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Abstract 

Program semantics can be viewed relationally as in relational semantics, al­
gebraically as in predicate transformer semantics, logically as in information 
systems and order-theoretically as in denotational semantics. This can be com­
pared to a common situation in non-classical logics. Namely, a logic can often be 
presented as a formal deductive system, as an algebra and as a relational struc­
ture, with each of the presentations derivable from each of the other two. The 
central hypothesis of this thesis is that this situation can serve as a paradigm for 
unifying the various versions of program semantics. Starting with a relational 
semantics based on certain ordered topological spaces, called Priestley spaces, 
and invoking the techniques of Priestley duality, an algebraic. a logical and an 
order-theoretic presentation of program semantics are derived. Each of these 
four presentations are also derivable from each of the other three. The topo­
logical model of program semantics based on Priestley spaces thus serves as a 
unifying framework for other versions of program semantics, essentially as in the 
logic-algebra-semantics paradigm. 
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Preface 

Broadly, speaking, program semantics is the endeavour of representing the 'mean­
ing' of programs. More specifically, a presentation of program semantics is a 
mathematical structure of some kind. Programs are treated as some kind of 
mathematical objects (e.g. functions) multifunctions, or re lations) within this 
structure. Typically, the representation of a program depends on the kind of 
terminating and nondeterministic behaviour that needs to be captured. 

In this thesis l shall be concerned with four versions of prngram semantics. They 
are: 

• Relational semantics, in which programs are represented as binary input­
output relations over a set of states. 

• Predicate transformer semantics, in which program~ ar~ charncterised m 
terms of their action oo predicates (prop~rties of states). 

• fnformntion systems, in which finite uuits of information about states are 
st ructured with a Gentzen-style inference relation and programs are char­
acterised as information-respecting relations. 

• Denotational semantics, in which states are ordered under an information 
ordering and programs are represented as domain morphisms. 

Note that program semantics can thus be viewed relationally as in relational 
semantics, algebraically as in predicate transformer semantics, logically as 10 

information systems, or order-theoretically as in denotational semantics. 

The aim of this thesis is to offer a unifying framework for program semantics. 
Such a framework allows us to present program semantics in whichever way 
seems most natural, and then to t ranslate our presentation into other (possibly 
more familiar) presentations. 

To motivate the approach of this thesis, consider the following common situation 
in non-classical logics. From a given formalisation of, for example, a modal logic) 
we obtain by the Lindenbaum-Tarski construction an algebra ( typically some 
kind of lattice). Also, by the techniques of Kripke semantics, the logic can be 
captured by a certain type of relational structure, thought of as a set of worlds 
endowed with one or more accessibility relations. Moreover, not only does the 
logic have both an algebraic and a relational representation, but by a technique 
due to Jonsson and Tarski the algebra and the relational structure also mutually 
characterise each other. 
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This situation can be pictured in what f shall refer to as the paradigm triangle 

of logic-algebra-semantics, namely: 

Kripke 

Lindenbaum/ 
Tarski 

Semantics 

Algebra 

Jonsson/Tarski 

This brings us to the central hypothesis of this thesis : the idea that. the Lriangle 
of logic-algebra-semantics can also serve as a paradigm for unifying the vari.ous 
presentations of program semantics. 

Taking the relational semantics as our starting point, we have at the most basic 
level a set of states endowed with a number of binary relations, each represent­
ing a program. This would correspond on the logical side to a multimodal logic, 
such as Propositional Dynamic logic, and on the algebraic side to a Boolean al­
gebra with unary operaLors. Although this presentation of relational semantics 
provides a positive answer to our question , it leaves us unable to express de­
notational semantics. So a more sophisticated relational semantics is requited. 
A possible extension of the basic relational semantics involves topologising the 
state space. Topologising reveals the logical and information-theoret ic aspects of 
a state space - open sets are properties of states and the specialisation ordering 
of the topology places states in a hierarchy of increasing information contient. 
Scott domains provide examples of such state spaces. Although t.his extension 
is sufficiently sophisticated to be related to an order-theoretic presentation of 
program semantics, it may be argued that the logical and information-theoret ic 
aspects of a state space are conceptually different. I give effect to this idea 
of a state space having a topology and a separate order by using certain or­
dered topological spaces called Priestley spaces. Programs are represented as 
structure-preserving binary relations over Priestley spaces called opposite Priest­
ley relations. 

Modelling relational semantics as a Priest ley space with opposite Priestley rela­
tions, and invoking the techniques of Priestley duality, 1 show that the paradigm 
triangle of logic-algebra-semantics can indeed be applied to program seman­
tics. The algebraic, logical, and order-theoretic presentations of program se­
mantics derived from the chosen relational presentation will stand to each other 
as pictured in t he following adaptation of the paradigm triangle of logic-algebra­
semaotics, which 1 shall refer to as the program semantics triangle: 



Scott 

Information 
Systems 

Smyth 

Denotational 
Semantics 

Relational 
Semantics 

Priestley 

Dijkstra 
Predicate 

Transformer 
Semantics 

Priestley Duality 

!X 

The work consists of five chapters. Chapter 1 serves as an introduction to 
program semantics and the approach followed in this thesis, and provides the 
technicalities of Priestley duality. In Chapters 2 to 4 I introduce and unify the 
four above-mentioned presentations of program semantics: relational, algebraic, 
logical and order-theoretic. The concluding Chapter 5 combines the various 
results and presents the positive answer to the question raised at the outset. 
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Chapter 1 

Introduction and Preliminaries 

Th(•: p11rpose or this ChaptLn is to 1~xpa11d on the id<~as introduced 11\ the Prefac~. 
and to provide the basic terminology alld tec.h11iq11es 11sed it1 this t.hesis. Sec· 
t.ion l explains some basic intuitions and facts about four versions of program 
semantics: relational semantics , predicate transformer semantics, denotational 
semantics and information systems. The approach fo llowed in this thesis is then 
motivated by a discussion of the relationships between a logic, its algebra and 
its semantics. Sections 2, :3 and 4 provide the technical definitions and results 
relevant respectively to Chapters :2. 4 and :J. The notion of relatio-rw.l Priest­
ley space, to be used as a basis for a relational model or program semantics in 
(Chapter 2), is introduced in Sections 5 and 6. These Sections also outline the 
technique of Priestley duality to be used as a tool for translating bet.ween the 
various presentations of program semantics considered in this thesis. 

1.1 Introduction 

A program is a sequence of commands written in some programming language 
which can be submitted as a unit to a computer. Values stored in ,computer 
memory during program execution are denoted in the program by program vari­
ables. I assume a computer has an unlimited memory capacity, but that at any 
point io time we may only ever know or access some finite number of values. A 
(partial) assignment of values to program variables is called a state, and the set 
of all states is called the state space. I assume that the input of a program is 
reflected in the choice of an initial state, while a final state reflects the output 
of the program. A property about states is a description of the rela(tiooships 
between variables and their values. An execution of a program can be viewed as 
a sequence of states, starting with an initial state and terminating (if at all) in 
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a final state. If a program terminates it may do so cleanly which means tha.t it 
does so in some state, or messily which means tbat upon termination it is not 
in one of the states making up the state space. In the latter case the program 
is said to abort [Dij75, Oij76, Gri81, DiS90]. If a program does not terminate it 
may do so due to some erraneous loop condition or due to some time constrai111ts. 
Io the former case the program is said to abort [Dij75, Dij761 Gri81, DiS90J. In 
general, I assume programs are nondetermfaistic, in the sense that from ,any 
initial state a program may end up in any one of a set of possible final states. 
The argument for considering nondeterministic programs ca.n be found in (e.g.) 
([Gri8l], p 111 ) ([DiS90], p 125). A program is called finitely nondeterministic 
if a finite number of final states is possible from eve:ry state, and unboundedly 
nondeterministic if an infinite num her of final states is possible from at least 
one state. The meaning, or semantics, of a program is a mathematical descirip­
tion of its behaviour . I now outline four such descriptio!lS of the input-output 
behaviour of programs: relational semantics, predicate transformer semantics, 
denotational semantics, and information systems. 

In r-elational semantics the idea is that an input-output pair ( s , t) of state:s is 
related by a program a if program a may reach final state t from initial states. 
Since programs, in general, are nondeterministic, the meaning of a program is 
given by the collection of all its possible input-output pairs. 'l'h is collection is a 
bjnary (input-output) relation on states. SeveTal relational semantics have b,een 
proposed to capture the input-output behaviour of programs [HoL 74, Plc,76, 
Wan77, Smy78, JaGSS , Hoa87, Nel89]. ln some of these, (e.g.) [Ja.G85, Hoa.87], 
it is postulated that a relational semantics should be given in terms of a restricted 
set of binary relations. The constraints imposed on relations are intended to 
capture specific manifestations of terminating and nondeterministic behaviour 
of programs. In order to deal explicitly with nontermination the state space is 
extended to include an artificial 'bottom' state, denoted by J... T his represents 
a 'state of nontermination' in the sense that it caters for infinite execution, 
abortion, ' overflow', 'underflow' (due to a value being out of range) , 'break' 
(due to a deliberate break in program execution), 'undefinedness' (due to say 
division by zero), etc. Theo a pair (s, J..) is related by a program a if at least 
one execution of a from the state s does not terminate. An advantage of the 
relational approach to program semantics is the existence of a calculus of binary 
relations such as that of Tarski [Tar41] for reasoning about programs. However, 
some relational operations (for example, complementatioo) have r ather artificial 
interpretations in the context of program semantics . 

In predicate transformer semantics, the airn is to capture the meaning of a pro­
gram a.s a total function between properties about states. A property about 
states is called a predicate1 and a total mapping between predicates a predi­
cate transformer. It is common practice to identify a predicate with the set 
of states in which .it is true, and to regard predicate transformers as mappi:ngs 
between sets of states. Constraints called healthiness cond·itfons axe axiomati.sed 
on predicate transformers to capture the terminating and nondeterministic be-
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haviour of programs. Since such axiomatisations are equational it is appropriate 
to think of predicate transformer semantics as an algebraic presentation of pro­
gram semantics, A predicate can be thought of either as a precondition for 
a program, imposed as a const raint on its initial states; or as a postcondition 
for a program, imposed as a constraint on its final states. Then a predicate 
transformer can be thought of either as a precondition predicate lrrw,sfo·rm.er 
mapping pos tconditions to preconditions for a ptogram 1 or as a poslcond-ition 
pr·edicn.te tran.sformer mapping preconditions to postconditions for a program 
[Dij75, Oij76, Bac8 1, .JaG85, OiS90, BaW89]. A postcondition predicate trans­
former may seem a more natural description of program behaviour, but in prac­
tice it is often difficult to predict the final states of a program given just the 
program and an initial state. For this reason the precondition predicate trans­
formers are more widely used, the most prominent being Dijkstra's weakest pre­
condition predicate transformer introduced in [Dij75, Dij76J, and explained and 
extended in [Gri81, DiS90]. I introduce different kinds of predicate transformers 
in Section 1.2 iu an a lgebraic context of Boolean algebra, and in Chapter 2 in a 
topological contex t. 

The denotational approach to program seman tics is based on the idea that states 
can be bui lt up from atomic units of information and that the input-output 
behaviour of a nondeterministic pl'ogra1n can be completely described by the 
input-output behaviour of its deterministic subprograms. The state space is 
typically endowed with a partial order so as to form a domain ( an w-algebraic 
complete partial order) [Sco70, Sco72], and deterministic programs are repre­
sented as mappings between domains and are called domain morphisms. (An 
example of a domain of states is provided in Chapter l .) To deal with nondeter­
minism it is required that the power set of the state space also forms a domain -
this is the powerdomain [Mai87, GuS90]. Then nondeterministic programs are 
represented as mappings from a domain to its powerdomain. These mappings 
are called state transformers to indicate that in itial states are mapped to (sets 
of) final states for a program. There are a number of different powerdomains, 
each capturing different kinds of nondetermin.istic and terminating behaviour of 
programs. I outline the technicalities o( domains and powerdomains in Section 
1.3. Standard references on denotational semantics are (Sto77, Gor79, Sch861, 
and the survey paper (Mos90]. 

As explained in [DaP90], the starting point for the notion of an information sys­
tem, as first proposed by [Sco82], is the idea of identifying a state with a set of 
properties true in jt and adequate to define it. These properties can be thought 
of as logical proposHions, each describing a finite amount of information. An 
information system has three constituents: a set H of propositions, a family of 
finite subsets of H representing consistent information, and a relation I- of en­
tailment identifying implied or superfluous information. Axioms are imposed on 
such structures to formalise commonsense features of entailment and consistency. 
This axiomatisation makes information systems Gentzen-sty\e sequent systems 
whei:e multiple conclusions are deduced from multiple premises [Zha94]. Pro-
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grams are represented as certain information-respecting relations over consistent 
information, and are called approximable mappings [Sco82, DaP90]. Constraints 
are imposed on these relatiolls to formalise the preservation of consistency and 
information. Scott's work has inspired the introduction of other information sys­
tems providing logical presentations of various domains [DaP90, DrG90, EdS93], 
topological spaces [DrG90, EdS93], algebraic structures [EdS93] and ordered 
topological spaces (in Chapter :3 of this thesis). I outline Scott's information 
systems in Section 1.3, and introduce a generalisation of these information sys­
tems in Chapter 3. 

Each of the approaches described in this Section provides a distinctive presen­
tation of the input-output behaviour of (nondeterministic) programs: relational 
semantics provides a relational presentation, predicate transformer semantics an 
algebraic presentation, information systems a logical presentation (similar to the 
so-called Hoare logic of [Hoa69] and program logics of [Pra76, MiS87]), and de­
notational semantics an order-theoretic presentation. Each can and has been 
independently investigated, but the full elegance of each presentation can only 
be obtained by relating it to the others. The question of translating between 
predicate transformer semantics and relational semantics has been addressed in 
(e.g) [Gue80, MaC80, Gue82, JaG85, ReB95, Hoa95], and will be addressed in 
Section 1.2 and Chapter 2 of this thesis. There is also a demonstrated rela­
tionship between Dijkstra's predicate transformer semantics and powerdomains 
[Plo80, Smy83, BoK93, BoK94, B.JK95]. A bijective correspondence between do­
mains and information systems is set up in (e.g.) [DrG90, DaP90]. In Chapter 
5 I will relate my findings with recent results from the literature. 

To motivate the approach I shall use to unify program semantics, consider the 
following common situation in non-classical logics. A logic, for example modal 
logic, can be formalised as a logical system using a Hilbert-style axiomatisation 
or a Gentzen-style axiomatisation. By the Lindenbaum/Tarski [Tar35] construc­
tion, the logic can be presented as an algebra of equivalence classes of logical 
formulae with logical connectives becoming algebraic operations, logical axioms 
becoming algebraic laws, and logical operators becoming algebraic operators. 
Properties expressed by logical formulae correspond to conditions on algebraic 
operators. Then theorems showing the algebra validates all and only the theo­
rems of the logic establish the correspondence between the logic and its algebra. 

The logic can be captured by a so-called Kripke [Kri63] or possible-world seman­
tics given in terms of a relational structure consisting of a set of possible worlds 
endowed with one or more binary relations between them. A logical formula 
then corresponds to the set of possible worlds in which it is true. Properties 
expressed by logical formulae are first- or second-order properties of relations. 
Soundness and completeness theorems showing that the semantics validates all 
and only the theorems of the logic establish the correspondence between the 
logic and its semantics. 
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Moreover, the algebra and the relational structure corresponding to the logic 
mutually characterise each other via .Jonsson-Tarski duality [JoT51, .JoT52]. 
This result effects a one-one correspondence between binary relations over a 
set and certain unary operations over the power set of that set. Properties of 
binary relations translate into properties of the unary operations, and uice versa. 
(Examples of such translations of properties can be found in [Bri9~3].) 

As a general paradigm, this situation can be pictured in what I shall refer to as 
the paradigm triangle of logic-algebra-semantics, namely: 

Logic 

Kripke 

Lindenbaum/ 
Tarski 

Semantics 

Algebra 

J 6nsson /Tarski 

· The correspondences between a logic, an algebra and a semantics have been 
investigated since the 1940s. For example, the modal logic S4 [HuC68, BuS84] 
corresponds on the algebraic side to a closure algebra [Tar44], and on the se­
mantics side to a quasi-order [.JoT51]. Intuitionistic logic [RaS63, Ras74, Gol84] 
corresponds on the algebraic side to a Heyting algebra [Ras74], and on the se­
mantics side to a partial order. The general picture of such relationships is due 
to C. Brink and was first presented in [BGO95]. 

This leads us to the question to be addressed in this thesis: Can the logic­
algebra-semantics triangle serve as a paradigm for unifying program semantics? 

In earlier work [ReB95, DOR94], a positive answer to this question is obtained 
using the techniques of .Jonsson/Tarski duality [.JoT51, JoT52]. The chosen re­
lational semantics has an explicit formalisation of nontermination and is based 
on the restricted set of binary relations given in [Hoa87]. It turns out that the 
constraints translate via Jonsson/Tarski duality into familiar healthiness condi­
tions of predicate transformers. The resulting algebraic presentation of program 
semantics is given in terms of a Boolean algebra with certain unary operators. 
The logic, which has its Kripke semantics given in terms of this relational se­
mantics, is essentially an extension of Propositional logic. It is obtained by 
introducing a special propositional constant for reasoning about the property 
of nontermination, and by adding modal-like prefixes indexed by programs and 
axioms corresponding to the conditions on the relations used to represent pro­
grams. However the chosen relational model is relatively unsophisticated in the 
sense that it leaves us unable to express denotational semantics and provides an 
over-simplified view of properties of states. 

In this thesis I therefore propose a more sophisticated relational structure, 
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namely a Priestley .space with opposite Priestley relations, as a relational model 
of programs. By exhibiting an example of such a structure, and using the tech­
niques of Priestley dualdy l argue that this is a good relational model of programs 
in the sense that it offers a unifying framework for four versions of program se­
mantics. This framework can be pictured in the following adaptation of the 
logic-algebra-semantics triangle, which I shall refer to as the program semantics 
triangle: 

Scot t 

Information 
Systems 

Smyth 

Denotational 
Semantics 

Relational 
Semantics 

Priestley 

Dijkstra 
Predicate 

Transformer 
Semantics 

Priestley Duality 

1.2 Predicate transformers as power opera-

tions 

In this Section I give two presentations of program semantics: a relational pres.en­
tation based on an extended state space endowed with a collection of restricted 
binary relations, and an algebraic presentation based on a Boolean a lgebra with 
certain unary operators. I outline how these presentations can be obtained from 
each other using a construction initiated by Jonsson and Tarski [JoT51). The 
ideas outlined in this Section arise from joint work with C. Brink and the tech­
nical details can be found in [ReB95]. 

For the relationa l semantics, the state space is taken to be the set 
U = S U { .1.} where S denotes the set of all states and .1. denotes the special 
'state of nontermjnation'. Programs are represented as certain binary relations 
over U called exec1ttion relations. Namely: 
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1. 2. 1 Definition A binary relation R <; U >< U is an execution relation if it 
sat isfies: 

(a) for every s EU, R(s) =/= 01 where R(s) = {t I (s,t) ER} (that is, 
R is total), and 

(b) R( .1) = {J.} (that is, R is st rict). 

The constraints imposed on execution relations are not needed to apply 
.Jonsson/Tarski duality but they are convenient, as pointed out in the ' laws of 
programming' of Hoare ~t al [Hoa87], for reasoning about program behaviour. In 
particular, restriction (a) means that any program may be activated in any state; 
while restriction (b) means that execution begun in a 'state of nontermination ' 
never terminates. (Note that no restrictions are placed on the nondeterminism 
of the programs.) The relational semantics is therefore given in terms of an 
e:r:eculion relational strudure U = (U, 'R) consisting of a set U with a special 
element J. and endowed with a set 1l of execution relation:-; over U. 

For the predicate transformer semantics, a program is thought of as a mapping 
from predicates to predicates. Technically, then, since programs-as-relations 
have U botb as domain and (possibly) as range, it is convenient to model a 
predicate simply as a subset of U. (This is also done for example in [JaG85] 
though other papers like [Dij75, Dij76, Plo80] prefer to define a predicate simply 
as a subset of S, not of U.) As subsets of U, predicates form a Boolean alge­
bra (P(U),U,n,-,,0,U), where LJ, n and-, are respectively the set- theoretic 
operat ions or union , intersection and cornplemeotat. ion, 0 is the empty set aud 
represents the predicate false, and U represents the predicate true. Let P ( U)1. 
be the set of all subsets of U that contain .1 as an element. Generally, any map­
ping f: P(U) --+ P(U) is called a predicate transformer. Following [BaW93], 
we say that: 

• f is U-preser·ving if f(U) = Ui 

• J is ©-preserving if /(0) = 0; 

• f is always te·rminaling if f(S) = S; 

• J is strict if (Q E P(U)J. iff f(Q) E P(U)J_); 

• J js conjunctive if /(Q1nQ2) = J(Q1) nf(Q2), for any predicates Q1,Q2 ; 

• J is disjunctive if J ( Q1 U Q2) = J( Q1) U f( Q2), for a ny predicates Q1, Q2; 

• f is completely conj1mctive .if f (net Qi) = niE/ f ( Qi), for any nonempty 
set of predicates {Qi}iEli 

• f is completely disjunctive if f (UiE/ Q,) = U,El f( Qi), for any nonempty set 
of predicates { Q;},e,; 
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• f is monotonic if Q1 ~ Q2 implies J(Q1) C f(Q2 ), for a.ny predicates Q,, 
Q2; 

• J is continuous if f(U;e/ Qi)= UiE/ f(Qi), for any increasing (with respect. 
to ~) chain of predicates { Qd,E, i;;; S. 

Let a, be a. program. Then Dijkstra's [Dij7,5, Dij76] weakest precondit ion predi­
cate transformer for o is, in this context, a predicate transformer 
wv1(et, -) : P(S) -~ P(S) which is ©-preserving, conjunctive and continuous. 
The restriction to subsets of S means that predicates describing terminating 
states of a are mapped to predicates describing the states from which a is guar­
anteed to terminate in a state satisfying Q. The continuity and 0-preserving 
condit ions mean that these predicate transformers describe t he behaviour of 
bounde<lly nondeterministic, terminating programs. Dijkstra's (DiS9O] weakest 
liberal precondition predicate transformer is , in this context, a predicate trans­
former wlp(a,,-): P(Uh---+ P({f )J. wb.ich is U-preserving and conjunctive. 
Removing the restriction to subsets of S corresponds to dropping the 'guaran­
teed to terminate' requirement of wp1 (C\', -). Requiring predicates to contail!l .l 
means that tbese pr~clicate transformers can describe the behaviour of programs 
for which nontermination from a state is possible. A combinat ion of these two 
predicate transformers yields a ©-preserving, conjunctive predicate transformer, 
namely wp2(n, - ) : P(S) - P(S) given by: 

wp2 (C\' , Q) = wlp(a, Q U {.l}) n wp1(C\',S) 

for Q ~ S. This predicate transfomer is consistent with Dijkstra and Scholten's 
[DiS9O] notion of weakest precondition predicate transformer, which captures 
the behaviour of terminating programs including those which are unbounde:dly 
nondeterministic. (By consistent, we mean that the defined and the postula.ted 
predicate transformers capture the same kind of terminating and nondetermin­
istic behaviour of programs and satisfy the same healthiness conditions.) 

The foregoing concepts can also be expressed in the general algebraic context of 
an arbitrary Boolean algebra 8 = (B) V,/\-i , O1 lJ . ThG notions of disjunctive, 
conjunctive1 O-preserving and I-preserving appear (in (e.g.) [JoT51]) respec­
tively as additive, multiplicative, normal, and full. Strictness can be reformu­
lated in terms of a special set B1.. in B. A predicate transformer is then a 
homomorphism; a O-preserving, additive predicate transformer is a join homo­
morphism; and a 1-preserving, mul tiplicative predicate transformer is a meet 
homomorphism. For example, Dijkstra's weakest liberal precondition predicate 
transformers are meet homomorphisms, and Dijkstra and Schol ten's weakest pre­
condition predicate transformers are normal, multiplicative homomorphisms. A 
Boolean algebra with predicate transformers is called a Boolean algebra with 
unary operators {in the sense of Jonsson and Tarski [JoT51]). For example, 
(P(U),:F, P(U)l..) where :Fis the set of all Dijkstra weakest liberal precondition 
predicate transformers, is a Boolean algebra with meet homomorphisms. 
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The question addressed in [Re895] is what kind of predicate transformers cor­
respond to execution relations. For this we used a construction initiated by 
Jonsson/ Tarski [.JoTSl} and called a power construction by Brink [Bri93]. This 
involves defining for each relation over a universe U a power operation over the 
power set of U . The terminology power operation of Brink ,indicates the process 
of lifting a structure of elements of a set to subsets of that set . 

.J6nsson/Tarski's construction is as follows. Let ( U, 'R) be a relational structure. 
For each RE n, a mapping Rr : 'P(U) - 'P(U) can be defined by 

for Q ~ U. (This is the notation of [Bri93j, where the operation R 1 is called 
the power operation of R.) Then P( U) is a Boolean algebra. The operations a re 
normal and completely a.clditiv~, and hence join homomorphisms. Tbc structure 
('P( U) , { R 1 I RE n}) is i::allecl the power n.lgebrn [Bri93] ( or the complex algebra 
[Gol89]) of the relationa l structure ( U, R). Note t lta.t variations of the definhion 
of the power oper.?ition of a relation can be obtained: Replacing :::p with 'V' 
yields the dual of R 1, rPpla.cing '(;c,y) ER' by '(y,;,e) ER' yields the co11j1igo.te 
of R[, a nd performing both replacements yields the residual of Rf. Since the 
resulting operations can be related (using notiom; of duals [Hal74J, conjugates 
[JoT51] and residuals [Bl.J72]) it suffices to consider one translation. 

Let (B, :F) be a Boolean algebra with join homomorphisms. Let .,YB be the set of 
all ultra.fi lters in B. To turn X B into a relational structure a collection of binary 
relat ions over X Bis needed. For each J E :F, a binary relation ,..y J ~ ,,t' 8 x .YB 
is defined in [.JoT51] by : 

Then the (ultra.filter) structure (..-l' B, {XJ I J E F} ) is a relational structure. 
The Jonsson/Tarski representation theorem ([.JoT51] Theorem 3.9) for Boolean 
algebras with join homomorphisms states that: 

1. 2. 2 Th eorem Every Boolean algebra with join homomorphisms is isomor-
phic to the power algebra of some relational structure. □ 

Using this construction, C. Brink and I have shown [ReB9.5] that 0-preserving, 
completely disjunctive predicate transformers f: P(U) - 'P(U) can be viewed 
as power operations of programs-viewed-as-relations R ~ U X U, and that the 
properties of execution relations translate into condi t ions of U-preserving and 
strictness. (Predicate transformers with these properties are consistent with a 
generalisation of Dijkstra's weakest precondition p redicate transformers given in 
[JaG85].) 

Tl1e algebraic structure related to an execution relation structure in [ReB95] 
is 1 therefore, a pred1·cate transformer algebra (B, Bl., :F) where B is a Boolean 
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algebra, B1. is a special ultra-filter in B, a.nd :F is a collection of !-preserving, 
strict join homomorphisms f: B--+ B. Then: 

1. 2. 3 Theorem Every predicnte trnnsformer algebra can be rev-resented l':J.S a 
s11balgebra of the predicate transformf'.r algebm of some execution rela­
tional structure. □ 

On the otber hand: 

1. 2. 4 Theorem Every e.uc-ution relational structure can be represented as 
a s·11bstrncture of the fxec-ution relational strnctnre of somf pre.di.cate 
transformer algebra. □ 

That is, the techniques of .Jonsson/Tarski already suffice for a reasonable trans­
lation between a basic relational model of progra,111s and predicate transformer 
semantics. (No1,e; As pointed out earlier, the purpose of this thesis is to go 
beyond this work, and give a more sophisticated and more realistic- version of 
such translations.) 

Dijkstra [Dij7,S, Dij76] used weakest precondition predicate transformers to give 
the semantics of programs written in a small nondeterministic programming lan­
guage which has been called Dijkstra's g·narded command language. In Chapter 
2, 1 consider some programs written in this programming language. So 1 de­
-fine its syntax here, as io [Gri81], by appealing to the reader 's knowledge of 
mathematics and programming and by effecting some rest rictions. 

There are two special atomic programs, skip and abort. The former has the efifect 
of doing nothing, while the latter always fails to reach a final state. Next, there 
is a whole class of atomic programs called assignment statements. These are of 
the form 'z : = e', where z is a program variable and e is some expression ,( for 
example, arithmetical). This statement is intuitively understood as 'z becomes 
e' or 'assign to z the value of e'. From the atomic programs, compound programs 
can be constructed in one of three ways. First, any two programs o and /3 may be 
composed into another program o; /3, intuitively understood as 'do a, then do /3 . 
Second, for any predicates B1 and B2 and programs a1 and a 2, there is an 
alternative command IF of the form : 

intuitively understood as 'select some true Bi and execute the corresponding a ; '. 
If both B1 and B2 evaluate to false, or if at least one of B1 or B2 is undefiIJted, 
then the program will abort ([Dij76], p 26). Third, there is an iterative comm.and 
DO of the form: 

do B1 -+ a1 0 B2 -+ a2 od 

intuitively read as 'Repeat the following until no longer possible: select some 
true B1 and execute the corresponding a;'. In the case where both B 1 and B2 
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initially e valuate to false, the iterative command simply skips ([Dij76], p 39). 
Note that each Bi ensures that the corresponding a, is only executed under cer­

tain constraints; it is therefore called a guard. Each' B, - Ck/ is called a guarded 
command. For this reason this programming language is sometimes referred to 
as a guarded command language. (Here a command is a program.) Nondetermi­
nacy can be introduced when t he two guards in an f F or DO construct are not 

mntually exclusive. 

1 .3 Domains and the Smyth powerdomain 

In this Section I i11troduce the technicalit ies of domains and outline two con­
struct ions of the Smyth powerdomain : an order-theoretic constrnctioo called 
completion. by ideals and a topological construction due to Smyth [Smy83]. ( For 
the order-theoretic and topological notions used but not defined ,in this Section 
refer to Appendices 1 alld 2. F'or further details refer to [Mai87, GuS90}.) 

To define domains, we begin with a poset V = (D, ~)- A subset X ~D is called 
directed if for any .i.:

1 
y EX there is some:; E X with :i: ~ .z and y ~ z. Tbat is, 

any two elements of a directed set X have an 11pper bound in X. V is called a 
complete partial order, or cpo1 if every directed subset X ~ D bas a least upper 
bound, LJ X . If in addition V has a least element J_ ('bottom') then T) is called 
a directed cpo or dcpo. An element u E Dis called compact (or isolated or finite) 
if it has the property t hat whenever u i; U X, for any directed set X, then there 
is some x E X such that u C x. A cpo V = ( D, ~) is said to be algebraic if the 
compact e lements form a basis for V (that is, if for any element u E D, t he set 
X = {x I :t Cu and x is compact} is directed and u = U X). If in addition the 
set of compact elements is countable, then V is said to be cO'lmtably algebraic, 
or w-algebraic for short. 

1. 3.1 Definition [GuS90] A domain is an w-a lgebraic dcpo. 

A s tandard example of a domain is one constructed from any pre-ordered set 
A= (A, S) with a bottom elem ent l, by a process called completion by idea[,S. 
T his is as follows. A subset I ~ A in a pre-order A = ( A, $) is called an ideal 
if it is a directed set which is downclosed, that is, if y E / and x $ y then 
also x E I , Let T(A 1 ~) be the set of ideals contained in A. Then as shown in 
(e.g.) [GuS90], the set of ideals (T(A, $), ~) ordered by inclusion is a domain. 
T he compact elements of this domain are exactly the principal ideals, that 1s, 
down closures of singleton sets { x}, x E A. 

Intuitively, we m ay think of the elements of a domain 1J = ( D , ~) as states or 
units of information about variables. Then the ordering is information-theoretic 
in the sense that going up in the ordering corresponds to increasing information: 
x ~ y if the information encoded by x approximates the information encoded 
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by y, in the sense that at least the information encoded by x is encoded by y. 
A directed set has the property that any two units of information in that set 
can be subsumed under another more comprehensive unit of information, and 
that there is some limit to this process which may be unattainable in a, finite 
amount of time. The compact clements represent information attainable in a 
finite amount of time. Algebraicity reflects the idea that all information ca.n be 
constructed from information attainable in a finite amount of time. 

The motivation for introducing powerdomains as a next step is to obtain a 

computable analogue of the powerset construction in order to capture non­
determinism denotationally ([Gun90], p :306). The t hree standard powerclo­
mains are called, respectively, the Hoare (or lower or angelic) powerclomain , the 
Smyth (or uppe1~ or demonic) powerdomain [Smy78], and the Plotkin (or con-
1Jea:) powerdomain [P lo76]. Each of these can be constructed in a number of 
ways [Mai87, GuS90]. l out line the construction using complet ion by ideals of 
t he Smyth powerdomain and present Smyth 's [Smy83] topological hyperspace 
characterisation thereof. 

The completion by ideals construction of the Smyth powf'rdomain is as follows. 
Let V = ( D, ~) be ct domain, and let D0 be the set of all compact e lements in 
D. Let Jvi(D ) he the set of all finite nonempty subsets of D0

• Define on M(D) 
the Smyth ordering ~i by: 

Xi::;;t Y iff (Vy E Y)(:b: E X)[:1: Cy] 

for every X, YE M(D). (This notation is that o{ (Bri93] where i::;;f is called the 
uppe·r po◄wer order to indicate the idea that the orderiug I::;; on elements of D is 
lifted to ao ordering on subsets of D.) Intuitively, th is can be read as saying; 'X 
approximates Y' in the sense that every element of Y is approximated by some 
element of X. The Smyth ordering can be expressed using upper sets as follows 
([Vic89], Proposition 11.1.1): 

1. 3 . 2 Theorem xi::;;tY iff TY~ jX for every X, YE M(D). 

With this characterisation of the Smyth ordering, it is easi ly shown that: 

1. 3. 3 Theorem The Smyth ordering on M(D) -is a preo1·der. 

0 

D 

The completion by ideals of the preordered set (M(D), t::;;t) is the Smyth pow­
erdomain. That is, 

1. 3. 4 D efinition For every domain V 
Smyth powerdom.ain. 

If the elements of a domain (D,i::;;) are states, then the elements of its .Smyth 
powerdomain (I(M (D) 1 Ct),~) are sets of sets of states. However only set.s of 
states are needed for describing the final states of nondeterministic progra.ms. 
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Therefore this domain structure is one level too sophisticated for dealing witb 
nondeterminism. Smyth 's [Smy83] topological characterisation is more compat, 
ible with our intuitive reason for requiring powerdomains. This characterisation 
is based on an idea due to Vietoris [Vie21] that from a given topological structure 
over elements of a set, a topological structure can be defined over certain sets 
of elements of that set . This topological structure on sets is called a hyperspace 
[Smy83] or power space [Smy83, Bri9:3] of the original space. 

The topological construction of the Smyth powerdomain is as follows. Let 
V = (D, C) be a domain. The Scott topology on D, denoted by ~D, has as 
basis the sets T{a} for compact elements a E D ([Smy83], p 66:3 ). Let Prc1( D) 
denote the collection of all up closed subsets of D, and Cl( D) the collection of all 
non-empty closed subsets of D. Topologise this set with a topology Tu having as 
basic elements the sets {CE Cl(D) I C ~ O} for O E ED. In this way the l tppP·1· 

power space [Smy8:3, Bri93] of the domain 1) = ( D, ~ ) can be defined. Tha.t. is, 

1. 3. 5 Definition F'or every domain V = ( D, ~), ('P1c1( D), Tu) is t he upper 
power space. 

The following Lemma shows that the specialisat ion order of the upper power 
space is the superset order on sets in P1c1(D) , 

1. 3. 6 Lemma For every domain V = (D, ~)i VA, B E P 1c1(D), 
A :;ru B jff A 2. B. □ 

With some technical adjustments for non-emptiness, Smyth ([Smy8:3] Theorem 
3) shows that: 

1. 3. 7 Theorem For every domain V == (D, ~) endowed w·ith the Scott topol­
ogy, the uppe·r power space in its specialisa,tion order is isomorphic to 
the upper powerdomain of V. □ 

Elements of the Smyth powerdomain are of the form j X (X ~ D). Intuitively, 
we may think of a set TX as describing the output of a program from a given 
initial state provided we are willing to accept every state in TX as a possible final 
state for the program_ The compact elements are upclosures of singleton sets and 
hence describe the output of deterministic programs. Therefore, mappings from 
the domain V to its Smyth powerdomain describe the input-output behaviour 
of programs. In the Smyth ordering, the fewer elements a set contains, the 
better it is in the ordering and all sets containing the bottom element _L are 
identified. In terms of the output of programs, th.is means that the output of 
a program is better than that of another progTam (from a given state) if it has 
fewer nondeterministic choices (from that state) . There is no distinction between 
the output1 from a given state, of programs which may not terminate from that 
state. 
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A technique compatible with Smyth's topological construction of the Smyth 
powerdornain will be used in Chapter 4 to contruct a <lomain from an ordered 
topological space. 

1.4 Scott's information systems 

In this Section I introduce Scott's (Sco82] information systems, c1,nd outline the 
connection between domains and information systems. 

An information syst.em is a structure of the form ( H, Con, I-) where H i1s a 
collection of propositions that can be made about states, Con is a family of 
consistent finite sets of propositions and I- is an entailment relation. 

Two notions of information syste111 are given in [Sco8'2]: one with an entailrr:ient 
relat ion 1- ~ Con x H: and the other with I- ~ Con x C::>n. Since the first is a, 

special case of the second. I will use the second notion of information systern. 

1. 4. 1 Definition A Scott information system is a structure ( H, 6, Con, I- } 
where H is a set of propositions, 6 is a distinguished member of H, 
Con is a set of finite subsets of H and I- is a binary relation between 
members of Con such that for all U1, U2 , Vi, Vi, W E Con, 

(a} 0 I- {6} 

(b) U1 I- Vi implies U1 U Vi E Con 

(c) U1 I- U, (reflex ivity of 1-) 

( d) U1 I- W and W f- ½ imply U1 I- V, ( transitivity of 1-) 

( e) U1 <;; U2 and U1 I- Vi and Vi ~ Vi implies Ui I- Vi 
(f) U1 I- (Vi u V2) implies U1 I- Vi and U1 I- Vi. 

Examples and properties of information systems can be found in (e.g. ) [Sco82, 
DaP90]. An example of a Scott information system is provided in Chapter ;3. 

In order for an information system to generate a domain, we need a way of con­
structing the elements of this domain from the propositions of the information 
system. This is provided by the notion of element of an information system. 
Generalising Scott 1s ((Sco82], Definition 3.1) definit ion of an element generated 
by an information system (with I- ~ Con x H), I define a notion of an element 
generated by a Scott information system as follows: 
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1. 4. 2 Definition Let ( H, 6., Con, f-) be a Scott information system. A subset 
X ~ H is called an element generated by H if 

( a) every finite subset of X is in Con, and 

(b) U ~ X and U f- V implies X n V 1 0 for all U, V E Con. 

Let DH denote the set of all elements generated by a Scott information sys­
tem (H,6.,Con,f-). The poset (VH,~) of elements partially ordered by (set) 
inclusion is called the information domain associated with ( H, 6., Con, f-) and 
( H, .6., Con, f-) is called the representing information system of (V H, ~). The 
compact elements of this domain are the up closures ( under f-) of sets in Con -
that is, sets ur = { :r I u f- { :r}} for u E Con. 

A Scott information system can be regarded as a Gentzen-style deduction sys­
tem, where multiple conclusions are deduced from multiple premises [Zha9°J.]. 
The entailment n·lation U f- V can lw interpreted as indicating that the finite 
conjunction of propositions in U entails the finite disjnnction of propositions in 
V. Then an element X is a set of propositions which is deductively-closed c1.11cl 

consistent. It is deductively-closed in the sense that no finite conjunction of 
propositions chosen from X can generate a set of conclusions which contain no 
propositions within X; it is consistent in the sense that A ff 0 for every finite 
A~ X. 

There is an alternative characterisation of elements in V H, which as pointed 
out by Scott [Sco82], makes the notion of information domain compatible with 
the notion of domain arising in domain theory. For any element XE V(H), 

X = LJ{U.,. I U E Con and U ~ X}. 

Intuitively, this says that any element of the domain (DH,~) can be thought of 
as the limit of its finite approximations. The precise connection between domains 
in domain theory and information domains associated with information systems 
is given as follows in (e.g.) ([DaP90], p68): 

1. 4. 3 Theorem Every domain is order-isomorphic to the information do­
main associated with its information system of compact elements. □ 

For a logical presentation of program semantics based on information systems, 
a representation of programs as some kind of mappings or relations between 
information systems is needed. In Scott (Sco82] these are given as structure­
preserving mappings between information systems called approximable map­
pings. The word 'mapping' is used to indicate that these relations are coun­
terparts of multifunctions ( used in domain theory), and the reason for usmg 
'approximable' is explained in detail in [Sco82]. 
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1. 4. 4 Definition Let (H, 6., Con, f-) be a Scott information system. A Scott 
approximable mapping f : H -+ H is a binary relation f ~ Con x Con 
such that for any Ui, U2, Vi., Vi E Con: 

( a) 0f0 

(b) Ui!Vi and UiJVi imply Ud( Vi u Vi) 

(c) U2 I- U1, U1f'Vi. and Vi f- Vi imply U2JVi. 

(This is exactly Scott's definition ([Sco82] Definition 5.1.) 

Intuitively, Uif Vi can be read as saying 'given consistent information U1 the 
program f produces consistent information Vi as output, and the amount of 
information produced by the program depends on the amount of information 
provided as input'. These conditions are interpreted in [Sco82] as follows. Con­
dition ( a) means that no information about the output can be obtained from no 
information abou the ir:put. Condition (b) means that the output corresponding 
to a fixed input is cumulative. Condition (c) describes how J interacts with the 
entailment relation. 

The results of this SecLion provide the necessary background for Chapter 3 where 
generalisations of the notions of Scott information system and Scott information­
respecting relation are considered as a logical presentation of program semantics. 

1.5 Priestley spaces and Priestley duality 

A Priestley space is a certain kind of partially ordered topological space. These 
spaces, also called ordered Stone spaces [Pri70, DaP90, Smy92], are used to repre­
sent bounded distributive lattices essentially in the way that a Boolean algebra 
can be represented as a field of sets. The correspondence between Priestley 
spaces and bounded distributive lattices, establ1shed by Priestley [Pri70, Pri72, 
Pri84] has been referred to as Priestley duality in (e.g.) [CLP91]. 

As explained in [DaP90], the representation results of Stone and Birkhoff lead 
Priestley [Pri70] to use ordered topological spaces. The standard Stone [Sto36] 
representation results state that any Boolean algebra is isomorphic to an algebra 
of sets and, more generally, that a distributive lattice is lattice isomorphic to a 
lattice of sets. Stone [Sto37] and Birkhoff [Bir33] made these characterisations 
more explicit by considering prime ideals. (For a definition of prime ideals see 
Appendix 1.) In the case of a finite distributive lattice L, Birkhoff ordered the 
set of prime ideals IL with set inclusion, and showed that L is lattice isomorphic 
to the lattice of lower sets of (IL,~). In the case of a Boolean algebra L, Stone 
topologised the set of prime ideals IL with a so-called Boolean space topology 
DrL (having as basis the collection {Xa I a EB} where Xa ={XE TB I a EX} 

http:1JVVIC;a.ll
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for a E B), and showed that B is isomorphic to the algebra of clopen sets of the 
Boolean space (IL, flri). Combining these two ideas, Priestley [Pri70] presented 
a representation result for bounded distributive lattice which emphasises both 
the order and the topology of the set of prime ideals of a bounded distributive 
lattice. 

Before defining a Priestley space, I provide some facts some about ordered topo­
logical spaces that are directly relevant to Priestley spaces and Priestley duality. 
(For definitions about ordered sets and topology not given here refer to Appen­
dices 1 and 2.) An ordered topological space consists of a non-empty set X, a 
topology r and a partial order :::;. In general, the order is not the specialisation 
order of r. Any topological space (X, r) can be regarded as an ordered topo­
logical space under the discrete (partial) ordering (:r :::; y iff :r y); and any 
poset (X, :::;) can be regarded as au ordered topological space under the discrete 
topology (r = P(X)). Let (X,<,r) be an ordered topological space. A subset 
A ~ X is a clopen upper set if it is both a clopen set and an upper set. Dually, 
a subset A ~ X is a clopen lower set if it is both a clopen set and a lower set. 
Clopen upper sets and clopen lower sets are related by set-theoretic complement 
(since upper and lower sets are set-theoretic complements and the complement 
of a clopen set is a clopen set). Any ordered topological space has at least two 
clopen upper and clopen lower sets - namely the empty set and the full space 
X. A sufficient condition for the existence of other clopen upper and clopen 
lower sets is a notion of disconnectedness for ordered topological spaces. In par­
ticular, an ordered topological space (X, :::;, r) is totally order disconnected with 
respect to :::; if for any two distinct elements x, y E X with x f y, there exists 
a clopen upper set containing y and not x and a clopen lower set containing x 
and not y. (This implies the Hausdorff separation property given in Appendix 
2.) 

A Priestley space is defined as follows ([Gol89, DaP90, CLP91]): 

1. 5. 1 Definition A Priestley space is an ordered topological space (X, :::;, r) 
where: 

(a) (X, :::;) is a poset, and 

(b) (X, :::;, T) is a compact, totally order-disconnected space. 

A Boolean space can be regarded as a Priestley space under the discrete order; 
the lattice of clopen upper sets of a distributive lattice with the discrete topology 
is a Priestley space. Domains can also be topologised to form Priestley spaces 
( see (e.g.) [Pri94a, Pri94b] and Chapter 2 of this thesis.) 

A Priestley space morphism is an order-preserving homeomorphism between 
Priestley spaces. Priestley spaces (X, :Sx, Tx) and (Y, :=:;y, Ty) are 'essentially 
the same' if there exists a map 'ljJ from X onto Y which is simultaneously an 
order-isomorphism and a homeomorphism. I shall call such a map an order­
homeomorphism and say that (X, :::;x, Tx) and (Y, :=:;y, ry) are order-homeomorphic. 
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The next theorem collects together some properties of Priestley spaces proved 
in (e.g.) [Gol89, DaP90]. 

I. 5. 2 Theorem Let ( X, ~, T) be a Priestley space. Then 

(a) the clo pe ii; upper sets and their complements form a snbbasis for 

the topology T. 

(b) T has n bnsis of clopen sets. 

( c) x ~ y in X iff y E U implies x E U for every clopen upper sel U. 

(d) for any closed upper set C in X and ;i; EC, there exists a clopen 
upper set U such that C ~ U and x (/. U. □ 

The clopen upper subsets of a Priestley space form a base for a topology on X 
called the upper topology [Gol89]. Similarly, their complements form a base for 
the lower topology on X. Then by Theorem 1. 5. 2 , the topology of a Priestley 
space is the join of these two weak topologies, that is the topology havin~; as 
subbasic elements the~ basic elements of tbc upper and lower topologies. This 
alternative characterisation of a Priestley space is due to Goldblatt [Gol89]. 

I now outline the relationship between Priestley spaces and bounded distribu1tive 
lattices. Ideals, specifically prime ideals, are usually used in formulations of 
Priestley duality (see (e.g.) [Pri70, Pri72, DaP90)). Here, as in (e.g.) [Gol:S9]. 
I use prime filters since they have more natural interpretations in the cont.ext 
of program semantics. Given the relationship between prime filters and prime 
ideals of a lattice, the proofs of theorems about prime filters stated here invoke 
the same arguments as those fo r theorems about prime ideals appearing in the 
literature, and are therefore not given . 

I start by showing that a Priestley space can be obtained from a bounded dis­
t.ributive lattice. Let (L, V, /\ , 0, 1) be a bounded distributive lattice. Define FL 
to be the set of all prime filters of L, partially ordered by inclusion. For each 
a EL, define 

aL(a) ={FE FL I a E P} . 

Let S = {aL(a) I a EL} U{FL - aL(a) I a EL}. The elements aL(a) for a(= L 
are upper sets and the elements F L -aL(a) for a EL are lower sets. (Note that 
S is not closed un der finite intersections.) Let 

Then B contains S since L is bounded , and B is closed under finite intersections. 
Define a topology nFL having B as basis (or Sas subbasis), that is, U E nrL 
iff U is a union of members of 13. Then (FL,<;, .O:FL) is the prime filt er space 
associated with (L, V, /\, 0, 1) and by ([DaP90] Theorem 10.14): 

1. 5. 3 Theorem The prime.filter space (FL, ~ , nFL) of any bo'l).nded distnibu-
tive lattice ( L, V, /\ , 0, l) is a Priestley space. □ 
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( A similar construction will be used in Chapter 3 to construct a Priestley space 
from a (Priestley) information system.) 

Let (X. ::;, -r) be a Priestley space. Define U(X) to be the set of ail clopen upper 
subsets of X. Then U(X) is closed under finite unions and finite intersections; 
and hence (as shown in ([Go\89], p 12) ([DaP90], p 199)), 

I. 5. 4 Lemma The lattice of clope11, uppe-r sets (U(X), ~) of any Priestley 
space ( X, ::; , T) is a bo·unded distribut.i·ue latt-ice. □ 

One part of Priestley dual ity is given in Theorem 1. 5 . 5 ([DaP90], Theorem 
10.20), and a complementary part in Theorem 1. 5. 6 ([DaP901, Theorem 10.19). 

1. 5. 5 Theorem (Representation Theorem for 0oundecl distributive lattict·) 
Every bounded distributive lattice is lattice isomrwphic to lhF. lattice of 
clopen 1tpper s·ubsets of some Priesf.ley space. □ 

1. 5. 6 Theorem (Representation Theorem for Priestley spaces) 
Every Priestley space is order-homeomorphic to the prime filte ·r space 
of some bounded dist,ributive lattice. □ 

The final part of Priestley duality involves establishing a bijective correspon­
dence between bounded distributive lattice homomorphisms and Priest ley s pace 
morphisms. The crucial point for obtaining this bijective correspondence is that, 
for any lattice homomorphism the preirnage of a prime filter is a prime filter. 
Also for any Priestley space morphism the preimage of a clopen upper set is a 
clopen upper set. With these bijective correspondences a full categorical dual­
ity is obtained between bounded distributive lattices and P riest ley spaces. The 
meaning of Priestley duality is that algebraic notions on bounded distributive 
lattices can be translated into topological notions on Priestley spaces, and vice 
versa. For example, as shown in [Pri72, Pri84, Pri85]: 

1. 5. 7 Theorem 

( a) The ideal lattice of a bounded distr-ibttti-ve lattice is lattice isomor­
phic to the lattice of closed lower sets of the dual Priestley space. 

(b) The filter lattice of a bounded distribuii've lattice is lattice isomor­
phic to the lattice of closed 11.pper sets of the dual Priestley space. 

( c) The principal filter lattice of a bounded distrib1dive lattice is lattice 
isomorphic to the lattice of clopen upper sets of the d1tal Priestley 
space. □ 
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These lattice isomorphisms can be pictured as follows: 

~ 

ideal closed lower set 

l (-)or 
~ 

l (-)°P 

filter closed upper set 

where (- )0
P reverses t be re levaut. order on the bounded d istributive }attice and 

on the Priestley space, and~ denotes a lattice isomorphism. The correspondence 
between filters and c losed upper sets will be used in the context of denotational 
sernantics in Chapter 4. 

As a consequence of Priestley duality we have , that any Priestley space is a cpo 
([DaP90], J.::xercise I 0.9(iv)), but it is not the case that every Priest ley space is a 
domain. In Chapter 4 I show how a domain can be constructed from a Priestley 
space. 

1 .6 R elational Priestley spaces and Priestl,ey 

duality 

A relational Priestley s7Jace is a Priestley _space endowed wi th a collection of cer· 
tain binary relations - that is, a special relational structure . .Jonsson/Tarski 
[JoT51, .JoT 52] first put forward the idea of associating a relational struc\;ure 
with a Boolean algebra with operators. Since a Priestley space is associaited 
with a bounded distributive lattice, the Jonsson/Tarski result suggests that re· 
lational Priestley spaces cau be associated with bounded d istributive latt ices 
with unary operators. 1n fact, this has been done in [Gol89] for bounded dis­
t ri butive lattices with meet and/or join homomorphisms, and for bounded dis• 
tributive lattices and join homomorphisms in [CLP91]. (The difference between 
(bounded distributive lattices with operators', and 'bounded distributive lattices 
and operators' is that the former structure allows only operators over the same 
distributive lattice; wh.ile the latter allows operators over possibly different dis­
t ributive lattices. In other words bounded distributive lattices with operators 
are special kinds of bounded distributive lattices and operators.) There is a 
difference in the translations used by Goldblatt and Cignoli: Cignoli uses the 
Jonsson /Tarski t ranslation given in Section 1.2 to define a join homomorphism 
frorn a binary relation, while Goldblatt uses the translations yielding respectively 
the conjugate and residual of the Cignoli join homomorphism. The Goldblatt 
translations y ield dual homorphisms. 

1n this Section I superimpose Priestley's rep resentation theorem for bounded 
distributive lattices on .J6nsson/Tarski's representat ion result for Boolean a lge-
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bras with operators ( outlined in Section 1.2) to obtain a representation theorem 
for bounded distributive lattice with join homomorphisms. (That is, I use the 
Jonsson/Tarski translations between join homomorphisms and relations, and 
Priestley1s translations between Priestley spaces and bounded distributive lat­
tices). These translations make this result a special case of Cignoli's repregenta­
tion theorem. 1 then point out how i by reversing orders, a representat:ion theo­
rem for bounded distribut ive lattice with meet homomorphisms can be obtained. 
(This representation result will be used in Chapter 2 to t.ranslate between a n 
algebraic and a relational presentation of program semantics based on Priestley 
spaces.) 

I now present , as a specia l case of Cignoli et al [CLP!)l] results, a representa­
tion theorem for bounded distributive lattices with. join liornomorphisms, and 
its complementary part for Priestley spaces with certain relations. The rela­
tions over Priestley spaces corresponding to join boinomorphisms are defined 
(in [CLP91] Definition 1.2) as follows: 

1. 6. 1 D efinition Let (X, :;:, r) be a Priest ley space. Tl-1e11 a. rt>lcttion 
R ~ X x X is called a Priestley rf/ation if 

(a) images of points are closed lower sets [i.e. V:c E X, th(• sd . 

R(x) = {y EX I (x, y) E R} is a closed lower set]; and 

(b) existential inverse images of clopen upper sets a re clopen u1pper sets 
[i.e. for every clopen upper set V ~ X , R:3 V is a clopen upper set 
in X , where R:3V ::;::: {x EX I R(J:) n Vi= 0}] . 

Denote the class of Priestley spaces with Priestley relations by Pspace+R. Denote 
the class of bounded dist ributive lattices with join homomorphisms by Dlat+ J. 

Let (L, V, A, 0, 1) be a bounded distributive lattice. Then given a join homo­
morphism j : L - L1 a relation :Fj ~:FL x :FL is defined, in [CLP91],, by: 

:F] = { ( P, Q) E ✓ £ X :FL I Q ~ j-1 
( p) } . 

W ith this translation Cignoli et al ([CLP9lj, Ex 1.3 (iv)) show that: 

1. 6. 2 Theorem For every bounded distributive lattice with Join homomor­
phism ((L, V, /\, 0 7 l ) 7 .J)1 the prime filter space (:FL,~, S1.rL) endowed 
with relations :F j one for each j E .J is a Priestley space with Priestley 
relations. □ 

Let (X, '.S, ,) be a Priestley space. Then given a Priestley r elation R ~ X x X , 
a mapping UR: U(X) -+ U(X) is defined in [CLP91] by: 

UR(V) = {x EX I R(x) n VI 0} 

fo r any clopen upper set VE U(X). With this trans lat ion Cignoli et al ([CLP91], 
Lemma l.5(i)) show that: 
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1. 6; 3 Theorem For every Priestley space with Priestley relations 
((X 1 :::;, r), 'R), the lattice of clopen 11pper sets (UX, ~) with mappi:ngs 
UR one for each R E 'R is a bo·unded distributive lattice with join ho­
momorphisms. □ 

The Cignoli et al extension of Priestley's representation theorem (here Theorem 
1. 5. 5) for bounded distributive lattices with join homomorphisms is given 1n 
T heorem 1. 6. 4. (T he proof may be found in ([CLP91L Lemma l.5 (iv)).) 

1. 6. 4 Theorem Every bounded distrib1ttivc lattice with join h.omomo·rphfr,rns 
((L , V,/\ 1 0. l),J) is lattice isomorphic to the lattice of clopen nppe,· 
sets with join homomorphisnis of some Priestley space with. Priestley 
relations. □ 

( Here the isomorphism is a lattice isomorphism ·1/J over ( l , V, /\ , 0, I) which pre­
serves the join homomorphisms in the sense that fo r every j E J , 
·cp of= U:Ff o 4,.) 

The Cignoli et al extension of Priestley's represe11tation theorem (hert\ Tli<:!orem 
1. 5. 6) for Priest ley spaces is given in Theorem 1. 6. 5. (The proof may he found 
in ([CLP91L Lemma l.5 (v)) .) 

1. 6. 5 Theorem £,very Priestley space with Priestley relations ((X, S, r), 'R) 
is order-isomorphic to the prime filter space with Priestley relations of 
some bounded distributive lattice. with join homomorphisms. □ 

(Here the order-isomorphism is an order-homeomorphism cover (X, :::;, T) which 
is structure-preserving in the sense that for every R E 'R and x, y E X, 
(x,y) ER iff (c(x),c(y)) E FUR. ) 

I now show how to obtain a representation theorem for bounded distributive lat­
tices with meet homomorphisms from that of Cignoli et al for bounded distri bu­
tive lallices wilh join homomorphisms. Meel homomorphisms over a bounded 
distributive lattice a re in a sense 'opposite' to join homomorphisms, so the cor­
responding relations over the dual Priestley space are 'opposite' to Priestley 
relations. T herefore I define a notion of opposite Pn:estley relation by in1ter­
changing 'upper' and 'lower' in the defin it ion of a Priestley relation. T hat is , 

1. 6. 6 D efinition Given a Priestley space (X, S, T)i a relation R ~Xx X is 
an opposite Priestley relation if 

(a) images of points a re closed upper sets [i.e. 'r/x E X, t he set 
R(x) = {y EX I (x, y) ER} is a closed upper set]; and 

(b) existential inverse images of clopen lower sets are clopen lower ~iets 
[i.e. for every clopen lower set V ~ X, R :3 V is a clop en lower set 
in X where R :3 V = {x EX I R (x) n V j 0}]. 
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A more useful form of (b) uses the universal inverse image operation defined by: 

for any clopen upper set V EU X. Then, 

( b )' universal inverse images of cl open upper sets are rlopen upper sets {i.e. for 

every clopen upper set V ~ X, R:"' V is a clopen upper set in X}. 

Denote the class of Priestley spaces with opposite Priestley relations by 
Pspace+opR. Denote the class of bounded distributive lattices with meet ho­
momorphisms by Dlat+M. Priestley /Cignoli's duality ca11 now be restated as a 
duality between Dlat+M and Pspace+opR. 

Let ( L, V, ;\, 0, 1) be a bounded distri bu ti ve lattice. Then given a meet homo­
morphism g : L -, L, define a relation :F g ~ :FL x :FL by: 

:F [} = { ( P, Q) E :F fVl X :FL I .rF l ( p) ~ Q}. 

This relation can be shown to be an opposite Priestley relation by invoking 
Theorem 1. 6. 2 as follows: take a bounded distributive lattice with meet ho­
momorphisms, reverse the order on the lattice to obtain a bounded distributive 
lattice with join homomorphisms, apply Theorem 1. 6. 2 to obtain a Priestley 
space with Priestley relations, and then reverse the order on the Priestley space 
to obtain a Priestley space with opposite Priestley relations. 

1. 6. 7 Theorem For every bounded distributive lattice with meet homomor­

phisms ((L, V, J\, 0, 1), 1\11), the prime filter space (:FL,~' f!.ri) with re­
lations :F g, one for each !J E J\11 1 is a Priestley space with opposite 
Priestley relations. □ 

Let (X, :;, r) be a Priestley space. Then given an opposite Priestley relation 
R ~Xx X, define a mapping UR: U(X)-+ U(X) by: 

UR(V) := R:'<IV {x EX I R(x) ~ V} 

for any clopen upper set V E U(X). This mapping can be shown to be a meet 
homomorphism by invoking Theorem 1. 6. 3 as follows: take a Priestley space 
with opposite Priestley relations, reverse the order on the Priestley space to 
obtain a Priestley space with Priestley relations apply Theorem 1. 6. 3 to obtain 
a bounded distributive lattice with join homomorphisms, and then reverse the 
order on the lattice to obtain a bounded distributive lattice with meet homo­
morphisms. 

1. 6. 8 Theorem For every Priestley space with opposite Priestley relations 
((X,::;,r),R) 1 the lattice ofclopen upper sets (UX,~) with mappings 
U R 1 one for each R E R, is a bounded distributive lattice with meet 
homomorphisms. □ 



24 Chapter 1. Introduction and Preliminairies 

The repres~ntatioo theorem, in Theorem 1. 6. 9 , for bounded distributive lattices 
with meet homomorphisms can be proved by taking a bounded distributive 
lattice with meet homomorphisms, reversing the order on the lattice to obtain a 
bounded distributive lattice with join homomorphisms, app lying Theorem 1. 6. 4 
to obtain the isomorphic bounded distributive lattice with join homornorphis:ms, 
and finally reversiug the order on the lattice to obtain the required bounded 
distributive lattice with meet homornorphisrns. 

1. 6. 9 Theorem Every bounded distributive lattice with meet homomorphisms 

( ( L, V, /\, 0, 1 ), Jvl ) is lattice. iMmorphic to the lattice of clopen upper 
sets with m eet homomorphisms of s ome. Prie.,5tl1: y s pace with opposite 

Priestley relations. □ 

( He1·~ the isomorphism is a. lattice isomor-phism 1i1 over (L, V,/\,0, I) which pre­
serves the meet homomorphisms in the sense tbat for every g E Jvl , 
-if; 0 !} = U f fl O ,j, . ) 

The complementary representation theorem for Priestley spaces with opposite 
Priestley relations is given in Theorem 1. 6 . 10. This can proved by taking a 
Priestley space with opposite Priestley relations, reversing the order to obtairn a 
Priestley space with Priestley relations, applying Theorem 1. 6. 5 to obtain the 
homeomorphic Priestley space with Priestley relations, and finally reversing the 
order on the Priestley space to obtain the required Priestley space with opposite 
P riestley relations. 

1. 6. 10 Theorem Every Priestley space with opposite Priestley relations 
((X, ~' r), 1?..) is order-isomorphic to the prime filter space with op­

posite Priestley relations of some bounded distributive lattice with meet 
homomorphisms. □ 

(Here the order-isomorphism is an order-homeomorphism E over (X, ~' r) which 
is structure-preserving in the sense that for every R E. 1?.. and x, y E X, 
(x,y) ER iff (t(x),E(y)) E :FUR.) 

The relationship between the results of this Section and those of Goldblatt 
[Gol89] can be summarised as follows; 

http:1),)\.11
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Goldblatt 
Dlat+ M~----- Pspace+opR-

I ( -)OP I (- )OP 
Goldblatt 

Dlat+ J - ----- Pspace+R~ 

I(-)- l (-)-
Cignol.i 

Dlat+J ----- Pspace+R 

I ( -)Op I ( -)op 

Dlat+ M - - - - - - - Pspace+opR 

The (-)0 P reverses the relevant order on cUstribut,ive lattices and on Priestley 
spaces, but leaves the homomorphisms and relations unchanged. The (-t re­

verses the <lirect.io!l of the homornorphisms (i.e. J : X -t V becomes 
J- : Y -t X) and the relations (i.e. R ~ X x Y bl:'comes R"- ~ Y x X ), 
but leaves t.be orders unchanged. 

The results of this Section will be used in Chapter :2 to define relationa.l and an 
algebraic presentation of program semantics based on Priestley spaces,, and to 
translate between them. 



26 Chapter 1. Introduction and Preliminaries 



Chapter 2 

elational Semantics and 

redicate ans former 

Semantics 

In this Chapter I put forward the idea that the notion of a relational Priest­
ley space (from Section 1.3) provides a suitable relational model of program 
semantics. I exhibit an example of a Priestley space with programs, namely the 
universal domain yw [Plo78] topologised with the Scott topology and its dual. 
lI sing this example I advance three arguments in favour of using a Priestley 
space as a state space. First, a Priestley space provides a setting in which the 
logical and information-theoretic aspects of a state space can be appreciated. 
Second, natural topological characterisations of computational concepts such as 
observability, nondeterminism, termination, and predicate transformers can be 
obtained. Third, considering Dijkstra's [Dij76] ideas in the context of a Priest­
ley space gives rise to natural relational counterparts of healthiness conditions 
imposed on predicate transformers. 

2.1 A domain of states 

Let Var= { v1 , v2 , v3 , •• • } be a denumerable set of program variables. For the 
purposes of this Chapter I assume that all the variables are of type Boal. I do not 
assume that the value of every variable is known. (For example, in a distributed 
system it would be unrealistic to assume that the value of every variable is known 
at every point in time.) If the value of a variable is known, then the variable 
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denotes either O OT ] i if the value of a variable is unknown, then the variable still 
denotes either O or 1 but it is not known which. I introduce a special symbol I J_' 

which means 'it is unknown whether the value is O or 1' as the denotation of a 
variable with unknown value. The philosophical motivation for this idea is lthat 
I want a theory of information ( an epistemological theory) rat.her than a theory 
of existence (an ontological theory). That is1 I assume that at any point in t. ime 
some information is known, but do not assume everything is always known. So 
I dist inguish between ' the known' and 'the unknown' assuming 'the known' is 
better than 'the unknown'. Then the basic ordering of information is: 

• known 

I 
• unknown 

The actual information is given by the values of the (known) variables, Here l do 
not assume any value is better than another; hence the ordering on denotatitons 
of variables is that of the three-valued truth value cpo T ( that is, 0 <1r 0, 
1 :5:1' 1, 1_ ST 1_,o, 1). 

.1. 

In this contex.t, I represent a state as an infinite ordered vector in Tw (the Carte­
sian product of w copies of T ). That is, a state s is a vector ( s( v1) 1 s( v2), • . • ) 

where s(v;) is the value of variable v; in state s and s(v,) E T . I assume the 
values of variables in these vectors are ordered in t,he sense that the valu1e of 
variable v, occurs in position i of the vector. Let. State be the set of all sta.tes. 
Then State = Tw . I call a state atomic if all except one of its values are 1.; 
finite if all except a finite number of its values are J_; and maximal if non,e of 
its values is l_. Let Atom denote the set of a ll atomic states, and Stat e0 the 
set of all finite states. T hen Atom ~ State0

• I assume (J.,J_, ... ) E State0 but 
(1_, 1.1 ••• ) ¢ Atom. (The reason for this assumption will become apparent in 
the proof of Theorem 2. 2. 4.) 

The ordering on State is the compouentwise ordering ~ inherited from the or­
dering ~T on T . That is, 
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2 . 1.1 For x, y E State, 

x ~ y iff Vi> 0 1 x(vi) ~T y(v,) 
iff Vi> 0, (x(v;) = 1- or x(v;) = y(v;)) . 

An in terpretation of this ordering can be obtained by thinking of a state (in 
State) as an encoding of informat ion. Let s be a state. Then the information 
content of s, denoted / 5 1 is g iven by the set {vi I .s(v,) =/= 1-} of variables known 
in state s. The variables in Is could have value l or value O ( and it is known 
which). Accordingly, t he positive information content of s, denoted Ps, is the 
set {vi j s(v;) = l} C Is of variables with value 1 in states; and the 1tegalive 
information content. of .s, denoted N5 , is the set {v; I s(vi) = O} ~ ]9 of variables 
with value O in state .s. Note that Ps UN, = I5 • Now states can be ordered with 
respect to their positive and negative information contents as follows: 

2. 1. 2 For x , y E State, 

The ordering 'x G y 1 can be read as ex is an approximation of y' in the sense 
that cevery variable whose value is known in x is known and has the same value 
in y'. Simply put: at least as much is known about y as about x . Note that 
x I; y implies Ix ~ fy, but not conversely. (For example, if x = (0, 1, 1, J_, ... ) 

and y = (0, 1, 0, 1, 1-, ... ) then Ix~ ly but P:c £ Py so x (l y.) 

2. 1. 3 Theorem The orderings I; and~ over State coincide. 
Proof: Take any x, y E State. Suppose x G y . Then by 2. 1. 2 P'& ~ Py 
and Nx ~ Ny ; so Vi> 0, x(vi) = 0 implies y(vi) = O; x(V;) = 1 implies 
y(vi) = 1 and x(vi) = 1- implies y(vi) E {..L, 0, l}. Therefore, for every 
i > 0, x(vi) ~T y(v;); so x ~ y. 
For the converse, suppose x Sy. Then for every i > 0, x(v;) ST y(v;). 
Now Vi :2: 0, x(vi) = 1 implies y(v;) = 1 since 1 ST 1; so Px ~ Py. Also 
for every i > 01 x(v,) = 0 implies y(vi) = · 0 since 0 ST O; so N'& ~ Ny . 
H ence x ~ y. 
Therefore, for a ll x, y E State, x I; y iff x ~ y. □ 

The state space is (State, !;) . I now examine its st ructure. There are many 
maximal elements, so (State, !;) is not a lattice, but rather: 

2. 1. 4 Lemma The ordered set (State, C) is a cpo. 
Proof: This follows from the fact that T is a cpo, that Stat~ = Tw, 
and that the Cartesian product of cpo's is a cpo ([Plo78], p 210). D 
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The finite states are the compact elements of the cpo (State, C). This fits the 
intuition (explained in Section 1.3) that compact elements of a domain may be 
thought of as information attainable in a finite amount of time. 

2. 1. 5 Lemma The compact elements of (State, ~) ar(! exactly the finite 
states. 
Proof: Let x E State0 be a finite state and D be a directed set such t,hat 
x C: 1J D. Then for every v E Px there is some rl E D with d(v) 0= l 
( si nee LJ D( v) = l and D # 0), and for every v E Nx there is some 
e ED with e(u) = 0. For each 11 E Px, select some d ED with d(v) = 1 
and let P be the set of these d's. Similarly, for each 11 E Nx, select 
some d E D with cl( v) = 0 and let N be the set of these d's. The sets 
P and N are both finite sets (since P.:1: and N:i: are respectively finite) 
and subsets of D. Since (State, ~) is a cpo, P has an upper bound say 
p, in D and N has an upper bound, say q, in D. Since D is direded. 
and p, q E D there is some u E D such tbat p ~ -u aud q ~ 1L. Also 
:c r;;:: it, so x is compact. 
>low to check that no other elements are compact, take any :z: E S1tate 
such that {v I :1;(v) # .L} is infinite. Then either one or both of Pr 
and Nx are infinite. Suppose Px is infinite. Then Px is countable) so 
its elements can be enumerated as, say, Pc = { v;,, 'Vi2 ► ••• , V;n, ... }. Let 
X = {x1,x2, ... ,xn, .. . } where x1c E State with Pxk = {v;, ,Vi2, . . . , v,k} 
and Nx,_ = Nx. Now X is a directed set with LJ X = x. Hence x ~ LJ X 
and w r;;;; x for every w E X; so x cannot be compact. □ 

The finite states form a countable basis for (State, ~) , which means that 
(State, ~) is an w-algebraic cpo and hence a domain. (It is called the universal 
domain [P lo78].) 

2. 1. 6 T h eorem The cpo (State, ~) is a domain . 
Proof: F'irst, for algebraicity I show that Stat e0 is a basis fo r (St.ate, 
r;;;;) . Consider any state x E State. Define X = { b E State0 I b ~ x}. 
T he set X is directed. For take any b1 , b2 E X. Let b E State be the 
state with A = A 1 U A 2 and Nb= Nb, U Nb2 • The state bis compact 
(since A and Nb are finite) , and since b1 ~ x and b2 ~ x, b r;;;; x. Thus 
b EX and since b1 ~band b2 r;;;; b, it follows that X is directed. Since 
(State, ~ ) is a cpo, X has a least upper bound, and LJ X r;;;; x. Let 
Y = {y E State I y ~ x}. Then LJY = x, so x ~ LJX (since X ~ Y) 
and hence x = LJ X. Thus State0 is a basis and hence (State, r;;;;) is 
algebraic. 
Second, for w-algebraicity I show that the basis State0 is countable. 
A one-one enumeration b0 , b1 , ... of the compact elements is given (in 
[Plo78] p 213) by taking bn to be the compact element x such that 

n=I::2-i+I::i 
iElp iElN 
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where Ip {i ~ 0 I Vi E Px} and IN= {i ~ 0 I Vi E Nr}. 
Therefore, (State, ~) is an w-algebraic cpo, and hence a domain. D 

vVhat role do the atomic states play? There are enough atomic states to distin­
guish between distinct states. The following sequence of lemmas shows how a 
state can be constructed abstractly from its atomic approximations. 

A (finite) state x is called a (finite) approximation of a state y iff :r. ~ y. The 
set of all states of which xis a (finite) approximation, denoted T{x}, is the set 
{y E State Ix~ y }; this is an upper set (with respect to~). The set-theoretical 
complement of T{.r}, denoted T{.c}, is a lower set (with respect to~). For any 
set X ~ State, TX is the set of states of which some .c E X is an approximation 
(that is, TX UxEXT{.r}). 

Any two atomic states ( with distinct information contents) determine a state in 
State0

• 

2. 1. 7 Theorem For distinct a, b E Atom, if la f:. h then there is somf'. :c E 
State0 such that T{a} n T{b} = T{.c}. If la= h thtn T{a} n T{b} = 0. 
Proof: Take any a, b E Atom. First, suppose (, f:. h. Let :r E State0 

with Px = Pa UH and Nx = Na. U Nb. Then x E State0 since Ir, and h 
are singletons. Now y E T{a} n T{b} iff a~ y and b ~ y iff PaU Pb~ Py 
and Na. U Nb ~ Ny iffy E T { x}. Second, suppose Ia = h. Then either 
Pa = Nb = { v} or Pb Na {v} for some v E Var. I n either case 
T{a}nT{b} {yla~yandb~y}={yly(v)=landy(v) O} 
0. □ 

In general, any set of atomic states (with distinct information contents) deter­
mines a state in State. That is, for any finite A ~ Atom, if Ia -/= h for every pair 
a, b E A then there is some X E State0 such that naEA T {a} = T { X}. Otherwise 
naEA T{ a} = 0. For any non-finite A ~ Atom, if la f:. h for every pair a, b E A 
then there is some X E State - State0 such that naEA T {a} = T { X}. Otherwise 
naEA T{a} 0. 

On the other hand, any (finite) state is (finitarily) determined by its atomic 
approximations in the sense that: for any x E State, 

Px LJ{Pa. I a E Atom and ab x} and Nr = LJ{Na I a E Atom and a~ x}. 

(If xis a finite state then these unions are finite.) 

2. 1.8 TheoremForeveryx E State, T{x} = n{T{a} j a E Atom and a~ x}. 
Proof: Take any x E State. Let A { a E Atom I a ~ x}. Suppose 
y E T{ x}. Then x ~ y, but for every a E A, a ~ x by transitivity of~­
Thus y E n{T{a} I a EA}. Conversely, suppose y E n{T{a} I a EA}. 
Then for every a E A, a ~ y and in particular, x ~ y since x E A. 
Thus y E T{x}. Therefore T{x} = n{T{a} I a E Atom and a~ x}. □ 
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The role of the atomic and finite states of State will be formalised in Section 3.1 
by the notion of Scott information system (Definition 1. 4. 1). 

2.2 A Priestley space of states 

In this Section I topologise the domain (State, G) to form a Priestley space. I 
define three topologies on (State, G). Namely: 

( a) a topology generated from a sub base of principal upper sets i{ a} 
(a E Atom); 

(b) a topology generated from a sub base of (set-theoretic) complements of prin­
cipal upper sets T a ( a E Atom); and 

( c) a topology generated from a sub base of the sets T {a} and their complements 
i{a} (a E Atom). 

Then I show that (State, G) with the third topology forms a Priestley space. 
The first topology is the Scott topology on the domain (State, G) ; the second 
is the dual of the Scott topology; and the third topology is the patch topology of 
the Scott topology and its dual. (More general definitions of these topologies 
can be found in (e.g) [Law87, Smy92].) For any domain with the Scott topology, 
the Lawson topology coincides with the patch of the Scott topology [GHK80] 
([Smy92] Ex 7.7.8(8)). Therefore the construction used here is a special case of 
the general construction of a Priestley space from a domain using the Lawson 
topology given in (e.g.) [Pri85, Pri94a, Pri94b]. 

First, let Su = { i{ a} I a E Atom} and define Bu to be the collection of all fi­
nite intersections of members of Su together with the set { (j_, 1., .. . ) } that is, 
Bu= {T{x} Ix E State0

} U {(1.,1., ... )} (by Lemma2.l.7 and since 
{ ( J_, l., ... )} n T{ a} = 0 for all a E Atom). Then Bu is closed under finite 
intersections, and hence: 

2. 2. 1 Lemma Bu is a base for a topology on (State, ~) . 
Proof: I check the two conditions for a set to be a base for a topology: 

(i) For every x E State {(J.,J_ 1 ••• )}, there is some a E Atom such 
that a~ x; so x E UaEAtomHa}; hence State -{(.l,.l, ... )} ~ 
UaEAtom T {a}. Trivially the reverse inclusion holds. Thus State 
-{ ( .l, 1., ... )} = UaEAtom T{ a}, and hence State = UaeAtom T{ a} U 
{(j_, j_, ... )}, that is, State= UbEBu b. 

(ii) Take any B1 , B2 E Bu with x E B1nB2 . \tVithout loss of generality I 
can assume B1 = T{bi} and B2 = T{b2 } for some b1 , b2 E Atom (by 
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Theorem2.1. 7 and since T{a}n{(.1, .1, ... )} = 0 for all a E Atom). 
Then B1 n B2 E Bu (by Theorem 2. 1. 7). Therefore, there is some 
83 E Bu, namely B1 n B2 such that X E 83 ~ B1 n B2. 

By (i) and (ii), Bu is a base. D 

The family Bu is not itself closed under unions, and hence is not itself a topology 
on (State, C). (For example, let a = (1, .1, ... ) and b (.1, 1, ... ). Then 
T{a} U T{b} = {x I x(v 1 ) 1 or x(v2 ) = 1}-:/ T{c} for any c E State0

.) Let Tu 

be the collection of a.11 unions of members of Bu - that is, 

Tu {TX IX~ State0
} U {TXU {(.l, .1, ... )} IX~ State0

} 

since by definition TX UxEX T{:r}. Then Tu is a topology on (State, C) which 
I call the upper topology since it is generated from upper sets. Elements of Tu 

are open upper sets. By definition, Tu is the Scott topology on (State, C) and 
its specialisation order is C. 

Second, !et S1 = {T{a} I a E Atom} aud define 81 to be the collection of all finite 
intersections of members of S1 - tbat is, 81 {fA I finite A C Atom} since for 
A= {a 1, ••• an}~ Atom, T a 1 n ... n i{a,i} T{a 1 } U ... U T{an} = TA. Then 
8 1 is closed under finite intersections, and hence: 

2. 2. 2 Lemma Bi is a base for a topology on (State) C) . 
Proof: I check the two conditions for a set to be a base for a topology: 

(i) For any a, b E Atom with Ia= f& (a-:/ b), T{a} n T{b} =©;so State 
0 = T{a} n T{b} = T{a} u T{b}. Hence State= ubE61 b. 

(ii) Take any B1 , B2 E 81 with x E B1 n B2 . Without loss of generality 
I can assume B1 T{ bi} and B2 T{ b2} for some b1 , b2 E Atom 
(since for all finite A, B ~ Atom, TA n i B = T{ at} n ... n T{ an} 
where a 1 , ... , an E AU B). Then B1 n B2 E 81. Therefore, there is 
some B3 E 81, namely B1 n B2 , such that x E B3 C B1 n B2 . 

By (i) and (ii), B1 is a base. D 

The family 81 is not itself closed under unions, and hence is not itself a topology 
on (State, C). (For example, let a (1, .1, ... ) and b = (0, .1, ... ). Then 
i{a} U T{b} = {x I x(vi) # I or x(v1 ) # O} -:/ TA for any finite A~ Atom.) 
Let T1 be the collection of all unions of members of 81. Then ,, is a topology on 
(State, ~) which I call the lower topology since it is generated from lower sets. 
Elements of Tu are open lower sets. 

Third, let S Su U S1, and define B to be the collection of finite intersections 
of sets of the form T{ a} n T{ b} ( a, b E Atom) and all finite intersections of sets 
of the form T{b} (b E Atom). Then 

B = {i BI finite B c;;-;; Atom} U {T{x} n TB Ix E State0
, finite BC Atom} 
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si nee: ( T { a1} n T { b1}) n ... n ( T {an} n T { bn}) 
= ( l { a 1 } n ... n T {an}) n ( T { b1 } n . , . n T { bn} ) 
= i{ X} n (T{ bi} u ... u T{ bn}) 
=T{x}nTB 

where B = {b1 , . .. , bn} is a finite subset of Atom and x E State0
• Also 0 1E: B 

(since 0 = T{a} n T{a} for all £t E Atom) but State(/. B. 

2. 2. 3 Lemma B is a base for a topology on (State1 I;) . 
Proof: f check the two conditions fo r a set to be a base for a topology: 

(i) By Lemma 2. 2. 2 , State= U&EAtom T{b}; so State = Ubev b. 

(ii) Take any B1 , B2 EB with x E B, n 82, Without loss of genera.lity 
I need only consider three cases: 

(a) Suppose B1 = t{a} n T{b} and B-i = T{c} (a ,b,c E Atorn )). 
Then by Lemma 2. 2. 2 , 8 1 n Bi E 8. 

(b) Suppose 8 1 = T{ai} n T{bi} and 82 = T{n2 } n l{b2} 

(ai,b1 ,a2,b2 E At om)). Then by Lemma 2. 2 . 2 , B1 n B2 E £3. 

(c) Suppose 8 1 = T{b,} and B-i = T{b2 } (b1,b2 E Atom). 'fher.i by 
Lemmas 2. 2. 2 and 2. 2. 1, B1 n B2 E £3. 

In all three cases, there is some 83 EB such that x E B:J <; B1nB2 . 

By (i) and (ii), B is a base. □ 

The family l3 is not itself closed under unions (since Bu and 81 are not), and 
hence is oot itself a. topology in (State, C) . Let TState be the collection of 
all unions of members of B. Then 0 E TState ( si nee 0 = i{ a} n l{ a} for any 
a E Atom) and State E rstate (since State= T{a} U T{b} where a, b E Atom with 
II), = h (a :/= b)). By definition, rstate is closed under finite intersections and 
arbitrary unions, and therefore rstate is a topology on (State, i;). T his is the 
patch topology [Smy92] of the upper and lower topologies. 

For each a E State0
, i{ ci} and T{ a} are respectively open upper and open lower 

sets in (State, I;, TState) . These sets are also set-theoretic complements (in 
State) of each other, so l{a} is a clopen upper set and T{a} is a clopen lower 
set. Since 13 contains all finite intersections of members of S, and a finite inter­
section of clopen sets is a clopeo set, the sets in B are clopen sets. Therefore 
(Sta te, I;, rstate) has a subbase of clopen upper sets and clopen lower sets, and 
a base of clopen sets. 

2. 2 . 4 Theorem The space (State, i;, TState) is a Priestley space. 
Proof: By Lemma2. 1. 4, (S tate, i;) is a partially ordered set. To prove 
compactness I use the Alexander subbasis theorem. T hat is, I need to 
show that every subbasic open cover of State has a -finite subcover. Sup­
pose (State, i;, rstate) is not compact. Let U = {i {a} I a E A} U {t{b} I 
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b E B} (A, B ~ Atom) be a subbasic open cover of State with no finite 

subcovcr. Let Xe = j B (= ub~B T{b}). Then Xa n nbEB T{b} # 0 
(since nbEB i{b} ~ UoE8 T{b}) T hus Xa Cf: UbeB T{b}. Also Xa Cf: 
UaEA T{a} . This follows from the fact that Xa n A = 0. To show 
the latter suppose a E Xa for some a E A. Then b ~ a for some 
b E B , so a = b since 0. 1 b E Atom and (.l, .l, . . . ) ff. Atom. Then 
j{a} U i{b} = State, that is, {j{a}, i{b}} is a fin ite subr.over. But U 
has no finite subcover; so I obtain a contrndiction to the assumption 
that X 8 n A :/= 0. Tints X 8 n A = 0 whicb implies B n A = 0 (since 
A, B ~ Atom) and hence Xs (l_ Un EA j { ci}, and so I obtain a contra­
diction t.o the assumption that U is an open cover of State. Hence 

(State, ~' rstate) is compact. 
For total ord.er-disconnectedness1 take any x, y E State with .i: g y. 
T hen Px <l. P11 or Nx <l. N11 • I f Pi: 'l P.v then there is some u E P .. - Py, 
so there is sol!le a E Atom with P" ~ Pi; - Py- For snch an a tomic 
state, .r E i{a} and y E T{a}. Similarly, if N:r. (l_ Ny then tl1ere is sollle 
v E N:,; - Ny, ,o;;o there is sorne b E Atom with Nb ~ N,, - Ny. F'or such 
an atomic state, .r E T{b} and !J E T{b} . Thus, for any .c,!J E State 
with x g y ther<" is some clopen upper set T {CL} and some clopen lower 
set i{a} (a E Atom ) such that x E i{a} and y E T{cL}. Therefore 
(State,~, TState ) is totally order-disconnected. This completes the proof 
Lhat (State, ~,rState) is a Priestley spa.ce. D 

This completes our example of a Priestley space that can be viewed as a state 
space. The next s tep is to consider whether every Priestley space can be viewed 
as a state space. 

2 .3 Open sets as verifiable properties 

In this Section r introduce notions of verifiable properties, refutable properties 
and observable properties of states. These will stand to each other in the follow­
ing relationship: 

Verifiable 

I Not refutable I Observable I Not verifiable I 
Refutable 

I link up the notions of verifiability, refutabili ty and observability with topo­
logical notions of open, closed and clopen sets - specifically from a Priestley 
space. 
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The idea that 'open sets are ... properties' was first put forward by Smyth 
[Smy83Ji but there appears to be no generally accepted standard way of doing 
so, oar any accepted terminology. For example, Smyth [Smy83] speaks of oom­
putable property and semi-decidable property, Vickers [Vic89] speaks of affirma­
tive assertion, Abramsky [Abr91] and Smyth [Smy92] speak of finitely observable 
property, and Alpern and Schneider [AIS85] and Kwiatkowska [Kwi91] spealk of 
(finitary) liveness properties. An account of the variations is given in (Smy92]. 
At the end of this section I compare the notions introduced here with thosie of 
Smyth aad in Section 2.4 a comparison will be made with the Alpern, Scbnei1cler 
and Kwia.tkowska notions. 

For an informal introduction to the notions of verifiability, refuta.bility and ob­
se!'vability consider the state space (State, ~ , TState) defined iu Sections 2.1 and 
2.2. (Cf also the example of Smyth [Smy92].) A property of a state in State is 
taken to be a description of the values of program variables and tbe relationships 
between them. It will be convenient to identify a property with the set of states 
in which it is true - that is , properties are subsets of Sta te. This allows us to 
think of the classical logical connectives as the classical set-theoretic operationi:;. 
The behaviour of a program can be determined by the properties detected by 
an observer of the input and output states. An observer, being human, can 
only make judgements in a finite amount of time and based on a finite amount 
of information. In other words, given a property and a state belonging to it , 
an observer can only establish this fa.ct by inspecting some finite number of 
variables. If the property in question describes specific variables or refers to a 
specific range of variables the observer will know in advance something more, 
namely which variables to consider. Similarly for a state not belonging to a 
given property. 

With these ideas in mind I say a property of states is: 

• verifiable if whenever it is present this fact can be established by inspection 
of some finite number of variables; 

• ref1ttable if whenever it is absent this fact can be established by inspect.ion 
of some finite number of variables; and 

• observable if it is both verifiable and refutable. 

lt should be noted that observabi li ty is a stronger notion than verifiability and 
than refutability in the sense that an observer knows in advance exact ly which 
variables or what range of variables must be inspected to establish whether the 
state under consideration has the property in question. 

There are some properties for which it is not always the case that their -pJres­
ence can be established by inspection of some fin ite number of variables. For 
example, that infinitely many variables have value O or infinitely many variables 
are known. Such properties are simply not verifiable. Likewise, there are some 
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properties for which it is not always the case that their absence can be estab­
lished by inspection of some finite number of variables. For example, that two 
successive variables have value 0. Such properties are simply not refutable. Then 
any property which is either not verifiable or not refutable is not observable. 

For examples of these notions I consider properties of states in State. I present 
these properties in a table to reflect the relationships between them. 

Verifiable not refutable Observable j Refutable not verifiable 
• some variable v has value 1 (fixed) variable v has value 1 every variable v has value 1 I < I 

some variable v is known I (fixed) variable v is known every variable v is known 

at least three distinct at least the first three at most three distinct 

variables have value 1 i variables have value 1 variables have value 1 

some variables vi and vi+I variables v; and v;+1 all variables v; and Vi+t 

have different values have different values have different values 

It is an elementary exercise to check that the properties are indeed examples 
of the notions as indicated. For example, suppose a state x has the property 
'every variable v has value 1 '. This property is refutable since to establish its 
absence from a state, at least one variable with value not equal to one must 
be found. Once this variable has been found only finitely many variables will 
have been inspected; so the property is refutable. It is not verifiable since to 
establish its presence in a state denumerably many variables must be inspected. 
Suppose a state x has the property 'at least three distinct variables have value 
1 '. Once three distinct variables have been found with value 1, only finitely 
many variables will have been inspected; so the property is verifiable. It is not 
refutable since to establish its absence from a state it must be checked that at 
most two variables have value 1, and hence the value of every variable would 
need to be inspected. 

The form of these examples suggests the existence of some basic observable prop­
erties from which other properties can be formed using (logical) conjunctions 
(that is, universal quantification) and disjunctions (that is, existential quantifi­
cation). 

For conjunctions, suppose P is an infinite conjunction of observable properties. 
If a state x has property P then every conjunct in Pis true in x. So establishing 
the presence of P in x would involve establishing the presence of every single 
conjunct in x. For each conjunct we need only check a finite number of variables, 
but repeating this for each conjunct in P would involve inspecting an infinite 
number of variables. In practice this can never be done. Hence property P is 
not verifiable. (Note that if P is a finite conjunction of observable properties, 
then the presence can be established and hence P is verifiable.) If a state x does 
not have the property P then at least one conjunct in P does not hold in x. 
Once this conjunct has been found, we will have considered a finite number of 
conjuncts in P, and for each of these conjuncts we will have inspected a finite 
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number of variables. Therefore the absence of P from x can be established by 
inspecting a finite number of variables, and hence P is a refutable property. 
Thus: 

• Any finite conjunction of observable properties is an observable propert:y. 

• An infinile conj1mction of observable properties is a refutable bitt not ob­
servable property (i.e. it is not verifiable). 

Similar arguments for disjunctions of observable properties, establish that: 

• Any finit e disjunction of observable properties is an observable propertiv. 

• An infinite disjunction of observable propertic_c. is a verifiable but not ob­
servable property (i .e. il is not refutable). 

This means that the collect.ion of verifiable properties is closed under finite con­
junctions and arbi trary disjunctions> while the collection of refutable properties 
is closed under finite disjunctions and arbitrary conjunctions. 

The relationship between verifiable and refutable properties can be described in 
terms of logica.l negation. 1n particular, 

• The negation of a verifiable property is a refutable property, and vice ·versa. 

• The negation of a verifiable but not observable property is a refntable but 
not observable property, and vice versa. 

• The negation of an observable property is an observable property. 

Compare the above closure conditions with those of open, closed and clopen 
subsets of a topological space. Then identifying properties of states with sets of 
states from a Priestley space, we have that the trichotomy of properties illus­
trated above is mirrored exactly by and can be viewed as an interpretation of 
the trichotomy: 

Open 

I Open not closed I Clopen Closed not open 

Closed 
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The observable properties constitute a base for the topology of verifiable prop­
erties. Therefore to establish that the collection of verifiable properties is the 
whole topology, it suffices to characterise the observable properties, as done for 

example in the case study (State, ~' TState) . 

In conclusion, I compare these interpretations of open, closed and clopen sets 
with those given in Smyth [Smy92]. Smyth introduces the notion of finitely 
observable property ([Smy92], p 713) to describe open sets. 

On my understanding, a property is Smyth .fin-itely obsenJable ([Smy92], p 642) 
if whenever the property is present in a state this fact can be established by 
considering some finite approximation of the state under consideration. If it is 
known in advance, when" the finite approximation can be found, then the prop­
erty is called Smyth bonndedly observable ([Smy92], p 71:3). Comparing these 
notions with the notions of verifiability, refutability and observability, we see 
tbat the only difference lies in the formulation, not in the intuition. Specifically, 
for any state. any finite approximation of it describes some finite information 
about it in terms of a finite number of variables. Therefore, the phrase 'finite 
approximation' is another way of saying a 'finite number of variables', and hence: 

• A property is verifiable iff it is Smyth finitely observable. 

• A property is observable iff it is Smyth b01mdedly observable. 

My interpretation of the topology of a Priestley space coincides with Smyth 's 
interpretation of a topological space with a clopen base since every Smyth 
finitely observable property is a disjunction of boundedly observable properties 
([Smy92], p 713). 

2.4 Upper sets as positive properties 

In this Section I interpret upper and lower sets as positive and negative properties 
of states. I introduce these interpretations by considering the distinguishing 
features of upper and lower sets of the Priestley space (State, ~' TState) and 
of Priestley spaces, in general. Combining these interpretations with those of 
Section 3, I show that the upper topology of a Priestley space presents all positive 
properties about states and the lower topology presents all negative properties. 
Based on these interpretations of the subsets of a Priestley space, I put forward 
the idea that a Priestley space can be viewed as a state space. 

For an informal introduction to the notions of positive and negative properties, 
consider the state space (State, ~). A state x E State encodes a certain amount 
of information about program variables, namely the values of variables known 
in x. This information is present in those states which encode at least the 
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information encoded by x, but it is not present in those states which encode less 
information than x and/or different information from :r. Therefore, by Definition 
2. 1. 2 of the ordering ~' the upper set i { x} is the set of states in which the 
information encoded by x is definitely present; while the lower set j { x} is the set 
of states in which the information encoded by x is definitely not present. This 
idea can be extended to sets of states. For any set X ~ State, i X = UxEX i { :r}. 
Therefore, j X is the set of all states in which the information encoded by some 
state in X is definitely present. Dually, the lower set j X is the set of all states 
in which the information encoded by every state in X is definitely not present. 

In general, the distinguishing feature of upper sets ( as properties of states) is 
that they are information-preserving, because if a state has such a property, 
then so does any state with more information. In addition there is the idea 
that a certain amount of information is definitely present. I call a property 
with these features, a positive property. On the other hand, lower sets have the 
distinguishing feature that they preserve lack of information, because if a state 
has such a property, then so does any state with less information. In addition 
there is the idea that a certain amount of information is definitely not present. 
I call a property with these features, a negative property. 

Compare this explanation with that of Smyth ([Smy92] p 733). According to 
Smyth, a positive property has the feature that, once it is true in a state then 
it is true in all states with more information. On the other hand, a negative 
property is such that once it is false in a state then it is false in all states with less 
information. This is another way of saying that upper sets can be interpreted 
as positive properties, and lower sets as negative properties. 

Note that I am using 'positive' in two different ways in this thesis: 'positive' in­
formation content, as in a sta~e (Section 2.1), and 'positive' property, as a set of 
states (here). In Section 2.1 I viewed the set {v I s(v) = l} as conveying positive 
information about the states and the set {v I s(v) = O} as conveying negative 
information. Here l equate information with positive and negative information, 
and contrast the presence of information with the lack of information. I leave 
open the question of whether these notions have a connection with the notion 
of positive formula in propositional logic. (Recall (from (e.g.) [Kei77]) that a 
propositional formula is positive if it can be constructed from unnegated propo­
sitional variables using only conjunction and disjunction.) The representation, 
in Section 3.1, of states in State as propositional theories suggests that the use 
of 'positive' in Section 2.1 is consistent with the classical one. 

Combine the interpretations of upper and lower sets with those of open, closed 
and clopen sets from Section 2.3. Then the upper topology of a Priestley space 
has a base of clopen upper sets of the Priestley space (Section 1.2) and there­
fore presents positive properties about states. In particular, open, closed and 
clopen upper sets can be interpreted as verifiable, refutable and observable pos­
itive properties. Dually, the lower topology of a Priestley space has a base of 
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complements of clopen upper sets of the Priestely space (Section 1.2) and there­
fore presents negative propert ies about states, in particular, the negations of the 
propert ies presented by the upper topology. That is, open, closed and clopen 
lower sets can be interpreted as verifiable, refutable and observable negative 

properties . 

Compare tbe notions of verifiable positive property and refutable positive prop­
erty with the notions of (finitary) liveness property (in [A1S85. l,wi91]) and 
safety prope rty (in [A!S85 1 Kwi91, Smy92]). On my understanding, a safety 
property describes a finite observable property that must not occur. and a fini­
tary liveness properly describes a. finite observable property that must occur. 
The phrase 'must occur' is another way of saying 'is definitely present', so 

• A prQperly is a verifiable positive properly i./J ·it is a finitary livene,,s prnp­
erty. 

Since tlie negation of a. verifiable (finitely observable prop~rty) 1s a. ri> t'utab le 
property, 

• A properly ·is a refutable posilive properly iff -il is a safety property. 

There is no comparable notion here for a liveness property. Note further that 
in ([A lS85], p 181) ([Kwi91], p 168) and ([Smyn], p 653) a safety property 
is defined to be a (Scott) closed set, and in {[l(wi91] , p 168) a finita.ry liveuess 
property is a (Scott) open set and a liveness property is a (Scott) G0 -set (that. is, 
a countable intersection of open sets) . Therefore in the case of a Priestley space 
(such as (State,~, TState) ), where the upper topology is t he Scott topology (that 
is, where the open upper sets are Scott open sets and the c losed upper sets are 
tbe Scott c losed sets) our interpretation coincides with that of [A!S85, Kwi91]. 

Examples of positive and negative properties of states in (State, ~) are listed in 
the following table. 

Posit ive Negative 
at least variable v has value 1 at least variable v does not have value l 
at least variabJe v is known at least variable v is not known 

at least three distinct at most two distinct 
variables all have value l variables have value l 

a t least variables v; and v,+1 for no two successive variables v; and v;+1 

some i have value 1 both have value 1 
every variable is known a t least one variable is unknown 

all variables Vi have value 1 at least some variable v, does not have value 1 

It can easily be checked that these p roperties are indeed posi tive or negative. 
For example, the property (at least variable v does not have value 1' is negative 
because it can be represented as the complement of t he upclosure of the atomic 
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state in which variable v has value L The property <every variable is known 1 

is positive because it can be represented as the union of the upclosures of the 
maximal states in State. This is simply the set of maximal states, and hence an 
upper set. (The definition of a maximal state is in Section 2.L) 

The results of Sections 2.3 and 2.4 can be summarised as follows. A Priest­
ley space ( X, :'.S;, r) cau be viewed as a state space consisting of a collection X 
of states together with an order ~ placing states in a hierarchy of increasing 
information a11d a collection T of verifiable properties of states built up f:ron.1 
basic observable properties. (f n general, there is no special state of nontermina­
t ion. As will be discussed in Sect ion 2.5, nontermination can be captured using 
closed upper subsets of a Priestley space.) Taking the state space to be a Priest­
ley space a llows distinct incomparable states to be distinguished by a cerltain 
amount of information which is definitely present in the one and defin itely not 
present in the other. (This is the total order-disconnectedness condition.) Com­
pactness says that only a finite amount of information is required to make such 
distinctions. Taking the state space to be a Priestley space (X, S, -r) provid,es a 
distinction between two kinds of properties: a topological kind (that is, verifiable, 
refutable and observable properties) and an ordcr-lheoretic k-ind (that is, posi­
tive and negative properties) . Properties of the topological kind arise from the 
topology -r, and are formed from finite observations using logical conjunctions, 
disjunctions and negation. This suggests that these properties form a logi,c of 
finite observations and that the topology -r is a model for this logic. (Abramsky 
[Abr91] coined the phrase ' logic of finite observations'; the idea that a topology 
is a model for a (logic of affirmative ( or finitely observable) assertions' is due 
to Vickers [Vic89] and has afso been investigated by Smyth [Smy92].) Prop­
erties of the order-theoretic kind arise from the order :'.S; and hence deal with 
information. Therefore, a Priestley space provides a good model for separat­
ing properties dealing witb the idea of fiuite observation from properties <lea.l ing 
with information, that is, for separating the logical and the information-theoretic 
aspects of a state space. f n the terminology of Vickers [Vic89J, a Priestley space 
separates 'a theory of information' from 'a logic of finite observations'. 

2.5 Properties describing sets of final states of 

programs 

Having established that a P riestley space can be viewed as a state space1 the 
next step is to find a suitable relational representation of programs over Pr1estley 
spaces. In this Section I show how the topological characterisation of the set 
of final states of a program depends on its nature: its nondeterministic andl its 
terminating behaviour. I relate these topological characterisations to those of the 



2.5. Properties describing sets of final states of programs 43 

properties of states ( defined in Sections 2.3 and 2.4) and thereby determine the 
kinds of properties that can be used to describe the output of programs. These 
properties will be used in Section 2.6 to describe the input-output behaviour of 
programs in terms of mappings between properties of states. These mappings, 
when viewed as power operations of binary relations (in the sense of Section 
1.2), give rise to a natural relational representation of programs. 

I require a slightly extended view of initial and final states of programs than that 
given in Section 1. 1. A final state for a program a is taken to be any state in 
which at least the variables manipulated in the program are known with values 
as produced by the program; the states with more information than produced by 
the program can be viewed as final states for the program when executed as part 
of a larger program the other values being the values of the global variables 
of the larger program, not changed in 0:. An initial state for a program a is 
taken to be any state in which al least the variables used but not initialised in 
the program are known; the states with more information tlian required by the 
program can bP viewed as initial states for the program when executed as part 
of a larger program the other values being the values of the global variables 
of the larger program not used in a. I refer to a final state t produced by a 
program from a given initial state .s as an achwl final state if t does not contain 
more information than can be produced by the program from the information 
provided by s. Recall (from Chapter 1) that a program is nondeterministic 
from a given initial state if more than one final state is possible from that state. 
Therefore, the set of final states of a program from an initial state is identified 
with the upper set generated by the set of actual final states of the program 
from that initial state. I will denote the set of final states of a program u from 
a state .s by a(s). 

In line with the approach of the previous sections I start with an informal intro­
duction to the topological characterisations of sets of final states in 
(State, ~' rstate) of programs. Then a(.s) jT where T ~ State is the set 
of actual final states of a from s. In particular, if a is finitely nondeterministic 
from .s then T is a finite subset of State; if a is unboundedly nondeterministic 
from s then T is an infinite subset of State; if a is terminating from s then 
T ~ State0

; if a is nonterminating from s then T Cl State0 ; and if a aborts from 
s then a(s) = State (since (j_, J_, ... ) E a(s)). 

I now determine the sets of final states in (State, ~' rstate) for programs written 
in Dijkstra's guarded command language. (For the syntax of this language refer 
to Section 1.2.) 

2. 5. 1 Example Consider a finitely nondeterministic, terminating program 
a, 

The program a always terminates cleanly from states in which ( at 
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least) both v 1 and v2 are defined and (at least) one of the guards is 
true - namely from the states s 1 = (O,O,_l1 . .. ),s2 = (1,1,_l, ... ), 
and all their extensions. From s1 the final state is (0,0,_l, ... ) so 
a(st) = i{(O. O, _l, ... )} , and from s2 two final states are possible, 
namely (1, l , 1-, ... ) and (0, 1, _i, . . . ), so 
a(s2 ) = i{(l, 1, 1-, ... ), (0, 1, 1-, ... )}. By defini tion of the IF command, 
a aborts from states in wh ich both the guards arc;! false - that is, fi:0111 

the states s3 = (0, l, l_, . . . ), s4 = (1, 0, 1-, .. . ), a nd all their extensi.ons 
o-(s3) = j{( j_, J_, ... )} and o:(s.1) = j [(l_, J_, ... )} . Now consider states 
in which the values of u1 and/or u2 are unknown - namely, the states 
s5 = (_i ,O, ... ),s6 = (1..,1, .. . ),s; = (0,1-, ... ),ss = (1,1.., ... ) and all 
their extensions. f rom these states, the final state of a is ( J_, _l, . . . ), 
so o:(s,) = j{(j_, l... ... )} = Sta te (for i = 5,6, 7,8). Similarly, for the 
sets of final states of C\' executed from extensions of the initial states 
s 1 , ... , s8 . Then et( .Si) is a cl open upper set. for each i = 1. 2, ... , S. 

So a possible topological characterisation of the sd of final states of a program 
0: JS'. 

Vs E State a(s) is a clopen upper set. 

At. t.he end of this section, T shal l show that tbis characterisation suffices for 
finitely nondeterministic, terminating programs. However, as the next exarnple 
shows, it does not cover programs which can produce a set of incomparable final 
st.ates or a directed set of final stat.es from at least one initial stat.e. 

2. 5. 2 Example Consider the unboundedly oondet,erminist.ic program J-L which 
assigns to some variable v, the value l and to a ll Vj with j < i the value 
0. 

µ: go-on := true; i := l; 
do go-on - i := i + 1 ~ go-on -+ false od 
v, : = 1 i i : = i - 1 
do i > O -+ v,- := O; i := i - 1 od 

The programµ always terminates from any state. The set µ(s) of final 
states of fl from any state s is 

T(l, _l, ... )UT(O, 1, _l, .. . )UT(O, 0, 1, _l, .. . )u ... UT(O, . . . , 0, l, _L., . .. )u .. .. 

The states in any two of the clopen upper sets in this union are incom­
pa.rable1 so this union cannot be simplified any fort.her , and hence ft(s) 
is an open upper set. 

A weaker characterisation of the set of final states of a program a is: 

'ii s E State a( s) is an open upper set.. 
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At the end of this section, I shall show that this characterisation can indeed be 
used for unboundedly nondeterministic programs. However the next example 
shows that it does not cover nonterminating programs. 

2. 5. 3 Example Consider the deterministic program /3 

B : i := l; do i > 0 ._ ( Vi := l; v,+ 1 := O; i := i + :2) od 

Any state is a possible initial state for /3, but /3 is guaranteed newr 
to terminate. If given enough time f3 would terminate with an infinite 
alternating sequence of O's and l's. If we interrupt execution of /3 from 
state (L J__ •.. ) after (say) n iterc1,tions of the loop we will obtain an 

approximation to this sequence~· a sequence 

where the first n + l entries are arranged in an alternating sequence 
of O's and l's, and Vn+'2, Vn+.1, ... arP all unknown. The set I { tn} then 
includes the approximations obtained when !3 is started from any other 
stc1te and is intf'rrupted after n iterations of the loop. But nn>O T{ln} 
is the state representing the required infinite sequence of O's and l's. 
That is, for every state s, /1( s) nn>O i{ tn} which is a closed upper 
set. 

An alternative characterisation of the set of final states of a program a is: 

Vs E State 0:(.5) is a closed upper set. 

These examples suggest that the topological structure of the set of final states 
of a program from a state s E State depends not only on the nondeterminism of 
the program but also on its terminating behaviour. 

In general, suppose the state space is a Priestley space (X, :S, T). Take a program 
a and a state s describing the least amount of information required by the 
program. 

Suppose a is finitely nondeterministic and terminating from s. Then there are 
finitely many final states of a from s, and in each of these the values of finitely 
many program variables are known. Checking that a state t is a final state of 
a from s, involves finding a state in a(s) in which the values of variables are 
the same as in t. Once this state has been found, a finite number of states, and 
hence a finite number of variables, will have been inspected. Checking that a 
state is not a final state of a from s involves finding a state in a( s) which differs 
from t in the value of at least one variable. Hence the output of a from s can 
be described by an observable property. 

Suppose a is an unboundedly nondeterministic and terminating program from 
s. Then there are infinitely many final states of a from s, and in each the value 
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of finitely many program variables are known. Checking that a state tis one of 
these final states involves finding the state in a(s) in which the values of variables 
are tbe same as in t. Once this state has been found, finite ly many states, and 
hence finitely many variables, wi ll have been inspected. However checking that 
a. state t is not one of the final states of a from s would involve finding for each 
state in a(s) a variable with a value different from that in t. In practice this 
can never be done. Hence the output of an unboundedly nondeterminist ic and 
terminating program can be described by a verifiable property. 

Suppose a does not terminate from s. Then either a aborts or loops or if it 
were given infinite time it would reach a state describing an infini te amount of 
information about program variables. In the first and second cases tbern are no 
final states of a from s, so the 'output' of a can be described by an observable 
property. [n the third case checking that a state is not the 'final' st,ate of the 
program involves finding a.t least one variable witb a different value from tha.t in 
the ' fina l' state. Once this variable has been found finitely many variables will 
have been inspected. However checking that a state is the 'final' state of a from 
s wou ld require checking tbat tl1e value of every single variable is the same as in 
the 'final' state. 1n practice tb is can never be done. So the output of a program 
which may possibly not terminate from a state can be described by a refutable 
property. 

Taking the extended view of final and initial states described at the start of this 
Section, we have that for a program a and a state s, 

• if a is finitely nondeterm.inistic and terminating from s then the output of 
a from s can be described by an observable positive property; 

• if a is unboundedly nondeterministic and terminating from s then the out· 
put of a from .s can be described by a verifiable positive property; and 

• if a is nonterminating from s then the output of a from scan be described 
by a refutable positive property; 

and in terms of open, closed and clopen subsets of the Priestley space (X, ::;., r) , 

• if a is finitely nondeterminist ic and terminating from s then a(s) is a c)open 
upper set; 

• if a is unboundedly nondeterministic and terminating from s then a(s) is 
an open upper set; 

• if a is nonterminating from s then a(s) is a closed upper set; and 

• jf a aborts from s then a(s) is the clopen upper set X (if X has a bottom 
state) or 0. 
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Kote that these characterisations are relative to a state s. I call a program 
finitely nondeterministic if it is finitely nondeterministic from every state, ter­
minating if it is terminating from every state, unboundedly nondeterministic if 
it is unboundedly nondeterministic from some state, and nonterminating if it 
is nonterminating from some state. Then the output of finitely nondeterminis­
tic. terminating programs can be described by observable positive properties, the 
output of unboundedly nondeterministic, terminating programs can be described 
by verifiable positive properties. and the output of nonterminating programs by 
refutable positive properties. Note that I am assuming that the behaviour of a 
program is known in advance since determining this is an undecidable question. 

2.6 Programs as mappings between observable 

positive properties 

f n this Section I introduce three notions of predicate transformers: verifiable. 
refutable and observable predicate transformers. r link up the representations of 
programs given here with Dijkstra's predicate transformers [Dij75, Dij7G] out­
lined in Section 1.2. Applying the view of Section 1.2, that predicate transform­
ers are power operations of programs-as-relations, I obtain a natural relational 
representation of programs over Priestley spaces. Then invoking the techniques 
of Priestley duality ( of Sections L5 and 1.6) I derive a corresponding algebraic 
presentation of program semantics. 

Suppose the state space is a Priestley space (X, ::;, T). Let UX denote the clopen 
upper subsets of (X, ::;, T), OX the open upper subsets, and ex the closed upper 
subsets. I define three notions of predicate transformer as follows: 

2. 6. 1 Definition For a program a, 

(a) a verifiable predicate transformer is a mapping 
vp( a, - ) : 0 X -,. 0 X between open upper sets; 

(b) a refutable predicate transformer is a mapping 
rp(a, -) : ex_,. ex between closed upper sets; and 

(ca) an observable predicate transformer is a mapping 
op( a, - ) : U X _,. U X between clopen upper sets. 

Properties of these predicate transformers arise from the closure conditions of the 
sets on which they are defined, and from the terminating and nondeterministic 
behaviour captured by these sets (viewed as properties of states). I use the 
terminology (for predicate transformers) introduced in Section 1.2 to describe 
these properties. 
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By definition, a verifiable predicate transformer maps open sets to open sets. 
(Recall open sets are closed under finite intersections.) Therefore its value on a 
finite intersection of sets can be obtained by taki ng the intersect ion of the images. 
This means that vp(a, -) is con.f'u,nctive. Recall (from Sections 2.3 and 2.4) f;hat 
open upper sets can be interpreted as verifiable positive p roperties. Based. on 
the terminating and nondeterministic behaviour of programs captured by these 
properties, the preconditions vp(a, Q) allow for the possib ili ty of unbotrnded 
nondeterminism but do not allow nontermination. The termination requirement, 
means that vp(a, -) is strict. Hence t.llis predicate trausforrner is useful for the 
semantic characterisation of all terminating programs including trnboundedly 
nondeterministic ones, and is therefore consistent (in the sense of Section 1.2) 
with Dijkstra and Scholten's [DiS90] weakest precondition predicate t.ransforrlner. 

A refutable predicate transformer maps closed sets to closed sets. ( Recall closed 
sets are closed under arbitrary intersect.ions.) Therefore its value on an arb itrary 
intersect ion of sets can be obtained by taking the intersection of the images. This 
means that r7J(a, -) is completely conjunct£ve.. Recall closed upper sets can be 
interpreted a.s refutable positive properties, and such properties can be used t,o 
describe uonterrninating behaviour of programs. Therefore the preconditions 
rp(a, Q) allow for the possibi li ty of nontermination. Hence for a program 0 1 

the predicate transformer 1·p(a, -) maps a given postcondition Q describing the 
desired output of o to the set of all states from which whenever ec terminates 
it does so in a state in which Q is true. Therefore, refutable predicate trans­
formers are consistent with Dijkstra1s [Dij76, DiS90] weakest liberal precondition 
p redicate tra.nsfonners. 

Observable predicate transformers map open sets ( which are also closed) to open 
sets (which are also closed), and are therefore conjunctive. Clopen upper sets 
can be interpreted as observable positive properties, and such properties can 
be used to describe the finitely nondeterministic and terminating behaviour of 
programs. This means that op(cx, -) is cont-inuous ( in the sense of Section l.2) 
and strict. Hence for a program a, the predicate transformer op( a, - ) maps a 
given postcondition Q about the desired output of a to the set of a ll states from 
which a: is guaranteed to terminate in a state in which Q is true. 1n other words, 
observable predicate transformers are consistent with Dijkstra's [Dij75, Dij76] 
weakest precondition predicate transformers . 

I now formalise the relationships between Dijks tra's predicate transformers ,and 
observable, verifiable and refutable predicate transformers. Recall (from Section 
1.2) that Dijkstra's weakest precondition predicate transformers are mappings 
between sets of states, where the state space is a set S with the discrete order 
'.S:d and the discrete topology rd, But (S, '.S:d, rd) is not a Priestley space since 
.it is not compact. A one-point compactification of S yields a Priestley space 
(U, '.S:d, r.L), where U =S U {l_}. Let P(U).L denote the subsets of U containing 
1-, and P1(S) denote the finite subsets of S. Let WP1 denote the set of Dijkstra's 
[Dij75, Dij76] weakest precondition mappings wp(cx, -) : P(S) -+ P(S) 1 and 
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OPT the set of observable predicate transformers J : UU .- UU. The clopen 
upper subsets of the Priestley space ( U, :5:d, 11.) are the finite subsets of S, the 
set U and the cofinite subsets of U containing .L Then: 

2. 6. 2 Theorem WP 1 is order-isomorphic to OPT. 
Proof: Define a mappingµ: WP1 .- OPT by: 

(w (a -))(Q) = { w_p(a, Q) if Q E :1(S) 
µ p ' (J otherwise 

for Q E UU. Define a mapping r; : OPT .- WP1 by r1(f)( Q) = f( Q) 
for Q E P1(S). These mappings are well defined. Then for Q E P1(S), 
pory(J)(Q) = /t(f(Q)) f(Q) and 7101t(wp(o:, -))(Q) = 71(wp(o:, Q)) 
wp( a, Q). Therefore WP 1 and OPT are order-isomorphic. D 

Let WP 2 denote the set of Dijkstra and Scholten:s [DiS90] weakest precondition 
mappings wp(o:, -) : P(S) .- P(S), and VPT the set of verifiable predicate 
transformers f : OU .- OU. The open upper subsets of the Priestley space 
( U, :5:d, Td) are the subsets of S, the set U and the co finite subsets of U containing 
.L Then the mappings in Theorem 2. 6. 2 define an order-isomorphism between 
WP2 and VPT if the restriction to finite subsets of S is removed in the definition 
of TJ· Thus: 

2. 6. 3 Theorem WP 2 is order-isomorphic to VPT. D 

Let WLP denote the set of weakest liberal precondition mappings 
wlp( a,-) : P( U)i. --+ P( U)i,, and RPT the set of refutable predicate trans­
formers f : CU --+ CU. The closed upper sets of ( U, :5:d, r_L) are subsets of U 
containing l., the finite subsets of S and the set U. Then: 

2. 6. 4 Theorem WLP is order-i8omorphic to RPT. 
Proof: Define a mapping J.l : WLP --+ RPT by: 

( z ( ))(Q)={ wlp(a,QU{l..}) ifQEP1(S) 
/l w p a, wlp( o:, Q) if Q E P( U)i. 

Define a mapping 7J : RPT--+ WLP by 77(!)( Q) f( Q) for Q E P( U).i. 
These mappings are well defined. Then for Q E P( U)i,, µ o TJU)( Q) = 
µ(!( Q)) = f ( Q) and 1J o µ( wlp( a, - ) )( Q) = 11( wlp( a, Q)) = wlp( a, Q). 
Therefore WLP and RPT are order-isomorphic. D 

To introduce the relational and algebraic presentations of program semantics, 
I consider observable predicate transformers for two reasons. First, observ­
able predicate transformers can be viewed as power operations of programs-as­
opposite-Priestley-relations (Theorem 1. 6. 8). Second, clopen upper sets form 
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a bounded distributive latt,ice of observable posit ive proper ties of states (The­
orem 1 . 5. 4) and observable predicate transformers are meet homomorphisms 
over this lattice. 

Therefore, a natural relational presentat.ion of program semantics based on Priest­
ley spaces is obtained by taking the state space to be a Priest ley space (X, :s:1 r) 
and rep resent ing programs as opposite Priestley relations between states in X. 
The condition (in Definit ion 1. 6 . 6 (a)) that R(x) is a closed upper set for .r E: X 
means tliat the output of programs cau be descri bed in terms of refutabl!' pos­
itive properties. T his relational representation of p rograms therefore captures 
the input-output behaviour of finitely nondetermin istic programs including those 
for wl1ich non terminaLion from a state is possible. T he condition (in Definition 
1. 6. 6 (b)) that R gives ri se to a mapping between clopen upper sets means that 
observable pred icate transformers are power opP.rations of programs-as-opposite­
Priestley- relations and that properties of opposite Priestley relations are r,ela­
tional counterparts o f the propert ies of observable predicate transformers . A 
Priestley space with programs-as-opposite-Priestley- relations I c:all a p 'm ,()·,m.111 

Priestlev spa.ce. Dcnot,(0 t.he c: lass of all program Priestl@y spaces by Pspace+ RS. 

The corresponding algebra·ic presentation of pro_r;rnm semantics is given in tenn.s 
of a bounded distributive lattice (D, V,A, 0, 1) endowed with a collection J\,,1 of 
meet homomorphisms preserving 1 J : D -t D. [ call such mappings Priestley 
predicate transformers, atld a bounded distributive lattice with Priest ley predi ­
cate transformers a Priestley predicate transformF.r lattice. Denote the clas:s of 
all P riestley predicate transformer lattices by Dlat + PT. 

The duality in Section l.6 can now be restated as a duality between Dlat + PT 
and Ps pace+RS. More precisely, 

That is, 

Cignoli 
Dlat+ J ----- Pspace+ R 

!
(-)OP ! (-)OP 

§1.6 
Dlat + M------- Pspace+opR 

1 1 11 
Dlat+PT---- Pspace+RS 

2. 6. 5 Theorem Every Priestley predicate transformer lattice can be repre­
sented as the Priestley predicate transformer lattice of some program 
Priestley space. □ 
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On the other hand, 

2. 6. 6 Theorem Every program Priestley space can be represented as the pro­
gram Priestley space of some Priestley predicate transformer lattice. 

□ 

Therefore, applying the techniques of Priestley duality, I have established that 
the relational and algebraic presentations of program semantics based on Priest­
ley spaces mutually characterise each other, and hence have verified the arrow 
between relational semantics and predicate transformer semantics in the pro­
gram semantics triangle ( on p 6). 
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Chapter 3 

Information Systems 

The purpose of this Chapter is to provide a logical presentation of program 
semantics related to the relational presentation based on Priestley spaces, and 
related to the algebraic presentation based on bounded distributive lattices. 
That is, it deals with the top left-hand corner of the program semantics triangle 
(in Sections 3.1, 3.2, 3.3), the arrow between information systems and relational 
semantics (in Section 3.4), and the arrow between information systems and 
predicate transformer semantics (in Section 3.5). Priestley duality, in particular 
the part showing how a Priestley space can be recovered from its clopen upper 
sets, lies at the heart of this Chapter. 

3.1 Finite states viewed as an information sys­

tem 

In this Section I show how the finite states of the Priestley space 
(State, t;;;, TState) can be viewed as a Scott information system (Definition L 4. 1) 
from which the domain (State, t;;;) can be constructed. For this I found it useful 
to represent a state in State as a propositional theory describing the values of 
variables known in the state, rather than as an infinite three-valued vector ( as in 
Section 2.1). (A similar representation is used in [BrG95] for finite and infinite 
Boolean valuations.) 

Consider a propositional language£ built up as a free algebra from the denumer­
ably infinite set Var of program variables using the classical logical connectives 
A ('and'), V ('or') and , ('not'). I refer to a variable with or without a nega­
tion sign as a literal. By a theory I mean any set of propositional formulae, not 



M Chapter 3. Information Systems 

necessarily closed under logical implication and not necessarily consistent. For 
any theories T1 and T2 I define: 

3. 1. 1 Ti /\ T2 = Tl u T2 
T1 ⇒ T2 i ff T1 /\ T2 = 1\ i ff T2 c T1 . 

l now represent any states E State as a propositional theory in the following way: 
by asserting the variables with value 1, by asserting the negations of variables 
with value 0, and by not saying anything about variables with value .l. The 
resulting theories are necessarily consistent but are not closed under logical 
implication (since they only contain literals). More precisely, I represent the 
positive information content of s as the theory: 

a.nd the negative information content of s as tbe theory: 

Then the state s can be represented as the theory: 

For finite states s E State0
, these theories are finite and can hence be expressed 

as a finite conjunction of literals: 

where Ps = {v.P" .. . vp.J and N.s = {vn1, ... Vnb}. For atomic states a E Atom 1 

these theories are singletons and can hence be expressed as a single literal: 

To represent the bottom state I introduce a special proposition, denoted 6.. The 
ordering I; between states can be represented as Logical implication between 
theories as follows: 

x I; y iff y* ⇒ x* iff x * ~ y*. 

That is, the theory representing a state implies the theories representing its fi10ite 
approximations. 

It turns out that with these representations, atomic and finite states can be 
viewed as a Scott information system. Namely: (Atom,(J_,l., ... ),StateO,i;;;;) 
with I; restricted to finite states. 

3.1. 2 Theorem (Atom, (l. 1 l., ... ), State0
, !;) is a Scott information system. 

Proof: It suffices to check that the propositional representations of 
states satisfy the six conditions in Definition 1. 4. 1. Consider the struc­
ture (V1 ~ 1 Con,f-) where 1) is the set of literals representing atomic 
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states, 6 is the least informative proposition representing the state 
( J_, J_, ... ) , Con is the set of finite consistent sets of literals representing 
finite states, and I- is logical implication between theories representing 
the ordering ~-
Then for any u;, u;, v;, v._;, w* E Con: 

(a) 0 I- {6} since there is no finite state a such that a~ (j_, J_, ... ). 

(b) If u" I- v* then 11: U v* = u" sou* U v* E Con. 

(c) By reflexivity of~' u~ I- u'"'. 

( d) By transitivity of~' u" I- v" and v" I- w* imply u" I- w*. 

( e) Suppose u2 2 u; and u; 1- vj and v; 2 v.~. Then 

u2 U v2 = ( ui U u 2) U ( v; n v2) 
= (uruu.~uv;)n(uiuu;uv;) 

(u;: U u2) n (u.2 U v2) 
(u; n (u; U v2) 

= u:; 

So u2 f- v2. 
( f) Suppose 11';' I- v; and u;' f- v;. Then u;' U ( v{ U v2) = ( u7 U v;) U v2 = 

uj' U v2 = u;'. Thus u; f- (v1 U v._;). 

Thus (V, 6, Con, 1-) is a Scott information system, and hence 
(Atom, (j_, J_, ... ), State0

, ~) can be regarded as a Scott information 
system. □ 

I now show how the domain (State, ~) can be constructed from the informa­
tion system (Atom, (j_, J_, ... ), State0

, ~) invoking again the representations of 
states as propositional theories. By Definition 1. 4. 2, an element of the Scott 
information system (V, 6, Con, 1-) is of the form 

x LJ{ir-u" I u" E Con and u* ~ x} 

whereir-u* {dEVlu*f-{d}}. 

3. 1. 3 Theorem (State, ~) is the information domain determined by 
(Atom, ( J_, J_, .•. ), State0

, ~). 

Proof: For this I show that states in State correspond to elements of the 
information domain determined by the information system 
(V,6,Con,f-). Take any state x E State. Then Px LJ{Pa I a E 
Atom and a~ x} and Nx = U{Na I a E Atom and a~ x}. That is, in 
terms of propositional theories, x; = LJ{ a; I a E Atom and a ~ x} and 
x~ = LJ{a~ I a E Atom and a~ x}. Thus 

x'" = LJ{ a* I a" EV and a~ x }, 
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and hence an element of the information domain determined by 
(V, 6., Con, 1-). 
On the other hand, take any element x of the information domain 
determined by (V,6. , Con,f-). Then 

x = LJ{Ti-tt"' I u"' E Con and ·u'" ~ x} 

where T1-u'" = {d E V I u"' f- {d} }. But i1-11,~ = u* since 11.· f- {d} 
implies {d} ~ u*. Sox= LJ{u• I ·u* E Con and u· ~ x}. Then the 
theory x represents the information content of a state s E State. D 

Therefore, if we assume the existence of a collection of finite facts about states 
in State and structure them abstractly as a. Scott jnformation system, then 
any state in State can be constructed abstractly from the finite facts true in 
it and any consistent collection of finite facts determines a state in State. The 
topology TState was constructed in Chapter 2 from finite states, and hence can 
be coo~tructed from the information system (Atom, (..L, .l, . . . ), State0

, ~) . This 
presentation of the Priestley space (St ate, ~) is not surprising since the coJOdi­
tions characterising Scott information systems are derived from the feature that 
elements of a domain can be constructed from its compact elements. However 
not every Priestley space is a domain, and so not every Priestley space has so­
called compact elements to work with. By Priestley duality (Theorem 1. 5 .. 6) 1 

the points of a Priestley space can be constructed from its clopen upper sets. 
Therefore the next step in finding a suitable logical presentation of Priestley 
spaces is to determine whether the clopen upper subsets of a Priestley space can 
be structured to form some kind of information system. 

3 .2 Observable positive propertie s view ed as 

an information sy stem 

A generalisation of the notion of Scott information system is proposed in [EdS93] 
as a logical presentation of Boolean spaces (the Stone duals of Boolean algebras). 
Recall that Boolean algebras are bounded distributive lattices (in which every 
element has a complement), and Boolean spaces are Priestley spaces (in which 
the order is the specialisation order of the topology) . In this Section, to obtain a 
logical presentation of P riestley spaces, I generalise the Edalaat/Smyth notion of 
information system in the same way that bounded distributive lattices generalise 
Boolean algebras. Using the Priestley space (State, ~, TState) I argue that this 
is a reasonable notion of information system. It turns out that Priestley spaces 
can be constructed from Priestley information systems using a Priestley-type 
duality. 
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I define a notion of Priestley information system consisting of a collection of 
propositions endowed with two binary operations and an enta.ilment relation 
which is a preorder. The conditions imposed a.re syntactic counterparts of the 
conditions on a bounded distributive lattice. 

3. 2 . 1 Definition A Priestley informatio1t system is a structure 
(H, r,/\, V,J_, T) where H is a countable set of propositions, r is a 
preorder over H, I\ and V are binary operations over H, J.. is a dis­
tinguished proposition (the least informative proposition), and T is a 

distinguished proposition (the most informative proposition) , such that 
for x, y, z E H: 

(a) X f- T i J.. f- x; 

(b) X I- X V Yi y I- x Vy; x I- z and y I- .z imply x V y f- z 

(c) X I\ !J f- X; x/\yl-y; x I- y and x f- ;: imply x I- !JI\.::. 

Priestley information systems generalise Scott information systems in that the 
existence of a base set H from which consistent sets are constructed is not 
assumed, and axioms such as 1. 4 . 1( c) derived from domains are dropped. An­
other generalisation of Scott information systems is considered in [DrG90] as i'\. 

logical presentation of Priestley spaces. However, the absence of binary opera­
tions V and /\ on this information system make it difficult to capture a notion 
of nondeterminism for programs. Priestley information systems generalise the 
Edalaat/Smyth [EdS93] notion of information system in that the unary opera­
tion corresponding to Boolean complementation and the associated axiom:; are 
dropped. 

For an example of a Priestley information system, I consider the Priestley 
space (State1 ~, rstate) . By Priestley duality, the clopen upper subsets of 
(State, ~, TState ) form a bounded distributive lattice (UState, ~) under set inclu­
sion, and hence form a Priestley information system (UState1 ~' n, U, 0, State). 
To gain an intuitive understanding of t he notion of Priestley information system, 
I give an order-theoretic characterisation of the clopen upper subsets of (State, 
i;;;;;, TState) and an interpretat ion of its Priestley information system. 

3. 2. 2 Theorem Any clopen upper subset of (State, C , rstate) is of the form 

TX (finite X ~ State0 
). 

Proof: For any XE State0
, i{x} = n{i{a} I a i;;;;; x,a E Atom} is a 

finite intersection of clopen upper sets, and hence a dopen upper set. 
For any finite X ~ State\ j{X} is the finite union of clopen upper 
sets i{ x} ( x E X) and hence a clopen upper set. To show that every 
clopen upper set is of this form, take any clopen upper set U ~ State. 
Then U, being an open upper set, is open in the upper topology. Since 
Bu is a base for ru, U = UrEX,.. t{x} where Xu ~ State0

• But U is 
closed and hence compact, so U = UxEX j { x } = TX for some nnite 
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X ~ X,, ~ State0
• In general, this union cannot be simplified further. 

□ 

Let P1(State0
) denote the set of finite sets of finite states. Define an entailment 

relation on {tX IX E P1(State0
)} by 

j X f- jY iff TX~ TY, for X, YE P1(State0
). 

Note that: 

3 . 2. 3 Theorem For X, Y E P1(State0
), 

jX r jV iff (Vx E X)(.:ly E Y)[v C x]. 

Proof: Assurne TX r TY. Take any .x EX. Then x E j.Y, so :c E jY 
and hence there is some y E Y such that y I; .t. On the other hand, 
assume for every x E X there is some y E Y such that y i;; x . Take 
z E TX. Then there is some x E X such that x ~ z . Since x E X there 
is some y E Y such that y ~ x ~ z . Hence z E TY, so jX r jY. □ 

This means that the entailment relation r is the converse of the Smyth (power) 
ordering i;t ( defined in Section 1.3) of the ordering I;. Using the p roperties of 
set-inclusion, it follows that: 

3.2.4 Theorem ({TX IX E P1(State0 )},r,n,u,0, State) is a Priestley in--
! ormation system. □ 

Recall from Chapter 2 that the clopen upper sets of (State, C, 'State) can be 
interpreted as observable positive properties. Intuitively, then the Priestley in­
formation system ( {iX I X E P1(State0

)}, f-, n, U, 0, State) consists of observ­
able positive properties about states, some of which may be more informative 
than others. S ince (Sta te, ~ 1 'State) is a Priestley space, there are enough of 
these properties to distinguish between distinct states. The entailment relation 
(between propositions) captures the dependencies between properties: using the 
characterisation off- in Theorem 3. 2. 3 , an entanment TX f- TY can be read as 
'X informationally entails Y' in the sense that for every element in X there is 
an element in Y with less information ( with respect to C ). That f- is a preoder 
not a partial order means that although two observable positive properties may 
be the same they may be generated from d ifferent finite sets of finite states .. 

With these ideas in mind, we may intuitively think of the propositions of a 
Priestley information system as observable positive properties about states -
that is, information about states that can be comprehended in a finite amount of 
time. Then the entailment relation captures information entailment in the sense 
that .1: r y means that property y descr ibes at most the information described by 
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property x. This entailment relation is a preorder not a partial order which sim­
ply means that properties satisfied by the same states are not identified. That 
is, as in any logical context we are concerned not only with 'what properties we 
can express' but also with 'how we can say them'. Therefore Priestley informa­
tion systems provide a reasonable logical presentation of Priestley spaces and 
capture a notion of information about states. 

By Priestley duality, a Priestley space can be constructed from a bounded dis­
tributive lattice using prime filters. Therefore, to define a Priestley space from 
a Priestley information system, I introduce a notion of state of a Priestley infor­
mation system as a syntactic version of the notion of prime filter of a bounded 
distributive lattice. 

3. 2. 5 Definition Let ( H, f-, /\, V, J_, T) be a Priestley information system. 
Then a non-empty subset S <;;;; H is called a state iff for x, y E H, 

( a) x E S and x f- y then y E S ( upclosed with respect to f- ); 

(b) x,y ES implies (:lz E S)[z f- .r,y] (directed with respect to f-); 

(c) ;r Vy ES implies (:lz E S)[z f- x or z f- y] (primeness). 

Compare this with the notion of ideal of an ordered set ( defined in (e.g.) ([DaP90] 
Ex 3.19)). An ideal l of an ordered set (X, <) is a directed downclosed set (with 
respect to <), that is, x E Jandy < x imply y E J, and x, y E J implies x, y < z 
for some ;; E J. Then the conditions 3. 2. 5( a) and (b) are 'opposite' to these 
conditions. 

Let SH denote the set of all states of a Priestley information system 
(H, 1--, /\, V, J_, T). States can be partially ordered by (set) inclusion with 'S <;;;; T' 
intuitively read as 'every observable positive property true of S is also true of 
T'. The poset (SH,<;;;;) can be topologised in the same way as the set of prime 
filters of a bounded distributive lattice is topologised in Section 1.5. For each 
x EH, define 

µH(x) ={SE SH Ix ES}. 

Let S = {µH(x) Ix E H} U {SH - µH(x) Ix E H}. Topologise (SH,<;;;;) with 
a topology f!sH having Sas subbasis. Then (SH,<;;;;,f!sH) is the information 
space associated with (H, f-, A, V, J_ 1 T). 

3. 2. 6 Theorem Let ( H, f-, A, V, J_, T) be a Priestley information system. Then 
the information space (SH,<;;;;, f!sH) is a Priestley space. 
Proof: The topology f!sH is the subspace topology on SH of the 
topology TH on PH which has a subbasis consisting of sets of the form 

Ux = { S E H I X E S} and Ux = { S E H I X (}. S} 

for x E H. This topology TH is compact ([DaP90] Ex 10.20). Now to 
show compactness of (SH,f!sH) I show that SH is a closed in P(H). 
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Take YE P(H)-SH. Then there are some A, B ~ H such that A~ Y 
and A I- B and B ~ Y. Let C = AU B and U = { V I V n C = Y n C}. 
then U is rwclopen and Y E U (/. SH. Therefore SH is a closed 
subset of PH, and hence (SH,flsH) is a compact space. For total 
order-disconnectedness, suppose X ;l Y for some X, Y E SH. Take 
x EH such that x EX - Y. Let U = {V ~ H Ix E V}. Then U nSH 
is a clopen upper subset of (SH,~,flsH) with XE U and Y (/. U. 
Therefore (SH,~ flsH) is a Priestley space. D 

Therefore, the construction of a Priestley space from a Priestley information 
system is similar to that (given in Section 1.4) of a Scott domain from a Scott 
information system. The exact relationship can be summarised as follows: 

+ base set 
Priestley !system + 1.4.l(c) Scott !system 

clopen l j Information lnformati?n j l compact 
uppers space domam elements 

+ Lawson topology 
Priestley space Scott Domain 

The next step is to find a representation of programs over Priestley information 
systems related to the relational and algebraic representations given in §2.6. 

3.3 Programs as relations between observable 

positive properties 

In this Section I introduce a notion of Priestley information-respecting relation 
over Priestley information systems as a generalisation of the notion of Scott 
approximable mapping ([Sco82] Definition 5.1) over Scott information systems. 
I compare this representation with Hoare's [Hoa69] representation of programs 
as Hoare triples ([JaG85]). 

3. 3. 1 Definition Let ( H, I-,/\, V, ..L, T) be a Priestley information system. A 
relation R ~ H x H is called a Priestley information-respecting relation 
if for all u, v, u', v' E H: 

(a) ..LR..L and T RT 

(b) if u' I- u and uRv then u' Rv 

( c) uRv and v I- v' then uRv' 

( d) uRv and u' Rv then ( u V u')Rv 

(e) uRv and uRv' then u.R(v I\ v'). 
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Since a Priestley information system is a collection of observable positive prop­
erties, Priestley information-respecting relations are binary relations between 
observable positive properties. Intuitively, the relationship uRv can be read as 
'if ( at least) property u holds of the input to R then ( at least) property v will 
hold of the output'. Condition ( a) can be read as saying 'if no information is 
provided about the input to R, no information can be provided about the out­
put'. Condition (b) can be read as saying 'for a given property about the output 
to R the property about the corresponding input can be strengthened to a more 
precise description of the input to R'. On the other hand, condition (c) can be 
read as saying 'for a given property about the input to R, the property about 
the corresponding output can be weakened to include a description of all pos­
sible outputs'. Condition ( d) captures the idea that different inputs may yield 
the same output; while condition (e) captures the idea that from a fixed input 
different consistent outputs may be possible ( that is, nondeterminism). 

Compare this representation to Hoare's (Hoa69] approach to program semantics 
(usually called Hoare logic). In Hoare logic the input-output behaviour of a pro­
gram a is described by triples of the form P{ a }Q, where Pis a precondition and 
Q is a postcondition for a. The idea is that if the property P holds when the 
program a begins, then the property Q holds if and when a terminates. There 
is an established connection between Hoare triples and precondition predicate 
transformers. Namely, for any program a, P{a}Q iff P ~ fo:(Q) where fc, is 
a precondition predicate transformer for program o: ([Gri81]). The collection of 
precondition-postconditions pairs ( P, Q) related by a in this way can be viewed 
as a binary relation between preconditions and postconditions of o: which can be 
used to represent the program. Then reformulating the axioms and deduction 
rules constituting the calculus for Hoare logic [ obtain the conditions on Priest­
ley information-respecting relations. For example, Hoare's ([Hoa69] p 578) rules 
of consequence written as: 
if f-- Q ::> P and f-- P { o} R then f-- Q {a} R 
if f-- P{o}R and f-- R ::> S then f-- P{a}S, 
where P, Q are preconditions and R, S are postconditions for a become respec­
tively conditions 3. 3. l(b) and (c). (These are conditions have also been called 
the law of precondition strengthening and the law of postcondition weakening (in 
(e.g.) [Par81 ]). ) Therefore, Priestley information-respecting relations are rela­
tional counterparts of Hoare triples, and hence Priestley information systems 
with Priestley information-respecting relations provide a reasonable logical pre­
sentation of program semantics. 

Having dealt with the top left-hand corner of the program semantics triangle 
the next step is to relate this presentation to the algebraic and the relational 
presentations of Section 2.6. 
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That is1 I need to establish the arrows labelled §3.4 and §3.5 1n the following 
diagram~ 

PlsysterntlR 
§3.4 

Dlat+PT 

~estley duality 

Pspace+RS 

where Plsystern+IR denotes the class of all Priestley information systems with 
Priestley information-respecting relations. For this I need to assume that the set 
{ (1l, v) I uRv} is finite for every Priestley information-respecting relation R. This 
assumption is reasonable since as pointed out by Parikh 
([Par83], p 112) an observer can only know a finite (possib ly arbitrarily large) 
number of precondition-postcondition pairs for a given program. 

3.4 Information systems and predicate trans­

f or mer semantics 

In this Section I deal with the arrow between information systems and predi­
cate transformer semantics in the program semantics triangle. I show that a 
bounded distributive lattice is a Priestley information system in which the en­
tailment relation is a partial order instead of a preorder. The translation from 
meet homomorphisms to Priestley information-respecting; relations is based on 
the connection between Hoare triples and precondition predicate transformers. 
To obtain a bounded distributive lattice with meet homomorphisms from an 
information system with Priestley information-respecting relations, I apply the 
Lindenbaum/Tarski construction (described in Section 1.1). 

I start by showing that a Priestley information system with P riestley 
information-respecting relations can be defined from a bounded distributive lat­
t ice with meet homomorphisms. Let ( L, V 1 A, 0, 1) be a bounded distributive 
lattice. The underlying order::; of l (given by x ::; y iff x A y = x for x, y E: L) 
is a partial order. Hence the structure ( L, ::;, A, V, 0, 1) is a Priestley information 
system in which the entailment relation is a partial order. Thus: 

3. 4. 1 Theorem Any bounded distributive lattice is a Priestley information 
system. □ 
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Given a meet homomorphism J: L -+ L, define a relation T J ~ L x L by: 

(u,v)ETJ iff u::Sf(u)foru,vEL. 

(Note that this is the relationship between Hoare triples and precondition pred­
icate transformers on p 61.) 

3. 4. 2 Theorem T f ~ L x L is a Priestley information-respecting relation. 
Proof: I need to check that Tf satisfies the conditions in Definition 
3. 3. 1. 

(a) J(l) = 1 since f is a meet homomorphism, so (1, 1) E Tf. 
0 ::S f ( u), vu E L, so ( 0, 0) E T f. 

(b) Suppose u' h, u and (u,v) E TJ. Then u' ::Su and u ::S f(v), so 
u' ::S f(v); hence (u'. v) E Tf. 

(c) Suppose (u,v) E TJ and v f--L v'. Then u ::S J(v) and v ::S v', so 
u ::S J( v) ::S f(v') since f is monotone; hence (u, v') E Tf. 

(d) Suppose (u,v) E Tf and (u',v) E TJ. Then u ::S f(v) and 
u' < f(v), sou Vu' ::S J(v) (by definition of least upper bound). 
Thus (u Vu\ v) E Tf. 

(e) Suppose (u,v) E TJ and (u,v') E TJ. Then tt ::S J(v) and 
u ::S J ( v'); so u ::S f ( v) /\ f ( v') (by definition of greatest lower 
bound). But J preserves finite meets sou ::S f(v I\ v') and hence 
(u,v/\v 1 )ETJ. □ 

Combining Theorems 3. 4. 1 and 3. 4. 2, it follows that: 

3. 4. 3 Theorem For every bounded distributive lattice with meet homomor­
phisms ((L, V,/\,0, l),A-1) 1 the structure 
( ( L, ::S, V, /\, 0, 1 ), {T J I J E 1vf) is a Priestley information system with 
Priestley information-respecting relations. 

I now show that a bounded distributive lattice with meet homomorphisms 
can be defined from a Priestley information system with Priestley information­
respecting relations. Let (H,r,A,V,J_,T) be a Priestley information system. 
Define an equivalence relation ( which identifies equivalent propositions) by: 

x _ y iff x f-- y and y f-- x. 

(It can easily be checked that = is an equivalence relation.) Let [x] = {y E H I 
x = y}, H= = {[x] I x E H}, [x] [y] iff x 1- y (or x = y). It can easily 
be checked that is well defined, that is, [x] f-= [y], [x] = [x1] and [y] [y1] 

together imply [x1] f-= [y1]. The least and greatest elements are respectively 
(j_) and T = = [T]. Also, f-= is a partial ordering. The next step is to 

define join and meet on H=. Let [x] A= [y] = [x /\ y] and [x] V= [y] [x Vy]. 
Since (H=, f-=) is the Lindenbaum algebra of ( H, f--, V, A, J_, T) it follows that: 
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3. 4. 4 Theorem (H::=:, f--::=:) is a bounded distributive lattice (with [T] as top 
and [ J_] as bottom). □ 

Given a Priestley information-respecting relation R ~ H x H, define a mapping 
R= : H= _, H= by: 

R=::([y]) = V {[x] I xRy} for [y] E H=. 

Recall that {(x,y) I xRy} is finite, and hence the join exists in the lattice H= 
(by [DaP90] Lemma 2.11). Then: 

3. 4. 5 Theorem R=:: : H=:: --, H= is a meet homomorphism. 
Proof: (I will drop the subscripts = on V in this proof.) Take any 
[x], [y] EH=. Let Fy = {[x] I (x, y) ER} for y E H. Then Fy/\z Fy 11 
F, where ~ holds by 3. 2. 1( c) and 3. 3. 1( c), and 2 holds by 3. 3. 1( e). 
Thus V Fy/\:: V(Fy11 F,). By3.2. l(c), V(FyU Fz) f-- V FyUV Fz. For 
the other direction, let Fy = Fy1 11 FyAz and F, Fz 1 II Fy/\z for Y1, Z1 E 
H. Then V Fy/\ V Fz f- V Fy/\z V(V Fy 1 I\ V Fz 1 ) = V Fy/\z V { j_} V Fy/\z• 
Therefore R=::([y] I\ lz]) V( Fy II Fz) = V Fy I\ V Fz R=::([y]) /\ R=::([z]). 
R= preserves the top [T] since R=::([T]) V {(x] I (x, T) E R} = {[Tl} 
by3.3.l(a)and3.2.l(a). □ 

Combining Theorems 3. 4. 4 and 3. 4. 5, it follows that: 

3. 4. 6 Theorem For every Priestley information system with Priestley 
information-respecting relations ((H, f-, /\, V, J_, T),.T) 1 the Lindenbaum/ 
Tarski algebra ( ( H=::, f--=), { R= I R E I}) is a bounded distributive lattice 
with meet homomorphisms. □ 

Priestley information systems (H,f-, V,f\,J_, T) in which the preorder r 1s a 
partial order are bounded distributive lattices. Hence: 

3. 4. 7 Theorem Every bounded distributive lattice with meet homomorphisms 
( ( L, V, /\, 0, 1), M) is lattice isomorphic to 
((L, V,/\,0, 1), {(If):::: If EM}) under idL, 
(Here the isomorphism is a lattice isomorphism 1jJ over (L, V, /\, 0, 1) 
which preserves the meet homomorphisms in the sense that for every 
f E M, 'ljJ o f = ( I J)=:: o 'ljJ.) 
Proof: Let ( ( L, V, /\, 0, 1 ), M) be a bounded distributive lattice with 
meet homomorphisms. Since every bounded distributive lattice is a 
Priestley information system in which the entailment relation is a par­
tial order, and vice versa, it suffices to show that: J = (If)=::. Take any 
y EL. Then (IJ)=::(y) V{x I (x,y) E If}= V{x Ix s; f(y)} = f(y). 

□ 
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For Priestley information systems with Priestley information-respecting rela­

tions I have: 

3. 4. 8 Theorem Every Priestley information system with Priestley 
information-respecting relations ( ( H, 'r, /\, V, .l, T), n) zs 
order-isomorphic to ((H=,'r=, 'v=, '.l:), {I(R=) IRE n}). 
(Here the order-isomorphism is an order-embedding of H onto H="' 
which is structure-preserving in the sense that for every R E 1t and 
x,y EH, (x,y) ER iff (1j,(x),1P(y)) E (IR):.) 
Proof: Let ((H, 'r, /\, V, .l, T), n) be a Priestley information system 
with Priestley information-respecting relations. Then (H=, ) is a 
bounded distributive lattice and hence a Priestley information system. 
Define a mapping ·1/;: (H,'r,/\,V,.l,T) - (H=,'r=,/\=, ,.l=, ) 
by: 1/;(x) [x]. Then 1/; is well defined. Since x 'r y (or :r = y) 
iff [x] 'r [y] (or [x] [y]), 1P is an order-embedding. Also for every 
[y] E H=, ib(y) = [y] so 1p is surjective. Therefore 1/J is an order­
isomorphism. 
It remains to show that 1/J is structure-preserving, that is. (:r, y) E Riff 
([x],[y]) E (IRh. Suppose (x,y) ER. Then [:r] 'r V={[z] I (:.:,y) ER}, 
so [x] 'r R=([y]), and hence ([x], [y]) E I(R=). On the other hand. 
suppose ([.r], [y]) E I(R=) Then [x] 'r= R=([y]), so by 3. 2. 1 there is 
some [x'] such that (x',y) E Rand [x] 'r [x'] and hence by 3. 3. l(c) 
(x, y) ER. □ 

3.5 Information systems and relational seman­

tics 

In this Section I deal with the arrow between information systems and rela­
tional semantics in the program semantics triangle. I use Priestley duality to 
relate Priestley spaces and Priestley information systems, and relational coun­
terparts of the translations between opposite Priestley relations and meet ho­
momorphisms to translate between opposite Priestley relations and Priestley 
information-respecting relations. 

I start by showing that a Priestley information system with Priestley information­
respecting relations can be defined from a Priestley space with opposite Priestley 
relations. Let (X, s;, T) be a Priestley space. By Lemma 1. 5. 4, the lattice of 
its clopen upper sets (UX, ,;;) is a bounded distributive lattice and by Lemma 
3. 4. 1 (UX, ,;;, n, U, 0, X) is a Priestley information system. Therefore, 
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3. 5 . 1 Theorem The lattice of c/open upper sets of a Priestley space .is a 
Priestley information system. □ 

Given an opposite P riestley relation R i;;; X x X, define a relation HR i;;; 
UX xUX by: 

(U, V) E 1iR iff (Vu, v E X)[(tt EU and (1t,v) ER) imply v E VJ for U, VE UX. 

Now: 

3 . 5 . 2 Theorem HR i;;; U X x U X is a Priestley 'information-respecting rda-• 
tion. 
Proof: { show that for any opposite P riest ley relation R, HR= TUR 
where UR is the meet homomorphism associated with R ( defined in 
Section 1.3), and then invoice T heorem 3 . 4. 2 to deduce that H R is 
a Priestley information-respecting relation. Take any U, V E rlX, 
such that ( U, V) E H R. Then for every ·u E U, R( u) i;;; V, and! so 
u E UR(V). Thus U i;;; UR(V) , which is exactly the definition of the 
Priestley information-respecting relation TUR associated with the meet 
homomorphism UR. Therefore, HR= IU Risa Priestley information­
respecting relation. □ 

Combining Theorems 3. 5. 1 and 3. 5. 2 , it follows that: 

3. 5. 3 Theore m For every Priestley space with opposite Priestley relations 
((X, s;, r)i R), the str·ucfore ((UX, i;;;, n, u, X, 0), {HR I R E 'R}) is 
a Priestley information system with Priestley information-respeding 
relations. □ 

I now show that a P riestley space with opposite P riestley relations can be de­
fined from a Priestley information system with P riestley information-respecting 
relat ions. Let ( H ) f-, /\, V) l..) T) be a Priestley infor mation system. Then by 
T heorem 3 . 2. 6, (SH , i;;;, DsH) is a P riestley space. 

Given a P r iestley information-respecting relation R C H x H , a relation 
SR~ SH x SH can be defined by: 

(U, V) E SR iff (Vy E H)[JR(Y) EU ⇒ y E VJ for U, VE S H 

where fR(Y) = V{x I xRy} for y E H. (Recall t hat {(x,y) I xRy} is finite, so 
this join exists.) Now: 

3. 5. 4 Le mma The mapping JR is a meet homomorphism over H . 
Proof: Note that fR(Y) = z where [z] = R:([y]). By Theorem 3. 4,. 51 

R= is a meet homomorphism over H=, an d hence JR is a meet hom o­
morphism over H . □ 
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It now follows that: 

3. 5. 5 Theorem SR ~ SH x SH is an opposite Priestley relation. 
Proof: By definition, for any U, VE SH, (U, V) E SR iff ti/(U) ~ V. 
Thus by Theorem 1. 6. 8 SR is an opposite Priestley relation. □ 

By Priestley duality, a Priestley space is order-homeomorphic to the Priestley 
space associated with some Priestley information system, namely, the prime 
filter space of the bounded distributive lattice of its clopen upper sets. Thus: 

3. 5. 6 Theorem Every Priestley space with opposite Priestley relations 
((X, :::;, T), R) is order-isomorphic to 
((SUX,~,flsux), {SHR IRE R}. 
(Here the isomorphism is an order-homeomorphism E of (X, :::;, r) onto 
(SUX, ~' flsux) which is structure-preserving in the sense that for ev­
ery RE Rand x, y EX, (x, y) ER iff (<:(x), c(y)) E SHR.) 
Proof: Let ((X, ::;, r), R) be a Priestley space with opposite Priestley 
relations. Then (U X, ~) is a bounded distributive lattice and hence a 
Priestley information system. The information space (SU X, ~' flsux) 
is then the Priestley space (FU X, ~' flmx ). By Priestley duality, 
(X, <, r) is homeomorphic to (SUX, C, flsux) under the mapping Ex 
where Ex(x) = {U E UX I x E U}. It remains to show that tx 
is structure-preserving, that is (x,y) ER iff (<:x(x),tx(y)) E SHR. 
First, suppose (x,y) (/. R. Then since R(x) is a closed upper set, 
there is some V E UX such that y E V and V n R(x) = 0. Then 
VE tx(y) and R(x) CJ V, and hence x (/. UR(V). Thus x r/:. h-m(V), 
so hiR(V) (/. <:x(x). Therefore (cx(x), Ex(y)) (/:. SHR. Second, sup­
pose (x,y) ER. Take any VE UX, such that UR(V) E Ex(x). Then 
x E UR(V), that is R(x) ~ V, soy EV and hence VE Ex(y). Thus 
( Ex(x ), <:x(y)) E SHR. □ 

For Priestley information systems with Priestley information-respecting rela­
tions I have: 

3. 5. 7 Theorem Every Priestley information system with Priestley 
information-respecting relations ( ( H, !- , /\, V, bot, T), H) can be embed­
ded in ((USH,~,n,u,0,SH),{HSR IRE H}). 
Proof: Define a mapping VJ: (H,1-,A,V,j_,T)-+ (USH,~,n,u,0) 
by VJ(x) = µH(x) {FE SH Ix E F}. Then (USH, ~) is a Priestley 
information system. Every µH( x) is a clopen upper set of the Priestley 
space (SH,~, flsrt) but not every member of US His necessarily of the 
form µH(x) for some x E H. The mapping VJ is an order-embedding. 
For suppose x I- y and F E VJ(x). Then x E F and hence y E F 
since F E SH. On the other hand, suppose x If y. Then for some 
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FE USH, x E F and y (/. F, so 1/J(x) 9; 1/J(y). It remains to show that 
·if; is structure-preserving. Suppose (x,y) ER. Take any F,G E SR 
such that F E 1/;(;r) and ( F, G) E 5 R. Then x E F and for every 
z EH, fR(z) E F implies z E G. Now fR(Y) E F soy E G, and hence 
GE 1/;(y). Thus (1/J(x), 1/J(y)) E HSR. □ 

A Priestley information system ( H, r, /\, V, ..L, T) is a preordered set ( H, r) 
with respect to its entailment relation. Hence the bounded distributive lat­
tice (USH,<;;J is a completion of (H,r) via the order-embedding 1/; in Theo­
rem 3. 5. 7. (Although this observation is worth mentioning in its own right 
it is not clear what the usefulness of such a completion would be.) Recall 
S = {ttH(x) I x E H} U {SH - µH(x) I x E H} is a subbasis for the topol­
ogy DsJ-I on (SH, c;). So every clopen upper set (that is, member of USH) is 
necessarily (by definition of a subbasis) expressible as a (possible infinite) join 
of finite meets of members of 5. Since a Priestley space is compact, a finite join 
suffices. Hence (H, r) join/meet generates (US H, r) (in the above sense) and 
(USH,'r) is a join/meet completion of (H,'r). 



Chapter 4 

Denotational Semantics 

The purpose of this Chapter is to find an order- theoretical presentation of pro­
gram semantics to obtain the program semantics triangle forecast in Chapter 1 
(p 6). That is, it deals with the centre of the program semantics triangle (in 
Section 4.1), the arrow between denotational semantics and relational semantics 
(in Section 4.2), the arrow between denotational semantics and predicate trans­
former semantics (in Section 4.3) and the arrow between denotational semantics 
and information systems (in Section 4.4). The bijective correspondence between 
filters of a bounded distributive lattice and closed upper sets of a Priestley space, 
lies at the heart of this Chapter. 

4.1 Refutable positive properties viewed as a 

domain 

In this Section I construct a domain from a Priestley space, from a bounded 
distributive lattice and from a Priestley information system, and establish iso• 
morphisms between the domains thus obtained. With the correspondences be­
tween P riestley spaces, bounded distributive lattices and Priestley information 
systems, it suffices to consider only one of these constructions. But since I have 
not yet fixed a starting point for unifying program semantics I present all three. 

Though every Priestley space is a cpo ([DaP90] Ex 10.9(iv)), not every Priestley 
space is a domain. I now construct a domain from a Priestley space using a 
technique compatible with Smyth's powers pace construction ( outlined in §1.3) 
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Let ( X, ~, T) be a Priestley space. The upper topology Tu on X has as basis the 
cl open upper sets of ( X, ~, T ). Let ex denote the set of all closed upper subsets 
of (X, ::;, r). Topologise this set with a topology Tcu having a base consisting 
of sets of the form Bo = {A E ex I A ~ O} for O E UX. (My reason for 
using clopen upper sets instead of the open upper sets or open sets will become 
apparent in Theorem 4. 2. 2). I call the space (eX, rcu), the upper power space 
of (X, ~' T). (This is the terminology of [Smy83, Bri93].) 

The following Theorem shows that the specialisation order of Tcu is the superset 
inclusion relation on members of ex. (The definition of the specialisation order 
of a topology is given in Appendix 2.) 

4. I. 1 Theorem For any S, T E ex, S ::;re., T iff S 2 T. 
Proof: Take any S,T E ex with S ~re., T. Then for every OE UX, 
S E Bo implies T E Bo; so for every O E Tcu, S ~ 0 implies T ~ 0. 
Hence T ~ n{ 0 I S ~ O} = s. For the converse, take any S, TE ex 
with 8 2 T. For any O E UX with 8 E Bo, 8 ~ 0, and hence 
T ~ 0. Thus S ::;rcu T. D 

In the following sequence of results I show that ( ex, 2) is an algebraic dcpo, 
and hence a domain. 

4.1. 2 Lemma (eX, 2) is a dcpo. 
Proof: Since ( ex, 2) is a complete lattice, every subset e ~ ex has a 
least upper bound, so in particular every directed set has a least upper 
bound in ex. Now XE ex and for every A E ex, X 2 A; so Xis 
the least element of ex. □ 

4.1. 3 Lemma Every clopen upper subset of (X, ::;, r) is a compact element 
of (euX, 2). 
Proof: Let U E U X be a clopen upper set and suppose U 2 n S 
for some set S ~ ex directed with respect to superset inclusion. By 
compactness there exists a finite S 1 2 S such that U 2 n S1

• But S is 
directed thus there is some S E S such that S' 2 S for every S' E S'. 
Therefore, U 2 ns 2 S. □ 

The clopen upper sets form a basis for (eX, 2) which means: 

4. I. 4 Theorem (CX, 2) is an algebraic dcpo. 
Proof: Take any C E ex. Let C {U E ux I U 2 C}. Then C is 
directed: For take any U1 , U2 E C. Then U1 n U2 E UX since UX is 
closed under finite intersections, and U1 n U2 2 C since U1 2 C and 
U2 2 C. Thus U1 n U2 E e and U1 2 U1 n U2 and U2 2 U1 n U2; so C 
is directed with respect to 2- Since (CuX, 2) is a cpo, e has a least 
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upper bound and n e 2 C. For the reverse inclusion, suppose x r/. C. 
Then by Lemma 1. 5. 2, there is a clopen upper set U such that C ~ U 
and x r/. u. Then x r/. n{ u Eu x I U 2 C}.Thus ne <;;; C, and hence 
C n C as required to complete the proof. D 

4. 1. 5 Corollary If X is countable then ( e X, 2) is an w-algebraic dcpo. □ 

Therefore, the upper power space (eX, Tcu) of a Priestley space (X, s;, r) is (in its 
specialisation order) the domain (eX, 2). As shown in (e.g.) [.Joh82] for every 
domain (D, ~), the specialisation order of the Scott topology on the domain is 
the order It turns out that the Scott topology and upper topology on ex 
coincide. 

4. 1. 6 Theorem Let (X, s;, T) be a Priestley space. Then the Scott topology 
of ( e X, 2) coincides with the upper topology on e X. 
Proof: Consider a basic open set Uo ( 0 EU X) of the upper topology 
of CX. Then llo is an upper set (with respect to 2) since A E Uo 
and A 2 B imply B <;;; 0. Take any set S ~ CX that is directed with 
respect to 2 and such that n S E Uo. Then n S <;;; 0 and hence, by 
compactness of ( X, T) and directedness of S, there is some A E S such 
that A E U0 . Therefore, Uo is open in the Scott topology on (CX, ;;;?). 
Conversely, take any clopen upper set U of (X, <, r). Then by Lemma 
4.1. 3, U is a compact element of (eX, ;;;?), and hence jU is a basic 
open set of the Scott topology on (CX, 2). But jU = {A E CX I U 2 
A} = Uu. Therefore, jU is a basic open set of the upper topology on 
ex. □ 

By Priestley duality (Theorem 1. 5. 6), (a homeomorphic copy of) the original 
space can be recovered from the compact elements of its domain. 

For the construction of a domain from a bounded distributive lattice, I use what 
I call a filter completion. This construction is 'opposite' to the ideal completion 
process of a poset (in Section 1.4) in the sense that filters of a lattice are 'op­
posite' to its ideals. It is a feasible construction since lattices, unlike domains, 
have both a top and a bottom element. 

Let ( L, :S) be a bounded distributive lattice. Define the filter completion of L 
to be the set FiltL of all filters of L, ordered by subset inclusion. (For the 
definition of a filter of a lattice see Appendix 1.) In the following sequence of 
results I show that the filter completion of a bounded distributive lattice is a 
domain. 

4. 1. 7 Lemma (FiltL, ~) is a dcpo. 
Proof: In order to show that every directed subset of (FiltL, <;;;) has a 
lub, it is enough to show that the union of the filters of each directed 
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set is a filter of (L, s). Let £ ~ FiltL be directed with respect to 
C. Upclosedness of U£ follows from the upclosedness of the filters 
in £. Since £ is directed, U £ is closed under finite meets. Therefore 
(FiltL, ~) is a cpo. The upclosedness of filters ensures that every filter 
contains the top element 1 of the lattice. Since { 1} is upclosed and 
directed, this set defines the bottom of (FiltL, ~). □ 

The principal filters of L are the compact elements of (FiltL, ~). (For the 
definition of a principal filter see Appendix 1.) 

4. 1. 8 Lemma For any a E L, i{ a} is a compact element of (FiltL, ~). 
Proof: Take any a E L and any set £ ~ FiltL directed with respect 
to~ such that i{a} ~ U£. Then a EU£ by definition of i{a} and 
hence a E E for some E E £. By upclosedness of E, i{ a} ~ E, and 
hence i {a} is a compact element of (Filt L, ~). □ 

4.1.9 Lemma Let FE (FiltL,~). Then {i{x} Ix E F} is a directed subset 
of (FiltL, ~). 
Proof: Take any x 1 , x 2 E F. Now x 1 I\ x 2 S .r1 and x 1 I\ x 2 S x 2 , 

so i{xi} ~ i{x1 /\ x2} and i{x2} ~ i{x1 /\ x2}. Since Fis a filter, 
x 1 /\x2 E F, and hence {i{x} Ix E F} is directed with respect to~- □ 

4. 1. 10 Lemma Every compact element of ( FiltL, ~) is of the form i{ a} for 
some a EL. 
Proof: Let E E Filt( L) be a compact element. By definition of i{ e}, 
e E i{e} for every e E E, and thus E ~ U{i{e} I e E E}. Now by 
Lemma 4. 1. 9, { i{ e} I e E E} is directed and its union is its least 
upper bound. By compactness of E, E ~ i { e} for some e E E. By 
the upclosedness of the filter E, e E E and e S a implies a E E for all 
a E L. Thus i{ e} ~ E. So E i{ e} for some e E L, as required to 
complete the proof. □ 

The principal filters of L form a basis for (FiltL, ~) which means: 

4. 1.11 Theorem (FiltL, ~) is an algebraic dcpo. 
Proof: By Lemmas 4. 1. 8, 4.1.10, Filt(L) 0 = {i{a} I a E L}. Let 
F E Filt(L). Then {H I H ~ F and H is- a compact element} is 
directed since i{ x} ~ F iff x E F for all x E L and by Lemma 4. 1. 9. 
Also F ~ U{i{x} Ix E F} and by upclosedness of F, U{i{x} Ix E 
F} ~ F. Thus F = U{H I H ~ F and His a compact element}. □ 

4. 1. 12 Corollary If L is countable then (FiltL, ~) is an w-algebraic dcpo. □ 
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Therefore, the filter completion (FiltL, ~) of a bounded distributive lattice is 
a domain. Since elements of a bounded distributive lattice correspond one-one 
to principal filters of the lattice, a bounded distributive lattice can be recovered 
from the compact elements of its filter completion. 

For the construction of a domain from a Priestley information system, we use a 
method similar to that of Scott (given in Section 1.6) for defining an information 
domain from a Scott information system. 

Let (H, f- 1 /\, V, .l, T) be a Priestley information system. Then: 

4. 1. 13 Definition A non-empty subset S ~ H is called an element generated 
by the information system if for x, y E H, 

( a) x E S and x f- y then y E S ( up closed with respect to f-); 

(b) x, y ES implies (=lz E S)[z f- x, y] (directed with respect to f-). 

Note that I have dropped condition 3. 2. 5 ( c) in the definition of a state of a 
Priestley information system. (This is the terminology of [Sco82].) 

Let V H denote the set of all elements of the Priestley information system 
(H,r-, /\, V, ..L, T). The poset (VH, ~) I shall call (using the terminology of 
[Sco82]) the information domain associated with ( H, f-, /\, V, ..L, T). In the fol­
lowing sequence of results I show it is indeed a domain. 

4. 1. 14 Lemma (VH, ~) is a dcpo. 
Proof: Let £ ~ V H be a directed set with respect to set inclusion. To 
show that £ has a least upper bound in VH, it suffices to show that 
the union of elements in £ is an element of ( H, f-, /\, V, .l, T). U £ is 
upclosed ( with respect to f-) since each E E £ is. For directedness, take 
any x,y E LJ£. Then x E £ 1 and y E £ 2 for some £ 1,£2 E £.Since£ 
is directed, £ 1, E2 ~ £3 for some £3 ~ £. Hence x, y E E3, and since 
£3 is directed z f- x,y for some z E £ 3 ~ LJ£. Therefore (VH, ~) is a 
cpo. The upclosedness with respect to I- of elements in £ ensures that 
TEE for each EE£. Since {1} is upclosed and directed with respect 
to f-, this set defines the bottom of (VH, ~)- D 

For any a EH, denote the set {y EH J a I- y} by ir-{a}. Then: 

4.1.15 Lemma For any a EH, ir-{a} is a compact element ofVH. 
Proof: First, I show that ir-{a} E VH. Take x,y EH with x E ir-{a} 
and x f- y. Then a I- y and x f- y, so a I- y (by transitivity off-), hence 
y E i r-{ a}. Second, I show that i 1-{ a} is compact. Take any directed 
set£~ VH with ir-{a} ~ LJ£. Then a EU£ and hence a EE for 
some EE£. Since EE VH, i1-{a} ~ E, and hence i1-{a} is a compact 
element of (VH, ~)- [J 
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4 . 1.16 Lemma Let FE VH - {0}. Then {Tf-{a} I a E F} is directed with 
respect to ~ . 
Proof: Take a 1 , a:2 E F. Then by 4. 1. 13(b), z f- a 1 and z f- a2 for 
some z E F. Then for every y E H, a 1 f- y implies z I- y and a2 f- y 

implies z f- y. Thus Tf-{ai} <;;;; h -{z} and T1--{a2 } <;;;; h -{z}. So since 
z E F, {Tt--{a} I a E P} is directed with respect to s;. D 

4. L 17 Lemma Every compact element of (VH, <;;;;) is of the form j f-{ a} for 
some a E H. 
Proof: Let E E VH be a compact element of Vfl. Since f- iis a 
preor<ler, e f- e for all e EE, so e E if--{e} and hence Es; U{Tf-{,e} j 
e E E}. By Lemma 4. 1.16, {Tf-{e} I e EE} is directed and its union 
is its least upper bound. By compactness of £ 1 E <;;;; j f-{ e} for some 
e EE. 8y4. l . 13(a), Tf-{e} <;;;; E. So E = ii--{e} for some e E H as 
required to complete the proof. D 

4. 1. 18 Theorem (VH, c;;;;) is an algebraic dcpo. 
Proof: By Lemmas 4. 1. 16 and 4. 1. 17, {Tt-- { a} I a E H} is tlie set 
of compact elements of (VH,<;;;;). Let FE VH. Then {H J H' <;;;; 

P and H is compact} is directed since Tr-{x} s; F iff x E F for aU 
x EI-/ . Also P <;;;; LJ{jt--{x} Ix E F} and by 1. 4. 2 (a), U{Tt--{:i:} Ix E 
F} <;;;; F. Thus F = U{H I H <;;;; F and His compact}. D 

Therefore, the jnformation domain associated with a Priestley information i;ys­
tem is a domain. 

Recall (Theorem 3 . 4.1) that a bounded distributive lattice is a Priestley infor­
mation system. As a consequence of Theorem 4. 1. 19, the filter completion of 
a bounded distributive lattice is its information domain. 

4. 1. 19 Theorem Let ( L, V, /\ , 0, l) be a bounded distributive lattice, and let S 
be a non-empty subset of L. Then S is an element of L as a Priestley 
information system iff S is a prime filter of L as bo1mded distributive 
lattice. 
Proof: Let ( L, V, /\, 0, 1) be a bounded distributive lattice. Then 
(L,f-,V,A,0,1) with f- as :S;, is a Priestley information system. Let 
S be a state of L as a Priestley information system. Then: 

(a) Sis an upper set with respect to f- . 

(b) Suppose x, y E S. Then for some z E S, z f- x , y (by 3. 2. 5(b )); so 
z f- x I\ y (by 3 . 2. l (c)), and hence by 3. 2. 5(a) x I\ y ES. So S is 
closed under finite meets. 

So Sis a prime filter of Las a bounded distributive lattice. Conversely, 
suppose Sis a prime filter of L as a bounded distributive lattice. Then: 

http:Lemma4.1.16
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(a) x E Sand x I- y implies y ES since Sis an upper set with respect 
to 1-. 

(b) Suppose x, y E S. Then x I\ y E S ( since S is closed under finite 
meets). But x I\ y I- x,y by 3. 2. l(c), so there is some z E S 
(namely x I\ y) with z 1- x,y. 

So Sis an element of L as a Priestley information system. □ 

Having completed three different constructions of domains, I now consider how 
they are related. The following theorem establishes an isomorphism between the 
domain of a Priestley space and the domain of its lattice of clopen upper sets. 
(It is one of the consequences of Priestley duality (Theorem 1. 5. 7.).) 

4.1. 20 Theorem Let (X, ::;, r) be a Priestley space. Then (CX, 2) is isomor­
phic lo ( FiltU X, c;;J. 
Proof: A filter :F of (U X, ~) is determined by its members, which are 
clopen upper subsets of X. Define 

<1>(:F) = n{A E UX: A E :F}. 

for :FE FiltUX. Then <1>(:F), being an intersection of clopen upper 
sets, is a closed upper set. Conversely, for every closed upper set W E 
CX, define 

w(vV) = {U EUX I U 2 W}. 

Then it is easily checked that w(W) is a filter of (U X, ~)- The mappings 
<I>: (FiltUX, ~)-+ (CX, 2) and II': (CX, 2) -t (FiltUX, ~) are well­
defined and order-preserving. I now show that they are inverses of each 
other: <I> o w(W) = W for all W E CX and w o <I>(:F) :F for all 
:FE FiltUX. By definition, for every WE CX <I> o w(W) ~ W, and 
for every :F E FiltU X W o <I>( :F) 2 :F. Conversely, take any a E W. 
Choose any A E ex(a) with W ~ A. Then A E \JJ(W) and a E A. 
Hence a E n{A E ux I A 2 W}; so a E <I> 0 w(W). Now take 
any A E \JJ o <I>(:F). Then A E UX and n{B I B E :F} ~ A. By 
compactness, the intersection of finitely many B's in :F is contained in 
A; hence A E :F since :Fis a filter. Therefore, (CX, 2) is isomorphic to 
(FiltUX,~)- □ 

As a corollary to Theorems 3. 4. 1 and 4. 1. 20, there is a bijective correspon­
dence between the domain of a Priestley space and the domain of its Priestley 
information system of clopen upper sets. 

4.1.21 Corolloary Let (X,::S:,T) be a Priestley space. Then (CX,2) zs iso-
morphic to (VU X, ~). o 
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Similar order-isomorphisms can be established when starting with a bounded 
distributive lattice or with a Priestley information system. 

The results of this Section allow us to start at any one of the corners of the 
program semantics triangle and then to construct a domain using one of con­
structions. Moreover, this domain is related to the domain of the other two 
presentations derived from the chosen presentation. In this Chapter I shall take 
the relational presentation of program semantics based on Priestley spaces (bot­
tom corner of the program semantics triangle) as the basic presentation. Using 
the interpretations in Chapter 2 of a Priestley space, the elements of this domain 
are refutable positive properties and the ordering means one property is 'bet­
ter' than another if fewer variables have to be inspected to establish its absence 
from a state. The next step is to obtain a representation of programs based 
on this domain related to the relational, algebraic and logical representations of 
programs introduced in Chapters 2 and 3. 

4.2 Programs as mappings to refutable posi­

tive properties 

In this Section I introduce a representation of programs as PrieBtley state trans­
formers mapping states to refutable positive properties of states related to the 
relational representation of programs as opposite Priestley relations. The results 
of this Section then unify the order-theoretic and relational representations of 
programs based on Priestley spaces. 

As in previous chapters the state space is a Priestley space (X, <, r). Due to the 
possible nontermination and nondeterminism of programs, viewing a program 
as a function from the state space into itself (mapping initial states to final 
states) is too simplistic; instead here I think of a program as a function from 
states to sets of states mapping any initial state to the set of all its possible 
final states from that state. In Section 2.5 it was discovered that the set of final 
states of a program from a given initial state is not just a set of states but it 
has a topological structure which captures the nondeterministic and terminating 
behaviour of the program from the initial state. This suggests a representation of 
programs as functions from the state space to certain subsets of the state space, 
rather than to all subsets. I consider closed upper sets of a Priestley space for 
three reasons. First, as explained in Section 2.5, closed upper sets capture the 
idea of bounded nondeterminism and possible nontermination from an initial 
state. Second, as explained in Section 4.1, closed upper sets with respect to 
superset inclusion form a domain the domain of the Priestley space. Third, 
closed upper sets provide a connection between the representation proposed here 
and the relational representation of programs as opposite Priestley relations in 
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Section 2.6. 

With these ideas, I define a notion of Priestley state transformer based on the 
domain of the Priestley space (X, S, r). 

4. 2. 1 Definition A mapping F : (X, S, r) ---'> (CX, 2) is called a Priestley 
state transformer if it is continuous with respect to the upper topology 
on ex. 

(For a definition of continuity with respect to a topology see Appendix 2.) Let 
Pdomain+ST denote the collection of Priestley domains with Priestley state 
transformers. 

As explained in Sections 2.3 and 2.4, closed upper sets can be interpreted as 
refutable positive properties. Therefore Priestley state transformers are map­
pings from states to refutable positive properties, and hence describe the input­
output behaviour of boundedly nondeterministic (possibly nonterminating) pro­
grams. 

The correspondence between Priestley state transformers and opposite Priestley 
relations is almost trivial, given that binary relations R ~ Xx X, multi functions 
R; X---'> X with R(x) ~ X (for x EX) and single-valued functions 
R : X ---'> P( X) are in a sense that same thing. The details are as follows. 

Every opposite Priestley relation R ~ (X, S, r) x (X, S, r) is a multifunction 
R : (X, S, r) ---'> (X, S, r) which assigns to each x E X the closed upper set 
R(x) = {y I (x, y) E R}. By condition 1. 6. 6 (6) on opposite Priestley rela­
tions, this multifunction is continuous in the sense that U R(V) EU X whenever 
V E UX, where UR(V) = {x I R(x) ~ V}. To such a multifunction there 
corresponds a single-valued function FR: (X, S, r)-...:, (CX, 2) defined by: 

FR(x) = R(x) for x EX. 

Then: 

4. 2. 2 Theorem For every opposite Priestley relation R over (X, S, T), the 
function FR: (X, S, r) ---+ (CX, 2) is a Priestley state transformer. 
Proof: By condition 1. 6. 6 ( a) on opposite Priestley relations, FR is 
well defined. Moreover FR is continuous with respect to the upper 
topology because for every basic open set Bo, Fi/ (Bo) = { x I FR( x) E 
Bo}= {x I FR(x) ~ O} =UR(O). But O is a clopen upper set, and 
hence by 1. 6. 6(b) so is UR(O). D 
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To every Priestley state transformer F : ( X,:::;, T) -+ ( ex, 2) there corresponds 
a binary relation RF~ (X, :::;, T) x (X, :::;, T) defined by: 

(x,y)ERF iff yEF(x)forx,yEX. 

Then: 

4. 2. 3 Theorem For every Priestley state transformer 
F: (X,:s;,T)-+ (eX,2), the relation RF~ (X,:s;,T) x (X,:s;,T) ts an 
opposite Priestley relation. 
Proof: By definition, RF( x) is a closed upper set for every x E X. 
Take any clopen upper set V. Then (RF) :v (V) = {x I RF(x) ~ V} = 
{x I F(x) ~ V} = F-'(V) which is a clopen upper set by continuity of 
the F with respect to the upper topology on ex. □ 

Let RS denote the set of all opposite Priestley relations over (X, :::;, T), and ST 

the set of all Priestley state transformers FR: (X, :::;, T)-+ (CX, 2). Then with 
the above translations I show there is an order-isomorphism between RS and ST. 

4. 2. 4 Theorem ST is order-isomorphic to RS. 

Proof: Define a mapping T/ : ST -+ RS by ry( F) = RF for every F E 

ST, and a mapping v : RS -+ ST by v( R) = Fr for every R E RS. Then 
TJ o v(R) = R for every RE RS, and v o ry(F) = F for every FE ST 

since: TJ o v(R) = ry(FR) = RFR = {(x,y) I y E FR(x)} = {(x,y) I y E 
R(x)} = R, and v o ry(F)(x) = v(RF)(x) = FRF(x) = {y I (x,y) E 
R1} = {y I y E F(x)} = F(x). Finally monotonicity of T/ and v follows 
from Lemma 4. 1. 1. Therefore, T/ is an order-isomorphism between ST 

and RS. D 

The results of this Section allow us to represent programs either as opposite 
Priestley relations or as Priestley state transformers without losing any infor­
mation about the input-output behaviour of the programs. 

4.3 Denotational semantics and predicate trans­

former semantics 

In this Section I relate Priestley state transformers and Priestley predicate trans­
formers, and thereby unify the order-theoretic and algebraic representations of 
programs based on Priestley spaces. 
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Let PT denote the set of all Priestley predicate transformers on (U X, ~), and, as 
before, ST the set of all Priestley state transformers from (X, ::;, r) to (CX, :2). 

Given a Priestley state transformer F : (X, ::;, r) ---. (CX, :2), a mappmg 
F+ : (U X, ~) ---. (U X, ~) can be defined by: 

F+(v) = {:z: EX I F(x) ~ V} for VE ux. 

The function p+ is called the upper inverse of F [Smy83]. (This is the notation 
of [Ber59].) Then: 

4. 3. 1 Theorem F+ is a Priestley predicate transformer. 
Proof: By continuity of F, F+( U) E UX for every U EU X. Moreover, 
F+ is multiplicative because for every U ~ U X we have: 

F+(nu) {x EX I F(x) ~ nu} 
= {x EX I (VUE U)[F(x) ~ U]} 
= n{F+(u) 1 u Eu} 

Therefore, p+ is a Priestley predicate transformer. □ 

Given a Priestley predicate transformer f : (UX, ~) ---. (UX, ~), a mapping 
f*: (X, ::;,r)---. (CX, :2) can be defined by: 

f*(x) n{v E ux IX E J(V)} for XE X. 

Using a generalisation of Plotkin's stability lemma ([Plo80] Lemma 5.6), it fol­
lows that: 

4. 3. 2 Theorem j* is a Priestley state transformer. 
Proof: Since the intersection of clopen upper sets is a closed upper 
set, J*(x) E CX for every x EX. Moreover, J* is continuous because 
for every U E U X we have: 

r+(U) = {x EX I J*(x) ~ U} 
{x EX I n{P IX E J(P)} ~ U} 

=t{xEXlxEf(U)} 
= f(U) E UX 

where ~t holds by monotonicity of J. For the converse, suppose x E 
J(U). Then, by the multiplicativity of J, X E J(U) n f(n{P I X E 
J(P)}) J(U n n{P I X E J(P)}) = J(n{P I X E J(P)}) since 
u E {PIX E J(P)}. Thus n{P IX E J(P)} ~ u. Therefore r+ = J, 
and hence j* is continuous. o 
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4. 3. 3 Theorem 

( a) For a Priestley predicate transformer f : (U X, ~) -t (U X, ~L 
r+ =J. 

(b) For a Priestley state transformer F: (X, :s;, T) -t (CX, 2L 
p+• = F. 

Proof: Part (a) is proved in Theorem 4. 3. 2. For part (b), take any 
x EX. Then 

p+•(x) n{u E ux IX E F+(U)} 
= n{UEUXIF(x)~U} 

F(x) 

where 2 t is clear, and the converse holds because y E n{ U I F( x) C U} 
implies y E U for every clopen upper set U such that F(x) ~ U. But 
F(x) E CX, so F(x) = nu for some U ~ UX, hence y E nu F(x). 

□ 

As a consequence of the above translations there is an order-isomorphism be­
tween PT a.nd ST. 

4. 3. 4 Theorem ST is order-isomorphic to PT. 

Proof: Define a mapping r, : ST -t PT by r,(J) = j+ for every J E ST, 
and a mapping v: PT - ST by v(F) F* for every FE PT. Then by 
Theorem 4. 3. 3( a) 11 o v( F) = F for every F E PT, and by Theorem 
4. 3. 3(b) v o ry(f) = f for every f E ST. Finally monotonicity of r, and 
v follows from Lemma 4. 1. 1. Therefore, 11 is an order-isomorphism 
between ST and PT. □ 

Therefore a Priestley state transformer from (X, :s;, T) to (CX, 2) can be viewed 
as a Priestley predicate transformer between (U X, ~), and vice versa. 

4.4 Denotational semantics and information sys­

tems 

In this Section I relate Priestley state transformers and Priestley information­
respecting relations, and thereby unify the order-theoretic and logical represen­
tations of programs based on Priestley spaces. 

Let IR denote the set of all Priestley information-respecting relation over (U X, ~), 
and, as before, ST the set of all Priestley state transformers from ( X, :s;, T) to 
(CX, 2). 
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Given a Priestley state transformer F : (X, ::;, r) -t (CX, 2), a relation 
RF ~ (UX, C) x (UX, c;J can be defined by: 

URFV iff(Vu E U)[F(u) ~ V] for U, VE UX. 

Then: 

4. 4. 1 Theorem Rp is a Priestley information-respecting relation. 
Proof: I show that Rp = Ip+ where F+ is the Priestley predicate 
transformer obtained from F (Theorem 4. 3 . 1 ). For U, V E U X, 
U RP \I iff U ~ F+(V) iff UIF+ V. Thus by Theorem 3. 4. 2, Rp is 
a Priestley informat ion-respecting relat ion. □ 

Given a Priestley information-respecting relation R ~ (UX, ~) >< (UX, ~), a 

mapping FR: (X, s;, r) -t (CX, 2) can be defined by: 

FR( :i) = n{v E ux I (3U E UX) [.i: EU and URV]} for x EX. 

Then: 

4 . 4. 2 Theorem FR is a Priestley state. transformer. 
Proof: I show that FR = (R;::::)"' where R= is the Priestley predicate 
transformer obtained from R (Theorem 3. 4. 5). Take any x E )(. Then 
FR(x) = (R=,)'·(x) since x E R;::::(V) iff for some U E UX, x E U and 
U RV. Thus, by Theorem 4. 3. 1, FR is a Priest ley state t ransformer. □ 

With the above translat ions I show that there is an order-isomorphism between 
IR and ST. 

4. 4 . 3 T heorem ST is order-isomorphic to IR. 

Proof: Define a mapping T/ : ST -t IR by 71(F) = RF for every F E 
ST, and a mapping 11 : IR -t ST by v(R) = FR for every R E IS. Then 
11 o 71(F) = ((Rp)::)~ = ((IF+)s)• = (F+t = F for every F E ST, and 
T/ o 11( R) = I(F"}i_) = I((R=)*+) = I( R=J = R for every RE I S. F inally 
monotonicity of T/ and v follows from Lemma4 . 1. 1. T herefore, T/ is an 
order-isomorphism between ST and IR. □ 
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With the translations presented in Sections 4.2. to 4.4, I have established the 
arrows in the following diagram: 

lex: ux -ux 

That is, I have shown that the same ( up to isomorphism) order-theoretic pre­
sentation of program semantics can be obtained from the relational presentat:ion 
of program semantics based on Priestley spaces, and its derived algebraic and 
logical presentations. 



Chapter 5 

he rogram Semantics 

iangle 

In this thesis I have provided a positive answer to the conjecture raised in the 
Preface that the triangle of logic-algebra-semantics serves as a paradigm for 
unifying four versions of program semantics. The objective is achieved by using 
Priestley spaces to model the underlying state spaces. 

In the relational presentation, Pspace+RS (Chapter 2), 

• a state, taken as the basic notion, is represented as a point of a Priestley 
space, 

• an observable positive property is constructed as the ( clopen upper) set of 
states in which it is true, and 

• a program is represented as an opposite Priestley relation between states. 

In the algebraic presentation, Dlat+PT (Chapter 2), 

• a state is constructed as the set (prime filter) of observable positive prop­
erties true in it, 

• an observable positive property, taken as the basic notion, is represented 
as an element of a bounded distributive lattice, and 

• a program is represented as a Priestley predicate transformer between ob­
servable positive properties. 
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In the logical presentation, Plsystem+IR (Chapter 3), 

• a state is constructed as the (deductively closed, decidable and consistent) 
set of observable positive properties true in it, 

• an observable positive property, taken as the basic notion, is a proposition 
of a Priestley information system, and 

• a program is represented as a Priestley information-respecting relation be­
tween observable positive properties. 

In the order-theoretic presentation, Pdomain+ST (Chapter 4), 

• a state, taken as the basic notion, is a point of a Priestley space, 

• a refutable positive property, is an element of the upper power space of a 
Priestley space, and 

• a program is represented as a Priestley state transformer from states to 
refutable positive properties of states. 

The technical results of Chapters 1, 2 and 3 can be summarised by saying that: 
Priestley spaces with opposite Priestley relations correspond on the logical side 
to Priestley information systems with Priestley information-respecting relations, 
and on the algebraic side to bounded distributive lattices with Priestley predicate 
transformers. Moreover, the logical and the algebraic structures also correspond 
to each other. In other words, taking these structures as presentations of pro­
gram semantics, we have shown that a relational, an algebraic and a logical 
presentation of program semantics stand to each other in the following formal 
version of the logic-algebra-semantics triangle presented in the Preface on p viii: 

Plsystem+IR 
§3.4 

Dlat+PT 

~iestley Duality 
/ §2.6 

Pspace+RS 

This allows us to take any one of these presentations as the basic presentation, 
and then derive each of the others using the translations provided in Chapters 
1, 2, and 3. 
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For example, start with the relational presentation of program semantics (the 
bottom of the triangle). Then the state space is a Priestley space (X, s-;, r) 
and a program a is represented as an opposite Priestley relation r 0 between 
states in X. This relational presentation can be lifted one leve1 to an algebraic 
presentation (top right-hand corner of the triangle) or to a logical presentation 
(top left-hand corner of the triangle) . I consider each in turn. 

First1 an algebraic presentation can be obtained by forming the lattice (UX, ~) 
of observable positive properties of states, and defining for each program n a 
Priestley predicate transformer J0 : UX -t UX by: 

J0 (Q) = {s EX I (s , t) E 1'0 =}- l E Q} for Q E UX. 

From this algebraic representation, a logical presentation (top left-hand corner 
of the triangle) can be obtained by fo rming the Priestley information system 
(UX,~,n,u, 0,X) of observable positive propert ies a nd by defining for each 
program a a Priestley information-respecting relation R0 ~ U X x U X by: 

(P, Q) E R°' iff P ~ Jc,(Q) for P, Q EU X. 

Then ( an isomorphic copy of) the original relational presentation can be recov­
ered by taking the state space to be the collection of states of the Priestley 
informat iou system and by defining a relation ra between states in SUX by: 

(S, T) E T0 iff (VQ E UX) [Fa(Q) ES ⇒ Q ET] for S,T E SUX 

where Fo(Q) = U{P I (P1 Q) E R0 } for Q E UX. 

Second> from the relational presentation rQ, a logical presentat ion can be ob­
tained by forming the Priestley information system (U X1 ~. n, U, 0, X) of ob­
servable positive properties and by defining for each program a, a Priestley 
information-respecting relation R0 ~ U X x U X by: 

P R 0 Q iff (Vs, t E X ) [(s E P and (s, t) E T0 ) imply l E Q) for P, Q E UX. 

From this logical representation, an algebraic representation ( top right-hand cor­
ner of the triangle) can be obtained by defining a Priestley predicate transformer 
fa : U X -+ UX between obser vable posit ive properties by: 

fo(Q) = LJ{P I (P, Q) E R0 } for Q E UX. 

Then ( an isomorphic copy of) the original relational presentation can be recov­
ered by taking states to be sets (prime filters) of observable positive propert ies 
and by defining for each program a a relation T0 between states in :FUX by: 

(S, T ) Ere, iff (VQ E UX)[f0 (Q) ES ⇒ Q ET] for S, TE :FUX. 
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These two traversals of the program semantics triangle can be pictured as follows: 

Rc:r ~ ux x ux----- .rc, : ux - ux 

~ / 
[nto this triangle we can in addition fit the order-theorel:ic presentation of pro­
grams, as is shown by the results of Chapter 4, and obtain the following diagram: 

R~ ~ U X x U X ____ §3_._1.i __ _ l e, : ux - ➔ ux 

~ 71 §3 5 Priestley Duality 
., F. . v -+ C v §2.6 

er - ✓\ .1\ 

Take1 once again, the relational presentation as the basic presentation. Then 
the order-theoretic presentation is obtained by forming the domain (CX, 2) of 
refutable positive properties, and defining for each program a a Priestley st.ate 
transformer F0 : X ---+ CX by: 

This presentation can also be obtained from the algebraic and logical presen­
tations of program semantics derived from the relational presentation. Take 
the filter completion (FU X, ~) of the algebraic presentation (U X, ~) and de­
fine for each Priestley predicate transformer la : U X -+ U X a Priestley state 
transformer Fa : X-+ CX by: 

Fa(x) = n{v E ux IX E !o-(V )} for XE X. 

Take the information domain ('DUX,~) of the logical presentation 
(UX, ~' n, U, 0, X) and define fo r each Priestley information-respecting relation 
R0 over U X I a Priestley state transformer F0 : X -t C X by: 

Fo-(x) = n {v E ux I (3U E UX)[x EU and U RV]} for x EX. 
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Therefore, taking the above-mentioned structures as presentations of program 
semantics, I have shown that a relational, an algebraic, a logical and a.n order­
theoretical presentation of program semantics stap.d to each other in th,e follow­
ing formal version of the program semantics triangle, presented in the Preface 
on pix. 

P]system+IR §3.4 Dlatt PT 

~· 71 
§3.5 ' _ P2iestley Duality 

Pdomarn+ST § ·6 

Pspace+RS 

The unifying framework for program semantics presented in this thesis has three 
theoretical benefits. First, it uses a natural topological setting to unify the rela­
tional, algebraic, logical and order-theoretical presentations of program seman­
tics. In doing so it capitalises on a firm mathematical foundation (Priestley 
duality) and brings this to bear on disparate versions of program semantics. 
Second, the framework captures and clarifies our intuitions about program se­
mantics . Specifically, there are natural topological characterisations of computa­
tional concepts such as observability, nondeterminism, termination and predicate 
transformer. Third, it allows, through the use of Priestley spaces, the inJnovation 
of separating the logical and information-theoretic aspects of a state space. The 
logical aspect of a state space, arising from the topology, deals with the question 
of whether an observer can always determine the truth of a claim in finite time. 
The information-theoretic aspect, arising from the order, deals with the question 
of what information can be determined. I give effect to this idea by distinguish­
ing two kinds of properties: a topological kind (that is, verifiable, refut.able and 
observable) and an order-theoretic kind (that is, positive and negative). 

The practical relevance of the results of th is thesis invites further investigation. 
But it is hoped that the insight gained in sett ing up the unifying framework 
will help to clarify the foundations of Computing Science, and to determine the 
appropriate area of application of each version of program semantics. 

The idea of relating various versions of program semantics is not entirely new, 
but the existing literature is fragmentary. A connection between Dijkstra's pred­
icate transformers and Smyth's powerdomain is established by P lotkin [Plo80] 
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for fiat domains. Smyth [Smy83] placed this result in a topological context by 
using Scott domains as state spaces. Later [BoK93, BoK94] showed that t,hese 
results also hold in a more general topological context by modelling state spaces 
as arbitrary T0-spaces. An even more general view of state spaces is taken in 
[BJK95] where generalised topological spaces ( closed under arbitrary unions and 
arbitrary intersections) are used. Priestley spaces are more general struct,ur-es 
than domains, but not as general as generalised topological spaces. Therefore 
the relationship between Dlat+ PT and Pdom + ST is more general than that es­
tablished for domains [Plo80, Smy83, BoK93], but it is generalised by a similar 
result for T0 -spaces and for generalised topological spaces. Recall that Pri~;tley 
information systems generalised Scott information systems, so the relationsbips 
between Plsystem+ IR and the other presentations generalises those established in 
domain theory. The relationship between Olat+ PT and Pspace+ RS generalises 
the relationship between predicate transformer semantics and relational seman­
tics established in [Re895] in the same way that Priestley duality generalises 
Jonsson/Tarski duality. 

The following challenges remain: 

(a) to extend the unifying framework presented so as to deal with operational 
semantics such as that. of (e.g.) Hoare [Hoa95J; 

(b) to investigate the applicability of the framework to t he specification and 
construction of programs1 by finding a more realistic example of a st,ate­
space-as-a-Priestley-space than the Tw-examplei 

(c) to extend the separation of logical and information-theoretic aspects of 
state spaces, by investigating the power domains of the state space and 
presenting the power orders as orderings of growth of information; 

( d) to find the relationships between the presentations of program semantics 
based on more general computational models than Priestley spaces (such 
as, for example, the generalised topological spaces of [B.JK95l); 

(e) to investigate whether Priestley spaces yield results comparable to those for 
Scott domains (e.g.) Cartesian closedness and solutions to domain equa­
tions; 

(f) to investigate whether Priestley spaces can deal with the semantics of con­
current and/or recursive programs; 

(g) to determine a logical language for talking about the notions of 'informa­
tion' and 'finite observation' in a single unified setting. 

Perhaps further questions will occur to the reader. 
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Appendix 1 

Some Notions from Lattice Theory 

This Appendix provides a concise summary of notions and results from Lattice 
Theory used in this thesis. Standard references include [GHKSO, BuSSl, DaP90] 

Let X be a non-empty set. The set-theoretic complement of a subset A <;:; X is 
the set {x EX I a(/_ A} and will be denoted by A. 

A preorder (or quasi-order) on Xis a binary relation Son X which is reflexive 
('vx E X , x S x), and transitive ('vx,y,:z E X, x Sy and y S z imply x S z). 
A set together with a pre-order is called a p·re-order·ed set. If, in addi~ion, :S is 
antisymmetric ('vx , y E X, x Sy and y S x imply x = y) then the pre-order 
is called a partial order. A set together with a partial order is called a par.tially 
ordered set or poset. 

Let (X, :S) be a poset. For any subset A~ X, the set {x EX I (3a E A)[a S :1;]} 
is called the upclosure of A, denoted TA, and t.he set { x E X I (3a E A )[x S al} 
is called the downclos1tre of A, denoted lA. A subset A <;:; X is called an upper 
set if A = j A (that is, if x E A and x ~ y together imply y E A) . Dually, 
a subset A ~ X is called a lower set if A = lA (that is , if x E A and y ~ x 
together imply y E A). Upper sets and lower sets are also related by set-theoretic 
complementation. That is, for any A<;:; X, A is an upper set if A is a lower set. 
For any x,y EX, x Sy iff l{x} <;:; l{y} iff i{y} <;:; i{x} . 

Many properties of ordered sets are expressed in terms of least upper bounds 
and lower bounds. Let A be a subset of a poset (X, :S) . Then x E X is an upper 
bound for A if for every a E A , a ~ x. An upper bound x of A is the least upper 
bound ( abbreviated as lub) if x ~ y for any other upper bound y of A. Dually, 
we may define the concepts lower bound and greatest lower bound ( abbreviated 
as glb). The lub of a set A is denoted VA; the glb is denoted /\ A . An element 
y E X is called the least element or bottom of X if for all x E X, y S x. The 
least element of (X, :S) is usually denoted l.x (or ..L when no confusion arises). 
Dually, the greatest element or top of X is an element z E X such that for all 
x E X 1 x ~ z. The greatest element of (X, ~) is usually denoted by T x (or T 
when no confusion arises). 

A poset (L, :S) is a bounded lattice if L hasa least element and a greatest element, 
and for every x, y E L glb{x,y} (= x/\y) and lub{x,y} (= xVy) exist. For any 
lattice, VA and/\ A exist for fin ite A<;:; L . Alternatively, a bounded lattice can 
be defined algebraically to be a set L together with a unit 1, a zero O and two 
binary operations /\ and V (meet and join respectively) satisfying idernpotence, 
commutativity, associativity, absorptive and identity laws. T he equivalence of 
the two characterisations is shown using the following connection between ~, A, 
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and V: 
a ~ b iff u. I\ b = a iff a V b = b. 

So a lattice can be thought of either as a special kind of poset or as an algebraic 
structure. 

A bounded disLributive lattice is a bounded lattice whicb satisfies a d istributivity 
law. A bounded distributive lattice (L, V,/\,0, 1) in which every element a EL 
has a (necessarily unique) complement a/ E L (that is, a I\ a'....:. 0 and a, Va'= I) 
is called a Boolean algebra. 

Certain subsets of a bounded distributive lattice are important in Priestley du­
ality namely, prime fi lters. Let (L, V,/\,0, 1) be a bounded distributive lattice. 
A subset F ~ L is called a filter if F is a non-empty upper set closed under 
finite meets. A filter is called a prime filter if for all x, y E L, x Vy E F implies 
x E F or y E F. A principal .fi,lter is a filter arising from a single element by 
upclosure. Dually, a subset / ~ L is called an ideal if / is a non-empty lower 
set dosed under finite joins. An i_deal is called a prime ideal i( for all x,y EL, 
x I\ y E 1 implies :c E / or y E / . A principn,l ideal is a filter arising from a 
single element by downclosure. Prime filte rs and prime ideals are related by 
set-theoretic complementation. 

Let L and /( be lattice. The a map J ; L ~ /( is called a meet homomorphism 
if f preserves the zero O and finite meets, and is called a join homomorphism if f 
preserves the unit l and finite joins. A map f : L ~ I( is called a homomorphism 
(or, for emphasis) a lattice homomorphism) if J is a meet and join homomor­
phism. A bijective homomorphism is a ( lattice-) isomorphism. If f : L - /( is a 
one-one homomorphism, then the sub lattice f ( L) of I< is isomorphic to L, and 
f is called an embedding (of L into f<). 

A bounded distr£butive lattice with 'UnanJ operators is a bounded distributive 
lattice ( L, V, /\, 01 l) with a set of meet or join homomorphisms over L. 
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Appendix 2 

Some Notions from Topology 

This Appendix outlines some topological definitions and results used 111 this 
thesis. (Standard references on topology include [Kel55, Wil70]) . 

Let X be a non-empty set. A collection, of subsets of X is called a topology on 
X if, is closed under the formation of arbitrary unions and finite intersections. 
A topological space consists of a non-empty set X and a topology -r oo X. The 
sets in T are the open sets of the topological space (X, r)i the f!lements of X 
are called the points. A closed set in a topological space is a set whose (set­
theoretic) complement in X is an open set. The collection of closed sets is 
closed under arbitrary intersections and finite unions . Sets which are both open 
and closed are called clopen sets. So any topological space has at least two 
clopen sets - the empty set and the full space X (since they a re respectively 
the union and intersection of the empty class of sets) . A sufficient condition for 
the existence of other clopen sets is a notion of total disconnectedness. That is, 
a topological space (X, r) is totally disconnected if for any two distinct elements 
x, y EX, there exists a clopen subset of X containing x and not y. A topology 
, on a non-empty set X can be specified without describing every open set, by 
specifying a family S of subsets of X to be open. If S is closed under finite 
intersect ions, then the unions of sets in S is the topology on X , and S is called 
a basis for T. ff S is not closed under finite intersections, the topology Ton 
X can be obtained by first forming the collection B of all finite intersections of 
elements from S , and then the union of sets in B is the topology on X . In this 
case, S is called a subbasis for T, and B a basis for T. 

Let (X, T) be a topological space. A collection U = { Ui},e, of open subsets of X 
is ca.lied an open cover of X if each point in X belongs to at least one U,, that 
is, if UieJ Ui = X. A su bcollection of an open cover which is itself an open cover 
is called an open subcover. If every open cover of X has a finite open subcover 
then (X1 r) is said to be compact. A useful tool in proving compactness of a 
topological space is the Alexander Subbasis theorem (for a proof of which see 
(DaP90]). 

Theorem Let ( X, T) be a topological space with sub basis S. Then X is compact 
if every open cover of X by members of S has a finite open subcover. □ 

Let (X, r:11) and (Y, ry) be topological spaces and let f: X-+ Y be a map. Then 
the following condi tions are equivalent: 

• J-1 (U) is open in X whenever U is open in Y; 

• J- 1 (U) is closed in X whenever U is closed in Y; and 
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• J- 1(U) is open in X for every U ES, where Sis a basis or a subbasis for 
Ty. 

The map is called contim.wus if it satisfies any of these conditions. Then a 
map f : X --+ Y from X to Y is called a homeomorphism if f is one-one, 
onto and continuous and 1- 1 is also continuous. In this case, X and Y are 
said to be homeomorphic. So a homeomorphism is a map which preserves X 
set-theoretically and topologically. 

Any topological space (X, ,) has a non-trivial order induced by the topology, its 
specialisation order, defined by 

x ~, y iff VOE r x E O implies y E O for ;r, y E X. 
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