Extended Theories of Gravity: The
Early Universe and Stellar Interiors

Mariam Campbell

Thesis presented for the degree of

Doctor of Philosophy

Department of Mathematics & Applied Mathematics
University of Cape Town

Supervisor: Prof. Peter K. S. Dunsby

29 May 2025



The copyright of this thesis vests in the author. No
guotation from it or information derived from it is to be
published without full acknowledgement of the source.
The thesis is to be used for private study or non-
commercial research purposes only.

Published by the University of Cape Town (UCT) in terms
of the non-exclusive license granted to UCT by the author.



DECLARATION

I, Mariam Campbell, declare that this thesis, titled Extended Theories of Gravity: The
Farly Universe and Stellar Interiors, submitted for the degree of Doctor of Philosophy at
the University of Cape Town, is my own original work, except where otherwise indicated

through proper citation and referencing.

e This work has not been previously submitted, either in whole or in part, for the

award of any degree or qualification at this or any other institution.

e All sources of information, ideas, data, and text used in the preparation of this

thesis have been fully acknowledged.

e [ have not engaged in plagiarism, fabrication, falsification, or any other form of

academic dishonesty in producing this work.

e [ understand that any violation of the above may result in disciplinary action under

the regulations of the University of Cape Town.

e None of this work has been previously published elsewhere, with the exception of

the following:

— Transitioning from a bounce to R? inflation

Richard Daniel, Mariam Campbell, Carsten van de Bruck and Peter K. S.

i


https://iopscience.iop.org/article/10.1088/1475-7516/2023/06/030

Declaration 1l

Dunsby, Journal of Cosmology and Astroparticle Physics 06, 030 (2023). The

arXiv link: 2212.01093.

— Some exact relativistic star solutions in f(R) gravity
Mariam Campbell, Sante Carloni, Peter K. S. Dunsby and Nolene F. Naidu,
Class. Quantum Grav. 42, 085014 (2025). The arXiv link: 2403.00070.

— Bouncing cosmologies in the presence of a Dirac-Born-Infeld field
Mariam Campbell, Richard Daniel, Peter K. S. Dunsby and Carsten van de

Bruck, Physical Review D 110, 043505 (2024). The arXiv link: 2405.06031.

Date: 29 May 2025

Signature:


https://arxiv.org/abs/2212.01093
https://iopscience.iop.org/article/10.1088/1361-6382/adc8f2
https://arxiv.org/abs/2403.00070
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.110.043505
https://arxiv.org/abs/2405.06031

ABSTRACT

This thesis explores two central themes within extended theories of general relativity: the
cosmological dynamics of the early universe and the formulation of mathematical frame-
works for modeling relativistic stars, with the overarching aim of testing and constraining
model parameters in modified gravity.

In the cosmological context, a perturbative analysis of scalar-tensor theories demon-
strates that a stable bi-scalar tensor model can yield a cosmic bounce preceding natural
inflation. A detailed dynamical systems study of a Dirac-Born-Infeld (DBI) field further
shows that initial conditions favorable to a bounce become increasingly likely as the sys-
tem approaches the ultrarelativistic limit. A key result, derived for the first time in a
spatially closed Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime, reveals that
the introduction of a negative cosmological constant does not lead to cyclic behavior in
the DBI framework, implying that additional exotic degrees of freedom may be necessary
to achieve cyclicity.

In the study of relativistic stars, this thesis presents two new exact, physically viable
solutions to the Tolman—-Oppenheimer—Volkoff (TOV) equations within extended gravity
models. For theories with a quadratic correction to the Einstein—Hilbert action, the so-
lutions describe (1) a quasi-isotropic stellar configuration with a shell and double-layer

structure resembling a dipole distribution, and (2) a configuration characterized by a

v
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quartic correction to the Newtonian potential and a smooth boundary matching. These
results highlight the effectiveness of analytical methods in capturing the astrophysical be-
havior of compact objects in modified gravity. Moreover, the structural and compositional
differences identified in these stellar models, relative to standard general relativity (GR),
suggest potentially observable signatures that could be probed by future astrophysical

observations.



ACKNOWLEDGMENTS

First, I want to acknowledge the National Research Foundation of South Africa and the
University of Cape Town Science Faculty for funding my Ph.D. through the NRF Scarce-

Skills PhD Scholarship and the Science Faculty Equity Scholarship, respectively.

Next, I would like to thank a few people whose presence has been invaluable dur-
ing my academic career. The greatest thanks go to my supervisor, Prof. Peter Dunsby.
In my final year as an undergraduate, I knocked on his door to ask about a final-year
undergraduate project. He welcomed me in and said, “T’ll teach you general relativity.
Do as I say, and you’ll be great.” The rest is history. Thank you for your invaluable
support during my academic career, not only as a supervisor but also for exposing me
to countless opportunities (too many to list) that helped build my career and shape me
into the scientist I am today. A special mention goes to my collaborators Prof. Carsten
van de Bruck, Dr. Richard Daniel, Prof. Sante Carloni, and Dr. Nolene Naidu, with
whom I enjoyed working and learned so much from scientific ideas to different approaches
to problem-solving. An extended thanks goes to Prof. Sante Carloni for his hospitality
during my visits to the University of Genova, Italy. I also want to express my gratitude to
him, not only as a collaborator but also as a mentor. His kind, patient, and understanding

support throughout my Ph.D. has been invaluable, and I have often drawn inspiration

vi



Acknowledgment vii

and motivation from our discussions.

I would also like to extend my thanks to Prof. Alvaro De La Cruz Dombriz for facil-
itating my visits abroad to Granada and Madrid in Spain, and Split, Croatia. These
opportunities have allowed me to build an international scientific network that has been

instrumental in my growth, both professionally and personally.

I want to give a special acknowledgment to the unexpected connections and friend-
ships. To Dr. Thomas Steingasser: Thank you for hosting me at MIT along with Prof.
David Kaiser and Prof. Alan Guth, and for making my stay in Cambridge, MA, one of
the most memorable experiences of my life. Your dedication to creating opportunities for
me during my time there did not go unnoticed.

To Dr. Veronica Errasti Diez, who took me under her wing as a mentee and friend. Thank
you for your mentorship and friendship. I met you at a time when I most needed someone
like you, and I am so grateful to have you in my life.

To Thomas and Vero, I want to express my appreciation for your unwavering belief in me
as a scientist, for encouraging me to step outside my comfort zone, and for your much-

needed support and motivation during the final three months of my Ph.D.

Lastly, to my mother, Gaironesa. I could never repay the years of sacrifice and support
you have given me. The woman from whom I draw the most of my strength, ‘thank you’

could never be enough. I only aim to make you proud.



NOMENCLATURE, CONVENTIONS AND ACRONYMS

Units. Geometrized units are assumed, i.e., ¢ = 87G = 1, unless stated otherwise.
Differential geometry. The Misner, Thorne, and Wheeler convention is adopted [200]
where the signature of a spacetime metric is (—, 4, +, +). Einstein’s summation conven-

tion for repeated indices is applied, and the nature of the indices is given in Table 1.

Notation. The covariant and partial derivatives with respect to a coordinate x* are

0
=0 =1 0
Va/axuf = Vuf = f;;u (2)

respectively, for a general function or tensor f. The Riemann and Ricci tensors are

defined, respectively, as

Rgov = Fgwf - gUﬂ + ngrgu - FZUF%, (3)

Raﬁ - gA/JRa'yBU- (4)

Acronyms. They are defined on their first appearance. Refer also to Table 2.

viil



Acronyms
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Symbols | Description
Mpy, | Planck mass (2.18 x 1078 kg)
a | Starobinsky coupling constant.

Greek indices («, 3, ...)
Latin indices (a, b, ...)

I3,

p

run from 0 to 3.

run from 1 to 3.

The metric connection, Christoffel symbols.
aerial radius.

indicates an orthogonal direction.

Squared sound speed for fluid ¢ and j = {r, L}.
Unit vector orthogonal to the four velocity.
General function.

Four dimensional metric tensor.

Three dimensional induced metric tensor.
Two-surfaces projection tensor.

Isotropic pressure for fluid ¢ and j = {r, L}.
Four velocity.

Energy density for fluid ¢ in the (1 + 1 + 2) covariant formalism.
Anisotropic pressure/stress for fluid i.

Sheet expansion of the two-surfaces.

Energy density in the (1 4 3) covariant formalism.

Table 1: List of fundamental constants and description of symbols used in this thesis.



Acronyms

Acronyms | Signification
BH | black hole
CCC | conformal cyclic cosmology
CMB | Cosmic Microwave Background
CMBR | Cosmic Microwave Background Radiation
DBI | Dirac-Born-Infeld
EMT | Energy Momentum Tensor
ESU | Einstein Static Universe
FLRW | Friedmann-Lemaitre-Robertson—Walker
GR | General Relativity
GUTs | Grand Unified Theories
GW | gravitational wave
HBB | Hot Big Bang
LQG | Loop Quantum Gravity
LRS | Locally Rotationally Symmetric
LSS | Large Scale Structure
PSTF | Projected Symmetric Trace Free
TOV | Tolman-Oppenheimer-Volkoff
Table 2: List of acronyms and their definitions.



GLOSSARY

Bounce The transitional point between a spacetime experi-

encing contraction and then expansion or vice versa.

Ghost(s) A theoretical field or particle with negative kinetic
energy that leads to instabilities such as unbounded

energy from the vacuum.

Jump The hypersurface between connecting surfaces.

Scalaron An extra scalar degree of freedom that arises natu-
rally when modified gravity models like f(R) gravity
are rewritten in a form equivalent to scalar-tensor

theories.
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There are more things in Heaven and Earth, Horatio,
than are dreamt of in your philosophy.

— W. Shakespeare
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CHAPTER 1

OVERVIEW

1.1 Introduction

This thesis explores two major themes in cosmology and general relativity (GR): alter-
native theories of gravity that describe the primordial Universe and the mathematical
framework used to test these models by means of astrophysical objects. These topics
form the foundation of astrophysics and theoretical cosmology, especially as advances
in observational data collection and precision in numerical relativity have accelerated
through machine learning and artificial intelligence.

The ACDM model provides the best approximation to describing the Universe and passes
a number of demanding tests |4, 7-9, 37, 74, 229, 234, 246, 280]. By assuming an isotropic
and homogeneous spacetime, described by the Friedmann-Lemaitre-Robertson-Walker
metric within the framework of general relativity (GR), Einstein’s relativity encapsu-
lates the Universe’s dynamics. However, as elegant as GR is, it has some shortcomings.

The main challenges facing it are the following:

1. Its incompatibility with quantum mechanics. Since GR is a classical theory, it

cannot describe the physics of black hole singularities or during the early Universe
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at the Big Bang scale.

2. The prediction of singularities [141-143, 230, 253|. The initial singularity and at
centers of black holes, the energy density and curvature becomes infinite and GR
breaks down. This implies that GR is an incomplete theory since it cannot provide

a full description of spacetime at these points.

3. GR does not naturally predict dark matter and dark energy. Observational phenom-
ena such as galaxy rotation curves [41, 118, the distribution of large-scale structures,
and cosmic acceleration [234, 241] are only fully explained by introducing dark mat-

ter and dark energy within the ACDM paradigm.

4. The cosmological constant problem [286, 287]. Introduced by Einstein [103, 105] and
later interpreted as a representation of dark energy [270], its theoretical prediction

is off by at least 10'?° times the observed value predicted by quantum field theory
[60, 273, 274].

Attempts to overcome the shortcomings of general relativity (GR) often involve ex-
tending or modifying the Einstein—Hilbert action by introducing an additional scalar
degree of freedom.

To address the incompatibility of GR (a classical theory) with quantum mechanics,
various approaches have been proposed to develop a theory of quantum gravity. Many
of these approaches involve increasing the number of spacetime dimensions, leading to
major research areas such as string theory [95, 281| and loop quantum gravity [244].
Although these frameworks have gained significant attention, their predictions have yet
to be experimentally verified. Rovelli explores the foundational and conceptual issues of
quantum gravity in his book of the same name [245].

To address the initial singularity problem inherent in the Hot Big Bang (HBB) model,
one possible remedy is to replace the singularity with a bounce. In this scenario, the

Universe undergoes a period of contraction followed by a bounce, when the scale factor
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reaches a minimum, after which cosmic expansion begins. This mechanism, often used
as a prelude to inflation, also offers a framework for constructing cyclical models of the
Universe [36, 155].

Another approach to resolving the initial singularity is the concept of an Emergent
Universe, originally proposed by Ellis and Maartens [109, 112]. This model envisions a
universe that emerges from an Einstein static state, i.e., non-expanding, spatially closed
(k > 0), and supported by a positive cosmological constant. However, such models depend
on the existence of an initial Einstein static state to describe the eternal past and typically
require significant fine-tuning.

In contrast, models developed within the framework of loop quantum gravity have been
shown to alleviate these issues. In such models, a non-singular, past-eternal, oscillating
universe can naturally evolve into an emergent inflationary phase [203].

Modifying gravity to theoretically explain observational phenomena such as dark mat-
ter and dark energy is commonly pursued through models like scalar-tensor theories,
fourth-order gravity theories, quintessence, and interacting and/or dynamical dark en-
ergy models.

Throughout this thesis, modified theories of gravity will be explored in the context of
extensions to the Einstein—Hilbert action, with a focus on their ability to describe early-
universe evolution and dynamics, as well as astrophysical objects. The ultimate goal is

to constrain model parameters through these applications.

1.2 The Early Universe

The origin of the Universe has long been a subject of both scientific inquiry and philo-
sophical reflection. The foundational concept of how the Universe came into existence,
later termed the Big Bang, was first proposed by Lemaitre in 1927 [175, 189-191]. A
Belgian physicist and priest, Lemaitre suggested that the Universe began from a single

point and was expanding, based on solutions to the Einstein field equations. He was also
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the first to derive what is now known as the Hubble-Lemaitre law [107], which relates
a galaxy’s distance to its redshift. This name was adopted following a unanimous vote
by members of the International Astronomical Union (IAU) [167]|. Importantly, Lemaitre
correctly interpreted observational data as evidence for the expansion of the Universe,
laying the foundation for what would become the Big Bang theory.

In the 1940s and 1950s, Gamow, along with his students Alpher and Herman, devel-
oped the Hot Big Bang (HBB) model. They proposed that the early Universe was in a
hot, dense state, and as it expanded, it cooled. This cooling process would allow for Big
Bang nucleosynthesis, the formation of light elements in the early Universe [13, 125, 126].
Gamow and his collaborators also predicted the existence of the cosmic microwave back-
ground radiation (CMBR), a relic thermal radiation from the early Universe [63]. Peebles
offers an insightful review of the discovery of the Hot Big Bang model, including the
pivotal developments in 1948 involving Gamow and his students [228].

Observational confirmation of the CMBR occurred in 1965, when Penzias and Wilson
accidentally discovered this residual radiation |1, 233]. Despite these early successes, the

HBB model faced several significant shortcomings:

e The horizon problem [199, 242]. Observations show that the CMBR is nearly uni-
form in temperature across vast distances and causally disconnected regions of the

Universe needed to somehow “communicate” to achieve thermal equilibrium.

e The monopole problem [2, 239]. Grand Unified Theories (GUTs) predict magnetic
monopoles and other exotic particles that should have formed in the early Universe,

but there is no observational evidence for it.

e The structure formation problem [139, 178, 221, 227, 288]. The HBB model predicts
an early universe with a uniform matter and radiation distribution, however, it

struggles to explain the formation of large-scale structures like clusters of galaxies.

Nearly a decade and a half after the discovery of the CMBR, Guth, then working on

grand unified theories (GUTS), proposed that a phase of exponential cosmic expansion
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could resolve the horizon problem of the Hot Big Bang (HBB) model, as well as the ex-
treme fine-tuning required in its initial conditions in the absence of inflation. He called
this idea the Inflationary Universe [136]. Inflation, a period of rapid expansion, occurs
shortly after the Big Bang and is driven by a high-energy vacuum state. This phase of
rapid expansion predicts a spatially flat universe [91, 201, 275], and the Planck collabo-
ration’s observational constraint of Qx = 0.0007 & 0.0019 [7] stands as a major success
for inflationary cosmology.

Inflation also accounts for the large-scale uniformity and structure of the Universe
without requiring an extreme degree of fine-tuning. Guth’s original model, based on
supercooling during cosmic phase transitions, was conceptually simple, but suffered from
what became known as the graceful exit problem [42, 135]. In this scenario, although
the accelerated expansion renders the Universe flat and homogeneous, it leads to eternal
inflation [136].

This problem was independently resolved in 1982 by Linde [182], and by Albrecht and
Steinhardt [10], using a model known as new inflation. In this approach, the false vacuum
of Guth’s “old inflation” is replaced by a gently sloped energy plateau, allowing inflation
to proceed and then come to an end as the inflaton field slowly rolls down the plateau
(see Fig. 1.1).

Linde made significant contributions to improving Guth’s original model of inflation.
In 1983, he developed the concept of chaotic inflation [183], which proposed that inflation
could begin from a random, “chaotic” initial state. In this scenario, quantum fluctuations
drive exponential expansion, giving rise to the universe we observe today, without requir-
ing finely tuned initial conditions.

To make this variant of inflationary theory more widely applicable and realistic, Linde
also investigated the dynamics of the inflaton field and the shape of its potential. His
insights demonstrated how inflation could naturally start, end, and transition smoothly
into the Big Bang phase. This framework offers greater flexibility in modeling inflation

and strengthens its viability as a mechanism for generating a universe like our own.
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Figure 1.1: Guth’s “old inflation” compared to Linde’s “new inflation”.

During the 1980s, numerous inflationary scenarios were proposed and critically exam-
ined in light of improving observational constraints. Before Linde introduced his concept
of new inflation, Starobinsky had already proposed an R? correction to the Einstein-
Hilbert action in 1980 [262]. His work, motivated by the desire to resolve the Big Bang
singularity through quantum effects of matter fields, demonstrated that the de Sitter
solution is unstable both in the future and the past, eventually decaying into a matter-
dominated FLRW universe. However, Starobinsky’s model does not explain how the
universe initially entered the de Sitter phase.

A similar issue arises in scalar field-driven models of inflation, although it has been
shown that for large-field inflation, phase-space trajectories possess a local attractor [44].
In both Starobinsky’s and scalar field-driven inflationary models, the problem of initial
conditions can be addressed either through quantum cosmology or by introducing a cos-
mological bounce prior to the onset of inflation. This is addressed in Parts [ and II.

Quantum cosmology, in particular, suggests that a de Sitter phase can emerge spon-
taneously through a semi-classical tunneling event. This mechanism is argued to favor

Starobinsky’s model over scalar field-driven inflation, as discussed by Hawking et al. in
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[144].

Currently, single-field inflationary models are strongly favored by experimental data,
with recent results from the Planck collaboration providing robust support for slow-roll
models featuring a concave potential [8]. However, these models face a fundamental
limitation when it comes to explaining the origin of the Universe. Within the classical
framework of single-field inflation, an initial singularity is unavoidable, as demonstrated
by the Borde-Guth-Vilenkin (BGV) theorem [40]. In fact, the BGV theorem states that
“inflationary models require physics other than inflation to describe the past boundary of
the inflating region of spacetime.”

To overcome this issue, theories must either go beyond the classical regime or introduce
new dynamical mechanisms. One such idea is a cosmological bounce, which aims to
avoid the initial singularity by positing that the Universe transitions from a contracting
phase to an expanding one. Such a bounce can arise from quantum gravity effects (e.g., in
loop quantum gravity or string theory), exotic matter fields, or modifications to general
relativity [36, 45, 154, 215].

The earliest attempt to avoid the initial singularity was made in 1973 by Parker and
Fulling [224]. They studied a classical gravitational field minimally coupled to a quantized
neutral scalar field with mass, within a spatially closed FLRW spacetime. The objective of
their work was to investigate the influence of quantum theory on the classical singularity
theorems. Their findings showed that quantum effects in this setup can lead to a violation
of the energy conditions, and they numerically demonstrated how a bounce could occur
in a Friedmann cosmology. In their model, singularity avoidance arises from a quantum
coherence effect, which depends on specific phase relationships in the quantum state’s
specification. However, their model does not provide conclusive evidence that quantum
effects will always prevent gravitational collapse, as their bouncing solutions eventually
re-collapse after completing a cycle.

Another approach to bypass the initial singularity is the concept of colliding branes,

known as the Ekpyrotic Universe, which is rooted in M-theory [164]|. The original Ekpy-
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rotic model eliminated the need for inflation; however, Linde identified several inconsis-
tencies, such as the prediction of a Big Crunch instead of a Big Bang and the possible
presence of ghost fields [158—-160]. A variant of the Ekpyrotic model, called Anamorphic
Cosmology [153], allows for cosmological fluctuations similar to those in standard infla-
tion, while matter experiences an Ekpyrotic bounce. These models aim to construct cyclic
cosmologies [174], echoing the ideas of Tolman and Ward from 1932 [34, 268|.

A more radical alternative to traditional bouncing models is conformal cyclic cosmol-
ogy (CCC) [231, 232|, proposed by Penrose. CCC describes a universe undergoing an
infinite sequence of cycles, each beginning with a Big Bang and ending in a state that
transitions into the next Big Bang. This transition is made possible through conformal
geometry, which connects the end of one cosmic epoch (aeon) to the beginning of the
next.

It is evident that new frameworks must be developed to identify signatures of bounce
behavior in the early Universe. In [184], Liu et al. investigated whether such evidence
could be extracted from cosmological surveys. Their model, a parametrization of the
primordial spectrum with characteristics indicative of a nonsingular bounce, places upper
limits on bounce parameters using a combination of CMB, LSS, and SN1a data. They
conclude that if a nonsingular bounce precedes inflation, it must occur rapidly and at a
very high energy scale, making direct experimental verification challenging.

An alternative, model-independent approach to probing bounce cosmologies arises
from the observed relic abundance of dark matter, produced during the pre-bounce con-
traction and post-bounce expansion phases [177]. Li et al. divide the bounce epoch into
three stages: (1) pre-bounce contraction, (2) post-bounce expansion, and (3) dark matter
freeze-out. They argue that if a significantly lower abundance of dark matter with a small
annihilation cross-section is detected, contrary to standard cosmological predictions, it
would constitute a smoking-gun signal for the existence of a Big Bounce in the early
Universe.

Further potential signatures of bouncing cosmologies have been studied in the CMB
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bispectrum. In [88], Delgado et al. examined bounce models inspired by Loop Quantum
Gravity (LQG), where the behavior of the model is governed by a parametrized scale
factor and the Ricci scalar at the bounce. They found that the cumulative signal-to-noise
ratio of the bispectrum features induced in the CMB by these models is high enough to
be potentially detectable with current Planck data.

As we enter the era of precision cosmology, particularly through the lens of gravita-
tional wave astronomy, new avenues for testing inflationary scenarios have emerged. The
detection of high-frequency stochastic gravitational waves associated with the Cosmic
Graviton Background (CGB) would pose a significant challenge to the standard infla-
tionary model and motivate the consideration of alternative cosmological scenarios [271].
The CGB refers to relic gravitons that decoupled near the Planck time, leaving behind
a thermal background of gravitational radiation. Vagnozzi et al. argue that a realistic
inflationary phase would dilute the CGB to an undetectable level. Therefore, any fu-
ture detection of the CGB would not only challenge the standard inflationary paradigm
but could also provide compelling evidence in favor of bouncing cosmologies or emergent
universe models, both of which predict a comparatively stronger CGB.

Although current detection methods are incapable of probing the high-frequency stochas-
tic gravitational wave background associated with the CGB, whose characteristic strain
peaks around 75 GHz, future technological advancements may enable the observation of
this primordial graviton background, offering novel insights into the physics of the early
Universe.

In the context of f(R) gravity, Oikonomou investigated how a pre-inflationary de Sit-
ter bounce influences the energy spectrum of primordial gravitational waves [218|. The
study demonstrates that such a bounce can significantly suppress the energy spectrum,
with the effect depending on both the duration of the bounce and the specific dynam-
ics of the chosen f(R) model. The universe’s evolution is modeled in distinct phase
patches, each governed by a particular form of f(R) gravity, except during the matter-

and radiation-dominated eras, which are described by the corresponding matter fluids.
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The study concludes that the resulting gravitational wave signal could be detectable by
future gravitational wave experiments such as the Big Bang Observer |79, 81|, in contrast
to scenarios without a pre-inflationary bounce.

The study of bouncing cosmologies often serves as a foundation for developing cyclic
models. In canonical scalar field models, achieving cyclic behavior typically requires
incorporating bounces, which are realized through either modifications to gravity or exotic

matter-energy conditions. Cyclic models of this type have to

1. violate the strong energy condition or consider a spacetime with positive spatial

curvature,

2. fine-tune the initial conditions when replacing the initial singularity with a bounce

and,

3. incorporate dark energy; modeled as a cosmological constant that best describes
our current universe. In the standard ACDM cosmology, a positive A leads to an

eternal accelerated expansion.
Popular and successful cyclic models are

e Ekpyrotic models [174]. It describes cyclic cosmology as a series of brane collisions,

where a brane collision describes the Big Bang.

e Cyclic Anamorphic Cosmology [152]. An alternative to Ekpyrotic models, the key
feature of the model is a classically stable, non-singular bounce that transitions from
a contracting phase to an anamorphic smoothing (anisotropic scaling) phase. This
bounce is achieved through modifications to the Horndeski theory, ensuring stability

and the absence of singularities. The stages of the cyclic anamorphic model include:

1. Exiting the dark-energy epoch and entering a period of contraction.

2. A non-singular bounce connecting the contraction phase to the anamorphic

smoothing phase.
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3. The anamorphic phase sets the initial conditions for the standard HBB, leading

to the current observable universe.

The basic requirements for achieving an ideal cyclic universe are illustrated in Fig. 1.2.
However, realizing such a model is challenging due to the difficulty of reconciling it with
observational data and the unresolved issues in the emergent scenarios that many bounce
or cyclic models struggle to address.

An alternative class of early universe models involves non-canonical scalar fields. These
fields, often described by Lagrangians with non-standard kinetic terms, allow for richer
dynamical behavior. They can impose constraints on the field’s rate of change, preventing
it from evolving too rapidly even with steep potentials. Such models offer enhanced
control over the dynamics in scenarios like slow-roll inflation or smooth contraction phases
in bouncing cosmologies, including emergent phenomena that are typically difficult to
achieve in canonical frameworks.

A notable study by Bag et al. [28| revisits emergent cosmology models, highlighting
the challenges posed by the instability of the Einstein Static Universe (ESU) within gen-
eral relativity. They explore how modified gravity theories can provide a more robust
framework for realizing emergent scenarios. By examining Braneworld Cosmology, Loop
Quantum Cosmology (LQC), and Asymptotically Free Gravity, they identify a new mini-
mum in the effective potential corresponding to a stable ESU. One of their most significant
results is the demonstration that while a stable ESU supports emergent cosmology, it is
not essential. Specifically, in the context of LQC with a non-canonical scalar field, they
show that even without a stable ESU, the universe can oscillate around the true vacuum
of the effective potential, still enabling an emergent scenario.

Furthermore, their study suggests that this LQC model yields values for the spectral
index ng and the tensor-to-scalar ratio r that are consistent with Cosmic Microwave
Background (CMB) observations for steep potentials.

The most common non-canonical scalar fields, offering alternatives and extensions to
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Figure 1.2: An ideal cyclic cosmology and the required conditions on the cosmological

parameters.

standard inflation, are

1. DBI inflation: Driven by the Dirac-Born-Infeld action, these models possess an
inherent speed limit that is imposed on (ﬁ, leading to inflation with suppressed

higher-order corrections [157].

2. K-essence: Provides mechanisms for both inflation and late-time acceleration by

introducing a kinetic energy-dominated phase [24, 64].

Our study, in Part II, focuses on a DBI field and the conditions conducive for a bounce.

Extending the range of inflationary scenarios beyond the standard slow-roll models,
Dirac-Born-Infeld (DBI) fields offer a framework to study non-canonical inflationary dy-
namics that arise naturally in string theory. DBI fields are a class of scalar fields whose
action originates from the dynamics of D-branes moving in a higher-dimensional warped
internal space [157]. The field ¢ is typically interpreted as the position of the brane in

the extra dimensions.
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The distinctive feature of DBI inflation is the form of its kinetic term in the Lagrangian,
which imposes a natural speed limit on the scalar field’s evolution, analogous to the
Lorentz factor in special relativity [11, 257|. This relativistic effect allows the field to slow-
roll without requiring the flatness of the potential V(¢), a condition usually necessary in
canonical slow-roll inflation. Consequently, DBI inflation permits inflationary dynamics
with steeper potentials than those typically allowed by standard models [38, 65, 66, 163,
165, 261].

However, this relativistic mechanism comes with a trade-off: it tends to amplify non-
Gaussianities in the primordial perturbations. The shape and amplitude of these non-
Gaussianities depend on the warp factor and the potential, and they propagate at a
reduced effective sound speed. These modifications influence both the power spectrum
and the bispectrum of primordial fluctuations. As a result, these characteristic signatures
may leave observable imprints in the Cosmic Microwave Background (CMB), offering a
means to constrain such models and potentially uncover the physical origin of inflation
[62, 114, 150, 172, 173, 276].

The deceleration mechanism of the DBI field is a novel feature. Its non-canonical
nature imposes a speed limit on é, ensuring that the evolution of the scalar field ¢ remains
slow, even in the presence of steep potentials. This property offers significant advantages
in bouncing cosmologies. Ensuring a smooth and controlled contraction phase is essential
to avoid instabilities or singularities in bouncing models. The DBI deceleration mechanism
restricts the field’s speed during contraction, preventing it from rolling too rapidly down
steep potentials, where chaotic dynamics could otherwise emerge.

A smooth and nonsingular bounce requires a careful balance between the scalar field’s
energy components and the underlying spacetime dynamics. The DBI field naturally
regulates the evolution of ¢ during the bounce; its deceleration mechanism introduces a
form of dynamic friction, which helps stabilize the field and suppress rapid oscillations
or instabilities. As a result, the DBI field is an attractive candidate for driving bounc-

ing cosmologies. Its deceleration mechanism helps prevent uncontrolled contraction and
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singularities, while also stabilizing the dynamics of the bounce.

In Part II, we present an extensive dynamical systems analysis of the DBI field in
a spatially closed spacetime. We expand the analysis to include solutions representing
a bounce and assess whether an additional degree of freedom that triggers re-collapse
could support a cyclical cosmological model. This includes original work that has been
published, and it addresses bouncing cosmologies in the presence of a DBI field for the

first time in the literature [52].

1.3 Astrophysical compact objects

Astrophysical objects serve as ideal candidates for testing extensions to general relativity.

Spanning a vast range of scales, they probe gravity in different regimes, including:

e Compact objects such as neutron stars, which test gravity under high-density

conditions [82, 123, 209, 239).

e Stellar systems, which examine gravitational dynamics on kiloparsec scales |33,

185, 207].

e Black hole environments, where strong gravitational fields provide a setting for

exploring potential quantum gravity effects |21, 149, 169, 192, 194, 290].

Astrophysical phenomena also occur in extreme high-energy settings, such as super-
novae [145, 210], active galactic nuclei (AGN) [6, 25], and gamma-ray bursts |16, 56|, mak-
ing them excellent laboratories for testing modified gravity theories that predict different
energy-momentum relations or couplings between gravity and matter at high energies.

Methods for probing deviations from general relativity include:

1. Gravitational wave observations: Events involving black hole or neutron star
mergers allow for testing deviations in waveform structures predicted by modified

gravity theories. Although current data from LIGO and Virgo have not conclusively
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ruled out scalar-tensor theories and others (discussed in Sec. 1.5), ongoing studies
continue to analyze curvature dependence and higher-order corrections [31, 32, 80,

117, 196].

2. Orbital decay in binary pulsars: The loss of energy through gravitational ra-
diation in binary pulsar systems provides a powerful tool for testing theories such
as scalar-tensor gravity or massive gravity, which predict different decay rates and

orbital dynamics [33, 185, 207].

3. Black hole imaging: High-resolution imaging of black hole shadows and accretion
disks, as conducted by the Event Horizon Telescope (EHT), constrains deviations
in spacetime geometry predicted by extended gravity theories. Such theories often
result in altered shadow sizes or different matter dynamics near the event horizon [21,

149, 169, 192, 194, 290).

4. Neutron star observations: The mass-radius relation, pulsar timing, and gravi-
tational wave data from binary neutron star inspirals offer sensitive tests of universal

relations proposed in extended gravity theories [82, 123, 209, 289|.

Some extensions to general relativity, particularly in the context of exotic compact
objects, such as magnetars [26], boson stars [30, 116, 179], or hypothetical wormholes |29,
137, 186], predict distinct observational signatures not accounted for by standard GR. As
such, the physical properties of astrophysical objects offer a rich and dynamic environment
for studying gravity. A key theoretical objective is to improve the modeling of compact
objects in these scenarios to enhance the sensitivity of observational tests and uncover

potential deviations from general relativity.

1.4 Relativistic stars in gravity and its challenges

In this section, we discuss several challenges encountered when studying relativistic com-

pact objects in general relativity (GR) and its extensions, and how Part III of this thesis
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aims to address them. One major challenge is the difficulty in finding exact solutions for
relativistic compact objects, particularly within extended theories of gravity, where the
analyses are predominantly numerical.

Numerical approaches to gravitational problems often involve simplifying assumptions,
such as relaxing boundary conditions, to accommodate the chosen numerical scheme or
to enhance numerical stability [22, 27, 120, 121, 127, 285|. For instance, the Tolman—
Oppenheimer—Volkoff (TOV) equations, which describe the equilibrium structure of spher-
ically symmetric matter distributions, are highly nonlinear and typically require numerical
methods for their solution. This complexity is further compounded when investigating
modifications to GR, such as including higher-order curvature invariants in the Einstein—
Hilbert action.

While numerical solutions are valuable, semi-analytical approaches offer distinct ad-
vantages. These include the ability to express model parameters explicitly in terms of
observable quantities, impose stricter boundary conditions, and derive analytical con-
straints. This thesis seeks to contribute toward this goal. In Chapters 7 and 8, we
present a dimensionless formulation of the TOV equations within the (1+41+2) covariant
formalism and establish a new framework for deriving exact solutions for the interior of
relativistic stellar objects in an f(R) gravity framework.

Another major challenge in constructing relativistic stars in the context of gravity the-
ories lies in matching the spacetime geometry outside the stellar configuration. An exact
solution to Einstein’s vacuum field equations, describing the spacetime around a static,
spherically symmetric mass, was discovered by Schwarzschild in 1916 [250]. Remarkably,
just four months later, Droste independently derived the same solution in his PhD the-
sis [197]. His work was later communicated by his advisor, Lorentz, and subsequently
published in [93, 94].

This solution was quickly acknowledged and validated by contemporary physicists,
notably Eddington and Pauli, who played significant roles in interpreting and popularizing

its implications [100, 225|. The Schwarzschild metric remains foundational in the study of
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black holes and other compact astrophysical phenomena, as it offers a simple, analytical
description of spacetime outside a static, spherically symmetric configuration.

It provides a valuable framework for testing general relativity (GR), both in the
weak-field limit, where the metric reduces to the Newtonian potential with relativis-
tic corrections, and in the strong-field regime. Empirical validation of GR using the
Schwarzschild solution has been achieved across diverse contexts, such as Solar System
tests [37, 54, 98, 101, 124, 133, 238, 255, 256, 269|, and observations of binary pulsars
[83, 168, 266].

A natural extension of general relativity (GR) involves the inclusion of quadratic terms
or linear combinations of quadratic curvature invariants, first considered by Weyl in 1918
[277]. These higher-order curvature terms become dominant in strong-field regimes, as
they scale with higher powers of the curvature tensor. In these regimes, such as the early
universe, the vicinity of black holes, or within dense compact stars like neutron stars,
the contribution from quadratic terms can outweigh the linear Einstein-Hilbert term.
Consequently, these environments provide ideal conditions for testing and constraining
higher-order gravity models. Part III of this thesis focuses on describing relativistic stars
in the context of higher-order gravity theories.

Buchdahl was the first to study the uniqueness of the Schwarzschild metric in pure R?
gravity [49, 211], showing that it is the only spherically symmetric, asymptotically flat
vacuum solution of the R? field equations. Whitt later extended this result to quadratic
gravity of the form R + aR? [278]. A significant property of quadratic gravity, and one
reason it is widely studied in spherically symmetric spacetimes, is that the Schwarzschild
metric remains the only static, spherically symmetric, asymptotically flat vacuum solution
with a regular horizon, provided o > 0 [198].

However, Pechlaner and Sex] demonstrated that while the metric in quadratic gravity
may be asymptotically flat, its linear approximation around Minkowski spacetime does
not correspond to the linearized Schwarzschild metric [226]. This discrepancy raised the

question of whether the Schwarzschild solution remains valid outside a matter distribution
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(point-like or extended) in f(R) gravity. Deruelle et al. addressed this issue in [90] by
generalizing the Israel junction conditions for f(R) theories of gravity (discussed in more
detail in Chapter 10). They analyzed boundary conditions across a brane, modeled as an
infinitesimally thin domain wall, and examined the Einstein limit. Their study shows that
a specific non-minimal coupling of matter on the brane to gravity introduces the possibility
of a new class of braneworld scenarios. The conditions required for the existence of the
Schwarzschild solution for a generalized f(R) theory of gravity were later addressed by
Nzioki et al. in [217].

When considering less exotic spacetime models that are more consistent with ob-
servational constraints, the Schwarzschild metric remains the simplest vacuum solution
naturally supported by quadratic gravity. In 1945, Einstein and Straus examined how
cosmic expansion influences the gravitational field around a localized mass [106]. They
concluded that the spacetime expansion has no significant influence on the local static
field surrounding a star, except at the boundary of the star’s embedding region in the
expanding universe.

Extending this idea to f(R) gravity, Clifton et al. showed that for f(R) = R™ models,
no known spherically symmetric vacuum solution can be consistently matched to an ex-
panding FLRW background [69, 72]. Compact objects thus serve as ideal laboratories to
constrain extended theories of gravity, providing observable signatures that place stringent
limits on model parameters. Although the lack of exact solutions limits some aspects of
theoretical analysis, particularly at the boundaries of such objects, existing observations
have already imposed meaningful constraints. These issues are addressed in more detail

in the following section.

1.5 Current observational constraints

With the advent of precision measurements from gravitational wave signals, particularly

those emitted from neutron star cores and mergers, a new avenue for testing theories of
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gravity has emerged. A recent study [99] demonstrated that the long-ringdown phase
of binary neutron star mergers can provide stringent constraints on the properties of
nuclear matter at densities that are otherwise inaccessible in laboratory settings. These
constraints complement those derived from direct mass-radius measurements and further
narrow the viable forms of the neutron star equation of state (EOS).

The detection of the gravitational wave signal GW170817, along with its electromag-
netic counterpart GRB170817A, has played a crucial role in constraining extended theories
of gravity. A number of key studies published shortly thereafter [31, 80, 117] summarized

the implications of this event:

e The propagation speed of gravitational waves, ¢, parametrized as ¢y = 1 + arp, is

constrained to the interval || < 10712,

e Eliminated models: quartic and quintic Galileon models, de Sitter Horndeski,

f(¢)-Gauss-Bonnet, and G, ¢"¢".

e Viable models: GR; Brans-Dicke/f(R) theories; scalar-tensor theories of the form
f(#)R plus non-gravitational terms; and beyond-Horndeski extensions of scalar-
tensor theories that are conformally coupled to gravity. In particular, conformally
coupled models must exhibit minimal coupling strength to gravity such that they
can be modeled as generalized fluids. This class includes cubic Galileons, kinetic

gravity braiding, and k-essence.

¢ Unconstrained models: minimally coupled gravity and quintessence models.

Focusing specifically on astrophysical constraints in f(R) theories of gravity, the galac-
tic halo provides one of the strongest bounds, with |df /dR| < 107% [187]. Observations
within the Solar System, such as the measurement of geodetic precession by the Gravity
Probe B experiment, constrain the scalar curvature to R < 10722 m~2 [204].

Relativistic stars have been extensively studied in the context of quadratic gravity,

where constraints on the R? term parameter o have been derived from satellite experi-
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ments, astrophysical observations, and investigations of the neutron star mass-radius rela-
tion. The Gravity Probe B experiment, designed to test the geodetic and frame-dragging
effects predicted by GR, sets a bound on « of 5 x 10'* m? [115]. However, observations
from PSR J0737-3039, a binary pulsar system, yield an upper bound o < 2.3 x 10'® m?
[48, 204].

In a perturbative analysis of neutron stars in quadratic gravity, Arapoglu et al. [23]
found that deviations from GR comparable to those arising from uncertainties in the EOS
occur for |a| ~ 10? cm?. Notably, this constraint is five orders of magnitude tighter than
the one provided by Gravity Probe B. Moreover, they determined that the associated
length scale, \/a ~ 10° c¢m, is only about an order of magnitude smaller than the typical
neutron star radius, suggesting that deviations from GR may be subtle but non-negligible.

Additionally, the E6t-Wash laboratory experiment, which tests for violations of the
equivalence principle and deviations from Newton’s inverse-square law in the weak-field
regime, provides a much stricter bound of o < 1071 m? [161].

Despite these bounds, the parameter o remains largely unconstrained in practice.
For quadratic models of f(R) gravity, the condition 1 + 2|a|R < 107¢ shows that these
observational limits do not decisively restrict v in current astrophysical and experimental
settings.

Gravitational waves have emerged as a promising avenue for testing f(R) theories of
gravity, with several frameworks developed to distinguish between various f(R) models
[14, 55, 67, 130, 162|. In particular, Clifton and Barrow investigated the stochastic gravi-
tational wave background in the early universe for the model f(R) = R'™, and obtained
a stringent constraint on the model parameter: 0 < § < 7.2 x 1071 |68, 70]. This re-
sult suggests that the prospects for detecting higher-order curvature deviations from the
Einstein—Hilbert action in the gravitational wave background are limited.

Despite advances in gravitational wave astronomy, constraints on the parameter «
in quadratic f(R) models remain inconclusive. Even with the detection of gravitational

waves from inspiraling black hole binaries, the bounds on « are broad. Two notable
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Inspiraling BHs

AR) = R + R, Gravity Probe B
for realistic equations of state I
a I 1 [mz]
< _|105 I llo_l() I ll()5 I 1|0]0 1 ]'0” ]|015'
E6t-Wash lab experiment PSR JO737-3039

Binary Pulsar

Figure 1.3: The current constraints on the quadratic gravity parameter a.

studies have estimated o ~ 103! m? [170] and placed an upper limit of o < 1.1 x 10'® m?
[15] based on gravitational wave emissions from such systems.

A quadratic model of gravity with o > 0, known as the Starobinsky model, is a
popular alternative for describing inflation. The predictions of the Starobinsky model
are in excellent agreement with current observational data [4, 8, 237]. In particular,
Planck data reveals the closest agreement between the predicted and observed values of

the tensor-to-scalar ratio (r) and the spectral index (ns) [8]:

ns ~ 0.965 (nearly scale-invariant)
Predicted (1.1)

r ~ 0.003 —0.004 (small tensor perturbations)

ns ~ 0.9649 + 0.0042
Observed (1.2)

r < 0.06 (95% confidence interval)
\
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Current missions like Fuclid [17] and future missions such as Lite BIRD [129, 265], CMB-
S4 3], and the Rubin Observatory [122, 254] are set to refine measurements of tensor

perturbations, detect primordial B-modes, and improve constraints on large-scale struc-

ture (LSS).

1.6 Modified theories of gravity

Modified theories of gravity are models incorporating scalar-tensor corrections or lin-
ear /quadratic corrections to the Riemann curvature tensor in the Einstein-Hilbert action,
given by

Scr = i/d‘lx R\ =y, (1.3)

where g is the determinant of the metric tensor, k = 87Gc™* is the Einstein gravita-
tional constant, G is the gravitational constant, and c¢ is the speed of light in vacuum.

Modifications to gravity can be categorized into two types:

1. Explicit modifications of general relativity, where extra fields are added to the
Einstein-Hilbert action. These include:
e Non-minimal scalar couplings (e.g., scalar-tensor theories) [46, 47].

e Theories with additional symmetries (e.g., Galileon or scale-invariant theories)

86, 212, 284].

e A second tensor field f,s as an extra degree of freedom. Constructing a po-
tential V(g~'f) yields a massive graviton theory free of instabilities, such as

ghosts |87, 147].

e Combinations of fields with different spins [71].

2. Implicit modifications to general relativity:
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e Replacing the Ricci scalar R with a function of curvature invariants:
R — f(R, R? Rog R, Rop RYM). (1.4)

This introduces higher-derivative terms and new degrees of freedom. For ex-

ample, if f depends only on R, an extra scalar degree of freedom is introduced,

Y ~ In(df /dR), (Scalaron) (1.5)

called the scalaron, which recasts the theory as a scalar-tensor model (a subset

of explicit modifications) [259].

e Increasing spacetime dimensions (e.g., string theory), motivated by unification

(95, 281].

This thesis focuses on scalar-tensor theories, where the modification is either explicit

or implicit. Their generalized Lagrangians are:

1

Lsr = 5-v=9 [[(9)R — 9(6)0a00"¢ =V (9)] (1.6)

Lo = §¢——g f(R, R?). (17)

Equation (1.6) is the general scalar-tensor description of gravity where f and g are general
functions of the scalar field ¢, and V' (¢) is the scalar field potential. Equation (1.7) is the
simplest general fourth-order description of gravity where a linear, quadratic correction
to the scalar curvature R is added and x is a constant determined from the appropriate

Newtonian limit.
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1.6.1 Stability in extended theories of gravity

Extensions of general relativity (GR) typically introduce new degrees of freedom, which
often lead to instabilities, such as the Ostrogradsky instability [220, 282, 283|, which is
associated with systems that have equations of motion involving higher than second-order
time derivatives. In the Hamiltonian formulation, the Hamiltonian is not bounded from
below, resulting in cases where the energy can become arbitrarily negative, leading to
unphysical and unstable solutions. In the context of field theories, the Ostrogradsky in-
stability can manifest itself in theories with higher-derivative terms in the Lagrangian.
However, metric f(R) gravity appears to be the only case that avoids the Ostrogradsky
instability [282], but it contains the Dolgov-Kawasaki (DK) instability [92]. This insta-
bility is specific to the metric f(R) models. It was first discovered by DK, after analyzing
models of the form f(R) = R — p*/R, since it was proposed to explain the observed
cosmic acceleration and eliminate the need for dark energy [61]. The result of DK was
confirmed by Nojiri and Odintsov [213, 214], who also showed that adding an R? term to
the f(R) model of DK removes this instability. Faraoni [119], proved this instability for a
generalized f(R) theory in the metric formalism and subsequently confirmed by Sawicki

and Hu [249],

— = f"(R) > 0, Dolgov-Kawasaki stability condition. (1.8)

In this form, the DK instability imposes a restriction on the functional form of f(R), and
ensures that the scalaron is not a ghost field. In terms of astrophysical applications, it
was found that the stability criterion for Schwarzschild black holes in quadratic gravity,
f(R) + R+ aR, is a > 0, which corresponds to f”(R) > 0 [279]. An extensive review
on f(R) theories in its three different formalisms, focusing on cosmological dynamics,

applications to astrophysics, and its standard viability criteria, is covered in [260)].
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1.7 Thesis Outline

This thesis presents three models that modify the Einstein-Hilbert action, which divides
the thesis into three parts. Parts [ and Il address early universe dynamics in the context
of bouncing cosmologies for a canonical and non-canonical scalar field, respectively. Part
I explores the conditions required for a bounce followed by natural R? inflation. The
bi-scalar tensor model is introduced in Section 2.1. The conditions for a bounce, the
initial conditions before the bounce, and the subsequent dynamics around the bounce are
discussed in Sections 2.2, 2.3, and 2.4, respectively. Section 2.5 addresses the necessary
conditions to kickstart natural inflation after the bounce. The stability of the model is
investigated in Section 2.6 by analyzing the growth rates of the cosmological perturbations,
and the overall evolutionary behavior of the perturbations indicates that the model is
stable. To conclude Part [, we provide a summary in Chapter 3 by highlighting our key
findings and discussing future research directions.

Part II explores the dynamics and linear stability of a non-canonical scalar field model,
a Dirac-Born-Infeld field, in a spatially closed spacetime to analyze resulting bounce solu-
tions. Section 4.2 outlines the dynamical construction, and Sections 4.3 and 4.4 provide
a detailed analysis of dynamical systems for a power law brane tension and scalar poten-
tial, and a brane tension and scalar potential characterized by an exponential function,
respectively. In Section 4.5, we consider a special case for the scalar field potential and
the brane tension and numerically analyze its dynamical behavior. Section 4.6 discusses
bounce solutions in the presence of a DBI field and how a recollapse can be induced so
that possible cyclic solutions could appear in the phase space. Chapter 5 summarizes
Part I, highlighting key findings and proposing future research directions.

Part 111 explores relativistic stars in f(R) gravity. Chapters 6 and 7 introduce compact
stellar objects in general relativity. Chapters 8 and 9 discuss the second class of locally
rotationally symmetric (LRS) spacetimes in the (1+1+2) covariant formalism and the

TOV equations in this formalism, respectively. Chapter 10 outlines the boundary and
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physical requirements so that physically relevant solutions can be found. In Ch. 11,
we present a new solution strategy to find exact solutions to the TOV equations for a
generalized f(R) model and find two new physically realistic descriptions of relativistic
compact objects for Starobinsky gravity [53]. Chapter 12 summarizes our new results in
this part, discussing their physical implications and future research directions.

The thesis is concluded in Chapter 13, summarizing the key findings in Parts I, II,

and [II, discussing its implications in the existing literature and its relevance for future

research directions.



PART 1I:

AN INFLATIONARY INDUCED BOUNCE

There is no reason that the universe should be de-
signed for our convenience.

JOHN D. BARROW

27



CHAPTER 2

| NATURAL INFLATION PRECEDED BY A BOUNCE

This part presents a model in which natural inflation follows a cosmological bounce and
consists of two chapters. Chapter 2 introduces a modified gravity framework recast as
a bi-scalar—tensor theory, where the Lagrangian is a function f(¢, R). We examine the
initial conditions during a contracting phase in a spatially closed FLRW spacetime that
can lead to a bounce, the dynamics around the bounce, and the post-bounce evolution,
which is driven by an R? term. The stability of the model is assessed via cosmological
perturbation theory, analyzing the behavior of scalar, vector, and tensor modes. All
cosmological dynamics in this chapter are studied in the Jordan frame and are based on
work published in the article [84]. To conclude this part, Chapter 3 summarizes the key
results and outlines future research directions.

The notation for the parameters and variables used in the following chapters is con-

sistent with that of our article [84], and is self-contained within this part of the thesis.

2.1 A bi-scalar-tensor model

In this section, we consider a bi-scalar-tensor model where Eq. (1.6), with f(¢) = ¢* and

g(¢) = 1, is non-minimally coupled to Starobinsky’s model [262] to describe the early

28



Natural inflation preceded by a bounce 29

universe. The action is described by

St = [ d'av=g B (M~ ad®) R+ AR~ (V6P ~V(o)| . (21)

Its Lagrangian is mapped to a bi-scalar-tensor model by defining a generalized function
given by
1 1
f(¢,R) = 5(M,%L —ad®)R + 5AR?, (2.2)

where Mpy, is the Planck mass, « is the coupling constant of the scalar field to Ein-
stein’s gravity and A is Starobinsky’s coupling constant with A=t << M2, for standard
Starobinsky inflation. Naturally, this modification introduces an additional scalar degree
of freedom which we define as 0f/OR = fr = 1. By defining the field 1) we can express

the Ricci scalar, R, and the function f(¢, R) in terms of the two fields:

1 M3, — ag? B [w—l(Mél—a¢2)}2
R_Z(w—PT), f=v¢R~ =y . (23)

The modified field equations, by taking the variation with respect to the metric, is given
by

¢RMV - % - (vuvu - QWD)¢ = T/E;é) . (24)

The modified Klein-Gordon equation for the field v is

1 [ M3 — ag? 1
Oy = 3 {mwa (w - §(M§1 - ad)2)) + T} ; (2.5)

obtained by taking the trace of Eq. (2.4) and substituting Eq. (2.3), where T is the
trace of the energy-momentum tensor of the scalar field ¢. In order to analyze the evolu-
tionary dynamics we assume the spacetime background to be homogeneous and isotropic,
described by the FLRW metric, and that the spatial curvature has a closed geometry i.e.,

K >0,
dr?

ds? = —dt? 2| ——
S + a(t) e

+ 7% (d6 + sin® 0dg?) | . (2.6)
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By substituting Eq. (2.6) into the field equation, Eq. (2.4), the evolution equations for

spatially homogeneous fields and ¢ are given by

Mg, — a¢® (1
2

)+ 3H) = % { 51 (MR, — a¢?) — ) + (p— 3P)] (2.7)

¢+3Hp=—Vy — adR, (2.8)
where an expanding Universe the extra term 3H¢ is required, which is analogous to a

friction term for particle motion. The quantities p and P are the energy density and

pressure of the scalar field ¢, respectively, given by

p= 5P HV),  P=1d V(o) (29)

The Friedmann equations in terms of the fields ¢ and ¢ are

(2.10)

(2.11)

and the acceleration equation in terms of the curvature quantities and scale factor is

: K
=B g B

. = (2.12)

In order to fully realize the dynamical evolution we consider a model for the potential
energy of the scalar field ¢. To compare the field containing the additional Starobinsky

term to the original model proposed in [134], the same potential is used. It takes the form

B

2 A
Vig) = m7¢2 + §¢3 + 74" (2.13)

where m, 5, and A\ are constant model parameters. The cubic term in Eq. (2.13) in-

troduces an asymmetry that causes the potential to become unbounded in one direction,
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but is counterbalanced by the higher order quartic term. In a renormalizable theory, the
potential V' (¢) is restricted to cubic and quartic terms, with the cubic term typically
excluded by symmetry considerations since it explicitly breaks the parity symmetry i.e.,
¢ — —¢. Since the potential is being treated as part of an effective field theory, the cubic
term is included as a small non-renormalizable correction [193]. In the following section,

we address the conditions on the fields to achieve a bounce.

2.2 Conditions for a bounce

Investigations of bouncing cosmologies usually include a positive spatial curvature. The
reason is that when the universe undergoes contraction, spatial curvature can slow down
and reverse the contraction. Positive spatial curvature can temporarily halt the contrac-
tion and facilitate a bounce. However, a positive spatial curvature is not sufficient to
sustain a bounce. Additional conditions are required. A bounce is achieved provided the

following hold:

1. H(ty) =0 — where the scale factor sits at a minimum, it has momentarily stopped

contracting before it starts expanding.

2. H(t) >0 — the Hubble parameter transitions from negative (contracting phase)

to positive (expanding phase), resulting in a sign reversal of a.
3. (p+3P) < 0 — the violation of the strong energy condition is a consequence of the

previous point 2. To illustrate, consider

: 1 K
H+H2=—§(p—l—3P)+

a?’

Imposing H, = 0 from the first point 1, the bounce condition 2 in a spatially closed

universe is achieved only if the strong energy condition is violated.

4. wp < —1/3 — Assuming a perfect fluid P = wp, a constraint on the equation of
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state at the bounce arises as a consequence of the violation of the strong energy

condition.

5. € <1 — the slow-roll parameter, ¢ = —H /H?, can be expressed in terms of the
equation of state:

3
€= 5(1—}—11]),

so at the bounce we require that w, < —1/3 and so placing an upper bound on the

slow-roll parameter.

The analysis of the evolutionary dynamics of our model can be split into three phases:
the pre-bounce, in the vicinity of the bounce, and post-bounce leading to inflation. In
the following sections, we address the initial conditions necessary for a bounce which is
based on the work by Giingor and Starkman [134], the dynamics around the bounce, and

the resulting inflation driven by the Starobinsky term.

2.3 The initial conditions before the bounce

We assume the following initial conditions prior to the bounce.

1. The universe is slowly contracting and dominated by vacuum energy.
2. The scalar field ¢ sits in the false vacuum with an initial value ¢;.

3. In the cosmic past, t — —oo, the Ricci scalar is significantly smaller than the mass
of the field, and so R is disregarded during this phase. Therefore, to ensure that
our model initially has small R, we set the parameter A to be large, as can be seen

in Eq. (2.3).

4. The location of the scalar field is situated at the extrema of the effective potential,

given by

Ve

55 = ¢(m* + aR + Bo + \¢?) = 0.

V(g) = V(6) + Jad?R
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We have, as illustrated in Fig. 2.1.

(a) The true vacuum,

»=0. (2.14)
(b) A local minimum and the false vacuum,

—(% 4+ /B2 — 4 m?

Gmin = o (2.15)
(¢) A local maximum,
—B2 _ /B2 — 4 \m?2
¢max = 6 ﬁ m . (216)

2\

To avoid pathologies at the local minimum and ensure that the potential is positive,

the condition 4Am? < 3% < 4.5 Am? must be applied.

5. The scalaron 1) is initially at rest, where the previous assumptions in Eq. (2.7) gives

an initial value for the scalaron as

S8AV (dmin 1
o) = 4

min

(M}, — adn) (2.17)

min

2

where another constraint appears a¢?. # M3;. From Fig. 2.1 we assume the
natural range for the scalar field, ¢, up to O(10 Mpy) and the Starobinsky parameter
set to a = 1073 throughout this chapter. As discussed in Sec. 1.5 and illustrated in
Fig. 1.3, the observational constraint on o remains inconclusive. Our chosen value
for « is to maintain numerical stability and have a non-negligible deviation from GR
where we will also see in Part III that 0 < o < 1072 have significant implications

on the physical description of compact stellar objects. Equation (2.17) shows that

if the scalar field, ¢, evolves slowly, the scalaron, 1, will follow its evolution.
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Figure 2.1: The potential energy of the scalar field ¢, Eq. (2.13), with parameters
m =107 Mpy, A = 1072, and 8 = —v4.4\ m. The potential has three extrema where
we are only interested in the two potential wells: The false vacuum, the local minimum,
which determines the initial conditions of the scalar field, and the true vacuum, the global

minimum.

Applying the points above, the initial conditions before the bounce for the potential and

cosmological parameters are

V(i) = O(m*), (2.18)
~ 8V(¢min) ~ m4

v~ 3, e~ (a7, ) -
2 ~ V(¢min) ~ ﬁ

T 50m, — e~ (M%L) | (220

H ~0. (2.21)

2.4 Dynamics around the bounce

To show that the conditions around the bounce are independent of the scalaron 1, let
us consider the vicinity of the bounce, where the universe switches from an accelerated

contraction to a decelerated contraction phase. This happens when H = 0, meaning that
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the Hubble parameter has a non-zero value at its extrema. Using Eq. (2.7) and H = 0,

Eq. (2.10) becomes

iE _YR—f p+3P |H ¥

min/max 61/) 6w D) 2w (222)

The squared Hubble parameter at the scalar field minimum can be approximated by
considering Eq. (2.17), where the ¢-field is traced by the ¢-field if ¢ evolves slowly.
Assuming that during the contracting phase the and ¢ fields do not diverge rapidly,
thus avoiding the singularity, the squared Hubble parameter at the start of the bounce is

given by the following equation.

R A CON A C

T A T ) 229

This shows that, before the bounce, the dynamics are determined solely by the scalar
field, ¢. For inflation to occur, we assumed the hierarchy ; > M3, >> a¢? as will be
discussed further in Sec. 2.5.

The dynamics in the vicinity of the bounce comes down to two scenarios. When the
scalar field ¢ is displaced from its local minimum (false vacuum) during the collapsing
phase, perhaps due to small perturbations that cause the field to grow slowly, this leads

to the following:
1. the fields remaining trapped in their local minimum,
2. or the field escape their minima.

These two cases depends on how close the Ricci scalar, R, is to its critical value, which

occurs where the local minimum and maximum of the scalar field, ¢, converge to a saddle

point, 1.e., gbmin = ¢max = _ﬁ/A and

1 (28°
Rere = (% — m2> : (2.24)
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Next, we discuss the conditions that leads to the scalar field escaping its false vacuum,

and when the scalar field could remain trapped. We first discuss the latter:

Trapped fields

e The scalar field, ¢, is approximately zero near or at the bounce. This can occur when
R > Reit, as considered in [134]| where they force the local and global minimum to
be in close proximity and converge to form a saddle point which allows the field to
oscillate around the global minimum (true vacuum). Another scenario where the
scalar field can oscillate freely is for the local maximum to possess a shallow hill,
allowing the antifriction term in Eq. (2.8) to dominate, thus removing any oscilla-
tions. However, unless the initial values are finely tuned, the bouncing mechanisms
will cause the fields to diverge, thus leading to a singularity. As a result, this case

is not explored further.

e The scalar field is approximately equal to its value in the false vacuum, at the
bounce, i.e., » & ¢nin. Here, the scalar field is not sufficiently displaced from its
initial value, where it sits in the false vacuum, and it does not evolve sufficiently
to alter the potential. The Ricci scalar, R, never reaches R, and consequently
the fields ¢ and 1) return to their initial values and remain trapped in their false
vacuum. This scenario leads to a universe that is eternally inflating. To illustrate
this, we numerically solve the evolution equations (2.7), (2.8), (2.10), (2.12) using
the initial conditions given by Eq. (2.15) and Eq. (2.17). Figure 2.2 shows the
scalaron and the scalar field returning to their initial values after the bounce. This

outcome stems from
1. the choice of parameter values creates a steep and deep false vacuum which
only allows the fields to oscillate in this potential well but never escaping,

2. or the choice of parameter values do not allow R to sufficiently evolve. This

can occurs when the scalaron mass is large or when the coupling between the
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Figure 2.2: The fields depicting the case of eternal inflation, when the fields are trapped
in the false vacuum, for the chosen parameter values: m = 107 Mpy, A = 1072, o =
1073, ¢ = 1074, A =102, a = 102, B = —v/4.49X m and K = m2. The scalaron tracks
the scalar field and behaves as initially expected during the collapsing phase. The fields
oscillate around their local minimum, growing in amplitude. The bounce occurs when the
spatial curvature dominates and the field oscillations dampen as the universe enters the

expansion phase.

scalar field and gravity is weak.

We also see from Fig. 2.2 that the scalaron tracks the scalar field, ¢. This is a
consequence of the field only experiencing small oscillations as the spatial curvature
dominates. This behavior leads to an unchanged effective potential (V4 >> a¢R)
which implies that the velocity term does not dominate on the right-hand side of

Eq. (2.7), therefore leaving v & i, tracing the scalar field.
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A scalar field escaping its potential minimum

The scalar field value at the bounce is 0 < ¢ < ¢nin. Here, the Ricci scalar is allowed to
evolve sufficiently such that the false vacuum is retained (R < Re) and ¢ is displaced
in the false vacuum. The scalar field displays growing oscillatory behavior and eventually
exits the false vacuum as it approaches or is at the bounce. This is a consequence of the
change in the potential energy that provides the scalar field with enough kinetic energy
so that it conquers the potential barrier. In this setup, inflation is driven by both fields
following the bounce. In Fig. 2.3, we illustrate a scenario in which the scalar field settles
in the true vacuum before the scalaron which now drives inflation. Sufficient inflation
occurs where the lower bound is 60 e-folds, and the scalar field quickly settles in the true

vacuum resulting in a period of single field inflation entirely driven by the scalaron, .

2.5 Post-bounce evolution

To kickstart a post-bounce inflationary phase, we examine the conditions required. We
assume that the fields experience a slow-roll and that ¢ gradually escapes the false vacuum.

This allows us to approximate the cosmic friction term of Eq. (2.7) as

3Hy ~ M, <%M1%L — ) — W (2.25)

6A 3

where we recall M3, >> a¢?. Since we want inflation to occur after the bounce, we
choose the parameter values such that ¢; > 2M3%,. This is motivated by forcing ¢ into its

true vacuum, allowing the scalaron to drive inflation, whereby the slow-roll parameter is

MR, (MR -2\
V= 3 (2<M1%L—w>) | (2.26)

Choosing €y = 1, post-bounce, gives ¢; = 2M32, and so to guarantee inflation proceeds

the bounce we require 1); > 2M#%;. Nevertheless, to ensure that enough inflation is
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Figure 2.3: The case when the fields exit the false vacuum and R does not evolve
sufficiently as to change the potential. The parameter values are m = 107 Mpy, \ =
10712, o = 1073, ¢; = 1.785, A = 10"2, a = 102, = —v/4.49\ m and K = m?. This is
not a realistic case for the Universe, but it illustrates the desired dynamics that results
in slow-roll inflation where ¢ exits the false vacuum, coinciding with the bounce, and

is driven up its potential.
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achieved, the integral of the slow-roll parameter determines the condition on the value of

the scalaron at the start of inflation via

v 2
N = / di, (2.27)
2M32, evMpy,

where for 60 e-folds of inflation, ¥ingation > 16M3;.
The resulting inflation can be seen when the scalaron increases while it is driven up its

effective potential due to its time-derivative remaining positive during the collapsing phase

(Hcollapse - _H) .
Deollapse = M, +2A¢° +4AV ()
collapse 18A|Hcollapse|

> 0. (2.28)

Therefore, while ¢ evolves towards its true vacuum, the potential energy of ¢ grows and
eventually dominates. This results in a unique case where the bounce naturally determines
the initial conditions for inflation which is driven by the scalaron, ¢, and occurs when
the Hubble parameter reaches its maximum value. These conditions impose an additional

constraint on the value of ¢ at the onset of inflation:

A4AV (Pmin) M3y,
3M3, 18 7

’l/}inﬂation = (229)

where H?min(¢min) = H?max(¢min) is assumed when the potential dominates in Eq.
(2.23), and Eqs. (2.7) and (2.3) are appropriately substituted. These assumptions relies
on a symmetrical bounce and are reasonable since we have shown that the scalaron plays
only a small role during the bounce. However, due to the minimal coupling of ¢ and R,
the dynamics results in an asymmetrical bounce. A constraint on the potential energy
and consequently the initial conditions on ¢ is realized by considering the conditions
Uinflation > 16M3; and Eq. (2.29). Taking this into account, the condition on the potential
energy is V(¢min) > %M% ;- The resulting inflation induced by a bounce is illustrated

in Fig. 2.4. We see that the scalaron drives inflation immediately after the bounce and

the Hubble parameter is nearly constant throughout the inflationary phase.
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Figure 2.4: The resulting inflation from a bounce in terms of the number of e-folds

that are measured post-bounce. The chosen parameters, as in the previous figures, are
m =107 Mpp, A = 10712, a = 1073, A = 10'%, a = 102, B = —V4.49\ m,K = m?, and
Y; is given by Eq. (2.29).

It should also be noted that a more realistic scenario is when H2__ > H?2. . however,

max min»

our model predicts a smaller ¥;,gation, Which results in a shorter inflationary phase. The

converse is also true, i.e., if H2 < H?2. is achieved, then the inflationary phase lasts

max min

longer, since ¥infation Would be larger.

2.6 Stability analysis by cosmological perturbations

In this section, we investigate the stability of our model by analyzing the growth rates of
perturbations, to linear order, in a gauge-invariant form. Metric perturbations are decom-
posed according to their spin with respect to a local rotation of the spatial coordinates
in the hypersurfaces of constant time [43, 96, 166, 202]. At the linear order, the scalar,
vector, and tensor perturbations decouple and evolve independently. This allows us to

analyze them separately. During the numerical analysis, we assume that the Planck mass
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is Mpy, = 1 throughout this section.

2.6.1 Scalar perturbations

Scalar perturbations (spin 0) hold significant importance in understanding the structure
formation of the Universe and the inflaton that drives inflation. It provides information on
the small fluctuations in the scalar components of spacetime and matter fields. Here, we
focus on the evolution of the scalar perturbations and the amplitude of the fluctuations.
If instabilities are present, growth will appear in the perturbed fields d¢ and d1).

The cosmological perturbations are performed in the longitudinal gauge which is also
the most favored gauge in post-Newtonian theory [73]. Post-Newtonian perturbations
are responsible for modeling non-linear structures via N-body simulations. The metric

[195, 263] describing a first-order scalar perturbation in the Newtonian gauge is
dsty = —(142®)dt* + a*(1 — 20)y;;dx'da?, (2.30)

where the subscript (s) denotes the metric corresponding to the scalar modes, ® and ¥
are the perturbed metric potentials and «;; is the metric on constant time hypersurfaces
and t is cosmic time. Together with Einstein’s field equations, the generalized perturbed

field, for a two-field system [132, 151], is described by

. k2 - 3K

3H (qf + H<I>) + = —dp, (2.31)

U+ HO = —dq, (2.32)
.. . . . . 2

3 (\If Y HO ch) +6H <\If + H<I>> o <3H - k—2> — X, (2.33)
a

voop=¥ (2.34)

E.
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The perturbed energy density, perturbed momentum density and 0.X, in terms of the

scalar field, ¢, and scalaron, 1, are

5p = i [:w <\D+H<I>> . (¢é2+3v)q>
—3HO) + 666 + 6 (3H - S—z + 3H2> + ¢ (V — %)} : (2.35)
5 — 5y + 6o ;¢H5w - ¢<I>’ (2.36)
5X = ﬁ [3¢ci>+3(¢:+H@>¢+¢<6¢+3H¢+4¢2>
+61) (6Ka; K + 6H> — 8¢ (fs —2V,) — 3HOY — 300 — 45’@5} . (2.37)

To close the perturbed system of equations, we provide the perturbed Klein-Gordon equa-

tions,

2
5t + 3HbYp — (5 — k—) S1h + % (2fs — 4Vy) 66 + %w(SR + gdw (2.38)

3 a®
—¢(¢>+3Hq>+3¢/>+@<2¢+3H¢+§¢2>,
2

.. . k 1
0p+ 3Hdp + (? — foo T 2V¢¢) 0p — i(Squg

— b+ @ <3Hq's + 2&) +3 <Hd> + w) b (2.39)

and the perturbed Ricci scalar,

) )
sR = Mt adid (2.40)
A
It is worth including the comoving curvature perturbation, R, defined as
H
R=¥V—-—>9 (2.41)

p+ P e
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This measures the scalar fluctuations of our spacetime geometry and is related to the

perturbed fields, perturbed metric potentials and Hubble parameter, as

m (2.42)

H H (60 +6¢p — HoYp —
R=w—" (b+HO) =0+ Y1099~ Hop — 92}

H H
Performing a harmonic decomposition, the Laplace-Beltrami operator in a universe with
positive spatial sections is given by

k2 K

where n > 2 is an integer eigenvalue representing the physical perturbation modes (n = 0
is the homogeneous mode and n = 1 is a gauge mode) [96, 138, 166]. The perturbed
evolution equations can be simplified into two second order differential equations by con-
sidering Eqgs. (2.34)—(2.36), and removing any dependence on the scalar field, ¢, and the
metric potential, ®:

0+ |5H + = +

Vo2V, - qu)] 5
o

. 2(2H+H2)+ (3¢H_¢)('2V¢_f¢) . 1OH¢_%+¢_2+11{7_2

Yo Y 3 a?

01

= g g He =)

H2+<i_H> (s —fo) 20 =3K) b ¢

2V — f¢>) %D i

+2

5 ; 5 U, (244)

) . 1k? — 2K H. 20QH +H))-HY+!
\Il—|—5H\I’—|—[2(2H—|—H2) 57}@__5¢+( ) D
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To further our stability analysis, Eqs. (2.32), (2.36), (2.38) and Eq. (2.39) are solved
numerically, where substituting Eq. (2.34) eliminates the dependence on ®. All the
necessary quantities are computed to determine the comoving curvature perturbation via
Eq. (2.42). In order to numerically integrate our system of equations, we consider the

following initial conditions:

H . H )
0¢; = o 0p; = 3 U =0, (2.46)
5?/12 = a(SAV(Qbmin) — 1)¢min5¢i7 5¢z = a(SAV(¢min) - 1)¢min5‘¢i7 (247>

where d1); and 81, are determined from Eq. (2.17), and (8¢;, 0¢;) is the de Sitter value.
Figures 2.5 and 2.6 show the perturbed fields for a universe that is eternally inflating
and a universe with finite inflation induced by a bounce, respectively. The evolution
of the fluctuations is explored for a range of wavenumbers n. We see that as the fields
evolve towards the bounce, the amplitude of the perturbations increase, but remain finite.
Once inflation begins, the fluctuations settle to a constant value and are stretched to
superhorizon scales. Equation (2.45) hints at the expected stability of the perturbations.
From Eq. (2.34) we expect ¥ and 01 /1 to have similar magnitudes, confirmed through

our numerical results in Figs. 2.5 and 2.6. By collecting the common terms in Eq. (2.45),

@:—<@—f5—¢—5¢1> |H|—2<2H+H2> (W—5—¢>

TR v
_ % [<n<n +2) —2) ¥ — (2n(n +2) — 3) %’} : (2.48)

we notice that for each term there is a counteracting effect between 9y and ¥ since they
have opposing signs. This reduces divergent behavior that may arise during the collapsing
phase. We note that for small values of n the first term in Eq. (2.48) is dominant and
U remains negative throughout the collapse phase and bounce, which could lead to an
instability. However, this instability is not present in Figs. 2.5 and 2.6 as 5 grows more

slowly than .
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Figure 2.5: The perturbed fields for various wavenumbers when the fields are eternally
inflating (c.f. Fig. 2.2). There is no significant effect in varying the wavenumber. Oscil-
latory behavior is evident around the bounce but is bounded in an interval [—-2,2] x 107

for the perturbed scalaron and [—2,2] x 1075 for the perturbed scalar field.
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Figure 2.6: The perturbed fields for various wavenumbers when there is finite inflation
(c.f. Fig. 2.3). As the perturbed scalar field vanishes post-bounce, the perturbed scalaron
asymptotes to a constant non-zero value. We also note that increasing the wavenumber

bounds the perturbations. Although there are more rapid oscillations through the bounce,

the perturbed dynamics settles towards zero after the bounce.
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2.6.2 Vector perturbations

Vector perturbations, also referred to as vorticity perturbations, are spin 1 modes arising
from rotational velocity fields. During inflation the vector perturbations become subdom-
inant and decay as the Universe expands. However, it is worth analyzing the vorticity

modes around the bounce. The metric description of the vector modes is
ds%v) = —dt* — 2aB;dtdx’ + a*(v;; + 20,C;)dx'da’ (2.49)

where the subscript (v) refers to the metric corresponding to the vector modes, B; and
C; are transverse vector-type perturbations i.e., ViB; = 0 = V‘C;. The vector perturbed
variable B; represents the rotational velocity perturbation and C; describes the shear
deformation caused by the vector perturbations. The conserved momentum density in

the presence of a perfect fluid is
0g; +3Hdq; = 0, (2.50)

where d¢; = (p+p)v;, the spatial velocity perturbation is v;, and the perturbed momentum
density is related to the vorticity by taking the curl of Eq. (2.50). The vorticity is defined
as w' = eijkvjvk. The gauge-independent vector shear, defined as o; = C'Z + B;/a, has the

following relation to the momentum density [151]

k* — 2K dg;
a

a result from the GY; component of the gravitational field equations.

The solution to Eq. (2.50) gives

o ‘sl 3
5% _ 5q71;n1t1al <aln;1al> . (252)
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From this we can directly deduce that during the collapsing phase (a = amax), the vector

perturbations will be small as long as the initial amplitude dg"*#!

E is small. Substituting

Eq. (2.52) into Eq. (2.51) leads to

(k2 - 2K) 0; = 25Q;nitialai3nitial (a¢)_1 . (253)
Focusing on the scenario where finite inflation occurs, around the bounce the scalaron
and the scale factor evolve toward their minimum values, and slowly increases after the
bounce. Hence, we can deduce that the quantity (a)) ™" in Eq. (2.53) will peak around

the bounce and bound the vector perturbations. Subsequently, as the universe inflates,

the vector perturbations will become subdominant and decay.

2.6.3 Tensor perturbations

Gravitational waves were first predicted by Einstein in 1916 [102, 104], but it was the work
of Lifshitz, Khalatnikov, and Hawking [108, 140, 180, 181] that pioneered the study of
general perturbations in an expanding universe which was extrapolated to observational
cosmology by Sachs and Wolfe [247|. A complete covariant analysis of gravitational waves
in an expanding universe was performed by Dunsby, Bassett and Ellis in 1997 [97]. Tensor
perturbations, also referred to as gravitational waves, have spin 2 and are the “true”
degrees of freedom of the gravitational fields in the sense that they can exist even in

vacuum. The metric corresponding to the tensor mode perturbation is
ds%t) = —dt* + a®(yij + hij)da'da?, (2.54)

where the subscript (t) indicates the tensor modes, and h;; is a transverse-trace-free
tensor-type perturbation corresponding to the gravitational wave (h'; = V;C7; = 0). For

a theory of the form f(¢, R), where we recall that ¢ = fr, the gravitational wave equation
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Figure 2.7: The growth of the tensor perturbation amplitude for various wavenumbers.
The initial perturbed tensor amplitude is h; = 107°. During the bounce, the scale factor
experiences a non-zero minima, therefore we see a maximum in the amplitude around the

bounce and remains finite.

in the presence of a perfect fluid is [151]

. b\ . k242K
h+ <3H + f) h+ +—2h =0, (2.55)
a
where h is the amplitude of the polarization states h;; = h eij(+’x). In the case of

multiple fields, Eq. (2.55) is valid for an arbitrary number of minimally coupled scalar
fields. Equation (2.55) shows that by modifying gravity, the growth of h during the
collapsing phase is reduced since 9 /1 acts as a counter friction term to the Hubble term.

Consequently, the tensor modes will remain small.



CHAPTER 3

SUMMARY OF PART I

In this part, we outlined how an inflation-induced bounce can be realized, detailing the
conditions on the effective potential that allow the scalar field both to trigger a bounce and
to escape its false vacuum. We provided the general bounce conditions and extended them
to f(R,¢) models with effective potentials featuring a false vacuum. This work builds
on [134], which investigated the initial conditions leading to a bounce in a collapsing,
dark-energy-dominated universe. There, the scalar field remains in its false vacuum until
the bounce, after which it escapes and settles in its true vacuum.

We extended this analysis by showing that natural inflation, driven by the Starobinsky
model, can follow the bounce, with the scalar field alone determining the pre-bounce
dynamics. We imposed conditions ensuring that the scalaron (the R? degree of freedom)
remains subdominant before and during the bounce yet tracks the scalar field through it.
Immediately after the bounce, the scalar field decays and the scalaron drives the effective
potential upward, initiating a period of inflation.

Analyzing the cosmological perturbations, we found that the coupled fields remain
stable, with the scalaron enhancing overall stability. Near the bounce, the perturbed

quantities exhibit oscillatory but bounded behavior, indicating no pathological instabili-

51



Summary of Part I 52

ties.

Further analysis of the perturbations can provide interesting insight into our model.
For instance, scalar perturbations allow for the calculation of the primordial power spec-
trum, which describes the distribution of perturbation amplitudes across scales. The
spectral index ng, which determines the tilt of the power spectrum, and the running of
the spectral index a,, how n, changes with scale, help discriminate between competing
models of inflation and test the predictions of slow-roll inflation. It would be interesting
to investigate these features before and during inflation. Another interesting consequence
of investigating the power spectrum of primordial perturbations is that signs of peaks in
the curvature spectrum indicate primordial black hole formation 236, 248|. It would be
interesting to investigate if our model could allude to signs of primordial black hole for-
mation as a consequence of a bounce. A novel model-independent approach to analyzing
primordial black hole formation in the context of nonsingular bouncing cosmology was
recently presented in [223].

Given that during the contracting phase conditions can yield a successful bounce
followed by natural inflation, the next step is to identify the requirements for a late-time
cosmological recollapse and construct a cyclic cosmology. In Part II, we undertook this

task for a non-canonical scalar-tensor theory, the Dirac-Born-Infeld field [52].



PART 11I:

A BOUNCING NON-CANONICAL SCALAR

FIELD

The idea is to see how far one can go without suppos-
ing supernatural intervention.
STEVEN WEINBERG, To Explain the World: The

Discovery of Modern Science.

23



CHAPTER 4

A BOUNCE INDUCED DIRAC-BORN-INFELD FIELD

In Part I, we focused on canonical scalar field models minimally coupled to gravity, with
an R? correction to the curvature, in the context of bouncing cosmologies. In this part,
we consider a non-canonical model used to describe early universe evolution and perform
a detailed dynamical systems analysis to determine whether it supports bouncing cos-
mologies and cyclic behavior. This part is based on the work published in [52], and the
definitions of parameters and variables follow this article.

In the following sections of this chapter, we construct the dynamical framework for
a DBI field in a FLRW spacetime with positive spatial curvature, considering two cases
for the brane tension and scalar potential. This extends the work of Copeland et al.
for the flat universe case [78]. We then narrow our analysis to solutions that describe
bounce cosmologies and investigate whether the inclusion of an extra degree of freedom
that induces recollapse can lead to cyclic behavior in phase space. We conclude this part
in Chapter 5 by summarizing the key results of Chapter 4 and discussing directions for
future research.

The notation for the parameters and variables used in the following chapters is con-

sistent with that of our article [52], and is self-contained within this part of the thesis.

o4
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4.1 The Dirac-Born-Infeld field

The gravitational action that describes a DBI field is given by

g R R I (4.1)

Sown = [ atav=g { 7@

It encodes the function f~'(¢) that describes the tension of the D3-brane, and the scalar
field potential is V(¢). Since a DBI field modifies the kinetic energy, the term ~1(f, (b)

acts as a Lorentzian function. It is defined as v~! = /1 + fX, where the kinetic term is

X = g"d,¢0,, and becomes X = —¢? in the presence of a homogeneous field ¢. Thus,

7l =1/1— f¢2. (4.2)

In addition, V' and f are assumed to be strictly positive, thus, together with Eq. (4.2)

sets the following model bounds:
y>1, and f'>¢% (4.3)

Adopting the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, the equation of

motion for the scalar field ¢ is
. o 1 _ _ _ _
O +3HY 0+ S fof (L =377 +297) +77V, =0, (4.4)

and the field equations produce the Friedmann equation:

72

3H? =
v+ 1

. K
2
PV =3 (4.5)

where H(t) = a(t)/a(t), a(t) = a is the scale-factor, and K encodes the spatial curvature

which is chosen as strictly positive in this chapter. The energy density and pressure of
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the DBI field are given by

272
P¢=:;:f1-+‘c
5 (4.6)
Py="" v
v+ 1

When the kinetic energy approaches the brane tension, {bZ — 71 we see that the field

' 5 0. This is called the witrarelativistic limit, it can be seen

approaches the limit v~
from Eq. (4.4) that the acceleration of the field is governed by the tension of the brane.
This leads to a deceleration in an expanding universe, as studied in |11, 257|, where the
Friedmann equation, Eq. (4.5), is primarily governed by the field’s velocity. Conversely,

in the limit v — 1, Egs. (4.4) and (4.5) reduce to the standard equations of motion for a

canonical scalar field.

4.2 A dynamical construction

In analysing the dynamics, we consider the DBI field non-minimally coupled to a matter

source,

8DBI+m = Sppr + /d4I\/ —q L. (47)

By considering the FLRW metric, the Friedmann equation including a DBI field non-

minimally coupled to matter is

2

SH2 =

. K

2
= +V 4+, —3—. 4.
> 1¢ p 3@ (4.8)

2

The dynamics of the system is characterized by a set of dimensionless dynamical

variables |75, 111, 235]
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Compactifying the phase space in a spacetime with positive spatial curvature [131], we

define

K

D=\H*+—, =7 (4.10)

where D describes the effective Hubble parameter and % is bounded between 0 < 4 < 1.

The variables in Eq. (4.9) encodes the following physical properties.

z is the normalized kinetic energy of the system,

y is the normalized potential energy of the system,

z describes expansion/contraction of the spacetime or when the spacetime is expe-

riencing a bounce, i.e., z = 0, and

Q,, signifies the normalized matter density, with an equation of state denoted by

W,

The dynamical variables lead to a constraint equation,
Qp +Qp, =1, (4.11)

obtained directly from the Friedmann equation, Eq. (4.8), where €, is the energy density

of the scalar field and its equation of state is given by

_ ,—YIQ _y2

Oy =22+ 9%, w )
6 Vi W= e

(4.12)

In formulating the dynamical system, we introduce a new time variable, 7, where the

d

differential operator is defined as % = Dila, denoted by a prime. Equations (4.7) and

(4.8) leads to a set of first-order differential equations that govern the dynamics of the
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system:
5 = =7 {3mz+_( 22 _Ayﬂ (4.13)
\/— ,
— 5\/3'?(1 + ) Ay? + §xz [—(1+3) + (2 +37) (L4 wy) + Qn(1 +wp)],  (4.14)
—%\/36(1 + ) A\zy + g [(2° + 7)) (1 +w) + Qn(1 4+ wp)] v, (4.15)
Y= (1= ) {1 - g(gﬂ + ) (1+w) — ng(1 + wm)} | (4.16)

where the parameters A and p are defined as

Vo o
A=—— = —=. 4.17
TN (4.17)
The rate of change of these parameters,
Joof ——
— ( ?‘% 12/35(1 + 7)a, (4.18)
VsV
N = (1 - % > A2\/35(1 4 7), (4.19)

shows that the dynamical system accommodates a wide range of potentials and brane
tensions. When the potential energy and brane tension follows an exponential model, p
and A become constant parameters, simplifying the dynamical system. To complete the

dynamical system, we include the evolution equation of the matter density

Q= —32(1 + W) U + 3 [(1+w) (2 + y2) + (1 + wn) Q) (4.20)

computed directly from Friedmann constraint.
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4.3 Power law brane tension and scalar potential

In this section, we examine power law forms for both the potential V' (¢) and the brane

tension f(¢),
V(g) =oalol’, (o) =vigl", (4.21)

where we choose V(¢) > 0, f(¢) > 0 and (o,v) > 0 to be strictly positive, and p and r
are free parameters.
For this case, it is worth introducing a re-parametrization of the brane tension and

scalar potential:

Vo fo
where ¢ = —1/(p + r). This reparametrization sets A and M to constants when the

functions V' and f follow a power law, thus simplifying the system of equations we need
to solve. We note that when ¢ = 0, the power law model becomes an exponential model,
which is covered in Sec. 4.4. The quantities A and M share a relation with the normalized

parameters for the scalar potential A and brane tension p via

S [ )

Together with Eq. (4.22), the system of equations (4.13)—(4.16) become

V= 7¢(17—+_712> 72_;\@ (ﬁlziiz)q (Ma? = Ay?) +3/5 + 1z, (4.24)
= ? G+ 1) [<1 _x—j)yj AP+ 22 [ D = 1)+ Q1+ w,)] . (425)
y = —%g A+ 1) {‘(1—23 >y2]qw 2y [P0+ + R+ wn)], (420)

7= (1-2% {1 - ng (y+1)— ;Qm(l + wm)} : (4.27)
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4.3.1 Stability analysis

We note that in the system, Eqs. (4.24), there are terms that could lead to singular fixed
points. In an effort to avoid this', we find the fixed points for Eq. (4.24) and examine

the dynamical system for each fix point case of 7. The fixed points of Eq. (4.24) are

7=0 (4.28)
=1 (4.29)
TVB (A= o s — _

@ ((7“)9@-2) (Ma? = Ay®) +3y/7 + 1z = 0. (4.30)

For each 4 case, the fixed points of the reduced system and its stability is recorded in

Tables 4.1 and 4.2.

Case I: Ultrarelativistic case (7 =0)

Recall ¥ = v~! where v — oo if ¥ = 0. This case corresponds to an ultrarelativistic field.
This implies that this is not a truly physical solution, since the solution asymptotically
approaches v — oco. To ensure that our dynamical system remains physical, we find a
restriction on the parameter q. This condition also places a constraint on the potential

and warp functions. The dynamical system for the ultrarelativistic case is

7 = 392“"—2 (&2 = 1) + Q1+ wa)] (4.31)
3
v = w7 [+ Q1+ wn)] (4.32)
/ 2 3 2 3
7= (1-2% 1—533 —§Qm(1+wm) : (4.33)

In this case, we note that the system is independent of the parameter ¢ and constants A
and M. Therefore, the dynamical system for the ultrarelativistic case is independent of

the specific choice of V' and f.

'Fixed point solutions that result in 0/0 at the background level are also disregarded.
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Our stability analysis confirms that only two sets of fixed points correspond to a bouncing
solution, that is, when z = 0. For the parameter values ¢ < 1/2, the solution has saddle
stability around these fixed points. Panel P5 in Fig. 4.1 shows the stability around these
fixed points for varied values of w,, and €2, when ¢ = 1/2. A cosmological bounce in
a radiation (w,, = 1/3) and pressureless matter-filled (w,, = 0) universe with 2 < 0.5
and €),, < 0.65, respectively, has a saddle stability. However, when §2,, > 0.3, where
ultra-stiff matter dominates, there are no real fixed points. Cosmological solutions during
the contracting epoch, i.e., when z = —1, are stable when 1. = > 0 and y = 0, that is,
the velocity of the scalar field dominates the cosmological dynamics, in a radiation-filled
universe with < 0.7 (Fig. 4.1 P1), and 2. x = 0 and y = 0, i.e., the universe is static
and the scalar field rests in its true vacuum, where §2,, = 1. However, in this latter
case, if it is dominated by radiation and Q < 0.7, its stability is unstable. During the
cosmological expansion, i.e., z = 1, if the stability around the fixed points was stable or
unstable during the contracting epoch, it is now unstable or stable, respectively. This is
illustrated graphically in Fig. 4.1 where we see that the stability is swapped between P1
and P2, and between P3 and P4.

Case II: Standard quintessence (§ =1)

When 4 = 1, we can see Eq. (4.4) reduces to the general Klein-Gordon equation for a
canonical scalar field. Therefore, when performing our numerical analysis, we will draw
comparisons between the canonical and non-canonical scalar field, i.e., 4 # 1. In this
canonical scenario, the dependence of the dynamical system on ~ is removed provided
that ¢ # 0. This case, as in the ultrarelativistic case, also suffers from an ambiguity
where the dynamical system is indeterminate. These cases are handled carefully, and the

regular (non-divergent) solutions are summarized in Table 4.2. With these conditions,
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the dynamical system becomes

, dTZ

v = [2(2® = 1) + Qn (1 4+ wi)] (4.34)
y = gyz [22% + (1 + wn)] (4.35)
7= (1-2%) |1-32" - ng(l +wp) | - (4.36)

Our analyses recovers well known behavior in canonical scalar field cosmological dynamics.

In Table 4.2, we recover the following solutions.

1. A solution corresponding to cosmic expansion (z = 1) and considering an energy
density described by vacuum (w,, = —1), has the corresponding fixed points x = 1
and y = 0. This solution corresponds to the fixed points of a power law inflationary

model [188].

2. In the limit * — 0, where the scalar field’s kinetic energy is subdominant, the

dynamics lead to a quasi-de Sitter expansion.

3. When the dynamics result in a singular collapse due to a rapidly evolving scalar

field, i.e., x — 1, this case is identified as the Big Curnch.

Comparing the dynamical analysis of the ultrarelativistic case with the canonical scalar
field, we notice that at the bounce z = 0 when 0 < ¢ < 1/2 the stability is the same, i.e.,

saddle stability. Figure 4.1 (P6) illustrates the stability around the bounce when ¢ = 3.

Case III: 0 <y <1

In this case, we consider the 7§ case of Eq. (4.30), where 4 can take on constant values

between 0 and 1. Rearranging Eq. (4.30) gives the relation

> = (4.37)

- g [A =Myt Bax/A+1
Valar+ i [EE] - I
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where the dependence on the parameter g, provided ¢ # 0, can be removed resulting in

! § ’7 +1 2 = 2
v =3 [—(Ayz - Mx2)Ay +(F+1)(2? = 1)+ Q,(1 +wm)] rz, (4.38)
, o3[ VAFL s

V=3 { hy? — M%) Mm2)Aa; + (1 + )2 + Qp(1 + wy) | y2. (4.39)

The 2" equation is given by Eq. (4.27) and remains unchanged for this case. The stability
analysis reveals the absence of stable fixed points for this scenario (see Table 4.2).

We perform a fixed-point analysis on the equation (4.27) to comment on the evolu-
tionary behavior of the system. From Eq. (4.27), the cosmological dynamics is driven
towards a contracting spacetime when the kinetic energy dominates, i.e., =% (y+1) >
2 — (1 + wy,). Conversely, when the kinetic energy is 22 (7 +1) < 2 — Qu, (1 + wp,),
the dynamics is driven towards an expanding spacetime. Furthermore, the evolution of 4,
Eq. (4.24), results in contraction (expansion), which is the result of large (small) values

of z? that drive ¥ to its submanifold at 47 = 0 (5 = 1). This suggests that the system

exhibits significant instability within the interval 0 < 7 < 1.

0.4 0.6

Bl stable WM saddle W unstable

Figure 4.1: The fixed point stabilities, referenced in Tables 4.1 and 4.2, for a brane

tension and scalar potential following a power law where g = % In panels P5 and P6,

the purple regions correspond to imaginary fixed points for combinations of €2, and w,,,

and hence are excluded from the analysis.
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o4 T Y z Existence Stability
0] +/2mliwm) 2+ Qo 0 7 <1/2, Qu(l+w,) < 3/2 Saddle

Q,€(0:1), w, €(0:1) Fig. 4.1, P5
0] £/1—Q,(1+wy) 0 1 ¢<1/2, Quwy =0, (1 +wy,) <1 Stable
U €(0:1), wy € (0:1) Fig. 4.1, P1
0] £/1—Q,(1 +wy,) 0 11¢<1/2, Quuwyn =0, Q,(14+w,) <1 Unstable
Q,€(0:1), w, €(0:1) Fig. 4.1, P2
0 0 1=l +wy) | -1]0<1/2, Qpwy =0, Qpn(l+w,) <1 Unstable
0 0 1=l 4+wy) | 1 ]a<1/2, Qpwy =0, Qpn(l+w,) <1 Stable
0 0 0 1 < 1/2 O =1, wp >0 Stable
qg<1/2,Qn =1 w, <0 Unstable
Q,€(0:1), w, €(0:1) Fig. 4.1, P3
0 0 0 1 95 1/2, QO =1, wm >0 Unstable
¢g<1/2,Qn =1 w, <0 Stable
Q,€(0:1), w, €(0:1) Fig. 4.1, P4

Table 4.1: This table lists all the physical fixed points for a power law brane tension and

scalar potential when the ultrarelativistic case (7 = 0) is considered. The corresponding

stability is indicated and the conditions on the free parameters for existence.

4.4 Exponential brane tension and scalar potential

In this section, we consider the case in which both the brane tension and scalar potential

depend on an exponential form of the scalar field,

V(9) =0,

f(¢) = ve™?,

(4.40)
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¥ T Y z Existence Stability
1 /) | [180m ) | ¢>0ER, (1 +w,) < 2/3 Saddle
Q€ (0:1), wy € (0:1) Fig. 4.1, P6
1 + V2l 0 1 g>0, Qu(l—wy) =0, Qu(l+wn) <2| Stable
1 + V2 ) 0 1 [g>0, Qu(l—wy) =0, Qu(l+wn) <2 | Unstable
1 0 1-Q, 1 q>0, w,=-1 Stable
1 0 1-Q,, -1 q>0, w, =-1 Unstable
1 0 0 1 >0, {n =1, wn =1 Stable
q>0, 0, =1, |w,| <1 Saddle
>0, =1, w, =-1 Unstable
1 0 0 1 >0, & =1, wm =1 Stable
>0, =1, |wy,| <1 Saddle
q>0,Q,=1 w,=-1 Unstable
% +v1-Q,, 0 0 1¢>0, w,<0, Q> %, é > Q14+ wy,) Unstable
3-A(1-0m) 0 1-Q,, +1 q= f%, A2(1-Q,) <3 Unstable

3

Table 4.2: This table is a continuation of Table 4.1 when the brane tension and scalar

potential follows a power law for a canonical scalar field (¥ = 1) and when 0 <7 < 1.
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where A, v, o, and p constant parameters. This renders Eqgs. (4.18) and (4.19) to zero
where A — X\ and M — pu. The exponential case is a special case of Sec. 4.3 when the
power law parameters are (p,r) — co. With the appropriate simplifications the dynamical
system is given by Eqs. (4.13)—(4.16), and equivalently by Eqs. (4.24)—(4.27) when ¢ = 0

for the power law case.

4.4.1 Stability analysis

The same approach is used to analyze the dynamical system as in the previous case in

Sec. 4.3. Therefore, we begin by finding the roots of Eq. (4.13), which are

7 =0, (4.41)

vy =1, (4.42)
3 2.2

5= il (4.43)

(px? — \y?)? — 3222

A description of the stability of the system is given for each case of 4 below.

Case I: Ultrarelativistic case (¥ =0)

This case corresponds to the power law case with ¢ = 0 and 4 = 0. Therefore, it is
equivalent to the system given by Eqs. (4.31)—(4.33). Naturally, the same fixed points

and stability are found for this case as in Table 4.1.

Case II: Standard quintessence (5 =1)

As discussed in Sec. 4.3, this case represents a canonical scalar field. This result yields

an scalar potential characterized by an exponential function that is similar to those en-



A bounce induced Dirac-Born-Infeld field 67

countered in dark energy models [76]. The dynamical system for this case is,

2= gxz [2(z* = 1) + Qo (1 + wy)] + \/g)\yQ, (4.44)
y = 3‘3—2 227 + Quu(1 + wp)| — \/%Mry, (4.45)
7 =01-2%|1-32%- ng(l + wm)} , (4.46)

where the fixed points and stability are presented in Table 4.3. To draw similarities

between this case and the power law case, the fixed points display the following:

1. The fixed point y = 0, which encodes the potential, only has a stable fixed point

where cosmic evolution leads to a singular Big Crunch.

2. Assuming y > 0, the Universe generally evolves toward a quasi-de Sitter spacetime.
However, in the absence of a scalar field, i.e., without dark energy or a vanishing

potential, the Universe will eventually undergo collapse. This is consistent with the

findings of Refs. |76, 77, 222].

It should be noted that these scenarios are not physically realistic, given the intrinsic

behavior of exponential decay when V' > 0 (i.e., y # 0).

Case IIL: 7 = =y 22—

Physically realistic fixed points for this case result in z = 0 or x = 0. This results in a

repeated fixed point with ¥ = 0.

4.5 A special case: V « ¢? and f < ¢~*

In this section, we consider a quadratic potential and an inverse quartic brane tension.
This case allows the field to behave like a canonical scalar field with V' oc ¢? (standard
slow-roll inflation) at large ¢, and causes the tension to dominate at small ¢ enforcing

the speed limit Eq. (4.3). We perform a numerical analysis of our dynamical system for
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0% x Y z | Q. | Existence Stability
1 -1 0 -1 0 ngm<1ando§)\§\/ié Stable
ngmgland)\>% Saddle
1 -1 0 1 0 |0<w,<land A>0 Unstable
1 0 0 —1 1 |0<w, <land A € R Saddle
Wy, =1 and A € R Stable
1 0 0 1 1 |0<w, <land e R Saddle
Wy, =1 and A € R Unstable
1 1 0 -1 0 |0<w,<landeR Stable
1 1 0 1 0 [0<w, <land0< A< & Unstable
1 —\/Lg % —\% 0 |0<w,<1and \/g <A< \/é Unstable
0<w,<land0<\<+2 Saddle
0<w, <1land A > \/g Unstable spiral
1 5 sl |0 ogwmgland\/i<Ag\/§ Stable
0<w,<land0<\<+2 Saddle
0<w, <1land A > \/g Unstable spiral

Table 4.3: This table lists all the physical fixed points for an exponential brane tension
and scalar potential. The exponential case corresponds to the power law case when ¢ = 0.
This results in repeated fixed points for the ultrarelativistic (3 = 0). The additional fixed
points for this case is for a canonical scalar field (7), with its corresponding stability and

the parameter region for existence.

the case ¢ = 1/2. Several values of ¢ were explored with an insignificant effect on the

overall dynamics. We construct the 3-dimensional phase space in terms of the variables
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(7, z, z), since the behavior of the potential (y) provides little information and can be
reconstructed from the Friedmann constraint. In Fig. 4.2 the submanifolds ¥ = 1 and
7 = 0 exhibit comparable dynamics. The emergence of stable solutions (x, z) = (0,1) and
(y,2) = (0,—1), as identified in Tables 4.1 and 4.2, is evident in the phase space. We also
see the saddle stability around z = 0, as depicted in Fig. 4.2 for ¥ =1 and 7 = 0.

In the region 0 < 4 < 1, the stability is unstable around z = 0. This is not well
represented in Fig. 4.2 given the choice of parameters, but the behavior at 7 = 1/2, as
in the figure, is the same expanding across values of 4 between 0 and 1. This might give
an impression of cyclic behavior in the phase space, but it is an artifact of the transition
between z < 0 flowing toward 4 — 0 and z > 0 flowing toward ¥ — 1. However,
trajectories in the cross-sectional region 0 < 4 < 1, always lead to the ultrarelativistic
case (7 = 0) or a canonical field (5 = 1). Therefore, the dynamics will always lead to a
quasi-de Sitter Universe, corresponding to the stable solutions in Tables 4.1 and 4.2 for
z— *z.

The initial conditions and its effects that result in a bouncing cosmology are of common
interest, so we study the initial conditions that admit a bounce, and the duration for the
Universe to transition into a collapsing or expanding phase, as illustrated in Fig. 4.3. Each
trajectory, distinguished by a unique color, represents the initial value of the kinetic energy
of the field, x. We see that the evolution of the trajectories is significantly influenced by the
initial value of . This behavior resembles that of many bouncing models, where a Universe
with dominant kinetic energy tends to evolve into expansion, while subdominant kinetic
energy often leads to collapse. This trend is evident in Fig. 4.3, where the initial value
of x varies with 4. Table 4.3 highlights fixed points that possess stability corresponding
to an unstable spiral. These fixed points exhibit cyclic behavior, eventually approaching
either a singular collapse or a quasi-de Sitter phase. A comprehensive numerical analysis
is needed to fully explore these solutions and is not presented in Fig. 4.3.

A particularly interesting result from this analysis is the frequency of trajectories

resulting in a bounce scenario, where the trajectories evolve from a contracting to an
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expanding spacetime for ultrarelativistic field, as compared to a canonical scalar field.

We explore this further in the next section.

0.6

i ﬁ,/{/ff%‘ W{;// [
i @Wmm |

0.2

Figure 4.2: A vector plot illustrating the dynamical behavior for the power law case
when ¢ = 1/2, M = A = 1074, w,, = 1/3, and Q,, = 0.2. This graphically shows the
bouncing solutions (z = 0), and trajectories in the 0 < %4 < 1 region will either evolve
towards the ultrarelativistic (% = 0) submanifold or the submanifold corresponding to a

canonical scalar field (5 = 1)
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— x=0.00
— x=10.25
r = 0.50
r=0.75
— x=1.00

1.0

0.8

" 0.6

T e — '_.- z 02

b —1.00 —0.75—-0.50—0.25 0.00 0.25 0.50 0.75 1.00

Figure 4.3: Trajectories in the phase space showing the effect of different initial values
of x for a brane tension and scalar potential following a power law with ¢ = 1/2, M =
A = 107% and ©Q,, = 0. For an integration time ¢, trajectories towards a contracting
spacetime (z = —1) when = > 0.5 and towards an expanding spacetime (z = 1) when

x < 0.5, for several values of 7.

4.6 Bouncing cosmologies in the presence of a DBI field

Our stability analysis for a general power law, exponential model, and a particular model
of the power law case has led to the conclusion that in the presence of a DBI field no stable
cyclic solutions are present. We found that the field’s unique deceleration mechanism

assists in a larger range of initial conditions that lead to a bounce, compared to the
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standard canonical scalar field (7 = 1).

To further investigate, we numerically integrate the system, using initial conditions
for z; and x;, with y; determined by the Friedmann constraint, as in Fig. 4.3. This reveals
how the initial conditions influence the dynamics leading to a bounce, and the following
relation

po b= A (4.47)

describes the percentage of initial conditions (r) that leads to a bounce in the presence of
a DBI field, where A5, is the area under the curve for a canonical scalar field (¥ = 1) and
A5 is the area under the curve for 0 <4 < 1. Figure 4.5 illustrates this, where the regions
under the curves represent the sets of initial conditions that lead to a bounce (z = 0).

For an exponential brane tension and scalar potential, for which Fig. 4.5 is generated,
there is a 69% increase in initial conditions leading to a bounce for the ultrarelativistic
case (3 = 0), and a 36% increase for ¥ = 1/2 compared to the standard canonical scalar
field. In the power law case with ¢ = 0.5, the increase reaches 77% for the ultrarelativistic
scenario, while for 4 = 1/2, there is a 41% increase relative to the canonical case, both
leading to a bounce.

It is also noted that smaller z; values correspond to slower contraction, allowing spatial
curvature to dominate longer and thereby increasing the range of x; values that lead to
a bounce. Figure 4.5 shows that in the presence of a DBI field, excluding the canonical
scalar field case, the range of initial conditions leading to a bounce increases as the initial

value of 7 increases towards the ultrarelativistic limit, 4 = 0.

4.6.1 Inducing a re-collapse

With the results of the analysis of Fig. 4.5, that a DBI field encourages bouncing behavior
and as concluded in the previous section, that the dynamics result in quasi-de Sitter
expansion (z — +1) post-bounce, we include a negative cosmological constant to cause

the dynamical evolution to re-collapse. This is motivated with the aim of witnessing cyclic



A bounce induced Dirac-Born-Infeld field 73
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Figure 4.4: A vector plot illustrating the dynamical behavior for a power law model
including a negative cosmological constant. The model parameter values are ¢ = 1/2,
M =A=10"% and Q¢ = 0.3.

behavior. The energy density of the cosmological constant is denoted by pc where the

corresponding equation of state is wg = —1. The Friedmann equation is then,
2 12
¢ K
3H? = V —3= —pc. 4.48
v+1 + @2 P ( )

The effective Hubble parameter is redefined to include the cosmological constant, D? =
H? + a% + £, As explained before, this quantity aids in compactifying the K > 0 state

space. Additionally, a new dimensionless variable Q¢ = 5% is defined. The equations
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Figure 4.5: A plot indicating the area of the parameter space for initial values that
result in a scenario where the spacetime experiences a bounce. Each curve encodes the
maximum initial conditions that lead to an expanding spacetime i.e., z > 0 where each
color indicates an initial value for 4 denoted by #4;. The area under each curve then

indicates the parameter space area (z;, z;) that leads to a bouncing universe for each #;.

of motion including a negative cosmological constant is described by Eqs. (4.24)—(4.26),

which remains unchanged, and

2= (1-27% {1 — ;:L’Z(l + w)} - Qg, (4.49)

where in this case ' = D14

- Equivalently, this analysis can be performed by choosing

w,, = —1, removing the dependence of €2, from Eqs. (4.24)—(4.27). The system Egs.
(4.24)—(4.26) and Eq. (4.49) is preferred, since it explicitly shows the dependence on
Qc. The fixed point analysis is performed for the power law case when ¢ = 1/2, and is
tabulated in Table 4.4.

As shown in Fig. 4.4, our analysis leads to two noteworthy results,

1. An increase in the range of ‘x’ values resulting in a collapsing universe, as compared
to the previous scenarios omitting a negative cosmological constant. This is a result

of the downward shift of the saddle point of the submanifolds ¥ = 0 and ¥ = 1,
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y T y z Existence Stability
0 0 +/T-19, — 2Ol 9, (14 wy,) > 2 Stable
0 0 +v1-Q,, —2(QC:?QJ‘;ESISTJ;)F“W) Qn (14 wy,) > % Unstable
0 i\/2(141@)7;252,.7,(1Jr71,v,.7,) \/1+2xzc+3gssz,,,,mm 0 (14 wp) < §(1 —Qe) Saddle
1 0 +/1-0Q, - W Q1+ wy) > 2 Stable
1 0 +/1-Q,, W Q14 wy) > § Unstable
1| &y/2000 0 ltn) | 200480 ) 0 Q1 twn) <201—-Q0) | Saddie

{%‘2"';”&’)’ i\/ ele 29‘522 g(ff +1(U1+" n) \/ % 0 Wy < 0, Q> i Unstable

§ > Q1+ wp)

Table 4.4: A tabulation of the fixed points, the parameter intervals for existence, and its
stability for the power law case with ¢ = 1/2 and the inclusion of a negative cosmological
constant. We choose the dimensionless cosmological constant parameter to lie in the
interval 0 < Q¢ < 1 and exclude conditions that require {2c = 0 since this repeats the
result in Tables 4.1 and 4.2.

relative to its ‘z’ position. This change can also be seen in Table 4.4.

2. In the limiting cases ¥ = 0 and ¥ = 1, the fixed points no longer correspond to
quasi-de Sitter asymptotic solutions during contraction (z = —1) and expansion

(z =1). This can be seen in Fig. 4.4 and Table 4.4.

The saddle point shift, toward lower values of x, in this case minimizes the parameter
space that allows bouncing solutions compared to the power law case in Sec. 4.3.

To identify cyclicity through a dynamical systems analysis, the fixed points of the
system should be of the form: (x, y, z) = (A7, Asi, 0), where A; and A, are expressions
of the cosmological parameter constants, and 7 signifies an imaginary number (i = v/—1).
Fixed points of this kind show closed orbits in the phase-space diagram, indicating evi-
dence of cyclic behavior where the evolutionary orbits will follow expansion after a bounce
(z = 0) and undergo contraction post re-collapse (z = 0) on return. The z = 0 entries
in Table 4.4 show that cyclic orbits would not be possible in a DBI field with a negative

cosmological constant if we apply the condition that the expressions in the square roots
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for x and y should be negative. For example, focusing on the y component for the entries
3, 6 and 7 in Table 4.4, and using the current observational measurements €2,, ~ 0.3
and Q¢ ~ 0.7, we find that w,, < —2.7, w,, < —3.86, and €2,, > 1 respectively. This
suggests that only matter crossing the phantom barrier would exhibit cyclic behavior, and
demands physics beyond the standard model.

We can conclude that the inclusion of a negative cosmological constant, additional features
and advantages emerge, but it does not encourage cyclic behavior in a DBI field.

A realization of cyclicity in this DBI model would involve extensions that support
bounce solutions with attractors. For example, a hybrid DBI-ekpyrotic setup could sup-
port true cyclicity if a steep negative potential were considered. As in the ekpyrotic
scenario, this could act as a contraction attractor, and the DBI brane tension f(¢) could
allow a safe approach to the negative potential since v suppresses gradients. Another
modification to consider is to adopt higher-order curvature corrections to the field equa-
tions. These add new fixed points in the dynamical system which can act as centers
(closed orbits). For instance, R + R? gravity creates oscillatory solutions in the scale
factor a(t), creating stable limit cycles in the (a, H) phase space. Below, in Table 4.5, is

a comparative analysis of our model with other cyclic cosmology frameworks.
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7

Model

Bounce
Mechanism

Cyclic
Attractor?

Why DBI Differs

Our DBI model

Curvature + DBI
speed-limit
suppression.

No (bounce
is a saddle).

No restoring force in phase
space; ¥ — 0 or 1; V >0
eliminates ekpyrotic-type
attractors.

Conformal Cyclic Conformal matching Yes Not a dynamical
Cosmology (CCC) | between aeons, no (geometric scalar-field bounce;
FLRW bounce. identifica- cyclicity emerges from
tion). conformal rescaling, not
from limit cycles in (a, H).
Ekpyrotic / Cyclic | Steep negative Yes. Require V' < 0 and
brane models potential + ultra-stiff w > 1 attractor;
extra-dimensional single-field DBI with V' > 0
brane collision. lacks a contraction
attractor.
Loop Quantum Quantum gravity Yes. Bounce arises from
Cosmology (LQC) | correction: modified gravity; not
H? = £2(1—p/p). reproducible in GR + DBI
without quantum
corrections.
DBI + extra fields | Multi-field dynamics, | Potentially. Extra degrees of freedom

angular momentum in
field space.

produce centers/limit
cycles; single-field DBI
phase space is too simple
to support this.

Table 4.5: Comparison of cyclic mechanisms across cosmological models with a single-

field DBI model.




CHAPTER 5

SUMMARY OF PART II

Extending the analysis of Copeland et al. [78|, we investigated the dynamics of a DBI
field with a positive spatial curvature, where we explored the stability of the additional
fixed points, particularly around z = H/D = 0 where the spacetime experiences a bounce.
We performed a comprehensive dynamical systems analysis for a general power law and
exponential brane tension and scalar potential, respectively. In addition, we focused our
numerical analysis on the special case: V o< ¢? and f o< ¢~%. A summary of our analysis

is as follows:

1. The exponential case is a subset of the power law case where its fixed-point analysis

is repeated.

2. In both the ultrarelativistic case and the canonical scalar field case, the stability

around the fixed point z = 0, corresponding to a bouncing cosmology, is an unstable

saddle.

3. In the region 0 < v < 1, the system is unstable and the dynamics is driven either
towards the ultrarelativistic submanifold or the canonical scalar field submanifold,

as shown in Fig. 4.2. A bounce is still present in this region of 4, but does not
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exhibit any cyclic behavior.

4. As the dynamics evolves from a canonical scalar field toward the ultrarelativistic
limit, the number of initial conditions leading to a bounce increases, as shown in

Fig. 4.5.

5. An additional degree of freedom is realized through a negative cosmological constant
so that a re-collapse is induced and does not facilitate cyclic behavior. This addition
increases the range of points that result in a collapse. However, the initial conditions
leading to a bounce are constrained by the saddle point, and the z-value, which
encodes the velocity of the ¢-field, is less than in the cases omitting a negative

cosmological constant.

In constructing cyclic cosmological models, the unique deceleration mechanism of the DBI
field facilitates the occurrence of a bounce. The parameter space of initial conditions that
lead to a bounce is enlarged when the field approaches the ultrarelativistic limit. However,
generic cyclic behavior cannot be achieved through a negative cosmological constant alone;
an additional exotic degree of freedom is required.

Recent DESI data indicate a preference for dynamical dark energy over a cosmological
constant [5]. The inclusion of a decaying dark energy term could potentially induce rec-
ollapse and lead to a bounce or cyclical behavior in the phase space, as demonstrated by
Ellis et al. in the context of a chaotic inflationary model [113]|. Future research directions
include considering multi-field extensions, analyzing linear cosmological perturbations,
and extending the analysis to the nonlinear regime, for example, by calculating the bis-
pectrum or trispectrum, which could reveal observable signatures that distinguish DBI

cosmologies from canonical inflation.



PART 111I:

RELATIVISTIC STARS IN FOURTH-ORDER

GRAVITY

Science has material and non-material appliances to
bore into the interior, and I have chosen to devote this
address to what may be described as analytical boring
devices —absit omen!.

A. S. EDDINGTON, The Internal Constitution of the

Stars.
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CHAPTER 6

INTRODUCTION

The mathematical formulation underpinning the study of relativistic stars, particularly
neutron stars, was significantly advanced by Oppenheimer and Volkoft’s investigation of
the stability of neutron cores [219]. Building on the static, spherically symmetric solu-
tions to Einstein’s field equations developed by Tolman [267], Oppenheimer and Volkoff
provided a physical interpretation of stellar interiors by modeling matter as a degen-
erate Fermi gas governed by an appropriate equation of state. Their work led to the
development of an algorithm for determining interior solutions to spherically symmetric
configurations of stellar matter within the framework of general relativity.

This formulation, now known as the Tolman—Oppenheimer—Volkoff (TOV) approach,
has become foundational in the study of relativistic stellar structures, both in GR and in
extended theories of gravity. These alternative theories often introduce additional degrees
of freedom beyond those present in GR, and compact objects like neutron stars, due to
their extreme densities and strong gravitational fields, serve as ideal astrophysical labora-
tories for testing and constraining such modifications. As such, the study of neutron stars
provides a critical pathway toward identifying a gravitational theory capable of consis-

tently describing both the universe on cosmological scales and the compact astrophysical
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phenomena it contains.

The framework used to study and analyze relativistic stellar solutions in gravity has
predominantly been performed using the (1+3) decomposition. The following chapters
will present new stellar solutions in the context of f(R) theories using the (1+1+2) co-
variant formalism. The pedagogical motivation for using the (1+1+2) formalism in the
study of relativistic stars is that the underlying spacetime geometry possesses a natural
preferred spatial direction: the radial direction. Both static and dynamical stellar models
exhibit a spherical or locally rotationally symmetric (LRS) structure, in which all angu-
lar directions are equivalent and the only physically distinct spatial direction is the one
pointing outward from the centee. This feature makes the (14+1+42) covariant formalism
especially well suited for stellar physics.

The (1+1+2) approach is a refinement of the standard (1+3) decomposition used through-
out general relativity. In the (1+43) split, spacetime is divided into temporal evolution
along a chosen four-velocity field and spatial quantities orthogonal to it. The (1+1+2)
formalism proceeds one step further, decomposing the three-dimensional spatial sector

into:
1. one preferred spatial direction (the radial unit vector), and
2. two-dimensional sheets orthogonal to both the time direction and this radial vector.

This “time + radial 4+ angular” split mirrors the natural geometry of a relativistic star. As
a result, the field equations, kinematical quantities, and curvature variables separate into
scalars, vectors, and tensors defined on the two-sheets, with many components vanishing
identically in spherically symmetric or LRS spacetimes.

The formalism offers several pedagogical and practical benefits for the study of relativistic

stars:

e Symmetry is incorporated from the start. The decomposition builds spherical

symmetry directly into the variables. Unlike coordinate-based methods, no special
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coordinate choices are needed to enforce symmetry, eliminating coordinate artifacts,

and making the physical content of each variable transparent.

e Significant reduction in complexity. In spherically symmetric spacetimes, many
vector and tensor components on the two-sheets vanish automatically. The remain-
ing degrees of freedom reduce to a small, closed set of scalar equations. This simpli-
fies the Einstein field equations and aids in the analysis of static stars or dynamical

collapse.

e Clear physical interpretation of variables. Geometric and dynamical quanti-
ties, such as expansion, shear, acceleration, and the Weyl curvature take on simple
and intuitive forms in the (1+1+2) split. This helps connect the mathematics di-

rectly to the physics of stellar structure, stability, anisotropy, or collapse.

e Coordinate-free description of stellar interiors. Because the formalism is
fully covariant, results are independent of coordinates. This is advantageous when
comparing stellar models or matching interior solutions to exterior spacetimes, where

coordinate systems may differ.

e Natural framework for perturbations of stars. When studying oscillations,
quasi-normal modes, or gauge-invariant perturbations of spherically symmetric space-
times, the angular structure built into the (1+1+2) framework allows scalar, vector,
and tensor perturbations to decouple cleanly. This greatly simplifies mode analysis

and stability studies.

For these reasons, the 14+1+2 formalism is not only computationally efficient but also
pedagogically valuable: it reveals the geometric and physical structure of stellar configu-
rations in gravity in a particularly transparent way.

This part comprises six chapters. Chapter 7 presents the mathematical formulation
of the Tolman-Oppenheimer—Volkoff (TOV) equations within the standard framework

of GR. Chapter 8 introduces the (1+1+42) covariant formalism used to describe Locally
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Rotationally Symmetric (LRS) class II spacetimes. In Chapter 9, compact objects are
modeled as two-fluid systems, and the dimensionless form of the TOV equations is derived
in the context of f(R) gravity theories. Chapter 10 outlines the boundary and energy
conditions necessary to obtain solutions that are physically relevant. Chapter 11 demon-
strates the implementation of the developed scheme, yielding new solutions to the TOV
equations within this modified gravity setting [53]|. Finally, Chapter 12 summarizes the
key results.

The notation for the parameters and variables used in the following chapters is con-

sistent with that of our article [53], and is self-contained within this part of the thesis.



CHAPTER 7

| TOLMAN-OPPENHEIMER-VOLKOFF EQUATIONS

Oppenheimer and Volkoff developed the algorithm for finding solutions to static spheri-
cally symmetric spheres given an equation of state in order to link Tolman’s more classi-
cal approach to a physically relevant case and its implications in studying stellar objects
[219, 267].

A review of Tolman’s methodology for finding new static solutions to spheres of fluid is
presented in this chapter, since our mathematical scheme for finding two-fluid solutions
to relativistic stars in Chs. 9 and 11 are analogous to the Tolman approach.

Following the Misner-Thorne-Wheeler metric convention, a static spherically symmetric

distribution of matter is described by the line element!
ds* = —e"Mat* + M dr? + r2d0* + r? sin’ 0d¢?. (7.1)
Deriving the field equations for Eq. (7.1), which takes the form

1
T,uzz = R;w - éRguV + Aguu; (72>

In Tolman’s seminal paper he uses the (+ — ——) metric convention [267].
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and considering the energy momentum tensor is of the form of a perfect fluid

T = (p + p)u'u” + g"p, (7.3)

where p is the energy density and p is the isotropic pressure, the remaining components

of the energy momentum tensor (EMT) yields

/
[V 1 1
_ )= 4A 74
p=e (T+T2> ST (7.4)
" 1., 12 / /
[V v V=X
= - = — A
p=c (2 1 o )+’ (7.5)

This connects the properties of the fluid in terms of its energy density and pressure via
the gravitational potentials in Eq. (7.1). To ensure solubility in the search for explicit
analytical solutions, the system Eqs. (7.4)—(7.6) is re-expressed in a form that ascertains
the conditions on A and v. This can be immediately seen by equating Eq. (7.4) and Eq.
(7.5) and then rewriting it in a form that is nearly integrable. By doing so, the equivalent

system to Eqgs. (7.4)—(7.6) is

a7 1 1
p= /\<7+r—2)—ﬁ+/\, (78)
N 1 1
=

As a simple example to illustrate a specific solution, we will consider the static Ein-
stein universe which is described by a matter distribution with uniform energy density
and pressure. First, Tolman assumed the following form for the gravitational potential:
e’ = constant.

One can immediately see that the last two terms of Eq. (7.7) drop out making it straight-
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forward to integrate. This results in the solution

P2\
et = <1 — —> , e =cp, (7.10)

p=——N p=——=+A, (7.11)

where the cosmological constant is constrained by the interval 3/R2 > A > 1/R2% and R,
is an integration constant. To illustrate the reproducibility of previously known results,
Tolman calculated the energy and pressure distributions for the Schwarschild-de Sitter
solution and the interior Schwarzschild solution. Since the interior Schwarzschild solution
and Tolman’s solutions are used as an example in the implementation of our new scheme
to find analytical solutions to the TOV equations in the context of f(R) theories of gravity,

we provide details of the solutions as follows:

Interior Schwarzschild

The assumed form for the gravitational potential in Eq. (7.1) is

e =1-—=. (712)

N r2\ ! r2\ 2

—(1- — v — |A-B(1-— 7.13

¢ ( R%) - ( R%;) ’ (7.13)
3

— 2 A 7.14

p=qz M (7.14)
| (3B(1-5) -4

P= 1 > — | +A, (7.15)
\as()

where A and B are integration constants. This solution describes a static spherically sym-
metric distribution of matter that has a uniform constant energy density and a pressure

that decreases with increasing radius.
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Tolman’s seminal paper also contains his new solutions which is now more commonly
referred as the Tolman IV, Tolman V, Tolamn VI, Tolman VII and Tolman VIII in the
literature. In this thesis we will focus specifically on the Tolman IV solution where Tolman
assumes e”v//2r = constant in Eq. (7.7). The solutions to the gravitational potentials,

the energy density and pressure are as follows.

Tolman IV
An assumed form for the last term in Eq. (7.7), to ease integrability, is

v,

eV

= constant. (7.16)
,

Following the same procedure as before, Tolman finds the first of his new solutions:

14222
et = A , (7.17)
(1 - ﬁ) (1+ )
R2 A2
2 r’
¢’ =B (1 - E) : (7.18)
| 143543 9 1-14
p=5 SR + SIREEYY (7.19)
1425 (1+2%)
A2 r?
fo R 4 p, (7.20)

PT B Taam

where, again, A and B are integration constants. For suitable values of A and Ry this
solution describes a static sphere of fluid with a compressible matter distribution and a
pressure that drops to zero at the boundary of the sphere. In the more limiting cases
of the parameter values, if RZ2 > A? the energy density and pressure would fall from

their central values to their boundary values where the energy density remains positive

2 _ Op _

throughout. If we define the sound speed to be ¢* = o = % / %, then the squared sound
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Figure 7.1: Various solutions to the energy density and pressure, Eqs. (7.19) and (7.20)
when A = 0, using the parameter values corresponding to Table 7.1, for the Tolman IV
metric description. We notice that for smaller values of R and A?, the energy density and

pressure are larger at the core than at increased parameter values. The energy density

remains positive throughout, in fact, p — % for r — oc.
0
speed for the Tolman IV solution is
, A4 272
= ——.
5A2 + 212

So the sound speed throughout this fluid sphere obeys the causal limit 0 < ¢ < 1,
behaving like standard matter, and as r — oo the square-speed-of-sound approaches
¢ — 1. This means that as the fluid sphere expands in size, standard matter becomes

more compressed.

R% | 2.81617 | 4.47183 | 0.405665 | 3.44953 | 2.12928

A% 1 2.71617 | 4.37183 | 0.305665 | 3.34953 | 2.02928

Table 7.1: Parameter values for the Tolman IV solution obeying the R3 > A? condition.

The corresponding figure for which these parameter values are used for is Fig. 7.1.
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Summarizing:

Tolman presented a new methodology for finding exact static, spherically symmetric
perfect-fluid solutions to Einstein’s field equations. He found five new exact solutions,
and his method also reproduced the well-known Einstein universe, Schwarzschild-de Sit-
ter, and Interior Schwarzschild solutions. Following the same method as described above,
the solutions found by Tolman and the other well-known solutions are summarized, in

Table (7.2), by the assumptions made on the terms in Eq. (7.7).

o d L d (e d
Eq. (7‘7)' dr r2 + dr ( 2r ) +-dr

Spacetime Assumption

Tolman V e’ = constant - 2"

Table 7.2: List of the solutions presented in Tolman’s seminal paper in 1939 [267]| and

the assumptions to the integrability condition to determine the new and recover other

well known static, spherically symmetric metric solutions.

Inspired by his interests in the stability of neutron cores and its possible implemen-
tation for military purposes with the newly discovered neutron fission process in 1938,

Oppenheimer together with Volkoff (O-V) found a way to transform the general relativis-
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tic description of a fluid sphere to a description of a stellar structure by using a realistic
equation of state and its physical implications [219].
(O-V) started with the same metric and fluid source assumptions as Tolman and wrote
down what would become known as the TOV equations, which is (with A = 0) Eq. (7.4),
Eq. (7.6), and

dp _ p+p

=, (7.21)

together with the equation of state of the interior fluid p = p(p) closes the system. This
reformulation of Tolman’s approach gives a new physical interpretation to single fluid
spheres, that is, by using the equation of state it determines the mechanical equilibrium
of the matter distribution inside the sphere. In Tolman’s seminal paper, he addressed
the use of an equation of state and its natural introduction to Eqgs. (7.4)—(7.6) from a
physical point of view. However, because of the non-linear form of Eqgs. (7.4)-(7.6) an
analytical solution would not be guaranteed. Instead, for mathematical convenience, and
to avoid not finding a physically interesting or physically possible solution, the equation
of state can be introduced after the fact as a relation connecting A or v or both with r.
In the next chapter, we discuss LRS II spacetimes in the (1+1+2) covariant formal-
ism. This is the foundational aspect of our new scheme for finding exact solutions to a
dimensionless form of the TOV equations in the context of f(R) theories of gravity using

the covariant approach.



CHAPTER 8

LRS IT SPACETIMES

The study of locally rotationally symmetric (LRS) spacetimes has often been employed
to investigate problems involving highly symmetric configurations. A key advantage of
LRS spacetimes is that, under the (1+3) spacetime decomposition, the dynamical equa-
tions reduce to a set of differential relations involving only scalar quantities [272]. This
simplification makes LRS spacetimes a powerful and attractive framework for modeling
complex astrophysical scenarios [39, 128, 264], as it facilitates both analytical and numer-
ical treatments.

In the classification of cosmological symmetries [110, 272], LRS has a one-dimensional
isotropy group and a multiply-transitive isomotry group. It possesses the following sym-

metries:

1. The kinematical quantities are rotationally symmetric about a preferred spatial

direction.
2. Observations at every general point are rotationally symmetric about that point.
3. In the case of a perfect fluid and dust, all the metrics are known.

The fundamental quantities describing a spacetime are constructed upon the intro-
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duction of a vector field which represents the observers’ congruence, its threading and
projection of all vectors and tensors orthogonal to the vector fluid. The (1+3) formalism
is a time-like threading of a vector field u®, with the property u®u, = —1. Upon the

introduction of this vector field, a projection tensor is introduced and defined as

he’ = ga° + u®up. (8.1)

The use of this projection tensor one may split any four-vector and second-rank tensor
into scalar, three-vector, and projected, symmetric, trace-free (PSTF) three-tensor parts.
The (1+1+42) decomposition follows the same procedure as the (1+3) threading, intro-

ducing another vector field, e®, orthogonal to u®, where

e, =1, ue, =0. (8.2)

Then performing another split of the (1+3) quantities using the projection tensor

N = he? — eqe® = g0 + uu’ — eqe’, N, =2, (8.3)

we can project vectors and tensors orthogonal to e® and u?, i.e., €*Ngy = 0 = u®Ny. In
this way, we can project onto the 2-surfaces referred to as the sheet, and we obtain a

three-vector and a PSTF three-tensor as

P =Vet, U =qle,, V=N, (8.4)
1
2/)atb = 1/}<ab) =V (eaeb - §Nab) . (85)

As illustrated above, the (141+2) threading picks a preferred spatial direction and
projects all the quantities describing the spacetime onto 2-surfaces. Therefore, the (1+1+-2)

covariant formalism is uniquely adapted for LRS spacetimes.
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Since in this part, we are considering astrophysical objects that possess spherical
symmetry, we limit our study to a subclass of LRS spacetimes: LRS class II. This class
is rotation-free and is described by the following set of scalar quantities in the (1+41+2)

covariant formalism:
LRS class II: {A,0,¢,%,E, u,p,Q,I1}. (8.6)

This is the advantage of using the (141+2) formalism in this subclass of spacetimes: the
quantities describing this spacetime is symmetric about a preferred spatial direction, and
this renders all the background quantities to scalars, and the vector and tensor quantities
of this background to vanish. In our case of spherical symmetry, the preferred spatial
direction in this formalism is the areal radius.

For us to describe the propagation of the quantities, Eq. (8.6), we need to define the
derivatives in this formalism. The derivative D, is defined in the space of stationary

observers

Dcwa...b = hcdhae---hbfvdwe...f- (87)

With this, we define the derivative along the vector 2-surfaces (orthogonal to u®), the

projected derivative onto the 2-surfaces respectfully:

@a”bc..d = efowa“bC..d , (88)

61 s™ = Nyt NN NANF Dyjapy g (8.9)

The covariant derivative is

1
D,ey, = eqap + §¢Nab, (810)
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where

a, = e‘D.e, = &, acceleration of the sheet, (8.11)

O = 046" sheet expansion along e”. (8.12)
The other derivative is the change of e* along u?,
eq = Aug, + g, g =ng, A= eu,. (8.13)

where the scalar quantity that forms part of the description of an LRS spacetime in the
(141+2) formalism, A, is interpreted as the acceleration of the preferred spatial direction
and more specifically in our case the acceleration of the areal radius.

The quantities a,, ¢ and «, are the fundamental objects of the spacetime in this formalism
where their dynamics provides information about the spacetime geometry. The rest of

the (1+1+2) scalar quantities are defined as

1
© =Dy, L=o% (eaeb — §Nab) . & = Cumpau‘ulete, (8.14)

Taweub, T = =T,u(2e%" — N,

N | —

Tab (eaeb + Nab) ) Q =

(8.15)

where they, respectfully, represent the expansion of the spacetime, shear, electric Weyl
scalar, energy density, isotropic pressure, heat flux, and the ansisotropic stress/ pressure.

The propagation and constraint equations for an LRS class II spacetime are
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Propagation equations

. 1, (1 9 2 1
_ = o+ (Zo—n) -y —Zm— 8.16
¢ 59 +<3@+ )(3@ ) L £, (8.16)
o gé) = —gng - Q, (8.17)
. 1. 1~ 3 1 1 1
—_ —_ = —— —_ - - - . '1
£~ S+l 2¢(<‘3+2H)+(22 3@)@ (8.18)

Evolution equations

¢=— (2 - 2@> ( - %é) (8.19)

. 2. 1 1

A R 3 1 2 1 2

Propagation /Evolution Equations

0= -0 (utp) —(6+24)Q - ;zn, (8.22)
Q+p+1l=— (§¢+A)H—(Z—l@+2)Q—(u+p)A, (8.23)
A-—0=—(A+¢) A+ @2+322 ;(u—l—?)p). (8.24)

8.1 Including extra fluids

The Einstein field equations are nonlinear due to the structure of the Einstein tensor G,

which includes terms that depend nonlinearly on the metric and its derivatives. However,
linear superposition applies to the energy-momentum tensor 7),,, which means that con-

tributions from different matter or energy sources simply add together. The nonlinearity

of gravity arises not from 7},,, but from the way spacetime curvature, represented by G,
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responds to these sources. If a fluid only interacts gravitationally, e.g., cold-dark matter
and baryons, they have to be independently conserved. However, as we will see in the
following chapters when considering higher-order curvature corrections to GR, the curva-
ture fluid does not have to be independently conserved, as long as the total effective fluid
is conserved. In our study, we limit ourselves to a non-interacting two-fluid configuration
to maintain simplicity, and these are also sufficient to describe realistic approximations of
the global structure of neutron stars, as concluded in [171]. However, strong interactions
which occur in neutron stars usually require modeling multifluid components as a single
entity with an equation of state that accounts for all the microphysics, and our recon-
struction technique to finding relativistic star solutions in the context of f(R) gravity is
motivated by this. In the following chapters, we focus on the static, rotation-free LRS-II
subclass to model non-rotating relativistic stars. The multifluid source and propagation

equations for a static LRS II spacetime is

1
T;I;)t — Mtotuaub + (ptot + HtOt)eaeb + (ptot _ 5Htot) Nab + QQtOte(aub), (825)

where in the case of staticity, Q** = 0, the propagation equations are

f Lo 2 ot 1tor
N _ =  tot —H ot 2
¢=—5¢" — g% — 3 €, (8.26)
s 1 oior | Lo 3 | J—
— ot o “qqtot — _Z Z11%e 2
E S/ —|—2 2¢ 5+2 , (8.27)
1 1
0=—Ap+3 (ot +3p*ot) — €+ 5Htot : (8.28)
. 3
ﬁtot 4 Htot — _ (égb 4 A) Htot . (,utot +ptot) A 7 (829)
. 1
A=—(A+0) At 5 (1" +3p™) (8.30)
and the Gaussian curvature is expressed as
1 1 1
K = —p*°t — & — ZTI%* + —¢2. 8.31
S S+ 0 (8.31)
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The total energy density is denoted by p*°t, the total isotropic pressure by pt°t, the total

tot
a

, and the total PSTF anisotropic stress by 7t9¢. The superscript “tot”

energy flux by ¢
signifies that, in the presence of multiple fluid sources, each quantity represents the sum
over all individual fluids. For example, for two fluids, 1%t = 1y + po, p*°t = p; + ps, and
[1tet = II; + Il,.

Now that we have all the fundamental quantities describing our spacetime in the
(141+2) covariant formalism, along with the propagation of the fluid sources and their
kinematical quantities, we can write down the TOV equations governing the interior of

a static, spherically symmetric spacetime containing a two-fluid source in the (1+41+2)

covariant framework. This will be addressed in the next chapter.



CHAPTER 9

| TOV EQUATIONS IN THE (1+4+1+42) THREADING

In this chapter, we construct a new dimensionless form of the TOV equations for a gen-
eralized f(R) theory of gravity in the (1+1+2) covariant framework. This is the first
representation of the TOV equations in this form for a generalized f(R) theory of gravity
[53]. Given that anisotropy naturally arises in f(R) gravity, we maintain this generality
for our fluid sources. This choice is also motivated by the relative ease of finding solutions
with more general matter forms, as will be demonstrated in the forthcoming chapters.
Previous research has highlighted the significant role of anisotropies in f(R) gravity. For
instance, in the context of f(R) models of gravity, De Felice and Tsujikawa [85] studied
anisotropy in charged or rotating black holes, while Nashed and Capozziello showed that
anisotropic compact stars in these theories can model observationally consistent astro-
physical objects in particular pulsars [208].

The physical origin of anisotropy in stellar configurations in gravity has been attributed
to strong electromagnetic fields, exotic phase transitions and pion condensation [146] (and
references therein), and the mixture of two gases (e.g., monatomic hydrogen, or ionized

hydrogen and electrons) [176].
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9.1 TOV equations in fourth-order gravity

A key advantage of f(R) gravity theories is that their field equations can be reformulated
to resemble those of General Relativity (GR) with an effective two-fluid source: one fluid
representing non-minimally coupled matter and the other an effective curvature fluid [18—
20, 59].

More generally, fourth-order gravity theories extend the Einstein-Hilbert action, Eq. (1.3),
by including additional curvature invariants such as R, R., R, and RapqR™. A sim-
ple yet general form of such theories in highly symmetric four-dimensional spacetimes is

defined by the action [35, 278§]

A= %/d”‘x\/—_g[f(R) L oL (9.1)

where the Lagrangian £,, describes the matter field.
The general modified field equations are obtained by varying Eq. (9.1) with respect

to the metric gq:
1
f/Rab - §fgab - vaaf/ + gabvcvcf/ = TaTZ> (92)

where f = f(R), and T} denotes the stress-energy tensor of the matter content. The

above equation can be recast as

Gab = T;f = T;Z + thza (93)
where
11
Ty = 7|zt Rf"Ygap + VoVaf = gV VeS|, (9.4)
and

T =T1m/f. (9.5)

ab — *a
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Rearranging Eq. (9.2) to resemble Eq. (9.3), the higher-order corrections to Einstein’s
equations can be interpreted as an effective fluid. This reformulation allows the use of
GR-based methods (e.g., [205, 206]) to derive analytical descriptions of the interior of a
relativistic compact object containing a two-fluid source.

The trace of the field equations, Eq. (9.3), is given by

R:i(:sp —um )+§—3fmvaz~zv R—3%L- V2R+3@Rf”
I’ I’ I’ I I’
f// f/// (v f/) (96)
+3f,R+3f, 3uT

and plays a crucial role in formulating the modified Tolman—Oppenheimer—Volkoff (TOV)
equations, since it encapsulate the dynamics of the extra scalar degree of freedom that is
intrinsic to f(R) description of gravity.

The divergence of the Einstein tensor in Eq. (9.3) vanishes as a consequence of the
twice contracted Bianchi identities. As a result, the divergence of the energy-momentum
tensor must also vanish, implying that TS is conserved. This leads to a key implication: if
baryonic matter is conserved, then the total fluid is conserved as well. However, this does
not necessarily mean that each individual fluid component is conserved independently’,

ie.,

fl f/2 a

We also emphasize that both TH and T7 in Eq. (9.3) represent effective fluids. As

T’n’b
A ( ) = —V'TH = ——T”gva (9.7)

such, they may exhibit properties that would be nonphysical for a baryonic matter fluid.
Analyzing the solutions presented in the following sections, we ensure that 77} satisfies a
set of conditions that guarantee the physical viability of the source fluid.

Consequently, our scheme parallels the two-fluid equations in the (1+1-+2) framework,

IThe field equations can be written in following form where the individual fluids are conserved: G, =
T+ f T+ (1= f)Gap.
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discussed in Ch. 8, and is derived by merely setting

Tt =Ta (9:8)

in Egs. (8.26-8.30), or, equivalently, by choosing

off, a wr
ptot = Tgtu’ = it pt, (9.9)
1 m
ptot = gT;lff (eaeb + 2N“b) = % + pt. (9.10)
(o] 2 e a Ha
[Tt = 3Ta,ff( — N*) = f,b + 112 (9.11)
1 m
Q" = — ST ute’ = ?ﬂ, +Q", (9.12)
where the thermodynamical properties of the curvature fluid are defined as
1
plt = f’ ( (Rf' =)+ f'X +f"X¢+f"’X2) (9.13)
pR f/ ( (f Rf ) f//X Sf//X¢ f///XQ Af//X) ’ (9.14>
1 /2,5 2 1
HR:— “ //X < ///Xz__ //X 1
= (B Smxe - o)), (9.19)
1 ) ) .
Q =~ (J"RX + J(X — AR)) (9.16)

the hat-derivative of the Ricci scalar as B = X, and in the case of staticity QF = 0.
Applying the covariant description and the previously defined variables, Eq. (9.6) takes

the form Rf = 3p°f — peff
Rff —2f =3p™ — ™ = 3f"X = 3f'X¢+ -3f"X* = 3Af"'X . (9.17)
For our purposes, a more useful form of the trace equation is
ot 1 1f L, 2 f M

SF s apttap s gt o XerA .
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When f(R) = R, the propagation equations, fluid quantities, and the field equations
reduce to those of GR.

We have now established the mathematical framework to obtain a covariant descrip-
tion of the fundamental equations governing the interior of a compact relativistic object
within f(R) theories of gravity. The mathematical formulation is analogous to the Tol-
man—Oppenheimer—Volkoff (TOV) equations presented in [219, 267]. To facilitate both
the analysis of their mathematical structure and the development of solution methods,
they are expressed in terms of normalized variables.

We begin by defining a dimensionless radial coordinate, introducing the parameter p
such that

~

X =¢X, (9.19)

To support the physical interpretation of our results, we relate the parameter p to the

area radius r,

p=2In (Tio) , (9.20)

where 7 is an integration constant and it is set to 7o = 1. In the following analysis, we
perform calculations using p, but present the results in terms of r to facilitate comparison
with what exists in the current literature.

The normalized variables are now introduced:

— O, A X K €
== y=Z =X K=—, FE=—, 9.21
0 o 6 = » O
- /'lm - ﬁm ~m_l‘[m
R R Ik
MR_/;—Q, PR:%, PR:?. (9.23)

Employing Egs. (8.26)—(8.30), the modified (1+1+2) TOV equations for a two-fluid source
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in the context of f(R) theories of gravity are given by
_ Pm Mm f/ R 2 f f///
O O O O o — 3 — O
Pt Pt =y (M 4 Pret) — et (2: LY+ 5) _9EPY,(9.25)
—_ L s m R 3 pm R
}{p:—Y(:+Y+1)+§(M +M>+§<P +P), (9.26)
K,=-K(1+2=), (9.27)
with the following constraints
14+4Y — 4K — 4(P™ + PRy — 4(P™ 4 PF) = 0, (9.28)
1422 — 2 + 2(M™ + MF®) + 2(P™ 4 P®) 4 2(P™ + P?) = 0, (9.29)
2(M™ + MPF) — 6Y — 6F + 6(P™ + P?) + 3(P™ + Pf) = 0. (9.30)
A general metric satisfying the TOV equations takes the form of [205]
ds® = —ki(p)dt® + kqo(p)dp* + ks(p)d??, (9.31)
where
ks(p) = Koe”, (9.32)
d? = db?* + sin® 0d¢?, (9.33)

and K is a constant. The (1+1+2) kinematical quantities in our spacetime configuration
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corresponding to the static LRS-II class are

1 ki,

¢=\/—k—2, Yzz—k;l, E:—k—;, (9.34)
. %’?\;k_Q _ % (9.35)

The metric coefficients of (9.31), in terms of the area radius, r, are
Blo) =B, hlp) = (), () = Kot (9.5

To obtain realistic solutions to the TOV equations, we must define and impose the physical
and boundary conditions appropriate for our two-fluid compact stellar model. This will

be addressed in the next chapter.



CHAPTER 1 ()

| THE BOUNDARY AND ENERGY CONDITIONS

Not all solutions to the TOV equations correspond to physically realistic relativistic stars,
as discussed by Delgaty and Lake in [89]. To describe stellar objects within a gravitational
framework, it is necessary to define the thermodynamic properties throughout the stellar
interior, as well as the conditions imposed at the surface, referred to as the junction
conditions. Tolman, Oppenheimer, and Volkoff outlined the essential criteria for modeling
a physical stellar structure and provided a general classification of the distinct regions a
star should possess. In this chapter, we first summarize the general features of these
regions, followed by a discussion of the energy and boundary conditions required in an

f(R) theory of gravity, extended to the (14+1+2) covariant formalism.

10.0.1 Vacuum exterior (r > r;):

When the areal radius r is greater than the radius of the boundary of the matter dis-
tribution 7y, there is no spherically symmetric distribution of matter, i.e., p = p = 0.

This is described by the most general spherically symmetric solution in empty space, the

106
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Schwarzschild-de Sitter solution, which has the following metric potentials:
A A
e M =14= and " =B (1 + —> . (10.1)
r r

The constants A and B are integration constants fixed by the weak field limit (B = 1 and
A = —2m), and m is the total Newtonian mass of the matter distribution as measured

by a distant observer.

10.0.2 Stellar interior (r < ry):

In the case r < ry, the fluid pressure has to be p > 0 and the energy density p > 0. (O-V)
provides another condition that the solution depends on the equation of state of the fluid
connecting p and p in terms of the areal radius r since there exist equations of state with

a sharp boundary at a finite value of ry.

10.0.3 Boundary (r = r}):

The boundary is defined where the pressure vanishes, p = 0, at the finite radius r = r}
and the energy density is still finite. This will describe a sphere that contains a quantified
pressure and energy density with a definite boundary r,. In addition, an assumption is
made about the coordinate system of the matching surfaces. For mathematical simplic-
ity, it is assumed that the spacetimes describing the interior and the exterior separately
share the same coordinate system. This choice does not impose a physical restriction
but instead facilitates a transparent implementation of the junction conditions, since no
non-trivial coordinate transformation is required at the matching surface. It also has
a motivation rooted in the physical meaning of a solution, that is, at » = r, for both
solutions that describe the exterior and interior of a sphere, the physical measurements
lead to the same results. Identifying the coordinate systems across the boundary ensures
that observers located on the surface r = r, agree on invariant quantities such as proper

time, circumferential radius, and radial distance. Thus, the boundary is not merely a
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mathematical construction but a physical interface where both geometries describe the
same measurable reality, and the continuity of the induced metric is implemented in the
most direct and physically transparent way.

As mentioned, most TOV solutions do not correspond to any meaningful matter spacetime
configuration. The article [89] lists the criteria for a static spherically symmetric interior
solution of a single fluid in GR to be physically acceptable. A list of physically acceptable
solutions in GR is tabulated in 10.1 and 10.2. The interior Schwarzschild solution is not

listed since its constant energy density results in a sound speed that is undefined.

2
2 2\ 5.2 27y 2, 2702
Tolman IV B (1+ A2> dt* + (1_%)(1+%>dr + r2dS)
WYTT;HQHZL (Art=n — Bpitn)® gi24 *[A(2 = n) — B(2+ n)r*]") “Hdr? + r2d0?
_ on?-2 _ 052—n?
and n # /2 here b =27=7, ¢ = 2057
2 T
Buchl A1+ 4 BVE= T (54 200)] a2 4 20 g2 4202
2—Cr
T~ 1
a'/"z T2
Heint Ila —A2(14ar?)de? + (1 — sar? ”Cﬁ“)> dr? + r2dQ?

<A2 (1 + aR2> + Bl sinh 3 {1 + Ba2ee (1 — V104t cothﬁ)J) dt?
+B? (1 + 2aﬁ) <A2 (1 + aﬁ) +
—1
[1 + Bt2ar? (1 — VT0a—t—s coth 5)}) dr? + 12402
where 3 = v/5 arcsinh
3
—fdt? 44 (1= bg ) dr® + 72402, where [ = (g, + gn),
_ aR? 3 br? 3 b2t 16376
gp—Tz< TS8R T 1Rt T2 6>’
3/2 . .
_ b2 3 cos 3 3 /3_Rsing 2 cos B i sin 8
gn = C( Rz) |:4 (1 b’ )3/2 2\/;70(1(7},%22) br2\/1 br + (l;;.;)g/z )
and g = Qﬁarcsin\/%.

F.g —D? ((B — AV1+ C’I”Q) cosvV1+COr? + (A + BV1+ Cr2) sinv1 + Cr2)2 dt?+
(14 Cr?) dr? + r2dQ?

Whitman II

Whitman IV

Table 10.1: Spherically symmetric static single fluid solutions in General Relativity that
obeys all the physical criteria set by [89].

In the following section, we present the conditions on the thermodynamical quantities

of a stellar object comprising baryonic matter. When modeling our system in the context
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of f(R) theories, by considering it as a two-fluid configuration, we note that the conditions
on the baryonic matter fluid would not apply to the curvature fluid, since it is constructed
as an effective fluid. Therefore, the thermodynamical quantities of the effective fluid can
violate the energy conditions without compromising its interpretation of the solutions.
Given the inherently anisotropic nature of f(R) models, we analyze these stellar con-
figurations as anisotropic compact objects. To facilitate the physical interpretation of
our solutions, we introduce two additional thermodynamic quantities: the radial and

orthogonal pressures, expressed as

1
pr=p+I, p =p—;IL (10.2)

Equation (10.2) allow us to establish the two essential sets of conditions required for mod-
eling a physically consistent relativistic compact object, namely the energy and boundary

conditions.

10.1 The energy conditions

To establish the physical validity of a solution to the TOV equations, we first impose
constraints on the thermodynamic quantities. Specifically, for a physically relevant de-
scription of a relativistic stellar object, the thermodynamical quantities must remain
positive at all points within the stellar interior. These conditions ensure that the solution

adheres to fundamental physical requirements. Explicitly, they are
p™ >0, pr>0, pT=>0. (10.3)
Consequently, these conditions guarantee that weak energy condition is always obeyed,

w" +pt > 0. (10.4)
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In general relativity, relativistic stellar models typically require that the gradients of
thermodynamic quantities be negative throughout the interior. However, this condition
does not necessarily hold in the cases we will explore. Nevertheless, a critical constraint
remains: the sound speed within the matter sources must adhere to causal limits, ensuring

that the propagation of sound waves do not exceed the speed of light, i.e.,
0<c,=-2<1, 0<c,, =-><1. (10.5)

In the following section, we examine the boundary conditions which are pivotal in defining

the star’s structure and its transition to the external spacetime.

10.2 Junction Conditions

In relativistic astrophysics, it is customary to assume that compact stellar objects pos-
sess a "hard" boundary, meaning that matter is confined within a well-defined volume
surrounded by a vacuum. A convenient way to model this configuration is to smoothly
join the interior spacetime, describing the matter distribution, with an exterior vacuum
spacetime. To achieve this matching in a general and covariant manner, we rely on a set
of conditions developed by Israel [156], which provide the necessary framework for con-
necting two distinct spacetimes. These conditions are essential for ensuring the physical
consistency of the star’s boundary and its transition to the external vacuum.

In our context, we assume that the boundary’s normal n, is parallel to the vector field

e,. The Israel conditions are then:

Nar]t =0, (10.6)

[Kab]t - fYab[K]ir = _Saba <1O7>

where the induced metric on the separation surface is given by 7., = Ny + u.up, the

extrinsic curvature is denoted by K, S, signifies the energy-momentum tensor of a
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structure within the boundary surface S described by a shell. The quantities defined
on the boundary surface S are referred to as the jump of x, for example. Therefore, we
introduce the notation [x]* = x* —x~, which will denote a jump. For algebraic simplicity,

another parenthetical quantity is defined

{x} = %(X+ +Xx7)- (10.8)

These geometric conditions can be translated to conditions on the thermodynamical po-

tentials of baryonic matter. In fact, Einstein’s field equations become
Sap{ K} + [Tpe®e’]™ =0, (10.9)

by imposing the Israel junction conditions. This implies that on the boundary surface,

the jump of the radial pressure has to obey the following condition:
b/t =0. (10.10)

When considering f(R) theories of gravity an additional degree of freedom arises from the
higher-order curvature terms. Therefore, to account for the additional scalar degree of
freedom obtained, the Israel junction conditions must be generalized. Junction conditions
in f(R) theories of gravity were first explored in [90] and further expanded in [251, 252].
For a general review of junction conditions in theories with extra scalar degrees of freedom,

see [243]. The general junction conditions for f(R) models of gravity, in four dimensions,



The boundary and energy conditions 112

are
[T =0, (10.11)
(K] =0, (10.12)
[R]" =0, (10.13)
F(R)K)L =-S5, (10.14)
3f"(R)[e"V, Rt =S, (10.15)
where
1
K;b = Kab - g’yabKa (1016)
1
S;b = Oab — g’yabs. (1017)

Our framework adopts an effective fluid interpretation of the field equations, therefore,
following the approach usually performed in GR, it is worth translating the above into
conditions on the thermodynamical quantities. Since the description of the interior of our
stellar structure is equivalent to the two-fluid case in GR, the Israel junction conditions

on the field equations are

Sap{ K} + [T e’)T = 0. (10.18)
In the absence of a shell within the boundary surface S, i.e., S, = 0, this leads to
[Teferel) ™ = [pefi]* = 0. (10.19)

a —

From the definition of p°, we have

{p_?% +p5I _ {th LR =0, (10.20)



The boundary and energy conditions 113

By virtue of Eq. (10.13), [f]T, [f]T, and higher derivatives of f with respect to R vanish,
assuming f contains no terms other than the cosmological constant. Consequently, we

can expand the expression of the jump of pf* as

pR* = [pf+ 17"

o [ e o

and using Eqs. (10.11-10.15), we find the condition [pf]* = 0. To ensure a smooth
junction, we require that

pr]t ="+ 1)L =o0. (10.22)

We find that this is consistent with the results in [251, 252]. However, unlike in general
relativity (GR), this is not the sole constraint on the matter fluid. Since the trace of the

field equations can be expressed as
R = 3p™* — p*™", (10.23)

the jump of R, Eq. (10.13), implies that

_ + _ 3pm—,um_f_”A]+
0= [R]* o f/ f/ B
- L[] 020

must hold at the boundary. As a result, a constraint on the energy density and isotropic
pressure at the boundary is imposed via this relation.

The junction conditions analyzed so far imply that a mismatch is allowed across the
extrinsic curvature or in the derivative of the Ricci scalar, provided the boundary S
supports the matter distribution described by the tensor S,,. When this mismatch occurs,

it implies that a shell is present within the boundary surface. Given the extrinsic curvature
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of § is

Kap = 7“1V cq (10.25)

= (N, + uauc)(Nbd + ubud)vced,

and the jump of the extrinsic curvature in the presence of spherical symmetry is
1 +
(K| = [§¢Nab - Uaub-A:| : (10.26)
Equations (10.14) and (10.15) gives the stress-energy tensor on the boundary as

Sab - (Nab + uaub)f”[X]i_ - f/[Kab}——i_

= o (P4 PN 4 N (10 - D) o

When Eq. (10.27) is non-zero, a shell is present with an energy density and orthogonal

pressure given by

1S = Sypuub, (10.28)

1
Pl = 3 N (10.29)

In the case of staticity along with spherical symmetry, the radial pressure at the boundary
surface S is zero, i.e., p° = Sye?e® = 0. To ensure that the shell represents a physical
structure, the usual criterion is pu° > 0 and pS > 0. However, given that the weak
energy condition is obeyed, the orthogonal pressure is allowed to have negative values,
i.e., p3 < 0. In this case, a negative orthogonal pressure describes a tension on the shell.

As discussed by Senovilla in [251, 252], shells in theories of f(R) gravity can possess
what is called a double layer. In theories with f”(R) = 0, such structures arise when
Eq. (10.13) is not satisfied. On the boundary surface, the energy-momentum tensor

becomes more complex, with several normal components emerging that depend on [R]T.
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In our case, the total energy-momentum tensor, taking the double layer into account, is

Sab + Cap = Sab + Sab + Sals + S€u€p + g_abv (1030>
where
Sab = f” {Kab} [R]i_ P (1031)
o = f" (N + u’ua) Vi [R]T, (10.32)
s=f"{K}Y[R]". (10.33)

The term &, represents the energy-momentum tensor of the double layer, and its physical

interpretation is analogous to a dipole distribution,
v = "V, [[R] yae”0”] = " Ay, (10.34)

where §* is a scalar distribution (Dirac delta) with support on the hypersurface ¥ (see Fig.
10.1 and [252]), Agp describes the distribution of the double layer, and f” is a constant
in Starobinsky gravity. We also note that the terms ¢, and ¢ in Eq. (10.35) require the
presence of ¢, however, the converse is not necessarily true.

Performing a decomposition of the stress-energy tensor of the shell S,;, along u®, e

and Ny, gives

Sap = /jsuaub + ﬁfeaeb + ﬁjg_Nab + QQSu(aeb) + Qfaeb), (1035)

where the thermodynamical description of the shell in terms of the geometrical quantities
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Figure 10.1: We define conditions on the matching hypersurface ¥ to ensure a smooth
matching between the spacetimes V=~ and VT.We assume that the regions V* share the
same coordinate system and choose the unit normal n® to the hypersurface ¥, to point
from V= to V.

is given by
s = flA + fIX]T - f{AYR]T, (10.36)
P = f'{K}R]", (10.37)
P =~ /01 + FIXIE + f{GHRLE, (10.33)
Q% = " (u"V4[R]F) ua, (10.39)
Q5 = f"6.[R]*. (10.40)

In the static case, the scalar and vector heat flux, Eqgs. (10.39) and (10.40) are zero. The

decomposition of the energy-momentum tensor of the double layer ¢, is given by
Sab = f (Auuaub + §ANNab) s (1041)

where A, = Agutub and Ay = Ay N,
A summary of the energy requirements and boundary conditions is provided in Tables

10.3 and 10.4, respectively.
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Durg V —A(14Cr2)’dt? + (

Table 10.2: Spherically symmetric single fluid solutions in GR obeying the physical cri-
teria set in [89]. These solutions have a sound speed (c?) that is monotonically decreasing

as the radius increases.
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Energy Condition Mathematical form Meaning
Positivity pw™ >0, pt >0, pT >0, Physical energy density
Eq. (10.3). and pressures inside the

star must be non-negative.

Weak energy condition pm 4 pt >0, Eq. (10.4). Ensures physically

(WEC) meaningful matter; implied
when the above positivity
conditions hold.

Causality 0< cfn’T <1, 0< cfm , <1, | Ensures propagation of
Eq. (10.5). perturbations does not
exceed the speed of light.

Shell (S # 0) pus >0, p5 >0, pf =0, The radial pressure on the
Egs. (10.28) and (10.29). shell only vanishes in static
spherically symmetric
spacetimes.

When WEC obeyed P

=&
IA
o

Represents a tension on the
shell.

Table 10.3: A summary of the required energy conditions of the stellar interior and on
the shell.
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Boundary
Condition

Mathematical form

Meaning

Continuity of
induced metric.

[Yas)= = 0, Eq. (10.6).

Geometry of the boundary surface
must be the same from both sides.
This condition is the same in GR

and f(R).

Extrinsic
curvature jump
gives shell-stress
energy.

[Kab]i_ - %b[K]t = _Saby
Eq. (10.7).

GR: [Kau)T # 0 allows a surface
layer of matter. No shell: S,, = 0.

Traceless part of
extrinsic
curvature jump.

—

(R)[Ko)t = —5;

o B
10.14).

—~

Shell stress tensor is modified by
f'(R). No shell: S¥, =

Trace of
extrinsic
curvature
continuous.

[K] =0, Bq. (10.12).

Extra requirement from
higher-order field equations.

Ricei scalar
continuous.

[R] =0, Eq. (10.13).

Eliminates certain singular layers
unless double layer structures are
present.

Derivative of R
jump condition.

3f"(R)[e"VLR]* = S, Eq.

(10.15).

Scalar degree of freedom introduces
new shell terms. No shell: S = 0.

Effective radial
pressure
continuity.

[P+ =0, Eq. (10.19).

No discontinuity in the radial
pressure unless shells exists.
Generalization of the GR pressure
condition.

Radial pressure
continuity.

Ensures a smooth junction in f(R)
theories.

Constraint from

Additional matter constraint at the

— f/
trace equation. Eq. (10.24) boundary due to R continuity.
Ricci scalar does | [R]T # 0 Double layer appears, but only
not match when f”(R) = 0. This structure is
across the unique to f(R) gravity. GR has no
boundary. distributional dipole layers.

Table 10.4: A summary of the boundary conditions.
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ANALYTICAL DESCRIPTIONS OF INTERIOR

STELLAR STRUCTURES IN QUADRATIC GRAVITY

In this chapter, the new solutions we obtained in [53] are presented. The framework for
finding new exact solutions to the modified TOV equations is outlined, and to illustrate
its implementation we consider a quadratic model of gravity for two cases of the single
fluid metric anzats: 1) an interior Schwarzschild-Tolman IV (IS-TIV) metric, and 2) a
generic spherically symmetric metric that recovers the Newtonian limit but with a quartic

radial correction.

11.1 The model and fluid description

Among the various possible forms of the function f(R), a natural extension of GR is in-
cluding a quadratic correction in the Ricci scalar to the Einstein-Hilbert action. Minimally

coupled to matter, the gravitational action is given by

1

Sr = §/d4a¢\/—g [R+aR®+2L,,) . (11.1)

120
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When the constant parameter « is positive, this is known as the Starobinsky model [262].
Originally, it was introduced as an effective action capturing quantum corrections to
the matter content of spacetime. In a cosmological context, Starobinsky demonstrated
that his model can produce an inflationary phase without requiring an additional scalar
field [262]. Furthermore, in Part I, we showed that Starobinsky inflation can follow a
cosmological bounce.

A key feature of this model, relevant to our study, is that the Schwarzschild solu-
tion is the only static, spherically symmetric, asymptotically flat solution with a regular
horizon [198]. As such, it serves as an ideal description of the exterior spacetime of a com-
pact object and has been widely investigated within the context of spherically symmetric
spacetimes in modified gravity theories [22, 27, 120, 127, 285|.

In the next section, the reconstruction method will require a specific form for the
function f. A quadratic form is chosen based on three main motivations: (i) its established
significance within cosmology and quantum field theory in a curved spacetime setting, (ii)
the simplicity of its mathematical structure, which, as will be demonstrated, aids in
obtaining exact solutions, and (iii) that the Starobinsky model represents the simplest

extended theory of gravity that enables the study of double layers.

11.2 Reconstruction algorithm

In this section, building on the results presented in [205, 206] and employing the modified
TOV equations, Eqgs. (9.25-9.30), we develop a reconstruction method that enables the
generation of new exact solutions to interior compact stellar objects.

Once the function f is specified, the next step in the reconstruction algorithm is to
choose a base metric. A natural choice is to choose the metric coefficients from two known
static spherically symmetric single-fluid solutions in general relativity and combine them
to construct a new static spherically symmetric metric. One benefit of this approach is

that it increases the likelihood of obtaining physically meaningful results. In particular,
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the mismatch between the two metrics naturally introduces an anisotropic contribution,
also a general feature of f(R) theories of gravity. Nonetheless, this is not always the most
suitable approach to adopt. Therefore, we will also consider an entirely general form for
the starting metric.

Assuming a specific form for the metric tensor determines the quantities Y and IC,
as they are directly related to the metric components via Eqs. (9.34)—(9.35). With these
quantities, the Ricci scalar can be computed explicitly. This, in turn, allows us to express
the thermodynamical quantities of the effective curvature fluid directly in terms of the
metric coefficients.

Considering Eqgs. (9.26), (9.27), (9.28) and (9.29), we can find new solutions to the

baryonic matter fluid from quantities that are constructed from the metric alone:

@2 (K (4K —4Y, —2Y (2Y + 1) — 1) + 2(Y + 1)K,)

= 11.2
~ —2K , —4K? + K + 4KM
Y 4; e MR (11.3)
~ 2K, +4K? — K+ 12K Py — 8KY, + AYK,, — 8KY? — 4KY
J—— e 7 , (11.4)
~ 6PRK — K, +4K? — K +4KY, — 2YK, + 4KY? — 4KY
P = : 7 ’ , (11.5)
6K
where
R _ 1 f
MF = 2 T (R,,+R,+ZR,) — 2B (11.6)
R 2 3 1 f
R _ =
=9 3 (R,pp +R,+ER,+ §YR,p) o (11.7)
2f// 1 _
]PR = 5? <R,pp - §R7p + :R’p) . (118)

Equations (11.3-11.5) satisfy the constraints given by Eqs. (9.28-9.30) and, as a result,
naturally fulfill the TOV equations. Although Eqs. (11.3-11.5) represent an infinite
family of solutions, not all of them correspond to physically meaningful configurations.

In particular, to model physically consistent stellar objects in f(R) theories of gravity, it



Analytical descriptions of interior stellar structures in quadratic gravity 123

is crucial that the junction and energy conditions outlined in Chapter 10 are satisfied.

11.3 Reconstruction of quadratic gravity models using
the Interior Schwarzschild-Tolamn IV metric

We consider a combination of two of the simplest interior solutions for relativistic stars:
the interior Schwarzschild and Tolman IV metrics. Specifically, we take the metric compo-
nent k; to correspond to that of the Interior Schwarzschild solution, while the component
ko is chosen to match the Tolman IV solution, both expressed in terms of the area radius

R2(A? + 2r?)
(R?— )22 £ %)

ki(r) = aoler + 2)%,  ka(r) = (11.9)

where 2z = \/m and ag, ¢1, i1, A and R are constants. It is important to note that,
in the original solution, y; is a constant associated with the uniform density of the source.
In our context, however, it is treated merely as an additional parameter.

The kinematical quantities defined in Eq. (9.21)-(9.23), in terms of the metric coeffi-

cients for this spacetime configuration and the parameter p, are

i€’

Yi« = 11.10

15 2/116’0 — 261\/3 — ,u1€p - 67 ( )
—R*(A? + 2¢”)

by = 8 ¥ o) - R7)

(11.11)

€
= . 11.12
¢ o (11.12)

As previously noted, the main difficulty in obtaining physically viable solutions lies in
satisfying stringent boundary and thermodynamical conditions. In particular, we must
ensure the existence of parameter sets that meet the criteria outlined in Chapter 10.
Additionally, the interior solution is matched to an exterior Schwarzschild geometry.

With the ansatz given by Eqs. (11.10-11.11), the Ricci scalar R, as expressed in
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Eq. (11.2), turns out to be independent of the Starobinsky parameter . We were only
able to find solutions consistent with physical constraints for the specific choice a =
0.001. As shown in Part I, this value also preserves the stability of the model, allowing
Starobinsky inflation to follow a cosmological bounce. In natural units, this corresponds
to a ~ 10? cm?, which is consistent with the bounds reported in [23].

With the chosen parameters in Figs. 11.1-11.5, our solution exhibits a shell featuring a
double layer. This arises because the radial pressure and the Ricci scalar, R, of the matter
do not vanish at the stellar boundary simultaneously. Using the results of Chapter 10,
we can determine the physical characteristics of the matter that makes up this shell. The
total fluid thermodynamics on the boundary surface S, accounting for both the shell and

the double layer strength, are given by

i° = 2a[X]|T + (1 +2aR)[A]" — 2a{A}[R]", (11.13)
75 =20 ({6} + (A} [R]". (11.14)
P = 20(X]% — S(1+ 2aR)[6]" + {0} R]*. (11.15)

Using the parameter values in Figs. 11.1-11.5 the energy density along the surface S is
i® > 0. This satisfies the weak energy condition and indicates that the shell is made of
non-exotic material. However, the orthogonal pressure along the surface S, is negative,
i.e., p3 < 0, while p¢ > 0. The negative orthogonal pressure means that the surface pulls
inwards onto itself, like a taut membrane, a signature of surface tension, while the positive
radial pressure prevents the shell from collapsing radially inwards. As, ji® + pS > 0, the
weak energy condition holds, and we deduce that the shell signifies a tension on the
boundary surface. The complete expressions for the jump quantities in Eqs. (11.13)-
(11.15), the Ricci scalar, and the total thermodynamical quantities is in Appendix A.1.
To further clarify the physical picture of the shell and its accompanying double-layer
structure, it is useful to draw an analogy with electrostatics and familiar real-world sce-

narios. The shell behaves as a membrane with finite, nonzero surface density and pressure,
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similar to a soap bubble whose thin surface layer possesses its own energy density and ten-
sion, distinct from the interior and exterior media. The double layer structure plays the
role of a gravitational analog to an electrostatic dipole layer: just as a surface charge pro-
duces a discontinuity in the electric potential and a dipole layer produces a discontinuity
in the electric field (the derivative of the potential), the gravitational double layer induces
a discontinuity in the Ricci scalar, which depends on derivatives of the metric across
the boundary. This double layer introduces the shell with an intrinsic dipole moment,
giving it an internal structure. Consequently, the shell is not merely a membrane with
tension; rather, the double layer actively maintains the orthogonal tension by resisting
deformations that would modify the surface curvature.

Altogether, the physical interpretation of our solution is that the star’s outer bound-
ary forms a stable, tension-supported membrane arising from the interplay between the

interior f(R) geometry and the exterior Schwarzschild vacuum.

Identifying a particular solution that meets the conditions outlined in Ch. 10 is in-
sufficient to support the proposed solution. It is also essential to demonstrate that there
exists a broader region in the parameter space where the conditions in Ch. 10 are met. To
this end, we employ computational techniques, specifically, a parameter space analysis.
The sampling method of the model parameters, u, A, R, and ¢; used in Fig. 11.5 are
described in Appendix B.

Given that the most stringent physical constraint is the causality condition on the
matter fluid, we performed a conditional check to test this requirement across the param-
eter combinations. Parameter sets that satisfy this condition were recorded and plotted,
allowing us to identify clusters within the parameter space. These clusters help narrow
the parameter ranges and increase the likelihood of identifying solutions that fulfill the
conditions outlined in Eq. (10.3). Solutions satisfying the physical criteria from Ch. 10
are shown in Figs. 11.1-11.3.

As previously emphasized, the curvature fluid is an effective construct and therefore
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is not subject to the same physical constraints as baryonic matter. Nevertheless, we
can assess its impact on the thermodynamics of the baryonic fluid. Notably, the energy
density, as well as the radial and orthogonal pressures of the curvature fluid (see Fig. 11.4),
are significantly smaller than those of the baryonic matter fluid (see Fig. 11.2).

While this behavior could be attributed to the chosen value of the Starobinsky pa-
rameter, a = 0.001, it is not solely dependent on it. In fact, in the next section, we
explore cases with even smaller values of a that still yield comparable thermodynam-
ical contributions from both the curvature and baryonic matter fluids. This outcome
is a manifestation of the theory’s inherent nonlinearity: even minor deviations from the
Einstein-Hilbert action can lead to solutions that differ significantly from those in General
Relativity.

Figure 11.5 demonstrates the likelihood of identifying parameter sets that satisfy the
causal condition for the radial baryonic matter fluid alone, by slightly perturbing the
parameters from those of a physically consistent solution. In Figures 11.6, 11.7, 11.8, and
11.9, we show the fluid properties of both the matter and the effective curvature fluids
for different values of a.

We observe that the parameter « influences the slope of the energy density (Fig. 11.6)
and the pressures, especially those of the baryonic matter fluid, near the core (r = 0) of the

stellar object (Fig. 11.7). Specifically, as a increases, the squared radial and orthogonal

2

sound speeds, ¢;, . and cir, tend to become negative close to the center. Interestingly,
regardless of the value of «, the energy density of matter converges to the same value near
the boundary of the star.

By comparing the orthogonal and radial pressures, we find that, for these parameter
values, the solution describes a "quasi-isotropic object," similar to those identified in [57]
for a single-fluid scenario. Such objects arise when the radial and orthogonal pressures
behave similarly, although anisotropies still affect other physical parameters. This can

be seen for the radial and orthogonal sound speeds, where they show relatively distinct

behaviors. In particular, the orthogonal sound speed reaches a minimum near the star’s
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center, corresponding to a peak in anisotropy.

The effective fluid arising from curvature invariants has an energy density and pres-
sure significantly lower than those of baryonic matter, indicating that the solution pri-
marily represents a baryonic matter object with a structure different from its GR coun-
terpart. Furthermore, the curvature fluid shows positive energy density and pressure (see
Fig. 11.4). As « increases, the pressure of the curvature fluid increases alongside the en-
ergy density of the baryonic matter, while the pressures of the baryonic matter fluid tend
to decrease overall (see Figs. 11.6 and 11.7). Interestingly, near the center of the star, the
matter sound speeds change drastically, becoming rapidly negative (see Fig. 11.8).

In the next section, we carry out the reconstruction beginning with a fully general

metric defined by polynomial and rational functions.

Figure 11.1: Solution for Starobinsky gravity where v = 0.001, applied to the interior
Schwarzschild-Tolman IV (IS-TIV) metric as discussed in Sec. 11.3. The parameter values
used in this solution are: p; = —1.25, R = 7.3, ¢; = 0.3, and A = 1.5. The radial

coordinate r is shown in normalized units, defined by r/r¢ with rq = 1.
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Figure 11.2: Baryonic matter fluid profiles corresponding to the (IS-TIV) metric dis-
cussed in Sec. 11.3. The energy density, radial pressure, and orthogonal pressure satisfy
the energy conditions outlined in Sec. 10.1. The parameter values used are: o = 0.001,
= —1.25 R =73, ¢, =0.3, and A = 1.5. The radial coordinate r is normalized such
that r/ro with ro = 1.

0 2 4 6 8 10 12 14
r

Figure 11.3: The sounds speeds for the orthogonal and radial components of the baryonic
fluid and the total fluid source, for the (IS-TIV) metric discussed in Sec. 11.3. All causal
conditions specified in Sec. 10.1 are satisfied. The parameter values are: a = 0.001,
= —125 R =73, ¢, =0.3, and A = 1.5. The radial coordinate r is normalized such
that r/ro with o = 1.
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Figure 11.4: Curvature fluid solutions for the (IS-TIV) metric discussed in Sec. 11.3.
The parameter values are: a = 0.001, y; = —1.25, R =7.3, ¢; = 0.3, and A = 1.5. The

radial coordinate r is normalized, i.e., r/rq where 1o = 1.

11.4 Reconstruction of quadratic gravity models using
a generic interior metric

In this section, we apply the reconstruction method using a general metric ansatz. We
consider the component k; of the metric such that the first two terms recover the New-
tonian limit that generates a gravitational potential that matches the one of an interior
describing a classical spherical matter distribution with a uniform density. This is the
same anzats of the Tolman IV solution. Therefore, we extend the potential by including
a quartic term in r. The component ks of the metric is chosen to be a rational function,
maintaining a high level of generality. This choice provides a flexible set of parameters
while helping to limit the increased complexity of the TOV equations. The line element

is of the form Eq. (9.31) with the following metric coefficients

B 1 + @3’["2
N 1+ @47”2 + @57”4‘

ki(r) =14+ D + Dor',  ka(r) (11.16)
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(a) Parameter space plot of the squared radial sound speed for the baryonic fluid.
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(b) The general envelope for C%w solutions where the parameter values satisfy the causal condi-

tion as shown in Fig. 11.5a. Here, r is the normalized radius, i.e., r/ro with ro = 1.

Figure 11.5: A parameter perturbation from the values used in Fig. 11.1 (the central
point) is illustrated in Figure 11.5a. The faint points represent 500 randomly generated
parameter sets, each shifted radially by 0.05 and confined to a sphere of radius 1. The
darker points, which make up 21% of the total, satisfy the causal condition 0 < cﬁw <1
This analysis applies to the (IS-TIV) metric discussed in Sec. 11.3. Figure 11.5b displays
the overall envelope of the radial sound speed C%n,r for the parameter sets that meet the

causal condition shown in Fig. 11.5a.
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Figure 11.6: Baryonic matter fluid energy density profiles are shown for various values
of a, using the same parameter set as in Fig. 11.1, for the (IS-TTV) metric discussed in

Sec. 11.3. The radial coordinate r is normalized by rq, with rq = 1.

The general total fluid quantities, in terms of the metric coefficients, are

or _ TR+ Rar)2 — hal?)

12l (1)2 ’ (11.17)
wo K1) Ky (r)ks(r) ky(r)? ko (r) ki (r)
DL = o M ka(r) — ki (PEa(r)2 dky(r)2ka(r)  2rka(r)? 20Ky (r)ka(r) (11.19)

The complete expressions for the total fluid quantities in terms of the parameters are
given in the Appendix A.2, including a link to the GitHub repository which contains the
Mathematica notebooks with the complete expressions for the fluid sources.

To obtain physically viable solutions, we impose the junction conditions by requiring
that

~

R(ry) = R(ry) = p)**(rp) = 0,

where 7, denotes the boundary of the star. This approach enables the elimination and
constraint of certain parameter dependencies.

Applying these junction conditions to ensure a smooth matching reduces the number



Analytical descriptions of interior stellar structures in quadratic gravity 132

0.4+
(— =0 GR)]
0 — a=0.001
a=0.01
i — a=0.03
EQ oo/ — — a=0.04
— a=0.05
-0.2}
—0.40 i ) 3 4 5 6

(a) Radial pressure of the baryonic matter fluid for different values of a using the (IS-TIV)

metric in Sec. 11.3.
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(b) The orthogonal pressure of the baryonic matter fluid for different values of « using the
(IS-TIV) metric in Sec. 11.3.

Figure 11.7: Baryonic matter fluid solutions for different values of «, using the same
parameter set as in Fig. 11.1. These solutions correspond to the (IS-TTV) metric described

in Sec. 11.3. The radius r is normalized by ry, where rq = 1.

of independent parameters to just three: ©, ©5, and . We adopt the same strategy used
to solve the TOV equations as described in Sec. 11.3. The complete expressions for the
thermodynamic variables in terms of the metric components are provided in Appendix A.2.

Figures 11.10 and 11.11 illustrate the radial profiles of baryonic matter for specific
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(a) The radial sound speed of the baryonic matter fluid for different values of « using the
(IS-TIV) metric in Sec. 11.3.
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(b) The orthogonal sound speed of the baryonic matter fluid for different values of « using the
(IS-TIV) metric in Sec. 11.3.

Figure 11.8: The sound speeds of the orthogonal and radial components for the baryonic
fluid are shown for various values of «, using the same parameter set as in Fig. 11.1.
These results correspond to the (IS-TIV) metric discussed in Sec. 11.3. The radius r is

normalized by 7y, where ry = 1.
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parameter values. This yields a solution that meets the physical requirements outlined in
Sec. 10.1 and allows for a smooth matching to the exterior, consistent with a quadratic
f(R) model featuring a positive a value, o = 0.0001 (corresponding to o ~ 10% cm?; in
agreement with the constraints reported in [23]).

The behavior of baryonic matter closely resembles typical solutions to the TOV equa-
tions: the energy density, pressures, and sound speed profiles decrease monotonically with
radius. However, in comparison to the previous solution, Fig. 11.11 reveals a stellar struc-
ture with a more compact core, characterized by a central sound speed ¢, .(r = 0) ~ 0.8.

Examining the relative magnitudes of the baryonic and effective curvature fluid quan-
tities provides interesting insights. In this case (see Fig. 11.12), the effective curvature
contributions are smaller yet still comparable to the matter quantities, unlike the case
discussed in Sec. 11.3, where the curvature fluid quantities are significantly subdominant.
This highlights an important insight: even a small fourth-order modification to the grav-
itational action can lead to non-negligible deviations from GR in the resulting physical
observables.

Figure 11.13 shows that a small deviation from the particular solution in Fig. 11.10
results in only about 1% of the sampled sets satisfying the causal condition, cfm > 0.
Among those, as seen in Fig. 11.14, the baryonic matter sound speeds often exhibit
oscillatory behavior. These oscillations may signal potential instabilities in the solution,
where confirming this would require a dedicated perturbative analysis. Additionally, the
orthogonal sound speed is not always well-behaved: Fig. 11.11 shows parameter sets for

which this quantity exceeds the causal limit, violating physical constraints.



Analytical descriptions of interior stellar structures in quadratic gravity 135

0.0
—-0.2¢
-04

<
=%

— =0 (GR)
— a=0.001
— =001
— a=0.03
— a=0.04

180

— a=0.05

(a) Energy density of the curvature fluid for different values of «.

0.6
0.5} — =0 (GR)
04! — a=0.001
— a=0.01
. ~ 03!} — a=0.03
A — a=0.04
0.2} — =005
0.1}
0.0
0.0 0.5 1.0 1.5 20 2.5 3.0
r

(b) Radial pressure of the curvature fluid for different values of .
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(c) The orthogonal pressure of the curvature fluid for different values of a.

Figure 11.9: Curvature fluid solutions are shown for different values of a, using the
same parameter set as in Fig. 11.1. These correspond to the (IS-TIV) metric described

in Sec. 11.3. The radius r is normalized by 7y, where rq = 1.
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Figure 11.10: Baryonic fluid solutions for Starobinsky gravity using the following pa-
rameter values: a = 0.0001, ®; = 6.8, and ®, = 10. The star’s boundary is located
at r = r, = 1, where r is the normalized radius (i.e., r/ro with 7o = 1). This solution
exhibits smooth matching as described in Sec. 10.2 and corresponds to the case studied
in Sec. 11.4.
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Figure 11.11: The sound speeds of the orthogonal and radial components for the bary-
onic fluid. These solutions correspond to the a generic interior metric case, as discussed
in Sec. 11.4. This configuration describes a stellar object with a highly compact core at
r =0, where c?n,r ~ (.8. A small variation in the parameter « is included to demonstrate
the sensitivity of the sound speed to changes in «, consistent with the observations in
Sec. 11.3. Notably, for values a > 0.00015, ¢, | > 1 at the stellar center.
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Figure 11.12: The radial, orthogonal pressures, and the energy density of the curvature
fluid corresponding to the generic interior metric case, as presented in Sec. 11.4, for a
quadratic form forf(R). The parameter values used are a = 0.0001, ©®; = 6.8, and
®, = 10. The stellar boundary is located at r = r, = 1, with r representing the normalized

radial coordinate, i.e., r/ro with ro = 1.
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Figure 11.13: Parameter space of the squared radial sound speed for baryonic matter,
based on the generic interior metric in Sec. 11.4. The faint points indicate randomly
sampled parameter sets, while the darker green points correspond to combinations that
satisfy the causal condition 0 < ¢, . < 1. Here, the number of random parameter sets has

been doubled compared to Fig. 11.5, yet only 1% meet the causality criterion for cfm.
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Figure 11.14: The sound speeds of the radial component for baryonic matter. The
parameter sets from Fig. 11.13 that satisfy the causal condition are used. The boundary
lies at » = r, = 1, with r normalized by ry = 1. These results correspond to the generic

interior metric in Sec. 11.4.



CHAPTER 1 2

SUMMARY OF PART III

Extending the work of Carloni et al. for a single fluid and the two-fluid approach in general
relativity [57, 58, 205, 206], exact solutions were found by considering a quadratic form for
f(R) using the (141+2) covariant approach [53|. The advantages of using this formalism
are that it renders all the background quantities to scalars and is suitably adapted to LRS
II spacetimes, i.e., a spacetime with spherical symmetry since the (1+1+2) threading picks
a preferred spatial direction.

Considering a quadratic form for f(R), we found two physically viable solutions that
describe (1) a quasi-isotropic stellar object with a shell and double layer and (2) a con-
figuration characterized by a quartic correction to a quadratic Newtonian potential with
smooth matching of the boundary surface. The first solution, which contains a double
layer, is interpreted as a structure with a shell that has a tension on the surface. Double
layers are not well understood in the literature since they are a mathematical consequence
when investigating junction conditions in fourth-order gravity and are unique to Starobin-
sky models [240]. Our work shows the first explicit example of a stellar object describing
a double layer.

The overall findings of this work indicate that analytical approaches can effectively
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describe astrophysical phenomena in the context of extended theories of gravity. Further-
more, the structural and compositional distinctions observed in these relativistic stars
compared to standard general relativity suggest measurable differences that could emerge
with future observational advances.

Future directions for this work include improving our understanding of the properties
of the obtained solutions, with particular emphasis on observable features that could serve
as signatures for testing higher-order corrections to the gravitational action in relativistic
stars. In particular, the mass—radius relation and the maximum mass limit of these
solutions warrant further investigation. Exploring alternative functional forms of f(R)
gravity, such as the Hu—Sawicki model [148| and the R™ model, where perturbative effects
can be studied by setting n = 1+ § [68], would also be valuable.

One direct observational prospect for testing our models is the construction of a buffer
region between the matter boundary and the exterior spacetime. Constructing buffer
metrics for a class of f(R) theories involves imposing the Israel-Darmois junction con-
ditions on a general static, spherically symmetric metric, ensuring smooth matching to
Schwarzschild and maintaining physical consistency. By characterizing the buffer region,
we can analyze its gravitational lensing effects. The lensing analysis will follow the covari-
ant approach of [216], deriving the null geodesic equations within the (1+1+2) threading
and calculating the bending-angle integral for our specific buffer metric. This work could
identify unique observational signatures, such as Einstein-ring shifts and time delays, that
distinguish modified gravity from GR. The existence of a detectable buffer metric, with
its specific lensing properties, would provide direct evidence for physics beyond Einstein’s
theory in the strong-field regime.

Another direction involves finding isotropic stellar solutions within the framework of
f(R) gravity. The motivation is to model stellar objects that resemble stars composed of
baryonic matter in GR externally, but with an interior governed by an f(R) description.
Additionally, studying the lensing effects of the solutions and extending the models to

include magnetism, enabling the description of magnetars, within both GR and modified
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gravity using the (1+1+2) covariant formalism would be a compelling avenue for future
research.

The framework we have outlined for finding exact solutions to relativistic stars in
extended gravity theories provides a solid foundation for constructing more realistic stellar
models that satisfy stringent physical and boundary conditions. In particular, this work
underscores the importance of carefully defining and applying such conditions in f(R)
gravity to ensure the physical viability of the solutions. For example, in the attempt
to model a more realistic stellar system by matching a spherically symmetric vacuum
solution to an expanding Friedmann-Lemaitre-Robertson-Walker (FLRW) background,

Clifton et al. showed that, for f(R) = R" models, such a matching is not possible [69, 72].



CHAPTER 1 3

CONCLUSIONS

This chapter summarizes the principal findings of this thesis, which investigated bouncing
cosmologies and relativistic stellar solutions within extended theories of gravity. The key
results are grouped according to the structure of the thesis and is discussed below.

Considering a spatially closed FLRW spacetime, we analyzed the initial conditions
that induced a bounce in a canonical f(¢, R) model and a non-canonical single scalar
field model, in Parts I and II.

In Part I, we determined the initial conditions necessary for a bounce to occur during
the contracting period by displacing the ¢ field in its false vacuum and demanding that
the R? term remain subdominant during this phase. The bounce and its conditions then
depended only on the ¢ field. However, during this phase, it was crucial that the evolution
of the scalaron (R? term) followed the ¢ field, and as ¢ decayed, the scalaron dominated
and drove inflation. We found that sufficient inflation could occur following a bounce,
and our perturbative analysis indicated that our model was stable.

In Part II, we performed a detailed dynamical system analysis for the DBI field, in
particular, the bounce solutions it exhibited. DBI fields have a unique feature in that

they possess a deceleration mechanism that can facilitate bounce behavior. Our study
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was the first to investigate this behavior for a DBI model [52|. Considering a power-
law and exponential function for the potential and the brane tension, our analysis of the
dynamical system revealed that the fixed point 2 = 0 corresponding to the bounce in the
submanifolds 4 = 0 (ultrarelativistic) and 4 = 1 (canonical scalar field) was an unstable
saddle. In addition, for 0 < 4 < 1, the system was unstable, and the dynamics were
driven towards the ¥ = 0 or 4 = 1 submanifold. With further analysis, we found that
the number of initial conditions leading to a bounce solution increased as the dynamical
system approached the ultrarelativistic case. Motivated by this finding, we sought to
determine whether a DBI field could exhibit cyclic behavior in its phase space. This
would require inducing a re-collapse following the bounce. We achieved this by including
a negative cosmological constant. Interestingly, this did not result in cyclical behavior;
in fact, it reduced the number of bouncing solutions as the system evolved towards the
ultrarelativistic limit. This indicated that a more exotic degree of freedom would be
required to find cyclic solutions in the phase space of a bouncing cosmology with a DBI
field.

In light of the announcement of the DESI result supporting a dynamical dark energy
model [5], these models could be used to explore the effect of a dynamical dark energy
component on the system and its stability. For instance, in a chaotic inflationary model,
Ellis et al. showed that cyclic behavior appeared in the phase space by incorporating
a decaying dark energy model [113]. Other future directions include incorporating a
reheating mechanism to realize a more realistic early universe model, and investigating
the power spectrum of curvature perturbations. Studying the latter provides insight into
how inflation induces gravitational waves, which could constrain our model parameters.
Another interesting avenue is that signs of peaks in the curvature spectrum indicate
primordial black hole formation [236, 248|, and these features can also serve to constrain
alternative early-universe models.

Bouncing cosmologies have attractive features as alternatives to inflation and success-

fully alleviate the initial singularity problem of standard inflationary models. In Part I,
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we showed that natural inflation could indeed follow a bounce, and further investigation
into the primordial power spectrum would help distinguish our model from competing
inflationary scenarios. Although bouncing models do not resolve all the issues with early-
universe cosmology, since fine-tuning of the initial conditions is still required, exploring
the evolutionary and dynamical behavior of bouncing models within different theories of
gravity could shed light on the nature of the inflaton, in ways standard inflation does not.

In developing a framework to test or constrain extended models of gravity, we consid-
ered the description of relativistic stars in the context of f(R) theories of gravity.

In Part 111, we presented a solution strategy to find exact static spherically symmetric
solutions in f(R) gravity and discussed the physical requirements and boundary condi-
tions necessary to describe a relativistic star. To demonstrate the implementation of our
mathematical scheme, we considered the simplest higher-order curvature correction to
GR: a quadratic f(R) model. Our field equations were modeled as a two-fluid system.
To maintain generality, acknowledging that f(R) models are inherently anisotropic, we
considered a fluid source that included an anisotropic pressure contribution. We found
that including anisotropy made it easier to find exact solutions using our reconstruc-
tion technique. The properties of our two new exact stellar solutions are summarized as

follows:

1. Considering an interior Schwarzschild—Tolman IV metric solution as the description
of our total fluid, we found a static spherically symmetric solution that describes
a quasi-isotropic object with a shell and double layer. This solution is the first
explicit example of an object with a double-layer structure. We found that the
orthogonal pressure of the shell, including the double-layer contribution, is negative,
while the other thermodynamic properties are positive. In the standard approach,
the requirement for physicality would be that all thermodynamic quantities are
positive. However, we found that the weak energy condition was satisfied; therefore,
we interpreted the negative orthogonal pressure as a tension on the shell and the

double layer.
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2. We reconstructed an exact solution from a generic static spherically symmetric
interior metric. The construction of the metric is analogous to the Tolman IV
solution; therefore, we added a quartic radial term to the (0,0) component of the
metric. This stellar solution describes a highly compact object at its center, since

¢ (r=0)~0.8, and its pressure and energy density profiles for baryonic matter

m,r
exhibit the characteristics of standard solutions to the TOV equations, i.e., positive,
monotonically decreasing profiles. Unlike the previous solution, this one does not
feature a shell, and a smooth matching to the exterior Schwarzschild spacetime is

possible. However, these solutions were obtained for a much smaller value of o than

in the previous case.

Our research contributes to the taxonomy of static spherically symmetric spacetimes in
the context of f(R) models of gravity by developing a solution strategy for finding analyti-
cal solutions that describe the interior of compact stellar objects with appropriate physical
properties, and by providing a means to test numerical studies using exact solutions. As
far as we are aware, only numerical solutions to static spherically symmetric spacetimes
exist in the context of f(R) gravity. So, the solutions presented here are the first exact
solutions to be found. With regard to the astrophysical interpretation of our solutions,
such as describing neutron stars and further constraining our model parameters, deter-
mining the mass—radius relation and the maximum-mass limits is an important aspect
to investigate. The challenge we face is that these calculations differ from the standard
case. Instead of a one-dimensional figure associated with the variation of the parameter
«, as often appears in the literature, in our case, we must consider all the parameters of
the exact solutions we have derived. Therefore, the mass-to-radius analysis concerns a
hypersurface in parameter space, and the standard analysis would be insufficient to fully
understand the properties of the solutions.

Our results demonstrate the importance of defining the boundary when describing a
realistic stellar object in gravity. There are works in the literature that attempt to de-

scribe neutron stars in extended models of gravity; however, a hard boundary is often
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not defined and is placed an infinite radius away. This is an important issue to address,
and more discussion should focus on it. It is essential to accurately describe what we
consider realistic stellar models in gravity so that constraining model parameters or fa-
voring/eliminating models can be done reliably. Therefore, it is worthwhile to investigate
the matching of spacetimes to describe more realistic physical systems. For example,
Clifton et al. [72] found that for f(R) = R"™ models, no known spherically symmetric vac-
uum solutions can be matched to an expanding Friedmann-Lemaitre-Robertson—Walker
background.

Another interesting avenue to pursue is adapting the work in Chapter 8 and the
subsequent chapters to include magnetism to describe magnetars. Consequently, we could
investigate the emission of gravitational waves produced by the magnetosphere. The
examination of strong gravitational lensing effects could also be performed on the results
in Chapter 11. The work of Nzioki et al. [216], using an f(R) = R" model, showed
that the bending angle depends on the parameters of the theory of gravity and does not
depend on the position of the observer. This allows one to directly constrain the function
f and determine the nature of the gravitational interaction in the strong-field regime.

An important future direction is assessing how future cosmological and astrophysical
observations could test the models developed in this thesis. For the early-universe sce-
narios of Parts I and II, forthcoming CMB missions such as LiteBIRD [12] and CMB-S/
[3] will provide high-precision measurements of the tensor-scalar ratio and possible de-
viations from standard slow-roll behavior, thereby constraining bounce-induced features
in the primordial spectrum. Likewise, large-scale surveys including the Square Kilometer
Array (SKA) [50] will probe the small-scale structure and potential signatures associated
with peaks in the curvature spectrum, offering a means to test scenarios that predict
primordial black hole formation or other distinctive imprints from the bounce phase.

For the stellar models presented in Part III, future pulsar-timing observations with
SKA [258], together with gravitational-wave measurements from neutron-star mergers,

will tighten constraints on the mass—radius relation, tidal deformability, and strong-field
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behavior of compact objects. Since these quantities depend sensitively on the param-
eters of f(R) gravity, improved observations will assist in delimiting the viable region
of parameter space for the exact solutions constructed here. In addition, strong-lensing
measurements from upcoming surveys may further probe the dependence of lensing angles
on the underlying gravitational theory [254].

These missions collectively provide a promising avenue for testing the predictions of
the bouncing cosmologies and extended-gravity stellar models developed in this work, and
for linking their theoretical features to measurable astrophysical phenomena.

In summary, this thesis has explored foundational and novel aspects of early-universe
cosmology and stellar structure within extended theories of gravity, providing both theo-
retical insights and exact analytical solutions performed in a fully covariant manner where
previously only numerical approaches were available. By addressing the limitations of in-
flationary cosmology through bouncing models, and by rigorously constructing physically
viable relativistic stars in f(R) gravity, this work contributes meaningfully to the ongo-
ing effort to reconcile observational data with high-energy gravitational theories. The
methods and results presented not only deepen our understanding of the early universe
and compact objects but also offer new tools to constrain alternative models of gravity
with greater precision. As the field moves toward an era of increasingly refined astro-
physical observations, including gravitational wave astronomy and precision cosmology,

the analytical frameworks and models developed here will serve as valuable benchmarks.
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APPENDIX A

COMPLETE ANALYTICAL SOLUTIONS TO

RELATIVISTIC STARS

This appendix lists the new exact solutions obtained from the reconstruction technique
used in Secs. 11.3 and 11.4 for Starobinsky gravity, as appeared in [53]. A link to the
GitHub repository containing the Mathematica notebooks and the python file used to

calculate and plot these solutions is in [51].

A.1 Interior Schwarzschild-Tolman IV spacetime

We provide the full expressions for the solution in Sec. 11.3, along with the surface quan-

tities on S describing the shell and the double layer.

A.1.1 The complete jump quantities

VA2 + 12\ /R2 —r?

[0f =¢° = -
RA\/AZ + 217

180
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puri/ A2 + 13 /R2 — r?

R/ A2 + 21 <—201\/3 — T 4 2 — 6) ’

[A]T = AS = (A.2)

2rp\/R2 — r2\/ A% + 12 (—23511 + 2319 — A\/3 — riprs + clxw)

(X =X%=
RA (A2 +2rf) 72 (3 = rip) ¥ (M1T3—01\/3—7“§M1 —3>3

Y

(A.3)

where

xy = 2R*A% + 12R*r; A" + (4R? — 6A%) 1) + (6A*R* — 9A4") ry, (A.4)
xo = 8r) — 2 (A% = 2R?) 1) + (6A’R* — 15A%) ry + 2 (A° + 13R?A") 1} + 4A°R?,

(A.5)
x5 = 16r) + 6 (34> — 2R?) ry — (A" + 26R*A%) rj + 4A* (A* + R?) (A.6)

xq = 32ry + 2 (A — 26R?) rj — (T1A* + 130R*A%) ) + (8A° + 38R*A*) rj + 5A°R?,

(A7)
x5 = 16r) + 6 (A* — 6R*) r; — (3LA* + 86R*A%) ry + 4A* (A> + R?), (A.8)
xe = 12r) — 6A%r) — 2 (16A* + 5R*A%) ry + 3 (A° + 13R*A*) 1} + 6A°R?, (A.9)

x7 = 60r) +4 (A% — 5R?) ry — (1034 4+ 68R*A%) ry + 3 (5A® + 43R*A") rj + 19A°R?,

(A.10)

xs = 112r) + (T0A% — 92R?) ) — 3 (35A" + TAR?A*) r}
+2(14A4° + 53R*A*) 1y + 13A°R?, (A.11)
zg = 4ry + 3 (A* — 2R?) ry — 2 (24" + TR?A%) ry + A* (A* + R?) (A.12)
T1o = ryxep] — 3rpwrl 4+ xspi — 432xgpy — 486 (A% 4+ 2R?) (547 + 2r}) (A.13)
211 = (rpwpd — 3wop + 9z + 27 (A2 + 2R?) (5A% +2r7)) (3 — i) *2, (A.14)

219 = (A2 +2R?) & (5A% + 2r2) (rim —3) 2, (A.15)
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213 =1y (12r) +2 (A% = 8R?) rp — 6 (44" + TR?A%) ry + 3 (A° + 5R?AY) rj + 2A°R?) 1f

— 3wap} 4 18xsp1 + 162 (A% 4+ 2R?) (5A4% + 2r7) . (A.16)

The Ricci scalar on the surface S is given by Eq. (A.17), evaluated at r;, using the param-

eter values from Figs. 11.1-11.5.

A.1.2 The Ricci scalar:

R(r) = % (2 (A4 (30323 +ciap + ZCL2) + A2 (c%z3 (77"2 + 3R2) + cias + za4)

+2r? (cf2® (3r* + R?) + 3cias + 2aq))) (A.17)

where z = /3 — 172, and

a1 = 9irt — 2pr® (JuR? +24) + 9 (1uR* +6) (A.18)
as = 63" — 21 (JuR? +15) + 9 (1uR* + 3) (A.19)
az = 22p7r% + pr* (uR? — 117) — 6r° (2 R? — 21) + 54R?, (A.20)
ay = 15p37°% — pyr* (2mR? + 75) + r* (61 R* + 63) + 27R?, (A.21)
as = 3pir® — 16pr* + 1% (18 — iy R?) + 6R?, (A.22)
ag = 643r° — pur* (JuR* + 30) +3r? (1 R* 4+ 9) 4+ IR?, (A.23)
B=TR*(A*+ 2T2)2 z (c1z — wr® +3) 2 (A.24)

A.1.3 Total energy density:

o 3AY 4 A2(Tr2 4 3R2) 4+ 272 (3r2 + R2)
R2 (A2 + 2r2)? '

to

(A.25)
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A.1.4 Total radial pressure:

o AAPFT) (R =) RP(A*+2r7) par? N 1
br = TR (A 1 22 LA+ 12 (R2—12) | 2c2+2mr®—6  4)
(A.26)
A.1.5 Total isotropic pressure:
1
prot = 5 (= (A" (3812” + 2c1b1 + 2by) ) — A% (¢12° (Tr% + 3R?) + 2¢1b3 + 2ba)
—2r? (cf2® (3r® + R?) 4 2c1bs + 32bg) ), (A.27)
where
bi = gy (6par® — 2r* (1 R? + 15) + 9R?) + 27, (A.28)
by = i1 (9,u17"2 — 4 R? — 42) + 181 R? + 27, (A.29)
by = 1* (par? (15 — 2 R? — 75) + 61 R? + 63) + 27R?, (A.30)
by =1* (par® (23par® — TR — 108) + 30p R? + 63) + 27TR?, (A.31)
by = 1> (ulrz (6u1r2 — R* — 30) + 3R + 27) +9R?, (A.32)
bg = r* (pur? (Bur? — i R? — 14) + 4 R* +9) + 3R (A.33)

A.1.6 Total orthogonal pressure:

piet :% (A4 (—0%23 +cdy + ng) — A? (c%z?’ (27’2 + Rz) + 3c1ds + zd4)

—2r* (f2® — erdy + 2d5) ) (A.34)
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where

di = pr? (—4par® + pR? + 21) — 6 R* — 18, (A.35)
dy = pur? (=3par® + R+ 15) — 6 R* — 9, (A.36)
dy =1* (1 (Bpar* — 16r° + R?) 4+ 12) + 6R?, (A.37)
dy = 1% (par® (Tpar® — muR? — 36) + 9 R + 18) + IR?, (A.38)
ds = par® (3pur? — iy R?* — 15) + 64 R* + 9. (A.39)

A.2 A Generic Interior Metric

We present the full expressions for the solution discussed in Sec. 11.4.

A.2.1 Model parameter relations through the junction conditions:

3 (129037 + D32 (49D + 13) + 100912 (3021 + 1) + Dy (Daryf (61Dary + 30) + 5))

D = 2091 (Dory (11Dgry + 36) — 11) + D177 (Dar (37Dary + 14) — 3) + 303 (Do + 1)
(A.40)
Dy = Di (36D1r) + 3D%r, (69Dar, +25) + 4D3r; (Dary (T1Dary + 80) + 18)
1
+10Do1; (Daryy (23 — Dary (3D +31)) + 3)
+D1 (Daryy (Dary (41Dary + 129) 4 287) +15)) , (A.41)
D5 = ai (16937, (Dary (2021, +7) = 7) + 8D1Dory (Dary + 1) (5Daryy — 12)
1
—6D7 (5Darp +17) — 4D7 (Dary (10Dar; +21) + 3)), (A.42)
where

01 =17 (5@ary + 30117 + 1) (392 (Darf +17) + D1 (Dary (37Dari + 14) — 3)

+2D,1 (Dary (11Dary + 36) — 11)) . (A.43)
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A.2.2 Ricci scalar:

2 (—11@%@3@57“12 + @2617’10 - 627“8 - bgTG + [747"4 - b5’l"2 -3 (@1 - @3 + @4))

Bir) = @y + D2+ 1)2 (D317 +1)2 |
(A.44)
where
b1 = D205 (D3 — 7D4) — 3 (5D, + 6D,D3) Ds, (A.45)
by = D205 (D3 — 20,D3) + 11D, (D + D1D3) Dy + 250,005
+ 6 (D] + 3D5) D395, (A.46)
by = 603 + 2 (—D3 + 69,03 + 99,9, + 120;) D,
+ D1 (109505 + D (—D3 + 39403 + 99D5) ) , (A.47)

by =2 (D3 — 3D,4) D} — (—2D5 + 50405 + 9D5 + 15D5) Dy — 2D, (D3 + 9Dy)
— 390395, (A.48)

bs = (2D] + (10D, — 4D3) Dy + D3 (D4 — D3) + 5Ds. (A.49)

A.2.3 Total energy density:

t_ —37“4@3@5 + 7’2 (@32 - @3@4 - 5@5) + 3@3 - 3@4
(T2©3 + 1) 2

to

(A.50)

A.2.4 Total radial pressure:

tot _ 1

Pr = (r2®3+ 1) (1O, + 20 + 1)
+7’2(—©1©3 + 39,9, + 49D, + @5) + 290, — D3 + @4) (A51)

(57‘69295 + 7“4(391@5 — @2@3 + 5@2@4)
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A.2.5 Total orthogonal pressure

1

ot __ 12 2 10 8 6 4
P =, T D) (i, 2o, T2 7 22 DD e+ e 10
—H”295 +20;, - D3+ @4) ) (A52)
where
g1 = @2(11@1@3@5 + 4@2@3@4 + 10@2@5), (A53)
g2 = 30305 (D1 + 4D3) + 691,030, + 160,905 + Do* (D3 + 7D4), (A.54)

g3 = Do(D1D3 + 11D,D, + 803D, + 16D5) + D1 (D030, + 5D5(D; + D3)) + 4057,
(A.55)
gs = —D13(D3 — 3D4) +29,(3D3 + D30y +49D;5) + 4D9(D3 +3D4) + D305,  (A.56)

g5 = @12 — @1@3 + 5@1@4 + 8@2 + 2@5 (A57)

A.2.6 Total isotropic pressure

POt = 19r299°D3D5 + 1'% 4+ r8h2 + 7%h3 4+ by + 725 + 6D — 305 + 3D,

3125+ 1)2 (14D, + 12D, + 1)2 (A.58)
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where

b1 = D2(5D5(6D1D5 + 5D3) — D2D3(D3 — 139y)), (A.59)
bs = D5 (991°D3 + 400195 + 30D:D3) + D2(D2(5D5 + 19D,) — 20:D5(D3 — 10D,)),
(A.60)
bs = D5 (6D1(D3 + 5Dy) — 2D3° + 22039, + 38D5)
+ D1 (D1 (—D35° 4+ 593D, + 13D5) + 14D3D5) + 12957, (A.61)

s = —D1° (D5 — 9Dy4) + 2D (992 — D5* + 493D, + 10D5) + 10D5(D3 + 3Dy4) + 30505,
(A.62)

hs = 4D,> — 20, (D3 — TD4) + 2005 + D3(Dy — D3) + 5Ds. (A.63)



APPENDIX B

_ PARAMETER SAMPLING FOR STELLAR INTERIORS

IN QUADRATIC GRAVITY

This appendix describes the sampling method of the model parameters for the analytical
solutions found in Sec. 11.3.

Random values were generated for each parameter, u, A, R, and c¢; using the built-in
functions in Mathematica. Choosing a sample size of 500 values, the parameter values
were sampled in the following way:

The central point in the parameter space is (u1,c1, 4, R) = (—1.25,0.3,1.5,7.3) and
the radius of the sphere is chosen to be meanradius = 1 with a perturbed radius of
sigmaradius = 0.05 from the central point. A list of values for the radial distance, polar,

and azimuthal angles are generated using the built-in Mathematica functions as follows:

f = RandomVariate [NormalDistribution[0, N[Pi]], Numpoints];
¢ = RandomVariate[NormalDistribution[0, 2N[Pi]], Numpoints];

radius = RandomVariate [NormalDistribution[meanradius, sigmaradius], Numpoints];.
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To generate random numbers for the model parameters, constrained to a sphere of radius

1, but shifted from the central point, the following were calculated:

p1 = g central value + (radius - sin() - cos(¢)),
¢; = ¢ central value + (radius - sin(f) - sin(¢)),
A = A central value + (radius - cos(f)),

R = RandomVariate[PoissonDistribution[R central value] , Numpoints].
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