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Abstract

We present non-perturbative results of the Casimir potential in non-abelian gauge
theories in (2+1)D and (3+1)D for SU(2) and SU(3) in the confined and deconfined
phases. For the first time, geometries beyond parallel plates in (3+1)D SU(Nc) are
explored, and we show that the Casimir effect for the symmetrical and asymmetrical
tube and box is attractive. The result for the tube is contrary to the weakly coupled,
massless non-interacting scalar field theory result where a repulsive Casimir force,
described by a negative slope of the potential, is measured in this geometry. We pro-
pose various techniques that can be used to account for the energy contributions from
creating the boundaries in the geometry of a tube and box where the size of the faces
forming the walls of the geometries changes with separation distance. We show that
increasing the temperature from a confined to a deconfined phase does not alter the
measured potential and we motivate for this observation by showing that the masses
of the particles in the Casimir interactions are lower than the lowest glueball mass,
M0++ in the pure gauge ground state, thus suggesting that the region inside the ge-
ometries is a boundary-induced deconfined phase. Through the measured expectation
value of the Polyakov loop, we propose that the Casimir effect for the asymmetrical
tube in the large separation distance limit R → ∞ should be equivalent to that of the
parallel plate geometry at smallest separation distance, while the asymmetrical box
in the same limit should be equivalent to the symmetrical tube at smallest separation
distance.
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Chapter 1

Introduction

In this thesis, we seek to address the question of how the QCD vacuum energy is
modified by the presence of physical boundaries of varying geometries. We study
this from a lattice perspective through the computation of the energy density of a
non-abelian field inside various geometries. While the relevant degrees of freedom are
glueballs, i.e. colour singlet composites of gluons in pure gauge theory, we explore
whether the system remains confined in the presence of boundary conditions. In the
introduction, we briefly discuss quantum fluctuations as a manifestation of Heisen-
berg’s uncertainty principle, and the resulting divergent zero-point energy. Then we
go through the various developments of the Casimir effect in abelian gauge theory as
a first finite quantification of the differences in the zero-point energy and the result-
ing physical phenomena. Lastly, we discuss the Casimir effect in non-abelian gauge
theories using recently formulated first-principle non-perturbative approaches.

1.1 Zero-Point Quantum Fluctuations
In quantum systems, quantum fluctuations in the field manifest themselves in the form
of virtual particles, which rapidly1 appear and disappear in empty-space. Such quan-
tum fluctuations are intrinsic to the formulation of quantum mechanics in the second
quantisation which facilitates the presence of many-body interactions. Heisenberg’s
uncertainty principle2 provides a description of quantum fluctuations,

σxσp ≥ ℏ
2 , σEσt ≥ ℏ

2 , (1.1)

1The constraint in the the lifetime of virtual particles is imposed by the energy-time uncertainty
principle in order to ensure energy conservation, E2 = (pc)2 + (mc2)2 within observable timescales.

2Which is a direct consequence of the Dirac quantisation condition between canonically conjugate
variables, e.g. [x̂, p̂] = iℏ.

1
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and describes the inherent limit to the precision on the, e.g., simultaneous measure-
ment of a particle’s position and momentum. Thus the momentary appearance of
virtual particles does not lead to a net violation of energy conservation.

This net energy conservation can be understood from Einstein’s mass-energy equiv-
alence, E = mc2, describing the rest energy as well as the creation and annihilation
of particles through the temporary conversion of energy into mass. Accordingly,
the momentary appearance of these virtual particles is within the constraints of the
energy-time uncertainty principle. Their representation in Feynman diagrams is in-
ternal lines signalling intermediate particle interaction states that do not violate the
required energy-momentum conservation at the vertices (initial and final states) of
the particle interactions.

According to the uncertainty principle, a quantum particle placed at a local minimum
of a potential does not remain motionless there, else the uncertainty principle is vio-
lated. This is contrary to the classical case, where a marble placed at the bottom of
a well remains there indefinitely, governed by Newton’s laws of motion. In quantum
field theory, particles are excitations of the underlying fields, thus quantum fields in a
vacuum at every point in space are always fluctuating and do not maintain a specific
constant value.

These fluctuating fields produce an infinite amount of energy in free space, the zero-
point energy. This can be understood by considering the quantum harmonic oscillator
with quantised energy,

En =
(
n+ 1

2

)
ℏω, (1.2)

where the ground state energy, E0 does not vanish. In quantum field theory, assigning
a ground state to each normal mode of the real scalar field (i.e. the vacuum energy is
an infinite sum of uncoupled harmonic oscillators, where each oscillator corresponds
to each frequency) results in ultraviolet divergences3,

E0 = ℏ
2
∑

j

ωj, (1.3)

where j is the quantum number of the normal modes and ωj represents all possible
frequencies.

3The divergent energy is a source of the old cosmological constant problem [1], where the large
theoretically predicted value of the vacuum energy density in QFT is incomparable with the observed
small value of the cosmological constant.
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In quantum electrodynamics (QED), this non-vanishing ground state energy of an
electromagnetic field with a sea of virtual photons can also be understood from the
perspective of the field commutation relations. In general, the commutator of the
field operators [2],

[Êi(x1), B̂j(x2)] = −iℏµ0ϵijkδk(x1 − x2) ̸= 0, (1.4)
does not vanish and the presence of quantum fluctuations of the vacuum electromag-
netic field is consistent with the uncertainty principle.

In principle, this infinite amount of energy in free space arising in QFT is not a
physically measurable quantity. While the presence of an infinite amount of energy
in free space may sound counter-intuitive, a multitude of experimental results have
been consistent with QFT predictions on the presence of vacuum energy. This energy
is instead measured by imposing specific boundary conditions on the electromagnetic
fields in free space, which modify the vacuum properties and allows for measurement
of zero-point energy differences. These energy differences are described by the Casimir
effect, which we discuss in the following section.

1.2 The Casimir Effect

1.2.1 Abelian Gauge Theories
The Casimir effect [3, 4] provides experimental evidence for the existence of zero-
point fluctuations which can be theoretically quantified. It was first derived in 1948
by Hendrik Casimir for a parallel plate configuration in quantum electrodynamics.
It states that if two identical neutral ideally conducting plates are placed at some
distance d apart in a vacuum (i.e. the ground state of QED ), the plates would
experience an attractive force towards each other4. The magnitude of the force of
attraction per unit area of the plates (pressure) is,

F (d) = −ℏc
π2

240
1
d4 , (1.5)

which is small, but non-zero5. For example for plates placed ∼ 1 µm apart, the re-
sulting Casimir force is ∼ 10−3 Nm−2.

4This was the initial definition based on the outcome of Casimir’s parallel plate configuration.
A more general definition states that the spectrum of virtual particles and the vacuum zero-point
energy is modified by the presence of boundaries (as a generalisation to other geometries).

5The Casimir effect is a universal quantum phenomenon, and in this abelian theory, describes the
fluctuations of a virtual photon gas. In the classical limit (classical electrodynamics) where ℏ → 0,
this effect vanishes.
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Casimir explained that the presence of the neutral conducting plates in the vacuum
imposes boundary conditions on the stationery modes (standing waves) of the electro-
magnetic field in-vacuum. In free space, electromagnetic modes span an infinite range
of wavelengths6; however, between the plates, the long wavelengths (λ > d) modes
get frozen out (i.e., cannot be accommodated). The freezing out occurs because the
‘optical cavity’ formed between the plates limits the number of modes (based on the
wavelength) that can exist within the cavity. The available modes between the plates
is thus less than the number of modes in free space (outside the plates).

While the long wavelengths are frozen-out between the plates, the very short wave-
lengths (up to the order of ultraviolet wavelengths) are not restricted by the presence
of the plates and can exist between the two regions. As a result, the zero-point en-
ergy of the modes with short wavelengths are independent of the separation distance
between the plates, hence the requirement for the additive renormalisation, often in
the form of a subtraction procedure. Therefore, the contributing modes between the
plates have wavelengths comparable or smaller to the separation distance, d.

The limited number of modes between the plates correspond to a lower vacuum energy
density in that region, leading to a pressure difference and subsequently the attractive
force. When the plates are pulled apart (i.e. the separation distance between them is
increased), the normal modes of ‘longer’ wavelengths are no longer frozen out. The
energy density in the region between the plates increases and the magnitude of the
attractive force is reduced.

Apart from the parallel plate geometry, a more commonly used Casimir geometry is
that of a large plate and a conducting spherical shell of radius r >> d, where d is the
separation distance. This geometry has experimental motivations introduced by the
perfect alignment difficulties when placing two large plates at distances on the order
of microns apart. The resulting Casimir-Polder force obtained from employing the
proximity force approximation7 is [6],

F (d) = −ℏc
π3r

360
1
d3 . (1.6)

This approximation is used because the theoretical formulation of geometries with
curved surfaces is nontrivial in comparison to its parallel plate counterpart and con-

6Their sum is divergent, but the difference of the sums at varying plate separation distance is
well-defined and subtracts the infinite vacuum energy.

7In the proximity force approximation [5], a general geometry such as those involving a sphere is
locally approximated plane-plane geometry where the plane-wave basis can be applied.
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tinues to be of interest to theorists. See, for example Ref. [7] for a discussion on the
improvement of the proximity force approximation and the reduction to the associ-
ated errors. We refer the reader to Ref. [7–9] and references therein for a detailed
discussion on this geometry and the corresponding experimental studies. Most im-
portantly, we note the difficulties in the formulation of certain geometries to study
the Casimir effect, both analytically and experimentally.

In its initial formulation, the Casimir effect was only understood for perfectly con-
ducting metals plates at zero temperature. Around the mid-1950’s, it was generalised
to materials with arbitrary dielectrics and rough surfaces at finite temperature by
Evgeny Lifshitz. The short-distance interaction between materials (atomic bodies)
occurs through Van der Waal’s/London forces which depend on atomic polarizability
[10]. This generalisation opened room for Casimir studies under physical conditions.
The resulting force between dielectric macroscopic bodies has the form [11],

F (d) = −ℏc
π2

720
1
d3

(ϵ0 − 1)2

(ϵ0 + 1)2φ(ϵ0), (1.7)

where ϵ0 is the dielectric constant and φ(ϵ0) is a tabulated function. The ideal con-
ductor behaviour in the zero temperature limit obtained by Casimir in Eq. (1.5) is
recovered in the limit ϵ0 → ∞.

At finite temperatures, the fields will exhibit thermal fluctuations around the field ex-
pectation values in thermal equilibrium. The thermal fluctuations result in radiation
pressure which adds thermal corrections to the Casimir force [12–14]. The thermal
wavelength is given by, λT = ℏc/(2πkBT ) and λT ≃ 1.2 µm at room temperature.
Hence the relevant scale where thermal fluctuations become important is at separa-
tion distances, d ≳ 1 µm where the wavelength of such fluctuations can fit inside the
cavity of the configuration.

The Lifshitz formulation also predicted that there is a geometrical element to the
Casimir effect, where some configurations result in a repulsive force. An example of
such a configuration with a repulsive potential is the double spherical cavity where
an inner conducting spherical shell of radius r is surrounded by an outer spherical
shell with radius, R → ∞. The zero-point energy for the vacuum of the inner shell
was derived8 in the late 1960’s and later improved through numerical approximation
[15, 16],

⟨E⟩ = C
ℏc
2r , F = −∂E

∂r
> 0 (1.8)

8The resulting expression from the initial derivation is very complex and employs some special
functions.
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where C = 0.092353 [17]. Note the positive sign of the Casimir force, essentially indi-
cating that the spherical conducting shell tends to expand. This provides motivation
for our exploration of different geometries.

Subsequent studies in the abelian gauge also show additional interesting results, such
as the implausible Scharnhorst effect [18, 19], where radiative corrections computed
in perturbation theory for the parallel plate geometry lead to photons between the
plates (moving perpendicular to the plates) travelling faster than in-vacuum pho-
tons with speed, c. Such a theoretical prediction could suggest that imposing the
Casimir boundaries on the QED vacuum amplifies some frequencies in the medium
cavity between the plates. This effect remains unobserved experimentally, hence the
result could be plagued by theoretical errors which introduce the need to explore
non-perturbative methods to compute these radiative corrections in field theories.

Recent studies of the abelian theory have been performed in lattice field theory in
an attempt to improve the inaccuracies in the measured Casimir effect due to e.g.,
thermal corrections in perturbative analytic methods for general geometries which are
usually formulated using simplifications such as fixed boundary conditions. See, for
example Ref. [6] where Green’s functions are used to describe the boundary effects
on vacuum fluctuations in quantum field theory. Initial lattice studies focused on
how to describe the boundary conditions for the geometries of interest in the lattice
formalism since the vacuum fluctuations spectrum is dependent on them. One such
boundary condition is the Chern-Simons action (boundary condition)9 described in
Ref. [21] for a parallel plates in (3+1)D non-compact10 QED.

The Chern-Simons action for electromagnetic fields in a (3+1)-dimensional spacetime
region V is given by the Maxwell action with an additional Chern-Simons surface
action term [22],

S = −1
4

∫
V
d4xFµνF

µν − a

2

∫
S
d3xϵijkAi∂jAk, (1.9)

where S is the boundary and a is a real parameter. The volume term is used to
generate the wave equation for Aµ in a suitable gauge and the surface term is used to
generate the boundary conditions. We refer the reader to Ref. [20–22] for extensive

9The Casimir effect between parallel plates using the Chern-Simons boundary condition in QED
has also been computed analytically, see Ref. [20], and is consistent with the lattice results. In
addition, the Chern-Simons boundaries have also been applied to compact QED [21].

10In non-compact QED, the gauge fields, Aµ are treated as continuous variables, i.e., they are
real-valued and unbounded. The lattice action is consistent with the continuum action given by the
first term in Eq. (1.9).
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discussions on these boundary conditions.

These lattice simulations have been extended to compact11 QED which exhibits non-
perturbative properties that are consistent with non-abelian gauge theories. We refer
the reader to Ref. [23, 24] for the case of parallel conducting wires in (2+1)D and
Ref. [25] for parallel conducting plates in (3+1)D compact U(1) gauge theory using
chromoelectric boundary conditions12. In these studies, the resulting action describes
photon dynamics which characterise the perturbative effects and the formation of
abelian monopole dynamics describing the non-perturbative effects. The monopoles
lead to mass-gap generation which screens the Casimir potential at large separation
distances similarly to strongly interacting theories. At short separation distances, the
monopole density between the boundaries is diminished into a dilute gas of monopole-
antimonopole pairs and the region between the wires/plates goes through an induced
deconfining phase transition.

We have so far discussed the historical theoretical progressions in abelian gauge the-
ory, however, experimental studies of the Casimir effect in various geometries have
been performed and continually improved in recent years with the technological ad-
vances allowing for precision measurements of micro-nano scale forces13. Such studies
point out the physical significance of zero-point energies and pave way for its applica-
tions in technological devices. See the reviews in Ref. [6, 28–30] for some discussions
on the experimental front and theoretical developments alike.

1.2.2 Non-Abelian Gauge Theories
Extensive studies of the Casimir effect have been performed with abelian gauge fields
because the weakly coupled theory is well-understood and the boundary conditions
associated with electromagnetic fields can be experimentally controlled with great
precision. In addition, radiative corrections to the Casimir energy due to interactions
of virtual photons with virtual fermions can be calculated using perturbative tech-
niques. The Casimir effect has also been studied in non-abelian gauge theories, which

11In compact QED, the gauge fields, Aµ are periodic and bounded on the compact manifold, U(1).
The lattice action is given by a sum over the plaquette variables, S[θ] = β

∑
P (1 − cos θP ) [23].

12On the lattice, this corresponds to increasing the lattice coupling at the boundaries by a Lagrange
multiplier λ, βP (λ) = β + λ, β = 1/g2a(4−D) such that the tangential field component vanishes, i.e.
θP → 1.

13It is worth mentioning that given the small (i.e. micro-nano range) magnitude of the Casimir
force, Casimir measurements are of interest to the gravitational interactions community for the pos-
sible detection of any deviations from the expected gravitational interactions at such small distances
and possibly posing arguments for a fifth fundamental force [26, 27].
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are relevant in the description of the strong and weak interactions.

Yang-Mills theories are more complicated than their abelian counterparts, which is
partly attributed to their non-perturbative confining nature, they are non-linear and
self interacting. The geometrical boundaries imposed on the confining gauge fields
are not necessarily equivalent to lattice studies in a finite closed volume14. In the
latter, as the lattice volume approaches zero, the infrared cut-off may become higher
than the ultraviolet scale and the theory becomes weakly coupled due to asymptotic
freedom15, while this can not necessarily be generalised to the Casimir set-up where
at least one spatial direction is unbounded.

In the preceding subsection, we discussed the computation of the abelian Casimir
effect in lattice simulations. Our approach in the non-abelian theory will also be im-
plemented on the lattice, where numerous other QCD observables have been computed
non-perturbatively. The lattice implementation involves the regularisation of QCD
in Euclidean space and discretising the fields on a hypercubic lattice. The fermionic
fields are placed on the sites and gluonic fields are placed on the links between the
sites and their interactions are simulated in thermal equilibrium. We dedicate the
second chapter of this thesis to lattice gauge theory formalism.

We highlight the formulation and findings of Ref. [32], taken as a starting point
for our studies. In that work, the Casimir effect in non-abelian gauge theory is
studied on the lattice for perfectly conducting static parallel wires in (2+1)D SU(2)
at zero temperature (Ns = Nτ = 32) using chromoelectric boundaries. The resulting
attractive Casimir potential is described by the empirically chosen fitting function,

V fit
Cas(R) = −(N2

c − 1)ζ(3)
16π

1
R(ν+2)σ(ν+1) e

−MCasR, (1.10)

with fit parameters, ν and MCas, where σ is the string tension and Nc is the number of
colours. The parameter ν describes the anomalous scaling dimension of the potential
at short separation distances compared to the expected tree-level behaviour,

V tree
Cas (R) = −(N2

c − 1)ζ(3)
16π

1
R2 , (1.11)

describing the Casimir energy of (N2
c − 1) non-interacting copies of a monopole-free

U(1) gauge theory analogous to a free scalar field with Dirichlet boundary conditions
14We refer the reader to Ref. [31] for a study of finite system size corrections to the equation of

state.
15In the finite volume geometry where the lattice volume is decreased, Yang-Mills theories become

deconfining at zero temperature.
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[33]. Similarly to the finite volume geometry and the formulation in compact QED,
this Casimir geometry is bound to induce a smooth deconfining phase transition be-
tween the wires. We explore the presence of this smooth deconfining phase transition
for other geometries.

The vacuum zero temperature Yang-Mills theory exhibits non-perturbative dynamic
mass-gap generation16 in both (2+1)D and (3+1)D, similarly to compact QED. This
non-perturbative mass-gap generation results in an effective screening of the Casimir
potential at large separation distances quantified by the parameter MCas (the Casimir
mass) in the exponential of Eq. (1.10). The mass-dependent exponential decay of the
Casimir potential is consistent with the Casimir energy decay for a massive scalar par-
ticle obtained in a gauge-invariant Hamiltonian formulation of (2+1)D non-abelian
gauge theories [34].

Interestingly, the resulting Casimir mass corresponding to the zero-energy of the
(2+1)D gauge theory with perfect conductor parallel wires [32],

M∞
Cas = 1.38(3)

√
σ < M0++ = 4.718(43)

√
σ (1.12)

is less than the lowest 0++ glueball mass in (2+1)D SU(2) gauge theory [35]. In prin-
ciple, the lowest glueball mass, M0++ should be the lowest mass in the system, hence
this result suggests that the dominant degrees of freedom in the non-abelian theory
Casimir interaction are a lighter gluonic state, possibly forming a ‘light-gluon’ plasma
due to the boundary-induced deconfining phase transition in the region between the
wires.

This low Casimir mass has also been obtained in an alternative study employing an-
alytical methods to show that the propagator of the gauge-invariant gluon field in
SU(2) corresponds to the propagator of a massive scalar field in (2+1)D, with a mass
corresponding to the Casimir mass [34]. The same study also shows that the (2+1)D
Casimir mass has physical implications for the (3+1)D theory. It is shown that the
two-dimensional theory Casimir mass is equal to the high temperature magnetic mass
due to screening effects in the three-dimensional theory. Hence studies of the Casimir
effect in (2+1)D gauge theories can be used as a probe of the magnetic screening
mass of a pure gauge QCD plasma. These masses are not at the centre of this work,
but come at no additional cost and will be stated.

16The mass gap describes the spontaneously broken chiral symmetry and lack of a first principle
description of how the bound states (hadron) masses are generated from lighter/massless quarks and
gluons through strong interactions.
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In the previous subsection, we discussed the geometrical aspects of the Lifshitz for-
mulation of the Casimir force in abelian gauge theory, where the resulting potential
is attractive or repulsive depending on the geometry under consideration. This result
has also been presented for a weakly coupled, massless non-interacting scalar field the-
ory with Dirichlet boundary conditions in Ref. [36], where finite volume effects on the
equation of state are studied. This study suggests that the resulting zero-temperature
Casimir pressure is attractive for a parallel plate and box configurations, and repul-
sive for a tube configuration in the abelian theory. Understanding whether such a
Casimir force geometric dependence exists in non-abelian gauge theories is of interest
in this work.

The Casimir effect remains of interest in various fields of physics, and we refer the
reader to Ref. [30, 37] and references therein for comprehensive discussions. In moti-
vation of our study of the Casimir effect in non-abelian gauge theories, we highlight its
importance in quantum field theory. In quantum chromodynamics, the Casimir effect
has been pivotal in building our understanding of the phenomenologically relevant
MIT bag model [38–40] of hadrons which describes hadron spectroscopy, confinement
and other hadron properties.

In Casimir terms, the bag model is similar to the QED spherical shell model discussed
in the previous subsection. The main difference in the QCD bag model is that we are
only interested in the contributions of gluon field modes in the interior of the shell/bag
due to confinement. The model assumes that quarks are confined in a sphere of radius
R but can move freely within the sphere and obey the free Dirac equation. Gluons
are also confined in the sphere, they are described by field configurations which can
fluctuate but the gluons are not free to move similarly to the quarks. The hadron bag
energy is approximated by the sum of the Casimir energy, the bag volume energy17,
single quark kinetic energies and the gluon exchange energy [39]. The hadron mass
spectrum is then extracted from the bag energy by numerically solving the function
relating the bag energy to the hadron mass [41].

The exact functional form of the Casimir energy term in the bag model has been
subject to scrutiny [42, 43]. The reason is that the phenomenological value of the
Casimir energy parameter differs both in sign and magnitude from its theoretical
value [42]. As a result, the Casimir energy term is removed in some modified versions
of the bag model [44]. It was shown in Ref. [41] that including improved values of
the zero-point (Casimir) energy in the centre-of-mass-motion corrections18 [45] of the

17This energy term guarantees quark confinement in the bag.
18These corrections are associated with the modelling of the bag as an independent particle shell,



Chapter 1. Introduction 11

bag model results in improved magnetic moments and light hadron masses relative
to experimental data. Hence our understanding of the Casimir effect in non-abelian
gauge theories remains relevant.

In this thesis, we study the Casimir effect in non-abelian gauge theories in (2+1)D and
(3+1)D for the gauge groups SU(2) and SU(3) using lattice techniques. Inspired by
the first-principle numerical simulations of Ref. [32], we apply chromoelectric bound-
ary conditions on the lattice to formulate new as of yet unexplored types of geome-
tries. We provide extended results of the Casimir potential in (2+1)D gauge theories
for parallel conducting wires, then provide new results for the Casimir potential in
(3+1)D for a parallel conducting plate configuration, a symmetrical and asymmetri-
cal tube and box respectively.

Moreover, we explore the Casimir energy dependence on the temperature given that
Yang-Mills theories contain a phase transition where the theory deconfines into a
plasma of gluons with respect to the temperature scale (and at high densities). As
such, we compute the Polyakov loop (deconfinement order parameter) as we move
from the confined to the deconfined phase. In order to understand the gluodynam-
ics of the restricted gluon modes inside the configuration volume, we compare the
Polyakov loop of the fields on the interior and exterior (vacuum) of each configura-
tion.

The outline of the thesis is as follows: In chapter (2), we describe the formalism of
lattice gauge theory, motivating for lattice QCD methods and setting up the pure
gauge Wilson action. We describe an unexpected step-size reduction effect on the
convergence of plaquette averages when using the Metropolis update algorithm. In
chapter (3), we discuss periodic boundary conditions used in our lattice volume, and
chromoelectric boundary conditions used to study the Casimir effect. We also present
Padé fitting functions to the QCD string tension, which we use to introduce a physical
scale to our lattice measurements. Such fits allow for the interpolation of the string
tension with respect to the inverse coupling, as well as extrapolation to the contin-
uum limit. In chapter (4), we discuss an approximation to the electromagnetic field
strength tensor using single plaquettes on the lattice. We then derive the symmetry
relations of the electromagnetic field strength tensor components for the wires, plates
and tube geometries. Lastly, we present numerical results for the field components
in the various geometries showing the field suppression at the boundaries and the
resulting field symmetries. The main results of the thesis are provided in chapter (5)
and include the Casimir energy for the geometries of parallel wires in (2+1)D, parallel

leading to energy contributions from the centre of mass motion confined inside the bag.
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plates, symmetrical and asymmetrical tube and box in (3+1)D. These are followed by
the Polyakov loop results and the test for Casimir temperature dependence in chapter
(6). Our results are then summarised in chapter (7), and appendices of the generator
matrices and rotation transformations are provided.



Chapter 2

Lattice Gauge Theory

In this chapter, we briefly introduce the formulation of non-abelian pure gauge the-
ory on the lattice using the Wilson action. We start by looking at the gluonic action
and how it relates to the lattice plaquette variables and the electromagnetic field
strength tensor. Then we discuss the implementation of the Metropolis algorithm in
updating the gauge/link variables. We show that there is a step-size dependence of
the Metropolis updates on the convergence of lattice measurements in non-abelian
theory which is not well documented in literature and is not observed in classical
field theory. This step-size dependence varies based on the method used to generate
group elements and is independent of the distribution used. We also touch briefly on
the Hamiltonian Monte Carlo (HMC) algorithm and the effect of topology in Monte
Carlo algorithms. Lastly, we discuss the analysis of lattice measurements including
thermalisation, auto-correlations and Jackknife errors.

2.1 QCD on the Lattice
Quantum chromodynamics (QCD) in the weakly coupled regime (high energies and
large momentum transfers between quarks) has been accurately studied using per-
turbative techniques made possible by the asymptotic freedom feature of the theory
[46]. We refer the reader to Ref. [47, 48] for some reviews on perturbative QCD and
discussions alike. On the other hand, these perturbative methods also show that the
strong coupling constant, αs = g2/4π > 1 below ΛQCD ∼ 200 MeV, rendering such
methods unusable at low energies due to the lack of convergence of the underlying
series expansion, even for scales around 1 GeV.

The inability to apply perturbative methods in studying the strongly coupled regime

13
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(low energies) of QCD introduces the need for non-perturbative approaches, and thus
provides a strong motivation for the lattice method [49, 50]. The lattice method is a
regularisation of QCD in Euclidean space, thus fermionic and gluonic fields are dis-
cretised on a hypercubic lattice with spacing, a. The quark fields are placed on sites
and gauge fields are placed on the links between these sites, then their interactions
are simulated in thermal equilibrium [49].

These non-perturbative calculations are performed on the lattice by numerically eval-
uating the QCD path integral in Euclidean space,

⟨O⟩ = 1
Z

∫
DADqDq̄O[A, q, q̄]e−S[A,q,q̄], (2.1)

where O is an observable given by a product of gauge (A), quark (q) and antiquark
(q̄) fields and S is the Euclidean QCD action. The expectation value is computed
over all possible field configurations using Monte Carlo sampling. As a result, the
only limitations to practical lattice calculations are computational resources and al-
gorithm efficiency, which introduce statistical and systematic uncertainties [51].

The statistical uncertainties are a result of the use of Monte Carlo importance sam-
pling1 in the evaluation of the path integral in Eq. (2.1). There are various sources for
the systematic uncertainties such as the discretisation of the QCD action since a ̸= 0.
The Symanzik effective action has been used to reduce these discretisation errors [53].
Some errors arise due to finite volume (of the lattice box) effects where the values
of physical quantities, e.g. quark masses differ from the infinite volume values. See
Ref. [54, 55] for further discussions on systematic errors such as the continuum limit
extrapolation, chiral extrapolation, operator matching etc.

In the continuum theory, the strong coupling constant, αs, is dependent on the QCD
scale parameter, ΛQCD [47], which is an emergent dimensionful scale arising from
quantum fluctuations. In the lattice regularisation scheme, this scale is related to
the inverse physical lattice spacing a, i.e. ΛUV = 1/a, which acts as a scale setting
parameter. Thus choosing the lattice coupling constant, β ≡ 2Nc/g

2, corresponds to
fixing the lattice spacing, which in turn gives us the ultraviolet cut-off of the theory.
As a result, it is important to pick the lattice spacing such that it is much smaller
than any physical length scale of the system being investigated. This recovers the
Euclidean space rotational symmetries broken by the lattice discretisation.

1Importance sampling involves using a weighted average of random draws from the proposal
distribution q(x) (which is easier to sample) in order to approximate the estimator of the mean of
the target distribution p(x) [52].
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We obtain physical results of the continuum theory in lattice calculations through ex-
trapolation to the continuum limit (i.e., a → 0). Lattice calculations in this limit of
the physical lattice spacing are not computationally feasible as they require increased
number of lattice grid points. A good estimation of discretisation errors becomes im-
portant in keeping this extrapolation under control, and the extrapolation methods
generally perform better when data from various lattice spacings is used [56].

A (2 + 1)-dimensional cubic lattice is shown in Fig. (2.1), showing the quarks, qn on
the sites and gauge fields, Uµ(n) on the links. In the figure, L and T are the spatial
and temporal lengths, respectively. The middle frame shows a single plaquette, while
the right frame represents a Wilson line, and we will discuss these in detail shortly.
The physical spatial and temporal sizes are L = aNs and T = aNt, respectively,
where a is the physical lattice spacing and Ns and Nt are the number of lattice points
in the spatial and Euclidean temporal directions.

Figure 2.1: A (2 + 1) dimensional cubic lattice [50].

In general, the QCD action appearing in Eq. (2.1) can be split into three parts; the
gluonic part, describing the propagation and self-interaction of gluonic fields; the
fermionic part, which describes the quark fields and the interaction part, describing
the coupling of quarks and gluons. This study is performed in pure gauge theory, and
thus we restrict ourselves to the pure gluonic part of the action.

The gluonic action depends on the spin-1 bosonic gauge fields (the gluons), Aµ(n),
where n is the position argument (e.g., lattice site). These are traceless hermitian
matrices that live in the Lie algebra of SU(3) and constitute a vector field with
Lorentz index µ. We require gauge invariance of the action, which means the gauge
fields themselves need to be gauge covariant. Using the definition of the covariant
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derivative, the gauge fields transform as follows,

Aµ(n) → Aµ(n)′ = Ω(n)Aµ(n)Ω(n)† + i(∂µΩ(n))Ω(n)†, (2.2)

where Ω(n) are SU(Nc) group elements at a lattice site, i.e., unitary Nc × Nc with
unit determinant.

Such local gauge transformations only result in unphysical local phase changes in the
field strength tensor, which in turn cancel in the contribution to the action and do
not change the physical nature of the theory. When viewed from a geometrical per-
spective, one thinks of gauge fields as connections on the principal bundle enabling
infinitesimal parallel transport of the fields relating different fibres [57]. Then the
gauge transformations describe the corresponding change in the choice of coordinates
on the fibres.

Since the gauge fields live in the Lie algebra, su(3) in the continuum formulation,
they can be expressed by the group generators, Tj (i.e., Gell-Mann matrices),

Aµ(n) =
8∑

j=1
A(j)

µ (n)Tj, (2.3)

while in the lattice representation, they are instead represented by SU(3) group ele-
ments2 given by,

Uµ(n) = exp [iaAµ(n)] ∼ P exp
(
i
∫

Cxy

A · ds
)
, (2.4)

∼ 1 + iaAµ(n) + O(a2), (2.5)

and are the elementary link variables between lattice sites, where a is the lattice
spacing. When discretising the continuum action, gauge invariance is explicitly cho-
sen by calculating in link variables, which ensures that gauge invariance is preserved
on the finite grid. In moving from the continuum theory to the lattice, the inte-
gral appearing in the gauge transporter in Eq. (2.4) is approximated by the product
of the path length, a (lattice spacing), and the field value, Aµ(n), at the starting point.

The link variables play the role of the gauge transporter from one point, n, to another.
The colour trace of a product of these gauge fields forming a closed loop (Wilson loop)
describes a gauge invariant physical observable. We require physical observables to

2This representation ensures the preservation of gauge invariance and simplifies lattice computa-
tions.
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be gauge invariant. Thus the expectation value of the observables is unaffected by the
gauge fixing choice. However, individual link variables have a vanishing expectation
value, which leads to all other gauge invariant observables vanishing [58]. On the
lattice, gauge fixing only simplifies some calculations, as opposed to its essential and
integral role in perturbative calculations [59].

In lattice terms, the product of four link variables forming a square is called the
plaquette,

Uµν(n) = Uµ(n)Uν(n+ µ̂)U−µ̂(n+ µ̂+ ν̂)U−ν̂(n+ ν̂), (2.6)
= Uµ(n)Uν(n+ µ̂)Uµ(n+ ν̂)†Uν(n)†, (2.7)

and is shown on the middle frame of Fig. (2.1). The plaquette variable is path
dependent, traversing a single 1 × 1 square loop in a specific plane. The sum of
all possible plaquettes on the lattice describes the Wilson gauge action, with each
plaquette counted with a single orientation. The Wilson action is given by,

SG [Uµ(n)] ≡ β

N

∑
n∈Λ

∑
µ<ν

Re Tr [1 − Uµν(n)] , (2.8)

where the sum is performed over all lattice points containing a plaquette and the
Lorentz indices. The pre-factor, β is the inverse coupling,

β ≡ 2Nc

g2
s

, (2.9)

and provides the physical scale on the lattice.

2.2 Metropolis Algorithm
The purpose of an update algorithm is to use a proposal probability distribution to
generate a set of field configurations which approximate a target distribution. The
way an update algorithm moves from one field configuration, to another (also called
a Monte Carlo update step) is through a stochastic process (i.e., Markov process)
following the specified proposal distribution. The Markov process3 starts at some
initial configuration, which is either an identity element (cold start) or a set of ran-
dom numbers drawn from a specified distribution (hot start). A good choice for the

3The Markov process is a stochastic process where the state at τn+1 depends only on the state
at τn and not the entire sequence of states that preceded it.
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starting configuration reduces the computation time.

The Markov process then samples the distribution, visiting all configurations, but
those with a high probability or large Boltzmann factor exp(−S) more frequently
and ultimately approaching a unique stationary distribution. A stationery distribu-
tion always exists because we assume a finite state (configuration) space, else it would
not exist when sampling an infinite space, see for example Ref. [60]. The sequence of
states or field configurations formed by the Markov process constitutes the Markov
chain.

The basis of any Markov chain process is that it has to satisfy the detailed balance
condition requiring a symmetry in the transition between configurations,

T (U → U ′)P (U ′) = T (U ′ → U)P (U), (2.10)

where T is the transition probability between subsequent configurations (i.e., at n−1
and at n along the chain), and P (U) is the probability that the system is in the
configuration U . One can show that the stationery probability distribution is a fixed
point of the Markov process, and once reached, the system stays there. This intro-
duces the need for thermalisation steps prior to using any measurements from the
Markov process to compute observables. To test whether the system has thermalised
(equilibrium distribution is reached), one can compute the expectation value of the
observable of interest as a function of the Monte Carlo time.

The Metropolis algorithm [61] is a local update algorithm allowing us to change only
a single link variable Uµ(n) → Uµ(n)′ at each update. Our goal is the equilibrium
probability,

P (U) ∝ exp(−S[Uµ(n)]), (2.11)

where S[U ] is the Wilson gauge action given in Eq. (2.8). The single link variable that
we want to change is connected to four plaquettes in (2 + 1)D and six plaquettes in
(3+1)D. We show this link and associated plaquettes for the former case in Fig. (4.2),
and these are the only plaquettes that are affected when the local configuration change
is made. The local contribution to the action of the above-mentioned plaquettes is
given by,

S [Uµ(n)′]loc = β

N
Re Tr [p · 1 − Uµ(n)′A] , (2.12)

where p is the number of locally affected plaquettes, A is a sum of the other link
variables forming the plaquette (black link variables in Fig. (4.2), called staples) that
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are not being changed during the update, but form part of the plaquette that are
affected by the update. The corresponding sum of all the staples is given by,

A =
∑
µ̂ ̸=ν̂

[
Uν(n+ µ̂)Uµ(n+ ν̂)†Uν(n)†

+Uν(n+ µ̂− ν̂)†Uµ(n− ν̂)†Uν(n− ν̂)
]
, (2.13)

where the sum considers plaquettes in the forward (first term) and backward (second
term) directions. Here µ̂ refers to the direction of the link variable being updated,
while ν̂ refers to the other directions in Euclidean space.

The candidate link variable Uµ(n)′ that is proposed in the update step is a group
element. The main technique that is applied to obtain this candidate configuration
is to multiply the current configuration Uµ(n) by a random element of SU(Nc) close
to unity,

Uµ(n)′ = ΩUµ(n), (2.14)

where Ω is the random element of SU(Nc) close to unity. The random element, Ω
needs to be selected with equal probability as Ω−1 in order to achieve a symmetric
selection probability to ensure detailed balance, which is a criterion to achieve con-
vergence to the target distribution. The problem then simplifies to computing the
matrices Ω which are random elements of SU(Nc). There are various methods in
which one can generate group elements of SU(Nc) close to unity, and we will briefly
discuss three of these methods in the following subsection.

Once the candidate link variable has been computed according to Eq. (2.14), we then
calculate the local change in action (i.e., for the affected plaquettes),

∆Sloc = S [Uµ(n)′]loc − S [Uµ(n)]loc , (2.15)

= − β

N
Re Tr [(Uµ(n)′ − Uµ(n)′)A] . (2.16)

The last step of the algorithm is the accept-reject step, where we draw a random
number k ∈ [0, 1) from a uniform distribution and accept the proposed link variable
Uµ(n)′ with probability,

P (U → U ′) =
1, ∆Sloc ≤ 0

exp(−∆Sloc), ∆Sloc > 0,
(2.17)

i.e., k ≤ exp(−∆Sloc), else reject.
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2.2.1 Computing a Random SU(Nc) Element
The Metropolis algorithm is used to update the gauge configuration, Uµ(n) → Uµ(n)′

in each sweep4. We have have shown that in order to obtain the candidate link vari-
able Uµ(n)′, one needs to generate a random group element Ω. We now discuss three
methods that can be used to generate this random group element. These methods
used to generate a random element of SU(Nc) which we discuss here form basis for
the discussion in section (2.2.2) where we show the effect of the step-size used in the
update of the random group element Ω.

First Approach:

The first approach that we follow to generate the candidate update matrices is a direct
sampling of the gauge algebra which seeks to reduce the computational cost of this
step. It is analogous to the approach discussed in Ref. [62], where one computes an
SU(Nc) group element by taking the complex exponentiation of a linear combination
of the algebra elements in their fundamental representation, i.e.,

Ω = exp
i m∑

j=1
wjTj

 ≡ exp(iQ), (2.18)

where m is the number of generators, m = 2 for SU(2) and m = 8 for SU(3) and
Tj are the generators. The wj are random numbers generated from either a uniform
distribution with wj ∈ (−ε, ε) or normal distribution, where ε corresponds to the
standard deviation. This parameter determines the extent in which you traverse the
generator space, and will be discussed further in the second approach.

We implement this approach in the following steps:

• Instead of taking the complex exponentiation of a linear combination of gener-
ators, one only generates a single random number, w and computes the group
element using Eq. (2.18) without the sum. Thus only taking the complex ex-
ponentiation of a single generator.

• Given that we apply many update steps, we can select a different generator each
time. Thus one needs to draw a second random number d ∈ (1,m) from a uni-
form distribution, which allows you to sample the different generator directions
on each sweep.

4A sweep is a complete update cycle where each lattice site n is visited and potentially updated
at least once based on the outcome of the accept-reject step in Eq. (2.17).
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While Eq. (2.18) suggests stepping into random directions with random “length”,
wj in generator space, here we step along one generator direction each time with a
different random “length”. Choosing different directions at subsequent update steps,
in total leads to the same result, i.e., randomly traversing the whole generator space.

A similar, but alternative method of generating a group element is proposed in Ref.
[63], allowing one to express the group element as a second order polynomial in
a hermitian generating matrix. The polynomial coefficients consist of elementary
trigonometric functions that depend on the group parameter and the determinant of
the hermitian generating matrix.

Second Approach:

The second approach is discussed in detail in Ref. [58], and we will summarise it for
SU(2) and SU(3). In SU(2), based on the Pauli representation of SU(2) matrices, one
starts by generating four uniformly distributed random numbers xi ∈ (−1/2, 1/2). An
SU(2) group element can be parameterised by these four real numbers which satisfy
the normalisation condition in Eq. (2.20) such that they lie on the surface of a four-
dimensional hyper-sphere (3-sphere). A uniform distribution is used to ensure that
the resulting group elements are evenly spread over the group manifold. The sym-
metric interval eliminates bias in the generated matrices and ensures detailed balance.

One also needs to pick a second number, ε. Where |ε| < 1 is the parameter tuned
to determine the average step-size of the random walks, thus informs the acceptance
rate and the spread of the generated update matrices around the unit element. The
average step-size, ∆MC is given by,

∆MC =
∫ a

−a ρ(x)|x|dx∫ a
−a ρ(x)dx , (2.19)

where ρ(x) is the probability density function, commonly a normal distribution with
standard deviation σ = ε or uniform distribution with a = ε. If ρ(x) = 1, i.e., uniform
distribution, then ∆MC = |ε|2.

The update matrix is then given by,

Ω = x0 · 1 + ix · σ, det[Ω] =
3∑

j=0
x2

j = 1, (2.20)

x0 = sign(r0)
√

1 − ε2, x = εr/|r|, (2.21)
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where σ corresponds to the summed generators.

The SU(3) update matrices are computed by generating three SU(2) matrices using
Eq. (2.20), and embedding these in 3 × 3 matrices according to,

R =

r00 r01 0
r10 r11 0
0 0 1

 , S =

s00 0 s01
0 1 0
s10 0 s11

 , T =

1 0 0
0 t00 t01
0 t10 t11

 , (2.22)

then taking the product of these three matrices,

Ω = RST. (2.23)

A slight modification of this approach that we also consider is to replace ε in Eq.
(2.21) by φ ∈ (−ε, ε). That is, instead of picking a fixed value ε < 1 to guide our
step-size, we generate and use a second random number φ ∈ (−ε, ε) from a uniform
or normal distribution. We will discuss the step-size effect of this modification in the
following subsection.

Third Approach:

The last approach that we look at is a slight modification of the second approach.
One generates four random values, rj following a normal distribution with mean zero
and standard deviation, ε ≤ 1. The rj are normalised to unity, then the new group
element is obtained as follows,

Ω = r0 · 1 + i
m∑

j=1
rjσj, (2.24)

where σj are the generators of the Lie Algebra, and m is the number of generators.
Generally, one picks the update matrices for the candidate link, U such that they
are close to the previous link. However, one can also explore the effect of picking a
completely random element, i.e., we take Uµ(n)′ = Ω.

2.2.2 Metropolis Algorithm Step-size Dependence for SU(Nc)
One challenge with the Metropolis algorithm is picking a step-size (i.e., the parameter
ε discussed in the previous subsection) which informs the efficiency of the algorithm.
This is a system-specific parameter, however, an acceptance rate of ∼ 30 − 50% is
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deemed optimal, thus one tries to tune the step-size such that it matches it. An inter-
esting comment from [58] is that “One sees that this topic moves from science to art”
as there are no clear guiding strategies. The simplest form of the ‘art’ would be to
start by testing different step-sizes in comparison to their corresponding acceptance
rates before taking any measurements.

Another option is to write a program that changes the step-size at each update step
in order to maintain the desired acceptance rate [64]. This approach is relevant in
instances where the step-size strongly depends on the domain of the proposal proba-
bility distribution, ρ(x). That is, a very large step-size (low acceptance rate) where
ρ(x) is highly variable or a very small step-size (high acceptance rate) where ρ(x) is
relatively flat. Improving the step-size selection is subject to ongoing research, see
Ref. [64–66].
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Figure 2.2: Step-size dependence of plaquette averages for a hot and cold start using
the first approach with a uniform distribution in (2+1)D SU(2) for β = 6 and L = 16.

The consequence of a smaller step-size is that the configuration space is explored
much slower, resulting in large thermalisation times depending on the starting con-
figuration. In addition, a small step-size leads to a high acceptance rate which results
in long auto-correlation times, drastically increasing the statistical errors in the mea-
surement. In order to overcome these large errors, one would need to increase the
Monte-Carlo sample size resulting in an inefficient algorithm. On the other hand,
if the step-size is too large, then the configuration space is explored more broadly,
leading to a very small acceptance rate.

Irrespective of the step-size that one picks for the Metropolis algorithm, it is expected
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that for large enough Monte-Carlo time, the configurations converge (within uncer-
tainty) of the stationary distribution. In this section, we show that although this is the
case in scalar field theory, the statement does not in general hold for the gauge group
SU(Nc), possibly due to an asymmetry in the proposals leading to a modification of
the acceptance probability. Given that the plaquette average is the cheapest quantity
to compute on the lattice, we use Eq. (2.19) to show how the plaquette average in
different pure gauge theory systems varies with step-size. We show a comparison to
the plaquette averages measured using a combination of the heatbath algorithm and
over-relaxation in Ref. [35] for (2 + 1)D and Ref. [67] for (3 + 1)D.
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Figure 2.3: Step-size dependence of plaquette averages for different distributions using
the first approach with a cold start in (2 + 1)D SU(2) for β = 6 and L = 16.

Note that we have computed the plaquette average using uncorrelated measurements,
with statistical errors obtained from the Jackknife technique, thus should be reflective
of the true error in the measurements. In Fig. (2.2), we show that for gauge group
SU(2), the measured plaquette averages only converge to the literature result in Ref.
[35] in the limit as one approaches smaller step-sizes. In the literature, e.g., Ref. [58],
it is suggested that a value of ε < 1 should suffice. However, the fact that there is a
∼ 0.25% difference between measured plaquette averages at ε = 0.9 (bigger step-size)
and ε = 0.1 (smaller step-size) comes as a surprise, and perhaps suggests that this
choice of ε should not be generalised.

We also test whether the starting configuration (hot or cold) converges to the same
plaquette average for different step-sizes. We obtain a ratio of one, showing that the
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starting configuration does not affect the measured plaquettes (as expected) because
of the convergence of the Markov chain to an equilibrium distribution over long Monte
Carlo times as discussed earlier in the chapter. This check is to ensure that our up-
date algorithm does not suffer from topological freezing [68, 69], which is a common
issue for Monte Carlo algorithms [70]. We discuss this problem briefly later in this
chapter.
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Figure 2.4: Step-size dependence of plaquette averages for different distributions using
the first approach with a cold start in (2 + 1)D SU(3) for β = 6 and L = 4.

In the meantime, let us proceed by discussing the comparison of the step-size effect
on a uniform and normal proposal distributions as shown in Fig. (2.3). In this plot,
we show that the behavior of the Markov chain is less sensitive to the shape of the
proposal distribution due to the symmetry imposed by the detailed balance condition
i.e., Eq. (2.10). This is evident from the shape of the plaquette average dependence
on the step-size (for both a uniform and normal distribution), which follows approx-
imately the same curve and plateaus around the same ∆MC .

Recall that the Lie group, SU(2) can be expressed as a subgroup of SU(3) by either
taking the first three generators of SU(3) and accounting for the extra factors of (+1)
when taking the trace or by changing the representation. We show in Fig. (2.4) that
the step-size dependence observed in SU(2) is consistent in SU(3), thus not just a
SU(2) group artefact. Given that this effect is not observed in scalar field theories,
this would suggest that it is related to the sampling of non-abelian groups.
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Figure 2.5: Step-size dependence of plaquette averages for the first, second and third
approach using a uniform distribution with a cold start in (2 + 1)D SU(2) for β = 6
and L = 16.

In principle, the various ways in which one computes the update matrices should be
equivalent (within errors). In Sec. (2.2.1), we discussed three such approaches and we
now compare the different approaches in Fig. (2.5). The first two methods converge
to the same plaquette average with decreasing step-size, however they show a clear
systematic difference as can be seen from the ratio plot on the right frame. On the
other hand, the third method shows no explicit step-size dependence as seen from the
orange data-points on the left frame. While this is not at the centre of this work, we
highlight it as a possible subject of investigation to improve algorithm efficiency.

As mentioned earlier, the second approach can be slightly modified to fix the vari-
able, ε to a constant or draw it from a uniform distribution. We show the resulting
step-size dependence in Fig. (2.6), and both approaches converge to the same value
(at different rates) with reducing step-size, but varying ε is generally closer to the
heatbath plus over-relaxation result. For completeness, Fig. (2.7) shows the step-size
dependence at varying β and larger lattice size. It is clear that the convergence with
step-size is not a coupling nor lattice size artefact, but rather intrinsic to the group
sampling formalism.

The goal of this thesis is to study the Casimir effect, where the lattice observables of
interest are not the plaquette averages, but the plaquette action. We now look at the
effect of the step-size in the measured plaquette action, by comparing the averages
at step-sizes of ∆MC = 0.25 and ∆MC = 0.025. The former corresponds to plaquette
averages outside the range of the result in Ref. [35], while the latter corresponds to
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Figure 2.6: Step-size dependence of plaquette averages for the second approach with
fixed and varying ε using a uniform distribution with a cold start in (2 + 1)D SU(2)
for β = 6 and L = 16.

plaquette averages within (or at the least closest to) the same result. See the exam-
ple given in Fig. (2.2). Note that this discussion involves concepts such as the string
tension, which are expanded on in the following chapter and are not relevant for the
understanding of the current discussion, thus can be taken at face value.
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Figure 2.7: Step-size dependence of plaquette averages in (2 + 1)D SU(2) for β = 6
and β = 12 using the first approach with a uniform distribution with a cold start at
lattice size L = 32.

In Fig. (2.8), we show the step-size effect on the yt plaquette average as a function of
the string tension (which we use to introduce a physical scaling to our lattice mea-
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Figure 2.8: Plaquette averages for the yt plaquettes as a function of the string tension
at two different values of ∆MC in (2 + 1)D SU(2) for β = 15, L = 32 and λw = 50.

surements), which shows a difference of ∼ 0.05% for the step-sizes compared. This, in
turn results in a difference of ∼ 0.3% > 0.05% in the measured average action for the
yt plaquettes as shown in Fig. (2.9). The emphasis here, is that when one picks the
step-size for the Metropolis update, checking the convergence of plaquette averages
alone is not enough. Instead, one should pick a step-size based on the convergence of
their preferred observable of interest on the lattice (in this case, the average action
for the yt plaquette).
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Figure 2.9: Average action for the yt plaquettes as a function of the string tension at
two different values of ∆MC in (2 + 1)D SU(2) for β = 15, L = 32 and λw = 50.
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2.3 Hamiltonian Monte Carlo Algorithm
The Metropolis algorithm is an exact update method where one only updates a sin-
gle link variable at each sweep (i.e. local updates) and the proposal depends on the
current state of the system. It suffices for our purposes of pure gauge studies, but can
become very inefficient in studying the full QCD action with fermionic fields. This
inefficiency stems from the challenge of local update algorithms for systems with long
range correlators where changes in the system need not be localised. There exists an
ensemble of more efficient algorithms, some of which perform global updates at each
sweep and others where the gauge field changes are determined by the action and not
picked randomly.

The Hamiltonian Monte Carlo (also referred to as the Hybrid Monte Carlo in some
texts) approach is one such algorithm where the proposal is non-local, but rather ex-
plores the system’s state-space more efficiently. The Markov time numerical evolution
of the gauge fields in this algorithm is informed by molecular dynamics and classical
equations of motion,

H[Q,P ] = 1
2P

2 + S[Q], (2.25)

Ṗ = −∂H

∂Q
= − ∂S

∂Q
, (2.26)

Q̇ = −∂H

∂P
= P, (2.27)

where H is the Hamiltonian, Q are elements of the Lie algebra defining the link
variables in Eq. (2.18) and,

Pµ(n) =
m∑

j=1
P j

µ(n)Tj, (2.28)

are also elements of the algebra defined by m (number of generators) real ‘momentum’
variables, P j

µ(n).

Since the Hamiltonian is a constant of motion, the path followed by the gauge field
configurations is a hypersurface of constant energy in phase space and the result-
ing update needs to be ergodic. Such a numerical evolution (leapfrog evolution) of
the classical equations naturally introduce a discrete step-size, ε which needs to be
carefully chosen, and comes with numerical errors O(ε2). Note that this formulation
necessitates the computation of derivatives of the action, and consequently derivatives
with respect to the elements of the algebra.
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Figure 2.10: Step-size dependence of plaquette averages for different algorithms in
(2 + 1)D SU(3) for β = 6 and L = 16.

The Wilson plaquette is composed of four link variables, such derivatives can be cal-
culated from the product rule or employing some clever techniques, see Ref. [58].
There exists other hybrid algorithms where the classical evolution is perturbed with
a noise term that introduces quantum fluctuations [71], similarly to stochastic dif-
ferential equations. An extensive discussion on the formulation of the Hamiltonian
Monte Carlo algorithm can be found in Ref. [58], and we briefly mention it here as an
alternative approach that we have explored to make sense of the observed step-size
dependence in numerical results obtained using Metropolis update steps.

We show a comparison of plaquette averages measured using the Metropolis algorithm
(data-points), the Hamiltonian Monte Carlo algorithm (purple line), a well as a com-
bination of the heatbath algorithm and over-relaxation (black line) in Fig. (2.10). All
three algorithms provide equivalent numerical results up-to second digit. In the case
of the Metropolis algorithm, we compare the first approach (blue data-points) of gen-
erating candidate update elements, which we showed to converge to the result of Ref.
[35] (heatbath + over-relaxation) with decreasing step-size. This approach overlaps
with the HMC result and is therefore equivalent at some step-size, 0.3 < ∆MC < 0.4.

We also show the third approach (orange data-points), which lies very close to the
HMC result and surprisingly shows no explicit step-size dependence. It is unclear at
this point what the exact source of this step-size dependence is, but it clearly does
not result in a deviation from other available algorithms based on our observations



Chapter 2. Lattice Gauge Theory 31

in Fig. (2.10). It may be important for studies performing precision measurements to
take into account these step-size effects. However, such effects are negligible for our
purposes and we generate our candidate update matrices using the first approach for
the remainder of this thesis.

2.4 Topology on the Lattice
In section (2.2.2), we discussed the observed step-size effect on the measured plaque-
tte averages when the field configurations are generated using the Metropolis update
algorithm. While it is inconclusive that such effects are related to topological aspects
of traversing the phase space, we briefly discuss lattice topology and highlight some
common issues with Monte Carlo algorithms.

2.4.1 Topological Sectors
Topology plays a significant role in our understanding of lattice QCD, mostly through
the explanation of the properties of mathematical objects such as groups that are used
in the formulation of gauge theories. In the integral formulation of gauge theories in
Euclidean space, the field configuration space may be decomposed into disjoint sub-
sets. The set of all continuously deformed configurations live in the same subset called
topological sectors [72, 73].

An example of the occurrence of topological sectors is a single quantum scalar parti-
cle moving on the real line R1, e.g., along the x-axis. When formulated in Euclidean
space with periodic boundary conditions, the endpoints of the path (boundaries) as
x → ±∞ become indistinguishable and can be identified as a single point at ∞. The
resulting path followed by the particle is a compactification of the real projective line
R1 ∪ {∞} into an S1-sphere (circle).

The elements, U of the circle group (i.e., S1) can be parametrised by the angle
measure, θ, also describing the exponential map of the group,

U = eiθ = cos θ + i sin θ, (2.29)

where θ has period 2π as required for the trigonometric functions. This means that
in our transformation of the real line, R1 into a circle, the endpoints have to fulfil
the condition, limx→∞θ(x) = 2πn for some integer n. One can rewrite the resulting
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group elements including the period,
U (n)(θ) = einθ = cosnθ + i sinnθ. (2.30)

Topological sectors arise because any unique mappings U (n) and U (m) ∈ U(1) with
n ̸= m of the elements from the spatial real line to the circle group cannot be con-
tinuously deformed irrespective of their angle, since this will break the periodicity
condition at the endpoints requiring discrete deformations only. Thus each topologi-
cal sector is labelled by the integer n, also called the winding number and describes
the number of angles in the real domain space that maps to the same element U ∈
U(1) in the target complex space.

An observable O of our quantum scalar particle system moving along the S1-sphere
has an expectation value given by the path integral,

⟨O⟩ = 1
Z

∫
Dψ exp(−S[ψ])O[ψ], (2.31)

summing over all closed paths ψ(t) ∈ S1, where Z is the partition function and
t ∈ [0, 2π]. The set of all possible paths is divided into disjoint subsets (topological
sectors) and the winding number is given by the topological charge,

Q = 1
2π

∫ 2πR

0
dtψ̇, (2.32)

which is a conserved quantity.

While we have given an overview of the simple example of how topological sectors may
arise in one dimension, a generalisation can be made following a similar argument on
the four-dimensional torus and the gauge group SU(3) on the S3-sphere. We refer the
reader to Ref. [74–76] for a detailed discussion of topology in the context of lattice
QCD. The idea is to find classical fields which minimise the Euclidean Yang-Mills
vacuum action, which in turn requires the gluon field strength tensor to vanish at
spacetime infinity. A vanishing field strength tensor implies that the gauge fields
themselves need to vanish, i.e., Aµ(n) = 0. Using the gauge transform definition in
Eq. (2.2), we find that the gauge fields need to approach a pure gauge at spacetime
infinity,

lim
r→∞

Aµ(n) = Aµ(n)pg = i(∂µΩ(n))Ω(n)†, (2.33)
A proof that using these pure gauge fields results in a vanishing gluon field strength
tensor is given in Ref. [74]. The resulting topological charge is given by [77, 78],

Q =
∫

M
d4xq(x), (2.34)

q(x) = 1
32π2 ϵµνρσTr[FµνFρσ], (2.35)
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where q(x) is the topological charge density. In the lattice regularisation scheme, the
gluonic topological charge can be measured from the components of the field strength
tensor as follows,

Qtop = a4∑
x

q(x), (2.36)

q(x) = 1
8π2 [F01(x)F23(x) + F02(x)F31(x) + F03(x)F12(x)] , (2.37)

where we have defined the field strength components in terms of the plaquette vari-
ables in Eq. (4.10).

The lattice gluonic topological charge, Q /∈ Z due to the action discretisation errors
and is dominated by short-range ultraviolet fluctuations of the gauge fields which
appear in Monte Carlo simulations, thus very high gluon momenta [79]. In order to
isolate the relevant degrees of freedom of the long-range structure of the topological
charge, the ultraviolet noise is eliminated from the gauge fields before measuring the
topological charge through smoothing methods [79–83]. We define the topological
susceptibility,

χtop = 1
V

(
⟨Q2⟩ − ⟨Q⟩2

)
, (2.38)

as the variance of the topological charge, normalised by the lattice Euclidean volume,
and it describes the fluctuations in the topological charge or equivalently, the width
of the topological charge distribution. See Ref. [75, 84–88] for further discussions on
the topological susceptibility in different temperature regimes and number of flavours.

2.4.2 Topological Freezing in Monte Carlo Algorithms
In general, any group elements with different winding numbers are in separate topolog-
ical sectors and it is impossible to continuously deform two transformations Uµ(n) ∈
SU(3) with different topological charges. However, in the case of gauge fields, tunnel-
ing effects occur between different topological sectors and are mediated by instantons
[75, 89–91]. Such tunnelling phenomena break the pure gauge condition given in
Eq. (2.33) and result in a non-zero action [74] in the transition region known as the
sphaleron barrier.

The sphaleron barrier is an energy barrier with a height of the order O(ΛQCD/αs) [92],
and is studied on the lattice through the analysis of the distribution of topological
charge configurations and identifying regions where the topological charge changes.
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Instanton-like gauge field configurations are identified similarly. In the continuum
theory, instantons are classical solutions to the Euclidean equations of motion with
finite action [75]. Since different topological sectors are disparate in the continuum,
they are only connected by configurations with infinite action, thus cannot be con-
tinuously deformed.

Given the infinite action requirement for tunnelling in the continuum, one would
expect that generating gauge field configurations on the lattice using Monte Carlo
algorithms should result in such configurations getting trapped in a single topological
sector. However, while this is probable, it is not entirely the case since the continuum
infinite action is translated to a large (but finite) action on the lattice, making it
possible for instantons to tunnel through different topological sectors.

While we have discussed that the infinite action barrier in the continuum does not
result in poor exploration of topological sectors on the lattice, there are other lattice
artefacts that do. During a Monte Carlo simulation, the generated gauge field con-
figurations can get stuck in a single topological sector or evolve very slowly across
configurations with different topological charges [93, 94]. This phenomenon is known
as topological freezing and can occur as a result of finite-size effects or smaller lat-
tice spacings [95, 96], or due to algorithm inefficiencies. In Fig. (2.11), we show an
example of topological freezing at small lattice spacings in a U(1) gauge theory with
configurations obtained from the HMC algorithm in Ref. [70].

One consequence of topological freezing is that it results in very long autocorrela-
tion times [69, 94, 95] of the measured observable, resulting in statistical difficulties
and leading to enhanced errors. See Ref. [70, 97–99] for discussions on approaches
used to attempt the reduction of autocorrelation times. We discussed the step-size
effect on the Metropolis algorithm update step in section (2.2.2), and we show the
effect of step-size reduction on the autocorrelation times in Fig. (2.14) for (3+1)D
SU(3). The observed long autocorrelation times with decreasing step-size can be
associated with a slower sampling of the configuration space, a behaviour consistent
with topological freezing which is due to a difficulty in overcoming the action barriers.

It is worth mentioning that while we have shown behaviour reminiscent of topological
freezing for (2+1)D SU(Nc) non-abelian gauge theories in section (2.2.2), we do not
anticipate that step-size effects are due to topological freezing. Testing whether such
effects persist (as anticipated) in (3+1)D is left for future explorations, but could be
of interest because instantons are absent or rather, instanton effects are suppressed
in (2+1)D. Thus the concept of instantons in this case does not have the same signif-
icance as in the (3+1)D counterpart. This can be attributed to different confinement
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Figure 2.11: Topological charge history along a Markov chain of HMC configurations
at different couplings in U(1) [70].

dynamics, topological obstructions and the absence of some dynamical features in
(2+1)D theories. We refer the reader to Ref. [100] for detailed discussions. In full
QCD with fermionic degrees of freedom, instantons play a crucial role in the fermion
mass generation, and this is not a concern in our pure gauge studies.

2.5 Measuring Observables

2.5.1 Thermalisation
Monte Carlo methods are based on repeated random sampling of a specified prior
probability distribution to obtain some variables, ri used as input parameters. This
so called Markov process (repeated sampling) forms a Markov chain, see Section (2.2)
for a detailed description. In a Markov chain, the generated configuration at position
n, depends only on the preceding configuration at position (n− 1) along the Markov
chain, thus the configurations are correlated. An example of a Markov process is
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shown in Fig. (2.12) [101], where the chain moves from left to right sampling a uni-
form distribution.

Figure 2.12: Illustration of a Markov chain Monte Carlo process [102].

As discussed in Section (2.2), from the initial point (n = 0 or θ(0)) of the Markov
process, the system undergoes a thermalisation process before the stationery distri-
bution is reached. All measurements taken during the thermalisation process are not
useful in the computation of the observable of interest and need to be discarded,
else they can skew the expectation value. This is an essential step before studying
auto-correlation times, because we are only concerned with the auto-correlations of
measurements that will be used in computing the expectation value of our observable
of choice.

In Fig. (2.13), we show the thermalisation steps of the spatial plaquette in (3 + 1)D
SU(3) for β = 5.99, L = 18 (note that the temporal plaquette thermalises similarly
because we are using an isotropic lattice). We sample a normal distribution following
the Metropolis algorithm with ∆MC ∼ 0.8, starting from a cold and hot start. Figure
(2.13(a)) shows a comparison of these thermalisation steps in Monte Carlo time. We
observe that the cold start thermalises faster than the hot start, as can be seen from
the left inset-figure. The right inset-figure shows that over long Monte Carlo times,
both starts converge to the same result.

In general, we test for thermalisation as shown in Fig. (2.13(b)) where the normalised
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action measurements along Monte Carlo time are binned with a reasonable bin-size
(similar to the Jackknife bin-size). In this case, we have used a bin-size of one hundred
measurements. Then one computes the expectation value of the observable on each
bin of these normalised action measurements and checks where it plateaus. The data
in bins at low Monte Carlo times with averages that deviate (because the system has
not yet reached thermal equilibrium) from the average of thermalised measurements
at large Monte Carlo times is then discarded in this thermalisation step.
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Figure 2.13: Thermalisation of the action for a cold and hot start in (3 + 1)D SU(3)
for β = 5.99, L = 18.

2.5.2 Auto-correlations
Now that we have addressed thermalisation, in order to quantify how strongly cor-
related any two measurements on the Markov chain are, we compute the auto-
correlation time. The autocorrelation time is a measure of how many Monte Carlo
steps it takes to obtain statistically independent measurements. An autocorrelation
time of ∼ 1 indicates that the measurements are highly correlated. If correlated mea-
surements are not discarded, standard error estimating methods which assume that
the measurements are statistically independent will underestimate the true variance
of the measured observable. The goal is to get the auto-correlation time to ∼ 0, by
skipping some elements of the chain (the auto-correlation length) between measure-
ments.

Recall that the unbiased estimator for the mean and the corresponding variance for
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the observable O from N measurements are given by,

⟨O⟩ = 1
N

N∑
i=1

Oi, and σ2
O = 1

N − 1

N∑
i=1

[Oi − ⟨O⟩]2, (2.39)

where the above error estimate truly holds provided the thermalised configurations
used in computing the error are statistically uncorrelated. However, it also provides
a decent error estimate if the configurations are only ‘slightly’ correlated. Now, let
us consider a situation where we are dealing with correlated measurements, as is the
case in our MCMC implementation.

Let us start by defining the auto-correlation function Γt and the normalised auto-
correlation function ρt [103],

Γt = 1
(N − t− 1)

N−t∑
i=1

[Oi − ⟨Oi⟩][Oi+t − ⟨Oi+t⟩], and ρt = Γt

Γ0
, (2.40)

where t is the so called lag-time (i.e., number of configurations between measurements
along the Markov chain) allowing us to compare the running average to the first and
last (N−t) measurements and Γ0 = σ2

O. Note that in the absence of auto-correlations,
the auto-correlation function vanishes as expected.

The normalised auto-correlation function exhibits exponential asymptotic behavior as
the lag-time becomes large and can be approximated by fitting a linear combination
of exponentials [58],

ρt = Γt

Γ0
∼

n∑
j=1

bje
−t/τj , (2.41)

where n is the number of exponential terms, bj are coefficients determined from the
fit and normalised to unity, and τj is also a fit parameter, where the asymptotically
leading term, τn is called the exponential auto-correlation time. One then uses the
value of τn to discard correlated measurements.

An alternative to this approach (which avoids dealing with the intricacies of fitting
functions), is to instead compute the integrated auto-correlation time, τint defined as,

τint = 1
2 +

M∑
t=1

ρt, with M ≥ 4τint + 1. (2.42)

See Ref. [104] for a detailed derivation of this result. The sum in Eq. (2.42) should be
taken along the entire length of the Markov chain, however, this becomes computa-
tionally costly and ρt becomes unreliable (e.g., negative values and some noise). Thus
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finding the right length to truncate can be nontrivial, and various techniques have
been proposed. We have adopted the approach in Ref. [103], where one truncates at
some chain length, M satisfying the given condition.
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Figure 2.14: Auto-correlations on the action measurements in (3 + 1)D SU(3) for
β = 5.99, L = 18 using different step-sizes sampling a normal distribution.

The corresponding error for the integrated auto-correlation time is given by [103],

δτint = τint

√
4M + 2
N

, (2.43)

where M is our auto-correlation length. The statistical error in the observable, O
accounting for the auto-correlations in the data is then given by,

δO = σO√
N

√
2τint. (2.44)

This is one way of accounting for the auto-correlations in the error analysis in order
to ensure that the statistical errors in the measurements are not underestimated. In
this thesis, we explicitly compute the autocorrelation time of our measurements and
use this analysis to discard the correlated measurements, M . Then we apply the
Jackknife error technique discussed in the next subsection.

Lastly, we revisit the discussion in Sec. (2.2.2), on the step-size (∆MC) dependence
of the Metropolis algorithm and the effect that it has on the auto-correlations in the
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measurements. The reduction in the step-size results in a higher acceptance rate as
we sample around the same region in the phase space and the proposed state is very
close to the current state. This, in turn leads to very strong auto-correlations in the
measurements. We show, in Fig. (2.14), how rapidly the auto-correlation time of
measured action grows with a reduction in step-size. In our subsequent analysis, we
have chosen the autocorrelation length according to Eq. (2.42).

2.5.3 Jackknife Errors
In the last subsection, we discussed one approach of tackling error analysis associated
with lattice observables obtained through correlated Markov chain configurations.
This involved the computation of auto-correlation times, a potentially costly process
for lattice observables. There are various alternative methods used to obtain an esti-
mate of the correlation in Monte Carlo measurements. These include the bootstrap
approach, some data blocking methods and resampling methods such as the Jackknife
procedure, which we discuss next.

Starting with our Markov chain (sample of configurations) of the lattice observable
of interest, Oi (in our case, this is the Wilson action), the corresponding unbiased
estimator of the mean and variance are given by Eq. (2.39). This description of
the variance (i.e., estimator) is true for uncorrelated and slightly correlated measure-
ments. Thus it does not result in a complete underestimation of the errors, which
would occur if one simply took the variance of the distribution.

The Jackknife method involves a resampling procedure where one builds an ensemble
of estimators from the original sample of configurations, omitting different configu-
rations on the sample each time. One picks a bin width, B and divides the original
sample of configurations of size, N into NB = N/B blocks. The measurements in
each block need to be uncorrelated, thus one condition for the choice of the bin width
is that, B > M , where M is the auto-correlation length (see the previous subsection).
Each block consists of the number of measurements that are omitted from the original
sample each time the jackknife estimator is computed. The estimator of the mean, Õ
is given by,

Õk = 1
N

N−B∑
i=1

(
Oi −

B∑
k=1

O(k−1)B+i

)
, (2.45)

where k ∈ [1, NB], and each estimator consists of (N − B) measurements. The
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corresponding variance of the estimators is,

σ2
Õ = NB − 1

NB

NB∑
k=1

(
Õk − ⟨O⟩

)2
. (2.46)

More detailed discussions on the Jackknife technique can be found in Ref. [104–106].

In summary, we use the Wilson action with the Metropolis algorithm to sample the
field configurations. We take a minimum of 5 × 103 thermalisation steps and discard
a minimum of 50 configurations between measurements. The autocorrelation time
is computed for each dataset and the autocorrelation lengths are chosen carefully
according to Eq. (2.42). We discard n > M measurements such that we only use
statistically independent measurements. Where possible, for example in the case of
(2 + 1)D, more than 104 configurations have been used. However, we do not per-
form any continuum extrapolations and a relatively small number of configurations
is sufficient for our calculations and we expect good accuracy due to their statistical
independence.



Chapter 3

The String Tension and Boundary
Conditions

In this chapter, we introduce the string tension, which sets the overall physical scale
in our lattice measurements. We perform Padé fits of string tensions as a function of
the bare inverse coupling, β and mean-field-tadpole improved inverse coupling, βI in
(2+1)D and (3+1)D SU(2) and SU(3), respectively. We then discuss periodic bound-
ary conditions and the associated four-dimensional torus geometry used in our lattice
volume. Lastly, we look at the electric-type boundary conditions that we use to im-
pose physical configurations of interest in our Casimir effect studies in non-abelian
pure gauge theory.

3.1 String Tension Fits
We start our discussion by looking at the ‘renormalisation’ of lattice gauge theory in
order to obtain physical quantities. In pure gauge theory, this renormalisation is usu-
ally done through the introduction of a known dimensionful quantity i.e. by studying
the force between two static quarks [107, 108], which then sets the overall scale in
lattice measurements. The static QCD potential in (3+1)D can be approximated by
[58],

V (r) = A− B

r
+ σr, (3.1)

where the constant A is an overall normalisation of the energy, the middle term
is the Coulomb part which describes short-range interactions and the last term is
the linearly rising term describing long-range interactions. The corresponding force

42
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between two static quarks is,

F (r) = −dV

dr
= −B

r2 − σ. (3.2)

The motivation for the presence of Coulomb-type interactions in the potential comes
from taking the small coupling limit, i.e., g → 0, of the continuum gluonic action.
Looking at the field dependence of gluonic action, see Eq. (4.9), where the commuta-
tor term is rescaled by a factor of 1/g, in this limit, the field strength tensor reduces
to the abelian form. The Coulomb-type interactions in the gluonic action are then
deduced from our understanding of QED-type interactions [109–112].

The linear term is a direct manifestation of quark confinement in colour-neutral
hadrons and points out the linear rise in energy with increasing separation distance
between the quark-antiquark pair. A lattice formulation derivation of this linearly
rising potential is given in Ref. [58] by taking the strong coupling expansion of the
Wilson loop. It is known from predictions of the string model of hadron confinement
[113] that colour flux tubes (also called strings) form between colour charges because
the self-interaction of gluons results in the fields being squeezed into narrow tubes.

Strings/flux-tubes thus act as mediators of the strong interactions between the quarks.
When the separation distance between quarks is increased, the energy stored in the
flux tubes (strings of gluonic fields) increases linearly and results in a constant tension
along the string. Therefore, the string tension describes the energy per unit length
of a flux tube formed between a quark-antiquark pair and is defined in the large
separation distance limit as

−σ = lim
r→∞

F (r). (3.3)

Confinement is addressed in the non-perturbative regime of QCD, thus lattice cal-
culations (which are inherently non-perturbative) have been used to perform studies
allowing for the extraction of the string tension at different energy scales [108]. On
the other hand, these lattice studies are supported by indirect evidence from hadron
sprectra measured experimentally in collider studies since the string tension affects
the spectrum and properties of hadrons. An example of this is found in hadron spec-
troscopy studies, where the mass of hadrons shows a linear dependence on the total
spin [114].

We refer the reader to Ref. [115] and references therein for various string tension
measurements available in literature. We focus on the results of [35] in the (2+1)D
theory and [67] in its (3+1)D counterpart. The primary reason for these choices is
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that we seek to extend their investigations on functional forms that can be used to
interpolate and possibly extrapolate (to the continuum) these string tension mea-
surements as functions of the inverse coupling. Such functions are of interest because
lattice measurements of the string tension are only available at discrete values of β
over some finite range.

In the (2+1)D theory, the string tension is extracted in Ref. [35] from the calculated
mass of the lightest state of a static quark-antiquark pair with a periodic flux tube
of length aL winding around a spatial torus according to [35],

amP (L) = a2σL− π

6L + ..., (3.4)

where mP is the flux tube mass, a the lattice spacing and L the lattice spatial extent.
The second term is the universal string correction [116–118] arising from quantum
fluctuations in the gluon field when the separation distance between the quarks is
comparable to the size of the flux tube. We show these string tension values as data-
points in Fig. (3.1 - 3.4), where the dashed lines correspond to fitting functions that
we will now describe.
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Figure 3.1: String tension Padé fits in (2 + 1)D SU(2) using the bare and mean-field-
tadpole improved inverse coupling.

Given that the lattice data for the string tension is only available at discrete points
along the β-axis, a fitting function is required to obtain the string tension for a wider
range of β values as well as to extrapolate to the continuum. The corresponding
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Figure 3.2: Linearised string tension Padé fits in (2 + 1)D SU(2) using the bare and
mean-field-tadpole improved inverse coupling.
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Figure 3.3: String tension Padé fits in (2 + 1)D SU(3) using the bare and mean-field-
tadpole improved inverse coupling.

fitting function that is used to perform the continuum extrapolation in Ref. [35] is of
the form

βa
√
σ = c0 + c1

β
, c0 = 2Nc

√
σ

g2 , (3.5)

which is an expected functional form in the limit β → ∞ based on the expected mass
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Figure 3.4: Linearised string tension Padé fits in (2 + 1)D SU(3) using the bare and
mean-field-tadpole improved inverse coupling.

scale (g2) dependence of
√
σ [35]. The constants c0 and c1 are the fit parameters and

the O(1/β) term is a correction term. The resulting fits up to O(1/β) are [35],

βa
√
σ = 1.324(12) + 1.20(11)

β
, SU(2), (3.6)

βa
√
σ = 3.275(24) + 8.35(61)

β
, SU(3), (3.7)

and perform well for β ≥ 4.5 in SU(2) and β ≥ 15 in SU(3). The aforementioned
paper also provides optimal parameters for O(1/β2) fits which are applicable for a
wider β range and shows that these fits suffer from intrinsic systematic errors ren-
dering them unreliable for the continuum extrapolation. Such errors arise due to the
lattice bare coupling.

The lattice bare coupling, β is known to perform poorly in defining the running cou-
pling especially at small β [119, 120] due to lattice artifacts from the discretisation,
finite volume effects, non-perturbative effects as well as uncertainties arising from
renormalisation schemes that can lead to different running couplings. As a result,
it requires careful treating in order to obtain a well defined running coupling. Such
treatment has come in the form of improved lattice actions [121], finite size scaling
[122] and the use of non-perturbative renormalisation schemes [123].

One such improvement of the bare coupling is the mean field tadpole improved cou-
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pling [119, 124],
βI = β

〈 1
Nc

Tr[UP ]
〉
, (3.8)

drawing its physical motivations from perturbation theory, in that the tadpole im-
provement scheme improves the convergence of perturbative expansions to larger
distances up to ∼ 0.5 fm [120, 125].

It is shown in Ref. [35] that using the improved coupling reduces the systematic errors
in the fits and gives the following fit parameters,

βIa
√
σ = 1.341(7) − 0.421(50)

βI

, SU(2), (3.9)

βIa
√
σ = 3.318(12) − 2.43(22)

βI

, SU(3), (3.10)

with good fits for β ≥ 3.0 in SU(2) and reasonable fits up to β ≥ 6.0 in SU(3). These
fits employing the improved coupling perform better even without the inclusion of
higher order terms, which show strongly suppressed contributions at O(1/β2). Please
see Ref. [35] for a detailed discussion on the βI improvement.

As can be seen from Fig. (3.1 - 3.4), we provide additional fits utilising a Padé approx-
imant of order O(2, 1) in comparison to the fits already discussed. The corresponding
fitting function for the string tension is,

a
√
σ(β) = a0 + a1β + a2β

2

1 + b1β
, (3.11)

where we have used the argument, β, to refer to either the bare inverse coupling, β,
or the mean-field-tadpole improved coupling, βI , and (a0, a1, a2, b1) are the fit param-
eters. While we do not provide a physical motivation for this functional form, this
choice is rather intuitive and its application will become apparent in (3+1)D where
the bare coupling decreases logarithmically with the lattice scale a and not linearly
as we have seen in (2+1)D.

More general motivations for the use of Padé approximants include their versatility to
represent different functional forms, complemented by a wide range of applications in
physics problems. See, for example, Ref. [126–128] for applications in QCD. They can
perform better than truncated Taylor series which usually converge locally around a
point, and they also exhibit faster conversion rates. In addition, the natural pole
structure means that these fits can be easily extended to functions with singularities.
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One difficulty with the use of rational functions for fitting is that unphysical poles
may arise. Such singularities can be mitigated by performing a Borel-Padé analysis
[129, 130]. Another issue is the number of fit parameters which grows with the or-
der, see for example, that we are moving from two fit parameters in Ref. [35] to four
parameters in our Padé implementation in Eq. (3.11). An increase in the number
of fitting parameters can result in increased fitting errors, resulting in extrapolating
difficulties. A common trick is to pick the order of the denominator such that it is at
least one less than the order of the numerator.

We provide the (2+1)D string tension Padé fit parameters in Table (3.1) for the bare
coupling and Table (3.2) for the tadpole improved coupling. In both cases, our results
are consistent with Ref. [35] in the continuum extrapolation. The added advantage
of these Padé fits is that they produce better interpolation results at low coupling
for both β and βI . Due to the number of fit parameters and associated errors, we
do not attempt to extrapolate to or make any quantitative statements on the strong
coupling regime.

Nc Fit type a0 a1 a2 b1 Figure
2 β 6.0 -0.298196 -0.011415 2.820948 3.1(a)
2 1/β 1.319173 -1.354793 -2.545725 -1.986305 3.2(a)
3 β 4.0 -0.126544 0.002101 0.562759 3.3(a)
3 1/β 3.310344 -1.671054 5.0 -2.471226 3.4(a)

Table 3.1: String tension Padé fitting parameters in (2+1)D SU(Nc) using the bare
coupling.

Nc Fit type a0 a1 a2 b1 Figure
2 βI 2.158519 -0.034008 0.001277 1.401243 3.1(b)
2 1/βI 1.334442 0.740851 -0.617788 0.787799 3.2(b)
3 βI 2.763801 -0.014082 0.000245 0.757265 3.3(b)
3 1/βI 3.313017 -8.409216 3.737772 -1.852322 3.4(b)

Table 3.2: String tension Padé fitting parameters in (2+1)D SU(Nc) using the mean-
field-tadpole improved coupling.

We now move our attention to the confining string tension in the (3+1)D theory,
with a focus on the results of Ref. [67] where the string tension is estimated from the
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Nambu-Goto formula [113, 131–133],

Ek(l) = σkl
(

1 − 2π
3σkl2

)1/2
, (3.12)

which describes the ground state energy of a flux tube winding around a spatial torus.
The flux tube length is given by l and k is the units of the fundamental flux, where
k = 1 corresponds to the flux tube with the fundamental flux. The string tension
is, by definition, the energy per unit length of a long flux tube formed between the
quarks; thus the asymptotic string tension is extracted in the large l limit,

σk = lim
l→∞

Ek(l)
l

. (3.13)

The relevant scale for the flux tube energy given in Eq. (3.13) is the flux tube length,
l, and the expression holds in the infinite transverse volume limit. However, in the
lattice formulation, the calculation is performed on a finite l × l transverse volume
torus, which introduces finite volume errors. It is shown in Ref. [67] that such errors
in the fundamental flux energy are insignificant for l

√
σ ≳ 3 . We employ the string

tension data from lattice sizes l
√
σ ∼ 4 for gauge groups SU(2) and SU(3) which we

show as data-points in Fig. (3.5 - 3.8).
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Figure 3.5: String tension Padé fits in (3 + 1)D SU(2) using the bare and mean-field-
tadpole improved inverse coupling.

In the interest of the reader, we provide some references [35, 67, 134–136] that contain
discussions on string tension calculations for SU(Nc) gauge theories in the large-Nc
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Padé Fit

PRD.59.014512

(a) Bare Coupling

0.45 0.50 0.55 0.60 0.65 0.70 0.75 0.80
1/βI

0.0

0.1

0.2

0.3

0.4

0.5

0.6

β
I
a
√
σ

(3 + 1)D,SU(2)

Padé Fit
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Figure 3.6: Linearised string tension Padé fits in (3 + 1)D SU(2) using the bare and
mean-field-tadpole improved inverse coupling.
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Figure 3.7: String tension Padé fits in (3 + 1)D SU(3) using the bare and mean-field-
tadpole improved inverse coupling.

limit. The SU(Nc → ∞) theories are of interest to the community because they
offer theoretical simplifications which provide insight into QCD dynamics [135]. In
addition, there are lattice calculations that have shown that SU(3) and SU(Nc → ∞)
are similar theories for both pure gauge [135] and with fermionic degrees of free-
dom present (quenched theories) [137]. One may note that perhaps the simpler
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Figure 3.8: Linearised string tension Padé fits in (3 + 1)D SU(3) using the bare and
mean-field-tadpole improved inverse coupling.

SU(Nc → ∞) theory can teach us some things about the more nontrivial, yet more
physically relevant SU(3).

It is of interest to have expressions for a
√
σ for a continuous range of β values for rea-

sons already discussed in the (2+1)D case. Such interpolating functions are provided
in Ref. [67], drawing physical motivation from weak-coupling perturbation theory
and only applicable for the Wilson plaquette action. We have attempted to use these
interpolating functions with the provided fit parameters, but could not find opti-
mal results. We have also performed Padé fits for these string tensions in (3+1)D
and these are shown in Fig. (3.5 - 3.8). The corresponding fit parameters are given
in Table (3.3) for the bare coupling and Table (3.4) for the tadpole improved coupling.

Nc Fit type a0 a1 a2 b1 Figure
2 β -1.903865 1.231340 -0.203532 -0.611210 3.5(a)
2 1/β 2.724228 -16.59037 26.06294 -1.102794 3.6(a)
3 β -0.090927 0.005699 0.000675 -0.191639 3.7(a)
3 1/β -0.966538 11.13525 -25.99295 -5.226978 3.8(a)

Table 3.3: String tension Padé fitting parameters in (3+1)D SU(Nc) using the bare
coupling.

We show that these Padé fits perform very well in the interpolation of the string ten-
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Nc Fit type a0 a1 a2 b1 Figure
2 βI 5.448942 -5.0 1.183582 0.854934 3.5(b)
2 1/βI 0.114700 -1.435460 3.0 0.346613 3.6(b)
3 βI -1.088703 0.380935 -0.035350 -0.514273 3.7(b)
3 1/βI -0.335459 1.633556 3.0 -1.898821 3.8(b)

Table 3.4: String tension Padé fitting parameters in (3+1)D SU(Nc) using the mean-
field-tadpole improved coupling.

sion and the logarithmic fall-off of the string tension in (3+1)D motivates this fitting
functional form. Despite the strong physical motivation for the use of the improved
coupling, βI , for such interpolating functions, good fits are still obtained using the
bare coupling. Such interpolations suffice for our coupling range of interest, and we
do not attempt to extrapolate this string tension data either to the continuum limit
nor the strong coupling regime.

In the succeeding chapters, where we do not use lattice units, we will express all phys-
ical quantities in units of the string tension, which we use as our energy scale. The
main reason for this choice is that the string tension is a fundamental and universal
scaling variable in pure gauge theory that reflects the QCD dynamics of confinement
[115]. While it is common to express quantities in physical units of energy such as GeV
for comparison to phenomenology, one has to be careful of the subtleties between pure
gauge theories (gluonic degrees of freedom) and QCD (including dynamical fermions).
We shall revisit this discussion in chapter (6).

3.2 Boundary Conditions
We perform our Casimir studies on a ‘zero temperature’ lattice (Ns = Nτ ) with
periodic boundary conditions in all spatial and temporal directions. This implies
that the spacetime manifold, M of our cubic lattice is a four-dimensional torus. The
link variables defined in Eq. (2.4) are the dynamical degrees of freedom of the gauge
fields and imposing periodic boundary conditions requires that

Uµ(n) = Uµ(n+ L), (3.14)

where L is the lattice size.

On the torus in (3 + 1)D SU(3), the field space is split into disconnected topolog-
ical sectors each with quantised integer values of the topological charge [77, 78],
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given in Eq. (2.34). Periodic boundary conditions are advantageous due to transla-
tional invariance and they minimise boundary effects as well as finite volume errors
in lattice calculations. On the downside, the torus manifold introduces computa-
tional/algorithm efficiency challenges mostly associated with strong autocorrelations
when computing topological properties of the fields [69, 77, 138].

In general, lattice results should be independent of the choice of boundary conditions
in the infinite volume limit. However, in order to obtain well-defined observables, the
action must be a single-valued function and the corresponding fields must be peri-
odic up to the symmetries of the action [139]. See Ref. [77, 139–143] for discussions
employing other commonly used boundary conditions on the lattice such as; open,
anti-periodic, C-type, twisted and Dirichlet boundary conditions. Each of these have
their own added advantages based on the system that is under consideration.

Performing studies of the Casimir effect requires us to impose boundaries on the
lattice. While this is a non-trivial exercise for most physical cases based on the ge-
ometry and material of the physical object of interest, it is understood that for ideal
situations, one may impose boundary conditions that are consistent with a material
made of either a perfect magnetic or electric conductor [144, 145]. The former implies
that the normal magnetic field and tangential electric field components vanish at the
conductor’s boundary, and we discuss the latter in more detail.

In the case of electric-type boundary conditions in abelian gauge theory, the material
is made up of a perfect conductor (i.e., infinite electrical conductivity, implying zero
electrical resistance). According to Ohm’s law, the current density of a material is
directly proportional to the electric field, i.e., J⃗ = σE⃗, where σ is the conductivity.
Given the requirement that σ → ∞ inside a perfect conductor, this implies that the
electric field inside a perfect conductor is zero, else the current density would diverge.
According to Faraday’s law,

∇ × E⃗ = −∂B⃗

∂t
= 0; (3.15)

thus the tangential component of the electric field has to be continuous across a sur-
face. Since we have E⃗ = 0 inside a perfect conductor, then the electric field at the
surface of the conductor can only be normal to it, i.e. E|| = 0.

Perfect conductors are also equipotential surfaces since there is zero scalar poten-
tial difference between any two points, and the electric vector potential is time-
independent, E⃗ = −∇V − ∂A⃗

∂t
= 0. The time-independent nature of the vector po-

tential implies that the path integral of the vector potential around any closed loop
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along the surface of a perfect conductor does not change with time. This integral
is given by

∮
A⃗ · d⃗l =

∫
B⃗ · dA (where dA is the area element) and implies that the

magnetic field inside a perfect conductor should remain constant irrespective of any
external changes.

Gauss’ law for magnetism, ∇ · B⃗ = 0, suggests that the normal component of B⃗ is
continuous across a surface since the surface integral,

∮
B⃗ · dS = 0. If we make the

assumption of starting with a magnetic field of zero inside a conductor, a property
of superconductors, then the magnetic field at the surface of a perfect conductor can
only be tangential to it, B⊥ = 0. See Ref. [146] for a literature review on the historical
conceptual development of perfect conductors. We summarise these implied perfect
electric conductor boundary conditions at the surface below:

E|| = 0, B⊥ = 0. (3.16)

These electric-type boundary conditions have been used to study the Casimir effect
in a simple (2 + 1)D geometry of parallel chromoelectric wires in a U(1) Maxwellian
gauge theory [23] and in SU(2) non-abelian gauge theory [32]. On the lattice, these
boundary conditions are enforced by the following condition [32];

βP =
{
β, P /∈ S

λwβ, P ∈ S,
(3.17)

requiring the coupling at the surface of the perfect conductor material to be different
from the vacuum inverse coupling, where the subscript P refers to plaquette and S
refers to the worldsurfaces or worldvolume of the conductor material. The inverse
coupling is defined as

β ≡


2Nc

ag2 , (2+1)D

2Nc

g2 , (3+1)D,
(3.18)

where there’s an extra factor of 1/a in the (2+1)D case because the coupling, g2, in
(2+1)D gauge theories is a dimensionful parameter with dimensions of mass, which
sets the mass scale for the theory [35]; the coupling in (3+1)D gauge theories is di-
mensionless.

The boundary condition in Eq. (3.17) implies that a different coupling is applied on
the plaquettes that lie on the worldsurfaces of the wires (2 + 1)D or worldvolume
of the plates in (3 + 1)D, respectively. In order for the tangential component of the
chromoelectric field on each conductor to vanish (perfect conductor condition), one
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takes the limit, λw → ∞. On the lattice, this implies that the expectation value
of the plaquettes lying along the worldsurfaces of the conductor material approaches
the identity, i.e. UP → 1. This coupling condition means that when computing the
average trace of the plaquettes of a given configuration, the plaquettes on the world-
surfaces of the physical geometry of interest are weighted more.



Chapter 4

The Casimir Effect: Fields and
Symmetries

In this chapter, we introduce the main topic of this thesis, which is understanding
the Casimir effect for different geometries such as; parallel wires, parallel plates, a
symmetrical and asymmetrical tube and box. We look at the lattice definition of the
electromagnetic field strength tensor and how it is approximated by the Wilson pla-
quettes in Euclidean space up to O(a4). This leads to an expression for the Euclidean
energy density. Lastly, we numerically compute the field strength tensor components
and explore the associated rotational symmetries for the various geometries of interest
to extract the equivalent field relations under rotation transformations. We highlight
the effect of imposing the chromoelectric boundary condition on the measured field
components at the boundaries.

4.1 The Field Strength Tensor
The Casimir potential in non-abelian theory is numerically computed on the lattice
by evaluating the energy of vacuum fluctuations in the gluonic fields described by
the local expectation value of the Euclidean energy density, the T 00 component of
the energy-momentum tensor T µν . In chapter (2.1), we introduced the Wilson gauge
action, which is described by the product of four link variables forming a plaquette.
We now look at how the Wilson plaquette variable appearing in the gluonic action
approximates the electromagnetic field strength tensor. We do this by expanding Eq.
(2.7) as a product of exponentials of gauge fields as follows,

56
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Uµν(n) = Uµ(n)Uν(n+ µ̂)Uµ(n+ ν̂)†Uν(n)† (4.1)
= exp [iaAµ(n)] × exp [iaAν(n+ µ̂)]

×exp
[
iaAµ(n+ ν̂)†

]
× exp

[
iaAν(n)†

]
(4.2)

= exp
(
iaAµ(n) + iaAν(n+ µ̂) − a2

2 [Aµ(n), Aν(n+ µ̂)]

−iaAµ(n+ ν̂) − iaAν(n) − a2

2 [Aµ(n+ ν̂), Aν(n)]

+a
2

2 [Aν(n+ µ̂), Aµ(n+ ν̂)] + a2

2 [Aµ(n), Aν(n)]

+a
2

2 [Aµ(n), Aµ(n+ ν̂)] + a2

2 [Aν(n+ µ̂), Aν(n)]
)
, (4.3)

where the Baker-Campbell-Hausdorff formula [147],

exp(A)exp(B) = exp
(
A+B + 1

2[A,B] + ...
)
, (4.4)

has been used to expand the product of exponentiated non-commuting gauge fields
matrices into a single exponential of a linear combination of the gauge fields.

The gauge fields with shifted arguments can be Taylor expanded,

Aµ(n+ ν̂) = Aµ(n) + a∂νAµ(n) + O(a2), (4.5)

where the forward finite differences method is employed for the derivative terms.
Keeping up to O(a) terms, and substituting this expression to Eq. (4.3), we find the
following,

Uµν(n) = exp
(
ia2(∂µAν(n) − ∂νAµ(n) + i[Aµ(n), Aν(n)]) + O(a3)

)
(4.6)

= exp
(
ia2Fµν(n) + O(a3)

)
(4.7)

= 1 + ia2Fµν(n) − a4

2 (Fµν(n))2 + O(a6), (4.8)

where we have used the continuum definition of the field strength tensor generalised
from the definition in electrodynamics,

Fµν(x) = −i [Dµ(x), Dν(x)] = ∂µAν(x) − ∂νAµ(n) + i [Aµ(n), Aν(n)] . (4.9)

In comparison to the definition in electrodynamics, the Yang-Mills field strength ten-
sor contains a non-vanishing commutator term of the the gauge fields, which gives
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rise to gluon self-interactions in QCD, which are in turn responsible for colour con-
finement.

It is clear from Eq. (4.8) that integrating around the Wilson loop does not result in
a unit expectation value, which implies that the connection, described by the gauge
fields has curvature [148]. The field strength tensor provides a local measure of this
curvature. Omitting the imaginary terms, we can then express the real components
of the square of the electromagnetic field strength tensor (in lattice units) in terms
of the plaquette variables,

a4[Fµν(n)]2 = 2 (1 − Uµν(n)) . (4.10)

Using the signature, gµν = (+,−,−,−) ↔ (t, x, y, z) in Minkowski spacetime, the
contra-variant (3+1)D field-strength tensor is given by

Fµν =


0 Ex Ey Ez

−Ex 0 −Bz By

−Ey Bz 0 −Bx

−Ez −By Bx 0

 , (4.11)

and the corresponding energy-momentum tensor associated with the Yang-Mills La-
grangian,

LY M = −1
4F

a
µνF

µν,a, (4.12)

is given by [149]

T µν = −F µα,aF µ,a
α + 1

4η
µνF a

αβF
αβ,a, (4.13)

where F0i = Ei, Fij = ϵijkBk and 1
4FijFij = 1

2BiBi. The resulting energy density in
Minkowski spacetime is

T 00 = 1
2(E⃗2 + B⃗2). (4.14)

We work on a Euclidean lattice using the coordinate system notation, (x, y, z, t) to
simplify our lattice calculations. We thus need to transform the field-strength tensor
in Eq. (4.11) into this new coordinate system. We perform this coordinate transfor-
mation by applying rotational matrices with an angle, θ = π/2, starting with the xy
plane (zt fixed), then the yz plane (xt fixed) and lastly the zt plane (xy fixed). The
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resulting field-strength tensor in the notation, (x, y, z, t) is

F
′

µν = RθFµνR
−1
θ =


0 −Bz By Ex

Bz 0 −Bx Ey

−By Bx 0 Ez

−Ex −Ey −Ez 0

 . (4.15)

After applying a Wick rotation to Euclidean space, the electric field components
acquire a negative sign, resulting in the following Euclidean field strength tensor:

FE
µν =


0 −Bz By −Ex

Bz 0 −Bx −Ey

−By Bx 0 −Ez

Ex Ey Ez 0

 . (4.16)

In our Euclidean lattice formulation, comparing the tensor, FE
µν to Eq. (4.10), one

deduces the following correspondence between the field strength and plaquette com-
ponents:

• U01 = Uxy ↔ Bz = FE
01

• U02 = Uxz ↔ By = FE
02

• U13 = Uyz ↔ Bx = FE
13

• U03 = Uxt ↔ Ex = FE
03

• U13 = Uyt ↔ Ey = FE
13

• U23 = Uzt ↔ Ez = FE
23 ,

where the spatial and temporal components of the plaquettes correspond to magnetic
and electric fields, respectively.

The full expression for the energy density in Euclidean space whose local expectation
value describes the energy of vacuum fluctuations of the gluon field becomes

T 00
E = 1

2
(
B⃗2 − E⃗2

)
(4.17)

= 1
2
(
B2

x +B2
y +B2

z − E2
x − E2

y − E2
z

)
(4.18)

and is numerically computed by taking the field expectation values of the individual
components of all spatial and temporal plaquettes on the Euclidean lattice,

T 00
E = 1

2
[
⟨B2

x⟩ + ⟨B2
y⟩ + ⟨B2

z ⟩ − ⟨E2
x⟩ − ⟨E2

y⟩ − ⟨E2
z ⟩
]
. (4.19)
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In the following sections of this chapter, we discuss the field configurations for var-
ious geometries of interest for our Casimir effect studies to map out the effect of
imposing chromoelectric boundaries. This numerical result of the field components
is normalised by their in-vacuum expectation values in the absence of boundaries
(i.e., ultraviolet subtraction). We use this normalisation because we are interested in
seeing the effect of the chromoelectric boundary condition on the field components.
Whereas, in the following chapter where we discuss the Casimir effect (and need to
exclude the boundary effects), we normalise by subtracting the energy at R0 → ∞
to account for the energy contributions of the boundaries. Based on our choice of
periodic boundary conditions, we will take R0 = L/2, which is the furthest possible
separation distance before the Casimir geometry mirrors itself1.

4.2 Geometry and Symmetries: Wires in (2+1)D
We start with the case of two chromoelectric wires placed in parallel along the ŷ
direction in (2+1)D, a distance R apart. This case is discussed extensively in Ref.
[32] for SU(2) using the Wilson plaquette action with Hybrid Monte Carlo updates.
We reproduce this study for the same action, using Metropolis updates and we ex-
tend the study to SU(3). The geometry of this set-up is shown in Fig. (4.1), where z
corresponds to the Euclidean time direction.

Figure 4.1: Two parallel wires at x0 and x1 separated by a distance R.

1This description holds in the case of parallel wires/plates and can be easily visualised on a torus.
For the tube and box, one can think of this as the distance in which the number of degrees of freedom
inside/outside is the same.



Chapter 4. The Casimir Effect: Fields and Symmetries 61
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y/
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Figure 4.2: Update of link variables in the directions µ = 0 (left), µ = 1 (middle) and
µ = 2 (right) in a (2 + 1)D cubic lattice with chromoelectric wires.

In Euclidean space, the parallel wires form worldsurfaces along the yt-plane and have
the geometrical appearance of two parallel sheets. This implies that only the plaque-
ttes lying on the yt plane, i.e., U12, where µ = 1 and ν = 2 in the notation (x, y, t)
have vanishing tangential fields based on the boundary condition in Eq. (3.17). The
resulting plaquettes in the geometry of the wires are depicted in Fig. (4.2) showing
forward and backwards plaquettes during the update of link variables along the di-
rections µ = 0, 1, 2 (from left to right shown as thick black lines). The same colours
correspond to the same plaquette, e.g. red is the forward xy plaquette at µ = 0 and
forward yx plaquette at µ = 1.

In Fig. (4.2), solid lines represent the link variables sitting on the world-surface of
the wires and dotted lines represent link variables outside the wires’ world-surfaces.
Only the plaquettes formed entirely by solid links have vanishing tangential fields.
However, recall that the change in the local action depends not only on the individual
plaquettes, but also on the neighbouring staples, see Eq. (2.16). This means that the
staples sitting close to the world-surfaces of the wires also experience the effect of
the presence of the chromoelectric wires. We will revisit this discussion shortly when
looking at the field components at and around the world-surfaces of the wires.
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In the present case, the Euclidean field-strength tensor in the notation (x, y, t) is
obtained by applying two θ = π/2 rotations to the Minkowski expression in Eq.
(4.11) excluding the Fi3 and F3i components. The first rotation is the xy plane along
the t-axis, followed by a rotation of the yt plane along the x-axis. The resulting
Euclidean field strength is

FE2D
µν =

 0 −Bz Ex

Bz 0 Ey

−Ex −Ey 0

 . (4.20)

Looking at the remaining components in this field strength tensor, and comparing it
to the four-dimensional expression in Eq. (4.18), the corresponding expression for the
(2+1)D energy density is

T 00
E2D

= 1
2(B2

z − E2
x − E2

y). (4.21)
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Figure 4.3: Vacuum squared field strength tensor components expectation values in
(2 + 1)D SU(2) along the x-axis for β = 15.

It is sufficient to use Eq. (4.21), taking expectation values of all the field components
to compute the energy density on the lattice. However, the computation can be
simplified by exploring the symmetries of the system. Based on the geometry (two
parallel wires along the ŷ direction), it is clear that the system is invariant under any
π/2 rotations about the x-axis. Applying such a rotation,

F F2D
µν = Ryz,θF

E
µνR

−1
yz,θ =

 0 Ex Bz

−Ex 0 Ey

−Bz −Ey 0

 , (4.22)
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F2D : ⟨B2
z ⟩ = ⟨E2

x⟩, (4.23)

results in an equivalence of the tangential gauge fields fluctuations of the components
Bz and Ex. Note that such a symmetry is only valid due to the chosen geometry. This
rotational symmetry would also hold if applied about the y-axis with wires placed
parallel to the x-axis, and would result in an equivalence between Bz and Ey.

We now look at the lattice results of these field strength tensor components at the
position of the wires and the surrounding region. These results follow directly from
Eq. (4.10) in lattice units. In the absence of the wires, the vacuum field components
are shown in Fig. (4.3) fluctuating around approximately equal expectation values,
as expected for a zero temperature lattice. In principle, one can not differentiate
between the contributions of each component in this case.
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Figure 4.4: Expectation values of the squared field strength tensor components in
(2 + 1)D SU(2) along the x-axis orthogonal to the wires placed a distance Rlat = 1
apart.

The wires are introduced in Fig. (4.4) at a shortest possible distance apart, Rlat = 1.
We normalise the fluctuations of the field components by subtracting the vacuum
field expectation values. It is clear that at the position of each wire at x0 = 10 and
x1 = 11, the electric field components parallel to the wires, Ey are significantly sup-
pressed relative to other components. This is in accordance with the chromoelectric
boundary condition in use, given in Eq. (3.16) and the geometry.
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Figure 4.5: Expectation values of the squared field strength tensor components in
(2 + 1)D SU(2) along the x-axis orthogonal to the wires placed a distance R apart.

While the suppression of the fluctuations in the Ey fields is expected directly from
the boundary conditions, we also observe that the remaining field components, i.e.,
Ex and Bz also react to the presence of the wires and are slightly suppressed. This
follows from the formulation of the local action, where updating a single link variable
affects the four plaquettes attached to it, see Fig. (4.2) and Eq. (2.12). It is for the
same reason that we also observe a suppression of the field fluctuations close to (but
not exactly) at the position of the wires. Our results are qualitatively consistent with
the study of parallel wires in Ref. [23] on U(1) gauge theory at different couplings
and permittivity.

In Fig. (4.5), we look at how the qualitative shape of the field fluctuations profiles
changes as one moves the wires further apart2. The first observation is that the
amount in which the Ey fields are suppressed is independent of the position of the
wires, as expected. Secondly, the Ex and Bz fields are suppressed slightly more when
the wires are much closer together than when they are further apart because of the
contributions from the backward plaquettes.

However, this backward plaquette contribution will have no effect on the pressure of
the system as the two components, Ex and Bz cancel. Also note that there is a clear
symmetry in the orientation of the Ey field fluctuations around the wires because
these field components are artificially suppressed through the boundary condition.
This is accompanied by an asymmetry in the Ex and Bz fields around the wires. This
asymmetry is a consequence of the naive forward finite differences approach in taking

2The position of the wires is represented by vertical dashed lines.
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Figure 4.6: Expectation values of the squared field strength tensor components in
(2 + 1)D SU(2) along the x-axis orthogonal to the wires placed a distance Rlat = 10
apart.

the derivatives,

∂µAν(x) = 1
aµ

(Aν(x+ aµµ̂) − Aν(x)) , (4.24)

in the Wilson field-strength formulation given in Eq. (4.6). The asymmetry due to
the forward differences approach is subject to ongoing research within the lattice com-
munity; see for example Ref. [150] for an expansive discussion.

In the meantime, we close the discussion on (2 + 1)D SU(2) field fluctuations by
looking at a quantitative comparison of the Ex and Bz fluctuations. We showed in
Eq. (4.23) that the expectation value of the square of the field fluctuations in these
two components are equal due to the symmetry in the geometry. Although this is
already qualitatively clear from the previous figures, given that we do not show the
uncertainties in the measurements for neatness, we solidify this symmetry statement
through the ratio of Ex and Bz. We show this ratio in Fig. (4.6) for Rlat = 10 and
we see that it fluctuates closely around one, limited only by statistics.

In concluding this subsection, the following plots in Fig. (4.7 - 4.10) show the field
configurations for the parallel wires set-up in (2 + 1)D SU(3). The qualitative fea-
tures of the fields at the position of the wires and around the wires are universal and
are consistent with our SU(2) discussions. The only difference is that the increased
number of the degrees of freedom results in an enhanced suppression of all the field
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components at the worldsheets of the wires and the surrounding region. This in-
creased suppression, in turn, should result in an increased pressure experienced by
the worldsheets of the wires and we will quantify this increase in pressure in the fol-
lowing chapter.
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Figure 4.7: Vacuum squared field strength tensor components expectation values in
(2 + 1)D SU(3) along the x-axis for β = 15.
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Figure 4.8: Expectation values of the squared field strength tensor components in
(2 + 1)D SU(3) along the x-axis orthogonal to the wires placed a distance Rlat = 1
apart.
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Figure 4.9: Expectation values of the squared field strength tensor components in
(2 + 1)D SU(3) along the x-axis orthogonal to the wires placed a distance Rlat = 1
apart.
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Figure 4.10: Expectation values of the squared field strength tensor components in
(2 + 1)D SU(2) along the x-axis orthogonal to the wires placed a distance R apart.

4.3 Geometry and Symmetries: Plates
In the case of (3+1)D non-abelian gauge theory, we start with the parallel chromo-
electric plates configuration shown in Fig. (4.11). The plates are placed at x̂ = x0 and
x̂ = x1, a distance R apart. They extend throughout the lattice spatial extents (i.e.,
they have ‘infinite’ spatial extent) in the ŷ and ẑ directions with lattice area L2. As
opposed to the parallel wires in (2+1)D where the gauge field boundary conditions
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Figure 4.11: Geometry of chromoelectric boundary conditions on parallel plates in a
(3 + 1)D cubic lattice.

are formulated on the worldsurfaces of the wires, we now formulate such boundary
conditions on the worldvolume of the plates.

In order to explore the symmetries of the field strength tensor, we first note that all
applicable rotations need to keep the x̂-axis (perpendicular to the plates) fixed in
order to preserve symmetries based on the geometry. This leaves us the freedom of
only three (of six) possible rotations in Euclidean space: yz plane with the xt plane
fixed, yt plane with the xz plane fixed and zt plane with the xy plane fixed. The
three resulting field strength tensors showing the rotated E and B field components
are given in Eq. (4.25 - 4.27).

F F 1
µν = Ryz,θF

E
µνR

−1
yz,θ =


0 By Bz −Ex

−By 0 −Bx −Ez

−Bz Bx 0 Ey

Ex Ez −Ey 0

 (4.25)
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F F 2
µν = Ryt,θF

E
µνR

−1
yt,θ =


0 −Ex By Bz

Ex 0 Ez −Ey

−By −Ez 0 −Bx

−Bz Ey Bx 0

 (4.26)

F F 3
µν = Ryz,θF

E
µνR

−1
yz,θ =


0 −Bz −Ex −By

Bz 0 −Ey Bx

Ex Ey 0 −Ez

By −Bx Ez 0

 . (4.27)

Performing a direct comparison of each of the resulting field strength components to
the (3+1)D Euclidean field strength tensor in Eq. (4.16), it is clear that the rotations
result in the following equivalence relations between the electric and magnetic field
components3:

F1 : ⟨B2
z ⟩ = ⟨B2

y⟩ and ⟨E2
z ⟩ = ⟨E2

y⟩ (4.28)
F2 : ⟨B2

z ⟩ = ⟨E2
x⟩ and ⟨B2

x⟩ = ⟨E2
z ⟩ (4.29)

F3 : ⟨B2
y⟩ = ⟨E2

x⟩ and ⟨B2
x⟩ = ⟨E2

y⟩ (4.30)

In Fig. (4.12), we show the vacuum field expectation values in (3+1)D SU(3) for in-
verse coupling β = 6.5. These fields correspond to a ‘zero temperature’ theory and are
computed on an isotropic lattice of size N = 384. As expected for an isotropic lattice,
the vacuum field expectation values are equal4 (up to three digits in this case) and
fluctuate around a common value. The magnitude of the errors is consistent with that
of the plaquettes which the fields depend on, and these errors are given in chapter (2).

The field expectation values in the presence of parallel chromoelectric plates5 are
given in Fig. (4.13 - 4.14). The field profile is consistent with our observations in
(2+1)D SU(Nc) gauge theories in the presence of chromoelectric wires discussed in
the previous subsection. In order to compare this pure gauge case to its (2+1)D
SU(3) counterpart, we compare these results to the qualitative features of the field
configurations in Fig. (4.8 - 4.10). The enhanced magnitude in the suppression of the
fields at and around the positions of the plates can be attributed to an increase in
the boundary size and available degrees of freedom in the (3+1)D theory associated
with an additional spatial dimension6.

We now turn our attention to the calculated field symmetries, F1-F3 in Eq. (4.28 -
4.30) that result from the rotational symmetries of our parallel plate geometry. The

3We will use the labels F1 for the symmetry resulting from rotating the Euclidean field strength
tensor about the xt plane, F2 for the symmetry from rotating about the xz plane and F3 for the
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Figure 4.12: Vacuum squared field strength tensor components expectation values in
(3 + 1)D SU(3) along the x-axis for β = 6.5.
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Figure 4.13: Expectation values of the squared field strength tensor components in
(3 + 1)D SU(3) along the x-axis orthogonal to the plates placed a distance R apart.

numerically measured field expectation values show that ⟨B2
z ⟩ = ⟨B2

y⟩ = ⟨E2
x⟩ and

⟨E2
z ⟩ = ⟨E2

y⟩ = ⟨B2
x⟩, both consistent with our symmetry calculations. Lastly, the

profile of the fields as we move the plates further apart is a good representation of the

symmetry from rotating about the xy plane.
4and within statistical uncertainties, which are not shown for neatness.
5The position of the plates is represented by vertical dashed lines.
6In (2+1)D, each link variable is attached to four plaquettes, whereas in (3+1)D, each link

variable is attached to six plaquettes.
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Figure 4.14: Expectation values of the squared field strength tensor components in
(3 + 1)D SU(3) along the x-axis orthogonal to the plates placed a distance Rlat = 10
apart.

change in the number of modes (thus the pressure experienced by the plates) with
respect to the separation distance.

4.4 Geometry and Symmetries: Tube
We now consider the geometry of a tube that is elongated in the ẑ direction. That is,
it has finite width in the x̂ and ŷ directions, but covers the entire lattice extent, L in
ẑ. In general, we consider the Casimir effect of two cases, the first is a symmetrical
tube shown in Fig. (4.15(a)), where the hollow part is a square (i.e., the width and
height sides are separated by the same distance Rx = Ry = R). The second is an
asymmetrical tube shown in Fig. (4.15(b)), where the hollow part is rectangular with
the ŷ sides separated by a fixed distance Ry = 1 and the x̂ sides separated by a
distance Rx = R. Because the field configurations are boundary dependent and their
qualitative features do not vary much between the two geometries, we only discuss
the fields for a symmetrical tube.

Such geometries are obtained by delicately enforcing the gauge field boundary con-
ditions on the plaquettes that form the required shape, with a careful treatment of
the forward and backward plaquettes on the edges7. The Casimir-type geometries

7and corners in the case of a box which we discuss in the next subsection.
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Figure 4.15: Geometry of chromoelectric boundary conditions on a tube in a (3+1)D
cubic lattice.

that can be explored on the lattice are limited by the hypercubic formulation due to
discretisation errors, critical slowing down, finite volume effects, and other issues that
arise in trying to model more complicated geometries e.g. a 2-sphere.
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Figure 4.16: Three dimensional expectation values of the squared field strength tensor
components in (3 + 1)D SU(3) for a symmetrical tube with side lengths Rlat = 10
and faces at x = y = 14 and x = y = 24.

In terms of the rotational symmetries for the tube (both symmetric and asymmet-
ric), notice that we now have fixed ‘chomoelectric plates’ along both the x̂ and ŷ axis.
Thus rotations that leave the system invariant should keep both these axes fixed.
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This leaves us the freedom to perform only one (of six) possible rotations, which is
the zt plane with the xy plane fixed. The resulting field strength tensor corresponds
to the F3-symmetry given in Eq. (4.30).

We show a three-dimensional visualisation of the field configurations for a symmet-
rical tube with side lengths Rx = Ry = 10 in Fig. (4.16). The elongated ẑ direction
has been integrated out since the fields should be the same along this direction. The
left frame shows that all field components fluctuate around zero in vacuum, far from
where the tube is positioned. Taking a closer look, one sees that as we get closer to
the tube8, the surrounding plaquettes start experiencing the gauge field contributions
from the boundaries of the tube and the fields are slightly suppressed. This is seen
on the right frame where the magnitude of suppression gets stronger as you approach
the face of the tube.
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Figure 4.17: Three dimensional expectation values of the E2
y and B2

x field components
in (3 + 1)D SU(3) for a symmetrical tube with side lengths Rlat = 10 and faces at
x = y = 14 and x = y = 24.

On the face of the tube, the fields experience maximal suppression, which manifests as
a cavity in field configuration space. While it is difficult to clearly discern all six field
components as they appear on the legend, it is evident that these field components
are equal as per the F3-symmetry. The only exceptions to this are the ẑ components
of the electric and magnetic fields, whose behaviour is made clear on the right frame.
To provide better visual clarity, in Fig. (4.17 - 4.19), we show the equivalent field
components.

8from both the outside and the inside.
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Figure 4.18: Three dimensional expectation values of the B2
y and E2

x field components
in (3 + 1)D SU(3) for a symmetrical tube with side lengths Rlat = 10 and faces at
x = y = 14 and x = y = 24.

x

0
10

20
30

40

y

0

10

20

30

40

a
4
〈(F

µ
ν
)2
〉 la

t

−0.6

−0.4

−0.2

0.0

SU(3), β = 6.5, λw = 50,L = 38

B2
z E2

z

x

0 10 20 30 40 y0 10 20 30 40

a
4
〈(F

µ
ν
)2
〉 la

t

−0.6

−0.4

−0.2

0.0

SU(3), β = 6.5, λw = 50,L = 38

B2
z E2

z

Figure 4.19: Three dimensional expectation values of the B2
z and E2

z field components
in (3 + 1)D SU(3) for a symmetrical tube with side lengths Rlat = 10 and faces at
x = y = 14 and x = y = 24.

It is clear from Fig. (4.17) that ⟨B2
x⟩ = ⟨E2

y⟩ and Fig. (4.18) that ⟨B2
y⟩ = ⟨E2

x⟩.
Note the different orientations of the suppressed fields (i.e., different field components
suppressed on different sides of the tube) showing that the effect of the artificially
modified gauge fields on the surface of the tube depends on the position along the
tube based on the affected plaquettes. Lastly, we see in Fig. (4.19) that ⟨B2

z ⟩ ≠ ⟨E2
z ⟩,

which are the remaining components contributing to the energy density of the system.

We have seen that the x̂ and ŷ electric and magnetic field components are suppressed
equally, however, this is not true for the ẑ components where the suppression of the
electric fields is greater than that of the magnetic fields. We also observe a distin-
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(d) l = 1 Below Top Face of Tube

Figure 4.20: Cross sections of expectation values of the squared field strength tensor
components in (3 + 1)D SU(3) for a symmetrical tube with side lengths Rlat = 10
around the top face at y = 14 for all x.

guishable contribution to the B2
z components coming from each of the tube’s vertices

and these contributions can be attributed to the xy plaquettes on the hollow ends of
the tube. While these plaquettes are not artificially modified in the construction of
the tube geometry, they are attached to link variables that are affected.

We wrap up this section by looking at cross-sectional slices of the 3D field expectation
values shown in Fig. (4.16) along the x̂ axis. In Fig. (4.20) we take cross-sections as
we move from outside to inside the tube, while in Fig. (4.21), we move from inside
to outside. The qualitative features of these cross-sections are consistent with our
observations in the case of parallel plates, and the F3-symmetry is made explicit.
The main notable difference is that at a distance l = 1 away from the face, the degree
of suppression of the fields is greater inside than outside...
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Figure 4.21: Cross sections of expectation values of the squared field strength tensor
components in (3 + 1)D SU(3) for a symmetrical tube with side lengths Rlat = 10
around the bottom face at y = 24 for all x.

4.5 Geometry and Symmetries: Box
The last geometry that we explore in our Casimir effect studies is a symmetrical and
an asymmetrical box shown in Fig. (4.22). The symmetrical box is a cube of side
length, l = R, while the asymmetric box is a right square prism with two fixed side
lengths Ry = Rz = 1 (square base) and a third side with length, Rx = R. In this
geometry, all rotational symmetries are now broken because we have fixed the spatial
3D axis, leaving only the temporal direction free. We will only discuss the electro-
magnetic field configurations for the symmetric box, however, the field components
for the asymmetric box contain the same features.
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(b) Asymmetric Box

Figure 4.22: Geometry of chromoelectric boundary conditions on a box in a (3 + 1)D
cubic lattice.
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Figure 4.23: Three dimensional expectation values of the squared field strength tensor
components in (3 + 1)D SU(3) outside a symmetrical box with side lengths Rlat = 10
and faces at x = y = z = 14 and x = y = z = 24.

While it is possible that there exists a nontrivial equivalence of the field expectation
values at various localities on the box, we do not find a general analytical expression
based on the geometry of the problem. In Fig. (4.23), we show a three dimensional
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representation of the squared field expectation values in-vacuum9 for a symmetrical
box at two cross sections in the ẑ direction. On the left frame, a distance Rlat = 4
away from the box, the surrounding gauge fields retain their in-vacuum expectation
values and fluctuate around zero in this case because they are vacuum normalised.
The various electromagnetic field components are indistinguishable.

On the right frame of Fig. (4.23), a distance Rlat = 1 away from the lower face of the
box, we start seeing a suppression of some of the field components at varying degrees.
The intensity of suppression of the individual electromagnetic field components is
dependent on the position around the box (i.e., different components are suppressed
at varying intensities around the different faces depending on the contributing pla-
quettes). In this region, the in-vacuum plaquettes are now attached to link variables
that are in contact with the boundaries of the box.
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Figure 4.24: Three dimensional expectation values of the squared field strength tensor
components in (3 + 1)D SU(3) on the face (at z = 14) of a symmetrical box with side
lengths Rlat = 10 and faces at x = y = z = 14 and x = y = z = 24.

In Fig. (4.24), we show a cross section of the electromagnetic field components on
the bottom face of the box at z = 14. As opposed to observing maximally strong
field suppression on the walls of the box, the fields are now suppressed equivalently
on the whole face. Similarly to the tube geometry, the maximally suppressed field
components depend on the face under consideration. In this case, we are looking at
a face on the xy-plane, therefore the Ex, Ey and Bz experience maximal suppression
on this face.

9Far enough outside the box, the surrounding plaquettes do not experience any plaquette contri-
butions from the boundaries of the box.
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Figure 4.25: Three dimensional expectation values (at z = 20) of the squared field
strength tensor components in (3 + 1)D SU(3) inside a symmetrical box with side
lengths Rlat = 10 and faces at x = y = z = 14 and x = y = z = 24.
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Figure 4.26: Three dimensional expectation values (at z = 20) of the E2
y and B2

x field
components in (3 + 1)D SU(3) inside a symmetrical box with side lengths Rlat = 10
and faces at x = y = z = 14 and x = y = z = 24.

We then show a cross sectional slice of the field components taken inside the box at
z = 14 in Fig. (4.25). We observe that the field expectation values are reminiscent of
the field behaviour in the symmetrical tube geometry10. Such behaviour is expected
because in the limit of a large box symmetric box, an observation made on a cross-
section inside the box (far enough from the parallel faces) should be indistinguishable
from a symmetric tube. At that position, the other two faces are not connected to
any nearby plaquettes and their contributions are negligible.

10See Fig. (4.16 - 4.19) for the electromagnetic fields of a symmetric tube in comparison to Fig.
(4.25 - 4.28) for the fields on a symmetrical box.
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Similarly, an asymmetric box at large R and far from the faces on the longest side
should have fields consistent with the smallest possible symmetric tube (i.e., Rlat = 1).
We will discuss the effect of the large R limit for a box on the Casimir pressure of
the system in the next chapter. In Fig. (4.26 - 4.28) we emphasise the resemblance
of the symmetric box and tube at large R by showing that inside the box, the tube’s
electromagnetic field F3-symmetries in Eq. (4.30) are recovered.
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Figure 4.27: Three dimensional expectation values (at z = 20) of the B2
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x field
components in (3 + 1)D SU(3) inside a symmetrical box with side lengths Rlat = 10
and faces at x = y = z = 14 and x = y = z = 24.
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z field
components in (3 + 1)D SU(3) inside a symmetrical box with side lengths Rlat = 10
and faces at x = y = z = 14 and x = y = z = 24.

Lastly, we provide the cross-section slices of the electromagnetic field components
taken at intersecting points in both the ŷ and ẑ directions along the x̂-axis inside of
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the symmetric box. Following a similar structure used for the tube, we show the fields
as we move from outside to inside the box in Fig. (4.29), followed by fields moving
from inside to outside the box in Fig. (4.30). The qualitative features are consistent
with our expectations from the first two cases, with field fluctuations around zero
in-vacuum and varying degrees of suppressed field components on the boundaries.

We also observe that there are field expectation values that are equivalent inside the
box as already seen in the three-dimensional representations where, ⟨B2

x⟩ = ⟨E2
y⟩ and

⟨B2
y⟩ = ⟨E2

x⟩. This is intuitive because the same field components are equal in the
symmetrical tube geometry and there are geometrical similarities at the cross section
taken inside the box with no contributions from the perpendicular walls. We do not
draw a generalised conclusion on the symmetries of the field components in a box as
we have not derived a representative analytical expression. However, in future studies
it may be worth investigating whether any other symmetries can be explored in this
geometry that directly point out to the observed field behaviour.
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Figure 4.29: Cross sections of expectation values of the squared field strength tensor
components in (3 + 1)D SU(3) for a symmetrical box with side lengths Rlat = 10
around the front and bottom edge at y = z = 14 for all x.
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Figure 4.30: Cross sections of expectation values of the squared field strength tensor
components in (3 + 1)D SU(3) for a symmetrical box with side lengths Rlat = 10
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Chapter 5

The Casimir Potential

5.1 Parallel Wires in (2+1)D
While we aim to reproduce the results of Ref. [32] as a starting point, there is a
strong motivation for studying (2+1)D SU(Nc) gauge theories. Primarily because
they have similar characteristics to their (3+1)D counterparts but are also techni-
cally easier to explore, and studying one teaches us something about the other. Some
similarities include the ultraviolet freedom at short distances, consequently, both the-
ories are strongly coupled at large separation distances and need to be explored non-
perturbatively in this regime. The three-dimensional theory is only asymptotically
free, whereas in (2+1)D, interactions decay more rapidly with decreasing separation
distance.

This difference in the rate at which the interactions vanish with decreasing distance
is attributed to the distinct scaling properties of their gauge couplings. In the three-
dimensional theory, the coupling is dimensionless and the interaction strength dimin-
ishes logarithmically, g2(l) ∼ 1/ ln(lΛ) with decreasing distance (increasing energy),
where l is the length scale. Meanwhile in the two-dimensional theory, the coupling
constant, g2 has dimensions of mass and the effective dimensionless expansion pa-
rameter diminishes more rapidly with as l → 0 [35].

In addition to having similar coupling behaviour, both theories have propagating de-
grees of freedom and a similar mass spectra [35]. The Coulomb potential in (2+1)D
has a weakly confining logarithmic form, V (r) ∼ g2 ln(r) obtained from Gauss’ law
analysis. However, at large separation distances, it has been shown in lattice calcu-
lations that the large separation confinement behaviour following a nonperturbative
linear potential i.e., V (r) ∼ σr in (3+1)D gauge theories is also observed in their

84
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two-dimensional counterparts [151, 152]. Lastly, the (2+1)D gauge theory has direct
implications to the high temperature limit of the three-dimensional theory [90]. An
example of this is that the Casimir mass found in the former represents the high
temperature magnetic screening mass in the latter [34].

In the preceding chapter, we provided an expression for the (2+1)D theory energy
density in Euclidean space, see Eq. (4.21). Taking the expectation values of the field
components and applying the rotational symmetry condition in Eq. (4.23), the energy
density is given by

ε(x)wires = 1
2
[
⟨B2

z ⟩ − ⟨E2
x⟩ − ⟨E2

y⟩
]

(5.1)

= −1
2⟨E2

y⟩, (5.2)

and is a function of x, the axis orthogonal to the wires in which the Casimir force
acts. On the lattice, this analytical form is evaluated by computing the expectation
value of the action contribution from the relevant plaquettes, the yt-plaquettes which
sit on the worldsurface of the wires in this case,

ε(x)lat
wires = −⟨SPyt⟩ = 1

Nτ

∑
Ny

∑
Nτ

SPyt . (5.3)

This is similar to how we express the field strength tensor components along the x-axis
in chapter (4.2). We work on an isotropic lattice and perform an ensemble average
over Nτ to get the total energy of the system without introducing any additional
length scale.

Note that the energy density, expressed by the action average, ⟨SPyt⟩ does not directly
depend on the individual plaquettes, Pyt, due to the summation, but we use this
notation1 to make explicit that only contributions of selected plaquettes with suitable
orientations are used to compute the energy of the system. The corresponding Casimir
potential is given by the normalised integral of the energy density,

V lat
Cas(R) =

[∫
dx ε(x)wires

]
R−R0

=
∑

Nx

ε(x)lat
wires


R−R0

(5.4)

=
∑
Nx

[
⟨SPyt⟩R − ⟨SPyt⟩R0

]
= −⟨⟨SPyt⟩⟩, (5.5)

and depends on the separation distance, R, between the wires, where R0 is a renor-
malisation condition to be discussed shortly. On the lattice, the Casimir potential is

1This notation is proposed in the work of Chernodub et al. in Ref. [32].
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equivalent to the normalised expectation value of the total energy of the system,

⟨⟨SPyt⟩⟩ =
 1
Nτ

∑
Nx

∑
Ny

∑
Nτ

SPyt


R−R0

. (5.6)

We highlight this definition for reasons that will become clear in the subsequent sec-
tions. The Casimir potential can be divided by the length of the wires, Ny, in order
to obtain the Casimir energy per unit length of the wires.

The normalisation is enforced by subtracting the lattice action expectation value
with the parallel wires placed at separation distance, R0 → ∞ apart, which on our
finite periodic lattice we choose to be at half the lattice spatial extent, R0 = L/2.
Essentially, we compute the total energy of the system with wires placed a finite
distance R apart, and from this total energy, we subtract the total energy of the
system with the wires placed far apart. At large enough distances between the wires,
the Casimir energy will diminish leaving only energy contributions that need to be
subtracted. We express the Casimir potential as,

V lat
Cas(R) = ETot

R − ETot
R0 (5.7)

= [ECas(R) + EWires + EVac]R − [EWires + EVac]R0 , (5.8)

where the zero-point energy is independent of R, but so is the energy contribution
from the wires. We will return to the discussion of the energy contributions from
imposing boundary conditions in the subsequent sections where it contributes a non-
constant value.

It is clear from Eq. (5.8) that the normalisation condition takes care of two energy
contributions to the system, the first is the cancellation of the vacuum ultraviolet
divergences such that the energy density describes a local finite quantity. The sec-
ond is the energy contribution from imposing the chromoelectric boundary condition
(geometry of two parallel static wires) on the QCD vacuum, i.e., the act of creating
the wires requires energy. Note that if one normalises by performing the vacuum
subtraction (in the absence of the wires), the boundary energy contribution remains
and the Casimir energy is not isolated.

The physical Casimir potential is obtained by converting the lattice expression in Eq.
(5.5) into physical units. The physical separation distance between the wires is given
by Rphys = aRlat, where a is the physical lattice spacing. The corresponding scaling
of the Casimir energy density with the physical lattice spacing is

V phys
Cas (Rphys) = 1

a2V
lat

Cas(Rphys/a), (5.9)
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providing the correct dimensionality for the energy per unit length, [V phys
Cas (Rphys)] =

[1/length2]. A scale-improved expression for the Casimir energy density designed to
provide corrections to finite size effects of the inverse coupling on the non-abelian
Casimir potential in the continuum limit is proposed in Ref. [32],

VCas(Rphys)/σ = − 1
a2σ

(
βI

β

)4

⟨⟨SPyt⟩⟩, (5.10)

where σ is the zero-temperature confining Yang-Mills string tension and a
√
σ is di-

mensionless, hence we express the Casimir potential as a dimensionless quantity. The
mean-field-tadpole improved inverse coupling, βI , is introduced to reduce finite-size
corrections. We refer the reader to chapter (3.1) for a discussion on the introduction
of physical units to lattice measurements using the string tension to set the physical
scale, as well as the improved inverse coupling, βI .
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Figure 5.1: The Casimir potential between two parallel wires separated by a physical
distance R

√
σ in (2 + 1)D SU(2) for different physical lattice volumes in units of the

string tension.

In lattice perturbation theory, the plaquette expectation value acquires additive and
multiplicative radiative corrections from higher order contributions of quantum fluc-
tuations of the gauge fields. Additive corrections stem from the ultraviolet divergent
vacuum contributions to the energy and are removed through the subtraction scheme
in Eq. (5.8). Multiplicative corrections arise from renormalisation effects, which in
this case is the scaling of the plaquette expectation value to obtain the physically
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relevant field strength tensor components, β4⟨TrUµν⟩ ∼ a−4⟨TrUµν⟩ ∼ ⟨F 2
µν⟩phys. The

factor containing the ratio of the inverse coupling in Eq. (5.10) improves the finite-size
scaling of the Casimir potential.

Based on Eq. (5.10), we have redone the simulations of Ref. [32]. The resulting dimen-
sionless Casimir potential per unit length between two chromoelectric wires separated
by a physical distance R

√
σ in (2+1)D SU(2) non-abelian gauge theory is shown in

Fig. (5.1) expressed in units of the string tension. This result is consistent with the
findings of Ref. [32], where the inverse coupling scaling factor λw = 50 tested by
Chernodub et al. in the in (2+1)D gauge theory has been used in this work.

The different inverse couplings, β, used correspond to different physical lattice spac-
ings, a, and consequently different physical lattice volumes, since the number of grid
points on the isotropic lattice, N = 323, is kept constant. The range of inverse cou-
plings, β = 5 − 15, corresponds to a range of physical lattice sizes, Lphys ∼ 1.4 − 4.5
fm, where we have used the fundamental string tension value,

√
σ = 0.485 GeV, from

Ref. [153]. If the physical lattice size is taken to be too small, i.e. Lphys < 1 fm, then
finite lattice volume effects can come into play and need to be accounted for.
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Figure 5.2: The Casimir potential between two parallel wires separated by a physical
distance R

√
σ in (2 + 1)D SU(3) for different physical lattice volumes in units of the

string tension.

The fitted curve is given in Eq. (1.10), V fit
Cas(R) ∼ e−MCasR/R(ν+2)σ(ν+1) and the rel-

evant parameters are discussed in more detail in the introduction and references
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therein. The functional form of the fit is an extension of the non-compact abelian
gauge theory Casimir potential result in two spatial dimensions. The fit parameters,
(ν,MCas) have a physical interpretation, where ν represents the anomalous dimension
of the potential at short separation distances. In general, the anomalous dimension
indicates how much the scaling dimension deviates from its free-field value in the
interacting theory.

On the other hand, MCas represents the effective screening of the potential at large
separation distances. The fitted curve confirms that the measured Casimir potential
has a good physical scaling as the potential measured at different coupling constants,
hence different lattice spacings and physical volumes (for a fixed number of lattice
points, N = 323), all follow a single curve. An alternative fitting function for the
(2+1)D SU(2) Casimir potential is proposed in Ref. [34] based on a derivation of the
non-abelian theory’s Casimir energy by reducing it to that of a massive scalar field
and is shown to be quantitatively consistent with Eq. (1.10). In the aforementioned
paper, the recommended fitting form for the Casimir energy has a mass dependence
of VCas ∼ e−2MCasR.

We extend these (2+1)D results to the gauge group SU(3) to test for the effect of
increased number of degrees of freedom on the non-abelian gauge theory Casimir po-
tential. The resulting potential is shown in Fig. (5.2) with the corresponding fit for
inverse couplings β = 20 − 34 corresponding to physical lattice sizes Lphys ∼ 1.3 − 2.2
fm. The results that we have provided for the (2+1)D potential are at varying physi-
cal lattice volumes for the number of colours under consideration. As we have already
shown in the SU(2) case, the potential at varying lattice spacing and slightly differ-
ent physical volumes follow a single curve. The same is true in SU(3) and a direct
comparison is not unfounded.

At short separation distances, qualitatively we observe that the force of attraction
experienced by the wires in SU(3) is stronger than that in SU(2). We provide a quan-
titative comparison which is not continuum extrapolated in Fig. (5.3) by employing
the fitting functions to compute the ratio of the potentials as a function of the physical
separation distance. This allows us to make a quantitative statement that increasing
the degrees of freedom from Nc : 2 → 3 increases the Casimir force by a factor ≳ 2,
and decreases linearly with increasing separation distance. In the limit, R

√
σ → ∞,

this ratio should approach unity as the Casimir effect vanishes. In the weak coupling
regime of gauge theories, the static potential scales with the Casimir operator [118],

CF = N2
c − 1
2Nc

, (5.11)
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in the fundamental representation and the SU(2) theory differs from SU(3) by approx-
imately this factor. The Casimir potential dependence lies between the Casimir oper-
ator ratio, CSU(3)

F /C
SU(2)
F = 16/9 and the ratio of the number of colours N3/N2 = 8/3.
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Figure 5.3: Ratio of the Casimir potential between two parallel wires separated by a
physical distance R

√
σ in (2 + 1)D with different degrees of freedom.

On the basis of increasing the number of degrees of freedom and resulting increased
number of modes, the increased Casimir pressure is somewhat intuitive. In compar-
ison to (2+1)D lattice results of the thermodynamic pressure in pure gauge theory
[154], the Casimir pressure scales differently with increased degrees of freedom in
the deconfined phase. In the deconfined phase (equivalent to the region between
the wires), the thermodynamic pressure lies on the same curve for the gauge groups
Nc = 2 − 6 [154]. In the confined phase where the thermodynamic properties are de-
scribed by a non-interacting glueball gas, the pressure increases whenNc : 2 → 3 [155].
This increase in thermodynamic pressure behaves similarly to the zero-temperature
Casimir pressure which increases with the number of colours.

In terms of the fit parameters, we only provide these for λw = 50, as opposed to
the optimal perfect conductor condition obtained in the limit λw → ∞. The result
at λw = 50 is shown to be sufficiently close to the perfect conductor result [32]. In
SU(2), we find

νλw=50 = 0.022(5), Mλw=50
Cas = 1.38(2)

√
σ, (5.12)

where the value of ν is reasonably slightly lower than the value of ν∞ = 0.05 and MCas
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is consistent with M∞
Cas = 1.38(3)

√
σ, both obtained through an exponential fitting

procedure in Ref. [32]. The Casimir mass is much lower than the lightest glueball
mass, M0++ = 4.718(43)

√
σ in SU(2) pure gauge theory, motivating once again for

the presence of a Casimir-induced deconfined phase in the region between the wires.
In SU(3), we find

νλw=50 = 0.020(3), Mλw=50
Cas = 1.51(9)

√
σ. (5.13)

While the anomalous scaling dimension of the potential at short distances shows no
explicit dependence (within errors) on the number of degrees of freedom, the Casimir
mass increases as Nc : 2 → 3. However, the Casimir mass is still lower than the mass
of the lightest glueball in SU(3), M0++ = 4.329(41)

√
σ [35], which decreases when

Nc : 2 → 3. Glueballs are the relevant degrees of freedom in pure gauge theory, but
the region between the wires is an induced deconfined phase with interactions gov-
erned by particles with a lower mass than the lightest ground-state glueball. Therefore
it is plausible that the Casimir mass increases when Nc : 2 → 3 while the glueball
mass decreases.
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Figure 5.4: Energy contribution from the chromoelectric boundaries (introducing the
wires in the vacuum) on the measured Casimir effect in (2 + 1)D SU(N) as a function
of the inverse coupling, β at physical separation distance R = 10

√
σ.

Lastly, in Fig. (5.4), we show the additional ‘plaquette potential’ that one measures at
various inverse couplings provided the energy contribution of imposing the boundary
conditions on the lattice is not subtracted. The wire energy contribution is computed
according to Eq. (5.8) at physical separation distance R = 10

√
σ, where we expect

an insignificant Casimir energy contribution due to the effective screening of the po-
tential at large separation distances. As mentioned earlier, this energy contribution
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is independent of the separation distance.

The two important features in this plot are: the energy contribution of the wires
grows with coupling, and that it is also dependent on the number of colours based
on the observed functional form. While we do not attempt to provide intricate fit-
ting functions for this energy contribution as it is not important in this geometry, we
show that an exponential fit is more appropriate in SU(2) and a linear fit describes
the SU(3) data better. In the limit, β → 0 corresponding to very large lattice spac-
ings, these curves should approach zero. Understanding how to isolate the boundary
energy contribution becomes imperative for the geometries of a tube and box where
this contribution depends on the distance between boundaries.

5.2 Parallel Plates
We begin our exploration of the (3+1)D non-abelian gauge theory by considering
the geometry of parallel conducting plates separated by a lattice distance R. This
geometrical set-up is shown in Fig. (4.11), and the resulting electromagnetic field
configurations are discussed in chapter (4.3). Starting off with the full expression for
the energy density in (3+1)D, and employing the rotational symmetries discussed in
the preceding chapter, we confirmed that the energy density between the plates takes
three equivalent possible forms,

ε(x)plates = 1
2
[
⟨B2

x⟩ + ⟨B2
y⟩ + ⟨B2

z ⟩ − ⟨E2
x⟩ − ⟨E2

y⟩ − ⟨E2
z ⟩
]

(5.14)

= 1
2
[
⟨B2

y⟩ − ⟨E2
y⟩
]

(5.15)

= 1
2
[
⟨B2

z ⟩ − ⟨E2
z ⟩
]
, (5.16)

where we have used the F2 symmetry to obtain Eq. (5.15) and F3 symmetry to obtain
Eq. (5.16).

The lattice expression assumes a similar form to the (2+1)D case,

ε(x)lat
plates = ⟨SPij

⟩ = 1
Nτ

∑
Ny

∑
Nz

∑
Nτ

SPij
, (5.17)

where Pij represents the plaquettes which lie on the worldvolume of the plates. Due
to the derived symmetry relations which allow for the simplification of the calcula-
tion, we can choose the plaquettes Pij contributing to the total energy density of the
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Figure 5.5: The Casimir potential between two parallel plates separated by a distance
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√
σ in (3 + 1)D SU(3) using different symmetry relations.

system based on the chosen expression in Eq. (5.14 - 5.16). As an example, if the full
(3+1)D form in Eq. (5.14) is used, then all spatial and temporal plaquettes contribute
to the Casimir energy of the plates. However, if one exploits the symmetries of the
geometry and employs the form in e.g., Eq. (5.15), then only the plaquettes Pxz and
Pyt need to be considered.

As discussed in the two-dimensional case, the energy density has no direct dependence
on the individual plaquette components Pij contributing to the total energy density
due to the summation over the action. We represent the energy density ⟨SPij

⟩ with
the indices to signal that only contributions from selected plaquettes are considered
and for consistency with the notation in the available literature. In similar fashion, we
find the three-dimensional normalised Casimir energy by integrating over the normal
direction and applying the normalisation condition to remove the energy contribution
from the plates,

V lat
Cas(R) =

[∫
dx ε(x)plates

]
R−R0

=
∑

Nx

ε(x)lat
plates


R−R0

(5.18)

=
∑
Nx

[
⟨SPij

⟩R − ⟨SPij
⟩R0

]
= ⟨⟨SPij

⟩⟩, (5.19)

given in lattice units. The lattice expression for the total dimensionless energy of the
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system,

⟨⟨SPij
⟩⟩ =

 1
Nτ

∑
Nx

∑
Ny

∑
Nz

∑
Nτ

SPij


R−R0

, (5.20)

can be compared to the energy density, T 00, and the total electromagnetic energy,
E(t), contained in a spatial volume in classical electrodynamics,

⟨⟨SPij
⟩⟩ = 1

Nτ

∑
Nτ

∑
x,y,z

a4T 00 (5.21)

= 1
Nτ

∑
Nτ

a
∫
d3xT 00(τ, x) (5.22)

= 1
Nτ

∑
Nτ

aE(τ) = aĒ (5.23)

where the prefactor a4 follows directly from our definition of the field strength tensor
according to plaquettes in Eq. (4.10) and the sum over Nτ is just an ensemble average
on the lattice.

Due to periodic boundary conditions, the plates extend infinitely in the ŷ and ẑ
directions. Since we consider the energy associated with a single lattice volume, we
also take as plate area A = Nz ×Ny, which is used in Eq. (5.17) to express the energy
density per unit area of the plates. The physical potential scales as V phys

Cas = V lat
Cas/a,

giving a well-defined expression for the total energy,

VCas(Rphys)/σ = 1
a
√
σ

(
βI

β

)4

⟨⟨SPij
⟩⟩, (5.24)

and the Casimir energy per unit area of the plates scales as V phys
Cas = V lat

Cas/a
3, and the

resulting potential per unit area is

VCas(Rphys)/
√
σ3 = 1

a3
√
σ3

(
βI

β

)4

⟨⟨SPij
⟩⟩, (5.25)

where we have used the string tension to express the potential in dimensionless units
and applied the same scaling with the tadpole improved coupling used in the two-
dimensional case.

In Fig. (5.5), we show the Casimir potential obtained from exploring the various sym-
metry relations in Eq. (5.14 - 5.16) in a physical lattice size, Lphys ∼ 1 fm. The result-
ing potential from our numerical simulations on the lattice shows a good quantitative
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consistency with our analytical results of the symmetry relations. This consistency
in the symmetry relations is also discussed for the individual field-strength tensor
components in chapter (5.5).

The fitting function that we have employed for the potential of the plates has a
similar functional form and same physical interpretation as the one used for the wires
in (2+1)D given in Eq. (1.10). It is given by

V fit
Cas(R) = −(N2

c − 1) π2

1440
1

R(ν+3)σ(ν+3)/2 e
−MCasR, (5.26)

where the power of σ is chosen to give a dimensionless potential, i.e., VCas/
√
σ3. The

coefficients are obtained from the expected tree level behaviour of the potential for a
non-interacting theory, MCas = ν = 0 [33],

V tree
Cas (R) = −(N2

c − 1) π2

1440
1
R3 , (5.27)

describing (N2
c − 1) additive contributions from the non-interacting gluon fields.
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Figure 5.6: Total energy of the system in a parallel plates configuration in (3 + 1)D
SU(3) for different couplings,(left) is the vacuum normalisation and (right) is the R∞
normalisation.

In the previous section, we mentioned that the energy required to create the wires
is independent of the separation distance between the wires. We now return to ex-
pand on this discussion using a more easily visualisable example of parallel plates on
the three-dimensional axis. Given that both plates extend infinitely in two spatial
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directions, the number of plaquettes forming each plate is the same within our lattice
volume. We refer the reader to chapter (4.3) where we discuss the field components
associated with each plaquette for a visualisation of the differences in the magnitude
between the energy contributions at and away from the boundaries.
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Figure 5.7: Energy contribution from two parallel plates forming the chromoelectric
boundaries in (3 + 1)D SU(3) is a constant at each inverse couplings.

The energy contribution from the plates can be calculated directly by placing the
two plates at a large separation distance where the Casimir effect is insignificant,
computing the total energy of the system and subtracting the vacuum contribution.
However, we would like to emphasize that the energy contribution from the two plates
is independent of R since the area of the plates is the same. Hence we isolate the
energy contribution from the plates by comparing the total energy of the system nor-
malised using two different schemes.

The first one is the vacuum normalisation shown in Fig. (5.6(a)), which corresponds
to the total energy of the system less the vacuum energy contribution,

EVac
Tot = ECas + EPlates, (5.28)

where EVac is cancelled by the normalisation. The second one is the R∞ normalisation
corresponding to the subtraction of the total energy of a system consisting of two
plates placed far apart (R∞ = L/2 on the lattice), where the Casimir energy is
negligible. We show the resulting energy in Fig. (5.6(b)), with total energy

E∞
Tot = ECas, (5.29)
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because EPlates and EVac are cancelled by the normalisation, and only the Casimir
energy remains. The energy difference, EVac

Tot − E∞
Tot = EPlates is the energy cost from

putting in the boundaries, and is dependent on the inverse coupling, but independent
of the separation distance as illustrated in Fig. (5.7). Note that this is the total en-
ergy described by Eq. (5.20), and not the energy per unit area of the plates. Most
importantly, note that this energy is independent of R because the area of the plates
remains fixed.
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Figure 5.8: The total Casimir potential between two parallel plates separated by a
distance R

√
σ in (3 + 1)D SU(3).

In Fig. (5.6(b)), we observe that the total Casimir energy lies on a single curve for
various inverse couplings similarly to the geometry of the wires. The normalisation
condition at R∞ ensures that all other energy contributions to the system cancel ex-
actly, leaving only the Casimir energy term. The exponential decay of the potential
with separation distance resembles abelian theory results for this geometry. Mean-
while, the total energy in Fig. (5.6(a)) lies on different curves at different couplings
and does not vanish at large separation distances due to the overall constant energy
from the boundaries at each coupling. These two scenarios highlight the importance
of subtracting correctly the energy contribution from the boundaries.

The dimensionless physical total Casimir energy, VCas/
√
σ corresponding to the R∞

normalisation is obtained from applying Eq. (5.24). We show this potential in Fig.
(5.8) using units of the string tension, while the Casimir potential per unit area of the
plates is given in Fig. (5.9) in SU(3). Similarly to conducting wires in (2+1)D, the
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Figure 5.9: The Casimir potential between two parallel plates separated by a distance
R

√
σ in (3 + 1)D SU(3) per unit area of the plates.

potential is negative. Its functional form indicates that the Casimir force, described
by the slope of the potential, experienced by the plates in the non-abelian gauge the-
ory is attractive. In addition, there is a Casimir boundary-induced deconfinement in
the region between the plates and we will expand on this discussion in the following
chapter when we look at the temperature dependence of the Casimir potential. We
also refer the reader to Ref. [156] for a recent study of the parallel plate Casimir ef-
fect in SU(3) where the boundary induced deconfinement region is discussed in more
detail.

We also present results for the Casimir potential per unit area of the plates in SU(2)
to test for the effect of reducing the number of degrees of freedom on the Casimir
effect of a parallel plate configuration in non-abelian gauge theory. The resulting
potential is illustrated in Fig. (5.10) for the same physical lattice volume, L

√
σ ∼ 4

as our SU(3) studies. This enables us to make a quantitative comparison of these
cases as shown by the ratio in Fig. (5.11).

Unlike the geometry of parallel wires where the Casimir potential was consistently
higher in SU(3) for the separation distances considered, in the (3+1)D theory for
parallel plates, we observe a non-linear scaling of the potential when Nc : 2 → 3. At
intermediate separation distances, the Casimir pressure experienced by the plates is
stronger in SU(3), peaking at approximately twice as strong at R

√
σ = 0.2. Then

when the plates are very close together and at large separation distances where we
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Figure 5.10: The Casimir potential between two parallel plates separated by a distance
R

√
σ in (3 + 1)D SU(2) per unit area of the plates.

expect a negligible Casimir force, the pressure is stronger in SU(2). While we do not
provide a physical interpretation at this point, we state these results as they point out
a need for further investigation of the Casimir effect and relevant fitting functional
form between the two theories.

The dominant higher Casimir pressure in SU(3) is contrary to lattice calculations of
thermodynamic quantities in pure gauge theory which suggest that the pressure of
the system decreases when Nc : 2 → 3 in the deconfined phase [157] (which is the
expected behaviour for the region between the plates). Of course, the thermodynamic
pressure is different from the Casimir pressure, but also, the SU(2) and SU(3) theories
are both quantitatively and qualitatively different. In particular, the deconfinement
phase transition is second order in the former and a weak first order transition in the
latter. Given the Casimir induced deconfinement transition in the region between the
plates, it may be worth investigating the dynamics of this transition between the two
theories.

We conclude this section by looking at the fit-parameters obtained for the anomalous
scaling dimension, ν and the Casimir mass, MCas in Eq. (5.26). These fits are per-
formed at a finite boundary coupling, λw = 50 as opposed to the perfect conductor
coupling where λw → ∞. In the (2+1)D non-abelian theory, the dependence of the
fit parameters on the coupling, λw is provided in Ref. [32], which shows that as the
coupling increases, ν grows logarithmically then plateaus. On the other hand, MCas
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is an exponential decay such that in the weak coupling boundary limit where λw → 1,
the Casimir mass should approach M0++ .

In the (3+1)D theory, we expect the same dependence of the fit parameters with
increasing coupling, λw to hold. Then our present fit parameters at λw = 50 could
possibly slightly underestimate the anomalous scaling dimension as seen in the two-
dimensional case, while overestimating the Casimir mass. The following fit parameters
for the anomalous dimension are obtained,

νλw=50 =
0.09(4), SU(2)

0.002(15), SU(3),
(5.30)

with corresponding Casimir masses,

Mλw=50
Cas =

0.38(12)
√
σ, SU(2)

0.06(6)
√
σ, SU(3).

(5.31)

The anomalous scaling dimension is non-zero in both SU(2) and SU(3), indicating
that the gluon self-interactions lead to an anomalous scaling dimension of the Casimir
energy at short separation distances between the plates. In addition, similarly to the
observations in the two-dimensional theory, the Casimir masses extracted from the fits
are much smaller than the ground state lightest glueball masses, M0++ = 3.781(23)

√
σ
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in SU(2) and M0++ = 3.405(21)
√
σ in SU(3) [67]. We note that the Casimir mass

decreases as we move from the (2 → 3)D theory, also consistent with the behaviour
of glueball masses in the two theories.

The SU(3) Casimir potential that we obtain has similar qualitative features to the
potential obtained in Ref. [156], however the rate of decay of the potential varies
particularly at short separation distances where our measured potential decays more
rapidly. In addition, the Casimir mass obtained in Ref. [156], MCas = 1.0(1)

√
σ dif-

fers substantially from the mass obtained in our work. We highlight this difference in
the measured potential and Casimir mass as an aspect that needs to be investigated
further in future Casimir effect studies of the parallel plate geometry.

Given that the Casimir masses measured in the three-dimensional theory, MCas <<
M0++ , it is worth investigating the exact form of the mass-dependent exponential
term in the Casimir potential. In the formulation of the Casimir energy of a scalar
field in Ref. [34], the exponential term varies as VCas ∼ e−2MCasR. If one instead ap-
plies this dependence in Eq. (5.26), then the resulting Casimir masses would be half
the values in Eq. (5.31). It is rather interesting that the boundary-induced phase
transition results in gluonic excitations with such low masses. Perhaps a lattice ap-
proach employing different boundary conditions could improve this current picture
of the relevant masses of the exchange particles in Casimir interactions in order to
better understand the effect of chromoelectric boundaries on the Casimir effect in
non-abelian gauge theories.

5.3 Symmetrical and Asymmetrical Tube
The next geometrical set-up that we look at in the (3+1)D non-abelian theory is
the hollow tube shown in Fig. (4.15). The tube has finite extents, R in the x̂ and
ŷ-axis, and extends infinitely in the ẑ direction, i.e., has a lattice length, L in one
direction. We explore two separate cases for this geometry; a symmetrical tube with
physical side lengths Rx = Ry = R

√
σ and an asymmetrical tube with Rx = R

√
σ

and Ry = 1
√
σ, both with Rz = L

√
σ. Geometrically, the symmetrical tube is a

square prism, while the asymmetrical tube is a rectangular prism for Rlat > 1.

In the preceding chapter, we looked at the electromagnetic field-strength tensor com-
ponents and the resulting numerical field configurations for these two geometries. We
also showed that due to the symmetry relations, the full expression for the energy
density of the system in Euclidean space given by Eq. (4.18), reduces to only the ẑ
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components and the energy density in the tube is described by,

εtube(x, y) = 1
2
[
⟨B2

x⟩ + ⟨B2
y⟩ + ⟨B2

z ⟩ − ⟨E2
x⟩ − ⟨E2

y⟩ − ⟨E2
z ⟩
]

(5.32)

= 1
2
[
⟨B2

z ⟩ − ⟨E2
z ⟩
]
, (5.33)

which is now a function of both x and y because the gluon fields are now enclosed in
a hollow cavity and the Casimir force acts in two directions.

On the lattice, the energy density is given by a sum over the plaquettes on the
worldvolume of the tube,

ε(x, y)lat
tube = ⟨SPij

⟩ = 1
Nτ

∑
Nz

∑
Nτ

SPij
, (5.34)

and these plaquettes contributing to the action are reduced to Pxy and Pzt according
to Eq. (5.33). The expression for the Casimir potential of the tube follows,

V lat
Cas(R) =

[∫
dA

ε(x, y)tube

]
R−R0

=
 ∑

Nx,Ny

ε(x, y)lat
tube


R−R0

(5.35)

=
∑

Nx,Ny

[
⟨SPij

⟩R − ⟨SPij
⟩R0

]
= ⟨⟨SPij

⟩⟩, (5.36)

and the total lattice dimensionless energy in the system follows Eq. (5.20).
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Figure 5.12: Total energy of the system in a symmetrical tube in (3 + 1)D SU(3) for
different couplings and different normalisation schemes in lattice units.
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Now, the next question is, ‘How can we subtract the energy contribution from the
boundaries at R0?’ In the previous case of parallel plates, the normalisation con-
dition was well-posed since the area of the plates did not change with R. We also
showed that the energy contribution from the plates was independent of the separa-
tion distance, thus just a constant. However, the energy contribution from the tube
is now dependent on the separation distance, R because as R increases, the size of the
four rectangular plates forming the tube also increases and their energy contribution
changes. We devise two approaches in which this energy can be accounted for, and
we discuss both of them for the symmetrical tube and apply the most optimal one
for the asymmetrical tube.

5.3.1 Symmetrical Tube
In order to capture the tube’s energy dependence on the separation distance, R and
consequently the size of the plates forming the tube, we plot the total energy of a
symmetrical tube in Fig. (5.12) using different normalisation schemes. Let’s start
by looking at the first method shown in Fig. (5.12(a)) where we plot the vacuum
subtracted total energy of the tube, EVac

Tot . It is clear from observation that the total
energy,

EVac
Tot = ECas + ETube, (5.37)

varies linearly with separation distance. However, we also know from extrapolating
from findings of the plates, that at large separation distances, the Casimir energy
contribution should be negligible.

We therefore conclude that the energy contribution from creating the tube, ETube
increases linearly with increasing plate size. Consequently, we apply a linear fit to
the total energy for R

√
σ ≳ 1 at different couplings,

ETube = mR
√
σ + c, (5.38)

with fit parameters, m capturing the plate size dependence and c providing the overall
scaling. In the absence of the tube, i.e., at R

√
σ = 0, the energy contribution from

the tube vanishes. This allows us to set the constant term, c = 0.

We find, from performing the fitting procedure that, EVac
Tot > ETube, where EVac

Tot is
represented by coloured points at different inverse couplings. The difference between
the two curves captures the Casimir energy, ECas. To summarise all the steps of this
method, the Casimir energy is isolated by:
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Figure 5.13: The total Casimir potential for a symmetrical tube with side lengths
R

√
σ in (3 + 1)D SU(3).

1. Compute the total energy of the system and apply the vacuum subtraction to
remove UV divergences, remaining with the total energy in Eq. (5.37).

2. Perform a linear fitting procedure on the renormalised total energy at large
separation distances to capture the energy contributions from the boundaries
(tube). Take the constant term of the fit, c = 0 because the energy from creating
the boundaries vanishes in the absence of boundaries.

3. Use the fit parameters to perform a second subtraction on the total energy in
Eq. (5.37) in order to remove the energy associated with creating the tube. This
isolates the Casimir energy.

The resulting physical total Casimir potential for the symmetrical tube as defined in
Eq. (5.24) is shown in Fig. (5.13(a)). We conclude our discussions on this method
by showing the Casimir energy per unit surface area of the symmetrical tube in Fig.
(5.14(a)) using the definition in Eq. (5.25). The corresponding lattice total surface
area of the symmetrical tube is, Alat = 4RL, where R is the tube side-length and sep-
aration distance. Using the total surface area enables us to make a direct comparison
of the Casimir potential with other geometries given that asymmetrical geometries
consist of faces with different areas. Computing the potential per unit surface area
introduces an additional dependence on the side-length of the tube, R

√
σ which scales

the diminishing potential with separation distance non-linearly.

The second method of quantifying the energy contributions from the tube’s bound-
aries and ultimately isolating the Casimir energy follows a similar technique as the
first. Instead of performing a vacuum normalisation, we use the R∞ normalisation
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Figure 5.14: The Casimir potential for a symmetrical tube with side lengths R
√
σ in

(3 + 1)D SU(3) per unit surface area of the tube.

where we subtract from the total energy, the energy contribution with a tube of side-
length, R = R∞ = L

√
σ/2. This is the same normalisation employed in the parallel

wires and plates geometries, except, now with a slight twist.

The primary issue here is that the energy contribution from creating a larger tube of
side-length, R = R∞ = L

√
σ/2 is greater than the energy required to create a smaller

tube with R < L
√
σ/2. Hence by subtracting the energy contribution at R∞, we

eliminate the vacuum energy but remain with an energy difference between creating
a small tube and a large tube according to,

E∞
Tot = ECas + EDiff

Tube, EDiff
Tube = ER

Tube − ER∞
Tube. (5.39)

Fortunately, the resulting energy difference is linear and shown in Fig. (5.12(b)), and
collapses to zero at R = L

√
σ/2 because the Casimir energy is negligible and the

‘inner tube’ of side-length, R has equal dimensions as the R∞ tube. Accordingly,
their energy difference vanishes. Similarly, we employ a linear fit for R

√
σ ≳ 1, where

the Casimir energy contributions are negligible and E∞
Tot = EDiff

Tube.

In order to obtain the constant term of the linear fit according to Eq. (5.38), we note
that in the absence of the small tube, the energy difference,

EDiff
Tube

∣∣∣
R=0

= ����*
0

ER=0
Tube − ER∞

Tube = −ER∞
Tube = c (5.40)

reduces to the energy of creating the larger tube. This calculation is equivalent to
subtracting the vacuum energy from the total energy of the system with a tube at
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Figure 5.15: The total energy required to create a symmetrical tube with side lengths
L

√
σ/2 in (3 + 1)D SU(3) at varying lattice couplings.

R∞ or computing the energy difference as shown in Fig. (5.15). The gradient, m
is obtained from the fitting procedure. We summarise these normalisation steps as
follows:

1. Compute the total energy of the system and apply the energy subtraction using
a large tube of side-length, R = R∞ = L

√
σ/2. This gives you the remaining

total energy defined in Eq. (5.39).

2. Find the total energy required to create the large tube of side-length, R = R∞ =
L

√
σ/2 either by calculating it directly or easily isolating it according to Fig.

(5.15). Use this energy to set the constant term of the fit at R = 0.

3. Perform a linear fitting procedure on the total energy at large separation dis-
tances to find the energy difference between creating the larger tube and the
smaller tubes at varying separation distances.

4. Since the energy required to create the ‘inner tube’ is less than the energy
required to create the ‘outer tube’, use the resulting fit parameters to add the
energy difference back to the total energy in Eq. (5.39). This isolates the Casimir
energy.

We highlight the following important features of the symmetrical tube geometry based
on our numerical results:
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Figure 5.16: The Ratio of the Casimir potential per unit surface area for a symmetrical
tube with side lengths R

√
σ in (3 + 1)D SU(3), comparing the two normalisation

methods.

• The Casimir potential is negative, which implies that the resulting Casimir force
is attractive. This result is inconsistent with the Casimir effect of a weakly cou-
pled, massless non-interacting scalar field computed in Ref. [36] using Dirichlet
boundary conditions. We highlight that in the lattice formulation, if one does
not correctly account for the energy contributions from the boundaries in the
symmetrical tube geometry, then one would incorrectly find a repulsive Casimir
potential as can be seen directly from the slope of the potential Fig. (5.12).

• The functional form of the total Casimir potential (not per unit surface area)
shown in Fig. (5.13) is now linear as compared to a logarithmic form in the case
of parallel plates. Hence the Casimir force experienced by the surfaces of the
tube diminishes slower with increasing separation distance.

• The potential of the tube at varying inverse coupling forms a smooth curve, but
it does not collapse to a single curve as was the case for parallel wires and plates.
There are no additional energy contributions to the system that could introduce
a different scaling, and we note this as a subject for further investigations.

In summary, we have proposed two methods in which the energy contributions from
creating the tube’s boundaries can be accounted for such that the Casimir energy can
be isolated in these first principle lattice simulations. We have shown all the relevant
quantities for the symmetrical tube side-by-side in Fig. (5.12 - 5.14) to provide a
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qualitative comparison of the two methods as we expect them to give the same result
(within uncertainties) for the Casimir energy. However, there is a clear qualitative
difference between the measured Casimir energies, with the R∞ subtraction produc-
ing a slightly higher potential.
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Figure 5.17: Total energy of the system in a symmetrical tube in (3 + 1)D SU(3) for
different couplings and different normalisation schemes in lattice units.

We provide a quantitative comparison of the Casimir potential per surface area for
β = 6.5 in Fig. (5.16), where R0 and R∞ correspond to the first and second method,
respectively. Provided that we have accounted for all the energy contributions to the
system, and there are no additional physical parameters to account for this difference
in the measured potential, we attribute such differences to the subtleties of the fitting
functions. There is a possibility that we are significantly underestimating our errors
as we do not include the systematic errors associated with the fit parameters. We
leave such an investigation of the errors for possible future explorations and instead,
we provide an alternative angle to tackle this problem.

Let’s start by revisiting our second approach shown on the right frames of Fig. (5.12
- 5.14), where we subtracted the energy contribution of the expanding tube’s bound-
aries by comparing it to a larger outer tube with side length, R = R∞ = L

√
σ/2.

In principle, the fitting function of the energy difference should obey an additional
condition that, Ediff|R=L

√
σ/2 = 0 where the size of the ‘inner tube’ is equal to the size

of the ‘outer tube’ and the energy difference vanishes. Note that there’s an additional
implication to this statement, in that, we have two fitting conditions that do not only
force the fitted curve to pass through two points, but essentially fix the two endpoints
of the fit.
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However, the functional form of our fit is linear and knowing the endpoints means
we do not need to perform a fit in the first place. We could simply use the two con-
ditions that fix the endpoints of the fitting function and draw a straight line to join
them. That straight line describes the energy difference between the ‘outer tube’ at
R = L

√
σ/2 and the inner tubes at R < L

√
σ/2, and all we need to do is to calculate

its gradient. The gradient enables us to quantify the energy difference with varying
tube size and adding this energy into the system gives us the Casimir energy. We will
refer to this approach as the gradient method for the remainder of this text, and we
apply it to the two methods we have proposed in order to eliminate the fit.
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Figure 5.18: The total Casimir potential for a symmetrical tube with side lengths
R

√
σ in (3 + 1)D SU(3).

Motivated by this trick and taking a closer look at the first approach where we quan-
tified the energy contribution from creating the tube by comparing the energy of the
system to the vacuum, one notices that a similar constraint can be imposed. At the
endpoint at R

√
σ = 0, we have already fixed the energy of the system to zero and

this fixed the constant term of the fit. Recall that we also computed the energy of
the system at R = L

√
σ/2 in Fig. (5.15), where the Casimir effect should be negligible.

We use this result of the energy for the largest possible tube to fix the energy at the
second endpoint, and consequently calculate the gradient of the resulting straight line
which describes the energy from creating the tube. Subtracting this energy from the
system gives us the Casimir potential. The resulting fit parameters for the energy of
the walls of a symmetrical tube shown in Fig. (5.17) are provided in Table (5.1) at
various gauge coupling constants, where ⟨⟨SPij

⟩⟩vac has the same gradient with c = 0.
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Energy β m c
6.5 -1299.96 2429.55

6.3380 -811.02 1467.88
⟨⟨SPij

⟩⟩∞ 6.235 -599.38 1079.10
6.0625 -349.36 612.25
5.99 -276.24 485.79

Table 5.1: Linear fit parameters for the energy contributions from the boundaries of
a symmetrical tube in SU(3) for lattice size, L

√
σ ∼ 4.
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Figure 5.19: The Casimir potential for a symmetrical tube with side lengths R
√
σ in

(3 + 1)D SU(3) per unit surface area of the tube.

Note that we have essentially reduced the non-trivial computation of the energy con-
tributions from the boundaries of the tube as the tube expands from an intuitive
fitting procedure into a simple analytical calculation of the gradient of a straight line.
We provide the corresponding results comparing the vacuum subtraction to the R∞
subtraction in Fig. (5.17 - 5.19). The measured Casimir potential is also consistent
irrespective of the normalisation choice, as opposed to using a fitting function which
heavily relies on the goodness of the fit. This indicates that the gradient method cap-
tures the energy of creating the walls of the tube in an exact manner. A quantitative
comparison of the two methods for the Casimir energy per unit surface area is shown
in Fig. (5.20) for β = 6.5.
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Figure 5.20: The Ratio of the Casimir potential per unit surface area for a symmetrical
tube with side lengths R

√
σ in (3 + 1)D SU(3), comparing the two normalisation

methods.

5.3.2 Asymmetrical Tube
The asymmetrical tube is an extension of the symmetrical tube where one side-length
is fixed to a constant, Ry =

√
σ while the other side is stretched. Given that the

tube also extends infinitely in one direction, Rz = L
√
σ on the lattice, in the limit

Rx → L
√
σ of the expanding side (corresponding to the physical limit, Rx → ∞), the

geometric shape of the asymmetric tube resembles that of a parallel plate configura-
tion with Rx =

√
σ. Recall that we express our physical units in units of the string

tension, so Rx =
√
σ = Rphys = 1a.

Studying the asymmetrical tube geometry is more complicated compared to its sym-
metrical counterpart. This is mostly due to the difficulty in understanding the differ-
ences in the contributions from modes that fit into the small fixed side-length of the
tube and those that fit into the expanding side. In a formulation of this geometry
in the infinite volume limit, one would intuitively expect that in the limit, Rx → ∞
(the one expanding side) then the measured Casimir force should resemble that of
the infinitely extending parallel plate geometry with separation distance, R =

√
σ.

Taking this limit should imply that the number and wavelength of modes that fit into
the cavity between the plates or inside the tube should be equivalent.

In our lattice simulations, we have used periodic boundary conditions, hence the



Chapter 5. The Casimir Potential 112

6.0 6.1 6.2 6.3 6.4 6.5
β

−1600

−1400

−1200

−1000

−800

−600

−400

−200

0

〈〈
S
P
ij
〉〉
v
a
c−
∞

Asymmetrical Tube, L
√
σ ∼ 4,SU(3)

E Boundaries

Figure 5.21: The total energy required to create an asymmetrical tube with longest
side-length, L

√
σ/2 in (3 + 1)D SU(3) at varying lattice couplings.

largest asymmetrical tube that we can construct only extends to half the lattice
grid-size in one direction before its faces are mirrored. Consequently, we can not geo-
metrically test the equivalence of these two geometries because while the wavelength
of modes that fit into the Ry =

√
σ fixed direction in the tube may be the same as

those in the direction perpendicular to the plates, the direction parallel to the plates
accommodates modes of longer wavelengths than we can fit into the expanding side
of the asymmetrical tube. It is unclear at this point how the Rx → ∞ limit Casimir
effect can be studied in this geometry in the present formulation employing periodic
boundary conditions, however, we do not rule out its possibility.

In the present study, we do not attempt to gain a good understanding of the Casimir
effect of the asymmetrical tube in the limit, Rx → ∞ where the modes fitting into
the small fixed side-length should continue to contribute to a non-zero Casimir force.
This is left for future investigation. Instead, we focus on studying the effect of the
asymmetry in the tube configuration at small separation distances where we expect
the Casimir effect to be stronger.

We obtain the Casimir energy results for the asymmetrical tube using the same proce-
dures we followed in the symmetrical tube, employing the two methods of accounting
for energy contributions from the boundaries, the vacuum and R∞ normalisation.
We only discuss results obtained through the gradient method which we have shown
to provide optimal results (in terms of consistent results from the two normalisation
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Figure 5.22: Total energy of the system in an asymmetrical tube in (3 + 1)D SU(3)
for different couplings and different normalisation schemes in lattice units.

schemes) compared to fitting functions. The energy required to create the largest
possible asymmetrical tube with dimensions,

√
σ × L

√
σ/2 × L

√
σ on our finite lat-

tice volume is shown in Fig. (5.21) and is used to constrain the endpoint with the
largest energy in the application of the gradient method.

This energy is less than the corresponding energy for a symmetrical tube shown in
Fig. (5.15) because one side-length is fixed to

√
σ. In the case of the parallel plates

and symmetrical tube, we have argued that in the limit, R → ∞ or R → L
√
σ/2

on the lattice, the Casimir energy vanishes because of the resulting symmetry on the
four-dimensional torus. At half the lattice size, the number of modes inside/outside
these geometries should be equal. This is not true for the asymmetrical tube because
irrespective of the size of the tube, there is no limit in which the number of modes is
equal both inside and outside the tube.

In principle, because the asymmetrical tube maintains a geometry of two closely
spaced parallel plates when one side is stretched, the Casimir energy of the system
should not vanish as Rx → ∞, but instead, it should approach the Casimir energy
of the parallel plate geometry with separation, R =

√
σ. In the vacuum subtraction

scheme, we have,

lim
R→∞

EVac
Tot = lim

R→L
√

σ/2
(ECas + ETube) = ETube + corr1, (5.41)

where the correction term corresponds to the non-vanishing Casimir energy due to
the modes perpendicular to the side with fixed-length. Similarly for the Rx → ∞
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Figure 5.23: The total Casimir potential for an asymmetrical tube with side lengths
R

√
σ in (3 + 1)D SU(3) at different inverse couplings.

subtraction,

lim
R→∞

E∞
Tot = lim

R→L
√

σ/2

(
ECas + ER

Tube

)
− ER∞

Tube − ER∞
Cas (5.42)

= ETube + corr1, (5.43)

where both the energy of the outer tube and its Casimir energy are just constants.
Given that we are not interested in quantifying the correction term, i.e., Casimir en-
ergy of the asymmetrical tube at large R, we subtract it with the energy of the tube.
One would need to alter this assumption in order to study the Rx → ∞ limit.

The resulting lattice total energy with the corresponding boundary energy curves for
the different normalisation schemes is shown in Fig. (5.22) for various gauge cou-
plings. Now, the linear curve not only describes the energy of the boundaries, but
also, the Casimir energy at large separation distances given by the correction term.
Therefore, by using the linear curve to subtract the energy contribution from the
boundaries, we are also subtracting the Casimir energy at large separation distances
and consequently enforcing a vanishing Casimir energy as R → ∞.

As a result of having one fixed side-length in this geometry, the application of the
gradient method exactly as we did for the symmetrical tube is inaccurate. We now
discuss this and show that an additional correction term is necessary to account for
the differences in the symmetrical/asymmetrical geometries. We show the dimension-
less physical Casimir energy and the energy per unit surface area in Fig. (5.23 - 5.24),
where the total physical surface area of the asymmetrical tube is, A = 2σ(L+R×L).
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Figure 5.24: The Casimir potential for an asymmetrical tube with side lengths R
√
σ

in (3 + 1)D SU(3) per unit surface area of the tube.

Qualitatively, it is apparent that the Casimir force on the asymmetrical tube is greater
than the corresponding force exerted on the symmetrical tube, particularly in the
limit R

√
σ → 0. This is counter-intuitive because in this limit, the Casimir force

experienced by the two types of tubes should be approximately equal. This can be
easily understood by considering that in the limit R

√
σ → 0, the geometrical shape

of the separate tubes should be similar for R ≳ 1 and equivalent for R = 1. Hence
the composition of the number of modes inside/outside the two tubes should also be
equivalent.

We emphasize this point by looking at a quantitative comparison of the dimensionless
lattice total energy, EVac

Tot = ECas +ETube shown in Fig. (5.12(a)) for the symmetrical
tube and Fig. (5.22(a)) for the asymmetrical tube. We show the ratio in Fig. (5.25)
for β = 6.5. As expected, at R = 1, this ratio is approximately one because the
two tubes are geometrically equivalent, hence the energy required to create them and
the resulting Casimir energy are equal. Given that this result does not materialise
after we subtract the energy of creating the asymmetrical tube, it implies that our
subtraction scheme requires modification for the asymmetrical tube.

This is precisely the caveat we mentioned earlier, which we now discuss. Let’s revisit
the logic we followed to set the constant of the linear fit to zero at R = 0 for the
vacuum subtraction method. We argued that at R = 0, we are in-vacuum and there
is no tube, hence no boundary contributions to the energy. This argument holds for
the symmetrical tube because the linear fit describes the energy contribution from
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Figure 5.25: Ratio of the vacuum normalised lattice total energy for a symmetrical
and asymmetrical tube in (3 + 1)D SU(3).

the walls of a symmetrically expanding tube,

Efit
Tube(Rx,y) = Ex=R + Ey=R, (5.44)

where both the x̂-axis and ŷ-axis side-lengths change with R. In the limit, R → 0,
both Ex=R → 0 and Ey=R → 0, resulting in a vanishing tube energy.
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Figure 5.26: Total energy of the system in an asymmetrical tube in (3 + 1)D SU(3)
for different couplings and different normalisation schemes in lattice units.
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In the case of the asymmetrical tube, this argument breaks down because the linear
fit describes the energy of the walls of the tube with one expanding side with the
other side’s energy contribution fixed to a constant. Thus we have,

Efit
Tube(Rx,y=1) = Ex=R + Ey=1 = Ex=R + c, (5.45)

where c is the energy contribution from the two plates with fixed side-lengths, Ry =
1
√
σ. Therefore, in the limit, R → 0, Ex=R → 0 but the total energy of the asym-

metrical tube does not vanish, ETube → c.

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
R
√
σ

−80

−60

−40

−20

0

V
C
a
s
/√

σ

Asymmetrical Tube, L
√
σ ∼ 4,SU(3)

β = 6.5

β = 6.3380

β = 6.235

β = 6.0625

β = 5.99

(a) Vacuum Subtracted Potential

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
R
√
σ

−80

−60

−40

−20

0

V
C
a
s
/√

σ

Asymmetrical Tube, L
√
σ ∼ 4,SU(3)

β = 6.5

β = 6.3380

β = 6.235

β = 6.0625

β = 5.99

(b) R∞ Subtracted Potential

Figure 5.27: The total Casimir potential for an asymmetrical tube with side lengths
R

√
σ in (3 + 1)D SU(3) at different inverse couplings.

Now, we need to find the constant, c and linear fitting becomes an option, but we
take a different route. We know that at R = 1, the energy of creating a symmetrical
tube is equal to that of creating an asymmetrical tube. We have already obtained
the linear fit parameters describing the energy of the symmetrical tube. Using these
fit parameters, we find the energy of the asymmetrical tube at R = 1,

Efit
Tube(R1,1) = Ex=1 + Ey=1 = 2Ey=1, (5.46)

and we use this energy to fix the second endpoint at R = 1 then apply the gra-
dient method to obtain the slope, m between this point and the other endpoint at
R = L

√
σ/2.

Using this gradient to extrapolate to R = 0, we obtain the constant term,

c = 1
2E

fit
Tube(R1,1) + corr2. (5.47)
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While one may expect the constant term to be half the total energy of the tube at
R = 1 because two parallel plates of side-length, Ry = 1 remain when Rx → 0, this
is not the case and one needs to add a correction term. This correction term can be
understood as follows; the basis of our argument is that the Casimir energy is given
by the energy difference between the total energy of the system (coloured points) and
the linear fitted curve describing the energy of the tube.

In the case of a symmetric tube, at R = 0, the Casimir energy should vanish because
there is no tube and the energy required to create the tube correspondingly vanishes.
However, in the case of the asymmetric tube, at R = 0, we are left with two parallel
plates with side-length, Ry = 1, but our set-up still requires the Casimir energy to
vanish. Hence the correction term ensures that we do not violate energy conservation.
In principle, this correction term should be equivalent to the Casimir energy between
two parallel plates of side-length and separation distance, R = 1.

Energy β m c corr2
6.5 -789.62 -53.05 -14.47

6.3380 -493.19 -41.02 -11.37
⟨⟨SPij

⟩⟩vac 6.235 -372.60 -34.54 -10.68
6.0625 -216.33 -25.90 -8.11
5.99 -173.79 -22.52 -7.84
6.5 -789.62 1475.75 -14.47

6.3380 -493.19 892.63 -11.37
⟨⟨SPij

⟩⟩∞ 6.235 -372.60 670.81 -10.68
6.0625 -216.33 379.12 -8.11
5.99 -173.79 305.62 -7.84

Table 5.2: Linear fit parameters for the energy contributions from the boundaries of
an asymmetrical tube in SU(3) for lattice size, L

√
σ ∼ 4.

At the time of this thesis, we have not yet performed a numerical calculation to find
the Casimir energy between finitely-sized plates on the lattice, and we leave the con-
firmation of the correction term for future work. This approach is applied similarly
for the R∞ normalisation scheme. The resulting energy contributions from the walls
of the asymmetrical tube are shown in Fig. (5.26) as linear fits for the two normali-
sations used and the corresponding fit parameters are given in Table (5.2).

The total Casimir energy and the energy per unit surface area of the asymmetrical
tube are shown in Fig. (5.27 - 5.28) using the two normalisation schemes. A qualita-
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Figure 5.28: The Casimir potential for an asymmetrical tube with side lengths R
√
σ

in SU(3) per unit surface area of the tube.

tive comparison of this potential to its symmetrical tube counterpart shows that the
magnitudes are now consistent, particularly in the limit R → 1 where the two tubes
are geometrically identical.

Earlier, we provided reasons why one would expect the asymmetrical tube to exhibit
similar properties as the parallel plate configuration with separation distance, R = 1
in the limit, R → ∞. In this limit, the number of modes in the interior cavity of the
asymmetrical tube should be the same as those in the cavity between the plates. Intu-
itively, one would expect that the Casimir effect for these two geometries should have
similar characteristics in this limit. The total Casimir energy for the parallel plate
configuration is shown in Fig. (5.8), and at R = 1, the potential is strongly attractive.

On the other hand, the total Casimir energy for the asymmetrical tube is shown in
Fig. (5.27) and is weakly attractive in the limit R → ∞. While we work on a lat-
tice size, L

√
σ ∼ 4 ∼ 1.6 fm where the finite volume nature of the lattice may not

allow us to make precise determinations at R → ∞, the primary reason for not see-
ing any qualitative similarity to the parallel plate geometry is the artificially imposed
vanishing energy at R → ∞ which we use to study the effect of the geometrical asym-
metry on the Casimir effect. We provide a quantitative comparison of the Casimir
effect in the symmetrical and asymmetrical tube in Fig. (5.29) for the gauge coupling,
β = 6.3380. We plot their ratio to draw some insights.

At R ≳ 1, the ratio is approximately one because the two tubes are identical. As
the separation distance increases and the tubes assume different geometrical forms,
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the attractive Casimir force of the asymmetrical tube becomes slightly larger than
that of the symmetrical tube. This is consistent with our expectations based on the
number of modes inside the two geometries. In the geometry of the tube, there are
more modes inside the symmetrical tube than there are in the asymmetrical tube for
R > 1. Hence, the magnitude of the attractive Casimir force should be stronger for
the asymmetrical tube.
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Figure 5.29: A comparison of the total Casimir potential for a symmetrical and an
asymmetrical tube in (3 + 1)D SU(3).

5.4 Symmetric and Asymmetric Box
The last geometry that we discuss for the non-abelian gauge theory in SU(3) is a
hollow box shown in Fig. (4.22). The box has finite extents on the three-dimensional
spatial axis. We consider a symmetrical box with side-lengths Rx = Ry = Rz = R

√
σ

and an asymmetrical box with two equal side-lengths, Ry = Rz = 1
√
σ and one

expanding side with length Rx = R
√
σ. We refer the reader to chapter (4.5) for a

discussion on the electromagnetic field-strength tensor components and the numerical
field configurations results for the symmetrical and asymmetrical box.

The geometry of a box requires the fixing of all spatial coordinates, leaving only the
Euclidean time axis free. Consequently, all rotational symmetries are broken in this
geometry because rotations in four-dimensional space require a minimum of two free
axes. Therefore, as opposed to all previous geometries that we have discussed, where
we explored various symmetry relations to reduce the full expression of the energy
density of the system into simpler expressions, such an approach is not possible here.
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However, in chapter (4.5), we showed that numerical results suggest that some field
components are locally equivalent. Hence it would be valuable in future work to ex-
plore whether this results in a general analytical simplification of the energy density
expression.

The energy density of the box reads,

εbox(x, y, z) = 1
2
[
⟨B2

x⟩ + ⟨B2
y⟩ + ⟨B2

z ⟩ − ⟨E2
x⟩ − ⟨E2

y⟩ − ⟨E2
z ⟩
]

(5.48)

and is dependent on x, y and z because the gluon fields are enclosed in a finite
volume (box) and the Casimir force acts on the walls of the box in all three spatial
directions. The lattice expression of the energy density is a sum over the plaquettes
on the worldvolume of the box,

ε(x, y, z)lat
box = ⟨SPij

⟩ = 1
Nτ

∑
Nτ

SPij
, (5.49)

which comprise of all the plaquettes in the spatial and temporal directions according
to Eq. (5.48). The resulting expression for the Casimir potential of the box is,

V lat
Cas(R) =

[∫
dV
ε(x, y, z)box

]
R−R0

=
 ∑

Nx,Ny ,Nz

ε(x, y, z)lat
box


R−R0

(5.50)

=
∑

Nx,Ny ,Nz

[
⟨SPij

⟩R − ⟨SPij
⟩R0

]
= ⟨⟨SPij

⟩⟩, (5.51)

and the expressions for the physical energies follow similarly to other cases already
discussed in four-dimensional space.

In the previous section, we went through the intricacies of accounting for the energy
contributions from the boundaries of the tube. Such difficulties were overcome by
exploiting the linear dependence with respect to tube size of the energy of the walls
of the tube. We encounter the same problem in the case of the box geometries, and
once again, have to redefine the normalisation condition at R0. We now discuss these
boundary energy contributions separately for the symmetrical and asymmetrical box.

5.4.1 Symmetrical Box
We start by approaching this boundary problem for the symmetrical box in similar
fashion as the symmetrical tube. We compute the lattice total energy of the system
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Figure 5.30: Total energy of the system in a symmetrical box in (3 + 1)D SU(3) for
different couplings and different normalisation schemes in lattice units.

using Eq. (5.51) and compare the result obtained using the vacuum subtraction and
it’s R∞ counterpart where we subtract the energy of a larger, symmetrical outer box
of side-length, L

√
σ/2. These results are shown in Fig. (5.30), and we observe that

the energy dependence does not vary linearly with increasing box size as was the case
for the tubes, allowing for the simplification of the calculation.

The main concern about the total energy in the symmetric box is that it is non-
monotonous. We have already seen in previous sections that the energy contribution
from the boundaries increases with the size of the boundary, i.e., the larger the box,
the larger the energy contribution from the introduction of its walls should be. Hence
this is a puzzling result because intuitively, the Casimir effect should vanish with
increasing separation distance or box-size.

Nothing suggests that any other effects should materialise when the box is increased
to a certain size. The same argument is true for thermal fluctuations, which should
not fit inside the box. Therefore, we maintain that the observed effect of the total
energy in the symmetric box is purely a consequence of the box’s boundaries which
include non-trivial contributions from the edges and corners. This argument is mo-
tivated by the R∞ subtracted energy in Fig. (5.30(b)), which vanishes at R = L

√
σ/2.

In the case of the symmetrical tube we observed that the functional form of the sys-
tem’s energy was linear for R → ∞ for both normalisation schemes. However, in the
case of the symmetrical box, the dependence of the total energy of the system on
the separation distance (and consequently the expanding volume of the box) is more
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intricate. Perhaps a parabolic analytic form would work based on the observation of
the energy at coupling, β = 6.5, but we would need to increase our physical lattice
volume to validate whether this can be generalised to other couplings.

Despite the difficulty in assuming a simple analytical form for the system’s energy,
there some common and consistent features. In the vacuum normalisation, in the
limit, R

√
σ → 0, the total energy of the system,

EVac
Tot = ECas + EBox, (5.52)

approaches zero because in this limit, the energy contribution from the walls of the
box vanishes and so does the Casimir energy since it has to vanish in the absence of the
box. On the other hand, in the R∞ subtraction scheme, in the limit R

√
σ → L

√
σ/2,

the total energy of the system given in Eq. (5.39) with ‘Tube’ replaced by ‘Box’,
vanishes. This is consistent with our expectations because in this limit, the Casimir
energy should be negligible and if the ‘inner box’ is the same size as the ‘outer box’,
then their energy contributions cancel.

We propose an alternative normalisation scheme for the symmetrical box. Each box
is formed by a combination of six sides/faces, therefore, we start by finding the en-
ergy contribution of two finitely extending faces of the same size placed a distance,
R = L

√
σ/2 apart. As discussed in previous sections, the energy contribution of the

faces is independent of their separation distance. We merely place these faces far
apart to ensure that there are no Casimir energy contributions to the total energy of
the system.

The box system has total energy,

ETot
Box = EBox

Cas + EBox + EVac, (5.53)

whereas the two finite parallel faces system has total energy,

ETot
Faces = ����*

0
EFaces

Cas + EFaces + EVac. (5.54)

We numerically compute the energy contribution from two finite faces placed far
apart. In the end we are interested in the six-faces configuration in order to compare
the total energy of this configuration to the energy of the box system (whose geometry
is formed by a total of six faces). Thus, we multiply ETot

Faces by three to obtain,

ETot2
Faces = 3ETot

Faces = 3(EFaces + EVac) = ẼFaces + 3EVac. (5.55)
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Figure 5.31: Vacuum normalised energy of six faces compared to the vacuum nor-
malised energy of a box with side-lengths equal to the size of the faces.

Performing a vacuum subtraction on the energies of the two systems we obtain,

ẼTot
Box = ETot

Box − EVac = EBox
Cas + EBox (5.56)

ẼTot
Faces = ETot2

Faces − 3EVac = ẼFaces, (5.57)

and we show the vacuum normalised energy for the box in Fig. (5.31) as coloured
points, along with the corresponding energy of the six faces forming a box as coloured
lines, where R = Lp is the lattice side-length of each face. It is reasonable that the
energy contributions from the faces increases with the size of the faces.

Note that the energy contribution from six faces is not equal to the energy contri-
bution of the box (composed of six faces). Hence, this is not a direct comparison of
the energy contributions in the two systems because the geometrical set-up of finite
parallel faces is different from that of a single box with the same side-lengths. The
differences in energies can be attributed to the presence of corners in the box (see the
field contributions from the corners in the preceding chapter) and varying contribu-
tions from the edges in the two geometries.

This energy difference between the two systems is given by

EDiff
Box(R) = ẼTot

Box − ẼTot
Faces = EBox

Cas + EBox − ẼFaces, (5.58)

and shown in Fig. (5.32) for different gauge couplings. The Casimir energy con-
tribution for the geometry with two finite faces is negligible irrespective of the size
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Figure 5.32: Energy difference between the creation of six faces and a box with side-
lengths equal to the size of the faces.

of the faces because the faces are placed far apart at a distance, R = L
√
σ/2. At

large separation distances (large enough box-size), the Casimir energy for the box
becomes negligible, leaving only the energy difference between the boundaries of the
two geometries. Therefore, for R ≳ 1, this energy difference should describe,

E3 = EDiff
Box

∣∣∣
R≳1

= EBox − ẼFaces. (5.59)

We find that this energy difference varies linearly with the size of the box and faces.
Therefore, instead of finding intricate functions to extract the energy of the box’s
boundaries from the observed behaviour in Fig. (5.30), we have reduced the problem
to finding the fitting parameters of a linear function. We find the constant of the
fit by fixing the energy difference at the R = 0 endpoint to zero since the boundary
contributions from both geometries vanish. The resulting fit parameters are provided
in Table (5.3) at different couplings.

Once we have obtained this energy difference, we can normalise the energy of a sym-
metrical box using the energy from the boundaries of a finite parallel faces configu-
ration, accounting for six faces that form a box. We then use the linear fit to remove
the expected energy difference between the boundaries of a box and the parallel faces
set-up,

ECas = Ẽ1 − Ẽ2 − E3. (5.60)
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Energy β m c
6.3380 809.36 0

⟨⟨SPij
⟩⟩Diff 6.235 690.41 0

6.0625 516.86 0
5.99 452.55 0

Table 5.3: Linear fit parameters for the energy difference between the boundaries of
six faces and those of a symmetrical box with equal side-lengths as the faces.
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Figure 5.33: The total energy contribution from the boundaries of a symmetrical box
of different sizes.

This approach allows us to isolate the Casimir energy of the symmetrical box, as well
as the approximate energy from the walls of the box,

EBox = Ẽ2 + E3, (5.61)

where E1 is the total energy of the system with a box present, ETot
Faces is the total

energy of the system with a two parallel faces placed far apart (times three) and E3
is the energy difference of the respective boundaries.

Most importantly, we have not only isolated the Casimir energy for the box, but also,
the energy contributions from the walls of the box given by Eq. (5.61). Despite not
having an analytical formula to describe the energy from creating the box, we provide
an approach to numerically extract it from lattice simulations data and we show this
energy in Fig. (5.33). While our result acquires a dependence on the goodness of the
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fit, it still provides a good estimate for the Casimir effect in this geometry.
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Figure 5.34: The Casimir potential for a symmetrical box with side lengths R
√
σ in

SU(3). (left) raw, (right) normalised per surface area.

The resulting total Casimir potential and the potential per unit surface area of a
symmetrical box is shown in Fig. (5.34), where the area is given by A = 6R2. One
key feature of this potential is that the Casimir force experienced by the symmet-
rical box is attractive. This result is consistent with the Casimir effect of a weakly
coupled, massless non-interacting scalar field computed in Ref. [36]. As shown in
Fig. (5.30(b)), incorrectly accounting for the boundary energy contributions for the
box would result in a repulsive Casimir effect for some couplings and an attractive
potential for others, with a sign flip in-between.

5.4.2 Asymmetrical Box
We conclude our studies of the Casimir effect in non-abelian gauge theory by consider-
ing the geometry of an asymmetrical box in SU(3). In this geometry, two side-lengths
are kept fixed while the remaining side with length, Rx = R

√
σ expands. In the limit,

Rx → ∞, the geometry of an asymmetrical box resembles that of a symmetric tube
with sides, Rx = Ry =

√
σ. In the infinite lattice volume limit, we expect that the

Casimir effect of the large asymmetric box to to be equivalent to that of the sym-
metric tube. This expectation is also supported by numerical evidence of the field
components inside the asymmetric box, which resemble those of a symmetric tube.
Refer to the discussion in chapter (4.5).
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σ/2 in (3 + 1)D SU(3) at varying lattice couplings.

As was the case for the asymmetrical tube, in this work we do not attempt to inves-
tigate the large R limit of this geometry, and we do not provide a comparison of the
asymmetrical box to the small symmetrical tube. This is due to our formulation of
the asymmetrical box geometry in a Euclidean lattice with periodic boundary con-
ditions. The expanding side, Rx can maximally be extended to half the lattice size,
thus allowing modes of different wavelengths to fit inside the asymmetrical box as
compared to those that fit inside the infinitely extending length of the small symmet-
rical tube.

At R = L
√
σ/2, we show the total energy present in the system after the vacuum

subtraction in Fig. (5.35). Note that in the symmetrical box, this energy would be
equivalent to the energy required to create the large box because the Casimir energy
is negligible at large separation distances. In the asymmetrical box, this energy is
given by

lim
R→∞

EVac
Tot = lim

R→L
√

σ/2
(ECas + EBox) = EBox + corr1, (5.62)

where the correction term quantifies the non-vanishing Casimir energy contribution
which should resemble that of the smallest symmetrical tube in the limit, R → ∞.
We will also subtract this correction term when we subtract the energy from creating
the box.



Chapter 5. The Casimir Potential 129

Given that we have already tackled a similar geometry in the asymmetrical tube
where we have a fixed side and an expanding side, we will approach this geometry
in similar fashion. We start by considering the total energy of the asymmetrical box
system defined in Eq. (5.51). Similarly to the asymmetrical tube geometry, we con-
sider the two normalisation schemes (vacuum and R∞ normalisation) and show the
resulting system’s energy in Fig. (5.36).

We will only focus on the vacuum normalisation shown oin Fig. (5.36(a)) and de-
scribed by Eq. (5.56), but one can also employ the R∞ subtraction which gives the
same result. By qualitatively comparing the vacuum subtracted energy of the asym-
metrical box in Fig. (5.36(a)) to that of the symmetrical box in Fig. (5.30(a)), we
observe that at R = 1a the two energies are consistent because the two boxes are
geometrically equivalent.

The general behaviour of the total energy in the asymmetrical box system is linearly
increasing with box size. In comparison to Fig. (5.26(a)), the magnitude and lin-
ear form of the total energy of the two systems is consistent with their geometrical
similarities. In the case of the asymmetrical box, as R increases four out of the six
faces experience a change in size/area, but one out of three sides expand. Draw-
ing insights from the asymmetrical tube, we also conclude that the observed linearly
varying energy describes the energy change of the expanding side only. Therefore,
for the vacuum normalisation, the energy contribution described by the linear curve
does not vanish at R = 0.
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Figure 5.36: Total energy of the system in an asymmetrical box in SU(3) for different
couplings and different normalisation schemes in lattice units.
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In order to find the constant of the linear curve (or the energy contribution from the
expanding faces only), we can use our knowledge of the energy of the smallest possible
box that we can create on the lattice with physical volume, V = (

√
σ)3. At R = 1a,

the energy contributions from the boundaries of an asymmetrical box is the same as
that of a symmetrical box shown in Fig. (5.33). This energy is given by

Efit
Box(R1,1,1) = Ex=1 + Ey=1 + Ez=1 = 3Ex=1 (5.63)

Ex=1 = 1
3E

fit
Box(R1,1,1), (5.64)

where Ex=1 is the energy contribution from the two parallel faces along the x̂-axis.
Once R is increased, our linear curve with varying R only describes energy changes
due to the one expanding side only. Accordingly, the energy at R = 0 collapses to
the energy of the two remaining fixed side-lengths with a correction term,

c = 2
3E

fit
Box(R1,1,1) + corr2, (5.65)

because only one side-length (of the possible three) is increasing.

Similarly to the asymmetrical tube, the correction term ensures that we do not vio-
late energy conservation. In this case, we expect this correction term to describe the
Casimir energy of a small symmetrical hollow tube with dimensions,

√
σ×

√
σ×

√
σ.

We obtained the energy of the symmetrical box in the preceding subsection, and we
use it to fix the energy of the asymmetrical box at R =

√
σ. Lastly, we draw a

straight line connecting the energy at R =
√
σ to the energy at R = L

√
σ/2 given

in Eq. (5.62) and extrapolate to R = 0. The resulting parameters of the linear curve
are given in Table (5.4) and describe the energy from the walls of the asymmetric box.

Energy β m c corr2
6.3380 -101.75 121.68 -49.33

⟨⟨SPij
⟩⟩vac 6.235 -103.27 130.72 -53.90

6.0625 -80.30 103.13 -44.80
5.99 -84.79 114.50 -50.59

Table 5.4: Linear curve parameters for the energy contributions from the boundaries
of an asymmetrical box in SU(3) for lattice size, L

√
σ ∼ 4.

We show the total Casimir potential and the potential per unit surface area of the
asymmetrical box in Fig. (5.37), where the physical surface area is, A = 2σ(2R+ 1).



Chapter 5. The Casimir Potential 131

We note that the Casimir potential in the asymmetrical box appears to be overesti-
mated, particularly in the limit, R → 1 where the magnitude of the attractive force
should coincide with that of a symmetrical box. We attribute this stark difference to
boundary energy contributions where our linear fit does not seem to capture correctly
the exact functional form of the asymmetrical box’s boundaries.

Despite the overestimation of the energy contributions from the box’s boundaries,
we can safely conclude that the Casimir force experienced by an asymmetrical box
geometry is attractive. Therefore, all the geometries that we have explored have re-
sulted in an attractive Casimir potential in non-abelian gauge theory. In the case
of a tube, this is contrary to Casimir measurements in a weakly coupled, massless
non-interacting scalar field presented in Ref. [36]. The observed attractive potential
in our geometries is explained by the mode exclusion in the cavity inside the geometry.
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Figure 5.37: The Casimir potential for an asymmetrical box with side lengths R
√
σ

in SU(3).

In our discussion of the symmetrical box, we showed that it is possible to account for
the energy of creating the walls of the box by considering the energy required to create
the six faces that form part of the box. This approach worked because we found that
the energy difference between creating a full box and creating six faces varied linearly.
In Fig. (5.38(a)), we show the vacuum normalised energy of creating the asymmetric
box compared to the vacuum normalised energy of creating six faces that form the
box (where two of the faces have a fixed area). Whereas in Fig. (5.38(b)) we show the
energy difference between creating a box and creating six faces and we observe that
this energy difference does not vary linearly for the asymmetric box. However, we
highlight this method as a possible approach for correcting the energy contributions
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from the boundaries of the asymmetrical tube.
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Figure 5.38: (left)Vacuum normalised energy of six faces compared to the vacuum
normalised energy of an asymmetrical box. (right)Energy difference between the cre-
ation of the six faces and an asymmetrical box.

In summary, in this chapter we have presented Casimir potential measurements in
(2+1)D and (3+1)D non-abelian gauge theories for gauge groups SU(2) and SU(3) in
the lattice formalism for various geometries. We have discussed various methods in
which the Casimir energy can be isolated from the energy contributions from creating
the boundaries in lattice numerical results of varying geometries. We have also shown
that incorrectly accounting for these chromoelectric boundary energy contributions
could result in misinterpretation of the measured Casimir potential such that it be-
comes repulsive.



Chapter 6

The Polyakov Loop and
Deconfinement

In chapter (3.1), we introduced the string tension,
√
σ, which we have (until now) used

to set our physical energy scale. In this chapter, we discuss the temperature depen-
dence of the Casimir potential and compare the potential in the parameter regimes
associated with the confined and deconfined phase. We have insofar presented our
physical results in units of the string tension; in order to provide a well-defined tem-
perature scale, we now express our physical energy scale in MeV units. In order to do
so, we need to specify the value of the numerical value of ‘zero temperature’ string
tension.

A popular approach to scale setting in QCD is to find a physical distance r between
two static heavy quarks at which the force, F (r), between them assumes a certain
value. See Eq. (3.1, 3.2) on how the heavy quark potential and force are defined.
Sufficiently heavy quarks are used because in the limit of large (compared to typical
QCD scales) heavy quark mass, qq̄ bound states are described by an effective non-
relativistic Schrodinger equation [158]. Through the comparison of phenomenological
models to experimental data of bb̄ and cc̄ spectra, one can define a distance r0, the
so called Sommer parameter where [108]

r2F (r)|r=r0 = 1.65. (6.1)

While rigorously defined in QCD, it offers an analogous way to define a physical scale
in quenched QCD and has the value [115],

r0 = 0.472(5) fm = 1
418(5) MeV , (6.2)

133
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determined from lattice calculations with Nf > 2. The string tension is then obtained
using the Sommer parameter [153],

√
σ = 1.160(6)

r0
= 485(6) MeV. (6.3)

On the other hand, phenomenological models give a string tension,
√
σ = 440 MeV

[159]. Once the numerical value of the string tension is known, the physical lattice
spacing can be determined and all other quantities in physical units follow.

The temperature is defined through the physical lattice spacing and the lattice tem-
poral extent,

T = 1
Nτa

= 1
β
. (6.4)

This definition is consistent with the definition of the inverse temperature, β =
1/(kBT ) in quantum mechanics, with kB = 1. On large isotropic lattices (i.e.,
Ns = Nτ ), in the Euclidean formulation where one cannot distinguish between the
spatial and temporal directions, we assume zero temperature. In principle, these are
low (but still finite) temperatures because of computational limitations. However,
since the theory is confined at these low temperatures, the dynamics of the relevant
degrees of freedom should remain unaffected, and this provides a good estimate of
the zero temperature theory.

Using the temperature definition given in Eq. (6.4), the zero temperature theory cor-
responds to the limit T → 0 as β → ∞. Thus for a fixed value of β, which gives us
a fixed value of the physical lattice spacing, a, fixing Nτ fixes the temperature of the
system. Increasing the temperature means decreasing the lattice temporal extent,
and lattice measurements have shown that finite volume effects are reduced as the
aspect ratio Ns/Nτ increases in both pure gauge and full QCD. One reason for the
reduced finite volume effects in pure gauge theory is that a larger Ns/Nτ leads to
a larger ratio of the available spatial extent and spatial correlation length of gluon
fields, which characterises the typical size of gluonic excitations.

Yang-Mills theories are confined; only colour neutral excitations propagate at low
temperatures, and, as the temperature is increased (or at high densities), the YM
theories reach a thermodynamic phase transition where the theory deconfines. The
presently accepted values of the critical temperature at which the phase transition
occurs in SU(Nc) pure gauge theory in the absence of boundaries in (3+1)D can be
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approximated by the empirical formula [160, 161],

T SU(2)
c = 0.69(2)σ1/2

SU(2) ≈ 335 MeV (6.5)

T SU(3)
c = 0.629(3)σ1/2

SU(3) ≈ 305 MeV, (6.6)

where we have used the string tension values in Eq. (6.3). These formulae overesti-
mate the critical temperature based on the lattice extracted string tension value in
comparison to the phenomenological string tension value which yields,

T SU(2)
c ≈ 304 MeV (6.7)
T SU(3)

c ≈ 277 MeV, (6.8)

consistent with the pure Yang-Mills SU(3) result, Tc ∼ 270 MeV obtained in vari-
ous lattice calculations. We use these formulae to show the resulting Tc value for
consistency because in our calculation of the temperature, we have used the result
of the string tension in Eq. (6.3). In pure gauge theory, the phase transition is a
second-order (continuous crossover) for Nc = 2 and first-order for Nc ≥ 3 [162].
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Figure 6.1: The Casimir potential per unit area between two parallel plates separated
by a distance R

√
σ in SU(3) at different temperatures.

It is suggested in Ref. [32] that in the two-dimensional non-abelian gauge theory,
where the Casimir effect is studied for parallel wires in SU(2), the region between
the wires is a Casimir-induced deconfined phase. As a result, the gluons in this finite
region exhibit similar behaviour to thermal glueballs in a heat-bath at finite tem-
perature. This is attributed to the absence of the periodicity of gluonic fields in the
presence of Casimir boundaries. The same behaviour is observed for parallel plates



Chapter 6. The Polyakov Loop and Deconfinement 136

in SU(3) [156] where these thermal glueballs are interpreted as colourless states of
gluons bound to their negatively coloured images on the chromoelectric boundary.

This suggestion is also supported by evidence of the measured mass of the relevant
degrees of freedom in the Casimir interaction, MCas in Eq. (1.10). The Casimir mass
was shown to assume a lower value than the lightest ground state glueball in SU(2)
[32] and SU(3) [156], which should be the lowest mass in the pure gluonic system.
The reduced glueball mass in the ‘heat-bath’ Casimir cavity is consistent with finite
temperature lattice measurements of thermal glueball properties, which show that the
mass of the lightest glueball, M0++ , decreases with temperature, even in the confined
phase, with a mass reduction of up to ∼ 20% around Tc in SU(3) [163, 164].

We have expanded the discussion of the Casimir mass in the non-abelian theory for
parallel wires in (2+1)D and plates in (3+1)D for both SU(2) and SU(3). These
results are provided in chapter (5.1) and (5.2), respectively, where we have also ob-
tained Casimir masses lower than the lightest glueball, M0++ , in the corresponding
theories at temperatures corresponding to the confined phase. While we have studied
the Casimir effect for the tube and box geometries, at the present stage, we have
not performed Casimir mass calculations to test for any geometry dependence in the
three-dimensional theory due to time limitations.

In Fig. (6.1), we show the temperature dependence of the measured Casimir effect
of the parallel plate geometry as we move from the number of temporal lattice grid
points Nτ associated with the confined to deconfined phase. Because the region be-
tween the plates is already a boundary induced deconfined phase where the relevant
degrees of freedom have different properties compared to those measured for pure
gluodynamics, decreasing Nτ (increasing the temperature) from the confined to de-
confined phase does not alter the Casimir effect. The non-abelian Casimir effect is a
deconfined phase phenomenon due to the boundaries and is insensitive to tempera-
ture changes across Tc. However, it may be valuable in future studies to explore the
limit T → 0, which is resource intensive on the lattice.

In order to better understand gluodynamics along the temperature axis, we look at
the finite temperature deconfinement order parameter described by the Polyakov loop
(or thermal Wilson line) [165],

Lx = 1
Nc

Tr
Nτ−1∏
τ=0

Uµ=4(x, τ), (6.9)

which is a straight-line product of Nτ link variables in the Euclidean time direction,
all situated at a single spatial point x := (x1, x2, x3). The Polyakov loop is a trace
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over a closed loop (through periodic boundary conditions) and is therefore gauge in-
variant. In lattice terminology, the term under the trace is also referred to as the
temporal transporter and appears in the definition of the Wilson loop.
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Figure 6.2: The Polyakov loop expectation value in the region between and outside
the parallel wires in SU(2) in the confined phase at T ∼ 195 MeV.

The spatial position of the Polyakov loop is irrelevant due to translational invariance
in the absence of the non-trivial boundaries, and the deconfinement order parameter
is given by the spatial average

L ≡ 1
Vr

〈∑
x∈Vr

Lx

〉
, (6.10)

where Vr = N3
s is the physical volume. Given that we impose boundaries, note that

we use the subscript r to specify between the regions in our Casimir effect geometries,
where one region is inside (e.g., between the plates) and the other is outside. Thus
we compute the Polyakov loop separately between these two regions.

The expectation value of a single Polyakov loop Lx is interpreted as the probability
to observe a single static charge and is approximated by the exponential of the free
energy 1, Fq [58],

1
V

∣∣∣∣〈∫ d3 xLx

〉∣∣∣∣ ∼ e−Fq/T , (6.11)

1The energy required to separate a quark-antiquark pair to an infinite distance apart.
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of a single static charge. That is, the theory is confined in the limit Fq → ∞, implying
that isolated quarks cannot exist as free particles in this phase, and deconfined for
finite free energy.

The following conditions tell us about the phases of the theory,

L ⇔
{

Confined phase, ⟨L⟩ = 0
Deconfined phase, ⟨L⟩ ≠ 0.

(6.12)

In quenched QCD, performing a center transformation i.e. multiplying all temporal
links at the same time slice by an element z2 of the center group Z3 of SU(3) leads
to the transformation rule L → zL for the Polyakov loop which leaves the Wilson
gauge action invariant. In the confined phase, the expectation value of the Polyakov
loop vanishes as the local phase is equally distributed among all possible values and
center symmetry3 is preserved. In the deconfined phase, individual colour charges
may be observed, resulting in a non-vanishing Polyakov loop due to the presence
of nontrivial thermal fluctuations of the gauge fields where possible phases are not
equally populated and center symmetry is spontaneously broken above Tc. The ther-
mal fluctuations indicate that the colour charges are free to move over long distances.

Since we have redone the simulations Ref. [32], we show in Fig. (6.2), the resulting
expectation value of the Polyakov loop for parallel wires in SU(2) for completeness.
Our result is consistent with that of Chernodub et al. where we have used their pre-
ferred definition4 of the Polyakov loop which requires taking the magnitude before
computing the average in Eq. (6.10). The increasing Polykov loop expectation value
with decreasing separation distance indicates deconfinement in the region between
the wires barring the large errors.

We have shown in Fig. (6.1) that increasing the temperature from the confined to de-
confined phase has no observable effect on the Casimir effect between parallel plates
in SU(3). We now look at the corresponding Polyakov loop expectation values as
Nτ is decreased from the confined to deconfined phase. In Fig. (6.3), we show the
Polyakov loop expectation value in the confined phase as defined in Eq. (6.10). In
the absence of the plates, L ≈ 0 because the pure glueball system is in the confined
phase and center symmetry is preserved.

2z ∈ Z3 = {e−i2π/3, 1, ei2π/3}.
3The expectation value of the Polyakov loop may be expressed through elements of the center

group as, ⟨L⟩ = 1
3 ⟨L + zL + z2L⟩ = 1

3
(
1 + ei2π/3 + e−i2π/3) ⟨L⟩ = 0 due to the action symmetry.

4We only use this definition for the case of the parallel wires in Fig. (6.2) in order to make a
direct comparison.



Chapter 6. The Polyakov Loop and Deconfinement 139

0.2 0.4 0.6 0.8 1.0 1.2
R
√
σ

0.000

0.005

0.010

0.015

0.020

0.025

L

Plates, L
√
σ ∼ 2.5, β = 6.5,T ∼ 195MeV

Vacuum

Vacuum Error

Inside

Outside

Figure 6.3: The Polyakov loop expectation value in the region between and outside
the parallel plates in SU(3) in the confined phase at T ≃ 195 MeV.

In the region between the plates, the Polyakov loop expectation value is non-zero and
increases with decreased separation distance between the plates, supporting the idea
of a deconfined phase in this region. While there is a clear trend in the Polykov loop
expectation value, the error bars are large resulting in data-points for R > 1 being
consistent with zero, which would suggest the system remains confined at these dis-
tances. Improvement of the statistics is necessary to draw quantitative conclusions.
Meanwhile the Polyakov loop, L ∼ 0 in the large volume outside the plates where the
gluonic system remains confined and increases only slightly with separation distance.
As the separation distance between the plates, R → L

√
σ/2 where the boundaries

are mirrored, the expectation value of the Polykov loop inside and outside the plates
approaches the same value because the two regions become indistinguishable.

As the temperature is increased and the system moves into a deconfined phase, the
vacuum (in the absence of the plates) Polyakov loop expectation value in the pure
gluonic system becomes non-zero, thus signalling deconfinement. While in the decon-
fined phase, this vacuum expectation value continues to increase with temperature
as shown in Fig. (6.4), however Lvac < Lin. In the confined phase, we observed that
in the region outside the plates, L ≈ 0 and equal to the vacuum expectation value.
This is no longer the case in the deconfined phase, Lvac < Lout < Lin and there is an
observable linear increase in Lout with separation distance.

On the other hand, in the region between the plates, the magnitude of the decon-
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(b) T ≃ 779 MeV

Figure 6.4: The Polyakov loop expectation value in the region between and outside
the parallel plates in SU(3) in the deconfined phase.

finement order parameter increases with temperature, however we have observed that
this does not effect the Casimir effect. Given the observable change in the Polyakov
loop with increasing temperature, it is surprising that the Casimir effect remains in-
sensitive to the temperature change. Thermal glueballs studies [164] show that the
glueball mass decreases with increasing temperature above Tc, hence the relevant de-
grees of freedom in the Casimir interaction should change with increased temperature.
The temperature independence of the Casimir effect requires further investigation.

Lastly, we show the expectation value of the Polyakov loop in the confined phase for
the symmetrical and asymmetrical tube in Fig. (6.5), omitting the large error-bars
for neatness. We emphasize that these results are only preliminary and still require
error-reduction. In both geometries, the Polyakov loop fluctuates around the vacuum
expectation value outside the tube. Inside the symmetrical tube, the Polyakov loop
behaves similarly to the parallel plate geometry and approaches zero with increased
tube-size.

Inside the asymmetrical tube, the expectation value of the Polyakov loop does not
vanish as the tube expands due to the geometrical asymmetry, but instead fluctuates
around L ∼ 0.004. In the previous chapter, we argued that the Casimir effect for the
asymmetrical tube should not vanish in the limit, R → ∞, but should approach the
parallel plate potential at separation distance, R =

√
σ. We make a direct comparison

of the Polykov loop of the asymmetrical tube to that of parallel plates at the same
temperatures and physical lattice volume in Fig. (6.6). We observe that,

LPlates|R=1a ∼ LTube|R→L
√

σ/2. (6.13)
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Figure 6.5: The Polyakov loop expectation value in the region inside and outside a
tube in SU(3) in the confined phase.
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Figure 6.6: The Polyakov loop expectation value in the region between and outside
the parallel plates in SU(3) in the confined phase at T ∼ 125 MeV.

This non-vanishing Polyakov loop for the asymmetrical tube and the similarity to the
plates supports our claim that their Casimir effect should be equivalent in the limit
R → ∞ for the asymmetrical tube. We have not performed these calculations for the
box geometries to good accuracy, however this analysis should similarly help to iden-
tify whether there is an equivalence between the Casimir effect of the asymmetrical
box in the limit, R → ∞ to the symmetrical tube with sides, R =

√
σ.
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Conclusions

Vacuum fluctuations of quantum fields manifest themselves as virtual particles which
momentarily appear and disappear in empty-space with lifetimes constrained by the
energy-time uncertainty principle. The energy of these fluctuating fields, the zero-
point energy in quantum field theory, corresponds to an infinite sum over all possible
frequencies and is an ultraviolet divergence. While this infinite energy in quantum
field theory is not a physically measurable quantity, we are able to measure the zero-
point energy differences in-vacuum by imposing specific boundary conditions on the
fields which modify the vacuum properties. These energy differences explain the
Casimir effect which we have studied in this thesis in non-abelian gauge theory.

While the Casimir effect has been successfully studied primarily in the abelian gauge
theory using perturbative analytic methods, complex geometries require simplifica-
tions such as fixed boundary conditions such as Dirichlet, Neumann etc. These sim-
plifications in turn lead to inaccuracies in the measured Casimir effect mostly due
to thermal corrections [12]. References to comprehensive discussions are provided in
the introduction. These difficulties encountered in perturbative techniques provide
a strong motivation for the exploration of the Casimir effect using non-perturbative
methods such as lattice QED/QCD. We draw inspiration from the work of Chern-
odub et al. [32] where the Casimir effect in non-abelian gauge theory is studied on
the lattice for perfectly conducting static parallel wires in (2+1)D SU(2) at zero tem-
perature using chromoelectric boundaries.

In order to better understand the implication of these boundary conditions on the
gauge fields, we have studied the effect of the chromoelectric boundary conditions
on the individual field components in chapter (4). We find different degrees of sup-
pression of the individual field components at the boundaries and the surrounding
region. Analytically applying rotational matrices on the field-strength tensor, we find
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that there exists an equivalence in some of the electric and magnetic field components
based on the geometrical set-up due to the rotational symmetries. Using these ro-
tational symmetries, we numerically show the equivalent field expectation values for
the configurations of the parallel wires/plates and the tube. This, in turn allows us to
simplify the expressions of the energy density in these geometries due to cancellations
in the equivalent terms. Meanwhile, there are no rotational symmetries to explore in
the box geometry.

The main results of this thesis are the Casimir potentials in non-abelian gauge the-
ories for different geometries. We start by reproducing literature results for parallel
wires in (2+1)D SU(2) shown in Fig. (5.1) and extending these studies to SU(3) in
Fig. (5.2). We show that increasing the number of degrees of freedom from Nc : 2 → 3
results in an increased Casimir potential by a factor ≳ 2 which decreases linearly with
separation distance. We attribute this increase in pressure to the increase in the num-
ber of modes in the region outside the wires, which is greater than the increase in the
number of modes in the region inside the wires. Using an empirically chosen fitting
function for the potential, we show that the anomalous scaling dimension ν ≈ 0.02
and is independent of the number of colours. On the other hand, the Casimir mass,
MCas = 1.38(2)

√
σ in SU(2), consistent with the results of Ref. [32]; and increases

with increased degrees of freedom to MCas = 1.51(9)
√
σ in SU(3).

We then provide new results in (3+1)D for the geometries of a parallel plate config-
uration in SU(2) shown in Fig. (5.10) and SU(3) in Fig. (5.9). In the case of parallel
plates, increasing the number of degrees of freedom from Nc : 2 → 3 generally results
in an increased Casimir potential for intermediate separation distances. However, we
observe that at very small and large separation distances, the potential is greater
in SU(2). At this point, we have no physical interpretation of this phenomena, and
the observed behaviour could instead point out the need to better understand the
empirical Casimir fitting functions.

In the parallel plate geometry, we find an anomalous scaling dimension, ν ≈ 0.09 in
SU(2) and ν ≈ 0.002 in SU(3). Whereas the Casimir mass, MCas = 0.38(12)

√
σ in

SU(2) MCas = 0.06(6)
√
σ in SU(3). The differences in the orders of magnitude from

Nc : 2 → 3 is puzzling similarly to the behaviour of the ratio of the potential in Fig.
(5.11) and calls for further investigation. Overall, the measured Casimir mass in both
the two and three-dimensional theory is lower than the mass of the lightest ground
state glueball, M0++ which is the lowest mass in a pure gauge non-abelian system. In
the two-dimensional theory, M0++ = 4.718(43)

√
σ in SU(2) and M0++ = 4.329(41)

√
σ

in SU(3). Whereas in the three-dimensional theory, M0++ = 3.781(23)
√
σ in SU(2)

and M0++ = 3.405(21)
√
σ in SU(3). The low Casimir mass indicates that the relevant



Chapter 7. Conclusions 144

degrees of freedom in the Casimir interaction are not glueballs, but rather lighter par-
ticles exhibiting similar behaviour (such as a decreased mass in the deconfined phase)
to thermal glueballs in a heat-bath.

The interpretation of the low Casimir mass defined in Eq. (5.26) as a boundary in-
duced deconfined phase in the region between the boundaries is supported by our
studies of the Polyakov loop. However, in Ref. [164], it is shown that the pole mass of
the lowest lying glueball at finite temperature decreases with temperature above Tc

when employing a fit with a single hyperbolic cosine (corresponding to a Dirac-delta
like spectral function). On the other hand, a Breit-Winger ansatz for the spectral
function gives an approximately constant glueball mass (i.e., peak position in the
spectral function), with a width that increases with the temperature (consistent with
our understanding of thermal spectral functions in other cases such as quarkonia).
On the basis of the latter interpretation, where the spectral function width increases
at high temperatures and not the glueball mass, it is plausible that something similar
is happening in the case of the Casimir mass. It is possible that there exists a spectral
decomposition of the Casimir energy, with an appropriately defined spectral function,
and an analogue of thermal broadening which makes the single exponential ansatz
inappropriate. We highlight this as a possible avenue for future investigations.

We extend our Casimir potential studies in SU(3) to the geometry of a symmetrical
and asymmetrical tube in chapter (5.3), followed by the geometry of a symmetrical
and asymmetrical box in chapter (5.4). We show that the resulting Casimir potential
is attractive in all these geometries. Due to the expanding nature of the tube and
box (thus a changing area of the plates) with separation distance as opposed to the
parallel plate geometry where the area was fixed, we show that a careful treatment of
the energy contribution from the boundaries is necessary, else one could incorrectly
measure a repulsive potential for the tubes and asymmetrical box. Not capturing the
boundary energy contributions correctly for the box results in a potential that moves
from attractive to repulsive depending on the lattice coupling and box-size.

We have proposed two methods in which this energy of creating the boundaries could
be accurately accounted for in the cases of both tube geometries and the asymmetrical
box. The first method is the vacuum normalisation where one subtracts the vacuum
energy contribution from the total energy of the system, then uses a linear function to
describe the remaining energy in the system, ECas +ETube. The energy from creating
the boundaries is found by fitting this linear function at large separation distances
where the Casimir energy contribution is insignificant. The second method is the R∞
normalisation where we subtract the energy contribution from creating a large ‘outer
box/tube’ (similarly to the parallel plate geometry) from the total energy of the sys-
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tem, then use a linear fit to describe the resulting energy difference from creating the
‘outer tube/box’ and the ‘inner tube/box’. The resulting linear fit parameters are
used to renormalise the total energy in order to isolate the Casimir energy. We also
show that both methods can be improved by using our knowledge of the system’s
energy at R = 0 and R = L

√
σ/2.

The energy contribution from the boundaries of a symmetrical box is nonlinear and
unique in that it is non-monotonous. Thus the normalisation schemes that we have
used in other geometries do not apply here. Instead, given that the box is composed
of six faces, we initially normalise by subtracting the energy of creating the six faces.
We place two finite-size faces far apart (where their Casimir energy is negligible) and
we find the energy of creating these six faces. We compare the energy difference of
creating large boxes with an insignificant Casimir contribution to the energy of cre-
ating the six faces. We find that this energy varies linearly and we use a linear fitting
form to extract the corresponding parameters which we use to renormalise the total
energy of the box and isolate the Casimir energy.

In the last chapter, we show that the Casimir potential is independent of a temper-
ature increase from the confined to the deconfined phase. We provide results of the
expectation value of the Polyakov loop for the wires, plates, symmetrical and asym-
metrical tube. These results confirm that at temperatures below Tc, the Polyakov
loop is zero outside the plates (consistent with a confined system) but it is non-zero
in the region between the plates. This observation confirms that the region between
each geometry is a boundary-induced deconfined phase, hence the measured Casimir
mass of the relevant degrees of freedom is lower than the lightest glueball masses.

Our study has only been performed at microscopic separation distances between the
boundaries, which allows for the interpretation of the matter inside the boundaries as
a boundary induced deconfined phase. However, in the case of macroscopic separation
distances between the boundaries, the matter in the region between the boundaries
has no knowledge of the presence of the boundaries, as is the case for the region
outside the boundaries even for microscopic distances considered in this study. Hence
at low temperatures, a plausible scenario would be the Polyakov indicating confined
matter in both the region between and outside the boundaries, while showing signs
of deconfinement close to the boundaries (i.e., a deconfined ‘boundary layer’). This
suggests a possible alternative to the interpretation of the region inside the bound-
aries and we highlight it as an idea for future investigations.

Lastly, in our exploration of the Casimir effect in the asymmetrical geometries, we dis-
cussed that the Casimir effect for the asymmetrical tube in the limit R → ∞ should
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resemble that of the parallel plate geometry with R =
√
σ. On the other hand, the

Casimir effect for the asymmetrical box in the limit R → ∞ should resemble that
of the symmetrical tube with R =

√
σ. In our studies, we use a lattice volume with

periodic boundary conditions and the geometry gets mirrored at R = L
√
σ/2, making

it difficult to study the R → ∞ limit for these geometries. However, in Fig. (6.5 -
6.6), we show that the expectation value of the asymmetrical tube Polykov loop at
large R fluctuates around L ≈ 0.004, which is equivalent to the Polykov loop of the
parallel plate geometry at R =

√
σ. This observation is consistent with our expec-

tation, and we highlight the need to perform a similar study for the asymmetrical box.

In this thesis, we have studied the Casimir effect in non-abelian gauge theories in
SU(2) and SU(3). In (2+1)D, we studied the geometry of parallel conducting wires,
whereas in (3+1)D, we studied the geometry of parallel plates as well as a symmetri-
cal and asymmetrical tube and box, respectively. We performed these calculations on
a periodic lattice volume and used chromoelectric boundary conditions on the walls
of our geometries. In the geometries of the tube and box where the plate-size expands
with increasing separation distance, we discussed techniques that can be used to cor-
rectly describe the energy from creating the boundaries. We show that the resulting
Casimir potential is attractive for all the geometries considered.
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Appendix A

Generators of the Lie Algebra

A.1 Pauli Matrices
The special unitary group SU(N) has N2−1 independent parameters given by the gen-
erators of the Lie group. In the fundamental representation of SU(2), the generators
Tk are proportional to the Pauli matrices σk,

Tk = 1
2σk, k = 1, 2, 3 (A.1)

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (A.2)

A.2 Gell-Mann Matrices
In SU(3), the generators Tk = 1

2λk, where k ∈ [1, 8] are represented by the Gell-Mann
matrices λk,

λ1 =

0 1 0
1 0 0
0 0 0

 , λ2 =

0 −i 0
i 0 0
0 0 0

 , λ3 =

1 0 0
0 −1 0
0 0 0

 ,

λ4 =

0 0 1
0 0 0
1 0 0

 , λ5 =

0 0 −i
0 0 0
i 0 0

 , λ6 =

0 0 0
0 0 1
0 1 0

 ,

λ7 =

0 0 0
0 0 −i
0 i 0

 , λ8 = 1√
3

1 0 0
0 1 0
0 0 −2

 .

(A.3)
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Appendix B

Rotation Transformations

Rotation matrices describe transformations that preserve the structure of Minkowski
spacetime under the Lorentz group. These transformations include spatial rotations,
which preserve spatial distances, and Lorentz boosts, which relate the coordinates
of observers in relative motion and together, they maintain the spacetime interval
invariant. This work is performed on a Euclidean lattice and we omit boosts.

Rxy =


cos θ − sin θ 0 0
sin θ cos θ 0 0

0 0 1 0
0 0 0 1

 (B.1)

Rxz =


cos θ 0 − sin θ 0

0 1 0 0
sin θ 0 cos θ 0

0 0 0 1

 (B.2)

Rxt =


cos θ 0 0 − sin θ

0 1 0 0
0 0 1 0

sin θ 0 0 cos θ

 (B.3)

Ryz =


1 0 0 0
0 cos θ − sin θ 0
0 sin θ cos θ 0
0 0 0 1

 (B.4)

Ryt =


1 0 0 0
0 cos θ 0 − sin θ
0 0 1 0
0 sin θ 0 cos θ

 (B.5)
Rzt =


1 0 0 0
0 1 0 0
0 0 cos θ − sin θ
0 0 sin θ cos θ

 (B.6)
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