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Abstract

In this thesis we analvse several spatial structures, built from pereolation models, by
means of an approach used so far in the field of network science. In the first chapter we
summarize the major network concepts and characterizations that have been obtained
as regards the statistical properties of several data sets or theoretical models. We also
give a brief introduction to percolation theory and its applications. adding details in two
particular cases where mathematical results are available. In the second chapter we then
study one particular application of percolation theorv to the modelling of distribution and
species abundance at different scales. We mainly focus on the way percolation theory was
used to compare two different spatial patterns, particularly the random and the aggregated
distribution. Our contribution consists here in showing that percolation theory cannot
be used to discriminate between these two patterns. without carrying out further studies
explicitly introducing aggregation in the percolation model. In chapter 3. we further
study this classical site percolation model defined on a 2D square lattice, but we focus
here on its statistical properties as a Spatial Network (SN). We compare these statistical
properties (degree distribution, cluster size distribution and occurrence of a giant cluster,
shortest path length distribution) to those of the so-called random network (RN) whose
properties have been already extensively studied and are revisited here. In chapter 4, we
introduce two new tyvpes of networks built from a multiscale percolation structure. The
first tvpe of construction leads to a spatial network accounting for spatial aggregation.

The second type is associated to the multiscale percolation structure in a way which



accounts for the hicrarchical occurrcuce of an increasing number of nodes associated to
areas of decreasing sizes and decreasing number of neighbours. In all the studied cas.es,
hints coming from exploratory computer simulations and some attempts of mathematical
calculations confirm that spatial networks, either random. aggregated or multiscale may
exhibit very different statistical properties than those obtained so far on other types of
classical networks. The results presented here in some simple case studies may later

provide interesting approaches to model some spatial networks from the real world.
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CHAPTER ONFE

Network science and percolation

theory: A literature review

This chapter presents a literature review of network science and percolation theory aud
their application. The outline of this chapter is as follows: First. we will introduce general
definitions and notations in the field of networks, history of networks. why this subject
has become an interesting field for research, and give some examples of certain types of
real-networks.  We will then discuss sowe of the statistical propertics used to describe
network topology. such as path length, clustering coefficient. degree distribution, network
resilience. degree correlation and the giant component. that characterize the structure and
behavior of networked svstems [1]. Also, we will give the general tvpes of the networks
and their propertics. Then. we will give a brief definition of percolation theory and its
applications. Here we will consider two particular cases: percolation in one dimension and

the Bethe lattice. We shall then link them to the network science.



1.1 Introduction to networks 2

1.1 Introduction to networks

In mathematical terms [4] a network may be represented as a graph that consists of two
sets: a set of nodes (vertices, or points), V = (v;...tx). which is the fundamental unit,
and a sct of edges (links). F' = (e1...eg), between pairs of nodes. There are N nodes and
E edges. where each edge can be written as a pair of nodes. ¢, = (v,.v;). Two nodes
joined by an edge are said to be adjacent or neighbours. The way the nodes and links
are located are. in most cases, irrelevant. The onlv thing that matters is which pairs of
nodes are connected to form a link and which are not [4]. However, this is not the case in
some spatial networks. In this case, the location of the nodes is important and the type
of connection between them depends on the actual neighbouring or geographical space
(as we have described in Chapter 3).

A graph is said to be connected when there is at least a link hetween a node to any
other node in the graph. A graph that is not connected is said to be disconnected. It is
said to be directed or (digraphs) if its pointing in only one direction. In this case, the
order of the two nodes in an edge is important. The graph is said to be undirected if
it runs in two directions 4.¢ in graphs where cach edge consists of an unordered pair of
nodes. implying that the edge between v; and v; is identical to the edge between v; and
v,. A weighted graph is that which hias a muneric label w(e) associated with each edge.
This weight can be a distance, connection cost (Fig. 1.1). A graph is said to be simple
if it has at most one cdge between cach pair of nodes and no edge conneets a node to

itself (loop). Furthermore, a graph is referred to as random if some kind of randomness
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is involved in its construction [1].

(a) (b) (c)

Figure 1.1: Graphical representation of an undirected (a). a directed (b). and a weighted

undirected (¢) graph with N = 6 nodes.

Recently there has been a great interest in the field of networks. The conception of
the theory is universally attributed to Euler and his solution of the celebrated Konigsberg
bridge puzzle [5]. Erdos interest on network theory deals with general communication
networks. This problem was formalized by Kochen and Pool in the 50°s, leading them
to the definition of random graphs [5] in which the existence of a link between any pair
of nodes has probabilitv p. Erdés, in collaboration with Renyi. pursued the theoretical
analysis of the properties of random graphs and obtained a number of important results
'5]. Random graph theory has since produced a prodigious number of results, describing
statistical properties of graphs, such as distribution of component (cluster) sizes, existence
and size of a giant component [6], path length and degree distributions. There exist a
number of reviews of the area of network science. Albert and Barabasi [4] and Dorogovtsev
and Mendes [7. 8] have given good reviews focusing on the physics literature and models

of growing networks. Other reviews focusing on one tipe of network has heen given by
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Newman [9] and Haves [10, 11] who coucentrate on the small world models. A good and
interesting discussion of the behavior of the dyvnamical svstems on network have been

given by Strogatz [12]. dynamical systems can often be mofelled by differential equations

dr

ot = vlx). where x(t) = (21(t), x2(t), ..., Tx(t)) is a vector of state variables. ¢ is time, and

v(r) = (vi(xr).va(r), ... v, (7)) is a vector of functions that encode the dvnamics. These
diferential equations are oftenly nonlinear. We will focus in the present work on static
networks.

Recent work on the mathematics of the networks has been driven largely by obser-
vations of the properties of actual networks, ranging from communication networks to
ecological webs and attempts to model them. Table 1.1 represents examples of some
kinds of real networks.

In general, there are two types of networks. static networks and complex dvnamical
networks. In static networks the number of nodes are fixed. This type of network is a
good model for cases in which growth or aging process do not plav a dominant role in
determining the structural properties of the network [27]. Examples of such cases will be
considered in Chapters 3 and 4. Complex dynamical networks represent all kinds of real-
world networks such as biological, physical, neural networks. the internet and the WWW,
Al these are examples composed of a large number of interacting dvnamical units that
together produce global complex systems. The main goal of studving these networks of
interacting dynamical svstems is to understand the global behavior of the network and
the extent to which the dynamics of the individual nodes and the network structure are

responsible for the global behavior. In the following section we will describe some of the



Network Type Nodes Edges Degree Ref
WWW directed wehpages hyperlinks power-law (1,4, 13, 14]
(15, 16, 17, 18]
Internet undirected | routers physical link power-law 1, 4, 19]
Ecological network undirected | species predator-prey power-law 1]
Cellular network directed substrates chemical reaction power-law [4, 20]
Power grid nndirected | generators
stansformer high-voltage transiission - [21]

Movie actors

undirected

actors

actors have acted in a movie together

power-law

22, 23]

Sexual contact network

undirected

hwnan person

physical relations between persons

power-law

24, 25, 26. 1]

Table 1.1: Different examples of real world networks.

syI0Mm39u 03 uornpoIuy 1°1
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Figure 1.2: This figure is extracted from the excellent Newman review [1]. It shows three
examples of the kind of networks mentioned in table 1.1. (a) A food web of prey-predator
interactions between species. (b) The network of collaborations between scientists at a

private research institution. (c) A network of sexual contacts between individuals.

statistical properties of networks.

1.2 Some statistical properties of networks

There are many measures for networks that have been proposed and investigated. In this
section we describe measures that could be common to networks of many different types.
By measuring these properties one can understand the structure of a network. We shall
define and briefly discuss them. Further discussions will follow in later sections of this

thesis.
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1.2.1 Path length

The charactenistic path length L is defined as the average distance between any two nodes,
or more precisely. the average length of the shortest path connecting each pair of nodes over
all pairs of nodes in the network. For undirected and unweighted network, the distance
between two nodes is simply the minimal number ol edge. that are required to go from one
node to the other [1]. For the unconnected nodes, the path length said to he unbounded.
The distance between the two nodes v, and v; is denoted by {;;. The characteristic path
length L is generally used to measure the global properties of a graph and is independent

of local structure:

1
L= N(N-1) Z lij-
!

2 (ERUIA

where [;; = min (all the length of the all possible pathis going from nodes ¢ to /).

1.2.2 Clustering coeflicient

The clustering coefficient for a node v; is the proportion of links between the nodes within
its neighbourhood divided by the number of links that could possibly exist between them
[28]. It quantifies how well connected the neighbours of a given node in a network are
[29] and describes the cluster and the local structure of the graph. Foéusing on a selected
node v; in the network with k; neighbours, there would be. in the fully connected network,
ki(k; — 1)/2 edges between the nodes within the neighbourhood. Thus the clustering

coefficient is given as [4]
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where £ is the number of edges that actually exist in the subnetwork made by the closest
neighbours of node i. The clustering coefficient of the whole network. is then the average

of this interconnection of node neighbours, and is equal to

N
Y 1 A
(/”/5: A\—IZ(, (ll)
=1

The subscript y s is included to distinguish the Watts-Strogatz clustering coefficient.

There is an alternative definition for clustering coeflicient for a whole network as:

3(number of triangles in the graphs)

(= (1.2)

(number of connected triples)
A triangle is a set of three nodes (v;. vy, v;). where each node is connected to the other
two. The denominator determines the number of connected triples. where j is connected

to k. and k is connected to L. although [ does not necessary have to be connected to .

O 33 i 20 PoiPo;Pij (13)
k40 PokPol

The denominator gives the expected number of connected triples. while the numerator
determines the expected number of triangles. The factor 3 in the numerator is necessary
because each triangle gives rise to 3 connected triples. When Cyys = 1. it means that the

network is fully connected. and when C; = 0 for some i. the network is disconnected.

1.2.3 Giant component (cluster size)

A cluster is a subset of the network where there exists at least a path between anv two
nodes. that is. a group of connected nodes. The cluster size is the number of nodes in this

group. in some networks the study of cluster size distribution have been widely studied.
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Particularlv the size of the largest cluster is an iimportant quantity. The behaviour of the
cluster size distribution above and below a critical density of links at which a giant cluster

first forms is also important(see chapter 3).

1.2.4 Degree distribution

Information of a network can be also extracted from its degree distribution, because often
this statistical measure gives us a good sense of what the graph looks like. Not all the
nodes in the network have the same number of links, so there is a spread in the number
of links associated with a given node. For any given network we can measure the degree
distribution by making a list of the degrees (the number of links attached to a given node)
that occur in the graph and the frequencies with which thiev appear or. in other words,
the probabilities for each node to have a degree k. We define p, to be the fraction of
vertices in the network that have degree k. The degree distribution of a network also has
a profound effect on the way the network behaves. In particular. the existence of nodes
in a network which has a very large number of connections can wholly alter the character
of the network’s dynamic. This effect has been observed. for example, in the behaviour

of WWW the spread of sexually transmitted diseases and in food webs [30].

1.2.5 Degree correlation

In most kinds of networks there are different types of nodes. and the probabilitv of having
two nodes connected depends on the types. This kind of selective linking is called assorta-

tive mixing [1]. For example. nodes with high degree may have a larger probability to be
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connccted with large degree (social networks) [1. 31]. An example of assortative mixing
is social networks with mixing by race. A special case of assortative mixing according to
a scalar node property is mixing according to node degree. There are two situations that
have been shown, assortative mixing and disassortative mixing. the assortative mixing
by degree is of particular interest because. since degree itself a property of the network
topologv. degree correlations can give rise to some interesting netowrk structure effects.
Disassortative mixing refers to a situation where high degree nodes have majority of neigh-
bours with low degree (information networks, biological networks. technological networks)

1. 32).

1.2.6 Network resilience

The resilience of networks to the removal of their nodes has been studied in a wide way
in the literature. One can look for the importance of this property by considering the
existence of paths between two given nodes v and v, in the networks. If other nodes
are removed from the network, the length of paths between v; and v may increase,
and by continuously removing nodes, eventually the two selected nodes v, and 19 become
disconnected. Not all the networks have the same level of resilicnee to such nodes removal.
Nodes in the networks can be removed in different ways. For example, by random nodes
removal. or by targeting some specific class of nodes such as nodes with highest degree.
Most networks are robust against random nodes removal, and less robust to targeted
removal [1]. Many authors have looked at specific networks and studied the effects of this

property such as in the internet network [33]. metabolic networks [20]. food webs [34, 3]
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and cuiail networks [36].

1.3 Networks models

More attention has been paid to some types of networks than others hbecause they can be
linked to real-world networks. Next, we will discuss the most famous models of networks

and their properties.

1.3.1 Random networks and their properties

The first serious attempt at constructing a model for large random networks was the ran-
dom net of Rapoport and collaborators [37, 38. 1]. which was independently rediscovered

by Erdos and Rényi [39]. Theyv defined a random graph as N connected nodes with n

N-1)

edges, which are chosen randomly from the & —— possible edges [4]. In total. there are

(v, different graphs with N nodes and » edges. The term random graph refers to the
=1,

disordered nature of the arrangement of links between different nodes. To avoid confusion

Figure 1.3: Random Network
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with otlier types of network such a random graph is alternatively called a binomial model
[ﬁl]. where some randomness also occurs, but because this example is widely used and
extensivelv studied it is referred to as the "random network™ and we will use this word
throughout the present thesis. We start with N nodes. and connect each pair of the nodes
with probability p. If GG is a graph withi N nodes and n edges. the probability of obtaiuing
it by this graph construction process is binomial [4] :

N(N—1,-n

P(G)=p"(1-p) =2

In the mathematical literature, the construction of a random graph is often called the
evolution process. Starting with a set of /N vertices. the graph develops by the succes-
sive addition of random edges. The graphs obtained at different stages of this process

correspond to larger and larger connection probabilities p. eventually obtaining a fully

N(N-1)
2

connected graph (having the maximum number of edges as p — 1).
The properties of such graphs have been studied extensivelv because of their great

mathematical interest. Random networks are poorly clustered. As Watts and Strogatz

[21] showed. random graphs have clustering coefficient Cyyg ~ % < 1. and have average

n(N)
In(k) >

path length which is approximately given bv L ~ where k is the number of edges

per node (the total number of neighbours for specific node).

In large random graphs, there are several nodes with the same degree. and the number
of nodes with a given degree (degree distribution) can be calculated. Erdds and Rényi
were the first to study the distribution of the maximum and minimum degree in random

graph [39]. followed by Bollobds [40] who gave the full degree distribution. The degree
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distribution for an infinite random graph is Poissonian,

e AR
k!

P(k) =

where A is the mean degree. For this reason, ER graphs are also sometimes called Poisson
random graphs. ER random graphs are uncorrelated graphs, the edges are connected
to nodes regardless of their degree. Random graphs are inadequate to describe some
important properties of real world network, so they have been extended in a variety of
wavs.

One of the most interesting findings of random graph theory is the existence of a
critical probabilityv at which a giant cluster forms. Translated into network language. it
indicates the existence of a critical probability p. in a random network such that below pe,
the network is composed of isolated clusters, but above p,., a giant cluster spans the entire
network, which means, most of the nodes are connected to each other. This phenomenon
is markedly similar to a percolation transition, a topic much studied both in mathematics
and in statistical mechanics [4]. Tn Sce. 1.4 we will give a general definition of percolation

theory and it is application.

1.3.2 Regular networks and their properties

A regular network is defined as a graph where cacli node has exactly thie same number
of neighbours. Examples of regular networks are rectangular grids; where all nodes have
exactly four links and hexagonal lattices, where each node is connected to three other

nodes. Passing from one node to a distant one through intermediate nodes makes long
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path lengths. Regular networks arc highly clustered, i.c. there is a high density of con-
nections between nearby nodes. Watts and Strogatz [21] built a one dimensional (See Fig.
1.4) with a finite number of nodes regularly distributed on a ring. Thev showed that this
network has a clustering coefficient C' ~ éi and a path length L ~ % > 1. where k is the

number of edges per vertex. The degree distribution of regular networks is the uniforin

distribution.

Figure 1.4: Regular Network

1.3.3 Small-World networks and their properties

Small-world network means that every node can be reached from every other node by a
small number of steps (links) or, more generally. a small-world network is a graph with a
combination of a short characteristic path length and generallv high degree of clustering.

Although regular networks and random graphs are both useful idealisations, many real
networks lie somewhere between the extremes of order and randomness. To interpolate

between regular and random networks, Watts and Strogatz [21] studied what happen by
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modifying an initial regular network. They considered the following rewiring procedure:
e Start from a ring lattice with k edges per vertex.

e Rewire each edge at random with probability p.

Thus. if p = 0, the original regular network is unchanged. but if p = 1. the resulting
network is completelv random. For 0 < p < 1 theyv can build small-world network. The
small-world property in real networks is associated with a high clustering coefficient, like
regular lattice, but short path lengths between nodes. So. fransitioning from a regular
lattice to a small world topology strongly affects the properties of the graph. For example,
a sinall fraction of random links added to a regular lattice allows disease to spread much

more rapidly across the graph [21].

Figure 1.5: Small-World Network

Intuitively, one can see why small-world networks might provide a good model for
a number of situations. For example, people tend to form tight clusters of friends and
colleagues (a regular network). but then one person mayv move from his city to another

city, introducing a random edge.
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The results of Watts and Strogatz then provide an example for the empirically observed
phenomenon that there often seems to he surprisingly short connections hetween unrelated
people. NManyv empirical examples of small-world networks have been documented in fields
ranging from cell biology to business. On the theoretical side, small-world networks are
turning out to be interesting to different scientists. For example. epidemiologists have
asked how local clustering and global contacts together influence the spread of infectious
disease. with implications for vaccination strategies and the evolution of virulence [12].
The neural network of a nematode worm. and the internet movie database all have the

same two characteristices.

The degree distribution for the small world network. in the original Strogatz-Watts-
Newman model [30, 21, 41] . with & = 1, meaning that cach node is connected to its two

neighbours before rewiring the nodes, is given by
P(k) = (1 =p)fe(p) + pfa-1(p).

where

fip)e Pt
k!

Jielp) =
is the Poisson distribution.
Instead of rewiring cach edge with a probability p. Newman and Watts derived a

slightly different procedure for making a small world graph, which is simply by inserting

a shortcut between any two nodes that have been chosen randomly [21].
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1.3.4 Scale-Free networks and their properties

In some real networks. whereas some nodes have a tremendous number of connections
to other nodes. most nodes have just a handful. The popular nodes. called hubs, can
have hundreds, thousands or even millions of links. In this seuse, the network appears to
have no scale [42]. So, scale free networks are characterised by an uneven distribution of
connectedness. Instead of the nodes of these networks having a homogencous distribufion,

some few nodes act as very connected hubs.

Figure 1.6: Scale-free Network

In the power-law distribution, which means, most of the vertices have the same low
degree but a small number of vertices have a much higher degree. It was found that most
of the real world networks display such a power-law degree distribution P(k) = Ak,
where ~ is the degree exponent. The value of v determines many properties of the system.
The smaller the value of +, the more important the role of the hubs is in the network.
Whereas ~ > 3 the hubs are not relevant. for 2 < ~ < 3 there is hierarchy of hubs, with

the most connected being in contanct with a large fraction of all nodes. Power-laws have



1.3 Networks models 18

a particular role in statistical physics because of their connections to phase transitions
and fractals [27]. The earliest and most basic model generating scale-free network was
introduced by Barabadsi and Albert [42] by considering two main ingredients. growth and

preferential attachment. The algorithm used is as follows :
e Start from small number my of disconnected nodes.
e Add a new vertex every step with m links that that are connected to an old node.

e When choosing the nodes to which the new node connects. we assume that the
probability P that a new node will be connected to node i depends on the degree

k; of node i, such that P ~ Z}‘T

The probability that a node obtains an additional link is proportional to its current degree
[43]. Real world networks that are best modeled by scale-free structure include the WWW
42]. the physical structure of the internet [14], social networks [42], electrical power grids
[44]. stock market [45], cancerous cclls and the dispersal of sexually transmitted discase
[25].

There are two different kinds of scale-free networks :
e Scale-free networks with no local clustering produced by the Barabasi Albert model.

e Scale-free networks with high clustering properties as in the model by Klemm and

Eguiluz [43].

Scale-free networks have certain important characteristics. Theyv are. for instance, ro-

bust against accidental failures (removal of randomly selected nodes) but vulnerable to
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coordinated attacks (the removal of few key nodes in the network) [33]. Understanding
such characteristics could lead to new applications in many areas. For example, computer
scientists might be able to devise more effective strategies for preventing computer viruses
from crippling a network such as the internet [42].

Random. small-world and scale free networks have been mainly studied by mathemati-
cian, computer scientists, biologists or social scientists. We now move to another type of
network mainly studied by physicists and also used in a broad way of application, that is

percolation networks.

1.4 Introduction to percolation theory

Percolation theory is one of the simplest models exhibiting a phase transition, and the
occurrence of critical phenomena is central to the appeal of percolation. It has been
used to model the spreading of oil in water [46], to estimate whether one can build
nondefective integrated circuits [47], to model the spread of infections [48] and forest
fires [46]. From a mathematical point of view, percolation theory is attractive because it
exhibits relations between probabilistic and algebraic (topological) properties of graphs.
A good introduction to percolation theory can be found in [49. 50. 51], a short review
is in [52]. In the following sections, we will give a brief definition of percolation theory
and its application. We will discuss two cases of percolation theory: the percolation in
one dimension, because it somehow has relation with the regular networks. and the Bethe

lattice pereolation because it is related to infinite networks.
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Percolation thicory describes the belhavior of councected clusters in various types of
more or less connected regular lattice and in a random graph [53]. It deals with the
effects of varying the richness of interconnections present in a random system [54]. Let us
assume we have some porous material and we pour some liquid on top. Will the liquid be
able to make its way from hole to hole and reach the bottom 7 What is the probability
that an open path exists from the top to the bottom? The remarkable thing is that many
results can often be encapsulated in a small number of simple algebraic relationships.
There are many different variants which turn out to be identical in almost all important

aspects.

The best way to learn about percolation theory is by example. Imagine that we have a
large array of squares. And let us randomly fill in some of the squares (occupied) whereas

the other are left empty, as in Fig. 1.7

Figure 1.7: Ilustration of site percolation in 2D square lattice with occupied black and

empty white site. Each site s occupied with probability p.

Let each site in the lattice be occupied at random with probability p. That is, each
site. occupied (with probability p) or cmpty (with probability (1 — p)). is independent

of the status (empty or occupied) of any other site in the lattice. We call this p the
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Figure 1.8: This figure is extracted from [2], it shows the configurations of the percolation
problem. The left figure shows a configuration generated with occupation probability p =
0.5. The right figure shows a configuration generated with occupation probability p = 0.6

The largest cluster is marked.

occupation probability or concentration. For small values of this probability, we see mostly
isolated occupied sites with occasional pairs of neighbouring sites that are both occupied.
If neighbouring sites are both occupied, we call it a cluster. We can explain more precisely
what we mean by clusters by saying: A cluster is a group of occupied sites connected by
nearest neighbours distances. As the occupation probability (concentration) increases, we
get more clusters. So the cluster on the whole gets larger, see Fig. 1.8. If the probability
p of the site being occupied increases, several things happen. Most importantly, at a
particular value of occupation probability, many of the sites become joined into one giant
cluster that spans the entire array both vertically and horizontally [55]. This critical value
of occupation probability is known as percolation threshold (p.). Percolation theory deals
with the number and properties of the clusters and the value of percolation threshold,

and studies the topology of the lattice in the vicinity of the percolation threshold.
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the conditions that arc used to decide whether a tree ignites its neighbour, one
can account for environmental influences such as the direction of the wind or the

humidity of air.

e il fields: Percolation theory has also been applied in the oil industryv to predict
the amount of oil that a well will produce. Percolation theorv can be used in this
case as a simple model for the distribution of the oil or gas inside porous rocks or
oil reservoirs. The probability that a site 13 occupied in the percolation problem
corresponds to the porosity or the average concentration of oil in the rock. In order
to obtain good oil production from a well, it is desirable to position the well in an
area with high porosity. In order to predict the amount of oil that will be produced,
one needs to estimate the porosity of the rock in the area where the oil reservoir is

assuined to be located.

e Percolation theory in Physics and Chemistry: In order to present the application
of percolation theory to physics or chemistry, we are going to start by considering
a phenomenon which almost everyone is acquainted with and which can be ap-
proached using percolation theory. This phenomenon is the boiling of an egg or,
more precisely, the process through which the volk and the albumen change their
consistency. The considered phenomenon is in fact gelation, the formation of a
network of chemical bonds, which span the whole svstem. The interest in such
problems started with the study of polymerization. The initial attempts tried to

understand how small branching molecules form larger and larger macromolecules
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if more and more chemical molecules are formed between the original molecules. In
this situation, the initial small molecules correspond to the sites of the lattice and

the macromolecules to the clusters.

1.5 The mathematics of percolation

1.5.1 Definition and example

The literature devoted to percolation theory is enormous. and spans the fields of math-
ematics and statistical physics. as well as a varietv of engineering and other applied
disciplines [64]. As we mentioned before, percolation theorv studies the emergence of
paths that percolate through the lattice, for small p onlv a few edges are present, thus
only small clusters of nodes connected by edges can form. but at the critical probability
pe. a percolating clusters appears. This clusters is also called an infinite clusters, because
its size diverges as the size of the lattice increases [4]. In the following section we will

discuss the central quantities of interest in percolation theory.

1. The percolation probability, P. From the fact that not all occupied sites are in
the infinite cluster, we may define the strength of the infinite cluster or Percolation
probability as the probability that an arbitrary site belongs to the percolation cluster
(infinite cluster), (P(p) the ratio between the size of the largest cluster and the lattice
size)

number of sites in the spanning cluster

total number of occupied sites
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or

Cv

P=F(Cl=0c)=1=>_ B (Cl=5). (1.4)

§<COC

where P, (|C| = s) denotes the probability that the cluster at the origin has size s.

It is clear that below percolation threshold p < pe, this probability 7’(p) must be
zero since there is no infinite cluster. On the the other hand. for p > p.. the cluster

at the origin is infinite :

0 for p<p,

>0 for p>p.

2. The average cluster size.

3. The cluster size distribution, ns(p), is defined as the probability of a site being the
left hand end of a cluster of size s. Unfortunately, it is not possible to obtain an
exact form for the cluster size n,(p) in d > 1 because there is a verv large number

of different ways in which clusters can arrange themselves. see Fig. 1.9 below

|
w 1l
~ HElH
» HBHER
-~ HEN

4 4 4 1

Figure 1.9: List of all cluster configurations on the square lattice up to s = 4.

Erample.
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To be able to write the general expression for the cluster nmuber. we define Perime-

ter (t) as the number of empty nearest neighbours of the cluster. So

ns(p) = ng.tps(l —p) (1.6)

Where g,; = the number of different lattice configuration with size s and perimeter

In one-dimension, all clusters have two perimeter sites and thus

Joi = (1.7)

0 for otherwise.
implying
ny(p) =p°(1 - p)*. (1.8)
The difficulty of Eq. 1.6 is that it involves a sum over all possible perimeter ¢, and
thus each possible configuration has to be found and carefully- analysed to find the

g+ Tables of such numbers, often in the form of so- called perimeter polynomials,

D= =" =S g0y, (19

have been published mainly by the King’s college group.

These quantities arc of interest in random nctworks as well.  There is an important
difference between percolation theory and random networks. Percolation theory is defined
on a regular d-dimensional lattice. In a random network we can define the neighbourhood
of a node as the set of nodes it is connected to, and we can define a non-metric distance

along the edges to anv other node in the network-there is no regular small - dimensional
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lattice a network can be embedded into. However, random network and percolation theory
meet exactly in the finite dimensional limit (d — oc) of percolation [4].
In the following section we will discuss the percolation theory in one dimension and

the Bethe lattice, where it can be solved exactly.

1.5.2 Exact solutions for one dimension

For the site percolation problem in one dimension where it can be solved exactly. Some
aspects of that solution seem to be valid for higher a dimension also [49]. Imagine a one
dimensional lattice with an infinite number of sites of equal spacing arranged in a line.
Each of these sites is randomly occupied by probability p. A single empty site would split
the group into two different clusters. In order for the cluster to be separated from the
other clusters, the site neighbouring the left end of the cluster must be empty, and this

is true for the right end of the cluster.

[ N I Ea

Figure 1.10: percolation in 1D. Black sites occupied with probability p, empty sites denoted

by white, there is one cluster of size 5, one of size 2, two of size 1

Looking at Fig. 1.10 containing five occupied sites, we need these five sites oceupied
and their neighbours empty. The probability of each site heing occupied is p since all
sites are occupied randomly . So from the fact that all sites are independent, p? denotes
the probability of two arbitrary sites being occupied, while p° denotes five sites being

occupied. The probability of one end having an empty neighbour is 1 — p, and for two
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ends is (1 — p)?. Therefore the total probability that a fixed lattice site is the left end
of five cluster is p°(1 — p)?. In our one dimension case the above consideration for five

clusters is easily generalised to

ns(p) = p*(1 = p)*,

where ns(p) denotes the number of s-clusters per lattice site. Clearly for one dimension,
when p = 1. all sites of the line are occupied and the whole line constitutes a single cluster.
For p < 1, there will be some holes in the line. In other words, there is no percolating
cluster. Thus the percolation threshold is p. = 1.

Note that everv occupied site must belong to one cluster since single occupied sites
surrounded by empty neighbours are also clusters of size unity. So the probability that
an arbitrary site belongs to any cluster is therefore equal to the probability (p) that is
occupied. This is also valid for higher dimensions except that one has to take into account
the site in the infinite cluster separately. This leads to the fact that not all occupied sites
arc in the same cluster. The probability that an arbitrary site belongs to anv cluster is
equal to the probability p that is occupied [49].

Another interesting quantity is the correlation function or pair connectivity g(r), which
is defined as the probability that a site at position r from an occupied site belongs to
the same cluster. Clearly, g(r = 0) = 1. since the site is occupied by definition, and
g(r = 1) = p. the neighbouring site belongs to the same cluster if and only if it is
occupied. For a site at position r to be occupied and to belong to the same cluster, this

site and (r — 1) intermediate sites must be occupied. Thus g(r) = p”.
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1.5.3 Exact solution for the Bethe lattice

The mathematices of percolation theory can be traced back to Flory (1941) and Stockmayer
(1943). who were trying to explain the process of gelation in which small molecules adhere
to larger and larger ones to eventually form a gel. Because these molecules do not loop
back on themselves. but rather branch in definitely. they form a special family of lattices
known as Cayley trees. also called Bethe lattice [64]. In this special lattice, cach site has
z neighbouring sites, such that a branch gives rise to z — 1 other branches (see Fig. 1.11).

The One-dimensional case is effectively a Bethe lattice with = = 2.

® subbranch

branch

Figure 1.11: Ezample of a Cayley tree with neighbouring site = = 3. All of the nodes have

3 cdyes, with the cxception of those on the surface, which have only one edge.

The main point of studving the Bethe lattice is because Bethe lattice solution gives the
d — oc limit of percolation, the point where it meets random graphs. For d —dimensions.
the volume of a sphere is proportional to 7¢. and its surface to r¢~!. Thus, the surface and

. : . : . 1
volume of a regular d-dimensional object obevs the scaling relation Surface x Volume! ™4,
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To determine the percolation threshold of the Betlie lattice, we need to start at thie origin
and check if there is a chance of finding the path of bccupied neighbours. Starting from
that origin, if we go on such path in the outward direction. one can find (z — 1) new
neighbours. Thus. on average we have p(z — 1) new occupied sites on which we can
continuc the pathi. If the number p(z — 1) < 1, the average number of different paths
leading to infinity decreases at each generation by this factor p(z — 1). Therefore the

percolation threshold is [55]

Pe = (11[])

:—1

Another quantity of interest in studying the Bethe lattice is percolation probability,
which is the probability of a site belonging to the infinite cluster. It has been shown that
near the percolation threshold, the percolation probability diverges as p — p... as follows

(the derivation of this equation has been shown in this Ref [55]):

P o (p—pc)’. (1.11)

T2

a

where [ is a critical exponent, and is defined as 5 =

Mecan cluster size is the average number of sites of the cluster to which the origin
belongs. Let T be the mean cluster size in one branch (that is the average number of
sites to which the origin is connected and which belongs to one branch). Sub-branches
have the same mean cluster size as the branch itself. The average cluster size diverges
as p — p.. and it depends on P as a power of the distance p — p, from the percolation

threshold. This behavior is an example of critical phenomena. and the average cluster
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What we described above is actually a particular type of percolation theory known as
Site Percolation on a particular lattice. Table.1.2 shows a list of the percolation threshold
in various lattices and dimensions [49]. Instead we could have occupied the edges of the
sites (bonds) and this is known as Bond Percolation.

The exact value of p, depends on which kind of grid is used and the dimensionality
of the grid. for example the p. value is not the same in the site and bond percolation.
The change of occupation probability values is common in some branches of physics. For
example a magnet when heated losses its magnetisation at a particular temperature(the
curie temperature). In general this is known as phase transition or critical phenomena,
which is defined as the transformation of a thermodvnamic system from one phase to
another. The distinguishing characteristic of a phase transition is an abrupt sudden

change in one or more physical properties.

1.4.1 Application of percolation theory

Recently, there has been a great interest in percolation theorv and its application to
many different fields. Theoretical studies of percolation and the application of percolation
models in diverse scientific disciplines have resulted in thousands of papers over the last
decade [56]. The principal advantage of percolation theory is that it provides very useful
universal laws which determine the geometrical and physical properties of the system
[57], and it is one of the simplest models exhibiting a phase transition. Examples of this
application include study of percolation of petroleum and gas [58. 59], conductivity [60],

polymerization and gelation [61], biological evolution. modeling of the spread of diseases
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Table 1.2: A list of the percolation threshold in various lattices and dimensions

Lattice Number of nearest neighbours | Site percolation Bond percolation
1d 2 1 1
2d Honevcomb 3 0.6962 1 — 2sin(f5) = 0.65271
2d Square 4 0.592749 %
2d Triangular 6 5 2sin({5) ~ 0.34729
3d diamond 4 0.43 0.388
3d Simple cubic 6 0.3116 0.2488

Bethe lattice

o)

in a population, epidemiology, percolation networks and application of percolation in the

field of pharmacy [62]. Most of such applications have resulted in qualitative as well as

quantitative predictions for the system of interest. In the following scetion we desceribe

empirical studies of application of percolation theory [63].

e Forest Fires: The first application of percolation theory in this case refers to the

modelling forest fires. The forest is represented by a lattice. wlhose sites are occupied

with probabilitv p bv a trce or empty with probability 1 —p. If p = 1, it means

that all sites correspond to trees, and the probability p < 1 allows for holes (empty

sites). A site could be burning, susceptible to burning but not vet ignited (‘green’),

or burnt out and so not susceptible to ignition. At each moment. a burning site

has a fixed probability of igniting a randomly chosen green neighbour. By varying




1.6 Summary 32

size is given by [4]

S (p—p) . (1.12)

where the exponent ~ is defined as v = B;T.
Having carlier defined the cluster size distribution as the probability of a site being

the left hand end of a cluster of size s, the general form for the cluster size distribution

in the Bethe lattice is expressed as

ns(p) o< 877 exp(— i)

At the percolation threshold this expression can be approximated as

n.(p) x s_%exp(~é). (1.13)

‘Therefore, the cluster size distribution follows a power-law with an exponential cutoff.

1.6 Summary

In this chapter we have reviewed some of the works that have been carried out in the last
few years in the area of networks science. We have started by giving a general definition
of the networks and showed that the recent work on the mathematics of the networks
has been driven largely by observations of the properties of actual networks, ranging from
communication networks to ecological webs. and attempts to model them. In general we
have defined two types of networks, static networks and dvnamic networks. In this thesis
we will focus only on the static networks. Further discussion about these types of networks

will be in chapters 3 and 4. We have then have reviewed some of the statistical properties
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of networks that have received particular attention. We have particularly focused on three
of these properties. namely, the degree distribution. average path length and the cluster
size distribution. We then discussed how these properties can divide the networks into
different tvpes. In particular we discussed the similarities and contrasts between regular,
random. small-world and scale-free networks. As we intend to link results obtained by
the network science community to those obtained using percolation theory we also gave
an introduction to the percolation theory, and discussed some quantities of interest in the
field of percolation theory (percolation probability., average cluster size and cluster size
distribution). These quantities can be compared to those of inferest in random networks
as well. Since the percolation has been solved exactlv in one dimension, we reviewed
this type of percolation, and studied all its properties. In fact. this type of percolation is
corresponding to the some types of regular networks. We also studied the Bethe lattice,
whichi has also been solved exactly, and its relation to infinite networks. There is an
important difference between percolation theory and random networks. Percolation theory
is defined on a regular d-dimensional lattice. In a random networks we can define the
neighbourhood of a node as the set of nodes it is connected to. We can also define a non-
metric distance along the edges to any other node in the network. There is no regular
small-dimensional lattice a network can be embedded into. However. random network and
percolation theory meet exactly in the finite dimensional limit (d — oo) of percolation.
The infinite dimensional percolation is the same as the Bethe lattice, or. more precisely,
the percolation threshold on which a giant cluster first forins on the Bethe lattice is exactly

the same as the percolation threshold in random graphs (See also Chapter 3. Sec 3.2.2).



CHAPTER TwoO

Percolation theory in the modelling

of species distribution

2.1 Introduction

The main aim of this chapter! is to interpret the classical occurrence maps used in ecology
through percolation concepts. Presence or absence maps of a given species, with N
individuals distributed in a studied arca A, arc obtained by detecting empty and occupied
cells in a regular square grid with cell area a (see Figs. 2.1 and Fig. 2.2). a is the varving
resolution or scale and A is the upper scale, where 0 < a < A. If p(a) is the probability
for a cell of size a to be occupied, then p(a) decreases from 1 to 0 when a decreases
from A to 0. whatever the spatial distribution pattern. Species distribution patterns arc
generally classified as regular (human made plantation). random and aggregated. It is
known that patterns in the distribution of individuals and species across space provide
information critical to our ability to decipher the forces that structure and maintain

ccological diversity [66]. We will describe some of common models that are used to model

!This chapter is based on our published paper [63]



2.2 Percolation Theory for the Distribution and Abundance of Species 35

the different patterns of distribution, and study the relationship between perimeter and
abundance. and between the scale, as it is of particular significance. because they measure,
to a great extent. the degree of fragmentation of landscapes [3]. The core of this chapter
is the use of percolation theorv to compare different patterns of species, particularly the
random distribution and the aggregated distribution of species. The randow distribution
of species formed our case study. We used two different tvpes of aggregated distribution:
one has been used in [3] (hereafter we call it aggregated distribution type 1) and the other
one is an arbitrary generated distribution (hereafter we call it aggregated distribution

type 2).

2.2 Percolation Theory for the Distribution and Abun-

dance of Species

Percolation theory has been applied in ecology to develop neutral models for landscape
patterns. It provides a framework for examining landscapes as 2D grids. usually square
grids of size m x m. containing m? unique sites [67]. One of the key goals of ecology is
to explain the distribution and abundance of species [68]. The number of individuals or
the abundance of species in an area is a fundamental ecological parameter and a critical
consideration when making management and conservation decisions [69]. The relationship
between distribution and abundance of species is important because it is linked to fields
such as biodiversity. The change in the biodiversity of a forest can be expressed as change

in the distribution and abundance of all species occurring there. Nlacroecology can be



2.2 Percolation Theory for the Distribution and Abundance of Species 36

described as the study of cmergent patterns of asscmblages of species distributed over
geographical spatial scales [70].

Understanding the relationship between distribution and abundance of species is a
central concern of ecology and biogeography [3, 71. 72, 73]. To study this relationships,
the distribution and abundance of species is typically measured by griding a study arca 2
into a lattice and then enumerating the species in each cell of the lattice see Figs. 2.1 to

2.4. where species presence is represented by dots.
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Figure 2.1: A random distribution of dots in a study area. N = 100.

“The arca of occupancy of species is largely determined by three elements: the abundance of the

species. its spatial distribution, and the cell size [3. 74]
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1000

Empty cell

500

Occupied cell

Figure 2.2: The 2D square lattice with occupied (black) and empty (white) site (occurrence

map). where a = 25 x 25, A = 1000 x 500.

Figure 2.3: The 2D square lattice with occupied (black) and empty (white) site (occurrence

map). where a = 50 x 50, A = 1000 x 500.

Figure 2.4: The 2D square lattice with occupied (black) and empty (white) site (occurrence

map) associated to Fug. 2.1 where a = 100 x 100, A = 1000 x 500.
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The distribution of species (dots) is recorded by occupancy (the number of occupied
cells). while the abundance is recorded by the total number of individuals in all occupied
cells. (in our study. the total number of dots in all occupied cells). From these figures one
can build different percolation networks from the same data set depending on the grid

scale [3].

2.3 The different patterns of distribution

In this section we give the definition of the three different patterns of distribution as

follows:;

1. Random distribution: This is a pattern of distribution in which species have an
equal chance of occurring anywhere within an area. unaffected by the presence of

other individuals (see Fig. 2.5(a)).

2. Regular (Uniform) distribution: In this distribution species are more or less uni-
formly spaced (see Fig .2.5(b)). They could even be exactly distributed on a regular

grid as in some human-made forest.

3. Aggregated distribution: In this pattern species are more likely to be found in

certain areas than others (see Fig. 2.5(c)).
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Figure 2.5: a:Random distribution, b: Regular distribution. c: Aggregated distribution.

2.4 Mathematical models for the patterns of distri-

bution

In this section, we will consider random and aggregated distribution of species. There
arc a number of mathematical models being developed to quantify the relatiouship be-
tween distribution and abundance of species in a number of contexts [74. 75. 76]. In the
subsections below, we review these models and point out the differences between the two

types.

2.4.1 Random distribution for species

If individuals species are positioned randomly and independently of each other in space,
this corresponds to the simplest natural occupancy-abundance model. As shown in Figs.
2.1 and Fig. 2.2, cach ccll is cither occupied (contains ouce or more than one dot) with
probability p, or empty with probability (1 —p). Using a random distribution of dots, the

probability of obtaining a particular dot in a sampling area cell size a is §. Therefore,
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the number of dots n in cach cell size a follows a binomial distribution [69]. The status
of a cell to be occupied or not can be modelled by a Bernoulli trial. and the probability

of a cell to be occupied is

a

hY

y=1— (1 . —) , 2.1

1 1) (2.1)

where «a is the cell size, A is the total area, N is the total number of dots in the study

arca.

2.4.2 Aggregated distribution of species

The random distribution of species does provide a general model of spatial pattern in
ccology, and numcrous studies have shown that this random distribution inadequately
describes spatial patterns of aggregation of species across landscape [77. 78]. In nature,
except at very low abundances. individuals of most species are tvpically aggregated, and
the most frequently applied is the negative binomial distribution (NBD) [69]. The NBD is
characteristic of many species distributions and can be used to describe regular, random or
aggregated distributions [79]. To model aggregated species distribution. and to investigate
the effect of aggregation on species-area relationship. a number of authors have examined

the following model [80, 69, 74, 81]

aN\ 7"

where p is the probability of a cell to be occupied, and k is a clumping parameter describing

the spatial dispersion of the species in the area. In general. & will be species and scale

dependent [82]. k € (—oc. —p) U (0, +00), where yr = aN/A is the mean density of the
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species per cell [83, 3.

When k is positive, it corresponds to an aggregated pattern. The model derives
from the negative binomial distribution (NBD), which has been used to describe species-
area relationships and abundance aggregation patterns [69]. Small positive values of k
represeut stronger ageregation of species. Negative values of & describe a regular pattern
of distribution. When the value of & is equal to the opposite of the number of species
(i.e. k= —N). then Eq. 2.2 is equivalent to Fgq. 2.1. When & — +oc. the spatial
distribution tends toward the Poisson distribution [83]. This is the case of our study. So

the probability of a cell being occupied tends toward

Na

p=1l—e 1 (2.3)

where p is the probability of occurrence of species in a sample unit, and pu = % is the
mean local density of species (the mean density per sample). Therefore, when individuals
of different species are distributed randomly on the landscape. there is an expected linear
relationship between —In(1—p) and g with a slope parameter of 1 [84]. For example, let's
assume a total of N individuals of species randomly distributed among a given number

of sites Al of which m sites are occupied. Then,
p=m/A and = N/,

We used Eq. 2.1 and Eq. 2.3 for the cell being occupied. and, as we mentioned before,
we will compare our calculation by using these two equations. Eg. 2.2, which describes

the aggregated distribution. has been used in [3].
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2.5 Perimeter definition in a 2D percolation model

In order to describe the spatial structure of species distribution, it may be important to

consider the variation of the perimeter lengths and cluster sizes defined as follows:

1. The perimeter L of the distribution is defined as the sum of the length of the joints
(boundaries) between occupied and empty cells at a given scale a. as illustrated by

the 2D percolation models shown in Figs. 2.2. 2.5 and 2.4.
2. A Cluster or (patch) is a group of occupied cells which are connected side by side.

He And Hubbell's percolation theorv (in [3]) is proposed as a solution to one of the
major unresolved challenges in mathematical ecologv. namely, the search for a reliable
quantitative understanding of species abundances and distribution. They claim that they
have possibly unified several fundamental ecological parameters including abundance N.
distribution of pattern k. scale a, extent A and edge length L into a single mathematical
framework for the spatial architecture of fragmented metapopulations. They establish a
relationship between perimeter and abundance and between the number of patches and
abundance. The main idea of the paper [3] that we studied intensively. was to look at
the perimeter as a function of scale (cell size a) and abundance N. He and Hubbell (in
[3]) assume that the occupancy of cells in a map are independent events. Under this
assumption. we considered the probability for a joint between two cells to be an actual
boundary between an occupied and an empty cell to be 2p(1 — p). because a given join

may separate occupied cells from empty ones in two ways. So the perimeter L has the
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form;
L=2Ja(l-p)p (2.4)

Depending on the occurrence probability defined by Egs. 2.5. 2.2 and 2.1. the perimeters

L will vield one of the following forms:

Na - Na

L=2Jvu (1 - ciT_> e A (2.5)

L=2Jva [1 — (1 4 a4":> —k} (1 + %) s (2.6)

=yl (1-5) (- 5)" (27)

where J is the total number of neighbouring joins for a map [3]. For a regular lattice

such as in Fig. 2.2. the value of J can be:

o J=2j,5, — Jo — Jy- if we consider only the internal joins between cells, and

e J = 2j,7, if we consider a toroidal boundary,

where j, and j, are the number of cells along z and y axis.

Fq. 2.5 to Eq. 2.7 show that the perimeter L of distribution depends on the number
of dots N. and the spatial scale (cell size a); but in Eq. 2.6. L depends also on the
clumping parameter &, In cach case, the perimeter L is a nonlincar function of the
abundance. L first increases with N until it reaches a peak at a critical value N.. after
which L decreases with N (see Fig. 2.6). From the Percolation Theory [55] developed
for random infinite networks. one knows that a percolation threshold p. exists where

a critical transition occurs. This threshold is of great potential interest in ecological



2.5 Perimeter definition in a 2D percolation model 44

applications since it determines critical transitions and universal laws for any property
linked to the Connefti\fit}r of the filled space. For any given (N, A) and varying a, there
exists a critical scale a., where p(a) = p, and a percolation-like transition occurs. In a
similar way, for any given (A, a) and varying NV, there exists a critical abundance N, for

percolation transition. This critical point N, is called in [3]. percolation threshold. In fact
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Figure 2.6: Perimeter (L)-Abundance (N) relationship for random distribution, provided
cell size = 100 x 100. [t shows that the value of (L) increases with (N) until reaching N..
after that it decreases. Fach dot represent the actual perimeter value for the dots, and the

curve is the predicted from FEq. 2.5.

He and Hubble’s obtained these critical values from Fq. 2.5. 2.6 and 2.7 respectively,
by differentiating the function L(N) and calculating the value N, where L reaches its

maximum. Depending on the selected probability distribution. one has:

N, = —gln(l/QJ (2.8)
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N.= (2% -1) Ak (2.9)

a

N = In(1/2)

¢ = m—) (2.10)

2.6 Simulation and results

We used different values of N (number of dots), and converted the spatial distribution of
cacli set of dots into an occurrence map for different scales. We counted the number of
dots in each of the cells. We then calculated the value of the perimeter L. and compared
the calculated value of the perimeter L with the predicted perimeter value of Fq. 2.5 and
FEq. 2.7. For each cell size a and number of dots N. we have five values for the calculated
values of L (we generated our random dots five times to get these values) and usually two
curves for the predicted values according to Eq. 2.5 and 2.7. We found that the values
of perimeter L from these two equations are close to each other. Also for large values of
N these two equations give approximately the same value of L.

In Figs. 2.7 to 2.12, we represent log(L) as function of log(a) . The calculated values of
the perimeter are represented by dots, and the two lines show the predicted values of L
using Fq. 2.5 and Eq. 2.7. We considered the two tvpes of boundaries (See the Appendix
for the code), a toroidal boundary (all the joins between the cells is J = 2j,j,), shown
in Fugs. 2.7 to £.9. and the only internal joins between the cells (J = 25,7, — > — jy)

shown in Fig. 2.10to 2.12.
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Figure 2.7: Perimeter (L)-scale (a) relationship for random distribution, N = 10 across
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Figure 2.9: Perimeter (L)-scale (a) relationship for random distribution, N = 561 across
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with toroidal boundary.
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considering only the internal joins between the cells.
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Figure 2.12: Perimeter (L)-scale (a) relationship for random distribution, N = 561 across

scales 2 x 2. 4 x4, 5 x5, 10 x 10, 20 x 20, 25 x 25, 50 x 50. 100 x 100 and 250 x 250, by

considering only the internal joins between the cells.



2.7 Comparison between random and aggregated distribution 49

2.7 Comparison between random and aggregated dis-

tribution

In this section, we are going to compare the random distribution and the two different

types of aggregated distributions.

2.7.1 Aggregated distribution of species type 1
2.7.1.1 Relationship between perimeter L and scale a

All the calculations in the previous sections were done for the random distribution of
species. As we mentioned before, we will compare the random distribution of dots with
the results given hy [3] using aggregated pattern of distribution tyvpe 1 (Barro Colorado

Island (BCI)). Fig. 2.13 below shows the perimeter (L)-scale (a) relationship for BCI

species across scales from 5 X 5 to 250 x 250m.
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Figure 2.13: Perimeter (L)-scale (a) relationship for BCI species. across scales from 5 x 5
to 250 x 250m. The left hand column shows the actual spatial distributions of the species.
The observed perimeter data are shown on the right-hand column (dots), and the smooth

curve is the prediction of Eq. 2.6, this Figure has been extracted from [3].

The left hand column shows the actual spatial distribution of the species. The observed
perimeter data is shown on the right hand column (dots) and the smooth curve is the
prediction of Fq. 2.6 using a scaling estimation function for (k) across scale. We can see
that the results from Fig. 2.7 to 2.12 (perimeter-scale relationship) fit very well to the
random data generated by computer simulations, even for small values of N, and are very

similar to those obtained in [3] using aggregated distribution tvpe 1.

2.7.1.2 Relationship between perimeter L and number of species N

Figs. 2.1/ to 2.16 show the relationships between perimneter L and the number of dots N

with different cell size.
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Figure 2.14: Perimeter (L)-Abundance (N) relationship for random distribution of dots,
provided a = 20 X 20. The dots represent the actual distribution of the random species

(dots), and the curve represent the prediction of Eq. 2.5
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Figure 2.15: Perimeter (L)-Abundance (N) relationship for random distribution of dots,

provided a = 25 x 25. The dots represent the actual distribution of the random species

(dots), and the curve represent the prediction of Fq. 2.5
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Figure 2.16: Perimeter (L)-Abundance (N) relationship for random distribution of dots,
provided a = 100 x 100. The dots represent the actual distribution of the random species

(dots), and the curve represent the prediction of Eq. 2.5

In each figure we fixed the scale (cell size) and changed the total number of dots from
N =3 toN = 5220 for that scale. We used Fq. 2.5 and Eq. 2.7 to find predicted values of
L. These figures show that the perimeter first increases with N until reaching a peak at a
critical point N, after which it decrcases with N. Each dot in these figures represent the
calculated value of L. The curves are predicted from Fq. 2.5 and Fq. 2.7 The critical

abundances N, are calculated from FEq. 2.8.

As we did before, we compare the perimeter-abundance relationship between the ran-
dom distribution of species (dots) and the aggregated pattern distribution tvpe 1 done
by [3]. Fig. 2.17 shows the perimeter-abundance relationship for (BCI) species at four
scales 5 x 5.10 x 10,25 x 25 and 50 x 50m.

Each dot represents the observed perimeter for the species: the smooth curves are
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Figure 2.17: Relation between the perimeter L and the abundance N for the BCI species
at four scales 5x5.10x 10,25 x 25 and 50 x50. Each dots represent the observed perimeter
for a species, the curves are the prediction of Eq. 2.6 using a universal k = 2 for all the

species. This Figure is extracted from [3].

predicted from Fq. 2.7 using (k = 2) for all species. The critical abundances N, has heen
calculated using Fq. 2.9 at k = 2 and A = 500000.

We conclude that the curves are verv similar for our randomly generated set of dots
and for the tvpe 1 of aggregation exhibited by the actual tree data considered in [3]. We
also compared the value of the critical abundances obtained for the tree data and for the
random distribution as a function of scale, using the same type of power law analysis that
previously published in [3] (see Fig. 2.18) that is checking the linearity of log(N.) versus
log(a). We again conclude that there is no noticcable difference between random data
and aggregated data of tvpe 1 which could be observed using a percolation modelling

approach.
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Figure 2.18: Values of different critical abundances as a function of scale, for the tree

data from Ref [3], Fig. 4 and Eq. 2 are in Ref [3], and for random distribution.

2.7.2 Aggregated distribution of species type 2

Aggregated distributions could be generated in different wavs. We generate an example
of aggregated distribution of species (dots), as shown in Fig. 2.19. and we studied the

perimeter-scale relationship.
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Figure 2.19: Aggregated distribution of 400 dots in 2D.
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Figs. 2.20, 2.21 and 2.22 show the associated percolation models obtained at different

scales. and the relationship between the perimeter L and the scale a.

[ 111 [

|
1 11 1 1””

Figure 2.20: The 2D square lattice with occupied (black) and empty (whitc) site (occurrence

map) associated to Fig. 2.19 (is approximately associated, becuase it had done by hand),

for the aggregated distribution, with a = 25 x 25, with rectangle size 1000 x 500.

Figure 2.21: The 2D square lattice with occupied (black) and empty (white) site (occurrence
map) associated to Fig. 2.19, for the aggregated distribution, with a = 50 x 50, with

rectangle size 1000 x 500.
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Figure 2.22: The 2D square lattice with occupied (black) and empty (whitc) site (occurrence
map) associated to Fig. 2.19, for the aggregated distribution. with a = 100 x 100, with

rectangle size 1000 x 500.

One can notice that the smaller the scale size. the bigger the perimeter value, then
if we go on decreasing the scale size the value of perimeter remains approximately the
same. In other words, the perimeter value does not change significantly. as shown in Fig.
2.23. This can be casily understood, because in this type of aggregation, if the density of
the dots inside the cluster is very high, the occupied cells in the percolation model has to
cover the same cluster area, whatever the scale a (unless the scale size is very small), and

the perimeter remain constant and approximatelyv equal to the perimeter of the cluster.
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Figure 2.23: Relationship between perimeter L and the scale size a. It shows that the
smaller the size, the bigger the perimeter value, and by decreasing the scale size the perime-

ter value remains approzimately the same.

2.8 Conclusion

In this chapter we have presented the relationship between the perimeter and abundance,
and between perimeter and scale using random patterns. We have also done a comparison
between two different patterns of distributions, mainly, between the random distribution
and aggregated distribution. We have done this by ensuring that all the equations de-
scribing the random distribution fit well with the random data (or what ccologists call
the mnull hvpothesis’ or the "neutral model”) generated by computer simulation, and com-
paring this case study with two different types of aggregated distribution, type 1 and 2.
We have found that there is no diffecrence between aggregated and random distribution
which can be deteeted by using the definition of percolation threshold. when we compare

the random distribution of species with the aggregated distribution type 1, but this is
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not the case when we compare the random distribution with our aggregated distribution,
type 2. We have shown that the relationship between perimeter L and scale a is not the
same in the two cases. The underlying power law scaling relating a critical abundance
value N, and the scale a are identical in the case of random distribution and aggregated
distribution tvpe 1. We consider that this power law might be an intrinsic property of
anv spatial data due to mere scaling effects. We can conclude that percolation threshold
may not be used to discriminate between different patterns; theyv are identical for random
and aggregated distribution type 1. But it may depend on how the data is aggregated,

as shown in our first exploration as regard the aggregated distribution type 2.



CHAPTER THREE

Comparison between 2D spatial
lattice networks and random

networks

3.1 Introduction

In this chapter we will consider two types of network, the random network denoted by RIN
[85. 86, 87] and a 2D spatial lattice network denoted by SN bulit from percolation models.
Many of the average properties of the RIN have been calculated exactly in the limit of large
N. where N is the network size [88, 89]. Spatial networks are networks in which the way
nodes are connected is defined according to spatial neighbouring properties (Euclidean
distance between two nodes). Thus, spatial networks impose another constraint on the
nodes within a network [90]. Here we will consider SN network defined as follows: In a
n x n square grid. we define p, the probability for a cell to be occupied and to represent a
node of SN. Thus we have N = p,n?. We will compare this type of network with a classical

RN network. where p, represents the probability between two arbitrary nodes within N to
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be connected. The main purposce in this chapter is to examine the cffect of varying p, and
ps and to make a comparison between these two networks. To this end, we shall first revisit
the properties of RN [91, 88, 4, 85], by generating RN with probability p, of two nodes
being connected. Then we shall look at a specific network (2D spatial lattice network
SN). with probability p, of cell being occupied, particularly emphasizing its spatial form.
We will then develop algorithms to study the degree distribution. cluster size distribution
and path length distribution of the two networks. Finallv we will investigate the effect
of varving the two probabilities for the two networks. when p,andp, are below or above
critical percolation values p.andp,.. We will also derive an original and general expression

for the degree distribution of SN and for the average path length when p, = 1.

3.2 Definition and construction of RN and SN

3.2.1 Random networks RN

Random network is the simplest network model, and it is a type of a static network,
because the total number of nodes is fixed. The construction of a network 1s often called
the evolution process: starting with a number of isolated nodes N, the graphs develops

by the successive addition of random links [4]. We create RN as follows:
e Distribute N nodes i =0,1,2,..., N.

e Connect at random these nodes.
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The above procedure provides random uncorrclated networks. From the mathematical
point of view, the lack of correlations means that the probability P(k,/k;), that an edge
departing from a vertex j of degree k; arrives at a vertex ¢ of degree &;, is independent of
the initial vertex j [92]. Fig. 3.1 shows an example of RN, where the probability of two
nodes being conncected is p, = 0.02. As the probability of connection increases, we get a
highly connected network (as we can see in Fig. 3.2 p, = 0.09), eventually obtaining a

fullyv connected graph when p, = 1.

2.5e+09 T T T

2e+09

1.5e+0%
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1
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Figure 3.1: A random network where the probability for two nodes being connected is

p, = 0.02, N = 100.
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2e+09 b

Figure 3.2: A random network where the probability for a cell being occupied is p, = 0.09,

N =100.

Before revisiting the properties of this network we shall first define the use of the

generating function.

3.2.1.1 Generating functions

In this section we describe the use of the generating function which was developed in
the work by Newman, Strogatz and Watts [6]. A probability generating function Go(x)
is an alternative representation of the probability distribution pg. which is the degree
distribution of vertices of degree k. It is defined as follows

Go(z) =Y _ prt, (3.1)

k=0
and the distribution is assumed correctly normalized so that Go(1) = 1. This function

encapsulates all the information contained in py, since

1 d*G,

" H @3

Pk
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Tlic mean degree can be caleulated directly by differentiation of the generating function,

which identifies the average number of first neighbours of the network

c= (k) = ko = Gh(1) (3.3)

We can calculate anv moment of the distribution by taking a derivative [6]. So in general,

> k= K.L%) GO(J;)} . (3.4)
k ~ T

The usefulness of the generating function approach is that the distribution of the sum of

n randomly chosen nodes of degree k is generated by [Gg(x)]™.

3.2.2 2D spatial lattice networks, SN

The structure of 2D SN is as follows: First we grid the study area into n? small cells,
after which we distribute nodes randomly in the centre of each cell. The probability
that one cell has a node (occupied) or not (empty) is p, = n% where N is the number
of occupied cells, and n? is the total number of cells. We then link two cells (nodes) if
they are sharing an edge. When we analyse properties of a network the way the dots
(nodes) and lines (links) are drawn is, in most cases. irrelevant. All that matters is which
pairs of nodes are connected and which are not [4]. However in our model the location of
the nodes is important, because the type of connections between them depend on actual
neighbourhood in a geometrical or geographical space.

- . P ~ AT 9
We can describe our network structure consisting of N = p,n~ nodes as follows :

e Represent each cell containing node 7 with labeled vertex (node)r,. i = 1.2...., N.
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e Draw links between vertices (nodes) v; and v if cells 7 and j are sharing an edge

(see Figs. 8.3 and 3.4)

10 T T T T T T T T T
d_numbergat  +

RN M

Figure 3.3: A 2D spatial lattice network where the probability for a cell being occupied 1s

pe=0.1N =10.
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Figure 3.4: A 2D spatial lattice network where the probability for a cell being occupied is

pe = 0.4 N = 100.
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3.3 Networks properties and computer algorithms

In this section we are going to discuss degree distribution, cluster size distribution and

average path length algorithms.

3.3.1 Degree distribution Algorithm

The simple local characteristic of a vertex is its degree [93]. The number of links a node
has is called the node degree. As we mentioned before, not all nodes in the network have
the same number of links and so there is spread in the number of links associated with a
given node. This spread of node degree is characterised by a distribution function P(k).
The degree distribution is obtained by counting the number of nodes that have degree
k=1.2,3, ... edges and dividing it by the total number of nodes N [94] (see Fig. 3.5).

3.3.1.1 Algorithm

1. Label all the nodes from i =0 to N.

2. Start from node ¢ and look for its neighbours (a list of neighbours).
3. Count the number of neighbours to this node.

1. Set i =74 1 and go back to step 2.

5. Calculate the degree distribution for the whole network for a given p, and the mean

degree value.
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Figure 3.5: An illustration of the definition of the degree. cluster and path length. This
network has N = 8 nodes. 1 node has degree 0, 6 nodes have degree 1, 1 node has degree
4. There is 1 cluster of size 1. 1 cluster of size 2 and 1 cluster of size 5. The path length

(2.5) = 2 and path length (5,8) = oo (no path between node 5 and node §).

3.3.1.2 Example

Below we give an example of the use of the degree distribution algorithms for the RIN,
where the probability for two nodes to be connected is p,, = 0.02. and another example

for SN where the probability for a cell being occupied is p, = 0.1.
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Figure 3.6: Degree distribution for RN with the probability of two nodes being connected

N = 64. when p, = 0.02. The mean degree ~ 1.22
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Figure 3.7 Degree distribution for SN with N wvaries between 31 and 45, and total cell

number n* = 64. when p, = 0.1, squares represent the node number frequencies. The

mean degree ~ 1.92

3.3.2 Cluster size distribution Algorithm

A cluster is a subset of nodes in the network such that, for any two nodes v;andv; in the

cluster. there exists a path connecting v; to v; (that is a group of occupied sites connected
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by necarest neighbours distances for the SN network). See Fig. 3.5.

3.3.2.1 Algorithms

1. Label all the nodes from 7 = 0 to V.

2. Start from node i and look for its neighbours (a list of neighbours).

3. Look for the neighbours of the neighbour of the original node.

4. Stop if the last neighbour of the original node ¢ has no more neighbours.

5. Count this list as one cluster of size s (s is the list length).

6. Set i =74 1 and go back to step 2.

3.3.2.2 Example

Here we give two examples; one for the use of the cluster size distribution algorithms for
the RN where the probability for two nodes to be connected is p, = 0.02, and another

example for SN where the probability for a cell being occupied is p, = 0.4.
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Figure 3.8: Cluster size distribution for RN, N = 64, with probability that of two nodes

being connected is p, = 0.02, with mean cluster size ~ 2.16.
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Figure 3.9: Cluster size distribution for SN with N wvaries between 31 and 45 nodes, and

total cell number n? = 64, counted over 10 iterations. With mean cluster size ~ 13.

3.3.3 Path length distribution algorithm

Two nodes of a graphs are connected if a sequence of adjacent nodes. a path, links them.
Path length between two nodes is defined as the number of edges along the shortest path

connecting them [94]. We used the Dijkstra algorithm to find the average shortest path
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length between two nodes ina network. It functions by coustructing a shortest path tree

from the initial node to every other node in the network (see Fig. 3.5).

3.3.3.1 Algorithm

o Label all the nodes from 7 = 0 to N.

e Start from node 7 and looking for its neighbours (a list of neighbours).

e For cacli node in the network look for the neighbours of the first neighbour.

e If it is connected to other node append this node to the list.

If not. go to the next neighbour in the list, and so on.

o Take the minimum distance between two nodes in the network.

e Compute the distribution over all pairs of nodes in the network.

e Compute the average shortest path length.

3.3.3.2 Example

Here we give example of the use of the average path length algorithms for SN where the
probability for a cell being occupied is ps = 0.85. The average path length below the

percolation threshold is unbounded.
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Figure 3.10: Path length distribution for SN, n* = 16 when p, = 1 using the path length

distribution algorithm.

3.4 Properties of Random networks

3.4.1 Degree distribution for RN

The degree k; of node 7 in random network with probability of two nodes being connected
p» follows a binomial distribution. For a large N, the degree distribution of RN limits to

Poisson distribution [1].

The generating function Go(z) in RN is given by [6]
Go(z) = (1 — p+ pr)™ = e*&7 1, (3.6)

where the last equality applies for a large N. The average degree from this equation is
Golr) = (k) =2z=p. (N - 1).

We used the above algorithm to calculate the degree distribution for RN, Fig. 8.11 and
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3.12 show the degree distribution for RN with probability of two nodes being connected
is p,, = 0.02 and p, = 0.09 using the algorithm defined above. with mean degree ~ 1.22
and ~ 5.49, respectively, as we can notice that, the high probability of two nodes being

connected in RN, the high mean degree.
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Figure 3.11: Degree distribution for a random network with (N = 100, Fig. 3.1) probability

of two nodes being connected as p, = 0.02. The mean degree ~ 1.22
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Figure 3.12: Degree distribution for a random network (N = 100, Fig. 3.2) with probability

of two nodes being connected as p, = 0.09. The mean degree ~ 5.49
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3.4.2 Cluster size distribution for RN

The characteristies of the cluster size distribution below and close to the critical point
have been studied widely [4. 88]. In this section, we discuss some of the main results of
the cluster size distribution in RN below and close to the critical point (percolation phase

transition p,.).

Giant component and percolation threshold

The expected structure of RN varies as the value of p, changes. The percolation threshold

1

- this percolation threshold is

in RN given by p,. = (N+1), and for large NV, is equal to
the same as in the Bethe lattice (sce Chapter 1). When p,. < p,. the network falls apart
into small pieces, or in another word, the random network consists of small components.
The probability that there is a path joining two nodes decavs exponentially [4, 1], on the
other hand when p, > p,. in which most of nodes are joining together in a single giant
component emerges [?7 |, and the reminder of the nodes occupying smaller components also

with again an exponential size distribution [1]. The expected size of the giant component

is given by (the derivation of this equation is in [4])

S=1-e (3.7)

Cluster size distribution

By using the cluster finding algorithm discussed above. we studied the cluster size dis-

tribution for RN. The algorithm we used is implicitly incorporated into the generating



3.4 Properties of Random networks 74

function method [4]. For any RN with arbitrary degree distribution, let 77;(x) be the
generating function of the sizes of components which are reached by choosing a random

edge. Following it to one of its ends, and it satisfies the iterative equation [95, 4]

If we start at a randomly chosen node, then we have one such component (cluster) at
the end of cach edge leaving that node, the generating function for the size of the whole

component (cluster) will be

As Newman et al mentioned in [95]. it is not usually possible to find a close expression
for the complete cluster size distribution on a network. but thev hiave been able to find a
close expression for the average cluster size. This is given by

Go(1)

(3.10)

which diverges when G(1) = 1. It is a mark of the phase transition at which a giant
component (cluster) first appears. Substituting the definition of Gy(x), one can write the

condition for the first appearance of the giant cluster as

> k(k = 2)pp =0 (3.11)
-

from the definition of the giant cluster, i.e. a cluster containing a fraction S of nodes,
thus, Hy(1) is no longer unity, but it takes the value 1 —S. So the size of the giant cluster
is

S =1-Gylu). (3.12)
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where w is the smallest non-uegative real solution of Gy (). Close to the phase transition,

the tail of the cluster size distribution n, behaves as

=T

ems/s (3.13)

Ng ~

where the constant 7 and s* can be calculated from the properties of Ho(x).
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Figure 3.13: Cluster size distribution for random network with the probability of two nodes

being connected is p, = 0.02. With mean cluster size ~ 2.16.

Figs. 3.13 and 3.1/ show the cluster size distribution for RN with the probability of
nodes being connected as p, = 0101 and p, = 0.02. The mean cluster size ~ 1.73 and
~ 2.16, respectively, using the above mentioned algorithm. We can notice that, for small
values of p, the network consists of 1solated clusters with small sizes. and when p, < p,.,

the largest cluster in RN is a tree, while for p, > p,.. the largest cluster contains cyeles.
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Figure 3.14: Cluster size distribution for random network with the probability that a cell
15 being occupied is p, = 0.01. With mean cluster size ~ 1.73. p,. = 0.01, above this

value a giant component will appear.

3.4.3 Path length distribution for RN

It is well known that RN have a very small average path length, which scales as I ~ In NV,
where N is the network size [6. 21. 96]. As the average path length in the network
gets smaller. the network becomes more connected. We can use the generating function
formalism to calculate the average path length in RN with arbitrary degree distribution as
follows: The probability distribution for the first and second neighbours can be generated
by the functions Gy(r) and Go(G(z)). The average number of m' neighbours will

therefore be

o = GG = |2 (3.14)

21
where, z; and z» is the number of first and second neighbours [6]. From the last equation,

Newman et al estimated the length [ of the shortest path between two random nodes on



3.4 Properties of Random networks 77

the network. By assuming that all the nodes in the graphs can be reached within I steps
(the total number of neighbours of a node out to that distance is equzﬂ to the number of

nodes on the graphs). then we have

m=1

1+ Z = = N. (3.15)
However in most networks, this conditions holds N >> z; and z5 >> z; we obtain [6]

log(N
[ = M + 1. (3.16)
log(z9/21)
A better approximation to [ is to replace N in Fq. 3.15 by SN, where S is the fraction
of the network occupied by the giant cluster. The last result in Eq. 3.16 reflects scveral

generals properties of the average path length [4]:
e [ scales logarithmically with N for all RN, irrespective of the degree distribution.

e Since the average path length [ is a global property. it can be calculated from local

properties as the average number of first and second nearest neighbours.

e [t has been shown that only the average number of first and second nearest neigh-
bours arc important in the calculation of average path length 1. Thus for two
networks with completely different distributions but the same values of z; and zy

we will have the same average path length.
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3.5 Statistical properties of 2D spatial lattice net-

works

3.5.1 Degree distribution for SN

As we mentioned hefore this kind of network has been studied in the context of perco-
lation theorv, where results have been obtained as regards the percolation threshold p;,
appearance of a giant cluster and fractal distribution of the cluster size distribution at
pse- It has not been studied so far in the context of networks science and we will study
also its mathematical properties such as, degree distribution and the path length distri-
bution. In this section, we will be able to study the degree distribution for this kind of
network analytically in the simple regular case when p, = 1. then when p, # 1, we will use
our computer algorithm, and finally we will be able to calculate analvtically the degree

distribution, generalizing the regular case.

3.5.1.1 Degree distribution for fully connected SN, p, =1

In the case of fully connected SN, we are able to derive a general formula for the degree
distribution. We start by giving a simple example. Let us consider a lattice of size 4 x 4,
with a total number of 16 nodes, see Fig. 3.15, from this figure one can notice that the
minimum node degree is 2. The maximum node degree is 4, as it will be the case for SN.

Thus, in the case of fullv connected SN, we will have nodes with degree 2, 3 and 4

only (k = 2.3 and 4) where k is the node degree. The following equation describes the
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Figure 3.15: [llustration of 4 x 4 fully connected 2D spatial lattice random network.

Table 3.1: Number of nodes and the node degree for fully connected SN

Nodes degree | Number of nodes

2 4
3 8
4 4

degree distribution for this case

P(k) = ;4—2— for k=2 (3.17)

(=2" for k=4

T

. . . 4(n—1 e L. .
The mean degree in this case is A = % Fig. 3.16 below shows the degree distribution

for this case. with different lattice sizes.
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Figure 3.16: Degree distribution for fully connected 2D spatial lattice network with different

lattice size.

3.5.1.2 Degree distribution for SN when p, #£ 1

As we know from percolation theory [55], by increasing the probability of a cell to be
occupied (thus increasing the number of nodes in the network). all the nodes in the
network forming a giant cluster, and by decreasing this probability the network will consist
of isolated nodes, so the degree distribution in the case when py, # 1 will be diflerent
from the fully connected network (p, = 1). Fig. 3.17 and 3.18 below show the degree

distribution for SN p, = 0.1, and p, = 0.9 and mean degree ~ 1.92 and ~ 1.19.
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Figure 3.17: Degree distribulion for N between 31 and 45 random connected nodes with
total cell number 64. p, = 0.1. Squares represent the node number frequencies. The mean

degree ~ 1.92
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Figure 3.18: Degree distribution for N between 31 and 45 randomn connected nodes with
total cell number 64. p, = 0.9. Squares represent the node number frequencies. The mean

degree ~ 1.19

To do the mathematical calculation we considered two different cases to calculate the
degree distribution for SN when p, # 1. The first case is. neglecting the boundaries and

assuming a very large network. We have calculated the degree distribution in this case



3.5 Statistical properties of 2D spatial lattice networks 82

by calculating all the nodes with degree 0,1.2,3 and 4 as follows: To have nodes with
degree zero, all its neighbours must be empty; to have nodes with degree one, three of
its neighbours must be empty and only one is occupied; to have nodes with degree two,
two of its neighbours must be empty, and two are occupied, to have nodes with degree
three, one of its neighbours must be cmpty and three are occupied, and to have nodes
with degree four. all the neighbours must be occupied. Eq. 5.18 describes all these cases

of the degree distribution when we neglect the boundaries of the network.

4

(1-p)* for k=0
dps(1—ps)* for k=1
Plk) = q 6p2(1 —p,)? for k=2 (3.18)

4p3(1 —p,) for k=3

S

pl for k=4

In this case. we can easily calculate the mean degree, which is Zizop(k)k = 4p,. For
a very large network (where the size of the network — oc) and when p, = 1 the above
equation describe the behaviour of the degree distribution of the fully connected case
which is. all the nodes have four degrees. This is given by P(4) = p! = 1.

The second case we studied for the degree distribution for SN when p, # 1 is consid-
ering the boundaries of the network and assuming a very large network. The calculation
of this is as in the previous case. In this case, all nodes could be either on a corner, on
a boundary or inside the network. So to have nodes with degree zero, these nodes are
either a corner and have zero neighbours, or on a boundary but not a corner with zero

neighbours. or inside the network and also have zero neighbours. Fgq. 3.19 shows the
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probability of having nodes with degree zero, and the same for the other degrees. The

degree distribution in this case has the probability mass function (see Eq. 5.19).

(n~2)2(1 _ p5)4 + 4(n— 2)(1 _ ps)d %(1 _ ps) for A =0

n2

(";?24;75(1 - ps)3 + %Sps(l —p )+ E2p(1—p,) for k=1

Pk)y=¢ @2 6ps( — )2+ 1

n?

I D3p2(1 — p,) + Sp? for k= (3.19)

—(”;3)24;);"(1—ps>+“’:;—£”pé‘ for k=3

(n=2)% 4
n? $

for k=14

\

We can casily prove that IP(k) in Eq. 3.19 is a probability mass function, that is
Zo = 1. When p, = 1 Fq. 3.19 describe the case of fully connected network which
has been given in Eq. 3.17. When the network is very large that is, N'(n?) — oo, Eq.

3.19 describe the case of the degree distribution when we neglect the boundaries which

has been given in Fq. 3.18.

3.5.2 Cluster size distribution for SN

Much has been investigated regarding the cluster size distribution as far as percolating
clusters are concerned [97]. Cluster size (n,(p)) is the total number of s-clusters (clusters
containing s nodes). One can predict the behaviour of the cluster size of this type of
network. Unfortunately, it is not possible to obtain an exact form for the cluster size
ns(p) in d > 1 because there are very many different ways in which clusters can arrange
themselves [55]. The probability that an arbitrary node belongs to an s-cluster is sn;
(every node must belong to one cluster since an isolated node surrounded by empty

neighbours is also a cluster of size one). The probability that the node belongs to any
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cluster is )7, sny, and the probability that a cluster to which a node belongs contains

s-nodes is [55]

w, = sng(p) _ sns(p) (3.20)

D > ez 51s(p)

When p, << ps.. SN consists of small and isolated clusters, thus n, has contribution only

from small sizes. As we approach p,., the size of the clusters in the network increase, until
we find all the nodes in the network forming one giant cluster. Now there is contribution

from all cluster sizes in the network. Thus, the mean cluster size S(p) is given by

S(p) = sts = i % (3.21)

1

Cluster number
Freq

Cluster size

Figure 3.19: Cluster size distribution for (31 ~ 45) nodes with total cell number = 64,

counted over 100 iterations. With mean cluster size ~ 12.

We can define the correlation function g(r) as the probability that if one node is in a

cluster, then another node at distance r away is in the same cluster. This, typically, has
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an expoucential decay given by a correlation length ¢ [55]
g(r) — e ¢ (3.22)

Fq. 3.22 indicates that the radius of the finite clusters has an exponential decay tail
when p, < p. and the correlation length represents the mean radius of finite cluster.
The exponential decay of a cluster implies that the probability that a cluster has size s
also decays exponentially for large s [4], and the largest clusters have a fractal structure.
When p, > p,., there is exactly one infinite cluster, and the decay of the cluster size
follows exponential, and in this case depends on the dimension of the lattice. However,
as d — oc, the cluster size distribution decays exponentially, as in the case when p, < p,.

[4]

3.5.3 Path length distribution for SN

As we did in the degree distribution in SN, we will start first by deriving a general formula
for the fullv connected case p, = 1 for the average path length. From Fig. 5.15 one can
notice that the minimum length in the network is one, and the maximum length between
any two nodes on the network is 2(n — 1). By considering the same example above, one
can find all the possible paths between any two nodes on the network with the same
length (The total number of possibilitics of path length is n?(n* — 1)/2).

The general formula of the average path length for SN is given as follows:

8

Z(n—k)(n—s+k), s—n<k<n. (3.23)

k=1

4

n?(n? —1)

[(s) =
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Table 3.2: Path length, # paths and the frequencics for fully connected SN

Path length | Number of paths | Frequencies
1 24 0.2
2 34 0.28
3 32 0.27
4 20 0.17
5 8 0.07
6 2 0.02

(Fig. 3.20) shows the average path length for SN, p, = 1 using this formula and the

path length algorithm.)
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Figure 3.20: Path length distribution for SN, n?> = 16 when p, = 1 using Eq. 3.23 and

the path length algorithm.



3.5 Statistical properties of 2D spatial lattice networks 87

For fullv connected SN, the average path length 1s alwavs bounded, but as soon as we
have holes on the network, the average path length becomes unbounded. This is because
there will be a number of nodes on the network which are not connected, hence there is
no length between them. We consider this length as infinity. To avoid the unbounded
values of the path length, Neman in [6] defines the path length in this case to be the
mean distance between all pairs that have connecting path and excluding all pairs that
fall in two different components. So the average path length for this type of network has
two different behaviours; when p;, = 1, the network has a small average path length and
it is bounded, and when p, < 1, the average path length is unbounded. (sce Fig. 3.22).
Fig. 3.21 shows the path length distribution for SN when p,, = 0.85, and the path
length distribution in the case of fully connected network, the reason why we choose this
probability p, = 0.85 is to have bounded path length and be able to compare it with the
fullv connected case. We intending to use the more satisfactory definition approach for

the path length by defining it to be the harmonic mean distance between all pairs [6, 98].
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Figure 3.21: (a) Path length distribution for SN with p, = 0.85, N = 100 nodes and

total cell number n? = 100 counted over 5 iterations, with different average path lengths

6.8,6.7.7.5.8.2,9.89, and (b) for the fully connected network with the same total cell num-

ber. with average path 6.67.
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Figure 3.22: Average path length behaviour for SN below and above the percolation thresh-

old. The dots are the relation between different values of occupation probability and the

corresponding path length (we used five different values). also the dots show the different

values for the average path length when the probability of a cell being occupied is greater

than the percolation threshold.
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3.6 Comparison between SN and RN

So far we have studied some of the statistical properties of RN and SN, namely, the degree
distribution, path length distribution and the cluster size distribution. The expected
structure of the two networks varics as the values of p,. and p, changes. For p, and p,
below the percolation threshold, p,. and p,., they consist of small components, the largest
cluster in RN is a tree and they have a fractal structure for SN. For p, and p, above the
percolation threshold, most of the nodes in these two networks join together in a single
giant component. Both SN and RN exhibit the same type of critical transition at a given
threshold. but the values of these threshold are different. p,. = (1\1——1) and p,. = 0.59 that
is as soon as the number of nodes is more than three or four p,. < pse. pr. depends on the
number of nodes N, whereas p,, depends only on the lattice type. The maximum degree
node for SN is always 4, whereas the maximum degree for RN is (N — 1), The degree
distribution in the case of fully connected networks is given by Fq. 3.17 and in the case
when p, # 1 the degree distribution for SN is given by Eg¢s. 3.18 and 3.19. It has been
shown the degree distribution for RN is Poisson distribution. The mean degree for SN is
approximately dp,, whercas the mean degree for RN is p,.(N —1). We can find examples
of SN and RN networks which have the same mean degree but the degree distribution
around these mean degree will be different. The average path length for RN has been
shown be vary as log(N). For SN network we were able to calculate analytically the path

length distribution only when p, = 1 and we carried out numerical simulation to calculate

the path length distribution when p, # 1. Further study should be done to estimate the
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variation of the average path length of SN to compare with log(N) behaviour of RN.

The first simulations suggest the avefage path length for SN varies linearly with N.

3.7 Conclusion

In this chapter we have discussed the well known properties of the random networks,
such as, degree distribution, cluster size, and the average path length. We have reviewed
a work by [6] by introducing a generating function to study the properties of random
networks with arbitrary degree distribution. We have also looked at the properties of
a 2D spatial lattice network. A comparison between these two types of networks have
been done. We have also examined the effect of varving p, and p, above and below the
percolation threshold p,. and p,. in both networks. Among other things, in the 2D spatial
lattice network we have calculate exact theoretical formula for the degree distribution for
any p,s and for the average path length when pg = 1. The work presented in this chapter is
a tiny fraction of what can be done in this tvpe of spatial network. Further studies would
include studying numerically and mathematically the behaviour of the average path length
above the threshold and the robustness of such kind of networks. Extending the results
obtained on a 2D spatial lattice which are the support of classical percolation models
(square lattice with 8 neighbours instead of 4. triangular 2D lattice, cubic 3D lattice,
etc.). The class of spatial networks that would be obtained when nodes are extracted
with different probabilities from this regular lattice as for 2D spatial lattice network that

we studied in chapter 3, may exhibit statistical properties which are not only very different
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from the classical random networks, but also different frowm the classical scale-free or small-
world networks. They may be used to model spatial data sets in application where links

between entities are not randomly distributed but selected according to spatial proximity.



CHAPTER FOUR

Spatial multiscale percolation

networkts, (SMPN)

4.1 Introduction

In this chapter we extend our model (discussed in Chapter 3) to generate random networks
in a spatial way by considering the case of multiscale structure. We briefly discuss the idea
of multiscale percolation system (MPS) and explain how we use it to build two different
types of SMPN. We then study three measures of these networks, namely, the degree

distribution, the cluster size distribution and the path length distribution.

4.2 Definition of MPS and SMPS

An MPS [99] is obtained as a result of the following iteration procedure. As a basis, we
take a given mosaic (d = 2) or stacking (d = 3) consisting of block of size ;. These blocks
called first-rank blocks, are divided into three classes: X —, Y —. Z— blocks (sce Fig. 4.1).

The choice of the tyvpe of block is made randomly, with probability z;.y,. z;respectively
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(1 +y1+21=1).

In the first step of the construction of the MNPS, each first-rank Z-block is divided with
preservation of the topology of the original mosaic into n¢ second-rank blocks of size 7y =
r1/n1, which are decomposed randomly into X —, Y — and Z— blocks with probabilities
T, y2 and zo respectively (zo+ya+ 20 = 1). In the sccond step cach second-rank F'— block
is divided analogously into third-rank X —.Y —. and Z— blocks of size r3 = r,/n,, with
probabilities x3.ys and z3 respectively and so on. In each step the X —, and Y — blocks
remain in the svstem and Z— blocks are subject to fractionation into X —,Y— and Z—
blocks of smaller size. The parameters n; are called fractionation multiplicities. So, by
repeating of Z— blocks fractionation N — 1times, we obtain an N-scale percolation system
(N-MPS) consisting of X — and Y — blocks of size r1. 79, ..., 7y, .... 7 and Z— blocks of size

rn. So, from the above, the properties of MPS can be determined by the 3N parameters

7‘1.,711'(2. = ]_, 7]\[ — 1)’C1,y1(l = 1]\7)

In the case when the paramecters do not depend on the index of the iteration Fig. 4.2

Figure 4.1: Multiscale Percolation System (MPS)
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i.¢. the case of constant probabilitics

=z, Y=y, u=z=1l-r-y

and constant fractionation multiplicities n; = n, the local structures of the MPS at each
step of the construction turn out to be similar (SMPS). As the number of steps tends to
infinity, a Z—Dblock of rank 7 can be obtained from a Z— block of rank j as result of a

change in all lincar scales by a factor of ni=7. In this case all the specific characteristics

of the Z— blocks per unit volume are independent of their size.

ﬁ
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4.2.1 An Example (Fig.4.3)

In the following example we consider n = 3 and d = 2, that is a 3 x 3 grid lattice. We have

three possibilities of the cells; black Y cells, white X cells and Z grav cells, which means

DI~

these gray cells contain again black, white and gray cells. We selected x = %, y = %, 7=
in this example see Fig. 4.3, we have at the first level ¢ = 1; 1 black cell, 1 white cell

and the rest are 7 gray cells. Following the structure of SMPS described earlier. At the
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sccond level 7 = 2 we divide cach gray ccll Z in the lattice to black, white and gray cells,
with preservation of the topology of the original lattice. so at each level the number of
black cells increases. In this example, at ¢ = 2, we expect 7 black cells and when i = 3. we
expect 7% black cells, because we use z,y, 2 as probabilities, the actual number of black
cells varies around the mean value. At the last level, 7,,,, = 4, the gray cells shiould be
divided again to infinite iterations. But in our finite example, they are replaced by white
and black cells in the following proportions IITy = 0.5 and ﬁ = 0.5, in order to obtain

the same proportions of white, black areas as would have been obtained if the model was

run an infinite.

Figure 4.3: SMPS structure on 3 x 3 grid, x = %,y = 2,z = &, 1 =4, where the gray
blocks wn the last level are replaced by black and white cells in the same proportions as for

previous levels.
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4.3 Spatial multiscale percolation network, SMPN

4.3.1 Building networks

We can build several types of networks associated to the same SNPS structure. A first
type is denoted by SMPNI1. An example is shown in Fig. 4.4, it is associated to the
structure showed in Fig. 4.5 The nodes in this type of network are obtained from the
black cells at the scale of the last level when the SMPS structure is divided into (n?)imes
cells. where 7,4, is the maximum number of iterations (levels). The number of nodes is
always N < (n?)'mer. For example, the number of nodes in the network shown in Fig.
4.4 and associated to the above example Fig. 4.31s N = 3261. The edges (links) are the
neighbouring links. which means that two nodes are linked if the area they represent are

neighbours.

Figure 4.4: SMPN1 associated to Fig. 4.2. N = 3261
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A sccond type of network is denoted by SMPNZ2 and shown in Fig. 4.5. This example
is associated to the same structure shown in F 1g. 4.3, the nodes in this type of network

are the center of the black cells of different sizes obtained at each level.

Figure 4.5: SMPN2 associated to Fig. 4.2, N = 1629

We can calculate the total number of nodes in this tvpe of network. At iteration i = 1;
the number of black cells (nodes) is yn?. At 7 = 2, the number of nodes is yn?(1 + zn?),
and at any step 1 — 1, the number of nodes is yn? (1 + 2n? + (2n?)2 + ... 4+ (zn?)71).

Summation of this geometric series of ratio zn? yields

g (zn?)t — 1
' -1 ]

As we said earlier at the last level i,,4, we divide the gray cells into black and white cells

y

according to the respective proportion pey

and I%ry so the number of black cells obtained

at the last level is ﬁ(:nz)im”, then the total number of nodes will be

<~

L AT
N = yn? < - — + p— y(:ng) max (4.1)
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I our example, the exact number of nodes in SMPN2 associated to the above example

%,z = g one expect from Fq. 4.1, N = 1614,

Fig. 4.31is N = 1629. So for r = %,y =
which is approximately the same as the exact mean number of black cells. The edges
are defined in the same way as of SMPNT1, that is, two black cells linked if the cells they

represent are neighbours. The number of edges would be difficult to caleulate, but i cach

example. the computer algorithms enables the computing of edges numbers.

4.4 Exploration of the statistical properties of SMPN

4.4.1 Degree distribution

As networks have been often classified by their degree distributions [100], much attention
has been paid here to the degree distribution of the SMPN network. We have studied
numerically the degree distributions for the two types of networks discussed above, SMPN1
and SNPN2, using the same algorithms defined in chapter 3. We found that there are
differences in these two types of networks, that is, they have different degree distribution
behaviours. Fig. 4.6 shows the degree distribution for the SNPN1. the maximum degree
value for this type of network is always 4, as 2D spatial lattice network (SN) structure
but the proportion of nodes with degree 4 is higher, because of the aggregation structure

of the nodes into clusters.
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Degree Distnbution for SMPN2
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Figure 4.6: Degree distribution for SMPN1, with mean degree 2.18

Fig. 4.7 shows the degree distribution for the SMPN2. As one can see, most of the

nodes have few neighbours and a small number of the nodes have a lot of neighbours.
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Figure 4.7: Degree distribution for SMPN2, with mean degree 2.91

This is one of the characteristics of the scale- free network and so this kind of network
may exhibit a power law degree distribution. Fig. 4.8(a). shows the log-log relationship
between the nodes degree and the number of nodes in the netwrok (which is not quite
linear), its clearly show the characteristic of scale free network which this kind of networks

may be close to it. When we gathered the numerical data into three classes of degrees,
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(a) The nonlinear Log-Log of the De-

gree distribution for SMPN2.

N

0
Noqes Degree

(b) Log-Log of the three classes of the

degree distribution for SMPN2.

Figure 4.8: Degree distribution for SMPN2.

the linear regression becomes good Fig. 4.8(b), and we conclude that this tvpe of network

may be close to a scale free one.

To check this assumption, we should be able to carry out extended numerical experi-

ments over several levels to a void the boundary problems of the last level iteration, but

we could not achieve these numerical experiments because of computer memory limita-

tion. We could also try analytical calculation of the mean theoretical degree distribution.

When i4,,,, = 1 the calculation is the same as in chapter 3, and the result is

-y A1y Ay for k=0
EPay(l—y)? + 223y (1 - )2+ S2y(1—y) for k=1
Pk) = ©-206y2(1 — )2 + 20230201 ) 4 92 for k=2 (4.2)
(";—22)24y3(1 - y)+ %yS for k=3
(n;f)zy‘l for k=4

To go on calculating the theoretical degree distribution for SNIPN when 7,,,, > 1 it
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becomes very difficult when we consider the possible configuration and associated proba-

bilities.

4.4.2 Cluster size distribution

Figs. 4.9and 4.10show the cluster size distribution for the SMPN1 and SNPN2 networks.
As one can notice, the behaviours of the two networks look almost the same, that is, there

is a few larger cluster and a lot of small clusters.

IO(t)

Cluster number
>

Cluster size

Figure 4.9: Cluster size distribution for SMIPN1.
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Figure 4.10: Cluster size distribution for SMPN2.

4.4.3 Path length distribution

The numerical calculation of the path length distribution give rather similar results for
both SMPN1 and SMPN2. In our 3 x 3 grids example with i,,,, = 4 the maximum path

length is close to 100. and the average path length is
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Figure 4.11: Path length distribution for SMPN1.
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Figure 4.12: Path length distribution for SMIPN2.

4.5 Other example of SMPN2 networks
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(a) n? =5 x5, N = 2945, with (b) n? =5 x 5. N = 1750. with
r=02y=04,:-=04,i=3 =025y =045z=03.1=
3

(¢) SMPN2 associated to (d) SMPN2 associated to (b)

(a)

Figure 4.13: Other example of SMPNZ2 networks with different probabilities.
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Figurc 1.14 below shows the log — log degree distribution for SNIPPN2.

Degree Distnbution for SMPN

Number of Nodes

1 10 100
Nodes Degree

Degree Distnbution for SMPN

Number of Nodes

Nodes Degree

Figure 4.14: Degree distribution for SMPN2, associated to Fig. 4.15(c)

4.6 Conclusion

In this chapter we have extended the spatial network model discussed in chapter 3 to
multiscale percolation models. We build two different networks, SMPN1 and SMPN2.
First network SMPN1 is an extension of the SN percolation model studied in chapter 3
taking into account spatial aggregation of the nodes. Second network SMPNZ is built from
the same structure of the multiscale percolation model but defines spatial nodes according

to the hierarchyv in cell size. We carried out so far only numerical experiment to explore
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the statistical properties of these networks. It appears that the SMPN1 exhibits globally
the same tyvpe of properties that the SN model in chapter 3. but further detailed studies
could enable to focus on the difference hetween 2D percolation lattice with and without
nodes aggregation. SMPN2 appears to behave in a way close to scale-free network, with
a few nodes having a lot of neighbours and many nodes having only a few neighbours.
In both cases. the definition of the links in these networks according to spatial proxim-
itv and to a given geometrical structure leads to a class of spatial network whose properties
and use in modelling real world networks mav differ strongly from the classical networks
and in the network science community. We suggest that SNIPN1 could model distribution
of species as in chapter 2 taking into account aggregation type 2. While SMPN2 could
model road networks and porous media. After the completion of this thesis, we plan to

go on exploring the properties of this type of networks, both numerically and analytically.



CHAPTER Fi1ve

Conclusion and further work

This thesis is a first contribution to the analysis of spatial networks by means of statistical
properties used so far in the field of network science. Our results are based on a few original
numerical exploration and some mathematical calculation which have been presented in

chapters 2, 3 and 4. and we rewrite below the conclusion of these different chapters

In chapter 2 we have presented the relationship between the perimeter and abundance,
and between perimeter and scale using random patterns. We have done a comparison
between two different patterns of distributions, mainly, between the random distribution
and aggregated distribution. We have done this by ensuring that all the equations de-
scribing tlie random distribution fit well with the random data (or what ccologists call the
null hypothesis™ or "neutral model”) generated by computer simulation, and comparing
this case studv with two different types of aggregated distribution, type 1 and 2. We have
found that there is no difference between aggregated and random distribution which can
be detected by using thie definition of percolation threshold. when we compare the random
distribution of species with the aggregated distribution type 1, but this is not the case

when we compare the random distribution with our aggregated distribution, tvpe 2. We
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have shown that the relationship between perimeter Loand scale a is not the same in the
two cases. The underlyiﬁg power law scaling relating a critical abundance value N, and
the scale a are identical in the case of random distribution and aggregated distribution
type 1. We consider that this power law might be an intrinsic property of any spatial data
due to mere scaling cffects. We can conclude that percolation threshold may not be used
to discriminate between different patterns; thev are identical for random and aggregated
distribution tvpe 1. But it may depend on how the data is aggregated, as shown in our
first exploration as regard the aggregated distribution tvpe 2.

Further more in chapter 3 we have discussed the well known properties of the random
networks. such as, degree distribution, cluster size, and the average path length. We have
reviewed a work by [6] by introducing a generating function to study the properties of
random networks with arbitrary degree distribution. We have also looked at the properties
of a 2D spatial lattice network. A comparison between these two types of networks have
been done. We have also examined the effect of varving p, and p, above and below the
percolation threshold p,. and p,. in both networks Among other things, in the 2D spatial
lattice network we have calculate exact theoretical formula for the degree distribution for
any p, and for the average path length when pg, = 1. The work presented in this chapter is
a tiny fraction of what can be done in this type of spatial network. Further studies would
include studying numerically and mathematically the behaviour of the average path length
above the threshold and the robustness of such kind of networks. Extending the results
obtained on a 2D spatial lattice which arc the support of classical percolation models

(square lattice with 8 neighbours instead of 4. triangular 2D lattice, cubic 3D lattice,
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ctc.). The class of spatial networks that would be obtained when nodes are extracted
with different probabilities from this regular lattice as for 2D spatial lattice network that
we studied in chapter 3, may exhibit statistical properties which are not only very different
from the classical random networks, but also different from the classical scale-free or small-
world networks. They may be used to model spatial data sets in application where links
between entities are not randomly distributed but selected according to spatial proximity.
Finally in chapter 4 we have extended the spatial network model discussed in chapter 3
to multiscale percolation models. We build two different networks. SMPN1 and SMPN2.
First network SMDPNI1 is an extension of the SN percolation model studied in chapter 3
taking into account spatial aggregation of the nodes. Second network SMPN2 is built from
the same structure of the multiscale percolation model but defines spatial nodes according
to the hierarchy in cell size. We carried out so far only numerical experiment to explore
the statistical properties of these networks. It appears that the SMPN1 exhibits globally
the same tyvpe of properties that the SN model in chapter 3. but further detailed studies
could enable to focus on the difference between 2D percolation lattice with and without
nodes aggregation. SMPN2 appears to behave in a way close to scale-free network, with
a few nodes having a lot of neighbours and manyv nodes having only a few neighbours.
In both cases. the definition of the links in these networks according to spatial proxim-
itv and to a given geometrical structure leads to a class of spatial network whose properties
and use in modelling real world networks may differ strongly from the classical networks
and in the network science community. We suggest that SNIPN1 could model distribution

of species as in chapter 2 taking into account aggregation tvpe 2. While SMPN2 could



110

model road networks and porous media. After the completion of this thesis, we plan to

go on exploring the properties of this type of networks, both numerically and analytically.

As a general conclusion, we feel that further studies should be carried out in at least

three directions:

e Carrying out more numerical simulations to explore a broader range of parameter
values and modelling assumptions in order to better evaluate the extend of validity of
the first results presented here (for example. simulating different types of aggregation
in the species abundance model, simulating different types of lattices in the spatial
percolation model, analysing many networks with different N, p,,p, and different

number of iteration levels if any).

e Attempting to obtain, whenever possible, more mathematical results such as, path

length distribution in percolation model, scale-free behaviour in chapter 4.

e Analysing real data to sce how far thev can be modelled by this network presented

in this thesis.
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APPENDIX A

C code for calculating the perimeter
of percolation model considering the
internal joins between cells

#include<stdio.h>
#include<math.h>
#include<stdlib.h>
#define epsilon 1.e-1b

int main()

{

int i ,j, number =5 , 1 , h , g, NL = O;
double x[number],y[number];

int J, jx , jy ;

int sum = O,rd ;

double cellsize = 50 ,xmax=1000,ymax=500;

int xcells=xmax/cellsize, ycells=ymax/cellsize;
int cell_state[xcells] [ycells] ;

int cell_nofdots[xcells] [ycells];

double prLl ,prl2,cal,S;

FILE *data,*order;

for ( rd = 1; rd <4; rd ++)
{

sum = 0;

NL = 0;
data = fopen("/home/mohammed/wed.dat","w");
order = fopen("/home/mohammed/order.tex","w");
fprintf (order, "plot’/home/mohammed/wed.dat’") ;
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fclose(order);

for(i=0;i<number;i++){
x[i]=(rand () * xmax)/RAND_MAX;
y[il=(rand () * ymax)/RAND_MAX;
printf ("%1f %1f\n",x[i],y[i]);
fprintf (data,"%1f %1f\n",x[i],y[i]);

for (h = 0; h<ycells; ht+)
for (1 = 0; 1l<xcells; 1++)

cell_nofdots[1][h] = 0;
sum = O;

for (h = 0; h<ycells; h++){
for (1 = 0; 1<xcells; 1++)
{
for (q = 0; q <number; g++)
if (( x[q] >= cellsize * 1)
&% (x[q] < cellsize *(1+1))
& ( y[ql >= cellsize * h)
&& (ylql < cellsize * (h+1))){
cell_nofdots[1][h] += 1 ;
sum += 1;

+

}
for (h = 0; h<ycells; h++){
for (1 = 0; 1l<xcells; 1++)
{
printf (" %d ",cell_nofdots[1] [h]);

}
printf ("\n");
}
printf ("\n") ;

printf ("\n The Total Number of dots are %d \n\n",sum);

for (h = 0; h < ycells; h++){
for(l = 0; 1 < xcells:; 1++){
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if (cell_nofdots[1][h] !'= 0)

/* Replacing the number of dots on each cell by 1 or 0 */
cell_nofdots[1l] [h]=1;
cell_state[1l] [h] = cell_nofdots[1][h];

printf (" %d",cell_state[1] [h]);
}
printf ("\n");
}
printf ("\n");

/*Counting The value of the perimeter L by comparing rows */
for (i = 0; i<xcells; i++){
for (j = 0; j<ycells ; j++){
if ((j == ycells - 1) && cell_statel[i][j] !'= cell_state[i][0] )
NL+=1;
if ((j<ycells-1)&&(cell_state[il[j] !'= cell_statel[il[j+1]1))

NL += 1;
}
}
printf ("\n The Total Number of dots are %d \n\n",sum);
printf ("\n Perimeter ’L’ = %d \n",NL);

/*Counting The value of the perimeter L by comparing columns */
for (i = 0; i<xcells; i++){
for (j = 0; j<ycells; j++){
if ((i == xcells - 1 )&& cell_statel[i][j] != cell_state[0][j])
NL += 1;
if((i<xcells -1 )&& (cell_state[i] [j] != cell_state[i+1][j]))
NL += 1;
}
}

printf("\n The number of Perimeter joins 'L’ = %d \n",NL);

/*Counting The Total number of neighbouring joins the map */
jx = xcells ;
Jjy = ycells;
J =2 % jx * jy ;

printf ("\n The Total number of neighboring joins a map is %d \n",J);
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prLl = 2 * J *x cellsize
* (1 - exp(-(number *cellsize * cellsize )
/( xmax * ymax)))

* (exp(-(number *cellsize * cellsize)/(xmax * ymax)));
printf ("\n The predicted value of

"L’ using p=1-exp(mean) = %1f \n",prL1);
prL2 = 2 x J * cellsize
*( 1 -(C pow(( 1 - (( cellsize * cellsize)
/ (xmax * ymax))) ,number)))

* (pow (( 1 - ((cellsize * cellsize) / (xmax * ymax))),number));

printf("\n The predicted value of
'L’ for random species using p=1-(1-a/A)°N = %1f \n ",prL2);

calL. = NL * cellsize ;
printf ("\n The calculated value of ’L’ = J1f \n",cal);

fclose(data);
system ("gnuplot /home/mohammed/order.tex -");

+

return O;



APPENDIX B

C code for building SN networks

#include <stdio.h>
#include <math.h>
#include<stdlib.h>
#define dots 150

void gnuplot(const char *gnucommand)

{
char syscommand[1024];
sprintf (syscommand, "echo \"%s\" | gnuplot -persist", gnucommand) ;
system(syscommand) ;

¥

main{)

{

int i,j,k,rd,h,1,q,sum = O,temp;

double x[dots],yldots];
double x1[dots],yl[dots];

double cellsize = 32,xmax=256,ymax=256;

int xcells=xmax/cellsize, ycells= ymax/cellsize;

double cells[xcells] [ycells];

int cell_nofdots[xcells] [ycells],xc_size = xcells/cellsize;
int yc_size = ycells/cellsize,cell_state[xcells][ycells];
int s[dots],labell,label?2;

// FILE *d_dotsl = NULL;
FILE *c_outt = NULL;
FILE *c_outtl = NULL;
FILE *c_outt2=NULL;

FILE *Nodes= NULL;

FILE *commandl1=NULL;



128

//This will contain commands to gnuplot
char xi[2500],yi[2500],xj[2500],yj[2500],sti[1000];
//strings to store commands to gnuplot

for (rd = 0; rd <1; rd ++)
{
// d_number= fopen("d_number.dat","r");
c_outt = fopen("con.dat","w");
c¢_outtl = fopen("uncon.dat","w");
commandli=fopen("gnu_commandil","w");
c_outt2=fopen("c_nodel.dat","w");
//fprintf (commandli,"plot ’d_number.dat’ \n");
Nodes= fopen('"Nodes8.4.dat","r");
fprintf (commandl1l,"plot ’Nodes8.4.dat’ \n");
// Nodes= fopen('"cnode.dat","r");
for(i=0;i<2*dots;i++)
{
if (i%2==0){
fscanf (Nodes, "%1f",&x[1/2]);
// x[i/2]1=x1[1/2]*(1+0.5);
//printf ("%1f \n",x[i/2]);
+
else
{
fscanf (Nodes, "%1f", &y [(i-1)/21);
// y[(i-1)/2)=y1[(i-1)/2]*(1+0.5);
}

for (1=0;i<dots;i++)

{
sprintf(sti,"%d",i);
sprintf (xi,"%1f",x[1]);
sprintf (yi,"%1f",y[i]);
fprintf (commandll, "set label ’%s’ at %s,%s\n",sti,xi,yi);
fprintf (commandll, "set xrange [0:256] \n");
fprintf (commandl1l,"set yrange [0:256] \n");
fprintf (command1l, "set xtics 32 \n");
fprintf(command11l,"set ytics 32 \n");
fprintf(command1l,"set grid \n");

}
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for (h = 0; h < ycells; h++)
for (1 = 0; 1 < xcells; 1++)
cell_nofdots[1] [h] = O;
sum = O;

for (h = 0; h < ycells; h++){
for (1 = 0; 1 < xcells; 1++)
{
for (q = 0; g <dots; qt++)

if (( x[q] > 1xcellsize)
&% (x[q] < (1+1)*cellsize)
& ( ylgql > hx*cellsize)
& (ylql < (h+1)*cellsize)){

cell_nofdots[1] [ycells-h-1] += 1 ;
sum += 1;

+

}
for (h = 0; h < ycells; h++){
for (1 = 0; 1 < xcells ; 1++)

{
printf (" %d ",cell_nofdots[1] [h]);
}
printf ("\n");
}
printf("\n");
printf ("\n Total number of nodes are %d \n\n",sum);
for (h = 0; h < ycells; h++)
{
for(l = 0; 1 < xcells; 1++)

{
if (cell_nofdots[1][h] '= 0)
cell _nofdots[1] [h]=1;
cell_state[1l] [h] = cell_nofdots[1][h];
printf (" %d ",cell_state[l1l][h]);
}
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printf("\n");

printf("\n");

for (1 = 0; i < xcells; i++)

for (j = 0; j < ycells ; j++)
{

if ((cell_statel[i] [ycells-j-1] == 1)
&& (j < ycells - 1)
&& (cell_statel[i] [ycells-j-1] ==
cell_stateli] [ycells-j-2] ))

for (k=0;k<dots;k++)
{
if (x[k] == (i+0.5)*cellsize
&% ylk] == (j+0.5)*cellsize)

labell =k;
break ;

}
for (k=0;k<dots;k++)

{
if (x[k] == (i40.5)*cellsize

&& ylk] == (j+1.5)*cellsize)

label2 =k;
break;

printf ("Nodes J%d and %d ARE

connected\n",labell,label?);

fprintf(c_outt2,"%d %d \n",labell,label2);
sprintf (xi,"%1f", (i+0.5)*cellsize);
sprintf(yi,"%1f", (j+0.5)*cellsize);

sprintf (xj,"%1f", (i+0.5)*cellsize);

sprintf (yj,"%1f", (j+1.5)*cellsize);
fprintf(command1l,"set arrow from %s,%s
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to %s,%s nohead\n",xi,yi,xj,yj)

fprintf(c_outt,"%s %s %s %s\n",xi,yi,xj,yj);

for (i = 0; i<xcells; i++)

for (j = 0; j<ycells; j++)
{

if ((cell_state[i] [ycells-j-1] == 1)
&& (i < xcells ~ 1)
&& (cell_state[i] [ycells-j-1] ==
cell_state[i+1] [ycells-j-1] ))

for (k=0;k<dots;k++)
{
if (x[k] == (i+40.5)*cellsize
&% yl[k] == (j+0.5)*cellsize)

labell =k;
break ;

}
for (k=0;k<dots;k++)
{
if (x[k] == (i+1.5)*cellsize
&% y[k] == (j+0.5)*cellsize)

label2 =k;
break;

}
printf("Nodes %d and %d ARE
connected\n",labell,label?2);

fprintf (c_outt2,"%d %d \n",labell,label2);

sprintf (xi,"%1f", (i+0.5)*cellsize);

sprintf (yi,"%1f", (j+0.5)*cellsize);

sprintf (xj,"%1f", (i+1.5)*cellsize);
sprintf(yj,"%1f", (j+0.5)*cellsize);
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fprintf (commandll, "set arrow from %s,%s
A to %s,hs nohead\n",xi,yi,xj,yj) ;
fprintf(c_outt,"%s %s %s %s\n",xi,yi,xj,yj);

fprintf (commandll,"replot\n");
fclose(command11) ;

fclose(c_outt);

fclose(c_outtl);

fclose(c_outt2);

//fclose(d_dotsl);

fclose(Nodes) ;

system("gnuplot gnu_commandll -\n");



ArrENDIX C

The Python and C codes for
calculating the statistical properties
of networks

C.1 C code gives a list of connected nodes

#include <stdio.h>
#include <math.h>
#define dots 20

main()

{

int 1,7;

int x[500],y[500],dfs[500] [500] ;

int n,r;

FILE *node=NULL;

FILE *c_size ;

node= fopen("c_nodel.dat",“r");
c_size = fopen("clus_size.dat","w");
//connect=fopen("cout2.dat","r");

1=0;
while(!feof (node))
{
fscanf (node,"%d",&x[i]) ;
fscanf (node,"%d\n",&y[1]);
printf ("x[%d]=Vd y[%dI=V%d\n",i,x[i],i,y[i]);

i=i+1;

+
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int k=i;

for(i=0;i<dots;i++)
{
for (j=0;j<dots;j++)

dfs[i] [j1=-1;
}

j=1;r=1;

dfs[j] [r]=x[0];

dfs[j] [r+11=y[0];

printf ("%d %d ", dfs[j][r],dfs[j]l[r+1]);

fprintf (c_size,"%d %d ",dfs[j][r],dfs[j][r+1]);

for(i=0;i<k-1;i++)
{

if (x[i+1]==x[i])
{

dfs[j] [r+2]=y[i+1];

printf ("%d ",dfs[j][r+2]);
fprintf(c_size,"%d ",dfs[j][r+2]);
r++,;

else

{

3+t

r=1;

dfs[j] [r]1=x[i+1];

dfs[j] [r+1]=y[i+1];

printf ("\n");

fprintf(c_size,"\n");

printf("%d %d ", dfs[j][r],dfs[j][r+1]);

fprintf(c_size,"%d %d ",dfs[j][r],dfs[j][r+1]
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printf("\n");
fprintf (c_size,"\n");
fclose(c_size);

C.2 The Python codes for calculating the cluster size
distribution for networks

import StringlO

import sys

file_iin = open(’result2.dat’,’r’)

out_file sys.stdout

file_out3 = open(’result3.dat’,’w’)

lines = [map(int,line.split()) for line in file_iin] # make lines as int lists

def length_compare(a, b):
if len(a) == len(b):
return O
elif len(a) < len(b):
return 1
else:
return -1

lines.sort(cmp = length_compare)
#print lines

list_num = []

o=[]
for il in range (len(lines)):

include = True
for i2 in range(il):
if i1 == 12:
pass
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else:

if len(lines([i1]) > len(lines[i2]):

for ¢ in lines[i2]:
if ¢ in lines[il]:
include = False
else:
for ¢ in lines[il]:
if ¢ in lines[i2]:
include = False
if include:
list_num.append(lines[il])
# if not (include):
# list_num.append(lines[i1])
#print list_num

for line in list_num :
list_num = []
for i in range (len(line)-1):
list_num.append(line[i])

list_num.sort()
x =0

while x < len (list_num) - 1

if list_num[x] == list_num[x+1]
del list_num[x+1]
else:
x=x+1
print list_num
print "Cluster of size : ",len(list_num)

file_out3.close()
file_iin.close()

res_file=open(’result2.dat’,’r’)
mlf = res_file.readlines()
list_num = []

o=[]

for il in range (len(mlf)):

include = True
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for i2 in range(il):
if i1 == 12:
pass
else:
if len(mlf[il]) >= len(mlf[i2]):
for ¢ in mlf[i2]:
if ¢ in mlf[i1]:
include = False
else:
for ¢ in mlf[ii]:
if ¢ in mlf[i2]:
include = False
if include:
list_num.append(mlf[il])
# if not (include):
# list_num.append(mlf[i1])
#print list_num

for line in list_num :
list_num = []
for i in range (len(line)-1):
list_num.append(int(line[i]))

list_num.sort()
x =0

while x < len (list_num) - 1
if list_num{x] == list _num([x+1]
del list_num[x+1]
else:
x =x + 1
print list_num
print "Cluster of size : ",len(list_num)

res_file.close()

#import StringlQ

import sys

file_in = open(’clus_size.dat’,’r’)
out_file = sys.stdout
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file outl = open(’resulti.dat’,’w’)
lines = [map(int,line.split()) for line in file_in] # make lines as int lists
for i, line in enumerate(lines):
out = []
for digit in line:
out.append(digit)
# print ’out’,out
for followingline in lines[i+1:]:
if digit in followingline:

out.extend([x for x in followingline if x != digit])
out_file.write(’ ’.join(map(str, out))+"\n")
file_outl.write(’ ’.join(map(str, out))+"\n")

file_in.close()
file_outl.close()





