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Abstract

Program semantics can be viewed relationally as in relational semantics, al-
gebraically as in predicate transformer semantics, logically as in information
systems and order-theoretically as in denotational semantics. This can be com-
pared to a common situation in non-classical logics. Namely, a logic can often be
presented as a formal deductive system, as an algebra and as a relational struc-
ture, with each of the presentations derivable from each of the other two. The
central hypothesis of this thesis is that this situation can serve as a paradigm for
unifying the various versions of program semantics. Starting with a relational
semantics based on certain ordered topological spaces, called Priestley spaces,
and invoking the techniques of Priestley duality, an algebraic, a logical and an
order-theoretic presentation of program semantics are derived. Fach of these
four presentations are also derivable from each of the other three. The topo-
logical model of program semantics based on Priestley spaces thus serves as a
unifying framework for other versions of program semantics, essentially as in the
logic-algebra-semantics paradigm.
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The work consists of five chapters. Chapter 1 serves as an introduction to
program semantics and the approach followed in this thesis, and provides the
technicalities of Priestley duality. In Chapters 2 to 4 I introduce and unify the
four above-mentioned presentations of program semantics: relational, algebraic,
logical and order-theoretic. The concluding Chapter 5 combines the various
results and presents the positive answer to the question raised at the outset.





















4 Chapter 1. Introduction and Preliminaries

grams are represented as certain information-respecting relations over consistent
information, and are called approzimable mappings [Sco82, DaP90]. Constraints
are imposed on these relations to formalise the preservation of consistency and
information. Scott’s work has inspired the introduction of other information sys-
tems providing logical presentations of various domains [DaP90, DrG90, EdS93],
topological spaces [DrG90, EdS93], algebraic structures [EdS93] and ordered
topological spaces (in Chapter 3 of this thesis). [ outline Scott’s information
systems in Section 1.3, and introduce a generalisation of these information sys-
tems in Chapter 3.

FEach of the approaches described in this Section provides a distinctive presen-
tation of the input-output behaviour of (nondeterministic) programs: relational
semantics provides a relational presentation, predicate transformer semantics an
algebraic presentation, information systems a logical presentation (similar to the
so-called Hoare logic of [Hoa69] and program logics of [Pra76, MiS87]), and de-
notational semantics an order-theoretic presentation. Each can and has been
independently investigated, but the full elegance of each presentation can only
be obtained by relating it to the others. The question of translating between
predicate transformer semantics and relational semantics has been addressed in
(e.g) [Gue80, MaC80, Gue82, Ja(G85, ReB95, Hoa95], and will be addressed in
Section 1.2 and Chapter 2 of this thesis. There is also a demonstrated rela-
tionship between Dijkstra’s predicate transformer semantics and powerdomains
[Plo80, Smy83, BoK93, BoK94, BJK95]. A bijective correspondence between do-
mains and information systems is set up in (e.g.) [DrG90, DaP90]. In Chapter
5 I will relate my findings with recent results from the literature.

To motivate the approach I shall use to unify program semantics, consider the
following common situation in non-classical logics. A logic, for example modal
logic, can be formalised as a logical system using a Hilbert-style axiomatisation
or a Gentzen-style axiomatisation. By the Lindenbaum/Tarski [Tar35] construc-
tion, the logic can be presented as an algebra of equivalence classes of logical
formulae with logical connectives becoming algebraic operations, logical axioms
becoming algebraic laws, and logical operators becoming algebraic operators.
Properties expressed by logical formulae correspond to conditions on algebraic
operators. Then theorems showing the algebra validates all and only the theo-
rems of the logic establish the correspondence between the logic and its algebra.

The logic can be captured by a so-called Kripke [Kri63] or possible-world seman-
tics given in terms of a relational structure consisting of a set of possible worlds
endowed with one or more binary relations between them. A logical formula
then corresponds to the set of possible worlds in which it is true. Properties
expressed by logical formulae are first- or second-order properties of relations.
Soundness and completeness theorems showing that the semantics validates all
and only the theorems of the logic establish the correspondence between the
logic and its semantics.
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Moreover, the algebra and the relational structure corresponding to the logic
mutually characterise each other via Jonsson-Tarski duality [JoT51, JoT52].
This result effects a one-one correspondence between binary relations over a
set and certain unary operations over the power set of that set. Properties of
binary relations translate into properties of the unary operations, and vice versa.
(Examples of such translations of properties can be found in [Bri93].)

As a general paradigm, this situation can be pictured in what 1 shall refer to as
the paradigm triangle of logic-algebra-semantics, namely:

Lindenbaum/

Tarski

Kripke Jonsson/ Tarski

Semantics

- The correspondences between a logic, an algebra and a semantics have been
investigated since the 1940s. For example, the modal logic 54 [HuC68, BuS84]
corresponds on the algebraic side to a closure algebra [Tar44], and on the se-
mantics side to a quasi-order [JoT51]. Intuitionistic logic [RaS63, RasT4, Gol84]
corresponds on the algebraic side to a Heyting algebra [Ras74], and on the se-
mantics side to a partial order. The general picture of such relationships is due
to C. Brink and was first presented in [BGO95].

This leads us to the question to be addressed in this thesis: Can the logic-
algebra-semantics triangle serve as a paradigm for unifying program semantics?

In earlier work [ReB95, DORS4], a positive answer to this question is obtained
using the techniques of Jénsson/Tarski duality [JoT51, JoT52]. The chosen re-
lational semantics has an explicit formalisation of nontermination and is based
on the restricted set of binary relations given in [Hoa87]. It turns out that the
constraints translate via Jonsson/Tarski duality into familiar healthiness condi-
tions of predicate transformers. The resulting algebraic presentation of program
semantics is given in terms of a Boolean algebra with certain unary operators.
The logic, which has its Kripke semantics given in terms of this relational se-
mantics, is essentially an extension of Propositional logic. It is obtained by
introducing a special propositional constant for reasoning about the property
of nontermination, and by adding modal-like prefixes indexed by programs and
axioms corresponding to the conditions on the relations used to represent pro-
grams. However the chosen relational model is relatively unsophisticated in the
sense that it leaves us unable to express denotational semantics and provides an
over-simplified view of properties of states.

In this thesis [ therefore propose a more sophisticated relational structure,
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1.4.2 Definition Let (H, A, Con, ) be a Scott information system. A subset
X C H is called an element generated by H if

{a) every finite subset of X is in Con, and

(b) U € X and U/ F V implies X NV # P for all U,V € Con.

Let DH denote the set of all elements generated by a Scott information sys-
tem (H,2, Con,F). The poset (DH,C) of elements partially ordered by (set)
inclusion is called the information domain associated with (H,A, Con, ) and
(H,A,Con,F) is called the representing information system of (DH,C). The
compact elements of this domain are the upclosures (under i) of sets in Con —
that is, sets U7 = {x | U + {z}} for U/ € Con.

A Scott information system can be regarded as a Gentzen-style deduction sys-
tem, where multiple conclusions are deduced from multiple prenuses [Zha94].
The entailment relation I/ F V can be interpreted as indicating that the finite
conjunction of propositions in {7 entails the finite disjunction of propositions in
V. Then an element X is a set of propositions which is deductively-closed and
consistent. It is deductively-closed in the sense that no finite conjunction of
propositions chosen from X can generate a set of conclusions which contain no
propositions within X; it is consistent in the sense that A I § for every finite

ACX.

There is an alternative characterisation of elements in DH, which as pointed
out by Scott [Sco82], makes the notion of information domain compatible with
the notion of domain arising in domain theory. For any element X € D(H),

X = J{U"|U € Conand U C X}.

Intuitively, this says that any element of the domain (DH, C) can be thought of
as the limit of its finite approximations. The precise connection between domains
in domain theory and information domains associated with information systems

is given as follows in (e.g.) ([DaP90], p68):

1.4.3 Theorem Every domain is order-isomorphic to the information do-
main associated with its information system of compact elements. O

For a logical presentation of program semantics based on information systems,
a representation of programs as some kind of mappings or relations between
information systems is needed. In Scott [ScoB82| these are given as structure-
preserving mappings between information systems called approzimable map-
pings. The word ‘mapping’ is used to indicate that these relations are coun-
terparts of multifunctions (used in domain theory), and the reason for using
‘approximable’ is explained in detail in [Sco82].
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1.4.4 Definition Let (H, A, Con, ) be a Scott information system. A Scott
approzimable mapping f : H — H is a binary relation f € Con x Con
such that for any U, U,, Vi, V; € Con:

(a) 00
(b) LﬁfV] and (j1fV2 Ilﬂpl} Lﬁf(i/; U Vg)
(c) Up = U, Uy fVy and Vi F V5 imply U, fV.

(This is exactly Scott’s definition ([Sco82] Definition 5.1.)

Intuitively, U1 fV; can be read as saving ‘given counsistent information U/; the
program [ produces consistent information Vj as output, and the amount of
information produced by the program depends on the amount of information
provided as input’. These conditions are interpreted in [Sco82] as follows. Con-
dition {a) means that no information about the output can be obtained from no
information abou the input. Condition (b) means that the output corresponding
to a fixed input is cumulative. Condition (c) describes how f interacts with the
entailment relation.

The results of this Section provide the necessary background for Chapter 3 where
generalisations of the notions of Scott information system and Scott information-
respecting relation are considered as a logical presentation of program semantics.

1.5 Priestley spaces and Priestley duality

A Priestley space is a certain kind of partially ordered topological space. These
spaces, also called ordered Stone spaces [Pri70, DaP90, Smy92], are used to repre-
sent bounded distributive lattices essentially in the way that a Boolean algebra
can be represented as a field of sets. The correspondence between Priestley
spaces and bounded distributive lattices, established by Priestley [Pri70, Pri72,
Pri84] has been referred to as Priestley duality in (e.g.) [CLP91].

As explained in [DaP90], the representation results of Stone and Birkhoff lead
Priestley [Pri70] to use ordered topological spaces. The standard Stone [Sto36]
representation results state that any Boolean algebra is isomorphic to an algebra
of sets and, more generally, that a distributive lattice is lattice isomorphic to a
lattice of sets. Stone [Sto37] and Birkhoff [Bir33] made these characterisations
more explicit by considering prime ideals. (For a definition of prime ideals see
Appendix 1.} In the case of a finite distributive lattice L, Birkhoff ordered the
set of prime ideals 7L with set inclusion, and showed that L is lattice isomorphic
to the lattice of lower sets of (ZL, C). In the case of a Boolean algebra L, Stone
topologised the set of prime ideals ZL with a so-called Boolean space topology
Q71, (having as basis the collection {X, | a € B} where X, = {X € IB | a € X}
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for a € B), and showed that B is isomorphic to the algebra of clopen sets of the
Boolean space (IL,971). Combining these two ideas, Priestley [Pri70] presented
a representation result for bounded distributive lattice which emphasises both
the order and the topology of the set of prime ideals of a bounded distributive
lattice.

Before defining a Priestley space, I provide some facts some about ordered topo-
logical spaces that are directly relevant to Priestley spaces and Priestley duality.
(For definitions about ordered sets and topology not given here refer to Appen-
dices 1 and 2.) An ordered topological space consists of a non-empty set X, a
topology 7 and a partial order <. In general, the order is not the specialisation
order of 7. Any topological space (X, ) can be regarded as au ordered topo-
logical space under the discrete (partial) ordering (z < y iff » = y); and any
poset (X, <) can be regarded as an ordered topological space under the discrete
topology (7 = P(X)). Let (X, <,7) be an ordered topological space. A subset
A C X is a clopen upper set if it is both a clopen set and an upper set. Dually,
a subset 4 € X is a clopen lower set if it is both a clopen set and a lower set.
Clopen upper sets and clopen lower sets are related by set-theoretic complement
(since upper and lower sets are set-theoretic complements and the complement
of a clopen set is a clopen set). Any ordered topological space has at least two
clopen upper and clopen lower sets — narnely the empty set and the full space
X. A sufficient condition for the existence of other clopen upper and clopen
lower sets is a notion of disconnectedness for ordered topological spaces. In par-
ticular, an ordered topological space (X, <, 1) is totally order disconnected with
respect to < if for any two distinct elements z,y € X with = € y, there exists
a clopen upper set containing y and not z and a clopen lower set containing =
and not y. (This implies the Hausdorff separation property given in Appendix
2.)

A Priestley space is defined as follows ([Gol89, DaP90, CLP91]):

1.5.1 Definition A Priestley space is an ordered topological space (X, <, 1)
where:

(a) (X, <) is a poset, and

(b) (X, <,7) is a compact, totally order-disconnected space.

A Boolean space can be regarded as a Priestley space under the discrete order;
the lattice of clopen upper sets of a distributive lattice with the discrete topology
is a Priestley space. Domains can also be topologised to form Priestley spaces
(see (e.g.) [Pri%4a, Pri94b] and Chapter 2 of this thesis.)

A Priestley space morphism is an order-preserving homeomorphism between
Priestley spaces. Priestley spaces (X, <x,7x) and (Y, <y,7y) are ‘essentially
the same’ if there exists a map 9 from X onto Y which is simultaneously an
order-isomorphism and a homeomorphism. I shall call such a map an order-
homeomorphism and say that (X, <x,7x) and (Y, <y, 7y) are order-homeomorphic.
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A more useful form of (b) uses the universal inverse image operation defined by:
RV = (R:a(V)) = {z € X | R(zx) CV}.

for any clopen upper set V € U4 X. Then,

(b)Y universal inverse images of clopen upper sets are clopen upper sets [i.e. for
every clopen upper set V. C X, RV is a clopen upper set in X/,

Denote the class of Priestley spaces with opposite Priestley relations by
Pspace+opR. Denote the class of bhounded distributive lattices with meet ho-
momorphisms by Dlat+M. Priestley/Cignoli’s duality can now be restated as a
duality between Dlat+M and Pspace+opR.

Let (L,V,A,0,1) be a bounded distributive lattice. Then given a meet homo-
morphism g : L — L, define a relation Fg € FL x FL by:

Fo={PQ)eFM xFL[g7(P)CQ}.

This relation can be shown to be an opposite Priestley relation by invoking
Theorem 1. 6. 2 as follows: take a bounded distributive lattice with meet ho-
momorphisms, reverse the order on the lattice to obtain a bounded distributive
lattice with join homomorphisms, apply Theorem 1.6.2 to obtain a Priestley
space with Priestley relations, and then reverse the order on the Priestley space
to obtain a Priestley space with opposite Priestley relations.

1.6.7 Theorem For every bounded distributive lattice with meet homomor-
phisms ((L,V,A,0,1), M), the prime filter space (FL,C,Qrp) with re-
lations Fq, one for each g € M, is a Priestley space with opposite
Priestley relations. O

Let (X, <,7) be a Priestley space. Then given an opposite Priestley relation

R C X x X, define a mapping YR : U(X) — U{X) by:
UR(V):=RwV ={z € X | R(z) CV}

for any clopen upper set V € ¢ (X). This mapping can be shown to be a meet
homomorphism by invoking Theorem 1. 6. 3 as follows: take a Priestley space
with opposite Priestley relations, reverse the order on the Priestley space to
obtain a Priestley space with Priestley relations apply Theorem 1. 6. 3 to obtain
a bounded distributive lattice with join homomorphisms, and then reverse the
order on the lattice to obtain a bounded distributive lattice with meet homo-
morphisms.

1.6.8 Theorem For every Priestley space with opposite Priestley relations
((X,<,7),R), the lattice of clopen upper sets (UX,C) with mappings
UR, one for each R € R, is a bounded distributive lattice with meet
homomorphisms., O
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Chapter 2

Relational Semantics and
Predicate Transformer

Semantics

In this Chapter I put forward the idea that the notion of a relational Priest-
ley space (from Section 1.3) provides a suitable relational model of program
semantics. [ exhibit an example of a Priestley space with programs, namely the
universal domain 7% [Plo78] topologised with the Scott topology and its dual.
Using this example I advance three arguments in favour of using a Priestley
space as a state space. First, a Priestley space provides a setting in which the
logical and information-theoretic aspects of a state space can be appreciated.
Second, natural topological characterisations of computational concepts such as
observability, nondeterminism, termination, and predicate transformers can be
obtained. Third, considering Dijkstra’s [Dij76] ideas in the context of a Priest-
ley space gives rise to natural relational counterparts of healthiness conditions
imposed on predicate transformers.

2.1 A domain of states

Let Var = {vy,va,v3,...} be a denumerable set of program variables. For the
purposes of this Chapter [ assume that all the variables are of type Bool. I do not
assume that the value of every variable is known. (For example, in a distributed
system it would be unrealistic to assume that the value of every variable is known
at every point in time.) If the value of a variable is known, then the variable
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where [p = {1 2 0|v; € P.} and Iy = {1 20| v; € N;}.
Therefore, (State, C) is an w-algebraic cpo, and hence a domain. O

What role do the atomic states play? There are enough atomic states to distin-
guish between distinct states. The following sequence of lemmas shows how a
state can be constructed abstractly from its atomic approximations.

A (finite) state x is called a (finite) approzimation of a state y iff £ y. The
set of all states of which z is a (finite) approximation, denoted T{z}, is the set
{y € State | r C y}; this is an upper set (with respect to £). The set-theoretical
complement of T{r}, denoted T{z}, is a lower set (with respect to ). For any
set X C State, TX is the set of states of which some £ € X is an approximation

(that is, T.X = ULey T{z}).

Any two atomic states (with distinct information contents) determine a state in
State®.

2.1.7 Theorem For distinct a,b € Atom, if I, # Iy then there is some © €
State® such that T{a} NT{b} = T{a}. If [, = 1) then T{a} N T{b} =0.

Proof: Take any «,b € Atom. First, suppose [, # [,. Let x € State’

with P, = P, U P, and N, = N, U /N,. Then x € State® since [, and I,

are singletons. Now y € T{a}NT{b} iffaCyand bCT yiff LLUR, C P,

and N, UN, C N, iff y € T{z}. Second, suppose I, = [,. Then either
Po=N, = {v}or P, =N, = {v} for some v € Var. | n either case
el T(6) = fy [ Sy and bE 3} = o 5(0) = Land y(2) =0] =
. 0

In general, any set of atomic states {with distinct information contents) deter-
mines a state in State. That is, for any finite A C Atom, if I, # I, for every pair
a,b € A then there is some x € State” such that N,cq T{a} = T{z}. Otherwise
MNeeca T{a} = 0. For any non-finite A C Atom, if 1, # [, for every pair a,b € A
then there is some z € State — State” such that M,c4 T{a} = T{z}. Otherwise
ﬂaeA T{(l} - @

On the other hand, any (finite) state is (finitarily) determined by its atomic
approximations in the sense that: for any = € State,

P, = U{Pa | a € Atom and e C z} and N, = U{Na | @ € Atom and a C z}.

(If z is a finite state then these unions are finite.)

2.1.8 Theorem For every x € State, T{z} =N{7{a} | a € Atom and a C 2}.
Proof: Take any z € State. Let A = {a € Atom | a C z}. Suppose
y € T{z}. Then z C vy, but for every a € A, a = z by transitivity of C.
Thus y € ({T{e} | a € A}. Conversely, suppose y € N{T{a} | a € A}.
Then for every a € A, a T y and in particular, z £ y since z € A.
Thus y € T{z}. Therefore T{z} =N{7{a} |a € Atomand a C z}. O
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The role of the atomic and finite states of State will be formalised in Section 3.1
by the notion of Scott information system (Definition 1. 4. 1).

2.2 A Priestley space of states

[n this Section I topologise the domain (State, ) to form a Priestley space. |
define three topologies on (State, ). Namely:

(a) a topology generated from a subbase of principal upper sets T{a}
(a € Atom};

(b) atopology generated from a subbase of (set-theoretic) complements of prin-
cipal upper sets T{a} (a € Atom); and

(c) atopology generated from a subbase of the sets T{a} and their complements

T{a} (a € Atom).

Then I show that (State, ) with the third topology forms a Priestley space.
The first topology is the Scott topology on the domain (State, C) ; the second
is the dual of the Scolt topology; and the third topology is the patch topology of
the Scott topology and its dual. (More general definitions of these topologies
can be found in (e.g) [Law87, Smy92].) For any domain with the Scott topology,
the Lawson topology coincides with the patch of the Scott topology [GHKS80]
([Smy92] Ex 7.7.8(8)). Therefore the construction used here is a special case of
the general construction of a Priestley space from a domain using the Lawson
topology given in (e.g.) [Pri85, Pri94a, Pri94b].

First, let S, = {T{a} | « € Atom} and define B, to be the collection of all fi-
nite intersections of members of §,, together with the set {(.L, L,...)} — that is,
B, = {1{z} | = € State’} U {(L,L,...)} (by Lemma 2.1.7 and since
{(L,L,..)}NnT{a} = B for all « € Atom). Then B, is closed under finite

intersections, and hence:

2.2.1 Lemma B, is a base for a topology on (State, C) .
Proof: I check the two conditions for a set to be a base for a topology:

(1) For every z € State — {(L,L,...)}, there is some a € Atom such
that ¢ © z; s0 2 € U,catom T{a}; hence State —{(L, L,...)} C
UscAtom T{a}. Trivially the reverse inclusion holds. Thus State

“{U-a L,.. )} - UaeAtom T{a}, and hence State = UaeAtom T{a} U
{(.L? .J_, < )}, that iS, State = UbEBu b.

(it) Take any By, By € B, with z € BiNB;. Without loss of generality I
can assume By = T{b} and B, = 7{b;} for some by, b, € Atom (by
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Theorem2. 1.7 and since T{a}N{({L, L,...)} = for all a € Atom).
Then By N By € B, (by Theorem2. 1.7). Therefore, there is some
B; € B,, namely By N By such that z € Bs C By N B;.

By (i) and (ii), By is a base. O

The family B, is not itself closed under unions, and hence is not itself a topology
on (State, C). (For example, let @ = (1,1,...) and b = {L,1,...). Then
HayuT{b} = {z | z(v\) = 1 or z(vz) = 1} # T{c} for any ¢ € State”.} Let 7,
be the collection of all unions of members of B, — that is,

m, = {TX | X CState’} U {(TX U {(L, L,...}} | X C State’}

since by definition T.X' = U,ey T{z}. Then 7, is a topology on (State, C) which
I call the upper topology since it is generated from upper sets. Elements of 7,
are open upper sets. By definition, 7, is the Scott topology on {State, ) and
its specialisation order is C.

Second, let S§; = {T{a} | a € Atom} and define B; to be the collection of all finite
intersections of members of S; — that is, By = {TA | finite A C Atom} since for
A={a,...a,} CAtom, e} ..NMan} = TH{ar} U...UT{a.} = TA. Then

B, is closed under finite intersections, and hence:

2.2.2 Lemma B, is a base for a topology on {State, L) .

Proof: 1 check the two conditions for a set to be a base for a topology:

(i) For any a,b € Atom with I, = , (a # b), T{a} N T{b} = 0; so State
=0 =T{a}NnT{b} = T{a} UT{b}. Hence State = Uy, b.

(i1) Take any By, By € By with z € B; N B,. Without loss of generality
I can assume By = T{b} and B, iT{lg}_for some by, b; € Atom
(since for all finite A, B C Atom, TANTB = T{a;} N ... N T{e.}
where ay,...,a, € AU B). Then By N B, € B;. Therefore, there is
some B3 € By, namely By N B,, such that z € B C By N Bs.

By (i) and (ii), B, is a base. O

The family B; is not itself closed under unions, and hence is not itself a topology
on (State, C) . (For example, let « = (1, L,...) and b = (0, L,...). Then
Ha} UT{b} = {z | z(v)) # 1 or z(v;) # 0} # TA for any finite A C Atom.)
Let 7 be the collection of all unions of members of B;. Then 7; is a topology on
(State, C) which I call the lower topology since it is generated from lower sets.
Elements of 7, are open lower sets.

Third, let § = 8§, U S;, and define B to be the collection of finite intersections
of sets of the form T{a} N T{b} (a,b € Atom) and all finite intersections of sets
of the form T{b} (b € Atom). Then

B = {TB | finite B C Atom} U {T{z} NTE | z € State®, finite B C Atom}
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properties for which it is not always the case that their absence can be estab-
lished by inspection of some finite number of variables. For example, that two
successive variables have value 0. Such properties are simply not refutable. Then
any property which is either not verifiable or not refutable is not observable.

For examples of these notions [ consider properties of states in State. I present

these properties in a table to reflect the relationships between them.

" Verifiable not refutable

Observable

Refutable not verifiable

some variable v has value 1

{fixed) variable v has valne 1

every variable v has value |

some variable v is known

{fixed) variable v is known

every variable v is known

at least three distinet
variables have value |

at least the first three
variables have value 1

at most three distinct
variables have value 1

some variables v; and viq
have different values

variables v; and v;4;
have different values

all variables v; and v;4,
have different values

It is an elementary exercise to check that the properties are indeed examples
of the notions as indicated. For example, suppose a state & has the property
‘every variable v has value 1’. This property is refutable since to establish its
absence from a state, at least one variable with value not equal to one must
be found. Once this variable has been found only finitely many variables will
have been inspected; so the property is refutable. It is not verifiable since to
establish 1ts presence in a state denumerably many variables must be inspected.
Suppose a state z has the property ‘at least three distinct variables have value
1. Once three distinct variables have been found with value 1, only finitely
many variables will have been inspected; so the property is verifiable. It is not
refutable since to establish its absence from a state it must be checked that at
most two variables have value 1, and hence the value of every variable would
need to be inspected.

The form of these examples suggests the existence of some basic observable prop-
erties from which other properties can be formed using (logical) conjunctions
(that is, universal quantification) and disjunctions (that is, existential quantifi-
cation).

For conjunctions, suppose P is an infinite conjunction of observable properties.
If a state x has property P then every conjunct in P is true in z. So establishing
the presence of P in z would involve establishing the presence of every single
conjunct in z. For each conjunct we need only check a finite number of variables,
but repeating this for each conjunct in P would involve inspecting an infinite
number of variables. In practice this can never be done. Hence property P is
not verifiable. (Note that if P is a finite conjunction of observable properties,
then the presence can be established and hence P is verifiable.) If a state z does
not have the property P then at least one conjunct in P does not hold in z.
Once this conjunct has been found, we will have considered a finite number of
conjuncts in P, and for each of these conjuncts we will have inspected a finite
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The observable properties constitute a base for the topology of verifiable prop-
erties. Therefore to establish that the collection of verifiable properties is the
whole topology, it suffices to characterise the observable properties, as done for
example in the case study (State, T, Tgyate) -

In conclusion, I compare these interpretations of open, closed and clopen sets
with those given in Smyth [Smy92]. Smyth introduces the notion of finitely
observable property ([Smy92], p 713) to describe open sets.

On my understanding, a property is Smyth finitely observable ([Smy92], p 642)
if whenever the property is present in a state this fact can be established by
considering some finite approximation of the state under consideration. If it is
known in advance, where the finite approximation can be found, then the prop-
erty is called Smyth boundedly observable ([Smy92], p 713). Comparing these
notions with the notions of verifiability, refutability and observability, we see
that the only difference lies in the formulation, not in the intuition. Specifically,
for any state. any finite approximation of it describes some finite information
about it in terms of a finite number of variables. Therefore, the phrase “finite
approximation’ is another way of saying a ‘finite number of variables’, and hence:

o A p‘xf"bpev"ty is verifiable off it is Smyth finitely observable.

o A property is observable iff it is Smyth boundedly observable.

My interpretation of the topology of a Priestley space coincides with Smyth’s
interpretation of a topological space with a clopen base since every Smyth
finitely observable property is a disjunction of boundedly observable properties
([Smy92], p 713).

2.4 Upper sets as positive properties

In this Section I interpret upper and lower sets as positive and negative properties
of states. I introduce these interpretations by considering the distinguishing
features of upper and lower sets of the Priestley space (State, T, 7g,ie) and
of Priestley spaces, in general. Combining these interpretations with those of
Section 3, I show that the upper topology of a Priestley space presents all positive
properties about states and the lower topology presents all negative properties.
Based on these interpretations of the subsets of a Priestley space, I put forward
the idea that a Priestley space can be viewed as a state space.

For an informal introduction to the notions of positive and negative properties,
consider the state space (State, C). A state z € State encodes a certain amount
of information about program variables, namely the values of variables known
in z. This information is present in those states which encode at least the
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information encoded by z, but it is not present in those states which encode less
information than z and/or different information from x. Therefore, by Definition
2.1.2 of the ordering T, the upper set T{z} is the set of states in which the
information encoded by z is definitely present; while the lower set T{z} is the set
of states in which the information encoded by xz is definitely not present. This
idea can be extended to sets of states. For any set X C State, TX = [U,cx T{z}.
Therefore, TX is the set of all states in which the information encoded by some
state in X is definitely present. Dually, the lower set TX is the set of all states
in which the information encoded by every state in X is definitely not present.

In general, the distinguishing feature of upper sets (as properties of states) is
that they are information-preserving, because if a state has such a property,
then so does any state with more information. In addition there is the idea
that a certain amount of information is definitely present. | call a property
with these features, a positive property. On the other hand, lower sets have the
distinguishing feature that they preserve lack of information, because if a state
has such a property, then so does any state with less information. In addition
there is the idea that a certain amount of information is definitely not present.
[ call a property with these features, a negative property.

Compare this explanation with that of Smyth {[Smy92] p 733). According to
Smyth, a positive property has the feature that, once it is true in a state then
it is true in all states with more information. On the other hand, a negative
property is such that once it is false in a state then it is false in all states with less
information. This 1s another way of saying that upper sets can be interpreted
as positive properties, and lower sets as negative properties.

Note that I am using ‘positive’ in two different ways in this thesis: ‘positive’ in-
formation content, as in a state (Section 2.1), and ‘positive’ property, as a set of
states (here). In Section 2.1 I viewed the set {v | s(v) = 1} as conveying positive
information about the state s and the set {v | s(v) = 0} as conveying negative
information. Here [ equate information with positive and negative information,
and contrast the presence of information with the lack of information. I leave
open the question of whether these notions have a connection with the notion
of positive formula in propositional logic. (Recall (from (e.g.) [Kei77]) that a
propositional formula is positive if it can be constructed from unnegated propo-
sitional variables using only conjunction and disjunction.}) The representation,
in Section 3.1, of states in State as propositional theories suggests that the use
of ‘positive’ in Section 2.1 is consistent with the classical one.

Combine the interpretations of upper and lower sets with those of open, closed
and clopen sets from Section 2.3. Then the upper topology of a Priestley space
has a base of clopen upper sets of the Priestley space (Section 1.2) and there-
fore presents positive properties about states. In particular, open, closed and
clopen upper sets can be interpreted as verifiable, refutable and observable pos-
itive properties. Dually, the lower topology of a Priestley space has a base of
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properties of states (defined in Sections 2.3 and 2.4) and thereby determine the
kinds of properties that can be used to describe the output of programs. These
properties will be used in Section 2.6 to describe the input-output behaviour of
programs in terms of mappings between properties of states. These mappings,
when viewed as power operations of binary relations (in the sense of Section
1.2), give rise to a natural relational representation of programs.

I require a slightly extended view of initial and final states of programs than that
given in Section 1.1. A final state for a program «a is taken to be any state in
which at least the variables manipulated in the program are known with values
as produced by the program; the states with more information than produced by
the program can be viewed as final states for the program when executed as part
of a larger program — the other values being the values of the global variables
of the larger program, not changed in «. An initial state for a program « is
taken to be any state in which at least the variables used but not initialised in
the program are kunown; the states with more information than required by the
program can be viewed as initial states for the program wlhen executed as part
of a larger program — the other values being the values of the global variables
of the larger program not used in a. I refer to a final state ¢ produced by a
program from a given initial state s as an actual final state if 1 does not contain
more information than can be produced by the program from the information
provided by s. Recall {from Chapter 1) that a program is nondeterministic
from a given initial state if more than one final state is possible from that state.
Therefore, the set of final states of a program from an initial state is identified
with the upper set generated by the set of actual final states of the program
from that initial state. [ will denote the set of final states of a program & from
a state s by a(s).

In line with the approach of the previous sections I start with an informal intro-
duction to the topological characterisations of sets of final states in
(State, T, 7gate) Of programs. Then a(s) = [T where T C State is the set
of actual final states of « from s. In particular, if « is finitely nondeterministic
from s then T is a finite subset of State; if o is unboundedly nondeterministic
from s then T is an infinite subset of State; if « is terminating from s then
T C State®; if o is nonterminating from s then 7' € State’; and if  aborts from
s then a(s) = State (since (L, L,...) € a(s)).

[ now determine the sets of final states in (State, C, 7,10 ) for programs written
in Dijkstra’s guarded command language. (For the syntax of this language refer
to Section 1.2.)

2.5.1 Example Consider a finitely nondeterministic, terminating program
a?

a:ifvy=v,— skip | (11 #0Av#0) —v, =01

The program a always terminates cleanly from states in which (at
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At the end of this section, I shall show that this characterisation can indeed be
used for unboundedly nondeterministic programs. However the next example
shows that it does not cover nonterminating programs.

2.5.3 Example Consider the deterministic program /3
Bii:=1;doi>0— (vii=1;viy :=0;2:=1+2) od

Any state is a possible initial state for g, but / is guaranteed never
to terminate. If given enough time § would terminate with an infinite
alternating sequence of 0’s and 1's. If we interrupt execution of f# from
state (L, L....) after (say) n iterations of the loop we will obtain an
approximation to this sequence — a sequence

tn=(1,0,1,0,...,1,0,L,...)

where the first n + | entries are arranged in an alternating sequence
of 0’s and 1's, and v, 44, Vnya, ... are all unknown. The set T{t,} then
includes the approximations obtained when 7 is started from any other
state and is interrupted after n iterations of the loop. But o T{t.}
is the state representing the required infinite sequence of 0’s and 1’s.
That is, for every state s, F(s) = (5o T{tn} which is a closed upper
set.

An alternative characterisation of the set of final states of a program « is:

¥s € State «{s) is a closed upper set.

These examples suggest that the topological structure of the set of final states
of a program from a state s € State depends not only on the nondeterminism of
the program but also on its terminating behaviour.

In general, suppose the state space is a Priestley space (X, <, 7). Take a program
a and a state s describing the least amount of information required by the
program.

Suppose « is finitely nondeterministic and terminating from s. Then there are
finitely many final states of a from s, and in each of these the values of finitely
many program variables are known. Checking that a state ¢ is a final state of
a from s, involves finding a state in a(s) in which the values of variables are
the same as in ¢. Once this state has been found, a finite number of states, and
hence a finite number of variables, will have been inspected. Checking that a
state is not a final state of « from s involves finding a state in a(s) which differs
from ¢ in the value of at least one variable. Hence the output of o from s can
be described by an observable property.

Suppose « is an unboundedly nondeterministic and terminating program from
5. Then there are infinitely many final states of & from s, and in each the value
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Note that these characterisations are relative to a state s. I call a program
finitely nondeterministic if it is finitely nondeterministic from every state, ter-
minating if it is terminating from every state, unboundedly nondeterministic if
it 1s unboundedly nondeterministic from some state, and nonterminating if it
is nonterminating from some state. Then the output of finitely nondeterminis-
tic. terminating programs can be described by observable positive properties, the
output of unboundedly nondeterministic, terminating programs can be described
by verifiable positive properties. and the output of nonterminating programs by
refutable positive properties. Note that [ am assuming that the behaviour of a
program is known in advauce since determining this is an undecidable question.

2.6 Programs as mappings between observable
positive properties

In this Section I introduce three notions of predicate transformers: wverifiable.
refutable and observable predicate transformers. I link up the representations of
programs given here with Dijkstra’s predicate transformers [Dij75, Dij76] out-
lined in Section 1.2. Applying the view of Section 1.2, that predicate transform-
ers are power operations of programs-as-relations, [ obtain a natural relational
representation of programs over Priestley spaces. Then invoking the techniques
of Priestley duality (of Sections 1.5 and 1.6) I derive a corresponding algebraic
presentation of program semantics.

Suppose the state space is a Priestley space (X, <, 7). Let U X denote the clopen
upper subsets of (X, <,7), OX the open upper subsets, and CX the closed upper
subsets. I define three notions of predicate transformer as follows:

2.6.1 Definmition For a program «,

(a) a verifiable predicate transformer is a mapping
vp(e, =) : OX — OX between open upper sets;

(b) a refutable predicate transformer is a mapping
rp{a, —) 1 CX — CX between closed upper sets; and

(ca) an observable predicate transformer is a mapping
op(a, —) 1 UX — UX between clopen upper sets.

Properties of these predicate transformers arise from the closure conditions of the
sets on which they are defined, and from the terminating and nondeterministic
behaviour captured by these sets (viewed as properties of states). I use the
terminology (for predicate transformers) introduced in Section 1.2 to describe
these properties.
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OPT the set of observable predicate transformers f : YU — UU. The clopen
upper subsets of the Priestley space (U, <4,7.) are the finite subsets of §, the
set [/ and the cofinite subsets of U containing L. Then:

2.6.2 Theorem WP, is order-isomorphic to OPT.
Proof: Define a mapping p : WP; — OPT by:

wtupta, (@) = { @) 12 €S

for Q € UU. Define a mapping n : OPT — WPy by #(/)(Q) = f(Q)
for ) € P;(S). These mappings are well defined. Then for @ € P((S),
pon( Q) = p(F(Q)) = FIQ) and op(wp(c, ~))(@) = nlwpie, Q)) =
wpla, @). Therefore WP, and OPT are order-isomorphic. O

Let WP, denote the set of Dijkstra and Scholten’s [DiS90] weakest precondition
mappings wp(e, =) + P(S) — P(S), and VPT the set of verifiable predicate
transformers f : QU — QU. The open upper subsets of the Priestley space
(U, <4, 74) are the subsets of S, the set U and the cofinite subsets of I/ containing
L. Then the mappings in Theorem 2. 6. 2 define an order-isomorphism between
WP, and VPT if the restriction to finite subsets of & is removed in the definition
of . Thus:

2.6.3 Theorem WP, is order-isomorphic to VPT. O

Let WLP denote the set of weakest liberal precondition mappings
wip{a, =)+ P(U)y — P(U)y, and RPT the set of refutable predicate trans-
formers f : CU — CU. The closed upper sets of (U, <4, 7)) are subsets of U
containing L, the finite subsets of § and the set /. Then:

2.6.4 Theorem WLP is order-isomorphic to RPT.
Proof: Define a mapping yu : WLP — RPT by:

[ ulp(e,QU{LY) it QP(S)
p(wlple, =))(Q) = { wgg(a,Q) if Qe pEUh

Define a mapping 7 : RPT— WLP by n(f)(Q) = f(Q) for Q@ € P(U),.
These mappings are well defined. Then for @ € P(U) L, pon(f) Q) =

)
#(f(Q)) = /(Q) and 7 0 p(wip(a, —))(Q) = n(wip(e, Q)) = wip(e, Q).
Therefore WLP and RPT are order-isomorphic. O

To introduce the relational and algebraic presentations of program semantics,
I consider observable predicate transformers for two reasons. First, observ-
able predicate transformers can be viewed as power operations of programs-as-
opposite-Priestley-relations (Theorem 1. 6.8). Second, clopen upper sets form
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On the other hand,

2.6.6 Theorem FEvery program Priestley space can be represented as the pro-

gram Priestley space of some Priestley predicate transformer lattice.
£

Therefore, applying the techniques of Priestley duality, I have established that
the relational and algebraic presentations of program semantics based on Priest-
ley spaces mutually characterise each other, and hence have verified the arrow
between relational semantics and predicate transformer semantics in the pro-
gram semantics triangle (on p 6).
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Chapter 3

Information Systems

The purpose of this Chapter is to provide a logical presentation of program
semantics related to the relational presentation based on Priestley spaces, and
related to the algebraic presentation based on bounded distributive lattices.
That is, it deals with the top left-hand corner of the program semantics triangle
(in Sections 3.1, 3.2, 3.3), the arrow between information systems and relational
semantics (in Section 3.4), and the arrow between information systems and
predicate transformer semantics (in Section 3.5). Priestley duality, in particular
the part showing how a Priestley space can be recovered from its clopen upper
sets, lies at the heart of this Chapter.

3.1 Finite states viewed as an information sys-

tem

In this Section I show how the finite states of the Priestley space
(State, T, T4ate) can be viewed as a Scott information system (Definition1. 4. 1)
from which the domain (State, C) can be constructed. For this I found it useful
to represent a state in State as a propositional theory describing the values of
variables known in the state, rather than as an infinite three-valued vector (as in
Section 2.1). (A similar representation is used in [BrG95] for finite and infinite
Boolean valuations.)

Consider a propositional language £ built up as a free algebra from the denumer-
ably infinite set Var of program variables using the classical logical connectives
A (‘and’), V (‘or’} and = (‘not’). I refer to a variable with or without a nega-
tion sign as a literal. By a theory I mean any set of propositional formulae, not
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states, A is the least informative proposition representing the state
(L, L,...), Con is the set of finite consistent sets of literals representing
finite states, and F is logical implication between theories representing
the ordering .

Then for any uy,us, vy, v;, w* € Con:

(a) O F {A} since there is no finite state a such that « & (L, L,...).

(b) If u* F v* then v* Uv* = u* so v* Uv* € Con.
(c) By reflexivity of &, v = u”.
(d)

)

(e) Suppose u; 2 uy and uj v} and v 2 v}. Then

By transitivity of C, w™ F v™ and v™ F w* imply v w*.

wy Uwos = (u] Uud) U (vy Noj)
= (uf Uus Uiy N (u] UulUwvs)
= (u} Uu3) N (u3 U vj)
= {u; N (uyUvy)
= U
So ujy b 3.

(f) Suppose uj F vy and uj = v}, Then vjU(viUvy) = (ujUv])Uv; =
uy Uws = uj. Thus ul F (v Uv)).

Thus (D, A, Con,F) is a Scott information system, and hence
(Atom, (L, L,...),State’,C) can be regarded as a Scott information
system. O

I now show how the domain (State, C) can be constructed from the informa-
tion system (Atom, (L, L, ...),State’, C) invoking again the representations of
states as propositional theories. By Definition 1. 4. 2, an element of the Scott
information system (D, A, Con, ) is of the form

= = U{Tku" | v* € Con and u* C z}
where Tru* = {d € D |v* I {d}}.

3.1.3 Theorem (State, L) is the information domain determined by

(Atom, (L, L,...),State’, C).

Proof: For this [ show that states in State correspond to elements of the
information domain determined by the information system
(D,A,Con, k). Take any state z € State. Then P, = U{F, | ¢ €
Atom and ¢ © 2z} and N, = J{N, | ¢ € Atom and « C z}. That is, in
terms of propositional theories, z; = {}{a} | « € Atom and a € z} and
zh = {ak | a € Atom and a C z}. Thus

"=\ ){a"|a" € Dand a C z},
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property x. This entailment relation is a preorder not a partial order which sim-
ply means that properties satisfied by the same states are not identified. That
is, as in any logical context we are concerned not only with ‘what properties we
can express’ but also with ‘how we can say them’. Therefore Priestley informa-
tion systems provide a reasonable logical presentation of Priestley spaces and
capture a notion of information about states.

By Priestley duality, a Priestley space can be constructed from a bounded dis-
tributive lattice using prime filters. Therefore, to define a Priestley space {rom
a Priestley information system, I introduce a notion of staie of a Priestley infor-
mation system as a syntactic version of the notion of prime filter of a bounded
distributive lattice.

3.2.5 Definition Let (H,;F, AV, L, T) be a Priestley information system.
Then a non-empty subset S C H is called a state iff for 2,y € H,

{a) z € S and =z F y then y € S (upclosed with respect to F);
(b) z,y € S implies (32 € S)[z F z,y] (directed with respect to F);
{¢c) zVy € S5 implies (32 € S)[zF z or z - y] (primeness)

Compare this with the notion of ideal of an ordered set (defined in (e.g.) ([DaP90]
Ex 3.19)). An ideal [ of an ordered set (X, <) is a directed downclosed set (with
respect to <), thatis, 2z € Jandy < z imply y € [, and 2,y € [ impliesz,y < z
for some = € [. Then the conditions 3. 2.5(a) and (b) are ‘opposite’ to these
conditions.

Let SH denote the set of all states of a Priestley information system
(H,F,A,V, L, T). States can be partially ordered by (set) inclusion with ‘5§ € 77
intuitively read as ‘every observable positive property true of S is also true of
T°. The poset (S§H,C) can be topologised in the same way as the set of prime
filters of a bounded distributive lattice is topologised in Section 1.5. For each
z € H, define
pu(z)={5€ SH |z € S}.

Let § = {pu(z) |z € HYU{SH — py(z) | z € H}. Topologise (SH, <) with
a topology {lsy having S as subbasis. Then (SH,C,{sy) is the information
space associated with (H,F, A, v, L, T).

3.2.6 Theorem Let (H,F,A,V, L, T) be a Priestley information system. Then
the information space (SH,C,Qsy) is a Priestley space.
Proof: The topology sy is the subspace topology on SH of the
topology 7y on PH which has a subbasis consisting of sets of the form

Us={S€eH|zeS}and U, ={SeH|z ¢S}

for z € H. This topology 7y is compact ([DaP90] Ex 10.20). Now to
show compactness of (SH, sy ) I show that SH is a closed in P(H).
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Take Y € P(H)—SH. Then there are some A, B C H suchthat ACY
and A Band BCY. Let C = AUBandU ={V |VNC=YNC}
then ¢ is ty-clopen and Y € U & SH. Therefore SH is a closed
subset of PH, and hence (SH,{lsy) is a compact space. For total
order-disconnectedness, suppose X & Y for some X,V € SH. Take
€ Hsuchthat z € X Y. Let U ={VC H |z €V} ThenUNSH
is a clopen upper subset of (SH,C,Qsy) with X € U and YV ¢ U.
Therefore (SH, C Qsy) is a Priestley space. ]

Therefore, the construction of a Priestley space from a Priestley information
system is similar to that (given in Section 1.4) of a Scott domain from a Scott
information system. The exact relationship can be summarised as follows:

+ base set
Priestley Isystem F14.1(c) Scott Isystem

uppers space domain | | elements

+ Lawson topology
Priestley space Scott Domain

clopen I Llnformation Information

l compact

The next step is to find a representation of programs over Priestley information
systems related to the relational and algebraic representations given in §2.6.

3.3 Programs as relations between observable
positive properties

In this Section I introduce a notion of Priestley information-respecting relation
over Priestley information systems as a generalisation of the notion of Scott
approximable mapping ([Sco82] Definition 5.1) over Scott information systems.
I compare this representation with Hoare’s [Hoa69] representation of programs
as Hoare triples ([JaG85]).

3.3.1 Definition Let (H,F,A,V, L, T) be a Priestley information system. A
relation R C H x H is called a Priestley information-respecting relation
if for all w,v,u/,v' € H:

(a) LRL and TRT

(b) if u'F v and uRv then u'Rv
(¢) uRv and v F ' then uRY’

(d) uRv and v'Rv then (uV v')Rv
(e) uRv and uRv' then uR(v A v').
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Since a Priestley information system is a collection of observable positive prop-
erties, Priestley information-respecting relations are binary relations between
observable positive properties. Intuitively, the relationship vRv can be read as
“if (at least) property u holds of the input to R then (at least) property v will
hold of the output’. Condition (a) can be read as saying ‘if no information is
provided about the input to R, no information can be provided about the out-
put’. Condition (b) can be read as saying ‘for a given property about the output
to R the property about the corresponding input can be strengthened to a more
precise description of the input to R’. On the other hand, condition (c) can be
read as saying ‘for a given property about the input to R, the property about
the corresponding output can be weakened to include a description of all pos-
sible outputs’. Condition (d) captures the idea that different inputs may yield
the same output; while condition (e) captures the idea that from a fixed input
different consistent outputs may be possible (that is, nondeterminism).

Compare this representation to Hoare’s [Hoa69] approach to program semantics
(usually called Hoare logic). In Hoare logic the input-output behaviour of a pro-
gram o is described by triples of the form P{a}@, where P is a precondition and
(} is a postcondition for a. The idea is that if the property P holds when the
program « begins, then the property ) holds if and when o terminates. There
is an established connection between Hoare triples and precondition predicate
transformers. Namely, for any program «, P{a}@ iff P C f,(Q) where f, is
a precondition predicate transformer for program « ([Gri81]). The collection of
precondition-postconditions pairs (P, )) related by « in this way can be viewed
as a binary relation between preconditions and postconditions of o which can be
used to represent the program. Then reformulating the axioms and deduction
rules constituting the calculus for Hoare logic [ obtain the conditions on Priest-
ley information-respecting relations. For example, Hoare’s ([Hoa69] p 578) rules
of consequence written as:

HEQDPandF P{a}R then F Q{a}R

if - P{a}R and - R D S then  P{a}S,

where P, @ are preconditions and £, 5 are postconditions for & become respec-
tively conditions 3. 3. 1(b) and (c¢). (These are conditions have also been called
the law of precondition strengthening and the law of postcondition weakening (in
(e.g.) [Par81]).) Therefore, Priestley information-respecting relations are rela-
tional counterparts of Hoare triples, and hence Priestley information systems
with Priestley information-respecting relations provide a reasonable logical pre-
sentation of program semantics.

Having dealt with the top left-hand corner of the program semantics triangle
the next step is to relate this presentation to the algebraic and the relational
presentations of Section 2.6.
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Given a meet homomorphism f: L — L, define a relation Zf € L x L by:
(w,v) e ITf ff u< f(v)foru,velL.

(Note that this is the relationship between Hoare triples and precondition pred-
icate transformers on p 61.)

3.4.2 Theorem If C L x L is a Priestley information-respecting relation.
Proof: I need to check that 7 f satisfies the conditions in Definition
3.3.1.

(a) f(1) =1 since f is a meet homomorphism, so (1,1) € Zf.
0 < f(u), Vue L,so (0,0) € If.

(b) Suppose u’' Fy, u and (u,v) € Zf. Then v < v and v < f(v), so
v < f(v); hence (v, v) € If.

(¢) Suppose (u,v) € Zf and vy v, Then u < f(v) and v < v/, s0
u < f(v) < f(v') since f is monotone; hence (u,v’) € Tf.

(d) Suppose (u,v) € Zf and (v',v) € If. Then v < f(v) and
u < f(v),s0 uVu' < f(v) (by definition of least upper bound).
Thus (uVv v ,v) e If.

(e) Suppose (u,v) € Zf and (u,v') € If. Then uv < f(v) and
u < f(v'); so u < flv} A f(v') (by definition of greatest lower
bound). But f preserves finite meets so © < f{v A v') and hence
(u,o AV €IS, O

Combining Theorems 3. 4.1 and 3. 4. 2, it follows that:

3.4.3 Theorem For every bounded distributive lattice with meet homomor-
phisms ((L,V,A, 0,1}, M), the structure
(L, <,V,A0,0),{Zf | f € M) is a Priestley information system with
Priestley information-respecting relations.

I now show that a bounded distributive lattice with meet homomorphisms
can be defined from a Priestley information system with Priestley information-
respecting relations. Let (H,F,A,V, 1, T) be a Priestley information system.
Define an equivalence relation = (which identifies equivalent propositions) by:

z=yiff ek yand y F z.

(It can easily be checked that = is an equivalence relation.) Let [z] = {y € H |
=y}, He = {[z] |z € H}, [z]) F= [y] if z F y (or z = y). It can easily
be checked that F= is well defined, that is, [z] F= [y], [z] = [z1] and [y] = [y1]
together imply [z1] F= [y1]. The least and greatest elements are respectively
L=z = [L] and Tz = [T]. Also, b= is a partial ordering. The next step is to
define join and meet on Hz. Let [z] Az [y] = [z A y] and [z] V= [y] = [z V ¥].
Since (Hz,F=) is the Lindenbaum algebra of (H,F,V, A, L, T) it follows that:
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3.4.4 Theorem (Hz,Fz) is a bounded distributive lattice (with [T] as top
and [ L] as bottom). O

Given a Priestley information-respecting relation B C H x H, define a mapping
R-: H= — Hz by:

R=([y]) = \=/{{.2:] | 2Ry} for [y] € H=.

Recall that {(z,y) | zRy} is finite, and hence the join exists in the lattice H=
(by [DaP90] Lemuna 2.11). Then:

3.4.5 Theorem R-: H= — H= is a meet homomorphism.
Proof: (I will drop the subscripts = on V in this proof.) Take any
[z],[y] € H=. Let F, = {[z] | (z,y) € R} fory € H. Then F,r. = F, N
F. where C holds by 3. 2. 1(c) and 3. 3. 1(c), and 2 holds by 3. 3. 1(e).
Thus V Fyn. = V(F, N FL). By3.2.1(c), V(F,U F,) F V F,UV F.. For
the other direction, let F\, = F\,, (W Fya, and F. = F.,, N F,\; for y1, 21 €
H. Then V FyAV Fo BN Fua VIV E AV FL) =V E,V{LY =V Fyas.
Therefore R=([y|Az]) = V(F,NF.) =V F,AV F, = R=([y]) A B=([=]).
R= preserves the top [T] since R=([T]) = V{[z] | (=, T) € R} = {[T]}
by 3.3.1(a) and 3. 2. 1(a). O

Combining Theorems 3. 4.4 and 3. 4. 5, it follows that:

3.4.6 Theorem For every Priestley information system with Priestley
information-respecting relations (H,- A, V, L, T),I), the Lindenbaum/
Tarski algebra ({H=,F=),{R=| R € I}) is a bounded distributive lattice

with meet homomorphisms. O

Priestley information systems (H,F,V,A, L, T) in which the preorder F is a
partial order are bounded distributive lattices. Hence:

3.4.7 Theorem FEvery bounded distributive lattice with meet homomorphisms
((L,V,A,0,1), M) is lattice isomorphic to
((L,V, AN 0,10, {(Zf)= | f € M}) under idy,.
(Here the isomorphism is a lattice isomorphism v over (L, V,A,0,1)
which preserves the meet homomorphisms in the sense that for every
feMpof=(If)z09.)
Proof: Let ((L,V,A,0,1), M) be a bounded distributive lattice with
meet homomorphisms. Since every bounded distributive lattice is a
Priestley information system in which the entailment relation is a par-
tial order, and vice versa, it suffices to show that: f = (Zf)=. Take any

y € L. Then (Zf)=(y) =V{z | (z,9) €If} =V{z |z < f(y)} = fly)
O
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For Priestley information systems with Priestley information-respecting rela-
tions I have:

3.4.8 Theorem Fvery Priestley information system with Priestley
information-respecting relations ((H,F, ALV, ,L T), H) '
order-isomorphic to ({Hz,F=, A=, V=, Tz, L=), {ZT(R= ] R € H}).
{Here the order-isomorphism is an order-embeddmg of H onto H=
which is structure-preserving in the sense that for every R € H and
z,y € H, (z,y) € R iff (¥(x),¥(y)) € (TR)=.)

Proof: Let ((H,F,A,V, L, T),H) be a Priestley information system
with Priestley information-respecting relations. Then (Hz,Fz) is a
hounded distributive lattice and hence a Priestley information system.
Define a mapping ¢ : (H,F,AV, L, T) — (Hz,F=, Az, V=, L=, T2)
by: #(z) = [z]. Then v is well defined. Since x F y (or @ = y)
iff [z] & [y] (or [z] = [y]), ¥ is an order-embedding. Also for every
ly] € Hz, w(y) = [y] so ¥ is surjective. Therefore # is an order-
isomorphisii.
It remains to show that 1 1s sfrucfm‘e—preserving} that is, (z,y} € Riff
([:r} [y ]) (IR)ﬁ Suppose (r,y) € R. Then [z] F Vz{[z] | (z.¥) € R},
o [z] + R=z(ly]), and bence ([z],[y]) € Z(R=). On the other hand,
suppose {[z],[y]) € Z(R=) Then [z] F= R=([y]), so by 3.2.1 there is
some [z'] such that (z’,y) € R and [2] F [2/] and hence by 3. 3. 1(c)
(z,y) € R. O

3.5 Information systems and relational seman-
tics

In this Section I deal with the arrow between information systems and rela-
tional semantics in the program semantics triangle. I use Priestley duality to
relate Priestley spaces and Priestley information systems, and relational coun-
terparts of the translations between opposite Priestley relations and meet ho-
momorphisms to translate between opposite Priestley relations and Priestley
information-respecting relations.

Istart by showing that a Priestley information system with Priestley information-
respecting relations can be defined from a Priestley space with opposite Priestley
relations. Let (X, <,7) be a Priestley space. By Lemma 1.5. 4, the lattice of
its clopen upper sets (U X,C) is a bounded distributive lattice and by Lemma
3.4.1 (UX,C,N,U,0, X) is a Priestley information system. Therefore,
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It now follows that:

3.5.5 Theorem SR C SH x SH is an opposite Priestley relation.
Proof: By definition, for any U,V € SH, (U,V) € SRiff ff(U)C V.
Thus by Theorem 1.6.8 SR is an opposite Priestley relation. O

By Priestley duality, a Priestley space is order-homeomorphic to the Priestley
space associated with some Priestley information system, namely, the prime
filter space of the bounded distributive lattice of its clopen upper sets. Thus:

3.5.6 Theorem FEvery Priestley space with opposite Priestley relations
((X,<,7),R) is order-isomorphic to
(SUX,C, Qsux), (SHR| Re R},
(Here the isomorphism is an order-homeomorphism € of (X, <, 7) onto
(SUX, C, Qsux) which is structure-preserving in the sense that for ev-
ery R€ Rand z,y € X, (z,y) € R iff (e(2),¢(y)) € SHR.)
Proof: Let ((X, <,7),R) be a Priestley space with opposite Priestiey
relations. Then (U X, C) is a bounded distributive lattice and hence a
Priestley information system. The information space (SUX, C, Qszix )
is then the Priestley space (FUX,C,Qzyx). By Priestley duality,
(X, <, 7) is homeomorphic to (SUX, C, Qsyx) under the mapping ey
where ex(z) = {U € UX | z € U}. It remains to show that ex
is structure-preserving, that is (z,y) € R iff (ex(z),ex(y)) € SHR.
First, suppose (z,y) ¢ K. Then since R(z) is a closed upper set,
there is some V € UX such that y € V and V N R(z) = §. Then
Ve ex(y) and R(z) € V, and hence z & UR(V). Thus = & fur(V),
so fur(V) & ex{(z). Therefore (ex(z),ex(y)) ¢ SHR. Second, sup-
pose (z,y) € K. Take any V € UX, such that UR(V) € ex(z). Then
r € UR(V), that is R(z) € V,s0 y € V and hence V € ex(y). Thus
(ex(z),ex(y)) € SHR. a

For Priestley information systems with Priestley information-respecting rela-
tions I have:

3.5.7 Theorem FEvery Priestley information system with Priestley
information-respecting relations ((H,, A, V,bot, T), H) can be embed-
ded in ((USH,C,MU,0,SH),{HSR| R e H}).
Proof: Define a mapping ¥ : (H,F,A,V, L1, T) — (USH,C,N,U,0)
by ¥(z) = pu(z) = {F € SH |z € F}. Then (USH,C) is a Priestley
information system. Every gy(z) is a clopen upper set of the Priestley
space (S H, C, Qsx) but not every member of US H is necessarily of the
form py(z) for some z € H. The mapping 1 is an order-embedding.
For suppose z F y and ¥ € 9(z). Then z € F and hence y € F
since ' € SH. On the other hand, suppose = / y. Then for some
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FelUSH,z € Fandy & F,so(x)Z ¥(y). It remains to show that
Y is structure-preserving. Suppose (z,y) € R. Take any F,G € SR
such that F € 9(x) and (F,G) € SR. Then z € F and for every
z€ H, fr(z) € F implies z € G. Now fg(y) € F so y € G, and hence
G € d(y). Thus ((z),%(y)) € HSR. 0

A Priestley information system (H,F,A,V, L, T) is a preordered set (H, F)
with respect to its entailment relation. Hence the bounded distributive lat-
tice (USH,C) is a completion of (H,F) via the order-embedding ¥ in Theo-
rem 3.5.7. (Although this observation is worth mentioning in its own right
it is not clear what the usefulness of such a completion would be.) Recall
S ={uglz) |z € HYU{SH — uy(z) | = € H} is a subbasis for the topol-
ogy Qsy on (SH,C). So every clopen upper set {that is, member of USH) is
necessarily (by definition of a subbasis) expressible as a (possible infinite) join
of finite meets of members of S. Since a Priestley space is compact, a finite join
suffices. Hence (H,F) join/meet generates (USH,F) (in the above sense) and
(USH,F) is a join/meet completion of (H,F).
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Let (X, <,7) be a Priestley space. The upper topology 7, on X has as basis the
clopen upper sets of (X, <, 7). Let CX denote the set of all closed upper subsets
of (X, <, 7). Topologise this set with a topology 7., having a base consisting
of sets of the form Bp = {A € CX | A C O} for O € UX. (My reason for
using clopen upper sets instead of the open upper sets or open sets will become
apparent in Theorem 4. 2. 2). | call the space (CX, 1., ), the upper power space
of (X, <, 7). (This is the terminology of [Smy83, Brig3].)

The following Theorem shows that the specialisation order of ., is the superset
inclusion relation on members of CX. (The definition of the specialisation order
of a topology is given in Appendix 2.)

4.1.1 Theorem forany S, T €CX, S <, T iff S2OT.
Proof: Take any S,7 € CX with § <,_, T. Then for every O € U X,
S € Bp implies T' € Bp; so for every O € 7,,, S € O implies T C O.
Hence T C (O | S € O} = S. For the converse, take any S,7 € CX
with S 2 T. Forany O € UX with S € By, S € O, and hence
TCO. Thus § <, T. O

In the following sequence of results I show that (CX, 2) is an algebraic dcpo,
and hence a domain.

4.1.2 Lemma (CX, D) is a dcpo.
Proof: Since (CX, D) is a complete lattice, every subset C C CX has a
least upper bound, so in particular every directed set has a least upper
bound in CX. Now X € CX and forevery A € CX, X 2 A; s0 X 15
the least element of CX. O

4.1.3 Lemma FEvery clopen upper subset of (X,<,7) is a compact element
of (C.X,2).
Proof: Let &4 € UX be a clopen upper set and suppose U O NS
for some set & C CX directed with respect to superset inclusion. By
compactness there exists a finite &’ O & such that U 2 N S'. But §is
directed thus there is some S € S such that S’ D S for every 5" € &',
Therefore, U D S 2 S. O

The clopen upper sets form a basis for (CX, 2) which means:

4.1.4 Theorem (CX, D) is an algebraic depo.
Proof: Take any C € CX. Let C = {U e UX | U 2 C}. Then C is
directed: For take any Uy,U; € C. Then Uy NU; € UX since UX is
closed under finite intersections, and Uy NU, O C since U; 2 C and
Ug 2 C. Thus UlﬁUz ECand U] 2 U}_ﬂUg and Ug 2 U}ﬂUz; so C
is directed with respect to 2. Since (C,X,2) is a cpo, C has a least
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upper bound and NC 2 C. For the reverse inclusion, suppose z ¢ C.
Then by Lemmal. 5. 2, there is a clopen upper set U such that C C U
andz € U. Then z ¢ WU e UX | U 2 C}.Thus NC € C, and hence
C = NC as required to complete the proof. O

4.1.5 Corollary If X is countable then (CX,2) is an w-algebraic depo. O

Therefore, the upper power space (C.X, 7., ) of a Priestley space (X, <, 7) is (in its
specialisation order) the domain (CX,2). As shown in (e.g.) [Joh82] for every
domain (D, C), the specialisation order of the Scott topology on the domain is
the order . It turns out that the Scott topology and upper topology on CX
coincide.

4.1.6 Theorem Let (X, <,7) be a Priestley space. Then the Scott topology
of (CX, D) coincides with the upper topology on CX.
Proof: Consider a basic open set Uy (O € UX) of the upper topology
of CX. Then Up is an upper set (with respect to D) since A € Up
and A D B imply B C O. Take any set S C CX that is directed with
respect to D and such that .S € Up. Then NS C O and hence, by
compactness of (X, 1) and directedness of .5, there is some A € § such
that A € Uy. Therefore, Up is open in the Scott topology on (CX, D).
Conversely, take any clopen upper set U/ of (X, <, 7). Then by Lemma
4.1.3, U is a compact element of (CX,2), and hence TU is a basic
open set of the Scott topology on (CX,2). But f{U ={AeCX |U 2
A} = Uy. Therefore, TU is a basic open set of the upper topology on
CX. O

By Priestley duality (Theorem 1.5.86), (a homeomorphic copy of) the original
space can be recovered from the compact elements of its domain.

For the construction of a domain from a bounded distributive lattice, I use what
I call a filter completion. This construction is ‘opposite’ to the ideal completion
process of a poset (in Section 1.4) in the sense that filters of a lattice are ‘op-
posite’ to its ideals. It is a feasible construction since lattices, unlike domains,
have both a top and a bottom element.

Let (L, <) be a bounded distributive lattice. Define the filter completion of L
to be the set FiltL of all filters of L, ordered by subset inclusion. (For the
definition of a filter of a lattice see Appendix 1.} In the following sequence of
results I show that the filter completion of a bounded distributive lattice is a
domain.

4.1.7 Lemma (FiltL,C) is a depo.
Proof: In order to show that every directed subset of (Fil¢L,C) has a
lub, 1t is enough to show that the union of the filters of each directed
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set is a filter of (L, <). Let & C FultL be directed with respect to
C. Upclosedness of & follows from the upclosedness of the filters
in £. Since & is directed, |J& is closed under finite meets. Therefore
(FiltL,C) is a cpo. The upclosedness of filters ensures that every filter
contains the top element 1 of the lattice. Since {1} is upclosed and
directed, this set defines the bottom of {FiitL, C). O

The principal filters of L are the compact elements of (F:{tL,C). (For the
definition of a principal filter see Appendix 1.)

4.1.8

4.1.9

Lemma For any a € L, T{a} is a compact element of (FiltL, C).

Proof: Take any a € L and any set £ C FultL directed with respect
to C such that T{a} CUUE. Then e € |JE by definition of T{a} and
hence a € E for some £ € £. By upclosedness of E, T{a} C E, and
hence T{a} is a compact element of (Filt 7, C). O

Lemma Let FF € (Fili L,C). Then {{{z} |z € F'} is a directed subset
of (FiltL, C).

Proof: Take any z1,7, € F. Now z1 Az, € 7y and 2y A 23 < 73,
so T{z,} € T{z1 A 22} and T{z2} C T{zy A z2}. Since F is a filter,
z Azy € F, and hence {T{z} | z € F'} is directed with respect to C. O

4.1.10 Lemma Every compact element of (FltL,C) is of the form T{a} for

some a € L.

Proof: Let £ € Filt(L) be a compact element. By definition of T{e},
e € T{e} for every e € E, and thus £ C U{T{e} | e € £}. Now by
Lemma 4.1.9, {T{e} | e € E} is directed and its union is its least
upper bound. By compactness of £, £ C T{e} for some e € E. By
the upclosedness of the filter £, e € £ and ¢ < a implies a € £ for all
a € L. Thus 1{e} € E. So E = T{e} for some e € L, as required to
complete the proof. O

The principal filters of L form a basis for (F2l¢L,C) which means:

4.1.11 Theorem (FltL,C) is an algebraic depo.

Proof: By Lemmas4.1.8,4.1.10, Filt(L)° = {T{a} | a € L}. Let
F e Filt(L). Then {H | H C F and H is a compact element} is
directed since T{z} C F iff x € F for all z € L and by Lemma4.1.9.
Also F CU{T{z} | = € F'} and by upclosedness of F', U{T{z} | z €
F}CF. Thus F=U{H | HC F and H is a compact element}. O

4.1.12 Corollary If L is countable then (FiltL,C) s an w-algebraic dcpo. O
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Therefore, the filter completion (FiltL,C) of a bounded distributive lattice is
a domain. Since elements of a bounded distributive lattice correspond one-one
to principal filters of the lattice, a bounded distributive lattice can be recovered
from the compact elements of its filter completion.

For the construction of a domain from a Priestley information system, we use a
method similar to that of Scott (given in Section 1.6) for defining an information
domain from a Scott information system.

Let (H,F,A,V, L, T) be a Priestley information system. Then:

4.1.13 Definition A non-empty subset S C H is called an element generated
by the information system if for z,y € H,

(a) z € S and z F y then y € S (upclosed with respect to I-);
(b) z,y € S implies (Jz € S)[z - @, y| (directed with respect to F).

Note that I have dropped condition 3. 2.5 (¢) in the definition of a state of a
Priestley information system. (This is the terminology of [Sco82].)

Let DH denote the set of all elements of the Priestley information system
(H,F,A,V, L, T). The poset (DH,C) I shall call (using the terminology of
[Sco82]) the information domain associated with (H,F,A,V, L, T). In the fol-
lowing sequence of results I show it is indeed a domain.

4.1.14 Lemma (DH,C) is a depo.
Proof: Let £ C DH be a directed set with respect to set inclusion. To
show that £ has a least upper bound in DH, it suffices to show that
the union of elements in &£ is an element of (H,F, A, v, L, T). UE is
upclosed (with respect to ) since each F € £ is. For directedness, take
any z,y € UE. Then z € F; and y € F; for some E,, E, € £. Since £
is directed, Ey, By © B3 for some E3 C €. Hence z,y € Es, and since
Ej is directed z F 2,y for some z € E3 C|JE. Therefore (DH,C) is a
cpo. The upclosedness with respect to F of elements in £ ensures that
T € Eforeach £ € £. Since {1} is upclosed and directed with respect
to I, this set defines the bottom of (DH, C). O

For any a € H, denote the set {y € H | aF y} by T-{a}. Then:

4.1.15 Lemma for any a € H, Tr{a} is a compact element of DH.
Proof: First, I show that Tr{a} € DH. Take z,y € H with z € T1-{a}
and z+ y. Then ey and ¢ F y, so a F y (by transitivity of ), hence
y € Tr{a}. Second, I show that Tw-{a} is compact. Take any directed
set £ C DH with T-{a} C UE. Then a € Y& and hence a € F for
some F € £. Since E € DH, Tr{a} € E, and hence T+ {a} is a compact
element of (DH, C). )





http:Lemma4.1.16

4.1. Refutable positive properties viewed as a domain 75

(a) z € S and z I y implies ¥y € S since S is an upper set with respect
to .

(b) Suppose z,y € S. Then z Ay € S (since 5 is closed under finite
meets). But z Ay F z,y by 3.2.1(c), so there is some z € §
(namely z A y) with =z F z, .

So S is an element of L as a Priestley information system. O

Having completed three different constructions of domains, I now consider how
they are related. The following theorem establishes an isomorphism between the
domain of a Priestley space and the domain of its lattice of clopen upper sets.
(It is one of the consequences of Priestley duality (Theorem 1.5.7.).)

4.1.20 Theorem Let (X, <,7) be a Priestley space. Then (CX,2) s isomor-
phic to (FiltU X, C).
Proof: A filter F of (U X, C) is determined by its members, which are
clopen upper subsets of X. Define

O(F)=(AcUX ! AeF}.

for F € Filtid X. Then ®(F), being an intersection of clopen upper
sets, is a closed upper set. Conversely, for every closed upper set W €

CX, define
Y(W)={UelUX|UDW}.

Then it is easily checked that (W) is a filter of (({ X, C). The mappings
O (FiltUX,C) - (CX, D) and ¥ : (CX, D) — (FiltlU X, C) are well-
defined and order-preserving. I now show that they are inverses of each
other: ® o W(W) = W for all W € CX and ¥ 0 ®(F) = F for all
F € FiultdX. By definition, for every W € CX & o (W) C W, and
for every F € FiltUX Vo ®(F) 2 F. Conversely, take any ¢ € W.
Choose any A € ex(a) with W C A, Then A € ¥(W) and a € A.
Hence a € N{A € UX | A D W} s0a € & o ¥(W). Now take
any A € Wo ®(F). Then A € UX and N{B | B € F} € A. By
compactness, the intersection of finitely many B’s in F is contained in
A; hence A € F since F is a filter. Therefore, (CX, D) is isomorphic to
(Filtd X, Q). 0

As a corollary to Theorems 3.4.1 and 4. 1. 20, there is a bijective correspon-
dence between the domain of a Priestley space and the domain of its Priestley
information system of clopen upper sets.

4.1.21 Corolloary Let (X, <,7) be a Priestley space. Then (CX,D) is iso-
morphic to (DU X, C). O
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Similar order-isomorphisms can be established when starting with a bounded
distributive lattice or with a Priestley information system.

The results of this Section allow us to start at any one of the corners of the
program semantics triangle and then to construct a domain using one of con-
structions. Moreover, this domain is related to the domain of the other two
presentations derived from the chosen presentation. In this Chapter I shall take
the relational presentation of program semantics based on Priestley spaces (bot-
tom corner of the program semantics triangle) as the basic presentation. Using
the interpretations in Chapter 2 of a Priestley space, the elements of this domain
are refutable positive properties and the ordering means one property is ‘bet-
ter’ than another if fewer variables have to be inspected to establish its absence
from a state. The next step is to obtain a representation of programs based
on this domain related to the relational, algebraic and logical representations of
programs introduced in Chapters 2 and 3.

4.2 Programs as mappings to refutable posi-
tive properties

In this Section I introduce a representation of programs as Priestley state trans-
formers mapping states to refutable positive properties of states related to the
relational representation of programs as opposite Priestley relations. The results
of this Section then unify the order-theoretic and relational representations of
programs based on Priestley spaces.

As in previous chapters the state space is a Priestley space (X, <, 7). Due to the
possible nontermination and nondeterminism of programs, viewing a program
as a function from the state space into itself (mapping initial states to final
states) is too simplistic; instead here I think of a program as a function from
states to sets of states mapping any initial state to the set of all its possible
final states from that state. In Section 2.5 it was discovered that the set of final
states of a program from a given initial state is not just a set of states but it
has a topological structure which captures the nondeterministic and terminating
behaviour of the program from the initial state. This suggests a representation of
programs as functions from the state space to certain subsets of the state space,
rather than to all subsets. I consider closed upper sets of a Priestley space for
three reasons. First, as explained in Section 2.5, closed upper sets capture the
idea of bounded nondeterminism and possible nontermination from an initial
state. Second, as explained in Section 4.1, closed upper sets with respect to
superset inclusion form a domain — the domain of the Priestley space. Third,
closed upper sets provide a connection between the representation proposed here
and the relational representation of programs as opposite Priestley relations in
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Section 2.6.

With these ideas, I define a notion of Priestley state transformer based on the
domain of the Priestley space (X, <, 7).

4.2.1 Definition A mapping F : (X, <,7) — (CX, D) 1s called a Priestley
state transformer if it is continuous with respect to the upper topology
on CX.

(For a definition of continuity with respect to a topology see Appendix 2.) Let
Pdomain+ST denote the collection of Priestley domains with Priestley state
transformers.

As explained in Sections 2.3 and 2.4, closed upper sets can be interpreted as
refutable positive properties. Therefore Priestley state transformers are map-
pings from states to refutable positive properties, and hence describe the input-
output behaviour of boundedly nondeterministic (possibly nonterminating) pro-
grams.

The correspondence between Priestley state transformers and opposite Priestley
relations is almost trivial, given that binary relations £ C X x X, multifunctions
R: X — X with R(z) C X (for z € X) and single-valued functions

R: X — P(X) are in a sense that same thing. The details are as follows.

Every opposite Priestley relation £ C (X, <,7) x (X, <, 7) is a multifunction
R (X, <,7) — (X, <, 1) which assigns to each z € X the closed upper set
R(z) = {y | (z,y) € R}. By condition 1.6.6 (b) on opposite Priestley rela-
tions, this multifunction is continuous in the sense that U R(V') € U X whenever
V e UX, where UR(V) = {z | R(z) C V}. To such a multifunction there
corresponds a single-valued function Fr: (X, <,7) — (CX, D) defined by:

Fr(z) = R(z) for z € X.

Then:

4.2.2 Theorem For every opposite Priestley relation R over (X, <,71), the
function Fr: (X, <,7) — (CX, D) is a Priestley state transformer.
Proof: By condition 1. 6.6 (a) on opposite Priestley relations, Fg is
well defined. Moreover Fr is continuous with respect to the upper
topology because for every basic open set Bo, F'(Bo) = {z | Fr(z) €
Bo} = {z | Fr(z) € O} = UR(0). But O is a clopen upper set, and
hence by 1. 6. 6(b) so is UR(O). O
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To every Priestley state transformer F': (X, <,7) — (CX, D) there corresponds
a binary relation Rp C (X, <,7) x (X, <, 7) defined by:

(z,y) € Rp iff ye& F(z)for z,y € X.
Then:

4.2.3 Theorem For every Priestley state transformer
F (X, <,7) = (CX, D), the relation Rp C (X, <,7) x (X, <,7) is an
opposite Priestley relation.
Proof: By definition, Rg(z) is a closed upper set for every z € X.
Take any clopen upper set V. Then (Rr) v (V)= {z | Rr(z) C V} =
{z | F(z) CV} = F(V) which is a clopen upper set by continuity of
the F' with respect to the upper topology on CX. O

Let RS denote the set of all opposite Priestley relations over (X, <,7), and ST
the set of all Priestley state transformers Fr: (X, <,7) — (CX,2). Then with
the above translations [ show there is an order-isomorphism between RS and ST.

4.2.4 Theorem ST ts order-isomorphic to RS.
Proof: Define a mapping n : ST — RS by n(F) = Rp for every F €
ST, and a mapping v : RS — ST by v(R) = F, for every R € RS. Then
nov(R) = R for every R € RS, and v on(F) = F for every F' € ST
since: 7o v(R) = n(Fr) = Rp, = {(z,y) |y € Fr(z)} = {(2,y) |y €
R(z)) = B, and v o n(F)(z) = v(RF)(z) = Fa(z) = {y | (2,5) €
R}y ={y|y € F(z)} = F(z). Finally monotonicity of n and v follows
from Lemma4. 1. 1. Therefore, 5 is an order-isomorphism between ST
and RS. O

The results of this Section allow us to represent programs either as opposite
Priestley relations or as Priestley state transformers without losing any infor-
mation about the input-output behaviour of the programs.

4.3 Denotational semantics and predicate trans-

former semantics

In this Section I relate Priestley state transformers and Priestley predicate trans-
formers, and thereby unify the order-theoretic and algebraic representations of
programs based on Priestley spaces.



4.3. Denotational semantics and predicate iransformer semantics 79

Let PT denote the set of all Priestley predicate transformers on (U X, C), and, as
before, ST the set of all Priestley state transformers from (X, <,7) to (CX, 2).

Given a Priestley state transformer F : (X, <,7) — (CX,2), a mapping
Fr.(UX,C) — (UX,C) can be defined by:

Fr(Vy={ze X|F(z)CV}forVelX.

The function F'* is called the upper inverse of F [Smy83]. (This is the notation
of [Ber59].) Then:

4.3.1 Theorem F7* is a Priestley predicate transformer.
Proof: By continuity of £, F*(UU) € UX forevery U € UX. Moreover,
F* is multiplicative because for every & C U X we have:

FrOU) = {ze X | Flz) CNU)
= {z e X | (VU eU)[F(z) C U]}
= N{FHU)| U elU)

Therefore, F'* is a Priestley predicate transformer. O

Given a Priestley predicate transformer f : (UX,C) — (UX,C), a mapping
(X, <,7) = (CX, D) can be defined by:

fzy={VeUX|ze f(V)} forz € X.

Using a generalisation of Plotkin’s stability lemma ([Plo80] Lemma 5.6), it fol-
lows that:

4.3.2 Theorem f* s a Priestley stale transformer.
Proof: Since the intersection of clopen upper sets is a closed upper
set, f*(z)} € CX for every z € X. Moreover, f* is continuous because
for every U € U X we have:

fHU) = {zeX | f(z) CU}
= {ze X |N{P|z e f(P)} CU)
=l {z e X |z e f(U))
= fU)eUX

where ij holds by monotonicity of f. For the converse, suppose z €
f(U). Then, by the multiplicativity of f, z € f(U)N f(N{P |z €
fP)}Y) = fUNN{P | =z € f(P)}) = f(T{P | = € f(P)}) since
Ue{P|ze f(P)}. Thus {P |z € f(P)} CU. Therefore f** = f,

and hence f* is continuous. O
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4.3.3 Theorem
(a) For a Priestley predicate transformer f : (UX,C) — (UX,C),

f+= .
(b) For a Priestley state transformer F 1 (X, <,7) — (CX, 2),
Ft=F,
Proof: Part (a) is proved in Theorem 4. 3. 2. For part (b), take any
€ X. Then

F+(z) = MU €UX |z € F*(U))
MU e UX | F(z) C U}
=1 Fx)

i

where DT is clear, and the converse holds because ye MU | F(z) CU}
implies y € U for every clopen upper set U such that F(x) C U. But
F(z) € CX, so F(z) = NU for some Y CUX, hence y € NU = F(z).

O

As a consequence of the above translations there is an order-isomorphism be-
tween PT and ST.

4.3.4 Theorem ST is order-isomorphic to PT.
Proof: Define a mapping n: ST — PT by n(f) = f* for every f € ST,
and a mapping v : PT — ST by v(F) = F* for every F' € PT. Then by
Theorem 4. 3.3(a) no v(F) = F for every F' € PT, and by Theorem
4.3.3(b) von(f) = f for every f € ST. Finally monotonicity of n and
v follows from Lemma 4. 1.1. Therefore, 7 is an order-isomorphism
between ST and PT. O

Therefore a Priestley state transformer from (X, <,7) to (CX,2) can be viewed
as a Priestley predicate transformer between (U X, C), and vice versa.

4.4 Denotational semantics and information sys-

tems

In this Section I relate Priestley state transformers and Priestley information-
respecting relations, and thereby unify the order-theoretic and logical represen-
tations of programs based on Priestley spaces.

Let IR denote the set of all Priestley information-respecting relation over (U X, C),
and, as before, ST the set of all Priestley state transformers from (X, <, 7} to
(CX,2).









Chapter 5

The Program Semantics

Triangle

In this thesis | have provided a positive answer to the conjecture raised in the
Preface that the triangle of logic-algebra-semantics serves as a paradigm for
unifving four versions of program semantics. The objective is achieved by using
Priestley spaces to model the underlying state spaces.

In the relational presentation, Pspace+RS (Chapter 2),

s a state, taken as the basic notion, is represented as a point of a Priestley
space,

e an observable positive property is constructed as the (clopen upper) set of
states in which 1t is true, and

® a program is represented as an opposite Priestley relation between states.
In the algebraic presentation, Dlat+PT (Chapter 2),

e a state is constructed as the set (prime filter) of observable positive prop-
erties true in it,

e an observable positive property, taken as the basic notion, is represented
as an element of a bounded distributive lattice, and

® a program is represented as a Priestley predicate transformer between ob-
servable positive properties.
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In the logical presentation, Plsystem+IR {Chapter 3),

e a state is constructed as the {deductively closed, decidable and consistent)
set of observable positive properties true in it,

e an observable positive property, taken as the basic notion, is a proposition
of a Priestley information system, and

e a program is represented as a Priestley information-respecting relation be-
tween observable positive properties.

In the order-theoretic presentation, Pdomain+ST {Chapter 4),

e a state, taken as the basic notion, is a point of a Priestley space,

e a refutable positive property, is an element of the upper power space of a
Priestley space, and

s a program is represented as a Priestley state transformer from states to
refutable positive properties of states.

The technical results of Chapters 1, 2 and 3 can be summarised by saying that:
Priestley spaces with opposite Priestley relations correspond on the logical side
to Priestley information systems with Priestley information-respecting relations,
and on the algebraic side to bounded distributive lattices with Priestley predicate
transformers. Moreover, the logical and the algebraic structures also correspond
to each other. In other words, taking these structures as presentations of pro-
gram semantics, we have shown that a relational, an algebraic and a logical
presentation of program semantics stand to each other in the following formal
version of the logic-algebra-semantics triangle presented in the Preface on p viii:

§3.4
Plsystem+IR Dlat+PT

3.5 Priestley Duality
9 §2.6
Pspace+RS

This allows us to take any one of these presentations as the basic presentation,
and then derive each of the others using the translations provided in Chapters
1, 2, and 3.
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o [~Y(U) is open in X for every U € &, where § is a basis or a subbasis for

Ty
The map is called continuous if it satisfies any of these conditions. Then a
map [ : X — Y from X to Y is called a homeomorphism if f is one-one,
onto and continuous and f~! is also continuous. In this case, X and Y are
said to be homeomorphic. So a homeomorphism is a map which preserves X
set-theoretically and topologically.

Any topological space (X, 7) has a non-trivial order induced by the topology, its
specialisation order, defined by

z <,y iff YO&rzeO impliesye O forz,ye X.
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