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Abstract

For the first time, MHV techniques are applied to radiative energy loss processes in

QCD. First, we provide a pedagogical introduction to MHV techniques with explicit

computational example on qq̄ → gg cross section and splitting functions which

reproduces known results. Next, we derive the multiple photon emissions current to

reproduce the Poisson distribution of photon radiated from a high energetic quark.

Then we derive the equivalent current for the case of multiple gluon emissions in

vacuum. We then use the previous result to compute the two gluon correlation.

We also study the radiation current induced from a change in the color state of an

energetic quark: we start with the case of 1, 2, and 3 gluon induced radiations and

then conjecture the analytic expression for n gluon emissions. We then prove this

conjecture for the case where the emitted gluons are symmetric and antisymmetric

under gluon permutations.
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1Introduction

In the beginning of the twentieth century, the two main pillars of the modern physics,

quantum mechanics (QM) and special relativity (SR), were formulated. In 1900, the

notion of quanta was proposed by Max Planck [1] as a solution to the black-body

radiation problem and a decade later became the quantum theory that describes the

physics of atomic levels. Special relativity, on the other hand, was introduced by

Albert Einstein [2] in 1905 to resolve the inconsistency of Newtonian mechanics with

Maxwell’s equations of electromagnetism. Despite the success that the two theories

achieved, it is necessary for QM and SR to be combined to understand subatomic

matter. The resulting theory of this unification is quantum field theory [3].

Today, as a relativistic extension of quantum mechanics, quantum field theory

(QFT) has become a mathematical framework to describe three of the fundamental

forces: the electromagnetic interaction, the weak interaction and the strong interac-

tion. The electromagnetic (EM) force, one of the two significant forces in everyday

life, was the first to be promoted into QFT and is called quantum electrodynam-

ics (QED) [4, 5]. This theory describes the interactions between charged particles

via photon exchange, the mediator of the force. The weak and strong interactions

are nuclear forces and occur only at the subatomic level. The weak interaction is

responsible for the β decay that converts a neutron into a proton or the other way

around [6, 7]. In the language of field theory the weak force is mediated by the

massive W± and Z bosons just as the photon mediates the electromagnetic force in

QED. Finally, the strong interaction is the force that keeps protons and neutrons

bound together in the nucleus, and it is described by the QFT known as quantum



1.1. Road to QCD 2

chromodynamics (QCD), a theory that explains the interaction of color charged

particles, quarks and gluons [8].

On top of been able to describe the three fundamental forces, QFT, as a mathe-

matical framework, has successfully combined those three formulations into a single

theory known as the Standard Model (SM) and leads to the classification of all

known elementary particles. Successfully explaining many experimental results and

precisely predicting a wide variety of phenomena, SM has become established as a

well-tested physics theory [9–11].

1.1 Road to QCD

The idea of a strong nuclear interaction arose right after the discovery of the neutron

by Chadwick in 1932 [12]; this discovery indicated that nuclei consist of protons and

neutrons and for this reason the strong force, with a short range interaction, has

to be strong enough to counter the electromagnetic repulsion between protons. In

1935, Yukawa came up with the meson theory in which the short range force could be

understood as an exchange of a virtual meson [13]. This mediator particle predicted

by the meson theory was indeed observed: the π-meson discovered in 1947 [14].

Shortly after finding the π-meson, many other mesons were observed from cosmic

rays [15, 16]. Following the discovery of mesons, enormous experimental progress

was made toward the understanding of the strong force alongside with theoretical

developments.

Gell-Mann [17] and Nishijima [18] introduced a new quantum number, strangeness,

which can explain why certain particles produced in strong interactions had a

longer lifetime than expected. The theoretical cornerstone was when Gell-Mann and

Ne’eman showed that hadrons could be classified into multiplets of the irreducible

representation of the SU(3) group, the Eightfold Way classification [19–21].

In 1964, Gell-Man [22] and independently Zweig [23] proposed the existence of

a substructure in the assumption that baryons are bound states of those new con-

stituents, while mesons are bound states of two. Gell-Mann named these hypotheti-

cal substructure particles quarks. Quarks were later accepted to be the fundamental
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Figure 1.1: The running strong coupling constant, αs(Q) [32].

building blocks of baryonic matter. Quarks are fermions with fractional charge, and

at the time there were three kinds known: one with charge 2/3 is called “up” (u),

one with charge −1/3 is called “down” (d) and one more with charge −1/3 called

“strange” (s).

The quark model had numerous predictions found to be in good agreement with

data. On the other hand, Han and Nambu [24] and Miyamoto [25] pointed out that

on top of the different flavors of quarks they have to occur in three different states

in order to obey spin statistics. This new quantum number was named color; hence

a quark can have a color red, blue or green. The final step that led from the quark

model to quantum chromodynamics was the introduction of a non-Abelian gauge

field by Fritzsch and Gell-Mann [26]; they named the particles of the field gluons,

which carry color from one quark to another. The discovery of three jet events at

DESY (Deutsches Elektronen-Synchrotron) confirmed the existence of gluons and

determined their spin to be one [27,28].

Despite the resemblance between the strong and electromagnetic interaction,

electric-color charge and photon-gluon mediator, the non-Abelian nature of QCD

leads to a number of phenomenological differences. Color confinement, simply called
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confinement [29], is a phenomenon that color charge cannot be isolated; therefore

quarks and gluons are constrained to be bound into hadrons. Unlike QED, the

coupling strength of QCD is strong at large distance scales while it decreases as the

length scale decreases, equivalent to an increasing in energy scale. The weakening of

the coupling at high energies is known as the asymptotic freedom of QCD [30, 31].

See Fig. 1.1 for an illustration of the running of the QCD coupling with energy,

αs(Q). The discovery of asymptotic freedom leads to the prediction of the existence

of deconfined quarks and gluons at high temperature (T � ΛQCD) and density

(ρ� Λ4
QCD).

1.2 Quark gluon plasma

1.2.1 Theoretical prediction

Quark gluon plasma (QGP) is the name given to the QCD state of matter char-

acterized by an equilibrium system of deconfined quarks and gluons. QGP can be

predicted as a direct implication of the asymptotic freedom. At very high temper-

atures and/or very high densities the interactions between quarks and gluons get

smaller and smaller, see Fig. 1.1, and at some point (T � ΛQCD) the interactions

are small enough that quarks and gluons are no longer bound together, deconfined.

At this scale T � ΛQCD, chiral symmetry is a symmetry of QCD since the

mass of the quarks (u and d) are very small compared to ΛQCD and become negli-

gible. However, these masses are relatively important at low energy which leads to

a spontaneous breaking of the chiral symmetry; and since phase transitions can be

described by spontaneous symmetry breaking then a phase transition is expected at

some critical temperature Tc [33].

At low energy, the non-Abelian nature of the strong force makes the theory

hard to solve; it may even impossible to get an analytical solution. However, the

lattice formulation of QCD (LQCD) by Wilson subsequently enabled numerical tech-

niques to address QCD nonperturbatively. In this approach, space-time is discretized

on a lattice with which numerical predictions are performed, and then the contin-

uum results are recovered by taking the lattice spacing to zero. Based on intense
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computational work from LQCD [34], it has been shown that the phase transition

from hadronic to deconfined QGP will take place at a critical temperature around

Tc ∼ 154MeV ; see Fig. 1.2.

Figure 1.2: Lattice QCD results for the trace anomaly, the pressure,

and the entropy density as a function of T [35].

1.2.2 Experimental observation

A few microseconds after the Big Bang, the temperature of the universe was above

the critical temperature TC necessary for QGP to have existed [33]. The Relativistic

Heavy Ion Collider (RHIC) at Brookhaven National Laboratory in the United States

began operations in 2000 to recreate and study in the laboratory this extremely

hot and dense matter. In 2010, the Large Hadron Collider (LHC) at CERN in

Switzerland also started a heavy ion collision program with a much higher collision

energy ∼ TeV . Side by side, RHIC and LHC experiments led to a conclusive

evidence for the formation of a “quark-gluon plasma (QGP)” [36–38,41].

• Strangeness production: In nature, ordinary matter is mainly composed of light

quarks (u,d). However in the QGP, heavy flavors will be produced via gluon-

gluon fusion which is increased by the high density of gluons. The abundance

of strange quarks is a typical signature for QGP production since the strange

quark’s mass is comparable to the critical temperature Tc for the QCD phase
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transition. Fig. 1.3 shows an enhancement of strange baryons produced in Pb-

Pb collisions with respect to pp collisions in which the enhancement increases

with the strangeness content, from Λ to Ω + Ω
∗, and increases also with the

number of participants Npart. The number of participants is the number of

nucleons that undergo at least one collision during a nucleus-nucleus collisions.

Figure 1.3: Integrated yields of strange baryons produced in Pb-Pb

collisions at
√
sNN = 2.76TeV [39].

• Collective flow: The second signature of QGP is the detection of a collec-

tive behavior which cannot be explained from a superposition of independent

nucleus-nucleus collisions. In a non-central collision, a hot and dense fireball is

formed in an ellipsoid shape perpendicular to the plane containing the centers

and the velocities of two colliding nuclei, the reaction plane. This asymmetry

leads to a pressure gradient which explains the collective motion of the parti-

cles emitted with respect to the reaction plane. In experiments the asymmetry

is measured by the elliptic flow, v2, which is a measure of how the flow is not

uniform along the azimuthal angle around the beam direction. This elliptic

flow v2 is defined as the second harmonic coefficient of the azimuthal Fourier
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decomposition of the momentum distribution,

dN

pTdpTdydφ
=

dN

pTdpTdy

(
1 + 2

∞∑

n=1

vn cos[nφ]

)
(1.1)

In Fig. 1.4, the elliptic flow produced in Pb-Pb collisions is shown. It is evident

from the plot that the flow increase with the centrality, which is related to the

initial overlap of the colliding nuclei Fig. 1.5, up to 50%.

Figure 1.4: Centrality dependence of elliptic flow v2 in Pb-Pb col-

lisions at
√
sNN = 2.76TeV [40].

• Jet Quenching: Highly collimated clusters of particles, produced from hard

scatterings known as jets, are also produced in heavy ion collisions. The par-

tonic nature of those jets makes them sensitive to the presence of a medium and

provides an external probe of the system. The fact that partons lose energy

dramatically in a medium of high color charge density leads to an observable

100% 0%

Figure 1.5: Initial overlap area of the nuclei as function of centrality.
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suppression in the number of detected particles at a specific momentum com-

pared to reference collisions without a QGP medium. Quantitative evaluation

of the suppression is made using the “nuclear modification factor”, RAA, the ra-

tio of the measured semi-inclusive yield to the point-like scaled proton-proton

cross section,

RAA =
1

N

dσAA
dσpp

. (1.2)

Fig. 1.6 shows the experimental results for RAA in Au-Au collisions measured

by PHENIX for direct γ, π0, and η [42]. The interpretation of this suppression

as a dense-medium effect acting on partonic matter is supported by the fact

that 1) there is no dependence on the final state hadronic mass and 2) the

direct photons do not show a suppression, since they do not interact with the

partonic matter.

Figure 1.6: The nuclear modification factor RAA as a function of

transverse momentum pT measured in central Au+Au collisions at

RHIC γ, π0, and η [42].
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1.3 Motivation

Much progress has been made in the theoretical understanding of the properties of

the probed plasma at RHIC and LHC.

On one hand is the picture of the strong force as weakly coupled (αs � 1).

Then quarks and gluons are approximately free, which makes perturbative QCD

(pQCD) calculations the most appropriate tool to describe the probed medium.

Perturbative QCD calculations are very successful for describing the energy loss of a

high-momentum parton passing through a medium [43–48]. On the other hand, is a

picture in which the strong force is strongly coupled (αs & 1) , and thus the plasma is

well understood as a strongly coupled fluid (sQGP), not as a free gas as in the pQCD

picture. Surprisingly non-perturbative calculations, such as LQCD and AdS/CFT,

are very successful tools for describing this strongly coupled plasma behavior of the

QGP [49–52]. AdS/CFT is a conjecture that maps a strongly coupled QFT in 4-

dimensional spacetime (conformal field theory or CFT) to a weakly coupled string

theory in 5-dimensional spacetime (gravity in the anti de sitter or AdS ). One of the

successful predictions of this approach is the minimal bound for the shear viscosity

ratio of the plasma [51,52], η/s = 1/(4π).

This thesis is mainly focused on the radiative calculation in the weakly coupled

regime in which the physics is pictured by pQCD calculations. In the initial overlap

of colliding hadrons, partons with high transverse momentum, pT � ΛQCD, are

produced. Then as the partons propagate though the expanding QGP medium, they

will experience multiple interactions with the different constituents of the medium

and radiate gluons, which leads to a momentum suppression. In this regime, the

momentum of the high-pT parton is altered by a combination of collisions with

medium quasiparticles, which are slightly thermally modified free quarks and gluons

[53,54]. And at relativistic speeds, radiative processes contribute to the majority of

the energy lost by the parton [55].

The single emission calculation is one of the most well understood structures in

the soft and/or collinear region [53]. In vacuum, the distribution of a single gluon

radiation off a quark differs from the spectrum of a photon off an electron only by
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a color factor CF and by the substitution of QED to QCD coupling

dNg = CF
2αs
π

dkT
kT

dx

x
, (1.3)

where kT is the transverse momentum of the emitted gluon and x = ω/E < 1 the

energy fraction of the radiation. Most of the theoretical development in pQCD-

based radiative calculations is centered on the single emission. The GLV (Gyulassy,

Levai and Vitev) approach computed the energy loss in a single induced emission

with a medium modeled as separated heavy static scattering centers with color

screened Yukawa potentials [47,48]. The ASW (Armesto, Salgado and Wiedemann)

approach is also focused on the single induced emission with a collection of heavy

static scattering centers with a Debye screened potential as a medium [56].

However, it has been estimated that the number of gluons radiated by a typical

high-pT parton in medium at RHIC or LHC is about 3 [57], which is not less or

equal to 1. A more realistic energy loss model must take into account the possibility

for multiple gluon emission.

In QED, the distribution of multiple photon emission is surprisingly simple in

the soft and collinear region [58]. The photon emissions are independent; the distri-

bution of n photons is given by the product of the individual emissions and follows

the Poisson convolution of the single inclusive photon

dNγ(n) =
1

n!

n∏

i=1

2α

π

dxi
xi

dkT i
kT i

. (1.4)

Unfortunately, the multiple gluon calculation is not as simple as the photon emission,

the non-Abelian nature of QCD which is reflected by the gluon self-interaction leads

to more complicated structure. But for simplicity, the multiple gluon emission is

often approximated to be independent, where the distribution of emitted gluons fol-

lows a Poisson distribution, with the mean given by the single gluon spectrum. And

most of the actual phenomenological calculations and Monte Carlo implementations

rely on this independent gluon emission approximation [56,59–61].

The AMY (Arnold, Moore, Yaffe) energy loss approach models the medium

to be composed by quark and gluon quasi-particles in which the interactions are

described by hard thermal loop field theory [62, 63]. In its formulation, AMY uses
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the emission rate equation to generate multiple radiation, thus keeping track of the

decreasing energy of the jet. Similarly, the higher-twist (HT) calculation [64,65] uses

a medium-modified DGLAP evolution to calculate multiple gluon emission in which

the evolution equation keeps track of the gradual degradation of the jet energy. By

keeping track of the energy degradation AMY and HT go beyond the most naive

assumption of multiple gluon emissions from a single gluon emission. The focus

of this thesis is to advance energy loss theory in a different direction, laying the

foundation for deriving multiple induced n-medium gluon emissions in which the

non-Abelian nature of QCD is included, i.e. radiated gluons can themselves radiate

gluons.

Research has shown that independent emissions do occur in a vacuum cascade

process where the angular of the multiple emissions are strongly ordered (θ1 > · · · >
θn) [66, 67]. Recently, there has been partial progress in computing the momentum

distribution of two radiated gluons in-medium beyond this ordering from which a

parton undergoing multiple scattering in a QGP medium [68–70].

In this thesis, our main focus is to provide a different framework, using the max-

imal helicity violating (MHV) techniques, in which the multiple gluon distribution

could be computed beyond the Poisson approximation. Poissonian behaviour is a

typical characteristic of Abelian emission so any deviation from the independent

emission prediction will be referred as a “non-Abelian correction”. We compute mul-

tiple gluon radiations from an off-shell quark, derived beyond strong ordering. The

non-abelian correction will induce multiple particle correlations which are important

to understand non-flow anisotropy produced in heavy ion collision. And such corre-

lation could also be used to improve vacuum Monte Carlo showering which are very

important for jet showering calculation and for understanding the QCD background.

It is important to mention that this is not the first time that MHV techniques

were introduced in heavy ion calculations. The first attempt was done in [71]; in

that work, instead of a quark, the high-pT parton was chosen to be a gluon. The

main difference between our work and that of [71] is in the application of the MHV

formula. In the procedure of squaring amplitude, [71] assumed that the square of a

sum of MHV terms is the sum of the square, thus losing information on non-Abelian
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effects.

1.4 Why MHV thechniques?

In this section we want to give a brief history of the development of the MHV

thechniques, and motivate why it is useful to study energy loss in heavy ion collision.

With the standard Feynman diagrammatic methods, the number of diagrams

becomes out of hand as the number of gluons increases. For example in e+e− →
qq̄ + ng, the number of tree level diagrams needed for a generic number of radiated

gluons is summarized in Tab. 1.1.

# Gluons 1 2 3 · · · n

# Diagrams 2 8 48 · · · n!2n

Table 1.1: Number of diagram needed in function of gluon legs.

In 1986, Parke and Taylor [72] conjectured that a very complicated Feynman

diagram expansion for multi-gluon scattering amplitudes could be simplified to a

very compact form if helicity conservation is maximally violated. In the case of

multi-gluon amplitudes such simplicity occurs when n − 2 gluons have the same

helicity and the other two have the opposite helicity. In 1988, the conjecture was

proved by Berends and Giele [73], and they also showed that with some choice of

kinematic variables, spinor helicity variables, the Parke-Taylor formula for the MHV

gluons can be written as

2+

1+

n+

i−

j−
= g̃n−2 〈ij〉4

〈12〉〈2n〉 · · · 〈(n− 1)n〉〈n1〉 , (1.5)

where g̃ =
√

2g and the bracket notation will be defined in Section 3.2 Today, the

maximal helicity violating techniques is known as a spinor helicity based formalism

which relies on the chirality of QCD. At a scale Q & Tc, the chiral symmetry of QCD

is restored which makes the MHV formalism useful for pQCD-based calculation.
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1.5 Outline of thesis

In the next chapter, we start with the QCD Lagrangian to review the Feynman

diagrammatic approach for computing scattering amplitudes. For illustration, we

compute the amplitude associated to qq̄ → gg scattering. We show, from a diagram-

matic perspective, that the color and kinematic degrees of freedom of the amplitude

can be factorized into ordered color factors and partial amplitudes.

In Chapter 3 we review the spinor helicity formalism for massless gauge theories

and introduce the spinor helicity variables. These new variables make the on-shell

condition of massless particles manifest at any stage of QCD calculations. In terms

of the spinor variables, we investigate the partial amplitudes associated to qq̄ → gg

according to its helicity configuration. The understanding of this simple process

leads us to introduce the concept of maximal helicity violating (MHV) amplitudes

for higher order processes like qq̄ → ng.

In Chapter 4 we show that the computational efficiency of the MHV techniques

makes the 2 → 2 cross section computation simple. This chapter is also used to

familiarize the reader with MHV calculations. In this chapter we perform our first

radiative calculation: we compute the probabilities of finding a gluon in a given

parton; these probabilities are known as splitting functions. Independently from

these computation, we introduce the photon decoupling in order to incorporate

photons in the MHV calculation.

In Chapter 5 we focus on the multiple radiation quest. We start with the compu-

tation of single photon emission current, and then use MHV to perform a rigorous

derivation to show the independent emission of photons. Similarly with the pho-

ton, we derives the single gluon emission current then generalize the computation

to multiple gluon emission.

In Chapter 6 we recall the multiple gluon emission current computed from the

previous chapter and consider the case of two gluon emissions. We compute the

distribution for two gluon emissions in the vacuum and derive the non-Abelian

correction to an assumption of independent emission. This non-Abelian effect leads

to a correlation between the two gluon emissions that we compare to the two-particle
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correlation measured by ALICE from p-Pb collisions.

In Chapter 7 we study the case of induced radiation from a single gluon absorp-

tion. In this picture, radiation can be induced from two distinct mechanisms: 1) the

incoming gluon provide the necessary energy to make the quark off-shell then induce

radiation; 2) the incoming gluon color charge will flip/rotate the color of the quark

that will induce a second type of radiation. In this chapter we investigate more

on the second mechanism in which we derive the multiple gluon radiation current

induced from such color flip.

We conclude the thesis in Chapter 8 which is followed by Appendices (A-F)

where we include several important detailed calculations.



2Quantum chromodynamics

In this chapter, we review the computation of scattering amplitudes using the stan-

dard diagrammatic methods of QCD. First, we recall the QCD Lagrangian to illus-

trate the different possible interactions between particles. Then we explore how the

color and kinematic degrees of freedom of QCD amplitudes can be factorized from

each other in a 2→ 2 process and conclude the chapter with the color and kinematic

decomposition for multiple gluon amplitudes.

2.1 QCD Lagrangian

Quantum chromodynamics (QCD) is the quantum field theory of the strong in-

teraction. Reviews of QCD basics can be found in any standard QFT textbook

e.g. [58, 74]. QCD describes the force that binds color object quarks and gluons to

hadrons and mesons. QCD is described by a non-Abelian SU(3) gauge theory with

which the color charges of the theory are given by the generators of the gauge group.

For massless QCD the Lagrangian is defined as

LQCD ≡ iψ /Dψ − 1

4
F a
µνF

aµν , (2.1)

where ψ is the field related to the quark. In fact the quark field has two omitted

indices: one is a spinor index that runs from 1 to 4, meaning that the quarks and

anti-quarks are spin 1/2 particles; the other one is a color index running from 1

to 3, since the quarks live in the fundamental representation of the gauge group

SU(3). On the other hand, the Lorentz 2-tensor F a
µν is the gluon field strength
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tensor associated to a gluon with a color index a, where a = {1, . . . , 8}, and is

defined as

F a
µν ≡ ∂µA

a
ν − ∂νAaµ + gfabcAbµA

c
ν (2.2)

Here the Lorentz vector Aaµ are the 8 gluon fields that live in the adjoint representa-

tion of SU(3), g is the coupling constant of QCD and fabc is the structure constant of

the algebra where [Ta, Tb] = ifabcTc. Here Ta’s represent the generators of the group

SU(3). The Lagrangian Eq. (2.1) contains two types of local interactions. First the

quark-gluon interaction, which is hidden in the covariant derivative /D defined as

/D ≡ γµDµ ≡ γµ∂µ − igγµTaAaµ. (2.3)

Second, the self gluon interactions, which are folded into the term F a
µνF

aµν and that

give rise to three and four gluon interactions. The gauge boson self-interactions

are the effect of the non-Abelian nature of the theory which makes QCD different

from QED. In the perturbative regime, g � 1, diagrammatic expansions are used

to illustrate the interactions among quarks and gluons in order to compute the

amplitude of a given scattering process. In momentum space the Feynman rules for

the different vertices are shown below

−igγµ(Ta)ij

q

k
p

a, µ

b, ν

c, ρ

−gfabc [(q − k)µgνρ

+(k − p)νgρµ + (p− q)ρgµν ]

a, µ b, ν

d, σc, ρ

ig2[ fabef cde(gµρgνσ − gµσgνρ)
+facef bde(gµνgρσ − gµσgνρ)
+fadef bce(gµνgρσ − gµρgνσ)]

a, µ

i j

(2.4)

For a local theory, interactions are mediated by particle exchanges, where in the lan-

guage of Feynman diagrams such exchanges are represented by propagators between
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two vertices. In QCD there are two types of propagators: the fermion propagator

represented by solid line and the gluon propagator represented by helix line as shown

below
p −→ i

/p

p2 + iε
,

µ ν
k −→ i

gµν
k2 + iε

,

(2.5)

where for the gluon propagator we use the Feynamn gauge as described in [58].

External lines in a diagram represent the initial and final states of particles and

are described by the polarizations. The spinors uh(p) and ūh(p) are respectively the

polarizations of the incoming and the outgoing quark of momentum pµ with helicity

h = ±1/2, while the spinors v̄h(p) and vh(p) are the the respective polarizations of

the incoming and outgoing anti-quark with momentum pµ with helicity h = ±1/2,

and last εµ(h, k) and ε∗µ(h, k) are respectively the vector polarization associated to

the incoming and outgoing gluon of momentum kµ with helicity h = ±1.

For massless fermions the polarizations uh(p) and vh(p) are connected through

the relation v±(p) = u∓(p) which relates the polarization of an incoming fermion to

the polarization of outgoing anti-fermion of an opposite helicity. Similarly between

ūh(p) and v̄h(p) they satisfy the relation v̄±(p) = ū∓(p), and these relations are a

manifestation of crossing symmetry. The four component spinor uh(p) and ū∓(p)

obey to the following equations

/puh(p) = 0 and ūh(p)/p = 0, (2.6)

these equations are known as Dirac equations and they are normalized by the fol-

lowing helicity sum
∑

h

uh(p)ūh(p) = /p. (2.7)

On the other hand the crossing symmetry for the polarization vector is given by

ε∗µ(±, k) = εµ(∓, k) which relates the polarization of incoming to outgoing gluon.

Polarization vectors are constrained to be transverse to the gluon propagation, and

this leads to a gauge redundancy in the theory,

kµ ε
µ(±, k) = 0. (2.8)
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In this thesis, polarization vectors are normalized as follows

εµ(h1, k) εµ(h2, k) = δh1h2 − 1. (2.9)

2.2 Properties of scattering amplitudes

In this section, we are going to compute a generic 2→ 2 scattering amplitude using

the standard Feynman diagrammatic calculation. Then by rearranging the diagrams

we will factorize the kinematic and color degrees of freedom.

2.2.1 Color and kinematic degrees of freedom

Consider the annihilation process where a quark and an antiquark collide and pro-

duce two gluons. At tree level, three diagrams contribute to the corresponding

amplitude,

M(qq̄ → gg) = + +

k1

k2

p

p̄ k1

k1k2

k2

p

p̄

p

p̄a) b) c)

. (2.10)

Here p denotes the momentum of the incoming quark with polarization u(p), p̄ the

momentum of the antiquark with polarization v̄(p̄), and k1 and k2 are the momenta

of the produced gluons respectively with polarization ε1 and ε2. The helicity of

the individual polarizations are suppressed, and εi is shorthand for the polarization

vector ε(ki).

The analytical expression of the individual diagrams are obtained by using the

Feynman rules and expressed as follows

• diagram a):

Ma = ig2Ta1Ta2
v̄(p̄)/ε∗2(/p− /k1)/ε∗1u(p)

2p.k1

= iTa1Ta2Ka(1, 2)

(2.11)
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• diagram b):

Mb = ig2Ta2Ta1
v̄(p̄)/ε∗1(/p− /k2)/ε∗2u(p)

2p.k2

= iTa2Ta1Kb(1, 2)

(2.12)

• diagram c):

Mc = −g2fa1a2bTb
v̄(p̄)

(
(−/k1 + /k2)ε∗1.ε

∗
2 − 2/ε∗2k2.ε

∗
1 + 2/ε∗1k1.ε

∗
2

)
u(p)

2k1.k2

= iTa1Ta2Kc(1, 2)− iTa2Ta1Kc(1, 2)

(2.13)

where Ka(1, 2), Kb(1, 2) and Kc(1, 2) are respectively the kinematics associated to

the diagrams a), b) and c) in Eq. (2.10), and the Ta’s are the color charges carried

by the individual gluons where a = {1, . . . , 8}. From the definition above, one can

check the following properties of the kinematics

Ka(1, 2) = Kb(2, 1) and Kc(1, 2) = −Kc(2, 1). (2.14)

Since the full amplitude is the sum of the three contributions; and from Eq. (2.11,

2.12, 2.13) the kinematics can grouped according to the ordering of the color charges,

i.e. either Ta1Ta2 or Ta2Ta1 ,

M(qq̄ → gg) = iTa1Ta2A(p, 1, 2, p̄) + iTa2Ta1A(p, 2, 1, p̄), (2.15)

where the color ordered amplitude A(p, i, j, p̄), also called a partial amplitude, is

just purely kinematic and defined as

A(p, i, j, p̄) ≡ Ka(i, j) +Kc(i, j). (2.16)

2.2.2 Gauge invariance of A(p, 1, 2, p̄)

In QFT, scattering amplitudes are a fundamental quantity that connect theory pre-

dictions and experimental measurements. Here we are going to show that the partial

amplitude, introduced in Eq. (2.16), is a gauge invariant quantity. For that purpose,

it is useful to decompose the partial amplitude A(p, 1, 2, p̄) into two contractions of

two Lorentz vectors as follows

A(p, 1, 2, p̄) = ε∗1µA
µ(p, 1, 2, p̄). (2.17)
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Similarly the kinematic piece Ka(1, 2) = ε∗1µK
µ
a (1, 2), such that

Kµ
a (1, 2) = g2

v̄(p̄)/ε∗2(/p− /k1)γµu(p)

2p.k1

, (2.18)

and the kinematic piece Kc(1, 2) = ε∗1µK
µ
c (1, 2), such that

Kµ
c (1, 2) = g2 v̄(p̄)

(
−/k1ε

µ∗
2 − /ε∗2k

µ
2 + γµk1.ε

∗
2

)
u(p)

k1.k2

. (2.19)

Therefore

Aµ(p, 1, 2, p̄) = Kµ
a (1, 2) +Kµ

c (1, 2). (2.20)

This factorization of A(p, 1, 2, p̄) in Eq. (2.17) is useful for showing the invariance

of the amplitude Eq. (2.17) under the gauge transformation εµ1 → εµ1 + ωkµ1 , for

any constant ω. Therefore, in order to be invariant under gauge transformation,

k1µA
µ(p, 1, 2, p̄) has to vanish. It can be checked that

k1µK
µ
a = g2v̄(p̄)/ε∗2u(p) and k1µK

µ
c = −g2v̄(p̄)/ε∗2u(p). (2.21)

Then, one can conclude that

k1µA
µ(p, 1, 2, p̄) = 0, (2.22)

that is to say the partial amplitude is a gauge invariant quantity and Eq. (2.22) is

known as the Ward identity. The partial amplitude A(p, 1, 2, p̄) can be computed

using the same set of Feynman rules, as introduced in [75], from which the color

dependence of the vertex is removed from the vertex rules Eq. (2.4):

• the quark-antiquark-gluon vertex: −igγµ,

• and the 3-gluon vertex: −ig(p− q)ρgµν + (q − k)ρgνρ + (k − p)νgρµ,

• and the 4-gluon vertex: ig2(2gµρgνσ − gµνgρσ − gµσgνρ).

(2.23)

The external and internal lines remain with same rules, but in addition a specific

order as to be considered for the diagram to reproduce the ordering of the color

charges,

A(p, 1, 2, p̄) = +

k2

k1k1

k2

p

p̄

p

p̄

. (2.24)
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In summary, we have considered the amplitude associated to qq̄ → gg, then showed

that the color part of the amplitude can be separated from the partial amplitude

which is purely kinematics. In the next section, we will show how to generalize this

color kinematic decomposition to qq̄ → ng amplitudes.

2.3 Color kinematic decomposition

In this section, we will generalize the color kinematic decomposition in Eq. (2.15) to

multiple gluon productions out of qq̄ annihilation. In an other word, we are going

to factorized the color degrees of freedom of a given amplitude from the kinematic

degree of freedom. And as we have already seen in Eq. (2.13) the color factor

associated to the diagram c) in Eq. (2.10) is equal to the difference of the color factor

of the diagram a) and b). Diagrammatically this difference can be represented as

= −
a1 a2 a1 a2 a2 a1

. (2.25)

Also written as fa1a2bTb = −i[Ta1 , Ta2 ], this relation was the key for the decomposi-

tion Eq. (2.15). A similar transformation can be done for any multiple gluon vertex

of a given diagram where all structure constants fabc contracted with a color charge

Tc will be transformed into commutators of color charges. For illustration, let us

consider the color factor associated to a particular diagram below which contributes

to the production of six gluons from a quark line,

a1 a2 a3 a4 a5 a6

= (Tb1fa1b2b1fa2a3b2) (Tb3fa4a5b3)Ta6 . (2.26)

Then from this expression, each fabcTc will be replaced, one by one, by a commutator

as in Eq. (2.25). Once it is expressed only in terms of the different color charges,

the commutators can be expanded explicitly so it will become a linear combination
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of the different strings of Ta’s

[Ta1 , [Ta2 , Ta3 ]][Ta4 , Ta5 ]Ta6 = Ta1Ta2Ta3Ta4Ta5Ta6 − Ta1Ta2Ta3Ta5Ta4Ta6
− Ta1Ta3Ta2Ta4Ta5Ta6 + Ta1Ta3Ta2Ta5Ta4Ta6 − Ta2Ta3Ta1Ta4Ta5Ta6
+ Ta2Ta3Ta1Ta5Ta4Ta6 + Ta3Ta2Ta1Ta4Ta5Ta6 − Ta3Ta2Ta1Ta5Ta4Ta6 .

(2.27)

In a more general way, given a diagram D the associated color factor CD could

be written only in terms of the generator Ta. Starting from the vertex closer to

the quark line, the contracted structure constants fabcTc will be transformed into

commutators; i.e. the gluon vertices will be replaced one by one as in Eq. (2.25).

Similarly, the same procedure could be applied for the four gluon vertex in which the

color factor is be written in terms of fabefcde. Contracted with a generator, fabefcdeTa

will be replaced as [Tb, [Tc, Td]]. This procedure will lead to a general expression of

the type

CD =
∑

Pn

UD12···n(Ta1Ta2 · · ·Tan), (2.28)

the coefficients UD12···n are some numbers that depend only on the diagram D and

the sum over Pn represent the sum over the permutation of the n gluon-indices. On

the other hand, a given diagram D is a combination of a color coefficient CD and a

kinematic piece KD as in (2.11); i.e. D = CDKD. Knowing that the full amplitude

is equal to the sum of all diagrams D, and via Eq. (2.28) all terms with the same

color ordered charge (Ta1Ta2 · · ·Tan) will be grouped and yields

M(qq̄ → ng) =
∑

Pn

(Ta1Ta2 · · ·Tan)A(p, 1, 2, . . . , n, p̄), (2.29)

where A(p, 1, 2, . . . , n, p̄) will be called the partial amplitude, also known as the color

ordered amplitude, and is given by a linear combination of the kinematic pieces and

is a generalization of Eq. (2.16)

A(p, 1, 2, . . . , n, p̄) ≡
∑

D

UD12···nKD(1, 2, . . . , n). (2.30)

The decomposition of the amplitude in Eq. (2.29) is called the color kinematic

decomposition, which is a factorization of the color degrees of freedom from the

kinematics. The structure of the color decomposition may change from one process

to another depending on the color flow; for example as shown in [76], the color
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decomposition for the case of purely gluonic amplitudes will have a trace structure

tr (Ta1Ta2 · · ·Tan) instead of the ordered color charge in Eq. (2.29).

Through this chapter, we have considered the production of two gluons from

quark anti-quark annihilation. With the QCD Feynman rules we computed the

related amplitude in order to decompose the color and kinematic degrees of freedom

as in Eq. (2.15), and generalized the decomposition to qq̄ → ng. This decomposition

structure Eq. (2.29) is one of the fundamental building blocks of the technique we

use through this work, MHV. The partial amplitudes can be evaluated using a new

set of Feynman rules as for Eq. (2.24); however in the next chapter we will show

that for massless theories there is an efficient way to evaluate these amplitudes.



3Spinor helicity formalism

In the previous chapter, we emphasized the fact that color degrees of freedom of

QCD amplitudes can be decoupled from the kinematics, and that is the first step

toward the MHV techniques. In this chapter, we explore more on the structure

of the kinematics, partial amplitudes. We first review the spinor representation of

momenta and then introduce to a new set spinor variables and use these variable

to formulate the MHV amplitude from qq̄ → gg to multiple gluons. Reviews of the

spinor helicity technique can be found in [77,78].

3.1 Spinor representation

Recall that there are two inequivalent spin-1/2 representations of the Lorentz group

SO(3, 1): (1/2, 0) and (0, 1/2). Elements of these representation are respectively the

left-handed spinor, ξa and ξa, and the right-handed spin-1/2 particles, ξ†ȧ and ξ†ȧ.

Further, recall that one can represent a Lorentz four vector pµ as an object acting

on either of these vector spaces through the mapping

paḃ ≡ pµ (σµ)aḃ and pȧb ≡ pµ (σ̃µ)ȧb , (3.1)

where σµ = (1, ~σ) and σ̃µ = (1,−~σ) with ~σ the Pauli matrices

σ1 =


 0 1

1 0


 , σ2 =


 0 −i
i 0


 , σ3 =


 1 0

0 −1


 . (3.2)
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Therefore, the paḃ matrix representation of the momentum pµ can be written as

paḃ =


 p0 − p3 −p1 + ip2

−p1 − ip2 p0 + p3


 , (3.3)

where the Lorentz index µ can be lowered using the metric gµν = diag(+,−,−,−).

With these two representations, the invariant mass of a momentum is obtained

from a determinant and the scalar product from a trace,

pµpµ = det(paḃ) and p.q =
1

2
tr
(
qȧcpcḃ

)
. (3.4)

It is important to mention that qȧc can be recovered by raising the left and right

handed spinor indices with respect to the two dimensional Levi-Civita symbols εab

and εȧḃ

qȧb = εabεȧḃqaḃ, (3.5)

where the the antisymmetric Levi-Civita tensors are chosen to be

ε12 = ε1̇2̇ = −ε12 = −ε1̇2̇ = 1. (3.6)

One can also construct a bispinor representation as a direct sum of the left and

right handed spin-1/2 represenations (1/2, 0) ⊕ (0, 1/2). In the Weyl basis in this

representation the slashed momentum /p is defined by

/p ≡


 0 paḃ

pȧb 0


 (3.7)

that acts on the different Weyl spinors, elements of the representation. A Weyl

spinor uh(p) can be decomposed into left and right handed spinors uh(p) ≡ (ua, u
ȧ);

therefore the Dirac equation introduced in Eq. (2.6) becomes

 0 paḃ

pȧb 0




uc
uċ


 = 0⇔




pȧcuc = 0

paċu
ċ = 0.

(3.8)

Eq. (3.8) are called the Weyl equations. The right and left handed spinors are

decoupled, which reflects the fact that the theory is invariant under chiral transfor-

mations.
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3.2 Spinor variables

In the standard Feynman description, external particles are described by the helicity

h and momentum vector pµ. At any stage of a computation one has to remember

the on-shell condition for external particles, p2 = m2. The goal of this section is to

introduce a new parametrization for the matrix representation Eq. (3.3) that makes

the on-shell condition for massless particles, p2 = 0, manifest.

3.2.1 Parametrization of momenta

As mentioned in Eq. (3.4), the invariant mass is given by the determinant of paḃ,

which is equal to zero for massless particles. From linear algebra, zero determinant

is equivalent to the rank of paḃ being equal to one; i.e. the two columns of the

matrix are proportional to each other, and paḃ can be written as a product of two

spinors [77, 78]

paḃ = λaλ̃ḃ, (3.9)

in matrix form paḃ is written as

 p0 − p3 −p1 + ip2

−p1 − ip2 p0 + p3


 =


λ1λ̃1̇ λ1λ̃2̇

λ2λ̃1̇ λ2λ̃2̇


 . (3.10)

Here the momentum paḃ is parametrized by the variables λa and λ̃ḃ which respectively

transforms as a left and right handed spinor and are known as spinor variables. Such

a parametrization is not possible for the case of a massive particle, which means the

parametrization (or factorization) Eq. (3.9) is an explicit manifestation of the on-

shellness of the massless particle.

Let qaḃ = µaµ̃ḃ be the on-shell representation of a null momentum qµ. Since the

scalar product between two momenta is given by the trace Eq. (3.4), then in terms

of spinor variables the scalar product is

p.q =
1

2

(
εabλaµb

)(
εȧḃλ̃ȧµ̃ḃ

)
. (3.11)

In this expression, the product between the left and right handed spinors are de-

coupled from each other into two separate products which are both antisymmetric.
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The left handed and the right handed spinor products are represented by angle and

square brackets

〈pq〉 ≡ εabλaµb and [pq] ≡ εȧḃλ̃ȧµ̃ḃ. (3.12)

In the Weyl representation paḃ is Hermitian for a real momentum pµ; therefore λ̃ = λ∗

and [pq] = 〈pq〉∗ for real pµ.
There are many properties between spinors but here are some useful identities

that we will use to simplify algebraic expressions. Consider n null momenta kiµ and

let kiaȧ = λiaλ̃iȧ be the corresponding on-shell representation

• The brackets are linear: Even through the brackets are antisymmetric they

still preserve the linearity of the scalar products, klµ(αik
µ
i + αjk

µ
j ) = αikl.ki +

αjkl.kj. One can see that

〈λl, αλi + βλj〉 = εabλla(αλib + βλjb)

= α〈λlλi〉+ β〈λlλj〉.
(3.13)

• Momentum scaling: There are different ways of writing a scaling αkµ in terms

of spinor variables; in this work we use the symmetric scaling in order to

preserve the relation λ̃ = λ∗,

αikiaȧ =
(√

αiλia

)(√
αiλ̃iȧ

)
(3.14)

• Schouten identity: Since spinors live in a two dimensional vector space, three

different spinors, {λj, λk, λl}, cannot be independent from each other. One

finds the following identity for any λi, λj, λk, λl

〈ij〉〈kl〉+ 〈ik〉〈lj〉+ 〈il〉〈jk〉 = 0. (3.15)

• Vanishing product: Since angle brackets are antisymmetric products then the

product of two non-zero spinors vanishes if and only if the two spinors are

proportional to each other

〈ij〉 = 0⇔ λia = αλja. (3.16)

As mentioned above, angle brackets and square brackets are conjugates to each other;

therefore similar relations hold for the square brackets by complex conjugation.
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3.2.2 Parametrization of polarizations

For completeness it is also necessary to parametrize the polarization, spinor and

vector, in terms of these new variables. Before we continue to this parametrization,

it is necessary to remind the readers that the spinor variables, λ and λ̃, are different

from the spinors initial/final states of fermions, u(p) and ū(p), which we call spinor

polarizations.

Spinor polarization

As mentioned in the previous section, the polarization for massless fermions can be

decomposed into right and left handed spinors (ua, u
ȧ); each handed spinors has to

satisfy the Weyl equations. However the matrix paḃ is now parametrized in terms of

spinor variables, λa and λ̃ḃ, therefore the Weyl equations Eq. (3.8) are reduced to

〈pu〉 = λaua = 0 and [pu] = λ̃ȧu
ȧ = 0. (3.17)

Here the spinor variables are non-zero. Thus in order to satisfy these equations the

right and left handed polarization have to be respectively proportional to λ and

λ̃. To fix the constant of proportionality one can use the helicity sum relation in

Eq. (2.7) to find that uh(p) = (tλa, t
−1λ̃ȧ), where t is an arbitrary non-zero constant

that leaves paḃ invariant. Thus any choice of t will be a solution, and two different

choices of t are related by the transformation called the little group action. For

simplicity, we can fix the redundancy by taking t = 1. Then the right and left

handed polarization are given by

u− =


λa

0


 and u+ =


 0

λ̃ȧ


 , (3.18)

where λ̃ȧ = εȧḃλ̃ḃ and similarly with λa = εabλb, we can write pȧb = λ̃ȧλb. For

completeness the parametrization of the different spinor states are obtained through

ū± = u†±γ
0 and v± = u∓. (3.19)
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Vector polarization

We introduced the polarization vector associated to a gluon in Eq. (2.8, 2.9). The

polarization can be either ε−µ (k) or ε+
µ (k), where ε±µ ε±µ = 0. As mentioned in

Eq. (3.9), any null vector can be represented as a product of two spinor variables in

the spinor representation as an ansatz

εaḃ(k; q) = µaµ̃ḃ, (3.20)

where µa and µ̃ḃ are respectively a right and left handed reference spinors. The

transversality condition kµε±µ = 0 implies either µa = z1λa or µ̃ȧ = z2λ̃ȧ where λa

and λ̃ȧ are the spinor variables associated to the momentum kµ of the gluon and zi

are some normalization constants.

These two solutions reflect the fact that there are two possible orientations of the

helicity. The normalization factors zi are fixed by the normalization ε+
µ (k)ε−µ(k) =

−1 from Eq. (2.9), and we find

ε1
aȧ(k; µ̃) =

√
2
λaµ̃ȧ
[kµ̃]

and ε2
aȧ(k;µ) =

√
2
µaλ̃ȧ
〈kµ〉 , (3.21)

where ε1
aȧ and ε2

aȧ are the two possible polarizations that satisfy Eq. (2.8) and

Eq. (2.9). The helicity choice, i.e. ε− and ε+, between the two solutions is fixed

with the little group action on ε±aȧ, as introduced in [79]. The same way as uh(p)

transforms under the little group, any polarization Ph(k) of a particle with momen-

tum k and helicity h will transform as

Ph(k)
(tλ,t−1λ̃)−−−−−−−−→ t−2hPh(k). (3.22)

Therefore,

ε−aȧ(k; q) =
√

2
λaµ̃ȧ
[kq]

and ε+
aȧ(k; q) =

√
2
µaλ̃ȧ
〈kq〉 , (3.23)

where µ and µ̃ are combined into a reference momentum given by qaḃ = µaµ̃ḃ. From

these expressions, one can see that the reference momentum q is not physical since

these expression were derived for an arbitrary q 6= k. However, two different choices

of references, q and q′, are related by a gauge transformation

ε−aȧ(k; q)− ε−aȧ(k; q′) = ω−kaȧ, (3.24)
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where ω− is some scalar factor given by

ω− =
√

2
[qq′]

[qk][kq′]
. (3.25)

In a similar way the same relation holds with the positive helicity ε+
aȧ(k; q) with a

factor ω+ = (ω−)∗.

3.2.3 Helicity projections

The goal of this section is to simplify the transition from the standard Lorentz

invariant quantity, like v̄h(p̄)/kuh(p), to the spinor helicity brackets notation by using

helicity projections. Starting with the fact that a polarization u(p) splits into Weyl

spinors, see Eq. (3.8), the gamma matrices would be represented by

γ0 =


 0 1

1 0


 and γi =


 0 σi

−σi 0


 . (3.26)

Therefore, one can define projectors P± that project the spinor into the Weyl spinors

u− and u+ such that u± = P±u(p),

P− =


 1 0

0 0


 and P+ =


 0 0

0 1


 ; (3.27)

these are the helicity projectors with which PiPj = δijPi and P− + P+ = 1. The

helicity projectors P± project a particle into the state where the helicity is h = ±1/2.

However, by crossing symmetry, P± will project an antiparticle v(p) into the state

with helicity h = ∓1/2; that is to say P±v(p) = v∓.

Recall that the polarization of the outgoing particle and incoming antiparticle

are respectively defined as ū = u†γ0 and v̄ = v†γ0. From these definition, we can

find the action of the projectors on these spinors ū and v̄ by using the applying the

same definition on ū± and v̄±

ū± = (P±u)†γ0 = u†P±γ
0 = ūP∓

v̄± = (P∓v)†γ0 = v†P∓γ
0 = v̄P±.

(3.28)

In the above derivations, we used the fact that the projectors are Hermitian and

P±γ
0 = γ0P∓. The final piece is to decompose a Weyl matrix /k, defined in Eq. (3.7),
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u−

v̄+

µ and

u−

ū−

µ

Figure 3.1: Helicity flow along fermion lines.

in terms of the projectors P±. It is straight forward to check that

/k = P+/kP− + P−/kP+, (3.29)

where in terms of spinor variables we have

P+/kP− =


 0 0

λ̃ȧλb 0


 and P−/kP+ =


 0 λaλ̃ḃ

0 0


. (3.30)

The orthogonality of the projectors, P+P− = 0, leads to the fact that a particle

or antiparticle in a state of helicity h will have a zero projection into the state of

opposite helicity −h, which can be understood by P±u∓ = v̄±P∓ = 0. Thus with

all these concepts of projection in hand, one can find how v̄h(p̄)/kuh(p) would be

written in terms of angle and square brackets for given helicities,

v̄+(p̄)/kiu−(p) = [p̄i]〈ip〉 ≡ [p̄|/ki|p〉

v̄−(p̄)/kiu+(p) = 〈p̄i〉[ip] ≡ 〈p̄|/ki|p].
(3.31)

Here the notation [p̄|/ki|p〉 reflects the fact that the /k is projected in the right-left

component P+/kP− and the right part is contracted with a right-handed spinor

through the square bracket and the left part is contracted with a left-handed spinor

through the angle bracket, and similarly for the 〈p̄|/ki|p].

Helicity flow:

The interpretation of the equations Eq. (3.31) is that in massless theory a tree vertex

keeps the helicity conserved along a fermion line as in Fig. 3.1. This conservation

is a consequence of the decomposition in Eq. (3.29): consider an incoming quark

with a polarization u− where an interaction through a three vertex will contract the

fermion with v̄ for an incoming antiquark or ū for an outgoing fermion.
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The decomposition Eq. (3.29) of gamma matrices, γµ = P+γ
µP− + P−γ

µP+,

will fix the helicity of v̄ for given ū’s helicity,

v̄γµu− = v̄P+γ
µP−u− = v̄+P+γ

µP−u− = v̄+γ
µu−,

ūγµu− = ūP+γ
µP−u− = ū−P+γ

µP−u− = ū−γ
µu−.

(3.32)

Momentum conservation:

Here we want to write the momentum conservation of four vector momenta in terms

of angle and square brackets. Starting with the conservation relation
∑
/kinitial =

∑
/kfinal, we sandwich the left and right side of the relation with v̄+(r) and u−(s)

where r and s are some arbitrary momenta. With the relation Eq. (3.31), the

momentum conservation can be written as

∑

i=initial

[ri]〈is〉 =
∑

f=final

[rf ]〈fs〉. (3.33)

Useful relations from helicity projections

• Consider a chain of slashed momenta, /k1/k2 · · · /kn, of length n-odd. One can

insert 1 = P− + P+ in between two momenta and by considering Eq. (3.29)

we can find

/k1/k2 · · · /kn = P+/k1P−/k2 · · ·P+/knP− + P−/k1P+/k2 · · ·P−/knP+. (3.34)

• From Eq. (3.34), if we contract the chain of momenta in the far left with v̄+(p̄)

and in the right by u−(p). The same way as Eq. (3.31), we can find

v̄+(p̄)/k1/k2 · · · /knu−(p) = [p̄|/k1/k2 · · · /kn|p〉 = [p̄1]〈12〉[23] · · · 〈np〉, (3.35)

and similarly

v̄−(p̄)/k1/k2 · · · /knu+(p) = 〈p̄|/k1/k2 · · · /kn|p] = 〈p̄1〉[12]〈23〉 · · · [np], (3.36)

the different combinations with ū(p̄), v(p) and their corresponding helicities

are related to Eq. (3.36, 3.35) by crossing symmetry Eq. (3.19).
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• The last relation is to express a trace of slashed momenta in terms of brackets.

This can be shown by expanding /p as in Eq. (2.7), and the trace will contract

the polarizations with the different momenta

tr
(
/p/k1/k2 · · · /kn

)
= tr ([u+(p)ū+(p) + u−(p)ū−(p)]/k1/k2 · · · /kn)

= tr ([u+(p)v̄−(p) + u−(p)v̄+(p)]/k1/k2 · · · /kn)

= tr (u+(p)v̄−(p)/k1/k2 · · · /kn) + tr (u−(p)v̄+(p)/k1/k2 · · · /kn)

= v̄−(p)/k1/k2 · · · /knu+(p) + v̄+(p)/k1/k2 · · · /knu−(p)

= 〈p|/k1/k2 · · · /kn|p] + [p|/k1/k2 · · · /kn|p〉.
(3.37)

In the first equality we use Eq. (2.7) to replace /p in terms of spinors u± and

ū±, then we use the crossing symmetry relation in Eq. (3.19) to obtain the

second equality. Then with the linear and cyclic properties of the trace we can

derive the last relation.

An application of these useful relations is the computation of the qq̄ → g partial

amplitude. Using the color free Feynman rules in Eq. (2.23), we can find

A(p, 1, p̄) = −ig v̄(p̄)/ε∗1u(p) = −ig[p̄|/ε∗1|p〉, (3.38)

where u(p) be the polarization of the quark with momentum p, v̄(p̄) be the polar-

ization of the anti-quark with momentum p̄, and εµ1 be the polarization of the gluon

with momentum k1. Say the helicity of the quark is −1/2. Then the helicity flow in

Eq. (3.32) will impose that the helicity of the anti-quark will be +1/2. By applying

the relation in Eq. (3.35) we can find

A(p, 1−, p̄) = −ig[p̄|/ε∗1−|p〉 = −ig
√

2
〈p1〉[p̄q]〈1p〉
〈p1〉[1q]

= −ig
√

2
〈p1〉���[p̄q]〈1p〉
〈pp̄〉���[p̄q]

= ig̃
〈p1〉3〈p̄1〉
〈p1〉〈1p̄〉〈p̄p〉 ,

(3.39)

where in the first line we substitute ε∗1− using Eq. (3.23) with q the reference mo-

mentum of the polarization. Then going from the first line to the second line, we use

the momentum conservation introduced in Eq. (3.33): 〈p1〉[1q] = 〈pp̄〉[p̄q]. Similarly
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for the case where the gluon has a +1 helicity, we find

A(p, 1+, p̄) = −ig[p̄|/ε∗1+|p〉 = −ig
√

2
[p̄1][p̄1]〈qp〉

[p̄1]〈1q〉

= −ig
√

2
[p̄1]2���〈qp〉
���〈qp〉 [pp̄]

= −ig̃ [p̄1]3[p1]

[p1][1p̄][p̄p]
.

(3.40)

The amplitude in Eq. (3.39) and Eq. (3.40) will be used as the initial conditions

of the recursion in Section 3.4 in order to generate higher order amplitudes. As

discussed in [75] any 3-point amplitudes, like qq̄ → g, are only non-zero if and only

if the momenta are complex.

3.3 Partial amplitude A(p, 1, 2, p̄)

Now that the new kinematic variables have been introduced with the color de-

composition, let us consider again the partial amplitude for the generic process of

quark antiquark annihilation into two gluons. We are going to compute the par-

tial amplitude Eq. (2.16) for different helicity configurations. We then translate the

expressions for the kinematic terms Ka and Kc in terms of the spinor variables by

substituting the scalar product with angle and square brackets and the polarizations

with their spinor representations.

We first recall that helicity is conserved along a massless fermion line. Therefore

in the annihilation processes, the incoming quark and antiquark necessarily have

opposite helicity. For this computation the helicity of the quark is chosen to be

−1/2 and by conservation the helicity of the antiquark is fixed to be +1/2.

3.3.1 Case 1: The two gluons have the same helicity

Let the helicities of the gluons be equal to −1. Since the partial amplitude is gauge

invariant, as shown in Section 2.2.2, we are free to choose the reference momenta

q1 and q2 of the vector polarizations. Here we fix the reference momenta to be the

same and equal to p; thus

ε−1 .ε
−
2 =

〈12〉[q1q2]

[1q1][2q2]
∝ [q1q2] = 0. (3.41)
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Start with the diagram a) where the kinematic term is given in Eq. (2.11). We first

substitute the polarization in terms of brackets as in Eq. (3.31), then by considering

the fact that we are in a gauge where q1 = q2 = p, the whole expression will collapse

into a single term,

Ka(1
−, 2−) = g2

[p̄|/ε∗2/p/ε
∗
1|p〉 − [p̄|/ε∗2/k1/ε

∗
1|p〉

2p.k1

= −2g2 [p̄q2]〈21〉[1q1]〈1p〉 − [p̄q2]〈2p〉[pq1]〈1p〉
〈p1〉[p1][1q1][2q2]

= 2g2 [p̄p]〈21〉
[p1][2p]

.

(3.42)

Then with the diagram c), the kinematic piece is given by Eq. (2.13). With the

exact same steps as for the diagram a) we obtain

Kc(1
−, 2−) = −2g2 [p̄p]〈21〉

[p1][2p]

〈p1〉[1p] + 〈p2〉[2p]
〈12〉[21]

= −2g2 [p̄p]〈21〉
[p1][2p]

〈pp̄〉[p̄p]
〈12〉[21]

= −2g2 [p̄p]〈21〉
[p1][2p]

.

(3.43)

To get to the second line we use momentum conservation, Eq. (3.33). To get to the

third line we again use momentum conservation, where p.p̄ = k1.k2 ⇔ 〈pp̄〉[p̄p] =

〈12〉[21].

Back to the partial amplitude, we can see that Ka = −Kc for the case where the

two gluons have helicity −1. The partial amplitude for that case then vanishes, and

so does the case where the two gluons have h1 = h2 = +1,

A(p−, 1∓, 2∓, p̄+) = 0. (3.44)

3.3.2 Case 2: The two gluons have different helicities

Now let the helicity of the first gluon be h1 = −1 so the second one is h2 = +1. We

basically perform the same steps as in the previous calculation with the same gauge

where q1 and q2 are both equal to p.

The expression of Ka is obtained straight from the substitution of variables with

some simple simplification

Ka = 2g2 [p̄2]〈1p〉
[p1]〈2p〉 . (3.45)
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However for Kc after the substitution, it requires the use of momentum conservation

in order to write the expression as follows

Kc = −2g2 〈p1〉3〈p̄1〉
〈p̄p〉〈p1〉〈12〉〈2p̄〉 − 2g

[p̄2]〈1p〉
[p1]〈2p〉 . (3.46)

Then by summing the results for Ka and Kc, the partial amplitude for h1 = −1 and

h2 = +1 is equal to the following expression

A(p−, 1−, 2+, p̄+) = −2g2 〈p1〉3〈p̄1〉
〈p1〉〈12〉〈2p̄〉〈p̄p〉 . (3.47)

This result is very compact and remarkably expressed only with the angle bracket. It

can also be shown that interchanging the helicities of the gluons, where h1 = +1 and

h2 = −1, will lead to a similar expression with the only difference in the numerator

where the labels 1 become 2,

A(p−, 1+, 2−, p̄+) = −2g2 〈p2〉3〈p̄2〉
〈p1〉〈12〉〈2p̄〉〈p̄p〉 . (3.48)

3.4 Maximal helicity violating amplitudes

Now that we have a general idea for how the standard Feynman diagram formalism

can be simplified using the spinor helicity variables to compute the amplitude for

qq̄ → gg, let us generalize the computation for n gluon productions. To do so, it is

necessary to introduce the Britto, Cachazo, Feng and Witten, or BCFW, recursion.

In the original formulation [80,81], the BCFW recursion was introduced to com-

pute multiple gluon scattering amplitudes from only 3-point amplitudes. The recur-

sion was used to show that tree amplitudes for process involving only gluons with

the following helicity configurations vanish:

Agluonn (1±, 2±, . . . , n±) = 0,

Agluonn (1±, . . . , i∓, . . . , n±) = 0.
(3.49)

Since helicity is the projection of the spin onto the direction of momentum, then

to make sense with these helicity configurations, all gluons are considered to be

outgoing; and, if needed, the physical states of incoming gluons can be recovered by

crossing symmetry. With that convention the recursion is formulated as

Agluonn =
∑

m,h

Agluonm+1 (1̂, 2, . . . ,m, q̂hm)
1

q2
m

Agluonn−m+1(−q̂−hm ,m+1, . . . , n−1, n̂), (3.50)
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Figure 3.2: Diagrammatic representation of the BCFW recursion.

such that q̂2
m = 0. In this recursion, the amplitude is factorized into two sub-

amplitudes, and summed over different configurations of splitting the two amplitudes

and all possible helicities of the exchanged gluon; see Fig. 3.2.

In this recursion, the momenta k1 and kn are shifted and denoted by k̂1 and

k̂n. These shifts are performed in such a way that momentum conservation and the

on-shell conditions are preserved. Thus k̂1 = λ1(z)λ̃1(z) and k̂n = λn(z)λ̃n(z) with

λ1(z) = λ1

λ̃1(z) = λ̃1 + zλ̃n

λn(z) = λn − zλ1

λ̃n(z) = λ̃n,
(3.51)

where z is a complex parameter fixed by the on-shell condition of the intermediate

momentum, q̂2
m = 0, with

q̂m = −(k̂1 + k2 + · · ·+ km) = km+1 + · · ·+ kn−1 + k̂n. (3.52)

And in this original formulation, the initial conditions of the recursion are given by

the following 3 gluons amplitudes:

A(1−, 2−, 3+) = ig̃
〈12〉4

〈12〉〈23〉〈31〉 , and A(1+, 2+, 3−) = −ig̃ [12]4

[12][23][31]
. (3.53)

To extend this recursion into the case of quark antiquark scattering, in this thesis

we will consider the following convention:

1. we keep the original convention where all gluons are considered to be outgoing,

2. in contrast to the gluons, we consider all fermions to be incoming,

3. we will use the same momentum shifts as in the original formulation Eq. (3.51),

in order to complexify the amplitude, that is to say we shift two gluons.
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=

1̂−

2̂+

p

p̄

2+

1−p

p̄

(−1)
〈p1〉[p1]

q̂1

−q̂1

Figure 3.3: BCFW term for qq̄ → gg.

We then use exactly the same recursion as in Eq. (3.50) in addition with a quark

antiquark pair. Therefore, the amplitude is given by the sum of all possible ways to

factorize it into two sub-amplitudes by keeping the two shifted momenta separated.

The recursion will be then written as

A(p, 1, . . . , n, p̄) =
∑

m,h

A(p, 1̂, 2, . . . ,m, q̂h1m, p̄)
1

q2
1m

A(−q̂−h1m,m+1, . . . , n̂, )

+
∑

m,h

A(1̂, 2, . . . ,m, q̂h2m)
1

q2
2m

A(p,−q̂−h2m,m+1, . . . , n̂, p̄)

+
∑

m

A(p, 1̂, 2, . . . ,m, ˆ̄q3m)
1

q2
3m

A(−q̂3m,m+1, . . . , n̂, p̄),

(3.54)

where q̂h1m and q̂h2m are intermediate gluon momenta of helicity h = ±1, while the

q̂3m and ˆ̄q3m are respectively the intermediate quark and anti-quark momenta.

In addition to the original initial conditions Eq. (3.53), we will also need the

single gluon production amplitudes A(p, 1+, p̄) and A(p, 1−, p̄),

A(p, 1−, p̄) = ig̃
〈p1〉3〈p̄1〉
〈p1〉〈1p̄〉〈p̄p〉 , and A(p, 1+, p̄) = −ig̃ [p̄1]3[p1]

[p1][1p̄][p̄p]
. (3.55)

These amplitudes are obtained straight from the qqg vertex contracted with the

respective polarizations; see Eq. (3.39) and Eq. (3.40).

The two gluon production amplitude can be recovered using the recursion. As

shown in Fig. 3.3, there is only one BCFW term to consider. With the initial

condition Eq. (3.55) we computed A(p, 1−, 2+, p̄) in Appendix C.1 and found

A(p, 1−, 2+, p̄) = −g̃2 〈p1〉3〈p̄1〉
〈p1〉〈12〉〈2p̄〉〈p̄p〉 = −g̃2 [p̄2]3[p2]

[p1][12][2p̄][p̄p]
. (3.56)
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For the most general case where we have n gluon production, we showed in

Appendix C.2.1 that if all the gluons have the same helicity the amplitude will

vanish, A(p, 1±, 2±, . . . , n±, p̄) = 0. We also computed the maximal helicity violating

amplitudes in Appendix C.2.2 and found that

A(p, 1+, . . . , I−, . . . , n+, p̄) = (ig̃)n
〈pI〉3〈p̄I〉

〈p1〉〈12〉 . . . 〈np̄〉〈p̄p〉

A(p, 1−, . . . , I+, . . . , n−, p̄) = (ig̃)n
[p̄I]3[pI]

[p1][12] . . . [np̄][p̄p]
,

(3.57)

and since they maximally violated helicity conservation, |∆h| = n − 1, they are

respectively called MHV and MHV. This formula is an extension of the Parke-

Taylor formula Eq. (1.5), where instead of purely gluonic amplitudes we also include

a quark anti-quark pair.

3.5 Summary

In summary to avoid diagrammatic complication, see for example in Tab. 1.1, we

introduced the spinor variables Eq. (3.9) as a new parametrization of the kinematics,

and showed that the two gluon production amplitude can be written in a very

compact way, Eq. (3.47). We introduced the BCFW recursion relation that relates

an n gluon amplitude to two m + 1 and n − m + 1 gluon sub-amplitudes. We

generalized this recursion relation to include a qq̄ pair. Then using this new recursion

relation we generalized our two gluon production amplitude calculation to n gluons,

qq̄ → ng.



4
MHV calculations

In the previous chapters, we illustrated some of the properties of QCD in order

to present the two main foundations of the MHV techniques, the color kinematic

decomposition and the spinor helicity parametrization of the kinematics. In this

chapter, we investigate further some physical observables in order to help famil-

iarize the reader more with the MHV techniques. We first compute the transition

probability for the quark anti-quark annihilation to two gluons. Then we show how

MHV can reproduce the gluon splitting probability by studying the collinear behav-

ior of the amplitude. Splitting functions have been studied in MHV calculations, for

example see [82], but in this thesis, we present this calculation in a new and very

natural way using MHV techniques. Last we show how to incorporate photons in

the technique.

p−

p̄+

k−1

k+2

Figure 4.1: Diagram contributing to qq̄ → gg scattering.
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4.1 Transition probability qq̄ → gg

We first recall that the transition probabilities are defined as the moduli squared of

transition amplitudesM. With the amplitude for the process qq̄ → gg in hand, we

wish to compute the amplitude squared. Consider the incoming quark and antiquark

of momenta p and p̄ and respectively with helicities −1/2 and +1/2 to scatter to

produce two gluons of momenta k1 and k2, respectively, with helicities −1 and +1

as presented in Fig. 4.1. In terms of brackets, the associated Mandelstam variables

to this process are

s = (p+ p̄)2 = (k1 + k2)2 = 〈pp̄〉[pp̄] = 〈12〉[12]

t = (p− k1)2 = (p̄− k2)2 = −〈p1〉[p1] = −〈p̄2〉[p̄2]

u = (p− k2)2 = (p̄− k1)2 = −〈p2〉[p2] = −〈p̄1〉[p̄1].

(4.1)

From the color decomposition Eq. (2.15), the corresponding amplitude is given by

the sum of two partial amplitudes weighed with the ordered color charge,

M(1−, 2+) = Ta1Ta2A(p, 1−, 2+, p̄) + Ta2Ta1A(p, 2+, 1−, p̄). (4.2)

To square the amplitude, recall the fact that the square and angle brackets are

complex conjugates of each other, and the average over the color states leads to a

trace over the SU(3) generators

tr |M|2 =C1

∑

P2

∣∣A(p, 1h1 , 2h2 , p̄)
∣∣2 + C2

∑

P2

A(p, 1h1 , 2h2 , p̄)A∗(p, 2h2 , 1h1 , p̄) (4.3)

where hi denotes the helicity of the gluon labelled by i, and the sum over P2 is the

sum over the permutations of the gluon label, and the coefficients C1 and C2 are

given by
C1 = tr (Ta1Ta2Ta2Ta1) = CACF

C2 = tr (Ta1Ta2Ta1Ta2) = −CF/2,
(4.4)

are the color factors that emerge from the trace. The full detailed computation is

done in Appendix D which shows how the kinematics can be written as
∑

P2

∣∣A(p, 1h1 , 2h2 , p̄)
∣∣2 = g̃4

(
t

u
− 2

t2

s2

)
,

∑

P2

A(p, 1h1 , 2h2 , p̄)A∗(p, 2h2 , 1h1 , p̄) = 2g̃4 t
2

s2
.

(4.5)
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By putting all the pieces together, the color averaged amplitude for a quark anti-

quark scattering into gluons with +1 and −1 helicity can be written in terms of the

Mandelstam variables as

tr |M|2 = g̃4CAC
2
F

(
t

u
− CA
CF

t2

s2

)
. (4.6)

In practice, the two gluons are indistinguishable; then adding the case where the two

gluons are interchanged, t ↔ u, will make the helicity final state indistinguishable.

This is the same as summing over the helicities of the final state gluons as in the

standard Feynman computation. We find that

tr
∣∣M
∣∣2 = g̃4CAC

2
F

(
t

u
+
u

t
− CA
CF

t2 + u2

s2

)
. (4.7)

Here we don’t need to explicitly average over the initial helicity state of the quarks,

since swapping the helicities of the incoming q and q̄ leaves the results in Eq. (4.7)

unchanged. Therefore Eq. (4.7) is properly averaged over the initial quark anti-quark

states and summed over the final gluon states.

The differential cross section associated to qq̄ → gg is a well known result. So

one can compare Eq. (4.7) from the result computed using the usual Feyanman

diagrammatic expansion in [58, 83], and see that the MHV calculation is a reliable

and a very efficient method to compute not only the amplitude but also its modulus

squared.

It is important to mention that any 2 → 2 scattering process is fully char-

acterized by MHV amplitudes, as done in this section. In the case of a 2 → n

scattering process, n > 2, various non-MHV helicity configurations are needed to

fully characterized the process. However, to simplify the calculation, we will restrict

our calculation to the MHV configurations throughout this thesis. This restriction

is also motivated by the suppression of the non-MHV contribution for small angle

emission, which dominates the radiation spectrum.

4.2 Splitting function

In a 2 → 2 process where hard parton jets are produced, one cannot see the sub-

structure of the jets in which a parton splits in two or more parton jets with a very
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small angular separation; i.e. two jets emitted at a very small k⊥ will be observed as

a single jet. The probability for the jet to split into two subjects is called splitting

function P (z), where z is the fraction of energy of the parent carried by one of the

subjects.

1

2

3

1

2

3

2 ‖ 3

p

p̄

p

p̄

q

Figure 4.2: Standard splitting factorization from qq̄ → ggg.

In order to compute the splitting function Pgg(z), where a gluon splits into two

gluons, we consider the amplitudeM(1, 2, 3) corresponding to qq̄ → ggg and then

take k2 to be parallel to k3; see Fig. 4.2. By taking k2 ‖ k3, we enhance the diagram

in which a gluon splits into k2 and k3 by the near on-shellness of its propagator, a

property independent of MHV techniques. To begin with we are going to parametrize

the momenta as

k2 = zq + k⊥ and k3 = (1− z)q − k⊥, (4.8)

where q is the total momentum of the observed parton jet with q = k2 + k3 while

the momentum fraction z runs from 0 to 1. The transverse component k⊥ of the

momentum is taken to be small for the splitting, and as k⊥ → 0, the momenta k2

and k3 tend to be parallel, and the brackets 〈23〉 and [23] will go to zero. From the

structure of the MHV amplitude (3.57), one sees that 〈23〉 and [23] are in the de-

nominators of the MHV and MHV of the amplitudes A(p, 1, 2, 3, p̄) and A(p, 2, 3, 1p̄)

respectively. Thus a singularity occurs in this collinear region for these two partial

amplitudes. For the two amplitudes A(p, 2, 1, 3, p̄) and A(p, 3, 1, 2, p̄), there is no sin-

gularity as these two amplitudes do not have 〈23〉 or [23] in the denominator; these

two amplitudes will be then suppressed compare to the other partial amplitudes.

Now we are going to see how the amplitude for three gluon production will be

reduced to a lower order production in the collinear region, k⊥ → 0. First let us

translate the parametrization Eq. (4.8) in terms of spinor variables. In this collinear
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region where k⊥ → 0 the momenta k2 and k3 will become k2 = zq and k3 = (1−z)q.

Taking q = µaµ̃ȧ to be the on-shell parent gluon, we find that



λ2a '

√
z µa

λ̃2ȧ '
√
z µ̃ȧ

and




λ3a '

√
1− z µa

λ̃3ȧ '
√

1− z µ̃ȧ.
(4.9)

From this point of this section, the symbol “ ' ” will denote the asymptotic behavior

in the collinear limit region. Now in terms of amplitudes, we can notice that the

partial amplitudes for the processes have to be either MHV or MHV, since the

helicities of the three gluons cannot be all the same. Let us first consider the

amplitude A(p, 1−, 2+, 3+, p̄) which is an MVH and then substitute k2 and k3 with

respect to Eq. (4.9)

A(p, 1−, 2+, 3+, p̄) = (ig̃)3 〈p1〉3〈p̄1〉
〈p1〉〈12〉〈23〉〈3p̄〉〈p̄p〉

' (ig̃)3 〈p1〉3〈p̄1〉
〈p1〉〈1q〉〈qp̄〉〈p̄p〉

1

〈23〉
1√

z(1− z)

' A(p, 1−, q+, p̄)
ig̃

〈23〉
1√

z(1− z)
.

(4.10)

In the second line, we just substitute the variables according to Eq. (4.9), and by

considering the linearity of the bracket Eq. (3.13) we factorize the z dependence by

keeping the bracket 〈23〉 which is the singular part of the amplitude. In the last

line, we can identify the MHV amplitude A(p, 1−, q+, p̄) and consider the remaining

part to compute the splitting probability. The same manipulation can be done for

any helicity configuration of A(p, 1, 2, 3, p̄), which leads to the results summarized

in Tab. 4.1.

In the case ofA(p, 2, 3, 1, p̄) the z dependencies remain the same as inA(p, 1, 2, 3, p̄);

this cyclic rotation of the ordering of gluons will leads to a swap between the mo-

menta q and k1 in the lower point amplitude, A(p, q, 1, p̄). Here by lower point

amplitude we mean an amplitude with one fewer external gluon. And finally, we

can see from Tab. 4.1 that swapping k2 and k3 induces an overall sign flip, a mani-

festation of the antisymmetric property of the brackets 〈23〉 and [23] that leads to a

commutator structure [Ta2 , Ta3 ] in the full amplitude. Combining the pieces together

into the full amplitude, for (1−, 2+, 3+) one obtains the following factorization

M(1−, 2+, 3+) '
[
Ta1TaA(1−, q+) + TaTa1A(q+, 1−)

]
i
fa2a3a
〈23〉

ig̃√
z(1− z)

. (4.11)
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A(p, 1−, 2+, 3+, p̄) −→ A(p, 1−, q+, p̄) ig̃
〈23〉

1√
z(1−z)

.

A(p, 1−, 2+, 3−, p̄) −→ A(p, 1−, q+, p̄) ig̃
[23]

z2√
z(1−z)

A(p, 1−, 2−, 3+, p̄) −→ A(p, 1−, q+, p̄) ig̃
[23]

(1−z)2√
z(1−z)

A(p, 1+, 2−, 3−, p̄) −→ A(p, 1+, q−, p̄) ig̃
[23]

1√
z(1−z)

A(p, 1+, 2−, 3+, p̄) −→ A(p, 1+, q−, p̄) ig̃
〈23〉

z2√
z(1−z)

A(p, 1+, 2+, 3−, p̄) −→ A(p, 1+, q−, p̄) ig̃
〈23〉

(1−z)2√
z(1−z)

Table 4.1: Factorization of A(p, 1, 2, 3, p̄) when k2 and k3 become

collinear for all different helicity configurations.

We can identify from Eq. (4.2) that the terms in the bracket are equal toM(1−, q+),

which is the amplitude for qq̄ → gg. We can also see that at the amplitude level

the splitting function and the lower point amplitude are still entangled since we

still have a summation over the a color index “a”. However, when we square the

amplitude and sum over the color states by considering the fact that

∑

a2,a3

fa2a3afa2a3b = CAδab, (4.12)

the splitting will become independent of the lower amplitude. We find

tr
∣∣M(1−, 2+, 3+)

∣∣2 ' tr
∣∣M(1−, q+)

∣∣2 g̃2

2k2.k3

CA
z(1− z)

. (4.13)

We can perform the exact same procedure for the other helicity configurations, and

summing the six different configurations yields

tr
∣∣M(1, 2, 3)

∣∣2 ' tr
∣∣M(1, q)

∣∣2 8πα

q2
Pgg(z), (4.14)

where the splitting function Pgg(z) is given by

Pgg(z) = 2CA

[
z(1− z) +

1− z
z

+
z

1− z

]
. (4.15)

Similarly, we can compute the probability for a quark to split into a quark and

a gluon using the same methods. Starting with M(1, 2, 3), we can take a gluon

with k3 to be collinear to the quark p. And as for Pgg, the full amplitude will

be dominated by the partial amplitudes with 〈p3〉 and [p3] in the denominator,
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since these brackets will tend to zero as k3 → p. These partial amplitudes are

A(3+, 1−, 2+), A(3+, 1+, 2−), A(3−, 1+, 2−), A(3−, 1−, 2+), and their respective 1↔ 2

swaps.

In the asymptotic limit, the parametrizations are given by p ' (1 − z)ps and

k3 ' zps, where ps is the momentum of the parent quark. After the substitution

of p and k3 in the partial amplitudes as in Eq. (4.10), we combine them into the

full amplitudes: M(1−, 2+, 3+),M(1+, 2−, 3+),M(2+, 1−, 3+), andM(2−, 1+, 3+).

Squaring and averaging over colors and helicities gives

tr
∣∣M(1, 2, 3)

∣∣2 ' tr
∣∣M(1, 2)

∣∣2 8πα

p2
s

Pgq(z), (4.16)

where the splitting function Pgq(z) is

Pgq(z) = CF

[
1 + (1− z)2

z

]
. (4.17)

As mentioned in [84], PAB(z) can be interpreted as the probability of finding a

parton of type “A” in a parton of type “B” with a momentum fraction z of the

parent parton and a transverse momentum much less than the energy scale of the

parent. Based on the calculation made in [58, 84], one can see the simplicity of the

computation using MHV techniques.

4.3 Photon decoupling

Up to this point, we have discussed amplitudes for pure QCD processes. However,

in this section we will discuss a critical behavior of the QCD amplitude under which

a gluon will be constrained to become a photon, this is called “photon decoupling”.

Such a procedure was first introduced in [85] and usually called U(1) decoupling

in purely gluon amplitude calculations as in [87]. To begin with, we consider the

fact that both photons and gluons are massless spin-one particles, which means they

have the same polarization structure Eq. (3.23). Thus the kinematics of gluons and

the kinematics of photons will be described by the same representation.

To incorporate a photon as an external particle of a given amplitude, the only

operation is to replace the color factor (Ta)ij by the quantity δijQe/g. The kronecker

delta δij comes from the fact that quark-photon vertex preserves the color of the
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quark, and the factor Qe/g changes the QCD coupling g to Qe, where e is the QED

coupling and Q is the fractional charge of the quark. For illustration, let us consider

the three gluon production process and decouple one gluon in order to compute the

amplitude for qq̄ → ggγ. We start with the expression of the amplitudeM(1, 2, 3),

then we replace Ta3 with Qe/g,

M(1−, 2+, 3+
γ ) =

Qe

g

∑

P3

Ta1Ta2A(p, 1−, 2+, 3+, p̄). (4.18)

We can see that the color part of the amplitude cannot “see” the presence of the

photon labelled by “3”; this procedure will allow us to explicitly sum all possible

permutations of the photon without changing the structure of the color factor,

∑

P2

Ta1Ta2
[
A(p, 1−, 2+, 3+, p̄) + A(p, 1−, 3+, 2+, p̄) + A(p, 3+, 1−, 2+, p̄)

]
. (4.19)

And with the expression of the MHV amplitude in Eq. (3.57), we can see that this

kinematic term in the brackets is proportional to the the following,

〈p1〉3〈p̄1〉
〈p1〉〈12〉〈23〉〈3p̄〉 +

〈p1〉3〈p̄1〉
〈p1〉〈12〉〈23〉〈3p̄〉 +

〈p1〉3〈p̄1〉
〈p1〉〈12〉〈23〉〈3p̄〉

=
〈p1〉3〈p̄1〉
〈p1〉〈12〉〈2p̄〉

( 〈2p̄〉
〈23〉〈3p̄〉 +

〈12〉
〈13〉〈32〉 +

〈p1〉
〈p3〉〈31〉

)

=
〈p1〉3〈p̄1〉
〈p1〉〈12〉〈2p̄〉

〈pp̄〉
〈p3〉〈3p̄〉 .

(4.20)

In the first equality we factored out an expression so the part remaining in the

bracket can be combined from the applications of the following triangle relation,

which is a direct consequence of the Schouten identity,

〈p1〉
〈p3〉〈31〉 +

〈12〉
〈13〉〈32〉 =

〈p2〉
〈p3〉〈32〉 . (4.21)

Then by combining everything back to the amplitude Eq. (4.18), we see that the

amplitude is factorized into two terms. One term depends only on the gluon degrees

of freedom while the other term depends only on the photon degrees of freedom.

This factorization is a manifestation of the photon decoupling in which the gluon

and the photon act on the quark respectively via the adjoint representation of SU(3)

and via U(1). Explicitly the amplitude is factorized as follows

M(1−, 2+, 3+
γ ) =M(1−, 2+)

Qẽ〈pp̄〉
〈p3〉〈3p̄〉 . (4.22)
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4.4 Summary

As introduced in the begin of the chapter, this chapter showed how MHV techniques

work to compute some observable quantities and also to study some structures of

QCD amplitudes. First, we computed qq̄ → gg scattering to the cross section level,

we showed the simplicity and efficiency of the technique by comparing with the

textbook results using standard Feynman diagram approaches. Second, we used the

process qq̄ → ggg to review the collinear behavior of QCD amplitudes and rederived

the splitting functions Pgg and Pgq using MHV. Pgg and Pgq are, respectively, the

probability to find a gluon in a gluon and a gluon in a quark jet. We presented the

splitting function computations in a very pedagogical way to remove the ambiguities

from different MHV manuscripts in which they use more than one different process

to compute the different helicity configuration for a single splitting. And last, we

introduced the photon decoupling that converts asymptotic states of gluons into

photons. This decoupling will be used in the next chapter to rederive the multiple

photon emissions spectrum. We will also use the absorption of a photon to produce

a virtuality to an on-shell quark, thus inducing gluon radiation.



5Vacuum radiation

Theoretical accuracy often requires including higher order radiative corrections,

which leads to precise experimental tests. A perfect example is the prediction of

the anomalous magnetic moment of the electron. The QED calculation matches the

experimental precision with an order of 10−12; see [88]. Computing higher order

corrections is not just about precision, but it also helps to reveal measurements

that are sensitive to radiation. In the electroweak sector, as discussed in [89], initial

state radiation leads to a reduced effective center of mass energy for hard scattering

processes, which changes the shape of the measured Z resonance in e+e− → Z → 2f .

In heavy ion physics, a precise understanding of jet energy loss is needed to

characterize the QGP. Such an understanding requires a theoretical computation of

multiple gluon emission, one of the mechanisms that lead to jet suppression, both in

vacuum and in medium. The main goal of this chapter is to compute the multiple

gluon radiation current in the vacuum. Before doing so, it useful to review a simpler

case, multiple photon radiation. It is also important to specify that from this point

in this thesis the term collinear radiation is used to refer to a photon (or a gluon)

radiated at a very small angle where a photon (or a gluon) of momentum k will have

k⊥ � k‖.

5.1 Single photon emission

Let us first compute the single inclusive photon emission for an accelerated charged

particle. The calculation will provide us with an opportunity to use the spinor
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helicity formalism in the context of a well-known calculation [58]. We will introduce

the use of MHV techniques, which require all initial and final state particles to be

on-shell, in the next section. From classical electrodynamics it has been understood

that an accelerated charge radiates photon. In the case of a sudden change of

momentum, say from p to p̄, a charged particle induces a current J that leads to

the radiation of photons. In QED, the same current can be derived from a generic

amplitude in which an additional soft photon will be taken to be collinear along the

direction of the charged particle; see Fig. 5.1. Then, if we consider a quark as the

charged particle, the induced current is given by

J(1) = −Qe
(
p̄µ
p̄.k1

− pµ
p.k1

)
εµ(k1) +O(k1⊥). (5.1)

Here J represents the current associated to a single bremsstrahlung photon. In

the field theory description such a current is generally obtained from soft collinear

factorizations, such that

M1(1) = J(1)M0. (5.2)

Qe is the electrical charge of the quark, p the initial momentum, p̄ the momentum

after radiation and ε(k1) the polarization vector of the emitted photon with momen-

tum k1. We can express this current in terms of spinor variables using the duality

vector to spinor representation,

J(1+) = Qẽ
〈pp̄〉
〈p1〉〈1p̄〉 . (5.3)

To derive Eq. (5.3), we start from Eq. (5.1) and substitute the different momenta

with their respective spinor variables, Eq. (3.9). We also consider that the photon

has a “ + 1” helicity, where the polarization is given by ε+
aȧ(k1; q1) as defined in

Eq. (3.23). For the Lorentz contraction we used the relation 〈p1〉[p1] = 2p.k1 de-

fined in Eq. (3.11). Then the expression was simplified with the Schouten identity

Eq. (3.15).

We would like to draw special attention to the two following features of this

expression. First, the current doesn’t depend on the reference q1, a manifestation

of the gauge invariance property of the current. Second, the current has the exact

same expression as in the photon decoupling Eq. (4.22) which means that the soft
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k1

p p̄

Figure 5.1: Photon emitted from an off-shell quark.

collinear photon will be factorized out of any QCD amplitude in the same way as

Eq. (4.20).

A similar treatment can be done for a photon with “ − 1” helicity, where the

polarization is ε−aȧ(k1; q1). The result is quite similar, with an exchange of angle-

brackets to square-brackets,

J(1−) = Qẽ
[pp̄]

[p1][1p̄]
. (5.4)

In order to obtain the momentum distribution for emitting a photon off an off-shell

quark, we need to compute the modulus squared of the current and sum over the

two different helicities states,

dN(k1) =
Q2ẽ2

(2π)3

d3k1

2ωk1

(∣∣∣∣
〈pp̄〉
〈p1〉〈1p̄〉

∣∣∣∣
2

+

∣∣∣∣
[pp̄]

[p1][1p̄]

∣∣∣∣
2
)

=
Q2ẽ2

(2π)3

d3k1

2ωk1

p.p̄

(p · k1)(p̄ · k1)

=
Q2ẽ2

(2π)3

d3k1

ωk1

1

(1− cos2 θ)

=
Q2αe
π

dx

x

dk⊥
k⊥

dφ

2π
.

(5.5)

The structure of this distribution shows the enhancement of soft-collinear photon

radiation. This distribution is divergent in two ways: first as ωk1 tends to zero, in

which the energy fraction x = ωk1/ωp goes to zero, and second as ~k1 goes collinear

to the quark line, where the transverse momentum k⊥ goes to zero. Equation (5.5)

recovers the Sudakov double logarithm as in [58]. Note that here the off-shellness of

the quark is absorbed into the Born amplitudeM0, which will be non-zero and will

be able to radiate a photon if and only if the momentum p of the internal quark has

a small virtuality produced by the absorption of an incoming photon
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p
1+

n+

p̄

Figure 5.2: Multiple photon radiation off a quark.

5.2 Multiple photons

The application of MHV techniques to study QED processes was first introduced

in [85] and was reviewed in [86] for calculations beyond MHV. In this section, we

use MHV to generalize the single photon radiation for multiple n photon emissions

and rederive the Poisson distribution of multiple photon emissions. We are unaware

of such a calculation in which the MHV amplitude was squared and the emission

processes were shown to be independent and given by the Poisson distribution. In

order to realize such a generalization, consider the following situation: a highly

energetic quark with a momentum p absorbs a photon of momentum q with helicity

“ − 1.” This absorption will induce a virtuality which will be reduced by photon

emissions. As long as the virtuality is non-zero the quark will radiate more photons;

see Fig. 5.2. The momenta of the radiated photons are labelled from 1 to n, and all

have the same helicities equal to “ + 1.”

Restricting all outgoing photons or gluons to have the same helicity simplifies the

computation of the distribution. One can show that contributions when one, two, or

more outgoing gluons having a different helicity, which correspond to NMHV, NN-

MHV, etc, diagrams, are suppressed in the soft and collinear limit we are exploring.

The aim of this section is not just to compute the multiple photon emission

current but also to show that it is given by the product of individual single pho-

ton emissions. The scattering amplitude for such radiation can be computed with

Eq. (2.29) in which the n+ 1 gluons are decoupled to photons; that is to say all the
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Ta’s are replaced by Qe/g and the amplitude becomes purely QED:

M(1+, . . . , n+, q−) =

(
Qe

g

)n+1 ∑

Pn+1

A(p, 1+, · · · , n+, q−, p̄)

= Qẽ
〈pq〉3〈p̄q〉
〈pq〉〈qp̄〉〈p̄p〉Jn(1+, 2+, . . . , n+)

(5.6)

On the right hand side of the first equality we have a sum over the permutation of

the n + 1 photons, where the incoming photon is labelled by q. To get the second

equality we explicitly summed over all possible permutations of q as in the photon

decoupling from Eq. (4.19) to the factorization Eq. (4.20). Then as a result, the

incoming photon is factorized out from the n emitted photons and the Jn part that

depends on the emitted photons will be defined as our current

Jn(1+, 2+, . . . , n+) = (Qẽ)n
∑

Pn

〈pp̄〉
〈p1〉〈12〉 · · · 〈n p̄〉 , (5.7)

which includes a sum over the permutations of the emitted n photons.

Now let us first investigate the simplest case where the quark radiates only n = 2

photons, and then we will show by induction that the multiple photon current is

indeed equal to the product of the single emissions Eq. (5.3). For two photons the

permutation can be explicitly written as two terms. By putting the two terms over

a common denominator we can simplify the expression using the Schouten identity,

J2(1+, 2+) =
(Qẽ)2〈pp̄〉
〈p1〉〈12〉〈2p̄〉 +

(Qẽ)2〈pp̄〉
〈p2〉〈21〉〈1p̄〉

=
Qẽ〈pp̄〉
〈p1〉〈1p̄〉

Qẽ〈pp̄〉
〈p2〉〈2p̄〉

= J1(1+)J1(2+).

(5.8)

As expected, the two photon emissions are independent; the two emissions current

is equal to the product of the individual emissions.

For the multiple emissions, let us show that the current Jn can also be factorized

into the product of a single emission current J1 and the multiple emission Jn−1.

Starting with the expression in Eq. (5.7), we explicitly permute the n-th photon so

the permutation sum will be reduced to Pn−1,

Jn =
∑

Pn−1

(Qẽ)n−1〈pp̄〉
〈p1〉〈12〉 · · · 〈n−1 p̄〉

(
Qẽ〈p1〉
〈pn〉〈n1〉 +

Qẽ〈12〉
〈1n〉〈n2〉 + · · ·+ Qẽ〈n−1 p̄〉

〈n−1n〉〈np̄〉

)
.

(5.9)
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Figure 5.3: Multiple gluon radiation off a quark after absorbing a

photon.

In Eq. (5.9) the expression in red is the kernel of Jn−1, but it is still coupled with

the terms in brackets. The final crucial step is to recall the triangle relation in

Eq. (4.21); n− 1 applications of Eq. (4.21) on the terms in brackets lead to a term

that depends only on the n-th photon and can be pulled out of the summation,

Jn(1+, . . . , n+) =


∑

Pn−1

(Qẽ)n−1〈pp̄〉
〈p1〉〈12〉 · · · 〈n−1 p̄〉


 Qẽ〈pp̄〉
〈pn〉〈np̄〉 . (5.10)

Thus Jn = Jn−1 × J1; and by induction, the emission current of indistinguishable

photons is then given by the product of the single independent emissions

Jn(1+, . . . , n+) =
∑

Pn

(Qẽ)n〈pp̄〉
〈p1〉〈12〉 · · · 〈n p̄〉 =

n∏

I=1

Qẽ 〈pp̄〉
〈pI〉〈Ip̄〉 . (5.11)

From this expression it is obvious that the distribution of n photon emissions is the

product of n single emissions, but normalised by n! that comes with the bosonic

phase space of the n final state of photons,

dN(k1, . . . , kn) =
1

n!

n∏

I=1

dN(kI). (5.12)

5.3 Gluon radiation

Multiple gluon radiation from an off-shell quark in vacuum is a hard problem. Pre-

vious work [90] with traditional pQCD techniques was limited to computing am-

plitudes with only a few emitted gluons. On the MHV calculation side, previous

work [91] were limited to purely gluonic amplitudes. We compute here for the first
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time the amplitude for an off-shell quark to emit n gluons in vacuum for n arbitrary

using MHV. We square our amplitude in the limit of strong angular ordering and we

recover the known results of independent emissions derived using the usual pQCD

techniques [66,67].

An accelerated color charged particle (parton) will radiate gluons just as an

electrical charged particle (electron) radiates photons. Thus we can consider the

exact same situation where a quark will receive a kick by absorbing a photon, which

will induce gluon radiation. The main difference between the two processes is that

gluons carry color charge and therefore can also radiate additional gluons.

Starting with the single gluon emission, we consider the amplitude for qγ → qg.

The different kinematics of the two types of bosons are factorized by the photon

decoupling Eq. (4.22) in which the BornM(q−) amplitude associated to the photon

absorption is separated from the gluon current J ; see Fig. 5.3, where qµ is the

momentum of the incoming photon. Let us first derive the single gluon emission

amplitude. Starting from Eq. (4.2), and taking into account that one gluon is

decoupled into a photon, we have

M(1+, q−) = Qẽg̃

(
Ta1〈pq〉3〈p̄q〉
〈p1〉〈1q〉〈qp̄〉〈p̄p〉 +

Ta1〈pq〉3〈p̄q〉
〈pq〉〈q1〉〈1p̄〉〈p̄p〉

)

=
Qẽ〈pq〉3〈p̄q〉
〈pq〉〈qp̄〉〈p̄p〉

g̃Ta1〈pp̄〉
〈p1〉〈1p̄〉

=M(q−)
g̃Ta1〈pp̄〉
〈p1〉〈1p̄〉 ,

(5.13)

where we used the triangle relation to derive the second line from the first.

Therefore the current for single emission is

J1(1+) =
g̃Ta1〈pp̄〉
〈p1〉〈1p̄〉 . (5.14)

Eq. (5.14) has exactly the same structure as the single photon emission up to a de-

coupling factor, Ta1 ↔ (Qe/g). At the level of the distribution of real emissions, in

which the modulus squared of the current will be traced over the color, we can con-

clude that the single gluon distribution differs from the single photon case Eq. (5.5)

only by the fractional charge to color factor exchange, Q2αe ↔ CFαs. From these

factor differences, we can see also that there are more gluons radiated in QCD than
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p p̄

Figure 5.4: Angular ordered gluon emitted off a quark.

photons in QED, since the Q’s are a fraction less than 1 and the color factor is

CF = 4/3,

〈Ng〉 > 〈Nγ〉. (5.15)

Despite the duality between these single emissions, the non-Abelian nature of

gluons can make a difference for n > 1 gluon emissions. However, since the photon

carries no color charge, the same factorization Eq. (5.6) still occurs for the absorbed

photon in which the photon decouples. The general vacuum radiation current for

multiple gluon emission is then given by

Jn(1+, . . . , n+) = g̃n
∑

Pn

(Ta1Ta2 · · ·Tan)
〈pp̄〉

〈p1〉〈12〉 · · · 〈np̄〉 . (5.16)

Eq. (5.16) is quite similar to the multiple photon emissions Eq. (5.7), but what makes

the difference is that gluons have non-commutative color charges Ta’s. This increases

the degrees of freedom by n color degrees of freedom, and makes the multi-gluons

calculation more challenging compared to the multiple photon emission.

Let us first consider the case where the emissions are strongly ordered; see

Fig. 5.4, in which the opening angle of the radiation is ordered in such a way that

θ1 � θ2 � · · · � θn. Thus, we have k⊥1 � k⊥i, and one can check that

p.ki
p.k1 k1.ki

' p.p̄

p.k1 k1.p̄
+O(k⊥i/k⊥1) and

kj.ki
kj.k1 k1.ki

' O(k⊥i/k⊥1). (5.17)

Then the following relations will be true for θ1 � θi,

〈pi〉
〈p1〉〈1i〉 '

〈pp̄〉
〈p1〉〈1p̄〉 and

〈ij〉
〈i1〉〈1j〉 ' 0. (5.18)
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In this case, the gluon labelled 1 will not see the other n− 1 gluons, because viewed

from 1 they are not resolved from the parent quark; see Fig. 5.5. It will then follow

that
∑

Pn

(Ta1Ta2 · · ·Tan) 〈pp̄〉
〈p1〉〈12〉 · · · 〈np̄〉 '

Ta1〈pp̄〉
〈p1〉〈1p̄〉

∑

Pn−1

(Ta2 · · ·Tan) 〈pp̄〉
〈p2〉 · · · 〈np̄〉 . (5.19)

Once the first gluon is factorized out using Eq. (5.18), we can factorize out the next

one that won’t see the n− 2 gluons resolved from p̄ and so forth and so on until the

n-th gluon. Then under the strong angular ordering shown in Fig. 5.4, the QDC

emission current will be reduced into the product of individual emissions, like for

QED

Jn(1+, . . . , n+) ' (Ta1Ta2 · · ·Tan)
n∏

I=1

g̃〈pp̄〉
〈pI〉〈Ip̄〉 . (5.20)

The color averaged square of Eq. (5.20) is given by

1

CA
tr
(∣∣Jn(1+, . . . , n+)

∣∣2
)
' Cn

F

n∏

I=1

∣∣∣∣
g̃〈pp̄〉
〈pI〉〈Ip̄〉

∣∣∣∣
2

=
n∏

I=1

∣∣Jn(I+)
∣∣2 , (5.21)

where the 1/CA is the initial radiation normalization, and Eq. (5.21) reproduces the

angular ordered calculation presented in [66,67].

θ
ki
p̄p

k1

Figure 5.5: k1 cannot resolve ki from the parent parton under strong

ordering.

5.4 Summary of the chapter

We motivated the study of higher order radiation corrections for precision physics

and to unfold some observables that are sensitive to radiation, such as jets in heavy

ion collisions. Then we reviewed the single photon emission spectrum from an

off-shell quark. We showed that knowing the single photon emission is enough to

understand the multiple photon distribution by the use of the decoupling property
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of photons. In the last section we showed that the single gluon distribution is

comparable to the single photon. The non-Abelian nature of the color charge carried

by gluons can lead to major differences in the multiple emission case.

We also showed that under angular ordering the multiple gluon current is reduced

to the product of the independent emission in a given order. This ordering breaks

the permutation symmetry of the gluons as shown in Eq. (5.20) where we no longer

have the sum over the permutations of emitted gluons. In the next chapter we

will investigate further the case of two gluon emissions using the general current

Eq. (5.16) beyond the assumption of angular ordering.



6Particle correlation

In this chapter, we would like to find the momentum distribution of two soft and

collinear gluons radiated by an off-shell quark.

The radiation current for multiple gluons was introduced in the previous chapter.

We showed that under angular ordering the current is reduced to the Abelian result.

Here, we analyze the radiation beyond angular ordering as a first test problem as we

work to gain insight into the more difficult problem of multiple gluon emission stim-

ulated by multiple scattering in a QGP. There are additional benefits of examining

these two gluon emissions from an off-shell quark. First, by quantifying the corre-

lations amongst two gluons emitted that do not have strong angular ordering, we

will provide a benchmark for improving vacuum Monte Carlo showering programs.

Second, with the two gluon correlation function, we may make a connection with

the two particle correlations measured in hadronic collisions.

6.1 Two gluon distribution

In order to compute the distribution for emitting two gluons, we must compute

the square of the two gluon emission current, J2. For soft-collinear emission, the

dominant contribution comes from the configuration with both gluons having the

same helicity opposite to the photon. From the general expression Eq. (5.16), the

two gluon emission current can be expanded as

J2(1, 2) = g̃2

(
Ta1Ta2〈pp̄〉
〈p1〉〈12〉〈2p̄〉 +

Ta2Ta1〈pp̄〉
〈p2〉〈21〉〈1p̄〉

)
. (6.1)
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Squaring the current J2 directly makes the computation complicated since the

color factors and the kinematics will mix. To avoid such mixing, we rewrite Eq. (6.1)

as a sum over the different permutation symmetries under gluon swap. In the

case of two gluon emission, there are two possible configurations: symmetric and

antisymmetric under interchange of gluons. We may thus write

J2 =
g̃2

2
Cs

1,2J
s
2(1, 2) +

g̃2

2
Ca

1,2J
a
2 (1, 2), (6.2)

where Cs
1,2 and Ca

1,2 are the symmetrized and antisymmetrized color factors and

Js2(1, 2) and Ja2 (1, 2) are the symmetrized and antisymmetrized kinematics:

• Color factors 



Cs
1,2 = Ta1Ta2 + Ta2Ta1 = {Ta1 , Ta2}

Ca
1,2 = Ta1Ta2 − Ta2Ta1 = [Ta1 , Ta2 ]

(6.3)

• Kinematics 



Js2(1, 2) =
〈pp̄〉

〈p1〉〈12〉〈2p̄〉 +
〈pp̄〉

〈p2〉〈21〉〈1p̄〉

Ja2 (1, 2) =
〈pp̄〉

〈p1〉〈12〉〈2p̄〉 −
〈pp̄〉

〈p2〉〈21〉〈1p̄〉 .
(6.4)

Then the trace of the modulus square of J2 is just the sum of the trace squared of

the individual term (s and a); i.e. the cross terms’ traces vanish. Then the average

square of J2(1, 2) will be the square of the individual terms (Cs/a and Js/a).

6.1.1 Symmetric configuration

For the symmetric case, summing over all possible initial and final color configura-

tions yields the following trace

tr
(
|Cs

1,2|2
)

= tr
(
{Ta1 , Ta2}2

)
= 2C2

FCA − CF = 4CAC
2
F − C2

ACF . (6.5)

The symmetrization of the kinematics is analogous to the photon decoupling Eq. (5.11),

in which the kinematics is reduced into the product of the two independent emis-

sions. The modulus square of Js2 can be written as

|Js2(1, 2)|2 =
∏

i={1,2}

p.p̄

2(p.ki)(p̄.ki)
. (6.6)
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6.1.2 Antisymmetric configuration

Similarly, summing over initial and final color configurations of the antisymmetric

color factor yields

tr
(
|Ca

1,2|2
)

= −tr
(
[Ta1 , Ta2 ]

2
)

= 2C2
FCA + CF = C2

ACF . (6.7)

Since the symmetric part is mainly Abelian, i.e. Eq. (6.6) is the product of in-

dividual emission, so we expect information on the non-Abelian QCD nature of

gluon coherence effects to emerge from the antisymmetric kinematics. Squaring the

antisymmetric kinematic piece we find

|Ja2 (1, 2)|2 =

(∑

P2

ε12〈pp̄〉
〈p1〉〈12〉〈2p̄〉

)(∑

P2

ε12[pp̄]

[p1][12][2p̄]

)

=

(
1 +

tr
(
/p/k1/̄p/k2

)

2(k1.k2)(p.p̄)

) ∏

i={1,2}

p.p̄

2(p.ki)(p̄.ki)
,

(6.8)

the details of this computation can be found in Appendix E.1.

6.1.3 Emission distribution

With the above symmetric and antisymmetric results in hand, we may combine

everything into the distribution for the emission of two gluons,

dN(1, 2) = |J2(1, 2)|2
∏

1,2

d3ki
2ωi

= [1 + C(1, 2)] dN(1)dN(2),

(6.9)

where

C(1, 2) =

(
1

2

CA
CF

)
tr
(
/p/k1/̄p/k2

)

4(k1.k2)(p.p̄)
and dN(i) = |J1(i)|2 d

3ki
2ωi

. (6.10)

Since dN(i) is the one gluon emission probability related to Eq. (5.14), C(1, 2)

measures the correlation between the two emitted gluons. The correlation C(1, 2) is

the main interest of this chapter: it gives the deviation away from the usual Poisson

independent emission assumption due to non-Abelian QCD effects.
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6.2 Two gluon correlations

In this section we would like to understand more fully the non-Abelian correction,

C(1, 2), and the phenomenological consequences for the correlations in the emission

of two gluons from an off-shell quark. In statistics, the correlation function between

two emission events is defined by the ratio between the distribution of getting the

two emissions and the product of the two independent emission distributions,

dN(1, 2)

dN(1)dN(2)
− 1 = C(1, 2). (6.11)

This confirm that C(1, 2) defined in the previous section is precisely a correlation

function, and will be referred as the two gluon correlation. Note that in the definition

of the correlation function above we subtracted the uncorrelated part in order to

shift the base line of the correlation and so the correlation vanishes in the Abelian

limit.

6.2.1 Color dependence of the correlation

We absorb the color dependence of the correlation function C(1, 2) into a factor δN

that we define as

δN ≡
1

2

CA
CF

=
N2

N2 − 1
. (6.12)

In the Abelian limit δN vanishes as CA → 0. One can see in Fig. 6.1 that δN → 1

as N → ∞. For N = 3, specific for QCD, the color factor is equal to δ3 = 1.125.

This is to say that from N = 3 the correlation function doesn’t change much as N

grows, and so for the rest of this chapter we will take δN ≈ 1.

6.2.2 Kinematics of the two gluon correlation function

We can see that C(1, 2) is invariant under gluon exchange (1↔ 2) and is singular as

the two gluons become collinear. In the distribution Eq. (6.9) one can check that the

correlation is dimensionless. Even more, it is invariant under momentum rescaling,

so it is useful to express it in terms of angles. But first let us expand the trace in
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Figure 6.1: Correlation color factor δN , Eq. (6.12), for N ≥ 2.

terms of scalar products:

C(1, 2) =
tr
(
/p/k1/̄p/k2

)

4(k1 · k2)(p · p̄) =
(p · k1)(p̄ · k2) + (p · k2)(p̄ · k1)

(k1 · k2)(p · p̄) − 1. (6.13)

To evaluate these dot products, we need to define our angular parameters. Let

p̄µ ≡ (ωP , ~P )µ be the momentum of the off-shell parent quark. After the emission

of gluons, the now on-shell quark momentum is pµ = (ωp, ~p)
µ. The deflected quark

makes an angle θc with respect to the z axis defined by the direction of motion of

the off-shell quark of momentum ~P ; ~P · ~p = |~P ||~p| cos θc. On the other hand, the ith

emitted gluon has a momentum kµi = (ωi, ~ki)
µ. The emitted gluon makes an angle

θi with respect to the z axis defined by the off-shell incoming quark and is emitted

in a plane at an angle φi with respect to the plane defined by the incoming off-shell

quark and the final on-shell quark. See Fig. 6.2.

In order to parametrize the momenta of the gluons, which are soft and collinear

as introduced in the beginning of the chapter, in terms of the angles defined above,

let us define the z axis as the spatial direction of motion of the incoming off-shell

quark. Let us also define the x−z plane as the plane spanned by the spatial momenta

of the incoming quark and the outgoing quark. Then the momenta of the emitted

gluons can be written as

~ki = ωi(sin θi cosφi x̂+ sin θi sinφi ŷ + cos θi ẑ). (6.14)

In terms of these angles, one finds that

(P · k1)(p · k2)

(k1 · k2)(P · p) =
(1− cos θ1) (1− cos θc cos θ2 − sin θc sin θ2 cosφ2)

(1− cos θc)(1− cos θ1 cos θ2 − sin θ1 sin θ2 cos ∆φ)
, (6.15)
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Figure 6.2: Angle parameters for evaluating the two particle corre-

lation C(1, 2), Eq. (6.13). φi is the angle the (blue) plane in which

the gluon is emitted makes with respect to the (gray) plane in which

the off-shell quark of momentum P is scattered. θi is the angle the

emitted gluon makes with respect to the z axis defined by the di-

rection of motion of the off-shell quark of momentum P ; similarly,

θc is the angle the scattered quark makes with respect to the z axis.

where ∆φ is the azimuthal angle difference between the two gluons. We know

that the direction of the parent quark does not change much after radiating away

soft-collinear gluons, which is the case we consider here. Eq. (6.15) presents two

singularities, first when the two gluons tend to be collinear (δφ = 0 and θ1 = θ2),

second when the quark is not deflected (θc = 0)

In order to understand better these singularities, let us first isolate the θc de-

pendence from the collinear divergences induced from the gluon radiations into two

separate functions, which we will be denoted by f(1, 2, θc) and g(1, 2), and defined

as follows:



f(1, 2, θc) ≡
(1− cos θ1) (1− cos θc cos θ2 − sin θc sin θ2 cosφ2) + (1↔ 2)

1− cos θc

g(1, 2) ≡ 1

(1− cos θ1 cos θ2 − sin θ1 sin θ2 cos ∆φ)
.

(6.16)

Since θc is small, we may Taylor expand f(1, 2, θc) around θc = 0 to determine how

the correlation function C(1, 2) behaves at small θc,

C(1, 2) = f(1, 2, θc) g(1, 2)− 1,

=

(∑

n∈Z

fn(1, 2) θnc

)
g(1, 2)− 1

=

(
f−2(1, 2)

θ2
c

+
f−1(1, 2)

θc
+ f0(1, 2)

)
g(1, 2)− 1 +O(θc).

(6.17)
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In terms of the emitted gluon’s angles, these coefficient functions are equal to




f−2(1, 2) = 4(1− cos θ1 − cos θ2 + cos θ1 cos θ2)

f−1(1, 2) = 2 cosφ1 sin θ1(cos θ2 − 1) + 2 cosφ2 sin θ2(cos θ1 − 1)

f0(1, 2) =
1

3
(1 + 2 cos θ1 + 2 cos θ2 − 5 cos θ1 cos θ2).

(6.18)

Recall the fact that the two gluons are emitted at a very small angle. Then we

can expand fi’s in terms of θi, and see that up to O(θ3) the expressions in Eq. (6.18)

can be simplified:

f−2 = f−1 = 0 and f0 = 1− cos θ1 cos θ2. (6.19)

We may then write the two particle correlation function for the emission of two

gluons collinear to the off-shell quark, after some simplification, as

C(θ1, θ2,∆φ) =
sin θ1 sin θ2 cos ∆φ

1− cos θ1 cos θ2 − sin θ1 sin θ2 cos ∆φ
. (6.20)

We can find an even simpler expression by using the pseudorapidities e−ηi ≡ tan(θi/2)

of the emitted gluons:

C(∆η,∆φ) =
cos ∆φ

cosh ∆η − cos ∆φ
. (6.21)

In equation Eq. (6.21) the correlation is expressed in a compact form in which the

conformal invariance is explicitly manifest since the correlation is expressed only in

terms of angles.

6.2.3 Two particle correlations phenomenology

We would like to compare our two particle correlation Eq. (6.21) with data. We

imagine a hadronic collision at a particle accelerator. Then we can think of the

incoming parton in Fig. 6.2 as inside one incoming hadron that is subsequently

deflected by a small angle in the collision with the opposing hadron. The incoming

parton then radiates gluons at a small angle with respect to the incoming hadron.

A plot of the two particle correlations amongst the emitted quanta, Eq. (6.21), are

shown in the left hand plot of Fig. 6.3. One can see that the near-side correlations

are tight in angle φ but are long range in rapidity η. We show in the right hand plot
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Figure 6.3: The 2-particle correlations from (left) our non-Abelian,

two gluon emission expression Eq. (6.21) and from (right) central

p + Pb collisions as measured by the ALICE collaboration [92].

Note that the predicted 2-particle correlation plot on the left is not

normalized, unlike the experimental result on the right.

of Fig. 6.3 the two particle correlation measurement from central p + Pb collisions

at ALICE [92], whose tight angular and long range in rapidity near-side correlation

is very similar to our two particle correlation result.

Several comments are in order. Our theoretical prediction is rigorously valid only

for small angles of deflection and for small polar angles of emission, θi, that allow us

to reduce Eq. (6.15) into Eq. (6.21). Since rapidity is defined as e−ηi ≡ tan(θi/2),

small θi implies large ηi. Our result is thus valid for ηi & 0.7; i.e. our result is valid

for arbitrarily large rapidity down to some lower limit. Since the individual ηi can

be arbitrarily large, there is no restriction on ∆η; therefore ∆η can be arbitrarily

large or small depending on the individual ηi. Since we imposed no restriction on

the φi, our result is also valid for all ∆φ. The comparison between our result and

data must be interpreted with caution, though, because there are no rapidity cuts

restricting the rapidities on the individual particles ηi & 0.7 in the experimental

measurements. And while our correlation in rapidity is much larger than in angle,

our result does have an exponential dropoff in ∆η which may be stronger than that
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observed in data. Further, a quantitative comparison with data is difficult because

our result formally diverges as ∆η and ∆φ go to zero, whereas hadronization and

detector effects mean that the ALICE data is finite for ∆η = ∆φ = 0.

However, our result is valid in its regime of applicability and does contribute to

the long range in rapidity correlations. An intriguing prediction from our result is

that the two particle correlations are conformal; it would be very interesting to see

if future two particle correlations measurements reflect our predicted insensitivity

to the precise momentum cuts made (modulo detector and hadronization effects).

6.3 Summary

In this chapter we studied the emission of two gluons from an off-shell quark which

is important for showering radiation. We found that for non-Abelian QCD, unlike in

QED, the emission probability for two gluons is not simply an independent Poisson

convolution of the single inclusive gluon emission probability. We explicitly derived

the non-Abelian correlations between the two emitted gluons, Eq. (6.10), which

simplifies to the manifestly conformal Eq. (6.13) in terms of only the difference in

angle, ∆φ, and rapidity, ∆η, between the two emitted gluons for the case of collinear

radiation.

We then investigated the phenomenological relevance of our results. A direct

comparison between the two gluon correlations we computed and recent ALICE data

from central p + Pb collisions shows a surprisingly good qualitative agreement: both

distributions display a tight correlation in angle and broad correlation in rapidity.

The conformality of our correlations prediction, Eq. (6.13) implies that the shape

of the two particle correlations measured in collisions without medium modification

will be independent of the momentum cuts made.

We then saw that the absorption of photon can provide the necessary momentum

kick to the quark to radiate gluons. However, it is important to ask ourselves how

the off-shell-ness produced by the photon absorption would be relevant to a p-A

collision despite the qualitative comparison in Fig. 6.3. We know that the more

appropriate picture for such collision will be the case where the off-shell-ness is
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induced from gluon absorption. In such situation, the absorption of gluon will flip

the color state of the quark which will break the decoupling factorization in Eq. (6.1).

Therefore, such a color flip will provide an additional source of radiation that needs

to be added to the correlation Eq. (6.13) which will be the main motivation for the

following Chapter.



7Induced radiation

In the last chapter we showed that gluon emissions are not independent. In order to

radiate, we first set up a situation where the virtuality of the quark is produced from

a photon absorption. We then decomposed the radiation current into symmetric and

anti-symmetric terms under gluon exchange. And as a result we observed that the

antisymmetric piece of the decomposition contained information on the non-Abelian

effect that produces a correlation between the two gluons.

In this chapter, instead of a photon we will consider a gluon to interact with

the quark which will provide a more realistic situation for a gluon radiation in p-A

collision. Similarly to the photon case, this interaction with the gluon induces a

virtuality to the quark which leads to gluon radiation. In this set up, we consider a

highly energetic quark passing through a quark-gluon plasma medium; see Fig. 7.1.

The quark then absorbs a gluon, which is approximated here by a free gluon, from

the medium that will induce gluon radiation. In our calculation we consider such

an absorption via the s-channel for simplicity.

We first consider the general case where a quark absorbs a gluon which will

provide the necessary kick to induce the gluon emissions. Then we will show that

differently from photon radiation, an infinitely soft interaction with the medium

will still induce gluon radiation by color exchange. We explicitly derive the emission

currents for the case of one, two and three gluon emissions. Based on these results

for one, two, and three gluon emissions, we will conjecture the emission current

of induced radiation from a color flip for an arbitrary number of emitted gluons.

Further, we will prove our conjectured current is correct for the cases of gluon
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emission for which the result is either fully symmetric or fully antisymmetric in the

exchange of emitted gluons.

•

•

•• • •
p p̄ p p̄ p p̄

k1 k1 k1

q q q

+ +

Figure 7.1: Gluon absorption induced gluon radiation.

7.1 Gluon radiation induced by gluon absorption

Let us first consider the case for a single gluon emission. As shown in Fig. 7.1, let

the momentum of the highly energetic quark be denoted by p, the momentum of the

quasi particle denoted by q, the momentum of the radiated gluon denoted by k1,

and p̄ be the final momentum of the quark after the emission. The emission current

associated with the induced gluon emission is obtained from the factorization of the

radiated gluon out of the amplitudeMgg associated with qg → qg,

Mgg(q
−, 1+) = g̃2Ta1Taq

〈pq〉3〈p̄q〉
〈p1〉〈1q〉〈qp̄〉〈p̄p〉 + g̃2TaqTa1

〈pq〉3〈p̄q〉
〈pq〉〈q1〉〈1p̄〉〈p̄p〉

= g̃
〈pq〉3〈p̄q〉
〈pq〉〈qp̄〉〈p̄p〉

(
g̃Ta1Taq

〈pq〉
〈p1〉〈1q〉 + g̃TaqTa1

〈qp̄〉
〈q1〉〈1p̄〉

)

= A(p, q−, p̄)J(1+).

(7.1)

In the first line, we start with the MHV amplitude where the helicity of the incoming

gluon is “−1”. In the second line, we factorize the color and kinematic dependence of

the radiated gluon. In this factorization, we are left with the partial amplitude of the

Born process, A(p, q−, p̄), and the current of the induced radiated gluon, J(1+). This

factorization is different from the case of radiation induced from photon absorption:

in the photon case the factorization is total, where the full amplitude is factorized

from the current

Mgγ =MγJ(1+). (7.2)
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In our QCD set-up, the absorption of the gluon provides the necessary kick to induce

radiation in a way similar to the photon case. But in addition to the kick, this gluon

will also rotate the color of the quark and make the factorization partial. This partial

factorization is reflected by the fact that the color charges can not be disentangled

from each other,

J(1) ≡ g̃

(
Ta1Taq

〈pq〉
〈p1〉〈1q〉 + TaqTa1

〈qp̄〉
〈q1〉〈1p̄〉

)
. (7.3)

From Eq. (7.3), we can recover the vacuum current from photon decoupling in

Eq. (5.14), by replacing the QCD generator Taq associated with the incoming gluon

with the QED generator associated with a photon.

In the case of multiple emissions, the factorization in Eq. (7.2) can be generalized,

in the same way where the Born amplitude can be partially factorized from the

process qg → q(ng). This partiality of the factorization is related to the fact that

only the kinematics of the Born amplitude can be factorized from the current; thus

M =
∑

Pn+1

(Ta1Ta2 · · ·TanTaq)A(p, 1+, . . . , n+, q−, p̄)

= A(p, q−, p̄)Jn(1, . . . , n; q)

(7.4)

In Eq. (7.4), we recall the color decomposition of the full amplitude Eq. (2.29) in

which we summed over the (n+1) gluon permutations Pn+1 of the partial amplitudes.

To separate the Born amplitude A(p, q−, p̄) from the radiative term, we use the MHV

expression in Eq. (3.57) and perform the following factorization for each term in the

decomposition

A(p, . . . ,m, q−,m+1, . . . , p̄) = A(p, q−, p̄)
g̃n〈pq〉〈qp̄〉

〈p1〉〈12〉 · · · 〈mq〉〈q m+1〉 · · · 〈np̄〉 . (7.5)

Taking Eq. (7.5) back into the first equality of Eq. (7.4), allows us to identify the

multiple emission current

Jn ≡ g̃n
n∑

m=0

∑

Pn

(Ta1Ta2 · · ·TamTaqTam+1 · · ·Tan)〈pq〉〈qp̄〉
〈p1〉〈12〉 · · · 〈mq〉〈q m+1〉 · · · 〈np̄〉 . (7.6)

In addition to the permutation of soft gluons, we also have the sum over the different

ways to attach the incoming gluon illustrated by the sum over m; see Fig. 7.2.

Running from 0 to n, we can also think of m as the number of generators placed on

the left of Taq , the generator associated with the incoming gluon.
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Figure 7.2: Illustration of the configuration m.

7.2 Color flip induced radiation

In this section, we are going to study the radiation of gluons induced from the

rotation of color, what we will call a color flip. We still consider the same process

where a highly energetic quark absorbs a gluon. The difference is that the incoming

gluon has a very small transverse momentum k⊥ compared to pz. Thus the quark will

not be deflected much from its direction of motion. The outgoing quark momentum

will be

p̄ = xp+O (p̄⊥) . (7.7)

In this expression x is the fraction of the momentum carried by the outgoing quark,

and p̄⊥ is the transverse momentum of the outgoing quark, which will be negligible

compared to the longitudinal component p̄‖ . Therefore the multiple gluon emission

current Eq. (7.6) will become

Jn = g̃n
n∑

m=0

∑

Pn

(Ta1Ta2 · · ·TamTaqTam+1 · · ·Tan)〈pq〉〈qp〉
〈p1〉〈12〉 · · · 〈mq〉〈q m+1〉 · · · 〈np〉 , (7.8)

where instead of p̄ we have xp; and since the angle brackets are linear, see Eq. (3.13),

then the momentum fraction x from the numerator cancels with the one from the

denominator.

7.2.1 Induced single gluon emission

First let us consider the single gluon emission. Under the approximation Eq. (7.7) the

spinor bracket 〈pp̄〉 will vanish due the antisymmetric property of brackets. There-

fore the vacuum current in Eq. (5.14), produced from photon absorption, vanishes in
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that condition. A vanishing current means no radiation, which can explained from

the fact that massless particles have to travel at the speed of light. At that speed,

the particle cannot feel any acceleration along the longitudinal direction. The only

way to make massless Abelian charged particles radiate is to make it deviate from

its direction with some transverse impulse.

However in the non-Abelian case, radiation can also be induced from a color flip.

To show that let us consider the single emission current from Eq. (7.3) and impose

the condition where p̄ ∝ p,

J1 = g̃

(
Ta1Taq

〈pq〉
〈p1〉〈1q〉 + TaqTa1

〈qp̄〉
〈q1〉〈1p̄〉

)
= g̃[Ta1 , Taq ]

〈pq〉
〈p1〉〈1q〉 . (7.9)

In the second equality we used Eq. (3.14) to express the condition in Eq. (7.7) in

terms of spinor variables, that is λp̄ ∝ λp. The radiation in Eq. (7.9) is purely

non-Abelian, in the sense that it is only possible in the presence of the color charge

Taq . In the Abelian limit, where Taq → 1, we can see that the commutator factor

vanishes and no radiation can be produced.

7.2.2 Induced two gluon emissions

Let us first introduce some new notation that will simplify expressions and will make

the transition from 2 to n emissions easier. Define




Tn,m(1, · · · , n) ≡ Ta1Ta2 · · ·TamTaqTam+1 · · ·Tan

Jn,m(1, · · · , n) ≡ g̃n
〈pq〉

〈p1〉〈12〉 · · · 〈mq〉
〈qp〉

〈q,m+1〉 · · · 〈n−1, n〉〈np〉 .
(7.10)

Under the approximation where we have p̄ ∝ p, combined with the new notation,

the multiple radiation current introduced in Eq. (7.8) can be simply written as

Jn =
n∑

m=0

∑

Pn

Tn,m(1, . . . , n)Jn,m(1, . . . , n) (7.11)

Now, let us look at the main subject of this section, two gluon emissions stimulated

by a color flip. Inspired by the vacuum calculation in Eq. (6.2), we split the per-

mutation sum of the two emitted gluons into symmetric and antisymmetric pieces,
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J2 =
2∑

m=0

∑

P2

T2,m(1, 2)J2,m(1, 2)

=
1

2

2∑

m=0

T s2,m(1, 2)Js2,m(1, 2) +
1

2

2∑

m=0

T a2,m(1, 2)Ja2,m(1, 2)

(7.12)

The superscripts “s” and “a” stand respectively for symmetric and antisymmetric

projection under the permutation of emitted gluons.

First let us investigate the symmetric piece. We will study the different config-

urations where m = 0, 1, 2:



Js2,0 = g̃2

( 〈qp〉
〈q1〉〈12〉〈2p〉 +

〈qp〉
〈q2〉〈21〉〈1p〉

)
= g̃2

∏

I={1,2}

〈pq〉
〈pI〉〈Iq〉

Js2,1 = g̃2

( 〈pq〉〈qp〉
〈p1〉〈1q〉〈q2〉〈2p〉 +

〈pq〉〈qp〉
〈p2〉〈2q〉〈q1〉〈1p〉

)
= −2g̃2

∏

I={1,2}

〈pq〉
〈pI〉〈Iq〉

Js2,2 = g̃2

( 〈pq〉
〈p1〉〈12〉〈2q〉 +

〈pq〉
〈p2〉〈21〉〈1q〉

)
= g̃2

∏

I={1,2}

〈pq〉
〈pI〉〈Iq〉 .

(7.13)

In the above results, we can see that the symmetric projection of the different con-

figurations are proportional to each other. This allows us to factorize the kinematics

of the symmetric part,
2∑

m=0

T s2,m(1, 2)Js2,m(1, 2) = Cs
2(1, 2)Js2,2(1, 2). (7.14)

We have chosen Js2,2 to be the common factor where the factor Cs
2 depends only

on the color degrees of freedom. The color factor Cs
2 can be written in term of

commutators,

Cs
2(1, 2) =

(
1T s2,0(1, 2)−2T s2,1(1, 2)+1T s2,2(1, 2)

)
=
∑

P2

[Ta1 , [Ta2 , Taq ]]. (7.15)

If the color flip incucing absorbed gluon was rather a photon, then Taq ∝ 1 and

Cs
2 = 0. Similarly to the single emission, this factorization makes the non-Abelian

nature of the radiation manifest.

For the antisymmetric piece, we proceed by the same steps. We find




Ja2,0 = g̃2

( 〈qp〉
〈q1〉〈12〉〈2p〉 −

〈qp〉
〈q2〉〈21〉〈1p〉

)

Ja2,1 = g̃2

( 〈pq〉〈qp〉
〈p1〉〈1q〉〈q2〉〈2p〉 −

〈pq〉〈qp〉
〈p2〉〈2q〉〈q1〉〈1p〉

)
= 0

Ja2,2 = g̃2

( 〈pq〉
〈p1〉〈12〉〈2q〉 −

〈pq〉
〈p2〉〈21〉〈1q〉

)
= −Ja2,0.

(7.16)
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Eq. (7.16) shows that the different antisymmetric configurations are also propor-

tional to each other. And to be consistent with the symmetric case we choose Ja2,2 to

be the fundamental current which will be generated by the antisymmetrized color

factor Ca
2 ,

Ca
2 (1, 2) =

(
−1T a2,0(1, 2)+0T a2,1(1, 2)+1T a2,2(1, 2)

)
=
∑

P2

ε12[Ta1 , [Ta2 , Taq ]]. (7.17)

This color factor again makes the non-Abelian nature of the radiation manifest.

Eq. (7.15) and Eq. (7.17) show that the color factor of the symmetric and an-

tisymmetric parts are respectively the antisymmetric and symmetric projections of

[Ta1 , [Ta2 , Taq ]]. The kinematics, on the other hand, are the symmetric/antisymmetric

projection of J2,2(1, 2).

Taking everything, symmetric and antisymmetric pieces, back into Eq. (7.12)

leads to a current with a sum over the different configurations

J2 = g̃2
∑

P2

[Ta1 , [Ta2 , Taq ]]
〈pq〉

〈p1〉〈12〉〈2q〉 . (7.18)

Here the sum over the different configurations are absorbed into the commutator,

which makes the non-Abelian nature of the radiation manifest and makes J2 have

the same structure as the vacuum radiation Eq. (6.1).

7.3 Induced three gluon emissions

Understanding the three gluon emissions is necessary to extend the symmetric-

antisymmetric decomposition, performed in the two gluon emissions computation.

In the case of three gluons we have to deal to the mixed symmetry case. This mixed

symmetry can be introduced from the decomposition into the different irreducible

representations of the permutation group Pn for n > 2.

We first recall the case of two gluons, where the symmetric and antisymmetric

projection are the two irreducible representations of P2. To symmetrize and anti-

symmetrize a function one can use respectively the projectors P̂s and P̂a such that

P̂sJ2,m(1, 2) =
1

2
Js2,m(1, 2) and P̂aJ2,m(1, 2) =

1

2
Ja2,m(1, 2). (7.19)
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The 1/2 factors follows from the definition of Js2,m and Ja2,m in Eq. (7.12), and the

projectors satisfy the following conditions

P̂s + P̂a = 1 and P̂sP̂a = 0. (7.20)

However, in the 3 gluons case we have a larger permutation group; and in addition

to the symmetric and antisymmetric representations we can expect a mixed symme-

try representation. This mixed representation is a representation that is partially

symmetric under the swap of two indices and antisymmetric under the swap of the

other two indices; for a review on the different representations of the permutation

group see [93]. In this derivation, we are interested in the projection operator P̂x

associated to the mixed symmetry representation. With the symmetric and an-

tisymmetric representations, P̂x can be constructed from the following conditions

P̂s + P̂a + P̂x = 1 and P̂sP̂a = P̂sP̂x = P̂aP̂x = 0. (7.21)

In terms of these projection operators the emission current associated to the induced

3 gluon emissions, from Eq. (7.11), can be decomposed as

J3 =
3∑

m=0

∑

P3

(
P̂s + P̂a + P̂x

)
T3,m(1, 2, 3)J3,m(1, 2, 3). (7.22)

Here we need to recall that the action of the projection is distributive on the product

of two functions, i.e.

P̂s [T3,m(1, 2, 3)J3,m(1, 2, 3)] = P̂s [T3,m(1, 2, 3)] P̂s [J3,m(1, 2, 3)] . (7.23)

The manipulation of the symmetric and antisymmetric pieces are very much similar

to the examination in the 2 gluons case. We find that the kinematic terms Js3,m and

Ja3,m are respectively proportional to Js3,3 and Ja3,3. Therefore

3∑

m=0

∑

P3

(
P̂sT3,m(1, 2, 3)

)(
P̂sJ3,m(1, 2, 3)

)
=

3∑

m=0

U s
3,m

∑

P3

(
P̂sT3,m(1, 2, 3)

)
P̂sJ3,3(1, 2, 3)

= 3!
3∑

m=0

U s
3,mP̂s [T3,m(1, 2, 3)] P̂s [J3,3(1, 2, 3)]

=
1

3!
Cs

3(1, 2, 3)Js3,3(1, 2, 3).



7.3. Induced three gluon emissions 77

In the first line, U s
3,m is a constant that depends only on m and is defined from the

relation Js3,m = U s
3,mJ

s
3,3, which reflects the proportionality between the kinematics.

In the second line, we consider the fact that symmetric projections are invariant

under any permutation of P3; then the sum over the full permutation leads to the

factor “3!”, the dimension of P3. And the last line comes from the following definition

P̂s [J3,3(1, 2, 3)] ≡ 1

3!
Js3,3(1, 2, 3),

P̂s [T3,3(1, 2, 3)] ≡ 1

3!
T s3,3(1, 2, 3),

(7.24)

with the new color factor

Cs
3(1, 2, 3) ≡

3∑

m=0

U s
3,mT

s
3,m(1, 2, 3). (7.25)

The exact same steps can be done for the antisymmetric case, which leads to

J3 =
1

3!
Cs

3(1, 2, 3)Js3,3(1, 2, 3) +
1

3!
Ca

3 (1, 2, 3)Ja3,3(1, 2, 3) + Mixed-Sym. (7.26)

Eq. (7.26) is similar to the 2 gluons case in Eq. (7.12). In the derivation above, we

claimed that U s
3,m and Ua

3,m exist and can be determined to show that Cs
3 and Ca

3

are respectively the symmetric and antisymmetric projection a color factor C3,

C3(1, 2, 3) = [Ta1 , [Ta2 , [Ta3 , Taq ]]]. (7.27)

This claim will be proven in section 7.4 and 7.5, since these section are dedicated

to the understanding of the symmetric and antisymmetric case for any n number of

gluon emissions.

Now let us look at the mixed symmetry case. It is important to remind ourselves

that the main ingredient for the symmetric and antisymmetric pieces was that the

projected kinematics are proportional to each other, that is Js/a3,m ∝ J
s/a
3,m′ . For the

mixed symmetry case, an explicit calculation shows that the mixed symmetry kine-

matics are not proportional to each other. Therefore we are going to treat this

projection with a different approach using properties of the permutation group P3.

In this analysis, we start by looking at the relation between the different kinemat-

ics J3,m. Then we give a short review of the permutation group in order to express

the relations between the kinematics in terms of some permutation group action on
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the kinematics. Then last, we use these relations to understand the mixed-symmetry

projection of the 3 gluon emissions.

First, let us show that J3,0 and J3,3 and that J3,2 and J3,1 are related. Recall the

antisymmetric property of the angular brackets, 〈ij〉 = −〈ji〉. Then,

J3,0(1, 2, 3) = g̃3 〈pq〉
〈q1〉〈12〉〈23〉〈3p〉 = −J3,3(3, 2, 1)

J3,2(1, 2, 3) = g̃3 〈pq〉〈qp〉
〈p1〉〈1q〉〈q2〉〈23〉〈3p〉 = −J3,1(3, 2, 1)

(7.28)

The second relation comes from a photon decoupling relation similar to what we

have done in Eq. (4.20), where

〈pq〉
〈p1〉〈13〉〈32〉〈2q〉 +

〈pq〉
〈p3〉〈31〉〈12〉〈2q〉 +

〈pq〉
〈p3〉〈32〉〈21〉〈1q〉

=
〈pq〉〈pq〉

〈p1〉〈1q〉〈p3〉〈32〉〈2q〉 = − 〈pq〉〈qp〉
〈p1〉〈1q〉〈p2〉〈23〉〈3q〉

. (7.29)

Then by translating this relation (7.29) in terms of J ’s through the definition

Eq. (7.10), we will obtain a relation expressing J3,1 as a superposition of the different

permutations of J3,3,

J3,1(1, 2, 3) = −J3,3(3, 2, 1)− J3,3(1, 3, 2)− J3,3(3, 1, 2). (7.30)

Therefore, Eq. (7.28) and Eq. (7.30) relate the different kinematics J3,m to themselves

as an action of some permutations, which leads us to a brief review of the action of

the permutation group.

Let σij be an element of the permutation group P3, such that the action of σij on

a regular function with 3 entries, say F (1, 2, 3), is to swap the label i of the function

with the label j. Similarly σijk be an element of P3 that permutes the three indices

in such a way the label i will be set to be j, j to be k, and k to be i. For example,

σ13 [F (1, 2, 3)] = F (3, 2, 1)

σ123 [F (1, 2, 3)] = F (2, 3, 1)

σ12 [σ321 [F (1, 2, 3)]] = σ12 [F (3, 1, 2)] = F (3, 2, 1)

(7.31)

The third example shows that a composition of two permutations is a permutation,

which is a manifestation of the group closure. The identity element is the action of
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1 σ12 σ13 σ23 σ123 σ321

1 1 σ12 σ13 σ23 σ123 σ321

σ12 σ12 1 σ123 σ321 σ13 σ23

σ13 σ13 σ321 1 σ123 σ23 σ12

σ23 σ23 σ123 σ321 1 σ12 σ13

σ123 σ123 σ23 σ12 σ13 σ321 1

σ321 σ321 σ13 σ23 σ12 1 σ123

Table 7.1: Composition table of the permutation group P3

no permutation, and the inverse actions are: σij for σij and σkji for σijk. And last,

the composition action of σ’s are summarized in Tab. 7.1.

Let us go back into the study of the 3 gluon emissions in which the permutation

group will act on the label of the radiated gluons. Starting with the relations (7.28)

and (7.30), we would like to construct some operators that transforms the kinematic

term J3,3 into J3,m. Let Q̂m be the operators such that

J3,m(1, 2, 3) = Q̂mJ3,3(1, 2, 3). (7.32)

In terms of the permutation group action, we are able to find Q̂m as a superposition

of the different elements of the permutation group. The Q̂m are given by

Q̂0 ≡ −σ13, Q̂1 ≡ σ13 + σ23 + σ321,

Q̂2 ≡ −1− σ23 − σ321, Q̂3 ≡ 1.
(7.33)

The point of these operators is to provide to the mixed symmetry case a relation

equivalent to the one in the symmetric case where Js3,m = U s
3,mJ

s
3,3. Therefore it is

necessary to understand how the action of the projector P̂x will interfere with Q̂m.

In terms of permutations, as shown in [93], the projection operator P̂x defined in

Eq. (7.21) can be written as

P̂x =
1

3
(2− σ123 − σ321). (7.34)

The projector P̂x and the operator Q̂m are now written in terms of permutation

operators. Then based on Eq. (7.33) and Eq. (7.34), it can be checked that the
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actions on J3,3 do not interfere, specifically with Tab. 7.1 one can check the following

commutation relation

[P̂x, Q̂m] = 0. (7.35)

Therefore with Eq. (7.32), the mixed symmetry kinematics can be written as

Jx3,m(1, 2, 3) = P̂xQ̂mJ3,3(1, 2, 3) = Q̂mJ
x
3,3(1, 2, 3). (7.36)

At this stage, it seems the only point of having Q̂m is just to simplify the compu-

tation, that is to say instead of computing the four kinematics Jx3,m we just have to

compute Jx3,3 and then use Q̂m to generate the solution for different m. However the

goal of this derivation is to provide a solution that requires only Jx3,3 with some color

factor Cx
3 that absorbs the contribution of the different configuration m. The crucial

step is to introduce the set of dual operators Q̂]
m such that under the permutation

sum: “the action of Q̂m on the kinematics leaving the color term intact is equal to

the action of Q̂]
m on the color term leaving the kinematics intact”.

∑

P3

T x3,m(1, 2, 3)Q̂mJ
x
3,3(1, 2, 3) =

∑

P3

(
Q̂]
mT

x
3,m(1, 2, 3)

)
Jx3,3(1, 2, 3). (7.37)

We computed the set of operators Q̂]
m dual to Q̂m, see Appendix F.2, that satisfy

the commutation relation [P̂x, Q̂
]
m] = 0,

Q̂]
0 = −σ13, Q̂]

1 = σ13 + σ23 + σ123,

Q̂]
2 = −1− σ23 − σ123, Q̂]

3 = 1.
(7.38)

The dual operator Q̂], as defined in Eq. (7.37), of any operator Q̂ which is a linear

combination of permutations is given by the same operator Q̂ with the exception

where σ123 and σ321 are interchanged; see Appendix F.2. Therefore the mixed sym-

metry piece can be written as

3∑

m=0

∑

P3

T x3,m(1, 2, 3)Jx3,m(1, 2, 3) =
∑

P3

P̂x

(
3∑

m=0

Q̂]
mT3,m(1, 2, 3)

)
Jx3,3(1, 2, 3). (7.39)

The term in brackets is the new color factor for the mixed case; a color factor that

contains all the contributions of the different configurations m. With the expression

of Q̂]
m in terms of permutations and with the definition of Tn,m in terms of Ta’s,
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one can compare the following expression by expanding both sides of the equality

in terms of color charge products

3∑

m=0

Q̂]
mT3,m(1, 2, 3) = [Ta1 , [Ta2 , [Ta3 , Taq ]]]. (7.40)

Therefore the mixed symmetry terms of the Eq. (7.26) are equal to

Mixed-Sym =
∑

P3

Cx
3 (1, 2, 3)Jx3,3(1, 2, 3), (7.41)

where Cx
3 is the mixed symmetry projection of the new color factor introduced in

Eq. (7.40).

In conclusion, the 3 gluon emissions current induced from a color flip can be

decomposed into symmetric, antisymmetric and mixed symmetry terms under the

permutation of the 3 gluons. The kinematic piece J3,3 was chosen to be the funda-

mental term in which all the kinematics J3,m are expressed. In the symmetric and

antisymmetric projections Js/a3,m are proportional to Js/a3,3 which does not hold for the

mixed symmetry case. We then introduced a set of operators Q̂m that act on Jx3,3
in order to generate all the mixed symmetry kinematic factors Jx3,m.

The fascinating observation is that the action of these operators on the mixed

case plays the roles of the proportionality between the kinematic respectively on the

symmetric and antisymmetric case, and leads to a common color factor Eq. (7.27)

projected respectively into the irreducible representation of P3. Therefore as for the

single and two gluon emission the radiation current can be written in the form where

the non-Abelian nature of the radiation is explicitly manifest as a commutation of

the color charges

J3 = g̃3
∑

P3

[Ta1 , [Ta2 , [Ta3 , Taq ]]]
〈pq〉

〈p1〉〈12〉〈23〉〈3q〉 . (7.42)

7.4 Conjectured current

Based on the 1,2,3-gluon emission results, in this section, we are going to conjecture

the analytical expression for the multiple emissions current induced from a color

flip interaction. In the previous calculations, for n = 1, 2, 3, we found that the
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sum over the different configurations (sum over m) are absorbed into a new color

factor, denoted by Cn. And the commutator structure of this color factor makes

the non-Abelian nature of the radiation manifest. On the other hand the respective

kinematics from these calculations (7.9, 7.18, 7.42) present also a pattern,

C1(1) = [Ta1 , Taq ]

C2(1, 2) = [Ta1 , [Ta2 , Taq ]]

C3(1, 2, 3) = [Ta1 , [Ta2 , [Ta3 , Taq ]]].

(7.43)

We therefore conjecture the multiple emission current Jn induced from a color flip

to be

Jn = g̃n
∑

Pn

[Ta1 , [Ta2 , [· · · , [Tan , Taq ] · · · ]]]
〈pq〉

〈p1〉〈12〉 · · · 〈nq〉 . (7.44)

This conjectured current is then equivalent to the current that we introduced in

Eq. (7.8). The claim is that the nontrivial sum over the different configurations

in Eq. (7.8) is absorbed into the color factor that makes the non-Abelian structure

manifest,

Cn(1, . . . , n) = [Ta1 , [Ta2 , [· · · , [Tan , Taq ] · · · ]]]. (7.45)

The Eq. (7.44) will be easy to manipulate compared to Eq. (7.8), since it is

very natural to decompose Eq. (7.44) into the various irreducible representation of

the symmetric group in order to simplify the squaring of the current without the

configuration over m in Eq. (7.8). Therefore we need to prove that Eq. (7.44) is

correct. The main obstacle is that, we are not be able to perform a brute force

calculation going from Eq. (7.8) to derive Eq. (7.44). Instead, we plan to project

the two currents into the irreducible representation of the gluon-permutation group.

Then we will complete the proof for the fully symmetric and fully antisymmetric

cases by comparing the different irreducible projections of the two currents.

Similarly with the three induced gluon emissions in Eq. (7.26), the multiple gluon

emission can be expanded as

Jn =
1

n!
Cs
nJ

s
n,n +

1

n!
Ca
nJ

a
n,n + Mixed-Sym. (7.46)

In this section, the mixed symmetry case will not be discussed due to the following

technical reason. The different irreducible representations of the permutation group
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P3 can be represented in terms of the Young diagrams; see e.g. [94]. In terms of

Young diagrams the mixed symmetry for P3 is represented with . However for a

general group Pn, the mixed symmetry is a collection of more than one irreducible

representation; for example for n = 4 the mixed symmetry is a collection of three

irreducible representations

Mixed-Sym :

{
, ,

}
. (7.47)

This higher number of representations introduces significantly more complexity for

the mixed symmetry computation.

7.4.1 Symmetric case

Let us start with the purely symmetric case, where both kinematic and color factors

are individually invariant under gluon permutations. As in Eq. (7.15) and Eq. (7.25)

the color factor Cs
n can be expanded as a linear combination of Tn,m by an explicit

expansion of the commutation structure in Eq. (7.45). Let U s
n,m be the coefficient

associated with the factor T sn,m in this expansion, where the upper index s will

stand for symmetric, n for the number of emissions and m to be the expansion

index. Therefore

Cs
n(1, . . . , n) =

n∑

m=0

U s
n,mT

s
n,m(1, . . . , n). (7.48)

Here U s
n,m is only defined for 0 ≤ m ≤ n. In order to determine the expression of

U s
n,m it is useful to find a relation between Cs

n and Cs
n−1 then use Eq. (7.48) on both

Cs
n and Cs

n−1 to generate a recursion for U s
n,m.

Starting with Eq. (7.45), we can see that the color factor Cn can be expressed in

terms of Cn−1 as

Cn(1, 2, . . . , n) = [T1, Cn−1(2, . . . , n)]. (7.49)

The next step is to symmetrize both sides of this relation. In the following expres-

sion, Cn−1(1, . . . , ı̂, . . . , n) represent the color factor related to n − 1 emissions, in

which a hat denotes the omission of that element since Cn−1 has one less element

compare to Cn,

Cs
n(1, . . . , n) =

∑

Sn

[T1, Cn−1(2, . . . , n)] =
n∑

i=1

[Ti, C
s
n−1(1, . . . , ı̂, . . . , n)]. (7.50)
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Then we expand the Cs
n−1 in terms of T sn−1,m as in Eq. (7.48). Recall that the second

index in Tn,m represents the number of color charges to the left of Taq . Therefore

multiplying Tn−1,m(2, . . . , n) on the left by the color charge T1 or on the right by the

same color charge T1 will give respectively Tn,m+1(1, 2, . . . , n) or Tn,m(2, . . . , n, 1),

since

Ta1Tn−1,m(2, . . . , n) = Ta1 Ta2 · · ·Tam+1︸ ︷︷ ︸
m terms

Taq · · ·Tan = Tn,m+1(1, 2, . . . , n)

Tn−1,m(2, . . . , n)Ta1 = Ta2 · · ·Tam+1︸ ︷︷ ︸
m terms

Taq · · ·TanTa1 = Tn,m(2, . . . , n, 1),
(7.51)

Eq. (7.51) leads to the following:

1

1 -2 1

1 -4 6 -4 1

-1

-1 -3

1

3 1

4

2

0

3

1

Figure 7.3: Integer sequences generated from U s
n,m.

Cs
n(1, . . . , n) =

n−1∑

m=0

U s
n−1,m

n∑

i=1

[Ti, T
s
n−1,m(. . . , ı̂, . . .)]

=
n−1∑

m=0

U s
n−1,m(T sn,m+1(1, . . . , n)− T sn,m(1, . . . , n))

=
n∑

m=0

(U s
n−1,m−1 − U s

n−1,m)T sn,m.

(7.52)

The last line is just an index rearrangement that allows us to compare the coefficients

of T sn,m with Ua
n,m in Eq. (7.48), which lead to the following recursion relation

U s
n,m = U s

n−1,m−1 − U s
n−1,m. (7.53)

This recursion is similar to the Pascal’s recursion with a negative sign difference, see

Fig. 7.3 for a visualization of the integer sequences generated by Eq. (7.53). Based

on Pascal’s sequence we can see that U s
n,m will be proportional to the binomial, and

given by

U s
n,m = U s

0,0

(−1)n−mn!

(n−m)!m!
. (7.54)
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The initial condition, U s
0,0, is fixed by the zero gluon emission case, which requires

that

U s
0,0 = 1. (7.55)

Therefore

U s
n,m = (−1)n−m

n!

(n−m)!m!
. (7.56)

One can check that Eq. (7.56) correctly reproduces the 1, 2 and 3 gluon emission

results in the symmetric configuration




Cs
1 = −1T s1,0(1)+1T s1,1(1),

Cs
2 = 1T s2,0(1, 2)−2T s2,1(1, 2)+1T s2,2(1, 2),

Cs
3 = −1T s3,0(1, 2, 3)+3T s3,1(1, 2, 3)−3T s3,2(1, 2, 3)+1T s3,3(1, 2, 3).

(7.57)

Before we show the comparison with the symmetric projection of the results from

MHV Eq. (7.8), thereby proving from first principles that our conjectured current is

necessarily correct for symmetric n gluon emission, let us examine the antisymmetric

projection of the conjectured current.

7.4.2 Antisymmetric case

For the antisymmetric case, we will perform the exact same steps as in the sym-

metric case. First consider the explicit expansion of the commutation of Cn in its

antisymmetric projection

Ca
n(1, . . . , n) =

n∑

m=0

Ua
n,mT

a
n,m(1, . . . , n), (7.58)

where the coefficients Ua
n,m are defined for 0 ≤ m ≤ n. Then we recall the relation

Eq. (7.49) which connects Cn to Cn−1, then we antisymmetrize this relation and

expand them as in Eq. (7.58)

Ca
n(1, . . . , n) =

n∑

m=0

(Ua
n−1,m−1 + (−1)nUa

n−1,m)T an,m(1, . . . , n). (7.59)

This is similar to the symmetric case with the exception of the (−1)n. Since T an,m
is antisymmetric, then any swap of two variables will cost an extra negative sign.
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1

-1 0 1

1 0 -2 0 1

-1 0 3 0 -3 0 1

1 0 -4 0 6 0 -4 0 1

0

1

2

3

4

5

6

7

8

9

-1

1 -1

-1 2 -1

1 -3 3 -1

-1 4 -6 4 -1

1

-1 1

1 -2 1

-1 3 -3 1

1 -4 6 -4 1

Figure 7.4: Integer sequences generated from Ua
n,m for n = {0, . . . 9}.

Then the coefficient factors for the antisymmetric expansion are generated from a

recursion,

Ua
n,m = Ua

n−1,m−1 + (−1)nUa
n−1,m. (7.60)

Solving this recursion is not as simple as the symmetric case, so in order to

simplify the recursion into something we know how to solve let us look at the integer

sequences generated from the recursion in Fig. 7.4. In this triangle we can find

patterns for some partial sequences which will guide us on how to obtain a generic

expression for Ua
n,m.

First, the sequence in blue spans the set of numbers with both n and m even.

This sequence is the same sequence we had for the symmetric case; see Fig. 7.3.

Second, the sequence in black reproduces the exact same sequence as the blue one

but for n and m both odd integers. Third, the one in red in which n is odd and m

is even, is the same sequence that solved the symmetric recursion but with a −1 for

initial condition. And finally the fourth sequence in green is those with n even and

m odd which are all zero.

Based on these patterns we will split the recursion in four regions depending on

the parity of n and m:

• (even, even) : Ua
2k,2l = Ua

2k−1,2l−1 + Ua
2k−1,2l. (7.61)

• (even, odd) : Ua
2k,2l+1 = Ua

2k−1,2l + Ua
2k−1,2l+1. (7.62)

• (odd, even) : Ua
2k+1,2l = Ua

2k,2l−1 − Ua
2k,2l. (7.63)

• (odd, odd) : Ua
2k+1,2l+1 = Ua

2k,2l − Ua
2k,2l+1. (7.64)
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In order to obtain an analytical expression we can play with these four recursions.

Considering Eq. (7.61) we can expand the (odd, even) and (odd, odd) terms on

its right hand side respectively using Eq. (7.63) and Eq. (7.64) and end up with a

familiar recursion

Ua
2k,2l = Ua

2(k−1),2(l−1) − Ua
2(k−1),2l. (7.65)

This recursion relates the set of (even, even) to other (even, even) and it is analogous

to Eq. (7.53) with a solution Ua
2k,2l = U s

k,l. Then we do the same for the remaining

recursions by considering the initial conditions: Ua
0,0 = Ua

1,1 = −Ua
1,0 = 1 and

Ua
2,1 = 0. We therefore have the following general solutions,

Ua
2k,2l = (−1)l−k

(
k

l

)
, Ua

2k+1,2l+1 = (−1)l−k
(
k

l

)
,

Ua
2k+1,2l = (−1)l−k+1

(
k

l

)
, Ua

2k,2l+1 = 0.

(7.66)

7.5 Proof for the symmetric and antisymmetric cases

Now that the symmetric and antisymmetric projections of our conjectured current

have been explored. Then the next step is to prove by comparison that the brute

force MHV calculated current in Eq. (7.8) is the same as the conjectured. We will

do so by decomposing the brute force calculated MHV current into symmetric and

antisymmetric projections, then we will transform these to have the same structure

as the conjectured currents and extract the spectrum coefficient Û s/a
n,m equivalent to

those computed from the previous section.

Our goal is then reduced to a computation to show that the spectra Û s/a
n,m ex-

tracted from the calculated current are equal to the U s/a
n,m obtained from the con-

jectured current. In this section, we will start with the emission current expressed

in Eq. (7.11), then similarly as for the conjectured in Eq. (7.46) we decompose the
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current into the irreducible representation of Pn,

Jn =
n∑

m=0

∑

Pn

Tn,m(1, . . . , n)Jn,m(1, . . . , n)

=
1

n!

n∑

m=0

T sn,mJ
s
n,m +

1

n!

n∑

m=0

T an,mJ
a
n,m + Mixed-Sym

=
1

n!
Jsn +

1

n!
Jan + Mixed-Sym.

(7.67)

7.5.1 Symmetric case

Let us first consider the symmetric piece of Eq. (7.67). The goal is to compare this

symmetric piece with the symmetric projection of the conjectured current Eq. (7.44).

In order to have a comparable structure it is useful to factorize Jsn,n,

Jsn =
1

n!

n∑

m=0

T sn,m(1, . . . , n)Jsn,m(1, . . . , n)

=
1

n!
Jsn,n(1, . . . , n)

n∑

m=0

Jsn,m(1, . . . , n)

Jsn,n(1, . . . , n)
T sn,m(1, . . . , n).

(7.68)

Now the relation above is of type Ĉs
nJ

s
n,n where the Ĉs

n play the role of the sym-

metrized color factor in Eq. (7.48). We can then define the spectrum coefficient

Û s
n,m, equivalent to the conjectured spectrum U s

n,m, such that

Û s
n,m(1, . . . , n) =

Jsn,m(1, . . . , n)

Jsn,n(1, . . . , n)
. (7.69)

Here, the coefficients Û s
n,m are not necessarily constant numbers. However, we will

see that the structure of the symmetric piece leads to a fascinating result in which

the ratio Û s
n,m(1, . . . , n) is nothing more than a combinatorial way to order the n

radiated gluons. To show this, let us first introduce some mathematical notation:

• Sn: is the set of n integers from 1 to n; usually written as Sn = {1, . . . , n}.

• Sn,m: is a subset of Sn composed by m integers , Sn,m ⊂ Sn with m ≤ n.

• Sn,m: is the complement of Sn,m defined as Sn,m ∪ Sn,m = Sn.

• splitn,m: is the set of different ways to factorise Sn into Sn,m ∪ Sn,m.
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• P[A]: represents the permutation group that act on the element of the set A.

We start from the first principle where we symmetrize the Jn,m defined in Eq. (7.10)

and try to sum over the full permutation P[Sn] = Pn. The partial current Jn,m is

a product of two functions that depends respectively on two disjoint sets of gluons.

We have m gluons emitted before and (n −m) emitted after the absorption of the

gluon that stimulates the radiation from the color flip.

Therefore, we can split the Sn into Sn,m and its complement Sn,m in which we

have to sum over all possible way to factorize Sn,

Jsn,m(1, . . . , n) = g̃n
∑

P[Sn]

〈pq〉
〈p1〉〈12〉 · · · 〈mq〉

〈qp〉
〈q,m+1〉 · · · 〈n−1, n〉〈np〉

= g̃n
∑

splitn,m


 ∑

P[Sn,m]

〈pq〉
〈p1〉 · · · 〈mq〉




 ∑

P[Sn,m]

〈qp〉
〈q,m+1〉 · · · 〈np〉


 .

(7.70)

Then we recall the photon decoupling relation in Eq. (5.11) on these two partial

symmetrized quantities in brackets. The photon decouplings will combine the terms

in brackets into a single product over the full set Sn,

Jsn,m(1, . . . , n) = g̃n
∑

splitn,m


 ∏

I∈Sn,m

〈pq〉
〈pI〉〈Iq〉




 ∏

J∈Sn,m

〈qp〉
〈qJ〉〈Jp〉




= g̃n(−1)n−m
∑

splitn,m

∏

I∈Sn

〈pq〉
〈pI〉〈Iq〉

= (−1)n−m
n!

(n−m)!n!
g̃n
∏

I∈Sn

〈pq〉
〈pI〉〈Iq〉

(7.71)

In the first equality of the Eq. (7.71), the two terms in brackets come respectively

from the decoupling relation from the terms in brackets of the two sums in the previ-

ous equation. In the second equality the (−1)n−m factor is due to the antisymmetric

property of the angle brackets when swapping terms in order to make it in a single

products. This single product is independent from the way we split Sn. Therefore,

the sum will give the number of way to split Sn into two, that is to say number of

ways to have m gluons emitted before the color flip is

Û s
n,m(1, . . . , n) =

Jsn,m(1, . . . , n)

Jsn,n(1, . . . , n)
= (−1)n−m

n!

(n−m)!n!
. (7.72)
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This result is amazing: the ratio between the two non trivial complex functions is

reduced to a simple combinatorial factor and coincides exactly with the value of the

one from the conjectured, U s
n,m in Eq. (7.56).

7.5.2 Antisymmetric case

This section is very similar to the symmetric case. We consider the antisymmetric

projection of the current computed from the MHV calculation and compare it with

the antisymmetric term of the conjectured current in Eq. (7.46). We first factorize

Jan,n from Eq. (7.67) in order the reproduce the structure of the antisymmetric piece

in the conjectured current, then define the spectrum Ûa
n,m the same way as for the

symmetric case,

Jan =
1

n!
Jan,n(1, . . . , n)

n∑

m=0

Jan,m(1, . . . , n)

Jan,n(1, . . . , n)
T an,m(1, . . . , n). (7.73)

The spectrum associated with the antisymmetric case is then the ratio between two

antisymmetric piece functions that depend on the different momenta of the emitted

gluons; we have

Ûa
n,m(1, . . . , n) ≡ Jan,m(1, . . . , n)

Jan,n(1, . . . , n)
. (7.74)

The difficulty in the antisymmetric case is that we do not have a relation similar

to the photon decoupling, which allowed us to interpret the result of the symmetric

case as a combinatorial factor. What we can do is to study the different properties of

Ûa
n,m and then show that it is a solution of the antisymmetric recursion in Eq. (7.60).

Here are some properties that we need to consider:

• The currents Jan,m and Jan,n are both antisymmetric. Thus the ratio is symmet-

ric. Hence under an odd permutation the negative sign from the numerator

cancels out with one from the denominator

1

n!

∑

Sn

Ûa
n,m(1, . . . , n) = Ûa

n,m(1, . . . , n). (7.75)

• Similarly both the numerator and the denominator scale the same way under

momentum rescaling. Therefore for any complex number z we have

Ûa
n,m(1, . . . , zi, . . . , n) = Ûa

n,m(1, . . . , i, . . . , n). (7.76)
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Thus Ûa
n,m is a scale invariant quantity.

One way to see that Ûa
n,m is a solution of the recursion relation associated to the

antisymmetric is to find a relation between the coefficients Ûa
n,m and those from the

lower number of emission coefficients Ûa
n−1,m. To do so, we will use either soft or

collinear limits which will suppress the dependence of one momentum from Ûa
n,m.

It can not be done with the soft limit since Ûa
n,m is scale invariant, and leave us no

choice than using the collinear limits.

We consider the situation where the n-th gluon is not resolve from the parent

momenta, that is to say kn is collinear to p. In this situation the currents Jan,m and

Jan,n will diverge since the bracket 〈pn〉 will tend to zero as the p and kn tend to be

collinear. However, we are going to show that such divergences cancel out in the

ratio that defines Ûa
n,m.

Let us start by considering Jan,m, we isolate the dependences of the momentum

kn by explicitly expand the different permutation of n in the analytic expression of

Jan,m. Considering the fact that a odd permutation will cost a negative sign for an

antisymmetrized quantity, therefore

Jan,m =
∑

Pn

ε1,2,...,n
〈pq〉

〈p1〉〈12〉 · · · 〈mq〉
〈qp〉

〈q,m+1〉 · · · 〈n−1, n〉〈np〉

=
∑

Pn−1

ε1,2,...,n−1

〈pq〉
〈p1〉 · · · 〈mq〉

〈qp〉
〈q,m+1〉 · · · 〈n−1 p〉

( 〈n−1 p〉
〈n−1n〉〈np〉 + · · ·

)

+
∑

Pn−1

ε1,2,...,n−1

〈pq〉
〈p1〉 · · · 〈m−1 q〉

〈qp〉
〈q,m〉 · · · 〈n−1 p〉

(
(−1)n−1 〈p1〉

〈pn〉〈n1〉 + · · ·
)

(7.77)

ε1,2,...,n is the antisymmetric Levi-Civita symbol. Then from this relation above,

under the limit 〈pn〉 goes to zero, we have 〈∗n〉 ' 〈∗p〉 and we only keep the leading
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singular terms,

Jan,m =
∑

Pn−1

ε1,2,...,n−1

〈pq〉
〈p1〉 · · · 〈mq〉

〈qp〉
〈q,m+1〉 · · · 〈n−1 p〉

1

〈np〉

+
∑

Pn−1

ε1,2,...,n−1

〈pq〉
〈p1〉 · · · 〈m−1 q〉

〈qp〉
〈q,m〉 · · · 〈n−1 p〉

(−1)n−1

〈pn〉 +O(〈np〉0)

' 1

〈np〉
∑

Pn−1

ε1,2,...,n−1Jn−1,m(1, . . . , n− 1)

+
(−1)n

〈np〉
∑

Pn−1

ε1,2,...,n−1Jn−1,m−1(1, . . . , n− 1)

' (−1)n

〈np〉
(

(−1)nJan−1,m(1, . . . , n− 1) + Jan−1,m−1(1, . . . , n− 1)
)
.

(7.78)

Similarly for Jan,n, we have

Jan,n =
∑

Pn

ε1,2,...,n
〈pq〉

〈p1〉〈12〉 · · · 〈nq〉 '
(−1)n

〈np〉 J
a
n−1,n−1(1, . . . , n− 1). (7.79)

From these two limit we can see how the coefficients Ûa
n,m will split into a linear

combination of the lower emissions coefficients. The same thing will be produced if

we choose different momentum than kn to be collinear to p, since Ûa
n,m is symmetric.

However we know that we are in the limit where all the gluons are collinear to p

which leads to

Ûa
n,m = Ûa

n−1,m−1 + (−1)nÛa
n−1,m, (7.80)

With the initial condition of no radiation where n = 0 we have Ûa
0,0 = 1. Therefore

Ûa
n,m solves the same recursion as the antisymmetric case of the conjecture with the

same initial condition. We can conclude that the two spectra Ûa
n,m is equal to the

spectrum Ua
n,m derived from Eq. (7.44).

7.6 Summary

In this chapter we would like to understand the radiation of gluons induced from a

color flip of quark. We first consider the most general case where a gluon provides

enough of a kick to an on-shell quark to induce gluon radiations. Then we consider

the fact where the quark interact relatively soft with the medium compare to its

initial energy. Then show for one, two, and three gluon emissions that in this soft

medium interaction will induced radiation that is purely non-Abelian, color flip.
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We then conjectured the analytic radiation current for any number of gluon

radiations induced from a color flip, in such a way that the non-Abelian nature of

the radiation is manifest. Since we didn’t find a way to go from the radiation current

derived from the MHV calculation Eq. (7.8) to the conjectured current Eq. (7.44),

we projected the two currents into the different irreducible representations of Pn.
We then showed that the symmetric and antisymmetric color factor spectra Û s/a

n,m

from the MHV calculation are indeed equal to the spectra U s/a
n,m from the conjectured

current, which constitutes a partial proof.

Through this work we only consider the contribution of the MHV configurations

in which all the emitted gluons/photons have a positive helicity. We could have

considered the MHV case where all the emitted gluons/photons have a negative

helicity. In that case we will obtain the same results with the exception that the

angle brackets will be swapped with square brackets.
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Understanding radiation in quantum chromodynamics (QCD) is necessary to de-

velop a better model for parton energy loss in quark-gluon plasma (QGP). The

number of gluons radiated by a high-pT parton in medium has been estimated to

be about 3. This estimation, being not less or equal to 1, leads us to take into

account the possibility for multiple gluon emission. Despite the non-Abelian nature

of QCD, in which gluons self-interact, energy loss calculations often approximate

the distribution of emitted gluons to be Poisson. In this thesis the main objective

is to understand multiple gluon emissions beyond this Poisson approximation.

The main framework used in this thesis was the maximal helicity violating

(MHV) techniques. In Chapters 2 and 3 the two main foundations of the tech-

niques were reviewed. First, the color kinematic decomposition was introduced in

Chapter 2, which reduces the complexity of QCD amplitudes. QCD amplitudes are

factorized into a sum over SU(N) generators and purely kinematic partial ampli-

tudes. Second, the spinor helicity variables were introduced in Chapter 3, which

lead to a remarkably simple formula for MHV amplitudes.

The MHV techniques makes the computation of any 2→ 2 scattering amplitude

trivial. In particular, in Chapter 4 we computed the cross section for a quark anti-

quark annihilation to two gluons. Having the MHV amplitudes formula in hand,

Eq. (3.57), makes the MHV computation simple and clean. We then derived for

the first time an efficient method for finding splitting function using MHV, where

the task of the computation is to consider the contribution of all different helicity

configurations.
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The introduction of the photon decoupling in Eq. (4.22) allowed us to accommo-

date photons in our calculations. We used this decoupling in Chapter 5 to rederive

the multiple photon emission current and showed for the first time using MHV in

a rigorous way that photon emissions are indeed independent and distributed ac-

cording to the Poisson distribution. We recovered the distribution derived in [58] by

considering only the contribution of the MHV helicity configuration, in which only

one photon has a negative helicity. The standard derivation assumes collinearity of

the emissions in which the photon are emitted at a very small angle. However, the

contribution of MHV helicity configuration alone reproduced this standard distribu-

tion for small angle radiation, which implies that the non-MHV contribution would

contain information on the large angle radiations which are not considered in this

thesis.

We then generalized the computation of the multiple photon emissions current

into the first ever derivation of the amplitude for multiple gluon vacuum emissions

from an off-shell quark. We showed that under strong angular ordering the multiple

gluon radiation current can be reduced into the product of individual, independent

single gluon emission currents.

In Chapter 6, we squared our amplitude for two gluon emissions to study two

gluon correlations for the first time beyond the Poisson approximation using MHV.

We explicitly derived the non-Abelian correction that leads to the correlation be-

tween the two emitted gluons. As a result the correlation is a scale invariant quantity

and can be expressed only in terms of the difference in angle ∆φ and rapidity ∆η

between the two emitted gluons. The results were then compared to the two parti-

cle correlation measured by ALICE from p-Pb collisions. The comparison shows a

good qualitative agreement in which we see a tight correlation in angle and broad

correlation in rapidity.

In Chapter 7 we studied for the first time the case of induced n-guon radiations

at the amplitude level. We considered the case of an s-channel interaction between

a high-pT quark and the medium, where a gluon is absorbed and leads to multiple

radiation. We computed the multiple radiation induced from the absorption of a

gluon that provides enough of a kick to the on-shell quark to induce gluon radiations.



Chapter 8. Conclusions 96

We showed that the quark will still radiate in the case where there is no momentum

kick, which is induced by only a change in color. We explicitly computed the emission

current for one, two, and three gluon emissions and then conjectured the current

for a generic number of emissions. We proved our conjecture for the case where the

amplitude is symmetric under interchange of emitted gluons and for the case where

the amplitudes are antisymmetric under interchange of emitted gluons by comparing

the symmetric and antisymmetric projections of the conjectured current with the

MHV calculated current.

In future work, it is important to extend this partial proof of the color flip

calculation into the mixed symmetry case. In Section 7.3, we already introduced

the operator Q̂m that connects the different kinematics J3,m into each other. This

operator was constructed in order to simplify the calculation in the mixed symmetry

case for the three gluon emission case. Finding a way to generalize this kind of

operator into Q̂(n)
m is the first step in our quest to complete the proof for the veracity

of the conjectured current.

In this thesis we characterized the MHV radiation induced from a pure kinematic

off-shellness of a high-pT quark in Chapter 5, and separately the radiation induced

from a purely color flip of an high-pT quark in Chapter 7. Another important avenue

of future research is then to extend our MHV calculations to gluon radiation induced

from a scattering that produces both a kinematic virtuality and a color change at

the same time to a high-pT parton. Such understanding will provide a more realistic

picture of induced radiation with which the in-medium particle correlations could

be computed.

The MHV calculation is very powerful for dealing with multiple radiation in

momentum space. However, to understanding radiation induced from multiple scat-

tering, it is important to think about MHV in position space. In position space we

can extract information on the mean free path between successive collisions, and on

the formation time of the gluon radiation. The inverse Fourier transform is the stan-

dard method to go from momentum to position dependence. MHV amplitudes are

not expressed in terms four momentum pµ but instead in terms of spinor variables

(λ, λ̃). The inverse Fourier transform of spinor variables has been already studied
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and is known as “twistor variables”; see [95]. Many open questions arise: How to

describe the notion of mean free path and formation time in terms of twistor vari-

ables? Will such description lead to a simpler formulation of the radiation? Can we

have a better understanding of the LPM effect in terms of twistor variables?

In this work, we limited our calculation to the use of the MHV configuration only;

in other words we only considered the case where the helicities of the emitted gluons

are all the same. This restriction is motivated by the fact that the contribution of

the different helicity configurations, the NMHV, NNMHV, etc., are suppressed at

small angles O(k⊥/E). However, some research suggests that wide angle radiations

are important despite the collinearity assumption; see [97]. Therefore, it is likely

important to explore the contribution of gluon radiation beyond MHV; the corre-

sponding amplitudes are called NkMHV amplitudes. Such a study will provide us

with a better understanding of the large angle radiation and three jet events using

the spinor helicity formalism.

Lastly, here are the two most pressing issues for the MHV techniques that we

think have the most potential impact on energy loss phenomenology: to include

the t-channel gluon exchange with medium quasi-particles and to include mass for

heavy quark jets. One can isolate the t-channel exchange in MHV by computing

the scattering of two different quark flavors. Such a trick might simplify further the

MHV calculation of in-medium, multiple gluon energy loss. Including mass in MHV

calculations now appears possible through very recent advances [98,99].

This thesis showed that MHV techniques present a very powerful tool for study-

ing the structure of multiple gluon radiation in massless pQCD and has a promising

future for further understanding of LHC physics.
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ASU(N)

The group SU(N) is the special unitary Lie group with N2 − 1 real parameters,

represented by N ×N complex unitary matrices with determinant 1. Basic reviews

on SU(N) Lie algebra can be found in [58]. In a given representation an element

U(~α) of the group can be written as

U(~α) = eiαaTa , (A.1)

where ~α = (α1, . . . , αN2−1) is the N2− 1 dimensional vector of the independent real

parameters αa, and Ta are the traceless Hermitian matrices that form the basis of

the Lie algebra su(N). To generate a group element of SU(N), the generators Ta

have to satisfy the following Lie bracket (commutator)

[Ta, Tb] = ifabcTc, (A.2)

and normalized by

tr (TaTb) =
1

2
δab. (A.3)

The antisymmetric constant fabc are the structure constants of the algebra. The

Jacobi identity for the generators, [Ta, [Tb, Tc]] + cyclic = 0, implies

fdabfdce + fdbcfdae + fdcafdbe = 0. (A.4)

In the adjoint representation of the group, the generators are given by the struc-

ture constants, (T adj
a )bc ≡ −ifabc, while in that representation the Jacobi identity

Eq. (A.4) can be written as

[T adj
a , T adj

b ] = ifabcT
adj
c . (A.5)
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Here are some useful relations and definitions derived from the different properties

of the generators, also derived in [58],

1. Fierz identity

(Ta)ij(Ta)kl =
1

2

(
δilδkj −

1

N
δijδkl

)
. (A.6)

2. Casimir operator in the fundamental representation

(TaTa)ij = CF δij, (A.7)

where CF = (N2 − 1)/2N , which is equal to 4/3 for QCD.

3. Casimir operator in the adjoint representation

(
T adj
c T adj

c

)
ab

= CAδab. (A.8)

where CA = N , and equal to 3 for QCD.



BSpinor helicity

B.1 Helicity formalism

This section follows closely Appendix A in [78]. In the helicity formalism we defined

paḃ ≡ pµ(σµ)aḃ, (B.1)

where with the metric convention diag(+,−,−,−) the Pauli matices σµ are

σµ =






 1 0

0 1


 ,


 0 1

1 0


 ,


 0 −i
i 0


 ,


 1 0

0 −1





 , (B.2)

also written as σµ = (1, ~σ). One can show that

det paḃ = pµp
µ (B.3)

The spinor indices a and ḃ are raised and lowered using

εab = εȧḃ = −εab = −εȧḃ =


 0 1

−1 0


 (B.4)

where εacεcb = δba. With those definitions combined with σ̃µ = (1,−~σ), the following

will be true as shown in [78]

(σ̃µ)ȧb = εabεȧḃ(σµ)aḃ,

(σµ)aȧ(σµ)bḃ = 2εabεȧḃ,

tr (σµσ̃ν) = 2gµν .

(B.5)

Define qȧb ≡ qµ(σ̃µ)ȧb, then it follows

tr
(
paċ q

ċb
)

= paċq
ċa = pµqνtr (σµσ̃ν) = 2p.q. (B.6)
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B.2 Spinor variables

For a massless theory, det paḃ = pµp
µ = 0 which is equivalent to the rank of paḃ being

equal to one. Thus paḃ (similarly for qȧb) can be parametrized in terms of spinors as

follows

paḃ = λaλ̃ḃ and qȧb = µ̃ȧµb. (B.7)

Then the following trace becomes

tr
(
paċ q

ċb
)

= λaµ
aλ̃ȧµ̃

ȧ = 〈pq〉[pq], (B.8)

where the angle and square brackets are defined by

〈pq〉 ≡ λaµ
a = εabλaµb and [pq] ≡ λ̃ȧµ̃

ȧ = εȧḃλ̃ȧµ̃ḃ. (B.9)

The Levi-Civita symbol, being the metric of angle and square brackets, makes the

products antisymmetric.

B.3 Schouten identity

The spinor variables live in a two dimensional space. Therefore three non-zero

spinors cannot be independent; i.e.

λ1a = αλ2a + βλ3a. (B.10)

To determine α and β, one can use the antisymmetric property of the brackets by

contracting the equation above respectively with λ2a and λ3a. Then we find

〈12〉 = β〈32〉 =⇒ β = −〈12〉
〈23〉 , and 〈13〉 = α〈23〉 =⇒ α = −〈31〉

〈23〉 . (B.11)

Then leads to the Schouten identity, by taking α and β into the original equation

λ1a〈23〉+ λ2a〈31〉+ λ3a〈12〉 = 0. (B.12)

It is very common to contract the free index a of this identity with an arbitrary

spinor λra,

〈r1〉〈23〉+ 〈r2〉〈31〉+ 〈r3〉〈12〉 = 0. (B.13)

An extension of the Schouten identity is the following triangle relation:

〈ab〉
〈ac〉〈cb〉 +

〈bb′〉
〈bc〉〈cb′〉 =

〈ab〉〈cb′〉+ 〈ac〉〈b′b〉
〈cb〉〈ac〉〈cb′〉 =

〈ab′〉
〈ac〉〈cb′〉 (B.14)



CScattering Amplitudes

In this chapter we will compute scattering using the BCFW recursion introduced in

Section 3.4. The qqg initial conditions for the recursion are given by

A(p, 1−, p̄) = ig̃
〈p1〉3〈p̄1〉
〈p1〉〈1p̄〉〈p̄p〉 and A(p, 1+, p̄) = −ig̃ [p1]3[p̄1]

[p1][1p̄][p̄p]
. (C.1)

And the ggg initial conditions are given by

An(1−, 2−, 3+) = ig̃
〈12〉4

〈12〉〈23〉〈31〉 and An(1+, 2+, 3−) = −ig̃ [12]4

[12][23][31]
. (C.2)

C.1 qq̄ → gg amplitude

To compute this amplitude we are going to use the BCFW recursion Eq. (3.54),

where in the case of qq̄ → gg, the recursion is

A(p, 1, 2, p̄) = A(p, 1̂, ˆ̄q1)
1

q2
1

A(q̂1, 2̂, p̄)

∣∣∣∣
q̂21=0

. (C.3)

Diagrammatically represented by Fig. C.1, we have q̂1 = −k̂1 + p = −p̄ − k̂2 and

we use ˆ̄q1 as opposed to −q̂1 to emphasize that the object with momentum ˆ̄q1 is an

antiquark. We use the following shift to complexify the momenta

λ1(z) = λ1

λ̃1(z) = λ̃1 + zλ̃2

λ2(z) = λ2 − zλ1

λ̃2(z) = λ̃2,
(C.4)

where z is fixed by the on-shell condition of q̂1. With the fact that the brackets 〈p1〉
and [p̄2] are the products between generic momenta and then 〈p1〉 and [p̄2] cannot
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=

1̂−

2̂+

p

p̄

2+

1−p

p̄

(−1)
〈p1〉[p1]

q̂1

−q̂1

Figure C.1: BCFW term for qq̄ → gg.

be necessary equal to zero, the on-shellness of q̂1 gives

q̂2
1 =




− 〈p1〉[p1̂] = 0

− 〈p̄2̂〉[p̄2] = 0
=⇒





[p1̂] = [p1] + z[p2] = 0

〈p̄2̂〉 = 〈p̄2〉 − z〈p̄1〉 = 0.
(C.5)

Hence

z =
[p1]

[2p]
=
〈p̄2〉
〈p̄1〉 . (C.6)

Now that the shift is fixed, let us consider the different helicity configurations of

Eq. (3.54):

1. Partial amplitude A(p, 1−, 2+, p̄) with q2
1 = −〈p̄2〉[p̄2]

A(p, 1−, 2+, p̄) = A(p, 1̂−, ˆ̄q1)
(−1)

〈p̄2〉[p̄2]
A(q̂1, 2̂

+, p̄)

= −(ig̃)2 〈p1̂〉3〈ˆ̄q11̂〉
〈p1̂〉〈1̂ˆ̄q1〉〈ˆ̄q1p〉

(−1)

〈p̄2〉[p̄2]

[p̄2̂]3[q̂12̂]

[q̂12][2̂p̄][p̄q̂1]

= −(ig̃)2 〈p1〉3〈q̂11〉
〈p1〉〈1q̂1〉〈q̂1p〉

1

〈p̄2〉[p̄2]

[p̄2]3[q̂12]

[q̂12][2p̄][p̄q̂1]

= −(ig̃)2 〈p1〉3
〈p1〉〈p̄2〉

[p̄2]

[p̄q̂1]〈q̂1p〉

(C.7)

In the second line we substitute the three point amplitudes by their respective

expressions from Eq. (3.55). In the third line we considered the shifts where

λ1(z) = λ1 and λ̃2(z) = λ̃2, then any angle brackets 〈∗1̂〉 are equal to 〈∗1〉 and
similarly any square brackets [∗2̂] are equal to [∗2]. We also use momentum

conservation to substitute q̂1 = −ˆ̄q1. With the relation q̂1 = p̄− k̂2 we have

[p̄q̂1]〈q̂1p〉 = −[p̄2]〈2̂p〉. (C.8)
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Then the amplitude is

A(p, 1−, 2+, p̄) = −(ig̃)2 〈p1〉3
〈p1〉〈p̄2〉〈p2̂〉

, (C.9)

where one of the momenta is still shifted. With the shifts Eq. (C.4) and with

the on-shell condition Eq. (C.6) we can write

〈p2̂〉 = 〈p2〉 − z〈p1〉

= 〈p2〉 − 〈p̄2〉〈p̄1〉〈p1〉

= −〈12〉〈pp̄〉
〈p̄1〉 ,

(C.10)

in the last step we put the expressions in a common denominator, and use

the Schouten identity in the numerator. Taking this relation above into the

expression of the amplitude we obtain

A(p, 1−, 2+, p̄) = (ig̃)2 〈p1〉3〈p̄1〉
〈p1〉〈12〉〈2p̄〉〈p̄p〉 . (C.11)

2. Consider the same amplitude where via momentum conservation we are going

to choose q2
1 = −〈p1〉[p1]. With the exact same steps as in Eq. (C.7), we find

A(p, 1−, 2+, p̄) = −(ig̃)2 [p̄2]3〈p1〉
[p1][2p̄][p̄q̂1]〈q̂1p〉

= −(ig̃)2 [p̄2]3(−1)

[p1][2p̄][p̄1̂]
,

(C.12)

where the second equality is obtained from [p̄q̂1]〈q̂1p〉 = [p̄2]〈2̂p〉. Now to get

rid of the shifted momentum we use again Eq. (C.4) and Eq. (C.6),

[p̄1̂] = [p̄1] + z[p̄2]

= [p̄1] +
[p1]

[2p]
[p̄2]

= − [p̄p][12]

[2p]
.

(C.13)

Taking this expression back into the amplitude leads to

A(p, 1−, 2+, p̄) = (ig̃)2 [p̄2]3[p2]

[p1][12][2p̄][p̄p]
. (C.14)

Then the amplitude can be either written only in terms of angle brackets

Eq. (C.11) or only in terms of square brackets Eq. (C.14).
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Similarly it can be shown that

A(p, 1+, 2−, p̄) = (ig̃)2 〈p2〉3〈p̄2〉
〈p1〉〈12〉〈2p̄〉〈p̄p〉 = −(ig̃)2 [p2]3[p̄2]

[p1][12][2p̄][p̄p]
. (C.15)

3. For the case of A(p, 1+, 2+, p̄), we have

A(p, 1+, 2+, p̄) = −(ig̃)2 [ˆ̄q11̂]3[p1̂]

[p1̂][1̂ˆ̄q1][ˆ̄q1p]

(−1)

〈p̄2〉[p̄2]

[p̄2̂]3[q̂12̂]

[q̂12][2̂p̄][p̄q̂1]

= −(ig̃)2 [q̂11̂]2[p̄2]

[q̂1p][q̂1p̄]〈p̄2〉
.

(C.16)

To remove q̂1 we are going to use the following relations

〈2q̂1〉[q̂11̂]

〈2q̂1〉[q̂1p]
=
〈2p〉[p1̂]

〈2p̄〉[p̂p] and
〈1̂q̂1〉[q̂11̂]

〈1̂q̂1〉[q̂1p̄]
=
〈1̂p〉[p1̂]

〈1̂p〉[pp̂]
. (C.17)

Then the amplitude becomes

A(p, 1+, 2+, p̄) = −(ig̃)2 [p1̂]2[p̄2]〈2p〉
[p̄p]2〈p̄2〉2 . (C.18)

Once again the amplitude ends up with one shifted momentum after simplifi-

cations. To write the amplitude in terms of the physical momenta we replace

the complex shift z using the condition q̂2
1 = 0. Here the amplitude is pro-

portional to [p1̂]2 which is zero according the on-shell condition in Eq. (C.6);

therefore

A(p, 1+, 2+, p̄) = 0. (C.19)

Similarly A(p, 1+, 2+, p̄) = 0.

C.2 n-point amplitudes

In addition to the three point amplitude qq̄ → g in Eq. (3.39), to prove the gen-

eral formula of MHV amplitude for qq̄ → ng, we need to consider the following

amplitudes that are computed from the original BCFW

Agluonn (1±, 2±, . . . , n±) = 0,

Agluonn (1±, . . . , i∓, . . . , n±) = 0.
(C.20)



C.2. n-point amplitudes 117

C.2.1 Vanishing amplitudes

The result in Eq. (C.19), showed that the amplitude A(p, 1, 2, p̄) vanished if the

helicities of the two gluons are both equal to +1. This is similar to the relation in

Eq. (C.20) for multiple gluon amplitudes.

The generalization of Eq. (C.19) is that A(p, 1+, . . . , n+, p̄) = 0. To prove this

relation, it is better to begin with the case for n = 3. In terms of the BCFW

recursion, the amplitude A(p, 1+, 2+, 3+, p̄) can be expended as in Fig. C.2. In this

expansion the amplitude is given by the sum of four BCFW terms.

+ + +

p

p̄

p

p̄

p

p̄

p

p̄

1̂+ 1̂

1̂+

1̂+

3̂+

3̂+3̂+3̂+

2+

2+

2+

2+

1
q22

1
q21

1
q23

1
q24

h h h h

−h −h −h−h

Figure C.2: BCFW terms for A(p, 1+, 2+, 3+, p̄).

• The first and second terms are both made with three point amplitudes and a

four point amplitude, respectively, of the A(p, 1, p̄) and A(p, 1, 2, p̄); according

to Eq. (C.19) the the 4-point amplitude vanishes here since the helicities of

the gluons are both equal to +1.

• For the third BCFW term in Fig. C.2 we need to consider two cases. The first

case is for the helicity of the mediator gluon been equal to +1; this will make

the 4-point amplitude A(p, 1, q, p̄) vanishes. The second case occurs when the

mediator helicity is −1. In this case, the 4-point amplitude of the third terms

is non-zero however the 3-point Agluon3 amplitude vanishes since the helicities

of the 3 gluons are all equal to +1.

• The same argument as above can applied to the fourth BCFW term.

Therefore the 5-point amplitude A(p, 1, 2, 3, p̄) is equal to zero for the case where
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the three gluons have all helicities equal to +1. Therefore we have

A(p, 1+, 2+, 3+, p̄) = 0. (C.21)

For n = 4, one can check that the BCFW terms of the amplitude are made with

sub amplitudes of the type A(p, 1, 2, 3, p̄) and A(p, 1, 2, p̄), and also of the glu-

onic type Agluon4 (1, 2, 3, 4) and Agluon4 (1, 2, 3). According to Eq. (C.19), Eq. (C.20),

and Eq. (C.21) all the sub-amplitudes will vanish if the helicities of the 4-gluons

are all equal to +1 the same way as for Eq. (C.21). Therefore the amplitude

A(p, 1+, 2+, 3+, 4+, p̄) will be zero. The same argument can be made for n = 5,

n = 6 and so on and so forth. Hence

A(p, 1+, . . . , n+, p̄) = 0. (C.22)

C.2.2 MHV amplitudes

Here we want to show that the MHV amplitude, in which only one of the gluons

has a negative helicity, for qq̄ → ng is given by

A(p, 1+, . . . , i−, . . . , n+, p) = (ig̃)n
〈pi〉3〈p̄i〉

〈p1〉〈12〉 · · · 〈np̄〉〈p̄p〉 . (C.23)

To show Eq. (C.23) we are going use proof by induction. First we assume that this

formula is true for n− 1 gluons, i.e.

A(p, 1+, . . . , i−, . . . , (n−1)+, p) = (ig̃)n
〈pi〉3〈p̄i〉

〈p1〉〈12〉 · · · 〈n−1 p̄〉〈p̄p〉 . (C.24)

To compute the result for n gluons we are going to use the recursion in which the

non trivial BCFW terms are given shown in Fig. C.3. All other BCFW terms not

shown in Fig. C.3 are zero because of their helicity configuration.

Let us evaluate the each BCFW terms represented by the diagrams (a) to (d):

(a): Here the on-shell condition for the exchanged momentum leads to

q̂2
n−1 = (k̂n − p̄)2 = −〈n̂p̄〉[np̄] = 0

=⇒ 〈n̂p̄〉 = 〈np̄〉 − z〈1p̄〉 = 0

=⇒ z =
〈np̄〉
〈1p̄〉 .

(C.25)
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+ + +
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1
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Figure C.3: Non-vanishing BCFW terms for MHV amplitudes with

a qq̄ and n gluons.

The BCFW term is given by

(a) = (ig̃)n
〈pi〉3〈q̂i〉

〈p1̂〉〈1̂2〉 · · · 〈n−1 q̂〉〈q̂p〉
1

〈p̄n〉[p̄n]

[p̄n̂]3[q̂n̂]

[q̂n̂][n̂p̄][p̄q̂]
, (C.26)

where q is shorthand for qn−1. Recalling that q̂ = k̂n − p̄ leads to

〈iq̂〉[q̂n̂] = −〈ip̄〉[p̄n̂] = −〈ip̄〉[p̄n]

〈pq̂〉[q̂n̄] = −〈pp̄〉[p̄n̂] = −〈pp̄〉[p̄n]

〈n−1 q̂〉[q̂p̄] = 〈n−1 n̂〉[n̂p̄] = 〈n−1 n̂〉[np̄].

(C.27)

Thus the BCFW term becomes

(a) = (ig̃)n
〈pi〉3〈p̄i〉

〈p1〉〈12〉 · · · 〈n−1 n̂〉〈np̄〉〈p̄p〉

= (ig̃)n
〈pi〉3〈p̄i〉

〈p1〉〈12〉 · · · 〈n−1n〉〈np̄〉〈p̄p〉
〈n−1n〉〈1p̄〉
〈n−1 p̄〉〈1n〉 .

(C.28)

The second equality is obtained by applying the on-shell condition in Eq. (C.25)

to remove the shift on the bracket 〈n−1 n̂〉,

〈n−1 n̂〉 = 〈n−1n〉 − z〈n−1, 1〉

= 〈n−1n〉 − 〈np̄〉〈1p̄〉 〈n−1, 1〉

=
〈n−1 p̄〉〈1n〉
〈1p̄〉 ←− (Schoutten)

(C.29)

(b): The on-shell condition for q̂1 gives

q̂2
1 = (k̂1 − p)2 = −〈1p〉[1̂p] = 0

=⇒ [1̂p] = [1p] + z[np] = 0

=⇒ z =
[p1]

[np]
.

(C.30)
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The BCFW term is

(b) = (ig̃)n
[q̂1̂]3[p1̂]

[p1̂][1̂q̂][q̂p]

1

〈p1〉[p1]

〈q̂i〉3〈p̄i〉
〈q̂2〉 · · · 〈n−1 n̂〉〈n̂p̄〉〈p̄q̂〉 . (C.31)

With q a shorthand for q1, and if we recall that q̂1 = k̂1 − p, then we have

[1̂q̂]〈q̂i〉 = −[1̂p]〈pi〉

[pq̂]〈q̂p̄〉 = [p1̂]〈1̂p̄〉 = [p1̂]〈1p̄〉

[1̂q̂]〈q̂2〉 = −[1̂p]〈p2〉,

(C.32)

the BCFW term becomes

(b) = (ig̃)n
〈pi〉3〈p̄i〉

〈p1〉〈12〉 · · · 〈n−1 n̂〉〈n̂p̄〉〈p̄p〉
[p1̂]

[p1]
= 0. (C.33)

To see why this is zero, one can check first that the brackets 〈n−1 n̂〉 and

〈n̂p̄〉 are finite and non zero under the on-shell condition, but indeed from the

condition Eq. (C.30) we have [p1̂] = 0, and therefore (b)=0.

(c): The on-shell condition for q̂n−2 is given by

q̂2
n−2 = (k̂n + kn−1)2 = 〈n̂ n−1〉[nn−1] = 0

=⇒ 〈n̂ n−1〉 = 〈nn−1〉 − z〈1n−1〉 = 0

=⇒ z =
〈nn−1〉
〈1n−1〉

(C.34)

The BCFW term is

(c) =
(ig̃)n[n−1 n̂]4

[q̂ n−1][n−1 n̂][n̂q̂]

1

〈nn−1〉[nn−1]

〈pi〉3〈p̄i〉
〈p1̂〉〈1̂2〉 · · · 〈n−2 q̂〉〈q̂p̄〉〈p̄p〉

. (C.35)

With q a shorthand for qn−2, and if we recall that q̂n−2 = −(k̂n + kn−1), then

we have

[n̂q̂]〈q̂ n−2〉 = −[n̂ n−1]〈n−1n−2〉 = −[nn−1]〈n−1n−2〉

[n−1 q̂]〈q̂p̄〉 = −[n−1 n̂]〈n̂p̄〉 = −[n−1n]〈n̂p̄〉.
(C.36)

Then the BCFW term becomes

(a) = (ig̃)n
〈pi〉3〈p̄i〉

〈p1〉〈12〉 · · · 〈n−1n〉〈n̂p̄〉〈p̄p〉

= (ig̃)n
〈pi〉3〈p̄i〉

〈p1〉〈12〉 · · · 〈n−1n〉〈np̄〉〈p̄p〉
〈1n−1〉〈np̄〉
〈n−1 p̄〉〈1n〉 .

(C.37)
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Where the second equality is obtained from the on-shell condition in Eq. (C.34),

〈n̂p̄〉 = 〈np̄〉 − z〈1p̄〉

= 〈np̄〉 − 〈nn−1〉
〈1n−1〉 〈1p̄〉

=
〈n1〉〈p̄ n−1〉
〈1n−1〉 .

(C.38)

(d): The on-shell condition for q̂2 is given by

q̂1 = (k̂1 + k2)2 = 〈12〉[1̂2] = 0

=⇒ [1̂2] = [12] + z[n2] = 0

=⇒ z =
[12]

[2n]
.

(C.39)

The corresponding BCFW term is

(d) =
[1̂2]4

[1̂2][2q̂][q̂1̂]

1

〈12〉[12]

〈pi〉3〈p̄i〉
〈pq̂〉〈q̂3〉 · · · 〈n−1 n̂〉〈n̂p̄〉〈p̄p〉 . (C.40)

With q the shorthand for q2, we recall that q̂2 = −(k̂1 + k2), then

[2q̂]〈q̂p〉 − [21̂]〈1̂p〉 = −[21̂]〈1p〉

[1̂q̂]〈q̂3〉 = −[1̂2]〈23〉,
(C.41)

then the BCFW term becomes

(d) = (ig̃)n
〈pi〉3〈p̄i〉

〈p1〉〈12〉 · · · 〈n−1 n̂〉〈n̂p̄〉〈p̄p〉
[1̂2]

[12]
= 0. (C.42)

One can check that the brackets 〈n−1 n̂〉 and 〈n̂p̄〉 do not vanish when we impose

the on-shell condition Eq. (C.39), while [1̂2] = 0 in that condition, therefore

(d)= 0.

The MHV amplitude for A(p, 1, . . . , n, p̄) is then given by the sum of (a) and (b),

(a)+(b) =
(ig̃)n〈pi〉3〈p̄i〉

〈p1〉〈12〉 · · · 〈n−1n〉〈np̄〉〈p̄p〉

(〈n−1n〉〈1p̄〉
〈n−1 p̄〉〈1n〉 +

〈1n−1〉〈np̄〉
〈n−1 p̄〉〈1n〉

)
. (C.43)

Using the Schoutten identity we obtain

〈n−1n〉〈1p̄〉
〈n−1 p̄〉〈1n〉 +

〈1n−1〉〈np̄〉
〈n−1 p̄〉〈1n〉 = −〈n1〉〈n−1 p̄〉

〈n−1 p̄〉〈1n〉 = 1. (C.44)
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Therefore

A(p, 1+, . . . , i−, . . . , n+, p) = (ig̃)n
〈pi〉3〈p̄i〉

〈p1〉〈12〉 · · · 〈n−1n〉〈np̄〉〈p̄p〉 . (C.45)

The exact same steps with the exact same BCFW terms can be used for the MHV

amplitude with the exception of instead of only one negative helicity for the i-th

gluon, we have only one positive helicity. Then we obtain

A(p, 1−, . . . , i+, . . . , n−, p) = (ig̃)n
[pi]3[p̄i]

[p1][12] · · · [n−1n][np̄][p̄p]
. (C.46)



DSquaring M(qq̄ → gg)

In this chapter, we present the computation of the squaring of the amplitude as-

sociated to qq̄ → gg with explicit details. Let us begin with the color kinematic

decomposition introduced in Eq. (2.16),

M = Ta1Ta2A(p, 1−, 2+, p̄) + Ta2Ta1A(p, 2+, 1−, p̄). (D.1)

The associated color average of the absolute square of the amplitude in Eq. (D.1) is

given by the following trace

tr
(
|M|2

)
=C1

∣∣A(p, 1−, 2+, p̄)
∣∣2 + C1

∣∣A(p, 2+, 1−, p̄)
∣∣2

+ 2C2 Re
(
A(p, 1−, 2+, p̄)A∗(p, 2+, 1−, p̄)

)
,

(D.2)

where C1 and C2 are the color factors defined by

C1 ≡ tr (Ta1Ta1Ta2Ta2) and C2 ≡ tr (Ta1Ta2Ta1Ta2) . (D.3)

In order to evaluate the different expressions in Eq. (D.2), it is necessary and

useful to specify the different helicities of the particles in the process. Thus, let us

p−

p̄+

k−1

k+2

Figure D.1: Amplitude for qq̄ → gg.
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consider the helicity configuration as in Fig. D.1 where the helicity of the quark is

−1/2, the antiquark has helicity +1/2, the gluon with momentum k1 has helicity

−1, and the gluon with momentum k2 has helicity +1. Then we have

A(p, 1−, 2+, p̄) =
g̃2〈p1〉3〈p̄1〉

〈p1〉〈12〉〈2p̄〉〈p̄p〉 and A∗(p, 1−, 2+, p̄) =
g̃2[p1]3[p̄1]

[p1][12][2p̄][p̄p]
. (D.4)

It is also important to introduce the associated Mandelstam variables in terms of

angle and square brackets:

s = (p+ p̄)2 = (k1 + k2)2 = 〈pp̄〉[pp̄] = 〈12〉[12]

t = (p− k1)2 = (p̄− k2)2 = −〈p1〉[p1] = −〈p̄2〉[p̄2]

u = (p− k2)2 = (p̄− k1)2 = −〈p2〉[p2] = −〈p̄1〉[p̄1].

(D.5)

Therefore the different kinematics in Eq. (D.2) are given by

∣∣A(p, 1−, 2+, p̄)
∣∣2 = g̃4 〈p1〉3〈p̄1〉

〈p1〉〈12〉〈2p̄〉〈p̄p〉
[p1]3[p̄1]

[p1][12][2p̄][p̄p]
= g̃4 t

3u

s2t2
, (D.6)

∣∣A(p, 2+, 1−, p̄)
∣∣2 = g̃4 〈p1〉3〈p̄1〉

〈p2〉〈21〉〈1p̄〉〈p̄p〉
[p1]3[p̄1]

[p2][21][1p̄][p̄p]
= g̃4 t

3u

s2u2
, (D.7)

and the cross term is given by

A(p, 1−, 2+, p̄)A∗(p, 2+, 1−, p̄) =
g̃4〈p1〉3〈p̄1〉

〈p1〉〈12〉〈2p̄〉〈p̄p〉
[p1]3[p̄1]

[p2][21][1p̄][p̄p]
=
−g̃4t

s2u
〈p1p̄2p].

(D.8)

In order to compute the real part of Eq. (D.8) as required in Eq. (D.2), we recall

the relation introduced in Eq. (3.37) which leads to

2 Re(〈p1p̄2p]) = 〈p1p̄2p] + [p1p̄2p〉 = tr
(
/p/k1/̄p/k2

)
= t2 + u2 − s2. (D.9)

And then the averaged modulus square amplitude becomes

tr
(
|M|2

)
= g̃4 t

su

[
C1(t2 + u2)− C2(t2 + u2 − s2)

]
. (D.10)

To simplify the relation even further, we use the fact that s + t + u = 0, then we

have

s2 = (t+ u)2 = t2 + u2 + 2tu =⇒ t2 + u2 = s2 − 2tu. (D.11)

Therefore, after simplification we have

tr
(
|M|2

)
= g̃4C1

[
t

u
+ 2

C2 − C1

C1

t2

s2

]
. (D.12)
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The value of the color factors can be computed using the FeynCalc package in

Mathematica [96] and are given by C1 = CAC
2
F and C2 = −CF/2. Therefore we

find that

tr |M|2 = g̃4CAC
2
F

[
t

u
− CA
CF

t2

s2

]
. (D.13)



ECurrent squaring

In this chapter we are going to compute the square of the two gluon emission current

J2,

J2(1, 2) = g̃2

(
Ta1Ta2〈pp̄〉
〈p1〉〈12〉〈2p̄〉 +

Ta2Ta1〈pp̄〉
〈p2〉〈21〉〈1p̄〉

)
. (E.1)

To square Eq. (E.1) we are going to consider the following decomposition

J2(1, 2) =
g̃2

2
Cs

1,2J
s
2(1, 2) +

g̃2

2
Ca

1,2J
a
2 (1, 2), (E.2)

where the upper scripts s and a stand respectively for symmetric and antisymmetric,

and the new variables are given by

Cs
1,2 ≡ {Ta1 , Ta2}, Ca

1,2 ≡ [Ta1 , Ta2 ],

Js2(1, 2) ≡
∑

P2

〈pp̄〉
〈p1〉〈12〉〈2p̄〉 , Ja2 (1, 2) ≡

∑

P2

ε12〈pp̄〉
〈p1〉〈12〉〈2p̄〉 .

(E.3)

Squaring the current in Eq. (E.2) leads to

|J2(1, 2)|2 =
g̃4

4

[
tr
(
Cs

1,2C
s†
1,2

)
|Js2(1, 2)|2 + tr

(
Ca

1,2C
a†
1,2

)
|Ja2 (1, 2)|2

]
. (E.4)

To compute the traces of the color factors, we used FeynCalc [96], and we obtained

tr
(
Cs

1,2C
s†
1,2

)
= 2C2

FCA − CF ,

tr
(
Cs

1,2C
s†
1,2

)
= C2

ACF ,

tr
(
Cs

1,2C
a†
1,2

)
= tr

(
Ca

1,2C
s†
1,2

)
= 0.

(E.5)

The computation of the square of the symmetric and antisymmetric kinematics are

computed in the following sections.



E.1. Squaring J2 127

E.1 Squaring J2

Symmetric

From its definition the square of symmetric kinematic piece is given by

|Js2(1, 2)|2 =

(∑

P2

〈pp̄〉
〈p1〉〈12〉〈2p̄〉

)(∑

P2

[pp̄]

[p1][12][2p̄]

)
. (E.6)

And with the triangle relation in Eq. (B.14), we have

∑

P2

〈pp̄〉
〈p1〉〈12〉〈2p̄〉 =

〈pp̄〉
〈p1〉〈12〉〈2p̄〉 +

〈pp̄〉
〈p2〉〈21〉〈1p̄〉

=
〈pp̄〉
〈p2〉〈2p̄〉

( 〈p2〉
〈p1〉〈12〉 +

〈2p̄〉
〈21〉〈1p̄〉

)

=
〈pp̄〉
〈p2〉〈2p̄〉

〈pp̄〉
〈p1〉〈1p̄〉 .

(E.7)

A similar derivation holds for the second sum, with the one difference that instead

of angle brackets we will have square brackets. Therefore the squaring yields

|Js2(1, 2)|2 =


 ∏

i={1,2}

〈pp̄〉
〈pi〉〈ip̄〉




 ∏

i={1,2}

[pp̄]

[pi][ip̄]


 . (E.8)

The very last step is to recall the relation between the brackets and the four vector

products where 〈ij〉[ij] = 2ki.kj; thus we find

|Js2(1, 2)|2 =
∏

i={1,2}

〈pp̄〉[pp̄]
〈pi〉[pi]〈ip̄〉[ip̄]

=
∏

i={1,2}

p.p̄

2(p.ki)(p̄.ki)
.

(E.9)

Antisymmetric

The computation for the antisymmetric case is different from the symmetric case.

Starting with the definition of the antisymmetric kinematics, squaring will give

|Ja2 (1, 2)|2 =

(∑

P2

ε12〈pp̄〉
〈p1〉〈12〉〈2p̄〉

)(∑

P2

ε12[pp̄]

[p1][12][2p̄]

)
. (E.10)
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Since we don’t have a relation similar to the triangle relation in Eq. (B.14), we

perform a brute force computation, in which we have

∑

P2

ε12〈pp̄〉
〈p1〉〈12〉〈2p̄〉 =

〈pp̄〉
〈p1〉〈12〉〈2p̄〉 −

〈pp̄〉
〈p2〉〈21〉〈1p̄〉 ,

∑

P2

ε12[pp̄]

[p1][12][2p̄]
=

[pp̄]

[p1][12][2p̄]
− [pp̄]

[p2][21][1p̄]
.

(E.11)

By expanding the brackets, then putting everything into a common denominator we

obtain

|Ja2 (1, 2)|2 = (p.p̄)
(p.k1)(p̄.k2) + (p.k2)(p̄.k1) + 1

4
〈p1p̄2p] + 1

4
[p1p̄2p〉

4(k1.k2)(p.k1)(p.k2)(p̄.k1)(p̄.k2)
. (E.12)

To obtain Eq. (E.12) we used 〈ij〉[ij] = 2ki.kj and also the relation in Eq. (3.35)

where

〈p1p̄2p] = 〈p1〉[1p̄]〈p̄2〉[2p] and [p1p̄2p〉 = [p1]〈1p̄〉[p̄2]〈2p〉. (E.13)

The relation Eq. (3.37) will lead to

〈p1p̄2p] + [p1p̄2p〉 = tr
(
/p/k1/̄p/k2

)
, (E.14)

and with the property of gamma matrices as in [58], we will find

(p.k1)(p̄.k2) + (p.k2)(p̄.k1) =
1

4
tr
(
/p/k1/̄p/k2

)
+ (p.p̄)(k2.k1). (E.15)

Therefore Eq. (E.12) becomes

|Ja2 (1, 2)|2 =

(
1 +

tr
(
/p/k1/̄p/k2

)

2(k1.k2)(p.p̄)

) ∏

i={1,2}

p.p̄

2(p.ki)(p̄.ki)
. (E.16)



FPermutation Group P3

In Section 7.3, we recall some elementary properties of the permutation group P3 in

order to describe the mixed symmetry case for three gluon emissions. In the same

section, we construct the operators Q̂m such that

J3,m(1, 2, 3) = Q̂mJ3,3(1, 2, 3). (F.1)

By construction the operators Q̂m are defined in Eq. (7.33) where

Q̂0 ≡ −σ13, Q̂1 ≡ σ13 + σ23 + σ321,

Q̂2 ≡ −1− σ23 − σ321, Q̂3 ≡ 1,
(F.2)

where {1, σij, σijk} are the different elements of P3 for {i, j, k} = {1, 2, 3}.
In this appendix we review the properties of the elements of the permutation

group P3, in order to compute the dual operator Q̂] of the operator Q̂, such that

∑

P3

T x3,m(1, 2, 3)Q̂Jx3,3(1, 2, 3) =
∑

P3

(
Q̂]T x3,m(1, 2, 3)

)
Jx3,3(1, 2, 3). (F.3)

F.1 Properties of the elements of P3

Let F (1, 2, 3) be a function that depends on the labels {1, 2, 3}. The action of σij

on F (1, 2, 3) is to swap the label i of the function with the label j. Similarly σijk

permutes the three indices in such a way the label i becomes j, j becomes k, and k

becomes i.
σijF (i, j, k) = F (j, i, k)

σijkF (i, j, k) = F (j, k, i)
(F.4)
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It is straight forward to see from the above description that

σij = σji and σijk = σjki = σkij. (F.5)

The inverse action can be identified and given by

σijσij = 1 and σijkσkji = 1. (F.6)

F.2 Dual operator Q̂]

In this section we want to compute the dual operator Q̂] to the operator Q̂

Q̂ = a+ bijσij + cijkσijk, (F.7)

where a, bij, and cijk are some complex numbers. The dual operator is defined from

the relation

∑

P3

T x3,m(1, 2, 3)Q̂Jx3,3(1, 2, 3) =
∑

P3

(
Q̂]T x3,m(1, 2, 3)

)
Jx3,3(1, 2, 3), (F.8)

where under the sum over the permutation, the action of Q̂ on Jx3,3(1, 2, 3) is equiva-

lent to the action of Q̂] on T x3,m(1, 2, 3). Before we derive the expression of the dual

operator let us recall that under the full permutation sum we have

∑

P3

F (1, 2, 3) =
∑

P3

σF (1, 2, 3), (F.9)

for any function F (1, 2, 3) and for any σ ∈ P3.

Starting with the left hand side of Eq. (F.8) combined with the definition of the

operator Eq. (F.7), we have

∑

P3

T x3,m(1, 2, 3)Q̂Jx3,3(1, 2, 3) = a
∑

P3

T x3,m(1, 2, 3)Jx3,3(1, 2, 3)

+ bij
∑

P3

T x3,m(1, 2, 3)σijJ
x
3,3(1, 2, 3)

+ cijk
∑

P3

T x3,m(1, 2, 3)σijkJ
x
3,3(1, 2, 3).

(F.10)

The first term in the the left hand side a trivial duality in which a no action in Jx3,3
is dual to a no action in T x3,m. For the second term we are going to use Eq. (F.9) in
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order to undo the action of σij on Jx3,3 with the inverse action such that

∑

P3

T x3,m(1, 2, 3)σijJ
x
3,3(1, 2, 3) =

∑

P3

σij
[
T x3,m(1, 2, 3)σijJ

x
3,3(1, 2, 3)

]

=
∑

P3

(
σijT

x
3,m(1, 2, 3)

)
Jx3,3(1, 2, 3).

(F.11)

For the third term in Eq. (F.10), we will perform the same trick as for the second

term. The inverse action of σijk is σkji; we have

∑

P3

T x3,m(1, 2, 3)σijkJ
x
3,3(1, 2, 3) =

∑

P3

σkji
[
T x3,m(1, 2, 3)σijkJ

x
3,3(1, 2, 3)

]

=
∑

P3

(
σkjiT

x
3,m(1, 2, 3)

)
Jx3,3(1, 2, 3).

(F.12)

By taking everything back into Eq. (F.10), we can find that the dual operator the a

general operator Eq. (7.33) is given by

Q̂] = a+ bijσij + cijkσkji. (F.13)

The dual operator Q̂], as defined in Eq. (7.37), of any operator Q̂ which is a linear

combination of permutations is given by the same operator Q̂ with the exception

where σijk and σkji are interchanged.
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