Point Reconfiguration, The FFD lattice control point' ar~ reconfigl1red to dell"" 

a deformatiOll that reHect, the i'eatUl',,", 

Even thongh D.l.IFFD and FFD are decoupled, they cannot be performed in isol~tion_ DdormMion 

i, performed in the following order (Figure 5,1): 

L Definition of DeforIlULble Space: The fU'st t",·o sub-processes of FFD. 

2. Cruculation of Control Point Positions: The DMFFD proc~"'jIj . 

~_ Dptorm~tinn of Object: The ],,-,t till''''' ,ub-prO<>'I!reS of FFD, 

5.1.1 Fr",,-Fmtn Deformation 

Cuboid Coordinate System 

Figure 5.2: Cuboid Coordinate Syotero: The origin (X.) and three orthogonal vecto'" §,T,t' 
comprise the cubohl coordinate syswm. 

FFD is a spatial deforma.tiOll and therclore object". intoIHled for deformation mu.t be embedded in 

its deformo.bk _'plI.Ce. TIl;" requires the deformable spa'" to have a coordinate _,y'!<)m im~ upon 

it, It con,ists of a point ""scribing tho> o<igin and thr"" vect.orB (see figure ;;.1.1): 

• Xo: Th~ origin point, representing tlHl origin of the deformable "1"'Ce ,,~th r""ped to the tlHl 

world ' pace origin_ 

• §: Ve<:tor that _'PaI" the length of the deformable Sl''''''_ 

• T: Vector lhat spam the height of tlHl deformable 'pace. 
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• 0: V<>:;tor that. 'P""" the bre"dth of the dcionn"bIe 'p"ce. 

The coordinate oyo\em a.;; ,kl.cribe<1 by Sedarbe:g "",I Parry in [titi) ill more general than the One 

"p\'<:ified abo,'~ "ince it i:< "bIe to dcocrihe an)' parallcpip<Jd volume. R""trictin~ the vector, s,t 
and 0 to be OTthngnna.! re.ult" in" cuboid <kform3blo .poce that makeo embeol;ling more efficie!lt 

(Section 5.1.1). 

Hyper-pa tch D efiniliun 

-- -- . 

Figure 5_3, Control Point Lattice: [Left) A laW", of control point, [Right) The 'pace dcscrioo-I 

by lattice control points sUl>eo:im~l On the cul:>cid coordinak .y.tem. 

A !att.ic"" of COlltrol points io impose.-I 00 the cuboid volume (Figure 5_3). The cOlltrol point, are 

analogo\IB to spline conlrol point. and the lattice should be thought of as a generali:<ation of "­

control polygon for ,pline int<lTpolll.liOll/"pproximatioo in 3D. Each individual deformable volume 

that a pell:tion of cotttrol point", in <;OIljunctioo with the opline !:>asi. olescrib-es, is known as a cell. 

The coIloctive volume IhM the cell' describes i, called the hYl*r-patch. The hyper-patch i, not the 

coovex hull oJ. the lattice pointo "incc the natul'lO of the b-.pline be,i. funclion imp/i'" that oome ol 

the lattice point:< will not be involved with lhe hypel'-patch (Figure ,<;.4). The hypcr-p3tch i, the 

FFD instance of the class of ,leforrnahle ,p"c"" bctongin~ to ,p3tial ,\eformatio"". 

Assuming t.b<lTe axe I, m and n oontrol points for each of tbe S, t, 0 tlimen..ionB, there will then he 

1 X m X n control points in total with each control point P'r' being the ;'tb j'th k'th oontJ:ol point 

along the!1, i" U dimc""io"," r",p<divel),. 

V edex Emb edding 

A point X = (x,V,z) in world spa<:e is expresoed in hyper_patdI deformable "p,",'e by adding "­

parametric coolbinalion or s, f, 0 to X" [55): 

x=xo+.,!1+tf'+"U:&,t,,,ell (5.1) 

The (&, t, u) volu,," for X can be ca]cuIatA<i by u:;ing the following cqull.\ions [M): 
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----------~ ---------~-- -------~ ------.-. ~ 

KEY 
----lattice 

_______ , C,,1 
.,' ---, Conto", 

~ _________ ~ _______ i _______ + _ ....... ~ 

Figure 504, Lattice H yper_Patch Relationship In Two Dimensions; The hyper-patch i. the 
deformable volume de5<"ibe<:\ hy the lattice. Nnt ",-ery lattice point will be part of the hyper-patch. 
The nature of the hesls function used for defonnation in conjunction with Ihe laltice point~ will 
define the hyper-pateh, 

, 
, 
, . 

(TxU)'(X-Xo) 

l'xrJ-S 
(§xU),(X-Xo) 

§xU·T 

(SxT)'(:t'-Xo) 
§xT,O 

(5.2) 

The a\x",e equalioos asawne a general parallelepiped deformable volume. but they (:an be ,impllfied 

by restricting the volume to a cuboid ,hape (Se<:tion 5_1.1) (See App endix Il for a pl"O<:X nf the.e 

equation.): 

, 
, 
, 

S-(X-Xo) 

fl· § 
l'-(X-Xo) 

tt 
a·(X-Xo) 

aa (5.3) 

The emt"xlding ''111''' ;0)\ t t h~t. ernt>e<:h X to eU\xlid eoominates U can be exPlilflSed as follo.. .. , 

t(X) = (~, t, tI) = U (5.4) 

If X "'",ul"Il in the deformable 'pa<:e, then ~,t,tI E [O,lJ_ Poiut. out,ide the deformable "pal:e (e.g. 

points with s, t," E (-00,0) U (1, (0)) will eau"" extrapolatioo errors and are ignored. &juatioo 5.4 

",ith it.. <:O<np<lI<ite equation, (Equation. 5.3) form lhe FFD ernbeddin~ equation, and are the FFD 

illlltanc,", of Equatinn 3.1. Hence an embedded object h ..... had the world I:oo<dinat", of it. vertie., 

convened to the local deformable eoordinate "y><tem. 
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Control Point Ttall,lat;oll 

Fig"r" 5.50 Control Point Translation: Control point~ are l;ivrn new .patial posit>on' (uan,lated) 
thereby distorting the d"furmahle space which they deocrib"" [Left[ Latli"" l:>cfOl'e OOIItrol poiets 
are tr~!lBlated [mght[ Warperllattice r,,""lting from (.:"""lating the ,';ght mo, t control point. _ 

Contwl points P;j' arc given new "patia! poNti"", n'£Ulting in a redefinition (warping) of the hyp"'-' 

patch (Figure 5.5). Th" "il.rping ~Jf'""t on the byper-p&lch is calTied lhrough to th" embedded 

obj..,t, DefoITn~tion is thus achieved by altet-ing the control point, of the lattice while the mesh i, 

left alone, It is for th., rmson that FFD is cooMdered to indir<l<:tly deform tm, obiret. 

Deformation 

DefonIlll.tion WMPS a point X in world "pace to X, it' ",-arperl "1.UiValMt, It i, realised by evaluating 

embedded obj..,t point; within the hYP(:1"-p&tch as a weighted ,urn of the control points, with each 

cootml point "eighted by a polynomial B-SpJine i:>a.!;is functioo .V. Let a vector. !mown ru; "knOt 

vector be defined "" a non-decreasing ''''lu"n"" {to, t" '" t",} with t, E [0, I]. thm a B-Spline basis 

is dfiined '" follow", 

f I ift,<t<tH1 andt,<t'+1 

1 0 otherwise 

t-t; '\;_1(1)+tH.+1-t A';:::(t) 
tH• t, t'+r+l 1,+1 

Thi' diSBertation makes uoe of a cubic D-Spline b..,.s, which has the following ~ttracti"" j)l"opcrtie" 

• Flexible: The cubic polynomial i. efficient due U> iM low degree while it modd, the increased 

derivative continuity and fiexihilicy of high.., degrOOB relatively well [26], 

• Local Control: The B-Spline bll.'lis allow,. 1m local control, ,Mailing lh.t individual cdl' ,,~d 

not Ih" entu-" hyper-patch ",;n b" alfected by a wru:ping, 

The FFD in'tan"" of the deforllill.tion functloo (Bquation 3.2) bccolOO!5: 

H I-1 Hm_I '+~ _I 

Jl(£(X)) - Jl(" l,u) == L L (li.1i) 

S", Flgurc 3.1 [01' a pic!.<Jrial example of defunnatinn, 
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,>. 1.2 Direct Manipulation of Free-Form Deformation 

DMFFD belongs to the cI"", of point--basod dcforwatioos ,incc d.>fonnation' are specified u'in~ 

point. l' .. ithin the def<xm .. blc "pacc. It thercf<xc dinxtly wiUp/! an object, providing an easy interface 

to FFD. While there are many conliguratioo, tbe cootro! points can attain to satisfy the ,pecified 

OOfo<mations. DMFFD provides a wlution that changes the """Ii~uration in a le""t oquared sc",," 

(Figure 5.6). 

F~~t.ur~ Specifkation 

A feature is a point ronstraint within the hypcr-p~tch that ,pocifie, il. p,-"ilion after deformation [46]. 

The DMFFD model allows Ihe user to specify multiple features per deformation. A feature c(mists 

oftwo variables, 

• C: The ori~in of Ihe fealure in world ,pace. C·s embedded location mnst occur in the inwrior 

ci the hypcr-p3tm. 

• AC: The displacemf'nt VectOr representing the intended p",ition of the feature after deforma.­

tion. 

FC3tUl"C1! ("an be cO<l"itked a, input to the D'\IFFD process. " .. hose OIltpllt is a control point recon­

fi~ur"tion. 

The 1''''' deformation po8ition of ca<:h rc3ture mil"" b<l C. + nC • . Expresrung thi" using E<juatioo 5.5: 

. +1-' H=-1 ,.+ft_' 

Iiz,fI(E(C.l) = :L E L All ({E(C, l]. ).Al7'([£ (C. l].J .,V: ([E(C. l],).P'j' = C. +.e.G. 

(5.6) 

In the ah",·e equation, there is only",," oot of unknowns: The "patiaJ p",itions of Pi;'. Tbe aim i, 

to find spa.tial po, itions for p';' such that lix, 1/(e(c.)) = C. + D.C,. P;j. can he expressed ... " 

• Pijk: The inilia.! spatial PCl"ition in che latli"" heforc deformation. 

• A 1'ijk: Thc di'plac.>menl V""t'"' describing it' new PCl"iliOll aftcr deformation_ 

Therefore Pij • = (1'", + Do Piji)_ Equ3rion 5.6 CiW. nOW he rewritten a, follows: 

_+1_1 

'''',C. j·.6.C.= L 
N-m_l 

E 
,+~_1 

:L .... ~(!E (C.)[ . ).Nj(!t(C.)]t).J-ir([e(c.)].)_(P,; . + uP;;.) l·~ .71 



Univ
ers

ity
 of

  C
ap

e T
ow

n

Fig"''' ,).(i: ])_~ II' I' D: [.\t..-w~J An object i, elllooJde<1 ill " point 1"lti"" v;i,h r.,,<t\m,., .,pccil",iug PO'\ 
ddotlll"tioll I~"iti()m [B"lo"'J Th" <l<:fo""w,d object I"Sllll.iug froll! Ih" W"'I",d I",ti,-", Th" "'OlT"'') 
1,ltin'., mutrol poim, al" r"po:;ilioue.j in" 1"",( ''lll'ln,j ,.,n",_ 

A ,.:rio" of line", ~qnatio,," is impo""d On lhe abo,,, e411,,'i(Jll. '1'h"1 i" ',"ch '""iable in Ihe above 

e<lw<lion i, placed ill matrix form II n(J'P.' h'c(JTI1'",' 

c + ~C = H(P -i- ~7') 

=}~C=B~P (G_S) 

• Each C. "1(I'::'C._ i, ]>I",-"d in, r X 3 m"t,i, C ann ~C r~spcctivel}'_ The tow' tepr""entlh" 

numb"r (Jf fi,,,tur,,, B,nd ,heir rlisplaccmcms ""(;I,,or,. 

• Each comrol "",im H;" "-lld their a'-'(~:i"I"i ""nt-wI '''olor j.P;j' is placcrl in matrix P iilld 

~P ""I~":t-i,'dy. '1'h;, ""><-ric",, have nimeusio"",, x:J with tow' U'IJlP,,,ntillg ""nlwl I".rim., 

"nd i" ,",,.,cLaW rlisp!aceJl)('ut voctor,. 

• Th~ Il-Sp~ne ba,i, fmc,i(JIl' A' :m, ""p",,,,,,rl in matri" B The rlimen"ion> of Llli> matrix an, 

,. x." ",ilh ""ig'ht "nUi,,, in column j infiucnciu!( row.i olP "1(1 ~P. 
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Solving equation 5.8 will yield the de,ir"d valu,," fot ~ P. Thi, ill achieved by calculating an inverse 

fC>f B (B-1): 

B-1Bap = B '.~C 

'* a'P = B-1ac 

It i, assumed that B i, nOIHin~ular. since a 'ingular matrix will be the r,,"ult of u'cr eITO" (e.g. 

specifying two fealures for one point) that ~.au he check"d for. Tha:e lU"e three pos.'ible .Iat"" Ih~t 

B can allaln: 

I. B is exact: If B is square (r ,. .• ) a.nd llOiHingular, an e>:act invet,e B-1 can he found. 

2. n is under_determined: If (r < $). B i. under-determined. Thi, occura when there are 

more unknowns in a'P than features. There a.re infinite configurations pcrtainin~ to the n~' 

,patial I'<>,ilion' of P;j' that v.~ll ""Iisiy the fealon"". An example of .... heu Ihis would happen 

i, when lIS"'" .pecify 1",-, fealures Ihan lhere are numbers of control points. 

3. B is ov" .... determ..ined: If (r > s), B is O>"erdetecmined. This will occur when there are more 

f""tures than unknowns in ap. Foo: example. if a user a uscr tries to creale an undulating 

.udace Ihat """ more undulations th"" cont.rol poin" [35[. Tha:e is no 'patial configuration 

for Ihe control point. that wiU I!<lIi,fy all the features. 

Sine<! it is not po,"ihle to produce an ""act in""r"" for lhe 1",,1 tWO c"""", a fonnublion known "" 

the pwMo-inveroc (denol .. l by B+) i. use.:!: 

The pseudo-inverse of B i. a unique matrix calculated by [35]: 

It has many desirable propcr:tie5: 

• If B is a sqU<ml non-singula.r matrix, then the p""udo-in,.er"e formulation will produe<! the 

exacl in"cr"'. 

• If B i. under-del<nninoo, a configuralion Ihal malres II tJ."P II as close to ... ro as possible is 

calculated. 

• If B is Over(ieletmined, a configuration that minimi""" the error (i .... I IJ!;.P -!;.C I' i, '" 

do"" to zero as possible) i, calculated. 
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5.2 Adapting ])ef"oITUatioIl To Four Dimensions 

ExuuJed obje{:t, (Chap"'r 4) exi,t in four dimensions, and deformation must therefore he adapWd 

to four dimensions, An overyiew of tt.., 4D deformation pr",,,., is presented ""ith emphMis on 

amendment. to 3D dclormation. Adapting defonnation to four dimcnoions implies adapting both 

FFD and DMFFD to 4D. Adaptin~ FFD to 4D consi,t. of: 

• Hyper-Cuboid Coordinate Syst.em: A coordinate ,ystem Ihat i. gcncr-.liscd ta 4D mnst 

he prodnced, 

• Hypcr-patch Definition: The hyper_cuboid 'ystem i, subdiyided by imposing a lattice of 

40 COIltro] pcml:o to define a deformable "olume in 4D. 

• 4D Vertex Embedding: Verlices are embedded from global 4D space to the hyper-cuboid 

"pace. 

• 4D Control P oint Translation: AnalQl;ollS to the 3D C&le, 40 control point, "rc .patially 

altered resulting in tt.., hyper_patch bo<.,orning ... o.rped, 

• 4D Deformation: Deformation of the hypcr-patclJ is carried through to the emhedded abjc<.t, 

While adaptin~ D~tFFD to 4D include!.; 

• olD FelLture Specification: Fcatures are expressed in 4D, therefore both C and /:,c are 

expressed in 4D. 

• 4D Control Point Reconfigul' a (iuIl' 1D Conlrol j" ini, arc rc<:(mfigllrcd ta affc<.,t a <kfor­

mll.tion tht rdIo<.'t. the featlll',,". 

5.2.1 Adapting F F D To 4D 

Hyper-Cuboid Coordinate System 

A coordinate ,),,(etn de8-Cribing" hypcr-<'uf>o;d Sp"':c define> tloo 4D embeddable space. The COOf­

dinll.te 'y,wm i!o almost icentical to the 3D system, with the follo .... ing rut.er"tHms: 

• Four Dimeusion., The arigin Xo and "ecoors S,T, 0 BJ"e expressed in 4D (XG, S, T, 0 E 11') 

by appending a fourth ('omponent. 

• Extra Vect or: A ,'""tOr ~--; Ihat i, ortho~onal to {1', iJ i, "reated to de,crib.! the fourth 

dimen,ion. 

The origin scalar Xo measures displacement frOO1 the 4D origin (0,0,0, 0), The ~,1' and 0 ,'''''to" 

mca.<Urc the length, bread' h and height in 40. Length, breadth and hei~ht are in the 3D hypcr, pll.('c, 

therefore lhe appended 4D component. i, O. The "",,tar ~--. being orthogooal to S, T and U describes 

4D ('omponent (Example 5.1). 
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• "' _ P,O,O) 

• t _ (0, 1,0) 

• C _ IO,O,!) 

: T" ""'0',,,,. hy""·,,,,"o>1 ,,,,mUo",, ."...,,, oould 0. d"',"~ " fol""'~, 

• X,=ll,l,I,I) 

• .\' _ 11,0,0,0) 

• 1=10,1,0,0) 

• 0 _ (0,0,1,0) 

• V _ IO,O,O,'I 

Hyper-Patch Definition 

4D Control point. are impooed on the hyper_cuhoid coordinate 'y"t.em l<I define the deformable 

hyper-patch. The 4D lattice differs [rom 3D in the following way", 

• Four D;rnensio"", Conhol. point. are expressed in 4D and have an extra inde:< "" repr"""nt 

the ""tra hyper.cuboid vecwr (V). Therefore, if there are /, m,n and 0 control points fOI each 

of the S, f, D, V dimeru;ion., there will be I x '" x " x 0 control points in wtaJ with P k ,;, 

representinp; the h'th j'th j'th and k'th control point . 

• E:<tra Din:t~nsion: Control poin!.8 are set along four dimension., alld t.herefon' "..., placed 

along an ext.ra vector, Y. 

4D Vertex Embedding 

Vertices that are embedded in the hyper-cuboid coordinate system are d=ril:>ed by local coordinat"", 

in 4D. An equation that provide. for the Y dimension is appended to the embedding "'Iuations 

(Equatioru; 5.3)' 
(/.(X_XO) 

(I. V (5.10) 

The embedding equation i. therefore: 

[(X) = (o.t, .. ,t') =U (~.ll) 
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4D DeiorIlUl.tion 

The deformation equation takes into =Unt Ih~ fumth dimen.ion: 

0+1-1 ~< m_1 0+.-1 

1i(e(X))=Ji(s,t,u,v)= L L L A1(s).A"{"(I).N;"(u).Nt(v).P,,;;, = X 

(5.12) 

5.2.2 Adapting D:\1FFD To 4D 

40 Control Point Reconfigurlition 

Equation 5.7 is expres,ed in 40: 

"hi, Ji(e(C.)) = 
HI-l I+'~-l <+0_1 

L L L N1 ([e(C, )J, ).Ni"([e(C.)],) .Ni ([W.)J~)·N;W(C.)],.). (1\;;0 + tlI}.".) ,...., ,...., 
= C. + tlC~ 

As in Equation 5.7, t.he only .el of Wlknowns i, (1\,# + tlP~;j"). Converting the above equation 

to a ,eries of linear equation, i. identical to Equation 5.8 with the tnU" .... ing differences: 

• C and ac have dinum.ion. r x 4. 

• P and ap h~ve dimen,ions. x 4. 

A 4D pseudo-inverse B+- i. c,"ated, with the sarne properties M its 3D oollnterpart, and i. u.ed 10 

cakubte n"", .patial positiotlB of Ihe 4D control points. 

5.3 Optimisations 

Optimi,ations ensure thl!.! the deformation proooss does nol hinder any of the pmperti"" needed 

fur virtual sculpting (Seclion 3.1), specifically I"" int.r»Ctivity property. Efficiencies for 3D virtual 

sculpting, devt"loped by Gain [25, 26J, are used as a foundalion tnr detn.:mation improvements. 

Additional optimisalion. pertaining to 40 deformation...., al!lO developed. 

5.3.1 Previous Efficiencies 

E'fficienci"" that ... ere de"'loped from Gain include [25, 26]: 

• hnplicit Definition Of Control Point" lIyper-,,~lch Gi>ntrol point. are not explicitly ocoroo 

in memory. Instead, they are calculated hy exploiting the ooherence of a point laWce. All 

(hat is sl.ored;, th~ origin of the !attic ... and the ' pa<:e belween coolro! point •. 
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• Efficient P ,eudo-Inverso Calculation: Th~ pileUdo-inve!:&e {B+} i, the "inlle most com­

putationally int""sive task within DMFFD. Making it effici~nt is ffi'~ntial fa< tb.-- int~ractivity 

requir~ment of vittual sculpting. A combination of n()rmai N:juati()j" and ~xphtati<>n of tb.-­

sparsenes, of B pmducffi an efficient cakulation of the poeud£>..inverse {See pp 51-54 of [25J 

and pp 52-55 of [26[ f()r a more ck-taik<l explanation}. 

• EiBcient Ba,i, P olynomial Calculation: The "A1Ilt.ly !:"",u!:,;ve nature of B_Spline poIync,.. 

mia! e,."luation {known~' Ccoc-de Boo< recur,ion} can be deprecated by a more efficient diroct 

polyn()jnial evaluation ptovid<xl that knots are uniformly <pa<'-ed in th~ knot ",dar {[20[, pp 

153.156}. 

• O nly Deforming Point, Within Warped Cell.: The natme of Ihe B_Splin~ polynomial 

ba,is impli"" that a local cieformati()n io ped"nned durin~ warping. Therefoce. not all object 

jXlint, wiU be deformed, !Uld only thoee points in c~Jls undergoing """Xping need be calculawd 

u,in~ Equation 5.5. 

Alth'JOlgh these optimisations were impl~mented for .1D, tb..-y are t!:ivially extended to 4D. 

' •. :-I.21D Deformation J:;illciencies 

T~t roh~rlr(}n Tagging 

The extraction ptor:es, will benefit immensely if the dcfocmation pmr",,,,, !:et",.", a li'l of deformed 

tetrahedra. Tetrahedra that ar~ not dcfo<med d() nol haw t.o be extracted a. extraction will r,,"ult in 

trianlle< identical to the""", in tbe 3D m,xld uoed to build it. Deformed tetrahedra requirc ~xtrac­

tion since the tbree tetrahedra that comprise the prism may nO\ be 1:><- align~d 10 tbe hyper_plane 

after defo<mation, and ther€fore produces a point cloud that will need all unatnbiguou, trian~ul'" 

t.ioo. The extraction process can ther('~)re mb, litnte the ()ti~nal mode]"s triangle information for 

tbe undeformC<l tetrahedra and app\'nd to it infonnation ""t.rac~ed from the dcfa<med tetrahedra 10 

maho!Ul €fficl€nt and accurat~ cxtraction. 

The defoo:mation process tags all tct.rahedra ~bat "'" deformNl, ,.nd returne a veeto!: containing 

references to ~bc tagged tetrahedra. 

Embedding Coher~n~~ 

It i. a.-'u""'" that the original 3D object (_ Cbapler 4) ie already cmbOOded in a defocmable 

"pam. Thi' information can be used to produce emlx<lding information for ~be 4D object. The 

ex~ruded object comist, of kveil of 3D objoct.'>. cach level with a diff~L~nt 4D off""t. The only 

difference between a point and its oounterpari in Ihe next level. i, th~ 4D offi!ct. By anai<>gY, tk 

only difference betw ... en an embedded point and i~, count.'rpart in otber <'Dlb~dded level. i. Ihe 4D 

off"",. An extruded obj..ct i, therefore embedded by providing 4D offset info<matioo to th~ 3D 

cmbedd<-d object. Calculation of 4D ollilet" are efficient du~ to tb.-- coberenr>c of tbe point lattice. 
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Even though obtaining embedded information is efficient, it takes up a large amount or "p8£e 10 

emhed all tbe 4D modd'. points. 4D Point. a .. ~berdo,.., embedded only wh. n ""quired, which " 

jll.'" befure deformalion. Points in level. that are not defonneJ are there"re not embedded. 

5.4 Summary 

The defonnation proce"", as it p"rW"" to virtual , .... ulpting and to~ alteratioo has """"' . x­

plalned. Deformation cons;"t, ofFFD and DMFFD, with DMFFD p<oviding an intuiti .... int"'f~c. to 

FFD. The mathematic, behind both FFD and DMFFD have l>een detailed for the 3D and 4D Carel. 

Optimi".tioTIs arc presented that make doronnl\l:ion interacti .... and help the topology alteration 

process, specificaJly the extraction stage. 

The 40 model, We it h"" been defunned is now ready to be used in the extractioo process. 
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Chapter 6 

Extraction 

Extcal'tion is Ih ~ final ,t",~ of t.h~ topol"!!:,, aJt~mt.ion pn>Cf''' It. "ims to ~xlract a topologically 

a1t...-.-d 3D lllOrtd from ,b~ .xtmdal 4D mrxleL Thi, is a"hi""!,,d by int~r>"ding ,,3]) hyp,,-plM~ 

wilh the 4D model n,slJl.ing in I> 3D point ",( ,bat i, Ihen ll'iangull<leci. Ol'lillli,alioJj, ar~ introd"c~rl 

to make tbe proCCB& int.crru:tivc so ill! not to violate the required propcni.,. of virtual .cull~.ing. 

'fhi, ch"pt~r j. pmtitionffi a.' follow", 

• S~ction 6.l - The Extractiun Pro"",""; The eXlra",ion ])I'OX"';' is c'-I'lained, wilh "'llpb",i, 

On il h.in~ " h;"rarchi,"iil pro"",,: t M hi...-"nf1y ('()",i,ling or If", modd tetrnh"irn "n~ ,,"/,go,. 

It i, divided into I .... ., patH; 

Sectiun 6.1.1 - Point Set: A point set is created from hypcr-pjan~ 4D (>hjed in\cr,,,,,­

lioll. 

Secliun 6.1.2 - Triangulation; The 1~>iJjl ~ is tl'iallgulalcd to form a 3D modeL 

• Section 6,2 - Efficiencies; The opeed of the exl,'action proc~ss Is impwved making it inter­

adive. Efli"ien"ies p"rtaill t.o each level of the e"tracl.ion hierarchy; 

Sedion 6.2.1 - Elllc;"nc;". At The Edge I,.,¥el 

Sedion 6.2.2 - Effic;'m~;", At The Thtuhedral Le¥el 

Sed ion 6.2.4 _ Elllciencie. At The Mouel Level 

• s"ction 6.3 - SUlIlIIlal'Y 

6. ] The Extraction Process 

Ohtainillg all ext,'ru:ted 3D m(>del is ,",complished in I.",,, steps: A 3D point ocr is colls/rucll'd by 

int...-, ccting" hy~_pl"n~ with t.h. 4[) mo~l "ft~r which, tn.. point ,~t i, tri~fl9"lat,d, 

:;8 
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40 MODEL : creabrr; lriargle 
laces /:)f 3D mo;kl 

Edge -/-= iJO~t set 

FIglDe 6 I: The Ext .... ctin" HieraTchy .u we boltom mUle bier""""y .," the tdgu, from .. b;ell 
poInu an: m .actl'd, In the mid,ll. h 11M: Ul . ;>bed." ... hen! lite pool''''' "lr1"n,u!!llC01. AI the lop 
lII!toe model, 'If""'" triallgk: f"""li 1(>:1' Ihe 3D tnO<leI Me ", ... ted. 

Extrutioo i. a t hree levelled h;",archu:a.llnOU!ll (f"ljI;Ur. 6.1): 

I. The Model: At the top of the hleruchy II til<: ~D modeL The 4D model ~oosi~1lI of ''erTiee/!, 

cd,opI and leuahedra (Section 4.2.1)' ~1I t.l.c oI"mellt.s te:julrOO by exl''''I;'''', 

2 1'et,·ahedra: No,", in t!.c hicrarwy are 100 i!>divi<luai faces 1M!, rrutlu! "I> Ihe DIOdeI tbe 

~, a.hedra. Telrahedr .. ....., roo,pc'OO ..... roUt ,uli""" and":x oog .... 

3 &1&.,.. At Lbc botr.om of ,hoi bim.rdly ale lhe ed&m. E<Ws.,., ~ to 'he by~pJaae 

~ inlel"""Uoll aJ~1un ... bel'''. point .. prud .. 'oo of "" iru£nWlOlioll Q<elll'$-

The Cl<I .~"tl'm ,.J~tbm "ttcmpt~ I.(> ptOduce poInu [or eocb of lhe ..... OOW::O of" leuahed.on. ror 

each tetrahedron in Ihe ~D modlll. Thll ~ (01)' ",:hlovable if the hYP"'-pl ... ", inltuecta Ihe edgca 

of the Cet.abed,,,,,. The proo""'i",, of Ihe poiul "Ct arent, a\ t OO edg~ Ie .... I''''nguialioo al the 

Ict. ahedra I.~d ,,"d ctealion of the 3D !t>O<loli ~1 !.he ,,,,,delle,""- (Figure 6.1), 

I','of"wtie& Of The Model 

Tile 4D mod<!l 10 tbe .""ull of cnrudillA (C4ap1Ct ' ) a 3D model. IiI<IlIru. 3D "'0<1«, (be m l~odel 

II l ,nwofuki ,implicial oomp!e:.: (St!<:tiou 3.2.3 aIId Sedi"" l .22J COIl.m;", (II '<!flica., ocI.Aee and 

u,vabedu .. 'lb 00"""" .... space, Ito RQrmal veclOr luformatioD is .... raJ. in lite 40 ""..tel. 

P,ul'e,li<,!> or The 'l\>L ... " .......... O U_I 10 Extr6C:lion 

A ooll-dega>eJate tellahedroD is & loUy U\»!'l.\:t.ed polyl...tr<m ,,,,,"';!liJ.1t o>f lour ullill,ue """lice.. 

(FIgu", G,2), The lollowing properti. mo.ke a ll(J(t-<iegl!lleralc wuahcdrm' p.crtib(:l,1 to bY1>"'-phwe 

ulte~lion: 



Univ
ers

ity
 of

  C
ap

e T
ow

n

----~ 
Figure 6.2: A Non-degenerate Tetrahedron: A fully connected polybedron conoi.ting of fOllr 
unique vertic,,"_ 

• Planarity: The four unique vertices that constituw a non-degenerate tetrahedron defines a 

3D hyper·plane. N(lD_deg~n~rat~ t<'tnthedm ar~ therefore emheddcd in exactly one hyper-plane 

in ·m. 

• Convexity: Non-degenerate t.et.ahedra are oomllx. When inleroocted with a hyp<'<_phme, a 

point ",t thaI li"" on a convex hull i. produced which can be unambiguoosly triangulated. 

Hyper·plane intel'Sl'Ction ",ith a nOIl-COllVex polyhf'dra produ= a point oct whooc connection 

is ambiguous (Figure 6.3). 

, , , 
/ \ 
~." .. ,V' '\ 
•• •• 

c • J . ~ 
~. 

• • -) .. ,.~,~- .. ~ ... 

• • 
j 

• • 
• • 

Ii -,., .... .,.~"'~"'.., __ 
Figure 6.3: NOll_ConvexjCon""x Polyh~dr .. P"m~ Intersection: [val A nOO_<;onVl>x poIyh". 
dra will produce a poinl set that is ambig:\1Olls. There arc multiple ways to connect the extracted 
point8, Ollly One i" a correct connection (connection 1) [Itight] A convex polyhedra interoocted wilh 
a hyper-plane ~;ill prooucc a point set that CM. only be connected in one unambiguously corroct way 

The planarity an<l <;(lDvexity conditions of a tetrahf'dron <10 not hold for a prism. Under deformation, 

the quads thai constitute 1M prism may become non-convex and non-plana>:. Planarity and ""nven!u 

ensure that an ~xtract"d point""" with th~ following cl:iaro.c!eri.lics i. produced: 

• UnambiguoWl Connection: An unambiguOll" coonfl(;tioo> "r:h~m~ can b~ df>lernuned due th~ 

convexity of a t<:trahcdron (Figure 6.3 demonstra!"" that .. pia"" inters<'<:tion lIith a DOll-Convex 

shape will produc~ connection "",biguilies). 
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• Convexity: The extracted \>Oint set will lie on a convex hull. The resuiting connection will 

produce a convex (Xllygon. amenable to a &eneralised tri;ulgulatioo:l ,eheme . 

• Non-lineR1'ity: Point. will not be linear combi=liom of each other. Therefore" lIOn­

degenerate convex (Xlinl oet ~hose connection iI; a ,traigh< line will not be produced. 

Propertie. Of Edges Used In Extraction 

An edge in Euclidean sp""e i. defined as an unordered pair of end point. which lpecify a line ""gment 

thai connect.!l them [33]. Any \>Oint on the line can be expresocd "" ~ linear combination of Ihe t.,.., 

end (Xlint •. If an edge i, defined by the end points Xu and Xl, a point x on the edge can be expressed 

by the lin""" parametric equ~tion '" '" (I - !)Xo + IX,. where t E [0.1]. The value of t determines 

the po5ition on the line where x is siluakd. For example, when t = O,:J; ., Xu, and ",hen t = 1, 

:J; = X, (Fi!,;,"e 6.4). Th,s implies that if t < 0 or! > 1," i. not on the edge (line segment). 

; .... • r 
t=O t=0.5 

Figure 6.4: Points On An Edge: The !>OsitJon of a p<int on an edge i, determined by the value 
(J{! pIOrtaining to the lUle"" parametric cquatioo :J; = (I - i)Xo + tX" wh"re I E [0, I] When t = 0, 
the point i. the be@;inniugend point. ",hen t = 0.5. it ill in the middle and ",heU! = 1. il ;" the I,..t 
end pl>int. 

6.1.1 COllstructing the Point Set 

Extracted verticel are obtained by inkr:;ccting the edge. of the 4D model with a 3D hyperplane. 

The algorithm that inwsect. an edge ",ith a hyper_plane (Section A.I) produces" v~lue for t tMt 

denotes the poriition (J{ the intersoctioo (Figure 6.5) when used with Ihe linear parametric equalion 

of an edge (Section 6.1). Ift ¢ [0, I]. the hyper-\llane does not intersect the edge and C<Ul theref"", he 

ignored. Section A. 1 presents" detailed expl1Uli\tioo of the hyper-plane edge inter8eCtion algorithm. 

The point produced by applying t to the lineaz \larametric equatioo is in 4D. To acquire a 3D 

vertex. tbe 4D vertex mu.t be projected into 3D. An orthogonal projection in w iI; used because 

it i, efficient and the 4D component ill not required. The projection is implemented by removing 

the 4D cOffi\>Onent from the point. Thi:i impliCl! that point.s only differing by their 4D coruPOOOIlts 

will be m~pped t.o the '~llle 3D roordi!l&w. But ali undeformed poi.n18 intersecled by a by~r_plane 

l>rthogonal t<) the fourth dimCJlslon will have the ,arne 4D eomponent.s, and diHer everywhere "lse. 

Thi. may !lOt be the case bowever after the 4D object has been deformed: A dclormation ooukl 
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resul\ in the 4D object .. If intersecting th""eby producing 4D points that may project onto each 

other. Fo< topology alteration, thi' is avoided by strictly controlling the deforrnationo ,., that this 

situation dOOll nol ali ... Deformations that prodnce self intersections are normally the result of a 

u .. t specification. 

Edges ,hared \)"t"'e"" neighbouring Wlr!ilie<:!r .. nlUst not make ""Paraw e"tractions fur each wlr,.. 

hedran as tttl, will resnlt in mnltiple vertices with the.ame coordinates. An incorrect geoo;etry for 

tbe 3D model will then be prodnced, leading to rendering problems SUell as teats. This i, avoided 

by storing .. reference to tbe extracted point in the edge and .. E!!.l; tbat indica!"" an extracted point 

bas """'n produced. Ncighbouring tetrahedra share referen= to sh~red edges and can thus easily 

det""mine if an edge Ita, already undergone extraction and obtain its ""tr"",ted point. Note: In 

general, edges are avoided .... pi""", to ,\ore information due 10 the fact that there are 00 many 

edges in a model; thi' is the only instance where information is stored in an edge. 

6.1.2 n'iangulation 

The aim of triangulation ~, to produ"" a geometry consisting of triangles that t", .. llal" the point 

.. t resulting from the edge hyper_plane intersection. 1\ i, required for rendering properti"" sud> "" 

lighting and back bee calculation. A non.degenerate tetrahedron inten;ection with .. 3D hyperplane 

will tesult in four possibilities 13]: 

1. Nothing: Oecllls .,..ben tbe hyper-plane doe. not intetsect tbe teltMedron. 

2. On~ Vert e" , Occurs ",hen the hyper-plane inter .. cts the .. pex of a tetrahedron. 

3. Thre~ Vertices: Occurs when Ihree edges inter"""t. 

4 Four Vertic~~; Occurs when fuur edges inletsect. 

". --~ 

<, --., 
--,.~ 

Figure 6.5; P lane Edge Int ersection: A point on the line, when emluatcd with \he line~r para­
metric equat.ion of" line, bas a speciEc value for t where the plane intersects the line. Note: X. 
occur. when t = 0, and X, occnrs when t = 1. 
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Example 6.1 - Tria ulation Of Com",x P(~nl Sel Compared To "on_Com"" Point Set 
A.m"l", K" ,,.,~ • '.""'»Oint .. t ,Oft.;",., of '""' ,,,,,,,to {O, !,Z,'), ,h •• i", i, to p"do<. 
'rianluLo",,,,, ~'",," U";'" ~ ""nti<. ,,, tbo oon ... h"Ji 01 , .. ","n'_' 

, , 

• Tr .. ,,,,101 (0,"') 

. .. mpJ. of 0 "=-w"'~, ..,t 

0 '. 
~ 
; 

o 
• 
, , 

0 

~ • . , , 
, 

U",nl tho ","w, "I'p". oI>, ,n ;""0""" trl,""ul."on d II ,. ,,,',,~ ~,I '" p,,,,,,,,. d, Th ",,,,,,t 
',' . n."J,,;'" ~",uld h.Y< b_ .. folio.<" 

C"'" 1 impli,,, tlie tetrahedron i. 001 im"h'8<lin the extraction and can therefore be ignored. Case 

2 ill "voided with a ,light ""clll"tion of til<' ver\..x j>OISition. in w. Co._ 3 and 4 ru:e the expecl<\d 

outcome of a non_d"~e,n"r.t.e tetrahedron hyp&_plone int.errection. If Ihree vertices are produced, 

triangula.tion happen, immediately, If four verti<:cs <II"{' produwd, these vcrti""" will Ii<' on thc eonvex 

hun, therefore it can l:>c de<:om~ into two trionglto, with e.,e (Exarnpl<l6.1j, 

The order in wbich tbe t bree vertic"" of a lrian~k- 81"{' ,tored de\crrrunc. thc ocdcrin,o; of thc two 

"tlClor> th.t d"£,,,,, the 2D pI""" it i, incidenl upon, A third ''',:tor, namely lbe ,urface normal 

can be calculaled from theoo ("'0 vector', " .. hieh in turn can be used to delermine if the face is 

bad<-fadng. 1t i. g~n{'Tally "c"cptcd p"""ticc th",t "erli"", o,de,<'I<l in an anti_dodewi"" fashion are 

defined to produce voctors woo... normal will be front-focing, Triangle face, are therefore ,aid to 

have "n anti-docbri"" windin~. An "xt,,,,'lcd 3D model mmt prod"".." winding. th.t are identical 

to Ihe 3D model used for extrusion. Therefore, if a trian~l<l ",as back-facing· in the original, the 

equivalent triangle mu,t l:>c back-facing in the cxtra.::tcd model. Bc<""-,,,, point, .'e g~Il<'I<>tcd from 

4D edges, the orde, in whicb the edges are traversed to produce tbe extracted vertices win determine 

the windin~ (Figure G.G). 
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v -- Edge 1 

. \ 0 
• , , " 

~ 

~A\ I \_-_/ 

Edge 3 1 • 2 

Edge 2 

'·-Edge 3 

Edge 2. 
2 

//.,... 
~ , 

1 
3 0 

Edge4 
Edge 1 

FWl,.., 6.6: Edge Trav"rsal D et.ermine. Triangle Winding", The ord. r in which edges are tra­
versed determine, the winclinl9! of Ih. r",<ultin~ triangle. In the above diagrams, edges are tr,,"er300 
in numeric.J old, "-

Edg .. are traversed acror<litlf; to the orderifig in Fi~l," 4.10. Traver;;al of edges for extraction 

ltappen' in the following order: Edge 4, Edge L E:d&e 5, Edge 2, Edge 6, Edge 3. This heuri,tic 

""'. me ensur.,; extrM:ted vertices are ordered with coITee! winding'. 

I! four vertice, re'luit.s from all extraction, there are two way" eacll with ant.i_c\oclo:wi .. windiI1&~, 

in which lite ""rtic"" can he triangulated (Figure 6.7). Thill is because the four '""<ti",,,, are aligned 

in t.lle 3D hyper_pi""", but 001 noces,arily in the 2D plane. The l>e!It triangulation scheme is a 

Delaunay Tri3llgu)"tion, . ince t hi, minimises tlte maximum angle oyer the two t.rian~u1ati.oIL' \39). 
Th~ four points lie on a roDVex hull, thereby making both t.riangulation schemes correct, but not 

neces831:ily opt.imaL A d.o"ion is taken for the sake of efficiency t<> tTia.n~ulat~ consi"tently rather 

t.han optimally resulting in a heuri.tic for ~ach of t.h~ six pl'isms of Figure 4.15 that 3I:e al",ays 

triangulaWd ifi a ron"i,t.. nt. mann~l' whenevel' an extraction result, in fouT point.,. 
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I • 

• • 

I . \ 
~<$> 
-~-- ----

Figure 6.7: Four Point Triangulation There "n' two (,(lnW \ wa}' 1.0 trianguJat~ four I~)inb_ 

",~===;<;,.-------

) ) 

i 

, 

I 
Fi~m" !LR' Hyper_Plane Tetrahcdronali""d-PrbIIl Inta-""crion Prism, l'~,ul, from conn":til1~ 
the ,ame triangle in cOnespOl1ding l~wl,_ '1'lk' """<,,it (If int,,,,.,,:ring I< hyp"T-jllau~ will! ~ lelrahe­
<iTO",.!;",l pri'TTl "iii pn:d""" hlr ,rlang),,,, 

()lJ~ allhe jlroblem.> wilh Il,i, a)J!Jll,,,dl is lhal the "'inding' Le<OOle incorrect if a ]:>al-ctefocma\;oo 

priem ,~lf int~",~ctf_ ,~ te'! to det~rmine "')f inte"""til)Cl hefore deforrn".(ion in order to <:nm.:t Ill(' 

prnhkrn i, ",,,,kd. Thl, prnbkrn i, nol .,olwd in thi, <li",,,-,,,.!i«) (R({", to Chl'''~' S S,dioll 8.2 

fOor IUlure work) as it is oulside i .. ,cope. Hi". buwever, eosential in ocde, to obtain a correctly 

workin~ jJl(xld. 

Inkl'oecting a wlrahedronalioal priml ",iU, a h}per-pJane resulto in a IXlint ilIlt thaI proouce, four 

trim',~·ie._ P\i,rn, ,e,uil from connffting triangles in corresponding iewi, of the 41) "bjo!,t (5,,'­

tion 4_1), tllffefore pri,m extrw:tion produce. four triangle, as output where only one i, mect a, 

ilJl'ul {Fi~we G,S), 
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6.1.3 P roduction O f Nor m al I nformation FOI' Th" Extra"t.ed Model 

Due to con.er""tion of ' pa<:e, no normal information is stored in the 4D mooeL H normal infonnation 

were stored in the 4D model, it would need updaling afler a deformation, which would hinder 

interactivlty since a Jacobian calculation would be required [261. I1le extracted 3D model n""d, 

normal information for renderin~. Exact normal information produced by using __ Jacobian is deemed 

unll{'C<)l5"ary for rendering, instead normal informalion i, calcul~ted by a""r"!ling nonnals for all 

fac"" incident On a ""rtex. H this were to be done for every face it would hinder lnt.eracUvlty, 

but optimi,ation, (&etion 6.2) ,educe the ""t of vertic"" needing norm~l ,e<;aicuiation to a subset 

cOWii,ting of vertices involved in the 4D deform~tion_ 

6.2 Efficiencies 

6.2.1 EiTlcicncics At The Bd~e Level 

Extracted Vertex Storage 

A n-fer~nC<J to the extracted vertex is ,toroo in the edge where it w,," produced after the Ii'"t 

~.xtraction query. All subsequent extraction qU<'ries are immedi~tcly handed the rcfer~nce the,eby 

avoiding hyper-plalle inter>;cction. An edge thai has bc<-n involved in an extr""tion will only be 

uM'<! "".un if it i, ,hared by anolllf'J letr~hedron . In this case, if th" edge is int~J"",,led ",ith the 

hyper-plan" Bgain, two extracted point~ with the same coordinates would be produced. Instead 

~.xtra calculations are avoided and a viabl<' result i, produced_ 

Hyper-plane C alculat ion 

The production of a 3D hyp<'J-plane involves \ISing t he 4D determinant in order to determine the 

nonnal of the hyper-plane. Thi, i, computationally "{>';tly, and it may Ix- th~ case that the u""r would 

waul to ~.xtr8Ct more than one 3D modeL If thi' is the ",,"e, til<- nature of ertru"ion con"truction 

(Section 4.1.2) guarant_ the ,ID modd will always be aligned to the fourt h dimension. Therefore 

to produce a 3D hyper-plane for extraction, the normal (1,0, O,O)T is all thai is needed . The poinl 

on the hyper-plane, a U""r determined value, is the only __ t tribute t hat needs adjuslin~. 

6.2.2 E·fficicncics At The Tetrahedral Level 

Intersection of a hyper-plane and a lctrahedron will r,,"ult in ~t mo,t fo ur point." (S<lction 6.1.2) . 

A tetrahedron h"" , ix edg .. , but not aU edges need be tested; testing is only performed umil four 

extractions have been produced. Thi. will only be efficienl for tett ahtodra that produce four point'l, 
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U Ilion Of Four I riangl es 
Id e nt,c31 To It' COllvex Hu ll 

Figure 6_9: Four Extracted Triangle. Identical To Its Convex Hull: The result 01 I<iangulao. 
ing extr8Ctoo point!; from an un,leform",1 l.etrahedronalil;cd pri>lm produce, foor trianglc:o; that ale 
identical to it, con\'~.>: hull. The convex hull in turn;" ~kntic&! to the triangle, that co""iitute the 
undeformed pri,m. Therdere, the"" four triangles can be "nh/;titntcd with one of the triangles that 
make up the priom 

,ince tetrahedra that produce three point" will ,\.ill check all edge' for a potential extr",-:tion_ 

Prism Intersection 

A tetrah",honalised prism intersected with a hyper-plane will ","ult in an extracted point ,et that 

produce, four triangles (Scciicn 6.1.2). If the pri,m '" undeformed, the union of these foor triangkll 

will he identical to it~ convex hulL TIl"t i., all fom triangles will h,,,,e identical norma],; and their 

union will b<o cotermino,-" to the triangles that CDmprise the \Illdeformed prism (Figure 6.9)_ It maKe, 

no SCIlSt to extract an undcformed pri,m, therefore, the extraction algorithm return. tlwo original 

triangle u",d to build the undefumted 4D prism_ Hyper_plane edge inte.:ge<;tion and triangul~lion 

arc avoided re,ulting in Ie .. I<ianglc:o;_ Normal information i, not l'ICl!.lculated sin", it "tI!.Y" the ,arne. 

Thill apprMci:t is preblematic when an undeformed prism ncip,boors a defcrmcd pri,m: A deformed 

prism will produce fom triangles, whereas an undeformed prism will produ,," one triangle_ Th", 

re,"lt, in the \Ill,leformed triangle h"Ying an « ige with two neigllbour, incident upoo it an,l the 

model is ne longer a simplicial complex (Seciioo 3.2.2) (Figure 6.10). Thi, is repalrcd by ,plitting 

the \Illdffi'ormcd trianglc in two (Figure 6.10). Vcrtice. do not need their norma],; updl!./.ed. and the 

two 'children' triangle, will h""" identk~l normal. to their !"U""nt_ 

A ,Ieformfld pri"m will hl!.YC an undeformcd ncighbOllr pro"idcd only one vertical edge hM been 

deformed (Figure 6.11). Thus, a deformed prism can only e\"" have olle undcformed neighbour. 

The deformatioo proce.% flag' tetrahedra that have h""" deformed (Section 5.3.2). Th determine if 

au undeformed pri>lm neighbours a deformed prism, the neighbour eql1~tiotl (Equation 4.1) i, u'lcd. 

NatalI nine tetrahedral neighbour. need be examined ,in", tetrahedra in c!\IlllP, of thr"" (pri'm.) 

,.,"'" yerti=; thercfore if one tcl<ahcdron in ~ clump of thIre has not b""n deformed, the wbole 

prism i. \Illdeformed. If a neighbour is undefurwed, the model will be in a nOll ,implicial complex 

state and will nred repacring. Splitting the undeforme<ltriangle into two involve, two operl!.bom: 
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nFigure 6.10: Consist.ent. Triang ulatio n After Deformat.ion: [Left] The v"rt"" ... , 1"", been 
defco:m"d with prism. that embody the vertex also bcing deformed ""lUlting in extraction, of f()ur 
triangles. The left mo/!t prism do". n()t "mbody ... , ther"mr" p<oducing an undemrmed prism with a 
one triangle extraction. Thi, re,ults in a non-llimplicia! complex with the left-m(),t triangle ha"ing 
an ed!>e with two n "i~hhouro incident upon it. The vertex that i, pre5eJl1 aJon~ the non-conforming 
"d!;e is drnwn ""' a square [R.ight] Th" model i. correct.ed by ,plilting th e undeformed trian~le into 
two triang]"", 

~= /'\"---./ - 1 
: \/ ,/ 

L-~. ~ •. ___ I I --__ , 

Deformed 
Neighbour 

Deformed Edge 

:r /;::~~Deformed 
' •. ______ ~ i 

'~~_Undeformed 
Neighbour 

Neighbour 

Figure 6.11: D~formed P rism Neighbours: If a demrm~'" prism h .... nn und.mrm~'<l pri.m neigh­
b()ur, then at W()st only one "",tieal edge has heen defo<med. 
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Fi~ute 6,12, Splitting Th~ \Jurldorrn€u Triangle \Vith Corr~ct \Vinuing,; 'Len ] The n~xt 
anti_clnckv;i", "e,tex i, not on Ihe ,h~red edg~- Iri".ngi<" "re (a,n,") (n,h,c) ~RightJ Th~ next "nti· 
d(~:lowi"" ,"".tex is on .he ,har~d c~~ _ triangle, !Ue (a,c,ll) (n,c,b) 

• N~w Vertex: ' I'b" "ert"x on Ihe edge (hat has ,wn )><:'igb)xm" It11,,1 1)(, de .. ermill"'l. This 

Y"W,X i, not part, of the etl~e , alld Ihcrcr()fc cau'", th~ non_mnformi'.), (Figure G.lO;. 

1J{~"'T1lining ,.he "ertex imh,x alOllg the nOll-conforming edge dcpend, upnn whleb one nf Ill(' Ibm' 

pli,m"'oighbou," were ur><lefot'Iu",l, alld which of the two Ca&CS Inr tclmhcdml ",bdiyi,ion Ill(' pri;,m 

belongf 10. U"in~ tho M¥C'; nfr.bc "",",nri oftbe dm.' l<'tmb"lra1 ,hiy,,,l fr<Hll Ihe tlef()fmed prism, 

Ill(' ,,,,tex ~,, 

• ,., _l€s. ' 

Neighhour , Cutl€foI'IIleu; Extr~c,ecl from ed~e 1-

NeighhouI' , Cnu€form€u; E'xlr~,,, .,,l fr<Hll "l~,' , 
Neighbour , C nu€fOl'm~u: Exlr~"I,,1 from "lg" " 

• 1.',-le"" 

NeighbouI' , CUU€fOI'IIl€U: E'xtr~ct"tl fr<Hll ed~e 4. 

NeighbouI' , UnU€fOl'1TI€rl. E'xtr~,,,.,,l from ,,-jg<' 1. 

Ndghbonf , L nrldurrrterl' BxlmctM from c.-Jg~ 2. 

Once th~ n~w vertex inc.ex ha, boon determined, it muse be u,>e<\ 10 split tbe undeIormed triangk 

in two wilh appropriale wil><lin)yl, Tbis j, ~ccoml:>lbhed in foul' ''''P' (Figure G,14 depic" the firot 

two olep', ~1Hl Figure 6.1'i ,h, lasl ""'0 '1"1'0); 

lU~"t th o """on~ "'''·~""h;' ", .roil"'), cl",ice 
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• Detertl.lrne The Triangle That Produced The DeforIIled PrisIIl And Order It.. Vcr­

tic~", The triangle in the 3D model that produred Ihe JeformeJ prism i. determined by 

dividing its index wilh three using integer division. lis ve"lice. axe orderecl (assume ordered 

""rtices at{) (x, 1J, z ))and associated ..,;th its nci t hbours in the following way(Scction 4.1.1): If 

the undcformed neighbour ;" neighboOJr I, the edge;' ('I', ~), neighhom 2 ('I', z) and neighbour 

3(~,z). 

• Detennrne Th~ Position or Th~ L~ast V~rtex Of T he Edge In The Undeformed 

Triangl~: The position of tbe least indca< of the edge .h"",d by the undcformed triangle i. 

dewrmined in the lUIdeformed triangle'. ve!Vx array. 

• DeterITl;fle The Next Anll_ClockwiM Vertex: The next anti-dockwise vertex;" deter­

minoo. The lriangle verlex array hold throe indices referencing it. three ,"""ti""" in anti­

clockwise order. If tho position of tbe currunt vert. x of int. ,"",t in the array;" %, the po"ilion 

of the next anti-clockwise ,"ertca< i. (% + I)mod 3 

• Split Und"formed Triangle In Extract~d Model: The undefurmed triangle is split in 

lwo with appropriate winding', As,um<) the ordered indic ... of th. triant l. ar. (G. b, 0) and th. 

neW vertex is n. Triangle creation is di,;ded in two c""'''''", depending upon Ihe orienlation of 

the lUIdeCorm. d n~ighhour (Fig1.ll·e 6.12): 

- Case 1: The next anli clockwise index ((x + l)mad 3) is the other vertca< in tll< ,hared 

ooge. The two triangle faces a<e created with the following vertir: .. (FiglJr' 6.12· l. ft): 

(a,n,e) 

• (n,b,c) 

Case 2: The next anli clockwise index ((% + l)mod 3) i, not other vert.ex in the "hared 

edge. The two triangle fae"" cr. "led with the following vertioos (Figure 6.12 -right); 

" (a,c,n) 

" (n,c,b) 
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6.2.3 Vert ic,,1 E'ige .E·xlractioll 

KEY 

-------=====. 

L _____ ... ~_ Vertical Edges·-/ 

Figure o.IS, Dcformod Prism Vertic"l Edge Intersection: An intersection of '" deformed prism 

that encoIllp"-<>e, i.." verlical edges nood not have it.!; tetrahedra extrl\cted. 

A full extraction i. not "twa)," required fen- a defo<med prism. If the hyper-plane intersect. a deformed 

pri.w', Ihree vertkal edge; at:><! <Ioes nol intersect its hMe triangie. (Figure 6.13), it i, uot nece»lary 

to intereect its subdivided tetrahedra. A connection scheme will potentially be ambiguous only 

if ed~", m,.king up the tnangl'" of the pri'IIl are inter9€cted. II i, Ihen necessary to involve the 

tetrahedra in the extraction. The result of intersection wilt be a single triangte "" oppa;ed to four 

triangle"_ 

Since the pri,m has been deformed, edges have to undergo extra<:tiOll in order to produce the 

deLrmed coo<din"t",_ Tloere l\l"!l three vertical ed~e" re"ultin~ in tllTee ext£actOO poinls ",I~d, 

can immOOiawiy be triangulated. A potential problem arise!! whrn a pri,m whoee ,,,rtical edge, 

;nte,..ect.1l a neighbouring hyper-plane pri,m wh""" edges do not_ The problem is resolved identically 

to Seclion G.2.2, ",ilb tri",,~]e<, being 'plit in two. PriSIIl' ",1'0"0) vertic,,1 edges undergo inte,-"ectx:m 

are flagged as uerlirol, while pri,:m, that nood tetrahedral intersection are flagged as /o/mhedrnL 

During pri,m intersection, pri,,,,, neighbouIl! a:re checked for the following flag" 

• Vert ica l: If the cnrrent pri,m is tetrahedral, a correclion mn, t be :made. 

• UndefOITlled: Correction i" needed if the current pri,m i. UllrahedraL 

• Tctrahodral: Corroctio& are needed if the current pri,m is undelo.:med or "'rtical. 

• F lag Not Set: The prism is ignored at:><! no correcti",," ate made. Wben tlte inter'I€Ction 

algOfilhm cyde, through Ihe prism, it' Bag " ill be 'let, and a .uitable cited" will be made. 

Table 6.1 summari ... the flmt of the above three item •. If at le ... ,1 one pri, m', neighhour fllIg h ... , 

not been set, no decision can be made \0 correct the extractOO SD model. In this case, the decision 
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is deferred until ~he !lag is _ (doI>!) just afte>: the p<i"", h"" l>ren extracwci). A Decision can emly 

be made onC", all ~ pri,m, neighoours have had t heir /lags set. 

Table 6.1: P rism Correction Cias8ification: A r.ell in column" and ro" .. U means the prism with 
d"".ification in c'~Ulnn ~ neighbour. the pn."m with cl""si6c~tiOll in row~. Thi. table depicts the 
r.~ when cmrectielll tel the extracted model will be necess"'Y. 

Exad Level Calculation 

A hyper·plane inter~ed. a 4D model at a part icular level. T In." level will r.emtain """'t of the 

tetrahedra, barring the deformed tetrahedra, whose edg .. will be intersected. An exact and efficient 

calcul~tion to determine t he .tart ~nd end indio'"" of all tetrahedra exi,Umt. Upo<l ~ level can eliminaw 

many unnecessary checks to determine if prism int"r"",,~ion occurs. 

The index of the ,tart t .. trahedra in ~ particular level i, the level number multiplied by the number 

of tetrahedra per level. The index "f tbe I",,! !etmhedra i, the number of t.he P<lXt 1""",,1, multiplied 

by the number "f tetrahedra per level, with one ,ubtn.cti"n. Due t" coheren<>J, tbe in<:Jice" of all 

tetrahedra belween the stan and end are a1llhe tetrahedra present in that level. 

Since defo.-med tetrahedr~ may not he aligned to other level., exar.t extraction will ruoo have to 

examine all deformed tetrahedra. Tetrahedral interOl)Ctiem tests are tberefClfe r .. trieted t" defol1ned 

tetrahedra. 

Deformed Tetrahedra Extraction 

ExtranlOfl "f an undeformed 4D object will produce the original 3D object. It is the defclnned 

regions of the 4D object that. p<oduc"" tbe topology alt.eration. Deformed t.etzahedra are examined, 

and ertr!Octed if an intersectiem "CClll"S. This r .. uits in a subsel of the extracted m"del, therefn,e 

the ,..,mainder of the ""tracted model must be huilt Tbi, can be achieved in two way": 

• Imp licit U"" Of 3D Model: The original 3D model is alt .. red by ~ppending informatioo 

produced from the deformed eX"'8.Clioos. Due to the redundancy of inform~lion to the e>riginai 

3D model, ,trur.ture from n(lIl·defonned areas "fthe m""h do not need to be explicitly huilt • 

• Exact Deformed Extraction: The exlract.edmodel is buill by an exact exlr""tion appended 

\0 a defamed extr>lCtion. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

An implicit usc of the 3D model is the p<efeued meaM for extraction.. but altCTing the original 

model impli"" that another extraction will not be po, .. ihle. If more th"n one exlra.ction would be 

required. then exact deformed eXlraetion i. be IDO<e viable. 

6.3 Summary 

The ""trll.Ction o.lgorithrn ha.. been de,cribed. Extraction i. pCTformcd by inlCT:;octin~ H hypcT.plane 

with Ihe extruded mo<iel. Thi, ""ult' in a point ilet "hich is then Iria.ngulated. Efficiencies aimed Il.t 

'Jl<'i'ding up extrlOCtion arc introduced. Efficiencie. pertain to "three levelled extraction hierarchy: 

(I}the model, (2}the tetrahe<lra and (3}the edges. Eflicienci", aim to redu"" llnn""dcd opemtioo. 

and deereare the number of r,,"ultillg triau~le •. 

n 
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\/ 
1 

" 

, DETERMINE THE TRIANGLE THAT PRODUCED THE DEFORMED PRISM 
AND ORDER ITS VERTICES 

T(an9~ Ver:ex ~.rra)' 

o 1 
1 0 
2 4 

1 

Neighbour 3 
'--- Neighbour 1 

(undeformed) 

Index Value 
o 1 

o 

DETERMINETHE POSITION OF LEAST VERTEX OF THE EDGE IN THE 
I UNDEFORMEDTRIANGLE 

Figur~ 6_1~ Making Th~ F."t.,.~ct~<l Mc.h Consist.eIlt. The fir" 'wo "e~, for lIlakiug "'.[1 

exlrac1.eJ lIn3h consi,~eJj~ wh'>1\ ""I UlJ(!e{orllleJ ~ri,ujgle n"ir;hl~m'" d.,(ormed extrade<l t.ria.n~lc<, 
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Index Value 
o 1 
1 0 
2 .4 

• 

DETERMINE THE NEXT ANTI-CLOCKWISE VERTEX 

Ordered Vertices 
o 0 
2 I 
1 4 

4 

2 

SPLIT UNDEfORMED TRIANGLE INTO TWO IN THE EXTRACTED MODEL 

fjg~L f IUS; _"I .. ld"8 Th,· ~;" .. rac"(' ,l ).10.h ('ol1,i,le",: Th" I ,~<t. \1<'<0 ''''P' for m~k; ".A ~n 

""It""-' '''; 11.",1> '·""""TC"·t when IUl ','nd.l<:nll .... llllac_~j" neighl""",,, ~"f"m1('r1 cxtra<"tN trianglCE. 
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Chapter 7 

Results and Evaluation 

7.1 Testing Criteria 

R""ulr. are obtained as an a"erage of 100 timing', The visual c++ profiler was avoided due its PHatk 

nature, instead a hi~h rcroiution time< function ~"" mcd ",.ith timings captured in millisecond" 

Result. were obla.ined on a PC with the following 'peciikationo: 

• Proc~.sor: Dual Pentium 4 1.68G1b. 

• Ram: 2.25GB. 

• Video Card: Geforce 2 h!),!X .. ith 6~MD on board ram. 

• Operating System: Miororoft Window. XP. 

• Development Platform: MicrOl'dt Vi,uol C++, ver.ion 6.0. 

interactivity is defined as 15 updates per second. In other ""rds, for a wpolO!lY alteration to be 

interactive, it cannot take longer than 67 miUiseconds. 

7.1.1 r .. lodels 

Teo lllodel. were chosen 10 re't topology alteration, See Table 7.1 for "pictorial descriptiOl1 d the 

model •. Model, cho,en differed in vertex and polyhedron count, with t.he Stanfo"d Bunny haying 

the hi~he't vcrtCJ< and polygon count. The model. arc: 

• Cube: .1; low polygon and verrex counl with a siIllpie topology. It was u..,d throughout lhe 

development ' 1"W' W te8t the aIg-orlthm. 

• Dolphin: A relatively low polygon and vertex count, the dolphin ill typical of a )Xllygoo that 

might have OOcn produced using virtual ilCulpt.ing. 
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• X-\ViIl-": A more detaile~ p"]y~"IL me,h. il represent, a m,,n,,] Ih.1 may have bocn laser 

""Mn~d, "nil th~IL ,ub'''''ILlialll' 'imDliliod_ 

• Rifle. Th" rifle ha, a complcx ""!'OIc'!!,,,: Th" trigg"r prolecwr: gi"e;; I, genus 1_ 

• Da., Guitar: M!)r:e complcx than the rift", hut wil h "'imple Iopology. 

• The Stiu\: Ray: Tbe "rin~ ro,y ha' "compl~x lopoh'S,), wilh genu,!. 

• -"londo -"lan: M!)ILdo maIL', bead lloa", abo,," h" IXld" 'l'h" poctinn wIH,r~ hi, leg' ",e 

"tt.ch~ct 10 hi, te..,,, i, .l<n ~'~IL'" 1. 

• Cow: TIle ll·adi t.i!)ILal Slanfonl cow ",-bich ha, bocn .Implilied_ 

• Sphere: A large sphere_ 

• Runny' ]'h~ Sla.nforct hunny u,~ct In Iel'r. limit., of tll<, lopoh""y alt.~mlion algorit.lun. il wa, 

al,!) u""d 10 \e;1 if mocteb lilt.M the line"r rogre;,i!)IL. A, il i, '0 mlH;h higger ehaIL the pte"ion> 

m,,n,,l,, i, I, left ou, ci the grapbs 

, 
:"Iwnbe1' or Verei"",,: 8 

:"Ieuuber Of Triangle;;: 1') 

:"IlUlll",r Of Eil~",,, 20 

() p n 

:"IlUllber Of V"rt.iCel': t69 

:"Iwnber Of Triangle''' :lS1 

:"IlUllher Of 8:i~,,,: 70t 

_"wnbcr Of VeIl;';",,: 77, 

_"um~r Of Triangles: J:l89 

:"IlUnl",,' Of G:i~'~" 2062 

• 
!\umher Of Vcrtif".: 1119 

!\umber Of'I'rlanglco: 184[i 

Numher Of Ltg.,,;: 2962 

77 
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Number Of Vertic",,: 1~19 

Number Of 1hangle><: 22M 

Number Of Ed~e:.: 3670 

Number Of Vertices: :9:8 
Number Of Triangle:.: 3153 

Nwnber or Edges: 6680 

Number Of Verti"",,: :178 

Number Of Triangles: 4084 

Number Of Edge><: 6260 

w 

Number Of Y"'li~"": :IIOJ 
Number Of Triangles: 5804 

Number OfEdgl''' 8706 

p ~r~ 

Nwnbcr OfVcr\i=!: 40118 

Number Of Triangle:.: 8192 

Number Of Edges: 12288 

~, 

Number Of V<)Tticel!: S5!JJ1 

Number Of Triangles: 69451 

Number Of Edg""': 10M!J6 

• 

1 

Table 7.1: Models: The mode!" and their re:.pective vertex and 

triangle count used to determine result .. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

7.2 Ilesulls 

7.2.1 Extrllsion 

Extrusion timing' are c\cpendant UP'On tl'" most nut""JeOUS oompoueulS 'Of thc model; the edges. Thi, 

is due to 4D edges being computed aud ,toted for e"tr8£tion . Cnfortunat.ely, there are mO", edges 

titan verti"". or fae .. (Euler's law). TImin~ results (Fi~ure 7.1) ... "re fitted u.ing a li""ar regre",ion, 

with the Stanford Bunny being u"ted to ~"jf1t!n the result . Extrmion optimisMi""" impro"". timing 

results by a facto< 01 2. The optimisation. prevent unncce.sary mlculati'Ons after the computat.iofl 

01 t he first level, therefore a fact'Or of more titan two wM expect.ed. The bottleneck i. due to the 

standard u,mplate library (STL) vect.or elag. as it is implemented in Microsoft Visual C++ 6.0, A 

caJI t'O reserve memory is not ag efficient as au auother platform. This w"'" 'Only dw.{lvcrc<i wr 

implc!Ileutllti au. 

7.2.2 Deformation 

Optimising tile embedding algorithm produc"" ,ignificantly improve d result" as demonstraled by 

Figu", 7.2. AU m'Ode .. tc;<tcd in Figurc 7.2 were cxtruded min~ ten IcvcLs . Optimisc<i embedding 

results on average in an improvement factor of l~. Optirni,ation' u'e embedding information from 

Ihe 3D model, the 'Only mlculation being the 4D compooent, which needs 10 be calculated just 

once per leveL EmbeddPd coordinate' for the 4D mOOel arc calculated just bef'Ore dcformati'Ou. In 

addition, optimi'alio,," introduced in [261 aud adapt"<l to ~D aid the interactivity of the deformation 

pro."," •. 

7.2.3 Extraction 

Extracti'Ons arc teeted after deforming roughly eighty percent of the specified cells for each model 

per \evel (Figure 7.3) . A linear re~res'iou is fitted to the data and Ie,ted ag~inst thc Stanford 

Bunny. In order to te,t optimisationll, the sphere is extraded with def'Ormations that span different 

pr'llorti'On' (Figure 7.4). Figure 7.4 shows that extr""tin~ O<lly deformed face, i. an improvement 

over extracting the whole object. TImings Me logMitimlic due to edge< 'Wrin ~ result, frem previou, 

extractions being used in sub""'Iuetlt ~.a1culations_ 

7.2.4 Overall 

Timings for a defo<mati(ln that rC8ults iu a topology alteration after extraction arc pt'C>Cnted (Fill­

U'" 7_5). Int"ractivity is breached if tit:J>l!S exc .... d, 67 milliseconds. Results sho" that it i. " model', 

triangle COUllt , and not It. vertices, that dctcm:tinC8 t&' time for topology alu,ratiofl. Thc~.{lW ha, 

Ie," vertices than The Sting Ray, yet it, trian~[" count Is much larg<'Je, r""ulting in longcr 'Overall 

t'Opology alteration time. 
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Fig"re 7.1: Extrusion TiIllings: Graph' rcprc,entin~ extru, iOll timinvlTopj Extrmion timings 
fO! one level [MiddJ~J Exttusiott timing" fo< fl"" le"..1, [Bottom] Extrmion timing/! fo, ten level, . 
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L= ",'" "" 100> ""'" _ ''''''' "'.NC-,-

Figure 7.2: La"ic~ Emb~ddill~ Timings: Unoplinilloed embedding tilll~" VS i ~ oplim ",,'~ ('()l m _ 

tffpan. 

Exlrusioo timings rely not, so much 00. the amount of level!! ch06<'ll "" on the complexity of the 

model. """" though perfornlllnC'e <.l"l\Tlld", ",ith more extrusion Jevel.<l, it does lIot require !I1!lll.)' 

levelo t.o perform a !.apology alt.eration. Also due to optimioatioM, the firs l J.vel of extrusion i. 

the mOllt p"rfonnanee dem~nding .tep, while r«:lund~[",y dmm~ti('"ll)' redu"e" th~ tim~ I1""rled 10 

=lmd~ the ollleT I~Y~I, _ Optimi8l! Iion al"" ~i d, in the d.,forffil!tion ~nd =tr~dion p~rfo<man<:" of 

ex\ruded objects. Last.ly, it is in the inler ... !. of memory OOlIS<'rvatioo to keep the exhuded levels 

to a minimum. 

The arllount of levels needed is defO£mation ami model mmpi=ily d"P~mlan" An exl,rud~d obi":! 

th", has. IaT~e portion altered du~ to defocmation "ould be. candidate for an iocrease in extmsioD 

levels, thereb}' potentially reducing the altere.:! portions , The pre"eding' .. ntenee l1seo the word 

'potentially', ,in<" t he .mOllnt.n objeet i. alt.".ed abo d~p"od, on the d.fonn.tjc,n, A level ownber 

of live was uoed to render the pic",es for Ihis chapter, F;ve levels of exun,ion performed"" weli 

a.'l ten for .ll mod~I,. tA'.55 thao Ii". lfW~l, prodnced warping artefucu [or .arne of the model' Ihat 

, hoold not be pr"",nt io Ih;, tl'<llllique, sudl as too mild! deformation ~long th~ X,}, or " axi", • . 

For laTg~r model. ' nch as the StaofOfd Buony, I"" thao five levels produced suitable r",ult.s. Thi, 

is heeau," a les, 'par", (finer) hYJl<'T patch work, bett~r with lot. of w~tiCf", aod produ"",, more 

local warping effect,. The Dumoor of levels c:ho&>n fot an ertJ:uded obje<=! is therefore dependent 00 

the eomplexit.y of the model. The more complex the model, Ihe less the nmIlLer of exttu,ion levels 

_ro, 

The t.opol"l\y alt.eration pro<'e." pre .. oted in t.hi" di"""ration has one seriow; flaw ; It ;., not aWe to 

<:ombine obj<x:tI;_ A 4D modeller based upon [12] is ahle to produce desited r",l1lt.s. These were Dot 
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"" 

Figll1e 7.3; Extraction Timings' Timing, fot the extrution process. 

how,"""r peroued for thi' project, "" it wa. thooght 10 be oot,id~ the ""o!>" of the project. 
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E",«,",oo Tin-i.'"g5 f'" lle/",,,,,,I .. r <; ''',,' "f>'" 0 nn-r.t Pro;",,,,, ~ I t,~ Ot;ject 
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l'igllf~ 7.4: i<Jxtr,,-ction Timing. }'nr Different Deformation Spall> or a Sphel' ~ 

7.3 Topology Alteration Pictures 

l 
-F- ~ 

S,i. JJ 
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100" 

Fi&ure 7.5; Overall Topology Alteration Timings: Timing ,,,,"nIls for the topology alteration 
proce.gs "" a whole. 

The above pictures all had five extm.ion levels. The sphere hole was produced by a vector originating 

from i!.S x,y,z origins wilh its w axi, orginaling from the fifth ext ruded lew). The deform .. tion vector 

kept the x;y and z parts the ."",e, by f'mAnaled tow"'" the firet level in the w_&xis. fur 8.11 object 

:lI"p""ati(l[l.\, the x,y,z ori~ins were at the exact place where the separation " .. as wanted, with the w 

coordinate being the first level. D"I>"ndin~ upon the orientation of the model, the re:mlting vector'. 

x,Y,' components change;!, while the w componffi.t alway, headed lo,",,,,dl th~ fourth l~veL 

Dmormatioo performance is dependant upon the typ.e of deformation used. The reason being ill 

thaI " deformation which results in a large proportioo of the object being deformed will require 

a more thourou~h extraction and produce more re..ultiot; \ri""'llI<ll5. A mor~ tho"rou~h ertracUon 

impli"" that the more prism, that are deformed, the more tetrahedra need to be extraced and pri,m 

nrighoou," n"'<i checkin~ for non_deformed neighbourS" 
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Chapter 8 

Conclusion and Future Work 

The fa,,,,, of ihi, di"ertll.t.ion i, an pmdllcin& an eJliciflut tn""-Ull of altering a 3D model'. tapology 

under virtual &Culpting implemented using spatial defonnatioo. 

Ide .. , PTopal<'<l hy Aubert and Bcchman in [41 ",,,re ''''"nde<! In fit ''''lui1:emeuts lleedfld ro.. virtual 

oculptitl~, Their approach wM chaoon becauoo it altered topology wilh most of the WpologicaJ 

requirement. ~ in Chapter I, wjlh the exception of intcractivity. Exten,ious therefO<'C aim to 

make an unambiguou, topol~y a1wrlUiotl prOOOli! interactive. 

The tOlXl1ogy oIteration process is split into three ,u!>-proces""", (1) E:rI;,1I.sion, {2} Deformafiv" and 

(3) E",lrac!ioll. A.m <>Ljed, ;" exl;m<k<:! int<> 4D, after "'hkh, tbe 40 object i, deformed and th<1l 

interoocled ~i,h a 3D hyper-plane, thus producing a 3D ""traded abject with potertiaUy altetfld 

tapology. 

The extru,ion process embeds a 3D ahjed int.o multi!,'" 4D 1"y,,,·,, each lll.yer having a unique 4t.h 

cooI'dinate. Vertices of triangle faces hI the 3D model are identified in 4D atld BIfl ooonected io 

cansocutive 4D levels producing 4D pI;"m •. Pri,m, arc th"" ,u\>divided iuto tetrahedra resulting Ul 

"oonecH,ity information that is a 3-.implex. 

3D Direct Mauipulatiou of Free-Form Defoctnation (D:MFFD) (Section 3. I .3) i, adapt<-d w 4D foc 

deformation OHM ~.xllUded object. 

A ,1D hyper-plane i, inwrsected "itt the 4D ~.xtl1ldfld model to produce Il. point ""I which j, then 

triatlgulaled. DIlfl W 4D tetrahedral COIlneclh'ity, the point set can be triangulated unatllbiguouoly. 

Depending "'1 the dflformll.tion "pocified, the extra<:tion produces an object ,",ith alt.-.red topology. 
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8.1 Opt.imisat.ions 

Optimisations to the extrusion process (Chapter 4) involve exploiting spatia..l coherence produced 

by the eml>edding prClC<".... Ed~ and tetrahedra..l computation benefit from coherence. All sub­

""'Jt>ent tetrahedronalisatio,,-, and edge calculatiolL'l afl"" tl,., firsl 1e",,1 exploit coherence for lheir 

calculations. 

&:tru.sion time is linearly dependenl upon the numher of ed~e. in It mod<-l. Therefore extru.sion 

time incre"""" with model complexity. This does not hinder int..ractivity as extrusion is designed 

to he a pre-prClC<" .... perfu<med in conjunction with Ih" loading of the 3D model. The Stanford 

bunny. con.idered to he Il.large 100","1 for virlu.ol oculpting, lake., MlOrus for a len ]"""lIed extrusion. 

Optimised extru.ion resnlto in a speed np by a factor of two. 

4D defonnation (Chll.pter 5) build:! upon optimisalion., produced by Gain in [25J. The m",t impo<­

lant of which is an optimised means for the calculatioo of a pseudo-in""r .. (Section 3.1.4). The 

optimised emhedding al~orithm u,,'""" embedding informll.tion pertaining 10 the 3D model. It """,ult. 

in Il. 'p""d up by Il. factor of 18. 

&::tmction optimisation only intersect tetrahedra..l bc,," of the 40 object that were deformed. The 

resulting triangulated point .m., app<mded to the original mo<:lel. 

The topology alteralion method can IU"hleve a deformation and extraction in interactive tin,., (15 

frame .. a seconds), .. ith the extrusion "" a pre-proce"". Although hole cnoation and ,urface ""paration 

can be achieved, .uria<:e joinin~ is not posmble. Thi. i, due to the nll.rure of the 'P"Ce-time object, 

which is Hot adepl at objed joining. Self intersecting of tetrahedra result in triangles with incorrect 

windings and produces models wilh 'holes'. 

8.2 Future Work 

There are """""Ill are"" for future ,""""",ch whi<"ll perlain to thi .. dissertation: 

• RelinementfDechru.tion: A refinement/decimation schen,., .... ould eliminate erro"" due to 

sampling. The curvatUl"" of the 40 mod~l may l>e de~aded after d~forInation, r",ultin~ in 

an extraction that does not smoothly approximate Ihe curvature. This can be remedied, to 

some extent, by =plin~ Ihe exlrusion mote den.oely r .. ulting in a 40 objecl with more levels 

closer to each other. A refinement ochelll" makes thi. unnec~""ary, a1lowin~ for a relatively 

small extruded objecl. A decimatioo oclJeme will eliminate samplings that are too ci<!nse, thus 

reducing unnect" ....... y detail . 

• Self Intersection Test: A problem .. ilh extmct.ion is that t..trahedra may become self 

intersected ait .. r deformation r,,"ulting in them !>dog tumed inside out. Thi, prodllC<"", point 

... 1. that get trian~ulated with incorrect .. indings. A self intersection test hal; been developed 

for 30 virlua..l ..,ulpling in [28J. Adapting Ihis I ... t to 4D will eliminat.. the tetrahedra self 
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inte""ction problem, 

• Surface Joining; Dclorming;; high'" dim"",ionui ohjoct and thm e>:lractin~ a potentially 

top()logically alt.ered ohject will r~>t 1,., able t.o er"ate a jOiIUllg ()f ,,,dace.', Eilh",' at temptillg 

w adapt thi' m.thiXl lor surface joiuing, 01' using anoth.,. &chem. in a hybrid combinMion 

wOClld be int"'Cl5t.ing fulur~ n::s<:';;fch 



Univ
ers

ity
 of

  C
ap

e T
ow

n

Appendix A 

Geometry 

A.I Plane-Line Intersection 

A l>lanc is defi""" by "" norm" I ,,;;; and a p<lint. P on Ih" ]lbne whil";Ll1 ("jge j, rl"fim,c! 0' two vertic",_ 

To inl""secl lUI ,.:I,..;c j w;(h a plane, we l'equire Ihe following VaIiablrn; (Figure ..1._1); 

• P - A point nn \ho jll'Lnc_ 

• N _ A nurmal to the p)",u •. 

• F j - The slarlillg vertex of an cd~" that intcrscf'ts Iho plane. 

• F, - The euJ "er!.ex of an edge Ihat intel',oct, the plane_ 

IVe finn a ,.oInt.ion for t ,,~:h t.hat. the fnll"",.,llg pammetric "'llll!.l~!1l 10.- a line will yield a P(~jjt. P, 

On the pl"He: 

(A. I) 

Sinoc 1', is assumed to he OIl th., plonc the dot 1)",(1<1<'\ of tho "'.,,10< from P \n P, ,mri R ",ill he 

'V-(P,-P)=O ( A_2) 

Rewriting equation A.l to P, = y( !) = P, + !(p" - P, j, "nn ",Jx<tit.l!ting this Inr p, in "lllolinn .\.2, 

we gel; 

( A.:I) 
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5; (1(1', - P,J) N - (P - P,J 

I( ,\' -(P,-P,J) R -(P-P, l 
R, (P - I',l , 
R, (P, r,) 

Sllu,;LiLllLing I or eq uaciull A.,l inw "'-lllaliull '-\',1 )"ield, 'he Jesinhl,'esull. The lulluwin~ cmk i, ured 

to produce plane-line inlcrscn[ons 

Point planoLinolnt er. oct(Point , tortEdgeVort ox, Point ondEdgeVort ox) { 

~ ector vl • pointOnPl~n~ - "tortEdg~Vartox; 

) 

Ve ctor v2 endEdg oVer t ex - " tllItEd~'cVeIt ex ; 

float t - ~l.dQtproduct(pla!lol!or"al) I v2.dotproduct(plane/loaal); 

r e turn (1-t)'startEdgeVcrtcx + t*endE.dgcYcrtcx; 
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Appendix B 

Linear Algebra 

B .1 P r uufs fur Equatiulls 5.3 

------- - --------

Figure B.l. Pruject. iun O f X Ont.o g, To dct~T\ni~~tho: local coordinate. of X in the g dircctioll, 

X In,,",! I~' pmj[d('ci nnW S to pmduc" Su 

From the "how figm~, it eM be S('('n that ., i , the I"",;";-tion ,,[ .iii onto S: 

II SO II 
I,gli 

00 



Univ
ers

ity
 of

  C
ap

e T
ow

n

But if S,T, U are orthogonal, ~hen § = i x 0, therefore the preyioUl! equa~on can be writwn "''' 

, . S·(X-Xo) 

5·5 
IISllllx-X,II=e 

11511' 
II X - XO II coso 

11511 

Using Figure B. 1 in conjuIlctj(m with basic Irig, it can "a.ily be "!>own that II X - XO II coo & =11 '0 II' 

, IIX-X,IICOfJO 
IISII 

IIII~IIII 
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.. uvuu",.,vu to tetrahedra where the have been cre:ate:d a 

There are twelve cases to consider 

each case orientation. Note: The 

notation is used to to describe each case: F N X.Y ez means Face X tetrahedron Y with 

ez , where X is one of the three and Y is one of the three that 

the will subdivided into ez is one of size in a tetrahedron 

{z E 2,3,4,5, 

• Case 1: 1 has information. 

Inl~lUt:UI'un; V2 < Va and VI is the smallest vertex index in 

= FNl.l- ea, = FN1.2 - e4, = FN1.3 - ea, 

• Case 2: information. 

V2 > Va and VI is the smallest vertex index in 

FNl.l- ea, = FN1.2 - el, = FN1.3 - el, 

• Case 3: information. 

)n,entatllon: V2 < Va and VI is not the " .... a...,.:;". 

tIel = FNl.l- e2, = FN1.2 - e2, 

• Case 4: 

)nl~ntatl,on: V2 > Va and VI is not the "'Ua.!"~" 

information. 

vertex index in 

= FN1.3- e2, = FNl.l- e2, = FN1.2 - e6, 

• Case 5: 2 has information. 

1 

""",UU'JUl 1 

""",U""JUl 1 

n"l't:n~(UII'.ln; V2 < Va and VI is the smallest vertex index in "'''IF.'''JV'''' 2 

92 

= 

= 

= 

= 
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