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INTRODUCTION AND SUMMARY

Introduction

The relationship between transitive uniform spaces and zero-dimensional topolo-.
gical spaces was first established by Banaschewski [1957], and was later investig-
ated by Levine [1969]). The theory of transitive quasi-uniform spaces is treated in
[Fletcher and Lindgren 1972}, [Briimmer 1984] and [Kiinzi 1990, 1992a, 1992b,1993];
a convenient presentation for our purpose is to be found in [Fletcher and Lindgren
1982]. After Reilly [1972] introduced the notion of zero-dimensionality in bitopo-
logical spaces, Birsan [1974] and Halpin [1974] studied the relationship between

transitive quasi-uniform spaces and zero-dimensional bitopological spaces.

In this thesis we define a notion of zero-dimensionality in ordered topological spaces
and examine the relationship between transitive quasi-uniform spaces ‘a,nd Zero-
dimensional ordered topological spaces. To a large extent , our presentation is
influenced by the situation in bitopological spaces (cf. [Halpin 1974] and [Birsaﬁ
1974]), and uses the commutative diagrams which occur in [Schauerte 1988] and
[Brimmer 1977, 1982]. We also study strongly zero-dimensional ordered topological
spaces and their relation with functorial quasi-uniformities. In this respect, our res-
ults are influenced by those of [Fora 1984], [Baﬁaschewski and Briimmer 1990] and

[Kiinzi 1990] for strongly zero-dimensional bitopological spaces.
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Summary

Chapter 1. This chapter introduces the basic concepts needed in the body of the

thesis.

Chapter 2. The first section of this chapter contains results about the relations

between quasi-uniform spaces, completely regular bispaces and completely regular

ordered spaces, mostly following the development by Schauerte [1988]. Building on

the work of McCallion [1972], Lane [1965] and Salbany [1984], we describe the action
of the functor “L : CTopOrd — Cr2Top” on objects.

Chapter 3. In this chapter we define, categorically, the notion of a zero-dimensional

ordered space and establish its internal characterizations. We further characterize
zero-dimensional ordered spaces as those ordered spaces which admit transitive
quasi-uniformities. We establish the restriction of the functor diagrams which occur
in [Brimmer 1982] and [Schauerte 1988] from (quasi-) uniform spaces and com-
plete regularity to transitive (quasi-) uniform spaces and zero-dimensionality. We
use the functor “M : Cr2Top — CTopOrd” which is found in [Salbany 1984]
and [Schauerte 1988] to study the notion of (total) order-disconnectedness and its

relation to zero-dimensionality in the realm of compactness.

Chapter 4. In this chapter we give several characterizations of a strongly zero-
dimensional ordered space and establish that the coarsest functorial quasi-uniformity
on CTopOrd is transitive precisely on the strongly zero-dimensional ordered spaces.
These results are in analogy with those proved in [Fora 1984] and [Banaschewski and

Briimmer 1990] for bitopological spaces.

At the end of each chapter we give notes of remarks and acknowledgements.



CHAPTER 1

Notations, terminology and preliminaries

1.1 Notations and terminology

The notations and terminology which we use come from [Brimmer 1977, 1979,
1982], [McCallion 1972] and [Schauerte 1988]. We use the subscripts “¢” and “2” for
the restrictions to transitivity and zero-dimensionality. We change the notation for
the bitc-)pologit:al space (R,[,u) from ([Briimmer 1979], [Salbany 1984],[Schauerte
1988] and others) to (R,i,d) for reasons given in Remark 1.-2.5 of the prelimin-
aries. We apply the words increasing (decreasing) to a set and order preserviﬁg
(reversing) -to a function. Following [Banaschewski, Brimmer and Hardie 1983] we
apply terms such as (completely) regular, zero-dimensional, compact to bitopolo-
gical spaces without the traditional qualification “pairwise”, because this word is
redundant in the given context. We follow [Schauerte 1988], and deviate from the
important sources [Nachbin 1965] and [Fletcher and Lindgren 1982], when defining
ordered spaces and complete regularity in such spaces. In fact, Schauerte [1988,
1993+] points out how much terminological disagreement there is in the literature
on ordered spaces. For emphasis we retain the term “order-disconnected ” from

[Priestley 1970] and [Burgess and McCartan 1970].



1.2 Preliminaries

Ordered spaces. An ordered topological space ( or ordered space) is a triple
(X, 7,<), where X is a set, T a topology on X and < is a preorder (i.e. a reflexive
and transitive relation) with a closed graph in the product topology on X x X. I
< is antisymmetric then we call (X, 7, <) a partially ordered space . Nachbin [1965]
showed that each partially ordered space has Hausdorff topologyé the converse is
not true. Given ordered spaces (X,7,<) and (X’,7’,<’), we say that a function
f : X — X' is order preserving (reversing) if for all z,y € X, :c. Ly =
f(z) < f(y) (f(y) < f(z)) and is continuous if f : (X,7) — (X', 7') is continuous.
A subset B of X is said to be increasing (decreasing) if for all z,y€ X,z <y
andz € B=y€e B(forallz,ye X,z <yandy € B=>z € B). Wesay
that (X, 7, <) is compact if 7 is compact. We use i(z) and d(z) to denote the sets
{y e X Ia: <yland {y € X |y < :v} For every ordered space (X, 7,<) there
are two natural topologies U, and L, given by U, = {U € 7 | U is increasing } and
L, = {L € 7| Lis decreasing }. It is easy to check that ¥, and £, are indeed
topologies on X. We call the topologies U, and £, on X the upper topology and the
lower topology respectively. If 7 is a topology on X then the order <, defined by
z <, y <> z € cl,.{y} is called the specialization order with respectto7. f A C X
and T is a topology on X then 74 denotes the subspace topology. An ordered space
(X, 7,<) is said to be convez if its topology 7 has as subbase the family U, U L,. If
T and 7 are topologies on X wevshall write 7 < 1 to mean that 7 is coarser than 7.
We sometimes use X for (X ,VT, <) if it is clear that we refer to an ordered space.

We will denote the real line by R and we will denote the usual order on R by <#
and the usual topology on R by u. For a real-valued order preserving function f on

an ordered space X, we write 0 < f <1 to mean f[X] C [0,1].



1.2.1 Example
We Will henceforth denote the ordered space (R,usual topology,usual order) by
Ry. For a subset A of R, Ay denotes an ordered subspace of Ry, e.g. Iy =

([0,1], usual topology,usual order), D¢ = ({0,1}, discrete topology, usual order).

1.2.2 Proposition [Nachbin 1965
Let (X,7,<) be an ordered space. Then |
(a) For all z,y € X such that z 2 y, there exists an increasing neighbourhood U of

y and a decreasing neighbourhood L of z which are disjoint.

(b) The sets i(z) and d(z) are closed, for all z € X.

1.2.3 -Corollary
Let (X, 7,<) be an ordered space, z,y € X withy 2 x. Then there is a set U € U,
such thatx € U andy ¢ U.

Proof. let z,y € X, y Zx By the proposition 1.2.2 d(y) is closed. Since
y 2z, € X —d(y), which is T-opeh and <-increasing. Furthemore y ¢ X — d(y).

Therefore putting U = X — d(y) we have the result. A 0

1.2.4 Proposition

Let (X, 1,<) be an ordered space. Then <=<y,.

Proof. Let z,y € X with z £ y. By corollary 1.2.3 there is an increasing open
neighbourhood U of z such that y € U. Thus z & cly, {y}, i.e. ¢ u, y.

Suppose that £ €y, y. Then there exists U € U, such that z € U and y ¢ U. Then
z & y since U is increasing with respect to <. Therefore for all z,y € X we have z <

y(==):v§u,y. O
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Bitopological spaces. A bitopological space( or bispace) is a triple (X, 71,7,),
where X is a set, 7, and 7, are topologies on X. A bicontinuous furiction f :
(X,71,72) — (X',7’,72') is a function between the underlying sets such that f :
(X,n) — (X',n') and f: (X, 72) — (X', 72') are both continuous. We use X to

denote a bitopological space when no confusion can arise.

Let 7 be the topology on R having as a base {(a,0) | @ € R} and d be the topology
having as a base {(—00,a) | ¢ € R}. Then we denote the bitopological space (R, ¢, d)
by R;. For a subset A of R, A, denotes the subbispace of Ry.

1.2.5 Remark

The topologies ¢ and d above were called the “lower topology” and the “upper topo-
logy” respectively (see [Brimmer 1979], [Salbany 1984] and [Schauerte 1988]),and
were denoted by [ and u respectively. However, this can cause confusion since one
would expect. the upper topology to have a basis of upper (i.e. increasing) sets and
a lower topology to have a basis of lower (i.e. decreasing) sets. Therefore we have

used the notation and terminology that best agrees with our intuition.

Categories and Functors. For the category X we denote the class of objects of X
by ObX, the class of morphisms of X by MorX and the set of morphisms from A to
B by X(A, B). The reader is referred to the list of named categories and functors at
the end of this thesis. These concrete categories have (unnamed) forgetful functors
to Set. A functor W : X — Y is called a concrete functor if it commutes with
the forgetful functors. A source (f, : X — X4 )aeys is initial if and only if for any
object Y in X and any set map h:Y — X such that f, o h is a morphism in X

for every a € J, h is a morphism in X.



NOTES.

Salbany [1984 p.487] has the same result as proposition 1.2.4, but uses the assump-

tion of monotonic normality, which we drop.



CHAPTER 2

Completely regular ordered spaces

In this chapter we look at the relations between quasi-uniform spaces, conipletely
regular bitopological spaces and completely regular ordered. spaces, focusing our
attention on some of the results which we will need in the subsequent c‘hapteré.
The full embedding L : CTopOrd — Cr2Top is first defined by the spanning
construction (i.e. categorically) and afterward characterised in terms of objects (i.e.

internally).

2.1 Relations between Quu, Cr2Top and CTopOrd

Basic concepts and results about quasi-uniform spaces are taken from [Fletcher and

Lindgren 1982).

2.1.1 Definition

A quasi-uniformity on a set X is a filter i on X x X with the following properties:
(a) Each member of U contains A (A = {(z,z) | z € X}).

(b)) fU € U, then VoV CU forsome V € U (VoU = {(z,y) € X x X |
for some z,(z,z) € U and (z,y) € V}).

The pair (X;U) is called a quasi-uniform space. If U is a quasi-uniformity on X,
then U~ = {U~! | U € U} is also a quasi-uniformity on X. A quasi-uniformity U is

a uniformity provided Y = U~'. A subfamily B of a quasi-uniformity ¢/ is a base for

-6




7

U if each member of U contains a member of B. A subset U C X x X is said to be
transitive f UoU C U. A function f: X — Y between two.quasi-uniform spaces
(X,U) and (Y, V) is uniformly.continuous if for each V € V, (f x f)~Y(V) € U.
With these morphisms, the quasi-uniform spaces form a category which we shall
denote by Quu; its full subcategory of uniform spaces is denoted by Unif. For each
U €U and for each z € X, U(z) = {y € X | (z,y) € U}, and for each subset A
of X, U[A] = U{U(z) | = € A}. The family {U(z) | U € U} is a neighborhood
system at z for the topology denoted by 7(&/). We thus have a concrete functor
T : Quu — Cr2Top defined by T(X,U) = (X,7(U),7(U™)) for each U in Quu
corresponding to the well known concrete functor T : Unif — Creg given by
T(X,U) = (X, 7(U)) for each U in Unif. We say that a quasi-uniform space (X,U)
is bicomplete if (X,U VU™') is a complete uniform space. A quasi-uniform space
(X,U) is totally bounded if (X,U VU™?) is a totally bounded uniform space. The
increasing quasz’-uniformity on the real line R is the quasi-uniformity whose basis
consists of the sets of the form {(z,y) € R xR |z < y + €}, € > 0. The resulting
quasi-uniform space will be denoted by R, and a subset A of R will determine a
quasi-uniform subspace A, of R,.

The following functors occur in [Briimmer 1977]:

¥ : Quu — Quu :- sends a quasi-uniform space to its bicompletion.

P : Quu — Quu :- totally bounded bireflector.
5

: Unif — Unif :- sends a uniform space to its completion.

2.1.2 Definition
A quasi-uniformity &/ on a set X is said to be transitive if it has a (sub-)base of

transitive elements of Y.




2.1.3 Definition

A bitopological space (X, 71, 72) is called completely regular iff the source
BiTop((X, 71, 72), 1) is initial. These bispaces together with the bicontinuous maps
form the category Cr2Top.

2.1.4 Remark

The above definition is equivalent to the following condition (due to Lane [1967]):
For éach z € X and 7y-closed set E with z ¢ E, there exists a bicontinuous f :
(X,71,72) — I, such that f(z) = 1 and f[E] C {0}; and for each z € X and
1o-closed set F' with z ¢ F, there exists a bicontinuous g : (X, 7,72) — I such

that g(z) = 0 and g[F] C {1}. The equivalence was observed by Salbany [1970].

2.1.5 Definition
An ordered space (X,7,<) is a completely regular ordered space iff the source

TopOrd(X,I,) is initial.

2.1.6 Remark

The above definition is equivalent (cf. [Schauerte 1988]) to the following two condi-
tions which were introduced by Nachbin [1965]: -

(a) f a € X and U is a neighborhood of @ there exist continuous, real-valued
functions f and g on X, f order preserving and g order reversing, such that
H0<F<1,0<g<1, () fa) = 1, g(a) = 1 and (i) f(a) Ag(s) = O if
zeX-U.

(b) If z,y € X and z < y is false, there exists a continuous order preserving real-

valued function f on X such that f(z) > f(y).




2.1.7 Definition [Schauerte 1988]

(a) CTopOrd denotes the full subcategory of completely regular ordered spaces in
TopOrd.

(b) V : Quu — CTopOrd denotes the concrete functor given by

V(X,U) = (X, (U VU),NU) for all (X,U) € Quu.

An ordered space (X, 7, <) is said to admit (or be determined by) a quasi-uniformity
Uif V(X,U) = (X, r,<). Nachbin [1965] proved that an ordered space admits some

quasi-uniformity iff it is completely regular.

2.1.8 Proposition [Nachbin 1948c, 1965], [Fletcher and Lindgren 1982]

A compact partially ordered space admits a unique quasi-uniformity. -

Salbany [1984] studied functors between Cr2Top and CTopOrd. The following
functor from [Schauerte 1988] is a modification of one of the functors originally

studied by Salbany [1984].

2.1.9 Definition

For each X € Cr2Top, let M X be the CTopOrd-space which is the domain of the
initial lift of the source Cr2Top(X,I;) to the codomain I in CTopOrd. Let M
act on morphisms by preserving set maps. Then M : Cr2Top — CTopOrd is a

functor.

The following lemma, which was first proved by [Salbany 1970, 1984], is of prime
importance in determining how the functor M transforms different concepts (e.g.
“total order-disconnectedness”) between Cr2Top and CTopOrd. Schauerte [1988]

supplied a direct proof:



2.1.10 Lemma [Schauerte 1988]

Let (X,m,m2) € Cr2Top. Then z € cl,{y} < y € cl,,{z}.

Proof. " =" Suppose z € cl, {y} but y & cl,{z}. Since (X, 71, 72) is completely
regular there exists a bicontinuous f : (X, 7,m) — I, such that y € f~1({0}) and
{2} € F({1}). Now fleln{y}] € chilf®)} = clif0} = {0}. But 2 € b, {y}
implies f(z) = 0, which contradicts f[cl,,{z}] = 1.

1/4 /4 : : .
<" Similar. a

2.1.11 Proposition [Schauerte 1988]
For (X, m,72) € Cr2Top, M((X,11,72)) = (X, 71V 73, <1y). O

2.1.12 Proposition [Schauerte 1988]

The following diagram commutes:

Cr2Top Y; CTopOrd

Proof. Let (X,U) € Quu. Then MT(X,U) = M(X,rU),rU")) = (X, UV
U1), <+q0). On the other hand V(X,U) = (X, 7(UVU™),U), so we only have to
show that <,qu)= NU. Suppose that £ £,u) y. Then there exists a 7(U)-open set
containing z but not y. The collection {U(z) | U € U} forms a neighborhood base
at z in 7(U), so there exists U, € U with z € U,(z) but y & Us(z). Thus (z,y) € U,
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and so (z,y) ¢ NU. Therefore \U C <,uy. If (z,y) € NU then there exists
U, € U such that (z,y) & U,, i.e. y & Uo(z). U,(z) is then a 7(U)-neighborhood of

z not containing y, so ﬁ,(u) y. Hence <.@y=NU. O

2.1.13 Proposition [Schauerte 1988]
(a) The functor M : Cr2Top — CTopOrd preserves initial sources.
(b) The functor V : Quu — CTopOnrd preserves initial sources.

Proof. (a) Let the source (fo : (X, 7, &) — (X4, Tay £a))aes be initial in Cr2Top.
Then (fu : (X,7V &) — (Xa,Ta V Ka))aes is initial. It remains to show that the
order is initial, i.e. 'z <; y <> Va € J fo(z) <r, faly). Clearly z <, y =
fol(z) <5 fa(yv) since by proposition 2.1.11 each f, is order preserving. Conversely
suppose that z £, y. Then by definition z ¢ cl.{y}. Then there exists U € 7 such
that z € U but y € U. Since (f,)s is initial for the first topologies, there exist
o1y .yan € J, Uj € 7a; (j = 1,...,n) such that z € N}, fiU;} € U. Now sihce
y ¢ U, there exists j € {1,...,n} such that y & fo,”'[U}] i.e. faj(y) ¢ V;; whereas
clearly fo;(z) € Vj; 50 fo;(z) &ra fa;(y); as required.

(b) This follows by Proposition 2.1.12 since both M and T preserve initial sources.

Husek {1967] and Briimmer [1971] introduced the spanning construction for the

concrete functors. We give a brief outline of this construction:

Construction of a section of a given functor. Let X and Y be categories,
U:Y — X and E : X — Set be faithful amnestic functors so that W = EU is
topological and U preserves initial sources. Then we can define a functor F : X —

Y as follows:
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Let A be a class of objects of Y. For any X € ObX there exists a unique W-initial
source (f': B — A) satisfying W f' = Ef and WB = EX, where f ranges through
X(X,UA) and A through A. Let FX = B.

For any fixed morphism g : X’ — X in X, consider the following diagrams:

4
FX f A
t
|
b (fg)
|
|
FX'
we get the diagram
X f UA
g fg

XI

for all f € X(X,UA), A€ A

The lower diagram commutes for all the given f. ‘The source (f' : FX — A) is
the one given by the definition of FX. The source ((fg)' : FX' — A) consists of
the maps fg : X' — UA regarded as morphisms in Y. They are morphisms in Y
by definition of FX’'. Now the W-initiality of (f' : FX — A) gives us a unique
morphism A : f‘X' — F X satisfying Wh = Eg. We let Fig = h.

It is easily seen that F is a functor; we call it the functor spanned by A and write

F=<A>yp.
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Schauerte [1988] used this construction for the following functors and categories: |
(a) Y=Unif, X =Creg, U =T.
(b) Y = Quu, X = Cr2Top, U =T.
(¢) Y =Quu, X =CTopOrd, U = V.
(d) Y =Cr2Top, X = CTopOrd, U = M.

2.1.14 Definition [Brimmer 1976]

Let X and Y be categories, U : Y — X and E : X — Set be amnestic faithful
functors so that W = EU is topological and U preserves initial sources. |
An object Xy is called a U-pivot iff {X,} is E-initially dense in X and there is

exactly one object Yo in Y satisfying U(Yp) = Xo.

2.1.15 Proposition [Brimmer 1976]

Let X, Y, U and E be as in definition 2.1.14 . Let A be a class of objects of Y and
F = < A>y. Then the following are equivalent:

(a) F is a U-section i.e. UF = 1.

(b) UA is E-initially dense in X.

In case a U-pivot X, exists, the above are equivalent to:

(c) UFX, = X,. O

It is well known that the functor T : Quu — Cr2Top preserves initial sources. So

in the light of proposition 2.1.13, (Schauerte[1988]) gave the following definitions:

2.1.16 Definition
C*=<{L}>7, C=<{R}>F, é=<O0bQuu >z
Cl=<{L}>v, C'l=<{Ry}>v, ¢'=<0bQuu>y, L=< {L}>y



14
2.1.17 Proposition [Schauerte 1988]
(a) The functor L : CTopOrd — Cr2Top is the unique right inverse of M, and
is left adjoint to M.
(b) Let A C ObQuu. Then < A >y is a V-section iff < A >z is a T-section and
in this case < A>7ol =< A>y.
(¢) The functor L is a full embedding of CTopOrd into Cr2Top as bicoreflective

subcategory with coreflection functor LM. O

2.2 About the embedding of CTopOrd into Cr2Top.

McCallion’s definition of “ordered space” ( [McCallion 1972] ) did not require the
order to be closed. We will apply his results to ordered spaces in the sense of 1.2,

1.e. with closed order.

2.2.1 Definition [McCallion 1972]
Let (X,7,<) be an ordered space. A subset Z of X is called a decreasing

(increasing) zero set in (X,7,<) when there is an order preserving continuous

function from X to Rsuchthat Z = {z € X | f(z) <0} (Z ={z € X | f(z) > 0}).

In the above definition for an increasing zero set we can replace order preserving by
order reversing and have Z = {z € X | f(z) < 0}.

The set of all decreasing (increasing) zero sets will be denoted by Ay (Bo).

2.2.2 Definition [McCallion 1972]
If (X, 7, <) is an ordered space and 7, 7; are topologies on X then (1, 72) is called an

order defining pair whenever 11,7, C 7 and the following statements are equivalent:
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(i) = € el {y);
(i) z < y;

(iii) y € cln,{z}.
From lemma 2.1.10 and the definition 2.2.2, we have the following proposition:

2.2.3 Proposition
Let (X, 71,72) € Cr2Top. Then for the ordered space (X, 71V 12,<y,), (11,72) is an

order defining pair. O

2.2.4 Lemma
Iff +(X,7,<) — (X', 7', <') is continuous and order preserving then f~1[Ao] C Ao
and f~1[By'] C By where Ay’ and By’ consist of the decreasing (increasing) zero sets

in (X', 7', <') respectively.

Proof. Let A’ € A’. Then A’ = {y € X' | g(y) < 0} for some continuous order

preserving function g : (X’,7',<') — Ry. Then

]

Al = {zeX|f(z) € A}
= {z€ X |g(f(z)) <0}
= {zeX|gf(z) <0}
Therefore f~1[A’] € Ao since gf : (X,7,<) — Ry is continuous and order pre-

serving. Similarly for B’ € By’ we have f~![B’] € Bo. =

2.2.5 Definition .
(a) A set Z C X in a bitopological space (X,m,7;) is called an upper zero set
of X if there exists a bicontinuous function f: (X,n,m2) — (R,i,d) such that

Z = f~1[0,00)]. The complement of an upper zero set is called a lower cozero set.
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(b) A set Z C X in a bitopological space (X, ;,7;) is called a lower zero set of X
if there exists a bicontinuous function f : (X,7,7) — (R,¢,d) such that Z =

f(~o0,0]]. The complement of a lower zero set is called an upper cozero set.

2.2.6 Remark

In consequence of our choice of having R, = (R, ¢, d), our “upper zero sets” are what
Lane [1967] in the case of a bispace (X, 1, 7;) called “r;-zero sets” and what Fora
[1984] called “p-lower zero sets”; Fora was using (R, d, ) and Lane in effect was using
(R, ,d). The dual remark applies to our “lower zero sets”. When citing results from
authors who used (R,d,i) we shall automatically translate their terminology into

ours.

2.2.7 Proposition [Lane 1967]
A bitopological space (X,11,72) is completely regular if and only if the lower zero
sets form a base for the m-closed sets and the upper zero sets form a base for the

T9-closed sets. O

We now aim to prove an internal description of the full embedding L : CTopOrd —
Cr2Top, which was to be expected from a proposition in [Salbany 1984, p.486]. We
first have to prove some intermediate results. Let (X, 7, <) be a completely regular
ordered space. Consider the topology 74, having Ay as a base for the closed sets

and the topology 75, on X having B, as a base for the closed sets.

2.2.8 Lemma [McCallion 1972]
If (X,7,<) is an ordered space and A € Ay (respectively B € By) then there is a

continuous order preserving (reversing) function g (respectively h) from X into R
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such that g > 0 and A = {x € X | g(z) = 0} (respectively h > 0 and B = {z € X |
h(z) =0}).

Proof. Wehave A= {r € X | f(z) <0} and B = {z € X | k(z) < 0} where f is
a continuous order preserving function from X into R and k is a continuous order
reversing function from X into R. By putting g(z) = f(z) V 0 and k(z) = k(z) V 0
for all z € X, we have A = {z € X | g(z) =0} and B = {z € X | h(z) = 0} with
g 2 0 and A > 0. Clearly g and h are continuous order preserving and continuous

order reversing respectively. O

2.2.9 Proposition [McCallion 1972]
An ordered space (X, 1,<) is completely regular if and only if (T4,,78,) is an order

defining pair and T4, V 18, = T.

Proof. Suppose that (X, 7, <) is a completely regular ordered space. Let z,y € X
with z < y. Clearly z € cl,, {y} and y € cl,p,{z} since each member of A, is
decreasing and each member of By is increasing. If ¢ £ y there is an order preserving
continuous function f from X into R such that f(y) < f(z). We can assume without
loss of generality that f(y) = 0 and f(z) = 1. Now let A = {u € X | f(u) < 0}.
Then A € Ao,y € A and = ¢ A and thus z ¢ cl,, {y}. By a similar argument z <y
if and only if y € ¢l {z}.

If G is T-open, = € G, then there are two continuous functions h,g : X — R, with
h order preserving and g order reversingsuch that 0 <A <1,0< g <1, h(z)=1=
g(z) and h(y) A g(y) =0ify e X —G. Put Ay ={ue X |h(u) <0};B; ={u €
X | g(u) £ 0}, thenz € (X -~ A))N(X — By) € G and thus 7 < 74, V 75,. Since
TAy>TB, < T We have 7 = 74, V 75,.

On the other hand let (74,,75,) be an order defining pair with 74, V75, = 7. If

z,y € X,z £ y,z ¢ clr, {y} then there exists an A € Ag such that y € A,z ¢ A.
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Since A € Ay there is an order preserving function, p, from X into R such that
p(z) > p(y). If z € X and U is a r-neighborhood of z, then since 74, V 75, = T
there are sets A, B in Ay, By respectively such that z € (X — A)N (X — B) C U.
Now by lemma 2.2.8 there is a continuous order preserving function f from X into
R and a continuous order reversing function g from X into R such that f,g > 0 and
A={ueX|f(u)=0},B={ueX|gu) =0} Nowput h = (f/f(z) AL,
k = (g/g9(z)) A1, then h(k) is a continuous order preserving(reversing) function from
X into Rsuch that 0 < 2 <1,0 <k < 1,h(z) =1 = k(z) and u € X — U implies
h(u) A k(u) =0. O

2.2.10 Theorem
For (X,1,<) € CTopOrd, L(X,7,<) = (X, Tay, T8, )-

Proof. Let(X,7,<) € CTopOrd. By definition of L the source (f : L(X,7,<) —
I, | f € CTopOrd((X,7,<),L)) is initial. We now show that (X,74,,75,) €
Cr2Top. By proposition 2.2.7 it suffices to show that the decreasing zero sets and
- the increasing zero sets of (X, 7, <) coincide with the lower and the upper zero sets
of (X, T4,,7s,) respectively. Let A be a decreasing zero set, i.e. A = f~1[(—o00,0]]
where f : (X,7,<) — R, is continuous and order preserving. We show that
[ (X,740,78,) — Rs is bicontinuous. Consider a sét (—o00,a],a € R, ie. a
basic closed set with respect to 7. Then f~![(—o0,a]] = (f — @) [(—o0,0]] is a
decreasing zero set and thus 74,-closed. Similarly for a basic closed set [a,o0),
with respect to d, f~![[a,0)] is 7s,-closed. Hence f : (X,74,,78,) — Ry is
bicontinuous and so A is a lower zero set. Conversely suppose that A is a lower
zero set of (X,74,,75,), i.e. A = f71[(—00,0]] where f : (X,74,,78,) — Ry is

bicontinuous. By applying the functor M, we see from proposition 2.1.11 that
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[ i (Xy1a, V 78y, <r Ao) — R, is continuous and order preserving. Moreover
by proposition 2.2.9 (X,74, V TBo,ﬁon) = (X,7,<). Thus A is a decreasing
zero set of (X,7,<). Similarly the increasing zero sets of (X,r,<) coincide
with the upper zero sets of (X,74,,78,). Therefore (X,74,,78,) € Cr2Top
and thus the source Cr2Top({X,74,,78,),1s) is initial. The above argument
shows that Cr2Top((X,74,,78,),b) = CTopOrd((X,7,<),I,). By initiality
of the source (f : L(X,T,X) — L | fe CTopOrd((X,T,S),Io)), we have
L(X,7,<) = (X, T4y, T8o)- .
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NOTES
(1) The functors M and L come from [Salbany 1984] and were later studied by
Schauerte [1988]. The only slight change in Schauerte [1988] was the use of (R, i,d)
instead of (R,d,?) from Salbany [1984]. This change does not make a significant

difference.

(2) The term “order defining pair” was introduced by McCallion [1972]. As a result

of lemma 2.1.10 we formulated proposition 2.2.3.

(3) The notions of increasing and decreasing zero sets come from [McCallion 1972],
and upper zero sets and lower zero sets were introduced by Lane [1965]. These
sets enabled us to describe the functor L in terms of objects, i.e. internally, in
theorem 2.2.10. This result does not occur in [Salbany 1984] nor in [Schauerte
1988].

(4) Charlton [1973, Proposition 1.2] proved lemma 2.1.10 for “pairwise” Ry spaces.
He defined a functor from BiTop to TopOrd that acts on objects in the same way
as the functor M [Definition 5.5].




CHAPTER 3

Zero-dimensional ordered spaces

The relationship between zero-dimensionality in Top and transitivity in Unif was
established by Banaschewski [1957]. Reilly [1972] introduced the notion of zero-
dimensionality in BiTop; Birsan [1974] and Halpin [1974] have studied the relation-
ship between the latter notion and transitivity in Quu. We will now investigate the
relationship between zero-dimensionality in TopOrd and transitivity in Quu. In
this chapter we will also study the notion of total disconnectedness which is closely

related to zero-dimensionality.

3.1 Zero-dimensional bitopological spaces and zero-dimensional

ordered spaces

3.1.1 Definition [Reilly 1972}

For a bitopological space (X, T, T2), Ti i zero-dimensional with respect to 7y if 7; has

a base of 7;-closed sets, i.e. for each point £ € X and each 7;-open set A containing

z there is a 7;-closed 7;-open set G such that z € G C A, wherei,k = 1,2 and ¢ # k.

3.1.2 Definition [Reilly 1972)

Let (X, m1,72) € BiTop. (X, 71,72) is a zero-dimensional bitopological space iff 7, is

zero-dimensional with respect to 7, and 7, is zero-dimensional with respect to ;.
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The following two propositions were proved independently by Halpin[1974] and
Birsan[1974].

3.1.3 Proposition [Halpin 1974], [Birsan 1974]
A bitopological space (X, 71,73) is zero-dimensional iff the source

BiTop((X,m1,72), Dy) is initial.

Proof. Suppose. (X, 71,72) is a zero-dimensional bitopological space. Let A be a

basic 71-open To-closed set. Now define f : X — D as follows:

1 ifz€A
|0 ifzgA

Then f7!({1}) = A€ mnand fF{0}) =X -A € mn. Hence f is bicontinuous.
Thus A is the preimage of {1} under a bicontinuous map. Similarly we can show
that if B is a basic m-open 7 -closed set then B is the preimage of {0} under a
bicontinuous map. Therefore the source BiTop((X, 11, 72), D) is initial.

Conversely suppose that the source BiTop((X, 71, 72), Ds) is initial. Then the sub-
basic 7, open sets are of the form f~1({0}) where f is a bicontinuous map. Now
X — f7Y({0}) = f~}({1}) which is m-open. Thus f~*({0}) is 71-closed and 7, has
a subbase of 7;-open 7y-closed sets. Similarly 7, has a subbase of 11-open 72-closed

sets. Hence (X, 71, 73) is.a zero-dimensional bitopological space. o

3.1.4 Proposition [Halpin 1974], [Birsan 1974].
A bitopological space is zero-dimensional if and only if it admits a transitive quasi-
uniformity.

i

Proof. Suppose (X,71,7;) admits a transitive quasi-uniformity &/. Let V be a
transitive base. For each V € V and for each z € X, V(z) is 7(U)-open 7(U™')-

closed, and hence the family {V(z) | V € V,z € X} is a base for 7(U) consisting
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of 7(U")-closed sets. Similarly the family {V-*(z) | V € V,z € X} is a base for
7(U") consisting of 7(U)-closed sets.

Conversely, suppose that (X, m,7;) is zero-dimensional. It is easy to show that 7y
has a base B of 7,-closed sets such that the family B’ = {B’ | X — B’ € B} is a
base for 7; consisting of 71-closed sets. Let U be a quasi-uniformity with the subbase
S = {Ss | B € B}, where Sg = B x BU(X — B x X). It is easy to show that S is
a transitive subbase, and thus Y is transitive. Now consider the bitopologicél space
(X, m(U),7(U™"). Clearly, 7(U) has a base B and 7(U~!) has a base B', and thus

TU)=7 and T(U!) = 7. o

Proposition 3.1.3 motivates the following definition.

3.1.5 Definition
An ordered space (X,7,<) is a zero-dimensional ordered space iff the source

TopOrd((X, 7, <), Do) is initial.

3.1.6 Proposition
The functor M : Cr2Top — CTopOrd sends zero-dimensional bispaces to zero-

dimensional ordered spaces.

Proof. Let X be a zero-dimensional bitopological space. Then the source
Cr2Top(X, D) is initial. Applying the functor M : Cr2Top — CTopOrd we
have that the source CTopOrd(M X, Do) is initial, since the functor M preserves

initial sources by proposition 2.1.13. Thus M X is zero-dimensional. O
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3.1.7 Theorem
An ordered space (X, T, <) is- zero-dimensional if and only if T has a subbase con-
sisting of clopen increasing and clopen decreasing sets and < = <y where U' is the
topology generated by the clopen increasing sets, i.e. < is the specializaiio-n order

with- respect to-U'.

Proof. “=": Suppose that (X, 7, <) is a zero-dimensional ordered space. Then
the source A = CTopOrd((X,,<); Do) is initial. Thus 7 has a subbase S =
{f~Y4V] | Vopenin Dy, f € A}. It is clear that S consists of clopen increasing
and clopen decreasing sets. Let. U’ be the topology which has the subbase (in fact a
base since the finite -intersection of clopen increasing sets is again clopen increasing)
{f1({1}) | f € A}. Clearly every clopen increasing set belongs to this family. We
now show that < = <y, where the order < is given by the initiality of the source,
ie. Yo,y € X,z <y & Vf € A, f(z) <* f(y). Let 2,y € X. Nowifz £y
then there-exists f in A such that f(z) £* f(y), i.e. f(z) =1 and f(y) = 0. Since
z € f~1({1})and y‘le F1{0}), =z ¢ clul:{y}v. Therefore o #u y. Conversely suppose
that @ fu y. Then z ¢ clur{y}. Thus there exists a U € U’ such that z € U and
y ¢ U. Therefore z £ y sinece U 1s S-inérea.sing. Hence < = <.

"«": Suppose T hé,s a subbése consisting of vclopen increasing and clopen decreasing
sets and <=<; where Y/’ is the topology generated by all clopen increasing sets. Let
L' be the tgﬁology generated by all clopen decreasing sets. Then 7 = u'v L' Thus
(X, 7,<) = (X,U'V L, <w), since < = <. By proposition 3.1.6 it suffices to
show that (X,U’,L') is a zero-dimensional bitopological space. As remarked in the
first part of the proof, we have the bases B, and B, for U’ and L' respectively, where
B, consisté of all clop_eﬁ increasing sets and B, consists of all clopen decreasing sets.
Let B € B;. Then X — B is 7-clopen and decr_easing, and hence X — B € By, so

that B is £'-closed. Therefore U’ has a base consisting of L£'-closed sets. Similarly
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Proof. (a) = (b): Follows from corollary 3.1.9.
(b) = (c): If (b) holds, there is by proposition 3.1.4 a transitive quasi-uniformity
U with T(X,U) = (X,m,72). So (X,7,<) = MT(X,U) = V(X,U), by proposi-
tion 2.1.12. Therefore (c) holds. | |
(c) = (a): Suppose (X, 1, <) admits a transitive quasi-uniformity U/, i.e. V(X,U) =
(X,7,<). Thus (X,7,<) = M(T(X,U)). We know that T(X,U) is a zero-
dimensional bitopological space (proposition 3.1.4). By proposition 3.1.6 (X sy Ty <)

is a zero-dimensional ordered space.

Let ZTopOrd be the full subcategory of TopOrd which consists of zero-dimensional
ordered spaces and-order preserving maps. Every zero-dimensional ordered space is

a completely regular ordered spaces, since if (X, 7, <) € ZTopOrd then the source
((X,7,<) L Do -5 L | f € TopOrd((X, 7, <), Do)

where 1 is the inclusion map, is initial (since composition of initial sources is initial).

So ZTopOrd is a full subcategory of CTopOrd. O

3.1.11 Proposition
ZTopOrd is a topological category.

Proof. By definition 3.1.5 and the above argument, ZTopOrd is the initial hull of
{Do} in CTopOrd. Since over Set, initial hulls are bireflective hulls, we have that
ZTopOrd is a bireflective subcategory of CTopOrd. Since CTopOrd is topolo-
gical (see Schauerte [1988] p.18), ZTopOrd is topological (because any bireflective

subcategory of a.topological category over Set is topological). O
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3.2 Restricting quasi-uniform(uniform) spaces and com-
plete regularity to transitive quasi-uniform(transitive

uniform) spaces and zero-dimensionality

Using propositions 3.1.10 and 3.1.4 we can restrict the diagram

Quu
T v
Cr2Top CTopOrd
M
to
Qut
T, Vi
Ze2To ZTopOrd
p M, p

where Qut is the full subcategory of transitive quasi-uniform spaces, and Ze2Top
and ZTopOrd are the obvious full subcategories of zero-dimensional objects. There

is a similar restriction T; : Unift — ZTop of T : Unif — Creg.
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3.2.1 Proposition
The functors Ty : Qut —> Ze2Top, M, : Ze2Top — ZTopOrd, V; : Quu —

ZTopOrd .and T, : Unift — ZTop preserve initial sources. O

In .the’ﬁg:hﬂQf'-_p'erO‘Si’tiQp;-g,z.l we can apply proposition 2.1.15 to construct sections

of the functors T, T, Vi M,.

3».2_;2 Exa-rxrlples

(a) A compact Tz;spa.ce admits a u_.nique uniformity. Thus Dy, the di.screte two point
topological space admits a unique uniform space D,, which is transtive. Further,
D; is initially dense in ZTop. Ther;efore D, is a Ti-pivot.

(b) By .pr,o‘pos'ition’ 3.1.10 D, admits a unique transitive quasi-uniformity. Since Do
is initially dense in ZTopOrd, f)o is a V;-pivot. |

(c) A compact regular bitopological space admits a unique qﬁa,si—uniformfity__[Sal-bany
1970]. Since Dj is a zero-dimensional bitopological space it admits a unique trans- |
itive qua;sixu-rii%orm‘_i-ty (proposition 3:1.4). Since D, is initially dense in Ze2Top, it
is a Ty-pivot.

(d) Since M,T; = V; and Do admits a unique transitive quasi-uniformity, it also
admits a unique zero-dimensional bitopological space (namely D;). Thus Dg is an

M- pivot since it is initially dense in Z_TopOrd.

We define sections for T}, Ty, V; and M, as follows:

3.2.3 Definition
(a) C = < {D,} >1, C; = < {D,} >3, Ci' = < {Dg} >v, L. =< {Ds} >um..
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Each function in Ze2Top(X, D) is a function in ZTopOrd(M,,D,) since M,g =
g € M, (Ze2Top(X,Ds)) C ZTopOrd(M.X,M.Dy) = ZTopOrd(M.X,D,).
Therefore L,M,X > X. Hence L, M, > 1. |
We give an example to show that L, M, # 1. Let R be the real line equipped with
the usual topology T and let 7* be the topology having as a base the closed sets
in (R,7): Then (R,7,7*) is a zero-dimensional bitopological space. Since 7 is a
T;-topology, the topology 7* and the order <, are discrete.
Then L,M,(R,7,7*) = L,(R,7V7*,<,) = L.(R,7*,<;)
= L,(R, discrete topology,discrete order) = (R, discrete topology,discrete topology)
£ (R, 7,77). | .

3.2.7 Proposition

L, is the unique right inverse of M.

Proof. By proposition L, is the coarsest M,-section. We show that it is also
the finest. Let F' be any M,-section. Then L, = L,(M,F) = (L.M,)F > F since
L,M, > 1. Therefore L, = F. O

We want to restrict the diagram

S
Quu Quu " Unif ~—L— Unif
d
T T *)
S

Cr2Top Creg
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from {Briimmer 1977] (where d is the natural inclusion functor, s the concrete sym-
metrization functor given by 3(X JU) = (X,UVU™), D is the concrete functor given
by D(X,7) = (X,7,7), S is the concrete functor given by S(X,7,7) = (X, 71 V 72)
and ¥ and v are the reflectors oﬁto the (bi)-complete épaces) to the diagram where
Quu is replaced by Qut, Unif is replaced by Unift, Cr2Top is replaced by Ze2Top

and Creg replaced by ZTop. 0

3.2.8 Proposition [Brimmer 1977)
sd=1;, Td=DT; Ts=ST; dy=7d;, vs=s7. -

3.2.9 Corollary

8idy = 1 Td, = D,Ty; Tisy = Sth; dive = Wi di; V1St = 847, O

Therefore the diagram (*) can be restricted to the diagram

= St
Qut — 21— Qut Unift Unift
d;
T, | T
S,
Ze2Top , ZTop
D,

3.2.10 Definition [Schauerte 1988]
(a) Let B : CTopOrd — Creg be the concrete forgetful functor given by
B(X,,<) =(X,1).
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(b) Let J : Creg — C"!I‘,derd be the concrete functor giveﬁ by J(X,7) =
(X, 7,¢clA), where the relation eI is the closure of the diagbna.l in (X,7) x (X, 7).

Schauerte[1988] checked that B and J are are indeed functors.

3.2.11 Proposition [Schauerte 1988]

(a) J is the finest right inverse of B.

(b) JT = Vd.

(c) Ts = BV. O

If we let the functors B, : ZTopOrd — ZTop and J, : ZTop — ZTopOrd

denote the restrictions of the functors B and J, then we get the following corollary:

3.2.12 Corollary

(a) J, is the finest right inverse of B,.

(b) J.T; = Vid:.

(c) Tist = B, V;. O

Now the diagram

S
Quu
%
CTopOrd

from [Schauerte 1988] becomes
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Qut _ " Unift
4
Vi T,
B, )
ZTopOrd ~ ZTop
J: '

Combining the previous diagrams we get the following diagram:

St
Qut _ - Unift
d; '
_ | T}
Tt )
Vi
ZTopOrd

which summarizes the relations between zero-dimensionality in Top, TopOrd and

BiTop and transitivity in Quu and Unif.

3.3 Disconnected bitopological spaces and order-disconnected

ordered spaces

3.3.1 Definition [Swart 1971]

Let (X, 1, 72) be a bitopological space.
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(a) A pair of non-empty disjoint sets A and B such that A is 7-open and B is
15-open and X = AU B is called a vdisconnection of X. We write A/B if the sets A
and B satisfy this condition. |
(b) (X, 71,72) is disconnected if there is a disconnection of X.
(c) (X,71,72) is totally disconnected if for every two distinct points z and y of X
there is a disconnection A/B with z € A and y € B.

(d) (X,1,72) is connected if and only if it is not disconnected.

3.3.2 Definition [Burgess and McCartan 1970

Let (X, 7, <) be a topological c;rdered space.

(a) (X,7,<) is said to be order-separated if and only if there exists disjoint non-
empty 7-closed subsets A.and B of X with A increasing and B decreasing in X,
such that X = AU B.

(b) (X, ,<) is order-connected if it is not order-separated.

(c) We shall use the term “order-disconnected ” to coincide with “order-separated”.

3.3.3 Proposition
A topological ordered space (X,T,<) is order-connected if and only if every con-

tinuous order preserving function f : (X, 7,<) — Dy is constant.

Proof. Suppose that (X,7,<) is not order-connected. Then there are disjoint
non-empty 7-closed subsets A and B of X, with A increasing and B decreasing such
that X = AUB. Since A= X — B and B = X — A we have that A and B are
clopen. Then the function f : X — {0,1} defined by

0 ifreB

flz) =
1 ifz€eA

is a morphism in TopOrd((X,7,<),Do). Clearly f is not constant.
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Conversely suppose that there is a continuous order preserving function f :
(X,7,<) — Do which is not constant. Then f~!({0}) is closed and decreasing, and
f-1({1}) is closed and increasing, they are disjoint, and X = f~1({0}) U f~*({1}).

Hence (X, 7, <) is not order-connected. O

3.3.4 Proposition
The functor M : Cr2Top — CTopOrd sends disconnected bitopological spaces to

order-disconnected ordered spaces.

Proof. Let (X,71,72) € Cr2Top be a disconnected bitopological space. Then we
have disjoint non-empty sets A and B such that A is m-open and B is 7-open and
X = AU B. We want to show that (X, V 73, <,,) is order-disconnected. Since
A and B are 7, V 7p-closed we only have to show that under the order <, , A is
increasing and B is decreasing. Suppose that £<, y where y € B and z € X. Then
z € cl,,{y} C B since B is mi-closed. Therefore B is decreasing. Similarly 4 is

increasing. Hence (X, 7 V 73, <,) is order-disconnected. O

3.3.5 Definition [Priestley 1970

A topological ordered space (X,7,<) is said to be totally order-disconnected if,
given z,y € X with z € y, there exist disjoint 7-clopen sets U, L with U increasing
and L decreasing such that z € U, y € L.

3.3.6 Proposition
The functor M : Cr2Top — CTopOrd sends totally disconnected bitopological

spaces to totally order-disconnected ordered spaces.

Proof. Suppose that a completely regular bitopological space (X, 71, 72) is totally

disconnected. Let z,y € X and ¢ &, y. By assumption there is a disconnection
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X = A/B with z € A and y € B. By the argument used in the previous proof, A is
increasing and B is decreasing with respect to <,,. Since A and B are 7,-closed and
~ 11-closed respectively they are 71 V 73-closed. Therefore A and B are 7, V 72-clopen.

Hence (X, 71 V 13, <4,) is totally order-disconnected. O

3.3.7 Example
Consider the ordered space Rg. Its ordered subspace of rational numbers is totally
order-disconnected. Similarly its ordered subspace of irrational numbers is totally

order-disconnected.

3.3.8 Proposition
If (X,7,<) is a partially ordered space and is totally order-disconnected, then (X, 1)

is totally disconnected.

Proof. Let (X, 7, <) be totally order-disconnected. To prove that (X, 7) is totally
disconnected it is enough to show that the maximal connected sets are the singletons.
Let C be a subset of X with at least two points. Let z,y € C,  # y. Since we have
a partial order, either ¢ 2 y or y 2 . Without loss of generality we can assume that
z 2 y. Then there exist 7-clopen sets U and L, with U increasing and L decreasing
such that z € U, y € L. Since C NU is clopen in C with CNU # @ we have that C

is not connected. Therefore (X, 7) is totally disconnected. ' O

3.3.9 Proposition [Priestley 1970]
If (X,7,<) is a compact partially ordered space then (X,7,<) is totally order-

disconnected if and only if the upper topology has T-clopen base. .
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3.3.10 Proposition

For a compact partially ordered space (X, 7,<) the following are equivalent:
(e) (X,7,<) is totally order-disconnected.

(b) (X,7,<) is zero-dimensional.

(c) (X, 1,<) admits a transitive quasi-uniformity.

(d) (X, 7,<) admits a sero-dimensional bitopolgy.

(¢) The upper topology of (X, 7,<) has a T-clopen base.

Proof. (b) & (¢) & (d): Theorem 3.1.10.
(a) ¢ (c): This is proved in [Kiinzi and Briimmer 1987, proposition 1].
(a) & (e): Proposition 3.3.9 above, due to [Priestly 1970)]. O
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NOTES

(1) Halpin [1974] and Birsan [1974] proved prdposition 3.1.3 and proposition 3.1.4

independently. Birsan makes use of “principal topologies” in his proof.
g p

(2) Our definition 3.1.5 is motivated by proposition 3.1.3 and the fact that the
functor M sends {D;} to {Do}. The results concerning the relationship between
Qut, Ze2Top and ZTopOrd (i.e. propositions 3.1.6 and 3.1.11, theorems 3.1.7 and
3.1.10, and corollaries 3.1.8 and 3.1.9 ) are to our knowledge, not in the literature.
The present author formulated and broved theorem 3.1.7 with the aim of giving an

internal characterization of zero-dimensionality for ordered spaces.

(3) The results in section 3.2 concerning the restrictions to transitivity and zero-

dimensionality are ours.

(4) In section 3.3 we look at the behaviour of the functor M with respect to discon-
nectedness and we further investigate the notions of total order-disconnectedness
and zero-dimensionality in TopOrd in the realm of compactness, hence proposi-

tion 3.3.10. Except for those that are credited to others, the results are our own.

(5) Proposition 3.3.3 is essentially stated, but not proved, in [Burgess and McCartan
1970].




CHAPTER 4

Strongly zero-dimensional ordered spaces

In-this chapter we study strong zero-dimensionality in bitopological spaces and
ordered spaces. We define the strongly zero-dimensional ordered spaces and give
different characterizations of these. We further prove a characterization in terms
of the coarsest functorial quasi-uniformity on these ordered spaces, analogous to a

result proved by Brimmer and Banaschewski [1990] for bitopological spaces.

4.1 Strongly zero-dimensional bitopological spaces

Strongly _zero-dimensional bitopological spaces have been studied by Fora [1984],
Briimmer and Banaschewski [1990] and more recently by Kiinzi [1992a). For the
purposes of comparison later on with ordered spaces, we give a definition of a strongly
zero-dimensional bitopological space which looks slightly different from the definition
by Fora [1984]. It is easy to show that the two definitions are equivalent, given that

our terminology differs from Fora’s, as already explained in remark 2.2.6.

4.1.1 Definition
A bitopological space (X, 71, 72) is called strongly zero-dimensional if for any lower

zero set Z; and any upper zero set Z, such that Z, N Z, = @, there exists a 7;-closed

T9-open set V such that Z; CV,Z, C X - V.

39
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4.1.2 Remark
We state without proof the following theorem from [Fora 1984], translated into
our terminology, which gives the characterization of strongly zero-dimensional bito-
pological spa;ces. We shall later give a proof for the characterization of strongly

zero-dimensional ordered spaces.

4.1.3 Theorem [Fora 1984]

For a bitopological space (X, 71,72), the following are equivalent:

(a) X is strongly zero-dimensional.

(b) For any lower zero set Zy and any upper zero set Z; such that Zy N Zy = 0,
there exists a 1,-closed T5-open and there exists a 72-closed T1-open set U such that
ZyCV,ZoCU andUNV = 0.

(c) For any lower zero set Z; and any upper zero set Z; such that Z; N Z; = 0 there
exists a set V which is a countable intersection of 1-closed Tg-opén sets and there
exists a set U which is a countable intersection of T5-closed Ti-open sels such that
2, CV,Z, CU,Z;NnV=0and ZyNV = 0. .

(d) For any lower zero set Z, and aﬁy upper zero set Zy such that Zy N Z; =
0, there erists a set V which is a countable union of T1-open T-closed sets and
there ezists a set U which is a countable union of T2-open 11-closed sets such that
Zi1CUZ,CV,Z,nU=0and Z,NV = 0.

(¢) Every lower zero set set of X is a countable intersection of 7i-closed m5-open sets
of X and every upper zero set of X is a countable intersection of T5-closed 11-open
sets of X.

(f) Every upper cozero set of X is a countable union of 7,-closed 11-open sets of X

and every lower cozero set of X is a countable union of 1-closed T3-open sets of

X. =
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For a given-completely regular bispace X we denote by J = Cy(X, ;) the set of all
bicontinuous functions from X intoI,. Lete: X — I,,J be the evaluation map. Then
e is an initial map. Now put P = I} and define X = clspe[X], where SP = T’ is the
‘topological space carrying the join of the two topoldgies in P. Then BX equipped
with the induced bitopology If'rom P is a compact completely regular Tp bitopological
space. The bispace BX together with the initial map X — BX is called the
bi-Stone-Cech compactification of X and we shall call the corresponding functor
B : Cr2Top — Cr2Top the bi-Stone-Cech compactification functor [Salbany
1970). |

4.1.4 Remark

It is well known that in Tych, the notion of strong zéro—dimensionality of a topo-
logical space (X, 7) is equivalent to requiring that the Stone-Cech compactification
of (X,7) be zero-dimensional (cf. [Walker 1974], [Engelking 1977}). Brimmer and
Banaschewski [1990] defined a bitopological space (X, 71,7;) to be strongly zero-
dimensional iff the Sthe-Cech bicompa,ctiﬁca,tion of (X, 71,72) is zero-dimensional.
Using their definition they prbved that the coarsest T-section is transitive precisely
on the strongly zero-dimensional bitopological space.

4.1.5 Proposition [Salbany 1970],[Briimmer 1978]

(a) 7C" =C'B
() C =pC. a

4.1.6 Prbposition [Brimmer and Banaschewski 1990]

For (X, 71,72) € Cr2Top, BX is zero-dimensional if and only if C X is transitive.
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Proof. By proposition 4.1.5 we know that JC = C B. If BX is zero-dimensional
then it admits a transitive quasi-uniformity (proposition 3.1.4). Since is X compact
regular it admits just one quasi-uniformity. Thus FC X = C BX is transitive. The
reflection map from C X into FC X is initial, whence C" X is transitive. Conversely,
since ¥ preserves transitivity, if C X is transitive so is C 8X. Thus X admits a

transitive quasi-uniformity, and is hence zero-dimensional. o

4.1.7 Proposition [Fora 1984, Theorem 3.7]

(a) A set Z C X is an upper zero set in a bitopological space (X, 11, 7) iff there
exists a bicontinuous function f: (X, 7, 79) — I, such that Z = f~1({1}.

(b) A set Z C X is a lower zero set in a bitopological space (X, 1, 73) iff there exists

a bicontinuous function f : (X, 71,7) — I such that Z = f~1({0}. O

4.1.8 Proposition

For a bitopological space (X, 1, 72), the following are equivalent:

(a) (X, 11,72) is strongly zero-dimensional.

(b) For each bicontinuous map f : (X, m,72) — (I,i1,ds) there exists a set U € 1y
such that X —U € 7, f71({0}) € X —U and f7'({1}) C U.

(c) BX is zero-dimensional.

Proof. (a) = (b): Suppose that (X, 7, 7,) is strongly zero-dimensional. Let f :
(X,71,72) — I be a bicontinuous function. By proposition 4.1.7 f~1({0}) is a lower
zero set and f~1({1}) is an upper zero set. Since f~1({0}) N f~1({1}) = 0, by (a)
there exists a 1;-closed T5-open set V such that f~1({0}) C V and f~'({1}) C X-V.
If we put U = X — V then we have U € 1y with X —U € 73, f1({0}) € X — U and

{ihev.
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(6) => (a): Suppose that (b) holds. Let Z; be a lower zero set and let Zy be
an upper zero set, with Z; N Z, = 0. Tht;.n there exist bicontinuous functions
h,g : X — 1, such that Z; = A71({0}) and Z, = ¢~'({1}) (proposition 4.1.7).
Since A~1({0}) Ng~*({1}) = 0, the function f : X — I, defined by

h(z)

@) = 15 i)

is bicontinuous, and Z; = h~1({0}) = f~1({0}) and Z; = ¢7'({1}) = F({1}).
By (b) there is a 7j-open 7,-closed set U such that Z; = f~1({0}) € X — U and
Zy = fY{1}) CU. Let V=X —U. Then V is 71-closed r-open, Z; C V and
Z; CU =X —V. Hence (X, 71, 72) is strongly zero-dimensional.

(b) <= (c¢): This is proved by Kiinzi [1992a, lemma 1]. O

4.1.9 Remark

(a) The bicontinuity of the function

_ h(z)
1@ = TG + 7o)

in the above proof was stated by Kiinzi [1992a] without proof, referring to an equi-
valent result in the proof of [Lane 1967, proposition 2.8].

(b) Proposition 4.1.8 shows that the definition of strong zero-dimensionality of a
bitopological space due to [Fora 1984] is equivalent to the definition due to [Brimmer
and Banaschewski 1990].

(¢) Brimmer and Ba,na,schewski [1990] noted that a given bitopological space X,
is strongly zero-dimensional whenever CX is transitive (recall that CX carries the
quasi-uniformity which is initial for the bicontinuousmaps into R,). They then asked
whether the converse is also true. Kiinzi [1992a] gave an affirmative answer to their

question:




4.1.10 Proposition [Kiinzi-1992a]

Let (X, 71,7;) € Cr2Top. If BX is a zero-dimensional bitopological space then CX

is transitive. O

4.2 Nachbin-Stone-Cech ordered compactification using

increasing and decreasing zero sets

Throughout this section we assume that all ordered spaces are completely regular
partially ordered spaces . ‘We shall abbreviate partially ordered spaces by “pospaces”.
Let X be a pospace and let Y be a compact pospace. If there is a TopOrd-
embedding h : X — Y such that A[X]is dense in Y with respect to the topology, we
call the pair (h,Y) an ordered compactification of X. We denote by K = C,(X, L)
the set of all continuous order preserving maps from X into Iy. Now put P = IX
and let e : X — IX be the evaluation map. Then e is a TopOrd-embedding. Now
if we define B'X = clpe[X] then B1X is a compact pospace [Nachbin 1948b, 1965].

A detailed proof of the following result is given in [Fletcher and Lindgren 1982]:

4.2.1 Thedrem [Nachbin 1948a, 1965]

Let (X, 1,<) be a completely regular pospace. Then the following are equivalent:
(a) For f € C,(X, I,), there ezists a unique f € C,(B'X, L) such that foe= f.
(b) For f € C,(X,Y) with Y a compact pospace, there ezists a unique f €
C.(B'X,Y) such that foe= f.

(c) B'X is the largest ordered compactification. o

From (b) above, it follows that a completely regular pospace X is compact iff X =

B1X. We shall call 81X the Nachbin Stone-Cech ordered compactification and 81 the
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Nachbin Stone-Cech ordered compactification functor on the category of completely
regular pospaces.

We give a construction of the Nachbin-Stone-Cech ordered compactification for
a completely regular ordered space due to McCallion[1972] using decreasing and
increasing zero sets. We recall from chapter 1 that 4, and B, represent the collec-

tions of decreasing zero sets and increasing zero sets respectively.

4.2.2 Definition [McCallion 1972]

Let (X, 7, <) be a partially ordéred space, A a family of decreasing 7-closed sets of
X and B a family of increasing 7-closed sets of X. Then AU B is Called a normally
ordered subbase for (X, 7, <) if the following conditions are satisfied:

(i) A (B) is a base for the closed sets of the topology 74 (7g) on X such that
T4V 7 =T and (7 4,7R) is an order defining pair. |

(ii) Given any 74 (7g)-closed set F' C X and z € X — F there is a set B (4) in
B (A) such that t € B(A)and BNF =0 (ANF = 0).

(iii) Given A and B in A and B with AN B = {, there are sets A’ € A and B' € B
such that AC A, BC B',AnNB'=0=A'NnBand AUB =X.

4.2.3 Lemma [McCallion 1972, Lemma 1.2
If (X,7,<) is an ordered space, A € Ay, B € By with ANB =, theﬁ there exists

an order preserving continuous function f : X — Rq such that f[A] = {0} and
f1B] = {1}. =

4.2.4 Corollary [McCallion 1972]

Let (X, ) be a partially ordered space and let A € Ay, B C By be such that ANB = {.
Then there is an A' € Ay and a B' € By suchthat AC A, BCB,AUB =X
and ANB' =0 =A'NB. O
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4.2.5 Proposition [McCallion 1972]
For any completely regular partially ordered space (X, r,<), Ao U By is @ normally

ordered subbase. | 0

4.2.6 Definition [McCallion 1972
Let D and Z be non-empty subsets of Ao and B, respectively. An ordered pair (D, T)
is an [Ao, Bo] family whenever DNI # @ for all D € D and for all I € 7.

4.2.7 Remark

The ordered pairs in the above definition are partially ordered by a relation written
DO, ) c(D,I)if DCD and T CT'. An [Ao, Bo] family is mazimal if there is
no other [Ag, Bo] family properly “containing” it. It then follows from Zorn’s lemma
that every [Ay, By family is “contained” in a maximal [Ag, Bo) family. If £ € X then

the set of members of Ay and By containing x are denoted by A and Bf respectively.

4.2.8 Proposition [McCallion 1972] |
If (D,T) is a mazimal [Ao, Bo] family and A € Ay (B € By) such that ANI # @ for
alI €I (BND#0 forall D € D) then A€ D(B€I).

Proof. Let A € Ag be such that ANT # @ for all I € T and put D' = DU {A}.
Then (7,7) is an [Ao, Bo] family and thus by the maximality of (D,I), A€ D. A

similar argument suffices to show that B € Z. O

4.2.9 Proposition [McCallion 1972]
If X is a completely regular pospace, then (Ag, Bg) is a mazimal [ Ao, Bo] family for
each z € X.
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Proof. It is obvious that (A%, BZ) is an [Ag, Bo) family and thus we need only
show the maximality. If (A§, B§) is not a maximal [Ag, Bo] family then there is an
[Ao, Bo] family (D,T) such that (AZ,Bg) C (D,I). If A7 # D then there exists a
D € D such that D ¢ A, and thus z ¢ D. By proposition 4.2.5 and part (ii) of
definition 4.2.2 there is a B € By such that z € Band BN D = . Then B € B§
and thus B € Z,D € D,BN D = §, which contradicts our assumption that (D, )

is an [Ag, Bo) family. A similar argument suffices if BZ # T. O

4.2.10 Proposition [McCallion 1972

Let (X, 7,<) be a pospace. Then,

(a) Iz € X, then (A2 = d(z) and NBE = i(z).
(8) If o € X, then (N(AZUBE) = {a}.

Now let Cﬁ‘;X be the set of all maximal [Ag, Bo] families on (X, 7, <). It follows from
propositions 4.2.9 and 4.2.10 that there is a one-to-one correspondence between the
maximal [Ag, Bo] families of the form (A5, Bg), ¢ € X and the points of X.

We now denote members of CﬁgX by p = (Ap,B,). This notation enables us to
identify any point z € X with the pair (A, Bf). For each A € A, and for each
B € By, let ¢(A) and $(B) be defined by ¢(4) = {p € C2X | A € A} and
¥(B) = {p e C2X | B e B,}.

4.2.11 Lemma [McCallion 1972
Ifp,g € CRX then A, C A, if and only if B, C B,. O

We now define the relation R on CﬁgX by:
pRq if and only if A, C A4,.
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4.2.12 Proposition [McCallion 1972]
The relation R is a partial order on CﬁgX and further for z,y € X, z < y if and

only if zRy. ' 0

We denote the partial order R on CﬁgX by < from now on.

4.2.13 Lemma

(a) IfA€ Ay, B€ By and AUB = X, then $(A)Uy(B) = CRX.

(b) The family {$(A) | A € Ao} U {¢(B) | B € Bo} is a subbase for the closed sets
of a topology n on CﬁgX . ' ‘

Proof. See [McCallion 1972]. 0

4.2.14 Theorem [McCallion 1972]

(C’ﬁg ,7, <) is a compact pospace.

Proof. We will show that every subbase for a closed filter has non-empty intersec-
tion. Suppose that {¢(Ax) : Ax € Ao, k € K}U{¥(B; : B; € By, | € L} has thefinite
intersection property. Now put D = {As: k€ K},Z ={B;:1 € L}. Then (D,I) is
an [Ao, Bo] family and thus there is a maximal [Ao, Bo)] family (A,,B,) =p € Cﬁg
such that (D,Z) C (A,,B,). Thus p € ¢(Ax) NP(B)) for.each k € K, € L, and
hence (Cﬁg'X , 7, <) is compact.

To prove that the graph G(<) of the order is closed, consider p £ ¢ in Cﬁg. Then
A, /C A, and hence there is an A, € A, such that A, ¢ A,. Now by proposi-
tion 4.2.8 there exists a B, € B, such that A, N B, = 0. Then by part (iii) of
definition 4.2.2 there are set A, B in Ag, By respectively such that.Aq € B, B, C B,
AUB =X and A,NB =0= AN B,. Now put U = CQ — ¢(A), V = C{ — ¢(B).
Then U,V are n-open neighbourhoods of of p, ¢ respectively. Thus (p;q) eUxV
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and (U x V)N G(L) = 0, since U is increasing and V is decreasing (being the

complements of decreasing and increasing sets respectively). Hence G(<) is closed

0

4.2.15 Proposition [McCallion 1972]
n is the interval topology on (CﬁgX, <). In particular, for each A € Ao and B € B,
there ezists p,q € C2 X such that $(A) = d(p) and»t/)(B) =i(q). O

4.2.16 Lemma [McCallion 1972
Let f : X — I be order preserving and continuous. Define functions F,G :

CRX — I by:

F(p) = jnf {sup f[A]} and
G(p) = sup {inf f[B]}.

Then (a) F is order preserving and F(z) = f(z), for all z € X, and
(b)) F=G.

Proof. (a) Let p,qg € CRX with p < ¢. Then 4, C A,. Let S = {sup f(A) |
A€ A} and let T = {sup f(A): A€ A,}. Then § C T and hence F(p) = inf T <
infS = F(g). Let z € X, then A = {y € X | f(y) < f()} is a member of AZ and
thus F(z) < sup f[A] < f(z). Conversely F(z) = infaeuz{sup f[4]} = f(=).

(b) Let p € CR X. Then for all A € A,, B € B, we have

sup f[A] > sup f[A N B] > inf f[AN B] > inf f[B].

Thus infsea, {sup f[A]} > inf f[B] and F > G.
Conversely, given € > 0, put ac = F(p) —¢,Ac = {z € X : f(z) < a.} and B, =
{z € X : f(z) > a}. Now A, U B, = X and by lemma 4.2.13 ¢(A.) U ¥(B,) =
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CPX. Hence either p € ¢(A¢) orp € z/)(BC); If p € ¢(A), then A. € A, and
thus F(p) < sup f(Ac) £ ac < F(p). Hence for each ¢ > 0, B, € B, and thus
G(p) = inf f(B.) 2 a. = F(p) — e. It follows that G > F. O

4.2.17 Theorem [McCallion 1972] |
Let X be a completely regular pospace and let f : X — Iy be an order preserving

continuous function. Then there is an order preserving continuous function F :

CRX —> Iy such that f(z) = F(z) for each z € X.

Proof. Let F be as in the above lemma. It remains to show that F is continuous.
Let p € szgX and let K be a neighbourhood of F(p) where K is of the form
[0,a],a € I. Put K’ = [b,1] where b € R and F(p) < b < a. Then KUK’ =
and f'[K]U f71[K'] = X. Now since f~1[K] € Ao, f}[K'] € By we have by
lemma 4.2.13 that:

$UTKD) V(S THKT) = CEHX.
Now p & ¢(f~Y[K"]) since otherwise f~1[K’] € B, and thus G(p) > inf f(f~1[K']) >
infK' > F(p). U = C’ggX — (f[K']) then U is clearly an n-neighbourhood
of p. If ¢ € U then by , ¢ € #(f~![K]) and hence f~![K] € A,. Thus F(q) <
sup(f~1(K)) < sup K and hence F(q) € K. It follows that p € U C F~[K].
If K is a neighbourhood of F(p) of the form [a, 1], a € I, then by an argument similar
to the above, there is a n-neighbourhood V of p such that p € V C F~1[K] and thus

F is continuous. O

4.2.18 Corollary [McCallion 1972)
If (X, 7,<) is a completely regular pospace then the closure of X in (CﬁgX,n, <) is

equivalent to the Nachbin-Stone-Cech ordered compactification of (X, T, <).

Proof. This follows from the extension property given in the above theorem.
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4.3 Nachbin-Stone-Cech ordered compactification using

maximal o-completely regular filters

In order to prove the main theorem in this section we give an outline of another
construction of the Nachbin-Stone-Cech ordered compactification due to Choe and
Hong [1976]. Again we consider only completely regular pospaces.

A filter F on a completely regular pospace (X, 7, <) is said to be o-completely regular
if F has an open filterbase B such that for each U € B there exists a V € B
with V C U, and there exist fi,..., fn € Co(X,[-1,1],) such that f;[V] = {0} for
ie{l,.,n}and X -U C U~, f7{-1,1}].

The following results were shown in [Choe and Hong 1976]:

(a) Every neighbourhood filter of a completely regular pospace is a maximal o-
completely regular filter.

(b) A filter M on a completely regular pospace contains a maximal o-completely
regular filter iff f(M) is convergent for each continuous order preserving function
f: X —[-1,1]

(c) For a completely regular pospace X, we have that X is compact iff every maximal
o-completely regular filter on X is convergent.

Given a maximal o-completely regular filter M on a pospace (X,7,<) and f €
C,(X,[-1,1],) we will denote the limit of the filter f(M) by lim f(M). Let fo(X) be
the set of all maximal o-completely regular filters on X, endowed with the topology
7* generated by {U* : U € 7}, where U* = {M € [o(X) : U € M}, and with an
order < defined as follows: M < A in Bo(X) if and only if limf(M) <limf(N) for
all f € C,(X,[-1,1],).

Let e : X — By X be the map defined by e(z) = N, where N, is the neighborhood
filter at x. Then e is a TopOrd-embedding, dense with respect to the topology,

- and BoX is a compact pospace. Also for every continuous order preserving function
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f: X — [-1,1] there is a unique extension f : fo(X) —> [~1,1] of f defined by
Ff(M) = imf(M). Thus the pair (e, foX) is equivalent to the Nachbin-Stone-Cech

ordered compactification of X.

4.3.1 Lemma
IfU is open in (X,r,<) then e} [U*] = U.
Proof.
z€e U] < e(z)eUr
= N eU"
= Uel;

<~ zel.

4.3.2 Theorem
Let (X,7,<) be a completely regular pospace. If U C X is clopen and increasing in

(X, 7, <) then clg,xe[U] is clopen and increasing in foX.

Proof. Let U C X be clopen and increasing in (X,7,<). Define yyy : X —
[_11 1] by:
1 fzeU

xu(z) =
0 fzgU

xu is obviously continuous. We show that it is order preserving: Let z,y € X be
such that z < y and z € U. If xu(z) € xu(y) then xu(x) =1 and xu(y) = 0. This
implies that z € U and y ¢ U contradicting the fact that U is increasing. If z <y
and = ¢ U then xy(z) = 0 and thus xy(z) < xu(y). Hence xy is order preserving

and there is an extension, Xy, of xv from GoX into [—1,1] given by Xy(M) =
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lim xy(M) for M € o X. We now show that clg x[U] = {M € BoX | Xy (M) = 1}.
We know that (X 0 e)[U] = xu[U] = {1}, therefore e[U] C xy;~*({1}). This implies

that clg,x{e[U]} C xy~{1}. We show that x;~1{1} C clg,x{e[U]}. Now,

Mexy ™1} = xyM)=1
= limxyy(M) =1
= (AM € M)(M C U) since xy is 2-valued
= UeM
= MeU"

Suppose M ¢ clg, x{€[U]}. Then there exists an open set V C X such that M € V*
and V*Ne[U] = 0. Now e }[V*|NU =0, and so VN U = 0 by lemma 4.3.1. Since
V € M and M is a filter we have a contradiction. Therefore M € clg,x {e[U]}
and we conclude that clgx{e[U]} = {M € BoX | Xp(M) = 1}. Thus Xy is the
characteristic function of e[U] because it can only take values in {0,1}, since it
is a dense extension of xy which takes values in {0,1}. Since X is continuous,
clg,x{e[U]} is clopen. We now show that clg x{e[U]} is increasing. Let M < N
with M € clg,x{e[U]}. Then 1 = Xy(M) < xy(N) < 1 since Xy is order preserving
and {0,1}-valued. Thus Xy(N) =1 and hence N € clg,x{e[U]}. So clg,x{e[U]} is

clopen and increasing. 0

4.4 Characterization of strongly zero-dimensional partially

ordered spaces.

In this section we will use the characterization of the Nachbin-Stone-Cech ordered
compactification of a completely regular pospace (X, 7, <) which is due to McCallion

[1972]. We recall that this ordered compactification is denoted by #1X. We shall take

advantage of the fact that any two Nachbin-Stone-Cech ordered compactifications of




54
a completely regular pospace: are isomorphic undef a TopOrd-isomorphism which
leaves the embedded space fixed. We shall revert to the notations of section 4.2, but
denoting by e : X — B1X the version of the ordered compactification constrl;cted

there.

4.4.1 Definition
We define a completely regular pospace (X, 1, <) to be strongly zero-dimensional if

B1X is a zero-dimensional ordered space.

4.4.2 Lemma

(a) If A € Ao and B € By then e[A] C ¢(A) and e[B] C %(B).

(8) If A C Az are in Ao aﬁd B, C B, are in By, then ¢(A;) C ¢(Az) and
¥(B1) C $(Ba). |

(c) If A€ Ao and B € By then AN B =0 iff $(A) N(B) = 0.

Proof. (a) Let p € e[A]. Then p = e(z) for some z € A, i.e. p = (AZ,BE), so
A€ A2, and hence p € $(A). Therefore e[A] C $(A). Similarly e(B) C $(B).

(b) Let p € ¢(B1). Then B; € B, and B, € B, since (A,, B,) is a maximal [Ao, By
family and (A,, B, U {B,}) is an [Ao, Bo] family. Therefore p € %(B;) and hence
$(B1) C ¢(Bs). Similarly ¢(A1) C ¢(Az).

(c) Let AN B = . Suppose that there exists a p € ¢(A) N¢(B). Then p € ¢(A)
and p € ¢¥(B),i.e. A€ A, and B € By, and ANB # 0. This contradicts ANB =0,
and therefore AN B = 0 implies that ¢(4) N $(B) = 0.

- The reverse implication follows from (a) above. .
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4.4.3 Theorem
Let (X,7,<) be a completely regular pospace. Then (X,7,<) is a strongly zero-
dimensional ordered space if and only if for any A € Ay and for any B € By such
that AN B = @ there exists a clopen increasing set U C X such that B C U and
UNnA=0.

Proof. Suppose that A € Ay, B € By are such that AN B = 0 and also that
B1X is a zero-dimensional ordered space. By the above lemma ¢(A) N (B) = 0.
By proposition 4.2.15 we have that ¢(A) = d(q) for some ¢ € ¢(A) and ¥(B) = i(p)
for some p € ¢(B). Then p & ¢(A) and thus p £ ¢. Since f1X is totally order-
disconnected (proposition 3.3.10) there exist disjoint clopen sets U and L, with U
increasing and L decreasing such that p € U and ¢ € L. Now, by lemma 4.4.2,
e[B] C ¥(B) C U and ¢[A] C ¢(A) C L.

Therefore we have a clopen increasing set, U, such that ¢[B] C U and U Ne[A] = 0.
Then e~!{U] is a clopen increasing set containing B and disjoint from A.
Conversely, suppose that for any A € Ay and for any B € Bg such that AN B =0
there exists a clopen increasing set U C X such that B C U and UNA = ). Suppose
that p £ ¢ where p,q € B'X. Then A, £ A,. We can now find an A’ € A, such that
A' ¢ A,, and hence by proposition 4.2.8 there exists a B' € B, such that A'NB’ = §.
By our assumption there is a clopen increasing set U € X such that B' C U and
UNA' = §. By theorem 4.3.2, ¢l Bt xelU] is clopen and increasing. We now show
that p € clﬂIXe[U] and ¢ ¢ clﬂTXe[U]. We have seen in the proof of theorem 4.3.2
that clﬂTXe[U] = {r € B1X | Gy, (r) = 1}, where Gy, is the extension of the
characteristic function xy, as defined in lemma 4.2.16. Suppose that p & cl L xelUl:
Now Gy, (p) = 0 and so supgeg, {inf xu[B]} = 0. Then inf xy[B] = 0 for all B € B,
and hence BN (X —U) # 0 for all B € B,. In particular B'n(X-U)#0. But




this contradicts the fact that B' C U. Therefore p € cl a1 xell).

Now ¢ € CIﬂTXe[U] = Gy,(9)=1

=> sup {inf xy[B]} =1
BeB, :
= inf xy[B*] =1 for some B* € B,

= B*CU.

However B*N A’ # 0 since A’ € A, (recall definition 4.2.6 of an [ Ao, ca B}-family).
But this contradicts the fact that UN A’ = §. Therefore q ¢ ¢l B xelU]. Hence B X
is totally order-disconnected, i.e. B1X is a zero-dimensional ordered space. We can

therefore conclude that X is a strongly zero-dimensional ordered space.

444 Remark

We give further characterizations of strongly zero-dimensional ordered spaces similar
to the ones given by [Fora 1984] for strongly zero-dimensional bitopological spaces.
For this we need some preliminaries and lemmas about the increasing zero sets
and the decreasing zero sets. We shall call the complements of the increasing zero
sets and decreasing zero sets in a completely regular ordered space, the decreasing
cozero sets and the increasing cozero sets respectively. Let (X, 7, <) be a completely
regular ordered space and let a € R. Set A := {r € X | f(z) < a} and set
B := {z € X | f(z) > a}, where f : (X,7,<) — Ry is a continuous order
preserving function. Then A € Ay and B € By, and thus A is a decreasing zero set
and B is an increasing zero set. This follows by observing that the function g from

X into R defined by g(z) = f(z) — a is continuous and order preserving.

4.4.5 Lemma

Let (X, 7,<) be a completely regular ordered space. Then,
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(a) A subset A of X is a decréaéing zero set iff there is a continuous order preserving
function f :(X,7,<) — Iy such that A= f~1({0}).
(b) A subset B of X is an increasing zero set iff there is a continuous order preserving

function f : (X,r,<) — Iy such that B = f~1({1}).

Proof. (a)Let A C X be a decreasing zero set. Then A = {z € X | h(z) < 0} for
some continuous order preserving function b : (X, 7,<) — Ry. Let the g : Ry —»

I, be given by:

10 ifz<0 .
9(z)=1 z ifo<z<1
1 ifz>1
It is easy to see that g : .Ro — I, is continuous and order ﬁreserving. The function
f 1 (X,7,<) — L defined by f = g o h is continuous and order preserving, and
A = f~1{0} as required. Conversely, let f : (X, 7,<) — I, be a continuous order
preserving function such that A = f~1{0}. Let g : (X,7,<) — Ry be givén by
g =10 f, where i : Iy — Ry is the inclusion map. Then the function g is continuous
and order preserving, and furthermore A = {z € X : g(z) < 0}.

(b) This can be proved in a similar way with the function g above given by:

0 ifz< -1
g(z) =<5 z+1 if-1<z<0

1 ifz>0

4.4.6 Remark

The functions used in the above proof were also used in proposition 4.1.7 for bispaces.
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4.4.7 Theorem
For a completely regular pospacev(X Ty <) the following are equivalent:
(a) X is strongly zero-dimensional.
(b) For any A € Ao, B € By such that AN B = there ezists a clopen increasing set
UCX suchthat BCU and ACX-U.
(c) For any A € Ay, B € Bo such that AN B = { there ezists a clopen decreasing set
V C X and there exists a clopen increasing set U C X such that ACV,BCU
and UNV = 0.
(d) For any A € Ay, B € By such that AN B =, there ezists a set V which is a
countable intersection of clopen decreasing sets and there exists a set U which is a
countable intersection of clopen increasing sets such that A C V,BCU,VnB=20
andUNA=0.
(e) For any A € Ay, B € By such that AN B = O there ezists a set V. which is a
countable union of clopen increasing sets and there exists a set U which is a countable
union of clopen decreasing sets suchthat ACU, BCV,UNB=0and VNA=§.
(f) Every A € Ao is a countable intersection of clopen decreasing sets and every
B € By is a countable intersection of clopen increasing sets.
(9) Every increasing cozero set of X is a countable union of clopen increasing sets

of X and every decreasing cozero set of X is a countable union of clopen decreasing

sets of X.

Proof.
(a) <= (b) < (c) follows from theorem 4.4.3.
(c) => (d): Let A € Ay,B € Boand ANB = (. By lemma 4.2.3 there is a
continuous order preserving function f : (X, , <) s Io such that A € f~1{0} and
B C f~1{1}. We know that

0} = N0, 5]

n=1
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Then

AC N = (710,51

We also have that each f-[[0, L] = A, is adecreasing zero set disjoint from B.
Thus AxNB = { for all n. By our assumption, for each n there is a clopen decreasing
set V, and a clopen increasing set U, such that A, CV,, BC U, and V,NU, = 0.
Then A C fT({0) =ML 4n C ML Va =V, BC N2 Un=U,VNB =0 and
UnA=0.

(d) => (e): This follows by taking complements.

(e) = (f) Suppose (e) holds and let B € Byo. By lemma 4.4.5 there exists a
continuous order preserving function f : (X,7,<) — I such that B C f~}({1}).
Fix n € N. Now f1[[0, 2=1]] is a decreasing zero set and by (e) there exist clopen
decreasing sets Vin, k € N such that f~1[0,2=1] C U2, Vin and U, [Vin N B] = 0.
We show that B = (122, (X — Vi). Clearly B C (22,(X — Vin). Now,

n=1

wEﬂ(X—an) = € (X — Vi) forall &
k=1
= z¢ Vi forall k

= z¢ f70,1-1/n]]

= f(z)>1-1/n.

This holds for every n € N, and so f(z) > 1,i.e. f(z) =1,i.e. z € B. Hence B =
Niz1(X = Vka). Since each Vi, is clopen and decreasing, each X — Vi, is clopen and
increasing. If A € Ay, then by 1emma 4.4.5 there exists a continuous order preserving
f (X, 7,<) — Ly such that A = f~1({0}). Since f~![,1] is an increasing zero set,
by (e) there exist clopen increasing sets Ui,,,k € N such that f ‘1[-,1;, 1] € U2, Ukn
and U2y, VinNA = 0. Asin the previous case A = (32, (X — Ukn) and each X — Uy,
is clopen and decreasing.

(f) => (g): Obvious.
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(g) => (c): Suppose that (g) holds. Let A € Ao, B € Bo and AN B = 0. By (g)
there exist clopen increasing sets U,,n € N and there exist clopen decreasing sets
Va,n € N such that X — A = U3, U and X — B = U2, V,. Since ANB = §,
‘wehave X = X —(ANB) = (X - A)U(X - B) = U2,(U, UV,). Now define
U, = Un~(ViUV2U...UV,_1),n # 1, and define V, = Va— (U1 VUL U...UU,),n # 1.
Furthermore let U; = U; and let V| = V4. Thén U, and V, are clearly clopen for all
n. We show that U, is increasing and V, is decreasing. The case n = 1 is obvious
since Uy and V; are increasing and decreasing respectively. Let z < y and z € U,..
Thenz € Upandz ¢ UV U..UV,)n#1. Ify ¢ U; then we have the
following three cases: _
Case 1: y € U, and y € UV, U...UV,_;. But this will imply that z € ; UV, U
e U Vg since UV, U ..U V,_, is decreasing, which contradicts our assumption.
Case2: y € U, and y € VUV, U...UV,_;. This case leads to the same contradiction.
Case3: y € U, and y € V1UV,U...UV,_,. This cannot happen since U, is increasing.
In all cases we have a contradiction and tﬁus y € U,. Hence U, is increasing.
Similarly V, is decreasing. It is clear that U, NV, = @ for all n € N. Letting
U=yU2,U, and V = U2, V.., we have UNV = ). We now show that A C V and

n=1

B CU. Let z € A. Then z ¢ U2, Uy, so that z € U3, V;, since X = U2, (U,UV,).
Now we have a smallest ng € N for which z € V,,,. Therefore z € V,:o, and thus
z € U2 U, = V. Thus A CV, and similarly B C U. Furthermore we have

X =UUV. Therefore we have found a set U which is clopen and increasing, and a

set V which is clopen and decreasing satisfying (c). O

4.5 Strongly zero-dimensional ordered spaces and V-sections.

In this section we give the analogue of proposition 4.1.6, which is due to [Briimmer

and Banaschewski 1990, for partially ordered spaces.
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4.5.1 Proposition [Salbany 1984]
MoBolL ="

Proof. Given (X,7,<) € CTopOrd, let (X,n,m) = L(X, 7, <). Let B(X,1,73) =
(X,71,72). Then (X,71,7;) is the bi-Stone-Cech compactification of (X, 71, 72), so
that X is 7; V72 dense in (X, T1,72) and 7 restricted to X is 7y, and 7, restricted to
X is 2. This implies that the order <z, restricted to X is <,,, so that <z, restricted
to X is <. Now M(X,71,72) = (X, 71VTa, <#). Put ¥ = 7, V7,. Thus (X, 7, <7)is
an order compactification of (X, 7, <). We show that any f : (X, 7,<) — I, can be
extended to f : (X, 7, <5, ) — Ly, which would show thaf B1(X,r,<) = (X,7,<5).
Now f: (X,7,<) — I giVes amap Lf : (X,m,7) — (I,i1,d;), which can be
extended to a map f : (X, 71,72) — (I,4r1,d1), hence M : (X, 7, V72, <z)— 1o
with M f(z) = f(z) for each z € X. O

4.5.2 Corollary [Salbany 1984]
L o} IBT = —,3—0 L. v . O

4.5.3 Corollary
SO+ = C*1g1,

Proof.
¥C*! = FCL by proposition 2.1.17 (b)
= C BL by proposition 4.1.5 (a)

= ?Lﬂ‘ by corollary 4.5.2-

= C*'8' by proposition 2.1.17 (b).
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4.54 Theorem ’
Let (X,7,<) be a completelylregular pospace. Then C*1X is transitive iff (X, 7, <)

is a strongly zero-dimensional ordered space.

Proof. <=: Let X be a strongly zero-dimensional ordered space. Then, by
definition B'X is is a Zer&diﬁensional ordered space and thus admits a transitive
quasi-uniformity. Since 81X is a compact ordered space, 81X admits a unique quasi-
uniformity. By corollary 4.5.3 FC*'X = C*'81X. Therefore FC*1X is transitive
since C*1B1X is transitive. Since the reflection map from C*'X into FC*'X is
initial, C*1X is transitive. A

=>: Suppose that C*'X is transitive. Then C LX ‘is transitive by proposi-
tion 2.1.17(b). Then LX is a strongly zero-dimensional bispace by proposition 4.1.6
and thus BLX is a zero-dimensional bispace. Hence LB'X is a zero-dimensional
bispace by corollary 4.5.2. By applying the functor M : Cr2Top — CTopOrd we
have that 81X is a zero-dimensional ordered space. Therefore (X, , <) is a strongly

zero-dimensional ordered space.

4.5.5 Proposition
Let (X,7,<) be an ordered space. If CY(X,7,<) is transitive then (X,7,<) is a

strongly zero-dimensional ordered space.

Proof.  The proof is similar to the proof of the forward implication in the-

orem 4.5.4. . O
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NOTES

(1) The work of this chapter was largely motivated by the situation in Top and
BiTop (see [Fletcher and Lindren 1982], [Walker 1974], [Engelking 1977]) for Top,
and see [Fora 1984], [Brimmer and Banaschewski 1990] and [Kiinzi 1992a] for
BiTop) where in both cases we see a clear exposition of the internal character-

isations of the notion of strong zero-dimensionality.

(2) We used McCallion’s construction of the Nachbin-Stone-Cech ordered com-
pactification [McCallion 1972], because it is precisely through the decreasing and
increasing zero sets that we wanted to characterize strongly zero-dimensional ordered
spaces. On the other hand we used the construction from [Choe and Hong 1976] in
proving our theorem 4.3.2 since it was easier to handle the open sets in this con-
struction. That result enabled us to prove our theorem 4.4.3. We have not seen

either of the results in the literature.

(3) The different characterizations in theorem 4.4.7 also seem to be new and are in

analogy with proposition 4.1.3 .

(4) In section 4.5 we used the commutativity of the diagram in proposition 2.1.12
to obtain the analogue of proposition 4.1.6 for ordered spaces. We believe there is

an analogue of proposition 4.1.10 in ordered spaces though we could not prove it.

(5) In chapter 4 we have for convenience often restricted results to partially ordered
spaces, which could also be proved for ordered spaces (i.e., as always, spaces with a

closed graph).
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