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PREFACE

Analysis of variance could be described as a statistical
technique for analysing measurements depending on several
kinds of effects operating simultaneously so as to decide
which kinds of effects are important and to estimate the
effects. Although probably not susceptible of a very pre-
cise definition, it in general consists of a bo@y of tests

of hypotheses and methods of estimation using statistics
which are linear combinations‘of sums of squares of linear
functions of the observed values. Having been developed
mainly in connection with problems of agricultural experi-
mentation, the application thereof in the Séuth African

Wool Trade seems non existent. I hope that this thesis

will illustrate some of the very useful applications, especi-
ally to the extent where the rejection of all (or some) of the
hypotheses under consideration is in itself as significant

as the acceptance thereof would have been.

As one of the aims of science is to describe and predicts
events in the world in which we live, one way in which this
can be accomplished is by finding a formula or equation that
relates quantities in the real world. Although functional
relationships are assumed to hold in many fields of science,
such as physics, there are many scientific areas such as bio-
logy, economics etc., where relationships are more obscure.

For example, the price of wool on a given sale cannot be pre-



dicted accurately. Many of the factors effecting this price
are known, but the equation relatiné these quantities is
obscure. It could be known that type of wool Xl' vield X2,
demand X,, supply X,, and many other factors influence the
price Y. Although all the factors that effect this price are
not known and although the relationship is not known, it is
useful nevertheless to assume that there exists a finite hum-~

ber of factors X casey Xn and a function g such that the

lt
price Y can be exactly determined by

Y =g (Xl, seeny Xn)
Based on this assumption, amongst other things, various linear
mathematical models have been developed to aid the prediction
of real world events. By a linear model we shall meanvan equa--
tion that involves random variables, mathematical variables,
and parameters that is linear in the parameters and in the
random variables. Following Scheffé (21), these models can
best be described as follows: Suppose we Have n observations:
or measurements. It is assumed that these observations are

values taken on by n random variables Yl, Y s xey Yn which

2!
are constituted of linear combinations of p unknown guanti-

ties 81’ 82, ccoey Bp plus errors ey ez, ceeer €y
Yi = Xy Bl + x21 82 + seee T xpi BP + e
(1)
(i: l, 2; e w9y n)

where the {xji} are known constant coefficients. The {Bj}

are more or less idealized formulations of some aspects of



interest to the investigator in the phenomena underlying the
observations, while the {ei} are unobservable random varia-

bles about which we assume having zero expected values.

A more precise definition is now appropriate. The analysis
of variance is a body of statistical methods of analyzing

measurements of the structure (1) where the coefficients

{xji} are integers, either O or 1. In the analysis of
variance the {xji} are the values of "counter variablesg"

which refer to the presence of absence of the effects {Bj}
in the conditions under which the observations are taken.
If the {xji} are values taken on by conﬁinious variables,
called "concomitant variables", we have a case of regres-

sion analysis.

If there are {xji} of both kinds, we have an analysis of

covariance.

Although the boundaries between the three kinds are not very
sharp or universally agreed to, the following destinction
can be made. In the analysis of variance all factors are
treated qualitatively, inAregression analysis all factors
‘are quantitative and treated quantitatively whereas in the
analysis of covariance some factors are present that are
treated qualitatively and some that are treated quantitati-

vely.

The nature of the unknown effects {Bj} needs further speci-



fication. They may be unknown.constants which we then call
parameters, or unobservable random variables subject to further
assumptions -about their distribution involving other unknown:
parameters. A model in whiqh all . the {Bj} are unknown- con=

stants .is called a fixed-effect .model. It often happens that

one of the {Bj} is a constant which occurs with every obser-

vation with coefficient 1 so that for this j, xji = 1 for

all i. Such a constant is called an additive constant
(usually a "general mean" in some sense). A model in which

all the {Bj} are random variables, except possible for one

which is an additive constant, is called a random-effects

model. Intermediate cases where at least one Bj is a random
variable and at least one is a constant (not an additive con-

stant) are called mixed models. These clasifications are: due

to Scheffé (21).

More specifically it is the purpose of this thesis to apply
some of the various special cases of the analysis of.variance
model to wool marketing endevouring in this way to elliminate
some of the components of variance in this complex structure
of price formation. 1In barticular it is the purpose of this
thesis to establish the effects of lot size of wool for selec-
ted types when offered at auction on the érice of wool and to
compare  the results with a similar study undertaken in

Australia by Whan (53). Due to the "observational" nature of

the data, most of the models will be restricted to the fixed



effect type-

For some of the models, basic assumptions will be tested and
multiple comparisons made where applicable. To make this
thesis as self-contained as possible, the general theory un-

derlying the analysis of variance is included as Chapter I.

As this thesis is being written further provisiocnal research
results are coming to hand, but being provisional, it would
be premature to report on them at this stage, though, to
some extent, these provisional conclusions might coclour some
of the discussions which follows. A lct more work in this
field is required and will be done, and for this reason many
of the conclusions could be regarded as a report of work

in progress.

J. du P.
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Chapter I
General Theory

(1.1) Introduction and Notation.

The development of the general theory of this chapter is
greatly facilitated by the use of :vector and matrix algebra.

‘'The structure (1) of chapter I can be written as

Y = X" B + e . (1.1)
where v _
nxl - x1 - ‘ — -
Y = l- yl ’ Bp = F Bl ’ enXl = el y
Yy By )
_¥n | | fp | | n
pxn _ =
X5q oo vee x2n
X X eee. X
1 2 " pn
L P P P _

and X' is the transpose of X and the superscripts rxs on a

matrix denotes that the matrix has r rows and s columns.

A minimal assumption which is always made on the random vari-
ables {ei} is that their expected values are zero: )
E (e) =0 (1.2)

Further we shall always assume that

E (ee') = g2 I | ' (1.3)



I.2
which is equivalent to saying that the {ei} are uncorre-

lated and have.equal variance o2.

(1.2) Least-Squares Estimates ‘and Normal Equations.

We let 2 be the set of underlying assumptions

o @ ¥P¥L o g gPXL b onxl
E(e) =0
E‘ee') = g2 I or more briefly
2 : E(Y) = X' 8, I, = c? I. - (1.4)
To estimate B , we let b = "'bl—'1
by
% ]

be any quantity which we might consider as an estimate for

B and with the natural requirements that b must be some func-
tion of the obsérvations and must yield estimates of y close
to the'observed values.

We define the quantity

n
S(Y,b) = I (y; observed - y; estimate) ?
i=1 ‘ ,
= (Y-X'b)'(¥Y=-X"'Db)
SIFRETRIE
where || U|| is the length of vector U.

If b estimates B, then S(Y,b) can be interpreted as: -
(1) A measure of how well the model with B esti-

mated by b fits the observations.
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n _
(2) I éiz where éi denotes the estimate of the
i=1

i

Clearly the smaller S(Y,b), the better the fit. The value of

error e, in the observation Y-

b that minimizes S(Y,b) is called the least squares estimate

A

of B, B say.

DEFN. A set of functions of Y
Bl = Bl(Y), 82 = BZ(Y)’ ) Bp = BP(Y)
such that the values bj = Bj (3 =1, 2, «v.., P)

minimize S(Y,b), is called a set of least—squares

estimates (L.S.E.) of the {Bj}.

To find a vector b that minimizes S(Y,b) we require
9 S(Y,b)/abt = 0 (t =1, «cc., P)
Since
3 S(¥,b) = (y - X'b)'(y - X'b)
we have
3 S(Y,b)/3b, = 2XY - 2XX'b = 0
Hence XX'b = XY is a set of linear equations in b and are
called the NORMAL EQUATIONS (N.E.). With S=XX' we have,
Sb = XY (1.5)
THM. I Least-squares estimates always exist and are the

solutions to the normal equations.

PROOF: We shall first show that the value of b which mini-
mizes S(Y,b) is a function of Y only.
Let: p(X) =r

Vr space épaﬁned by the columns of X'



(&14 ey ap) = columns of X'

Z

It

X'b where we think of varying b

Now S(Y,b)= ||y-X'b||?

| |¥y-z|]% which by (7) appendix I, has
a minimum when Z is the projection of Y on Vr.
Let a = projection of Y on Vr
Then
S(Y,b) is a minimum when Z=;
Since |
a e Vr, there exist {bl,..;., bp} such that
A N=by g+ e +bE
Now n is unique but-{bl,...a, bp} is not-necessarily unique
since {Ej} may be linearly.dependent.
Hencevﬂ is a funetion of Y only, and not of unknown para-
meters, {bj} may also be taken as functions of Y only.

Further they minimigze S(Y,b) so that {bi,....,bp} are

L.S.E. Thus we have shown that L.S.E. always exist.

We shall now show that if {bj} are functions of Y only,
then they are L.S.E. if and only if they satisfy the N.E.
Let

X'b = n
Then each o0f the following statements hold if and only if
each successive one. is truei‘.

X'b =

Y-X'b | Vr~



Y-X'b L Ej (3=1, ...., p) *
Ej'(Y-X'b) =0 (=1, ...., p) .
X(Y-X'b) =0
XX'b = XY
.where * follows from (4) appendix I.
Q.E.D.
NOTATION: We shall use é for the value of b that mini-
mizes S(Y,b). Hence E is a solution to the NE and é is
also a set of L.S.E.
S_. will denote the minimum value of S{Y¥,b) and is called

Q

the error sum of squares.

(1.3)'Estimable functions and the Gaus-Markoff Theorem,

DEFN. A parametric function is defined to be a linear

function of the unknown parameters {Bl,....,Bp}
with known constant coefficients
p 1
v =1 c.B., = <c'B.
j=1 373
DEFN. A parametric function y is said to be estimable

if it has anunbiased linear estimate, in other
words, Y is estimable if there exists a vector a

such that E(a'¥Y) = ¢, identically in B.

THM.ITI Yy = c'B is estimable if and only if c¢' is a

linear combination of the rows of X', i.e., if

nxl

and only if there exists a vector a such that

ct=a'X'.
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?ROOF: Y=c'B is estimable if there exists a vector anXl
such that

E(a'¥) = ¥
But:

E(a'Y) = a'E(Y) = a'X'B

The condition a'X'B=¢'R is sétisfied identically in B if
and only if a'X=c!
Q.E.D.
LEMMA I Let y=¢c'f be estimable and Vr the space spanned
by the columns of X'. Then:
(1) There exists a unique linear unbiaséd
estimate of Y, say a*'Y, with a*eVr
(2) If a'Y is any unbiased iinear estimate,
then a* is the projection of a on Vr.
PROOF: We shall prove (2) first:

nxl

Since ¥ is estimable there exists an a for which Ea'y=y.

Let a=a*+b where a*eVr and b | Vr. Then

Y = E(a'Y) = E [ (a*+b)' ]
= E(a*'Y) + E(b*'Y)
= E(a*'Y)
since E(b'Y) = b'X'B=0 (b | Vr).
Thus a*'Y is an unbiased estimate of Yy with a*eVr.

(1) Unigueness

Suppose o'Y is also an unbiased estimate of ¥ with oagVr.
Thus we have

O = E(a*'Y) - E(a'Y)



= (a*=-qa)'X'B identically in B.
Thus
(a*=-a) 'X'B=0
Hence either (a*-a) | Vr,
or (a*-g)=0
But a* and a are both in Vr so that
(a*=a) =0
and a*=q

Thus a*'Y is unique.

THM.IIT (Gauss~Markoff Theorem-G.M.T.):
| Under the assumptions Q: E(¥Y)= X'B, ZY = g2I
(1) Every estimable function yY=c'B has a unique
unbiased linear estimate Y which has minimum
variance in the class of all unbiased linear
estimates.
(2) The estimate Yy can be obtained from yYy=c'B by
replacing B by any set of L.S. estimates.
PROOF: (1) Let_a*'Y be the unbiased linear estimate of Y
with a*eVr (by the above lemma this estimate exists and is

unique). Let a'¥Y be any unbiased linear estimate of v,

then by the same lemma, a* is the projection of a on Vr, and

lall® = [la*]]% + |farar]]®
Var (a'¥)= a' Zoa = o ||a]|?
= 0% [Jax]| % o |]a=a*||*

var|[a% 1| | + o* |a-a||?



I.8
Hence Var (a'Y) > Var (a*'Y) with equality only if
a=a*., Thus a*'Y is the unique unbiased linear estimate
of Y with minimum variance.
(2) It remains to prove that a*'Y=c‘§ i.e.,
Y can be obtained by using L.S.E.
Let fi=X'B where fi is the projection of ¥ on Vr. Then
since (Y-fi) | Vr we have a*' (Y-f)=0 because a*e¢ Vr.
Hence a*'¥Y=a*'f,
Now c'=a*'X' gince c¢'BEZE(a*'¥)zZa*'X'R identically
in 8. Choose B as g‘and we have
a*'Yza*'ﬁEa*'X'éfc‘E
Thus $fa*'Y=c'§ where E is any set of L.S.E.
Q.E.D.
DEFN. The unique unbiased linear estimate of Y with
minimum variance will be called the least square
estimate of V.
COROLLARY,If {wl,i...a..iwq} are estimable functions,
every linear combination

q

Y= I hiwi is estimable and its L.S. estimate is
1 i

]

1
Y = i=lhiwi where wi is the L.S. estimate of wi.

) : 9 =~ )
OF: Since % hiwi is an unbiased linear estimate
i=l =
of ¥, ¥y is estimable. Suppose



I.9

% h, (Z B.)
i=1 * =1 *JJ
P 0 nos
j=1 i=1 *+ 1 J
; B

z C,.

j=1 1373
Zj(Zihicij)Bj

where the {Bj} are any set of L.S.E.

Then

P =
By G.M.T.

b=

P =
Bence

'd):
REMARKS: (1)

2iBi¥y

So far we have treated the case where Y (X'8,02T)
i.e., {y;} are independent and all have equal varian-
ces. If however the {yi} are correlated and we know
the correlations of all pairs of observations and the
ratio of their variances, we have

YV (X'8,6B), |B|# 0, p(X') = r.

This case may be reduced to the case where Zy=021 by

using (9) of appendix I. If we let Y=P'Y, then

E(Y) = P'E(Y) = P'X'B = X'8 where X' = P'X'; so

rank X' = rank X' = r and

. = P'J P = OP'BP = 0g?I where
ZY ZY

g2 = 6. We can thus write

Q : E(Y) = X'B; Zy = 6B, p(X') = ¢

as
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~

R : E(Y) = X'B ; Zy = g2I, p(X') =r
which is the same as the case considered

before.

La)

(2) Case where B is unique.
The case where the pxn matrix X is of rank p
is called the case of full rank because
usually p < n. If p(X) = p, then (1.5) has
a unique solution (and only then). From (8)
appendix I we have that p(S) = p(X) so that S
is nonsingular. Thus s"'1 exists and the so-
lution is uniquely given by
E = s“lxy

1
Further S is symmetric since S is so that

75

Il

1 1
(s X)Z.(s xX)!
1 Zy 1
028 XX's

= g2s
(3) Case where E is not unique.
If p(X) < p, then the L.S. estimate g
is not unique since it consists of any set
{bl"°’°’bp} satisfying blgl + ...t bpip = f
where Ej is the jth column of X' and fi is the
projection of Y on Vr, the space spanhed by

the {Ei}. A similar indeterminacy affects the

parameters {Bl,...., Bp} through the relation

slgl +.00.%F Bpgp = n
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in the sense that different sets of'{Bj}

will give the same n and hence the same vector
Y =n+ e. To elliminate these indetermi-

nacies two courses are open:

(i) Considerra "reduced" problem with only r
parameters'{Bj}. This can be achieved by
choosing r linearly independent vectors from

the set {El,...., Ep} as a basis for Vr and
keeping only the r corresponding_{Bj}. This
gives a new nxr matrix of coefficients instead
of the old X'. The resulting "reduced" pro-
blem is a case of full- rank.

(ii) Put suitable side conditions on the p
parameters {Bj} and there estimates. We would.
achieve the same result as in (i) if we agreed
that for the p-r parameters {Bj} discarded we
always take Bj = 0 and éj = 0. In most. analysis
of variance situations it is convenient to add
linear restrictions of a more general form than
this to produce the desired uniqueness. The
'{Bj} are therefore subjected to t(t>p-r) linear
restrictions H'B=0, where H' is a txp matrix

of known constants. The restrictions make the
{Bj} unique in the sense that for every possible

set {Bj} in the original problem there will
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exist a unique set {Bj} satisfying

x's=x'§ and H'§=o. - (l.6)
The first of these conditions says the {éj}
give the same n = X'B as the {Bj}. The two
conditions (1.6) will then make the'{éj}
uniquely determined functions of the {Bj}.
That these are estimable functions in the
original problem so that every parametric
function c'é in the new problem is an esti-
mable function in the o0ld problem and. that
there is then a unique set of L.S. estimates

{Bj} which satisfy the side conditions H'B = O,

is proved in (21) chapter I.

{(1.4) The Canonical form of the Underlying Assumptions (.

Let Vn be the space of the observation vector YnXl and
= '
{pl,..., pn} be an orthonormal basis for ¥ where Py (511"°"51n)
s0 that
n
Y= Y.p:.
g=1 11
Let Vr be the space spanned by the columns of X'.
Let {al,az,..., ar} be an orthonormal basis for Vr and cdmplete

it to an orthonormal basis for Vn:

o_}.

{al,..., Upr G qreeer O
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Let Y = & z, 0, where {zi} are the coordinates of Y relative
i 2z 1 -
to the new basis and hence zg = ui'Y, ‘Thus % = PY where

nxn . . .
P is an orthogonal matrix whose i1 th row is ai'.

Let Ei = E(zi), SO Ei = E(ai”Y) = ai'n (n = X'B). But neVr
sc that a,n = O for i>r, a, | Vvr.

i i
Hence

£, = 0 for i>r.
i

If we let ZZ be the covariance matrix of the transformed

"observations" we have

7y = PLE
= g*pp!
=g? I (P is orthogonal).
It is thus evident that the Q assumptions Y = X'B; Zy = g% I
can always be transformed by a suitable orthogonal transforma-

tion to the canonical form

Z = (Zl’.os-’ Zn)l-
E(z,) = £, (i=1l, ...., I)
Q: . 1 (1.7)
E(zi) = 0 (i=r+l,...., n)
— 2
| Zz = g% I.

The canonical form is very useful for derivation of distribu-

tion theory: The error sum of sguares S, may be written

9]

Sq = | {Y=7i] | *where i is the projection of Y on Vr. But

r
_ on , _ " . .
Y Zl z;0, and f i z;04 where {ul,..,., an} is the basis
of the canonical form. Hence we have that
n r \
SQ = |[Z Z,0, = X zau.[]

lll lll_



1% I
= z z. 0, |2
bl T4
n .
= I z.2° since a; are O.N. set.
‘ r+l
For i>r, E(zi) = O which implies Var (Zi) = E(z;) = g2
—n =i ’
so that E(S;) = E| I z/?
Lﬁr+l
n
= T E {”z,iw
r+l i 1 -
= (n-r) o?.

Defining s® = So/(n-r] we have that E(s?)=0? so that s® is

2 is called the mean square for

an unbiased estimate of ¢2. s
error (MSe)'and is said to have (n-r) degrees of freedom
(d.o.f.). The cononical variables {zl,...., zn} are linear
forms in the observations {yi} and they define two orthogonal
spaces of linear forms, namely the space spanned by

{zl,...., zr}, is called the estimationspace, and that spanned
by {Zr+l""" zn},vcalled the error space. Since z, = ai'Y,

the {z o zn} constitute an orthonormal basis for the n-

l,a--
dimensional space so that the two spaces are orthogonal.

The error sum of squares S, involves only the set

2
{zr+l,a,09, zn}. It is easily shown that if ¢y is an esti-

mable function and Yy is its L.S.E., then the linear form y

is a linear combination of‘{zl,m..,, zr}, i.e., ¥ is in the
estimation space. We will .need this . result in the next

thecrem to show that under Q, ¥ and SQ/GZ are statistically

independent.



(1.5) Distribution of estimates ¥ under §.

If in addition to the underlying assumptions 2 we assume that
the observations {yi} have a joint normal distributibn, the
Q—assumptioﬁs beccme

Q: YAN(X'8,02I), p(X') = r (1.'8)
which permits the derivation of confidence intervals and the
test of hypotheses about the parameter values.
Let wl,.vcc, wq be a set of g estimable functions and let
&l,.,v, iq be tgeir L.S.E. We have that
wi = ?:1 cij Bj (i=1l,...., q)

~ n
Y, = 2 a;. Y (i=1,...., qg).
L 13 73

j=1

~

wi can be found by substitution of a solution {Bj} of the
N.E., or by finding some linear combination of the observations

whose expectation is Y. In vector notation

l{,qxl - cqxp Bpxl
1},qx.‘l. = padxn Ynxl
and Cev () = Z@ = Cov (AY) = AZyA‘=02AA‘.

An unbiased estimate of ¢’ is
2 — -
s SQ/(n r).
We now derive the joint distribution of {wi} and the error
sum of squares SQ.
n-r

THM. IV Under €, (1) ¥ ~ N(¥,Z%) and (2) S./g? ~ xZ2 )

(3) ¥ and SQ/G2 are statistically independent.
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PROCF: (l})From (1) appendix I we have that any linear |

transformation of a multivariate normal Y remains multi-
variate normal. More precisely, if Y ~ N(X'B,0%I) and
¥ = AY, then ¥ ~ N(AX'B,0%AA'). Further, E(Y) = E(AY) = AX'B.

But ¥ is an estimate of an estimable function and hence

E(AY) = AX'B must hold identically in B by the Gauss-Markoff

]

theorem. Hence AX C and therefore E(¥) = CR = V.
(3) To show ¥ is independent of SQ/O2 it suffices to
.show that ¥ is independent of SQ. Consider the canonical

form Z = PY where P'P = I so that Z ~ N(£,0%I). Then

E(zi) = £i i=l,. ..., ¥
O i=r+l,...., n
- 2
ZZ° = g4I
i ~

At the end of section (l1.4) we found that VY is a function of

the set {zl,..,., zr}, and S, only of the set {zr+l"°"’ zn}.

~

Since the two sets are statistically independent, so are VY

and SQ.
(2) We now have tc show SQ/o2 N X;—r’ We have that
72 A~ N(E,q2I) E(z,) = 'Ei i=l,...., r
ke i=r+l,...., n
Hence
independently
Zy N N(0,o?) i=r+l,...., n
Hence
n .
SQ/OZ = I z.2/0? where zi/c 1ndep$ndently N(O,1l).
i=r+1l
Hence

SQ/O2 is the sum of the squares of (n-r) indepen-



dent N(O,1l) wvariates so that
2 . L2
SQ/O v Xp-r
Q.E.D.

(1.6) Test of Hypothesis H derived from the Likelihood Ratio.

The Statistic F.

Let @ be our set of underlying assumptions and H the hypo-
thesis about the parameters of the density function of Y.
We introduce the symbols

w = QMNH
meaning that the set of assumptions obtained by imposing the
assumptions of the hypothesis H in addition to the assumptions
Q., l.e. w is the set of assumptions obtained by combining

Q : Y A N(X'B,0%)
and

Ho: gy =¥, = co0n = wq = 0.
Let p(Y) be the density function of the observations Y. The likeli-

hood-ratio statistic A is defined by

A = max p(Y)/max p(Y).
) Y

We note that 0<X<1l since any.value of p(Y) possible under w
is also possible under 2. The likelihood-ratio test in re-.
jecting H if A<AO where the constant Ao is chosen to give the
desired level of significance.

Another form of the Q- and w- assumptions which is useful in.
geometrical arguments is

Q : YN N(n,0%I), nevr, a given r-dimensional sub-
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space of Vn.

H ¢t nevVr-q, a given (r=qg)-dimensional subspace of Vr.
To calculate the likelihood-ratio statistic for testing H under
2 we need the joint density function of the observations,

p(Y) = p;(yy)p,(¥,) cevenap (¥)

where
p, (y,) = (27’r02)“;2 exXp ii%(y - § X..B )2/65
iy S Nt SR FAG '
The joint density is
p(Y) = (2ﬂ02)ﬁn/2 exp —%S(Y,B)/ci[ (1.9)
where S(¥,B8) = ||Y=x'8||? is the sum of squares minimized in

the least squares theory. We shall find the maximum of p(Y)
under Q and w simultaneously by writing

Q = Ql "Vr = V(1)

W = 92 Vr-q = V(2).
The problem is now to find the maximum of (1.9) under Qi(i=l,2),
or the maximum of

p(Y) = (210%) " P/2 exp_[}%oﬁ2||Yﬁn||2:] (1.10)

for 0<g?<w, nev(i) .
For fixed o0? the maximum of p(Y) in (1.10) occurs when ||¥=-n||?2
is a minimum i.e., when n is the projection of Y on V(i)
{(which will be denoted by nQi). The maximum of (1.10) can be
found by first calculating the maximum for fixed ¢? and varying
nev(i), and then maximizing this for varying o2. Thus, the

maximum of (1.10) for fixed o? is

(2102) 2 oxp E%o"ﬂ v-ng, | ]2 :1 .
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The questiocn now is for what value of ¢? does this maximum

occur. If p(Y) has a maximum, then log p(Y) also has a
maximum. For a maximum we must have:

BENYJ/aﬂ =0 ;azﬁuyﬂ/a%ﬂ<o

Thus, letting ||Y-ng.|[|? = S,, we have that

log p(Y) = -(n/2) log (2m) - (n/2) log 02—%(SQiI02)
3(log p (Y))/3c%=-n/(20%) + SQi/(Zo“) = 0.
Hence
2 _ 4
n/g* = SQi/o
or
2 -
o} = SQi/n°
32 (log p(Y))/3%c2 = n/(2c"*) - sQi/o6
which is negative for o? = Sgy/m-
Hence _
-n/2 n
Max p(Y) = (ZNSQ./n) exp -2
. i
Qi :
so that A = |(1/n) 27 Sg, n/2
(1/n) 27 SQl
_ -n/2
where
sg=l1v-a]12 & s, = |[v-a,]12
and fi the projection of Y on Vr ;
ﬁw the projection of Y on Vr-q .
In practice we use the statistic
n-r S --SQ
F = 2 | (1.11)

q Sq
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instead of X but the test is the same as the A test since
F=F(\) = (n-1) 0"2/P-1) /g

is a single valued decreasing function of X everywhere in
0<A<l. Hence, if we define FO = FO(AO), A<AO if and only
if F:»FOo Thus the A-test is equivalent to rejecting H if
and only if F}FO, where the constant Fo is to be determined
to yield the desired significance level. Hence the likeli-
hood ratio test of H is

Reject H : wl = wz S 0o = wq if

(n-r)} s =S ’ . ‘
ws Ql > Fa,q,n—r' (1.12)
d Q

(1.7) Canonical form of Q@ and H. Distribution of F under 9.

DEFN. A basis {ul,.o., ar} for vr CC Vn is célled ortho-
normal if the r vectors a; are pairwise orthogonal
and have unit norm.

w, & and H determine three vector spaces Vr-q _ Vr C Vn.

By the Schmidt orthogolisation process ((10) appendix I) we

can find an orthonormal basis (0.N) for these spaces. By

(11) appendix I we can . choose a set of r-g vectors {ai} as

orthonormal basis for Vr-gq and augment this basis to form

an orthonormal basis for Vr which can then again be augmen-
ted to form an orthonormal basis for Vn. We then have

0(.1,..., aq+l,ooej u:r’ O(.r+l,n.., O(.n

where aq+l,;.e, o is an orthonormal basis for Vr-g

Oprecor O is an orthonormal basis for Vr
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is an orthonormal basis for Vne.

Let (zli@go, zn) be coordinates of Y relative to the basis

{ai}, Then zg

Then z

Under  we have that Z & N(E, o21),

Under Q : Ei

Under w : Ei

Then we have

Q {zi} are

Zi v N(Ei,oz)

Eppprreer Ep

H:t) =§

= ai‘Y, Z

nxl

= PY.

= PY P orthogonal matrix with i th row ai‘

fi

E(zi)

= E(PY) = P(n).

0 i»>r

O 1i<g

the following canonical form.

statistically independent,

= 0

i=l,ocn, n,

Now fi and ﬁw are the respective projections of Y on Vr and

Vr—-gq so that

1l

il

r
i Ziai ! ﬁw
| |y-a]|? =
_ 2
BRI

Il

z Z.,
i

a. so that
i

n
|12 =z
i

n

+
i=r+l
Z.,
=r+l =



H S -8 =1 2
lence - P z, %
W f | i=1 i
Since the two sets {Zi"°" zq} and {Zr+l"°" zn} are statis-

tically independent, Sw - SQ and SQ are statistically indepen=-

dent. Also E(zi) = 0 i>r and 2, n N(Ei,cz) i>r so that
g

(s, - SQ)/o‘2 = I (zi/c)2 is the sum of ¢ normal variables.
i=1 .

Hence

(Sw=SQ)‘/o2 N xéz (6) with noncentrality parameter

.
5= (5 §,%/0h)*
i=]1 )

according to (12) appendix I.
By (13) appendix I

n=r Sw - SQ
L Q o
F q S “ Fgn-r; 6

In particular, under w = Q/MH where H: £l= ...2éq = O this
reduces to the central F-distribution so that the F-test under
Q at o level of significance is:

Reject H if F>Fa,q,n*r-
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APPEDNDTIX I

(1) A vector X is any ordered n-tuple of real numbers

which are usually written in a row as (xl,xz,....,xn).

(2) For any given n, the set of all vectors is denoted

by Vn and called the n-dimensional vector space.

(3) Let Vrfvn, and XeVn. Then X.is said to be ortho-
gonal to Vr (we write X L Vr) if and only if X is
orthogonal to every vector in Vr (Vr is an r-dimen-

sional vector space contained in Vn).

(4 If {al, Uor weenuy as} spans Vr C Vn, then a vector
XeVn 1is orthogonal to Vr if and only if X is orthogo-

nal to each oy (i=1l, 2, e.oe6, 8B).

PROOF: If X | Vr, then X | a; by (3)-

If X | a; for i=1, 2, ....,s, and if YeVr,
S
we can write Y = I b, a,.
. 1 1
s i=1
Then X'Y = I b,X'a; = 0. Thus X | ¥ for all
i=1

YeVr.

Q.E.D.

(5) If VrCvn and YeVn, then there exist vectors X and Z
where XeVr and Z | Vr and such that X = X+Z. This

decomposition is unique. A detailed proof of this



(6)

(7)

statement can be found in (21).

Given a vector ¥YeVn, the vector XeVr such that

(Y-X) | Vr is called the projection of Y on Vr.

Given a fixed VrCvn, a fixed vector YeVn and a
variable vector X C Vr, then ||Y-X|| has a minimum
value which is attained if and only if X is the

projection of Y on Vr.

PROOF: Let X* be the projection of Y on Vr. X is

a variable vector. If we write

(Y=X) = (Y=X*) + (X*-X) then
[1y=-X][2 = (Y=-X*)' (Y=-X*) + (X*-X)'(X*-X)

+ (Y=-X*) ' (X*-X) + (X*-X)'(¥Y-X).
But (Y-X*) | Vr, while X,X* and hence
X-X* are all in Vr.
Hence
|lv=x][2 = [[x-x*] |2 + ||x-x*] ]2,
If X varies in Vr, the first of the two
terms on the right is fixed while the second
is variable with value > 0, and = O if and
only if X = X*.

Q.E.D.
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(8) For any (real) A, the matrix AA' is symmetric,
positive definite, and of the same rank as A.
A proof of this statement is found in (21)
appendix II.

n

(9) For every symmetric B there exists a nonsingular

nxn

p such that P'BP = I. A proof of this statement

is found in (21) appendix II.

(10) Schmidt Orthogonalisation process:
Given an arbitrary basis {al, Opyroeer ar} for Vr,
there exists an orthonormal basis'{Yl,..., v} for
Vr such that each Yy is a linear combination of
Gprecey Oy A proof of this statement is found in
(21) appendix I.

(11) If {a ar} is an orthonormal basis for Vr C Vn

l'l..'
it is always possible to extend it to an ortho-

normal basis {al,..s, a ceey an} for Vn.

r' %r+1’

A proof of this statement is found in (21) appendix I.

(12) If xl,...} X, are undependently distributed agd
X is N(ui, 1), then the random variable U = § xi2
is called a non-central chi—équare variable with r
d.ooff (degrees of freedom). We call ¢ = (E uiz)%

1

the noncentrality parameter of the distribution and



(13)
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use the symbol x‘i (8) for a noncentral chi-square
variable with r d.o.f. and noncentrality parameter §.

In particular, when § = O we have the central chi-

sguare xi,

If Ul is an independent noncentral chi-square variable

with vy d.o.f. and noncentrality parameter ¢, and

U2 an independent cetral chi-square variable with v,

d.o.f., then (Ul/vl)/(UZ/VZ) is called a noncentral

F-distribution with vy and v, d.o.f. and noncentrality

parameter § and is written F!

Vl’VZ;G' In particular

when 6 = O this reduces to a central F-distribution.
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Chapter II
The One-Way Layout: Equal Cell Numbers.

(2.1) Method of Analysis (the model).

This is the simplest case in which the analysis of variance is
applied. The one-way layout enables us to compare the means of
several univariate normal distributions and is a generalization
of the two-sample t-test with k>2. Let the means be Bl,...,BI.
We will assume that:
(1) The I populations are normal with equal variance ¢?2.
(2) Independent random samples, each of size J are drawn from
the respective populations. If we denote the sample from the
i th population by yil""' yiJ' then our underlying assumptions
are

Q = yij = B, + €5 (i=1,..., I, j=1l,..., J).

{eij} are independently N (0,c?)

H : Bl = 82 = .. = BIe
In the general theory of chapter I we have that n = 1J, r = I
i.e., the rank of the nxI matrix X' is I so that all parametric

functions are estimable. The sum of squares to be minimized

under & 1is

I J
S(Y,B) = I Ly, — B)? (2.1)
i=1 4=1 ~HJ 1
so that the N.E. under becomes
’ J
9 S(Y,B)
——tE = =2 I (y,. - B.) =0 t=1,..., I.
3 By j=1 t3 t
Hence
~ J
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NCTATION: Replacing a subscript by a dot means that the arith-

metic average of the quantities to which the subscript is
attached has been taken over all possible values of the sub-

script.

With the convenient dot notation we have

’~

Bi =Y,. (i=1,..., I).
Under w, minimizing (2.1) is the same as minimizing
I J .
S(Y,B ) == z (y:s = B
©oi=1 §=1 M
Solving the one N.E.
9 S(Y,Bw) I J
———*2 =-23 I (y;s-8)=0
38 i=1 j=1 ]
which gives
~ I J
B = I z Y../n where n = 1J
©oooi=1 g=1 M
..—_.y .

o

Recalling that E(Y) = n and that fi and fi, are the L.S. esti-

) = n,., we have

mates under Q and w respectively, and E(yij 15

that

iy = By = ¥5. -

Similarly under w

o

n =Y..

ij,w
The numerator and denominator sums of squares (SS) of the test-
statistic F is obtained from the identities
N . — — A 2
ssy = |16 - A l1%: ss, = [[Y - A]]
which become

Ss., =

H (ﬁ.- _net )2=z (Yi. —y-t')2-=Jz ('Yi. —Y.‘,)z

z
i, 0 Y43 i
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ss, = I {(y.. = fi..)¢ =12 Y.z = yv. )2
i,J i, ]
Also we have :

ss, + 85y = ||y - 1

H [P =1 vy - v.0f

1]

which is called the total SS about the grand mean and is denoted

by Sstot' SSH is called the SS between groups, and SSe the SS

within groups. The hypothesis H: Bl = ...= B_ can be specified

I

by equating to zero I-1 . linearly independent estimable func-

tions H: 82 Bl H

q = I-1. Since r=I the number of d.o.f. for SSe is n-I so that

= 0,0ee, BI—Bl= O so that d.o.f. for SS_. is

the F-statistic is MSH/MSe where MSH = SSH/(I—l); MSe = SSe/(n—I).
Hence the F-test of H consists in rejecting H at o level of

significance if and only if F>F It is convenient to

0,I-1,n-I°

summarize these results in an analysis of variance table as

follows
Table 2.1
Analysis of Variance.of One—-Way Layout
will egual cell numbers.
Source SS dof. Ms F
= _ - 2 - -
Between groups  SS, = J i (vy. v..) I-1 SSH/(I l)MSH/MSe
, - - 2 '
Within groups SSe § g (yij yi.) n-T ss /(n-I)
ij e
Total SS¢ot™ I L(¥y47Y..) n-1
13
REMARKS: (1) For calculation purposes the following identities

are used:
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v:, - ny,.>? (2.2)

SSiot T

o I b e b

1

J
£ ¥..%? -ny,°2 (2.3)
=1 j=

(2) An alternative formulation of the above model is

u o+ oy + eij i=l,. .., I; 3=1,..., J
Yi3 % ’{eij} are independent N (0,c?)
H : a; = az = e..=0Qp = 0

In this model the rank of X' is less than I.
Imposing the side condition I &i = O on the so-
i .
. lution of the N.E. makes the solution unique and

hence every parametric function is estimable.

(2.2) Description of Data.

It would seem appropriate to say something about wool marketing
in general and explain some of the concepts which are standard

wool trade terminology.

The auction is a public sale by open outcry at which wool is sold
to the highest of successive bidders. Wool is presented for sale
at auctioh in South Africa at the four ports Port Elizabeth, East
London, Cape Town and Durban. The selling season in South Africa
extends from September to May and four sales, one in each of the
four ports, are held per week. The special feature of the sale
by auction is that it displays the product publicly to all po-
tential buyers, with opportunity of providing maximum competition.
The receiving, storing, handling and displaying of wool for

auction is handled by the wool selling brokers.
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There is a large range of wool .types sold in South Africa and

because of differences in their technical properties (e.g. fine-
ness and processing performance) different prices are paid for
them at auction. The type number given to wool indicates the
quality number, style, staple length, vegetable matter fault
and colour of that wool. A complete list of the approximate
600 South African wool types can be found in (49). Various
species of seed and burr, sand and dirt can be collected in

the fleece of sheep during a woolgrowing period. The 'yield'
of any wool is the proportion of clean wool per quantity under
consideration and is expressed as a percentage of the total
mass after allowing for wool grease. Yields vary considerably
and ranges from 30%~-70% are quite common. Hence, the clean_
mass of a bale of wool weighing 150 kilograms with an estimated
yield of 50% is 75 kilograms. If the realized grease price of
this wool was 70 cents per kilogram, the clean price of the

l same wool would be 70/.5 = 140 cents/kg. Grease prices, dis-
counted for yields, are declared at auction. The higher the

estimated yield, the higher the corresponding grease price.

Indeed an auction sale is based on the existence of differences
between different buyers estimates of value on the same lots.
Potential buyers in a wool auction are invited to estimate
values for each sale lot. The traditional method of classifying
and appraising wool at auctions is the result of many years of

trial and error in the market. Most of the standards used by
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appraisers and buyers are based on subjective associations

between fleece or staple characteristics and fibre properties.
For example, the clean yield of a sale lot of greasy wool is
estimated from the appearance of fleeces in the lot and by
association with the performance of similar wools previously
purchased or appraised. The development of laboratory methods
of wool classification, either as a supplement or as an alter-
native to the traditional methods of appraisal, pose important

questions for the wool industry.

In South Africa it is theytask of the South African Wool
Commission (SAWC) to protect farmers against abnormal low wool
prices by its system of reserve prices for all wool types be-
yond which no wool is sold to the trade. In the event of a lot
not attaining the SAWC's predetermined reserve price for that
lot, the SAWC declares it's .reserxrve price for the lot at auction.
Should no further bids be made, the lot is sold to the Commission.
It is therefore clear that the technical efficiency of the tra-
ditional methods of yield estimation 1is as important to the
Commission as it is to the trade. It is for this reason that
specific lots are laboratory tested for yield and compared with
the estimates made by the Wool Commission appralsers so as to

keep them in line.

The yield data used in this chapter are the estimates for
percentage yield made by the Wool Commission appraisers in the

various ports during the 1970/71 season together with the
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labocratory tested results. Two types, type 48 and type 53,

were selected and sixteen estimates of yield for each type
were taken from each of the four ports. The tested yield for
each estimate completes the data. The following is a de-

scription of the two types used in this study.

Type 48: Good topmaking merino fleece with a staple lenght

of 2 3/4 to 3 1/4 inches and a 64's spinning count.

Type 53: Good topmaking merino fleece with a staple lenght

of 2 1/4 to 2 1/2 inches and a 64's spinning count.

Two seperate one-way analysis of variances, one for each of
the two types, were made with the estimated and tested results
for all ports forming the I populations, I being 8 in this
case. It was felt that the estimates in the four ports should
not differ significantly and that the assumption of equal
variances was gquite tenable so that, if the appraisers are
equally skilled in the four ports, the one-way layout should

not give a significant F-statistic.

(2.3) Results.

For ease of notation the following abbreviations will be used:
CT. - Cape Town; DBN - Durban; EL. - East London; PE. - Port
Elizabeth; E-estimated yield; T - tested yield. Hence we can
write PE(T) for tested yields at PE etc. The following are
summaries of the I sample means .and variances, followed by the
analysis of variance (ANOVA) tables for the two types respec-—

tively:
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TYPE 48:
gi =Y;. Slz

CT (E) , 64.75 3.80
CT(T) 65.69 ’ 5.03
DBN (E) 65.69 o 6.23
DBN(T) ' 63.75 8.20
EL(E) 62,56 . 5.33
EL(T) 62,44 8.26
PE(E) 63.38 5.98
PE (T) 64.75 13.40

I=28;J=16;n=1IJ=128; y,, = 64.13

Table 2.2

One-Way ANOVA for % Yield estimates:

Type 48 season 1970-1971.

Source ‘ S8 .dof MS F

. * %
Between yields - 186.50 7 26.64 3.79
Within- yields 843.50 120 -7.03

Total 1030.00 127

* - significant at 5%

*% - significant at 1%

Hence H: =B, = ,., = B, 1s rejected
2 I :

By



IT.9
TYPE 53:
2

Y;. Si
CT (E) 63.50 5.47
CT(T) 65.63 8.12
DBN (E) 63.75 5.40
DBN(T) 62.44 7.73
EL(E) 60.31 ) 4.76
EL(T) 59.63 7.72
PE(E) 62.00 7.20
PE(T) 62.56 10.26
I =28; J=16; n=1J = 128; y,,6 = 62.48

Table 2.3
One-Way ANOVA for % Yield estimates: -
Type 53 season 1970-1971,
Source . - .88 : dof MS F
S _ % %

Between yields 410,12 7 58.59 8.28
Within vyields = 849.81 120 .7.08
Total 1259.93 127

* -~ gignificant at 5%

*¥% - gignificant at 1%

H 82 = L.0 = BI is rejected
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{(2.4) Further Analysis . (Multiple Comparisons)

The fact that the H hypothesis have been rejected in either
case at the 1% level suggests that further inferences about
the means are desirable. This brings us in the domain of
multiple comparisons. The general principles of multiple
comparisons were forged into their current structure between
1947 and 1955 by three principal investigators: Duncan,
Scheffé and Tukey. Whereas the S-method is due to Scheffé
and utilizes the F-distribution, the T-method is due to Tukey
and utilizes the distribution of qk,v’ the Studentized range.-
We will give a short description of either method. Either
method will tell us which parameters are responsible for the

rejection of H.

DEFN. A contrast among the parameters Bl,c.c, BI is a
I
linear function of the Bi’ z ciBi’ with known
i=1
constant coefficients subject to the condition
T .
z ci = 0,
i=1
DEFN. A set L of estimable functions {y} is called a g-

dimensionalspace of estimable functions if there
exists g linearly independent estimable functions

{wl,.,e,:wq} such that every ¢ in L is of the

q
form Yy = I h.y.,, where h.,.0..,
j=1 1'% 1

stant coefficients,i‘eu L is the set of all linear

hq are known con-

combinations of wl,mo,, wq”
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The Scheffé technique will,:under,Q, give a prcbability of l-a

that simultaneously for all yeL,

- S0} < < + S0 2.4
% p S v 2 v v | (2.4)
where 0@ 2 = the variance of ¥

s =(QF, g%, (2.5)
Under certain conditions simultaneous confidence statements
about contrasts among a set of parameters {Bj} in terms of
unbiased estimates {Ej} and s? can be made by the T-method.
One of the restrictions is that the {§j} have equal variances
which implies equal samplé sizes. Under the assumptions
Q s i The {Ei} are statistically independent
and gi.isAN(Bi,lazdz), i=1,..., k, where
a is a known pos. constant. s? is an
independent .estimate of ¢ with v d.o.f.

i.e. vs?/g? xi, independent cf the

L {Bi} (206)
the probability is 1l-o that the values of all contrasts
k
Y = I c.B; (£ c, = O) simultaneously satisfy
j=7 +71 75 71
~ k k '
Y - Ts(k & [ci[); V2w +Tsts I ey (2.7)
A k A j\,:l ) l=l
where w=§=l ciBi ; T = ady ¥ v and qa,k,v is the upper o

point of the Studentized range I v°
14

REMARKS: (1) Detailed proofs of (2.4) and 2.6 can be found
in (21) and . (15).

(2) . In the one-way layout a contrast ¢ = Z ciBi
i >



admits the unbiased estimate Y= c,B, = I c,y. .
~ i
The variance of ¢ is

~

2 o

= 2 - 2 e
UW i cy® var (yi.) o4 E(ci /J)
which is estimated by
,U@ 2 = g2 Z(CiZ/J) where s? = MSe. (2.8)

i
(3) For a given space L of estimable functions and

confidence coefficient 1-0a, the L.S. estimate

@ of an estimable function ﬁaL will be said to
be significantly different from zero according
to the S-criterion if the interval (2.4) does
not cover y = O i.e., if |$|>SS$ .

(4) The T-method is of limited applicability since
it is available only for the case of equal
variances of the {Ei}, Since the T-method was
originally designed to give intervals for the
differencesm{sifei.}, we might expect the T-

method to give shorter intervals for these

differences.
k
(5) For pairwise comparisons (%I [cil) in (2.7)
i=1

is equal to one.

APPLICATION. (at 5%)

For pairwise comparisons it is convenient to rearange the true
means in the order of the observed means so that Byi2 8215,026110
(i=l,..., I) references the .random position of the ocriginal

estimates Bi and the first subscript indicates the ocrder of mag-

nitude of the Bi” Hence we havé;
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Type 48 - S Method:

62.44 62.56 63.38 63.75 64.75 64.75 65.69 65.69
Big  Bas By Ba4 Bsg  Be1  Boa Bgs

(1) Pairwise ccmparisons. We have from (2.8):

oyt = (823 [ 2 cf? ]
= (7.03/16)2
= ,8788 -
and from (2.5):
—_ ;* = -
S (qFa,q,n-r) % (q I-1)

n

3.82 (5%)
so that

s o) = 3.58 -
From remark (3) we have that only pairwise differences with
absolute value greater than 3.58 will be significantly different
by the Scheffé technique at the 5% . level so that we have to con-
clude no pairwise differences by this method.

(2) For the contrast average of E against average T we have:

V= 1/4(B, 4B, B +Bg) = 1/4(B +B +B+B.)

v = .75 =
Soj = 3.82 (.4687) = 1.79 =

Hence no difference between average E and average T by the S-

method.

Type 48 = T Method:

(1) For pairwise comparisons we have from (2.7) that-

Il

Ts .25(4.36) 2.6515

= 2.89 =
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s¢ that all pairwise differences with absclute value greater
than 2.89 will be significantly different by the T-method.
Thus we have:
Bgs > Bas 7 By
P72 > Bys 7 Big
all significant at the 5% level.
(2) For the contrast average E against average T we have:
& = .75
= (.25) 4.36 (2.6515) (.5)2
= 2,89 =~
REMARK: Note that the S-method gives an interval of + 3.58
for pairwise comparisons while the T-method gives

an interval of only + 2.89 which agrees with our

previous remark no (4).

Type 53 - S Method:

Reorganizing thev{Bi} we have:
59.63 60.31 62.00 62.44 62.56 63.50 63.75 65.63
B1g Bas B3y Bag Bsg Be1 B3 Bgs

(1) Pairwise Comparisons. From (2.8) we have:

¢"¢? = ,885 ; S = 3.82 so that

Q> >

S 3.59 =~

]

Y
Hence the following differences are significant at the 5% level.
Bay > B3gi Bysi Big
By3 > By

Be1 > Big
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{2) Average E against Average T.

~

¥ = .70

Sd@ (3.82)(.4704) = 1.80 ~»
Hence no difference by S-method.

(3) EL(T) against average rest (T): @ = §5'1/3(§2+B4+§8)

¥ = 3,91

~

Sa’

Y

This intexrval does not include zero so that we can conclude

3.82(.7672) = 2,92 ~

It

at the 5% level that there is a difference between EL(T)

and the average cf the T in the other three ports.

(4) EL(E) against average E of other ports:

V= B-L1/3(B +By+B)
= 2.77
sS@ = 3.82(.7672)

= 2,92 =
Hence no difference between EL(E) and the average (E) of the

other three ports.

(5) CT(T) against average T of other ports:
Y = 4,09

Sc; = 2,92
Y

Hence significant difference at 5%.

Tvpe 53 - T Method:
(1) Pairwise comparisons: From (2.7) we have

Ts «25(4.36)2.66

I

= 2,90
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Hence
Bga>Bsgi Byyi B3yi Bygi Big
B13>By57 Big
Bg1”Pas5i Byg
Bsg>P16
(2} Average E against average T:
k
Ts(4L  [c;]) = .25(4.36)2.66
i=1
= 2,90
" = .70

Hence no difference at 5%.

(3) EL(E) against average rest (E):

A

0 = 2.77
K :

Ts I |cy| = 2,90
1

Hence no difference at 5%.

(4) EL(T) against average T .of other ports:
P = 3,91
Ts 5I]cy| = 2.90

This intexrval does not include zero so that there is a

significant difference at a=5%.

Before summarizing it is worthwhile to note that in both the
samples the variance for PE(T) seems high compared to the
others so that a question hangs over the assumption of equal
variances. Although inequality of variances has little effect

on the F~test in a balanced design, we will nevertheless test
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the equality of variances with a test which was derived by

Bartlett (2 ):

With only twoc mean squares, the usual F-test is applicable.
With a priori reason to anticipate inequality of variance
the alternative in this case is a two sided one: ci # cgo
Hence the F-criterion is F -—-r-slz./sz2 where slé is the lar-
ger mean square. The distribution of F when the null hypo-
thesis is true was worked out by Fisher (6 ) early in the
1920's. With more than two independent estimates of varian-
ce Bartlett provided a test: If there are a estimaﬁes s
each with the same number of degrees of freedom £, the test
criterion is _

M = log, 10f (a log s2 - ? log s.2) - (2.9)
where

s? = (2 s;*)/a. |
Under the null hypbthesis'that.each si% is an estimate of
the same o2?, the quantity M/C is distributed approximately
as x? with (a-1) degrees cf freedom, where C = 1l+(a+l)/(3 af).
When the degrees of freedom differ as in samples of unequal
sizes, the computation of x? is more tedious. Then

| M = log, 10 [fzfi) log & - rf, log si2 J (2.10)

where

52

A AR 5 S N
(Zs;%)/a ; € = 1+ 3170y {an SE J

N

¥ = M/C with (a-1l) degrees of freedom.

©
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We will now apply (2.9) to our two samples.

Type 48 Type 53
g* : 7.03 7.08
log s? 0.8470 0. 8500
slog 5% | 6.5372 6.704
a : 8.0 8.0
£ s, 16.0 16.0
M : 8.80 3,54
Cc : 1.026 1.026
M/C : 8.58 3.45
x5 (.05) 14.07 | 14.07

The values M/C of 8.58 and 3.45 respectively are clearly not
significant so that the assumptions of equality of variances

#

&
have not been violated.

{2.5) Conclusions.

In both cases the F-test rejected the null hypothesis of no
differences in yields at the 1% level although the F-test was
more significant in the case of type 53. From descriptions cf the
two types, it is clear that the only difference between the two
lies in their staple length, the type 53 being of shorter

staple length. What seems important at this stage is that the
length classification of wool might influence the appraise-

ment of yield and one would be inclined to reason that the
shorter the staple length) the higher the variance in the esti-

mated yields. Discussions with the technical staff of the SAWC



I1.19
revealed that such a tendency could exist because of the

smaller variety of wool from the fleece that qualify for in-
clusion in the longer length categories. Further research in
this respect is required to establish the exact relationship

between staple length and yield estimates.

The rejection of the F-tests suggested multiple comparisons.
For the pairwise comparisons we choose to summarize the signi-

ficant differences of the T-method as follows:

Type 48:
DBN(E) > EL{(E); EL(T)

CT(T) > EL(E}; EL(T)
Type 53:

CT(T) > PE(T); DBN(T); PE(E); EL(E); EL(T)

DBN(E) > EL(E); EL(T)

CT(E) > EL(E); EL(T)

PE(T) > EL(T)

The‘pairwise comparisons give no evidence of real differences in
estimated and tested yields within a given port considered sepa-
rately for each type so that, based on these two samples, it can
be concluded that appraisers are equally skillfull in ail the
ports. However, the fact that CT(T) is consistently higher than
the tested results in other ports but that CT(E) does not quite
follow the same pattern, suggests the inclination to underesti-
mate in Cape Town. Likewise, the fact that DBN(E),in both cases,
are significantly higher than EL(E) while the same trend is not

found in the tested results could, to a lesser extend, indicate
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that Durban is inclined to overestimate. Comparing individual

means does not seem to contradict these assertions.

The significance of the contrast CT(T) against the average of
the other tested yields for type 53 shows that the true yields
for this type is higher in the districts sending wool to Cape

Town than those sending to the other portso’

It was alsc pleasing to note that averaged over all the ports,
there was no overall difference between estimated and tested

vields.

A most interesting fact was highlighted by the data. Comparing
individual variances in the two samples show that variances for
tested results are considerably higher than the corresponding

variances for estimated yields in all cases.

Although the reason for this occurrence is not so obvious the

following explanation seems well motivated.

Assuming that appraisers subconsciously associate a given type
with a certain basic yield, the incorrect determination cf type

could account for greater variance in the estimated yields.

The spinning count (fineness) of wool refers to fibre tickness
and is subjectively determined by the size of the crimp. The

smaller the crimp, the finer the wool and vice versa.

In the good topmaking group a change in spinning count from a
64 to a 60/64 raises the type by one grade while a change in

the quality from a 64 to a 64/70 lowers the type one grade.
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It is cbvious that an incorrect appraisement of spinning
count will lead to an incorrect type classification and it's
associated yield. We can thus conclude that it is to the
combined analysis of tested yields and fibre thickness that
future studies must be directed for a full understanding of

the variation and consistency of estimated yields.
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Chapter .III

The Cne-Way Layout : Unequal Cell Numbers.

(3.1) Method of Analysis.

More often than not the one-way layout is unbalanced. Basically

the model is the same as that treated in chapter II except that

the assumption of eqﬁal cell numbers has been dropped. It is

clear that the mecdel in chapter one is a special case of the

unbalanced design. We will now assume that:

(1) The I populations are normal with equal variance oZ.

(2) Independent randcom samples of sizes Jl’ J2,no,, JI are
drawn from the respective populations. Our Q assumptions

are:

Q yij = Bi + eij (i=l,..., I; 3=1,..., Ji)
{eij} are independently N(o,0?)
H : Bl = 82 = oLl = BI
with n=ZJi and r=I in the general theory of chapter I. The

sum of squares to be minimized under Q is.

I Ji )
S{Y,B) = I z (Y, = B,) (3.1)
ij=1 §=1 ~HJ =

so that the N.E. under @ becomes

v

J
7 , B 1 . ’
25025 b a2 37 (yo; - B =0 (i=l,..., D)
t j=1
Hence
A Ji
By = (§=1 ytj)/Ji so that

as before.

w >
[
i
<
[ ad
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Under w we have to minimize

T Ji ’
S(Y,Bw) = I . D l(yij - B)

where B denotesthe common (known) value of Bl,oam, BI'

Sclving for the only one N.E. we have

Ji

A

B =

" y

I
z i,/n where n = L J..
=1 j=1 *+J i

o N e |

REMARK: We write § instead of the y to denote the
weighted average of the {yi.} instead of the un~

weighted average used in chapter I.

Further, we still have that
Niy = By =Y.
ﬁ\ij,w =Y.

The numerator and denominator SS's of the test statistic F now

beccmes
- - oy2 - Sy
8s; = I I (y;, - ¥ LIy, - y)
i3 i
= 2 =2
SLdyp vy ony.
i
SS =3 I (y,s - y:.)?2
e i3 ij i
I J4 -
Further SS, , = I z (y.: = y)2
tot 1=1 j=1 ij
I J4 _
=1 Iy, Z - ny?2.
i=1 j=1 ]
I
Bearing in mind that n = % Ji the F-statistic remains MSH/MSe
i=1

.with g = I-1] and n-r = n-I degrees of freedom for the numerator

and denominator respectively. The analysis of variance can be
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summarized as follows:
Table 3.1

One-Way ANOVA with unequal cell numbers.

Source SS : dof MS . F

= -—n'z . —
Between groups SSg iJi(Yi‘ y)©  I-1 SSH/(I 1) MSH/MSe

s — - 2 — -
Within groups SSe_§ g(yij yi.) n-I SSE/(n 1)

= -)2 -
Total SS¢ ot ZZ(yij y) n-1

(3.2) Description of Data.

The price of wocl, like the price of other comodities, is
determined by the forces of supply and demand, a consider-
ation which, incidentally, is often used to justify non inter-
vention in the free marketing of wool. However, as we look
deeper at the meaning of supply and demand, we find it neces-
sary to be much more precise, especially if these concepts are
to be used in any attempt to unravel and measure the various
forces at work in causing wool prices to fluctuate. Firstly,
supply and demand will have different meanings according to
the time period involved. For example, are we talking about
the equality of supply and demand over the course of one days
wool sale, or one month's sales, or over the whole selling
season, Or even longer periods. Commodity prices denerally

follow a trend.
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A trend is a persistent change occuring over a periocd of time,
Superimposed on a trend are price movements, which in the short
term often tend to obscuré the direction of the trend. These
deviations from a trend are fluctuations. Price fluctuations
occur for particular types of wool and in the margin between
types. They take place over different periods of time as for
example within a sale; between sales within a week; between

sales within a season; or over a number of seasons.

It is the purpose of this chapter to investigate the price
fluctuations for a given type within a sale. A sale day is
normally devided into three sessions. In particular it is the
purpose of this chapter to investigate whether a significant
price difference exsists between the three sessions of a sale

day, and if it does, to try and establish a trend.

The price data used in the analysis was obtained from the SAWC
appraisers in Port Elizabeth which recorded the grease prices
of type'48 according to whether it was sold during the first,
second or third session. The data refer to type 48 sold in
Port Elizabeth during the 1969-1970 season and was recorded
for a number of sales with reasonable representation in each
session. Prices are still cents per pound and have been con-
verted to clean prices to exclude yield differences.
REMARK: The data can at this stage be combined in a two-

way layout with unequal cell numbers (chapter VII).

The one-way layouts were however already analysed
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weekly as the data became available, and for this

reason only, kept as such.

Results.

We refer to successive sales as cataloguss and write cat 1 to

refer to the first sale etc. Means, variances and ANOVA tables

are given below for a number of catalogues. The sample sizes

are also recorded. Significance of the F~-statistic will be in-

dicated by * for 5% and ** for 1%. All prices are clean prices

in cents per 1lb.

Catalogue 1:

. Session .1 Session 2 .Session .3
Yy. 69.01 66.58 _ 67,42
s,° 2.18 3.35 3.77
Ji 10 9 10

Table 3.2
One-Way ANOVA For Within Sale Price Variation:

Type 48 Cat 1 1969/70.
Source SS dof MS F
Between Sessions 29.18 2 14.59 4,72%
Within Sessions 80.40 26 3.09 .
Total 109.58 28
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Catalogue 2:

. Session 1 Session 2 Session 3
Ys. 66.16 66.52 65.42
s;? 3.19 3.66 2.98
g, 25 21 9
Table 3.3
One-Way ANQVA For Within Sale Price Variation:
Type 48 Cat 2 1969/70. |

Source ’ s8S dof MS. . F
Between Sessions 7.53 2 3.77 1,13
Within Sessions 173.65 52 -3.34.
Total ’ 181.18 54

Catalogue 4:

Session 1 Session 2 Session 3
v, 66.00 65. 82 65.12
sig 4,11 4.23 5.10
-Ji 17 ) 9 9
Table 3.4
One~Way ANQVA For Within Sale Price Variation:
Type 48 Cat 4 1969/70.

Source 88 dof - MS F
Between Sessions 4.68 2 2.34 .53
Within Sessions 140.40 32 4,39

Total 145.08 34




Catalogue 5:
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‘Session 1 Session 2 Session 3
Yy, 64.79 65.24 64,31
siz 1.91 4.92 5.15
Ji , 9 6 10
Table 3.5
One=Way ANOVA For Within Sale Price Variation:
Type 48 Cat 5 1969/70..
Source 88 dof. MS - F
Between Sessions 3,35 2 1.68 .43
Within Sessions 86,17 22 - 3.92
Total 88,52 24
Catalogue 8:
Segsion 1 ‘L,H. Session 2 Session 3
Yy 64.04 65.70 63.12
s 4.24 2.20 2.97
;i 5 4 7
' Table 3.6
One~Way ANQVA For Within Sale Price Variation: .
Tvpe 48 Cat ‘8 1969/70.
Source Ss dof MS F
Between Sessions 16.92 2 8.46 2.66

Within Sessions 41.38 13 3,18

Total 58.30 15
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t3.4) Further Analysis.

The following is a summary of the F-statistics obtained from the

various cne-way layouts:
F-Statistic

Cat 1 4,72%
Cat 2 1.13
Cat 4 .53
Cat 5 .43
Cat 8 2.66

Only during the first catalogue was there a difference between
the three selling periods. This was however only significant

at the 5% level. The fact that the null hypothesis of no diffe-
rence between the three sessions of a day was accepted for four
catalogues indicate that such a difference does not exist for the
type in question. To test the assumption of equality of variance

we can use Bartlett's test for samples of unequal sizes.

M C M/C
Cat 1 4.7256 1.0515 4,49
Cat 2 . 1667 1.0329 .16
Cat 4 .1418 1.0469 .14
Cat_s 2.145 1.065 2.01
Cat 8 .3749 1.1124 .34
With XZZ(oOS) = 5.99 we can conclude that the intra period varian-

ces were the same in all cases.
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{3.5) Conclusions.

Based on this data it seems that there is no relationship
between the time of sale within a sale day and the realized
price for a type 48. The F-statistic being less than one in
two cases indicate a higher variation in prices within sale
periods than between sale periods. This means that other fac-
tors not provided for in the model mostly contribute to the
variation in prices during the sale. It is well known that the
price paid for "identical" lots sold at one auction sale can
vary over the sale period. This variation arises because fac-
tors other than the technical characteristics of wool deter-
mine the price paid at auction. These factors could be:

(1) variations in demand throughout a sale period. These
variations occur when buyers fill orders and then withdraw
from the sale, or if buyers employ a strategy £hat requires
a temporary withdrawal from the market. In other cases a
buyer may withdraw from bidding simply to balance his pur-

chases against orders.

(2) Differendésvin price limits bétween buyers. These diffe-
rences reflects variations in ﬁhe competitive position of
individual buyers. In a commodity market variations in
price limits for specified grades will arise from diffe-
rences in the efficiency of the buyer; in processing or
retailing the commodity, differences in the stocks held
and the level of orders. 1In a large market involving day

to day transactions with effective methods of communica—-
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ting market intelligence it is uniikely that price limits
would vary over a large range. Variations in the price
limits will however also arise from differences in the time
available for individual buyers to fill orders.

(3) Errors in specification. These frequently occur when the
composite properties of a grade are estimated subjecti-
vely. Such a situation is common in auction markets for
primary products such as livestock, cottcn, tobacco or
wool. If all buyers in such a market have identical price
limits, then the successful bidder will be the buyer whose
estimate of value contains the largest possible error. The
difference between the buyers' estimate of value and the
price paid will vary according to the number of buyers in
the market and the distribution of valuations.

These constraints were placed on a simulated model of an auc—

tion market by R.B. Whan and R.A. Richardson {(61) from which

they found that there are on the average eleven bidders usually
bidding at wool auction sales in Australia. The model also in-
dicated that an auction held with less than four bidders does
not provide enough competition to force buyers to pay their pre-

determined valuation.
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Chapter IV

The Two-way Layout : One Observation Per Cell

No Interaction

(4.1) Method of Analysis (The model).

The. two-way layout where there is only one cbservation per cell
is a case frequently occuring in practice. In order to get
exact tests and confidence intervals concerning the main effects
it is generally necessary with the fixed-effects mcdel to assume
that there are no interactions, an assumption which we make in
this chapter. The two-way layocut with one observation per cell
where we do not make the assumption of'no interactions' is
treated in the next chapter where a test of the hypothesis of no
interaction will be presented. Henceforth the parameterization

introduced in the second remark of section 2.1 will be used.

In a two-factor experiment we assume that factor A can operate
on I levels and factor B on J levels. The observations can be
arranged in an IxJ table with yij denoting the observation on
the "i,Jj treatment combination" where factor A is at the i th
level and B at the j th, i=l,..., I; j=l1,..., J. Without the
assumption of ' no interaction ' the cbservation yij can be
censidered to consist of the following:

yij = U + oy + Bj + Yij + eij
where
(1) y is the average of the factors taken over all their levels;

(2) oy is the main effect of the i th level of factor & in the

sense that it is the excess of the mean for the i th level
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cf A over the general mean u irrespective of the level of B,
(3) Bj is the main effect of the j th level of factor B in the
sense that it is the excess of the mean for the j th level
of B oveﬁ the general mean U irrespective of the level of A.
(4) Yij is the interaction effect of the i th level of A with the
j th level of B, i.e., that portion of their combined effect
after we have corrected for the main effect c¢f factor A, the
main effect of factor B and . the totai average effect and
originates because of this particular level combination of
the factors.

DEFN. A case of no interaction is called a case of additivi-

ty of effects i.e., Yij =0 i=l,..., I; j=1,¢:., J.

If we denote the "true" mean of the i,j cell by Nije we have

under the assumption of additiwvity . that nij = u o+ ooy + Bj
where o = B = O sc that our O assumptions now become:

8 a, = B, =0,
{eij} are independently N (0,c?)
HA : all ay = o HB : all Bj.= Qe

HA states that the means {u+ai} for the different levels of A
are all equal. Likewise for HB” The rank of X' of the general
assumption n=E(Y) = X'B is equal to I+J-1 since the vector n

is determined by I+J+1 parameters'{u,ai, Bj} subject to the two

linearly independent side conditions Zi a, = 0 and zﬁsj = 0.

The SS to be minimized under Q is

= - - - 2
S(Y}B) - i? (Yij u a:i Bj) °
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Equating to zero

3s({Y,B) :
£2220Bl - 22 23 (y,s - v - oy - BL),
ou i3 i3 i J
and using o, = B, = 0, we find
f = Gy /10 =y, (4.1)
Also, equating to zerc
oS (Y,B)
o= \X.P) - - - -
3a, 2L (ygq = u - oy = By
i J
we have I + &i = y4. so that
al =¥y, - Y.. (4.2)
Similarly
L= _ 4.3
BJ Y.4 T Y., (4.3)
The error SS = SQ = S8
ss, = I (ylJ -f-8 - BJ)“
1]
= 1LX cs = Y., = . F 2 4.4)
L (Yig =Y. = ¥.o5 +¥.00 (4.4)

n-r = 1J - (I+J -1)

= (I-1) (J-1)
Under w = Qf\HA ; HA all ay = C, we must minimize
S =735 (y,, =1 - B)?
13 ij J

On equating to zero the partial derivatives we find that the LS
estimates ﬁw and Bj " have the same values as under Q:
14

3S/31 same as before

3S/BBV = =2 i (yij - ¥ - Bv) = 0
i.e. IB = I Yiv Iy, since {l =y,

v i
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Hence By = Y.5 T Y.
We will dencte the SSH for testing HA : all a; = O by SSAo
Hence
8s, = |[fi -fi,[]®
= A ~ - e _A 2
%g (u-*‘OLi*'B ﬁw al,w Bj,w)
1J
= z i & = = =
gg Q. since ai,w o, Bj,w BJ, ﬁw N
ij
= 2
= J § di
i
= , - z
=J I (y;,m¥..)
i
=Jry;,?-13y.*? (4.5)
i

Since HA states that I-1 linearly independent estimable func-

tions are zero, the degrees of freedom for SSA is (I-1). The

F-test of HA at significance level o consists in rejecting HA if

MS,/MS, > F (1-1), (I-1) (I-1)

where MSA = SSA/(I~1) and MSe = SSe/(I-l)(J-l). We can similar-
ly derive a test for Hp which is: reject Hp at level o if

MSL/MS, > Fo o 3.1, (1-1) (3-1)

where
MSB = SSB/(J—l) and
. - 2
SSp = I L (y,4y-v..)
]
=I Iy, .?-I1Jy,, 2 (4.6)
i ]

with J-1 degrees of freedom.

The total SS is calculated as

ss = II (y;4 = v,)°

tot 13 J
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= 2 _ 2
= LI Yy IJ y,, (4.7)
1]
The analysis of variance can now be summarized in the usual
ANOVA table.
Table 4.1

Two-way ANOVA With One Observation Per Cell

('No Interaction'Assumed)

Scurce Ss dof MS F
- 2 - -
Rows J i(yif y..) (1-1) SSA/(I 1) MSA/MSe
Columns I Z(y_ .-y, .)? (J=-1) SSp/ (3-1) MS,/MS
J

Residual (EZyij—yi.-y.j+yo._)2 (I-1) (J-1) SSe/(I-l)(J-l)

Total EZ(yij-y;,)z, I13-1

REMARKS: (1) To construct the table like Table 4@1,SSA is
usually calculated from (4°5)'SSB from (4.6) and

SStot from (4.7). SSe is then found by subtrac-

tion since

SSe = SStot - SSA - SSBO

(2) For a more thorough scrutiny of the data it is
good practice to construct an IxJ table in which
the i,j entry is
Y34 = Y45 ~ Y3, " Y5 P Y,

If there is a relatively large interaction ?ij’

it may suggest that the Q@ assumptions have scme-

how been violated.
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(3) Usually a further column, the expected mean

square, E(MS), is added to the ANOVA table and

is calculated by replacing yij
Q and adding o? to the result:

E(MS,) = g% + J % PE(y". - y_.)]z‘
A T-1y i - 1%

z LE(&i)12/(I-l)
i b e
Z.uiz/(l-l)

by E(Yij) under

B

+ J

+ J

il
Q
b

= g% + J o2

where oi is NOT a variance but a convenient no-

tation for (Zuiz)/(I-l)

. 2 2
Similarly E(MSB) = g% + I 0 SO that HA and HB

- . 2 =
= Qg and HB : o 0.

may be expressed as H, : o 5

2
A A

(4.2) Description cof Data.

The reserve price scheme of the South African Wool Commission
necessitates the appraisement of type and yield for every lot
of wool offered for sale in South Africa. These in conjunction
with a barome of reserve prices for all types, determine the
reserve prices on the various lots offered. The reserve prices

are not made known to the trade.

The average of the differences between market price and reserve
price for a given type and sale, exPresse§ as a percentage,
measures to some extent the degree of protection given to . the
type. A combined weighted average of these differences . for

all types, expressed as the total percentage difference between
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market and reserve prices, gives a measure of the closeness.
of market and reserve price levels. This measure is a use- .
full guideline for determining future reserve price levels
since there is every reason to believe that there exists av
consistent relationship between the total percentage varia-
tion between market and reserve price and the total percen-

tagé of all wool bought by the SAWC.

In this chapter we analize the total percentage difference
between market and reserve prices for the various ports

over 18 sales. The two-way analysis consists of I=4 ports
and J=18 sales. The sales are ordered from 1 to 18 over the
selling season so that this model allows an estimate of the.
effect of time of sale on the percentage price difference.
Further, with this model it is possible to make some estimate
of the effect of the various ports on this percentage .diffe-
rence. Market and reserve price data for all types offered
during 18 sales held in the four South African selling centres
during the {(current) 1970/1971 season were converted to total

percentage differences between market and reserve prices.

{4.3) Results,

A summary of the results are given below. Bl,weo, 618 refer .
to the 18 consecutive sales while OprlyrOigrly refer to the
four ports as follows:

= Cape Town (CT)

i

Durban (DBN)

East London (EL)

Q
[£8)
]



Gy = Port Elizabeth (PE)
Sale y_j Bj
1: 15/9/70 3.21 -2.18
2: 22/9/70 4.66 -0.73
3: 29/9/70 6.66 1.27
4: 6/10/70 5,16 =-0.23
5: 13/10/70 5.09 -0.30
6: 20/10/70 3.63  =-1.76
7: 27/10/70 5.99 0.60
8: 3/11/70 11.91 6,52
9: 10/11/70  10.45 5.06
10: 17/11/70 8.76 3.37
11: 22/11/70 5.65 0.26
12: 1/12/70 3.56 ~-1.83
13: 8/12/70 3.23 -2.16
14: 19/1/71 3.34 -2.05
15: 11/2/71 3.72  -1.67
16: 29/2/71 4.34 -1.05
17: 9/3/71 4,16 -1.23
18: 23/3/71 3,53 -1.86

where 1, &i’

respectively.

Port

CcT

DBN

EL

PE

., were calculated from (4.1),

5.98

= 5,39

(4.2),

Iv.8

-1.08

~1.44

(4.3)
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Table 4.2

Two-Way ANOVA Fcr Total % Difference.

Between Market And Reserve Prices Season 1970/1971.

Source SS ‘ dof Ms F
Ports 131.58 3 - 43.86 6.37%*
Sales 444.59 17 26.15 3.80%*
Residual 351.29 51 6.89

Total 927.46 71

From the analysis set out in the table the total variation
in percentage differences between market and reserve prices.
has been resolved into components owing to ports and sales. .
The remaining residual variation represents that portion .of

variation that cannot be accounted for'by the present model.

Since we made the additivity assumption we have to look at
the estimates Qij for relatively large interactions. Port
names will be abbreviated and sales will consecutively be

numbered 1 to 18.
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Summary cf interactions: ?ij = yij - Y. - y;j Y..
Sale CT DBN EL PE
1 3.18 -2.56 -0.56 -0.06
2 3.94 -2,84 ~0.65 -0,44
3 3.59 -3.27 0.82 -1.14
4 1.52 -1.44 0,95 -1.03
5 -0.84 0.42 0.90 -0.49
6 -0,95 1.50 -0.15 =~ -0.39
7 -2.20 4.61 -2.17 -0.24
8 ~1.51 5.80  -2.86  -1.43
9 -3.99 9.47 -2.60 -2.87
10 0.36 0,12 2.34 -2.82
11 -0.39 1.77 -0.61 -0.76
12 -0.52 -0.79 0.28 1.03
13 -0.37 -1.13  0.26 1.23
14 0.52 2.73 1 0.40 1.79
15 -0,08 -1.75 0.39 1.43
16 -1.28 -2.,17 1.34 2.12
17 ~0.54 -2.70 0.90 2.35

18 -0.46 -2.30 1.00 1.76

(4.4) Further Analysis (Multiple Comparisons).

Although it does not seem from the estimates ?ij that all
interactions are zerc, we nevertheless make the assumptiocon
and continue with multiple comparisons between row and column

contrasts.
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(a) Row caontrasts : S-Method,
Let ¥ be any linear function of the {ai}, Y = I c; Oy
i
The set L of all such Yy . is the same as the set of all contrasts .

among the true means {A, = p+a, = n, si . , = L f .
g € { i Hroy n1°} nce ?-cl %4 g.gl, n

i i =
where c¢,' = ¢; - c. and hence I c¢;' = O. Conversely, if I c; =0,
i i
Te.'n, =3 c.'a..
R L i %
i + i

Hence the LS estimate of ¥ is
Y =1 c;a

i .

Using (2.4) and (2.5) of chapter 2 where q = I-1, n-r = (I-1) (J-1)

ivie

an interval for the contrast ¢ is given by
A ;A
+ - g
vevs: [}I B Fy, (1-1), (1-1) @-1)] %

For pairwise comparisons we will conclude ¥y to be significantly

different from zero if IWI>SO$ where S is defined by (2.5).

Rearanging we have

A

>
>
>

0y %4 %1 %2 :
-1.44 ~1.08 .59 1,93
and
/\A _ 1 !
S0, = 2.6249 Y2718 V3.F; 51 o)

= 2,54 >
Thus only:
DBN > EL; PE

by the S-method.

(b) Row Contrasts: T-Method.
For pairwise comparisons of y we have from (2.7) chapter 2 that

an interval for the contrast y is given by
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N (1/v ) qI,(I-l) (J—l)s

and from which we can conclude Yy to be significantly different

A

from zero if |¢y]| > Ts where T is defined by 2.7. Thus

Ts = (1//18) q4,51(.05)(2.6249)

2.33 =~
Thus only

DBN > EL; PE
by the T-method. Although the significant comparisons by the
T-method is the same as that of the S-method, we note that the
T-method gives an interval which is shorter by .21 on either
éideo
(c) Cdlumn Contrasts: S-Method.

For pairwise comparisons we have

So’ (.05)

v

2.6249 v2/4 1/17.,Fl7-'51
= 10.27 =~
so that the S-method indicatesno significant pairwise diffe-

rences.
To test whether the averagé for November is significantly

different from the rest, we have

v

i

1/4(88+39+510+511)—1/4(s1+0oe+s7+312+s13+0,,+318)
4.88 -~

I

.

with

il

2.6249 (5.5317) (.558)

< >

= 8.10

which indicates no significance.
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{d) Column Contrasts: T-Method.
For pairwise compariscns we have

Ts = (.5) qls,sl(ﬁOS) 2.6249

= 6.84

which indicates

Bg > Byi Byi Bgi Bypi Bygi Bygi Bygi Bygi Byqi Byg-

Bg > Byi Bypi Bygi Bygi Byg-
The T-method also indicates nosignificance between the average
November variaticns and that of the rest cof the season for which

data was analysed.

(4.5) Conclusions.

On average there was a difference of approximately 5% between
market and reserve price levels for the period under conside-
ration. The high activity of the SAWC during the current
(1970/71) season indicates that the SAWC is required to buy a
large percentage of the total wool offered at auction in South
Africa. Purchases for the season up to and including March
1971 amounted to 199,546 bales (26.3%) of the total ocffering
while the SAWC had to bid on 68.4% of all wools offered. Un-
fortunately comparative figures for previcus seasons during
which the SAWC was required to be less active than at present,

is not available.

The fact that the percentage variation in Durban was signifi-
cantly higher than that of Port Elizabeth and East Lcndon can
be ascribed to either one of two reasons (or a combination of

both) .
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Underestimation:

Although we found in chapter II that Durban, compared to
East London, is inclined to overestimate types 48 and 53, the
opposite is true for the clip as a whole. Conservative appraise-
ment of the bulk of wool sold at Durban results in lower reserve

prices and a higher percentage difference from the market price.

Improvement in the market.

For some reason market prices are higher in Durban than in
the other ports. It is not expected that this would be the case
for all types offered in Durban but it is possible that the com-
position of the clip is such that the bulk of the wcol offered

from this area is in good demand

The contrast Y = g, - 1/3(a +ay+a,) indicated that the percentage

2 3
variation in Durban was significantly higher than the average of

the other three ports.

It is interesting to note that the highest percentage differences
attained occurred during the month of November during which there
was a general improvement in the market. This is illustrated by
the model through the estimates éj which attained their highest
values during this period. Negative values of the Ej before and
after November illustrate the lower trend in the market for these

periods.

From the summary of interactions it does not quite seem that the
interactions are zero. A test for interactions in the two-way

layout with one observation will be presented in the next chapter
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where we will test the same data for the validity of the

additivity assumptiocn.



Chapter V

The Two-Way Layout: One Observation Per Cell

With Interaction

(5.1) Method of Analysis (The Model).

A test for interactions in the two-way layout with one observa-
tion per cell was presented by Tukey (52) by partitioning one
degree of freedom out of the usual old error SS for non-additi-
vity. Tukey also generalized this procedure to other designs

(51).

We first consider the general assumptions

N4 = “+ai+8j+7"'+ei‘

1] J
Q: {eij} are independent N (0,c?)

ij

a,=B,=Y;,=Y,:=0 for all i,j.
- R |
where we would like to test the hypothesis

H : all Yij=o"
Because we have more parameters than observations we will have
to derive a test of H under Q' which imposes some restrictions

on the {Yij}o We will assume that the interaction Yy for a

cell is a function of the main effect oy and Bj for that cell:

Yij = Gaiej (5.1)
The Q' assumptions are then
I

yij = u+ai+5j+GaiBj+eij

Qs {eij} are independent N(0,c?)

CX. =B ":O
To derive LS estimates of the parameters-u,{ai}, {Bj} and G

under Q' we pretend for the moment that the {ai} and {Bj} are
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known. Under this fiction a LS estimate G of G is obtained by
minimizing

S = LI(ygqy = ¥ = 0y
1]
Equating to zero

- - 2

§s/8G = =2 LI aiBj(yij R PR Bj - GaiBj)

ij
gives
. ig STLENE
G=
X aiz T B.Z
i 5
since
- 2 = 2
1L 0LiBj - ?? O3 B LL OL:I.Bj o.
ij ij ij
yet Yij =G alBj. Then
2 ¥i. =G? % a,% ¥ B.?
i3 4 i1 j
= (X2 o,B.Y..)"°
i3 i73%1j
2 2
Loy L By
i J

can be considered to be a "SS for interactions". By replacing
the assumed known {ai} and {Bj} by their LS estimates under @,

we Obtain

R s e B
5§, —2 — . (5.2)
oyt ToBst
i i J

G’ SSG can be used

In order to derive

Provided we can find the distribution of SS

to test H by rejecting H for "large" SSG.

the distribution of SSG under w = HMQ, we need the following

theorem.
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THM, I Let L be a t-dimensicnal space of linear functions
n
of {yl,,.o, yn} and let fi = I bi’yj (i=1,..., m)

j=1

be m (m<t) linear functionsbelonging to L. Provided

the {fi} are orthogonal we have under Q that

m
2 2 - 2 P o
fl /cl,,eg, fm /cm and SSL i:l fi /ci are m+l statis

tically independent quantities which, after division
by 0?, all have noncentral chi-square distributions
with 1, 1,..., 1 and t-m degrees of freedom respec-

tively.

PRCOF: Let zi = fi/ Vci, i=l,..., m. Extend the orthonormal basis
{z

11 zm} to an orthonormal basis {zl,go., Zor Zoqreees zt}

fer I,. Then from

)

flz/cl = 275000y £ 2/cm = Zmz' and

H
[
]
~
Q
(=
I

m
ss. - %
Ly

the theorem follows.

Q.E.D.

The distribution of SSG under w = HNAQ is derived in the fol-

lowing theorem.

THM. II  Under w = HNQ, SSG/o‘2 and SS_ /0% are statistically

es

independent and have chi-square distributions with one

G

= - - 2
int gg(ylj’ Yi' Y.] * Y._) ’
Ss = S8S - 88 and oy and Bj are given by

and IJ-I-J degrees of freedom respectively where SS

is defined by (5.2), SS

res int G



¥;. - Y., and Yoy T Y., respectively.

PRCOF: Letting Yij = yij - Yy.T y'j + Y., SSG can be written
. - (Ziz:uiBjYij)
DSG s - . ~
¥ a.2 3 8"2
i J

The number of linearly independent restrictions imposed by H
all Yij = 0 is (I-1)(J-1). Let L be the (I-1) (J-1)-dimensional

space spanned by the linear forms {y,.} and consider the linear
1]

forms
f = 21%% a,b. v.. = ZL a,b.y.. (5.3)
i3 173 i3 13 i7344i3
where {ai,bc} are ccnstants subject to Z,a., = Z.b. = 0 and
J 11 J 3]

Eai2 > O and ijz > 0. From the previous theorem we have that

fz/ci(gaingjz) and {ss, .- fz/(gaingj2)}/c2
i J i J

are statistically independent and have chi-square distributions
with one and IJ-I-J degrees of freedom respectively. Further,
since E(Yij) = O both chi-square distributions are central. The
decomposition of the error space and the estimation space into
orthogonal spaces in chapter I can be extended by a method of
nested w's to generate all the orthogonal spaces of the linear
forms involved. The following spaces spanned by the four sets

of linear forms in the observations {yij} are mutually ortho-

gonal:
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Space Spanned by Dimension
La | ) &1,,00, &I I-1

L, e B 31

: 1

e {§ij= AETIn £ FELS PO (1-1) (3-1)

The set'{ai},'{aj} and {yij} are thus statistically independent
so that the conditional distribution of the {yij}, given the
{ai} and {Bj}, is identical with the unconditional distribution

of the {Yij} Let {ai} and {Bj}‘be considered fixed and sub-

~

3 J

~

stitute a; = &i’ b, = B. in (5.3). The random variables
{&2,.,9, ;I’ §z;a°», SJ} have a joint density and hence the pro-
bability that they are all‘zero is zero. Since Zi&iz>0 and
zj§j2 with probability one, the joint conditional distribution
under w of SSG/G’2 and SSreS/UQ, given the {&i} and {éj} is that
of two statistically independent chi-square variables with one
and IJ-I-J degrees of freedom respectively. This however does
not depend on the fixed values of the {&i} and the {gj} sc that
the unconditional distribution is the same as the conditional
which proves the theorem.

Q0.E.D.
In the two-way layout with one observation per cell the usual
error sum of squares can be partitioned by the‘preceding theorem

into two components SS,. and Ssre . A test for interaction is

G s

donewith the statistic

(I13-1-J) SSG/SSres
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which has under w a central F-distribution with 1 and IJ-I-J

degrees of freedom.

The test for interactions can be derived from the ANOVA table

for no interactions in the following way.

Table 5.1

Two-Way ANOVA With One Observation Per Cell

With Interactions.

Source ss dof MS F
Rows SSA I-1 SSA/(I—l)
Columns SSy J-1 SSB/(J—l)
Interactions SSG 1 SSG (IJ-I-—J)SSG/SSres
3@81dual~ Ssres IJ-I1-J SSres/(IJ—I~J)
?otal Sstot IJ-1
where
— g - 2
SSA = J Z(Yi‘ Y..)
i
— — 2
SSB = I %(Y.j y..)
J
SS = (IZ o éayn@)z/(z~a°2 T B.2%)
G 13 iv§1i3 i & 3 3j
' - - 2
88, ¢ = i%iyij ¥i.7Y.5ty.)
J
SSres = SSint ~ S5

The test for interactions is:
Reject H : all Yijﬁ C if

(19=1-0) 885/88,.5>Fy,1,13-1-3



{5.2) Description Of Data.

The data of this chapter is that analysed in chapter IV where we
estimated the effect of time of sale and port on the percentage
variation between market and reserve prices. The test derived

in section 5.1 will be employed to test the assumption of addi-

tivity made in the previous chapter.

(5.3) Results.

From the estimates {ai}, {Bj} in chapter IV we have

Z-aiz = 7.31
i
I B.2 = 111.12
]
JI\ Fay
I o,%r B.2 = 812.61
U R |
3
I o,B.V.:. = 307.76
13 i73%1i3
s N 2_
(§§ aiBjle) 94715.91
1]
Hence SSG = 94715.91/812.61
= 116,56 ~
SSres = SSint " SSG

il

351.29 - 116.56

234.73

I

Also IJ-I-J = 5O.



Table 5.2

Two-Way ANOVA For % Variation Between Market And

Reserve Prices : 1970/71.

Source SS dof MS F

Ports 131.58 3 43,86

Sales 444.59 17 26.15
Interactions 116.56 1 116.56 ; 24.85%%*
Residual 234.73 50 4.69

Total 927.46 - 71

(5.4) Further Analysis.

Multiple comparisons for row and column contrasts were made in
chapter IV. Since H : all yij=o is reijected by the F-test we do

not try to explore the interactions further statistically.

{5.5) Conclusions.

The interpretation of an ANOVA model is always much simpler if
no interaction is present. We will however demonstrate that if
the relevant interactions are wrongly assumed to be zero, the
expected value of the pooled mean square is inflated by the
extra component. This‘will have the effect of widening the con-
fidence intervals so that, if either variance-ratio is found to

be significant, the corresponding effect is real.

We shall now show that in a two-way layout with only one obser-
vation per cell in the i,j combination, that if the interaction

is assumed to be zero but is really not zero, it vitiates the

-~
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test of signifiéance in the sense that the test will not reject

the hypothesis as often as the level of significance indicates.

Under Q the two way layout without interaction was defined by the
model

Yij = .+ oy + Bj + eij i=1l,..., I; d=1l,cc., J.
The error sum of squares divided by o?, that is Sse/cz, is dis-
tributed as central chi-square XZ(I~1)(J—1)‘ If however the

model contains a two-factor interaction term and is given by

s YijVﬁ U+ oy o+ Bj + (aB)ij + eij i=1,00., I; J=1,..0., J
e

n wT P - ; s 2
then ¢ is distributed as non-central chi-square Y (I-1) (J-1),6

where

8 = Ix{(aB)  }?/20%
i3 J
Hence the quantity
u = MSA/MSe
used to test the hypothesis Oy = Oy = oo00= Og is nct distributed
as a central F even if the hypothesis is txue. If no interaction
is present E(MSe) = g%, If interaction is present,
E(MS ) = ¢% + ZI{(aB)..}?/(I-1)(J-1)
e . "ij ,
lj . .
so that the error term is increased on the average.
We can thus conclude that the presence of interaction makes the
rejection of main effects more difficult. The significance of the

variance ratiocs for ports and sales therefore indicate that

these effects definitely exist.

Although significant main effects by the F-ratio still indicate

true effects, the interpretation of the analysis must somehow be
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adjusted. With the assumption of additivity we conclude that

(main effect for Durban) - (main effect for PE) > o
which implies that percentage differences in Durban are higher
‘than that of Port Elizabeth by the same amount in all sales of
the experiment. Without the assumption of additivity our con-
clusion is that, averaged over the J sales of the experiment,
percentage differences in Durban are higher than that of Port
Elizabeth; however, it might happen that in a particular sale
in the experiment the percentage difference in Port Elizabeth

is higher than that of Durban.
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Chapter VI
The Two-Way Layout : Equal Cell Numbers
With Interaction.

(6.1) Method of Analysis (The Model).

We will now generalize the two-way layout with interaction to a
model with K observations in the i,j cell. A model with equal
number of observations per cell is called a complete layocut in
contrast to the incomplete layout which has unequal numbers of
cbservations per cell. A two-way layout with unequal cell num-
bers and which cccurs frequently in practice will be treated in

chapter VII. We shall assume about K that K>1.

Let yijk denote the k th observation in the.i,j cell. Then

yijk = u + ui + Bj + Yij + eijk

{eijk} are independent N(0,1)

Q 3 ‘
k=1'n\-o'K
Lo, =% By, = X Yy =2 Y;. =20
g 1 j 3 i 13 5 43
Under Q we must minimize
S = SLE(Yauy = U = Gy = B. = Yy .)2 (6.1)
19k ijk i i ij
Let E(yij) = nija Then
nij = U + ooy + Bj + Yij;
éo that S can be written as
S = LIX(Y,.y = N,)2, .
19k ijk ij (6.2)

By equating to zero the partial derivatives with respect to nij
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we have the LS. estimates '

so that the error SS, the minimum of (6.2}, is

SS_ = TIE(Y .y — Yes)®
e 13k ijk ij

with n-r = IJK-1IJ

il

IJ(K-1) degrees of freedom.

It

Because gai = ;Bj ?Yij = ?Yij = Q, the general mean, main
i J 1 J
effects and interactions are uniquely determined by the {nij},i.en,

U=n,,; a,=n. -n,_ ; B.=n

coi o oyENg U T TR P PEEL PR DS S

l] lj ll .j LN ]
It is easily seen that p(X*') = IJ so that all linear functions of
the parameters {nij} are estimable. By the Gauss-Markoff theorem

the L.S. estimates under Q can thus be cbtained by replacing the

~

i3 by y

o

ije

We thus have the L.S. estimates

u = y...

O3 = Y5..

By T ey

Yi4 = Yys.¥3..07YVe50 T

ij i]. i.' ljc LI )

The hypotheses of interest are

H : all a, = 0

A i
HB :  all Bj = 0
HAB :  all Yij: o]
If we substitute the identity
e ™U= - , = B=:( oy = D-AQ‘AHD A—« é - i Ac‘ o
Yigx MO B s Yi3= vy g0 al'sj Y13)+(“ )+ oy ofi)-s(sJ B])

+ <Yij-Yij)



VI.3

in (6.1) and preserve the parentheses on squaring and summing
cver i, j, k, we have that

= T A_, 2 A__ 2 A_’ 2 -~ - 2
S SSe+IJK(u 1) +JK§(ai ai) +IKZ§(Bj B.) +K§§(Yij Yij)
i J iJ
(6.3)
It is clear from this expression that, except for the parameters

which are zero under HA, HB and HAB respectively, the L.S.

estimates under these hypotheses are the same as under Q. Under

Hy (6.3) becomes
_ /\_ 5 ~ s , ~ _ 2 ~ _
S SSe+IJK(u u) +JK§ai +IK§(Bj B.) +K§§(Yij Yij
J 1]
which is minimized by the values u=u,8j=8j and Yij=Yij° Hence

)2

the minimum value of H_ is

A
S = 8S_ + JKIa,?.
W e i
A
For testing H, the numerator SS of F is thus
_ - 2
SSA JKgui .
i
and similarly for testing HB and HAB
— e 2
SSB IK?Bj .
J
= N
SSpp= KZIYi4™-
1]

while the denominator is SSe in each case.

The number of linearly independent side conditions imposed by

HA and Hy are (I-1) and (J-1) respectively so that the d.o.f.

for SSA is (I-1) and the d.o.f. for SSB is (J-1). The number

of estimable restrictions imposed by HAB is IJ. However, in an

IxJ table of the {Yij} we see that, if all Yij=0 in the sub-table
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by deleting the last row and cclunin, then YijﬁO in the whole

table since row and column sums must zerc respectively. This
suggests that H,, imposes (I-1)(J-1) linearly independent re-

strictions so that the d.o.f. for SSAB is (I-1}(J-1).

If we calculate the expected valueé of MSA' MSB &nd MSAB‘
(follow the procedure outlined in remark three secticn {(4.1)),
the resulting formulas suggest that we intrcduce the notations
o,% = EaiZ/(I~l)

B
J
2 N E Ty (T
ij
where again the symbols cAz, ch and UABQ are not variances but

cenvenient abbreviaticns for the functions of parameters. :

The results are summarized in the following ANGCVA table.

Table 6.1
Two-Way ANOVA With K Observations Per Cell.

Scurce SSs E dof F
Rows inﬁyi_‘uf...)z {(1-1) MSA/MSe
Columns ' IK§(Y.j.“Y,._)2 (J-1) MSB;MSe
Interactions K§§(yij.—yi,,~y.j.+y".?z (I-1) (I-1) MS,_./MS_
Error ??i(yijk~yij')g IJ(K-1)

2 1IK-1

Total zzz(yijk—y,,,)
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MSB, MS. ., and MSe are obtalined by deviding SS

p AB
SSAB and SSe by their respective d.o.f.,i.e.

where MS Ar

S
(I-1), (J-1y, (I-1) (J-1) and IJ(K-1).
REMARKS: (1) If we let C=IJKy,, . %, the SS for main effects can

be calculated as

- 2 .
SS, = JKIy,,, C
1l
= 2 .
Ssp = IKIy .. C.

J
{2) If we calculate a SS for "cell means about the

grand mean"

SS = KLZy... %2 = C.
i3 *9°
Then the SS for interaction is found by subtrac-

cells

tion
SSp ¥ SSce11s T SSp T SSpe

(3) The total SS about the grand mean is calculated as
usual from

ss = LIV, - C.

2
tot ijk
(4) The error SS can now be found by subtraction

SSe = SStot - SSA - SSB - SSAB

= Sstot - Sscells°
(5) Because of rounding errors it is more accurate to
work with sums rather than means so that we will use
the following "+" notation:

Replacing a subscript by a "+" will indicate

summation over that subscript. Hence
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Yiiu © ?fiyljk; Y... = ¥, /19K,
13

Yi++ = ?iyljk 7 yi“ = yi++/JK..

y+j+ é iiyijk H Y.j. = y+j+/IK.

With this very convenient notation the various
SS can be expressed in terms of sums of cbserva-

tions rather than means.

Iﬁet C = IJKY. .. £ e (y+++) ‘(/IJK.
Then
552 = i(yi++)‘/IK - C

= 2 pr
SSB - §(y+j+) /JK C
SScells ~ §§(Yij+) /K - C

1]
S5, o1 = IIL oyt = C
tot 13k 19k

(6.2) Description of Data.

The South African Woolclip can be categorized into the following

six broad classes:

Merino wool : Merino wocl, spinning count 601s and over, and
overstrong (extra strong Merino wool, spin-
ning count average (bulk 585),mean classes of
wool consisting of all white wool, which are
by nature free from kemp fibres or hair and
is derived from sheep showing the typical

characteristics of the Merino in their wool.
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Karakul weol : Karakul wocl means a class of wocl consis-

ting of all wool derived from sheep showing
the typical characteristics of the Karakul
in their wool.

Crossbred woccl : Crossbred wool means a class of wocl con-
sisting of all white wool which is free from
kemp fibres or hair, has a spinning count
under 60s, and is derived from crossbred
woolled sheep and from woolled breeds
other than the Merino.

Coarse and coloured wool : Cocarse white wool and coarse and
coloured wool mean classes of wool which
include all wool ccontaining by nature
kemp fibres or hair and/or coloured wool
or hair fibres.

Native wool : Wools prodﬁced in the native territories
i.e., Transkei, Ciskei, Basutoland and
Pondoiando

Dead wool : Wools taken from sheep that have died from
natural and/or other causes but not slaugh-

tered.

The significance of percentage variations between market and
reserve prices between the four ports Cape Town, Durban, East
London and Port Elizabeth suggest a further brakedown of these
percentage differences in the main wecol classes. Because of

uneven distribution and lack of offering in all ports,Rarakul
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and Native wools have been excluded from the analysis.

The data again consists of percentage differerces between market

and reserve prices during ﬁhe beginning of the 1970/71 season.
Whereas in chapter IV and V we considered the percentage varia-
tionn for the wool clip as a whole, we ndw make a breakdown of
the e¢lip into ﬁhé four classes - Merino, Coarse and Coloured,
Crossbred and Dead wool and consider the percentage variation
for each class in the various ports. Due to the fact that only
auctions in which all porté and classes were represénted were
taken into consideration, sales have not been included as a
factor in the analysis. The four levels for row effects re-
present the four ports in the now familiar sequence Cape Town,
Durban East London and Port Elizabeth. Four column effects
represent the classes of wool:merino, crossbred, coarse and
coloured and dead wool. Thirteen "observations" were calcula-
ted for each port and class combination by grouping all types
within a given class for a given éale and port. Weighted re-
serve and market prices were computed for each cell combina-
tion from which percentage differences were then calculated.
Hence we have

I=4, J=4, K=13 and p(X') = 16.
We‘will use the usual abbreviations for the four ports and the
following for the various classes of wool.

Cr.Bred = Cross/Bred Wools.

[

Coarse and Coloured Wools.

1

cC & C

D/Wcol = Dead Wools.
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{6.3) Results.

A summary of cell means bordered by row totals and means, and

column tctals and means are given in the following table.

*

Table 6.%2
Merino [Cr.Bred|C & C D/Wool |y, . Yi..

CT 6.06 13.92 14,38 47.4311063.19 {20.45
DBN 6.40 11.32 40,35 21.9511040.17 120.00
F L 4.03 1C. 49 20,54 16.92 | 675.71112.99
PE 3.16 13.27 14.55 29.68| 788.56 {15.17
y+j+ 255.31 |636.99 |[1167.64 |L507.69
y.j. 4,91 12.25 22.46 28.99

¥ s 3567.63

... 17.15
REMARK: (1) The row means are not comparable with that obtained

in the previous two chapters for the following two
reasons. (a) The same sales were not taken into
consideration, (b) the row means in table (6.2)
are unweighted means of the four clasdes of

wool whereas in chapter IV all classes (types)
were combined to form weighted reserve and market
prices from which percentage differences were cal-

culated.
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Row and column effects are given by the L.S. estimates

oy = Yi.." Yoo, = 3.30
&2 = Y.." Y... = 2.85
a3 = Y3..” ¥,... = -4.16
&4 = Ysi.7 Y., = =-1.98
El = ¥y,y.-Y... = -12.24
gz = Y.3.” Y,.., = ~4.90
§3 = Y.3.‘ Y... = +5.31
8, = Y..-Y... = +l1.84

while interactions, given by Yij=yij--yi--'yfj-+y--' are

summarized in the following table:

Table 6.3

Merine Cr.Bred C & C D/Wecol

CT -2.15 -1.63 -11.38 +15.14
DBN -1.30 =-3.78 +15.04 = 9.89
EL 3.28  +2.40 +2.24 = 7.91
PE .23 +3.00 - 5.93  +2.67

Further we have

EIZ(Y,4u) 2 = 125,392.91
13% ijk ’

Iy, .) 2/K = 92,020.94
13 i3+

i(yi++)2/JK = 62,821.84
I(y,q4) 2/IK = 78,989.46

p
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(Y, ) 2/ 1IIK = 61,192.23 = C

and IJ (K~-1) = 192
The ANOVA table is given as table 6.4.

Table 6.4

Two-Way ANOVA Of % Differences Between Market ard

Resexve Prices For Main Weool Classes : 1970/71.

Scurce SS dof MS F

Ports 1,629.61 3 543.21 3.13*

Wocl class 17,797.23 3 5932.41 34.13*%%*
Interaction 11,4C1.87 9 1266.87 T.29%%*
Error 33,371.97 192 173.81

Total 64,200.68 207

(6.4) Further Analysis (Multiple Comparisons) .

We are mainly interested in pairwise column contrasts and will

derive the T and S intervals. For the S-method we have

AA 2 . 25 Y QZ 2
(S03)% = (I-1) F(J_l%IJ(Kml)(@OS) s? (3¢, */IR)
= 3 F3’192(¢05) 173.81 (2/52)
= 52.74 |
sga = 7.26

so that by the S-method, the following pairwise row contrasts are

significantly different from zero.
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D/Wool > Cr, Bred ; Merino

c &cC > Cr. Bred ; Merino
Cr. Bred » Merinc

By the T method we have
Ts -

(qJ,IJ (K-1) (.05)/173.81)//IK

3.63 (13.18)/7.21

= 6,64
from which it is ocbvicus that the same cclumn contrasts are
significantly different from zero as given by the S-method.

Note however that the T-methcd gives shorter intervals.

For row contrasts it is immediately clear that the following
contrasts are different from zero by the T-method.

cT > EL

DBN > EL

REMARK: Since we reject H

ap W€ could explore the interactions

further statistically, as can be done with any F-test
in fixed effect models, by the S-method. The g for

the S-method applied to the whole space of interactions
spanned by the {Yij} would be the number of degrees

of freedom for SS namely (I-1) (J-1). The T-method

AB’
would not apply since the covariances of the {Yij}

are not equal.

(6.5} Conclusions.

We have stated before that the tests for main effects are valid

regardless of the true values of the interactions. We have not
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assumed additivity in this chapter so that conclusions about

positive contrasts must be that, averaged over the columns
{rows) in the experiment, the contrasts hold. It might how-
ever happen that in a particular location in the experiment,

a contrast does not heold.

From the row contrasts it is evident that, averaged over the
four wool classes, variations between market and reserve pri-
ces are higher in Cape Town and Durban than in East London.

The data does not support the claim that it is higher than in

Port Elizabeth as well.

High peositive interactions for Dead Wool in Cape Town and
coarse and coloured wools in Durban indicate that special
forces are at work in these two ports for the two classes of
wocl. In the absence of any sound reason for a better market
for these wools in the two ports, one would be inclined to
reason that undervaluation by commission appraisers of these
wools exist in the two ports. For Durban however, this

assertion prcved to be unfounded.

Technical advice revealed that a highly ccmpetitive market
for ccarse and coloured wools exists in Durban. This can be
ascribed to the proportionately smaller quantity of coarse
and colcoured wcols cffered in Durban as compared to Port
Elizabeth and which forms the essence of the wocl washeries

established in these centres.
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In the 1ight of conclusions drawn at the end cf chapter I, and

noc facts to prove the contrary, we can conclude that commis-
sion appraisement in Cape Town, especially for Dead wool, is
lower than that of the trade and lower than commission appraise-

ment in the other ports.

Comparing column effects and the highly significant F-statistic,
the following is evident. All classes of wool do not enjoy the
same amount of support by the SAWC through its reserve price
scheme. Highest support goes to Merino, followed by Crossbred,
Coarse and Coloured and the least to Dead wool. This seems
justifiable because, proportionately, this is the sequence of

representation in the South African wool clip.
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Chapter VII

The Two-Way Layout : Unequal Cell Numbers

(and a test for interactions),

(7.1) Method of analysis (The Model).

In many non-experimental studies the investigator classifies
his sample according to the factors or variables of interest,
exercising no control over the way in which the numbers fall.
With a one-way classification, the handling of the "unequal
numbers" case was discussed in Chapter III. In this chapter
we present a method for analysing a two-way classification.
A two-way classification with unequal numbeXrs in subclasses
are treated in detail by Graybill(9) although he does not
derive a test for interactions. A test of the hypothesis.
HAB : E(yijk) =u+a + Bj
is given by Scheffé (21) while an example worked in detail is
given by Snedecor and Cochran (25). With unequal sub-class
numbers the expression for the expected values of the mean
squares in terms of components of variance are complicated.
Wilk and Kempthorne (65) have developed formulas for two -and
three-factor arrangements. In order to derive the theory un-

derlying the model we need further results and notation.

Suppose that we have two factors A and B that vary in an ex-
periment and that A can take on any of I levels and B any of

J levels.

DEFN. Let {wj} be an arbitrary set of numbers with w., > O

J
and ijj = 1. The mean for the i th level of A is
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DEFN.

DEFN.

DEFN.

DEFN.
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defined to be

A, = I, W, .
£ % %550y
where nij is the "true mean" of the i,3j cell.
If we let {Vij} be an arbitrary set of numbers with
Vij > 0 and Eivij = 1, we define the mean for the j th

level of B as

Bj = Zivijnij’

The general mean, denoted by u, is defined to be

U=, w,B, = 2, V,A, = v (o

H 37373 17171 i? iwjnij

The main effect of the i th level of A is
ai = Ai = | where we note that

Ziviai

= 0.
The main effect of the j th level of B is

. = B, = where Iw,B. = O
Bj J H ere 3 jBJ
The interaction of the i th level of A with the j th
level of B can now be defined as
Yij = nijﬁAiﬁBj+U |
where iviyij = gwjyij = 0 for all i and j.
Hence we have
ﬁij = U + ai + Bj + Yija
If the interactions {Yij} are all zero for some system
of weights {vi} and {wj} , then they are zersc for every
system of weights. Hence every contrast in the main
effects {a;} and {Bj} has a value that does not depend

on the system of weights {vi} and {wj}; and the same is
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true for contrasts in the means {Ai} and {Bj} for the

levels of A and B respectively.

PROOF: A proof of this theorem can be found in (21) chapter 1IV.

Although the tests for main effects and the associated multiple
comparisons by the S-method remain relatively simple in the case
of unequal cell numbers, the test for interactions is more dif-
ficult to compute, requiring the solution of m linear equations
in m unknowns, where m is one less than the minimum of I and J.
The number of observations in cell i,j will be denoted by nij'
In chapter VI all nij were equal to K, and the general mean,
main effects and interactions were defined with equal weights
{Vi} and {Wj}. If Y33% denotes the k th observation in the i,
cell, and D denotes the set of all pairs {(i,j)} which label

the non-empty cells, our {} assumptions become

Yisk = i3 T ®isk

Qe {eijk} are independently N(C,c?)

_f = 1,00, nij ; (i,3) €D

The hypotheses of chief interest concern the main effects and

interactions. Under Q_we have to minimize

z rtd ; _
(1,5)ep k=1 Yijk ~ Nij) (7.1)

so that we obtain the LSE

n = Yij- for (i,j)eD (7.2)
Since the NE have the unique solutions (7.2) the rank r of the

matrix X' is equal to p where p is the number of nonempty cells.

The error SS, the minimum of (7.1) is thus
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S =85 =13 L (Yian = Yesl)? (7.3)
(1,5)eD k=1 13k 71i]

with n-p d.o.f., where n is the number of observations.

We will again use our own “plus" notation in addition to the

normal "dot" notation.

J
Nivw = §=1 %13
I
N, . = )X n,.
*3 j=1 1J
Nyw 7 ij P15
n..
ij
Yije T Yiik
J P15
Yies = §=l §=o Yijk
I %35
. = z "z L
y+j+ {=1 k=0 yljk
Yipr T i?i Yi5k

(7.1.1) Test for Interactions.

The hypothesis H of additivity is

AB
HAB : E(yijk) =y + ay + Bjo
From theorem I, the question whether HAB is true or false does.

not depend on the weights {vi} and {wj} used to define the gene-
ral mean y and the main effects {ai} and {Bj}. Let w = Qf\HAB.

The effect of choosing the weights {Vi} and {wj} under w is only
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“W.B., = 0. We ma
J JBJ Y
derive the N.E. under w first and choose convenient side con-

to impose the side cecnditions Ziviai = I

ditions later. The pattern of nonempty cells in the two-way
layout must satisfy a certain condition in order that the para-
meters u, {ai}, {Bj} be estimable under w and the side condi-
tions. To examine the N.E. we shall make the following assump-

tion.

Assumption 7.1: The nij are values such that ai—aj.is estimable
for every 1 # j = 1,2,..., I and Bi—Bj is estimable for every
i#j=1,2,..., JdJ. If the nij satisfy this condition, we have
under w that there are exactly I+J-1 linearly independent
estimable functions. A proof of this statement can be found ' 'in
(9) chapter 13.
Under w we must minimize

E?ﬁ(yijk LT Bj)i
Equating to zerc the partial derivatives with respect to yu, oy
and 85, we get the N.E. Throughout this section the L.S.E. will

be that obtained under w so that we will omit the subscripts w

unless they are required to prevent confusion.

v N++u+§Ni+ai+§N+j8j = Y4 (7.4)
ai : Ni+u+Ni+ai+§niij = yi++ i=1,..., I.

: .Uu+in, .o . +N .B. = . i=1,... .
Bj N_!=3p+§:-nljon__L N+JBJ y+3+ j=1, , J

The L.S.E. under w will not be unique until suitable side condi-

tions are chosen, but the various SS's involving them will never-
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theless be unique.

We shall solve the N.E. for contrasts of the ase We can use

the Bj equation and obtain

u+8j = y.j.- (insjas)/N+j j=l,...,J3. (7.5).
The oy equation is
gnij(u+8j)+ Ni+ai = ¥Yi4a i=1,...,I. (7.6)

J - i
Substituting u+6j from (7.5) into (7.6) gives

gnij(y'j'— gnsjas/N+j) + Ni+di = Yi++ i=1,..., I.
(7.7)
This gives
~ I J ~ J
.., =% ¥ (n,.n _.a )/N,. =y, - I n,.v, ..
i+71 s=19=1 1378 s" " +] i++ j=1 1353

i=l’-oe’Io' (7a8)

If we isolate the quantity involving oy from the second term

on the left hand side of (7.8) we get

J nin ~ I nyfgy A
Ni+—2 N_l O(,i"z T—‘l OLS = qi i=1,..., I.
j=1"+j s=1 +j
s#i (7.9)

where q4 is given by the right hand side of (7.8). The system
(7.9) represents I. equations in I unknowns &s' They can be
represented in matrix form as

Ao = g (7.10)
where the IxXI matrix A = (ais) has elements as follows:
Diagonal elements:

J .
= - TJ i = ¢ i
a; g Ni+ § i=1l,2,..., I. {(7.11)
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Off-diagonal elements:

J nunnr,
a, = -3 =4 L)l i 4 r=1,,..,I.
ir . _ . N,.
=1 +]
The Ixl vector o has elements g and g has elements qi given by
3
qi = Yie4 §=l nijy_j. (7.12)

We remark that the elimination of the {Bj} resulted also in

the elimination of p. We could also have eliminated the {ai}
instead of the {Bj} to obtain a set of equations similar to

(7.10) i.e.,

BB =r (7.13)

~

where B is a JxJ matrix, B a Jx1 vector and r having elements
I

17 Yage T E_ PigYee.

r

THM,.II The rank of the matrix A in (7.10) is (I-1).

PROOQF: By assumption (7.1) and the statement following it,
there are I-1 linearly independent estimable functions of the
a, . These must come from equation (7.10) so that the rank

of A must at least be (I-1).

If the equations of (7.9) are added together, i.e. summed over
i=1 to i=I, the result is zero, which shows that there is at
least one dependent equation in the system. Therefore, A is
IxI with one linéarly dependent row; hence it's rank must be

at most I-1.

Therefore, it's rank is exactly I-1.

Q.E.D.
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Since rank A is (I-1l) there are an infinite number of vectors
a that will satisfy Ao = g. To solve the system any nonesti-

~

mable side condition can be used. Using the condition X ay = 0
means that we must solve a system of I+l equations for I+1 un-
knowns. The work can be reduced by using other nonestimable

functions. If we use the side condition a. = O, this immediate-

I
ly reduces the system to I-1 equations by crossing out the I th

equation in (7.10) and setting ap = 0.

We note that Sw can be expressed as

~

S = IXiy?,., - LILY,.. M - LY,.,. 0, = B (7.14)
6 i3k ijk i3k ijk { i++71

We can eliminate {Bj} from (7.14) by substitution from (7.5) to

Iy . . .
]+
i i+ ]

obtain
S = Irzy2. - EIN,.a, - Z(y,..)%/N . (7.15)
W 15k ijk i i+7i 3 +J+ +3
Similarly we can eliminate the {ai} to obtain
S = Irryf., - IN_ _.B. - I(y.,.)?2/N. (7.16)
w 13k ijk 3 +373 N i++ i+
from which we see that u drops out in both cases.
If we choose the side condition o, = O with the system of equa-

I

tions (7.10) i.e., Ao = g, we can calculate Sw by solving the
I-1l linear equations in I-1 unknowns {ai} by deleting the I th

row and column from the matrix A.

Alternatively, if we choose the side condition BJ = O with the
system of equations (7.13), i.e., BB = r, we can calculate Sw
by solving the J-1 linear equations in the J-1 unknowns {éj}

by deleting the J th row and column from the matrix B. If I # J,
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we chocse the method with the fewer number of unknowns.

The numerator of the statistic F for testing HAB is Sw-sQ

where S, is given by (7.3). From the general theory of chapter

Q
I we know that w constrains the vector of means n to an (r-g)-
dimensional subspace. In the present case the parameters in

n under w are those of a two-way layout with additivity, so
that w constrains n to a space of dimension I+J-1l. Hence

r-q = I+J-1 so that q = p-I-J+1 since r = p. The statistic

is thus

n-p w = .80 _ (7.18)
p-I-J+1 S

which under HAB has the F-distribution with p-I-J+1 and

n-p degrees of freedom.

REMARKS: (1) If we have no empty cells in the layout, p=IJ so

that

p-I-J+1 = IJ-I-J+1 = (I-1)(J-1)

(2) With empty cells present, deduct 1 d.o.f. for
each empty cell.

(3) An approximate analysis to replace the tedious
exact calculations in the case of unequal cell

numbers is given by Scheffé (21), page 362.

(7.1.2) Inferences about main effects, assuming additivity.

The tests for and estimation of main effects depend on whether

we incorporate the hypothesis of additivity HAB into the under-
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lying assumption. If we do this, the assumptions become the

w defined above. Suppose we wish to test
H, : all a, = C under w
A 1
the hypothesis
wl = wﬂ\HA
is the same as the Q for the one-way layout with J classes
and N+j observations in the j th class so that Sw is the error
SS for the one-way layout, i.e.,

S = ZIZ(Y,., =Y )2

Wy i3k ijk *je

= IZIyigp = D(Y,4)7 /Ny
3

ijk
= LIZy?. - IN, .y%.. (7.19)
i3k ijk 3 +34 3

To obtain the d.o.f. for the F-statistic for testing HA under
w, we reason as follows:

We already have that w constrains n to a space of dimension
I+J-1, which corresponds to the rank r of the general theory,
where Q) corresponds tovthe present w, so that n-r of the gene-
ral theory becomes here n-I-J+1. The hypothesis HA imposes
I-1 linearly independent estimable restrictions. Hence the
statistic

n~-I-J+1 wl w
I-1 S

has under Wy the F-distribution with I-1 and n-I-J+1 d.o.f.
The sum of squares for rows, adjusted for columns, can be ex-

pressed as Row SS (adjusted) = Lo, q,
i



A

where Gy igs any solution to Aa = J.

N
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Similarly, the sum of

squares for column, adjusted for rows, can be expressed as

"~

whexre B,
e BJ

Column SS (adjusted) = ZR.r
o J

J i

~

is any solution to Bf = r.

If we calculate the SS between sub-classes and the unadjusted

SS for rows and columns, these being, respectively

ij

Zzy /nij - C

gl P!
¢ ?yi++/Ni+ C §y+j+/N+j

where C = yi++/N++, we can partition the SS between sub-

classes into either of the following partitions:

Row SS (unadjusted) + Column SS (adjusted) + Interaction SS

or into

Row SS (adjusted) + Column SS

We can now summarize the results in the following ANOVA table.

Table 7.1

(unadjusted) + Interaction SS.

Two-Way ANOVA With Unequal Numbers In The Subclasses.

Source SS8(1) d.o.f.(2)

Rows (adj) § &iqi (I-1)

Columns (unadj) § y+j+/N+J~N Y._. (J-1)

Interactions 2z nljylj. §N+jy-j-2‘§&iqi (I-1) (J-1)
ij j i

Error i?i(yijk yij.)2 N, - (I3)

Total IZE (Y 5y -y, ..} * Ny, -1

ijk
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REMARK: Note that the mean squares for the F-test of the main

effects must be the adjusted mean squares. An ad-
justed SS for columns can be found by subtraction:

SScol{adj) = SS SS_. - SSrow(unadj.)

cells I
and vice versa if we had eliminated the {ai} in-

stead of the {Bj}"

(7.1.3) Tests for main effects under Q.

Computations are much simpler if we wish to estimate main
effects without assuming interactions. In this case the defi-
nition of the main effects depends on the system of weights.

It is now necessary to assume that there are no empty cells,
else the main effects are not estimable under Q. Then p = I1J.
A’ i.e. SSA is
given by Scheffé (21) while the statistic MSA/MSe of the F-test

The numerator SS for the F-test for testing H

of HA under @ has I-1 and n-IJ d.o.f..

(7.2) Description of Data.

Wool is presented for sale in South Africa in lots of varying
size. A "lot" consists of a number of bales of similar type
wool and is classified according to it's size as big or star
lot, big lects containing three or more bales and star lots one
or two bales. Big and star lots are usually sold in separate
sale~rooms. As a result there are often two grcups of buyers,
one concerned with valuing and buying big lots, the other con-
centrating on star lots.

Some firms allot the responsibility for valuing star lots to
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junicr buyers. Others, usually the smaller ones, do not

appear tc operate in the star lot room at all, because of the
greater cost involved. This may result in a smaller number of

buyers bidding on star iots than on big lots.

There is some evidence (53), (55), (41) that prices paid for
star lots in Australia are lower than those paid for big lots
of equivalent types of wool sold at the same sale in the same
season. However, in order for it to be profitable for a groWer
to convert small lots into large lots, the price for large

lots must exceed that for star lots by more than the cost of

lot conversion plus any discount on rehandled wools.

It has also been demonstrated in Australia (41) that the unit
marketing costs associated with both the buying and selling

of wool at auction vary inverse with the number of bales in

a sale lot. Some of the factors leading to higher buying costs
per bale for small lots could be: the longer inspection time
required to value small lots; higher invoicing costs; increa-
sed sampling and the fact that small lects take longer to buy.
It is for such reasons that star lots are claimed to be more

expensive to market than big lots.

Wool-buying is a highly competitive business in which profit
margins are relatively low so that the size of these margins
depends to some extend on the proportion cf small lots a

buyer has ﬁo purchase as these involve higher costs. For this

reason buyers have pressed for an increase in the average size
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of sale lots and this matter is an important feature of cur-
rent discussions of wool marketing reform. It is conceivable
that the inverse relationship which apparently exists between
unit buying costs and size of lots could lead to wool prices
varying with the size. These considerations suggests the pro-
position that a price discount on star lots can exist owing to
the possibility of buyers avoiding the higher costs of pur-

chasing this wool operating on big lots only.

Whan (53) illustrated that big lots of selected types sold in
Sydney during the 1963-64 Australian season demanded a higher
price than star lots. Available data for lots of the Austra-
lian types 62 and 62A however suggested that the discount for
star lots may have decreased over the period 1957-58 to 1963-
64 which could have resulted because of a reduction in the
proportion of star lots offered at auction. The average
premium paid for big lots in Australia for the types and
periods under consideration were found to be just over 2
cents per lb. clean which represents a greasy price margin
for big lots of 1.2 cents per 1lb. calculated at an assumed
average yield of 60%. It was also found that the magnitude
of the price differences varied from year to year and from

selling centre to selling centre.

Because the cocmposition of the South African and Australian
wocol clips differ considerably, as well as the fact that
there is a higher proportion of star lots in South Africa

than in Australia, raises the question whether price dis-
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counts for star lots exist in South Africa and whether they

are of the same magnitude as that found in Australia if they

exist. Such an examination is the purpose of this chapter.
(7.3) Results:

Price data and lot size detalls were captured for a number
of types sold at the various auction centres in South Africa

during the 1969/7C season. A description of the types used in

the analysis aregiven in table no. 7.2, combined for all

ports.

Table 7.2
Wool Description No. of Lots Total
type Star Big Lots
48 Good topmaking 12 months 64's 1851 4259 6110
53 Good topmaking 10/12 months 64's 3126 3895 7021
58 Good topmaking 9/11 months 64's 2399 2450 4849

where the relaticn of grcwth period to staple length in
inches are as follows:
12 months - 2°/4 to 31/4 inches
10/12 months - 2Y/4 to 21/2 inches

9/11 months - 2 to 2%/4 inches.

Prices paid at auction for greasy wool were converted to clean
wool prices using appraisers assessments for type and yield so
as to eliminate effects cf changes in yield on the price of
wool. Errors of judgement by appralisers will almost certain-
ly occur, but it is a reasonable assumption that such errors

will be of random incidence, not influencing average values,
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and that they will be consistent, affecting big lots as well

as star lots. We also assume that the classing of big lots
and star lots of the same type is of a similar standard of
uniformity. If the classing of star lots is generally more
irregulaxr than that of big lots, shortcomings in classing
could be a factor contributing to a reduction in the value

of star lots.

Data for types 48, 53 and 58 were analysed and unbiased esti-
mates of price differences between big and star lots for
each type, combined for all ports, were obtained for the
1969/70 season. Inequalities in the number of observations
per cell and the effect of wool price trends can produce
biased estimates of price differences. The results quoted
have been adjusted to remove bias due to these factors. The

formula used to obtain unbiased estimates of price differences

is
I w, d. n n
i ; i where wi = Hiix—%g—
% di il i2
i

and di is the uncorrected price difference between big and star
lots for sale "i". Nineteen sales had adequate representation
of the types under consideration and were used in the analysis.
The analyses of variance for the price data relating to all
lots of the three types, combined for the four ports over the
1969/70 season, are given in tables 7.3, 7.4 and 7.5.

In the analyses set out in the tables the total variation in
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prices has been resolved into components owing to lot size,

sales and interaction. The remaining or residual variation
represents that portion of variation that cannot be accounted
fcr by the present model. The components of variation due to
classification are given in the sums of squares column. The
average effect of one‘change in classification (i.e. one sale)
is given in the mean square column and finally the significan-
ce of the sales and lot size is measured by the size of the
ratio of the mean square classification and the mean square
for residual variation. Since mean squares for F-tests of
the row and column effects must be the adjusted mean sqﬁares,
the adjusted SS for both rows and columns will be given in
the tables. Note however that because of this breakdown SS
for rows, columns and interactions do not add up to the SS
between subclasses.

Table 7.3

Analysis of Variance for clean prices paid for type

48, all ports, season 1969/70 (cents per 1lb).

Source Ss dof MS F

Lots 242.05 1 242.05 37.24%%
Sales 897G.50 18 553.92 85.22%%*
Interaction 146.45 18 8.14 125
Residual 39348.76 6072 6.50

Total 6109

Between SS =  10,321.19

Total SS = 49,669.76



Analysis of Variance for clean prices paid for

Table 7.4
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type 53, all ports; season 1969/70 (cents/lb).

Scource Ss dof MS F
Lots 86.89 1 86.89 11.54%%
Sales 12,767.78 18 709. 32 94,20%*
Interaction 149.45 18 8.3C 1.106
Residual 52,613.35 6983 7.53
Total 7020
Between SS = 13,072.30
Total SS = 65,685.65

Table 7.5

Analysis of Variance for clean prices paid for

type 58, all ports; season 1969/70

(cents/lb).

Source ss dof MS F

Sales 93.44 1 93.44 10.44%*
Lots 10,995.75 18 610.88 68.25*%%*
Interaction 113.91 18 6.33 .71
Residual 43,075.26 4811 8.95

Total 4848

Between S$S = 11,220.42

Total SS = 54,277.68

An examination cof the ratios for the present data shows that

the most significant factor affecting price variation is the



while interaction is not significantl
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time of selling; the second important factor is lot size

A very important fact

was highlighted by the data: the significant effect for lot

size resulted from higher prices obtained for star lots.

Unbiased estimates of discounts for big lots for the three

types are given in table 7.6.

Table 7.6

Price Differences between Big and Star lots for three

C.30

selected types sold in South Africa, 1969/70.
Wooll Ave.Price Discount ] Ratio:No Star lots to Variance Ratic
type{ for Big lots

cents/lb clean Big lots Tot.lots | Lot Size |Interaction
48 C.43 0.43 0.3C 37.24%* 1.25
53 c.23 0. 80 0.45 11.54%* | 1.10
58 0.98 Q.49 10.44** .71

Because of the close relationship between the three types there

is hardly any difference between the types in discount for big

lots.

tion

The discount, however, seems marginal.

is not significant,

Since interac-—

the unbiased estimates of prices diffe-

rences are reliable indications of the discounts éctuaily ob~

tained.

The analysis was carried a step further to test whether the data

showed any price differences between (i) one-bale lots and lots

of size two oxr more bales;

(ii) cne~, two- and three-~bale lots

and lots of size four or more bales (iii) lots of one to four

bales and lots of five bales or more.

The following table 7.7




summarizes the results.

rences are in cents per pound clean.

VII.20
Unbiased estimates of price diffe-

Small lots will refer to

the lots with the lesser number of bales while large lots will

refer to the bigger lots.

Table 7.7

Price Differences between lots of various sizes for

three selected types, all ports, 1969/70.

Lot Sizeg Wool|No. Lots Ave.Price Variance Ratio
typef Small Large gi;cigzz for Lot Size 1Interaction
lvs 2 48 86715,243 0.52 30.51** .96
or 53 1,663}(5,358 0,21 7.31** 1.17
More 58 1,31513,534 0.13 1.90 .54
Star 48 1,85114,259 0.43 37.24** 1.25
Vs 53 3,126 3,895 0.23 11.54%** 1.10
Big 58 2,399(2,450 0. 30 10.44%% .71
1-3 vs 48 2,77413,336 0.44 45.88%** 1.05
4 or 53 4,36912,652 0.31 20.72%%* 1.15
More 58 3,194(1,655 0.42 20.95%%* 1.03
1-4 48 3,5112,599 0.48 52.81*%% .96
vs 5 or |53 5,186 {1,835 0. 44 35.20%* 1.15
More 58 3,688i1,161 0. 49 23.38%% 1.39

The writer has examined the available data for a continuous

relationship between size of lots and the prices paid for

them.

Both linear and logarithmic relationships have been

tested and in every case the correlation coefficients between
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these two variables is close to zero. Similar results have

been obtained by Whan (53).

SQ far the data usea in the analyses were éombined for . the
fouf ports. The cémposition of the Sduth African wool clip
is however such that there is no a priori reason to assume
that the relationship between price and lot size is the same
in all South African ports. It was hence decidéd to make a
further breakdown cf the existing data by port.

Tables 7.8 to 7.19 are the analyses of variance for diffe-
rences in the four ports between big and star lots for the

three selected types.

Table 7.8

ANOVA for clean prices paid for type 48 : Cape Town, 1969/70.

Source SS d.o.f. MS F

Lots 34.64 1 34.64 T.AT**
Sales 1,526.82 18 84.82 18.28*%*
Interaction 81.85 18 ' 4.55 .98
Error 4,413.69 952 4.64

Total 989

I

Between SS 1,615.16

Total sS = 6,028.85
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Table 7.9

ANOVA for clean prices paid for type 48 : Durban 1969/70.

Scurce S8 d.o.f. MS F

Lots 49,16 1 49.16 6.8b%%
Sales 3,344.04 18 185.78 25.87%%
Interaction 272.69 18 15.15 2.11*%%*
Error 8,525.62 1187 7.18

Total 1224

Between S8 = 3,681,40

Total S8 = 12,207.02

Table 7.10

ANQVA for clean prices paid for type 48 : East London 1969/70.

Source S8 d.o.f. MS F

Lots 118.68 1l 118.68 18.09%%
Sales 6,176.59 18 343.14 52,.31*%*
Interaction 257.83 18 14.32 2.18%*
Error 16,821.92 2565 6.56

Total 2603

6,553.01

il

Between S8

ff

Total S8 023,374.93



ANOVA for clean prices paid for type 48

Table 7.11

ViI.23

: Port Elizabeth 1969/70.

Source Ss d.o.f. MS P
Lots 20.07 1l 20.07 4.20%
Sales 1,844.12 18 102.45 = 21 ,43%%
Interaction 93.77 18 5.21 1.G9
Error 5,994.66 1254 4,78
Total 1292
Between 88 = 1,961.40
Total SS = 7,956.06

Table 7.12

ANQVA for clean prices paid for type 53

: Cape Town 1969/70.

Source S8 d.o.f. MS F

Lots 17.54 1 17.54 2.96
Sales Z2,106.82 18 117.05 19.74*%
Interaction 8G. 30 18 4,46 .75
Error 6,477.84 1092 5.93

Total 1129

Between 8§ = 2,191.58

Total 58S

8,669.42
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Table 7.13

ANOVA for clean prices paid for type 53 : Durban 1969/70.

Source S8 d.c.f. MS F
Lots 23.64 1 ' 23.64 3.28
Sales 5,938.36 18 330. 46 45, 83**
Interaction - 224.28 i8 12.46 1.73
Error 12,885.20 1788 7.21
Total 1825
Between SS = 6,347.1%9
Total S8 = 19,232.39

Table 7.14

ANOVA for clean prices paid for type 53 : East London 1969/70.

Source SS d.o.f. MS F

Lots 14.83 1 14.83 1.93
Sales 6,069.86 18 337.21 43,85%*
Interaction 155.25 18 8.63 1.12
Exrror 19,086.22 2482 7.69

Total | 2519

Between 8§ = 6,248.39

Total Ss = 25,335.22
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Table 7.15

ANOVA for clean prices paid for type 53 : Port Elizabeth 1969/70.

Source 8S d.o.f. MS F

Lots 8.72 1 8.72 1.55
Sales 2,879.10 18 159.95 28.46%%
Interaction 45,10 18 . 2.51 .45
Error 8,466.79 1507 5.62

Total 1544

Between S8 = 2,878.61

Total S8 = 11,389.22

Table 7.16

ANOVA for clean prices paid for type 58 : Cape Town 1969/70.

Source S8 d.o.£. MS F

Lots 24.22 1 24.22 2.17
Sales 23027.28 18 112.62 15.62%%
Interaction 170.94 18 9050‘ 1.32
Error 5,898.81 818 7.21

Total 855

it

Between S8 2,212.61

Total S8

ft

8,111.42
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Table 7.17

ANOVA for clean prices paid for type 58 : Durban 1969/70.

Scurce Ss d.o.f. Ms F
Lots 15.95 1l 15.95 1.73
Sales 2,043.27 18 113.52 12.,29*%*
Interaction 230.05 18 12.78 1.38
Error 7,612.37 824 9.24
Total : 861
Between SS = 2,291.78
Total SS = 9,904.15

Table 7.18

ANCVA for clean prices paid for type 58 : East London 1969/70.

Source SS d.o.f. MS F

Lots 1.04 1 1.04 .13
Sales 4,484.29 18 249.13 30.34%*%
Interaction 165.01 18 20.10 2.,45%%
Error 11,080.88 1350 8.21

Total 1387

4,650.24

li

Between SS

Total SS 15,731.12
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Table 7.19

ANCVA fcr clean prices paid for type 58 : Port Elizabeth 1969/7C.

Source SS d.o.f. MS F

Lots 7.12 1 7.12 099
Sales 4,941.57 18 274.53 38.24%%*
Interaction 126.87 18 7.05 .98
Error 12,243.63 1765 7.18

Total 1742

5,110.54

i

Between S8

Il

Total SS 17,354.17
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Table 7.20
Port| Wooll| No. Lots |Price diff.for | o2 F-Ratio
type| Star Big |big lots., Lots Interaction

all 48 | 1851 {4259 C.43 6.50[37.24%% | 1.25
CT 48 3411 649 0.40 4.641 7.47%* .98
DBN 48 383 | 842 C. 44 7.18) 6.85%% | 2,11%%*
EL 48 846 |1757 0. 46 6.56[18.09%* | 2, 18%%*
PE 48 281 {1011 0.30 4,78 4.20%* | 1.09
all 53 | 3126 {3895 0.23 7.53]11.54%* | 1.10
CT 53 586 | 544 0.25 5.93] 2.96 .75
DBN 53 { 757 {1069 0.23 7.21) 3.28 1.73
EL 53 | 1221 {1299 0.15 7.69] 1.93 1.12
PE 53 562 | 983 0.16 5.62| 1.55 .45
all 58 | 2399|2450 0.30 8.95|10.44%* .71
CT 58 499 | 357 0.35 7.21| 2.17 1.32
DBN 58 474 | 388| -0.28 9.24| 1.73 1.38
EL 58 723 665 0.06 8.21| .13 2.45%%
PE 58 703 {1040 0.13" 7.18| .99 .98

Linear and logarithmic relationships have been tested but the
correlation coefficient between size and lots and the price paid
for them were found to be non‘significént. The analysis was
again carried a step further to test whether the data showed

any price differences between cne-bale lots and locts of size

two or more bales. Although significant discounts for type 48

were found to exist in the various ports, highly significant in-
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teractions in each case‘made the estimaﬁes of price differen-
ces meaningless. Although it was not the purpose of this chap-
ter to discriminate between prices obtained in the various ports
- for the selected types, such differences did exist and is illu-
strated by the significant F-ratios in table 7.21. Individual
one-way analyses of variance were calculated for each of the |
19 "sale" weeks while no distinction was made between lots of
varying size. In each case the four levels of the one-way
analysis refer to the four South African selling centres.
Observations were the clean prices obtained for the three
selected types in the variocus ports for sales held during the
same week. Percentages of total variance explained by the model

are given for each week.
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Table 7.21

Clean price differences amongst South African Ports : 1969/70.

Week Type 48 - Type 53 Type 58
ending | & Var F-Ratio % Var F-Ratio % Var F-Ratio

12/9/69] 10.07]12.76%** 16.18(29.49** 10.23 {16.52%%

26/9 15,99 124.00%* 12.33 {25.34** 11.79 j19.12%**

3/10 7.45710.63%* 8,99 [15.34%** 7.98 | 9.45%%
17/10 2.55] 2.81* 9.04 |14.38%* 2.681} 2.78%%
24/10 2.381 2.61 3.26 | 4.70%* 5.84 ] 6.04%%

31/10 9.80{13.03*%%* 17.17{27.69%* 17.63 |19.88**
7/11 5.83] 7.46%% 16.00|25.63%%* 5.86‘ 5.33*%
14/11 4.82 ‘5064** 9.43|13.50** 7.361 6.70%*
21/11 12.45 £§.49** 10.21]16.30** 23.11 |28.86**
28/11 9.58}12,70** 8.68|12.71*%* 15.41 {15.05%**
5/12 14.41118.24%* 5.53| 7.63%%* 10.36 [10.90**
12/12 11,34 {13.44*> 12.50119.39** .21,42 26.81**

23/1/70] 5.62112.93%* 5.71| 8.25%%* 11.73] 9.08%**

6/2 7.59 |18, 14%* 6.68| 8.67**% | 25.23]20.81%%
20/2 32] .40 3.17| 3.38% 7.86 | 5.17%*
27/2 3.63| 3.89% 4.35] 3.73¢% 22.69 |15.27**
6/3 4.74| 3.53% 10.89 | 7.99%* | 26.90|19.73%%*
20/3 1.45] 1.14 4.67| 2.89* 14.98 | 6.22%*
10/4 2.21) .94 32.74|16.41%*% | 28.09 |10.93%*

Further analysis in this respect is at present undertaken.

Provisional results however reveal that clean prices in Durban
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are consistently higher than that obtained in the other ports.

On avérage the premium for Durban wools were about 2 cents clean

per pound and in some cases as high as 4 cents per pound clean.

(7.4) Conclusions:

The most significant conclusion to be made is that there exists
no discount for star lots compared to big lots for the selected
types in South Africa as was found in Australia. On the con-
trary, a marginal discount for big lots was highlighted by the
data when combined for all ports. If it is assumed that an
average yield of 60% applies to the types in question, an ave-
rage cleaﬁ price margin of .40 cents per pound represents a
greasy price margin for star lots of approximately .25 cents
per pound. This, for all practical purposes, is not signi-
ficant so that we must conclude that there are no differences
in clean prices paid for big and star lots for the selected
types in South Africa. It is also evident from table 7.20
that, however marginal, the unbiased estimates of price dis-
counts for big lots increased with a shift in length classifi-

cation: the longer the fibre, the higher the price discount.

A breakdown of the data with respect to the various ports in-
dicated that F-ratios were only significant for type 48. Price
discounts for the other two types were non-existent in all four

perts.

In three of the analyses sgignificant interactions were present.

The estimates of price differences in these cases are therefore
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not reliable indications of the actual price differences.

These interacticons indicate that the size and direction of the
‘price differences between big and star lots depend on some other
factor not considered in the analysis that is associated with
the £ime at which the lots are sold. BAn inspection of the actual
price differences revealed no consistent preference for lots of
different sizes over the selling season. It seems probable

that district of origin can produce an interaction between the
effects of time of selling and lot size on the price difference
between big and star lots. There may be a tendency for big or
star lots to be associated with particular districts in accor-
dance with differences in the nature or size of wocolgrowers'
enterprises. The ratio of big lots to star lots at sales would
thus be related to times of shearing in different districts.
Changes in the ratio of star lots to big lots of a particular
type of wool at the sales may alsc be associated with seasonal
changes in demand for that type. For example, if the main con-
centration of say type 48 was in the star lot room at a time
when orders for this wool were heavy, the buyers wanting type 48

would presumably give their main attention tc the star lots.

The author is of the opinion that buyers, because they operate
in South Africa with it's very high proportion of star lots,
have already discounted for this fact in their overall price
levels so that no further discrimination is made in the sale

rcom.
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Any considerations to eliminate cne and two bale lots from the
South African auction flcor (as recommended by the Committee
of Enquiry on Wool Marketing in South Africa and presented to
His Honourable, Senatcr D.C.H. Uys, Minister of Agriculture)
should therefore only be based on & possible saving to brokers
and buyers in the cost of coffering star lots. The wcol farmer
can only benefit from this practice indirectly if this saving
is reflected in higher prices for his wool and a reduction in
the costs which he has to pay for the services rendered by his
broker. It would appear that the solution to problems associ-
ated with star lots is to be sought by adjusting selling prac-
tices so as to reduce the costs of brokers and buyers, without
raising the costs borne by growers. The full benefit cf such
a cost saving can best be passed on toc the farmer if the propo-
sed new marketing system of wool whereby the South African
Wool Commission buys in the whole clip at predetermined prices,

is implemented.
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Chapter VIII

General
It should be evidentvat this stage that analysis of variance
can have wide applicability in Wool Marketing. In this thesis
we have treated only a few applications, but further work is
still in progress. Although we have limited curselves to one-
and two-way layouts, it is clear that higher-way layocuts can
be applied just as effectively. A higher-way layout which is

at present being investigated by the author is the following:

. . Sijkimo
ijklmne ¥
‘n
= “‘“i*Lj+ck+D1+Sm*Po+‘Wijk1mo
where
= - ] 2 - <

Pijklmn@ the calculated clean price paid
Gijklmno = the greasy price paid at auction
Yn = the yield estimated for the particular

lot by an SAWC appraiser; n=l,...,N lots.
Ti = effect of type of wool; i=48,53,58,...,etc.
Lj = egffect of lot size; j= big or star locts.
Ck = effect of wool preparation or classing;

k = grower's brand, bulk classed or in-

ter lotted.
Dl = effect of district or origin of wool;

1l = Karoo, Grassveld etc.
Sm = effect of time of sale; m=l,..., 35 sales.
PO = effect of port at which wcol is socld;

¢ = Cape Town, Durban, etc.
Wijklmno = residual or error term

a general mean.

=
1
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This will lead to a gsix-way layout which will most probably

heve unequal numbers of observations per cell, unless a random

effects model is chosen to give the required balance.

Finally, it is also worthwhile tc mention that the percentage
variation between market and reserve prices and the percentage
of wool bought by the SAWC were tested for a continuous rela-
tionship. High correlations were obtained for the varicus
models tested and although results are still provisional, the

best fit was obtained by fitting and exponential equation.

For a full treatment of the assumptions made in the Analysis
of Variance technique, and the departures therefrom, the reader
is refered to Scheffé (21). The following is just a brief

summary of the various assumptions.

The distribution of the F-test was derived on the basis of four
assunmptions about errors:

1) E(ei) = O
~ AN o .2

2) Varkei) g

3) Cov(e{,ej) = Q i#473

; 3 23
4) ei A N(OIO )

(1y : Violaticn of assumption one can be avoided by arranging
the experiment (if possible) to avoid bias by appilying
treatments at random.

(2) 2 Inequality of Variance.

This has little effect on the F-test if the same number

of cobservations are made on each mean. With different



(3}

(4)
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cell numbers, inequality cof variance has considerable
effect. Bartletts test for inequality cf variance is
useful but extremely sensitive to non-normality so that
it has to be used with caution. When variances are
definitely unequal, a suitable transformation of the

data can be used to stabilize them.

Correlation between errors.
This is thé most serious departure and should be avei-
ded. Unfortunately this is not always possible in

Economical applicatiocns.

Non-Normality-.

Non-normality has little effect on the F-test provided
the destribution of the'{ei} is not too skew and has
well behaved tails. Randomization can help to approxi-

mate normality.
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