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Abstract

The hadron production (especially kaon production) and the hadronic ratios (especially
K/7) in heavy ion collisions are studied assuming that particles are produced in a hadron
gas at both thermal and chemical equilibrium..The final state in relativistic ion collision 1s
described by a hadronic gas model which is governed by two freeze out parameters, namely,
temperature T and baryon density B/V. It is found that for large interaction volumes
and/or large net baryon number, a description using the grand canonical ensemble could
be justified. For a small system however, corrections arising solely from exact strangeness
and baryon number conservation cannot be neglected. Analytic results for the paftition 7
function and the particle numbers are presented. A detailed numerical evaluation is made.
A comparison of the behaviour of the results with the experimental information is made. A
review of kaon production and K/ ratio and the comparisons of the h#dron gas model with

recent experimental results is made.
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Chapter 1

Relativistic Heavy Ion Collisions

1.1 In search of Quark Gluon Plasma

Heavy ion collisions at ultra-relativistic energies offer the opportunity to study strongly
interacting matter under the extreme conditions of high temperature and density. The study
of ultra-relativistic heavy ion collisions is an emerging field which brings together aspects of
both nuclear and high energy physics. One of the basic aims of heavy ion collisions is to study
the hadronic matter under extreme densities and temperatures. It is believed that heavy
ion collisions such as those done at CERN and BNL experiments can create the conditions
similar to those in the early Universe and might have produced a state of matter known as
the Quark Gluon Plasma (QGP) in the laboratory for the first time. The early Universe, '
at ~ lusec [1] after the Big Bang is believed to have been a plasma of weakly interacting
quarks, gluons and leptons. This plasma might even still exist in the deep interiors of
neutron stars [2]. Observing the plasma is one of the world’s most important scientific goals.
Detection of the QGP would not only serve as the direct evidence of quarks and gluons, but
would also open a new era of physics. Measurements and studies of its properties would
hopefully allow us to answer some of the fundamental questions about the origin of the
universe, such as how matter was formed, how the cosmic asymmetry between matter and
anti-matter came about, etc. At almost the same time that the QGP was theoretically

recognized to be possible, heavy ion collisions were realized to be the most efficient way to

1



2 CHAPTER 1. RELATIVISTIC HEAVY ION COLLISIONS

create extended regions of hot and dense matter in the laboratory [3]. Experimental effort
started almost simultaneously at the AGS of BNL and at the SPS of CERN ten years ago,
with relatively light ions, O and St of 14 GeV/u at BNL and O and S ions of up to 200
'GeV/u at CERN. This light ,ion phase is now completed and has provided very interesting
results. A new round of experiments, with really heavy ions, was started in 1992 with Au
ions of 11 GeV/u at the AGS and two years ago with Pb ions of 160 GeV /u at CERN. Here
there is a considerable increase in the volume of the system together with a slightly larger

energy density.

To the best of our knowledge everything in the universe is made up of hadrons and leptons.
The hadrons are made up of quarks which often come in twos and threes. Baryons, such as
protons and neutrons consist of three quarks. Mesons such as pions consist of a quark and an
antiquark. These quarks are bound together by a strong force. Thus quarks are confined in
the hadrons. In the so-called quark gluon plasma, quarks are no longer confined in hadrons
(the collective name for mesons and baryons). In this new state of matter quarks and gluons
will be free particles on their own. In addition to electric charge, the strongly interacting
particle - quarks and gluons that bind them together - also have a color charge that is
described by using the fundamental colors red, blue and green. Baryons are considered to be
white because they contain one quark of each color; and mesons are considered to be white
because antiquarks have anticolor. Since the time when the concept of quarks was introdﬁced
by Gell-Mann [4] and Zweig [5] in 1964 free quarks have been continuously searched for, and

none yet has been found.

It is believed that in high energy heavy ion collisions a large fraction of energy is deposited
into a small region of space in a short duration of time. The energy density can be high
[1). As an example the Relativistic Heavy-lon Collider (RHIC) at Brookhaven National
Laboratory (BNL) is designed to accelerate nuclei to energies of about 100 GeV per nucleon.
For Au— Au collision where /s is about 200 GeV/A, one would expect an enormous amount
of energy deposited in the collision region, and to attain even higher centre of mass energies
there is the Large Hadron Collider (LHC) at CERN which will follow RHIC in its program.
.LHC will have /s of about 6300 GeV/A for Pb—Pb [6]. Quantum Chromodynamics (QCD)

predicted a phase transition from hot hadronic matter to a Quark-gluon' plasma state, where
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quarks and gluons are free to move over a large volume compared to the normal size of a
hadron (~ 1 fm). There is little doubt that such a state of matter exists and this is still
under debate. However an interesting question is whether this state can be created and
detected in the laboratory. Quantum Chromodynamics is, to date, a precise microscopic
theory that describes successfully strong interactions of quarks and gluons. Nucleons which
consist of uud (protons) and udd (neutrons) are known to compose all currently known
existing matter. These nucleons are massive compared to u, d current masses and so chiral
symmetry is spontaneously broken, resulting in the light quark constituent mass of 310
MeV, in order to make nucleon mass of about 940 MeV. It is expected that under extreme
conditions (high temperature and nuclear density), there exists a new state of matter in which
chiral symmetry is restored [3, 7] where the masses drop to zero. Lattice QCD predicts that
the phase transition should occur at around T, = 140 MeV [8].

) | Early Universe

\ Centlral RHIC

T~
and Glluons

[ }]
5 ) _
9 - e ' e
= : : Deconiineiment Region
L Hadrons glo
E
(e}
-

Neutron Stars?
Supermn

1

Baryon Densily

Figure 1.1: Expected phase diagram for nuclear matter [9].

Figure 1.1 shows a schematic phase diagram of the transition from hadronic to quark matter.
The ordinate is the temperature, and the abscissa is the baryon density. At high temperature
and low density, the conditions are those which presumably prevailed in the universe a few
microseconds after the big bang, whereas the other extreme of low temperature and high
density the conditions may be close to those inside neutron stars. The early Universe is

believed to have had high temperature and low baryon density, whilst the neutron star is
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cool but has a high density. The heavy ion collision scenario occurs between these two limits.
Three situations where quark-gluon plasma should be possible are discussed below:

At times of ¢t ~ 1073 sec the early universe was extremely hot and hence was in a deconfined
state. As it cooled hadronization occurred. An alternative possibility is that the cores of
massive neutron stars are sufficiently dense that hadronic matter becomes deconfined. A
further alternative, is the possibility of the collision of high energy heavy ions, to create a
region of sufficiently high energy density that the deconfinement transition is undergone.
These conditions are illustrated in Fig. 1.1 The present ultra-relativistic heavy ion collision
programs at CERN-SPS (at 160 GeV /A Pb+ Pb) and at BNL-AGS (at 11.6GeV /A Au+ Au)
are examples of such an attempt to produce a quark-gluon plasma experimentally. For these
fixed-target experiments the center-of mass energy may not be high enough to create the

quark-gloun plasma. However we do hope that at RHIC and LHC we might see this QGP.

1.2 Global and Hadronic observables

Global observables, like transverse energy Fr and charged particle distributions; and hadronic
observables, like pr distributions, particle production cross sections and two particle corre-
lations provide crucial information about the reaction dyna,mics and in particular about the
energy density achieved, and the size of the hadronic system at freeze-out (i.e when the
system ceases to interact). Figure 1.2 shows the transverse energy distribution as measured
by the NA49 experiment in Pb — Pb collisions. An increase by a factor of three in the
maximum transverse energy is observed. In both cases the shape is entirely governed by
the geometry of the collision; a plateau corresponding to large range of impact parameters
where the two nuclei overlap, rapidly falling when reaching central collisions at b6 = 0. The
question whether these collisions produce a system of high enough density has already been
positively answered by the results obtained with O and Si ions at the SPS [15] and the recent
Pb results confirm it. The energy density is inferred from the energy deposited in the system
- reflected in the measured transverse energy or alternatively in the number of produced
particles - together with a model for the initial interaction volume. The most widély used

model is the one proposed by Bjorkeh [1]. In his scenario of boost invariant expansion, the
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2.1<n<3.4 Pb + Pb
S+ Au
VENUS 4.12

.. FRITIOF 1.6
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do/dE, (barn/GeV)
o

600 l 800
E: (GeV)

Figure 1.2: Transverse energy distribution of Pb — Pb at 160 GeV/A and S — Au at 200
GeV/A compared to calculations using the FRITIOF and VENUS event generators [11].

energy density € is proportional to the transverse energy density in rapidity space dEr/dy

1 dE7
6—7rR27’ dy ’

where R is the projectile radius (R = 1.124'/3), and 7 is the formation time which is usually
. assumed to be 1 fm/c. The energy densities achieved at SPS are 2.6 GeV/fm® (S — Au
at 158 GeV/A) and 3.2 GeV/fm?® (Pb — Pb at 160 GeV/A) [11]. These values are about
20 times larger than the one for the normal nuclear matter ( ~ 0.16 GeV/fm?), and about
7 times larger than that inside the nucleon. More importantly these values are within the

range of values predicted for the deconfinement transition phase to occur.

1.3 The Bag and String Models

Since quarks are confined inside a hadron, a useful phenomenological description of quarks
in hadrons is provided by the bag model. Of the many versions of the model, the MIT bag
model [12] has the necessary characteristics of the phenomenology of quark confinement. For
" a review of the Bag Model see [13, 14]. In this section we shall .uée the MIT Bag Model to

~understand how quarks can become deconfined in new phases of matter. The MIT Bag Model
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treats hadrons as individual bags containing only quarks. It is a semi-phenomenological
model in the sense that physics inside the bag is treated differently from that outside. Quarks
are massless inside the bag and infinitely massive outside, phenomenologically explaining
their confinement. Confinement in the model is the result of the balance of the bag pressure,
B, which is directed inward, and the stress arising from the kinetic energy of the quarks. The
bag pressure, B, is a phenomenological quantity and is introduced to take into account the
non—pertuba,tive effects of QCD. According to QCD, quarks carry a new intrinsic quantum
number, color. As mentioned earlier there are three colors, namely: red, blue and green. If
quarks are confined in the bag, gluons should also be confined in the bag. And according to
“Gauss’s law” the net color charge of the matter inside the bag must be colorless. As there
are three different types of color, the bag model would imply that the allowable hadronic
bags should include colorless ggq and ¢g states. Consider a system of N quarks confined in

a spherical bag of radius R. The total energy of this system is given [16] by

204N 4 _,

where the first term arises from kinetic energy and the second term from the potential energy
of the confined quarks. Here and throughout this work the conventional units A = c =% =
1 are used. The number 2.04 comes from the spherical Bessel functions. The tendency
to increase radius due to kinetic energy of the quarks is counterbalanced by this inward
pressure, B, directed from the region outside the bag towards the region inside the bag. The
equilibrium of the system is located at the radius R determined by %’;— = 0, which leads to
a bag pressure constant B related to the radius by |

2.04N\V41 ‘
/4 _ - . 1.2
B < 47 ) R (1.2)

If we take the confinement radius to be 0.8 fm for a three quark system in a baryon, we

obtain an estimate of the bag pressure constant
BY% =206 MeV . - (1.3)

If the pressure of the bag is greater than B, then the bag will break up, leading to the
deconfinement of the quarks, or the formation of the quark matter. In other words, if
the pressure of the quark matter inside the bag is increased, there will be a point when the

pressure directing outward is greater than the inward bag pressure. And when that happens,
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the bag pressure cannot balance the outward quark matter pressure and the bag cannot
confine the quark matter contained inside. A new phase of matter containing the quarks
and gluons in an unconfined state is then possible. A large pressure of quark matter arises
1) when the temperature of the matter is high, and or 2) when the baryon number density is
large. In the bag model, hadron bags are often nearly spherical in shape, corresponding to
the ground state or low energy state of hadrons. As a hadron is excited to a higher energy
state, the quarks inside the bag have more energy so that the bag might become distorted.
One extreme case is that the bag becomes long and thin like a string. Hence the string model
which can be thought of as an extension of the bag model. The energy of the quark system
in the string model is given [17] by

4o,

E=-3%

+oR (1.4)

where R is the length of the string and «; is the strong coupling constant. The second term
arises, of course, from the string picture, where the string tension, ¢ is roughly 1 GeV/fm.
When the quark and anti-quark in a ¢g pair are far apart, the flux tube of color-electric field
between them would have so much energy that the string breaks producing another ¢g pair
in between. In this picture, it seems that quarks are never able to reach de-confinement.

However, in a dense state, strings should not be long and quarks ought to overlap.

1.4 Thermodynamics

If QGP is formed, we have a situation which is much like a chemical mixture in which
chemical compounds interact to change to other momentum states and to transform to
other chemicals. In this mixture, there will be a stage when the momentum distributions
of the particles do not change, even though momentum exchanges continue through the
interaction between particles. When this stage is reached we say the system has reached
thermal equilibrium. Equilibration results from the balance in the gain and loss of the
momentum distribution of forward and reverse or other reactions, respectively. In a similar
way, chemical equilibrium is reached when the densities of different particles reach a steady
state even though the particles continue to interact and transform from one kind to another.

Equilibration results from the balance in the gain and the loss in density of forward and
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reverse reaction or other reactions, respectively. Thus, the state of quark gluon plasma is
said to be in thermal and chemical equilibrium when the interactions of the constituents do
not change the momentum distributions and the densities of different types of particles in
the plasma. The state of the plasma is then governed by the temperature T' and various

chemical potentials y; for the different particles z.

We do not know whether the system created in heavy ion collisions does reach thermal and
chemical equilibrium so that one can use statistical QCD to describe these collisions. There
should be sufficient scattering and re-scattering of incident and produced particles so that
thermalisation occurs (i.e all particles in the fireball can be described by one temperature).
When the measured transverse energy, Er, is compared with event generators (with and
without scattering) it seems that a large degree of scattering and re-scattering does indeed
take place [18]. Thus, although we do not know for sure if we have achieved thermal equi-
librium in current heavy ion collision experiments, local thermalisation might have been
reached. So, it is worthwhile to review some thermodynamical properties of a system at

equilibrium.

In an infinitely large system with temperature T', the particle density is proportional to

1

EAT L7 (15)

d*n «
according to Bose-Einstein statistics for bosons (minus sign) and Fermi statistics for fermions
(plus sign). Here p is the chemical potential, the energy needed to add one more particle
in the system, u-= dE/dN. For e=#)/T > 1, which generally holds for heavy particles or

in classical system in which the particle population per state is low, Eq. 1.5 reduces to the

Boltzmann approximation
&nox e ETdPp (1.6)

Let’s first consider a high temperature system with a vanishing net baryon number. Assume
that QGP is formed in such a system, so that we can treat quarks and gluons thermodynam-
ically as non interacting point particles. Equal numbers of quarks and anti-quarks require
them to have a vanishing chemical potentials. Therefore the number density of quarks is
given by integrating the fermion statistical distribution

9q /°° p?dp 0.9
0

~—gT°, o

Mg =MNg = /T £ 1~ x2

¢ 9r2
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where g, is the quark degeneracy number. - Gluons with vanishing chemical- potential as
well, can be treated in the same manner as photons in an open system such as blackbody

radiation. The number density of gluons is given by integrating the boson distribution,

2
_ 9 [®_pdp 12 |
o= 27:'2/0 pry e s ZUAE (1.8)

where g, is the gluon degeneracy number. Both the above integrations involve a Riemann
Zeta function. The mathematical detail is found in Appendix B. Quarks have three colors
and are spin 1/2 particles. If we consider only the two light quarks (u,d), assumed massless
in the above calculation, we get g, = g; = 12. There are a total of 8 types of gluons and since
gluons are spin-1 massless particles, then g, = 16. For QGP with T' =~ 200 MeV we solve Eqs.
1.7 and 1.8 to get number densities of quarks, anti-quarks and gluons, n, = n; = 1.7/fm?
and n, &~ 2.0/fm? respectively. This is of course a very simplistic calculation. A more
sophisticated analysis [19] has shown that the strong coupling constant o, (a; =0.6 at 1

GeV energy scale) should be considered, resulting in

2
Y /oo p-dp 1-—15&3 1.9
"= 9n2 Jo eP/T—l( 47r)' (1.9)

We will neglect the o, term (not necessarily small but constant) in subsequent discussions.

The energy density of the quarks or anti-quarks is given by

3 2 ' :
:gq/oo pdp _ 17 | 1.10
i 272 Jo er/T 41 830gq ’ : (1.10)

and that of gluons is given by

2

_ 9 [®_Pdp T o 1.11
9 = 2#2/) er/T — 1 30gg ' (1.11)

For a QGP containing quarks and gluons, the energy density is then

71'2 4
EQGP =93—0T ) (1.12)

with the degeneracy number
7 | |
9=9s+3g(ga+97) =37 . (1.13)

At T = 200 MeV, this gives an energy density of 2.54 GeV/ fm?>. For a system of massless

particles, the pressure is simply

e=g—-T" ‘ 114)
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Recalling the phenomenological bag vacuum energy, B, in Eq. 1.3 we can obtain from Eq.

1.14 the critical temperature at which such a system breaks up,

0 1/4
Tc=< ) ) BY* ~ 144 MeV .

3772
Now let’s briefly consider a relativistic pion gas. Since pions are bosons, we can just use the
same formalism that was used for the gluons, namely Eqs. 1.8 and 1.11, to calculate the
number and energy density of the pions. However we use a different degeneracy number.

The degeneracy number for pions is 3, accounting for the three types of pions (n+, 7~ #°).

At T =~ 200 MeV, this leads to n, ~ 0.38/ fm> and e, ~ 0.21 GeV/ fm3.

From dE = —PdV + TdS + pdN, with vanishing g in our case, we have an entropy density
of

% =¢ ;P : (1.15)
or an entropy per particle of
dij% _ E:TP (1.16)
Using Eqgs. 1.7, 1.8, 1.10, 1.11 and 1.14 we get
<j—]i>bmn ~ 0.0377* | | | (1.17)
(g%) i ~ 0.0437% | | (1.18)

for bosons and fermions respectively. The entropy needed to create a pion is (= 3.6) in a
pion gas. The entropy needed to create a quark or an anti-quark is (& 1.4 units) and that
for a gluon is (= 1.2 units) in a quark gluon plasma. The difference in the entropy values
between the QGP and the pion gas lies in the huge difference in their degeneracy numbers.
The QGP has 37 degrees of freedom, while the pion has only 3. The entropy needed to
produce all types of particles in the QGP is therefore much greater than that réquired to

produce all types of particles in a hadronic pion gas.

Now let’s consider a quark matter with a high baryon density. Because of the asymmetry

in the numbers of quarks and antiquarks, n, << ng, the chemical potentials for quarks, yq,
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and for the antiquarks, y; = —p,, are not zero any longer. For simplicity we shall constrain
ourselves to the extreme case, T =0, only.

The quark density is given by

9q /“‘7 2 99 3
= 4rp°dp = =— .
" @ PP et (119)
Similarly, the energy density is
99 4
= 87r2uq ’

and the degeneracy pressure is P, = %5. Considering the bag model, deconfinement requires

24 2 1/4
o = ( g” B) . (1.20)
q

To compress ordinary nuclear matter to produce the QGP, we need p, 4 = 430 MeV and
ng = %nq = 0.7/ fm?3, compared to p,q & 260MeV and ng =~ 0.17/fm? in an ordinary

nuciear matter.

1.5 Signatures of QGP

Many signatures of QGP have been proposed several years-ago and the most prominent ones

are :

1. Dzilepton Production,
2. J/y Suppression,
3. Photon Production,

4. Strangeness Production.

The J/1 suppression and strangeness enhancement (e.g the K+ /7+ ratio) have been seen in
experiments. (For strangeness production and the i/ ratio, see Chapter 4). Unfortunately,
no signature for QGP formation seems unique. It is unlikely that QGP will be created at
éurrent available enefgies in heavy ion collisions. However, heavy ion experiments at the

Relativistic Heavy fon Collider (RHIC) at BNL, scheduled to start in the year 2000, will
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open a new chapter on heavy ion physics research. There, thermal and chemical equilibrium,
necessary steps towards QGP formation, will be expected. If a transition from hadronic
matter to QGP takes place, dramatic differences in dynamical observables from a hadronic
gas fireball and a QGP would allow us to ask if deconfinement of quarks is experimentally

achieved, and if so, what the properties of the QGP are.
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1.5.1 Motivations for these QGP Signatures

e Dilepton and Photon production

The measurement of dileptons has always been emphasized as one of the most relevant probes
to study the dynamics of relativistic heavy ion collisions. The argument is simple and was
first proposed by Shuryak more than fifteen years ago [21]. Since the dileptons interact
with the particles in the collision region only through the electromagnetic interaction, the
interaction is not strong. Consequently the mean free path of the produced dileptons is quite
large compared to the size of the system formed in these collisions; therefore once produced
they can leave the interaction region and reach the detectors without any further interaction,
carrying with them information about the conditions and properties of the matter at the time
of their production. Dileptons can be emitted throughout the entire lifetime of the collision,
from the hot early stages up to long after freeze-out time when hadrons cease to interact.
However, since the emission rate is a strongly increasing function of the temperature, they are
produced most abundantly at the early stages when the temperature and the energy density
have their largest values, thus making them a potential signature of QGP formation. Of more
interest is the identification of the thermal radiation emitted once the system reaches thermal
equilibrium, during the expansion and cboling phases up to freeze-out. The thermal radiation .
could tell us about the nature of the matter formed, the conjectured quark-gluon plasma
(QGP) or a high-density hadron gas (HG). The motivation to search for direct photons is the
same as for the measurement of the dileptons since real and virtual photons carry the same
physics information. Single direct photons are therefore expected to be emitted as thermal
radiation by the hot and dense matter formed at the early stages of the collision in analogy

to the thermal dileptons.
e J/v Suppression

The suppression of J/+ was one of the first predicted signatures of deconfinement [22]. The
suppression results from the Debye color screening effect of the plasma. The Debye screening
length is inversely proportional to the temperature. At high temperatures, the range of the

attractive interaction becomes so small, and this makes it impossible for a c¢ pair, formed
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in the initial hard collisions mainly via gluon fusion g¢ — c¢, to form a J/v bound state
because the color screening radius will be smaller than the size of the J/v. The c¢ pair
separates into a ¢ quark and a ¢ antiquark in the plasma. The ¢ quark and ¢ antiquark
subsequently hadronize by combining with light quarks or light anti quarks appearing later
as two open charm mesons such as D(cii, and cd) and D(¢u, and &d). If a quark-gluon
plasma is formed in the region of J/% production, then the effect of the plasma will be to
make the J/v particle unbound, and the final yield of J/4¢ particles will be suppressed, as
compared with the case when there is no quark-gluon plasma. Using the same picture, a
stronger suppression is predicted for the 3’ which is less bound and has a radius almost twice
as large as that of the J/1. The suppression was also predicted to decrease with pr since a

fast ¢¢ may escape the medium before forming the J/.

1.6 Thesis Goals

In this thesis, we study the particle production and the hadronic ratios. We investigate the
dependence of the particle production and hadronic ratios on the size of the system. Of more
interest will be the kaon production and the K/ ratio. Mostly we compare the behaviour of
the experimental information to the model expectationé. However, in some cases we directly

compare the experimental data to the model.

The thesis is organized in the following way: In‘Chapter 2, the statistical formalisms to
describe a hadronic gas with more emphasis on the canonical formalism is presented. In
Chapter 3, the results of a hadronic gas model are discussed. In Chapter 4, the experi-
mental information in comparison to the hadronic gas model expectations is reviewed. The

application of the hadronic gas model to the experimental data is made for comparison.



Chapter 2

Canonical Description of a Hadronic

Gas

2.1 Relativistic Statistical Thermodynamics of a

Hadron Gas

The subject of statistical thermodynamics in strongly interacting matter has been studied
since more than twenty years ago [23, 24, 25]. For a review see also [26]. In high-energy
hadron-hadron and heavy ion collisions, a hadronic matter which is hot and not in peacefull
equilibrium is formed. This highly excited matter is called a fireball and is'in a state of
collective motion. Because this fireball is hot, one can use thermodynamics to describe
its conditions and because it is not in total thermodynamic equilibrium, one should also
consider relativistic kinematics. Thus, in order to describe what happens in high-energy
ion collision one combines thermodynamics and relativistic kinematics. In order to apply
equilibrium thermodynamics to this highly excited hadronic matter, an assumption is made
that collective motions appear only in the direction of the collision axis and do not give rise
to turbulence. Also one assume that heat motion is small and nearly independent of the
collision energy. In this work, the hadron gas.consists of infinitely many components. Hence

one talks of strong interactions. The resonant states of strong interactions will also be treated

15
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as particles in their own right. Because particles can be created and absorbed one will have
many degrees of freedom, even if the average number of created real particles is relatively
small. Qur system decays in about 107235 and somehow equilibrium must be achieved in an
even shorter span of time. This cannot go via many collisions among each other of already
created secondaries. This equilibrium, if it exists, must therefore be something instantaneous
and at least taking much less than 107235 to establish it. It turns out that particles seem to
be created into pre-established equilibrium [25]. Relativistic statistical thermodynamics is
applied in some parts of high-energy physics ranging from cosmology to particle collisions in
the laboratory. Let us assume that our system has the requirements which lead one to use

a thermodynamic description.

2.2 Canonical versus Grand Canonical

In the nonrelativistic limit particle numbers are conserved since the energies are small com-
pared to the masses of the particles. However, in relativistic heavy ion collision, where the
space-time regions and number of particles involved are larger than in collisions of elemen-
tary particles and where it is hoped that the phase transition to quark gluon plasma might
be observed experimentally, and where particles can be created from kinetic energy, it seems
reasonable to further develop equilibrium thermodynamics. In this sectioﬁ we shall address
ourselves to one particular question as done by Hagedorn and Redlich [27]. In particular we
want to see when can one use canonical or/and grand canonical treatment of conservation-
laws. In non-relativistic thermodynamics particle numbers are, in the absence of chemical
reactions, conserved. Therefore the canonical N-particle partition function is essential. For

an ideal gas it reads

Zn(T, V) = mZl(:r ViV, (2.1)

where Z,(T, V) is the one particle partition function. To go to the grand canonical partition

function one introduces the fugacity A = exp(g/T"). The grand canonical partition function
Z(T,V,)) is then given by
00 N

Z(T,V,A)y = > ——| (T, VN = exp[AZy(T; V)] .
N=0
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Now only the average particle number < N > is determined :
N
E w2
N
SNzl

_ 9 (2.2)
= Az InZ(T,V,))

= M\Z(T,V) .

<N >

One only has to choose

to obtain a prescribed particle number.

In the case of relativistic thermodynamics, particles can be created from kinetic energy
and thus the particle number N is not conserved. One cannot, therefore, use the canonical
partition function for N particles. One uses the grand canonical partition function with A =1

(after differentiations) or equivalently with the chemical potential u = 0 after differentiations.

If there are K kinds of particles then one introduces an extra A; for each kind ¢ (Z =2;...2Zx):

K .
In Z(T,V, M. Ak) = S NZI(T, V)
1=1

iinz : : (2.3)

< N; >= )“'6/\,

M=Ap=..=Ag =1

- In view of the above, we see that with respect to particle numbers we are forced, in relativistic
statistical thermodynamics, to use only the grand canonical formaiism with all A; = 1 (after
differentiations). It is also clear that all conservation laws can be treated grand canonically
by introducing a chemical potential for each conserved quantity. However, since conserva-
tion laws do impose constraints on particle production, with respect to conservation laws we
have, in relativistic statistical thermodynamics, the choice between the canonical and grand
canonical formalisms [24]. That is, in a relativistic system, where particle production and
annihilation are possible, the concept of particle number conservatioﬁ has to be replaced by
conservation of quantum numbers. As pair production (at quark level language) is a generat-
ing pr_ocess' for étrangeness, the following internal conservation law of hadronic matter has to

be taken into account : conservation of electric charge, baryon number, and strangeness: In
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view of the fluctuations inherent in statistical thermodynamics it seems necessary, however,
to use the canonical formalism and compare the results. In our calculations, the canonical
case 1s extensively discussed and the results are compared to the grand canonical case. The
use of canonical formalisms has been considered by many people (28, 29, 30, 31, 32]. We
neglect quantum statistics. Thus we assume temperature and density regimes such that
all particles can be treated as Boltzmann particles. The generalization to quantum statis-
tics 1s straight-forward but the formulae are much more complicated. For the inclusion of
quantum statistics see for example [33, 34, 35]. For the temperatures to be considered later
the distinction doesn’t play any role. We also neglect interactions, thus dealing with ideal
Boltzmann gases. In our calculations we presently do not include electric charge since the
computation becomes complicated (but for a system which is symmetric in the number of
neutrons and protons, it is a simple case). It was shown [34] that isospin conservation in pp
annihilations leads to certain changes in the statistical distributions, which can be accounted
for by changing the volume, and/or temperature of the fireball. It is also easy to incorporate
charge conservation in the grand canonical formalism than in canonical formalism in terms of
computation. Our considerations are for the gas which is composed of all resonances found
in the Particle Physics Data Book [36]. We shall consider the gas which contains particles

with strangeness quantum number up to Sis.

2.3 Exact baryon number (B) conservation

It was shown by Hagedorn [23] many years ago that the production of heavy particles in
high-energy proton-proton collisions calls for the use of the canonical ensemble. In particular
he showed that the production of 3He is wrong by seven orders of magnitude when the grand
canonical ensemble in its standard form is used. It is known that the\ number of kaons as
well as the number of heavy antibaryons being produced in nucleon-nucleon collisions is too
small. In view of this, Hagedorn argued that in order to produce a heavy particle like 3He, it

1s necessary to produce an extra three nucleons in order to have baryon number conservation.:

Thus

p+p—3He(mye =3m,)+ X ,
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where X could be anything. o

3

The number of produced anti-helium-3 is x e~ T * where T is ~ 150-160 MeV, and this is
~ ¢~!® which is very small. So the Boltzmann factor which determine the number becomes

effectively :

exp(—6mn/T) ,
instead of

exp(—3mn/T) ,

as would be appropriate for 3He. Thus one should have at least 3 more protons in addition

—6m.

to the original two. Hagedorn showed that one would then have the number of SHe ~ e™T

which gives the correct answer.

Thus there should be net baryon number conservation:
p+p— He+p+p+tp+p+p .

On the right hand B = 2 and on the left B = 2.

We start with the simple case of the p+7P and p+p collisions. For p+7 collision one considers
a gas of one sort of baryons and antibaryons with baryonic charges +1 respectively. The net
bvary.ovnh number B = N(baryons) — N(antibaryons) is conserved, while N and N individually
are not. In order to control B we introduce a baryon fugacity Ag (or correspondingly the
baryon chemical potential xg) exclusively related to conservation law. Since the one particle
partition function depends only on the temperature, 7', volume, V, and the mass, m, of the

particle, it is the same for particles and antiparticles.

From the statistical trace

-M] , (2.4)

Z=Tr [e T
and using the “Kronecker delta” or rather the integral representation of the 6 function,
1 2r .
6n,m — ___/ déez(n—-m) ,
2m Jo

we get the partition function with the total baryon number, B,

L o —iBé ; —id , :
Zg = 27/0 doe= B exp(Z)e + Zhe ) , - (2.5)
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where

o
T

ZNT,V) =

Thus the way of incorporating baryon quantum number conservation in statistical mechanics
is to restrict the statistical trace to only those states having the required quantum number(s).

This may be done by defining the Restricted Partition Function,

Z5(T,V) / déexp(—iBS)Z(T,V,d) ,
where B refers to the fixed (exact) overall Baryon number the gas possesses and Z(T,V,¢)
is the function obtained by substituting ¢ = —:8u in the usual statistical trace. Here u is

the chemical potential conjugate to the conserved charge(s). For a brief review of the above

result see for example [37] and [38].
Zl n qu 0o (Zpl)me—imqs

zo = g [asen £ EET S

n=0 m=0

m!

= () & ()1 ~iBo+ing—im
=szm; /d¢3¢+¢¢.

1
n=0 n. m=0

Replacing n by m + B (recall n — m = B) we get, -

Zp = ZM—B—)!(Z;)"H-B(Z;})’”

Using Eq. (9.6.10) of [20], i.e using Bessel Functions of the form ,

v oo _1_22

/1 (529"
)= (52) kgok!r(wkﬂ) !

we can see that

and this allows us to write the general expression of Zg in terms of I as

s (/773

Zp = (Z,) (2R (2.6)

where we have made use of

Assuming Z; = Z3 , we get

—~
no
-1

~—
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2.3.1 Particle Number for the case B=0

We now want to find the number of particles in the canonical ensemble and compare this to

the grand canonical case. Here the number of particles equals the number of anti-particles.

Canonical

We use Eq. 2.6 with B = 0 and introduce a chemical potential, which is set to zero after

Zp=o=1Io (2\/252;6%2)

The average proton number is then given by

differentiation. Thus

1 0Zg
N, >=T—
<Ny >=Tppm

(2.8)

llp':o

We obtain the following expression after differentiation (and noting that s1(z) = I1(z) )

/ 1)
< N, >= /ZZ}ZEIM.

I, (2/2:2})
For Z} = Z%,

(2.9)

- I(2Z})
_ i P
< N, >= ZPIO(QZ;) .
-Since<Np>~—<N,—,>=B=0,

<N, >=< Np > .

Grand Canonical

Censidering the proton part-for B = 0, the grand canonical partition function is given by,

. ds o .
Zgc = exp (V/ (27:;36‘%*'%) .




22 CHAPTER 2. CANONICAL DESCRIPTION OF A HADRONIC GAS

The mean number of protons is then

1 0Zge
Zge Ouyp

dp _k
= V/WBT.

<N, > =
(2.10)

(Recall: < N, >=< Ng>=p,=0.)

2.3.2 Particle Number for the case B > 0

This case implies that one is now dealing with the number of particles greater than the

number of antiparticles.

Canonical

Again starting with the expression for Zg,

= (Z)™ P ()
Zs=2 ml(m + B)l

m=0

and introducing a chemical potential u, (which is set to zero after differentiations) in the

expression, one finds the average number of protons evaluated as before by

1 0Zg
Ny >= T—
< 7,,> 7 On

’

#p=0

which gives

Ip. (2,/2) 2}

<N, >=,/2)7}
Is (2,/2) 2}

For Z) = 7,
Ig_1(2Z))
=1 _——__ P’ 2.11
<N, > ZP'IB(QZ;) (2.11)
Similarly, for antiprotons
1 2Z
< Nz >= 7] B+1(22;)

P I5(2Z7))
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Grand Canonical

For the case where B > 0, one has now baryon chemical potential ug. The average particle

numbers are given by,

&3 . '
<N, >= V/ #e—%wﬁ , (2.12)
dp _E_sp
< Ng >= V/(—2—7'r)—36 T T (213)

where now g is given by

B
=Tsinh™' | ————+%] .
he (QVf(jr)ae‘%)

This result can be generalised not only for the gas of protons and antiprotons, but also for
other non-strange baryons and mesons. The inclusion of non-strange mesons in addition to

the proton-antiproton gas e.g pions would lead us to the partition function expression

Iy (2\/2} 2}

_ (71\B 1 4n
Z =(2,) (212157 -~ exp(Z,eT) (2.14)
and as before,
1 0Z
< Nﬂ- > = 25; Iu,,rz()

= Z1 .

which is nothing else but

d&p _bg
—V./(27r)3e T

And if one adds the non-strange baryons e.g the deltas one has as the expression for the

partition function
1 r2m o _iBe 1 1y, id 1 ~i¢
Zp = Z/o doe expl(Z, + Zp)e" + (Z5 + Z7)e™ "]

Is (2\/Zl_z—_l>

(ZIZ_I)B/2 -0

(2.15)
= (2)°
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where Z; = Z) 4 Z) and Z_1=Z%+Z1r.

Continuing like this one can include all the non-strange baryons and mesons with

Zy = Z)+Z\+Zj\o+ Zj.+ Z, + -+ ,for non-strange baryons;
Zy = Zy+ 723+ Z+ Ziz+ Zz+ -+, for non-strange anti-baryons;
Zmy = Zp+ Z,+ Zy+ -+, for non-strange mesons;

and we get the general expression

Ip (2 Z1Z_1)

B
Zeen = S g e

exp(Zum) . (2.16)

Actually, the one particle partition function for a particle 7 is generally written as

dp _\Pme
1 — i — i —
Z‘L _—gl/ (27{')36 T bl (2‘]‘7)
where g; is the degeneracy and m; is the mass of particle 7, (e.g degeneracy for A is 4 x4 =

16.)

The general expressions for the mean particle number in the canonical and grand canonical
ensembles can be written as before.

~In thq Canonical ensemble

< Ni >= Z;
d Is(27y)

Z , (2.18)

as before, Z; is the one particle partition function for particle 7, and Z; is the sum of all one
particle partition functions for all particles of the same baryon quantum number as particle
¢ (and in this case it implies all B4, and Sp) and again since the one particle partition
function depends on T, V, and the mass of the particle it is therefore the same for particles
and antiparticles. Z; is the sum of all partition functions of particles with baryon quantum
number 0 and strangeness 0 (i.e By and Sp) which are the non-strange mesons. Thus we talk

of all non-stange baryons and antibaryons of By;, where

and

Zi=2, ,
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and where
d3p E;
Zi= 3 gV / 2P -3
! iel;ﬂ (27)3

In the Grand Canonical ensemble

< Ni >=Zi -exp (—”?B) Zo.

where now

B
— Tsinh~}
g = T sinh <2Z1> .

25

(2.19)
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2.3.3 Results of Canonical vs Grand Canonical Ensembles

The results of the canonical versus grand canonical ensembles are shown in figures 2.1, 2.2
and 2.3. Figure 2.1 shows the ratio of the number of protons in the canonical ensemble Nf=0
to the number of protons in the grand canonical ensemble NS© for the case of vanishing net
baryon number as a function of the radius of the gas. One sees that as the volume grows,
the ratio rises until it starts to saturate at the radius, R = 7 fm. In nuclear collisions, the
temperature and baryvon chemical potential reached may vary depending on the conditions

of the collisions. As figure 2.1 shows, the dependence on this variable is small. However, in

Canonical (exact B)/Grand Canonical
1 i i t 1 R |

Qo
< 0.5F //T=O.14 Gev _
x

0.0 lllll.ll
Y 4 =2 3 4 5 6 7 8 9 10

Radius of Gas Volume [fm]

B=0
Figure 2.1: The ratio %% as a function of the radius of the gas.
P

contrast, the dependence on the reaction volume is significant. Figure 2.2 shows the ratio
B . .

ITI,V-C% as a function of the radius of the gas for any B, and Figure 2.3 shows the ratio of the
)

number of antiprotons in the canonical ensemble to the number of antiprotons in the grand

canonical ensemble for any B. It can be seen that for smaller values of the gas volume and
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Canonical(exact B)/Grand Canonical
1

1 2 3 4 5 6 7 8 9 10
Radius of Gas Volume [fm]

B
Figure 2.2: The dependence of -N%G’—C ratio on B is plotted as a function of the radius of the
P

gas volume.

baryon number there are substantial deviations from the grand canonical ensemble. Here in
Figs. 2.2 and 2.3, one notices that at smaller values of the radius, R < 4 fm, the dependence
- of the ratios in B is very strong. However at large volumes, R = 7 fm the deviations are
negligible. Thus when the radius of the gas is larger than about 7 fm and the baryon number
B is larger than 30 (where the deviations to grand canonical are within the error of 5%),

finite volume corrections are negligible and it is therefore justified to use grand canonical

ensemble.

The behaviour of the figures 2.2 and 2.3 at the lower volume limit can be explained analyt-

ically. This is discussed below.

e The Small Volume Limit, V — 0
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Canonical(exact B)/Grand Canonical
¥ i t ¥ 1 1 i

1 2 3 4 S 6 7 8 9 10
Radius of Gas Volume [fm]

NE . .
Figure 2.3: The dependence of = ratio on B is plotted as a function of the radius of the
P

gas volume.

In the Canonical case we have for the protons and antiprotons

NZ = %zlg—ég) , (2.20)
NE = %ziﬁ—zs—) : (2.21)
where
z=2/Z17}
and for
Z) =27},
we get

$=QZ;”.
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Using Eq. 9.6.7.of [20] we have for a fixed B

1 B
limIn(z) = (52) /B!,

and therefore

: 1 [(1z)B-1/(B —1)!]
B _ _ 2
ll_g(l)NP —23:[ o8B | (2.22)
1 [(3z)P*/(B+1)!]
B
llngi =5 [ 2 (T2)P7B] (2.23)
In the standard Grand Canonical ensemble we have for the protons and antiprotons
dp
GC __ —-Ep/T+ugp/T
NSC =V / R , (2.24)
d*p
GC _ —Ep/T-up/T
N~p— = V/ (—2;)—36 p/T-up/ . (225)
Recalling
é’p _g T
N, — N;=B= V/———(2 )36_ p/T [6“3/ — enBlT}
s
and using the identity 1(e* — e7%] = sinh z, where
1
lim sinh z = —¢®
z—00 2
we get to the following expressions
B
lim |e*8/T = ;o 2.26
| - 7] o
lim le—”B/T = J ‘2”; (2.27)
Thus in the small volume limit
lim NJ¢ = B, (2.28)
imng© = L]y [ L2 -pir 2 2.29)
=g |V @] e
and the ratios can be found from the following expressions
NB
lim —2- =1, (2.30)
V-0 NI?C
NZ B
lim —2

m g = FaT (2:31)
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2.4 Exact strangeness (S) conservation

Strangeness conservation is also considered, especially in the case where one wants to treat
baryon number grand canonically, and strangeness exactly (i.e treating strangeness canoni-

cally). This has been done for example by [39, 40].

2.4.1 Strangeness 0,+1

Let’s start with the simple case where only particles carrying strangeness zero and +1 are

present. The partition function for this case is given by

1 g : :
Zi=— [ dpexp(Sie® + S_1e7® + Sp) (2.32)

=27F -7

where S_; stands for the sum of all single-particle partition functions of all particles having

strangeness ~1 :
S_1=ZK+ZA+ZKT+ 5

and S) stands for the sum of all single-particle partition functions of particle with strangeness

+1:
Sy = Zx + Zx + Ly + ... ,

and Sj is the sum of all single-particle partition functions of particles with strangeness zero.

As an example, we quote the explicit form of Z, assuming Boltzman statistics :

vV
(2r)?

Zy = / Lpexp[(—En + ps)/T] (2.33)

with pp being the barvon chemical potential. It is clear from the above equation that baryon
number is being treated grand canonically. This is necessary because the baryon density is
varying very strongly as a function of final state products. In the central rapidity region
for example, it is known to be zero. To calculate the partition functiqn in Eq. 2.32 more

explicitly, we expand each term in the power series :

1 o . - .
Z = Zo / 46 Y0 3 —— - S7ST exp(imé) exp(—ing) , (2.34)
“~ m=0n=0 """ : -

1 .
m!
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where Z; is the standard partition function for all particles having zero strangeness. Per-

forming the integration over ¢ we are left with :

Zé = Zo Z ;2_,5(515—1)" ) (2.35)

n=0 """

which is the result of [39] similar to that of [40].

In each term of Eq. 2.35 one sees explicitly strangeness conservation at work. This is so
because each term in the sum is the product of strangeness +1 multiplied by strangeness

—1. The series in Eq. 2.35 converges to a modified Bessel function
Z;- = Zo]o(il?l) s (236)

where z; = 2,/515-1. As an example, we quote the density of kaons deduced from the above

expression

N = g D)

Io(z1)
Since the kaon contains an anti-strange quark, it has to be compensated by a hadron con-
taining a strange quark. This is explicitly shown in Eq. 2.35 by the presence of the factor
S1, all other factors balance the number of anti-strange hadrons. The expression should be

compared to the standard result in the grand canonical ensemble,
Ny = Zy exp(p/T) .

The difference being that one sees explicitly, that for every kaon produced, the system
must also contain a particle with opposite strangeness, so as to conserve the overall zero

strangeness of the system.

2.4.2 Strangeness +2

For a gas containing particles having strangeness 0,+1 and £2 the partition function be-

comes,

7%= 2_7;/ dpexp(So + S1e™® + S_ye™*® + G2e?¢ + §_ye7 M) | (2.37)
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where S; stands for the sum of the single-particle partition functions of particles having

strangeness +2 ,
SQZZ’:_-_—_-l-ZE—.-i-... ,

and correspondingly, S_; is the sum of all single-particle partition functions of particles with

strangeness —2 ,
Sy = Z=— + Z=+ + ... ,

One sees that, in order to produce a = hyperon one has to match it with two particles having

strangeness —1, or with one anti-hyperon.

2.4.3 Strangeness +3

Finally, we consider here the most general case where particles with strangeness +3 are

included in the hadronic gas. The partition function reads :

1 L . . R . . .
7% = - | dd exp(So + S1e™® + S_1e7 4 55e% 4 S_5e7 3 4 S3e¥? 4 S_ze73%) (2.38)

where S; stands for the sum of the single-particle partition functions of particles having

strangeness +3 :
S = ZQ—__ + ... ,

and ’5_3 stands for the sum of the single-particle partition functions of particles having

strangeness —3 :
5_3 = ZQ— + y

Proceeding similarly as in the previous example, one can calculate the particle number

densities for different strange particles. For the results see for example [39, 40].

In the case where one considers a gas with arbitrary strangeness, the partition function given

by Eq. 2.32 is generalized to the following form ,

. N o
v - L / dpexp | 3 See*?| | (2.39)
s 2m J-= ) k=N V
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where Sy is the sum of the single particle partition functions having strangeness k. Using
the symmetry properties of the integrand in the above equation, the partition function Z%

can be written as

1 ki N N
ng = 202—7; do exp {Z(Sk — S_i)sin kqﬁ] - exp [Z(Sk + S_i)coskd| . (2.40)
- k=1 k=1
This form shows explicitly that Z¥ is a real quantity. However, due to the cos terms under

the integral, the numerical evaluation of the partition function and different particle numbers

1s not easy.

2.4.4 Strangeness in pp gas

Figure 2.4 shows the dependence of the correction factor 7 on the volume in units of V} for
different temperatures and associated chemical potential taken from [40]. It can clearly be

seen that the behaviour is the same as for our results.

1.0————

b T:120 Mev
14800 MeY,

T 0.5

hadronmi¢
phose

o] 2 4V/Vh6 8

Figure 2.4: The quenching factor 7 as a function of the reaction volume in units of V, =

47x(1fm)?, for two temperatures [40].

The correction factor (or the quenching ratio) is the coefficient of pair production, < N’,% >,
for pp where < N, >=< N; > in the canonical formalism as considered before. And in
the case of [40] this quenching ratio, 7 = I;(v/4y)/Io(\/4y) , where y = AZ)(T, V) Z(T. V).
Thus 6ne quickly sees that /4y is nothing else but the argument = of the Bessel function in

our formalisths where z is explicitly defined. It is shown [40] that the relative strangeness
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production is also suppressed by this quenching factor which depends on the reaction volume.
Thus the reaction volume plays an important role in modifying the statistical thermodynamic
predictions for strangeness production. One would therefore expect strangeness enhancement
in heavy ion collisions relative to proton-proton collisions. Thus, in heavy ion collisions where
we hope to achieve large volumes, the usual statistical result will be recovered. However for
the reaction volumes of the order of hadronic size, substantial suppression of the production

rates of particles is seen.
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2.5 Simultaneous Baryon Number and Strangeness

Conservation

The starting point of the analysis is the partition function for a free, pointlike gas, subject to
the constraints of conserved baryon number B and strangeness S as presented by Hagedorn .
and Redlich [27]. The partition function differs from the one considered in the previous
sections in that now two quantum numbers Q);,Q)2 are conserved simultaneously and so two

angles ¢ and 1 are required. We now have

27

Zawan(TV) = o= [ ddexp(~i@id)- [ dbexp(~iQud) Z(T,V, 9,1).
The methods of exact overall quantum number conservation for the cases where the gas
i1s composed of particles having baryon number £1 and strangeness +1,+2, £3 will be in-
vestigated in this section. These quantum numbers correspond to the charges (); and @»

above.

2.5.1 Baryon quantum number = +1 and Strangeness = +1

The canonical partition function Zg ¢(T, V) (where the subscripts imply that B and S are
exactly conserved and the superscript refers to the case where only particles with strangeness

= +1 are included) is given by;

1 2r . 1 2 .
1 — —iSy d —tB¢
ZI_B’S(T’ V) Zo 27 /o dpe 2m /o de

-exp[Zk (exp(i) + exp(—i9))]
(2.41)

-exp[Zn(exp(id) + exp(—1¢))]

+exp[Zy (exp(i(¢ — ) + exp(=i(¢ — ¥)))] -
Here Z;(T, V) is the sum of all the one particle partition functions having the same quantum
numbers as ¢. Explicitly one has

Z Zie+ Zpes +

Zy = Z 4+ Zh 4,
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where,

o0 3 ~4/P2+m?
ZNT,V) = g,-v/ A A
(2.42)

o2
and g; is the degeneracy factor and K,(z) is the modified Bessel function of order 2. Thus

one has for the partition function

1 2m . 1 2T .
ZL4(T,V) = 205;/0 d?,[}exp(—zSdJ)g/o dé exp(—iBg) s

-exp|2Zk cos(y) + 2Zn cos(P) + 2Zy cos(¢ — )] .

Zy 1s the partition function for all particles with zero baryon quantum number and strangeness

quantum number, e.g pions.

The ¢ and % integrals in Eq. 2.43 do not factorize because the hyperons have both baryon
quantum number and strangeness quantum number, hence the factor cos(¢—1). To decouple
the integrals, we introduce a new angle o defined to be ¢ — 1, and introducing a 1 in a form

of a delta function
2T
1= [ dab(¢—v-a),
i) .
the partition function then becomes

2m . 1 2T )
Zy s(T,V) = ZO%/ dipe™ 5% exp[2Zx (T, V) cosdz]é;r—/ dpe B exp[2Zn (T, V) cos 4]
0 0 _

2

daexp[2Zy(T,V)cosalé(d — 9 — a) .

We make use of the following (Fourier expansion) representation of the delta function

§(z) = 51; i exp(inz) .

n=—0o0

Choosing the variable z to be ¢ — 1) — a one obtains;
1 2 . 1 2m .
1 - —1Sy d —1B¢
Zhs(TV) = Zos— [ dpeo— [ dge

-exp|2Zk cosp + 2Zn cos ¢ + 2ZY cos(¢ — )] (2.44)

00 1 2w . :
»Y 5;/0 daexp(in(¢ — ¢ — a)) .

n=--00
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This can be rewritten as

0 Vs . .
Zbs = Zo Yy, /0 dpe= B~ exp[2Zn(T, V) cos )

2 . .
57; / d¢e~1s¢+m¢ exp[2Zx (T, V) cos 9] (2.45)
0

1

2w
—— —ing 7
2 /0 e exp[22y (T, V) cosa] .

Using the integral representation of modified Bessel function of order n

1 2T

~ 21 Jo

L.(z) df exp(z cos f) exp(—inf) ,

where we have made use of Eq. (9.6.19) of [20] which is

I(z) = L /7r 2<% cos(nf)df |
0

T

the final expression for the partition function reads

Zs(TV) =20 S Is-n(2Zk)54n(228)1n(22y) . (2.46)

n=—00

Now that we have the canonical partition function for a gas with two conserved quantum
numbers, what then left is to find the particle numbers. In the usual canonical formalism
where these quantum numbers are not conserved, the particle numbers are fixed by con-
struction. But in our case, the quantum numbers involved are fixed ( i.e exact ). The mean
particle numbers are obtained by introducing an additional chemical potential for each par-
ticle sort and then making use of the grand canonical formalism to project them out. That
is ,

< N;>= —— . 2.47
’ Z@ui =0 ( )

Thus to calculate the multiplicity of particle : we simply separate, for this species, the
particle and anti-particle term, and multiply the relevant one by the chemical potential g,
differentiate and put g = 0 afterwards (this has to be done so that one remains in the
canonical formalism). And since all other particles are not involved we leave their terms as

they were.

This method leads to the following expression for the mean particle numbers :
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Z (T, V) &

<ng> = 2,500 ¥ Is-ns1 (220 n(220) Tn(221)
ZN(T, V) &

<Np> = ZO—N(?—l > I5-n(2Zk)Ip4ng1 (22N)1.(22y) (2.48)
Zy(T, V) &

< N% > = ZO—-———Y(Z )n_z—:oo]s_n(2ZK)]B+n(QZN)]ni1(QZy)

2.5.2 Baryon quantum number = +1 and Strangeness = =+2

We now consider a gas which includes particles and antiparticles of strangeness quantum

number F2 respectively, and in particular we now include = and =.

In this case the partition function is given by

2 1
Z (T, V) = Zoi/ dipe= 5 — / dpe'B¢
’ 2r Jo
- exp[2Zy cos Y + 2Zy cos @] (2.49)

-exp[2Zy cos(¢ — 1) + Zz(e0"HY 4 ¢TI
The Z= term in the partition function now contains the angle 2¢. The integrals in this ex-
pression can be reduced to the ones considered previously, by using the Generating Function
of the modified Bessel functions I,. That is, using Eq. (9.6.33) of [20] which is
6%z(t+1/t) — Z tk]k(z) (t ?_1__ 0) ‘

k=—00

We use the following notation :

exp[2 t+1/t] Z t" Iy,

m=—0o0

Setting * = 2Z= and exp(z(¢ — 2¢)) = t, the partltlon function above in Eq. 2.49 can be

written as ,

1 27 . 1 2r .
2 - - -iSY - d ~tB¢
Zb.s Zo 2m /0 dpe 2m /o ge
-exp[2Z K cos + 2Zy cos ¢ + 2Zy cos(¢ — )] (2.50)

55 In(2Zz)explim(6 — 20))

m=—00
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Introducing the delta function to decouple ¢ and 1) again one obtains

Zy s(T\V) = Zo > In(2Zz)

m=-—0o0

: / dipe™ 52V exp[2 7 cos ]
“‘-°° (2.51)
— / dpe " B+n=m)¢ exp[2Zy cos ¢]
0
1 27

— dae™™ exp[2Zy cos o] ,
27 Jo

and thus the partition function in terms of Bessel functions I, reads ,

Zhs=20 3 In(2Z2)- 3 Isontam(2Zk)IB4n-m(22n)1(22y) . (2.52)

m=—00 n=-—00

The mean particle numbers obtained from this function are given below :

Ne> = 2,260V) S~ 19z S0 1 97x)- 1 273) (22
< -11% > = O—Z_mg_:m m( E)ngoo n:i:l—S—Zm( K)_ : n+B—'rn.( N) n( Y)
<Ny > N ; I.(222) _z_j In5-2m(2Zk) - InyB—mz1(2Z8)1,(2Zy)
B (2.53)

Zl [e <] [o o]

< NT}; > = Zo—('—— Z Im(2Z—‘ Z I —S~2m 2ZK) n+B—m(2ZN)I‘n:tl (2ZY)
ZYT,V) & o N

< N > = Z()————(—)‘ Z Im(2ZE) Z I —S—2m:§:2(2Z}\") : I‘n+B—m:Fl (ZZN)In(2ZY)

[0{]

Z m=—00 n=-—0oo

2.5.3 Baryon quantum number = *1 and Strangeness = %3

This is the most general case since now all the particles of the hadronic spectrum may

be included in the gas. Here we also include the particles and antiparticles of strangeness

quantum number F3, and in particular the Q= and Q-.
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As before one has the expression of the partition function in its integral form

1 27 . 1 2 A
3 V) = S —151/;__/ ~iB¢
Z55(T,V) = Zos— [ e [ dge

27
n(d-y—
Z 27r/ dae’™

n=-o0 (2.54)
-exp(2Zk cos Y] exp[2Zn cos @] exp[2Zy cos(d — 1)

-exp[2Zz cos(¢ — 2¢) + 2Zq cos(d — 3¢)] .
Likewise the term Zg contains the angle 3v. Performing the integrations like before one

obtains for the partition function which includes particles of strangeness up to +3 ;

Z%,S(Tvv) = ZO Z 11(2ZQ) Z Im(QZE)
=00 m=—00

! (2.55)
> Ison-2m-31(2ZK)IBtntm+1(2Z8)1.(22y) .

n=—0o0
The expressions for particle numbers follow :

LT 5 eza) 3 1022)

l=~=o00 m=-00

<N%> = Z

> Is—n-am-2s1(2Zk )M pinsm+1(2Z2n)1(22y)

n=-0oo

.Zl foe) A ]
< IV_% > = [y—> Z Il QZQ Z Im(ZZE)

l==o00 m=-00

Z ]S—n—Zm—Sl(QZK)IB+n+m+lIFl (QZN )In(QZY)

n=—oo

<Ny > = Z 11 2ZQ Z Im(QZE)

l=—00 m=—00

- (2.56)
> Is—n-2m-31(2ZK) IBonim+1(2ZN ) 111 (22y )

n=—0o0o

1 o0
<ng> = 2LV S 10z, 3 In(2z2)

l=—=00

Z Is—n-2m-3122(2ZK ) IB4ntm+i51(2ZN) [ (22y )

n=-—oo

< Na> = Zﬂ V) S 1@2za) S 1n(222)

l==00 m=—00

S Isopoam-3x3(2Zk M Binsmsiz1(2Zn)1(22Zy)

n=-—o0
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It is found that. the series considered in Eqs. 2.48, 2.53 and 2.56 converges rapidly. Only a
few terms of the index n, m; | were necessary to obtain accurate results. For a given value
of B it was sufficient to sum from —B — Nipyaz t0 B + Tpmaz, Where ny,4. 1s the index n, m, L
It was seen that only n,,,, = 10 was sufficient for the convergence when small values of B are
used. However when B increases drastically to values of about 100 it was found that nmaz
becomes small for convergence and thus it was necessary to adjust nm.; for convergence.
This section concludes the derivation of the partition function and particle numbers in the
exact baryon and strangeness formalism. The results will be used in the next Chapter(s) on

Hadronic Gas Models where particle numbers and particle number ratios will be predicted.
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Chapter 3

The Hadron Gas Model

3.1 Introduction

The Hadron Gas Model tries to model, amongst other things from the experiments performed
at the accelerators, the particle numbers produced at certain projectile energies and chosen
targets. In this model, one wants to describe the state of final interactions of the resulting
fire-ball at freeze-out in a thermal and chemical equilibrium sceﬁario. It should_ be .noted,v-
however, that we are dealing with processes occurring in very small volumes (of the order of
a few nuclear volumes) and happening in a very short period of time. An interesting question
would be whether one can really model the observed particle numbers in this equilibrium
statistical picture. We expect the prediction of statistical mechanics to apply in the infinite
volume limit. On the other hand trying to simulate nuclear collisions with nonequilibrium
therrnc;dynamics is not an easy task to handle, as one has to know the cross-section for each
possible process in order to construct the rate equation. In this work, the equilibrium scenario
will be assumed. By using the statistical modelling of particle production, we try to find
whether the observed particle numbers can be accommodated in a thermodynamical picture
of a free (or at least nearly free) relativistic gas, and to find out about the process itself
(i.e temperature of the gas, and baryon density, etc). Information about the volume of the
- fireball system can be obtained from the interferometric method using particle correlations.

The baryon chemical potential pg used in grand canonicdl models can be found by fixing

" 43
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the net baryon number, B, or the baryon density B/V. The overall zero strangeness of the
gas fixes the strange chemical potential us. Thus, in principle, all the parameters needed
for the free gas models are available from experiment. In this work, all parameters are fitted
to reproduce the observed particle yields and ratios and none have been extracted from
the experiment. The measured particle spectra made a great experimental support for the

thermodynamic picture [41].

3.2 mp scaling

£ NA 35 o w10 S+A9(2.0 <y < 3.0)
: & Ae 100 S+AU (3.0 <y < 5.0)
o “; . (K;+K')/2 S+Ag(1.3<y < 2.0)
E.. o K, S+Ag(1.3<y < 2.0)
e, o s S+Au (2.8 <y < 3.3)

1/Ne 1/py dN/dp, [ (GeV/c)™ 1 (Arb. Norm.)

o
e
.
)
0.’.
235 % 40 MeV '¢

213 + 20 MeV
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Figure 3.1: mg scaling: plots of 1/prdN/dpr as a function of mr — mg [42]. Note that

1/prdN/dpr is plotted because of the small rapidity intervals.

The plots of m;sndn/me vs mr, where mr is the transverse mass normalized to mg = m
for all particles, shows the exponentially decreasing trend as predicted by the differential

Boltzmann equation, Fig. 3.1. If all particles from a thermalized source show the same
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behaviour in their mr spectra then this will be a good proof that thermal models provide a
good approximation to the particle production rates observed in collisions and that a common
temperature may be used to describe all the species in the gas. Also, an interesting plot will
be a plot of m;s/zdn/dm;p vs mr — my, and here too the behaviour of thermalisation is seen,
except for pions which have a steeper tail at low pr, indicating a lower temperature, Fig. 3.1.
Note that when the rapidity window of the collected data is small we plot dn/dydmr vs mr

-m.

which behaves as e”ess with T,;; = T/cosh(y — yrp). (See Appendix F).

3.3 The Hadron Gas Model

The formalism of the Hadron Gas Model was outlined in the previous Chapter. In statistical
physics, there are three formalisms which one can use incorporating baryon number and

strangeness conservation:

e grand canonical. Variables are pp, ps, T as used in [43];
e mixed canonical. Variables are pg, S, T as used in [39];

e canonical. Variables are B, S, T, V as used in [31];

where pp is the baryon chemical potential and pg the strange chemical potential. S is the
overall strangeness of the gas, B is the net baryon number, V' the volume of the gas and T'
the temperature of the gas at freeze-out. In this work the canonical formalism where baryon
number and strangeness are exactly conserved Wil‘l be considered and the result can always

be compared to the grand canonical approach. The partition function is

Z="Tr [eiE_;w] ) | (3.1)

The chemical potential governs only the conserved quantities and not the particle numbers
as a whole. Thus the grand canonical formalism explicitly deals with conserved quantities
of a given species. Pions do not carry either strangeness or baryon number (and hence are
not assigned a chemical potential) and are produced proportional to the (temperéture)s. In

this model, a basic assumption of equilibrium statistical mechanics is made. That is, the
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relativistic chemical equilibrium exists. This means that chemical reactions are taking place
at the same rate in both forward and reverse directions. Thermalisation means that the
particles produced in the fireball have interacted sufficiently so that a common temperature
may be used to describe all species in the gas. Also, for thermal equilibrium it will mean
that the particles’ momenta are distributed according to the equilibrium statistical mechanics
and chemical equilibrium means that the abundances are dictated by the particle’s statistical
weights. The question whether thermalisation indeed has occurred has been addressed by [44,
45). It was found that by using the equilibrium statistical model with hadronic interactions
incorporated in a mean field way, the WA85 and NA35 data could be reproduced, except for
the pions where the models predicted less than was observed. The thermalisation question
has recently also been addressed by [46, 47], see Table 3.1, 3.2 and 3.3. These tables show
how good the Hadronic Gas Model is in predicting the number of hadrons produced and the
hadronic ratios in heavy ion collisions. For a review on the application of the hadronic gas

model on S¢ — Au collision, see [48].

Table 3.1: The abundances of Hadron Species in St — Au collisions at the AGS (Thermal
parameters: T = 110 £ 5 MeV, pg = 540 + 20 MeV') [46].

Particle Species | Experimental Numbers | Thermal Numbers

nucleons 94 94
pions 120 133
kaons 14 17
hyperons 14 12
antikaons 3 4
=’s 2 1

b's 2 x 1071 2 % 10-!

antinucleons 4 x 1072 6 x 103

antihyperons 3 x 1072 4 x 1073

The basic assumption of these models is that the system is described by a grand canonical
ensemble of fermions and bosons in equilibrium at a freezeout temperature, T [47]. In

addition to these models, the isospin symmetry of the initial state was taken into account
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Table 3.2: Ratios of Hadron species in Si — Au collisions at the AGS (Thermal parameters
T =110+ 5 MeV, up = 540 £ 20 MeV) [46).

Particle Ratio | Experimental Ratio | Thermal Ratio

T+ /p 0.80 £ 0.08 0.87 £0.15
K+ /n+ 0.19 + 0.02 0.21 %+ 0.02
K+/K- 4.40 £ 0.40 4.51 £ 0.62

A/p 0.20 + 0.04 0.16 £ 0.02
K~ [n- 0.035 £ .005 0.038 + 0.006
== /A 1.2 40.2) x 10~1 | (4.9 £0.5) x 10~2

( ) ( )
¢/m* (4.5+1.2)x 107 | (4.6 +1.3) x107°
p/p (4.5+£0.4) x 107* | (7.2£6.3) x 10°°
A/A (2.0 £0.8) x 107 | (3.4 £3.0) x 10~*

" [46]. These models were used to compare to the data from CERN-SPS and BNL-AGS.
Finite size effects incorporated by modifying the phase space volume element to include
surface and linear terms in the momentum distribution were found to be small because the
volumes were of the order of 10 fm3. That the system becomes thermalised seems to be a
weaker requirement than the chemical equilibrium; the time scales for the two processes are
very different. It seems plausible that thermal equilibrium is attained far more rapidly than
chemical equilibrium. For thermal equilibrium one requires an interaction between particles
of any type whereas for chemical equilibrium certain reactions are required for which there
may not be enough time for the full equilibrium to be attained. However, the success of
these models in predicting observables gives one faith in the statistical picture, provided
that it includes the basic physical requirements: baryons are extended objects and volume
corrections play an important role in fixing e.g. the baryon density (see Appendix H). It
is unrealistic to use point-like particle expression when dealing with extended objects. For
temperatures of the order of hundreds of MeV’s, resonance production and decay into pions
and kaons must be included as basic ingredients. It is important to note that because

hadronic gas models presuppose equilibration, both chemical and thefrnal, all information



48

CHAPTER 3. THE HADRON GAS MODEL

Table 3.3: Hadronic Ratios in Si — Au Collisions at the AGS. (Thermal parameters: T =
120 MeV, and T = 140 £ 5 MeV, pg = 540 MeV) [47].

Ratio Thermal Model: 120 MeV | Thermal Model: 140 MeV | Experimental Ratio
/(p+n) 1.29 1.34 1.05(5)
d/(p +n) 4.3 x 1072 5.8 x 1072 3.0(3) x 1072

p/p 1.47 x 10~ 5.8 x 1074 4.5(5) x 10~
K*/x+ 2.3 x 10~ 2.7 x 107! 1.9(2) x 10~
K- /n~ 5.0 x 1072 6.2 x 1072 3.5(5) x 1072
K°, /x+ 1.4 x 107! 1.6 x 107! 9.7(15) x 1072
K+ /K- 4.6 4.3 4.4(4)

A/(p+n) 9.5 x 1072 1.1 x 107! 8.0(16) x 1072
A/A 8.8 x 104 3.7%x 1072 2.0(8) x 1073
¢/(K* + K-) 2.4 x 1072 3.6 x 10~ 1.34(36) x 1072

=-/A 6.4 x 1072 7.2 x 1072 - 1.2(2) x 107"

d/p 1.1 x10°% 4.7 x 10~° 1.0(5) x 1073

about the early history of the fireball is lost. The predictive power of the models is restricted

to the very last instance of the fireball’s existence: the freeze-out. Information about the

early history of the fireball is mediated by particles that do not interact with the secondaries

and thus retain “memory” of the early period. The dileptons are such particles, but their

interest is matched by the difficulty of their experimental detection and their spectrum

(which is modified by the existence of fireball) is experimentally ambiguous [49]. (The main

difficulty is the huge backgréund of pairs from uncorrelated lepton tracks originating from

the decay of hadronic particles and from conversions in the measurements of electron pairs.

This background has a quadratic dependence on the multiplicity and strongly increases in the




3.4. RESULTS OF THE HADRONIC GAS MODEL 49

low-mass and low-pr regions). A strength of these models is that they allow calculation of
densities other than the 47 value. This can be done by changing the spherically symmetrical
momentum distribution d°p = 47p’dp to a cylindrically symmetrical one (see Appendix G)
corresponding to the experimental setup: d°p = 2xprdprdp, (with E = m), and
infinite integration over the longitudinal component of momentum (p,) is understood. The
lower bound on pr can then be set to the experimental pr cut. This is an advantage these
models have; one can investigate the particle production in a specific dynamical window.
Not only is the experimental data nor the 47 value, it is also measured in the specific
rapidity window. This has an important consequence: the temperature obtained from the
mr spectrum is thus only an effective temperature applying to the particles at midrapidity
— at first sight. However, if one invokes the Bjorken picture [1], the pr spectrum of particles
produced is independent of the rapidity y. It is clear that under this assumption, the
experimental data measured in a specific window will differ from the y-integrated data by
a constant factor. Gi\llen the overall success of the Bjorken model, let us see how these
statistical formalisms perform when one attempts to reproduce the experimental data if one

makes this assumption. We first look at the results of the Hadron Gas Model considered in

this work.

3.4 Results of the Hadronic Gas Model

The motivation of the Hadronic Gas Model was presented in the previous sections. It remains
a task to explore the final results of the previous chapter — Chapter 2. We shall try to study
the behaviour of the particle productién and the hadronic ratios as functions of baryon
number and/or volume, and baryon density. Effects like the dependence on the cut-off mass

and strangeness content will also be investigated.

3.4.1 Kaon Production

~ Kaons are light strange particles produced significantly in p — p collisions and even more

so in heavy ion collisions. This is so if one thinks of a greater interaction volume for the
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gas as well as noting that the strange chemical potential increases rapidly with increasing
baryon chemical potential. Kaons, especially K+ due to its abundance over K ~, have been

measured by many experiments. K* is mostly produced by the processes [16, 50] ;

pN — NYKT,
NAtY — NYKT,

(3.2)
N — YKT,

A — YKt

with an associated production of a hyperon Y.

K~ is mostly produced by the processes ;

NN — NNK*K-.
ar  — KYK~—, (3.3)

NN* — NNK*K- |

together with a K* (pair production). The K~ can be annihilated in a baryon rich environ-

ment through the strangeness exchange process

K~N — Y. (3.4)

To expand our knowledge of strangeness production processes it is a good idea to study the
kaon production in heavy ion collisions. Kaons have a longer mean free path than pions
in a hadronic gas system, so they probe earlier stages of collisions [51]. This is supported
by results from Hanbury-Brown-Twiss (HBT) interferometry measurements of kaon and

pion pairs [52, 53, 54]. Because of its small rescattering, cross-section on baryons, K is a
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better probe than K~ in a baryon rich environment. The results obtained for kaon yield
from the Hadron Gas Model using Strangeness = +1, 2, and +3 equations are presented
in Figure 3.2. In this figure, we investigate the dependence of the kaon production on

the strangeness content of the gas. The first feature to be deduced from this figure is

T = 0.120 GeV

B/V =0.1 fm™ .~

Yield

Kaon

Figure 3.2: The Kaon Yield as a function of the baryon number, B. The fixed thermal
parameters are the temperature T = 120 MeV and the baryon density B/V = 0.1/ fm>.

thé dependence of the kaon yield on the net bafyon number B. For small values of B the
dependence of kaon production is quadratic. For small values of B there are few NN collisions
and thus the kaon yield will be very small. However, for large values of B the quadratic
dependence disappears and the kaon production increases linearly as a function of B. At large
values of B we have more NN collisions which result in the higher kaon production. Because
in this Hadron Gas model we fix the baryon density, B/V (ng), the volume is determined by
the net baryon number. This means, therefore, that the dependence of the kaon production
on B implies a dependence on volume, V. Hence one should expect the same behaviour if one . 7

plots the kaon production as a function of V. For a fixed baryon density, ng = B/V, with
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B,V — oo one obtains the Grand Canonical results since particle fluctuations in the Grand
Canonical Ensemble behave as 1/+/N, and in this case it will behave as 1/v/B. Based on
the mechanisms of kaon production it is seen that the K * production is greater than the K~
production. Also it is easier to make K+ than K~ because of strangeness conservation. The
second feature from Figure 3.2 is the dependence of the kaon production on the components
of the gas in terms of Strangeness composition. At small values of B (small volumes) the
three curves’s origins are similar (no distinctions) but at large values of B they show clear
differences. Thus at small volumes the production of, e.g., {1 has to be accompanied by three
kaons, and that of =, by two kaons. There is no clear distinction between Sy; and Si3 curves
for the particular chosen temperature. Thus the inclusion of  in our gas does not have a
big effect. The inclusion of particles of Sy, 3 increases the production of Kt and decreases
the production of K~ especially at high values of B. This is due to exact conservation of

strangeness together with absorption. The main process responsible for this might be
K "+N—K"+=". (3.5)

One sees immediately that K* will be enhanced to conserve the strangeness, while K~
- will be absorbed for the same strangeness conservation. To have the effect of strangeness
conservation large in K+ as compared to K~, one should recall that another process which

enhances K1 in the same environment 1is
r+Y — Kt+Z=Z7, v (3.6)

where Y refers to the A or the . And of course NN annihilation could lead to these effects,
but which might favour K+t at the expense of K~. This happens at large values of B where
one is having more of the nucleon-nucleon collisions. Comparing the Si1, St2 and S5 curves

can be easily understood in the grand canonical formalism :

Q _ exp (—ETQ - —;5>
=" )
_ (mq — mz) _bs 3.7)
= exp <-— T T (
~ ox __(mQ — mz)
~~ ‘p T )

and similarly

=101
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For the temperature considered here we have for /= ratio a factor of = 0.05 and = 0.3 for
=/A. Thus to see the difference between the Si; and Si3 curves we should go for higher
temperatures where we can produce the §)’s, and more clearly it will be seen at high values

of B and/or volumes. We now investigate the effect of including particles of certain mass

T = 0.120 GeV

% B/V = 0.1 fm™

M 3 GeV

cut-off

....... M ut-ors 1.6 GeV

Yield

Kaon

Figure 3.3: The dependence of Kaon Yield on the resonance composition (cut- off mass) of

the gas is plotted as a function of the baryon number, B, at fixed T and B/V'.

limit (referred to here as cut-off mass) in the gas, Fig 3.3. The K+ production is slightly
sensitive (or nearly insensitive to the composition of resonances in the gas (cut-off mass).
The K~ production shows a clear sensitivity compared to K+, on the composition of the gas
especially for large volumes. One sees that including heavier resonances in the gas, increases
the kaon production, ‘especially the K ~. It means therefore that in order to see more of the
K~’s we need heavier resonances. But the K% is already produced by other mechanisms

also. Thus, the A+ does not rely much on the decay channels.

The K+ production is sensitive to the baryon density B/V. For low baryon -densities the
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production increases, Figure 3.4. This effect of baryon density is also seen in the production
of K~. It is seen that for large values of B, the small values of B/V increase the Kt
production by an enormous amount as compared to K~ production. The % and d quarks
are suppressed by the Pauli principle in high-baryon environment. However this is not true
for 5 quarks. In a pure hadronic picture, a baryon rich system enhances the K{* production
through associated production with A’s or ¥’s and suppresses K~ due to its absorption

through the exchange channels considered previously. It should be noted here that rather

2 1 ¥ v I ¥ i 1 1 1 )
T = 0.120 GeV
KO
1.5F s
——B/v =0.1 fm

L. 0.085 fm™
©
<

1_
C
Q
]
X

St

0

Figure 3.4: The dependence of Kaon Yield on baryon density is plotted as a function of the

baryon number, B.

than the yield depending on the baryon density directly, it turns out that it depends much
on the volume. This is so if one recalls that we are keeping the baryon density B/V fixed.
Thus one quickly sees that at a particular value of B for a small B/V fixed we have larger

volume than for high B/V fixed. Thus one expects a high yield since

Yield x V.
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Since the mesons are not affected by the baryon chemical potential, the imbalance in strange
and non-strange mesons can be attributed to the non-zero strange chemical potential (in
the grand canonical). We impose zero net strangeness in the gas which does not necessarily
mean that gs = 0. Thus the difference in K+ and K~ yields arises because it is energetically
more favorable in baryon rich system to create anti-strange meson such as K+ with strange
baryons via

pp — K*tAp |,

than strange mesons such as K~ via

pp— KTK pp .

3.4.2 Pion Production

Pions are very easy to create but are less interesting than kaons. They carry Véry little infor-
mation from the early stages of collisions. Even if they are directly produced from interesting
physics processes, the information they carry can be easily washed out by rescattering on the
way out. Many particles and most resonances decay into pions, making them very diverse.
Nevertheless, pions are important; for instance, to understand the K /7 ratio, we have to
first understand not only kaon production but also pioh production. Figure 3.5 shows the
particle mr spectrum for rapidity range 0.< éy < 0.2. The spectrum for thé pions, especially
for 7~ is an interesting one in studying the pion production. Unlike kaons, there are clearly
more pions at low mr than one expects from exponential extrapolation from high mr points.
The bending up of low mr points, the so-called low pr enhancement (= enhancement over
exponential predictions from high pr points), is clearly seen in the spectrum. A single mr

exponential fit to the spectrum (from high mr), would obviously fail at low mr in Figure 3.5.

The low pr enhancement for 77’s can be more clearly seen with the guidance of the mr
exponential fit. Many other experiments (for example [56], etc.) have also seen this low
pr pion enhancement (for an overview see [57]). The enhancement was seen in early ex-
perirhents too, such as those reviewed in [58]. The enhancement was thought to arise from

contamination from decay resonances such as A’s and N*’s, probably togethef with weak
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Au+Au (central ) at 11.6 A-GeV/c
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Figure 3.5: 7% and proton m7 spectrum for the rapidity range 0.< y <0.2 {55].

transverse flow [59, 60]. Decays producing low pr pions [57] include the strong decays

N* — 7N,
A — 7N,
PP — wtn
(3.9)
PO — a0,
w — mtr a0,
K* — K*tr— |
and weak decays
K — z*tn—,
AN — pr,
(3.10)

¥ — pr,

X — nr

Studies [32, 61], distinguishing between decay pions from A’s and thermal pions indicate
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that the dominant contribution of 7~s is from A. Low pr enhancement was also observed
in m* spectra, but not as much as for the 7~ spectra. This is partially because there are
more particles and resonances, as shown in the list above, which decay into #~ than into
nt. The result for pion production is shown in Figure 3.6. The first feature to notice is
that the 7~ is greater than the 7% production especially as one goes to large values of B.

This difference between the 7~ and 7% can be clearly seen from their ratios as shown in

T =0.120 GeV_J /{
gl B/V =0.1 fm ///_
; 74
—_— n (S,.,) //
o 6F e n (54-2) . // -
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o //
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Figure 3.6: The Pion Yield as a function of the baryon number, B. The fixed thermal
parameters are the temperature T' = 120 MeV and the baryon density B/V = 0.1/ fm?>.

Fig. 3.7. From this figure one notices the turning up at low mz which indicates that some
of the low mq 77’s are probably from physics processes and decays that do not contribute
to 7*’s. Also to be noticed is the slight excess of 7~ at high m7 which might be as a result
of isospin asymmetry, and coulomb interaction. In heavy ion collisions like Au — Au there
should be coulomb (which favours the low ms m7’s because of the positive net charge) and
| 1sospin ( which favours more 7~ because of the neutron excess over protons in Auv — Au

system) effects contributing to the difference between the 7~ and 7+. The coulomb effect
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Figure 3.7: The mr spectra of the 7~ /r* ratio at different rapidities from Au + Au [55].

~ has been investigated [62] using an oversimplified hadron gas model which shows perfectly

the behaviour seen in experimental information. This difference was seen in nuclear collisions

at Bevalac [63] and ISR [64].

The effect of introducing particles with strangeness = %2 is seen as decreasing the pion
production, especially at large values of B. Similar to the situation of kaons this is dué to

strangeness conservation at the expense of pions through
T+Y — K+=7

and again Y is A or £. However pions, on average, will be at the forefront because of
the existence of many decay channels. The pion production, however, seems to be linearly
increasing with B even at the beginning (at small values of B), unlike the kaon production.
The pions show a great sensitivity on the composition of the gas (cut-off mass), Figure 3.8.
The inclusion of'heavy resonances enhances the pl;oductionvof pions. This is an indication

of many resonances decaying into pions. The production of pions increases with a decrease
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Figure 3.8: The dependence of the pion production on the cut-off mass is shown as a function

of baryon number, B, at fixed T and B/V.

in baryon density, B/V. This is shown in Fig. 3.9. Like the kaon production, the pion yield
also depends much on the volume, particularly at large values of B. This is so if one thinks
that the pions are not affected by up and ps in grand canonical, but are affected only by

temperature, T', and volume, V. However, T is fixed here. Hence V is the major factor.
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function of baryon number, B, at fixed 7'.
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3.4.3 The K/7 Ratio

The enhancement in K+ /7t ratio was originally proposed as a signature of QGP formation
a few years ago. A fair amount of K+ enhancement relative to 7% has indeed been found
in heavy ion experiments relative to pp collisions at similar collision energies per nucleon
[65, 66]. However, the enhancement can also be explained in a hadronic picture without
invoking QGP formation (67, 43]. Understanding the mechanisms responsible for the en-
hancement has been one of the primary goals in heavy ion physics. The enhancement might
be due to the increased contribution of K*’s in heavy ion collisions from particle rescattering
processes. And these processes need closer attention to understand them. These processes
are, however, negligible in light ion collisions. Thus the enhancement of K+ /x* ratio in
heavy ion production needs to be approached by studying the individual particle production
mechanisms, i.e. kaon and pion production mechanisms which are not well known. Many
theoretical models [67, 43, 68, 69, 70], have shown, to some extent, that particle rescat-
tering and hadronic gas models could explain the strangeness enhancement observed. The
results obtained for K+ /r* and K~ /r~ ratios using strangeness 1, +2, +3, are shown in
Figure 3.10. The K*/n™ ratio increases more rapidly in Strangeness = +2,3 than in the
Strangeness = 1 case. However, there is no clear distinction between the Si; and the Sy
curves. For the K+/7r;", as values of B get high there is a clear distinction between Sy,
and Si23. However, in the K~ /7~ ratio for S4, Sy, and Sz there is almost no difference.
The dependence on B for both K/m ratios seems to follow the same pattern. The ratios
increase slowly from small values of B (small volumes) to a point where they begin to show
some smooth levelling off. This indicates that as B approaches high values(large volumes)
the ratios will be constant. Thus, it seems as if the mechanisms which are responsible for
kaon production cease to generate the kaons. As B increases, we have a fast increase of light
quarks and anti-quarks compared to strange quarks and anti quarks. Thus we expect to see
a saturation behaviour at large values of B. The distinction due to the strangeness content

factor arises solely from the kaon and pion yield due to the same factor.

One observes a slight decrease in the K+ /7% ratio, as calculated with resonances of cut-off
“mass of about 3 GeV when compared to a hadronic gas contained in resonances of cut-off mass

of about 1.6 GeV. This can easily be explained by the fact that heavy resonances have more
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Figure 3.10: The K/ ratio as a function of the baryon number, B at fixed T and B/V.

pions than kaons in their decay products, thus reducing the K*/x% ratio, Figure 3.1A1. But
for K~ /7~ the change is even smaller (or almost not there) and vice-versa to the K*/x*
ratio. Both the K*/x% and K~ /7~ ratios depend strongly on the baryon density. The
K* /7% ratio shows an increase with decreasing baryon density for a finite small B before
converging for the different baryon densities. Thereafter at large B the ratio decreases for
low B/V while for large B/V it has not yet shown a decrease. Thus it turns out that at large
values of B the K% /x% ratio will show minimal or no dependence on the baryon density.
This is confirmed by the calculations done in the grand canonical formalism [46]. But for
K~ /7=, the effect of baryon density seems to show an increase of /{~ /7~ ratio at low B/V’s,
Figure 3.12. At high baryon densities K~ /7~ is suppressed. The two ratios are also shown
as a function of baryon density for a fixed B as shown in Figure 3.13. This is the same as
fixing the volume or the radius of the gas. The situation of the two ratios depending on the

baryon density can be clearly seen on the grand canonical scenario. In the quark level we

o
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Figure 3.11: The dependence of K/7 on the cut-off mass for a fixed T and B/V plotted as

a function of baryon number, B.

have roughly

Kt Su
wt {u
s
~ 5 (3.11)
- exp(—=m,/T)
exp(—u/T)
while for '~ /7~ ratio one has
K- exp(-ms/T)
3.12
7=~ “exp(u/T) (312)

As one increases the baryon density, the chemical potential x increases correspondingly.

Thus one expects K* /7% to increase and K~ /7~ ratio to decrease. Figures 3.14 and 3.15

are the K/ ratios obtained from a grand canonical hadron gas model with three hard-core

radii and temperatures taken from [71]. As one can see, the Kt /=% ratio initially rises with
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Figure 3.12: The dependence of K/ on the baryon density for a fixed T plotted as a function

of baryon number, B.

increasing baryon density. It then reaches a plateau and starts decreasing. For moderate
densities, the K+ /7% ratio is almost independent of the hard-core radius and after reaching
a maximum, the ratio becomes very strongly dependent on the radius. The K~ /n~ ratio
always decreases for increasing baryon densities. The decrease beyond npg = 0.1/fm® is
essentially caused by tilted baryon volumes (strong short-range repulsion between baryons).
The two ratios are the same for a baryon free system, in agreement with pp collision data
(vanishing baryon density) at CERN Intersecting Storage Rings (ISR) [72], [73], in which
K*/x* and K~ /n~ were both 11% at mid- rapidity.

\

Fig. 3.16 shows the dependence of the K/x ratio, both the K* /7% and K~ /7~ ratios as a
function of temperature. The same calculation is also done in the grand canonical ensemble,
Fig. 3.17(b)[16].  As the temperature increases, the kaon density and the pion density

increases. However, the kaon density increases at a more rapid rate as compared to pion
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Figure 3.13: The K/7 ratios are plotted as a function of the baryon density for three tem-

peratures at a fixed baryon number, B.

dens-it“y. Thus one will expect the ratio ng+ /n.+ to increase as T increases. However in
Fig 3.16, where we have fixed B, B/V and obviously V, we see that the ratio will reach a
maximum at a particular temperature depending on the realistic choices of B and B/V, and
as T increases the K*/n* ratio starts to decrease slowly while the K~ /7~ ratio rises fast
with temperature towards convergence with the K+ /7% ratio. In grand canonical at quark

level the trend is clear :

—ms/T
K* [zt ~ e
e—r/T
K- a0
/TF ~ e"'#/T ’

the exponential increase in the positive ratio is suppressed by an increase in T while it is
enhanced for the negative ratio. This is due to difference in the signs of the quark chemical

potential. At the hadron level one recalls that as temperature increases, the probability.of
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Figure 3.14: The dependence of the K/ ratios on the hard core radius R as a function of
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Figure 3.15: The dependence of the K/ ratios on the baryon density for different values of

temperature T [71].

creating heavier resonances increases substantially, thereby increasing the decay channels,

many of which favour pions and slightly the K ~. Thus we see that at large values of T both
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ratios start to decrease.
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3.4.4 The K*/K~ Ratio

Another important ratio in the study of the generating functions of the hadronic gas models
is the K+ /K~ ratio. The inclusion of high strangeness particles in the gas will lead to the
increase of the K™ /K~ ratio as indicated in Fig. 3.18. This is so since the high strangeness

particles enhance K* and suppress K~. However, the important feature here is the de-
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Figure 3.18: The K* /K~ ratio as a function of baryon number, B.

pendence of the ratio on B. For small values of B the ratio increases very steeply before
levelling off, and starts to be independent (or almost independent) of the volume for large
values of B and thus remains flat on average. This is so irrespective of the difference ‘in the
K* and K~ yields. Thus one would expect that, at high values of B where we will have
more K ~’s absorbed due to large K~ N inelastic cross-section, the ratio will be increased.
This is not seen in this ratio. This might be because as B increases one produces more K ~’s
than K*’s: When one combines this with the fact that in the region of large B we also have

large absorption of K~’s, it will lead to-the K*/K~ ratio being insensitive to B (and/or
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volume). For very large values of B the ratio drops slightly. This is due to more X ~’s being
produced with respect to K*’s, even though one would expect a larger fraction of K~’s to
be absorbed in large systems because of the large K~ N inelastic cross- section. This may
make the K*/K~ ratio drop at large volumes. The effect of resonances composition of the
gas to the K /K~ ratio is shown in Figure 3.19. For small cut-off mass the ratio increases
slightly. The low cut-off mass makes K~ decrease faster than K*. Hence one would expect

an increase in the K+ /K~ ratio when only low cut-off mass resonances are considered. The
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Figure 3.19: The dependence of the K+ /K~ ratio on the cut-off mass is plotted as a function

of baryon number, B.

K* /K~ ratio increases with increasing baryon density, Figure 3.20. The increase is inde-
pendent of B. The increase in the K+ /K~ ratio as one goes high in baryon density B/V is

an indication that this ratio is a good probe for the baryon density of the gas.
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3.5 The Strange Baryons and Anti-Baryons

Multi-strange baryon and anti-baryon production is expected to be a useful probe in the
search for Quark-Gluon Plasma formation since they are more difficult to produce in purely
hadronic matter. And in particular, the enhancement of multistrange antibaryon yields
relative to nucleon-nucleon interactions is expected in the case of QGP formation [74]. We
thus model the production of these particles in our formalism. The production of A and = is
shown in Figs. 3.21, 3.22 respectively. The dependence of their production on the cut-off mass
(i.e the composition of the resonances in the gas), is also shown. It can be seen that whereas
including heavier particles(resonances) in the gas decreases the production of baryons, this,
on the other hand, increases the production of ant: — baryons. This is because when one
increases the cut-off mass, the baryon density increases (if baryon chemical potential is fixed
— in the grand canonical ensemble). In order to maintain the same baryon density, the
baryon chemical potential must be decreased. This causes an increase in production of anti-
baryons and a decreases in the production of baryons. The decreasing factor in A is small
compared to the increasing factor in A, while the decreasing factor in =~ is large compared
to the increasing factor in Z-. With respect to the production of these baryons : a A can
be produced with one accompanying K while the A requires more accompanying particles
to conserve strangeness as well as baryon number (eg. AK versus ANNK) and-in-the case - '
of ='s, the == can be compensated by two A’s (NAA) while the =~ can be compensated by
two kaons (NKK).

- The result of the ratios, == /=~ and A/A, can be explained most easily in the grand canonical
ensemble. By increasing the number of hadronic resonances from the cut-off mass of about
1.6 GeV to about 3 GeV, one also increases the net baryon number, B, since baryons have
a greater statistical weight than anti-baryons as a result of the sign of the baryon chemical

potential. The generating factor is related by,

M
baryons ~ exp(——? + —/;,—B) , (3.13)
. M up
3 ~exp(—o= — EBy 14
anti-baryons ~ exp( T ) (3.14)

=

The ratios of A/A and = /=" are both shown in Fig. 3.23. The A/A ratio is less than the
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Figure 3.21: The dependence of A Yield on the cut-off mass is shown as a function of baryon

number, B, at fixed T and B/V.

==/=7. One can see that there is a strong effect of the cut-off mass in both the ratios. The
effect on the =- /= ratio is large compared to that on the A/A ratio. This might make it
difficult for the calculation of these ratios in this hadronic gas model. Thus the number of
the hadronic resonances changes the results in a crucial way. The two ratios stay almost
constant and therefore show almost no dependence on B and/or volume. This behaviour
resembles the one in the K* /K~ ratio. In Fig. 3.24 the effect of cut-off mass is shown for
the ratios == /A and == /A. It can be seen that the effect is more pronounced in the strange
anti-baryons ratio. Including heavier resonances in the gas lowers these ratios. Here we see
that the ratios grow steeply before reaching saturation at large values of B. However, at
small values of temperature and large values of B/V, the anti-baryons ratio rises smoothly
until it 'shows some saturation at large values of B while the baryons ratio starts from a
finite value at B = 0 and rises with a very small sharp slope and then starts to show some

saturation or rather ievelling-off, see Fig 3.25.
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Figure 3.22: The dependence of = Yield on the cut-off mass is shown as a function of baryon
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Figure 3.23: The =-/Z~ and A/A ratios as a function of baryon number, B.
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The production of these strange baryons and antibaryons strongly depends on the baryon
density. The baryon density can only remain fixed if one lowers the chemical potential yp
in the grand canonical formalism and this in turn will lead to the enhancement in the A/A

and Z- /=~ ratios. In quark level language we have

R
A sud
ad
ud © (3.15)
 exp(=2/T)
exp(+2u/T)
= exp(—4u/T) |
and
= ds3s :
- o =22 3.16)
. =- dss (
In hadronic level language:
A exp [(—ps + ps)/T]
A exp [(+pB — ps)/T) (3.17)
= exp|(—2pB +2us)/T] ,
while for =’s we have
= ~exp[(—2up + 4us)/T) . (3.18)
Thus we will also expect
= A
= S5 3.19
=>73 (3.19)
This will lead to the enhancement of the baryons and anti baryons ,
R/A ~ exp(—2u5/T), , (3.20)
=/ ~exp(-2u/T) , (3.21)

as compared to the =/A (like K/7) ratio since it is less sensitive to up:

=/A ~ constant

(K /m ~ constant) .
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Figure 3.26: The dependence of A Yield on the baryon density is shown as a function of

baryon number, B.
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Fig. 3.26 shows.the dependence of A and A production on the baryon density, and it can
be seen that an increase in B/V lowers their production. The same effect is seen to be also
strong in =- and =~ production. This is shown in Fig. 3.27. Again one sees that the volume

is an important factor in determining the yields of these particles.

The dependence on B/V is again seen for the ratios A/A and == /=~ and it is seen strongly
in both ratios, even though there is slight difference in suppression factor as one increases
B/V, Fig. 3.28. This difference depends strongly on the choice of temperature. However,
for the ratios == /A and =-/A, the situation looks a bit different: for the strange baryons,
the increase in B/V lowers the ratio, whereas for the anti-strange baryons, the increase in
B/V increases the ratio by a large factor compared to the lowering one on strange baryons,

Fig. 3.29.

Strange Anti-baryon/baryon Ratios
L] T 1 ¥ I T i 1

T = 0.160 GeV

Figure 3.28: The dependence of the —\_/A and = /=~ on the baryon density is plotted as a

function of baryon number B.
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function of baryon number B.
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The WAS85 experiment at CERN-SPS provides data on multistrange baryon and anti-baryon
production in SW collisions at 200 A GeV. This experiment has measured A, A,Z~,=-,Q",
and Q- yields. For a review of the recent experimental data on multistrange baryon and
anti-baryon see for example [75, 76]. These data have been analysed independently by two
different groups [77, 78] and {79, 80] with mutually consistent results. The studies by the
WAS85 Collaboration on the hyperon production in SW and pW interactions indicates that
the inverse slopes of the mt distributions for A, A, =~ and == decays for pW data, are lower
than those from central SW interactions. The A/A and == /=" ratios are consistent in both
sets of the data; there is however an increase of up to 40% in the ratios =~ /A and =Z- /A when

going from pW to SW interactions. The experimental results are summarized in Table 3.4

and 3.5 below.

Table 3.4: Relative hyperon yields in pW and SW interactions (mr > 1.9GeV) [81].

Ratio | pW interaction | SW interaction

A/A 0.19 + 0.02 0.20 + 0.01 |
=-/Z7| 048 4+ 0.07 0.41 + 0.05
=-/A | 0.13 £ 0.001 0.19 + 0.01
=-/A | 0.31 £0.03 - 0.41 +£0.05

The WA94 have measured these ratios for sulphur-sulphur(S.S) interactions. These ratios
are shown in Table 3.6. It is interesting to note that the central SS results of strangeness
yield ratios are very similar to those obtained in (SW) interactions obtained by the WAS85
in the equivalent centre of mass rapidity [82]. Figure 3.30 shows the ratios =~ /A and =-/A
for 5SS interactions (WA94) and SW interactions (WAB85), together with those from other
pfocesses. It is noted that the ratios =- /A is 33 times larger in sulphur induced reactions

than the value (0.06 £ 0.02) obtained by the AFS Collaboration in pp interactions [83]
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Table 3.5: Relative hyperon yields in pW and SW interactions (2.3 < yrap < 3.0,1.2 <
pr < 3.0GeV/c) [81].

Ratio | pW interaction | SW interaction

AJA 0.19 + 0.02 0.20 + 0.01
==/=-| 047 +0.06 0.45 £ 0.05
=7/A | 0.064 % 0.005 0.095 4 0.06
== /A 0.15 + 0.02 0.21 £ 0.02

Table 3.6: Relative hyperon yields in S5 interactions 2.5 < y < 3.0 [84].

Ratio

1.2 < pr < 3.0 GeV/c

1.0 < pr < 2.0 GeV/c | mr > 1.9 GeV/c

>
~
>

[lll
i
~
[ll]

()

- /A

[lll
]

—
=i

0.23 £+ 0.01
0.55 £ 0.07
0.09 £ 0.01

0.21 £ 0.02

0.24 £ 0.01 0.22 £ 0.01
0.58 =+ 0.07 0.54 + 0.06
0.08 + 0.01 0.18 + 0.01
0.20 + 0.02 0.44 + 0.04
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Figure 3.30: Hyperon yield ratios Z7/A and == /A for e*e~,pp and ion induced processes in

the pr range 1 < pr < 2GeV/c [84].
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3.6 Summary and Conclusion

The results of the hadronic gas model have been presented and discussed throughout the
Chapter. The results have been presented as a function of the net baryon number, B. This
corresponds to the total number of participating nucleons in the collisions. The concept of
the number of participants will be reﬂectéd in detail in the next Chapter when we will be
comparing the model results to the experimental information. The model was used for fixed
T and B/V. Fixing B/V means that talking about B implies talking about V' and hence the
size of the system at freeze—out.v It has been seen that the particle yields generally increase
linearly with B, but at small values of B, the kaon vield shows a quadratic dependence. Pions
did not show this quadratic behaviour at small values of B. Moving to strange baryons and
anti-baryons we still find the linear dependence on B. Considered at the same T and B/V as
for the light particles, the = yield shows a quadratic dependence at small B as compared to
A. For the chosen values of T and B/V, the quadratic behaviour disappears. Note that the
temperature and baryon density for the strange baryons and anti-baryons have been chosen

so as to provide large scale information on these particles and especially their anti-particles.

The Hadronic ratios show a different behaviour to the particle yields. The kaon/pion ratio
grows smoothly from zero towards saturation as B increases showing that at very large values
of B one should expect total saturation of the ratio. Thus we have the constant kaon yield
at large B. However the K'*/n* ratio increases more than K~ /n~ which shows only a very
small increase. The ratio of positive kaons to negative kaons rises steeply and then becomes
almost flat as B increases. The ratio stay almost constant and.independent' of B . The
strange anti-baryon to baryon ratios show an increase from small values to large values of B
by a very small factor, with the = ratio greater than the A ratio. For the same temperature
considered for the light particles, the strange anti-baryons ratio increases smoothly from zero
towards saturation while the strange baryons ratio increases steeply and starts to level off
with a small increase, with increasing B. For the temperature and baryon density shown,
the two ratios grow steeply and then level off. The behaviour of the hadronic ratios involving
strange baryons and anti-baryons is also seen in experimental results ( also reviewed here).
It has been found that the strange anti-baryon to baryon ratios are consistent with both

sets. of data (pW and SW),\'Nhil'e there is a large increase in the strange anti-baryons and
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strange baryons ratios when going from pW and SW interaction. This increase in the latter
ratios is, of course, so because in moving from pW to SW, we are increasing the size of the

system and/or the number of the participating nucleons, which is consistent with our model.

Compared to the light particles, the effect of cut-off mass (composition of the gas in terms
of resonances) is found to have a great impact on strange baryons and anti-baryons. This is

mainly reflected in the strange anti-baryon to baryon ratios.

The effect of the baryon density B/V on the particle yields seems to be well understood when
one recalls that for a particular value of B for different values of B/V, one will have large
volumes at small baryon densities, and this favours the particle yields. Thus it turns out
that rather than depending on the baryon density directly, the particle yields depend on the
volume. However, coming to the dependence of different hadronic ratios on baryon density,
it is the baryon density which is influencing the observed hadronic ratios. It has been seen
that the baryon density increases some ratios and decreases others. The ratio of the positive
to negative kaons is found to be an interesting one under the aspect of baryon density, since
its dependence on baryon density and an almost independence on the net baryon number
can tell us more about the properties of a hadronic matter produced in collisions. Compared
to light particles, the effect of the baryon density is again seen to be dominant in the strange

baryons and anti-baryons, especially the ratios considered here. -

The K~ /7~ and the A/A ratios do not show significant increase with B but the K+ /7*
ratio does. The production of strange baryons in a small volume is not favoured since, first,
“these are relatively heavy particles (~ 1 GeV) and secondly, they have to be accompanied
by an anti-strange baryon, making the total expenditure in energy not less than 2 GeV.
As the interaction volume increases, it becomes easier to produce these particles and one
can explain the observed increase in anti-strange barvons to strange baryons as one collides

heavier nuclei in this way.

The final state of a relativistic heavy ion collision has been described by a hadronic gas. It
has been found that for large values of baryon numbers and/or interaction volumes, a de-
scription using the grand canonical ensemble could be justified. For a small system, however,

corrections arising solely from the exact conservation of baryon number and strangeness are
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important and cannot be neglected. This is particularly relevant if one wants to compare
results from p — p collisions with those from heavy ion collisions. The particle yields rises
linearly (or almost line-arly) from zero with an increasing B, and most of the particle ra-
tios increase smoothly from zero for small values of B towards the value obtained in grand
canonical ensemble. Due to the dependence on the precise composition of the hadronic gas,
i.e. the number of resonances kept, it turns out that the strange antibaryon to baryon ratios

cannot be evaluated in a reliable manner if one applies the model as it is.
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Chapter 4

Review of Strangeness Production in

Heavy Ion Collisions

4.1  Strangeness in Relativistic Heavy Ion Collisions

It is generally held that all matter which is known to exist is made of u and d quark flavors.
‘The third quark known as the strange s quark is found in strange particles which are pro-
duced during ion collisions. We recall that in Chapter 2 we used strangeness conservation in
our calculations. This has been possible because strangeness is conserved by strong interac-
tions. Because of the absence of the strangeness content in the initial state of ion collisions,
strangeness production could tell us more about the properties and the dynamics of the
néwly made hadronic matter formed in collisions. During the collisions, u#, dd and s5 pairs
are produced. The strange quark and antiquark subsequently combine with neighbouring
quarks and antiquarks to form strange particles. Strangeness was proposed a long time ago
as a signature of quark-gluon plasma {85, 74, 86, 87]. However, this proposal was weakened
when it was also realized that strangeness enhancement can also be produced by hadronic
interactions {88, 89]. One of the main reasons that made strangeness yield an attractive
subject is that strange particles have a much lower production threshold in the QGP than in
a hadronic gas. The threshold for creating strange hadrons in a ha,-dron gas is given by the

mass difference between the centre-of-mass energy of the two colliding hadrons (with zero

87
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strangeness) and the combined mass of the lightest strange hadron pair. In the quark-gluon
plasma, on the other hand, the threshold is given by the rest mass of the strange-antistrange
quark pair. In the QGP with deconfined quarks, the energy needed to create an s3 pair is
only 2m, which is twice the strange quark mass, ms. Assuming a strange quark current mass
of 180 MeV, the threshold for strangeness production in QGP is only 360 MeV. On the other
hand, in a hadronic gas, creating a strange hadron pair (with zero net strangeness) through
processes such as 71 — KK and NN — NKA needs at least 700 MeV. Another reason
why strangeness production is an attractive subject is the fact that strangeness production
processes are much faster in the QGP than in hadronic systems. The strangeness production
time constant in the QGP is of £he order of 102 s ( about 1 fm)[85], while in HG it is 10
to 30 times slower [74]. In the plasma, strange quarks and anti quarks can be produced by
collisions among the constituents of the plasma. There are two processes by which s3 pairs

can be produced: by light quark and antiquark collisions through the reactions

u+T— s+73 (4.1)
and

d+d—5s+73, (4.2)
they can also be produced by the collisions of the gluons in the plasma through the reaction

g+g—s+5. | (4.3)

Gluons are expected to be abundant in QGP and they play an important role in strangeness
yield. The high density of strangeness in QGP will enhance multi-strange particles through
hadronization as well, while in the hadronic gas, multi-strange particles have to be made by
successive collisions. For QGP in chemical equilibrium at high baryon density, an enhance-
ment of anti-strangeness production is expected with respect to anti-baryons, as argued in

(85, 19] using the Boltzmann approximation

Nz m2 m
P = K ()ens AT 4.4
ng +ng 472 a( T Je ’ (44)

where I, is a modified Bessel function. At high baryon density, light anti-quarks (&, d) are
suppressed because they have to be created together with light quarks (u,d), whose Fermi
energy levels are already high. On the other hand, 5 quarks are created along with s quarks,

enhancing anti-strangeness over anti-baryons in such systems:
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4.2 Kaon Production and the K/7 Ratio

In a quark-gluon plasma with a net baryon content, there are many u and d quarks, however
the @ and d are suppressed and the s and § quarks are less than the light quarks but more
than the light antiquarks for g, # 0. In this environment of a dense baryon-rich quark-
gluon plasma, which may occur in collisions ip the stopping regime, it is likely for the s
quark to find a u quark or a d quark to form a K meson or a K° meson. It is, however,
not easy for the 5 quark to find a @ or a d quark to form a K~ or a K° meson. Thus one
will expect the number of K+ to Be larger than the number of K~. However this can be

expected without the assumption of the baryon rich QGP, as reflected in Chapter 3.

The K/7 ratio has received much attention because its enhancement, and especially the
enhancement of Kt /7%, can be interpreted as a signature of quark gluon plasma [91, 92].
However the enhancement has also been discussed in terms of thermal models {43, 93, 94]
and rescattering models [67]. The quark production rate in a strong field has been shown
[16] to be proportional to e~™a/%_ With constituent masses of u,d and s quarks of 325 MeV,
325 MeV and 450 MeV respectively, and a string tension, «, of 1 GeV/fm, one obtains a
relation of 3s/udd to K+ /x* which is

| s+3 Kt /nt

- = 4.5
u+a+d+d 1.5+ Kt/nt’ (45)
where we made use of the rate of production of quarks:
s _ 0.214 (4.6)
and
Rs _ 107, (4.7)
a9 .
Recall the density n; of particle 7 with rest mass m; at temperature T is given by
o 1 /°° 4mpidp
n; = (27r)3 0 . /p24m? /T _ 1 )
4.

= ST K (—
272 Z ftal T )
where K, is the modified Bessel function of order 2. See Appendix C. For hadron gas in

thermal and chemical equilibrium, at temperature of 200 MeV we have

NR+

~0.3792 , 49

MNa+



90CHAPTER4. REVIEW OF STRANGENESS PRODUCTION IN HEAVY ION COLLISION:

and the ratio of strange quark density to nonstrange quark density is

Ny + ns B ng+/nrt
Ny + Ng + ng +ng 1.5+ ng+/nq+ (4.10)
= 0.2018 .

Therefore, for a hadron gas in thermal and chemical equilibrium at T = 200 MeV the
K*/n% ratio is about 0.38 and the strangeness content is about 0.2. So far, it has not
been ‘determined whether hadron matter produced in nucleus-nucleus collisions can react
sufficiently frequently to reach chemical equilibrium within the time available during the
collision process. An early detailed analysis [74] indicated that if one starts with a hadron
matter with non-strange particles at T ~ 200 MeV/, the reaction rate is not fast enough for
the hadron gas to approach chemical equilibrium, because of the large threshold energy for
strange hadron pair production compared to the temperature of the hadron gas. However
many models have been put forward to describe additional strangeness enhancement due
to the lowering of the strange particle masses as the temperature approaches the phase
transition temperature [93, 95], A — A interactions [96], and (higher meson resonance) -

nucleon interactions [97}, and thermal models [43].
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4.3 Experimental Information on Strangeness

Production

Relativistic heavy-ion beams available at the BNL Tandem-AGS Complex and CERN-SPS
provide an opportunity for studying nuclear matter at high baryon density. In what follows,
we look at the trend which goes from p—ptop— A top— B to A— B and finally to A - A
or B — B collisions. Here A and B refer to the two nuclei in collision while p refers to the
nucleon. A— A and B — B are heavy nuclei collision systems with the B — B system greater
than the A — A system which follows from A — B collisions, where A < B. The main reason
of following this trend is to see, following the expectations of the previous‘ Chapter, how the
particle yields and particle ratios depend on the size of the system. The motive being that

one wants to see how strangeness production is affected by the size of the system.

4.3.1 p— p Collisions

In pp collisions, kaons are primarily produced through the channels

mp— KK+ X (411)
(e.g. pp — ppK~KT) - '

pp— &Y (4.12)

(e.g.pp — pPY K¥)
where X denotes anything and Y indicates one of the hyperons, A or £. One sees here
that strangeness is conserved in both the channels. From the experiment of Boggild et al.,
[98, 99] the cross-sections of the above processes are estimated to be oy = 2.6 mb and
oxg = 1.3 mb, assuming ox+/oi- = 3 [100]. Based on these results, they further estimated
the average numbers of various particles per inelastic pp collision to be N,+ = 1.6, N,- =
1.0, Ng+ = 0.06 and Ny- = 0.02. The difference in the above cross-sections was also
seen from the experiment by Fesefeldt et al. [101], where it was found that the process
pp — KY X has much larger cross section than the process pp — KK X. The difference

might well be as a result of the difference in the thresholds of the two reactions. In studying |

the kaon production, as one moves away from the p—p top— A to A—A collisions, it 1s
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interesting to see how kaons interact with nucleons. Figures 4.1 and 4.2 show the total and
elastic cross sections for positive and negative kaons incident on protons [102]. From these
two figures one can deduce that the total cross section of K*p is about 10-20 mb and for

the K~ p about 30-40 mb.
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Figure 4.1: K*p cross section and elastic cross section as a function of incident momentum

and as a function of s [102].

There is, however, not much data on the rare particle production in pp collisions close to
AGS energies. Kaon data with the nearest energy to the AGS comes from bubble chamber
measurements of pp collisions at 12 GeV/c [101, 103] at the CERN proton synchrotron
(PS). The reported numbers of K+ and K“‘per inelastic pp collision were 0.05 and 0.008
respectively. The observed K+ /n+ ratio in pp collision is ~ (4 —~8)% and the K~ /n~ ~
(2.4 £ 2.0)% [98}[104][105). For the AGS energies, the K*[7* ratio is found to be 4% and

K~ /7~ ratio is 2% [106, 65].
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Figure 4.2: K ~p cross section and elastic cross section as a function of incident momentum

and as a function of s [102].

4.3.2 p-A,p— B and A - B Collisions

In going from p —p to p — A to A — A collisions, we are at the same time increasing the
_size of the interacting system. The big difference starts to emerge when going from p —pto
p — A collisions, since in p — A collisions we begin to havé more interactions, i.e more NN
collisions. Thus one will have, in addition to the primary- production mechanisms discussed

in p — p collisions, new processes appearing, including, for example

NA — NAK*,
NA — NNEK*K-,
(4.13)
NN — NAK*,
NN* — NNEK*K- .

and there are absorption effects to consider for the K~’s, through processes like K~ N —

7Y Thus the yteld of K+ increases as one moves to heavier systems, and there seems to be
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a similar trend in the K, as we shall see later.

Proton-nucleus (p — A) interactions can be thought of as a pile up of several pp collisions,
in that one nucleon undergoes several collisions with several other nucleons. In proton-
nucleus interactions the total cross-section can be reasonably well described by a power law,
oinet o« A% where o = 0.71 £ 0.05 {107, 108]. Proton induced reactions at 14.6 GeV/c on
Be, Al,Cu and Au targets, have been measured at the BNL AGS with the E802 spectrometer
[65]. Figure 4.3 shows the rapidity distributions of various particles produced in different pA

collisions [65] at the AGS. As indicated from the trends, there are gradual changes in both

dN/dy for spec. trig. at 14.6 GeV/c
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Figure 4.3: 7%, K%, proton and deutron dn/dy distributions in p + Be, p+ Al, p+ Cu and
p + Au collisions [65].

the magnitude and the shape of the rapidity distribution. The shape of particle distributions
as a function of rapidity changes from p + Be to p + Au reactions (from a small to a large
system), with more particles, especially K+, produced at lower rapidity and fewer particles
produced towards projectile rapidity for heavy targets. It is found [65] that while the inverse
slope parameters of protons and kaons increase systematically with increasing target mass,
the parameter for pions is constant from p + Be to p + Au. Fig. 4.4 shows the K /= ratios
as a function of rapidity for p + Be, p + Al, p + Cu and p + Au. For comparison, K/7
ratios for central St + Au are also included, this being an example of A — B collisions. From

Figure 4.3 the pion yield remains roughly constant while the K+ yield increases substantially.
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This causes the K*/n* ratio to increase for heavier targets, as indicated in Fig. 4.4. The

K~ /7~ ratio remains approximately constant. In contrast to pA collisions, which can be
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Figure 4.4: K /7 ratio as a function of rapidity for p+ Be(solid circle), p + Al (open square),
p + Cu (diamond), and p + Au (open circle) and Si + Au (solid square). The upper and

lower panels show ratios for K*/n* and K~ /7~ respectively [66].

thought of as an assembling of several pp collisions, nucleus-nucleus (A — B and A — A or
B — B) collisions, and especially heavy ibn collisions, cannot be thought of simply as a pile
up of many nucleon-nucleon collisions. This is so if one thinks that one is now dealiﬁg with
many nucleon-nucleon interactions and there are also large particle rescattering effects in
heavy ion collisions [109]. The rescattering effects, both in theoretical models [67, 68] and
experimental data, are found to be important in particle production. Heavy ion collisions
can be well characterized by the participant-spectator picture, in which as two nuclei pass
each other, the overlapping regions are left behind and the other parts (spectators) continue
flying in the same directions as if nothing happened [110]. Kaon and pion production in
central Si+ Au collisions at 14.6 GeV/c has been measured by the E802 Collaboration [106].
This is an example of an A — B collision, where A is the projectile and B is the target, and
A < B. An enhanced K% /7" ratio of 19.2 + 3% was observed [106][65]{90][66] in the central
rapidity region (1.2 < y < 1.4). By comparison, for the pp interactions in the same rapidity
interval and at roughly the same incident energy, the 1&’+/'7T+ ratio is 5%. The K~ /7~ was

found to be 3.6 + 0.8%, in comparison to pp value of 2.4 £ 2.0%. Table 4.1 summarizes the
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K /m ratios measured by the E802 Collaboration. What one reads from this table is nothing
less than the increase in the K% /7% ratio as one goes from a small system to a large system.

Kaon production was also studied as a function of rapidity by D.Morrison for his PhD. thesis

Table 4.1: K/m ratios in different collision systems measured by the E802 Collaboration in
the rapidity interval 1.2 <y < 1.4.

System K* [zt K~ /n~
p+Bel[65] |7.8+0.04% —
p+AL[65] | 9.9 £ 0.5% —

p+Cul65 |10.8 %+ 0.6% —
p+ Au [65] | 12.5 £ 0.6% —
Si+ Au [106] | 19.2 + 3% | 3.6 & 0.8%

[111]. The E859 had enough data to perform the similar rapidity study for both K+ and
K~ [112]. A selection of rapidity distributions dN/dy are shown in Figure 4.5. Comparisons
of Si + Al and S7 + Au indicate that the yield peaks at lower rapidity in central S: + Au
than in S7 + Al. The peak depends on the centrality of the collision and in particular,
the impact parameter. - The peripheral interaction in Si + Au is almost close to that in
Si+ Al. As one increases the size of the system or the impact parameter, the width of the
rapidity distribution is seen to narrow. The similarity between the trends in the K+ and
K~ distributions is shown in Fig. 4.6. This figure shows the ratio of K+ yield to that for
K~ as a function of rapidity. At all rapidities, the ratio is almost independent of the system
within 10%. It will be interesting to study this ratio because, besides the ratio rising at the

low rapidity, it does not change much with the size of the system at a particular rapidity.
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4.3.3 Kaon Production and the K/7 ratio vs Nparicipants

We have seen how the Kt /n% ratio depends on the mass of the colliding nuclei. It will be
interesting to see how this ratio depends on the number of participants (Nperticipants) in the
reaction. The E802 has also studied the kaon and pion multiplicities as a function of the
number of participants and the first study was done particularly for the number of projectile

participants(Np %) [113]. Figure 4.7 shows the observed 7+ and K+ multiplicities plotted as

a function of the nucleon number of projectile participants (N7, measured at BNL-AGS
[113]. For a small system like St + Al, the production of both K* and % increases almost
linearly with respect to Nj 7. However, as one goes to large systems like Si + Cu and
S1 + Au, the increase is greater than linear or rather it shows quadratic behaviour. This
is seen more clearly for K+ than for 7#%. If the extrapolation can, however be done on the
last three data points, one will expect the intercept to be at a value different from zero
and furthermore this value will depend on the size of the system. This picture of quadratic
dependence seems to originate from pure geometry of the collisions. It is also seen that the

increase in kaons exceeds that of pions, as shown by the number of AK* to the number of

An* versus < Npr% > in Figure 4.8.
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Figure 4.7: The number AN of 7+’s and K+’s produced in the rapidity range 0.6 <y < 1.4

for 2854 incident on Al, Cu and Au targets versus the number of projectile participants [113].
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The kaon and pion production was first studied as a function of N57% by [114]. It was found
that the K yield also rises linearly with the number of projectile participants in S7 + Al but
as one goes to St + Au, deviations from the linear dependencies were seen. This happens as
one goes from peripheral to central collisions. This is because in moving from peripheral to
central we increase the number of NN collisions which enhance K% yield. Figure 4.8 shows
the ratio An(K*)/An(n*) plotted against < Npil >. The K*/x* ratio increases with the
increase in the number of projectile participants for Cu and Au, and the two central values
for Sz + Aw are distinctly larger than for S: + Al and S + Cu. For peripheral interactions,
the two systems ,S:+ Al and S7 + Cu, give K /x* at 9%, close to p + p value [98, 104, 105]
of =~ 6%. In view of the above, it is noted that the high K*/x* ratio is due to the increase

in the size of the system. For a particular system, it becomes a question of an increase of

the size as one goes from a peripheral to a central collision. The kaon yield is also studied
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Figure 4.8: The An(K*)/An(rt) as a function of number of Projectile Participants <
NPT > [114].

art

as a function of the total number of nucleons participating in the reaction. Figure 4.9 shows
the positive and negative kaons plotted as circles and triangles, respectively, while open and
closed symbols are used for Si 4 Al and Si 4 Au. It can be seen from Figure 4.9 that the
vields of both K+ and K~ behave in a similar way (which exhibit some similarity of the

two kaon Sp'ecies) with system size, except for an overall multiplicative difference. From this
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figure, one can also see that although the number of pafticles rises roughly linearly with the
number of participants, the intercepts of straight line fits (dotted lines) are not at zero. This
is an indication that for very small systems, we will have a smaller kaon production [112].

This figure will again appear at the end when we make comparisons with the hadronic gas

model.
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Figure 4.9: The total yield of both positive and negative kaons is plotted as a function of
the system size in S7 induced reactions at 14.6 A.GeV/c [112].

Figure 4.10 shows the K+ /r* ratio as a function of the number of projectile participants for
Si1+4+ Al and Si+ Au collisions. The ratio rises smoothly from a value near 0.05 then begins to
saturate towards a Au-+ Au value 5 times the most peripheral value in St+ Al. We have learnt
that the kaon and pion production increases roughly linearly with the number of projectile
participants. However, the kaon dependencies appear to have a quick saturation tendency
in small systems where the number of particles per participant changes significantly. This
results in the smooth rising of the K /7 ratio as a function of the system size in St 4+ A
collisions. For the large systems, the tendency towards a saturation point at a small value

of the number of participants, becomes less important arid the K /7 reaches an asymptotic
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value at a rather large value of the number of participants. The K*/x* ratio has also been
examined as a function of the transverse neutral energy [114]. This corresponds to the total
number of participants (i.e target + projectile) in the reaction. The ratio versus transverse
energy for Si + Al and S: + Au collisions is shown in Figure 4.11. It is noted that the
dependence of the K% /7" is more linear when plotted against transverse energy produced
in the collisions than when plotted against < Npi/ >, and that the ratio for S + Al and
Si + Au is roughly the same at a given value of the transverse energy. This behaviour is
different from what we have seen in the case of the dependence of the ratio on the size of
the system or the number of participants. The increase in the ratio with transverse energy
is an indication that the ratio is correlated with the degree of nuclear overlap. The greater
the degree of overlap of the two nuclei, the greater the ratio. It is because of this result that

it is predicted that the central Au — Au collision will have a slightly lower value of K+ /n*

than the observed one in central S: — Au [113].
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4.3.4 Summary

The E802 Collaboration has studied the K+ /7% ratio as a function of the projectile mass
(from p to Si and presently Au), target mass(from Be to Au) and the degree of centrality. It
is found that the K /7 ¥ ratio increases when any of these three parameters is increased. The
analysis of the kaon yields indicates that the processes that were enhancing kaon production
(relative to pion production) may have saturated. This is also clearly shown by the K+ /x%
ratio from the results of the hadronic gas model in this work. The linear dependence which
is seen in our hadronic gas model is seen in both the kaon and pion yields with the number
of total participants. The quadratic behavior seen in the experimental data, was also seen
in the hadron gas model, at a value of the of number of participants which is close to zero.
However, the model predicted that on the large scale of the total number of participants,
the quadratic behaviour will disappear. It has been seen that dependence of the kaon yield
on the system appears to have some sort of threshold which is quick in small systems where
the number of particles per participant changes significantly. This threshold results in the
smoothly rising K /7 ratio as a function of the system of size especially in Sz — A collisions.
This is also seen in our hadron gas model. But it was shown [118] that on the large scale of
the number of participants, the smoothly rising behaviour will disappear. Thus for a very
large system , the effect of the threshold at a small number of participants: becomes less .

important and the K/7 ratio reaches an asymptotic value very quickly.

4.3.5 The AA Collisions

The E802 Collaboration has studied the particle production in Au 4+ Au collisions at 11.6
GeV/c from the BNL E866 experiment [55]. Amongst the studied particles are the K* and
7%, The particle yields and the particle ratios are studied as a function of centrality in the
mid-rapidity, particularly the dependence of particle yields and particle ratios on the number

of projectile participants.

Fig. 4.12 shows the dependence of particle yields as a function of centrality. One notices

that the kaon yield increases faster than the pion yield with centrality. The particle ratios
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Figure 4.12: Particle yields dN/dy for K*, 7%, proton and antiproton versus the number of

projectile participants [55].

are dealt with in the next section. We have noted that the data is still preliminar-y. We
also note the following about the data: The K* /7% ratio shows a strong dependence on the
centrality. It increases with the collision centrality and it seems to reach saturation in the
central collisions. This ratio reaches (18 +2) % at mid-rapidity for central collisions. The
K~ /n* ratio shows a similar dependence on the centrality of the collision, (since 7+ and 7~
yields are almost the same, the ratios K~ /=t and K~ /7~ are almost the same), however
the ratio does not increase much because it is still close to the value of K~ /7~ obtained in
pp collisions. The Kt /K~ ratio does not seem to depend on the centrality because it stays

almost the same on average, from peripheral to central collisions.
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4.4 Hadronic Gas Model in Action.

4.4.1 Hadron Gas Model Revisited

The chemically and thermally equilibrated hadron gas model describes the final state of
relativistic heavy ion collisions in terms of statistical distributions (Fermi-Dirac or Bose-
Einstein). Strong interactions conserve net baryon number and strangeness wh.ich can either
be achieved in grand canonical ensemble by introducing corresponding chemical potentials
([43, 44, 45}, etc..) or in canonical ensemble ([37, 27, 115, 31], etc...). Most people like to
work with the grand canonical ensemble because of its computational simplicity. However,
the grand canonical formalism has limitations for small systems, which should be taken
into consideration. In addition to the two chemical potentials ug and us, corresponding
to the conservation of baryon number and strangeness respectively, one can also have the
third chemical potential, ug, corresponding to isospin or charge conservation [46]. Since in
heavy ion collisions hadrons are strongly interacting, certain effects on these interactions
(for example, finite volume effects) should be taken into account. The excluded volume
approximation, in which the hadrons are given a hard-core volume, has been considered in
) [129, 43, 30, 116]. For Au + Au system, finite volume effects will be negligible since we are
already dealing with a system of the volume of the order of 103 fm?3, therefore we will not
include them in our application. Of the three parameters, the temperature T, the baryon
chemical potential pp, and the strangeness chemical potential ps, one needs only two to
describe the final state of the hadronic matter in collisions: since the third one, eg. us, is
fixed by the requirement of vanishing overall strangeness, the two remaining parameters are,

T and pp. The grand canonical partition function of the hadron gas can be written [77] as

In Z(T,pp, us) = YW + (AR A + A5BNG W] . (4.14)

1

Here the first term refers to non-strange mesons and the second term to particles which carry
baryon numbers B; and strangeness S;. The fugacities related to the baryon number and
strangeness are Agp = exp(pp/T) and As = exp(ps/T). Including charge conservation we

can write the general expression given by [46]

In Z(T, pg, ns, nq) = 3 NEAT NS Wi . - (415)
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where W; is the phase space factor for hadrons of species ¢ (mesons, baryons and their
antiparticles), with Q; denoting the charge of the hadron in question and Ay = exp(uq/T)
1s the fugacity for charge. The phase space factors are given by

dim?VT

2m?

W; = Ko(mi/T) | (4.16)

with d; denoting the spin degeneracy, m; the mass of hadron species ¢, V the volume of the
system and K3 is the Bessel function of the second type. The thermal contribution of the
particle multiplicity V; = W, has to be added by resonance contributions to get the particle
multiplicity

N;=W;+> Br(j — )W, . (4.17)

J

Here Br(; — %) is the branching ratio of the decay of resonance j to particle :. For a final
state of interaction, which is in both thermal and chemical equilibrium ( unique freeze-out),
all hadronic ratios should be determined using the values of T' and pp which can be fixed by

at least two ratios.

In this work we will use canonical formalism of which we can compare the results to the ones
obtained in the grand canonical formalism at the end. The motivation for using canonical
description for hadronic interactions comes from the work of R.Hagedorn {25]. In such a
model one assumes that a thermal system is being produced, which expands until freeze-out
is reached, and the hadronic resonances decay into the lightest stable particles. The observed
particle yields reflect the properties of the system at freeze-out. We learnt from Chapter 2
that the use of grand canonical in small volumes is not justified, and instead one should use
the canonical ensemble. As an example, in the grand canonical ensemble we have for the

density of kaons [117]

dsp' Exs us
NK+ —/(27r)3 exp(— T +—T‘) ) (4.18)

while in the canonical ensemble for a small system one has

= [/ (Z?r‘z;s exp(—%ii)] V/ (;iw‘z;g’ exp(—-Ei;‘:—) ’ (4.19)

One sees explicitly that strangeness is conserved because for each K+ one needs a K~ to

balance strangeness. The density too will be suppressed because one has two exponential
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factors. Strangeness conservation requires that at least two kaons are produced, and we
have learnt in Chapter 2 that for a small system this makes a substantial difference. The
motivation for exact strangeness and baryon number conservation (canonical formalism) has
been presented in Chapter 2. We therefore want to see it in action, and particularly its
application to heavy ion collisions. Figure 4.13 shows the K /7 ratios as a function of the
interaction volume for different collisions ranging from p — p to St — Au collisions. The
curves are for exact baryon number and strangeness conservation at a fixed temperature 7'
and baryon density ng. For zero volume both ratios become zero, while for increasing V/V
both ratios increase. They finally reach an asymptotic value at volumes in which the grand
canonical ensemble may be used. The calculation was done for a hadronic gas containing

particles of up to strangeness ==+3 with all resonances below 2 Gev in mass.

0.25
T = 1068 MeV
nB- 0.1/tme+3 K*
7I'+
02r- Si-Au
0.161
p-Au
0.1}
0.05 ID-Cu K-
e —
° L 1 1 1 L 1 L L
0 20 40 60 80 100 120 140 180
V/V(nucleon)

Figure 4.13: The K*/n* and K~ /7~ ratios as a function of the interaction volume at a

fixed temperature 7' and baryon density ng [31].
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4.4.2 Application of Hadron Gas Model to Au + Au Collisions

The Au + Au system is an example of A — A collisions, where the two nuclei in collision
are identical and where there will be geometrical symmetry in the collisions. This means
that the participating number of nucleons from the projectile will be the same as target

participating nucleons.

Preliminary results on the dependence of hadronic ratios on the number of projectile partic-
ipants have recently been presented by the E866 collaboration [55] for relativistic Au — Au
collisions at the BNL-AGS. These results give insight into the behavior of the produced
hadronic system as a function of the baryon number and the size of the interaction volume.
In this work we try to analyze these results using a thermal resonance gas model at a fixed
temperature and a fixed baryon density. This treatment differs from the ones considered in
[46, 47] in that here we consider baryon and strangeness content exactly. This means that
we do not introduce chemical potentials for baryon number nor for strangeness. Chemical
potentials are usually introduced to enforce the right quantum number in an average sense.
We will use the canonical formalism results from Chapter 2. We will use the fact that since
the net baryon number, B corresponds to the total number of participants, then B = 2N,, ,
where N, is the number of projectile participants with the factor 2 reflecting the symmetry
of the Au — Au collision systerﬁ. Furthermore it is useful to group all particles in the Particle
Data Booklet [36] depending on their quantum numbers (we leave out charm and bottom).
We do not include cascade particles (the =’s and ’s) as their contribution is unimportant
for the energy range under consideration. Ho;avever it can be done according to Chapter
2. Thus we will make use of Eq. 2.48 from Chapter 2 as our basis. In Chapter 2 we have
outlined the way of determining all the particle densities. We consider now the behavior at
the freeze-out. In this case all the resonances in the gas are allowed to decay into the lighter
stable particles. This means that’each particle density is multiplied by with its appropriate
branching ratio (indicated by Br below). The abundances of particles in the final state are

thus determined by
ny =Y nBr(i — H) , (4.20)

where each sum runs over all particles contained in the hadronic gas and H refers to a hadron



4.4. HADRONIC GAS MODEL IN ACTION. 109

(v*,K*,p,...)

The hadronic ratios to be investigated have been studied as a function of the net baryon
number B [118]. This will correspond to the investigation of the same ratios as a function of
the total number of participants in the reaction. The studies were done so as to incorporate
large values of B. The dependence on B/V and T was investigated. It was found that the
results show the expectations of Chapter 3. The only difference is that at large values of B,

we no longer have the quadratic behaviours seen in Chapter 3. The dependence of the ratios

on B becomes negligible. The results are shown in Fig. 4.14(a)-(h).
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Figure 4.14: Hadronic ratios as a function of baryon number, B.
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We now turn to the E866 experimental data. The comparison with the experimental results
is shown in figures 4.15 to 4.17. To compare with earlier calculations [46, 47] we keep the
temperature 7' and the baryon density B/V fixed. This corresponds to keeping the baryon
chemical potential fixed in the standard hadronic gas calculations using the grand canonical
ensemble. In figure 4.15 we compare our results (of K*/7*) with the recent data from AGS
[55][112]. The set of data with long error bars is included to indicate that the data is still
preliminary and therefore not yet converged. We thus prefer to fit the data with short error
bars, the advantage being that the set with short error bars comes with other ratios. This
makes the question of thermalisation more interesting since a good agreement will mean that
one can indeed describe the particle species produced from the fireball by one temperature
and also by one baryon density. As one can see, our results show a steep rise wifh the number
of participants, N,,, before levelling off while the experimental data indicates a slower rise
than the model predicted. In figures 4.16 and 4.17 we show the K~ /7% and the Kt/K~
ratios. From the investigations of pion dependency on temperature and baryon density it is
obvious that the result will perfectly agree with the experimental data , this is so if one looks
at figures 4.14( (g) and (h)). Like the experimental data, our model’s result does not stay
at unity but rises a little bit above unity. However a direct comparison of the model and
the data indicates that the rise in experimental data is larger than that of our model. This
is also attributed to Coulomb final state interaction which is responsible for the- difference
in the shape of 7~ and 7t spectra together with the electrical chemical potential which is
responsible for the total 7= /7" ratio [62]. The importance of Coulomb effects for 7% and 7~
spectra in nuclear collisions was seen, in both experiment and theory, for a long time (see
references in a recent paper [119]). Analytical formulas for Coulomb final state interactions
were derived by Gyulaséy and Kaufmaﬁ in [120]. (We might have even a better agreement

in the pion ratio if the model could be modified to include the coulomb effects).

Because the data is still preliminary ( and also depending on the error bars ) we use three
different values of temperature 7' and B/V. For the final converging experimental data, one
will have to use one value of temperature and baryon density. In each case the good agreement
is obtained with the results of the E866 collaboration [55]. The relevant temperature is
around T ~ 100 MeV, the baryon density is in the range B/V ~ 0.02 — 0.05/ fm>, which is

an indication of considerable expansion before freeze-out. In the grand canonical ensemble
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this corresponds to a baryon chemical potential of ug ~ 540 MeV.
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Figure 4.15: The K*/r* ratio as a function of the number of projectile participants, N,,.

The open circles indicates St — Al collision [121].
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Using the same formalisms of the Hadron Gas Model presented in this work, one can also
analyze the E859 data presented by [112], particularly the kaon production. In figure 4.18
we compare our results to the experimental data. Again one sees a good agreement with the
experimental data. The same plot has been done by D.Morrison in his PhD thesis [111], see

also [122] where the data is read from. As seen previously, he argues that the data can be
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Figure 4.18: The total yield of both positive and negative kaons is plotted as a function of

the number of total participants in S¢ induced reactions at 14.6 A.GeV/c.

fitted with a single straight line, with which the Hadron Gas Model considered here, almost
agrees. However, it turns out that the model goes along with the quadratic dependence near
zero total number of participants. The model also shows that the S: + Al and the S+ Au
have slightly different freeze out conditions, ' and B/V. Finally, we note that the model is

in good agreement with the data.
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4.4.3 Thermalisation

Within the framework of the hadron gas model, we seek to determine the temperature of
the system at the point when the particles cease to interact strongly (freeze-out) as well as
‘the net baryon density at freeze-out. Large freeze-out temperatures would imply that even
higher temperatures are reached earlier in the collision. Low freeze-out temperatures can
also imply that the produced matter in collision do expand considerably before freeze-out.
The information on whether we have reached thermalisation in heavy ion collisions can be
found from the produced hadrons and hadronic ratios. It is noted in the paper of Cleymans
et. al. [46] that thermalisation at the AGS energy range can lead to an increase or decrease
of hadron abundance in heavy ion collision relative to those measured in p—p or p — A
collisions. One such example is the enhancement of K* /7% ratio. Figure 4.19 shows a hand
drawn K% /x% ratio taken from [10] measured at the AGS [113]. The ratio grows from a
p — p value near 0.05 to a four times larger thermal value, above 0.2, in central 57 — Au and
Au — Au collisions [113, 123, 124]. On the other hand, the number of pions produced per
participating nucleon decreases at the AGS energies towards its thermal value. Figure 4.20
shows the m /N, ratio (taken from [48]) in p — p collisions at 14.6 GeV beam momentum.
Here Np.r. is the average number of participants in a p — A collision. It is also noted that
in a high baryon d\ensity_ environment, where one will have more annihilation processes, the
ratio of anti-baryon to baryon production is also expected to decrease. This is confirmed by

the ratio p/p which appears to decrease in going from p — p to A — B collisions [127].
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Figure 4.19: The K* /=% ratio versus the total number of participants [10].
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4.4.4 Conclusion

The hadron gas model has been tested on the experimental results. The agreement is re-
markable, keeping in mind one freeze-out temperature T and baryon density B/V for all
particle species. Since particle emission is expected when the mean free path is comparable
to the size of the system, different particles could decouple at different times which will imply
different temperatures and baryon densities. In view of this one would not expect all the
particle yields and the hadronic ratios to approach thermalisation at the same time and by
the same rate. Also, the mechanisms which brought different particles towards freeze-out
might be different. There are more processes in heavy ion collisions such as pion-nucleon
and pion-pion interactions, which results in high kaon production, than in nucleon-nucleon
interactions. Thus one will expect an enhancement of kaon/pion ratio. In view of this one
should not take strangeness enhancement as the sole factor behind the kaon/pion ratio, but
rather it should be taken as one of the ingredients in trying to understand the enhancement
of the ratio. Also, because the pion production per nucleon decreases as one moves from
A — A via p— A to p — p collisions, one will expect the kaon/pion ratio to increase from
p —p to p — A collisions until we have a constant kaon production. It should be noted that
if it can somehow be shown that we do indeed reach thermalisation in heavy ion collisions,
that alone will not rule out the possibility of the claimed QGP’s existen;e. One has to keep
in mind that the thermal model };rovides only the scenario at the freeze-out and it does not

tell us about the evolution and the dynamics of how the system got there.
e QGP Formation

Based on the characteristics of the behavior of the Hadron Gas Model results and the re-
viewed experimental information in combination with the simple comparisons in this thesis,
it seems though that the results of kaon production and the kaon/pion ratio can be under-
stood without invoking formation of the QGP. If the QGP is formed we expect to see a
dramatic change in the way the kaon/pion ratio increases as one goes from small systems to
large ones or equivalently from peripheral to central collisions compared to the usual trend
Which we saw ih this thesis. This is not even seen in Au+ Au collisions where the motivation

s primarily the hope that QGP will be formed in larger systems. Also, one cannot draw a



118CHAPTER 4. REVIEW OF STRANGENESS PRODUCTION IN HEAVY ION COLLISION

conclusion that QGP is not formed either, considering that our hadron gas model does not
know anything about the history of the hadronic matter produced, except at the freeze out.
At RHIC (and/or LHC) for large collision systems and high energies it might be possible to
create a new state of matter, the quark-gluon plasma. In order to clearly distinguish this
from possible alternatives of a hadron gas, one would like to know the state of the plasma

in its different stages throughout its lifetime.

The competition between the model and the experiment continues and along the way, even

if they don’t agree, new physics will be established.
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4.4.5 Improvements
Excluded and Finite Volume corrections

Because the hadron gas system is strongly interacting, it is qxpected that the simple free
gas approximation used should be modified. Two different approximation models which
incorporate only the repulsive interactions are the excluded volume and mean field. In the
excluded volume approach, the interactions are incorporated by allowing hadrons to have a

finite hard core, effectively reducing the over-all volume in which the hadrons move to
V-3 VN, , (4.21)

where ¢ runs over all species and /V; is the number of particles of type ;. As a consequence
the baryon number density B/V (np) becomes
0

ng = [1_-{-%;7?%] ; (4.22)

where n% denotes the density calculated for an ideal gas of pointlike baryons. Note that for

n% — co,ng — 1/V, that is we have dense packing limit of hard-sphere baryons with an

intrinsic volume V. In the case of several baryon species « = 1,2,3,---,r, this becomes
np
T T V]

and V, proportional to the mass as suggested , e.g., by the bag model. For a review on the

(4.23)

hard-core repulsive(geometrical) approach see for example {129, 130, 131, 132}

As a consequence of the finite volume corrections discussed in [133], the integrand

2
gi [*® p*dp
L= 4.24
T 22 /o exp(E;/T)£1 "’ ( )

has to be multiplied by a correction factor [134], see also [135]. For an estimate of this

correction we assume a spherical volume with radius R giving a correction factor

3r 3
=1 .
! fe=1% ok T 3R

(4.25)

The positive and negative signs in Eq 4.25 refers to von Neumann and Diritchlet boundary
conditions réspectively. The implications of this correction factor can be found in Ritchie’s

PhD. thesis [136] and [137]. See also Appendix I.
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Other considerations

Besides the finite volume effects discussed above, one can still modify the model. The
alternative consideration would be to use experimental data points to find out the freeze-out
temperature and baryon density in a T — ng plane as done in grand canonical on the T — up
plane [46]. The other proposal which deals very much with geometrical considerations and
was considered by [31, 138]. In this picture the freeze-out volume is found in the following
way: A given projectile of radius Rp and mass number Ap bore a volume V,, out of the
target given by:

3

Vin = TRL2Ry = 5VOA,%DAi . (4.26)

The target is labelled with the subscripts r and V4 is the volume of a nucleon. The baryon

number, B, inside this volume is

Vin
B=Ap+—Ar . (4.27)
Vr

After the collision the system expands up to the freeze-out time after which the hadrons cease
to interact. This expansion is characterized by the expansion parameter a. The pointlike

baryon density is then given by

B .
— : 4.28
Np a‘/‘in ’ ( )
and the extended baryon density ng is given by
: B
- 4.29

which follows from reducing the available pointlike volume by B times the volume of a

baryon, Vipsint—iike = V — BVj.

A rather naive geometrical pictﬁre for calculating the number of participating nucleons in
central collisions, for e.g A — B collision where A < B, follows: the radii of the nuclei can
be obtained from 4R3rng/3 = A, where A in this relation denotes the mass number of the
nucleus in question and ng is the nuclear density taken to be 0.17/fm?3. Now, the height of
the cylinder cut out of the target by the path of the projectile is H = A/ﬂ. Thus
the volume of this cylinder is V.,; = 2R47H. The height of the spherical slices at the two
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ends of the cylinder is A = Rr — \/R% — R%, so the volume of the two spherical slices is
Vie = %Wh2(3RT — k). Thus the total number of target participants is N,Zg:t = no(Veyt + Viic)
and for the total number one add the projectile nucleons of which in central collision they

all participate.

One can also use an oversimplified approach using the participant-spectator model. Assum-
ing a hard sphere nuclei of radius R and constant density inside, the number of projectile
participants is given by
: 2 3

N,, = 37/}%5/; 7(R? — 2¥)dz = A (1 - %%; + 4%3-> , (4.30)
with impact parameter b. The most general method is the one considered by Salmeron [139].
Here not only the number of projectile participants is calculated, but also the number of the
target participants, and the model is b dependent. This model together with Glauber model

is of interest to see its impact on the hadron gas model considered here.
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Appendix A

Kinematic Variables

The kinematic variables commonly used in high-energy heavy ion collisions are transverse
mass, mr, and rapidity, y. In any collision there is a unique defined direction, the beam
axis z. Consider a particle of mass m and momentum p. The momentum component
along the beam direction is called the longitudinal momentum, p; (or p,). The components
perpendicular to the beam are combined and called the transverse momentum, pr (or p.). pr
is Lorenz invariant in any frame (including the lab system) moving parallel to the z direction.
The longitudinal momentum, p; and energy, £ = \/m, are not Lorenz invariant. The °

transverse mass is defined as

my = /pfzr_*_mz , (A.1)

and the rapidity is defined as
E
y=%ln(E+pl)=ln( +P1> : (A.2)

Rapidity has a very nice property in that it is additive under Lorenz transformation just

like a Galilean velocity under Galilean transformations. Therefore, the differential dy is
Lorenz invariant. Using transverse mass and rapidity, we can easily derive the energy and
longitudinal momentum: From Eq. A.2, we have

E+P1_ _
E—p’

eV =

(A.3)
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and

- /E—PI
[ y= E+p1 . . (A4)

Adding Egs. A.3 and A.4, we get the relation between the energy and the rapidity of the

particle:
E =mrcoshy |, (A.5)

and subtracting Eq. A.4 from Eq. A.3, we obtain the relation between the longitudinal

momentum p; and the rapidity y of the particle
pi=mrsinhy . (A.6)

This makes the energy and longitudinal momentum transformation easy. To characterize the
rapidity of the particle it is necessary to measure two quantities of the particle, such as its
energy and its longitudinal momentum. However, in many experiments, it is only possible
to measure the angle of the detected particle relative to the beam axis. In that case, it is
convenient tb use the pseudorapidity variable n to characterize the detected particle This
variable is closely related to rapidity and it depends only on the polar angle, 8, which is the

angle between the particle momentum p and the beam axis.The pseudo-rapidity is defined

Lo flpl+p) (Pt
= =In =In|——
2 |p| — P pr (A?)

= —In[tan(6/2)] .

as

Looking at Egs. A.2 and A.7, one quickly see that the pseudo-rapidity variable coincides
with the rapidity variable when the momentum is large, i.e, when |p| ~ E. Consider now
the change of variables from (y, pr) to (7, pt). One can change from y to n and vice versa.

From Eq. A.7, we have

o (PR (A.8)
lpl—p’
and
Rl B ' (A.9)
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Adding Egs. A.8 and A.9, we obtain the relation

|p| = prcoshy, (A.10)
where pr is the magnitude of the transverse momentum
r=vVpP—-p. (A.11)
Subtracting Eq. A.9 from A.8, we obtain
pt = prsinhn . (A.12)

Using these results we can express the rapidity variable y in terms of the pseudorapidity

variable n as

v=1 1 [\/pTcosh n—l—m?—l—stmhn} ’ (A.13)

\/pT cosh?n 4+ m? — prsinhy

where m is the rest mass of the particle. Conversely, the pseudo-rapidity variable n can be

expressed in terms of the rapidity variable y by

(A.14)

r=1 l \/mTcoshzy—mz-l-stmhy
\/mT cosh®?y — m? — mpsinhy

If particles have a distribution dN/dydpz in terms of the rapidity variable y, then the

distribution in the pseudo-rapidity variable 7 is

(A.15)

dN m? dN

dndpr m% cosh? y dydpr
In experiments, only the pseudo-rapidity variable of the detected particles is measured to
give dN/dn, which is the integral of dN/dndpr with respect to transverse momentum. One
can compare this quantity with d/N/dy which is the integral of dN/dydpr with respect to

transverse momentum. For massless particles 7 and y are identical.
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Appendix B

The Thermodynamics of Quark-Gluon

Plasma

B.1 Quarks and Gluons at high 7" and /'Lquarkbzo

The phase space volume of quarks in a spatial volume V- with momentum p in the momentum
interval dp is 47fp2dp',V. Each-state occupies a phase space vdl-ufne of (2wh)®. Therefore the
number of states characterized by a momentum p in the interval dp is 4wpdp V/(27)>.
For a given temperature T', not all the states are occupied. The occupation probability for
the state with a momentum p is given by the Fermi-Dirac distribution for that particular

temperature T'.

The number of quarks in a volume V with momentum p within the interval dp is

_ g,Varpidp 1
iy = (27)3 1+ elp—ug)/T [ 7 (B.1)

where the factor in the curly brackets is a Fermi-Dirac distribution, p, is the quark chemical

~ potential and g, is the degehéracy of quarks..
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The number density of antiquarks is ‘therefore

N /° i [1___1___]
T T @) S TP T T eenalT
(B.2)
1
1+6(P+uq)/T ’
and
_ 9q *° 2 1
éq - (27r)3/o AP dp1+e(P—uq)/T ' (B.3)

When the number density of quarks is the same as that for antiquarks, we have p, = 0. For

t, = 0, the energy of the massless quarks in the system of volume V' and temperature T is

E = 9q /°° pldp
= = S ey
' 272 Jo 1+ ep/T
B g_qK 4 /°° 23dz
- 22 T o l+e?
0V - (B.4)
— 4 e 3 -2z n _-nz
= 27r2 T /0 z°dz e 1;)(_1) e
9,V ad 1
= I'(4 -1 ,
LTI XD
where I' is the gamma function. One can show that
s 1 1 1
(-1 - Y - T
,,;) (n + 1)4 m=12,;,5~~- m4 m-;zzl;,e... m4
1 1
= 9 —
m=;2,3~- m? m=22,;,6~-— m? (BS)
1 1
= — —2
m—lX;,.'j m* m=1223 (2m)4
= (1 - 2—3) C (4) ’
where ((z) is the Riemann zeta function defined by [20]
1
= — B.6
(0= ¥ - (BS)

m=1,2,3---

The function ((4) has the value 74/90 [20]. The energy of the system due to quarks is

therefore

7 i
F = — V — 1 B.7
173 Y9q 30 s ( )

and the energy density is given by
7 2

8 gq 30 T4 » (B.8)
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From the pressure-energy density relation,

P=§§ (B.9)
the pressure due to quarks 1s
P, = % 9 % T, (B.10)
and the pressure due tb antiquarks is
szggqu“. (B.11)

Thus the pressure of the quark-antiquark gas at temperature T will be

ﬂ+&:g@ﬁwﬂ%T4 (B.12)
and the number density of quarks and antiquarks are
e =N 2% /ooo 153»)” ’
. . 3 (B.13)
= ;5 T°2(03).

where ((3) has the value of 1.20205 {20].

The energy of gluons in the system of volume V and temperature T is

_ggV * 3 1 S |
Eg_ﬂ?/o Pdp{m}, (B.14)

where the factor in brackets is the Bose-Einstein distribution for bosons and g, is the gluon

degeneracy,

B, = %Y /°° 2z
0

2m? er —1
g!]V 4 * 3 -z = -nz
= —2—7-;5' T ./0 z°dz e T;) e
g,V ad 1
v n=0 (B.15)
g
= # T* T'(4) ((4)
2
T
= V—T*
%7307
. 2 .
Therefore, -E;, = g, 0 T
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Again using P = 1 E/V, we have
P, =g, —T*. (B.16)

The number density of gluons are

_ 9 [* 2 L
Mo = 27 Jo P dp{eP/T—l}

= o 731(3) ¢(3) (B.17)

272

= 99 190273,
7T'2

B.2 Quarks and gluons at High Baryon Density

We consider a relativistic degenerate quark gas. For simplicity, we shall neglect the contri-
butions from antiquarks and gluons. The number of state in a volume V with momentum p

within the momentum interval dp is

9V ‘
@‘;?47rp2dp . (B.18)

The total number of quarks up to the Fermi momentum g, is

V ke
Nq = _‘.gg_g/u 47T'p2dp

(2m)® Jo (B.19)
9.V 3

tA A

6r2ta -
The number density of quarks is given by

Ny _ g
ng = _V_q = E#ug . (B.20)

The energy of the quark gas in a volume V is

dq |74 Hq 3
= 4np°d
Eq (27)3 Jo TPap

9V4

-87r2q'

The energy density of the quark is therefore

. Jdq 4
=gt
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And from the relation between the pressure and the energy density, we have

99 4
17 Sgpeth

When this pressure, P, = B, the bag pressure, the critical change of state takes place. This

leads to

2 1/4
o = (2‘;” B) , (B.23)
q

which corresponds to a critical quark number density given by

9q 14 3/4
nq(quark-gluon plasma) = 4 51 Bt (B.24)

and the corresponding critical baryon number density is

4 g 1/4
np(quark-gluon plasma) = 3 (274:;5) B3t (B.25)
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Appendix C

The Density of Particles at

Temperature T

The density n; of particle 7+ with rest mass m; at temperature T is given by

1 ©  4mp?d|p|
(27)3 Jo  /PTHmE/T _ 1

n; =
This can be written as

T3 /°° z%dz
n; =
0

272 2+(mi/T)? _ 1
_r / ® 2 dy e~ VEHmIT)? i = -/ +(m/T)?
272 Jo =0
3 o] 0
_ _T__ Z / 22 dy e~V Hm T
2m? = Jo

By using Eq.(9.6.23) of [20], we have

/°° 22 4z e~ (k1) /2+(mi/T)?
0

1 m?\? (k + 1)m;
T k+1 <’T_) 1(2( T ‘

The density is therefore
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(C.4)
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As a special case: For large m; such that m;/T >> 1, Eq.(9.7.2) of [20] gives

> kmi ~ 7TT —km.‘/T
i (T) “Vam ¢

and in this limit the density n; is

mT\¥*& 1
n, = < ) Z me kmi /T . (C5)
k=1

2w

The ratio of two different densities of two types of particles at the same temperature is

. m.\ 2
EN< 1) e~ (mi=m;)/T (C.6)

nj m;



Appendix D

Particle Yields in dn/dy and Thermal
Model

The Boltzmann approximation Eq. 1.6 gives the particle density in an infinite volume. Ig-
noring the finite volume corrections, it gives particle yields of

3
d n - e_E/T

- (D.1)

To transfer from (p., py,p.) to (pr,y, ¢) in the nucleon-nucleon center of momentum frame,

we made use of the Jacobian

Op: Opz Op;
dy dpr 0¢
O(pz, Py, P2) dpy Opy, Opy
APzyPysPz) | TPy PPy Py | _ g D.2
yprd) | 0y Opr 06 | T - (P2
dp. Op, Op:
dy Opr 0¢
and we get
Bn o« Epr e T dprdydd
(D.3)

x mi cosh(y)e‘m cTmycimTcig,lciqS :
Integrating Eq. D.3 over m7, given azimuthal symetry, we obtain

d ©° mIcosh
d—noc/ mi coshy e™ 7 T yme o (D.4)
dy  JIm
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2 2 2 m Ccos
- i ] T3¢~ (D.5)

x F+Tcoshy+cosh2y '

For massless particles, this reduces to the familiar T relation. For small y, dn/dy can be
p Y, Y

approximated as a Gaussian distribution with its width given by

T .
Fthermal = \/; . (DG)



Appendix E

Particle density ratios and transverse

flow

The Boltzmann equation for the density of particle species ¢

d3p B
i = i>‘i/ T,
n;=g n e~ T

can be written in the form

= A h = sinh .
mrdmr - (21)? 2mT I&l T coshyr Iy T T sin YT

We rearrange the above equation by using mrdmer = prdpr to get
n o« / dpr prmr Ki <m cosh yT) Iy <p—T sinh yT) .
0 _ T T :
Let us rescale Eq. (E.3) by dividing pr and mr by m to obtain

p :
n o m / apr pr mr ' <E7:_m cosh yT) Iy (—-m sinh yT) )
mT T

m m m

which leaves the integral dimensionless. Using [140], one can show that

/Ooo dz zv/z? + y* K, <C\/(IJ2 + yz) Io(bz)

D) cb2) v (yVe = ).

Comparing Eq. E.4 and Eq. E.5 we have

n o< m*T cosh yr I, <T—;-) )
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And finally we have

m2T . /m
n; = )\i%:)— coshyr K, <T) . (E.7)

This shows that the ratios of particle densities are independent of transverse flow. One
notices that the only difference from a stationary fireball is that now we have a factor cosh yr
which is attributed to the Lorenz contraction in the transverse direction of the fireball, since

cosh y7 = v, which then reduces the volume to vViiationary-



Appendix F

Thermal Boltzmann spectra and

Rapidity windows

Beginning from relation

el - =7 cosh(y~yrp) F.1
Py = ) mr cosh(y — yrp) € (F.1)
We integrate the above equation by parts over mr and make use of y' = y — ypp to arrive at
dn gh e mey T \ . T \?
= = Te~Thy [ o ———— 2| ———— ) F.2
dy (2n)3 mie + m cosh y’ + m cosh y’ (F-2)
The behaviour of the above equation for m > T is
d_n ~ e—3r(y-vrE)® (F.3)
dy

For massless particles, the rapidity and pseudorapidity spectra becomes equal: dn/dy ~
1/ cosh? y" Looking at the above equation, Eq. F.3, data which have been collected in a small
rapidity window (compared with the total rapidity distribution width, say éy < 0.5 or s0)
should be compared with a thermal model by using a fit of the form

d - 2T
" & mre T , ' (F.4)

dyme
with T.ss = T/ cosh(y —yrp). In a large rapidity window around yppg, the y integrated form
of the above equation, in the limit where my >T produces the relation

_dn_ % m:;%w e~ T } o (F5)
me .
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In this case one should plot

vs mg . F.6
m;/zme T ( )



Appendix G

Transformation of d°p into cylindrical

coordinates

Due to the cylindrical symmetry of the collision we are modelling, it is convenient to introduce
two variables: y, longitudinal rapidity (which is Lorentz-additive), and mr, transverse mass.

We define y, the longitudinal rapidity, as

y = tanh™! (%) . v (G.1)

We have chosen the boost to be only along the z-axis, so p./E = (8v)/y = B, which is just

vy, as we use units where ¢ = 1. Defining mr as

mr = \/m?+pi4+p?, | (G.2)
and writing the momentum 4-vector of the beam as |
p* = (E,pz, py, p:) = (mrcoshy, pz, py, mrsinhy) , (G.3)
and using
¥ p, = sz cosh? y—pi—pz—sz sinh? Yy = Ez—pi—‘pz —pi =m?, (G.4)
the familiar ;elati.on
Ez—pi—pi—p§=mé, . T (G.5)
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is regained.

Now we transform d®p into cylindrical coordinates:
d*p = 27 pr dpr dp, dé (G.6)

with pr = transverse and p, = longitudinal momenta respectively. If one recalls that m3 =

m? + p%, it follows that mr dmr = pr dpr, which transforms the above equation into
d®p = 21 mr dmr dp, dé . (G.7)

Using the definition of rapidity we have dy = dp./F, we finally have the transformation of

d®p into the cylindrical coordinates y and mz

d*p = 27 mp dmr Edy dé . (G.8)



Appendix H

Excluded volumes

The density of a system of V "real” particles in a volume V is

N
real

If we shrink the "real” particles to point-like particles the volume of the point-like particle

n

becomes V — V4, where V; denotes the original "real” particle volume and density of point-like

particles becomes _
N _ NV
V-NV, 1-2%V

real

n
1 — nreal% :

npoint-—like

From this it follows that

point—like
real __ n

1+npmntltkc‘/0 ( 3)

In the thermodynamic limit where the temperature and chemical potential goes to infinity

lim npointlike 00
T—c0
1 (H.4)
§ el = = den acking limit .
Aim 7 T se packing limi

If each particle species has the same excluded volume then the particle ratios calculated
using the ‘excluded volume’ ensemble are the same as those calculated in the ideal free gas
_of pointlike, non- interacting particles. However, if the excluded volume varies from species

to species, the particle ratios are affected.-

143



144 APPENDIX H. EXCLUDED VOLUMES



Appendix 1

Finite volume correction for a

spherical fireball

The quantum mechanical wave functions that describe the spherical fireball are subject to
a surface boundary condition that requires these wavefunctions to vanish at that surface.

Quantitatively, we look for solutions of

VWU 4+ =0, ¥ 0. (L.1)

surface =
Each proper solution ¥(z,y, z) = sin(k;z) sin(k,y) sin(k,z) corresponds to a lattice point in
k space, with k, = Ir/a, k, = mn/a, k. = n7/a is the radius of the sphere. Each state fills
out a characteristic volume 73/a®, and the states are filled to a ky,... This can be visualized
as the states occupying an octant of a sphere, except for slablike regions at coordinate plane‘s
(z or y or z = 0), and on the shell, where the boundary cohdition applies. Volume = shell -
correction for ring-like strips + recorrection for corners subtracted twice in counting volume
of rings, or more elegantly, if we look at the number of states d N with wave number k found
in the interval k + dk

kZ
VR o - 2F g +/ x dS dk/8x? (1.2)

272 8r

dN =

with V the volume, S the surface area and x the local total curvature of the sphere, which
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is just L, the characteristic length of the fireball. So N, the number of allowed states with
wave number less than k

VE®  Sk? Lk

- 672 167 ' 8x2

N (1.3)

In other words, the entire geometric volume is not free to be populated by quantum states.
The forbidden regions, when the volume is small, have to be taken into account, hence
the term ‘finite volume correction’. The plus and minus signs refers to von Neumann and

Diritchlet conditions respectively.

3



Bibliography

[1] J.D. Bjorken, Phys. Rev. D27 (1983) 140.

2] B.D. Keister and L.S. Kisslinger, Phys. Lett. B64 (1976) 117.
3] T.D. Lee, Rev. Mod. Phys. 47 (1975) 267.

[4] Gell-Mann, Phys. Lett. 8 (1964) 214.

[5] G. Zweig, CERN-TH/412, 1964.

[6] H. Satz, Nucl. Phys. A544 (1992) 371c.

[7] L. McLerran, Rev. Mod. Phys. 58 (1986) 1021.

[8] N.H. Christ, “Finite temperature in QCD”, Proceedings of Quark Matter ’91, Nucl.
Phys. A544 (1992) 8lc.

[9] H.H. Gutbrod, In International Conference on the Physics and Astrophysics of Quark
Gluon Plasma, Bombay (1988)

[10] 1. Tserruya, CERN-PPE/95-185.
[11] T. Alber et al., Phys. Rev. Lett. 75 (1995) 3814.
| [12] A. Chodos et al., Phys. Rev. D9 (1974) 3471.
[13] C.D. DeTar and J.F.Donoghue, Ann. Rev. Nucl. Part. Sci. 33, (1983) 235.
[14] L. Wilets, “Bag Models of Nucleus”, World Scientific, 1989.

[15] T. Akesson et al., Nucl. Phys. B353 (1991) 1.

147



148

[16]
[17]
[18]
[19]

[20]

21]
22]
23]
[24]
25]

[26]

[27]
[28]
[29]
[30]
[31]
[32]

[33]

[34]

[35]

BIBLIOGRAPHY

C. Wong, "‘Introduction to High-Energy Heavy-lIon Collisions”, World Scientific, 1994.
F. Wilczek, Ann. Rev. Nucl. Part. Sci. 32 (1982) 177.

K. Werner, Phys. Rep. 232 (1993) 87.

H.C. Eggers and J. Rafelski, Int. J. Mod. Phys. A6 (1991) 1067.

M. Abramowitz and I.A. Stegun, “Handbook of Mathematical Tables”, Dover Publi-
cations, New York. 1965.

E.V. Shuryak, Phys. Lett., BT8 (1978) 150.

T. Matsui and H. Satz, Phys. Lett. B178 (1986) 416.

R. Hagedorn, Suppl. Nuovo Cimento 6 (1968) 311.

R. Hagedorn and J. Ranft, Suppl. Nuovo Cimento 6 (1968)169.
R. Hagedorn, CERN yellow report 71-12 (1971).

“Statistical Mechanics of Quarks and Hadrons”, (Ed) H. Satz, North Holland, Ams-
terdam, 1981.

R. Hagedorn and K. Redlich, Z. Phys. C27 (1985) 541.

C. Dereth, W. Greiner, H.-Th. Elze and J. Rafelski, Phys. Rev. C31 (1985) 1360.
M. Gorenstein, V.K. Petrov and G.M. Zinovjev, Phys. Lett. B106 (1981) 327.

R. Hagedorn and J. Rafelski, Phys. Lett. BOT (1980) 136.

J. Cleymans, E. Suhonen, G.M. Weber, Z. Phys. C53 (1992) 485.

J. Cleymans and H. Satz, Z. Phys. C57 (1993) 135.

B. Miiller, Lecture Notes in Physics 225, “The Physics of Quark-Gluon Plasma”,

Springer-Verlag , 1985.
B. Miiller and J. Rafelski, Phys. Lett. B116 (1982) 274.

B. H.-Th. Elze, W. Greiner and J. Rafelski, Phys. Lett. B124 (1983) 515.



BIBLIOGRAPHY . 149

[36] Review of Particle Properties, Phys. Rev. D50 (1994) 1177.

37) K. Redlich and L. Turko, Z. Phys. C5 (1980) 201.

{38] J. Kapusta, “Finite Temperature Field Theory”, Cambridge University Press (1989).
[39] J. Cleymans, K. Redlich and E. Suhonen, Z. Phys. C51 (1991) 137.

[40] J. Rafelski and M. Danos, Phys. Lett. B97 (1980) 279.

[41] J. Schukraft, CERN Preprint, PPE-91-04.

[42] G. Odyniec, In Hot Hadronic Matter: Theory and Experiment, J.Letessier, H. Gutbrod
and J. Rafelski(Eds.), Plenum Press, New York (1995) 405.

[43] J. Cleymans, H. Satz, E. Suhonen and D.W. von Qertzen, Phys. Lett. 242B (1990)
111.

[44] N.J. Davidson, H.G. Miller, R.M. Quick and J. Cleymans, Phys. Lett. B255 (1991)
105.

[45] N.J. Davidson, H.G. Miller and D.W. von Oertzen, Phys. Lett. B256 (1991) 554.
[46] J. Cleymans, D. Elliott, H. Satz and R.L. Thews, CERN TH/95-298.

[47) P. Br;un-Munzigef, J. Stachel, J.P. Wessels and N. Xu, Phys. Lett. B344 (1995) 43.
[48] Duncan Elliott, M.Sc. Thesis, University of Cape Town (1996) (unpublished).

[49] U. Heinz and K.S. Lee, Phys. Lett. B259 (1991) 162.

(50] J. Cugnon and R.M. Lombard, Nucl. Phys. A422 (1984) 635.

[51] S. Nagamiya, Phys. Rev. Lett. 49 (1982) 1383.

[52] Y. Akiba, Phys. Rev. Lett. 70 (1993) 70.

[53] G.S.F. Stephans, Nucl. Phys. A566 (1994) 269c.

[54] H Baker e al., Z. Phys. C64 (1994) 209

[55] Y. Akiba for E802 Collaboration, Particle Production in Au+Au Collisions from BNL
E866, Talk presented at Quark Matter '96, Heidelberg, Germany, may 1996.



150

[56]

[57]

[58]

[59]

(60]

(63]
[64)
[65]
[66]
[67]
[68)
[69]
[70)

[71]

[72]

BIBLIOGRAPHY
Low p; pion enhancement in 2857 + Pb at 14.6 GeV/c, T.K. Hemmick, Proceedings of
Quark Matter 93, Nucl. Phys. A566 (1994) 435c. .

Low p: phenomena observed in high energy nuclear collisions, J Simon-Gillo, In Pro-

ceedings of Quark Matter ’93, Nucl. Phys. A566 (1994) 175c.

Transverse momentum distributions of hadrons, B. Jacak, Proceedings of Quark Mat-

ter '90, Nucl. Phys. A525 (1991) 77c.
K.S. Lee and U. Heinz, Z. Phys. C43 (1989) 425.

Collective effects and nuclear stopping, M. Hoffmann et al, Proceedings of Quark Mat-
ter '93, Nucl. Phys. A566 (1994) 15c.

Particle spectra and correlations from experiment 814, J. Stachel, Proceedings of Quark

Matter '93, Nucl. Phys. A566 (1994) 183c.

M.I Gorenstein and H.G Miller, The coulomb interaction and the electrical chemical

potential in heavy ion collisions, preprint (unpublished).
S. Nagamiya, Nnucl. Phys: A461 (1987) 239c.

K. Guettler ef al, Nucl. Phys. B116 (1976) 77.

T. Abbott, Phys. Rev. D45 (1992) 3906.

T. Abbott, Phys. Rev. Lett. 66 (1991) 1567.

R. Mattiello et al., Phys. Rev. Lett. 63 (1989) 1459.

H. Sorge et al,Phys. Lett. B271 (1991) 37.

B.H. Sa et al,Phys. Rev. C48 (1993) 2995.

C.M. Mader et al,, Phys. Rev. C45 (1992) 2438.

“Strangeness production in relativistic ion collisions - theoretical overview”, J. Cley-

mans, Proceedings of Quark Matter '90, Nucl. Phys. A525 (1991) 205c.

“Strangeness production in relativistic heavy ion collisions - an experimental survey”,

O. Villalobos Baillie, Proceedings of Quark Matter 90, Nucl. Phys. A525 (1991) 189c.



BIBLIOGRAPHY 151

[73] G. Giacomelli and M. Jacob, Phys. Rep. 55 (1979) 1.
[74] B. Miiller, P. Koch and J. Rafelski, Phys. Rep. 142 (1986) 167.

[75] Proceedings of AIP Conference 340 on Strarigeness in Hadronic Matter,J. Rafel-
ski(Ed.),Tucson, AZ, 1995.

[76] Proceedings of the Quark Matter 95, Nucl. Phy. A590 (1995).
[77] J. Cleymans, K. Redlich, H. Satz and E. Suhonen, Z. Phys. C58 (1993) 347.
[78] K. Redlich, J. Cleymans, H. Satz and E. Suhonen, Nucl. Phys. A566 (1994) 391c.

[79] J. Letessier, A. Tomsi, U. Heinz, J. Sofrank and J. Rafelski, Phys. Rev. D51 (1995)
3408.

[80] J. Letessier, A. Tomsi, U. Heinz, J. Sofrank and J. Rafelski, Phys. Rev. Lett. 70 (1993)
3530.

[81] J.P. Davies (WA85), In Proceedings of AIP Conference 340 “Strangeness in Hadronic
Matter”, J. Rafelski (Ed.), Tucson, Az, 1995, page 223. |
[82] S. Abatzis et al, Nucl. Phys. A566 (1994) 225c.

[83] AFS Collaboration: T. Akesson et al., Nucl. Phys. B246 (1984) 1.

[84] O. Villalobos Baillie (WA94 Collaboration), In Proceedings of AIP Conference 340,
“Strangeness in Hadronic Matter”, J. Rafelski (Ed.), Tucson, Az ,(1995) page 259.

[85] J. Rafelski, Phys. Rep. 88 (1982) 331.

(86] U. Heinz et al. Phys. Rev. Lett. 58 (1987) 2292.

[87] A. Shor, Phys. Rev. Lett. 54 (1985) 1122.

[88] L. McLerran, Proceedings of Quark Matter ’86, Nucl. Phys. A461 (1987) 245c.
89] B. Miiller, Proceedings of Quark Matter 91, Nucl. Phys. A544 (1992) 95c.
[90] S. Nagamiya, Proceedings of Quark Matter 91, Nucl. Phys. A544 (1992) 5c.

[91] J. Rafelski, Nucl: Phys. A418 (1984) 215..



152

[92]
[93]
[94]
[95]
[96]
[97]
(98]
[99]
[100]
[101]
[102]
[103]
[104]
[105]
[106]
[107]
[108]
[109]
[110]
[111]

[112]

BIBLIOGRAPHY

J. Rafelski and B. Miiller, Phys. Rev. Lett. 48 (1982) 1066.

C.M. Ko et al., Nucl. Phys. 498 (1989) 56lc.

C.M. Ko et al. Phys. Rev. C38 (1988) 179.

C.M. Ko, Z.G. Wu and L.H. Xia, Phys. Rev. C43 (1991) 1881.

Y. Pang, T.J. Schlagel and S.H. Kahana, Phys. Rev. Lett. 18 (1992) 2743.

H. Sorge et al., Phys. Lett. B243 (1990) 7.

H. Boggild et al., Nucl. Phys. B57 (1973) 77.

H. Boggild et al., Nucl. Phys. B27 (1971) 285.

J.V. Allaby et al., CERN Report No.70-12, 1970.

H. Fesefeldt et al., Nucl. Phys. B147 (1979) 317.

Review of Particle Physics, Phys. Rev. D54 (Part One) (1996) 196-197.

V. Blobel et al., Nucl. Phys. B69 (1974) 454.

D. Deckers ¢t al., Phys. Rev. B137 (1965) 962.

U. Becker et al., Phys. Rev. Lett. 37 (1976) 1731,

T. Abbott et al., (E802 Collaboration), Phys. Rev. Lett. 64 (1990) 847,

W.M. Geist, Proceedings of Quark Matter '90, Nucl. Phys. A525 (1991) 149c.
S. Fredrikson ef al., Phys. Rep. 144 (1987) 187.

T. Abbott et al., (E802 Collaboration), Phys. Rev. Lett. T0 (1993) 1393.
Private discussions with Shoji Nagamiya and Fugiang Wang.

D. Morrison, PhD. Thesis, Massachusetts Institute of Tecnology (1994) (uppubiished).

G.S.F".Stephas, In Proceedings of AIP Conference, “Strangeness in Hadronic Mat‘ter”.,
J. Rafelski (Ed.), Tucson, AZ (1995) page 124.



BIBLIOGRAPHY 153

[113] W.A. Zajc, (E802 Collab), Nucl. Phys. A544 (1992) 237.

[114] T. Abbott Phys. Lett. B291 (1992) 341.

{115) R.M. Quick, N.J. Davidson and H.G. Miller Z. Phys. C50 (1991) 37.

[116]

[117]

[118]

[119]
[120]

[121]

[122]

[123]

[124]
[125]

[126]

[127]

R. Hagedorn and J. Rafelski, Proceedings of Statistical Mechanics of Quarks and
Hadrons, H. Satz (Ed.), North-Holland, Amsterdam, 1981.

J. Cleymans, H. Satz, E. Suhonen and D.W. von Oertzen, Talk presented by J. Cley-
mans at the Summer School in Theoretical Physics “Phase Structure of Strongly Mat-
ter”, Cape Town, 1990.

J. Cleymans and A. Muronga, Hadronic Ratios as a function of Baryon Number, UCT-
TP 234/96 to be published in Phys. Lett. B.

B.A. Li, Phys.Lett. B346 (1995) 5.
M.Gyulassy and S. Kauffmann, Nucl. Phys. A362 (1980) 503.

J. Cleymans and A. Muronga, Hadronic Ratios and the Number of Projectile Par-
ticipants, UCT-TP 230/96, Talk presented by A. Muronga at the First RHIC Theory
Workshop, BNL, NY, 1996, to be published in Proceedings of RHIC Theory Workshop

-1996. -

B. Cole (E802) Collaboration, In Proceedings of Quark Matter '95, Nucl. Phys. A590
(1995) 179c.

M. Gonin, Preprint, (E802/E866 Collaboration) BNL - 47925

M. Gonin, in Heavy Ion Physics at the AGS, G.S.F. Stephans et al.(Eds.), MITLNS-
2158 (1993) p184.

Y. Wang (E859), In Proceedings of AIP Conference 340, “Strangeness in Hadronic
Matter”, AZ, J. Rafelski (Ed.) (1995) page 138.

M. Gazdzicki and D. Réhrich, Z. Phys. C65 (1995) 215.

B. Shiva Kumar, in Heavy lon Physics at the AGS, G.S.F. Stephans, it.et al.(Eds.),
MITLNS-2158 (1993) 144. '



154 BIBLIOGRAPHY

[128) U. Heinz, Nucl. Phys. A566 (1994) 205c.

‘[129] J.Cleymans, K.Redlich, H.Satz and E.Suhonen, Z. Phys. C33 (1986) 151.
[130] J. Cleymans and E. Suhonen, Z. Phys. C37 (1987) 51.

[131] A.G Schnabel, Preprint UCT-TP 97/88, Cape Town, 1988 (unpublished).

[132] D.W von Oertzen, N.J Davidson, R.A Ritchie, and H.G Miller, University of Pretoria
preprint, UPTG 7/91.

[133] D. Hill and J. Wheeler, Phys. Rev. 89 (1953) 1177.

[134] H.R Jagaman, A.Z Mekjian, and L. Zamick, Phys. Rev. C29 (1984) 2067.
[135] R.Balian and C.Block, Ann. Phys. 60 (1970) 401.

[136] R. A. Ritchie, PhD. thesis, University of Pretoria, (1996) (unpublished-).

.[137] P. Braun-Munziger et al.,, State University of New York at Stony Brook preprint,
SUNY-RHIC-95-8.

- [138] M.G. Weber, MSc. Thesis, UCT (1992) (unpublished).
[139] R.A. Salmeron, Nucl. Phys. B389 (1993) 301.

[140] A. Prudnikov, U. Brischkov and O. Maritsev, “Integrals and Series : Special Func-
tions”, Moscow (1983) 378 |

[141] Private discussions with J. Cleymans, K. Redlich and D. Srivastava.





