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Abstract

There are distinct divisions to this document that separate the bulk of work into four Parts
and an Appendix, each dealing with topics in General Relativity, Pre-Big Bang Cosmology in
String Theory, the Braneworld Scenario and Higher Derivative Cosmology. The Appendix
contains some important results related to these topics, but is mainly composed of two
publications in Quantum Cosmology.

The first Chapter is an Introduction to the thesis. PART I reflects upon the effect that
Caustic Formation in Gravitational Lensing has on Area Distance Measurements in Obser-
vational Cosmology. The claim that caustic formation necessarily leads to shrinking, in
that distant areas subtend smaller solid angles than they would in a FL universe model and
that this effect will remain even when the observations relate to large angles, is illustrated
by exact examples with caustics displaying the shrinking effects for single spherically
symmetric compensated lenses to which we can apply the thin-lens approximation.

In Part II we pay particular attention to attempts at using the Pre-Big Bang Cosmolog-
ical Scenario to resolve some problems of the Standard Cosmological Model. We highlight
issues surrounding the graceful exit from an initial Infiationary phase of expansion in the
very early Universe. However, the main aim is o solve the equations of String Cosmology
in the String Frame, allowing for a dilaton potential V(¢). We look at cases in which the
equations have such a scale factor symmetry, when solutions may or may not exhibit the
same symmetry, and at cases in which the solutions obey the scale factor symmetry, even if
the equations do not.

After a brief look at recent developments in Braneworld Cosmological Scenario (a deriva-
tive of String Theory) in Part III, we derive a code for constructing the self-interacting po-
tential V(¢) of a Universe in which Inflationary behaviour in FRW expansion is driven by
its scalar field ¢ confined to the brane. Bounce Behaviour in Cosmology is an alternative
to Inflationary Cosmology that attempts at circumventing certain problems Asurrounding
evolution from a Big Bang singularity. However, Bounce Behaviour in Relativistic Cosmol-

ogy violates some important Energy Conditions. The Braneworld Scenario is free of these



energy violating anomalies. We therefore investigate Bounce Behaviour in Kantowski-Sachs
Braneworld Cosmologies.

Higher Derivative Theories of Gravity of the form R+ aR? (here R is the Ricci scalar,
« is constant) is an alternative that allows greater freedom in the choice of underlying
geometrical structure that allows for feasible Bounce Behaviour. This is explored in Part
1v.

The two publications that are included in the Appendix concentrate on Euclidean Worm-
holes obtained by the analytic continuation of closed recollapsing FRW universes. The
Quantum versions of such Wormbholes are consistent with the Hawking-Page (HP) con-
jecture for Quantum Wormbholes as solutions of the Wheeler-De Witt equation. This is
contrasted with a classical change of signature approach which, upon quantization gives ev-
erywhere oscillatory wave-functions which do not satisfy the HP conjecture. Matter sources
giving Quantum Wormholes include a dilaton with a self-interacting exponential potential
obtained from String Theory, unlike the classical case where such matter sources do not
allow wormhole solutions. Excited states of the Quantum Wormhole spectrum are also

derived.
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Chapter 1

Introduction

There are four parts to this thesis, in addition to a rather bulky Appendix. The first
two parts are fairly independent in terms of content, while parts IIl and IV overlap to a
large degree. The Appendix contains two publications that deal with topics in the field of
Quantum Cosmology, which is fairly disjoint from the rest of the thesis.

Part I deals with the rather swanky notion of shrinking. The second chapter introduces
the fundamental ideas behind Gravitational Lensing and how it results in this phenomenon
(a large portion of this chapter is due to the seminal paper on shrinking [49]). Caustic
formation in Gravitational Lensing has a significant effect on area distance measurements
in Observational Cosmology [49, 171, 53]. We start with a brief introduction to Strong
Gravitational Lensing [202, 85, 6], and then present the claim that caustic formation [186]
necessarily leads to shrinking, in that distant areas subtend smaller solid angles than
they would in a Friedmann-Lemaitre (FL) universe model and that this effect will remain
even when the observations relate to large angles. In the Chapter 3, this is followed up by
exact examples with caustics displaying the shrinking effects. We show how to calculate
the magnitude of the effect analytically and numerically for single spherically symmetric
compensated lenses to which we can apply the thin-lens approximation, and look in detail
at top hat lenses, which are the simplest in this class. These were done in the context of
observation of luminous arcs and multiple lensed images {146, 2186, 217, 218, 122, 180].

Initial impressions of the capacity of the Pre-Big Bang Cosmology [69, 71, 186, 193, 70, 17]

proved to be somewhat optimistic. Part II of this thesis starts with a short review of some



of the problems encountered in the Standard Cosmological Scenario, and in particular at
attempts to resolve them in the context of the Pre-Big Bang Cosmological Scenario. This is
done in Chapter 4. We highlight issues surrounding the graceful exit [153, 154, 14, 15, 62,
27] from an initial Inflationary phase of expansion in the very early Universe. In Section 4.3
we review some important aspects of Pre-Big Bang Cosmology. The characteristic Duality
symmetry of the Effective Action of String Theory is discussed in Section 4.4.

The equations of String Cosmology in the String Frame allow for a dilaton potential
V(¢) that does not feature naturally in General Relativity. In Chapter 5 we are able to
use a code to arrive at desired String Cosmology solutions when there is a dilaton potential
V not equal to zero, and used it to obtain Pre-Big Bang solutions that seem to have close
to the desired properties. Two different cases are considered: In the first case, choice of
the exact radiation equation of state (5.4.3) at all times leads to a very unstable situation
where extreme fine-tuning of initial conditions is required to attain the desired results, and
indeed there may be no initial data leading to the desired behaviour in both the forward
and backwards directions of time. In the second case an exotic equation of state (5.4.9) links
the fluid behaviour to the potential in a way that generalizes the perfect fluid equation of
state. The desired solutions are found without the need for fine tuning the initial data set
at ¢ = 0. The Duality symmetry of the Effective Action of String Theory is -discussed in
Section 4.4 is reviewed in Section 5.2.1 and Section 5.4. The eguations have such a scale
factor symmetry, when solutions may or may not exhibit the same symmetry, and at cases
in which the solutions obey the scale factor symmetry, even if the equations do not. In the
latter case we obtain some solutions that seem to have most of the properties desired in the
Pre-Big Bang Scenario,

In Chapter 6 of PART III we describe the underlying geometrical setting of the so-called
Braneworld Scenario (2, 113, 131]. In the Randall-Sundrum setting [189] the observable
Universe is a 3-brane boundary of a non-compact Zs symmetric 5-dimensional Anti-de
Sitter (AdS) space. The matter fields are restricted to the brane but gravity exists in the
whole Anti-de Sitter (AdS) bulk. We take a brief look at recent developments in Braneworld
Inflation in Section 6.3 and in Section 7.1. In Section 7.2 of Chapter 7 we develop a generic
scheme (see [155, 52] and Chapter 5 for an outline of this code) for constructing models with

a single scalar field that is confined to the brane, and the appropriate potential for different



types of Inflationary behaviour in Friedmann-Robertson-Walker (FRW) Universes. We find
that Braneworlds generically possess larger classes of potentials for a particular type of
Inflationary behaviour than what is found in General Relativistic Cosmology.

Each of the various Inflationary Cosmological Scenarios has a vested set of problems [84,
141, 124, 140], and so far none of them are sufficiently broad to solve all the problems of
the Standard Model of Cosmology. Bounce Behaviour in Cosmology 6.4 is an alternative
to Inflationary Cosmology that attempts at circumventing certain problems surrounding
evolution from a Big Bang singularity. In Chapter 8 of PART IIT we show that besides
violating the SEC, Bounce Behaviour in Relativistic Cosmology leads to violation of either
the NEC or the WEC or both. Once we incorporate the Braneworld Scenario of Randall
and Sundrum, however, such energy violations disappear. If one envisage the Universe
as emerging from the interior of a collapsing black hole state (226, 39, 211, 44}, then the
geometry of Kantowski-Sachs Universe models have the desirable property that they share
the same symmetries as the spatially homogeneous interior region of the extended (vacuum)
Kruskal solution, making them ideal candidates for such a scenario. We therefore investigate
Bounce Behaviour in Kantowski-Sachs Braneworld Cosmologies [92].

More over, one may broaden the scope of the discussion by embracing a class of Higher
Derivative Theories of Gravity (of which the Randall-Sundrum Braneworld Scenario is a
subclass) to demonstrate the feasibility of Bounce Behaviour in a broader sense, without
violating either the NEC or the WEC. This we do in a Chapter called Higher Derivative
Kantowski-Sachs Cosmology of Part IV. The Introductory Chapter to Part IV contains a
section (8.2) that describes recent attempts to use Higher Derivative Cosmologies as an
alternative, that may harness the curvature singularities of General Relativity [73, 114].
Significant results such as the Zero Energy Theorem [11] and the Conformal Equivalence
Theorem of Barrow and Cotsakis [4, 30] are additional guidelines toward resolving the
problems associated with Higher Order Gravity Theories, and also to help us understand
the intrinsic nature of a theory with a Lagrangian which has an alternative functional form.

In Chapter 10 we consider the eventuality of an Alternative Theory with Lagrangian
that is a function of the form f(R) = R+ aR?% Recent work by Gordon and Turok [172]
employs an idea derived from the Ekpyrotic Scenario {220, 123, 221] to provide estimates

of the comoving curvature perturbations generated via back-reaction from a pre-singularity



phase, and hence resulting in a semi-classical bounce. We hope to discuss relation to their
work in a forthcoming publication.

We have included two publications in the Appendix that deal with Quantum Cosmology,
a subject that falls outside the primary emphasis of this thesis, yet forms part of research
performed towards obtaining the degree of PhD.

The first of the two publications by the authors A Carlini, DH Coule and DM Solomons
called Classical and Quantum Wormbholes with Perfect Fluids and Scalar Fields [22]
directs attention to Euclidean Wormholes obtained by the analytic continuation of closed
recollapsing FRW universes obtained by Carlini and Mijié (CM) [25]. This is demonstrated
for a perfect fluid satisfying the SEC. The Quantum versions of such Wormholes are consis-
tent with the Hawking-Page (HP) [248, 90] conjecture for Quantum Wormholes as solutions
of the Wheeler-DeWitt equation. This is contrasted with a classical change of signature
approach which, although might be consistent with the existence of Classical Wormholes
for a given definition of the energy-momentum tensor of the fluid, upon quantization gives
everywhere oscillatory wavefunctions which do not satisfy the HP conjecture.

The second publication by the authors A Carlini, DH Coule and DM Solomons, also
called contained in the Appendix, is called Euclidean Quantum Wormholes with
Seolar Fields [22], and further investigates the Quantum analogues of Euclidean Worm-
holes obtained by Carlini and Mijié (CM). By simulating the equation of state of a perfect
fluid with a real scalar field, Quantum Wormholes are also found when the SEC is vio-
lated, although generally not Asymptotically Euclidean (AE). The non AE solutions are
interpreted as excited states of the Quantum Wormhole spectrum.

These results give support to the claim of HP that Quantum Wormhole solutions are a
fairly general property of the WDW equation for various matter sources. Matter sources
giving Quantum Wormbholes could now include those expected in low-energy effective String
Theory: a dilaton with a self-interacting exponential potential. This is unlike the classical
case where such matter sources do not allow Wormhole solutions.

Finally, these Quantuin Wormhole solutions are contrasted with other boundary condi-
tions of Quantum Cosmology describing an Inflationary earlier behaviour and a resulting
large Lorentzian Universe phase. Quantum Wormholes were initially used in an attempt to

justify why the Cosmological Constant should be zero [28, 35].



Part I

Observational Cosmology



Chapter 2

Gravitational Lensing and the

Shrinking of Area Distances

2.1 Introducing Gravitational Lensing and Shrinking

In this Chapter we present an overview of the Gravitational Lens Equation and particularly
summarize the latter day impact of Strong Gravitational Lensing upon observations, and
how its is applied today (eg. in the search for dark matter).

Thereafter we explain the bearing Gravitational Lensing has upon area distance mea-
surements. We elaborate the claim that observational results using Area Distances may
lead to conflicting results, for instance the use of FL area distance formula underestimates
area distances on both small and large scales (a phenomenon called shrinking).

It is in the presence of caustic formation that area distance measurements veer sig-
nificantly from angular diameter distance measurements, although the two héve the same
manifestation in its absence. The areas corresponding to a specific solid angle are invariant
if the shear is small in a vacuum region, but there will be a change in area if distortion is
significant or if there is matter present, as follows from the null Raychaudhuri equation.

Thus focussing is caused when Strong Lensing takes place. Consequently before cusps
have formed, the area of a nearby bundle of geodesics will be less than if the strong lens

had not been there, such as in the FL background geometry.



2.2 The Gravitational Lens Diagram and

its Lensing Equation

In Figure 2.1 we illustrate the gravitational lensing scenario.

®

Figure 2.1: Gravitational lensing scenario: The lens L located between the source § and the
observer O produces two images 57 and 83 of the background source. 7 is the displacement
of the source from the optical axis OL in the source plane. £ is the impact parameter in
the lens plane.

The true deflection is represented by &. The observed deflection at the observer’s plane

is reduced by a = %‘:&, where q(£) = %-?r—ﬂ%ﬂ; M(€) is the mass inside a radius £. For

8,8, <« 1, we relate the position of the image to the source by
B=160-—af).

The two-dimensional generalization of this result leads to the lens equation
e ey e
=10 0

-a(8). (2.2.1)

Clearly the impact vector ? = Ddg.‘ If the source is located exactly on the optical axis,



then 8 = 0 so that

_ [AGM D,
O = 4/ D5 (2.2.2)

Here 05 is called the Einstein radius that defines the angular scale of the lensing sce-
nario. For instance, microlensing phenomena inside the Milky Way act over scales g ~
0.5 (hso) -3 \/% milli-arcsec with timescales typically ranging from weeks to months. Here
we have expressed the Hubble constant Hy = 50 hsgkms ™ Mpc™! where 1 < hgy < 2. For
a galaxy of mass M = 1011Mo at a redshift of zg = 0.5 and a source at redshift z, = 2.0,

| M
95~0.57(h50) 2 W—lMG—)aI'CSGC, (2.2.3)

with timescales extending up to a year if it is cosmological/quasar microlensing. For Strong

the Einstein radius is

Lensing events, caustic crossings can be as short as a few weeks. The first images due
to Strong Lensing was detected in 1986, as highly elongated curves (so-called luminous
‘arcs’) of low surface brightness were detected in two galaxy clusters, Abell 370 and Cl 2244
reported in Lynds and Petrosian 1986 [146] and Soucail et al. 1987a,b [216], [217], and also
Soucail et al. 1988 [218].

Strong lensing is characterized by a source/lens/observer configuration illustrated in
Figure 2.1 that may change with time. See pictures 2.2-2.6 for some examplés of Strong

Lensing. We give a brief summary of recent observasions and applications of Strong Lensing:

1 Lens images are typically distorted, as seen in the Hubble Deep Field [85] giant luminous
arcs; Bartelmann [6] gives an up to date overview of the lessons learned from lensing
on mass distributions in clusters. Large arcs are usually thin, and some are unresolved
even on Hubble Space Telescope images. A giant arc may have radius of curvature
larger than the radius of cluster galaxies, and lacks a bright and extended counter-arc,
“Straight” arcs are structures in clusters that resemble arcs in there length, brightness
and of course high redshift, but lack curvature (first observed by Pellé et al 1991 [180]).
“Radial” arcs point away from the cluster centers and generally appear very close to

the central cluster galaxy (e.g. Fort et al. 1992 [89]; Hammer et al. 1997 [209]).

2 Sources are sometimes magnified but most sources are slightly demagnified. Dupli-

cation may oceur, as unresolved multiple images (microlensing) or distinet multiple



quasar or galaxy images observed directly. An offset in position is common, as

illustrated in Figure 2.1.

4 Cosmic Microwave Background: Weak gravitational lensing of the cosmic microwave
background (CMB) and the cosmic shearing of faint galaxies images will help shed
light on quantities hidden from the CMB temperature anisotropies such as dark energy
(see Wayne Hu 2001 [104]): lensing power spectra break CMB degeneracies and they
can ultimately be used to map structures on the largest scales at high redshift {247,
246, 102, 103]. In its cross correlation with the integrated Sachs-Wolfe effect, CMB
lensing offers a unique opportunity for a more direct detection of the dark energy and
enables study of its clustering properties. By obtaining source redshifts and cross-
correlations with CMB lensing, cosmic shear surveys provide tomographic handles on
the evolution of clustering and correspondingly better precision on the dark energy

equation of state and density.

5 Gravitational waves: Ruffa [196] has proposed that the massive black hole at the
Galactic center may act as a gravitational lens focusing gravitational wave energy to
the Earth. The author considers the gravitational wave signal emitted are galactic
spinning pulsars, for which enhancements in the gravitational wave intensity of a few
thousand-fold is found. For galactic and extra-galactic sources the intensity enhance-
ment can be as high as 4,000 and 17,000, respectively. De Paolis et al [175] determines
that the probability of significant signal enhancement from galactic and extra-galactic

pulsars, and find it to be negligible.

6 Astrophysical systems such as white dwarfs and galaxies, by spherically symmetric lenses
with angular momentum [205, 20]. Gravitomagnetism induces a correction on the

deflection angle as large as 0.1%.

7 Supernovae: Edvard Mortsell 2001 [166] investigated the possibility of calculating the
fraction of compact objects in the Universe by studying gravitational lensing effects on
Type Ia supernova observations. Using simulated data sets from one year of operation
of the proposed dedicated supernova detection satellite SNAP, they find that it should
be possible to determine the fraction of compact objects to an accuracy of less than

5%. Gunnarsson 2001 [83, 167 investigate the effect of gravitational lensing on the
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farthest known supernova, SNIPITIE with a redshift of z, =2 1.¥ {see Riess 2001 [195])
in the Hubble Deep Field North [85]. Poor knowledge of the properiies of the |ensing
foreground galasies shill makes it dithicult fo put strong constraints on the cosmaological

parameters, grey dust obscvration or luminesity evolution of SNIa,

8 General use in the Search for Matter; Gravitetional lensing is sensitive to both
humingar and dark matter alike. All lensing effects (offset in position, distortion,
magnification and mulfiple images) are used in the search for matter (sec c.g. Warnlbs-

sganss 2002 [235] for a pood summary),

Figure 2.2; The NASA Hubble Space Telescope survey of exolie patterns, rings, ares aod
crosses that are all optical mirages produced by a gravitational lens. A quick look at over
S Hubhbile felds of sky has uneovered 10 interesting lens esndidates in the decpest 100
fields. This 15 & significant increase in the number of known optieal gravitational lenses.

2.3 Gravitational Lensing causes Shrinking of Area Distances

[n a Friedmamm-Lemaitre (FL} wniverse, an exactly spatially homogeneous and isotropic
Robert=on-Wallker (ITW ) peometry is some kind of large-scale average of inhomogeneous
matter distribgtion and peometry on smaller scales [54]. Local inhomogeneities cause dis-

tartion of bundles of light Tays and so alters the angelar diameter distance and arca distance



Figura 2.3: A NASA Hubble Space Telescope imnage of the galaxy eluster CL1355-+62 has
uncovered a gravitatiopally-lensed mmape of 8 more distant galaxy located far bevand the
cluster. The resulting high redshift (z = 4.92) corresponds to a very early era when the
umiverse was just bepinning to formn galasies,

through the resultaot gravitational lensiog [18]. Bertotti geve a power-ssries expansion for
this effect [8] while the Dyer-Foeder formula [43, 202] can be used at any redshift for those
many rays thet propagate in the lower depsity regicws berween inhormogensities. However
this forrnula is wot gecorare for those ray bundles that pass very close to watter., where
shearing becwmaes important [19). Some null geodesics may pass through resions of low
density, while others may throngh lensing-induced canstics. As a result the cosmological
area distances due to combinations of these effects may be sieniicantly altered, In fact,
references [49, 171, 53] demonstrate sn dneresse in observed areas eorresponding to a given
ecolid angle even when averaped over large angular scales, throush the additive affect of
inereawes on all scales, but particularly on micro-sngular scales, When causties oceur, area
distances and angular-diameter distances no longer concide. Angular sizes will not be sig-
nificantly effected on large angular scales [49], Ciher studies [204, 42, 99, 84] all indicate
that au average sonree at high redshift in onr universe will be demagnified due to canstics,
and therefore the area distonce s not FL on average. The fact that the aren distence of
the valume pyeraged inhomogeneaus universe need not he that of the underlying FL model
wis proven explicitly in [171], and investigated further by Linder [143]. This is contrary to
the commmonly accapted view (see for instance [241]) that althongh the area distance will

be inaccurately represented by the FL area distance formula on small angular scales due to
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Figure 2.4: Giant luminows arce in cluster CLOO24: five Images of a high rodshift golasxy
seen lensed b a galaxy cluster with a rodshitt of zp = 0.5%; the radius of curvature is about
20 arceeconds

the chimping of matter, when averaged over large enongh angular scales that -he formnls
will be exactly eorrect, essentially due to photon conscrvation. Far a formal rebuttal of this
notion. see reference [49] page 3.

In 2.5 we presont the penerc shape of 4 Zedimensional section of the mell cone orcur-
ring when simple gravitational lensing takes place!, Bundles of light ravs passing through

enpty space batween clustered matter will be lass fooesed than in the corresponding FL

“Tlix dingram was taken from reference 49, Ser also Figure 2 in [175] Figure 5.1 in [203], Fizuee 4 in
[65]. andd Piguee 25 in [192]
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Figure 2.0 Abell 2218 s o rich galaxy cluster composed of thousands of galaxics sod a
mass equivalent to ten thousand galaxics intersporsed throughoul the cluster. The chustor
is ocated relatively ncarby  at a distance of 2 billion light-years {(a redshift 23 = 0.18). The
gravitabional field from this hnge concentration of matter distorts mmd magnifies the light
fronn distant galaxies. The “baby galoxy™ has o redshift of 2, = 5.58, corresponding to a
distance of abont 13.4 billion lighl-veard. The galaxy's hght bas been magnificd more than
i times by Abell 2218 and aplit into two “images” by the meven distribotion of matter in
the elnster.

geumetry [43]. However, further down the null geodesics after passing strong sourees, cons
jugate points (snd sssociated muoltiple images) will oceur [203, 128); the loci of conjugate
polnks in space Lime is &8 calstic shieet, a ton-dimensional surface to which the rays are tan-
gent (49, 10]. The typical behaviour of null rays near these camsbics hay been presented in
'182] (#ee Figure 49); the relation o gravitational lensing is discussed mter atie i [202]. We
niww demonstrace how a cowhination of these cffects can change the area-distance relation
#

Figure 2.3 iluslrates the past light cone O {F) of the space-time event ‘here amd now’,

#A detailed anulysis can be found in referance [40]
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Biaht Sobitges Rumidved

Figure 2.6: Left: The light from the single quasar PG 11154080 is split and distorted
in this infrared imege. PG 115+080 i ot a distance of about 8 billicn light years in the
constellation Leo, and it is viewsd through an elliptical galaxy lens at & distence of 3 billion
Light vears. Right: In this NICMOS imape, the four quasar images and the lons galaxy
have bicen subteacted, revealing a ncarly complete ring of infrared Light, This ring is the
stretehed and amplified starlieht of the galaxy that contains the guasar, some 8 billion light,
voars away, Credit: Christopher D Impoy {University of Arizone)

denoted by P, As a bundle of light rays B(d!2) generating € (P (and subtending & solid
angle &4 at F) passes near a lensiog mass L, the nearcr rays arc distorted in towards the
central ray vr hinking P to L. Radial ratios will change {cf. [202|, figure 2.3), decreasing
as light raya arc bent inwards in the case of a spherically symmetric lens {ef [186], Figurs
2y, The areas corresponding to a spocific solid augle are invariant if the sheay is small in
a vacuum region, beceause transverse ratios will change in a compensating way, bnt there
will be a change in aren if distortion is sigoificant or if there is matter prosent {as follows
from the null Raychaudhori equation, see eg.  [8, 204]), Thus fecossing is cansed wheo
Strong Lensing takes place, and this can be exemincd by ray trecing, by use of the geadesic
deviation couation, or by nsing the optical scalar couations, Consequently before cuspe

biave formed, the aren 45 of this nearby bondle of geadesios BldfY) beyond L will be less



Figure 2.7; A lens L and resulting caustics on the past light eone O (P) {2-dimensianal
seetion of the full light cone}, showing in particular the eross-over hne Lo and cusp loes
Lo, Ly meeting at the conjugate point ¢). The intersection of the past light eone with a
surface of constant time defines exterior segments O, €7 of the light cone together with
interior segments ©, O, Oy,

than if £ had pat been there {16 in an FL background geometry). Further out from
the lens, where the density is less than in the backpronnd, the effect will be reversed:
areas will be larger [43], As the observer's direetion of view changes at P, the angle of
ohservation @ increases continuously from some arbitrary initial angle #; to o final direction
g, where the corresponding light roys pass throuph a transparent lens L centered at fy,
with #p < #p < fp. We assnme that the light rays develop caustics before intersecting the
gpacelike surface . As # cantinuously increases at 2, the corresponding imege pomt in 5
will trace out an are along the interseetion of £ (P with 5, which consists of 8 series of
forward, backward, and then forward moticos; the light-cone has at least two cusps and o
rross-over {gelf-intersection) in it, each of these being projections of the canstie sheet in full
gpace Lime,

Let oz consider the motion of the image point in Z (see Figure 2.3). Starting at the

initial point I on O, it moves on € from left, through the cross-aver point P along €7
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Figure 2.8: The imaged point moves forward along C from I to the cusp at P_;, backward
along Cy to the cusp at P, and then forward along Cs to F.

to the cusp point Py, then back along (5 through the lens point to the cusp point Py, and
then forward along (3 through the cross-over point P again and onwards on O, to the
final point F onC;. Hence it effectively traverse the same spatial distance three times. We
distinguish distance traveled I; along the full path (calculated as a line integral along the
path) from distance gained lg - how far the image point has moved in space from its starting
point 87 to its final point fp, calculated by determining the shortest distance between 7
and F.

What this shows is that after caustics have occurred, area distances and angular size
distances are different. The former corresponds broadly to distance traveled, the latter to
distance gained. A strongly-lensing object L will cause caustic lines on ¥, defined as the
intersection of the caustic sheet with X. These will be spherically symmetric if the lensing
object is spherically symmetric, and will be centered on the null geodesic vy, from P through
L to Z; similarly the critical curves (the images in the lens plane of the caustic lines) will
also be circles around +y,. Considering the full two-dimensional intersection 8 of C~(P)
with £, in the spherically symmetric lens case, it will be given by rotating the 1-dimensional
picture (2.3) about the central geodesic vy, (see also Figure 2.9 in this regard). In order to
calculate the area relations, we need to use the determinant J relating solid angles at the
observer to areas in the source plane [202],the key point being sign of J: the regions where
angular travel is forward as discussed above will correspond to regions where |J} > 0; the
regions where angular travel is backwards correspond to where |J| < 0. Thus in adding

up areas, we have two options: adding up the magnitudes of areas (where we assign a +ve
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value to all areas, i.e. we integrate |J| over the relevant solid angle) or adding up signed
areas (where we assign a -ve value to areas where |J| < 0, i.e. we integrate J itself over
the relevant solid angle). The former corresponds to distance gained, the latter to distance
traveled (see figure 2.9).

‘We use the latter to define area distance in the realistic universe model; and hence
to determine the area ratio (f). Hence we take the modulus of areas and solid angles in
calculating (3)). The claim in [49] is that when the background model is properly matched
to a more realistic lumpy universe model, we will find {#) > 1 on averaging over large

angular scales.

T i

_':__._.»-ﬂ“'“
Y-

Figure 2.9: Sampling of an inhomogeneity by the observational point at a caustic results in
a change of the observed profile, because the same region of the profile is traversed 3 times
by the observational point.



Chapter 3

Caustics of Compensated Spherical

Lens Models

3.1 Do Gravitational Lensing Significantly

Influence Area Distance Measurements?

In this Chapter we consider exact examples with caustics displaying the shrinking effects
discussed in Section 2.3 of Chapter 2 and also analyzed in greater detail in reference [49]. In
order to calculate the magnitude of the effect analytically and numerically for single spher-
ically symmetric compensated lenses to which we can apply the thin-lens approximation,
we look in detail at fop hat lenses, which are the simplest in this class. We refer to and
mainly follow the notation of Schneider, Ehlers and Falco (1892) [202] (SEF).

In a publication by Ellis and Solomons [53] we continue the study of how area distances
behave in universes where strong gravitational lensing takes place [49]. Reference [49]
considered the claim by 8. Weinberg [241] that although individual lensing masses alter area
distances for ray bundles that pass near by them, photon conservation guarantees the same
area distance-redshift relation as in exact FL universes when averaged over large angular
scales. It was shown in [49] that this claimed compensation result is incorrect once one has
passed caustics, which are necessarily the result of strong gravitational lensing; consequently
(by continuity) the result is not true in general. Indeed it has to be wrong because area

distances are determined by the gravitational field equations (essentially through the null

18
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Raychaudhuri equation) quite independently of the issue of photon conservation (which is
determined by Maxwell’s equations and is valid whatever the space-time curvature). Thus
the latter cannot causally determine area distances. In fact at large distances, shrinking
takes place in that distant areas subtend smaller solid angles than they would in a FL
universe model; and this effect will remain even when the observations relate to large angles.
The way these small effects for individual lenses add up to give a significant averaged effect
over the whole sky is discussed in [49]. This may affect high-redshift number counts and
Cosmic Background Radiation {CBR) anisotropy observations at very small angles.

The general argument has been given in reference [49]. Specific spherically symmetric
examples (viewed from the centre, and so without caustics) are presented in reference [171],
which thereby gives a rigorous proof of the existence of the effect we claim; but the models

used are unrealistic as models of the real universe.

3.2 The Gravitational Lensing Equations

‘We consider compensated spherically symmetric lenses in an Einstein-de Sitter background
universe. The effect of the lens will be represented by the usual thin lens approximation,

and we use the scaled variables of SEF.

Background Relations

The angular diameter distances between the observer and lens, observer and source, and
lens and source in this background are Dy, D, and Dy, respectively. In an Einstein - De

Sitter model (@ = 1, no clumping),

Do — 2_0_(1+Zd)1/2(1+ls)-(1+Zd)(1+23)1/2
" H (T4 23) (1 + 2,)?

(3.2.1)

[see SEF (4.57)], and Dy (respectively, D,) is obtainable from Dy, by setting zg — 0,2, — 24
(respectively, zg — 0). In what follows, the dimensionless ratio R = %19—%%“ is important.
o /2. )
For a given lens position zg4, 88 z; — oo this has the limiting value Roo = %7—1 , which
has a maximum value of %l%?g = (.21 when zg = 9/7.
If a source in a FLRW universe with scale factor a(t) emits a signal at time £, which is

received at time £y, then the proper distance at time {; between the source and observer is
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oo tio E%' For an Einstein-de Sitter universe a(t) = ¢/%, the Hubble parameter is
H(t) = (2/3)t—1, and 1+ 2 = t?)/s/ti/s’ .

0=3ct23(tt® — 113 = (2c/Hy)(1 +2) (VT2 - 1)  (3.2.2)

is this distance in the background universe.

3.2.1 Compensated lenses

If the energy density is p(Z) the fractional matter perturbation §(Z) in an inhomogeneity is
related to the matter source by

~ ) — ., ~

5(7) = ﬁ%z).ﬂl & @) =po (6@ +1) . (3.2.3)

where pg is the average energy density over a hypersurface of constant time &, defined by

/ p(&)d3z = py . (3.2.4)
&

Integrating (3.2.3) over S, [ 6(&)d*z = % Js [p(&) — po] d*z ; so by (3.2.4),

/ §(@F)d%c =0, (3.2.5)
S

which is the condition for a compensated perturbation that has been formed by rearrange-
ment of matter in a uniformly distributed background with matter density pg. Equivalently,
the density p averages out to the correct background value py; if this is not true, then the
background density has been wrongly assigned [50]. Clearly this means that §(&) must be
negative in some domains, to compensate for the regions where it is positive. By (3.2.3),

no negative densities will occur iff
po >0, §(z) > —1 everywhere. (3.2.6)

We will assume these conditions to be true for the matter inhomogeneities causing
lensing. Then in the lensing equations that follow, the quantities and relations will all refer
to the variation from what they would have been in the background model (i.e. if there
had been no lens). Thus the lensing surface mass density o will mean the projected surface
mass density in the lens plene arising from the density difference §p = p — py from the

background value, which will be chosen so that the compensation condition (3.2.5) is true;
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and the bending angle will be the deviation in direction at the lens from what it would have
been in the background model. This will be given via the usual thin-lens equations, with

the surface mass density as just defined.

Simple compensated lenses

We define a simple compensated lens (SCL) to be a spherically symmetric compensated
lens where 6(£) = §(|&]) is positive for an inner domain 0 < |Z] < 1, negative for an outer
domain 1 < [Z] < A, (A > 1), and zero at larger radii, i.e. for X < |Z]. This configuration
would naturally arise by formation of a spherical massive object through gathering together
material from an initially uniform substratum. In the sequel we consider a particularly

simple form of SCL, namely a top hat lens.

3.2.2 The lensing equation in scaled variables

Given a choice of length scale £ in the lens plane, there is a corresponding length scale
g = %350 in the source plane. From the position vector 77 of the source relative to the optic
axis in the source plane, and the impact vector E = D4 in the lens plane, where (vector) 6

is the observational angle from the optical axis, we define corresponding scaled variables Z,

g by .
L& 7
¢o v i ( )
[SEF (3.5)]. The surface mass density o(J€]) for thin spherical lenses can be rescaled as

_o(&yT) ¢ Hy
wlz) = Oer Ier = ImG 2R’

(SEF 5.4, 5.5). The lens equation can then be written in the very simple dimensionless form

x = |F. (3.2.8)

7= - a) (3.2.9)

(SEF 5.6, 8.6) where the scaled (vector) deflection angle & is related to the true (vector)

deflection angle & by
2¢R =
Y(T) = V(€T 3.21
6(2) = 71 6(6o) (3:2.10)

(SEF 5.7). Because of the spherical symmetry, the deflection is radially inward and of

magnitude ¥ = |¢] given by
(3.2.11)
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where
T
m(z) = 2/ z'dz'k(z') (3.2.12)
0
is the dimensionless mass m(z) within a circle of radius z (SEF 8.3); its first derivative is
the dimengionless surface density (SEF 8.13):

_ dm(r)
m= dr

Also the change AZ in radial distance traveled by light in a given time, as measured at

= 2r(r). (3.2.13)

the source, is equal to the time delay caused by lensing [SEF (4.67), (5.45)]', and can be

rescaled to

142z [ 2¢R
Z = a¥4 : 2.1
1+ 24 (Hogg ) (3:2.14)
[SEF (5.11) and following]. This is given by
1
Z=§mﬁ—wmy (3.2.15)
where & is given by (3.2.10) and the (rescaled) deflection potential is
i
. ’ ’ z ’ N d"l//’(m)
P(z) = 2]0 ' w(z")in (x’) dz’ = afz)= = (3.2.16)

[SEF (8.7)-(8.9)].

The shrinking ratios

Finally, pointwise over the sky, the angular shrinking factor «v which relates observed dis-
tances corresponding to a given angle in the real lumpy universe to those in the background

smoothed-out universe (as explained in the Introduction 2) is
v = |dy/dz| (3.2.17)

which can be averaged over a stated angle A to give the average angular shrinking factor
{v} over that angle. Similarly the pointwise area shrinking factor # which relates observed
areas corresponding to a given solid angle in the real lumpy universe to those in the back-
ground smoothed-out universe (as demonstrated in the Introduction 2) is

97
8T |

'The time change calculated in these equations is at most a first order quantity, and so the change in
radial distance traveled can be found from it to first order by calculating distance as if light travels on null
geodesics in the background geometry.

B=|det J|, J= (3.2.18)
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This can be averaged over a solid angle AQ to give the average area shrinking factor {3)

over that solid angle.

The overall effect

Together the radial and transverse equations (3.2.15), (3.2.9) give the deflection of each null
ray relative to the background geometry, and hence the shape of the perturbed light cone in
the real lumpy space-time. These deflections are not independent: they are related by the
fact that the speed of light is locally unity, so that the actual light path is stationary w.r.t.
variation of the arrival time delay. Consequently a sideways deflection (which increases the
distance to be traveled) is compensated by an inwards deflection (reducing the distance to
be traveled), so the (tangential) lensing equation is a consequence of the (radial) time delay
equation (SEF pp.146-147, 170-171). It is this combination of radial and tangential effects,
implied by the above equations, that gives the light cone caustics their characteristic shapes

(see Figure 1).

Figure 3.1: Shape of caustics in past light cone showing preferred geodesics and distance
traveled.
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3.3 Angles and Distances

Consider now angles and distances in the perturbed space-time. We start with angular
diameter distance. Consider the source plane of a lens in direction (5) Image points of
nearby directions will be displaced from their background position (¢,Z) by the (scaled)
displacement (A€, A7) (Z,§ — &) = (Z,—&) where the first part is the radial component
of the displacement, given by (3.2.15), and the second is the tangential component (in the
source plane) given by (3.2.11). If we move our viewing direction through an arc in the sky,
the image point will move; for simplicity we will consider an arc where only one angular
component § only varies. This gives a 2-dimensional section of the full 3-dimensional light
cone.

As we vary 8 through df, the (scaled) tangential distance traveled will be dy?, and the
radial change of distance dZ? will be much less than this. Thus the total distance traveled

DT due to an angle increase A#f is, to good approximation,

dy(6)
W‘ dé (3.3.1)

DT(A) = /

v
where we sum all distances with a positive sign, thus determining the total increment in
lyl (see the Introduction 2). In terms of normalized magnitudes when Sphefical lensing
takes place, the integrand is just |9y /96| = |1 — da/dx|0z/86. By contrast, the background
distance is the same expression but with integrand |8z /86|, and Distance gained DG is the
distance moved from the starting point:

pe(n) = [ %f:-)de — 4(8) - 4(0). (3.3.2)

In this case we subtract off those regions where dy/86 is negative, ending up simply with
the increment of y.

Now when —8%%@ is positive, distance traveled is the same as distance gained. However
when -a%%@ changes sign, we have cusps forming (see the Introduction 2) and in the formula
(3.3.1) for distance traveled the integral is over the curve corresponding to all values of 8
and hence traverses the cusp backwards and forwards, see Figure 1. This is different from
distance gained; the latter is then given by the integral (3.3.1) but where now the integral
is over the (connected) curve «y excluding the cusp sections, so that -@%%@ is positive over all

the curve traversed.
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The Change in Distance Gained due to the presence of the deflector is small in all cases.
The effect for large angular scales does not average to zero when we have a distribution of
lenses, but it is very small (the change from the background value is given by the difference
of —Dy, & (é’) at the two ends, corresponding to s minute of arc at most). The Change in
Distance Traveled ADT is given by the integral (3.3.1), but now taken over all the closed
loops 7. that are excluded when one calculates distance gained. The effect at each lens is
small, but it is cumulative. Hence when there are a large number of lenses, the effect can
be large (as discussed in [49)).

We are also interested in the true Cosmological Area Distance and so change in areo
distance, where the area distance is determined by the question, as we look over a given
solid angle, what area does that cover at the source? This change is given pointwise by
the determinant of the lens equation, see (3.2.18). We give explicit expressions for this
determinant in the following paragraphs. A radial increase of size will be partly compensated
by a transverse decrease of size, see e.g. Gunn and Press [186]), so the area distance will
not relate very simply to the (radial) angular size distance.

We see then that before caustics form, distance traveled and distance gained are both
very similar (and very close to the background value, on large angular scales). Thereafter,
they can be very different (as was argued in [49]). To calculate this, we must locate the

cusps and caustics.

3.3.1 Caustics and Critical Curves

Caustics in a source plane are the points in the plane where the Jacobean of the lensing
map is singular. Critical curves are the points in the lensing plane where the light rays
pass that will end up at caustics at the source plane. They can be located by determining
the zeros of the Jacobean of the lensing map. The set of caustic points in space-time for all

source planes form the space-time caustic set.



26

The Jacobian

Considering a spherical lens L centered at the origin of the Cartesian XY -plane, the Jaco-
bian matrix J = (g—g) of the (transverse) lens mapping in the lens plane has determinant
det J = (1 - ﬁ@.) (1 - %) (33.3)
z dz
(SEF, equation (8.16)) which vanishes where either the first or the second brackets on the
right hand side vanishes.
When the first bracket in (3.3.3) vanishes, the radius z is . such that

m(ze) alze) a(re) 1
R i 1 R 1 o L7 — whe
22 & - & - = (3.3.4)

Such a critical point occurs for example at ¥ = (x,0); then there is a tangent vector
Z; = (0,1) to the critical curve at this point, and since the curve is tangential, Z; is an
eigenvector with zero eigenvalue. Since the tangential critical curves are mapped onto the
point 7 = 0 in the source plane, there exists a caustic there which degenerates to a single
point. The equation of the tangential critical curve in two dimensions in the lens plaue is
then simply z? = z?, where z. solves (3.3.4). This corresponds to an Einstein ring [many
images, in a circle, of one point in the source plane|.

The determinant det J in (3.3.3) also vanishes where the last bracket is zero, i.e. when

z = x4 such that
do(zy)
dz

This equation describes radial critical curves. Again it corresponds to a circle in the lens

=1. (3.3.5)

plane. It has a radial eigenvector =, with eigenvalue zero. For instance, at r = (£,0),

=, == (1,0). We see in the next section it corresponds to a caustic in the source plane [and

a cusp in the surface of constant distance].

The Cross-over and Cusp Angles

The lensing equation (3.2.9) is a two-dimensional vector equation with (transverse) com-
ponents y; and ys while the radial equation gives the 3rd-component for the 2-d section of
the past null cone in any surface of constant time. Lensing is radially inward with radial
displacement magnitude given by (3.2.11). The first term on the right is the position that

would have been with no lens; the second term is the effect of the lens.
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Figure 3.2: The bending angle diagram for two different redshifts. (a) one large, so other side
of conjugate point Q; (b) One small, so this side of conjugate point . The number of images
is the number of times the line y = x intersects the bending angle curve. Considering curve
(a), firstly, there is one image corresponding to line (c); then there are two images for line (d)
which is tangent to the curve and determines the cusp angle; there are three intersections
for line (e) which determines the cross-over angles (as it corresponds to no displacement at
the source plane); there are 3 images for generic position (f), again two images for line (g)
as it passes through the cusp, and finally one image for line (h). Parameters based on the
lens +MG1131+0456.

To express this in terms of the observational angle 6 from the optical axis, we note from

the relations E = Ddg, 7= f /& that & = Ddg/ £y. Hence the magnitude equation takes the

form
y(6) = Da (9 _ Das d(Dd(})) : (3.3.6)
50 Ds
(SEF 4.47b, 5.34). The cusp angles 8, and 6., are determined by
9y, o Oy, _ '
-55|91 = (, 69‘9“1 = 0, (3.3.7)

where again by the symmetry, ; = —6_;. Differentiating (3.3.6), this occurs when

0=D,— Ddsg—?(pdel)pd (3.3.8)
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that is
1

R

determines the cusp angle §;. These angles correspond to the radial critical points in

g_?( Dafly) = (3.3.9)

equation (3.3.5). In terms of the bending angle diagram (Figure 2), this occurs where
the curves y — o = y; are tangent to the curve a{z). The cusp physical size is D,6y;
twice this distance is the difference between distance gained and distance travéled, to good

approximation. 8y and #_9 are related by
y(6y) = y(6-9) =0, (3.3.10)

where by the spherical symmetry 6 = —6_3 and the self-intersection of the light cone (given
by the first equality in this equation) occurs on the central line through the lens (as implied
by the second equality). Thus we have from { 3.3.6)

_ Da!.s
fg= o)

&(Dgb_3) (3.3.11)

8

determines the cross-over angle §_,. Thus the cross-over angles 63 and §..5 correspond to
the critical points satisfying equation (3.3.4). In terms of the bending angle diagram (see
Figure 2) this occurs where the line y — z = 0 intersects the curve a{z).

An angle 3 and corresponding impact parameter x3 yields the same image position as
the cusp angle, on the other side of the caustic: y(xs) = —y(x;), and it is this angle that
we treat as the cut-off in the caustic size. Henceforth, we refer to this as the cut-off angle
3 (and the cut-off on the other side occurs at §_3 = —83).

Finally, the maximum deflection caused by the lens occurs when 8 = 48,,, where

o&

=Dy} = 0. 3.12

5 Dab) = 0 (3:3.12)
This does not correspond to either of the other angles; indeed it lies between them. For a

SCL centred at 6 = 0, if cusps and cross-overs occur then generically
0< b <8, <b<83.

The two-dimensional picture obtained by suppressing one angular coordinate is as shown
in Figure 1 (with one radial coordinate and one angular coordinate). Going to the full 3-

dimensional picture, at the source plane, the whole picture is circularly symrhetric about
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the optical axis at § = 0. The cross-over angles at 8 = 485 correspond to a circle in the
lens plane but a point (a degenerate caustic) in the source plane; the cusp angles 6 = +6,
correspond to circles in both planes.

We now apply the preceding theory to Top Hat models.

3.4 The Top-Hat Matter Distribution

In the simplest case of a top-hat SCL, there is a constant inner density é; for 0 < |[F] < 1 and
a constant outer density d_ for 1 < |{F] < A with A > 1. Then the compensation condition
(3.2.5) is "

6. =-N-1)"t4,, (3.4.1)

Unless otherwise stated, we will assume that &, is positive (so 4. is negative). Then the

positivity condition (3.2.6) demands that
0<é,<(X-1) & 0>6_>-1, (3.4.2)

using the scaled variables, and x(z) will take the form

k(z) = C()\S\/l—:vz—\/)@—:ﬁ) , 0<z<1, (3.4.3)
k() = ~CVNE= 22, 1<z <A, (3.4.4)
k{z) = 0, z>A (3.4.5)

where C' = —2ppd_. /oer, With a central value k(0) = CA(A? — 1) > 0 and a junction value of
#(1) = —CvAZ =71 < 0. The surface density will be positive for 0 < z < z4 < 1, negative

for z, < x < A, and zero for A < z, where

g =M/ M -1)/(M~-1) <1. (3.4.6)

Substituting into (3.2.8) and integrating (3.2.12) to find the mass function m(x), we

obtain the following: s
4 A
mi(z) = Af(z), A= —2P05 SN (3.4.7)

3 Cep
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where the function f(z) is given by

f@= (1-5)"-0-2", osas<, (3.48)
21 3/2

flz) = (1 - -f{,) , 1<z <A, (3.4.9)

f(z) = 0, A<z, (3.4.10)

The function f(z) is a continuous positive even function, with f(0) = df/dz(0) = 0, a
single maximum value of f(z,) = (A% — 1)%2/(A% — 1)1/2 at z,, < 1 given by 72, =
Mt —1)/(X8 ~ 1) = 22, and junction values f(1) = (A2 —1)3/2/)3, f()\) = 0 = df /dz()).

Near zero it has the form

= ‘3 (’\2)\; Doz g ()‘4); 1) zt 4 0(2®). (3.4.11)
It follows that m(x) is a continuous non-negative function with m(0) = 0 and junction
values m()) = 0 and m(1) = A(A2 — 1)32/)3. Its maximum value is at z = z,, = z,
where m{xp) = Af(zm).

Consequently, because any SCL lens can be built up by a superposition of a sufficient
number of top hat lenses, we see that the effective surface deflection mass M(r) is always
positive and is exactly zero at the outer edge of the compensating region, that is the effective
2-dimensional surface density o is exactly compensated if the 8-dimensional fractional den-
sity & is precisely compensated. Hence there is no long-range effect due to the lens: precisely
because it is correctly compensated, the deflection angle « = ( for impact parameters that
lie outside x = A (where the density takes exactly the background value). Thus we note,
(1) for compensated lenses, lensing effects occur only for rays that traverse the lens itself
and its compensating region; (2) despite the negative values for ¢ at some radii in such a
compensated lens, the deflection angle is always positive.

Collecting formulae resulting from (3.2.11,3.2.12) and (3.4.7-3.4.10), we have that for a
spherically symmetric top-hat matter distribution,

a(z) = A&

p (3.4.12)

where the constant is

[ 167Gpo A3
A= ('37') (5954—) (M) R, (3413)
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From (3.3.4) or (3.3.11), cross-overs occur where

B(z) = =1 (3.4.14)
and from (3.3.5) or (3.3.9) caustics occur where
da(z)/dz =1, (3.4.15)

The maximum bending angle a,, occurs where da/dz = 0.

Consequently,

1. the bending angle a(z) is a continuous positive odd function with

a(0) = 0,
da/dz(0) = (34/2) (%;-1)

a single maximum value a,, at x,, < £ where

A 32 -1)
mTo4N8—1)

and junction values a(1) = A(A% — 1)>2/X3, a()) = 0 = da/dz()).

2. its slope da(z)/dz is an even continuous function with maximum value da(0)/dz =
(34/2X2)(A%—1) at the centre, positive from z = 0 to Z,, negative from z = T, to A,
and zero thereafter, with junction values do(1)/dz = —(A/X3)(\? + 2)vAZ =1 (here
it takes its minimum value and its derivative d/dz(da/dz) is discontinuous, diverging

from the left but finite on the right) and da(A\)/dz = 0. Hence caustics occur iff
(BA/2XD (A2 = 1) = Apig > 1 (3.4.16)

(with a degenerate case when equality occurs). If they occur, say at ¢ = x5 , then

0 < z9 < 1 and z2 satisfies

d 2 2 2 ’
a(x) (1423 /1- 22— (1+ _%) 1- % =1, (3.4.17)

dx

A
=73
3

with the corresponding angle 6y given by fp = 2285/ Dy
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3. The function B(zx) = a(z)/x = Af(z)/z? (with f(z) given by (3.4.8-3.4.10)) is
even, positive, monotonic decreasing, and continuous, with a maximum value B(0) =
(34/222)(A? — 1) at the centre, and junction values B(1) = (A/A)(A2 — 1)3/2/),
B(X) = 0. Hence cross-overs also occur iff ( 3.4.16) is satisfied. They can occur for

any value of x > x2 up to A. If they occur, say at x = z;, then
Af(zy)/2? =1 o (3.4.18)

with the corresponding angle 8, given by ¢; = :€y/Dq, where f(z) is given either
by (3.4.8) (if z1 < 1) or by (3.4.9) (if 1 < 1 < A) (one cannot tell @ priori in which
range it will lie; one has to try to solve one, and if there is no solution, solve the
other). Then (24, 25) is the angle determining how large a part of the sky is covered
by the Einstein circle corresponding to the cross-over surface z = z, for lenses at zg4
(giving multiple images of the central point at 2,). How this scales with z; (for given

zs) depends on how pg, &o, 6+, A and R scale with zy.

4. Pointwise over the image, the area shrinking factor is given by 8 = |det J| given by
{3.3.3). This can be evaluated from the formulae given above. Using the expansion

(3.4.11) one can evaluate this determinant near the centre-line # = 0; the result is
det J = (1 — Agit) + O(2?) (3.4.19)

which is 1 near the lens (when A is small) and goes to —Acri; (see (3.4.16)) when A

is large (the minus sign because images are reversed).

We can determine a value for the lensing parameter Mg either by directly estimating
the quantities in the definition (3.4.13), or by estimating the maximum bending angle o,
for lenses considered. For example, if A = 2, the r.h.s. of (3.4.12) has a maximum value of
0.70A (when z = 0.87). From (3.4.13) with the bending angle relation (3.4.12) and angle
scaling relation (3.2.10) we see that then My is determined by the relation

2¢ ot
Mg % 1.14 X 0.7 = s commems | 3.4.20
0 Hy & ( )

3.4.1 Results

We have written a series of Truebasic programmes that compute all the relevant quantities

for Tophat lenses, as functions of (i) the determining parameter A, (ii) the source redshift z,
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for fixed lens redshift zg, (iii) the lens redshift z, for fixed source redshift z;. We have exper-
imented with parameter values that correspond to observed gravitational lensing systems;

some of the results are given in the following tables and in Figures 3 to 5.

T T 7 T

‘cusp’
‘cross-over’ -
‘cut-off"

cut-off angle

cusp angle

o

[ i L i s

1 2 3 4

Figure 3.3: Variation in (a) cusp angle, (b) the crossover angle, and (c) the cut-off angle.
The image redshift starts at the limiting value of z; = z4 = 0.231, and increases through
the arc redshift of 0.914, up to the value z; = 5. Parameters based on the lens A2390.

This area shrinking ratio is about 3 after cusps have occurred, for scales of about 3 times
the cusp scale, corresponding to the cusp image point where the deflection is the same size

as at the cusp.

3.4.2 Galaxy clusters

‘We present a table of results for parameters corresponding to four well-known galazy clusters
that cause gravitational lensing (note that we are not making detailed models of these
objects; rather we are using their observed properties to determine reasonable parameter
values in our SCL model). From the cluster Abell 2218 (see refs. [122, 180]) we have selected
as images the arcs at redshifts z, = 2.6 and 3.3 respectively, as a case study, where the
brackets imply this is evaluated at the angle cut-off angle. We then list the corresponding

shrinking factor () for these two images, at the cut-off angle, followed by their cusp and



Table 3.1: Area shrinking ratio with actual image redshift.

LENS | amee | & | 2 2 Sh"g;l;mg
A2918 | 90" | 160kpc | 0174 3.3/2.6 3.2
A063 | 767 | 130kpe | 0.206 | 0.7 33
A370 | 707 | 100kpe | 0.374 | 0.724/1.306 31
A2300 | 757 | 160kpc | 0031 0.913 33

cross-over angles. The last column is the shrinking factor for the source placed at decoupling
redshift z, = 1200 . We also consider other lensing clusters Abell 963 (ref. [132] ), Abell
370 (refs. [64, 1J)65]), and Abell 2390 (refs. [63, 165]).
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Figure 3.4: The pointwise area shrinking ratio v for parameters based on the lens
+MG11314+04586.
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Table 3.2: Cusp angle, cross-over angle and area of shrinking ratio at decoupling.

LENS Cusp angle Cross-over angle shrinking (,B)
) 61 at decoupling
A2218 47/48 T7/75 3.2
A963 28 48 3.1
A370 16/25 27/36 3
A2390 24 41 3.35

Table 3.3: Area shrinking ratio with actual image redshift.

LENS Cmaz £o 2d Zs shrz;l;lng
+H1413-+117 g" 3kpe 1.5 | 2.55 3
2345007 20" 15kpc | 0.5 | 2.15 3
+MG2016+112 30" 30kpc | 1.01 | 3.75 3
16354267 30" 30kpc | 0.57 { 1.96 3
+MG11314+0456 5" 2.5 0.5 1.5 3

3.4.3 Galaxies

‘We have also used a set of galactic lenses, as evidenced by multiple images of more distant
objects, to provide parameters for our model, giving the second table. The first lens is
often referred to as the clover leaf: +H1413 + 117 has four images of a QSO at redshift
24 = 2.55 (See refs. [156, 117]). The second is seen in QSO images A and B for the system
2345 + 007 correspond to a redshift zg4 == 2.15, despite image A being 1.7mag brighter than
image B (ref. [239, 219]). The third is the triple radio source +MG2016 + 112 (see ref.
[133]). The fourth is the QSO pair in 1635 + 267 with nearly equal redshift zg = 1.96
[40]. Finally a nearly full Einstein ring was observed in +M G1131 + 0456, albeit somewhat
elliptic in shape (ref. [97] ).

We find that the caustics shrinking factor tends to an average factor > 3 at large z (as
required to get a 3-fold covering factor). However because of the divergence of the light rays
within the cusps, it can be much larger when applied to strong lensing (the actual angle

corresponding t0 the cusps is then much smaller than in the equivalent FL model).
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Figure 3.5: The average area distance shrinking ratio f for the Abell cluster 2390. The
average () at (a) # = 8; (the cusp angle), (b) # = 8y (the cross-over angle), and (c) 8 = 4
(the cut-off angle).

3.5 Conclusions

Of particular interest is the way the cusp size and the shrinking vary with redshift of
the source and of the lensing object. This depends on two things: firstly the variation of
angular sizes with redshift, remembering (a) minimum angular apparent diameter occurs
at z = 1.25, so that the maximum angle 8, for cusps to form due to lenses of given size
and strength will have minimum at that redshift; and (b} that the ratio of distances that
enters o.r saturates with increasing z, (for given zg) but has a maximum for each z; at a
zq of about 0.6 which is thus the optimal distance for the lens in order to create cusps on
the last scattering surface.

The models discussed here in [53] are based on specific strong-lensing objects that are
not typical of all galaxies or clusters; but they confirm in a concrete way the broad picture
proposed in [49]: an area shrinkéng factor of 3 will occur for each lens that causes cusps,
on the scale of the cusps (precisely: at the cut-off angle 83 which gives the same deflection

at the source as the cusp angle, but on the opposite side). The total effect when averaging
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Table 3.4: Cusp angle , cross-over angle and shrinking ratio at decoupling.

Cusp angle Cross-over angle shrinking (3)
LENS ;

8, &1 at decoupling
+H1413+117 0.6 0.9 3
23454007 3 6 3
+MG2016+112 5 8 3
16354267 6 10 3
+MG1131+0456 0.6 1.0 3

over large angular scales will depend on what fraction of the sky is covered by these angles
for all lenses at all smaller scales, as a function of redshift; some simple estimates of this
overall effect were given in [49]. To determine realistic multiplicity factors as a function
of redshift will require simulations with multiple lensing and more realistic lens models, for
example standard elliptical lens models determined by a velocity dispersion parameter and
ellipticity parameters as in [122] which allow an increase in the degree of multiple covering
(because individual elliptic lenses can have a covering factor of 5). The effect will differ
on angular scales, and will almost certainly be substantial due to micro—lensing, with an
additional increase due to galactic and cluster lensing. The implication is that it is incorrect
to assume a priori that areas average out to the background FL value on large angular scales;
one can only know the true area ratios - expressed in the shrinking factors considered here

- by detailed calculation.



Part II

Pre-Big Bang Cosmology in String
Theory
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Chapter 4

Pre-Big Bang Cosmology and the
Graceful Exit Problem

4.1 Overview

Matching the classical FRW model of General Relativity with the superinflation of Pre-
Big Bang Cosmology of String theory is marred by what is commonly called the graceful
exit problem. There is a vast literature focused upon repairing this blemish. There are
no-go theorems that exclude such regular transitions in the presence of a perfect fluid or
Kalb-Ramond source terms.

In what follows, we try to shed some light on the intricacies of the graceful exit problem,
and the extent to which Pre-Big Bang Cosmology impacts the larger debate surrounding
various issues related to the early Universe, such as the Singularity Problem, the Cosmo-
logical Constant Problem, Flatness Problem etc. So the first section of this Chapter is a
brief summary of some of the recent literary contributions to the debate around Graceful
Exit Problem.

Then, in Section 4.3 the subject of Pre-Big Bang Cosmology is reviewed in a way similar
to various treatises by its founding authors Gasperini, Veneziano and others.

The final Section deals with a significant property of String Theory, namely the Duality
Symmeiry of the Stringy Effective Action, that yields precedence to a doubling of

solutions to the field equations, an occurrence that has no analogue in the context of
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the Einstein cosmology, where there is no a prior: dilaton, and the duality symmetry cannot
be implemented. Key consideration is raised as to symmetries of the equations and whether
those same symmetries hold true in their solutions (see Chapter 5). Indeed, there are cases
in which the equations have such a scale factor symmetry, when solutions may or may not
exhibit the same symmetry, and on the other hand cases in which the solutions obey the

scale factor symmetry, even if the equations do not.

4.2 The Graceful Exit Problem

The Standard (Cosmological) Model gives us a consistent view of a large part of current
observations, as far back as the period of nucleosynthesis. Before this period, we postulate
an era of accelerated expansion under the Inflationary paradigm [141, 124] to explain such
problems as the size of the Universe, its smoothness and flatness on very large scales and
the lack of it on smaller scales, the lack of topological relics such as magnetic monopoles,
domain walls and cosmic strings. To this list we may add the problem of the smallness
of the cosmological constant, and the initial singularity problem. Not only does inflation
fail to address the last two issues, there yet remains the task of constructing a plausible
dynamical inflationary scenario that is free of internal inconsistencies.

In a classical treatment, the Universe inevitably reaches large curvature scales and ul-
timately runs into a singularity. In order to see how String Theory cures this problem,
one needs to go beyond a classical treatment. The graceful exit problem is the issue
of matching pre-big bang cosmology (see section 4.4) of String Theory with standard
FRW cosmology (see for instance [16, 193, 70, 17, 153, 154, 14, 15, 62, 27]). No-go theorems
prevent the inclusion of a single potential to catalyze the graceful exit in a vacuum-dilaton
cosmology [17, 153, 154]. It appears to be in trend to include higher-order corrections to
the string effective action, that incorporate both the classical finite size effects of the string,

as well as the quantum string loop corrections [15, 62, 27].

Diamandis ef al. [163] investigate a toy model two-dimensional string cosmology within
the context of a super-critical (Liouville) string where they identify time with the Liouville

mode. This also achieves an expanding universe with matter which exhibits an inflationary
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phase, and graceful exit from it, that tends asymptotically to a flat-metric fixed point char-
acterized by a suitable dilaton configuration in which the string coupling remains bounded

during the exit from the inflationary phase.

Kawai & Soda [213] found non-negligible enhancements of both curvature perturbation
and gravitational wave in the long wavelength limit during graceful ezit in a uﬁiverse dom-
inated by a scalar field coupled to the Gauss-Bonnet term (in a four-dimensional dilaton-
gravity model of Antoniadis et al. [27], which is really an extension of a two-dimensional

model by Rey [193]).

In a paper by C. Park and $-J Sin [179] it was suggested that by using brane scattering in
the absence of the Zy symmetry, by constructing multi-brane configurations by patching five-
dimensional AdS-Schwarzschild solutions, a scenario of a graceful exit of inflation on a brane
universe may be attained. Papantonopoulos and Pappa [178] solve the Einstein equations
on a 3D-brane with a time dependent cosmological constant. By assuming that at an early
epoch the vacuum energy scales as 1/logt, they demonstrate how the universe may have
passed from an inflationary phase to an expanding phase in a natural way. Bhattacharya et
al. [109] explore the averaged action of the Randall-Sundrum model with a time dependent
metric ansatz, reformulated in terms of a Brans-Dicke action with time dependént Newton’s
constant and show that the brane metric smoothly exits inflation.

Shapiro and Sola (207, 208, 206] present a model of inflation based on the anomaly-
induced effective action of gravity in the presence of a conformally invariant Hilbert-Einstein
term first proposed by Starobinsky({208], in which inflation can be stable at the beginning
(unlike the Starobinsky model) and unstable at the end. The instability is caused by a
slowing down of inflation due to quantum effects associated to the massive fermion fields.
In supersymmetric theories this mechanism can be linked to the breaking of SUSY and
suggests a natural way to achieve graceful exit from the inflationary to the FLRW phase.

Risi and Gasperini [37] suggested the possibility of a smooth (classical) transition from
the pre- to the post-big bang regime by considering repulsive gravitational effects due to the
back-reaction of the quantum fluctuations outside the horizon, provided the background is
higher-dimensional and anisotropic.

We [52] obtain non-singular solutions through the inclusion of a single scalar potential
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providing the use of an exotic equation of state (see Chapter 5).

Stefano Foffa [61] considers Pre-Big Bang Cosmology in Braneworld Scenario and re-
cently [hep-th/0304004] obtained a graceful exit at low curvature and low coupling, without
violating the Null Energy Condition by means of a regular bouncing universe in the context
of a dilaton-gravity brane world scenario. The scale factor starts in a contracting infla-
tionary phase both in the Einstein and in the string frame, it then undergoes a bounce
(due to interaction with the bulk Weyl tensor), and subsequently enters into a decelerated

expanding era.

4.3 Pre-Big Bang Cosmology

This section provides a brief explanation of the basic ideas underlying the so-called pre-big
bang scenario [69] as derived from String Theory.

Figure 4.1 gives a qualitative representation of the main difference between string cos-
mology and standard, inflationary cosmology can be obtained by plotting the so-called
curvature scale of the Universe versus time.

In the Standard Model [240], the space time curvature decreases as time increases. As
we lock back in time, this curvature grows monotonically, and blows up at the initial Big
Bang singularity, as illustrated in the top part of Figure 4.1.

The Stancard Inflationary Model [141, 124] modifies the Standard Model by allowing
for a de Sitter, or “almost” de Sitter phase in the distant past, during which this curvature
tends to stay frozen at a nearly constant value. The problem with this scenario is that
inflation cannot be extended back in time for ever (see, for instance [234, 232]), since it

leads to geodesic incompleteness (see also Guth [84]).

Quantum Cosmology does present an answer, namely that the Universe emerges in a
de Sitter state from nothing [233] or from an unspecified initial vacuum state, via quantum
tunnelling. The problem with the Quanfum Cosmology explanation is that any computation
of the transition probability requires an appropriate choice of the boundary conditions [90],
which in the context of standard inflation are imposed ad hoc when the Universe is in an
unknown state, inside the quantum gravity regime. In String Cosmology, on the contrary,

the initial conditions are referred asymptotically to a low-energy, classical state which is
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known, and well controlled by the low-energy string effective action [69, 157]. There have
been other attempts to use Quantum Cosmology [110, 157]. See for instance the paper
by Pinto-Neto and Colistete Jr that uses the Bohm-de Broglie interpretation to construct
Gaussian superpositions of the quantum solutions to the corresponding Wheeler-DeWitt
equation, to obtain Bohmian trajectories that exhibit a graceful exit from the inflationary
Pre-Big Bang epoch to the decelerated expansion phase.

‘What happens to the Universe before the phase of constant curvature, which cannot last
for ever? If the curvature starts growing again, at some point in the past, the Singularity
Problem remains unresolved, since it is simply shifted further back in time.

The alternative is for the curvature to start decreasing, as illustrated in the bottom part
of Figure 4.1. The String Cosmological Scenario suggests precisely such dual behaviour
for the curvature around the time ¢ = 0. As we look back in time the curvature grows,
reaches a maximum controlled by the string scale, and then decreases towards a state
which is asymptotically flat and with vanishing coupling constants, and therefore negligible
interactions, the so-called string perturbative vacuum. A phase of high, but finite (nearly
Planckian) curvature replaces the Big Bang singularity of the Standard Model - the pre-big
bang [230] phase is the initial phase with growing curvature, in contrast to the subsequent,

standard, post-big bang phase with decreasing curvature.

4.4 Duality Symmetry of the Effective Action

An important property of string theory is the duality symmetry of the effective action.
To illustrate this point we start by recalling that in general relativity the solutions of

the standard Einstein action,
1 .
S = _“Tl—/dd-*_lw\/ jg] R (4.4.1)
275

(d is the number of spatial dimensions, and A, = M, ! is the Planck length scale), are
invariant under “time-reversal” transformations. Consider, for instance, a homogeneous

and isotropic solution of the cosmological equations, represented by a scale factor a(2):

ds? = dt* — o*(t)dz;dz’. (4.4.2)
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If a(t) is a solution, then also a(~?) is a solution. On the other hand, when t goes into —1,

the Hubble parameter H = 4/a changes sign,
a(t) — a(~t), H=4a/a — —H. (4.4.3)

To any standard cosmological solution H(¢), describing decelerated expansion and decreas-
ing curvature (H > 0, H < 0), is thus associated a “reflected” solution, H(—t), describing
a contracting Universe because H is negative [69].

The String Theory gravi-dilaton effective action (here the fundamental field is repre-
sented by the scalar dilaton ¢) to lowest order in the string coupling and in the higher-
derivatives (o) string corrections (see, for instance, Appendices A and B in [69]) can be

written as:
1 -
! / d*1a/g] e [R+ (3,9)?] (4.4.4)

( As = M;! is the fundamental string length scale. In addition to the invariance under

S=-

time-reversal, the above action is also invariant under the dual inversion of the scale factor,
accompanied by an appropriate transformation of the dilaton (see also [228] and the first
paper of Ref. {230]). More precisely, if a(t} is a solution for the cosmological background

(4.4.2) , then a™(t) is also a solution, provided the dilaton transforms as:
a—d=al, ¢—d=¢—2dna (4.4.5)

This transformation implements a particular case of T-duslity symmetry, usually called
scale factor duality (see Appendix B in [69]).

When a goes into a™!, the Hubble parameter H again goes into —H so that, to each
one of the two solutions related by time reversal, H{(t) and H(~1), is associated a dual
solution, H(t) and H(—t), respectively (see Figure 4.2). The space of solutions is thus
richer in a string cosmology context. Indeed, because of the combined invariance under the
transformations (4.4.3) and (4.4.5), a cosmological solution has in general four branches:
two branches describe expansion (positive H), two branches describe contraction (negative
H). Also, as illustrated in Figure 4.2, for two branches the curvature scale (~ H 2} grows in
time, with a typical pre-big bang behaviour, while for the other two branches the curvature
scale decreases, with a typical post-big bang behaviour [69].

It follows, in this context, that to any given decelerated expanding solution, H(t) >

0, with decreasing curvature, H(t) < 0 (typical of the Standard Cosmological Model),
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is always associated a dual partner describing accelerated expansion, H(—t) > 0, and
growing curvature, H {—#) > 0. This doubling of solutions has no analogue in the context
of the Einstein cosmology, where there is no dilaton, and the duality symmetry cannot be
implemented.

In an isotropic background there are only expanding pre-big bang solutions [69], i.e.
solutions evolving from the string perturbative vacuum (H — 0, ¢ — —o0), and then char-
acterized by a growing string coupling, ¢, = (exp¢/2) > 0. The inversion of the scale
factor, in particular, and the associated transformation (4.4.5), is only a special case of
a more general, O{d, d) symmetry of the string effective action, which is manifest already
at the lowest order. This O(d,d) symmetry holds even in the presence of matter sources,
provided they transform according to the string equations of motion in the given back-
ground [69, 15]. In the perfect fluid approximation, for instance, the inversion of the scale

factor corresponds to a reflection of the equation of state, which preserves however the

“shifted” energy p = p|detgi;|'/*:
a—d=at,  $—¢,  plp—-p/p, PP (4.4.6)

These symmetries supposedly connect in a smooth way the phase of growing and decreasing
curvature, and also describe a smooth evolution from the string perturbative vacuum (i.e.
the asymptotic no-interaction state in which ¢ — —oo and the string coupling is vanishing,
gs = exp(¢/2) — 0), to the present cosmological phase in which the dilaton is frozen, with
an expectation value [116] (g,) = M;/M, ~ 0.3 — 0.03 (see Figure 4.3).

By adding matter sources, in the perfect fluid form, to the action (4.4.4), the string
cosmology equations for a d = 3, homogeneous, isotropic and conformally flat background

can be written as [69]:

#* —~6Ho +6H? = e%p,
. . 1
H-H¢+3H? = §e¢p,
2¢ +6Hp— ¢* — 6H — 12H? = 0. (4.4.7)
For p = p/3, in particular, they are exactly solved by the standard solution with constant

dilaton,
G ~ tl/z7 o= 3p ~ CL_4, ¢ = ¢onst, t — 400, - (4.4.8)
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describing decelerated expansion and decreasing curvature scale:
a>0, i <0, H<O0. (4.4.9)

Le. the usual radiation-dominated solution of the Standard Cosmological Model, based on
the Einstein equations. In String Cosmology there is an associated dual complement,
i.e. an additional solution which can be obtained by applying on the background (4.4.8) a

time-reversal transformation t — —t, and the duality transformation (4.4.6):
an~(—=t)"Y2 ¢~ -3In(—t), p=-3p~a? o —oc0. (4.4.10)

This is still an exact solution of the equations (4.4.7), describing however accelerated (i.e.

inflationary) expansion, with growing dilaton and growing curvature scale:
a>0, i>0, H>o0. (4.4.11)

The two solutions (4.4.8) and (4.4.10) provide an explicit representation of the scenario
illustrated in Figure 4.3, in the two asymptotic regimes of ¢ large and positive, and ¢ large

and negative, respectively.

4.5 Concluding Remarks

In this Chapter we have given a broad overview of the current issues surrounding the
Graceful Exit Problem in the context of Pre-Big Bang models of String Theory, and the
alternative routes various authors propose to circumvent this impasse.

The loop and high curvature corrections dictated by String Theory violate the Null
Energy Condition, but this is generally considered to be acceptable, although our under-
standing of these effective sources is still incomplete.

For this reason the Pre-Big Bang model itself has lost much of the luster it thrived upon
with its inception during the early Nineties. Recent work on Pre-Big Bang Cosmology are
done in the context of Braneworld Scenario (a subject treated in Part III of this thesis.)
Here, an Einstein frame bounce that represents the smooth exit from the pre- to the post-
big bang phase can be done without the need for quantum gravity or high curvature effects.
In brane worlds, the bounce is obtained from interaction between the brane and the bulk,

without violating the Null Energy Condition.
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Chapter 5

A Solution to the Graceful Exit
Problem in Pre-Big Bang
Cosmology

5.1 Introduction

In this chapter (as in the paper by Ellis et al. [52]), we investigate the equations of string
cosmology [69], [137] in the string frame, allowing for a dilaton potential V{¢). The Pre-
Big Bang Scenario is motivated by the search for cosmological solutions with an a{t) —
1/a{—t) symmetry in the scale factor a(t}, which implements an analogue of the T-duality
symmetry of M-theory. However one must distinguish between symmetries of the equations
and those of their solutions. We look at cases in which the equations have such a scale
factor symmetry, when solutions may or may not exhibit the same symmetry, and at cases
in which the solutions obey the scale factor symmetry, even if the equations do not. In the
latter case we obtain some solutions that seem to have most of the properties desired in
the Pre-Big Bang scenario, in that they have the desired scale factor symmetry, the desired
evolution of the dilaton field, and continuity at ¢ = 0 of a(t), (t), ¢(t), and the Hubble
parameter H (t) = a(t)/a(t) (but allowing a discontinuity in H (t) and ¢(t) there, implying
a corresponding discontinuity in 8V/8¢), thus providing a solution to the graceful exit

problem [153, 154, 14]. However, to obtain the desired dilaton behaviour at recent times,
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we need to employ an ‘exotic’ equation of state as discussed below.

There are no-go theorems that exclude such regular transitions in the presence of a
perfect fluid and Kalb-Ramond sources. A ‘lowest order’ Einstein frame analysis by [14]
discusses graceful exit in generalized phase-space, and derives a set of necessary conditions
for transition from a classical dilaton-driven inflationary pre-big bang phase to a radiation-
dominated era, joined at ¢t = 0 in a Planck epoch of maximal finite curvature H (t). They
show that a successful exit requires violation of the null energy condition (NEC). Classical
sources tend to obey NEC, but various new kinds of effective sources generating non-singular
evolution have been considered that do not. Thus failing invocation of higher order cur-
vature terms, some kind of exotic behaviour of matter is necessary in order to obtain a
graceful exit from the pre-big bang phase.

Here we follow Gasperini et al. [69] by working in the string frame. The relation to the
Einstein frame is left for further investigation. It should be made clear from the start that
our solutions are rather special in the spectrum of pre-big bang models; those we concentrate
on in the main show an exact scale factor duality in the solutions, and thus we do not
consider here the more exciting possibility of a phase of early kinetic-dilaton dominated
inflation which leads to an early phase which is not radiation dual but is genuinely stringy
inflationary vacuum. Nevertheless the set of solutions investigated here help to understand

the spectrum of possibilities available within the broad Pre-Big Bang set of ideas.

5.2 String Cosmology Equations

One can determine the general equations of string cosmology by extremizing the lowest

order effective action of dilaton gravity,
1

1
~ o /dd'”m lgle™? {R+ (V)* — 5 H? + V(é)} +/dd+1a:\/ELm, (5.2.1)

where ¢ is the scalar dilaton, H = dB (antisymmetric tensor fleld strength), V(¢) is the

S5 =

dilaton potential, A; is the fundamental string length scale, and L,y is the Lagrangian density
of other matter sources. To derive string cosmology equations for the d = 3, homogeneous,
isotropic, conformally flat background we will follow Gasperini [69] in assuming B = 0, a
perfect fluid minimally coupled to the dilaton, and a Bianchi I type metric (see Appendix
C of [69] for details). Unlike Gasperini we assume V(¢) # 0, to obtain the string cosmology
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equations in the following canonical form:

é .V 42
wer e L 2.
: 2 _ B _ 2P . & 4
H+H =e(5-%2)—Hp+ — — = — = 2.
+ 6(2 3) ¢+3 T (5.2.3)
b=-3HO+ PV -V 1L L) (5.24)

where V' = %g— ‘When combined, these imply the standard energy conservation equation:
o=-3H(p+p). (5.2.5)

In a relationship analogous to that between the classical Friedmann equation and Ray-

chaudhuri equation,

Eq.(5.2.2) is the first integral of eq.(5.2.3) provided that eq.(5.2.4) and eq.(5.2.5) hold.
 (5.26)

These four equations will be the basis for the analysis in this paper.
One of the primary motivations for the pre-big bang scenario [71] is that when V(¢) = 0,

these equations are invariant under the following transformation:
a(t) — a(t) =a™(t) (5.2.7)

provided that the dilaton transforms as ¢ — ¢ = ¢ — 6lna and the energy density and

pressure as p — p' = abp, p — p' = —pa~® Thus if a(t) is a solution, so is a(t) for
suitable ¢, p, p. Since the string cosmology equations are also invariant under time reversal

symmetry,

a(t) — at) = a(—1) (5.2.8)

the deceleration associated with standard post-big bang cosmology can be associated with

an accelerated evolution prior to the big bang by the generalized transformation
a(t) — a(t) = a~1(-1). (5.2.9)

where @(t) is a solution for suitable ¢,p,p because a(t) is. The solution has T-duality

symmetry if for each ¢,
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a(t) = a(t) = a”H(~t). (5.2.10)

However, if we assume V(¢) # 0 as in egs.(5.2.2-5.2.4 ), then in general the equations
are not invariant under the symmetry eq.( 5.2.10) even if the solutions are. We will look at
both cases in what follows, but generically allowing a potential that does not preserve the
symmetry. Note that if we assume matter with the same equation of state before and after
t = 0, then the matter equations also will not be invariant under the scale factor symmetry.
One has to decide what is more physically meaningful: matter with a universal equation of
state applicable at all times, or that has a discontinuous equation of state that preserves
this symmetry. In what follows, we adopt the first option. We return to discuss this choice

in the conclusion.

5.2.1 Flat Dilaton Potential with Exotic Equation of State

To obtain equations of motion preserving the scale factor symmetry eq.(5.2.10), we assume

the simplest potential, namely a flat potential:
Vig) ==& - (211

where & i1s a constant, and then investigate the behaviour of the universe. In order to
reliably obtain proper limiting behaviour of the dilaton, we assume that the equation of
state

2
p= % +3e70x (5.2.12)

holds at all times (this choice, which is not invariant under the duality symmetry, is discussed
further in the following sections). One can immediately see that at late times if ¢ —
constant, as we will show follows from this choice, then this equation of state simply reduces
to radiation plus a constant.

We are interested in getting satisfactory dynamics for H(t) and ¢(¢) , or equivalently
for x(t) = é. To see when this occurs, we manipulate the string cosmology equations
(5.2.2-5.2.4) subject to egs.(5.2.11,5.2.12) to obtain the two-dimensional phase space with
coordinates (x,H) governed by the following equations:

2

: X 2 K
H==%2. 9%, 2 2.1
; 2 +6’ (5.2.13)
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X = x(x — 3H), (5.2.14)

Figure 5.1: Phase portrait representing the solution space of equations (5.2.13-5.2.14) with
> 0.

the latter following because of choice (5.2.12). Having chosen the constant x, we can set
initial conditions (xg, Ho) at ¢ = 0, and then extend the solution to positive and negative
values of ¢ by use of these equations. For x < 0, there are no fixed points in the phase
plane, and on every trajectory both H and y diverge as |t| — co. For k = 0, i.e. no dilaton
potential, there is one fixed point at the origin, but for any initial condition (set at ¢ = @ ),
x and H will diverge either as you run time forwards or run time backwards.

The interesting dynamics is obtained when x > 0. There are then fixed points at A.:
(0, /k/12) (a source), A—: (0,+/k/12) (a sink), B;: (v/3x,1/k/3) (a saddle point), and
B_: (—v/3k,—+/x/3) (a saddle point). In the phase plane depicted in Figure 1 above, we
claim the initial conditions in the region I bounded by A4, By and A_ and the separatrixes

joining them give satisfactory dynamics of both H and x which include x — 0 as |t] — oo,
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x > 0 for all times so ¢(¢) is monotonic, H remains finite, and a “bounce” occurs that
avoids the initial singularity. Since region I is bounded by fixed points that have coordinates
proportional to 1/k, increasing & will give one a larger region of initial conditions that lead
to a nonsingular universe with proper dilaton dynamics. We can obtain a solution on the
boundary of region I {evolving along the line joining A_ to Ay, which does not lie in I)
that is invariant under symmetry (5.2.8) by setting xp = 0, Hp = 0 at t = 0, but this
solution, given explicitly by a(t) = cosh'/ 2(\/.;7315), is not invariant under the symmetry
(5.2.10). A drawback of all these models is that inflation will not stop at ¢ > 0, but
as discussed in the conclusion, the string cosmology equations derived in section 5.2 do
not apply to the present cosmological regime without modification, so it is possible that
a radiation dominated evolution started after the time when these equations no longer
apply. In any case this gives a specific family of sclutions where the equations display the
desired symmetry (5.2.10) but the solutions do not - which is not very surprising, given the

prevalence of broken symmetries in physics.

5.3 Obtaining Desired Dynamics From a Dilaton Potential

In this section, we generalize the method introduced by Ellis and Madsen [155] through
which they obtain a classical scalar potential associated with a specified a(t) in the standard
gravitational equations. No field has been observed that coincides with a dilaton potential
V{(¢) , so we assume that it is a freely disposable function. We show that by suitable choice of
V (¢) one can obtain almost any behaviour for a(¢), or alternatively for ¢(¢). We first present
an algorithm for determining V(¢) from a desired a(t) or a desired ¢(t), and then present an
analytically smooth solvable example. This solution illustrates our main point, but has little
physical relevance (although it does satisfy the symmetry (5.2.10)). In the following section
we use these methods to obtain two solutions that resemble the standard “pre-big bang
scenario”, but with continuity of a(¢) and H(t) and with satisfactory dynamics of ¢(¢). The
associated dilaton potentials are ad hoc because they are derived from the desired behaviour
of the universe, rather than from a field theory model; as discussed in many inflationary

and quintessence studies, see e.g. [136],[200].
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5.3.1 The Algorithms

We proceed by providing the following general algorithm for determining a dilaton potential
V() that produces a desired a(t):

1) Specify a desired monotonic function for the scale parameter a(t) , consequently
determining H(t) and H(t),

2) Choose an equation of state and solve for p(a) from eq.(5.2.5); as a(t) is known, this
determines p(t).

3) Eliminate V and V' from eq.(5.2.4) by use of eqns.(5.2.2) and (5.2.3) to obtain a
differential equation relating H(t), ¢(t), p(t), and their time derivatives.

4) Solve the equation obtained in step 3) for ¢(t).

5) Substitute the now known functions ¢(t), p(t), and H(¢) and a(t) into the rearranged
version of eq.(5.2.2)

V(t) = 6H? — e?p — 6Ho + ¢* (5.3.1)

to obtain V().

6) Invert ¢(t) to obtain t(¢), and

7) Transform V (t) as follows: V(¢) = V(¢(¢)) = V(¢) . This is possible for each range
of ¢ on which ¢(¢) is monotonic (if it is not monotonic on some range of ¢, in general V(¢)
will not be well-defined because it will not be single valued for the corresponding values of
¢).

Thus, provided ¢(t) determined from step 3) is monotonic, we find a V(¢) that cor-
responds to a given monotonic function a(t). Because we have now satisfied eqs.(5.2.5),
(5.2.2) and the equation obtained in step 3), the latter depending essentially on eq.( 5.2.4),
it follows from statement (5.2.6) that eq.(5.2.3) will be true also, so we have satisfied all the
equations of the theory for this matter description (c.f. [155]); hence we have a solution of
the desired form.

Alternatively, we can give an algorithm for determining a dilaton potential V{¢) that
produces a desired dilaton evolution ¢(¢)? by proceeding in the same way as above, except

for minor changes: replace step 1) by

'If the equation of state is a function of V or V', then you will have to eliminate these quantities using
eqs.(5.2.2) and (5.2.3 ) before solving eq.(5.2.5).
“It is important to note that one has freedom to choose only a{t) or ¢(t), not both.
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1%} specify the desired monotonic function for the dilaton, ¢(¢),
in step 2), leave p in the form p(a), and replace step 4) by

4’} solve the equation obtained in step 3) for a(f) (or for H(t)).
The rest of the algorithm is as before.

Finally, note that we can carry out these procedures piecewise: for example we can
specify a(#) for some range of t and ¢(¢) for some adjoining range of ¢, or different behaviours
for a(t) for different ranges of ¢ , then join the solutions together, ensuring that o(t), H(?),

(1) and x(t) are continuous where these ranges meet.

5.3.2 FExponential Scale Factor Behaviour with No Matter

To demonstrate the procedure, we give a simple analytically solvable example with a pure

scalar field, i.e. p = p = 0. Consider an exponential expansion as in classical inflation,
a(t) =e" = H=w, H=0, (5.3.2)

where w is a positive constant. This solution has the desired symmetry ( 5.2.10).

In this case the differential equation for ¢(t) takes the form:

$=Ho . (5.3.3)
Using eq.(5.3.3) and eq.(5.3.1) we obtain
0) = o+ De - 1), (534)
a monotonic function as required, and
V(t) = 6w?® — 6dowe™ + die?™t. (5.3.5)
After inserting the inverted eq.(5.3.4),
t(¢) = élog [% (¢> -~ ¢o + %)] , (5.3.6)

into eq.(5.3.5), one obtains

V(g) =w'(¢-3-go+ )" - 3w’  (537)
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which is simply a quadratic potential plus a constant. Clearly the behaviour for ¢{(t) is
unphysical since ¢(t) — oo instead of asymptoting to a constant. However, this gives a
transparent example where even though the scale factor symmetry (5.2.10) is broken in the

equations (because V(¢) is not constant), the solution obeys that symmetry.

5.4 “Pre-Big Bang” Behaviour

In this section we try to use the methods just explained to obtain solutions that resemble the
“pre-big bang scenario” but with satisfactory dynamics of ¢(t) and a continuous transition
from the pre-big bang to post-big bang phases. In these examples, we seek solutions that
evolve from a string perturbative vacuum, i.e. H — 0 and e® — 0 (no interactions), to the
present scenario where e?, which acts as the coupling constant, asymptotes to a constant.

We will assume the following behaviour of the universe:

1 1
= 1)z, 1> T 4.
a(t)=(t+1)%, t > 0=> H(t) ST (5.4.1)
determining a(t) for ¢ > 0, and by the symmetry (5.2.10)
1 1
={—-t+1)"2 < IE e 4.
a(t) =(~t+1)7%, t <0 = H(t) 1) (5.4.2)

determining a(t) for ¢ < 0. Both a{t) and H(¢) are continuous at ¢ = 0 with a{0) =
1, H(0) = 1/2, but H(¢) is not continuous there.

This behaviour, which is essentially radiation dominated evolution of the universe for
positive times and power-law inflation for negative times, is motivated by the “pre-big bang”
scenario introduced in [71], and exactly obeys the scale factor symmetry (5.2.10). Note that
we have shifted the origin of time in each branch from that customarily used, in order to
get a smooth evolution through ¢ = 0; this of course makes no difference to the desired
physical behaviour, for we can choose the origin of time to be wherever we want (and the
equations are invariant under time translation £ — ¢ = ¢+ ¢). Although the power law
inflation ends with the scale-factor value a(0) = 1, required by continuity together with the
symmetry (5.2.10), the solution has sufficient inflation for any purpose because it involves

an infinite number of e-foldings (it starts with the asymptotical value a == 0 as £ — —00).
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5.4.1 Pre-Big Bang behaviour with radiation equation of state

First we assume the radiation equation of state holds at all times, that is,

p= §= (5.4.3)
which, using eqgs.(5.2.5) and (5.4.1,5.4.2), implies
p(t) = po(t + 1)F2 (5.4.4)

where pp is a positive constant and ‘+t’ refers to the post-big bang era, ‘—{' to the pre-big
bang era. Notice that both p and g are continuous at ¢ = 0.

The equation for ¢ now takes the form
. 9 ) )
é= —3-e¢p + H¢+2H. : (5.4.5)

Substituting in eqs. (5.4.1) and (5.4.4), we could not find an analytical solution to eq.(5.4.5),
so we investigate the three dimensional phase space with coordinates (t, ¢, x), given from
eqs. (5.4.5,5.4.1,5.4.2,5.4.4) by

P .2 X 1
= = ZePpo(£t + 1)F2 A.

where the top sign holds for ¢ > 0 and the bottom sign for ¢ < 0. We can set initial data
at £ = 0, and then investigate the phase plane orbits as we run the trajectory forward and
backwards in time in such a way that x and ¢ are continuous through £ = 0. Then x is
discontinuous there, but we have no problem in joining the solutions for £ > 0 and ¢ < 0.
For t > 0, there is an exceptional integral curve y(t) given by (t,¢g,0), where ¢¢ =
]n(z—io-); this is the only integral curve with a fixed value of ¢ and x. Note that setting
¢ and xo determines the initial point in the phase space, and specifying pp determines
the location of this exceptional curve. In the 2-dimensional sub-spaces ¢ = const with
coordinates (¢, x), the curve v(t) has coordinates (@, 0) for all ¢, and represents a set of
saddle points parametrised by ¢. To get exactly the desired dilaton dynamics in the future
(x >0, e® — constant = x — 0 as t — oo}, one must restrict the initial conditions (¢g,Xo)
to start precisely on the stable branch of these saddle points, which intersects the surface
t = 0 in a single curve (0,v+(x), x) passing through the exceptional point v = (0, (;50,0)

(for more details, see A.1). However there is actually slightly more freedom than this in
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finding physically relevant initial conditions because if a trajectory starts close enough to
the stable branch (but not exactly on it), then the trajectory will stay close to the fixed
point for an arbitrarily long period of time before ¢ and x diverge, and this may suffice for
physical purposes even if the solution eventually diverges (cf. the discussion of intermediate
isotropisation in [235]). Nevertheless, the physically relevant set of solutions is very unstable
and requires very precise fine tuning, in order to obtain the desired dilaton dynamics, lying
in a small open neighbourhood Dy of the curve ¢g = v (xo) in the initial data set at
t = 0. Indeed we have found it very difficult to obtain numerical solutions with the desired
behaviour because of this instability.

For t < 0 there are no points with a fixed value of ¢ and x (because we assume pg > 0).
To get the desired dilaton dynamics in the past (x > 0, e® — 0 as t — ~—00) one must
further restrict the initial conditions, the problem being that eq.(5.4.6 ) is an inhomogeneous
equation for x with a time-varying source function (albeit a source function that decays away
as t — +00). We can obtain the desired behaviour if yg = %e@po < 1, ie ¢ <« in(%)
(details are given in A.1). This is a sufficient condition; there will be a wider domain D_
of initial data at ¢ = 0, containing this set, that will ensure that at early enough times the
desired behaviour is attained.

To get a satisfactory solution for all time, for a given choice of pg, one must set the
initial conditions to lie in both Dy and D.., so the crucial issue is whether they intersect
or not. We have not attained finality on this point. It may be that the ‘no-go’ theorems
with a potential [153, 154] imply they do not intersect, but this implication is not entirely
clear, as the conditions of those theorems may not correspond precisely to the conditions
we contemplate here. If they do intersect, we can attain the desired behaviour ¥ — 0 and
¢ — 0 when time runs backwards as well as e® — const as time runs forward and in
principle, one can obtain a continuous V{¢) associated with the unstable solution described
above because every function is continuous on the right hand side of eq.(5.3.1). Furthermore,
¢(t) is monotonic and continuous, and therefore invertible, so one can complete Step 6 of
the algorithm set out in section 5.3.1. However attaining such solutions will require extreme
fine-tuning of the initial data, and this is very difficult to do because one does not know
where the stable branch of the saddle point intersects ¢ = 0. Thus if such solutions do

exist, the extreme fine tuning required for their initial data make them seem impracticable
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as cosmologies despite their other desirable properties.

5.4.2 “Pre-big Bang” Behaviour with Exotic Equation of State

Finally, we assume the identical “pre-big bang” behaviour of the last example (egs. (5.4.1,
5.4.2)), but we obtain a stable solution with a different equation of state. The instability
in the last example arises because of our choice of the equation of state, as can be seen by

inspection of eq.(5.2.4), which we write now as
X =-3Hx +x*+5, (5.4.7)

where

3p »p
=V -V et B
= +e(2 2).

As mentioned before, we want to obtain e? — constant, i.e. ¥ — 0, at late times, which

(5.4.8)

implies 8 — 0 in eq.(5.4.7). If we choose the radiation equation of state as in the last
example, (eq.(5.4.3)), then 8 = —V — V', Therefore, requiring § — 0 as ¢t — oo puts a
heavy restriction on the dilaton potential, namely V' — e~% at late times. Consequently,
there is a fine-tuning problem if you use the radiation equation of state.

In the present example, we assume f = 0 for all times, which from eq.( 5.4.7) demands

the exotic equation of state,

2 .
p= g + 2TV V), (5.4.9)
at all times (note that eq.(5.2.12) is the special case resulting when V' = 0). Using this

equation of state implies,
p(t) = / 2He %(12H¢ + 6H — 3¢%)dt (5.4.10)

which aliows the density to go through zero and become negative. We discuss this equation
further in the Conclusion.

The differential equation that relates H(t) to ¢(¢) is simply eq.( 5.4.7) with § =0,

¢=—3Ho+ ¢, (5.4.11)

For arbitrary a(t), this can be solved (with ag = 1 and xp = ¢g) by

t
exp(go — (t)) =1 — XO/o a3 (t)dt. o (5.4.12)
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For the specific case given by eqs.(5.4.1,5.4.2) we obtain from this the analytical solution

¢(t) = +¢o — In ]1 —2x0[l — (1 + ¢)7%] (5.4.13)
for t > 0 and
¢(t) = +¢o —In|l - -2%[1—(1 — )3 (5.4.14)

for ¢t < 0. Inverting eq.(5.4.13) we obtain

_ 4X(2)62(¢_¢0)
t(¢) - {(1 _ Zxo)qu__qso . 1}2 -1 (5415)

and inverting eq.(5.4.14) we obtain

Beb=d0 _ & 1 9,72/
He) =1~ |= 2x:+ XO] (5.4.16)

Now we can solve eq.(5.4.10) to obtain p{a) and so p(t) (see A.2 for one particular case),
and substitute our results into eq.(5.3.1) to obtain the dilaton potential V{(¢) that is as-
sociated with our specified “pre-big bang” behaviour. This is straightforward but tedious,
and results in very complex analytic expressions (the real complexity coming through the
expressions for p(t) that occur consequent on the choice of the exotic equation of state).
Rather than giving these analytic expressions, we give a graph of the potential for one

particular case below.

To discuss the relevant initial conditions, it is instructive to look at the phase plane
(Figure 2 below) with coordinates (¢, ), where x = ¢ is governed by the equation:

(S e 2 4.
X 2(:tt+1)X+X (5.4.17)

where we again use + to represent ¢t > 0 and — to represent ¢ < 0. One can easily see that
= { (=> x = 0) is an attractor, and represents a physically uninteresting solution with
¢ = const. Also x = Wﬁmis a nullcline, characterising the other points where x = 0. This
curve starts at (0, %) and drops symmetrically away to zero as ¢ — doo. Now we can solve
eq.(5.4.17) analytically for t > 0, finding
1

X T DOt D) (5.4.18)
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Figure 5.2: Phase portrait representing the solution space of equation (5.4.17).

where () = (5}(-5 - 1) is positive iff xg < 1/2. The separatrix between the solutions that
diverge and those that go asymptotically to zero as ¢ — oo is the special solution with

C4 = 0 which goes through (0, %), that is,

1
2(¢ + 1)
which itself goes to zero as  — oo. If we specify the initial conditions at ¢ = 0 such that ¢g

X = (5.4.19)

is free and 0 < xp < % < (4 > 0, then as we run the trajectories forward in time y — 0.

In this case, for large positive values of £, eq.(5.4.18) will be approximately

1
X" i
(note that ¢(¢) is monotonic for ¢ > 0 because x > 0 on these trajectories). Let Ty be such
that eq.(5.4.20) is valid for all t > 7, > 0. Then for ¢ > T},

>0 (5.4.20)

¢ 1 1 —~1/2 -1
) | meedt + G, = —— [T 2 — 7Y 4 gy 5.4.21
60> [ sttt = g (T I+ oz, (5.4.21)
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Thus as t — oo, for all x,, ¢(f}) — a constant value, say @, and exp @t} — exp(Poo)-
{Note that it is essential to check this result even though x — 0, ¢f. the discussion below
of what happens as ¢ — —o00). If we specify the initial conditions at ¢ = 0 such that ¢p is
free and % < xp © O+ < 0, as we run the trajectories forward in time then y — oo as
t — tg given by 14 Cpv/Tg + 1 = 0, that is &g = %_&;ﬁr In this case for large values of y,

eq.(5.4.17) can be approximated as follows:

3 . 2

The solution diverges as ¢ — ¢y and the approximation eq.(5.4.20) never applies. This
behaviour conforms to that implied by eq.(5.4.13), and may be seen clearly on the phase
plane.

If we run the trajectories backward in time, starting from initial data with xo > 0, they
will cross the nullcline and then drop to zero, never becoming negative because x = 0 is an
exceptional solution of the equations. Then ¢(t) is monotonic for ¢ < 0 also because x > 0

on these trajectories. Solving eq.(5.4.17) analytically for ¢t < Q gives

5 t—1)v—-1t4+1
VP S i\ i (5.4.23)
2(t2 =2t +1)vV/-t+14+C-
where C_ = (% — 1). This expression goes to zero for all C_ > -1, corresponding to

Xo > 0 (note that it does not matter if C_ is positive or negative). For large negative ¢

its value, for all C_, will be approximately
5
x = de/dt ~ ——. (5.4.24)

Let T- be such that eq.(5.4.24) is valid for t < T < 0. Then for t < T,

qﬁ(t)ﬁ/t (—%)dt-ﬂﬁn =-2-1n(-7;;)+¢7»_ N exp¢(t)o<(%)5/2. (5.4.25)

Thus as t — —o0, for all x,, ¢(t) — —oo even though x — 0, and exp ¢(t) — 0, which is
the dynamics we desire [69], and indeed is indicated already by eq.(5.4.14). The value of
(.. corresponding to the separatrix eq.(5.4.19) is C_ = 4, which does not give any special
behaviour for ¢ < 0.

Typical results of the integrations for this case are given in Figures 3-5 below.
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Figure 5.3: The evolution of the scalefactor a(t) as a function of time ¢, with a(0) = 1, over
the time interval [—10,10}. For negative times ¢ < 0, there is power-law inflation, ¢ > 0,
followed by a radiation dominated phase of expansion for positive time ¢ > 0.

1.8 Y T T T T

0

1.6
1.4
1.2

1
0.8
0.6
0.4
0.2

0

-15

L

-5

10

15

t

Figure 5.4: The function exp (¢(¢)) as a function of time ¢, with a(0) = 1, ¢(0) = 0 and
x{0) = 0.25. exp (¢()) increases monotonically from 0 at time ¢ = —00 t0 2 at ¢t = +o0.
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In summary, one gets a stable solution for 0 < xo < 1/2, as one can see from the phase
plane, with good “pre-big bang” behaviour and the desired dynamics for ¢(¢) for both
large and small £. The shape of the potential is a bit unusual, but results directly from the
specific requested ‘pre-big bang’ evolution egs.(5.4.1,5.4.2) and the chosen initial conditions.
Smoothing out that behaviour at ¢ = 0, so that the solution departs from the ‘radiation’
form eq.(5.4.1) at very early times while preserving the symmetry (5.2.10), will result in a
smoothed out potential V(¢) ; we can choose a(t) in this way so that H(¢) and hence V' (¢)
are continuous at ¢ = (. Initial conditions can be set so that the matter has the desired
late time behaviour: p/p — 1/3,p — 0; however it then has unusual behaviour at early
times in that both p and h = p + p go negative for some values of ¢ < 0. It is unclear if
this should be regarded as a serious defect of the model or not, remembering that with the
unusual equation of state adopted, the properties of matter are different than usual, and in
particular the speed of sound will no longer be given by the usual expression. This needs
further investigation. What is clear is that these solutions are not physically reliable as
t — +o00 (see below), and they will have to be joined on to some other solution to give an
adequate model of the universe with ordinary matter behaviour at late times. However, as
discussed below, that problem occurs in the entire family of pre-big bang models, and so is

not restricted to the models considered here.

5.5 Discussion

We have given examples making very clear the distinction between the equations and the
solution having the desired ‘pre-big bang’ symmetry. We have given a broad method of
attaining desired string cosmology solutions when there is a dilaton potential uV not equal
to zero, and used it to obtain ‘Pre-Big Bang’ solutions that seem to have close to the desired
properties. In the first case considered, choice of the exact radiation equation of state (5.4.3)
at all times leads to a very unstable situation where extreme fine-tuning of initial conditions
is required to attain the desired results, and indeed there may be no initial data leading
to the desired behaviour in both the forward and backwards directions of time. In the
second case we impose an ‘exotic’ equation of state (5.4.9) that links the fluid behaviour
to the potential in a way that generalises the perfect fluid equation of state, and we obtain

solutions of the desired type without the need for fine tuning the initial data set at ¢ = 0.
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Figure 5.5: The dilaton potential V(@) as a function of time ¢. We assume that a(0) = 1,
#(0) = 0 and x(0) = 0.25 and take the density p(t) to have value p{co) = 0 at time
t = oo. The potential V(¢) is continuous at all times, but non-differentiable at ¢ = 0.
For ¢ — —oo, V(¢) is asymptotically zero. To the right of ¢ = 0, the potential starts
at V =~ —0.005 and goes to zerc from below as phi goes to In2, then increases to +oo as
¢ — oo. Around ¢ = In2, both V(¢) and its gradient V'(¢) are zero. As time t — o0,
the dilaton field asymptotes to a constant value of In2 in our model. The dilaton potential
V{¢) approximates a fixed value of 0 as ¢ — In2 asymptotically for large positive times.
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This equation of state looks strange, and the resulting matter behaviour is certainly
unusual, but we have no solid handle to use in restricting equations of state in this early
era; and we suggest that it is essential to choose such an equation if one wants the solution
to reliably tend to the classical form at late times. This is because of the form of the
equation for (f), if we do not set § = 0, where J is defined by eq.(5.4.8) then almost always
that desired classical state will not be attained, because of eq.(5.4.7); but setting 8 = 0,
which leads to the desired behaviour, leads immediately to our exotic equation of state.
Insofar as that equation of state and resulting behaviour is unsatisfactory, this indicates
that there is a problem with the form of the egquation for (}5, which comes directly from the
standard variational principle employed in the context of the pre-big bang scenario. The
remedy probably lies in finding other scenarios with alternative forms of the variational
principle, leading to other equations for qS

This is also indicated because the present form of the equations does not accommodate
ordinary matter, the point being that the above analysis applies even if there is no dilaton
potential. Suppose V = 0; then eq.(5.4.7 ) remains true, but now

B=e(EL-2) (5.51)

so a reliable approach of the dilaton to a classical solution at late times, requiring 8 = 0,
demands the radiation equation of state (5.4.3); a baryon dominated epoch is not allowed?.
This is usually dealt with by stating that eqs.(5.2.2-5.2.5) don’t apply at late times in the
history of the universe - a different set of equations are to be used then, and the solutions
for early times obtained from egs.( 5.2.2-5.2.5) must be suitably joined on to that late time
evolution. However given the vision of M-theory as representing the fundamental theory of
gravity, it should be able to describe that epoch too; this apparently requires some modified
scenario and associated variational principle (note that although we have discussed the issue
in the string frame, it also arises in essentially the same form in the Einstein frame). In any
case, whether one accepts this argument or not, given the standard variational principle and
equations, we argue that the ‘exotic’ equation of state implied by setting 8 = 0 is necessary
to give the desired behaviour; when adopted, it enables obtaining that behaviour reliably

(i.e it eliminates the need for extreme fine-tuning of data set at ¢ = 0).

3 Although of course by the algorithm given above, we can simulate a matter dominated phase by suitable
choice of the potential V.
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However one should note here that we have perhaps been somewhat extreme in imposing
this equation of state at all times. It is only really needed, on our approach, near the time
of the turnaround, and one could obtain far more general behaviours by modifying what we
have here in that light; what is required is that the quantity 8 must go to zero in the period
when the dilaton is stabilised. It has also been pointed out to us that it is not clear why
the deviation from its vanishing point should be absorbed completely in the pressure, and
then promoted into the conservation equation; other models of the transition [15, 62, 27|
successfully stabilise the dilaton at late times without this requirement, with suggestions
for classical and quantum corrections in the effective action taking the place of the exotic
fluid. Hence our proposal must just be seen as one of a range of possibilities in this regard.

Because we have not made the usual separation of our solution into & ‘-’ and a -’ branch,
it is not immediately clear why these solutions are not ruled out by the no-go theorems
involving a dilaton potential [153, 154]; this is presumably because those theorems exclude
fluids with the equation of state we have assumed. We also have not examined the relation
of these string-frame solutions to the corresponding Finstein-frame versions. These issues

await investigation.
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Chapter 6

Braneworld Cosmology

6.1 Some Introductory Remarks

The Braneworld Scenario of recent years [2] have dramatically influenced our view of the
Universe, and implies completely new scenarios for the cosmology {113, 131]. The cos-
mological implications of string theory have significantly improved the undefstanding of
topics in string theory itself, eg. the explicit calculation of the black hole entropy and
the identification of the AdS/CFT correspondence and its impact on the realization of the
holographic principle [158]. Quintessence has led to the discussion of string theory in a de
Sitter background [244]. Here we shall describe the effectiveness of the Braneworld Scenario
(Section 6.2) and its basic geometrical setting.

In Section 6.3 we elaborate upon the application of this Scenario in the context of
Inflation, particularly with the use of D-branes.

S-branes, the ekpyrotic universe scenario and bouncing branes are briefly reviewed
in Section 6.4.

We lay the groundwork for two Chapters ( 7 and 8) by outlining some geometrical
and mathematical Preliminaries of the Braneworld Scenario of Randall and Sundrum in
Section 6.5. This is a necessary precursor to (i) the ideas of braneworld inflation contained
in Chapter 7, where we formulate a standard code for deriving the analytic form of a single
self-interacting potential of a dilatonic field, and (i1} for further exploring an Alternative to

Inflation, viz. the Cosmological Bounce in Chapter 8.
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As a precursor to an outline of the context of Braneworld Cosmology in Modern Cosmol-
ogy performed in the next section, here we briefly elaborate on the historical role that extra
dimensions has played in Twentieth Century Physics, and innovative attempts to formulate
a 143 approach cosmological perturbations in Braneworlds, and its applications to CMB
anisotropies of late.

Already in the early part of the previous century did Nordstrom and then Kaluza and
Klein [112] posit the idea of extra dimensions, and subsequently it started to reappear in
various attempts to combine the principles of Quantum Mechanics and Relativity. In its
earlier form, String Theories contains more than four dimensions; only after Kaluza-Klein
compactification on a manifold of microscopic scale does four dimensional physics reemerge

in its standard form [185].

6.2 The Braneworld Scenario

New revelations in String Theory now suggest another approach to compactify extra spatial
dimensions. In its most recent spin-off called M-theory, an old idea first motivated by
authors such as Akama, Rubakov and Shaposhnikov, Visser, Squires, Gibbons and Wiltshire
(see [2] and references there-in) has been resurrected. Here-in lies the main thrust: the
Standard Model phenomenology is confined to a hypersurface (the brane) that is embedded
in a higher dimensional space (the bulk). Gravity and all exotic forms of matter propagate
in the bulk, while the Standard Model particles propagate only in the three dimensional
brane. This scenario weakens the constraints previously exercised upon the size of extra
dimension (ie. in the Kaluza-Klein setting). Newton’s law of gravity has been tested only
on scales larger than a tenth of a millimeter, so there is no reason to exclude possible
deviations from this law on smaller scales, suggesting that gravity may in fact be sensitive
to the presence of large extra dimensions as first proposed by Antoniadis and subsequently
by Arkani-Hamed, Dimopoulos and Dvali [2].

The initial proposal by Arkani-Hamed, Dimopoulos and Dvali contained a flat bulk
geometry in (4 + d) dimensions, with the extra d dimensions are compact with radius R
(toroidal topology). The four dimensional Planck mass Mp is related to the fundamental

gravitational scale of the extra dimensional theory, called the {4 4 d) dimensional Planck
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mass Mg, by the equation

Mp = M} RS
Gravity deviates from Newton’s law only on scales smaller than R, where R could be as
large as a fraction of a millimeter!

It is possible to localize matter fields in a 3-brane world embedded in a higher-dimensional
space if gravity is allowed to propagate away from the brane in the extra dimensions, that
were compactified to a finite volume. It was Randall and Sundrum [189] who proposed
gravity to be confined to the vicinity of the brane by the warp of one extra dimension. In the
Randall-Sundrum brane world scenario the observable Universe is a 3-brane boundary of
a non-compact Z, symmetric 5-dimensional Anti-de Sitter (AdS) space. The matter fields
are restricted to the brane but gravity exists in the whole AdS bulk (see for instance [147]
for further detail; we employ this scenario in Chapters 6 and 7).

This warped bulk geomelry was introduced by Randall and Sundrum [189] (called
RSII) as a slice of a space-time with a negative cosmological constant {Anti-de Sitter space
time, or AdS in short), and precisely because of the non-flat bulk, they obtained Newton’s
law of gravity on a brane of positive tension embedded in an infinite fifth dimension. In
order to explain the large hierarchy between the Planck scale and the electro-weak energy-
scale, they also proposed a two-brane scenario [189], called RSI. In this picture, the Standard
Model Phenomenology occurs on a negative-tension brane, while there is another positive-
tension brane living inside the AdS bulk. The large hierarchy is as a result of the high
curvature of the AdS background bulk, represented by the appropriate inter-brane distance,
the radion. '

It was Lukas, Ovrut and Waldram [145] who first who first recognised the possible mod-
ification of the Friedmann equation at very high energy, before the time of nucleosynthesis.
For a fairly neat pedagogy on the different aspects of Braneworlds, we refer the reader to
Brax and van de Bruck [13].

We now divert attention to the early Universe and how the gravitational dynamics lead
to imprints on the CMB and other cosmological perturbations.

Fundamental questions such as the Initial Singularity problem, the Hierarchy problem,

the Origin of Inflation {or maybe formulating an alternative to the Inflationary Paradigm),



73

and the Cosmological Constant problem still remain unresolved in Modern Cosmology. Per-
turbative (and in part, some aspects of non-perturbative) String Theory has been developed
to the point where it could finally confront physical testing [212], and in high precision Cos-
mic Microwave Background experiments such as WMAP [58] and PLANCK. In principle,
the Braneworlds phenomenology serves as a means for testing the validity of M-theory in
the high precision arena of Early Universe Cosmology.

Up until now, there is no clear understanding of the evolution of cosmological pertur-
bations {13, 148]. The various approaches have been outlined by Nathalie Deruelle [148].
More recently, Roy Maartens [148] outlined the 143 covariant approach to cosmological
perturbations in Braneworlds, and its application to CMB anisotropies. A new formulation
to calculate the CMB spectrum based upon solving the bulk geometry using a low energy
approximation has been proposed by Kazuya Koyama [125](see references inside). Unfor-
tunately the ambiguity of the boundary condition is still an open question, even though
Koyama uses the RSI model by regarding the second brane as a regulator. Density pertur-
bations with dark radiation were investigated by Gumjudpai, Maartens and Gordon [148].
In the radiation era the large-scale density perturbations are suppressed by a small amount,
and at the same time those in the dark radiation grows at late times. For matter with a

stiff equation of state, the suppression becomes strong.

6.3 Inflation on the Brane

1f the early Universe undergoes a small period of exponential expansion that last sufficiently
long, then most of the problems encountered in the Standard Model would be explained [84,
141, 124, 140]. The basic model of inflation includes a scalar field ¢ with a potential V(¢),
whose value acts as a cosmological constant, provided that it is flat, so that the scale

factor a(t) in an FRW Universe increases exponentially. The Friedmann equation for such

(f})z Lk _8G (%dy n V(¢)) , (6.3.1)

where the dot denotes a first derivative with respect to time ¢, whereas the scalar field

a Universe is

equation is 5
. a - 1%
¢+3a¢— -——8—¢-. (6.3.2)
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The conditions for inflation to be realized can be summarized in two slow-rolling conditions,

viz.
— Mlglanck 1 6‘/ -
€ = 5 T <1 (6.3.3)
18%v
n = M, (-176752> <1, (6.3.4)

in terms of the parameters € and 7, that have become the standard way to parameterize the
physics of inflation:- If condition (6.3.3) is satisfied, the potential is flat enough to guarantee
an exponential expansion; if condition (6.3.4) is satisfied, the friction term 3%(,& dominates
and therefore implies the slow-rolling of the field on the potential, guaranteeing that the
inflationary era lasts for some time. The number of e-foldings is given by

Gend da 1 / ¢and V
N= == dé. 6.3.5
a MPi?anck init 3V/3¢ ( )

Ginit
In order to solve the Horizon problem successfully one needs at least N > 60. Hybrid
inflation [139] solves the graceful exit problem by utilizing a second field that becomes
massless and then tachyonic after inflation, signalling an instability in that direction. The
field rolls fast towards its true vacuum, thus ending inflation. In this scenario, the inflaton
field need not acquire values greater than the Planck scale, as usually happens in single
field potentials. This type of potential is easy to realize in models from supersymmetric
or string theories. The strong attributes of inflation are (1) an explanation for the density
perturbations of CMB and therefore indirect account for large structure formation and (2)
a scale invariant, Gaussian and adiabatic spectrum of temperature fluctuations consistent
with observations at COBE [140, 60].

The so-called Cosmological Moduli Problem [188] stems from any scalar field that
has gravitational strength interactions and acquires a non-zero mass after supersymmetry
breaking that is of the order of the gravitino mass. If the scalar field happens to be stable,
it will over-close the Universe. If the field decays, it will do so very late in the history of the
Universe {due to the weakness of its coupling) and drastically decrease the relative abun-
dance of *He and D by destroying their nuclei, hence ruining the results of nucleosynthesis.
This also applies to the gravitino and fermionic partners of the moduli.

The discovery of D-branes and the Horava-Witten scenario [100] of M-theory have fur-

ther led to the discovery that the brane world appears naturally in string constructions,
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allowing its cosmology to be investigated while bearing in mind its particular string real-
ization. The physical implications of the five dimensional brane world scenario of Randall
and Sundrum [189] quickly drew the interest of cosmologists. Binetruy et al. [113] made
the first concrete description of a five-dimensional cosmology with branes, with interesting
consequences. Bowcock et al [12, 127, 105] soon revealed that the present expansion of
the Universe could be an illusion and that it is actually moving with some non-vanishing
velocity in a higher-dimensional static bulk (the so-called mirage cosmology [118}).

Dvali and Tye [41] proposed a mechanism for deriving inflation between two D-branes in
BPS state. However, they failed to address the issue of what happens after the branes collide
and how to exit inflation. Nor is their string potential computable. The D-brane/Antibrane
inflation model of Burgess et al. [174] (parallel branes with negligible velocity effects) has a
completely computable potential, with the inflation field representing the distance between
the brane/antibrane pair along the extra dimension. Its authors also claims to solve the
graceful exit problem: Hybrid inflation is achieved by the appearance of an open string
tachyon at a critical distance. Any monopoles or domain walls that appear before inflation,
are diluted away during inflation, and are not produced after inflation either since the Kibble
mechanism is not at work in the extra dimensions,

Intersecting branes [106] may require less fine-tuning than brane/antibrane systems.
The end result of tachyon condensation may also be different from brane/antibrane sys-
tems. A more realistic model at the end of inflation can be achieved if the cbndensate is
a configuration of intersecting branes endowed with supersymmetry. Both models suffer
from the Moduli problem, and the details of reheating [229]. See also Herdeiro et al. [98]
for a scenario of attraction of D3 and D7 branes with magnetic fluxes, where the tachyon

condensate mechanism leads to a D3/D7 supersymmetric bound state.

6.4 Alternatives to Inflation

S-Branes are topological defects for which all of the longitudinal dimensions are space-like,
and therefore exist for only a moment in time. They were introduced in [224] to bring the
de Sitter / CFT correspondence closer to the Anti-de Sitter / CFT correspondence, with
the s-brane plying the role of the D-brane. In a very recent reprisal by Dyson, Lindsay and

Susskind, the existence of such a duality is scrutinized [224].
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Burgess et al. 2002 [78] argue that a general class of solutions to Einstein-dilaton-
Maxwell theory, presented in Grojean et al. {see the same reference) with hyperbolic or
planar symmetry describe the gravitational interactions of a pair of negative-tension g-

branes.!

These spacetimes are static near each brane, but become time-dependent and
expanding at late epoch in response to the branes’ presence. These time-dependent regions
provide inter alia explicit examples of cosmological spacetimes with past horizons (inter-
preted as S-branes) and no past naked singularities, interpreted as a cosmological bounce.

The ekpyrotic universe of Khoury et al. [220] is based upon the Horava-Witten sce-
nario of M-theory [100] compactified on an interval S!/Z; for which the two 10-dimensional
endpoints are further compactified on a 6-dimensional Calabi-Yau manifold to leave two
4-dimensional worlds at the ends of the interval in the 5-dimensional bulk. Besides these
two worlds, there are also in the compactifications 5 branes that are free to move through
the bulk. In the original scenario [220] an almost BPS bulk brane moves from one boundary
of the interval to the other end and collides with the second boundary brane to produce
the big-bang. The attraction of the branes is described by a negative potential, proposed
to have the form V{¢) = —e~%® Small quantum fluctuations induce some ripples on the
bulk brane which then collide with the visible brane to produce the density fluctuations
measured in the CMB. The scale factor depends upon the position of the brane in the bulk,
and goes from a contraction before the collision to an expansion after the collision (ie. a
bounce). The problem of attaining the initial BPS state has been much debated [123]. The
main problem with this scenario is the violation of the null energy condition at the bounce
in the scale factor (see Khoury et al. [221], as well as Chapter 7 later.)

One way in which to avoid this is to simply consider a collision between the boundary
branes (no bulk brane) [123]. In this so-called pyrotechnic universe the singularity is
only in the extra dimension, while the scale factors of the brane remain finite throughout
the bounce. The third version is known as the cyclic universe [221]. In this scenario the
two branes keep separating and passing through each other an infinite number of times.

There has been a debate over the issue of the spectrum of perturbations [161]. The other

issue is the contrived use of negative potentials (not derived from theory). See Linde [142]

'Giovannini [78] derives an effective lower dimensional theory where the gauge-invariant vector fields
associated with the fluctuations of the metric are always massless and localized on a negative tension
brane.
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for a comparison of this scenario and its comparison with inflation. See also Muying ef
al. [172] for the most recent contributions to braneworld bounce scenarios. In particular, C.
Gordon and N. Turok investigates a bouncing Universe in which neither General Relativity
nor the Weak Energy Condition is violated, and discuss the evolution and matching of
comoving perturbations through and around the bounce. Lecture notes by Quevedo and

Langlois [131] were useful in providing an overview of recent developments in the field.

6.5 Preliminary Considerations

Motivated by developments in Superstring and M-theory [100, 210, 145} have led to the
notion that gravity could be a higher dimensional theory, that becomes 4-dimensional at
low energies. In the Randall-Sundrum scenario [189] gravity can be localized on a 3-brane
while a fifth dimension may remain noncompact. Observers are bound to a brane, which
may have a more general metric than the induced Minkowski metric that Randall and
Sundrum [189] assumed. A covariant geometric approach was first given by Shiromizu,
Maeda and Sasaki [210] and also by Maartens [147]. In Chapters 6 and 7 we shall assume
that a scalar field ¢ is bound to the brane, and that higher-dimensional modifications of the
standard Einstein field equations are imprinted via (i) local quadratic energy-momentum
corrections that arise from the extrinsic curvature, and (ii) non-local effects from the free
gravitational field in the bulk, transmitted via a projection of the bulk Weyl tensor onto
the brane [147]. The 5-dimensional field equations[189, 147} are Einstein’s equations, with
a (negative) bulk cosmological constant A and the brane energy-momentum providing the
source:

éAB = K [—K@’AB +8(x) {~AgaB + TAB}] . (6.5.1)

The tildes denote the bulk (5-dimensional) generalization of standard general relativity ;
quantities, and &% = 8/ E’fg, where Mp is the fundamental 5-dimensional Planck mass,
which is typically much less than the effective Planck mass on the brane, My = 1.2 x 1019
GeV. The brane is given by x = 0, so that a natural choice of coordinates is z4 = (2, x),
where z# = (t,2') are spacetime coordinates on the brane. The brane tension is A, and
gaB = gap — nanp is the induced metric on the brane, with n4 the spacelike unit normal

to the brane. Matter fields confined to the brane make up the brane energy-momentum
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tensor Tap (with Tapn® = 0).
The modification to the standard Einstein equations[147], with the new terms carrying

bulk effects onto the brane are

Guv = ~Agu + 62Ty + &S — € , (6.5.2)

2

where 1% = 87 /MZ. We choose units in which x* = 1, and A = 6 (%;) Then the energy

scales are related as follow:

The tensor 8y, represents local quadratic energy-momentum corrections of the matter fields,
and the £, is the projected bulk Weyl tensor transmitting non-local gravitational degrees
of freedom from the bulk to the brane. All the bulk corrections may be consolidated into
effective total energy density p'°*, pressure p***, anisotropic stress 7o and energy flux ¢, as
follows. The modified Einstein equations take the standard Einstein form with a redefined

energy-momentum tensor:

Gy = —Agu + K T% . (6.5.3)
where
tot E4 ]‘
T =Tw+ ;ES;W - ﬁg,uw (6.5.4)
Then
Rl LY R 6.5.5
= ot g g (20 Tm) + (6.5.5)
o = p B gy W Aqugt) + SU (6.5.6)
Pt = p+ = ?zZ(p +4pp + W qua®) + % 5.
tot & st o
Ty = 7r,w+F E{—(p+3p)7rw+7ra<ﬂvr,,> +qwqy>}
ot = +El- ’ﬁ(4 - Y+ Q (6.5.7)
q/J - Q,u Kﬁ 24 PQp 7T,qu H e

with non-local energy flux @, and non-local anisotropic stress Py, both on the brane.

(Note that %*/x® is dimensionless.)
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These general expressions simplify in the case of a perfect fuid {or minimally coupled
scalar field, or isotropic one-particle distribution function), i.e., for cases where the energy

flux and anisotropic stress both vanish
Gu=0=my . {6.5.8)

However, the total energy flux and anisotropic stress do not necessarily vanish:

o Q tot __
= net — D
H KO THT T T 6T

We use this formalism in Chapter 6 and Chapter 7 Section 8.5.1 (see also {214, 215}).

6.6 Some Final Remarks

To conclude this Chapter, we would like to bring attention to the fact that more recent
literature has re-enforced the key point that Bouncing Universes in a Braneworld Scenario
(see for instance [61, 170]) exploit a nonvaenishing projected Weyl tensor £,,, without
exotic forms of matter.

It is precisely this idea that we employ in Chapter 8. What is in fact unique about these
solutions is that they obviate the need for quantum foam, in other words, the brane never

exits the region of validity of low energy String Theory.



Chapter 7

Braneworld Inflation

7.1 Introduction

The braneworld scenario has important consequences for the standard model of cosmology
and in particular for the inflationary paradigm -which has successfully explained many of
the standard cosmological problems.

Braneworlds with a homogeneous and isotropic cosmology have recently been explored
by a number of authors [8, 113, 127, 105, 96, 59] and in particular, solutions of the Fried-
mann - Robertson - Walker (FRW) dilatonic Braneworlds have been investigated [245].

Recent work on inflation [150] has demonstrated that the modified braneworld Fried-
mann equation leads to a stronger condition for inflation that amounts to violation of the
strong energy condition. At high energies, feedback from the bulk dampens the rolling of
the scalar field, in effect easing the condition for slow-rolling inflation for a given self-
interaction, and increasing the number of e- foldings. Furthermore, the perturbation spec-
tral index is driven towards the Harrison - Zel'dovich value n =1 -a very desil."able feature
of this model.

An algorithm for generating a class of exact braneworld inflationary models has been
recently presented by Hawkins and Lidsey [26], in the case where the dark radiation compo-
nent has been neglected *. It follows that the field equations have a simple Hamilton - Jacobs

form and Hubble variable, which is written as a function of the inflaton, is then used as

1This is motivated by the fact that the dark radiation rapidly redshifts away and soon becomes dynami-
cally upimportant.

80
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a solution - generating function for the self-interaction and scale factor evolution a(t) (as
proposed in [59, 134, 286]). _

Adopting the proposal by Randall and Sundrum [189], where the dynamical equations on
the three- brane differ from the general relativity equations by terms that carry the effects
of embedding and of the free gravitational field in the five- dimensional bulk, we follow a
two - tier approach 2 for finding exact inflationary FRW solutions to the braneworld Einstein
field equations that does not explicitly assume the slow -rolling approximation.

We [214] present two ways in which exact solutions to the covariant non - linear dynam-
ical equations for the gravitational and matter fields on the brane can be obtained. In
the first approach, which is based on a paper by Ellis and Madsen [155], we examine the
constraints on the dynamical relationship between the cosmological scale factor and the n-
flaton driving self - interaction potential, imposed by the weak energy condition. The second
approach then investigates inflationary solutions obtained from a scalar field superpotential
(applied recently to the case of standard inflation by Feinstein [59]). Both these techniques

of solving the braneworld field equations are illustrated by flat curvature models.

7.2 The FRW Braneworld

7.2.1 DMatter description
A homogeneous scalar field ¢(f) on the brane has an energy - momentum tensor
Ty = pupe +php, (7.2.1)

with p = %(;/;2 +V{($) and p = %(;/;2 — V() where ¢? is the kinetic energy and V(@) is the

potential energy. The effective total energy - momentum tensor then also has

611

ot = p+X{ﬁ‘”2+u] (7.2.2)
611

Pt = P+XL—29(P+2P)+'13'U] : (7.2.3)

An FRW braneworld is characterized by vanishing shear, acceleration, vorticity, non - local

anisotropic stress and non-local energy flux (see section V equation (61) in [147]):

O =Ap=w, =P =8a,=0, (7.2.4)

*See {96, 59, 134, 26, 155] where this program was first outlined in detail.
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then
et = 0 (7.2.5)
q." = 0. (7.2.6)

The bulk spacetime could for instance be Schwarzschild-Anti de Sitter with dark radiation
coming from the black hole if the brane metric is FRW, but as [147] pointed out, more
general bulk metrics are in principle possible. The matter fields are constrained to a single
brane {a four dimensional hypersurface embedded in the bulk) [127, 105, 147, 12].

The standard conservation equation of general relativity holds on the brane, together

with a simplified propagation equation for the non-local energy density I/ [147]

p+0O(p+p)=0, (7.2.7)
U+4$eU=0, (7.2.8)

where € is the expansion parameter.

7.2.2 Gravitational Equations

The Einstein Field equations with A = 0 then become

© +§0% = —3(p™" +3p™"), (7.2.9)

16? 4+ 3K = p*°*, (7.2.10)
ap\ 4

u=%(;), (7.2.11)

where K = k/a(t)?, k = 0, &1, we let a(t) represent the scale factor at a time ¢ with real

constants U and ag evaluated at some time ¢t = #5. As per usual, the expansion © = 3a(t)/a.
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7.3 Generating Exact Inflation Braneworlds

7.3.1 The Reality Condition

The effects of embedding the free gravitational field in the five- dimensional bulk are rep-
resented by the correction terms to the energy-momentum tensor T),,, as expressed in
equations (7.2.2) and (7.2.3). In the absence of anisotropic stress (70" = 0) the non- local
energy density U takes the form of dark radiation with its behaviour given by equation
(7.2.11).

As a first step to specifying a desired model, we note that the following combination
of field equations (7.2.9)-(7.2.10) gives the sum of the effective (total) energy density and

pressure:
ptot + ptot = 2 (/c - %é) : (7.3.1)

Adding equations (7.2.2) and (7.2.3) and factorizing the resulting expression, we find
ptot +pt0t - ¢2 (1 + %p) + %u , (73'2)

and substituting this relation into (7.3.1) and rearranging terms we obtain an expression
for ¢%:

#(1+40) =2(K-46) - $u. (7.3.3)
Definition: The Reality Condition holds iff 2 > 0. This statement is equivalent to the
Null Energy Condition p+ p > 0 and requires

(1+3p) > © (7.3.4)
and
2(k-46)-3u = o0 (7.3.5)

to hold at all times ¢. The factor (1 + %p) is determined by equations (7.2.2) and (7.2.10):
S +p+8U-362-3K=0. (7.3.6)

In order to satisfy condition (7.3.4) we take the positive root of equation {7.3.6):

1+ o= 1/1+3[3C+402) - $u]. (7.3.7)



84

Note that the Weak Energy Condition, viz. p > 0 and p -+ p > 0 holds if
3K+ 30— Su >0 (7.3.8)

since this inequality ensures that p is non - negative in equation (7.3.7). The Weak Energy

Condition is violated if p < 0, i.e.
1. if condition (7.3.8) does not hold,

2. or if both inequalities (7.3.4) and (7.3.5) are reversed®.

7.3.2 How to obtain Braneworlds with desired inflationary behaviour

We now present inflationary braneworld solutions based upon the Reality Conditions (7.3.4)

and (7.3.5). Using equations (7.3.3) and (7.3.7) ¢2 can be written in the following useful

form:
0 B
2 oot
==, (7.3.9)
where
®=-JU +2(K - $6) (7.3.10)
and
A=1+} (302 +3K - §u) . (7.3.11)

An expression for the potential V{(¢) is determined by equations (7.3.7) and (7.3.9),

V(6) = MA - 1) - %. (7.3.12)

In order to obtain the desired inflationary dynamics we proceed as follows. (i) Specify a
(monotonic) function a(t) as desired, provided the Braneworld Reality Condition is satisfied;
(i) choose k (and therefore determine X); (iii) determine the expansion parameter @ =
3a(t)/a(t) and its derivative ©. Integrating equation (7.3.9) gives $(¢) and inverting gives
t(¢). Finally equation (7.3.12) gives V(1) = V(#(¢)) = V(¢). Thus the above procedure
will determine V(¢) describing a model which satisfies the exact inflationary equations on

the brane (with no slow - rolling approximation) with the desired scale factor a(¢) behaviour.

3Notwithstanding violation of the Weak Energy Condition, the Reality Condition may in fact still hold,
due to this double change in sign.
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It should be pointed out that this procedure is consistent as all the above dynamical
equations are satisfied at all times.

We present solutions for which the non-local energy density or dark energy may be neg-
ative (i.e. allowing naked singularities in the bulk, which seems unphysical). Nevertheless,
discussions related to the sign of the dark radietion and of bulk effects on the cosmological

dynamics can be seen elsewhere [127, 147, 19, 12].

7.3.3 Simple examples
The de - Sitter model

There are elementary solutions to equations (7.3.9-7.3.12) which yield the simple exponen-
tial inflationary solution representing a de- Sitter universe?:
a(t) = gpexp{wt), w=0. (7.3.13)

() k=0 U=0:

Flat models with a constant potential and vanishing non-local energy density

w1+$;—¢],ao=o,u=o. (7.3.14)
(i) k=+1, U<0:

Closed models with a quadratic potential and with negative non-local energy density

- 2
Ko = 2 —-—L-{g(l—}--(s—u-)—),

V(g) =

3 A
. 4 —U(} 1- e""’t
o) = ¢0i2\/T(T—') )
V($) = X 1+@£—4
A
7 2
- %45§¢wm—¢w}- (7.3.15)

This solution asymptotes to the GR result [155] as A — oo, since V — 3w? and U — 0.

“This has already been derived by other authors, see eg. [127].
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de - Sitter expansion from a singularity

Consider now inflationary de - Sitter expansion from a singularity (a(0) = 0):
alt) = agsinh{wt), w=0. (7.3.16)

‘We illustrate exact solutions with
(iYk=~1, U=0:

Open models with a cosmological constant and vanishing non -local energy density

K:0=-—w2
6w? :

(i) k=41, U<O0:

Open or closed models with negative non-local energy density

2
Ko = _w2+2\/_% (HE‘:—> : (7.3.18)

¢ = 44f —% sinh™ (wt),
B o] Ugln [tanh (4))
¢ - ¢OO £ 24/~ 3 w *
Q= 44 —% sinh™2 (wt)A,

. 6(1)2 6\/ UO . )

A = \/1+T+)\ —-?Slnh {wt},
2

Vie) = A \/1+6“’T—1}

+

4\/:—u-§—gsinh2% w'-g w(e — ¢0)] . | (7.3.19)

de - Sitter expansion from a bounce

‘We next consider inflationary de- Sitter expansion from a bounce:
a(t) = agcosh{wt) , w=20. (7.3.20)

Exact solutions exist if we choose
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({k=+1, U=0:

Closed models with vanishing non -local energy density. If Ko = w?, we find that

ﬁ/H.gﬂ.l] , d(t)=0, U=0. (7.3.21)
() k=+1, U<O0:

This is an example of a closed model with negative non - local energy density. For

V(g)=A

p 2
Ko = w2+2\/_%ﬂ (1+§;"—> : (7.3.22)
¢ = 4\/—2/—;9 cosh ™ (wt),
B 4/ Uparctan [sinh (wt)]
¢ = dot2y/-% " )
® = 4\/—-2-133 cosh™2 (wt) A,
2 i
A = 1+6WT%—§\/—%900811_2 (wt),

V(g) = A

[ 6w
1+_/\_-1}
U 91 3
.G __3900825[4/_,“_0 w(gs_.(po)], (7.3.23)

The coasting solution

Consider linear expansion

a{t) =wt, w=0. (7.3.24)

Flat, open or closed models with negative non-local energy density such that

2
Uy = —E (1 + -%) <0. (7.3.25)
4\ w
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Then

ot) = ¢oi2§/—_%1nit|,
V(g) = 4\/%—5exp (ac{/%(as—am))- (7.3.26)

An interesting feature of this solution is that it is identical to the GR case (see equation
(64) in [155]) for ¢g = 0,

k=0and U= —3.

Coasting /radiation solution

Now consider the expansion
at)=agvl+2wt, w=0. (7.3.27)

Exact solutions occur if we choose
k=0, p(t)=0, U>0:

Flat models with positive non-local energy density

¢=0, =0, V=0, U= g)\aﬁwz. (7.3.28)

(i) k=+1:
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|
Closed models with positive or negative non-local energy density provided that
3 |

dag?

1 4;?/{0 a02 52 —1
w = A/ 1+ = 2Ko(1 + 2wit) ™",
2010\/X 3 ¢ O( )

V2 VIF 2wt -1
w 3

Uy >

#(t) = ¢ox po»
B 3 Ky
A = 1+,\(1+2wt)’ ‘
= 2Ko(1+ 2wt)71A,
Vig) = - : T (7.3.29)

| 2
a? (1 (6 - #0))
At very early times, the scale factor approximates to a coasting solution a{f) = 1 +w t,

while at a later stage the model is radiation:dominated a(t) ~ V1.
Power-law expansion
Finally let us consider the power-law expansion

alt) =apV1i4+wt?, w=0. (7.3.30)

Various scenarios occur for different curvatures, depending on the sign of w. We present a

general class of solutions. Put

R\
Tl w?
Uy = -% (20w + 3()Co +w)2) ,
#? = 2Kg+w) z, A=1+§(1C0+w) z,
& = 20Co+w)ah. (7.3.31)

The scalar field evolves as

b= dot \/Wln(ﬁt+v1+wt§)ifw>0 (7.3.32)
0 ,/%K_"—:“’larcsin (\/—wt) fw<O -

The potential is given by

h™?, /el ~¢p) fw >0
V($) = 2(Ko + w) 8 MEos) (9 = do) i w (7.3.33)
cos™? ﬂfﬁu’ﬁ(‘f’ — g} Hw<
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In this case we are able to discuss two types of models, viz bouncing universes and recol-
lapsing ones.
k=0 U<D, w>0:

Flat models with w > 0 exhibit a power-law bounce a(t) ~ ao(1 + %t?) around t = 0, and

later undergoes coasting a(t) ~ .
Wk=-1, p=0, w>0:
Open models that have Ky = w?, p= ¢ = V() = 0, and provided that Uy < %w for w > @,

have identical causal structure as (i).

(iik=-1, U>0, w<0:

Open models with positive non - local energy density start off at a singularity and recollapse
after a time 2//—w provided that w is negative and ag > \/g .

(iV)k=+1, U=0, w<0:

Closed models that have w = —(ad + %) + 3@\ /ad + 4 < 0 also recollapse.

7.4 Flat Braneworlds with desired inflaton self- interaction

We now demonstrate how the superpotential formalism developed by Feinstein [59] and
introduced in a more subtle way via the Hamilton- Jacobi equations in [96] also vield solu-
tions to the braneworld field equations starting from the general anzatse @ = ©{¢). The
first step is to ensure that the Reality Conditions (7.3.4) and (7.3.5) are met for any value
of K. We then derive a system of non- linedr differential equations variable in ¢, that are
equivalent to the Einstein field equations (7.2.9) - (7.2.11). This system is solved for the flat
curvature case K = {, with the specific anzatse