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SYNOPSIS

The time-optimal predictive control strategy for
second order relay or bang-bang control systems
{s investigated along with'modifications of this

‘strategy for third order systems.

One basis of this strategy 1is the utilization of
'a_mode], a replica of'the plant . run in a fast-
time mode so as to obtain the future output of
the pTaht under the present input. Based upon
these measurements, corrections to the‘p]ant may

be impTemented to achieve the desired response.

‘The concept of the fast model is a useful one in
that it falls into the synthesis of the more
vgeneka] time«optimdl trajectory and switchihg
functions for various.seéond, third and higher
_brder p]ants. However the difficulties fin
providing the exact time-optimal control for
~ these plants result in the generation of acéept-'
able subéoptima] and near time-optimal strate4r
gies. The nature of p]anﬁ sensitivity,parametér
yariation and identification are inyestigatéd‘as}
well as a novel self-adoptive controller which

- dispenses .with the identification phase but



identifies a certain surface in the state space
and establishes a stable sub-optimal control

strategy. These control techniques are applied

to a 'small DC motor with responses close to

time-optimal.
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SUMMARY

The technique of predictiye control offers a heuristic
approach to the theory and épp]ication of Extremal or Relay
Control also ca]]ed Bang-Bang cohtro] on second:and higher
order plants and processes. The very nature of extremal
control imp]ies’maxima] effort in one direction or the other
and this progresses to the notion of minimal time'or time-

optimal control strategy.

The basic idea of the fast model predictive controi technique
can be briefly described as follows: |

. | | M
A fast model is set dp which corresponds to the plant, but
with all time constants reduced by some factor (typically
50 to 1 060). At the start of each computation, the state of -
the model is set to correspond to the present state of the
plant and fhe model is then allowed to run, predicting the
future behaviour of.the:p]ant under some given»input.v From
this behaviour,.a 1ogicai detision is made, determining the

required present plant input, and the model is then reset to

commence 1iteration.

Plants which take the form of a number of cascaded integra—f
-~ tors, where the input to the first integrator is limited 1in

| magnitude are considered in this paper. From Pontryagin's



maximum princip]e2 it may be shown that; for time-optimal
control of such a system, the.input must always take on an
extreme value at either the'positive or negative limit.

Since for time-optimal control the input to the plant 1is

iv

bang-bang, the input to the fast model will also be bang-bang

| and-the'purpose of the controller is to aﬁswer the question,

"In which direction must full plant drive be applied now?'

Thé_performance of the predictivé control system is dependent

on the accuracy with which the fast model represents the

plant. When the parameters of the plant (gain, time-

constants) vary appreciably with time both in the transient

and steady state conditions, the use of a fixed parameter
model results in a nﬁn time-optimal response. However, by
employing an adaptive scheme in which the parémeters of the
plant are continuously identified and the parametérs of the
fast model are continuoUs]y updated, the response remains
generally time-optimal. .

.The method used to achieve this édaptation iéwa scheme of . a
type known in the ]itefature3 as 'model referencé}adaptiVe

systems'.
__This scheme can he briefly described as follows:

The desirable characteristics of the p1ant.are specified 1in



 reference model and the input signal or the contrd]]ab]e
parameters_of the plant are adjusted, continuously or
discretely, so that its reSponse will duplicate that of the
model as closely.as possible. The plant transient state need

not he identified and hence a fast adaptation can be achieved.

The ahove paragraph is specific for what is called inAthe
3,4

literature ‘adaptive control', viz. getting the pTant tb
behave Tike the pre-determined model. "However in this thesis
the dual, viz. that of 'Identification' is utilized. The
idenfification problem consists in-specifyihg a suitable
model énd in déve]oping a scheme for dynamically adjusting

its parémeters so that they converge to those of the plant.

Tﬁe problem of identification, in the model reference frame-
work, is eSéentialIy that of édapfive control. In this case,
fhe roles of the p]aht and model are ihterchanged so that the
; parametefs of the model track those of the plant. While the
two problems dre_mathematiéa]]y equiva]ént, it is worth
ndting that the identificationvprOb]em is somewhat simp]er
since the structure of the model (whose parameters are
,adjustedl unlike that of the plant, can be chosen freely hy

the designer.

Put simply, the plant consists of a set of partially known

parameters and the model consists of a set of initial
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parémeters; The difference between the system's output énd'
the model's output is called the identification or tracking
error and is used as a measure of the ‘goodness' of the
‘model. The parameter adjustment procedures are such that
they will minimize the magnitude of this efrorvand in many
cases the error approaches-zero and the-moﬁe] parameters then

match those of the plant.

Two other'techniques are described in this paper bofh con-
cerned with optimal and sub-optimal relay or bang-bang
control of second, third ahd higher order‘systems{

- The adaptive relay control'deyeloped by A.S.I. Zinober5’24

- is a strategy that does not organize itself through adaptive
cofrectfon; i.e. it dispenses with the parameter identifica-
“tion phase but identifies 5 certaih surfaée+ in the state--'
’spaée. This surface {s associated with s]idihg motion™ and

4

is found by rotating a switching hypérp]ane in the state

space wheneyer the system 1is in a sliding mode. The
_cohtroller is easily impTemented and the resulting system

response is close to the desired timé-optima] trajectory.

* ~In the case of a second order system the surface is a

curye
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S]1d1ng mot1on is a]so referred to as chatter, g]1d1ng and

after- endpo1nt mot1on

+++The hyperp]ane is a line in the case of a second-order
system '
The nomina]QXAcontrol developed by E.P. Ryan6’34'with

predictive strategy is a method for optimal and sub-bptimal
re1ay control by state-variable transfbrmation which permits
the application of relatively simple time-bptima] feedback

- control laws for the double and frip]e intérgrator plants to
é widevrange.of more general second and third order p]ants
haying real non positive eigenvalues. The method, which is
based on a state—variab]e transformation technique, gives
near time-optimal control for certain plants with éigenva]ues
{nra.simple ratio, fok'other cases the confro] is sub-optimaT
but yields settling times close to time-obtima]. In this way
one may ayoid the difficu]ty of synthesizing the logarithmic,
exponent1a1 or other comp11cated functlons of state varlables
which are genera]]y present in the exact t1me optlma] contro]

laws (where known) for such plants.

‘ By combining the properties of-the y controller with a fast
quel, a predictive strategy may be generated which gives
'hear time-optimal control for third and fourth order plants.

 It_is also shown that the v controller is to some degree
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insensitive to plant parameter changes and investigation haé
shown it to be practical for third-order plants with complex

eigenvalues.

Finally the approach taken in this-thesis is heuristic and of

a practical nature.

Mathématicd] derivations and prodfs where required’are
featured in the text and the appendix but stress is put on
the physical realization of the various techniques eépeciai]y
the use of a digital computer - analogue computer combination

‘thus ayoiding only pure digita]'simulations.

| '4Furthermore the control of a DC motor by both analogue and
digital computer derived control laws underscored the

app]icatioh of these techniques.



NOMENCLATURE
A plant coeffecient matrix
_ AT_ transpose of A
a nominal p]dnt_gain parameter
B plant input or driving matrix
b o actual plant gain parameter

e,8,... general system output or state error, error rate
etc. | | 4

Hamiltonian-

‘identity matriki

- performance criterion

< < M

]

plant gain

model ga{n

P differentialeperator %f

Pf - ith co-state vgriab]e
- P,Q pqsitive definite symmetric matrices

‘q  | coﬁtrof varfab]e

r reference . |

s | Laplace transform variable

T _ time constant of Tower triangular matrix
t time | | ‘
u | input or control signal (scalar)

e

input or control yector

y - Liapunoy function

order of system, number of variations of samples

1%



transformed state vector

state yector

X transposed

plant lag (inverse of plant time conétant) ‘

adaptiye loop gain

‘adaptiye loop damping factor

small positive numbers

auxiliary variables .

=ith‘eigenva1ue

fast model time or speeded-up time

switching function

integrator with initial condition

“inyerter or summer

~gain element

ideal relay (signum function)

potentiometer'



_{2}_ ~ summing junction

Note: Not all the symhols used appear in the above 1list.
Unless specifically defined to have other’meanihgs, all

the symbols used take on the above nomenclature.

Xi.
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CHAPTER 1 -

INTRODUCTION

This chaptef (andAthe introductions to the.various other
chapters) is devoted to the theory behihd timeFoptimal
control strategies, and thérefore,Ais cbncerned with the
underlying mafhematica] analysis and development for these
strategies. The whole essence of time-optimaTity is the
uti]izétipn of-minima]-time‘techniques offéred by the calcu-
lus of variations, the Hamiltonian, and Pontryagin's maximum
~principle for a class of ahplitudé limited 1input signals. It
is felt that without some understanding of this theoretical
background, it would he difficult to deriye meaningful and

useful fesults from the strategies examined in this thesis.

lail_lnvestigations

In-this thesis the step function relay control of.

. single-input, single output'nomina11y~1inear-p1ants.with
some pdrameter uncertainty are considered. Noise
disturbances are aséumed ébsent or 6f seCondéry impor-

tance.

| The input to the relay is a function of the State

variables bf the fast model or plant, and controllers



are designed to yield a near-minimal value of the
settling time, i.e. the time for the state trajectory to
go from a set of initial conditions to the desired end

point.

Cases are eonsidered when the plant parameters (by plant
parameters we refer to the plant gafn and time constants)
are known but changes in these parameters dccur during
the transient motion and steady state. To redliée the
time-optima1 controller we need to identify the plant
dynamics; to design the time-optimal controller when eur
ignorance of the plant structure is minimal and to

‘implement the optimal-control laws.

There ere difficulties in applying these procedures.

The identification techniques require a finite computing
"time which for certain plants might be insufficient for
time-optimal performance. The time-optimal switching
function whether synthes1zed by a fast model or
generated directly from the plant parameters and state

_ co-ordinates, is usual]y.a non-linear and mathematically
unwieldy function to manipulate. Eyen for certein

~ second ordervp1ants; the derivation of the synthetic

~ fast model equations are COmplicated and require.

~ excessive computing time for their execution. - The

effort required to execute the exact time-optimal



contro] laws are often not Justlfled and severa1 methods

- of sub -optimal control are therefore employed.

The problem of plant parameter variations on systems
with nominally time-optimal controllers, i;e. the time-
optimal controller calculated for a nominal set of plant
parameters, is one of great importance, and research
workeré7_in this field haye shown fhat for higher order
systems, remarkably small deviations of the plant para-
meter from .the nominal value, give greatly increased

| settling time and even instability. Hence a robust
controller, insensitive to'b1ant parameter variations
-_aﬁd disturbances but able td maintain its design‘condi-
~tions, or a self-adapting controller which requires
neither the precisé plant dynamic structure or identifi-
catiph‘of the plant parameters, or a rapid identifica-
tion écheme to maintain a closely matched plant to mode]
- pair, must be utilized and simple to implement, if the

desired design goals are to be attained.

For all these cases, the resu]ting'state'trajectory was
found to be close and in some cases equal to the time-
voptima] trajectory, and the increase'in sett]ing'time

over the optimal settling time 1is small.



1.2. The System

 The control systems to be considered are shown in Fig.

1.2.1 and Fig. 1.2.2.

The plant has the transfer function

_ 1 1
 between its (scalar) input u(t) and its output X;
g(p) is a polynomial with degree n, and b(b > 01 is the

p]ant gain parameter for this case.

The nominal plant has the transfer function

1 1
= = . : 1.2.2
6(PY = 3 - J7pI ( )4
~where a (a > 0) is the nominal plant gain parameter.
Note: In more conyentional terms, the nominal plant gain
Kp(ndm)_='% ,» while the actual plant gain KP = % as

defined.

The relay has an (scalar) input g and output u which

satisfy

u

sgn (8) (BA0)Y 1.2.3) .

T

n
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' fl\gURE ,'_1._2.2  FAST MODEL PREDICTIVE CONTROL SYSTEM



"The state co-ordinates are

: e n-1
X1s%o —»xl co » X = d . Xq (1.2.4)

n g
| a1
Usithmatrix notation the plant can be described by the

differéntia]'equatibns

= Ax+Bu  ( |Ju <1) " (1.2.5)

where A is an (n x n) system matrix and B and X are

n-yectors.

The control which minimises the time of transition from
the initial condition to the desired state, either the
state origin or error state origin is of the form

u(t) = sgn g (x5, Xps «-os Xo» b) (1.2.6)

where ¢'(xl, Xps «ees Xp, D) is the time-optimal

n’
switching function. The system with the control

u(t) = sgn ¢ (%73 Xps wees Xps a) (1.2.7)
is simultaneously investigated where _'

B (X715 Xps -0vs xn,a) is the time-optimal switching

function of the nominal plant (1.2}2)

" The houndary between the region of the state space where
¢ (x, a) is negative and the régibn where ¢ (X, a)is

positive is called the switching surface and is giyen by

¢ (.XJ.Q XZ‘s s an a)_ = 0 (.1.2.8)

(in- the case of second order systems the switching



surface is a switching curve or switching line).

The Laplace transformation enab]es us to express the
~transfer - funct1on of the nom1na] plant as

1 e
= ' : 1.2.
Gp(s) O(Sn+o(n_1sn'—1+ o +eS + X ( ?)

hetween its scalar input u and output.xl.

In this thesis attention will be focussed on second
order and third order systems and the.eigenva]ues‘of the
matrix A (or the poles of Gp(s) ) will be assumed non

positive.

With the assumption that the system (1.2.5) is control-
lahle, there is no loss in generality in assuming A and

B to be of the canonical forms

(01 .0 ro
00 .... 1o
A= :::'.‘ A B=| (1.2.10)
00 - - O 1 ’
ot L

Khere & = a for the nominal plant gain parameter or
d = h for the actual plant gain parameter corresponding

o to (1.2.5)



1.3. Basis for Extremal Control

More than 40 years ago® relay switched controls became
_common and Ted to the concept of optimal bang-bang
control of a process with bounded inputs described by

the differential equations

dxi _ _ ] '
—?_‘E- - f.i (Xl, X2, ...,Xn, UJ’ e s 0 9 Url
(1 = 1,2, ...y nl o : | (.1.3..1)_
ghere X £ (xl, Xos «ees xn)T defines the process state

and ui(t) comprises the control {inputs.

vThis'Qas to a great degree intuitive as for example to
gét a motor to run up as fast as possible from rest;
maximum current had to be applied to achieye this
condition and conversely; to retukn.it to rest. Mathe-

matical optimal-control theory showed that under certain

conditions, the bang-bang control, u; = 1 or -1,

_ 1
optimises a performance criterion: /@(5} u)dt, which can
represent the time, energy and mean square error over a

manoeuyre.

_Pohtryagin‘s max imum princip]e2 is used to study the
optimal control of systems jh which there is a
consfraint or 1imitati9n of some kind on the. instanta-

neous value of the control 1input.



Suppose we consider a system whose behaviour is governed

by the equation (1.3.1)

The typical problem which can be sd]ved by the maximum
principle is one 1in which the contrd]'vectbr u, with
componénts Uqs ué, cees Uy is conStrained s0 as tovlie
in a closed bounded region U in the r-dimensional

Veptor space of the control inputs.

For example for r=2, a closed bounded region U may be
specified by the inequality |
2 2 .2 | |
utp +ut, < R (1.3.2)
The region U in this case 1s illustrated in Fig. 1.3.1

~and the control vector u is constrained to lie in or on

the boundary of the circle as shown.

'Invthis thesis we consider U to be fixed and any
control vector u which satisfies the requirement that u
lies in the closed bounded region U at every instant

_will be called an admissible control input.

Pontryagin's maximum principle can be considered as an
- extension or generalization of the calculus of varia-

tions to enable us to take account of systems whose

input signals have constraints of certain types.



In order to apply the maximum principle, the Hamiltonian
formulation in the calculus of variations is utilized.
The derivation of the Hamiltonian is found in the

Appendix A.1l.

To illustrate the use of the maximum'brincip]e we have

‘the following problem:

‘How-do we find the.optimd]~contro] yector u(t) abp]ied
to a system whose differentia] equations are in the

form of equations 1.3.1 in order to achieve a transition
of the system state from a given initial state'_&0 at é

1

~time to a specified point x~ in minimum time ?'

The performance criterion (a specified functional) can

- he expressed as

- ¢4 ” - _
J = ‘/10 fo (x, u) dt : (1.3.31
proyided that the integrand 1is defined as

fo (x, u) =1 (1.3.4)

‘The Hamiltonian H, as defined in Appendix Al therefore
becomes | | |

py fp (x> u) - (1.3.5)

where the not

tion PO’.pi’ ««-s p, refer to the

auxiliaries variables



10

The p notation is more~common1y»used'in the study of the

maximum principle than the ) notation.

~For equation 1.3.5 Po is constant and is equal to -1.
We define a new Hamiltonian H, by omitting P, in equa-
tion 1.3.5 and we obtain the re]ationship

n o
H = _ pi fi(é, u) , | (1.3.6)

i=1
The differential equations governing the behaviour of
the auxiliary variables and the system state variables

can now he written the forms

dp. g . | |
_1?.% = ._d_)-(—._l' (1 = 1'9?:_--03 nl | (_1.3.71
d_z_}; = S—H: (i« 1,.2, ceom) | (1.3.8)

We can therefore say that a necessary condition for the
control input u to be a time_optima] control is that u
- must he chosen from the édmissib]e region,vat every

instant of time dufing the process, in such a way that
the Hamiltonian H, achieves its maximum poésib]e»va]ue.

1

° and X

If the two end points x are prescribed, we have
the 2n boundry conditions required for the comp]éte-

solution of the 2n first-order differential equations

A1.3.7-and 1.3.8. Because the fina] time tl is free, the

transversality condition tells us that the final value.

of H is generally a positive value.
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As a first exampie consider the time-optimal control of

a double integrator plant as shown in Fig. 1.3.2.

 The differential equations governing the behaviour of

the'system are
dx ;

fp (%, u) = 71 =x

' | dx

fp (X, u) = 72 = u (1.3.9)
¢ T

We desire to find the control input function u(t) which

will transfer the state from an initial éondition xQ

to a specified final state 5}.
- The ihput u(t) is subject to the following condition
oo o<1 | | | (1.3.10)

The Hamiltonian H, as defined in 1.3.6 has the following
form |
H = pj %, + pou ' (1.3.11)

(Since % = f (x, u} }

Fof a given set of yalues of p;, p, and xé H takes
on a maximum when u = + 1.
- S0 the optimal yalue of u(t) denoted hy ux(t) is given
by - | |
W o(t) = sgn (pp(t) ) (1.3.12)



~ FIGURE 1.3.1 THE CLOSED BOUNDED REGION (VE.QUATI»ON 1.3.2)

h—ji—>‘~fdf . >§—'X1\ ;ftﬁ_zl_>

FIGURE 1.2.1 A DOUBLE INTEGRATOR
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- The differential equatfons for p; and pz_afe derived

from equations 1.3.7 and have

dpl
—t = 0

b, | | | .

T-E-': - pl : (1.3.13)

Integrating the above equations with respect to time

yilelds | |
Pi (t) = C,H

P, (£)

where c, and C, are constants

- ¢yt + ¢, 0 (1.3.14)

1

Equation 1.3.14 tells us that Ps (t) can change sign not
‘more than once as t increases from t, to t,, therefore
Me (t) changes Sign not more than once during the

transition.

For equations 1.3.12 and 1.3.14, the following possibi-

lities are considered in turn:

(a) If ¢; =0, and ¢, < 0, then p,(t) <0 for t >0,
and the corresponding control signal will always be
- 1.

_(bl If ¢c; =0, and ¢, > 0, then p,(t) > Q for t > 0,
and the corresponding control signal will always be

e 1.
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c

(c) If Ci‘> a, then pé(t) <0 for t > E% and otherwise
p, (t) > 0. | | | _
Hence the corresponding control signal will be - 1
for t > ;f and otherwise it will bg + 1.

(d) If ¢ < 0, then py(t) >0 for t> é otherwise
p, (t) > 0. | ’
Hence the correspbnding control signal will be + 1
for t > ;f and otherwise it will be =~ 1.

This shows that the only possible types of optimal
trajectory in the state space are: | |
(1) A first'aré with u=+ 1 followed by a second arc:
with v = -1 |
-(ii) A first arc with u=- 1 followed by a second arc
~with u = $1
(1ii) A single arc with u=+ 1 throughout
(iv) A single'arC'with u=- 1 fhroughouﬁ'
Cases (i11i) and (1iv) represént isolated types of .
so]ﬁtion for special starting conditions and, in
general, the optimal control action'will be a period of
"time with the control variable at the maximum permissi-
h]evvalue with oné sign, then an instantaneous switch to
maximqm permissible value of'opposite sign with the
A_contro] remaining at this value till the target is

reached.

In this simple case, a knowledge of the nature of the
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optimal trajectories to be constructed.

Integrating equations 1.3.9 for = u o= sgn pé =+ 1
gives‘ | | |
xl(t)+ é t
xz(t) =t + x2(01

24 x,(0) £ 4 x,(0)

Field 1 (1.3.15)

X

and for u” = u = sgn P, = -1 gives
xq(t) = %tz + X,(0)t + xl(Ol _
‘ Field 2 (1.3.16)
Xz(tl =

ot o+ xz(Q)

where the initial conditions 50 = xl(O), X,(0) at t = 0

and field 1 is positive drive, field 2 negative drive.

~An examination of the corresponding trajectories in
Figures 1.3.3,;1.3.4 and 1.3.5 shows that if the target
is the phase plane origin the optimalvcontrol is
}specifiéd by a switching curve separating the regidns of
positive and negative drive. For release from any
arbitrary value of initial state, the systemfstate is
driyen along a'parabolic_arc under one sign of drive to
thejapproﬁriate p]éce on the §witching curQe at which
point the sign of the drive is reversed, and tﬁe state
paint trayels along the appropriate parabolic trajedtory

to the target, the origin in this case.

The equations of curyes 1 and 2 are

curve 1 : xq f»é‘x%fﬁ Q.

' 2
. curye 2‘:xl +'% X2

bl

o - ."(1.3.17)‘



“FIGURE 1.3.3 STATE TRAJECTORIES FOR u= +1

FIGURE 1.3.4 - STATE TRAJECTORIES FOR u= -1

X2

FIGURE 1.3.5% FAMILY OF TIME- OPTIMAL TRAJECTORIES FOR
.- . A DOUBLE INTEGRATOR
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from.whiéh it follows that the equation of the switch-
ing curve (AOB) 1is |

Xp + 1 X, [xp] =0 B (1.3.18)

A time-optimal controller shown in Fig. 1.3.6 is
'required to choose u® in accordance with the following
Togical rules:

¥ = + .1 if x is below AOB or on AQ

¥ -
u* = - 1 if x is above AOB or on BO

Hence ¢ = -‘(xl+% X, [xzn,‘ (xl+% X, lle #0) (1.3.19)

and 4= -x, (xg+% X, | X,] = 0) (1.3.20)

Pontryagin et al also provéd_the very important fact
that, for the general non-order 1inear system of the
“kind | |

%= Ax + Bu | ©(1.3.21)
if the eiQenya]ues of A are all zggl;and if the system
is.cohtrollable by each componeht of the input vector
u along (a normal system) and if the’admissable control
-region U 1is a paraT]e]epiped'of the'form_ |

My S Uy _<_'Ni (i =,l’2’ cees T) (1.3.22)
then eachACOntro1_input U4 1s peicewise constant, takes
on only the yalues Mi and N; and has at most n-1
"switchings (n periods of-constant va]ue)during a
time-optimal transition from one specified state to

another..



Itime

- U o ><-2 | ‘X’1_
“loptimal [dt fdt
lcontroller| - |
FIGURE i;3.6 TIME- OPTIMAL CONTROLLER OPERATING ON

STATE-VARIABLES

¥
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4.

’ 1ntegfator plant is COmplex”and the "reduced‘statevspace

16 .

“Put simply, for a system of order k and real eigenvalues

a minimum of k-1 switchings are required to bring the

system state trajectory to its target in minimal-time.

Aspects on Plant Sensitivity

The effect of plant parameter variations on systems with

nominally time-optimal feedback controliers profoundiy

modify the behaviour and response of the plant being

controlled. For higher ordered systems and for Very

small deviations of the plant parameter from,its nominal

yalue the plant response can become unstable.

Several research workers in this field as dindicated by
Zinober and Fuller (1973) have inyestigated the double
integrator plant with closed and open loop control. The
fact that double integratbr'éndvtriple integrator plants
are. so highly sensitive to p]anteparaméter'variations,

some method of sub-optimal control must be applied, to

~ negate excessive overshoots and instability.

A double-integrator plant is investigated for sensiti-

yity analysis but only results for a triple-integrator

| p]&nt are stated. The'sensitivity analysis of a'trip1e_

n

10

technique of Fuller (1971) has to be employed.
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1.4.1 Sliding Motion

The term 's]iding motion' plays an extremely important
role in the behaviour of time-optimal controlled systems
and as such is analysed in detail by‘-Weissenbergerll

(see Appendix A9).

S1iding motion was also the term used by Weissenberger
in dealing with stability problems in relay controlled
systems, and sliding motion can be briefly described as

follows:

A switch in the control variable u occurs when the state
trajéctory approaches, érbsSes and ]eaVes the switching
surface,v¢ = 0, on the opposite side. The control then
_changes sign and, ff ceftain conditions are fulfilled,
the state trajectory attempts to recross the switching
surface and reach the other side. In practice the state
point oscillates about the switching surface at a high-

.frequency dependent upon parasitic delays in the

. switching elements and tends to move on the switching

surface. This type of motion is termed'sliding,
g]iding,.chattering or after-end point motion. The term

| sliding is used in this thesis.

Mathematically the dynamic behayiour is no longer well
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defined by the differential equations ‘.

%= Ax 4+ Bu ( Jul<1) | (1.4.1.)
The motion of the state point is governed during s1idihgv
motion by the equation of the switching surface
B (X1 Xps cees X4 a) = 0 (1.4.2)
which 1s independent of the plant numérator'dynamics.
In 6ther words the system (Billingsley and Coateslzl is

thus insensitive to changes in the plant pérameters, and

has the attributes at an adaptive system, furthermore,
if the plant has the most general linear form

5_:-%11 - (1.4.3)

it is sufficient to control the related systenm
y = DT%’I T (1.4.4)

for when.l_and all the deriyates of y haye been brought
- to zero, x will equally be zero, proyiding there exists
a region of the state-space containing the Qrigin, such
that for any initia] conditions within this region, the
behaviour of the controlled system will after the first
switch be. the same as that of the double or triple

integrator p]ant respectively. This notion of sliding

motion is taken up further in Chapter Four.
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7

1.5.'Sensitivity‘of a Douhle Integrator

The effect of plant parameter variation on a nominally
time-optimal double integrator plant is described and
the behaviour of a plant with one integrator and one

lag.

For a double ihtegrator (from-equation 1.2.1)

G = 1 1 ' - ,
(p) S5(5] = 797 (1.5.1)

;Ihe well known time-optimal switching function for fhe
nominal plant is (from equations 1.3.19 and 1.3.20)
| p = -xq - %a‘xz ]x2] (xl + 3a X, pzl = 0) (1.5.2)
and' | |
6= -xy (x+3 ax, |x =0}  (1.5.3)
 The in{tia] conditions (x;(0Q); x,(0Q) ) are written as

x1(0) = x;® and x2(01,= x,% (1.5.4)

Consider the region in the phase-plane
_¢_(xl°, xzo,a)_ < 0. Since the regions are symmetrical

the resuits apply for the region ¢(xl°’x2°,al-z Q.

The cases bh=a, b > a and b < a(see equations 1.2.1 and

'1.2.21 will he considered separately as follows.

Case (i) b=a. This case Corresponds to time-optimal

“control. The initial control, u= 41, yields the
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x2°) t0'(xll,

the switching surface (a curve for a .double integrator).

o -

trajectory from (xl le), which lies on

See Figure 1.5.1.

The control then switches to the yalue + 1 and the state

moves along the switching surface to the origin.

Thévsett]ing‘time is the time taken for the plant to go
from its inifial conditions to the phase-plane origin.

~ This may be conveniently expressed as Tba fdr the
control.syStem when the plant parameter is b and the
switching function'parameter is a (for a nomiﬁal plant

h = a).

Té is the fractional increase in sett]inb time with
plant parameter b and switching function parameter a
oyer the~optimal Settling time with plant parameter b.
| Tha-Thb | v
Thus T, = —— ' : - (1.5.9%)
- 'hb - '

"Thus Te'is,used also for the fractiona] increase in
settling time, of a sub-aoptimal control system over the
optimal settling time.

The settling time 1s T =T and satisfies (seé»Appendix
A4). |

Tan™ Taa™ %2 +(2axl f a ( °)5)% 2t (1.5.6)

da



S- Ct
FIGURE 1.5.1  SWITCHING CURVE AND TRAJECTORY FOR THE
' DOUBLE INTEGRATOR PLANT (x1=%)'w17H THE
SWITCHING FUNCTION #(xy:%,,a)  b=a
'ng-
S.C.
o
2 X

FIGURE 1.5.2

~ SWITCHING CURVE AND TRAJECTORY FOR THE

DOUBLE INTEGRATOR PLANT.(X1=%) WITH THE

 SWITCHING FUNCTION #(x s%,,a) b>a
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Case (ii) b > a. With u=-1, the state is transferred
1

0’x20) tO_ (Xl

from (x; s Xy ) which 1{es on the sw1tch1ng
surface (Fig. 175.2). The control then switches to the
yalue +1 and the motion overshoots, the state

trajectory missing the origin and reaching the switching

2, x22); where the control

surface at the point (x1
switches to -1. This behaviour 1is succe551ve1y repeated

- and the state spirals in to the origin.

It is shown (see Appendix 4) that the time interyals
between successiye switches decrease in constant ratio,
so that the total settling time is represented by a
~geometric series and is finite. The expression for the
settling time turns out to be (see Appendix 4)

Tha™ %+ (20x)% + 020,100 2 ( (aeft-(a-hih)
| - (1.5.7)

-1

Case iii : b < a. As before the control, u= - 1, trans-
] .

fers the state to the pdint '(x_1 ,lel which 1ies on the
'switchtng eurface (Figures 1.5.3 and 1.5.4). The plant
then s1ides_d10ng the switching surface to the state |
origin. During this sliding motion, the trajectory is
" that of the optimal system with parameter value a and

therefore u has magnitude b/a.

The totaT‘settling time 1s (see Appendix A4}



S.C.

FIGURE 1.5.3  SWITCHING CURVE AND TRAJECTORY FOR THE
DOUBLE INTEGRATOR PLANT (X =g) WITH THE -
SWITCHING FUNCTION g(x;,x,,a) b <a

o | , N X2

5.C.

FIGURE 1,5.4 SWITCHING CURVE AND TRAJECTORY FOR THE

DOUBLE INTEGRATOR PLANT (X;=g) WITH THE
SWITCHING FUNCTION ¢(x;,x,,a) b < a
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L 0 0,.:2,, 0v2v% ,a - 14} oy
Tea = bxp0%+ (2bx,%+0%(x,%)%)% (§ + 1)° (1.5.8)
for - '
0 0 -0
X0t 0% X7 > g ana |
0, 2 23 3 _
Tpa= bx,%% (-2bx;%-b"(x,°)%)? ,(%-1).2 (1.5.9).

for
0 0 0

7'show'that an approximate expression

Zinober and Fuller
for T, can be deriyed from-equations 1.5.7, 1}5.8.and-
1.5.9., Values of Te are calculated for a step input
yiz. x1°=A, x2°=0 and the 'worst case' initial
conditions where _ ‘ |

Q | b>a - (1.5.10)

0 0 0
Coxp bt T =
or xl°+%bx2°ﬁd]x2°| = Q b < a | €1-5-11)‘
where R,=f(R) A= alb

These values are shown in Figure 1.5.5 iﬁ which T, 1is
plotted against b/a. The overshoot trajectéryf(case
b > a or Kh'< Ka; plant gain reduced) yields larger
settling times than the sliding trajectory (case b < a

or Kb > K, 3 plant gain increased) for a comparable

. parameter yariation. Some typical values are given fin

‘table 1.5.1.



23

T T

: e , _ e . _ ,
1 ] 5
b/a . (Stepoinput) ( wg;izig?se Motion

. ¢l

conditions)
%

.5 B 22,5 38 S1iding

8 | 6,1 11,5 S1iding

.95 1,3 2,6 " S1iding
1.05 : 19,9 | : 39,9 Overshoot
1.20 49,5 99,1 Overshoot

1.5 98,2 B 196,3 Oyershoot

Table 1.5.1 System with double integrator plant.

The sénsitivity,.S, of the settling time,-TS, of the
system to a yariation §b 1in the parameter b, is, for

b = a,'from 1.5.10

STS : A .
Tim [ 7T. Vim0 T ) _ . |
S = _ph_. S . = | ‘e } b=a (1.5.12)
gh— o\ —p A—>0\ %
b/ h=a ‘
. where A = |1-f| , the magnitude of the fractional

change_of'p]ant parameter ahd is used in the approximate

‘expressions for T,.

FQ?ISb > 0 (i{eQ h> a) and substituting the approxi-
~mate T, into equation 1.5.12 yields

_ lim 1 :
A0 (213.1_32£ = oo - (1.5.13)

i.e. the sensitivity is infinite. This fact illustrates
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FIGURE 1.5.5

‘FRACTIONAL INCREASE.IN SETTLING TIME

AGAINST NORMALIZED PLANT PARAMETER
FOR A DOUBLE INTEGRATOR PLANT

1. STEP INPUT
2. WORST CASE INITIAL CONDITIONS
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| the complexity of the sensitivity analysis of non—linéar

systems 1in contrast to that of linear systems.

‘These results were referred. to by’the'author for

yerification from results obtained on a real system.

The control system with the plant having g(p)=p(p¥d) d>0
'(1.5.14) ie. one integrator and one Tlag is also consi-
dered. The time con;tant qf the lag 1is %. The fime
optimal switching function of the nominal plant is:
$ = -x3 - Xp - S9N X, Ln(1+ ad_‘|x21) (1.5.15)
d —;37—' ' ‘ :

‘and if the RHS of (1.5.15) is zero, |

¢ =-x, - . (1.5.16)

The cases b=a, b> a and b < a give trajectories having a
form similar to the double integrator plant. For h=a
we obtain the time-optimal contro],'b > a yields

oYershoot,motion'and b «a give sliding motion.

The effect of plant parameter d variations are inyesti-.
~gated. It is found that if the nominal plant parameter

the response is time optimal.

is dnom then when d=d_.

For d > dnom sliding motion occurs after the first
© gwitch and for d < dnom overshoot motion results.
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The tripié'integrator_blant where g(p)=p3 and the time-

optimal'switching function given by equdtion A 3.11,

A 3.12 and A 3.13 has been fully investigated by Zinober.

7

“and Fuller . Their method of analysis involves the use

of thei‘redubed state space"developed by Fuller for a
two dimensibna] graphical analysis of a system having
fhree state vakiables} The ana]ysiS'is.tedious,vhowever,
thé resuits show that ff b is increased by 44% over 1its

nominal value a, it is sufficient to cause instabi]ity.
For values of b < a sliding motion results with a
reasonable increase in settling tfme, however the plant

is extremely sensitive for values of b > a.

Qummary and Comments

Relay switching of second order (and higher order)
plants is considered. The role of the switching

function ¢ (x) and the switching surface g (x)=0 is

~stressed. The use of Pontryagin's maximum principle in

which there is a constraint or Timitation of some kind

- .on the control 1input, and with the use of the calculus

of yariations (the derivation of the Hamiltonian formu-

 1ation) enable us to find the optimal control vector

™ (t) to the plant in question, to achieve a time-

optimal transition from an initial state to a specified
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staté.

It is shown that a time-optimal trajectory for a
spécific-p]ant'is highly sensitive, in that relatiyely
small deviations of the plant parameter causes large
increases 1in settling times over the nominal. The
notion of sliding motioh is introduced and its very:
préctica] and important use in extremal control is

demonstrated.

Finally equations are derived for a double integrator
plant yielding the settling times for a step input, for
thé_nomina] paramgters and variations in the p]anf'

© parameters. Thevtheory in this chapter (and td'the

~ Appendices where referred) provides the basis for
extremal control whether the controller is based upon the
fast que] predictor, adaptfve4re1ay or v transforma-
tion method, and.the following chapters aptly demon-

strate the concepts.
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CHAPTER 2

PREDICTIVE CONTROL

Background

One of the first reports on the idea of predictive

control was a paper published by Ziebolz and Paynter1

in 1954, entitled 'Possibilities of a two-time dynamic
systems'. Basically they proposed a repetitive type

of computef whose initial conditions are watched with

the plant variables at a given time. Since the computer
establishes the resultant response under the assumption
of no additional disturbances during the projected
interval, and provides information about the future

state of the plant, this information can be used to apply
the correct control to bring the plant to the desired

target.

Three important points were singled out and are still
yalid; |
(a) The necessary repetition and computation rates are
-a function of the process time constants.
(b) The repetition rate depends on the relative
certainty or probable accuracy of the future

prediction.
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(c) A high repetition and computation rate pérmits
comparison between alternate mddes of actﬁon making
possible a choice of strategy.

In 1955 Coales and Noton13 published a paper titled

"An on-off servo mechanism wfth bredicted changeover'

~where the princip]esvof a predictive controller were’

investigated along with an actual test conducted on a

servo-motor.

‘The method used to achieve the predicted change-over

point was as follows:

A douhle fntegrator is considered where % = u and

u =+ 1. The state of the system at any time is given
by x and X writtgn as (xo, Xl)'v The desired trdjecto?y
has onTy one switching and takes the state from the
1ni£1a1 value (éo, al) to the origin and can be found
using only two iterations for a double integrator and
several for a general éecondvorder sysfem; by the o

following strategy: (See Figures 2.1.1 and 2.1.2).

‘For the first run the model is.set to (ao,al) and
u is set to ~sgn(a;). The model is allowed to
run until x; =0 and at this point E is set equal

to x, (E is a parameter).



Uz+1 O'GT)

first run T— (
. o — (a

FIGURE 2.1.1
METHOD OF COALES AND NOTON
i

ILLUSTRATION OF CASE (

" FIGURE 2.1.2
ILLUSTRATION OF CASE (i1)

)

The technique here is to first have a trial run
and Tocate point E, second the fast model is reset
to the previous nsosition and the same drive applied

and switch «? . *-u ¢ in Fig. 2.1.1 according to
= E/2 or in 7ig. 2.1.2 merely switch at v
p81nt E on the second run where £ = 2{a_ - X ). (If

I
the trajectory at point (a_, a ) is revgrsed it will
meet the Xo axis at a po1n% 2E



.29

For the second run the model is reset to
(ao, al) and u set to -sgn(E). The model is
allowed to run and the sign of U reversed according

to the appropriate following conditions:

(i) If sgn(E) = sgn(al) switch when both .
sgn(x;) = -sgn(E) and 2x_ = E (see Fig. 2.1.1)

(ii) If sgn(E) = -sgn(al) switch when 2(a0~x = E

o)
(See Fig. 2.1.2)

- This trajectory will now pass through the origin

as shown in Fig. 2.1.1 and 2.1.2.

One of the shortcomings of this method of prediction is
that it assumes the p}ant.parameters are invariant and
ideally watch that of the fast model. If the plant
parameters do change during the transient state, this
change will not be detected by the fast model

~as only the initial conditions are used to detect

the switch-over point. However both step and varying

imputs were used in this case.

In 1961 Chestnut, Sollecito and Troutman®® published .
a paper titled 'Predictive-Control System Application'.

The method used here was djfferent to that of
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Coales and Noton in that repeated estimations of the
future error and hence the changeover po{nt'are obtained
by projecting from the fast model that trajectory which
passes through the phase plane origin. The in%tia]
conditions for the fast,mode1 are obtained from the

plant on a Samp]ed-data basis.
The method of this operation is explained as follows:

The error phase portrait for a double integrator with

a constant negative reference ~-r, is shown in Fig. 2.1.3.

Since the reference 1s negative, the polarity of the
actuating signal is such that the direction of the plant
error trajectory moves to the origin. The starting

point is at a (= -r). At point b the first prediction

is made to observe the value of e(7 ) ( 1 is the fast mode]l
or speeded-up time) when é(T ) remains zero in the event
of a polarity reyersal in the actuating signal.

Successive predictions are made until finally, at point g,
the predicted error changes sign from minus to plus when
é(r) reached zero. This information is used by the

control logic to switch the signal polarity at point g.



alt)

g
C N \\4
' \ A N
b \ X \ N\
X \ \ N
Y \ \ \
\ \ \ ' \ E(f
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FIGURE 2.1.3
METHOD OF CHESTNUT
TRAJECTORIES IN THE ERROR-ERROR RATE PHASE PLANE
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The actual error phase-plane trajectory paéses from
point a through b, ¢, ..... » g and h; "Along this

curve time takes on real-time dimensions. The predicted
trajectories Shown dotted in Fig.2.1.3 are obtained.from
the fast time model and along these trajectories timé

takes on computer-time dimensions.

It will be noted fhat the predicted'trajectory starting
at b is much shorter than the one starting at c. This
occurs because the next prediction is started when the

~ previous predicted error rate reached zero. This
results in a variable-frequency prediction rate which
was born out during experimentation using reJays and
analogue computing_equipment. This means that for
‘large error rates, the prediction rate is slowest and
for small error and error rates, the prediction rate is
fastest. This situation is desirable because it results

in tightest control when it is needed most.

Beyond point h there exists a limit cycle about the
origin, the magnitude and frequency'of this 1imit cycle
depends in large part upon the prediction'repetition rate.
If this rate 1is relatively high, the magnitude of
oscillation ¢an be smail and the frequency high depending
on the nature of the controlled system and the speed of

the equipment to perform the switching functions.



32

Several important aspects arose from this fast model

prediction technique, as listed below:

(a) The removal of the bang-bang motion of the relay
to the plant when the errors are in close proximity
to the phase-plane origin.

(b) The effect of noise and random disturbances on the
system and reference signal.

(c) -The behaviour of plant and model mismatch both in

. order, gain and time constants.
(d) The stability of the system.
(e) The minimal rate of the sampled data interval.

Subsequent publications (12, 15, 19, 20, 21, 22, 23)

deal with higher ordered systems, plant parameter

variations and methods to compensate for these variations,

plant and model mismatch, stability cthiderations'as
well as sahevpractical app]icatjohs. 0f note was the
application and analysis of analogue computer control
emp1oy1ng,aApredictive fast model of a chemical batch
type processlg, the appiication of a fast model with

an aaaptive écheme for a batch reaction®’ and similar
application for voltage control of a synchronous

'géneratorl6..
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The use of a fast model for predictive.contro1 as a
time-optimal controller (this term makes real sense
only in those contro11ab]e‘systems which are called
upon to respond to a step-input) was only really given
a mathemafica] basis- soon after Pontryagin's principle
was made known and all the advantages that had accrued

 to switching systems now held a firm mathematical basis.

A suitable definition of predictive control is therefore
a control technique that employs a fast time model of the
time-optimal trajectory which provides the correct
switching criteria to the plant actuator based upon the

values of the instantaneous state variables of the plant.

Put another way, predictive control describes a form of
automatic control in which the manipulated yariable
operating the controlled system {s actuated by the

estimate of the error that will exist at some future time.

Repeated estimations of the future error are obtained
by predicting ahead on'a fast-time base the controlled

variabhle as well as some lower order derivatives.
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It is shown that an exact model of the plant is not
always necessary as a second order model can in

certain circumstances provide control for a third and

~ fourth order plant provided some overshoot can be

tolerated.

Stability Ana]ys{g of a second order fast model

~ The use of a low order model to determine the approxi-

mate time-optimal switching function for a given plant
has been experimentally investigated. Liapunov's second
method is used to determine (see Appendix 5) asymptotic

stability in- the Targe (globally) or in some cases

'_b,oundednes.s+ of the states. The basis model transfer

function is:

6,(5) = ey (K.T0)  (2.2.1)

Boundedness 1is meant'by obtaining boundaries in the
err@r—errok rate phase-plane through which the
trajectories cannot pass and then proving these
‘boundaries ultimately contract into some closed

curve.
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This model transfer function was fqund to.be versatife
in controlling plants of various forms. Systems with
stable, controllable second-order plants will be-
asymptotically stable globally as the results shown
and systems with no more than two. free integrators

will have ultimately bounded error and error rates.

It was observed that controlling a plant with a fast

Km

model whose transfer function was Gm(s) = ETjiTBET
yielded virtually zero steady-state error and error-
rate (apart from the limit cycles) for the step response

of several of the following types of plants;

: K Kp KP
p , 11 as third
s(T+ ps) ;7 (1+Tpls)(1+T 5S) as well a

and fourth order plants and where all parameters are

positive.

Overshoot was seen to be reduced or eliminated through

the use of a slower (larger Tm, smé1ﬁer Km) mode],
sometimes at the expense of a small increase in rise

time. The step response of higher order plants having
negafive po]es»and no more than two integrations was
obseryed to have a steady state limit cycle, the size
of which was decreased by a slower model at the expense of

a longer rise time. Liapunov's second or direct method of



36

determining stability was chosen, as the C]osed Toop
transfer function for a bang-bang system is highly non-
linear and complex to treat,‘using the more traditional

methods for ascertaining stability.

K . K
£ . - m - d A
The model transfer function s(1¥Tms) = $(5+d) (2.2.2).
K
. 1 o m
where — =d, K, = =
Tm _ Ad T
: - K K
t3 - _ q (2.2.3)
The plant transfer func§1on = < +TpS = $(5+g
where Tl = q, K = TE
q
P p

Figure 2.2.1 shows the general predictive control
system'arrangement while Figure 2.2.2 shows the
equivalent block diagram for the closed loop system

with a reference step input.

It is convenient to use the error and error-rate such

that:

(2.2.4)

.
© o~
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FIGURE 2.2.2
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The plant actuating signal is determined from

u = sgn(g) (2.2.5).
where ¢ (Xl’ x2) is the time optimal switching curve
for the model as is given as: '

. d X, )
g = - EX]_ +E + - _d2 ( _R_"‘“‘d )

S or ¢ = -, if the r.h.s of 2.2.6 is zero.

Figure 2.2.3. represents in the error-error rate phase

plane the time-optimail switching curve for the model.

The curves in quadrant II and IV serve to define the
switching functions for the various plants finvestigated.
For appropriate values of d and K,, certain systems can
be made asymptotically stable and éome higher ordered

‘systems to yield bounded responses.

We have (see Figure 2.2.2)

r - ¢ = €
K-
r - —4- sgn ¢ = e
s(s+q)
F+qr - K sgng =8+ qé (2.2.7)
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Since *, ¥, ..... = 0 we obtain
€ + q& + K sgn g =0 (2.2.8)

This can be expressed as:

€1 = &y

2 = "9ep - K

(
( -
(e

n

LS 6 e

Using equations 2.2.4 we obtain
xl = X,

(
E - qX, - Kq sgn ¢ (2.2.10)

1

Xo

For the purpose of determining a Liapunov functionzz,'

consideration of the undamped system

Exl = Xy |

(xz = Kq u (2.2.11)
wheré‘u = sgn Xg yields |
dx -K sgn'x ; _

‘372 = —3—;§———l which after integration yields
1 2 . '

3 xg = - Ky X x>0 (2.2.12)

b X5 ¢ ie<n (2.2.13

: = Ky %y 1<0 (2.2.13)
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Thus 2.2.12 and 2.2.13 suggest that
: 2

V(Xq, X,) = %2 + K = ¢ .(2.2.14)
10 %2l 7 2

q |X1l

where V(xq1,X,) is the Liapunov function and ¢ is a

constant. This is shown in Figure 2.2.4.

" Since Kq and ¢>0, V(x;, x,) will be positive definite

and continuous 1in the entire X] = X, plane.

Taking the time derivative of V (xl, x2) yields:

y _QV av_ . . .
v (Xl’ xz) -érfz %4 +é)x2 X5 ane using equatxoes
2.2.10 yields:

v (X715 Xp) = Kg s9n X, xi * Xy X
= Kq Xy SN Xp + X, (-‘qx2 - Kq sgn @)‘
= - q xg - Kq X, (sgn ¢ - sgn xl) (2.2.15)
where sgn Xl = X1 and u = sgn ¢ .

LSy

‘Inspection of Figure 2.2.4. shows V to be equal to

- q %% in regions 2, 3, 5, 6 and - g x% -2K, |x,] in

, q
regions 1 and 4.

- Along the switching curve;_v = - q xg —qu X5 1

where m = -0, 1, 2 depending if u is ‘assumed to be

+1, 0, -1 respectively.



switching. curve given

by equ.2.2.6
FIGURE 2.2.3 . "
TIME-OPTIMAL SWITCHING CURVE FOR "d
s(s+d)

M

-(2¢)

FIGURE 2.2.4
"ERROR-ERROR RATE PHASE PLANE WITH SWITCHING

CURVE AND LIAPUNQOV FUNCTION

2
_ox o
Vixgs xpl = J2F Ky |xp] -c =0
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Therefore V is negative everywhere in the X1=Xo plane
except along the X - axis where V 5“0, and along the

X = axis where V is undefined.

However, when Xy = 0

i
1
=~
w
[{a]
3
bd
[y
n
|+

In other words no portion of the solution curve lies

along the x; - axis.

Furthermore, because of the magnitude constraints.on u,
dx
cp : . . 2 .
it 1s seen from equation 2.2.10 that since T s
| | X1
infinite only when Xy = 0 no trajectory lies along

the xz—axis except at the origin.

Consequently since trajectories which cross the
xz-axis have a finite slope and since V(xl, x2) is

continuous across and decreasing on both sides of the

xé—axis, V(xl, x2) does indeed decrease everywhere along =~

the trajectories crossing Xq = 0,

These results imply that the concentric curves
'V(xl, x2) = ¢ of Figure 2.2.4 constantly shrink dinto

'the‘orjgin along the solution trajectories of the system.
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In this way one can conclude that for the given system,
global asymptotic stability results from a step reference

input provided that Km, Tm’ Kp and Tp are all positive.

~These results demonstrate that if the plant parameters

Kp and Tp were positive but not properly idehtified,

~ the overall system is still asymptotically stable in

the large, even if the model ﬁarameters remain invariant.
This has been borne ouf‘by experimental results.

22 have demonstrated that asymptotic

Kaufman and ﬁe Russo
stability can be obtained also for ramp inputs, non-1inear
second-order plants of the form;

¢ +_g(c)h(c)+f(c) = Kpm, disturbances and f]uctuating
inputs provided they are small or of a short duration.

Finally the error-error rate states of the nth order

plant , Kp controlled by the
vs(1+Tls)(1+Tzs) cee (1+Tns)

model Ko will be unstable at the origin of the
sZ1+Im35 '

phase plane, but ultimately bounded provided that
initially all error derivatives of order greater than one
are zero. Again this has been demonstrated experimentally

to be valid for n = 2 and 3.
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Experimental Procedures

Four separate stages of system simulation development

took place and they were:

Stage 1 : The use of an analogue computer and relays

to simulate the entire system operation.

Stage 2 : The djgitaT simulation of the system on a

minicomputer.

Stage 3 : The use of hybrid control (the combination
of an analogue computer and minicomputer via
the necessary signal converters) to simulate

system operation.

Stage 4 : Direct digital control (DDC) of a small DC

Motor using the minicomputer as the fast model.

2.3.1. Stage One. Description of the predictor-control

Logic and switching network.

The heart of the analogue predictive control system
is the logic section and switching network. In

its sihp]est form the control logic is only a

means of mechanizing the switching criteria that

were introduced in section 2.1.
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This procedure is summarized in the flow chart
shown in Figure 2.3.1(b) and for ease of
description, reference is made to the symbols:

in Figure 2.3.1(a).

From the flow chart it can be seen that the

first step in applying the logic is to compute
the present values of e(t), é(t) from the present
.values of r(t), c(t) . and ¢(t). After determining
the signs df e(t) and &(t), they are compared

. in sign to determine in which quédrant of the

phase plane the start of the trajectory is located.

Hence if e(t).&(t)> 0 the start'of the trajectory
is either in quadrant I or III of the phase-plane.
(see Figure 2.3.2) and must be driven into

quadrant'II or IV.

- The choice of polarity of u(t) is dependent on

the sign of e(t) and is quite apparent.

For e(t).&(t)<0 the initial trajectory is
‘already in quadrant II or IV and u(t) is set

according to the sign of e(t).
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Once this is implemented the plant present states
are introduced as initial conditions to the fast
model and u( T ) the fast model input is set so

that u(T) = =u(t).

The future error e( ¥ ) is then predicted and as
soon'as'é(r ) = 0 (or crosses the abcissa) the
fast model is 'held' and stops predicting and the
current absolute value of e( 1) is compared with
a small positive predetermined number ep
(0 <ep<<1).

If  fe(7 )[>-ep, the fast model is reset to a pair
of new initial conditions obtained from the plant
'(the plant having moYed an amount & along its

trajectory) and allowed to run with u( 1) = =-u(t).
. This process is iterated until k(‘T)I's ey |
At that point the plant drive is re?ereed i.e.
u(t) = -u(t) and the absolute plant output

error e(t), is compared with e As long as

b’
|e(t)| > ep the plant error trajectory continues

tqwérds the error phase-plane origin.

Nhen‘ le(t)l < e, &(t) is checked for &(t)<e

P P

~and u(t) is set to zero. The process is then

halted.
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The above procedure assumes a dead-beat trajectory

i.e. one with neither overshoot nor undershoot.:

To take uhdershoot and overshoot into consideration
i.e. early switching or late switching, a minor
modification takes place in the logic. Figure
2.3.3. shows thfs modification and Figure 2.3.4

depicts the new trajectories.

For trajectory -a (early switch) the plant drive
is reversed and the fast model predicts the new

trajectory for the plant error to go to zero.

Similarly for trajectory - b (late switch)
the plant continues with its current drive
while the fast model predicts the new trajectory

for the p]ant'error to go to zero.

Hence for multiple overshoots or for 1imit
cycles the process iterates until the input
u(t) is set to zero or an alternative control

course of action is taken.
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Generation of the Analogue Computer Diagram.

From the flow chart it is evident that some means

of setting the initial conditions for the fast

model as we]] as a variable jteration rate has to

-be maintained. For the TR-48 analogue computer

external relays were used to reset the fast model

and reverse the plant and fast model drive.

The Togic for determining ‘the switching criteria
was implemented through threshold détectors
(signum functions) and comparators easily imple-.
mented on the computer while the remainder of the
system followed conventional analogue computer

practice.

The reference signal r(t), was taken as 5 volts
while the {nputs u(t) and u(t) were taken + 5 volts

ep took . on yalued 0 sep < .2 volt.

In Appendix A6.1 is a complete block diagram
for a double integrator plant (and fast model)

with the external relays.

Stage 2. Description of a digital simulation of

the fast model predictor control system.
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The f1ow chart of Figure 2.3.1(b) can be easily
transformed for implementation on a digital
computer both for simulation and control purposes. -
The plant (or fast model) differential equations
are used to obtain the trajectory equations in the
phase plane and the state variable (butpuf)
response in the time domain. Both the phase
plane representation and time response were used
for demonstration and observation of system

behaviour.

A second-order plant and model were used and
Appendix A6.2 contains the necessary derivations

and a programme actually used for a simulation.

Stage 3. Hyhrid control for the simulation of

a second-order system.

The methods of stage one and two of the previous
sections are combined and a method of hybrid control
is eyolyed to simulate a second-order fast model

predictor system.
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The TR-48 analogue computer is used to simulate
the plant, i.e. a suitable second—ordér system

is patched with the state variables conveniently
arranged for connectidn to the Varian 6007 digital
computer and for recording on an X-Y plotter (see

Figure 2.3.5).

The Varian 6007 is used for the 'synthetic' fast
model and the'decisioﬁ making for plant control.
The signal conversions were implemented by the

A to D and D to A converters installed on the
Varian 6001 and under direct control of thé
compdter. There exists a sub-routine for
instfucting and calling the A to D and D to A

converters in the "Basic" language.

In Appendix A6.3 is a description of the method
and a programme for control of a second-order

system.

Stage 4. Direct Digital control for a small

D.C. motor.



TR-48
l‘ ANALOGUE |
| ‘- - COMFUTER
| P |
' U(i) sync F({')
_— e e i —_ — N
¥ Y [ Y
4
VARIAN 600i
DIGITAL COMPUTER
fast model and switching logic
FIGURE 2.3.5°

~ BLOCK DIAGRAM OF HYBRID CONTROL OF A SECOND-ORDER SYSTEM
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In section 2.3.3 a programme was developed for
controlling a second order plant simulated on an
analogue computer. A real plant, viz. a small

DC motor used for teaching purposes was selected as

a suitable candidate to test the fast model predictor

control.

The transfer function of this motor can be

K . :
STTETs since the motor was

operated under no Toad conditions. This transfer

approximated to

function is identical to that used in the
programme in section 2.3.3 and allowances were

made for the plant gain and time constant.

A plotter was used to record the output position
in response to a step input. In Appendix A6.4
is an account of this procedure and a block

diégram of the system.
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2.4. Simulation results
2.4.1. Analogue computer simulations.

In its simplest form the plant.transfer function

was taken as

G_(s) = C(2.4.1)

and the fast modeil transfer function as

_ K
Gm(s) - —% for a double integrator (2.4.2)
S
or
G (s) = n for one inte rétor and one
LA €T *1a2 (2.4.3) ’

Since the plant parameters will in generé] not

be known exaét]y, consideration was given to the
effects of inaccuracies in the gain and time |
constant parame£ers of the second order controJ
system. Consideration was also given to the
problems of time-lags and the non-ideal behaviour

of the relays. The analogue computer was also

prone to drift and thermal effects, hence required
cdnstant 'tuning' for satisfactory opefation.. There

were also deficiencies in the non-linear elements.
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Figure 2.4.1'compares the error and error-rate
responses of the plant (equation 2.4.1) for a
double integrator fast model, a step reference of

-b volts was applied. The time constant $~, was

varied for P
curves 1 : dp = .2
curves 2 “p = .14
curves 3 : Xp = .04

‘For this run the model to plant time ratio was
30:1 and for the 7ollowing runs was subsequently

increased to 50:1.

“As can be observed the plant output sett]éd'with
slight overshoot for‘xp = .2, while for‘dp = .04
the overshoot was much increased. Although 1in
curves 3 the model approximates the plant and one
would anticipate a dead-beat type response, relay
switching deTays and even a 50% difference in the

model and plant gains can cause a 100% increase

in settling time (see table 1.5.1).

From equation 1.5.6, the settling time for a

douhle integrator plant is (for the above example)
T - (éa x0)% 2% (2.4.4)
aa 1 c
1

where xg = by and a = 5 = 251.5
' 5x(.0282)
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.0282 was a scale factor introduced tbvs]ow down
the 1htegrafi0n rates in the plant, while the
input was + 5 volts. Substituting thesé values
into equatiOn 2.4.4 yields Taa.z 71 seconds. The

measured value of settling time was 160 seconds,

a 125% increase in settling time over the optimal.

Prior experimentation had shown that the relays
used were Timited to a slow switching rate and
there were obvioﬁs bounds on the Tower and
upper fast model to plant time ratios. By
suitably 'tuning' the computer, an increase

in the settling time over the optimal of < 10%

for the double integrator was achieved.

Figure 2.4.2 1is the phase-plane representation
of Figure 2.4.1 for both positive and negative

references.

Figure 2.4.3 represents the error and error-rate

responses for a step reference when the plant

and model were matched. Here G _(s) = 1
‘ ' P S(s+.2)
X
m

and Gm(s) = ETE;QET and both Km and‘qm are
varied.
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For these curves both o/ and dm were varied as

p
listed below. Furthermore curves 5 and 6 represent
proportional control to illustrate the different

characteristics.

CurveslNo.' fﬁ f; Limiting
1: .5 .05 1.9 volts
5 3 1.9 volts
3 : 5 .05 4.0 volts
4 5 .05 No velocity Timiting
-5A: 5 proportional plus differential
control, w = 1 and limiting =
3.0 volts
6 : .5  proportional plus differential

control, w = 1 and no velocity

limiting.

As can be seen, heayy velocity Timiting of tne
plant (siﬁf'~f‘in behaviour to a heavily damped
system) resulted in a yirtually time-optimal
response (curyes 1 and 2) while moderate limiting
effectiyely reduced the overshoot hence settling
time (curyes 3 and 4). The settling time for
proportional control is seen to & much longer as

anticipated. Again a 'livelier' fast model mini-
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mized the plant settling time except for a heavily
velocity 1imited plant. when variation of the
fast model time constant had Tittle effect on the

overall response.

The representation of a controlled system as a’
second-order system is often a simplified assump-
tion. In the results that follow, the plants

considered had transfer functions of the form.

G.(s) = Kp (2.4.5)

P s(s+dl)(s+d£7

G (é) b (2.4.6)

P s(s+o<p s+1)

G (s) = K (2.4.7)
P S(sFa ) (5+5G) (57 ) (s+,)

It is possible to control in a sub-optimatl mannef
certain third or fourth-order systems with only a
- second-order model. Obviously for third or higher
ordered systems (see Chapters four and five) the
switching togic is far more complex. However it
was decided to inyestigate what the penalties were
by keeping the simple second-order switching logic

controller.
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The effect of adding significant time constants to
the p]ant was to increase the initial overshoot
and settling time, and if carried to extremes,
caused sustained oscillation of the system in its

steady-state, and even instability.

Figure 2.4.7 represents the error response of
a third—drder system and a second order model

to a step reference for variations in d& and Ly
The plant transfer function hés the form of

equation 2.4.5 and the fast model transfer function

is Gm(s) = 1 and K_ = 1. The responses
C “s(s+.2) P
are listed as follows:
’ oA
lCurve No, “1 ié

1 1 2

2 . 2 2

3 : 1 5

As can be seen from curves 1, 2 and 3, the
significance of the time-constants had precisely

the ahovementioned effects.
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For the third-order plant corresponding to
equation 2.4.6, Figures 2.4.8. and 2.4.9. display
the error and error-rate responses respectively

' ‘ _ 1
for a second-order model Gm(s) ) under a
step reference, and Kp = 1. The responses are

listed as follows:

Curve No. fi
1: 1
2 | 2
3 | 4
410
As can be seen for dp (= Ti) = 1, the plant

response in unstable. For values of:ip> 1 the
response is oscillatory but damped and the
settling time is greatly increased. Third

ordey pilants that have complex poles are generally

more difficult to control than those with pure

1@95;

Figure 2.4.10 is the error response of a fourth-

order plant described by equation 2.4.7 and a

. _ 1 _
second~order model Gm(s) = S(s+.5) and Kp 1

for a step reference. The responses are
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Curve No. dl' <L, 3
1 1 5 .5
2 1 2 3
3 1 10 3

The responses (1, 2 and 3) serve to augment the
remarks made concerning Figure:2.4.7 for the

third order plant.

Figure 2.4.11 is a comparison of the responses
of a fourth-order plant (as in equation 2.4.7),
a third-order plant (as in 2.4.5) and a second

order plant (as in equation 2.4.1), the model"

" s . - 1 _
transfer funC‘L'IOn’ 18 Gm(S) = ?Z—SJ-‘—.ST and Kp '- 1.

The reference is a step of -5 volts. The

responses are

Curye No. °ﬁ 5 3
1 1 3 2
2 1 3
3 1
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As can be seen the fourth and‘third order plant
responses are similar, with sustained oscillation
about the steady-state, whereas the second-order
plant has a short oscillatory response before
reaching steady-state for this particular model

to plant match.

Digital Simulation.

The djgifa] simulations were performed in order

to ana1ysé_the parameter variations of the
equations governing the system behavious in a
systematic manner and with a view to hybrid
control. With the computing facilities évailab]e,
the graphical response of a second—orderlplant
(similar to equation 2.4.1) Was.ébtained on a

VDU and hardcopied.

A fast model to plant ration of 50:1 was used
and the nominal plant and model gain was set to~

unity. The plant transfer function used was
K_K.K

LI
Gy (s) = ?E)E@ (2.4.8)
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and the model transfer used was

KnK3Kg

Gm(S) 2-5’(—57*_—0{—;“—5— (2.4.9)

where Kp = Km = 1 (nominal) and Ky = .12,

K .6667, K, = 6.00 and K, = 33.333. 1In all.

2~ 3 4
examples considered the reference is a step of

magnitude 5 units.

Figure 2.4.12. represents the output positioh
response for variation in K, about the nominal
yalue ana'dp = oL = .2, K. = Km:l. The values

p
of Kl and the curves are listed below;

1

Curve 1 : Kl ~nominal (=.12)
decrease of 20% (=.096)

Curve 2 Kl

Curve 3 ¢ Ky increase of 20% (=.144)

The decrease in K, may be expressed in the .ratio

’”%“ of section 1.5 viz{‘chnom) = 1,2 and the

:1

overshoot of curve 2 results, thus confirming the

sensitivity assertions in section 1.5. Similarly
fOP'Kl(nom) = .8 the undershoot of curve 3

' i:1

results. Curve 1 is the nominal time-optimal curve.
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Figure 2.4.13. has the same format as for
Fig.‘2.4.12. except K2 is the parameter being
varied. In this case the response is quite

different.

Curve 1 : K nominal (=.6666)

o
li

Curve 2 : K, = decrease of 20% (= .5334)

]
i

Curve 3 : K2 increase of 20% (= .7998)
For a decrease in the position integrator gain
the response is reduced and undershoots with the
maximum settiing time. For an 1hcrease in the
position integrator gain the response is enhanced
wWwith the fastest rise time and with some overshoot.
From Figure A.6.2.1 of AppendiX‘A.6,2 and is
easily seen that variations in K2 would produce‘ 
the above response curves. Curve 1 is the nominal

time-optimal curve.

Figure 2.4.14. is the response for the variations

in the plant gain parameter K _, and it follows

p’
the same pattern as for Ky- The curves are;

nominal (=1)

]

Curve 1 : 'Kp
decrease of 20% (=0,8)

]

Curve 2 : K
Y p

1

Curve 3 : Kp increase of 20% (=1,2)
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Hence for curve 2 Ky(nom) 1,2 and for curve 3
ﬁEK;___
KE(nom) = 0,8. Curve 1 is the nominal time-

KP
optimal curve.

Figure 2.4.15. is the response for the variations

in the plant time constant.parameters or lags a$.

Curve 1 : dp = o = .2

Curve 2 : ‘xP = .1 dm = .2 (% decreased
by 50%)

Curve 3 : dp = .4 oy = .2 {« increased

by 100%)

It can be seen that all three responses are

similar. For the more 'livelier' plant the rise
time.is slightly shorter than the less Tivelijer
plant viz. curve 3. This result has bearing in

'Chapter 3.

Figure 2.4.16. 1is the same as Figure 2.4.15.

except o s the variable and has large variations.

Curve‘l : cﬁm = dp =1
Curve 2 : oLy = .01 dp =vl
Curye 3 o =5 dp = 1
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For a 'lively model i.e. close to the double

integrator model the switching is early and there

is some undershoot as seen in curve 2. For a

'sTuggish' model the switching is Tlate and the

overshoot of curve 3 results. Curve 1 is the:

nominal time optimal curve.

Figure 2.4.17. is the error phase-plane represen-

tation of curve 3 in Figure 2.4.16.

'Hybrid simulation.

The hybrid simulation is a Togical follow-up
of section 2.4.2. Additional experimentation
consisted of velocity limiting, a second-order

plant of two lags and a third-order plant.

The plant transfer function is the same as
equation 2.4.8. and the model transfer function
is the same as 2.4.9. The reference is a step

p m

and K2 = K, = .166.

of 5 volts, K. = K_ =1 (nominal), Ki = Kg = .03
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Figure 2.4.18. is the position response of a

(s) is given by

second-order plant where G
P K KK

. s 172
equation 2.4.8. whicn is G_(s) = nd
a UK koK, f p(s) s%s+ 5y ¢
G = s(EI"?T The plant gain parameter Kp

is varied.

Curve 1 : Kp = Nominal (=1)
Curve 2 : Kp = 20% increase (=1.2)
Curve 3 : K_ = 20% decrease (=.8)

The responses of all the three curves were
virtually identical to that-in Figure 2.4.14.

of the digital simulation, as was expected.

Figure 2.4.1%. displays the responses for
variations in the plant lag for the same basic set

of conditions as above.

Curve 1 : dp.=<xh = .5
CurVe 2 ap = ,1 <xm = .5
Curve 3 :cgp =1 'cim = .5

The responses were as expected and were virtually
identical to those examined in F1gure 2.4.16. of

the digital simulation. The conclusion drawn here
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and used in chapter
moderate variations

were small compared to moderate variations

24

gain. Zinober
Figure 2.4.20 displays the response for
variations in Kl and applying Timiting to

the velocity integrator.

Here o% == .1 and Kl(nom) = .03 = K,
‘Curve 1 : nominal time-optimal response
Curve 2 ve]ocity‘11mit set at .7 volt

( +33°%q max.)
Curve 3 : yelocity limit set at .33%, max.

‘Curve 4 : Ky = .02 (33% decrease) velocity

limiting set at .33%; max.

Curve 5 : Ky = .04 (33% increase) velocity

limiting set at .33%; max.

Curve 6 : Ky = .01 (67% decrease) velocity

limiting set at .33%; max.

published similar results.

65

three was that the effects of

in the plant time constant

in plant

The effects of velocity limiting were similar

in respects to a heavi1y-damped plant. However

with 1imiting and an increase and decrease

in

plant gain the overshoots were virtually non-

existant or very small and the settling time was



UTPUT RESPDNSE CURVES OF ‘A 'SECOND __
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minimized. Hence a non-linearity such as velocity
limiting (a common feature in any electric motor)

can be easﬁ1y contained when using a linear fast
Kolnom) 5\ ith

model. For example, when "p

' p
1imiting, curve 6 had an increase in settling time

over the nominal (curve 3) of approximately 28%,

while in Figure 2.4.18. for curve 3 where
K_(nom)

= 1.2, the increase in settling time
—EK;f~— ) . |

over the nominal is approximately 40%.

Figure 2.4.21. displays the response of a second-

order plant with two lags with a transfer function
K_K,K |

of Gp(s) = "pt1t2 and the model
’ (s+; ) (s+e)
Gh(s) = KmK3K4 where the K's have the values
sZs+qm)

defined as previously.

o« =o = .1 and , 2 «, %, is the variable.

m 1 1
Curve No. %,

1 0

2 .1

3 .5

4 1

5 2
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Curves 2, 3, 4 and_5 show an undershoot or early-
switching response. The additiona1'1ag in the
plant responsible for thié mismatch is not
serious as the settling times do not differ by

much over their nominal settling times. When

%, >> «, as for curve 5, this lag dominates

and the plant behaves similar to the velocity

1imited plant described in Figure 2.4.20.

Figure 2.4.22 displays the response of a third-
order plant for variations in o, where the

transfer function of the plant is

K
G.(s) = P
P s+og S +o% s+1)

) (
where K_ = K(nom) = 1, Ky = Ky = 2 = Ky =K,

P

The model transfer function is Gh(s) =
K K,K

374 and ot = .1.
s+«m)‘ m
Curye No. °ﬁ s,
1 0 2
2 1 2
3 1 1

4 | 1 1.41
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Curve 1 is similar to those recorded in

Figures 2.4.7 and 2.4.8 1in section 2.4.1.

"Curves 2 and 4 reached the steady-state with

-very little overshoot. For curve 3 (as with

curve 4} the plant has complex poles and the
plant response is interesting in that the steady-
state was also reached in spite of the sustained
oscillation not about the steady-state value as

in Curve 1.

The near time-optimal control of a third-order
plant with complex poles-by a second-order fast
model {s very difficult in general to achiev:.

however by empirical methods, values of<im for

~given values of %p can be found to yield responses

close to time-optimal.

Direct digital control of a DC Motor.

The fast model transfer function used in the
K

_ m \ =
programme was Gm(s) = ETE?EEY where Ky = 5.

Figure 2.4.23. represents the motor output

potentiometer response for a step initial

condition of 100 degrees angu]ar-rotétion.

Curve 1 represents the response when using the

fast model predictbr controller while curve 2
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represents the response for a 'proportional plus
differential' reTay controller. The value Qf«dm

se1écted for the fast model was 0,5.

In spite of the mismatch between the p]ant‘(motor)
and the model, the fast model éontro11er brought

the plant to rest in about 8 seconds.

Figure 23.2.24. represents the response for a
v-controller,, an adaptive relay controller and a

fast model predictor controller.

Curve 1 : v-controller
Curve 2 : adaptive relay controller

Curve 3 : fast model predictor controller

. The adaptive relay controller and the v-contfo]]er
are discussed in chapters four and five respectiVe]y.
dm was adjusted to O,l_and_the response time Was
improved to ahout 6 seconds with Tess overshoot as

compared with curve 1 of Figure 2.4.23.

Figure 2.4.25, represents the response for a
y~cgntro11er curye 2, and a fast mode]'predictor
cqntro]1er curye 1. uﬁlwas adjusted to 0,05 and
the response time was improved to about 5 seconds
with no overshaot, and was virtually identical

to the response from the v-controller.
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It must be remembered that the fast model transfer
function 1is only an approximation of the {(unloaded)
motor transfer function but the performance is

reasonably adequate as seen from curve 1.

Summary of results and comments

In stage one an analogue computer with external relays

for the 'reset' and 'changeover drive'.-elements were

used, to simulate a fast model predictor system, for

second-order; third-order; and fourth-order plants and

using a second-order fast model.

Practical problems arose and are listed for convenience:

(1)

(2)
(3)

(4)

The relays used had severe deadbaﬁd, backlash and
contact bounce. |

Drift in the computer hecame significant.

The existance-of severe non-linearities in the
electronic switching elements (comparators and
signum function generators).

The existance of upper and Tower limits of the

model to plant run-time ratios.
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However in spite of these shortcomings, the curves

obtained were quite satisfactory and demonstrated the
utility of this»method. Despite éevere mismafch‘between
plant and model (in section 2.2 a étabi11ty analysis

was undertaken to determine the bounds for sfab]e operation)
“successful control was brought to bear on plants with real
poles for step references or disturbances. Plants with
complex poles are in general difficult to control and

each case has to be evaluated independently.

It was found thét a model to plant time ratio of

20:1 was about the lowest usuable ratﬁo, below 20:1 fhe
control became hopelessly -inaccurate. The relays could

not be energized at high switching rates (450 milliseconds
switching rate) hence the upper bound was of a practical
one and depended on the type of plant under control. It
was inconvenient and impractical to slow the plant
(computer so]ufion) down such that the model to plant time
ratio was, for example 1000:1, and the mpde1 run time was |
of the order of §evera}.seconds;_ This was, however,
demonstrated buf the improvement fn accuracy and performance
was small when compared with the 50:1 ratio commonly used

throughout.
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To improve and enhance the method both for system perfor-
mance and accuracy and for use on plants with rapid run-
times, the use of a smail digital computer as a digital

controller was a logical choice.

Stage two evolved around developing a programme to simulate
system behavioﬁr for variations in the plant and model para-
meters, not only to confirm and augment the analogue
computer results but to utilize the digital simulations for
the generation of a suitable programme for di}ect digital
control. The curves derived in the digital simulation
clearly demonstrated the effective use of this technique

for a systematic analysis of system behaviour, providea of
course, the mathematical equations describing the system
are-reasonab1é approximations to the real system and are

amenable for manipulation.

Onelobvious limitation in the digital §1mu1at10n is thaf
the computer can only do what is written in the programme
i.e. the effects of non-iinearities, random dﬁsturbances
and noise, drift and other factors have to be included in.
the ﬁrogramme. The inclusion of these factors is a very

difficult task.
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Stage three was the development of hybrid system; in that
a-minicomputef was used to provide controT to an analogue
.compufer, i.e. fhe minicomputer was the decision making
element in the plant control Toop. The programme developed
in stage two was modified'to.accommbdate analogue-to-
digital and digital-to-analogue channe]s and the results
obtained were-viftually identical to those derived in the
digital simulation, and in no way did they contradict any
of the results obtained through the analogue computer-relay

simulation.

The théory developed in chapters one and two indicate the
problems of sensitivity (to plant parameter variations),
stahility and the derivations of the time-optimal control
law, especially for higher order plants. Plants whose
characteristic equation has complex roots are especially
troublesome and much work remains to be done for this

particular case.

Stage four was a practical test and application of the
fast model predictor method to a real plant. A small

DC motor was used as a position controller and as the
curves indicated, the response to a step input was close
to fime-optimé] in spite of the saturation or velocity

limit of the motor.
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In conclusion it can be stated that the fast model
predictive control method is a useful and practical
approach to the minimal-time control problem of singie-
variable second-order plants, and in certain cases for
third and fourth-order plants, where the degree of plant
to model mismafch although severe, ié of no serious
consequencé as satisfaétory performance is generally

obtained.
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CHAPTER 3

ADAPTIVE CONTROL

. Introduction

The interest in.adaptive control systems has been Targe-

ly motivated by a sizable class of problems for which

conyentional techniques for synthesising the controller

have proven inadequate.

Specifically, a controller haying fixed parameters may
not be capable of achieving the desired system perfor-
mance with a given plant. Such a situation may occur
when the parameters which describe the plant vary over a.
wide range of values during the operation of the systém
(i.e. when the dynamic characteristics of the plant

change markedly).

In spite of the proliferation of adaptive techniques

(see Eve]eigh25, Gibson265 Landau3) that haye been

proposed, there are many difficulties in applying such

methods to real problems4. These difficulties may be

attributed to a variety of reasons among which are:

1) The Targe number of parameters that may haye to be

adjusted simultaneously while assuring the



76

stability of the overall adaptive'system.

i1) The lack of exact information or partial ignorance

regarding the variations of the plant parameters.

i11) The noise present in the measurements of the plant

outputs.

Recent developments in model reference adaptive control
using Lyapunov's direct or second method (4,27,28,29,30)
have overcome some'of these difficulties and have
.resu]ted in schemes that may be attractive in practical

situations.

In particular, it is quite eyident that the model refe-
rence adaptiye control system abbreyiated as MRAS, was
the method selected to improve the performance of the
systems dealt with in Chapter 2. The heart of the fast
model prediction is the "fast model", nence if wz intro-
duce a real-time model (of the plant) besides the fast
model, there rnow exists'the basis for identifying the
.uhKnown or partially knowun p]ant.parameters. Once this
{s achieyed the real time model and faét fime model para-
meters are updated (adapted) to thaf of the p]ént and

the control can now approach the time-optimal situation.
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Liapunoy Synthesis and the Identification Scheme

This adaptive schenme applied to the predictive control
problem is the dual of the “"adaptive control" namely
that of "parameter identification" as is discussed in

the following:

‘3.2.1. Adaptive Control

Consider a Tinear plant described by the yector
differential equation:
ép = APéP + Bpu “ (3.2.1)

where the elements of the (nxn) matrix Ap and

those of the (nxm) matrix B_ are unknown or only

_ P
partially known.

The hehaviour desired of the plant is prescribed

by the model:
Xy = Amém + Bmu _ (3.2.2)
where Am is a (nxn) stable matrix and Bm is a

(nxm) matrix.

e employ a feedforward (mxm) matrix Q, and a
feedback (mxn) matrix F to control the plant:
(see Figure 3.2.1) so that the plant together
with the controller, is characterised by

%, = (A,*BLOF) X, + (BpQ)u (3.2.3)
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The prohlem, then, consists of specifying a

scheme that continuously adjusts the elements of
the matrices F(t) and Q(t) such that the norm of
the error between the plant and the model states

{s reduced.

Under certain conditions, it 1s possiblie to

reduce this error to zero and it i1s this case

that is of interest in this thesis.
Identification

The identification problem, on the other hand,
consists in specifying a suitable model and in'
deyeloping a scheme for dynamica}]y adjusting
its parameters so that.they converge to those of
the plant (3.2.1) so in equation 3.2.3 1if we
suhstitute m for p we have the identification
scheme (see Figure 3.2.1). Hence the roles of
the plant and model are interchanged so that the

parameters of the model track those of the plant.

While the two problems are mathematically
equivalent, it is worth noting that the identi-
fication problem is somewhat simpler since the

structure of the model (whose parameters are
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adjusted) unlike that of the plant, can he

chosen freely by the designer.
Liapunoy Synthesis

A basic necessity of the adaptive controller is
a good compromisé between the stability and
speed of adaptation, and it is found that the
Liapunoyv synthesis approach 1s the most success-
ful. The adaptive rule 1s obtained by selecting
the design equation to satisfy conditions
deriyed from Liapunoy's direct method, so that'

system stébi]ity 1s guaranteed for all 1inputs.

The main disadyantage of the Liapunoy method 1is

that all the state variables must be available

- for measurement, which for many real plants 1s

not always possible.

The Liapunoy synthesis is based on the use of
the Liapunoy function (see Appendix A5).

Successful forms of this V function are dis-

cussed by Hang and Parks30,.Narendra'and Kudva4

and Landau3.

Appéndix A7 contains a short deyelopment and
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summary of the adaptive control laws as well as
the identification Taw used. In chapter two it
was found that large changes in the plant time
constant caused a small degradation in system
performance while moderate changes in the p]aﬁt
gain caused large system deviations from thé
nqrma]. Hence 1t was felt that only the model
input'matrix Bm? need be gjven attention, while
the model and plant A matrices could be consi-

dered identical for all practical purposes.

From Appendix A7 the plant gain parameter identi-

fication law is:

(e}
K, - e Phu + /FZSTPbu dt * (3.2.4)
) 2=

where‘Ky‘= additional gain parameter determined
| by the adaptive loop |

¥ = adaptive loop damping factor

r, =7adaptive Toop gain
P = positive definite symmetric matrix
e | = state or output generalized error
yector |

ET = transpose of e

b = input matrix
u = inpﬁt

Figure 3.2.2 represents the block diagram of an

actual system.
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FIGURE 3.2.1 : CONFIGURATION OF PLANT OR MODEL WITH
.FEEDFORWARD AND FEEDBACK GAIN MATRICES

For Plant 1 = p
For Model 1 = m

Kp ;
————‘u>« 4 9(5) +§L e
Ke 1 -~
96) | Xm
/x,
Qt—t ¥
‘ B
|
s N
5 | . 2

FIGURE 3,2.2 : BLOCK DIAGRAM OF PARAMETER IDENTIFICATION
' YIA AN ADJUSTABLE MODEL
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3.3. Experimental Procedures

3.3.1 Analogue Computer Simulations

-The block diagram in Figure 3.2.2 was used to
demonstfate the feasibility of parameter identi-
fication via an adjustable model. The patching
on the computer required no special or additional
equipment to implement this method, and the pro-
cedure followed standard analogue computer

practice.

Seyeral types of second order models were
selected but the curves dépicted in Figures
3.4.1 and 3.4.2 represent a plant with a trans-

fer function:

b ( )
G (s)=— 3.3.1
.P( =57 oS + 1
and a real- -time model w1th ‘transfer functlon
- + K)
p(s) sz | (3.3.2)
s7+ oS+ 1

when K = (K + K) and K = f(K,)

The reference used was a step input of & volts

magnitude.

~In Figure 3.4.2 a square waye was used to

‘perturbate the input, to investigate whether the

°
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model could continue to track the plant
successfully in spite of these disturbances.
This was also performed using sine and triangular
waye disﬁurbances of various magnitudes and
frequencies (these curves are not shown here)
but in all cases the model continued to track
the é]ant with virtually no tracking error. The
adaptive Toop dynamics 1in some respects béhaves
as a 1dw pass filter, in that the high frequency
components are ignored, while for the Tow
frequency terms, the adaptive loop responds

rapidly to these variations.
The ease with which the parameters ré, g,

e and e, could be changed made the analogue

computer approach very practical and direct.
Hybrid Simulations

One of the primary objectives of this section

‘was to develop an algorithm to proyide the

adaptation to the synthetic fast model so as to
maintain time-optimal performance. Initially a
program was written that represented an
algorithm of equation 3.2;4. Appendix A8.1

contains this program and a diagram (Figure
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A8.1.1) showing the actual system structure.

What was of interest in this program was the
integral term in equation 3.2.4. The numerical
integration method used was the trapezoidal rule
and extremely rapid convergence resulted as seen
in Figures 3.4.3 and 3.4.4. It Was difficult to
calculate the truncation error (see Scheid33) as
the variables involved in the computation
~conyerge towards zero extremely rapidly but a
rough calculation showed the truncation error to

be Tess than 0.0001. Hence the simple trapezoi-

dal rule was found to be reasonably adequate.

The methods derived for the digital simulation
in chapﬁek two for synchronization and control
were also used in this procedure and no real
probiems arose. After some experimentation,
nominal values of ¥, ré and h were established

. for the system under test.

fhe final stage in the-simulation_was thé
inclusion of the parameter identification
algorithm into the program deyeloped for the
fast model predictor hybrid controller in

chapter two,



The preparation of the progranm presented 1ittle
difficulty (see Appendix A8.2 for a description
df this progrém and a diagram of the system set-
up) although there arose definite praética]
Timitations in regard to deyice 1imitations and

to the method of control.

A description of this is simplified by referring
to Figures 3.3.1 and 3.3.2. The c.p.u. (central
prpcessing unit) of the minicomputer can only
handle instructions sequentially and tasks are
therefbre‘performed serially in time(there 1s

no facility at the time of writing, of multi-
task sharing of programs, written in Basic).
Hencé 1t is physically impossible for the c.p.u.
to be simu]taneoué]y occupied with the predictor
mode and the parameter identification mode. A
mu?tipliéation in Basic takes about 1 milli-
second while a Logarithmic calculation takes
about 10 milliseconds which is slow by contempo-

rary computer standards.

Hence the time allotted (t; and ty in Figure
3.3.1) for identification, prediction and fast
model parameter adjustment, and the sampling of

the plant yectors(t, and t; in Figure 3.3.1) had
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available to adjust KV and hence to hold the
plant and fast modeil in a close match. This
would result in gross mismatch and ultimate

deterioration of plant control.

The introduction of a high speed c.p.u. with
special priority interrupts could go a long way

to improve this situation or even two parallel

‘processors for a plant operating under these

control laws. Tnis is an area where much inves-

tigation still has to be done.

Simultation Results

In section 3.3.1, a description of the plant and real-

time model was given. Figure 3.4.1 represents the plant

identification and convergence of a meodel parameter.

The curyes may be listed as:

Curye No.
1 plant output
2 model oqutput
3 (Km+K1 = K,
4 ¢(t) system error rate

with r(t}= 5 volts(a step functibn), A= 1, w=l, Km=.4

Ky=1, =1, [,=53and 1= .1



¥

205 :

FIGURFE.3.4.'1~ : PLAN'E' IDENTIFICATION AND CONVERGENCE 0F
. ' A MODEL PARAMETER
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The rapid convergence of KC to K. 1s quite astonishing

P
although some overshoot occurred (curve 3). It is

virtually impossible to differentiate between Curves 1
and 2 in spite of the plant having complex poles. As

seen the system error rate is small.

Figure 3.4.2 represents the plant identification and
convergence of a model parameter with a step-like dis-
turbance of the plant input. In tﬂis case the plant
damping Qaﬁ reduced to o= .4, w = 1, K, = .6, K, =1,

P
¥=1, [, =5and = .1.

The disturbance was a square wave of a 5 second period

and 2,5 yolt amplitude. r(t) = 5 volts.

Curve No.
1 | p]anf output
2 model output
3 (Km+K1

Aslth Figure 3.4.1 the parameter‘convergence 1s very
rapid'whi]e the parameter tracking errors are yirtually. .
zero in spite of the perturbations applied to the plant

‘input.

The small errors between curyes 1 and 2 were caused by

paor synchronization when repeating the recording for
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© FIGURE 3.4.2 :

_Z'Os

PLANT IDENTIFICATION AND CONVERGENCE OF
A MODEL PARAMETER WITH A DISTURBANCE OF -
_ THE PLANT INPUT
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Figure.3.4.3 fepresents the adaptive gain parameter Ky,
for various [,, ¥ and h. Figure 3.4.4 represents the
Liapunov parameter identification method applied to
plant with transfer function as in équation 3.3.1 with
ol =2 and W=i. Both these figureS display data derived

from the digital computer. In both examples K =.4,

r(t)= + 5 volts and eTPb=(e+10e).
_For Figure 3.4.3 ‘
Curve No [ 3 h
1 5 .5 Q1 -
2 1 5 .01
3 5 .5 .01
4 .5 1 .01
5 5 1 .01
For Figure 3.4.4 ‘
Curye No [, =8, %= .5, h= .05
1.1 -Plant output |
1.2 Mode] output
1.3 system.erkor with X100 amplification

1.4 KV

88
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Curye No [, =1, ¥= .5, h = .05
2.1 Plant output
2.2 model output
2.3 system error with x 10 amplification
2.4 KV

[, = .5, ¥= .5, h = .05

‘ 2
3.1 plant output
3.2 model output
3.3 - system error with x 1 amplification
3.4 ky{
As seen in Figure 3.4.3, a decrease 1in -'ré (i1.e. Toop

gain) results in a reduced amplitude of KV. Yariations
in_ré\and ¥ result in minor vartiations of the response

curves for KV but they all converge to Kv=0,6 (since

(K, +K,) = (I.6.+ L= 1= ).

These vyarious values were tried as indicated 1in Figure
3.4.4. Again the convergence was extremely rapid as it
was yirtually impossible to differentiate the plant

output from the model output.

The rapid oscillations in K were caused by the output
of the D to A channel which 1is not continuous but wﬁose

yoltage is renewed after eyery iteration in the

89
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integration loop. The oscillations caused no difficul-
ties as the two integrators in the plant merely respon-

ded to -the dc components in KV.

Point 'a' represents where the input r is set to zero
and point 'b' represents where the input r is restored to
5 yolts. In all cases, the value of Kv=.6 was stored in

the 'memoky‘ of the integration loop.

These tests demonstrate the simplicity of using this

method for parameter identification and tracking.

Figures 3.4.5 to 3.4.8 depict the output response of a
" second-order plant for a step refefence with the method
of fast model predictive control with and without
paramater identification and tracking. For all these

curves the plant transfer function 1is
Kp ,
So(s) = gs= 11

The real time model transfer function is
(K K)

6y(s) = ss+ 1)

The fast model transfer function is the same as the real
time model except the gain (Km+K) is updated at the end

of an 'identification' run.
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Kp= 1 (nominal), K = .8 and r(t)= 5 volts

Figure 3.4.5 i{llustrates the resﬁonse when Kp in

increased by 20%'(Kp =1.2).

Curve No
1 plant output with adaptation
2 real time model output

3 plant output without adaptation

The results are as anticipated, a dramatic improvement
in systenm ﬁerformance. There was a small tracking error
between the plant output and real time model output due
to the control action that was allotted in the time slot

ty (see section 3.3.2)

Figure 3.4.6.11Tustrates the response when Kp is

decreased by 20% (K. = 0.8)

P
Curve No
1 , plant output with adaptation
2 real time model output
3 plant output without adaptation

Again the same remarks as above apply.

Figure 3.4.7 illustrates the response when Kp is now
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increased by 40% (K.p = 1.4).

Curve No
1 - piant output with adaptation
2 ' real time model output
3 plant Quﬁput wWithout adaptation

Again the response with adaptation is close to time -

optimal and the same remarks as in Figure 3.4.5 apply.

Figure 3.4.8 illustrates the response when K, is now

decreased by 40% (Kp = .6).
Generally the settling time of the plant is greatly
increased (see section 1.5) when the plant gain para-

meter Kp, is reduced below the nominal gain parameter.
And this 1is dbserved to be the casé as in Curve 3.
However the tracking error has also increased as com-
pared to Figure 2.4.6 although by a small amount..Hence
for large decreases in Kp the maximization of the time
slot for t3 i.e. the identification and tracking becomes
mbre c%itica]. Neyertheless the response of Curye 1 as

compared with Curye 3 1s still a great improyement. In

fact the settling time has been reduced by approximately

100%.
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ADAPTIVE FAST MODEL PREDICTION WITH -
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Summary of Results and Comments

The goal of this chapter was to augment and improve the
performance of the fast model predictor controller, for
a plant to model mismatch, through the utilization of an
.adaptive technique known as parameter identification and
- tracking. The method emp]dys a real time model of the
plant which barameters may be adjusted to match those |

of the plant. .

By deyeloping a set of equations known as the adaptive
or identification laws based upon Liapunov stability
considerations, a means of guaranteeing the stable
performance of the adaptive loop during the updating or
adjusting peribd (when the tracking error 1is the

greatest) was demonstrated.

A suitable solution of the expression (eTPb) yields the
necessary form of e(t) and &(t) for a second order plant

where P (and Q) is a positive symmetric matrix such that

ATp+pPA = - Q.

There are several parameters; ré, ¥ , b and the
selection of Q which in some respects can be optimized
with respect to the plant to be controlled. This was

demonstrated to some degree in Figures 3.4.3 and 3.4.4.



Howeyer some practical difficulties arose from these
tests. There was the problem of the lack of a high
speed processor or some means of a high speed priority
interrupt and the second problem was that of the néture
of the bang;bang input. It has been demonstrated that
for one or two sign reversals, the convergence of the
.identification algorithm was sufficiently rapid so as to
minimize the tracking error but for a sliding Tnput this

would not be the case any Tonger.

This technique attempts to maintain a close mode] to
plant match and hence to maiﬁtain the time-optimal or
close to time-optimal switching trajectory, and so,
ayoid any sliding of the input. However, sudden or
dramatic changes on or in the system could very well
‘cause rapid deterioration of system perfdrmance.
Neyertheless the curves 1in Figyres 3.4.5 to 3.4.8

demonstrate convincingly the power of this technique.
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CHAPTER 4

ADAPTIVE RELAY CONTROL

Introduction

5,24 of single-input second-

- order plants with parameter uncertainty is considered 1in

this section. It is assumed that the plant parameters
(plant gain and time constant) remain constant but
initially unknown, during motion from the initial condi-

tions to the desired endpoint, taken here to be the

state origin or error state origin where indicated.

The controller is designed to yie]d a near-minimal value
of settling time, The state variables are assumed to be
accessible and that noise disturbance {s not present or

of secondary importance.

Adaptiye control of uncertain systems plays a large role
in control engineering and the structure of an adaptive
control system generally has the form shown in Figure

4.1.1.

The plant parameters are identified and the parameters

of the controller are adjusted accordin; .

o



In the time-optimal cdntrol problem we desire to
transfer the plant state from an initial condition to

the state or error state origin.

As shown 1in this thesis the time-optimal controller 1is
complex and nominally time-optimal systems are highly

sensitive to parameter variation.

For certain systems the accurate identification of the
plant dynamicé can prove difficult and the computation
speed may not be sufficientfy fast fdr the adaptive
scheme in Fig 4.1.1. to bhe feasible or insufficiently

fast 1f reasonable system response is to he obtained.

'The adaptive strategy described in the following
sections dispenses with the Tearning or identification
phase and the arrangement of this control system is

given in Figure 4.1.2.

Unlike most adaptive schemes the control strategy does
not organize itself through adaptive correction, but
identifies a certain surface (for a second-order system

the surface is a curve) 1in the state'space.

This surface is associated with sliding motion, and 1is

found hy rotating or slewing a switching hyperplane (for
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" FIGURE 4.1.1 : TYPICAL ADAPTIVE CONTROL SYSTEM
1 : Plant ‘
2 : Plant Identification
3 : Controller

FIGURE 4.1.2 : ADAPTIVE RELAY CONTROL SYSTEM
1 : Plant |
2 : Sliding Motion Detector
3 ¢ Linear Switching Function
4 : Ideal Relay
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a second-order system the hyperplane is a 1ine) in the
state space wheneyer the'system is"in a sliding mode.
The controller {s easily implemented and the resu]ting

system response is close to desired time-optimal

trajectory.

Background

Since the switching function g(x;,x,) operates a (ideal)
relay, the switching hyperplane (a line in the xl—xz
p]ahe) corresponding to the relay change-oyer can be
established in the phase plane. Wheneyer ¢(xl,x2)

changés sign the relay switches and at that instant the
switching Tine corresponds to zero error and error rate -

(x_1 and X, are synonymous with error and error rate).

There exists a unique combination. of x, and x,, for a

well defined plant, which results in that ¢”(xl,x2)
such that the plant trajectory to the origin is time-
optimal. Hence for the correct ‘slew' of fhe switching
Tine, time-optimality results. This is illustrated 1in

Figure 4.2.1.

For incorrect adjustment of the switching line either an

oyershoot will occur, or the trajectory will recross and

cross the switching line so that sliding motion
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commences.

An analysis of sliding motion and the switching hyper—
plane is conducted in Appendix AS. 'The results of this
are 1important in demohstrating the usefulness of con—'
trolling the rotation of the switching hyperﬁ]ane, and

the motivation now becomes evident in section 4.1.

Before analysing the adaptive control strategy the

sliding motion of the plant must be investigated.

Sl1iding Motion of the Double Integrator Plant

The state co-ordinates of the double integrator plant,
l H

G(pl = ¢ p2 satisfy;

X1 = %2
. . U ,
X, = B (4.3.1)
where  |u| < 1 and b is a parameter > 0.
~The control 1is given hy
u = sgn ¢ o (4.3.2)

uhére g 1s the linear switching function
¢ - - q.xl ":XZ . (4.3-31
where q > 0 (is a switching parameter) we may write

equations 4.3.1 as
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2] a 1 X4 0
= - + sgn(-qx;-x,) (4.3.4)
l X
2 O 0] |*2] |B

From Appendix A 9 we know that for siiding motion to
occur at the switching ;urface,'the following conditions
must hold ‘, |
1. qx; t X =0 . This is the switching line.

2. iv¢A§[ < |veB| for sliding motion to octur, 

Q
where B ={1
b

0

3. VPR < A condition for sliding motion to
occur. - |
| Now Vé =£§%§; .é%é] |
(1) ' © (4.3.5)
Hence -]v¢A§J = | qx, | ' (4.3.6)
and  |vé8]l = g (4.3.7)

s0 condition 1 holds that

1
lax,| < F

or x| fz‘d% (4.3.8)

and vwv¢gB = 1%, -ye soO condition 3 is satisfied.

"Hence the sliding region consists of points on the

switchingvline satisfying:
1



As long as equation 4.3.8 is satisfied the state remains
on the switching Tine gx 1(td¥x,(t) = 0 which lie between

1 in Figure 4.3.1

points A and A

Consider the initial conditions at.the time t=0 as

satisfying: | | |
qx1+t%,= 0 | - (4.3.9)

From equations 4.3.1 and 4.3.9, the motion on the =

éwitching line qx; + X, = 0 satisfies:

xq(t) = x;(0) e"at

xp(t) = xz(oi e”dt (4.3.10)'

Thus the system behayes Tike a linear plant
X1 = %2

%o = = QX ' _ (4.3.11)
and the state approaches the state origin. The state
‘origin is not attained within a finite time since the

state co-ordinates decay exponentially with time.

Suppose the state co-ordinates satisfy

é ] qxl + Xz = 0 )
q = B_.PIW (4.3.12)
The point (xl, le i.e. A or A in Figure 4.3.1 lies on

the boundryfof the sliding region (equation 4.3.8).



FIGURE 4.2.1 : POSITIONING OF SWITCHING LINE FOR TIME-
©  OPTIMAL SWITCH

(a) SwitchinghLine for Time-optimality

%+ 7bxglx)]=0

7

sliding region

FIGURE 4,3,1 ; DOUBLE INTEGRATOR PLANT SWITCHING CURVES
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~ We shall define a point satisfying @ = qx1+x,= 0 and
1

) q = E—TIEI a sliding boundry point.
I
So far we have considered q as fixed. If q varies, the

point (x;.x,) describes a locus.

From equations_4.3.12 we can derive the sliding boundry
Tocus (see Figure 4.3.1) t.e. X1+bx, 'ng = 0

or x;+¥3(2b)x, |x,| =40 (4.3.13)

- We next consider the motion of a state point constrained

to 1ie on this locus.

Consider an initial condition (xlo,-xzol satisfying

X1t bx, !le = 0

From equation - 4.3.12

0 1 :
© = : 4,3.14
b |x,°| | )

Suppose we a]]pw'q to vary as a function of time so that

the state moyes on the locus xl+bx2 lle = Q
Then differentiation of g =blizi yields
q(t) x, + q(t)x,(t) = 0 (4.3.15)

and differentiation of x;+ bx, [x,|and use of 4.3.1

yie}ds Xp ot zp l*zl x5 = Q (4.3.16)
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From equations 4.3.1 and 4.3.16 the control is

u = bX, = - % sgn x, o (4.3.17)
where sgn Xy = X2
| %2 |

The state trajectory is therefore identical to that of
the double integrator plant with plant gain parameter

2h and full control fu |= 1.

Substitution of equation 4.3.17 into 4.3.15 gives

q (t) = _aq(t) | (4.3.18)
[*21 |
and from-4.3.12 and 4.3.18
q(t) = 3(q(t))% > a . (4.3.19)

'The fact that g(t) > 0 will be used to verify a certain

condition in the next section.

" The trajectory reaches the origin in a finite time since
from equations 4.3.1 and 4.3.17

t
xz(t)= x2° = 75 S9N x2°_ (4.3.20)

The state co-ordinates are zero together on the locus

X1t bx ile = Q.

Substituting x2(t) = 0 into equation 4.3.20 gives the

finite time:
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t =2h |x,°] ' (4.3.21)

where sgn x20'= X2

to reach the state origin.

The Basic Adaptiye Controller

The adaptive'contro11er has a (tiﬁe-variab]e) ITinear
switching function (see Figure 4.4.1)

| qu‘= sgn(- qxl-x2) qg>4a ‘ (4.4.1)
and the switching line is from 4.4.1

qQxytx, = 0 (4.4.2)

- At time t=t  the control parameter q is set to the value

q = 8 §>a | (4.4.3)
Initially g is small and the initial position of the
switching Tine is, from 4.4.2 and 4.4.3

Bxtx, =0 o (4.4.4)

The parameter q is subsequently continually adjusted

according to the following rule:

If sliding motion occurs, the current switching line 1is
rotated to be just ahead of the state point, 1.e. the
control parameter 1s increased to the value

q(t+) = q(t)(1+e) (€>0)  (4.4.5)

where € 1is a small positive number. If the plant is not

sliding on the current switching Tine 4.4.2, the
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is plant sliding?

no

~l><1:><2
¥
J _ u PLANT
-
é(x)
- gx4=%x3
]u \
qlt )=
: i
sliding motion €S . (1+€)
> detector a9

FIGURE 4.4.1 : THE BASIC ADAPTIVE CONTROLLER FOR A SECOND-ORDER PLANT
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switching line is kept fixed, i.e. the value of g
remains unchanged. The assumption is that sliding
motion can be detected in an infinitesimal time inter-

val.

Ideally & and ¢ are yanishingly small. For this ]imitihg
case the following properties have been verified in 4.3:
Property 1: The time taken to reach the state origin is
finite | |
Prbperty 2: The state trajectory approaches the state
origin on a certain sliding houndry locus
Property 3: At all points on the sliding bﬁundry Tocus
q (t) >0

Analysis of the Basic Adaptive Controller

The controller 4.4.1 and 4.4.3 drives the state to the

point A on the switching line L; (see Fig 4.5.1)

| £X1tX, = 0 (4.5.1)

in a finite time. From 4.3.8, for q = & sufficiently
small, sliding commences'(the state slides oh the
current switch line from point A to point A. Assuming
that s]idinglmotion can be defected with an infiﬁite-
simal time interyal, A is coincident with A) and the

strategy given by 4.4.5 is implemented, i.e. the

switching line is rotated.
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| ____§§§;§§s \\ X
0 A A B

‘ B /s L

\ —= L
C C 2
" L3
| D |
\\* sliding boundry
E locus’
Li

FIGURE 4.5.1 : SECOND-ORDER PLANT ADAPTIVE CONTROL

STATE PATH
L1 PosXtX, = 0
Lot s(}+e)x1+x2 = 0
Ly + qgxy#xp = 0
Lyt q;(lrelx tx, =

0

In the 1imit as the time taken to detect
sliding motion tends to zero, points A',
B', C', D' tend to the points A,B,C,D.
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From 4.4.1 and 4.4.5, the control parameter q 1is
changed, and the new control law 1is

u = sgn( - S(l+e)xl—x2) (4.5.2)

From 4.4.2 and 4.5.2 the control value at‘point A 1s now

g = sgn (- xl) = sgn(le (4.5.3.)
which drives the state to point B on the current switch-
ing Tine L2

s(l+e ) x¥x, = 0 ‘ (4.5.4)

sliding recommences and the swtiching Tine 1s rotated
further. The control 1is given by 4.4.1 and after
repeated rotation of the switching line whenever sliding
.occurs, the state reaches the point D in the neighbour-
hood of the sliding houndry 1bcus in tﬁe sliding region

(see Figure 4.5.1) within a finite time.

At this point the current switching line L.
qiXy + xp =0 (4.5.5)
is rotated to the line Li+l’ viz.

q;(1te ) x; + %, = 0 (4.5.6)

The control 4.5.3 drives the state to the point E (see
Figure 4.5.1) on the line Li+l equation 4.5.6 in the

non sliding region. S$1iding does not occur at point E.
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The state enters the region, from 4.5.6
xl(ql.(l+e)_xl + x2)‘ <a | (4.5.7)
and the state trajectory returns to the switching 1ine

L at point F in the sliding region. Sliding then

1+1
recommences. As € — 0 the overshoot of the sliding

boundry locus becomes negligibly small and the states
moves effectively on the sliding boundry locus to the

state originf

The motion on the locus to the state origin has been
shown in 4.3 to be identical to that of the double

integrator plant with plant parameter 2b.

The $1iding boundry locus is in fact the time-optimal
switching curve of the double integrator plant with plant

parameter 2b.

The time taken to reach the state orig{n has been shown
in 4.3 to be finite and on the locus we have ¢ > @
(4.3.19) 1in agreement with requirement 4.4.5 of the
adaptive strategy. Properties 1, 2 and 3 have therefore
~been verified for the double integrator plant (For

modifications to the basic strategy see Appendix A.1Q).
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Performance of the Adéptive System

Only step initial conditions and step reference inputé
were used 1in practical demonstrations for this thesis.

However non step inputs or non step initial conditions

do often arise as for example the control of a Jacketed

~stirred tank reactor where the initial conditions (the

two state co-ordinates (phase variables)) are the
temperatures of the outer and inner tank. Here a new
situation exists and in Appendix 8 is a short desérip?
tion of the modifications in the basic strategy that are

required for these situations.

Practical demonstrations of this method were also

successfully performed on a triple fntegrator plant =

—lg’ a‘p]aht of two Tags plus one integrator =

bp

1 | ' L
bp(l+TlpL(l+T2Pl and a plant with one integrator plus

the ‘second-order servo transfer function' =
1
bp(p2+2t,wp + wzl

The analysis of third order controllers and plants with
the sliding motion regime is complex but is well docu-
mented by Zinober24. The control strategy for third-
order systems does not differ very much from second-

order systems and only a brief description of the third



4.

7.

108

order strategy is discussed in Appendix A.11.

Experimental Procedures

The basis of operation of the adaptive relay control 1is

the implementation of the control law, vyiz. the linear

switching function:

_ n-1 : n-2 )

g(x) = - g X1=a; q Xp = eee Tqpip X g v,
and q > Q , - (4.7.1)
where tne. design parameters, a;, are chosen to be
the binomial coefficients

a; = (n-1):

(i+1) (n-7-2}1
For a second-order plant:
g(x} = - qxq; --X, and a =3, = 1 (4.7.2)
For a third-order plant:
'¢(£) = - qzl)s_1 - 8] QXpXg where a;=2 (4.7.3)

Howeyer Zinoberz4 indicates that 2, can be modified such

that a;d > 2 (% 2%1 where d is a damping parameter.

1
For the smallest settling time d = % 2% (= .943) (see

Appendix A.11).

The position of the switching hyperplane is giyen by:
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(4.7.4)

Initially the control parameter q is set to the value
q =5 1>>8 >0 (4.7.5)
‘The control parameter q is continually adjusted accor-
~ding to . the following rules: |
(1) If sliding motion occurs, the current switching.
hyperplane 1is roated to be ju;t ahead of the state
point, i.e. the control parameter q'fs increased to
the va]de |
q(t+) = q(t)(1+e) (e >0) (4.7.6)
where ¢ {s a small number
(11) If the plant is not sliding on the current switching
surface (4.7.4), the switching hyperplane is kept

fixed, 1.e. the value of q remains unchanged.

The assumption is that sliding motion can he detected in
an infinitesimal time interval and hence ideally g and

€ are vanishingly small.

The state trajectory moyes from the initial conditions
to the initial position of the switching hyperplane.
'§11ding motion ensues and the switching surface 1is
tncrementé]]y rotated. After repeated rotation of the

switching hyperplane whenever sliding motion occurs, the
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" state reaches a certain non-Tinear surface, the sliding
boundry surface, and then moves on this surface to the
state origin (see Figure 4.5.1 where the state trajec-

tory of a second-order system is given).

'.The first demonstration of the control strategy was

implemented on an analogue computer for a second-order
plant(a double integrator). Appendix Al2.1 contains a
diagram of the system and a discussion of the means of

detecting sliding motion.

The second stage consisted of writing a program to
demonstrate the strategy using hybrid simulation. This
proved to be also highly successful. Appendix A12.2
contains avdiagram of the system and the programs for a

second-order and third-order plant.

Finally the control strétegy Was uéed to control a small
DC motor as demonstrated in chapter two. The use of an

analogue computer as well as hybrid control, were both

demonétrated.
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Simulation Results

Figures 4.8.1 and 4.8.2 represent analogue computer
simulations of a double integrator plant for variations

in the plant gain parameter KP: %, and the inclusion of

a non-linearity, velocity Timiting.

For Figure 4.8.1 Kp(nom1= % = 1 and the curyes are:
Curve No - EE

1 2.3

2 .4

3 .5

4 7

5 1.0

6 3.0

7 4.0
The rat{o %l yaried from .25 < %—5_3.33, a large
variation in plant gain. Only for curve 1 overshoot
occurred.

For Figure'4.§.2 the curves are: (K = .4)

3
Curve No
1 ‘no velocity Timiting
2 velocity Timit set to 1.2 volts

3 velocity Timit set to 1.0 volts
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The inclusion of a non-Tinearity in no way impeded the

performance of the strategy.

Figurgs 4.8.3 and 4.8.4 illustrate the responses of a
second-order plant with variations in Kp for a step |
initial condition and with a non-linearity(velocity

Timiting).

The second-order p]aht has a transfer function

G (s) = _ P where K_ = l(nomina]),‘“p = .1,
P S(sFe) P
The responses for Figure 4.8.3 are:
Curve No o K
. 5
1 1 _
2 1.2 (20% increase)
3 _ .8 (20% decrease)

‘The responses are as anticipated. For values of

Kp < Kjop there is a slight overshoot (curve 3) and for

yalues of Kp:> Kno the response is close to nominal

m
(curyes 2 and 1).

The responses for Figure 4.8.4 are



L

_FIGURE 4.8.3 : HYBRID SIMULATION OF A SECOND ORDER PLANT
: FOR VARIATION ‘IN Kp



_:sv. :

0

~ 'FIGURE 4.8.4 : HYBRID SIMULATION OF A SECOND ORDER PLANT
S FOR VARIATION IN K WITH VELOCITY LIMITING
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Curye No K

- 2
i - i
2 .9 (10% decrease)
3 1.2 (20% increase)

and the yelocity limit was set at .4x;max. The responses
~follow virtually the same path for even moderate changes

in plant gain.

Figure 4.8.5 is a phase-plane representation of the

second order plant discussed above but for variations.

incxp. K.p = 1(nominal) and the curves are:
Curve No <
_— P
1 0
2 1
3 5
4 1
5 .1 (with velocity limiting of
A%y max).

There are no overshoots and the behayiour of sliding
motion as part of the control strategy is well demons-
trated by the trajectories moving towards the state

origin.

Figures 4.8.6 and 4.8.7 represent the responses of a

triple integrator plant for a step initial condition.:



FIGURE 4.8.5 : HYBRID SIMULATION OF A SECOND ORDER PLANT

IN VARIATION IN O(P AND VELOCITY LIMITING



S AXLX2X3

L

" FIGURE 4.8.6 : gYBRLD,SIMULATION OF A TRIPLE INTEGRATOR
o LANT | R



."..‘\ X1 ‘

B - Sv ¥

©  FIGURE 4.8.7 : HYBRID SIMULATION OF A TRIPLE
R INTEGRATOR PLANT FOR VARIATION



The triple integrator has a transfer function Eﬂ where

3
Kp = 1(nominal). S
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Figure 4.8.6 illustrates the position response curve 1,

velocity curve 2 and acceleration curve 3. Although the

trajectories were sub-optimal, the curyes conyerged to

zero simultaneously.

Figure 4.8.7 illustrates the response when Kp is varied.

Curve No ‘ ' K

—E .
1 1 (nominal}
2 - - 1.2(20% increase)
3 _ .9(10% decrease)

For moderate variations of Kp about the nominal, the

settling times are close to nominal.

Figures 4.8.8 and 4.8.9 represent the responses of a

third-order plant for variations in & and with

P
acceleration limiting. The transfer function of the
third order plant is Gp(s) = : Kp where Kp =1
s(52+dps+l)-
2 2

(nominal) and s"+ds+l = s +2 Qws+w2,hence<¥ = 2% and

P
W é4l.

The curyes in Figure 4.8.8 reflect a variation of C¥P



X1

5V _

Tl

FIGURE 4.8.8 : HYBRID SIMULATION OF A THIRD-ORDER -
o ~PLANT FOR VARIATION IN o



X1 t
3
X1

v " RGN

FIGURE 4.8.9 : HYBRID SIMULATION

OF A THIRD-ORDER PLANT WITH
ACCELERATION LIMITING
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such that:

curve No g '?iE
1 1
2 .4
3 A 2
4 0 (triple intégrator)

Again the settling times are virtually the same as for

the nominal (A= o).

Figure 4.8.9 illustrates the responses for position,
yelocity and acceleration when acceleration 1imiting was
introduced (a non-linearity). K = 1 and ‘Xp = 1 and the

p
acceleration 1imit setting was about .3X1 max.

Curyes 1,3 and 5 represent the state variables with no
acceleration 1imiting and curves 2,4 and 6 represent the
state variabhles with Timiting. It is seen that the
introduction of limiting the acceleration does not modify

the performance of the plant by any appreciable means.

Fina]&y Figure 4;8.10 represents the response of the
output pqtenﬁiometer of a small DC motor for a step

input. The adaptive relay control strategy was
synthesized on an analogue computer and is essentially

the same as in Figure A12.1.1. This is distinct from the

digital control as. indicated in Figure 2.4.24 1in chapter



FIGURE 4,‘8.10 : ANALOGUE COMPUTER CONTROL OF A DC MOTOR
WITH THE ADAPTIVE RELAY STRATEGY
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two, hut the basic analogue hlock diagram of Figure

A6.4.1 still applies. -

Curye 1 represents the output respbnSe when there was no
yelocity feedback present and merely the position feed-
back provided the switching function to the electronic
relay. As can be seen there were limit cycles in the
steady state and further augmented by the severé backlash
in the gearbox. Curve 3 represented the adaptive relay
strategy for a particular velocity feedback constant

(the tachogenerator Qoitage was attenuated thrbugh a
potentiometer) and curve 2 represented the response when

the velocity feedback constant was reduced by a factor

of four.

It can bhe seen from Figures 4.8.1Q and 2.4.24 that this
method proyides good control overAa DC motor whose
transfer function can be apprbximated to by a second-
order function (note that in Figure 2.4.24 no attempt

was made to optimize the velocity feedback constant).
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Summary of Results and Comments

The adaptive relay controller was applied without any

‘modification to second and third order plants, both con-

taining non Tinearities (velocity and acceleration

1imiting). Neither the plant parameters nor the precise

plant dynamics need be known. In contrast the time-
optimal (see chapter two) controller requires an

accurate knowledge of the plant dynamics.

The application of the relay adaptive control law is
straightforward and is the implementation of a linear

algebraic function of the plant state-variables

_provided of course, that they are accessible. The

strategy can be applied for a set of references provided

the error state-variables are generated.

In general this method proyides satisfactory system
response of second-order and third order p]anté through-
out the state-space, and the controller does not requ}re
the knowledge of the plant dynamics for its implementa-
tion. The effect of the sliding motion of the switching
element need not necessarily be a problem as a smoothihg
network inserted between the relay and the input to the
plant, wou]d alleviate the action of the bang-bang

control signal upon the plant (similar in respects to
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the diode limited integrator used for sliding motion

detection, see Appendix Al2.1).

The results obtained from the third-order plant with
complex eigenvalues in the hybrid simulations and the -
control of the dc motor indicate a good practical

| applicatiohvdf this control method_to motor position

control with large inertial loads.
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CHAPTER 5

STATE VARIABLE TRANSFORMATION AND NOMINAL-V CONTROL

INTRODUCTION

One of the difficulties in synthesising the time-

optimal expression for a fast model (where known) is

it's complicated form which consists of several

combinations of exponéntfa], logarithmic and other
complicated functions of the state variables (see
Appendix A6.2 and A6.5).

31 whereby the time-optimal

A method developed by Ryan6’
feedback control Taws can be expressed in an exp]icit‘
algebraic form is presented hefe. Ryan shows that

in certain cases the time-optimal control law for trﬁp]e
integrator plants may be expressed 1ﬁ a form involving
merely products énd integer powers of state Variab1e§
together with'signum functions. Moreover it has been
established that this control law is also precisely
optimal for specific third order plants with negative
real eigenvalues in a certain ratio and for double
integrator plants and negative real eigenvalues 1in

a certain ratio.
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This property forms the basis of the nominal-v control
approach whereby the relatively simple time-optimal
control Taws fbr the double and triple integrator

- plants may be applied, via a special state variable
transformationv(the nominal-v transformation) to more
general second and third order real pole plants with

little deterioration from optimal system performance.

The use of a fast model predictor whether synthesized

as a mathematical model on a computer or otherwise,
presents no réaT difficulties for second order syStems'
so far as the switching logic is concerned. However
for third and higher order systems the switching
strategy based on a fast model becomes extremely complex

and to achieve exact time-optimal response even more so.

For morévgenera1 third order (and fourth order) systems
a simplified sub-optimal predictive control strategy |
is shown which gives near time-optimal performance.
Aftentibn is focussed however on third-order plants

with complex eigenvalues during the hybrid simulations.
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The System

The relay contro1 system under consideration is shown

in Figure 5.2.1 and is the same as that in section 1.2.
However for explanatory ‘purposes a short introduction

to tHe system'fs felt to be justified. The system

in Figure 5.2.1 is described by the vector-matrix equation

X = Ax + Bu (6.2.1)

Where x is the n-dimensional state vector. The
nxn ‘system matrix A and the n-dimensional vector B

are assumed to be of the canonical forms where

- -~ o —

0100 ... 0 0
- {0010 .... 0 ¢ ' 0
A = ‘ . tand B = | - (5.2.2)
1
-dl -dz o 3
i = constant (i =1, 2, ...., n) a = constant

>0 (:'Kl)' The eigenva1ues'of the matrix A are

_ P S
assumed real and non=-positive.

The components of the state vector x are the phase
co-ordinates X (i =1, 2, ...., n) which satisfy

5. 0= x.. . (i=1, 2, ... ., n-1)  (5.2.3)

The controller generates a scaler functjon of the

system state vector, - g(x) at the 1hput to the relay

so that
- +1 6(x)>0
u = u(x) = ~sgn(g(x)) = (o (-1=«=+1) B(x)= 0
(-1 g(x)<0
(5.2.4)



ideal
relay

I><

FIGURE 5.2.1.
RELAY CONTROL SYSTEM
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The function g(x) will be referred to as the switching
function.  The set of state points satisfying p(x) =0
‘constitutes the switching surface which paftitions the
state space into two mutually exclusive regions of

positive (u = +1) and negative (u = -1) control effort.

It 1s required to determine the switching function #(x) -
such that, under control law 5.2.4, the system is
transferred from an arbitfary initial state x(0) = x°

to the state origin in minimum or near minimum time.

For continuous feedback control the switching function
$(x) is synthesized directly. For predictive control,
the controller generally incorporates a model of the!

plant simulated on a fast time scale.

The predictive control system operates with sampled
data, the plant state being measured at the beginning
of each sampled-data interval. This measurement is used

to set the initial conditions of the fast model.

Durin§ a given sampled-data interval (real time) the
fesponée of the fast model to some prescribed control
schedule is examined. The control input to the actual
p]ant during the next sampled-data interval (real time)

is determined on the basis of the fast model response.
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The ideal (but unrealizable) condition for which the
sampled-data interval is infinitely small is assumed
throughout. Under this idea1ized condition, the
predictive contro]]ér may be regarded as generating an

equivalent switching function ¢(x) so that a given

predictive control strategy and its equiva1ent feedback

~control law are identical in effect, i.e. an idealijzed

predictive strategy and its equivalent feedback control

law are synonymous.

Implementation of predictive control strategies

As indicated in section 5.2, a predictive controlier
operates with sampled-data (see chapter 2). For
the purpose of analysis, the idéa1ized“condition,
for which the sampled-data 1nterya1 is infinitely
small, was assumed throughout. As this condition is

physically unrealizable," practical implementation of

both time-optimal and modified sub-optimal predictive

control strategies is discussed briefly below.

For an nth order plant the time-optimal prediftive control
strategy required that, during each_samp1edrdata interval
(n-1) state co-ordinates of the nth order fast model be-
controlled time-optimally to the origin (Bi1lingsley

andCoa]es12 proposed a sub-optimal predictive strategy
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in which the fast model 1is not controlled but merely
observed) of the (n-1) dimensional sub-space; the
remaining state co-ordinate is then inspected and the

real plant control is set to the opposite polarity.

~ The (n-1) state co-ordinates of the nth order fast model
may in turn be controlled by a complete predictive
controller which uses a'second 'nested' model, of

order (n-1), operating on a still faster time scale.
This procedure may be continued yie]ding a set of (n-1)
" nested models, each successive model being reduced in
order by unity and operating on a progressively faster
time scale and culminating in an innermost model of the

first order.

In practice this strategy is restricted to low-order
p]ahts as the iterative speeds of the inner hested.
models are difficult to achieve. In chapter two some
estimate was made to establish a lower bound of model

iteration rate.

The sub—optima] strategy utiliéed here reduces the number
of‘nested models by unity by requiring that, during each
sampled-data interval, only (n-2) state co-ordinates of
the fast model be controlled time-optimally to the origfh

of the (n-2) dimensional sub-space.
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An easily synthesized function of the remaining two

co-ordinates 1is then inspected and the real plant

control is set the opposite polarity. This decrease in

- sub-system order affords a considerable reduction in

controller complexity and makes practical application

of the sub-optimal predictive'strategy-to third

~and fourth order plants relatively simple. For example,

- when applied to a third-order plant, the strategy utilizes

a first order sub-system and consequently requires only

a single fast model.

The sub-optimal predictive strategy appiied to a general
third-order plant with real non-positive eigenvalues via
the nominaT state transformation is shown schematital]y
in Figure 5.3.1. Note that the fast model is not a
model of the actual plant but rather a model of the
nominal plant with nominal eigenvalues in the ratio

3:2:1.

Nominal-v cantrol

5.4.1 Series Decomposition

Consideyr the general plant of Figure 5.4.1 with

real eigenvalues Ai (i =1, 2, ...., n)



L9
pLANT - &
ésla and hold at U . >—<
Start of {is- th somple o X=Ax+8By I/
data interval - _ = =
sample at start of ith Vv I '
sampled-data interval and Tnom < |

set IC’'s of fast model

FAST MODEL
N T 1L 1
V1(X)+V2(X) ] ST3A S-2X, S -\ o a
V2
v3
. Vy(X)
FIGURE 5.3.1

SUB-OPTIMAL PREDICTIVE STRATEGY APPLIED TO A
THIRD - ORDER PLANT WITH REAL NON - POSITIVE
EIGENVALUES
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" FIGURE 5.4.1
~ SERIES DECOMPOSITION
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It may be shownlthat the state vector v with
elements Vs (i =1, 2, 3, ...., n) defined by
Figure 5.4.1, may be obtained from the x state

vector by the transformation

v = Tx (5.4.1)

where T is the lower triangular matrix of the

form .
100 vovernnnn... 0
- 12’1 i 0 s
3.0 T30 L ceeennns
................ 10 |
Tt Taye . Tan-1 1 (5.4.2)

The non-zero off-diagonal elements are determined

by the relations

i-1 . .
Ti,l - T ( k), i =2, 3, ..., n
k=1 '
= - <1=2:33~ S (I
Tig ™ " Mo Tienyg F Tiogu-1(5-203. .01
, ' (5.4.3)
specifically from 5.4.2. and 5.4.3
(a) for n =2
1 o]
5.4.4)
T = i-xn, 1 ¢
| RS
(b) for n = 3
10 0
T=i-A; 1 0 |(5.4.5)
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~The transformation from x into the v state

vector will be referred to as series decomposition.

"~ Plants with negative real eigenvalues and having

a time-optimal control law identical to that of

a pure integrator plant of corresponding order.

It is shown (Ryan6) that the time-optimal control
problem for an nth order pfanf with negative real
eigenvalues given by |

A < (n+l-i)A , i =1,2, ..., n (5.4.6)
whereA is a negative constant, may be reduced to
the corresponding problem for a plant consisting

of n pure integrating elements.

A particular consequence of this property is
that the time optimal controi law for the
plant expressed by 5.4.6., wheh expressed as
a function of the series decomposition state
vector v, is identical to that of a pure

integrator plant of the same order.

Referring to Figure 5.4.2., if u = sgn(¢°(§))
is the time-optimal control Taw for the pure
integrator system of Figure 5.4.2(a); then
u=sgn(¢o(y)) is the time-optimal cantrol law
for the negative real-pole system of Figure

5.4.2(b).



1 10 o k2 1
d S . S [ S
o°lx) |
a)
1 I L I i R I N
a S-2 S-2A S-NA
1 o
Jf dlv) [T

b

FIGURE 5.4.2. -
(a) TIME-OPTIMAL PURE INTEGRATOR SYSTEM
(b) EQUIVALENT SYSTEM WITH NEGATIVE REAL EIGENVALUES
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Nominal-v control

In cases of more general second and third
order systems, for'which the plant eigenvalues
are real but no Tonger in the specific ratio
represented by (5.4.6), it is shown that
successfd] application of tHe relatively simple
time-optimal control Laws for second and third
order pure integrator plants may.be achieved by
(a) assuming a nominal plant with nominal
eigenvalues given by 5.4.6 i.e.

Ai(nom) = (n+1-1)A ., 7=1,2,...,n ) =constant
(5.4.7)

with

(b) the sum of the nominal ejgénva]ues equal

to the sum of the actual eigenvalues, i.e.
n n

S Ai(nom) = = A (5.4.8)

izl i=1

or in view of (5.4.7)

i (5.4.9)

and
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(c) Implementing on the actual system the
optimal control law for the nominal system
(identical to that of-.a pure integrator plant

of the same order).

- Equation 5.4.8. implies that the trace of the

nominal éystem matrix is equal to the trace of
the actual system matrix, i.e. in defining the
~nominal system 5.4.7, the trace of the original

n
system A matrix (tr A = X A
S i-1

32 ,
). |

(see Wiberg

Stated alternatively, the nomina]-y control
approach facilitates near time-optimal control of
second and third-order real-pole plants by
~implementing the easily synthesized control Laws
- for the double and triple integrator p]anté, this
Ibeing achieved by mapping the actual systeh X

, stéte vector into the series decomposed y vector
for the nominal system via the nomina] series

decomposition transformation.

;_T( (5.4.10)

<

nom) %

) is preserved
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Here T(hdm} is the nominal series decomposition

transformatién matrix which, from 5.4.4., for a

second order system is

i - —

1 0 )

- = (5.4.11
(nom)

—Al(nom) !

[

or from 5.4.7. and 5.4.9. in terms of the actual

_system eigenvalues

et

and for a third order system, from 5.4.5.
1 0 0]
T(hom)

'Al(nom) 1

AL (nom)A2(nom) ~(A1(nom)+A2(nom)
T : (5.4.13)
or, from 5.4.7 and 5.4.8 in terms of the actual

Ll-—-\

system eigenvalues

1 0 0]
T(nom) = '%(}\l+>\2+}\3) 1 0

%(A1+A2+A3)2 ‘g(A1+A2+A3) 1

e ]

(5.4.14)
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The control method outlined above is referred to
as ‘nominal-v control'. The overall nominal-v

control system is depicted in Figure 5.4.3.

Properties of second order nominal-v control
systems.

" The properties of these systems are well docu-

mented by Ryan6 and only a brief outline is given
in Appendix Al3. Only the results are stated

here, namely

%Vl = X% . (5.4.15)
-~ }\ - X ‘
R LY K
: . A1
Where the eigenvalue ratio o4 —= (0>X.>2A,)
_ v AZ 1 2
(5.4.16)

and the nominal -v control law may now be

written in the same form as that of the double

integrator plant, viz.

u = u(y) = —_sgn(vl+%v2 | v2|) (5.4.17)
when (a) A1 =2, =0 (the doub]e integrator plant)
and (b)) A1 = 2h, (whenel= 2)
equation 5.4.17. represents the exact time-optimal
control Law, and for other cases the control ‘s

sub-optimatl.



I

FIGURE 5.4.3.
NOMINAL -V CONTROL SYSTEM
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It was found however that the very much simplified
nomina]-y switching function provides control.
that departs very little from the exact time-

_optimal trajectory.

Third-Order Sub-Optimal Predictive Strategqy

As out11nedv1n Section 5.3 the time-optimal strategy
involves the rapid computation of the time-optimal
trajectory to the origin of the (n-1) dimensional
sub-space with co-ordinates x1(1=2, 3,...,n); at this
(fictitious) point the remaining co-ordinate X4 is
inspected and the control input to the actual plant
(henceforth to be calied the real plant control) is set

to the opposite polarity.

The-sub-optimal strategy is as follow:

. For an arbitrary initial state

X (x17p% s ey xA)T, if the time-

optimal trajectory to the (xl - x2) plane meets
this plane at a point B satisfying

- B B
X~ = (xl, X0 Q, ..., 0)

T (6.5.1)
then the real plant control is given by

U= -sgn (M(x)s x5)) (5.5.2)
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In other words, the sub-optimal strategy involves
the rapid computation of the time-optimal
trajectory to the origin of the (n-2) dimensional
‘sub-space with co-ordinates x1(1=3, 4, ..., n);
at this (fictitious) point some function of the
remaining two co-ordinates, [’(xl, x2) is
inspected and the real plant control is set to

the opposite polarity.

Thus, by adopting the sub-optimal strategy, the
order of the sub-system fis reduted_by unity (see

- Figure 5.5.1).

It now remains to select the function r(xl, x2)
so that the strategy gives near time-optimal

COHtY‘OZI .

In order to select the function I (xq, X,)
a Lemma asserted and proved by Ryan31 (1976)

is stated.



X X X X X/]
1 AN 3 AT N
{ l =T TS s
“/
”®2(x3,..§.,xn) < ixq.x)) g

{n-2)th order subsystem

FIGURE 5.5.1

(n-2)TH -ORDER SUBSYSTEM FOR THE SUB-OPTIMAL
STRATEGY : - :
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Lemma 5.5
For the nth order pure integrator system

(%, = (i =1, 2, ..., n-1)

1+1

[ R ] - >

X =

the time optimal control at.a point
X = (xl, Xy, 0, ...; O)T

in the (xl, x2) plane is given by

u = u(xl, xé, 0, ..., 0) =

~sgn( !xl[ n—lsgn(xl)+fjlx21 n sgn(x,))
n =2, 3, '

where f3 (> 0) is a constant given by

f= 2n3 (n-2) !a

For example,

(i) if n = 2 then by Lemma 5.5, B = 2 and
1y 2 '

u =lu (Xl’ x2) = -sgn (xl +

i.e. the well known time-optimal control

Law for the double integrator plant.

]

(ii) if n = 3, then 3= a and

%)

I

-sgn (x ixl[ tax,

(5.5.4)

=y
i

u(xl, X 0)
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By settihg
n-1 n
[ (%15 x,) = le, sgn(xl)+ﬂlle sgn(x,)
. (5.5.5,)
it is established that the sub-optimal strategy
givés near time-optimal control for third

(and fourth order) plants.

The sdb—optima1 strategy now involves the rapid
computation of the time optimal trajectory from
the initial state at a point A to a point B in

“the (... x,) plane.

The real plant control is -then set equal to the

Ctime optimal control at B.

Application of the sub- opt1ma] strategy to the

‘triple integrator plant

For the sub-optimal strategy, the first-order sub-
system satisfies the equation

= U (5.6.1)



The time-optimal control law for this sub-system is’
u = -sgn(x3) (5.6.2)
and the optimal sub-system settling time from an

arbitrary initial sub-plant state xg is given by

A A A
t, = [ax3 o= axs sgn{xsy) (5.6.3)
“Integrating the state equations
§21 = Xy | |
(kz = X3 (5.6.4)
(. u
(%3 = 3

on the time optimal (switchless) trajectory to the

sub-system origin yields )
B _ A A At S9N X3 ¢S
2

Xl(tl)le = Xy T X, byt Xg 53
(5.6.5)
(£ )ox B e x A e x A g o 59 x," L2 (5.6.6)
Xollp)=Xp = %5 3 01T =2 1o '

2a

which, from 5.6.3. on substituting for ty reduces to

2,,7A\3
B _ A A A A a (x4) :
Xpo = Xg ot axy Xg sgn(x3 ) + 33 (5.6.7)
A2 :
a{xy ) .
3 A
sz = sz * ——— sgn (x3 ) (5.6.8)

Finally from 5.5.2, 5.5.4, 5.5.5 and omitting the
superscript 'A', the sub-optimal control law may be
written as | _

u(x) = ~sgn( [ (x% %)) =

-sgn (xlB' I'xiB {' + a(x28)3) (5.6.9)
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or
a(x) = -sgn (U U]+ -av3) (5.6.10)
where from 5.6.5 and 5.6.6
U= x," = xq + 3 4+ aX,X, Sgn{x,) _
N 273 37 (5.6.11)

sgn(xs)

The exact time-optimal control law for the triple

integrator plant can be expressed as

2 3
gS-= Xq + @ X3 4 oa Xo X3 SgN (¢l) (5.6.12)
3 .
( 2
(T = x, + %3 sgn ()
where u(x) = -sgn (S {S[ + aT3) (5.6.13)

Inspection of 5.6.12, 5.6.13 and 5.6.10, 5.6.11 confirms
that the sub-optimal feedback control law derived from

the sub-optimal predictive strategy corresponds closely
to the time-optimal feedback controf Taw : the switching

functions differ only in the arguments of the signum

“functions of 5.6.12 and 5.6.11.

By analysing both strategies in a reduced state space

10) Ryan3i

(Fuller verifies that the associated switching

surfaces are in close agreement.
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Experimental Procedures

L

The first stage of experimentation was executed on the
analogue computer. The next stage was the conversion

of the system equations .for use on the minicomputer

~for hybrid simulation. 1In both stages the plant was

simulated on the analogue computer and its form was
identical to that of the previous three chapters. The
final stage was the control of the DC motor by the
minicomputer using the switching function ¢ (v), derived

from the v transformed plant state-variables.

The implementation of the simple control Laws for a

second-order plant (see Appendix A.14.1 for a description
of the contro]vequations on an analogue computer block
diagram) follows the mechanization of equations Al3.1.4

and A13.1.5 for any second-order plant under consideration.

For the second order plant G _(s) = Kp where
‘ : P ETE?&EY
Kp(=§)=l (nominal) and<xp = .1, the v control equations

are vi.= Xy and Vo, = X1 * Xos and the sWitching

.2
_ 3 .
function ¢ (v) is g(v) = vy + 3 v, [VZ | = 0.

For'hybrid control, the program required to execute
these v equations is simple and with the system block

diagram is included in Appendix Al4.2.
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The third order plant (and frip]e integrator) control
laws required some mathematical manipulations although
the triple integrator plant merely required the direct

mechanization of equations 5.6.10 and 5.6.11. Appendix

- Al5 contains the manipulations and equations required

to generate the control laws for a third-order plant

K

- Gp(s) = D . The system block diagram is

s(sz+d S+1)
presented and the programme for the third-order plant

Gp(s).

The small DC motor was run with the programme written
for a second—ofder plant and executed in exactly the
same manner as for the fast model predictor .controller
described in chapter two. Figures 2.4.24 and 2.4.25 in
chapter two also illustrate the motor response due to

the v transformation method of control.

Simulation Results

Figures 5.8.1 to 5.8.4 depict the responses of a second-

order - plant to a reference step for variations in the

plant gain parameter Kp and time constant &i. The plant

K P i

has a transfer function G,(s) = where K_ = 1
v P ETE%&?T . P

(nominal). P
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FIGURE 5.8.1
RESPONSE OF SECOND ORDER
PLANT FOR VARIATION IN Kp



.
I xt

SV"_

SRR <:_->_:;<

45,
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RESPONSE OF SECOND ORDER
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FIGURE 5.8.3"

RESPONSE OF SECOND- ORDER PLANT FOR
VARIATION IN Kp
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" FIGURE 5.8.4 :
"RESPONSE OF SECOND ORDER PLANT FOR
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The curves of figures 5.8.1 and 5.8.2 depict the
response of the analogue computer simulation of near-
time optimal control using'the nominal-v control
transform method and where Kp = 1 and dD = .1 ére the

design values. The reference is a step of 5 volts.

For figure 5.8.1:

b |
1 (nominal design value)
2 .8
3 1.2
4 1.5
amdo(ID = .1
For figure 5.8.2

Curve No. ol

1 .1 {(nominal design value)
2 .2
3 .05

For variations of Kp> Kp(hom) curves 3 and 4 remain
remarkably cTose.to the nominal, wh1]e forAKp < Kp(nom)
(curve 2) the ratio of the settling time to the nominal
settling time is about 35% (if we compare this to the
value obtained from figure 2.4.18 curve 3, the ratio is

about 40% for a vaiue~of dp = .5).
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The variation of dp about the design value yields
curves which hardly differ frgm the nominal design
value. The curves in both figures demonstrate that
for moderate plant parameter variations, the responses

differ very Tittle from the time-optimal response.

Two sets of curves for the second-order plant are
submitted using the hybrid control facility.
Figures 5.8.3. and 5.8.4 depict the responses of the

second-order system for variation in Kp and<xp.

In figure 5.8.3

Curve Nq. EE
1 1 (nominal design)
2 1.5 |
5 _ .5

and dp = .1 (nominal design value).

. And in figure 5.8.4

Curve No. . Kp
1 1
2 1.5
3 .5
and & = 1 (nominal design value)
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K

For large variations in the ratio g E énom g and for

P

- the two design values ofcdp, the effect g <1l yields
a dead-beat type response. For g >1 and o% = .1 a
Targe overshoot occurs and the settling time is increased

above the nominal by about 180%.

‘For<xp = 1 and §:>1 the overshoot is sma]] and the output
merely takes a longer time to reach steady state as can
be expected for redﬁced plant gain and for a large decrease
1nvthe<p1ant time constant ie. Simiiarly for §< 1 the
response is dead-beat and the time to reach steady state

is reduced as the plant gain has been increased.

The simple algebraic structure of the control Laws
(equations A 13.1.5 and A 13.1.8) yield a good degree
of insensitivity to plant parameter variations, while

the performance is close to optimal.

Figure 5.8.5. depicts the response of a tripie integrator
for a step initial condition for variations in Kp,
Kp (nominal) = 1 and the step initial condition is

5 volts. The responses are:

Curve No. EE
1 1 (nominal)
2 1.5
3 5
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For

A
—
Famn
~

I

1.5) the response is dead-beat, and for

>

QIO
<
-y
N
~

I

.5 the‘plant goes unstable, For‘Kp.= .8
there are large very lightly damped oscillations ébout-
the steady state. It is observed that the control laws
are highly sensitive for any reduction in the nominal

(design) plant gain.

Figures 5.8.6 and 5.8.7 represent the responses of

a third-order plant with transfer function

G (s) = Kp : where K_ (=

1
=) =1 (nom
o > — p (=31 =1 (nom)
s(s +o%ps+1)
‘and dp = .4 (nominal design value), to a step initial

condition for variation 1n<xp and with acceleration

Timiting (a nbn-]inearity).

For figure 5.8.6. (K_ = 1)

3
Curve No. X
- - |
1 4 (nominal design)
2 2
3 , .6

4 - 1
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FIGURE 5.8.6
RESPONSE OF A THIRD-ORDER PLANT FOR VARTATIONS IN

P
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FIGURE 5.8.7
RESPONSE OF A THIRD-ORDER PLANT WITH AND WITHOUT
ACCELERATION LIMITING
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And for figure 5.8.7. (Kp = 1,<>(p = .4)
. Curve No.
1 : Position response )
. , )
3+ Velocity response g No 1imit on acceleration
5 : Acceleration response) '
| )
7 ¢ Input signal )
2 : Position response )
)
4 : Velocity response )
. ) ,
6 : Acceleration response) With 1imit on acceleration
) (% Timit = .3 X)
8 : Input signal )

In figure 5.8.6; increase 1in dp resulted in a response
with less overshoot and consequently reduced settling

time as could be expected, in fact curve 4 yields a dead-
beat type response. Although the v transformation method
has been defined for plants with zero or real ejgenvalues,
the use of this method for complex eigenvalues is also
quite successful expecially for plants with transfer
~function Gp(s) above (GP(s) is an approximation to a DC
‘motor with large inertial Toads). However the correct
choice of (and KP) for the control equations to yield

P
a satisfactory response is still partially empirical.
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Figure 5.8.7. demonstrates the effect of a non-Tinearity
viz. limiting of the acceleration on the overall per-
formance of a third-order plant. As can be observed the
response is stable and comes to rest despite the several
large overshoots. This test was repeated'for<xp = 1 as

in figure 5.8.7. (although not included here) with a

subsequent improvement in settling time.

In fact, figure 5.8.8 illustrates the response of Gp(s)
for the v transformation and adaptive relay control

.8 (the design value for the vy transformation

when dp

 was Sty = .4) and Kp = 1.

The curves are:

Curve No.

1 Positidn response )

3 : Velocity response % Adaptive relay control

5 : Acceleration response % |

2 : Position response )

4 : Velocity response % y transformation control
6 : Acceleration response %

The performahces are virtualiy identical but moreover
the position response is of the 'dead-beat' type by

merely increasingcxp in the transformation equations.
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FIGURE 5.8.8 . ,
RESPONSE OF A THIRD-ORDER
PLANT WITH V AND ADAPTIVE
-RELAY CONTROL
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By careful selection and adjustment of the plant
parameters for the v transformation equations it
it possible io obtain satisfactory system performance
for plants with complex eigenvalQes and with the

presence of non-linearities.

Summary of results and comments

The notion of the minimal number of drive reversals

(the number of times the bang-bang input reverses sign)
for minimal-time control wés based upon plants with real
negative eigenvalues. For plants with‘comp1ex eigenvalues
it can be stated (although not proved here) that if the
co-state p, of.the Hamiltonian has trigonometric or
complex exponential terms (as it would for a plant with
complex eigenvalues) then there is no Timit theoretically,
to the number of sign changes of p and therefore of

ux(t), which may occur during an optimal transition.

However, assuming that the termination is accompiished

~in a finite time, the number of sign changes of p,

and therefore of u®(t), is finite. The nominal -v
transformation method applied to plants with non-positive
real eigenvalues. For complex eigenvalues the nominal

eigenvalue ratios are not defined. However the simulation
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of

a plant with complex eigenvalues, and with
non-linearities yieided reasonable performance, with
moderate overshoot and no susfained osciilations about
the s*zady st;té. With careful tuning, a dead-beat

type response can be achieved.

With regard to the ca]culatfons of U and V 1in
Appendix A 15.1, it is important to note that the

- third-order plant with complex eigenvalues was
‘approximated to by a plant with two real and equal
eigenvalues. In this way the implementation of the

nominal decomposed system could be achieved.

The response curves in figure 5.8.6. for variations

in dp indicate that although a design value of<xp = .4
was selected, a value of<ip = 1 set on the plant yielded
the minimal settling time. This indicates however the
difficulty of synthesizing a sub-optimal control function -
‘for a third order plant with complex eigenvalues (with

a supposedly known value of dp and Kp).

One of the primary improvements and adyantages in this
technique 1is the use of simple algebraic expressions
for deriving the control laws, such that for second-

order plants, maintain a near time-optimal response in
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- spite of plant parameter variations, viz. the control
equations are to some degree insensitive to plant para-
meter variations. These expressions must be compared -.
with the cumbersome and unwieldy exact time-optimal
expressioné involving exponentials and logarithms
which also, are more sensitive about their nominal
design parameters thén the transformed algebraic
'expressions (éee Appendix A6.2 and A6.5).
For third-order plants with complex eigenvalues this
'.technique competes favourably with the adaptive relay
‘control method, although knowledge concerning the -
plant parameters is essential to achieve satisfactory

system performance.

Finally the OC motor was run with the programme written
for a second-order plant as for the fast modei controller
in chapter two.v_Fngrés 2.4.24, and 2.4.25, illustrate
also the motor response due to this method of control.
Curve' 1 in figurev2.4.24. and curve 2 in figure 2.4.25
are of the'dead~beat type and'represent angular position
resporises close to time-dptima]. This method for motor
position control offers up many practical possibilities
especially as the hybrid simulation studies on a third

order plant with complex eigenvalues appear very promising.
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CHAPTER 6

CONCLUSION

The use of a fast model to predict the instants of change-

oyer of the drive for a plant to achieve time-optimal control

has been suécessfu]]y demonstrated. This program, in fact,

comprised certain develapments and extensions and are listed

below in five basic stages as well as certain reservations.

Stage 1

Stage 2

Stage 3

Stage 4

The analogue computer simulation of a second-order
fast model prediétor for time-optimal control of a
second-order plant (the second-order logic was also

applied to third-and fourth-order plants).

Hybrid simulation, where the fast model time-
optimal trajectory equations are used to execute

control for second-and third-order plants.

The application of model reference, parameter iden-
tification and tracking scheme to maintain a
closely matched plant to model pair and thereby

ensure the time-optimal control action.

The method of the adaptive relay control whereby

the identification phase in stage 3 is eliminated
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and a relatively simple sub-optimal control law was
implemented. With the resulting plant response in

some cases close to optimal.

Stage 5 : The method of the nominal-y transformed state
| yariahles, to rep]acevthe cumbersome and sensitiye
exact time-optimal equations used in Stage 2 for a
set of simpler, less sensitive algebraic expressions
in which the plant response is in some cases time-

optimal.

The direct analogue simultation of Stage 1 successfully
demonstrated the basis behind the objective and it was fairly
satisfactory in proyiding control for second, third and
fourth order p]anfs, proyided that the oscillations about the
steady state for third and fourth order plants can be
accommodated or the control is switched to an auxiliary
‘strategy. The Timitations in this method are the inherent

de]éys, lags and drift in the analogue and electro mechanical

elements which affect its ability to predict accurate control.

In order to improve upon the performance of the system,
Stages 2 and 3 were logicai steps. The introduction of a
computerised fast or synthetic model (through the exact time-
optimal trajectory.eqqation) enabled the accuracy and

repeatability of the control action to be greatly enhanced
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“while the addition of an identification scheme to the system
radically improved the overall response in the presence of
plant parameter variation. The computer program deye]opéd
for the control of a second order plant was successfully

applied to the position control of a small DC motor.

The time*optima] or nea} time-optimal control strategy for
third-order (and highér order} p]ants{f01]owed in Stages 4
and 5. It was found however that the nominally time-optimal
control Systems were highly sensitive to parémeter variation
and‘in certain cases small deviations of the plant parameters

increased the settling time while in some other cases caused

instability.

In stage 4 a simple refay adaptive controller (which results
in sliding motion) with a ]{near ﬁwitching function has been
app]ied with the resulting system response c]bse to the time-
optimal trajectory. A third-order plant with complex
eigenva]ﬁés was also controlled by this method and ts
response was satisfactory for moderate variations in the
plant paraméters. A small DC motor was successfully con-
‘trolied by this method and it appears that there exists a
wide possible application of this strategy to systems with

general higher order plants.
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In Stage 5 a state yariable transformation method, termed the
nominal-v transformatfon control method, has been success-
fully applied to second-order plants. The relatively simple
time-optimal control law for a double integrator plant has
been applied to a range of more general second-order plants,
with remarkably small deterioration of the optimal system
perfbrmance. In this way, the difficulties inherent 1in
synthesizing the logarithmic, exponential and other complica-
ted functions of state variables which are present in the
exact time-optimal control Taws (where known) as in Stage 2
wére'ayoided. It wa§ also found that the simplified control

" Taws were to some measure insensitive to plant parameter

yariation.

A sub—optimaT predictive control strategy which is hased on
vthé time-optimal strategy for second-order systems is
generalized for third-order (and higher order) systems. The
sub-optimal strategy was simpler to imp1emth than the exact
time-optimal equation, and by direct appiication of this
strategy to a third-order plant with complex eigenva1ues,.a'
satisfactory set of responses were achieyed, although this .
method is based upon plants with negatiVe real eigenyalues 1in
simple ratiosp The success attained by:this.method on a
small DC motor indicated its use and application to general

second and third order systems.



The adyantages and disadyantages accrued to the stages .
described and tested, have heen condensed in the following

table
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Further research is felt to he warrented in several fields as

Tisted below:

The extension and development of the identification

algorithm to accommodate fast reversals of the plant

~input for the hybrid adaptive system.

The prob]emvof hidden state variables or the inability
to measure a state variable, with the pbssib]e use of

observer systems.

The inyestigation into the presence of noise and random
disturbances in the {input, measurement vectors and the

sensitivity of the control laws.

The improyvement of the vy

-transformation control laws for

third- and fourth-order plants with complex eigenvalues.

Finally to proyide an answer to the question as to which

control method is deemed to be the hest or most suitable, it

can only be said that circumstances will dictate the appro-

priate technique. The system under consideration, the limits

imposed by the enyironment, available finance,the design

requirements of speed, accuracy, repeatability and religbility

of performance will determine which method is to be ultimately:

selected.
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APPENDIX Al

DERIVATION OF THE HAMILTONIAN FORMULATION9

A quantity to be maximized or minimized, using the calcu]us.
of variations, is called a functional. A functional may be
defined as a re]ationship by which we associate a definite
real number with each function or curye belonging to a certain

~class. For example, the more general functional

X _
J = ‘/ - f(x,y,y )dx (Al.1)

.can be described where J = the yalue of the functibna] and f
is some preécribed function of the arguments shown. It is
required to find the curve y(x) (the éurve y(x) will be
restricted to the class of functions which are coﬁtinuous and
hayve continuous first derivations) joining two specified
points (x,, y,) and (%75 yy) which makes J take on a maximum

or minimum value.

The conditons which the function y(x)} must satisfy in order

to make J take on its minimum value results in the equation

§§ 3_( ) (A1.2)

where equation Al.2 is usually called the Euler-Lagrange

equation. It 1s an ordinary differential equation whose

-
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solution gives y as a function of x. Using the abbreviated

notation

fy & Of , the E-L equation can be written in the form
ay '
Fy = dfy- (A1.3)

It should be noted howeyer that the E-L equation is only a
necessaky-condition for a maximum or a minimum and further

“inyestigations might be required to test for a maximum or a

minimum.

For seyeral independent yariables, we wish for example to
find the two functions x(t) and y(t) which minimize a
functional gf the following form

Yy : v
J =f' FtsXs%,¥s¥) dt (A1.4)

to

I't turns out that the functions x(t) and y(t) must both
satisfy the E-L equations; that 15, the necessary cohditions

for an extreme value of J are the E-L equations

fx = dfx | . ’ o
o | - (AL.5)

o=y

Yoo

If, in addition, the right hand endpoint.is yariable, we also

haye a tranyersality condition which may be expressed 1in the

form (in many cases, the separate terms involyed in the
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tranversality condition will themselves be zero}
(f-xfx-yfy)dt + f, dx o+ fy dy); = 0 (A1.6)
where the subscript 1 shows that this relationship is satis-

fied at the right-hand endpoint.

Extending this to n dependent yariahles, we find that the

necessary conditions for an extreme value of
.

1
J = f; FLaXgshys +oes Xps %) dt
o |
are |
df,
fy. = T for 1= 1,2,..., n | (A1.8)
L Tdt

If the right-hand endpoint is variable, we have in addition
the transyersality condition

n n : ' '
( (f -;zl Xi fx. 1dt + ;;l fx_~dxi)_ = Q (A1.9)
1= 1 1= 1 o

The tranversality conditions are_kea]]y.a genera]izatioh of
the onthogonality conditions when dealing with the minimi-
zation of more geﬁera] functionals, hence if the E-L equation
is the differentia] equation which provides the solution in

a generaT form, the transyersality conditions supply infor-

mation concerning the boundry conditions of the problenm.

Suppose instead of expressing the optimization problem 1in

terms of the minimization of an integral of the form of
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equation Al.7, the minimization is desired of the quantity

~defined by
- 1 1 1
J = g(tl, XT s Xp' s eees X ) (A1.10)
subject to the auxiliary conditions
¢J (ts Xls Xls . ey Xn’ )'(n ) = 0 ° (Al.ll)

for j =1,2 ..., m <n

This type of problem is known as the Mayer problem, whereas
the problem in which an 1ntegfa1 is to be minimized may be
called the Lagrange problem, these two problems may be
treated as alternative formulations of the same problem.
The method_df solution of the Mayer problem is as follows

The function Fm is formed defined by

g, | - (A1.12)

m
F & = A; 8y

and solve the n+m E-L equations

JdFy s L |
Fox, = % (1= 1.2, oen) . (A1.13)

T g

. = =0 (j=1, ..., m . (A1.14
b5 = Fy, 700 ) (A1.14)
Subject‘to the specified boundry conditions and the following

transversality condition at the right-hand end point
' ' n

M s

(dg + (F - %, F . )dt+ = F_,
) m i=1 1 mx.i =1 mxi dxi

) =0 (Al.15)
1
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For a system characterized by the vector differential

equation
2= f (x, u) | (A1.16)
where x is the vector with components X1s Xos e X
f is a vector with components fi, fo, «v., foand u-is the
vector with components Ups Ups +envs ur.

Suppose is desired to find the control input u(t) in the
interval (to, tl) which transfers the system state from éo

at time t  to 51 at time t; and gives a minimum value to the

integral.
t_1 ‘
J =[ f  (x, u) dt (A1.17)
t, ° T 7 :

1
This can be solyed by formulating the problem in the Mayer

form:

1. Introduce a new state vyariable Xo» characterised by the
‘equation

2, = fo (X, U} (A1.18)

2, Express the differential equations as constraining
equatiéns of the form
=%, - f. (x, u) =0 | Al.19
b3 foo (%, 1) ( )

Xl
for 1= Qy 1, 2, «vus
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3. Form the function F, defined by

n n .
Fe Ty 8i = 2o My (kg = fy (xu) ) (A1.20)

4. lWrite the E-L equations for the dependent variables

These are

Xi0 Ay and us.

.VF)‘i = H% F %4 (i =0, 1, ..., n) (Al.21)
Fai = as Fig = 0 (= 0, 1, .oom) (AL.22)
FuJ-:H%FDJ=Q(J=J., o) (A1.23)

The quantities Fi‘ and Fa are zero because F is not an
AT J
explicit function of 3 , and as.

The transyersality condition, in this case may be written 1in

the form n n
(x. + (F - %. F, ) dt + = F, dx;} ; = 0 (Al.24)
0 Ci=0 V%4 | i=o X4 it 1
The quantities F, and Fk ~are all zero as before and need
J ' 1 '

not be written in the transversality condition.

In order to relate the calculus of variations to the maximum

‘principle, a function H is introduced (the Hamiltonian}),

defined by
n

He = A fp (2 u) o (A1.25)
=0
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The quantity F can be written in the form
n

- = . '
F=joo M %3 - H | (Al.26)

Expressing the three sets of the E-L equations Al.21 to Al.23

in-terms of F'as given by equation Al.Z26, yield késpective]y;

08 L d Ay (4=0,1, ..., n) | (A1.27)
axi dt

g 0O g (420,1, ..., n) (A1.28)
T M (

OH .

5 - Q | (j=1, ..., r) | : (A1.29)

The transyersality condition for the Hamiltonian formulation

of the problem is =
n .
= Q (A1.3Q)
7(dxo - H dt + %Eg Ai dxi)_1 :
The prob]em can now be worked in terms of the Hamiltonian H,

‘without using the function F.
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APPENDIX A2

GENERAL CONSIDERATINS IN MINIMUM-TIME CONTROL OF
| LINEAR SYSTEMS

The problem of the double integrator is a special case of
minimum time control of linear systems. Suppose we have a
general linear system whose differential equations are

written in the vector-matrix form

2= Ax + Bu | (A2.1)

where A 1s an nxn constant matrix

B is an nxr constant matrix
x 1s an n yector

- u 1s an r yector

The control yector u is required to lie in a specified closed

bhounded, conyex region U.

~ Equation A2.1 may be written in the form
n r

£.2 ¥ a..xX.+ = hbi, ou, (i=1,2,..,n) (A2.2)
g W g RK

The Hamiltonian H may be written as

H=p.At+p.Bu ' (A2.3)
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which may also be written in the form
n n r

H.—.“ = P

21 {2g5%; * o1 el LIRS (A2.4)

The differential equations governing the behayiour of the p;

may be derived from equation A2.4 to be

v n
dp. . .
j= -@H=- Z a. p; (§=1,..,n) (A2.5)
- Tdt 3%, i=1 U 1 ,

J

In vector matrix form equations A2.5 may be written as

dp T
= " A'p (A2.6)

where AT {s the transpose of A

" Equation AZ2.6 1s the adjoint equation carresponding to

X = Ax.

The auxiliary variables p, are sometimes referred to as the

adjoint variables or the co-state variables.

From equation A2.3 it is seen that H reaches 1its maximum with
respect to u when the second term on the right, p . By,

is maximumx' As this term is a 1in§ar function of u, and as
the control vector is required to lie in a closed, convex,,
hounded region U, the maximum vyalue of p.. Bu will, unless
this quantity identically zero; take on‘its maximum value
when u is on the boundry of the admissible regioh ahd cannot

haye its maximum at any interior point.
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TRIPLE INTEGRATOR . MINIMAL TIME CONTROL

The differential equations governing the behayiour of the

system
dxl
4t
dx2
dt

in Figure A3.1 are

:XZ'

(A3.1)

M

%3
u

(a'> Q plant parameter)

write the Hamiltonian H, as defined in 1.3.6 as
3 ,

H= {Eﬁ Pify (x5 u)
Ho= pyx, + PpXs + Py 3 .  (A3.2)

171

The optimal value of u must he given by u* = sgn P3 (A3.3)

The differential equations governing the behayiour of the

p yariables are derived from equations 1.3.7

dpi

dt
orvdp_1
dt
dp,
dt
dp3

dt

= - gH 1=1,2,3
é));t
a

-

(A3.4)
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: ' ’ o (A3.5)

Py = -Cit + ¢y _ (A3.6)
2
L c,t ; '
and py = "1 - Cot c3v B (A3.7)
(cy;s ¢, and C3 are constants)
p; can be expressed as
2¢, t 2¢ ' :

c 2 2 3 ,

Py = 1 (t° - —  + — A3.8
. X% .
Since u” = S9N py
Jou* = egn f% (t2 - 26 ¢ 4 263y (A3.9)
o cq cq
Since ¢ is a constant
o = sgn (tz . 2CHt N 2C4 )
, q cq
¢ (c - 2C,Cq) c (c 2c.C,)°
Sou® o= sgn (t c2 R < 13: L(t-—c-g P z 13
1 1 1 1
(A3.10)

We consider only yalues of t > 0 and real.

Equation A3.8 is a parahola in t and has the following forms

as in Figure A3.2.

A A sgn P3

Figure A3.3. represents the optimal input u* for u
Curyes A in both diagrams represents those values of P3 and
u® for c;> 0 and curves B represent those values of P3 and

X
y for 1 < Q.
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Pontryagin tells us that for a third order system we can
expect the minimum of two switchings. It can be seen that.
they must be the switch-points t, and t, in Figure A3.3.

S for the plant described

The time-optimal switching function
by equations A3.1 is

1.2 3 2 | 2
u* = =Xp-=73d X3 ~(ax2x3+a%(%ax3 X, 89N (X, +3aX 4 iXS !))3/ )

sgn(x, + 3axy |x3])
‘proyided the RHS # 0 ~ (A3.11)

For state points such that the RHS of A3.11 is zero
i = -x, -} axg | x5 | (x2+5ax3-|;3'| #0) (A3.12)
~and

ut o= oaxg (xptlaxg x5 | =01 (A3.13)

Finally by integrating equations A3.1 with respect to time we

ohtain o
WL 3
. (t) = %x,(Q) + x,(Q)t + x,(0Q)t" + ut
XJ_( ) l( 2 3( 5 &
, _ )
Xo(t) = X,(0) + X,(0)t + ut” _ (A3.14)
2(£L = x(01 + x5 ) -
x3(t) = xg(0) + ut

where %1 (Q), xz(Q) and x3(01 are the initial corditions

at t = Q

The complexity of the time optimal switching function
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~ equation A3.11 and the maﬁipu]ation of equations A3.14 invol-
ying t3 are evident although the co-state Py indicates that-
at least two switchings are required to bring the system
trajectory to its target. To achieve true time optimal

" response for a third drder system in practice is extremely
difficult and other strategies which are sub-optimal but more
simpler and less sensitive are resorted to, as described in

this thesis.
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APPENDIX A4

"THE DOUBLE INTEGRATOR PLANT

The plant trajectories are determined from

Xl = XZ

U (Ad.1)
X &
2 " b
Integrating equations A4.1 with respect to time we obtain the
trajectory equations as follows, for an interval during which

c

‘u(t) = constant

x7(tg) * xp(t L(tot, 1+ 3E(t-t,)°

Xl(t) =
xp(t) = X,(to)t £ (t-t,)
t >t | (AG.2)

0

" Eliminating time t from A4.2 we obtain
2 42 Cc
(x2(£02° = (xp(to1)" + 2 Flxy(th-x; (%)) (A4.3)
The initial conditions (xl(Ol, xz(O)) are written as
| (xlo, xzo) and will be taken to lie in the region of the

phase-plane ¢ (;19, x2°,a) <Q

The control is given by the equations:

u = sgn ¢ - | (A4.4)
g= -x;-3ax, |x2'| (xg+3ax, | X, | #Q) (A4.5)
g = - Xy (xpt3axp %, | = QL (A4, 6]
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Let the state point at the i th switch be (xli,xzi). Let t,
be the time interval between the (i-1)th and the i th switch
(i = 2,3,....).

Let‘tl be the time of the first switch.

Case (i) b = a

There is only one switching of the control (see Figure 1.5.1)
because the time-optimal switching function is being used.

The settling time is Taa (see'section 1.5) and satisfies

Taa f tl + t2 (A4.7)
Equatiohs A4.2 yield at time t, and with b=a
1_.,o0 0 1 2 '
1_ .0 1 _ '
where u = - 1 and ty, = 0

1 1

Since (x;7, x,7) is on the switching curve A4.5 with x,” < 0

(see Figure 1.5.1)

x;t = a (le) (A4.10)
From A4.8, A4.9 and A4.10
t, = a§x2° - x;1) | | (A4.11)
and
' x21.= -(2axl° + az(xzo)z)% I (A4.12)

“Equations A4.2 yield at time t; + t,, and with b = a,

2 _ _ 1 1

. ; 2_ - '
- (Since at t,, X, = 0 and ty = 0) |
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From A4.7, A4.11, A4.12 and A4.13

1.1
Taa © ax2° + (2axl°+ aszzo)z)z 22 (A4.14)

" Case (ii) b > a

The settling time 1s

Tha = tp vty vty b | (A4.15)
From 4.2 t; satisfies ,
“0_, 0 ‘
similarly the subsequent switch times (see Figure 1.5.2)
satisfy )
i = 1 i, i-1 . \
= (11N B0t TR (1=2,3, ... (A4.17)
From A4.5 and A4.3 the first switch occurs at (¢ = -1)
1 2x,% . 2 -3 :
X0 = (P s (%00 1+ f) : (A4.18)
Similarly the next switch occurs at
. ] | | |
2. . =2 1,23 -
X At (x, 1152 (1 2 (A4.19)
or, since xll = éa(lelz
2 1 a - )
O e EOLINE I (A4.20)
Similarly

1) say (i=2,3,...)

(A4.21)

Xzi I TOR L (1 + 3t =-px, "

t,e. the ratio of the values x, at successive switch points

is the constant (- pP}.

This result implies that the ratio of successive intervals

ti/t, l-(i> 2) is also a constant. In fact, from A4.17
i- , c
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| . ) i, 1-1
_t___i_ & - - l . 2 "". - . .I_Z 1-_.1 (A40222
i-1 x, e, 1 1= (%" "/ 7
+1 -
;fzﬁjl =p (< 1) (i=3,4,...)  (A4.23)

e |
" Thus = ti 1s a geometric series, so that the total
1=2 : .

settling time is finite.

From A4.15, A4.16 and A4.17

Toa = B (6% = 2x,0 + 2x,% - 2x,3 4 Lo) (Ad4.28)
Substituting A4.21 into A4.24 we obtain
0 1 2
Tba = b(x2 - 2x2 (1+p+p%+. .0 ) ). . (A4.25)
= b(x,% - 2x,1 (1-p)71 ) (A4.26)

From A4.18, A4.21 and A4.26

T = bx,% #(2bx,% + b%(x,%)%)} 2((1+%1% ~(1-3)185)7 (naL2ry

Case (iii) b < a

7 show that for bh<a eyery point of the

"~ Zinober and Fuller
switching surface of an n-integrator plant is a sliding
point. The motion up to the first switching is as before.
Thereafter the state slides along the switching curve to-

the phase—pTane origin (see Figures 1.5.3 and 1.5.4).
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- If the duration of the sliding motion to the originvis'tz,'

Toa = t1 * % o (A4.28)
From A4.2, with ¢ = - 1
0 1
by = 00x° - 1T | (A4.29)
Suppose the starting point satisfies
0 0 o
x1° + 10,0 | x,°% |za (A4.30)

- So that the sliding trajectory is below the xl—axis (see
Figure 1.5.3). During the sliding motion the trajectory
followed 1s that of the time-optimal system with parameter
a. Hence equations Ad.2 apply, with c.=b/a, and yield

| 1

From A4.28, A4.29 and A4.3Q
| 1 1 | -
Evaluation of le from A4.18 (which still holds good for
b <a) and Substitution in A4.31 yields
' 2 2 -
Ty, = bx,® +(2bx;° + b (x2°; ;% (14318 (A4.33)
Similarly, for a starting point satisfying '
for which the sliding trajectory is ahove the xl—axis (see
Figure 1.5.4) one finds
= bx,° +-(-2bxl°-b2'(;2°121é (& - 1) (A4.35)

Tha
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APPENDIX A5

GENERAL REMARKS CONCERNING THE USE OF LTAPUNOV'S

DIRECT OR SECOND METHOD FOR STABILITY ANALYSIS

 S£abi1ity in the sense of Liapunoy

Conside a region € (see Figure A5.1) iﬁ the state space
enclosing an equilibrium poiht X,+ The equilibrium
point is stable proyided that there is a region s(e).
contained within € , such that any trajectory starting

in the region s,say'i (0) does not leaye the region

Asymptotic Stahility

An equi]ibfium point 1s asymptotically stable, 1if, in
addition to being stable in the sense of Liapunov, all
trajectories approach the equilibrium point. This

means that the yariational solution x*(t) approaches

Q0 as time f-;voo'. This 1s the stability defin{tion
usually used in control system design when the region

& 1includes the entire state-space and the definitions of

'Liapdnov and asymptotic stability are said to apply

~in a global sense.

The second or direct method of Liapunoy proyides a means
for'determining the stability of a system without expli-

city solying for the trajectories in the state space and



FIGURE A5.1 : STATE PLANE TRAJECTORIES INDICATING
- a - LIAPUNOV STABILITY.
b - ASYMPTOTIC STABILITY
¢ - INSTABILITY
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hence the solution of the differential equation is not
required. The procedure requires the selection of a
scalar function V(x), which is tested for the conditions

that indicate stability. When V(x) successfully meets

these conditions, it is called a Liapunoy function

'Liapunoy Asymptotic Stahility

A system is asymtotically stable in the vicinity of the

equilibrium point at the origin'if.there exists a scalar

function V(x) such that: '_

1.. Y(x) is continuous and has continuous first partial
deriyatives in a region S around the origin

2. Y(x) 0 forx #0

3. y(a) = Q@

4. 9(5) G for x # Q

Conditions 1 to 3 ensure that Y(x) is positive definite.

'

Therefore V(x) = k 1is a closed surface within the region

'S. Condition 4 means that Y(x) is negatiye definite and

thus any trajectory in S crosses through the surface

Y(x) = k from the outside to the inside for all values
" of k. Therefore the trajectory converges on the origin

‘, where V(Q)_: a.

Liapunoy Global Asymptotic Stability

A system is globally asymptotically stable if there

exists a scalar function Y(x) such that:
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Y(x) is continuous and has continuous first partial
derivatives in the entire state space

V(x) 0 'for x # 0

y(a)y = a

V(x)—® as ||x|]— o

V(x) < a

Either 9(x)4# 0 except at x = Q or any locus in the
state space where-@(él = 0 is not a trajectory of the

system.

Conditions 1 to 3 ensure that-V(él is positive definite.

Condition 4 {s satisfied when V(x) is positive definite

.io

it is closed in the entire state space. Conditions

5 and 6 mean that V(x) is continuously decreasing along

any trajectory in the entire plane and ensures that the

system is asymptotically stable.
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"APPENDIX 6

FAST MODEL PREDICTIVE CONTROL

Aq.l Analogue Computer Simulation of a Fast Model Predictor

System

In Figure A6.1.1 is a working diagram for simulating the
behaviouf of a double integrator plant using a fast'

model predictor.

Relay K1 is used for setting the initial conditions onto
the fast model integrators. When K1 is uneﬁergized the
integrators are in the ‘reset' mode i.e. the initial
conditions ffom the plant are accepted. When Kl is
energized the fast model integrators are in the

'operate' mode and prediction (integration) commences.

Relay K2 is used'for applying the plant ahd model drive
changeover. MWhen K2 is energized the input to relay

K1 is removed and K1 is energized hence the fast model
is feset i.e. no predictidn takes place. When K2 is not
energized the signal actuating relay K1 is connected and

prediction takes place.

Blocks 1, 2 and 3 are switches required to drive the
relays (10 Volt, 20 ma). Blocks 4 and 5 are signum

functions (+ 5 volt) and Blocks 6 and 7 are patching
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arrangements on the computer patch-pané] to enable to

~integrators to be reset and operated by externa]‘means..u

 The potentiometers Tp and T, are used to speed up or
slow down the plant and fast model integration rates

~respectively.

Tﬁe operation of the system is fairly straightforward.
‘After depression of the computer OPR switch a step
input r(t) is obtained from block 4 and this is applied
to the inputs of the plant and model via K2. A1l

integrators commence integration.

By virtue of its fast integration rate &(7) is driven to
zero rapjd]y and at zero block 3 de-energizes K1 and the
fast model is reset (to accept the current plant state).
Since the predicted error le(T) ] is still greater than

zero, block 2 remains at zero and K2 remains unenergized.

The process iterates until 'Ie(r)l is lTess than a small
bias ép when block 2 provides drive for K2. .K2 ener-
gizes and sgn (&(t)) is obtained from block 5 which pro-
vides the correct polarity (u(t) =.-u(t)) to the plant.
K1 is de—enérgized and the fast model is reset (the use
of sgn (&(t)) for reverse polarity can be verified from

observation of Figures 2.3.2 and 2.3.3 in section 2.3.1)
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If the response is deédbeat the output limit cycles
(no facility was used to set u(t)=0) or if there is
overshoot (undershoot) the whole. process is repeated

once more as described in section 2.3.1.

~Velocity limiting (saturation) was implemented by simply

using diode limiters on the velocity integrators and is

a standard procedure on analogue computers (see Figure

A6.1.2)

Digital Simulation of Second-order System

The plant (and fast model) used was an integrator and

“one lag. (see Figure A6.2.1)

Referring to Figure A6.2.1
Applying the Laplace transformation to A6.2.1 yields
'sX2(s) - x2(0) = U(s)KK1 - dlez(s)

u(s)KK1+x2(0)
Ko (80—

(U(s) = &)
-1 - -
coxp(t) = L (x(s)) = B KU ot KTy (0)e XKt
(A6.2.2)

Simi]ar]x %1 (t) = K2x2(t)

ceoxg(t) =‘)/;1(t)-dt
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~ X
~

no
] n



x
=
—
ct
~—
1]
b
=
—~
o
~—
+

= - Kld? (1-e 1 )+K}§ x2(0)(1-e 1

We wish to determine that value of t such that x,(t)=0
or in other words the value of t where the trajectory

crosses the abcissa.

In equation A6.2.2 we set xz(t)=0

o Ku KU sty ()™M = 0

%~ X
-Ku
e Kt A
KU ¥ X, (0]
A
and solving for 't
oL X .
t =g Ln (1- —2(0) (A6.2.4)
1 .
and substituting into equation A6.2.3 yields
K X K
_ 2 Ku - 2(0)L 2
xl(tab) -x1(0)+K1 Y Ln(1l Ku +x2(0) K}i (A6.2.5)
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where xl(O), x2(0) are some arbitrary initial conditions,

A = % is the lag and K = % = 1 is the nominal plant ga

parameter. K1 and K, are the individual integrator

in

gains, these can be considered to be ﬁca]ing factors to

determine the integration rates and are entirely

akbitrary.

A table for a doubhle integrator is presented for the
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K K2, : 50 . . -
rat19 (KI ?U) where (KI) = =g for various times ‘',
and such that x1=5 and x2=3 after t seconds (u=5).

a (secgnds) El e
1 6  33.333
.2 -3 16.666
1 6 3.333
5 .12 .666
10 . .06  .333
50 - .012 .0666

These particular values of K1 and Kz'were originally

selected to provide a suitable scale for X1 and X for
the X-Y plotting in section 2;3.1. However variations
'.in Kl and Kz do directly affect system performance.and

bvalthough Ki= K= 1 is an obvious choice, it is instruc-

1 _
tive to observe variations in K1 and K2'

Hence if a fast model to plant time-ratio is to be, say

50:1, then for a plant of t=5 seconds, T = .1 seconds

" for the fast model 1is Chosen.' Therefore

Ki(plant) = ;12 ' K,(plant) = ".666
Ky (fast model)=6 K, (fast model)= 33.333

The next step in implementing this program is straight-'
forward. Equations A6.2.2 and A6.2.3 both define the

plant and model dynamics (for the model we set K3=Kl
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“and Ky = Kz). Equation A6.2.5 defines the fast mddel
trajectory.during the prediction mode when we wish to
.establish the future error e( T ){

The programme is looped so that equation A6.2.5 is

~iterated until e( V1) < e (0 < e, < 1) when reverse

drive is applied (u(t) = - u(t)) to equations A5.2.2 and

A6.2.3.

By incrementing t in the programme either the phase-

plane representation can be called (via the ‘call-point’

facility in the Basic language depicted on the VDU) or

the time~response curves may'be called. Hence xz(t)

is plotted against.xl(t) for increasing t in steps of
At or xl(t) is plotted against t in steps of At

( Aot = .002 units).

~Similarly it is quite easy to vary values of K,cz(,K1 and
KZ’ Below is a programme used to generate the curves
for the position response to a step reference. Standard

‘Basié'_was used throughout.
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POSITION RESPONSE WITH POSITIVE STEP REFERENCE

. 124

LIST

4 REM "FRST MODEL PPEOIPTIUH 4 GURD CONTROLY

& READ A.B

2 READ K1.K2,K3,K4

16 RERD R

12 FERD ¥8.%8

14 RE&D ULU

16 DaTa 1, 1 :

12 DATa iz, 6686, &€, 33.33332

28 DaTs S

22 DATA o, 8

24 DRTa S5,-5

S0 - BEFFH GLT 3=K2EYGk( 1~E/Pf-H#V1*T)>/(V1#H;

55 DEFFH BT o=mUsEZR 1=EVPC~A4KAXT 70/ KL ERRE D

&8 DEFFN IfT;—VGzU:T/ﬂ
S OEFFH JCT1 =K4a%2248¢ 1-E¥Pe ~BKIETL 9 /CKIEE )

A DEFFH LfT1;~HzV4$( 1 -EXPC-REKIETL ) )/ (KIXB%B )

S  DOEFFH HCTL )=K4x04Ti /B
5 DEFFM &(T )= ¢9+FHI< TOr-FHPCT O+FHGCT )

85 DEFFH BT )= /R%(C 1-EAPC—ASK1ET D 3+YOEEYP] ~QkK1%T

S8 DEFFH COTL10=21+FNH(TL )~FRHLCTL 0+FHICTL )

95 DEFFM DBCT10=(CU/B ok 1-EXAP(-BRK3XT1 ) )+ZZKEHAP( -BXKIETL )

1868 LET T= 9

185 LET Pl= 9

1i8 LET Al=FHA(T>

120 LET Bl=FNB(T»

izt LET 06=Fl/ i~ .8

122 LET @i=Ri/ 4~ .2

123 Call POINT, 03, 61
138 LET Ti= 8
132 LET Z2i=641
LET Z22=B1
149 LET C1=FHC(TL)

139 LET DI=FHDCTL)

166 IF &BS(R-CiX= .1 THEH 220
IF 8BS(~-Di X= .1 THfM ,.% . 355 LET P3=P2 . o
LET Ti=Ti+ 2.688085-03 453 LET AZ=FNT)

IF T1<= .2 THEN 149 410 LET B3=FHN3(T>
aTo 1568 431 LET @6=P3/ 18- .8

CLET T=T+ .1 412 LET Gi=437 4~ .8
LET Pi=P1+ .1 413 CALL POINT.Q3, G
IF T<= 36 THEN 118 4z8 LET Ti= 9
COTO 1586 oo LET U=-5
LET U=—i 426 LET Z21=R3
LET »B=A1l - &27  LET Z22=B3 :

LET ve=El L 428 LET Ca=FHC(Ti)

LET T= @8 440 LET D2=FHDCTL) '
LET F2=F1 459 IF EBI(R-C2X= 1 THEW 518 -
LET AZ=FH& T ) 468 IF ABS(-D2X= .1 THEN 453
LET B2=FHBCT > 478 LET T1~T1+ 2. BULBLE~-63
LET Qa=p2s 18- 3 4588 IF Tid= .2 THEN 430
LET Ol=ha2s 4~ 8 . 421 GOTO 15@3 , )
Call POIMT.NQ.01 458 LET T=T+ .{
iF fP—ﬁ/;<~ .1 THEM 332 453 LET P3=P3+ .1
IF ¢(-B2>> O THEM 3€8 C 8528 IF T{= 18 THEHWN 49

CLET T=T+ .1 A S 5AEY COTO 1589
LET P2=P2+ .1 : B8 LET U=-5
IF T{= 16 THEN Z£3 Les LET ZO=fR3
COTO 1999 S33 LEY Ye=23
IF ¢~-B2), 8 THEH 244 B4 LET T= 0
LET T=T+ . 'Eﬁ LET P4=p3
LET P2=Pz2+ . % 552 LET &o=FHacT)

IF T4= 18 THEH 268 ”59 LET B4=FH2(T)

CGOTO 1569 - - 881 LET G8=P4s 15~ .8

IF (R-f2){=~.1 THEM €40 8562 LEY Qi=A4/ 4~ .8

COTO 1506 - 563 CeLL POINT,08,01

LET U=-1) 53 IF (E-gd = .1 THEN 1589
LET “g=f2 €23 IF (~B4)X>=- 1 THEH 1593
LEY Y¥8=8Zz 648 LET T=T+ .1

LET T= 8 LET P4=F4¢ .1

(LR RS RN B

5615
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LET leﬂS

LET Ti=Tir 2. 9
=

IF T<= 16 THEMN 359
COTO 1543

LET ¥Mg=02

LET YB=B2

LET T= @

LET P5=R2

LET AS=FNa(T)
LET ES-rN”fl)
LET Q2=PS~ 16~ .8
LET ﬁi"ﬂ“’ 4~ .8
Cell FPOIMT, Q@;Gi
LET Ii* 8

LET =5

[ S Y
Ty

LET Z2=835

LET C3=FHC(T1)
LET D3=FMD(T1O
IF RES(R~-L3IX=
IF &BS(-DZ (=

.1 THEH 7302
i THEN rit
GOSRE-03
IF Ti<= .2 THEH 704
GCOT0o 15@9 '
LET T=T+ .1
LET PS=FS+ .1
iIF T4= 1@ THEH €20
GOTO 15 o
LET U=eU
LET #6=65
LET v¥85=B5
LET T= O
LET Pe=PS
LET QG«FWQ(T)
LET ES=FHB(T >
LETfJJ'/ZQ-.B

LET Q1=86/ 4- .9

NNHHMNHN’HHHM)—‘MM
T} vt et 1ot v ot ot o b ot i

QWY

- CRLL . POINT.QA,01

IF (R-p6)>=~.1 THEN 328
IF (~BE&XC B THEM 860
GCOTD 830 :

IF (-BE&3 8 THEM 233
LET T=T+ .1 .

LET Pe=PS+ .1

IF T<= 18 THEH 776
IF (RE-f5ao= 1 ThEH 316
GOTO 15966

LET T=T+ .1

LET Pe=Fc+ .1

IF T<= 18 THEH 778
cOTO 1589

LEY U=y

LET Ho=65

LET Yd=E&
LET T= B
Lel P7=P&
LET A7=FNACT )
LET B7=FHB(T)
LEY (@=P7/ 10~ .2
LET @1=R7/ 4- .8
caLL POINMT, 08,01
LET Ti= 8
LET U=-3
LET Zi=A7
LET 22=87
LET Ca4=FHCCTL)
LET D4=FHD(TL1 > '
IF #BSCR-C4<= .1 THEH 1890
CIF &4BS(-D4ay/= .1 THEW 1679
LET Ti=Ti¢+ 2 GEITE-03
IF Ti<= . THEN 1619

104%
. 1970

LET U=y - 167
' iGea

L

£
-

Bt prek Bk Yud
NH G RID) e 1R D
VDDAV DD D
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G
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GATO 1599

LET T=T+ .1

LET P7=P?7+ .1

IF T{= 18 THEN 956
GOTO 1588

LET U=-1}

LET ¥9=/7

LET Yo=B7

LET T= @

LET PB=p?7 :

LET AS=FHa(T)

LET EB=FMHBE(T >

LET GB=P8~/ 18- &
LET O1=i2- 4- 2
CaLL. POINT.RG.01
Cell POIMT,Q1,02
IF (R-A3 = .1 THEH 1509
IF (-B2)> 6 THEM 1566 '
LET T=T+ .1

LET Pe=F2+ 1§

IF T<{= 18 THEM 117@
EHD
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A6.3 Hybrid Control of a Second-order Plant using a Fast

. Model Predictor

The equations'dérived in Appendix A6.2 for the second
order lag were used in the programme to synthesize.the
fast model (the time-optimal switching curve) and the.
switching decisions were based on those indicated in
the flow charts of figures 2.3.1(b) and 2.3.3. This,
.section of the programme is virtually identical to that

of the digital simulation programme in Appendix A6.2.

However some means of command between the two computers
had to be éstab]ished and the existance of a 'Basic’
sub-routine enabled the control of the A to D and D to A
7_ conventers to be easily implemented. Furthermore.somé
means of synchronizing the start of both computer runs
Had to be arranged. This was easily done by using a
spare 'diode-limited' integrator which upon depressing
the OPR (operate) switch of the TR-48 provided a sense
signal to the Varian 600i. The rise time of the sense
signal was of the order of ten milliseconds which was
negligible compared to the plant time constant (of the

order of tens of seconds).

The analogue computer was patched as indicated in
Figure 2.3.5,»the'p]aht gain pdrameter Kp could either

be externally varied by a separate potentiometer or
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- changed internally in the programme. Similarly

= K1 and K2 could be changéd by the potentiometer

p’
settings. Ky (fast model gain parameter),<xm(fast
“model lag), K3 and K4’were varied by merely changing

these values in the program.

It must be notéd-the voltage conversion ranges were
according to

+ 10 volts = + 2047 units and

- 10 volts = - 2047 units

Hence 1 unit = 4,89 millivolts. Thé resolution available

on the DVM of the analogue computer is + 10 millivolts,

~ hence there is no real degredation of measurement

accuracy of the state variables and the digitally
derived input u(t), by the digital loop. The data
capture time of the A to D channels is roughly 25 ys per
channel and fhis time is insignificant when compared to

the p]aht time constants.

At the termination of a computer run, i.e. when the
plant trajectory had reached the error phase-plane
or{ginx, the input u(t) was set to take on zero volts
and the digital computer reverted back to the ‘wait'
'mode ready for the new operate command, and hence the

new sense signal. However.the analogue computer had

o
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to be manually reset,

For each computer run a permanent recording was done on
an X-Y plotter with the X-axis(time axié) driven either
internally or from an external soufce. However there
was great difficulty in establishing an accurately
ca]ibrated.tfme scale on the recordings owing to an

unfortunate sporadic malfunction on the plotter.

- However the (relative) ratio of the setting times of the
~nominal plant to a plant with overshoot was easily

determined from the reéordings.

Below is a program for control of a plant with one

integrator and one -.lag.

® The trajectory does not in fact reach the origin.
The computer is programmed to stop when the error is

less than or is equal to a small positive number ep.

'A6.4 Direct Digita]dentro] of a Small DC Motor

| The motor used was a sma]j teaching purpose device as
well as several interfacing devices used with the motor

.system. These devices enabled the signals derived from
the'computer to be compatible with the signals required

- to drive the motor. The interfaces consisted of an
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FAST MODEL CORXDOLLLh FOR SECOND ORDER-PLANT

JIST .
W RESD K3.K4 GET IF (R-N10MP1 THIN £76
iS5 REMD B £89  GOTO 3529
205 READ P1 €7D LET U=-i)
25 FERD P2 520 CALL  OTo&.UL,Y
90 DaTa 2 O0000ORE-DZ, 1665 52 LET Us-5
7 DEaTE 1 TONY GOSUS 2a6h
38 - ORTR 5 00aa6E-52 Vi LET W=-t)
35 Qng 5 ORGHEE-Q2 =3 oall DTGH,Ul,U
55 LET fd= 4 C20 . GOSUR 2146
4 CHLL G001 6,59 S8 IF (R-K1I0HPL THEN 70
70 IF 24> 20 THEM 28 7S COTO 3000
20 GOT F Nt vEE  LET U=-i) _
@t LET &8= 6 F73 Call | OTOd, M,
G CaLl  ROCL AR e LET U=—%
10 LET R=Rt 10/ 2847 Co0 QOSUE 2800
25 LET Aal= 1 : SO8  LET t=—i -
0 CcalL BOCL, AL, ML 2l CALL  OTCA,U1,U
98 LET #i=Xi% 18- 2047 sen GOSUB 2199
oa LET Ui= 9 38 COTO 3669
£8 LET Uz 1824¥SCHR~41 ) Q83 LEY U= 5
vH CaLL  DTOA.U1.u 218 GOTUR 2999
50 LET AZ= 2 328 LET U=-i) _
S0 LET U=-5 932 CHLL DTUF’: ‘.)1 iy
Ga GOZUE 2960 249 COSUB 2204
85 LET U=-—1J . 558 IF (R-%1):P1 THEH 970
10 CALL  DTOA. 1,1 366 G070 2682
26 CALL  ADC1,AZ,'Y1 200 LET U=-5
g LET vi=Yi% 19/ 2047 f:g GOSUB 2699
4% IF Y14= 6 THEM 260 559 LET b=-y
S GCOTO 229 ) 1658 Call DToa, 01,0
266 Call  @bCi.At,21 1816 CGOSUB 2397
279 LET “Z1=41% 19. 2047 1628 IF (R-4A1+F1 )¢ B THEN 1@49
225 IF CR-7139F1 THEH 210 1828 GOTO 2639

259G IF (Grief1 5sm ! oong 1946 LET U= S
: Fak-dl+Ploo= 6 THEM 3609 (ccl Cosus 2609
£OTO 983 |

3

@ LET Us-ti)
2B Call DToR. UL,

3 LET U=-5

0 GOSUR Zign

g LET Y=-U ,

v Call DToG.uU1L, 0
T GUsUB 2108
e IF (R-H10:P1 THEH 409
o GUTa Z2oa0

0 LET U=-il '

5] Cat e ODToa, W01, U
B LET U=-5
G GOSUE 20060
4463 LET U=-U
T3 Call OToa, 11,4
4oy GOsSUE 2100
4rs  IF (R-H13P1 THEH 49
G4E6 G0TO 2epg
450 LET t=-U
5ga CaLL DT0A,UL,0
%19 LET U=-5
Sz COsSUR 26680
S LET Us-i)
549 Call OT0a,0U1,U
558 GUsSUB z21ep
5568 IF (R-41),P1 THEN °
S7a  GOTO 2908
Sco LET U=-Y
526 Catl DTOMA, UL,
6@ LET =5
618 GOsSUB 2600
€20 LET U~~U !
£39 Call oT04,U1,5
643 COSUB 2199 |
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DO
DOV

~
D RIS TRl B TV

Pb d et S ek ok ek ek
D GYfoe-s
(AR el ek o)

L0~
QDD

X

Gbivtrs

T
LI

SRR PaTOL

it

NY;
&

RV R )

PN PO
DR R RO T !

220D D

D)=
&
X

W D PO TO T #s et oo o 2o
DRy

2o La a4

ey
SO LOS

R SISTRT
NI AN

LET Uzt

GUSUE 2200

IF (R=¥

GNTO 2600
LET U=-5
LOSUE 26090
LET U=~U)
CaLl OToSs,01,Y
LGOZUE 27259 '

IF (R-¥i+FP1¢ @ THEM 1189
GOTO Zooa

LET li= 5§
GOosue Zaog
LET U=—1}

- CRLL - DToA,uL, U
150P1 THEN 1110

CALL DT, u1,Y
LOSUE 22aa

IF (R-U10PL T
GOTO 2039
LET U=-5

)

GOSVE 2605
LET U=~

CaLL  DToq,01,4
GOSUE 2209

- GOTO 2950

HEN 125

Call rDCL, 42,71
LET ¥B=Y1% 10/ zp47
CaLL  (DCL. AL, M8

LET ZB=A1%

16, zp47

LET C=CKA2UR 060 1-YBEEAS) 1 KIXE
IF RBSCR~C »{=p2
COTO 2629

FETURH

THEN 2678

CRLL  @OC1,a2,'Y1
LET Yi=Yi% 1@, 2647
IF ¥1{= @ THEH

GOTO 21

- CAL

a9

&0OC1.A1,

LET Mi=k1X 16

KRETURN
Cal b

HOCT, A2,

LET v1=V1% 16~
IF Y11= 0 THENW
COTO 22053

SRl

ROCE, AL,

LeT X“i=ul% 1o/

FETURH
Cal L.,

LET ¥i=
IF ¥Yi<=

QDCI;HQ;a

1% 16
O THEM

GOTO 2363

cert,

LET Xi=

KRETURH
LET U=
Catl
LET 43=
Cat L
LET Ti=
Call

QDCIJQI;Z

alx 18-

9

DT0q. U1,
3

FOCL, A2,
Ti% io-
RDCL, &1,

2140
1

1}

T1
2047
71

LET Z1=X1% 106- 247
FRINT "R","%1", "El=k=y1", "T1"
PRIHT R)%l)(R—KI)JTl

EHD
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electronic relay, potentiometers and amplifiers normally

used for the motor control.

“In this way there was no danger of damaging the sénsitive’
A to D and D to A ¢tircuits through overloading, current
~or voltage spikes. As an added precaution, the signals

to the electronic relay and from the motor potentiometer
and tacho-generator were passed thrbugh the inverting
amplifiers and‘potentiometers of the TR-48 analogue
computer as wé]].as retaining the use of the 'sync'

integrator for synchronization purposes.

To enable the motor output(position) to be recor&ed
-within a reasonable length of time, the motor shaft
fotation was reduced through two gearboxes with a total
reduction ratio of 960 to 1. There was however large

backlash in'the.gears of the second gearbox.

Several othér.devices were included in the setup(see
Figure A6.4.i). A relay K; was used to open the circuit
between the electronic relay and the power amplifier of
the motor, this was hecéssary when resetting the
computers to- prevent motor runéway. The X-Y plotter
X-axis(time-axis) was driven from an integrator on the
ané]ogue computer as was the ‘sync' signal. Hence

by means.of the OPR(operate)switéh all the processes were

synchronized.



J4epd0oo3ad

JOMINOD V1I9Ig

H3L1NdWOJINIWN 1009 NVIYVA

7

SIXD A

[ SE——

SIXD X

“: ~ X

W

Ze! N ()

7

pufiis ouks

87-M1

YOLOW 20 ¥ 40
103410 30 WYY¥OVIQ TYNOILONNA

1'7°9 v 3HN9ld

| xoq

L€

xoq |t
Joab Jpseb /
L-0¢ _

uab J0j0W dwp —— | )—
ouony Jomod , * -
i

wsoE _

Hd0o W J9jndwod |

uaym pazibious

dwo :
do C

jod

Apjed
21U04}2919

ndul

/

- Moys ndino

uoiisodss 0} pasn



197

A6.5 Derivation of the exact time-optimal expressions for a

Second-order plant with two Lags

Consider Figure A6.5.1.
Ry = Xy = Ay Xy | (A6.5.1)

= Ku - &, x, ' (AR6.5.2)

1

>
N
]

The Laplace transformatioh of A6.5.2 yields
SX ( s) - x2(0) = U(s)K- o, xz(s)

K X,(0)
Xp(sl= §Xs+ud2) ¥ Ts+ Ly

) for U(s)= % (A6.5.3)

-1
Xo(t Ku - ol,t Ku
2( ) J: xz(s)— &E + e 2 (x2(0) ag-)
-, t ,Ku ot ' '
= X,(0)e 2" +5— (l-e 27) (A6.5.4)
2 dz

‘The Laplace transformation of A6.5.1 yields
sxl(s) - xl(O) = xz(s) - dl Xq (s)

Xo(s) x1(0)
e k() ﬁozl) T5+d1)
substituting for xz(s) from A6.5.3 yields

il Ku + o x2(0) + *1(00 (a6.5.5)
X (8 STEFLISTGT T I (57l (4]

ey

x2(0) -Ku o o
= ;(J%T (1-ef°‘1t)+( °(2)( Xt —e' lt)
192 . el e() | (A6.5.6)

+ xq(0)e” 4t
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-t . (QLZX (0)‘KU )
_Ku o, .71 Ku _ * 272
or Xl(t)" — +oe (xl(o)_dlglz - 0(2(°(l_°(2 )

b

-O(Zt o(2x2(0)-Ku
+ e (°‘2(°‘1‘°‘2)'

) (A6.5.7)

If we let dl= 0, we have the one lag case as described
'in'Appendix AR6.2. This is easily observed by expandihg
the exponential in the first term of A6.5.6, cancelling
the °(1's’and setting 0(1=0 in the remaining terms.

The value of t when the trajectory crosses the abcissa,

i.e. when velocity is zero is determined by %,(t)=0.

From A6.5.6

| " -yt ot
d T LA T e
w it e b T TS
~ -t
- xl(O)Q(le Q(l = 0
( ‘(0) —K—u)“
“t XpUI=SH 1% et
Ceoe " (é% - xl(O)d1+ (dl'Q%) -e 2
Ku
0)-~4
%%
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e-°%t 5% - x1(0}¥1+(x2(0)-é§ 1%
. -e..ot t - (dl'dz)
(x,(0)- %)«2
(dl-u%)_
o (g mxp (0a (-2 )+ Xy xp(0)-Ku
- € = L, %x,(0]- Ku

1 o xp (0] -Ku-xy (04 (o) -%6 )
.ot= RG] Ln (- )
‘substituting equation A6.5.8 for t in equation A6.5.6

we obtain (tab = value of t where Xy = 0)

W (x,(0) -05(2!)

A~

.y Ku 1772 .
*(taplagan (17e R ST

=% Ln W "% Ln W
-l L -
(e 1 %2 _e 1% )
! Ln W
ol, =
L xp(0)= Ku= xq(0)90) (eXy=%)
where W = —— (A6.5.9)

xq(t,,) can be slightly simplified to
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1
o 0 == -
xl(tab)=;lK—‘;"—- (1-4 1 %) 4 g gl_qz'z)(w 1%y 1%
_0(1
+ x,(0) (177 (R6.5.10)

Note in equation A6.5.10 °ﬁ # ot,. For °ﬁ=°% (two

equal lags) the derivation of xl(tab)'has to be under-
“taken separately. Furthermore x2(0)<*2«Ku# 0 in W or an
indeterminate value will result, however if the logic
conditions with respect to quadrants II‘and IV are

adhered, (xz(O)c:(2 - Ku) will be different from zero

provided «2,,K.> 0.

For fast model prediction,the exact time-optimal
“trajectory are fhbse values of (xl(O),xz(Q) ) such that
xq(tap) & 0. Equation A6.5.10 is cumbersome and
unwieldly as it contains several expressions in
exponentials and logarithms. It also requires a great
deal more brocessing time on the minicomputer than

x(tab} in equation A6.2.5 for the single lag case.
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APPENDIX A7

SUMMARY OF THE LIAPUNOV ADAPTIVE LAKS

A7.1 Adaptive antro] of a plant described by a scalar

~differential equation.

Let the plant and model be described by the scalar
differential equations.

&= -agxo o+ b u(t) model (A7.1)

t) u(t) plant without controller(A7.2)

p P( ‘
In equatibns A7.1 and A7.2, a_ and b_ are known positive
constants ap(t) and bp(t) represent the time varying
parameters of the plant and u(t) is the input to both
plant and model (see Figure A7.1.1). To implement the
adaptive control scheme, feedback and feedforward gains,

f(t) and q(t) are introduced as follows:

X = -(ap(t)+ b (t)f(t)i) X

p + (bp(t) g(t) ) u (A7.3)'

P P

The aim of the adaptive procedure is to adjust f(t)
and q(t) in such a manner that (ap(t)+bp(t)f(t) ) and
(bp(t)q(t) ) tend to a_ and b_ respectively.

Suppose ap(t) and bp(t)'are constant but unknown.
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- The output error e(t) & X

m(f)'- xp(t) satisfies the
differential equation
e = a_e-(a -ap-b f(t) )x +(b -bpq( ] Y u (A7.4)

p pf( ) ) and (bm-bpq(t) ) are

_errors in the parameters and are denoted by ¢4(t) and

The quantities (a

@ (t) respectively.

Hence
e =ae - ¢ X5 + Qu . (A7.5)
 where ¢(t) (ag-a,-b,f(t) ) (A7.6)
and ¢ (t) 4 (bp-bpa(t) ) (A7.7)

The objective is to adjust f(t) and.q(t) so that as
t— o0 e(t)=— 0, g(t)— 0 and @(t)~™ 0.

The differential'equations for the dynamic controller

.vare assumed.to be of the form

f (t) =‘gl(xm,_xp; u, f)

G (8= p0nge X us ) (A7.8)
~or in terms of g(t) and @(t)

8 (t) = k(x> Xps Uy f) - .

e(t)l = Kp(xp, X0 U, q) | (A7.9)
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The functions ki(*) and k,(") or equivalently g;(") and
g,(°) specify the adaptive laws.

Equation A7.5 for the output error_together with A7.9
for the parameter errors completely determine the error

-model of the system.

Let E denote the error space where the error vector egE

is defined by

el B (e, 4,9 )

The stability of the overall system must, then, be
considered in E. The functions kl(') and kz(') are to
be chosen such that the equi]ibrium state(e=zo) of the

overall system is asymptotically stable.

We consider as a candidate for the Liapunov function the

| quadratic form4:

. 2,1 2,1 2 |
V(e) = 2(bysgn(b je"+ N RS v R AsAp>0 (A7.10)

which is a positive definite function in E.

Differentiating V with reépect to time and using A7.5

yields
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%— é b sgn(b )ex )+

Jeu) . . | (A7.11)

.
]

b 2
bpsgn(bp)ame + ¢

1 Q +b_ sgn(b

P

( p

9
N

Since the parameter errors g(t) and y(t) are unknown
. and cannot be measured, the only manner in which Q can
be made negative semidefinite fs to choose

.= b n(b T ex

@

-Kz(bp sgn(b_)eu o (A7.12)

P
Since the control parameters are f(t) and q(t), for

practical implementation, A7.12 has to be expressed in

terms of f(t) and q(t). Since ¢ (t)=(ap=a,=b, F(t) )

“therefore é(t) = -bp%(t) and similarly for ¢ (t), hence
e(t)x |

F(t)= - Apsan(b )e(t)x,(t)
a(t1= Apsan(byle(t)u(t) (A7.13)

Equations A7.13 are the adaptive updating laws. The
sign of bp is assumed to be known to the designer for
the implementation of these contro]_]éws; a not

unrestrictive assumption.

* The traJectorles along which V Z0or e(t) Z 0 along
with equation A6.5 implies that
-¢xp + u= 0 ' _ | (A7.14)
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One sufficient condition for this equation to have the
trivial solutions ¢=0 and q)=‘0 is. that u be a signal
with at least one frequency:component (u= step function
therefore presents no problem) and with this condition
satisfied, the overall system is uniformly asymptoti-

~cally stable.

A7.2 The Identification Scheme 4 .

Let the plant be described by the differential equation

X = A + B A7.2.1)
T R X T T ( )
and the model used to track the plant parameters by

%= C x_ +(A (t)- C)x_ + B (t) u (A7.2.2)

m m o \m p
where C is a stable matrix and Am(t) and B_(t) are
matrices with adjustable elements. The objective is to

devise a scheme that dynamida]]y adjusts these elements
so that '
Tim Am(t)

n
>

t— o

B8

1im Bm(t) b

t — | |
lim (x(t) - xp(t) ) = Tim e(t)

t— oo . t —

n
o

The state error vector e(t),é xm-xp.satisfies the
differential equation

e(t) = Ce + 6 x, + pu “ (A7.2.3)
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where the parameter error matrices are defined as

g 2 (Am-Ap)and p 2 (Bm-Bp) . (A7.2.4)
Stability is assured with the adaptive laws
R
¢ = - [, Peul (A7.2.5
2 o (A7.2.5)
~where i) P,Q are positive definite symmetric matrices
satisfying
¢Tp+pc=-00=0">0 (A7.2.6)
and ii)
_. T T - :
.= [.'>o0, Fé = rz >0 (A7.2.7)

1 1

For practical implementation, therefore, the identifi-

cation laws are

A(t) = - T PexpT . | (A7.2.8)

P ’ . T
B (t) = - [, Peu’ (A7.2.9)
Figure A7.l.ilis a description of fhe identification

scheme provided the model and plant are interchanged.

The actual adjustment law used in this thesis was the

30

law developed by Hang and Parks and is identical to

that of equation A7.2.9, except for an adaptive loop
damping factor ¥, which is zero in A7.2.9. It was
found experimentally however that ¥ could take on the

values 0< ¥ <] for satisfactory system performance.
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As stated in section 3.2.§ only the model gain is

considered and the adjustment applies only for the
input matrix (see Figureé A7.2.1 and A7.2.2 and note
that ré is a scalar and gain factor in the adaptive

loop.

" The adjustement law is:

T d T
B = rz e ' Pbu +b’a—:E'( rz ‘e

. Pbu) (A7.2.10)

Integrating both sides with respect to time yields

t |
B, =/ Tyelpbu dt +  ¥lye'pPbu (A7.2.11)
o |

Q

By using thé nomenclature of Figure A7.2.i equation

A7.2.11 may be written as

K T t To |

v = ¥, e Pbu +/ [, e Pbu dt (A7.2.12)
~/to

Equation A7.2.12 is easily instrumented as in Figure

7.2.2.

As an-example consider a second order plant and model

2

with polynomical g(s)= l+s+s%, Kp=l and Km= .4. Hence

we desire Kv\= .6 such that-Km+Kv=K and C =A_ .= A in’

m

P
equation AZ.2.7.
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We. have from equation A7.2.7
. :

A'P+PA = - ( . (A7.2.13)
P11 P12 0 1 0
P= {, A= , b=
P12 p22 -l -2 1
where A = nd = of equation A7.2.1. Generally

a b
we choose Q [ J
-p -p
Hence ATP = 12 22
P1172P1p P127%Pp
| 1 7P12 P1172P12
and PA=
P22 P127%Pp

Therefore equating elements in A7.2.12 yields

3 1
(el'ez) 3 1 0
1 1 1

ejte, = e + &p°’ (A7.2.14)

1 1

Therefore gT_Pb'
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APPENDIX A8

ADAPTIVE HYBRID SIMULATON

A8.1 Hybrid Simulation. I

The trapezoidal rule is given'by:

Xn
. 1 '
,// y(x)dx = Vi h(y0+2y1+ eoot 2yn_1+yn) (A8.1)
X0
where h is the incremental interval and the y;j are the

variables obtained after some manipulation from the

plant and real-time model. n is the number of samples

(or iterations) required for the integral to converge.

X, and X, are lTimits which in this case is the plant

run-time.

The truncation error is given as
3 . .

nh (2)
te~ - Y () . (A8.2)
12 :
where x < e < X, and y(z)(e) is the second derivative
of y(x). o
'In,the following program; G= v, B‘= ré and H = h.

The integrand y(x) = ré r(efe);
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LIAPUNOV PARAMETER IDENTIFICATION PROGRAMME

—
LA
A

REM UROAFTIVE LOOF R=RFEF B=A0AF GAIH G=D&MP COMST"
FEM "’?~:,nf SICHAL H=THCR LGRS

REM “AH1=01l ME=NIM Y1=HIF r2=yepe

FEH it OF TTERHTIONE"

LET M= 1G000

E)...C‘

LN e Gt ot P = ] ] P -
)
-
m
—i

% LET G= .S

O LET H= E,ngugﬁ az

S LET D=6

aOLET &= o

5. LET Al= 1

BOLET f2= 2

5 LET “3= 2

i LET Ad= 4
LET \o= 5 ,
NSRS HOC1.A5,55
IF 55 23 THEH 75
GOTO £6

GOSUE S0
LET F4=HiF3Z, 2
GOSUE £90
LET K@= 204 74F7
CALL  DTGA, D, Ke
FOR I= 1 TO H
GOSUE 569
LET F4=Fa+H4F2
GOSUE 669
LET K@= 204 74F7
CALL  DTOA. D, Ko
HEZT 1 '
FRINT F4,K0

iatededodatatadat  RUA N R I AT A T
CIW RN =~ G RUITQ NS N DN

AN VDURURARUMR A D

59 CALL AOCL. A, P

e %) LET R=R% 10/ 2047
51 Tl HOC1, AL, 721
=1 LET H1l=M1k. 160~ 2047
S23 0 Catl ALY A2 BE
SEE LET #52=xZ% 16 z2DH4a7
SEa0 CALL AOCT,ARZ.YL
5725 LET Yi=svili 1o 2847
S0 TRl HDbl Ma, e
2545 LET vao=vZ © 2347
S99 LET El=

s85  LET EZ

Sed LET Fi

5% LET F2

SV LET FZ

STS  RETURH

08 LET FS=F330

£0%  LET Fe=FS+F4

S18  LET FP=RiF§&

615 RFEETURH

656  EHD
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A8.2 Hybrid Simulation 11

The program for the fast model predictor contro]]ér was
modified to include the parametef identification
algorithm. This was achieved by simply inserting the
algorithm directly after fhe command for the correct
. plant (and real-time model) drive had been established.
The prediction'sectioﬁ commenced only éfter sufficient
time had been allowed for the real-time model parameter
to approach the plant parameter. Since the fast model
trajectory equation is a function of its gain, this had
"to be updated once the real-time model gain parameter |
approached the plant gain parameter, and only after this

updating, could the prediction phase commence.

After the point at which the state trajectory was
switched to be driven to the origin, the parameter

- identification algorithm was recommenced to update the
real-time model and fast'model parameters (the ihput
u(t) had reversed in sign). At a point close to the
origin, the plant vectors were sampled to determine their
proxiﬁity to zero in order to apply the correct control
sfrategy. Hence the sequence of operations may be listed
as follows: | | |

1. The correct drive polarity for the plant (and real-

time model).
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2. The 1mp1ementation‘of the parameter identification
scheme and the updating of the faét model gain
parameter,

3. The prediction of the switch-point in the plant
trajectory.

4. The recommencement of the scheme in 2.

5. The sampling of the state vectors in order to apply

the correct strategy when close to the origin.

Below is a programme to achieve this method and Figure

A8.2.1 illustrates the hybrid system.
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SRS NT RO S AT

ADAPTIVE PREDICTIVE CONTROL

eSO &
an. PL.Fe
‘v 1T 1

™ S EATAH R ~ Hd, S OGGGE-62
EY iz 1 4

FY H= 1 ﬁ?-U@E B
£V M i

ET 6= 1

BT Li= 5

o= g

LT tif= '3

ET sfs= @

ET #11= 1

£ET Ho= 2

ET #42= Z

ET fud= 4

T KS= S _
&N AOCL,A5,55
IF 5> 20 THEH 189
fOTu ots ]

Call GOCL, ke, R
LET R=F¥ 16~ Z647
SN AOC1, 61,41

LET “1=X1% 16r 2847

LEY U= 182a435GH(R-A1)
CalL 0ToA, UL, Y

GOSUE 4706
LET U=-5
GOSiE 2689
LET ij=—t)

Cod b OTOA, UL, 1

LET Lo=-1.4
Grziie 4999
ROCL, A2, 72

L

ST Y. 1,4
ﬁUEUE a}PD
IF (F-41 30FP1 THEM 489
EOTQ Zfﬁj
£T t4=—t}
AL OToA, 1,4
ET =5
S E 1966
LET U=—1)
Crad b D"_JH i1,
COSUE 2196
IF (E~#105-P1 THEH 490
GOTO 29586
LET Lh=—-t)
el UTOa, U1,

_LET =
GOSUie 2080

L ..T U;-“’U
el DT0aA, U1, 1

GOSUR 2165
2. IF (FP-VY100F1 THEH
"uOTD 5538

2

529

~

3

e pud el R puat B Bk sk
Ph ok sk pmd pod Rd Pk jrad

PROGRAMME

-~
DR W

LAY RN O A DO e I
DD OHTE

4
KA
9“1‘{‘..
2C8
G
1ene
1635103
113003

(RPN B

1@50
1 A4
160508
108
1079
18320
16
1142
lllw

HIRRIIE D

QN i

izu9

CGOTO

LOCUIE
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LEY b o
RCRIIR S Crf . neg ,ug
Rt -

YIRS g
I
e 61,1
S S A
i7F1 THENW E&76
§ .,}‘L‘«
R AT

RRRRIH “1

=&y
RN IR
$iz i

ODTOa, 1,0
“1o
Pl R THEM
2300

FET j=—1)

I’_.,HL i.- DTHF‘!/ Ui ’ U
LET U=-5
2050
LET Y=t}
Cal OT0xm, 01,0
GOSIE z1ag
GOTO 2668

LET U= 5

GUsle Z2ua9
LET U=—i}

e L DToA 1,0
CsiE 2203

i¥ <@-715:P1 THEH 578,
COTO 2806

ET U=-5

.rjtii i_
PET
IR URE
LET
LAt
CEESLIE

I+ 7 Pg=15

GOV 2999

LET ti=~U
FHLL

- 'F~ﬁ

SAaTaO

LET = 5

COSUE 2088

LET yY=-Ul

Crll 07O/, U1,

GiIx=ie z2one

IF fR-91 02P1 THEH 1118

GOTO Ziaiws
LET Li=-~5

GOSE 2000

{ET =)

el DTﬂHl”1 1)
GOSUE 2209 _
I€ (p-E14R1 07 9 THEW 1120
GOTO 2660 '
LET U= 5

GOSUe 2899

LET tg=—i)

Cabl ISNERISPRY SRV,

GOSUB zz0u

iF ¢E-/A1 P10 THEHW 1258
GOTO 2980

LET =~

0% 2000

LET =-i)-

el OTOA, UL,

COzp 22949

GOTO 2988

Cil o ADCl. a2z, 72

LET Wz=¥zy 187 2847

Cid L ADCL,AYL 4L

O70a, U, 00
2308

1+F1 2 8 THEM 1048
pARiNtE} ’



RO E
St
‘1&'1

NS TN

RET

A

214

\qr
Ll 1

’1?\”
2o
QT’XH
oadids

[ Inlrle
< do- )*j

z Jqﬁ

dg»-ﬂ
C 2340
2316
2328
2338

3240

’)"‘5

2269
20
2310
3429
3023
TiAs
GERED
GEGD

4319
1065
L}ﬁ 1)

€A, om
483
GG
S35
GAgi
B PR R
31 X5 »‘ K]
G55
f-‘Ls,_;.
4064
445%
4270
4375
4146
4155
4160
4165
41761
4173
4120
4189
4138
4155

- 4299

G2ES
(210
. 4215
42720
4235
248
4245
5838

LNt 16 2047

LET b

!L I.' T ‘14’ e "1g " L_i?1 }"LE.' b

Lo i v

fombte oD TP THEN 2076
RS NI RS

fep VRS

et HOLT Rz,
TEY Y=Y iR g7
IF W1y = g THEH 2140
AT 2O

P&LL HEHL G, M
LET =l 107 2047
HFT»FH

Call ADCT,AZ,YL
LET ¥1=Y14 16/ 2047
1 (1= 8 THEM 2240 -

COTO 2200

Ced L #OCL, AL, 1
LET Yi=x1% 19r 2047
FETUREHM

Call - AlCl, Rz, vl
LET (1=11* 19, 2647
IF %1<= & THEH 2340
GOTO 2369 ,
Calt abCl,Al,x 1
LET #1=41% 18- 20647
FETHRH

LET U= &

fali 0706, 01,4
LET ¥o= ¢

ALl D704, 0L, KB
GOTO 5599

GOSUE 4149

LET Fo=HAFZ/ Z
LOTUE 4239

LET Li=F7

ST LLe= 2Ly

kFi3= ¢d4 ¥
Uil CTiy, D, KB
FOED I= L TG H
LsUBE 4140

LET Fi=Fa+H¥F3
COSUE 42768

LET LI1=F?

LET 2= Z2%i1

LET Ko= 204 . 7F%i.1
Cat L OTO/,01,K9
H“"T 1

RETLRN

L?wu_,L. 9[‘&1/‘41}%1 .
LET #Al=xi% 18/ 2ZB47
Crd L ROCYL, Az, 42

uP-)a—
]

-

—t

—
G

CLET #2=¢2% 187 2047

CaLl ~DC1, 432,21
LET Z1i=2Z1% 1/ 2047
Call AOCL, A4, 22
LET Z2z2=22% 18- 2847

LET El=/1-21

LET EZ=Kxe-22

LET F1=E1+EZ2

LET FZz= SHFIXSGHCUD
LET. F3=G¥F2

RETUQH

LET FS=F25G1

LEY FFmF4+F4

LET F7= JXFF#uFP(U/
FETURH

Cat HOCL, a1, 71
LET “i=X1% 19/ 2847

S AR LELOG, 10 UEER RS

23 CERE UL A2 /B

PRINT “R*, "/1", "EP=R-11", "Lg+L2"

PRINT R, X1, (R~-¥17,(LB+L23

=0

214
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" APPENDIX A9

THE MOTION OF A RELAY CONTROLLED SYSTEM

The system in Figuke A9.1 may be described by an autonomous
(no reference or reference is zero but with a set of initial

conditions) vector differential equation of the form:

F(x) + B(x) sgn(# (x) ) but is modified to

_&:
% = Ax + B sgn(d'x) : | (A9.1) -
where A = nxn matrix of constant coefficients
d = normal to the'switéhing hyperplane
X = n dimensional state vector
B = nxl matrix of constant coefficients

g(x)= continuous scalar function of x

or #(x)

ing surface. ' :

switching function and g(x) = 0 .defining the switch-

x is represented in phase coordinates, i.e.

x-i+l = X.i .i= 1’2’3,005’ n-l

Hence the DE takes on the canonical form
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sat(d) = g 4|

% as kK —as o0

e Ll 1

-Solutions to A9.2 are usually well behaved everywhere except
in the neighbourhood of ¢ = 0 where their behaviour may be
investigated by deriving the equations of motion in terms of

* | ¢ *

.

L]

We form the total time derivative of ¢ in terms of the

switching surface gradient:-

YR By .
Ve = (g;l, 5i2’_°ﬁ°f" 5;; Jto obtain
4= vgx=VhAx+ vdbsgn (4(x) ) (A9.3)

. t
. For values of x satiéfying the inequality

|vax| > |veo | Csen B(x)| =1
: ' max

8 has the same sign on both sides of of the switching surface.
Thus any value of ¢ in Sgn ¢ of switching carries the state

point across the surface. This is illustrated in Figure.

A9.2.
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In order to ensure the uniqueness of X for this motion,
which we call regular switching, we arbitrarily define o at

4 =0 for |vgAx | > |véb | to be + 1.

| Fon those values of 5'which satisfy the relations
l V¢A§| < | véb|or ldTAé |<_!dTbl

and vdgb < 0 or dT

b < 0, yields ¢ from equation A9.3
opposite in sign to'¢ and independent of its magnftude and
this is constrained to be zero if ¢ = 0, so that the motion
is forced to continue on the swiﬁching surface once this
surface is reached for as long as the equations

[ V¢A§_| < lv¢b l and vgb < 0 hold.

The orientation of the fan of tangent directions on the
switching surface shows that only one of these tangent
directions is allowable corresponding'to a unique value of
g. This constrained.motion is known as chatter or what is

now termed sliding motion. This 1s illustrated in Figure

A9.3.

The output of the relay, u, for a sliding trajectory may be
determined by setting sgn g = u and»¢'= 0 in equation A9.3
and solving for u this yields:

g _YPAX | (A9.4)
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conditions
l
@ dy+dpp+ - +dyp : 1 |
A n =u pn+ Onpn~ +e+Qly

FIGURE AS.1 : BLOCK DIAGRAM OF_RELAY-CONTROL SYSTEM WITH
LINEAR PLANT AND SWITCHING

FIGURE A9.2 : TRAJECTORY DIRECTIONS AT ¢=Q FOR REGULAR
SWITCHING

/

FIGURE A9.3 : TRAJECTORY DIRECTIONS AT ¢=0-FOR SLIDING MOTION
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The equation of motion for slidfng may be expressed iﬁ first

order form by substituting the egpression for u from equatioﬁ

A9.4 in equation AS.3. Hence: |
b vgAx

R = Ax - T . (A9V.5)
cor X = |1 bvv¢]Ax on g(x) =0
bd ! oA
& = [I - ET—b- ] A_)i = Az(_ . (A9.6)

Equation A9.6 is a linear equation.

If phase coordinates are used, sliding motions are described
simply by the (nfi) order differential equations in X1

fcee B(x) = 8 (x5 R 5 oees " H) 200 (R9.7)

The continuity condition on g requires that it contains at

most the (n-1) derivatives of Xq-

If in addition to |vgAx | < |véb | and ggb > 0 the
trajectories intersecting the switching surface; points on

" this surface where this condition holds have been named

'starting points'.

If both .v¢A£ and vgb are zero, then g = 0 from equation

A9.3 must be examined to determine motion in the neighbour-

" hood of ¢ = O.
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In conclusion the motions of the equation A9.3 based on
sgn ¢ have solutions everywhere, and if véb <0 (no'
~starting points) trajectories proceed in well defined

~~directions at'eVery point in the state space.
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APPENDIX A10

f
MODIFICATIONS TO THE BASIC STRATEGY

Consider the situation depigted in Figure Al0.1.  The trajec-
tory,ABCO'resu]ts from an initial condition in the region

X1 (8Xq+X ) < 0
1 (A10.1)
X1 (% tbx, |x2| ) > 0

The state trajectory does not approach the sliding boundry

‘Tocus directly, but first moves towards the switching line
EX{tX, = 0 ' N ' (A10.2)

From initial conditions in the region

X1 (xq+3bx X ) >0
1V\°1 2 l 2| | (A10.3)

xp(xqtbxy | x5 | ) <0
~we obtain the trajectory DEFGO. We see that the state trajec-

tory crosses the‘s]iding boundry locus at point E before

- reaching the switching line Al0.2 at point F. The state then

moves to point G on the sliding boundry locus and along this

"
4

locus to the origin.
: The respective alternative paths AB'CO from the initial
conditions in the region A10.1 and DEGO from the initial
conditions Al10.2 result from a modified strategy. This

modified strategy ensures that the state trajectory for

initial conditions, through the state space, approaches the
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sliding boundry locus direci]y and then remains on the locus.

~ The time taken to reach the?origin is greatly reduced.

The modified strategy also ‘reésets the control: parameter Q
whenever a sudden disturbance gives rise to a new set of

initial conditions.

The modified adaptive confro]]er Qorks in the following way:
The control is given by

U= sgn(-ax;-x,) Q20 L (A10.4)
and the switching line is from A10.4

grp#x, = 0 | R (A10.5)
For a state poiht in the seéond or fourth quadraﬁts of thé ,
Xl-xz space i.e. the regioné where

Xx{Xp <0 ﬁ o (A10.6)
The modified adépfive controller - carries out the following
steps consecutively.
Step ({)i The switching line is rotated until it pasSes

| . through the current state point.
Step(ii): The controller tests for sliding at this point.
Step(iii): If sliding occurs the switch line is rotated

further, to be jdst ahead of the state point

(q is reset in accordance with equation 4.5.5)
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Step (iv): If sliding does.not occur, the switch l1ine is kept
fixed until sliding recurs (or until step(v) below
causes step (i) to rotate the switch line)

Step(v) : An auxiliary switching line

Q xq(t)+ x,(t) = 0 | | . (A10.7)
is continuously rotated so as to pass through the state
point (xl(t), xz(t) ). If ﬁhe inequality
qg < Q <q(lte) : (A10.8)
does not hold, then we reset the value of the control para-
meter q to that of the auxiliary parameter Q
q = Q (A10.9)
i.e. roﬁate the switching Tine until it passes througﬁ the

current state point (this initiates step (i) ).

For state points in the quadrants where

lexz >0 - | (Alo.;ol
the time-optimal control is, for xé# 0
u = sgn (-x,) (A10.11)
and - for x2=0l |
. u = sgn (-X;) | ' ' (A10.12)

‘The adaptive strategy, steps' (i) to (iv) and step(v), is not
applied in this region; instead the optimal control A10.11
'  or Al0.12 is used. The optimal control drives the state
into the region | |

X1Xp < 0. -~ (A10.13)
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from all points satisfyingiAlo.IO;

For a complete analysis of the modified control strategy see

ZinoberS.

When the state space is bounded, the initial value of q can be

increased as follows:

The parameter & can then be chosen to be

- 1 . |
Al10.14
bpax | *2 | max ( )

where bmax is the maximum expected plant parameter and

,I le nax 15 the largest expected value of lxz |-
comparing Al0.14 with 4.3.8 it is seen that the initial posi-
tion of the switch line A10.2 lies wholly within the sliding

region (see Figure A10.2).

The settling time from initial conditions in the regions
| Al10.1 and Al10.3 is considerably reduced as the time taken on

the respective paths ABC and EFG See Figure A10.1 is lessened.



FIGURE A10.1 : DOUBLE-
INTEGRATOR PLANT ADAPTIVE
RELAY CONTROL

—>— STATE PATHS

DEGO AND AB'CO: MODIFIED
STRATEGY

'DEFGO AND ABCO: BASIC STRATEGY

(a) xqtbx, |x,] =0
(b)  xq*3bx, [xz i= 0

X2
_ > _ X 2|rpax _
X1-
‘lXZImGX S b[
L
sxrxzz(]

FIGURE A10.2

BASIC ADAPTIVE'.CONTROL.DOUBLE

INTEGRATOR PLANT

1,
o =
" T T

sbi - sliding boundry locus

STiding Region i ;i
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APPENDIX All

BASIC ADAPTIVE RELAY CONTROL STRATEGY OF TRIPLE-INTEGRATOR

PLANTS

The triple-integrator plant is described by the equations:

'Xl = Xy

Xz = X3 ! (All.l)
u

3 =p (Jul=1)

where the plant parameter b (= constant > 0) is assumed un-

known or only partially known.

The basic adaptiVe controller has the linear switching _.
fhnctiqn (see Figure All.1).
u = _sgn(-qzx‘1 - 2dgx,=x3) (A11.2)

(q > 0, d= constant 2‘%25 )
and the switching plane is from All.2
2 o :
qxy + 2dQx, + X5 = 0 - , | (A11.3)
At time, t=0, the éontro] paraméter q is set to the value

q=6 - (A11.4)

Initially s is small and the initial equation of the switch-

ing plane is, from All.3 and All.4



" FIGURE Al1.1

PLANT

1X

no

¢
-q%x-2dqxg-xg
2 )
' q
qlt)=s
. yes
is plant sliding?- q->qli+e)

ORDER PLANT
€E>0 >0

: BASIC ADAPTIVE .CONTROL STRATEGY. THIRD
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2 |
® Xy + 2d ¢ Xo + Xg = 0 o (Al1.5)

The parameter q is subsequently continually adjusfed according
to the following rule (the qu]e is identical to that of the
second-order plant, except that we are rotating a plane and

not a line):

If sliding motion occurs, the current switching plane is
rotated to be just ahead of the state point, i.e. the control
parameter is increased to the value |

q(t+) = a(t)(1 +e) (e>0) (A11.6)

where ¢ is a small positive number.

There are several possible ways of rotating the plane (Al1.3).
By arbitrarily chooéfng the damping‘factor of the sliding
‘motion d, to be constant (subject to the constraint

d 2 2/3 2% ye specify a particular mode of rotation. If the
- plant is not sliding on the current switch plane All.3, the
switch phase is kept fixed, i.e. the value of q remains

unchanged. Ideally g and €. are vanishingly small.

It can only be stated that the time taken to reach the origin
is finite and the staté'trajectory approaches the state

origin on a certain sliding boundry surface.
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APPENDIX A12

ANALOGUE AND HYBRID ADAPTIVE RELAY CONTROL

- Al12.1 Analogue Computer Implementation of Adaptive Relay

Contro] and Sliding Motion Detection

Figure Al12.1.1 illustrates a block diagram of a &oub]e
integrator plant. The operaﬁion'of the sliding motion
detector is as follows:

M, is'a multiplier such that its Qutputvto an input u,

2
is TU -0.25 prov1ded Iul = b,

For |u| =5, the output of the summer S, is positive
~and the sw1tch Ry provides drive to the integrator: 13
- Therefore q(t) increases with time. As soon as a
stage is reéched where the state trajectory crosses the
vs]]dlng boundry locus, sliding commences and lul < 5.
Hence Tﬁ < .25 and the output of R2 is sw1tched to
zero. This immediately holds the integrator 13 at its
current value of q(t) (note the slew rate of the switch-
ing line is controlled by-éo). The state trajectory
then recrosses the s1iding boundry locus and proceeds

to the state origin along this locus.

AThedetection of sliding motion for the hybrid simula-

~tion (see Al2.2) was modified as indicated in



5 u X1
j -
.5 ’
. My
~9%X- X5 x
l
| 2 PN
-u“=z
* 25
\
O.24
| (a)

FIGURE A12.1.1 : BLOCK DIAGRAM OF A DOUBLE INTEGRATOR PLANT
WITH ADAPTIVE 'RELAY CONTROL

(a) Output = 0 for u2 < .24 or output =5 for u2 > .24
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Figure Al2.1.2. Here a diode limited integrator is
used (to prevent the amplifier from going into satura-
tion) and the potentiometer P is normally set at unity
as in (é). (b) Represents the rapid oscillations of
sliding motion at the input to the integrator and (c)
représents the output of the integrator. Since the
outp&t is an averaged or 'smoothed' input, sufficient
time is available for the output of the integrator to

be sampled and processed by the minicomputer.

Diagram of Hybrid System and Programs for a Second and

Third Order Plant

The block diagram for a second-order system is shown

in Figure Al2.2.1.

Below are the programs used in the hybrid simulation.
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FIGURE Al2.1.2 SLI'DING MOTION DETECTOR FOR HYBRID
' SIMULATION

(a) DIODE LIMITED INTEGRATOR(TO PREVENT
SATURATION OF AMPLIFILER)

(b} INPUT TO INTEGRATOR

(c) OUTPUT OF INTEGRATOR



PROGRAMME FOR SECOND-ORDER PLANT WITH ADAPTIVE

RELAY CONTROLLER

LIST

16
1z
15
17
&9
&5
a5

ool ~
O3

443
45
96
47
o8
o1
54
53
A% )
65
79
7S
293
22
85
ca
S35
1€3
155
ilg
115
122
125
2T3
acs

210
215

-y
2z

235

246

READ HM1.,HN2

ReRD F1,P2

DATA 590, 1.69826E-05

OATA  1.09003E-02, 1.600355-92

4=4
LET AG= 3
‘3:2

LET Ug= 9
CalL  ARDCL,A4,54
IF 54> 26 THEM S8
GOTO 45 .
LET Ul= 4
Call  DT0R,UB,UL
LET 0= 8 '
FOR D= 1.08906E-52 TO H1 STEP M2
LET G=Q+D : '
Call ADCL,ALLAL
LET X1=X1X% 18/ 2047
CeLL  RDCL1,A2,42
LET Xe=X2% 10/ 2247
IF a325(41 {=P1 THEM 229
LET U=Giki+X2
LET Ul= 1824%SGN(-U)
cell 0OT04,U3.01
Cell aDCi,a3,02
LET U2=12% 18-/ 2847
LET U3=Uzxij2
IF U3< 23 THEW 169
MZAT D -
GOT0 216
IF @S5(X2=P2 THEN 210
o700 25
LET Ul= @

CAlL D70A,Ua, UL

END
LALL DToR,UB,U1

END

229



PROGRAMME FOR THIRD-ORDER PLANT WITH ADAPTIVE

LIST
10

i2
15
17
20

ReranoadN

U‘lg-h-h«:'?s

&
BTN

&

e A LA CN

20 O)0)
43 LD Gl

o N
]

TN b 0 Lk b o

RELAY CONTROLLER

READ N1,N2

FZ&D PL,P2

UDATA S83, 1.60288E-86

DATA 1.035GS6E-82, 1.068C0E-82
LET A4=
LET A3=
LET A2=
LET Al=
LET UB=
LET qo=
Ccatl A0C1,R4,S54

IF S4> 29 THEH 59

GOTO 45

LET Ul=8

CAlLL - DT0a,U8,U1

LET (= 9

FCR D= 1 .63238E-82 TO M1 STEP N2

OQ=NGS

- LET a=6+D

call FOCL1,A3,¥3
LET X3=KZ% 18-, 2047
Cell &/DC1,A1,41
LET %1=X1%X 10/ 2047
CoLL RUCL, Q2,42
LET X2=X2%k 18 4%

IF RSZ(K1 XX =P1 TiZN 299
LET U=0xeriKls 2500542443
LET Ul= 1824%X5CH(-U)
cell DTCA,U9,UlL

Coll FOC1,RD, U2

LET U2=UZ% 10/ 2047
LET U3=UZxs2

IF U2< 23 THZM 169
bdT D

Co7T0 216

IF R33S(K2K=P2 THEM 218
GOTN 85

LET Ul= @8

Call DTCKR, U9, U1

END

Cedl DTCa,Ua, 01

- END

230
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u(t) S @J‘\ :
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g

Vi

_sync A

VARIAN 600i

FIGURE ‘A12.2.1 : BLOCK DIAGRAM OF SECOND-ORDER SYSTEM FOR .
: : ADAPTIVE RELAY HYBRID CONTROL '
CNOTE: g IS A SCALE FACTOR FOR THE

~ INTEGRATORS
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" APPENDIX Al3

SECOND ORDER NOMINAL-V CONTROL SYSTEMS

A13,1 Properties of Second Order Nominal-V Control Systems

The eigenvalues Al’ Az of the matrix A are assumed
real and non-positive. We can assume the eigenvalue

ordering 02 Ao 2 A(Ais -ve) (A13.1.1)

The eigenvalue ratio o is defined as
o D (A13.1.2)
A2

which with A13.1.1 implies that &2 1.

“In terms of the x state vector, the system_équation is  }*f

r.1 T . 107 A
w] o v Tf] [
= | | : + u (A13.1.3)
. 2 '
- A £ +1 1
X 1. A ( ) {x =
i 2- i = 1 A Jbzi _aJ

Application of the nominal-v control method yields,

from 5.4.7 and 5.4.3 nominal eigenvalues satisfying

A
A +1) (A13.1.4)
3 ('_?T_ (

1 -
AZ(nom) = Ac =3 (Ap +Ap) =
_ | | on
2 _ oA +1
Al(nom) =2\, =3 g Al + AZ) = _§l(‘“3(”Q

For the nominal system, the transformation from the x
to the v state vector (i.e. the nominal-v state trans-

formation) is, from 5.4.10 and 5.4.12.
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-2 A . . '

Vo = A+l :

2 1 ( ==) xq + X Al3.1.5
I R o )

i.e. v = T(nom) X
In terms of the nominal v state vector the system
equation is |

v = -1
o T(nom) AT (nom) ¥ 7 T(nom) Bu  (A13.1.6)

which from A13.1.3 and Al3.1.5, may be shown to be

— 1 - - - -

' 2\ | i

V1 o~ ( °‘°‘:1 ) 1| |vy| |0

= ' - + u
. A2 A
] [afeenesa o] [ 3
L | i A A
| “(A13.1.7)

The nominaT-l cohtro] law may now bé written the same
form as that §f fhe-doub]e integrdtor plant, viz.
u= u(v) = =-sgn (v1+% Vo v ]d (A13.1.8)

when (a) Ay

Bl

Ay =0 (the double integrator piant)
and
(bi A = 2A, (when = 2) equation Al3.1.8
représents the exact time 6ptima1 control law. In
other cases the control is sub optimal and the
~nominal-y control system has the following properties

3

(see Ryan~ for a detailed anaiysis).
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1. For all admissible values of o< 2 the nominal-v
switching curve is composed entirely of regular

switch points
2. For all values ofd>2 a sliding segment bounded by
18 2
(-2)(2%-1)

Ivl f=lx1’ = o 5 exists én the
1
nominal-v switching curve. Points of the switching
curve interior to this segment are sliding points,
all exterior points being regular switch pointé.

3. Forvalues of A >2 all state trajectories reach and
remain on the sliding segment of the nominal-v-
switching curve after at most one regular switch.

4. For values of>2 the Time T to the state origin

o

from an arbitrary point (v1 s vzo) on the sliding

segment of the nominal-v switching curve is.given
by _ |

T= s b (s I

(For an account of regular switching and sliding

’ v2°| ) (A13.1.9)

motion see Appendix A9). '

From.property 1 it may be esfab]ished that, for
admissible values of A <2(i.e. 1 Efx < 2), the state:
point fo]]ows a regu1ér sQitching'trajectory to the
state origin with successive switches alternating
between the second and foufth qﬁédrants.of the x state

plane. 'Ryans has showed that this overshoot motion
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is highly damped and ih’genera],the state point may be
regarded as having reached the origin after the secohd

of the theoreti;a] infinity of ‘switches.

From properties 2,3 and 4 it may be concluded that,;
- under nominal-v control, the time to the orfgin from all’
"initial states is finite for values ofd>2. Every
state trdjectory terminates in a sliding path to the
origin (with the exception of switchless trajectories,
originating at points on tﬁe exact time-optimal switch
ing curve, which foallow a P or N path to the staté

~origin and are thus precisely time-optimal trajectories)

This sliding path corresponds to a time-optimal path
for the nominal system since the state point is con-
strained to remain on the nominal-v switching curve
({.e. the time-optimal switching curve for the nominal

system).

Note: Trajectories in the state space having u = +1

are termed P-trajectories and similarly trajectories
described with u =-1 are termed N-trajectories.
Since u = sgn g, P-trajectories iie in that region
of the state space where ¢ > 0 and N-trajectories 1ie

in the sub space ¢ < 0.
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Al3.2 Examples of secohd order nominal-y control.

From Al3.1.2 the state equations may be written as

dxq
Tt T 2
dx 2 :
2 _ = A A+1 u
—% = i Xq + Al ( ) %o + 3 (Al3.2.1)

Defining the set of normalized variables
S N T W - C vt =
t7= Alt, x] = AT axgs ooxp = - Ajax, (A13.2.2)
on substituting in Al3.2.1 the normalized system °

equations become

dx] ' )
at” = %2
dxz  _x: ., A+l - |
-(T—= a]_._ - X2 ( T) + U _ (A13.2.3)

 Equat1ons A13.2.3 imply that the transfer function

between thévsca]ar input u and the normalized output

-

variable X1 is‘given by
G(s) = 1 ' (A13.2.4)
(s+1)(s+2)

.For the integrator plus ]ég plant the normalized form
of Al3.2.4 is assumed and the superscript (7) is
omitted, also for the integrator plus lag « =00,
Hence for the integrator plus lag, the normalized values
'Al = ~1; A2= 0; a = 1 are assumed (see equations

A13.1.2 and Al3.1.3) i.e. the plant transfer function is
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G(s) ‘s—(—iﬂ ‘ (A13.2.5)

The timé-optima] switching curve, consisting of P and
N paths heading to the state origin, may be shown to
satisfy (see Appehdix A6.2)

X1*tX, = sgn(x,)Ln(l+ ]x2| ) =0 (A13.2.6)
Applying the nominal-v control method, from Al.4 the

nominal eigenvalues are

2/
Al(nom) =2x, = -3

- = /5
AZ(nom) = A, = 3 _ (A13.2.7)
From A13.1.5 the nominal-v variables are given by
| . 2 L .
Vi = X7 3 Vy = /3 X{ + X, . (A13.2.8)
and from Al.8, the nominal-v switching curve satisfies

vyt v, |v,l=0 (A13.2.9)

Through the implementation of equation Al13.2.9, the
difficulty in synthesizing the logarithmic function

of Al13.2.6 may be avoided.

For the double-pole plant (two lags) &= 1, the

1 are assumed,

“normalized values Al = -1;_%2 = -1; a

i.e. the plant transfer function is
1

G(s) = z;;;;z | (A13.2.10)

The time-optimal switching curve for this plant may be

shown to satisfy
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sgn(xl+x2).(l+ |xl+x2 ’).Ln(l+ !xl+x2 ')-x2 =0
| ‘ (A13.2.11)
Application of the nominal-y control method yields, from

Al13.1.4, nominal eigenvalues

- = 4/
>\l(nom) =2A¢ = 3
I 7 '
AZ(nom) = A, = 3 - (A13.2.12)
From Al13.1.5, the nominal-v state variables are
4
Vi = X3 Vy = /3 Xq + X, (A13.2.13)

and again, the nominal-v switching curve satisfies
v+ v, | vzl = 0 1 (A13.2.14)

Thus again equation A13.2.11.can be superceded by a

set of simpler functions, viz that of equations

Al13.2.13.
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APPENDIX Ald4

ANALOGUE AND HYBRID V CONTROL

Al4.1 V Control. equations and analogue computer block .
diagram. k |

The transfer function of the second order-plant used is

G

P 1 :
Hence the eigenvalues are Al = -.1 and XZ = 0.

From equations Al3.1.4

AZ(nom) = _Ac = 1/ (-.1+0) = --.1/3 (A14.1.2)
M(nom) = 2n = 2l(ed *0) = -.2/3
o .2/
therefore °§nom = -:——17—:'; = 2 (A14.1.3)
+ therefore from equations A13.1.5
Vi = X
-.2 2+1
Vo= -2/ (T3 METL X v X
. _ .2 _ ‘
LV = o3 X T Xy 4 (A14.1.4)

The drive signal u is given by equation Al13.1.8 and

is u = u(v) = - sgn (vl t 3V, | vo|) (Al4.1.5)

where vy and v, are the equafions Al4.1.4.

The hlock diagram for a second order plant with the

above control eqﬁations is illustrated in Figure Al4.1.1
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Note: The error and error rate state-variables are
used, as the reference is not an 'initial condition'

-but an external reference step function.

Al4.2 Program for hybrid control of a second-order plant and

system b]ock diagram.

Below is a program for the hybrid control of a second-

order plant.



HYBRID CONTROL OF A SECOND ORDER PLANT
V TRANSFORMATION CONTROL EQUATIONS

§ b

£

-
'

R IR DTN TR

1N

-
ARR)

Ta G G P P vt 02

&

b bt bt s b bk b b et e bt s T T B L P e v [T
.-

onen

NN e
S S

[
Ay

PNRNNNN R
P L AL

-~y
Y

UL RGNER HWX R B

(R W iR

AN

G

SLUIRAS

—

LET F1= | OG0600E-G2

LET PZ= | COOOOE-GZ

LET Al=

LET wz= 2

LET RZ3= 2

LET A= &

LET 1= 0

CrALL AOCT.R2,.53

1F Sib 28 THEM 10/
GOTO Sa

CalL A, at .6t
LET Hi==x1% 18- 2047
CHbl HOCT A2, E2
LET H#Z=Hz% 18- 2047
LET =41 .
LET U2=xz2+41% 27 26

LET Wa=aBsolz)y

LET U=—-10244SGH L +Z25 W2, 253
CrllL D706, 41,0

IF RBESCXL <(=P1 THEHM 155
GOTO 166

IF aB3( A2 »(=P2 THcH 289
GOTO 189

LET U= A

Call DTDQ;UIJU
LET Xl1=K1% 16/ 2047
Cal ADCL, a0, T

LEYT T=T# 1B/ 20647
LET T1=T/ 5.69900E-92
PRINT %1,T1

EHD

WITH

240



V.
!
/

sync A

VARIAN 600

FIGURE Al4.2.1 : BLO.CK DIAGRAM OF HYBRID SECOND-ORDER
SYSTEM
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APPENDIX A15

THIRD-ORDER HYBRID V CONTROL

A15.1 The derivation of the control Taw equations for a

third-order plant.

The plant considered has a transfer function

From

|<

nom

2

s(s +o$s+1)

(A15.1.1)

= % = 1 (nominal) and O <<xp < 1.

equations 5.4.10 and 5.4.13

= M (nom)

xl(nom) >‘2(nom)

0 0

1 0
=(A\1 (nom)*™ 2 (nom)’

(A15.1.2)

For a step input %, the system equations can be written

as. -

— e

*1

0

i 0 xlj

0 1 x2

"1 -O(p X3
I -

0 | u (A15.1.3)
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The eigenvalues of A15.1.3'are merely

A A% K A+ 1) =0 or
S | -
N3t o b Ds eght h s gl

We select <dp = .4 ; hence
k3=0, A2= -.2+j.98, k1= -.2-j.98
Step 1. We assume a nominal plant with nominal

eigenvalues satisfying (from equations 5.4.7 and 5.4.8)

.

i =(4-1) kc i=1,2,3 %C = constant> 0

i.el A = 3A

1(nom) o
Ap(nom) = 2Ac (A15.1.4)
k3(nom) - Ac

Step 2. Sum of the eigenvalues = sum of actual eigen-

VaTues
3 - 3
Ni(nom) = = Ay
i=1 i=1
ie. A, = Z (A A, FAg ) _ (Al15.1.5)

Step 3. The 1implementing on the actual system the
sub-optimal control law of the nominal series

decomposed system ; u=;Sgn(¢(l)(identica?>to that of

%1 = Xps X, = x5 and Xy = u/a, and see Figure Al5.1.1)



!

FIGURE 15.1.1 : SERIES DECOMPOSITION FOR A THIRD-ORDER PLANT
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Step 4. Let y = T, x where T = Al5.1.2

v nom. m
- - .
1. 0 0
Hence T=/-3x. 1 0 (Al15.1.6)
2
_?A.c —SAC 1_

Hence) = + (0-.2+j .98-.2-j .98)

- _.4 = - -067
Hence 3
1(nom)”= 3 AC = -.201
k2(nom)‘= 2 Ac = -,134
A3(nom) = AC = f.Q67
and from equation Al5.1.6
10 0|
v o= .201 1 0
- L0268 .335 1
therefore Vi = Xg
Vo = ,201 X1+ X
V3 = .0268vx1‘+ .335 Xo + Xg (A15.117)

-sgn (B(v) )
—sgn(U'lU !+ a V3)(A15}1.8)

~The control 1nput'u(1)

‘where L. K. =1 (nominal)
a p > 3
— V ' §
and U = v, +a 33 tav, Vs sgn(v3)
Vo= v, +av 3sgn‘(y3l (A15.1.9)

2



Al5.2
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and Vis Vo and V3 take on the values of X1s %o and X3
in equations Al5.1.7. In other words the plant states
are sampled regularly and are transformed into the

v variables by the steps 1 to 4. The control input

is then given by equations A15.1.8 and Al15.1.9.

Program and block diagram for a third-order system.
Below is a program for v transformatfbn_contro] of
a third order plant .for a step initial condition.

The block diagram follows on the next page.
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PROGRAMME FOR THE CONTROL OF A THIRD-ORDER PLANT

USING THE V TRANSFORMED VARIABLES

LIsT

3 LEYT A=1

10 LETY P= S O00G0GE-02

o LET mi= 1 :

2 LET \®E= 2

20 LET fi= 3

25 LET ag4= 4

40 LET tf= 9

4% CabLL ADCT . A4, 54

SGIF S4r 208 THEM &5

S5 GOTD 45

&t Cath AT AL M

S LET #i=Hl¥ 19- 2047

T Al ROCT . /2,22

7S LET HE=HZt 18- 2647

20 Call AOCL . A3, 432

25 LET #3=K73% 10 2047

20 LET Mi= 2 ESBGOE-D241+ 3I5HN2+E3
9% LET W2=Ll1§l1

180 LET b3=lizZ4$il

165 LET Wa= 2B1x21+42

1169 LET Ui=Hi4A¥%AsZs 2 J+F4#Hq:v11#"f'ﬂ= Wl
115 LET UZ=b4+aslZ8S0HO WL 57 2
izey LET U3=GBSCuUt

125 LET Ud=Uziuzziz

1260 LET U=-ZB4 VHSCHCCUIFIZ 14+ A%d 55
146 Call LTOA, g, U .
149 IF @RS 09=F THEM 155

15 GOTO 68

155 IF ABs f/4;<~P THEM 185

e GOTO £0

165 IF AB’K/7)<—P THEH 1#6.

170 COTO FG

1z LET U= 8

185 cCall UTUH,UQ,U

192 PRINT K1,82,43

sewa EnD
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